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Desingularization of leading matrices of systems of linear ordinary
differential equations with polynomial coefficients
Abramov S. A. (Computing Centre of the Russian Academy of Science, Russia)
Khmelnov D. E. (Computing Centre of the Russian Academy of Science, Russia)

We consider systems of linear ordinary differential equations containing m un-
known functions of a single variable z. Coefficients of the systems are polynomials
over a number field. Each of the systems consists of m independent equations.
The equations are of arbitrary orders. We propose an algorithm which, given a
system S of this type, constructs a nonzero polynomial d(z) such that if S pos-
sesses an analytic solution having a singularity at « then the equality d(a) =0 is
satisfied.

Linear differential equations (scalar or system) with variable coefficients ap-
pear in many areas of mathematics. Solving systems leads however to specific
difficulties which do not appear in the scalar case. Consider the equation

Pr(a)y"” + Proa(2)y" "V 4+ Po(a)y = 0. (1)

First suppose that this is a scalar equation. The coefficients
Py(z), Py(z),..., Pr(z) are polynomials, and P,(z) is not identically zero.
If a solution of (1) has a singularity at some point a then P,(a) = 0.

If (1) is instead a system, y = (y1,%2,...,Ym)" is a column vector of un-
known functions of z and Py(z), Pi(z), ..., P-(x) are square m X m matrices with
polynomial entries then the role, which is played by the roots of the polynomial
coefficient of y™ (z) in the scalar case, can now be played by the roots of the
determinants of the leading matrix P.(x), provided that this determinant is not
identically zero. We study in this work the situation when det P.(z) is the zero
polynomial. Given a system S of the form (1), our algorithm Singsys finds a
system S’ of the same form (and with the same unknown functions), such that
the determinant d(z) of the leading matrix of S” is a nonzero polynomial, and
the solutions space of the system S is a subspace of the solutions space of S’.
The polynomial d(z) is the result of the proposed algorithm execution. We have
implemented the algorithm using the computer algebra system Maple ([4]).

Our approach can be used not only in the case of polynomial entries of matri-
ces P; in (1). However in other cases the equation d(xz) = 0 may have an infinite
set of roots.

The algorithm Singsys uses some of basic ideas of the algorithms EG and EG’
([1, 2]) which are applicable to recurrence systems. The details of Singsys are to
be presented in [3].

This work was supported in part by a grant from RFBR, Project No 10-01-
00249.
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Homogenization of Lavrentiev—Bitsadze equation in a random
perforated domain
Akimova E. A.

Let (9,3, 1) be a probabilistic space and Ty, : Q — Q2 = (21,22) € R?
a 2-dimensional ergodic dynamical system. A random domain V(w) = {z €
R? : T,w € V°}, with fixed V° € § is statistically homogeneous because its
characteristic function depends only on T,w. We trasform V(w) into a small
scaled random porous medium (see [1] and references there) Ve = {z = (x1,z2) :
L €V, 3 > I}, which occupies the domain D! = {z € V. : (21 — 1)* + 23 < 1} U
{z:(v1 —1)> 4+ 23 < 1,0 < 2 <} with the exception of a thin layer.

The consideration of Lavrentiev—Bitsadze equation naturally brings about
asymptotic analysis as € — 0 of the following problem

1>
Au® = —f(z1,22) in D}, w®=0onTy, ul, =ul, onT, giz()on Se (1)
Ne

where Ty := {(z1,22) : 22 > 0, (x1 — 1)> + 23 = 1},T := {(z1,22) : x2 =
0, 1 € [0;2]}, S = D' N 9V: and ne(x1,z2, “L,%2) is the unit normal vector to
Se internal for the pores.

We denote H. the closure of the linear space of random variables with
bounded realizations in C'*° in the norm given by the formula:

lull = {(VauTew), Vu(Trw))pit 20572 4 ()32~ 2,
where (-, -) ”— a scalar product in La2(D}), (-) is the expectation of r.v. and p1 (),
p2(z) are equal to the distance from the points (0,0) and (2,0) correspondingly.

The function u® €H. is a solution of problem (1) if
Vs (Tow)Vo(Tew)dz = F(Tow)v(Tew)dz + / ug, v(Tew)day
D! D} r
a.s. for all v € C§° (D).
The homogenized problem is to find wy € Hg(D',Ty), such that
div (KVuo) = —0f, where § = u(D?) characterizes the porosity of the medium

and K is a constant effective matrix. After one important definition we formulate
the main result.

DEFINITION 1. The domain V(w) is called strictly porous if there exists a
random variable h(w) > 0 and m > 0 such that <h7(1+m)> < oo and for any
u € C§°(V(w)) fR2 hTew)u?(z)dz < fR2 |Vu(z)|>d.

THEOREM 1. Assume that V(w) is strictly porous and let p =1+ 57—. Then
for any f € LY(DY), p™' +q¢7' =1, ue — uo in LP(D')
ngl

" KVuo, lim [ |ue — uol?dz =0,

e—0
Dl

Pe

where pe = X(g)Vua.

This work was planned and implemented in co-authorship with
G. A. Chechkin (Moscow Lomonosov State University), A. L. Pyatnitskii (Narvik
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University College, Lebedev Physical Institute of the Russian Academy of Sci-
ences), K. Routsalainen (University of Oulu).
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The a priori Tan © Theorem in perturbation problem for spectral
subspaces
Albeverio S. (Unversitaet Bonn)
Motovilov A. K. (JINR, Dubna)

Let A be a self-adjoint operator on a separable Hilbert space §. Assume that
the spectrum of A consists of two disjoint components oo and o1 such that the set
oo lies in a finite gap of the set o1. Let V' be a bounded self-adjoint operator on
$ off-diagonal with respect to the partition spec(A) = oo U o1. It is known (see
[1], [2]) that if |V|| < v/2d, where d = dist(c0, 1), then the perturbation V does
not close the gaps between o¢ and o1 and the spectrum of the perturbed operator
L = A+ V consists of two disjoint components o, and o} such that

0o C (min(o0) — d,max(co) +d) and dist(o7,00) > d.

Previously, it has been proven [3] that if V satisfies the stronger bound [|V|| < d
then the following sharp norm estimate holds:
. . 4
[|EL(09) — Ea(oo)|| < sin ( arctan 7 )
where E4(00) and Er (o) are the spectral projections of A and L associated with
the spectral sets oo and oy, respectively. In [4], we prove that this estimate

remains valid and sharp also for d < ||V| < v/2d, which completely settles the
issue. The obtained estimate is equivalently written as

tan © < H%JH (< \/5),

where © denotes the operator angle between the spectral subspaces Ran(E A(Jo))
and Ran(EL(07)).

This research was supported by the Deutsche Forschungsgemeinschaft (DFG),
the Heisenberg-Landau Program, and the Russian Foundation for Basic Research.
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The central elements of the universal enveloping algebra of higher
orders and the construction of Knizhik-Zamolodchikov type equations
for root systems of types A, D, B
Artamonov D. V. (Moscow State University, Russia)

Goloubeva V. A. (Moscow Aviational Institute, Russia)

The talk is devoted to some generalization of the classical Riemann—Hilbert
problem of construction of a Pfaffian system of fuchsian type, whose singular set
is a collection of reflection hyperplanes defined by a system of roots B,. Also
some new results are obtained for the root systems A and D.

In construction of Knizhnik—Zamolodchikov equations, whose singular set is
associated with the root system A,,, the Casimir element of the second order is
used. In the case of root system B,, a similar construction war done by A. Leibman
in one parameter case, while the corresponding equations must depend on two
parameters, as the number of orbits of the corresponding root system equals to
two. For other root systems such constructions are not known.

In the talk the case of the root system B, is considered and the structure
of the one-parametric Pfaffian system of fuchsian type is investigated. In the
construction of this system the central Capelly elements of higher orders are used
instead the Casimir element of the second order used in one-parameter case. As a
consequence we get construction of Pfaffian systems of fuchsian type for the root
systems A and D.

The research was supported by MK grant 4270.2011.1.

Localization of the spectrum of a quadric pensil with a strong
damping operator
Artamonov N. V. (Moscow State Insitute of International Relations, Russia)

In Hilbert space H we consider a quadric pensil
L) =NT4+XD+ A

with self-adjoint positive definite operator A. By Hs denote a collection of Hilbert
spaces generated by operator 141/27 |l - ]ls is @ norm on Hs. We will assume that
D is a bounded operator acting from H; to H_1 and

Re(Dzx,z)-1,1

inf 5 =0>0.
rEHq,x#0 HCE’Hl

(here (+,-)—1,1 is a duality pairing on H_; x H;). We obtain a localization of the
spectrum of L(\):

o(L)C{AeC| ReA < —w,|ImA| < x| Re)|}

for some positive w, k > 0.
The research was supported by RFBR grant No. 11-01-00790.
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On inverse problem for system of partial differential equations of
hyperbolic type
Asanova A. T. (Institute of Mathematics MES RK, Kazakhstan)

The inverse problem for system of partial differential equations of hyperbolic
type with functional parameter from two independent variables is considered on
Q=10,T] x [0, w]

aaxgt = Al @% +B(t, w% +C(t,z)u+ D(t,2)q(x) + f(t,2), (1)
u(t,0) = (t), te[o,T], (2)

Pl(m)w + Py(z)u(0,z) = p1(x), z € [0,w], (3)
W +S(@)u(T,z) = p2(z),  z€[0,w], (4)

where (n X n)-matrices A(t,z), B(t,z), C(t,z), D(¢,x), n-vector-function f(¢,x)
are continuous on 2, n-vector-function () is continuously differentiable on [0, T,
(n x n)-matrices Pi(z), Po(z), S(x), n-vector-functions ¢1(x), p2(x) are contin-
uous on [0,w], n-vector-functions u(t, z), g(x) — unknown functions which it is
necessary to find.

We investigate questions of the existence, uniqueness and finding classical
solutions of the investigating inverse problem. Nonlocal boundary value problems
for systems of hyperbolic equations second order were considered by numerous au-
thors. Sufficient conditions for the existence and uniqueness of a solution of such
problems were obtained by various methods. The nonlocal boundary value prob-
lem with data on characteristics were considered in [1-2] by the method introduc-
tion of functional parameters. This method is a modification of the parametriza-
tion method [3] developed for the solution of two-point boundary value problems
for ordinary differential equations. In the [4-5] the necessary and sufficient coef-
ficient conditions for the well-posed unique solvability of nonlocal boundary value
problem.

In the present communication the sufficient coefficients conditions of the
unique classic solvability of the inverse problem — the nonlocal boundary value
problem for system of hyperbolic type with unknown functional parameter are
obtained and algorithm finding its solution are proposed.
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Optimal endogenous growth model with exhaustible resources
Aseev S. M. (Steklov Mathematical Institute, Russia and International Institute
for Applied Systems Analysis, Austria)

Besov K. O. (Steklov Mathematical Institute, Russia)

Kaniovski S. Yu. (Austrian Institute of Economic Research, Austria)

We specify and solve an endogenous growth model that includes a non-
renewable resource essential both for production of output and generation of
knowledge. The model is formulated as an infinite-horizon optimal control prob-
lem; its specification follows the recent literature on endogenous growth with
non-renewable resources. It is a two-sector model in which the production sector
yields output that is consumed, while the research sector augments the produc-
tivity of the labor and resource used in production. Since the same inputs are
used in both sectors, the economy faces a trade-off. The solution of the model is
a welfare-maximizing dynamic research and extraction policy.

The model is nonstandard in the sense that it is not completely embedded in
the framework of the classical optimal control theory. The infinite time horizon
gives rise to peculiarities in relation to Pontryagin’s maximum principle, while
the nature of constraints imposed on the control variables precludes a direct ap-
plication of the standard existence results. Moreover, a non-concave Hamiltonian
in our problem does not allow one to apply the standard sufficient conditions for
optimality.

The approach adopted in our analysis is based on the recently developed nec-
essary optimality conditions for infinite-horizon optimal control problems (see [2])
and an existence result. We offer a comprehensive and rigorous inquiry into the
existence of an optimal solution and formulate an appropriate version of Pontrya-
gin’s maximum principle. Analyzing the Hamiltonian system of the maximum
principle, we obtain a complete characterization of all optimal processes in our
problem. Thus, we fully characterize the optimal transitional dynamics.

We show that sustainable growth is feasible only if the accumulation of knowl-
edge has constant returns to scale and does not depend on the exhaustible resource
as an input. By sustainable growth we mean an optimal solution with perpet-
ual positive growth, where optimality is understood with respect to a discounted
logarithmic utility function. While the requirement of strong scale effects is well-
known in the literature, the requirement that the research sector be independent
of the exhaustible resource is a novel result.

The results obtained are published in [1].

The research was supported by the Austrian National Bank (Grant: Ju-
bildumsfonds project no. 13585). The work of the first and second authors was also
partly supported by the Russian Foundation for Basic Research (grants nos. 09-
01-00624-a, 11-01-00348-a and 10-01-91004-ASF-a).
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About Uniform Estimates of Solutions to the Nonlinear Differential
Equations with Power Nonlinearity
Astashova I. V. (Moscow Lomonosov State University, Russia)

Uniform estimates are presented for the absolute values of all solutions with
the same domain to the differential nonlinear equation with power nonlinearity.

Uniform estimates for all possible solutions of quasilinear inequalities with
different type of nonlinearity

n—1
v+ as(@) Yy = eyl (1)
=0

with p. > 0, n > 1, k > 1, and continuous functions a;(x) are proved in [2].
In [6] estimates for solutions to this inequality with a;(z) =0, =0,...,n —1,
are obtained and sufficient conditions for nonexistence of global solutions to this
inequality are given.

Uniform estimates for positive solutions of quasilinear equations

n—1

v+ ai@) y +p@) [y Ty =0 (2)
7=0

with n > 1, k > 1, and continuous functions a;(z) and p(x) such that |p(z)| >
p« > 0 are obtained in [3]. In [4] uniform estimates are obtained for the absolute
values of solutions to this equation with n = 2, a1 (z) = 0, and the complex-valued
potential p(z) whose real part is less than a negative constant.

In [5] for solutions to semi-linear elliptic equations defined in a ball uniform
integral estimates were obtained in a smaller closed ball.

Consider the differential equation

v+ @y y vy Ty =0, k> 1, (3)
with continious function p(x,y,y’,y”) such that
0 <ps <plz,9,9,y") <p", (4)

ps«, p* are positive constants.

Let g = % > 0, C is non-zero constant.

THEOREM 1. For any k, p«p*, h, such that k > 1, 0 < p. < p*, h > 0,
there ewist such constant C' > 0, that for any p(z,y,y’,y") satisfying to (4), any
solution y(z) of (3), satisfying to condition |y(xo)| = h > 0 in some point xo € R,
cannot be extended to the interval (zo — C h8, zo + C’h_ﬂ).
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THEOREM 2. For any k, p.p", a, b, such that k > 1, 0 < p. < p*, a < b,
there exist such constant C > 0, that for any p(x,y,y’,y") satisfying to (4) and
any solution y(z) of (3), defined on [a,b], it is hold

ly(z)| < Cmin(z —a,b—z) /", (5)

The research was supported by RFBR (grant 11-01-00989) and by Special
Program of the Ministery of Education and Science of the Russian Federation
(Project 2.1.1/13250).
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Conditional reducibility of certain unbounded nonnegative
Hamiltonian operator functions
Azizov T. Ya. (Voronezh State University, Russia)

Let H be a Hilbert space and let H, and H, be two subspaces of H. A closed
densely defined operator A on H is called conditionally (He, Hr)-reducible, if H is
the orthogonal sum of H, and H,:

H="HDHs (1)

and there exists a bounded and boundedly invertible operator V on H such that
with respect to the decomposition (1) the operator B := V™LAV is a diagonal
2 x 2 block matrix:

o[t 3]

0 B,

whose diagonal entries By and B, are closed densely defined operators with
o(B¢) € C; and o(Br) C C,, where C; and C, stand for the left and right
open half-planes of C. The operator V will be called the diagonalizing operator.
If A is a closed densely defined operator on a Banach space X a subspace £
of X will be called A-invariant if £LNdom A is dense in £ and A(LNdom A) C L.
Let {G, (-, -)} be a Hilbert space and consider the orthogonal direct sum

H=GDG, (2)
12



which is a Hilbert space whose inner product we also denote by (-,-). In H we
consider the 2 x 2 block matrices
0 I ~ 0 il
/= [1 0] and Y= Lu 0}
A closed densely defined operator 2 on the Hilbert space H is called Hamiltonian
if 42 is J-self-adjoint in ‘H and if in addition 2 is J-dissipative in H, then 2 is
called a nonnegative Hamiltonian operator.
We study an operator function 2((t) on [0,1] of the form (t) = & + B(¢),
t € [0,1], where & is a closed densely defined Hamiltonian operator with iR C p(&)
and B(t) is a continuous function on [0, 1], whose values are bounded operators.
We assume for ¢ € [0, 1], 2((t) is a closed densely defined nonnegative Hamiltonian
operator. In this paper we give sufficient conditions under which 2((¢) is condi-
tionally reducible. They involve bounds on the resolvent of & and interpolation
of Hilbert spaces.
The talk is based on a joint work with A. Dijksma (Groningen, Netherlands)
and I. V. Gridneva (Voronezh, Russia).

Generalized solution of the Cauchy problem for non-divergence
parabolic equations
Baderko E. A. (Moscow State University, Russia)

We consider a linear uniformly parabolic equation, the coefficients of which
are continuous and bounded in R"™ x [0, T]. Furthermore, the principal coefficients
are Dini-continuous with respect to the “space” variables.

We introduce a notion of generalized solution of the Cauchy problem for
such an equation and prove its existence and uniqueness.We also establish the
corresponding estimate of correctness for the generalized solution in the Zygmund
space H*(R™ x [0,T)).

On spectrum of the Neumann-Laplacian on infinite cylinder with a
periodic family of small voids
Bakharev F. L. (St. Petersburg State University, Russia)
Ruotsalainen K. (University of Oulu, Finland)

We study spectral properties of the Neumann-Laplacian on the periodic sin-
gularly perturbed quasicylinder Q(e):

—Au(z) = X u(z), z € Q(e) (1)
Onus(z) =0, x € 09(e). (2)

This spectral problem should be interpreted as a singular perturbation of the same
problem in the straight cylinder @ = w x R € R3. The quasicylinder Qe) is a
periodic set which depends on a small parameter ¢ > 0. It will be obtained from
the straight cylinder €2 by a periodic nucleation of small voids with diameter of
order €.

In the literature the existence of spectral gaps is mainly investigated for pe-
riodic media which is infinite in all directions while the coefficients of differential
operators, both in scalar and matrix case, are usually assumed to be contrasting

13



(see [2], [3] and many others). Much less results are obtained for periodic waveg-
uides, which are infinite in one direction only. In this case spectral gaps ought to
be opened by varying the shape of the periodicity cell only which is in accordance
with the results in the known engineering practice.

We utilizes the asymptotic analysis of the spectrum for the associated model
problem in the periodicity cell. This approach has been realized for the Dirichlet
Laplacian in papers [4], [2], [5] and others. We emphasize that our results for the
Neumann-Laplacian are completely new and require different techniques.

We prove that introducing a periodic family of small voids in straight cylinder
opens a gap in the spectrum of the Neumann-Laplacian in the case that the period
is large enough. We calculate asymptotically the position and the width of the
spectral gap. The mixed boundary value problem is under consideration as well
and a similar result is obtained.

The talk is based on the joint paper with S. A. Nazarov.

The research of first author was supported by the Chebyshev Laboratory
(Department of Mathematics and Mechanics, Saint-Petersburg State University)
under the grant 11.G34.31.0026 of the Government of the Russian Federation.
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On monotonicity of some functionals under rearrangements
Bankevich S. V. (St. Petersburg State University, Russia)

Let w € W{([~1,1]) be a nonnegative function. We define @ to be the
monotone rearrangement of u and u* to be its Steiner symmetrization. Let F' :
R4+ xRy — R be a function which is increasing and convex in the second argument.

It is well known that for I(u) = fil F(u, |v'|)dz the inequalities I (u*) < I(u)
and I(u) < I(u) hold.

In the paper [2] the inequality I(u"*) < I(u) is proved for the functional

1
I(u) = F(u, |a(z,w)u'|)dz, (1)
-1
where a is even and convex in z. Also a multidimensional analog is studied.

We consider the case of the monotone rearrangement. Let a be even with

respect to the first argument and satisfy

Vu e R,Vs,t € [-1,1]: 1+ s+t € [-1,]1]
a(s,u) +a(t,u) > a(l+ s+ t,u). (2)
14



We modify the construction from [3] and prove I(u) < I(u) for functions u
lying in the natural functional class.

Note that in the paper [4] the inequality I (@) < I(u) was considered under
the additional restriction u(—1) = m&n u. However, both the class of functions F

and the class of admissible weights in that paper are non-optimal.

Also we extend the class of functions u, for which I(u*) < I(u) holds.

The talk is based on the joint paper with A. I. Nazarov.

The research was supported by RFBR grant 09-01-00729 and by Federal
Scientific and Innovation Program.
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Geometrization of rings as a device for solving inverse problems
Belishev M. 1. (St-Petersburg Department of the Steklov Mathematical Institute,
Russia)

By Gelfand, any commutative Banach algebra can be canonically realized as
a subalgebra of the algebra C'(£2) of continuous functions on a compact Hausdorff
space ). By Gelfand—Naimark—Segal, any commutative and cyclic Neumann al-
gebra is isometrically isomorphic to the operator algebra of Lo.-multiplicators in
L2, (). In both cases, the set Q appears as a (topologized) spectrum of a respec-
tive algebra, whereas the passage from the algebra to its functional realization is
referred to as a “geometrization”.

In the boundary value inverse problems on manifolds, one needs to recover
a Riemannian manifold Q from its boundary inverse data (elliptic or hyperbolic
Dirichlet-to-Neumann map, spectral data, etc).

We show that for a class of elliptic and hyperbolic problems, the required
manifold is identical with the spectrum of the certain algebra determined by the
inverse data. By this, to recover the manifold is to represent a relevant algebra in
a canonical form. Such a unified look at so different inverse problems is the main
subject of the talk.

This work was supported by RFBR grants 08-01-00511 and NSh-4210.2010.1.
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Minimizers of Ginzburg-Landau functional with “semi-stiff”” boundary
conditions: existence and vorticity
Berlyand L. V. (Penn State University, USA)
Rybalko V. O. (ILT, Kharkiv, Ukraine)
Misiats O. O. (Penn State University, USA)

We study Ginzburg-Landau free energy functional with induced magnetic
field

Filu, A] := %/G|(Vu—iAu)|2—&—%/Q|curl(A)|2+%/G(\u|2—1)2dx (1)

where G C C is a bounded smooth domain, 2 C C is the smallest simply connected
domain containing G, u € H'(G,C), A € H (,R?) and A > 0. We consider two
cases:

1°. G is simply connected. Then Q = G. For fixed d € N define
Ja = {(u, A) € H'(G,C) x H'(G,R?), |u| =1 on dG, deg(u,dG) =d} (2)

where deg(u,dG) is a winding number of u over dG. The condition
|u| =1 on OG is called “semi-stiff” boundary condition, since only the
modulus of u is fixed while the phase of u is free. Our main result in case
(i) is that the infimum of the functional (1) in the class (2) is attained if
and only if A < 1. Moreover, for A sufficiently close to 1, the minimizer
of (1) in (2) has precisely d zeros (vortices) in G, and their locations can
be determined through the maximization of a certain finite dimensional
functional.
2°. G is doubly connected. Then G = Q \ w, where w € Q. Consider

Jo1 := {(u, A) € H'(G,C) x H"(Q,R?),
|u| =1 on OG, deg(u, 9Q) = 1, deg(u, dw) = 0}  (3)

We show that the necessary and sufficient condition for the existence of
minimizers of (1) in class (3) is A < 1. For A sufficiently close to 1, the
minimizer of (1) in (3) has a unique zero (vortex), which converges to
00 as A = 1 — 0. Moreover, if £* € 09 is the limiting location of the

vortex, then £ = argmingc oo ) , where v is the unique solution to

G
ov

the scalar elliptic problem
Av = in G;
v=1on dw; v =0 on 0.

Basicity of a system of exponents with a piecewise linear phase in
variable spaces
Bilalov B. T. (IMM of NASA, Azerbaijan)
Guseynov Z. G. (Sumgait State University, Azerbaijan)

Consider the following system of exponents

i(ntHn(t))} 1
{e (1)
16



where A\, (t) = —sign n[at + Ssign t], t € [-=, 7], a, 8 € C — complex parame-
ters. In Lp, 1 < p < 400, (Lo = C [—m,7]), the basis properties of the system (1)
were completely studied in [1, 2] for 8 = 0 and in [3] in general case.

Let p : [-m,m] — [1,400) be a Lebesgue measurable function. By Lo we
denote a class of all functions measurable on [—m, 7] (with respect to Lebesgue
measure). Accept the denotation

I(f) = / 1F (0O d.

Assume £ = {f € Lo : I, (f) < +oo}. Let p* = vrai supp (¢); p~ = vrai i1]1fp(t),

[—7,7] -
For p* < 400, with respect to ordinary linear operations, £ turns into a linear
space. If we define the norm || - ||, as:

1£1,, = inf{)\ S0, <§) - 1}7

then £ is a Banach space (see for instance [4, 5]) and we denote it by Lyp,. ¢ (¢)
1

1
denotes the function —— + —— = 1 conjugated to p (¢). Assume
p()  q(t)
HP = {p: p(—=) = p(r),3c > 0; Vt1,tz € [-m, 7] , |t1 — b2 <
1 c
< - = t1)—pt)| < ——— .
<= ) -p) < i )

It is valid the following theorem.

_ 1 B 1
THEOREM 1. Letp € H®, p~ > 1 and ——— < = < ——— hold. The
2q(0) ~ 7 2p(0)

1
tem (1 basis in Ly, iff the ¢ lity ——— =
system (1) forms a basis in Ly, iff the inequality () < o+ - < 29(r)
fulfilled.
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Collective dynamics in deterministic infinite particle systems
Blank M. L. (RAS Institute for Information Transmission Problems, Russia)

Let (X, B, p) be a compact metric space and let let M = M(X) be the set of
probabilistic Borel measures on X. A (discrete time) process on M is defined by
a transfer-operator T : M — M satisfying the following properties:
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1°. (T*p)(A) - w(A) >0 Yu € M, A € B (positivity),
2°. (T*u)(A) = u(A) (total measure preservation).

If additionally one assumes the linearity of the operator T the operator T~
becomes the standard Markov operator, which describes the dynamics of measures
under the action of a Markov process. Therefore the processes defined above are
often called nonlinear Markov processes.

Denoting by M? C M the set of §-measures on X it is natural to say that the
process T is deterministic if T* : M® — M?. Obviously a deterministic process
T* defines uniquely a deterministic map T : X — X according to the formula
Tz :=y, where T*1, = 1, for each z € X. Here 1, a the J-measure supported on
the point x.

We shall study a two-parameter collection of deterministic nonlinear Markov
processes defined by the following nonlinear transfer-operators:

(Be(z))

Here 0 < &,7 < 1 are numeric parameters, and B.(z) is the e-neighborhood of
the point x € X.

One can interpret the measure p a distribution of a collection of particles,
whose local dynamics is governed by the map 7' and the interaction is local in
space and is defined by the operator Q. ,,.. A special case when the measure p
is equal to a finite sum of d-measures explicitly corresponds to the dynamics of
a finite Couple Map Lattice and was studied in very different terms and using
different methods in [1].

T2 g = Q1 T Qe = (1 =)z + A/ ( )ydu(y)-
Be(z

THEOREM 1 (Condensation). Let the map T satisfies Lipschitz condition with
the constant A < oo. Then ¢ = ¢(\) > 0 such that Ve > 0,1 — v < c the
condensation takes place: for each initial measure p € M with the support of
diameter not exceeding €, the diameter of its image (T*)'u vanishes with time
t — oo.

Assuming certain expanding type conditions on the map T with the constant
A and the uniqueness of the corresponding Sinai-Bowen-Ruelle measure pr is
absolutely continuous with respect to the reference measure m (say Lebesgue
measure) we get the following opposite statement.

THEOREM 2 (Independence). There exists an open set of absolutely contin-
uous measures Mo C M and ¢ = ¢()\) such that Ve > 0,y < ¢, p € Moy we
have

(T "5 pey =55 i

The research was supported by RFBR grants.
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Numerical simulation of boundary layer correctors and wall laws in a
domain with highly oscillating boundary
Bodart O. (Blaise Pascal University, France)
Amirat Y. (Blaise Pascal University, France)

The general framework of this work is the asymptotic approximation of the
solution of the periodic Laplace and Stokes equations in a domain with a highly
oscillating boundary in R?. The domain is periodic in the first variable, bounded
at the bottom by a smooth plate and at the top with a rugose plate. This rough
boundary is a plane covered with periodic asperities, which size depend on a small
parameter € > 0. The asperities are sharp, that is their height remains constant
as € tends to 0. The typical shape of such a domain is as follows. Let 0 < a1 <
b1 < l1, and 7. be the eli-periodic function defined on (0,¢€l1) by

(1) = A if z1 € (ea1,eb1),
NeT1) = I3 if z1€ (0,8l1)\(€(11,€b1).

with 15 > I3 > 0. The domain under consideration is then
Q. = {x = (z1,23) € R>:0<21 < li, b(z1) < x3 < Me (xl)}

In such a geometry we consider the solutions of the xi-periodic Laplace and
Stokes equations. From the computational point of view, the approximation of
PDEs in such domains is an issue. When the scale of oscillations becomes small
compared to the size of the domain, a very large number of mesh points is re-
quired, yielding costly computations. Eventually, when meshing the domain, one
can face numerical underflow problems when the size of the oscillations becomes
too small, making the computation impossible to achieve. Therefore, one aims
at approximating the solution through a problem in a smooth domain with an
effective boundary condition.

In previous works, we constructed asymptotic development of the solutions of
order O(¢%/?) in the H'-norm for the Laplace equation. For the Stokes equations,
the approximation is of order O(£*/2~7) for the velocity and of order O(e) for the
pressure, v > 0 being arbitrarily small. We also built wall laws leading to effective
boundary conditions to compute approximations in the limit smooth domain of
the sequence 2.

The aim of the present work is the numerical implementation of the wall laws.
The asymptotic formulas we have developped, as well as the wall laws, involve
boundary layer correctors. These correcting functions are defined in un unbounded
domain. We first present an approximation process for the correctors in a bounded
domain with exponentially small error. The next step of the works consists in the
implementation of the wall law for the solution. We present numerical results with
a comparison with a full computation in the rough domain when the parameter
is large enough for the mesh to be performed.
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On a class of reductions of the Manakov—Santini hierarchy and
related multidimensional hierarchies
Bogdanov L. V. (L. D. Landau ITP RAS, Russia)

We construct a class of reductions of the hierarchy associated with the system
recently introduced by Manakov and Santini [1]

Uzt = Uyy + (uuz)z + VzUzy — UzaVy,

vyy + UVz + Uzvzy - 'Uzzvyv (1)

Uzt
whose Lax pair is
¥ = ((p = v2)0z — uz0p) ¥,
0¥ = ((p° = vap +u —0y)00 — (uzp +u,)0,) ¥, (2)

where p plays a role of a spectral variable. The Manakov—Santini system is a
generalization of the dispersionless KP (Khohlov—Zabolotskaya) equation to the
case of general (non-Hamiltonian) vector fields in the Lax pair. For v = 0 the
system reduces to the dKP equation. Respectively, the reduction u = 0 gives an
equation [2] (see also [3])

Vgt = Vyy + VaVpy — UzaUy. (3)

Using Lax—Sato formulation of the hierarchy [4, 5], we introduce a class of
reductions, such that the zero order reduction of this class corresponds to the
dKP hierarchy, and the first order reduction gives a hierarchy associated with
the interpolating system introduced in [6], where it was proved that it is “the
most general symmetry reduction of the second heavenly equation by a conformal
Killing vector with a null self-dual derivative”. In [6] it was also shown that the
interpolating system corresponds to a simple differential reduction cu = bv, of the
Manakov—Santini equation. We present Lax—Sato form of a reduced hierarchy for
the interpolating system and also for the reduction of an arbitrary order. Similar
to the dKP hierarchy, the Lax—Sato equations for L (the Lax function) split from
the Lax—Sato equations for M (the Orlov function) due to the reduction, and
the reduced hierarchy for an arbitrary order of reduction is defined by Lax—Sato
equations for L only. In terms of the Manakov-Santini system this class defines
differential reductions (not changing the dimension). A characterization of the
class of reductions in terms of the dressing data is given.

The construction is also developed for the case corresponding to dispersionless
2DTL hierarchy and for a general multidimensional case (including the hierarchies
related to Plebaniski heavenly equation).

This research was partially supported by the Russian Foundation for Ba-
sic Research under grant no. 10-01-00787 and by the President of Russia grant
4887.2008.2 (scientific schools).
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On the lower bound for the first spectral gap of a general
second-order differential operator
Borisov D. I. (Bashkir State Pedagogical University, Russia)

Let © C R™ be a domain with C'-boundary, n > 2, A;;: Q — R, i,j €
{1,...,n} be bounded functions satisfying the ellipticity condition

Aj(z) = Aji(z), V‘f|2 < Z Aij ()€€ < ,LL|£|2, 0<v<p.

1,5=1
Given a function V: Q — R, we set V'(z) = max{V(z),0},
V7 (z) :== —min{V(z),0} and assume that V'~ € L,,5(Q) for some ¢ > n and

V*t € Lg/»() for each subdomain ' C Q. On Ly(Q2) we introduce a closed
lower-semibounded symmetric sesquilinear form

blu, v] = > (Aijtia;, Vay) o) + (Vi 0) (@), (1)

ij=1
D(h) := {u € W5(Q): / lul?(VT +1)dz < oo, ulr = 0}, I coq.
Q

By H we denote the self-adjoint operator associated with the form h. Assume that
two lowest spectral values Ao := inf o(H), A := inf o(H) \ {Xo} of the spectrum of
‘H are the eigenvalues.

For any Q¢ C 2 denote by Ho the self-adjoint operator associated with the
same form as in (1), but considered on Lz (€2\ Qo) with the domain W3 (€2\ 0, )N
Ly(Q\ Qo; V1), where I' := 9Q9 U T. This domain corresponds to the Dirichlet
condition on T'. We assume that there exist subdomains Qp C Q of Q such that
AN € C1, dist (Q0,00) =d > 0, Ao < A < 0 < infspec(Ho), V™ =0 on Q\ Qo,
dist {ﬁ, N} > %d, Qis path-connected.

Our main result is an explicit bound for the relative size of the first spectral

A=)
gap 57

THEOREM 1. The spectral gap between A and Ao obeys the following lower
bound
A—Xo
Al
where the constant C is given explicitly in terms of v, u, n, q, d, V and certain
geometric characteristics of 2, Qo, Q.

2 C,

The exact value of C' will be presented at the talk. We shall also discuss
the behavior of this constant in various asymptotical regimes, i.e., as various
arguments of this constant tends to zero or to infinity. A series of possible appli-
cations of the main result will be presented. This is a joint work with I. Veselic’
(TU Chemnitz, Germany).
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Stability and limit behavior of a distributed replicator system
Bratus A. S. (Lomonosov Moscow State University, Russia)
Posvyanskii V. P. (MIIT, Russia)

Novozhilov A. S. (MIIT, Russia)

The replicator equation is known to provide a general modeling framework for
several distinct areas in mathematical biology. In particular, it arises as a selection
equation in population genetics, as a dynamic description of the evolutionary
game theory, and as a model for putative chemical reactions describing prebiotic
evolution. In its simplest form, when the fitness of the species is a linear function
of the relative abundances of other species, the replicator equation takes the form

Bi = g [(Av)i - fl“(t)] . i=1,...n, (1)

where v = v(t) = (v1,...,vn), A is an n X n matrix with elements a,; describing
the contribution of the j-th species to the fitness of the i-th species, (Av); =
>~ @ijvj, and the mean fitness floc(t) = (Av, v) = 3 (Av);v; is chosen such
that the phase space is simplex v € S, = {v: Y o v; = 1}.

There are several different approaches to add space to (1). We suggest that
the global regulation represents a natural and convenient approach to consider the
replicator equation with an explicit spatial structure. To be exact, as a counterpart
of the local model (1) we consider the model

au,-
ot

= U; [(Au)z —fsP(t)] —&—diAui, 1=1,...,n, (2)

where now u = u(z,t), z € Q C R*¥ k = 1,2,3, d; > 0 are diffusion coefficients,
and the mean integral fitness is given, assuming Niemann’s boundary conditions,
by fP(t) = [,{Au, u)dx. This approach allows analytical investigation of (2):
the tool which was mainly missing in the analysis of replicator equations with
explicit space. In particular, it is possible to find the conditions for asymptotically
stable rest points of (1) to be asymptotically stable homogeneous equilibria of (2).
In our work, we show that for some values of the diffusion coefficients spatially
heterogeneous solutions appear. Using a definition for the stability in the mean
integral sense we prove that these heterogeneous solutions can be attracting; in
particular this is the case for Eigen’s hypercycle. Defining in some natural way
evolutionary stable states for the distributed system (2), we provide the conditions
for this distributed state to be an asymptotically stable stationary solution to (2).
Part of the results are presented in [1, 2].
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Inertial manifolds and gap property for dissipative hyperbolic
equations
Chalkina N. A. (Department of Mechanics and Mathematics, Lomonosov
Moscow State University)
Goritsky A. Yu. (Department of Mechanics and Mathematics, Lomonosov
Moscow State University)

Consider the dissipative semilinear hyperbolic equation

uge + 2y uy = Au+ f(u) + g(x), u|89 =0, (1)
= uo(z) € Hy (%), wl,_y =po(x) € La(Q).  (2)

ul,y
in a bounded domain €. Here v > 0 is a coefficient of weak dissipation, g(x) €
L2(9) is an external force, and the nonlinearity f(u) satisfies the global Lipschitz

condition |f(u1) — f(u2)| < lui — usl.

THEOREM 1 (see [1]). Let i, 0 < A1 < A2 < -+ — 400, be eigenvalues of the
operator —A in the domain Q under the Dirichlet boundary conditions. Suppose

AN4+1 — AN >4l for some N and ~y is sufficiently large. (3)

Then, in the phase space Hg(Q) x L2(Q), there exists an N-dimensional inertial
manifold M that exponentially attracts (as t — +00) all the solutions of prob-
lem (1), (2).

Gap property (3) will be compared with the same one for parabolic equations.
Additionally it will be discussed how (3) changes when

e [ = f(u,u;) depends (Lipschitz continuously) also on u; (see [2]);
e equation is strong dissipative, i.e., contains the term —2vyAw; instead
of +2vyuy.

The research was supported by RFBR, grant 11-01-00339-a.

References

[1] Chepyzhov V.V., Goritsky A.Yu., and Vishik M. 1., Integral manifolds and attractors
with exponential rate for nonautonomous hyperbolic equations with dissipation, Russ.
J. Math. Phys. 12 (2005), 17-35.

[2] Chalkina N. A., Inertial Manifold for Hyperbolic Equation with Dissipation, Moscow
Univ. Math. Bull., to appear.

23



Strong trajectory attractors for general dissipative reaction-diffusion
systems
Chepyzhov V. V. (Institute for Information Transmission Problems RAS, Russia)

The method of trajectory dynamical systems and trajectory attractors helps
to study effectively the long time behaviour of solutions of non-linear partial dif-
ferential equations for which the corresponding initial-boundary value problem
is ill-posed or it well-posedness is not proved yet (see [1, 2, 3]). For example,
for the 3D Navier—Stokes system in a bounded domain, following the classical
works of E. Hopf and J. Leray we know how to construct global weak solutions
but the uniqueness result remains an open problem for years. Nevertheless, the
trajectory attractor was constructed for this system. At the same time, as a role,
for meaningful equations and problems, we were able to establish the attraction
to the corresponding trajectory attractors only in the “maximal” possible local
weak topology of the problem we are dealing with. For instance, in [1], we have
constructed a weak trajectory attractor for a general dissipative reaction-diffusion
system in the corresponding local weak topology.

In the present report, for a general dissipative reaction-diffusion system, we
prove that its trajectory (global solutions) tend to the (weak) trajectory attrac-
tor in the “maximal” local strong topology of the corresponding trajectory phase
space. Moreover, the “weak trajectory attractor” is compact in this local strong
topology. The considered reaction-diffusion systems are ill-posed since they do not
satisfy conditions that provide the unique solvability of the corresponding Cauchy
problem.

To prove the strong attraction result, we use the general method of energy
identities that was applied earlier in [4, 5] and in the works of other authors in the
study of global attractors for well-posed problems in unbounded domains when
the standard compactness embedding theorems in Sobolev spaces do not work.

This report is based on a joint work with M. I. Vishik and S. V. Zelik
(vishik@iitp.ru, S.Zelik@surrey.ac.uk).

The research was supported by RFBR grants 08-01-00784 and 10-01-00293.
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Modern traffic flow models
Chertock A. (North Carolina State University, USA)
Kurganov A. (Tulane University, USA)
Polizzi A. (Tulane University, USA)

We will talk about several models of vehicular traffic. We will first describe
microscopic cellular automata models and show how the vehicle interaction can be
modeled through the look-ahead interaction potential, which leads to slow down
due to heavy traffic conditions. We will then proceed with the derivation of the
semi-discrete mesoscopic and continuous PDE-based macroscopic models. The
resulting (systems of ) PDEs are hyperbolic (systems of) PDEs with global fluxes,
which make it very challenging from both analytical and numerical perspectives.
The last part of my talk will be devoted to numerical methods for hyperbolic
systems with global fluxes.
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Steklov problems in periodically perforated domains
Chiado’ Piat V.

We present some results, obtained in a collaboration with S. A. Nazarov and
A. L. Piatnitski, about the asymptotic behaviour of the Steklov problems in pe-
riodically perforated domains, when the boundary condition contains a changing-
sign coefficient.

Global dynamics in quasilinear Kirchhoff wave equation
Chueshov I. D. (Kharkov National University, Ukraine)

We study well-posedness and long-time dynamics of the following quasilinear
problem

{ wee + o([| A 2u)?) Au + o (| A ?u||?) A% + F(u) =0, t>0,

w(0) = uo, w(0) = w1,

(1)

with 6 € [1/2,1], where A is the minus Dirichlet Laplace operator in a bounded
smooth domain Q C R, ||-|| stands for the Ly (€2)-norm. The damping (o) and the
stiffness (¢) factors are C* functions on the semi-axis Ry = [0, +00). Moreover,
o(s) > 0 for all s € Ry and there exist ¢; > 0 and 79 > 0 such that

S

lim [ [6(6) + oo (©)]dé = +oo and  sp(s) +er / To(e)de > e

s——+o00 0

for s € Ry. We assume that F(u) is a Nemytskij operator generated by a Ccl-
function f(u) such that
d+4

colul”™" —e1 < f'(w) S (1+ uf”™) - withsome 1<p < e,
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where ¢; > 0 are constants. This kind of evolution second order models goes
back to G. Kirchhoff (d = 1, ¢(s) = ¢o + ¢15, o(s) = 0, f(u) = 0) and has
been studied by many authors under different types of hypotheses starting with
pioneering papers [2, 5].

Our first result is the following theorem.

THEOREM 1. Let § = 1. Then problem (1) has a unique weak solution for
every initial data (uo;u1) from the space H = [H N Lp+1](R) x La2(Q). In the
case 1/2 < 0 < 1 the same is true if both o and ¢ are positive and p < p. = (d +
20)(d — 2)7".

We note that in the case when 6 € (0,1/2) we can also prove the existence of
weak solutions. However the question of their uniqueness is still open.
Our main result deals with long-time dynamics of solutions to (1).

THEOREM 2. Let § = 1. Assume that ¢(s) > 0 and ¢(s)s — +00 as s — +oo.
Then the dynamical system generated by (1) in H possesses a global attractor of
finite fractal dimension. In the case 1/2 < 0 < 1 the same is true if we assume
in addition that p < p.. This attractor coincides with the unstable set emanating
from the set of equilibria.

To prove this theorem we used a recently developed method based on quasi-
stability estimates (see [3] and [4]). For the definition of a global attractor and
its basic properties we refer to [1].
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On a removability condition of the isolated singularity for solutions of
degenerate higher-order elliptic equations in divergence form
Cianci P. (University of Catania, Italy)

D’Asero S. (University of Catania, Italy)

A weighted Serrin-like condition is found for removability of the isolated
singularity for degenerate high order elliptic equations in divergence form.

We consider an high-order elliptic partial differential equation:
S (—1)*ID* Aa (@, u(@), D u(@), ..., D u(@) =0 in @\ {zo} (1)
la|<m
where €2 is a bounded open set in R", zo € Q.
We study conditions for the extension of u(z) to whole Q in order that the

new function 4(x) satisfies the equation (1) in Q.
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The coeflicient A (z, &) of (1) satisfy a weighted polynomial growth condition
and a weighted ellipticity conditions in the form:

> Aa@ 8 zun{ Y altwa(@) + Y el wy(@)}

1<|a|<m lor|=1 la|=m
{3 el uws@) + [l + A@)]wi@)} @
1<|Bl<m
with ¢ > mp and pg is a positive number satisfying suitable condition and wq(z),
wp(z) and wg(x) are positive measurable functions of Muckenhoupt kind.

If we assume that u(z) is the solution of the equation (1) in 2\ {zo} and that
for some o > 0 and K > 0, we have

wq(B(|z — x0]) 1~ a2 te )
o< R[S
and if
lim wa(B(|w = zol) =0 where wq(B(r)) = / wq(z) dz,
e—zo  |x— xold

B(r)

then, we obtain a weighted integral estimates of the gradients of solution wu(x)
and therefore, by using Moser’s method, we derive the boundedness of u(z) in the
neighbour of the singularity zo, so that the singularity of u(z) at the point zo is
removable.

On the problem of the absence of singular continuous spectrum
Cojuhari P. A. (AGH University of Science and Technology, Cracow, Poland)

We will present an overview on recent results concerning the problem of the
absence of singular continuous spectrum for self-adjoint operators. Applications
to concrete classes of operators as, for instance, Schrédinger, Dirac and Pauli
operators will be considered.

A classification of embeddings of non-simply connected 4-manifolds
into R’
Crowley D.
Skopenkov A.

Let N be a closed connected orientable 4-manifold without torsion in ho-
mology. The main result is a complete readily calculable classification of em-
beddings N — R, in the smooth and in the PL categories. Such a clas-
sification was earlier known only for simply-connected N, in the PL case
by Boéchat—Haefilger—Hudson 1970, in the smooth case by the authors 2008
(http://arxiv.org/abs/math/0808.1795). Our result for N = S' x S* states
that the set of smooth isotopy classes of smooth embeddings S* x §* — R
is in a (geometrically defined) 1-1 correspondence with the quotient set

Z12® LD Z

{(aa b, C) ~ ((1, b,c+ 2kb)}k€Z
conjecture.

. We disprove the Multiple Haefliger—Wu invariant

27



Homogenization of a variational problem on a domain with oscillating
boundaries via periodic unfolding
Damlamian A. (Universite Paris-Est, France)
Pettersson K. (Narvik University College, Norway)

The talk will focus on a boundary value problem with rapidly oscillating
boundaries. We show that strong L? convergence can be obtained by suitable
extension in the oscillating part of the domain. The main technical tool will be
the unfolding method. More precisely, we consider bilinear forms of the type

. c Ou dyp
a(u,¢) = /QE (%:aij%?j +U<P) dz,
where €. is a domain in R? that depends on some small positive parameter .
For e =1 a nonnegative integer and with 8 € (0,1] fixed, the domain Q. is defined
by
e lo1
0% = U (ke, ke + Be) x (0, 1),
k=0

together with Qg = (0,1) x (—1,0) and Q. = Int C1(Q% U Qp).

For f € L*(Q), Q. C Q, together with some strong conditions on ai;, the
simplest extension of the sequence u. defined by a®(u.,p) = fﬂa fpdz, for all
@ € H'(Q.), converges weakly to the solution of a limit problem. We give an
extension of ue that converge strongly in L*((0,1); H'((0,1))) and H'(Qp).

On normal forms of linear second order mixed type PDE families in
the plane
Davydov A. A. (Vladimir State University)
Trinh Thi Diep L. (Thai Nguyen University of Education)

For partial differential equation in the plane

a(T, Y)uae + 2b(2, Y)Uay + (T, Y)uyy = F(2, Y, U, Us, uy), (1)
where x,y are coordinates, a,b, c are smooth functions, and F' is some function,
we consider the smooth deformation of its characteristic equation

Az, y, €)dy* — 2B(z,y, )dzdy + C(z, y, €)dz® = 0 (2)
with a parameter € € R™, where A(.,.,0) = a, B(.,.,0) =b and C(.,.,0) =c.
THEOREM 1 ([3])). For any given order of smoothness r > 1 a deformation

(2)of germ of characteristic equation at its nonresonance folded singular point
takes the form of germ at the origin of deformation

dy® + (k(e)z® — y)dz® =0 (3)

with some function k, after multiplication of the equation by nonvanishing C" -
function and an appropriate choice of C"-coordinates foliated over the parameter
with the origin at the point.
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Nonresonance folded singular point of the characteristic equation is the point
of tangency of characteristic direction field with type change line for which the
corresponding singular point of the lifted direction field on the equation surface
is nonresonance [1]. For the initial PDE equation that implies the following.

THEOREM 2 ([3])). For any given order of smoothness r > 2 a finite para-
metric deformation of germ of equation (1) at nonresonance folded singular point
of its characteristic equation takes the form of germ at the origin of deformation

Use + (K(€)2® — y)uyy = F(,y,u, uz, uy) (4)

with some function k and new function F, after multiplication of the equation
by nonvanishing C" -function and an appropriate choice of C"-coordinates foliated
over the parameter with the origin at the point.

Note that class of smoothness could be selected as we prefer. But the increas-
ing of this class could lead to reduction of the interval along the parameter axis
where the formulas work. The function k is defined by the exponent of singular
point as usually [2].

The study was supported by RFBR grant 11-01-00960-a and ADTP HSSPD
2.1.1/12115.
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The dynamical inverse problem for the Maxwell system: time-optimal
determination of scalar electric permittivity and magnetic
permeability
Demchenko M. N. (St. Petersburg Branch of V. A. Steklov Mathematical
Institute, Russia)

We deal with the dynamical inverse problem for the Maxwell system with
smooth scalar coefficients €, u > 0. The system considered in a bounded domain
Q C R® with smooth boundary has the form

et =¢e ‘curlh, hy=—p ‘curle in Q x (0,7)
6|t:0 = 0, h|t:0 =0 in Q
eg = f in 09 x [0,

where (-)g is a tangent component of a vector at the boundary, e = e (z,t) and
h=h' (z,t) are the electric and magnetic components of the solution. With the
system one associates the response operator

R": f= hf'BQx(O,T)~
29



Let ¢ = (ep)~'/? be the velocity of electromagnetic waves. The time-optimal
setup of the inverse problem is: given {RQT, ¢ |ag, % |aa} to recover € and p in
the subdomain QF, where

0° = {x € Q|distc (x,00) < s}, s>0

(dist. is a distance in the optical metric: ds®> = ¢™2|dz|?).

In [1], by the use of the boundary control method, the uniqueness of de-
termination of ¢ |or was established for such T, that Q7 is covered by regular
semigeodesic coordinates (hence, T' is small enough). It means uniqueness of the
product su. Here we show that one can uniquely determine separately € and p
in case of arbitrary T > 0, providing that Q7 endowed with optical metric satis-
fies some geometrical condition. The latter concerns possible singularities of the
boundary of Q°. In order to formulate it we introduce a separation set (cut locus)
w C  as a closure of points in  which have more than one nearest point in
09Q. Note that mesw = 0. Our condition reads as follows: for a. a. s € (0,T)
and specifically for s = T the set 2° is a domain with Lipschitz boundary and
99° Nw has zero surface measure on J2°. We suppose that this condition is not
too constraining and it is surely satisfied in the situation considered in [1].
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The inverse problem for the plasma equilibrium in a tokamak
Demidov A. S. (Moscow State University, Russia)

The control over thermonuclear fusion reactions (including suppression of
instabilities of the plasma discharge) depends essentially on how well the informa-
tion about the distribution of electric current in the plasma. Unfortunately it is
very difficult to obtain this information even within the framework of the one-fluid
magnetohydrodynamic model described by the Grad—Shafranov equation. In this
case the required current distribution is given by the mapping

Jurw s (@,y) = f(ulz,y), (1)

where required functions u € C*(w) and f are as follows:

2 2
8?5233527?!)_’_673?2’3/):f(u(a:,y))zo inw, and u=0 on~y=0w, (2)

@(P) — ®(P)|< Asup

- s <I>(P)’ . (3)

sup
Pey

Here v = Ow is the boundary of the domain w, which is a cross-section plasma

discharge, v is the unit normal to the curve 7, and A > 0 is small parameter.

The function ® is known only approximately. It is determined by measuring of

the magnetic field component Vu outside the plasma (at the tokamak chamber)
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with a precision obviously non-zero. Thus, the condition A > 0 (in contrast to the
condition A = 0) reflects the physical reality.

Pustovitov [1] was the first who clearly drew attention to possible incon-
sistency between a solution of the Grad—Shafranov equation obtained in some
way or other and the required current distribution. The crux of the question
raised by Pustovitov is whether there are at least two “essentially different” map-
pings (1) which obey to (2)—(3). Note that if A\ = 0, then (as shown in [2]) the
problem (2)—(3) has at most one distribution (1) within the class of affine func-
tions f : u+— f(u) = au+0b for a rather broad class of simply connected domains w
that are not disks. But (see [3]) for any arbitrarily small A > 0, the problem (2)—
(3) has an infinite number distributions f] : (z,y) — fi(z,y) = aju;(z,y) + b,
which pairwise essentially different in the sense that

j j i J i odef ;
It = ILf2 W= 05 max LAt 1201y where |Ifall = max [fa(e,y)]-

T @y

(4)
However all these essentially different (in the sense of the condition (4)) distribu-
tions are necessarily [3] members of a sequence that converges to the d-function
supported on «. Therefore, these distributions are not essentially different from
the standpoint of physics. Two distributions fl and f2 are essentially different
(and certainly from a physical point of view) if satisfy not only condition (4) but
also are such as follows:

(Z,9) € absmax fr = (Z,9) € absmin 2. (5)

3

Two such essentially different distributions f, (for f(u) = > amu™) were found
m=0

in [4].
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Asymptotic Analysis of Boundary Value Problem in Domain with
Random Multilevel Oscillating Boundary
De Maio U. (University of Naples, Italy)

Boundary-value problems in domains with singularly perturbed boundary
are models for problems in biology and in industrial applications. Microinho-
mogeneous rough boundaries influence macro behavior of the whole object. An
asymptotic analysis of boundary value problems in such domains gives the possi-
bility to replace the original problem by the corresponding limit problem defined
in a ”simpler” domain.

In this talk we present a result on the rate of convergence of solutions of elliptic
problem in a singularly perturbed domain with multilevel oscillating boundary.
This domain consists of the body, a large number of thin periodically situated
cylinders joining to the body through thin random transmission zone with rapidly
oscillating boundary. The combination of the two effects, oscillation of the exterior
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boundary and the randomness of its geometry, appears naturally in applications
but leads to additional mathematical difficulties. Here we consider a domain
with random multilevel oscillating boundary, the first level is random and has the
height ¢; the second one is of the height e*, 0 < a < 1 and is periodic. Here ¢ is a
small parameter, which also characterizes the distance between neighboring thin
domains and their thickness. Assuming the non-homogeneous Fourier boundary
conditions with perturbed coefficients to be set on the boundaries of the thin cylin-
ders and on the boundary of the oscillating layer, we prove the homogenization
theorems and estimate the rate of convergence. It is shown that there are two
qualitatively different cases in the asymptotic behavior of the solutions. These
results have been obtained in a joint work with G. A. Chechkin, C. D’Apice and
A. L. Piatnitski.

Optimal synthesis in the Reeds and Shepp problem
Dmitruk A. V. (Lomonosov Moscow State University)
Samylovskiy I. A. (Lomonosov Moscow State University)

Consider the following time-optimal control problem [1] for a car in the plane
moving back and forth with bounded linear and angular velocities:

& = usingp, z(to) =0, z(T) =z,
y=wucosp,  y(to) =0,  y(T)=uyr,
=, (to) =0, p(T) is free,

lu| <1, lv| <1, J=T — min.

(1)

Here ¢ is the angle between velocity (&,y) and the ordinate axis. Analysis of
the Pontryagin Maximum principle gives all the types of trajectories satisfying
necessary optimality conditions. We show that some of them are not globally
optimal, and then construct the optimal synthesis. Since the problem is obviously
symmetric both in  and in y, we can assume that the terminal position of the car
lies in the first (nonnegative) quadrant Ri . Define two auxiliary discs:  Sright =
{(zx —1)> +y* <1}, and Spiy = {(z + 1)> +y* < 5}, and the following subsets
in R3.:
71 = Ri_ N Sbig N (int Sm‘ght),
Zo = (Ri N Sig) \ (int Sright),
Zs = (R \ Swig) N{y > 1},
Zy = (R \ Shig) N{y < 1}.

(2)

We use the following notation for functions of t: f = (ci, c2, ..., ¢n) means that
f(t) is a piecewise constant (vector-)function taking the corresponding values on
successive intervals (to,t1), (t1,t2), ..., (fn—1,tn) with t, =T

The form of optimal synthesis is given by the following

THEOREM 1. If (z7,yr) € Z1 and yr > 0, then the optimal trajectory has one
switching point with w = (—1,1), v = 1. If yr = 0, there are two time-optimal
trajectories: uw = (1,—1), v = -1 and u = (—1,1), v = 1 that give the same
value of the cost.
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If (xr,yr) € ZoUZs, x7 #0, and (x7 — 1)® + y% > 1, then the optimal
trajectory has u = 1, v = (1,0). Ifxr =0 thenu =1, v = 0. If (xzr — 1)* +
y: =1, thenu=1, v=1.

If (xr,yr) € Zs and yr > 0, the optimal trajectory has
(u,v) = ((-1,1), (1,1), (1,0)) with two switching points. If yr = 0, there
are two time-optimal trajectories: (u,v) = ((1,-1), (-1,-1), (=1,0)) and
(u,v) = ((-1,1), (1,1), (1,0)) that give the same value of the cost.

The optimal time continuously depends on (zT, yr)-

REMARK 1. Note that here we consider problem (1) with a free terminal
direction (7). If it is fixed (as in [1]), the construction of optimal synthesis is
expected to be essentially more cumbersome.
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Hydrodynamic equations from Hamiltonian dynamics in phase space
Dostoglou S. (University of Missouri, USA)

We examine how to obtain macroscopic equations from the Hamiltonian dy-
namics in phase space of a particle system when the number of particles becomes
infinite. To avoid Gibbsian ensembles of particle systems we use the Y. L. Klimon-
tovich formalism [2], the work of C. B. Morrey [3], and techniques from [1].

In particular, if the number of particles N — co while the total mass My =
Nmy, total energy Ex = my Y1 ‘pglz, and + My SV |¢i|? stay bounded, the
sequence of measures

1 & 1 &
N Z bq N Z 6(!11',171') (1)
1 1

converge weakly, up to subsequence, to measures p and p respectively. The macro-
scopic velocity u, defined as the barycentric projection of p (see [1]), is the rigorous
analogue of the Maxwell-Boltzmann [ pf(q,p) dp.

Hydrodynamic equations result from Hamilton’s equations as N — oco. The
resemblance of these equations to Euler/Navier—Stokes/Reynolds equations de-
pends on the second correlations of (1).
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Hydrodynamical limit for lattice systems
Dudnikova T. V. (Elektrostal Polytechnical Institute, Russia)

The present work concerns the mathematical problems of foundations of sta-
tistical physics and continues the work [3] devoted to the derivation of the limiting
“hydrodynamic” equations from the Hamilton dynamics. As the model we study
the harmonic crystals in Z%, d > 1. In the harmonic approximation, the crystal
is characterized by the displacements u(z,t) € R", z € Z¢, of the crystal atoms
from their equilibrium positions. The field u(z,t) is governed by a discrete wave
equation. The initial data are supposed to be random function. For such model
the long-time convergence of the distributions of the random solution u(-,t) to an
equilibrium measure was proved in [2].

To derive the hydrodynamic equations we introduce a small scale parameter
e > 0 and a family of the initial measures {ug,e > 0}. We assume that the
measures ug are locally homogeneous for space translations of order much less than
1/e and nonhomogeneous for translations of order 1/e. Moreover, the covariance
of u§ decreases with distance uniformly in e. Given nonzero 7 € R and r € R,
we study the distributions 7 .« ,.,. of the random solution u(z,t) at the lattice
points close to the point [r/c] € Z% and in the time moments 7/¢* with an &,
k > 0. In the case £ < 1, we prove that the measures y? /.« ,.,. converge to a limit
measure as € — 0, which is Gaussian and its covariance matrix does not depend
on 7. For k = 1, we prove the weak convergence of u; . . . to a limit Gaussian
measure as € — 0 (see [3]). Moreover, the Fourier transform of the covariance
matrix of the limit measure evolves according to the following equation:

a‘rf‘r,'r(e) = ZC(G)VQ(Q) . vrfr,r(@), re Rd, T > O, (1)
0 Q71(6) 9 ) . )
where C(0) = —Q(0) 0 , 0 € T% and, roughly, ©2(0) is the dispersion

relation of the harmonic crystal. Equation (1) can be considered as the analog of
the Euler equation for our model.

The main result is the derivation of the equation for the “next correction” to
the limiting equation (1). We study the asymptotics (as e — 0) of the distributions
of the solution u(-,t) on a longer time scale t = 7/ instead of 7/c. It allows us
to derive the following (Navier—Stokes type) equation:

0.12.4(0) =1C(0) (VO0) - V.12, (0) + Fulv*00) - VI 0]) . ()

where r € RY 7 > 0. In the case d = 1, equations (1) and (2) were derived
by Dobrushin and others, [1]. The similar results are obtained also for lattice
dynamics in the half-space Z%, [4].

This work was partially supported by RFBR grant 09-01-00288.
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Homogenization of an optimal control problem involving a thick
multi-level junction with alternate type of controls
Durante T. (Department of Electronic and Informatics Engineering, University
of Salerno, Italy)

There are two different approaches to homogenize optimal control problems.
One consists in the passage to the limit in the corresponding adjoint problem and
then recover an optimal control problem which is called the homogenized control
problem to the initial one (see e.g. [1]). The other one (so-called direct method)
is based on the theory of I'-convergence (see [2]) and is more expedient since it
keeps convergence of the optimal solutions of the initial problem to the similar
characteristics of the corresponding homogenized optimal control problem. The
main difficulty of the second approach consists in the mathematical description of
the homogenized optimal control problem and in the identification of the effective
set of its cost functional. This approach was improved by Z. Denkowski and
S. Mortola in [3] using the Kuratovski convergence of solution sets and applying
the Buttazzo—-Dal Maso abstract scheme [2].

The main assumption in the scheme proposed by Z. Denkowski and S. Mor-
tola is G-convergence of the sequence operators, which describe the sequence of
perturbed boundary value problems in concrete case. Therefore,

1°. the crucial point and the first step in the homogenization of an opti-
mal control problem involving perturbed domains is the proof of the
convergence theorem for the state.

2°. On the second step, with the help of the convergence theorem we get
Kuratowskii convergence of solution sets which is equivalent to the I'-
convergence of the corresponding indicator functions.

3°. Then we deduce the I'-convergence of cost functionals.

4°. Finally, applying the Buttazzo-Dal Maso abstract scheme, we obtain
results for the asymptotic behavior of the optimal solutions, thereby we
correctly define the limit optimal control problem, and results for the
convergence of minimal values, thereby we prove the stability result of
this direct method.

In my talk I will present our new results obtained jointly with Prof. Mel’'nyk
(see [4]) about the homogenization of an optimal control problem. The optimal
control problem whose state equation and the cost functional are defined in a
plane thick two-level junction, which is the union of some domain and a large
number 2N of thin rods with variable thickness of order ¢ = O (N_l) . The thin
rods are divided into two levels depending on the geometrical characteristics and
on the controls given on their bases. In addition, the thin rods from each level
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are e-periodically alternated and the following inhomogeneous perturbed Fourier
boundary conditions dyue () +ekiue (z) = e’ ge(x), i = 1,2 are given on the lateral
sides on the rods from the corresponding level. We study the asymptotic behavior
of this optimal control problem as € — 0.
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Necessary and sufficient conditions for existence of an isolated
solution of a nonlinear two-point boundary value problem for systems
of the integral-differential equations
Dzhumabaev D. S. (Institute of Mathematics, Kazakhstan)

Bakirova E. A. (Institute of Mathematics, Kazakhstan)

The nonlinear two-point boundary value problem for systems of integral-
differential equations is considered

T
CC% = fo(t, ) —&—/0 filt,s,z(s))ds, ze€R", te€l0,T], g(z(0),z(T)) =0,
(1)

where fo: [0,7] x R — R", f1:[0,7] x [0,T] x R" — R" are continuously.

The problem (1) is investigated by a method of parametrization [1, 2]. Di-
viding the interval [0, 7] uniformly into N parts and introducing additional pa-
rameters as values of a solution in partition points, the problem (1) is reduced
to equivalent multipoint boundary problem with parameters. The algorithm for
finding of a solution to the problem with parameters is offered. Each step of
the algorithm consists two points. In the first point of the algorithm a system
of nonlinear equations with respect to introduced parameters is solved. In the
second point at the finding values of parametres the special Cauchy problem for
the nonlinear integro-differential equations is solved.

In the paper it is reduced sufficient conditions of algorithms convergence,
ensuring existence of an isolated solution to nonlinear boundary value problem
for systems of the integral-differential equations (1).

DEFINITION 1. A solution z*(¢) to problem (1) is said to be isolated if there
exists a number pg > 0 such that the functions fo(t, x), f1(¢, s, z) and g(v, w) have
the uniformly continuous derivatives f{,(t,x), fiz(t,s, ), gi(v,w), gi,(v,w) in

Go(po) = {(t,z) : t € [0, T, ||z — z"(t)]| < po},
Gl(po) = {(t737x) ite [OaTL s € [07T]’ HI - JS*(S)H < P},
Ga(po, po) = {(v,w) € R*™ : v — 2™ (0)]| < po, |lw—=z"(T)|| < po}
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respectively, and the linear homogeneous two-point boundary value problem

% _ wy—i_/f Wms)ds’ te[0,7],

9o(27(0),z™(T))y(0) + gu (" (0), 2™ (1))y(T) =0,
has only the trivial solution y(t) = 0.

The necessary and sufficient conditions are established for the existence of an
isolated solution to problem (1).
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Integrability of a planar system of ODEs near a degenerate stationary
point
Edneral V. F. Sr. (Lomonosov Moscow State University, Russia)
Romanovski V. G. (University of Maribor, Slovenia)

We consider the system of equations:

&=y b2y + (a0 2® + a1 2%y?) + (a2’ y + az zy®), 1
y=ca®y® +2° + (boz'y + brzy®) + (b22® + bsz® y° + bay"). @
Systems with a nilpotent matrix of the linear part were thoroughly studied by
Lyapunov et. al. In the system (1), there is no linear part, and the first approxi-
mation is not homogeneous. This is the simplest case of a planar system without
linear part and with Newton’s open polygon consisting of a single edge. In general
case such problems have not been studied.
System (1) has a quasi-homogeneous initial approximation:

i=—y>—baty, y=ca®y®+a° (2)

THEOREM 1. In the case D (3b+2¢c)? — 24 # 0, the system (2) is locally
def

integrable if and only if the number @ = (3b— 2¢)/v/D is rational.

If @ = 0 then the approximation (2) is Hamiltonian one. The Hamiltonian
case of the full system (1) with the additional assumption that the Hamiltonian
function is expandable into the product of only square-free factors was studied in
[1]. We will investigate the non Hamiltonian case @ = £1 and a2 = az = by =
b3 = 0, i. e. we study the system:
de/dt = —y® —ba’y+aox’ + a1 2%y,  dy/dt = (1/b) 2’y +x° +bo &y + b1 x 3/,

(3)
with arbitrary complex parameters a;,b; and b # 0. Note that the limitation
D # 0 of Theorem 1 leads in this case to the limitation b* # 2/3 also.

In [2] the complete set of necessary conditions on parameters of the system

for which (3) is locally integrable near the degenerate stationary point z =y =0
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has been found. It consists of the following four two-dimensional subsets in the
parameter space:
ag = 0, ay = 71)0 b, bl = 0,
b1 = —2@1, apg = a1b, b() = blb,
4
b1 = 30,1/2, apg = CL1b7 bo = b1b, ( )
b1 = 86L1/37 apg = alb, b() = blb

In [3] it was proved that all conditions (4) are also sufficient conditions for
global integrability of the system (3). For each subset above the first integrals
were evaluated by the Darboux method in an explicit form as functions of system
parameters. So (4) is a full set of necessary and sufficient conditions of the global
integrability of the system (3) except of two hyperplanes b = 2/3 where additional
subsets of integrability can be.

The talk is based on the joint paper with A. D. Bruno.
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Decay of solutions to an initial-boundary value problem posed on a
half-line for damped Korteweg—de Vries equation
Faminskii A. V. (Peoples’ Friendship University of Russia, Moscow, Russia)

We consider an initial-boundary value problem posed on the half-line Ry for
damped Korteweg—de Vries equation
Ut + Ugze + Ule + a(x)u =0
under initial and boundary conditions
u(0,2) = uo(z), x>0, u(t,0) =0, t>0.

The damping term a(z) is positive, lies in the space Wk (R;) and satisfies the
following inequalities: for certain positive constants M and co

la'(z)| < Ma(x) a.e. inRy, a(z) > 13_7035 Va > 0.

The initial function is such that uo € H*(Ry), (1 + x)?uo € La(R4) for certain
B > 3/4 and is assumed to be small in Lo(R4).
It is proved that a mild solution to this problem decays in time, that is

tl}inoo lut )L, @y = 0.

In the previous results (see [1], [2]) the damping term was assumed to be
strictly positive at +oo.
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On solvability of the Dirichlet problem of m-Hessian equation
Filimonenkova N. V. (Saint-Petersburg State University of Architecture and
Civil Engineering, Russia)

In modern theory of fully nonlinear differential equations m-Hessian equations
are little-studied and present great possibilities for research. The key element in
this area is m-Hessian operator

Folu] = (trmum)% , ue€ CQ(Q), QCR", 1<m<n,

where 7, Uz, is the sum of all principle minors of the Hessian matrix wy,. The
subject of our investigation is the Dirichlet problem for a fully nonlinear second
order equation

Frlul = f, uloa = . (1)

The case m = 1 corresponds to the Poisson equation, with m = n we have
the Monge-Ampére equation, both are thoroughly studied. Our investigation
deals with the full range of equations “between” the former and the latter. The
operator Fy, is not totally elliptic in C?(Q) but only in the subset of so-called
m-admissible functions. Also 9€ is required to be strictly (m — 1)-convex surface.
The theory of solvability of (1) uses interesting algebraic facts from L. Garding’s
little known paper of 1959. Equations (1) were considered in the papers of 1980s
by N. M. Ivochkina, L. Nirenberg, L. Kaffarelly, J. Spruck with f € C*(Q), f > 0.
In 1997 N. Trudinger introduced a notion of approximate solution of m-Hessian
equation with f € LP(Q),f > 0. New results in this area have recently been
obtained. The goal of our talk at the Conference is to deliver the analysis of the
smoothness of solution to m-Hessian equation in dependence on regularity of f.
For example the following theorems are true:

THEOREM 1. Assume that 092 is strictly (m — 1)-convez surface, ¢ and 9
are sufficiently smooth, f is convex, f > v >0 in Q. If f. € L=(0) then there
exists m-admissible solution u € C’2+a/(ﬁ) of (1) with some a’,0 < o/ < 1. If
f e Ct(Q),0 < a < 1, then there exists m-admissible solution u € C3T*(Q)

of (1).

THEOREM 2. Assume that dQ € C'*% is strictly (m — 1)-convex surface,
e CHON), feC ), f>r>0inQ, 1 >4, 0<a< 1. Then there
exists m-admissible solution u € C'T*(Q) of (1).

The work is supported by the Russian Foundation for Basic Research (grant
No. 09-01-00729) and the grant of “Nauchnye Shkoly” (grant No. NSh-
227.2008.1).
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Asymptotic behavior of the first eigenvalue of the Robin problem
Filinovskiy A. V. (N. E. Bauman Moscow State Technical University, Russia)

We consider the eigenvalue problem with the Robin boundary condition

Au+Aiu = 0 inQ, (1)

Qu
ED au .

for a bounded domain 2 C R™ with the smooth boundary I', where v is the outer
unit normal vector to I". It follows from the variational principle that the first
eigenvalue A1 («) of problem (1), (2) increases monotonically with respect to o and
satisfies the inequality A1 < /\§d’, where /\5‘” is the first eigenvalue of the Dirichlet
problem for the operator —A in Q.

We are interested in the asymptotic behavior of A\i(a) as @ — +oco. In
monograph [1] (see Ch. 6, § 2), it was noticed that agr}rloo A= A(ld>. For n = 2,

0, a>0, (2)

the following estimates were obtained in paper [2]:
@\ -1
A@ (142 §A1§A§d><1+47“> . a>0,
aq1 a|T|n-1

where |- i is the k-dimensional measure and ¢; is the first eigenvalue of the Steklov
problem

A%y
ulp = 0, (Au—q@)

THEOREM 1. Let n > 2, then

I
o
=
2

v \2
2 d
)\1(04):)\560_ Jr (50) " ds

al+o (ofl) ,  a— +oo,

Jo v?dx
where v s the first eigenfunction of the Dirichlet problem
Av + )\gd>v = 0 inQ,
vlp = 0.

This research was supported by RFBR grant no. 11-01-00989 and DSP grant
no. 2.1.1/7161.
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Polynomials of almost-normal arguments in C*-algebras
Filonov N.
Kachkovskiy 1.

Let a be a normal element of a unital C*-algebra .A. The notion of continuous
function f(a) of this element is well known. More precisely, there exists a unique
40



C*-algebra homomorphism
Clo(a)) = A, [ f(a)

from the algebra of continuous functions on the spectrum o(a) to A such that the
function f(z) = z maps to a, o(f(a)) = f(o(a)), and ||f(a)|| = max.cq(q) |f(2)]-
This calculus is widely used in solving various problems in Analysis. We suggest
an analog of the functional calculus for non-normal elements. We restrict the
considered class of functions to the polynomials (in z and Z). Assume that a
is close to a normal element in the sense that the norm of its self-commutator
llla,a*]|] = ¢ is small. We show that many properties of the functional calculus
hold up to an error of order 4.

On global existence and blow-up for nonlinear hyperbolic systems
Galakhov E. 1. (Peoples’ Friendship University of Russia)

We consider the Cauchy problem for a nonlinear wave equation with a po-
tential
ue — Au — V(z)u = |ul? (1)
or for a nonlinear hyperbolic system

ue — Au— Vi(z)u = [v|?  (z,t) € RY x R, @)
vie — Av — Va(z)v = |ul?  (z,t) € RY x Ry

with compactly supported initial data.

In the case of subcritical (p,q) and/or zero potential, these problems were
treated by many authors, particularly in [1] and [2]. Combining the techniques
of these papers with the method of nonlinear capacity (see [3]), we establish
necessary and sufficient conditions for global solvability of problems (1) and (2)
under appropriate assumptions on the potential V' (resp. Vi, V2), including the
subtle case of critical values of (p, q).

The research was supported by RFBR grants 08-01-00441, 09-01-12157, grant
of the President of Russia HITI-3810.2008.1, and by the Russian Ministry of Ed-
ucation and Science (project 2.1.1/5328).
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Large-scale oceanic motions
Gallagher 1. (Inst. Math. Jussieu, France)

In this talk we shall review some recent works of the author with C. Cheverry,
T. Paul, and L. Saint-Raymond. Those works concern shallow water flows, subject
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to strong wind forcing and linearized around a stationary profile w. The system
reads (writing n and u for the height and velocity fluctuations)

Btn+§V«u+ﬂ-V17+62V~(nu):0,

1 1
atu+S—vaf+gvn+a-Vu+u-Vﬂ+s2u-Vu:0,

where b stands for the (adimensionalized) rotation of the earth and where ¢ is a

small parameter (of the order of Fr?, where Fr is the Froude number, and of Ro?
where Ro is the Rossby number). We prove in a rather general framework that
the system may be diagonalized using an abstract semi-classical approach, which
allows to identify Rossby and Poincaré waves. The Poincaré waves are shown to
disperse by use of Mourre estimates — a more explicit, spectral approach is also
proposed in a more restrictive setting. Some partial results regarding the trapping
of Rossby waves are obtained; these are made much more precise, by the study
of the underlying dynamical system, under the additional assumption that the
stationary profile is zonal.

The research was supported by the A.N.R. grant ANR-08-BLAN-0301-01
“Mathocéan”, as well as the Institut Universitaire de France.
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Lebesgue Sets of Value Function in Linear Differential Game with
Two Pursuers and One Evader
Ganebny S. A. (Institute of Mathematics and Mechanics UrB RAS, Russia)
Kumkov S. S. (Institute of Mathematics and Mechanics UrB RAS, Russia)
Le Menec S. (EADS / MBDA France, France)
Patsko V. S. (Institute of Mathematics and Mechanics UrB RAS, Russia)

We study a model differential game with two pursuers and one evader. Three
inertial objects moves in the straight line. The dynamics descriptions for pur-
suers P; and P> are

Zp=ap, ap = (w1 —ap)/lp, |wi] <p,
Zp, = ap,, ap, = (uQ - aPQ)/lP27 |u2| < pe.
Here, zp, and zp, are the geometric coordinates of the pursuers, ap, and ap, are
their accelerations generated by the controls u; and wz. The time constants [p,
and lp, define how fast the controls affect the systems.
The dynamics of the evader F is similar:

g = ag, dE:(v—aE)/lE, |’U|§I/.
Let us fix some instants 77 and T». At the instant 7%, some quasiconvex
function ¢ is computed, which depends on the miss of the first pursuer with the
respect to the evader. At the instant 7>, some quasiconvex function @s of the

miss of the second one is computed.
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Assume that the pursuers act in coordination. This means that we can join
them into one player P. This player governs the vector control u = (u1,uz2). The
payoff is the minimum of the functions ¢ and @2:

o= min{@l(\zE(Tl) — zpl,E(T1)|), <,02(|2E(T2) - ZPQ,E(T2)|)}.

At any instant ¢, the players P and F know exact values of all state coordi-
nates zp,, Zp,, ap,, 2Py, 2Py, GPy, 2E, 2E, ag. The player P choosing its feedback
control minimizes the payoff ¢, the player £ maximizes it. So, we have a standard
antagonistic differential game. One needs to construct the value function of this
game and optimal strategies of the players.

Let us describe a practical problem, whose reasonable simplification gives
this model game. Suppose that two pursuing objects attacks the evading one on
collision courses. They can be rockets or aircrafts in the horizontal plane. A
nominal motion of the first pursuer is chosen such that at the instant 77 the exact
capture occurs. In the same way, a nominal motion of the second pursuer is chosen
(the capture is at the instant 7). But indeed, the real positions of the objects
differ from the nominal ones. Moreover, the evader using its control can change its
trajectory in comparison with the nominal one (but not principally, without sharp
turns). Correcting coordinated efforts of the pursuers are computed during the
process by the feedback method to minimize the result payoff, which is computed
on the basis of absolute values of deviations at the instants 77 and 7% from the
first and second pursuers, respectively, to the evader.

The passage from the original non-linear dynamics to a dynamics, which
is linearized with the respect to the nominal motions, gives the problem under
considerations.

The research was supported by RFBR grant 09-01-00436 and by the Program
“Mathematical control theory” of the Presidium of the RAS (Ural Branch project
09-I1-1-1015).

Effective boundary conditions for Stokes flow over very rough
boundaries
Gaudiello A. (Universita degli Studi di Cassino, Italy)

We study the asymptotic behaviour of the solution of Stokes equations in a
3-dimensional domain with highly oscillating boundary. Let S = (0,11) x (0,12),
S = (a1,b1) x (az,b2), with 0 < a; < b; < l; (1 = 1,2) and let 7. be the eS-periodic
function defined on €S by

. ’ =
ne (ZIZ'/) _ l? lf ZIZ’, S EQS\S),
l3 if ' € €S,
with I3 < I3, 2’ = (21, %2), and ¢ is a small positive parameter. Let
Q. ={z=(2",23) € R*: 2/ €8, b(@) <3< ne(z")}

where b is a smooth function on R?, S-periodic and such that b(z') < I3 for every
z' € R%. We assume that 1/e € N. The domain Q. is bounded at the bottom by
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the smooth wall P = {z = (2/,z3) € R® : 2’ € S, x5 = b(2")} and at the top by
the rough wall R. = 9. \ (PU{(z/,z3) € R3 : 2’/ € 35, b(z’) < x3 < I3}).
The velocity u. and the pressure p. of the fluid satisfy the stationary Stokes

system:
—vAus + Vpe. = f in Qq,
V-u=0 in Q,,
us =0 on PUR.,
(ue, pe) S-periodic (with respect to z'),
Jo- pedr =0,

where f is a smooth function in Q, with Q = {(z/,23) € R® : 2’ € S, b(z) <
z3 <lz},and Q" ={x = (¢',23) € Qe : ' € S, z3 <l3}.
We introduce the system

—vAU:+VP.=f inQ,
V-Us=0 inQ,

1/5'E — Eﬁggg =0 on X%,
Uss =0 on %,
U.=0 on P,
(U, P.) S-periodic (with respect to z'),

fQ, P dxr=0.

Here M is a 2 x 2-matrix with constant coefficients, symmetric and negative
definite, whose definition involves the solution (¥,II) of a Stokes system in an
infinite domain in the x3-direction, and 175 denotes the vector formed by the
first two components of U.. Using asymptotic expansions and boundary layer
correctors we show that the pair (Ue, P-) is an approximate solution in Q7 of the
solution (ue,p:) of order O(*/277) (y > 0 being arbitrary small) in the H' norm
for the velocity, and of order O(g) in the L? norm for the pressure. Moreover, in
the rugose region Q:\Q7, (ue, pe) is approximated by an explicit formula via the
functions (¥, II) and the trace of U. on X.

The talk is based on the joint paper with Y. Amirat, O. Bodart and
U. De Maio.

Blow-up of solutions of nonlocal initial boundary value problem for
diffusion-absorption equation

Gladkov A. L. (Vitebsk State University, Belarus)

We consider the following nonlocal initial boundary value problem:

ur = Au — c(z, t)u? forzxeQ, t>0,
u(z,t) = / k(z,y,t)u'(y,t)dy for z€dQ, t>0, (1)
Q
u(z,0) = uo(z) for z€Q,

where 2 is a bounded domain in R™ for n > 1 with smooth boundary 99, p > 0

and | > 0. Here ¢(z,t) is a nonnegative locally Holder continuous function defined

for z € Q and t > 0 and k(zx,y,t) is a nonnegative continuous function defined
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for x € 9Q, y € Q and t > 0. The initial data uo(z) is a nonnegative continuous
function satisfying the boundary condition at ¢t = 0.

We prove uniqueness of solutions with trivial initial datum for (p +1)/2 <
I < 1, with nonnegative initial data for [ > 1, with positive initial data under
the conditions I < 1, p > 1 as well as positive in Q solutions if max(p,l) < 1,
nonuniqueness of solution with trivial initial datum for ! < min{1, (p + 1)/2}.

We give some criteria for existence of global solutions as well as for blow-up
of solutions in finite time. We point out growth conditions for the coefficient
k(z,y,t) which guarantee blow-up of all nontrivial solutions of (1). In particular,
we prove the following results. Let A; is the first eigenvalue of problem given by

Ap+Ap =0 in Q with ¢plag =0.
Suppose that either

/ k(z,y,t)dy < Aexp(ot), A>0,0 <A (l—1), (2)
Q

for x € 9Q and t > 0, or
c(z,t) < Cexp(yt), C>0,v<(p-—1), (3)
forz € 2, t >0, and
k(z,y,t) > Bexp[Ai(l —1)t], B >0, (4)
for x € 99, y € Q and large values of ¢.

THEOREM 1. Let min(p,l) > 1. If (2) hold then there exist global solutions of
(1) with initial data small enough. If 1 > p, (3) and (4) hold then any nontrivial
solution of (1) blows up in finite time.

The resolvent of elliptic operators with distant perturbations
Golovina A. M. (Bashkir State Pedagogical University, Russia)

We consider the operator

m o° a7 9°
Mo= (0" 3 ghegm T 2 Aigs
B,yezd feezi
[Bl=]v|=m 18]<2m—1
in the space L2(R%) with the domain W3Z™(R?). Here Az, € C™(R%),
Ag € C™H(R?) are matrix-valued functions. We assume that the operator H is
elliptic,

v Z |§B|2 < Re Z (AB7£B7€7)64 ) £5 € Cd7

Bezd Byezd
[Bl=m [Bl=]vI=m

where the constant v is independent of x and £g.
Let £2 be arbitrary bounded operators from W2™(R%) into L2 (R%), ¢; = (r),
n; = m(r) € C*™(R4), i = 1,...,k be nonnegative functions equalling one in a
fixed neighborhood of zero. Functions 7;, ¢; are supposed to satisfy the following
conditions
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1°. There exists a function a € C?™7'[0,+0c0] such that the estimate
lsi(r)| < Ciexp <f a(t) dt), i =1,...,k, holds true, where C; are con-
0

stants.
2°. The function a and all its derivatives of the order up to 2m — 1 are
uniformly bounded in R?, a(t) = 0 as t € [0,to], where to > 0, and the

+oo
identity [ a(t)dt = —oo is valid.
0

3°. The functions n; and all their derivatives of the order up to 2m decay
at infinity.

k
We introduce a perturbed operator as Hx := Ho + > S(—Xi)ciﬁgniS(Xi)
i=1

in Ly(R?Y) with the domain W3™(R?). Here S(X;) is the shift operator:
(S(X)u)(-) := u(- — X;) and X; € R? are discrete parameters tending to in-
finity.

We consider the family of the operators H; := Ho + ¢;LIn; in L2(R%) with
the domains W™ (Rd). We assume that the operators £ are so that operators
‘H; are closed.

The main result is as follows.

THEOREM 1. For sufficiently large X the operator Hx is closed. For any
k
A€ C\ N o(Hi) and sufficiently large X one has
i=1

k

(Hx =N = D S(=X)(Hi = N)7'S(X:) — (k= D)(Ho — XN T+Px) 7",

where

and

HPXHLg(Rd)*)LQ(Rd) —+0, X — +oo.

The work partially supported by REFBR (10-01-00118), by the Grants for the
President of Russia for young scientist-doctors of sciences (MD-453.2010.1) and
Federal Task Program (02.740.110612).

On periodic trajectories in some models of gene networks
Golubyatnikov V. P. (Sobolev institute of mathematics, Russia)

We consider odd-dimensional nonlinear dynamical system of chemical kinetics

in dimensionless form:
dxl
dt

dws
dt

dl‘2k+1
dt

= fa(x1) —x2; ... = fory1(zor) —T2rt1. (1)
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Here f; are positive monotone decreasing functions, and z; > 0. These vari-
ables denote concentrations of substances in gene networks. Usually, in biological
interpretations, the monotone decreasing of these functions simulates negative
feedbacks in gene network, and the monotone increasing of such summands cor-
responds to positive feedbacks.

LEMMA 1. The dynamical system (1) has ezactly one stationary point.

We denote this stationary point by M™ and construct some non-convex poly-
hedral invariant domain P of the system (1). This P is a union of 4k + 2 triangle
prisms. Linearization of the system (1) at M ™ has one negative eigenvalue A1 and
k pairs of complex conjugate eigenvalues A2 3, ... A2k, 2k+1-

THEOREM 1. If linearization of the system (1) at the point M™* has eigenvalues
with positive real parts and does not have imaginary eigenvalues then the invariant
domain P contains at least one cycle of this system.

The stationary points satisfying the conditions of the theorem 1 are called
hyperbolic.

THEOREM 2. If the conditions of the theorem 1 are satisfied and for some
n >0 and for alli, 1 <1i <2k + 1, the inequalities
27 T
- sin
2k +1 2k +1

hold in the invariant domain P then P contains a stable cycle of the system (1).

fi(ziz1) +n|< n-sin si

It is well-known, that any nonlinear dynamical system is topologically equiva-
lent to its linearization in some small neighborhood W of its hyperbolic stationary
point. Consider as an example dynamical system of the type (1) in the symmetric
case fi(u) =a-(14u™)"! foralli =1,2...,11. If n and a are sufficiently large,
then

]Re)\4,5 < 0 < R6A6’7 < Re)\s,g < Reklo, 11,

and hence, the 2-dimensional planes Pio,11, Ps,9 etc. corresponding to Aip,11 and
other eigenvalues with positive real parts, are covered by unwinding trajectories
of this linear dynamical system. Hence, the neighborhood W contains two invari-
ant 2-dimensional manifolds of the system (1), which are covered by unwinding
trajectories of this nonlinear dynamical system. We have seen in numerical ex-
periments, that trajectories of the symmetric system (1) as above with starting
points “near” these two planes Pio,11 and Psg, respectively, have different limit
cycles. So, no uniqueness of cycles can be expected here.

The same approach can be used in considerations of models of gene networks
with more complicated regulations. For example, we have studied the systems
of the type (1) where some of the functions f; are unimodal, such as the Glass—
Mackey function f;(u) = a-u-(1+u™)"*. This corresponds to simple combinations
of negative and positive feedbacks in the gene networks.

The author is indebted to A. A. Akinshin and I. V. Golubyatnikov for assis-
tance.

The research was supported by RFBR grant 09-01-00070.
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On extensions and restrictions of an analytic Cp-semigroup in a
Banach space
Gorbachuk M. L. (Institute of Mathematics of NASU, Ukraine)
Gorbachuk V. I. (Institute of Mathematics of NASU, Ukraine)

Let {etA}t>O be an infinitely differentiable Cp-semigroup with a generating
operator A in a Banach space 8. It is established the existence of a locally
convex space B_ DO B (the embedding B C B_ is dense and continuous) and an

equicontinuous Co-semigroup {U(t)}i>0 in B_ with the following properties:

1°. Ut)B_ C B for all t > 0;

2°. Vo € B : U(t)x = e'u;

3°. Yo € B_,Vt,s > 0:U(t+ s)x = e U(s)z = AU (t)x;

4°. the semigroup {U(t)}+>0 is continuous in the B_-topology, and its gen-

erating operator A is the closure of the operator A.

Denote by %6 the space of entire vectors of the operator A:

By ={zec ) DA"):Va>03c=c(a)>0,YneN|J{0}:|A"z| < ca"n!}

n=1

(D() is the domain of an operator). If the Co-semigroup {etA}t>O generated by

the operator A is bouded analytic, then the following assertions hold:
1°. By = ) R(e"*) (R(-) denotes the range of an operator);
t>0
2°. B, =B (the closure is taken i the B-topology);

3°. the operator valued function

>k gk
eXp(zA):ZZk' , z€C,

is entire in the space B and forms an equicontinuous Co-group there;
4°. for any x € B4,

ez , t>0,
exp(tA)m - { (67tA)71$ , i< 0’

that is, {exp(tA)}i>0 is the restriction of the semigroup {etA}t>0 to the

space B .

The results mentioned above are applied to the description of all weak solu-
tions on (0, o) of parabolic and elliptic equations in a Banach space and the inves-
tigation of their boundary values at 0. It is solved also the problem of smoothness
increase inside the interval (0, c0) of weak solutions and the problem of extension
of such solutions to the whole axis (—o0, 00).
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A relative version of the Titchmarsh convolution theorem
Gorin E. A. (Moscow Pedagogical State University, Russia)
Treschev D. V. (Steklov Institute of Mathematics, Russia)

We consider the algebra C, = Cu(R) of all uniformly continuous complex
functions on R with pointwise operations and sup-norm. Let I C C, be a trans-
lation invariant closed ideal. A typical example is the ideal of functions vanishing
at +oo (or —oo).

Consider a function f € C, with the Fourier transform fsupported on some
left half-axis. A point = on the Fourier dual real line is called I-regular (for f) if
in a neighborhood of x the distribution f coincides with Fourier transform of a
function from I. The complement to the set of I-regular points is called a relative
harmonic support of f. The right end of the relative harmonic support is called
the relative harmonic abscissa ahy(f).

The classical Titchmarsh convolution theorem is equivalent to the equation

ahy(f1f2) = ah;(f1) + ahr(f2)

for I = {0}. It is more or less obvious that ah;(fif2) < ah;(fi) + ahr(f2) for
any I. However in general it is not possible to replace < by = in this relation.
We show that the Titchmarsh convolution theorem remains valid provided I is a
maximal invariant ideal. Moreover, in a weak form (fi = f2) the theorem holds
for any I.

The main motivation for us were applications of this result in the problem of
final dynamics of infinite-dimensional Hamiltonian systems.

A detailed text is presented in “Functional Analysis and its applications”.

Stabilization of 2-D Navier—Stokes system in exterior of a bounded
domain by means of boundary control
Gorshkov A. V. (Moscow State University, Russia)

Let B C R? be a bounded simply connected domain with C'*°-smooth bound-
ary. In the domain Q = R?\B we consider exterior Dirichlet problem for 2-d
Navier—Stokes equation

Ow(t,z) — Av + (v, V)v = Vp,
divo(t,z) =0, (1)
with initial and boundary conditions
v(0,z) =0’ (z), € Q (2)
o(t,x') = u(t,z'), =’ € 9N

Here z = (z1,22), v(t,z) = (v1,v2) € Q is the velocity field, Vp — pressure
gradient, and u(t,z’) — is an unknown control function.
Consider Lamb—Oseen vortex which will be target object of stabilization:

L 1|2

i(t,x) = %E’W(l —e ) (3)
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The problem is for given k > 0 to find such (¢, z’) that the solution (u, Vp)
of the problem (1)-(2) for some ¢ > 0 satisfies

lo(t, ) =0, L, < %. (4)

Stabilizability of Navier—Stokes system when the solution goes to given sta-
tionary solution in bounded domain was investigated in paper of A. V. Fursikov
[1]. But in current paper we consider stabilizability to one kind of nonstationary
solutions in unbounded domain. We use method of invariant manifolds developed
by Th. Gallay and C. E. Wayne [2].

We will use the following spaces

La(€, ™) = { £l £l yqqrenter) < 50}, @ >0,
Vo(Q) = {U(t, z) = (vi,v2) € (Loo (O,oo;qu(Q)))z, div v(t,x) = 0},
V2(Q) = (@) = (09, 09) € (Lq(Q))Z, rotv” € La(Q, 1), div o’ (z) = 0},

where ¢ > 2. For control function v we will use Besov space B,. The main result
is the following

THEOREM 1. Let 9(¢,z) be Lamb—Oseen vortez, defined by (3). Then for some
e > 0 and any initial data v° € V,)(Q) such that ||rot(v°(-) — 9(0, Mry@,ealzly <€
there exist such control u € (Loo(Ry; B;_l/q(aﬂ)))2 that the solution of (1)—(2)
(v, Vp) € V4(2) x Lq(2) satisfies (4).
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Energy functions for Morse—Smale diffeomorphisms on 3-manifolds
Grines V. Z. (Nizhny Novgorod State University, Russia)

We give exposition of results obtained in collaboration with F. Laudenbach
and O. Pochinka in [1], [2], [3].

Let M be a closed 3-manifold and f : M — M be a Morse-Smale diffeomor-
phism, that is: its nonwandering set is finite and coincides with the set Pery of
hyperbolic periodic points; the stable and unstable manifolds of periodic points
have transverse intersections. A function ¢ : M — R is said to be a Lyapunov
function for f if:

1°. ¢o(f(®)) < @(x) for every z & Pery;
2°. o(f(z)) = () for every & € Pery.

It is easy to construct smooth Lyapunov functions for f. The periodic points
of f must be critical points of ¢ but in general a Lyapunov function may have
critical points which are not periodic points of f. So we say that a Lyapunov
function ¢ is an energy function for a Morse—-Smale diffeomorphism f if the set
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of critical points of ¢ coincides with Pery. D. Pixton was the first to prove that
there is a Morse-Smale diffeomorphism on S* which has no an energy function.

We introduce a notion of dynamically ordered energy function and find con-
ditions to the existence of one for a Morse-Smale diffeomorphisms f on M. We
show that the existence of such an energy function depends on how attractors
consisting of the union of one-dimensional unstable manifolds of saddles and sinks
are embed into the ambient manifold.

The research was supported by RFBR grant 11-01-00730 and grant of gov-
ernment of Russian Federation 11.G34.31.0039.
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On classification of Morse—Smale diffeomorphisms with trivially
embedded frames of separatices
Gurevich E. Ya. (Nizhny Novgorod State University, Russia)

This report is devoted to an exposition of results obtained by the author in
collaboration with V. Z. Grines, V. S. Medvedev and O. V. Pochinka.

We consider a class G(S®) of Morse-Smale diffeomorphisms on 3-dimensional
sphere S® such that any f € G(S®) satisfies to conditions below:

1°. non-wandering set Q(f) consists of fixed points;

2°. unstable manifolds W* (o) of any saddle point o € Q(f) has dimension
2

3°. W?(os) NW?*(o;) = 0 for any different saddle points o3, 05 € Q(f).

We associate with each diffeomorphism f € G(S®) a graph T'(f) similar to
scheme of A. A. Andronov, E. A. Leontovich, A. G. Mayer and M. Peixoto graph.

It follows from [1] that the graph is a complete topological invariant for
G(S?). Thus from this point of view Morse-Smale diffeomorphisms on S? are
like flows. However in the case n = 3 there are countable set of non-conjugated
diffeomorphisms from G(S*) whose graphs are isomorphic. First examples of such
diffeomorphisms given by D. Pixton, V. Z. Grines and C. Bonatti was connected
with possibility of wild embedding of separatices and leaded to finding of new
topological invariants (see [2]).

In the case of n > 3 the separatrices of diffeomotphisms from G(S™) are
cannot be wildly embedded and, according to [3], [4], the graph defines the dif-
feomorphism up to topological conjugacy.

We present a surprising construction giving countable set of non-conjugated
diffeomorphisms from G(S®) whose graphs are isomorphic and all frames of sep-
aratrices are tame. Then we define a condition of trivially embedded frames of
separatrices and prove that this condition is sufficient for graph of diffeomorphisms
from G(S®) to be the complete invariant.
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The research was supported by RFBR grant 11-01-00730 and grant of gov-
ernment of Russian Federation 11.G34.31.0039.
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Random Iterative Algorithm in IFS with condensation
Gutu V. (Moldova State University, Republic of Moldova)

The term fractal usually is associated with the attractor of a hyperbolic
Iterated Function System (IFS). The construction of such fractals may be realized
using the Random Iterative Algorithm, proposed by M. Barnsley [1]. Applying
this algorithm one can simulate on the computer a generic random orbit of a
hyperbolic IFS with probabilities, which is dense on the attractor. This result
justifies many Chaos games.

M. Barnsley [1] introduced also the notion of IFS with condensation. Apply-
ing Shadowing theory we show that the Random Iterative Algorithm may be used
also to construct the attractors for such IFS. This allows to extend the idea of
Chaos game for the construction of others fractals, such as the Pythagoras tree.

Let X denote a complete metric space, and let Pep(X) denote the space of
nonempty compact subsets of X, endowed with the Hausdorff-Pompeiu metrics
H.

Consider a (weakly) hyperbolic IFS with condensation {X; fo, f1,..., fm},
consisting of (weak) contractions f; : X — X (i = 1,m) [2] and a constant multi-
function (called as condensation) fo : X — Pep(X), fo(x) = K for any x € X
and some K € Pcp(X) (called as condensation set). Denote by F, its Nadler—

Hutchinson operator Fy : Pep(X) — Pep(X), defined by F,(C) = |J f;[C], where
3=0

filC] = LEJij(x% C € Pep(X).

A nonempty compact subset A C X is called an attractor for an IFS, if

F.(A) D A, and there is a closed neighborhood V of A such that (| F(V) C A,
n>0
where F, is the respective Nadler—-Hutchinson operator. N

In [2, 3] it is shown that a compact nonempty subset A C X is an attractor
for a weakly hyperbolic IFS with condensation if and only if A is a (necessarily
unique) fixed point of the respective Nadler—-Hutchinson operator.

We associate with every weakly hyperbolic IFS with condensation
{X; fo, f1,..., fm} and every tuple of positive numbers (po,p1,...,pm) with
po+pi+ -+ pm = 1, a random dynamical system zp41 = fe, (zn), where
& are independent random variables with values in {0,1,2,...,m}, and which
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are governed by the same law P(&, = j) = p;. Let O(x0) = (zn)nen denote a
random orbit of the initial point x¢ in this dynamical system.

THEOREM 1. Let {X; fo, f1,--., fm} be a weakly hyperbolic IFS with con-
densation and let A stand for its unique attractor. Then for any random orbit
O(x0) = (Tn)nen with probability one we have H(X,, A) — 0, as n — +00, where
Xn = cls{a:n,xn+1, .. }

This idea may be extended also to relations with eventual condensation [3].

We show that the construction of the attractor of a hyperbolic IFS with
condensation sometimes (e.g., when the condensation set is a segment) may be
reduced to the construction of the attractor of an adequate hyperbolic IFS. We
don’t know if it is possible to do the same in general case.

The work is partially supported by HCSTD ASM grant 06411.411.029F.
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Semiclassical spectral asymptotics for a two-dimensional magnetic
Schroédinger operator
Helffer B. (University Paris-Sud, France)
Kordyukov Y. A. (Institute of Mathematics, Russian Academy of Sciences, Ufa,
Russia)

Let M be a two-dimensional compact oriented manifold (possibly with bound-
ary). Let g be a Riemannian metric and B a real-valued closed 2-form on M. As-
sume that B is exact and choose a real-valued 1-form A on M such that dA = B.
Thus, one has a natural mapping v — thdu + Au from C°(M) to the space
QL(M) of smooth, compactly supported one-forms on M. The Riemannian metric
allows to define scalar products in these spaces and consider the adjoint operator
(thd+ A)* : QL(M) — C°(M). A Schrédinger operator with magnetic potential
A is defined by the formula

H" = (ihd + A)*(ihd + A).

Here h > 0 is a semiclassical parameter, which is assumed to be small. If M has
non-empty boundary, we will assume that the operator H” satisfies the Dirichlet
boundary conditions.
We can write B = bdx4, where b € C°°(M) and dz4 is the Riemannian volume
form. Assume that
bo = min |b(z)| > 0.
czeM

We consider two cases:
1°. The case of discrete wells: assume that the set {x € M : |b(z)| = bo} is
a single point xo, which belongs to the interior of M, and there is a con-
stant C' > 0 such that [b(zo)| = bo and, for all z in some neighborhood
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of x¢ the estimates hold:
C™ M d(x, x0)? < |b(x)] — bo < Cd(x,x0)> .

2°. The case of degenerate wells: assume that the set {x € M : |b(z)| = bo}
is a smooth curve v, which is contained in the interior of M, and there
is a constant C' > 0 such that for all  in some neighborhood of ~ the
estimates hold:

C™ld(z,v)? < |b(z)| — bo < Cd(x,v)?.

In both cases, we study the asymptotic behavior of the low-lying eigenvalues
of the operator H" as h — 0. We also consider the corresponding periodic setting
and study the problem of existence of gaps in the spectrum of H" as h — 0.

The second author was partially supported by the Russian Foundation of
Basic Research (grant 09-01-00389).
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Bony and thick attractors
Ilyashenko Yu. S. (Moscow State and Independent Universities, Steklov Math.
Institute, Moscow; Cornell University, US)

Understanding of the structure of attractors of generic dynamical systems is
one of the major goals of the theory of these systems. A vast general program
suggested by Palis presents numerous conjectures about this structure. Various
particular cases of these conjectures are proved in numerous papers that we do
not quote here. Main part of these investigations is related to diffeomorphisms of
closed manifolds.

