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6ROYLQJ�WKH�5HYHUVH�3UREOHPV�RI�3KDUPDFRNLQHWLFV�
IRU�D�/LQHDU�7ZR�&RPSDUWPHQW�0RGHO�ZLWK�

$EVRUSWLRQ
%D\GDXOHW�$��8UPDVKHY��$LVXOX�7��7XUV\QED\��$OPDV�1�7HPLUEHNRY��$LGDQD�%��$PDQWD\HYD�

.D]DNK�1DWLRQDO�8QLYHUVLW\�QDPHG�DIWHU�DO�)DUDEL��$OPDW\��.D]DNKVWDQ�
ED\GDXOHW�XUPDVKHY#ND]QX�N]� WXUV\QED\BD#PDLO�UX� DOPDV�WHPLUEHNRY#ND]QX�N]��DPDQ�D\GDQD#JPDLO�FRP

$EVWUDFW� ²� $� QHZ� PHWKRG� LV� SURSRVHG� IRU� UHYHDOLQJ� WKH�
QRQXQLTXHQHVV� RI� WKH� VROXWLRQ� RI� WKH� LQYHUVH� SUREOHP�� 7KH�
H[LVWHQFH�RI�WKUHH�VROXWLRQV�RI�WKLV�HTXDWLRQ�LV�DQDO\WLFDOO\�SURYHG�
DQG� DQ� DOJRULWKP� IRU� WKHLU� ILQGLQJ� LV� SUHVHQWHG�� 7KH� REWDLQHG�
UHVXOWV� LQGLFDWH� WKH� DPELJXLW\� RI� VROXWLRQV� RI� LQYHUVH� SUREOHPV�
DQG� WKH� REWDLQHG� VHWV� RI� SDUDPHWHUV� RI� WKH� FRUUHVSRQGLQJ�
QXPHULFDO� PHWKRGV� IRU� VROYLQJ� LQYHUVH� SUREOHPV� RI�
SKDUPDFRNLQHWLFV� UHTXLUH� DGGLWLRQDO� FRQGLWLRQV� IRU� GHWHUPLQLQJ�
WKH�QHFHVVDU\�VHW�RI�SKDUPDFRNLQHWLF�SDUDPHWHUV��

.H\ZRUGV� ²� 3KDUPDFRNLQHWLFV�� QRQXQLTXHQHVV� RI� WKH�
VROXWLRQ� LQYHUVH� SUREOHPV�� QXPHULFDO� PHWKRGV�� OLQHDU� WZR��
FRPSDUWPHQW�PRGHO�ZLWK�DEVRUSWLRQ��

,� �,1752'8&7,21�

7KH� WKHRUHWLFDO� SURRI� RI� WKH� QRQXQLTXHQHVV� RI� WKH�
VROXWLRQ�LV�FRQILUPHG�E\�QXPHULFDO�FDOFXODWLRQV��7R�VROYH�WKH�
LQYHUVH� SUREOHP� RI� PRGHOV� RI� SKDUPDFRNLQHWLFV�� WKHUH� ZHUH�
XVHG�VHYHUDO�QXPHULFDO�PHWKRGV�WKDW�VDWLVI\�WKH�FULWHULRQ�RI�WKH�
PHWKRG� RI� OHDVW� VTXDUHV�� 7KH� VRIWZDUH� FRPSOH[�
SKDUPDFRNLQHWLFV� ���� ZDV� GHYHORSHG��+LJK� SHUIRUPDQFH�ZLOO�
EH� SURYLGHG� E\� GHYHORSLQJ� DOJRULWKPV� WR� VROYH� WKH� PDLQ�
SUREOHPV�LQ�)RUWUDQ�DQG�&�SURJUDPPLQJ�ODQJXDJHV��7KHVH�GH�
IDFWR� SURJUDPPLQJ� ODQJXDJHV� DUH� WKH� IDVWHVW� IRU�
LPSOHPHQWDWLRQ� RI� FRPSOH[� PDWKHPDWLFDO� FDOFXODWLRQV�� 7KH�
DSSOLFDWLRQV� GHYHORSHG� LQ� WKHVH� SURJUDPPLQJ� ODQJXDJHV� ZLOO�
EH�FDOOHG�WKURXJK�WKH�DUFKLWHFWXUH�RI�PLFUR�VHUYLFHV���8VLQJ�WKH�
H[DPSOH�RI�D�FRPSXWDWLRQDO�H[SHULPHQW��WKH�VRIWZDUH�FRPSOH[�
ZDV� XVHG� IRU� ILQGLQJ� WKH� SKDUPDFRNLQHWLF� SDUDPHWHUV� IRU� D�
OLQHDU�WZR�FKDPEHU�SKDUPDFRNLQHWLFV�PRGHO�ZLWK�DEVRUSWLRQ��

,,� 5(/$7('�:25.

