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Abstract. The nonperturbative quantization technique a la Heisenberg is applied for the
SU(3) gauge theory. The operator Yang-Mills equation and corresponding infinite set
of equations for all Green’s functions are considered. Gauge degrees of freedom are
splitted into two groups: (1) Aj; € SU(2) X U(1) € SU(3); (2) coset degrees of freedom
SU@B)/SU2) x U(1). Using some assumptions about 2- and 4-point Green’s functions,
the infinite set of equations is truncated to two equations. The first equation is the S U(2)x
U(1) Yang-Mills equation, and the second equation describes a gluon condensate formed
by coset fields. A flux tube solution describing longitudinal color electric fields stretched
between quark and antiquark located at the + infinities is obtained. It is shown that the
dual Meissner effect appears in this solution: the electric field is pushed out from the
gluon condensate.

1 Introduction

One of the most important problems in modern physics is the problem of nonperturbative quantization.
For example, the problem appears when explaining confinement in quantum chromodynamics. The
problem is that force lines between a quark and an antiquark are confined into a flux tube and the field
strength decreases exponentially with distance from quarks. This situation is fundamentally different
from the situation with positive and negative charges in electrodynamics where the field strength
decreases as a power law. In the 1950’s, W. Heisenberg offered the procedure of nonperturbative
(NP) quantization for a nonlinear spinor field [1]. Here we apply Heisenberg’s idea to nonperturbative
quantization of SU(3) gauge fields. This talk is based on [2].

2 Nonperturbative quantization a la Heisenberg for non-Abelian gauge
theories
According to Heisenberg, the SU(3) Yang-Mills operator equations can be written as follows

D, F =, 1)

*e-mail: v.dzhunushaliev @ gmail.com

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative
Commons Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).



EPJ Web of Conferences 138, 02003 (2017) DOI: 10.1051/epjconf/201713802003
Baldin ISHEPP XXIII

where F5, = 8,A8 — 8,A8 + gfBPABAD is the field strength operator; A is the gauge potential
operator; B,C,D = 1,...,N are the SU(3) color indices; g is the coupling constant; fBCD are the
structure constants for the SU(3) gauge group.

In order to solve this equation, we have to write an infinite set of equations for all Green’s functions

(DY) = 0. @
(ABOD, P () = 0, 3)

(AP (xDAB(x)D, F¥ () = 0, @)

e = 0, (5)

<AA31] (X]) oo AAg: (xn)vaA#V(X) = 0 (6)

Here ((...)) = (Q]I(...)| Q) and | Q) is a quantum state of a given physical system. For brevity, we
will write ) instead of | Q).

The solution of the full set of equations gives us full information on the quantum state | Q) and
field operators Aff. In this sense, we can say that the solution of the full set of equations is the solution
of the operator field equations. It is similar to such situation in probability theory: the knowledge of
probability density is equivalent to the knowledge of all averages of a given random variable.

2.1 Two-equation approximation

It is not possible to solve the infinite set of equations (2)-(7). Practically we have to truncate the set of
equations (2)-(7), and the truncated system will approximately describe the solution of the full system.
In order to do that, we will assume that in some physical situations all S U(3) degrees of freedom
can be decomposed into two groups. In the first group, the gauge fields Al‘j = (A/‘j) + i&il‘j e SUQ2) x
U(l) c SU(3), where <AZ) = A}, will be treated as classical fields, and 6. AZ are quantum fluctuations
around the classical field AZ. In the second group, the gauge fields AZ’ e SUB)/SUR)x U() are
pure quantum ones in the sense that (AL”) =0.
We will consider physical systems where the quantum average of odd degrees of the gauge field
are zero,
(A ey A o)) = (042 (x1) - 0ADE (eagen))) = 0. ®)

The decomposition of field strengths F ﬁv and F va into (---)*and (- - - )" parts can be written as follows:

ﬁﬁv — 7}:‘/ + gfamnA"ZA’\g’ (9)
Fun = 0yAY - gf AL A + gf"MIARAS. (10)

Here 7:73 = 0,A4 — 8,A4 + gfcALAS is the field strength tensor of the subgroup SU(2) x U(1);
ABAC = ABAC — ABAC is the antisymmetrization procedure; a,b,c, ... are the subgroup indices
SUQR)x U(1), and m, n, p, ... are the coset indices.

Let us consider the equation (2) for A = a. After algebraic manipulations, we have

Dy — ()™ L+ (i)™ AL = o, (n

where D,l =0,+g f“b”Az is the covariant derivative in the subgroup S U(2) x U(1). 2-point Green’s
functions for the gauge fields 0. AZ € SU(2) x U(1) and for the coset Aj} € SU(N)/SU(2) x U(1) are
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defined as
G (y, x) = (A™ (A (x)) (12)
G (y, x) = (SA (y)6A" (). (13)
Equation (2) for A = m gives us
(D,F™) = 0. (14)
After tedious calculations, the equation (3) for A = m, B| = r,a; = @ gives us
Do | ()" = ()" 4l = o, (15)
0007 G™ (g, 0) = 2,6 (. )]+

gfamn{_axv [Aay(x)Grnm/(y7 x) _ Aav(x)Grlm,u(y’ x)]y:x —

Ag(x) [6x“ Grnm/(y, x) _ 6x”Grmy/1(y, x)] +

y=x
G™ (x, x)?””V(X)}+92f”m"fb"pA3(X) [Ab"(x)G’P‘”(x, x) = AP ()G (x, x) |+
G F pPAGTIPI B () = (), (16)
where
(mz)abﬂ" . [ fabe pepagpany _ pamn ghnp (nvamﬂad _ Gmpvu)] i a7
- {6XVG’”””"(x, X) + [c’)"“ G™ ) (y,x) — 8" G™ F(y, x)]y:x} ) (18)
(ﬂz)abﬂv S ( fabe pedeGdepy v pade fcheGdeaa 4 faee fcthedVH)’ (19)

and the 4-point Green’s function G™",, ., (x, y, z, u) = <A/’f(x)ffﬁ(y)§£ (z)Ag(u)> )