Our investigation is in a sense parallel to this direction of research. In the
first part of the talk, attractors of manifolds with boundary onto themselves are
studied. At present, locally generic properties of attractors of such maps are
established, that are not yet observed (and plausibly do not hold) for the case of
closed manifolds. For instance, an open set of diffeomorphisms of manifolds with
boundary onto themselves may have attractors with intermingled basins [3], [1],
[2]. The strongest result of this kind is obtained by Kleptsyn and Saltykov in a
paper accepted to the Proceedings of the MMS.

Another property of this kind is having thick attractors. It is a general belief
that attractors of typical smooth dynamical systems (diffeomorphisms and flows)
on closed manifolds, either coincide with the whole phase space, or have Lebesgue
measure zero. In this talk we show that this is not the fact for diffeomorphisms
of manifolds with boundary onto themselves. Namely, in the space of diffeomor-
phisms of a product T2 x I, I = [0, 1], there exists an open set such that any map
from a complement of this set to a countable number of hypersurfaces, has a thick
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attractor: a transitive attractor that has positive Lebesgue measure together with
its complement.

The problem, whether or not thick attractors exist for locally generic diffeo-
morphisms of a closed manifold, remains widely open.

In the second part we study so called bony attractors. These are attractors
of skew products over a Bernoulli shift with the following unexpected property:
the map has an invariant manifold, and the intersection of the attractor with that
manifold, called a bone, is much larger than the attractor of the restriction of the
map to the invariant manifold. Bony attractors with one-dimensional bones were
discovered in [4]. We construct bones of arbitrary dimension.

It is expected that bony attractors are in a sense locally generic in the space
of diffeomorphisms of a closed manifold.

The research was supported by part by the grants NSF 0700973, RFBR 10-
01-00739-a, RFFI-CNRS 10-01-93115-NTSNIL-a.
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Spectral volume of coverings of spectral triples
Ivankov P. R. (OAO RPKB www.rpkb.ru, Russia)

The Gelfand-Naimark theorem [2] can be thought of as the construction
of two contravariant functors (cofunctors for short) from the category of locally
compact Hausdorff spaces to the category of C™*-algebras. The first cofunctor
C takes a compact space X to the C*-algebra C(X) of continuous complex-
valued functions on X, and takes a continuous map f : X — Y to its transpose
Cf:h— hf:C(Y)— C(X). If X is only a locally compact space, the corre-
sponding C*-algebra is Co(X) whose elements are continuous functions vanishing
at infinity, and we require that the continuous maps f : X — Y be proper (the
preimage of a compact set is compact) in order that h — h o f take Co(Y) into
Co(X). So can be considered (noncommutative) C*-algebra as noncommutative
generalization of locally compact Hausdorff space. Otherwise there exists inverse
functor M that sets to any commutative C*-algebra A of its characters M(A)
many topological results related to locally compact spaces has its (noncommuta-
tive) algebraic analogues. Noncommutative analogue of Riemannian manifold is
spectral triple [3]. This work is devoted to analogue of following problem. If W
is Riemannian manifold and V' — W is n-listed covering [4] than we have

vol (V) = n x vol (W) (1)

where vol(V') and vol(W) are volumes of V' and V respectively.
Definition of volume of Riemannian manifold is well known. But this defini-
tion does not work in case of spectral triples. However spectral definition can be
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used. This definition is based on following Weil formula [1]:

lim N vol(V)
oo AZ . (dm)IT(E 1 1)

(2)

where vol(V'), N(A) are volume of Riemannian manifold and the number of eigen-
values of Laplace operator (multiplicities counted) less than A. Formula (2) could
be applied for spectral triples as noncommutative analogue of volume. Analogues
of coverings for spectral triples had been developed in [5]. This work is devoted
to proof of analogue of (1) in several particular cases.
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On m-admissibility of functions and p-convexity of hypersurfaces
Ivochkina N. M. (S-Pb SUACE, Russia)

The notions of m-admissibility of functions and p-convexity of hypersurfaces
emerged in frames of modern theory of fully nonlinear second-order partial differ-
ential equations. Thus a C-function u is m-admissible in Q C R", 1 < m < n, if
for all z € Q, t > 0 the following inequality holds

trm (uze +tId) >0, z € Q. (1)

Here u,. is the Hessian matrix, tr,,.S is the sum of all m-th order principal minors
of symmetric n x n matrix S, 1 < m < n. The m-admissible functions enjoy some
fine properties. For instance, theirs standard mollification is also m-admissible,
what opens way to extending of this property to non smooth functions.

The m-admissibility of functions is closely connected with strict (m — 1)-
convexity of hypersurfaces. Namely, the latter are the level sets of m-admissible
functions and only they. Notice, that the graph of m-admissible function is strictly
(m — 1)-convex but not m-convex in general for m < n.

The research was supported by RFFI grant 09-01-00729.

On Sharp Constants in L,(du)-Estimates for Sobolev Spaces W3'(—1,1)
Kalyabin G. A. (Peoples’ Friendship University of Russia)

Let 0 < ¢ < 00, u # 0 — measure on (—1,1), a quasi-norm (a norm for
q > 1) in Lqg(dp) is defined as usually:

I eqiam = [ 11 1 dut) " (1)
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For n € N consider a Sobolev space W3'(—1,1), consisting of functions

f : [-1,1] — R which are absolutely continuous with all their derivatives of
the order < n and such that
0 gy = I ez < 00i FPED) =0, s €{0,1,0n =1} (2)
W3 (-1,1)

For u € R denote by G(u; q,dp) := [|(1 —2°)"||L, (4u)- This is a positive, non-
decreasing and convex function of the parameter u. It is clear that the condition
o
G(n;q,dp) < oo is necessary for the embedding W3'(—1,1) C Lq(dp). On the
other hand, from [1] it follows that G(n — 0.5;¢,dp) < oo is sufficient for this
embedding.
More precisely, the following assertion holds.

THEOREM 1. Let us introduce a quantity

Cn;q,dp) = || id: Wa'(=1,1) = Lqg(dp) || = sup{[|fll4cam : I /] 1},

3)
and suppose that G(u*;q,du) < oo for some u*; then for every positive integer
n > u* + 0.5 one has
(27’L + 1)045

2nn!

° <
Wp(-1,1) —

2n+1 05 4n2 0.5
: Z"n!) (4n2 - 1) G(n—0.5;q,dp).
(4)

REMARK 1. In the case when an additional restriction upon a measure p in
the Theorem is posed, namely: p©(—26,25) < cou(—0,0), co > 0, 0 < § < do, one
may guarantee the ratio of the upper and the lower estimates in (4) to be 1+0(1),
n — +00.

G(n;q,dp) < C(n;q,dp) <

The work was supported by grants of RFBR No 08-01-00443, 06-01-00341,
06-01-04006 and DFG-Projekt, GZ: 436 RUS113/90/0-1.
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Continuous solutions and global attractors for 3D Bénard problem
Kapustyan A. V. (Taras Shevchenko National University of Kyiv, Ukraine)
Pankov A. V. (Taras Shevchenko National University of Kyiv, Ukraine)
Valero J. (Universidad Miguel Hernandez de Elche, Spain)

We study the properties and asymptotic behavior of solutions of the 3D
Bénard problem

88—1; —vAu+ (uV)u+éw = f — Vp,
divu =0, (1)
ulan =0,
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ot

0
{ & Aw+ (uV)w =g, 2)
WlBQ - 07

where Q C R® is bounded domain with smooth boundary, v > 0, £ € R® are
3
constants, f, g are given functions, uV = ) uiai. We shall use standard func-
i=1  0%;

tion spaces T = {u € (C§°(Q))°® | divu = 0}, H = cl(z2(0)sT, V = clira)s T
[1] and consider weak solutions of the problem (1), (2) in the dissipative ball By
from the natural phase space H x L*(Q) [4]. The main difficulties are the lack of
continuity of the weak solutions in the strong topology and the lack of uniqueness
of the Cauchy problem. We prove existence of continuous solutions in H,, X L2 ()
and using the theory of m-semiflow [3] as a generalization of classical global at-
tractors theory [1], [2], we prove existence of global attractor, which is attracting
set in H, x L*(Q).

THEOREM 1. Let f € H, g € L*(Q). Then there exists a class K of globally
defined weak solutions of the problem (1), (2) such that for every {uo,wo} € Bo
there exists at least one (but not necessary unique) weak solution {u,w} such,
that w(0) = wo, w(0) = wo and for every weak solution {u,w} € K we have
{u(t),w(t)} € Bo ¥t > 0 and VT > 0 {u,w} € C([0,T]; Hy) x C((0,T]; L*(Q)).

Let X be the set By endowed with the topology from H,, x L*().

DEFINITION 1. The map G : Ry x X — 2% is called m-semiflow, if Vz €
X G(0,z) =z and Vt,s >0 G(t+ s,z) C G(t,G(s,x)).
DEFINITION 2. The compact set A C X is called global attractor of the
m-semiflow G, if
1°. for every bounded B C X distx(G(t,B),A) — 0, t — oo;
2°. ACG(t,A) vVt > 0.
THEOREM 2. If we put
G(tv {U’Orwo}) = {{u(t)vw(t)} | {U,UJ} € K7 U(O) = uva(O) = WO},

then G is m-semiflow on X, which has global attractor.
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On attractors for equations describing viscoelastic flows with infinite
number of relaxation and retardation times
Karazeeva N. A. (Math. Inst., S-Peterburg Dep., S-Peterburg, Russia)

We consider system of equations describing motion of Kelvin—Voight fluid
t

%Av - / K(t—71)Av(z, 7)dT + Vp = f(z,t), (1)
0
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dive = 0. (2)

Here the kernel K (7) is represented as exponential series
K(7) =Y Bee™™7, as,fs > 0. (3)
s=1

The system is considered in a bounded domain @ C R3, 9Q C C. Let S = 99 x
[0,T], T < co. The theorem of solvability and of uniqueness of solution for initial
boundary value problem with slipping boundary condition

v(0) = o, vls =0 (4)
is proved.

THEOREM 1. Let f € Loo(0,T; L2(2)) and fi € L1(0,T; L2(Q)). The initial
data vo € W3(Q) N J°(Q). Let the coefficients as, Bs satisfy conditions

Zﬁs<oo, Z%<oo. (5)
s=1 1 ¢

Then initial boundary value problem (1), (2), (4) has unique generalized solution
v such that Vg, vzt € L2(Q1) N Loo(0,T; L2(2)) and v,v¢ € Loo(0,T; L2(£2)).

By J°(Q) we denote the supplement of the space of finite solenoidal infinite
differentiable functions in 2 in Ls-norm.

Furthermore it is proved that the solution operator V; for initial boundary
value problem (1), (2), (4) may be presented in the form V; = W, + U, where
the operators W; form exponentially contracting semigroup and the operators
U, are compact. For such semigroups the existence of compact connected global
B-attractor is proved. This attractor has finite Hausdorff dimension.

Some estimates of the first eigenvalue for the Sturm—Liouville
problem with third-type boundary conditions and integral condition
Karulina E. S. (MESI, Moscow)

Consider the Sturm—Liouville problem:

y"'(z) — a(@)y(z) + Ay(z) = 0, (1)
y/(O) - ka(O) =0, (2)
y'(1) + k*y(1) = 0,

where ¢(x) belongs to the set A, (v # 0) of non-negative bounded summable
functions on [0, 1] such that fol q"(z)dz = 1.
We estimate the first eigenvalue A1 of this problem for different values of ~y
and k. Put M, = sup Ai(q), my = inf Ai(q).
gEA, qEAy
THEOREM 1. The following assertions are valid:
1°. If vy € (—00,0)U(0,1), then M, = 400, and there ezists the minimizing
sequence q-(x) € A, such that My = ili)% A(qe)-
2°. If vy > 1 and k = 0, then M, = 1, and this estimate is attained as
q(xz) =1.
59



3°. If v =1 and k # 0, then My = &., where & is the solution to the
2
equation arctan k—\/g = g_—l
0, 0<z <, 2
q(z) = g« (x) = &, 7<z<1l-m, where T = arctan ——.

1
0, 1—-7<z<1, Ve 3

4°. If v > 1, then for k = 0 we have m, = 0, and for k # 0 we have
my = X, where NS is the minimal positive solution to the equation
(k4 - ) sin VA + 2k*vVAcos VA = 0; and there exists the minimizing
sequence g (x) € A, such that m, = il_% A1(ge)-

, and this estimate is attained as

5°. Ify > 0, then m, — 7° as k — oco.

REMARK 1. Dirichlet problem for the equation (1), g(x) € A, was considered
in [3], [4]. Different problems for the equation y” + Aq(z)y = 0, q(z) € A, was
considered in [1], [2].

This work was partially supported by the Russian Foundation for Basic Re-
searches (Grant no. 11-01-00989).
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Drag minimisation for compressible Navier—Stokes equations
Kazmierczak A. (University of Lodz, Poland)
Sokolowski J. (Institut Elie Cartan, France)
Zochowski A. (Systems Research Institute, Poland)

In the series of papers [3]-[5] the mathematical theory of shape optimization
for compressible Navier—Stokes inhomogeneous boundary value problems is devel-
oped. The key part of the theory include the new results on the existence [3], [4],
and shape differentiability [5] of the weak solutions to compressible Navier—Stokes
equations. In particular, our results lead to the rigorous mathematical framework
for the drag minimization of an obstacle in the flow of gas with small adiabatic
constant. The numerical results are presented for the following model problem.

A viscous gas occupies the triple-connected domain 2 = B\S, where B C RZ,
is a double connected hold-all domain with the smooth boundary ¥ = 0B , and
S C B is a compact obstacle. The boundary of the computational flow domain
() is divided into the three subsets, inlet Yi,, outgoing set ¥4 and the obstacle
boundary I' = 0S.
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The boundary value problem for compressible gas is to find the velocity field
u and the gas density o satisfying the following equations along with the boundary
conditions

Au+ AVdivu = Rou-Vu, div(pu) =0 in £, (1)
u=UonX, u=0onT, o= 90 on X, (2)

where the pressure p = p(p) is a smooth, strictly monotone function of the density,
we take p = po(é)g, € is the Mach number, R is the Reynolds number, X is the
viscosity ratio, and go is a positive constant.

One of the main applications of the theory of compressible viscous flows is
the optimal shape design in aerodynamics. Recall that in our framework the
aero-dynamical force acting on the body S is defined by the formula,

J(S) = —/F(Vu +(Vu)" + (A = 1) divul — gpl) -ndS.

As in the classical optimization example of the airfoil moving in the direction up,
drag is the component of J parallel to the direction, Jp(S) = un - J(5).
The talk is based on the joint paper with P. I. Plotnikov.
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Weak solutions to lubrication equations in the presence of strong
slippage
Kitavtsev G. (Max Planck Institute for Mathematics in the Sciences, Germany)
Laurencot P. (University of Toulouse, France)
Niethammer B. (University of Oxford, UK)

In this talk we consider a one-dimensional lubrication model that describe
the dewetting process of nanoscopic thin polymer liquid films on hydrophobyzed
substrates. This model takes account of intermolecular interactions of the film
with the solid substrate due to attractive van der Waals and repulsive Born forces,
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as well of the effect of large slippage at the polymer-substrate interface. It is
represented by a coupled system of differential equations

Re (9 (ht) + 9x (hu?)) = 40, (vhdaus) + hdy(08anh — TI(R)) — % (1a)

Oih = — 8, (hu) , (1b)

describing evolution in time of the free surface and the averaged lateral velocity of
the film given by the functions h(z,t) and u(z, t), respectively. Coefficients Re, v,
o, B in (1la)—(1b) denote Reynolds number, viscosity, capillarity and slip-length,
respectively. The system (1a)—(1b) is considered on a bounded domain (0, 1) with
the boundary conditions

u=0 and 9h=0 at z=0,1. (2)

We prove existence of global weak solutions for the system (1a)—(1b) with (2) and
investigate the convergence of these solutions as either the Reynolds number or
the capillarity goes to zero, as well as their limiting behaviour as the slip length
goes to zero or infinity. In particularly, we show that after an appropriate rescaling
they converge to the smooth classical solutions of the lubrication model

Oih = —0, (hQam (080ah — H(h)))

which corresponds to the case of the Navier slip condition imposed at the polymer-
substrate interface.

GK acknowledges the support from the Weierstrass Institute and Max—
Planck—Institute for Mathematics in the Natural Sciences. PhL and BN were
partially supported by the CNRS/RSE project JP090230 and the EPSRC Science
and Innovation award to the Oxford Centre for Nonlinear PDE (EP/E035027/1).
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Fractional-Parabolic Systems
Kochubei A. N. (Institute of Mathematics, National Academy of Sciences of
Ukraine)

We develop a theory of the Cauchy problem for linear evolution systems of
partial differential equations with the Caputo—Dzrbashyan fractional derivative in
the time variable t. The class of systems considered in this work is a fractional
extension of the class of systems of the first order in ¢ satisfying the uniform
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strong parabolicity condition. We construct and investigate the Green matrix of
the Cauchy problem. While similar results for the fractional diffusion equations
[1] were based on the H-function representation of the Green matrix for equations
with constant coefficients (not available in the general situation), here we use, as
a basic tool, the subordination identity for a model homogeneous system. We
also prove a uniqueness result based on the reduction to an operator-differential
equation.
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Multiplicity of solutions to the Dirichlet problem for an supercritical
equation with p-laplacian

Kolonitskii S. B. (Saint-Petersburg State Electrotechnical University, Russia)

Consider a boundary problem

—Apu=u?"" in Qg; u>0 in Qg; u=0 on 9Qr, (1)
where Qr = {z € R"|R < |z| < R+ 1}, Apu = div (|Vu[’"*Vu) is a p-laplacian.
Let p;, be a critical Sobolev embedding exponent, i. e. p% = (% - %) .

n +

Multiplicity effect for solution of problem (1) was considered in many articles,
starting with [1]. The most complete results are obtained in case p = 2. It was
proved in [3, 2, 4] that for arbitrary 1 < p < oo and p < ¢ < p}, for any natural
K there exists Ro = Ro(n,p, ¢, K) such that for all R > Ry problem (1) has at
least K solutions that are nonequivalent up to rotations.

We prove the multiplicity of solutions to problem (1) for n > 4, n # 5,
l<p<ooandp; <qg<ph_i.

Work is supported by grants RFBR 11-01-00825 and NSh 4210.2010.1.
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On Global Attractors of Nonlinear Hyperbolic PDEs
Komech A. I. (IITP RAS, Russia)

We consider Klein-Gordon and Dirac equations coupled to U(1)-invariant
nonlinear oscillators. The solitary waves of the coupled nonlinear system form
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two-dimensional submanifold in the Hilbert phase space of finite energy solutions.
Our main results read as follows:

THEOREM 1. Let all the oscillators be strictly nonlinear. Then any finite
energy solution converges, in the long time limit, to the solitary manifold in the
local energy seminorms.

The investigation is inspired by Bohr’s postulates on transitions to quantum
stationary states. The results are obtained for:

e 1D KGE coupled to one oscillator [1, 2, 3], and to finite number of
oscillators [4];
e nD KGE and Dirac eqns coupled to one oscillator via mean field inter-
action [5, 6].
Supported partly by the Alexander von Humboldt Research Award, and
grants of FWF and RFBR.
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On blow-up conditions for solutions of quasilinear elliptic inequalities
containing terms with lower-order derivatives
Kon’kov A. A. (Moscow Lomonosov State University, Russia)

Let © be an open unbounded subset of R™, n > 2. Consider the inequality
div a(z, Du) + b(z)|Dul’~' > f(x)g(u) in Q, (1)

where D = (9/0x1,...,0/0z,) is the gradient operator, b € Loo 10c(2) and, more-
over, a : 2 x R" — R" is a locally Caratheodory function such that

Crlel” < €a(x,€), la(z,€)] < Caf"™
with some constants C1 > 0, C2 > 0, and p > 1 for almost all z € €2 and for all
£ eR".

We assume that S, N Q # @ for all r > ro, where 9 > 0 is some real number
and S, is the sphere in R™ of radius r and center at zero. Also let f € Loo,i0c(R2)
and g € C(]|0,00)) be non-negative functions and g(t) > 0 for all ¢ > 0. We
denote:

t) = inf t 0>1
go(t) ot 9 >0,0>
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and
ess infq, | f

fo(r)

where Q. , ={z €Q:r/o < |z| < or}.
A non-negative function u € W, ,.(Q2) N Loo,10c(£2) is a solution of inequal-
ity (1) if

= r>rg,0>1
1+ ess supg _ |b]’ o ’

—/ a(a:,Du)Dcpd:L‘+/ b(x)|Dul’ " pdz > / f(z)g(u)pdz
Q Q Q
for any non-negative function ¢ € C5°(€2). As is customary, the condition
Ulygq =0 (2)

means that Yu € I/f/})(Q) for any ¢ € C§°(R™). If Q@ = R", then (2) is obviously
fulfilled for all u € W, ,.(R™).
Particular cases of inequality (1) were studied in papers [1-4].

THEOREM 1. Let -
/ (go(t)t) VP dt < o0
1
and -
/ (rfo(r) /™Y dr = oo
)

for some real numbers 0 > 1 and o > 1, then every non-negative solution of (1),
(2) is equal to zero.

The research was supported by RFBR grant 11-01-00989.
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On asymptotic stability of kinks for relativistic Ginzburg-Landau
equation
Kopylova E. A. (Institute for Information Transmission Problems RAS)

We consider nonlinear relativistic wave equation in one space dimension

U(z,t) =9 (2,t) + F(Y(2,1)), z€R, F(¥)=-U'(y) (1)
We assume that U(t)) is similar to the Ginzburg-Landau potential
Uw) ~ (¥* —1)°/4
There exist a “kink” — nonconstant finite energy solution of stationary equation

s(z) ~ tanhz/v/2
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Then the moving kinks or solitary waves

Squ(t) =s(x—vt—q), ¢,veER, v <1, vy=1//1—v?

are the solutions to equation (1). Our main results are the following asymptotics

(W(z,t), 9 (2, ) ~ (Sqy vy (2 — vt — qx), 5qy vy (@ — vt — qx)) + Wo () P,

where ¢ — 400, for solutions to (1) with initial states close to solitary wave.
Here Wo(t) is the dynamical group of the free Klein-Gordon equation, ®+ are the
corresponding asymptotic states, and the remainder converges to zero as t=1/2 in
the “global energy norm” of the Sobolev space H'(R) @ L*(R).

Crucial role in the proof play our recent results on weighted energy decay for
the Klein—Gordon equations.

The research was supported by DFG, FWF and RFBR grants.
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Bernoulli law under minimal smoothness assumptions and
applications
Korobkov M. V. (Sobolev Institute of Mathematics, Novosibirsk, Russia)

Consider the Euler system

{ (w-V)w+ Vp

divw = 0.

0,
(1)

Let Q C R? be a bounded domain with Lipschitz boundary. Assume that

w = (w1, w2) € WH2(Q,R?) and p € Wh*(Q), s € [1,2), satisfy the Euler equa-

tions (1) for almost all z € Q and let frv w-ndS=0,i=1,2,...,N, where I';

are connected components of the boundalry 0. Then there exists a stream func-

tion ¢ € W2(Q) such that Vi) = (—ws,w1) (note that by Sobolev Embedding
|w?

Theorem %) is continuous in §2) . Denote by ® = p+ N the total head pressure
corresponding to the solution (w,p).
THEOREM 1. Under above conditions, for any connected set K C Q such that
Y| x = const (2)
the assertion
IC =C(K) ®(z)=C for H'-almost all z € K (3)

holds.
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Theorem 1 was obtained in [1]. Here we denote by H' the one-dimensional
Hausdorff measure, i. e., H'(F) = tlir51+ Hi(F), where
—

H{(F) = inf {ZdiamFi t diamF, <t,F C | J F} .
i=1 i=1

Using Theorem 1 we prove the existence of the solutions to steady Navier—
Stokes equations for some plane cases (see [2]) and for the spatial case when the
flow has an axis of symmetry.

The proof of Theorem 1 relies upon some new analog of Morse—Sard Theorem
for Sobolev spaces (see [3]).

This research was supported by Federal Target Grant “Scientific and ed-
ucational personnel of innovation Russia” for 2009-2013 (government contract
No 02.740.11.0457).
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On Friedrichs-type estimates in domains with rapidly vanishing
perforation along the boundary
Koroleva Yu. O. (Luled University of Technology, Sweden)
Persson L.-E. (Lulea University of Technology, Sweden)
Wall P. (Luled University of Technology, Sweden)

Let © C R? be a bounded domain rarely and periodically perforated along
boundary 9. Assume that small parameters € and p(e),pu(e) — 0 as e — 0,
describe the length of periodicity and the shape of small sets, respectively. De-
fine 7,) as the smallest eigenvalue of Steklov problem in the cell of peri-
odicity. We consider the situation when the perforation shrinks so fast that
Tue) = Pe, 0 < p < oo, as € = 0. By using the technique developed in [1],
one can prove the following Friedrichs-type inequality for functions w belonging
to H*(Q) and vanishing on the boundary of perforation:

/u2 dr < K5/|Vu|2 dzx. (1)
Q Q

PROPOSITION 1. There exists a constant Ko > 0 such that

/u2dx§K0 /\vu|2dx+p/u2ds , (2)
Q Q aQ
for any uw € H*(Q). Moreover, the best constant is Ko = 1/, where A} is the
smallest eigenvalue for Laplace operator with Robin condition du/On +pu =0 on
o0
67



It can be noted that an inequality of the form

/u2 dz < Ko/|Vu\2dx,
Q

Q

can not be valid for functions from H' () and satisfying Robin condition on the
boundary. It can be proved by the following counter example: Define the function
Um such that um = m +p on {z € Q : dist(z,0Q) > 1/m, m € N} and upm = m
on 0. If we let m — oo we see that Ky = o0o. An estimate for the difference
between K. and Ky is given in the following Theorem.

THEOREM 1. Let K. and Ko be the best constants in (1) and (2). There
exists a constant C, independent of €, such that

Nu(e
|Ke - KO' S C (\/77”(5) + ‘% _p’ + \/Enu(s)) . (3)

For the full version of this work see [2].
Acknowledgements: The work was completed during the stay of Yu. Koroleva
as Post Doc in Lulea in 2010-2011 and partially supported by RFBR (project
09-01-00353).
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Weyl-Titchmarsh theory for Schrédinger operators with strongly
singular potentials
Kostenko A. S. (Institute of Applied Mathematics and Mechanics, NAS of
Ukraine)

Our main aim is to develop Weyl-Titchmarsh theory for Schrédinger oper-
ators with strongly singular potentials such as perturbed spherical Schrédinger
operators (also known as Bessel operators). It is known that in such situations
one can still define a corresponding singular Weyl m-function and it was recently
shown that there is also an associated spectral transformation. In this talk we
will give a general criterion when the singular Weyl function can be analytically
extended to the upper half plane. We will derive an integral representation for
this singular Weyl function and give a criterion when it is a generalized Nevan-
linna function. Our criteria will in particular cover the aforementioned case of
perturbed spherical Schrodinger operators. Moreover, we will show how essential
supports for the Lebesgue decomposition of the spectral measure can be obtained
from the boundary behavior of the singular Weyl function. Finally, we will present
a local Borg—Marchenko type uniqueness result.

The talk is based on joint works with A. Sakhnovich and G. Teschl [1, 2, 3, 4].

The research was supported by IRCSET PostDoctoral Fellowship Program.
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Variational inequalities with sets of constraints in a functional class
not lying in Sobolev spaces
Kovalevsky A. A. (Institute of Applied Mathematics and Mechanics, Donetsk,
Ukraine)

In [1, 2] the existence and properties of solutions were established for

o
variational inequalities with an elliptic operator acting from W?(v,Q) into
(Wh9(v,Q))*, a set of constraints in W?(v,Q) and a right-hand side in L*(Q).

Here 2 is a bounded open set of R and V?/l’q(u, Q) is an anisotropic weighted
Sobolev space with the set of exponents ¢ = {q1,...,¢n} and the set of weighted
functions v = {v1,...,v,} such that ¢; € (1,n), v; > 0 a.e. in Q, v; € L, (Q)
and (1/v)V @~ e LY(Q),i=1,...,n.

In the talk we discuss the main results of [1, 2] as well as some new results on
the solvability of analogous variational inequalities with sets of constraints lying

in the class ’(73—1’q(u, Q) of all functions u : Q@ — R such that Tx(u) € V?/l’q(w Q)
for every k > 0, where T} is the standard truncated function of the level k. We

observe that the class 7%9(v,Q) is larger than the space W9(v, Q) and is not
contained in Li,.(Q).
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On the topology of the spaces of Morse functions on surfaces
Kudryavtseva E. A. (Moscow State University, Russia)

Let M be a smooth connected orientable closed surface. Let F' = F}, ¢.r:p,4,7
be the space of Morse functions f : M — R having p critical points of local
minima, ¢ saddle points, and r points of local maxima, where p, 4,7 points are
labeled. Denote by F' = F, ., - » C F the set of functions whose local minima
and maxima equal —1, 1. Let D° be the group of diffeomorphisms of M homotopic
to idps. Endow F, DY with C*°-topology (see [1]).
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DEFINITION 1. Two functions f, g € F are called isotopic (f ~ g) if f = hao
g o hy for some hy € D° and hy € Difft (R) where hi preserves enumeration of
labeled critical points.

THEOREM 1. Suppose that p+ G+ 7 > x(M) (i. e. at least x(M) + 1 critical
points are labeled). There exists a countable (and finite for M = S*) connected
(3¢ — 2)-dimensional polyhedron K = ]prq,r;ﬁng,: such that the following homotopy
equivalences take place:

F ~ F' ~ D°’xK ~ RxK,
where R is either RP3, (Sl)2 or a point in dependence on genus of M being 0, 1
or higher. B _
The polyhedron K is the union of subpolyhedra Diy) C K (called skew cylindri-
cal handles) which are in one-to-one correspondence with the isotopy classes [f]

of Morse functions f € F* and have the following form (described in more detail
in [2]):

Dy ~ (P x R x (1)L, e=c([f]), d=d([f]),
where Py is a convex polytope, D'y} is a finite group acting freely on
Py x R® x (SY)?. The polyhedron K endowed with this handle decomposition is a

skew cylindric-polyhedral complex (see [2]). A homotopy equivalence [f] ~ Rx Dy
holds for each function f € F*.

COROLLARY 1. One has H;(F) =0 for j > 3q+1, H;(K) =0 for j > 3q—2.
If M = 5% then (—1)? 'x(K) = {[f] € F'/ ~ | s(f) =1}| where s(f) is the
number of saddle critical values of f; moreover the Poincaré polynomial of K
satisfies the relations

PR, )= Y " IPDy, ) - 1+ DR =
[fleFY/~
_ Z tqis(f)(l-f't)d([f])—RQ(t)
[fleFt/~

where R1, Ra are polynomials with non-negative integer coefficients.

ExAMPLE 1. If the number of saddle critical points is ¢ = 1,2 and ¢ =0 (i. e.
the saddle points are non-labeled) then F' ~ R x I where I' =Ty g.r = I'p,q,71p,0,r
is a graph such that

. 1
[i1,2=T21,1 =point, Ti123="I521~ \/S ,
4

F2,2,2N\/Sl, Fl’g’lw\/sl.
6 N

The research was supported by RFBR grant 10-01-00748, the Programme
for the Support of Leading Scientific Schools of RF (grant NSh-3224.2010.1), and
the programmes “Development of Scientific Potential in Higher Education” (grant
2.1.1.3704) and “Scientific and Scientific-Pedagogical Personnel of Innovative Rus-
sia” (grant 14.740.11.0794).
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Damped-driven Hamiltonian PDE
Kuksin S. B. (Ecole Polytechnique, France, and Steklov Institute, Mosow,
Russia)

I will discuss the following class of nonlinear PDE:
(Hamiltonian PDE) = ¢ - (damping) + s - (force). (1)

The equations are considered in finite volume, € > 0 is a small parameter and the
scaling constant sz is chosen in such a way that the solutions stay of order one
as € — 0. I will be mostly interested in equations with random forces, and will
discuss two groups of them:

1°. Navier—Stokes equations in dimension 2 and 3;
2°. equations (1), where the Hamiltonian PDE is a non-linear Schrédinger
equation (NLS).

Navier—Stokes equations with small viscosity € describe water turbulence in
dimensions 2 and 3. If (1) is the 3D Navier—Stokes equations, we know about solu-
tions with small € almost nothing (e. g., the right scaling constant s is unknown).
In the 2d case we know about the limit some nontrivial results. In particular, now
for the case of random forces . = /€, the set of stationary measures p. for equa-
tions (1) is tight and all limiting measures limgjﬂo Me; are invariant measures for
the 2d Euler equation and are genuinely infinite-dimensional; see in [1].

Equations from the second group, among other things, describe the optical
turbulence. Now again s». = /¢. Interesting results about these equations are
available when the Hamiltonian PDE is the integrable 1d NLS (see [2, 3] for the
case when it is not the 1d NLS, but the KdV equation), or when it is a linear
Shrodinger equation with a generic potential, while the damping is nonlinear. In
these cases the limiting dynamics is described by a well-posed infinite system of
dissipative stochastic equations. I will discuss this results in details.
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High Frequency Scattering by a Classically Invisible Body
Lakshtanov E. (Aveiro University, Portugal)
Vainberg B. (University of North Carolina at Charlotte, USA)

An interesting geometrical object was studied in a recent publication by
Alexenko and Plakhov [1]. This object O has the following property. Geometri-
cal optical rays, coming from a particular direction and reflected twice from the
boundary of O by the law of geometrical optics, continue to propagate parallel
to each other in the same way as if the obstacle was absent. The object appears
invisible to an observer on the basis of the theory of geometrical optical rays. Note
that a phase shift may influence the “invisibility” of the obstacle. One should also
note that optical ray considerations provide an approximation to the expected
properties of the corresponding optical problem, when the obstacle is smooth and
convex. These conditions do not hold for the object under consideration. A rigor-
ous treatment of the problem has to be based on an investigation of the solutions
of the wave equation.

The first part of the talk concerns the study of the associated scattering prob-
lem for the reduced wave (i. e., Helmholtz) equation. High frequency asymptotics
will be obtained for the scattering of plane wave by the Alexenko-Plakhov obstacle
O. It will be shown that the total momentum transmitted to the obstacle vanishes
when the frequency k goes to infinity, and that the total cross section oscillates
at high frequencies. The obstacle is practically invisible for some sequence of fre-
quencies k, — oo and the total cross section approaches to the four geometrical
cross section of the obstacle for an intermediate sequence k;, — oo.

In the case of a smooth strictly convex obstacle, it is well known that the total
cross section o(k) at high frequencies coincides with the doubled geometrical cross
section O, i.e., o(k) — 20 as k — oo. So, it was a big surprise for us to find an
obstacle with a total cross section being four times larger than the geometrical
cross section in the limit of & = k, — oo. The next natural question arises
immediately: is there an obstacle for which limsup,_,. o(k) is larger than 407
One could expect a positive answer based on the fact that the resonances (poles
of the analytical continuation of the resolvent in the half plane Imk < 0) can
approach the real axis at infinity. In fact, the answer to this question is negative,
and this will be justified in the second part of the talk. The justification is based on
high frequency estimates for the Dirichlet-to-Neumann and Neumann-to-Dirichlet
operators which are obtained for the Helmholtz equation in the exterior of bounded
obstacles with arbitrary shapes (in particular, for so-called trapping obstacles).

Results of the first part of the talk are obtained in collaboration with B. Slee-
man and will be published in [2], the second part will be published in [3].
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Self-propelling at low Reynolds number, case of a deformable sphere
Loheac J. (University Henri Poincare, Nancy, France)
Scheid J.-F. (University Henri Poincare, Nancy, France)
Tucsnak M. (University Henri Poincare, Nancy, France)

The aim of this work is to tackle the self-propelling of a nearly spherical
swimmer at low Reynolds number by using tools coming from control theory. More
precisely we address the controllability problem: “Given two arbitrary positions,
does it exist “controls” such that the body can swim from one position to another,
with null initial and final deformations?”

We will consider a spherical object surrounded by a viscous incompressible
fluid filling the remaining part of the three dimensional space. We assume that
the object undergoes small and axially-symmetric deformations. Since we assume
that the motion takes place at low Reynolds number, we model the fluid with
Stokes equations. It is well known, that the governing equations reduce to a
finite dimensional control system. By combining perturbation arguments and Lie
brackets computations, we establish the controllability property.
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Numerical scheme for Laplacian grows models
Loheac J.-P. (Ecole centrale de Lyon, France)

This work is common with A. S. Demidov (Moscow State University), it
concerns a numerical scheme involved by the Helmholtz—Kirchhoff method applied
in the case of Hele-Shaw flows.

This method allows to transform a free boundary bi-dimensional problem in
a fixed boundary problem by introducing a convenient parameterization. It also
leads to build numerical schemes.

For instance, a model of Hele—Shaw flows with punctual source is the Stokes—
Leibenson problem: let 29 be a bi-dimensional bounded simply connected domain
such that its boundary I'¢ is smooth enough. This domain will be deformed
according to the following law: at time ¢, we obtain a domain Q; = Q2 of boundary
Iy = T" such that the normal velocity of each point s € I' is given by the following
kinetic condition,

S.v=20u, (1)
where u is the solution of the following Laplace problem,
Au=gd in Q, and u=0 on I'. (2)
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The Helmholtz—Kirchhoff method leads us to write the problem in the form of a
Cauchy problem for some integro-differential. This can give existence and unique-
ness results, which are global in time when ¢ > 0.

Furthermore, by introducing an approximate Stokes—Leibenson problem con-
cerning polygonal domains, this integro-differential can be expressed in the form
of a non-linear differential equation in a finite-dimension space.

Numerical simulations will be presented and discussed.

Especially some numerical experiments show some critical manifold which
can explain some phemonenon of instabilities.
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Order of singular extremals in problems with multi-dimensional input
Lokutsievskiy L. V. (Moscow State University, Russia)
Zelikin M. I. (Moscow State University, Russia)

Theory of order of singular extremals for optimal control problems with multi
dimensional input is constructed. This theory generalizes classical theory for prob-
lems with one-dimensional input. Necessary conditions of junctions of a singular
extremal with non-singular one is obtained. Also we will discuss some examples
where the optimal control is a whole irrational winding on a torus and it is run
at a finite time.

Horseshoe and linear horseshoe for continuous maps of dendrites
Makhrova E. N. (N. Novgorod State University, Russia)

Let X be a compact metric space, f : X — X be a continuous map. One
says that f has a horseshoe if there are disjoint compact sets A, B C X such that

F(A)Nf(B) D> AUB.

We shall denote this horseshoe by (A, B).

It is well-known that if f™ has a horseshoe then f has a positive topological
entropy (see, for example, [1]).

Let X be a dendrite (locally connected continuum without subsets homeo-
morphic to the circle) or a graph (continuum which can be written as the union
of finitely many arcs any two of which can be intersect only in their end points)
and f: X — X has a horseshoe (A, B).

If A and B are sets homeomorphic to the closed interval [0, 1] on the real line
than we say that f has a liner horseshoe.

When X is a graph than the positive topological entropy of f is equivalent
to the existence of liner horseshoe for some iteration f™ [2].
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In [3] it is constructed the example of a dendrite X and a continuous map
f: X — X such that f has a positive topological entropy, f has a horseshoe and
any iteration f™ does not have a liner horseshoe.

In the report the structure of sets A and B of a horseshoe (A, B) on dendrites
is investigated under which some iteration f™ has a liner horseshoe.
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On a class of hybrid systems with ordinary derivatives
Maksimov V. P. (Perm State University, Russia)
Tchadov A. L. (Perm State University, Russia)

The abstract functional differential system [1]

ox =0z + f (1)
is considered, where = = col(y, z), vy : [0,T] — R™, z : {0,t1,....,t~n, T} — R”,
Sz = col(i), Az), (Az)(ts) = 2(t:) — 2(0), © = (9” 912). 0., : DS™ - L,

O21 O

©12: MY — L™, ©2 : DS™ — MY, Oy : MY — MY are linear operators.
Given sets I = {0,t1,....,tn, T} 0 < t1 < ... <itn < T; J ={0,71,..c, 7m, T},
0< 7 <..<7Tm <T, the spaces DS™ and M " are defined as follows. Let us
denote the characteristic function of the set A by xa. DS™ (see [2]) is the space
of functions y : [0,7] — R™ representable in the form y(¢) = y(0) + fot y(s)ds +
>0 X, () [y(1i) — y(mi — 0)]; M is the space of functions z : I — R”. All the
spaces are equipped with natural norms and are Banach spaces. It is suggested
that operator © : DS™ x M"Y — L™ x M " is bounded and Volterra.

System (1) is a typical one met with in mathematical modeling economic
dynamics processes and covers many kinds of dymamic models with aftereffect
(integro-differential, delayed differential, differential difference, difference) and im-
pulsive perturbations. The equations of (1) include simultaneously terms depend-
ing on continuous time, ¢ € [0, 7], and discrete time ¢ € I, that is why the term
“hybrid” seems to be suitable.

In the talk, the following problems for system (1) and approaches to solve
them are described.

The general boundary value problem (BVP)

dx =0z + f, Azx=r, (2)

where A : DS™ x MY — R" is a linear bounded vector-functional. For BVP (2),

necessary and sufficient conditions for the unique solvability are formulated and

some principal questions of computer-assisted study of BVP (2) are discussed.
The abstract control problem (CP)

dx =0z + Fu+ f, z(0)=a Az=-+, (3)
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where F': H — L™ x MV is a linear bounded operator defined on a Hilbert space
H of control actions. For CP (3), conditions for solvability are formulated and a
computational technique of constructing the solutions to (3) is presented.

The results are obtained in the context of the theory of functional differential
equations [2].

This work was supported by RFBR grant 10-01-96054.
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Symbolic models for multidimensional perturbations of
one-dimensional chaotic difference equations
Malkin M. 1. (Nizhny Novgorod State University, Russia)

We construct symbolic models for difference equations which are multidimen-
sional perturbations of generalized one-dimensional maps. Let

¢A(yn:yn+17~~:yn+m):07 nez (1)

be a difference equation of order m with parameter \ from some metric space. It
is assumed that the non-perturbed operator ®,, depends on two variables:

éko(yow'wym) :w(yN7yM)7 (2)

where 0 < N < M < m and v is a piecewise monotone piecewise C?-function.
It is also assumed that for the equation ¢ (z,y) = 0, there is a branch y = ¢(z)
with positive topological entropy: h:op(¢) > 0, and hence, ¢ possesses at least one
measure p* which maximizes the measure theoretic entropy: hiop(©) = hu=(¥)
(note that in the case when ¢ has two monotonicity intervals, the maximal measure
is unique).

In this setting we construct countable topological Markov chains as symbolic
models for ¢(z) and then for closed invariant subsystems of o], with topological
entropy arbitrarily close to htop(p)/(M — N), where o is the shift map and Ay
is the space of bounded bi-infinite solutions of the difference equation (1) with
parameter A close enough to Ag. From this construction it follows how the maximal
measure p* can be continued to an invariant measure py of O‘|A>\ with measure
theoretic entropy hu, (o|a, ) arbitrarily close to the value hiop(p)/(M — N) for A
close enough to Ag.

In particular case of Lorenz type maps we consider also the problem on be-
havior of the rotation set under multidimensional perturbations, and we show
approximation results for rotation sets in this case. Our technique is based on ap-
proximations of measures of maximal entropy represented by countable topological
Markov chains [1] and also, on continuation of chaotic orbits for perturbations of
singular difference equations [2].

The research was supported by RFBR grant 11-01-00001.
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Homogenization of a diffusion—convection equation in poroelastic
media
Meirmanov A. M. (Belgorod State University, Russia)
Zimin R. N. (Belgorod State University, Russia)

In the present talk we consider a diffusion—convection of an admixture from
some reservoir (underground storage) into a soil. The basic mathematical model,
describing the process on the microscopic level, consists of the Stokes system

ov 0
R TE V- (app(e)D(v) + (V- v — py)l), 37]1? +apV-v=0 (1)
for the velocity v and pressure py of the liquid component in the reservoir and a
pore space, and Lame’s equations

9w

Orom = V- (ax p(e)D(w) — psl), ps + ap sV -w =0 (2)

for the displacements w and pressure ps of the solid skeleton of the soil. The

concentration c¢ of the admixture in the pore space is governed by the diffusion—
convection equation

Oc

a—l—v-chV-(aDVc). (3)

In (1)—(3) dimensionless criteria ar, oy, o, ax, a5, aps depend on the given
data and the dimensionless size € of the pore, and the dimensionless viscosity w(c)
depends on the concentration ¢ of the admixture.

The system is completed with corresponding boundary conditions on the
common boundary “pore space — solid skeleton” and on the outward boundary,
and with initial conditions for the displacements, velocity and concentration.

We discuss all possible limiting regimes (homogenized equations) of the sys-
tem in consideration as € — 0. In particular, for the absolutely rigid solid skeleton:
ap — 0, 2 — 1, 0 < p1 < 00, ax — o0, for the slightly viscous liquid in an
elastic solid skeleton: Z‘—;‘ — w1, 0 < p1 < 0o, ax — Ao, 0 < Ag < o0, and for
the viscous liquid in the elastic solid skeleton; o, — o, 0 < po < 00, ax — Ao,
0< A\ < 00.

To derive correctly the diffusion—convection equation we had to prove a new
compactness lemma, which generalize for periodic structures the well-known Lions
compactness lemma [1].

LEMMA 1. Let the sequence {c®} be bounded in Loo ((0,T); L2 (Q))QWQLO(QT),
and the sequence {9/0t(x*(x)c} be bounded in La((0,T); Wy *(Q)), where
x°(x) = x(xz/e), x(y) is l-periodic in the variable y bounded function and
(X)y #0. Then the sequence {c} is relatively compact in L2(Qr).
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This research is partially supported by the Federal Program “Research and
scientific-pedagogical brainpower of Innovative Russia” for 2009-2013 (Contract
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Asymptotic behavior of eigenvalues and eigenfunctions of a spectral
problem in a thick cascade junction with concentrated masses
Mel'nyk T. A. (Taras Shevchenko National University of Kyiv, Ukraine)

A thick junction is the union of some domain in R™, which is called the
junction’s body, and a large number of e-periodically situated thin domains along
some manifold on the boundary of the junction’s body. This manifold is called the
joint zone. Here € is a small parameter, which characterizes the distance between
neighboring thin domains and their thickness.

Various constructions of thick junction type are successfully used in nanotech-
nologies, microtechnique, modern engineering constructions (microstrip radiator,
ferrite-filled rod radiator), as well as many physical and biological systems such as,
for example, the structure of the intestine lining with different levels of absorption
of nutrients on different part of the tissues.

Therefore boundary-value problems in thick junctions of different types are
very extensively investigated at present. The aim of these researches is to de-
velop rigorous methods to study the asymptotic behavior of solutions as ¢ — 0,
i. e., when the number of the attached thin domains of a thick junction infinitely
increases and their thickness vanishes.

In the talk I am going to present our new results, which where obtained jointly
with Prof. G. A. Chechkin, concerning spectral boundary-value problems in a new
kind of thick junctions, namely thick cascade junctions. This is the continuation
of our investigation of boundary-value problems in thick cascade junctions, which
we have begun in [1, 2].

A model plane thick cascade junction consists of the junction’s body and
great number 0(571) of e-alternating thin rods belonging to two classes. One
class consists of rods of finite length and the second one consists of rods of small
length of order O(e). The density of the junction is order O(e~%) on the rods from
the second class (the concentrated masses if a > 0), and O(1) outside of them.

The asymptotic behavior (as ¢ — 0) of eigenvalues and eigenfunctions of a
boundary-value problem for the Laplace operator in a thick cascade junction with
concentrated masses is investigated. In addition, we study the influence of the
concentrated masses on the asymptotic behavior of these magnitudes.
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Regularization and R-semigroups for Petrovskii well-posed systems
Melnikova I. V. (Ural State University, Russia)

The Cauchy problem for systems of differential equations is considered as a
particular case of the abstract Cauchy problem in a Hilbert space H : u'(t) =
Au(t), t >0, u(0) =&, where A = P(i%)7 E=¢(x), z €R, £ € H=Ly(R).

In this context, generally, operator A is not the generator of a semigroup of
class Cy and the problem is not uniformly well-posed even in the case of Petro-
vskii well-posed systems (see, for example, [1], [2]). For such problems regularizing
operators are constructed. There are shown connections of the regularizing op-
erators with R-semigroups (some type of modern regularized semigroups) in H
and with Green functions of the problem constructed in spaces of Gelfand—Shilov
distributions.

The research was supported by RFBR (grant 10-01-96003_r) and by the Min-
istry of Education and Sciences RF (grant 2.1.1/2000).
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On the scattering of plane waves by a wedge
Merzon A. E. (Universidad Michoacana, Mexico)

We consider a nonstationary scattering of plane waves by a wedge
W:={y = (y1,y2) : y1 = pcosO,ys = psinf,p > 0,0 < 0 < ¢ < 7}.

Let uin(y,t) := ei(k"'yf“’”t)f(t —n-y),teR, y€Q:=R*\W;wo >0, ko € R?
|wo| = |ko|, be the incident plane wave. We assume ko = (wo cos o, wo sin «),
where max(0,¢ — 7/2) < a < min(nw/2,¢). In this case uin(y,0) = 0, y € 9Q.
The profile f € C*(R), f(s) =0, s <0, and f(s) =1, s > u, for some pu > 0. Let
Q1, Q2 be the sides of Q. The scattering is described by means of the following
mixed wave problems in @ (depending on the properties of the wedge)

Du(y, ) =0, y€Q u(y,0) = uin(y, 0),
{ Pu(y ) =0, yeQi | { i(y,0) = i(y.0), | V€O D

where [ = 1,2, P, = 1 or P, = Oy, for the exterior normals n; to @; (DD, NN
or DN-problems). Denote by C the Sommerfeld contour in the following (turned)
form C = C; U Cs, where

C1 ={wi—in/2 |wy > 1}U{1+5wz | =5/21 < wy < —7/2}U{w1—5/2im | wy > 1}.

The contour C; is a reflection of C; with respect to the point —37/2 and C has
the clock-wise orientation. Denote by @ := @\ {0}, {y} := |y|/(1 + |y|), v € R®.
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DEFINITION 1. Fore, N > 0, &y is the space of functions u(t,y) € C(QxR™)
with the finite norm |Ju||c,n = sup [suB|u(y, t)|+sup(1+t)7N{y}5\Vyu(y,t)|] <

t20 “yeQ yeQ
oo, N >0.
Let ® = 27 — ¢, ¢ = 7/(2®) w1 = —in/2 + ia, Hi(p,0,P) :=
1/sinh[(p — p1)q] 4 1/ sinh[(u + p1 — im)q].
THEOREM 1. 1°. There exists a unique solution to the DN-problem (1)

2°.

u(y,t) € Ei—z 1-z which is expressed by the inverse Fourier transform
u(y,t) = F L [a(y,w)], t> 0,y € Q, where i(y,w) admits the Som-
merfeld type representation
a(y,w) = % ~/67””Si“h”H1(u+19,a7<1>)du,
c

where p >0, y=(p,0) €Q, weCT. _

The Limiting Amplitude Principle holds: u(y,t) —e “°'A(y) — 0, t —
oo, uniformly for |y| < po, where A(y) = ﬁf@wﬂpc‘”(e*MH(ﬁ +

c
10)dg, y € Q. The limiting amplitude A is a solution to the clas-

sic DN-diffraction stationary problem of the plane wave by a wedge of
the Sommerfeld—Maljuzhinetz type [4].

Similar theorems hold for DD and NN-problems [1, 2, 3]. The Method of
Complex Characteristics was used. The research was supported by CONACYT ,
CIC (UMSNH) and PROMEP (red) (México).
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Recursion operators and conservation laws for partial difference

equations
Mikhailov A. V. (University of Leeds, UK)

We adapt a concept of recursion operator to difference equations and show

that it generates an infinite sequence of symmetries and canonical conservation
laws for a difference equation [1]. Similar to the case of partial differential equa-
tions these canonical densities can serve as integrability conditions for difference
equations. We have found two recursion operators for the Viallet equation satis-
fying to the elliptic curve equation associated with the Viallet equation.

We discuss the concept of cosymmetries and co-recursion operators for dif-

ference equations and present a co-recursion operator for the Viallet equation
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[2]. We also discover a new type of factorisation for the recursion operators of
difference equations. This recursion operators and its factorisation into Hamil-
tonian and symplectic operators can be applied for Yamilov’s discretisation of the
Krichever—-Novikov equation.

For Lax integrable equations we show that the sequence of conservation laws
can be obtained recursively using formal diagonalisation of the Darboux transfor-
mations.
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On the negative spectrum of low dimensional Schrédinger operators
Molchanov S. (UNC Charlotte, USA)

We will discuss estimates for the number of negative eigenvalues for
Schrédinger type operators on Riemannian manifolds, graphs and quantum graphs
with the spectral dimension d < 2. The main example: the Schrodinger operator
in R? with a potential decaying at infinity.

The talk is based on the joint work with B. Vainberg.

Homogenization of the Dirichlet eigenvalue problems for elliptic
operators with non-standard grow conditions in perforated domains
with non-periodical structure
Namlyeyeva Yu. V. (Institute of Applied Mathematics and Mechanics of NAS of
Ukraine, Ukraine)

We investigate the asymptotic behavior of solutions to the Dirichlet eigenvalue
problem for elliptic quasilinear equations with nonstandard grow in a sequence of
domains with a complex geometry. We study the homogenization of the following
nonlinear eigenvalue problems:

" d . Ouf . Ouf .

i:zldmiaZ (z,u,ax>f/\5a0 (x,u,ax> Ve, (1)

u*(z) =0 on 9Q°, (2)

where € > 0 is a small positive parameter characterizing the scale of the mi-
crostructure; Q° = Q\ F¢ is a perforated domain with  being a bounded domain
in R™ (n > 3) and F* being an open connected subset in 2. We consider the op-
erators with nonstandard growth conditions for instance the p.(x)-Laplacian and
the anisotropic p-Laplacian. In the study of this problem the following question
arises: to establish a possibility of approximation of problem (1), (2) by a simpler
problem of the same type in a fixed domain. We derive the homogenized problem
in the simple domain, describing the leading term of asymptotic of the solution
in perforated domain. The homogenization of variational eigenvalue problems for

the quasilinear elliptic operators p-Laplacian type was shown in [1]-[4].
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The research was partially supported by RFBR grant 10-01-90900.

References

[1] Skrypnik I. V., Namleeva Yu. V., The convergence of the eigenvalues and eigenfunctions
to the nonlinear Dirichlet problems in domains with a finely granulated boundary,
Ukrainian Math. Journal, 55, (2003), no. 6, 993-1011.

[2] Baffico L., Conca C., Rajesh M., Homogenization of a class of nonlinear eigenvalue
problems, Proc. Roy. Soc. Edinburgh Sect. A, 136, (2006), no. 1, 7-22.

[3] Champion T., De Pascale L., Asymptotic behavior of non linear eigenvalue problems
involving p-Laplacian type operators, Proc. Roy. Soc. Edinburgh Sect. A, 137, (2007),
no. 6, 1179-1195.

[4] Drdbek P., Namlyeyeva Yu., Necasova S., Convergence of variational eigenvalues and
eigenfunctions to the Dirichlet problem for the p-Laplacian in domains with fine-
grained boundary, Proc. Roy. Soc. Edinburgh Sect. A Mathematics, Vol. 140, no. 3,
(2010), 573-596.

Qualitative properties for solutions to elliptic and parabolic equations
with divergence-free lower-order coefficients
Nazarov A. I. (Saint-Petersburg University, Russia)
Ural’tseva N. N. (Saint-Petersburg University, Russia)

We consider uniformly elliptic and uniformly parabolic equations of divergence
type:
Lu= —Di(aij (Jc)Dju) + b;i(x)D;u = 0;
Mu = dyu — Di(aij(x; t)Dyu) + bi(w; t)Diu =0
with additional structure condition
div (b;) <0 in the sense of distributions. (1)

The equations with the lower-order coefficients satisfying this structure condition
arise in some applications, in particular, in hydrodynamics.

We deal with classical properties of solutions, namely, strong maximum prin-
ciple, Holder estimates, the Harnack inequality and the Liouville Theorem. We
show that under condition (1) the assumptions on (b;) which ensure these prop-
erties can be considerably weakened in the scale of Morrey spaces.

The research was partially supported by grant NSh.4210.2010.1 and by RFBR
grant 09-01-00729.

References

[1] Nazarov A. I., Ural’tseva N. N., The Harnack inequality and related properties for
solutions to elliptic and parabolic equations with divergence-free lower-order coef-
ficients, Algebra & Analysis, 23 (2011), No 1 (Russian). Translation is available at
http://arxiv.org/abs/1011.1888.

Asymptotics of eigenvalues embedded into the continuous spectrum
of a waveguide
Nazarov S. A. (Institute of Problems in Mechanical Engineering, Russian
Academy of Sciences, St-Petersburg, Russia)

A new method will be described to construct asymptotics of eigenvalues and
the corresponding trapped modes in a waveguide with an obstacle (acoustic and
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quantum waveguides, water-waves in channels). Since eigenvalues in the discrete
spectrum are stable, there exist many approaches to construct and justify their
asymptotics with respect to small perturbation parameters. On th other hand,
if an eigenvalue is embedded into the continuous spectrum, it is no longer stable
and a small perturbation may turn it into a point of complex resonance. This
phenomenon crucially restricts variety of methods applicable to embedded eigen-
values and only a few results exist in this direction. On the base of notion of the
augmented scattering matrix (Nazarov, Plamenevsky and Kamotskii), which im-
plies an indicator of trapped modes, a new asymptotic method is developed to find
out perturbations which still allow for an embedded eigenvalue. The description
of these perturbations provides the enforced stability of embedded eigenvalues.
The Wood anomalies are also interpreted in the framework of this approach.
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Positivity and general scheme of asymptotic method of differential
inequalities for contrast structures in reaction-diffusion-advection
problems
Nefedov N. N. (Lomonosov Moscow State University, Russia)

For some cases of initial boundary value problem for the equation

52Au—%:f(u,Vu,x,s), reDCRY, t>0, (1)
which plays important role in many applications and is called reaction-diffusion-
advection equation we state the conditions which imply the existence of contrast
structures — solutions with internal layers. Particularly the cases when equation
(1) is semilinear or quasylinear are considered. Among others we discuss the
following problems:

1°. Existence and Lyapunov stability of stationary solutions.

2°. The analysis of local and global domain of stability of the stationary
contrast structures.

3°. The problem of stabilization of the solution of initial boundary value
problem.

Our investigations are based on asymptotic method of differential inequalities
and general scheme of this method (see also [1]) will be presented. This scheme
uses so-called positivity property of the operators producing formal asymptotics
and is based on some recent extensions of Krein—Ruthman theorem (see, for ex-
ample, [2, 3]).

The research was supported by RFBR grant No 10-01-00319.
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Nonexistence of W-solutions for nonlinear high-order equations with
L'-data
Nicolosi F. (Department of Mathematics, University of Catania, ITALY)

We study conditions of nonexistence of weak solutions for nonlinear equations
in divergence form of arbitrary order with L'-data. We use the known principle
of uniformly boundedness as a common functional tool.

Normal forms of generic transversal systems of infinite index
Ortiz-Bobadilla L. (National Autonomous University of Mexico)
Paziy N. (Chelyabinsk State University, Russia)
Rosales-Gonzalez E. (National Autonomous University of Mexico)

The purpose of this work is to study local analytic implicit, with respect to
the first derivative, systems

A(x)t = f(z), x€(C",0) (1)

DEFINITION 1. If the kernel of the matrix A(0) is one dimensional and the
vector f(0) doesn’t belong to the image of A(0), then we say that the system (1)
is a transversal one.

DEFINITION 2. Let us denote w = det A, I' = {&e = 0}, and let e be a vector
field, generating the kernel of the matrix A in the points of I'. Let o’(0) # 0, and
assume that the order of tangency, at the origin of coordinates, of the vector field
e and the surface of degeneracies I is infinite (i. e, the derivatives 8*a/8e*(0) are
zero for every k). We say that a transversal system satisfying such properties has
infinite index.

DEFINITION 3. Two transversal systems are called (locally) analytically equiv-
alent, if there exists a (local) analytic diffeomorphism transforming the solutions
of one of them into the solutions of the other.

In the present work analytic normal forms of generic transversal systems of
infinite index are obtained. The normal forms of transversal systems of finite index
were obtained before in [1]-[3]. In [4] their orbital classification was studied.

THEOREM 1. A generic transversal system (1) of infinite indez is locally an-
alytically equivalent to the system
1° vi=1,0=0,ifn=2;
2°. (wHuwv)u=1,0=0,w=0, if n=3;
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3%, (v1+ vt F v w2 " o(u, v)) =1, 0 = 0, where (u,v) €
(CxC"10), 'v=(va,...,0n_1) and @ is a germ of analytic function,
o(u,0) =0, if n > 4.

Using this theorem normal forms of generic systems with one constraint are
obtained as well.
The work was supported by CONACyT 80065, PAPIIT IN103010.
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New optimal interpolation theorem for operators, mapping couples of
L, spaces
Ovchinnikov V. I. (Voronezh State University, Russia)

We find an optimal interpolation theorem for the family of spaces of mea-
surable function which includes classical Lorentz and Orlicz spaces. This family
contains also some quasi-Banach spaces.

DEFINITION 1. (see [1]) Suppose that {Xo, X1} is a Banach couple, ¢ is non-
degenerate interpolation function, and 0 < po, p1 < oo. The space ©(Xo, X1)pg,p1
is defined to be the space of x € Xo + X1 such that

{K (Wi, z, {Xo0, X1 1)} € (lpg lps (wrn)),
where {wn, } is a balanced sequence of K (¢, x,{Xo, X1}).
Recall that if x € Xo + X1, t > 0, then
Ktz {Xo, X1}) = _inf [lzollx, +t] z1llx,,
r=x0+x]
where the infimum is taken over all representations of x as a sum of o € Xo and
z1 € X;. This function is call the K-functional of x € Xo + Xi.

THEOREM 1. Let T be a linear operator which sends a couple of
weighted Ly, spaces {Lp,(Uo), Lp, (U1)} to a couple {Lqy(Vo), Lg, (V1)}, where
1 < Po, P1, qo, g1 < 0, then

T : o(Lpo(Uo), Lpy (U1))sg.s1 = ©(Lao (Vo) Lay (V1))1g.t1 5

where 0 < sg, S1, to, t1 < 0o such that

1 1 1 1 1 1 1 1
=—4 (===, —=— === ,

o so qQ Ppo/ i s @ P/

and p(u,v) is an arbitrary nondegenerate interpolation function.

This theorem is optimal in the following sense.
85



THEOREM 2. If the couple {Ly,(Uo), Lp, (U1)} is Ko-abundant (see [2]), then
for any y € o(Lqo(Vo), Lgy (V1))to,t, there exist x € p(Lp,(Uo), Lp, (U1))sg,s; and

T : {Lpy(Uo), Lp, (U1)} — {Lgo (Vo), Ly (V1) }
such that y = Tx.

For the proofs we study the structure of the sets of K-functionals corre-
sponding to the interpolation spaces ¢(Xo, X1)p,,p, and apply the description of
interpolation orbits in couples of L, spaces (see [3]).

The research was supported by RFBR grant no. 10-01-00276.
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Nonlinear Steklov eigenvalue problems in corrosion modeling
Pagani C. D. (Dipartimento di Matematica Politecnico di Milano, Italia)
Pierotti D. (Dipartimento di Matematica Politecnico di Milano, Italia)

We consider the problem of finding a harmonic function v in a bounded
domain Q € RY, N > 2, satisfying a nonlinear boundary condition of the form
du(r) = Ap(z)h(u(z)), © € 2 where p changes sign and h is an increasing
function with superlinear, subcritical growth at infinity. We study the solvability
of the problem depending on the parameter A by using min-max methods. In
dimension 2 the special case h(u) = e** — e~ (17" o € (0,1) is of interest in
problems of corrosion and is specifically considered, paying particular attention
to the symmetric case o = 1/2.

Asymptotic analysis for the steady Stokes equation with On
properties of solutions of nonlinear ordinary differential equations
variable viscosity in a two-dimensional tube structure
Panasenko G. P. (University of Lyon, France)

The result is obtained in collaboration with R. Fares and G. Cardone. Let
e1,€z,...,e, be n closed segments in R?, which have a single common point O
(i. e. the origin of the coordinate system), and let it be the common end point
of all these segments. Let 81, B2, ..., Bn be n bounded segments in R? containing
the point O, the middle point of all segments, and such that 3; is orthogonal to e;
(for simplicity assume that the lenght |3;| of each j3; is equal to 1). Let 85 be the
image of 3; obtained by a homothetic contraction in % times with the center O.
Denote B5 the open rectangles with the bases 5 and with the heights e;, denote
also Bj the second base of each rectangle B5 and let O; be the end of the segment

e; which belongs to the base Bj . Define the bundle of segments e; centered in
O as B= U;'L:1 ej. Denote below Op = O. Let 75, j = 0,1,...,n, be the images
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of the bounded domains v; (such that 9; contains the end of the segment O;
and is independent of €) obtained by a homothetic contraction in % times with
the center O;. Define the tube structure ([1]) associated with the bundle B as

_ /
a bounded domain: B° = ( 1 Bj) U ( pa f_yj) . Assume that 0B° € C? (the
result may be generalized for the case of the piecewise smooth boundary 0B° with

no reentrant corners). Assume that the bases Bj of B, j = 1,...,n, are some
parts of 9B°. Consider the problem:

—div(v(z)Due) + Vpe = f(z), divu.=0, z€B°, u.=g, z€IB".
Here g = 0 on the lateral boundary of the rectangles composing B°; moreover
g = 0 anywhere with the exception of the bases 85 of the cylinders B5j (these
bases are assumed to belong to the boundary of the tube structure); g € C? (Bj),
and for each j, g = Eng(x_oj) on Bj, the vector valued functions g; € C? do not
depend on ¢ and let faBE g.nds = 0. Introduce the local system of coordinates

Oz’ xy associated with the segment e; such that the direction of the axis Oz}’
coincides with the direction of the segment OOj, i. e. z’ is the longitudinal
coordinate. The axes Oz}’z,’ form a cartesian coordinate system. We denote
doe the infimum of radiuses of all spheres with the center O such that every point
of it belongs only to not more than one of the rectangles B5, j = 0,1,...,n and
di is the maximal diameter of the domains o, 71,...,7». We finally introduce
the notation doe = max{doe,die}. Consider the right hand side vector valued
function f “concentrated” in some neighborhoods of the nodes O; and diffused

in the cylinders, i. e. f = ®; (%Oj), if |x — O;] < dbs, j =0,...,n, and

f = fi(@9)e;, if not. Here f; € C§°([0, |e;]]), ®; € C*(Q), (j = 0,1,...,n),
where Q is a ball |¢| < do. Assume that v(x) = vy +vj(x}?) such that v;(z37) = 0
for all z77 € [0, B]U[|e;| — B; |e;|], where 3 is a positive constant; v € C? such that
there exist ko € R" such that v(z) > ko for all z € B°. The complete asymptotic
expansion of the solution to this problem is constructed and the error estimates
are proved. The research was supported by the grants: MODMAD, Modeling
blood diseases (CNRS).
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Noncommutative dynamical systems with two generators and their
applications in analysis
Paneah B. (Technion, Israel)

In this talk we consider some new dynamical systems which are determined
by a semigroup ¢ of maps in a closed interval I. The main peculiarity of these
systems is that ® is generated by two noncommuting maps. Introducing certain
closed subsets 71 and 72 in I makes it possible to determine some specific orbits
and attractors in I corresponding to ®. These orbits play a crucial role in solving a
wide variety problems in such diverse fields of analysis as general linear functional
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operators, integral geometry, boundary problems for hyperbolic partial differential
operators of higher (> 2) order. We first describe some conditions ensuring the
existence of the required attractors. In the second part we formulate some new
problems from the above-mentioned list and trace how our dynamic approach
works when solving these problems.

On the Aharonov-Bohm operators
Pankrashkin K. (University Paris-Sud 11, France)

We review the spectral and the scattering theory for the Aharonov-Bohm
model on R?, i. e. for the Schrédinger operator with a d-type magnetic field. New
formulae for the wave operators and for the scattering operator are presented. The
asymptotics at high and at low energy of the scattering operator are computed and
a relationship between the number of the bound states and some characteristics
of the wave operators are obtained (Levinson-type theorem).

Based on joint work with Serge Richard and Johannes Kellendonk.
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Homogenization and concentration for a diffusion equation with large
convection in a bounded domain
Pankratova I. (Narvik University College, Norway, and Ecole Polytechnique,
France)

The talk will focus on the homogenization of a convection-diffusion equation
with rapidly oscillating coefficients defined in a bounded domain. Namely, we
consider the following initial boundary problem:

e . X 5 1 X e _ .
O —dlv(a(g)Vu)—&—gb(g)-Vu =0, in (0,7) x Q,
u®(t,z) =0, on (0,T) x 99, (1)
u®(0,x) = uo(z), =€,

where Q C R? is a bounded domain with a Lipschitz boundary Q. We show that,
in contrast with the equation stated in the whole space, u® vanishes exponentially
for any t > to with an arbitrary to > 0. More precisely, for ¢t = O(e) the initial
profile of u° moves with the velocity ¢! b in the direction of the effective convec-
tion b, reaches the boundary of Q and then dissipates rapidly. Hence, any finite
number of terms in the asymptotic expansion vanish for t > to, with an arbitrary
to > 0. Our goal is to determine the rate of vanishing of u®, as ¢ — 0, and to
characterize the asymptotic profile of the properly rescaled solution.
This is a joint work with G. Allaire and A. Piatnitski.
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On weak completeness of the set of entropy solutions to degenerate
nonlinear parabolic equations
Panov E. Yu. (Novgorod State University, Russia)

In a strip IIr = (0,7) x R, T" > 0, we consider the nonlinear parabolic
equation

ur + ¢p(u)e = g(w)ze =0, (1)
u = u(t,x), (t,z) € lIr. We assume that ¢(u), g(u) € C(R) and the function g(u)
non-strictly increases.

DEFINITION 1. A function u = u(t,z) € L (Il7) is called an entropy solution
(ES for short) of (1) if g(u)s € Li,.(Il7), and for each k € R

lu —Klt + [sign(u — k) (o (u) — 0(k)lz — lg(u) = g(k)|zz <0
in the sense of distributions on It (in D' (Il7)).

In the case g(u) = 0 Definition 1 reduces to the Kruzhkov’s definition (see
[1]) of ES to the conservation law

ur + p(u)y = 0. (2)

One of well-known applications of the Tartar—Murat compensated compactness
method is the statement that a weak limit of a bounded sequence of ES of (2) is a
weak solution of this equation (i. e., it satisfies (2) in D'(Il1)), see [4]. Recently, in
[2], it was established that actually this weak limit is an ES of equation (2). Now,
using the new compensated compactness theory developed in [3] and adapting
the methods of [2], we extend the result of [2] to the case of parabolic equation
(1). More precisely, assume that u, = un(t,z), n € N, is a bounded in L*(II7)
sequence consisting of ES of approximate equations

Ut + pn(u)e = gn(u)ze =0, (3)

where ¢n(u) = ¢(u), gn(u) = g(u) in C(R) as n — co. Assume that u, — u =
u(t, z) as n — oo weakly-* in L (Ilr).

THEOREM 1. The function u(t,z) is an ES of equation (1). Moreover, this
ES admits a strong trace uo(z) on the line t =0 in the sense of relation

ess limu(t,) = uo in Lio.(R).
t—0

Remark that in the case of several spatial variables the statement of Theo-
rem 1 is no longer valid (cf. [2]).
This work was supported by RFBR grant 09-01-00490.
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Extremal spectral properties of Lawson 7-surfaces and the Lamé
equation
Penskoi A. V. (Moscow State University, Independent University of Moscow,
Bauman Moscow State Technical University, Russia)

Let M be a closed surface and g be a Riemannian metric on M. Let us consider

oz’ oz

the associated Laplace—Beltrami operator Af = —ﬁ 0 ( \g|gijﬂ) and its
g
eigenvalues

It turns out that the question about the supremum of the functional A;(M,g) =
Xi(M, g)Area(M, g) over the space of Riemannian metrics g on a fixed surface M
is very difficult and only few results are known. The functional A;(M, g) depends
continuously on the metric g, but this functional is not differentiable. However,
it was shown by Berger in the paper [1] that for analytic deformations g; the left
and right derivatives of A;(M, g¢) with respect to ¢ exist.

DEFINITION 1 (Nadirashvili [2], El Soufi and Ilias [3]). A Riemannian metric
g on a closed surface M is called extremal for the functional A;(M, g) if for any
analytic deformation g: such that go = g the following inequality holds,

d d
A, <0< —A; )
Ghig) | <0< SA(M g |

The list of surfaces M and values of index ¢ such that the maximal or at
least extremal metrics for the functional A;(M,g) are known is quite short (see
the paper [4] for detailed references): A1(S?,g), A1(RP?, g), A1 (T?,g), Ai(K,g),
A2(S?, g) and A4(T?, g), Ai(K, g) for some particular values of i.

DEFINITION 2 (Lawson [5]). A Lawson tau-surface 7o, i C S? is defined by the
doubly-periodic immersion ¥,, 5 : R?* — §* € R* given by the following explicit
formula,

Yo k(z,y) = (cosmaz cosy, sinmz cosy, coskxsiny, sinkxsiny).

Lawson proved that for each unordered pair of positive integers (m, k) with
(m, k) = 1 the surface 7, is a distinct compact minimal surface in S*. Let us
impose the condition (m, k) = 1. If both integers m and k are odd then 7.,k is a
torus. If one of integers m and k is even then 7, ; is a Klein bottle. The torus
71,1 is the Clifford torus.

Our main result is the following theorem from the paper [4]. The proof is
based on the theory of periodic Sturm-Liouville problems and the theory of the
Lamé equation.

THEOREM 1. Let Tp,r be a Lawson torus. Then the induced met-
ric on Tmik 15 an estremal metric for the functional A;(T? g), where
ji=2 ([\/m2 + k2] +m+ k) — 1. Let Tm,x be a Lawson Klein bottle. Then the
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induced metric on Tm.,k, is an extremal metric for the functional A;(K,g), where
j=2 FW} +m+k—1. The corresponding values of A;(T?,g), A;(K,g) are
given in the paper [4].
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On the large-time behaviour of solutions to fractional diffusion
equations
Piatnitski A. (Lebedev Physical Institute RAS, Moscow, Russia, Narvik
University College, Norway)

The talk will focus on the asymptotic behaviour of solutions to a time-
fractional diffusion equation of the form

O ue = div((a(z)Vu), (z,t) € Q x RT,
68:& =0 T € 0Q,
’LL(J?,O) = f(il’), 875’11(@‘,0) = g(x) T e Qa

stated in a smooth bounded domain @ C R™; by 07 we denote the fractional
Caputo derivative in time variable of order o with « € (1,2).

We show that under natural uniform ellipticity assumptions on the matrix a,
a solution u of the studied problem approaches a linear function uo(t) = At 4+ B.
Moreover, the convergence is power-law, that is

[u(-,t) —uo(B)llz2g) < CE ™% t € (1,400),
for some C' > 0.
This is a joint work with K. Ruotsalainen (Oulu, Finland).

The dichotomy in approximations of abstract parabolic equations
Piskarev S. I. (Lomonosov Moscow State University, Russia)

This talk is devoted to the numerical analysis of abstract semilinear parabolic
problem in some general Banach space E

u'(t) = Au(t) + f(u(t), u(0) =’

where the operator A generates analytic Co-semigroup and f(-) : E C E — E,

0 < a < 1, is assumed to be continuous, bounded and continuously Fréchet

differentiable function. More precisely we assume that the following condition

holds: for any e > 0 there is § > 0 such that ||f'(w) — f'(2)|lBEa.p) < € as
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lw — z||ge < § for all w,z € Uga(u™;p), where u* is a hyperbolic equilibrium
point of the main problem.

We are developing a general approach to establish a discrete dichotomy in
a very general setting and prove shadowing Theorems that compare solutions of
the continuous problem with those of discrete approximation in time and space
variables. It is well-known fact (see [1], [2], [3], [5]) that the phase space in the
neighborhood of the hyperbolic equilibrium can be split in a such way that the
original initial value problem is reduced to initial value problems with exponential
decaying solutions in opposite time direction.

We use the theory of compact approximation principle and collectively con-
densing approximation to show that such a decomposition of the flow persists
under rather general approximation schemes. The considerations are based on
Baskakov’s approach.

In [4] a general framework was developed that allows to analyze convergence
properties of numerical discretizations in a unifying way. We consider discretiza-
tions on a general approximation scheme following G. Vainikko. The main as-
sumption of our results are naturally satisfied, in particular, for operators with
compact resolvents and condensing semigroups and can be verified for finite ele-
ment as well as finite difference methods.

The research was supported by RFBR grant 11-01-90401.
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On a method for computing waveguide scattering matrices in the
presence of discrete spectrum
Plamenevskii B. A. (St. Petersburg State University, Russia)

Let G be a domain in R? that coincides outside a large circle with the union
of finitely many non-overlapping semi-strips (“cylindrical ends”). A waveguide is
modeled by the Dirichlet problem for the Helmholtz equation in G with spectral
parameter p. As approximation to a row of the scattering matrix S(u), we choose
the minimizer a(R, 1) of a quadratic functional a — J™(a, ). To define such a
functional, we solve a certain auxiliary boundary value problem in the bounded
domain G obtained by cutting off the cylindrical ends at distance R. We prove
that, as R — oo, the minimizer a(R, u) tends to the corresponding row of S(u)
with exponential rate uniformly with respect to p in any finite closed interval
[11, p2] of the continuous spectrum not containing thresholds; in doing so, we
do not exclude the presence of eigenvalues of the waveguide in [u1, p2] (to the
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eigenvalues there correspond eigenfunctions exponentially decaying at infinity).
The applicability of the method goes far beyond the above simplest model.

The method for computing scattering matrices was suggested in [1]. The
outline of the proof given there is valid under the restriction that the interval
[1, p2] contains no eigenvalues of the waveguide. The justification of the method
without such a restriction was given for the first time in [2].

The talk is based on the joint work with O. V. Sarafanov.

The research was supported by grant RFBR-09-01-00191-a.
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Modelling Nonlinear Hydroelastic Waves
Plotnikov P. 1. (Lavryentyev Institute of Hydrodynamics, Russia)

We use the special Cosserat theory of shells satisfying Kirchoff’s hypothesis
and incompressible flow theory to model the interaction between an elastic sheet
and an infinite ocean for which it forms the top surface. From a general discussion
of three-dimensional motions, involving an Eulerian description of the flow and a
Lagrangian description of the elastic sheet, a special case of two-dimensional trav-
elling waves which propagate without changing shape on the surface of a fluid that
moves under gravity, bounded above by a heavy, frictionless, thin (unshearable)
elastic sheet. The sheet stays in contact with the zero streamline of the flow and
is deformed by internal elastic forces and couples, and inertial forces and gravity,
according to the laws of elasticity. The flow, which is supposed irrotational, is
at rest at infinite depth and its velocity is stationary relative to a frame moving
with the wave. Therefore the pressure exerted by the fluid at a steady streamline
depends on its height and the fluid velocity. This work studies the balancing of
these elastic and hydrodynamic effects to produce a steady hydroelastic wave.

To do so, it is supposed that the surface membrane is hyperelastic, with a
stored energy function that depends on the stretch, the stretch-gradient, and the
curvature of the membrane. The problem is then formulated as one for critical
points of a Lagrangian. It is notable that the stored energy for travelling waves
may be non-convex in the stretch even when the stored energy of the material at
rest is convex. The existence of waves is proved by maximizing the Lagrangian in
the presence of strain-gradient effects. An understanding of the limiting process,
as the coefficient of the strain-gradient term in the elastic energy tends to zero,
is the purpose of this investigation. Our main result is a detailed description
of the Young measure that arises as a limit of a sequence of maximizers as the
strain-gradient coefficient tends to zero.
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Classification of Morse—Smale diffeomorphisms on 3-manifolds
Pochinka O. V. (Nizhny Novgorod State University, Russia)

This report is devoted to an exposition of results obtained by the author in
collaboration with C. Bonatti, and V. Z. Grines.

Morse—-Smale diffeomorphisms have a finite hyperbolic nonwandering set and
transversal intersection of stable and unstable manifolds of periodic points (sim-
ilar to structural stable flow on surfaces). They are structurally stable, have
zero topological entropy, exist on any manifolds and their dynamic properties are
closely related to the topology of the ambient manifold. To date, due to results
of A. Bezdenezhnyh, C. Bonatti, V. Grines, R. Langevin, considerable progress
has been made in the classification of Morse-Smale diffeomorphisms on surfaces.
In the simplest case, when diffeomorphism is gradient-like (without heteroclinic
intersections) the complete topological invariant given by a distinguishing graph
(similar to Leontovich-Mayer scheme and Peixoto graph for flows). Obstruction
for such combinatorial invariants in dimension 3 is a possibility of wild embedded
separatrices of saddle periodic points even for diffecomorphisms with one saddle
point, found by D. Pixton.

Thus it is necessary to use other approaches, catching a topology of embedding
of separatrices. Then the dynamics of arbitrary Morse-Smale diffeomorphism f on
3-manifold M is represented as a “source-sink”, where the roles of the source and
sink are played by one-dimensional attractor A and repeller R, all points different
from A U R are wandering points and move under the diffeomorphism from the
source to the sink. Topological structure of the orbit space V of the wandering set
V = M\ (AUR) together with the embedded images of the invariant manifolds of
saddle periodic points is complete topological invariants. Moreover, this approach
allows to realize diffeomorphisms within the class under consideration. This report
generalizes papers [1]-[3], where classification of Morse-Smale diffeomorphisms of
3-manifolds under various generality assumptions was obtained.

The research was supported by RFBR grant 11-01-00730 and grant of gov-
ernment of Russian Federation 11.G34.31.0039.
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On location of spectrum and absence of the basis property in the
system of root functions of a variable slope derivative problem
Polosin A. A. (Moscow State University, Russia)

A spectral slope derivative problem for the Laplace operator in a unit disk
D:

Au+ p*u=0,(r,p) € D, (1)
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(rur + kug)yp =0, (2)

where k is a real nonzero number, was studied in [1]; it was proved that the
spectrum does not lie in the Carleman parabola and the root functions do not
form a basis in any L,(D), p > 1.

THEOREM 1. The results of [1] remain true in the case of a variable non-
degenerating angle of the slope, i. e. when k = k(p) is a continuous 2m-periodic
sign-preserving function.

This work was supported by the Federal Task Program “Scientific and Peda-
gogical Staff of Innovational Russia”’ for 2009—2013 and the Program for Support
of Leading Scientific Schools (project no. NSh-7332.2010.9).
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Operator extension theory model for EM field-electron interaction
Popov I. Yu. (St.-Petersburg State University of Information Technologies,
Mechanics and Optics, Russia)

The self-adjoint Maxwell operator in the space L2(R?) is as follows [1]. Let
FE and B be, correspondingly, the electric and magnetic fields. These vector fields
should satisfy the conditions

V-(cE)=0, V-B=0. (1)

Then, the Maxwell operator acts on six-dimensional vector field as

n(5)( L ()

Here electric and magnetic susceptibilities, (), u(x) are smooth, strictly positive,
bounded functions of x (g, € C*(R®), the bounded continuous functions with
bounded continuous derivatives), € is the Levi-Chivita tensor density (€123 = 1
and € is antisymmetric in all indices), p = —iV is the momentum operator. In
the present paper we consider the vacuum case and normalize values of ¢ and p
to unity. The operator H; defined on smooth functions is essentially self-adjoint.
We denote its closure by the same letter (H1). To construct generalized point
interaction for the Maxwell operator it is necessary to extend the initial state Lo
to the Pontryagin space II.

Consider also quantum electron, i. e. let Hy = —A + V be the Schrodinger
operator in La(R®). To switch on an interaction between the EM field and the
electron we use the “restriction-extension” procedure for the operator Hy & Hs.
As a result, we construct a model operator H with point-like interaction between
quantum electron and classical EM field.

THEOREM 1. The dispersion equation for the model operator takes the form

(F'11 = D1(2))(T12 — D2(2)) — [T'12| =0,
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I H . _
D16 = (enen ). Dae) = limy(Rafa,0,2) = Gamlal) ),

Hipy =g,
T, i =1,2, are model parameters related with the strength of interaction...
Let H2 have non-empty point spectrum. The model allows one to find the

electron spectrum shift due to the EM field influence.
The research was partially supported by RFBR grant 11-08-00267.
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Stabilization to a non-stationary solution for the 3D Navier—Stokes
equations by initial control
Pribyl’ M. A. (Scientific Research Institute for System Studies of RAS, Russia)

Let © C R? be a connected bounded domain with a smooth boundary 9§ €
C*. Consider the Navier—-Stokes equations:

ou(t,x) — Av(t, z) + (v, V)v + Vp(t,z) = f(t,z), dive(t,z) =0, (1)

v(t, z)laq =0, (2)
with the initial condition
v(t, x)|t=0 = vo(z) + u(z), = € Q. (3)
Here v(t,x) = (v1, v2,v3) is a velocity of fluid flow, p(t, x) is a pressure, f(t,z) =
(f1, f2, f3) is a given right side, and u(z) is a control supported in a given fixed
subdomain w C Q. All functions in the equations (1), (2) are periodic in ¢ with a
period T'.
We will use the following spaces of solenoidal vector fields:

VE(Q) = {v(z) € (H*(Q)*: div=0}, k=0,1,2,...
Vo (2) = VH(Q) N (Ho (),
Voo(w) = {w € V' () : w(z) =0Vz € Q\ w}.
Let (0(t,z), p(t,x)) be a smooth solution of the Navier—Stokes system (1), (2). The
problem of stabilization a solution of (1)—(3) with the rate oo > 0 is to construct

a control u(z) with suppu C w such that the solution v(¢,z) of boundary value
problem (1)—(3) satisfies:

[v(t,-) = o(t, v @) < Ce” " lvo = 0(0)lly)y, 20 (4)

THEOREM 1. There ezists a control u € Vyo(w) that v(t,x) satisfies the esti-
mate (4).

The stabilization for the Navier—-Stokes equations by feedback boundary con-
trol was well studied in [1], [2]. In these papers the solution ¢ was stationary.
The aim of this work is to establish a similar result in the case when the solution
© depends on time.

The research was supported by RFBR grant 10-01-00136.
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Maximal semidefinite invariant subspaces for J-dissipative operators
Pyatkov S. G. (Yugra State University, Sobolev Institute of Mathematics,
Russia)

We consider the question of existence of invariant semidefinite invariant sub-
spaces for J-dissipative operators defined in a Krein space. Recall that a Krein
space is a Hilbert space H with an inner product (-,-) in addition endowed with
an indefinite inner product of the form [z,y] = (Jz,y), where J = PT — P~ (P*
are orthoprojections in H, Pt + P~ = I). A subspace M in H is said to be
nonnegative (positive, uniformly positive) if the inequality [z,z] > 0 ([z,z] > 0,
[x,2] > 6]j=z||* (6§ > 0)) holds for all z € M. Nonpositive, negative, uniformly
negative subspaces in H are defined in a similar way. The main question un-
der consideration here is the question on existence of semidefinite (i. e. of a
definite sign) invariant subspaces for a given J-dissipative operator in a Krein
space (by a J-dissipative operator we mean an operator dissipative with respect
to the indefinite inner product [-,-]). We describe some sufficient conditions for
a J-dissipative operator in a Krein space to have maximal semidefinite invariant
subspaces. The semigroup properties of the restrictions of an operator to these
subspaces are studied. Applications are given to the case when an operator ad-
mits matrix representation with respect to the canonical decomposition of the
space. The main conditions are given in the terms of the interpolation theory of
Banach spaces. Given a J-dissipative operator L : H — H (H is a Krein space),
the main conditions look like (Hi,H_1)1/2,0 = H, where Hy = D(L), H_1 is a
completion of H with respect to the norm ||(L — AI) ™ u||, where A € p(L). We
present also sufficient conditions ensuring interpolation equalities of this type and
some applications to the study of some singular differential operators of the form

__sgnzx

Lu= (@) (tae — q(z)u), xR,

Assuming that

1°. w,q € Li1,10c(R), w > 0 and ¢ > 0 almost everywhere on R and w ¢
Ll(R)7

2°. there exists a constant § > 0 such that ¢ +w > §/(1 + z?),

3% p({z € R:g(z) #0}) >0,

and some regularity of the weight function w near zero, we prove that the operator
L (which is J-selfadjoint J-nonpositive in a Krein space L2, (R) with the norm
lull = lvwullL,@®) and Ju = signu) has maximal nonnegative and nonpositive
invariant subspaces and is similar to a selfadjoint operator in Lo, (R).
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Reduction principle in the theory of stability of impulsive equations
Reinfelds A. (Institute of Mathematics and Computer Science of University of
Latvia, Latvia)

Consider the following system of impulsive differential equations in Banach
space X X Y:
dax/dt = A(t)x + f(t,z,y),
dy/dt = B(t)y + g(t, z,y),
Am|t:” =z(1 +0) — z(7; — 0) = Ciz(rs — 0) + pi(x(ms — 0),y(7: — 0)), (1)
Ay\t:n =y(1i +0) —y(ri — 0) = Diy(r: — 0) + qi(x(7i — 0),y(r: — 0)),

satisfying the conditions of separation

v=max (sup | [ ¥ 01X+ 3D V(s mIX (- 0.0 ]

had ;<8
—+oo
Sup/ X (s, )Y (t,8)|dt + > |X(s,7)|[Y (7 = 0,8)] | | <+o0,
s S s<T;
and f(t,-), g(t,-), pi, q are e-Lipshitz, f(¢,0,0) = p;(0,0) = 0,

g(t,0,0) = ¢;(0,0) = 0.

THEOREM 1. If 4ev < 1, then there exists a unique piecewise continuous
map with respect to t satisfying the following properties: u(t,z(t, s, z,u(s,z))) =
y(t, s, z,u(s,x)) fort > s, |u(s,z) —u(s,z’)| < klz — 2’| and u(t,0) = 0.

THEOREM 2. Let 4ev < 1. Then for every solution (x(-),y(-)): [s, +o0) —
X XY of the impulsive system (1) there is such solution {(-): [s,+00) — X of
the impulsive system

defdt = AWz + (1,2, u(t, ),
{ Azl,_ = Cix(ri = 0) +pi(z(ri = 0),u(rs = 0,y(ri — 0))),
that for all t > s fulfils the estimate |((t) — z(t)] < ki|y(t) — u(t, z(t))|.

(2)

We assume in addition that

“+oo
L = sup (/ Y (t,s)dt+ Y |V (r -0, s)|> < 4o0.

Ti>S

THEOREM 3 (Reduction principle). Let 4ve < 1 and 2ep < 14++/1 — 4ev. The
trivial solution of impulsive system (1) is integrable stable, integrable asymptoti-
cally stable or integrable nonstable if and only if the trivial solution of impulsive
system (2) 1is integrable stable, integrable asymptotically stable or integrable non-
stable.

The research was supported by the grant 09.1220 of the Latvian Council of
Science and by the grant 2009/0223/1DP/1.1.1.2.0/09/APIA /VIAA/008 of the
European Social Fund.
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On nonlinear heat conduction in doubly periodic 2D composite
materials
Rogosin S. V. (Belarusian State University, Minsk, Belarus)

It is given an analytic solution to heat conduction problem in 2D unbounded
doubly periodic composite materials with temperature dependent conductivities
of its components (matrix and inclusions). Linear boundary value problem for
a quasi-linear differential equation is reduced to the non-linear boundary value
problem for Laplace equation. By introducing complex potentials, the later is
reduced to a nonlinear boundary value problem for doubly periodic analytic func-
tions. This problem is investigated via application of a combination of the method
of functional equations and the method of the successive approximation. Detailed
description of a new algorithm for the construction of any level approximate so-
lution to the starting problem is given.

The report is based on the joint work with G. Mishuris (Aberystwyth Univer-
sity, UK) and E. Pesetskaya (A. Razmadze Institute of Mathematics, Georgia).
The work is partially supported by Royal Society 2010/R2 Travel for Collabora-
tion grant 45239 and Belarusian Fund for Fundamental Scientific Research.

Estimates of solutions of linear neutron transport equation at large
time and spectral singularities
Romanov R. (St. Petersburg State University, Russia)

We analyze the large time asymptotics for the linear neutron transport equa-

tion,
1

0 0 ’ INF
a“t(l’aﬂ) = _H%Ut(mvﬂ) + C(.II) . K(%H )Ut(.’E,[J, ) d,LL ) (1)

z € R, p € [-1,1]. Our main result is that the contribution of the essential
spectrum of the corresponding generator in the asymptotics of u; at t — oo is
polynomially bounded in the L?-norm if the kernel K is polynomial in ju, p’, and
admits a sharp linear bound if the kernel K is constant (isotropic scattering).
In the process we prove finiteness of the discrete spectrum and of the set of
spectral singularities, thus generalizing earlier results by Lehner and Wing [1, 2]
and ourself [3] to the non-isotropic case. The proofs are based on analysis of the
Szokefalvi-Nagy—Foiag functional model of the generator.
The research was supported by RFBR, grant 09-01-00515-a.
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On the Garding inequality for a class of functional differential
equations
Rossovskii L. E. (Peoples’ Friendship University of Russia, Russia)
Tasevich A. L. (Peoples’ Friendship University of Russia, Russia)

Let ¢ > 1 and Q be a smooth bounded domain in R™ such that Q C ¢g©2. We
consider the following functional differential operator in €:

Au(z) = Z D“ [aago(x)DBu(x)—i—

lal,|Blsm
+aas (@)D u(q *5) + aas,—1(2) DPu(gr)| , (1)

where the coefficients aqg;(z) are smooth functions in 2, and establish some
necessary conditions and sufficient conditions for the Garding-type inequality
2 2
Re(Au, u)r,(0) 2 arllullam @) — c2llulliy @) (v € C57 (). (2)

If A is a differential operator (e. g., aag1 = @ag,—1 = 0 in (1)), then (2) is a
synonym of strong ellipticity [1]. For a broader class of operators, inequality (2)
guarantees the Fredholm solvability as well as discreteness and sectorial structure
of the spectrum of the Dirichlét problem for the equation Au = f in L2(Q).
Fulfilment of (2) in the case of differential-difference equations was studied in [2].

THEOREM 1. Let inequality (2) hold for the operator A given by formula (1).
Then the self-adjoint part of the operator

v(@) e Y €7 [aapo(2)0() + aapi (@)v(q ) + aas—1(2)v(gz)]
lal,|B|=m

is positive definite in L2(Q) for all £ € S™™ 1.

Introduce the notations aag(z) = Reaapo(z), bap(r) = (aasi(z) +
¢ "aap,-1(q"'2))/2,

a(@,€) = aap(@)Et?, b(2,0) =) bap(x)s*,
_ q"b(z,§)
" i ot 5 0

(the summation is over all |al,|8| = m). It is a simple consequence of Theorem 1
that a(z, £) is positive in .

THEOREM 2. If there exists a smooth function §(z, ) such that 0 < §(z,£) < 1
and

r(x,€) < 8(x,€) (1—6(¢ 'z,8)) (zeQee8™,
then inequality (2) holds for the operator A given by (1).

COROLLARY 1. Ifr(z, &) < 1/4 forx € Q, £ € S™ ', then A satisfies (2).
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It should be noted that the condition 7(£) < 1/4 coincides with the necessary
condition from Theorem 1 in the case where the coefficients ang;j(x) are constants
[3].

The research was supported by RFBR, grant 10-01-00395-a.
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On formation of singularity from smooth initial data for the
pressureless gas dynamics
Rozanova O. S. (Moscow State University, Russia)
As is known, smooth solutions to the pressureless gas dynamics system
Do+ divipu) =0, Dy(pu) + Va(pu®u) = 0, (1)

for the density p(t, z) and velocity u(t, z), x € R™, t > 0, can be obtained as limits
as 0 — 0 of solutions to the regularized system

o 1 o5~ @ps
8(,; +div(psus) = 02 %p ;
a(paua 1) . 1 2 paua 7
—_— d o Uo,i o' = = 5
ot + alcv(p Ue,i U 50 ,; o2
i =1,...,n. The formulae, obtained in [1], allow to study the process of formation

of delta-singularity from smooth initial data. For example, in 1D case we get the
following result.

THEOREM 1. Let the initial data (po, uo) for the system (1) be at least
C™-smooth and bounded, m > 2. Assume that there is an instant 0 < t, < oo,

such that t. = in% (7%(1;)) and u® (s,) =0, k=1,...,m — 1, however u'™ (s.)
xEe 0

does not vanish at the point s.(t«,x+), where s. is a solution to the equation

uo(8) tx = xs« — s. Here x, is such that the line y = £2=2 intersects the graph

of the initial velocity y = uo(s) at a unique point and it is tangent to the graph.

Then

m—1

pU(t*rw*) ~ B(I*,t*) po(S*)0'7 m ,0’—)0,

where
’ TIL;Ll
B(l’*yt*) = Km |u?£1) )| : )
|ug (5*)"”
1 1 2
Ky = —— (m!)% r (—) = £m—&—O(lnm), m — 00.
272m m\/?r 2m e



THEOREM 2 (Amplitude of the 5-function). Assume that the C*-smooth initial
datum uo(x) is linear on the segment Q = (x1,x2), moreover, the second left-
hand deriwative uy (z1 — 0) at the point T1 and the second right-hand derivative
ug (w2 +0) at the point x2 do not vanish. Let x. be the unique point such that the
liney = ””*t:s and the graph of the initial velocity y = uo(s) have a common linear
segment Q= [s1, s2]. Then at the moment t = t. at the point x = . the component

52
of the density develops a §-singularity of amplitude A(z.) = [ po(s)ds.
s1

Under the assumptions of Theorem 1
1
Po (i, Ts) ~ 0™ M(Zs,ts,m) po(ss) Ro(ts, ), o —0,

where M (z4,t«,m) is a constant depending only on the properties of ug and
Ry (t«,x+) tends to §(x — z.) as ¢ — 0 in D'(R). Thus, the §-function, arising
from smooth initial data without linear segments in the velocity component, has
initially a zero amplitude.

Supported by the project DFG 436 RUS 113/823/0-1 and the special program
of the Ministry of Education of the Russian Federation, project 2.1.1/1399.
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Computer simulation of the confluence of the free boundaries in the
spherically symmetric model of the phase field system
Rudnev V. Yu. (Moscow Technical University of Communications and
Informatics, Russia)

We numerically research the solutions of the phase field system for the spher-
ically symmetric Stefan—Gibbs—Thomson problem in the case of interaction of the
free boundaries.

We consider the phase field system

do %o ou u—u’ o

— 55 =T elu = n— 1

at o ot T )
where L = % - %2% (7‘2%), the function o has the meaning of the temperature,

u is the order function. Passing to the limit as ¢ — 0 in (1) we obtain the
Stefan—-Gibbs—Thomson problem for the each free boundary ;(¢):

- 2
%j:g%;, re[R, R, rARE), i=12
T ; 2
Z :—1Z+1<f§t+A )
IR CORS
Tl =
O s l

We construct the difference scheme for system (1) and we numerically simu-
late the confluence of the free boundaries.
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The main result of our research is that we reveal the effect of the soliton type
(negative) disturbance of the temperature o in the point of the contact of the free
boundaries. This disturbance is localized in the coordinate and at the time.

We obtain and numerically verify the analytical formula for the amplitude of
the disturbance of the temperature. Namely, the jump of the temperature in the
point and at the moment of time of the contact is determined by formula

! /
[5-” k| p—pE lim lim n (t7 8)7”1 (t7 8) 2 (t7 E)TZ (t7 8)
r=re, = t—t*—0e—0 2

)

where 7;(t,¢), i = 1,2 are the asymptotic form of the positions of the free bound-
aries.
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Geometry of separation of variables and topology of the Liouville
foliation in the D. N. Goryachev case
Ryabov P. E. (Finance University, Russia)

D. N. Goryachev [1] generalized the Chaplygin case [2] of rigid body motion
in fluid to the problem with the potential that has a singularity in the equato-
rial plane of the inertia ellipsoid. Further generalizations to the case of a gyrostat
were obtained by H. Yehia [3]. However, until now the Goryachev case [1] was not
expressed in terms of quadratures explicitly. In [4], on the basis of the bihamil-
tonian approach a version of constructing separation variables for the Goryachev
case was suggested and the Abel-Jacobi type equations for these variables were
written down.

In this talk we give the explicit real separation of variables in the Goryachev
case which is different from [4]. The solution obtained does not use any far-going
mathematical theories and is based on the pure obvious calculation (see [2]) and
geometrical approach to separation of variables suggested by M. P. Kharlamov [5].
We find the standard form of the Kowalevski-type separated equations and alge-
braically express all phase variables via the variables of separation. The obtained
formulas make it possible to fulfil the complete investigation of the topology of
the Liouville foliation in the Goryachev case with the Boolean functions method
[6] including construction of the bifurcation sets, description of the admissible re-
gions in the integral constants plane, calculation of the Liouville tori bifurcations
along all basic paths and classification of singular leaves structure.

This work is supported by the RFBR grant No 10-01-00043.
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New Method for Solving General Singular Equations and Its
Application
Sadik N. (Istanbul University, TURKEY)
Koca B. B. (Istanbul University, TURKEY)

General singular equations were first given by Z. I. Halilov [1]. He considered
general singular operator of normal type, proved that these operators are Noether
operators, and constructed regularizator of these operators. Yu. I. Cherskii [2]
gave a solution for general singular equation of normal type by using similar
Riemann boundary value problem.

In this study, we present a new method for solving normal type general sin-
gular equations. This method is easier and more simple than Cherskii’s method.
Finally, as an application for our method, we concern with the solution for a class
of convolution type integral equation on a larger class.
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On properties of solutions of quasi-linear boundary value problems for
ordinary differential equations
Sadyrbaev F. (University of Latvia, Latvia)

The classical results say that the boundary value problem (BVP)
a” +pt)z’ +q(t)a = f(t,z,2"), te0,1] (1)
z(0)=0, z(1)=0 (2)

is solvable if p, ¢ and f are continuous functions, f is bounded and the homoge-
neous problem
2" +pt)z’ +qt)z =0, x(0)=0, =x(1)=0 (3)

has only the trivial solution.
It was shown in [1] that more can be said about the expected solution.
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THEOREM 1. Quasi-linear BVP (1), (2) with an i-nonresonant linear part
has an i-type solution.

This means that a solution £(t) exists which has the same type as the linear
part 2’/ +p(t)z’ + q(t)z does. The type of the linear part is defined by the number
of zeros of a solution to the Cauchy problem

" +pt)x +qt)r =0, =x(0)=0, 2(0)=1 (4)

in the interval (0,1). The type of a solution £(t) is defined in [1] and roughly
coincides with the oscillatory type of the respective equation of variations

y' o)y +alt)y = fo(6,60), € (1) y + for (t,6(1), € (1), (5)

provided that f is a C''-function.
This observation have resulted ([2]) in the multiplicity results for nonlinear
the second order BVPs of the type

2" =F(t,z,2"), 2(0)=0, =z(1)=0. (6)

Indeed, if multiple quasi-linear equations (of the form (1)) can be constructed
which are identical with the equation in (6) in some domains, then multiple solu-
tions of different type exist for the problem (6).

