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On spectral problems for loaded two-dimension Laplace
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Abstract. The investigated spectral problems arise in the study of the stabilization problem for a loaded heat equation. The
dimension of the space variable is equal to two. Stabilization of the solution of the equation is carried out by means of
boundary control actions. The solution of this problem can be solved by separation of variables.
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INTRODUCTION

Let Ω = {x,y : −π/2 < x,y < π/2} be domain with boundary ∂Ω. It is considered in cylinder Q = Ω×{t > 0} with
the side surface Σ = ∂Ω×{t > 0}.

We consider the boundary value problem for a loaded heat equation

ut −∆u+αu(0,y, t)+βu(x,0, t) = 0, {x,y, t} ∈ Q, (1)
u(x,y,0) = u0(x,y), {x,y} ∈ Ω, (2)
u(x,y, t) = p(x,y, t), {x,y, t} ∈ Σ. (3)

For boundary value problem (1)–(3) we investigate the stabilization problem. It is required to find such functions
p(x,y, t), so that the solution u(x,y, t) satisfies the following inequality

∥u(x,y, t)∥L2(Ω) ≤C0e−σt , σ = const > 0, C0 = const > 0, t > 0. (4)

We introduce the auxiliary boundary value problem. Let Ω1 = {x,y : −π < x,y < π} and Q1 = Ω1 ×{t > 0}. We
obtain

zt −∆z+αz(0,y, t)+β z(x,0, t) = 0, {x,y, t} ∈ Q1, (5)
z(x,y,0) = z0(x,y), {x,y} ∈ Ω1, (6)

∂ ( j)z(−π,y, t)
∂x( j)

=
∂ ( j)z(π,y, t)

∂x( j)
, {y, t} ∈ (−π,π)×{t > 0},

∂ ( j)z(x,−π, t)
∂y( j)

=
∂ ( j)z(x,π, t)

∂y( j)
, {x, t} ∈ (−π,π)×{t > 0}, j = 0, 1. (7)

For the auxiliary boundary value problem (5)–(7) we investigate the stabilization problem. It is required to find such
initial functions z0(x,y, t), so that the solution z(x,y, t) satisfies the following inequality

∥z(x,y, t)∥L2(Ω1) ≤C0e−σt , t > 0, (8)

where the constants C0 and σ are the same as in the original problem (1)–(4).
We will to define the function z0(x,y) as continuation of function u0(x,y) from Ω to a large domain Ω1.
Thus, if we solve the problem (5)–(8), we can find a solution to the original problem (1)–(4). The restriction of the

solution z(x,y, t) to domain Q gives us a function u(x,y, t) as solution of boundary value problem (1)–(3), satisfying
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to condition (4). Further, the restriction of the solution z(x,y, t) on the boundaries Σ determines the required function
p(x,y, t).

To solving of the problem (5)–(8), we use the separation method of variables. Let Z = {0,±1,±2, ...}. We have

z(x,y, t) = ∑
k,l∈Z

Zkl(t)φkl(x,y), (9)

where the functions Zkl(t) is a solution of the Cauchy problem:

Z′
kl(t)+λZkl(t) = 0, t > 0, Zkl(0) = Z0kl ,

and the functions {φkl(x,y), (k, l) ∈ Z}, is the solution of the corresponding spectral problem discussed below. Note
that in the Cauchy problem numbers Z0kl are unknown.

STATEMENT OF PROBLEMS

In the domain Q = {x,y : −π < x < π, −π < y < π} we consider the following two spectral problems:
−△φ(x,y)+αφ(0,y) = λφ(x,y), {x,y} ∈ Q,

∂ jφ(−π,y)
∂x j =

∂ jφ(π,y)
∂x j ,

∂ jφ(x,−π)
∂y j =

∂ jφ(x,π)
∂y j , j = 0, 1;

(10)


−△φ(x,y)+αφ(0,y)+βφ(x,0) = λφ(x,y), {x,y} ∈ Q,

∂ jφ(−π,y)
∂x j =

∂ jφ(π,y)
∂x j ,

∂ jφ(x,−π)
∂y j =

∂ jφ(x,π)
∂y j , j = 0, 1,

(11)

where ∆ is Laplace operator, α , β ∈ C are given complex numbers, λ ∈ C is spectral parameter.
We introduce some of the definitions from [1]. Let Ω−n-dimensional cube with an edge lengths 2π . Let

A(s) = ∑
|γ|≤m

aγ sγ , sγ = sγ1
1 · · ·sγn

n , |γ|= γ1 + · · ·γn, A(−iD), (12)

A(−iD)eis·x = A(s)eis·x, s · x = s1x1 + ...+ sn · xn. (13)

P∞(Ω) is linear manifold of infinitely smooth periodic in all variables functions. The operator A : L2(Ω) → L2(Ω),
defined as the closure in L2(Ω) the differential expression A(−iD), defined originally on the functions of the P∞(Ω),
is called ∏-operator.

Let S = {s : sk = 0,±1,±2, ..., k = 1, ...,n}. The eigenfunctions and eigenvalues of ∏-operator give a following
proposition.

Proposition 1. The set of exponents
{

eis·x, s ∈ S
}

form an orthogonal basis in L2(Ω) and is the set of eigenfunctions
for each of the ∏-operators A. A numbers {A(s), s ∈ S } are the eigenvalues.

According to these introductions, our operators of the spectral problems (10)–(11) are loaded ∏-operators.

MAIN RESULTS

Let Z = {0,±1,±2, ...}. The following lemmas are valid.

