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Benrineyiep

Oky KypaJblHIa Ke3/IeCeTiH MaTeMATUKAJBIK, Oe/Iriaeyiep, KBaHTOpIap:

x = (r1, 22, ..., Ty) — HYKTE, KEHICTIKTIK aifHbIMAJIBI,

t — yakKpbIT, YaKbITTBIK afiHbIMAJIbI,

u (z,t) — i3pemini mrernrim,

N={1,2,3,...} —narypasu canjgap »KUbIHbI,
Z={0,£1,42,...} — Gyrin cangap >KUbIHBI,

R = (—00, +00) — 6apJ/IblK HAKTHI CAHJAD YKUBIHBI,
R"™ — n emmemal eBKIWM, KeHICTIr,

) — KeHiCTIKTIK aifHbIMAaJIbI OOUBIHIIIA 0DJIBIC,

02 = S — §) 0OJIBICBIHBIH IIIEKAPACHI,

Qr = Q x [0,T] — numHApIK 06IbIC,

77 — 0f) 6eTKe TYPFBI3BLIFAH CHIPTKBI HOPMAJb,

" 9%u
Ay = —— — Jlamnac onepatopsr,
P oz,
ou ou
Vu=|-—,...,5— | — 'PaJueHT oneparopsl,
o0x1 oxy,

YV — Ke3 KeJireH, OApJIbIK,.

d — rabwrmaasr, 6ap 60Ia k.
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Anrbl ce3

KenTerer MexaHMKaJBIK, (PUINKAJIBIK K9HE T.0. KYOBLIBICTAPIBI
MaTeMAaTHKAJIBIK, TYPFbIIa 3epTTEY d1eTTe JepOec TYBIHIALLIb AuddhepeHnualiIbK,
TeHJIeyJIep YIINiH KOWBLIFAH ecenTep/i Imienryre ymracaibl. MyHAa#l ecenrepi
IIIEITy, SIPHU IIeNNMiHiH 6ap 601y, KaJIrbl3 00JIy KoHE OPHBIKTEI DOJIy MacesieIepin
3epTTey OChl MaTEeMATUKAJIBIK (bU3UKa TeHJeyJIepi MoHiHiH Heri3ri obbekTizepi
OOMIBITT  TAOBLIAIHL. COHIBIKTAH Jla MaTeMaTUKAJbIK (U3NKa TeHIeyIepi
moHi — emimizain 2KOO-HBIH MaTeMaTHKa, MEXaHHKa, MaTEeMATHUKAJBIK, KoHe
KOMITBIOTEPJ/IK  MOJIEJIJIEY MAMAHIBIKTAPBIHBIH, OKY OargapsaMaJiapblHIarbl
MIHIETTI TYpJie OKBITBLIATHIH IOHIEPIiH Oipi 60JIbIIT TaObLIaIbI.

OKy KypaJibl aBTOP/IbIH OyFaH JeiliH *KapbIK KOPIeH MaTEMATUKAJIBIK, (DI3HKA
TEHJIEYJIEpI aTThl OKY KYPAJbIHBIH KalTa ©HJereH »KoHe ©3IHJIK KYMBICTAPD
JKUHAFbIMEH TOJIBIKTBIPBIIFAH eKiHIM 0achbLIbIMBI OOJIMAK.

OKy KypaJ/IbIHBIH, Ma3MYHBI aTajfaH MaMaHJIBIKTAPIBIH, MEMJIEKETTIK
craHgapThl IneHbepinge, aBropiabiH, Abaii arbigarbl KasYIIV-ma, on-Papabu
aTpiagarsl KazY Y-1a oKbII KeJle »KaTKaH JopicTepl MeH XKYPTri3reH CeMUHAPJIBIK,
cabaKTapbIHBIH, MaTepHUAJIIAPbl HETI31H/IE KA3BLIJIBI.

Kiranta maremarwkasnblk (pU3MKaHBIH HEri3ri TeHgeysepi: mapabosiasbIk,
TUITI TEHIEYJIEPAeH XKBLIYOTKI3TIIMTIK, IMIepOOIaIblK, TUIITEH TOJKBIHIBIK, aJ
syummrcTik Tunted Jlamrac, [lyaccon Tereysiepi »koHe oyiapra KOWbLIATHIH HEri3ri
ecenrrep: Kormm ecebi, merTik ecell, 0aCTalKbI-IIETTIK ecenTepi KapaCcThIPbLIAIbL.
Conbiven Karap Dypbe oici, cHUIATTAYBINITAP, YKAJFACTBIPY, MOTEHIHAJIIAD,
I'pun QGYHKIUACHIH KYpy >KOHE HMHTErPAJIbIK TYPJIEHIIpYJIep CBhIHILI Herisri
KJIACCUKAJIBIK OJIICTEP TYCIHIPLIII, OJapbl KOJIJIAHBII >KOFapbIIarbl aTajiFaH
ecenTepi IIENIyIiH THIMII KOJIapbl Kepceriiemi. Auaiiga, MaTeMaTHKAJIbIK,
dbusnKa KypCbIHBIH OapJjblK TaKbIPBIITAPBl TOJBIK KAMTBLIIBI Jlel  afiTa
aJIMaliMBbIH.

OKy KypaJIbIHBIH, KYPBLIBIMBL: 9pOip TaKbIPBIIKA KATHLICTHI aHbBIKTaMaJjIap MEH
TY2KBIPBIM/IAP, HETI3r1 9/1icTep ChIHIBI KHICKAIA TEOPHUSIILIK TYCIHIKTED OepyMeH
JKOHE COHBIHAH MBICAJIIAP AapKbIIbl HAKTBHI €CenTepii IIelry, KOMIIbIOTEPJIK
Garmap/iaMajap KeMeriMen merriMaie, rpaduria kepyre Jaeilin TyCiHIipy Herisinae
KypacTeIpbuiibl. OKbIPMAHHBIH aJiFaH OUNMIEPIH KAJBIITACTBIPYBI YVIIH 9pOip
TAKBIPBIIT COHBIHJIA KATTBHIFY €CEeNTepl KoHE OPKAMCHICHI 25 ecelTeH TypaThiH
20 HYCKAJIBIK, €CcerrTep »KUHAFBI YKoHe OJIapIblH 2KayanTapbl YCBIHBLIALL. OKy
KYPaJIbIHIAFbI €CeNTeP MEH YKATTBIFYJIAPIbl KYPaCThIPyIa OipiiamMa »KaHa ecerntep
KYPaCTBIPBIYMEH KaTap OnbanorpadusijiblK TisiMae KOPCETIAreH KOIlTereH
o/1ebneTTeP/IEH ecenTep aJbIHBII KOJIIaHbLIIb.

Oky KypaJblHAa KATBICTBI OKBIPMAHJIAPJBIH CBIH, OW-miKipjepi OoJica,
aBTOP TYCIHICTIKIIEH, PUBAMIBLIBIKIEH KaObLIIaiabpl koHe konat_kQmail.ru
JIEKTPOHJIBIK, IOYTACHI aPKBLIbI YKOJJIAYBIH CYPaijIbI.

ABTOD
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1 Bbeaim

Jlepbec TybIHIbLIbI
andpdepeHiuaIblK TeHaeyJaep

1.1 Ekinmr perti gepbec  TYBIHIBLIBI
anddepeHINAJIALIK, TeHaeyJaep. TuiriH aHBIKTay
2KoHe KaHOHBIK TYypre KeJTipy

1.1.1. Herisri yreIMaap MeH aHbIKTaMaJiap

Ajiransik, 2 —n enmemai R™ Epkiun keHicririaaeri KaHaia 6ip obJbic, T =
(z1,22, ..., Tpn) — €2 OOJIBICBIH/IA YKATATHIH K€3 KEJINEH HYKTE, 1 U (L1, L2, ..., Tp) —
ocbl ) OOJIBICHIHA AHBIKTAJFaH (DYHKIUS OOJICHIH.

Amnbikrama 1.1.1. z1,29,...,&, Moyeasci3 alHLMAABAAGPYIH, 130eAiH0]
ou ou oFu

7, seey 9 ey - - )
Oz Oxy, Ozt ...z
depbec  myviHdvaapuH  batinaHbIcBPaMB  mendeydi  depbec  mybiHIvLAGL
dugpgepernyuandor; mendey den amatiov, HCOHE OHBIH, HCAATIBL MY PIH KbICKAULD,

W (T1, 22, .oy Tp)  PYHKUUACHIH — OHCOHE  OMOBIN

ou oFu
F Tly.e-Lpy, U, At A T o =0 (111)
Ozy”  Jaft..ay
mendiei mypinde oicazado.. Myndaev, F (1, ...,u, Uy, ,...) beazini Gynxyus orcone
ok . .
OMbIH, —  H0UBHWA MYbHIDAGDVIHBIY, eH, boamazanda 6ipeyi Hosze mew

% 2
Oxi'..xn

emec, i1 +1i9 + ... + 1, = k.

Amnpikrama 1.1.2. Tendeyee wamowcamoin u (x1, T2, ..., Tn) PYHKGUACIHOIY,
depbec MYviHOLLAGPDIHBLY, eH, Y AKEeH Pemi coa mendeydit, pemi den amanadol.

Anpikrama 1.1.3. Feep u = ¢ (x1,22,...,2y) Pynxyuacor (1.1.1)
mendeydivy,  Q  —  Oepiay  obavicvinda  03iHiY,  mendeyee  KAMBLCAMbLH
bap ALK, depbec MYdHIBLAAPOLMEN bipee y3iniccia boaca oHCoHe
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mendeydi mene-mendikke atinardvpca, onda u = @ (L1, T2, ..., Tn) GYHKGUACHLH
(1.1.1)  depbec  myvindouive  Judeperyuandor; — mendeydity — KAACCUKANBIK
(pezyaapavik) wewimi den amatiov.

k

Awubikrama 1.1.4. Feep (1.1.1) mendeydezi F dyrryusco o7 0 <

wll...:p%"’
k < m mypdezi baprvik myviHObAGPLIHAG COBBIKMBL MaYyeadi 6oaca, onda (1.1.1)
mendey colavikmolk, merndey den amanado.

Mocesnen, m perti jepbec TybIHIbLIBL HudDepeHITnaIIbIK TeHIEY/IiH 2KaJIIIbI
TYPpIi:

Ou 0" (X1, ..y Tny)

e 1
Oy ozt ...xy

F (:L“l,...xn, U, > =0, 1 +...+i,=m

HemMece

_ OFu () . .
Lu= Z Z Qiy,...i () W =f(x), z€D, i1+..+i,=k (1.1.2)
k=01i1,..,in oedn

TYpJie 60JIaIbI.

Awunpikrama 1.1.5. Feep (1.1.2) mendeyde f(x) = 0 6oaca, onda mendey
bipmexmi, aa xepi orcazdatioa 6ipmexmi emec den amanadot.

Amnpikrama 1.1.6. Feep (1.1.1) mendeydezi F' pynxuuaco. m — pemke detiinei,

*u

AHU FyRIa 0 < k < m mypdezi 6apavik MyviHObLAGPOIHA CHI3BIKMbE MoYendi
Ty Ty

6oaca, onda (1.1.1) mendey wsazucvdvrkmor mendey den amanadov. Kanrzan

otcazdatinapda merdey CoL3bKMbLE emec den amanadvl.

Mpbicaa 1.1.1. Keaeci mendeyaepdin, pemin ocone mypin GHbKMAHbL3:

0 0
a) E (Buy — yuy) + 90 (yugy —u) — uy + 2yu = 0 — Tengeyi exinmi perri,
€z Yy
CBIBLIKTHIK, OipTekTi TeHaey. Cebebi:
Uy — YUy + Ylyg — Uyy — Uy + 29U = 3Uzy — Uyy — Uy + 2yu = 0.
0 0 . .
o) E (Buy — yuy) + EW (yuy —u) — xuy — dyu + cosz = 0 Terueyi exinmi perri,
€z Yy
CBIBLIKTBIK, OIPTEKTI eMec TEeHJIEY.

6) g (u?, + uyy) — uy2 (uy — uz) — u(uy + uy) + v = 0 Tergeyi yurinmmi perri
KBa3UCBI3BIKTHIK TEHJIEY.

B) uZ + ul — (uy — uz)? 4 2 (uy + ug) +u = 0 Tenseyi GipiHm PETTi CHI3BIKTHIK
eMec TeHJiey.
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1.1.2. Ekiunmi perrti Kem alHBIMaJBLIBI Jiepbec TYbIHAbLIbI
CBI3BIKTBIK auddepeHIIANAbIK TeHJIeyJIep. Tumin
aHBIKTAY >K9HE KaHOHJBLIK TYpre KeJITipy

Exinmi perri gepbec TybIHABLIBL AuddePEeHITUAIIBIK, TEHICYIIH YKAJIIIbI TYPi
n n
0%u ou
Lu= % —_— b; — = 1.1.3
W= D0y ) g+ Yo b ) g @) u ) = f @) (113

Typae Gomagpl.  Myngarsr agj (z), b (z), c(x) xome on xakrarel f(x)
dyHuKHsIaps! ) 06JIBICHIHIA aHBIKTAJFaH Teric, 6eariai pyaknusiap. CoHbIMEH
Karap a;; (v) koapdunenrrepi 2 0brbIcHHIA 6Ip yaKbITTa 6apILIFb! OipIeil Hosre
TeH eMec opi a;; () = aj; (z), 4,7 =1,2,..,n.

Exinnii peTrTi CBIBBIKTBHIK Jepbec TYybIHABLIBI AuddepeHTnaaabiK
TeHAeyJIePIiH TUIH aHbIKTAY

ZKorapsigarst (1.1.3) Tengeyin TUIIIH aHBIKTAY YIIIIH TOMEH/Erjieil Kajgamaap
2KacasaaIbl:

1. (1.1.3) Tengeyre coifkec OHJIAFBI AfiHBIMAJIBLIAD/IBIH, CAHBIHA KATBICTBI A;
afHBIMAJIBLIAPEI OOMBIHITIA

n

Q (A1, A2, An) = D aij (1) Ao (1.1.4)
i,j=1
KBaIPATTHIK (DOPMACHIH KYPAMBI3.
2. 9pbip GekiTinren xg = (mgo),..., TL‘%O)> € Q nmykrene (1.1.4) KBagpaTThIK
dbopmManbl anrebpa KypchlHaH besriai!l epexie emec
w1 =b11 A1 +bigdo + ... + by
p2 = ba1 A1 + bag A2 + ... + banAn

Hn = briAl + bnada + ... + bun
HEMECe MATPUTIAJIBIK, TYP/IEr
w= B\ (1.1.5)

abPuUHIIK TYPIAEHIIpYl apKbLIbI KAHOHILIK, Typre KeaTipyre 601a/ bl, AFHHT

n

Q (p1, iz, ooos fin) = Y qipti, @i € {—1,0, 1}. (1.1.6)
=1

Byn (1.1.6) kaHOHJBIK Typieri KBaaparThbik (opmanbiH, KoddbdurmenTrepi
apKpuIbl (1.1.3) Teney/in TUIIH aHBIKTAIbL.

! ChI3BIKTBI aIreBpaHbIH, 9JIeMEHTTEP] JKAKIB TEOpEMa
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Anpikrama 1.1.7. Ezep q;, i = 1,n wospduyuenmepinity, 6apivienv
Gipdett mesaze mer emec oicone bapavieve 6ip marbasv, 6oaca, onda (1.1.3)
dugpepenyuandor;, merdeyi ) 06ABICHIHBIY, T HYKMECIHIE AAUNCMIK TUNMI
mendey den amanadot.

Ezep q;, i = 1, n xosdpduyuenmepinir, bapaviev, 6ipdeti noaze men, emec sHcome
Gipeyi nemece Gipneweyi oH, Kanzandapv, mepic marnbasv, 6oaca, onda (1.1.3)
dugpdepenyuandoir, mendeyi £ 06AbICHIHBIY, To HYy'KMECTHIE 2UNEPOOAAABLE TUNMI
mendey den amanadot.

Eeep q;, i = 1, n xoadduvuenmepinir, er, boamazarda 6ipeyi nesze men
6oaca, onda (1.1.3) dupdepenyuandvr, mendeyi  obavicoinvir, xo HyKmMecinde
napaborasvir; munmi merdey den amanado..

Awubikrama 1.1.8. Eezep (1.1.3) mendey Q0 obavicoimviry, apbip Hyxmecinde
ANAUNCINIK HEMECE 2UNEPOOAANLIK, HEMECE NaAPAOOAANLE, munmi mendey 60aca,
onda onvr ) 0bavICHIHIG COTIKEC AANUNCINIK, 2UNEPOOAGABLE, HEMECE NAPADONALBIK
munmi mexdey den amatioot.

Awnbikrama 1.1.9. Eeep (1.1.3) mendeyi Q obavicvinviry, op mypai 6oaizinde ap
My PpAL munke srcamamoi boaca, onda orv, ) 0bavicvinda apasac munmi mendey
den amatiovt.

Mpebican 1.1.2. Keaeci depbec myvndovnvt duddeperyuanrdok; mendeydin
MUNIH AHBIKINAMNbLS !

Ugz + 2Ugy + 2Uyy + 4y, + Suzy + Uy +uy = 0.

Memryi. Byn temaeyain kBaaparTThbikK (OPMACHIH KYPbII, OHBI KAHOHIBIK
TYPiHE KeJITipeMis:

Q (M, A2, A3) = A2 420 A+ 202+ 400 A3 +5X2 = (AL + X2)? + (g 4 2X3)2 + A2,
Erep 6yram py = A1 + Ao, o = A9 + 23, ug = A3 Genriseyaepin eHriscex, oHIa
KAHOHILIK, TYPIEri KBaJAPaTThIK, (POpMaHLl aaaMbl3:

Q (1, p2, p3) = 3 + pi + 13-

Byn wHopmasiapr  Typaeri  KBaJIpaTThIK —(POPMaIArbl  KOCBLIFBIIITapIbIH
caHbl OepijireH TeHueyAeri afHbIMAIbLIADALIH, CAHbIHA TEH KOHE OJIAPIBIH,
ko3 durmentrepi g1 = ¢ = g3 = 1 6opi 6ip Tanbassl. Ouail 6osica aHbIKTAMa
OofibiHITa OepiireH TeHIeY JIIUIICTIK TUTITI 0O IH.

By mbicanmarsl TYpJIEHDIPYIN MaTpUIa;

1 10
B=101 2
0 01

Mbican 1.1.3. Keaeci depbec myvindounst duddeperyuanrdok, mendeyodin
MUNIH AHOIKMATDIK:

2Ugy + 2Uyy + AUy + Uyy — Uy + Uy + Uy + yu = 0.
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HTemryi. Bysa renpeymin kBaapaTThik (GOpPMACHIH KYPbII, KAHOHJBIK Typre
KeJITipesiK:

Q ()\1, A9, )\3) = 2M A9 + 2903 + 44X A3 + )\% -\ =
2M1 A2 + 2X0h3 + 2201 A3 + A2 + A2+ A3+ 2003 — A2 —2)3 =

(A4 X2+ A3)? = (A= X3)? = A3 = pd — i3 — i,

MYHJIAFBL (i1 = A1+ A2+ A3, p2 = A1—As, p3 = A3. Hemek, 1 =1, g2 =¢q3 = —1
OOJIFAHIBIKTAH, TeHJeY TUepOOoIa/IbIK, THIITI.

ZKorapsigars: (1.1.3) Tengieyiin TUIIH Kesieci 9JIiCIIeH Jie aHbIKTayFa 60JIa/1bl.
Oun yiiin

det (Q—AE) =0 (1.1.7)

TeHJeyiHin TyOipJjiepiH TabaMbI3. Mymnarst Q = |layl| — memumeymin
K03 duImenTTepiHeH KYPhLIFaH MaTpuila, ajg F— OipJik Marpura.

Erep (1.1.7) rengeyin \;, @ = 1,...n, TyGipsiepiniy 6Gap/IbIFbl HOJITE TEH eMeC
JKoHe GapJbIFbl Oip/eii 6ip Tanbass 60sica, ouma (1.1.3) Teney SJUIUICTIK THIIT,
erep ne TybipsaepiniH 6apJbIFbl Oip/ieil HOJIre TeH eMec YKOHe dp TYPJi TaHOAJIbI
boJica, OHJIA TeHJIEY TUIepPOOJIAIBIK, THIITI, a1 erep TyOip/epiniy eH OoJMaraHIa
Oipeyi HeJire TeH, boJica, OHJIa HapabOJIAIbIK THITI 6OJIaIbI.

Mpeican 1.1.4. Keaeci depbec myvndviave duddeperyuandok, mendeydin
MUNTH GHOIKMARDLE: Ugy — 4Uyy + 22Uz + 4y, + 2uy + 3uy — u = 0.

lemryi. Mynmaro

B 1 0 1
Q=[0 -4 2
1 2 0
2KoHeE
) =X 0 1
det (Q=AB)=| 0 —4=x 2 |=A(9-3A-A)=0.

By renpeynin Ty6ipaepi A1 = 0, A3 = , IeMek, 6ip Tybipi Hesre TeH

—34+ /49
2

OOoIFAHJIBIKTAH, TeHEY HapaboIaIbIK THIITI.

Exinnii perTti gepbec TybIHABLIBI ChI3BIKTHIK AuddepeHnaaabikK
TeHAeyJ/Iepai KaHOH/BIK, Typre KeJTipy

Exinmmi perTi, CBIBBIKTBIK, TYPaKThl KO3(PDOUIUEHTTI TeHIeyiep OOJIBICTHIH
O6apibIK HYKTeciHIe Oip Tumke me 6oiambl. EKIHIM perTi, CHI3BLIKTHIK, TYPAKTHI
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ko3 purmenTTi gepbec TYBIHABLIB AU(POEPEHINAIIBIK, TEHICYIl KAHOHIBIK,
Typre KeJTipyre 6ailJIaHbICThl KOJJIAHBLIATHIH aybICTBIPY CHI3BIKTHIK TYPJIEH DY
Typinge 6omampl.  COHABIKTAH MYHIAAM TeHJeY/JIepi KaHOHIBIK TYpre KeaTipy
JKEeH1TipeK.