3UHYLRXVO\�� LQ� WKH�ZRUNV� >��� �@�ZH� VWXGLHG� WKH� NLQHWLFV� RI�
WKH�UHDFWLRQ�V\VWHP�������������,W�ZDV�VKRZQ�WKDW�WKH�HTXDWLRQ�RI�
WKH�GHSHQGHQFH�RI�FRQFHQWUDWLRQ�RQ�WLPH�IRU�FRPSRQHQW�%�KDV�
PRUH� WKDQ�RQH� VROXWLRQ��7KH� UHVXOW� RI� WKLV�ZRUN� LV� D� ULJRURXV�
DQDO\WLFDO� VXEVWDQWLDWLRQ� RI� WKH� QXPEHU� RI� VROXWLRQV� RI� WKLV�
HTXDWLRQ� DQG� WKH� LGHQWLILFDWLRQ� RI� WKH� FRQGLWLRQV� IRU� WKH�
UHDOL]DWLRQ�RI�HDFK�RI�WKHP��

7KH�FKHPLFDO�NLQHWLFV�RI�SURFHVVHV�������LV�GHVFULEHG�E\�WKH�
VROXWLRQ�RI�WKH�&DXFK\�SUREOHP�IRU�D�V\VWHP�RI�OLQHDU�RUGLQDU\�
GLIIHUHQWLDO�HTXDWLRQV���������
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KHUH� ��W&L
�� FRQFHQWUDWLRQ� RI� FRPSRQHQWV�Ⱥ�� ȼ�� ɋ�� '� DW� WKH�

WLPH�PRPHQW� W �� LN ���UDWH�FRQVWDQWV�RI�WKH�LQGLYLGXDO�UHDFWLRQ�

VWDJHV���DQG����

6FKHPH�RI�WKH�WZR�FRPSDUWPHQW�PRGHO�ZLWK�DEVRUSWLRQ�

2Q�WKH�EDVLV�RI�GLIIHUHQWLDO�HTXDWLRQV�������ZLWK�WKH�DERYH�
PHQWLRQHG� LQLWLDO� FRQGLWLRQV�� WKH� GHVLUHG� GHSHQGHQFH�

����� WIW&  ���WKH�G\QDPLFV�RI�WKH�FKDQJH�LQ�WKH�FRQFHQWUDWLRQ�

RI�FRPSRQHQW�%�FDQ�EH�UHSUHVHQWHG�LQ�WKH�IRUP�RI�HTXDWLRQ����
>����@�
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3ODFH�RI�GUXJ�
LQMHFWLRQ
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�

(OLPLQDWLRQ
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7KH�,(((���WK�,QWHUQDWLRQDO�&RQIHUHQFH�RQ�$SSOLFDWLRQ�RI�,QIRUPDWLRQ�DQG�&RPPXQLFDWLRQ�7HFKQRORJLHV���$,&7�����

�������,((( �� ������2FW��������$OPDW\��.D]DNKVWDQ



7KH� VROXWLRQ� RI� WKH� GLUHFW� SUREOHP� LQ� WKLV� FDVH� LV� QRW�
GLIILFXOW�� ,Q� )LJ��� SUHVHQWHG� FDOFXODWHG� YDOXHV� RI� WKH�
FRQFHQWUDWLRQ�RI� VXEVWDQFH�%� IRU� WKH�JLYHQ�YDOXHV�RI� UHDFWLRQ�

UDWH�FRQVWDQWV� LN �DQG�LWV�LQLWLDO�FRQFHQWUDWLRQ�HTXDO�WR�����
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)LJ�����'HSHQGHQFLHV�RI�FRQFHQWUDWLRQ ��� W& RQ�WLPH�IRU�YDOXHV��

���������� �����      NNNN& �

,,,� 0$7(5,$/6�$1'�0(7+2'6

7KH�LQYHUVH�SUREOHP�LV�WKH�FDOFXODWLRQ�RI�WKH�TXDQWLWLHV�
LN

DQG�
�& � RQ� WKH�EDVLV� RI� VRPH� VHW� RI�PHDVXUHG�YDOXHV�

L&�
� DW

WKH� WLPH�PRPHQW�
LW �� LQ� FRPSDULVRQ� WR� WKH� VWUDLJKW� RQH�� LV� D�

PXFK� PRUH� FRPSOLFDWHG� SUREOHP� >�@�� 7R� VROYH� LW�� HTXDWLRQ�
�����LV�SUHVHQWHG�LQ�WKH�IROORZLQJ�IRUP�������

WWWFDOF H/H/H/W& ���
���� �� HHH ��� �� �����

&RHIILFLHQWV� L/ �DQG� LH �RI�WKLV�HTXDWLRQ�DUH�UHODWHG�DV�IROORZV��

����  �� /// �� �����

��� HHH zz �� �����

�������� ��� !!! HHH �����

7DNLQJ� LQWR� DFFRXQW� HTXDOLW\� ������ WKH� WRWDO� QXPEHU� RI�
XQNQRZQV� LQ� HTXDWLRQ� ����� GHFUHDVHV� XQWLO� ��� 9DOXHV� RI�

