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Abstract. In the paper we consider an inverse problem for the three-dimensional nonlinear
pseudoparabolic equations describing the Kelvin-Voight motion. The inverse problem consists of
finding a velocity field and pressure which is gradient and also a right-hand said of the equation.
Additional condition about the solution to the inverse problem is given in the form of integral
overdetermination condition. The existence and uniqueness of weak generalized solution of this
inverse problem in the sobelev space is proved.

Introduction

The inverse problems for the partial differential equations arise in many areas of the science when
attempts to describe the internal characteristics of the medium in which the flowing of physical and
chemical processes by the results of observations of these processes in available areas for
measurement. In last years the theory of the inverse problems for the different of non-classical
equations of mathematical physics is actively developed in [1-5]. Inverse problems of determining
the right-hand side of linear and nonlinear Navier-Stokes equation under a final also an integral
overdetermination conditions were studied in papers [1-3]. The weak generalized solutions of the
inverse problem for parabolic equations were considered in [4,5].

The solvability of initial boundary direct problems for equations describing the Kelvin-Voight
motion and which are some modifications was investigated by A.P. Oskolkov [6-8]. He proved the
unique existence of global weak and also the strong solutions of nonlinear initial-boundary value
problems for linear viscoelastic Kelvin-Voight equations in threedimensional case.

In this work we discuss the unique solvability of the inverse problem for the three-dimensional
nonlinear equations of Kelvin-Voigt fluids [6-7], in the case when additional information on solving
the direct problem is given in the integral form.

By the successive approach method the existence and uniqueness of global in time weak

generalized solution (5, f)e L, (0, T ;} 1(Q)J UL, (O,T ;} 1(Q)j x [*(0,T) of inverse problem is
proved.

Statement of the problem

Let Q is a bounded domain in R",m=23 with smooth boundary 6QeC’. In the cylinder
0, =0x(0,T), T>0 with the lateral surface =0Qx(0,7) we consider the following inverse

problem consists of finding a set {5(x,2),Vp(x,z), f(¢)} of functions satisfying the system of
equations:

0, —vAG +(0V )0 - yAD, +Vp = f(t)g(x.0).  (v.1)€Q;, (1)
divo =0, (x,1)e Oy , 2)
the initial condition

5(x,0)=0,(x), xeQ, 3)
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the boundary condition
o(x,1)=0, (x,t)eX 4)

and the integral overdetermination condition

j B, i, 1)+ 2V 5 (x, 0 Wi, )dx = et), 1 €]0,7], )

Q

m
. o\ 0 - Lo
where (¥,V ) = E via—v(x,t), v, are components of the vector-valued function ¥(x,z). The
X -
i=1 i

functions 5, (x), @(x,7), e(t), g(x) and the positive constants v, y are given while {0, Vp, f} is
unknown.

The global existence and uniqueness of the weak and also the strong solutions of the nonlinear
initial-boundary direct problem (1)-(4) with the right-hand side f,(x,7)= f(¢)g(x.z)e L,(Q,) was
proved in [6]. We using results of [6-7] for the direct problem (1)-(4) and also the methodic of U.U.
Abylkayrov in [4], we proof the theorem of existence and uniqueness of global in time weak
generalized solution of the three dimensional nonlinear inverse problem (1)-(5).

We used the notations of functional spaces and they are norms in [6].

Definition. A pair of functions (5, f) is called a generalized solution of the inverse problem (1)-

(5), if 8(x,t), D, (x,t)e L,(Q) for all £€[0.7] and & (x,7)e L,(Q,), f(t)eL*(0,T) and satisfied
the following integral identities:

[[F-60.+15.0. -850, - 2.0, Jaxdi= [ (6,3x0)+ 25,5, (x O+ [ [ Felcloto haxar~ 6)
Or Q Or

for any plx.0)e W (0, ) J(0r ). such that g, € L,(0,). ¢(x.T)=g,(x.7)=0,

(1) = J' (1,6 v, i, + 26, +v,00,, Jx+ £(0) I 3 (x, £ )dx 7)
Q Q

where

iieC (0, T;JI(Q)), e)ew)(0,7), g(x,t)e L, (0,T;L,(Q)), |ii(x,2)g(x,t)dx =0 forvee[0,T] (8)

0 ey

Lemma. The inverse problem (1)-(5) is equivalent to the statement of the problem (1)-(4), (7) for
sufficiently smooth solution (D, f ) , and for the joint date of the problem.

