E ISSN 1512-3391

%} ANDREA RAZMADZE MATHEMATICAL INSTITUTE

of Ivane Javakhishvili Thilisi State University

REPORTS OF QUALITDE

Volume 3

Thilisi, Georgia, 2024



International Workshop on the Qualitative Theory of Differential Equations — QUALITDE-2024
December 21-23, 2024

Andrea Razmadze Mathematical Institute of Ivane Javakhishvili Thilisi State University
Thilisi, Georgia

Program Committee: I. Kiguradze (Chairman) (Georgia), R. P. Agarwal (USA), R. Hakl (Czech Republic),
N. A. Izobov (Belarus), S. Kharibegashvili (Georgia), T. Kiguradze (USA), T. Kusano (Japan), A. Ponosov
(Norway), M. Tvrdy (Czech Republic)

Organizing Committee: N. Partsvania (Chairman), M. Japoshvili (Secretary), O. Jokhadze, M. Kvinikadze,
Z. Sokhadze

REPORTS OF QUALITDE

Volume 3

Editor: Nino Partsvania

© Andrea Razmadze Mathematical Institute, Ivane Javakhishvili Tbilisi State University

Publisher: Thilisi State University Press



REPORTS OF QUALITDE, Volume 3, 2024 275

On the Solvability of a Family
of Nonlinear Two-Point Boundary Value Problems
for Systems of Integro-Differential Equations and its Application

Svetlana Temesheva

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
E-mail: temeshevasvetlana@gmail.com

Perizat Abdimanapova

Almaty Technological University, Almaty, Kazakhstan
E-mails: peryzat74@gmail.com

1 Introduction

Conditions for the existence of solutions of systems of integro-differential equations and bounda-
ry-value problems for these systems are considered in [8,9]. A general theory for these systems
is developed and effective methods for solving them are proposed. In this paper, we study the
z-parametric family of nonlinear boundary-value problems for integro-differential equations

v f

T f(x,t,w(t) —i—/V({,t) dg, V), VeR", (z,t)€0,w] x[0,T], (1.1)
0

g(x,V(:v,O),V(:J:,T)) =0, z€[0,w], (1.2)

where the functions f : [0,w] x [0,7] x R?" — R" and ¢ : [0,w] x R® x R — R" are continuous.

Our study is based on the parametrization method [10,12] proposed by Dzhumabaev. The
parametrization method was developed to various boundary-value problems for some types of dif-
ferential equations [2,13,15], such that Fredholm integro-differential equations [3-7,17], delay dif-
ferential equations [16], hyperbolic equations [1,14] etc. The application of this method made it
possible to derive the solvability conditions for the above problems.

This approach can also be applied to study the nonlinear nonlocal boundary value problem for
the system of partial differential equations (m =1,2,...)

8m+1u f( amflu oM

=J\»t Ox™m—1’ gxm

o = ), weR" (2,1) € 0,w] x (0,T)

oFu
O ke te T k=011

O u(x,t O u(x,t
o Tet) D) ),

orm ’t:o’ orm

Therefore, the study of problem (1.1),(1.2) is of interest from the point of view of its application
to nonlocal boundary value problems for a class of partial differential equations.

In the present paper, we propose a modified algorithm of the parametrization method for finding
an isolated solution of problem (1.1),(1.2) and derive sufficient conditions for the existence of such
a solution.
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2 Setting of the problem and the main results

We consider the nonlinear nonlocal boundary value problem (1.1), (1.2) for the z-parametric family
of integro-differential equations.

A solution of problem (1.1),(1.2) is a function V(x,t) € C(]0,w] x [0, T]R™), which is contin-
uously differentiable on [0,7] (at fixed z € [0,w]) and satisfies the system of integro-differential
equations (1.1) and the boundary conditions (1.2).

N
We take h > 0, Nh = T (N € N), and make the partition [0,w] x [0,7) = |J £, where

r=1

Q, =[0,w] x [(r —1)h,rh), r =1, N.
We will use the following notations.

- C([0,w], R*V+1D)Y is the space of systems of functions A(z) = (A1 (x), A2(z), ..., Ay11(x)) with
the norm

[All = max — max [[A(z)]],
r€[0,w] r=1,(N+1)

here the functions A, : [0,w] — R™ are continuous, r = 1, (N + 1);

- C([0,w] x [0,T], 8, R™) is the space of systems of functions

Vi, t] = (Vl(:r,t), Va(x,t),..., VN(x,t))

with the norm

IV, = mae mx, e WWe(e. 0

where the functions V,.(z,t) € C(€,) have finite limits lim V,(z,t) uniform in z, z € [0, w]

(r=1,N);

t—t,—0

The restriction of the function V(z,t) into Q, is denoted by V,(z,t), i.e. V.(z,t) = V(z,1),
(z,t) € Q., r=1,N.
Let us set additional parameters

and

M(z) = Vi(z,(r—1)h), r=1,N

)\N-‘rl(m) - t_l)ijrjriovN(mvt)a (S [0700],

and introduce the functions

Vi(z,t) = Vo(z,t) — Ae(z) on Qp, 7=1,N.