����� ������ HHH// � ZHUH� IRXQG� E\� WKH� PHWKRG� RI� OHDVW�

VTXDUHV��

� � PLQ����
�

�
H[S
� o�¦

L
L

FDOF
L W&W&

ZKHUH� ��H[S
� LW& � �� WKH� FRQFHQWUDWLRQV� IRXQG� H[SHULPHQWDOO\��

��� L
FDOF W& ���WKHLU�FDOFXODWHG�YDOXHV��

$IWHU� GHWHUPLQLQJ� WKH� YDOXHV� L/ � DQG� LH � VHYHUDO� RSWLRQV�

IRU� DVVLJQLQJ� YDOXHV� ��� HHH zz � IRU� ��� �� NOO � ZHUH

FRQVLGHUHG��7DNLQJ�LQWR�DFFRXQW�WKH�FRQMXJDF\�RI�WKH�URRWV� �O
DQG� �O � �� OO ! ��� DQG� VDPSOLQJ� WZR� RI� WKUHH ��� ���� HHH
SRVVLEOH��ZH�FDQ�REWDLQ�WKH�IROORZLQJ�FDVHV��

��� �� HO  � �� HO  �� �� H N � ����

��� �� HO  � �� HO  �� �� H N � ����

��� �� HO  � �� HO  �� �� H N � ����

)XUWKHU�� XVLQJ� HTXDWLRQV� �������� WR� FDOFXODWH� WKH�

FRHIILFLHQWV L$ ��ZH�REWDLQ�WKH�V\VWHPV�RI�HTXDWLRQV�����������

���������� DQG� ���������� IRU� FDOFXODWLQJ�
L/� �

L/�
� L/�

�� ���� L
UHVSHFWLYHO\��
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6LQFH�IRU�FRQVWDQWV� L/ WKHUH�DUH�RQO\�YDOXHV� �/ �� �/ �� �/ ��

WKHQ� WKH� DERYH� V\VWHPV� RI� HTXDWLRQV� FDQ� EH� UHGXFHG� WR� WKH�
IROORZLQJ��
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,W� IROORZV� WKDW� WKH� LQLWLDO� FRQFHQWUDWLRQV� IRU� WKH� WKUHH�
YDULDQWV�DUH�UHODWHG�WR�HDFK�RWKHU�E\�HTXDOLW\��
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� HHH &&&   �����

)URP� WKH� HTXDWLRQ� IRU� FDOFXODWLQJ� WKH� UDWH� FRQVWDQWV� �N
������ LW� LV� FOHDU� WKDW� LQ� WKH� UHDOL]DWLRQ� RI� DQ\� RI� WKH� WKUHH�
YDULDQWV����������LWV�PDJQLWXGH�UHPDLQV�FRQVWDQW��
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7KLV� OHDGV� WR� D� YHU\� LPSRUWDQW� FRQFOXVLRQ� LQ� D� SUDFWLFDO�

VHQVH�� �N �FDQ�VHUYH�DV�WKH�PDLQ�FULWHULRQ�IRU�WKH�VHOHFWLRQ�RI�

ZHOO�IRXQGHG� VROXWLRQV� GHVFULELQJ� WKH� LQYHVWLJDWLQJ� VHW� RI�

SRLQWV� W& �� � IRU� PHDVXUHG� VROXWLRQ�� 7R� MXVWLI\� WKLV�

FRQFOXVLRQ��OHW�XV�UHWXUQ�WR�HTXDWLRQV����������

)RU� �� !N �ZH�REWDLQ�WKH�IROORZLQJ�LQHTXDOLW\��

���� NN �!� OO � �����

7KHQ��IURP�WKH�HTXDWLRQ������ZH�FDQ�ILQG� �N ��

���� � NN OO �����

DQG�VXEVWLWXWLQJ� LW� LQ� ������ZH�REWDLQ�D� QHZ� LQHTXDOLW\�RI� WKH�
IRUP��

��� �����
�

� ���� OOOO NN �� �����

7KH� VROXWLRQ� RI� WKH� ODVW� LQHTXDOLW\� FDQ� EH� UHSUHVHQWHG� LQ�
WKLV�IRUP��

��� ��� OO�N �� �����

7KLV�PHDQV�WKDW�WKH�UHDFWLRQ�UDWH�FRQVWDQW����� �� !N �ZLOO�

EH�SRVLWLYH�RQO\�LI�WKH�FRPSXWHG�YDOXH� �N �ZLOO�EH�EHWZHHQ�WKH�

URRWV� �O DQG �O �

2WKHUZLVH��LW�ZLOO�WDNH�D�QHJDWLYH�YDOXH��,W�VKRXOG�EH�QRWHG�
WKDW� LQHTXDOLW\������DOVR�KROGV� LQ� WKLV�FDVH��)RU� WKH�FRPSXWHG�

YDOXHV� LH �� FRQQHFWHG� E\� LQHTXDOLW\� ������ ZH� ILQG� WKHLU�

7KH�,(((���WK�,QWHUQDWLRQDO�&RQIHUHQFH�RQ�$SSOLFDWLRQ�RI�,QIRUPDWLRQ�DQG�&RPPXQLFDWLRQ�7HFKQRORJLHV���$,&7�����

�������,((( �� ������2FW��������$OPDW\��.D]DNKVWDQ



PD[LPXP��� PD[H �DQG�PLQLPXP��� PLQH �PHDQLQJV��1RZ��RQH�

RI�WKH�WKUHH�YDOXHV� LH ��H ��EHORQJV�WR�WKH�VHJPHQW��

��� PD[PLQ HHH � ��

)URP�WKLV�LW� LV�QRW�GLIILFXOW� WR�VHH� WKDW� IRU� �N WZR�YDULDQWV�

FDQ�EH�UHDOL]HG��

��� PLQ� HH�N �DQG� ��� PD[� HH�N ��

7KXV�� WKH� WRWDO� QXPEHU�RI� VROXWLRQV� IRU� HTXDWLRQ� ����� FDQ�
EH� HTXDO� WR� WKUHH�� 3URRI� RI� WKH� IDFW� WKDW� WKH� GHSHQGHQFH�

����� WIW&  �FDQ�EH�VLPXOWDQHRXVO\�GHVFULEHG�E\�WKUHH�VHWV�

RI� YDOXHV� LN � DQG� �& Q6 IXQFWLRQV� DQG� /DSODFH� WUDQVIRUPV�

ZHUH�XVHG��

2ULJLQDOO\�� Q6 GHQRWHV� GHILQLWH� LQWHJUDOV�� FDOOHG� WKH�

/DSODFH�WUDQVIRUPV��
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+HUH� Q � �� FDQ� EH� DQ\� UHDO� QXPEHU�� EXW� IRU� FRQYHQLHQFH�
WKHUH�ZHUH�WDNHQ�LQWHJHU�YDOXHV��

6LQFH� LQ� WKH� VROXWLRQ� RI� WKH� LQYHUVH� SUREOHP� IRU� HTXDWLRQ�
����� RU� ����� LW� LV� QHFHVVDU\� WR� GHWHUPLQH� WKH� YDOXHV� RI� ILYH�
XQNQRZQV��ZH�FDQ�FRQILQH�RXUVHOYHV�WR�ILYH�HTXDWLRQV��
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ZKHUH�
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7KHQ��E\�LQWURGXFLQJ�QHZ�QRWDWLRQ��
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$QG�VROYLQJ�WKH�V\VWHP�RI�HTXDWLRQV������DQG�WDNLQJ�LQWR�

DFFRXQW�WKDW� [LL %[  �ZH�GHILQH�VXFFHVVLYHO\�DOO�YDOXHV� L% ��
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)XUWKHU�� VXEVWLWXWLQJ� [LL %[  � LQWR�HTXDWLRQ� �����ZH�REWDLQ�

WKH�FXELF�HTXDWLRQ������
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7KH� URRWV�RI�ZKLFK�DUH� IRXQG�XVLQJ� WKH�&DUGDQR� IRUPXOD��
7KH� QRQOLQHDU� HTXDWLRQ� ����� FDQ� EH� VROYHG� E\� D� YDULHW\� RI�
GLIIHUHQW�QXPHULFDO�PHWKRGV��ZH�FKRVH�WKH�VLPSOHVW�RI�WKHP� ��

1HZWRQ
V�PHWKRG��7KH�DOJRULWKP�IRU�ILQGLQJ�WKUHH�YDOXHV� L[ �LV�

VLPSOH��)LUVW��XVLQJ�1HZWRQ
V�PHWKRG��ZH�GHWHUPLQH�WKH�YDOXH�

�[ ��DQG�WKHQ�XVLQJ�HTXDOLW\��

������ ���� FED[DED[[GF[E[D[ ������ ��� [[[[ ������

DQG�VROYLQJ�WKH�TXDGUDWLF�HTXDWLRQ��

��� ��  ����� FED[DED[ [[[ �����

:H�ILQG�WKH�UHPDLQLQJ�WZR�VROXWLRQV� �[ �DQG� �[ ��

7KXV��LW�IROORZV�IURP�WKH�DERYH�SURRI�WKDW�IRU�WKH�PHDVXUHG�

VROXWLRQV� RI� ��� W& � DQG� WKH� LQLWLDO� FRQGLWLRQ� �����  & ��

7KHUH�DUH�WKUHH�VHWV�RI�ILYH�SHUPDQHQW� ����� ���� NNNN& �IRU�
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7KLV�IDFW�DOVR�VHUYHV�DV�D�FULWHULRQ�IRU�WKH�FRUUHFWQHVV�RI�WKH�
SURSRVHG� PDWKHPDWLFDO� DSSDUDWXV� DQG� WKH� FDOFXODWLRQV�
SHUIRUPHG�� ,Q� DGGLWLRQ�� WKH� UHVXOWV� RI� WKH� VWXG\� FRPSOHWHO\�
FRQILUP� WKH� UHOLDELOLW\�RI� WKH�GDWD�REWDLQHG�HDUOLHU��ZKHUH� WKH�
SURRI� RI� WKH� QRQ�XQLTXHQHVV� RI� WKH� VROXWLRQ� IRU� WKH� LQYHUVH�
SUREOHP�ZDV�REWDLQHG�LQ�D�GLIIHUHQW�ZD\�>����@��

'XULQJ�WKH�VROXWLRQ�RI�LQYHUVH�SUREOHP�IURP�H[SHULPHQWDO�

GDWD�� W& �� LV� FRPSOLFDWHG� E\� WKH� IDFW� WKDW� WKH� LQVWDELOLW\� LV�

DGGHG� WR� WKH� SUREOHP� RI� QRQXQLTXHQHVV� RI� WKH� VROXWLRQ�� 7KH�
SUREOHP�RI�LQFRUUHFWQHVV�RI�WKH�LQYHUVH�SUREOHP��FDXVHG�E\�WKH�
LQVWDELOLW\�RI� LWV�VROXWLRQ�� LV�RQH�RI� WKH�PDLQ�SUREOHPV� LQ� WKLV�
ILHOG� RI� NQRZOHGJH�� ,WV� VHYHULW\� FDQ� EH� UHGXFHG� E\� WKH�
FRQWLQXRXV� LPSURYHPHQW�RI� WKH�RSWLPL]DWLRQ�SURFHGXUHV�XVHG�
DQG� WKH� TXDOLW\� RI� WKH� H[SHULPHQW��+RZHYHU�� FRPSOHWHO\� WKLV�
SUREOHP�FDQ�QRW�EH�VROYHG�LQ�SULQFLSOH���
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7R� FODULI\� WKH� VWDELOLW\� RI� ILQGLQJ� WKH� FRHIILFLHQWV� RI� WKH�
PRGHO� RI� SKDUPDFRNLQHWLFV�� H[SHULPHQWDO� YDOXHV� RI� WKH�
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IRU� YDOXHV� ����������� �����      NNNN& �� ZLWK�

D�PLQLPXP�DEVROXWH�HUURU�LQ�����

)LJ�����5HVXOWV�RI�D�QXPHULFDO�H[SHULPHQW��FRQILUPLQJ�WKH�H[LVWHQFH�RI�WKUHH�
VROXWLRQV�IRU�WKH�HTXDWLRQV������DQG�UHVSHFWLYHO\������

8VLQJ� WKH� SURYHQ� PHWKRGV� RI� VROYLQJ� LQYHUVH� SUREOHPV��
XQNQRZQ� SDUDPHWHUV� IRU� WKH� JLYHQ� H[SHULPHQWDO� GDWD� ZHUH�
IRXQG��8QIRUWXQDWHO\�� WKH�IRXQG�SDUDPHWHUV�DUH�YHU\�GLIIHUHQW�
IURP� WKH� PRGHO� SDUDPHWHUV�� :H� FDQ� PDNH� VXUH� WR� VHH� WKH�
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IRXQG�XVLQJ�QXPHULFDO�PHWKRGV��
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+HUH� ZH� FDQ� VHH� D� JRRG� FRLQFLGHQFH� IRU� WKH� FHQWUDO�
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ZLWK� DEVRUSWLRQ�� )RU� WKH� VHFRQG� FKDPEHU�� WKH� FRQFHQWUDWLRQ�
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�,W� FDQ� EH� VHHQ� IURP� WKH� ILJXUH� WKDW� WKH� FRQFHQWUDWLRQ�
FXUYHV� RI� WKH� SUHSDUDWLRQ� LQ� WKH� SHULSKHUDO� FKDPEHU� E\�
TXDQWLWDWLYH� YDOXHV� DUH� DOPRVW� WZR� WLPHV� GLIIHUHQW� IURP� WKH�
PRGHO�SUHVHW�YDOXHV��UHG�FXUYH����

,Q�WKH�OLWHUDWXUH��WKHUH�DUH�PDQ\�H[DPSOHV�RI�WKH�DQDO\VLV�RI�
SKDUPDFRNLQHWLF� GDWD� >���@�� $� PRGHO� LV� FRQVWUXFWHG� IRU� D�
SDUWLFXODU� SURFHVV�� (TXDWLRQV� GHVFULELQJ� WKH� FRUUHVSRQGLQJ�
PRGHO�DUH�JLYHQ��7KHUH�XVHG� WKH�OHDVW�VTXDUHV�PHWKRG��/60��
IRU� GHWHUPLQLQJ� WKH� SDUDPHWHUV� LQYROYHG� LQ� WKH� PRGHO�
HTXDWLRQV�� EXW� RIWHQ� SRRUO\� RU� GR� QRW� SD\� DWWHQWLRQ� WR� WKH�
HVWLPDWHG�VWDWLVWLFDO�YDOXH��
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LQWUDYDVFXODU� LQMHFWLRQ� LV� FRQVLGHUHG�� 7KH� FKDQJH� LQ� WKH�
FRQFHQWUDWLRQ� RI� GUXJV� LQ� WKH� EORRG� LV� GHVFULEHG� E\� WKH�
HTXDWLRQ�������
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VHYHUDO�QXPHULFDO�PHWKRGV�

$Q�DQDO\WLF�SURRI�RI�WKH�H[LVWHQFH�RI�WKUHH�VROXWLRQV�LQ�WKH�
VROXWLRQ� RI� WKH� LQYHUVH� SUREOHP� IRU� HTXDWLRQ� ����� DQG� WKH�
UHSUHVHQWDWLRQ� RI� WKH� DOJRULWKP� IRU� WKHLU� ILQGLQJ� DUH� JLYHQ� LQ�
WKLV�SDSHU��7KH� WKHRUHWLFDO�SURRI�RI� WKH�QRQXQLTXHQHVV�RI� WKH�
VROXWLRQ�LV�FRQILUPHG�E\�QXPHULFDO�FDOFXODWLRQV�>����@�

,Q�WKH�QXPHULFDO�VROXWLRQ�RI������RQH�FDQ�ILQG�RQH�VROXWLRQ�
IRU� HTXDWLRQ� ������ 7KH� UHPDLQLQJ� WZR� VROXWLRQV� FDQ� EH�
GHWHUPLQHG� ZLWK� WKH� KHOS� RI� WKH� VROXWLRQ� IRXQG��
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)RU�WKH�QXPHULFDO� LPSOHPHQWDWLRQ�RI�WKH�DERYH�DOJRULWKP��

WKHUH�LV�QR�FRPSOLFDWLRQ��&RQGLWLRQ �� N�O UHGXFHV�WKH�SODQH

RI� UHVHDUFK� WZLFH�� 7R� VROYH� WKH� WKLUG� SRLQW�� ZH� FDQ� XVH�
QXPHULFDO� PHWKRGV� IRU� VROYLQJ� D� V\VWHP� RI� WZR� QRQOLQHDU�
HTXDWLRQV�

:KHQ VROYLQJ WKH LQYHUVH SUREOHP IURP H[SHULPHQWDO GDWD

W& �� LV�FRPSOLFDWHG�E\�WKH�IDFW�WKDW�WKH�LQVWDELOLW\�LV�DGGHG�

WR�WKH�SUREOHP�RI�QRQXQLTXHQHVV�RI�WKH�VROXWLRQ��7KH�SUREOHP�
RI� LQFRUUHFWQHVV� RI� WKH� LQYHUVH� SUREOHP�� FDXVHG� E\� WKH�
LQVWDELOLW\�RI LWV�VROXWLRQ�� LV�RQH�RI� WKH�PDLQ�SUREOHPV� LQ� WKLV�
ILHOG� RI� NQRZOHGJH�� ,WV� VHYHULW\� FDQ� EH� UHGXFHG� E\� WKH�
FRQWLQXRXV� LPSURYHPHQW�RI� WKH�RSWLPL]DWLRQ�SURFHGXUHV�XVHG�
DQG� WKH� TXDOLW\� RI� WKH� H[SHULPHQW��+RZHYHU�� FRPSOHWHO\� WKLV�
SUREOHP�FDQ�QRW�EH�VROYHG�LQ�SULQFLSOH�

,Q� )LJ�� �� WKDW� WKH� VWDQGDUG� GHYLDWLRQ� LV� TXLWH� VDWLVIDFWRU\��
$OVR��LW�FDQ�EH�VHHQ�IURP�)LJ����WKDW�WKH�FRQFHQWUDWLRQ�FXUYHV�
RI�WKH�SUHSDUDWLRQ�LQ�WKH�SHULSKHUDO�FKDPEHU�DUH�DOPRVW�WZLFH�
DV�ODUJH�DV�WKH�PRGHO�SUHVHW��UHG�FXUYH��E\�TXDQWLWDWLYH�YDOXHV��
7KLV� VXJJHVWV� WKDW� ZH� DUH� VWLOO� IDU� IURP� ILQGLQJ� WKH�
SKDUPDFRNLQHWLF�SDUDPHWHUV�FRUUHFWO\��

$V�WKH�QXPHULFDO�UHVXOWV�VKRZ��ZKHQ�H[SRQHQWLDO�IXQFWLRQV�
DUH� XVHG�� WKHUH� FDQ� EH� IRXQG� D� VHW� RI� SKDUPDFRNLQHWLF�
SDUDPHWHUV�WKDW�YHU\�ZHOO�FKDUDFWHUL]H�WKH�JLYHQ�H[SHULPHQWDO�
GDWD��,W�FDQ�EH�VHHQ�WKDW�WKH�FRQFHQWUDWLRQ�FXUYHV�RI�WKH�FHQWUDO�
FKDPEHU�GHVFULEH�WKH�GDWD�RI�H[DFW�VROXWLRQ�WDNHQ�ZLWK�DQ�HUURU�
RI� ���� EXW� WKHUH� LV� QR� VLPLODULW\� LQ� WKH� SHULSKHUDO� FKDPEHU�
ZLWK� PRGHO� SKDUPDFRNLQHWLF� SDUDPHWHUV�� 7KH\� GLIIHU� IURP�
HDFK�RWKHU�VHYHUDO�WLPHV��7KLV�FDQ�GHILQLWHO\�LQGLFDWH�WKDW�HYHQ�
IRU� VLPSOH� OLQHDU� PRGHOV� RI� SKDUPDFRNLQHWLFV�� WKHUH� LV� QR�
VLQJOH� FRUUHFW� DOJRULWKP� IRU� GHWHUPLQLQJ� RU� ILQGLQJ� WKH�
SKDUPDFRNLQHWLF�SDUDPHWHUV��

5()(5(1&(6

>�@� %�$� 8UPDVKHY�� =K�5� 8DOLHY�� 1�$� $VPDQRYD�� 2Q� VRPH�
SUREOHPV�RI�VROYLQJ�LQYHUVH�SUREOHPV�RI�WKH�FKHPLFDO�NLQHWLFV�RI�
UHDFWLRQV� ZLWK� WKH� IRUPDWLRQ� RI� LQWHUPHGLDWH� FRPSRXQGV�� ��� ���
&RQVHFXWLYH� UHDFWLRQV� D ĺ� E� ĺ� F� ZLWK� UHYHUVLEOH� LQWHUDFWLRQ�
EļG� ��� 0DWHULDOV� RI� WKH� �WK� LQWHUQDWLRQDO� V\PSRVLXP�
�&RPEXVWLRQ�DQG�3ODVPD�&KHPLVWU\���������6HSWHPEHU�������3��
��������

>�@� %�$�� 8UPDVKHY�� =K�5�� 8DOLHY�� 1�$�� $VPDQRYD�� 2Q� VRPH�
SUREOHPV�RI�VROYLQJ�LQYHUVH�SUREOHPV�RI�WKH�FKHPLFDO�NLQHWLFV�RI�
UHDFWLRQV� ZLWK� WKH� IRUPDWLRQ� RI� LQWHUPHGLDWH� FRPSRXQGV�� ��� ���
&RQGLWLRQV� IRU� WKH� FRLQFLGHQFH� RI� WKH� FXUYHV� F�  � I� �W�� RI� WKH�
FRPSRQHQW�LQ�WKH�V\VWHPV�D�ĺ�E�ĺ�F��L��DQG�D�ĺ�E�ĺ�F��EļG�
�LL�����0DWHULDOV�RI�WKH��WK�LQWHUQDWLRQDO�V\PSRVLXP�©&RPEXVWLRQ�
DQG�3ODVPD�&KHPLVWU\ª��������6HSWHPEHU�������3����������

>�@�6�'��9DUIRORPHHY��.�*��*XUHYLFK��%LRNLQHWLFV��)DLUH�3UHVV�� �0��
����������V�

>�@�0��3��$GDP��)RXQGDWLRQV�LQ�3KDUPDFRNLQHWLFV���&RS\ULJKW�������
S�����

>�@�9�,�� <XQNHURY�� 6�*�� *ULJRULHY�� 0DWKHPDWLFR�VWDWLVWLFDO�
SURFHVVLQJ�RI�PHGLFDO�UHVHDUFK�GDWD����63E����90('$������������
S�

>�@�2�<X��5HEURYD� 6WDWLVWLFDO� DQDO\VLV� RI�PHGLFDO� GDWD��$SSOLFDWLRQ�
RI� D� SDFNDJH� RI� DSSOLHG� SURJUDPV� 67$7,67,&$��0� ���
0HGLD6IHUD�������� ����S�

>�@� :�/�� &KLRX�� &ULWLFDO� (YDOXDWLRQ� RI� WKH� 3RWHQWLDO� (UURU� LQ�
3KDUPDFRNLQHWLF� 6WXGLHV� RI� 8VLQJ� WKH� /LQHDU� 7UDSH]RLGDO� 5XOH�
0HWKRG�IRU�WKH�&DOFXODWLRQ�RI�WKH�$UHD�8QGHU�WKH�3ODVPD�/HYHO�
7LPH� &XUYH�� ��� -�� 3KDUPDFRNLQ�� %LRSKDUP��� ������ ���ʋ�� ��� �3��
���������

>�@�,�� *DLG\VKHY�� $QDO\VLV� DQG� GDWD� SURFHVVLQJ�� VSHFLDO� UHIHUHQFH�
ERRN���6W��3HWHUVEXUJ��3HWHU������������S�

>�@�6�� /HRQ�� <X�� $QGUHZ�� $SSOLHG� %LRSKDUPDFHXWLFV� DQG�
SKDUPDFRNLQHWLFV����S�����������WK�HGLWLRQ��

>��@�/� %��3HWHU�� 5�'��'DQQ\�� 3KDUPDFRNLQHWLFV� LQ� 'UXJ�
'HYHORSPHQW�� $GYDQFHV� DQG� $SSOLFDWLRQV�� YROXPH� ��� 6SULQJHU��
������S�����

>��@� '�� =�� '¶$UJHQLR�� $�� 6FKXPLW]N\�� ;�� :DQJ� $GDSW� �� XVHU¶V�
JXLGH�� 3KDUPDFRNLQHWLF�SKDUPDFRG\QDPLF� V\VWHPV� DQDO\VLV�
VRIWZDUH�� %LRPHGLFDO� 6LPXODWLRQV� 5HVRXUFH�� /RV� $QJHOHV��
������

>��@�9�,��6HUJLHQNR�5��*HOOLII��,�%��%RQGDUHYD��$SSOLHG�
SKDUPDFRNLQHWLFV��PDLQ�SURYLVLRQV�DQG�FOLQLFDO�DSSOLFDWLRQ���0�
���5$06�������������S�

>��@� 6�� $�� +LOO� 3KDUPDFRNLQHWLFV� RI� GUXJ� LQIXVLRQV�� &RQWLQXLQJ�
(GXFDWLRQ� LQ� $QDHVWKHVLD�� &ULWLFDO� &DUH� 	� 3DLQ�� �������±����
������

>��@�.�&��<HDK��.�&��.ZDQ��$�&RPSDULVRQ�RI�1XPHULFDO�,QWHJUDWLQJ�
$OJRULWKPV� E\� 7UDSH]RLGDO�� /DJUDQJH�� DQG� 6SOLQH�
$SSUR[LPDWLRQ���� -�� 3KDUPDFRNLQ�� %LRSKDUP��� ������ ���ʋ���� �
3�������

>��@� 6�,�� .DEDQLNKLQ�� '�$�9RURQRY�� 2�,�� .UÕYRURWNR�� $�$�� *UR]G��
,GHQWÕIÕWVÕUêHPRVW� GÕQDPÕFKHVNRÕ� VÕVWHP� QD� SUÕPHUH� PRGHOHÕ�
IDUPDNRNÕQHWÕNÕ� Õ� ÕPPêQRORJÕÕ��� 6ÕEÕUVNÕH� HOHNWURQQ\H�
PDWHPDWÕFKHVNÕH�Õ]YHVWÕÕD��7RP������GHNDEU��1RYRVÕEÕUVN������
J��±�6����������

>��@�6�,�� .DEDQLNKLQ�� 2�,�� .ULYRURWNR�� ,GHQWLILFDWLRQ� RI� ELRORJLFDO�
PRGHOV�GHVFULEHG�E\�V\VWHPV�RI�QRQOLQHDU�GLIIHUHQWLDO�HTXDWLRQV�
��� -RXUQDO� RI� ,QYHUVH� DQG� ,OO�3RVHG� 3UREOHPV�� 9RO�� ���� ,VV�� ���
������±�3�����������'2,����������MLLS������������

7KH�,(((���WK�,QWHUQDWLRQDO�&RQIHUHQFH�RQ�$SSOLFDWLRQ�RI�,QIRUPDWLRQ�DQG�&RPPXQLFDWLRQ�7HFKQRORJLHV���$,&7�����
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