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íåîäíîðîäíîãî îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè. Îáëàñòü ðàññìîòðåíèÿ
� ïðÿìîóãîëüíèê. Ñòàâèòñÿ êëàññè÷åñêîå íà÷àëüíîå óñëîâèå ïî ïåðåìåííîé t. Ïî
ïðîñòðàíñòâåííîé ïåðåìåííîé x ñòàâèòñÿ íåëîêàëüíîå ïåðèîäè÷åñêîå êðàåâîå
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ñõîäÿùåãîñÿ îðòîãîíàëüíîãî ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé
çàäà÷è äëÿ îïåðàòîðà êðàòíîãî äèôôåðåíöèðîâàíèÿ ñ ïåðèîäè÷åñêèìè êðàåâûìè
óñëîâèÿìè. Ïîýòîìó ôóíêöèÿ Ãðèíà çàäà÷è ìîæåò áûòü òàêæå âûïèñàíà â
âèäå áåñêîíå÷íîãî ðÿäà ïî òðèãîíîìåòðè÷åñêèì ôóíêöèÿì (ðÿäà Ôóðüå). Äëÿ
êëàññè÷åñêèõ ïåðâîé è âòîðîé íà÷àëüíî-êðàåâûõ çàäà÷ ñóùåñòâóåò òàêæå è
âòîðîå ïðåäñòàâëåíèå ôóíêöèè Ãðèíà � ÷åðåç ôóíêöèþ ßêîáè. Â íàøåé ðàáîòå
íàéäåíî ïðåäñòàâëåíèå ôóíêöèè Ãðèíà íåëîêàëüíîé íà÷àëüíî-êðàåâîé çàäà÷è ñ
ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè â âèäå ðÿäà ïî ýêñïîíåíòàì.
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1. Ââåäåíèå