Remark. In the problem (1)-(6) under the condition (8) the function f (t) can be expressed
explicitly, i.e.

)= g)5q {ef(t)— j (Bu, - W5 Vii + V5 Vi, + OOl )dx} 9)
Q

The main result of this work is the following proposition.
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Theorem. 1f supposition (8) is valid and 0, erz(Q)m J(Q), then exists unique weak

generalized solution (D, f ) of the inverse problem (1)-(5).
Proof. To prove this theorem we can use the successive approximations method [4]. Take as zero
approximation 5° = 0 and define (5 " f ’") through the relation:

170 =, @) €0)- J' 75" dx+ J' (Wi - 2Vi, )afldx—juglamlﬁxk d (10)
Q Q

J’ j 676, +vir ! - 751", —0['0" 5, Jxdi = j (6, + 2V, Jp(x.0)dx + j '[ (gddxdr (1)
Or Q Or

for all m =1,2,..., and for any @ e W 5(Q0, )" J(Q; ) such that ¢, € L,(Q; ), @(x,T)=¢, (x,T)=0.
Let us substitute f ('”)(t) from (10) into (11), whence, by the theory of equations of motion of

0
Kelvin-Voigt [6] it follows, that there is a unique weak solution of 0" eJ(QT), which
o", 0" €L, (QT) for (1)-(4). Since the integral identity (11) represents a weak solution of direct
problem for the equation of the Kelvin-Voigt with right side F(x,z)=g(x,z)f(t). Under the

assumption (8), we know that F(x,r)e L,(Q,) and consequently from [6] it follows that there is a
unique weak generalized solution of the direct problem (11) for the equation of the motion of
Kelvin-Voigt.

Thus the sequence of pairs (D’", f ) is well defined. If we prove that the sequence (5”’, f ) is a
sequence of the Cauchy, then by the completeness of the space V,(Q, )x L,(0,T) follows, that a pair
of functions (5, f) is the limit for the sequence {”.f")}, ie. (6”7./")>(@.f) as m—w.
Therefore, (5, f) is the desired weak solution of the inverse problem of the (1)-(4), (7).

Let us introduce the notations

Um+1 =l—)-m+1 _Dm and Fm+1 :me _fm
from (10), (11) we get the relations

P = (gl [ 2va 07 - [50" - [opom wupeha x|, (12)
Q Q Q

j j[— 0™, +v0 ™1, - x0"G, —(Ur15™ +opd™ ), Jixde = j F™gadedt  (13)
Qr Or

with U™(x,0)=0 initial conditions for m=123.... and @eW 5(Q;)nJ(Q;) such, that

Gy €Ly (0r), 6(x,T)=p,(x.T)=0.
We will estimate each term in the right-hand side of (12) by using Holder, Cauchy inequalities

and ||17||2’Q < C(Q]|\7x||2,g, v(x)e 4 }(Q) Poincare inequality [8] as follows.
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F™(0) —‘(u,g)zfg‘[vIVUMVudxz .VUmVutdx—ijutdx —I(ag"Um +U’"5’"1)4xkdx} <
Q .Q Q Q
(0. {v O Jodwad + 2w+ ol o (J57], ", + 7L o5, ) =
L 64 ITL M 3
s 90 vl 1|ut||)+5nuxn-uumu4\\u;"\\4\\um\\4\\vum\\4}s
(. g);}g{v||w||+ Ava |+ c@)a o]« Ha, | Jor .\vymu}g
(el {v17l+ 17|+l |+ 221wl H*'"H}HVU'"H <Gvur],,
After integrating it by r from 0 to 7, we obtain the relation
jﬂF”’” “dr<c, HVU'”HE . (14)

0

where \/aE‘(u,g)zfg‘{v||Vﬁ||+;(”Vﬁt”+C(Q)|ﬁ,||+%||Vﬁ||-Hﬁf”} is a positive constant which

independent on m, U™ and f".