We then obtain the family of multipoint nonlinear boundary value problems for integro-diffe-
rential equations with parameters

oV,
ot

T

=f<w,t,1/1(t)+O/>\r(€)d€+0/Vr(§at) d§7>\r($)+Vr>, (z,t) €Q, r=1,N, (21)

Vi(z,(r—1)h) =0, ze0,w], r=1,N, (2.2)
g(x,)\l(w),/\NH(x)) =0, z€[0,w],
A(z) + lim Vi(z,t) — A1 (z) =0, z€[0,w], r=1,N. (2.4)

t—rh—0
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It can be easily shown that the families of problems (1.1), (1.2) and (2.1)—(2.4) are equivalent.

Suppose that for all » = 1,N +1 and z € [0,w] the family of parameters A.(z) is known.
Then the functions V,(x,t), (z,t) € Q, (r = 1, N), can be determined from the Cauchy problem
(2.1),(2.2). For a fixed = € [0,w], this problem is equivalent to the family of mixed type systems
of integral equations

t

V(1) = / <x () /A d§+/ - (€,7) d§,>\7~(m)+‘~/r($,7)> dr, (25

(r—1)h

te[(r—1)h,rh], r=1,N.

By substituting the values of lim V,(z,t), found from (2.5), into (2.3) and (2.4), we obtain

t—rh—0
g(x, M (z), Any1(2)) =0,
rh
Ar() + / (m t,(t +/ )+ Vi(€, 7)) d&, A\ (z) + ‘Zn($,t)> dt — M\ry1(x) = 0.
(r—1)h 0

This is a system of nonlinear functional equations in parameters \.(x), z € [0,w], r = 1, N + 1.
We rewrite this system in the form

T

Qun <a:,)\(a;),/)\(§) d§,17> =0, Mz) e R"WH) 2 c0,w]. (2.6)

0

Condition 2.1. There exists h > 0 : Nh = T (N € N), such that the family of systems of
implicit nonlinear Fredholm integral equations (2.6), where V = 0, has a solution A0 (z) =

0 0 0 n
A (@), 287 (@), AN (@) € C([0, ], RMVHD),

Let Condition 2.1 be met. We denote the solution of the Cauchy problem (2.1),(2.2), corre-
sponding to A\.(z) = A0 (x), by 7ASY (x,t). Let us define the function

0 (0 —
V(O)(J} t) — {)\7(" )(w)_'_v;"( )((L',t) for (l’,t) € Qr, r= 1,]\[7

AD () for (z,t) € [0,w] U {T}.

We choose some numbers py > 0, py > 0, py > 0 and define the following sets:
SOO(@), ;) = { M) € C([0,0], RV - A= xO | <y},
SWO (@, ), py) = {V (@, [t) € COLQE™N) 1 (V= VO], <oy},

SVO(z,t),p,) = {V(x,t) € C(Q,R"): (ni%uwx,t) —VO(z, 1) < pv},

Gf(x,pv):{(x,t,u,v)eﬁxRQ": (2, 1) €D, |lu—u@(z,b)]<w-p,, ||v—v(0)(x,t)||<pv},
Gyl pa) = { (2. w1, w2) € [0,0] x B2 g = VO (2,0)[| < pa, [fwz = VO(a, T < pa }.

Condition 2.2. The function f(z,¢,u,v) has uniformly continuous partial derivatives f/, f/ in
G(x, pu, pv) and the following inequalities hold:

”fai(%tanU)H < Ly, ||f1lz(x’t7u7 U)H < Ly V(x,t,u, U) € Gf(ﬁ,pwpv)‘
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The function g(z,wr, w2) has uniformly continuous partial derivatives gy, , g5, in Gg(x, px) and
the following inequalities hold:

190y (@, w1, w)l| < L, g, (@, w1, w2) | < La, (2, w1,w2) € Go(,pr)-
Here L; (i = 1,4) are some constants.

Let Condition 2.2 be met. We take the pair (A0 (z), VO (z, [t])) and determine the sequence
AE) (), VE (2, [])), k = 1,2,..., by the following algorithm.