Íàðÿäó ñ êëàññè÷åñêèìè êðàåâûìè è íà÷àëüíî-êðàåâûìè çàäà÷àìè â
ïîñëåäíåå âðåìÿ âíèìàíèå ó÷¼íûõ ïðèâëåêàþò çàäà÷è ìàòåìàòè÷åñêîé
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ôèçèêè ñ íåëîêàëüíûìè (íåêëàññè÷åñêèìè) äîïîëíèòåëüíûìè óñëîâèÿ-
ìè. Íåëîêàëüíûìè êðàåâûìè çàäà÷àìè ïðèíÿòî íàçûâàòü çàäà÷è, â êî-
òîðûõ âìåñòî çàäàíèÿ çíà÷åíèé ðåøåíèÿ èëè åãî ïðîèçâîäíûõ íà ôèê-
ñèðîâàííîé ÷àñòè ãðàíèöû çàäàåòñÿ ñâÿçü ýòèõ çíà÷åíèé ñî çíà÷åíèÿìè
òåõ æå ôóíêöèé íà èíûõ âíóòðåííèõ èëè ãðàíè÷íûõ ìíîãîîáðàçèÿõ. Ê
íèì îòíîñÿòñÿ êðàåâûå çàäà÷è ñ óñëîâèÿìè òèïà ïåðèîäè÷íîñòè, ñ óñëîâè-
åì Áèöàäçå-Ñàìàðñêîãî, Ñàìàðñêîãî-Èîíêèíà, ñ óñëîâèÿìè èíòåãðàëüíîãî
òèïà, à òàêæå çàäà÷è ñ ìíîãîòî÷å÷íûìè ãðàíè÷íûìè óñëîâèÿìè îáùåãî
âèäà. Àêòóàëüíîñòü èçó÷åíèÿ ýòèõ çàäà÷ îáóñëîâëåíà òàêæå íàëè÷èåì ðÿ-
äà ôèçè÷åñêèõ ïðèëîæåíèé â îáëàñòè ýëåêòðîñòàòèêè, ýëåêòðîäèíàìèêè,
òåîðèè óïðóãîñòè, ôèçèêè ïëàçìû, ìíîãîñëîéíîé îïòèêè è ò.ï. Âîçìîæ-
íîñòü ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è â èíòåãðàëüíîì âèäå, îñíîâàííîì íà
ôóíêöèè Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è, èìååò ñóùåñòâåííûå ïðèìóùå-
ñòâà äëÿ ïðàêòèêè. Èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ ïîçâîëÿåò äàòü
ôèçè÷åñêóþ èíòåðïðåòàöèþ: ñîïðÿæåííàÿ ôóíêöèÿ Ãðèíà â òî÷êå ñ êî-
îðäèíàòîé y0 â ìîìåíò âðåìåíè s0 ïðè íàáëþäåíèè òåìïåðàòóðû â òî÷êå
(x0, t0) åñòü òåìïåðàòóðà â òî÷êå x0 â ìîìåíò âðåìåíè t0, åñëè â òî÷êó
y0 â ìîìåíò âðåìåíè s0 ïîìåùåí èìïóëüñíûé òåïëîâîé èñòî÷íèê åäèíè÷-
íîé ìîùíîñòè. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàå-
âàÿ çàäà÷à äëÿ íåîäíîðîäíîãî îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè.
Îáëàñòü ðàññìîòðåíèÿ � ïðÿìîóãîëüíèê. Ñòàâèòñÿ êëàññè÷åñêîå íà÷àëü-
íîå óñëîâèå ïî ïåðåìåííîé t. Ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x ñòàâèòñÿ
íåëîêàëüíîå ïåðèîäè÷åñêîå êðàåâîå óñëîâèå. Õîðîøî èçâåñòíî, ÷òî ðåøå-
íèå ýòîé çàäà÷è ìîæåò áûòü ïîñòðîåíî â âèäå ñõîäÿùåãîñÿ îðòîãîíàëüíîãî
ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà êðàò-
íîãî äèôôåðåíöèðîâàíèÿ ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè. Ïîýòî-
ìó ôóíêöèÿ Ãðèíà çàäà÷è ìîæåò áûòü òàêæå âûïèñàíà â âèäå áåñêîíå÷-
íîãî ðÿäà ïî òðèãîíîìåòðè÷åñêèì ôóíêöèÿì (ðÿäà Ôóðüå).
Äëÿ êëàññè÷åñêèõ ïåðâîé è âòîðîé íà÷àëüíî-êðàåâûõ çàäà÷ ñóùåñòâóåò
òàêæå è âòîðîå ïðåäñòàâëåíèå ôóíêöèè Ãðèíà � ÷åðåç ôóíêöèþ ßêîáè.
Â íàñòîÿùåé ðàáîòå íàéäåíî ïðåäñòàâëåíèå ôóíêöèè Ãðèíà íåëîêàëüíîé
íà÷àëüíî-êðàåâîé çàäà÷è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè â âèäå
ðÿäà ïî ýêñïîíåíòàì.
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2. Ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω = {0 < x < 1, 0 < t < T} ðàññìîòðèì óðàâíåíèå òåïëî-
ïðîâîäíîñòè

ut − uxx = f(x, t). (1)

Ê êëàññè÷åñêèì çàäà÷àì òåîðèè òåïëîïðîâîäíîñòè îòíîñÿò ïåðâóþ è âòî-
ðóþ íà÷àëüíî-êðàåâûå çàäà÷è. Ýòî � çàäà÷è íàõîæäåíèÿ ðåøåíèÿ óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ

u∣∣t=0
= τ(x), 0 ≤ x ≤ 1, (2)

è îäíîðîäíûì êðàåâûì óñëîâèÿì

u∣∣x=0
= 0, u∣∣x=1

= 0, 0 ≤ t ≤ T, (3)

èëè
ux∣∣x=0

= 0, ux∣∣x=1
= 0, 0 ≤ t ≤ T, (4)