Ajitanbik, B — (1.1.2) kBagparThiK (GOpMaHbBl KAHOHBIK TYpre KeTipeTin
CchI3BIKTHIK, epekie emec (det|B| # 0) rypuengipymi marpuna 6osicsi.  OHzia

(1.1.3) renney

¢=BTz (1.1.8)
TYPJIEHIPY1 apKbIIbl & = Xy HYKTEJle

n
0u ou
i (&) =— + @ (f,u, ey — ) =0

; &} ¢,

KAHOHJBIK ~ Typre kesripizem, wymmarer B7  — B MarpunacelHbIH

TPAHCIIOHUPJIEHTeH MaTPUATIACHL.

Mpeican 1.1.5. Keaeci mendeydi xaHoHOwE mypee Keamipinia:
Ugy + 2Ugy — 2Ugy + 2Uyy + 2u,, =0 .

HTermryi. Tenmgeyre coiikec cumaTTayIrbl KBaIPATTHIK, (POPMACHIH KYPbIIT, OHbBI
KaHOH/IBIK, TYpiHe KeJTipeiik:

Q (A1, A2, A3) = A2+ 20100 — 20 A3 + 202 + 2202 =
A2 A2+ 02+ 20000 — 22023 — 20103 + A2+ A2+ 2)003 =

(A1 + X2 — 23)% + (A2 + A3)2

Byran
H1 = A1+ A2 — Az,
2 = A2 + As, (1.1.9)
13 = A3

Oenrizeyin eHriscek, oHIa KBaJIPATTHIK (popMa

Q (A1, A2, A3) = quid + qapss + qsp3 (1.1.10)

KAHOHILIK, Typre kejaeai. Mynmarel ¢ = g2 = 1, g3 = 0 GosrranapIKTaH, TEHIEY
mapaboIATIbIK THUIITI.
Aut (1.1.9) rypaengipymuen A1, A2, A3 Tarcaxk,

A1 = p1 — po + 2u3
Ao = 2 — 3
A3 = 3
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Gosagel. Jlemek, @ (A1, A2, A\3) kBagparTsik dopmackir (1.1.10) KaHOHIBIK Typre
KeJITIpETIH MaTpHIa

1 -1 2
B=|lo0o 1 -1 |,
0 0 1

aJl Te}mey):pi KaHOH/IBIK TYpre KeﬂTipeTiH TPaHCIIOHUDJICHT'€H MaTpHuIila

1 0 0
Bl=| -1 1 o0
2 -1 1

Ouraii 6ouica, (1.1.8) GoiibIHIIa, OCBI TPAHCIOHUPJIEHTEH MATPHIA apPKbLIbI KeJeci
JKaHa aybICTBIPYJIap €Hri3eMi3:

£ 1 0 0 T
n |=1 -1 1 0 Y
S 2 -1 1 z

memece { =z, n=—x+vYy, s =2z —y+ z. byrapabiu
=1, m=-1,¢=2 §&=0 n,=1¢=-1, £&£=0, 7,=0,¢=1

TYBIHIAJIAPBIH  aHBIKTAIl, TEeHJAEYIAerli eHreH OapJsblK TYBIHIALLIAPIALI 2KaHA
ATHBIMAJIBIIAD OOMBIHIIA AYbICTHIPAMBI3:

0 Uy = Ug — Uy + 2ug,
0 Uy = Uy Uc,
0 Uy, = U
1 Upe =  Uge + Uy + duce — 2ugy + duee — dugy,
2 Ugy = —Upy — 2Uge + Ugy — Uge + Uy,
—2 Upy = Uge — Upe + U,
2 Uyy =  Upy + Uge — 2Ugy,
2 Uyy =  Uee.

Bynapasr coiikec koadduimenTrepre KoOeHTil KOCCaK, HOTUKEIE
Uge + Upy = 0
KaHOHJIBIK TYpiH amambrs. 2Kaya0bl: uge + tyy = 0.

1.1.3. Ekxi alfHbIMAJIbLIAH TOyeJIIi aepbec TYbIH/IbLIbI

nnddepeHnnaIabIK, TeHJIeyJIEPIiH, TUOIH AaHBIKTAY
2KoHe KaHOHJBIK TYypre KeJjTipy

Exiami  perri  eki  afiHBIMAJBIIAH — TOyeJ i jepbec  TYBIHIBLIBI
muddepeHnuaIIbK TeHIEeYIEPIiH KAJIIbl TYPi

11Uz (T,Y) + 2a12Ugy + a2ty + F (2, Y, u, Uy, uy) =0 (1.1.11)
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TYpJe ¥Kas3bLIadbl, MyHIArel aiy (z,y), ais(z,y), azn(z,y)— Q@ C R?
0obOJIBICBIHTA €Ki peT y3imiccis nuddepeniuanianarsia GyHKInaIap, aja F — o3inin
apryMeHTTepi OONbIHINA aHBIKTAIFaH (DYHKIUS,

L Pu@y) o Pulwy) Pu(xy)
m oz2 oxzoy Y oy

1. Tunin aweikray. Byn (1.1.11) Tenzeyxaiy TumiH aHbIKTAy VIIiH
JKOFapbIIarbl >KaJIbl >Karjaiga afTeuirangail, ajJabIMeH OHBIH KBaJIpPaTTHIK,
dopmMachiH KypambI3

Q (M1, A2) = a1 AT + 2a12M1 02 + a3,
Byt kBagparThiK (hopMaHBIH KAHOHIBIK TYPi
A= a%Q — a11a22

mamMachblHa OailIaHbICThI 00JI1a,IbI.

Erep A > 0 6ouca, (1.1.11) rengey rumepbosanbik tunti, A = 0 6osca,
napabosaJibik, TunTi, ajg A < 0 6oJica, OHJA SJLIMAICTIK TUITI 6OJIAIbI.
Byr A = a2, — ajja aimpmacer (1.1.11) Temjeysin Hemece KBaJIPaTTHIK
dOPMaHBIH, QUCKPUMUHAHMYL TEI ATAJIAIbL.

Mbpicas 1.1.6. Tendeydi, munin anvxmarws3:
Uz + 4Ugy + 3Uyy + Y + 3u — Uy +2uy = 0.

IMemxyi. Myngarel a1 = 1, a1a = 2, a9 = 3 , ajJ ojapra CoiiKec
muckpuMuHaT A = 22 — 1.3 = 1 > 0 on. JleMek, Tenjey TuiepOOIaIbIK
THIITI.

Mpbican 1.1.7. Tendeydin, munin aHoKMaHbL3:

2Ugy — SUgy + 10Uyy + 3uz + uy —u = 0.

5 25 55
lemyi. a11 = 2, a1s = 2 ase = 10, an A = i 20 = -7 < 0. Tengey
SJIIMIICTIK THIITI.

Mpeican 1.1.8. Tendeydin, munin aHbKMaHbL3:

2 2
T Uzy — 2TYUgy + Y Uyy +u = 0.
lermryi. Mynmarsr ai; 2%, app = TY, a9y = y2 JKOHE Ke3 KeJII'eH & KoHe
y aitmpivasbuiapsl ymin A = (xy)? — 22y? = 0. Jemek, Temjey napaGoiasblk,
THUTIITI.

Mpebican 1.1.9. Bepiazen obavicma mendeydit, munit GHbKMarb3:
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TUgy + 2 (X + Y) Uy + YUuyy =0, Q={(z,y): z=1, 1 <y<2}.
Ilemxyi. Aabiven 6epiiared TeHIeyIiH JUCKPUMUHAHTHIH TaOANbIK:
A=(z+y)?—ay=2>+azy+1°

Bepinren Q = {(z,y): z=1, 1 <y <2} obabicoinga A = 1 +y + 3% > 0
OOJIFAHIBIKTAH, TeHJeY TUIepOOJIAJIBbIK, THIITI.

2. Kanonaplk Typre Keatipy. Temmeymi KaHOHIBIK Typre KeJITipy YIMiH
OHBIH, CUTIATTAYIIIbI TEHJIEY1 JIell aTajlaTblH KeJecl TeH eyl KypaMbl3:

an (dy)2 — 2a1odzdy + ass (da:)2 =0.
By Tengeynin exi xKarbi (dac)2 DeJIceK, OHJA

dy 2 dy
— | —2a19—-= + =
an <d1‘) a2 dzx az2 =0

KBaJpaT TeHJIeyre KeJIeMi3 JKOoHe OJ ©3 Ke3erigje Kejeci eki ka#l
nuddepeHnnaablK TeHAeyre >KIKTeIiHei:

<dy> _ a2 £y afy — ai1ag: (1.1.12)
1,2

dx all

Erep A = a%Q — aj1az2 > 0, SFHU TeHJEYy TUepOoJIaAJIbIK, TUIITI 60JIica, OHJIA
(1.1.12) remmeynepain ¢ (x,y) = Cy xoue ¢ (x,y) = Cy eki op TYp/i HAKTHI
mrernimi G6osaer. Bysap (1.1.11) rengeyin eki op TypJ/ii HAKTHI CUIIATTAYBIIITAD
TOOBIH aHBIKTAl /bl )KoHe OyJI cunarraybirap apkbuibl £ = ¢ (z,y), n =1 (x,y)
JKaHa aflHBIMAJIBLIAD EHTI3CEeK, OHIA OEplIreH TeH ey

ugn + @ (&, 1, u, ug, uy) =0 (1.1.13)

TYpiHzeri KaHOH/BIK Typre Kesesi. Erep (1.1.13) Tengeyre opi kapait £ = £ +
7, M = & — 1 KaHa aJIMaCTBIPYbIH €HTi3CeK, OHIA OJI

Ug1&y — Unpim + (I)l (517 T, U, Ugq, u?h) =0 (1114)

TYpJleri eKiHIT KaHOHBIK Typre KeJe/Ii.

Erep A = 0, sruu renney mapabosiajblk tunti 6osca, oxga (1.1.12)
Tenjieysepain oprak ¢ (x,y) = C 6ip raHa HaKTbl MHTerpaJbl Gosajabl. Erep
rergieyre £ = ¢ (x,y) xoue fkobuanb

D(§777) Som ‘Py

Diy) | e thy |70
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GoIaTBHIHIAN TAHIAIl AJIBIHFAH Ke3 KeJreH Teric ¢ (x,y) dyHKIUACH apKbLIbL 1) =
Y (z,y) anmacThIpybiH eHrizcek, onza (1.1.11) renuey

uge + P2 (&, n, u, ug, uy) =0 (1.1.15)

TYPIHJETT KAHOHJBIK Typre KeJjieIi.

Erep A < 0, stbau TeHgiey 3/UHICTIK TrnTi 6osca, ora (1.1.12) reneynepinin
ezapa Tyiiingec Komieke ¢ (x,y) £ i) (x,y) = C xkammsl merrimMaepi 60J1aTbI.
Byn karnaiisa oHblH HakThl Geuiri ¢ (z,y) KoHe xopamas Geuiri 1 (x,y)
dbyuxImsiapel apkplibl & = ¢ (x,y), n = ¢ (r,y) ajiMacTbIpyIapblH €HII3CeK,
onga (1.1.11) Tengey

Uge + Upy + P3 (&, n, u, Ug, un) =0 (1.1.16)

TYPIiHJET] KAHOHJBIK TYypre KeJse/i.
Tenzeyni xaHa affHbIMAJIbLIAD APKBLIBI ODHEKTEY VIMH U (Z,y) GYHKIUACH
MEH OHBIH, TeHJIeyre eHI'eH OapJIbIK, J1epdec TYbIHIbLIAPbIH

Uy = Ugﬁx + UMz,

Uy = ugy + Uy,

Upy = u&fg + 2ugpane + u,mn% + Uebpz + UpNza, (1.1.17)
Uyy = “5&55 + 2ugn8yny + ummZ + uelyy + untyy,

Uy = uge&aly + Ugn (Eatly + Eynz) + UpyNatly + Ueay + UnNay

dopMmyiiangapbl apKLLILI ecenreyre 601 bl
Mbeicasa 1.1.10. Tendeydir, munin anvikman, KaHOHOLE My Pee KeAMIPIHI3:
Ugy + gy + up = 0.

ITenryi. Bya renpeyne ajp = 1, aja = 2, a99 = 0 6oaranabikran A = 4 >
0. [emek, TeHey runepOoIaIblK TUITI. TeHAEYIiH cUIIaTTayIIbl TeHIeYi

(dy)* — 4dzdy =0
bostasibl. Bysr Tenpeymin
dy—4dr =0, dy=0 = y—4x=C1, y=Cy

ekl HakThl cunarraybliibl 6ap. Erep oran & = y — 4z, 1 = y aybICTBIPpYIapPbIH
EHTI3CeK, OHJIA

§o=—4, 1:.=0,§ =1, n =1,

Uy = —4Ug, Uy = Ug + Uy, Ugy = 10Uge, Ugpy = —duge — dugy.
Bynapapr 6epinren ug, + 4ugy, + u, = 0 Tengeyre Koiicax,

16uge + 4 (—4duge — dugy) — dug = —16ugy — 4ug =0
TeHJITiHe KeJleMi3, aFHA TEHJIEY/IiH KaHOH IBIK, TYPi

—16ug, — 4uge = 0 Hemece ug, + Zu§ =0.

1
ZKayabsr: ug, + = 0.
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Mbpicas 1.1.11. Tendeydin, munin anvikman, KaHoHObk mypee KeAmipiia:

y2um — 22YUgy + xzuyy =0.
Mlemyi: a;; = y2, alp = —xY, a2 = z? xome A = (—a:y)2 — x2y2 =0
GoJrFaHIBIKTAH TeHJIey HapabosablK THirTi KoHe (1.1.12) GoiiblHIIa cumaTTay bl
TEHJIEYiH ITIeICeK:

(dy) B ajs £ VA -y
1,2

dz ari y? Y
ydy +xdr =0 = y;—i-x;:C'l, a:2+y2:él
6ip raHa cHIATTAayBIIB Gosajpl kome & = 12 + 32, AJ 1) alfHBIMAJIBICHIH 1) = X
TYpJie eHrisyre 6osa/pl, cebebi Z Zi =2y #0, y#0.

Bynan & =2z, n, =1, &§ =2y, 1, =0 xone (1.1.17) Goiipaina
Uy = 2TUg + Uy,
Uy = 2yug,
Ugy = 2ug + 2T (22uge + Ugy) + 2TUgy + Uy = 2ug + 402 uge + ATugy + Wy,
Ugy = 4xYuee + 2yugy),
Uyy = 2ue + 4y2u§§.
Bynapapr 6epinren Tenmeyre Koiicak
2 (2% + y?) ue + yPuy, =0

Tenirine kesemiz. Byram & = 22 + y? xoHe 1) = T aybICTHLIPYJIAPLIH KOJIIAHBII
TEHJIEY/IiH, KAHOHIBIK, TYPIiH aJlaMbl3:

28
u’y]n -+ Wz% = 0

Mbpicas 1.1.12. Tendeydin, munin anvixman, KaHoHdbk mypee KeAmipinia:
Ugz — OUzy + 13uyy = 0.

lemyi: a11 =1, a1a = —3, ag =13, A =9—13 = —4 < 0 6osrraIbIKTaH
TeHJIey SJIJIATICTIK TUNT1 YKOHE

<dy> = -3+2i, =
dzr 12

dy = (-3+2i)de = y+3z+2iz=C.

Temmeymis, KOMILUIEKC TYHIHAEC CATIATTAYBIITAPEI 001816, COHIBIKTAH

23



& =y + 3z, n=2x aybICTBIPYJApPbIH KOJIITaHAMBI3. Byman
§$:37 7727:27 gy:L 77y:07
Uy = g + 2up; Uy = Ug,
Upy = 9u5§ + 12u5n + 4u,7,7,
Ugy = BU& + 2u5n,
Uyy = Ugg
TYBIHBLIAPBIH TAYbII, OEPLITeH TeHJeyTe KOHcaxk,
Uge + Uy = 0
KaHOHJBIK, Typine Kejemis. 2KayaObl: uge + Uy, = 0.

Eckepry 1.1.1. Ezep (1.1.11) mendey cosvixmork api xkoadduyuenmmepi
mypakmos 60aca sicone onoir, keamapinezen (1.1.13) nemece (1.1.14) ocone (1.1.15),
(1.1.16) xamondwr mypdezi mendeyaepi Gipden unmezpasdan wewimin mabyea
MYMETH OOAMATIMBIH BIKWAMC3 mMypde boaca, onda o2aH

u(&,m) =v(&n) et

AAMACTVBLPYBL KOME2IMEH MeHdeydi 00ar api biKUaMIbL My p2e Keamipyze 60aadvl.
Myndaewve a owcone b — momuoicede aavinzar mendey wvrwWAMID O0AAGMBHIGT
mardan asbiHamovii eprik mypaxmo, candap. Kebinde oaapdv, 2unepbosasvik
oHCOHE IANUNCIK dHcazdatida Oipinwt pemmi depbec myvHdvLAGPbHBIH, AA0bHOIG2DE
xoappuyuenmmepi, as napabosasvik Mmunmi  ocazdatida  GipiHwi  pemmi
depbec myvindvlaapbivll, ardvndazv, Kospdunyuernmmepiniry 6ipeyi men v (&,n)
PyrryuAcHHbY, ardvmdazvl Koadduyuenmi noaze mer, Gosamundati Mardan
aNVHADDL.

Mbpicau 1.1.13. Tendeydi xarnondvik mypae Keamipin api kKapati sikuamoaHvl3:
Ugz + Ugy — 2Uyy — Uz — 15uy + 272 = 0.

. 1 1 9

lemyi: a1 =1, ajo = ok ago = —2 GoraHAbIKTaH A = 1 +2 = 1 >0

TeH ey rurepOOoJIaIbIK, TUIITI XKOHE CHIATTAYIIBI TeHIeYIHIH

(dy> 1.3
dzx 12 2 2

eKi mrerrrimi 6onaael. Bynan
dy=—dzr, dy=2dx = y+x=0C), y—2x=0C

aJIFAIIKbl MHTEI'DAJJIAPBIH aHbIKTaliMbI3.  [emek, &€ = x +y, n = y — 2z
aybICTBIPYJIAPBIH eHrizemiz. Byman

§e =1, mz = =2, §y:1, 77y:17
Uy = Ug — Uy, Uy = Ug + Uy,
Ugy = Ugg — Augy + 4y,

Uy = Uge — Ugy — 2y,

Uyy = Uge + 2y + Uy
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TYBIHJIBLIAPBIH TaybIll, OepiireH TeHJeyre Koificak, HOTHUXKeJe KAHOHJBIK TYpPiH
aJaMbl3, SSFHU

Ugz + Uzy — 2Uyy — Uy — 15Uy + 270 =
Uge — dugy + dugy + Uge — Ugy — 2uny — 2 (Uge + 2ugy + Upy)
—3 (ue — 2uy) — 153 (ug + uy) + 272 = 0

Bynan
Ugy + 2ue +uy —E+n=0.
Byran opi kapait u (£,1) = v (&,7) e aybicTRIpYBIH enrisin Kome

ug = vge® N 4 qe®ton,
Uy = vne"EHW’ + bvesthn,
Ugy = Ven€™ 0T 4+ buge®™ T + qu, ™01 + qhye® o

TYbIHIbLJIAPBIH aHbIKTAIl, OPBIHAAPbIHA KOAMBI3:
Vg€ T4 (b + 2) uge™ T (@ + 1) uye™ ™+ (ab + 2a + b) ve®™ T — (¢ — ) = 0.

Temmey rumepbostaabiK TUNTI OOJIFAHIBIKTAH, COHFBI TEHIIKTEH ¢ = —1, b = —2
gen tanjgan anambid (Eckepry. 1.1.1 - ai kapaHbpI3) »KOHE €Ki YKarblH eaé+n
KBICKAPTCAK, HOTHKE/Ie BIKIIaMIaJFraH TYPIiH aJaMbl3:

Vgy — 20 — (€ —n) 52 =0,

1.2 2KarTheiry ecenrTepi MeH >KayanTapbl

1.2.1. 2Karteirynap

1.2.1. Temendezi mendeyaepdin, xaticoicor depbec myvindviav, dudgdepentuandok
mendey?

2 2 2 _
L. Uzx + uyy - (ua::v - uac;r) =0.
2. cos (g + Uy) — €OS Uy COS Uy + sinu, sinu, + 1 = 0.

3. sin (Ugy + Ug) — SINUzy COS Uy — COS Ugy SIN UL +u — 2 = 0.

d 0
4. um—i-uyy—i-%(uy—um)—8—y(um+uy)+u:0,

0 0
5. uzy—i-uyy—%(uy—uq})—a—y(uy—i-ux)%—uzo.
1.2.2. Tomendeei merdeysepdity pemin aHblKMaAHL3:
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1. cos? Ugy + sin® Ugy — 2u326 — 3uy + u? = 0.
2. ugul, + (u?m — 2Ugy + uy)2 —2xy = 0.

Py

3. Upy + 2upty + (uy — uy)2 + sin? Uy, + cos? Uyy = 0.

0 0
4. um—uyy—%(uyx—i-ux)%—a—y(uxy—kuy)—ku:&

0 0
5. a—yctguw + cosecuy — 2ugy + 2% (u+uy) — 5u=0.

1.2.3. Tomendezi depbec myvindviav, Judpeperyuandor mendeyaepdiv, mypin
(COLBBIKMDLE, COIBDIKMBLE EMEC, KEA3UCHIZbIKIMBLE) GHBIKMAHbL3:

1 UgyUgr — 3uyy — 62Uy + 2yu = 0.

2. a(u, Uy, Uy) Uy + b(T, Uy, Upg ) Ugyy + a(, Y, w)uyy = 0.
3. 2sin(x + y)ugy — T COSYUyy + TYUy — 3u+ 1 = 0.

4. uxu%y + 2zutyy — 3ryuy —u = 0.

0
5. 2wuzy — 65— (u2 — zy) + uyy = 0.