Due to continuous interest to asymmetric equations of the form

42— T = f(te,a), te(0,1] (7)
we study the problem (7), (2). Here A and p are non-negative parameters, x+ =
max{z,0}, = = max{—z,0}, the right side f is a bounded nonlinearity. We

provide the analogue of Theorem 1 for this case.
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Asymptotic description of resonant tunneling in 3D quantum
waveguides of variable cross-section
Sarafanov O. V. (St. Petersburg State University, Russia)

Resonant tunneling can occur as an electron propagates in a quantum waveg-
uide of variable cross-section. The waveguide narrows play the role of effective
potential barriers for the longitudinal electron motion. The part of the waveguide
between two narrows becomes a “resonator”, and there can arise conditions for
electron resonant tunneling. This phenomenon consists of the fact that, for an
electron with energy E, the probability T'(E) to pass from one part of the waveg-
uide to the other through the resonator has a sharp peak at £ = Ej.s, where
Ees denotes a “resonant” energy. Such reentrant quantum resonators can find
applications as elements of nanoelectronics devices and provide some advantages
in regard to operation properties and production technology. To analyze their
operation, it is important to know E,.s, the behavior of T'(E) for E close to Eyes,
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the height of the resonant peak, and its width at the half-height (the so-called
resonant quality factor). We consider electron propagation in an infinite waveg-
uide with two cylindric outlets to infinity and two narrows of small diameters €;
and e2. The electron motion is described by the Helmholtz equation. We derive
asymptotic formulas (and estimate the remainders) for the resonant energy, the
shape of the resonant peak, and the transition and reflection coefficients as 1 and
€2 tend to zero. Such formulas depend on the limiting shape of the narrows; we
assume that the limiting waveguide in a neighborhood of each narrow coincides
with two cones intersecting only at their common vertex. Our approach (based
on the compound asymptotics method) can be employed for sound resonators and
super-high-frequency resonators.

The talk is based on the joint work [1] with L. M. Baskin, P. Neittaanmaéki,
and B. A. Plamenevsky.

The research was supported by grant RFBR-09-01-00191-a.
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Spectral properties of Dirac operators on (0,1) with summable
potentials
Savchuk A. M. (Moscow State University, Russia)

We consider the Dirac operator L generated in the space (L2[0,1])? by the
differential expression

d 0 1 Qo Q2
B— B = =

diq (% 5) e=(2 o).
and some regular boundary conditions. We assume, that @ belongs to L,[0, 1],
for some p € [1,00), or to the Sobolev space W¥[0,1] with some 6 € [0,1/2).
For such kind potentials we establish an asymptotic behavior of eigenvalues and
eigenfunctions of operator L. In the case when the entries of @ belong to L,(0,1)
with some p > 1 we prove that the system of eigen and associated functions form
a Riesz basis in (L2[0,1])2.

The talk is based on joint works with A. Shkalikov.

Homogenization of a 3D model of viscous barotropic gas provided
with rapidly oscillating initial data
Sazhenkov S. A. (Lavrentiev Institute of Hydrodynamics, Novosibirsk, Russia)

We consider the classical three-dimensional Navier—Stokes equations of vis-
cous compressible gas [1] in a bounded domain supplemented with the no-slip
condition on the boundary, an initial distribution of the velocity field, and rapidly
oscillating initial distributions of density. Rapid oscillations of initial density are
modeled by means of weak limiting relations arising as frequencies go to infinity.
The state equation is the equation of barotropic gas. The adiabatic exponent is
supposed to be greater than 3.
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We work out the homogenization procedure on the strict mathematical level,
as frequencies of rapid oscillations tend to infinity, and derive the limiting effective
dynamical model for a viscous compressible gas with rapidly oscillating initial
data, as a result.

The limiting model consists of the momentum and balance of mass equations
of the same forms, as in the original formulation; the state law that differs from
the state law of barotropic gas and contains an additional sought function, which
is called a distribution function; and the kinetic equation for the distribution
function that describes evolution of rapid oscillatory regimes in time and space.

We emphasize that any kind of structure like, for example, periodicity, quasi-
periodicity, or random homogeneity, is not imposed on the medium under consid-
eration.

The proofs in the work are based on the classical methods in the existence
theory of solutions of viscous compressible gas equations [1] and on a version of
kinetic equation, proposed by P. I. Plotnikov and J. Sokolowski [2].

The work was partially supported by the RFBR grant 10-01-00447 and by the
Federal special-purpose program “Scientific and scientific-pedagogical personnel
of innovative Russia” for the years 20092013 (contract no. 02.740.11.0617).
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A Feynman—Kac—Duhamel Formula
Shamarov N. N. (Moscow State University, Russia)

A Feynman—Kac type formula is proved for Cauchy problems with non-
homogeneous linear heat type equations.

In the following elements T' € R 3 a are fixed, T'> 0 < a, [0;T] ={r:r €
R,0 <r < T}, n and k are natural numbers, R™ is the n-dimensional Euclidean
real coordinate space, t € [0;T] and € R™ are variables, C[0;T] is the space of
all continuous R"-valued functions on the segment [0; 7] with its standard max-
norm; C'(R™) is the space of all continuous C-valued functions on R" , Cp(R") =

f:feCR™), sup |f(z)| < oo} is the standard Banach space with the sup
xeRTI,

norm, Clgk)(]R”) is the Banach space of all k times continuously differentiable C-
valued functions having bounded derivatives up to kth order, A, is the ordinary
Laplacian regarded as the operator CZES)(R") — Cp(R™), Cél)([O; T] x R™) is the
space of all bounded jointly continuously differentiable C-valued functions of n+ 1
real variables; v € Cy(R™) (“potential”, or “source”), f € CZEI)([O;T] x R™)
(“controlling function”, or “outer force”; for any such function we sometimes
write fi(z) instead of f(t,z)) and o € Cé”(R"). Ify e C;”([o; T] x R™) then
U [0;7] — C(R™) is defined by ¥(t) = ¥ and ¥y(z) = ¢(t,z) (t € [0;T],z €
R™).
107



DEFINITION 1. By CP(T),u, f,a, o) we understand the (Cauchy) problem to
find such a function 1y € C'([0; T] x R™) that the corresponding function ¥ maps
s 3) (rn Op(t,x) = (5 - Ao —wy(t, ) + f(t, 2),
the segment [0; 7] into C,™’ (R™) and { b(0,7) = o(x) , te[0st], = €R" .
In this case the function 1 is referred to as the solution of the Cauchy problem.

THEOREM 1. Let a problem CP(T,u, f,a,v0) is posed. Then there ezists a
solution 1 to the problem; the solution is unique and satisfy the equality

T
— [ u(z+z(s))ds
Y(t,x) = e Yoz + 2(t)+

z€C[0;T]
T

T
-t [u(z+ %z(s))ds o
+/e F e/ Fro(z + ﬁz(t))}WT(dz)

0
(called the Feynman—Kac—Duhamel formula) where Wi is the central (Wiener
type) Gaussian Borel measure on the Banach space C[0;T] defined by independent
increments space- and time-homogeneous transition probabilities having dispersion
a -7 during the time T.

COROLLARY 1. If the coefficients u, f and the initial datum o are real valued
then the solution v is also real valued. In this case, if f and Yo are non-negative
then the solution has the same property.

COROLLARY 2. For the case when f = 0 we return to the classical Feynman—
Kac type formula.

The research was supported by RFBR grant 06-01-00724.
The author thanks O. G. Smolyanov and 1. V. Volovich for fruitful discussions.
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Control of the canard explosion in a semiconductor optical amplifier
Shchepakina E. (Samara State Aerospace University, Russia)
Korotkova O. (University of Miami, USA)

On the basis of the geometric theory for the singularly perturbed systems of
the ordinary differential equations [1, 2] we analyze the thermo-optical dynamics
in the semiconductor optical amplifiers [SOA]. Our main focus is on the critical
regime which the solution exhibits, which is understood as the separation between
the domains of self-accelerating and slow regimes. The dynamical model of the
SOA in the presence of the noise exhibits the critical regime which is similar to
that appearing in systems with the classic supercritical Hopf bifurcation. We
analytically investigate the recently experimentally discovered occurrence of the
optical canard explosion [3, 4] and determine the range of the control parameter,
relating to the input power, for which the extremely fast transition of the solution
from a small amplitude quasi-harmonic limit cycle to relaxation oscillations takes
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place. The importance of the controllable transition from the limit cycle to the
relaxation oscillations in SOA may play a crucial role for understanding of the
optical system synchronization in general and, in particular, for the development
of the photonic clocks [5]. It is also of importance for the optical signal threshold
detection in situations when the low-level signal is embedded into noise [6].

The research was supported by RFBR grant 10-08-00154a, the US AFOSR
(grant FA 95500810102) and US ONR (grant N6883610P2842).
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A new class of systems of conservation laws admitting J-shocks
Shelkovich V. M. (St.-Petersburg State Architecture and Civil Engineering
University, Russia)

There are “nonclassical” situations where, in contrast to Lax’s and Glimm’s
classical results, the Riemann problem for a system of conservation laws either
does not possess a weak L™ -solution or possesses it for some particular initial
data. In order to solve the Riemann problem in these situations, it is necessary
to seek solutions in the form of d-shocks (which are solutions whose components
contain Dirac delta functions). Problems related to d-shocks have been intensively
studied in the last 12 years (see [2], [4], and the references therein). Systems
of conservation laws admitting d-shocks arise in the models of the formation of
large-scale structures of universe, of the formation and evolution of traffic jams,
of media which can be considered as having no pressure (for example, dusty gases,
two-phase flows with solid particles or droplets), of non-classical shallow water
flows, of granular gases.

Here we study a new type of systems of conservation laws

(uj)e + (Uj fi(prus +"'+Nnun))z =0, z€R, ¢t>0, (1)

admitting a d-shock wave type solution, where f;(-) is a smooth function, u;
is a constant, j = 1,2,...,n. This class includes some Temple type system. If
filw) =1+ li—jw, then (1) is the system of nonlinear chromatography, where

wi =1,u; > 0and ' - are the jth components of fluid and adsorbed (solid)

5 Wi
+300
phase concentrations, respectively, a; is Henry’s constant, j = 1,2,...,n (see [3]).
If fj(w) = I%2 and >)_ u; = 0 then (1) is the system of isotachophoresis, where
I is current, u; is the charge density of anions of the jth type (5 = 2,3,...,n)
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and wu; is the corresponding value for cations, ui,...,u, are the electrophoretic
mobilities of the corresponding ions (see [1]).

We introduce integral identities which give the definition of §-shocks for (1)
and derive the corresponding Rankine—Hugoniot conditions. It is proved that the
“area” transport processes between the moving singular one-dimensional §-shock
wave front and the region outside the front are going on. Balance relations de-
scribing these processes are derived. To solve these problems, we use our own
technique [2], [4].

This work was partially supported by the Analytical departmental special
program “The development of scientific potential of the Higher School”, project
2.1.1/10617 and by DFG Project 436 RUS 113/895.
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On the Stokes problem with non-zero divergence
Shilkin T. N. (V. A. Steklov Mathematical Institute, St.-Petersburg, Russia)

We study the strong solvability of the nonstationary Stokes problem with
non-zero divergence in a bounded domain.
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Exponential stabilisation to a non-stationary solution for 2D
Navier—Stokes equations and applications
Shirikyan A. R. (Cergy—Pontoise University, France)

The problem of controllability and stabilisation for Navier—Stokes equations in
a bounded domain was intensively studied in the last twenty years. In particular,
it was proved that the Navier—Stokes system is exactly controllable in any finite
time by an external force localised in space, and any stationary point of the
flow can be stabilised by a finite-dimensional feedback control; see [3, 2]. We
discuss the problem of stabilisation to a non-stationary solution of Navier—Stokes
equations. Our main theorem states that any such solution can be stabilised by
means of a finite-dimensional force localised in space and time. We also discuss
an application of this result to the problem of exponential mixing for 2D Navier—
Stokes equations perturbed by a space-time localised noise. The results presented
in this talk are obtained in collaboration with V. Barbu and S. Rodrigues.
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Let us describe the main result in more detail. Consider the 2D Navier—Stokes
system in a bounded domain D C R? with smooth boundary 8D:

U+ (u, Vyu —vAu+ Vp = f(t,z), divu =0, 0. (1)

ul,p =
Here u = (u1,u2) and p are unknown velocity and pressure of the fluid, v > 0 is
the viscosity, and f is an external force represented as the sum of two functions A
and 7, the first of which is a given H'-smooth function 1-periodic in time, while
the second is a control: f = h 4+ 7. We assume that 7 is sufficiently smooth and
the support of its restriction to the cylinder [k, k+1] x D is contained in (k,0)+ @,
where @ is an open subset of (0,1) x D. Let us introduce the phase space

H={uec L*(D,R?) :divu=0in D, (u,n) =0 on D},

where n is the outward unit normal to D, and endow it with the L?-norm || - ||.
The proof of the following result can be found in [1].

THEOREM 1. For any R > 0 and o > 0 there is a finite-dimensional subspace
FE C H}(Q,R?) and positive constants C and § such that the following property
holds: given Gy, uo € H with ||[to|| < R and ||uo — tol| < § one can find a control n
such that the restriction of n(t+k, x) to (0,1)x D belongs to E for any integer k > 0
and

[u(t; wo, b+ 1) — u(t; do, h)|| < Ce™*|luo — dol|  for t >0, (2)
where u(t,v, f) stands for the solution of (1) issued from v € H.

In the case when 7 is a non-degenerate random force, we prove that the
Markov dynamics generated by (1) has a unique stationary measure and possesses
a property of exponential mixing in the Kantorovich—Wasserstein distance.
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Boundary regimes with peaking for arbitrary order quasilinear
parabolic equations
Shishkov A. E. (Institute of Applied Mathematics and Mechanics of NASU,
Donetsk, Ukraine)

We study Cauchy—Dirichlet problem for general divergent higher order quasi-
linear parabolic equations in unbounded multidimensional domains with boundary
data, which has singular peaking near to some finite time (blow-up time) on some
bounded part of the domain’s boundary. We describe localized and nonlocalized
regimes, the size and geometry of the blow-up zone of arbitrary energy solution.
For nonlocalized regimes we obtain sharp upper estimates of propagation of sin-
gular wave.
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Asymptotic behavior of the solution of a parabolic problem with
different boundary multi-phase interactions in a perforated domain
Sivak O. A. (Swansea University, UK)

Let Q. be a domain that is e-periodically perforated by small holes with di-
ameter of order O(g). The holes are divided into three e-periodical sets depending
on the boundary interaction at their surfaces.

We consider the following initial/boundary-value problem

Orue — Le(ue) + hous = fo in Q. x (0,7,
oe(ue) =g on EM x (0,7),
oe(us) =e"g®  on 2P x (0,7), (1)
u. =0 on B® UT.) x (0,T),
us(z,0) =0 in Q..

Here Lc(ue) := Zf\,’jzl Oz, (aij(f)azjua(x)), oe(ue) = Z?fj:l afj(x)azjus(m)ui
is the conormal derivative, ho is a constant, o and  are arbitrary fixed real
parameters.

We study the influence of the boundary conditions and the parameters o and
~ on the asymptotic behavior of the solution. For the solution to problem (1) we
construct and justify the complete asymptotic expansion for the solution using
two-scale asymptotic expansion method.

These results were obtained together with T. A. Mel’nyk.

Solvability of the Vlasov equations in a half-space
Skubachevskii A. L. (People’s Friendship University of Russia, Russia)

We consider the Vlasov—Poisson system of equations describing evolution of
distribution functions of the density for the charged particles in rarefied plasma.
We study the Vlasov—Poisson system in ]Ri_ x R® with initial conditions for dis-
tribution functions fﬁ‘t:() = fg (z,p), B = £1, and Dirichlet boundary condition
for potential of electric field for 21 = 0, where f£ (z,p) is the initial distribution
function (for positively charged ions if § = +1 and for electrons if 8 = —1) at the
point & with impulse p, Rﬁ_ ={z € R3: x> 0}. Assume that initial distribution
functions are sufficiently smooth and supp fé; C (RENBx(0)) x B,(0), 6, A, p > 0,
and magnetic field H(z) is also sufficiently smooth and has a special structure
near the boundary z; = 0, where R} = {z € R®: z; > §}. Then we prove that
for any 7" > 0 there is a unique classical solution of the Vlasov—Poisson system in
R x R® for 0 < t < T if ||f?|| < &, where € = &(T, 6, p, || H||) is sufficiently small.

This work was supported by the RFBR (grants No. 10-01-00395 and No. 09-
01-00586) and the analytical departmental special-purpose program “Development
of Scientific Potential of Higher Education” (No.2.1.1/5328).
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On a Solvability of the Dirichlet Problem with the p-Laplacian
Perturbed by a Difference Operator
Solonukha O. V. (Centlal Economical-Mathematical Institute of the Russian
Academy of Sciences, Russia)

We consider the essentially nonlinear Dirichlet problem

Ap,Rou(z) = fo(x) (x€Q), (1)
u(x) =0 (z € 0Q). (2)

Here Q@ C R™ is a bounded domain with smooth boundary 9Q, p € (2,00),
1/p+1/g=1, fo € Lqe(Q), A, is the p-Laplacian given by the formula

Apu(z) = — Z 0; (|6’iu|p72 o) .

1<i<n

A bounded operator Rq : L,(Q) — Lp(Q) is given by the formula Rg = PRI,
where
Ru(z) = Z aru(z + h),
heM
an € R, M C Z" is finite set of vectors, Ig is the extension operator of functions
from L,(Q) by zero in R™ \ @, Pg is the restriction operator of functions from
Ly(R™) to Q.

It is well known that problem (1), (2) without perturbation (i. e. for R = 1)
has a unique solution. In a linear case (i. e. for p = 2) the existence and uniqueness
of a generalized solution of strongly elliptic differential-difference equation (1) with
boundary condition (2) was proved in [1]. We formulate the sufficient conditions
for existence of a generalized solution to nonlinear problem (1), (2) for any p €
(2,00) and fo € Lq(Q). We also construct examples when such solution is not
unique.

The research was supported by RFBR grant 09-01-00586.
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On the existence problem of closed locally minimal networks on
convex polyhedra
Strelkova N. P. (Moscow State University, Russia)

A network is a geometric realization of a connected graph. The length of a
closed locally minimal network on a convex polyhedron cannot be decreased by
small deformations of the network unless the network is broken apart.

DEFINITION 1. A network on a convex polyhedron is called closed locally
minimal if all the edges of the network are geodesics and at each node of the
network precisely three edges meet at angles of 120°.
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THEOREM 1. [1] Suppose there exists a closed locally minimal network on
polyhedron P. Then there exists a partition of the vertex set of P into several
subsets such that in each subset the total Gaussian curvature of the vertices equals
%’T for some k=1,...,5, where k may be different for different subsets.

REMARK 1. In the (degenerate) case of polyhedra with only three vertices
(the double-covered triangles) the necessary condition of theorem 1 is sufficient.
But it is not sufficient for polyhedra with at least four vertices, see the next
theorem.

THEOREM 2. [2] There exists a tetrahedron ABCD with no closed locally
51 5

minimal networks, though the curvatures are K4 = = Kp = %’T, Kc+Kp = ?"

Consider a tetrahedron with curvature m at each vertex. It is easy to show
that all the four triangular faces of the tetrahedron are equal. Such tetrahedra are
called quasireqular. Closed locally minimal networks on quasiregular tetrahedra
had been well studied, see [1]. It turns out that for each quasiregular tetrahe-
dron there are infinitely many plane graphs that can be realized as closed locally
minimal networks on it. In particular,

THEOREM 3. [1] The complete graph on four vertices can be realized as a
closed locally minimal network on any quasiregular tetrahedra.

Thus for polyhedra with curvatures 7, 7, 7, m the existence problem dissolves.

Our conjecture is that for each family of polyhedra with given vertex curva-
tures, all divisible by %, there exists a plane graph that can be realized as a closed
locally minimal network on any polyhedron from the family. The situation seems
to be complicated even in the case of non-quasiregular tetrahedra. For example,
let G be the plane graph with four vertices, all of degree 3, and four faces: two
2-gons and two 4-gons.

THEOREM 4. There exists a tetrahedron ABCD on which graph G cannot
be realized as a closed locally minimal network, though the curvatures are Ka =
Kp=2F Koc=Kp="%.

The research was supported by RFBR grant 10-01-00748, the Programme
for Support of Leading Scientific Schools (grant HIII-3224.2010.1), the Pro-
gramme for Development of the Scientific Potential of Higher Education
(grant PHII-2.1.1.3704), and the federal target programme “Scientific and
Scientific-Pedagogical Personnel of Innovative Russia” (grant nos. 02.740.11.5213,
14.740.11.0794).
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Homogenization of parabolic and elliptic periodic operators in Lz(Rd)
with the first and second correctors taken into account
Suslina T. A. (St. Petersburg State University, Russia)
Vasilevskaya E. S. (St. Petersburg State University, Russia)

In Lo(R?; C™), we consider a matrix elliptic operator A. = b(D)*g(x/e)b(D),
e > 0. Here g(z) is an (m X m)-matrix-valued function periodic with respect to
some lattice, bounded and positive definite. Assume that m > n. Next, b(D) is
an (m x m)-matrix homogeneous first order differential operator. It is assumed
that rank b(§) = n, £ #0.

We study the behavior of the resolvent (A. + I)~! and the exponential
exp(—A.7) (with a fixed 7 > 0) for small e. There exists the effective opera-
tor A° = b(D)*g°b(D) (where g° is a constant effective matrix) such that

(A + D)7 = (A° + 1) Hlgosrs < Ce, (1)
lexp(— A7) — exp(—A’T) [ Lamszy < O 2e, (2)

Estimate (1) was obtained in [1], estimate (2) in [3].
More accurate approximations with the first order correctors taken into ac-
count have been found in [2] for the resolvent and in [6] for the exponential:

[(Ae + D)7 = (A + 1) = eKi(e) Loz, < CF7, 3)
lexp(—AeT) = exp(—A°T) = eKi(,€)|[ Ly, < O '™ (4)

Our main results are more accurate approximations with the sum of the first
and second correctors taken into account. For the exponential we find approxi-
mation in the Lo-operator norm with the following error estimate:

| exp(—A-7) — exp(—A°T) — eKi (1, 8) — €2Ka(T,8) || 1y, < CT 2% (5)

For the resolvent we obtain approximation in the norm of operators acting
from the Sobolev space H'(R%; C") to La(R%; C") with the following error esti-
mate:

I(Ae + D)7 = (A° + )" = eKi(e) — " Ka(e)llwrp, < CE™. (6)

Approximations (5), (6) are proved in [4], [5]. The method is development of the
operator-theoretic approach to homogenization suggested by M. Sh. Birman and
T. A. Suslina.
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A parametrization method for solving nonlinear nonlocal boundary
value problem for the system of hyperbolic equations
Temesheva S. M. (Institute of Mathematics, Almaty, Kazakhstan)

Consider the nonlinear boundary value problem

*u ou .
o= f(atu ) @ eQ=(0wx0D), ueR', (1)
ou ou
o(wu(e,0, 51| u@D), 5o ) =0, ze 0.l (3)

where f: Q x R*™ — R™ and g : [0,w] x R*™ — R™ are continuous functions.

In the report an algorithm of finding solution to problem (1)—(3) is proposed.
Denote by v(z,t) an unknown function u,(z,t), (x,t) € Q. The problem (1)—(3) is
reduced to equivalent nonlinear boundary value problem for the system of integral-
differential equations with partial derivatives. This problem is investigated by a
parametrization method [1].

For the chosen step size h > 0, where Nh =T and N = 1,2,..., we perform

the partition
N

[0,w] x [0,7) = [ J[0,w] x [(r = 1)h,h).
r=1
The functional parameters is introduced as values unknown function v(z,t) on the
lines t = (r — 1)h, r = 1 : N. Then the nonlinear value problem for the system
of integral-differential equations with partial derivatives is reduced to equivalent
multicharacteristics boundary value problem.
An algorithm for solving the problem with functional parameters is proposed.
Each step of this algorithm consists of two stages:
1°. Implicit system of the nonlinear Volterra integral equations with respect
to introducing functional parameters is solved.
2°. Cauchy problems for the system of integral-differential equations with
partial derivatives are solved using the components of computed func-
tional parameters at stage 1.

We find conditions on the functions f and g and the domain € ensuring the
existence of an isolated solution to problem (1)—(3) and the convergence of the
parametrization method algorithm to this solution.

The definition of an “isolated” solution to nonlinear nonlocal boundary value
problem (1)—(3) with continuously differentiable data is introduced. Necessary
and sufficient conditions for the existence of “isolated” solution are derived in
terms of the initial data of problem (1)—(3).

The talk is based on the joint paper with D. S. Dzhumabaev.

116



References

[1] Dzhumabaev D. S., Temesheva S. M., A parametrization method for solving nonlin-
ear two-point boundary value problems, Computational Mathematics and Mathematical
Physics. Vol. 47 (2007), no. 1, 37-61.

Frequency locking of modulated waves in system with symmetry
Tkachenko V. I. (Institute of Mathematics, Kiev, Ukraine)

We consider the following system which arises as mathematical model of

optical laser

dx

E = (x)—&-sg(%at,ﬁt) (1)
where z € R", vector field f : R™ — R™ is smooth and equivariant with respect
to an S'-representation ¢’ on R, i. e.,

A f(x) = f(e*z) forallyeRand z € R",

where A # 0 is a skew-symmetric real n x n-matrix such that e*™# = I. Smooth
function g is 2w-periodic in St and at and equivariant in some sense, o and (3 are
positive parameters.

By £ = 0, unperturbed system & = f(z) has an exponentially orbitally stable
quasi-periodic solution of modulated wave type

a(t) = "' zo(Bot), (2)

where zo(.) is smooth 27-periodic function, ap and Bo are positive constants.
Using methods of perturbation theory we investigate the behavior of per-
turbed system (1) in the neighborhood of (2). By assumption 8 ~ Sy and a > «p,
we obtain the parameter domain (with respect to parameters «, 5 and €) where
stable frequency locking occurs.
Special case of system (1) was investigated in [1].
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Singularities of the Manakov top integrable system
Tonkonog D. I. (Moscow State University, Russia)

An integrable Hamiltonian system (M,w,h1,...,hs) is a symplec-
tic 2n-manifold (M,w) with functionally independent commuting functions
hi,...,hn, : M — R traditionally called integrals. The momentum map

F : M — R"™ is given by F(z) := (hi(z),...,hn(z)). Level sets of F define
singular Liouwville foliation on M. A point x € M is called a singular (critical)
point of rank v, 0 < r < n, if tkdF(z) =r.

We study singularities of the Manakov top system (with two degrees of free-
dom), previously explored in [11, 2]. We describe topology of the Liouville fo-
liation on preimages F~'(U) where U C R? is a neighborhood of the F-image
of a zero-rank singular saddle-saddle point. This is done with the help of theory
developed by Fomenko and his collaborators [4, 3, 9].
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The study is inspired by [12] where the authors heuristically investigate the
Manakov top from the aspect of quantum monodromy and express their belief that
further analysis of the singularities will be of interest. There are several recent gen-
eralizations of Hamiltonian monodromy [5] mostly coming from quantum physics,
see [10, 7, 6, 1]. However, up to now there is no definition general enough to
include saddle-saddle singularities. Having in mind a thoroughly studied example
like the Manakov top could help to develop general theory.

The author is grateful to A. V. Bolsinov and A. T. Fomenko for fruitful dis-
cussions and constant support. The research was supported by Euler-Program
at DAAD (German Academic Exchange Service) in 2009/10, Dobrushin Scholar-
ship at the Independent University of Moscow in 2011 and by a Federal Target
Program grant 02.740.115213 “Bi-Hamiltonian structures and singularities of in-
tegrable systems” in 2010/11.
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Spectral properties of the period-doubling operator
Varin V. P. (Keldysh Institute of Applied Mathematics, Russia)

We compute the spectrum of the Feigenbaum period-doubling or universality
operator

T(9)(z) = g(g9(9(1)x))/9(1), =z € [-1,1] (1)

on the solution g(z) to the universality equation g = T'(g) in the Banach space F’

of bounded analytical functions in an ellipse with the focal points +1, with the

supremum norm, continuous on the closure of the ellipse. The spectral properties

of the operator T' in F' are not the same as in the subspace of even functions. In
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particular, it was found that the dimension of the unstable manifold is not one
(Feigenbaum’s conjecture [1]), but three.

LEMMA 1. The formal Gateauz derivative of the operator T' (1) is given by
the formula

dT(g)h(z) = L(9)h(z) + a (¢'(9(z/a))g' (z/a)x — ag(g(z/a))) h(1),  (2)
where
L(g)h(z) = a(g'(g(z/a))h(z/a) + h(g(z/a))), (3)
and a = 1/g(1).

The operator L(g) (3) is frequently mistaken for the derivative of the operator
T (2) (see [2, Chap. 7]). The spectra of these operators are different.

LEMMA 2. The operator T is compact [3] in the space F', and the operator
dT'(g) has the following spectrum

1 1 1 1 1

S: [)\17)\27“-] - [a2767a7Ea?v)\67$7>\87¥757"']7 (4)

where | Xi| > |Aj], 3 < j. Let k be any complex number except 1. Then X = a* =" is

an eigenvalue of the formal spectral problem dT'(g)h = Ah with the eigenfunction

h(z) = g(x) — zg'(x) — g" (x) + 2" (). (5)
In addition, o? is the eigenvalue with the eigenfunction

h(z) = g(x) — 24 (x). (6)

Here a =~ —2.5 and § ~ 4.6 are the universal constants. Thus, in the spectrum
S, 7 out of the first 10 eigenvalues and eigenfunctions are found explicitly.

In many papers (including [1]), the spectrum of the operator 7" is computed
with the Lanford’s expansion g(x) = 1 — 2?f(2?) [4], which isolates a subset of
even functions in F. We analyze several articles devoted to this problem and
compare different approaches and algorithms.
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On asymptotic behavior of the solutions of an abstract
integro-differential equations
Vlasov V. V. (Moscow Lomonosov State University, Russia)
Shamaev A. S. (Moscow Lomonosov State University, Russia)
Rautian N. A. (Plekhanov Russian University of Economics, Russia)

We study integro-differential equations with unbounded operator coefficients
in a Hilbert space
d?u(t)
dt?

K(0)Au(t) + /Ot K'(t —s)A%u(s)ds = f(t), teRy, (1)

u(+0) = po,  ul?(+0) = 1, (2)
where A is a self-adjoint positive operator with compact inverse acting on a Hilbert
space H, kernel K (t) is a scalar convex downwards decreasing function. Moreover
K(t) belongs to the space Wi (R4).

The equation (1) is an abstract form of Gurtin—Pipkin integro-differential
equation, which describes heat propagation in media with memory and sound
propagation in viscoelastic media; it also arises in homogenization problems in
porous media (Darcy law).

We obtain the results on correct solvability of the problem (1), (2) in weighted
Sobolev spaces on a positive semiaxis R1. Additionally assuming that kernel K (t)

has the form

Kit) =S Dt 3

(t) ; % (3)

where ¢; > 0, y41 >7; >0, j €N, v; = 400 (j — +00) we provide the spectral

analysis of the operator-function L(A) which is a symbol of the equation (1). Let

e; denote the orthonormal basis composed of the eigenvectors of the operator

A corresponding to eigenvalues ej, i. e., such that Ae; = aje; for j € N. The

eigenvalues a; are numbered in increasing order: 0 < a1 < a2 < ...; an a, — 400

as n — 400. The spectrum of the operator-function L(A) can be represented in
the form

U(L) = (U?:1U20:1)‘kn) U (U?Lozl)‘ril)a (4)
where {Ai,n | K € N} — a countable series of real zeros lying on the negative
semiaxis and Af — a pair of complex conjugate zeros lying in the left half-plane
such that A} = A, of the meromorphic function I,,(\) := (L(A)en,e,). On the
base of spectral analysis we obtain the representation of the solution of the problem
(1), (2) as a series of exponents correspond the eigenvalues of the operator-function
L(N).

The detailed statements of the problems, formulations and proofs of the re-
sults one can find in [1]-[3].
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Local expansions for solutions of Schlesinger equation
Vyugin I. V. (Institute for Information Transmission Problems, Russia)

We study local behavior of solutions of Schlesinger equation in a neighbor-
hood of a singular point. This equation defines a condition of isomonodromy
of some family of Fuchsian systems. In the other hand solutions of Painlevé VI
equation and Garnier systems can be represented in a rational form of solutions
of Schlesinger equation.

We prove that each component of any solution of Schlesinger equation

", [Bi, Bj] ‘
dB; = — § 02 dlas — aj), C, i=1,...,n, 1
J=1,j#i di = aj (a aj) “ ' b ( )

where

(1) — 31(0) bl_ﬁ(a) a=(a a
5.0 = i e ) ) ?

can be represented in some neighborhood D of the singular point
a® = (af,...,ad) € Q,

Qsmz{a|aS:ar}\U{a|aS:aT:ak,s#k;ér}, s#ET (3)
k

in one of two following forms:
bia(t) = Fi(a) + (as — ar)? Fa(a) + (as —ar) *Fs(a), 9 eC
or
11(t) = Fi(a) + Fa(a) In(as — ar) + F3(a) In®(as — a,),
where Fi(a), F2(a), F3(a) are meromorphic in D functions.
In the case n =4 and a1 =0, a2 = 1, as = 00, t = a4 the following holds

thiy

t) = ,
w(t) (t+ 1)bl, + tb2, + b2,

(4)

where w(t) is the solution of Painlevé VI equation. It gives us the local expansions
for solutions of Painlevé VI equation. The solution of Painlevé VI equation can
be represented in one of two forms

w(t) = P(t,17,17%)
w(t) = R(t,Int),

where P(-,-,-) and R(-,-) are power series with integer powers.
This work supported by RFBR 11-01-00339.
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New Models of Chemotaxis: Analysis and Numerics
Wang X. (Tulane University, USA)
Wu Y. (Capital Normal University, P.R. China)

Patlak-Keller-Segel (PKS) system is a classical PDE model of the chemotaxis.
In its simplest form, this model is described by a system of nonlinear PDEs: a
convection-diffusion equation for the cell density coupled with a reaction-diffusion
equation for the chemoattractant concentration. The PKS system admits solu-
tions that develop delta-type singularities within a finite time. Even though such
blowing up solutions model a concentration phenomenon, they are not realistic
since biological cells do not converge to one point (while the cell density grows
sharply, it must remain bounded at all times).

We will present a new chemotaxis model, which can be viewed as a regularized
PKS system. The proposed regularization is based on a basic physical principle:
boundedness of the chemotactic convective flux, which should depend on the gradi-
ent of the chemoattractant concentration in a nonlinear way. Solutions of the new
system may develop spiky structures that model the concentration phenomenon.
However, both cell density and chemotattractant concentration remain bounded.

The proposed model is studied both analytically and numerically. We will first
prove a global existence result and then use the bifurcation theory to investigate
existence of nontrivial steady states and their stability properties. Finally, we will
persent one- and two-dimensional numerical examples that support the analytical
findings and demonstrate the formation and stability of the spiky solutions.

The talk is based on the joint paper with A. Chertock and A. Kurganov.

References

[1] Chertock A. and Kurganov A., A second-order positivity preserving central-upwind
scheme for chemotaxis and haptotaxis models, Numerische Mathematik, 111 (2008),
169-205.

[2] Chertock A., Epshteyn Y. and Kurganov A., High-order finite-difference and finite-
volume methods for chemotazis models, Preprint, 2011.

[3] Chertock A., Kurganov A., Wang X. and Wu Y., On a chemotazis model with saturated
chemotactic fluz, Preprint, 2011.

Periodic Solutions of Abel Nonautomomous ODEs
Wilczynski P. (Jagiellonian Uniwersity, Poland)

In the case of Riccati equation (in complex number notation)
z=a(t)2® +b(t)z + c(t), (1)

where z € C and a,b,c : R — C are continuous and T-periodic, a complete
description of dynamics may be obtained (see [1], [2]). Generically there are two
periodic solutions, an asymptotically stable and asymptotically unstable one, and
every other solution tends to one of them for big and small times.
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The case of Abel equation is much more complicated. The method from [3]
allows us to obtain one or two periodic solutions. In the case of equation

=24 f(b), (2)

where f is continuous and T -periodic, we extend it and try to give the full
description of dynamics. Namely, we seek when there are two asymptotically
stable periodic solutions, one asymptotically unstable one and every other solution
tends to them for big or small times or blows up.

The research was supported by Polish Ministry of Science and Higher Edu-
cation grant No. N N201 549038.
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Homogenization of Navier—Stokes Systems for Electro-rheological
Fluid
Zhikov V. V.

Some fluids sharply change their rheological properties in the presence of
electromagnetic field. The viscous stress tensor of such fluids becomes not just a
nonlinear function of the strain rate tensor D but acquires a strong dependence
on the spatial argument x. An example is provided by the tensor |D\p(””)72D,
where the exponent is determined by the applied electromagnetic field. But, in
general, the viscous stress tensor has a more complex anisotropic structure. A
mathematical theory of electrorheological fluids is described in the book of Ruz-
icka, where references to experimental data can also be found. It can be assumed
that the electromagnetic field is periodic in x and its period is specified by a small
parameter. In this situation, one has to deal with a homogenization problem, and
the main task of homogenization is to find the effective (homogenized) viscous
stress tensor that does not depend on the spatial variable.

On an Exponential Stability of Control Systems’ Program Manifold
Zhumatov S. S. (Institute of Mathematics, Almaty, Kazakhstan)

The problem of construction of all the set of differential equations possessing
by given integral manifold has been formulated and a method of solving this
problem is given in the work [1]. Later on Erugin’s method was developed for
construction of stable system of differential equations and nonlinear automatic
control systems under given program manifold in [2], [3]. The problem of finding
of exponential stability’s conditions of indirect control systems’ program manifold
is investigated with respect to the given vector-function.

Let us consider the material system, possessing by (n — s)-dimensional in-
tegral manifold Q(¢) = w(t,z) = 0, where the motion of which described by
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equations
&= f(t,x) — B, £=¢(0), o=P'w—RE (1)

Here B € R™", P € R**", R > 0 € R"™*" are matrices, z € R" is vector of
objects state, f € R™ is vector-function, w € R* is vector, £ € R" is vector of
control on deflection from given program, satisfying of local quadratic connection’s
conditions. Taking into account that €(¢) is integral manifold for the system (1)
we will have

Ow Ow
b=+ H —F =22 F =
W= - + Hf(t,z,w) (t, x,w), B’ (t,z,0) =0
is Erugin’s s-vector-function. Let F = —Aw, —A € R**® is Hurwitz matrix. Then

differentiating the manifold Q(¢) with respect to time ¢ in view of (1), we derive
that

w=—Aw—HBE¢, €=¢(0), o=P"w—RE. (2)

THEOREM 1. Let the nonlinearity ¢(o) satisfies of local quadratic con-
nection’s conditions, exists positive defined function V(w,§), which deriv-

ative =V = W(w,§) in view of (2) is negative defined and is wvalid
Iz(t)|| < NlJz(to)| exp[—a(t — t0)] for any w(to,z0) and N > 0, a > 0,
21> = l|w|* +||€]1%. Then program manifold Q(t) is exponential stable with respect

to vector-function w.
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3amauu ¢ uaTerpoaud pepeHnmaIbHbIM IPAHUYHBIM YCJIIOBUEM J1JIS0
HEKOTOPbIX KJIACCOB YPaBHEHUII BBICOKOIO IMOPSIKA
Abapaxmanos A. M. (Ydumcknii rocysapcrBeHHbIi aBUalHOHHbLY TEXHUIECKUIT
yausepcuret, Poccust)

B moksaze m3maraioTcs HEKOTOPHIE Pe3Y/IhTAThI O PA3PENINMOCTH KPAEBhIX 3a-
Jad AJ1d YpaBHEHWI COCTaBHOTO TUTIA C YCJIOBHEM Ha YaCTHU I'PAHUIIBI, COYETAIONTIM
YCJIOBHUA 333491 C KOCOU IIPOM3BOAHON M HeJOKaJIbHOI 3aJa49y ¢ MHTerpPabHbIM
TPAHUYIHBIM YCJIOBUEM. B ©9acTHOCTHM, M3/IaraioTcd pe3yabTaThl O PAa3PENINMOCTH
3a1a49

1°. mna ypaBHeHWst

p(t)Auy — Bu= f(z,t), 0<t<T, uweNCR"
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C DJUIANITUYECKUME onepaTopaMu A m B BTOpOro mopsjika, IeficTByIO-
IIUMU IO IIPOCTPAHCTBEHHBIM II€PEeMEeHHbIM, C TPAHUYHbIM YCJ/IOBHEM

J@M%+adﬂw—/K@wWWJMy —0,
Q z€oR
te(0,T)

pUYeM paccMaTpUBaeTcs Kak Cirydail 6e3 Berpoxkaenus — p(t) > po > 0
mpu t € [0,7], Tak u ciay4aii ¢ BeipoxaerneMm — p(t) > 0 mpu t € (0,77,
p(0) = 0;
2°. nyis ypaBHEHWI
p(t) D" Au+ (—1)" Bu = f(,1t)

BHOBb C 3JUIMITAYECKUMU oneparopamMu A u B Broporo nopszika, meii-
CTBYIOIIMMH TI0 TTPOCTPAHCTBEHHBIM TIEPEMEHHBIM, PACCMATPUBAIOTCS 3a-
Ja9y ¢ TeM 2Ke TPAHWYIHBIM YCJIOBHEM U BHOBb KaK HEBBIPOZKJAIOMEMCH
ciaydae, TaK U B BBIPOXK/TAIONIEMCH.

CrieKTphl U CUHTYJISIPHbIE 3HAYE€HUsI MHOIMOMEPHBIX MHTErPAJIbHBIX
onepaTopoB ¢ GHMOSHOPOAHBIMHU AAPaAMU
Apcaakmna O. I. (FOxmnsrii ¢penepanpubii yausepcuret, Poccrs)

Ilycte B, — emmawanmbii map B R”. B mpocrpanctee L2 (B,) paccmorpum
oreparop

(ko)) = [ kay)oly) dy, o€ By, 1)
By
rae bynkmma k(x,y), 3agannag xa R™ X R™, ymoBieTBopser ycioBusM:
1°. k(az,ay) = a” "k(z,y), Va > 0;
2°. k(w(z),w(y)) = k(z,y), Yw € SO(n);
3°. k(e y)|y|~™? € Li(R™), rue e1 = (1,0,...,0).
Hasnee, onpemenum B Lo (By) mpoektop Pr (0 < 7 < 1) dopmy.toit

(P = { P TS @)

Paccmorpum B npocrpancrse La(B,, X B,,) oueparop
A= NI ® L)+ (K1 ® L) + (I ® K2) + (K3 @ Ka), (3)

rne A € C, K; (j =1,2,3,4) — oneparop Buna (1). Oueparopsr Buga (3) Gymem
Ha3bIBATh OTIEPATOPAMHA C GUOTHOPOJAHBIME sAPaMH. [10TOKIM

A7'117'2 = (P"'l ®P72)A(PT1 ®P7-2),

rae Pr, — mpoextop Buma (2), meiicteyiomuii & L2 (By,).
OnucebiBaercs MpeiebHOE TIOBEIEHUE CIIEKTPOB, TICEBAOCIEKTPOB U CUHTYJIISP-
HBIX 3HAYEHHUN yCcedeHHbIX oueparopoB A; -, upu 71 — 0, 72 — 0.
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TeEOPEMA 1. IIycmwv onepamop A euda (3) A6AAEMCA CAMOCONPANCEHHBLM.
Toz0a

lim Sp(Ar, ) = Sp(A) U Sp(A1) = Sp(A4) U Sp(42),
T9—0

2de A1 u As — onepamopw, mpancnonuposantsie K onepamopy A no nepsol u
68MoPotl nepemerHoti COOMEEMmemeerHo.

Bes mpenmosioKeHns caMOCOTIPSKEHHOCTH omeparopa A aHaJIOTWYHbLIH pe-
3yJIbTAT UMEET MECTO [JIs -TICEBIOCIEKTPOB.

Hanomuum, uro ecniu H — ruisbeproso npocrpancrso u D € L(H), To MHO-
JKECTBO

N(D) = {s €[0;00): s* € Sp(D*D)}

Ha3bIBAETCSI MHOYKECTBOM CHUHTYJISIDHBIX 3HaUeHWii orneparopa D.

JoxkaseiBaercs, uro upenen upu 71 — 0, 72 — 0 muOX)ecTBa X(A;, o) MO-
xKer omimdarbes or mMuoxkecrsa N(A) U X(A;), rne ¢ = 1 nnm ¢ = 2, passe 410
snemenToM s = 0.

Crucok Jureparypsl

[1] Ascankun O. I. O cnekTpax U CHHTYJSPHBIX 3HAYEHHSAX MHOTOMEPHBIX MHTErDAJIBHBIX
onepaTopos ¢ 6uogHopoaHbIMH Aapamu // Cub. Mart. xkypH. 2008. T. 49. Ne 3. C. 490-496.

O cymecrBoBanuu yHusBepcaabHbix 6asucos Illaysnepa B 6aHaxoBbIx
IIPOCTPaHCTBAaX
Aramxanos A. H. (HacruryT npobnem ynpasiaerus PAH, Poccust)

Bompoc, cBs3ammbIil ¢ cymectBoBanueM Oa3uca Illaynepa B koHkperHoM 6a-
HAXOBOM IIPOCTPAHCTBE, MOXKET OKAa3aThCs JIOCTATOYHO CJIOKHBIM. 13 pesysibra-
108 [1] ciiemyer, uro B cenapabesnpubix pedieKCuBHbIX GAHAXOBBIX IPOCTPAHCTBAX
6azuc Illaynepa MoxkeT OTCYTCTBOBATH. Bosiee Toro, maxe cenapabesbHbIe CyIep-
pedJiekcuBHBIE HAHAXOBBI IPOCTPAHCTBA (TO €CTh, MPOCTPAHCTBA, B KOTOPBIX MO-
xKer ObITh BBEJEHA YKBUBAJIEHTHA DPABHOMEDHO BBIILYyK/ad HOPMA) MOLYT M He
umers 6asuca [llaynepa [2].

Nwmeer mecto

TEOPEMA 1. IIyemd 3adarna nocaredosamesbHocmbsb 6GHATOBVLE NPOCPAHCME
{Xm}m>1, C6AZAHNBT HENPEPLIEHBLMU BAONHCEHUAMY,

X1D0XeD...DXmD... (1)

IIpednonostcum, wmo monomonnsil npedes nocaedosamenvrocmuy (1)

Ximon = € () X [l o = T [Jullx,, < +00 (2)

m>=1

ABAAELTNCA HEMPUBUAALHBIM, TNO ECTN, CYULLCTNEYEM NO kpalnel mepe 00Hna Gynx-
YUA, OMAUNHAA OM MONHCOCCTNEEHHO20 HYAA, OAA KOMOPOT BWNOAHACTNCA YCAO-
sue (2).
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Ecau npoexmuenvl npedes nocaedosamensvrocmu

Xpe = ue () Xt llully < flufle < ...

m>=1

asaremcs adeproim npocmparcmeom Ppewe [3], mo cywecmeyem nocaedosa-
meavnocmo Gyrkyut {prti_1ss € Xmon, Komopas aessemcs 6e3ycaosnvim 0a-
sucom Illaydepa e xasrcdom u3 barnaroswns npocmpancme X, .

CHELCTBUE 1. Jaa 4106020 eévbpanmozo m cywecmeyem nomep k(m) > m
makoti, ¥mo das ecex nomepos T = k(m) onepamopo. eaoorcenus Xy C Xy, A6AA-
tomea adeprumu (a caedosamenvro, u kKomnaxmusmu). IIpu smom 060t sne-
menm u € X, npedcmasasemca 6 eude u =372, fjr(u)p;, 2de {p;} — ynusep-
canvrois besycaosnuti 6asuc, fir(u) € X7, D770, || firllxz[lejllx,, < +oo.

B kauectBe mocsemoBaTeabHOCTEH X, MOTYT OBITH BBIOpAHBI, HAIPUMED,

o
Xm = W(G) (1 < p < oo; GCR" — orpanndenHas 061aCTb ¢ JOCTATOYHO
ryaakoit rpanuneit) [4], X = By (G) (1 < p < g < 00, S — J1106ast BO3pacTa-
I0IIAst MOC/IEI0BATETHHOCTD ).

Crnucok JuTeparypsbl

[1] Enflo P. A counterexample to the approximation problem in Banach spaces // Acta
Math. 1973. Ne 3—4, 309-317.

[2] Szarek S. J. A Banach space without a basis which has the bounded approximation
properties // Acta Math. 1987. Ne 1, 81-98.

[3] Huw A. dnepuble N0KaIbLHO-BBITYKJble IPOCTPAaHCTBa. M.: Mup, 1969.

[4] Azadoicarnos A. H. O paBHOMEPHO#! BBIIIyKJIOCTH 1 PABHOMEDPHOM [VIAJKOCTH IPOCTPAHCTB
Cobonesa Geckoneunoro nopsaaxa // JTAH. 2007. T. 413. Ne 5 c¢. 583-586.

O6o06iIeHHasi TOCTAHOBKA OJTHOM 3aJa4u reodusndecKoin
rUAPOAVHAMUKYU U T€OpeMa €IMHCTBEHHOCTU
Aromkos B. H. (Hucruryrt Beraucimresuori maremaruku PAH, Poccus)

IIycte A, 0, r — cdepuueckue koopaunarst, Sgp — cdepa paguyca R, z = r—R,
Q —uacts chepst S, H = H(A,6)—cTporo moJ0OXUTEIbHAS OrPAHUICHHAST
bynxmus, npuaem H < R. Yepes D o6osnaamm obmacts u3 R3: D = {(\,6,2) :
(A 0,R) € Q; —H(M0) < z < 0}. IIpegmostaraercst, aro 0D saBIg€TCA KyCOIHO-
rmaaxoii kmacca C? u Q) pacronoxkeHa Ha CTPOrO IOJOKATEIHHOM PACCTOIHIM
oT ,,oIocHBIX Todek” (6 = 0 mm 6 = 7), U = (u, w) — BEKTOp CKOPOCTH [BUYKE-
HUSA KAIKOCTH, U = (U, v), W — BEPTUKAJIbHBIA KOMIOHEHT CKOPOCTH.

Paccmorpum B D mpu ¢t > 0 omHy w3 OCHOBHBIX CHCTEM ypaBHEHWiI reodu3u-
YeCKOH TUAPOAUHAMUKY — TIOJHYIO HEJIMHEHHYIO ,,CUCTEMY TTPUMUTHUBHBIX yPaBHE-
HU® TUHAMUKN OKEeaHa C WCIO/Ih30BaHMEeM (DYHKIUN U U (YHKIUHA ,,CBOOOTHOM
nosepxuocTu okeana’ & = (A, 0,t) nna Bekrop-bynxkmum ¢ = (u,§) = (u, v, §):

1)
%eriv(/e(z)udz):fg ma Q>0
“H
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rae O(z) = r(z)/R, g = const > 0, f = (f1, f2), f3 —3amamnbie yHKINH,
flu) = = —( + u(ctgh))/r, | = 2w cos® — Kopuomucos napamerp, w — yrio-
Bast CKOPOCTh 3emutn, d/dt — HeTMHEHHBIH OmepaTop “IOJIHOM mpou3BomHON”, A —
muddepeHnuaabHbI OIlepaTop BTOPOrO MOPsiKa, BKJIIOYAOMN omepaTop Jla-
mnaca Ha BeKTOP-QyHKImax B cdepmaeckoil cucreme koopgmuar. Cumcrema (1)
PacCMaTPUBAETCS TIPU TPAHUYHBIX YCJIOBUSX, WCIOIB3YEMBIX B IPUKJIATHBIX 3a-
magax. Oyakmms w = w(u, v) ONPENEIAETC 1O U, U U3 yPABHEHUS HEPA3PBIBHOCTH
II1s HECKUMAEMOM BA3KOU KHUJIKOCTU.

C 1esbIo M3y9eHus 33129 JJIsS CHCTeMBl ypasHenuit tuma (1), 3amncanHbix B
cdepuyeckoit cucreme koopamuaT, B 2008-2010 rr. ObLIN BBEIEHBI THILOEPTOBDHI
npocrpancTBa Ay, Ags, Angs BekTop-dyuknuii u = (u, v), MOAIMHEHHBIX 0COOBIM
yCIOBUAM B “NOJIIOCHBIX TOYKAX’, M MCCJIEJOBAH DPsT WX CBONCTB, B YaCTHOCTH,
TOKA3aHBl TEOPEMBI O CYIIECTBOBAHUU CJIEI0B M TEOPEMBI BJIOKEHHS ITUX IIPO-
crpancTs B npoctpancrsa Ly (D).

B macTosimeit paboTe BBOAWTCS HOBasi 0000IIEHHAs TTOCTAHOBKA 3a0a9M JJIst
(1) mpu crenmaspHO# perynspusarmuu byHKIIM w = w(Q), ONpemeaseMoi Kak
pelleHre BaPUAIMOHHON 33/1a4K C IapaMeTpoM perynspusanuu « > 0. s ompe-
JIeJIEHHOCTY 33Ja4a PACCMATPUBAETCS sl CJIydasi, KOTJa OJHA 'TOJIOCHAS TOU-
ka” mpuHaIeXRUT SR U UCHOIb3yeTcs TOMbKO A = An. [ns n3ydenns 3amaqan
BBOIATCH IIPOCTPAHCTBA byHKIH co 3madenmamu B A, ..., L,(D) = (L, (D))*
Y = L2(0,T;A),...,L-(0,T;Lg(D)) u W — riib6eproBo IpOCTPAHCTBO BEKTOD-
bymawmit ¢ = () = (u,v,€) ¢ mopvoit pwna: [ollw = (JuelF- + [ul? +
€117, + €013, c)) "/ ?- BBomaTca onpemenenus 06061 H Ol TOCTAHOBKE 33/1a-
9y 1 0600IEHHOTO PelleHns U JOKA3bIBAETCH TEOPeMa eMHCTBEHHOCTH PelleHnit
samaun s (1) B xmacce dymkumit W ((L-(0,T;Lg(D)) x L2(0,T; L2y)), Tme
1/r+3/(2¢) =1/2, r € [2,00), g € (3,00].

Pabora Beimomaena npu noggepxkke [Iporpammver @IIT «Hayumbie u maywmo-
TIeJaTOTMHIECKUE KA Iphl MHHOBAIMOHHOH Poccumy m PO®U (mpoexT 10-01-00806).

CmMemraHHble 331294 JIsI CUJIBHO SJIIAITUYECKUX CHCTEM 2-IO
nopsiika B JIMMIIUIIEBON obJiacTu
Arpanosma M. C. (MockoBCKMif HHCTUTYT 3/ICKTPOHUKH W MaTeMaTuku, Poccrms)

PaccvaTpuBaroTcs CMenaHHbIe 3a0a5H 415 CHIIBHO SJITHITHYIECKUX CUCTEM 2-
o HOPsAIKA B OrPAHUYEHHON N-MepHO# 0b1acTu, n > 2, C JIAMIIUIIEBON IPaHULE.
BriBomsiTCST ypaBHEeHMST Ha IDAHWIE, SKBUBAJEHTHBIE 33/ate, B mpocTefmmx Lo-
npocrpancTax H® tuna CoboseBa, 9TO MO3BOJISET IPEJACTABUTE PELIeHUs Jepe3
[IOBEPXHOCTHBIE TIOTEHIIUAJIBL. [J0Ka3bIBAETCS PE3Y/IHTAT O PEryAAPHOCTU PENIeHU
C BBIXOJIOM B HeMHOTO 6osiee obmme pocTpancTBa I, GecceIeBBIX MOTEHINAIOB
u Bj, Becosa. PaccmarpuBaiorcs 33[a41 CO CIEKTPAJILHBIM IapaMeTpOM

1°. B cucreme wnu
2°. ma wactu rpanunml (3amaan [lyankape—Crekmiosa),

00CyKTAI0TCS CIIEKTPAJIHHBIE CBOMCTBA COOTBETCTBYIOIINX OIEPATOPOB, BKIIIOYAST
ACHMIITOTHKHN COOCTBEHHBIX 3HAYEHUI.
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O muckperuzanuu ypaBHenusi Iluneiiku
Amnep B. B. (Hacruryr reopermyaeckoii pusukm nm. JI. J1. Jlanmay PAH,
Poccus)

V3y4aioTcs CBOICTBA WHTETPUPYEMOTO TUCKPETHOTO YPABHEHUS Ha KBaIPaT-
moit pemerke (h;; = h(n +i,m + 7))

hoohi1(c¢”"hiohot — hio — ho1) + hi1 + hoo — ¢ = 0. (1)
B HenmpepnIBHOM TIpe/iesie OHO TIepexo T B u3BecTHOE ypapuenue Llumeiiku [1, 2|
Hyy = ! — e2H,

BO3HMKAIOIIEEe KaK yCJIOBME COBMECTHOCTH JjIs ypaBHeHU ['aycca, OmuChIBAIOIIIX
Tak HasbiBaeMble mHaeduauTHBE addunaabe chepbl. Ypasuenne (1) Bo3HmMKaeT
TIPU IUCKPETU3AIMH STOTO TOHSTHs (MIPAIOIIETO POJIb TIPECTABIEHNs HYJIEBOM
kpusu3sbl). CxoqHas auckperusanus Oblia IpeIJIOKeHa paHee B pabote [3], Ho
oHa BeJleT K 00Jiee CJA0KHOMY HEJITUHEHHOMY YPaBHEHWIO, XOTsl W IPOIIE reOMeT-
PUYECKH.

Henpepoiable  Boicmme cmvMmerpum — ypasHerwms (1)  ommceBaioTca
nud dbepeHuasbHO-PA3HOCTHBIMU ~ YPABHEHUSIMU THUIIA Ienovek Bosbreppa.
TIpocreiimas Takasi CHMMETPHUST OMMMCHIBAETCS CJAEIYIOIMIUM YTBEPIKICHUEM.

YTBEPXKAEHUE 1. Ypasuenue Q = 0 euda (1) cosmecmmno ¢ yenouxot (3deco
hi = hko)

hy

_ h(c—h) h(c—h1)(c—h_1)(h2h1 —h_1h_2)
- h1hh71 —C < (hzhlh — C)(hh71h72 — C)

Mo ecmbv, HA e20 PEULEHUAT 6vinoanaemces moscdecmso Di(Q)|g=o = 0.

— h,l) )

Ilenouka (2) cBa3ana noacranoBkamu tuna Muypsr ¢ 1enodxoi
ue = u?(uguy —u_1u_2) —u(uy —u_1),
3agaromeil quckperusanuio ypasuenus Casagpi—Korepst [4]
Ur = Ussazs + 5UUszs + 5UsUss + 5UUs.

Dra LENoYKa IIpecTaBisger cOOOM JIIOOOIBITHYIO CMECh Lenovku BoJibreppa u
momupumpoBanHoil cuctembl Haputsi—BorosBiesHckoro

uy = u(ur — u—_1) u Uy = uz(uzul —U—1U—2).

To, 410 CyMMa 9TU HOTOKOB OCTAETC MHTEIPUPYEMON, HEOUEBU/IHO, TAK KAK CaMU
OHU HE KOMMYTHUPYIOT.
Pabora momep:kana rpanToM [t Beaymux Hayaabix mkosa HIT1-6501.2010.2.

Crucok Jiureparypsl
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CummMmerpunu PyHIAMEHTAJIbHBIX pelleHuil u dbyHknus Pumana
Akcenos A. B. (MockoBckwii rocy/1TapCTBeHHBI YHUBEPCHTET UM.
M.B. Jlomonocosa, Poccust)

B paGore [1], npuMeHUTESFHO K YaCTHOMY THIEPOOIMYIECKOMY yDPABHEHHIO
BTOPOT'O TIOPSIIKA C ABYMsI HE3ABUCHMBIMU IepeMeHHbIMH, B. Puman npeayoxmia
’meron uarerpupoBanus Pumana’. Obuiero meroma nocrpoenus dyukiuu Pumana
He cymecTByeT. B pa6ote [2] maH noapoGHBIt aHAINS IIECTH U3BECTHBIX CIIOCO0OB
noctpoenus ¢yukmmn Pumana mms gactaeix Tunos ypasaenwmit. H. X. I6paru-
MOoBbIM [3], Ha ocHOBe ucnonb3oBanus pesynsraros JI. B. Oscanaukosa [4], 66110
TIPEeJIOKEHO HAXOAUTh (DYHKIMIO PuMaHa ¢ MOMOIIBIO CUMMETPHI ypaBHEHWUS.
B macTosimeit pabore mokasaHa MHBAPHAHTHOCTH (pyHKIMH PuMmana oTHOCHTEIH-
HO cuMMeTpuil GyHTAMEHTA/IbHBIX PEIIeHuil, IIPe/JIOXKEH METO/, €e IIOCTPOeHUs 1
OTIMCAHBI YPABHEHUS, JJIsi KOTOPHIX ITPUMEHNM TIPEJIOKEHHBIH MEeTOI.

Ilycts manmo smmeitroe omHOpoamHoe mudepeHImaIbHOEe ypaBHEHHE C TacT-
HBIMH [POU3BOAHBIMU p-ro mopsaka Lu = 0, z € R™. ®yniaMeHTaIbHBIE
PEIIeHNsT ITOTO YDPABHEHUsS SIBJSIIOTCS DPENIeHUSIMH HEOJHOPOIHOTO YPABHEHMUS
Lu = §(xz — o). Oneparopbl CHMMeTpUH OJHODOIHOTO yDAaBHEHHs, 00pa3yio-
mpe KOHEYHOMEPHYIO 4acTb a/redpbl JIu omeparopoB CHMMeTpUu, UMEOT BUI
X = ¢4(x)0/0x" + ((x) ud/Ou. Obozmaumm uepes 1)3( TTPOIOIIKEHNE TIOPAIKA P

omeparopa X.
Cdopmynupyem ocHOBHOIT pesysibrar paborsr [5].

TEOPEMA 1. Auszebpa JIu onepamopos cummempuy HeodHOPodHO20 YpasHe-
HUA AAAeMcA Nnodanrzebpoti anrzebpv JIu onepamopos cummempui, 00HOPOIH020
YPABHEHUA, BBLOEAAEMOT, COOMHOUEHUAMU

€' (wo) = 0, (o) +Z<9§amxo =0, i=1,...,m. (1)
; 0

3decv Ppynxyua A = A\(z) ydosaemsopsaem moocdecmey X (Lu) = A(z) Lu.
P

OnpPEAEJEHUE 1. Cummerpusvu dbyHzaMeHTaNbHbIX Demenuit (mm cum-
METPUAMHA HEOAHOPOIAHOTO yPAaBHEHU:) Oy/IeM Ha3bIBAThH CHMMETPUH OTHOPOHOTO
yDPaBHEHWs, yAOBIETBOPAIOmue cooTHomennaM (1).

Cdopmymupyem OCHOBHOM pe3yIbTaT HACTOSMIEN pabOTHI.

TEOPEMA 2. Cumwmempuu GyndamenmasdvHos pewenut aunelinozo aunep-
60AUNECK020 YPABHEHUA 6MOPO20 NOPAIKA € 08YMA HE3ABUCUMBLMU TLEPEMEHHBLMU
0CTNABAANOM UHBAPUAHMHOU PYHKYUl0 Pumana conpastcennozo ypasuernu.

Pabora sbimonnena npu nopuepxike PODPU (rpanrer 09-01-00610 u 11-01-
00188).
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VYcpennenue popmyiibl Peitnmana-Kana n acuMnroruka
pacrpeesieHusi pasMmepa d-MepHOM MOieJi OTKPBITON CTPYHBI
Anxumos B. H. (MockoBckwii ropoacKoii ICHX0I0r0-MeJarOTMIeCKH
VHUBEDPCHTET)

Ilycrs mexoropas ,mmoTHOCTES cucreMsl p(q,t;qo), roe q € R%, t € RT,
VIOBJIETBOPAET IBOMIOMUOHHOMY yPaBHEHUIO

Ap/ot = Agp—Vp

¢ HagasbabIM yeaosueM p(q, 0;qo) = 0(q — qo), tae §(q) — aemvra-dynxmma Tu-
paka, Ag ecrp d-mepubiit oneparop Jlamwraca, V(q,t) —neupepbiBHas u orpanu-
YeHHasl CHuU3y (DYHKIHS B R?® R, mogumHena TayCcCOBCKOMY pAaCIIpeIeseHumo,
tak uro EV = 0, E[V(q,t)V(d’,t')] = W(q — d,t — t'). Pemenue ykazauuoro
YPABHEHMs MOXKHO ILIPEJACTaBUTh B KOHTUHYAIbHOU (popme ¢ nomMoupio hopmysibt
Deitamana-Kara

im exp(— Y 7V(gn,tn))d" p,

p(a,t;qo) = lin

o JRNd 1<n<N
vie 7 =t/N, 7o = n7,n = 1,2,..N; dn = q(ts); qo = a(0); a = q(t); d"p—
BuHEpOBCKad Mepa. Hac Oyzmer unTepecoBars ,,yCcpeqHeHHAA " IUIOTHOCTD, OIpee-
JIsieMasi PABEHCTBOM

G(r,t) = /Rd dqd(q — qo — r)Ep(q, t; qo),

TOYHEe, ee aCUMIITOTUKA Tpu 6oabmux 7 u t. OTMeTHM, 9TO 3/1€Ch BBHITOTHAIOTCS
[IBa HE3aBUCUMBIX (DYHKIIMOHAJIbHBIX WHTEIDUPOBAHUS: OJIHO — I10 IIPOCTPAHCTBY
TpaexTopmii q : RY — R? a apyroe —1mmo Bcem peasm3amsM C/Iy<ailHOTO OIS
V. dnsa byuknum ¢, TOJIydeHHON B pe3yabTaTe ABYKPATHOTO MHTET PAIHHOTO TIpe-
obpa3oBaHusd ,ycpeaHeHHoH" mioTHoCTH (G, yCTAHOBJIEHO 3aMKHYTOE yDABHEHUE,
aHAJOTUIHOE M3BeCcTHOMY ypaBHenmio [laiicona. ITociremmee oka3aaoch MHBApPH-
AHTHBIM OTHOCUTEHLHO HENPEPBIBHON Tpymmbl T. H. peropmuposounbix (PT) mpe-
o6pa3oBaHuil, YT0 MHUIMUPOBAJIO BBEIEHUE NHBADUAHTHOIO CIIEKTPAJIBHOIO [Iapa-
MeTpa B, HemocpencTBeHHO CBs3aHHOTO ¢ dbyHknmeit ¢. Beaencrsue PI-umnBapu-
aHTHOCTH BeqmdnHa B, ymoBmersBopsier muddepeHnmaTbHOMY ypaBHeHuo Jlu, ¢
IOMOIIBI0 KOTOPOoro /g 1 < d < 4 HalineHa yka3aHHAs aCUMIOTOTHAKA (DyHKImI
G(r,t) upu onpemnennoit daxropuzanmu dyukipm W(r,t) [1]. Ecim reneps B
ONMCAHHON BhINIE 3a7a4e (POPMATHLHO MepeiTi K MHUMOMY 10110 V| B pe3ysbrare
gero W = —U, rage U 0603Ha9aeT HEOTPULIATEIHHYIO BEJIMINHY, TO IPEJIOKEHHAST
CXeMa MOXKeT ObITh WCIIOIH30BAaHA JJIsi OTHICKAHUS ACUMIITOTUKY PACIIPE/IeICHUST
P(r,t) paccrostams r MKy KOHIAMH d-MEPHOM MOJEIM OTKPBITON CTPYHBI C KOH-
TypHO# Amuoi L, xorma 1 — oo u L — 00, Ho ornomenwue (r/L) dukcuposano u
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MaJsi0. B mpemokeHHON MOIeIN CTpyHA SIBJISIETCS THOKOM, PACTSKUMOM U m30e-
raiomeii camonepecegernns B RY, 2 < d < 4.

Haitnennas acumnroruka Gyakmun P(r, L) CyIeCTBEHHO OTINYIAETCS OT HOP-
MaJIbHOro pacupesnesenus:, korga 2 < d < 4 [2]. Oxnako, addexr 3anpera Ha ca-
MOITepecevdeHns CTPYHBI YOBIBAET, KOTJIA PA3MEPHOCTHh d PACTET, MPUOINAKAICH K
suauennio d = 4. IlomydeHHbIil pe3ysIbTaT MO3BOJISIET MPEIIIOIOKNTh, ITO B CIIy-
gae d > 4 acumnroruka pacupenenenus P(r, L) 6ymer mMeTh BUI HOPMAJILHOTO
pacripejiesieHusi.

Crucok Jureparypsl
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CBolicTBa pelleHni nmapabojimdyecKuXx ypaBHeHHil, paBHOMEPHO
BBIPOXK/JAIOIINXCS 10 MAJIOMy IIapaMeTpy B HOJIyIIPOCTPAaHCTBE
Anxyros FO. A. (BraguMupcknii rocyapCTBEeHHBIH T'YMAHATADHBIE
yausepcuret, Poccust)

Jluckesuy B. A. (Swansea University, UK)

B HacTosmeM COOOMEHNN MCCIeIyeTC CeMEeHCTBO MapaboIuaecKuX ypaBHe-
HHUI BUIA
n
n
Leu = (we(x)u)s — g (aij(z, t)we (T)Uz;)z; =0, zER", n>1 (1)
1,j=1
C M3MepUMOii, PABHOMEDPHO SJIMIITUIECKON 1 OrpannaeHHoil marpuneit {a;;(x,t)}
U TIOJIOKUTENIEHBIM BECOM We (T), OMpPeIesIsieMbIM PABEHCTBOM

g, xp >0
we(x) = e € (0,1].

5() {17xn<07 6(7]
IlepBas gacTp pabOTHI OCBSAIIEHA PABHOMEPHOH 110 £ OIeHKe (DyHIAMEHTAILHOTO
pemennst K.(z,y,t), t > 0, omeparopa L.. Ecim ¢ = 1, To xXopomo mu3BecTHA
onerka Hamra-Aponcona [1], [2] Buza

—n/2 —027‘173"2
K(z,y,t) < et e g (2)
31ech Haleil Heabio gBJIgeTcd [HoJaydeHrue aHaJorudHoi onenku g K. (x t) c
yil g y 11 a » I
TIOCTOAHHBIMU C1, C2, HEe 3aBUCAIIUMH OT €.

TEOPEMA 1. Cyw,ecmeyiom nososicumesbHbe NoCMOAHHDBLE C1, C2, 3GEUCA-
WUE TOALKO 0T PAZMEPHOCTIY NPOCTPAHCMEA N U KOIPPHuyuenmos a;j, maxue,
wmo daa awbozo € € (0,1] Pyndamenmanvroe pewenue K. (x,y,t) onepamopa L.
ydosaemeopaem ouenxre (2).

Bo Bropoi#i wacte paborbl ypasHenme (1) paccMaTpWBaeTCs B IMJIMHIIPE
Qr = D x (0,T), orpanmaennoe ocHOBaHWE [ KOTOPOTO MMEET HEIyCTOE Tepe-
CeYeHue ¢ I'MIEPILIOCKOCTbIO T, = 0. Peienue nonumaercs Jjiokaibao B Qr 6e3
KaKWX-IM00 KPAEBBIX W HAYAIHHBIX YCJIOBHH. 3/1€Ch M3y9aeTcsl BOMPOC O TeJTh-
JIEPOBCKO# HempepbhiBHOCTH pemenuii. 113 pesynbpratos pador [2], [3] xopomo u3-
BECTHO, 4TO npu KaxaoMm bukcuposannom € € (0, 1] moboe peuntenue ypasHeHust
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(1) B mpomsBopEOM mHHApPe Q' € Qr mpuHaexuT mpoctparcTBy C(Q)
rembaeposbix B Q' dynkmmii ¢ mokazaresem a € (0, 1). Hac uarepecyer Bompoc o
HE3aBUCHUMOCTH TIOKa3aTess o oT €. Paccmorpmu cemeiictso {u®(z,t)} pemennmii
ypaBuennit L.u® = 0, orpanudeHHoe B Lo, PaBHOMEDHO IO € HAa KOMIAKTHBIX
nogMHOKeCTBaX Q7. JJ0Ka3aHO CIemyoniee yTBepK ICHHe.

TEOPEMA 2. Cywecmeyem nocmoannas o € (0,1), sasucawas moavko om
PAZMEPHOCTIU NPOCTPAHCMEE N U K0IPPHUUUEHMOS a;j, TMaKad, 4Mo cemelicmeo
{u®(z,t)} womnaxmmo 6 C*(Q") dan arwbozo yuaundpa Q' € Qr.

Pa6ora Beimonmena npu nogaepxke PODU, rpant 09-01-00446.
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O pa3spenmMoCcTy CTAIMOHAPHON U HECTAIIMOHAPHOI HeJMHEWHbIX

HeJIOKAJbHBIX 3a/]a4 PaJualMOHHO-KOHAYKTUBHOTO TerjioobMeHa B

cucTreMe TeJl CO CBOUCTBAMHU, 3aBUCHINUMU OT YACTOThI U3JLY Y€HUSI
Amocos A. A. (Mockosckunit saeprermaeckunii macturyt, Poccus)

HecTanmmonapHBIi IPOIECC paIuaTnoHHO-KOHIyKTHBHOTO TEILII000MEHA B CH-
creme G = Uj_;Gj Henpo3pauHbIX TeJl CO CBOMCTBAMY II0BEPXHOCTEH, 3aBUCHIII-
MU OT YaCTOTHI U3JIyYEHUs I/, OTIUCHIBAETCS HAYAJIbHO-KPAEBOIl 3a1adeii

ou

oy div(A(z,t,u)Vu) = f, (z,t) € G x(0,T), (1)

[e’s}

(A(z,t,u)Vu,n) + /eu[hu(u) — Ly(evhy(u))]dv+g, (x,t) €S, (2)

(Ai(z, t,u)Vus,n;) +/%,,[hl,(ui) — hy(uy)]dv, (z,t) € Sij, i # 74, (3)

u(z,0) =u’(z), z€G. (4)
B,I[er S = (8G\U,~¢jFij) X (O, T), Sij = Fij X (0, T), Fij = 6G1 ﬂan. (I)yHKLII/ISI

h, oTBedaeT cmeKTpaJbHOMY pacupenenenwio [Inanka, UHTErpaIbHBIA OMEPATOP
L, — JIOTHOCTH [AJAI0NIEro U3JLy 9eHus.

B [1] ycraHOBiIEHBI CyIIECTBOBAHME U €AMHCTBEHHOCTH O0OOLIEHHOTO perre-
mug 3amaau (1)—(4). Jokasama Teopema cpasHeHus. Ilomy9eHbl pe3ynbTaThl 00
9KCIIOHEHIMA/IbHOM CYMMUPYEMOCTH U OI'DAHUYEHHOCTU PEeLIeHUIt.

Amnasnormunbie pe3ysbTaThl O CBOMCTBAX CTAIMOHAPHOM HEJIMHEHHOW Heso-
KaJIbHOM 3a/a9M PaIUAIMOHHO-KOHYKTUBHOTO TEII000MeHa B CHCTEMe TeJs CO
CBOMCTBaMU, 3aBUCAIIMMYA OT IaCTOTHL U3JLy9€Hus, Oy mKOBaHb! B [2].
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Pabora Beimoszena mpu ¢uHancoBoil moanepxke Mumrucrepcrsa PP mo 06-
pasoBanmio u Hayke (rocymapcrsenubiii koarpakt 11690 ot 20.05.2010) u Cosera
mo rpanTtaM Ilpesumenta PD (rpant HIII-3439.2010.1).
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CsoiicTBa oneparopos Apob6HOro nHrerpo-auddepeHnpoBasust
MaTPUYHOIO IOPsAKa U UX IIPUMeHeHne
Amnapees A. A. (Camapckuii rocyaapCTBeHHBII TeXHHYECKHI YHABEDCUTET,
Poccust)
Hcmarnmosa P. P. (Camapckwnit rocysapcTBeHHbIH TEXHUIECKUI YHUBEPCHTET,
Poccnst)

Paccmarpusaercs cucrema 06061IIEHHBIX WHTETPATLHBIX ypaBHeHui AGests Ha
OoTpe3Ke ¢ BHENIHUMU KO3 duimeHraMu:

u(x)[fﬂ/) +v(@) IS = %g(z), z € (a,b),
oy
rue u(z), v(z) —mMarpunsl mopsinka n X n; g(z) —Bexkrop-ysKIWMs; G — m0-
crosarag marpund; u(z), v(z), G — QyHKIMOHAIBLHO KOMMYyTaTHUBHBI. Jleii-
CTBHE MATPUYHOIO JIEBOCTODOHHEIO W IIPABOCTOPOHHETO OIEPATOPOB IPO6-
HOoro wmHTerpo-muddepenimposanns Puvana—/luyBuais Ha BeKTOpP-(QYHKIWIO

¥(x) = (Y1,%2,...,9%,)" 3aZaeTcCa paBEHCTBOM
s mp—1 n k A
—a _ k (G=M\E)" d* ( I3Y
Do = kZ:l vi(G) ; nl d\E (yk(,\))A:Ak’

rme IS mpm oo = a+ — JIEBOCTOPOHHMIA MHTETPa, o = b— — IPABOCTOPOHHMI HH-
terpar; V¥ (A) = (A — Xo) 7" T (A — Me)™F, Ak € A(G).

C momompio m3yueHnbix panee B [1] cBoiicTB onmepaTopoB APOGHOrO MHTErPO-
muddepeHIpoBaHNTST MATPUTHOTO MTOPSIIKA TAHHAS CHCTEMa CBOJNTCS K CHCTEME
CUHTYJISIPHBIX MHTETPAJIHHBIX YPABHEHHUI OTHOCUTEIHLHO BEKTOP-hYyHKINN

1S4y

G ;G
plx)=0—z)" 1 9.
M3BecTHB HEOOXOAUMEBIE W TOCTATOYHbBIE YCIOBUS PA3PENIMMOCTH CHCTEMBI

b
A@)p(a) + 2@ / et _ g,

) t—ux
rme A(z) = u(z) + v(z)cosGm, B(z) = v(z)sinGm, f(x) = I H(G)g(x)r, ©.
ITpu ux cobsonennu obliee pelleHne CUCTEMBbI 3aIUCHIBAETCS B sIBHOM (opme, ¢
[OMOIIBIO KOTOPOH MOXKHO IIOJIy4YHTb, peurasi MaTpudHoe ypasHenue AGens [2],
nCKOMyIo BeKTOp-pyHxumio ().
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Budypkaunmonabie MHOXKecTBa B 3a/iadye KoBasieBcKoi—Axbu
Amnppesiros I1. I1. (MI'Y nm. JlomonocoBa, Poccust)
Aymun K. FO. (MI'Y um. Jlomonocosa, Poccust)

B pabore m3ywaercsa 3amada O OBUKEHNN TSXKEJIOT0 MMPOCTATA, PACIIPEIese-
HEFEe MacC KOTOPOTO MOIYMHEHO ycjioBusiM KOBaIeBCKOM, a THPOCTATHIECKUN MO-
MeHT \ = (0,0, \) OCTOSTHEH W HATIPABJIEH BJOIb OCH IUHAMUYIECKOW CHUMMETPHH.
D10l 33/1a4€ COOTBETCTBYET AUHAMUYECKAs CUCTEMA C raMu/ibroHuanomM H u nep-
BeiMz uHTerpatamu G, I' B Korduryparmuonsom mpocrpancTse RE (w,v):

H=%<Aw,w>+ux&', G:(Aw—&—X,u), = (y,v),

rae gepes (,) 0603HAMEHO CTAHAAPTHOE eBKINI0BO mpoussenenue B R3. B pabore
[4] X. M. fxpu 6bur yKa3aH JONOIHAUTENbHBIA nAaTErpas K werseproil cremenu.
PaccMOTpUM 9eTHIPEXMEPHYIO COBMECTHYIO IIOBEPXHOCTD YPOBHH MHTErpaioB G,
I
Mgy ={(w,v)|G=g, T =1}.

Ha meit cucrema CTaHOBUTCS BIOJIHE MHTETPUPYEMOIl M MMEET JBA HEIIPEPBIBHBIX
nmapamMerpa: g — MOCTOAHHYIO ILIOMAAel U \ — rupOCTATUIECKUH MOMEHT. DTa, CU-
crema ObLIa XOpomio m3ydeHa mjg ciaydaeB ¢ = 0 uw A = 0. Boracuumocs, gro
HEKOTODBIE BAaXKHBIE TOIOJIOTMYECKNE CBOMCTBA CHUCTEMBI, OOHAPYKEHHBIE B I'Da-
HUYHBIX CJIydasdX, IIPOJ0JIKAIOTCI Ha CUCTEMBI ¢ mapaMerpamu g > 0, A > 0, B TO
JKe BpeMsl B HUX [PUCYTCTBYIOT IIPUHIMIIAAILHO HOBbIE 3D deKThl, a Tomoaornde-
CKUe MHBAPHUAHTHI YCTPOEHBI IOPA3I0 CJIOKHEe.

Paccmorpum touky (g, 1) B obmactu U, n otoGpaxkenme momenta K x H, tie

U={(g,\) | g>0, p>0}, K x H: M, ) — R*(k, h).

MHO2keCTBO ero KPUTHIECKUX 3HAUCHUI Y4 \ Ha3blBaeTCd OudypKannoHHOHl aua-
rpammoii. B pa6ore [1] II. E. Psi6oBa GblJIO0 TOKA3aHO, UTO MHOXKECTBO g ) IIPH-
HAJIEXKUT AUCKPUMHUHAHTHOMY MHOXKeCTBY Dy x, KOTOpOe 3amaeTcda 00beIMHeHN-
eM JIByX ajre0pamvdecKux KPUBBIX Y1, Y2, ¥ HOKA3aHO, KAKYIO 9acTh [ Heobxoanmo
OTOPOCUTH, ITOOBI TIOIYIUTD g .

Budypkanuonnsle muarpaMMbl X4, B 3a1a4e KosaseBckoii—fxpu u ux mepe-
CTPOVKHM [PEJCTABIAIOT OOJIBIIOI UHTEPEC JIJ1sl UCCIIEI0OBAHUS TOIOJIOI U CJIOEHU S
JInysusis. [less HacTOsIIEH paboTHI— MpoBECTH 60JTeE TIOAPOOHBIN aHAIN3 CeMeii-
cTBa O ypPKAINOHHBIX TUAIPAMM 2g ) U OIACATH, KAK OHU II€PECTPANBAIOTCH IIPH
U3MEHEHUU ¢, A.
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5

[6

O cyumrecTBoBaHUM pelIeHHMII HapaboJINMYecKoro ypaBsHEHUsI C JBONHOMN
HeJIMHEHHOCTBhIO B HEOTPAaHUYEHHBIX 00JIacTax
Anypusnosa 3. A. (YI'ATY, Poccus)

Myxvmaos @. X. (Ydumvcknii rocy1apCcTBeHHBIN ABHAITAOHHBIN TEXHHICCKHLT
yausepcuret, Poccust)

IIycte Q — meorpanmuennas obnacrp npocrpancrsa R, = {x =
(z1,22,...,2n)}, n > 2. B nunuanpudeckoit obmactu D = {t > 0} x Q mus na-
pabosInIecKoro ypaBHeHUs C JIBONHON HEIUHEHHOCTHIO PACCMATPUBAETCS MEPBAs
cMelnaHHasd 3a/1a49a

n

(lul*"*w)e = > (s, " us )iy kip>1, (%) € D; (1)

=1

u(t, x) o= 0, S={t>0} x909Q; u(0,x)=0px), ©x) L. (2)

Bompocs! cyiecTBoBaHus U €IUHCTBEHHOCTH PENIeHUd 33291 PACCMaTPUBA-
scp B paborax Raviart P. A. (1970), Lions J. L. (1969), Bamberger A. (1977),
Grange O., Mignot F. (1972), Bernis F. (1988). B 0CHOBHOM paccMaTpHUBAJIACH
3a/1a4M B OrpaHuyveHHbIX oOiactax. CuiabHOE pemieHue 3a/[a9u B OrPAHUYEHHON
obsracru 66110 ycranosseHo Raviart P. A. myrem 3amenbl 9BOJIIOLUOHHON 1pOU3-
BOJIHOM pa3HOCTHBIM OTHOMmeHueM. Bernis F. mokazas cymecTtBoBamume c1aboro pe-
HIEHUs 33291 B HEOIPDAHUYIEHHON 06JIACTHU MPEeJEeIbHBIM [IEPEX0I0M OT PEIIeHuH,
LOCTPOEHHBIX B orpanutenubix obnacrax Grange O., Mignot F. Oxgnako pabora co
c71a0BIM peIIeHreM BBI3BIBAET 3aTPYAHEHUE [IPY M3YU€HUHN, HAIPUMeD, yObIBAHMS
peierns opu t — 00.

Mbr 1npegjiaraeM OOBIYHBIN CIIOCOD IIOCTPOEHMS CUJIBHOI'O PELICHMS 3a1a9u
Ccpa3y B HEOTPAHWYEHHOI 00/IaCTH HA OCHOBE TAJIEPKUHCKHUX IpubJrkeHwmit. Mx
TIOCTPOEHNE MAJI0 YeM OTiam4daercs oT npemioxennoro 2K. JI. JImorncom B KHmUTE
<HexkoTopble METOBI PEIIeHNST HEJIMHEMHBIX KPAEBbIX 303> I ciaydas k = 2.
IIpenmaraemMsbrit MeTO MOXKET OBITH ATAIITHPOBAH HA CYIECTBEHHO O0JIee MIPOKUil
knacc ypasuenuil. ITocrpoentoe pemenue nupu ¢ € Li(Q2), Vi € L, () obnanaer
CAeAyIOMUMA CBOMCTBAMM:

Q\uw“u € Ly(D").

ue C([0,T]; Lr()), Vu€ Loo((0,T); Lp(£2)), En

—1/p
Herpyamo taxxke momyumts omenky ||Vu(t)||lr, < Ct . Tanepkunckue mpu-
O/IVKEHUS SIBJISIOTCS TJIAAKUMU (DYHKIUSMIY, ITO 00J1erdaeT JOKa3aTeIbCTBO JJIsT
HUX PA3HBIX OIEHOK, KOTOPBIE 32TEM ITPEJIETbHBIM MTEPEXOI0M PACTIPOCTPAHIIOTCS
na pemwenwe 3axaau (1), (2). B wacrnocTu, B cayvae orpanuaennoii obiactu npu
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p > k cipaBeIMBbI OIEHKHA
(1487 <u(t) |1, @ < MY > 0. (3)
IIpu p = k yObiBaHMe SKCIOHEHITHMAIHHOE
c exp(—At) < |[[ut)|z, @) < Cexp(—At).

Omnenkwm (3) mpu k = 2 nonygensr A. ©. Teneesnim (1992) m Alikakos N., Rostma-
nian R. (1982) ansa 3amaun Komu.
Pa6ora Beimosmena npu noggepxke PODPU, rpant 10-01-00118-a.

06 ycroitunBoCcTH pellneHnil OJHOro KJjacca
uHTerpo-aud pepeHnaJIbHbIX YpaBHEHUN’
Anknnos A. B. (Ynpsanosckuii rocysapCTBeHHbI TEXHHIECKHE YHUBEDCUTET,
Poccust)
Bempmucos I1. A. (YnpsaoBckmii rocynapcTBeHHBI TEXHHICCKHE YHHBEDPCUTET,
Poccns)

B pabote, mpeacTaB/IeHHON HAHHBIM COOOIIEHHEM, HA OCHOBE ITIOCTPOEHHBIX
MaTeMaTHIeCKUX MOJe/ell UCCaenyercs AUHaMAYecKas yCTONIuBOCTD aedopmu-
pyeMbIx (BA3KOYNPYTUX, YIPYTHAX) 3/I€MEHTOB (TTACTHH, CTEPKHEH) KOHCTPYKITHi
C y9eTOM B3aUMO/IEICTBHS C J03BYKOBBIM UJIH CBEPX3BYKOBBIM IIOTOKOM YKH/IKOCTH
niu rasa. ViccieoBanus IPOBOAATCH /ISt JIEMEHTOB JIETATEIbHBIX U [10IBO/IHBIX
anmapaTon, TpybonpoBomHbix cucreMm. Onpenenenne ycroiiunBoctn gedbopMupye-
MBIX 3JIEMEHTOB COOTBETCTBYET KOHIIENIIUN YCTONYMBOCTH TUHAMIHYECKUX CHCTEM
o JlsamyHoBy.

B pa6ore g5t perrennst CBSI3aHHBIX 33129 a3POTHUIPOYIIPYTOCTH UCITOIH3YETCS
nBa moaxoza. [IepBrelii MOIX0/T OCHOBAH Ha ITOCTPOEHVH DEIIEHUS adPOTUIPOINHA-
MUYeCKOH 9acTu 33129 MeToJaMu Teopur MYHKIMHE KOMILIEKCHOIO [I€PEMEHHOTO,
TIPU BTOPOM TOIXOE MCTOsb3yercs Meron Pypre. IIpu 5TOM a3poruapoamHamMm-
gecKas HArpy3Ka (aBJIEHUE XKUAKOCTH WJIU Ta3d) ONpeJIeNsercsa aepes QyHKuy,
OIKCHIBAIONIYE HEM3BECTHBIE IPOrubbl 371eMeHTOB KOHCTPyKiwii. IIpu moacranos-
Ke BBIDAYKEHWsl s JABJIEHWs B yPaBHEHUs KOJIeOAHMI 3JIEMEHTOB pelleHne 3a-
J1a9 CBOJIUTCS K MCCJIEJOBAHUIO CUCTEM CBSI3aHHBIX MHTErpO-1ud depeHmaaIpHbx
YPaBHEHHI ¢ YaCTHBIMU [IPOU3BOAHBIMYU 1t DYHKIMHA 1porubos.

Hampuwmep, a5 miockoit 3a4au adporuapoyIpyrocT O MAJIBIX KOJIEOAHUX,
BO3BHUKAIOIIUX [PU OECIUPKYJISIIMOHHOM OOTEKAHUM JT03BYKOBBIM IIOTOKOM HJIe-
AJIBHOIO I'a3a TOHKOCTEHHON KOHCTPYKIMH — MOJE/X KPbLIa, COCTABHBIMU YacCTs-
MU KOTODPOTO SIBJISIIOTCS 7 YIPYTUX JIEMEHTOB, MOJIy9YeHA CHCTEMa HeJIMHENHBIX
naTerpo-aud depeHnaIbHbIX YPABHeHMI:

’
,Eka (uk/ =+ %wkIQ) +4 Mkuk = 0,

!
— ExFy |:wk/ (uk/ + %wk,2>:| + Myt + Dgwy”"" + Nywy, + Borwi+
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n 920
+ ﬂlkwk + ﬁkag” = 7% Z / (wZ(Ta t) + Vw;(T7 t)) K(Ta x) dr—
=1

TS

n az;
SUS [ G+ valr) < 20 ary
k=1

Tazi—1

a2i41

+V2;’Z [ (@ 57 @) Gy,

z € (az2k—1,02k), Kk = 1 =+ n, rame mrpux 0603HAYAET MPOU3BOTHYIO MO T W T, &
TOYKA — LPOU3BOAHYIO 10 t; Wy (z,t) u u (x,t) (k = 1+ n) — nouepeuusie u 1po-
MOJIbHBIE JedopMarmn 371eMeHTOB B Hanpas/ennu oceit Oy u O COOTBETCTBEHHO;
f,j: () (k =1+ (n—1)) — byskuun, onpegensaomue bopmy HemedOPMUPYEMBIX
gacreit upobuns; V, B, Fi, Mg, Dk, Nk, Bok, Bik, B2k (k = 1 + n) —nexoropsre
nocroguubie; K(7,x), G(7,z) — mekoropbie dhyHKIAM.

Pa3paboTaHbl aHAJMTHYECKHE METOIWKN WCCICJOBAHAS  TUHAMUIECKOMN
yCTOHUMBOCTH B 3a/a9aX a’POrHAPOYIPYTOCTH, OCHOBAHHBIE Ha IIOCTPOEHUU
G yHKIIMOHAIOB 715 TO00HBIX CUCTEM MHTerpo-auddepeHmaIbHbIX yPaBHEHUI ¢
YACTHBIMH TTPOU3BOJIHBIME. V3y9aeTcst yCTONYIMBOCTD 9JIEMEHTOB TIPH PA3IATHBIX
C1ocobax MX 3aKPEIVIEHNsi W PACITOJIOKEHNST HA KOHCTDYKIIUSX.

Pabora sBbimosimena B pamkax peasmsarnuu OIII  Haywmsle n mHay4Ho-
melaroruIeckue Kaapol naaoBanmonuoi Poccum® (2009-2013 rr.), 'K Ne T11122.

JlokaspHasa nNpegMaKCUMAaJIbHOCTb U IMIIepOOJIMYHOCTD
Amnocos /. B. (MockoBCKHit rocy1apCTBEeHHBIH YHUBEDCATET HMEHHA
M. B. JlomonocoBa, Maremaruaeckunii uacruryr PAH umenun B. A. CrekoBa,
Poccns)

CBOMCTBO JIOKAJIFHOM TPeIMaKCUMAJIbHOCTH WHBAPUAHTHOTO MHOMXKECTBa, F'
(MHBapWAHTHBIE MHOYKECTBA IIOIPA3yMEBAIOTCA KOMIAKTHBIMH) TOMOJIOTHIECKON
JAMHAMUYECKOR CUCTEMbL COCTOUT B TOM, YTO B JIIOOOH €r0 OKPECTHOCTU UMeeT-
Cs JIOKAJIbHO MaKCHMaJIbHOE MHBAPUAHTHOE MHOXKECTBO, cozep:xkairee F. B stom
OIIPE/IE/IEHNU TOBOPHUTCS O TIOBEIEHUU TPAEKTOPHUI, PACIOIOKEHHbIX BHE F (x0T
n 6umskux k F'). Ho oxa3dbiBaercs, 410 B K/1acce ruiepbomaecKux MHOXKECTB Ha-
JIMYWe WA OTCYTCTBUE y F' TaHHOTO CBOMCTBA BCEIIEJIO OMPEesIseTcs TUHAMUKOM
Ha camom F'.

A cCUMIITOTUKY CABUHYTBHIX pernieHuii ypaBueuuii H. KoBasieBckoro
Apancorn A. B. (HUU Tampneti Pagnocssasu, Poccus)

PaccmarpuBaercst OIBUXKEHHE TBEDPOTO TeJa BOKDPYT HEIOABUYKHOM TOUKM.
B ofmem ciy4ae 3TO [IBHKEHHE OIMCHIBAETCH CHCTEMON ypaBHeHUil Diliepa—
IIyaccona [1].

OmnH U3 YaCTHBIX CIIY9YAeB TOTO [BUKEHUS OMMCHIBAETCH YPABHEHUSIMU
H. Kosasesckoro [2]. [ns ciaygas, KOTJa HE3aBUCHMAS TEPEMEHHAS CTPEMUT-
Cd K HyJIIO min OECKOHEYHOCTH, C IIOMOLILIO aJrOPUTMOB CTEIIEHHOI reoMerpuu
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A. Bpiono, B. JIyues u U. I'amenesko [3] Bbraucamam Bce JIOKaJIbHBIE U ACUMIITO-
THdeckue pa3noxkenus pemrenuil ypasuenunit H. KoBaseBckoro u ¢ ux momomsio —
BCe TIOJIMHOMUAJ/IbHbBIE DEIIeHNs ITUX yPABHEHMIA.

Tenepsr paccmaTpuBaeTcsa ciaydail, kKorga B ypasHeruax H. Kosasesckoro
He3aBHUCHUMAas [I€PeMeHHAsl CTPEMHUTCS K OTJIMYHOM OT Hy/is 1 6€CKOHEYHOCTH KOH-
cranTe. [IjsT 3TOTO B HE3aBWCHMMOil TIepeMEeHHOI D BBIZEJIeHa TTOCTOSHHAsS 9acTh
Do, ABIAIONIAACA HOBBIM IapaMeTpoM, a ypasHenud H. Kosajesckoro mprHmMa-
10T Bug [4]

dQ—UT—I—ld—Uﬂ—l—ad—T~+aT+aa+a d—T—&—
dp? | T 2dpdp T Wapt T T T a0 T asbo

+ asp’ + 2aspop + (aspg +a1) =0,
d*t  ldodr

U——F*ff-l—bdiN-i-ba-i—b di—l—br—!—
dpz T 2dpdp T 2apP T e TR0 g 0

+ bsp” + 2bspop + (bspg +b1) =0,

rae p = p — po € C— me3aBucumas nepemennas, po = const € C, 0 < |po| < oo,
0,7 € C—mne3aBucumble nepeMeHHble, K03 duUnMeHTH a71,...,a5, b1,...,bs,
Cly...,C5, di,...,d13— paIMOHAJIbHBIE BBIPAKEHUs OT MMAPAMETPOB yPABHEHUN
Oitnepa-Ilyaccona.

s cucrembr ypasaerwii (1) mpu p — 0 BEIYUCIAIOTCS CTETIEHHBIE PA3JIOKE-
HUS ee PeleHnii BuIa

oo oo}
o=p" UOJFZUjﬁJA , T=p ToJrZTjﬁJA ; (2)
j=1 j=1

rue 00,05,70,7 € C, 00,70 # 0, o, 8,A € Q, A > 0. Cnaraemsie 0op®, 705"

HA3BIBAIOTCS NEPEHMU NPUOAUNCEHUAMY DeTTennit ypasaennii (1).

C moMOmpBIO AJTOPUTMOB CTEIEHHOW IeOMETPHM, PeaIM30BAHHBIX B BHIE
KOMIIBIOTEPHBIX [IPOrPAMM U CKPHIITOB JIsi CUCTE€MBI CHMBOJIBHBIX BBIYMCJICHUI
Maxima [4], Beranciero cemb pasnoxenuii Buna (2). Ilapsl mokazareseii crerme-
ueit (a, ) nepsbix npubsmkenuii pemennit pasust: (0, 3), (0,3/2), (0,4/3), (0,1),
(1/2,1), (3/2,3/2), (0,0). Just naru pas/ioxeHuil 3aMeHO IEPEMEHHBIX U KO-
(bUIMEHTOB MOy TIAIOTCS elne IATH PA3JI0XKEHM! pemennit ¢ mokasareasamu (3, o)
TIEePBBIX IPUOIMKEHUN PeIeHuil.

Crnucok JuTeparypsbl

[1] T'oaybes B. B. Jlekumu N0 MHTErPUPOBAHHMIO YyPABHEHHH ABUKEHUS TAXKEJOTO TBEPIOrO
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06 ucciaenopanuu aud pepeHInaIbHbIX YPaBHEHUI, He pa3pelieHHbIX
OTHOCHUTEJBHO HPOU3BOAHOIN, METOLAMY TE€OPUMN HAKPBIBAIOIIUX
oTobpa>keHu i
Apyrionos A. B. (Poccuticknii yuusepcurer apyxk60p1 naposos, Poccus)
2Kykosckmnit E. C. (TamG0BCK#Hii roCy1apCTBEHHBIN YHUBEDCATET
nmenn I P. epxasuna, Poccust)
2Kyroscknii C. E. (Poccuiickmnii yHUBepCHTET JIpy>KObI Hapo1oB, Poccrst)

Pafora mocBsmena NpUMEHEHUIO TEOPUU (-HAKPBIBAIOIUX OTOOpazxkenuii [1-
3] k uccnepoBanmio muddepeHnmaNbHbIX yPABHEHHIN, HE PA3PENIEHHBIX OTHOCHU-
TeJIbHO Npom3BomHON. HalimeHbl ycoBrua CyIIeCTBOBAHUA PEIIEHWI W WX HeIpe-
PBIBHOM 3aBHCHMOCTH OT HAYAJIHHBIX YCJIOBUU W MapamMeTpoB ypaBHeHHi. B mo-
JIy9eHHBIX YTBEPKIEHUAX HE HCIIOJIb3YeTCs IVIAJKOCTHh BXOIANIUX B YDABHEHHS
b yHKITHIIL.

IIycts (X, px), (Y, py)—wmerpmaeckme mpocrpanctBa. O6o3HAUMM [epes
Bx (u,r) 3aMKHyTbIi map upocrpancrea X ¢ nenrpom B 4 pamuyca r > 0. Ilycrs
3amaH0 gucyao « > 0, mEoxkectBa W C Y, A C X X R,

OnpreAE/NEHUE 1. Otobpaxkenme F : X — Y Ha30BeM Q-HOKPOLLEAIOUUM
mrooicecmeo W na cosoxynnocmu 2, ecom aya mobbix (u,r) € 2 umeer mecro
BKJIIOYUECHIE

By (F(u),ar)(\W C F(Bx(u,1)).

IIycts 3amanbr: 3amkHyTOe MHOKeCTBO §2 C R™; {A;} C R™ u nocienoBaress-
mocTh yrkmmit f; : [a,b] X R™ x Q — R™, ynosnersopsomux ycnosuio Kapareo-

nopu. Paccmorpum npu kaxgom ¢ = 1,2, ... 3amagy Ko nys me pa3pemeHHOro
OTHOCUTEIHLHO POU3BOAHON muddepeHnaabHOr0 ypaBHeHNs
filt,w,i) =0, 2€Q, telab], (a)=A. (1)

Pewenne 3anaun (1) 6ynem nckarp B knacce ACo, aBCOMIOTHO HENPEPHIBHBIX
dyskIWmit 2 : [a,b] — € ¢ CyUECTBEHHO OrPAHUYEHHO IPOU3BOIHOIL.

IIycrs 3amana dyukuus up € ACs. Iomoxum w;i(t) = fi(t, uo(t), wo(t)),
t € [a,b]. Ilycrb uMeer MECTO CXOAMMOCTD VIal SUp,c(, ) |wi(t)| — 0, A; — uo(a).
B paboTe MOIy9eHBl yCIOBHS Pa3pPENTMMOCTH TPU KaXKAoM ¢ 3amaum (1) m cy-
mecTBoBanus Takoro pemenus T; € ACso, 9T0 vral sup,c, ) [#i(t) — wo(t)| — 0.
OCHOBHBIM HBJISETCH IPEIION0KEHNE, YT0 CyLIECTBYIOT TAKUE IOJI0XKUTE/IbHBLE (L,
R, v, aro mus mo6oro ¢ = 1,2,... upu . B. ¢ € [a, b] upu sobom x € Brn (ug(t), v)
orobpaxkenune fi(t,z,-) : £ — R™ gBagerca Q-HAKPHIBAIOIIUM MHOXKECTBO
Brm (fi(t,x,u0(t)), aR) Ha cOBOKynHOCTH

At) ={(v,r) : v € Ba(tw(t),R), 0 <r < R—|v—1o(t)]}.

Pabora Bommommena B pavmrax PIII «Hayumbie n Hay9HO-II€IArOruiecKue
Kaapbl mHHOBANMOHHOM Poccnm ma 2009-2013 rogpr> (korrpakT Ne 16.740.11.0426
or 26 moabpa 2010 roma), mommepxana PO@DU, rpant 09-01-97503.
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OrpaHudeHNs Ha CKOPOCTb yObIBaHUS Ha G€CKOHEYHOCTH B
HEOrPAHUYEHHOM 06/1acTy pelIeHus] JIUMHENHOro 3JIJINIITUYECKOro
YPaBHEHUsI BTOPOro IOPsiJiKa, IIaBHAs 9acTh KOTOPOro MMeEET
AUBEPreHTHYIO (popMy
Acraxos A. T. (BopoHe>kckuit rocyaapCTBeHHBIH yHUBEpcuTeT, Poccust)

TEOPEMA 1. ITyemov u(z) = u(x1,...,2n), n = 1 — pewenue sasunmue-
CKO020 YPaBHEHUA

33 o (w@ )+ Fajute) o

onpedesennoe npu |x| = Ro > 0. ITycmov makorce 6unoAHAIOMCA YCAOBUA:

1°. aij(x) >0,Vi,5=1,...,n, f2(x) € C=(|z| > Ro);
2
2°. f,_(z) —1=o(#) npu|z| = oo;
a]_‘/(z) || ’
3°. aij(‘r) =0 (%)} Vi,j =1,..,n, i # j;
4°, aagi(_z) =o0 (ajl-;(lz)), npu || — oo, Vi, j =1,....,n;
5°. lim J |u(z)|? dz =0, ede € # 0 — Purcuposannoe wucao.
R—00 R |z|<R+e

Tozda u(x) = 0.

