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~— & mew method is proposed for revealing the
¢ the solution of the inverse problem. The
sadutions of this equation is analytically proved
Ser their finding is presented. The obtained
e ambiguity of solutions of inverse problems
sets of parameters of the corresponding
weds  for  solving inverse problems of
s require additional conditions for determining
W pharmacokinetic parameters.

~— Pharmacokinetics; nonuniqueness of the
problems: numerical methods; linear two-
« with absorption;

I INTRODUCTION

“erztical proof of the nonuniqueness of the
=med by numerical calculations. To solve the
© =7 models of pharmacokinetics, there were
=mcal methods that satisfy the criterion of the
‘=zt squares.  The  software  complex
“os 20 was developed. High performance will
- % developing algorithms to solve the main
=2 and C programming languages. These de-
wngz  languages are the fastest for
© o¢ complex mathematical calculations. The
W levcioped in these programming languages will
=+ the architecture of micro services. Using the
. computational experiment, the software complex
W Smding the pharmacokinetic parameters for a
“wmiser pharmacokinetics model with absorption.

4

II. RELATED WORK

o= the works [1, 2] we studied the kinetics of
(1). (2). It was shown that the equation of
2= of concentration on time for component B has
soiution. The result of this work is a rigorous
wssmmnation of the number of solutions of this
i e adentification of the conditions for the
feach of them.

2 kmetics of processes (1-2) is described by the
Czuchy problem for a system of linear ordinary
spations (3-10):

w, C (1

. B8 EEE

e EEE 12th International Conference on Application of Information and Communication Technologies / AICT 2018

ing the Reverse Problems of Pharmacokinetics
for a Linear Two-Compartment Model with
Absorption

Szvdaulet A. Urmashev, Aisulu T. Tursynbay, Almas N.Temirbekov, Aidana B. Amantayeva
Kazakh National University named after al-Farabi, Almaty, Kazakhstan
ashev@kaznu.kz, tursynbay a@mail.ru. almas.temirbekov(@kaznu.kz, aman.aydana@gmail.com

B . D (2)
——)

G, <

© e 3)
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% = k|C1 i (kzcz + kICI) + k4C" (4)

9% ke w2
dt C

dC,

9C _pco—k.C ©)
dt R

C(0)=Cy,C5(0)=0,C5(0) =0,C,(0)=0, (7-10)
here C (7)- concentration of components A, B, C, D at the

k. - rate constants of the individual reaction

time moment f, K,

stages 1 and 2.

Scheme of the two-compartment model with absorption

Place of drug » Blood » Elimination
injection K, ! Ks
Y
Ks K4
\ 4
Organs
2

On the basis of differential equations (3-6) with the above-
mentioned initial conditions, the desired dependence
C,(1) = f(r) - the dynamics of the change in the concentration

of component B can be represented in the form of equation 11

3, 4].
C(1) = Ae™ + Ae™ — 4™, (11)
where:
_ k(A -k)C, a2
L A=Ak —4)
5 = kl(lz _k4)C() (13)
i (/11 "2'2)()“2 _kl)
Alz—(A.+Az)=M (14)
» (kl _'11)(1"1‘21)

21.1:%-[(k:4kz+k4)t,/(k:+k3~k4):—4/(:/\',,] (5)

Mt =k, +k,+k, LA, =k,k, (16-17)
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The solution of the direct problem in this case is not
difficult. In Fig.l presented calculated values of the
concentration of substance B for the given values of reaction

rate constants k; and its initial concentration equal to 50.
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Fig. 1. Dependencies of concentration C, (7) on time for values.

C, =50k, =5,k, =2k, =3,k, =4

III. MATERIALS AND METHODS
The inverse problem is the calculation of the quantities k,
and C, on the basis of some set of measured values C, at
the time moment 7, in comparison to the straight one, is a

much more complicated problem [4]. To solve it, equation
(11) is presented in the following form (18):

CPe(f)= Le™ + Le™ + Le™ (18)

Coefficients [, and &; of this equation are related as follows:
L+L,+L,=0, (19)

& £E, &y, (20)

g >0,6 >0,& >0. (1)

Taking into account equality (19), the total number of
unknowns in equation (18) decreases until 5. Values of

L.,L, &g, & were found by the method of least

squares:

3 (C () - €5 (1)) > min

i

where ($¥(s,) - the concentrations found experimentally,

Cy(t,) - their calculated values.