1.2.4. Tomendezi mendeyrepdiry munin bepinzer 00ABICING GHLIKMAHBL3:
L (y+ Duge — 2ugy +auyy —uy =0, 1<2x<3, 0<y<l.
2. DUy + 2(T 4 Y)Ugy + Yuyy =0, 2%+ (y—1)? < 1.
3. Y gy + 20YUgy + Uy + yuy —zuy, =0, |x| <1, |y| < 1.
4o (2 + Y)Ugz + (T — Yuyy + 20 =0, (r—5)%+9> <1
5. 22Uy + 2XUzy + Uyy + YUz —uy =0, 1< 2 + y2 <.
1.2.5. Tomendeai mendeyrepdivy, munin anoikman, KaHoHIbK My pee KeAmipinia.
1 Upy — 2ugy + uyy = 0.
2. Uy + Ugy + 3Uyy + Tuy + 4uy — 2u = 0.
3. Uge + AUgy + 13uyy + 3uy + 24uy, — 9u+9(x +y) = 0.
4. Ugy + Uyy = 0.
5. Y Uy + 20YUsy + TPuy, =0, £ 0, y £ 0.

1.2.6. Tomendeai mendeysepdin, munit aHoikman, KaHoHIbK My pee KeAmipiHia.
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1. 4uzy — 4Uzy — 2uy, +uy +u, = 0.

2. Uy + 2Ugy — 2Ugy + 2Uyy + 6u,, = 0.

3. Uy + 2Ugy — 2Ugy + 2Uyy + 2u,, = 0.

4. Upy + duyy + YUz + dugy + 6z + 120y, — 2uy — 4uy — 6u, = 0.
9. Ugy + Ugz + Ugp + Uz = 0.

1.2.7. Temendezi mendeyrepdity munin aHbKMAN, KAHOHOBLK MY P2e KEAMIPIHI3
opi Kapall vKWaMOaHbL3:

1 Uge — OUuzy + uyy — up + 2uy = 0.

2. Ugy + 2Uyy — Uz + 4uy +u = 0.

3. 2Uzy + DUgy + 3uyy + duy — 3uy + 6u = 0.

4. Upy — gy + DUyy + 2y, + 3Uzz — 2uy + 4u, —u = 0.

O, Ugy + Ugy + Uy — Uy + Uy = 0.

1.2.2. 2Kayanrapsl

1.2.1. 1. Jepbec myvindviav, mendey. 2. Tendey emec. 3. Anzebparvix; merdey.
4. Aneebpasvix, mendey. 5. Jlepbec myvinduiav, mendey.

1.2.2. 1. Bipinwt pemmae. 2. Exinwe pemmi. 3. Ewinws pemme. 4. Ywinws
pemmi. 5. Exinwi pemmi.

1.2.3. 1. Cwsoikmok emec. 2. Keasucwsvgmos. 3.  Codvikmork. 4.
Cozoikmoi; emec. 5. Kea3ucu3vikmols,.

1.2.4. 1. Daauncmix. 2. lunepboarasvik. 3. lapaboaanvir. 4. Sasuncmix. 5.
Iapabonranvix,.

1.2.5. 1. Ilapabosranvix, & = +y, n =1y, Uy, = 0.

2. Tunepboranvir, § =y —x, N =2y — x, Ugy + ue — uy + 2u = 0.

3. Ianuncmir, { =y — 2z, n = 3T, Uge + Upy + 2ug +upy —u+E+n=0.
4. Tunepboranvir, & =x —y, n=x, ug = 0.

5. Iapaborarwx, € = > — 22, n = x2, Upy — m% + ﬁun =0.

1.2.6. 1. Tunepborarvir, E =5, n=75+y,(=—5—y+2z,

Uge — Uny + Uce + Uy = 0.

2. anuncmix, E =z, n=1y — x, (:x—%—l—%, Uge + Upy + uce = 0.

3. Hapaborarvr, § =x,n =y —x, (=2 —y+ 2, Uge + Uy, = 0.

4. Iapaboranvix, & = x, n = —2x+y, ( = =31 + 2, uge — 2ug = 0.

5. Yaompaeunepboraawy, E =x+y, n=x—y, (= 2y+z+1t, 7=2+1,
Uge — Upy + Uce — Urr = 0.
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1.2.7. 1. Iapabosrarvs, E =x,n=3x+y, u= vegfl, vge — vy = 0.

2. Dunepboaarvik, € = x, n = —2x + 1y, u=ve %N Vey + Tv = 0.

3. Tunepborarvr, &€ =x —y, n =3z — 2y, u = ve $T18N Vg — 253v = 0.
4. Danuncmir, E=x -2y, n=y+z, (=2 u=uvesTN2%

Vge + Uy + 2v0¢¢ — 140 = 0.

5. Dunepboaaawr, E=x+y, n=x—y,(=—-cr—y+ 2z, u=ve 1,

Vgg — Uy — Vee +v = 0.
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2 bemiMm

MaremMaTukaablK, (PU3NKAHBIH
HeT13r1 ecenrepi

2.1 MaremaTuKajablK (PpM3MKAHBIH HEri3ri TeHaeyJaepi

TaburaTrTafbl KONTEreH MeXaHNKAJBIK, (PU3NKAIBIK, XUMUS-OMOJIOTISIBIK
KoHe T.0. KYOBLIBICTAPABI 3€pTTEy KOI Karjaiima mepbec TybIHIbLIbI
nuddepeHnnaIbK TeHAeyAep i melryre aabii Keaeai. Mynnait KyObLibicTapab
MaTEeMATHKAJIBIK, TYPFbIIa 3epTTey VIMH aJiIbiMeH (DU3NKAIbIK, XUMUSIBIK,
MEXAHUKAJBIK — T.T. 3aHBLIBIKTAD HEri3iHIe oJapAblH MaTeMATHKAJIBIK,
Mozeni (nuddepeHnuanIblk Tereyi) Kypbuiajabl. OjerTte TuddepeHIual bk,
TeH ey Iepain, menrimaepi ken 6osagbl.  CosiapiblH IMIHEH KAayKeTTi IIemriMal
aJy VIIH Herisri 3aHIbLIbIKTapra »KoHE 3ePTTE/MIHIN OTBIPFaH KYOBLIIBICTHIH,
rTaburaThiHa 6AlIAHBICTBI KOCBIMINA MIapTTap (6acTankpl, meKapaJblK, TyHiHec,
HIeHe MK, mepuoarsl, T.6.) Kofibutaabl. Temgey MeH KOCBIMINA IapTTap
Oipirinn ecenTi Kypaiiabl. Onan keiliH KOWBLIFAH €CEITI MAaTeMATHKAJIBIK,
TYpJIi ammaparTap apKbLIbl 3€PTTEI, KapacThIPBUIBII OTHIPFaH KyOBLIBICKA
KaKeTTi cypakTrapra MaTeMaTHKaJbIK Tiige (MoceseH, mienriMHiH 6ap GOJybl,
JKAJIFBI3/IBIFBL, OPHBIKTHI OOJIybl KoHe T.0.) kayam Gepineni. Bysn kypcra
JKOFapblIarbl afThIIFaH YII THIKE XKATATHIH MaTEeMATHKAJLIK, (DU3UKAHBIH, €H,
KapamaiibIM VI TeHJIeyl KapacThIpbLIaAbl. ATall alTKaH 2, THIepOoIaIbIK, TUIIT
TeHJIeyJIepre YKAaTaThIH TOJKBIHIBIK TeHIEY1

Ut — a2Ugy = 0, (6ip eJiremai TOJMKBIHABIK, TEHAEY1)

g — a’Au = 0, (Kem eJieM/1i TOJIKBIHBIK TEHAEY1)
mapaboIaIbIK, TUIITI TEHIEYIepre KATAThIH KbLTYOTKI3TIIITIK TeHIey1

g — aPugy = 0, (6ip esremai >KBUTYOTKI3rimITIK TEeHIEY)

up — a’Au =0, (kem eJimemMai >KbUIyOTKI3rIMITIK TeHey1)
JKoHe SJUIMIICTIK TUITI TeHaeyaepre tuicti Jlammac »kone Ilyaccon Tenmeymepi

Au(z,y) := Ugy + Uyy =0, (exi emmemai Jlamac Terzaeyi)
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Au(x,y) = Ugz + Uyy = f(2,9). (exi esmremai ITyaccon

TeHaeyi)

Byn tennmeynepaen e3re Oy Kype IeHOEpiHAe KApPaCTBIPHIIMANTHIH, HAKTHI

y/lepicTep/ii CUITaTTANTBIH CHI3BIKTHIK, 2KOHE CBhI3BIKTBIK €MEC JIePOeC TybIHIHLIbI
b depeHnnaIIplK, TeHIeyJIep MeH TeHJeyaep KyHeciH KemTen KeJTipyre

b6onamapl. MbIcasl,

g + bug + cu — aPugy = 0, (Teserpad
Au+ I = f(z,y), (TebMrouibIy
n
U + Z biug, =0, (Taceiman
i=1
tug + Au = 0, (IIIpénuurep
—Au = f(u), (Coi3bIKTHIK, emec Ilyaccon
pt + div (p- 1) =0, (CyiibIK, arbICBIHBIH, Y31Iicci3aik
div (|Du\p*2 Du) =0, (p - Jlamtac
Up + ULy — Ugy = 0, (Broprepc
U + Uy + Ugge = 0, (Kopresera ne ®@pus (KdV)
ug — A (u?) =0, (Keyek opra duabrparus
U+ (€-V)u+Vp=f, divi=0, (Dirnep

-

U+ (4- V)i —vAi+ Vp = f(x,t), divi =0. (HaBbe-CrOKC
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2.1.1. ToakbIHIABIK TeHey. Inrexring KOJIJIeHeH,
TepbeJiciHiH TeH eyl

Y3BuIHALIFBI | - Ta TeH, €Ki YIIbIHAH OeKIiTLIN KepiireH IMIeKTiH KOJIICHEH,
aybITKYbI a3 O00JIATbIH, sIFHU Y3bIHILIFbIHA KaparaHia KOJIJICHEH aybITKYybl OTe a3
boJstaTeIH TepOesticiH KapacThIpaiblK. MyHIa fwex Jen hiore Kapchl Kejaeprici
2KOK, KOJIIEHeH KHMACBHIHBIH ayJdaHbl Y3bIHIBIFBIMEH CAJIBICTBIPFAHIa OTe a3,
COJIKBUIJIAK, JKIHIIKe KIinTi (MbIcaIra, TOMOBIDAHBIH iIIeri) eaecTeTyre GOJIaIbL.
[trekTiH, wiore Kapchl Kemepri KyIr »KOK OOJFaHJIBIKTaH t yaKbIT Me3eTTeri T
aykrecingeri onbir 1'(z,t) Kepliy Kymi cosi & HYKTeseri yKaHama OarbITBIMEH
barsITTac 6OIAILL.

Ajirtanplk, imexk Ttene-TeHJiK Kaanblaga g, Kas3bIKTbIFbIHga (g eociHin
GoiibiHa opHasacchir (2.1.1-a cyper ) KOHe TBHIFBI3JBIFBI p = conslt TYPaKThl
6oscniH. lmiek ceipTKbl F'(x, t) KYIITiH ocepiHeH Tele-TeH (K KaJIlIbIHAH KOJJICHEH
AybITKBICHIH, AFHH iIeKTiH opbip HykTeci O, eciHe mapaJsiie/Uib OArbITTAJIBIII
KOBFaJIChIH.

2.1.1-a cyper. 2.1.1-5 cyper.

[mmekTiH & HYKTEJEPiHiH { yaKbIT apaJibIFbIHIAFbl THIHBIITHIK KYHJIeH KOJJIeHEH
aybITKybl u(2,t) 6oschiH Jemik. limekriy KesjeHeH aybITKybl u(z,t) a3 repbesici
KapacTbIPbUTFAHIBIKTAH u(T,t) KoHe Uy (z,t) - GIpiHII peTTi TYbIH/IBLIAPBIHBIH
KBaJpaTTapbl >KoHE OJIapIblH KeOeWTiHmimepi Oy mraMaiapiblH e3/1epiMeH
CaJIbICTBIpFaHIa »KOFaprbl perTi a3 mamasap Oosanbl. COHABIKTAH TEHJIEYIl
KODBITBII TILIFAPY/Ia OJIapbl ecKepMeyTe Gosajibl, arum u? ~ u2 ~ uu; ~ 0
JIeTl ecenTenMi3.

ImekTin Ke3 kesreH [z, x + Az] Gesirineri repbesticTi KapacTbpaitbik (2.1.1-0
cyper). By apasbIkrars! mek 6estirinin Y3BIH/IBIFBI

r+Ax

lpg = / V14 ulde = (x4 Az) —x = Az.

Bynan kemneHeH aybITKybI a3 Tepbesiic Ke3iHe ileKTiH Ke3 KeJIreH OeJririnig
Y3BIHJIBIFBL ©3repMeliTiniria kepemis. Ouait 6osica I'ykb 3anpl 6oiibama T'(x, t)
Keplitic KyI yaksIT e3repicinen Toyencis 6omaser T'(x,t) = T'(z).

Exinmrigen, imexkTiH Tek KeJJeHeH TepOesici KapacTbIPbLIFAHIBIKTAH,
TOPU3OHTAJIb  AYBITKYbI  OOJIMAIHI. CoHbIMEH KaTap UHEPIUs KoHe

lMaTeMaTI/IKaJIbIK aHaJIn3 KypCbIHaH KUCBIK JOtraHbIH Y3bIH/IbIF'bIH Ta6y,ZLbI KapaHbI3.
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cuIpTKBI Kymrep O, eciHe mapaJulesb OOJFaHIBIKTAH OJIApAbIH T'OPH30HTAJb
KOMIIOHEHTTEP], strau O, OCiHIeri IPOeKIUsIaphl HOJINe TeH O0JI1aIbl:

|T1| cos a = |To| cos § = Ty = const, (2.1.1)

myanarsl Ty = T'(x), Ty = T(x + Ax).
Memapireiaga, Hanambep Karumgachbl OOWBIHINA —OapJibIK, —9cep  eTyIi
kymrepais O, eciHeri MPOeKIUsIIaPbIHBIH KOCBIHIBICH HOJITe T€H OOJIYbI THICTI:

—|T1| cosa + |Ta| cos 5 = 0. (2.1.2)

Bynan
I SR
V1+tg2er 1+ u2

eKeH/IIrH eckepcek, ouga (2.1.2) Tengikren

COST =

T(x) = T(z+ Ax)

armambi3.  Myngarel x, Ax ke3 KesireH GosrrajbikTaH, T'(x) Kepimic kymi x
affHbIMAJIBbLIAaH J1a Toyesici3, sstun T'(z) = Ty = const TypakThl 60JIaIbL.

Enjii reryiey i KOPBITBII any yiia Holomonnoir, exinwg 3aroim’ O, oci yiiin
JKa3albIK,

Tvo, +Teo, + F- Az =p- Ax - uy
HeMece
—|Ty|sina+ |Ts|sinf+ F - Ax = p- Ax - uy. (2.1.3)

MyHzarsr uy yaeyai, ain p- Ax maccanbl 6epeni. Byur (2.1.3) TeHikTiH €Ki »KarbiH
(2.1.1) 6oitbrama 11| cos a = |13 cos f = Ty Gencek:

F
tgh — tga + EAJJ = TﬁoAx U

anambrs. COHFBI TEHJIIKKe

’ ou
o= —
g Ox |,
JKoHe
ou
tgs = Iz
2 z+Az

2 ma=F, +Fs+ ...+ Fg
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JKaHAMaHbBIH, OYPBIIITHIK, KoM MUIMEHTTEPl €KEHIIMNH eCKepIill »KoHe OHBIH, eKi
KarblH Az GeJeifik:

ug (x4 Az) —ug ()  F  p
Ax ?0 = Toutt. (214)

(2.1.4) rengirrer Ax — 0 YMTBUIIBIPHII I[IEKKe KOIICEK, HOTHKEJIE
Ut — a2uxx = f($7t) (215)

IITeKTiH KOJIIeHeH TepOeiciHiH TeHeyiH ajJaMbl3, MYHIAFbI:

T 1
== f (x,t) = —F (xz,t), p= const.
P P
(2.1.5) Tenmey 0ip onwemdi Gipmexmi emec MOAKuHILE Mmendeyi et
aranagpl. Erep F(x,t) = 0 6ojca, siFHU IIEeK CBIPTKBI KYIITIH OCEPIHCI3
TepbesieTin H60JIca OHIA IMEKTIH epKiH TepOesiciHin TeHIeyiH alaMbl3

gt — a2ugy = 0. (2.1.6)

By renney 6ipmexmi moaxundok merdeyi JeN aTaabl.

Ken emmemui xkargaiina ga (MbIcaiabl €Ki eJeMJi Karjaiija KasblK
MeMOpaHa TEHJEYiH) OCBIHAAH KOJJIAPMEH TOJKBIHJBIK TEHJEYiH KOPBITHII
HmibIrapyra 60J1ainr:

uy — a’Au (z,t) =0, x=(x1,22,..k,) € R". (2.1.7)

2.1.2. 2KbpuiyeTKi3rinitik TeHaeyi

Y3bIHIBIFRI | - Fa TeH, OipTekTi, Oyilip OeTiHeH »KbLITy M30JUPJICHIEeH KIHIITKe
6itik immHgeri XKbUIyAbIH TapaJjy KyObUIBICBIH KapacTbpailbik (2.1.2-a cyper).
Atranpik, 6imik O, eciHiH GOIBIHIA OPHATACCHIH KOHE KOJJICHEH KUMACHIHBIH
ayJlaHbl S — W30TEPMUSUIBIK (SIFHM Ke3 KeJINeH YaKbIT Me3eTiHJe KOJJIeHEH
KMMACBIHBIH opOip HYKTeciHeri TeMneparypacer 6ipaeii) 6er 6osceia. CoHbIMEH
kKarap ¢ yakpIT Me3eTiHjeri OLTKTIH & KUMAaChIHJAFbl Temieparypacbl u (x,t)
GOJICHIH.

2.1.2-a cyper. 6ijiK imriHzgeri XKbUTyIbIH TapaJsIybl
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OyeJii, KbUIYIbIH TapaayblHa KaTBICThI KayKeTTi (PU3UKAJIBIK 3aHIbLIBIKTapIbI
KeJTipenik:

1. ®ypbe 3aHbl. FErep geme Temmeparypachkl OIpKaJBIITHI OoJMAaca,
OHJIA OHBIH, iIMiHIE XKBIIYy afblHbl Iaiiga 00JaIbl »KOHE OJI KbLIY arbIHbI
JKOFapbl TEMIIEPATYPAJIbI OPTAJaH TOMEHTI TeMIIepaTypasibl OpTara OAFbITTAJIBIIT
Kosrajanpl. At yaKbIT apaJblFblHia S GeTiHeH arbll OTeTiH XKbLIY MeJIepi

dQ = ¢S - At, (2.1.8)
MYHIAFbI
ou
q=—k(x) oz

— Gipsik yakpIT imisHgeri GipJik ayaH/bl KUMaJAaH OTeTiH Kby MeJrepi, k ()
— KBUTYOTKI3MIITIK KODDUITHEHT.

2. biprekri geHeHiH TemmeparypacblH Awu IIaMacblHa ©CIpy YIIIH KaxKeTTi
2KBITy MeJIepi

dQ = emAu = cpSAulAzx (2.1.9)

MYHJIAFBI C — YJIECT1 YKbULY CBIMBIMJIBIIBIK, M — JIEHE MaCCacChl, P — THIFBI3/IBIFEI.
3. Tmxki Gesrimi F (z,t) xXbuty Kesimig ocepinen (nene immiHze *Kbpuly maiiia
60J1ybl HEMeCe JKYThULYbl MyMKiH) At yakpIT imisge 6eiiHeTiH KbLIy MOJIIepi:

dQ = SF (z,t) AxAt. (2.1.10)
4. DHEPrUsHbIH CAKTALY 3aHbI:

Q=Q1+Qs+ ...+ Qk (2.1.11)

KapacToipbuibiil OThIpran KyObUIBICTBIH TEHJEYiH KOPBITBII INbIFApy YIIH
6imikTiH Ke3 KesreH a3 [z, x + Az| Gesirin KapacTbipailbik. Dypbe 3aHpl, sSIFHU
(2.1.8) Goitbramma [t,t + At] yakplT inmsge apajblFblHAa T KUMAaChIHAH AFbIIl
KipeTiH KbLIy MeJIIepi:

dQ, = —kS At%
ox

)
x

al x + Ax KHMaCbIHaH afbIll IbITaThbIH 2KbLJTY IVIGHIHepi

dQo = — <—/<;S At%
ox

> =kS At% .
r+Ax O r+Ax

ConbiMen katap [t,t+ At] yaxprr iminge imki F'(z,t) Kblay Ke3iHiH ocepiHeH
6inikTin [z, z + Ax] Geirine Gesinerin by Mesmepi (2.1.10) Goiibaina

dQz = SF (x,t) AxAt.
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Exinmi xareman, [¢,t+ At] yakerr imisge Oimikrig [r,z + Ax] Gesirinin
remiieparypacbii Au = wu(z,t+ At) — u(z,t) mamacelHa €3repry YIIiH
JKyMcaJIFaH KoLty Meuiepi (2.1.9) Goiibiaima

dQ = cpS (u(z,t + At) —u (z,t)) Ax.
Ouraii 6oJica, sHeprusiHbIH, cakTaay 3aHbl (2.1.11) Goiibraia

dQ = dQ1 + dQ2 + dQs,

HeMece

epS (u(z, t + At) —u(x,t)) Az = —kS At%

ou

+kS At— + SFAzAt,

Ox r+Ax

MYHJIAFBI ¢, p, S, k TYpakKThI IaMaJjap eKeHJIrH eCKepill, COHFbI TeHJIKTIH eKi
karpiH SAxAt Gesicex

Ou(z+Azx,t)  du(x,t)

u(z,t+ At) —u(z,t) k 3 3 1
At cp Az + cp (2,)

TeHIiriH agaMbl3. Bya reraikred AxAt — 0 yMTBUILIBIPBIII IIEK AJICAK, HOTUKEIE

ou 0%
5 = T @) (2.1.12)

N . ., k 1
HCHLAYOMKIZ2IWMIK TEHJEYIH ajaMbl3, MyHJIarel a° = —, f (z,t) = —F (x,t).
cp cp

Erep »xkbu1y kesi 6osmaca, sivan F (x,t) = 0 6ouca, onpa (2.1.12) renneyen
OGIPTEKTI KBIIYOTKIBMIIMTIK TEHIEY] IIBIFaIbI:

U — a2um =0.
2Kasmbl kargaina XKbITyOTKI3TIIITIK TeHaeyi

us — a’Au (z,t) = f(z,1) (2.1.13)
HeMece

cp(?;; = div (kVu) + f(x,t), x=(z1,22,..xy) € R"

n

. 0%u

JINBEPreHTTI Typ/ie Kas3bLiabl, MyHIa Au (z,t) = E o Jlamiac orepaTophl.
4

i=1 4
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2.1.3. Jlanzac TeHgeyi (cramuoHap »KbuTy epici)
BiprekTi marepuaiabl jgene imriHAEr KbLTYABIH TapaJly MIPOIECi XKOFapblia
KOPBITBLIFaHIAH

ug — a’Au(z,t) =0, z € R®

KBLUTYOTKI3TIINTIK TEeHAEeyiMeH cuiaTTaaaibl. Krep mporecc cTalmoHap/ibl, SFHI
JKBUIYJIBIH Tapajybl yaKbIT e3repyiHeH Toyescis 6osca, onma u; (z,t) = 0
GosrraHIbIKTaH U (1, t) TeMIepaTypaHbIH e3repici

Au(z) =0, z € R" (2.1.14)
TeH eyiMeH cumarTaiagbl. MyHmarsr A:

AU = Ugy + Uyy, N =2,
AU = Ugy + Uyy + Uz, N =3,
AU = Up, gy + Uggzy + oo + Uz 2, TER"

— Jlamrac omepatopsrl, an (2.1.14) Tengey Jlammac? TEHJIEY] JIeT aTaJIa Ibl.
Erep cbIpTKbI KBTIy KO3i OPBIH ajaThiH 00JICa, OHIA ITPOIECC

Au(x) = f(z), x€R"

[Iyaccon TenjeyiMeH cumaTTaaa bl.