Step 1.

(i) Find A0 (z) = AP (@), A0 (@), AW (@) € O([0,w], R"N+D) by solving the family of
systems of implicit nonlinear Fredholm integral equations (2.6), where V = V(0.

(ii) By solving the family of Cauchy problems (2.1),(2.2), where A(z) = M (), find the system
of functions V) (z, [t]).

(iii) Define the function

V(l)( 9 Afnl)(x) + YN/,n(l)(x,t) for (z,t) €., r=1,N,
a:" e
Ag\lfll(ﬁ) for (x,t) € [0,w] U{T}.

Step k.

i) Fin T) = x), z),..., T)) € , W, v solving the family o
Find A(®) AP (@), A AP, C([0,w], R"¥+D) by solving the family of
systems of implicit nonlinear Fredholm integral equations (2.6), where V = V(=1

(ii) By solving the family of Cauchy problems (2.1),(2.2), where A(z) = A*(z), find the system
of functions V@ (z, [t]).

(iii) Define the function

(k) =~ (k) B
V) ):{Ar () + V(1) for (z,t) €Q,, r=TN,

AP, (@) for (z,t) € [0,w] U {T}.

The following statement represents sufficient conditions for the existence of an isolated solution
of the family of boundary value problems with parameters (2.1)—(2.4).

Theorem 2.1. Let for some h > 0: Nh =T (N = 1,2,...), px > 0, py > 0, py > 0 fulfill

0Q1 p(z,w1,w2,

Condition 2.1 and Condition 2.2 are met, the Jacobi matrix A V) has an inverse forx e

[07("}] (@1 = )‘(x)7 wy = f)‘(g) dé-) and for all ()\(.T), ‘7($, [t])) € S()\(O)(l‘),pk) X S(‘f?(o)(x’ [t])apﬁ')?
and let the following z'ne?]ualz'ties hold:

1) H(a‘; Ql,h<x,x<m>7 / A©) df,‘7>>1
0

(Llw + L2)2h2
1-— (Llw + LQ)h

< le(h)7 S [O,W], Vl(h) B CO'ﬂSt;

(2) q1 (h) = fyl(h)eh'Vl(h)Llw

<1;
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71(h) hey1(h)Liw
) ame R

Qu (az AO) (2, / AO)(6) de, W)) H < pai
0

71(h) () w (Liw + Lo)h max

4
( ) 1—q1 (h) 1-— (Llw + Lz)h z€[0,w]

Q1 (a: AO(z), / A0(¢) e, 17(0)) H < pys
0

(5)  patpp <pv.

Then for any x € [0,w] the sequence of pairs

(A (@), VB (z,[1])) € SAO(x), pr) x SV (z, t]), py)

converges to (M (z), V*(,[t])); an isolated solution of problem (2.1)~(2.4) in S(AO(z), px) x
S(VO (z, 1)), 7). Moreover, the following estimates hold:

h-yi(h) 4. (Liw + La)h ~
M= A0 <« I phm(W e max K,
| =< 1—qi(h) 1—h(Liw+ La) p=T,5
~ ~ Liw+ Lo)h
7oy, < L A — A
where
K, = sup f(ac,t, / A (&) dg, A <x>> , r=1N.
(z,t)EQy 5

The proof of Theorem 2.1 is based on the sequential implementation of the steps of the proposed
algorithm. To find the solution of the nonlinear operator equation with respect to the family of
parameters for each fixed = € [0,w], a sharper version of the local Hadamard theorem [12, p. 41] is
used.

Remark. The conditions of Theorem 2.1 are sufficient for the feasibility and convergence of the
proposed algorithm.

Due to the equivalence of problems (2.1)—(2.4) and problems (1.1), (1.2), the following statement
is true.

Theorem 2.2. Let for some h >0: Nh=T (N =1,2,...), pp» > 0, py > 0 and p, >0 all

conditions of Theorem 2.1 are met. Then for any x € [0,w] the sequence of functions V¥ (x t) €
S(VO(x,t), p,) converges to V*(x,t), an isolated solution of problem (1.1), (1.2) in S(V O (x,t), p,)
and the following estimate holds:

V(1) = VO(z, 1) <
(fi;lé(ﬁu (x,1) (. 8)] < = (h) (1= h(Liw + Lg))?

- K,

K = max sup
T:17N (CL’,t)EQT

f(x,t, /x(v@) (&) =VOE (r=1)R)de, VO (a,t) = VO (z, (r — 1)h)) H
0

Theorem 2.2 is a corollary of Theorem 2.1.
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