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Abstract. In this paper we consider an initial-boundary value problem for the Klein-Gordon-Fock equation. We prove the
uniqueness of the solution and find lateral boundary conditions for the Klein-Gordon-Fock equation.
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INTRODUCTION

In [1], authors considered one dimensional potential

u(x, t) =
∫

Ω
(−1

2
|x− y|) f (y)dy (1)

in Ω = (0,1) and the equation
−u”(x) = f (x), x ∈ Ω, (2)

and they showed that if equation (2) is solved with the boundary conditions

u
′
(0)+u

′
(1) = 0, −u

′
(1)+u(0)+u(1) = 0, (3)

then a unique solution of this boundary value problem is found in the form (1).
This simple method allows us to find equivalent boundary conditions for one-dimensional potential integrals.

However this task becomes difficult for PDE, and in works [1, 2] boundary conditions of the volume potentials
for elliptic and hyperbolic equations are obtained and some their applications are showed. In particular, in [2], by
using a new nonlocal boundary value problem, which is equivalent to the Newton potential, authors found explicitly
all eigenvalues and eigenfunctions of the Newton potential in the 2-disk and the 3-ball (see [3] and the references
therein). The aim of this work is to find lateral boundary conditions for the Klein-Gordon-Fock equation as shown in
[1]. Unlike elliptic and parabolic cases, where they have obtained nonlocal boundary conditions for the corresponding
volume potentials, and some other nonclassic nonlocal boundary conditions for initial boundary value problems of
hyperbolic equations (for example, see [4]), we get a local initial boundary value problem for the Klein-Gordon-Fock
equation.

MAIN RESULT

In the bounded domain Ω ≡ {(x, t) : (0, l)× (0,T )} we consider the potential

u(x, t) =
∫

Ω
ε(x−ξ , t − τ) f (ξ ,τ)dξ dτ, (4)

where ε(x−ξ , t − τ) = 1
2 θ(t − τ −|x−ξ |)J0(m0

√
(t − τ)2 − (x−ξ )2) is a fundamental solution of Cauchy problem

for Klein-Gordon-Fock equation and J0 is Bessel function (see [5]); i.e.,

∂ 2ε(x−ξ , t − τ)
∂ t2 − ∂ 2ε(x−ξ , t − τ)

∂x2 +m2
0ε = δ (x−ξ , t − τ),
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∂ 2ε(x−ξ , t − τ)
∂τ2 − ∂ 2ε(x−ξ , t − τ)

∂ξ 2 +m2
0ε = δ (x−ξ , t − τ),

ε(x−ξ , t − τ)|τ=t =
∂ε(x−ξ , t − τ)

∂ t

∣∣∣∣
τ=t

=
∂ε(x−ξ , t − τ)

∂τ

∣∣∣∣
τ=t

= 0

if f (x, t) ∈ L2(Ω) then u(x, t) ∈W 1
2 (Ω)∩W 1

2 (∂Ω) and this potential (4) satisfies equation (see [5])

∂ 2u(x, t)
∂ t2 − ∂ 2u(x, t)

∂x2 +m2
0u(x, t) = f (x, t), (x, t) ∈ Ω (5)

with the initial conditions
u(x,0) = ut(x,0) = 0, 0 < x < l. (6)

The potential (4) is widely used to solve various initial-boundary problems for the Klein-Gordon-Fock equation.
Here we find the lateral boundary conditions of the above potential (4). Main result of this paper is as follows.

Theorem 1. If f (x, t) ∈ L2(Ω), then potential (4) satisfies the following lateral boundary conditions for 0 < t < T :

u(0, t) =
1
2

∫ l

0

∂u(ξ , t −ξ )
∂τ

dξ

−1
2

∫ l

0
dξ

∫ t−ξ

0

m0(t − τ)√
(t − τ)2 −ξ 2

J1

(
m0

√
(t − τ)2 −ξ 2

)
∂u(ξ ,τ)

∂τ
dτ

−1
2

∫ t

0

[
J0

(
m0

√
(t − τ)2 − l2

)
∂u(l,τ)

