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Geometric characteristics of the solitonic solution in the case
of finite density

Zhanat Zhunussova and Karlygash Dosmagulova
Al-Farabi Kazakh National University, 050040, Almaty, Kazakhstan

Abstract. Some exact solutions of nonlinear partial differential equations are widely investigated both mathematical and
physical points of view. Physically interesting solution as solitonic is well known. Also solitonic solution have simple behavior
in bumping and are stable. There are various methods for searching of these exact solutions.
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INTRODUCTION

Exact solutions of nonlinear partial differential equations are widely investigated both mathematical and physical
points of view [1-4]. Physically interesting solution as soliton is well known. Also soliton solution have simple
behavior in bumping and are stable. There are various methods for searching of these exact solutions [2, 3]. In (1+1)-
dimensional case nonlinear partial differential equations are given as a condition of zero curvature

U —Vi+[U,V]=0,
where [U,V] =UV — VU, matrix U is prescribed, and matrix V is expressed in the terms of the elements of the matrix
U. Also the nonlinear partial differential equation is the compatibility condition the system of linear equations
¢=U0, ¢ =V9,
where ¢ is a scalar function. In this case there is a surface with immersion function P(x,z) defined by the formulas

% =0'X9¢, %—f = ¢~ 'Y ¢. The surface defined by P(x,t) is identified with surface in tree-dimensional space with
coordinates [1] x; = Pj(x,t), j=1,2,3. Frame on the surface is given [1]

8P_ 1 8P_ | _ a1

where J = &};g\’ | X |= /< X,X >. By definition

1
<X,Y >= —Etr(XY),

where X,Y are some matrices. The first and second fundamental forms are given

[=<X,X>dx*+2<X,Y >dxdt+ <Y,Y > dr*, (1)
oX oX Y
=< ==+ [X,U},J > d?+2< o5 HXVIT > dxdit < -4 [V V] T > dr?. (2)
X

As it is shown in the work [1] immersion function P can be defined by formula
3
P=yo "o +o 'Mio=Y Pif
j=1

where M| is a matrix function depending on A,x and ¢ which are unknown variables. Here f; = —%Gj is the basis of
the corresponding algebra, ¢; are Pauli matrices and [f;, fj] = f¢. In this case, X and Y can be written as

X =wU, + M+ [M,U],Y = pVj + My, +[M,V],

where 7y is an arbitrary constant; M., M}, are derivatives of the matrix M by x and ¢ correspondingly.
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SOLITONIC IMMERSION IN (1+1)-DIMENSION

Let the matrices X,Y,J have the form
x— (@1 an Cy= b1 b2 = cl Ci2 7 3)
a1 axp by by 01

where a;j, bij, ¢ij,i = 1,2, j = 1,2 are some arbitrary variables.
In this case the matrices J are expressed through elements of the matrix X and Y in accordance with the formulas

e ainby —biaay) o az1(b11 — b)) +bai(azx —ann)
T X, ’

_ bi(an —axn)+an(bn —bi) _aytbip —byap

= , = o (4)
| X, Y]] | X, Y]]
Then the first fundamental form (1) of the two-dimensional surface is I = Edx? + 2Fdxdt + Gdt?, where
1 1
E= —5( 2 4 2apay +d3,), F= —E(aubu +ainby +az b1y +axybn), (5)
1 5 2

G: 7§(b11+2b12b21+b22). (6)

As example of the solitonic equation which reduced to the immersion we consider nonlinear Schrédinger equation

iV + Y+ 2B WPy =0,

where 8 = +1, y is a complex function. In this case, matrices U,V have the form [3]

Aos {0 g
U—2i+U0,U()—l(q 0 5
ir? - . [0 G 0 g
V= 763+t\q| o3 —id < g 0 + g 0 ) (7)
We present the lemma.

Lemma 1. The second fundamental form in sense of Fokas-Gelfand corresponding to the solitonic solution q of the
nonlinear Schrodinger equation in the case of finite density has the form

I = Ldx* + 2Mdxdt 4 Ndt*, (8)
where
L= —3{ajixc11 +a1o:c21 + a21xcia + azc2n — Ai(azicia — aneay)
+ig(acii +axncn —aici2 — ancn) +igacn +aca —axnca —azen)},
M = —Hayen +arnear + ariern +anicn +i(A* +2|q?) (azicio — arnean)
+(gx + Aig)(aricia +ainc — anern — anciz) .
+(gx — Aig)(ar1c21 +azican —azicr1 —axnca) ?)
N = —3{biici +biacar + barcra + bazican +i(A% +2|q|?) (barciz — biacar)
+(gx +Aig)(b11c12 +bracan — biaciy —bxncra)
+(@x — Aig) (br1ca1 +barcan — barc1y — bxear) }-
Proof. We present the matrices (3), (7) in the form (2). After some algebraic operations we obtain (8), (9). O
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ONESOLITONIC SOLUTION OF THE NONLINEAR SCHRODINGER EQUATION
CORRESPONDING TO THE SURFACE