After determining the values L, and &, several options
for assigning values &, #&, #&; for /1],/12,]{] were
considered. Taking into account the conjugacy of the roots /1]

and 12 (ﬂ,l > ﬂz ), and sampling two of three &,,&,,8&;

possible, we can obtain the following cases:

DA =8, 4 =&,k =&, (22)
DA =€, =6,k =¢, (23)
WA =6,4 =6, k=¢. 24)

Further, (12-14) to calculate the

coefficients A[, we obtain the systems of equations (12,-14,),

using equations

© 2018 IEEE

(125-14,) and (125-143) for caleulating L', L, .L, -
respectively:
_ &l _k4)‘C(l) o
I (53 —& )(51 -52)
_ &k, ~&) G
_(s;—el)(gl—sz)
&,(& —k,) G,
(&,-&)& &)

Since for constants L, there are only values L. L..

i

L, =

then the above systems of equations can be reduced =
following:
1 _ g2 _ 73 _
L=Ly=L =1
L=L=D-=L, ¢
2 3
L13 =L, =L, =L,
It follows that the initial concentrations for the
variants are related to each other by equality:
1 2 3
G =G =Cs,
From the equation for calculating the rate constants

(27), it is clear that in the realization of any of the
variants (22-24), its magnitude remains constant:
S Le.g, + Lge + Lige, (
Le +Lg + L,
This leads to a very important conclusion in a pract

sense: k 4 can serve as the main criterion for the selection
well-founded solutions describing the investigating set
points C2 —1t for measured solution. To justify
conclusion, let us return to equations (16-17):

For k3 > (0 we obtain the following inequality:

A +A >k, +k,. (
Then, from the equation (17) we can find &, :
ky = Ay [y 2

and substituting it in (28), we obtain a new inequality of
form:

k(= (A4 + Ak, + LA, <0. (3
The solution of the last inequality can be represented
this form:

k, € (A, 4). @
This means that the reaction rate constant (2) k3 >0 w

be positive only if the computed value k, will be between

roots A, and A,.

Otherwise, it will take a negative value. It should be notes
that inequality (28) also holds in this case. For the computed

values &., connected by inequality (20), we find thes

i
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- €., and minimum - & . meanings. Now, one

values &, (& ) belongs to the segment:

Ec(&y €

max ) :

s it is not difficult to see that for k,two variants
mealized:
k, €(&,,,€) and k, € (8,¢,, ).

“he total number of solutions for equation (18) can
0 three. Proof of the fact that the dependence

=f (7) can be simultaneously described by three sets

£ and C; S, functions and Laplace transforms

S, denotes  definite integrals, called the
Transforms:

s -C k n+k,

> . (32)
k +n (4 +n)(A, +n)

7 - can be any real number, but for convenience
izken integer values.

m the solution of the inverse problem for equation
% 18}t is necessary to determine the values of five
we can confine ourselves to five equations.

1 S hY 1
.- — =0 -0 =
p- n'[ S ]x3 n-S - ng

n n

(33)

=1+(4 +ﬂz)/k1,x2=l/k],x3=/1]/'{z, (34)
.S =—x,x, - (x, = 1)/x,.
“» mroducing new notation:
1
jax3 +bx, = 54‘ (35)

3
lcr;+dx4=z:§

soiving the system of equations (35) and taking into
@at x, = B,& we define successively all values B, :

,By=2—2 (36-37)

Eyi_i_i B _ S _So B (38)
\S, 48, 4)° (s 25, )°

(39)

substituting X, = B, into equation (34) we obtain
W eguation (40)

© 2018 |IEEE
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BiB.L’ +B,&" +B,E-1=0, (40)
The roots of which are found using the Cardano formula.

The nonlinear equation (40) can be solved by a variety of
different numerical methods, we chose the simplest of them -

Newton's method. The algorithm for finding three values &, is
simple. First, using Newton's method, we determine the value
4’, . and then using equality:

a’ +bx tor+d =(x-E)ar + (b +aé)x+af* +b +c) (41)
and solving the quadratic equation:
axz+(b+a§)x+a§2+b§+c:0 (42)

We find the remaining two solutions &, and &, .