CNELCTBUE 1. Hyemov u(z) = u(x1,...,%n), n = 1 — pewenue sarunmuse-
CK020 YPAGHENUA

"9 du 5
— | a;(x)=— =0,
j§:1 oz, (aj(x) &L,J_) I (@)u(x)
onpedenenroe npu |z| = Ro > 0. IIyems maxsice uinoIMAINOMCA YCAOBUA:

1° a;(z) > 0,Vj = 1,...,n, f2(z) € C®(jz| = Ro); L 1 = 0(‘%)

aj (z)

[
npu |x| — oo;

o Oaj(z) _ aj(x) . .

2°. =o(=L7)Vj=1,...,n npu |z| = oo;

CE ||

3°. lim J lu(z)|* dz =0, 2de € # 0 — Ppurcuposannoe wucao.
R—00 R<|z|<R+e

Tozda u(x) = 0.

3AMEYAHUE 1. B cuyuae a;;(z) = aj(x), Vi, j = 1,...,n reopema 1 e umeer
MecTa.

3AMEYAHUE 2. B ciyuae aj(z) = a(z), Vj =1,...,n crencrsue 1 ocraercs
CIIPABEJIUBBIM.



JIBa MeToma BbIYHCJIEHUsSI KO3((PUIIMEHTOB PA3JIOXKEHUI I10
npousBoAHbIM Hernoukam Kespina
Axramos A. M. (Uucruryr mexanuxu YHI] PAH, Poccust)

PaccmoTpuM HECAMOCONIPSAZKEHHYIO CHEKTPATIBHYIO 33Iady

aAu(x)—l—b)\%—i—)\Qu(m):O B Q, (1)
ag—;—&—)\u(x) =0 mal. (2)
3mecw a,b,a € R; % =3, %; g—% — mpoM3BOJHAA 10 BHENTHEH HOpMaJu, a

Q) — orpanunyennasa obsacTb ¢ GeckonedHo riajakoi rpamuneii I' = 0f), koropyio
MOZKHO JIOKAJIbHO BBINPSAMHTH IJIaJKAMU [IPEOOPA30BAHAAMYU KOOD/AUHAT.

He orparmumBas o61mHOCTH, B Ja bHEATIEM OYI€M CIATATD, 9TO BCE COOCTBEH-
mbie 3Havennd 3agaqu (1)—(2) mpoctsre.

Cornacuo meroay, upemyoxkennomy B paborax [1] m [2], paccmarpusaemas
3a/1a9a J0TyCKaeT TuHeapu3anuio B mpoctpanctee H = H'(Q) x HO(Q).

Bonee Touno, B mpocrpancTtee H paccMOTpuM JIMHEHHBIHA ortepaTop L, ompee-

srennprit pasencrsom L( fo, fi1) = ( fi, —alAfo—0b %) ¢ 00J1aCTBLIO OlLIpeesIeHus

D(L>={f=<fo,f1>:foeH2<Q>, e H'(Q), a%f;m:o}.

Torma muHeiHAs CIIEKTPAIbHAS 3309 Lf: )\f HMeeT Te ¥Ke COOCTBEHHBIE 3Ha-
uenusi, uro u 3amada (1)—(2), a cobcrBeHHBIN 3eMeHT omeparopa L, coorser-
CTBYIOIUI COOCTBEHHOMY 3HAYEHWIO M\, IMEET BUJ fk = (uk, Ak uk), TOE UK —
cobcrBennas Gynkmmsa 3amaau (1)—(2), orBedaromas ToMy ke COOCTBEHHOMY 3Ha-
weHnio \x. U3 [2] crenyer, aro cobcTBEHHBIE 371€MEHTHI 00Pa3yIOT MOJHYIO U MH-
HUMAJIbHYIO CHCTEMY B TIpOCTpaHcTBe H.

Borancimm xo3ddunumentor {cx} pasznoxenua ssemenTa )? € H B pax no
cucreme {fx}.

TEOPEMA 1. Ecau f = Y ck f — pasaoocenue snemenma f no cobemeen-
HOM PYHKEYUAM onepamopa L, mo xosdpduyuenmor cx HATLOIAMCA N0 HOPMYAGM
Ck = Pr/qr, 20e

pr = —aa [ foAUgdr + a g flﬁd:ch/(abea)\k)fost,
Q Q r

qr :—aa/ ukAﬁdx—&—Oc)\;f/ukﬁdx—l—/(abl(—a)\k)ukﬁds.
Q Q r

3decv K = >0 ni (ni — i-a Koopdunama eQunu4i020 6eKMopa snewrets nop-
manu); v, — cobemeennvie Pynryuu conpasicennot x (1)—-(2) sadawu.
KosddumpenTsr BoraucieHbr AByMsT METOJAMME:

) *,
1°. ¢ mOMOIBIO CONPAKEHHOro oreparopa L™;

2°. ¢ HOMOWIBIO CONPSZKEHHOIO IIyYKa OLEPATOPOB, NEHCTBYIOMEro B IIPO-
crparctee Lo () x La(T).
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I'paBuTranuoHHble BoJHBbI KBa3su(OTOHHOIO THUIIA HA ITOBEPXHOCTH
JKUJKOCTH
Babu4a B. M. (C.-Ilerepbyprckoe oraeneane MareMaTn4ecKkOro HHCTHTYTa
um. B. A. Crexnosa PAH, Poccus)
Ionos A. HU. (C.-Ilerepbyprckumii rocygapcTBeHHbIH yaUBEpCHTeT, Poccust)

N3y4uarorcst kBa3ndoToHBl (0C060TO KJIAcca BOJTHOBBIE TIAKETHI) JJIsi BOJTH HA
TIIOBEPXHOCTHU TSIYKeJION KUIKOCTH. STa 3a/lava aKTyaJlbHa B CBA3UW C U3YYCHUEM
pacrpocrpaHeHuss U Pa3BUTHs BOJIH B Ookeane. KBasudOTOH —3TO pas3iioxkeHue
BUOA:
0(r,e1,6%) = ,
Bt ,87) 1 g2 . 1 1 2 2

E E D,(1,6,£7,2)(ie)’, T=¢t, & =ex’, £ =ex. (1)
j=0

~ e

rae B ¢BOIO odepens O u ¢; — dbopmasbHbIe CTEIIEHHBIE PSIIbL:
0=0 10 4+ 1 ., & =010+ 1 . (2)

Bumecs 0 = @i (p)pit L cpit, @] = @ (T, )t - gt =
€ — &), i=1,2, rme & = £*(r) — 310 HexoTOPHIA buKcHpoBanmbi IIB-Ty.

Ilenpro mannoil PabOTHI ABJIAETCH ITIOCTPOCHUE YKA3AHHOTO ACHMITOTAIECKO-
T'0 TIPOCTPAHCTBEHHO-BPEMEHHOTO JTyaeBoro pana (IIBJI-psma). Paccmarpusaiorcs
JIy9eBBIE W COCPEIOTOYEHHBIE B OKpecTHOCTH [IB-1y9a pemennsa (kBasudoTOHDI)
IJIsl ypaBHEHUN IUHAMUKY BOJIH Ts2Ke ol xumkoctu. IIpu mocrpoennn kak jrywde-
BBIX peIIeHuil, Tak ¥ KBa3mu(OTOHOB, 33a4Ya CBOJAUTCS K YPABHEHHWSM SHUKOHAJIA
¥ TI€PEHOCA Ha TIOBEPXHOCTH KUJAKOCTHU. J[1sT MccaeqoBanns ypaBHEHUN TEPEHOCA
IIPUMEHSAIOTCH SHePreTudecKue coo0parkenusi, 4T0 TpedyeT BhIPAKEHUH I CTap-
WX YJIEHOB SHEPTUHU U MOTOKA SHEPTHUU JIYUEBBIX PEIIEHUl W COOTBETCTBYIOIIE-
T0 3aKOHA COXPAHEHUs yCPeIHeHHOU sHeprun. VI3 yca0Buil pa3penmnMocTs 3a1a9m
mepBoOro npubJrkenus noaydaercda quddepeHmaabHoe yPAaBHEHNE IIEPEHOCA I
AMILIATYIHON (DYHKIMY HYJIEBOTO TpHUOJIMKeHus. VICmoap30BaHe MOy Y€HHOTO
paHee 3aKOHA COXPAHEHHUs SHEPTUH JIaeT BO3MOMKHOCTD MPEJICTABUTH yPaBHEHINE
IIEPEHOCA B AUBEPreHTHOU (pOpMe, ITO IIO3BOJIAET PENINTh YPABHEHUS IIEPEHOCA B
JIy4eBBIX KOOpAWHATaX. IIoCTpOeHre perrenwuii Jjis BBICITUX MPUOJINKEHUN TPOBO-
[UTCS y7Ke JIEMEHTaPHO.

Haiinennr acumnrorugeckue npepcrasienus g 0 u ;. B wacraocru, okou-
JaTe/IbHOE BhIpayKeHUe M KBa3u(OTOHA B TIEPBOM TTPUO/IMKEHI:

P ~ egi(90+9jﬂj+%(r77m)) . 1)[)0(070) . COSh(k)(Z + H)) (3)
VJ cosh(kH)
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3mecn
or ant an?

9s  ds  Js ant  on?
= on_ 9n” | = | 8al  dal 4
J 0 Bai Ba; an* an® |’ ( )
0 on on da? da?
da? da?

rae at, a® — koopaunars Hawasa IIB-iyua Ha miockocta 7 = 0. Mbl BOCIIO/IB30Ba-
JINCH TeM, UTO II0 YCJIOBHUIO ,,OIOPHBIH JIy1“ KBa3udOTOHA MPOXOAUT UYepe3 HATAIIO
KOODAMHAT 1 4TO o', a’? — MaJjbl, TOTIa B MEPBOM MPHGIINIKEHIT

Yo(a’,a®) = 10(0,0) + O(V/(al)? + (a?)?). (5)
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DKBUBAJIEHTHOCTh CUCTEM OGBIKHOBEHHBIX JU( depeHInaIbHbIX
ypPaBHEHHUII BTOPOTro HmopsiaKa
Bargepuna FO. FO. (HaCTHTYT MaTeMaTHKH C BBIYHCIATE/IHHBIM MIeHTpOM Y HII
PAH, Poccns)

PaccmaTpuBaroTcs CUCTEMBL IBYX OOBIKHOBEHHBIX 11 hepeHIInaIbHBIX yPaB-
HEHUIT BTOPOro mnopgaka. [Ijis HEKOTOPBIX KJIaCCOB TAKHX CHUCTEM, 3aMKHYTBIX OT-
HOCHTEJIFHO TIPOM3BOJIHHBIX HEBBIPOKJEHHBIX 3aMEH ITePEMEHHBIX, PEIIaeTCs TPOo-
6s1ema sxBuBaJsIeHTHOCTH. 1. €. crpouTcs 6a3uc quddepeHmaIbHBIX NHBAPUAHTOB
COOTBETCTBYIOIIEN I'DYIBI IPeoOPA30BAHMUIl SKBUBAJIECHTHOCTH, & TaK¥XKe Olepa-
TOpHI MHBapmaHTHOroO anddepennnpoBanns. ITomyeHHBIe PE3YIHTATHI UCIOJIb-
3YIOTCS [JIsI YCTQHOBJICHUS YKBUBAJIEHTHOCTY HEKOTOPBIX KOHKDETHBIX CUCTEM U
HAXOXK/IEHHs CBA3BIBAIOIIEIO UX IIPEOOPA3OBAHUSL.

Ipubnurxenue ncesaoanddepeHIuaILHBIX OMepaTopoB Ha KJjaccax
rnepuoanYecKux (PyHKIUHA MHOTUX NepeMeHHbIX
Baszapxanos /1. B. (Hacruryr maremarnkn, Ka3axcran)

Iyctes k,I,n € Ny k> n; z = {1,...,1}; Ng = NU {0}, Ry = (0,400);
T = (R/Z)" — l-mepubiit Top. Jna a,b € R' nycrs ab = aiby + ... + aiby, |a| =
la1| + -+ + |ai]|. Pukcupyem m = (my,...,my) € N" : |m| = k. IlpencraBum
z = (z1,...,75) € R¥ B Bume x = (z*,...,2"), tme ¥ = (Tuy_,+1, - Tr,) €
R™; ko =0,k =m1+...+my, Kv = {kv1+ 1, k), v € 2. BEcon z =
{vi,.;u} Czn 1 <11 < ... <y <n), 102" = (2", ..,2"), Yo = Y1y Yoy )
sz € RF) y e R, T™2 = T+t

Ilycts

a(z,D) : f(w) = a(z, D) f(z) = Y F(&)a(,&)e’™"
gezk
— nepuogmueckuit ncesnopuddepennmansaniit oneparop (III0) ¢ cumsonoMm
G:TE X ZF = C, a(€) € C®(T*) V¢ € ZF (F(€) = fu f(z)e 2™ dz — xo-

sbdbunuentor Pypoe f).
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B noxkiaze paccmorpum mpubnumxkenue IT10 u3 xmacca \Tl’izfﬂm (cm. ompe-
JleJleHre HIDKe) Ha (DYHKIMOHAJIBHOM KJIacce f‘; m B merpuke L.(TF) jm-
HeHHBIM METOJOM, UCLOJb3YIOIMM KOHEYHYIO CIEKTPa/bHY0 HHMOPMALUIO O
cumBonte ¢ u dyskmmun f (1 < pgr,d < oo; s,uv € R}, t € R"
KeN': 0<sy—ty <vy, my < Ky, v € 25 € €10,1]"). 3mech ﬁ;(’f — KJIacC THU-
ma Hukonsckoro—Becosa E;;" i JInzopkuaa—Tpubesrs E;;" (cm. ompenmenenme
B [1]). KoncTpyKnust 3T0r0 MMHEHHOrO METO/1a UCIIOIB3YeT MPEICTABICHAE ﬁ;’ g c
LIOMOIIBIO BCILIECKOB, nosydennoe B [1]. IIpu onenke norpemnocru npubinzKkenust
LIPUBJIEKAIOTCH 110J1y Y€HHble PaHee OLeHKuU nouepednukos Pypbe Kiacca ﬁ; 4 B
L,(T*), wacTwano anoncuposanmbie B [2].

OnPeAeaeEHuE 1. Iyers t € R™, v € R}; 2 € [0,1]"; K € N*; 1 < ¢ < o0.
Kiace UL K™ cocront us TIJIO ¢ cuMBOIAMU &, y/IOBJIETBOPSIIONINME yCIOBHSIM

Vz CzaVa,B €N tan < K, k €Ky, v € 2,3¢ap(z) = Cap(d,z) >0:
1A%y, 8)| < cap(@) [ 0+ VEre)* ™, zeT", ¢ez

VEZn
A8 OF, @, €) | BL || < caplz) [[(1+ VEE) eI Hoven
vEz
x [+ Veeny 1" 2> eT™, ccz* (2 +#2)

vEZ

(3mecy Al (9(;)) — cmemammag pasHoCTh (MPoU3BoHAs) MOpgAAKa o 1o & (10 ),

Uy My

HOpMA || - |§ooﬂ || BBrmMCAZeTCH IO 275 7 = 2y \ Z).

Crnucok JauTeparypsbl

[1] Basapzanos [. B. Ilpubiaunxkenne scnseckamu u nonepednnku Pypbe KIaccos nepuoau-
ueckux (pyHKOuil MHOrux nepemenssix. I //Tp. MUAH. 2010. T. 269. C. 8-30.

[2] Basapzranos []. B. Ouenku nonepeunnkos @ypre kaaccos tuna Hukonbckoro—Becosa un
JInzopkuna—Tpubesns nepuoaudeckux GyHKUUA MHOTHX IepeMeHHbIX // MareMm. 3amer-
xu. 2010. T. 87. Ne 2. C. 305—308.

CumBoJsinydeckKas JuHaMuKa opbuT BToporo Buja 3aza4du XuJuia
Barxun A. B. (HacruryTt npukmaanoit maremaruku um. M. B. Kemapima PAH,
Poccnst)

PaccMaTpuBaeTcst TIOCKag KPyroBas 3aada Xujia W ee IPeJeTbHbIA HHTe-
rpUupyeMblil BADUAHT, HA3bIBAEMbII IIPOMEK Yy TOUHON 3a/1a4u DHOHA, /Il KOTOPro
WCXOTHASA 337298 XWUJJIA ABJISETCA CHHTYJISAPHBIM BO3MYIIEHUEM. 3amada Xujiia
WMEeEeT MHOTOYHCJIEHHbIE TPUMEHEHHs] B HeOeCHON MeXaHWKe W 3BE3/JHON THHAMUKE
(cm., manpumep, [1]). Junavuka 3312491 OLPEAe/IIeTCa IAaMIILTOHHAHOM BH/A

H:1(yf+y§)+m2y17m1y27x§+1x371, (1)

2 2 T
roe r = \/x? + T3, T; — KAaHOHWIECKWE KOOPTAHATHIL, J; — CONPAKEHHBIE MMITY.Th-
col. Tavmnbrorman 3agaam XWLma MOKHO IIPEICTABATD KAK CHHTYJISPHOE BO3MY-
meane GyHKIME [aMUILTOHA MHTErPUPYEMON IIPOMEXkKYTOYHON 3ajaum DHOHA:
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H = Hy +¢/r. Torma cemeiicTBa MEpHOIMHEECKUX PENIEHWI 331097 XUIJIa MOKHO
HCCIIe0BATD C TOMONIBIO TIOPOXKAAIONIUX PEIIEHUN HEBO3MYIEHHON 3aa9u.

Cpemu pemrennii MpoOMeKyTOYHOMN 3aa9UN JHOHA BBIIEISETCS CIETHOE UUCIIO
TOPOXK JAIOIIMX PeNIeHI-IyT, OJHO3HAYHO OIPEee/ISIeMbIX yCIOBHEM II0CIe0Ba-
TEJIbHOI'O IIPOXOXK/IEHUs HYepe3 HAvaa0 KOODJAMHAT — OCOOYI0 TOYKY ypaBHEHWU
IBIKeHUs 33da4n Xniuia. Kakoe 3 9Tux penieHuii- 1yTr peajn3yeTcs Ha HEKOTO-
POM MHBAPUAHTHOM MHOr000DA3MUH, 33/1aBA€MOM IOIIOJHUTE/bHBIM II€PBBIM HHTE-
rpaJIOM YPABHEHHUI ABUKEHH [IPOMEKYTOYHOM 3aa9u DHOHA. V13 OpoXK 1aiommx
pemreHnii-Iyr, Kak u3 «OyKB» HEKOTOpPOro «ayihaBuUTay, COCTABJISIOTCS TIO OIpe-
JIeJIEHHBIM IIPABUJIAM «CJIOBA» — IIOPOXKIAIOIIME PEIIeHUs CeMeNCTB Iepuoautie-
cKux opbuT 3amaun Xwmuta. IlocaenoBaTesbHOCTD «OyKB» B «CJIOBE» OIIPEIesIseT
TIOPSIJIOK TIepeXoa OPOUTHI C OJHOTO0 MHBAPUAHTHOTO MHOT000pa3ust Ha IPYroe, a
MHOKECTBO BCEX NPABUJIBLHO 33JAHHBIX «CJIOB» OIIPEIEJIseT CHMBOIMIECKYIO IH-
HamuKy opbur Broporo Buza 1o Ilyankape 3agauu Xusia. Cpeau pemeHuii-yr
BBIIEJISIIOTCS SMUIMKJIIONTAIBHBIE JYTH, COBEPIIAIOMNX j 060POTOB BOKPYT HAYAJIA
koopmuaaT (06o3nagaembie +j, j € N) u aBa s/uIMIICa C TIEHTPOM Ha, OCH ODMHAT
(o6o3nagaemsbte i u €). B [2] moka3ano, 9T0 moCI€10BATENBHOCTD, COCTABICHHAA U3
nyr %3, 4, e, B KOTOPOil HET ABYX MUAYINUX MTOAPSI IyT ¢ WK e OyIdeT MOPOXK Jai0-
UM peleHreM CeMeCTBa MepuondecKux opouT 3aaun Xumwuia. [lopoxgaomme
PelleHUs-AyTU MOI'YT ObITh «CHIMTBI» MEXK/ly OO0 C IOMOIBIO rUIEePOOJIMIeCKUX
TPAEKTOPHUH, SABJISIONMXCS PEIIeHNeM KJIaCCHIecKoi 3amaqn Kerrepa.

IloBenmenne cemeiicTB IEPHOAMYECKUX PeNIeHUI 3a4a<u XUId IPU IIPOIOJI-
JKEHUH 110 I1apaMeTDPy OIPeesieTCs MOPIJKOM CJIeJIOBAaHUs PEIIeHUN-Ayr B I10-
POKTAIONIEM pelreHur. Takyke yIaeTcst IpeacKa3aTh HEKOTOPHIE CBOMCTBA OpOUT
MOPOXKIEHHOTO CEMENCTBA 0 CTPYKTYPE €ro MoPOXKAaIoNiero pemenud. B repmu-
HaX IIOPOXKIAIOIUX «CJI0B»—pelleHuil maercsd KiaaccuduKaims KBa3UCILy THUKOBBIX
OpOUT C PA3IUIHON TJI00AIBHON KPATHOCTHIO W PA3INIHBIMYU CUMMETDPUSIMI.

Ora pabora BbinoaHEHA TpU o aepxkke PODU, rpant 11-01-00023.

Cnucok JuTepaTrypsbl

[1] Bamzun A. B., Bamzuna H. B. 3agaya Xwuuna. Boarorpazn, Boarorpaickoe Hay4HOE
uszaresabcrso, 2009.
[2] Hénon M. Generating Families in the Restricted Three-Body Problem. Springer, 1997.

Meton mynbTunoseii Ajsi pelieHnusi HEKOTOPbIX CMEIIaHHbIX KPaeBbIX
3a71a4 B ABYCBA3HBIX 06JaCTAX
Bespomusrx C. U. (BL[ PAH, TAHUIII MI'Y, Poccus)
Bnacos B. 1. (BIl PAH, Poccus)

IIycrs G — opHoCBA3HAA 00/1ACTH Ha KOMILJIEKCHOI IIJIOCKOCTH 2, COJEPKaIast
Z = 00 B Ka9eCTBe CBOel BHyTpeHHeil Toukn. Ee rparmmna G =: 7 (ue 06a3aTeIbHO
JKOPZIAHOBA,) COCTOWUT W3 KOHEYHOTrO YHUCJIa JIAMYHOBCKHUX 3BEeHBEB, ¥ = Ugco g,
Yq €CT™, a € (0,1). Baecy Q := {1,2,...,Q} — MHOKECTBO HHICKCOB, KOTOPOE
YI00OHO TIPEICTABUTH B BUJE O0beIUHEHNS ABYX MHOMXKECTB mHIekcoB Q = D U K.
IIycts g — ABycBsi3Has momobiactb G, OMHOM KOMIIOHEHTOR IpaHuibl Jg KOTOPOit
ABJIAETCH Y, & BTOPON — KOPJAHOB KOHTYD I', cocrosiiuil u3 KOHEYHOrO 4ucjia
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TJIQJIKUX 3BEHBEB |y, COETUHSIONMMXCA O, (BHYTPEHHUMU) YTJIAMHA TTQlm, Qm €
(0,p), p € (1,400).

Ob6o3uaunm gepe3 J; KOCYIO MPOM3BOMHYIO HA Vg, ¢ € K, 10 HaIIpaBIEHMIO,
COCTABJIAIONIEMY YIOJI T3 C KaCaTEJbHBIM BEKTOPOM K g, TJ€ gy U3MEHSeTCS
B maTepBase (0,1). B obsacTu g paccMOTpUM CMEImIAHHYIO KPAeBYIO 33ady It
ypasuenus Jlammaca

Awu(z) =0, Z € g; w(z') = h(z") € Ly(T), 7 el (1)
u(z) =0, z€n~q q€TD; Oqu(z) =0, ZE€7v, qEK. (2)

Bmecs u(z') B (1) — HexacaTelbHBIE TIpeeIbHBIE 3HAYEHNs permenns u(z), TpH-
HA/IJIe?KANEro KJIACCY Tuma Xapaum ep(g;y) dyHKumil, rapMOHHYIECKUX B ¢, HEIpe-
PBIBHBIX BMECTE C TPeOyEeMBIMU MPOU3BOTHBIME HA, g Uy, y0BIETBOPAIOMIAX YCII0-
BuaM (2) ¥ WMEIOMMUX B COBOKYITHOCTH OTDAHWYIEHHBIE L,-HOPMBI HA KOHTYPaX,
“napasiesnpabix” [N (06 ananormaneix kmaccax cm. [1]-[3]). Jokasan uzomerpude-
ckuii m30MOpdU3M IPOCTPAHCTBA €p(g;y) dyrKkIwmit u(z) n npocrpancrsa Ly (T)
crenos u(z') arux bymakmmit ma [, mTOHEMaeMbIxX Kak (Ompeie/leHHbIe TOYTH BCIOLY
ma I') HekacaTesIbHbIE IPEIE/IbHbIE 3HAUCHNUS.

Merozx pemernst 3amauan (1), (2) ocHOBaH Ha TOM, YTO B KaYeCTBe AIMPOKCH-
MaTWBHOM mCTomb3yerca cucrema {Qx }rez+ (Tme Z1 — meoTpumaTenpHbie TETHIE
4qyca) PPAHUYHBIX Mysbrunoneil 8 G (¢ CHHIY/ISPHOCTBIO B z = 00) I ypas-
HeHma Jlarmmaca, yIOBJIETBOPSIONIAX YCIOBUIO (2) W OMPEAEIAEMBIX C TIOMOITHIO
SBHBIX (DOPMYT B TepMHUHAX KOH(MOPMHOrO oToOpakenusi obmactu (G Ha BHeII-
vocth kpyra U m pemenuns 3amaau Pumana-T'unnbepra B U. Ycramosieno, 9o
cucreMa {Q }pep+ SABISETCS MOIHONW M MUHUMAJBHON B €p(g;y). Pemenne 3ama-
an (1), (2) HAXOOUTCA KAK MIPEIET TIOCIEIOBATETLHOCTH TPUOINKEHHBIX PEIeHni
un (%), mpeacTraBisgeMblx B BUe JuHeHHON KoMbunanun Gynkuumii Qi (2), koaddu-
IIMEHTHI KOTOPO HAXOAATCSA U3 MTPOEKITMOHHOTO IpUHIUTA. J[0Ka3aHa CXOAUMOCTD
un(2) ¥ u(z) paBaOMEpHO BHYTpPH g U~y U CXOAMMOCTH TPOU3BOAHBIX BHYTPH g U5
npu 10CTaTro4Hoi rragkoctu ayru v C . Merox ecrecrBenno obobuiaercss Ha
MHOTOCBSI3HBIE 00JIACTH.

Pabora Bemonrena nmpu nomaepxkke PODU (mpoext Ne 10-01-00837), IIpo-
rpammbl OMH PAH “Cospementbie 1po6JieMbl T€OPETUYIECKOM MaTeMaTUuKu” ) 1IPO-
exT “OnTuMaJIbHBIE AJITOPUTMBI DEIIeHHs 3313 MaTeMaTudeckoit pusuku”’ u IIpo-
rpammbl N 3 dbysanamentanbabix uccaenosanuiit OMH PAH.

Crucok Jureparypsl

[1] Baacoe B. H. O6 onHOM METOZE PelieHHsi HEKOTOPBIX IJIOCKMX CMEIIAHHBIX 33434 JJIs
ypasrenus Jlannaca // Hoka. AH CCCP. 1977. T. 237. Ne5. C. 1012-1015.

[2] Baacos B. U. Kpaesble 3amadn B 061acTaX C KpUBOJMHEHHOH rpanuneit. M.: BI[ AH
CCCP, 1987.

[3] Baacos B. H., Cxopozodos C.JI. Meton Myabrunosneii ais 3ana4u JJupuxie B ABYCB3-
HBIX 06s1aCTaX Ca0KkHOH dopmbl // 2KypHuasa Bbranca. marem. u marem. ¢pus. 2000. T. 40.
Ne1l. C. 1637-1651.

147



KBasuberyuiue BoJIHbI, KaK ,,[IpaBUJIbHbIE® pacHINpeHUs Oerynmx
BOJIH
Beknapsan JI. A. (Learpaabupiii Oxonomuko-Maremarmaecknii Hacruryr PAH,
Poccus)

HUccnenyercs KOHEYHO-PA3HOCTHBII aHAIOI BOJHOBOIO YDABHEHUs C IIOTEHIH-
QJIBHBIM BO3MYIIEHUEM, MOJIEIUPYIOINI TOBeIeHNe GECKOHEYHOT0 CTEPIKHS IO,
IefICTBHEM BHEIIHEro IIPOOJIbHOIO CHJIOBOrO IoJisd. [l OJHOPOSHOTO CTEpIKHS
onucaHue perieHuil Tuia Geryeil BOJHbL OKa3blBAeTCH SKBUBAJIEHTHBIM OIIICAHUIO
BCEro MPOCTPAHCTBA KJIACCHYIECKUX PEIIeHMI WHIYIIMPOBAHHOIO OJHOMIAPAMETPH-
9ecKoro cemeiicTBa pyrkmmonaabHO-TId depeHmmaababx ypasuerauit (/1Y) To-
YeYHOI0 THUlla C [IapaMeTPOM B BU/E XapaKTepucTuku Geryieil Bosusr. s Heom-
HOPOJHOTO CTEpIKHSI, B CHJIy TPUBHUAJIHHOCTH TIPOCTPAHCTBA pelreHuil tuma Oe-
rymeil BOJIHBI, OIIPEIeJIsIeTCs UX ,IPABUJIbHOE" paciiumpenne B (hOpMe perieHmit
THIA ,,KBa3uOeryueit Bosiabl. B oT/mmyame 0T OqHOPOIHOTO CTEPXKHS, OMUCAHIE Pe-
[IEHW TUMA KBa3UOErymeil BOJHBI OKA3bIBAETCS SKBUBAJIEHTHBIM OIMCAHUIO yIKe
BCEro IpOCTPAHCTBA UMILY/IbCHBIX DEIIeHHUIl HHIYIIMPOBAHHOIO OJHOIAPAMETpUIe-
ckoro cemeiictea ®IY Todeunoro rumna, GaKTOPU30BAHHOTO IO OTHOMIEHUIO SKBU-
BAJIEHTHOCTH, CBSI3AHHOTO C OIIPEEJIEHNEM DEIIEHUs] TUIA KBA3UOEryImeil BOTHBI.
CrarmoHapHbIe PenIeHusl UCCIeLyIOTCS HA YCTONTINBOCTD.

Pabora mogmepxkamna Poccuiickum Ponmom Pynmamventanbusix cciaemosa-
muit (rpaat Ne 09-01-90200, rpant Ne 09-01-00324-a) m mporpaMMoii TIOIIEPKKHA
BeAymmx HaydHbx mkon (rpant HIT-3038.2008.1).

Crmcok Jiureparypsbl
[1] Bexaapsn JI. A. Benenue B reopuio dbyHKUNOHANBHO-AU(MDEPEHINANBHBIX yPABHEHUIA.
I'pynnosoit monxon // M.: ®akropuas Ilpece, (2007), 288.
ODpenxeav . H., Kowmoposa T. A. O reopun naacrudieckoit nedopmaruu // 2KITD,
(1938), 8, 89-97.
ITyemuavruros JI. /I, BeckoHedHOMepHBIE HeJTMHEHHbIe 00bIKHOBeHHbIE qud depeHnnaIb-
Hble ypasHenus u reopus KAM // YMH, (1997) 52:3 (315), 106-158.
Jamywrun FO. /., Cmenun A. M. OnepaTopbl B3BEIIEHHOTO CABUTA U JUHEHHbIE PAC-
mupeHus auHamudeckux cucreMm // 2K.¥Ycnexu Marem. Hayk, (1991), 46:2, 85-137.
Antonevich A., Lebedev A. Functional-Differential Equations. I. C*-theory. // Harlow:
Longman, (1994).
Bexaapan JI. A. O kBasuberymux Bonnax // Maremarundeckuii C6opuux (2010), T. 201,
Ne 12, C.21-68.

[2

3

[4

5

6

AcumMmniToTuvdeckue npeacTaBiieHus pelneHunii guddepeHnmuaabHbIX

ypassennii suga y™ = aop(t) [ :i(y?)
0

=

Bemoszeposa M. A. (Onecckmii HAIIMOHAIBHBINH YHUBEDCHTET HMEHH
H. U. Meunukoa, Ykpanna)

PaccmarpuBaercs muddepennuaipuoe ypaBHeHHe
n—1
y" = aop(t) [T e:ts), (1)
i=0
B KoTopoM v € {—1,1}, p: [a,w[D —]0, +oo[ (—00 < a < w < +00), @; : Ay, —

10,+00[ (¢ = 0,...,n) — neupepbiBable dynkuuu, Y; € {0,+00}, Ay, — smbo
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npomesxyTok [yf, Yi[2) mbo — |Yi,y?]. Kpome Toro, mpesmoiaraeTcs, 4To Kavk iast
n3 bynxnmit ¢; aBaserca npaBuibHO Mersomelica (cm. [3]) mpu z — Y; (2 € Ay;)
n—1
HOpsiiKA 0, IpudYeM y . 0; 7# 1.
1=0
ONPEAEJEHUE 1. Pemenme y ypasmenua (1) Gymem massiBars P,(A0_;)-
pemerueM, tne —oo < A0, < 400, ecsm

y o, 0l Ay, limyP () =i (i=0,.,n-1),

LW
im————2— =\, .
ttw y(">(t) y<"72)(t)

Bce mpasuibHO MeHstiomuecs nipu ¢ 1 w pemenust ypasaerus (1) aBastorcs
P, (X _,)-pemenusvu. Bosee Toro, P, (1)-pemenus (1) asisaiorcs GLICTPO MeHs-
omuvucs (cm. [3]) npu t T w yaxmmamm.

C yuerom Buma GYHKIHH @, ..., Pn_1 FCHO, uTO mst mi06oro P,(Ad_1)-
pemenus ypaswerus (1) mveror mecro mpeacrapenus @;(y "V (t) = [y (t)|7i o)
upu t T w. Takum o6paszom, ypasrernne (1) aBisiercs B HEKOTOPOM CMBIC/IE GJr3-
KUM K yPABHEHUIO

n—1
y™ = aop(t) [T 1y, (2)
=0

KOTOPOE€ BOBHUKAET BO MHOTUX O0JIACTSIX €CTECTBO3HAHUS.
Jns ypasmenus (2) Bce P, (\)_,)-pemenns Gblam paHee IeTAIbHO HCCIIE-
mosambl B [1, 2]. B nmammoii pabore mosy<ueHbl HEOOXOAUMBIE U JOCTATOYMHBIE

ycnosust cymectosamust P, (A _;)-pemenuit ypasuenus (1) B 0coGBIX ciyuasx
XN e€ {O7 32, Z—:f} Tak>kKe yCTaHOBJ/IEHBI HESTBHBIC ACAMITTOTHYIECKHE (hOp-
MyJIbL IpH ¢ T w JJIs TAKUX PEIIeHuil U WX TPOU3BOIHBIX JI0 MOPSIKa 1 — 1 BKJIIO-
YUTEJIbHO.

Crucok Jiareparypsl

[1] Eeryxos B. M. O6 onHOM KJjacCe MOHOTOHHBIX pelleHuil HesqmHeRHoro nuddepennuannb-
HOrO ypaBHeHUs n-ro nopsiaka tuna Dmaena—Paynepa // Coobm. AH I'pysum. 1992.
T. 145, Ne 2. C. 269-273.

Esryxos B. M. AcuMnroruydeckue NnpeACcTaBI€HUSA MOHOTOHHBIX DELIEHUH HEJHMHEHHOr o
nuddepeHnnaIbHOro ypasHenus tuna dmaena—Paynepa n-ro nopasxa // Hoka. AH
Poccun. 1992. T. 324, Ne 2. C. 258-260.

[3] E. Seneta, Regularly varying functions, Lecture Notes in Math., vol. 508, Springer-Verlag,

Berlin, 1976.

[2

CrekTpaJjibHble CBOICTBa 0GOGIIEHHBIX (PYHKINI M aCUMITOTUYECKIE
MEeTOAbl TEOPHUU BO3MY III€HUH
Bemonocos B. C. (Uacruryr martemarnku um. C. JI. Cobonesa CO PAH, Poccrns)

PaccmarpuBaercs BOIPOC O IIPUMEHEHUM aCUMITOTHYECKOI'O MeTo/ia
H. M. Kpnuiosa—H. H. Boromo6osa [1] k u3ydenuio ypasuenust uy = ef(t,u),

D IIpu w > 0 cuunraem, aro a > 0.
2 Ipu Y; = 400 (Y; = —oo) cumraem y? > 0 (y? < 0) coorsercrsenno.
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rae u(t) — byHKIMA CO 3HaUEHWAMEW B 0AHAXOBOM MPOCTPAHCTBE, f — Hempe-
poiBHBIHA 10 (¢, u) HenmHEHHBIA omeparop, € — Masbli mapamerp. Hamomuunwm,
YUTO B OCHOBE METOJA JIEKUT HAed O Pa3JIOKEHWU peNleHWil Ha TJIaBHBIN Me-
JIEHHBII apeiid u MaJible OBICTpble OCIMJIIAIINN: HINETCS TaKas 3aMeHa [IepeMeH-
ubix u = ®(t,v;e) = v+ Y p_, e¥pr(t,v), arobbt i (t,v) GblTH OrpanmYeHs! TIPH
t — 00, a MCXOHOE yPAaBHEHNE C TOYHOCTHIO JI0 CJIATAEMBIX MOPSIKA £’ Iprobpe-
JIO BUI Uy = 622;3 e fir.(v). @yHKIHA v TPUOIMKEHHO OMMCHIBACT MeITCHHbIIl
npeiid, Ha KOTOPBIA «HAKJIAbIBAIOTCA» OBICTPHIE OCIUJLISIINN, 33/ [aBaeMble 0T00-
paxkenuem P.

CymiecTByronre 000CHOBaHUs JAHHOTO METO/Ia OOYCJIOBJIEHBI BECHMA JKECT-
kuMu orpanmdenusmu [2]. Omeparop f 0OBIMHO CYMTAETCA MEPUOAMIECKAM WUJIH
TOYTH MEPUOJAVIECKUM T10 ¢, a Ps JOTIOJTHUTETHHBIX TpeOOBaHMI CBA3aH C TIpe-
OZI0JIEHUEM HM3BECTHON IpobIeMbl «MaJjblX 3HaMeHaTesneil» [3]. B mokmane npen-
Jlaraercs Apyras WHTepIpeTalnus: B YPAaBHEHHM Ul U JIOIYCKAIOTCHA HE TOJIBKO
ABTOHOMHBIE, HO TaKKe MeIJIeHHO ocumwumpyomue Gyskmpm fi(t,v). Crenens
ocryIATIiA J1I060# (B ToM wmcse 0606mennoit) Gynkmun ¢(t) xapakrepusyercs
ee cexrpom o(g), TO ectb HOCUTEsIeM npeobpasosanus Pypwe F[g]|, mormaemo-
T0 B CMBICJIE Teopuu pacrpesesennii. Kpome Toro, B ¢dopmymne miss ¢ BmecTo €
BBIOMPAETCA APYTOi IIPOU3BOJILHBIN MaJIbI MapaMerp 0, XapaKTepu3yIomuii Mac-
mrabd TPOCTPAHCTBEHHBIX MCKAXKEHUN [IPU 3aMeHe IIePEeMEeHHBbIX. Takoil 1oaxor,
TI03BOJISIET BOOOIIE OCBOOOAUTHCS OT KAKUX-JIMO0 OTPDAHWYEHUI, 32 MCKIIIOYUEHIEeM
TpeboBaHmil K riaakocTu GyHkImn f.

VYcranosneno, uro ecim f(¢,u) MMeeT HENPEPHIBHBIE W OrPAHUYEHHBIE IIPO-
usBoause D' f mopsakoB m < n + 1, To gma mo6oro w > 0 maiigercs 3aMena
IePEeMEHHBIX

u=v-+ chkwk(tw;fa(s),

k=1

TIPUBOAIIAS UCXOTHOE YPABHEHUE K BULLY Up = € EZ;S 8" fi(t, v; €, 8) ¢ TourOCTHIO
o ciaraemMbix mopsaka 0. Bee dymkmumu fi u ¢, a Takke UX TPOU3BOIHBIE
D, fi m Dy meupepbiBabl u orpanudenst, upudeM o(fi) C {1 |A| < 2we/d},
(k) C{X\:|A] > we/d}. Ha mobom mpomexyTtre 0 < ¢ < T/ HOpMa pasHOCTH
MEXKJly TOYHBIM U TPUO/IMKEHHBIM PEIIeHUIMU OIEHUBAETCA CBEPXY BEJIMIUHON
C(T)6™. AbcrpakTHbIE PE3y/IbTaTHl UILIIOCTPUPYIOTCS [IPUIOKEHUAMH K TEOPHU
MapaMeTPUYIECKOTO PE30HAHCA Il HeJIMHEHHBIX TUIEPOOIMYECKUX yPABHEHUI.

Pabora Beimonaena npu durancosoit mogmepxkke PODIU (komx mpoexra 09-01-
00221), IIpesupuyma PAH (uporpamma dynmamenranbHbix uccrenosanuit Ne 2,
mpoekT Nt 121) mw ABIIII Poco6pasosanus (mpoext 2.1.1.4918).

Crnucok Jureparypsbl
1

Kpwanoe H. M., Bozoawbos H. H. Benenue B Henuueiflnyw Mmexanuky. Kues: M3a-so
AH VCCP, 1937.

[2] Bozoaiwbos H. H., Mumponoavckuti FO. A. AcuMnToTudeckue MeTOAbl B TEOPUU HEJIU-
HelHbIX Kosiebaunmii, uza-e 2-e. M.: Hayxka, 1974.

[3] Apnoavd B. H. MaremaTuveckune MeTOABI Kaaccu4ieckoi mexanuku. M.: Hayka, 1974.
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O6 acHUMIITOTMYECKOM IOBE€HNN TPACKTOPUH HEKOTOPBIX
KBaJpPaTUYHBIX OTOGparkeHni MII0CKOCTH
Benbmecosa C. C. (Huxkeropoackuii rocyjapCTBeHHbI yHUBEPCUTET
um. H. H. Jlobauesckoro, Poccusi)

Egpemosa JI. C. (Huxeropoackuii rocyfapCTBeHHbLH YHUBEDCHTET
um. H. H. Jlo6auesckoro, Poccusi)

s ogHOIIapaMeTpudecKoro ceMeicTBa KBaAPATHIHBIX OTOOPaKeHu II0C-

koctu R2:

Fu(z, y) = (zy, (z — U)Q)
npu kaxkaoM p € (0, 1] ycTaHOBIEHO CyIecTBOBaHUE €TMHCTBEHHON NHBAPUAHTHON
KPHBOU, poxonsmeli aepe3 HenoaBmKHyI0 Touky (4 + 1;1).

Haiinenrast meorpannyeHHasi MHBAPUAHTHAS KPUBAs SIBJISETCS TIpadUKOM
cTporo yObiBatomeii Ha naTepBaJe (i, +00) Gyrkmun. C nCmoIb30BaHIeM YKA3aH-
HOU KPUBOI OIMCAHO aCUMOTOTUIECKOE IMIOBEIEHUE TPAEKTOPUIl TOUEK HEKOTOPHIX
HEOTPAHWYEHHBIX 00/IaCTell MepBOro KBAIPAHTA TIIOCKOCTH.

JlaHo mMOJIHOE OmnMCaHWe IWHAMUKK HEBO3MYIEHHOTO oToOpaxkemwms Fy. B
YaCTHOCTH, JOKA3aHO, 9TO B KaXK/JIOM U3 OTKPBITHIX KBaapantos K; (i = 1,2,3,4)
cymecTByIOT croermsa L u L7 (k=1,2, j = 3,4) c aHATUTHYECKUMU CIIOAMU

Ir {(x;y):y:%,c>0} B K1, Ko,

{(m;y):y:%,c<0} B K3, Ku;

le

npudeM CJI0eHud Lf u L;r WHBApPUAHTHBI; CJIOH l{r ABJIAETCA WHBAPUAHTHBIM,
npuaeMm J06as ero TOYKAa, 33 HWCK/IOYEHHWEM HenoABmKkHOM Touku (1;1), ab-
JISeTCA IEePUONUWYIECKON IIepMoma IBa. YCTAHOBJIEHO TaKyKe, YTO depe3 JIo-

oyro Touxky (z;y) € K; (i = 1,2,3,4) npoxoauT eIWHCTBEHHAS IIPAMAST
Y = {(x;y) eR?:y=ka ke Rl} TaK, 4ro Juisd Jioboro k # 0 cupasenuBb
coorHomenust Fo(yi) = 1, Fo(y 1 ) = Yk, ¥ IpAMAS 1 ABIACTCA WHBAPUAHTHON

oTHOCTEIHHO Fy.

Yka3aHHbIE BbIIIE CBOMCTBa OTOOpaxKeHusi Fy 1mmo3BoJigior mepeiitu or Fp K
MIPSIMOMY TTPOM3BEIEHUIO OTOOPAKEHMI TPSMOM ¥ € €r0 TIOMOIIHIO TTOJTHOCTHIO OTIH-
CaTh aCHMIITOTHYECKOE MOBEICHNE TpaeKTopuii Fy, mpu 3ToM

1°. s moboit Touku (z; y) € {(z;y) : |y| < 2z } mMeroT MecTo pasencTsa

hm foyﬂ(x7 y) = 07 hm g(),n(x7 y) = 07
— 400 n—-+oo

2°. mma mob6oit rouku (x; y) € {(z;y) : [y| > 5 }, mmeror MecTo paBencTBa
lim |f0,n(x7 y)‘ = +OO7 lim goa”(x7 y) = +OO7
n—-+oo n—-+o0o

rae fo,n ¥ go,n, — TIEPBas W BTOpasa KOOpAWHATHBIE hyHKIIN 1n-0it (n > 1)
urepamnuu oTobpaxkenus Fy.

PaboTa BbITOIHEHA TIpU YacTUYIHOM (uHancoBoil nmomuaepxkke @A Pocobpa3zo-
Barame, @I «Hayunsle u Hay9HO-TIeIATOTHYECKUE KAIPbI MHHOBAIMOHHON Poc-
cum>, 2009-2011 rr., rpanr HK-13/9.
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Crucok Jureparypsl

[1] C. C. Beasmecora, JI. C. Ebpemoa. O k6a0pamuyunsa omobpastCenuar HeKomopozo 0d-
HONAPAMEMPUNECKO20 cemelicmen BAUKUL K HEBO3MYUennomy omobpasicenuto, Tpynbt
MO®OTH, T. 2. Ne 2. 2010, C. 46-57.

CunrynsipHble BO3MYIIEHUsI cTeleHell oneparopa Jlamraca Ha Tope

Bensies A. A. (MI'Y um. M. B. Jlomonocosa, Poccusi)

IIycts T¢ — Top B d-meprmoM mpocrpamctse, u H*?(T?) — mpocrpancrsa
Cobonesa ma T?, rme —oco < s < 00, p > 1. B mpocrpancrse Lo(T?) paccmorpmm
oneparop Jlannaca Lou = Au. meem Lo > 0, m03TOMY KOPPEKTHO OIIPEIEIEHBI
TIOJIOKUTEIbHBIE CTEIEHH OmepaTopa Lo.

Msr u3ygaem omepaTop

Lu = —A%u + q(2)u,

neitctRytommii & mpoctpancte Lo(TY), roe g(x) — cunrynspras dyskmps n3
H*?(T%) ¢ HeraTHBHBIM MHIEKCOM TIIATKOCTH 5 < 0.

TEOPEMA 1. Quxcupyem npoussosvroe manoe € > 0 u 0603nawum

H=*%(T%), ecau a>d/2,

M. —
H-otsn/a eepy a<d/2.

Tozda onepamop L moorcem 6vimod KoppekmHo onpedeneH Memodom Cymm x6adpa-
munnos gopm. Boaee mozo, ecau qi(x) — 2aadxue dynxyuu na mope T, maxue,
4mo

llgx — qllar, — 0O,

a Ly = A%+qi, mo Ly, — L 6 cmvicae pasHomeproti pe3osseenmuot cxodumocmu.

TEOPEMA 2. Cnexmp onepamopa L duckpemmwil, a 0aa cobCMEEHHOT 3Ha-
wenuti Ay (L) enpasedausv, acumnmomuueckue Gopmyab

Ae(L) = Ar(Lo) - [1 4+ o(1)].

Cucmema cobemeennos u npucoedunennus Gynkyud onepamopa L nosna 6 npo-
d
cmpancmee La(T?).

B moxazaTesbCTBaX UCMOMB3YIOTCA MeTOAbI pador [1, 2, 3].

Cnucok JauTeparypsbl

[1] Heiiman—3ame M. N., IIkanukos A. A., Oneparops! IlIpenusrepa ¢ CHHIYJSPHBIMY I10-
TEHLMAJIAMY U3 OPOCTPAHCTBA MyJbTUNIMKATopos// Marem. samerku T. 66, Ne 5 (1999),
C. 723-733.

[2] Neiman-zade M. I., Shkalikov A. A., Strongly Elliptic Operators with Singular

Coeflicients// Russian Journal of Mathematical Physics, Vol. 13, No. 1 (2006), P. 70—

78.

Bak Jx. I'., IIkanukos A. A., Myabruniaukarops!l B ayaabHbrx npocrpancrsax CoGosesa

u oneparops! LlIpenunrepa ¢ CHHIYJISIPHBIMU [OTEHIMAJIAMHE-pacnpenesenusamu// Marewm.

samexn T. 71, Ne 5 (2002), C. 643-651.
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06 ycToiiYnBOCTA B raMUJIBTOHOBBIX CHCTEMAaX C ABYMS CTEIIEHSIMU
cBOGOABI
Bubukos FO. H. (Canxr-Ilerep6yprckmii rocy1apcTBeHHDI YHUBEPCHTET,
Poccuns)

PaccmaTpuBaeTcsi BeleCTBEHHO-aHAIUTHYECKAsi TaMUIBTOHOBA CHCTEMA C
IBYMs CTEIIeHAME CBODO/IbI B OKPECTHOCTH II0JIOXKEHHS DABHOBECHS B HAYaJIe KO-
ODIMHAT.

Tycrs ramunbronnan uveer Bug H = H° + H! ¢ meBo3mymenHoii yacTbio

O = 2L (37 4 mgd) — 22 93
rme A1 > 0, A2 > 0, am > 1, n > 1—muarypaspuble gyncia. Pazioxenne BO3-
mymenust H! 1o cremensm pi, qi, p2, @2 He COIEPIKUT TIEHOB TIOPSIKA HUYKE
2N +|k—£|+1, rne N — manmenbimee obmee kpaTHoe wuces m un, N = ml = nk,
€cJId, PAcCMaTPUBas P1 KaK BeJIMYUHY {-I0 U3MepEeHHs, a IIePEMEeHHYIO P2 KaK Be-
JIMYUHY k-TO M3MepEeHWsi, PUTINCAThH TTEPEMEHHBIM (1, g2 W3MepeHue, pasHoe N.

Cayqan, Korga XOTsl OBl OJHO M3 INCeJ M WM 1 PABHO 1, paCCMOTPEHBI B
paborax B. 1. Aprnonbna—FO. Mosepa (cm. [1]) u A. . Cokonbckoro [2].

JlokazaHbl IBE TEOpEMBI:

"+ TLQQ)

TEOPEMA 1. Ecau n # m, mo noasoscenue pasrosecus ycmouwuso no Ja-
nYHOBY.

TEOPEMA 2. Ecau n = m, mo noaodHceHue PasHOBECUA YCAOBHO YCMOUHUBO
no JIanynosy 0as HaaAbHBT JaHHBT, Yooesemeopatouur yeaosuto H # 0.

VccnenoBaHa TakXKe YCTONYIMBOCTH Ha IMOBEPXHOCTH ypoBHA H = 0.

Orta paboTa BhIMONMHEHA TipU TOAIepKkKe PO®U, rpant 09-01-00734(a).

Crucok Jureparypsl

[1] Aprnoavd B. U. MaTemaTndeckue MeTOnAbl Kaaccuieckoil mexannku M.:Hayka, 1989.

[2] Coxoavcruti A. I O6 ycToOHYMBOCTH aBTOHOMHON raMUJIBTOHOBON CHCTEMBI C JIBYMs CTEIe-
HAMU CBOGOIBI IPK PE30HAHCE MepBOro nopaaka // IIpukiagHas MaTeMaTUKa U MEXaHUKA.
1977. T. 41. Botn. 1. ¢.24-33.

[3] Bubuxoe FO. H. O6 yCTOWYMBOCTH NOJIO’KEHUSI PABHOBECHS CYIIECTBEHHO HEJIMHEHHBIX ra-
MUJIBTOHOBBIX CHCTEM C JByMsl CTeNeHsiMH CBOGOAnl // DnexkTpoHHbIH KypHan <dudde-
peHIMAaJIbHbIe YPDABHEHHU U IPOLECChl ynpasieHus>. 2010. Ne 4. ¢.26-32.

N3somonoapomusie nedopmanun ManbsrpaH>ka

Bubuno IO. II. (BIID, Poccusi)

PaccMorpuBaeTca ceMelCTBO CHCTeM JIMHEHHBIX 1. Y., KOTOPOe ToJaoMOPdHO
3aBucuT oT HabOpa mapamerpos t € D(t0),

dy_A - n T+l j t)
2= (z,t)y, A(Z,t)*zz (z — a; t) ZA W

j=1 k=1

ITpm sToM momyckaercs, 910 (1) mMeeT UpperyIapHbIe pe30HAHCHBIE OCOOEHHOCTH,
10 ectb (1) He sBigeTCH cucTEeMOil 06IIEro MoI0KeHusl.
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OnpeneEHUE 1. Cewmeiictso (1) Gyzem Ha3bIBaTL AOyCTHMON medopMaru-
et cucremsr dy/dz = A(z,t°)y, eci BBIIOIHEHBI CIEIYIONIIE YCIOBHS.

1°. ai(t), ..., an(t) romomopdusr, u a;(t) # a;(t), vt € D(t°).

2°. Bce panrn Ilyankape (1) MEHUMAJIBHBI ¥ TIOCTOSTHHBI TIO {.

3°. Ilpm medbopmamum cexropa CTOKCA MEPEXOAAT APYT B APYTa MAPATLIEHb-
HBIM LIEPEHOCOM.

OnPEJENEHUE 2. Tomycrumas medopmarms (1) cucremsr dy/dz = A(z,t°)y
HA3bIBAETCA M30MOHOIPOMHOM, ecimm jid KaXKA0T0 3HAaYeHUud t € D(to) HalimeTCsa
dbynnamenransHoe penrenne Y (z,t) cucremst (1) Takoe, 4TO BBIIOJHEHBL CIIEYIO-
M€ YCJIOBHUS.

1°. IIpencraBieHmeM MOHOAPOMUM, OIPEEIeHHOE Ipu oMo Y (2, t), coB-
HaaeT ¢ IpeACcTaBIeHneM MoHoapomun cucreMel dy/dz = A(z, t%)y.

2°. [l BCAKOW MpperyasapHoii ocobennocTn a;(t) maiimerca mabop dbynma-
MEHTAJIBHBIX pemennii Yy = Y, ...,Y](}i, TAKON YTO COOTBETCTBYIOIIU
rabop marpun, CTOKCa HE 3aBUCHUT OT .

B cayuae m30MOHOIPOMHBIX medOopMaIuii CUCTEM C UPPETYJISIPHBIMHU PE30-
HAHCHBIMHA OCOOEHHOCTSIMUY CIIPABE/INBA CJIeIyIOIIasi TEOPEMa, XOPOIIO N3BECTHAS
111 GYKCOBBIX CHCTEM M UPPErY/ISPHBIX CUCTEM ODIIEro IIOJI0KEHUS.

TeoPEMA 1. Jonycmuman deopmavua (1), t = (a1, ..., an), Aéaaemeca u3o-
MOHOOPOMHOT 0206 U MOABKO M020a, K020a cyuwecmeyem 20a0mopdras 1-popma
w, MmaKa, 4mo

1°. w = A(z,t)dz, npu waosrcdom PurcuposanHom 3nauenuy napamempa t €
D(t%);
2°. dw=wAw.

B noknane ormceiBaercs obmuit Bu Takoit qud depeHnuaibHoi (hopMbl w U
HEKOTODbIE YaCTHBIE CJLyYau.

O6mwmit Bux qud depenpaabaoit GOPMBI W NUCIOIB3YETCS IS M3y IEHUsT pe-
3yJILTATOB W30MOHOIPOMHOIO CJIMSIHUS UPPETYJIAPHBIX 0Co0bIX Touek. Joka3ana
TeopeMa 0 TOM, YTO Pe3y/IbTATOM HOPMAJIU30BAHHOI'O M30MOHOIPOMHOIO CIIUSHUS
HEPE30HAHCHBIX MPPETY/ISIPHBIX TOYEK CHCTEMBI 2 X 2 HE MOMKET OBITH CHCTEMA C
PAa3BeTBIEHHBIMU OCOOEHHOCTAMMU.

Pabora Bbinosinena npu mojiepxkke rpanra Ilpesumenta Poccutickoit @ee-
parmu i TOCYJQPCTBEHHOM TOIEPIKKHA MOJIOABIX poccuiickux yuaerbrx (MK-
4270.2011.1).

Crnucok JuTeparypsbl
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[2] A. A. Boaubpyzx. O6paTHbIe 331341 MOHOAPOMUHM B AHAJIUTUYIECKON Teopun nuddepen-
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O napamMeTpuYecKOM OIMMCAHUN MHOXKECTBa JOCTUXKUMOCTU
TpeXMepHOIl HEeJIMHEMHON yHpaBJseMoOi CUCTEMbI
Bonzgapenko H. B. (Mockosckuii rocygapcrsennntii yuusepcurer, Poccust)
I'puropnesa 3. B. (Texas Woman'’s University, CIIIA)

Xatinos E. H. (Mockoscknii I'ocymapcrsennsiii yauusepcuret, Poccust)

B pabote paccMaTprBaeTCst yIpaBJIsIeMBIil IPOIECC GMOJIOTMYECKON OYUNCTKI
CTOYHBIX BOJ, KOTODBIN Ha 33JAHHOM OTPE3Ke BPEMEHN OIMCHIBAETCS HeJMHEHHOM
cucteMoit Tpex auddepeHImaIbHbIX yPABHEHUHN CO CKAISPHBIM yrpasiaenueM. Ha
3TO yIpaBJIeHWE HAKJIAJBIBAETCS OTPAHWYEHNE B BHUIE OTpe3ka. BCeBO3MOXKHBIE
u3Mepumble 10 Jlebery (yHKIWE, IpUHUMAIOINE CBOM 3HAYEHUS M3 TOTO Orpa-
HIUYUBAIONIEr0 OTPe3Ka, 00pa3yoT JOIMyCTUMBbIE YIIPAB/ICHUS.

TlepBoe ypaBHeHME MCXOIHOM CHCTEMBI OMUCHIBAET M3MEHEHNE KOHIIEHTPAIIN
KHCJIOPOJa B OYHCTHOM YCTPOMCTBE, BTOPOE — M3MEHEHHe KOHIIEHTPAIMH 3arpsi3-
HSIOIUX BEM[ECTB, TPEThe — N3MEHEHNEe KOHIIEHTPAINN a9POOHBIX MUKPOOPTaHN3-
MOB.

CHavasia yCTaHABIMBAETCS IPOJOJIKUMOCTh HA 33JaHHBIN BPEMEHHON OTpe-
30K pelieHuil PacCMaTPUBAEMON CHCTEMBI, OTBEYAIOIINX IIPOU3BOJIHHOMY IIOILY-
cruMomy yrpasieHnio. OGOCHOBBIBAETCS UX MOJIOKUTEILHOCTH W OTPAHNYEHHOCTh
BCIOJLy Ha 9TOM OTpE3Ke.

BareM 1 UCXOMHON CUCTEMBbI BBOIUTCH MHOXKeCTBO moctukumoctu. OHO
OKAa3bIBAETCS KOMITAKTHBIM MHOXKECTBOM, PACIIOJIOKEHHBIM B [TOJIOXKUTEIHHOM Op-
tanTe. [yIs MCCIe0BAHUS PAHUIBI TAKOTO MHOYKECTBA IIPUBJIEKAETCS IIPHHIINILL
makcumyma IlorTpsaruna. C ero moMoIbiO MMOKa3bIBAETCH, YTO KaXKJOM TOYKe
TPAHMIIBI MHOXKECTBA, TOCTUKHUMOCTH OTBEYIAET KYCOUHO-ITOCTOSTHHOE YIIPABJICHHE,
NpUHUMAIOIIee KpaiiHue 3HAYMEHNs W3 OUPAHUYNBAIOIIEr0 OTPE3KA U MMeIoInee He
OoJtee ABYX MEPEKIIOUEHUN.

Tlocne wero BBOZSATCST HEKOTOpHIE BCIIOMOTATEIbHBIE KOHCTPYKIMHM M M3yda-
10Tcs ux cBoiicTBa. OHU MOBOJISAIOT 3aT€M IIOCTPOUTH IapAMETPHIECKOe OIMCAHME
MHOXKECTBA JOCTUKUMOCTH (€r0 BHY TPEHHOCTH ¥ IPAHUIIBI) C IIOMOIIBIO MIEPEKIIIO-
YeHUI KYCOYHO-TIOCTOSTHHBIX YITPABJIEHUHN, TPUHUMAIOIINX KPAHNEe 3HAYCHUS W3
orparuauBaonero orpe3ka. OKa3bpIBaeTCs, ITO KAXkKI0H BHYTPEHHEH TOUKe 3TOro
MHO>KEeCTBA COOTBETCTBYET YKA3aHHOE YIPABJIEHNE POBHO C TPEMs: II€PEKIIIOIeH-
SIMH, & KaXKJO0H TPAHITHON TOUKE OTBEYAET TAKOE YIIDABJIEHME C He OoJee IBYMsT
TIePEKIIOYCHU M.

YcTaHoB/IeHHOE TTAPAMETPUIECKOE OIKMCAHNE MHOXKECTBA JOCTUKUMOCTH IIPH-
MEHSIETCS B IPUOIMKEHHBIX PENIeHIX 33,429 ONTHMAJILHOTO YIIPABJICHUS IS PAC-
CMAaTPUBAEMOU CHACTEMBI.

O GecKOHeYHOMEpPHBIX rpynmnax JIu B rugpoanHaMuKe Bpaliaiolleincs
KUJKOCTH
Boceix H. FO.
Yynaxuua A. II. (Iacruryr ruapomunavmku um. M. A. Jlabperrsesa CO PAH
HoBocubupckwnii rocyjapCTBeHHBIH YHUBEDCATET)

VpaBHeHus OBUXKEHUS HECXKUMAEMON HEOJHOPOIHON YKUIKOCTH B IIPHUOJIH-
KEeHUM [-1JI0CKOCTU OLMCHIBAIOT MHOIOMEPHBIE KPYIHOMACIITAOHbIE JBUKEHUS
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CILJIONTHOM cpenpl B armocdepe u MUPOBOM OKeaHe THIIA KPYIIHBIX BUXDEH, PHH-
roB, r1o6arbHbIX Teuernit [1, 2]. DTu ypaBHeHHa q0MyCcKaIOT B CMBICae Jlu OueHb
MIUPOKYI0 GECKOHEUHOMEDPHYIO TDYIIy JIu HempephIBHBIX mpeoGpasoBanmit [2].
3HaHue 3TOM IPYIIIIBL IO3BOJISIET CTPOUTDH IUPOKHE KJIACCHI TOYHBIX PENIeHHI MO-
JIeMPYIOIue BUXPEBbIe 3aKPyIeHHbIE T€YEeHHs THIA CMepYeil m Toprato [3].

JI1st TOCTPOEHMST PA3INIHBIX KJIACCOB TOYHBIX WHBAPWUAHTHBIX U YACTUTHO-
WHBAPUAHTHBIX pelreHnil muddepeHnajbHbIX yPaBHEHNH He0OX0IMMO IIepetnc-
JIeHHWe BCeX mofajredp asredpst Jlu momyckaemoit ypasuenusMu rpymnsl Jlu mpe-
06pa30BaHuil ¢ TOYHOCTHIO 10 BHYTPEHHNX aBTOMOpGU3MOB [4].

B pabore moxaszano, uro rpymnmna Jlu, momyckaemasi ypaBHEHHSIMH BPAIAfo-
mieiics KuaKocTu B npubsimzkennn S-1JI0CKOCTH, COAEPKUT B KAYECTBE IOy IIIIbI
rpynmy muddeomopdnamon okpyxkuocTr. CtponTes HAGOp mogaaredbp COOTBET-
cTByIoOmIeil 6eCKOHETHOMEPHOM aareOps! JIu ¢ TOYHOCTHIO 0 BHY TPEHHIX aBTOMOD-
dusmos. Uccnenyercs cBa3p OeckoHedHOMEPHOU rpymmbl ¢ mpoussoanoil [Isap-
a u omeparopamu IItypma-JInysusuis [5]. IocTpoeHBI HOBBIE TOYHBIE DENIEHUSI
YPaBHEHMIT IUAPOAMHAMUKN (-IIOCKOCTH, comepskamiue (yHKIMOHAIBHBIN IIPO-
u3Bos. CoorsercrByiomue (GaKTOP-ypaBHEHUS CBOLATCH K HEOJHODPOIHBIM yPaB-
HernaMm Xorida, UCCIeIyeTCs TPUPO/Ia 00pa30BaHUs CUHTY/ISPHOCTEH B PEITeHNHN.
OTu penreHns ONUCHIBAIOT BOCXOASINNE BUXPEBBbIe IOTOKU U MMEIOT IIPUJIOKEHUS
B ¢usuke armocdepbl U OKeaHa.

Pabora Bemosmenus mpu dunancosoit momaepxke IIporpammer 14 O9MM-
I1Y, uarerpanmonnoro nmpoekta CO PAH Ne 65, PO®U (mpoekt Ne 08-01-00047),
MOH P® (rpanr Ne 2.1.1/3543).
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3

VYHuuBepcanbHbII HEeJIMHEWHBIN aHaAIN3
Bprono A. /1. (UacruryT npukaagnoii maremarnku um. M. B. Kemaprma,
Poccns)

Pazpaboran HOBbBII HeJIMHEHHBIN aHAJIN3, OCHOBAHHBINA Ha CTEHEHHON reoMmer-
puu [1, 2, 3]. OH 103BO/ISIET BBIYKUC/IATD JOKAJIBHBIE U ACUMITOTHIECKHE PA3J10-
KCHIsS PENIeHN ypaBHEHUI TpeX KJIACCOB:

(A) anrebpamueckux,
(B) ob6biknoBenubIx nuddepennuanbubLX,
(C) B 9aCTHBIX MPOU3BOHBIX,

a Takxke cucreM Takux ypasHeHuii. OCHOBHbIE KOHIIEIIIIUU W AJITOPUTMBI — 00-
mme Is BCeX KJIaccoB ypapHeHuil. Kpome Toro, njis Kax0ro Kjaacca ypaBHEHUN
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WCMOJIb3YIOTCS CBOM, JOTIOJIHATE/IHHBIE AJITOPUTMBI, B0 C/IOKHOCTH PEIIeHU BO3-
pacTaer mpu Iepexojie K yYPaBHEHUIM CJIEAYIOMNX KIaccoB. Tak, maas aarebpan-
ueckoro ypaerenusi f(x,y) = 0 B6am3m ocoboit Toukn x = y = 0 Bce peureHust

Pa3/1araTCd B pAIbL
y=y e, (1)

rae mokazaremu s > (0 panuoHANBHBI, a KOIGD(MUIMEHTH Cs; MOCTOSH-
mol. s pemenuit y(x) obbikHOBeHHOrO muddepeHnuanbHOro ypaBHEHUS
flz,y,y .. .,y(")) = 0, rae f/ — MHOTOWIEH CBOMX APIyMEHTOB, UMEIOTCH CJIe-
JIYIOIe YeThipe THlla pasioxkeHuit suma (1):

1°. Cmenenmnvie, ¢ xkommwiexcubivu s, |Im s/ Res| < const u nocrosHubiMu
Cs-

2°. Cmenenno-aozapudmuneckue, Tae 8 — TE€ XKe, & Cs — MHOTOIIEHBI OT
Inz.

3°. Caooicnbie, TIE S — Te ¥Ke, & Cs — PAIBI IO yOBIBAIONIM CTETeHsaM In z.

4°. Dxzomumeckue, rae s — BEIIECTBEHHBIE, & Cs — DHAIBI IO CTEIeHAM T,

Kpome Toro, IMEIOTCA 9KCNOHEHUUAALHbLE PABTOKeHrs (THTT 5)

Yy = Z by (I)Ckekq’(z),
k=0

rae by (z) m ¢(x) — crenennbie paapr, a C' — TPOW3BOJIBHAS TIOCTOSTHHAS; W IPYTHE
THITHL.

IIpuinioxkennsi. Kaace A. 1. MHOXeCTBa yCTONYMBOCTA MHOTIOIIAPAMETDH-
geckux 3amad. Kaace B. 2. AcUMOTOTHKU M Da3/I0KEHHUs DEIIeHH ypaBHEHUN
Iensese [3]. 3. Ilepuoguveckue nBrKeHMUs CILyTHHKA BOKDPYI €r0 LEHTPA MAaCC,
JBHKYLIETOCS TI0 S/UIUNTHIeCKOi opbure [4]. 4. HoBble CBONCTBA JBUKEHHI BOJIU-
ka [5]. 5. CemelicTBa MepuOAMIECKUX PEIIEHU OrPAHMYIEHHON 321291 TPEX TEN ’
pacmpezenenne acteponsos [6, 7]. 6. nrerpupyemocts cucremsr OV [8]. Kaace
C. 7. Iorpanuanstii csioi Ha urue [9]. 8. DBosonus TypGysenTHOrO Teuenus [10,
11].
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O6 acMMIITOTUYECKOM Pa3JIO2KE€HUN KOHTPACTHOI CTPYKTYPHI
IepeMEeHHOro TUMa JJIsi OJHOr0 KBAa3UCTalMOHAPHOI'O
nud depeHaIbHOIO YPaBHEHUS BTOPOTO IOPsAKa
Bykxanes E. E. (Mockosckuii rocyjapCTBeHHbIH yHUBEPCUTET
um. M. B. Jlomonocosa, Poccust)

PaccMOTpIM KpaeByIo 33734y MIEpPBOTO POIA IS CJIEIYIOUIETO CHHTYIISPHO
BO3MYNIEHHOTO (10 MApamMeTpy €) KBasuiamHeiHoro aud depeHnmanisHoro ypasHe-
HUAg:

EYaa = Yo (— 2y —x + §sint), (z,t) € (0,1) X R,

1
y(O,t,s) = _17 y(17t7€) = +17 teR ( )

Lora pemenns 3ama4u (1), mveromero Buj, KOHTPACTHOW CTPYKTYPBI IIEPEMEHHOTO
THUIA, TOIy9YeHa aCUMIOTOTAYeCKasd GopMyaa:
ACL‘O
2

yo(z,t,€) = + (1+ Axo)th [(lJr Awo)noqL%ln(lJrAxo)], (2)

2 2

B KOTOPOit Azg = Axo(t,€) — KOPEHb ypaBHEHWS:

2
€

o 13
o 2—|—A:Z’0

72 +€A$0 % sin tH

Az W[ (2+ Azo) (1 + Axzo) exp{—
= F(Axo,t,e), (3)
rae W(z) — dyuxuma Jlambepra, onpeae/nsemas COOTHOUIEHUIMU:
weV =z, x> —1/e, W = —1;
BesmauHa Mo = Mo (X, t,€) pasHa

no(z,t,e) = i (z — =zo(t,e) —ex1(t,€)),

rae

1 A 2 1
wolt,e) = gsint+ Ao, mte) = = 5= [(T) +5 7

MeTo/10M MPOCTHIX WUTEPANMA /T PEIeHns ypaBHeHus (3) IOCTpOeHa uTepa-
IUOHHASA IOC/IeJ0BATEIbHOCTD:

Az® _ —%sint, sint
0 0, sin ¢

< 0 n n
= Amé +1) :F(Aa:g ),t,a), n =0, 00,
>0,
upu srom Az (t,e) = Az (t,€) + O™ In" 1 e).
Tounocts dopmyinst (2) cocrasusier O(e):

y(x, t, 5) = yo(l’, t, 6) + 0(5)7

IpuYeM [jis COXPAHEHUs YTOM TOYHOCTHU B BhIpaKeHuu auid Yo (&, t, £) BMecTo Ao
MOXKHO HCIIOJIb30BAThH A:vé2>.
Ora pabora BbioaHeHa 1pu nouepxkke PO, rpanr 10-01-00319.
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HenpepsbiBHasi 3aBUCUMOCTDH OT [IapaMeTPOB MHOXKecTBa (pa3oBbIX
TPaAeKTOPUM yIIpaBJisieMOili UMITYJIbCHOI CUCTEMbI ¢ (pa30BbIMU
OrpaHNUYEHUSAMHU [0 YIIPABJIEHUIO
Bymraxos A. U. (Tam6oBCKHit roCyAapCTBEHHBIH YHABEDCUTET
nmvenn I'. P. epxasuna, Poccust)

Mamoruna E. B. (Tam60Bckuii rocysapCTBeHHBI yHUBEPCUTET
nmenn I P. Jlep>xkasuna, Poccnst)

Ouummosa O. B. (Tamb6oBckwmii rocy1apcTBeHHbIH YHUBEPCHTET
unmenn I'. P. Jlepxasuna, Poccnst)

Hna dbopmynmmpoBku 3aja4u BBegeM ciaepyomue obosuadenus. [Tycrs R™ —
N-MepHOe BEKTOPHOE IIPOCTPAHCTBO ¢ HOpMOH | |, comp[R"] —mHOXKecTBO BCex
HEIYCTBIX KOMIIAKTOB IIpocTpaHcTBa R™; K — MeTpuyeckoe IpoCTpaHCTBO.

Ilycrp 3amambr menpepoiBHag Gyakmmsa [ : [a,b] X R X R™ x K — R™ u
HerpepsIBHOE 1m0 Xaycaopdy MHorosuaunoe orobpaxenue U : [a,b] X R" x K —
comp[R™]. PaccMOTprM yIpaB/IsieMyIo CHCTEMY C MMITYJIbCHBIMHA BO3IEHCTBAIME

&(t) = f(t,z(t), & u(t), telab], €K,
u(t) € U(t,z(t),€), t€]la,b],
Az (te)) = In(z(te),€), k=1,....p,
z(a) =xo (zo € R"),

(1)

rae orobpaxkenust I, : R™ x K — R", k = 1,2, ..., p, uenpepsisusl, A(z(tx)) =
z(ty +0) —
—z(tk), tx € (a,b], k=1,2,...,p.

i manHoit 3a7auM HaIEeHBl YCIOBHUS HENPEDPHIBHONW 3aBHCUMOCTH MHOXKe-
cTBa $Ha30BBIX TPACKTOPHIl yIpaBageMoii cucremsl (1) oT mapamerpos.

Pabora Beimosiaena npu dunamcosoit mogmepxke Poccutickoro @Ponma Pyn-
mamvenTaababix Uccnemosanmii (rpant Ne 09-01-97503), MunrncrepcTsa 06pa3osa-
mug u nayku PO (ABIIII <Pa3suTne HAayTHOTO TOTEHIMAJIA BBICIIEH NIKOJIBIS,
mpoekt Ne 2.1.1/9359; ®IIII «Hay4nble n HAy9HO-IEIATOrMIECKUE KAIPbl WHHO-
Barmonnoit Poccum ma 2009-2013 r.>, rockouTpaxkTsr 11688, Ne 14.740.11.0349,
Ne 14.740.11.0682; Temmmanm 1.8.11).
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O6parHas 3afa4a [ijis CHMMETPUYHOIO MOTeHInala Ha rpade-3Be3e
Byrepnn C. A. (Caparosckmnii rocyausepcuret, Poccust)

IIycts B KOHEYHOMEPHOM €BKJIMIOBOM IIPOCTPAHCTBE 33aH KOMIIAKTHBIN
rpad Tuna 3Be3npl I', cocroammii m3 m pebep mmmmbl /2. Kaxmoe pebpo ma-
paMeTpm3oBaHO mepemenHoit z € [0,7/2], npuuem x = 0 Bcerma COOTBETCTBYET
BHYTPEHHE BEpIINHE.

Paccmorpum ma I kpaesyio 3anaay Hlrypma—/Inysuina L = L(q(z), h) ¢ oa-
HUM U TeM ¥Ke Ha BCeX pefpax BEeIeCTBeHHBIM IIOTEHINAIOM ¢(T), CTaHIAPTHBIMA
YCJIOBUSIMU CKJIEHKY BO BHYTPEHHE! BEPIINHE U OJNHAKOBBIM KPAEBBIM yCJIOBHEM
BO BCEX I'DAHUYHBIX BEPIIUHAX:

s . _— s
y1(0) = 52(0) = ... = ym(0), ¥1(0) +12(0) + ... + 5 (0) =0, (2)
s T R —
y}(i) + hy; (5) =0, j=1,m, heR. (3)

TEOPEMA 1. Cobcmeennvie 3nauenus wpaecol 3adavu L seujecmeenmvl
u (6e3 yuema wpammocnu) 06pA3yOM 603PACTNAIOULYI TOCAEIOBATREADHOCTTIL
Do tnzo, npusicu

Vin=n+— 45 feyel, (4)
™ n

20e

w:2h+/2 q(x) dz.
0

IIpu smom 6ce cobecmeenHble 3HAUEHUA A2y, TPOCTNBLE, G A2p+1 UMENN KPAMHOCTND
m — 1.

Paccmorpum  ofparTHyio 3agady: 1O CHEKTPY {An}n>0 KpaeBoil 3amaun
L(g(x), h) maiitn noreanman ¢(x) n kosdduimenTt h rpaHETHBIX yCIOBHHA.

TEOPEMA 2. 3adanue cnexmpa {An}n>0 00n03Ha%HO onpedessiem nomenyu-
an q(x) u kospduyuenm h 2panuuHHT YCA06UT.

Crenmyromast TeOpeMa JaeT KPUTEPHUil pa3penrnMocT 00paTHOM 3a,1atH.

TEOPEMA 3. Jaa mozo, 4mobb, npou3eoabhas nocaedosamenssbhocmb nonap-
HO PASAUMHBLT GEULECTNEENHBT “uces {An }n>0 A6aAAGCH cnexmpom (6e3 yuema
xpamuocmu) nexomopot xpaesoli 3adavu suda (1)—(3), neobrodumo u docmamo-
HO 6UNOAHEHUE YCA06UA (4).

IIpn m = 2 paccMaTpUBaeMBbIil CTydail CHMMETPHYIHOTO HOTEHIHATIA COBIA-
JlaeT C KJIACCHMYeCKUM CJLy91aeM CHMMETPUYHOrO IOTeHnmaIa Ha orpeske [1], [2]. B
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obmem ciydae obpaTHbIe 3a7aun A audPepeHnnaabHbBIX OIMePaTOPOB Ha IIPO-
M3BOJIBHBIX KOMITAKTHBIX I€PEBbax U rpadax ¢ mukaamu ndyvammcs B [1], [3] (cm.
TaKKe JIATEPATYPY TaM).

Pabora Bemosnena npu dunancoBoit nognep:xkke POOU u HHC, rpanrst
10-01-00099, 10-01-92001-HHC-a.
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O6 0COGEHHOCTAX ACUMIITOTUK MOTPAHCJIOMHBIX pelleHuii B
CUHTYJISPHO BO3MYIII€HHBIX 3a/ladaX ¢ KPaTHbBIM KOpHEM
BBIPO>KI€HHOI'0 YPaBHEHUs
Byrysos B. @. (Pusnueckuii paxymprer MI'Y um. M. B. Jlomonocosa, Poccusi)

VccienoBanne CHATYISPHO BO3MYINEHHBIX 33189 B CIy9ae KPATHOTO KOPHS
BBIPOXKJIEHHOTO YPABHEHWS HAYAJIOCHh B Toceanaue 3—4 roma. OGHAPY KMIOCh, 9TO
ACHMIITOTHKH TTOTPAHCIONHBIX PEIleHnil B 3TOM CIydae 00IaIal0T PAIOM OCOOeH-
HOCTEI M0 CPABHEHWIO CO CJIyYaeM TPOCTOTO (OMHOKPATHOTO) KOPHS BBIPOYKICH-
HOTO YpaBHEHUS.

Paccmorpum B KadecTBe mpuMepa CHHTYISPHO BO3MYIIEHHYIO KPAeBYIO 3a/1a-

qy
2
52%+€A(x)%+f(u,m,s):0, 0<z<l, (1)
du du
ke =—(1 = 2
H0.0 =200 =0, )
rae f(u,z,€) = —h(u, z)(u—@(x))*+e fi(u, x, €), u, ClIeTOBATEIHHO, BEIPOK IEHHOE

YDaBHEHHME UMeeT ABYKPaTHBIA Kopenb u = ¢(x). B owmawme or ciaygas npocToro
KOPH4 BBIPOXKIEHHOTO yPAaBHEHMU, KOTJa aCUMIITOTUYIECKOE PA3JIOKEHNE PETTEeHUS
IpeCTaB/IgeT COOOM Ps IO TIEJIBIM CTEIEHSIM €, & MOTPAHCIONHBIE MepEeMEeHHBIE
UMEIOT BHI,

T 1—2x

€0 = 51 = ) (3)

& e

B JAHHOM CJIydae pasjioxkeHue pemenust 3amaan (1), (2) Begercss mo apoGHBIM
CTEMeHsM £, BHJI MOTPAHCIOWHBIX TIEPEMEHHBIX OTIMIAETCA OT (3) W 3aBUCHT OT
ko bunuenra A(z) u dyukuun fi(p(x),z,0). Eciu A(z) =0 u fi(p(z),z,0) >
O,Toﬁo:éa%,ﬁl:637/436,aeanA(x)>0,To§0:§,£1: 1ﬁx

B mokmname OymyT paccMOTDPEHBI OCOOEHHOCTH ACHMITOTHK IIOIDAHCJIOMHBIX
pemrenwii 3amaau (1), (2) ans coydaes ABYKPATHOTO M TPEXKPATHOTO KOPHS BbI-
POXKJIEHHOTO yDAaBHEHHsI, & TAKXKE B HEKOTOPBIX 33Ja9aX JJIsl yPABHEHUH C 9acT-
HBIMU [IPOU3BOJHBIMH.
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ITokazaTenu Bosas u kiaaccel pynknuii Bapa
Brerkos B. B. (Mockoscknii rocyzapctBennsiii yausepcuret, Poccns)

Tlokazaremn Bons (remepambube, 0coObIe MOKA3ATEN) JTAHEHHONH N-MEpHOMH
cuctemsr & = A(t)r ¢ HempepbIBHBIMHE (He 06S3aTEIHHO OrpaHMYeHHbIME) HA R
ko3 dunmenTamu onpeneaaoTcs GopmMysIoit

Ar(A) =inf{A € R| sup ||XA(t,T)‘LZ<A) lexp(A(T —t)) < o0}, k=1,...,n,
t>12>0

rue L}, (A) — MHOXeCTBO 3HAUEHMI B TOUKE T T€X PEIIeHUil pacCMAaTPUBAEMO Cu-
cTeMsbl, I0Ka3aresu JIsAmyHoBa KOTOPBIX He IPEBOCXOAAT Kk-ro (B IOpsiaKe HeCTpo-
roro ybbiBanusi) oKa3aress JlsiiyHoBa sroit cucremsl, a Xa(-, )| — cyxenue
onepatopa Komm cuctembr A Ha mommpocTpancTBO Lj cumtaem inf@) = +oco. B
ClIydae CHCTEMBI C OTPAHHIEeHHBIMA K03( PUIMeHTaMy BBeIeHHbIe BeIHINHBI COB-
HAJAI0T C OupejeseHapMu B [1].

TroPEMA 1. ITycms M — monosrozuneckoe npocmpancmeo, a A: RY x M —
EndR"™ — nenpepusnoe omobpasicenue. Tozda dan ecaxozo k = 2,...,n Gynxyui
u— A (A(-, 1)) npunadaescum wemsepmomy xaaccy Bapa.

3AMEYAHUE 1. B cayuae k = 1 paccmarpuBaemast OyHKINUS IPUHAIEKUT
BTOpOoMy Kiaccy Bapa [2].

CnenctBUE 1. Ecau M mempudyemo nosnot mempurotl, mo cYnHcenus 6CET
pynryuts p — A(A(,p), k=1,...,n, na nexomopoe 6c100y NAOMHOE MHOIICE-
cmeo muna Gs HenpepvLeHoL.

TEOPEMA 2. /[laa awbozo n > 2 cywecmeyem makoe HEnpepberoe 0mob-
pasicenue A: RT x [0,1] — EndR", wmo dan ecaxozo k = 2,...,n @ynxyus
w— A(A(-, 1)) ne npunadaesrcum emopomy xkaaccy Bapa.

Crucok Jiureparypbl

[1] Muasuornwuros B. M. Hepemennas 3ana4a u3 T€0pun yCJIOBHOH ycrofiunsocru // Ycne-
xu mMareMm. Hayk. 1991. T. 46, Ne 6. C. 204.

[2] Muasvonwuros B. M. Ilokasarennp Boss suHefiHOR cucreMbl, KO9DMUIMEHTHI KOTOPOil
MOryT 6biTh HeorpanudeHHsiMu // Jduddepenn. ypasaenus. 1991. T. 27, Ne 8. C. 1461—
1462.

O noJIMHOMMAJIBHBIX WHTErpajiax reofe3n<vecKoro noToka Ha
JABYMEPHOM TOp€e
Bamerit M. JI. (Yausepcurer Tess-Apusa, H3panip)
Muponos A. E. (Uacrutyt maremarnku um. C. JI. Co6onesa, Poccust)

Hamu mokazamo, 9To cymiecTBOBaHWe IIOIMHOMHAJIBHOTO WHTEIPAJIA IO MM-
Iy/IbCaM Te0fe3nIeCKOro MOTOKA Ha JBYMEPHOM TOPE SKBUBAJIEHTHO CYIIECTBOBA-
HUIO TIEPUOAUIECKUX PENIEHMI CUCTEMbI KBA3UIMHEHHBIX yPaBHEHUN. DTa crucTeMa
ABJIAETCH [0JIyI'aMUIBTOHOBOM. DTO O3HA4YAET, YTO B ruuepbosmaeckoii obiaactu
OHa MOYKET OBITH 3aIMCaHa B BU/Ie MHBAPUAHTOB PrMaHa u B BH/ie 3aKOHOB COXpa-
Henus. Takum 06pa30oM B THIEPOOJIHIECKON 00/IaCTH K 3TOM CUCTEME MOXKeT OBITh
upumenes 0606wmennbiii meroz rogorpada C. I1. Iapesa.
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B cayuae uaTErpasioB TpeTheil M 4eTBEPTOM CTEIIEHH 10 UMILYJIHCAM ITOKA3aHO,
9TO B JIIAMTUYECKUX OOJIACTIX TU MHTErPAJIbl CBOASTCS M MHTErPAJIaM IEePBOit
WJIN BTOPOM CTENeH!.

Crnucok JuTeparypsbl

[1] Bialy M., Mironov A. Rich quasi-linear system for integrable geodesic flows on 2-torus//
Discrete and Continuous Dynamical Systems — Series A. 2011. V. 29. Ne 1. P. 81-90.

2] Bialy M., Mironov A. Cubic and Quartic integrals for geodesic flow on 2-torus via system
of Hydrodynamic type // arxiv: 1101.3449.

O BBIPOXK/JEeHUM rapMOHNYECKUX KBAa3WIIOJIUHOMOB, CBA3aHHBIX C
ypaBHenueM Illpeaunarepa
Baxynenko A. @. (IIOMH PAH, Poccust)

Paccmorpum ypasrenue Illpenuarepa ¢ HyIeBoil sHeprueit
—Af(@) + q(@)f(z) = 0 (1)

I/l HOTeHNIUAJl ¢ — BEIleCTBEeHHAs, [VIajKasd MYHKIMA ¢ KOMIAKTHBIM HOCUTEJIEM.
JIOTIOTHUTEILHO TIPE/IIOJIOKNM, YTO YPABHEHHE He MMeeT yOBIBAIOUIUX PelIeHu.
Iycts n = 0,1,.... O6o3uauum gepe3 H,, npocTpancTso pemennit ypasaenns (1),
pacTymux Ha 6ecKOHeYHOCTH He OhicTpee, 9em |z|". Pazmepnocts npoctpancts H,,
He 3aBUCHUT OT ¢, pu ¢ = 0 3TO XOPOIIO M3BECTHBHIE TAPMOHUYIECKUE ITOJMHOMBL.
DukcupyeM HEKOTOPYIO TOUKY G W OIpezen M JuHeiinoe orobpaxenue Fy,(a), co-
nocrasisist byuknnu f € H, ee CTpyio IOpsiAKA . B TOYKE .

OnprEAENEHUE 1. Touka a Ha3bIBAETCS S-TOYKOM MOPSI KA, 7, €CJIA SIPO OTOO-
paxernnsa F),(a) nerpuBmanbroO.

IlepBoHauaabHO 3TH TOYKM BO3HUKJIIN B CBA3U € 3d(HEKTOM mmoTepu ynpasis-
e€MOCTH TP aHaJm3e 00paTHoi 3amaun BC-metomom. BriociencTBum BBISICHUIIOCH
[1], 9ro maTpunma paccesiaust omeparopa Lllpenunrepa, BBIYUC/IEHHAs B CUCTEME
KOODJIMHAT C HAYAJIOM B S-TOYKE, HE JIOIyCKAaeT CTaHmapTHOi (B cmbiciae P. Heio-
ToHa [2]) dakTopmsanmm.

Ilogpobnoe ommcamme MHOMXKCTBA S-TOUEK IMOJIYYEHO [JIs DPaIUAJIBHO-
CHUMMETPUYIHOI'O IMOTEHIUAIA.

TEOPEMA 1. Mmnootcemeo s-mouex menycmo mozda u moavko mozda, Kozda
duckpemnuti cnexmp onepamopa Illpedunzepa ne nycm, 6 nocaednem caywae oro
npedcmasasem cobot Geckoneunvili Habop KOHUEHMPUYECKUT cfhep.

IlepByio gacTp Teopembl B 00meM Ciaydae yOagoCh 000OOMIUTH TOJIBKO HA S-
TOYKH HYJIEBOTO TIOPsIIKA. B HACTOSIEeM COOOIIEHNN MBI MIPEIIOJIaraeM OMHCATH
BO3MOXKHYIO CTPYKTYPY MHOXKECTBA S-TOUEK U €€ IIPOSBJIEHNE B CIEKTPAJIbHOM
reopun oneparopa Ilpenunrepa.

Cnucok JauTeparypsbl

[1] Belishev M. I., Vakulenko A. F. s-Points in Three-Dimensional Acoustical Scattering //
SIAM J. Math. Analysis. 2010. V. 42. Ne 6. P. 2703-2720.

[2] Newton R. G. Inverse Schriodinger scattering in three dimensions. Texts and Monographs
in Physics. Springer-Verlag, Berlin, 1989.
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MHoronapaMmerpudeckne o6parHble CIIEKTPAaJIbHbIE 3aa9U OJIs
OIIepaTOpoOB C PACTYIIMM CODCTBEHHBIM 3HAYEHUEM

Banees H. @. (Hacruryr maremaruxn ¢ BIT YHIT PAH, Y¢a, Poccus)

B cenapabenmsHOM ruinbepToBOoM TpocTpaHCcTBe H paccMaTpmMBaeTcs m-ma-
paMeTpHuYecKoe CeMefCTBO KOMIAKTHBIX U CAMOCOIPSKEHHBIX OIIEPATOPOB BUIA:

B(p) =Bo+p1Bi + ... + pmBm, pER™.

IIycTs )\i" > )\3' > .2 )\j' > ... > 0—monoXuTeabHbIe COOCTBEHHDBIE
3HAYEHWsI, 3aHYMEPOBAHHBIE C YYeTOM KpATHOCTEH B TOpsAaKe yObIBaHU, a
AT <Ay <0<, £ ... £ 0—orpunarenbHble COOCTBEHHBIE 3HAYCHHU OIIe-

paropa B(p), 3aHyMepOBaHHBIE C YIETOM KPATHOCTEH B IMOPSIIKE BO3PACTAHMISL.
Lna omeparopa B(p) m3ywaerca ciaemyiomas TOCTAHOBKA OODATHOHN CIIEK-
TPpaJbHON 33/1a49u.

3a7A49A 1. Tpebyerca naiitu p € R taxoii, 4T00bl HaLIEPe ], 3aJaHHBIE TUC-
Ja
- — - — + + + +
o < Mo <M3<<ﬂk1<07 1251 >/L2>,u3>>,uk2>0

ObLIM OBl PABHBI COOTBETCTBYIONIUM COOCTBEHHBIM 3HAUEHUSIM

M <A <A3 <o <A <0, M SATSAT > > AL >0, kitke=m,
(1)

oneparopa B(p).
st 5TOM 3a/1aTH CIpaBeIBO CJIEYIONee yTBEPK ACHUE.

TEOPEMA 1. ITyemv xoma 6o 044 001020 COGCMBEHHO20 3HA%EHUA /\]:.t uz (1)
BLINONHERD YCAOBUE

lim Ag(p) = oo. (2)
p—o0
Tozda 06pamnan cnexmMpasvHaa 360a4%a UMEEM PeuLeHue.

Hamu Tak»ke 10/1y9eHbl HOBbIE PE3y/IbTAThl O CyIIECTBOBAHUU PEIIEHUN MHO-
TOTIapaMeTPUIECKON 00pATHON CIEKTpaJbHON 3amaun it auddepeHma bHbIX
OIIepaTOPOB.

Ora pabora BbinosHeHa 1pu noaepxke PO, rpanr 09-01-00440-a.

Crucok Jureparypsl

[1] B. D. Sleeman, Multiparameter spectral theory and separation of variables, J. Phys. A:
Math. Theor. 41 (2008) 015209, 20 pp.

[2] H. @. Baaees, PerynspHble penieHus MHOTONAPAMETPUYIECKOH 06pATHON CIEKTPAJbHO
3ana4dn, MareMm. 3amerku, 85:6 (2009), 940—943.

KoppekTHocTh rpaHNYHON 3a/1a4M [JIsl IIOJTHOTO
muddepeHImaibHO-0IIEPATOPHOIO yPABHEHUSI TPETHEro MOPSJKA C
mepeMeHHBIMHU 006JIacTsIMU OIpeaelIeHUs
Bacmnescknii K. B. (Bernopycckmii [ocymapcrsennniii Yausepcuret, Berapycs)

B rmmsGepToBom npocTpancTse H €O CKaIsAPHBIM MTPOU3BENEHUEM (-, *) U HOP-
MOH | - | HOKa3bIBAETCH KOPPEKTHOCTH BO MHOXKECTBE CJIA0bIX PELIeHUIl IPAHIIHOM
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3a1a4u
—u® (1) + (Az(t) u' (1)) + A (t) u/ (£) + AAo(t)u = f(t), t €]0, T[, x>0, (1)
u(0) = u'(0) = w(T) =0, 2)
rae u u f — Heu3BecTHas U 3ajanHas (HyHKIMU nepeMeHHol ¢ co 3uadenusvu B H,
A;(t) — nuHeiHbIE HEOrPAHUYEHHBIE 3AMKHYThIE OIIEPATOPEL B H ¢ 3aBUCAIIUMIE OT
t m mnotabivu B H o6mactavu onpenenenna D(A;(t)), i = 0, 2.
IIpocTpascTBOM CJ1abbIX PpeEIIeHU SABJIAETCS TI'UILOEPTOBO MPOCTPAHCTBO
HY = {u € H:u' € H = Lo(10, T[, H), u(0) = w(T) = 0} ¢ nopmoii
T 1/2
lull = (fy [lul® + '] dt) "~
OnPEAENEHUE 1. Dyukiug u € H) maspiBaerca craGbIM pelIeHHeM Tpa-

nuuaHof 3ajaun (1), (2) aus npasoit wactu f € H*~ = Ly (]0, T[, H; ™), ecm ona
YZIOBJIETBOPSIET MHTETPATLHOMY yPABHEHHUIO

/{(% S0<3>) + (v, AT (1) — A5()¢") + A(u, Ag(t)np)}dt :/(f, tp><t)dt
,I(J'ISIOBCGX ’

pe®={peM : pt) € DA(t) N D(AI(t)), ¢'(t) € D(A3(t)), t € [0,T];
oW eH, i =1,3; Aj(t)p, As(t)p’ €H, j=0,1; p(0) = p(T) = ¢'(T) =0},

rme H; ™ — aHTHIBONWCTBEHHBIE NMPOCTPAHCTBA K THIHLOEPTOBBIM TIPOCTPAHCTBAM
H;" — zamprkanmam muoxects D(Aj(t)) mo mopmam (v)y = +/Re(Aj(t)v,v),
(-, ) (1) — moayropasuueiinas GopMa AHTUIABOMCTBEHHOCTH MEXKIY H'" u H ™,
Aj(t) : H D D(Aj(t)) — H — coupsixerHsle omeparops! kK oneparopam A;(t) :
H > D(A;(t)) —» H, i =0,2.

CymecrBoBanue cnabbix pemennii 3aga4un (1), (2) mokasbIBaeTCs ¢ IOMOMIBIO
npoekimoHHoi Teopembl 2K.-JI. JInoHCa, equHCTBEHHOCTHh — 0D00IIEHEeM MeTOoIa
pa6orsr [1].

Hoxkam ocHoBaH Ha coBMecTHOI padbore ¢ @. E. JIoMoBIieBbIM.

Cnucok JauTeparypsbl

[1] Bacuaescxuti K. B., Jlomoeues @. E. JuddepeHnuanbHoe ypaBHEHHE IIEPBOrO MOPALKA
C nepeMeHHbIMHU O6GJIACTAMH OIPEeNe/IeHUs] KyCOYHO-INIQAKUX ONePAaTOPHBIX KO3d bunuen-
ro// Hoknanet Axanemun Hayk P®. 2008. T. 423. Ne 5. ¢. 583-587.

HccnenoBanme Ha yCTONYNBOCTD COCTOSIHUSI PABHOBECUSI OJHOM
cucremsl aud pepeHnmanbHbIX ypaBHEHUN ¢ napaMeTrpamMu
Bacmaves M. J1. (Cesepo-Bocrounsrit ¢penepanpubii yausepcuret, Poccust)

PaccmarpuBaercs cucrema aud depeHInaabHbIX YPABHEHWH BUIA
ii?1 = 131(1 — T — bIQ - al’S),
T2 = 22(1 — bx1 — z2 — axs), (1)
3 = —z3(k — ar1 — az2 — x3),
rje a, b, k — noJioxxuresibHbIE TTIOCTOSHHbIE.
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Jannyio cucrteMy ypaBHEHHUil, IIPU OIIpeIeJIeHHBIX YIPONIEHNAX, MOXKHO pac-
CMaTPUBATh KaK MAaTEMATUYIECKYIO MOIEJ/Ib B3aI/IMO,HeI‘;ICTBI/IH HEKOTOPBIX IIOILYJ/Id-
it [1].

PesynbpraToM paboThl SIBISETCS WCCJEI0BAHNE COCTOsTHUsST paBHOBecust M C
[I0JIOKUTENBHBIMA KOOPJIMHATAMA HA yCTOWIMBOCTH 10 JlamyHnosy [2, 3].

Cocrosinne pasHOBecusi M mMeeT KOODIMHATHI

sf=ap= o= 22,
A

A

rae A = (1—b)(1+b—2a2), Ay = Ay = (1—b)(1—ak), A = (1—b)[(1+b)k—2a].
B cucremy ypasrenuii (1) BBegeM Creayonyo 3aMeHy TepeMeHHbIX:

* * *
T =% +Y1, T2==Ty+Y2, x3=T3+Y3.
Torma momyvunMm cucteMmy ypaBHEHUN

91 = (2T +y1)(—y1 — by2 — ays),
Yo = (x5 + y2)(=by1 — y2 — ays), (2)
93 = (x5 + y3)(ay1 + aya + ys3)-
TaK KaK COCTOdHUue paBHOBeCI/IH M HCCHeﬂyeM C IIOJIO2KUTEJIbHBIMAX KOOpﬂI/I'
HaTaMI/I, TO ,E[OJ_I)KHI)I 6])ITI) BbIIIOJ/IHEHDbI HepaBeHCTBa:

(1 —ak)(1+b—2a*) >0, [(1+b)k—2a)(1+b—2a°)>0. (3)

TrOPEMA 1. Myems b < 1, b < 24> —1 u k > %. Tozda cywe-
cmeyem cocmoanue pasnosecua M ¢ nososcumesbHuMy K00pOURAMAMU, U OHO
ACUMNMOMUYECKY, YCMOTYUBO.

TEOPEMA 2. ITyems b < 1, b < 2> —1 u k = %. Tozda cywe-
cmeyem cocmoanue pasrosecus M ¢ nososcumesbHumy K00pouramam, u 0HO
YCmotuuueo.

_ 1+2a+b  _

TEOPEMA 3. ITyemv b=1,a>1u k> T s = 1. Tozda cyuecmeyem
cocmoanue pasrosecus M ¢ nosorcumesbHoMy K00pOUHAMAMU, U 01O YCTMOUYU-
60.

TEOPEMA 4. Ilyemv b =1, a > 1, k = 1. Toeda cywecmsyem cocmoanue
pasHosecus M ¢ noaoscumensvrvmu K00poOUHAMAMU, U OHO YCMOUYUBO.

Crnucok Jureparypsbl

[1] May R. M., Leonard W. J. Nonlinear aspects of competition between three species //
SIAM J. Appl. Math. 1975. vol. 29. P. 243-252.

[2] JIanynos A. M. O6masn 3ana4a 06 ycroitunsocru nsuzkenusi, M.; JI.: Tocrexusnar, 1947.

[3] Copporos E. T. YcToWanBOCT ABTOHOMHBIX CUCTEM B KPUTHUIECKHX CJydasx, Hosocu-
6upck: Hayxka, 2000.

Kouimoroposckue nonepedynuku BecoBbix kjaccoB CobosieBa Ha
obJracTu ¢ ycJIoOBUEM I'MOKOro KOHYyca
Bacmapesa A. A. (MockoBckwnit rocymapcTsennsiii yansepcuret, Poccust)

Yepes dn (M, X) 6ymem 0603HAYATH KOJIMOTOPOBCKHUI MOTEPETHUK MHOMKE-
crBa M B mpocrpancrse X (cm. [1]).
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OnpEAEAEHUE 1. IIycts Q C R? — orpammuenmas o6macts, a > 0. Bymem
rosoputb, aro {2 € FC(a), ecim maiinercs Touka . € () Takas, 9T0 s JI060T0
x € § cymecTByer KpuBast v, : [0, T(z)] — Q co ciaenyommmu cBoiicTBaMu: v, €
ACI0, T(2)], |7z = 1 n. B, 72(0) = z, 7. (T(x)) = x+, mua moboro t € [0, T(x)]
3aMKHYTBIH map pajauyca at ¢ HIEHTPOM B TOYKE 7Y (t) comepxurca B 2.