We consider a particular case of the immersion at Jp = 1, M; = 0. In this case, we get

1/1 0 (-1 g 0 -

and P = ¢~ '¢; . In order to calculate the explicit expressions for the immersion function P we consider a onesolitonic
solution of the nonlinear Schrédinger equation in the case of finite density in the form

*4h
=

1+e®exp{vi(x—vt —x0)}
1 +exp{vi(x—vt—x0)}

q(x,t)=p (11)

where v = —wcosg, X0 = villniﬂ; @, 0,7, V) are some parameters of the model.

Theorem 2. Onesolitonic solution of the nonlinear Schrodinger equation in the case of finite density corresponds a
surface in sense of Fokas-Gelfand with following coefficients of the first fundamental form

_ Viexp{vi(x—vi—xo)} [ 4p2s 0 —ioy , Ae®—1)214vix(1—e®exp?{v| (x—vi—x0)})]2
E= (1l+wcp{v1(Htfxo)b4 [(/17711)4 (2—e® =)+ (1+€iéexl’{vl(X*Vt*)]fo)}>4 ; ’

_2p2vivxexp{vy (x—vi—xp)} (¢! +e710 —2) 4v?vxexp2{v1 (x—vi—x0) }(e'® —1)2(e® —exp?{ v} (x—vi—xp)} —1)

F= (A=A (1+exp{v) (x—vi—x0)})3 + (A=21)2(1+exp{v) (x—vi—x0) )* (1+¢® exp{v1 (x—vi—x0) }*
x (14 vix — vixe@exp?{vi(x —vt —x0)}), (12)
Vz zex X—VI—X i1 —1
G = Gttt P e P (1 2ep(n(x— vt —x0))?

4v12x2(ei97 1)2(e exp{v; (x—vt—xp)}—1)2
(1+e®exp{vy (x—vt—xq) })* ’

+p2(ei9 _efie _2)2+

where A; = const.

Proof. Solution of the linear system we find in the form

y=ge (T (13)

Taking into account (13) and applying (7) we have

. 10'3 7LG3 77LG3 7LG3 . 7LO'3
wx—( 5 +Uo)w Vo = o Vv Hlov = | | Uy (14)

We take

[SYERSY
L, S
N———
~
I
VR
O =
—_ O
N———
NS
=%
\
%)
QS
S
T
=
—
—
)]
S~—"

A .
‘I/*I*ma A(

We substitute (15) to (14) B
UA 1 . A 7

Y 0 A«—)Ll* 21-[0-37 ] 21(2{_11*)[633 ] ( )
On the other hand, from (15) it follows ~
Ay
=— . 17
From (16) and (17), we get
A, UA 1. - * _

03,A]. (18)
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Thus,

*

. - A - 1
A =UA+"Lioz. A = —[o3,A].
«=UoA+ - [03,A],Uy 2i[63’ ]

‘We note, that ~
[O'3,A~]=O'3A~—A~O'3=2< 0 8 )

Then by substituting (20) to (35) we get

We put (20) to (19) and get

From (7) and (21) we get

— l ._:l- — _ A
; 0 ¢ _ 1 0 b N .lq ’f) N q,
q 0 i\ —¢c 0 iq=—7c c=q.

Thus, we found the matrix A in the explicit form with components (22). By using (11), we get

G ivixexp{vy(x —vt —xo) }(e’® — 1) Y
(1+exp{vi(x—vt —xo) ) (1 +e®exp{vi(x—vi —x0)})

From (22) it follows @ = —"7‘ —Af =>d= —% J Gqdx. By using (11), we get

then

Consequently, from (22), (23) we can write

d= gp s g= "D pe g 50
(=) q
Using (11) we get

ivixexp{vy(x —vt —xp) }(e=% — 1) B
(1+exp{vi(x—vt —x0)})(1 +e ®Bexp{vi(x— vt —x0)})

d~:

From (22), (23) it follows
1

Moreover from (28), (29) follow
- 1
d= 7 / qqdx
Taking into account (30), we get (25) in the form ;
d=—ad.

