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Abstract. Secular perturbations in the three-body problem wuth
chunging af the same specific rate are considered, The analptecsl
of seculer perturbations in the protoplanetary three-body prodlem e
masses are oblained with the computer algebra system Mathematios

1 Introduction

Real space bodies are non-stationary ones. Thoir mass, size, shape
of the mass distribution within the body change in time (1}

take place intensively in the binary sud multiple systems (4. s S
we investigate the three-body problem with masses varying isotsopee
specific tate, Bodies are assumed to be material points. Seculss
the corresponding three-body problem with variable masses are
basie of perturbation theory based on aperiodic motion on

2 Problem statement

Let’s cousider a svstemn of three reciprocally gravitating bodies with
ma, changing isotropic at the same specific rate as

~ mo M»
g e My = ey = ToEts
0Ly T elt) #(t)

Using Jacobi coordinates [3], [6], one can write equations of motios of

the form . N

pyry = ——=grads U, ity = —-gradg,U.
glt) ; )

w(t
where
e ma(mo + M)
= ——— = consl,  py = =
Maon + Mo Moo + Myo + e
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2 Thigg1n 1. My
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i = (ka0 o+ (g + v ) 4 (32 41122, (6)
riy = (22 = vory ) + (g = ot ) + (22 =z )%, (%)

m m
Y= et o comst, Wy = ——— = const, (8)
Moo +— My oo 1 i

and [ is the gravitational constant,

Equations of wotion (2) can be analyzed in the framework of the perturbation
theory based on speriodic motion on quasiconic section (see [3]), Introducing the
analogue of the canonical Delaunay elements

L, G, H I, g h i9)

we rewrite the oquations of motion (2) in the form

QR* . aR I an®
1
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e AR Al - S
where the disturbing fanetion is given by
2 .
. 1 it
R egrz(!) (’-'—I-;)+R (11)

m Mot Hanl e + 11 12 -3 ;
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Secular perturbations are determined by the equations (10), if the disturbing
function (11) is uveraged with respect 1o mean anomalies ;. I, and is given by

=

o
1
Reo = =5 f Redl . (13)
U o

Then we have : ;

- I.‘ =0, L‘,\ =0, ‘.1‘1)
and, therefore, secular permrbations are determined by the following svstem of cight
differential equations

(z, - (?Rm . _ﬁHm
e T TG,
srron DBase: 17 s PG
H‘ = —é-h-;-. h. -t }T’T
109

(15)
y (i=1,2)



Note that, as in the clussical case, analogs of the second system of the Poiucare
cletents [6)
A &onopoq (16)
are preferable in our problem [5], Thev are defined as foliows

A=L, A=l+g+h,
(17)

L
§=/2(L —G)cos(g+ h), n = =\2(L=G)sin(g + h),
p=\2(GC - H)oosh, g = ~\/2(G = H)zinh,

Then the sceular pertnrbations are determined by the equations
(18)

where

1 (4 I
S '-"*”("2; (m) % &Im*" ] = 3P Foue) (19)

Fo] = [moomm L Maomy (Mg = m.o)] : (20)
M 12 m 40
[Fase] = (1051 + 11203 ) soc- (21)

Thus, the problem is to calenlate the secular perturbations in secordance with the
exrations (18) (21).

3 Expansion of the disturbing function

As in the classical case, the problem of expanding the main part of the disturbing

function (20) o 2
100

(22)

tF-r] - [ann.wl] =
M2
remains in our case, as well. In general, it is quite difficult and time-consuming work
but it can be done successfully with computer wlgebrs methods. as it was done in
(7], for example. One can also expect successful application of computer algebra in
our problem (8], that is supposed hereafter.
Note that the secular part of expression (21) has a simple fort (see [3)

{F Al 2 _’. : éé ?. .!'_ +
Fpsec| = ;;}[1 *3 (A: (€f+n§l)] bt [1 3 (.\,‘fg : :;3))]. (23)
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4 Secular perturbations in two-protoplanetary
three-body problem with variable masses

In this paper we foens on considering two-protoplanetary three-bady problem with
variable masses, assuming that
Mg << Mg, My << Mgy, (24)

Let's assume also that the clements €4, 4, are sulficiontly small. Therefore, we can
expand the disturbing function lu power series in teris of small parameters £/,
1/ VA, mya, my and truneate this series after the sccond-order terms, As a result
we obtain a well-known classical formula (see 16])

24 nd c2 v
Fioc] m ék’ma-,mw.% - k’mmmw{%B, ( i + X . "2) -

.'\1 4\2
—183( §is PR ) » lH, (Pf 44 hata g_(l'll’z"'fh.Qa_))}‘ (25)
4 Mg Mg 8 M Ag g

where &4 « f and ull remaining symbaols correspond to the notation of 6.
Introducing new variables accarding to the following relationships
§ = VAiticosm; = VAT,
m==yAesinm = —/RKs,. (26)
= \/:'Ta-‘in Leoos Q) = \/K:Ul-
%= =y Nsinhgnt = ~ A, (i=1,2)
we obtain