∂ξ
− J0(m0(t − τ))

∂u(0,τ)
∂ξ

]
dτ

+
1
2

∫ t

0
dτ

∫ l

0

m0ξ√
(t − τ)2 −ξ 2

J1

(
m0

√
(t − τ)2 −ξ 2

)
∂u(ξ ,τ)

∂ξ
dξ

−1
2

∫ t−l

t

[
J0

(
m0

√
(t − τ)2 − l2

)
∂u(l,τ)

∂ξ
− ∂u(τ − t,τ)

∂ξ

]
dτ

+
1
2

∫ t−l

t
dτ

∫ l

τ−t

m0ξ√
(t − τ)2 −ξ 2

J1

(
m0

√
(t − τ)2 −ξ 2

)
∂u(ξ ,τ)

∂ξ
dξ

−1
2

∫ t

t−l

[
∂u(t − τ ,τ)

∂ξ
− ∂u(τ − t,τ)

∂ξ

]
dτ

+
1
2

∫ t

t−l
dτ

∫ t−τ

τ−t

m0ξ√
(t − τ)2 −ξ 2

J1

(
m0

√
(t − τ)2 −ξ 2

)
∂u(ξ ,τ)

∂ξ
dξ

+
m2

0
2

∫ l

0
dξ

∫ t−ξ

0
J0(m0

√
(t − τ)2 −ξ 2)u(ξ ,τ)dτ (7)

u(l, t) =
1
2

∫ l

0

∂u(ξ , t +ξ − l)
∂τ

dξ

−1
2

∫ l

0
dξ

∫ t+ξ−l

0

m0(t − τ)√
(t − τ)2 − (l −ξ )2

J1

(
m0

√
(t − τ)2 − (l −ξ )2

)
∂u(ξ ,τ)

∂τ
dτ

−1
2

∫ t−l

0

[
J0(m0(t − τ))

∂u(l,τ)
∂ξ

− J0(m0

√
(t − τ)2 − l2)

∂u(0,τ)
∂ξ

]
dτ

+
1
2

∫ t−l

0
dτ

∫ l

0

m0(ξ − l)√
(t − τ)2 − (l −ξ )2

J1

(
m0

√
(t − τ)2 − (l −ξ )2

)
∂u(ξ ,τ)

∂ξ
dξ

−1
2

∫ t

t−l

[
J0(m0(t − τ))

∂u(l,τ)
∂ξ

− ∂u(τ − t + l,τ)
∂ξ

]
dτ

+
1
2

∫ t

t−l
dτ

∫ l

τ−t+l

m0(ξ − l)√
(t − τ)2 − (l −ξ )2

J1

(
m0

√
(t − τ)2 − (l −ξ )2

)
∂u(ξ ,τ)

∂ξ
dξ

+
m2

0
2

∫ l

0
dξ

∫ t+ξ−l

0
J0

(
m0

√
(t − τ)2 − (l −ξ )2

)
u(ξ ,τ)dτ, (8)
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Conversely, if a function u(x, t) ∈W 1
2 (Ω)∩W 1

2 (∂Ω) satisfies equation (5), the initial conditions (6), and the lateral
boundary conditions (4)-(5), then the function u(x, t) uniquely defines the potential (4).

Proof. We use techniques from [1]. Consider the one-dimensional potential (4) in the bounded domain Ω ≡ {(x, t) :
(0, l)× (0,T )} with the boundary S,

u(x, t) =
∫

Ω
ε(x−ξ , t − τ) f (ξ ,τ)dξ dτ.