Thus, the matrix A for onesolitonic solution (11) of the nonlinear Schrodinger equation takes the form

. ivixexp{vi (x—vt—xo) } (¢! —1) A . 1+e P exp{v| (x—vt—xy)}
i et G-z N+ Pexp(vi i) 1 Trep{viGr—1—30)]
A=
1+ exp{vi (x—vi—xo)} ivixexp{vi (x—vi—xq)} (e ® —1)
T+exp{vi(x—vt—xq)} (1+exp{vy (x—vt—x0)}) (1+e~C exp{v) (x—vt—x()})

020103-4
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Then we take ¢ =1 — —3— where A, is constant, then from (10) we get

(A—1)?’
A A
P=¢lg =1+ > = 33
() < =) G (33)
On the other hand, we have
3 .3 i i 1
1 —7P3 —*Pl—*Pz
,;1 o 2,;1 TN =Pt gh 2Ps

From (33), (34) with help of (29) we get P3 = @ 2")-‘5 e Now taking into account (31) we find P; in the explicit form
—M

for nonlinear Schrodinger equation in the case of finite density

P 2vixexp{vy(x — vt —xp) }(e’® — 1) o 2iAf
3 = = 4 . (35)
(A —A)2(1+exp{vi(x—vt —x0)}) (1 +e®exp{vi(x—vt —x0)}) (A —2L)2

From (33), (34) we get P, = =22 Thus,

(A=A1)
i(¢+b é—b 2id
1:7( 5) ; P2:7( ) ;o ==
(A—4)2 (A—21)2 (A—4)2
From (33), (11) by using known formulas
¢ _o¢ {1 o¢ if 4 ,—iC il _ ,—iC
shC:%,ché’:%,cosg:%,singz%, (36)
where § = v (x —vr — xo) and we get the explicit values Py, P,, P; of the matrixes P
P — ip(e®—e=)exp{vi (x—vi—xo)}
DTGRP (repiviGi—xo)h)’
(37)
P — p(2+ei6exp{v|_(x7vt7xo)}+e”‘9exp{v] (x—vi—xp)})
T (A=A P (Trexp{vi —vi—xo)}) '
Now we calculate the coefficients of the first fundamental form, i.e.,
E=PL+P}+P;. (38)
In order to do it we calculate Py, P>, P3x. Now we calculate the first derivative squared and put to (38), then
E — viexp*{vi(x—vi —xo)} . 4P2f2 (2— e —o10)
(I+exp{vi(x—vt —x0)})* L (A —A1)*
4(e'% — 1)2[1 4 vix(1 —e®exp?{vi (x — vt —x0)})]?
(1+eexp{vi(x—vt —xp)})*
Similarly, according to the formulas
F = PP+ PoPy + PPy, G =Pl +P5+P5,
we get the values
F— 2p2V12vxE'xp{v1 (x—vt—x0) }(e'® +¢710 -2) 4v?vx€xpz{v1 (x—vt—x0) }(e® —1)%(e® 7_exp2{v1 (x—vi—xp)}—1)
(A=A (1+exp{vy (x—vi—x)})? (A=A (1+exp{vy (x—vi—x0) *(1+ei@ exp{v| (x—vi—xo) })*
x (14 vix — vixe®exp?{vi(x —vt —x)}),
vAv2exp{v) (x—vt—xg)} i i (39)
G= 1PV 0 L [pz(e’e—e”e)z(l—l—Zexp{vl(x—vt—xo)})2

(A=21)*(1+exp{vy (x—vi—xo

4V12x2 (e —1)2(e exp{vy (x—vi—xp)}—1)?
(1+ePexp{v; (x—vt—xq) })*

1p2(e® — 71 —2)2 4
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Using (35), (37), we find the coefficients of the second fundamental form L, M, N. In order to get it we have to calculate

n— r"\g’, VA =VEG_F2. (40)

We substitute the values (35), (37) to (40) and find the components of the vector n. We calculate, with help of (39), the
value

VA= (EG—F?)z.
Now we find
PlxX7P2)CX7P3XX'

Then we can find L. Similarly we find M,N. Then we can find Gaussian and the main curvature K and H. Now from
(5), (6) using (10) for this case Y, M| = 0 we get the coefficients of the first fundamental form corresponding (11) as

1 A
E=-, F=-2, G=A"+4q.
7 X aq

Accordingly, from (9) using (10), we find the coefficients of the second fundamental form. Now we can calculate

1
— _F2__z
A=EG—-F" = 4qq.
Theorem is proved. O
CONCLUSION

Thus, we have investigated the solitonic immersion in (1+1)-dimension. As example, (1+1)-dimensional nonlinear
Schrodinger equation is considered. The first fundamental form with coefficients (12) for integrable surface corre-
sponding to onesolitonic solution of the nonlinear Schrédinger equation in the case of finite density is found. Gaussian
and the main curvature of the surface are found.
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