Ecm Q € FC(a) mna mexoroporo a > 0, To £ yIOBIETBOPAET yCIOBUIO
rubKOro KoHyca. DKBUBAJIEHTHOE OLPEIEIeHNe JAHO B KHure [2].

IIycrs X, Y — muoxecrsa, fi, f2: X XY — Ry. Mot mmmewm fi(z, y) S

Y

fa(z, y), ecom

VyeY de(y) >0: Ve e X fi(x, y) < c(y)fa(z, y);
fiz, y) = fo(@, y) —ecmn fi(z, y) § fo(z, y) m fa(z, y) ? fi(z, y). Tyers g,
v: Q — Ry — usmepumbie dbyukuuu, r € N. TTonoxum

Wig(@) ={f: Q=R V"' f/gll» <1},

Lonl® = {7 sl i= loflls < och, == (542-2) .

TEOPEMA 1. ITyems Q C RY — ozpanuuennan obaracmo, Q € FC(a), r € N,

1<p<oo,1<qg<oo 5+ é — % > 0. IIpednoaosicum maxoice, 4mo ecau
1

P
2

-

r q

1<p<2<q<+oo,mo;#%,aecnu2§p<q<+oo,mog7é%4 {

q
IIyemsv g € Lo (2, Ry), v € Lg(Q, Ry) ydosaemsopatom 0dnomy u3 caedyrouus
ycaosul:

i

1+ 2=1L5>1ug=5,
2°. q:ﬂu%—i—é<m1n{w7 1},
3°. f>q f<t+i<lut+i<i+i-1
4. B>q, §=5+,<1L
Tozda
m dn(WI;g(Q)7 LCIV’U(Q)) < HQUH%
n—00 dn(Wg[Q Hdv LQ[07 Ud) T,d,q,;a,a,ﬁ '

ecau g, v € LT(Q) (em. [3]), mo

i (Wi,5(9), Lawo())

>
iam =~ gU||s-
n— oo dn(Wzr[(L 1}d7 LQ[07 Hd) r,d,q,p ” H

Ora pabora BbinosHena npu noggepxke PODU, rpanrer 09-01-00093 u 10-
01-00442.

Crnucok JuTeparypsbl
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dkcTpeMasibHble PYHKIIUYU KyOaTypHBIX (bOpMYyJI B IIPOCTPAHCTBAaX
Cob6osteBa Ha MHOromepHoii cdepe
Backesuu B. JI. (Hucruryr maremaruxu um. C. JI. Co6onesa CO PAH, Poccust)

Ha emunnanoit cdepe S C R", n > 2, paccmarpuBaioTcst KybarypHbie ¢Gop-
MyJ1bl, (P)yHKIMOHA/IBI IIOTPENIHOCTU KOTOPBIX MMEIOT CJIEAYIOIUii By

N N
1 . .
l =_- _ E : . () () } : -
( N, 90) On1 90(9) as / CJ()O(Q )7 0 €S, . Cj 1,
K Jj=1 Jj=1
rae op—1 — miomans S. Ilpenmosaraercst, 9TO MOABIHTErpaJsbHBIE (DYHKITHI

¢ = @0), tne 6 = z/r, x € R", r = |z|, upunajyexar npocrpaucrsy X (S)
cobosresckoro tuma Ha chepe S [1]. IIpocrparctso X3 (S) — 310 NOmoOTHEHNE CO-
BOKYIIHOCTH BCeX C(hepHIeCKUX [IOJIMHOMOB II0 HOpMe

() 1/2

. 1 2N
el X3S =2 [ o) db] + >N S lawa(o)
k=1 =1

On—1

Bmeck A = k(n+ k —2), o(k) = (n+ 2k — 2)% Yucyio r MOXKeT OBITH
u apobusiv, T > (n — 1)/4. Besmuunst ag(p) — sro xkoadpdbunuenrst Pypoe B
PA3JI0KEHUH (p IO OPTOrOHAIBHOMY 0a3ucy u3 cepudecKux TapMOHUK. DKCTpe-
manbHas Gynkuus uy(0) dyukinponana Iy B X3 (S) onHo3HAYHO ompejeseTCs

coorHowenuaMu [2]
llin | X5(5)°11* = (v, un) = llun | X5(S)|.

Ycranossena dopmyna 00mero Buga KCTpeMasabHbIX (byHKImi Trma un(0), a
TaKKe CBA3b ITUX DYHKIWMIA cO chepruIecKNMU HATYPATbHBIMU CIIAHHAMMA.

TEOPEMA 1. IIpu r > (n — 1)/4 sxcmpemansvrasn 6 X3(S) dynryua un(6)

N
KYybamyprol Popmyavl /tpdS = chyz(@(j)) npedcmasuma 6 eude caedy-

On—1 —
s J=l1

N .
rowet aunetinoti Kombunayuu: un(0) = w(@ | 6D, ...,00) = 3 ciu(d | 69)),
j=1

2de waorcdan Pymryua u(6 | Q(j)) IKCMPEMAALHA OAA KYOAMYPHOT HOPMYADLL C

COUHCTMBEHHDIM Y3AOM pdS = @(0@) u npedcmasuma 6 sude cAedyro-

n—

g
wez0 abCOAOMHO CTOOAULE20CA PAOG:

2r
In—1 173 *nk

u(®|09) = — 3" %(k) G- 09).

Honrunom I'ezenbayspa GEC") (t) adecv Hopmasusosan ycaosuem G,(C")(—}—l) =1.

Pabora Beimosimena npu noggepxke PODPU, rpant 11-01-00147.
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Crucok Jureparypsl
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O nHesmHeltHbIX guddepeHUATBHBIX YPABHEHUSIX HEHTPAJIbHOIO THUIIA
c 00O0OLUIEHHBIM BO34€MCTBUEM B MpPaBoil 4acTu
Bemkyposa f. A. (Vpanbckwnit ¢penepansapnii yausepcurer, Poccust)
Cecexknn A. H. (Hactutyt maremarnkn u mexanuku YpO PAH, Poccms)

PaccmarpuBaerca caenyomas 3agagua Komn

z(t) = f(t,z(t),z(t — 7),v(t)) + G(t,z(t — 7))z (t — 7)+
+ Q(t,z(t)x(t — ) + B(t, z(t))o(t), z(t) = o(t), t € [to — 7,t0]. (1)

Baecs t € [to, V], z(t) u v(t) coorBeTcTBEHHO M- U M-BeKTOP (GYHKIUM BpeMe-
mu, f(t,z,y,v) — n-Bekrop dynkuuma u G(t,z), Q(¢,x), B(t,x) coorBercrBeHHO
n X n-, n X n- 1 n X m-mMarpunsi-bysxmun, v(-) € BV, [to, V], tae BV, [to, V]
obo3HaYaeT 6AHAXOBO MIPOCTPAHCTBO M-MEPHBIX BEKTOP-DYHKINH OrpaHmIeHHON
Bapuauum, 7 > 0 — mocrosHHOE 3anasapiBanue, ¢(t) — HaYAIbHAL N-BEKTOD-
dbyaKIMS OrpaHEMIeHHON Bapuanyn.

Ocobernnoctpio ypasuernus (1) gBisgercs TO, 9TO BO BTOPOM, TPETHEM U H€T-
BEPTOM CJ/IaraeMblX, HAXOAAIMXCA B LIPaBoil wactu ypasmenus (1), comepxkarcs
HEKOPPEKTHBIE ONEPAITAY YMHOXKEHUS PAa3PbIBHBIX (DYHKIMA Ha 0000IEHHBIE.

Ilon pemennem ypasaenus (1) Gyzem moHUMATH BEKTOP-(DYHKIMIO OrpaHwm-
YeHHO Bapuanyy, ABJIAIONIYIOCA IOTOYEYHBIM IIPEJEIOM II0CIEA0BATETLHOCTH
IJIaJKUX permennii ypasHerus (1), TOpOXKIEHHOM MOCIeI0BATEIHHOCTHIO Map ab-
COJTIOTHO HeNTPEPBIBHBIX (hyHKIUH, AaNpOKCAMHAPYIOMUX (DYHKIAO OrPAHAIEHHON
Bapuanun v(t) u HavaabHyio Gynkumio ¢(t), ecau mpeaes1 MOCIeA0BATEIbHOCTI
pemennii () He 3aBucHT OT cnocoba ammpokcuManuu Gyskmui v(t) m p(t).
VCeTaHOBIEHBI JJOCTATOYHBIE YCIOBUS, 00ECIIEIMBAIOITE CyIECTBOBAHNAE TAK OTIPe-
JIEJIEHHOTO PENIeHUsl W TIOJIy9€HO MHTErPAJIhHOE yPABHEHNE, OTNMCHIBAIOIIEE TAKOEe
penierne. AHAJIOTIIHBIE BOTPOCH /71T OOBIKHOBEHHBIX (D (dHepPEHITAIbHBIX yPaB-
HeHmii paccmarpuBamch B [1], a qa bynknnonansro-aud depernuaabHbIX ypas-
HeHMil B [2].

OTa paboTa BbInoaHEHA Ipu moaaepxkke PODI, rpanr 10-01-00356.
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O cnekrpanbHbIx cBoiictBax 3aga4du [IIrypma—JInysuiias c
caMoIo/I06HBIM BECOM KaHTOPOBCKOI'O THIIA
Buaguvmupos A. A. (BII um. A. A. Jopomuunpina PAH, Poccus)
Ileiinax U. A. (MI'Y um. M. B. Jlomonocosa, Poccust)

Ussecren [1], [2] cremyromuii dakr:

TEOPEMA 1. B cay4ae TNO0A0NHCUMEABHOCTIU CTEKMPAALHOZO TOPAIKA
D €10,1) camonodobroti 0606wénnoti nepeoobpasnot P € L2[0,1] secosoti dymx-
yuu p = P’ € W;H0,1] cuumarowan dynryua N : (0, +00) — N cobemesenmois
3HA%ERUT 2PaHUYHOT 3a0a4U

—y" = Apy =0,
y(0) =y(1) =0

umeem npu A — +00 aCUMNMOMUKY
N = AP - [s(In)) + o(1)],

2de s — HEKOMOPAA 3A6UCAULAA OM BB60PA BECA HENPEPBLEHAL NEPUOIUUECKAA
PYHKYUA.

OCHOBHOM 1eJIbIO JIOKJ/Ia/1a ABJIETCH yCTAHOBJIECHUE B CJlydae BecOBOM (yHK-
AN KAHIMOPOBCKO20 MUNG CIIEAYIOIeN XapakTepu3anuu kodd dunuenTta s:

TEOPEMA 2. Ha ce0ém nepuode [0,v] dynryua s donyckaemn npedcmasaenue

2de D — sviweyrazarnolli cnexmpasvrot nopadox gynkuyuy P, a 0 — nexomopas
YUCTNO CUHLYAAPHAA HeYOvneawas PYHKUUA.

B wactHocTH, 3T0 aBTOMaTUYeCKM O3HAYaeT CIPaBeIJINBOCTh IS BECOB pac-
CMATPUBAEMOrO KJIaCCa BHICKA3AHHOI B [3] rHmoTe3bI 0 HEHOCTOSHHOCTH (HYHKIIN
s.

Pabora mommepxkana PODIU, rpant Ne 10-01-00423.
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AcumMmnToTudyeckue cBOHCTBA pelleHUul IUKIJINIECKUX CUCTEM
aud depeHIualbHBIX yPaBHEHUNH ¢ MIPaBUJIbHO U MeJIEHHO
MEHSIIOIUMUCS HeJIUHEeHHOCTAMU
Brnanosa E. C. (Opeccknit HAMOHAIbHBII YHABEPCHTET, YKDaWHa,)

PaccmarpuBaercs cucrema anddepeHnnasbHbIX yPaBHEHHI

yi = aipi(t)piv1(yis1) (i=1,n—1),
Yp = anpn(t)e1(y1),

(1)

B xoropoit a; € {—1,1} (i = 1,n), p; : [a,w[—]0, +00[ (¢ = 1,n) — HenpepbiBHbIE
byukmm, —00 < a < w < 400, ¢; : A(YL) =]0;4+00[ (i = I,n) — HerpepriBHO
b depenrupyembie u npaBuIbHO Mensiomuecs (cu. [1]) mpu y; — Y bynkuum
LOPANKOB 0; TaKWx, 4to ||, oy # 1, rme A(Y?) — mexoTopasg OJHOCTOPOHHSS
oxpectrocTs Toukn Y, Y pasmo mubo 0, mu6o Foo.

Ilpu n = 2 acUMOTOTUYECKUE IIPECTaB/IeHIs HEKOTOPHIX KJ/IACCOB pelleHuit
TAKOI CUCTEMBI UCC/IEA0BAHbI B [2].

Pemrenne (y;)j—; cucremsr (1), 3aaHH0e Ha IpoMexRyTKe [to, w[C [a,w], Gyaem

Ha3eBaTh Py, (A1, ..., An_1)-pemennem, ecim Iy HETO COOMIONAIOTCS YCIOBUS:
.  Yi(t)yiga(t)
() € A(YD) mpu t € [to,w], limy:(¢t) =Y, lim 2224 — Ay
yi(t) € AXYD) mpm ¢ € [to,w,  limy(t) i Dy ()

roe vt =1,n—1.

Jns cucremsr (1) B caywae, xorma A; # 0, 1 = 1,n — 1, momy4uensl Heo6x01mA-
MBI€ U IOCTATOYHBIE YC0BUA CymecTBoBanmsd Py, (A1, . .., Ay_1)-pemenwnii. Takxe,
npu t T w, MOJIyYeHbl ACHMITOTHYEKHE [IPECTAB/ICHUS BUIA:

i () — B () dr 0 ecm i €7
e o) R A/ pirydrit+ el <
® jpz(r)jpl(s)ds dr
=B ! 1+ o(1)], ecrm i € 7,
@Z-H(?JH-l(t)) f{pl(T) dr

rme J={ie{l,...,n} : 1 —Njost1 #0}, I ={1,..,n}\J, l = minJ, a 8; —
HEKOTOPbIE TOYHO OIIpee/igeMble OTIIMIHBIE OT Hy/sd IOCTOSHHBIE,

B cayuasx, korga cpean A; MMeIOTCS paBHBIE HYJIIO, aHAJOTUYHOTO THIIA Pe-
3yIBTATHI HOTyIeHEl IPH HEKOTOPHIX JOIOJHATETLHBIX OTPAHNTICHATX.
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T'panunna ycroiiunBoctu no JISimyHOBY B HEKOTOPBIX KJAaccax
MOHOJPOMHBIX POCTKOB
Boponnn A. C. (Qenabunckuii rocygapcrsennpiii yaupepcurer, Poccus)
Mensenesa H. B. (Yensbunckunii rocymapcrsennsrii yausepcuret, Poccnst)

B paGore ucnoss3yercst Tepmusosiorus [1]. Onpenesenust, cBsi3aHHbIE ¢ TUa-
rpammoii Heiorona, naust B [2]. IlocTpoeHs! fBa WieHA aCUMITOTHKE IIpeoGpas3o-
BaHUA MOHOJIPOMHH BEKTOPHOI'O HOJIS C MOHOJIPOMHON 0COD0M TOYKOM, uMeronei
mmarpamMmMy HbIOTOHA, COCTOSIIIYIO M3 OHOTO WJIM JABYX YETHBIX pebep MpH yCJio-
Buu [-uHeBbIpoXKIeHHOCTH [3], a TaKyKe NPU HAJMYUM HEKOTOPHIX BBIPOXKICHUH.
IIpuBeneM 371€Ch OMH U3 MOCTIETHUX PE3Y/IBTATOB.

TEOPEMA 1. ITycmov V — eexmopHoe nose ¢ MoH0IPOMHOU 0c060T MoKl U
¢ duazpammots Hotomona, cocmosweti us deyz wemmnmz pebep £ u f ¢ noxasamens-
MU @ =m/n u&=m/n (necokpamumve Opobu), o < &, NPUYEM M HEYEMHO, N
wemmo. Ilycmo mmozounenw Fo (x,y) u Fy(z,y), coomeememeyrousue pebpam dua-
2pammo, Hotomona, ne umerom sewecmeensir npocmae muoocumenet. M nycmos
sunosnsemca ycaosue b — ma = 0, 2de (a,b) — eexmophutl Kosfduyuenm eep-
wunst, coedunaroutet pebpa £ u ¢ duazpammv. Hvromona. Tozda npeobpasosarue
monodpomuu ocobol mouxu (0,0) eexmoprozo noas V. umeem npu nodzodauwem
evbope Mpanceepcast, u, 6vmMsG MOHCEM NocAe 00PAUEHUA BPEMEHU, ACUMTITO-
muxy euda A(p) = p(1+Cp+o(p)), p— 0, 2de

+o0 3
_ Pi(£,1) (7, 1)
— o0 (0]

Yemosue b — ma = 0 o3HadYaeT, ITO B pe3y/IbTaTe PA3AYTHsI OCOOEHHOCTH,
CBsI3aHHOTO ¢ jauarpaMmoii HbioToHa, Ha BKJ/IEEHHON KPUBOM IOABJIAETCI OCObast
TOYKA THUIIA <BbIPOKAeHHOE ceyio>. Muoxecrso {C = 0} aBnserca rpanuueii
YCTOWYIMBOCTH B PACCMATPUBAEMOM KJIACCE BEKTOPHBIX TOJIEH (POCTKOB).

W3 mocTpoennsix GHoOpMysT MOTydeHBI HEKOTODBIE CIEICTBUS, WMEIOIINe OT-
HOTIEHNE K BOTIPOCY 06 aHAJIMUTHUYIECKO PA3PENIMMOCTH TTPOOIEMBI YCTONIHBOCTH
0COOBIX TOUEK BEKTOPHBIX MOJIEH Ha MJIOCKOCTH. A UMEHHO, TPUBEIEHBI TIPUMEPHI,
KOTOPBIE TOKA3BIBAIOT, YTO KO3 (UIIUEHTHI IIpeodpa30BaHus MOHOAPOMUM, 331~
IOIIMie TPAHUIIBI YCTOWYMBOCTH B KJIACCAX MOHOIPOMHBIX DOCTKOB U SIBJISTIOIIHECST
AHAJIATUIECKUMU (PYHKIUSAME OT KO3 PUITMEHTOB CTPYHW BHYTPHU KJIACCa, BOOOITE
rOBOPS HE TPOO/IKAIOTCA AHAIMTAYECKH HA TPAHUIBI KJIACCOB (M /1a’Ke MOTYT
WMETh Pa3PHIBBI), HO TIPU 3TOM MOTYT CYIIECTBOBATH TOYKH MEPECETCHUS 3aMbIKA-
HUS TPAHUIBGI YCTOWYMBOCTU W TPAHUIIBI MOHOIPOMHOTO KJjIacca. B Takmx Todrax
BO3MOYKHBI [TATOJIOTUN TPAHUIIBI YCTONYINBOCTH, XapPAaKTEP KOTOPBIX JI0 CUX TIOD He
WCCTIeTOBAH.

YHactuuno mnojagepxkano 1o rpantam POOU  10-01-00587-a u  DIII
02.740.110612.
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® yHKIIMOHAJIbHbIE NTHBAPUAHTHI POCTKOB MOJIyTUIIEPOOINYIECKUX
oTobparkeHuit

Boporun C. M. (Yensbunckunii rocymapcTsennsii yausepcnret, Poccrst)

@ommna I1. A. (Yenabunckuii rocynapcrsennsii yansepcnret, Poccnst)

Pocrok romomopdmoro orobpaxenus F : (C?,0) — C2 0) 6ymzem Hasbl-
BaTh NOAY2UNEPOOAUNECKUM, ECITH OJUH U3 €r0 MYJIbTUILINKATOPOB — €IMHUIHBII,
a apyroit — rumepGonmuaeckmit. Hampumep, capur Fy = gb 33 eIUHAYHOE BpeMs
BJ10JIb 1015t v = P! % + ya% — IOy rUmepOOTmIeCKuii.

OKAa3bIBACTCS, AHATUTHICCKAS KIACCU(DUKAIIS OTyTHIePOOTIIECKIX POCT-
kOB mMmeeT (byHKnmoHaTbEbIe Moy . C membio yrmpormenus GhOPMYIUPOBOK, MBI
OIMIIEM UX JJIs 9aCTHOTO Ciiydas (a MMEeHHO, jyia Kiaacca JF (popmasbHON SKBU-
BaJIEHTHOCTHU POCTKA Fp).

Hecnoxmo ipoBepuTh, YTO KaXKABIH POCTOK U3 F To10MOPdHOMN 3aMeHO mpu-

BOIUTCA K BALY
F i (2,y) = Fo(z,y) + (o(z"*1),0(a")), & — 0. (1)

IIycrs Fo — knacc pocrkos Buga (1). Isa pocrka m3 Fo Oymem HA3bIBATH CMPO-
20 9KEUBAAEHHBLMY, €CJTA OJUH W3 HUX MOYKHO TIEPEBECTH B JIPYTOH JIOKAJIbHOMN
zamenoii koopmunat Buna (z,y) — (z + o(z?), y + o(2?)), x — 0.

Paccmorpum kiace M, cocroamumii u3 nabopos (C, P4, ¥y, P, V), rne C €
CP, &4 u Uy (¢ m V) — mabopbl, KaXK/Iblii U3 KOTOPBIX COCTOUT w3 p (DYHKITHIA,
romomopbusx B (C?,0) (coorserctrenno, B (C,0)).

TEOPEMA 1. IIpocmpancmeo M asasemcs npocmpancmeom modyset 6 3a-
daue 0 cmpozotl anasumueckol kaaccupurayuu pocmros us Fo.

OTmernmM, 9TO:

1°. Pocroxk F wumeer rojiomop¢gHOEe LEHTPaJIbHOE MHOroo0Opasue ecjud u
ToIbKO ecnu C-KOMIIOHEHTa ero MOAyns — HysneBad. IIpu sroMm mapa
(®+(t,0), U4 (t,0)) aBaserca momynem [1] cyxenus pocrka F Ha ero
LEHTPAJIbHOE MHOr00Opas3ue.

2°. Pocrok F BruiouaeM (T. e. SIBJIsieTCsl CABUIOM 33 €JUHUYHOE BpEMsi
BJI0JIb HEKOTOPOIO LOJISL ¥) €CIM U TOJbKO eciu KOMIOHeHThl Pi, Uy
ero moaysis — Hysesbie. Ilpu srom mapa (C, @) ecrs mogysns Maprune—
Pamuca [2] coorsercrByomero nosst v (a ¥ — moxyns MeepsikoBoi—
Teccoe [3, 4] sToro mons).

Pabora mognep:kxana rpanrtamu OIIIT 02.740.110612 u PODI 10-01-00587-a.
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KBasukiaccudeckas 6miioKaansanysa U TPAHCIOPTAIUA B
HECUMMETPUYHON JABOWHON siMe
Bei6opnprii E. B. (MockOBCKHIT HHCTHTYT 3/IeKTPDOHHKH H MaTemaruku, Poccust)

I3yuaeTcss aCHMIITOTHKA BOJHOBLIX (pymKmmii onepaTopa Hy = —(hid/dx)? +
V(z) npm h — 0 Ha OCH C IIAJKUM BENIECTBEHHBIM MOTEHIIUAIOM V , MMEIOUIM
BuZ aBoMHOU simbl. IlycTts Ha ypoBHe sHeprum F kiaccumdeckast 00IaCcTh JIBUKE-
HUST SaCTHITHI COCTOUT M3 JBYX KOHEUHBIX HHTEPBAIOB. B /i2-0KpeCcTHOCTH JAHHOr0
YPOBH# SHepruu ucciaenyercs 3GdexT MexbAMHON MPaHCnopmayuy: mepemMente-
HU€ YaCTHUIBI C BEPOSITHOCTHIO, OJIM3KONW K eIWHWIE, W3 OMHOM SIMBI B APYTYIO
depe3 pazzesnsioniuil ux O6apbep. s ero peanmsarmu HEOOXOIUMO, UTOOBI CO-
OTBETCTBYIOIINE COOCTBEHHBIE COCTOsHUs omeparopa Hp Obuin 6us0kasu306aHvL
(coCcpemoToUeHsl ¢ HEHYIEBOi BEPOATHOCTHIO CPa3y B ABYX amax mpu i — 0).

W3sBecrHo [1], 94T0 /15t 3epKAIBHON CHMMETPHYHBIX ABYSIMHBIX IOTEHIINAJIOB
OuJIOKaM3as U TPaHCHOPTAIUs AefCTBATE/IbHO uMeloT MecTo. Ho dbusudecku
WHTEPECHBI U HECUMMETPUUHBIE TOTEHIMAIH! (CM., HanpuMep, B [2]). s Hekoro-
PBIX CIenUajIbHBIX IIPUMEPOB HECHUMMETPHUYHAs OMIOKaIN3aIms HAaOII0aIach B
aucsienHOM dkcrepumente [3]. B mameii pabore, ¢ ncnosb3osanuem uneit [4], nan
KpUTEpHii OMIOKAIM3ANNY M TPAHCIIOPTAIMH [T OOUINX JIBYSIMHBIX TIOTEHIINAJIOB,
a Tak»Ke PACCMOTPEHBI HOBBIE KJIACCHI IIPIMEPOB.

Bamamum Ap = \/%exp (—% S/ Vi(z) - Edm) C TIOMOIIBIO TOT0ApPhEp-

HOro muTerpana u mepuomos 1", T2 KIacCHYecKoro ABMKEHHS B ABYX fMaX Ha
yposue E.

TEOPEMA 1. 1°. Credyrouue mpu ycao6us sK6UEAAEHITIHDL:

o cOausu anepeuu E cywecmeyem 6uaoxaausosannoe cobcmeentoe
cocmoanue onepamopa Hy,

e 6 cnexmpe onepamopa Hy, 66ausu snepeuu E umeemca ,uncman-
MOHKHAA“ NAPa Mouex, Paccmoanue Mexcoy KOMOoPLLMY UMEET, 0=
padox Ay,

e 6 cnexmpaz deyz onepamopos Llpedunzepa ¢ 00MOAMIBLMU NOTEN-
yuaaamu, cocmasamowumy V (), ebausu snepeuu E umeromca
mowku Ej u B}, paccmoanue mescdy KomopoLmu umeem nopador
Ap.

2°. B ycaosuazr 1 paccmoanue mesicdy monwkamy uHCmanmonnol napw, da-
emea dopmyaot An\/1+ (EZ — EL)2/AZ (1+ O(R)).

3°. Ecau |Ef — E|/An = O(h), mo ebausu E ¢ mownocmwvio O(h) npouc-
TOOUM MEINCTAMNAA MParcnopmayus ¢ wacmomot 2y /h.

Aptop 6maromapen M. B. KapaceBy 3a mocTaHoBKy 3ajiaum u 06Cy XK I€HUS.
Pabora Beimosmena npu nogaepxke POPU, rpant 09-01-00606.
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JlokasibHas peryJjissipHOCTBb pEIIeHUii CHCTeMbl MarHUTHOM
TUAPOAUHAMUKY BOJIN3M MJIOCKOTO yJacTKa IPaHUIbI
Bamos B. A. (Canakr-Iletepbyprckmii rocyapcTBennblii yausepcuret, Poccrms)
HTunkua T. H. (Caskr-Ilerepbyprckoe oTmeseHne MaTeMATHIECKOTO HHCTHTYTA
um. B. A. Crexnosa, Poccust)

Jlok/1a/1 TIOCBSAIIEH WCC/IEIOBAHUI0 KPUTEPUEB JIOKAIBHON DEryIspHOCTH pe-
IIEHWI CUCTEMBI yPABHEHNH MAarHUTHON THAPOAMHAMUKYN BOIM3U IIJIOCKOTO YIaCT-
Ka I'PDaHUIIBI. ,HaHHaH CHUCTE€Ma OIIMChIBAET ABHUXKECHHE HpOBO,Z[HIl[eﬁ BA3KOI HECKU-
MaeMO KNIKOCTH B MalrHUTHOM IIOJIE€ B O6J'IaCTH OFpaHI/I‘{eHHOﬁ nuaeaJibHbIM IIPDO-
BOJHUKOM U MOXKET OBITH HHTEPIIPETHPOBAaHA Kak crucreMa ypasHenmii HaBbe—
CTokca, BO3MYIIIeHHAas BHENTHEN CHUIION.

B nokmame o6CyKIaioTCs Pa3/IMIHbIE YCIOBUMA, JOCTATOYHBIE /Il HEIIPEPHIB-
HocTH 10 [esTh/Iepy TOAXOISIUX CAA0BIX PENIeHNH CUCTEMBl B OKPECTHOCTH TOY-
KW, IIpAHAJJIEKAINEl IJIOCKOMY YIaCTKy I'DAHUIIBI, U IO3BOJILIONINE OIEHUTDh Xa-
ycaopd OBy Pa3MEPHOCTH MHOXKECTBA CHHTYJISIPHBIX TOUEK.

BuaaromapHocru: Dta paboTa BHIMOJIHEHA TIPU TOIIEPKKE J1abopaTo-
pum mm II. JI. YeGoimesa (Maremarnko-mexanmaecknii dakymbrer, CamkT-
Ilerepbyprekmii rocymapcersennsiit yamsepcurer), rpant 11.G34.31.0026 npasu-
TenbcTBa Poccniickoit @eneparmn.

Pasbuenune camonomobuoii pyHKImu Ha abGCOJIIOTHO HENPEPHIBHYIO U
CUHIYJISPHYIO YacTH
Taranos H. B. (MI'Y mm. M. B. Jlomonocosa, Poccust)

Paccmarpusarorcst camononobuble Henpepbisable GyHkuuu Ha orpeske [0, 1],
mopmuposanabie yeaopuamu f(0) = 0 m f(1) = 1. Yepes H o6o3nadmm MHOKE-
CTBO €caMONOAOOHBIX (DYHKIUHA, TPEJICTABUMBIX B BH/IE CyMMBbI ABYX (DyHKIMiA —
CHHIYJISPHON U a0CO/IOTHO HenpepbiBHOU: [ = faps + fsing-

YcTaHOBIIEHBI CJIEAYIONINE CBOWCTBA CAaMOTOMO0HBIX (yHKIWN Kaacca H.

TEOPEMA 1. Ecau f € H camonodobna, mo e€ abcosomuo HENpepueHas U
CUHRYAAPHAA HaCMU fabs U fsing MoOdICE camonodobusi. Ilapamempo. camonodobus
aMUT GYHKUUT MaK06bL:

1°. 0aa faps: ak, di, ck me cice, wmo u y f; wucaa Br NEPECUUMDBLEAIOMNCA
1o 3nauenuto fops(1) u no yerosuam nenpepueHocmu;

2°. 0aa fsing: Gk, dr me oice, mo uy f; c = 0; wucaa Br nepecwumoisaromes
10 3Ha%eHUI0 fsing(1) U no ycaosuam nenpepueHoCMU.
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TEOPEMA 2. Kaacc H moorcho onucamsv caedyrowum o6pazom:

H=B| [{f|f=tox+fi, fi €A},

2de B — mHooicecmeo camonodobHvs HENPEPbLEHBIT GYHKUUT 02PAHUYEHHOT 6aPU-
ayuL, a A — MHONHCECTNBO HEBLPOHCIEHHBLT CAMONOIOOHVT CUHLYAADHOLE PYHK-
n
yutl, maxuz, wmo » |dg| > 1.
k=1
TeEOPEMA 3. ITycmv [ — neswpooicoennas HenpepueHas Ccamonodobras
pynryua. Tozda seprol credyrowue YmeeprHcoerus:

n
1°. ecau Y |di| < 1, mo f abcoarommno nenpepviera;
k=1

n
2°. ecau Y |di| > 1 u f € H, mo abcoaromno HENpepuieraa 4acmo Gymx-
k=1

yuu evposrcderna, m. e. f = tox+ fsing, 20€ fsing — cuneyaapras Gymx-
yua;

n
3°. ecau Y |di| = 1, mo ycaosue f € H sKk6uBaAEHMHO MOMY, MO BCE
k=1

npeobpasosanus O (t) = dk;% UMENT, 06UWYI HENOJBUNCHYIW MOUKY
to, u ece di > 0;
n

4°. ecau Y |di| > 1, mo ycaosue f € H sxeusanrenmuo momy, 4mo sce Oy
k=1

umerm 00wy Henodeuschyto mouky to, ». dp =1, u Y. axln |Z—:| <
k=1 k=1 '
0.

Pabora Beimosimena npu noggepxke rpanta PODIT Ne 10-01-00423.

O Boamyinenunn oneparopa IllpeguHrepa y3KuM IOTEHIIAIOM
TIagprmemmm P. P. (Bamkwupcknii rocyAapCTBEHHBIH 1TE4arOrHIeCKHALT
yuusepcuret, Poccust)

Xycuynmn W. X. (Bamkupcknii rocy1apCTBEHHBIH MEJarOrMIeCKHi
yausepcuret, Poccust)

Wccnemyercs BO3MyIIeHne JUCKPETHOTO CrieKTpa onmepaTtopa IlIpeamarepa ma
0CH, OCYIIECTB/IIEMOE IOTEHIMAJIOM, 3aBUCAIUM OT JABYX MAJIbIX ITaDAMETPOB,
OJTMH W3 KOTOPBIX OMUCHIBAET JJIMHY HOCUTEJS TOTEHIHMAA, a 00paTHOoe 3Hade-
HEE€ BTOPOTO COOTBETCTBYIOT BEJIMYWHE TOTEHIWANA. YCTAHOBIEHO COOTHOIIEHWE
HA MaJible [TAPAMEeTPBhI, IIPU KOTOPOM MMEET MECTO OBOOIIEHHAs CXOAUMOCTD BO3-
MYIIEHHOTO OMEPATOPa K OMepaTopy 6€3 BO3MYIMIAIONIEro Y3KOro MOTeHIHaIa. 110~
CTPOEHBI ACHMIITOTHIECKHE PA3IOKEHUS COOCTBEHHBIX 3HAYEHMIA.

Pabora Bbimonnena npu nopgepxke rpanros POOU (09-01-00530), Ilpe-
sumenra Poccmm mys Bemymwux maywmerx mkosr (HII-6249.2010.1) w DIIII
(02.740.110612). PaGora BTOpOro aBropa nomaepkana takxke rpanrom [Ipesnmen-
ra Poccnu pyist mostogpix yuenbix—nokTopos mayk (M/I-453.2010.1).
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YucaeHHoe ycpegHeHHE B 3a/avYax (pUIbTPALU CO CBOGOSHBIMU
rpasuaMu
Tanpnes O. B. (Bearopoackwmii rocygapcrsennsiii yaupepcuret, Poccns)
Metipmanos A. M. (Besropoackuii rocygapcrsensbiii yauupepcurer, Poccus)

Hacrosamuit moksiax MOCBANIEH WCCIETOBAHUIO HeycToMumBoCcTH Pejes—
Teitopa Ipu ABUKEHUH OBYX BA3KIX HECXKUMAEMBIX HECMEIIUBAIOIIUXCH YKIAIKO-
creil pa3/InIHON IUIOTHOCTH, PA3/IEJIeHHBIX CBOOOIHON TOBEPXHOCTHIO. DTa 331342
UMeeT BasKHOE TEOPETHUECKOe U IIPAKTUIeCKoe 3HaueHne [1], Kak B KJIaCCHIeCKOH,
TaK ¥ B IOA3eMHOU ImapoamHaMuKe. Eciam nuHaMmKa KHUIKOCTEH ONHCHIBAETCH
cucremoii ypaaenuii CTOKCa, TO CyIIeCTBOBAHUE €MHCTBEHHOIO KJIACCUYIECKOIO
penterus (T. €. PENIEHUST C TJIAIKOW MTOBEPXHOCTHIO PA3/IENIa) B IEJIOM M0 BPEMEHH
OBbLIO yCTAHOBJIEHO B [2]. B Teopun dusbrpanuyu aHasorndHas 3a/ada Ha3bIBaeT-
ca 3adaveti Mackema u B CBOEll KJIACCUYECKOI IOCTAHOBKE COCTOUT U3 YPABHEHU
dunbrpannu Japcu B Kaxm0it u3 o0acTeil, 3aHATHIX OJHOPOIHOMN KUIKOCTHIO,
¥ CTAaHIAPTHBIX YCJIOBHIl Ha MOBEPXHOCTH KOHTAKTHOI'O pa3phiBa. EcTecTBeHHBIM
obpa3oMm ompeessercs 06o0mentoe pemenne 3amadn Mackera. Bompoc o cyme-
CTBOBAHMM KJIACCUYECKOTO JIMO0 0GOOIIEeHHOro pemenus: (B [eJ0M IO BPEMEHH)
0CTaeTCd OTKPBITBIM ZI0 HACTOAIIEro BpeMeru. Mbl IpesjiaraeM CTpOroe OIUCaHue
IBUKEHUS ABYX HECMENIUBAIONINXCH KUIKOCTEH B IIOPUCTHIX CPeIax KaK Pe3yJib-
TaT YCPEIHEHUs] TOYHOW MWKPOCKOIMYIECKON Mojenu. B 3Toi Momenm TuHAMUKA
JKUOKOCTEH OIMUCHIBAETCH crucTemoit ypasHeHuii CTOKCa, a JWHAMHUKA YIPYTOTO
cKejieTa — cucTeMoil ypasuenuii Jlame. PopmasibHOE yCpeqHEHNE MOIEIN Ay ab-
COJIIOTHO TBEPIOro CKeJeTa MpuBoauT K 3amade Mackera. Hedopmamsmoe ycpen-
HEHWE STO MOJIEH BBI3bIBAET HEMTPEOJOIUMBIE (/10 HACTOAMIErO BPEMEHH) TPYIHO-
CTH, B TO BPEMd KaK y9IeT yIPYTUX CBOMCTB TBEPIOrO CKEJIETA II03BOJILET CTPOTO
BBIBECTH HOBYIO KOPDEKTHYIO (hEHOMEHOJIOTMYECKYIO MOE/h, KOTOPYIO HA30BeM
3amaqeit Mackera mis Basko-ynpyroilt dwmabrpamuu [3]. Uucrernoe momenmpo-
BaHUE TOYHON MHUKDPOCKOIIMYECKON MOEN [JIsi PA3JIHMYIHBIX CTPYKTYD IIOPOBOrO
MPOCTPAHCTBA [TOKA3BIBAET, UTO B YCPEIHEHHOM MOIEN st aOCOIIOTHO TBEPIOTO
CKeJIeTa TIPOUCXO/IUT MepeMelenne 60see TIKeJI0N KUIKOCTH BHU3 B PE3yIbTaTe
nepeMemuBanud kujakocreil. To ecrb BMeCTO CBODOMHON I'paHUIBI HAOIIOIAETCS
3oma mepemenmmBanusa (mushy region). Ecim ke yumrbBaTh ynpyrume cBO#CTBa
TBEPIOTO CKeJleTa, TO TepeMelenre 0oJiee TIKeI0M KUTKOCTA BHU3 MTPOUCXOTUT
Ipu HaIMIUH CBOOOIHON OBEPXHOCTH (KIACCHYECKOE PEIIEHHE), ITO 00yCI0BICHO
CYIIECTBEHHBIM BiMsSHUEM K03 dUIMeHTa yIpyrocTu TBepaoro ckesiera. Iloce-
JIOIIe IMCIEHHBIE SKCIIEPUMEHTHI TTOKA3aJ 1, YTO MPYU MAaJIbIX 3HAYEHUSTX KO3D-
dumenTa yupyroctu u O60IbIINX 3HAUEHUAX OTHONIEHUS TSKEJION KUIKOCTH K
JIETKO# mepexonuoii ¢da3er He HabMIOMaeTCa (TIpM 33JAHHOM Pa3MEpe TIOp), W CaM
nporecc GpuIbTpanuu CymecTBEHHO 3aMeisaercd. A Ipu yBeJIudeHurn pa3Mepa
[IOp IE€pPeMENINBAHNE KUIKOCTeH OyaeT IPOUCXOAUTh ObICTDee.

Pabora Bemosmena B pamkax PIIIT «Haywmbsle u Hay9HO-IIeJArOTHIECKHE
Kaapel wWHHOBANMOHHONW Poccmm> wa  2009-2013 rompt  (TOCKOHTPAKT
Ne 02.740.11.0613).
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OueHKH Jisi OTpULlATEeJIbHBIX COOCTBEHHBIX 3HAYE€HUN oreparopa
IIIpeaunrepa ¢ 6bICTPOYOBIBAIOIINM MOTEHIINAIOM
Teitan B. JI. (MI'Y um. M. B. Jlomonocosa, Poccwust)

IIycrts L — omeparop IIpemunrepa s mpocrpancrse L2 (0, 00):
iy) = —y"(@) +q(@)y(x), 2 €[0,00), (1)
¢ 001acThIo

Dom(L) = {y € L*(R"):  y(0)=0, .,y € AC[0,00], Ly € L*(R7)}.
Cunraem, aro moreruuan g — 6uicTpoyGuBalomuit, . e. [ (1 + z)|g(z)|dz < oco.
0

Ussectno [1], aro omeparop L camocompsixén, ero ciekrp cocrour u3 R u xo-
HeIHOTO (OBITH MOYXKET, TyCTOTO) MHOYKECTBA OTPHUIATETHHBIX COOCTBEHHBIX 3HA-
YEHUIA.

Paccmorpum Takzxke 3amaay Pemxe [2]:

—y" +q(z)y = Ny,
y(0) =0, v'(a) —iry(a) =0.

Yepes ¢q(x) obosnaumm Gynknmio, koropas conagaer ¢ ¢(z) upu x € [0,a], a
TIpU T > a TIPOJ0JIZKEeHA HYJIeM.

(2)

TEOPEMA 1. ITycmo nomenyuan g npunadaescum L (RT), npurem (& nop-
me L) swnosneno ||¢ — galloo — 0 npu a — oco. IIyecmv onepamop L umeem
N OMPUYATNEALHUT cOOCMEERHUT 3HaveRul { ik f ey, 3AHYMEDOBAHHUT 6 NOPA]-
ke eospacmanus ¢ ywemom xpammocmu. ITyems {Ai(a)}i, — ompuyamenvroie
cobemeennbie 3nauenus 3adawu Pedoce, 3anymeposannvie maxum sice 00pasom.
Tozda npu ecex docmamouno GoALWUT 4 UMEEM M = N, U CNPAEEIAUEDHL OUEHKY

Wk_)‘i(a”guq—qa”oo; ]C:].,Q,...,’I’L.

TEOPEMA 2. ITycmo nomewyuan q npunadaexcum L*(RT) u onepamop L
UMEEM N OMPUYUAMEALHUL COOCMEEHHHT 3Hauenul {fk e, 3GHYMEPOBAHHDLT
6 nopadke cospacmanus ¢ yuemom kpamnocmu. ITycmo {A\3(a)}r, — ompuuya-
meavuse cobcmeenmvie 3navenud 3adawu Pedoice, 3anymeposarnvie makum orce
o6pasom. Tozda npu 6cex docmamouno GOALWULT 4 UMEEM M = N, U CNPAGEOAUBDL
OUEHKY

Ik —Ai(@)] <Cllg = gallz,  k=1,2,...,n,

2de nocmoannas C 3a8ucum moavko om nomeryuana q.

Joknam ocHoBaH Ha coBmecTHOR padbore ¢ mpod. A. A. Illka/mKoBbIM.
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O ¢dyKcoBoii peayKIuy HeJIMHENHBIX Aud depeHIualIbHbIX ypaBHEHUH
Tony6esa B. A. (Mockosckuii aBuaumonnptii uacruryt, Poccust)

B nmocnenmme necstuieTnst TpoONIIOTO CTOIETUS B TEOPUN yPABHEHUN B 9aCT-
HBIX TTPUIOKEHWAX BO3HUK HOBBIN METOJ UCCAEIOBAHNS OCOOEHHOCTEH W TIOCTPO-
€HAA ACUMITOTHYECKHUX PA3JIOKEHUU pelleHUll HeJIWHEHHBbIX YPaBHEHUN, Ha3BaH-
HBIH MeTOOM (DYKCOBOH PEyKIMU. DTOT METOJ, HALIE] MHOTOYUCJ/IEHHBIE TIPUIO-
JKEHUs B PA3/IMYHBIX pa3eIaX MaTeMaTUKH, KaK, HAPUMED, B TEOPUN (PYKCOBBIX
HAYAJIPHBIX ¥ TPAHUYIHBIX 33,129 B TpocTpancTBax CobosieBa, S/IINITHIECKUX Tpa-
HUYHBIX 337189, a TAKKe B MHOTOYNCIEHHBIX MIPUJIOKEHUAX: AaCTPOHOMUH, O0IIeit
TEOPUM OTHOCUTETHbHOCTY, TEOPUHU HEJIUHEHHBIX BOJIH, B YACTHOCTH, B TEOPUU CO-
JINTOHOB H JIp.

Mertozn dbykcoBO#l pemyKmuu I03BOISET HOIy4YaTh (OPMAJIbHBIE U ACMIITOTH-
YeCKUe pelIeHnsl MHTErPUPYEMBIX YPABHEHWI B YaCTHBIX TTPOU3BOIHBIX. BrpaTie
9TOT METOJ COCTOUT B IPEICTABJICHUN PENICHUs] HEJIMHEHHOTO YPABHEHUsI B BUJIE
u = s+T™v, Tae s 3anana B aBHOM Buze u cunrysaapua upu 1 = 0 (T urpaer posb
dbyxcosoit mepemennoit), GyHKIMS v OMpEAENAET PErYIIPHYIO 9aCTh u. PemxyKins
COCTOWMT B TIpe0Opa30BaHWM ypaBHEHUS B YaCTHBIX MpOom3BOmHBIX F'(u) = 0 ¢ mo-
MOIIBIO 3aMEHBI HEU3BECTHOM (DyHKIMHU 1 nepeMeHnbix K Buny Lv = f(v), npuaem
JIOJTKHBI OBITH BBITIOJTHEHBI CJIEIYIOIINE YCJIOBHS:

1°. moxuo BBeCTH Iepemennbie (T, x1, ...) Tak, aro T = 0 eCTh CUHTYISPHOE
MHOKECTBO;

2°. omepatop L mMacmTabHO WHBApWUAHTEH B HampasiaeHnn 1

3°. dyskmua [ ,mama“ mpu T, cTpemMAmeMcs K HYJIO;

4°. orpaHWYEHHBbIE DEIIEHWs U PEAYIUPOBAHHOIO YPABHEHUS OMPEIE/IAIOT
CHHTYASpHYIO QyHKIWIO u ¢ ocobernnocTssmu ipn T = 0.

IIpaBast 9aCTh MOYKET COIEPYKATh IPOU3BOAHBIE v. Iloc/ie peayKIwm K CrcTeMe Tep-
BOTO TIOAZIKA ypaBHEHHe MoxkeT ObrTh 3ammcano B suze (15 + A)w = f(T,w),
re mpaBagd 9acTh obpamaerca B Hy b 1pu 1 = (0. YpaBHeHHE TAKOro BH/1a HA3bI-
Baercd ,,pykcoBbim“. DYKCOB KJIACC WHBAPUAHTEH OTHOCUTEIHHO DPEIYKIUUA TTPU
JIOBOJIBHO 0bOmux ycsoBusax g f u A.

B noxkitaze paccmarpuBaiorcs npuMepbl GyKCOBbIX PeAyKUIUN, H03BOJILIOIIE
3aMEHUTH TIOVCK TPUOJIMKEHHBIX PENIeHUH 33 JaHHOT0 MOJIeJIbHOTO YPABHEHWUS 10~
HMCKOM TOYHOT'O PenieHus IPUBIIMKEeHHON MOIesIn.

K onTumMunsanuu yckopeHusi BI3KOyIPYroro reJa
T'ony6arankos A. H. (MockoBckmii rocyaapctBennsiii yausepcuret, Poccns)

IIpobsrema yckopeHnst MATKUX 000JI0EK, B 9aCTHOCTH C 00PA30BAHNEM KYMY-
JIATUBHBIX CTPYH, MCC/Ie0BAIACh MHOTMMU aBTOpAaMH. B mociesmee Bpemst OBLIT
JOCTUIHYT IIPOIPecc B ODecrieueHu: yCTONYHMBOCTH [ABUKEHUH TOHKON 000JIOUKH
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3a CUeT ydeTa OCTATOTHOH (IOCse JMedCTBUS yJapHOW HATPY3KHW) YIPYTOCTH Ma-
repuasa [1]. IIpencraBisier mATEpPEC MPOBEIEHUE IHEPreTUYIECKONH ONTHMU3AIUN
YCKODEHMUST TeJIa KOHEYHBIX PA3MepOB MOAXOISIINM PACIPEIeIeHIeM TOBEPXHOCT-
HBIX CHJI, & TaKyK€ MCCJIeJOBAHME YCTONIMBOCTH ONTHMAJILHOIO DENIeHHs TAKOMI
3agaun. VCHoap3yercs MOJe/b HECKHUMAEMOro OJHOPOIHOIO BA3KOYIPYIOro Te-
ma Qoiirra. 3amaHbl Macca TeJsa, MJIOTHOCTH, BpeMs ABUKeHUs, Ko3ddurpent
nonepedHoro obxkarus k u mpuobperaemsrit uMmirysbe. [lnoTHoCTs AUCCHIAIIT —
kBagpaTwaHaa HOpMa OT KOMIOHET CKopoctr medopManun (wmm obas riaaKkas
BBITlyKJ1ast (DyHKIMs ), & 9aCTh yAeJIbHON BHYTPEHHEH SHEPTUH, BXOAAIAA B yPaB-
HEHIe XKWUBBIX CHJI, — IIPOU3BOJIbHAS (DYHKINS JIATPAHKEBBIX KOMIIOHEHT MEeTDH-
YeCKOI'0 TE€H30Da, BBIIYKJas 110 AucTopcud. 1pebyercs MUHUMU3UPOBATH CYMMY
paboTHI TOBEPXHOCTHBIX CUJI M SHEPTUH BO3MOYKHOIO HAYAJIHLHOTO yaapa.

B urTerpaspHoe ypaBHeHNe KMHETUYIECKOH SHEPTUY, 3aIIMCAHHOE B KOHEIHBIH
MOMEHT, BXOJUT UHTErPaJI 110 BPEMEHH OT JUCCULIAIH, KOTOPbI MUHUMUABHPYETCS
HE3ABUCHMO. DTO TMPUBOINUT K JBIIKEHUIO C OJHOPOAHOM Igedopmarimeil, mpudeM
0CECUMMETPUTHOMY, CTAIMOHAPDHOMY U IIOTEHIINAJIBHOMY II0 CKOPOCTH, YITO COB-
MecTHO ¢ auddepeHnnaybHBIME YPABHEHUAMY JBUKEHUS, KOTODbIE, B JIAHHOM
CIydae, CBOASTCS K YPABHEHUSIM MAEATLHOM KMIKOCTH U OMIPEIEISIOT TOJIBKO Pac-
npejieieHre TaBiIeHus. Kpome 3Toro, ocTaeTcs emre ogHa IPON3BOJIbHAS (DYHKITHST
0T BpEMeHH, BHIOOD KOTOPOIl LI03BOJISET HOJIHOCTHIO OLIPE/IE/INTD [IBUKEHNE MaTe-
pHaJia ¥ BBIYUCIUTH SHEPUIO HAYAJIBLHOTO yaapa, obs3aTeasrHo HeHysaeByo. lasee
MUHAMA3UPYETCsS KOHEeYHAs KUHETUIeCKas SHEPIHs, 9TO IPUBOANUT K HAYAIHHON
dopme Tesna B BUIE CIUIIOIEHHOIO S/IJMIICON/A BPAIIEHUS ¢ COOTHOIIEHUEM I1PO-
JOJTBHOM U TIoTepeuHoit oceit k° /2 (06brano k ~ 1/2), T. e. meiicTBUTEHHO OTHO-
CHTE/IbHO TOHKOTO.

TTosyuennsbtil pe3ysbrar 103BOJIET IPOBOJUTH CPABHEHUE C JABHKEHUEM TeJl
apyrux dopm. OueHs 6M3KMH pe3yabTAT JAET ONTUMMU3ANUS B KJIACCE MPIMBIX
KPYIOBBIX IM/IMHIPOB, YCKOPEHHE KOTOPBIX MOXKET OBITh 0OecredeHo aefdcTBHEM
HOPMaJIbHOP HAarpy3ku. B paMKax MOIeIH HAEaJIbHON KUJIKOCTH HCCJIeI0BaHA
B JIMHEHHOM MPUOIMKEHNN YCTONYMBOCTD JBUKEHHUS ONTHMAILHOTO IMJIMHIPA,
9TO yKa3blBaeT Ha YKe HAYAIbHYI0 HEyCTOMYHUBOCTD B BHJIE BHIOPOCA KyMYJISTUB-
HBIX CTPYil, 38 CYET HAJIUYHMSA MAJIOr0 3HAMEHATE s, CBA3AHHOIO ¢ KyOOM OTHOLIe-
Hus pa3mepoB. OOCYXKIAeTCI TaKKe BO3MOKHOE HEOAHOPOAHOE (KBAIPATHIHOE
[0 JIATPAHKEBBIM TEPEMEHHBIM) DPACIPEIEIEHNE YIPYTUX CBOHCTB CPEIbl M HMX
B/IMZHEE HA yCTOMYMBOCTH. AHAJIOIMYHbIE Pe3y/IbTaTbl [I0JIy9al0oTCd U B TeOpUn
BA3KOYIpyrocTu Maxkcsesia.

Pabora Bemosmmena npu dunrancosoii moggepxkke POOU (mpoexts 11-01-
00051, 11-01-00188).

Cnucok JauTeparypsbl

[1] Toaybsmunuxos A. H., 3onenxo C. H., Yepnuti I. I'. Hosble MOaen 060JI04U€K, METAEMBIX
B3peiBoM // Ilpuknannas maremaruka u Mexanuka. 2007. T. 71. Beim. 5. ¢. 727-743.
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O6 aHaMTUYECKUX pelneHudaX aud pepeHnaabHbIX YPaBHEHU B
6aHaxoBOM MIPOCTPAHCTBE HAJ[ HEAPXUMEIOBbIM M10JI€M
TI'opbauyk B. M. (Hammonanprsrii rexamaecknii yausepcurer KIIN, Ykpanna)

PaccmarpuBaeTca ypaBHeHHe BHIA

YN = Ay(N) = f(N), (1)

rae A —3aMKHYTBHI JHHEHHBIH omepaTop B 0GAHAXOBOM IIPOCTPAHCTBE B HAT
mosieM §) KOMILIEKCHBIX p-afuaecKux aucest, f(A\) — JOKaaIbHO AHATMTHIECKAS B
OKPECTHOCTH HyJ/Id ‘B-3HavUHAS BEKTOP-DYyHKIII.

TlokaseiBaercst, 9T0 ecim omepatop A mMmeeT OOpATHBIN, OIpemeI€HHBII HA
BCceM ‘B, a BeKTOp-QYyHKIUS

FO) =D baA", by €3,
n=0

ABJIAETCH aHAIUTUIeCKOU B oTKpbiToM Kpyre D(0,77 ) ={A € Q: [\, <r} ¢
r>s/m(ATY, s(ATY = lim VA7,
n— oo

(]|p —HOpMa B ), TO CYIIECTBYET JIOKAJIHHO AHAJMTUYECKOE B OKPECTHOCTH HYJIS
penrenne ypasraennd (1); maercsa onmcaHme BCeX TaKWX pemenunii. B ciy4ae, korma
BekTOp-pyrkma f(A) nemad, cymecrsyer enuHCTBEHHOE penteHune ypasraenns (1)
B KJIACCE LEJIBIX B-3HAYHBIX BEKTOP-QYHKIMWI. DTO perrenne gaercss hopMyaoi

yA) = = D AT ROy = Y e,
n=0 n=0

re

. = (mk +n)! — (k1)
Cpn = — Z TA bmk+n-
k=0

JlokasbiBaercs Takxke, 410 3aja4a Koum
®) () — _
vy’ 0)=y€B, k=0,1,....m—1, (2)
HMMeeT €IMHCTBEHHOE PENIEHKE B KJIACCe JIOKAJIbHO AHAJUTUIECKUX B HYJIE BEKTOD-

$yHKIHMiT TOTA W TOJIBKO TOTAA, KOTIA
oo
ax = Yk — Z A=(FD pmaER) e — 01, m— 1,
n=0
— IIeJIble BEKTOPblI KCIOHEHIMAILHOTO THIA oreparopa A, T. e. Jyid KaxKJ0ro
k=0,1,....m—1

Ja = a(k), e = c(k,a), Vn € NU{O} i 1A% ak]| < ea™.

Bosee Toro, ecim omeparop A menpepbiBeH, To 3ama9a Kommu (1)—(2) omrosnawmo
paspemnma B KJIaCCe JIOKAJIHHO AHATUTHIECKUX BEKTOP-(hYHKITHHN IPH JTIO0BIX Y €
B, k=0,1,...,m— 1.
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Hedopmanbusbie pemenusa O1Y
TI'oprouknna U. B. (UacturyT npukaagaoi maremarnkn um. M. B. Kegapima
PAH, Poccns)

Paccmorpum obbikHOBeHHOE Mud depeHnmaIbHoe ypaBHEHME

f(x’y7 y,7""y(n>) :O’ (1)

roe f(z,y,9,..., y(”)) — MHOTOYJIEH CBOMX NepeMeHHbIX. llycts mpm |z] — 0
(arg(x) orpanmaen ¢ aByx cropon) ypasuenue (1) umeer dbopmanbHOe pemenue

y:chxs, se K CC, (2)

re

K= {So + mir1 + mare, mi,mo € Z, m1 + mg > 0, mi,ma > 0},
so € C\Q, m1 = (Ru, (1,80)), r2 = (Rz, (1,50)), R1 = (a1, B1), R2 = (a2, B2),
Ri, Ry € 72, Res > Reso, nokasareau CTeleHd s yHOPSJOUYEHbI 110 POCTY Be-

IIECTBEHHBIX YACTeH, Cs — KOMILIEKCHBIE TTocTOosTHHBIE. CestaeM B ypaBHEHUN (1)
3aMeHy 3aBUCHMON MepPEeMEeHHO

Sm
y= z csx’ + u, (3)
s=s0
rae m € Z4, Re(sm —s0) > n, s u cs w3 Gopmyisr (2); OCIE KOTOPOt OHO TPUMET
BUT
def / (n)y _
fo_[’(x)u+g(x7u7ua"'7u )_05 (4)
rae L(x) — muneitabiit quddepennpanbablil oneparop Buaa

= d'u
L(z) =az" Zaml ——»
— dx

L(z) #0, v € C, a; — KOMILIEKCHBIE TTOCTOSHHBIE; (DYHKIHS § MOXKET COAEPKATDH

m
0 d
blxv1+m e ®%

. U
ymHeiHbe M0 U, v, . .., u'™ wieHsr Buma ¢ Revi > Rew, v1 € C,

0<m < n,b) = const € C, mermueitnsie o u, v, . .. ,u"™) u 3aBHCAIME TOIBKO OT
x anenst. Ilycts B 3amene (3) Re sm > Re i, e A;, @ = 1,...,n, 310 cobcTBEHHEBIE
3uauenus oneparopa L(z), rorga ypasraenue (4) umeer dhopMasbHOE perieHue

U= chxs, (5)

rae Res > Resm41 > n, Resm+1 > Re A, s € K, ¢s —ogno3HaqHo orpegesieH-
HBbIe KOMIIJIEKCHBIE TIOCTOSHHBIE.

TEOPEMA 1. Ecau 6 ypasnenuu (4), xomopoe noayuwaemca us ypacrenud (1)
nocae samendvs nepemernot (3), nopadox cmapwed npouseodnot ¢ L(x)u pasen
nopadxy cmapwed npoussodnol 6 cymme fo, mozda pad (5) crodumces daa do-
CMAmMoOYHo MaAWT |T|.

Teopema 1 —wacrubit ciayqait Teopemst 3.4 [1], cdhopmymmposannoii 6e3 no-
Ka3aTesqbCTBA. J[0KAa3aTeIbCTBO B CJIydae PAIMOHAIBHBIX [TOKA3aTeseil CTerneHn
omy6smmkoBano B [2]. Joka3aTesbCTBO TEOPEMBI 1 MOXKHO 0GOOIIATH /TSI TEOPEMBI
3.4 [1].
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O TomnoJsioruveckoii kjaccudukauuu auddpeomMoppusMoB Ha
3-mMHOroo6pasusix ¢ NOBEPXHOCTHBIMH [JBYMEPHbLIMU ATTPAKTOPAMHU U
pernesuiepamu
I'punec B. 3. (Huxeropoackuii rocyzapcrsenspiii yuupepcurer um. H.I.
Jloba4esckoro, Poccust)

Jlepuenko FO. A. (HuzkeropoJckas rocynapCTBEHHAS CETbCKOXO3AHCTBEHHA
axaznemust, Poccus)

Paccmarpusatorca  muddeomopdusmbl, yaoiaerBopsonme akcuome A
C. Cwmeitma (A-muddeomopdusnmer), Tpexmeproro MHOT006pasus M3 B mpesrmo-
JIOYKEHWH, ITO HeO/IyZKJaomnee MHOXKeCTBO auddeoMopdu3MoB COCTOUT U3 00b-
€IVHEHUA ITIOBEPXHOCTHBIX IBYMEPHBIX 6a3HCHbIX MHOXKECTB. ECHI/I B ABJIAEeTCA
JBYMEPHBIM 0a3MCHBIM MHOXKeCTBOM A-mmnddeomopdusma f, 3agaHHOTO HA 3a-
MKHyTOM 3-MHOTOGpasuu M?>, To cormacuo [1] (reopema 3), B apasercsa sm6o
arrpakTopom, ymbo peresurepom. B [2] ycramosieno, 9To 1060€ MOBEPXHOCTHOE
BYMepHOe Da3MCHOe MHOYKECTBO SIBJISIETCS 00heTNHEHNEM KOHEYHOTO YHMCIIa MHO-
roobpaswii, KayK0€e U3 KOTOPHIX TOMEeOMOP(HO ABYMEPHOMY TOPY, DY IHO BJIOXKEH-
HoMy B M3, a orpanmuenue nekoropoii crenenu muddeomopdusma f Ha Hecyuiee
MHOT006pa3Me COMPSIKEHO € TUIepOoImaecknM aBToMopdusmom Topa. B [3] moka-
3aHO, UTO ecm Heb/Iyxkaaomee MHOKeCTBO A-muddeomopdusma f : M> — M3
COCTOUT U3 ABYMEPHDBIX IIOBEPXHOCTHBLIX 633HCHBIX MHO2KECTB, TO ]\43 ABJjIdeTCd JI0-
KaJIbHO TPUBHMAJIBLHBIM PACCIOEHNEM HAT OKPYKHOCTHIO CO CJI0€M FOMeOMOPGHBIM

IBYMEPHOMY TODY.

k
Tonoxxum A = |J Ai, R = | Ri. U3 [1] crenyer, uro mus mo6oit Toukn
i=1 i=1

z € A (z € R) ognomepnoe Heycroiiuusoe (ycroiiumsoe) muoroobpasume W*(z)
(W?(2)) upunaynexur A (R). C apyroii croponsl, ycroidusble MHOr00Gpasus

W*(2), z € A zamator mBymepnoe citoerue N° = |J W*(z) na M?\ R, a neycroii-
z€EA
quBbIe IABYMEpHBbIE MHOrooOpasus W%(z), z € R 3amaioT JByMepHOE CJIOeHWe
N* = |J W"(2) ma M3\ A.
zZER
B macrosmeit pabore paccmarpuBaercsa kinacc G A-muddeomopdusmon Ha

M 3, YZI0BJIETBOPAIONINAX CJIEAYIOIHUM YCJIOBHAAM:

1°. mebayxmaromee MEOXKeCTBO muddeomopdusma f € G cocront 3 00b-
€/IMHEHNs CBA3HBIX [MOBEPXHOCTHBIX JABYMEPHBIX aTTPAKTOPOB M PeEreJ-
JIEPOB;

2°. nBymepmble cnoerns N° m N* mepecekaioTcss TPAaHCBEPCAIBHO TI0 OTHO-
mepromy cnoenuio N°* = N° N N oupenenennomy ma Ms \ (AU R),
TAKOMYy, 9TO KarK/as KOMIIOHEHTa CBA3HOCTH Jiro6oro ciost u3 N ectb
OTKDBITasl JIyTa, UMEoas POBHO /IB€ TPAHWIHBIE TOYKHU OHA W3 KOTO-
poix npuHaexur A, a apyras R.
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B moksame mostydeHa mosIHast TOMOIOTHYeCcKast Kiaaccudukanms quddeomop-
dusmos u3 kaacca G.

Pa6oTa BhIOTHEHA TTpM YacTHYIHOM Tomep:xkke PODU, rpant Ne 11-01-00730,
u rpaHTa IpasuTeascTBa Poccuiickoit Pemeparmu Ne 11.G34.31.0039.
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O Mmepax ckopoctu aedopManuy rpaHul o, JeiicTBUEM
JAVMHAMUYECKUX CHUCTEM
Iypesua B. M. (Mockoscknii rocymapcrsennstii yausepeuret, Hacturyt
npobsem nepegaan nagopmaunu PAH, Poccns)
Kowmeu C. A. (HuctutyTt npobaem nepenaan magopmarnun PAH, Poccust)

Paccmorpum quramuaeckyio cucremy (X, f, 1), toe f — romeomopdusm Kom-
TMAKTHOTO METPUYECKOTO TIPOCTPAHCTBA X, COXPAHAIOMNN GOPETEBCKYIO0 BEPOST-
HOCTHYIO Mepy p. s Beakoro muoxkectBa Y C X o6osmaanm wepe3 U (Y) ero
g-okpectHoCcTh. Ilycts B(z,7) C X — map pamuyca r ¢ HEHTPOM B TOYIKE I.
AcmmnroTuky mpm n — oo m € — 0 OTHOMEHUSA

L (U B@e) 1, pU(f"Br.<)
n ==In (1)
n p(frB(z,e)) n n(B(z,¢))
MOXKHO PACCMaTPUBATH KaK JIOKAJbHYIO JOTapu(dMUIeCKy0 CKOPOCTh aedopma-
1y rpaHuIpl obnactu B (aszoBoM mpocrpaHcTBe cuctembl (X, f, p). Herpusu-
aJbHAag ACUMIITOTHKA, BO3MOXKHA, OHAKO, JIMNIb B CJIYy9Iae, KOTJA 1 U € CBA3AHBI
COOTHOIIEHHEM
n =n(e) = o(ln(e)). (2)
IIpu BHIIOTHEHWH 3TOTO YCJAOBUSA YIAETCS JOKA3aTh, ITO Il HEKOTOPBIX CHMBO-
JINIECKUX JUHAMUYIECKAX CUCTEM (CABUIOB HA WHBAPHAHTHBIX KOMIAKTHBIX IIOJI-
MHOYKECTBAX MPOCTPAHCTB MOC/IEA0BATEIHHOCTEH) W TPOU3BOIHHBIX PTOIUICCKUX
mep u Beipakenue (1) cxomurea (mpm ¢ — 0) k sarpormm h(f, u). Ilepsbiii pe-
3yJIbTAT TAKOrO POJA, MOJIy<ueHHbIH B [1] mia Tononormyecknx casuros Mapkosa,
JTOTTyCKaeT 0600IIeHne Ha KJIacC CHHXPOHM30BAHHBIX CUCTEM, BBEICHHBIH B paboTe
[2]. DTOT KMACC COmEPKUT HE TONMBKO TOMOIOTIIecCKHe casuru Mapkosa, HO B Tak
HasbiBaemble coduaeckue cucremsl (cm. [3]).

s rnagkux cucrem (auddeomopdu3MoB puMaHOBBIX MHOTOOGpa3mii) O
u B (1) ecTecTBeHHO TIOHMMATDH TaKKe PUMAHOB 00beM vol. Jna aBromopdusmos
n-mepuoro Topa (korma vol — naBapuanTHag Mepa) B [4] GbLia ycraHoBIEHA CXO-
mumocTh (1) K 9HTpONMHE BO BCEX TOYKAX MHOrooOpasus. XoTa B 00mieil curtyanumn
pPUMaHOB 00bEM He MHBAPUAHTEH OTHOCUTENBHO f, OKA3BIBAETCS, UTO, TI0 KpaiHei
mepe g guddeomopdusmos Anocosa, ornomenue B upasoil wacru (1) cxoqurcs
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(npu BbInOSIHEHNH yCiI0BUs (2)) K CyMMe HOJIOXKUTEIbHBIX oKa3aTeseil JIsmyHo-
Ba, OTBEYAONINX IIPOU3BOIbHON HMHBAPUAHTHOM 3ProAudecKO Mepe, II0YTH BCIOLY
0 9TOU Mepe.

Crucok Jureparypsl
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Komew C. DHTPONHA U CKOPOCTb YCJOXKHEHHsI TPAHUIl B MMIEPOOJNIECKUX cUcTeMax//
Tpyasl 27 koHdepeHIUH MOJOABIX ydeHbIx Mexmara MIY wum. M. B. Jlomonocosa.
Mocksa, 2005. C. 76-80.

[4

AcumMmnrorudeckue cBOMCTBa pellleHUN JIMHeapu30BAHHBLIX ypPaBHEHUN
JIBUXKEeHUs cJ1abo cXKMMaeMoil 6apoTpOITHOi cpebl
I'yces H. A. (Mockosckuii ¢pusuxo—rexungeckuii nuacruryt, Poccns)

PaccmoTrpum c1abo cxxmMaeMyto 6apOTPOITHYIO CIJIONTHYIO CPETy C yPaBHEHH-
eM cocTogamst 9 = Qo + (P — Dref), TJ€ 0 — IUIOTHOCTH, P — Jasienue, « > 0 —
xospuvuenm (Paxmop) corcumaemocmu [1], go > 0, pret = const. Ilyers D C R?
— orpaHmdeHHas 00JIacThb C KycodHo-Tyankoil rpamuneit, d € N, d > 2, T > 0.
JIuneapusamus ypasaennii HaBbe—Crokca B mumuape D X (0,7") B6/m3u npons-
BOJIBHOTO COCTOSTHAS € MOCTOSTHHOM TJIOTHOCTRIO (0 = 00) ISl TAKOH CPEIBl MMEET
BH/I

pt — (b, V)p+cp+divu = o,
us +Vp=—Au+ pf +s, (1)
p = ap,
rae
—Au =vAu+ kVdivu — (a,V)u+ Mu,

b,u,f,s,a: D x (0,T) — R* — sexropusie nous, p,c,o,p: D x (0,T) — R —
cxasapubie nons, M = M(z,t) — ksaaparnas marpuna pasmepa d X d, © € D,
t€[0,T]; v >0, k > 0 — xoadPunuents: Bsa3kocru. HemssecTHBIMU B cucTEME
(1) aBraAIOTCH MO P, U T P.

IIycrs blop = 0. Ilocrasum mus (1) caeayiomue HadaIbHbIE U KPAEBBIE YCJI0-
BHSI:

u|i:0 = uov p|t=0 = p07 u|6D =0, (2)
rmeu’: D - R p°: D — R

B moxmazie mMpuBOAATCA JOCTATOYHBIE YCIOBHS CYIIECTBOBAHWS W €IMHCTBEH-
HOCTH CabbIX pemenuii HagabHO-Kpaesoil 3amaum (1), (2). Uccaemyercs cxo-
IAMOCTh 3TUX pemeHwii mpu « — 0 K PEIeHuI0 COOTBETCTBYIOIIEH HAaIaIbHO—
KpaeBOW 3a7a9W JIsl JIAHEAPU30BAHHBIX yPABHEHWH JIBUKEHUS HECKUMAEMON
xuakoctu. s ypasuernnit Habe—CTokca 0mo0GHBIE BOTPOCHI PACCMATPUBAJIACH
B [1, 2, 3] u npyrux paborax. B noksane npuBoagaTCa aHAIOrH PE3yIbTaTOB 2, 3]
0 caboi CXOAMMOCTH TIOJIsi CKOPOCTH, & TaKkKe JOCTATOYHBIC YCIOBUSA CHIHHOM
CXOIMMOCTH TIOJIeH CKOPOCTH 1 maByeHns. OCHOBHBIE U3 9THX PE3YJILTATOB COCTO-
AT B CJIEIYIOMEM:

1°. B obmem ciydae 1moJse CKOpoCTu U = Uy CXOAUTCHA €Aa00;
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2°. Ecym Ha9aahHOE YCJIOBHE U° JJIS TTOJIST CKOPOCTH COJIEHOMTAJIBHO, TO Ugy
CXOIIATCS CUADHO, & TIOJIE TABJIEHUA P = Po CXOIMUTCH *-CAGOO.

3°. Ecuwm, kpoMe TOTO, HAYAIHHOE YCJIOBUE JJI5 JaBJIEHUS COBIAIAET CO 3HA-
qeHueM ¢° JABJICHUS ¢ B HECKUMAEMOM KUIKOCTH B HAYAJIbHBIA MOMEHT
BpeMeHnu, npudem Ot f D qdx = 0, TO CXOMUMOCTH OIS JABJICHUS SBJIA-
eTcsa cunAbHOolU.

Ota pabora BbinoIHEeHa npu noaaepxke POOU, rpant 09-01-12157-0du_ M.
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O paspemmnmocTtu 3agaun Jupuxiie AJjisl SJJIANTAYECKOTO ypaBHEHUs
BTOPOI'O IOPAJKA
Iymun A. K. (Maremarnyecknit nucturyt num. B. A. Creknosa PAH)

B orpanmdennoit obmactu (Q C R, paccmarpuBaercs 3amaqda lupuxie mist
PABHOMEPHO JUIAIITHYECKOI'O YPABHEHUsl BTOPOrO IOPSAIKA B CaMOCOIPSAKEHHON
dopme 6e3 mmagmux wieHoB. Ilesbio paboOTHI SBISETCS OTHICKAHVE YCIOBHII HA
k03 bunmenTs!, 06€CIeYNBAIONINX OJHO3ZHAYHYIO PA3PEIINMOCTD 333 M, B KOTO-
poii rpanmanoe 3HavYenue uo € Lp(0Q), p > 1, nonmmaerca xak upegea B Ly
CJIE[IOB PENIeHnus Ha ,,MTapaJIIeIbHBIX TPAHUIE TTOBEPXHOCTIX .

B ciydae p = 2 3TOT BOIpPOC I0CTATOYHO TMOAPOOHO m3ydeH. s cmpases-
JIMBOCTU TEOPEMbl O CYLUIECTBOBAHUU W €IUHCTBEHHOCTH DELICHUS W3 WQ{IOC(Q)
(ompenesnieHre TaKOTO pelreHus IPeJIOKeHo B [1]) HyKHBI yc/I0BUST Ha TJIaIKOCTh
k03¢ purmenTos Ha rpanune obmactu. Joctaroano, cum. [2], aTobbr Koabdummen-
THl ypaBHeHUs (M3MEPHUMbIE U OrpaHu<eHHble B () Oblim HenpepbBHBL 110 Junu
Ha rpanwune 0Q. [Ipuaem orkazarbest oT 3TOro0 ycmoBus Heab3s. OT rpaHuIer 06-
JacTu TPeboBaJIOCh, YTOOBI HOPpMaJb K Hel Oblia HempepbiBHA 1m0 Junu. Jasee
9TU YCJIOBUS Mbl OyJ€M CYUTATH BbIIIOJIHEHHBIMU.

B ciaydae p # 2 curyanmsi 60s1ee ciaoxkHasa. s onpeesieHnsi TpaAHUIHOTO
ycnoBust HEOOXOMMMO, 9T00bI cempl penteHust npuHagnexam L,. Ecrecrsernoe
obecrieuuBaloiee 3o CBONCTBO TpebOoBaHUE — IIPUHA/JIEXKHOCTH PELIeHUs IIPO-
CTPAHCTBY W;IOC(Q) — TPUBOIUT K YCIOBUSIM TJIQJIKOCTH KO3(PDUITMEHTOB BHY T-
pu Q: 6e3 HmX pm p > 2 pemenwe HE cymecTByer, a mpu p € (1,2) omo me
€/IMHCTBEHHO.

Taxum 06pa3oM, 1JIst CIIPABEIINBOCTH TEOPEMBI 00 OJHO3HATHON pa3pennMo-
ctu 3agaun Jupuxite 6e3 ycaoBuil riiaakocTu Ko3dGuimeHToB BHyTPpH 006J1aCTH
B OIIPEJIEJICHUH PelleHus HeOOX0AMMO OTKA3aThCd OT COJIACOBAHHOIO C I'DAHUY-
HBIM YCJI0BHEM TPeOOBAHMS IPUHAIEIKHOCTHA PENIeHHUs IIPOCTPAHCTBY W; 10c(Q).
Pewenuem 6ymem Ha3BIBATh QYHKINAO U € W21,10¢(Q)7 YAOBIETBOPAIONIYIO ypaB-
HEHHUIO B CMBIC/IE PABEHCTBA 0000meHHbIX (DyHKINIA, C/reIbl KOTOPOM HA IVIAIKIX
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(n — 1)-MepHBIX IOBEPXHOCTAX MMPUHAIEKAT TPOCTPAHCTBY L, W KOTOpasd mpu-
HUMaeT 'PaHUYHOe 3HaUYeHHe UQ.

TEOPEMA 1. Jas 410600 ug u3 Lp(0Q) u 410600 npasot wacmu ypasrenus f
u3 nepecewernus Ly(Q) u L21oc(Q) cywecmeyem eduncmeennoe pewenue u 3ada-
yu Jupuzse. Ipu smom Gyrryus |u\”/2 NPUHAOAEHCUM, NPOCTPAHCTNEY WQI’IOC(Q)
U CNPasedIuBa 0UEeHKa

/dist(:mBQ)|u(m)\p72\Vu(m)|2d:rSconst /|u0(m)\pds+/\f(x)\pdx . (1)
Q Q Q

Pabora Beimonena npu dbunancoBoil momaepxke Poccuiickoro douma dym-
MaMEeHTaTbHBIX uccaenosanmii (rpaat 10-01-00178-a) w rpanTa mpesumenta PO
JUIS TIOJIIIEP KKY Bemymmx Hayaabix mkos (HIII-7675.2010.1).

Crnucok JuTeparypsbl

[1] Muzatinos B. II. O 3anade Jupuxie AJjisa SJJIUNITAYECKOr0 yPABHEHUs BTOPOr0 MOPALKA
// Ouddepenn. ypasaenus. 1976. T. 12. Ne 10. C. 1877-1891.

[2] Mywun A. K. O 3anaue Jupuxie Ajsi 3/UIMITHYECKOT0 yPAaBHEHUs! BTOPOro nopsiaxa//
Marem. ¢6. 1988. T. 137. Ne 1. C. 19-64.

O Buge acMMITOTHYECKOTIO Pa3JIo>KEHUs BBINYKJIOTO TEPMUHAJIBLHOTO
(b yHKIMOHAIA KavecTBa B JJUHEWHOI CUHTYJIsIpDHOI 3aJade
ONTHMAaJIBHOIO yIIPaBJICHUS
Jamnmna A. P. (Hacruryr maremarnkn u mexaaukn YpO PAH, Poccuns)
Hapermesa FO. B. (Macturyt maremartukn u mexaanku YpO PAH, Poccwnst)

PaccMorpuBaeTcs ciemyiomas 3a1aua ONTUMAaIbHOTO yrpasierus [1], [2] ¢
OBICTPBIMU U Me/JICHHBIMU II€PEMEHHBIMU [3]:

Te = A11xe + A12y: + Biu, te [O,T], ”u” <1
e¥e = A212c + A22ye + Bou, ze(0) = 950: ye(0) = ?—107

0(@=(T).y=(T)) > inf o(a=(1),y-(T) = wx(T.a.1)
rme z € R", y € R™, u € R"; A;;, B, i,j = 1,2 — TOCTOSIHHBIE MaTPHIILI
COOTBETCTBYIOIIEI Pa3MepPHOCTH;

Resp(A422) < —a <0 (sp(A22) — cexrp marpunsr Az2),

o(-) — Geckoneuno muddepennupyemas Ha R, cTporo BeImykIas 1 KODUHUTHAS
(r. e. V2 € R" AEIEOO A to(Az) = +oo [4]) bynkuus, a || - || — eskmaosa Hopma
B R".

st 310# 3a1a4u HANREHBL yCJI0BUS, 1IPU KOTOPBIX aCUMIITOTUYECKOE PA3JI0-
JKEHIe OMTUMAIBHOTO 3Hauernus ¢ynkrmonana xkadectsa we (T, z°,y°) mmeer Bux
CTEIEHHOrO TI0 € PA/A, U TOKA3aHO, YTO [IPU HAPYIIEHUU STUX YCJAOBUM aCUMIITO-
THUYECKOe pa3jiokeHue Oymer uMmeTh 0oJiee CI0KHBIN BHI.

OTa paboTa BBINOIHEHA P YACTUTIHON MOAep:KKe mporpaMmbl <Haywmbre
mxombr> HITT-6249.2010.01 u @enepanbroii menesoit mporpamMmbl (Ne TOCKOHTpaK-
ra 02.740.11.0612).
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Crucok Jureparypsl

[1] Howmpaeun JI. C., Boamanckut B. I'., T'amxpesudse P. B., Muwenrxo E. @. Mare-
MaTHYecKas Teopus ontuMaJsbHbIX nponeccos. M.: Hayxka, 1983.

2] Kpacoscxuti H. H. Teopus ynpasnenus asukenunem. M.: Hayka, 1968.

[3] Tuwonos A. H. // Mar. ¢6. 1952. T. 31(73), Ne 3. C. 575-586.

[4] Poxagesnrap P. Beinykmnwiii ananus. M.: Mup, 1973. 472 c.

CrekTpaJjibHBIE CBOMCTBa OOHOTO KJjlacca 3a4adv JJjs1 0GbIKHOBEHHOT'O
aud depeHIIaIbHOrO oleparopa ¢ UHTErpaJbHBIMU YCJIOBUAMU
Jlaposckas K. A. (Poccuiicknii yamepcureT apy»k661 Hapoaos, Poccust)

PaccmarpuBaercs oObIKHOBEHHBIH ud depeHImaabHbIi onepaTop
Au+Xu = —ao(H)u” () + a1 (B)u' () +az(H)u(t) + X2u(t) = fo(t) (¢t € (0,1)) (1)

C I/IHTeraJ'H)HBIMI/I yC,_TIOBI/IHMI/I
1
Bu= [ 1, 0u e =5, (o= 1.2). 2)
0

Baecw j =0, 1,2 duxcuposano, a; (i = 0,1,2) — BemecrBenno3navnbie byHKIUM,
Takme, 9T0 ap > k > 0 (t € [0,1]), m a1, a2 € C[0,1]; fo € L2(0,1), f, € C
(p =1,2); A € C— cunexrpasbHblii mapamerp, h, — JIMHEHHO HE3ABUCUMBbIE BeIe-
CTBEHHO3HAYHbIE (DYHKIUH.

3AMEYAHUE 1. Boobuie rosopd, dyHkmmm h, MOryT OBITH Pa3JIUYHBI JJId
pa3nuaHbIX j. JLONOMHWTE/NbHBI MHIEKC B HUX HE BBOJIUTCH, IIOCKOJIBKY 3aja-
qa (1), (2) paccmarpuBaercst fuist GUKCUPOBAHHOTO j.

Jokazana anpmopHag orenka pemennii 3ama<m (1), (2) mpu goctaroano 6016~
LIMX 3HAYEHMSX 11apaMerpa u, C e HOMOUIbIO, 1I0JyYeHbl yTBEPKACHUd O CTPYK-
Type CIIEKTPA COOTBETCTBYIOIIErO OIIEPATOPA.

Hacrosamas pabora Beimosiaena mpu nogaepxke PODU, rpant 10-01-00395-a,
un ABIII «Pa3Burue Hay4HOr0 HOTEHIMAIA BHICIIEH IIKOJIbI», mpoexT 2.1.1/5328.

Cnucok JauTeparypsbl

[1] Aepanosu~ M. C., Buwux M. H. Duaiunrtudeckue 3aadu ¢ MapaMeTpoM U mapabosin-
ueckue 3aga4u obwero suna// Yenexn mar. Hayk. 1964. T. 19. Ne 3. C. 53-161.

[2] Zdaposckas K. A., Crybauesckut A. JI. O6 0gHOH CHEKTPAJIBHON 3a1a4€ ¢ HHTErPaJjb-
HbiMu ycaoBusamu// Tpynel cemunapa um. W. I. ITerposckoro. 2010. T. 28. C. 149-162.

[3] Cxybanescrut A. JI. Heknaccudeckne kpaessie 3agaun. 1// CoBpemeHHas MaTeMaTHKA.
®yHnaMeHTaJbHbIe Hanmpasaenusa. 2007. T. 26. C. 3-132.

BricTphle Bo3elicTBUA B 3aJade CHHTEe3a yIpaBJIeHUI IIpu
HeoIlpeJeJIEHHOCTH
Jlappur A. H. (MockoBCKHiT roCyapCTBEHHBIH YHUBEDCUTET
umenu M. B. Jlomonocosa, Poccust)
Kypxancknii A. B. (MockoBCkuii rocyapcTBeHHbIH yHUBEDCUTET
nmenn M. B. Jlomonocosa, Poccust)

IlenTpambHBIM BOMIPOCOM MAaTEMATHIECKON TEOPHUU YIIPABJIEHUS B YCJIOBUSIX
HEW3BEeCTHBIX BO3MYUIEHUN ABJIAeTCA IIOCTPOEHHEe CHHTE3UPYIOMIUX yIIPaBJ/IAIOMIIX
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CTpaTernii, peaju3yIoNuX COOTBETCTBYIONINE BO3AENCTBYS B BUIE€ OOPATHOM CBSI-
3u. Borunciienne mogoOHBIX cTpaTeruii MOkeT TPebOBATH CyIIECTBEHHBIX BBIUHC-
JNTEJIHHBIX 3aTpaT.

UssecrHo [1, 2], 4T0 B JIMHEHRHO-BBILYKJIOH 33a9e YIPABJIEHUs [IPU HEOILpe-
JEeJI€EHHOCTH

z(t) = A(t)z(t) + B(t)u(t) + C(t)v(t), t € [to,t1],

TIPY BBHITIOJTHEHUH YCJIOBHSl OJHOTHITHOCTH M3BECTHBIX T€OMETPUYECKUX (MTHOBEH-
HbIX) orpanmdenuit u € P(t), v(t) € Q(t) Ha ympaBieHue U Heolpee/eHHOE
Bosmymenue (Buma B(t)P(t) = aC(t)Q(t), |a| > 1) pemenns 3a1a4 MUHUMAK-
CHUMU3AINY, [TOJIyI€HHBIX B KJIACCe IPOrPAMMHBIX M B KJIACCEe CHHTE3UPOBAHHBIX
yrpasJsienwii, copnamaior. [lociemee mo3BoageT HAXOMUTD yIpaBseHus Oostee 3¢-
GdeKTUBHO.

B moxsaze ykazaH MHOI KJiacC yIpasjeHuii, obecrednsaomuii 3¢ dexr, ana-
JIOTUYIHBIN TTOPOKIEHHOMY YCIOBHEM OHOTUIIHOCTH, HO i 00JIee IIMPOKOTO KPy-
ra CHCTeM, YeM B 33a9YaX C OJHOTUITHBIMHI MeOMeTPUIECKVMY OTPAHUIEHUSIMI HA
VIIPABJIEHUS ¥ BO3MYILIEHMs. DTO KJIACC KyCOYHO-IIOCTOSIHHBIX (DYHKIWI C Iepe-
MEHHBIMU AMILIUTYIAMU, ITOPOXKAECHHBIN AMIPOKCUMAINIMA «HIEATbHBIX YIIPaB-
JIEHWi» — JIMHEHHBIX KOMOWHAIINI e/ ThTa-(DYHKIWH U UX BBICIINX TTPOU3BOTHBIX
[3]. Mcnonb3oBaHMe TAKOrO Kjacca YIPABJEHUN TaK»Ke IO3BOJISET CBOJUTH Ha-
XOK/IeHUEe DelleHns 33/1a9i CUHTe3a K 0ojee mMpoCcToil 3a7ade BBIYUCIEHUS IIPO-
TPAMMHBIX YITPABJICHUN.

PaccmoTpens! Bce 3Tambl pemreHus 33a49u: KCIIOJIH30BAHME OOOOIEHHBIX
YIIPABJISIOMUX BO3AEHCTBUI, AlIPOKCUMAITNS MOCIETHUX OIPAHNIEHHBIMU (DYyHK-
UMY, COOTBETCTBYIONIHNE TTPEO0OPA30BAHMST MCXOMHON CHCTEMBI, YTOYHEHNE Orpa-
HUYEHUN HA yIpPaBJ€HHe U [IOMeXY, BHIUNC/ICHNE YIIPAB/ISIONNX BO3MeUCTBHI It
ucxomHo# cucremsbl. IIpuBoggarcsa mpumepsl.

PaGora Bermosaena mpu durancosoii mogmepxkke PODU (rpant 09-01-00589-
a), ®LII «Hayaable 1 HAyTHO-TIEIArOTUYIECKHE KaAphl THHOBAIMOHHOM Poccun Ha
2009-2013 rogpr> (konTpaxt Ne 16.740.11.0426 ot 26 nosiGps 2010 roxa) u rpanra
MK-1111.2011.1.

Crucok Jiureparypsl

[1

Kpacoscxut H. H., Cy66omun A. U. Ilosunuonnsie nuddepennuanbubie urpei. M.: Ha-
yka, 1974.

Kyporcanckut A. B. AlbTepHUPOBaHHBIN HHTErpas IIOHTPArIHA B TEOPUH CHHTE3a yIPaB-
nennii// Tpynet MUAH. 1999. T. 224, C. 234-248.

Kurzhanski A. B., Daryin A. N. Dynamic programming for impulse controls// Annual
Reviews in Control. 2008. V. 32. Ne 2. P. 213-227.

2

3

TpexrouyedyHasi KpaeBas 3ajadva JJjisi nHTerpo-aud epeHnuanbHbIX
YPaBHEHUI ¢ MAJILIM IIapaMeTpPOM
Laypinbaes M. K. (Kasaxckunii HanuonapHbIi ynusepcurer umenu ajab-Papabu,
Ka3zaxcran)

PaccmarpuBaercs ma orpeske [0, 1] smueiinoe unrerpo-auddepennnansaoe
YPaBHEHME TPETHErO MOPSAKA C MAIBIM MapaMeTpoMm £ > ( mpu cTapineil mpon3-
BOJHOI:
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Ley(t,e) = ey’ + A(t)y" + B(t)y' + C(t)y =

=F(t)+ / (Ho(t,x)y(x,s) +H1(t,x)y'(m,s)) dz (1)

C KpaeBbIMU YCJIOBUAMU

Hly(tvg) Ey(075) = Q, Hgy(t,&‘) Ey(t075) :/87 H3y(t7€) E’y(l,&) =7
(2)
rme A1(t) > 0,0 <t <1, a, 8, 7y — HEKOTOpBIE U3BECTHBIE IOCTOSHHbIE, He 3aBU-
camue oT €, a 0 < tp < 1.
Hapsany c¢ ypaBuermem (1) paccMOTpPHM M3MEHEHHOE HEBO3MYUIEHHOE JIMHEH-
HOe mHTerpo-auddepeHIaIbHOe ypaBHEHTe

Loy(t) = A(t)y" + B(t)y + C(t)y =

1

= F(t) + / (Ho(t, 2)3(x) + H(t, )i (x)) dz + At) (3)
(0]
C U3MEHEHHbIMMA KpaeBbIMI/I yCHOBI/IHMI/I:

Hg(t) = 5(0) = a+ Do, Hag(t) =7 (ko) = B, Haglt) =5(1)=7.  (4)

Baech A(t), Ag— Tak Ha3bIBaEMble HAYAIBHBIE CKAIKA WHTETPAIHHOTO HJICHA W
pemrenns 3amaawm (1), (2) coorBercTBEHHO.

B nacrosimeit pabore Ha 0CHOBE KOHCTPYKTUBHOM (hOPMYJIBI IOy I€HBI ACHMII-
TOTHYECKUE OIEHKHU PENEHNs TPEXTOIeTHOM Kpaesoil 3amauan (1), (2). C momompio
9THUX OIEHOK JIOKA3BIBAETCH, 9TO PENIEHne CHHTYISPHO BO3MYIIEHHONH KPaeBoii 3a-
nmaawm (1), (2) upu crpemsiennu MasIoro napamerpa K Hymo B Touke ¢ = 0 obsagaer
SABJIEHIEM HAYAIBHOTO CKAIKA HYJIEBOTO TIOPSTKA

W0 =0, v0.9-0(1). v0o=-0(%).

Tlo/ry9eHbl OIEHKN PA3HOCTH MEXKIY PEIEHUAMU CHHTYIAPHO BO3MYIIEHHON
kpaesoii 3amauwm (1), (2) m cooTBeTCTBYIOMEH N3MEHEHHOW HEBO3MYIIEHHON 3a7a-
au (3), (4), ¢ HTOMOWBIO KOTOPBIX IIOJIy9€HBI [IPEIE/IbHBIE DABEHCTBA:

limyY (t,e) =g (t), 0<t<1, j=0,1,2.
e—0

Onpe;[eneHbI BEJIMYUHBI HAYAJIbHBIX CKaQYKOB WHTETDAJILHOTO YJI€Ha W pernie-
HUA.

O cnocobax annpokcumanuu pemteHnii aud depeHnmanbHbIX
yPaBHeHMI ¢ 3ana3jpIBaloM apryMeHTOM
Jevunenko I B. (Hacruryr maremaruxn um. C. JI. Co6onesa CO PAH,
Hogocubupck, Poccust)

B macrosimee Bpems umeercs psiji CIIOCOOOB alllIPOKCUMAIUU pelneHuil pud-
depeHITnaIbHBIX YPABHEHWI ¢ 3aMa3IbIBAIOIINM aPryMEHTOM

S0 = fby 0,y -7), e 1)

190



C IIOMOINBIO PENIeHNi CIeNNaJIbHBIX KJIACCOB CHCTEeM OOBIKHOBEHHBIX muddepeH-
IUAJIHbHBIX YPABHEHUN O60IBIION pa3MepHOCTH

% = Az + F(t,z) )
(cm., manpumep, [1]-[8]). B mameii pabore npeaaraerca enie OauH Criocob ammpok-
cumarnmu penrenwii (1), OCHOBAHHBIM Ha TEXHWKE BEHBJET-aHAIN3A U CBOHCTBAX
penreHuii HEKOTOPBIX KJIACCOB cucTeM muddepenrmaababiX ypaBHeHw (2).
Pabora sBeimonmena mpu momamepxkke DIIT “Hayamprle u  wHaydHO-
TeJarOTMYECKUe  KaJphl WHHOBAIMOHHOW Poccwm” ma 2009-2013 rr. (rocy-
mapcrBeHHble KOHTpakThl Nt 02.740.11.0429, Ne 16.740.11.0127), Poccwmiickoro
donna dynnamenranbubix nccnenosanmii (mpoext Ne 10-01-00035) u Cubupckoro
otnenennsa Poccwiickoii akamemmyn Hayk (mpoekT Nt 85, MeKIMCIMTIIMHAPHBIH
mpoekt Ne 107).
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[5] demudenxo I. B., JTuzoweat B. A. O nuddepeHINAIBHBIX YPABHEHHAX C 3alIa3AbIBAIO-
wwum aprymenrom // Cub. mar. >xxypu. 2005. T. 46, Ne 3. C. 538-552.

6] demudenko I'. B., JTuzrowsati B. A., Komosa T. B., Xponosa 0. E. O6 oqHOM Kaacce cu-
crem auddepeHnaabHBIX yPABHEHUN U 00 yPaBHEHUAX C 3aMa3AbIBAIOLINM aPTYMEHTOM //
Cub. mart. xkKypH. 2006. T. 47, Ne 1. C. 58-68.

[7] demudenxo I B., Meavnux HU. A. O6 ogHom crnocobe annpokcumManuu pemeHuii nudde-
PEHLUAJBHBIX yPABHEHUH ¢ 3anazaeiBaomum aprymenrom // Cub. mar. xypn. 2010. T. 51,
Ne 3. C. 528-546.

[8] Krasznai B., Gyéri I., Pituk M. The modified chain method for a class of delay differential
equations arising in neural networks // Math. Comput. Modelling. 2010. V. 51, no. 5-6.
P. 452-460.

EpunHcTBeHHOCTB pemieHnsi o6paTHOM 3aa4u [JIsl ypaBHEHUS
aunddys3un c rnepeonpegesieHneM B BHe BHEIIHEro o6beMHOro
[OTeHIaIa
Lernncos A. M. (MockoBcknii rocymapcrsennslii yausepcurer uvean M.B.
Jlomonocosa, Poccust)

PaccmoTprM HagaIbHO-KPAEBYIO 3314y i byHKmud u (T, Y, 2, t)

u=Au—u, (z,y,2)€Q, te(0,T],
au+6%:0, (z,y,2) € 0Q, te]0,T],

u(l‘7 y7 Z? 0) = "}/(1‘7 y7 Z)? T e Q’

rae ) —orpanudenHas 00acTb ¢ KyCOYHO-IVIAJAKON rpanuneit 0f), % — npowns-
BOJIHAs TI0 BHEIIHEH HOpMaJiH, & U § — HEOTPUIIATeIbHbIE TOCTOsTHHBIE, v+ 3 > 0.

O6o3Haynm yepe3 Y. JO0CTATOYHO IMIAJKYI0 3aMKHYTYIO TIOBEPXHOCTD, COIEP-
JKAIIyio BHyTpHu cebs Q.
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Cdopmymupyem obparayo 3amady. [lycte B mocTostaabre o« m  3a7aHbl, a
dbyaxmma y(x,y, z) memssectna. Tpebyerca onpemenurs y(z,y,2) u u(z,y, z,t),
ecm st (z,y,2) € 3, ¢ € [t1,t2] C [0,7] 3aman BHEMIHMT 06 BEMHBI TOTEHIIAJ

= |||

Taxyio 06paTHYO 337ady MOXKHO PACCMATPHUBATH KAaK JIMHEAPW30BAHHYIO [IOCTA-
HOBKY O0pAaTHOH 337341, BOSHUKAIONIEN IIPX MCCAeI0BAHNNA MATEMATHIECKIX MO-
Jesieit BO3OYKIEHWS CEPIIA.

Jlokj1a/1 TIOCBSIIIEH WCCJ/IEIOBAHUIO €IMHCTBEHHOCTH pelneHus ChOpMyInpo-
BaHHOI 00paTHOM 3a/1a4u Jjid HEKOTOPBIX YaCTHBIX CJLydaeB obmactu ).

Pabora BhITIO/IHEHA TIpM YacTUIHON omaepxkke Poccuiickoro @omma Oynma-
MeHTaJIbHBIX VccmemoBanmit, mpoexT 11-01-00259.

O gocTaToOYHBIX YCJIOBHAX CTaOMJ/IN3aluy pelleHus 3agaum Jupuxie
[J1s1 TapaboJindecKoro ypaBHeHUs!
Aenncos B. H. (Mockosckunit rocynapcrsennsrii yausepcnret, Poccnst)

B mummaape D = Q X (0, 00), rae @ — 06/1acTh (BO3MOXKHO, HEOTPAHUIEHHAS )
B RN, N > 3, paccmorpum 3agauy Jupuxie
N

Lu= (aik(z,t)uzy,), —ue =0 BD,
ik=1 ‘ (1)

ult=0 = uo(z), = €Q, uls=0,

/15 PABHOMEPHO 1apabo/IMuecKoro oneparopa L ¢ ©3MEpUMbIMU, OIPAHUYEHHBIMEI
kosddunmentamu. 3aecs S = 0Q X (0, 00) — GOKOBas MOBEPXHOCTD IIIUHADPA D,
uo(x) — orpanmveHHas HempepbiBHAA B () DYHKIWA, peleHre OrpaHmIeHHOE W
noHnMaercda B 0606menuaoM cMbicae [1].

TEOPEMA 1. Ecau pacxodumcsa unmezpas

/ cap (ET \Q) AN Ay = 00, (2)
mo pewenue 3adauu (1) umeem npedes
lim u(z,t) =0 (3)
t—o0

pasromepHo no T Ha Kascdom xomnarme K & RY.

Buecy B, = {|z — z0| < T} — 3aMKuyTbHIil AP C HEHTPOM B HPOU3BOJILHOL
TouKe To pagmyca T, cap(FE) — BuHepoBckaa eMKocTh KommakTa E C Q.

Crywait, xorma kodddummentsr B (1) He 3aBuCAT OT BpPEMEHU t, M3y9eH B
pab6ore [2].

Pab6ora BeiostHena npu ¢hunancosoit nomgaepkke POOU, mpoext 09-01-00446
u OIUII “Hayunble n Hay4IHO-TIEJATOTHYECKIE KaIpbl MHHOBAIMOHHON Poccum ma
2009-2013".
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CrieKTpajibHBIE CBOMCTBa IIPOU3BEIEHUS CAMOCOIIPSI>KEHHBIX
orepaTopos
Uenncos M. C. (Boponexcknii rocyapcrseHnblii yausepcuret, Poccns)

Iycrs (H,(+,-)) — ruibbeproso nupocrpancrso. Busmneiinyio dopmy [G-, -],
TTOPOXKIEHHYIO feicTByomuM B (H, (-, -)) HETPEPBIBHBIM CAMOCOTIPSAKEHHBIM OTIe-
patopom G,

['7'] = (G'7')7 (1)

Oyzmem HasbiBaTh G-Merpukoii. 'misbeproso npocrpancrso (H, (,-)) ¢ 3amanHOlM
ma mem G-merpukoii (1) 6ymem HasbBaTh G-IPOCTPAHCTBOM.

Bciomy masee mpemoIaraeTcs, 9To BCe pACCMATPUBAEMbIE OTIEPATODHI TLIOTHO
ompenesenst B (H, (-, -)), ecimm me oroBopeno muoe. Cumsosom p(T) obosmawmM
Pe30/IbBEHTHOEe MHOXKeCTBO omeparopa 1. Jlumeitubiit onmeparop 1, melicTByomumit
B nipocrpaHctee (H, (+,-)), HaszpBaOT G-cuMmMerpudecknM, ecim [Tz, y] = [z, Ty]
Juist mobbix z, y € dom(T).

OnpPEAEJEHUE 1. BamkmyTsrit G-cumverpuaeckmii oneparop 1 : dom(T) —
‘H naspBaerca aedunmsupyembim B G-npocrpanctse H, ecrm p(T) # @ u cyme-
ctRyer muoroumen p(t) Taxoi, aro [p(t)z,z] > 0 mms moboro x € dom(T*), rae
k = deg(p(t))-

O,HHI/IM U3 OCHOBHBIX PE3YyJ/IbTATOB IOKJ/Iada ABJIAETCA CJIAEAYIOIlad TeopeMa:

TEOPEMA 1. ITycmov evnoanens, caedyoujue Ycaosui:

1°. Onepamopv. G u A camoconpasicenv, 6 2uabbepmosom NPoOCMPAHCMEE
<H7 ('7 )> .

2°. p(AG) # @ u p(GA) # 2.

3°. Onepamop G ozpanuuen, a onepamop AG Jdepunusupyem 6 G-
npocmpaHcmee.

Tozda cnexmp onepamopa AG — seujecmeertvill, 36 UCKANOUEHUEM KOHEYHO20
YUCAG UZONUPOBAHHOLET KOMNAEKCHOLEL COOCTNEEHHHT 3HAYEHUL, DPACTIONONHCEHHDLT
CUMMEMPUYHO OMHOCUMEADHO Sewecmeennot ocu, u Yy AG cywecmeyem cnex-
MPANLHAA PYHKUUA.

3AMEYAHUE 1. YrBepxk/eHue reopeMbl 1 0CTaercs BEPHBIM, €CJIU 3aMEHUTH
ycsioBue 3 TeopeMbl 1 Ha caeayioliee:

3a°. Omeparop A wmempepsisro obparmm, u AG medunmsupyem B A~ '-
IPOCTPAHCTBE.

