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HELMHOLTZ EQUATION

Dairbayeva G.
Sagyndyk Y.S.
Al-Farabi Kazakh National University
Kazakhstan, Almaty
AHHOTALUA

B I[aHHOI?'I CTaTbC IIPCATIOKCH MCTOI IIPOAOJDKCHUA PCHICHUA YPABHCHHSA
FCJ'IBMFOJ'IBL[a B 30HY HCAOCTYIIHOCTH MCTOAOM, OCHOBAHHBIM Ha PCHICHHUU CIIC-
UaIbHBIM 00pa3oM chopmyaupoBaHHOM oOpaTHOM 3anaun. [IpensioxeHHbIN Me-
TOJ MO3BOJISIET "MPOCBEUMBATH" aKyCTUUECKUM CIOCOOOM pa3iuyHble OOBEKTHI.
B kaudecTBe MOJENBHBIX MPUMEPOB PACCMOTPEHBI OOBEKTHI MPAMOYTOIBHOM
dbopwmel. [Ipeanonaraercs, 4To Ha rpaHUIIe WK BHYTPU OOBEKTa pacmoyiararoTcs
H3JIydJaromias 1 ipueMHasa aHTCHHBI, 4 Ha OI[HOf/i W3 I'paHHUL] 00J1acTH UMEETCS BO3-
MOXHOCTD ITPOBOJNUTH JOIMOJHUTCIIBHBIC U3MCPCHMA. B PE3YJIbTAaTC YAACTCA BOC-
CTAaHOBHTDH 3HAUYCHHUC PCIICHHA YPABHCHUA FGHBMFOHBHa B 30HC HCAOCTYIIHOCTH.
Pemenune 3a1a49M IMPOIJOJIZKCHHA OCYIICCTBILACTCA ITYTCM 3aMCHBI 3TOU 3aa4u Ha
HEKOTOPYIO CIIEIMAIIbHYIO 00paTHYIO 3a/1a4dy. Pa3paboTaH BHIYUCIUTENBHBIN al-
TOPpHUTM PCIHICHUA 06paTHOﬁ 3aa4u Ha OCHOBE COUC€TaHUA MCTOAAd OIITUMU3AllN
U MEeTOoJa KOHEUHbIX 35eMeHToB (MKD), unciieHHble pe3yabTaThl IPUBE/ICHBI B

BU/JIE TpaHUKOB.

Abstract

In this paper, we propose a method of continuing the solution of the Helm-
holtz equation to the zone of inaccessibility by a method, which is based on the
solution of a specially formulated inverse problem. The proposed method makes
it possible to ""shine through" various objects acoustically. As the model examples,
objects of rectangular shape are considered. It is assumed that the radiating and
receiving antennas are located on the boundary or inside the object, and additional
measurements can be made on one of the boundaries of the region. As a result, it
is possible to restore the value of the solution of the Helmholtz equation in the
inaccessibility zone. The solution of the continuation problem is accomplished by
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replacing this problem with some special inverse problem. A computational algo-
rithm for solving the inverse problem is developed on the basis of a combination
of the optimization method and the finite element method (FEM), numerical re-
sults are shown in the form of graphs.

KiroueBble cJioBa. YpaBHeHHe FGHBMFOHBHa, O6paTHa51 3ajJadya, OIITUMU-
SaHI/IOHHHﬁ MCTOI, YUCJIICHHOC PCHICHHUC.

Keywords: Helmholtz equation, inverse problem, optimization method, nu-
merical solution.

OOpaTHble 337241 UTPAIOT OOJBIIYIO POJIb B MAaTEMaTHYECKOM MOJIEIIUPO-
BaHWM M MHTEPIpETAliy HAOII0IaeMbIX TaHHBIX. B maHHo# paboTte paccMarpu-
BaIOTCA MpsiMasi U 0OpaTHas 3a7a4M SIECKTPOJIUHAMUKY, KOTOPbIE BOSHUKAIOT MPU
MCCJIEIOBAHUM TTPUIIOBEPXHOCTHOM 30HBI MPU OMOIIY Fe0pagapos.

PaccmarpuBaercs nBymMepHas 3ajada B CiIydae, KOrja B UEHTPE IJIOCKOCTH
pa3MelleH HCTOYHUK CTOPOHHETO TOKA, ONMUChIBaeMbld hyHKIMEH j(X,y,t). [Ipen-
I10JIaraeTcsi, YTO AJIEKTPOMArHUTHBIE CBOMCTBA CPEbI 3aBUCAT TOJBKO OT IEpe-
MEHHBIX X H Y.