3 Scalar approximation for the condensate equation

Let us consider the case when all 2-point Green’s functions for coset degrees of freedom have the
same order and are approximately described by one function. In this case we can assume that every
2-point Green’s function can be approximately presented as

G (y, x) ~ C"* D(y, x), (20)

where C"™™, is a constant and D(x, x) is an averaged dispersion of quantum field AZ’. We use the
following UAnsat3 for C"™*
CMHY — éwmﬂpﬂv’ (21)

AHA, is a constant; A“d, = 9, A = 0. In order to close the equation (16), we assume that a 4-point
Green’s function is a bilinear combination of 2-point Green’s functions:

GBI (x, x, x, x) & C"PIPR D(x, x) | M? - D(x, %) (22)

where C""P4%8” and M? are constants. After that point, we obtain the following equation for the
averaged dispersion of the coset quantum fields Aj:

0Dy, Dyer — (m3) ™" ALOALOD(x, 2) = AD(x, x) [M? = D(x, )] = 0, (23)
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where
2\abuy 2 camn cbnm AA” - nﬂvﬂaﬂ(l
= , 24
(m3) g f A (24)
mnpq v

1 = 2 camn rapq [ ) 25
g fmf A, (25)

The solution of this equation is sought in the form
D(y, x) = ¢(y)¢(x). (26)

Substituting (26) into (23), we have the following equation for the gluon condensate ¢ formed by the
coset quantum gauge fields A/ € SU(3)/SU(2) x U(1)

0¢ — (m3) ™" AcALg — ¢ (M - %) = 0. 27

i

4 SU(3) flux tube

In order to consider a flux tube solution describing force lines between a quark and an antiquark, let
us simplify the equation (29)

D, - [(mz)“"’” - (uz)“b‘”]A’; = " (28)
a¢ — ()" Acal - ag(M* - 7) = 0. (29)

abuy ) abuy
()

. 2 2 abpy .
4.1 Evaluation of (/1 ) ,and (m¢) for the flux tube solution

We will consider a physical system where 2-point Green’s functions can approximately be expressed

as follows:
G (y,x) ~ A" BB, (30)
where 8,5 is a constant and
60 0 O
A“bz[O 5 0f. (31)
0 0 o6

From (31) we see that our system has some color anisotropy in the S U(2) subgroup: G''* # G?# #
G**, The vectors A* and B* are

A
A = (0, 0,0, —*”), (32)
P
B,
8 =(0,0,8,, —2|. (33)
P
With such choice of the vectors AZ and B*, we have
1bt
(1) AL =g (B2 +BY) G +0)A] = Al (34)
2bzv
(1) AL =g (B2+ BY) (61 +83) A2 = A2, (35)
(m?)"™" AL = (32A2) Al = niAl, (36)
2b
(m?) " AL = - (32A2) A2 = —mPA2, (37)

(™ sy = (a0 - (2] = |- (a2 G9)
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Insertion of (20) and (21) into (18) yields
j* =0. (39)
4.2 Numerical solution for the flux tube

We choose the 4-potential in the form (in the cylindrical coordinate system t, z, p, ¢)

fp) v(p)

Alpy= =3 Al = == 90 = 60) (40)
The corresponding color electric and magnetic fields are then
B = =00 1)
' ‘ )
1 _ o S0
Ep(p) - Ftp - g > (42)
v'(p)
Hi(p) = waszZPZ = _PT(p~ (43)

Substituting (40) into the equations (28) and (29) (and after redefining ¢ = ¢/m, M = M/m, and
A =m*1/g), we have

L f(=02+ ¢ ). (44)

i)

<
~

v+ = U(f2+(252—ﬂ§), (45)
my 2 2 (%2 2
?qﬁ[—f +0? + 2(¢? - M?)]. (46)

|

&3//4__

Here the prime denotes differentiation with respect to p. Equations (44)-(46) are solved as a non-
linear eigenvalue problem with the eigenvalues u;,, M and the eigenfunctions f,v, ¢. The boundary
conditions are

f(0) =02, f'(0) = 0;
v(0) = 0.5, (0) = 0;
#(0) = 1.0, ¢(0) = 0. (47)

The results of calculations are presented in figures 1 and 2.
From (44)-(46) we can obtain the asymptotic behavior of the functions f(p), v(x), and ¢(p):

efp W
flp) = fOT, (48)
o P VM1t
wp) ~ : (49)
\o
~ o V202
dp) =~ M- ¢OT, (50)
where fy, vo, and ¢ are some constants. The flux of the longitudinal electric field is
3 2r [
= [ Eds="" | pfioneo)dp <. 51)
0
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Figure 1. The functions f(p),v(0), (o). The Figure 2. The chromoelectric and chromomag-
solid curve is f(p), the dashed curve is v(p), the netic fields E3(p), E}(p), H;(p). The solid curve is
dotted curve is ¢(p). w1 = 1.0956253,u, = E}(p), the dashed curve is E}(p), the dotted curve
1.1494285, M = 1.19505, 1 = 0.1. is Hi(p)

5 Discussion and conclusions

o Nonperturbative quantization a la Heisenberg for QCD has been offered.
o After some simplified assumptions, the two-equation approximation has been obtained.
o The first equation is for gauge fields from a subgroup, the second one is for quantum coset fields.

e Applications: a flux tube solution, a scalar model of glueball, and the dual Meissner effect.
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