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On spectral problems for loaded two-dimension Laplace
operator
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Abstract. The investigated spectral problems arise in the study of the stabilization problem for a loaded heat equation. The
dimension of the space variable is equal to two. Stabilization of the solution of the equation is carried out by means of
boundary control actions. The solution of this problem can be solved by separation of variables.
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INTRODUCTION

Let Q= {x,y: —@/2 < x,y < w/2} be domain with boundary dQ. It is considered in cylinder Q = Q x {¢ > 0} with
the side surface X = dQ x {r > 0}.
We consider the boundary value problem for a loaded heat equation

ur — Au+ou(0,y,1) + Bu(x,0,r) = 0, {x,y1}€Q, (1)
u(x,y,0) = uo(x,y), {x,y} €Q, (2)
u(x,y,t) = p(x,yt), {x,yt} €L (3)

For boundary value problem (1)—(3) we investigate the stabilization problem. It is required to find such functions
p(x,y,1), so that the solution u(x,y,?) satisfies the following inequality

ot

llu(x,3,0)[| 1, () < Coe™ ", 0 = const >0, Co = const >0, > 0. “4)

We introduce the auxiliary boundary value problem. Let Q; = {x,y: —w <x,y < w} and Q| = Q| x {t > 0}. We
obtain

7 —Az+0az(0,y,1) + Bz(x,0,t) = 0, {x,y,1} €01, 5)
Z(x7y70) = ZO(xay)v {xvy} S Qla (6)
a(j)z(iﬂvyat) a<j)z(ﬂ'.7yat)
T T T a0 {1} € (—m,m) x {t > 0},
oW z(x, —m,1) U z(x,m,1) ,
T = W, {x,1} € (—m,m) x{t >0}, j=0,1. @)

For the auxiliary boundary value problem (5)—(7) we investigate the stabilization problem. It is required to find such
initial functions zo(x,y,), so that the solution z(x,y,t) satisfies the following inequality

—ot

206, 3,0) |25 ,) < Coe %', t >0, (8)
where the constants Cy and ¢ are the same as in the original problem (1)—(4).

We will to define the function z(x,y) as continuation of function ug(x,y) from Q to a large domain Q;.

Thus, if we solve the problem (5)—(8), we can find a solution to the original problem (1)—(4). The restriction of the
solution z(x,y,) to domain Q gives us a function u(x,y,) as solution of boundary value problem (1)—(3), satisfying
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to condition (4). Further, the restriction of the solution z(x,y,7) on the boundaries X determines the required function

p(x,y,1).
To solving of the problem (5)—(8), we use the separation method of variables. Let Z = {0,£1,£2,...}. We have

Z()C,y,t) = Z Zk[(t)(Pk[(x,y), (9)
k,l€Z

where the functions Z,(¢) is a solution of the Cauchy problem:
Zy(t) +AZy (1) =0, 1 >0, Zy(0) = Zow,

and the functions { @y (x,y), (k,I) € Z}, is the solution of the corresponding spectral problem discussed below. Note
that in the Cauchy problem numbers Zy; are unknown.

STATEMENT OF PROBLEMS
In the domain Q = {x,y: —w <x < @, —7 <y < @} we consider the following two spectral problems:

—A¢(x,y) +ae(0,y) =Ae(x,y), {x,y} €0,

do(-my) _de(ry) Vol -m) _dewm) . _ (10)
o od oy oy 700

—Ag(x,y) +09(0,y) + Bo(x,0) = 1o(x,y), {x,y} €0,

Vo(-my) _do(my) ol -m) doxm . an
dx/ - ox) dy’ 9yl =R

where A is Laplace operator, ¢, 8 € C are given complex numbers, A € C is spectral parameter.
We introduce some of the definitions from [1]. Let Q2 — n-dimensional cube with an edge lengths 27. Let

Als) = Y ap’,s"=s{ sl l=n+- %, A(=iD), (12)
[vi<m
A(—iD)e"™ = A(s)e"™, s-x=s1x1 4 ...+ 5p X (13)

P~(Q) is linear manifold of infinitely smooth periodic in all variables functions. The operator A : L,(Q) — L (Q),
defined as the closure in L, (Q) the differential expression A(—iD), defined originally on the functions of the P*(Q),
is called []-operator.

Let & ={s: s, =0,%£1,%2,..., k= 1,...,n}. The eigenfunctions and eigenvalues of [J-operator give a following
proposition.

Proposition 1. The set of exponents {e’” ,s€ } Sform an orthogonal basis in Ly(Q) and is the set of eigenfunctions
for each of the [[-operators A. A numbers {A(s), s € '} are the eigenvalues.

According to these introductions, our operators of the spectral problems (10)—(11) are loaded []-operators.

MAIN RESULTS

Let Z ={0,£1,+£2,...}. The following lemmas are valid.