Thus, it follows from the above proof that for the measured
solutions of C,(7) and the initial condition C,(0)=0.,
There are three sets of five permanent C, k,,k,,k,,k, for
the system (3-10). '

1. For each of the variants of dependence C,(7) = f ()
with specified values of variables k, and Co there are two

more sets of these constants, that is, the inverse problem, in
contrast to the straight one has three solutions.
2. Despite the fact that the given (measured) data set

C2 —1 can be described by three sets of constants k, and
C, . only two of them have a physical meaning; The third set

with a rate constant Ay, which has negative value and no
physical meaning.

3. Thus, the inverse problem is the determination of the
rate constants k, and initial concentration C, by data

C, —1 is incorrect. since the number of solutions is not equal

to one [4]. And if the data set C, —7 is given by a direct

problem, then the inverse problem, being ill-posed, has a
stable solution. This is confirmed by the fact that one of the

solutions found coincides with a given set of rate constants X,

and C .

2
2
15 E——
[$) ——2
10.. - - I3
5
o ' \9\_\‘
0 1 2 3 4 5 6
t

Fig. 2. Dependencies of C, () on time for different values 51 23

17-19 Oct. 2018, Almaty, Kazakhstan



The IEEE 12th International Conference on Application of Information and Communication Technologies /

This fact also serves as a criterion for the correctness of the
proposed mathematical —apparatus and the calculations
performed. In addition, the results of the study completely
confirm the reliability of the data obtained earlier, where the
proof of the non-uniqueness of the solution for the inverse
problem was obtained in a different way i .

During the solution of inverse problem from experimental
data, C2 —1is complicated by the fact that the instability is
added to the problem of nonuniqueness of the solution. The
problem of incorrectness of the inverse problem, caused by the
instability of its solution, is one of the main problems in this
field of knowledge. Its severity can be reduced by the
continuous improvement of the optimization procedures used
and the quality of the experiment. However, completely this
problem can not be solved in principle.

IV. RESULTS AND DISCUSSION

To clarify the stability of finding the coefficients of the
model of pharmacokinetics, experimental values of the

dependence C, (1) = Alefl'l +A267M —A3efk" on time
for values C, =50,k, =10,k, =1k, =5k, =3. with

a minimum absolute error in 1%.

50

A ... Ke> alfasbeta

Ka j . el Run TOuHBIE 3H X HEUSE CUC. 4P [C0[1) = 33 4936430538755

K12 |3 g x:=26 |Ka[1}= 7,46410161514129

r x2:=02 |K12(1) = 0,86602540378194

K21 |4 |3=4 |K21[1)= 3,99999999999759

T ¥=1 | Kelll }:= 066987298107 751
el | alfa[1] = 4,9939999999948

| beta[1] = 0,535898384862243
|A1[1]= 22,7272727271559
|A2[1] = 26.0011547174742

Tounoe anaverme Ksi

alfa= 7 4641016151375
| Ksi-= -8,79999399999531

beta = 0.535898384862245
A= 50 7284274447472

AZ= 280011547174745 MNpobepra sHaYerun x=6

*Ksi
B1*Ksi = 2.599999939933959
B2*Ksi= 0.199933333999394
B3"Ksi = 3.99939999999759
BaKsi=1

MNnowaan
Z21:=312

Z2=56
Z3:=6.45714285714286
Za=117 MNposepk.a ((Ksil=0 ansa Touror o k.si
fix) = 0 f=4,71280241394478E13

KoadduumrenTs

B1= -0,295454545454656

B2=-0,0227272727272841
B3= -0.454545454545423

B4=-0.113636363636424

Nuton K.sil= -5,89488223347895
fx) = 0 f= -1,94072188874906€ 17

|Ksil= -5.69408223347895
Ksi2= -82,1051177664745
Ksid= -8,80000000000474

|B1"Ksi 1= 1.74166975080125
|B2"Ksi 1= 0,133374536215498
|B3"Ksi 1= 2.67949192430843
|B4"ksi 1= 0.66987298107751

Koo @euunenTsl kus yp. ana Ksi
a= -0.000234785875281962

b= 0,0227272727272841

o= -0,295454545454656

Mapamerpe Popmyne KapaaHo
p=-1865,01333333134

q= 30842 9179258751

Kpg= -2438927.71272346

|

| B1*Ksi 3= 2,60000000000237
B2*Ksi 3= 0.200000000000208
B3*ksi 3= 4.00000000000167
B4*Ksi 3= 1,00000000000107
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Fig. 3. Results of a numerical experiment, confirming the existence of three
solutions for the equations (18) and respectively (11).