PaccmoTpum BotHOBOE ypaBHeHue B obsactu Q = Q % (0, +o0), Tie Q C =
{x:y)}:

EVy = Av — €,

rae €>0. [Iycts dyHKImu v, j¢, T0MyCcKarT pas3ieieHne MepeMEHHBIX:

v (X, y, 1) =u(x, y)T(), (X, y, 1) = (X, y)T(1),
u onoskuM T(t) = el®t,

Crenas npeobpasoBanue v = Uel®t

, TIOJIy4uM ypaBHEHHE [ epMrombIia
AU+ wiUu =1,
rie w; = £w2,
1. ITocTanoBKka 3a1aun
B o6nacts Q = [-b;b] X[~b;b],rae B ieHTpe pacnonokeH HCTOUHUK (X, Y)=(a
— |x])(@a—|y|) mpu || <a, |y| <a, paccMOTpHM Ha4aJIbHO-KPACBYIO 3a/1a4y

AU+ wiu= fi,(X,y) EQ, (1)
u(-b,y)=f(y),y € (-bb), (2)
uy (~b,y)=0,y € (-b, b), 3)
u(x,-b)=u(x,b)=0,x € (-b, b). 4)

3anava (1)-(4) sBiuseTcsi HEKOPPEKTHOM, HapuMmep, pu w, = 0 Xoporio u3-
BECTEH pumep Anamapa.

BaezieM 0603HaueHus 1y ofobnacTeii oonactu

Gi={(X,y)EQ:-b<x<-d,-b<y<b},

G,={(X,y) €Q:—-d<x<d,-b<y<b},
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Gy ={(x,y) €EQ:-a<x<aa<y<c},

G; ={(X,y) EQ:-a<x<a,—c<y<-a},

Gs = G3 U Gs,

Go={(X,Y)€EQ:d<x<b,—-b<y<b}.

3pech G, G3 ABISAIOTCS aHTEHHAMM.

JludnekTprdeckass MPOHMIIAEMOCTh B AaHTECHHAX NPUHUMACT CJICTYIONTHE
3HAUYCHHS

g1, ecau (z,y) € Gg,
=4 &9, ecau (x,y) € Go\Gj3,
es, ecau (x,y) € G| Ga.

Ha pemenue 3amaun (1)-(4) HaJIOKUM YCIIOBHUS CKIICHKH

gy (@-0,y)=&u, (@+0,y),y€[ac]u[c,a],

EqUy (_a -0, y) = E1Uy (_a + OaY)a YE [a1 C] U [—c, a], (5)

E1Uy (X,¢—0)=¢&yu, (X,c+0), X E[a,a],

U, (X, -C-0) = &gu, (X,-c+0), X € [-a, a].

3Uy (~d - 0,Y) = &u, (-d +0,y), y € [-b, b],

&y, (d-0,y) = &u, (d+0,y),y € [-b, b],

2. Cenenue ucxoanoi 3agauu (1)-(4) k oOpaTHoii 3agaye

[Tokaxkem, uTo perieHue ucciaeayemoi 3amauu (1)-(4) MOKHO CBECTH K pe-
HIEHUIO0 0OpaTHOM 3aJlayM MO OTHOIIEHHIO K HEKOTOPOU MpsAMON (KOPPEKTHOM)
3aymaye. B kauecTBe npsiMoit 3aaun OyieM paccMaTpuBaTh CIAEAYIONIYIO

Au+wiu=fi, (X, y) €EQ, (6)
Uy (-b,y) =0,y € (-b, b), (7)
u(b,y)=q(y),y € (-b, b), (8)
u (x, —b)=u(x,b)=0,x € (-b, b). 9)

B 3amaue (6)-(9) no 3aganHoli GpyHKUMM (| HAAO ONPENeTuTh QYHKIUIO U B
Q. Jlanum omnpeeneHrue 0000IIEHHOTO pelieHus mpsamMoit 3aaaqn (6)-(9).

Onpenenenne 1. @ynkiuio U U € W,H(Q) GyaeM Has3biBaTh 0000LIEHHBIM
peleHneM npsamMoii 3agaun (6)-(9), ecau a1 mo6bIx VE U € WH(Q) , Takux 4to

v(b,y) =0,y €(-b, b), (10)
v(X, —b) =v(x,b) =0, X E(-b, b) (11)

HMCCT MCCTO PAaBCHCTBO
fﬂ VUVVdQ+]1+]2+]3+]4+CO1fQ ude:fQ flde’ (12)

371€Ch
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Ji =K [° uy(x,a=0) v (x,a) dx — Ky [© uy(x,-a+ 0) v (x-a)dx, (13)
J2 = K; [Juy(a0,y) v(a,y) dy — K, [ u(-a+0,y) v (-a,y) dy +