Since τ = t − x+ ξ and τ = t + x− ξ are characteristics, the integral vanishes outside of characteristic domain.
Therefore, we integrate by inside of characteristic domain. Assuming that u(x, t) ∈ W 1

2 (Ω), taking into account
properties of the fundamental solution, and integrating by part, we calculate

u(x, t) =
∫

Ω
ε(x−ξ , t − τ) f (ξ ,τ)dξ dτ

=
1
2

∫ x

0
dξ

∫ t+ξ−x

0
J0(m0

√
(t − τ)2 − (x−ξ )2)

∂ 2u(ξ ,τ)
∂τ2 dτ

+
1
2

∫ l

x
dξ

∫ t−ξ+x

0
J0(m0

√
(t − τ)2 − (x−ξ )2)

∂ 2u(ξ ,τ)
∂τ2 dτ

−1
2

∫ t−x

0
dτ

∫ l

0
J0(m0

√
(t − τ)2 − (x−ξ )2)

∂ 2u(ξ ,τ)
∂ξ 2 dξ

−1
2

∫ t−l+x

t−x
dτ

∫ l

τ−t+x
J0(m0

√
(t − τ)2 − (x−ξ )2)

∂ 2u(ξ ,τ)
∂ξ 2 dξ

−1
2

∫ t

t−l+x
dτ

∫ t−τ+x

τ−t+x
J0(m0

√
(t − τ)2 − (x−ξ )2)

∂ 2u(ξ ,τ)
∂ξ 2 dξ

+
m2

0
2

∫ x

0
dξ

∫ t+ξ−x

0
J0(m0

√
(t − τ)2 − (x−ξ )2)u(ξ ,τ)dτ

+
m2

0
2

∫ l

x
dξ

∫ t−ξ+x

0
J0(m0

√
(t − τ)2 − (x−ξ )2)u(ξ ,τ)dτ

=
1
2

∫ x

0

∂u(ξ , t +ξ − x)
∂τ

dξ − 1
2

∫ x

0
dξ

∫ t+ξ−x

0

m0(t − τ)√
(t − τ)2 − (x−ξ )2

×J1(m0

√
(t − τ)2 − (x−ξ )2)

∂u(ξ ,τ)
∂τ

dτ

+
1
2

∫ l

x

∂u(ξ , t −ξ + x)
∂τ

dξ − 1
2

∫ l

x
dξ

∫ t−ξ+x

0

m0(t − τ)√
(t − τ)2 − (x−ξ )2

×J1(m0

√
(t − τ)2 − (x−ξ )2)

∂u(ξ ,τ)
∂τ

dτ

−1
2

∫ t−x

0
[J0(m0

√
(t − τ)2 − (x− l)2)

∂u(l,τ)
∂ξ

− J0(m0

√
(t − τ)2 − x2)

∂u(0,τ)
∂ξ

]dτ

+
1
2

∫ t−x

0
dτ

∫ l

0

m0(ξ − x)√
(t − τ)2 − (x−ξ )2

J1(m0

√
(t − τ)2 − (x−ξ )2)

∂u(ξ ,τ)
∂ξ

dξ

−1
2

∫ t−l+x

t−x
[J0(m0

√
(t − τ)2 − (x− l)2)

∂u(l,τ)
∂ξ

− ∂u(τ − t + x,τ)
∂ξ

]dτ

+
1
2

∫ t−l+x

t−x
dτ

∫ l

τ−t+x

m0(ξ − x)√
(t − τ)2 − (x−ξ )2

J1(m0

√
(t − τ)2 − (x−ξ )2)

∂u(ξ ,τ)
∂ξ

dξ

−1
2

∫ t

t−l+x
[
∂u(t − τ + x,τ)

∂ξ
− ∂u(τ − t + x,τ)

∂ξ
]dτ

+
1
2

∫ t

t−l+x
dτ

∫ t−τ+x

τ−t+x

m0(ξ − x)√
(t − τ)2 − (x−ξ )2

J1(m0

√
(t − τ)2 − (x−ξ )2)

∂u(ξ ,τ)
∂ξ

dξ
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+
m2

0
2

∫ x

0
dξ

∫ t+ξ−x

0
J0(m0

√
(t − τ)2 − (x−ξ )2)u(ξ ,τ)dτ

+
m2

0
2

∫ l

x
dξ

∫ t−ξ+x

0
J0(m0

√
(t − τ)2 − (x−ξ )2)u(ξ ,τ)dτ

for all (x, t) ∈ Ω.
Now we consider this identity when (x, t)→ S. Taking the limit as x → 0, we have

u(0, t) =
1
2

∫ l

0

∂u(ξ , t −ξ )
∂τ

dξ − 1
2

∫ l

0
dξ

∫ t−ξ

0

m0(t − τ)√
(t − τ)2 −ξ 2

J1(m0

√
(t − τ)2 −ξ 2)