2.2 MaremaTrukaJblK (pu3nKa TeHJeyJ/iepiHe KONbLIaThIH
HETI3ri ecenrep

Juddepennmaiibk, TeHIeyIepIiH, merrimMepi oaerre Kor 6omaabl. OJiap by
immimen KaykeTTi mIenmiMi ajy VIMH OFaH 3ePTTETHINl OTBIPFaH KYOBLIBICTBIH,
TaburaTbiHa OAMJIAHBICTBI KOCBIMIINA IMapTTap KoibLiajbl.  MaremaTukasbIk,
busMkaHbIH Herisri TenjeysepiHe yakplT OoiibiHmia Gacranker rmapr (Komm
[IapThl) »KOHE KEeHICTIKTIK aifiHbIMaJIbl OOMbIHINA MIeKAPAIBIK (IIeTTIK) mapTrrap
KOUBLITa/IbI.

2.2.1. Komu ece0bi

Erep kapacTBIpBLIBIIT OTBIPFaH OOJBIC IMEHEJIMEereH 0o0Jica, MocesaeH, Oip
eJimeMJil Kargaiiga ¥ € (—o00, 00), OHJA TOJKBIHIBIK YKOHE KbIJIOTKI3TIIITIK
TeHIeYJIEPIHIH KAXKeTTi IeHe/ITeH KAJTbI3 IIeIIMIH aIy YIIH oJapra 6acTamKbl

SPIERRE SIMON LAPLACE (Ileep-Cumon Jlammac), (1749 — 1827) — dbpaHumsiibk
MaTeMaTukK, (pusuk opi acrponom. OJi MaTeMaTUKAIBIK, (DU3UKAIA dcipece apHANbl (DyHKIMAIAD
JKOHE MMOTEHIMAJIAD TEOPUSChIHIA eseyiii eHbekrep xKacaabl. OnblH aTbiMeH Jlamsiac renjeyi
xone Jlammac Typsenmaipyi artamagei. COHBIMEH KaTap OHBIH €HOEKTepl aclmaH MEeXaHUKACHI,
BIKTUMAJIJBIKTAD TEOPHUSICHI, THAPOINHAMUKA, aHAIN3, TuddepeHnnaIIbK TeHAeyaep KoHe T.0.
caJiajapia MaHbI3/Ibl OPbIH aJIajIbl.
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maprrap (Hemece Kormm maprer jgen atana/er) Koiibuiaasl. (2.1.6) memece (2.1.7)
TOJIKBIHIBIK, TeHJIEY1 YIITH OacTaIKbI MIapT

u(z,0)=¢(x), w(r,0)=v¢(x), xR (2.2.15)

Typie Koitbliaabl. Cebebi TOJKBIHIBIK TeHIeYiH e ¢ ailHbIMa bl OONBIHIIA eKIHIII
perti Tybiagbl 6ap. Au (2.1.12) memece (2.1.13) xkpuryeTkisrimrik Tenaeyine t
afHBIMAJIBI OOMBIHITIA OIPIHI PETTi TYyBIHILI OOJFAHILIKTAH OACTAIIKEI IITAPT

u(z,0)=p(x), R (2.2.16)
Typae Koitbuiaabl. CoHBIMEH, moakbiidoik mendeyi ywin Kowu ecebi men

U — QP Ugy =0, T €R, t >0,
u(:c,()) = QD(I‘), Ut (l’,O) = 1/’(»@), z€eR

Tengeynep Kyifecin KamararTamgpipaThi  u(x,t) = C?(Q)
dyuknusicr Taby ecebin Tycinemiz. Mynnarel Q = Rx (t > 0), Q =
At orcolayemxizeiuumix mendeyt ywin Kowu ecedi  men

— 2 =
{ U — AUz, =0, x €R, £ >0, (2.2.18)

u(z,0) =p(z), zeR

Ter Ieyep JKyitecin KanarartanppaTeH u (z,t) = C*1 (Q)NC (Q) GYHKIIACHIH
Taby ecebin aiirambrs.  Mynmarer p(x), ¥(x) — OGacranksl Hemece Kormm
Oepinrenepi Jien aTaJdaThiH Oeriai pyHKIusIap.

Eckepty 2.2.1. Myndat weneamezern obavicmapda bepinzern, Kowu ecebine
x — oo kesde IM € R, |u(z,t)] < M weneaimdix wapmmapviroi,
opvthdaaysv. maaan emiaedi. Odemme OyA WAPM WEWEMHIY, AGHBIKMAMACHIHIG
atmutaramondoimar (wewim - beazini 6ip oswem, mempura 60TLHULG AKLLPAVL)
HCA3VUAMATIODL.

2.2.2. IIlekapajabIK 1mapTTap

Erep xapacTeIpbliabil oTbipraH {) OOJIBICHI IIeHeJTeH 0oJjica, MoceseH, Oip
esmeml xargaiina = [0, [] kecingici, oHza memivMHIH IeKapachlHIaFbl MOH/EP]
TypaJibl MIeKapaiblK ImapTrap Koibutamsl. [llekapanbik maprrap yIn Typje
KOWBLIa/IbI.

Anpiktama 2.2.1. Bipinwi mexmi wexapasv, wapm wemece JJupuzae’

wapmo: den S = 0 wekapada u(z,t) Pynryuacvinoy MoHi bepinzen
u(x,t)|gq =p(t), t>0 (2.2.19)

mypdezi wapmmot atimadot.

“JOHANN PETER GUSTAV LEJEUNE DIRICHLET (Moramm Ilerep I'ycras Jlewén-
Hupuxse) (1805 - 1859) — memic maremarmri.  Herisri »KyMbIcTapbl CaHZAp TEOPHSICHI
MEH MaTeMATHKAJBIK, aHAJIU3 KypChbiHa OarbiTTasFad. COHBIMEH KaTap OHBIH MEXaHWKAA,
MaTeMaTUKAJIBIK (DU3NKAIa MAHBI3IbI eHOeKTepi 6ap.
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Anbikrama 2.2.2. Exinwi mexkmi wexapasvk, wapm nemece Hetimarn®

i . )
wapmw, den wexapada I MYBHOBICOIHDLH, MOHT OEPIA2en,
n
Ou (z,t)

= —v(t), t>0 (2.2.20)

o0

mypoeai wapmmot atimadot.

Awupikrama 2.2.3. Ywinwi mexmi wexapaawk wapm den wexapada u(x,t)

ou
GYHKUUACHL MEH —— MYBIHOBLCHIHBLY, MOHOEPTH OATLAAGHDLCTNVLPLIN KOTIbLAZAM

on
0 t
(au(a;,t)Jrﬁu(x’)) =x(t), t>0 (2.2.21)
on 59
mypdezi wapmmus atimade.  Myndaew o, — o + B% # 0 wapmom

KaHa2ammandupamovit, 6eiziai candap.

Erep mekapagarsr moumepi (u(t), v(t), x(t) dysknusiapsr) Hesre Ten 6osica,
OHJIa IIIeKapaJIbIK, MapTTap O0ipmexmi, ajl Kepi Kardaifiabl 0ipmexmi emec Jen
aTasapl.

ZKorapsigars: (2.2.19)-(2.2.21) maprrap n = 1 6osranja coiikec kejeci Typje
OpHEKTEJIe]I]:

w(0,t) = p1 (t), uw(l,t)=p2(t), z€l0,l];
ug (0,8) =v1 (t), uy (I,t) =10 (t), =€]l0,l];
aju (0,t) + Srug (0,8) = x1 (t), asu (l,t) + Paug (I, 1) = x2(t), = €[0,1].

Eckepry 2.2.2. Ywinwi wekapaivlk wapm nHcaisnsv. mypoezi wWexapaibi,
wapm boavin ecenmenedi, cebebi a = 0 604ca, eKIHWE ULEKAPAABLE WAPTINDL, QA
B = 0 boaca, 6ipinwi wexapasvik WaAPmMIMsE GAGMDLS.

Eckepry 2.2.3. Iwexmin mepbeaict yuwir OIPpIHULL WEKAPANDLE UWAPTIMDBIH,
MA2DIHACDE €KT YULLL KAMMb, OEKIMifzeH 1WEKmMiN, eKiHWl WeKaPAAbLE ULADPM EKT
Yo, 60C, aA YUTHULL WEKAPAADIEK Wapm ekl Y, cepnimdi Oeximiizer uLeKrmin,
mepbenicit 6eadipedi.

Eckepry 2.2.4. 2Kuwayomxiseiwmix mendeyi ywih OIpIiHWE WeEKAPAALLEK,
WAPMMBLY, MAZOIHACHL deneniy, Oy Tiip beminit, memnepamypaco, beazini 60a2aH,
ERTHULL WEKAPAABLE, UWLAPTN WEKAPACH, HCOAYUSONUPAEH2ENR, QA YUWIHULL ULEKAPAADIK
WaApm WeKaAPacouHia ColpmEs, OPMAMEH HCHLAY AAMACY OPBIH  AAGMBHOBIZDIH
6indipedi.

SCARL NEUMANN (Kapn Heitman) (1832 - 1925) — memic maremaruri opi dusmri.
Oubly, Herisri »KyMbIcTapbl Jiepbec TybIHABLIBL AnddepeHnnaniablk Tegaeyiep (IoTeHpaap
TEOPUSICHI, eKIHII HIeTTIK ecel), MHTErPAJABIK TEHJEeyJep YKoHe AJIreOpaJIblK, (DYHKIMSIIAP/IbL
3eprreyre apHajraH. COHBIMEH KaTap OHBIH MEXAHMKA, SJIEKTPOAUHAMUKA, I'MIPOJMHAMUKA
caJIaChIHZIA Jla MAHBI3bI eHbeKTepi Gap.
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2.2.3. DBacrankpl-merTik ecenrep

Jlammac 2kone Ilyaccon Ttenjieysiepi craruonap TeHJieyJep OOJIFAHIBIKTAH
oJlapra TeK KOFapbIIAFrbl VI IIeKapaJsblK MMAPTTHIH Oipeyi koitbiaamer. Mymmait
[IEKAPAJIBIK, [APTICH OEpireH ecernrep wekapaivs (wemmik) ecenmep e
atajgaybl.  AJT KBUIYOTKI3TIINITIK HEMece TOJIKBIHJIBIK TEHJEYJIEPiH IIeHereH
obubicTapia GipMoHsl Imemny yimiH osapra coiikec (2.2.15), (2.2.16) 6Gacrankpl
maprrapra kKoca (2.2.19)-(2.2.21) 1mekapasblk MIapTTApjbH  Oipl  KOCHLIBII
KoiibLtagnl.  MyH#ail ecemrep 6acmankvi-wemmirx HeMece apansac ecen Iem
aTaJIaIbL.

1. Bip emmemai TONKBIHIALIK TeHJEyl VIIiH OAaCTAIKBI-IIIETTIK €CENTiH,
KOWBLJIBIMBIL:

U — @PUgy =0, O0<z <, t>0,
u(x,())ch(x),ut($,0)2¢(az), OS‘TSL
w(0,t) =p(t), u(l,t)=v(t), t>0

TeHJIeyJIep KYHeCiH KaHaraTTaHAbIPAThIH U (X, t) € Cﬁf (Q¢) N C%L(Qy) memivin
Taby kepek. Mymunarel ¢, ¥, w, v — 6enarimi, y3inicci3 2xkone

0 (0) =p(0), (1) =v(0), ¥ (0)=p'(0), (1) =2 (0)

YiIeCiMIITIK MAapTTAPbIH KaHAFaATTAHIBIPATHIH (DyHKIHLIAP.
2. bBip emmeMai XKbLIyeTKI3TimMTIK TeHAeyl yiriH OipiHmni O6acTanKb-IIeTTiK
€CeNTIH KOMBIILIMBI:

U —aPugy; =0, 0<z<l, t>0,
u(z,0)=p(x), 0<x<lI,
w(0) = n(t), wl)=v(t), >0

TeHJIeyJIep JKyiieciH KaHaraTTaHabIpaTbiH U (x,t) € Ci:tl (Q¢) N C(Qy) mermimin
Taby kepek. MyHmarsl ¢, u, v — 6eariii, ysiriccis xone

v (0) =1 (0), ¢ (1) =v(0)

YITEeCIMITIK MapTTAPhIH KaHAFaATTAHIBIPATHIH (DYyHKIHAIAP.
3. Jlammtac Tegaeyi yimin Oipiamm  1merTik Hemece Jlupuxie ecebiHiH
KOWBILJIBIMBI:

Au(x) =0, x € Q CR",
u(x)=¢(z), xe€S=00

TemyieysIep AKylecin KanaraTTanappaThid u (7, t) € C? (Q)NC(9Q) memnrimin Taby
KepexK.

o ocbl cusIKTBI TOJKBIHJBIK, Tereyl yurn (2.1.7), (2.2.15), (2.2.20) xone
(2.1.7), (2.2.15), (2.2.21), xpuayeTKisrimTik Temgeyi ymin (2.1.13), (2.2.16),
(2.2.20) xome (2.1.13), (2.2.16), (2.2.21) exinmi »xome ymiHmd GacTankpl -
meKapaJiblk, ecenTepinin, Jlamrac Terpeyi yrmin (2.1.14), (2.2.20) xome (2.1.14),
(2.2.21) exinmi (Hefiman) »koHe yImiHII MIeTTIK ecenTepiHiH KONBIIBIMBIH AJIyFa
0oJ1aJIbI.
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2.2.4. MaremaTukaJjbIK (pU3UKa eCenTepiHiH, KUCHIHIbI KOWBLITYbI

MareMaTHKAJIBIK dusnka ecenrepi HAKThI KYOBLIBICTAPIHI
CUIIATTARTHIHIBIKTAH, (PU3NKAJBIK, MaTeMATHKAJBIK MaFbIHACHIHA OallIaHBICTEI
OJIAPIBIH, KUCBIHIBI 2KOHE KUCHIHCHI3 KOUBLITY YFBIMIAPHI CHIi311esi.

Anpikrama 2.2.4. Fezep kapacmoipoiavin omoipeat KeHicmikme Kotviaeah
MAMEMAMUKAADLE, eCENMIN,

e wewimi bap boaca;
o wewiMmi scangvld 6oaca;
o wewiMi OpHBIKMDBL boaca, onda ecen Kucoidvl Kotiviazar den amanadol.

Ecenrin mrermiMinig, OpHBIKTBI 60Tyl JereHiMI3 MIeMiMiHIH ecenTin 6acTalKbl
Gepinrenepinen (mekapasblk GyHKIUsIaH, 6acTAlKbl MApTTarbl BOyHKIUSAH,
TEHJIEY/IiH OH JKarblHaH KoHe T.0.) Y3/IKCi3 Toyesai OOJyBl, SIFHH €CEelTiH
OepiireHepiHiH a3 ©3repicKe eHyiHeH IMeNIiMHIH affTapbIKTail yJIKeH e3repicke
YIITbIpaMaybiH TYCIHEMIS.

Erep :xorapbimarsl yIn mapTThiH Oipeyl OpbIHIaIMaca, OHIA €Cell KUCHIHIbI
eMec Jiell  aTajabl. Maremarukayiblk Qusnka ecenTepini (KOFaApbIIAFbI
AHBIKTAIFAH MAFbIHA/IA) KUCBIH/IbI KOMbLIY YFBIMBIH AJIFAIll eHri3reH hpaHIly3/IbIK
raibiM — 2Kak Anamap®.

Anaiina KUCHIHIAB KOHBLAFAH ecenTepMeH KaTap KUCHIHILI eMeC eCelTep e
xui kKesgeceni.  CoHupail KUCBIHIBI KOWBLIMaraH ecenTepiid, Oipi — Ampamap
MBICAJIbI Jel aTajJaTbiH TeoMeneri Jlammac Tenaeyine koitaran Komm ecebi:

Au(x,y) = Uze +uyy =0, 0 <2 <00, —00 <y < 00,
w(0,y) = f(y), u(0,y) =g(y), —oo<y< oo

Erep f1(y) =0, ¢1(y) = 0 men ascak, onjia oyapra coiikec menrim ug (x,y) = 0

dbyuximsicst, an fa(y) = - sinny, g2(y) = 0 gen ajncak, oHzA HIeMIiM

1
ug(z,y) = - sin ny cosh nx

dYHKIUSICHI OOJIATHIHBIH TEKCEPY KHUBIH eMec.

MMemim  ysimiccis  dyHKIusiap — KjaacblHaH — (KJIACCHKAJIBIK, — IIIEIIiM)
i3/1e/IIHNeHIIKTEH, ecenTiH, bacTallKbl Oepinreniepiniy, esrepicini C' KeHICTIriHIH,
METPHUKAChI OOUBIHIIIA eCeTeiiMi3:

_ [sinny|

p(91,92) =0, p(f1,f2) = max

)

1.
——sinny
n

n

S5JACQUES HADAMARD (1865-1963) cdbpamiys rambsiMbl. OHBIH KaTapjiap TEOPHACHIHIA
JKoHeE J1epbec TyBIHABLIB Iud depeHnuaIbK TeHIEYIeP TEOPUACHIHIA MaHbI3IbI EHOeKTEpI 6ap.
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SIFHU KETKIKTI yJIKeH n MoHjepi yiuid p (f1, f2) KeTKigikTi a3 mama 60JIaIbl.
Aur oyrapra colikec menmimep e3repici
|sin ny|

1.
p (u1,u2) = max |—— sinny coshnz| = —= coshnz
n n

JKeTKIJIIKTI YJIKEH n VIIiH MeKCi3 yJIKeH maMa 60Jaanl, cebedi x > 0 yrin

. coshnx e 4 e ™
|sinny| <1, = — 00, N — 0.
n n

Ilemek, 1menriM opHBIKCHI3.  Ouail 60j1ca, KHUCBIHALI KOMBLIYALIH YINIHII
MmapThl OPBIHIAIMAFaHILIKTAH, €CEll KUCHIHIBI eMecC.

Migne, ochl TOpi3/i KUCBIHBI €MeC KONUBLIFAH ecenTepre MbICAIIAP b KOTITE
KeaTipyre Oosaipl. Byl OKy KypasblHIAa KapacTBIPbLIATHIH OapJIbIK ecernTep
KUCBHIHIBI KOWBLIFaH.

2.3 2KarTeIfy ecenTepi MeH KayamnTapbl

2.3.1. 2Karteirynap

2Kozapwidazvr adicmepdi Koadanwvin, keaect ecenmepdi wewinizdep:

2.3.1. Bip ywwnda Jupuzae, exinwi yuvnda Hetimarn wapmot bepiszen y3oiidol
l-2e men, wexmir, eprin mepbesicin aHuIKMAY ecebinit, KOTUBLABLMbBLN KEATIPIHIZ.
Hlexir, 6acmankw,  otcoiidadvizve men  aywmryv, cotlivec p(x), P(x) 6esziai
meeic Pynryuaap.  Kaaccukaivlk wWewim KAGCHH aHoIKMan, yUusecimoingg
WAPMMAPHLH, HCA3VIHDLS.

2.3.2. Bipmexmi emec orcviayemxizeiwmirx mendeyi yuwin Jupurie wapmoimen
bepineen 6acMAnKbv-wWemmix ecenmiy, KotUvaviMbll Keamipinid.  Kaaccurxanvik
WEUWTMIHIY, KAACHIH GHOIKMAN, YUACCIMOIATE WAPMINAPIH HCA3BIHDLS.

2.3.3. Tixmepmoypwuwuma Oepineen Jlanaac mendeyi ywin Hetman ecebinin
KOUBINDIMBIH — KEAMIPIHIS. Kaaccukaavly, wWewimMiniy, KAGCHIH — AHOIKMAN,
YUAECIMOTALK WAPTIITADBLH HCA3DIHDIS.

2.3.4. Bip ywov mukman beximineern WeKCi3 y3oiH 1WeKMIt, epikci3 mepbesicit
aHBIKMAy ecebiniy, Kotvabimbih Keamipinid. lwexir, 6acmankor scoLrdadvizb, MeH
ayvmryv, cotikec p(x), ¥(x) beazini.

2.3.5. Illemmepi moikman 6eximinzern dHCa3vl, MeMOPaHG CulpMKb, Oenzing
F(M,t) xywmin acepinern mepbenic srcacation. ®(M) — bacmankot scviadadvizn,
men W(M) — ayoumxyo: 6eazini 60azan ke3de2i dcasvik MEMOPAHAHBIY MEPOECTH
AHBIKMAY ECeOIHIH, KOTUbBLADLMDLH KEATNIPIHIZ.