+ K, [ uy(x, c-0) v (x, ¢) dx, (14)
Js =K, [ up(a0,y)v(ay)dy - K, [ u,-a+0,y)v(-ay)dy-
— K, [ uy(x,-c+0) v (X, - ©) dx, (15)

Jo=Ks [7 ur-d=0,y) v (-d,y) dx = K3 [, w,(d +0,y) v (d, y) dy, (16)

E2—E&3

E1—E& Er—E&E
ek, = 22 K, = 221 K, =
1 2 3
&1 &2 &2

OO6paTHas 3amada K npsaMmout 3agade (6)-(9) 3axirouaercst B ONpeaeIeHUun
(GyHKUIHU MO JOTOJIHUTENBHOU HH(OpMauu

u(—b, y)=1(y),y € (-b, b). (17)
Bgenem oneparop

A:q(y) = u(-h,y) (18)

rie u (X, y) - pemenue npsamoit 3agauu (6)-(9). Torga o6paTHyto 3anaqy (6)-
(9), (17) moxHO 3ammcaTh B OIepaToOpHOM hopme

Ag=f. (19)

Jlnst perienust oOpaTtHoit 3amayuu (19) paccMOTpUM CONPSHKEHHYIO 3a7ady K
npsiMoii 3agaue (6)-(9)

A+ wp =11, (X y) € Q, (20)
Uy b, y) = uly), y € (-b, b), (21)
Y (b,y) =0,y € (-b,b), (22)
Yx, —b)=¢(X,b) =0, X € (-b, b). (23)

Onpenenenve 1. Oynkuuio P € WH(Q) 6ynem Ha3bIBaTh 0600OIEHHBIM pe-
meHueM conpskenHoi 3anaun (1.3.20)-(1.3.23), ecnu aus mo6six vE WAH(Q)
TaKuX 4TO

v(b,y) =0,y €(-b, b), (24)
v(x, b)=v (x,b) =0, x € (—b,b) (25)

HMCCT MCCTO PAaBCHCTBO
b
Jo VWWAQ-[" u()v(=b,y)dy+Li+ I, + I3 + I, + w; [, YvdQ=[ f; vdQ (26)
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3neck Iy I I3, 1, iMeroT Takoi ke Bux, Kak /1 J, J3,]4 B (13)-(15) cooTBer-
CTBEHHO, TOJILKO BMECTO (hYHKIIMH U HAZO B3ATH Y.

3. UncjeHHOe pelieHue 00paTHOM 3a1a4u

Jlnst perieHust oOpaTHON 3a/1a4l UCTIOIB3YIOTCS ONTUMU3AIMOHHBIN METOJ]
JlangseOepa [1, c. 7] u MKD [2, ¢.7].

[IpuBeneM BHIYMCIUTENBHBIN aNTOPUTM pelieHus: o0paTHoi 3agauu (19).

1. 3agagum HavanbHOE TIpuOIKeHue Jg.

2. llpenmonoxum uto 0, W3BECTHO, TO HaX0aUM 0000ITICHHOE pereHue U,
PSAMOM 33724l METOJOM KOHEUHBIX 3JICMEHTOB.
3. Pemaem cOmNpsKEHHYIO 3a7adqy METOJOM KOHEUHBIX AJIEMEHTOB, KOT/Ia

) = 2(0,(=0,Y) = 1(Y)), naxomam pemenne ¥, (X.Y).
4. Bporuucnsiem 3HaYeHue (QyHKUMOHANA  J(q,)=|Aq, — f|] Ecimn

Ly(-b,b)"
GyHKITHOHAT J(qn) HE JIOCTATOYHO MaJl, TO BBIYUCIISIEM TPAAUCHT (QyHKIIMOHATIA
N o —
J qn - l//nx(bl y)

5. BerumcisieM ciefyromiee npubmmkerne Uy =0, —a J0,.

YucneHHbIe pacyeTnl IIPOBEACHHBI JJIs JaHHBIX:
a=0,01 b=3,¢c=04, d=1,5.

[TpuBenem rpadudeckue pe3yabTaThl MPU CICAYIOMUX CITyJasX:

l. =001 w=1

Pucynox 9.5 - Tounoe pewenue
npAMOU 3a0a4u

Pucynok 9.6 - Hauanvnoe
RNUOUdCEHUE PelleHUsl NPAMOU 3a0adu

npu 4=0,
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Pucynox 9.7 — [pubausicennoe Pucynox 9.8 — [Ipubusicennoe
peuuenue npsamou 3a0aiu peuuenue oopamHoll 3a0ayu

gt ey AT A e gy i
0 50 100 150 200

Pucynox 9.9 - Hesszka obpamuoti 3a0auu
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