27
i, _ 1 0k f:‘:_ 1 IR T (27)
dt N o w R oy PeL2
(R i i(ﬂ.‘)4 L ip | i | i
T W \wd) T A T gl 2

1] 1 2 l " "
{Fic| = -é-k‘mmmw.-tn + k*mgmon { gb‘;(rf + 8] 413 4 83—

" fneill " .
—IHQ("]VQ + 8y89) — élﬁ(uf +17 + u; - :'é) ' .%B;{u(ug DT 129)
. A 3 Al 3 ;
,FFWJ = [—lf [] + E[l’? t 8%]] t ;;-:' [] + §(r3 - 3;]].
Using the following notations
1 Emgmg 3 A3 1 Klmggmy, y
N = — — m—nd = §
PR AT I ™ MU aEm T, B
1 kl“n?'lnﬂho 3Ad 2 1 k*"mg.,mm
N e —— ). O AYY. S N = ! )
R (TR T @ 2 g Gl Pit) 4\, v (%)
B - 1 kammﬂle) B = I k’mwm,oBl
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we obtain two systems of differential equations following from the relations =7~ &

_dﬂ
dt
ds

Ex’ = R)f’) - R-JTQ. }
9"7_‘2
dt
déy
dt

PR

= =Ri#; + Nysy,

= Nyra = Niry,

and

duy
dt
duy
dt
duy
dt
)
d—‘;'f = B\ (—uz+wu ). )
Oune con use various methods for solving the systems of equations
inciuding approximate methods. Here we cousider ouly one special case
systems of differential equations | 31)-{32) hecome autonomons and, hemes.

obtain exact solutions.
Let the following condition be satisfied

= Ey{vy = va), ]
= I\ (—up +uy)s k

= Ey{ve = vy).

&¢° = o = const.

Differential equation (33) can be easily solved and its general solution s

= ¢lt) = VOI8 + 20t +Cy, CiCs—Ci=a
Introducing new independent variable 7 in accordance with the relationsiip
dr 1

— e —

dt  $*(t)'

we can rewrite the equations (31)(32) in the form

% = =N & +§‘s‘. W
% = Ny -f\,rg :
%',_: = —Ri#; + Ng3y,
% = Rir - ﬁz"h




and

o o~

;u;" = Ey(v; = wy),

% = E:("U: + 1),

,h;q s b (37)
ey =Ej(w - v),

e -~

'(';% = Ei=uy+ ), )

Here the following notations are used

~ k% Mgty 3 A? n k’mxm 10
N = TB] §ﬂ—la. Ry = Tﬂz.
0 k?"lgomln 3 Ag o~ k’"lmm;o _a
Nl = —:‘7\2—- - 5};0. N; = T’B‘J, (o“b}
F:l . k’mmmmb’, E‘; - k"mmmwl},.
A, 1A;

Note that solutions of differential equations (36)-(37) are well-known {see [6],
for example) and ure given by

o= Nycos(gyr + 5:) + Ny cos(Gyr = g:‘}:)-
1= Nisin(gir+ 3)) + Npsin(Gar + 3),
ra = N{cos(Git + ) 4 N} cosiior + 3,),
&= Nisin(@ir 4 5) + Nisin(Gyr + &),

(39)

nnd A N
€fu: : @"2 = by,
?;UI g '-‘f').-. (40)
Ej(u] + v}) + E (12 + t3) = by,

where N, N, 3, b; aro constunts of integration, g are positive roal roots of the
characteristic equation of the systew (36}, and new independent variable 7 is given
by

1 (TR N "

l)r= = ety » GGy > C3, i1)
VOG-0 et 6 (

1 (;"l- t C}"'Vi-’g‘m 2
Bt in Bl S0 12
) 2\/2'2i =CC O+ + ;Cz =Gy ’ i o

l 2 e
- —m, (,-2 (.'(.3. (‘3)

Solutions (39) make possible o analyze the motion of periceutre longitude
and change of eceentricity e depending on the Jaw of mass variation (1), (34). In
particular, we obtain

3r

& = N{ + N3+ 2N, Ny cos( (5, - G20 + & - &), (44)
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Well-known relutions follow from the integrals (40) (5], [6]:

0 =M+ 180". {45)
di? = =
== = =(E + E)) (46)

Taking into account the svstem (35), the last equation can be rewritten as

dy _ (E + E))

& )
Thus, in our case a motion of the line of nodes has s variable speed in contrust to
the classical problem (6], System (37) is solved separately from the equations (36).
Therefore, in (47) ¢*(t) can be treated es arbitrary function characterizing law of
mass variation (1),

(47)

5 Conclusion

Analysis of the secular perturbations in the considered problem shows that the
offects of mass changes iufluence significantly on the change of orbital clements.
In this regard, it Is interesting to study the secular perturbations in general case,
whew mo(t), my(t) and my(t) are comparable in magnitude and vary in different
tetupos. Note that symbolic calculations are very bulky in this case and can be
effectively done only with some computer algebra system, for example, the system
Mathematics [8].
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