ñîîòâåòñòâåííî.
Òàêæå õîðîøî èçâåñòíîé è øèðîêî ïðèìåíÿåìîé ÿâëÿåòñÿ íà÷àëüíî-

êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè (2) è ñ ïåðèî-
äè÷åñêèìè êðàåâûìè óñëîâèÿìè

ux(0, t) = ux(1, t), u(0, t) = u(1, t), 0 ≤ t ≤ T. (5)

Ýòè çàäà÷è õîðîøî èññëåäîâàíû, èõ ðåøåíèÿ (â êëàññè÷åñêîì è îáîá-
ùåííîì ñìûñëàõ) ñóùåñòâóþò, åäèíñòâåííû è ìîãóò áûòü ïîñòðîåíû ìå-
òîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Ðåøåíèå ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìî-
ùüþ ôóíêöèè Ãðèíà â âèäå

u(x, t) =

∫ t

0
ds

∫ 1

0
G(x, ξ, t− s)f(ξ, s)dξ +

∫ 1

0
G(x, ξ, t)τ(ξ)dξ. (6)

Ôóíêöèÿ Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîä-
íîñòè (1) ñ ïðîèçâîëüíûìè ñàìîñîïðÿæåííûìè êðàåâûìè óñëîâèÿìè ïî
ïåðåìåííîé x ñòðîèòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ â âèäå [1, ñ. 194]

G(x, ξ, t− s) =

∞∑
n=1

e−λn(t−s) 1

∥yn∥2
yn(x)yn(ξ), (7)
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ãäå yn(x) � îðòîãîíàëüíûå ñîáñòâåííûå ôóíêöèè, ñîîòâåòñòâóþùèå ñîá-
ñòâåííûì çíà÷åíèÿì λn.

Ïîýòîìó ôóíêöèè Ãðèíà ïåðâîé, âòîðîé è ïåðèîäè÷åñêîé íà÷àëüíî-
êðàåâûõ çàäà÷ ñîîòâåòñòâåííî èìåþò âèä [1, ñ. 196]:

GD(x, ξ, t− s) = 2

∞∑
n=1

e−(nπ)2(t−s) sin(nπx) sin(nπξ), (8)

GN (x, ξ, t− s) = 1 + 2

∞∑
n=1

e−(nπ)2(t−s) cos(nπx) cos(nπξ), (9)

Gπ(x, ξ, t− s) = 1 + 2
∞∑
n=1

e−(2nπ)2(t−s) cos(2nπ(x− ξ)). (10)

Ôóíêöèÿ Ãðèíà ìîæåò áûòü ïîñòðîåíà ìåòîäîì îòðàæåíèé [2, ñòð. 116].
Ýòî äàåò íàì âòîðîé (ýêâèâàëåíòíûé) âèä ôóíêöèè Ãðèíà. Äëÿ ïåðâîé è
âòîðîé íà÷àëüíî-êðàåâûõ çàäà÷ ñîîòâåòñòâåííî ôóíêöèè Ãðèíà èìåþò âèä

GD(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) − e
− (x+ξ+2n)2

4(t−s)

]
, (11)

GN (x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) + e
− (x+ξ+2n)2

4(t−s)

]
. (12)

Ýòî ïðåäñòàâëåíèå òàêæå ìîæåò áûòü ïîëó÷åíî ÷åðåç ôóíêöèþ ßêî-
áè [1, ñ. 197]. Êàæäîå èç ïðåäñòàâëåíèé èìååò ñâîè ïðåèìóùåñòâà. Äëÿ
íà÷àëüíî-êðàåâîé çàäà÷è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè ïî ïðî-
ñòðàíñòâåííîé ïåðåìåííîé ïîäîáíîãî ýêñïîíåíöèàëüíîãî ïðåäñòàâëåíèÿ
ôóíêöèè Ãðèíà ïîëó÷åíî íå áûëî. Â íàñòîÿùåé ðàáîòå íàìè íàéäåíî ïðåä-
ñòàâëåíèå ôóíêöèè Ãðèíà íåëîêàëüíûõ íà÷àëüíî-êðàåâûõ çàäà÷ ñ ïåðèî-
äè÷åñêèìè è àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè â âèäå ðÿäà ïî
ýêñïîíåíòàì.

