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Solvability one of stationary problem of
magnetohydrodynamics

Khonatbek Khompysh and Sharypkhan S. Sakhaev
Al-Farabi Kazakh National University, 050038, Almaty, Kazakhstan

Abstract. In this work, we prove unique solvability of a boundary-value problem of magnetohydrodynamics in Sobolev and
Holder spases.
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INTRODUCTION

In this work, we study the problem on a viscous incompressible fluid fills a bounded vessel Q C R3 with a perfectly
conducting boundary S. In Q, an exterior force f(x) acting on the fluid and electric current of density j(x) are defined.
One must find the velocity vector field ¥(x) and the pressure function p(x), as well as the magnetic and electric fields,
H (x) and E (x).

The steady motion of a viscous incompressible electrically conducting fluids is described by the following system
of equations of magnetohydrodynamics consisting of Navier-Stokes equations

. . a 1 NN
VA1) + Y (vkuxk - ;‘Hkﬂxk> 439 (p )+ A ) ) —F), xeQ, M)
k=1
divd (x) =0, x€ Q, (2)
and Maxwell’s equations without displacement current
rotFI(x)—G(E(x)—i—u{f)’xﬁD:]_"(x), xeQ, (3)
diviuH (x) =0, xe Q, 4)
rotE (x) =0, x€Q Q)

with given f(x) and j(x). Here, the magnetic permeability of a fluid y1, the conductivity o, the kinematic coefficient
of viscosity v and the density p are given positive constants. The studying problem consists to find solutions of (1)-(4)
in Q, satisfying the following boundary conditions on S:

B(x)|s=0, E;(x)[s=0, H-fAi|s=0, (6)

where 7 is the unit outward normal to S, and E; = E —7i (71’ . E)

Authors [1] have studied problem (1)-(6) passing to the generalized statement, i.e. boundary conditions replaced by
the requirement of belonging of unknown vector functions in some functional Hilbert spaces and other equations by
integral identities. The theorem of existence and uniqueness of generalized solutions of problem (1) - (6) in the space
L, (Q) was proved in [2]. The existence of weak solution to the problem was studied in [2]. We extended these results
as p > % in a bounded domain up to the boundary.
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AUXILIARY PROPOSITIONS AND MAIN RESULTS

We note that the passing to a generalized statement requires a number of auxiliary propositions proved in [1], which
we refer in the right places.

Definition 1. Ler H(Q) be the space of solenoidal vector functions of @ € V(ij/; (Q), i e,

H(Q):= {(])’ GVE)/é(Q) S divg=0inQ, and(ﬁzOonS}.

Definition 2. Let H (Q) be the space of solenoidal vector functions of § € W1 (Q), i. e.,
H (Q):={¢eW,(Q): divp=0in Q, and,=-ii=0 on S}.

Definition 3. A pair of functions (f},ﬁ) is called a generalized solution of problem (1)-(6), if ¥ (x) € H(Q) and
H (x) € H| (Q) and for any ¢ € H(Q) and € H; (Q) hold the following integral identities

v/vﬁvadx—/ﬁ(ﬁ-V)adHE/ﬁ(ﬁ-v) @dxz/f'@dx, (7)
Q Q Pa Q
1 7 T = 3 — 1 2
E/rotHrotl[/dx—/,u [v XH} rotydx = E/]rotl//dx. (8)
Q Q Q

For problem (1)-(6), the following theorem holds.

Theorem 1. Let S € C3. If f (x) € L,(Q), j(x) € W[} (Q) with p > 9, then the generalized solution of problem (1)-
(6) belongs to sz (Q) x Wg (Q), and there exist Vp(x) € L, (Q) and E (x) € Wp1 (Q) such that equations (1)-(2) are
satisfied, and the following estimate holds

18wz + 8|

+ VPl 0y +||E|

W) vi@
- - 28 AI® v
SC(Hf Lp(sz)+HJ’W,%<Q)+Hf Lp(ﬂ)+ / w,}(sz))'

-

Theorem 2. Ler S € C*%, If f(x) € C*(Q), j(x) € C'T*(Q), a € (0,1), then T (x) € C***(Q), H (x) € C*T*(Q),
Vp(x) € C*(Q), E (x) € C'**(Q) and the following estimate is valid

1B llcaen(a + B

CZ+0¢<Q) + ||VpHCa(Q) + HE‘ CH—O((Q)

. N 16
<€ (| 7 o)

Proof. The proofs of these theorems are based on the results of propositions given below and the smoothness of the
generalized solution to Stokes problem [1]. We also use the following new estimate for nonlinear terms in equations
of magnetohydrodynamics. For U, H € W,' (Q) C Lg (Q), we have

(10)
16

—

f

-

+ |7

+
Cl+a(g)

Cc*(Q)

~ . . - =2
1B V) Bl 00 < IBlleg() 1VBlly(0) < N8l 0 -

|(a-v)@

R . R 4112
1770 = W 197y = € -
L2(@) L@ = [ g 17 @) W@

We begin the proof of Theorem 1 from the transfers relations (7), (8) as follows: First, we rewrite (7) in the form

v/ VT)V(T)dx:/F(Tde, Ve e H(Q), (1
Q Q
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where F = f— (3. V) 5—1—% (ﬁV) H.
Before we transform (8), we recall Weyl’s orthogonal decomposition of the space L, (Q) of square summable vector
fields [3], [4]:

0
L(Q)=G(Q)aJ(Q), 12)
where é(Q) = {u =V¢, ¢ € W ! (Q)}, and J (Q) is the solenoidal vector fields from L, (Q) (i.e. orthogonal to any

Vo, 9 eWw i(Q)).
Let P; be orthogonal projection to the space J (). It is clearly, we have that ||Py[|, ,;, < 1. Moreover, following
propositions [1] hold:

Proposition 3. If F € Ly, (Q),q> g in (14), then ¥ € qu (Q) and satisfies the following inequality:

— < F
1Bllwz(a) < CHFHLq(Q).