2.3.6. ¥svmdvien, | (0 <z <), moewiddoien, p = p(x) coi3vlkmol 6oaamoi iwer
Oy, otcazvismuoievinda keadener, mepbenic orcacation. lwekin xeadener, mepbenici
u(x,t) den anrvin, iwexmin,
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a) ewbip beximinzen maccarapv. 6oamazan sHcazdatidazvl;
2) apbip x; nyxmeaepinde m;i, i = 1,...,n maccarapv. beximiszen scazdatioazo
K xunemuranvik SHEPL2UACHIH AHOKMAHD3.

2.3.7. ¥zomodvien | (0 < z < 1) men twek Oy, otcasvismoievinda KoadeHeH
mepbenic orcacation. Twekin koadener, mepbenici u(xz,t) den aavin, iwexmin

a) ywmapo, mepbeametmindeti beximinzen scazdatioasni;

2) ywmapv, mepbeamelimindeti GeKimiieen HCOHE Uy - MM, EKIHULL 0dPEdHCECIHEN
2HCORAPRBIAAPIH. ecenmemeyee bosamuik dcazdatidaznl

U nomenyuasdvk SHEP2UACHIH GHOIKMAHbLS.

2.3.8. Bytip 6emi usoasyussanzan, y3wnovev, | - eze men (0 < x < 1)
Gipmexmi  Giaikmir, 6acmanko. memnepamypacv. — @(x) (t = 0).  Biaikmin
YWMaAPsL HCHAYUZ0AGUUALGHRAK dfcazdatidazv, Gintk twindeei u(x,t), t > 0
MeMNePAMYypParv, AHLKMATMbIH eCENMIN, KOUBLAVMDBIH KEAMIPIHIS.

2.3.9. Byitip 6emi uzosayusiarean, yavndvew | - 2e men (0 < x < 1) 6ipmexmi
Ginikmir, 6acmankv memnepamypaco, — o(x) (t = 0). Biaikmin x = 0 orcone
x = | ywmapwnda 6acmanko, t = 0 yaxwm mezeminen bacman cotixec q(t)
orcone p(t) orcoiay azvindapol opvin asamoik 6oaca, Ginik iwindezi u(z,t), t >0
MEMNEPAMYPAHBL AHBIKMATMbIH ECENMIN, KOTUBLABLMbBIH, KEAMIPIHIS.

2.3.10. Keadener xumaco, myparxmos, S, yavimdviev | - 2e men, 1wt 2a3 6mMKi3emin
(keyex) sammapmen Gipmexmi moamuipuiaear mymik iwinde 2a3 Juddysuacol
opoir anadv..  Tymixmin 6ytip bemi 2a3 emwxizbeiidi owcone t = 0 yaxoim
mezemmezi 2a30viH, bacmankv, Konuyenmpayusco, o(x) - ee mewn.  Tymikmin
t = 0 yaxwm wmezeminer bacman x = 0 ywwnndaev, 243 KOHUEHMPAUUACDL
p(t) mew, an x = 1 yww 2a3 emxisbetimin 6oaca, ke3 wenzen t > 0
yaxwvm mezemindezi mymix iwindezi u(z,t) 2a3 KOHUEHMPAUUAHDL AHOIKMATIMbLH
ecenmit, KoUblAbMDBIH KEATIPIHLS.

2.3.11. Bipmexmi usomponmovt CMEPIHCIH TUWIHOE ePKIH JHCHIAY GAMACYDL OPBLH,
anadoi..  Bacmanks memnepamypaco, o(x) (t = 0) orcone Ginikminy v = 0
YWHOARbL MEMNEPAMYPA Uy MYy PaKmol, ar x = | ywonda memnepamypacos q(t)
3aHbL OOTLIHULL CHIPMKDL OPMAMEH HCHLAY AAMACAMBLH Heazdatidazv, OiaiK jwindezs
AHCHLAY OV, MAPAAYDIH GHOKMATMDIH eCENMit, KOUBLADLMbYLH, KEAMIPIHIS.

2.3.12. Kedepei xywi ayvimxyza nponopuuonas opmadaes, y3oiidvied, [-2e men
wWeKmMin, Koadener, mepbeicitiy, meHJeyin Kopbmbvln Ub2apbiHbL3.

2.3.13. Bipmexmi, xeadener wumacoimviry aydanv, S(x)-ke men cepnimdi
binikmar, 60TAbLE MEPOCAICTHIH, TEHIEYIH KOPOIMBLN UbL2APDIHDLS.

2.3.14. Bipmexmi wap iwinde t = 0 yaxvuim mezeminer bacman Oipreaxs
Mapasamolt Mypaxmo, q ooy %03t ocep emedi.  Llapdwr xe3 weseen
Hy'kmecinde2i 6acmanks, MEMNEPAMYPa MOHL COA HYyKmeden wapdoy YeHmpire
detiinei apaxowvkmoikman 2ana moyeadi.  Tomendezi owcazdatinapdazo. wap
twindeet xe3 xeazenw t > 0 yaxwm mesemindei  JHCHIAYOBLY, MAPAAYDLH
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CUNAMMATUMbH ecenmit, KoUvlAvMblH KEATIDIHLS!

a) Llap 6eminiry memnepamypaco. neaze mer, 60aca;

2) Ilap 6eminde Hvromon 3amvr GoUbHWG HOAK MEMNEPAMYPAADL COLPINDL
OPMAMEN ICHINY AAMACYDL OPBIH AAGDbL.

2.3.15. Paduycvt R owcapmo, wapdoik, madaHuHbiH, MEeMNEPAMYPACH, HONZE TEN,
an cepanvir; Gemmir, memnepamypaco. f (@, 0) 6eazini 6oaca, onda orcapmos
wapdoiH, 1UKT HY'KMEAEPTHIY, MEMNEPAMYPACHIH GHBIKMATMbIH eCENMi KOTbIHDL3.

2.3.2. 2Kayanrapsl
Uy = a2y, 0< <, t>0,
2.3.1. ¢ u(0,t) =v(t), wug(l,t)=pu(t), t>0,
u(z,0) = p(x), u(z,0)=1v(x), 0<x<L.
u(z,t) € C’if O<z<l,t>0)N C;tl (0 <z <l t>0) ¢pynxyuacom maody,
myndazo v(0) = ¢(0), v/(0) = (0), u(0) =¢'(D), 1'(0) =¢'(1).

g = augy + f(z,t), 0<z<lI, t>0,

2.3.2 u(0,t V(t), u(l,t) = pu(t), t >0,
u(z,0)=p(z) 0<z<l
u(x,t) € C’itl O<z<lt>0)NCO<xz<It>0) pynkyuacoin maby,

¢(0), 1(0) = ¢(0)-
Au(z,y) =0, 0 <z <a, 0<y b
2.3.3. ¢ uy (2,0) = o (x), uy(x,b) =

Yo (

ug (0,y) = 1(y), us(a,y) =91 (
u(z,y) €C?*(0< z < a, 0<y<b)ﬁCl(0§ <a,0<y<b) gﬁynmuuﬂcw

1 (

maby, myndaev o (0) = 1 (0), ¥i(a) =91 (D), ¢y(a )ZZ& (_) P (0) = (D).

g = a*ugy + f(z,t), >0, t>0,
2.3.4. { u(0,t)=0, ¢>0,

u(z,0) =p(z), w(z,0)=1¢), x>0,
myndaev f(x,t) — coupmrs, ocep emywi Ky u.

2.3.5 ug = a?Nu (M, t) + F(M,t), M(z,y) € R? t>0,
T u(M,0) = ®(M), u(M,0)="V(M), My) R

l
1
2.3.6. a) K = Q/p(x)uf(:c,t)dx;
0
l

1 BN
2) K = Q/p(:zr)u?(%t)dfﬂ‘i‘ iz:mluf(a:“t)

0 i=1
l l

T
2.3.7. a)U = T/ V1+u2(x,t) — 1)d x; o)U = 2/ui(x,t)dm.
0 0
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0 0
sut—a2%<sau>, O<z<l, t>0,

2.3.8. u, (0,¢) =uy (I,t) =0, t>0,
k
u(z,0)=p(x), 0<z<l, a®=—.

cp
0 ou
_ 2
sur = a 92 <88x>’ O<ax<l, t>0,
2.3.9. _ 1 1

u(z,0)=p(x), 0<z<l, a>=2=%

ut:a2ux$,0<a:<l’t>07
2.3.10. (0 t) (t) Uy (l’t) =0, t>0,
u(z,0) =p(x), 0<z<l, a*>=2°L

c )

MYHJIAFbl ¢ — KUMAaHBbIH KeyeKTiK KO3(pDUIMEeHTi, SFHU KUMaJarbl Keyek
ayJlaHBIHBIH, OCHI KUMa aylaHbIHa KaTHIHACHI.

U = aPUgy, 0 <<l t>0,
2.3.11. u(0,t) =up, ug(l,t)+~y[u(l,t)—qt)=0, t>0,
u(z,0)=p(r), 0<z<l, a®= %.

2.3.12. puy = Tuze —ku, 0 <x <, t>0, myndaew k xedepei xoapdpuyuerms.

(9 0u 282U_ 2 _ pS

2
up = a? (uTT+uT> —i—i, 0<r<R, t>0,
r cp
2.3.14. { u(0,t) =¢p(r), 0<r<R, |u(0,t)] < oo;
a). |ul,_p = 0;
3). (ur+hu)‘r:R:O7 h:%, a2: ﬁ

Au=0, 0<r<R, 0<0<3, 0<¢<2m,
2.3.15 _ _
ulg—z =0, ul,_p = f(#.0).
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3 bemiMm

MaremaTukaablK, (U3NKa
TeneyJsepl yinn Koiium ecebi

3.1 T'mmepO6osaJjbIK TUIITI TEHAEYJIEP YIITiH >KaJIIblIaMa
Kommn >kone I'ypca ecebi. Cunarraybinirap aaici

Kait muddepennnaaablk TeHeyaep KypcblHAH, erep anddepeHInaIabiK,
TeHJIEY/IiH KaJIbl Ienrimi Oenriii OoJsica OHJIa KaHAal ja Oip maprrapMeH
KolibLTran ecenrepi, moceseH, Komm ecebin mremryre OOJMATBIHIBIFBIH OlTeMis.
Iepbec TybIHABLIB AU EPEHIUAIILIK, TeHIEYJIep YINH 16 TeHIEYIiH >KAJIIbI
mrenrimi Gesrimi Gosica, OHmA KaHmal ga Oip KOMBLIFAH KOCBIMIIA, IMAPTTAPIHI
KaHaraTTaHIbIPATHIH €CEeTEPIH IIenryre 6oJraIbl.

Byn 6emniMae cunarraybimTap 97ici apKbLIbI 1epOeC TYBIHIBLIBI TeHICYACPIiH
JKaJIIbl MIENTiMiH Tabyabl KoHe TI'HIepbosasblk TUnTi Temgeyrep yimn Kormm!
»koHe ['ypca ecenrepin KapacThIpaMbI3.

3.1.1. 2Kammb! nrenrim. Cunarraybimnrap 9/1ici

Aunpiarsl 1.2 - GestiMjie 613 6epliirer jepbec TYBIHIBLIBI TEHIEYIEP OJIAP/IbIH
CHTIATTAYBIN KUCBIKTAPHI apKbLIbl KAHOHJBIK TYypre KeJaTipy/ai KapacTbIPJIbIK.
KanouapIk TeH ey Iep/1i opi Kapail TypJiilie ojicTepiMeH MHTerpaJsIall, OJap/IbliH
IIeIIiMIepiH epKiH PYHKIUIIAp apKbLIbl 6pHeKTeyre bomaapl. MyHmail KoimeH
TEHJIEY/IIH INeNTiMiH TaOymbl CHUNATTAYBINITAD OJici Jem, aJj epKiH Typieri
byHKIUIIAD ApPKbLIBI OPHEKTEITeH IIENNM/Il TEHJEYiH KaJIIbl IIeriMi e
aTaliipbl.

'AUGUSTIN LOUIS CAUCHY (Oriocren JIynm Komm) (1789-1857) — dbpanmys
MaTeMaTHIi. Onbly eHbekTepi MaTeMATHKAaHBIH Op TYpJi CaJacblHA KaTBICTHI. Aran
afiTKaHIa MaTeMATHKAJbIK AaHAJJIN3, KOMIUIEKC AafHBIMAIBI (DYHKIUSIAD TEOPHUSCHI, Kail
nuddepeHnuaIiblK KoHe MaTeMaTHKAIbIK, (dusnka Tergeyaepi (6acramkpl ApTTHI IIETTIK
€cenTep), TEOMETpUs, CAHJAD TEOPHACHI, anrebpa, acTPOHOMHs, ONTHKA KoHE T.0. FhLIBIM
CaJIACBIHJIA MAHbI3/bI 3epTTeysepi 6ap. OJ1 — COHBIMEH KaTap aJIFalll CePIIMIIIIK TeOPUsIChIHBIH
MAaTeMaTUKAJBIK HEri3iH Kasabl.
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Mpicaa 3.1.1. Tendeydin, orcarnvy wewiMmin MadviHbL3:
Ugpy — Uyy + 2Uz + 2uy = 0.

Tenryi. Anapiven TeHAeyAiH THIIH aHBIKTAIl, KAHOHJBIK TYpPre KeJaTipeMis.
A =1 > 0 runepboJiajblK TUITI TEHIEY »K9HE CUIIATTAYBII KUCHIKTAPDI:

d
(y) =41 = dy==+dr = y=zx+c, y=2x+co.
dr /|,

Bya cunarraybiimrap apKbLIbI
f=y—z, n=y+uz
benrineysepin enrizemis. Teraeymeri
Uy = —Ug + Uy,
Uy = Ug + Up,
Uy = Uge — 2Ugy + Uy,
Uyy = Ugg + 2ugn + Uy

Jiepbec  TYBIHIBLIAPBIH KaHA AalHBIMAJbLIAD OOWBIHINA ©PHEKTEI, OJiapJibl
Oepinren TeHeyre KOMBIN, BIKITAMIACAK, HOTHKEIE

Ugy — Uy =0
KaHOH/IbIK, TeHJeyiH ajaMbl3. byran u, = v Geiriney eHriscek,

ve—v =0
TeHjieyiH ajiambl3.  Krep 7 allHBIMAJIBICBIH [ApaMeTp PEeTiHJE KapacThIPCAK,
Oys1 Teumey Oipinmn perTi GipTEKTi CHIBBLIKTHIK 2Kail nuddepeHnuaiibK TeHICY
0018161 YKOHE OHBIH, YKAJIIILI IIeIiMi

v=gp(n)e,
MYHIAFbl ¢ (1) GYHKIUSCH — 7) allHBIMAJIBIIAH FaHA TOYeJ i epKiH (DyHKIHsL.
Hemex,

Uy = @ (n) et

Mysbr € alHBIMAJIBICBIH IIAPAMETD PETiHJe KapacThIPBI, 1) AfHBIMAJIBICHI
OofibIHIITa UHTErPAJIIACAK:

U(E,n)=e£/¢(n)dn+w(£)=e§g(n)+¢(£)

nremimia asambiz. MyHzgarsr g (n) = / w(n)dn, ¥ (§) dyukuusiaper — coiikec

7, & allHBIMAJBLIAPBIHAH TOYe/JIi €epKiH (yHKnusiap. DyraH 2KorapblJarbl
Oenrimeyai maiimagaHbin, T, Yy afHbLIMAJIbLIAPLI OOMBIHINA TEHACY/IH KAJIIbI
MIeNTiMiH aHbIKTaiMBbI3:

u(z,y)=e"""gy+az)+¢(y—x).
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3.1.2. 2Kannesuiama Kommu ece6bi

Ajitanbik, 2 € R? 06/1bIchIHIa MATePOOIATIBIK, THIITI

0%u 0%u 0%u ou ou
@+2a128?8y+a2287y2+b1% +b287y+cu(x,y) = F(.'If7y) (311)

Lu=a1y

TeHeyi oepincin. Mymnaret a1y, a1z, age, by, ba, ¢ kKosddurmenTTepi x KoHe
y affHbIMAaJIBLIAp/aH Toye i Gepinren Teric dyHKuusiap xkoue V(z,y) € Q ymrin
A = a}, — ajjaze > 0. Conbiven karap ) O6JIBICHIHIA KATATHIH HEMeCe OHBIH
0f) mekapachlHblH, 6ip Oestiri GosaTbiH opi KaHama OarbITTaybiITaphl (3.1.1)
TEHJIEY/IiH CUTIATTay bIIITapPhIMEH OeTTecielTin Kanaait ma 6ip I' € Q Teric KUCHIFBI
6episcin. Ocor I' reric Kucwirbiana p(x,y) xkoue ¥ (x,y) dynkuustapsr xone I’
KHUCBIFBIHBIH, 2KaHAMa OAFbITTAyBIITAPLI 00IMANTHIH | OarbITTay bl 6epiiIcit.

Komm ecebinin koiibuibiMbr: ) obsbicoiga (3.1.1) remmeymi, amn T
KUCBIFBIHBIH, OONBIHIA

Ou(z,y)

51 ) =Y(z,y), (z,y)el (3.1.2)

u(z,y)lr = o(z,y),

MIAPTTapbIH KAHAFATTAHBIPATHIH U (T, y) DYyHKIUICHIH Taby Kepek.

Teopema 3.1.1. Ezep (3.1.1) - mendeydin, xoaduruenmmepi orcone o(z,y),
Y(x,y), F(x,y) Pynryuarapo orcemrinikmi meeic 6oaca, onda I' xucvievinvi
ywmapovmar ememin (3.1.1) - mendeyiniy, cunammayviuumapoimen wexmenzen
Q obavicoinda (3.1.1)-(3.1.2) Kowu ecebinity wewimi bap srcore sr#canrzuid 604a0bi.

Mbeicaa 3.1.2. Kowu ecebinin, wewimir mabdviHvl3:
Ugy — Uyy + 2Uy + 2uy = 0, u\yzo =z, uy|y:0 = 0.

ITermryi. Bepinren reneyin »aumsl merrimi ( 3.1.1 - Mbicasbl KapaHbl3)
u(z,y) =e""“gy+z)+¢(y—x)

byHKIMACH 60IaabI, MYHIATBI ¢ 2KoHE 1P PYHKIUIIAPHI Oip allHBIMAJIBLILI Ke3
kesred yukiusiaap. Oap/pl AaHBIKTAY YIMIH €CENTIH MapTTAPbIH KOJITaHAMBI3.
Y allHbIMAJIBI OOMBIHIIA 1epOEC TYBIHIBICHI

Uy (x,y) =" (gly+z)+9 (y+2)+¢ (y—x).

Ouaii 60oJca,

{ u(z,0) =e g (x) + ¢ (—2) =z,
uy (2,0) = e (g (x) +¢' (z)) + ¢/ (-2) = 0.

Bipinmi TeHeyieH TybIHIBI aJbIl, eKiHITiciHe MYyIIesIen KOCCaK:

1
2¢7%¢ (z)=1 = g(z)= iez +c.
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Bipinmmi Tenmeynen

w(—x):x—e_xg(x)::c—%—i-ce_x

HeMece
1 xT
Y (x) = —:c—§+ce .

Bynapapr »kamsl menriMre Koiibii, 6epiaren Komm ecebiniy Imennimin ajgaMbi3:

1 1 1 1
— y—z [ — ytr _ _ _ _ - Y—T _ . Z2y
u(z,y)=e (26 c) (y — ) 5 e z—y+ge 5

1 1
Kayabor: u(z,y) = —y— 5 + 5629.

3.1.3. T'ypca ecebi

(3.1.1) rmemmey runepbOSATBIK THITI TEHIEY OOJFAHIBIKTAH, AJBIHFDI
bemiMIepe KOpCceTiareHieil OHbl

2

0°u ou
Lu= —— -
U 920y + a(w,y)ax +b(x,y)

du

ay + cu(z,y) = f(z,y) (3.1.3)

Typre (KaHOHBIK Typre) Kesripyre 6oasl. By (3.1.3) - Treneyin cumarray b
TeH/IeY1

dr-dy=20

OoJIFaHIBIKTaH OHBIH CHIIATTAYBIIITaphl KOOPAUHAT €CTEpiHe mapaJuieb 00JaThbiH
x = const, y = const Ty3yJiepi 6oIaIbI.

I'ypca’ ecebinin KOMBLILIMBI. () obibiceia (3.1.3) Tenaeyni, © = xg, y =
10 CHTIATTAYBIITAPBIHLIH OONBIH A

u(xay)‘x:xo = "‘ﬂ(y)» Yo <y < b,
(3.1.4)
U($,y)|y:y0 = (,O(l‘), rp<zr<a

MIAPTTAPBIH KAHAFATTAHIBIPATHIH U (T, y) € C? Q)NC (ﬁ) GYHKITUSICHIH AHBIKTAY

kepek. Mynna a(x,y), b(z,y), c(z,y) € C(2) xone Q = [x0,a] X [yo, b].

Teopema 3.1.2. FEzep (3.1.3) mendeydin, xoadpuyuenmmepi orcone o(x),
W(y), flx,y) dynkyusarapo. orcemrinixmi mezic ocone p(xg) = ¥(yo) wapmo
opwndanca, (3.1.3)-(3.1.4) INypca ecebinirg wewimi 6ap scone dHcarzvid 604a0b.

EDOUARD GOURSAT (Qayap Typca) (1858-1936) — dbpanmys maremaruri. OmHbIm
Herisri »KymblcTapbl jgepGec TYbIHABUIB auddepeHIualipK TeHeyiep (CunarrtaybiTapbHa
Gaitansicter JITIT kraccudukanusacel) MEH aHATUTHKAIBIK, (DYHKIIUAIAD TEOPUACHI CATACHIHA
KATBICTBI.
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Mbpicaua 3.1.3. Iypca ecebin wewinis:

ugy — 2uyy +ug +uy =0, y>lzf, ul,_, =1, ul,_ ., =(x+1)e"
IMTemryi. Tenmeyni KaHOHIBIK Typre Kearipeiiik. CumarTaymibl TeHaeyi
2(dy)* —2(dz)* =0

OOIFAHIBIKTAH

dy==xder = y=x+c, y=2x+co.

