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Multivariate analogues of the Cauchy-Riemann system and representations of a solution
through harmonic functions

Abstract. At present there exist a large variety of multivariate generalizations of holomorphic functions. The most general is a
four-dimensional generalization of the Cauchy-Riemann system. In this paper a five-dimensional generalization of holomorphic
vector has been obtained for the first time by introducing the two quaternion function and quaternion differentiation. Ricmann-
Hilbert problem and one problem in the layer are studied considering a holomorphic vector quaternion through harmonic function
and its derivatives. Till now the five-dimensional generalization of holomorphic vector was unknown. Now, we will build the
five-dimensional analogue of the Cauchy-Riemann system. The solution of Riemann-Hilbert problem is obtained in five
dimensional half-space.
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Introduction
In order for the single-valued function du v _ (LSTR )
W = u + v, defined in a domain D € R2, to be ox oy dy = ox
holomorphic it is necessary and sufficient that its R
real and imaginary parts satisfy equations System from [1]
{ux+vy+wz=0, Sy =V, +wy, =0, @)
Sytu,—wy =0, s,—u,+v,=0, -
is a three-dimensional gencralization of the In [3]system (2) was obtained by the
system (1). Since every function s, u, w, v isa following : it is known that the gradient of the
harmonic function, in literature solutions of this solution U(x, y, z) of the Laplace equation
system arc called holomorphic vectors, whereas
systems (1) and (2) arc called Cauchy-Ricmann a*u 32_U+ﬂ= 0 3)
system  and  Moisil-Theodorescu  system ox? "~ ay?  9z?
respectively.  Till now the  five-dimensional
A . . S U U au 5 7
generalization  of  holomorphic  vector  was (——— = (wv,w,) satisfics the
) i 2 dx ' dy’ az
unknown. Now, we  will build the five- .
: : \ . system
dimensional analogue of the Cauchy-Ricmann
system.
| {ux+vy+wz=0, —v,+w, =0, @
| U, =wy =0, —u, +v,=0.

R3
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{ux+vy+wZ;0, v, +w, =0,

4
U, =wy =0, —u,+v,=0. @)
L.ct us introduce the fourth unknown function s as following:
Uy +vy +w, =0, s,—v,+w,=0, 2
Sytu, —wy =0, s,—u,+v,=0, ©)

and  Moisil-Theodorescu system is obtained (2).
If to the left side of cach cquation of the
system (5) sy uy, vy, w, are added, then obtained

Si— Uy — vy

U+ 5y tu, —

System (6) is also called a system of Moisil-
I'hcodorescu and is a four-dimensional gencrali-
zation of the Cauchy-Ricmann system.

Onc more method of building this function is
described in [4]. In this work a system of the first
order differential equations in R* is considered.

4 i . _
Zi:‘Biﬂ_,v,-_O’ (7)
where B; are constant complex matrices of the
size 2 X 2, unknown veetor U = (u,v) — column
taken from the complex functions u = u(x),v =
v(x),x = (X1,X5,%3,X%,) € R*.  This system is

system will be a system which might be met in the
theory of holomorphic quaternion.

—w, =0, wu+s,—v,+w, =0,
Wy =0, we+ s, —u, + v,

(6)

Il
Ao

also called a four-dimensional generalization of
the Cauchy-Riemann system, if the components
u, v for cach U are harmonic functions. Now, let
us denote through u = (S,U,V,W) a vector-
column composed from real and imaginary parts
of the components of the solution U of the original
system (1):

S = Reu,U = Imu,V = Rev,W = Imv

and after homotopic classification system (7) is
written in a form

S¢ + Uy + pbyvy, — pbywy, — pb,v, — phyw, = 0,
Uy — Sy + pbyvy, + pbywy, + pbyv, — pb,w, = 0,
Vp = Wy — pbysy, — pbouy, + pbys, — pbyu, = 0,
W + vy + pby sy, — pbiuy, + pbys, + pbyu, =0,

functions of all four arguments ¢, x,y,z , then the
system which is a four-dimensional generalization
of the Cauchy-Riemann system is obtained. It
might be met in a theory of holomorphic
quaternion [5] [6].

where b = by +ib, is an arbitrary complex
number, p = (b + b2) 1.

In this system assumed that by =1, b, =0
and that S,U,V,W arc independent from ¢, then
system (5) of Moisil-Theodorescu is obtained,
which is  the  unique  three-dimensional
generalization  of  Cauchy-Riemann — system.
Assumed by =0, b, =1 and S,U,V,W arc

From the system (8) it is casy to obtain the
three-dimensional system of Moisil-Theodorescu
[7] given that S,U,V, W arc independent from .

uy +vy+byw, — b,s, =0,

Uy — Vy + bys, + byw, =0,
Wy = Sy — pbyu, — pbyv, = 0,
Sy +wy, — pbyv, + pbyu, =0,