Hoxutaz ocaoBan Ha coBMmectroit pabore ¢ T. f. Aszuzosbim u F. Philipp. Dra
pabora BeimosHena npu noagepxke PODU, rpant 08-01-00566-a.
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T'nobanbHasa pa3pemmMoCcTh 3aJa44 O JBHXKEHHU ABYX HECXKHMAaeMbIX
KalNJJISIPHBIX >KUIKOCTEN
Aenncosa U. B. (MacruryT npobaem mammaoseaenns PAH,
r. Cankr-Ilerepbypr, Poccus)
Comonankos B. A. (Cankt-IleTep6yprckoe OTae/IeHAe MATEMATHIECKOTO
uncruryra uMm. B. A. Creknosa PAH, Poccust)

PaccmaTpuBaeTcs 3a/1a4a O IBUXKEHUH JIBYX HECKMMAEMbIX KUIKOCTEH B KOH-
TeliHepe, OfiHa W3 KOTOPBIX HAXOAWTCH BHYTPU Apyroii. BHyTpeHHsst XKUIKOCTH
zanmmaer obmacts QF C R3) a smenmmas — Q; C R®\ Q. Ux pazmenser mems-
BECTHAs 3aMKHYyTas HOBepXHOCTH Iy = 08, mprrdaem B HauwambHblil MoMenT ¢ = 0
nosepxnocts Iy 3a1ana. Buemnsas rpanuna S = 9(Q UT:UQ, ) — sanaunas no-
CTOSTHHAS TTIOBEPXHOCTh, TTpu 3ToM S NIy = (). Tpebyercs HAfiTH TpaHUITYy pa3aena
I':, a Takxke mosie ckopocteit v = (v1,v2,v3) u HYHKIUIO JABJICHAS D BHEITHEH W
BHyTPeHHeH KNUJIKOCTel, yI0BIeTBOPAOINX Hada/IbHO-KPaeBoil 3a/1ade 114 ypas-
nennit HaBre—Crokca

8—vfuiv2v+(v«V)v+in:0, V-v=0 BQf‘, t>0,
ot pt
V|i=0 = Vo, [V”Ft =0, [Tn“Ft, =oHn, V|S =0,

e I/i, pi — cTymenyaTrbie GYHKINN BA3KOCTeH U MI0THOCTEHN KUIKOCTEH, COOT-
BETCTBEHHO, Vo — Ha4daJibHOE pacipejeieaue ckopocreil, T — TeH30p HalpsKeHu
C 3JIeMeHTaMu’

{T(v,p)}ix = —pdj. + p* (0vi/Owk + Ovr/Ox:), ik =1,2,3;
+

pt = vEpt — numammdeckwme Bs3KOCTH, N — BeKTOp BHemHelH Hopmamm K
[w]|r, — ckauox BexTopa W mpm mepexoze wepes Iy m3 QF B Q5 0 > 0 — ko-
3¢ dunmenHT MOBepXHOCTHOrO HaTsIKeHUs, H — yJBOEHHasl CpelHsist KpUBU3HA ['¢
(H < 0 B Toukax BelIyKJIOCTH 'y B cTOpOHY ;).

Kpome TOro, mpesmonaraercs, 9To IacTHOBl KUAKOCTH HE HOKHIAT [ ¢
TeueHneM BpeMeHu: Vu = v - n|r,, T. €. CKOPOCTH ABUMKEHUS IIOBEPXHOCTU B HOD-
MaJIbHOM HATPABJIEHAN COBIIAIAET C MPOEKIWeEN CKOPOCTH YKHUIKOCTH Ha HOPMAJIb.

st 9TOM 331297 IPU JOCTATOMHO MAJIbIX IVIaIKAX HAYAIbHBIX JTAHHBIX JTOKa-
3BIBAETCS CYIIECTBOBAHME pemleHus (V,p) B aHU30TPOIHBIX IPOCTPAHCTBAX Lesib-
zepa npu Beex t > 0. JlokazarenabcTBo 3T0ro GpaxTa OMUPAETCs Ha CYILECTBOBAHNE
JIOKAJIHOTO 110 BPEMEHH PELIEHNs U ero resbaeposckne onenkn [1]. IIpu sTom Mbt
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ciesyeM cxeMe, IPeJIJIOXKEHHOM OTHIM U3 aBTOPOB JJIf JOKA3aTe/IbCTBA CyIeCTBO-
BaHMA T7I00AIBHOTO PEIEHus /I OJHON KUIKOCTH OrPAHUMEHHOrO o0bema [2].
Ormmpasich Ha pABHOMEPHYIO SKCIOHEHINAIHHY IO OIIEHKY JIOKAJIHHBIX PEITeH, MbI
MOKa3bIBAEM, FITO IPU JOCTATOYHO MAJION HAYAIBLHON CKOPOCTU M MAJIOM OTJIMSIHII
HA4YaJIbHON IIOBEPXHOCTH OT CHEPHI ABUKEHHE KAIIM B XKUJKOCTH 3aTyXaeT, a ee
dopma cTpeMuTcsa K mrapy COOTBETCTBYIOIIETO PAIMYCa.

OTa paboTa BbImosHeHA Ipu mogaepxkke PO, rpart Ne 08-01-00372a.
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TeopeMbl BJIOXKE€HUS U OCUMJLISINUS PElIeHn ypaBHeHU
cob0JIeBCKOTO THIA
Jlerncosa T. E. (MockoBCKmii TOPOJCKOI MCHXOIOTO-TIEJATOTHIECKHIT
yausepcuret, Poccust)

B nmoxsame OymeT M3/I0XKEHO MIPOIOJIKEHUE HCCIIeJOBAHUIL, HAYATHIX B Pa-
Gorax [1]-[3]. PaccmarpuBaeMble BOIPOCH UMEIOT B KAYECTBE <OTIPABHON TOY-
K> caemyouryio 3amaty. B paborax C. JI. CobGosieBa n €ro yIeHMKOB CIIEKTPAJTh-
HBIMU METOJAaMU OBLTIO, B 9aCTHOCTH, ITOKA3aHO, UYTO PEIIeHne TMePBOil HAYAIbLHO-
KpaeBoil 3amaum 1 ypasHenuss CobosieBa modTH MEPHOIWHMHO B Kpyre (mpm
n = 2), a TakXKe B JUINICON/E U B IMIVHADE ¢ 00pa3youe, OpHeHTUPOBAHHOM
ompesesieHHbM 00paszoM (mpu n = 3). OCOGEHHOCTD 331491 3aKJII09AETCA B TOM,
uaro pentenue ypasaenus CoboJieBa He 3aBUCUT HEIIPEPHIBHO OT IPAHUIIBI 06J1ACTH
(marrpumep, B Kpyre 7 < 1 penrerme MMeeT TUCKPETHBIN, a B 00/1aCTH ¢ TpaHUTei
r =1+ esin® ¢ — menpepsuiBabi cnekTp (Ve > 0)). IlosToMy BO3HHKAET BOIPOC:
<Kak Bener cebs pemenne B 3aBECHMOCTH OT IIPOCTPAHCTBEHHOM obsractn? > Pac-
CMATPUBAEMBII ITOJIXOM K PEIIeHUIO 3TOM 331a4n Da3UpPyeTcss Ha MCIOJIH30BAHNUN
COOTBETCTBYIOIINUX TEOPEM BJIOZKEHUA U CBOAUTCA K CJICAYIOIUM STallaM.

1°. Ha ocmose Becossrx mpocrpancte Cobomesa W\, (RT) crposites mpo-
CTPaHCTBA QWé\fa (R") dbynkumit ommoit nepemensoit. IIpu omnpeeermm

HOPMBI
N —_—
|7 QW ®)|| = [[£. Wl ®)|| + > sup | D ()|
o (0,1]
B TAKUX MPOCTPAHCTBAX MCIO/Ib3YETCA TEOPEMa, AHAJOTHIHASI TEOPEMe
IIs/m1-Busnepa.
2°. JI0Ka3bIBAETCS, YTO IIPOCTPAHCTBY Qsz\fa (RY) upmuaexar cymmupy-
eMble U OCTI/IIMpyIomue QyHKImn.
3°. BBommTcs B pacCMOTPEHHE TPOCTPAHCTBO szYa (RY, W™ (g)) byuxmmii,
onpenenennbix Ha RY x g n raxux, uro || f, W, (g)|| € W, (RT).
4°. Ina moboro k € {[a],..., N—1} mpu 1 < %—oa < N+1 ycranasnuBaercs

srowerme D2 DEWN, (RT, W™ (g)) ‘RW(I?’_”@%) C QWYIE(RY), rae
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n
> pi < m— %, npudeM ycaoBus Ha 06IaCThb g TAaKHe JKe, KAK B TeopeMe
i=1
Broxennst Cobosiena.
W3 »sroro BIOXKEHUS, CYIECTBOBAHHUS I€PBBIX HHTErPAJOB U  OIEHKH
HDku, W3t (g)|| = O™ ' + 1) cieayer, 4ro npu HAuAIBHBIX JAHHBIX U3

KJacca ﬁ/? (g9) pemenme mepBoil HAYANBHO-KPAEBON 3a1a4m Jyisi ypaBHEHUS
CoboseBa siBasIeTCS MO0 CYMMUPYEMBIM, JTNOO OCIIMJITADY IOIIHM.

OO6CyXmafoTcss  AOCTOMHCTBA (TPOCTPAHCTBEHHAS OOJIACTh ONPEJIENISAeTC
JIAIBb COTBETCTBYIOIUMU T€OpeMaMu BJ'IO)KeHI/IEI) 1 HEeJOCTaTKH (OCHI/IHJIHHI/IH pe-
MTEHWST HE OTAEIACTCS OT CYMMUPYEMOCTH) W3JI0KEHHOTO METOJA.

ITpuBoauTCa MILTIOCTpAIUS TPUMEHEHUS JTAHHOTO ITOAX0IA K HCCJIE/IOBAHUIO
ACHMIITOTAYIECKOTO MOBEJIEHUS PENIEHN IIePBOil Ha“aJJIbHO-KPAE€BOU 3a0a9u I
YPaBHEHMIT COOOJIEBCKOTO THIA C MTOCTOSTHHBIMUA U € TIePEMEHHBIMI K03 (d dunmen-
TaMM, a TaKXKe K HUCCJIEI0OBAHUIO PEIICHUA 3a/1aI1 KO]_HI/I C pOCTOM BpEMEHMU.
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KBagparu4dHble ycJ/I0BHAs ONTHUMAJIBHOCTHU [JIs PEJIeiiHO-0COObIX
yIIpaBJI€eHUN

Juurpyk A. B. (MI'Y um. M. B. JlomoHOCOBa)

Ha dukcuposannom orpeske [0,7] paccmarpuBaeTca 3a1a9a ONTUMAIBHOTO
YIIpaBJICHWST:

;'n:f(t,x)—f—ug(t,:r), |u‘ <1,
1 (2(0),2(T)) = 0, i=L.m
vi(z(0),z(T)) <0, i=1,..., v,

J = ¢o(z(0),z(T)) — min,

JIMHEHHAsi 10 CKAJSIpPHOMY ympasieHuio. 3xeck x € R™. Ilycts mporecc
(2°(t),u’(t)) ymoBmerBOpseT HMPHMHINIY MAKCHMYMa C eQMHCTBEHHBIM HAGOPOM
mHOKHUTe el Jlarparka, npuuem byakims nepexmouenus ¢(t) g(t, z°(t)) > 0 ma
(0,0), n paBra mymo Ha (6,7T), Tak 9TO HA MEPBOM WHTEPBAJE YIIPABJIEHUE TPa-
mramoe: u’(t) = 1, a ma Bropom ocoboe: |u’(t)| < 1. Cunraem, 40 BCE KOHTEBLIE
HEPaBEHCTBA aAKTHBHHI.

ITycts €2 ects BrOpas Bapuamus dyuknnn Jlarpanxa, a K ecTb KOHYC KPUTH-
YeCKUX Bapualldii, 3aaHHbIH JIMHeapu3alueil Bcex orpaHndyennii 3aaaqu. B gact-
HOCTH, JTUHEAPU3AIUd yIPABIAEMON CUCTEMBl UMeeT BU/I ¥ = AZ + Bu. Beegem
KBa/IPATHYHBIH OPSIIOK

T
+(z,1)) = [2(0)* + / gPde+ g, med=a,  §(0) =0,
[0}
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ITepenucas () ¢ momompbio 3amensr T = & + BY, noaygaeM KBagpaTudanyio Gpopmy
BHIA

Q = q(&(0), &T), §(T)) + / (GE.6) + (PE,5) + (Q4,9)) dt

OcBo6oXIasACh OT CBA3M Y = U, mepexomum ot Tpoek (£, §, §(T)), MOpPOK IeHHbIX
xomycom K, k Tpoiikam (£,7,h), rae § € L2[0,T], h € R, obpasyomumM KOHyc
H(K), 3a1a101uiicss COOTHONUICHISIMIL:

E=Af+(AB—-B)y, §=0 mua(0,0),
Mo €(0) + 1. (E(T) + B(T) h) = 0,

oo €(0) + @op (E(T) + B(T) h) < 0.
TEOPEMA 1. 1°. Ecau npoyece (z°(t), u(t)) docmasanem craboud mu-
numym, mo >0 na H(K).
2°. Ecau Ja > 0, makoe wmo Q > ay na H(K), mo (z°(t),u°(t)) docmas-
AAEM CMPOo2UL CUADHDOIT MUHUMYM.

Amnasormunble pe3ysIbTaThl CIIPABEJIUBBI U st 6oJiee ODIIEero ciydasi, KO-
I/[a KOHEYHOE YHCJIO0 YIaCTKOB PEJIEHHOIO YIIPAaBJIEHUs Y€PEyIOTCH C yIaCTKaMuU
ocoboro.

Pabora BeimosiHena coemectHo ¢ C. Apounoit, ®. Bounauncom u II. Jloturo.
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HekoMmnakTHBIE JIarpaH2KeBbl MHOroo0pasusi U JIOKAJIN30BaHHbIE
acUMIITOTUYECKHE PENIeHUsi MHOT'OMEPHOI'O BOJIHOBOIO ypPaBHEHUS C
BBIPOXK/JAIOIIEN CKOPOCTHIO
Jobpoxoros C. IO. (Hucruryr npobiaem mexanuku nm. A. FO. Hmmbckoro
PAH n MockoBcknii (pu3HKO-TeXHHIECKUI HHCTHTY'T)

Ilox HeKOMIAKTHBIME JIArPAHKEBBIME MHOTOOODA3HUSMY MBI B OCHOBHOM II0-
HAMaeM MHOroo6pas3usi, KOTOPble MMEIOT HeOrDAHUYEHHbIE UMITYJIbCHBIE KOMIIO-
menrTol. Takue MHOrooOpasus HOAB/IAIOTCH [PU ILOCTPOEHUU ACUMIITOTHYECKHUX
OBICTPOYOBIBAIONINX U OBICTPOOCHMJIIMPYIONAX PEIIeHNH yPaBHEHUI ¢ 0COObIMU
ko3bdurmentamu. Mbr paccmarpuBaem 3amady Korrm st 1ByMepHOTo BOJTHOBO-
r0 ypaBHeHUs

2

uye = V- (¢*(x1,2)Vu) (1)
Ha [OJTyILTIOCKOCTH &1 > 0 ¢O CKOpocThIo ¢ (21, &2), 06palafomeics B HOMb (TO/b-
Ko) Ha TpaMoil 1 = (0 M B OKPECTHOCTM 3TON TPSAMOIl MMeIoIeil IOoBeJIeHIe

A(z1,22) = v(z2)r1 + O(2}), ¥ ¢ HAYATHPHBIME JAHHBIME JOKAJA30OBAHHBIME B
okpecrHoCcTH TOYKU T = (a,0)

r1 —a T2
utzozvi,f, utt:():O. 2
\ ( . u) | (2)



Baecw V(y1,y2) — rmankasa duanraas byaknus, p > 0 — massnii mapamerp. C re-
YeHreM BPEMEHHU PelleHre 3TON 331241 CTAHOBUTCH JIOKAJIN30BAHHBIM B OKPECTHO-
ctr bPOHTA — KOTOPHIH CHAYaJIa NMEEeT BU IVIQIKOW KPUBOI, & 3aTeM He IJIaIKOM
KPHBOIl C TOYKAMU ITIOBOPOTA M CAMOIIEPECETIeHUSIMI. DTA KPUBAS MOIYIAETCT KaK
NPOEKIUs HA MOJIYILIOCKOCTH %1 > () BOJIHOBBIX (DPOHTOB-KOHIIOB OHOIIAPAMET-
PUYECKOTO CeMeiCTBA TPACKTOPWI TaMWJILTOHOBON CHCTEMBI B YeTHIDEXMEPHOM
dbazosom pocTpancTBe ¢ KOOpAMHATAMH (P1, P2, T1, T2). [locae MOMEHTa KacaHus
dponTa npusmoit 1 = 0 UMIyIbCHAS KOMIIOHEHTa Ha BOJTHOBOM (DPOHTE IIDHHU-
MaeT B HEKOTOPBHIX TOYKAX OECKOHEUHBIE 3HAUEHUsI, YTO M IIPUBOIAUT K HEOOXOIV-
MOCTH PAaCCMOTPEHHsSI HEKOMIIAKTHBIX JIATPAHKEBBIX MHOr000pa3uii, Momuduiu-
POBAHHOIO KaHOHWYIECKOro omneparopa Macnosa u 1. 1. B gokazne moiiner pewus
06 acummToTmKax mpu 4 > 0 1 Apyrux 06beKTax, CBA3AHHBIX C TAKMMHI MHOT000-
Pa3UAMU U JIETKO PeaJIn3yeMbIX Ha IepPCOHATHPHOM KOMIIBIOTEPE, & TaKXKe U HOBBIX
3a/1a49aX, BO3SHUKAIONINX IIPU UX PACCMOTDPEHUN.

Ota pabota BeImosHeHa coBmectHo ¢ B. Tupormmm n B. Hazalikuuckum u npn
nonmepxkke rpanta PO®U 11-01-00973 u coryramenus Mexay DPusmdecKuM Ie-
napramenTom YramBepcurera <La Sapienzas (Pum) u ncruryra npobaem mexa-
uukn um. A. FO. Umunackoro PAH.
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Acumrnitorndecku ogHOPOAHBIE 0000IIEHHbIE PYHKIUN
Jpoxxunos 0. H. (MHAH, Poccus)
3aspsioB B. . (MHAH, Poccus)

O606mennbie Gynxumm, 06/1aJa10I1e KBA3HACUMIITOTAKOlN (aCUMIITOTHKOM B
C1a60M CMBICJIE) TT0 TPAEKTOPHUAM, OTIPEIEIAEMBIM OTHOTIADAMETPUIECKIMU TPYTI-
HaMu JTUHEHHBIX Tpeobpa30BaHuii B aCUMITOTHYIECKON IIKaJIe IPABUIbHO MEHSIO-
muxcsd GyHKINA, HA3BIBAIOTCA ACUMITOTUYECKH OJHOPOIHBIMHU II0 STHM TPYIIIaM
npeobpazosauuii. [Ipemensubie 0600uIeHHbIe (DYHKIINN OTHOPOIHBL IO STUM TDYII-
mam. B mokmaze Oymer maHO onmcaHWe aCHMIITOTHYIECKH OJHOPOIHBIX 0000IIeH-
HBIX QYHKINN BIOIb TPAEKTOPUI, OIPeIe/IsseMbIX HEIIPEPHIBHBIMI MYJIbTAILIHKA-
TUBHBIMY O/THOTIAPAMETPUIECCKUMHU TPYIIAaMU TPpeoOpa30BaHmii, Y KOTOPHIX BeIle-
CTBEHHBIE YAaCTU BCEX COOCTBEHHBIX 3HAYEHHUIN T€HEPATOPA TPYIIIBI MOTOKHUTETb-
HbBI, B TOM 9HCJIE U I KPUTUIECKUX [MOPAIKOB aCUMIITOTHIECKON mrkasbl. Kpome
TOro OyIeT MPUBEIEHO IOJIHOE OIMCAHNEe 000OIEHHBIX (DYHKIWIL, OJHOPOIHBIX II0
TaKuM rpymmaM. ByzeT paccka3aHo O IPUMEHEHHUH TI0/IY9€HHBIX Pe3Y/IbTATOB ISt
IIOCTPOEHUS ACHMITOTUYECKHA KBA3UOJHOPOMHBIX pemreHuil nuddepennuabHbIX
YPaBHEHWI1, CHMBOJIAMUA KOTOPBIX SBJISIOTCS KBA3WOTHOPO/IHBIE MHOTOYJIEHBI.

Pa6ora Boimostaena ipu dhunamcoBoit mogaepxke PO®IU, rpant 10-01-00178,
u rpaar P® HIII-7675.2010.1.
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CTpyKTypa KHHEMATHYECKUX PA3PbIBOB B MOTOKAX B HAKJIOHHBIX
KaHaJIax
JIpozmosa FO. A. (Poccwiickmii [ocymapcTBeHHbIN yHUBEpCHTET HE(TH M ra3a
nvenn U. M. I'y6kuna, Poccust)

Teopusi KMHEMATUYECKUX BOJIH WCIOJIb3YEeTCS [ ONMUCAHUS OTKPBITBIX I10-
TOKOB B HAKJIOHHBIX KQHAJIaX IIPU yCJOBUH, YTO BPEMEHHBIE U IIPOCTPAHCTBEHHBIE
(BmOMIH HA) MACITTAOBI TEUEHUS] HACTOIHFKO BEIUKH, 9TO B yPABHEHUSX JTBUKCHUS
MOXKHO TIpenebpeds nd ¢ epeHIma bHBIMU IIEHAME 0 CPABHEHUIO C 4IEHAMU, HE
COZEPKAIMMYU IPOM3BOAHBIX 10 BpeMenu u kKoopauuaram [1]. O6sactu ¢ oTHOCH-
TEeJIbHO MAJIBIM TIPOJOJIBHBIM MACHITA0OM 3aMEHSIIOTCS TP 3TOM pa3pbiBamu. B
paboTe ucCaeayIOTCd KHHEMATHIECKNE PA3PbIBl B MIOTOKAX B KAHAJIAX CJIOKHOTO
OIepevHOro cedenust. [lokazamno, 9To /i KAHAJIOB CIIENUAILHOIO BUIQ YCJIOBUSI
COXPaHEHWs MaCChl M MMITYJIbCA IIPM 33JaHHBIX CKOPOCTH BOJIHBI ¥ TIJIOIIAIN YKU-
BOTO CeYeHHMs MOTOKA Iepe] CKAadKOM He OIpPeIessiOT 3HAaUeHHs IapaMeTPOB 3a
CKQ9IKOM eJMHCTBEHHBIM 00pPa30M: 32 CKAYKOM MOTYT OBITH TPH PA3JINIHBIX 3HA-
YeHWS TIUIONIAIN CeYEHHUsi. B 3TUX CIydyasix eIMHCTBEHHOE PEIIEeHNe MOYKeT OBITH
BBIZIEJIEHO C TIOMONIBIO UCCIEIOBAHMS CTPYKTYPBI CKadKa. [2].

CrpykTypa KHHEMATHYECKOIO Pa3pbiBa UCCJEAyercs B 3T0i pabore ¢ 1oMO-
mpio ypasHeHuit Byccunecka. 3aata CBOAUTCS K HMCCIEIOBAHHIO OCOOBIX TOYEK
CHCTEeMbl YpaBHEHWI, TIOyIeHHON U3 ypaBHeHMII ByccuHecka B Mpe/ImoI0KeHnH,
410 peienue umeer Buj Gerymeit Bosiabl. Oupesesenbl Bce BO3MOXKHbIE TUIIbL 0CO-
OBIX TOYEK. BhHITIMCAHBI YCIOBUS HA TTapaMeTphbl MOTOKA, MPU KOTOPHIX CTPYKTYPa
He nMmeeT Komebanuil. [IpoBeieno yncieHHoe nccae0BaHne CTPYKTYPhl KHHEMATH-
YeCKHUX BOJIH B PYyCJIe C C€YeHnEM B BHE M3JIOMAHHOrO TpeyrosbHuka. Ilokazamo,
YTO MHTErpaJIbHbIe KPUBBIE, COOTBETCTBYIOIINE CTPYKType KMHEMATHIECKUX pa3-
PBIBOB, COEIUHAIOT ABe OJmyKafmue ocoOble TOYKH.

Crnucok JuTeparypsbl

[1] Yusem Jotc. Jlunefinvie n Hennueinsle Bonubl. M.: Mup, 1977.
[2] Kyauwxoscxuti A. I CunbHble pa3pbIBbl B T€YEHUAX CILIOIIHBIX CPEI U UX CTPYKTypa //
Tp. MITAH. 1988. T. 182. C. 261-291.

06 oaHOM HepaBeHCTBE THUIIA XapAyu W €ro NPUJIOXKEHUAX K 3ajadaM
MaTeMaTudeckoii (pM3UKMU B MOJTHOM €BKJIM0BOM IIPOCTPAHCTBE
Jy6urckmii FO. A. (Mockoscknii sneprermaeckmnii uactutyt, Poccust)

1°. KOHCTPYKTHBHOE OIMCAHUE BECOBBIX MHOXKUTE/IEH B HEPABEHCTBAX THIIA
Xapmn.

2°. @axTopHM3anMOHHBIE HEpaBeHCTBa THa Opuapuxca u Ilyankape B moJ-
HOM €BKJIII0BOM IIPOCTPAHCTBE.
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3°. VYpasuenne Ilyaccona B mpocTpancTBax GyHKIHIA ¢ HyJIeBbIM Chepudae-
CKHM CPpEIHHM.

4°. Pa3znoxkeHne COGOJIEBCKOM TMKAJBI B CYMMY COJIEHOWIAJIBHBIX W TIOTEH-
IITHUAJIbHBIX ITOJMNIKAJI.

5°. CoJleHoua/ibHad U MOTeHIMAabHasA cucTeMbl CTOKCA B IOJHOM €BKJIM-
JIOBOM TIPOCTPAHCTBE.

6°. Crammonapuoe ypasrerue Koamoroposa—®oxkepa—ILmanka.

Orta pabora BeIMOIHEeHA TpH ToAepxKKe PODU (rpant 09-01-00366) m Mu-
Ho6prayku (roc. kourpakt 11690 or 20.05.10).

O paspemumoctu 3aga4u JIupuxie ajisi o61Iero 3JInnTuYecKOro
yPaBHEHUsI BTOPOT'O MOPSIKa
Jymvaman B. 2K. (EpeBanckuii rocyapCTBeHHBII yHUBEPCHTET, ApMeHmHst)

B orpanmaensoii obmacti Q C Ry, n > 2, ¢ rmagxoit rpanureit 9Q € C', uzy-
JaeTcs pa3pemunmMocTsb 3aaa4u Jupuxie B W21 toc (Q)-mIOCTAHOBKE My151 JIMHEAHOTO
SJIJINTITUIECKOTO YPABHEHUSI BTOPOTO TTOPSIIIKA

—div (A(z)Vu) + (b(z), Vu) — div(é(z)u) + d(z)u = f(z) —div F(z), =€ Q,

u|8Q = o,

¢ rpanmanoii dynkuueir uo u3 L2(0Q). Ilpeanonaraercsa, aro dynkuuu f u F =
(f1,--., fn) mpuraIZIERAT L2, 10c(Q), cMMMeTpuaeckaa matrpuna A(z) = (a; j(x)),
3JIEMEHTBI KOTOPOH ABJISIOTCS BEIIECTBEHHO3HATHBIMA N3MEPUMBIMA (OyHKIASIMH,
V/IOBJIETBOPSIET YCJIOBUIO

n
WP < D7 aii(@)6& = (& A@)E) <~ g
i, j=1

mis Beex € = (&1, ..., &n) € Rp m 1. B. £ € () C HOJIOKHUTENBHON IOCTOAHHOMN
v, a koaddummentor b(z) = (b1(x), ..., bu(x)), c(z) = (c1(x), ..., cu(z)) u d(x)
SIBJIATOTCA N3MEPUMBIMU U OTPAHUIEHHBIMA B KayKI0H CTPOrO BHYTPEHHEH 110706~
sactu obsiacru (Q yHKuMAMY.

IIpu eCTeCTBEHHBIX OTPAHWYEHUAX Ha POCT BOIM3W rpaHUIpl K0dh hunmenTos
TIPU MJIAIIUX 9IeHAX W MIPABOA 9aCTH ypaBHEHUs YCTAHOBJIEHO, 9TO yCIOBHE Pa3-
PEIUMOCTH UCCIIeIyeMOM 33291 UMEET BH/I, AaHAJIOTUYIHBIA yCJI0OBUIO PA3PEIuMO-
cTH B 06BIMHOIM 0606menHoi ocTanoske (B Wi (Q)). B wacTHOCTH, ecii oquopo-
Had 331298 (C PABHBIMU HYJIIO TPAHWUYHON (DyHKIMeH 1 IpaBoii 9aCThIO) HE UMEET
HeTPUBHAIBHBIX PelIeHHi 13 mpocrpancTsa Wi (Q), To mig Beex up € L2(9Q) u
Beex f m F m3 cooTBeTCTBYIOMUX ()yHKITMOHAILHBIX TPOCTPAHCTB CYTECTBYET pe-
IIeHWEe HEOTHOPOMHOH 3amaaw (B W21 toc ()-TIOCTAHOBKE); TO peleHne TpuHaIIe-
xwut mpoctpancTBy ['ymuaa Cp,—1(Q) — (n — 1)-MepHO HerpepbIBHBIX bYHKITT —
W JJIST HETO CIIPABEJIABA OLEHKA,

3
||“||2cn,1(Q) + /7’ |Vu|2dx < C(HUOHQLz(aQ) +/r3 (1+|lnr])?2 f2do+

Q Q
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+ /r(l + |lnr|)% |F\2d:c),
Q

rae r(x) — paccrosaue Toukm T € (Q 0 rpamunbl 9@, a C' He 3aBHUCHT OT ug, f,
F.
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[4

ITosumuonnkie penienus HepaBeHCTB 'amuinbToHa—fIK0OOU B 3amadax
yIIpaBJIeHUsl HEJIMHEWHbIMU OObIKHOBEHHBIMU U UMILYJIbCHBIMU
JUHAMUYECKUMHU CUCTEMAaMU
Aeixra B. A. (Hacrutyt auaamukn cucrem u teopun ynpasaeama CO PAH,
Poccnst)

Copokun C. II. (Hacruryt quaavukn cucrem u teopun ynpasiaeans CO PAH,
Poccns)

Jlok1a/1 TTOCBSIIEH HEOOXOIMMBIM ¥ IOCTATOYHBIM YCJIOBUSM TJIO0AIHHOM OTI-
TUMAJIBHOCTU B HEBBIILYKJIBIX 33/1a9aX OITHMAJIBLHOIO yIpaBieHus ¢ obmumu (He
Pa3/IeIeHHBIMA) KOHIIEBBIMA W MHOTOTOYETHBIMY O PAHUICHASME Ha, TPAEKTOPHIO.
PaszBusaembriil moaxos 6a3upyercsa Ha UCIIOIL30BAHUU HEITIAIKUX CIab0 U CUIBHO
MOHOTOHHBIX (GyHKnuit Tuna Jlanynosa [1, 2, 3, 4], yaosaerBopaiomux cooTBeT-
creyommM nuddepennmaababiM HepaBencTBaM [avmrbrona—Akobn (T. e. aBis-
0IUXCA Cynep- U CyOpeneHnsaMu OJHOMMEHHOTO ypasHerus [5, 6]). C momompro
rakux QYHKIUN 1 UX CEMENCTB [IO/Ly 9ai0TCs BHY TPEHHUE U BHEIIHUE OLIEHKU MHO-
JKECTBa TOYEK B PACIIMPEHHOM (ha30BOM MPOCTPAHCTBE, COEIMHUMBIX TPAEKTOPH-
MU JAHHOW YIPABIAEMON CUCTEMbI. DTU OLEHKU U CJIYXKAT UCTOYHUKOM BBIBOIA
yC10BUi 17106aJIbHOM ONTUMAIBLHOCTH B PACCMATPUBAEMbIX KJIACCAX YIIPABJIAEMbIX
cucreM (OGBIKHOBEHHBIX, THOPUIHBIX W AIMITYJIbCHBIX — C YITPABJICHUEM B BUJE BEK-
TOPHOH MepBI).

OCHOBHOE BHUMAHHE YJIEJIEHO TAaK HA3bIBAEMbIM IIO3UIMOHHBIM PEIIEHUIM
HepaBeHCTB [aMmibToHA—IKOOM, KOTOPHIE TTAPAMETPUYECKHU 3ABUCAT OT HAYAJIb-
HOM WM KOHEYHOM TO3UIUK U OKA3BIBAIOTCA €CTECTBEHHBIMY IPU HAJTUIUY OOIUX
KOHLEBbIX U MHOrorodednbix ¢dhazoorpanuyuenuii. Kpome Toro, ¢ ucnosb3oBanuem
JUHERHBIX Cy0- u cyneppernennii ypasaenuit [ammisrona—kobu mosrygaoTes m0-
CTATOYHBbIE U HEOOXOIMMBbIE YCJIOBUs ONTUMAILHOCTHA B (pOPME yCHIIEHHOTO TIPUH-
nuia Makcumyma IToHTpsiruba st HeJIMHEeRHbIX 33129 OINTUMU3ALNN YKA3AHHBIX
THUIOB JUHAMUYECKUX CHCTEM.

Ora pabora BeinmoaHena npu nomuepxkke Cubupckoro ornenenns PAH, unre-
rpammonssiii upoekr CO-YpO PAH Ne 85.
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06 acumnroruke pemieHuil HeJanHeNHbIX auddepeHIaIbHBIX
ypaBHeHU n-ro mopsigkKa
EBtyxoB B. M.
Komor A. M. (Onecckuii HanlmOHAIBHBIE YHUBEPCHTET
umenn U. 1. MeunukoBa, Ykpanua)

PaccmarpusBaerca mud depenrnmaipiuoe ypaBHeHTE

v ™ =" k()1 + e (®)ler (), (1)
k=1

roe ar € {-1;1} (k=1,...,m), px : [a,w[—]0,+o0[ (k =1,...,m) — menpepois-
Ho muddepennupyemse dyukimn, 7y : [a,w[— R (k= 1,...,m) — HenpepsIBHBIE
dyHKIMH, YIOBIETBOPSIONINE YCIOBUIM

ltiTmrk(t) =0 (k=1,...,m),
ok : AYy —]0,+00[ (k =1,...,m) — mpaBUIbHO MeHsIOmMMECs npu y — Yy GyHK-

mmu nopaakoB o, (k = 1,...,m), —c0 < a < w < 400, AYy — omHOCTOPOHSAR
OKpEeCTHOCTH Yy, Yo paBHO jubo 0, mubo +oo.

Ilomoxum
- (t) - t, ecan w = +00,
YT t—w, ecmm w < +00.
Pemenune y : [to,w[— Ay, ypasmenma (1) 6ymem masemarb I1, (Yo, uo)-

pemenueM, rae —o0 < fig < +00, €CJIH OHO YIOBJIETBOPSET CJIEAYIOIINM YCIOBUAM:

y = [to, w[— Ay, }}Trgy(t) = Yo,

y" VW) A0 mpu te [to,wl;

. (k) . mbo 0, . _
ltlTIBy ) = { mbo  +oo (k=1,...,n-1),
7 (t)y"™ (t) y ™ (£)y" 2 (¢)

; e o 0™ (0 (1)
GO N A IO

202

=1, ecmm po= Foo.



IIpu m = 1, T. e. B ciyqae ABy<IeHHOrO nud HepenmaabHOr0 yPABHEHUS, ACHMII-
rormaeckoe nosenenue P, (Yo, (o)-penrennii 70CTaTOTHO MOJIHO BCCaIen0BaHo B [1].

s m > 1 mosy4Yensl yCIOBWs, TPW BBHITTOJTHEHUW KOTOPHIX TIPABas 9acTh
muddepenrmanpaoro ypasaerms (1) ma xaxmom P, (Yo, po)-pemennn acuMmTo-
TH9aecKn dKkBuBasieHTHA npu ¢ T w dbukcupoBarnnomy i-my (i € {1,...,m}) cna-
raemMoMy. B c/lydae mx BBITIOJIHEHUS YCTAHOBJIEHBI HEOOXOJAMMBIE W JTOCTATOUHBIE
ycnosus wagwawns y ypasuenus P, (Yo, po)-pemennii, a Tak»Ke MOJIyIeHbl aCHMII-
TOTUIECKHE TPEJCTABICHNS /I TAKAX PEIIeHWH M WX MPOU3BOIAHBIX JI0 TOPSIKA
n — 1 BkounTeIbHO. B crily mpom3BOIBHOCTH BBIOOpA w < 400 Pe3y/IhTATH TT03-
BOJIAIOT OMACHIBATH ACHMIITOTHKY HE TOJIHKO MPABUJIBHBIX, HO W PA3JIMTHOTO THUTIA
CHHTYJIAPHBIX pemenuil ypasuernus (1).

Crucok Jureparypsl

[1] Eemyzos B. M., Camotinenxo A. M. AcumnTornveckne NpenCcTaBJICHHS PEIIEHNI HeaB-
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CsoiicTBa pemenmnii quddepeHrnalbHbBIX HEPABEHCTB C
HYJIb-JIarPaH>XKNaHOM
Eropos A. A. (Hacruryr maremarusu um. C. JI. Co6oresa CO PAH,
Hosocnbupckwnii rocypapcTsennsiii yansepcuret, Poccns)

B pabore uccneayiorcs cpoiicta pemenuii v: V. C R” — R™ nenuneinbrx
muddepernuaabHbIX HEPABEHCTB

F('(z)) < KGW(z)) pnamn. s zeV. (1)

Baech G: R™*™ — R — mymn-marpamkuan, F: R™*" — R — neoTpunareabHas
byaxmua, v’ = (g%’:) — marpuna Adxkobu orobpaxkenust v, R™*"™ — npocTpaHcTBO
BELIECTBEHHBIX M X n-Marputl,. Ilojyded psi/i TeOpeM O PeryjispHOCTH, 3aTHPAHUN
0COGEHHOCTEM, 3AMKHYTOCTH U IIPEIKOMIIAKTHOCTH CeMeiCTB pemenuii. Vcmosrs-
3y 9TH TEOPEMBI, yAAIOCh yCUJIATH PNl Pe3yNbTaToB crarbu [1] mo ycroianso-
cru kjaccos peutenuit u: V. C R™ — R™ ypasuenus F(u'(z)) = G(u'(z)) misa
n. B. € V. B gacTHOCTH, ITOJIyI€HBl HOBBIE OIEHKH YCTONYIMBOCTHA M TEOPEMBI 00
yCTOHYMBOCTH B Ie/IbIX 001acTsaAX. HeKOTopble U3 MpPefCcTaBIseMbIX Pe3y/IbTaTOB
ony6siuKOBaHbl B npenpunre [2].

Drta pabora BIMOMHEHA TpH moIep:xkke POOU (rpanTer 11-01-00819, 11-01-
92609), OIIII «Hay9nble n HayIHO-TIEJATOTUEIECKHE KA IPhl MHHOBAIMOHHON Poc-
cum» Ha 2009-13 rogpr (roc. xonrpakt 02.740.11.0457) u Cosera 1o rpanram Ilpe-
sumenta P® s mopmepkKy BeAymux Hayaabrx mkos (rpaat HIT-6613.2010.1).
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Egorov A. A. Solutions of the differential inequality with a null Lagrangian: regularity
and removability of singularities // arXiv:1005.3459, 2010.
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O6 oxHol1 3ama4de IIOBeAEHNUsI TOHKOIO HEOJHOPOJHOI'O CTEPXKHA U3
marepuana KenbBuna-@olirxra pu HaJIAYUN COCPENOTOYEHHbBIX U
pacrnpeieIeHHbIX CHJI 1 MOMEHTOB
Eroposa A. A. (Hay4no-ucciaeq0Bare/ibCKuii HHCTUTYT MATEMATHKH [IPU
SIkyrckom rocymzapcrBearoM yausepcurere um. M. K. Ammocosa, Poccust)

B pabore crponutcst 110JIHOE ACUMIITOTUYECKOE PA3JI0KEHNE TPEXMEPHOH 3a/1a-
91 TEOPUH JIMHEHHON BA3KOYNPYTOCTH, 33JaHHOM B TOHKOM HEOJHOPOIHOM IIE€PHAO-
[UYeCKU HEOJHOPOJHOM CTePKHE, 3aKPEIIJIEHHOM € OJHOrO KOHI[A, W UCIIBITHIBAIO-
meM JeHCTBIE PACTIPEIJIeHHBIX TI0 TOPILY CUJI HAa APYTOM KOHIIE. Y DABHEHUS STOMH
3312491 COOTBETCTBYIOT TE€OPUN JIMHEHHON BA3KOYNPYTOCTH B CIydae MaTepHasa
KennBuna—Doiirxra.

C momompbo MeToma ycpeauenusi, padpaborannoro H. C. BaxBamoBbiM, BbI-
BOZISTCSI yCPEJHEHHbIE YPABHEHUS JJIsl IPOIOJIHHBIX, HOIEPEYHBIX U KPYTUIBHBIX
xosrebanwmii crepxkus. VlccmenyroTes 3ama4u 471 IOIPAHIMYHBIX CI0EB IIPH YCIOBUAN
TIPOTIOPIMOHAIHLHOCTH T€H30POB YIPYTOCTH U BSA3KOCTHU. JIOKA3BIBAIOTCSI COOTBET-
CTByIOLIME TeopeMbl 0 paspentumoctu 3ama4d turna CoboseBa, Teopema 00 OIeHKe
Pa3HOCTH TOYHOI'O ¥ ACUMIITOTHYECKOI'O PelleHuii.

®@opmysa Beca MUHUMAJILHOTO 3aIOJJHEHUS KOHEYHOTO MEeTPUYecKoro
IIpoCTpaHCTBa
Epemun A. FO. (Mockoscknii rocymapcrsennsiii yausepcuret, Poccus)

3azat1a 0 MUHIMAJIHHOM 3aII0JIHEHUN KOHETHOrO MeTPHIEeCKOI0 IIPOCTPAHCTBA
BriepBbIe Obl1a nocrasiena VBanosbim n Tyxummabiv B cratbe [1]. Ona Bo3HIKIA
Ha CTBIKE IBYX KJIaCCHIecKuX mpobsem: mpobiaems Illteiinepa o kparyaitieit cetn
u 1pobsieMsl I'poMOBa 0 MEUHMMAIBLHOM 3AIIOIHEHNUN TJIaIKOTO MHOTO0ODA3HsI.

ITycts mano komeunoe merpuueckoe mpoctpanctso M. PaccmarpuBatorcs Bee-
BO3MOYKHBIE CBI3HBIE B3BENIEHHBIE TPAdbI, TAKWE UTO MHOXKECTBO WX BEPIIWH CO-
nepxut M u mns 00bIx AByX TodYeK w3 M Bec JI000T0 MyTH, COEIUHSIIONIETO
ux B rpade, He MeHbIIIe PACCTOTHUS MEXKIy HAMHU B METPHUIECKOM IIPOCTPAHCTBE
(Taxme B3BemeHHbIE rPadbl HABBIBAIOTCA 34NOANEHUAMY JAHHOTO METPUIECKOTO
IPOCTPAHCTBA). 3a/Ja9a COCTOUT B TOUCKE MUHUMEALHOZ0 3GMOAHEHUA, TO €CTh
3am0JIHeHNsT HAMMEHBIEro Beca. Bec MUHMMAJILHOTO 3AI0JIHEHHS IPOCTPAHCTBA
M o6o3nauaercs mf(M).

B [1] noka3biBaercs ciemyiomast Teopemas

TEOPEMA 1. MuHumasvHoe 3aN0AHEHUE MEMPUYECKO20 NPOCNPAHCNEA 6CE-
2da cywecmeyem, Goaee M0O20, CYUWLLCMBYEM MUHUMAALHOE 3GNOAHEHUE, ABAAN0-
weeca Ounaprom depesom (Mo ecmv 0epecom, Y KOmopozo 6EPULUNDL, AEHCAULUC
6 M, umerom cmenendv 1, ocmasvroe 6epuUHYL UMENT cMeEneHd 3).

Takum obpazom, /I MOUCKA BECA MUHUMAJIBLHOTO 3AIOHEHUS TOCTATOYHO
PaCCMOTpeHUs 3aIOTHEHU, SIBJISIONNXCS OMHAPHBIMU JT€PEBhIMU.

OnpeEAENEHUE 1. HazoBeMm myavsmuobzrodom kpamHocmu k GUHAPHOTO JIepe-
Ba G = (V, E) 3amkHyTHI! myTh, Ipoxoaammit 2k pa3 mo xkaxaomy pebpy rpada
G.
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Ilycts Tenmeps GunapHoe nepeBo (G 3aTATrMBaeT METPUTIECKOE IIPOCTPAHCTBO
M. Torma kKaxKxmOMy MyJIHTHOOXOMY T MOYKHO IOCTABUTH B COOTBETCTBHE UHCJIO
p(M, m) — mepumerp 3TOro 06X0MA.

TEOPEMA 2. Bec MUHUMAALHO20 3a4NOAHEHUA KOHEUHO20 MEMPUBECKO20 NPO-
cmpancemea M moorcem 6wmo Hatiden no gopmyse

mf(M) = mén max p(M, ),

2de G — sceso3mooicnule bunapHvie depesva, 3amazusarouwue M, T — UL MYLLMU-
0600, p(M, T) — coomeememeywue NEPUMEMPbL.

Hanuas dopmysia mone3Ha Kak u caMa mo cebe, TaK W MPU JOKA3ATEIHCTBE
PA3/IMYIHBIX CBOUCTB MUHUMAJIHBHBIX 3AII0/IHEHUI METPUIECKUX IIPOCTPAHCTB.

Orta pabora BbmosHeHa Tpu mommepxkke POPU (mpoekt Ne 10-01-00748-
a), I'panra npesunenta P® nomnepxku Beaymux HayIHbIX nikos (mpoext HITI-
3224.2010.1) n IIporpammbl <Pa3BuTme Hay9HOrO MOTEHIMAJIA BBICIIEH KO-
aer> (mpoext PHIT 2.1.1.3704).

Crucok Jureparypsl

[1] Heanoe A. O., Tyorcusun A. A. Onnomepnas npobiaema ['PoOMOBA 0 MUHMMAJIBLHOM 3a-
nonHenun // Maremarudeckuil cGOpPHUK, B IE€YATH.

[2] Epemun A. FO. OpnomepHas npobiema I'poMOBa 0 MUHMUMAILHOM 3anosaHeHuu. OopMyna
B€Ca MHHMMAJIbHOI'O 3aIl10JJHEHUA KOHEYHOIr' 0o MeTpI/I'{eCKOFO HpOCTpaHCTBa // MaTeMaTI/I—
4ecKuil COOPHUK, B IIEYATH.

CuekTtp u cobcrBeHHble (PYyHKIUM ollepaTopa MHAYKIMUA MAarHUTHOTO
MOJIsI Ha ABYMEPHOM KOMIAKTHOI ITOBEPXHOCTHU BpallleHusl
Ecuna A. H. (Uacruryr npobnem mexannku PAH, Poccus)

MaruuTHOE TOJIe B MPOBOAAIIEH KUIKOCTH (B 9aCTHOCTH, HEKOTOPHIE Mar-
HUTHBIE TIOJIS TAJTAKTHAK U TJIAHET) OMMCHIBAETCA OMEPATOPOM HMHJLYKIIWH:

LB =eAB+{V,B} =eAB+ (V,V)B — (B,V)V,

rae B — maramTHOE TIO71e, V — moJ1e CKOpOoCcTeit n € — Mastblii mapaMeTp (CompoTus-
sierne). Mpl n3ygaem CrieKTp u cobCTBeHHbIE (DYHKIMU 9TOr0 OIEpaTopa Ha IIPO-
W3BOJILHOM IBYMEDHON MOBEPXHOCTH BpalleHus. B cTraThbe ommcaHa aCUMITOTHKA
CIeKTpa Mpu GOILITUX MArHUTHBIX Ynciax PefiHosbaca, a Takke TpOCTPAHCTBEH-
Hasg CTPYKTyPa MArHUTHOIO LIOJIS.
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O kJaccupukanyy HAKPbITUH OKPY2KHOCTH
2Kyxoma E. B. (Huxkeropoackuit rocyapCTBEeHHBIH 1TEAarOrHIeCKait
yausepcuret, Poccust)
Hcaenxosa H. B. (Huxeropoackuii rocy1apcrseHupli 1€4aroruaeCKui
yausepcuret, Poccust)

Ionyuena knaccudukamnys d-HakpbiTuii cremenn d > 2 oxpyxuocra S' ¢
TOYHOCTHIO [0 COIMPSIKEHHOCTH C ITOMOINBIO COXPAHSIONMX OPHUEHTAINIO TOMEeO-
mopdu3moB. Ilokazano, YTO MOJHBIM KIACCU(PUKAITMOHHBIM WHBAPUAHTOM C TOY-
HOCTBIO J10 d-9KBUBAJEHTHOCTHU SABJIETCH HAJIEJIEHHOE CXeMO HHBAPUAHTHOE CYeT-
HO€ MHOXKECTBO (OTMEYEHHOE MHOXKECTBO) JIMHEHHOTO PACTATUBAIONIETO SHIOMOD-
dusma crenenu d.

Pabora Bbrmosinena B pamkax rpanrta [Ipasuresnncrsa Poccuiickoit Penepa-
WU 718 TOCY/TaPCTBEHHOM TOIIEPK KU HAYIHBIX UCCIETOBAHMI, TTPOBOIUMBIX IO
PYKOBOJICTBOM BEJYIIUX YYEHBIX B POCCUMCKUX 00PA30BATEIbHBIX yUPEKICHUAX
BbICHIErO 1podeccrnonaabHoro obpasosanus, gorosop Ne 11.G34.31.0039.

Crpykrypa MmHOX>xkecTBa 0606mennpix cucrem Kommn-Pumana B
TPEeXMEepPHOM MIPOCTPAHCTBE U UX MPUJIOXKEHUA
2Kypa H. A. (®usnaeckmii macturyt um. I1. H. Jle6enesa PAH, Poccus)

ITox 0606mennbiM oneparopom Komnr—Pumana morumaem Taxkoit aud depen-
LMAJIbHBII OLIePAaTOP LIEPBOrO LOPAIKA

0 0
S tara— tazy—
L1

L=ag D D

C IOCTOSIHHBIMHM MATPUYIHBIMEA KO3} bUImEeHTaMU, UTO PEIIeHns U OSHOPOIHOTO
ypaBuenusi Lu = 0 ABIAIOTCS TapMOHWYeCKMMU BekTopamu. Kiaccudukanms u
CBOMCTBAa MHOTOMEPHBIX onepaTopoB Komu—-Pumana 6b11u ipeiMeToM paccMoTpe-
HU$I MHOI'MX CIENUaJuCTOB [1, 2, 3|, B OCHOBHOM C TOYKM 3peHus TEOPUU IIPEICTAB-
Jerwit rpynmn. B HacTosimeit paboTe BOMIPOC 0 CTPYKTYPE X MHOYKECTBA PENIAETCS
3JIeMEHTAPHBIM METO/IOM, HEe UCIOJL3YIOIUM TeOpUr mnpeacrapienuiit rpymmn. On
MOKET OKa3aThCS IIO0JIE3HBIM IIPHU PEIIeHHN U3BECTHOU IIPOOJ/IEMBI, IT0OCTABICHHON
eme B 1956 roxy 1. M. lemndanmom, U. I. Ilerposckum u I'. E. IMusossmv [4] o
9HC/Ie CBA3HBIX KOMIIOHEHT MHOZKECTBA SJIIUITUIECKAX CUCTEM MIEPBOT0 TOPSIIKA;
HCYEPIIbIBAIOIIEE PENIeHrne 3TOr0 BOIPOCA, IIO-BUAMMOMY, emje OTKPHITO. B pabo-
Te PacCMATPUBAEM TOJBKO Omeparopsl L ¢ kodddummentamu ar € C**. B ux
pa3oxkeHUdX O obpazdyiomum ey = 1,e1, ..., e15 anredbpsr Kmuddopma koabdu-
nuenT upwu eg pasen myao. Ocranbable ke k03D uUuuenTsl (KX MOXKHO CIMTATDH
BEIECTBEHHBIMH) MpeacTaBuM B Bume mMarpumbl S € RY*3. kotopyio pasobrem
HA MATH KBAAPATHBIX MATpuUIl S1i,...,S5 TPpeThero nopsaka. IIpm 3Tom cooTBeT-
crBue Mexay L u S B3auMHO OJIHO3HAYHO C TOYHOCTBHIO 70 00pa3yiomux aaredpbt
Kmuddopaa. B stux 0603HaUEHNSIX OCHOBHON PE3yJIbTAT CJIEIY IOIIUIA.

TEOPEMA 1. Onepamop L sasasemcsa obobuiernvim onepamopom Kowu—
Pumana mozda u moavko mozada, kozda aubo Sy € O(3,R), S, = 0, k # 4,
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aubo S5 € O(3,R), Si, =0, k # 5, aubo enoane onpedenennas aunelinan Komou-
nayua mampuy S1, S2, Ss npunadaesrcum O(3,R), a Sa = S5 = 0. B uacmuo-
CMU, MHOHCECTNEO PACCMATMPUELEMBLL ONEPAMOPOE UMEEM, WECTND CEASHBLEL KOM-
nonenm. Coomeemcmeyrowue L onepamopo. H = id/dt — L zunepGoauriol.

B03MOXKHEL TpH CIydasi, KOrga yka3aHabie MaTpursl u3 O(3,R) exunuanste;
O0TBEYAIONIHE UM OIepaTOphl L Ha30BeM KaHOHWYECKWMU. I[loKa3aHo, 9TO OWH U3
HuX ecTh oneparop Mouncuna—Teonopecky, a apyroit — oneparop Jupaka (cramm-
OHAPHBIH, 6€3 MJIQTIUX Y/IEHOB).

Ecmm L sBnsiercst omeparopom Moncuima—Teomopecky, T0 KOMIIOHEHTHI perie-
Hug ypasaenus Hu = 0 gomyckaor ¢bu3m€aecKyo nHTEpIpeTanuio (B IPOTHBOIIO-
JIOXKHOCTE OMeparopy JIupaka W TPeTheMy W3 3TUX KAHOHWYIECKUX OTIEPATOPOB).
B mokstazie mpuBOAMTCS TaKKe Pl APYTUX PE3YJIHTATOB MJIS STUX OMEPATOPOB.

Crucok Jiureparypsbl

[1] Stiefel E. On Cauchy-Riemann equations in higher dimensions, J. Res. Nat. Bur.
Standards, vol. 48, (1952), 395-398.

[2] Stein E.M., Weiss G. Generalization of the Cauchy—Riemann equations and
representations of the rotation group, Amer. J. Math. , vol. 90 (1968), 163-196.

[3] Stein E.M., Weiss G. Introduction to Fourier Analysis on Euclidean Spaces, Princeton
University Press, Princeton, N.J., (1971).

[4] Hemposckudi HU.I. N36paunsie Tpyasl. CucTeMbl ypaBHeHUH ¢ YACTHBIMHU MPOU3BOLHBIMH.
Anre6panyeckas reomerpus. M., Hayka, 1986, 504 c.

HopmanbHO paspemuMble KpaeBble 3aJa4U AJIA OII€PaTOPHbBIX
ypaBHeHU B HaHAXOBOM IIPOCTPAHCTBE
2Kypasaes B. @. (2KutoMupCknii HATHOHAIBHBIN arpO3KOJIOTHICCKHL
YHUBEPCHTET, YKPauHa)

IIyctb 1o (Z, B1) — 6aHAX0BO IPOCTPAHCTBO OrPAHUIEHHBIX BEKTOP-(yHKImMIA
z(t), OUpeIesIEHHBIX HA KOHEYHOM MPOMEXKYTKe Z CO 3HAYEHWSMU B 0aHAXO-
BoMm mpocrpanctse Bi, z(-) : Z — Bi ¢ mopmoit |||f||| = sup,ez [|f(t)]B:, 2
1o (Z, B2) — 6anaxoBO IPOCTPAHCTBO OrPAHMYEHHBIX BeKTOP-GyHKumii ¢(t), onpe-
JIEJIEHABIX HA TOM K€ MPOMEXKYTKe L CO 3HAYEHUAMHU B GAHAXOBOM IPOCTPAHCTBE
B> ¢ mopmoit |||¢||| = sup,cz |¢(t)]|B,, B —6anaxoBo IpoCTPaHCTBO UHCIOBBIX
MOCJIEIOBATETLHOCTEA.

Paccmorpum 3a7ady 06 yCIOBAAX PA3PEITUMOCTH U TIPEICTABICHAN DENTeHUI
KPaeBoi 33/Ia9u 7T ONEPATOPHOTO YPABHEHWS

o= ([ 7 ]-)o=[ ], 8

rae L : 1(Z,B1) — 1(Z,B2) — smneiinbtii orpaamaennsii 0606menno obparn-
mbit oneparop [1]; £ = col(l1,l2, I3, ...) : 1o(Z, B1) — B — ymneiinepiii orpanuven-
HBII BekTOp-dyHKIMOHAT; o € B.

O6obmenHas 06paTUMOCTh omepaTopa L o3Ha4YaeT, 94TO HyIb-IIPOCTPAHCTBO
N(L) u appo R(L) nmomosmsembr B Gamaxosbix mnpocrpancrBax lo(Z,B1)
n 1o(Z,B2), COOTBETCTBEHHO, W OH HODPMAJbHO pa3pemwM. llpm 3TOM Cy-
mectByior [2] orpammdenmpre mpoekTopsl Py(r) : leo(Z,B1) — N(L) mu
Py, :1(Z,B2) — Y1, xoropsie paszbusaior npocrpanctsa loo (Z, B1) u 1o (Z, B2)
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B mpsiMble CyMMbl HogupocrpadcTB lo(Z,B1) = N(L) @ X1, 1o(Z,B2) =
Y. @& R(L).

TEOPEMA 1. ITyemov L u L — 0606werno obpamumsvie onepamopsvi. Tozda co-
omeemcmeyrowas (1) odnopodnas (p(t) = 0, o = 0) xpaesasa 3adaua umeem
AUHETHO HE3ABUCUMBLE DEWEHUSA 6UOQ

2(t) = (Pn(ayo) (1),

2de Pn(ay = Pnw)yPn(c) — npoexmop banazosa npocmparcméd loo(Z,B1) na
nyav-npocmparemeo N(A) onepamopa A, Zo(t) — npouseosvhvit ssemenm bara-
zosa npocmparcméa loo(Z,B1). Heodnopoonas xpaesasn 3adawa (1) paspewuma
oaa mex u moavko mex ©(t) € 1o(Z,B2) u a € B, xomopwe ydosaemsoparom
YCAOBUAM

(Pre)(t) =0,
Py.{a— UL ¢)()} =0,

U npu Imom ee 0511466 pewerue umeem 6ud

2(t) = (Pn(ayZo)(t) + (Ge)(t) + (Pn(r) (£ a))(1),

ede L = {Pni) : 1oo(Z,B1) = B; Py, : B — Y — ozpanuvennoill npoexmop;
(Go)(t) = (L™ 9)(t) — (PN L™ LL™¢)(-))(t) — 0bobwennnt onepamop I'puna.

Crnucok JauTeparypsbl

[1] T'oz6epe HU. 1., Kpynnux H. 5I. BBeneHue B TEOPUIO OJHOMEPHBIX CHUHIYJIAPHBIX WHTE-
rpaiabHbIX omepatopoB. Kumuues: [Iltunnma, 1973. 426 c.

[2] Kadey M. H., Mumazun B. C. JJononHsieMble HOANPOCTPAHCTBA B GAHAXOBBIX IPOCTPAH-
creax // YMH. 1973. T. 28, Beim. 6. C. 77-94.

O6 olieHKe cBepXy AJis IokasareJieil JIanmyHoBa BO3MYIIE€HHOMN
abcTpakTHO JIMHEITHOUM crcTeMBbI
3arpebmna U. C. (Vamyprckuii rocyaapcrBennsiii yausepcuret, Poccns)

IIycres ) — Merpuyeckoe HpocTpaHcTBO ¢ MeTpukoii p; F') V — Bemecrsenubie
JITHEHbIE HOpMUPOBAHHBIE TTPOCTPAHCTBa; L(F, V) — HOpMHpPOBAHHOE MTPOCTPAH-
CTBO OTPAHUYEHHBIX JTUHEHHBIX oTOOpaxkenuii u3 F' B V' ¢ HOpMOIA, coriacoBaHHOM
c wopmamu B F' u V| 1. e. ynosnersopsaiomeii yciosuio ||Az| < ||All||z| npr Bcex
A€ L(F)V), z € F; GL(F) — rpynua Bcex obpaTuMbix smementos u3s L(F, F).
Heiirpambubtit snement rpymmst GL(F) 6ynem ob6o3nadars gepe3 F.

ONPENEJEHUE 1. AGcrpakrnoil ymueinoit cucremoit (AJIC) ma npocrpan-
cree 2 ¢ da3oBbiM mpocTpancTBoM F Gymem maseBarh Tpoiiky (L, F, X), rae
X : Q x Q — GL(F) npencrasyger coboii HEPEPHIBHOE MO KaXKIOMy aPTyMEHTY
orobpazkenue, ynosnersopsiomee ycinosuam X (t,t) = Eu X (t,5)X (s,t) = E pna
mobeix ¢, s € Q. Orobpakenne X, a TakKe W BCAKOe ero 3Hadenwne X (t,s) mpm
dukcupoBannbIx t, s € 2, Gymem maspiBaTh oneparopom Komu AJIC (2, F, X).

OnpPEAEJEHME 2. AJIC (2, F, X) GyzeM Ha3bIBATH BIIOJIHE PA3PEMIMMOI, ec-
JIU TIpH JTIOOBIX t1,t2,t3 €  BeIMOHEHO paBeHCTBO X (t3,12)X (t2,t1) = X (t3,t1).
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OnpPEAEJEHUE 3. Pemernmem AJIC (Q, F, X) Gynem Ha3bBaTh 0TOOpasKeHUE
z : Q — F, ynosnersopaomee ycnosuio x(t) = X (t, s)z(s) npm mobbix t,s € Q.
IMokazarenem JIamynosa pemenus z(-) AJIC (Q, F, X) Gymem Has3bBaTh A[z]

I 1 -
lim ——— In ||z(t)||, toe Fo — dunprp nonosHennii 10 OrpaHTIEHHBIX MHOYKECTB
Fa p(tv tO)

B

Paccmorprum ne Bnomme paspemmmble AJIC — ucxommyo (R™, F,X) m
Bosmymennylo (R™ F,X(E + H)) ¢ Bosamymenuem H wu oneparopom Komm
Y(t,5) = X(t,5)(E + H(,5)).

TEOPEMA 1. ITycmo 3adana nososrcumesvhan Pynkyus B, onpedesentas na
Z", makaa, wmMo cnpacedsuso PAGEHCME0

lim E ﬂ (tr) 1 H (trtr, te)]| = O,
m=00 [[tm — tol| t0||
20e {tm} — nomedaeamemmocmb u3 Z", tm — 00 npu m — oo. Tozda daa no-
Kasamens JIANYHO6a NPOU3BOADLHO20 HEMPUBUAALI020 Peuwenud Y(-) 603MYyULeH-
notli cucmemvt evnoansemcs oyenxa Ay < lim 71n17m, 2de nocaedo-
m— oo Ht tOH
samesvHocms Ny npu m > 1 ydosaemeopaem pexyppeRmMHOMY COOTMHOULEHUIO
Nm = max(|| X (¢m, te)||B(te)nK), k € N, ¢ npouseosvrom HAMAALHBM YCAOBUEM
k<m

m > 0, npuvem seaununa lim

——  Inny, He 3a8ucum om ewvibopa 1.
3% Tt — tol

Cnucok JuTeparypsbl

[1] Maxapos E. K. O6 acumnroTu4eckoii kaaccudukanun aGCTPAKTHBIX JHHEHHBIX CHCTEM
// Tpyapl uacruryra maremaruku HAH Besapycu. Munck. 1999. T. 3. ¢. 79-88.

[2] Maxapos E. K., Mapuenxo H. B., Cemepurosa H. B. O6 oueHke CBepxy Ijisi CTapIue-
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AcuMrnToTuka MarHuToOruApoAuHaMuueckoi 3agauu Jlam6a ¢ ygerom
MOJIEKYJISIPHOI ¥ MAarHUTHOU Bs3KOCTel
Bagopoxmnsrii A. U. (FOxnubrii ¢penepanpubrii yausepcuret, Poccust)

Knaccuaeckas 3amaga Jlamba mpencrasiaser co0oil TrMHEAPU30BAHHYIO 33/1a-
9y 0 CBOOOJHBIX I'DABUTAIMOHHBIX BOJIHAX B OJHOPOIHOM BSI3KOM HECKUMAEMOM
JKUJKOCTH, IPAHUIAIIE C BAKYYMOM H 3aIOTHSIOMEN HIKHIOK II0IyILIOCKOCTb.
Ormerum, yro H. H. MouceeB nocTpom aCUMUTOTUKY YKA3aHHON 3aja4u JJis
MaJIo#l BA3KOCTH, IpUMeHuB MeTon Bumuka-JIrocrepruka. MI'/] anasoru 3ama«m
Jlamb6a mpy HAIOXKEHWN HA CHCTEMY CTAIMOHAPHOIO OJHOPOJHOIO TOPU30HTAJIb-
HOI'O MArHUTHOI'O 110Jis PACCMOTPEHbI HAMM JyId ciydaeB R, = oo, R4y — npouns-
BosibHO (1996), a Takxke npu R, = 0o, R,, —npoussossHo (2000), rae Ry, Ry —
TUOPOAMHAMMYECKOe U MAarHUTHOe uucia Peinonbmca.

B macrosimem noksaie pacCMaTrpUBaeTCs MOAEIbHAL 381343 [JIs 001Iero ciy-
qas HAJINYIMS KaK THIPOJAMHAMHYECKOr0, TaK M MArHUTHOrO |nces PeitHoabmaca.
IIpencraBmisisi BEPTUKAIBHYIO KOMIIOHEHTY BEKTODA HAIPSKEHHOCTH, MHIYIUPO-
BAaHHOI'O JABHXKEHHEM KUIAKOCTH, B BUIE h.(x, z,t) = Z(z) exp(iz + ot), paBHo Kak
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¥ aHAJIOTMYHBIM 06pa30M, OCTAJIbHBIE NCKOMbIE BEJIMYUHBI, IPUIEM K CJIEIYIOIei
KpaeBoii 3aj1aue Ha cobcrBennbie 3navenus st QLY
(Ry - Rn) *MP[2(2)] — 0 (Ry ™"+ R ™*) M?[2(2)] + (% + AYM[Z(2)] = 0
2
rJe 0 — UCKOMBII CIIeKTpaJibHbIi napamerp, A —uucno Asubbsena, M = j7 —1.
Cdopmynupyem rpaHuyHbIe YCIOBHUS:

(Ry - Rin) ™" [Zv(o) —42"(0) + 3Z’(0)] — R, 0 [2"(0) - 32'(0)] —

B Rm71{[zul(0) . Z/(O)} + é [Z”(O) - Z(O)] }+

+0°Z'(0)+Z(0) + A[Z'(0)+Z] =0

— yCJIOBH€ HeIIPePBIBHOCTH HOPMAJIbHOII KOMIIOHEHTBHI TeH30pa IIOJIHBIX, T. €.
TUAPOAMHAMUYECKUX W MAarHUTHBIX, HANPAKEHWI TIPU Tepexone depe3 TPaHuILy
pas3nena , KUIKOCTb-BAKyyM";

Ry " [ZIV(O) - Z(O)] — o [2"(0) + 2(0)] =0

— yCJIOBUE OTCYTCTBUS BA3KHMX KAaCATEJIbHbIX HANPKEHUH Ha cBOOOIHOI 11OBEpX-
uoctu (CII). YcsoBre HENpephIBHOCTY KACATEIBHOM COCTABIISIONIEN TeH30pa Mar-
HUTHBIX HaIpsiKeHwi mpu nepexone depe3 CII HocuT qBOMCTBEHHBIN XapakTep, a
MMEHHO:

1°. Z"(0) — Z(0) = 0 — npu HAJMYUU TIOBEPXHOCTHBIX TOKOB,

2°. Z'(0) + Z(0) = 0 — pu uX OTCYTCTBUU.
Ilpm z — —oo craBum ycaosue |Z(z)| — —o0, T. €. 3aTyXaHud BCEX BO3MYNICHUI
¢ TUIyOMHOI.

JlanbHeiinmee nccie10BaHMe TPOBOANTCS 71K YaCTHOTO ciayvas Ry = Ry, = R.
st manbix BaskocTeir R = €2,0 < € < 1, B COOTBETCTBUM C TIPOIELYPOil Me-
roga Bumuka—JliocTepHuka, CTPOUTCS PA3JI0KEHHE IEPBOTO UTEPAIMOHHOIO IIPO-
1Iecca M TPY YJIeHA TUMA TOTPAHINYHOTO CJI0st. B pe3ysbrare OmpenesseTcst acCuMII-
TOTHUYIECKOE BBIPDAKeHUE I COOCTBEHHOIO |HCJIA, XapaKTEPHU3YIOIIero HacToTy
¥ JIeKpeMeHT 3aTyxanus kosiebannmii. [lommmo sToro maiimeno , Toumnoe” mpparmo-
HAJIHFHOE YPABHEHHE TACTOT, ITO [TO3BOJISIET CPABHUTH ACHMIITOTHYIECKIE (hOPMYIIBI
C pe3y/JIbTATaMU YHCJIEHHBIX PACIETOB.

PaBHOMepHasi 3KCIIOHeHIMA/IbHAsI cTabuamnsanusi cemeiicTBa
HEJIMHEUHBIX YIPaBJISE€MBbIX CHCTEM

3atines B. A. (¥Yamyprckuii rocyzapcrsennsiii yausepcnrer, Poccus)

Toukos E. JI. (¥amyprckmii rocymapcTBennbiii yausepcenret, Poccrs)

IycTs (X, hY) — Tomonormyeckas TUHAMEYIECKAs CHCTEMa ¢ KOMIIAKTHBIM (a-
30BBIM mpocTpaHcTBoM Y. Ilycrs 3amana dbyukmus (o,z,u) — F(o,z,u) € R",
PaBHOMEDHO HENPEpPhIBHASA BMECTE CO CBOMMHU YACTHBIMHU ITPOM3BOAHbIME Fy, FY,
Ha MHOXKecTBe X X R™ x R™.

PaccmaTpuBaeTcst CeMefCTBO yIPaBIsSeMBbIX CUCTEM

&= F(h'o,z,u), (t,z,u)€RxR" xR", (1)
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3aBUCSLIUX OT mapamerpa o € X. Jonycmumoum YynpasaiemoLM Npoyeccom CACTe-
mbi (1) naspiBaerca Besikas dynkuus t — G(h'o) := (Z(h'o),u(h'c)), paBHomep-
HO HeIpepLIBHAA W OrpaHmdenHas Ha R, Takag aro Z(h'c), t € R aagerca pemre-
mmem cucremsr (1) mpu u = u(h'o). PacemoTpum pomycrumbtii mpomece ¢ — B(hlo)
nuis kazgoro o € Y. Ioayuum cemeiicrso (3, Y) := {t — §(h'o), o € ¥} nouy-
CTHMBIX TPOIECCoB. Bymem ropoputs [1], 9T0 ceMeHCTBO MOIMyCTUMBIX TIPOLIECCOB
(3, %) pasromepro sKCNOHEHYUAABHO CTNABUAUSUPYEMO ¢ NoKasamenem & > 0, ec-
s HadimyTea unciaa N > 0, > > 0, 6 > 0 Takue, 9To A5 JII060TO 0 € X HAMAETCS
HempepbiBHOE ynpasienne (t,x) — u(t,z,0) € R™, (t,z) € Ry x Os(Z(h'0)),
YZOBIIETBOPAIONIEE CJIELYIOMNM YCTOBUAM:
1°. BmmosTHEHO HepaBeHCTBO |u(t, z,0) — u(h'o)| < s
2°. u(t,2(h'o),0) = u(hto);
3°. mmoboe pemenue t — x(t,0), t € Ry cucremst (1) ¢ BoGpannbiM ypas-
serneM u = u(t, z,0) n HadaasHsM ycaosueM z(0,0) € Os(Z(0)) ymo-
BJIETBODAET IIPH BCex ¢ > () HEPABEHCTBY

lz(t,0) — Z(h'o)| < N|z(0,0) — (0)| exp(—at).

Iloctponm cucremy smHEHHOr0 IPUOIMKEHUS B OKPECTHOCTH JOILyCTHMOLO IIPO-
mecca

§=A(h'o)y+ B(h'o)v, (y,v) €R" xR™, (2)
A(hto) = 2F(loww) B(hto) = 2F('oww) . Cewmett .
rae A(h'o) 5o S(hie)’ (h'o) S i) eMefcTBO s

HellHbIX yupasisembix cucreM (2) (3aBucsuiee or napamerpa o € ¥) Ha3blBaercs
DABHOMEDHO 6TOAKE Ynpasasemvim [2], ecan cymecTByior KoHCTaHTHl ¥ > 0 U
£ > 0 Ttakwme, uro gy moboro o € ¥ u s s1oboro yo € R™ maiinercs nsamepumoe
yupasyenue t — v(t,yo,0), t € [0,9] rakoe, uro pewenue y(t, o) ypapuenus (2)
¢ ynpasaeruem v = v(t, Yo, o) ¢ HagaababIM yeaosuem y(0,0) = yo yIOBIETBOPS-
er ycnosuio y(¥,0) = 0, upu 5TOM BBIIOJIHEHO HepaseHCTBO |v(t, Yo, o)| < £|yol,

t €10,9].

TEOPEMA 1. ITycmo cemeticmeo cucmem (2) pasHOMEPHO 6NOAHE YNPLEAA-
emo. Tozda das awbozo o > 0 cemeticmeo donycmumvnz npoyeccos (@, X) pasho-
MEPHO IKCTLOHEHYUGABHO CMAOUAUSUPYEMO C NOKA3AMENEM (L.

Pabora mommepxana rpanToM HaydHbIX ucciaenoBanuit IIpaBurenncrBa PO
(mporpamma Ne 11.G34.31.0039) u rpantom PO®U (nporpamma 11-01-00380-a).

Crnucok JuTepaTrypbl

[1] Batiuee B. A., IIonosa C. H., Touxoe E. JI. kcnoOHEHIUATIbHAS CTABUIN3UPYEMOCTD
HesIMHeHHbIX ynpasiasembix cucreM // Becrauk Yamyprckoro yHusepcurera. Maremaru-
ka. Mexanuka. Komnbiorepusie mayku. 2010. Ne 3. C. 25-29.

[2] Towxos E. JI. lunaMuyeckas CUCTEMa CABUTOB U BOIPOCH PABHOMEDPHON yNIPABJIAEMOCTH
pexkyppenTHoOil cucremsr // JAH CCCP. 1981. T. 256. Ne 2. C. 290-294.
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06 acuMIITOTUYECKOI KBUBAJIEHTHOCTU CUCTEM C HEOrPAaHUYEHHBIMU
KO3 punumeHTamu
Sampirnna B. U. (Mockoscknii I'ocymapersennsrii Yausepcurer
umenu M. B. Jlomonocosa, Poccust)

Ina 3amauasoro n € N o6o3naunm depe3 M" MHOKECTBO JIMHEHHBIX CACTEM
BUIA

i=A(t)r, z€R" teR", (1)

C KyCO‘IHO—HerepI)IBHBIMI/I (He O65{3&T6J'ILHO OFpaHI/I‘{eHHLIMI/I) ManI/I‘{HBIMI/I

dyukmuamu A, KoTopbie 0yIeM OTOXKIECTBIIATH C COOTBETCTBYIOIIUMUA CUCTEMAMHU.

OnpeAeaeEHUE 1. Caenys [1], Oymem HaseBaTh cucremst A, B € M"™ acumn-
TOTUYECKU IKBUBAJIEHTHBIMU, €CJIA CYIEcTByeT npeobpa3oanue JIdamyHosa, mepe-
BOgIIEe OOHY U3 cuCTeM B Apyryio. Ilpu stom mox npeobpazosanuem JlgmynoBa
TIOHUMAETCS HEMpePbIBHAS KycouHo-aud depennupyemas MaTpuanas Gyakmms L,
VZOBJIETBOPAIONAS YCIOBUIO

sup (|L(t)| + |L_1(t)|) < 400,

teRTt

rzIe HOpMa MaTpuIpl onpeaenserca dbopmynoit | X| = max |3
1<i,j<n
sz sanannoit yrkmmn f : RT — (0, 400) o6osnaunm vepes M} MuO)ecTBO
cucrem A € M™, ynosnersopsiomux mig Beakoro t € RT mepasencrsy

|A()] < f(B). (2

)

TeoreMA 1 (cp. [2]). Jaa ecaxuz nenpepwenoti pynryuu f : RT — (0, +00)

u € > 0 natidemea makaa nocaedosameavnocms (ty), tx T +00, wmo das 10607

cucmemor A € M} cyuecmeyem acumnmomusecky IK6UCAAEHMNAA el CUCTIEMA
B € M}, nocmoannas na xasicoom unmepsane (tkytrt+1), kK €N

TEOPEMA 2. Jlaa ecaxoti nocaedosamenvnocmu (tx), ty T +00, cyuecmeyem
makxaa cucmema A € M™, umo HukaKea cucmema ¢ nOCMOAHHBLMY Ha KAAHCIOM
unmepsane (tg,tet1), k € N, kospPuyuernmamu ne A6AAEMCA ACUMNMOMUNECKU
IKeusasenmHol cucmeme A.

TEOPEMA 3. Jlna ecaxoti menpepusnoti gynwyuu f : RT — (0, +00) nati-
demca maxas nocaedosamenvnocmyv (ty), ty T +00, wmo daa a0boli cucmemov
A € M} u am060t cucmemv, B € M™ ¢ ozparunennvmu xosphuyuenmamu cyuse-
emeyem maxaa cucmema B ¢ nocmoannmu na xaswcdom unmepeane (tg,tyy1),
k € N, xosppuyuenmamu, wmo sup,>g |B(t)| < Sup;so |B(t)| v cucmemw A+ B
u A+ B acumnmomumiecky sK6usaaeHmmbL.

B nmokazarenscrse TeopeM 1 u 3 ucnosnb3oBana Teopema 1 u3 [3].

Cnucok JauTeparypsbl

[1] Bozdanos 0. C. O6 acUMNTOTUYECKH SKBUBAJIEHTHBIX JIMHEHHBIX Hud depeHnuanbHbIx
cucremax // duddepennnanpuee ypasuenns. 1965. T. 1. Ne 6. C. 707-716.

[2] Masarnux C. A. O6 acMMOTOTHYECKH HKBUBAJEHTHBIX JUHEHHBIX nuddepeHnuatbHbIX
cucremax // dnddepennunanbusie ypasaenua. 1981, T. 17. Ne 5. C. 923-926.
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[3] Hso60o6 H. A., Masanux C. A. O6 aCHMITOTHYECKN YKBUBAJIEHTHBIX JINHEHHBIX CHCTE-
Max IPHU YKCHOHEHLUAJIbHO yOblBaomux so3mymennsnx // duddepenunanbabie ypaBHe-
Hust. 2006. T. 42. Ne 2. C. 168-173.

06 omHoM crmocoGe obGpamienus oreparopa Basie-Ilyccena
Bassnna B. U. (FOxno-Ypanbckuii rocypgapersennsii ynusepcurer, Poccust)

IIycrp &(t) — mabmomaemslii B 9xkcnepumente curaas, u(t) — curxas, mozse-
xkamuii onpesesienuio. [Ipesmonaraercs, 910 © ¥ U CBSI3aHBI yPABHEHUEM

Lzl =2z +an_ 1(0)z"" ™V + -+ ()7’ +ao(t)z = u(t), telab, (1)
U T yIOBJIETBODsieT KpaeBbiM ycsosusM ([1])
z(ti) =1, a<ti<ta<...<tp<b (2)

Ecim 3amaga (1)-(2) ogmosnauno paspemmma, To, kax ussectuo ([2]), cy-
MECTBYET OJHO3HAYHO ompesenseMas yuaknua ['puna G(t,s) Takas, 910 mmeer
MECTO PaBEeHCTBO

b

/G(t, s)u(s) ds = xins(t). (3)

3necb
b
Bt (®) = 2(t) = (1) ~ [ Glt.s)Lv] s,

U (¢) — MATEPIOIATINOHHBIA MHOTOY/IEH, ACCOIMAPOBAHHBIA ¢ IPAHUIHBIME yCJI0-
BHAMH PacCMaTPUBaeMOil KpaeBOU 3a/1a4u.

Coorromernne (3) m ABIAETCT MCKOMBIM O0pameHueM omeparopa Basmie—
Iyccena (1)—(2).

TEOPEMA 1. ITycmwv 0dnopodnas 3adaya (1)—(2) obaadaem nempusuasvhoim
pewenuem 0aa HEKOMOP020 HabOPa UHMEPNOAAUUOHHHT Y3408 a < t1 < t2 <
e < tn < b. To2da mooicno mak caezka ,nowesesums amom Habop:

Vé>0 Fa<ti<ty<...<tn<b: |t;—t;| <,

YImMo MHO20MoYeuwHaA 3adaua Baane—Ilyccena 6ydem 00no3HA4HO pa3pewsumots OAA
Mmobour npasuix wacmed u(t).

TEOPEMA 2. Ilycmv ysave unmepnoaayuu 3adawyu (1)—(2) ewbpanv. marx,
4mo ama 3adanua 00103HaH0 paspewuma. Tozda gynryus 'puna G(t,s) asarem-
CA eOUHCTNBEHHbIM PEUEHUEM UHMEZPAALHOZ0 YDABHEHUA

b
G(t,s) — G(t,s) = /G(t,T)V(T, s)dr, (4)

a0po xomopozo V (7,s) u Pynxyua é(t, S) BBINUCHLEAIOMCA AGHBLM 00DAZOM.
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Crucok Jureparypsl

[1] Zowc. Cancone, ObbikHOBeHHBIE nuddepennuanbable ypapaenus, M.: 3n. unocTpanHoi
sgureparypst, Tom 1, 347 c., 1953.

2] Hoxoprwi FO. B. O HekoTopbix oueHkax dyHKuun ['puHA MHOrOTOYEdHOI KpaeBoi 3a-
nauu// Maremarudeckue 3amerku, T. 4, Ne 5, 1968. C. 533-540.

KpaeBas 3amava Jis ypaBHEHUs 3JIINIITUKO-TUNEPOOINYIECKOro THUIIA C
HEJIOKAJIbHBIM MHTErpajbHbIM yCJIOBUEM
Bapybuna JI. B. (IloBomKCKas rocyapCTBEHHAS COIAATIBHO-TYMAHATAPHAS
axazgemus, Poccrs)

Paccmorpum ypasuenune JlaBpentrea—bBumanze
Lu = ugy +signt - ug =0

B mpsiMoyroibHOit obmactu D = {(z,t) |0 < z < 1, —a < t < S}, rzme q,
B — 3amaHHbIe MOIOKATETLHBIE JefiCTBUTETbHbIE YHCIa, U IIOCTABAM CeLyIONIyTo
3a/ady.

3Aaaa4A 1. Haiitu B o6iactu D byukumio u(x,t), yI0BIETBOPSIOILYIO yCIIO-
BHUAM:

ue C'(D)NC*(D- U D); (1)
Lu=0, (x,t)€ D-UDy; (2)
u(z, B) = (), u(z,—a)=¢(), 0<z<L (3)
w(0,0)=0, —a<t<p ()
/1 u(z,t)de = A=const, —a<t<pg, (5)
0

rue ¥(x), p(r) —3amanuble gocrarouno riagkwe ¢ymkumm, ¢(0) = (0) = 0,
fol o(x)dz = fol P(x)der = A=const, D = DnN{t>0}, D_=Dn{t <0}

OrmernM, 4ro maTerpasbaoe yciaosue (5) fBisercs HeJOKaIbHbIM, du3ude-
CKHU OHO O3Ha4aeT IOCTOSHCTBO BHYTpeHHeil sHeprum cucTeMbl. KpaeBas 3amata
Il yPaBHEHUsI CMEIIAHHOTO MapaboJio-rurnepboImaecKoro TUMa ¢ TaKUM HeJso-
KaJIbHBIM MHTErPAJIbHBIM YCAOBUEM PAaccMoTpena B pabore [1].

B nmamnoit pabore, ciaenys [1], ycTaHOBIEH KpUTEpHil €ANHCTBEHHOCTH pelle-
Hus nocrasiaeHHoi 3amaun (1)—(5).

TEOPEMA 1. Ecau cywecmsyem pewenue 3adawu (1)—~(5), mo ono edum-
cMeerHo moavko mozda, kKozda npu ecer k € N 6bnoAREHO HEPABERCTE0

cos Aga - sh A\g B 4+ sin Ay - ch A8 # 0, A = 27k.

Crucok Jiareparypsl

[1] Cabumos K. B. Kpaesas 3ana4a s ypaBHeHus: napabosi0-runepGoInyuecKoro THIA C
HEJIOKAJIbHBIM HHTErpaJabHbIM ycaosueM // dnddepennuanpube ypasuenns. 2010. T. 45.
Ne 10. C. 1468-1478.
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O dopmyne s peryiisipu30BaHHbBIX CJIEJOB
Barunkunii I1. B. (Canxr-Ilerepbyprckmii rocyausepcuret, PD)
Cromapos /I. M. (Carkr-Ilerep6yprckuii rocyausepcuret, PD)

Paccmorpum omeparop L, mopoxgaembiiit aud depeHimaIbHbIM BhIPAKEeHHEM
2m—2
ly=(-)"D"y+ 3 pu() Dby
k=0
(3mecw pr € L1,10c(R4+) — BemecTsennbe GyHKIWMN) ¥ IPAHUTHBIMYU yCIOBHAMHE

Pj(D)y(0)=0, j=1,...,m

(3mech P; — monmHOM CTemneHu kj, MPUYeM IPAHUYHBIE YCJIOBHs CIMTAIOTCH NPU-
sedenmvimu, T. €. 0 < k1 < kg2 < ... < km < 2m — 1). Jomyctum, 910 3TOT
OTepaTop CaMOCOMpsiKeH B mpocTpancTse Lo (R4 ), mogyorpanwaen cHu3y w mmMe-
eT YHCTO JMCKDPETHBIH CriekTp {A,}/ > (HyMmeparms 1o BO3PACTAHHIO C yd4eToM
KPaTHOCTH).

IIycts Q — omepaTop yMHOXKEHUS HA BEMECTBeHHYI0 GyHKImIO q € Loo (R4 ).

Torna oneparop L + Q Tax:ke MMeeT YHCTO JUCKPETHBIH CIEKTD {fin },125.

TEOPEMA 1. Ilyemv q umeem o02paHudeHHbl HOCUMEAb, 6 OYHKUUA

P(z) = ifq(t) dt umeem ozparuvenHyro sapuayuro 6 Hyase. Tozda cnpasedauso
pasencmeoO
= c T m 1 »
= — - — = — N — 1
S1=3 [ —ra - /q(t) a) = vt (F-7- ) O
n=1 0
2de
1 1 e
c1 = A" Cn = AZT — A2, n> 1 =Yk
J=1

BAMEYAHUE 1. [last ompotIenHex Kpaesbix yenosui Pj(D) = DFi dopmyma
(1) 6pL1a mokazana B mpenpuaTe [2]| (Tpw waCTHBIX caygasd: k; = 27 —2; kj = 25 —1
u k; = j—1 6pm panee paccmorpenst B paborax [3], [4]). Ilosmoe goka3arenbcrso
comepxurcs B [1].

Ioxknam ocHOBaH Ha coBmecTHOI padbore ¢ A. V1. Hazaposbim.
Pabora nomnepxana rpantom 11.G34.31.0026 IIpaBurennctea P® (nmabopa-
ropug mvern 11. JI. Yebpimena nmpu CIIGIY).

Cnucok JauTeparypbl
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OrneHKH yCcTOWYMBOCTU AJisi HEKOTOPBIX JIMHEMHBIX CHUCTEM
Beripman A. U. (Bosoroackuii rocyapCTBEHHBII 11€4aroru9eCKuii yHUBEPCHTET,
HCOPT PAH u HUIIN PAH, Poccus)

Koporsmmesa A. B. (BoJoroackmii rocyapCTBEHHBII 11€arOrA9eCKuLi
yuusepcuret, Poccust)

IMangunosa T. A. (Bosoroackuii rocyjapcrBeHHbLd 1€4aroruaeCKuil
yausepcuret, Poccust)

PaccmarpuBaercsa cucrema auHEHHBIX Mg depeHInaIbHBIX YPABHEHNH, OIH-
CBIBAIONIAs HECTATMOHAPHYIO MapKOBCKYIO Terb X () ¢ HEMpPEPBIBHBIM BPEMEHEM
u npocrpaucTBoM cocrostamit En = {0,1,---, N}. Marpuna A(t) = (aij(t))i\szo
npamoii cucrembr Konmoroposa quia nenm X (t) o61agaer HEKOTOPBIMUA CIIETAAJIb-
HBIMU CBOMCTBAMH, a UMEHHO, CYMMa, 3JIEMEHTOB KayK0T0 CTOJIOIA TaKOil MaTpu-
Bl IpY BCeX ¢ paBHA HyJ/II0, BHEANATOHAIBHBIE JIEMEHTHl HEOTPHUIATE/IHbHBL P
Beex t > 0, a Bee a;;(t) okanpaO mATErpEpyemsl Ha [0, 00). IIpennonaraercs, aro
X (t) onmceiBaer umcsio TpeGoBaHWIT B cucTeMe OGCIyKMBaHUS ¢ KaTacTpodamu
(cm., mapumep, [1]). B sTom ciygae Bee ao;(t) > £(t) mpu j > 1. Paccmarpusaior-
Csl OIIEHKH yCTONHYUBOCTH CHCTEMBI 10 OTHOUIEHUIO K BO3MyIieHusAM MaTpursl A(t)
B TIPEJITOJIOKEHUH ,,CYIIeCTBEHHOCTH KaTacTpod. B aTom cayuae ymaercs mpume-
HUTH METOJ, UCIIOJIb30BAHHBIN Jj1si GoJIee y3KOro KJacca Mojeseii B [2], nobusmmucs
CYIECTBEHHOrO Y/Iy4lIeHUs KOHCTAHT C HOMOIIBIO IIPHEMa, IIPUMEHEHHOIO BIIED-
Boe B [3]. IlycTs npsimast cucrema Koamoropoea [yisi NCXOJHON M BO3MYIIEHHOMN
MapKOBCKOH ITerneil mMeeT COOTBETCTBEHHO BUJ,

®_ A, P = Awp. 1)

TEOPEMA 1. ITyemo £(t) > b > 0, a ||A(t) — A(t)|| < & nowmu npu ecex

t > 0. Tozda dan ar06wx navarvuuz yearosud p(0) u p(0) cnpasedausa oyenka

)
limsup [[p(t) — p(#)[| < (2)
t—o0
TEOPEMA 2. Ilyecmv mampuya A(t) 1-nepuoduuna, fo t)ydt =0 >0 u
|A®t) — A(t)|| < € nowmu npu scex t > 0.
Tozda das aw0bur navasvruz yeaosut p(0) u p(0) cnpasedauso nepasercmeo
. _ e(l1+6
timsup [p(t) — p)]| < S 3)
t—o0 0
Te e OLEHKN YIAETCS TIOJIyIUTh U B CJIydae CIETHOTO IPOCTPAHCTBA COCTOSI-
uuii. OLeHKY yCTORYUBOCTH APYrUX XapakTepucTuk nenu X (¢) yaaeTcs Moy duTh
C IOMOINBIO CIENUAJBHBIX IPe0OPA30BAHMIA, ONMCAHHBIX B [4].

Crucok Jiureparypsl
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peiBHBIM BpeMeneM. M.: Duexc-KM, 2008.

Pemenue 3azaun Kommu /15 ypaBHeHus ¢ 1oty b pearojibMOBbIM
orepaTopoM IMpHU TPOU3BOHOM
3y6osa C. I1. (Boponexcknii rocymapcrsennsiii yausepcuret, Poccns)

Uccnenyerca ypaBuenue

A0 ™ = Dy, 1)

roe  A(t) 3aMKHYTBIII JIMHEWHBI HETEepOB IIpM KaxKJAOM T OIIepaTop
(om xe mnomydpenronbmosB, o ke GPEArOJLMOB € HEHYJIEBBIM WHIEKCOM
» = dimker A(t) — dimcoker A(t)), neiictByommii u3 GaHaxoBa MPOCTPAH-
crBa E1 B 6amaxoBo mpocrpanctso Ea, D(A(t)) = Ei, dimker A(t) = const,
dim coker A(t) = const, B(t) € L(E1, E2); t € [0,T].

OnPEAENEHUE 1. VYpasuenwe (1) maswBatoT perymsipbiM, ecan J(A(t) —
AB(t))™!, ans mo6erx A € CNU(0), Vt € [0, 7).

OnNPENEJEHUE 2. Ypasuenue (1) HA30BeM TICEBIOPEry/IsPHBIM, €CJIHA

ker(A(t) — AB(t)) = {0} VA e CnU(0),vt € [0,T).

1. Cuywait mocroaamabix A, B. Ilpu pemenun peryngpuoro ypasaenns (1) ¢
yenoruem z(0) = 2° € F; 6omsmryio poss urpaer omepatop Ay = (A — AB) 1 A.
B miceBmoperygpHOM CiIydae CTPOUTCA oneparop Ay apyrmm 06pa3oMm.

TEOPEMA 1. B E; saoocenn, nodnpocmparcmea M u N, uneapuaHmHoie 0m-
Hnocumenvho Ax. B M onepamop Ay obpamum, N — Kopresoe nodnpocmparcmeo
oaa Ay.

B perynspnaom ciyuae
E; = M+N, (2)

TO ecTh uncyo 0 aBagercs Ajaa Ay HOpMaJIbHBIM COOCTBEHHBIM YUCJIOM.
B nceBnoperyngaprom ciaygae passioxkenue (2) UMEET MECTO JIMNIb JI7Isl OIpe-
nemenusix A, B.

TEOPEMA 2. Pewenue 3adauu Kowu daa (1) cyuwecmeyem 6 mom, u moavko
mom cayuae, xozda x° € M. Ipu smom z(t) € M u eduncmeeno.

TrOPEMA 3. ITpu 3\ € CNU(0) marozo, wmo ker(A — AB) # {0}, ¢ Fy
6A02ICEHO UHBAPUAHIHOE omHocumensvho Ax nodnpocmparcmeo Mso. Pewerue
sadawu Kowu cyuwecmeyem mozda u moavko mozda, k02da ° € Moo. IIpu smom
z(t) € Mo u needuncmeerno.

2. Cuyuait nmepemennbrx A(t), B(t). BesBasiiores ceoiicrsa A(t), B(t), mo-
cTaTouHble /s BblnoaHeHus TeopeM (1)—(3).
Bo Becex ciryuasx soiBoggrcs hopmysibl s peuterust x(t).
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[1] 3y6osa C. II. Pemenne onnoponHoii 3anaun Koumm ns ypaBHEHHSI ¢ HETEPOBBIM ONepa-
ropom npu npoussonnoit // Hoxnansr PAH. 2009. T. 428. Ne 4. C. 444-446.

PerynspusoBaHHbIi ciles BO3MYIIEHUS ollepaTopa
Jlannaca—Beaprpamn
3pixkoBa T. B. (Mockosckmii rocymapcrsennsiii yausepcnret, Poccus)

OCHOBHBIM Pe3yIbTATOM PaBOTHI ABISAETCS HAXOXKJICHUE PEryJisipU30BAHHOTO
chema omeparopa Jlammaca—BensTpaMu ¢ TOTEHIMAIOM Ha MHOTOOOPA3NN, 3a,1aH-
HOM HEKOTOPHIM (DYHKITMOHAJIBLHBIM CEMEHCTBOM TJIAJKAX MOUMU AUYEUMLECHLT
Merpuk Ha cdepe (IIpu 3TOM BCe reo|e3mdecKue STHX METPUK 3aMKHYThl M UMEIOT
oaMHaKOBYIO [ymHY) [1]. st mocTpoeHus 3TOro ceMeicTBa, MeTPHUKA MOCTOSTHHOM
KPUBU3HBI Ha c(epe TPeACTaBIAeTCs B JIMYBUJLIEBOM BHIE C MOMONBLIO cdhepo-
KOHMYIECKHUX KOOPAMHAT (U1, V2, V3).

2 2
ds? = i(w ~ ) (- Pd(f;) + Pﬁ;) Ctme P() = (a+0)(b+v)ctv). (1)
Barem npocrpancrso R® pasbusaercs Ha derbipe 06JACTH, U HOKA3BIBAETCS, YTO
Ha Kax0i m3 Hux dyskumu P(ve) m P(v3) MOXKHO 3a7aTh HE3aBUCHMO JIDYT
OT Ipyra W BHYTPH KaxKmoi obsactu, Bmecto bynkmmit P(ve) m P(vs), 3amaBa-
eMbIX OZHOUM dyHKImell P, MOXKHO B34Th ABe pa3Hble. Tak, HampuMep, Ha 1-oif
obmactu Merpuka Oyzmer 3aBucerb or dyskmmit Q4 (v2) u Ry(vs), Ha 2-0ii —or
Q+(v2) u R_(v3), na 3-eif —or Q_(v2) u Ry (v3), Ha 4-oit —or Q_(v2) u R_(v3).
Oupenenennbivm 06pa3om mensis dyakuuu Q1+, Q—, Ry, R_, nonyuaem 6oraroe
dbyHKIHOHATBHOE ceMeicTBO rmagkux Merpuk ds>(Qy,Q_, Ry, R_) ma cdepe,
TeOIe3UIECKAE KOTOPHIX 3AMKHYTHI M UMEIOT OJMHAKOBYIO IJTHHY.

TEOPEMA 1. Ilyemv ML — mnozo06pasue, onucannoe sevwe. Ecau q —
becroneuno-oudPepenyupyeman 6eUecmEeHH03Ha%HaA PyHuryus Ha M L, mo daa
cobemeennur wucea onepamopa A = A + q 6epHo pasencmeo:

oo 2k
ZZ Aei — k(k+1) _7// q(v2,v3)+/det g dvadvs | =
k=0 i=0

- L /(q‘“’) / (Ay(ML) +~*(ML) —~v(ML))+/det g dvaduvz—

T 1672
S*ML

~ % / (Ag(v2,vs) + 3¢% (v2, v3) — 2q(va, v3)(Y(ML) — 1) )) V/det g dvadus,

2de (ML) — zayccosa wpususna ML, u v/det g — xopenv us onpedeaumens mam-
puybL mMempuueckozo menszopa, S*ML — paccroerue eOuHUNHBET cPep 6 Kokaca-
MEALHOM npocmpancmee, dv — kanonuueckan gopma obsema na S* ML, a ¢*¥ —

1 T
cumson ycpednenua wa ML (¢%° = o [ (exptE)*(q)dt, 2de E — zamuavmoro-
T o

60 6eKmMoOpHOE noae Ha Kokacameavrom paccaoeruy T ML\ {0}, onpedeanemoe
pumanosot cmpyxmypot wa ML),
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OTa pabora BeimosHeHa pu noagepxkke IIporpammer Ilpesnnenta PO «Ilox-
[epKKa Bedymnx HaydHbIX mrosas, HIT1-7322.2010.1.

Cnucok JauTeparypbl

[1] Boacunos A. B., @omenxo A. T. VlHTerpupyeMble FaMUIbTOHOBBI CUCTEMBI. l'eomeT-
pusi, ronosorust, kaaccubuxanus (Tom 2). Mxesck, Uznarensckuil nom <¥Yamyprekuii
yHHBepcHuTer>, 1999,

O HepaBeHcTBax JIn6a—TuppuHra Ha HEKOTOPBIX MHOroGpasusix
Hnpun A. A. (UIIM nv. M. B. Kesnapina, Poccust)

OGozuauum uyepes M asymepuyio chepy S? wam msymepusiii Top T2, Tis
JIOCTATOYHO TJIAIKOTO TIOTEHIMAIa V PAacCMOTPUM KBaAPATHUIHYIO (HOpMy

Qv(h) = /M |Vh(z)|* dM + /M V(z)h(z)? d,
he H (M), / h(z)dM =0,

KOTOpasd OTpPaHWYeHa CHU3Yy M OIIpeessdeT CaMOCOIPAXKeHHBII OIepaTop C JuC-
KPETHBIM CITEKTPOM V1 < Vg < -+ - — 00.

TEOPEMA 1. Jlas ompuyamenavro2o cnexmpa 3mozo 0nepamopa cnpasediuea
0UEHKG

S | < La(M) /M Vo@)2dM,  V_(2) = (V(x)| - V(2))/2.

v; <0
IIpu amom
3 3
8’ 8’
B omHOMepHOM ciiy4yae CIpaBeInBa OIEHKA C J00aBOYHBIM UjieHOM. JIjist
L-miepuogudeckux (OyHKIWI C HYJIEBBIM CPEJHHM PACCMOTPHUM OI€PATOpP, COOT-
BETCTBYIONUN KBaIPATUIHON opme

Qv(h) = /OL B (x)? dx + /UL V(x)h(z)? d.

L. (T?) < L1(S%) <

TEOPEMA 2. IIpednososicum, wmo cywecmeyem N ompuyamesvholx cob-
cmeennur 3naverut v; < 0 amozo onepamopa. Tozda

N L
4 2 3
E u-—&—N—S—/ V_(x)2 dx.
|J| L2 3\/§ o ()

Jj=1

Ora pabora BbinoaHeHA 1pu o aepxkke PO, rpant 09-01-00288.
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ToxxaecrBo IToxoXkaeBa U BbIYMCIIEHNE KPUTUYECKUX HeJIMHEeUHOocTel
IJ1d 3aa4 cOo CBOOOIHOI rpaHuIieit
Hipacos 1. 1. (Mucruryr maremaruxu ¢ BII YHI] PAH, Y¢a, Poccus)

B 1999 rony duac u Dpuanzec [1], B onHoMepHOM ciy4ae (n = 1) nokasasm,

YTO ypaBHEHUE
—Au=Aul""tu— |[ul*tu B R", (1)
rae 0 < a < f < 1, uMeeT Ipu JOCTATOYIHO OOIHIINX A HEOTPUIIATEIHHOE PElIeHIe
¢ KoMnakTabM HocuTesieM B R™. B siureparype Takue penieHus MHOTIA HA3BIBAIOT
KOMIAKTOHAMMY WJIV PENIeHUsIMU 337249 co CBOGOmHOM rpanumneii (cm. [3]). Bompoc
0 TOM, CYMECTBYIOT JIi KOMHIAKTOHBI y 3ama=au (1) mpm n > 1, mo memaBmero
BPEMEHU OCTABAJICHA OTKPHITHIM. BriepBoie oTBeT Ha 3TOT npobsiemy ObLI HAMIEH B
coBMecTHOI pabore aBropa ¢ FO. B. Eropossim [2], rie 661710 10KAa3aHO, UTO €CIH

21+ a)(1 + ) o
(l-a)1-5)’

To ypasuenne (1) obamaeT HEOTPUIATETHLHBIM KOMIAKTOHAMI TIPU BCEX A > A*,
s mekoToporo A* > 0.