Lemma 2. (a) Let ∀ l ∈ Z : α ̸= l2. Then spectral problem (10) has the system of eigenvalues and eigenfunctions that
defined as {

φkl(x,y) =
(

eilx +
α

l2 −α

)
eiky, λkl = l2 + k2, l ∈ Z′ ≡ Z\{0},

φk0(x,y) = eiky, λk0 = α + k2 (l = 0), k ∈ Z
}
. (14)
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(b) Let ∃ l0 ∈ Z : α = l2
0 . Then spectral problem (10) has the system of eigenfunctions and associated (indicated

with )̃ functions and the eigenvalues are determined in the form{
φkl(x,y) =

(
eilx +

α
l2 −α

)
eiky, λkl = l2 + k2, l ∈ Z′ \{±l0};

φkl0(x,y) = eiky, φ̃±
kl0
(x,y) = e±il0x+iky, λkl0 = α + k2, k ∈ Z

}
. (15)

Proof. Since β = 0, then we have that [2]:

φkl(x,y) = Xkl(x)eiky, k, l ∈ Z, (16)
−X

′′
kl(x)+ k2Xkl(x)+αXkl(0) = λklXkl(x),

X ( j)
kl (−π) = X ( j)

kl (π), j = 0, 1,

k, l ∈ Z, λkl = l2 + k2,

(17)

Now, for part (a), we have that @l ∈ Z : α = l2, and for part (b) we have that ∃ l0 ∈ Z : α = l2
0 .

Lemma 3. (a) Let ∀k, l ∈ Z : β ̸= k2, α ̸= l2. Then spectral problem (11) has the system of eigenfunctions and
eigenvalues defined as {

φkl(x,y) =
(

eilx +
α

l2 −α

)(
eiky +

β
k2 −β

)
, λkl = k2 + l2, k, l ∈ Z′;

eilx +
α

l2 −α
, λ0l = β + l2, l ∈ Z′iky +

β
k2 −β

, λk0 = k2 +α, k ∈ Z′
}
. (18)

(b) Let ∀k ∈ Z : β ̸= k2; and ∃ l0 ∈ Z : α = l2
0 . Then spectral problem (11) has the system of eigenfunctions and

associated (indicated with )̃ functions and eigenvalues determined in the form (where Z′
1 = Z′ \{±l0}){

φkl(x,y) =
(

eilx +
α

l2 −α

)(
eiky +

β
k2 −β

)
, λkl = k2 + l2, k ∈ Z′, l ∈ Z′

1;

φkl0(x,y) = eiky +
β

k2 −β
,

φ̃±
kl0
(x,y) = e±il0x

(
eiky +

β
k2 −β

)
, λkl0 = k2 +α , α = l2

0 , k ∈ Z′;

φ0l0(x,y) = 1, φ̃0l0(x,y) = e±il0x, λ0l0 = α +β
}
. (19)

(c) Let ∀ l ∈ Z : α ̸= l2; and ∃k0 ∈ Z : β = k2
0. Then problem spectral (11) has the system of eigenfunctions and

associated (indicated with )̃ functions and eigenvalues determined in the form (where Z′
2 = Z′ \{±k0}):{

φkl(x,y) =
(

eilx +
α

l2 −α

)(
eiky +

β
k2 −β

)
, λkl = k2 + l2, k ∈ Z′

2, l ∈ Z′;

φk0l(x,y) = eilx +
α

l2 −α
,

φ̃±
k0l(x,y) = e±ik0y

(
eilx +

α
l2 −α

)
, λk0l = β + l2, β = k2

0, l ∈ Z′;

φk00(x,y) = 1, φ̃k00(x,y) = e±ik0y, λk00 = α +β
}
. (20)
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(d) Let ∃k0, l0 ∈ Z : β = k2
0, α = l2

0 . Then spectral problem (11) has the system of eigenfunctions and associated
(indicated with )̃ functions and eigenvalues determined in the form of{

φkl(x,y) =
(

eilx +
α

l2 −α

)(
eiky +

β
k2 −β

)
, λkl = k2 + l2, k ∈ Z′

2, l ∈ Z′
1;

φk0l(x,y) = eilx +
α

l2 −α
,

φ̃±
k0l(x,y) = e±ik0y

(
eilx +

α
l2 −α

)
, λk0l = β + l2, β = k2

0, l ∈ Z′;

φk00(x,y) = 1, φ̃k00(x,y) = e±ik0y, φ0l0(x,y) = e±il0x,

φk0l0(x,y) = e±i(k0y±l0x), λk0l0 = α +β
}
. (21)

Proof. We will find a solution of spectral problem (11) in form

φkl(x,y) = Xkl(x)Yk(y), k, l ∈ Z. (22)

Next, using the separation method of variables, we have

−X
′′
(x)+αX(0)−λX(x)

X(x)
=

Y
′′
(y)−βY (0)

Y (y)
=−µ . (23)

This problem (23) is reduced to the solution of the following auxiliary spectral problems −Y
′′
k (y)+βYk(0) = µkYk(y), k ∈ Z,

Y ( j)
k (−π) = Y ( j)

k (π), j = 0, 1,
(24)

and  −X
′′
kl(x)+µkXkl(x)+αXkl(0) = λklXkl(x), k, l ∈ Z,

X ( j)
kl (−π) = X ( j)

kl (π), j = 0, 1.
(25)

Now, for part (a) we have that @k, l ∈ Z : α = l2, β = k2; for part (b) we have that @k ∈ Z : β = k2, ∃l0 ∈ Z : α = l2
0 ;

for part (c) we have that @l ∈ Z : α = l2, ∃k0 ∈ Z : β = k2
0; and finally for part (d) we have that ∃k0, l0 ∈ Z : α = l2

0 ,

β = k2
0.

A one-dimensional problem we consider in [2].
Note that the system of eigenfunctions and associated functions constructed in Lemma 2 and 3, according to Paley-

Wiener theorem is complete [3].
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