3. Ôóíêöèÿ Ãðèíà ïåðèîäè÷åñêîé çàäà÷è

Òåîðåìà 1. Ôóíêöèÿ Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1)
ñ íà÷àëüíûìè óñëîâèÿìè (2) è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè (5)
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èìååò âèä

Gπ(x, ξ, t− s) =
1

2
√
π(t− s)

+∞∑
n=−∞

e
− (x−ξ+n)2

4(t−s) . (13)

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà âîñïîëüçóåìñÿ ñïîñîáîì ðåøåíèÿ
çàäà÷ òåïëîïðîâîäíîñòè ñ íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè,
ïðåäëîæåííûì â [3]. Ðåøåíèå çàäà÷è (1), (2), (5) ïðåäñòàâèì â âèäå

u (x, t) = C (x, t) + S (x, t) , (14)

ãäå C (x, t) è S (x, t) � ÷åòíûå è íå÷åòíûå ïî ïåðåìåííîé x íà èíòåðâàëå
(0, 1) ÷àñòè ôóíêöèè u (x, t):

2C (x, t) = u (x, t) + u (1− x, t) , 2S (x, t) = u (x, t)− u (1− x, t) . (15)

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî ôóíêöèè C (x, t) è S (x, t) ÿâëÿþòñÿ â
îáëàñòè Ω ðåøåíèÿìè óðàâíåíèé òåïëîïðîâîäíîñòè

Ct (x, t)− Cxx (x, t) = f0 (x, t) , (16)

St (x, t)− Sxx (x, t) = f1(x, t) (17)

è óäîâëåòâîðÿþò îäíîðîäíûì íà÷àëüíûì óñëîâèÿì

C (x, 0) = τ0(x), 0 ≤ x ≤ 1, (18)

S (x, 0) = τ1(x), 0 ≤ x ≤ 1, (19)

ãäå îáîçíà÷åíî

2f0 (x, t) = f (x, t) + f (1− x, t) ,

2f1 (x, t) = f (x, t)− f (1− x, t) , (20)

2τ0(x) = τ(x) + τ(1− x), 2τ1(x) = τ(x)− τ(1− x).

Íàéäåì êðàåâûå óñëîâèÿ ïî ïåðåìåííîé x, êîòîðûì íà ãðàíèöå îáëà-
ñòè Ω óäîâëåòâîðÿþò ôóíêöèè C (x, t) è S (x, t). Ïîä÷èíÿÿ ôóíêöèþ (14)
êðàåâûì óñëîâèÿì (5), ñ ó÷åòîì ñîîòíîøåíèé (15) ïîëó÷àåì

Cx (x, 0) = Cx (x, 1) = 0, 0 ≤ x ≤ 1, (21)
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S (x, 0) = S (x, 1) = 0, 0 ≤ x ≤ 1. (22)

Òàêèì îáðàçîì, ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1) ñ
íà÷àëüíûìè óñëîâèÿìè (2) è ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè (5)
ñâåäåíî ê ðåøåíèþ äâóõ çàäà÷ ñ áîëåå ïðîñòûìè êðàåâûìè óñëîâèÿìè.
Ýòî � âòîðàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (16) ñ íà÷àëüíûì
óñëîâèåì (18) è ñ êðàåâûìè óñëîâèÿìè Íåéìàíà (21) è ïåðâàÿ íà÷àëüíî-
êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (17) ñ íà÷àëüíûì óñëîâèåì (19) è ñ êðàåâû-
ìè óñëîâèÿìè Äèðèõëå (22). Ýòè çàäà÷è õîðîøî èññëåäîâàíû, èõ ðåøåíèÿ
(â êëàññè÷åñêîì è îáîáùåííîì ñìûñëàõ) ñóùåñòâóþò, åäèíñòâåííû è ìî-
ãóò áûòü ïðåäñòàâëåíû ñ ïîìîùüþ ôóíêöèé Ãðèíà (11) è (12) ïî ôîðìóëå
(6).