Omait 6onca & = y — 2, n = y + x Oecuriieyin enHrisim, TeHzeyali KaHa
afHBIMAJIBLIAD OOMBIHIIA YKA3CAK,
1
Ugy — Zu§ =0

TeHJIEYiH a/laMbI3. By TeHIey i »KaJIIbl Iemnmimi

1
u(&,n) =eip(§) +¢(n).

Hemexk, OepiJireH TeHIeY/IiH KAJIIbI TIEeITiMi
w(z,y) = et Do (y+a)+¢(y—x). (3.1.5)

Byran ecenrin OepijireH ImapTTapblH KOJJIAHBIN, ¢ 2KoHE 1 (YHKIUAIADHIH
aHBIKTAIMBbI3

{ u(@,z) = ¢ (22) +9(0) =1,
u(z,—x) =e 2%p(0) + 9 (—2z) = (x + 1) €.

Bipinmi rergeynen ¢ (2x) =1 — 9 (0) memece
o (2) =1-9/(0) (3.1.6)
x)oHe ¢ (0) =1 — 1 (0) . Exinnm Teneyen
U (~20) = (@ +1) ¢ — e 2"p(0).
Byran ¢ (0) = 1 — 9 (0) Tenirin KoJIaHCAK,
Y (=22) = (2 +1) " — e 2% (1 - (0))
HeMece
¥ (z) = (1 - g) e=5 — 17 (1 1(0)) (3.1.7)

=

renirin agambs. Byi (3.1.6) xxone (3.1.7) dyukmusamapast (3.1.5) - ke Koiibim
I'ypca ecebinin miemiMia TabambI3:

w(z,y) = et Do (y + 1)+ (y — x) =

T (1 - (0) + <1‘ y;x>6_y21 S w0) = @ ey

Kayaboi: u(r,y) == 2+z—y)e 7.

N | —
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3.1.4. 2KarTbirynap

Keneci mendeyaepdiny ocarnvy WewiMit, GHOIKTMAHDIS:

3.1.1. 2ugy — Sugy + uyy = 0.

3.1.2. uyy = a*ug,.

3.1.3. 22uy, — y2uyy =0.

3.1.4. (z — y)ugy — Uy +uy =0 (nycxay: v = (xr — y)u beazineyin enzizinis).

3.1.5. uyy +2uy —u+cosy =0 (Hyckay: v = Ugy Oercineyin eneizins).
Kowu ecebinin, wewimin madviHvi3:

3.1.6. uzy + 2uzy — 3uyy =0, —oo <x,y < oo,

ul,_g = 322, Uyl,—o =0, [z <oo.

3. 1.7, ugy + 2ugy — 3uyy —2=0, —oo<z,y < o0,

uly_g=0, uy|,_o=z+cosz, [z]<o0.

3.1.8. eYuzy — Uyy +uy =0, —oo<z,y< o0,

uly_o = — 122, Uyl,_o = —sinz, |z <oo.

3.1.9. ugy +2(1 + 22)uyy + 42 (1 + 2)uyy + 2uy =0,

Ulymg =Yy Ualyeg =2, |yl <oo.

3.1.10. ugy +up =0, wul,_, =sinz, ul,_, =1, [z[<oo.

3.1.11. Aumanvs, (—1,1) unmepsasvinda o € C2, ¢ € C' dynxyusrapo

bepiacin. Temendezi

Upg = Uyy = 0, ul,_q = p(z), Uy|y:0 =(z), |of <1
Kowwu ecebinivy K = {|lz —y| <1, |z +y| <1} xeadpamwunda Gip eana wewimi

bap 6oramuHIbL2bIH HCIHE OYA KEAOPATM WEWIMHIH, HCAALDI3 DOAYDIHBLH, €H VAKEH
06abLCHL bosambiHObLebiH danesderis.

Typca ecebin wewimia:

3.1.12. 322%uy, + 22YUyy — y2uyy =0, l<y<z x>1; u|y:$ =0, u
cos 5, x > 1.

3.1.13. uyy =0, o >0, y > 0, u’y:(] = f(x), x >0, ul,_yg =9y), y >0
MY HOazol

fr 9€C*(z>0)NC(x >0), f(0)=g(0).

3.1.14. b napamempinir, Kandati morinde

y=1—

Uy = a2 gy, 0 <t < bz, z>0; ul,_o=0, ul,_y, =0, >0
ecebi mex HoAdiK wewimee 2ana ue 60aadv?
3.1.15. Ezep f, g € C*(xz > 0)NC(z > 0) 6bepineen dynxyuarap smcone
f(0) = g(0) 6oaca, orda
Ugy =0, 0<y<az, >0,y>0; ul,_q=[f(z), >0, ul,_,

g
Dypca ecebinin Gip 2ana wewimi bap exendizin otcone onu = f(x)+g (%) —f (%)
boaamuidvizvit dasendenis.
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3.1.5.
3.1.1.

3.1.2. u
3.1.3. u

3.1.4.

3.1.5.

3.1.6.
3.1.7.
3.1.8.

3.1.9.

3.1.10.

3.1.11.

3.1.12.

3.1.13.

3.1.14.

3.1.15.

2Kayanrapbt
u=px+y)+Y3z+2y).

e[

=z +ay) + ¢ (z—ay).
= wley) + vy (3) -
u= 2L [p(@) + v(y)).
u=cosy + xp(y )+
u = 3z +9?
u=xy+ 5sin 2 cos (v + ¥).

x —s)e” P*Y(s)ds

u=—12%+cos(z — 1+ e¥) — cosz.

u:2x—|—y—x2.

u=siny —14e"7Y.

Tixenets Kotioin dasenderis.

U = Y COS %

u= f(z)+g(y) — f(0).
b<

Q=

Tixenets Kotivin dasendenis.
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3.2 TonkplHABIK TeHJey YIIiH Koiblaran Komm ece6i.
Hamambep dopmyiacel. lroamenb Karmaachl

lNunepbostasbik,  TUOTI  TeHueyjepre KoOOIHIE TOJKBIHIBIK, —IIPOIECTEP/I
CUIIATTAUTBHIH TeHeysiep »karajbl. MocejeH, imekTiH, MeMOpaHAHBIH, ra3aap
MEH 3JIEKTPMAarHUTTIK TOJKBIHIAPIBIH, 2KoHe T.0. TepbeJtic ecernrepi KeaTipinem.
By Gemimimese ochiHmall ecenTepiiH TYIKI Herisi opi KapamaibIMbl OOJATHIH
irmek Tepbesicinin TeHAeyi 3epTTeseTin 601aIbl.
3.2.1. ToakpIHABIK TeHAeY YINiH Koiiblran Kommm ecebi
BiprekTi emMec TOIKBIHABIK TEHILYIH

Uy = a®*AU + f(z,t), (2,t) € Qi = {(x,t): € R", t >0} (3.2.8)

JKOHE

U(z,0)=¢(x), U(z,0)=v¢(z), x€R" (3.2.9)

GacTanKbl MApTTApAbl KaHAraTTaHAbIPATBIH U (x,t) € sztz (Qe) N Cﬁ;} (Q)
nrermimin Taby ecebiH kapacrbipaiibik. By (3.2.8)-(3.2.9) ecebi moakvirdv
mendey ywin xotvnzarn Kowu ecebi jerm, aj OHBIH,

u(z,t) € C27(Q)NCY (@), Q= QiU {t =0}

Hiennimi - KAaccuxaavs, wewim Jien atanaibl. MyHJgarbl @ — KbLITAMJIBIK,
f(z,t), ¢ (), ¥ (x) — Gepinren reric dbyHKIMsIIAD, AT

L)
AU (z1, x2,...Tp, t) = Z a—U

KEHICTIKTIK alHbIMAJIBLIAPHI OOMBIHINA aHBIKTAIFAH Jlanaac onepamopul.
Dusurarvik, magviracst. (3.2.8)-(3.2.9) ecebi n = 1 ykarjaiijia MeKci3 y3bIH
immekTiH Tepbeicin, n = 2 XKarmaiiga »Ka3blK MEMOpaHAHBIH, . = 3 00JICA, Ta3/IbIH,
(JIBIOBICTBIH) TapaJIyblH CHITATTA/TEL.
(3.2.8)-(3.2.9) ecen CBI3BIKTHIK OOJIFaH/IBIKTAH, OHBIH IIENTIMIH TOMEH/eri exi
ecerKe KIKTey apKbUIbl (PEAYKIMs OICi Jer aTaua/ibl) i31eiiMi3, SFHN eniM/Ii

U(z,t) =u(z,t)+v(x,t)

TYp/e 1371eiiMi3.
Bipiumrici (u(z,t)) — 6Gipmexmi emec mendey ywin Gipmekmi Gacmanko
wapmmapmenr, bepiazen Kowu ecebi :

uy = a*Au, (x,t) € Qy, (3.2.10)

u(z,0)=p(x), u(x,0) =9 (), zeR" (3.2.11)
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By (3.2.10)-(3.2.11) ecemrrin mermimi 6ip (n = 2) esmemi Karaiiia

z+at
w (o, t) = 90(36+at)‘580(:r—at) +% / () de (32.12)
xr—at

anambep® dopmynacbiMen (KOPBITBII MIBIFAPY/IB KeJleci MyHKTTeH KaPaHbI3),
n = 2 XKarjaija

u(z,t) / \/at )df — QM(% / \/at )d£ —

‘5 z|<at |E—z|<at
(3.2.13)
ITyaccon” popmymnaceinven,
n = 3 eJImeM/Ii Karaaiia
1 1 0|1
t) = —— d — | = d 2.14
et =y [ v©@drpon |y [ oe@d] G2
|§—z|=at |¢—z|=at

Kupzeo® bopmyachbiMen aHBIKTAIAIBL.
Bynapra koca (3.2.10)-(3.2.11) ecebinin rmenrimin ken esmemm (n > 1)
JKargaiia Kemeci Katap apKbLIbl Ja aHbIKTayra 60Ja,Ib:

0o 2k 2k+1
(at)™ ‘& 1 (at) k
t) = A — A . 2.1

v =3 [ G Aela) + ¢ Gy AR(E) (3:2.15)
Exinmiici (v(z,t)) — Oipmexmi emec mendey ywin Hoadik OGacmanko

wapmmapdvs Karaeammandsipamort Kowu ecebi:
v = a*Av + f (2,t), (z,t) € Qy, (3.2.16)
v(z,0) =0, v (x,0)=0, =€ R". (3.2.17)

By (3.2.16)-(3.2.17) ecenti memy ymiin loamens Kafﬂ,uaCbIH KOJIIAHAMBI3,
armn (3.2.16)-(3.2.17) ecebine coiikec ayen komexwi ecen’ Kypambis

wy = a’Aw (z,t,7), x € R, t>T, (3.2.18)
w(z,7,7) =0, w(x,7,7)=f(x,7), =7, x € R". (3.2.19)

3JEAN LE ROND D’ALEMBERT (¥Kam Jlepon amambep) (1717-1783) — dparmrys
maremaruri opi dumocodsr. OHBIH MATEMATHKAJIBIK, 3€PTTEYIIEP] 2Kail KoHe AepOec TyBIHIbLIbI
nuddepennmanablk Tengeynepae (TONKBIHIBIK, TEHJEYl), KaTapyap TeOPHUCHIHIA MAaHBI3IbI
OPBIH AJIaJIbI.

42 SIMEON DENIS POISSON (Cumon Jenuc ITyaccon) (1781-1840) — dbpariys maremarnri
opi ¢dusuri. OmnbiH Herisri »KyMbicTapbl jepbec TYBIHABLIBL auddepeHnnaiablK, TeHIeyep,
MIOTEHINAJIIAD TEOPUSICHI YKOHE BIKTUMAJIBIKTAD TEOPHUACHIH 3€PTTEyre apHaJFaH.

SGUSTAV ROBERT KIRCHHOFF (I'ycras Po6epr Kupxrod) (1824-1887) - XIX
raceIparsl HeMic dusuri. Ou — dpusukasan e3re MaTeMaTHKAIBIK (PU3NKA CAJIACHIHBIH, 18 ©3€KTi
MOCeJIeIEPiH MIENKEH FAJIbIM.

STerneyxin on xaremanarst f(z,t) dbyHxmusacsH (f ARHBIMAIBICHIH T AMACTHIPBII) GACTAIIKEI
MIapPTKA KOSMBI3.
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Byran t; = ¢ — 7 »KaHa aiiHBIMAJIBICBIH €HTI3CeK, Korapbiaarsl (3.2.10)-
(3.2.11) ecebine kesiemis xkone ¢ yiin (3.2.12)-(3.2.15) dopmysanapeinbiy 6ipeyin
KOJJIAHbIN W (x, ¢, T) MeniMiH aHbIKTARMBI3.

Erep 6yi1 keMekIi ecenTiy merrimi 6emrimi 6osica, onna JJroaMesnsb’ KaruIacel
Goitprmma (3.2.16)-(3.2.17) ecebimin rmenmimi

v(z,t) = /w(ac,t, T)dr (3.2.20)
0

UHTErpaJsibl APKbLIbI AHBIKTAJIAIbL.
By (3.2.10)-(3.2.11) xkone (3.2.16)-(3.2.17) eki ecentin mentiMiHiH KOCHIHIBICHI

Uz, t) =u(x,t)+v(x,t)

JKOFaPBLIAFbl KaJnbl Typ/e Koiiburan (3.2.8)-(3.2.9) Komu ecebinin rmentiMin
bepei.

Teopema 3.2.1. Ezep

flz,t) € CH(Qy), w(x) € C*(R), ¥(z) € C'(R), n=1;
flx,t) € C? (Qt) , o(z) € C3(R™), ¥(x) € C2(R"), n=2,3

wapmmapv, opvindanca, onda (3.2.8)-(3.2.9) Kowwu ecebininy wewimi 6ap stcone
aHcangvid 604a0bL.

3.2.2. Bip esmiemai 6ipTeKTi emMec TOJNKBIHABIK TeHJEY VIIIiH
koiiburan Komm ecebi. /lanambep dpopmysiacer

ZKorapeigarst (3.2.8)-(3.2.9) TonkpIHABIK TeHEY YIIH Koiiburan Korm ecebi
Gip emmeM/Il sKaraaiiia MbIHA TYPAE KA3BLIAIbI:

Uyt = a*Uyy + f(2,1), 2 €R = (—00,00), t >0, (3.2.21)

U(z,0)=p(x), U(z,0) =9 (x), ze€R. (3.2.22)

Byar (3.2.21)-(3.2.22) ecebi miekci3 y3biH (yIITapblHIArsl  TepOesicTi

eckepMeyre GoJIAThIH/IAM) IMIeKTIH KosaeHeH TepOesTicin CHIraTTai b,
Ecenrin, memimin

Ulz,t) =u(z,t)+v(z,t)

Typae i3aeimiz. Myngarst u (x,t) — keeci 6iprexri Tenaey yurin Komn ecebinin
IIerimi:

Uy = a*uge(z,t), z€R, t>0, (3.2.23)

u(z,0) =p(x), u(z,0)=v¢(x), =R, (3.2.24)

"4 JEAN-MARIE CONSTANT DUHAMEL (2Kam-Mapu /Tioamesns) (1797-1872) — dbpaniys

MaTEeMaTUri.
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an v (x,t) — OIpTekTi emec TeHJEY MEH HOJJIK OacTAlKbl IIAPTTAPIBI
KaHaraTTaHIbIpaThIH Kommu ecebinHiH 1mertimi:

Vi = a%Vgp + f (2,1), x ER, t >0,

v(z,0) =0, v (z,00=0, ze€R (3.2.25)

Enm xorapeiga afiteurrasmail, (3.2.23)-(3.2.24) ecebiniy memnrimi (3.2.12)
Hamambep dbopMyIacbIMeH aHBIKTAJIATBIHBIH KOPCETEHiK.
(3.2.23) Tengeyain cunarraybin TeHgeyi (21-6erreri 1.1.3-6emiMai KapaHbi3)

(dz)* — (adt)® = 0
KoHe OoHbIH r — at = (1, x + at = (9 eki cunarrayblmbl 6ojagpl. bya
CUIIATTAYBINITAP apKblIbl £ = & — at, 1 = x + at KaHa aliHbIMaJIbLIAD €HII3CeK,
ouna (3.2.23) renuey

ugy =0

KaHOH/IBIK, TYpTre KeJes.
My#br € ykoHe 77 OOHBIHIITA UHTETPAJIIACAK,

= g1 (), u =€) + / a()dn = F€) +g(n) =

u(€,n) = f(&) +g(n),

MYHIAFBL f, g PYyHKIUAIAPHI — colikec &, 1) afHbIMAJIBIIAPBIHAH FaHa TOYEs Il eKi
pet muddepennuaiiaHaTHIH Ke3 KeJreH (pyHKIUsIap.
Hemek, (3.2.23) Teney/IiH Kbl Mermimi

u(z,t) = f(x —at) + g(x + at). (3.2.26)
ozerte OyJ Kaunbl menrimal Jasambep mrenriMi gen araifaol.

Enni (3.2.24) 6acranks!l mapTTapibl KOAAaHbIL, Oy f, ¢ DyHKIUSIAPBIH
AHBIKTAMBbI3:

f(z) +g(z) = p(),

u(,0) = f(2) + g(x) = o), .
T\ @)+ (@) = L / by)dy + C.

ur(x,0) = —af'(z) + ag'(x) = P(z).

CoHFBI XKYiie1eH

f@) = 59@) - 5o [vdy = 5. 9@) = 5e(@)+ 5o [y + 5.
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Bymapapr (3.2.26) koiicak, HoTHKeIe

u(z,t) = f(x —at) + g(z + at) =

x+at
1 Cc 1 C
2<p(x—at —/w dy—5+2cp(x+at —i—/@,/} dy—i-f
x+at
o= at)+ seerat + o0 [ v)d
5¢(z —at) + 5oz +at) + o~ y)dy
r—at

(3.2.23)-(3.2.24) ecebinin memnrimin, sraum (3.2.12) Jagambep dhopMysIachiH ajiaMbl3

z+at

[cp(azat)+<,0(1:+at)+/1/} v

x—at

u(x,t) =

w\»a

At (3.2.25) ecebinin mermimi Troamests karugace xone Janambep dopmysiacht
OOBIHIIIA

t z+a(t—T)

v (@ 1) = 1/d7 / (&, 7)de. (3.2.27)

2a
0 z—a(t—T)

Enni 6yn exi ecentin u (z,t) xoHe v (x,t) menimaepiH KOCBIT HOTHKEIE
GipTeKTI eMec KaJIIbl Typje Koiiburran Kormu ecebiniy, Menmimin agaMbi3:

z+at t z+a(t—r)
U (1) = %[cp(x—i—at)—l—(p(x—at +7 /w d£+1 /dT / F(E,7) de.
r—at 0 z—a(t—T)

(3.2.28)

Mbpicaa 3.2.1. Toaxvindux mendey ywin xotvizarn Kowu ecebin weuwinia:

Ut = 4Ugy +xet, TER, t >0,
u(z,0) =sinz, w(x,0) =z, z€R.
ITermnyi. Ecenriy menriMin »Korapbla KOPCETLIMeH,1ei
U(z,t) =u(z,t)+v(x,t)
Typae i3aeimis, MmyHaarsl u (x, t):

Ut = AUgy, ¢ ER, t > 0;
u(x,0) =sinz, u(z,0) =z, z€R
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6iprekri Komu ecebinin mermimi. By ecen yiiin a = 2, p(x) = sinz, ¢¥(x) =z
exkeHiirin eckepirn, lamambep dopmyrachin Ko IaHaMbI3:

3 ( 2t) : ( Qt) o432 2 z+2t
u(x’ ):sm T + +sin (r — +% /gdg:sinx00s2t+£ —
2 Tt 8 42t

1
sinzcos2t + = ((z + 2t)? — (z — 2t)?) = sinz cos 2t + wt.

Hemek, u (z,t) = sinx cos 2t + xt.
A v (z,t) xeseci GeprexTi emec Ko ecebiniy rmenmimi:

Vit = 4Upp + e, TER, t >0,
v(z,0) =0, v (z,0)=0, ze€R

Byran coiikec KoMeKIIi eceln
wy = 4wy (x, t,7), TER, t> T,

w(x,t,7) =0, w(z,t,7) =27, xR

TYpJe KypbLIaJibl yKoHe OHBIH miertimi (3.2.27) dopmysia Goiibiaiia

x+2(t—7) o+ 2(t—1)

w(x,t,7) = i / CeTTdE = éeifg

z—2(t—7)

x—2(t—7)

co (w2t — 1) — (@ -2~ 7)) = alt— ).