Further, from the relation (13) assuming therein ¢ =U """, we get the identity

2 2 2
%IUU’”“ )dij' j vyl
Q [0

Let estimate the right-hand side of the last identity by Cauchy and (14) inequalities

1
t 2 t
2,0r f 2 .

3 t

<Jloe o <[4 c@fforevm < pum]
4.0 3

+;4VU’"+1

dxdi= j J' U 5™ dvder j F™ U™ dxdr. (15)
9 (@)

J.J‘Ferl Um+1dxdt

o c2 HU'”“

< vrai max" g|| HU i

t(0,7) 2,07

J.J‘UITHD;ZHUmﬂdxdt o
0

8

27

Consequently, from (15), we get the estimation

—m+1

c@)o;

where C, = ||g(x,t]| L are positive constants.

Lorn@)y €=

L,,(0.7:L,(Q2))

HUmHHz +ZHU;”+1H2,Q +Vj'U;,,+1igdrs(;zj)'(]mﬂ2d7+€;lj‘U;"+12d7+ngm+12df£
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t t
C 2 2 2
_4I(“UM+1 U;VH—I jdz_ + EJ.‘F”H—I dT (16)
€9 0
From the last relation by the Gronwall lemma [8] we get the estimate
2 2 2 ( 2
7 m+1 7 m+l 7 m+1 -1 m+1 . 1 7
trer[lé;i]( U + ;(‘ U, 2,Q)+ v‘ U, 20 < gexp(C4g t)J.‘F dr (17)
0
Considering together the (14), (17), we note that the following inequalities are true
HF’"Jr1 ’ <Cev™ exp[C &~ t]‘F”’ (18)
L0 ~ ! 4 ,(0.0)”
m+1 T mA+l 2 Tm+l 2 < -1 ] Tm 2
treng;(](HU 20 + ;(‘ U, 2,9) + VHUX 20 = Cie exp(C4€ t ‘VU HZ,Q,
or
g1 <Cevexple,e )0 19
T P ©)’ (19)

forany m=0,1,2,....
By virtue of the arbitrariness of ¢ and ¢, choosing the ¢, and ¢ such that satisfied the inequality

Cigqv”! e><p(C4(961t1 )S qg<l (20)

and from (18)-(19) follows the estimates

2 2

21

HF m+1

<drel,,

HUWI+1

oo,

<do”l,,

Ly(0.8) L,(0,4) £ Qt )

for any m=1,2,..., where Q, =Qx(0,2,].
Consequently, from the foregoing estimate (21) and convergence of the geometric progression it
follows that {(D’”, o )} is a Cauchy sequence in the functional space 7, (0, )x L, (0,7,). By virtue of

the foregoing reasoning there is a unique pair of the functions (D, f )e Vz( tl)x L, (0, tl) with
O, € L,(Q), forall 7€(0,4,], such that

6" =0 in 1,(0, ), ' >0, in L,(Q) and f" — f in L,y(0,¢,) as m — . (22)

The passing to the limit as m — o in relations of (10)-(11) due to the strong convergence of 0™
and f™, we obtain that the limit functions & and f are a weak generalized solution of the inverse
problem (1)-(5) in O, =Qx(0,2,].

Now, let us prove the uniqueness of the solution of the inverse problem (1)-(5) in O, .

We assume to the contrary that there are two distinct solutions (Dk S S ), k=12 in Q, . Then due

to relation (21), we get the estimates
1A - fz”iz(o,tl) <q|f, - f2||iz(0,zl)’ |5 - 62||12/2(Q,1) <q|o, - 52”%(@1 ) (23)

where it known that the q<1. From the relation (23) it follows that f, = 1, and o, =0, .
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So, we have proved that the existence and uniqueness of solutions (5, f) only in interval
0,2,), ¢, <T.

Next, we extend the proof of the theorem, i.e. give a proof in all (0,7).

We have a constants ¢,,C, and ¢, which independent on initial given function 5,(x). Therefore,
if such ¢ are unexhausted all interval (0,7), then repeating the reasoning for r€lt,.z, ], where ¢, is
such that 5, (x)=o(x,7,), etc., in a finite number of steps we see that, the inverse problem (1)-(5) has
a unique generalized solution in all Q, =Qx[0,T]. Thereby, we complete proving theorem.
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