Äëÿ C (x, t) ïîëó÷àåì ïðåäñòàâëåíèå

C(x, t) =

∫ t

0
ds

∫ 1

0
GN (x, ξ, t− s)f0(ξ, s)dξ +

∫ 1

0
GN (x, ξ, t)τ0(ξ)dξ. (23)

Ó÷èòûâàÿ îáîçíà÷åíèÿ (20), îòñþäà ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé áó-
äåì èìåòü

C(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GN (x, ξ, t− s) +GN (x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GN (x, ξ, t) +GN (x, 1− ξ, t)

}
τ(ξ)dξ. (24)

Àíàëîãè÷íî äëÿ S (x, t) ïîëó÷èì

S(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GD(x, ξ, t− s)−GD(x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GD(x, ξ, t)−GD(x, 1− ξ, t)

}
τ(ξ)dξ. (25)

Ñóììèðóÿ ïîëó÷åííîå â (24) è (25) ñ ó÷åòîì (14) áóäåì èìåòü

u(x, t) =

∫ t

0
ds

∫ 1

0
Gπ(x, ξ, t− s)f(ξ, s)dξ +

∫ 1

0
Gπ(x, ξ, t)τ(ξ)dξ, (26)
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ãäå îáîçíà÷åíî

Gπ(x, ξ, t− s) =
1

2

{
GN (x, ξ, t− s) +GN (x, 1− ξ, t− s)

}
+

+
1

2

{
GD(x, ξ, t− s)−GD(x, 1− ξ, t− s)

}
. (27)

Òåïåðü çäåñü èñïîëüçóåì ÿâíûé âèä ôóíêöèé Ãðèíà èç (11) è (12).
Òîãäà

Gπ(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) + e
− (x−ξ+2n+1)2

4(t−s)

]
, (28)

îòêóäà ëåãêî ïîëó÷àåì (11). Òåîðåìà äîêàçàíà. �

4. Ôóíêöèÿ Ãðèíà àíòèïåðèîäè÷åñêîé çàäà÷è

Íàðÿäó ñ ðàññìîòðåííûìè âûøå çàäà÷àìè òàêæå õîðîøî èçâåñòíîé è
øèðîêî ïðèìåíÿåìîé ÿâëÿåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1)
ñ íà÷àëüíûìè óñëîâèÿìè (2) è ñ àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè

ux(0, t) = −ux(1, t), u(0, t) = −u(1, t), 0 ≤ t ≤ T. (29)

Å¼ ðåøåíèå (â êëàññè÷åñêîì è îáîáùåííîì ñìûñëàõ) ñóùåñòâóåò, åäèí-
ñòâåííî è ìîæåò áûòü ïîñòðîåíî ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, à òàêæå
ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ ôóíêöèè Ãðèíà. Â íàñòîÿùåì ðàç-
äåëå ìû ïîñòðîèì ÿâíûé âèä ôóíêöèè Ãðèíà çàäà÷è â ýêñïîíåíöèàëüíîé
ôîðìå.

Òåîðåìà 2. Ôóíêöèÿ Ãðèíà íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1) ñ
íà÷àëüíûìè óñëîâèÿìè (2) è ñ àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè

(29) èìååò âèä

Gaπ(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

(−1)ne
− (x−ξ+n)2

4(t−s) . (30)

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1 è èñïîëüçóåò
ñïîñîá ðåøåíèÿ çàäà÷ òåïëîïðîâîäíîñòè ñ íåóñèëåííî ðåãóëÿðíûìè êðàå-
âûìè óñëîâèÿìè, ïðåäëîæåííûé â [3]. Ðåøåíèå çàäà÷è (1), (2), (29) ïðåä-
ñòàâèì â âèäå (14), ãäå C (x, t) è S (x, t) � ÷åòíûå è íå÷åòíûå ïî ïåðå-
ìåííîé x íà èíòåðâàëå (0, 1) ÷àñòè ôóíêöèè u (x, t). Íåòðóäíî óáåäèòüñÿ
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â òîì, ÷òî ôóíêöèè C (x, t) è S (x, t) ÿâëÿþòñÿ â îáëàñòè Ω ðåøåíèÿìè
óðàâíåíèé òåïëîïðîâîäíîñòè (16) è (17) ñîîòâåòñòâåííî è óäîâëåòâîðÿþò
îäíîðîäíûì íà÷àëüíûì óñëîâèÿì (18) è (19).