Using the proven methods of solving inverse problems,
unknown parameters for the given experimental data were
found. Unfortunately, the found parameters are very different
from the model parameters. We can make sure to see the

following figure.

© 2018 IEEE

Fig. 4. Unknown parameters for the given experimental data with a minim
absolute error of 1%. were found .

You can also illustrate the graphical data for the paramet
found using numerical methods.

e e o R
Fig. 5. Graphical dependences of concentration in the central chamber for
data from Fig. 4.

Here we can see a good ‘coincidence for the cen
chamber of a linear two-chamber pharmacokinetics m
with absorption. For the second chamber, the concentrati
curves are very different from the actual model concentrati
curve. This can be seen in the Fig. 6.

It can be seen from the figure that the concentrat
curves of the preparation in the peripheral chamber
quantitative values are almost two times different from
model preset values (red curve).

In the literature, there are many examples of the analysis
pharmacokinetic data [5-8]. A model is constructed for
particular process. Equations describing the correspondi
model are given. There used the least squares method (LS
for determining the parameters involved in the m:
equations, but often poorly or do not pay attention to
estimated statistical value.
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method of Gauss determine the values of the unknowns
AA4,,Ad,,Aa, AB, Ak,
The system (56) can be written in the following matrix form
A-A, =A,
We denote by C the inverse matrix in (45)
C=A"
The solution A4,,A4,,Aa, A, Ak, of system (45) can be

: 1
represented in vector form: - 8D, =k 3 —+ —
A =A"-A, e £ 4
here 2 SD. —k SDku2 ,S’Da2 SDﬂ2
’ kg — 7110 k2 + P + ﬂ2
(51\ 2 51‘\ ) (5A| ’54: ) (6'\ ® 5k A ) 2!
_ 2 2 2 2
(6..6.) - 6..5.) 3. SD, = [SDZ +SD, +SD; +SD;,
A = 5.4‘ *6/1
. B s ol -
5 ,6 20 4 = 4 _l_ a k4 ky
(6, .6.) 6.6.) - 6160) e I A ]

kyo :%3
ks,
ki, =(@+ B)—ky —ky:
. = Az(a'—ﬂ)(kA _ﬂ) .
! kA(kZI _,B) .

sp,' sp} Sb,|. [SD, D,
+—+—— |+ +

2

A, =(6,.6,}06,.6,1,.6,56,.9,}6,.5,)
A, =(Ad4, A, Aa AB Ak, )

The statistical values are given by the following equations.
§= (50’50)_(5/4] ’50)M1 _(5142’60)&42 _(611’50)Aa—(6 ’50)Aﬁ'(§ku50)&

o’ =S /(N —2)- sum of squares.
The standard deviation of the parameters of equation (43)

A],Az,a,ﬂ,kA:
SD, =4c,0%.5D, =c;,0°,SD; = L,

SD, =550

where ¢; — elements of the inverse matrix of system of
equations (56).

Wktepsan F  MaTphua

N

Ka. [23.26501100471 SDKa:
Hennvelinas perpeccus

T las3oes sokiz|
82 soKat:|

QR

0.492984% (¢

The covariance coefficient can be expressed as the percentage

SD
of the coefficient of change %CV = 5 x100

Where 8, is one of the parameters 4, A0, Bk,

Confidence intervals at 95% for each parameter can be
given by the following equation:

CI =SDxty .
By knowing the values SD, ,SD, , SD,,SD,,SD, it
needs to be determined SDC(, , SD,\,’l R SD,\.]w 5D,
Let’s write the formulas for constants:
k- aP(A, +A4,)— Ak, B - Ak,a ;
. Aa+A,B—(A +A4)k,

10

© 2018 IEEE

Fig. 7. Statistical data for the found pharmacokinetic pa
several numerical methods.

An analytic proof of the existence of three solutions
solution of the inverse problem for equation (11)
representation of the algorithm for their finding are
this paper. The theoretical proof of the nonuniqueness
solution is confirmed by numerical calculations [9-16].

In the numerical solution of (51) one can find one
for equation (11). The remaining two solutions
determined with the help of the solution

V. CONCLUSION

After numerous numerical experiments in solvi
inverse problem for equation (11), finding some ¢
through linearization is quite effective in terms of 1
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