Lemma 2. (a) Let V1 € Z: o # I%. Then spectral problem (10) has the system of eigenvalues and eigenfunctions that
defined as

o

{(sz (x,y) = (Eilx Tr .

)e""y, Ay =DP+k, 12 =7\{0},

() = ¢, Ao = a2 (1=0), k€ 2. (14)
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(b) Let 3ly e Z: o = l(%. Then spectral problem (10) has the system of eigenfunctions and associated (indicated
with ") functions and the eigenvalues are determined in the form

. o
{outen = (em 52,

) e My =PI 1€ 2\ {+h};
Pty (x,) = €™, @y (x,y) = TR Q= a2, ke Z} : (15)

Proof. Since = 0, then we have that [2]:
O (x,y) = X (x)e® k1 € Z, (16)
— X3 (%) + KX (%) + 041 (0) = A X (),
X (—m) =x{ (m), j=0,1, (17)
kl€Z, dy=1+k,
Now, for part (a), we have that hez: a= 12, and for part (b) we have that 3y €Z: a = lé. O

Lemma 3. (a) Let Vk,l € Z : B # k>, o # 1. Then spectral problem (11) has the system of eigenfunctions and
eigenvalues defined as

{(Pkl(x7Y> = (ff’ﬂ“rlzaa> (eiky*'kzﬁﬁ) A=K+ ke
o

ilx
¢ +12—(x’

%zzﬁ—klz,lez’ik)’—i—kz[iﬁ,lk0=k2+067kez/}- (18)

(b) LetVk€Z: B#K; and3lp €Z: o = lg. Then spectral problem (11) has the system of eigenfunctions and
associated (indicated with ™) functions and eigenvalues determined in the form (where Z = Z' \ {%l})

{(pkl(x,y) = (eilx—i— 120605) (e"ku &) A =K+1% kel 1eZ);

ik B
(pkl()('xay) =e y+k2_ﬁa

(p]?l:()(xay) = ¢+l <eiky+ kzﬁ—ﬁ) ) )‘klo = k2+a7 o= l(%v ke Z/;

(polo(xay) = 17 (p()lo(xay) = e:ﬁ:ilox’ 2'Olo = (X+,B} . (]9)

(c)LetVI€Z: a#1% and Ikg €Z: B = k%. Then problem spectral (11) has the system of eigenfunctions and
associated (indicated with ~) functions and eigenvalues determined in the form (where Zy = Z' \ {£ko}):

{(Pkl(xa)’) = <6’ﬂx +

-«

ik ﬁ _ 12 2 ! /.
><€ly—|—k2_ﬁ>,lk[—k +15, kel 1l

ilx x
Orot (x,y) = €™+ 2o

(p/?(:)l(xay) = e:tikoy <ei1x+ > ) )Lkol :ﬁ‘i’lzv B = k(2)7 le Z/;

-«

(pkoo(xyy) = 17 (pkoo(an) = e:tik()y’ )Lk()O = a+ﬁ} . (20)

020049-3



(d) Let ko, lo €Z: B = kg, a= l%. Then spectral problem (11) has the system of eigenfunctions and associated
(indicated with ~) functions and eigenvalues determined in the form of

. o .
{‘Pkl(x,y) = (Ellx+z2—a) (e"‘>+kzliﬁ> =k +1P kel 1€ Zi;

_ il
(pkol(xﬂy) _elx—’_ lz_a

>7)Lkolﬁ+lzvﬁk(2)a IGZ/;

‘plf(c)l(x,)’) = ¢*ikoy <ei1x + 2_a

Pry0 (%) = 1, Pryo(x,) = € gy, (x,y) = €70,
Puoy (4,) = eii(ko)‘il()x)7 Mkgly = O+ ﬁ} ] (21)
Proof. We will find a solution of spectral problem (11) in form
O (x,y) = Xu ()Y (y), k, L € Z. (22)

Next, using the separation method of variables, we have

X'() +aX(0) - AX(x) Y'()—BY(0) _
X(x) B 7 B *)

This problem (23) is reduced to the solution of the following auxiliary spectral problems

—Y () + BYe(0) = wYe(y), k € Z,

%) () @4
v (-n)=Y"(n), j=0,1,
and ,
— Xy (%) + WeXp (x) + 00X (0) = A X (x), k, L € Z, 05)
xD(—m)y=x1(x), j=0,1.

Now, for part (a) we have that fk,/ € Z: o =12, B = k?; for part (b) we have that Bk € Z: B =k*, A € Z: o = I3;
for part (c) we have that fl € Z: = 1%, 3kg € Z: B = k(%; and finally for part (d) we have that Jko,lp € Z: ot = lé,
B =k 0

A one-dimensional problem we consider in [2].
Note that the system of eigenfunctions and associated functions constructed in Lemma 2 and 3, according to Paley-
Wiener theorem is complete [3].
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