Íàéäåì êðàåâûå óñëîâèÿ ïî ïåðåìåííîé x, êîòîðûì íà ãðàíèöå îáëà-
ñòè Ω óäîâëåòâîðÿþò ôóíêöèè C (x, t) è S (x, t). Ïîä÷èíÿÿ ôóíêöèþ (14)
êðàåâûì óñëîâèÿì (29), ñ ó÷åòîì ñîîòíîøåíèé (15) ïîëó÷àåì

C (x, 0) = C (x, 1) = 0, 0 ≤ x ≤ 1, (31)

Sx (x, 0) = Sx (x, 1) = 0, 0 ≤ x ≤ 1. (32)

Òàêèì îáðàçîì, ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1) ñ
íà÷àëüíûìè óñëîâèÿìè (2) è ñ àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè
(5) ñâåäåíî ê ðåøåíèþ äâóõ çàäà÷ ñ áîëåå ïðîñòûìè êðàåâûìè óñëîâèÿìè.
Ýòî � ïåðâàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (16) ñ íà÷àëüíûì
óñëîâèåì (18) è ñ êðàåâûìè óñëîâèÿìè Äèðèõëå (31) è âòîðàÿ íà÷àëüíî-
êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (17) ñ íà÷àëüíûì óñëîâèåì (19) è ñ êðàåâû-
ìè óñëîâèÿìè Íåéìàíà (32). Ðåøåíèå ýòèõ çàäà÷ ïðåäñòàâëÿåì ñ ïîìîùüþ
ôóíêöèé Ãðèíà (11) è (12) ïî ôîðìóëå (6).

Äëÿ C (x, t) ïîëó÷àåì ïðåäñòàâëåíèå

C(x, t) =

∫ t

0
ds

∫ 1

0
GD(x, ξ, t− s)f0(ξ, s)dξ +

∫ 1

0
GD(x, ξ, t)τ0(ξ)dξ. (33)

Ó÷èòûâàÿ îáîçíà÷åíèÿ (20), îòñþäà ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé áó-
äåì èìåòü

C(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GD(x, ξ, t− s) +GD(x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GD(x, ξ, t) +GD(x, 1− ξ, t)

}
τ(ξ)dξ. (34)

Àíàëîãè÷íî äëÿ S (x, t) ïîëó÷èì

S(x, t) =
1

2

∫ t

0
ds

∫ 1

0

{
GN (x, ξ, t− s)−GN (x, 1− ξ, t− s)

}
f(ξ, s)dξ+

+
1

2

∫ 1

0

{
GN (x, ξ, t)−GN (x, 1− ξ, t)

}
τ(ξ)dξ. (35)
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Ñóììèðóÿ ïîëó÷åííîå â (34) è (35), ñ ó÷åòîì (14) áóäåì èìåòü

u(x, t) =

∫ t

0
ds

∫ 1

0
Gaπ(x, ξ, t− s)f(ξ, s)dξ +

∫ 1

0
Gaπ(x, ξ, t)τ(ξ)dξ, (36)

ãäå îáîçíà÷åíî

Gaπ(x, ξ, t− s) =
1

2

{
GD(x, ξ, t− s) +GD(x, 1− ξ, t− s)

}
+

+
1

2

{
GN (x, ξ, t− s)−GN (x, 1− ξ, t− s)

}
. (37)

Òåïåðü çäåñü èñïîëüçóåì ÿâíûé âèä ôóíêöèé Ãðèíà èç (11) è (12).
Òîãäà

Gaπ(x, ξ, t− s) =
1

2
√

π(t− s)