Byn tabburran  mermivai  (3.2.20)  dopmymara  Koiibim, v (x,t) memrimi

AHBIKTAMBbI3:
. t
1 g |u=t—T dv=€e"T | _
U(x,t)—4/ac(t T)e Tdr = du=—di, o= —e | =
0
t
x |t _r T T _ | T _t
—4(t—7‘)€7—0—i/6 dT:Zt-i-Ze Ozz(t—l—}—e ).
0

Iemexk, OepiireH ecenTiH IIermimMi
. 5 T,
U(x,t) =u(z,t)+v(x,t) =sinxcos2t + Zwt+ 1 (e7"—1).
, ) T,
ZKayabwr: U (z,t) = sinx cos 2t + 13:75 + 1 (et —1).
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Mbpicasa 3.2.2. Bipmexmi emec moaxwvirduk mendey ywin xotiviazan Kowu
ecebiH wewiHia:

Ut — Ugg + 2up + duy — 3u = e**trsint, v € R, t >0,

u(z,0) = eXsinx, u(z,0) = e**(cosx —sinz), = €R.
Ilemryi. Temmeymi amapiver u(x,t) = e®®tFty(x,t) ayeicroipyss enrisyi
apKpLIbl OHBI (3.2.8) Typre KeaTipemis, sarHH «, [ 0erici3 TYpaKThLIAPBIH

TeHJIey/IiH OipiHI peTTi TybIHABLIAPHI OOJIMANTHIHIANH TAHIAIl alaMbl3.
Byman uy, Uy, Uypy, Uy TYBIHIBLIAPBIH €CENTEI TeHJeyre Kohcak

evrtht (vt — Voz + (28 + 2)vp + (4 — 20)v, + (8% —a? + 26+ da)v) = 2 trsint

TEHJINH  aJlaMbl3. Bipiami  perti  TYBIHABLIAPBIHBIH,  AJIIBIHIAFDI
K03 uImeHTTEPiH HOJITe TEHECTIpin, &, [ TYPaKThLIAPBIH TabaMbI3:

{4_20‘“0 —a=2 =1

28+2=0

Jemexk, Teraeyre u (x,t) = e2*Fy(z,t) aypieTepybin enrizemis. Mynbr 6episren
ecerke Koiicak, Horuxkese v(x,t) dyHKIUACHIHA KATHICTHI

Vg — Uy = xsint, |z| < oo, t>0,
v (z,0) =sinz, v (z,0) =cosz, z€R

Komu ecebin amambr3. Byur ecenriy memimi (3.2.28) GoiibiHina

. . T+t . t z+(t-T)
v(x,t) = 5 (sin(x +t) 4+ sin(x — t)) + 3 / cos &dE + 2/ / EsinTdédr =
z—t 0 z—(t—7)

=sinxcost + sintcosx + xt — xsint = sin(x + t) + xt — zsint.
2Korapbliarbl eHIi3reH aybICThIPY OOMBIHINA OacTalKbl €CeNTiH, MIeliMi
u(x,t) = e* T [sin(x + t) + ot — zsint].
Mbeicai 3.2.3. Toaxvrndok, merdey ywin xotvizarn Kowu ecebin weuwinia:

Ut — 4AU(ZE,y,Z,t) =0, (Q;ay? Z) € R37 t>0,
1 2 2 2 3
u(z,y,2,0) = —,u (x,y,2,0) =2* +y~ 4+ 2°+ 2, (z,y,2) € R°.
)
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HTemryi. Mynga ecen ym esmmemi Gosramabikran (3.2.14) - Kupxrod
dopMyIachlH KOJJIAaHy OHJAFbl MHTErPAIapAbl €CENTEyre KATBICTHl KUBIHFA
ryceni. Congpikran (3.2.15) dopmynansl Kogany xkeuin (a = 2), srau:

= (26 1 }oo RN
a0 A ; +2k20(2k+1)!A (22 + 9>+ 22 +2).

u(z,y,z,t) =
k=0

Oyemi AF, k=1,2,... — Jlanmacnanmapsl yKeKe-sKeKe eCerTeriK:

k=0: A0<> 1
y

2422 —|—2)_£L' +2+ 2242,

1 0% (1 2!
s ()
Yy 0y? \y y3

Al (22 +y? +22+2) =2+2+2=6,

|
e s a(a(M))- &
y y Y
A? (2® +y* + 22 +2) = A6) =0,

oo () -a(er () - 28

A" (22 +y* + 2% +2) = 0.

Bynapapr opabIiHa Kolicax;

1 (2% 2! (26)%" (2n)!
=4 L
(z,y,z,t) + O + @0yl g2+l + ..+
12, 5 & @) |
2[1!(37 +y°+2 +2)+T 6| =
2

(2?42 + 22+ 2) + 483 =

ot (2?22 2) 4 :ﬁ+t(x2+y2+z2+2)+4t3.

1
- (3)
Yy
. 1
MyHOarsl IMEKCI3 KOCHIHIBLIAD 1= GyHKIMACHIHBIH, MakIepoHn KaTapblHa
—x

2KikTesyi 60JIFaHIBIKTaH, 0J1 2t < y GoJFaHIa YKUHAKTHI 001851

Kayabor: u (z,y,z,t) = pERr +t (ac2 +y? 22+ 2) + 483,
y p—

Eckepty 3.2.1. Ketibip 6ipmexmi emec ecenmepdi ecenmin, bepiszendepinin,
mypire 6atsaHblcmb, Ketide atHbLMAABLAGDRA AHCIKMEY d0ICIHIH, ocemindipyi 6oAbin
xeaemin "depbec wewimdep adici” aprviave da wewyee 60aa0bL.
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Mbpicaa 3.2.4. Toaxvndux merdey ywin xotvizarn Kowu ecebin weuwinia:
Ut — Au(ﬂj‘,y, th) = 6(1}2y - :EyQ + 22(1" - y))tv (:Z:?y? Z) € R37 t> 07
u(x,y, 2,0) = 0,u (z,y,2,0) =sinzcos(y + 32), (x,y,2) € R3.

Mlerryi. Memivai w(z,t) = U (z,t) + V (x,t) Typae i3aeiimis, MyHIarb
U (,t)

Uy — AU (x,y, 2,t) = 6(z%y — 2y® + 2*(x — y))t, (2,y,2) € R® £ >0,

(3.2.29)
U(.ﬁU,y,Z,O):O, Ut (ac,y,z,O)ZO, (x,y,z) ER?’
ecebinin, an V (x,t)
Vie — AV (z,y,2,t) =0, (z,y,2) €R3, t>0,
(3.2.30)

V(z,y,2,0) =0, V;(z,y,2,0) =sinxcos(y + 3z), (x,y,2) € R?
ecebining memimi. (3.2.29) ecenke [Ipoamesnb KaruaacblH Kosgasbi, (3.2.15)
KaTapbl apKbLIbL IICMICEK:

t

a 2k;+1
/Z AR [6(2%y — 2y® + 22z — y))7] dT =

= 2k+1

6(:52y —zy? + zz(x —y))(t —T7)rdr = (:v2y —zy® + 22(:1: — y))t3.

o\o
~

(3.2.30) ecentin, Gacrankpl Oepiarenzgepi apHaiibl Typje OGOJFAHIBIKTAH,
affHBIMAJIbLTapTa, XKIKTEIT 13/1ey 9/IICIH KOJIJaHAMBI3, SFHU TITEITiM/Ii

V (2,1) = T(H)X(2)Gly, 2) £ 0
Typae i3zeitik. MyHBI eKifIm 6acTanKpl MapTKa KoWcak:
Vi (z,y,2,0) = T'(0) X (z)G(y, 2) = sinz cos(y + 3z).
Bynan
T'(0) =1, X(z) =sinz, G(y,z) = cos(y+ 3z).
CoHIBIKTaH IIIeIiM
V(z,y,2,t) =T(t)sinx cos(y + 3z)
Typue 6oaazapl. Mynbr (3.2.30) ecenke Koitbin, T'(t) dyHKIMsICH yITIiH
T"(t) — 11T(t) =0, T(0) =0, T'(0) =1
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ecebiH ajaMbI3 YKoHEe OHBIH IMEITiMi:

T(t) = \/1171 sin V/11t.

Lemexk,

1
V(z,y,21) = ——=sin Vilt sin x cos(y + 3z2).

V11

Bya (3.2.29) xkone (3.2.30) ecenrepid mientimiepiH KOCHII, OACTAIKbI €CElTiH
HIENTiMIiH aJlaMbI3

1
u(x,y,z,t) = (2%y — xy® + 2% (x — y))t* + —= sin V11t sin z cos(y + 32).

V11

3.2.3. IllemimMmHiH @GU3NKaAJABIK HWHTEPIPETAIUACHI.
lenriMuin TOyeJTiTiK O0BJIBICHI

1. HTerniMuiH (pU3MKATBIK, HHTEPIIPETAUSICHI (TOJKBIHHBIH, TAPAJIYHI).
ToaKbIHABIK TeH Y VI Koiiblaran Komm ecebi 6epimncim:

U = @ gy (2,t), T €R = (—00,00), t>0, (3.2.31)

u(z,0)=p(x), w(z,0) =v(), ek (3.2.32)

2Korapeiia aiirburraniaii, (3.2.31)-(3.2.32) ecebiniy mermimi (Jamambep mrermimi)

u(z,t) = f(x —at) + g(z + at) (3.2.33)

Typae 6oJIaIbl, MYHIarbl

flx—at) = %gp(:c —at) — V(z — at),

g(x +at) = %cp(m + at) + V(z + at) xone ¥(z) = % /z/z(y)dy.

Enmi (3.2.33) memtiMre dpusnkasabik nHTepuperanus oepeitik. O yIniH ajjibiMeH
u(z,t) = f(z — at)

dyuknusicbin Kapacteipaiibik, (¢ = 0).  Byn dyuknusabil, rpadwuri  f(x)
dyuxmusicol rpadurinin 6acrankbl npodmriaig e3repicciz O, eciHin 60fbIMeH
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OHFa Kapail at mamara >KbIIKYBIH Oepeii. byaap Typa TOJIKBIHIAD eIl aTaalbl.
o cost custKThI

u(z,t) = g(x + at)

dbyuxiwsics g(x) dyHKIMACHHBIH 1poduIIiHiH e3repiccis cosra Kapaii at mamara
KBLTKYBIH Oepesi. MyHgaf TONKBIHIAD Kepi TOJKLIHIApP el aTaJiajlbl.
Hemek, (3.2.33) memnimi a KbULIAMJIBIKIIEH COJIFa YKOHE OHFa Kapail TapaJiaTbiH
TOJKBIHJIAPIBIH CyTIePIO3UITASACH] €KEH.

0, < -7,
Mocenen, (3.2.31)-(3.2.32) ecebi ymin ¢(z) = 2coszr, —5 <z <7,
0, 5 <=z,
Y(x) =0, a=2 6oJChIH.
u
2
p(x) (x) =0,
_ s z
2 2

3.2.3-a cypet. ¢ — DBacranks! npoduib
Omnia
1 1
f(z —at) = 5@(56 — at) xoue g(x + at) = 590(3: + at)

dbyuKImsTapeIHbIH rpaduKrTepi coiikec ¢ () QyHKIMICHIHBIH rpadurin e3repiccis
coJIFa »KoHe OHFa Kapail at mamMara KbURKBITY apPKbLIbl AJIbIHAIBL:

—aty T

3.2.3-6 cyper. ¢ — npoduinig e3repiccis cosra af] mamara KbUITKYbI
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A u(z,t) = f(x — at) + g(z + at) memimi 6y GyHKIUSIAPIBIH KOCHIHBICHI
0oaIbI.

u(x,t)

s

—aty at1 x

3.2.3-B cyper. u(a;, t) HIenriMHIH 1 yaKbITTarbl MoHi

By mbicangeig, Maplell nakerine >kasblLiraH 6araapaaMa KoJIbl:

restart: with(plottools): with(plots):
w=(x,t)->(f(x-a*t)+f(x+a*t)) /2+int (1/(2%a)*g(v),v=x-a*t..x+a*t);
a:=2: nch:=3: T:=3: ntsteps:=25:
shift:=transform((x,y)->[x,y,-0.1]):
oddext0:=proc(expr,var)

unapply (signum(var)*unapply (expr,var)(abs(var)),var); end proc:
> evenext0:=proc(expr,var)

unapply(unapply(expr,var)(abs(var)),var); end proc:

> fi=x->piecewise(x<-0.5*Pi,0, x<0, 2*cos(x), x<0.5*Pi, 2*cos(x),0): g:=x->0:
plot([f(x),g(x)], x=-3..5,color=|red,green|,thickness=2,
scaling=constrained,title="Bacranks! maprrap" legend=["f(x)","g(x)"]);

VvV vV VoV

u(z,t) Ppynryusco epadueinin, yaxvm 6oUubHULA KO32aAYbL:
> display(|seq(plot(u(x,t/ntsteps),x=-3..5,color=red,thickness=2),
t=0..T*ntsteps)|,scaling=constrained,insequence—true,title="Pick");

u, f(x — at), g(x + at) Ppynryus epadurmepiniy, yaxuim 60UbIHULG KO32ANYbL:

> display([seq(plot([u(x,t/ntsteps),1/2*f(x-a*t /ntsteps),1/2*f(x+a*t /ntsteps)],
x=-4..4, color=|black,brown,blue|,thickness=2),
t=0..T*ntsteps)|,scaling=constrained,insequence=true);

u(z,t) Ppynrkyuscoinoy, 3D gpaduzin Kenicmirme caay:

> charr:=display(|seq(plot([a*t+1/nch*x,t,t=0..T|,color=red,thickness=1),
x=-3.5%nch..3.5*nch)|):
charl:=display([seq(plot([-a*t+1/nch*x,t,t=0..T],color=black,thickness=1),
x=-3.5%nch..3.5*nch)|):

> display(|plot3d(u(x,t),x=-3.5..3.5,t=0..T ,axes=boxed,scaling=constrained,
numpoints=2000, style=patchnogrid,shading=zhue),
shift(charr),shift(charl)|,orientation=[-90,0|,view=|-3.5..3.5,0..T,-0.1..2.5]);

u(x,t), flx — at), gl + at) dyHkuusimapbiabH rpaduriniy, yaksT GoiibiHIIA
KOBFa/Iybl:
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323-r-cyper.

u(x,t) dbyuknusaceiasy, 3D rpaduwuri:

323-7 cyper.

Mbsrcain 3.2.5. Aumanws, (3.2.31)-(3.2.32) ecebi ywin a =2  @(x) =0

0, z < -2,
-2, 2<z<
orcone P(x) = ix +’2 0 - i - g’ 60ACHH, A2HU OaCMANKLL OEPIN2EHIEDIHTH,
0, 2<z

epapuai:
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2 ga) — p(a)?

3.2.3-1 cypet. (® — DBacranxp! npoduib

By xarnaiiaa

xo xr+at
flo—at) = ~¥a-at) = 5o [ vy, glarat) = Varat) = 5 [ v
r—at o

x+at
w(z,t) = —W(z — at) + U(z + at) — % / W (y)dy.

r—at

Byn wbrcanmpr  xorapoimarbigait Maplell 6armapiamachbiHga — OPBIHIACAK,
TeMeHIer rpadukTepdi anmambid. By Mbicaaabiy Maplell nakeTiaae Ka3bLaraH
barmgapiamMa, KOJIbI:

> restart: with(plottools): with(plots):
> fi=x->phi(x-a*t)/2-int(1/(2*a)*psi(v),v=x0..x);
> gi=x->phi(x+a*t)/2+int(1/(2*a)*psi(v),v=x0..x);
> w=(x,t)->f(x-a*t)+g(x+a*t);
> a:=2: nch:=3: T:=3: ntsteps:=25: x0:=0:
> shift:=transform((x,y)->[x,y,-0.1]):
> oddext0:=proc(expr,var)
unapply (signum (var)*unapply (expr,var)(abs(var)),var); end proc:
> evenext0:=proc(expr,var)
unapply(unapply(expr,var)(abs(var)),var); end proc:
> phi:=x->0: psi:=x->piecewise(x < -2, 0, x < 0, x+2, x < 2, -x+2, 0):
plot(|phi(x),psi(x)], x=-5..5,color=|blue,green|,thickness=2,
scaling=constrained,title="Bacranksl maprrap", legend=|"phi(x)","psi(x)"]);

u, f(z — at), g(x + at) Ppynryus epaPurmepiniy, yarxvm 60tviHWEA KO32AAYDL:
> display([seq(plot([u(x,t/ntsteps),f(x-a*t/ntsteps),g(x+a*t /ntsteps)],
x=-5..5, color=|red,green,blue|,thickness=2),
t=0..T*ntsteps)|,scaling=constrained,insequence—true);
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2. Hlemimuin Toyenainik obubicel. Enai (3.2.31)-(3.2.32) ecemnrin
mermiminin P(zg, tp) HyKTeJeri MoHIH ecenTey YITH Heaepl 6iay KeTKUTKTI? —
JlereH cypakka kayar i3geiik. Ox ymin P(xg, tg) Hykrecinen (3.2.31) Tenuey/iin
x — at = xg — aty XKoHe T + at = xy — aty cUIATTAYBIITAPBIH XKYyprizeiik (3.2.3-
JI-Cyper).

Hanambep dopmymacel GoitbiHima (X, t) HYKTeCIHIer! memiMHiH, MoHi:

zo+ato
u(zo,t) = 5 [p(eo — ato) +plao +ato)] + oo [ w(€)de.

xro—ato

Byn dopmynanan u(z,t) memrimvuin (g, tg) HyKTeciHAErl MOHIH ecenrey YILH ¢
GacTankbl aybITKYAbIH A = xg — aty xkoHe B = ¢ + aty nykrenepingeri Monaepi
MeH 1) 6acTalKbl KbULIAMIBIKTBIH (9 — atg, To + atg) apasblFbIHIAFbl MOHJIEPIH
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raHa Olny »KeTKiTKTI ekeHjirin kepemis. bBackama aiitkanma, u(zg,tp) MoHi
@, 1 Bacrankpl 6epliarenepaiy (ro — aty, Lo + atp) apabIFbIHIAFbI MOH/EPIHEH
raHa Toyesi Gonaibl. o, ¥ dyHKImsaapbi (rg — atg, o + aty) apabIFBIHBIH
CBIPTBIH/Ia ©3repTKeHMeH, u(xo, to) MoHi e3repmeiini. Conipikran (xo — ato, xo +
atp) apasbIFbl WEUTMHIH, TOYEAIATK apaAblebl JIeTl, all CUIATTaybIIITapMeH
mekrered AAPB ymbOyphIlibl Mmayeadiaik 00AblCbl Kefife CUIaTTaybIInTap
VIIOYPBIIILL JeIT ATAIAI6.

t

P(xo, to)

LIEMiMHIH
TOyeJIA1IIK OBJIbICHL

xg — aty To +atyg ¥

3.2.3-& cypert. lllemrimMuin ToyemiliK 00IBICHT

3.2.4. 2KarTbirynap

2Kozapwidazv. adicmepdi xKoadanwvin, keaect ecenmepdi wewinizdep:
3.2.1. uy = 25uyy +at, x €R, t € (0,400), u(xz,0)=0, u(z,0) =0, x € R.
3.2.2. uy =uUyr +6, xR, t>0, u(z,0) = 22, w (r,0) =4z, z € R.
3.2.3. uy = Upy +22%, xR, t>0, u(z,0)=e"* w(x,0)=2, zeR.

3.24. uy =uzp +9g(x) f(t), zeR, t>0; u(x,0)=0, us(x,0) =0, z €R,
myndazo, g(x), f(t) Gepineen dymryuanap ocone g>™ (x) = 0.

3.2.5. uy = a’Au(x,y,t), (x,y) € R? t>0,
u(z,y,0) = e"cosy, uy(x,y,0)= x2y?, (x,y) € R2.

3.2.6. uy = Au(z,y, z,t), (v,y,2) €R3, t>0,
U(UC,Z/,%O) =e " w (x7yazao) =e 7, (95,3/7 Z) € R3.

3.2.7. uy = Au(z,y, 2,t) + ax + bt, (z,y,2) ER3 t>0, a,b= const,
U(ZE,y,Z,O) = TYz, Ut (l’,y,Z,O) =1zY + 2, (l’,y,Z) € RS‘

3.2.8. uy = 4Au(z,y,t) + (2* +y))t, (z,y) €R% t >0,
u(z,y,0) = e Ysinx, u(x,9,0) =0, (z,y) € R

3.2.9. Tomendezi pynryusrap moaKvHuby, mapasyv, 6ora ma? Eeep 6oaca, onvlm,
AHCHLADAMOBL2BIH, AHBKMAH LS :

1. u(x,y,2,t) = 22 +y? + 22 + 9t2.

2. u(z,y, z,t) = 22 + y* + 22 — 4t
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3.2.10. ToaxvirHviy, GHBKMAAY 0OADICOIH GHBIKTAHDI3, €2eD:

1. imek Tenmeyi ymria Ko ecebinin 6acTamnksl maprrapbl a < x < b Kecinmige
Oepiyice XKoHe TOJKBIHHBIH YKBLIIAMIBIFE @ = 2 60JIca;

2. MeMGpana rerzeyi yiin Komm ecebinin 6acramnker maprrapst 4 < 22 4+y? <
9 cakmnHaga Oepiyice »KoHe >KBLIIaMIBIFBI a = 3 OoJica.

3.2.11. k = const mypaxmoinvr, Kandal monirde

n
mynda |z|? = fo

u(r1, T2, ..., T, t) = W’

Pyrxyuaco, uy — Au(xy, 29, ..., Tn,t) = 0 mendeyinin wewimi 6oaadvl?

3.2.12. Bepinzen my, ma, ...Mp41 MYPAKMBAGPOIHOIH, APACHIHIG KaHIAT 6aTAGHDIC
opuirdaszanda

w(x1, @2, ooy Ty, t) = ® (Myxy + Moz + ..My Xy + My 1t)
Pynryuaco uy — Au(r1, T2, ..y T, t) = 0 mendeyinin, wewimi 6oradv?

3.2.13. 2Kasvix moarvir u(xy, xe, x3,t) = ® (myx1 + mexg + maxs + mt) boaca,
MOAKBIHHDLY, TNAPANY HCLLAIAMODLZDUH, AHBIKIANDIE.

3.2.14. Kowu ecebin weurinia:
Ut = AU(QS‘,y,Z,t), (.ﬁU,y,Z) € R37 t> Oa

u(xvyaz70):¢(m7yaz)7 ut(x7y7z70):w(x7y7z)’ (x7y7z)€R37

MYHOGeYL P, Ke3 KenzeH 2aPMOHUKAAbK Gynryuatap, senu Ap = Ay = 0.

3.2.15. Kowwu ecebin wewinia:
Uty = Au($7y7 th) + f (:Ba Y, Z) ) (ﬂi',y, Z) € Rga t> 07

u(z,9,2,0) =@ (x,y,2), u(r,y,20) =v¢(xy,2), (v,y,2)€R?,

MYyHOa2b, O, Ke3 Keazen 2apmonuravs Gynxyuasap, aenu Ao = A = 0.

3.2.16. Ezep u(x,t) gynryusaco

uy = a’Au, z € R, t >0, u(z,0) = p(x), u(z,0)=0, x €R"
t
Kowu ecebining wewimi 6oaca, onda v(x,t) = / u(x, 7)dr Pynruuaco
0

v = a?Av, £ €R", t >0, v(x,0) =0, v(z,0) = p(x)

ecebiHiH, WewiMi DOAGMBIHBLH KOPCEMIHI3.
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3.2.17. Ezep u(x,tog,t) pynryusco. apbip beximinseen to > 0 yuwin
uy = a’Au, € R, t>0; u‘t:to =0, ut‘t:to = f(z,tg), v € R"

t
Kowwu ecebinin wewimi 6oaca, onda v(x,ty,t) = /u(x, T,t)dT pynryuscol

to
vy = a’Av + f(x,t), z€R™, t>0; v‘t:to =0, Ut‘t:to =0, z€R"
ecebiniH, WewiMi OOAGMBIHBLH KOPCEMINI3.