∂u(ξ ,τ)
∂τ

dτ

−1
2

∫ t

0
[J0(m0

√
(t − τ)2 − l2) · ∂u(l,τ)

∂ξ
− J0(m0(t − τ)) · ∂u(0,τ)

∂ξ
]dτ

+
1
2

∫ t

0
dτ

∫ l

0

m0ξ√
(t − τ)2 −ξ 2

· J1(m0

√
(t − τ)2 −ξ 2)

∂u(ξ ,τ)
∂ξ

dξ

−1
2

∫ t−l

t
[J0(m0

√
(t − τ)2 − l2) · ∂u(l,τ)

∂ξ
− ∂u(τ − t,τ)

∂ξ
]dτ

+
1
2

∫ t−l

t
dτ

∫ l

τ−t

m0ξ√
(t − τ)2 −ξ 2

J1(m0

√
(t − τ)2 −ξ 2) · ∂u(ξ ,τ)

∂ξ
dξ

−1
2

∫ t

t−l
[
∂u(t − τ,τ)

∂ξ
− ∂u(τ − t,τ)

∂ξ
]dτ

+
1
2

∫ t

t−l
dτ

∫ t−τ

τ−t

m0ξ√
(t − τ)2 −ξ 2

J1(m0

√
(t − τ)2 −ξ 2) · ∂u(ξ ,τ)

∂ξ
dξ

+
m2

0
2

∫ l

0
dξ

∫ t−ξ

0
J0(m0

√
(t − τ)2 −ξ 2) ·u(ξ ,τ)dτ

for 0 < t < T. Similarly,

u(l, t) =
1
2

∫ l

0

∂u(ξ , t +ξ − l)
∂τ

dξ

−1
2

∫ l

0
dξ

∫ t+ξ−l

0

m0(t − τ)√
(t − τ)2 − (l −ξ )2

J1(m0

√
(t − τ)2 − (l −ξ )2)

∂u(ξ ,τ)
∂τ

dτ

−1
2

∫ t−l

0
[J0(m0(t − τ))

∂u(l,τ)
∂ξ

− J0(m0

√
(t − τ)2 − l2)

∂u(0,τ)
∂ξ

]dτ

+
1
2

∫ t−l

0
dτ

∫ l

0

m0(ξ − l)√
(t − τ)2 − (l −ξ )2

J1(m0

√
(t − τ)2 − (l −ξ )2)

∂u(ξ ,τ)
∂ξ

dξ

−1
2

∫ t

t−l
[J0(m0(t − τ)) · ∂u(l,τ)

∂ξ
− ∂u(τ − t + l,τ)

∂ξ
]dτ

+
1
2

∫ t

t−l
dτ

∫ l

τ−t+l

m0(ξ − l)√
(t − τ)2 − (l −ξ )2

J1(m0

√
(t − τ)2 − (l −ξ )2)

∂u(ξ ,τ)
∂ξ

dξ

+
m2

0
2

∫ l

0
dξ

∫ t+ξ−l

0
J0(m0

√
(t − τ)2 − (l −ξ )2) ·u(ξ ,τ)dτ

for 0 < t < T.
Hence, the one-dimensional potential (4) satisfies the lateral boundary conditions (7)-(8).
Conversely, if a function u(x, t) ∈W 1

2 (Ω)∩W 1
2 (∂Ω) satisfies equation (5), the initial conditions (6), and the lateral

boundary conditions (7-(8), then the function u(x, t) uniquely defines the potential (4).
To summarize, the initial-boundary value problem (5)-(6) has a unique solution and the solution coincides with the

potential (4). This completes the proof.

Remark 1. When m0 = 0, by taking derivative from u(x, t) at x and t, we easily obtain the main result of [1].
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