+∞∑
n=−∞

[
e
− (x−ξ+2n)2

4(t−s) − e
− (x−ξ+2n+1)2

4(t−s)

]
, (38)

îòêóäà ëåãêî ïîëó÷àåì (30). Òåîðåìà äîêàçàíà. �
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Ñàäûáåêîâ Ì.À., Äiëäºáåê Ã., Òåíãàåâà À.À. ÏÅÐÈÎÄÒÛ ØÅÊÀÐÀ-
ËÛ� ØÀÐÒÛ ÁÀÐ ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÅÑÅÁIÍI� ÃÐÈÍ ÔÓÍÊ-
ÖÈßÑÛ

Á´ë æ´ìûñòà áiðòåêòi åìåñ áið °ëøåìäi æûëó°òêiçãiøòiê òå­äåói ³øií
áåéëîêàë áàñòàï©û-øåòòiê åñåï ©àðàñòûðûëàäû. �àðàñòûðûëó îáëûñû -
òiêò°ðòá´ðûø áîëûï òàáûëàäû. t àéíûìàëûñû áîéûíøà êëàññèêàëû© áà-
ñòàï©û øàðò ©îéûë¡àí. Êå­iñòiêòiê x àéíûìàëûñû áîéûíøà áåéëîêàë
ïåðèîäòû øåòòiê øàðò ©îéûë¡àí. Á´ë åñåïòi­ øåøiìií ïåðèîäòû øåò-
òiê øàðòòàðû áàð åñåëi äèôôåðåíöèàëäàó îïåðàòîðû ³øií ñïåêòðàëäû©
åñåïòi­ ìåíøiêòi ôóíêöèÿëàðû áîéûíøà îðòîãîíàëüäû© æèíà©òàëàòûí
©àòàð ò³ðiíäå ò´ð¡ûçó¡à áîëàòûíäû¡û áåëãiëi. Ñîë ñåáåïòi îñû åñåïòi­
Ãðèí ôóíêöèÿñûí äà òðèãîíîìåòðèÿëû© ôóíêöèÿëàð áîéûíøà øåêñiç ©à-
òàð (Ôóðüå ©àòàðû) ò³ðiíäå æàçó¡à áîëàäû. Êëàññèêàëû© áiðiíøi æºíå
åêiíøi áàñòàï©û-øåòòiê åñåïòåð ³øií Ãðèí ôóíêöèÿñûíû­ åêiíøi êåéiï-
òåìåñi - ßêîáè ôóíêöèÿñû äà áàð åêåíi áåëãiëi. Áiçäi­ æ´ìûñòà ïåðèîäòû
øåòòiê øàðòòàðû áàð áåéëîêàë áàñòàï©û-øåòòiê åñåïòi­ Ãðèí ôóíêöèÿ-
ñûíû­ êåéiïòåìåñi ýêñïîíåíòàëàð áîéûíøà ©àòàð ò³ðiíäå òàáûëûï îòûð.

Sadybekov M.A., Dildabek G., Tengayeva A.A. GREEN FUNCTION OF
THE HEAT EQUATION WITH PERIODIC BOUNDARY CONDITION

This work deals with nonlocal initial boundary value problem for the
inhomogeneous one-dimensional heat equation. Viewing area is rectangle.
We consider classic initial condition in the variable t and nonlocal periodic
boundary conditions in the spatial variable x. It is well known that the solution
of the problem can be constructed in the form of a convergent orthogonal
series of eigenfunctions of a spectral problem for the operator of multiple
di�erentiation with periodic boundary conditions. Therefore, Green's function
of this problem may also be represented in the form of an in�nite series of trig
functions (Fourier series). For the �rst and the second classic initial boundary
value problems there is also a second representation of Green's function, i.e.
through Jacobi function. In our work, we obtain the representation of Green's
function of nonlocal initial boundary value problem with periodic boundary
conditions in the form of exponential series.
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