OCHOBHOI! IE/TBIO TPECTABICHHOTO T0KJIA,1a, SBJISeTC 0G0CHOBAHWE TOTO, UTO
pasMepHOCTh n*, 3amaBaeMad 1o ¢dopmyse (2), meHCTBUTENHFHO 00IATAeT CBOM-
CTBaMU KPUTHYECKOro nokasaress g (1). B ocHoBe Hamero momxogma Jiekur
ncnosk30Banne ToxaecTBa [oxoxkaesa [4], MPUMERAEMOT0 B HOBOM KadeCTBe.

OTa paboTa BbInosHEHa Ipu mogaepxkke PODI, rparr 11-01-00348-a.

n>n" =
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XapaKTepuUCTUYECKU ONpeaeINTelIb CIIEKTPAJIIBHON 3aa49u IJist
OGBIKHOBEHHOTO /U@ PePEHINATBHOrO OIIEPATOPA C UHTErPAIbHBIM
BO3MYIIIeHUEM KPaeBOr'o yCJIOBUSA
Hwvanbaes H. C. (MexxayHapoaHbpIii Ka3aXCKO-TYPEIKHI YHABEPCHTET
nm. A. Scasn, Kazaxcran)

B npocrpancrse L2(0,1) paccmorpum oneparop Lo, HOPOXKIEHHBIH OGbIKHO-
BEHHBIM (D HepeHIaIbHBIM BBIPAKEHTEM

I(w) = u™(2) + g(a)u" "2 (@) + ... + gu(2)u(z), 0<z <1, (1)

U KPpaeBbIMU yCJIOBUAMMN

Uj(u) = Ti[%‘ku(k)(o) + B (1)) =0, j=Tn. (2)
k=0
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IIpenmomaraem, wto xKo3dduruents ypasuenus i (z) € C"*[0,1], k = 2, n,
a dopwmbr Uj(u) — nuaEHO HE3aBUCHMBbIE, C KOMILIEKCHO3HAYHBIMU MOCTOTHHBIMHE
k03( purmeHTaMN.

Ilycts £1 — omeparop B L2(0, 1), 3anannbtii Berpakennem (1) u ,,Bo3Myten-
HBIMU“ KPAaEeBBIMA YCJIOBHUSIMU:

Uj(u) =0, j=Ln, j#m,

1 3
Un (u) :/ pm(z)u(x)dz, pm(z) € L2(0,1). ®)
0

Bompoc o 6asucaoctu Cull® omeparopa L1 ¢ Gojiee OOIIUMY HHTET PATIHHbBI-
MH KPaeBBIMU YCJIOBHUSIMU IIOJI0XKUTEHHO pelreH B [1], rae mokasaHa 6a3ucHOCTD
Pucca co ckobkamu mipu ycsioBum perysisipHOCTH 110 Bupkrody KpaeBbIX yCIoBUil
(2); a Tpu IOMIOTHAUTETHHOM TIPETIONOKEHUN YCUJIGHHOH PeryasapHOCTH — Oa3uc-
Hocts Pucca Culld.

B nacrosiimem 10K/1a1e B IPEIIOI0KEHUT, YTO HEBO3MY IEHHbIH oriepaTop Lo
06/1amaeT cucTemMoii co6CTBeHHbIX U pucoeauaenubx dyuknuit (Cull®), o6pasy-
romeii 6asnc Pucca B L2(0, 1), MBI IOCTpOMM XapaKTEPUCTIIECKHI OMIPEIETUTETH
CHEeKTPAJIbHON 3a/aum yid oniepaTopa L.

TEOPEMA 1. ITycmo 3adaua (1), (2) obaadaem cobemeennvimy 3HAUEHUAMY
X w Cull®, obpasyrowumu 6asuc Pucca. Tozda zapaxmepucmuueckuti onpede-
aumens 3adawu (1), (3) ¢ 603MYWEHHBMU KPLEGHIMU YCAOBUAMU TPEICTIABUM G
sude

mk 7 n—1

80 =200 (-3 S | 3 P i )| ) @

k=1 | j=0

2de Ao(N\) — zapaxmepucmuneckul onpedeaumenv 3adawu (1), (2); Vap—mt+1 —
aunetinve 00HopodHbLe POPMDL, B03HUKAOULLE NPU NOCTNPOEHUY KPAECHT YCA0EUT
conpasicennoli nesosmywennoti sadavu; {vy;} — Cull® conpasicennot necosmy-
wennoll 3adawu; ap; — KoadPuyuenmo. Pypve GUOPIMOZOHANLHOZO DPASAOHCEHUA
Pyrryuy pm () no amoti cucmeme.

Hoxnam ocaoBan Ha comecTHO pabore ¢ M. A. CagpibekoBbIM.

Crnucok JuTeparypsbl

[1] IHIxaauxos A. A. O 6asucHoCcTH COGCTBEHHBIX (hyHKIUI OGBIKHOBEHHBIX AnuddepeHn-
albHBIX ONEPATOPOB C MHTErPAJIbHLIMU KpaeBbIMH yciaoBuaMH // Bectnux MT'Y. 1982.
Ne 6. C. 12-21.

O6ob61eHne TeOpeMbI O PABHOMEPHBIX ATTPAKTOPAaX IOJIYyIPOLECCOB
Hnarosa B. M. (Mockoscknii ¢pusnko-rexamaeckuii macturyT, Poccrs)

JuHamMuaecKue CuCTeMBbl, IOPOK JAeMble IUCCUIATHBHBIMA SBOJIIONIOHHBIMEI
YPaBHEHUAMH, ¥ UX aTTPAKTOPHI IPHUBJIEKAIOT BHUMAHUE HCC/IEIOBATE/El B pa3-
JINYHBIX 00JIACTAX 3HAHUI. [IepBOHATAIBHO ATTPAKTOPH PACCMATPUBAINCH TOJIb-
KO JijIsl aBTOHOMHBIX yPaBHEHHI, 3aTeM 9T0 nousarue 6110 06061meno [1] na cay4aii
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HEABTOHOMHBIX YBOJIIOIMOHHBIX CUCTEM. BaKHBIM /TSl IPUJIOKEHUIT SBJISETCS BO-
IPOC O TOM, HACKOJILKO OJIM3KH aTTPAKTOPHI AUCKPETHBIX AMMIPOKCHMAIII MaTe-
MaTHUYIECKUX MOZeNel K NX NCTUHHBIM aTTPAKTOpaM. /[Jist aBTOHOMHBIX ypPaBHEHMIH
9TOT BOIpOC 6bLT U3ydeH B [2], rae Gblia J0Ka3aHa TeopeMa O IOJLyHeIIpepPhIBHOM
3aBHCUMOCTH OT [IapaMeTPa ATTPAKTOPOB CEMEUCTB MOJIYAMHAMIYIECKIX CHCTEM.
B pa6ore [3] aHasorn4HbIi pe3ybTaT GBI MOy YeH JJisi PABHOMEDHBIX ATTPAKTO-
POB CeMeICTB MOJIYIPOIECCOB, COOTBETCTBYIONINX HEABTOHOMHBIM 3BOJIIOINOHHBIM
ypasaenuam. B [2, 3] npeamosiaranocs, 9T0 paccMaTpuBaeMble CeMENHCTBA IMEIOT
OOIILYIO TMOIYTPYIILY BPEMEHU, ITO3TOMY IIPH MCCJIETOBAHUN CXOOUMOCTU ATTPAK-
TOPOB KOHEYHO-PA3HOCTHBIX CXeM MIPUXOJUIOCH CUUTATH, ITO IIAr CEeTKU Ipe-
cTaBiseTcda B BUne T = Tn, = 1p/n, rme To — HEKOTOPOE MOJIOKUTEIBHOE IHCIIO,
n € N.

B macrosimeit pabore mokazaHa 6osiee 00masi TeopeMa O IIOJIYHEIPEPHIBHOMN
CBepXy 3aBHCHUMOCTH OT IapaMeTpa PABHOMEDHBIX aTTPAKTOPOB CEMEHCTB IOJIy-
TIPOIIECCOB IS CIydasi, KOTJa PacCMaTPUBAEMble CeMeCTBA MOTYT He MMETh 00-
1Ieil MoJIyrpyIIIbl BpEMEHH.

Ora pabora sbmosasena upu noggepxkke DI «Hayunbie u nayuwno-
TeJarornveckue KaJapbl WHHOBAIMOHHOW Poccums> ma 2009-2013 romsr u ABIITT
«<Pa3BuTHe Hay4HOrO MOTEHIAJIA BhICIIEH MIKOIb>, rpanT 2.1.1/11133.
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[2

HepaseHncTBo BupTuhnrepa [Jjisi onepaTopa BHyTPeHHell CyIepro3uIiun
Hcnamos I. I. (Yamyprckuii rocyausepcnrer, Poccus)

Ha rnamkmx 2m-nepmommdecknx GyHKmEax x(t) pPaCCMOTPUM —TIpH
m

t € [0,27] omeparop BHyTpenHeil cymepmnosunmu (Sz)(t) = ij(t)x(qj(t)),
j=1

rae p;j(t) m g;j(t), COOTBETCTBEHHO, KBaAPATHUYHO CyMMUPYEMble M U3MEDH-
mbie 1o JleGery dyukmum. Ompemenum mpu ¢ € [0,27] oTKIOHEHUS
hj(t) = q;(t) — 2wk, ecnu ¢;(t) € [2wk,2nw(k + 1)), k = 0,4+1,+2,... OueBun-
o, aro (Sz)(t) = >0 p;(t)x(h;(t)), npuuenm h;(t) € [0,27) upu t € [0, 27].
W3sBecrroe HepaBercTBo Buprunrepa [1] maer ciemyiommee yTBepKaeHue:

TEOPEMA 1. ITycmv dynkyuu mes h;l(O, t] abcoarommo HenpepvieHL Ha 0~
pesxke [0, 27],
o = vral supi i/ Ip; (s)? ds < oco.
tefo,2n] 5= dt h70,8)
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ITycmo, danee, z(t) = (Sy)(t), 2de y(t) ecmv 2m-nepuoduueckan PynKkyus ¢ nyae-
2m

68bM CPEJHUM HA Nepuode y(s)ds = 0) U K6adPamu4Ho CYMMUPYEMOT Ha
0

[0, 271] npouseodnot y'(t). Tozda ||z]| 12102+ < Y[l L2(0,27)-

YTouHeHre KOHCTAHTHI (¥ B TIoCJIeTHEM HEPABEHCTBE OBLIO TOJIy9Y€HO Ha OCHOBE
CJIEAYIOMEro MHTErPaJIbHOTO IIPEACTaB/ICHUA
27

vt = ()0 = 5 [ k= s/ (s

rragkux 2m-nepuoguueckux GyHknuii y(t) ¢ HyJeBbIM CPEJIHMM Ha LEepUOJe U
mocsieyoniero npumenenus ,recta lllypa“ [2] k uarerpansaomy onepatopy |SK|

1 m
c sapom |G(t,s)|, tme G(t,s) = Z—ij(t)k(hj(t) — 5). 3mecs k(t) ects 27-
i
=1
neprogmaeckas HYHKIUs, ONPENEIeHHAs HA [—T, 7] PABEHCTBOM
—t+m, ecmmt € (0,m],
k(t)=14 0, ecrm ¢t = 0,
—t—m, ecmte€[—m,0).

TowHoe 3HaYeHNe KOHCTAHTHI (¢ PABHO Min HaMOOJBINETO 3HAYUEHMS TapamMerpa
c

w = w(c) B CHeKTpaJIbHOM 3a7a4e ¢ GUKCUPOBAHHON KOHCTAHTOI ¢
27 27
wiu(t) = / (G(t,s) —c)v(s)ds, wv(s)= / (G(t,s) — c)u(t) dt.
0 0
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O kpuTepuu JIOKAIN3aluu CIIEKTPA MOJEJBHON 3a4a4u, CBA3aHHON C
oneparopoMm Oppa—3ommepdensaa
Hmxnn X. K. (Bamkupcknii rocyzapcrsennsiii yausepcnret, Poccus)

C m3BecTHBIM B ruapouHaMuKe oneparopom Oppa—3ommepdernsaa [1] acco-
NUUPYETCs MOJIEIbHAS 3a7a9a BHJIA

i’y + q(z)y = My, (1)
y(—=1) = y(1) = 0. (2)

Baecy € > 0 — masbiit napamerp, dbynknua ¢ Bo3pacraer Ha [—1,1]. Ecm ¢
cymmmpyema ua waTepBase (0,1), o ciexkrp 3amaun (1)—(2) muckperen w jgexuT
B nonynosoce I = {a < Rez < b, Imz <0}, rne a = gq(—1), b = ¢(1). B paGore
[2] mokazano, uyro ecsm g upunagyexur knaccy AM dynknmii, momyckaoomumx
aHAJINTIYIECKOE MIPOJOJIKeHne ¢ oTpe3ka [—1,1] B mekoropyio obaacts G C C
Tak, 9To oTobpakerwe q : G — Il HempepwHIBHO W GUEKTHBHO, TO TIPeIeThHbIH
cnekrpanpaerii rpad I 3amaau (1)—(2) nmeer Gopmy ,,CIEKTPATHLHOTO TAICTYKA

I'=~_U~v; U9oo, (3)
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TJ1€ KPUBBIE Y+, Yoo UMEIOT €IMHCTBEHHYIO OOIIYIO0 TOYKY Ao U COeaUHSIOT ee ¢ +1
U —100 COOTBETCTBEHHO.

B mpeytaraemom qokiase o6Cy K IaeTcst BOIPOC: HACKOIBKO ycaosue ¢ € AM
HeObxOmMMO i peanm3anum I B suze (3)7

Msbr mokasdbiBaeMm, 9To mpu jg0b6oMm [ < Im Ao mpeamosoxkenue 0 TOM, YTO
st 0(e) —4wactu crekrpa 3amaun (1)—(2) B momymosoce I, = IIN {Im A < I} —
TIPE/IEJIBHBIM CIIEKTPAJIHHBIM IPadOM CIIYKUT KPUBAA Yico = Yoo 1{A € C: Im A\ <
l}, Bneger 3a co60i BO3MOKHOCTH AHATUTUIECKOTO IIPOIOJIZKEHNS § B HEKOTOPYIO
OKDEeCTHOCTB oTpe3ka [—1,1].

OTa pabora BeimosHeHa npu mognepkke PODU, rpanter NeNe 09-01-00440-a,
08-01-97020.

Crucok Jiureparypsl

[1] Drazin R. G., Reid W. H. Hidrodynamic stability. Cambridge: Cambridge Univ. Press.
1981.

2] Shkalikov A. A. Spectral portraits and the resolvent growth of amodel
problem associated with the Orr—Zommerfeld equation// Electronic version:
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O criekTpe U 4acTgaX CIIEKTPa OJHOM 3amauu OJisd Aud epeHnnaIbHOro
YPaBHeHUs B 6AaHAXOBOM IIPOCTPAHCTBE
Kammreua A. C. (/Iumenkwuii rocyapCTBEHHBIH MEJATOTMYECKHI YHABEDCUTET,
Poccns)

B 6anaxosom npocrpancrse X = X (S) paccmarpusaerca 3anaga Komn

AT = MW S+ N+ (), alto) = o), 1)

rae A — 4Yuca0BOM napaMerp, S — MHOXKECTBO KOHEYHOU Jieberosoii mepot B R",
t € [a,b], f(t) — HenpepbIBHAs HA [a, b] BeKTOP-DYHKIUS CO 3HAUEHUSIMU B IPO-
crpanctee X, ¢ € X, M(t) m N(t) — oneparop-dyHxmn

(M(t)u)(s):/sm(t,s,a)u(a) do, (N(t)u)(s) :/Sn(t,s,cr)u(a)da,

a dz/dt — npomssogmas @peme. [lox pemenunem 3amaqam (1) moHMMaeTcs HETpe-
peiBHO muddepennupyemasa Ha OTpe3ke [a,b| Bexrop-bynkmua z(t) co 3Haue-
uuMu B npocrpanctee X. C 3amaueit (1) ceszama 3amava Komm st waTerpo-
muddepennmaisHoro ypasuenus Bapbammuna:

ox(t,s) Ox(t, o)
)\T = /Sm(L&U)TdU+/Sn(t,s,a)ac(t,a)da+f(t,s),
z(to, s) = @(s).

IIycte S — xommakt, m X = X(S) — mpocTpaHCTBO HEMPEPBHIBHBIX HA

S dyskuuit ¢ cyupemym-uopmoii. Anasnoruuno [1] moxasbiBaercs, 4TO pewie-

uue z(t)(s) 3amaum (1) ompenensier mempepsiBHOe Ha D = [a,b] X S Bmecte c

0x(t,s)/Ot pemenne x(t,s) := x(t)(s) 3amaun (2), upu 3TOM BepHO U o6paTHOE

yrBepxaenue. IIpeanonoxum, aro oneparopst (My)(t, s) = fs m(t, s, o)y(t,o)do
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u (Ny)(t,s) = ft Jsn(t,s,0)y(r,0)drdo neiicryior 8 npocrpancrse C(D)-
HenpepbhIBHBIX Ha D byHKIMiA. B stom cayuae M (t) u N(t) — cunbHO HEnpepbis-
Hble oneparop-dyHKImH, a 330a49a (1) paBHocHabHA paccMarpuBaemoMy B C(D)
HMHTErPaJbHOMY yDaBHEHUIO

Ay(t,s) = (M + N)y)(t,s) + g(t, s) = (Ky)(t, s) + g(t, 5), ®3)
rae g(t,s) = f(t,s)+ [gm(t,s a)cp( )da B TOM CMBICJIE, UTO WX DEIICHUS CBSI3a-
ubl paBeHCcTBOM Z(t)(s) = (¢, s) ft s)dr + ¢(s). IosToMy oz CIEKTPOM
u yacrtamu cnekTpa 3agaqn (1) 6y;LeM [IOHUMATh CIIEKTP W YaCTH CIEKTpa Aeii-
creytomero B C(D) omneparopa K u3 ypasuerus (3). Uepes C(L') obozmarmm
MHOXKECTBO M3MepuUMbIx Ha D X S GyHKImil, KaxkK/1ad U3 KOTOPHIX HEPEepPhIBHA
o (t,8) € D xak BexTop-bynkmus co smadenusavu B L' (S), qepes o(A), gew(A)
u 0es(A) — cmekTp, cyuecTBeHHBI crekTp B cMbicie Boabda u Hlextepa -
ueiinoro B C'(D) oneparopa A [1], a uepes o(M(t)) — cuextp meiicTByIOmEro B
npocrpancree X oneparopa M(t) (¢ € [a,b]).

Tax e, Kak B [2], moka3uiBaercs, uro ecau m,n € C(L'), To

0(K) =0cw(K) =0es(K) =0(M) = 0w (M) = 0es(M) = Ura(M(1)).

Crucok Jureparypsl
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O6 omHoill 3amade aJis HeJUHeEHHOro quddepeHInaJIbHOTO YpaBHEHUS
B 6aHaXOBOM HIPOCTPAHCTBE
Kaymreua B. A. (/Iumenkwnii rocy1apCTBEHHBIH MEJATOTMICCKHE YHABEDCUTET,
Poccns)

B BemecTBeHHOM 6aHAXOBOM TPOCTPAHCTBEe X paccMaTpuBaeTcs 3amada Ko-

d d

S = MO+ Otz + Nz + f(t),a(to) = ¢, (1)
rue ¢ € [a,b], f(t) n z(t) — onpenesenuble Ha [a,b] BekTOp-DYHKIMU CO 3HAYE-
HUAMU B npOCTpaHCTBe X, p € X, C(t), M(t) u N(t) — oneparop-dyHkuumu:

(C(t)u)(s) == c(t, s)u
(M /m (t,s,0)u(o)do, (N(t)u)(s) := / n(t, s, o,u(o)) do,

s

dz/dt — npoussoguaa Ppewe, S — KOMIAKTHOE MHOKECTBO B R, MHTErpaJbl 110-
HUMAIOTCS B CMBIC/IE Jlebera, a moji pemeHneM 331a9r MOHUMAETCsT HEIPEPHIBHO
muddepenrupyemasa Ha OTpe3ke [a,b] BeKTOP-QyHKIMA CO 3HAYEHUAMHU B IIPO-
crpancree X.

IIpu ecrecTBeHHBIX yCa0BUAX 3ama9a (1) MOkKeT OBITH MHTEPITPETHPOBAHA KAK
3amaua Komwm my1s HesmueiiHOro muTerpo-auddepeHuaibHoro ypasaenus bap-
Oamrmua:

axts /mtsa z(t, 0 )d +/n(t,s,a,x(t,o))d0+
ot s
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+c(t, s)z(t, s) + f(t,8), x(to, s) = @(s). (2)

Iycts D = [a,b] x S, C(D) u X = C(S) — npocrpaHcTBa HEIPEPHIBHBIX
ma D u S coorBercrBenno dbynkuuii ¢ cynpemym-nopmoii, a Ct(D) — MHOXKECTBO
HEIPEpHIBHBIX Ha D BMeCTe ¢ YaCTHOMN IMPOU3BOAHOM 10 ¢ dyHKIWMIi. AHAJIOTUIHO
[1], menpepbiBHO MUd depernmpyemoe Ha oTpeske [a, b] pemenne x(t)(s) 3amaum (1)
oupenensier pemrenue (t, s) := x(t)(s) 3anaqu (2), upunannexamee Ct(D); Bepro
u o0paTHOE yTBEpXKICHME.

Yepes C(L') 06o3naumm MEOKECTBO m3MepHMbIX Ha D X S byHKImit, Kaxas
u3 KOTOpbIX HenpepbiBHa 10 (t,8) € D kax BexkTOp-QyHKIMA CO 3HAYCHUAMU B
L'(S).

Crenyromas TeopeMa JJOKa3blBaeTC ¢ IPUMeHEHreM 0600IEHHOrO IPUHITAIIA
CKuUMaWux 0Tobpaxkenuii [2].

TEOPEMA 1. Ecau ¢, f € C(D), m € C(LY), ¢ € C(S), nenpepwenas na
D x 8 X (—00,4+0) dpynxyua n ydoeaemsopaem ycaosuro Junwuya

|n(t,8,0', u) - n(t,s,a, 1))| < TL1(t,S,0’)|U - ’U|,

ede n1 € C(LY), a onepamop I — M(t) obpamum ¢ C(S) npu xasicdom t € [a,b],
mo 3adaua (2) umeem 6 Cy(D) eduncmeennoe pewerue.

B ycnosum Teopembr 3amaga (1) mveer ma oTpeske [a, b] equHCTBEHHOE HETIPE-
peiBHO nuddepeHnupyemMoe penieHue.

Cnucok JuTeparypsbl

[1] Appell J. M., Kalitvin A. S., Zabrejko P. P. Partial Integral Operators and Integro-
Differential Equations. New York: Marcel Dekker, 2000.

[2] Kpacnoceavexuti M. A., Batinuxwko I M., Babpetixo II. II., Pymuuyrud . B., Cme-
uyenxo B. A. IlpubanzkenHoe pemienne oneparopHbix ypasuenuii. M.: Hayka, 1969.

O ABYyCTOPOHHUX OLIEHKaX COOCTBEHHBIX 3HAYEHUM 00'bEMHOIO
noTreHumaJa JAjsi ypaBHenus: Jlarmsaca
Kamnpmenos T. I1I. (Hacruryt maremarnkn, nagopmarukn n mexaanku MOH
PK, Kazaxcran)
Cyparan /I. (Hactutyr matemarnku, nagpopmarnku u mexanukun MOH PK,
Kasaxcran)

B paGore [3] BuepBble BBIIMCAHO TPAHUYHOE YCJIOBUAE OOBEMHOTO [OTEHIUAIA
st ypas-Henus Jlamiaca B Tpou3BOILHOM 06/1aCTH M HAMIEHBI COOCTBEHHbIE 3HA-
qeHUs U COOCTBeH-Hble (DYHKIN 00BEMHOIO IIOTEHINAIA B CIydae ABYXMEDHOTO
Kpyra u TpexMepHoro mrapa. Hurke ycraHoBuM 1BYCTODOHHIOIO OLIEHKY COOCTBEH-
HOTO 3HAYEeHMsT 0OHEMHOT0 MOTEHINAIA Uepe3 COOCTBEHHBIE 3HAYUEHMS KJIACCHYIE-
ckux 3amad Jdupuxie n Helimana nng ypasaenus Jlammaca.

Nwmeer mecTo

TEOPEMA 1. [Tycms 2 C R, d > 2 — ozpanunennan 06aacms ¢ Q0CMAMOUHO
2nadxol eparuyet 0S). Tozda
)\71:7-4-1 < )\2751 <A, (1)
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dna scex n € N 2de AP, NN — cobemeennvie snavenua sadaw Jupuzae v Hetma-

na Oas ypasrenus Jlansaca, coomeememeenno, a AN T — cobemeenmvie anauenus
0666MH020 nomeHU,ua/La
NP
/ (@ — y)un(y)dy = A Fun(2). @)
Q
(@—y) = ——Inlz—y|, calx—1y) Ly d>2 @)
EolT — = ——1N|Tr — Ed\lxr — = —-—|T — .
2(z—y 5 vl el —y) = gogyle —vl

30ecw £4(x) — Pyndamenmanvhoe pewenue ypasrenua Janaaca, a 04 — naouwado
nosepzrocmu edunuwnol chepo. 8 R
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AcumniroTndeckuii anaims Mofenu Bioxa B Teopum simepHOro
MarHUTHOTO aBTOPEe30HaHCca
Kanaxnu JI. A. (Hacturyt maremaruxn ¢ BII PAH, Poccns)

WccnenoBana cucrema tpex muddepeHnuaabHbIX YPABHEHIH I€PBOTO MOPSII-
Ka, KOTOpas BO3HMKAeT TIPH YCPEJHEHUHN ypaBHeHM bjoxa B Teopum samepHo-
T0 MAarHUTHOTO pe30HaHca. Jloa ycpemHeHHOU CHCTEMBI HOCTPOEHA ACHMITOTHKA
YCTONYMBOIO PelIeHns C HEOIPDAHIMIEHHO PACTYIeil aMIUIATYI0i. DTOT Pe3yabTaT
aeT KJII0Y K MOHVMAHUIO aBTOPE30HAHCA B CJ1a00 JUCCUTTATUBHBIX MATHUTHBIX CH-
cTeMax, KaK fgBJIeHUd 3HAUUTEeJIbHOIO POCTa HAaMarHUYeHHOCTH, HHUIIMIPOBAHHOIO
MaJIoii BHeITHel HaKadIKOMu.

OCHOBHBIM 00HEKTOM WCCIIETOBAHUS SIBJISIETCS CUCTEMa TPEX ypPaBHEHU

dr dz

= A(7)siney — Bor, — = B(7)rsiny — p12,

- o &)
r[% +A(r) — z] = C(7) cos ¢ (81, B2 = const > 0).

DTa cucTeMa MPeJICTABIAI0T OO0 aCUMIITOTUYIECKOE TPUBJIMKEHNE i yPaBHe-
uuit Bioxa [1], onuceiBaomux qunamuxy Bekropa namaramaennocru. Crnenuduka
321291 3aJ10’K€HA B HEOIDAHWYEHHO PACTYIINX IO BpeMeHH Kod(ddurmenTax:

A(T) = A7+0(1), A(r) =a1+0(1), B(r) =br+0(1), C(1) = c7+0(1), (2)

rae A, a,b,c = const # 0. Cuuraercs, 910 OCTATKM B 3TUX (POPMyIax IMpescTas-
JIFIOT CO00M rajgKkue orpaHudeHHble (DYHKIMH, KOTOPBIE PA3JIAralOTCA B ACHMII-
TOTUYECKVE PSAMBL TI0 TeJIBIM HEITOJIOKUTEIbHBIM CTENeHsIM TP 7 — 00. B mpu-
noxkernax kodddunuenter 06brano0 cosmamaot: A(T) = B(r) = C(7) = —7. Bes
OrpaHu9eHusi OONIHOCTH MOYXKHO CIHTaTh, YTO0 A > 0, a = b = —1.
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IenTpaibHBIM pe3yJIbTATOM SIBJISETCS BBISBJICHUE DEIIeHHs C pacTylieil am-
wmaryzoir r2(7), 2(t) ~ O(T), T — ©0, AJg KOTOPOTO NOKA3BIBACTCH YCTOL-
auBoCTh 1O Jlamynosy. [ns ypasuenuit (1) ¢ ycmosuavm (2) mocrpoenme ¢bhop-
MaJIbHOIO ACHUMIITOTHYECKOIO DEIIEHUs] B BHUAE PSLOB IO OOPATHBIM CTEIEHSIM
77"/ n > —2 He BhI3BIBACT 3aTpy/HeHHit. Ha 9TOM Iy TH CTPOSTCS [Ba elTeHs,
OTINYHs B KOTOPBIX MHUIMUPYIOTCS JBYMsl KODHAMU TPUIOHOMETPUYECKOIO yPaB-
HeHnd sin g = 0. YCTOMYNBHIM OKA3BIBAETCS OJTHO M3 PENIeHUT, KOTOPOe COOTBET-
crByer g = 0. O603HaUNM KOMIIOHEHTHI 3T0ro0 pemmenus Ro(7), Zo(T), Yo(7). dus
006Cy2K1aeMOr0 PellleHrs] ACUMIITOTUKA [IPH T — 0O OUMChiBaercs GpopMynamMu

Ro(r) = VT + 10+ O(r™ %), Zo(7) = Ar + O(V/7),
Wo(r) =772+ O(r ),
112 = 1/ )\,31/52, To = 70/2)\, 1/11 = 7l/2ﬂ2.

TEOPEMA 1. Ecau B1 > (14 ¢)B2, B2 > 0, mo pewenue Ro(T), Zo(T), Yo(T)
ACUMTITOTUNECKY, YCTOTUE0 Npu T — 00.

Joxkazn ocHoBaH Ha coBMmecTHOH pabore ¢ O. A. CyaTaHOBBIM.
Pa6ora Beimonrena npu noggepxke PODU, rpant 10-01-00186.
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IMonyrpynmnoBoe CBOCTBO onepaTopa MPOrpaMMHOTO MOTJIOIIEHUs B
Urpax ¢ OPOCTHIMU JIBUXKEHUSIMU HAa IJIOCKOCTU
Kammnesa JI. B. (Hacruryr maremaruku u mexanuku YpO PAH, Poccusi)
Hanxo B. C. (Hactutyt maremarnkn u mexaanku YpO PAH, Poccus)

PaccmaTpuBaercst KOHMDINKTHO-YIPAB/ISeMasi CUCTEMa € ITPOCTHIMU JIBHKE-
Huamu [1]:
t=u+v, wueP, veQ, xR telo,v)], (1)
rae P, Q C R? — BbIILyKJIble KOMIIAKTHL.
Omeparop mporpaMMHOTO TOrJomenus [2, 3, 4]
T.(M)=(M—¢eP)—eQ, >0, McCR?

CTaBUT B COOTBETCTBHE 3aMKHYTOMY OIDaHuW<ueHHOMY MHOxkecrBy M wu Bpe-
MEHHOMY TPOMEXYTKY [JIMHBI € MHOXkecTBO T1:(M). 3mech MCHoab3yOTCst Ore-
panuu anrebpanmaecKkoil CyMMBbL

A+B={d: d=a+b, ac A, be B}
T TeOMETPUIECKOIl PA3HOCTH
ASB={d: d+BC A}.
IlomyrpymnmoBoe cBOMCTBO O3HA9YAET, 9TO

Te\+ey (M) =T, (T€2 (M)) (2)
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W3BecTHO, 9TO B CiIydae BBIIYKJIOIO MHOXKeCTBA [V IOJIyrpyIIIOBOe CBOMCTBO
nmeer mecTo [4].

B pabore mis 3ama49 Ha IJIOCKOCTH (DOPMYIUPYIOTCS JOCTATOYHBIE YCIOBUS
(maknagpiBaemble Ha MHOXKECTBa M, P, Q m 06/1aCTh M3MEHEHUST BEJIMYIUH £1, £2),
KOTOpBbIE 0fecrednBalorT pasBeHcTBO (2) m B HEBBULyKJIOM ciayuae. lIpuBoggarcs
KOHTPIIPUMEpHI, MOKA3bIBAIONINE CYI[ECTBEHHOCTh KarKJ0TO M3 OrOBAPUBAEMBIX
TIPEJIIOJIOXKEHMIA.

B urposbix 3azagax ¢ punamuxoit (1), pUKCHPOBAHHBIM MOMEHTOM OKOHYA-
HUS ¥ ¥ TEPMHUHAJIHLHOM HENPephIBHOM (hyHKITHeH IIaThl HAJIMIIe IOy PYIIIOBO-
ro cBoiicTBa (IPOBEPAEMOTO NI MHOXKECTB yPOBHs (DYHKIIUH IIJIATHI) BJIEUET 32
€000l coBLIA/IeHUE LEHbL UI'PbL ¢ DYHKIMEH LIPOIPDAMMHOIO MAKCUMUHA.

Pabora Bbinosnena B pamkax nporpammbl IIpesumuyma PAH | @ynmamen-
TaJIbHBIE TPOOJIEMBI HEJIMHEHHOM nuHAMUKY, TIpu (UHAHCOBOI nomaepxke ¥YpO
PAH (mpoekr Ne (09-I1-1-1006), a Taxxke mpum nommaepxkke POOU, rpant 09-01-
00436.

Crucok Jureparypsl

[1

[2

Atisexc P. Inddepennmanbusie urper. M.: Mup, 1967.

Kpacoscxutt H. H., Cy66omun A. H. Tlosunmonnnie nuddepennnannbunie urpoi. M.:

Hayxka, 1974.

[3] Howmpazun JI. C. Jluueiinsie auddepennmansusie urpsl, 11 // JAH CCCP. 1967.
T. 175. Ne 4. C. 764-766.
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Kosddurienrunie obparubie 3aga4u A1 napabondecKux ypaBHEeHUN

Kampiaun B. JI. (HUSAY <« MH®H>, Poccust)

B nokmazme paccMarpuBaioTCs BOIIPOCHI CYLIECTBOBAHUS WU €IUHCTBEHHOCTH
pemienuit 00paTHBIX 33129 OMPEIeJIEHNsT OTHOTO U3 HEM3BECTHHIX KO (PUITMEHTOB
B apaboInIecKOM ypPaBHEHUN

p(t, 2)ur — a(t, ©)uge + b(t, 2)us + d(t,x)u = f(t,z), (t,z) € Q=10,T] x [0,1].
1

Ipeamomaraercd, 9T0 3aJaHbI KPAaeBhIe YCIOBHI
u(0,2) = uo(z), =z €]0,l], u(t,0) = B1(t), u(t,l) = B2(t), te€[0,T], (2)

a TaKXKe TOIIOJTHUTENIbHOE YC/JIOBUE MHTErPAJIbLHOTrO Ha6J’IIO,ILeHI/IH

/0 u(t, 2)x(8)dt = p(x). 3)

B zamauax (1)-(3) memsBectapivu aBsiorca dbyukmusa u(t, T), a TakKe OJUH U3
ko3 durmenton a(t,z) = p(x), b(t,z) = p(x) wm d(t,x) = p(x), 3aBucammii
TOJIBKO OT .
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UccorenoBanue CymecTBOBaHUSA W €IUHCTBEHHOCTH PEIIEHUN pPacCMaTpUBae-
MBIX 33/1a9 B JIOKJaJe MpoBoauTca B Kiaaccax CobosieBa pu MUHUMAJIbHBIX TPe-
0OBaHMAX TJIAKOCTU HA W3BECTHBIE BXOIHBIE JaHHBIE 9TUX 3a0a4. Kak 0Ka3aa0ch,
OTIPEIEJIAIONIYIO POJIb B TAKUX MCCJIEIOBAHUAX MOLYT CHIMPATh AlPUOPHBIE OIEH-
K1 HOpPM pemenuil npamoil 3agauu (1)—(2) B mpocrpancrsax Cobosesa ¢ aBHO
BBIUYUCICHHBIMA KOHCTAHTAMHU.

Hampumep, BOIpoc 0 CymnecTBOBAHUY PENIeHUsT 00PATHOM 331491 MOXKET ObIThH
CBEJIeH K BOIIPOCY O Pa3pemuMOCT HEKOTOPOI'O OIEPATOPHOIO yPaBHEHUS

p=Alp) (4)
B ONPEIEIeHHOM 6AHAXOBOM MPOCTPAHCTBE, W 3HAHUE TAKWX KOHCTAHT MTO3BOJIS-
€T yKa3aTh YCJIOBUsS Ha BXOIHBIE NTAHHBIE OOpATHBIX 3amad (1)—(3), mpu KOTOpPBIX
omeparop A B ypasuernuu (4) 06/1amaeT TpeGyeMbIMU CBOANCTBAMHA, HATIPUMED, AB-
JIAETCS KOMIAKTHBIM HJI C2KUMATIOUIHM.

Bce ycioBust JOKA3BIBAEMBIX TEOPEM CYIIECTBOBAHUS U €IMHCTBEHHOCTHU De-
menuit 06paTHbIX 33134 (1)—(3) BBIIMCHIBAIOTCH B BUE JIETKO IPOBEPSEMbIX HEPa-
BeHCTB. 1IpMBOAATCS HETPHBHAIHHBIE NPUMEDPHI KOHKPETHBIX OGPATHBIX 337134,
JI7IS1 KOTOPBIX TAKWe YCJIOBUS BBIIIOJHEHBI, & CJIEIOBATENHHO, JJIS HUX CIPaBEI-
JIUBBI JOKA3aHHBIE TEOPEMBI CYIECTBOBAHUS U €JUHCTBEHHOCTY DELICHUS.

Hexkoropbie u3 pe3ynbTaToOB JAHHBIX MCC/IEN0BAHMN OmyOmkoBansl B [1, 2].

Pabora Beimosimena mpu moggepxkke ABIIIT «Pa3purre HaydHOrO TOTEH-
nuasia Belcuiedl mikosbr> (mpoekt 2.1.1/6827) u @Il «Hayumble u Hay4HO-
[eJATOTMYIEeCKUe Kaapbl MHHOBAIMOHHON Poccmm> ma 2009-2013 rr. (mpoekt

T1268).
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[1] Kamvenur B. JI. O6 o6parHoii 3anaue onpenenenus: crapmero koadbduuuenrta B mapa-
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O ToxkgecTBax Jisi cOGCTBEHHBIX 3HAYEHUII oneparopa Jlansgaca B
IIPOKOJIOTOI obJsiacTu
Kanryxwun B. E. (Ka3axckuii HallmOHAJIBHBIH YHUBEPCHTET HMEHH ajib-Dapabw,
Kasaxcran)

Paccmorpum [1, 2] 3anaay Tupuxse ajs ypasHeHus IlyaccoHa B IPOKOJIOTOM
obmacta Qo = Q\Mo, rae Mo(xo,yo) —HEKOTOpadg BHYTPEHHAS TOYIKA OBIacTH
Q={z?+4* <1}

Au(z,y) = f(z,t), (2,y) € Qo, (1)
u(z,y) [so= 0, (2)

yo+6
lim {/y [a—gu(xo —6,m) — %u(:ro +6,m)]dn+

§——+0

0—9
zo+48 b o B
- /IH [a*n“(éyo—@—a*nu(fayomldf} = / /Q a(é,n)f(& ) dédn,  (3)

230



Yo+

Sim s [u(zo — 8,m) — u(zo + &,m)]dn = 0, (4)
xo+6
lim [u(év Yo — 5) - u(fa Yo + 5)] df = 07 (5)

5—+0 zo—8

rue az,y) € L2(92).
Omneparop, coorBercrByomuii 3amaqe (1)—(5), obosnaumm wepe3 Lo. Torma
oueparop Lo coorBercrByer 3amade Jupuxie B 0gHOCBA3HON obsactu €.

TEOPEMA 1. ITyemsv {Ap}izq, {pk}re1 — cobemesennvie 3nasenua onepamo-
po6 Lo u Lo, coomeememeento, npoHymeposantoe 6 nopadke 603pacmanus no
MOJYAW ¢ Yuemom uT Kparmmocmet, mozda 6ePHO CAeYOULEE PAEEHCTEO

1 1
S [ | atemten o) dedn (©)
20e
1 2 2
Glz,y,&m) = —[n((@ ="+ (y—n)7)~
(& ) (2 = o) + 0= )]
— Ppynryua Ipuna 3adawu Jupuzae dan ypasnernua Janaaca 6 wpyee [3], u daa

2106020 HamypasvHozo | cnpasedsuso

—, 1 1 i g
>l ) = 2 [ | atem(zo) () Gle.n.z0.) den
(7)

Hoxnam ocHoBan Ha coBMecTHON pabore ¢ H. E. TokmarambeToBbIM.
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ITesiounciieHHblE pelIeTKU IIePEMEHHBIX JeHCTBU HEKOTOPBIX
WHTErpUpyeMbIX FaMUJIbTOHOBBIX CHUCTEM
Kanrouucrosa E. O. (Mockosckuii T'ocygapcTBeHHbLE YHUBEPCHTET)

B nocnennue rogpl ulydenune raMUIbTOHOBBIX CUCTEM CTAHOBHUTCS BCe GoJiee
AKTyaJIbHbIM, OJIHAKO CYLIECTBYET MAaCcCa HEPELUIEHHBIX 33124 B 9TON BeTBU MaTeMa-
TUKU, TIO9TOMY HCCJIETOBAHNS B JAHHON 00/1aCTH BIOJIHE 0OOCHOBAHHBI. B maHHOM
paboTe MPUMEHEHBI BHIYUCIEHUS Ha KOMIIBIOTEPE, C TOMONILIO0 KOTOPBIX TI0JIy YEHbBI
KaPTUHKU PEUIETOK [IEPEMEHHbIX JIeHCTBUS HEKOTOPBIX UHTEIPUPYEMbIX MaMUJIb-
TOHOBBIX CHICTEM.

PaccmoTpuM mHTErpupyeMyIo raMmiabTOHOBY cucremy (M ™ w, H ) ¢ n cre-
neasivu ¢Bobomer. Ilycts Fi, ..., F,, —ee nmepsbie unrerpasnsl, Iy = H. Ilycrts
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® = (F1,...,F,): M®" — R™— omobpascenue momenma, L — 6udypKarmos-
Hag auarpaMMa orobpaxkenus momenta. CorsiacHo Teopeme JluyBuiuis, B OKpecT-
HOCTM KOMITAKTHOTO CBSI3HOTO DPETYISPHOTO MHOXKEeCTBAa ypoBHS T: = ot &),
¢ € R", cymecTByIOT KaHOHUYECKUE IEPEMEHHBIC, HA3BIBAEMBIE 7EPEMEHHbBLMU
deticmeue-yzon (I, ..., In, o1 mod 27, ..., ¢, mod 27), mpuvemM nepemMeHHble meii-
crust 1, ..., I, SBIAIOTCS (DYHKIUSIMU OT TIEPBBIX WHTETPAJIOB.

IlepBbIM 3TammoM JaHHONW pabOTHl CTAJI MMOWCK W BBIUKC/IEHUE SIBHBIX (DOPMYJT
TepeMeHHbIX JeHCTBus [1Isi 000DIIEeHHOr0 caydas JlarpaHka B JBUKEHUM TBEP-
IOTO Tejla, a TaKXKe JJId KOMILIEKCHOU TaMUJIBTOHOBOU CHCTEMBI, 33/ JaHHOI TTOIU-
HOMOM f(2z,w) = 22 4+ w?.

ONPEAEJEHUE 1. Muoxecrso touek B ®(M>")\E C R™, 06pa30BaHHbIX e~
peceuenmeM n runeprosepxuaocteit yposua dyaxmmit [v = 1(£), ..., [, = L,(§)
C TIEJTBIME 3HAYICHUAMHE, HA30BEM UEA0UUCAEHHOT pewemroti R nepemennnr ded-
cmeua (nasnee upocTo pewemrod).

Ha Bropom sramne, 3uas sBHBIe (DOPMYIIBI /I IEPEMEHHBIX TeHCTBUS, CTPOU-
JIUCh PELIeTKH /g UCC/IeIyeMbIX CIydaeB.

OnpPEAENEHUE 2. OcyuiecTBUM OJHOKPATHBIN 00XOI MO 3aMKHYTOMY IIyTH
BOKDYT BHyTpeHHe 0cob0it Toukn. HauaapHbrit 6a3uc pemerku e1, €2 1 KOHEIHBIH
6asuc e}, e5 CBA3aHbl HEBLIPOXK ICHHBIM JHHEHHBIM IpeobpasoBaHneM ¢ MaTpuIed
M. D1a MaTpuUIla Ha3bIBAETCT MAMPUYEl MOHOOPOMUY CACTEMBIL.

B pesymbprare Tpernero srama paboThl ObLI CO3IAH aJITOPUTM 0OX0Ia BOKPYT
BHYTPEHHUX 0COOBIX TOUEK UCC/IETYEMBIX CUCTEM U TTOICUYUTAHBI COOTBETCTBY IOIIIVE
MaTPUITHI MOHO/IPOMUM.
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[7] Jlenckmuit T. A., Henoanvie unmezpupyemvie 20MUALMONROBY, CUCTNEMDL C KOMNAEKC-
HoLM NOAUHOMUGADHBM 20MUALTMOHUAGHOM Maaol cmenenu, Maremarugeckuii C6op-
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KBaHTOBasi reoMeTpusi UHTErPUPYEMbIX CHCTEM
Kapaces M. B. (MocKOBCKMIi HHCTHTYT 3JIEKTPOHHKH U MaTeMaTuku, Poccrs)

Muryurusnas rumoresa Ilmanka, chopmynmposanuas B 1911 r., mexmapwu-
poBaJia, uto obiee (PU3MIECKOE IBJIEHUE KBAHTOBAHHS MOXKET ObITh MaTe€MaTH-
YeCcKy OIMCAaHO B TE€PMUHAX JAMCKPETH3AIUMU KOOPAMHAT ,jaeificrBus® B (ha30Boil
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reomerpun. g omaomepnbix cucrem I1. Aprumpec (1965) peanm3oBast mIaHKOB-
CKYIO HUJI€I0 U IIPEJCTABUII IPABUIA JUCKPETH3ANNY UePe3 MHTErPAJI 110 yPOBHAM
HEPruy raMuIbTOHNAHA. {151 MHOrOMEPHBIX CHCTEM THIIOTe3a KBAHTOBAHMS ObIIA
MaTeMarudecku nposiciena B. Macsoseim (1965) B mepBBIX JBYX WIEHAX aCHUMII-
TOTHKHM 110 apaMerpy kBanrosanus. OmHako, npob/emMa BBICIIUX IPUOINKEHUT
B CIIEKTPAJILHON ACHMIITOTHKE B CJIyYae MHOTHX CTereHeil cBOOOIBI OCTaBaach
OTKDBITOM.

B paGorax [1, 2|, 6pu1 ycranosnen caemyomuit hakT: paccaoenue $haso6020
npocmparcmea mopamu JIuyeuira—Aprosvoa U KAGCCUECKAA CUMNAECKTMUYECKAA
2-popma mozym Goimo deopmMuposarsvL NO NAPAMETNPY KEAHMOBAHUA (C COTpare-
HUEeM CB0UCMEa MOPO6 GuiMmb AGZPAHIICEBHMY) MAKUM 00Pa30M, MO 06 uH0e
2e0MeMPuUYECKoe NPasuso JUCKPemMuU3ayuL, 3anUcarroe 0aa 0ehopMuposaHHbLT
mopos u dedopmuposanrot 2-gopmol, npedcmasasaem CRexmp, nAOMHOCTIL CO-
CMoARUYT U caed 0Nepamopa 360A10UUY KEAHMOB0T UHMEZPUPYEMOT CUCTNEMbL C
npou3eoavroli cmenenrolt MoYHOCTILIO0 N0 NAPAMEMPY KEAHMOBAHUA.

Taxum 06pa3oM, MBI [IOJIy<IaeM yHHUBEPCAIbHBIN aJTOPUTM IS BHIUNCICHUS
CIIEKTPAJIbHBIX ACHMIITOTUK MHOIOMEDHBIX KBAHTOBBIX MHTEIDUPYEMBIX CHCTEM.
OMHOBPEMEHHO 3TOT TIOXO, YCTPAHAET ABIeHUE pasBana (muddys3unm) mpr KBaH-
TOBOII 9BOJIIONNN 15T KJIACCHIECKOT0 paccyioeHns (ha30BOro MPOCTPAHCTBA HA TO-
pot JInyBuis—ApHosbaa. A UMEHHO, ec/id IPABUILHO e OPMUPOBATH PACC/IOe-
HEE U PACCMOTPETH CJIOW, yIOBJIETBOpsIoNine 1edhOPMUPOBAHHOMY IPABIILY JIHC-
KpeTH3anuu, B KOTOPOM ydacTByeT AedOpMUPOBAHHBIN Kjaacc Macsosa, TO 3T0T
HOBBII reoMeTpudecKnil 00beKT He OymeT pas3pyuIaTbCs IPU KBAHTOBOM 3BOJIIO-
mmn Ha GOIBIIMX BpEMEHAX, a 0yIeT MpPOUCXOIUTH TOJBKO auddy3us MIOTHOCTH
COCTOSTHUM BIIOJIb CJIOEB.

MozkHO 3aK/IIOYUTD, 9TO I MHOIOMEDHBIX HHTEIPUPYEMbIX CUCTEM IHUIIOTe-
3a ITmanka MoxkeT paboTaTh HE TOJIHKO B ABYX TJIABHBIX UJIEHAX ACHMIITOTHUKH,
HO TaK’>Ke M BO BCEX BBICIINX WIEHAX KBA3UKJIACCHYIECKOTO NPUOIVKEHUS, eCIIH
3aMEHUTH KJIACCUIECKYIO reoMerpuio (ha30BoOro IMPOCTPAHCTBA OAXOAANIEl KBAH-
TOBOII reomerpreil. 910 nedOPMUPOBAHHAS T€OMETPHSI CTPOUTCS 0 UCXOIHOMY
JIarpaH>KeBy PACCIOEHUIO U 3aBUCHUT OT BCEX BBICIINX IIPOU3BOJHBIX KJIACCHIECKUX
nepeMeHHbIX AeficTBue—yroii. C npou3BOJIbHON TOYHOCTHIO 110 IAPAMETPY KBAHTO-
BAHUS 9TO [TO3BOJISET BHIICINTH U3 JAHHON KBAHTOBOM CHCTEMBI KOMITOHEHTY ,,& la
KJIACCUYIECKasl MeXaHnKa" B [yxe O0POBCKUX IPUHINUIIOB COOTBETCTBUS U JTOTIOTHI-
TeJIbHOCTH, OTJE/IUB 3Ty KOMIIOHEHTY OT TOMH, Iie JOMUHUDYeT reif3enbeprosckas
WCIIEPCHST Y HEOTIPEIEJICHHOCTD.

Ora pabora BbinoaHEHA TpU o aepxkke PODU, rpant 00-01-00606.
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ITosnmnaoMuanbHble pernenus 3aga4uu Jdupuxiie st GUrapMoHUYIECKOro
ypaBHeHUsl B Liape
Kapaunx B. B. (IOxno-Ypaabcknii rocymapcrsennbiii yausepcuret, Poccrns)
Anrponosa H. A. (KOxuHo-Ypasusckuii rocygapcrsenspiii yaupepcurer, Poccus)

B macrostem J1o0kJ1ajie m3BectHoe npeacrasiaenue Anbmancu [1] ais mosrap-
mommaecknx dbyrkmmit Q(z) = Ho(x) + |22 Hi(x) + - - - + |z|** Ho (), Tme Hy(x) —
HEKOTOPbIE FapMOHUYECKHE ()yHKINY, IPUMEHSIETCS /1715l IOCTPOEHNUS PELIeHNS OJI-
HOPOHOM 3a1aun [lupuxiie i HEOIHOPOAHOrO GUTAaPMOHUYECKOrO YDABHEHUS, &
3aTeM M ISl IOCTPOEHUs! pelleHust obmeit 3axauan [Iupuxiie jisi HEOTHOPOIHOTO
OGUrapMOHMYECKOrO yPABHEHUS B €JUHIYHOM IIape C IIOJMHOMUAIBHBIMU JAHHBI-
mu. B [2] npencrasienue AjbMaHCH IPUMEHSIIOCH JJIsi HOCTPOEHUs! IOJIMHOMUAJIb-
HOTO pemrenns 3aaa4n J{upuxsie mist ypasHenus Jlamaca. B [3] ¢ momombio dop-
MyJibl AJIbMaHCH OBLIN IIOCTPOEHBI IOJMHOMUAJIbHbIE DelleHus ypasHeHus [lyac-
coma Au(z) = Q(z) m mosmrapmonmaeckoro ypasmenma A™u(z) = Q(x), rae
Q() — IPOU3BOJILHBILIT IOJIMHOM.

Paccmorpum omeparop Au = Y7, TrUa,, u nycrs Q(z), P(x) nm R(x)—
HEKOTODbIE MOJIUHOMBL 0T = € R™.

TEOPEMA 1. Pewenue 3adavwu Jupuxse

Au(z) = Q(z), =€

0

upa = P(x) 90, %‘BQ =

6 edurununom wape Q@ C R™ ¢ nosunomuasvromu dannvmu Q(x), P(x) u R(zx)
umeem ud

(R(z) — AP(z)) + M «

2
xﬂifzu_QMFfu_ayA%AMP—RH—

w(z) = P(o) + =1

(25)11(2s + 2)!!
11—«

+2$+4

Q- AQP)) (azx) a™* ' da.

K coxanenuro, mosiydeHHble MOJIMHOMHAJIbHBIE DEIIEHUs [T 3AMNCU UX B
00BIYHOM BH/Ie TPeOYIOT BBIUWCJIEHHsI CTeleHell omeparopa Jlamiaca or HEKOTO-
PBIX MHOTOYJIEHOB, OIPEIe/IsIeMbIX TAHHBIMYM KPAEeBOH 33Ja9u. JTOT HEIOCTATOK
JIETKO yCTPAHSeTCs C IOMOINbIO ImpuMeHeHus makera “Mathematica”. Hampumep,
pemenme 3amaun Jupuxie mpu n = 3, Q(z) = zizo23, P(z) = 0 u R(x) = 0 merxo
BBIUNCJISIETCST U IMEeT BUT

_xlxz(x% + 23 + 23— 1)?
12252240
— 119023 + 861z3 + 1427 (—17 + 1323 — 35023) + 145 (17 + 57x3)).

(— 255 + 24527 — 6325—

u(z1, x2,23) =
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dproauyeckKue TeopeMbl Jis COXPAHAIIUX Mepy JelcTBuii
MapKOBCKHX IIOJIyTPYIIII
Kmnumenko A. B.

Hoxnazn ocaoBan Ha copmectnoii padore [1] ¢ A. 1. Byderosemm u M. 10. Xpu-
cTO(MOPOBBIM.

IIycTh 3a/aHa KOHEYHO-TIOPOXKIEHHAS MOIYrpynmna [ ¢ KOHEYHBbIM HAOOPOM
obpasyomux O. Ha I' umeerca nopma |- |0, paBuaa ajs snementa g € I' qymne
caMOro KOpOTKOro cjioBa B andasure O, npeacrassiomero g. Ilomoxum So(n) =
{g9:lg9lo =n}.

Hamomunm omnpenesienne MapkoBckoil mosayrpymst. Ilycrse G — komedHBIN
opueHTHpOBaHHBI rpad ¢ MHOKecTBoM pebep £(G), m KaxkaoMy ero pebpy
e € £(G) mocraByieH B COOTBETCTBHE HEKOTOPHI ssement £(e) € O. 3adukcu-
pPyeM HEKOTOpYIO BepmuHy v rpadba G m paccmorpum muoxectso P(G,vo) Bcex
KOHeUHHIX myTeil B rpade G, HaunHaOmMUXCs B BepmuHe vg. Onpenenum orobpa-
xernme £: P(G,v9) — I' crnemyrommm obpasom: ecm p = e ...en, € P(G,vp), TO
Ep) = £(e1). .. £(en).

ITomyrpymmia ' Ha3bIBaeTCsS Mapro6ckoli OTHOCUTEIHLHO HabOpa 00pasyro-
mux O, ecm MOXKHO 337]aTh KOHEYHBIN opmeHTHpoBaHHBIN rpad G, ero Bepin-
my vo m orobpaxenme &: E(G) — O T1ak, 4robbl OLpeneseHHOe Bbiule 0TOOpA-
wenme &: P(G,vp) — I' 6bUI0 GHEKTHBHO, TIPIHYEM MHOMKECTBO MyTei JIMHBI 1
oroGpaxkaercsi Ha MHOXKeCTBO So(n).

IIycrs I' meiictByer coxpamsiomumu mMepy npeobpaszosanusvu 1y, g € I', ma
BeposiTHOCTHOM TipocTpamncTse (X, v). Ins byskmmn ¢ € L'(X,v) paccmorpmm
[I0CJIE/IOBATEIBHOCTD €€ CPHEePUUECKUT CPedHUT

1
Sn = — o) T 3
(Lp) #So(n) geszo(n) ® g

ecn So(n) = &, monoxmm s, (@) = 0. danee, paccmorpum cpemname mo de3apo
chepudecKux CpeIHmuX:

() =3 3 sl

TEOPEMA 1. ITycmv I' — MapKxosckas noayzpynna omHoCumesvho KoHey-
H020 Habopa obpasyruwus O. IIpednonootcum, wmo I' deticmeyem corpararowumu
mepy npeobpazosanuamu Tg, g € I', na sepoammuocmmom npocmpancmee (X,v).
Tozda dan awboli Pynrkyuu @ € LP(X,v), p € [1,00), nocaedosameasvrocmo
en(p) epednur no Yeszapo ee chepuneckuxr cpednux crodumea ¢ LP(X,v). Ec-
au p € L™(X,v), mo nocaedosamesvrocms cn(p) crodumca makoice v-nowmu
6C100Y.
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HenokaJsibHble KpaeBble 3aaa4u u guddepeHnmalabHble yPaBHEHUS C
HEU3BECTHBIMHU KO3@ PurmeHramm
Koxanos A. H. (Hacruryr maremaruku nm. C. JI. Cobosesa CO PAH, Poccusi)

Teopusi HEJIOKAJIbHBIX KPAEBbIX 33/1a4 IIPEJICTaBJIsgeT CO00Ml aKTUBHO Pa3BU-
BaOUIeECs HAIPABJICHNE COBPEMEHHOHN Teopun nud depeHnuanbapX ypaBHEeHui ¢
YaCTHBIMH MPOU3BOIHBIMU. HO, MOMUMO CAMOCTOSITEIHHOTO 3HAYUEHMUS, 3Ta TEOPUsI
npecTaBisgeT co0oit DOIBINOI HHTEPEC C TOYUKHU 3PeHUs TeOpui K03 PUIIeHTHBIX
obparnbix 3ama4 a1 nuddepeHnnanbHbIX yPABHEHHN C YACTHBIMA [TPOU3BO/IHbI-
MU.

B macTosmem MOKJIAe IPeICTABICHB HEKOTOPBIE PE3YIBTATHI O PA3PEITIMO-
CTH HOBBIX HEJIOKAJIbHBIX KPAEeBbIX 3339 M HOBBIX ke K03 dunmentaeix obpar-
HBIX 337134 11 quddepeHIpaIbHbIX YPABHEHU , CBA3aHHBIX ¢ COOTBETCTBYIOIIN-
MU HEJIOKAJIBHBIMA 33[a9aMU.

B wacTHOCTH, IPEACTABIEHBI PE3YJILTATHL O PA3PEIIUMOCTH

e amasioros 3amaun Bunamze—CaMapckoro mist mapabo/IMaecKuX U THUIep-
GOJIMIECKUX YPABHEHMIT;

® 0OpATHBIX 334349 J/1d HapabOINIECKUX U TUIePOOTMIECKIX YPABHEHMUIA C
HEU3BECTHBIMU KOS(i)(bI/IL[I/IeHTaMI/I, 3aBUCAIIUMU OT BPEMEHU, IIPU 3alla-
HUU WHTErPAJIbHOTO II€PEOIPeAeIeHNs 110 00IACTH WK K€ II0 TPAHUIIE;

® KPAEBbIX 3a/ia4 ¢ MHTErpaJIbHbIMU YCJIOBUAMU I Hapa60ﬂI/I“IeCKI/IX nu
rutepOOIMIeCKIX yPaBHEHMH.

WccnenoBanns mo mpencTaB/IeHHON B JOKJIaJe TeMaTHKe BedyTCd IPH HOA-
nepxke PO®U, nmpoekt 09-01-00422a, Munucrepcrsa obpazoBanus un nayku PO,
mpoekT 02.740.11.0609, ®IIII «Hayunsle n Hay9IHO-TIeJATOTHIECKUE KAQIPBI NHHO-
BaIpoHHOM Poccum», rocyaapcTBeHHbiii KOHTpakT 16.740.11.0127, u ABIIII «Pa3-
BHTHE HAY9IHOrO [MOTEHNNAJIA BbICHIEH MIKOsbI», mpoekT 2.1.1/13607.

V6biBaHNe pellleHnil aHN30TPOIIHOrO KBasuJIMHEHOro
napaboJIN9ecKoro ypaBHeHUsl B HEOTPaHUYEHHBIX 06J1acTsaX
Koxepuukosa JI. M. (Crepsmramakckas I'IIA, Poccusi)
Jleournes A. A. (Crepsmramaxckas I'ITA, Poccust)

Ilycte ) — mnHeorpaHmveHHast o0sacTh mpocrpancTBa R, = {x =
(z1,22,...,20)}, n > 2. B mwmaapudeckoit obmactu D = {t > 0} x Q nna
AQHMU30TPOIIHOIO KBA3WIMHEHHOIO 1apabo/u4ecKOro yPaBHEHHUS BTOPOIO IIOPHAIKA
PACCMATPHUBAETCH IEPBAs CMEIIAHHAA 331

n
(uf*u)e = 3 (aa(t %, Vi))ay, k22, (6%) € D; (1)

u(t, x) o= 0, S={t>0}x099 u(0,x)=0ex), @x)eL(). (2)
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IIpemnonaraerca, aro Gynkmmn aq (t, X, §), o = 1,n, m3mepumsr 1o (¢,x) € D mna
& € R,,, menpepoiBabl 110 € € Ry, muia (¢,X) € D 1 NOXIUHAIOTCA yCIIOBHSIM:

Z |an (L, x, §)|pa/<pa*1) < az €7, Z o (t,x,6)é0 > az |€a|Pe
a=1 a=1 a=1 a=1

C TIOJIOKUTETHHBIMEA KOHCTAHTAMH @, G W 9HUCAAMH Py > k, a = 1,n (p1 < p2 <
e < pn).

Pabora mocBsimena ucc/ie10BaHUI0 3aBUCUMOCTHA CKOPOCTU CTaOM/IM3auu pe-
menns 3amaan (1), (2) mpm ¢ — 0o OT reomMeTpum HeOrpaHWYEeHHOH obmacTm )
B npemnonoxkennn dbuauTHOCTH GyHKIMU ©(X). IlpmBemem pesysabraT ams 06-
JlacTeil, pacroI0KeHHBIX BIOJb BhimeaeHHoON ocn Oxs, s € 2,n — 1 (obnacth
JIEXKWUT B IOJIyIIPOCTPAHCTBE Ts > 0, ceuenue vy, = {x € Q | s = r} He mycro u
orpanmyeHo npu Jobom r > 0).

st r > 0 BBemeM cireayiommne 0603HATEHUS:

v(r) = min{v (r), vn(r)},
va(r) = inf { gz, ) | 960) € CE(D), Ngllz,, o) = 1}
() = inf {Ilgas 12, @) | 960 € (), llgllzagar) = 1},
Q" ={xeQ |z, <r}

IIpeamonaraercd, 910 Ayig 061acTH §) BHIIOTHEHDI YCIOBH:
oo
v(r)dr =oco, lim pi(r)=0.
1 00

Wnage gocruraercsa MakCuMasbHAas CKOPOCTH YOBIBAHUS DEIIEHUd, T. €. CIIPABE/I-
JIMBA OTIEHKA

lu(t)| L, < Mt~V @®r=h oy s,

TEOPEMA 1.  Cywecmsywom  noaooswcumenvnve  wucaa (K, ps),
M(k,ps,p1, |ollL, ) maxue, wmo daa pewenua u(t, x) sadawu (1), (2)
Cnpasediusa ouenKa

a0y < M (Eaf* (r(1) "8 > 0,

¢ npouseoavroli noaosicumenavnol Gynkyuet r(t), ydosaemsoparoueli Hepacer-
cmey

(t)
(5 (r(1))t) " P exp <H/ V(p)dp> >1, t>0.
1
OTa paboTa BbImogHEHA pu moaepxkke PODI, rpart 09-01-00440-a.

ITouTu TopuYecKue paccjoeHUs Hal AByMepPHbLIMU MOBEPXHOCTAMM
Kosmos U. K. (Mockoscknii rocymapcrsennsrii yausepcuret, Poccnst)

B mokmame 6ymyT paccMOTpeHBI JTarPaHKEBBI PACCIOEHUS C OCOOEHHOCTIMU
CLEUAIbLHONO BHU/IA.
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OnpEAEAEHUE 1. JlokampHo-TpuBmMaabHOE pacciaoerue 7 : (M?™ w) — B™
HA3BIBAETCS JTATPAHYKEBHIM PACCTOCHHEM, €C/IM TOTATbHOe TTpocTpancTso (M>", w)
SIBJISIETCST CUMILIEK TUIECKIM MHOT000pa3meM, u orpannyeHne (popMbl HA KK AbIi
CJIOM TOXKECTBEHHO PABHO HymIO w|pn = 0.

Mbr paccMaTpUBaEM JIANPAHXKEBbBI PACCJOEHUsT ¢ OCOOEHHOCTAMU SJLIMITITUYE-
cxoro u (GokycHoro tmma. A mmenmo, paccioenme 7w : (M?" w) — B sBaser-
C4d JIarPaHZKE€BbIM PaCCJI0€HUEM HaJ OTKPBITBIM BCIOAY IIJIOTHBIM IIOAMHOXKECTBOM
B{ C B, u B oxpectHocTH 1000it 0cob0it Touku & € (M>" w) B HEKOTOPHIX JIO-
KAJIbHBIX KOOPIUHATAX MPOEKIAA T = (71, ..., Ty ) AMEET BHJ

e mi(p,q) = p; + ¢} (mEnTHIecKmit TH) § = 1,..., ke,

o mi(p,q) = pi¢; + Pi+1¢i+1,  Ti+1(P,q) = Pidi+1 — pi+14; (doxye-
dokyc) j =ke+1,ke +3,..., ke + 2k — 1,

e 7;(p,q) = p; (perynsiprast uacts) j = ke +2ky +1,...,n,

ONPEAEJNEHUE 2. JlarpaHKeBbl Pacc/IiOeHHsl C TAKUMH OCOOEHHOCTSMM Ha-
3BIBAIOTCS TTOYTH TOPUIECKUMU PACCIOCHUSIMU.

IIoapoGree 0 mourn TOpuHdeckux paccuaoerus cM. [1], mpo meBBIpOXKAEHHDBIE
0COGEHHOCTH MHTErPUPYEMbIX FaMUJIBTOHOBBIX CHCTEM CM. [2].

B moxsame OyzeT pacCcKa3aHO O HEKOTOPBIX CBOMCTBAX IOYUTH TOPUIECKHUX
pacciioeHuil HaJl AByMEPHBIMH [TOBEPXHOCTAMU. By/LyT OIKUCAHBI TOIOJOrUYIECKHIE
¥ CUMIIJIEKTHYIECKIe MHBAPUAHTHI TAKUX PACCIIOCHMUI, a TAK¥Ke IIPOBEIEHA X KJIaC-
cuduKanma B HEKOTOPBIX YACTHBIX Caydasx (0 knaccuduKanmmm paccroeHwii 6e3
ocobennocreit cm. [3]).

Cnucok JauTeparypsbl

[1] Leung N. C., Symington M. Almost toric symplectic four-manifolds // J. Symplectic
Geom. 2010. V. 8 Ne 2 P. 143—187.

[2] Bolsinov A. V., Oshemkov A. A. Singularities of integrable Hamiltonian systems // in
book: Topological methods in the theory of integrable systems. Cambridge: Cambridge
Sci. Publ. 2006. P. 1-67.

[3] Kosnos H. K. Knaccudukanusa JTarpaHKeBbix pacciaoenuit // Marem. ¢6. 2010 T. 201
Ne 11 C. 89-136.

DKCIIOHEHIUAJIbHAS YCTOMYNBOCTh U OIEHKU KBA3WMMOHOTOHHBIX
cucreM pYHKIHUOHAJIbHO-AU@PEepeHINAJIbHbIX YPaBHEHUN
Kosmosa O. P. (M/ICTY CO PAH, Poccus)

IIycts Cy — MHOXKECTBO HempepbiBHBIX Ha T = [—h, 0] dbyHkmmii co 3naueHn-
avu B R} = {x € R" : ¢ > 0} u nopmoii ||¢|| = mal(ma%|¢¢(7)|), X — obnacrp
i=l,n TE
B Ri X C+.

Cucrema GyHKIMOHATHLHO-AV) DEPEHITHATBHBIX YPABHEHUIA C TIOCIEIeHCTBI-
eM
Bt = f(ba(),20), f: Ry x X - R,

Tty = po € Oy, z(to) = o(0) (ze(r) =2(t+71), T€T);
Ha3BIBAETCA  KBa3umonomonnot [1], ecma f(t,x,) me ybObBaer mo :
f(t,m,0) <f(t,x,v) npu ¢ <, u KBazumMoHOTOHHA 110 T : Vi = 1,n fi(t,z,p) <
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filt,y,) mpm =z < y, x; = vy;. llpenmonaraerca, 9To f YIOBJIETBOpPS-
er B Ry X X ycmoBusm Kapareomopu u OmZHOCTODOHHEMY JIOKAJIBHOMY YCJIO-
Buio JIummwma o x, p: B m060it orpanmdennoit okpecrnoctn U C Ry x X
Fty ) — f(ta,9) <K.O((3,9) — (@@)l) mpn @ < y, ¢ < ¥ ¢ cyvm
pyemoit Bekrop-dyuknmeit K,. 910 obecnednBaer JOKaJIbHOE CYIIECTBOBAHHE H
TTPaBOCTOPOHHIOID €TMHCTBEHHOCTL K -pentenuii KBa3uMOHOTOHHOMH cucrembr (1).

TEOPEMA 1. ITycmv cywecmeyrom mowka z € R", z > 0 u wucao o < 0
maKue, wmo

Vt € Ry Ve e [0,1] f(t,cz,cz%) < acz, 2de 2°*(1) = z-exp(ar).  (2)

Tozda cucmema (1) sxcnonenyuaavro yemotuusa 6 xowyce RY X Cy, u npu
|2ty lc < 2z ee pewenus YVt > to ydo64eMBOPAIOM IKCNOHEHUUAALHOTL OUEHKE
z(t, to, Try) < M|z, ||e@?740) ) 20 M = z - max ((z:) 7).
i=1,N

TEOPEMA 2. Ecau f me 3asucum om t (asmonomna) u duddeperyupyema
6 mouxe 0 (6 cmuicae Iamo), mo ycaosue (2) nmeobxrodumo u docmamouno din
ceoticmea Y xeaszumonomonnol cucmemv: (1). Ipu smom cmenens 3amysanu
a mooicem 6umob 6ul6PaNa ckoab Y200H0 BAUSKOT K MAKCUMANLHOMY (NEPPOHOBY)
KOPHI0O A (HEOBT00UMO BEULECTNBEHHOMY) TAPAKMEPUCTIUMECKO20 KEAZUNONUHO-
ma det(A — A(N)), 2de A(N) = Alirli {90f(0)(1,;)°*}, 1; — j-mwd opm 6 R™.

J=1in

SAMEYAHUE 1. I OTPUIIATEIBHOCTH KOPHS Ay, HEOOXOIVIMO U JOCTATOTHO,
aro6er Marpuna A(0) (Marpuna JIuHeapU30BaHHOM cuCTEMbI (€3 mocIeneiicTBus)
ObLIa TYyPBULIEBOM.

C ucnonb30BaHUEM TEOPEM IOJIYYAIOTCs SABHbBIE YCJIOBHS SKCIIOHEHIMAIbHON
YCTOWYMBOCTH M COOTBETCTBYIONINE OIEHKW [JIsi HEKOTOPBIX JIMHEIHBIX ABTOHOM-
HBIX CHCTEM C 3aI1a3IbIBAHUEM.

Ora pabora BbinosHeHa pu noazepkke POOU, rpanr 11-01-00672, IIpesu-
mmyma CO PAH, mpoexT 107.

Crnucok JuTepaTrypsbl

[1] Smith H. L. Monotone dynamical systems: an introduction to the theory of competitive
and cooperative systems. AMS Publ., Providence, 1995, 182 p.

PenakcanmonHbie Kosiebanusa u Audpy3MOHHBINI XaoC B peaKIuu
BesoycoBa
Komecos A. FO. (Spocraasckuii rocyaapCTBEHHBI yYHHBEPCHTET
nm. I1. I Temnzosa, Poccust)
Po3zos H. X. (MockoBckmii rocy1apCTBeHHbII YHUBEPCHTET
um. M. B. Jlomonocosa, Poccust)

Peakmus, orkpuitas B. I1. Benoycossim B 1951 1., siBisieT coboit moyunTeb-
HBII 31113071 B HCTOPUU OTE€YECTBEHHOIO eCTecTBO3HaHN. Fe MaTemMarudeckas Mo-
[IeJib JOCTOMHA BONHTH B 00s13aTeIbHBIN Kypc Aud depeHnaibHbIX YPABHEHNH 1
MOKeT IPeIBAPATHCS JOBOJIBHO IPOCTO OPraHU3yeMbIM HAIJISTHEHITIM SKCIepu-
MEHTOM.
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Paccmorpum MommduKaIiio MaTeMaTHIeCKOM MO/Ie/ M peakimu Beoycosa
i=mll+a(l—z)—ale, g=rafo—yly, z=mrlaz+(1-ay—2z (1)

re mapamerpsl 71, 72,73 u a noaoxurenbuel, « € (0,1); mapamerp a saBiseTCH
,,OUEHBb OOJIBIINM*, & OCTAJTbHBIE UMEIOT TOPSITIOK 1.

B peaxnun BesoycoBa HaOIIOMAIOTCS peIAKCAIMOHHbBIE KOJIEOAHUST — ,,Ipe3-
BBIYAMHO OBICTPO" IMPOTEKAIONINE STAIBI Y€PEaYIOTCS C ,, TOCTATOIHO MeIIeHHBI-
mu“. U3yuensl Takme pexxumbl B cucteme (1), Tae oT a mepeiizemM K MajgoMmy Ta-
pamerpy € = 1/a.

Durcupyem IIPOU3BOJIbHOE KOMITAKTHOE MHOKe-
CTBO Qo u3 TIOJTYTIOJIOCHI T = {(uo,vo)
ug > 0,0 < vo < 1} m obo3HaTAM TEpe3

Le(uo,v0) = (2(t,u0, v0,€), y(t,uo,v0,€), z(t,u0,v0,€)) : t>0, (uo,v0) € Qo

()

TPaEKTOPUIO CHCTEMBI
ex=ri[l—z+e(l—a)z, y=rafz—vyly, zZ=rs3faz+(1—a)y—z]z, (3)

Boimymennyio upu ¢t = 0 u3 rouku (z,y,z) = (1,uo0,v0). Paccmorpum BTOpOIt
nmosoKuTenbHbIH Kopenb ¢t = T'(uo,vo,€) ypasuenus z(t, uo,vo,£) = 1 (ecom on
cymecrByer), u Ha cekymeil wiockocru {(z,y,2) : € = 1} onpemenmm oneparop
nocienosanus [lyankape

HS(UO,’U()) = (y(tr anUOaE)v z(t’uo’vo’s))|t:T(uo,v0,s)' (4)

TEOPEMA 1. Ha mnooicecmee Qo 6 mempure npocmpancmsa C*(Qo; R?) cy-
wecmeyem npedeavruit onepamop lime o Il (uo, vo) = Io(uo, vo).

TEOPEMA 2. IIpu o < r2/(r1 + 72 + 7r3) y onepamopa Ily 6 noaynosoce
™ cyuecmeyem roma 0v 00Ha ycmoluusas nenodeuscrnas moywka. Ipu ecex do-
cmamouno maaoz € > 0 onepamop Il . umeem yemotiuueyro nenodsudrcryro mowky
(e, ve) ¢ acumnmomunecku bauskumu & (uo, Vo) Komnonenmamu. B cucmeme (3)
eli omeeuwaem Yycmotuusuli peaakcayuornot yuras Le.

TEOPEMA 3. Bpema dsusicenus $pazo6oti mowku cucmemdv: (3) no ,0vcm-
pom ywacmram mpaexmopuu L. umeem nopadox €In(1/e), a no ,medaenmoim
yuacmram“ — donyckaem npu € — 0 KoHeunvill NOAOHCUMEALHBLT Npede.

B oreewatomeit cucreme (1) pacmpemeneHHol Mozesm — napaboMIeCcKOi
KPaeBoOll 3a/1aue — YUCJIEHHBIMU SKCIEPUMEHTaAMU MPOJIEMOHCTPUPOBaH (heHoMeH
mud dy3u0HHOTO Xa0ca.

Pabora Bormosinena mpu mognep:kke POOU, rpanter 08-01-00342a n 09-01-
00614, u IesreBoit mporpammbl <HaydmHbie 1 Hay9HO-IT€TATOTUIECKUE KAIPHI WH-
HoBarmouuoit Poccuns, rockorrpakT 02.740.11.0197.
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CraekrpajibHasi yCTOMYNBOCTh HEJIMHENHOro ypaBHeHus Jlupaka

Komew A. A. (UIIIIN PAH, Poccus)

Henuneitnoe ypasnenue Jupaxa [5], Taxxe ussecrnoe kax “Soler model”,
AKTUBHO M3y4aeTcs B TeopeTmteckoil ¢pusmke ¢ 1970 roma:

0 ~— d . n 0o
i = ;aj%ng(w BY)BY,  Y(x,t) €CN, zeR", geC®(R).

M = —1
(1)

M IIPAKEHHBIE MaTPHUIIbL %) K i A BJIETB A0T THOIIECHUAM
Ca 0CO (S} € Ma/ aKa o OBJIETBO IOT COO o11re
2 2
o = f° = I, ajar + agoy = 20xlan, ;B + Baj =0.

Corsacuo paGote [3], mis mmpoxoro kjacca HenuHeiiHOCTel ypasrenue (1) mo-
IIYCKa€T pelIeHnud TUulla YEIWHEHHbIX BOJIH:

Pla,t) = p(x)e ™", e L’ R",C?"), wekR

Mer ucciegyeM, B KAKUX CIydasX TaKue PENIeHHs: OyAyT CIeKTPAIbHO YCTONHN-
BBIMHU, TO €CTh KOT/Ia JIMHEAPHW3AINsi OKOJIO TAKOTO PEIIeHus] He COMEPXKUT COO-
CTBEHHBIX 3HAYEHUI C I[IOJI0XKUTEJIbHON BelecTBEeHHON 4YacTbio. IlogobHbIi BO-
TIPOC ITOIPOOHO MCCIIeTOBAH j1s HeanHenbx ypasHenwii IlIpeguarepa n Kireitrna—
Topnona (m mekOTOPBIX Apyrmx). IIoMMMO XOpOMIO WCCAEMOBAHHON AuHElHO
ycroitumsoctu [7], mis 9TMX MOAesell MMEeIOTCa JOCTATOYHO Oflue pe3y/IbTaThl
0 0pbumanvroli YCTONUNBOCTA yeJUHEHHBIX BOJIH [6, 4] 1 — B HEKOTODPBIX CJIy-
gagx —I0 acumnmomuneckoti ycroiamsoctn [2]. BmecTe ¢ Tem, Bompoc o cnex-
mpaabHol, yCTOUYIUBOCTH HEJIMHENHOTO ypaBHeHus J{upaka 0CTaBajICd IIOJIHOCTHIO
OTKPBITHIM; HET JaKe JOCTATOYHO OOLIMX YHCJIEHHBIX Pe3y/ibTaTos [1].

Ham ocHoBHOI pe3yabTaT JaeT 9acTUIHBIA OTBET Ha STOT BOIMPOC:

TEOPEMA 1. B pasmepnocmu n = 1 dasa wupokozo xaacca wesunetdnocmed
(nanpumep, g(s) = 1 + ks + o(s), k # 0) yedunennoie soanv. ypasnenua (1) do-
CTNAMOHO MAAOT, AMNAUMYOD, ABAAIOTNCA CNEKMPAILHO Ycmoluuenmu. To ecmo,
CIEXMp ONEPAMOPL AUHEAPUIAUUYU OKOAO IMMUTL YEOUHEHHHT GOAH PACNOAONHCEH
CMPo20 KA MHUMOT 0CU.

Muorue n3 HaMIKUX PE3yILTATOB 000OINAIOTCA HA MHOIOMEDPHBII CJLy<ail.

Cnucok JauTepaTrypsbl

[1] Gregory Berkolaiko and Andrew Comech. On spectral stability of solitary waves of nonlinear
Dirac equation on a line. ArXiv e-prints, 2009. arXiv: math-ph/0910.0917.

[2] Vladimir S. Buslaev and Galina S. Perel’man. Scattering for the nonlinear Schrédinger
equation: states that are close to a soliton. St. Petersburg Math. J., 4(6), 1111-1142, 1993.

[3] Maria J. Esteban and Eric Séré. Stationary states of the nonlinear Dirac equation: a
variational approach. Comm. Math. Phys., 171(2), 323-350, 1995.

[4] Manoussos Grillakis, Jalal Shatah, and Walter Strauss. Stability theory of solitary waves
in the presence of symmetry. I. J. Funct. Anal., 74(1), 160-197, 1987.

[5] Mario Soler. Classical, stable, nonlinear spinor field with positive rest energy. Phys. Rev.
D, 1(10), 2766-2769, May 1970.

[6] Michael I. Weinstein. Lyapunov stability of ground states of nonlinear dispersive evolution
equations. Comm. Pure Appl. Math., 39(1), 51-67, 1986.

[7] H. I. Baxuros and Anekcanap Asnexcannpoeuu Kosokonoe. CranuoHapHble peleHns BOJI-
HOBOI'O yPaBHEHHUsI B CPeJe C HACHIIEHHEM HeJuHeHHOCTH. M 36€cmus 6ucwul yvebrus
saeedenuti. Paduopusura, 16(7), 1020-1028, 1973.
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06 omuoM o6061eHun yciaosuii Komu-Pumana ajis MHoroobpaswuii
[POU3BOJIHONU pa3sMepHOCTU
Konenxos A. H. (Ps3anckuii rocy1apCcTBEHHBIH YHHUBEDCHTET)

Ha rimagkom prMaHOBOM MHOTO00pA3WH PA3MEPHOCTH 7 > 3 BBOISATCS HEKO-
TOpbIe HeJTMHeHHble yPaBHEHNs, KOTOPbIe MOYKHO PaCcCMaTPUBATh KaK 00001eHwms
ypasuenniit Komm—Pumamna pu n = 2. VccmeayooTes JJoKaJIbHBIE CBOMCTBA perie-
HUM, AJI9 OJHOTO YaCTHOTO CJIyYas YCTAHABJIMUBAETCH WX JIOKAJIBHOE CYIIeCTBOBA-
HUE JIjIs TIPOU3BOILHOM I'JIa KON MeTpuku. [[ist perreHunii J0Ka3bIBAIOTCA PABEH-
cTBa, aHajgoruvnbie ycaoBuaMm Kommr—Pumana. [lokazano, ¥TO BBITIOTHEHUE STUX
PABEHCTB SBJISETCS B HEKOTOPOM CMBICJIE HEOOXOIMMBIM U JIOCTATOYHBIM YCIOBUEM
IJIST TOTO, YTOOBI yI0BIEeTBOPONe UM (bYHKITUN ObL/IN PENIeHusIMUA PAcCMaTPH-
BaeMbIx ypasuenwuii. [logyuennnie ycaoBus He cofiep:KaT B SBHOM BUIE METPUKHI
(Tax ke kak u dpopmynsl s yenosuit Komn—Pumana B kordopMHEBIX KOOpIuHA-
Tax).

Kackaapl yTOK B GHOJIOrMYeCKUX MOJEsIX
Konknna A. A. (Camapckmii rocyaapcTBennsrii yausepcnrtet, Poccust)
Cobones B. A. (Camapckmii rocynapCTBEHHBIH a9POKOCMIUYIECKHI YHUBEPCHTET,
Poccns)

Pabora mocBsinieHa nCCeJ0BAHUIO CHHTYJISIPHO BO3MYIIEeHHbIX aud depeHiu-
aJIbHBIX CHCTEM Ha IIJIOCKOCTH. PaCCManI/IBaeTCﬂ aBTOHOMHaA CHCTEMa BHIaA

':t:f(ma:%a)’ (1)
ey = g(z,y, a), (2)

TIe T,y — CKaJdpHBIe IlepeMeHHbIe, € — MaJIbli TOJI0XKUTeIbHBIN TapaMeTp, o —
JOIOJIHUTEIbHBIN CKAJIPHBIN mapaMeTp, TOYKON obo3nadueHo auddepermpoBa-
HYeE 10 He3aBUCHMON repeMeHHoi ¢, f, g — mocratoduno riaakne GyHKIUNI. Y PpaB-
uenue g(x,y,a) = 0 3amaer MeqneHHyio kpusylo cucreMsl (1)—(2), mapamerp o
[IPH 3TOM CUUTAETCH (PUKCHPOBAHHBIM.

V9acToK MeIJIeHHOW HA3BIBAETCS YCTOWYIWBBIM (HEYCTOWYIHWBBIM), €CJIH
I BCEX TOYEK STOTO y9YaCTKA BBIMOJHAETCA HEPABEHCTBO gy(T,y,a) <
0 (gy(gv7 y, o) > 0). Hanuume nonosmure/isbHOrO CKaIAPHOIO IapaMerpa o obecrre-
YUBAET YCJIOBUS /TSI TOrO, 9TOOBI TPAEKTOPHH, IIPOXOISINNE BOIU3HU YCTONIMBOTO
¥ HEYCTOWYMBOTO YYACTKOB MEJJIEHHONW KPHUBOM, MOXKHO OBLIO ,,CKJIEUTHh" B TOY-
K€ CMeHbI ycToiiumBocTu (Touke cpbiBa). depes 3Ty TOUKy NPOXOAXT TPAEKTOPHS,
KOTOpasi Ha3bIBaeTcs yTkou. [lox TpaekTopumei—yTKOil OOBIYHO MOHMMAETCS Tpa-
eKTOpUL CHUHTYJIAPDHO BO3MYIIEHHON CHCTEMBI, KOTOPad IIPOXOAUT BHAUaJe BIOIb
YCTOHYMBOIO y4acTKa MeAJIeHHOI KPUBOH, a 3aTeM B0JIb HeyCTOHINBOIO, IIpUIeM
00a pa3a paccTosiHUS MOpsiiKa equHUnE! [1, 2].

Ecnu MemmenHast KpuBasi MMeeT HECKOJIBKO IE€PENYIONIUXCS YCTOMYMUBBIX U
HeYCTOIMYUBBIX YyYaCTKOB, TO HaJIAYHe JOIOJHUTEIbHOIO BEKTODHOI'O HapaMeTpa
a obecreurBaeT yCJIOBUS [UJIsi TOTO, 9TOOBI TPAEKTOPHUM , IIPOXOAANIue BOIM3M
YCTONYIUBBIX U HEYCTONUIUBHIX YIACTKOB M€/JIEHHON KPUBOM, MOXKHO OBLIO ,,CKJIe-
uTh" B TOYKaX CpbiBa. lloyueHnyIo B pe3ysibTare CKJIENBAHUS TPAEKTOPUIO Oy/1eM
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HAa3BIBATH Kackadom ymok. B pabore mpenjoykeH aCHMITOTHYECKUN MeTO [IPHU-
OJIMKEHHOTO BBIYUC/IEHUS ,, Yy TOYHOTO" 3HAYEHUS IMapaMeTPa W KACKaJga yTOK.

B mocsegHme roapl TOSIBUIOCh 3HAYUTETHHOE YUC/IO0 TTyOIMKAII, TTOCBSIEH-
HBIX IPUMEHEHUIO TPACKTOPUIN—YTOK B PA3IMIHBIX 33/1a9aX OMOJIOTHN, MEXaHUKH,
XUMUU, SKOHOMUKH 7 3yeKTponukm [3]. B kagecTse mpuiokeHwii mosry<aeHHBIX
MaTEMATUYECKUX PE3Y/IbTATOB PACCMOTPEHBI HEKOTOPHIE ODUOJIOTUYECKHE MOIEJIH,
xapakTepusyiomuecs: 3HHEKTOM MHUM020 ucHwesnosenus [4, 5, 6].

Ora pabora BbinoaHeHa 1pu noepxkke PO, rpant 10-08-00154.
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Acumnroruku pemiernil audpepeHIuanbHbIX YPABHEHUN € BBICIIIUMU
BBIPOXK/JEHUSIMU B HEPE3OHAHCHOM CJIy4ae

Koposmuna M. B. (MI'Y, Poccus)

Paccmorpum ypasHenme

3 1 gy d
H _= il = 1
(gt ) u=s. 1)
rne u € E(Sre,B1), f € E(Sge, B2), B1 u B;—Hekoro-
pere  GamaxoBbl ~ mpocTtpaHcrBa  (mampumep, — npocrpancrBa  H°® (Q)),

Sre = {r|—e <argr <e,|r| <R}, awuepe3 F(Sg,,B) 0603HaY€HO MPOCTPAH-
cTBO (YHKIWIT CO 3HaUYeHWsIMK B 0AHAXOBOM IIPOCTpAHCTBE B, rosoMopdHBIX B
obactu SR, U IKCIIOHEHIMAIBHO PACTYIUX B HYJIE.

IpeacTasuy omepaTopo3HadHsii cumsosn H (r,p) B Bume

H(r,p) = Ho(p) + rHi(p) + r*Ha(p) + ... + 7" Hi_1(p) + r" Hi(r,p),
rae H;(p) — COOTBETCTBYIONIME TIOJTAHOMBI.

TEOPEMA 1. ITycmwv onepamopnoe cemeticmeo Ho (p) = ﬁ((),p) ABAAEMCA
Pppedzonvomosvim. Tozda:

1°. Ecau u — pewenue ypasnenua (1) daa k-pecypzenmoti npasoti wacmu f,
mo u maxodice asasemces k-pecypzenmot Pynrxyued.

2°. llaa w060t k-pecypzenmoti mpaeoti wacmu f cywecmeyem k-
pecypzenmoe pewenue ypashenus (1).

Bynewm rosoputh, ato Touka p1 € spec Hy (p) aBnserca npocToit ecom

1°. Oneparoposnaunas GyHKIUS ﬁo_ ! (p) umeer B TOUKE P IPOCTOH IIOTIOC.
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2°. Pasmepuocts sapa ker Hy (p1) pasna emummme.

TEOPEMA 2. ITycmb GyHKUuA U CO 3HANEHUAMY 8 BAHATOE0M NPOCTNPAHCINGE
Bi1 aeaaemca pewenuem 00nopodnoezo ypashenua (1), a mouru p; € spec Ho (p),
j=1,2,... asaatomea npocmuimu, moz2da 04a 4106020 NOAOAHCUMEADHO20 YUCAG A
Pynryua u npedcmasuma 6 eude

()= u; () +0 (7).

NPUUEM CYMMA COOEPAHCUM KOHEUHOE HUCAO CAG2AEMBLT, KAHCI0E U3 KOMODHLL 0M-
6EUAEM MOYKE Pj CNEKMPA ONEPAMOPHO20 CEMETUCNEA H, (p), pacnoaoorcennot 6
noaynaockocmy, Rep > —A, npu amom Pynryuu uj (r) aeadaromea obpamuvimu
npeobpazosanuamu Janaaca—Bopeas dynkuyud u; (p), umerowus ocobernocmu 6
MOYKAT Dj, U UMEM GCUMNMOMULECKUE DA3N0NHCEHUA

pj k—1 “is R
wy (r) = ek PR TR N T 2)
1=0

2de b] — saemenmu, npocmpancmea By .

Ilycts f sBnsterca k-pecypremtnoit dymkmmeil. PaccmoTpmMm Hepe3oHaHC-
HBIA ciiy4ail. 9To 03HAUYaeT, 9TO ocobenHocTH mpeobpasosanus Jlamraca—Bopensa
dyukuuu f He COBLHAJAIT C HPOCTHIMU TOYKAMU OLEPATOPHOrO cemeiicrsa. Ecim
TpaBasd 9aCTh YPABHEHUS UMEET 0COOEHHOCTH ThTa, (2), TO ACHMIITOTHKA, PEIIEHUST
Oy/JeT uMeTb TAKOW K€ BHUJ, YTO U B OJHOPOJIHOM CJIydae, IPUYeM CyMMUPOBAHME
Gyaer 6parbca o 00beuaennio {p; } u ocobennocreii npeobpazosanus Jlanmaca—
Bopensa byukmun f.

O HeKOTOpPBIX JINYBUJIJIEBBIX TeOopeMaxX AJIsi PEHICeHUI SJIINITHYeCKUX
YPaBHEHU Ha MHOroo6pasmusax ¢ KOHIIaMH
Kopompkos C. A. (Boarorpazackuii rocyaapcTBeHHsIi yauBepcnret, Poccnst)
Jloces A. I. (Bonrorpazackuii rocymapcTBennsiii yausepcuret, Poccus)

CunTaomasicst KJIaCCHIeCKoi (hOPMyYIHMPOBKA TeOPEeMBI JInyBU/IIs yTBEpK 1a-
€T, Y4TO BCsAKas OrDaHWYEHHAs rapMoHuYeckas B R" byHKIus sBISeTCS TOXKIe-
CTBEHHO 0CTOAHHOI. B paborax psja aBTOPOB LIPUBOAATCS YCJIOBHS BbIIIOJIHE-
HUsT TeopeMbl JIMyBU/IIS HA HEKOMIAKTHBIX PUMAHOBBIX MHOTO00Pa3MsSX B TEp-
MHHAX POCTa 00beMa, BBHIIOHEHHS HW30IEePUMETPHYECKUX HEPABEHCTB, YCJIOBUI
Ha KPUBU3HY U T. /. B TO Ke BpeMs K/1acC PEMAHOBBIX MHOroo0pasuil, Ha KOTO-
PBIX CYIIEeCTBYIOT HETPHUBUAJIbHBIE OIDAHUYEHHBIE TAPMOHUYECKHUe (DYHKINU, [10-
cratouHo obmupen. Bosee Toro, obHapyKeHBI MHOXKECTBA MHOT000pa3uil, Ha KO-
TOPBIX pa3pemnmMa 3313493 Jupuxiie 0 BOCCTAHOB/IEHUH ITapMOHUYIeCKO (hyHKImn
110 HEIIPEPBIBHBIM IPAHUTHBIM JAHHBIM HA ,,6€CKOHETHOCTH .

B nocreaee BpeMsi OCYIECTBIISETCS CIEAYIOMUI OAX0 K TeOPEMaM THIIA
JInyBmwuia. Ilycte Ha mossom pumanoBoM MHOroobpasuu M 3azan kiaace GyHk-
mmit A u ssmunrudecknii orepartop L. ToBopsT, uto Ha M BBIOJIHEHO 06061IeHHOE
(A, L)-mayBunieBo CBONCTBO, eClm MPOCTPAHCTBO pemeHuti ypasuenus Lu = 0,
npuHajiekamux GyHKIUOHAJIBHOMY KJaccy A, uMeer KOHEYHYIO Pa3MEPHOCTb.
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Psan pabor ObLI IOCBAIIEH M3YYEeHUIO PEIIeHUH SJUIMNTHIeCKUX YPABHEHUM
Ha MHOroo6pasusax ¢ koHnamu. OTkpsiroe MaHOXKecTBO ) C M HA3BIBAIOT KOHIOM,
€CJIV OHO SIBJISTETCSI CBSI3HBIM, HEOIDAHMYEHHBIM ¥ ero rpannna 02 — kommakT. ['o-
BOpAT, 4T0 M sIBIsieTCs MHOrooOpa3neM C KOHI[AMHY, €CJIM OHO IIPECTABUMO B BUIE
00'beIMHEHNST KOMIIAKTHOIO MHOXKECTBA B 1 KOHEYHOI0 4HC/Ia HellePeCeKaOIIIXCs
KOHIIOB.

Jlannast paboTa MOCBAIIEHA M3YUEHUIO IMOBeAeHHUs L-rapMOHUIeCKHX (BYyHK-
Ouii, T. e. peleHni ypaBHeHUd

Lu(z) = Au(z) — c(z)u =0,

rae ¢(z) —neorpunaresnsnasg na M dynxuua, Ha MEHOroo6pasusx ¢ KOHIAMU.

IIpenmomoxkum, wro HA KOHIE §) cymecTByeT L-rapMonmdeckas GYHKINUA U
rakast, 910 0 < un < 1, wuo = 0 Ha O m suppun = 1. Bymem rosopurs
B 9TOM ciydae, 9To () siBasiercss L-MaccMBHBIM, a (YHKIMIO uqo HA3LBATHL L-
rapMoHHIeCKOi Mepoil ko 2. Ecaum L-rapmoHmweckass Mepa yIOBIETBOPSIET
YCJIOBUIO

D(u) = [ |Vua(z)|® + c(z)ud(z)de < oo,
Q
To KOHert {) OymeMm Ha3BBATHL L D-MaCCUBHBIM.

TEOPEMA 1. Cnpasedausn, caedyrousue ymeeprcoeHUuA.

1°. Pasmeprocmdv npocmpancmea ozpanudenuvr L-2apmonuveckus na M
Pynryul — ne menvwe Koauwecmea L-maccusnur xonyos M.

2°. Pasmepnocmv npocmpancmea 02paHudnenunr L-zapmonuuveckus wa M
PYHKUUT ¢ KOHEUHBLM UHMEZPAAOM IHEPRUL — HE MEHDULE KOAUKECTNEA
LD-maccusuonz xonyos M.

Taxk:ke B pabore HaWIEHBI pAa3MEPHOCTH [JPYTUX MPOCTPAHCTB L-
rapMoHmIecKuX GyHKImiA (I10/I02KATEIBHBIX, OTPAHUYEHHBIX C OZHON CTOPOHBI HA
KaJIOM KOHIIE U T. ).

Pabora Bbmmosmena npum mommepxkke PO@®I, rpamr 10-01-97004-
P__IIOBOJIKbE _ a.

BasucHocTh ogHOIT cucTeMbl (PYHKIUM CBSI3aHHOI ¢ oOpaTHOI 3a/a4eit
JIJIs1 9BOJIIOI[MOHHBIX ypPaBHEHUM

Kocrum A. B. (HISIY MH®II)

IIycrs H — komiutekcuoe rusibbeproBo mnpocrpauctBo, A : H — H — ywm-
HEWHBIN, 3aMKHYTBHIN OMepaTop ¢ 00JACTHIO OIPEIeICHUsT D(A), njaoTHoit B H,
a omepatop (—A) sBigeTcs remeparopoM mosyrpymmbl kiacca Co. Paccmorpum
obparnyio 3anady Haxoxaenus napbt {u(t); f)} u3 yciouii:

W' (t) + Au(t) = @(t)f te[0,T], u(0)=0, 1)

u(T)=x, x€D(A), (2)

rae omeparop-dbyuxmas ®(t) € C'([0,T]; L(H)) u mepeompemesenne X 3aIaHbL,
a Hem3BeCTHBIMU ABAAOTCA Gynkmms u(t) m smement f € H. Ilom pemenuem
obparnoit 3amaum (1), (2) mormvaerca snement f € H, Takoii, 9To pemenue 3a71a-

an Komw (1) yzosserBopser ycinosuio nepeonpenesenus (2). Ormerum, 910 npu
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CIIETAHHBIX TIPEIOJIOKEHNAX Ha oneparop A m omeparop-byrkmuio P (t) peme-
Hue npamoii 3amaau (1) cymectByer m enmHCTBEHHO 11pm Jyo6om f € H, npuaem
u(t) € C*([0,T]; H) N C([0,T]; D(A)). Hanee ana ynobcTra Gyaem cauTaTh, UTO
O(T)=1,a0 € p(A).

OnpeneaeHUE 1. O6patayo 3amagy (1), (2) Gymem Ha3bIBaTH KOPPEKT-
HOH, ecim gy goboro x € D(A) cymecTByeT €IMHCTBEHHBL 3JIEMEHT
f € H —pemenne o6paTHON 331291 — U CIPABEIINBA OIEHKA YCTONIMBOCTH:
11l < C(lIxll + Il AxI]), rre ||f|| —nopma f 5 H.

B pabore [1] mokasamo, [Wro ecim cOGCTBEHHBIE BEKTOPBI {ex} omepa-
ropa A o0bpasyor oproHopmupoBaHublii 6asuc B H, a {\} C C—co-
OTBETCTBYIOIWE UM COOCTBeHHBIE 3HaueHusi, 1O must cucrembl {WUy}, rme

R— T R—
U = A [exp[—Ap (T — 7)|@* (1) drex, k = 1,2,..., CIpaBe/IMBBI CJI€AyIOMTE
yTBepIK e,

TEOPEMA 1. Cucmema snemernmos {¥r} noana 6 H moavko mozda, xozda
pewenue obpammoti sadauu (1), (2) eduncmeenno.

TEOPEMA 2. Obpamnaa 3adaua (1), (2) xoppexmna moavko mozda, Kozda
cucmema {Vy} — 6asuc Pucca 6 H.

B macroameii paGore pesymbrare [1] o6obmarorca Ha cay[ait, korga A mveer
nosnyio B H (coorsercrByomuii 6a3uc B H) cucremy u3 COOCTBEHHBIX U IIPHUCO-
€IMHEHHBIX JIEMEHTOB C [IEII0YKaMU KOHEUHOi [ymHbl. B sToM ciaydae mjis cucre-
mbr arastormanoil {U} (ee onpenesenne Gonee CI0KHOE) yCTAHOBIEHBI TEOPEMBI,
Gsmm3kue x reopemam 1 u 2 . Mcnons3ya pesysbprarst [2] u [3], MoxHO nosmyunTs
6a3MCHOCTD HOBBIX KJIACCOB cuCTeM (DyHKIMIL.

Ora pabora Bemonrena npu noanepxkke PIIT «Kanpers (mpoekr 11268) u
ABIIIT «Pa3surue Hay9HOro norTeHnuasna spicmeil mkosusrs> (npoexr 2.1.1/6827).
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YeTHOCTH U OTHOCHUTEJIbHAS YETHOCTH B TEOPUU y3JIOB
Kpruros /I. FO. (Mockosckunii rocymapcTseHnsrii yansepcuret, Poccnst)

OnPEAENEHUE 1. Jmuarpammoii BUPTYaJbHOTO 3AlEIIEHUS U3 kK KOMIIOHEHT
Ha3bIBAeICs 06pa3 HOrpyzkeHus k OKpyxkHOCTed B R?) 1. 4. KaxK/as TOYKA CaMO-
TepeceveHns JBOMHAS, TPAHCBEPCAIbHAS U OCHAIEHA CTPYKTYPOI KIIACCHIECKOTO
(mpoxom/mepexo) wim BUPTYaILHOTO epekpectka. Ilpm k = 1 06pa3 massiBaercs
MArpaMMOil BUPTYAJIbHOIO Y3JIa.
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ONPEJEJIEHUE 2. JlmarpaMMbl HA3bIBAIOTCS SKBUBAJEHTHBIMU, €CJIA OIHY
MOXKHO IepeBeCTH B JPYTyIO MOCJeI0BaTeIbHOCTHIO M30TONHUI IIJIOCKOCTHA M BHUP-
TyaJIbHBIX JABMXKeHuil Peiinemeiictepa.