Moreover, there is exists a function Vp € L, (Q) such that

L1 H? "

and
VPl SCHFHLqm)'

Proposition 4. Ifii(x) € WF (Q), k=0,1, then Pyii(x) € W¥ (Q) and

1Bl o) < cllillwrq), k=0,1. (13)

Proposition 5. For any vector function E (x) eJ(Q) ﬂWp1 (Q) the problem

rotf](x):g(x), divH (x) =0, x€ Q, H-ii|s =0 (14)

has a unique solution H (x) € sz (Q) and the following estimate holds
7 <c||E . 15
w2(Q) ~ CH§HWP1(Q) ()

By identity (8), the expression érotljl —u {1‘5 X FI} — éfis orthogonal to all functions ror\y, ¥ € H; (Q) i.e. all

—

functions & (x) € J (Q). Hence,

1 _, S o 0
Eth—u[va}— F=ve, pcwli(Q). (16)

Ql~-

Formula (16) can be treated as the orthogonal decomposition (12) for the vector function g (x) = éf+ u {1‘5 X f]} .
Remark 1. We can take E (x) = V¢ in (16).
It follows from (16) that

g(x) = érothI—V(p, ~Vé e G(Q), érotﬁ cJ(Q). 17)

If g (x) € W, (), then by Propositions 4 and 5 we have the following estimate

_ L <e
Wz (Q)

ot < <l
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In this case, we can take the vector E (x) in the form E (x) = V¢ = P&g’ (x) and it satisfies the inequality [5]

Eeall,

<cllg . 18
Wq(Q)_C||g\\W;(Q) (18)

Now, we prove inequality (9). Using the Holder inequality

‘/ vodx
Q

we estimate nonlinear terms in (7) and (8). By the fact that 5,FI € Lg (Q), we have
2 1 1
S = 33 3 2 2 -6 6 L2
H(’DV)DHL%(Q) < (/Q|v|2 Vv|2dx> < (/Q|VU| dx) (/Q|U| dx) < clBlly () -
Similarly, we get
|(7v)A

2
12 =
<c|| HHH .
) <<l [,

1 1
< WVl Il @) S +5 =1

2
<cl||H
()

)

L W, (Q)

W3 (Q
2
Consequently,
= = — — = o : 3
Fx)=f—- (UV)D—F% (HV)H €Ly, (), for py = min (p,2>
and
S l- -5 | . 3
g(x)= g](x)—i—/,t [va} €W, (Q), for p; = min Py )

Ifp< % then estimate (9) follows from the estimates (12), (13), and (15).
Let p > 3. Then, p; = 3 and by (12), (13), and (15), we have

=

1Bllw2, (@) < c||[F

3/2

L35 (Q)

and

§cHrothI‘

<c||gllw2 .
W3,(Q) Wi, (@) | ||W3/z(9>

Using this information, we estimate the nonlinear terms. By the embedding theorems, U,H € W31 (Q) and B,H €
Lo (Q) with an arbitrary large Q. We also have for any small 8 > 0

1 1

£ 3 ‘ 9
2o =13-0 | o= (3-6 =3 ~16 =112
16V) 8, , < | 18P °190) Pax| < | [1voPax| | [16%ax) <clBle -
Q Q Q
3-6)3 9
=—"=—--3.
Q 0 0
Likewise, we obtain inequalities
RN _ 12
[V, e < ,
L3-9(Q) W3, (Q)

wl

2
1@ )

o = 2 -
<
H (v . H) HWS[G(Q) =¢ <|U|IW31/2(Q) + HH‘
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Consequently, F (x) € L,, (Q), g(x) € W,, () with py = min(p,3 — 6). In the case p < 3 — 6, it is sufficiently to
applied the estimates (5), (7), and (8). In the case p > 3 — 0 we have p) =3 — 6, and D, He W3279 (Q). Therefore
5,FI € WQ21 (Q) i L = #g —1= %, ie. Q) = %. It is obviously that Q; >> 1 for small 6. Moreover,

g 1-%
U,H € L., (Q).
Estimating the nonlinear terms as above in the case ¥, H € WQlI (Q), U,H € L. (Q), we see that they are summarable

with arbitrary large exponents. Therefore, F (x) € L, (Q), g (x) € Wpl (Q) and it means that B, H € sz (). Thus the
proof of Theorem 1 is completed.

Theorem 2 can be proved in the analogical way as above. The rest of the proof proceeds as in the proof of Theorem
1, and we omit it. ]

ACKNOWLEDGMENTS

This work was partially supported by MES RK under the grant number 0781/GF4.

REFERENCES

1. S. Sakhaev, and V. Solonnikov, Zap. Nauch. Sem. POMI 397, 126-149 (2011).

2. V. Solonnikov, Trudy Math. Inst. Steklov 59, 5-36 (1960).

3. H. Weyl, Duke Math. J. 7, 411-444 (1941).

4. O. A. Ladyzhenskaya, Mathematical Problems of the Dynamics of a Viscous Incompressible Fluid, Nauka, Moskow, 1970, 2
edn.

5. S. S.Sakhaev, and K. Khompysh, “On estimates of solutions of the linear stationary problem of magnetohydrodynamics
problem in Sobolev spaces,” in Advancements in Mathematical Sciences, edited by E. L. A. e. a. Ashyralyev, A.; Malkowsky,
AIP Conference Proceedings 1676, American Institute of Physics, New York, 2015, pp. 020030-1-020030-5.

020096-5


http://dx.doi.org/10.1215/S0012-7094-40-00725-6