(9)
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Hercof given that by =1, b, = 0 Moisil-Theodorescu system (5) is obtained. Let us rewrite the
system (9) in a form

f] a
=9 f) (p) =0, 9"
~bZ 22 |\d :
|
!
where & _y 4 I | (i _ ii) ol representation from [8] through the derivatives of
o gE #NxE oy a& the harmonic functions G(x, y,z) and 7(x, y,z) ¢
170 .0 A _ H G .
FGEHi) b=bi i p=@F4b), is obtained: |
p=s+tiu, q=w+iv, and the followin ;
g

u=bG,~bv, v=bG, +bG

z’

w=-G_—1_, s=—-7_+G _, (10)
x y x y
Now let us build the general representation complex variables ¢ =7+ix, 7= y+izand
of the solution of the system (8) through two complex unkmown functions i
derivatives of two arbitrary harmonic functions. ' j .U—s.+|u,
For that purpose let us consider two independent fY‘W iw. Then, system (8) might be written in a
orm

ou ov —-oU oV
—— b——=0, —p ﬁ—+—_:=0, (11)

o¢ ¢ on of

where

_?__l(i_,-i] i_L[L,ﬁ]
o¢ 2\ar oax) o 20ar ax

o _10 ,0) o 1o .0
on 2\ oz) on 2lay @/
Considering complex harmonic function of four variables t, x, V23

o(t,x,y,2) = G(t,x,y,z) +it(t,x, v, z),

then general solution of the system (11) is given by the formula

y=p2, p-20

o¢ on’
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Separating real and imaginary parts, the
representation ol the solution of the system (8)

v=G +r_,

In a three-dimensional case for a system (9)
the famous problem of Riemann-Hilbert is solved
i [8] Let us consider the problem in a domain
Do R

domain - 1 R” so that the regular solution of
the system (9) has boundary conditions:

it is necessary to find the arca in a

aut vty wtds=f, j=12, (13)

here @ B,.7,.0,. 0, arc  continuous
lunctions which satisfy the condition of  Hélder.
It 15 known that the property of the boundary-
value problem being regularized is necessary and
sulficient condition of the Noctherian property of
the operator. For the system of type (8) there is no
single boundary-value problem which might be
regularized in none  of the bounded do-
mams [5] 6]

Theorem. If a matrix A(x)eC(B) and if

& 2
there exists some positive number O < —l— such
h
(hat H.r-‘IU““ = ()'"UHO‘ then for any vector-function
I"(x)e L,(D) problem (14) - (15) has unique
solution U(x) € ”V2l (D)

Till now the five-dimensional generalization
ol holomorphic vector was unknown. Now, we
will build the five-dimensional analogue of the
Cauchy-Riemann system.

Let

h=b, +ib, + jb, +kb,, b=b —ib, — jb, —kb,

s(y=UN=v(t=

through the derivatives of harmonic functions G

and 7 might be obtained:

§= I’I(G: _r‘)_b:(rz +G‘)’
u=bz,+G,)+b,(G -7.) . (12)

w=r, -G._.

In the work [9] the correctness of one
boundary-value problem for the system of the
type (8) is shown with the smaller members in an
infinite domain

Dz{0<l<h, —oo<x,y,z<+oo}_ Let us

denote through T the operator which displays the

veetor U = (S,2,v,W) onto the left sides of the

cquation (8). It is nceded to find the solution of
the non-uniform system in a domain D

TU + A(x)U = F(x) (14)

Ux)e C*(D)NWAD) a A(x) s
given fourth order quadratic matrix and F'(x) is
given four-dimensional vector-function. Compo-
nents U(x) satisfy the following conditions on
the boundaries:

&

0)=w(t=h)=0. (15)

be a quaternion and conjugatc quaternion
numbers, whereas 0 =0 +i0 , + jo , + k0,

8=0,,-id,, - jo,, ko
nions of the differentiation, b,(/ =1,2,3,4) - rcal

.4 arc  quater-

2 2 . p2)!
constants, p = (b,l +b, +b; + b;) . morcover,
i, j,k - quaternion units which has propertics as
=k, ki=j, jk=i, i*=j>=k*=~1,
In a spacc R’ of the variables

(x,X,,x3,x,,x5) let us consider the system of
cquations of the first order

U=u+iuy + ju, +kuy, V =ug+iu,+ ju, + kuy,
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&y +hoV =0,
0x;

o o (16)
= pbdU +— =0.
Xs

In this system cach of the functions

introduce a quaternion harmonic function from
Uy Uy, Uy,,...sugis a harmonic function. We

x=(x,,x2,x_,,x4,x5):

7]
w = 121234, u, = p(B,,M,), m=5678 (17
Ox
where
B; =(by,b,,b,,b,), M, =(my,m,,m,,m,), B =(b,=b,,~b,,~b,),
M =(m,,m, smy.my), B, =(b,,b, —bi,=b,), M, = (my,m, m,m,),
By = (b, ’_b.’.’b.h_b4 )fo = (md’mJ’m2’ml ),
=20, 00 00, Do, . _Op Op 09 dp
ox, ox, ox, ox, ox,  ox, ox, ox,
my= 0,00 O Op, _Op, Op Dp, op
ox,  Ox, 0Ox, ox, ox, Ox, ox, O,
4
Using representation (17) Riemann-Hilbert Z(a.ﬂ-’v(ﬂr):f,-w r=1234, (19)
problem about the finding of the regular in the ol
half-space R} = {x, >0} of the solution "
W=UJV)= (345t bty YO The sysiem (16) where 4, are dcﬁn?d v?ctors. Thus, wc;an;col:
which satisfies the following conditions on a iy prollalcm th Hinding tn:.a half-spacc. : )
boundary I = {x5 _ 0}: harmonic function ¢, (x), /=1,2,3,4 which satis-

fies the following conditions on a boundary

8
Zalmul =lmy M= 1,213’4’
=l

(18) dp, ;
—= =1 ;
o, =/ 1=1234 0
he a, [, (=128, m=12734)
“{ = p I bound a;c‘ Solution of the problem (20) which tends to
A S8 BOVDERTY, Bl down to the 0 at infinity could be found by the formula from
problem about the inclined derivative [10]:
2
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& // (}’)dyldyzdyzdy4

| = @
"”‘”‘E!’"! . 1=1234. -

Using formula ( 17) the unique solution of the problem can be obtained.
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