ITo amarpamme BUPTYa/IbHOTO 3AIIEILIEHNS MOYKHO ITIOCTPOUTDH CEMENCTBO aTo-
MOB — 3aMKHYTBIX KOMIIAKTHBIX IOBEPXHOCTEHN, IIPH 3TOM BCE ATOMbBI OYIyT OZHO-
BPEMEHHO OPUEHTHPYEMbI UJIM HEOPUEHTUPYEMBI.

TeoPEMA 1 (O. 4. Bupo, B. O. Maurypos, 2005, [1]). IIycmo duazpammos
6UPMYasvros Y3a06 K u L 9K6u6asenmmuo, U uMe0m oPpUCHMUPYEMDLE GITLOMDL.
To20a oMU IKEUBAAEHMMHDL 6 KAACCE OUAZDAMM C OPUEHMUDYEMDBLMU ATOMAMU.

B mokmame Oymer pacckazaHo 06 00600IeHWM 3TOTO pe3y/abTrara Ha CJIydait
[@arpaMM BUPTYAJIbHBIX 3aIlellJIeHUi, MoJIyueHHOM aokjagiukoMm u B. O. Mam-
ryposbiM B 2010 roxy (cm. [2]). JokasaresbcrB0 OCHOBAHO HA MOHATUM Y€THOCTH.

ONPEJEJIEHUE 3. YeTHOCTHIO HA3BIBAETCS OCHAIIEHWE BCEX KJIACCHYECKUX
TIEPEKPECTKOB BCEX AMArpaMM BUPTYAIbHBIX 3AIEIIEHUN dJIeMeHTaMu u3 Za, yJI0-
BJIETBOp4OIEee HEKOTOPbIM OIlIpeJae/ieHHbIM COOTHOLICHUAM Ha OCHAIleHud JAua-
rpaMM, OTJIUYIAIONINXCS OTHUM 00O0OIIEHHBIM ABUKeHneM Peiimemeiicrepa.

Crnucok JuTeparypsbl
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IIceBmoaud depeHnuaibHble OIEPaTOPbl B BECOBBIX MPOCTPAHCTBAX
Teabaepa-3urmyHsa Ha R": pazpemmMocTh U XapaKTepu3alus
Kpaxeua B. /1. (FOxwnbti penepanpusiii yausepcuret, Poccus)

B moxmame paccmarpuBaiorcs rceBaoanddepeHnnaabHble OepaTOphl U3
knacca JI. Xepmannepa ¥i's, 0 < 0 < 1, onpezesrennbie o ¢hopmyJie

Au(@) = 20)" [a(e,) [ul)e ™ dyde, e s@,
¢ cumBosiamu a(z, £), yA0BIETBOPAIONUMHE YCJIOBULM

—§18]—
alya =, max_ sup [0L0Fa(a, O](1+ Jg)/"1 T <
<p, =9 (x, n

Omnepatopsr A nmeficTByior B mxkaje npocrpancts leipnepa—3urmynma A% (R™) ¢
IJIaJKAM BECOM W, UMEIOIIUM CTEIIeHHOE [TOBeIeHNe Ha GECKOHEYHOCTH.

TreoPEMA 1. Ilcesdoduddepenyuarvrot onepamop A € Wi's asasemca
enoane nenpepveroim us AP (R™) ¢ AP~ (R™) mozda u moavko mozda, xozda

lim a(z,§)(1+ €)™ =0.

|z|+|€]—o00
TEOPEMA 2. ITycmwv daa mobwxr mysvmuundexcos o u B, B # 0,
lim sup 079 a(z, &)|(1 + [¢)* ™ = 0.
|z| =00 ¢c R

247



Icesdodudpepenyuarvnmi onepamop A € WY, deticmeyrowuti us AP (R™)
APT™9(R™), nemepos mozda u moavko mozda, xozda
lim  inf Ja(z, )| +[€)"™ > 0.
Jim it a9l +[€)
Tycrs L;B = [izj, B] = ix;B — iBx; u M;jB = [0z;,B] = 0:; B — BOy;
s omeparopa B : S(R™) — S'(RY). Hna o,f € (Zy)"—BY) =

@)
LY. Ly M. Mg B u By = B.

TeorPEMA 3. Ilyemv 0 < s < 1 — 6. Jlunetinoe omobpasicerue
B: S(R") = S"(R"™) npunadaescum U7’ mozda u moavko mozda, £020a 0aa 410-

6oz myavmuundercos o, B € (Z4)" aunelinwi onepamop B((g)) npodoasicaemca 0o

ozpanunentozo onepamopa us npocmpancmea ASTTTINFOIBLY (RRY g psw (R™).

TEOPEMA 4. ITycmwv ncesdoduddepervyuarvhoiti onepamop A npurnadsescum
U5 w obpamum u3 A>“(R™) e A°7™“(R™) npu nexomopom s. Tozda obpammod
onepamop npunadaescum Wi .
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HekoTopble cMemaHHbIe 3a7a49y JJid ypaBHEHUs KoJebaHUM CTep KHH,
COCTOSIIEro U3 ABYX Pa3HOPOJHBIX YyYaCTKOB
Kynemos A. A. (MockoBckuii rocygapcTBeHHbBIH YHUBEDCHTET UM.
M.B.JIomonocosa, paxymsrer BMuK, Poccus)

PaCCManI/IBaIOTCSI CMeIlaHHbIe 3a/JaYU /I PAa3PBIBHOTO BOJIHOBOTO yYpaBHE-

HUA
a?um(x,t) npu 0 <z <z, 0<t<T,
uge(z,t) = 5 (1)
a3Ugy(z,t) mpmxzo <z <l, 0<t<T,
C HyJIeBbIMU Ha4aJ/IbHbIMU yCJIOBUAMU
U(:L’, 0) = 07 ut(a:7 0) =0 (2)
W C OJHOI M3 CAeAYyIOINX COBOKYITHOCTENH TPAHWIHBIX YCJIOBHIA:
u(0,) = u(t) -
u(l,t) = v(t),
u(0,1) = p(t)
(4)

ug(l,t) = v(t),
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(5)

e (0,1) = pu(t) ©
ug(l,t) = v(t),
B poxksraze npencraBiien saBHBIN Bua 0000IIEHHOTO PEIleHNs YKA3AHHBIX CMEIIaH-
HBIX 3329, & TAK¥KE PEKYPPEHTHBIN aJITOPUTM BBIYNC/IEHUS BXOISIINX B PEIIEHIE
HOCTOAHHBIX KO3 PUITMEHTOB.
Aprop BbIpaxaer riaybokyio 6Gsaromapaoctb akagemuky B. A. Wibuny 3a
TMOCTAHOBKY 33/[a4YN W TIOCTOSTHHOE BHUMAaHWE K paboTe.
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[3] Havun B. A. O noJHOM YCIOKOEHHH C NOMOLIbI0 PAHUYHOrO yIPABJIEHHS HA OIHOM
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MexaHusM JOKPUTHUYIECKOro BO30Yy>KAeHUA aBTOKoJieOaHMil, CBA3aHHBIX
c pesoHaHcoM 1 : 3
Kymkos A. H. ($IpocraBckmii rocy1apcTBeHHbBIH YHUBEPCHTET
nm. IT. I Temnzosa, Poccust)
Kymuxkos /I. A. ($IpocaBckmii rocyTapCTBeHHBIH YHUBEPCHTET
nm. IT. I Temunmosa, Poccust)

B R" paccmarpuBaeTcs cucTemMa OOBIKHOBEHHBIX AU (hepeHmaaIbHbIX yPaB-
HeHUH!

&4 2ei + A(e)x = F(z, ,¢), (1)
rae € —wMasblit HeorpuuaresapHblil mapamerp, x(t) = colon(zi(t),...,zn(t)),
A(e) —xBaspaTHas MaTpPUIA, JEMEHTHI KOTODPOH TIJIaJKO 3aBHUCAT OT TTapaMeT-
pa e. Dimankas Bekrop- dynkmma F(z,y,£) uMeeT 1m0 NEPEMEHHBIM X,y B HyJe
TIOPSITOK MAJIOCTY BBIIIE ITEPBOTO.

IIycts marpuma A(0) mmeer mpocThie COOCTBEHHBIE 3HAYeHUd 0; € R, 0; #
0,j=1,...,nunpusrom o1 : 02 = 1 : 3. Cunraem, 9T0 UHbIE MJIAJIINE PE3OHAH-
CBHI OTCYTCTBYIOT.

OrpanuamMcst pacCMOTPEHHEM BOTIPOCA O CyINECTBOBaHWHU y cucTeMbl (1) me-
PHOIMHYECKUX pemenHuil ¢ mepuogom Omm3kuMm K 27/01 mwm 2w /o2. Ucnonb3ys
AJITOPUTMBI TIOCTPOEHMsI HOPMAJLHBIX (opM u3 MoHorpadum [1] MokHO MOKa-
3aTh, ITO BOIIPOC O CYLIECTBOBAHUN U YCTONTINBOCTH TAKUX IIEPHOIMIECKUX Delre-
HUH MOXKeT OBITH CBE/IEH K M3yJIEHUI0 CUCTEMbI YPABHEHUN — HOPMAJIbHOU (HhOPMBI,
TJIaBHAs 9aCTh KOTOPOI MMEET BUJ

Z = 6[(—1 +iar) + 6112‘1|Z1\2 + 61221|22\2 + 6235%22}5 @)

Zo = E[(—l +ia2) + 02122|21\2 + 02222|Z2\2 + 02323}7
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Zk :Ezk[(—1+iak)+6k1|21‘2+Ck2‘22|2], (3)
rae k=3,...,n, z;(t) = z;(t) + iy;(t), a; € R, ¢jm € C.

TEOPEMA 1. Cucmema (2), (3) donycxaem asmomodesvhovie nepuoduieckue
pewenua suda z; = pjexp(iw;t), 7 = 1,2,p; > 0, w; € R, a ocmasvnwe z = 0.
Smu pewenua 6 CUMYayUL 06ULE20 NOLONHCEHUA NONOHCERUA NOPOHCIAIOM NEPU-
oduueckue pewenua cucmemvs (1) ¢ nepuodom Gauskum x 2w/o1 uau 2w/o2 ¢
HAcAedOBARUEM UT CE0UCTNE YCMOTUYUEOCTNU.

B paborax [2, 3] 6bL11 pacCMOTPEHBI BazKHBIE, C TOYKH 3PEHUs [TPHJIOKEHUH,
3a/1aun, aHAJOTWYHBIE JaHHOW. B paGote [2] 6bu1 paccMoTper Bompoc 06 mccie-
JIOBAHUYU HEJIMHEHHOTO HaHesJbHOro (yarrepa, a B pabore [3] —oxHa u3 3ama4 o
CHHXPOHHM3aInH KOebaHuil B cucTeMe CBA3aHHBIX OCIHLIATOPOB. 3aJad9a O KeCT-
KOM BO30y»KIEHMM aBTOKOJ€DAHMIL, B CIydae, OJIM3KOM K PE3OHAHCY COOCTBEHHBIX
gacror 1 : 2, GblIa PACCMOTPEHA B PA3/IMYHBIX IOCTAHOBKAX B CTaTbsaxX [4-5].
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5

Heonuopoaubie ypaBHenuss XuJia u Marbe
Kypur A. @. (Boporexkckuii rocyaapCcTBeHHbIH yauBepcuTet, Poccns)
Tynenxo E. B. (Boponexckmii rocymapcrsennsiii yausepcnret, Poccns)

Heommopomuble ypaBHeHns Xwuima m MaTbe HHTEpeCHBI I IIPHUIIOZKeE-
auii. C WCIOIB30BaHMEM ACHUMITOTHYECKOTO MeTONd YCPEJHEHUsS BO BTOPOM
npubsvokennun Merona pemaercd 3agada Komm (¢ HagaIbHBIME  yCIOBUAMHI
2(0) = 20, 2(0) = 20) aya ypaBHEHUS

2+[po—i—mecos(mt)}z:F(t), m=12,.. (1)
m
mpu pesoHaHcax po &~ 0, 1/2, 1 B onHopoauoMm ypasrenuu (cu. [1],[2]).

1. Byzem cuurarh po ~ €2, pm ~ ¢, F = e>f(1), T = et, rae € > 0 — Masblil
mapamerp. C OMOIIBIO 3aMeHBI, KOTOPas ABIACTCS 0000ImeHreM 3aMeHbl Borotro-
6oBa B 3a/1a9€ 0 MaATHUKE C BUOPUPYIOmEH TOIKOI moaseca [3] ma caywail, korma
k03 dunment B (1) cogepxur Gosee OAHOrO LEPHOAUIECKOrO KOJeOaHms, 11
HOBBIX TIEPEMEHHBIX (0, {) TIOJydaeM CHCTEMy YPaBHEHWI B CTaHAApTHOH (opme
[8]. dns ycpemnennoii mo dazam GercTpoix konebannii Gynknun @(t) mprxoauM K
YPABHEHHUIO OCHMLIATOPa @ + Ao@ = F, ri1e Ao u Hauasbubie ycaosus G(0), ¢(0)
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OIIPEZIENIAIOTCS COOTBETCTBEHHO (opmynamu (2.11) u (2.14), (2.15) paGorst [1].
Pemenne z(t) ypasuenus (1) umeer Bug

) =1+ %; cos(mt)]@(t).

B wacraocTH, ecnmn F' = Fy cos[Mjy cos(vyt)], rae mocrostumasi ammantyna Fo ~
€?, a wacrora vy ~ &, npu Ao > 0 B ypanuenmu (1) UMEIOTCS PE3OHAHCHI V; =
Vo/(2k), k=1,2....

2. Ilycrs Teneps B (1) a &~ 1/4; 1 u F = Fy(et) cos[wit + h(et)]. Ilocrosnuas
gacTora w1 ~ 1/2; 1 npm a ~ 1/4; 1 coorBercTBenno. Ypasuernue (1) ceomurca k
cucreme ¢ MHOrUMU ObIcTphiMu dazamu. st yepemmeHHBIX M0 (a3aM OBICTPHIX
kosreGanmit ammTaTyast b 1 Metennoi dhaser 6 (byskmmit b u f) myTem mpeobpaso-
pamms P = bsin(0/2), R = bcos(A/2) (mpu srom b = /P2 + R?, tg(0/2) = P/R)
MOy IA€TCA JTMHEHHAA CHCTEMA

P=05(r4+s)R+050r" +r )cosa, R=0.5(r—s)P+05r" —r )sina.

3aecy mpu a &~ 1/4 dbaza o = (w1 —1/2)t+h, k0o3pdunmenTst r u § onpeaeaAIOTCT

dbopmyramu (3.7) paboret [1], 7~ = —Fo/\/Do, 77 = p1Fo/(4po). Ecu a =~ 1, 1o
a=(w —1)t+h, rus—sro (3.10) B [1], a r~ = —Fy/\/po, v = p2Fo/8po.

Pewenune z paBHo

F
+ 2,/po(y/Po +w1)’

rae 2V (t) onpenensierca dbopmyioit (6.1) B [1]. Ananusupyiorcs He mapamerpu-
YeCKre PE30HAHCHI MTPU aAMILIUTYIHO W YaCTOTHO MOIYJINPOBaHHON dyHKImN F.
Tlomaras Be3me m = 1, moxygaem dopmynst mist ypaBHeHus Martbe.

2(t) = 20(1)
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AcuMmnrornvyeckmuii aHAIA3 CUHIYJISIPHO BO3MYIIEHHBIX
JIMHEeHHO-KBaJPaTUYIHBIX 3a/1a49 ONTHMAaJIbHOTO yIIPAaBJIEHUS C
paspbIBHbIMU KO3(dPUIMEHTAMI
Kypuna I A. (Boporexxckuii rocyaapCcTBeHHbIi yausepcuret, Poccns)
Hryen T. X. (Boernavcknii HanuonapHbIH yHuBEpCuTET, Brernanm)

PaccmarpuBaerca 3a/a4a MUHUMAU3AINN KBAAPATHIHOTO (DYHKITMOHATA HA
TPaeKTOPUAX CUHI'YJIAPHO BO3MYUIEHHON JIMHEHHON CHCTEMBI C 3aKPEeNJIeHHbIM Jie-
BBIM KOHIIOM. K03 durimenTsl mMeT pa3pblB MEPBOTO PO B OTHON MTPOMEKY-
TOYHON TOYKE, B OCTAJIbHBIX TOYKAX OHU HEMpPepPHIBHBI. /s MOCTPOEHMST aCHUMII-
TOTUKM PELIeHUsl KUCLOJIb3YEeTCd HEIIOCPEJICTBEHHAS II0/ICTAHOBKA B yCJIOBUA 3a-
a9y TOCTYJIUPYEMOr0 aCUMITOTHUYUECKOTO PA3JIOXKEHUs penteHus. Takoi momaxomn
K IOCTPOEHUIO aCUMIITOTUKY PENIEHUS 33129 ONTHUMAJILHOTO YIIPABJIEHUS HA3BAH
M. I. Imurpuesbim u C. B. BesioKOUbITOBBIM LIPAMOii CXEMOA.
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Pemrenne paccMaTpuBaeMoii 3a/1a9u, MTOCTPOEHHOE TIPHU TIOMOIITN MPSAMOM CXe-
MBI, COJAEPXKUT (DYHKIUMU HOIPAHCIOA YeThbpex TUIOB. HaliieHbl 3aja4u OrnTu-
MaJIbHOTO YIPABJIEHUST, KOTOPHIM YIOBJIETBOPSIOT KO3(PDUIMEHTH aCHMITTOTIYE-
CKOTO Pa3JIoXkKeHusi pemnieHus. /s 3TuX 3a/1a49 MOy IYeHbl HeOOXOIMMble W TOCTa-
TOYHbBIE yCJIOBUS OITUMAJILHOCTHY YIIPABJICHUA U JOKA3aHA OJHO3HAYHASA PAa3Peliu-
MOCTh. YCTaHOBJIEHO HEBO3PACTAHUE 3HAYEHUN MUHUMU3UPYEMOTO (hYHKIMOHAIA
P UCIIO/IH30BAHAY CJIEIYIOEr0 aCUMITOTUIECKOTO TTPUOINKEHUS OITUMAIBHO-
ro yIpaBJIeHUs.

Tlostyduen BuI ONMTHMAJIFHOTO yIpaBjieHuss B (GOpMe OOpaTHONW CBA3U JIJIsT
JIMHEHO-KBAIPATUIHBIX 3319 C pa3pbiBHBIMU Kodddurmentamu. [locTpoena
ACHMIITOTHKA HEIIPEPLIBHOTO PENIEHNsS BO3HUKAIONIEH IPH 9TOM 33129y /i CHH-
TYJISTPHO BO3MYIIEHHOTO MATPUUIHOTO audepeHmaabHoro ypasaenns Pukkaru ¢
Pa3pBIBHBIME B IIPOMEXKYTOUHON TOUKe KO3 durmenramu. VICmoab3ys 9Ty acCuMII-
TOTHKY, IOCTPOEHA ACUMIITOTHKA ONTUMAJIBHOIO yIrpasieHud B ¢hopme o6paTHOM
CBSI3U.

MeTom0M TIpsIMOii CXeMBI ITIOCTPOEHO TAKKE ACUMIITOTHIECKOE PEIIEHNE CHHTY-
JIIDHO BO3MYIIEHHOM JIMHEHHO-KBAaAPATUYHON 32249 OINTUMAJILHOTO YIIPABJICHUS
C Pa3pBIBHBIMU B MIPOMEKYTOYHON TOUKe KOI(DDUITMEHTAMU U JEIMIEBbIM YIIPaBJIe-
HHEM.

ITosryaenst onenku 6s1m30CTH TPUOIMKEHHOTO ACUMIITOTUIECKOTO PEIIEHUS K
TOYHOMY PEIIEHUIO0 BO3MYIIEHHOMW 33[a9n 10 YIIPABICHUI0, TPAEKTOPUHA U (HYHK-
IUOHAJTY.

IIpemiaraembie METOBI TOCTPOEHUS ACUMIITOTUKY UILTIOCTPUPYIOTC IUCJIEH-
HBIMU TIPUMEPAMHU.

OcHoBHBIE Pe3y/IbTaTHL JOKJIaAa OybiukoBassl B [1-3].
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prHHOBOﬁ aHaJIN3 HeJIMHENHOro YpaBH€HHUsI KOJIMOI'OPDOBCKOIO TUIla U

MHBapUaHTHbIE€ pelleHunud 3aJadn Kommn

Jlarno B. H. (Ilosrrasckuii HaupoHa/IbHbI 1€4ArOIH9€CKH YHHUBEPCUTET,

Vkpanna)

Crorumii B. U. (Hanmonarpasrii Texamaecknii yausepcurer Ykpaunabr "KITI,

Ykpauna)

Mapxkwnranos FO. H. (HanuoHa/IbHBIH TEeXHUYIECKHH YHUBEDCATET YKPAHHDI

"KITN”, Ykpanna)

Henuneiirnoe ypasuemnne

Ut — Uge — UUy = F(u), (1)

rue F'—Hekoropas HenpepbiBHast pyHKIus mepeMeHHOR u = u(t, x,y), BCTpeda-
erca B pa3nmaHbIX npobaemax ¢urancosoit maremaruku [1]. Habmomaerca [2, 3]
¥ OTIpeJIeJIeHHBIN WHTepeC K MCC/IeJOBAHUIO CBOMCTB perrenuit 3amadn Komm st
ypasaeHus (1) ¢ HAUAIBHBIM yCIOBHEM

u(0,z,y) = g(z,y). (2)

Hawmu, ¢ mcrnonn3oBaHmeM METOIOB TPYMIIOBOrO aHaim3a anddepeHnnaabHbIX
ypaBHeHwuit [4], uccie0BaHbL CJIeLYIONIe IPOGJIeMBIL:

(1

2]
(3]
[4]

1°. IIpomemena rpynmosas Kinaccudrkanus ypasuenus (1), BcreacTeme gero
nosty9ensl Bee cnerubnkanyu dbyakmun F, ais koropeix ypasaenue (1)
nMeeT HETPUBUAJIbHBIE CHMMETPUUHBIE CBOMCTBA.

2°. IlpoBemeHa CHMMETPHIHAA DPEAYKIWSA W TOCTPOEHBI TOYHBIE (MHBAPH-
AHTHBIE) PENIeHNs JJIS IOy 9€HHBIX B KIACCH(PUKAIMYA yPABHEHUH.

3°. s ypasmenus (1) ¢ HauBbICIIMMH CHMMETDPUIHBIMU CBOHCTBaMH
(F = 0) npu HEKOTOPHIX 3HAYEHUAX DYHKIMHU ¢ B ycaoBum (2) TOIy-
YeHBI MHBAPUAHTHBIE DEIleHus 3ajaun Kommn.
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MI/IHI/IMyM OTHOIIEHUsI BeCca MUHMUMAaJIbHOIO 3allIOJTHEHUHA K Becy

MWHHMAaJIbBHOI'O OCTOBHOTI'O JZiepeBa JAJid BbIIIYKJIbIX YeTbhbIpeXyro/JibHUKOB

Ha €BKJIUJI0BOI IJIOCKOCTH
Jlayr H. JI. (Mockosckmii [ocymapcTBeHHBIH YHUBEDCATET)

ONPEAENEHUE 1. MuHUMAJIbHBIM 3aN0JHEHUEM KOHEYHOTO METPUYECKOTO

IIPOCTPAHCTBA HA30BEM B3BEUIEHHBIH I'pad HANMEHDBIIErO BECA, 3aTATUBAIOIIMIL
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MAaHHOE METPUYIECKOE MPOCTPAHCTBO TAK, U4TO JJIs JIOOBIX JBYX TOYEK METpHIE-
CKOTO TIPOCTPAHCTBA BeC JIOOOTO IIyTH, COEIUHSIONIEr0 UX B rpade, He MeHbIme
PacCTOTHUS Me¥XKIy HUMU B METPUYECKOM ITPOCTPAHCTBE.

ONPEAEJNEHUE 2. MuHuMaJIbHBIM OCTOBHBIM JI€PEBOM KOHEYHOI'O METPU4e-
CKOTO IIPOCTPAHCTBA HA30BEM B3BENIEHHBIN I'Dad HANMEHBIIETO Beca, 3aTATMBA-
OIniil TAHHOE METPUYeCKOe MPOCTPAHCTBO TaK, UTO pebpa rpada WHIMIEHTHDBI
TOJIBKO TOYKAM METPHYIECKOI0 IIPOCTPAHCTBA U BeC pedpa PaBeH PACCTOAHUAIO MEXK-
Ay TOYKaMU MeTPUYECKOTO IIPOCTPAHCTBA, UHITUICHTHBIMU €My.

B nmaunoit paboTe moka3aHa TOYHAS OIEHKA OTHOIIEHWS BECA MUHMMAJIHHOTO
3amoJIHEeHNsT K BeCy MUHUMAJIBHOTO OCTOBHOTO J€PEBA BBIMYKJ/IBIX 9eThIPEXTOYetd-
HBIX II0JIMHOKECTB €BKJIMI0BOM ILJIOCKOCTH.

TEOPEMA 1. ITycmv M = {A,B,C,D} C E?, 2de A, B, C, D — sepuiuno.
BUNYKA020 Hembpery2oavruka. ITycmos w(M) — 6ec MUHUMAADLHO20 3G4NOAHEHUA
M, u(M) — sec munumaavrozo ocmosnozo depesa M. Tozda eepra ouenka:

w(M) > §
p(M) ~ 4

Crucok Jmureparypsl

[1] UBanor A. O., Tyxxununa A. A. Odnomeprnasn npobrema I'pomosa 0 MUKUMAALHOM 30~
noaneruu, Maremarudeckuii c60pHUK, B IE€YATH.

AcuMnToTuveckuii aHaJIN3 JIMHEMHBIX Aud depeHIaaIbHbIX

ypaBHeHUU ¢ GosibmiuM napamerpom. PesoHaHcHBIN city4aii

Jlepermrram B. B. (FOxwubiii ¢penepampusrii yansepcnrer, FOxuprii
maremarmaecknii macturyt, Poccust)

IIycrb n, p— Harypanbuble uncna, A, B(t), |k| < n, t € [0, T], —xBagparubie
MATpULBL LHOPAAKA P, LpHYeM 3jeMeHTbl Marpuy By (t) mmeor na unrepsase
t € (0,T) mermpepbIBHBIE TIPOU3BOAHBIE JTIO0OTO MOPSIIKA, KOTOPHIE TTPOIOJIZKAMBI
0 HempephIBHOCTH Ha Bech oTpe3ok t € [0,7]. O6ozmaumm wepes \;j, j = 1,p,
co0CTBeHHBIe 3HadeHNst MaTpunbl A, a depe3 ®(m), rae m — mmesoe 9ncCsI0, — MHO-
xectBo map (k,j), Takux 9o A\p, — A; = im. Bymem mpemnosararh, 9TO TIpH
HEKOTOPBIX M cupasegymueo P(m) # &, T. e. BBIIOJHEHO yCa0BUe pe3oHanca. lus
mpocToThl Gymem cuntarh, uto P(0) = &, T. e. cOGCTBEHHBIE 3HAUEHUST MATPUILIHL
A pa3IudHbL.

Ha yuactke t € [0,7] paccMOTpUM HOPMAJIBHYIO CUCTEMY

&= |wAo+ Y Bi(t)e™ |z, (1)

Ikl<n

rae w — 6onpuroit mapamerp. ACHMITOTHYECKOEe pa3/iozKeHue (yHIAMEHTaIbHOI
MaTpuIsl pemennii X (t) 9TOM CHCTEMBI HAXOAUM B BHJE

X(t) = w™ > Usm(t)e™ e, (2)
s=0 m=—oo

rae Q(t,w) = wtQ—1 + Qo(t), u marpuusr Q—1, Qo — AUArOHAJILHBIE.
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st 1060T0 MesIoT0 HEOTPHUIATEIHHOTO | pACCMOTPHUM [-yI0 9aCTHIHYIO CyM-
my X;(t) pama (1):
!

Xi(t) =D w D Usm(t)e™ e,

s=0

Yepes x)(t) u qr(t,w), k € 1,p, obosmaunm k-writ cromber; Marpumbt X;(t) u,
COOTBETCTBEHHO, k-blif IuaroHaJbHbIN nement marpunst Q (¢, w).

TeEOPEMA 1. Cywecmsyem wo > 0 makoe, 4mo npu w > wo 044 Ka#cd020
k € 1,p natdemea pewenue ©*(t) cucmemn. (1), ydosaemsoparowsee credyrouse-
MY Ycaoeuro. Jas kadcdozo 4eao2o HeompuyamesvHozo I cyuecmeyrom nosoxHcu-
MEALHBIE YUCAG C] U Wi, TNAKUE WMo NPy w > w; sfdexmuero cmpoumea l-oe
npubauoicenue xy (t) pewenua ©*(t) u npu ecex t € [0,T] cnpasedrusa oyenra

— w C
’[Wk(t) —af (t))e”* >| < N

O nuHelinbix auddepeHmanbHbIX yPaBHEHUIX
Kopaana—Iloxrammepa
Jlexcun B. II. (MockoBckuii rocygapcrsedssiii 006/1aCTHOM
CONMAaIbHO-TYMAHUTAPHBIH HHCTHTYT, Poccns)

Paccmarpusatorca cneruasibabie HyKCOBbI ypaBHeHus Ha cdepe Pumana

Q(z)y(n) _ /LQI(Z)y(n_l) + w#@ll(z)y(n_m o

—pRy" TV + (p+ DR )y —o=0 (1)

7 KJ1acC PYKCOBBIX CUCTEM HA MHOTOMEDHBIX KOMILIEKCHBIX JIMHEHHBIX (MM TIPO-
extuBHBbIX) npocrpancTBax C" (mmm CP™), maseBaemsrii cucremamu 2Kopmana—
TToxrammepa

v = ¥ &)y @)
1<i<j<n T

Kaxmas marpuna J;; ©MeeT pa3Mep 71 X n, ¥ HEHY/IEBbIe 3JIeMEHThl MOI'YT CTOSATh
TOJIKO Ha II€PECEYEHUU ¢-TOH M J-TOH CTPOKU C TAKHUMHU 2Ke crojidonamu. B i-rom
CTOJIOIIE CTOAT YHUCAA A\j U —A\j, @ B j-TOM CTOJIOIE CTOAT UUCJIA A; B —\;, B3ATHIE

73 yIOPSAI0IEHHOTO HAG0pa KOMILIEKCHBIX auces A = (A1, A2, ..., An).
VYpasuenus u cucremsl (1) u (2) umeror 6asuc peureHuii, LpesCTaBJIEHHbLH
WHTErpaIaMHu 10 IUKJIaM OT TTPOU3BEICHUs CTETeHel JTUHERHBIX (HOPM, YMHOKEH-
HOTO Ha moaxoagaulyio auddepenmuanbayio dGopmy. CymecrsoBanue Takoro Oa-
3UCa [103BOJIIeT HAMTU ACUMIITOTUKY PEUIEHUI B OCOOBIX TOYKAX U OLUCATH LIPEJI-
CTaBJIEHUs MOHOJIPOMUY ypaBHEeHMIA U cucTeM. Ha3BaHue ONMCAHHBIX YPABHEHWHA 1
cucrem Bocxogut K kaure Ajinca ([1], rmasa 18, § 4), rae, mo-Buaumomy, BIepBble
paccmarpuBamch ypasuenus (1). Onu Opum nHassanbel ypasaenuamu 2Kopmana—
Iloxrammepa u cucremamu 2Kopmama—Iloxrammepa B CHIy TOTO, 9TO JJId TIO-
JIyYeHUs PENIeHMil TaKUX yPABHEHUH HCIOJIb30BAJIMCH pe3yiabrarsl 2Kopiana u
IToxrammepa 0 HEKOTOPBIX MHTErpajax [0 IUKJIAM U COOTHOLIEHUS JiJjIsl TaKUX
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uHTerpasos. B paGorax [1, 3, 4, 6] mpexbsaBIIEHBI TOPOKAAIONIME MATPUIBI MO-
HOAPOMUY WV NAHA XaPAKTEPU3AIWs [IPEICTABICHUN MOHOAPOMUN yPABHEHUH 1
cucrem (1) u (2).

Mpb1 Gymem paccMaTpuBaTh IPUJIOKeHUs ypasHernuit n cucrem (1) m (2) x u3y-
venuio ypasuenuil [1l1e3umarepa n30MOHOAPOMHBIX fAedopmaruil GyKCOBBIX ypaB-
HEHWI W CHCTEM BTOPOTO TOPSIZKA C MPUBOJUMBIMH ITPEICTABICHUSIMEA MOHOIPO-
vum. g takux ypasrenmii 1llne3unrepa, ¢ WCIOIb30BAHUEM CBOMCTB peNIeHU
ypasrennii u cucrem (1) u (2), 6yayT paccMOTpEeHBI CBONCTBA BeTBJIeHAH pemennit
7 CBOWCTBA TeTa-TUBU30pa MasbrpaHKa.

Ora paboTa BHINOJHEHA TIPU TIOEPKKE MPOTpaMMbl <Bemymme Hay9HbIE
mkonbr> (rpant HITI-8508.2010.1).

Cnucok JuTeparypsbl
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hypergeometric integrals and the Gassner representation// Canad. Math. Bull. 2001. V.
44. P. 36-60.

[3] Kohno T. Linear representations of braid groups and classical Yang—Baxter equations//
Contemporary Math. 1988. V. 78. P. 339-363.

[4] JIexcun B. II. MonoapoMusa (pyKCOBBIX CHCTEM HA KOMILIEKCHBIX JIMHEHHBIX NPOCTPAH-
creax// Tpyas Maremarn4ueckoro uacruryra umenn B. A. Crekmnosa. 2007. T. 256 C.
267-277.

[5] Manin Yu. I. and Schechtman V. V. Arrangements of hyperplanes , higher braid groups
and higher Bruhat orders// Advanced Studies in Pure Mathematics. 1989. V. 17. P. 289—
308.

[6] Takano K. and Bannai E. A global study of Jordan—Pochhammer differential
equations// Funkcial Ekvac. 1976. V. 19. Ne 1. P. 85-99.

06 acuMNITOTUYECKOM TOBEJIEHUM PEINeHUil CUCTEMBI ypaBHEHU
IIpanarasa ajist crpaTuddUIMpPoOBAaHHON MAarHUTHOMN >KUIKOCTH
JImaxesua A. FO. (Vausepcurerckmii komnemx Hapsuka, Hopserns)

Cuupugonos C. B. (MI'Y um. M. B. Jlomonocosa)
Yeuxnn I A. (MI'Y um. M. B. Jlomonocosa, YHuUBEpCHTETCKHI KOJLIEHK
Hapsnka, Hopserusi)

W3ydgaercs moBeseHne CUIIHHO CTPATH(UITMPOBAHHON MAaTHUTHON YKUIKOCTH,
IIPOXOJISAIIENH CKBO3b MEJIKOSIENCTYIO MOPUCTYIO TIperpaday. MaJslii mapamerp € >
0 oripesiesisier XapaKTE€PHBIM pa3Mep sdvueeK IPerpabl U, COOTBETCTBEHHO, TOJIIIUHY
cioes kunakoctu. CormacHo Teopwu [IpasaT/ist, KUIKOCTH MOKHO CINTATH BI3KOM
TOJIbKO B OKPECTHOCTH 00TEKAaEeMOro TeJa, re cucremy ypaBuenniit Haspe—CToOKCa
MOXKHO 3aMEHHUTH 60Jiee IIPOCTO:

9%u. Oue Oue

V6y2 —Ue -~ Ve oy = —de(z,y) (U™ () —ue) = U

au®
dx (1)
Ous | Ove 0
ox oy
B obmactn D = {0 < z < Xo,0 < y < 00} ¢ FPAHUYHBIMA yCJIOBUSIMHA

u=(0,y) = Ue(y),
ue(2,0) =0, ve(2,0) = Ve(z), (2)
ue(z,y) = U™ (z) mpm y — oo.
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Baecw de(z,y) = > 0, 0. — MarHuTHas IPOBOJAMMOCTD JKUJIKOCTH,

o=(,y)B*(x)
P

B — OPTOTOHaJ/JIbHaA K TTOBEPXHOCTHU O6TeKaeMOfI TIJTACTUHBI KOMTIIOHEHTa BEKTOPa
MarHUTHON MHAYKIWA, p = 1 — IUIOTHOCTB XKUAKOCTH, (U (z,Y), ve(x,y)) — moue
CKOPOCTEH TOTOKA KUAKOCTH (Hapasule/IbHas W OPTOTOHAJbHAS ILJIACTUHE, COOT-
BercrBenHo), (Us(y),0) — HagasbHast ckopocTh TioToKa, (0, Vz(z)) — ckopocTs Ha
HUXKHEl rpaaune paccMarpusaemoii obmactu, (U™ (z),0) — cKkOpocTh Ha BEpXHEH
T'paHUILE.

Jlokazano, 9To TpeeIbHOE TIoBeAeHre pentenwii 3aaauu (1) mpu € — 0 ompe-
Iendercd CJIeAyIomell yCpeIHeHHONU 3amadeii:

*u ou ou o oo AU
Va—yg - u% — va—y = —d(z,y)(U"(z) —u) - U P .
ou  ov_
or Oy
B 0o06actu D ¢ TPAHUYHBIMU YCIOBUSIMUA
u(0,y) = U(y),
U(ZE,O) = 07 'U(:Z?, 0) = V(:Z?), (4)
u(z,y) — U (x) npu y — oo,
rae

a TaKIKe TOJIYIeHBI OIEHKHM CKOPOCTH CXOIWMOCTY PEIIeHUH WCXOIHOM 33aaY! K
pelIeHndaM yCPeJHEeHHOM.

Pafora manmcana npu gactuanoil nogaepxke rpaara POOU (npoext 09-01-
00353).

AcuMniTOTUKA HAMMEHbIEro cCOBCTBEHHOrO 3HAYEHUsl JeJibTa
BO3MYIIEHUSI HA IIyYKe HPAMBIX
Jlo6anos . C. (Cauxr-Ilerepbyprekmii rocy1apcTBeHHbIH yHUBEPCHTET
HH(GOPMAIOHHBIX TeXHOJIOTHH, MEXaHUKHA U onTuKH, Poccus)
Iomos U. FO. (Carxr-Ilerepbyprexuii rocyaapCTBEHHbI YHABEPCHTET
nHGOPMALIHOHHBIX TEXHOJIOrHH, MexaHuku u onruxu, Poccus)

Mer pacemarpusaem omepaTop H, dopmambho 3amammsii za L2 (R?) sorpaxe-
HUEM
H=-A+ad(-—mn)+ad(- —2) (1)
I HEKOTOPOH KOHCTAaHTHI ¢ € R ¥ mapsl mpsMBIX Y1, 72, 00pPA3yIOMUX YTOJ
0,0 < § < 5. Onmeparop H MOXKeT pPacCMATPHBATHCA KAK TAMHUIBTOHHAH TaK
Ha3BIBAEMOro “3Be31000pasnoro ymnkoro rpada’ [1], [2], ciyxamero mopensio
6eCCMHOBOMN 3aPSKEHHON YACTHUIBI HA TIy9IKEe BOJHOBOJOB C PA3DENICHHBIMU TI€-
PeCKOKaM| ¢ BOJIHOBOJa Ha BOMHOBOA. B paGorax [1], [2] mokaszano, aro mempe-

2
PBIBHBIN CIreKTp omeparopa H coBmamaer ¢ maTepBasoM [—S-,00), a TOYCUHDIN
CreKTp omeparopa H He IyCT, ¥ JaHbI ONEHKH JIJIsT YUCJIa COOCTBEHHBIX 3HATECHUN
¥ HUKHEro COOCTBEHHOro 3HaueHus oneparopa H npu 0 — 0. B macroameit pado-

X UCLIOJIb3Ysd

T€ OLIEHHUBAECTCA IIOBEJeHNEe HU2KHEIr O COOCTBEHHOIO 4KCJIa, IIpu 0~ bE
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omIMYHBIN OT craTeit [1], [2] moaxon, ocHoBaHHBL Ha pe3yabrarax [3]. 3anucsBast
anaJior pe3osibBeHTHON dopmynst M. I Kpeitna B nuMmiyibCcHOM mipeicTaB/IeHUN U
WCTIOh3Ysl CrieKTpabHoe ypasHeHne A. TToCHIMKaHO, MBI JOKA3BIBAEM CJIEIYI0-
Wil pe3yJIbTaT:

TEOPEMA 1. Bcesakoe wucao E aeasemca Henozpyscennvim 6 HenpepveHbil
cnexmp cobemeennoim snavenuem onepamopa H, ecau u moavko ecau das rexo-
mopoti napw. dymryut fo, f1 € LR, (1 + :cQ)%) u 6cex n = 0,1 swnoanaemca

asin @ /°° SFrnt+1moaz(t) dt . « ()

2 J_oo 2 +t? —2qtcosf — (—1)"E'sin@ 20/eE—-E)" -

CnenctBuE 1. Haumenvwee cobemeennoe snavenue onepamopas H ne npe-
soczodum eesununs, —a*T(sin@ — 1)2, 2de

1 3mr—8 512072 — 388 — 457
T() == — -
(t) 2 t 3 Tt 157
_ ;3 —3255m — 15884 4 58807/2 + o).

1057
Ora pabora BbinoaHeHA Tpu o aepxkke PODU, rpant 11-08-00267.

Crucok Jiareparypsl
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Kaaccudukanysi HEBBIPOXK/IEHHBIX ITOJIOXKEHUN paBHOBeCUsS U
BBIPOXKJIEHHBIX OIHOMEPHBIX OPOUT MHTErPUPYEMOU CUCTEMBI
KoBaJsieBckoii- AAxbu
Jlorauesa H. C. (Mockosckuii rocymapcrsennpii yausepcuret, Poccrms)

Cryugait uarerpupyemoctu KosanmeBckoii—fIxpu siBisiercss 0606uieHneM Kiac-
cugeckoro Boruka KosaneBckoil Ha ciydail 3aa4u O JABMXKEHHH THKEJI0I0 THPO-
crara.

VpaBHeHHUs ABUXKEHUS U [I€PBble MHTErPAJIbl 3TOM CHCTEMBI UMEIOT CJIeIyio-
muii B

. -
A= (Aw+ X) xw—d xv,
V=V Xw.

fi EV12+V22+V32=17

ws + A)v
f2£(u11/1+w21/2+7( 3 5 )3:9’
2
sz12+w22+%*l/1:h,

=
Il

(w12 —wel 1/1)2 + Qwiws + 1/2)2 + 2\ (ws — )\)(w12 + w22) + 4wz = k.
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31ech w — BEKTOP YIJIOBOM CKOPOCTHU TeJIa-HOCUTEJS, V — eIMHUIHBIN BEPTUKAIb-
HBI BEKTOp, A — nmaroHajbHAas MATPHUIQ TEH30Pa WHEPIINW, ad— BEKTOD, Ha-
TPABJIEHHBIN M3 HEMTOIBUKHOM TOYKU K IEHTPY MACC, JJINHA KOTOPOTO PaBHA MPO-
W3BEIEHUIO BECa TeJIa Ha PACCTOSTHUE OT €ro MEeHTPa MACC IO HEMOABUAKHON TOYKH,
X) — I'IPOCTATUIECKUA MOMEHT.

Urak, Mg ={fi= Vi4vi+vi=1,f= 2(wir1 +wars) + (w3 + N)vs = 2g},
rae f1 u fo —dyukuun, gexamue B aape ckooku JIlu—Ilyaccona u gsisiommecs
TMepBBIMU WHTETPAJIAMHU YPaBHEHMIA.

OnpreAENEHUE 1. Touka z € M;1 Ha3bIBAETCA TOYKON IOJIOXKEHUd paBHOBe-
cus, ecyu dH(z) = dK(z) = 0.

ABTOpOM HaileHbl BCe TOYKU [I0JI0XKEHUs PABHOBECUs, UX KOODAMHATHL yKa-
3aHBI B CJeAyoIeil TeopeMe:

TeEoPEMA 1 (H. C. Jlorauesa). B cayuae Kosanresckoii—Sxrvu mouku no-
NOHCEHUA PAEHOBECUA HA PAZ080M NPOCTPAHCINGEE CUCTIEMDL UMEIOM CALIYIOULUE
KOOPOUHAMDL:

2gz — A 29z — A

w1 ::I:\/ZQ—IW, wa =0, W3:m7
2-1 1
m=+Y2 "7 vy =0, vy = -,
z z

2de z — deticmeumenvtbili KOPeHsd YPasHEHUA

(292 — N)?
(222 — 1)

29z — A

2
z2(z"—1) 5,21

—z(z2 = 1) +/22-1=0.

2UT KPUMUNECKUT TMOYeEK Y 2aMusbmonuanos Hyx na MY nem.
g g

CrammonapHsie 6udypkanuoHHbie 3aga4u co crekrpom IImuara B
JIMHeapu3alyy B yCJIOBUSX IPYIIIOBOM CMMMeTpHUU
Jlorunos B. B. (YnI'TY, Poccust)

Kononnesa U. B. (YnI'T'Y, Poccust)

Muponosa JI. B. (YBAYI'A, Poccust)

B BemecrBenHbIx 0aHAXOBBIX IIpOCTPaHCTBAX K1 u F B IpemaunoioKeHun
WIOTHOCTY Bjoxkenwuit K1 C Fo C H B ruanbepToBo mpocTpancTBo H ¢ oren-
kamiu |lul|lg < azllu|le, < a1llu||e; paccmarpuBaercsa cucrema ypaBHEHU

Fl(x7y7)‘):0> FQ(x>y7>‘):07 Fk('r07y07)‘)507 k:1727 >\:>\0+5a
(1)
AO0ITyCKamlasa JIOKAJIbHYI0 3aIlluCh
BoX — XMAoY = A(e)Y — B(e)X + Ri(xo,v0,X,Y, ),

2
By X — MA)Y = A" (e)Y — B*(e) X + Ra(zo,%0, X, Y, €), )

rme X =x —xo, Y =y — Yo, Ao 1 Bp — MJIOTHO 33 ]aHHBIE 3aMKHYTHIE (DPEaTOJIb-
MoBer omepaTopst, Dy C Day, Dp)y C Dsy, Rj(20,10,0,0,e) =0, j = 1,2.
IIycte n-xparnoe cobcrBennoe 3uavenue [lImumara Ao asaserca dpenroapmoBoit
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TOYKOI CIIEKTPA COOTBETCTBYIOIIETO JIEBOI YACTH MATPUIHOTO OIIEPATOPA B IIPs-
Mot cymme H runsbeproBbix npocrpancts H. Omeparopsr Fj, j = 1,2 nonyckaror
HempepwIBHYIO rpymnmy G, T. e. CylIecTBYIOT ee mpezcrasienns Ly B Fy u Ky B
E>, cuneratomue Fj, 1. e. KoF;(z,y,\) = F;(Lgx, Lgy,\), npuaem rpymma Jln
G = G; = Gi(a) (a = (a1, ..., a;) — €e CyIEeCTBEHHBIE TAPAMETPHI ) TIPEII0JIATAETC
[-MepHBIM qud HEPEHITNPYEMBIM MHOTOOOPA3MEM, YIOBIETBOPSIONINM YCIOBUSIM:

1°.

2°.

mpeAcTaBlenue a —  Lgq)To, JeHCTByIOmee U3 OKPECTHOCTH €H-
muanoro snementa (Gi(a) B mpocrpancTBo Ei NPHHAIJIEKHUT KIacCy
Cl, TaK 4IT0 XTo,Xyo € FE1 Anad BceX TPOU3BOASAIINX OIMEPATOPOB

Xz = }ir%t_l [Ly(atyz — @] B xacaremphoMm K Lg(q) MHOrooGpasun
—

Tyto);

CTAIMOHAPHAS HOAIPYLIA 3IEMEHTOB (Zo,Yo) OIPENEIAeT IIPEICTAB-
merme L(G,) moxkamprol Tpymmer Jiu Gs C G, s < I, ¢ s-
MEpHOHI momaaredbpoit T;(a) TPOM3BOIAAIIAX OMNEPaToOpoOB, T. €. 3IJjie-
menrbl (XxZo, Xuyo), Xk € Tgl(a) 06pa3yioT B IOIIPOCTPAHCTBE HYy-
Jieit MarpuaHOro omeparopa k = (I — $)-MepHOE MOIPOCTPAHCTBO
u 0a3uchl B HEM U B aJrebpe Té(a) MOKHO YTIOPSIOYUTH TaK, 9TO
(Xkxo, Xxyo) = P = (ugcl),v,(CD)T, 1 <k <k, u (Xjzo,Xjy0) = (0,0)
i j > K+ 1.

B 3Tux yCa0BuUsIX Ha OCHOBe HAmMX paboT [1-3] moKa3aHBI TEOPEMBL O HACIE-
JOBaHUHN prHHOBOfI CUMMETPHUN COOTBETCTBYIOIMUMHU YPABHEHUAMU Pa3BETBICHUA
(YP) u ypaBreHmaMu pa3serBieHus B KOpHEBbIX moampocrpanctsax (YPK) co
CJIeICTBUAMMU:

10
20

TEOpPEeMOIl O HEeSIBHBIX OIEPATOpPaX IIPU K = N;
Teopemoii 0 pexykiuu YP u YPK nna memraBapumanTHOro sapa.

VKa3aHbI IPUI0KEHNS B TEOPUM SJIEKTPOMATHUTHBIX KoJieOanwmii. Pabora mommep-
xana PIII 'K 111112 w npoexrom 2.1.1/6194 PHIIBIIT Muno6praykum P®.
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HBIX U AuHaMu4eckux Oudypkannonnsix 3agaqax // Jokaane PAH. Maremaruka. 1960.
T. 419. Ne 2. C. 1-5.

[3] Kononaesa H. B., Jloeunoe B. B. Budypxanusi, cuMMeTpusi 1 KOCUMMeTpusi B 1ud>-
depeHIMANBHBIX yPAaBHEHUSIX, HE Pa3pPEIIeHHBIX OTHOCUTEJNbHO IPOU3BOAHON, C BapH-
AlMOHHBIMHM ypaBHeHUAMH passersienusa // Uss. Bysos. Cesepo-Kaskasckuil peru-
on.EcrecrBennsie nayku. 2009. Cnensbinyck < AkryasabHble TPOO/IEMBI MATEMATHYECKOH
ruaposuaamMuxku>. C. 115-124.
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Kpaeas zamaga nia guddepeHnualibHOro ypaBHEHUS B YaCTHBIX
IIPOU3BOAHBIX YE€TBEPTOrO MOPSJKA IIPY HEJIOKAJIBHBIX YCJIOBUSAX IO
BPEMEHU U HECTAIlMOHAPHBIX I'PAHUYHBIX YCJIOBHUIX
Jlomosues @. E. (Benopycckuii I'ocymapcrsennptii ¥Yuusepcurer, Besapycn)
Xaruvnos H. A. (Bemopyccknii ['ocynapcrsennsiii Yausepcuret, Begapycs)

Jloka3aHa KOpPpEeKTHad Be3le paspemruMocThb nuddepeHnnasbHoro ypaBHe-
HUAS

—Uttrr + (A(T)Una ) zw + 01 (T, ) U + b2 (2, ) uaz = f(x,t), {x,t} € G =]0,1[x]0,To],
(1)
C 3aBUCAINHUMHA OT BpeMeHI/I I‘paHI/ILIHI)IMI/I yCJ'IOBI/IHMI/I

(a(2)tza)z|a=0 + a1 (t)u(0,t) =0, a(0)uzs(0,t) — az(t)u(0,t) =0,

(a(2)uza)z|o=t —as(t)u(l,t) =0, a(l)uws(l,t)+aa(t)us(l,t) =0, t € [0,To], (2)

u jist Beex ¢ € [0, 1] ¢ HeJOKaIbHBIMYU YCJIOBUSIMHU 110 BPEMEHU

u(m,O)—,uu(m,To) = @(m)7 ut(xvo) = ut(x7T0) =0, utt(xvo)_:uutt(xaTO) = w((‘g))

TEOPEMA 1. ITyemv a € CP[0,1], a(z) > a0 > 0, by, be € C(G), 0 <
ai € CP00,Tp], ai(0) = a;(To), i = 1,4, ai(t) + aip1(t) # 0, i = 1,3. Tozda
cywecmsyrom maxue Ty > 0, 0 < po < 1, wmo npu scex ¢t € [0,To], |p| < po,
f e FG), ¢ € W0,1) u ¥ € L2(0,1) cusvnoe pewenus u € E(G) wpaesot
3adavwu (1)—(3) cywecmsyrom, eduncmeennvl u

l
a1 < eo (I @)1+ 142 @p@* + [ @) da). co >0,

2de [|A2(t)ull* =[5l (@) dz + a1 (B)[u(0)* + az(t)u’ (0) + as()u(®)® +
as(t)|u’ (D).

3mech  ruabGepTOBO  TMPOCTPAHCTBO — CWIbHBIX — pemrenmit  E(G) —3a-
MBIKaHWE — MHOKecTBa  dymkmmi  CY (G), ymOBMETBOPAIOMMX  YCIIO-
BuaM (2) m w(xz,0) = w(z,To) = 0, mo SpMHUTOBON HOpME
lulle = ([, luee|® ddt + fOTO | A2 (t)w|? dt)l/g, 6aHaxoBO TPOCTPAHCTEO JAHHBIX
F(G) = W (@) x W3(0,1) x Ls(0,1), rme Wi» 1 (G) —sambikanme La(G)
mo vopme ||f|lF = supv|fG fvdmdt|/(fG |’Ut|2d$dt)1/2, v(z,0) = v(z,To) = 0,
WQZ(O,l)—saMbIKaHHe MHOXKeCTBa (MyHKImi u € cW [0,], ynoBnersopsromux
(2) mpu t = 0, no mopme ||AY2(0)ul.

KopperTHOCTh HEJTOKAIBHON 3a1a4n Tt rurnepOotmyecKux aud depeHimaib-
HBIX YPABHEHUII BTOPOrO MOPIKA C IIEPEMEHHBIMU OBJIACTAMU OIPEIETIEHHs OITe-
paropos u3y4ena B [1].

Crucok Jiareparypsl

[1] JTomosuee @. E., Xamumuyos H. A. HejokanpHas 3a1a4a 1Js HOJHBIX runepGosmte-
ckux auddepeHuanbHO-0pEePATOPHBIX YPABHEHNH BTOPOTO MOPSAAKA C HePEMEHHbIMU 00-
nacramu onpenenenusa// Huddepenn. ypasaenus. 2011. T. 47, Ne 4, ¢. 507-518
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Pemenune 3amaum ObIcTpoAeiicTBUS [AJis JIMHEMHON HeCcTalMOHAPHOM
YIIPaBJIAEMOM JJOKPUTUIECKOU CUCTEMBbI C MHOIOMEPHbBIM yNpaBJIEeHUEM
Jlykpsaraos B. B. (¥amyprckmii rocymapcrsennbiii yausepcenret, Poccrns)

PaccMoTpuM JIMHEHHYIO HECTAIIMOHAPHYIO 33124y OBICTPOIEHCTBUSA B HYJIb
b= Atz + B, (1)
z(to) = xo, x(to+T)=0, T — inf, (2)
rae dyakmmm A: R — £(R™,R™) u B: R — £(R",R") menpepoiBabt. MuOXKECTBO
JIOTYyCTAMBIX yIpaBJIeHnit [{ — COBOKYTTHOCTh BCeX M3MepUMbIX (byHKIWT u: R —
U=I[-1,1]".
Sabukcupyem  HeKoTOpylo  (yHIAMEHTANBHYIO  CHCTeMy  pelleHuil
Y1(t),...,¥n(t) compsxkennoit cmucrembr 1) = —1A(t) m ompemenmmm cemeii-
CTBO HEIPEepPbIBHbIX (DYHKIIUT

E(t) = i ()Y (t), i=1,...,n, j=1,...,m

rae b’ (t) — cronben marpunst B(t) ¢ momepom j. dnsa dbuKCHpoBaHHBIX «wH-
cen to € R, 0 > 0 u menynesoro Bektopa ¢ = (ci1,...,¢,) € R" o06Go3na-
auM n; = n;j(c) — KOIMIECTBO T€OMETPUHUECKH PA3JIMIHBIX KOpHEH (yHKImn

Etie) = ar&l(t) + -+ + call(t) ma umrepsane Iy, = (to, to + o). ObozHaumM
o(to) — TOUHYIO BEPXHIOIO IpaHb TakuX o > 0, uro HA mHTEpBase ¢, Ipu JI060M
mHeryseBoM ¢ € R™ BbimosiHeHo HEpaBeHCTBO N1 (c) + -+ - + ne(c) < n — 1.

OnpenegEHUE 1. Cucremy (1) Gymem masmiBaTh Jdokpumuueckoli B TOUKe
to € R, ecn Bommomeno mepaseHcTso o(tg) > 0.

Hanee npemnonaraerca, aro cucrema (1) mokpurmaeckas B Touke to. Ompe-
JeJIMM TOKPUTHYIECKOe MHOYKECTBO YIPABIAEMOCTH

to+o(to)
Dy = / X (to, $)B(s)u(s) ds.
el 7 to
Tonoxkum N = {(n1,...,n,.) €ZY :n1+...+n, < n—1}. [Ira xkax10ro Bek-
Topa n = (ny,...,n,) € N obozmaaum c(n) = {c € R" \ {0} : ny = ni(c),...,n. =
nr(c)} m onpenesMM MHOKECTBO
Aty = U {(01(c),...,6:(c))}, Tme 6&;(c) = t_l)itron+o sign & (t; c).

c€c(n)
Hmsa  waxporo Bektopa n = (ng,...,n.) € N, KaKIOTO BEKTOPa
0 = (d1,...,9,) € A}, u moboro 6 > 0 obozmaumm =epe3 U5 (#) coBoKymHOCTH

BCEBO3MOYXKHBIX KYCOYHO-TIOCTOSHHBIX (yHKImit u: R — U, ToxkIgecTBeHHO paB-
HBIX HYJII0 BHe uHTepBaJsa (to, to + 0); Kaxkgas xkoopauHaTHas QyHKIWM u;(-) Ha
naTepBage (o, to+0) npuanMaeT 3HaYenusa +1 u MeeT POBHO N; TIEPEKJIIOIEHNH,
a 0; — 3magenne bynkun u; () B mpaBoit okpecTrocTH TOUKH to. [TocTponm MHO-
xectBo Ly = Y U U 45(0) (U5(0) cocront 3 TOXKIECTBEHHO PABHOM
0<0<o(to) nEN JEA]

Hymo GyHKI@U) U ompenesuM orobpaxenue Fy,: i, — R"™ ¢ moMompio paseH-
CTBa

to+o(to)
Fig (1) = — / X(to, ) B(s)u(s) ds.
t
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TEOPEMA 1. Fcau ynpasasemasn cucmema (1) doxpumuueckasn 6 mowwe to,
mo omobpasicernue Fyy: Uy — Dy, Aeasemcea 63aumHo 00H03HANHBLM 0MO0Padice-
nuem muooicecmea ynpasaenut Uy C U na dokpumuueckoe MHONCECTNEO YNPAG-
aaemocmu Dyy w daa 410600 mowku o € Dy, ynpasaenue G(-) = thl(xo) ABNA~
emea pewenuem 3adavu (1)—(2).

O HeycTOMYMBOCTH reHEpaJIbHBIX MOKa3aTejeil OTHOCUTEIbHO
CJIyYalHbIX BO3MYIIIEHUN
Jlynoukun M. A. (KocTpoMmCKO#i rocyapCTBeHHbIH yHUBEPCUTET
nm. H. A. Hekpacosa, Poccust)

JlaHo orpaHWYeHHOE JIMHEMHOEe YpaBHEHME MEePBOro MOPSIKA
. 1
t=a(t)z, ze€R, ¢t>0, (1)
a TakXKe ero JOMyCTUMOe CIydaiiHoe Bo3Mylnenue [2]

= (a(t) + o (t,w))y, (2)
rae o € (0,1), a w — 31eMEHT BEPOATHOCTHOTO MPOCTPAHCTBA.

B pa6orax [2], [3] ucciemoBan BOMPOC CTOXACTUYECKON YCTORUMBOCTH TIOKA-
3areneil JIamyHnosa cucreMm j060ro mopsaka. B wacTHOCTH HOKAa3aHO, YTO B pac-
CMaTPUBAEMOM CJIyYae YPABHEHHS W €ro JOIyCTHMOIO CJIyYalfHOrO BO3MYIIEHUS
TOKa3aTesh JISIIyHOBA CTOXaCTUYECKH YCTOWYMB, T. €. 1Jis Jroboro € > 0 Halizgercs
taxoe o’ > 0, uro nj1st Beex o € (0, 0”) OYTH HaBEpHOE BBITIOIHAETCS HEPABEHCTBO
AMw;o0) — Al <e.

PaccMoTpiM BepxHWIT M HWKHMIT TeHepasbHble ToKasarean (1] s, ), nns
ypasrerns (1) u sy (w; o), s, (w; o) nua ypasaerns (2). Bynem caurars, 9ro re-
HepaJIbHBbIE MTOKa3aTenu ypasHenus (1) KOHEIHBI.

TEOPEMA 1. IToumu naseproe das awbozo o € (0,1) swnoanaromesn paser-
cmea
. f— / . —
sg(w;o) =00, sy(w;o) = —00.

KaK BuauM, B cnyqae renepaJjibHbIX ILIOKa3aTeJell CToXacThu4decKad yCTOfI‘{I/I-
BOCTH HE HabJIIOAAETCS.

Crucok Jureparypsl

[1] Janreuxuti FO. JI., Kpetin M. I'. Ycroitansocts pemennii auddepeHInanbHbIX ypaBHe-
Huit B 6aHaxosoM npocrpancTse. M.: Hayka, 1970.

[2] Muasuvonwurxos B. M. K Teopun XapakTepUCTHUECKUX MOKa3aTeseil JlanyHosa // Ma-
Tem. 3amerku. 1970. T. 7, Ne 4. C. 503-513.

[3] Heyen Junv Kone. O croxacTudeckoii ycroiunsocTu nokasarenei JIanyHosa ypapHeHui
npou3eosbHOro nopsinka // Jduddepenn. ypasnenns. 1985. T. 21. Ne 5. C. 914.

Kuaccesr dyukumit JInysunns-KunpusiHoBa
Jlaxos JI. H. (Boporexckwuii rocygapcrsenssiii yaupepcurer, Poccns)
@coktucropa A. A. (JIumenkwmii rocyTapCTBeHHBII TI€arOTH9E€CKUIl YHHBEPCHTET,
Poccust)

HOycte Ry = RF xR, m1 <k <n < m < N. Beenem o6ozHate-
mus u=(z,y)ERY, r=(u1,...,un)ERY, y=(unt1,...,un)ERY_, . Kamnas u3
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TIepeMeHHBIX T Wy B CBOIO o¥epensh pasbura ma wactw x=(x',z"), y = (v',y"),
/ " / 1

T :(U‘l? cee 7uk)v z :(uk+17 e ,Un)7 Yy :(u”ﬂ+17 cee ,un+m)7 Yy :(u’ﬂ+m+17 ey ’MN)

9 Sev = Sev(RY;) 06 11 -
epe3 Sey ev(R}) 0003HAUMM MOMITPOCTPAHCTBO TpocTpaHcTra IlIBapma oc

roBHLIX Gyrkmmii S(Ry ), cocToamee n3 HyHKIUI, e THBIX IO KasKI0H 13 BECOBBIX

IepeMeHHBIX U; U Uj, t = 1,...,ku j=n+1,...,n+m. IIpocrpancrBo BecoOBbIX

0606mennrx GyHxImit SL, = Sgu(Rﬁ) OTIpeIesISIeTCS Ha OCHOBE BECOBOW JIMHE-

2 ,
Hoit dopmst (f, )y = fo fw) p(u) u” du. Ilycrs By, = By, = 3(27 + %: (%i

i

— omepatop Beccens u | = (I1;12) = (I3,11;15,15), vae 13, 1, 15, 15 — wmyms-
TUUHOEKCHI, COCTOAINNEe N3 LEeJIbIX IIOJIO2KHUTEJIbHBbIX YHCeJI Pa3MEpPpHOCTH COO0T-
percrermo k, n — k, m, N — n — m. U nycrs (BD)! = (Bi/l,Dg,B;%D;%/,),
rne By = (Buy,---,Bu,), Den = (ﬁ,...,%), By = (Bupsrs---» Bun),
Dy = (Tiﬂ’”"%)'

Cwmemraraoe mpeobpazosanne Pypre—Beccens mo wacTu mepeMeHHBIX T 000-
saaunM (Fg)q[p](€) (cm. [1]). Oneparust

F = Lg.arf = (F5')e [(1+167) 7% (Fe)[f]] (1)

COOTBETCTBYeT IeHCTBUTEHLHOMY UHCIy T, 0TobpazKaeT S ., Ha S ., B3aHMHO Of-
HO3HAYHO. MBI TaKyKe PacCMOTPHUM TOJOOHBIE OTIEPAIINA HA KOOPJMHATHBIX OCAX.
Ecam peibpama och uj, To orepammio (1) obosmarmm wepes Iy u ;-

Hns mobdoro 1 < p < oo gepes L) obo3maumm 6aHAXOBO IPOCTPAHCTBO, CO-
cTodIee U3 M3MEPUMBIX (yHKIHH, /I KOTOPBIX fR+ |f(2)|PzVdx < co.

N

Mycts f € L. Muoxectsa bynkimit F' = Iy () or fy F' = Iy; u;r f, f € L} Oy-

JleM Ha3bIBaTh Kjaccamu JIuysuina-Kunpusmosa u o6o3uavars Ly, = L) (R}),
L S R
Ly = Lul(Ry), 1 <p < oo, —o0 <7 < +00.

QOynxmus f npunagyexxur npocrpancrsy Cobosresa—Kunpusanosa W,7, ecrm
feLlL)u(BDYfelL), j=1,...,r. Yepes W, 0603HaIaeM IPOCTPAHCTBO
Cobonesa—Kunpusanosa, B koTopom npousBogHasa (BD)" meficTByeT TOJBKO 1O
YACTH TIEPEMEHHBIX T.

TeoPEMA 1. IIpu 1 < p < oo npocmparncmea Ly w Ly ™7, Ly u Wol =
Wap ™7 (r=1,2,...), Ly u Wy coenadarom.

TyY e Ty Y Y Tyeos Y _
Ly, =Ly, "7, Ly =W =Wey "7 (r=1,2,...),

xTp zp

LZ’P"’ = W;I;’Y (F = (Tlv . 'aTn)ari > O)

Crnucok Jureparypsbl

[1] Jiazos JI. H. B-runepCHHIy/ApHbIE HHTEIPAJIBL U UX NPHUJIOXKEHUA K ONUCAHUIO DYHKIIHU-
OHAJBHBIX KJACCOB KUNPUSAHOBA U K UHTEIPAJILHBIM YPABHEHUAM C B-IOTEHIUAIBHBIMU
aapamu. Jluneux: JITITY, 2007.
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JInyBuij1eBO cBOMCTBO M KpaeBble 3a4aYy AJIsl IIOJIyJINHEHHBIX
SJJIMOTUYECKUX YPaBHEHUI HA HEKOMMIAKTHBIX PUMAaHOBBIX
MHOrooopa3usax
Masena E. A. (Boarorpasckmii rocyzapcTBeHnbIii yausepcuret, Poccrs)

B paboTe uccieayercss aCHMITOTHYECKOE TIOBEIEHNE PENIeHI 0Ty INHEeTHBIX
/UIANITAYIECKNAX YPaBHEHHUH BUIA

Lu = Au+ (b(z), Vu) = gi(z,u), (1)

rane b(z) € Ci.(M),0 < a < 1, gi(x,0) =0, gi(z,u1) > gi(x,u2) > 0 mpm us > us
HA HEKOMITAKTHOM PUMAHOBOM MHOrooGpaswu M.

Bymem rooputh, 9T0 HA HEKOMIIAKTHOM MHOT000pa3uu M BBITIOHEHO AUYEUA-
€60 €601ic60 I OTPAHWYEHHBIX permenuii ypasuerms (1), ecom mo6oe Takoe
PEIeHre eCTh TOKIECTBEHHBIN HYJIb.

IIycts mpaBag wacTh ypasueHus (1) yaoBiaeTBopser CIeaylOIuM CTPYKTYD-
HBIM yCJIOBAAM:

1°. g(z,€) € Lip(M x R);

2°. g(=, _E) = _g(x7£);

3% g(z,&1) > g(x,&2) ana Beex &1 > &2

4°. cymecrByer nocroganas A > 0 rakas, aro Ag(x,§) > & aua Beex € > 0.

CrpaBeyIUBO CJIYIONee yTBEPK ICHUE.

TEOPEMA 1. Ha noaHOM HEKOMNAKMHOM PUMAHOBOM MH02000pasuu M odrn
ozpanusennolr pewenut ypasuenus (1) enpasediuso auysusLeso ceoticmeo mozda
U Moavko moezda, k02da 1a M 66imoAHEeH0 AUYBUNLEBO CEOTUCTMEO 0AHA 02PAHUNEH-
HOT pewenull ypasnenus Au = u.

Janee B pabore n3ydaerca B3aMMOCBA3b PA3PENIMMOCTU HEKOTOPBIX KPAEBbIX
7 BHEITHUX KPAeBbIX 3371249 (B wacTHOCTH, 3amaun npuxme) ans ypasuenus (1).
Ilycts {Bi}ie, — mcuepnanme MHOT000pasus M ¢ TIAJKAMHU TDaHUIIAMHA
OBj. Bynem rosopurs, uro menpepbiBable Oorpanuntennbie Ha M Gynxmpm fi(z) n
f2(x) axeusanenmmun, (fi(x) ~ fo(x)), ecom ayist HekoTOpOTO MCcuepnanus { By }7o

lim If1(2) = fa(@)llcoan 5, = 0.

Ob6o3rasnM KJIacC YKBUBAICHTHBIX [ byHKmii gepe3 [f]. Bymem roBopmrs, aT0
va M paspewuma xpaesan 3adaua dasn ypasnenus (1) ¢ 2parusHbMU YCAOBUAMU
u3 Kkaacca [f], ecrm va M cymectByer pemenne u € [f] ypasuenus (1).

Ilycts B C M — npom3BOJIbHOE CBSI3HOE KOMITAKTHOE TIOJAMHOYKECTBO C TJIA/I-
Koii rparmneii. Bynem rosopurs, aTo asa nenpepoiBrOit Ha 0B Gynximmn @ () na
M \ B paspewuma enewnas xpaesas sadava das ypasrernus (1) ¢ epanuunomu
yeaosuamu us kaacca [f], ecomm ma M\ B cymecrByer pemenue u(x) ypaBHEHUS
(1) raxoe, aro u € [f] u ulyz = P|yp5-

Jlajiee BMECTO CTPYKTYPHBIX yCI0BUi 1—4 GyaeM paccMaTpUBATh CJIEIYOIIre
yCJIOBHS:

1a°. g(z,€) € C7(G x R) gnst moboit nogobnactu G € M, 0 < v < 1;

2a°. g(z,0) = 0;

3a®. g(z,&1) > g(x, &) ana Beex &1 > &o.
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Torma cpaBenuBO Citeyroniee yTBepKIeHUE.

TEOPEMA 2. ITycms na M\ B das ypasnenus (1) daa ar060t nocmoarnot na
OB $pynryuu ® paspewsuma eHewnAs KPAEEAA 30004 C 2PAHUNHILMY YCAOBUAMU
ug kaacca [f]. Tozda na M daa ypasuenus (1) paspewuma kpaesas 3adaua c
ZPAHUNHBLMUY YCAOBUAMYU U3 TO20 IHCE KAGCCA.

Pabora Bemmosmmena mpm  mommepxkke P@®I,  rpamr  10-01-97004-
P__TIOBOJIZKBE _ a.

O6parHasi HeJIOKaJIbHAsA 33a/ia4a /IJisi yPaBHEHUsI C OIIEpaTOPOM
JlaBpeHTheBa-Buiaa3e B nmpsiMoOyroJibHOIM oGJiacTu
Maprempsarosa H. B. (IloBosxkckas rocyqapCTBeHHAS] COMHATBHO-TYMAHUTADHAS
axagemmus, Poccrs)

Paccmorpum ypasmenume JlaBpentheBa-bBumanze ¢ memsBecTHOI mpaBoil da-
CTBIO

fl(x)a y >0,
fg((l’), Yy <O7

B npsimoyrossHoit obmactu D = {(z,y) |0 <z <1, —a<y < B}, tne o, fub—
3a/TAHHbBIE TOI0¥KUTETLHBIE TIOCTOSTHHbBIE, M TIOCTABAM CJIeyTONTYIO 3a7a9dy.

Lu = uzy +signy - uyy _b2u:f($7y) = {

3a71a4A 1 (ObGparnas 3amaga). Haiitm B obmactm D byskmmm u(z,y) n
f(z,y), ynoBnersopsiomue yCgIoBHsIM:

we CY(D)NC*(D-uUDy); fi(z) € C(0,1)NL[0,1], i=1,2; (1)

Lu= f(z,y), (z,y) € D-UDy; ()

uz(0,y) =ua(ly), u(ly) =0, —a<y<p; ®3)

u(z,f) = (), uw@,—a)=9), 0<z<l; (4)

uy(z,B) = x(x),  wy(z,—a)=g(z), 0<z<1, (5)

rae o(x), ( ), x(x) m g( )—3aJ1aHHLIe moctaToaHo rnaakue Gyakmuu, (1) =
$(1) =0, ¢'(0) = ¢'(1), ¥'(0) =¢'(1), Dy = DN {y >0}, D = DN{y <0}

Cuenys [1], [2], nocraBienHas 3ajada UCCIIELYeTCs CIIEKTPAIBHBIM METOIOM.
Cayuait f1(z) = f2(z) = f(x) paccmorpen B [3].

OTmeTrM, 9TO K HEJOKATILHOMY yCIOBHIO Ug(0,y) = ug(l,y), —a < y < 8,
BBIPAYKAIONEMY PABEHCTBO MOTOKOB 9Yepe3 cTOpoHbI & = 0 m & = 1 mpamMoyrosb-
HUKa D, CBOAWTCS HEJIOKAJIhHOE MHTErPAJILHOE YCIOBUE

1
/ u(z,y)der = A =const, —a<y<pg. (6)
0

Ilocnenmee BO3HWKAaET, HAIPHUMED, NPU WIYUEHUHW BOIPOCA 00 YCTOHYIMBO-
crm paspexennoii mmasmel [4]. Kpaesag 3amada gyg ypaBHEHHS mapabOmo-
runepboamuygeckoro tuia ¢ ycjaosueM (6) usydena B padore [2].

B manmoit pa6ore pemenune 3amaau (1)—(5) mocTpoeno B BUmE CyMM GHOPTO-
TOHAJIPHBIX PA/IOB. YCTAHOBJIEH KPUTEPHUN €TNHCTBEHHOCTH W JOKA3aHA yCTONYH-
BOCTH pelleHust 00parTHOil 3aa4u 110 rpanuynbiM Jannbiv (4) u (5).
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06 acuMNITOTNYECKOM YyCTOMNYMBOCTU perieHnii HeJInHeWHbIX
auddepeHanbHbIX yPABHEHU € 3al1a3/bIBAIOIIUM apryMeHTOM
Marseesa H. U. (Hacruryr maremaruku um. C. JI. Cobonesa CO PAH,
Hogocubupck, Poccust)

Paccmarpusatorca cucrempr HesmHEHHBIX quddepeHnaJIbHbIX YPABHEHH C
3ama3IbIBAONIUM APTYMEHTOM

d
V@) = A@y(@) + Byt —7) + F(t,y(t),yt - 7)), t>7, (1)
rue A(t), B(t) — MaTpuupl ¢ HEUpPepHIBHBIMEU T -IIEPUOTUYECKUME SJIEMEHTaMH,
T. €.
A(t+T)=A(t), Bt+T)=B(t), T>r,
F(t,u,v) — BewecTBeHHO3HAYHAS HELPEPbIBHAS BEKTOP-DYHKIMS, YI0BJIETBODSs-
omas ycaoBuio JIummmna mo u, opu 5ToM

HF(tvu’ U)H < QIHUHH—WI +q2HUH1+wz7 q1, g2, w1, w2 > 0.

Ucnonpzys wmomudunuposanubiit  dyuknmonan Jlaoymosa—Kpacosckoro,
npezyioXkeHHblii B [1], 1 onmpasich Ha pe3yabTaThl U3 pabor [2, 3|, MBI yka3bI-
BaeM JOCTATOYHBbIE YCJIOBUS ACHMIITOTIYIECKON YCTONYIMBOCTH HYJIEBOTO DEIIEHUS
cucrembl (1), moxy9aeM ONEHKHM SKCIIOHEHIMAIBHOrO yObIBAHW:A PENIEHUI CHCTe-
Mot (1) mpu ¢ — 00 U HaXOAUM OGJIACTH TIPUTSIKEHUSI.

Pabora sBbimosimena mnpu mnoxmepxkke PIIIT  “Hayumele u  Hay4Ho-
[earoruaeckue  Kaapbl uHHOBanmOHHONW Poccmn” ma 2009-2013 rr. (rocy-
mapcTBeHHble KOHTpakThl Nt 02.740.11.0429, Ne 16.740.11.0127), Poccwmiickoro
dbonna bynmamenTanbabix nccaenosanmii (mpoext Ne 10-01-00035) u Cubupckoro
oraesennsa Poccuiickoil akanemmu mayk (mpoext Ne 85, MexamcnunmHapHBLA
mpoekt Ne 107).

Cnucok JauTeparypbl

[1] demudenxo I. B., Mamseesa M. M. Acumnrorndeckue cpoiicta pemienuii nuddepesnu-
AJIbHBIX ypaBHeHHUI! ¢ 3anasapiBaromumM aprymenrom // Becrauk HI'Y. Cepusi: maremaruka,
MmexaHuka, nadopmaruka. 2005. T. 5, seim. 3. C. 20-28.

12] demudenso I. B., Mameeesa M. H. O6 ycTORIMBOCTY peIlIeHUH KBAa3UJIMHEHHDBIX IIEPUO-

nudeckux cucreM auddepeHnnanbHeix ypasHenui // Cub. mar. xypH. 2004. T. 45, N 6.

C. 1271-1284.

Hemudenxo I. B., Mameeesa M. H. Ycrohtunsocrs pemenuit nuddepeHumnasbHbIX ypas-

HeHUH C 3ama3bIBAI0IIUM aPryMEHTOM U mepuosnvdeckumu kodddunuenrammn B JUHEHHBIX

wienax // Cub. mar. >kypH. 2007. T. 48, Ne 5. C. 1026-1041.
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O6 oxHoIl 3a/jadye ynpaBJIeHUA IPOTI>KEHHBIM 00bEKTOM B MOMEHT
Marsuiiayx A. P. (Hacraryt maremarukn n mexaaunku YpO PAH, Poccus)

B pabBore paccmarpuBaercs 3ajada yIpaB/IeHUs TOYEYHBIM WJIM ITPOTIKEH-
HBIM 00BEKTOM C (DPUKCUPOBAHHBIM IIEHTPOM B N-MEPHOM €BKJIMIOBOM MPOCTPAH-
CTBE TIpY HAJININN (PA30BHIX OrPAHIYEHUH. 3a/a49a PACCMATPUBAETCS HA KOHETHOM
IPOMEKYTKe BpeMeHn [to, ], rae KeCTKUMA yCIIOBUAMU ABJIAIOTCA MOMEHT CTAPTA
to U MOMEHT IPUOBITHUS HA, IIEJIEBOE MHOXKECTBO 1. /InHaMuKa 06beKTa, OMMCHIBAET-
ca mudpepeHnmaIbHBIM ypaBHEHNEM 33aHHOT0 Brma. Ha cuctemy Hak/Ia pIBa-
0TCs CTAHJAPTHBIE yCJIOBUs, ODeCnednBaonye CyneCTBOBaHue, eIMHCTBEHHOCTh
U TIPOJIOJIKUMOCTh DEIIeHNit Ha BECh IPOMEXKYTOK BpeMeHH [to, ¥]. Takske 3a1anbl
CTapTOBOE U IIE/IEBOE€ MHOXKECTBA U (pa30BOE OIPDAHMYEHUE C HEITYCTHIMU CEYEeHW-
amu. Jlomyckaercs HenpepblBHOE u3MeHeHue (Da30BOr0 OrPAHMYUEHUs C TEYEHUEM
BPEMEHU TI0 M3BECTHOMY HaM MPOTPAMMHOMY 3aKOHY.

Heobxommmo mpuBecTH yripas/isieMblii 00bEKT CBOUM IIEHTPOM U3 CTapPTOBOTO
MHOXKECTBA Ha IIeJIEBOE MHOXKECTBO B MOMEHT BPEMEHU TakuM 00pazom, 4robbl
VIIPaBJISIEMbIl 00BEKT BO BPEMsi CBOETO JIBUYKEHUsI HE BBIXOAWJI 32 Tpedessl (a-
30BOTO OTpAHUYEHUS.

ITomo6HbIe 3aJaur BOSHUKAIOT B TAKUX 00/1aCTAX, KAK JIOCTaBKa MACCaXKUPOB
¥ TPY30B IO PACIHCAHUIO W3 OJHOTO MECTAa B JPYroe TPHU HAJUYNN U3BECTHBIX
TIOJBUZKHBIX MTPEITSITCTBHIA.

To4uHO aHAJMTUYECKH PENIUTD [TOCTABIEHHYIO 33/1a41y He [IPEeACTaBJIsAeTC BO3-
MOYKHBIM, TIO9TOMY PENIaTh 33Ja49y TMPEIIaraeTcs MPUOJINKEHHO B IUCKDPETHON
MOJZIESI BPEMEHU TIyTeM BBIOOpa pa3bmeHwmst mHTEpBaIa [to, Y] ¢ MOCTATOTHO Ma-
JIBIM 11aroM. Jljisi MOMEHTOB BpEMEHH U3 BBIOPAHHOIO pa3bHeHus II0C/Ie0BaTe b=
HO, HAYWHAs C MOMEHTa BPEMEHHU 1}, CTPOSITCS MHOYKECTBA YIIPABJISIEMOCTH BILJIOTH
10 MOMEHTa BpeMenu to. Eciiu nepeceyenue moceHero mocTpoeHHOr0 MHOXKECTBA
YIIPAB/ISEMOCTU U CTAPTOBOI'O MHOXKECTBA HeE IIyCTO, TO Bbibupaercs Jiobas TOYKa
W3 TIePECeYeHs U CTPOUTCS YITPABJICHNE, ITPUBOJISIIEE CHCTEMY Ha, IIeJIEBOE MHOKE-
crBo. ITocTpoenue ypaB/ieHrsl OCYIECTBIAETCS MOCIEI0BATEHHO TI0 NIaraM, Ha
KaKJIOM Illare U3 yCJIOBUs IIPULIEIMBAHUS HA OY€PEIHOE MHOXKECTBO YIIPABIIAEMO-
CTH JI0 T€X TIOP, TIOKA B KAYEeCTBE Ie/Th He OYIeT paCCMOTPEHO IEJIEBOE MHOXKECTBO.
Taxkoit MeTos O3BO/IsIET IPUBECTH YIIPAB/IsIEMbI 00HEKT B MOMEHT BpeMeHu U B
3a/IAaHHYI0 OKPECTHOCTH LIEJIEBOIO MHOXKECTBA, HE3HAYUTE/bHO Hapymasd (ha3oBoe
OTpaHUYEHNE.

TIpencraBinennas cxeMa MOCTPOEHUS PA3PENIAIONIETO YIIPABIEHUS UCTIOIb3yeT
ABYX9TAIHBIA METO/, /i, B OIJIMYKME OT METOJA PelleHus 33aa9u OLTUMAJIbHOIO
yupasjeHust u3 [2], HeT HeoOXOIUMOCTH B TIOCTPOEHUHU MOBOIBIPSI.

B kagecTBe MILTIOCTPAIIMYA TPUBOIATCA TPUMEDPDBI, PACCUUTAHHBIE JABYMS IUC-
JIEHHBIMU METOZAMU, METOO0M MHOIOYI'OJIbHUKOB M CETOYHBIM METOOM.

Pabora BeimosmHena mpm mnopgepxkke rpanta PO®PIT Ne 10-01-96006-
p_ypan_a, mporpammsl IIpesumuyma PAH “Maremarnyaeckasi Teopus yrpasiie-
uus” U nporpaMmmbl coBMmecTHbix uccienoBanuii YpO u CO PAH “Paspa6orka Bo-
IPOCOB W TEeOpuH, 00beJUHSIONIEN 33/1a9¥ PEKOHCTPYKINK, OOPAIIEHNs U yIIPaB-
nesus’”.

Joknam ocroBan Ha coBmecTHO pabore ¢ A. [, MasneeBbim.
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O peleHMsIX JUIMNTUYIECKUX KPAEBbIX 3a/a4 B 06JIacTsAX ¢ HErJaaKoMH
rpanuieii
Marepocsn O. A.

3ydensr cBoiicTBa 060OIIEHHBIX PEMIEHUIT OCHOBHBIX KPAEBBIX 3334 M 91
JIMITHYIECKUX ypaBHeHuil u cucrem (cucrema ypasrenuii Crokca, cucrema Teopun
YTIPYTOCTH) B 06J1aCTAX C HETJIaAKoi rpamwneii. [Ipemnosaraercsa, aTo 0606meH-
HBIE penenus 061aIai0T KOHETHBIM BECOBBIM MHTErpasom JIupuxse (SHEprum) co
CTEII€eHHbIM BE€COM. B 3aBUCUMOCTHU OT IIOKa3aTeJid CTEIIEHHOI'O BeCa HOJIy‘IeH Kpu-
TepI/II‘/JI e,HI/IHCTBeHHOCTI/I, a TaKXKe HaI‘/JI/IeHI)I TOYHBIE (I)OpMyIIbI JJId BBIYUCJICHUA
Pa3sMEpPHOCTH NIPOCTPAHCTBA PENIEHHI OCHOBHBIX KPAaeBBIX 3aJad. Kpome Toro,
IIPpUBEAEHDbL (I)OpMyIIbI ACHUMIITOTHUYIECKOI'O PA3J/I02KeHUA I/I3y‘{aeMbIX 3ada4.

O cyiecTBOBaHUM U €JUHCTBEHHOCTH CIIpaBa pelleHuii cucrem
anrebpo-aud dpepeHnaNbHBIX yPAaBHEHUN C pa3pbIBaMU
Marpocos U. B. (LlenTp mccnenoBaHust yCTOHIUBOCTH W HEJTMHEHHON THHAMAKH
npu UMAIII PAH, Poccus)

OOBEeKTOM WCCIeIOBAHUS SIBJISETCS KOHETHOMEDHAS CHCTEMa ayrebpo-
muddepeHnuaibHbIX yPaBHEHUN ¢ pa3pbiBaMu B BeKTOpHOU dynkmmum f € R"
u upoussoanbix G € R™:

& = fwwt, Gyt =0 1)

PaccmaTpuBaerca 3a1a9a anIpOKCUMAIIAN €€ PeIleHNil TP ITOMOIITH PeIIeHi CH-

crembl muddepeHnmaIbHbIX yPaBHEHUH, ComepKalieil CTAONIN3UPyIoIee Ciarae-

moe —M G/||G|:

dx dy 1 G oG oG
@ _ t YW_p v Ty T
TREAE A I ) ( e

JIEMMA 1. ITyemwv napa ¢pynxuyut x(t) € R, y(t) € R™ aeasemca pewe-
nuem cucmemve (1) u 6 oepanunennot obaacmu U C R ™! ydossemsopaem
CAEQYIOULUM YCAOBUAM:

(2)

o dy
1°. dynxyua y(t) abcoaromuo nenpepuieha, o ee NPpoussodnas 52 ozpanude-

Ha;

2°. f oepanuvena, Henpepuiera no nepemernnol y, uzmepuma no Jebezy no
nepemenot t u B-nenpepuiena 6 cmoicae A. @. Duaunnosa no nepemen-
"ol x5

3°. dan ecex smauenuti nepemenmns (v,y,t) € U dynryua G ozpanue-
HA U ABAAEMCA CMPO20 KYCOWHO-2Aa0K0T N0 NepeMernoll Y, NPUYEM 6
Kaotcdot mouxe (x*,y*,2") € U coomeememeylousee KycouHo-sunetinoe
npubausicenue Ly« y« 1+)(y) obpamumo;
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4°. ene neKomopoeo Konewnozo obsedunenud eunepnoseprrocmet S dymnk-
9G (@.y.t)
yua G Henpepwuieno duddeperyupyema no T, Yy u t, npuiem 5

G (z,y,t)
5 oepanumenor 6 U\S.

Tozda cywecmeyem M > 0 maxas, wmo pewenue z(t), y(t) cucmemv, (1)
ABAAEMCA PeuweHuem cucmemv, JudPeperyuarvuns ypasuenut (2) 6 cmwicae
A. @. Quaunnosa.

JIEMMA 2. ITyemw 6 obaacmu U cucmema (1) ydosaemsopaem ycaosusam 2-
4 aemmus 1. Tozda daa pewenua T, y cucmemdvs (2) ¢ HAUAADHOLMY YCAOBUAMU

z(to) = o, y(to) = yo:

e aubo npu t* < to+ C:(IUTQII()&))

6N OANHEHO npede/wnoe coomHrowerue

lim p((m(t)7 y(t),1),0U) =0, (3)

t—t*

e aubo Vit > to—i—w, napa x(t), y(t) asasemcesa pewenuem cucmemoe
(1).

OJHOKpaTHOE WJIM, B BBIPOXKIEHHBIX C/IydadX, MHOMOKDATHOE IIPUMEHEHUE
geMM 1 u 2 mo3BoJIgeT JATh aJrOPUTM HCCJIEIOBAHUA CBOICTB CyIIeCTBOBAHHUA U
IPABOCTOPOHHE eAMHCTBEHHOCTH pemrennst cucteMst (1) myrem npumvenenust x (2)
teopun A. ®@. Oumnnmnosa nud depeHnnaabHbIX YPABHEHMI ¢ Pa3PhIBHON MPaBOii
9aCThIO.

STOT TOAXO, TAK¥Ke TO3BOJINJI TIOCTPONUTH METOJ, THUCIEHHOTO PEIIeHns CUCTEM
PacCMaTPUBAEMOr0O BUAA U JaTh YCIOBUL €r0 CXOAUMOCTH K UCTHHHOMY PELIECHHUIO.

Crucok Jureparypsl
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nuddepennuanbHbIX ypaBHeHNH ¢ pazpeiBamu // AsroMaTuka m resemexanmka, 2007.

O BJIO>keHHU cenaparpuc guddeomopdPu3sMoB, 3aJaHHBIX HA
3aMKHYTBIX MHOTrooGpa3usax

Mensenes B. C. (HUU IIpuknaaroii MAaTEMATHKH U KHOEDHETHKH MDA

Huxeroponckom rocynusepcurere um. H. H. Jlo6auesckoro, Poccus)

B moksaze paccMaTpuMBAIOTCS WHBAPWAHTHI TOMOJOTMYECKU COMPSKEHHBIX
muddeomopdu3MOB HA N-MEPHBIX TJIAJKUX 3aMKHYTBIX MHOroobpasusax M",
n > 2.

Tomeomopdusm f: M"™ — M"™, ycraHaB/IMBAIOIINI TOMOJOTUIECKYIO COMPSI-
JKEHHOCTD 1 deomopdu3MoB, 0TOOPaXKAET CEemapaTPUChl B CEHAPATPUCHI CEIIJIO-
BBIX [IEPUOJIMYECKHUX TOYEK coupsraeMbix auddeomopdusmos na M". ITosromy
TOMOJIOrMYUeCKIe MHBAPUAHTHI TOIPYYKEHNsT k-MepHBIX cemaparpuc w®, k > 0, B
MHOTr00Opasue M™ aBAAIOTCH TaK¥Ke TOTOJIOTNIECKUMHA UHBAPUAHTAMU COIPSKEH-
voix guddeomopdusmMos.
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B moxiaze maeTcst ommcaHue IOTDY?KeHUN k-MePHBIX CeapaTpUC CeIJIOBBIX
HEePUOIUYIECKUX TOYEK Oe3 reTepOKJIMHUYEeCKUX nepecevenuii quddeomopdusmon
¥ TJIAJKVUX TOTOKOB Ha M-MEPHOM MHOroobpasmu M.

Pabora BbImosiHeHa B paMkax rpanrta IIpasuresncrsa Poccuiickoit @enepa-
MU [Tl TOCYJAPCTBEHHOM MO/IEPXKKYU HAY 9HBIX UCCIEA0BAHUM, IPOBOUMBIX IO,
PYKOBOJICTBOM BEAYIIMX YI€HBIX B POCCUICKNX 00PA30BATEIBHBIX YUPEIKICHUSIX
BBICIIEr0 MPO¢heCCOHAIHHOTO 00pa3oBanwms, morosop 11.G34.31.0039.

OTobparkeHusi Heppu OKPY>KHOCTHU U MOTOKU Heppu HA 3aMKHYTBIX
HOBEPXHOCTHAX
Mensenes T. B. (Huxkeropoackuii rocyzapcrsenssiii yaupepcurer, Poccns)

Coob1ieHue mocB4IEeHo0 TOMOJIOIMIecKoil Kiaccudukanuy nmoTokos deppu Ha
JBYMEPHOM TOPE€ W 3aMKHYTOW HEOPUEHTHPYEMON MOBEPXHOCTH POJA 3, a TaKkKe
TOIOJIOTUYIECKON KJIaCCU(DUKAIMY UHIYIUPYEMBIX UMHU OTOOPaKEHUN Ha 3aMKHY-
TOU TPAHCBEPCAJIU.

TloTokm Yeppm SIBASIOTCS YACTHBIM CJIYYAEM APAIMOHAJIBHBIX MOTOKOB, TO
€CTh TOTOKOB 0€3 TMepUOINIECKNX TPAECKTOPUIl U CEMapaTpUCHBIX CBs3eil. /luma-
MUK apalMOHAIbHBIX IOTOKOB HaubOJIee TECHO CBdA3aHA C TOIOJIOrWell HecyIei
moBepxHOCTU. OCOOBII MHTEPEC MPEeICTABJISIOT MTOTOKY, WMEIOINe HETPUBUAJIb-
HBIE PEKYPPEHTHBIE TPAEKTOPUHU, TO €CTh HE3AMKHY ThIE TPACKTOPUN TTPUHA,JIEKa-
e COOCTBEHHOMY IIPE/IeIbHOMY MHOXKeCTBY. TOII0/I0Iru4ecKoe 3aMblKAHUE HETPU-
BUAJBHON PEKYPPEHTHON TPACKTOPUM HA3BIBAETCS KBA3UMUHUMAJIHHBIM MHOYKE-
CTBOM.

Apanponansueii C' norok f! Hazeiaercs morokom Yeppu, eciiu BBIIIOJIHS-
I0TCSL CJIEYIOIHE YCIOBUS:

1°. f' uMeer 0fHO KBa3EMHHUMAIbLHOE MHOXKeCTBO ((f);

2°. COCTOSHHS PABHOBECHS f' SBISAIOTCH TOMOJOTMYCCKUME Y3/IAME ¥ CEI-
JIAMY C 9eTHIPbMs CEerapaTpPUCAMU,

3°. B KaxKIbIi y3e/T TIOTOKA ft MAeT POBHO TIO OJHON cerrapaTpuce Ceia;

4°. ecim cejyI0 MMeeT Cernaparpucy, WYy B y3es, ono sgexur B Q(f°).

TTocTpoenme Tomostornteckoit KaacCupUKAIMIN IIOTOKOB Ueppy OCHOBHIBAET-
ca Ha umee Ilyankape m3ydennsi 0TOOpaXKeHUsT TTOCTIEI0BAHNS, WHLYTMPOBAHHOTO
HOTOKOM Ha HErOMOTOIIHOM HYJ/IIO 3aMKHYTOI TpaHCBEpCAJu, KOTOPOE Mbl HA3bI-
BaeM oTobpakenmem Yeppu. B ciyuae moToka Ha 3aMKHYTOH HEOPHEHTHPYEMOIT
TIOBEPXHOCTH POa 3 9TO 0TOOpaKEHNe UMeeT TaK Ha3bIiBaeMblil uinm. Bragaste pe-
MIAETCH 331294 TOIOJIOTMTIECKON KIaCCuMUKAINN TAKIX 0TOOPAXKEHN C IIOMOIIHIO
TIOJTHOM CHCTE€MBI TOTIOJIOTHYECKUX WHBAPUAHTOB, HA3BIBAEMBIX CXeMoi. BBomuTcs
TMOHsTHE aA0CTPAKTHON JOMYCTUMOM CX€MBI M TOKA3bIBAETCs, UTO I KaXKI0U ab-
CTPAKTHOU JOILyCTHMOM CXEMBI CyIIeCTByeT 0TOOparkeHne leppu OKPYKHOCTH CO
cxeMoit, m30MOpGHON TAHHOIA.

Tlorygennsie pe3y1bTaThl MPUMEHSIOTCS /TSI TIOCTPOEHMST CXeMBI TIOTOKa Uep-
p¥ Ha IBYMEPHOM TOPE U 3aMKHYTON HeopueHTHpyeMoil moBepxuoctu poaa 3. Ilo-
Ka3bIBAETCS, ITO CXEMa MTOTOKA deppu TaKKe SABJSETCS IMOJTHBIM TOTOJIOTHIECKUM
WHBAPUAHTOM U JITsT KAXKI0M aOCTPAKTHOM JOMYCTUMOM CXeMbI CYIEeCTBYET ITOTOK
Yeppu ¢ JJaHHON CXEMOIA.
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3agava Jupuxiie Jis HArpy>KE€HHOI'0 yPaBHEHUsI CMEIIaHHOI'o
SJIANITUKO-TUNEePGOINYECKOro TUuma
Mesmmesa E. I1. (Iloposxckas rocysapCTBeHHAs COLHUAIDHO-IYMAHUTADHATL
axagemmust, Poccrs)

Paccmorpum HarpykeHmnoe ypaBHEHHME CMENIAHHOTO THIIA
Lu = signy - uge + uyy + C(y)u(z,0) =0 (1)

B npamoyrosbroit obmactu D = {(z,y) : 0<z <1, —a <y < B}, o, B —3anan-
HBIE ToJI0KUTeNbHBIEe TocTosiHEBIe, C(y) = Ci(y) mpm y > 0, C(y) = Ca(y) upn
y <0, Ci(y), i = 1,2, — 3amannble HENpPEPHIBABIE (DYHKITAH.

3a71a4A 1 (3amaga dupuxne). Haiitn B o6mactu D dbynkmuo u(z,y), yao-
BJIETBOPHAIONLYIO CJIE/LYIOIUM yCIOBUAM:

u(z,y) € C* (E)FWC’2 (DL UD_); (2)
Lu(z,y) =0, (x,y) € DLUD_; (3)
u(0,y) =u(l,y) =0, —a<y<p (4)
u(z, B) = (), u(z,—a)=v¢(), 0<z<1, (5)

rue ¢(x), Y(x) —3amaHHBIe HOCTAaTOUHO Taankue dyHkImu, npu roMm ¢(0) =
©(1) =4(0) =¢(1) =0, Dy = DN{y >0}, D- = DN{y <0}

OrmeruM, 9TO KpaeBble 3aJadM [ HArpy:KeHHbIX auddepeHnuaabHbIX
ypaBHEHMI B 9aCTHBIX [IPOM3BOJHBIX paccMoTpensl B paborax [1, 2]. B paGore
[2] mnst marpyskeHHOro MapaGOJIO-rUIEPGOINIECKOTO YPABHEHUSI B HIPSIMOYTOJIb-
HOl o6actu D m3yvyeHa HAYAIbHO-TPAHUYIHASA 337a9a, B KOTOPOH METOIOM CITeK-
TpaJIbHBIX Pa3sokenuil [3] ycranosisien kpurepuil € IMHCTBEHHOCTU PEIIEHHs STO
321291 ¥ CAMO PEIIeHNe IOCTPOEHO B BUIE CYMMBI PsiIa IT0 COOCTBEHHBIM (DyHK-
IUSIM COOTBETCTBYIOIIEH OTHOMEDPHON 3a7aun HA COOCTBEHHBbIE 3HAYCHWUS.

B pabGore [4], cnenys [2, 3], ycranoBien kpurepuil € JMHCTBEHHOCTH PELIEHUST
samaqn (2)—(5), n penreHune 3a/1a9M TIPEACTABJIEHO B Buje psafa Oypbe, CX0aIuMOCThb
KOTOPOTO B K1acce GpyHKmmii (2) yCTaHOBIEHA, KOTIA (¢ ABJISETCS MOI0KATETBHBIM
PanmOHAJIbHbIM YIHUCJIOM.

B nmammoii pabore cymecTBoBanme pemenns 3amaau (2)—(5) mokaszaHo B Ciry-
Yae, KOra @ dBJIdeTCAd KBaJAPAaTUYIHBbIM HUPPAITUOHATIbHBIM YHCJIOM.
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VYcioBust perysisipusyeMocTy U HYJIb-IIPOCTPAHCTBA MHTErPaIbHBIX
ornepaTopos
Mennxec JI. 1. (FOxno-Ypaspckuii rocygapcrsennptii yuusepcuret, Poccus)

IIycts X u'Y — Ganaxoss! npocTpaHcTBa, A : X — Y — jnuHeifHbIH HeIPepHIB-
HBIH MHHEKTHBHELL omepaTop. OTobpaskerne A~ Ha3BIBAGTCH PEry/IsSpPH3yeMBIM,
eciu cyuwecrByer cemeiicrBo orobpaxenuii Rs : Y — X, 6 € (0,00) rakoe, aro
g jioboro z € X

lim sup ||Rsy—z| =0. (1)
020 |y—Az| <5
B sToM caaywae cemeiicTBO {Rs} Ha3bIBAETCT PETYIAPHU3ATOPOM JIJIsi OTOOparKe-
must AL

Bo muorux cayuasix (B wactaoctn, ecniu X = C(a,b)) perynsipusyemocTtsb
A™! SKBHBaJIEHTHA CyIECTBOBAHHIO TIOC/IEIOBATELHOCTH JIHHEHHBIX HEIPepPHIB-
HbIX onepaTtopoB R, : Y — X Takoii, aro mra mgoboro x € X

lim R,Az = =z. (2)
n—o0
Dro o3mauaer, 4ro OGpATHLII omepaTop AT HOTOYEYHO HPHOIMKACTCH Hempe-
PBIBHBIMU.

Paccmorpum kmaccudeckyo curyamuio X = Cf(a,b), Y = La(a,b). Bynem
Ipeanosararb, 9To oneparop A HenpepbiBeH Takxke u B Lo-HOpME. DTO BBIIOJI-
HEHO, HATIPUMED, JIJIT MHTErPATHHBIX OMEPATOPOB C HEMPEPBIBHBIMA siapaMu. 1o-
raa A MoxkeT GBITh MPOJIOJIZKEH IO HENPEPHIBHOCTH HA PA3IMEHBIE MOIIPOCTPAH-
crea M, C(a,b) C M C La(a,b). B [1] 6bu10 nokasano, 4o eciu 1pojosnkenue A
Ha HexkoTopoe Ly(a,b), p > 2 nMeer KoHeuHOMEpHOE sapo, T0 A~ ' perymspusy-
emo, B [2] moKazamo, 4TO perymapu3yeMocTh AT credyer m3 KOHEYHOMEPHOCTH
anpa upoposnkenus A Ha Loo(a,b).

Cremyiomue 1Ba yTBEPKIEHAS MOKA3BIBAIOT, ITO BCE ITU YCJIOBUS PA3JIAIHBL.

TeEOPEMA 1. ITyemv p1 > p2 > 2. Toeda cywecmsyem uHseKMUS-
ol unmezpasonoli onepamop u3 Cf(a,b) 6 La(a,b) ¢ eaadxkum cummem-
pudHbM AIPOM, Tipodoadicenue Komo