0, z < -1,

z+1, —1<2<0,
l—2, 0<2< 1,
0, z>1

apmypai yaxoimmaezos epaduein carvrois (Maple, Mathcad, m.6. 6azdapramanap
KoMmezimen)

3.2.18. Ezep ¢(x) = orcone (x) = 0 boaca, wewimmin

=0
3.2.19. FEeep boaca, WEWTMHIY, IPTVYPAL
yaxwmmazv,  epaguzin  carwd (Maple, Mathcad, m.6. bazdapramanap
KOMEIMEH ).
3.2.20. FEeep
U
1
p(@) =0,  ¢P(2) =
-2 -1 1 2z boACa, WEWTMHIH, DMy PAL
yaxwmmaev, epaguein  carond  (Maple, Mathcad, m.6. bazdapramanap
KOME2IMEN).

3.2.5. 2Kayanrapsbi

xt?
6

3.2.2. u(x,t) = (x4 2t)%.

3.2.1. u(z,t) =

3.2.3. u(z,t) =2t + z** + tt' + e "cht.

m—1 t

— (2k) 2k+1

3.24. u(zx,t) = Z;) 2k‘+ 0 ‘g / f(r)dr.
0
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(at)®
5

3.2.5. u(z,y,t) = e* cosy + ar’y’t + @(oﬁ +y?) +
3.2.6. u = e”cosht+ e ?sinht.

3.2.7. u=uazyz + (zy + 2)t + axt® + Lbt3.

3.2.8. u(x,y,t) = e Ysinz + %(1:2 + %) + %.
3.2.9. 1. Toaxvrrvs, mapasyv, bosadvl, a = V3; 2. Toakwurmouy mapanyv, emec.

3.2.10. 1. {z =2t =a, x+ 2t = b, v + 2t = a, x — 2t = b}-naparrenozpamol;
2. {:1: — %t =2, r+ %t =2, — %t =3, z+ %t = 3}—wapwm t ocin atinanzan
dene-mop.

3.2.11. k=152,

3.2.12. > mi=m2,,.

3.2.13.

Vm?} + m3 —|—m§'
3.2.14. u(z,y,2,t) = p(z,y,2) + t (z,y,2) .

t2
3‘2'15' u(x,y,z,t) = @(I,y,Z) +t1/’ (f,y, Z) + Ef (l‘)y7 Z) :
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3.3 IlapabosaajbIK TeHeysiepre Koibliaran Kormm ecebi

[Tapabonaiblk, TUNTI TEHIEYJEP/iH €H KapalaflbIMbl — KbLIYOTKI3TIMITIK
Tergeyi. 2KbUIYOTKISTIINTIK TeHAEYl KbLIYILIH KoHe Iud@y3uTHBIH Tapaay
IIPOTIECCTEPIiH 3epTTeyae TybIHAalapl. Bya GesiMae OChl KBLTYOTKI3TIIITIK
TeHJeyl VIOiH op TypJi KOUbLIbIMAarbl Kormm ecebiHiH Imermiy wmocesesiaepi
KapacThIPLLIAIbI.

3.3.1. 2KburyeTkisrimrTik TeHaeyine Koibliran Koru ecebi

1. BiprekTi Tenaey yiiin Koz ecebi.

Ecenrin KOMBLLILIMEL. Q = {(zt): z=(r1,22,...7y) €R", t >0}
OOJILICHIH A
ug (x,t) = a’Au(z,t), (z,t) €Q (3.3.34)

JKBITYOTKI3TIIMTIK TeHEYiH YKoHE
u(z,0)=¢(x), zeR" (3.3.35)

facTalkpl MAPTBIH  KaHAraTTAHABIPATHIH U (z,t) € C’i:tl (QNC(Q)

YHKIUSICHIH aHBIKTAY ecebi orcorayomrizeiuumix mendeyi ywin Kowu ecebi mer

aramaapl. MyHnarer ¢ () — 6earisi 6epiiren dynkus, A — Jlammac onepatops.
Bya ecenrrin memrimi yaccon gopmysacy, nen araaaTbid

_Jz—g|?

p (&) e 1 dE (3.3.36)

oo
(2av/1)
R”l
n
bopmystamen aHBIKTAIAIBI, MYHIAFEL | — & |2 = Z (zg — §k)2 JKOHe
k=1
1 lz—¢)?

G(ﬂf,f,t): Wei 4a2t

G (z,&,t) DyHKIUACHL dJIeTTe KbLUIYOTKI3MIINTIK TeHJIey Il ipreji memimi jen
aTasabl.
2. BiprekTi emec Tenmey ymiin Koimu ecebi. AffTasbik, XKbLTY

CBIPTKBI Gesrimi 6ip f (x,t) KyIITiH ocepiHeH TapaJichiH, SFHE Keseci GipTeKTi
eMecC >KbUIYOTKIZIIITIK TeHeyine Koiibuiran Komm ecebin KapacTblpaiibIK:

ug (z,t) = a?Au (z,t) + f(x,t), (z,t) €Q, (3.3.37)

u(z,0) =p(x), zeR" (3.3.38)

BiprekTi eMec KbLTyoTKI3rimTiK TeHjeyiHe Koiibiran Kormu ecebin trernry
AJIIBIHFBI  OOTiM/Ieri KapacThIPbLIFaH OIpTEKTI eMeC TOJIKBIHIBIK, TeHIeyIepre
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koiiburan Ko ecebin mmenty xosbiveH 6ipaeit (3.2.1. - Gesimi KapaHbi3).
CoHIIBIKTaH OHJIAFBI afiThIIFAHIAPIBl KATaJIaMay/Ibl YKOH KOP/IK.

Conbiven, (3.3.37)-(3.3.38) ecebine [loamenb KaruJacblH KOJIJAHCAK,
HOTHUXKeIe

1 _lz=g? _\3—75_@
U(.’I),t)—WR[QD(f 4atd€—|—// 2a 7T t_T)) € ( )dde

0 Rn»
(3.3.39)

MIENTiMIiH aHBIKTaMBI3.

Bip emmemuai (n = 1) xkarpaiina (3.3.36) xone (3.3.39) dopmynanapsl coiikec

1 _(z=9)?

u(x,t) = a2t ( 3.3.40
(@0) = 5o | (e W de, (3.3.40)
u(z,t) %E)Qd@r// F&7) J’%?*f)idgd
Z, 4a?t 2 L e 4a?(t—T e

2a\/ 2a+/m th

(3.3.41)
TYpJle ©pHEKTEJIE .
Mbpicaa 3.3.1. Kowu ecebin wewinis:

Ut = gy, —oco<x<oo, 0<t<oo,
2
u(0,2) = e 43 00 <2 < 0.

Ilemyi. Myngan = 1, a = 2 xone o(z) = e~ 4737 Gopranapkran, (3.3.40)
[Tyaccon dpopmynacer GolibiHIIA

)2
u(z,t) 74&273567( 16? dg.

4J*

-z, 4 _ _
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aQyBICTBIPYBIH €HII3CEK,

[e.o]

1/e—4(16ty2+8\/fyx+:c2)—12\/iy—3I€—y2dy:
r

o

(o)
1 2 _ 2 _ 2
e—da?=3z [ —64ty°—32Vtya—12Vty—y dy =
NG
—0oQ
[o.¢]

ieféLfoBz / e—y2(64t+1)—y(32\/fx+12\/f)dy.

NS
—0o0
MyHnaa mopeskeciH TOMeHJIerilne Ty PIeH Jipim

16v/1x + 61/
—y2(64t + 1) — y(32V/tz + 12V/t) = —(64t + 1) (y2 + zy‘gﬁil\[) =

16v/z + 6/ L (16vi 6v/7)?
64t + 1 64t + 1

—(64t + 1) (y +

»koHe Ditep - Ilyaccon HHTErPAJIBIH. KOJIAHCAK, HOTHKEIE

(16z+6)2t 00
e*4x2*3x+ 6at+1 —(64t+41) ((y 16VEz+6v 2
u(t,x) = e YT e dy =
’ VT
oo ,
4t(82+3)%t
1 ef4x2731+w
v 64t + 1

IIeNrMIl aJIaMbI3.

3. Karap apkpuisl menry. Ken »xarjpaitnapaa (3.3.34)-(3.3.35) ecebinin
mrermivin (3.3.36) mHemece (3.3.40) dopmysnanaps GOMBIHINA HHTETPAIBI €CElTey
ApKbLJIbl AHBIKTAy KHUBIHIBIK TyJbipaiasl. Mysgail kesuepae (3.3.34)-(3.3.35)
eceDiHIH IIenmiMil Kejeci Karap apKbLIbl AaHBIKTAY BIHFAHIBI 0018 1bI:

0 2kk
u(z,t) = Z i AFop (z). (3.3.42)
k=0

Mpbican 3.3.2. Kowu ecebin wewinia:

Ut = Uy + Uyy, (7,y) € R? >0,
U($,y,0):1—$2—y2, (l”y)ERQ.

_ 2
8 Ditep - Ilyaccon unTerpass / e “dr =

e

(a>0).

—o0
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MTemryi. (3.3.42) dopmysa GoitbiHIIA:
> 2k ¢k
u(z,y,t) = ZWA}C (1 — 22 _y2) =
|A(1—a? —kzg) =—4, A2(1-2—y*) =0,...|=
1—m2—y2+%(—4) =1—a2—9y% —4t.

Mbpicaa 3.3.3. Bipmexmi emec mendey ywin Kowu ecebin wewinia:

U = Uz +xt, x €R, >0,
u(r,0) = 22 + cos 2z, = € R.

ITemryi. Mlemivai v = v + 9 Typinge i3meiiMis, myngarst v (x,t) OYHKIUICH

V=20, xER, t>0,

v(x,0) = 2% + cos 2z, v € R (3.3.43)
ecenTiy mertimi, an ¥ (x,t) GyHKIUICHI
WV =204 +at, z €R, t >0, (3.3.44)

Y(z,0) =0, zeR

€CeIITiH IIeNTiMi.
(3.3.43) ecerrrin mermimi (3.3.42) Goiibraima:

u(xz,t) = Z ?Ak (:U2 + cos2z) =
k=0

A (ac2 + cos 2:6) =2 — 22 cos 2z,
A? (:c2 + cos 2x) =A (2 — 22 cos 233) = —2% cos 2z,

AF (2% + cos2z) = (—1)*2% cos 2z, . ..

) 2t 5 2K ook
x —|—cos2x—|—ﬁ(2—2 cos2x)+...+w(—1) (2% cos2z) + ... =

3t (2-22)2  (2-22)3 —2.92)"
x? + 4t + 1—ﬂ+( ) +( ) + +u

T o1 3l A +...| cos2x =

22 + 4t + e ¥ cos 2.
At (3.3.44) ecenti Troamenb KaruIaChlH Haii/IaIaHbIIl [IEIIEMI3, SIFHU aJIIbIMEH

wp = 2wep(x,t,7), x ER, t > T,
w(x,7,7)=ar, t=7, TER
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TYypJeri KeMekimi ecen Kypambid. Byi ecentin menrimi ¢ > 7 ymin (3.3.42)

OOMBIHIITA
[e’e] 2k k;
(x,t,7) Z Ak (xT) = xT.
k=0
t
An, 9z, t) / rTdr = — ,ZLeMeK OepinreH ecenTiH IemnTiMi

0
2 —8t 1 o
u=v+w=zx"+4t+e 0052x+§$t.

4. epbec merrniMaep oxaici apkplibl mierry. Keiibip OiprekTi emec
reneynepa f(x,t),p(z) dyakuusuiapbaby G6epiay TypiHe GailslaHBICTBI Kefie
alffHbIMaJIaIapra KIKTey O/IiCiHiH KeTiaaipyi Oosbln KejeTiH depbec wewimdep
adict apKbLIbI Ja IIemryre 6oJaibl.

Mbpicaus 3.3.4. Kowu ecebinin, wewimir mabviHbl3:

uy — a*ugy = etchz, x € (—o00,00), t >0,
u(x,0) = chz, x € (—00,00).

IMTemryi. Mlemivai u (z,t) = T (t) - X (x) # 0 Typue i3zeiiik. Onja Gacranke
mapt 6oiipmma u (x,0) =1 (0) - X (x) = che . Bynan X (z) = chz, T(0) =1
JIeTt ajIyra 0osIa Ibl.

Exinmi xarbinan TeHmeyre Koucax,

T'(t) - che — a®T (t) - chx = e'chz =
HOTHKE/ e
T (t) —a®T (t) =€, T(0)=1

Kail muddepennmaaabk, Tegey yinin Komm ecebine kenemis.  Byn ecenrim,
IIenrimi:

1+ ,al#1,

1—a2 1—a2

t
1—a?)t 2
T(t) = e“Qt 1+ /eTeaszT = ea2t 6( “) - 1] = ¢ —aZe”
0

T(t)=e[l+1], a® =1.

Lemexk, i3nmeminai mrentimMm

h
1c x2 [et—aQe“ t}, a? #1,
u(x,t) = ¢

et [1 +t]chz, a*=1.
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3.3.2. 2KarTeirynap

2Koezapvidazvl adicmepdi Koadanvin, keaect ecenmepdi wewiHi3doep:
3.3.1. up =gy, rER, t>, u(z,0) =¢€", xR
3.3.2. up =ugp + 22+ 2t —2t, xR, t>0, u(z,0)=x+2, ze€R.
3.3.3. uy = uy, +3t2, xR, t >0, u(z,0) =sinz, x €R.
3.3.4. up = Uy, +xcost—e*, z R, t>0, u(z,0)=e*—1, x € R.
3.3.5. uy = Au+el, (z,y) €R% ¢t >0, u(x,y,0)=coswsiny, (r,y) € R

3.3.6. u; = 4Au+ 1+ (8t + 1)sinzcosy, (z,y) € R?, t>0,
u(z,y,0) =z +y, (v,y) €R%.

1
3.3.7. up — gAu +xyz, (z,y,2) €ER3, ¢t >0,

u(z,y,2,0) = etV (z,y,2) € R

3.3.8. uy = Au(x,t), x € R", t >0, ul=o =up(z), z €R”
orceLAyemEKIz2iwmIk mendeyi ywin Kowu ecebin wewinia, myHdazo..

n n 2
a) ug = cos <Z xk> :0) ug = e—lx\z; 6) 1o = exp | - <Z xk>
k=1

k=1

3.3.9. u(x,t) = e*cos(fr + ) Pynkyuacol up = Ugy AHCOLAYOMKIZ2IUWMIK
mendeyiniy, wewimi 6osamundatd o > 0, B > 0, v > 0 napamempaepinin
apacvioazsl KAmoHACbL GHBKIMANDBLE HCIHE COM WEULIMOL ICA3DIHDBLS.

3.3.10. u; — a’uzy — bugy — cu = f(x,t), mendeyi v(y,t) = e “Lu(y — bt,t)
AAMACTIVBLPY DL APKBLADL HCOIAYOMEKIZ2iWmiKx meHdeyine Keaemindieih KOPCEMIHI3,
Mmyndazo. a, b, ¢ — mypaxmo, candap.

3.3.11. Feep:

a) f=1, up=1, c=1;

2) f=¢€', ug=cosx, a=c=1, b=0;

6) f=tsinz, uyp=1, a=c=1, b=0;

6) =0, ug=e";

e) f = wlt) € CYt > 0), uy € C wenereen Pynryuarap 6oaca,
AHCOLAYOMKIZ2TWMiK Mendeyi yuwin Uy — a*Ugpy — by — cu = f(x,t), uli—o = uo(x)
Kowu ecebin wewini3.

3.3.12. Kowwu ecebin wewinia oHcone wWeuwimoi Kameasix UHMe2pasv. apKvlibl
opHeKmen13:

ug, x <0,

2 =
= R
Ut a Ugg, S 5 t>07 U(IE,O) { u1, [L’>0, .TER

MYyHOazoL Uy, UL — MYPAKMBL Cardap.
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3.3.13.

ug, o <x <,

_ 2 =
Ut = A Ugpy, :CGR, t>0, U(.%',O)—{ 07 xé(a)ﬂ), rzeR

Kowu ecebin wewinia sicone weuimoi Kameaix uHmezpais, apkolivl OPHEKMERIS.
Kes xeazen xomnvromepairx mamemamuransk nakemmepdin, 6ipin (Maple, m.6.)
Koadanwon, tg = 0, t1 = 0.004, to = 4 yaxwmmapdaew. (a = 1) epapuein
KOPCEMIHIZ.

3.3.14. Ezep u(x,7,t) dyrxyusico

w = a’Au, e R t>T; u‘t:T:f(iL‘,T), ze€R™ 7>0

Kowwu ecebining wewimi 6oaca, onda v(x,t) u(x, 7, t)dT dynxyuaco

o\w

v = a’Av + f(z,t), € R, t>0; v|t:0:O, x €R"
ecebiHiH, WewiMmi DOAGMBIHBLH, KODPCEMINI3.

3.3.15. Feep u(x,t) dynryuaco
Ut = Uge, TER, >0

mendeydiny wewimi 6Goaca, onda xes wenzen A € R camvr ywin u(Az, A\*t)
PyrruuAcy, da con merdeydin, Weuimi boAAMBIHbIH KOPCEMIHI3.

3.3.3. }KayanTapbl

3.3.1. u(z,t) =

3.3.2. u(x,t) = 2+ x + 2%t + xt?.

3.3.3. £,

8

)
1) =t +sinze”
)
3.3.5. u(z,y,t) =e' — 1+ e ! sinycosx.
3.3.6. u(z,y,t) =z +y+1t+tsinxcosy.

u(
u(
u(
3.3.4. u(z,t) =€" +xsint — 1.
u(
u(
3.3.7. u(

T, Y, 2, t) = eXTYTFH gyt

n
3.3.8. a) u=e ™cos (Z xk) :




3.3.9. B=aq, v=2a% u(x,t)= e cos(ar+2a°t), a>0.
3.3.10. Hycxay: mendeyee mikeset KotUviHbL3.

3.3.11. a) u=2¢e' —1; o) u=te' + cosz; 6) u = e’ + Lt*sinx;

__ ! _ bn?],
o) = g o |~
t o0
_ 2
2) u= /w(t — )T dr + 2@\1/5 / up(€) exp [ct — @fa;{;bt)} de.
0 —oo

3.3.12. u(z,t) = uo—;ul + 4 5 g <2afi/£> :

3.3.13. u(z,t) = % (@ (‘;;\/g) + @ (ga_\;)) :

2
myndaeo. ® (2) = erfz = 7 / e € de.
0

3.3.14. Hyckay: t — 7 =t beaziseyin enzisinia.

3.3.15. Hycxay: Tixeaeti mendeyze Kotiviibl3.
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3.4 2Kaprserl ecreri Komm ecebi. 2KanracTeIpy oici

Erep :xbutyeTkisrimrik Hemece TOJKBIHILIK TeHuaeysiaep yimiin Komm ecebi
JKapThl ocTe Koiblica, ouaa [lyaccon Hemece latambep dpopMynasapbia KO IaHa
aaMaiMbI3. MyHIal Kkafgaiiaa ecenTil, OepiireHaepiH KapThl 6CTEH TOJBIK OCKe
Tak YKoHe JKYII KaJTFacThIPy apKbLIbl [lyaccon memece lamambep dopmysramapbia
KOJIJIAHBIT, TIENTiM/I  aHBIKTaliMbI3. Mynaa#t oic »KaJaracThIpy OJici e
atayanbl.  MyHga, ©OpWHE, Tak, KYII KAJFACTBIPYJIAPhl OPBIHIBI 0OJIATHIH
KOCBIMIITA MAPTTAPBI Hepiie.

3.4.1. ToakbIHIBIK TeHJIEyl YIIiH >KapThl ocTe Koiibliradn Korm
ecebi

1. BiprekTi TONKBIHABIK TeHAeyi yiriH Koiibliarad Kormm ecebi. Bip
YIIbI OEKITIJINEH TIEKCi3 y3bIH imekTiH Tepbeici yiria Koiibiran Komm ecebi,
aran Q1 = {(x,t) |, z € (0, 00), t > 0} obmbIchIHIA

Ut — @2 Ugy = 0 (3.4.45)
TEH/IEYiH,
u(z,0) = p(x), u (z,0) =¢(x), z € [0,00) (3.4.46)

facTalkpl MAPTTAPBIH XKOHE
u(0,t) = 0 (memece ug(0,t) = 0) (3.4.47)

9 2,2 /
[IEKAPAJIBIK, [IAPTHIH  KaHAFATTAHIABIPATBIH U (z,1) € Cylt (QT) KIACCHKAJIBIK,
mrernriMal Taby ecebin KapacThIpaibIK.
By ecernti mremyne xeseci ieMMAaHBI KosmagaMpl3 .

Jlemma 3.4.1. Atimanwx,

Uy — a*Ugy = f(2,1), x € (—00,+00), t >0,

ul,—g = @(x), Uty = ¥(x), T € (—00,+00) (3.4.48)

Kowwu ecebi 6epiacin.

o Fzep f(x,t) = 0 orcone v, ¥ dynkyuarapv, Kandai da 6ip xo wykmeze
Kamoiemu, max, gynrkyusiap 6oaca, onda (3.4.48) ecenmin wewimi ocv T
Hy'kmede HoAze MeH, A2HU

u(zo,t) = 0. (3.4.49)
o Fzep f(x,t) = 0 owcone @, ¢ Pynryuasapo. Kandald da 6ip xg

HY'KMmeze Kamulemol HCyn GYHKUUALGD 60ACa, WEWTMHIH, T 60tviHwa depbec
MYvHIBICHL 0CHL T Hy'kmede Hol2e MmeH:

uz(zo,t) = 0. (3.4.50)

9 By mapr ecenriy mentimi GipMorsi Gosry YIIiH Kazker
10 Monenneyi Jamambep dpopMyIachiHAH TiKesIeH MIBIFAIbI
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o Feep o =0, =0 ocone f(x,t) Pynruuaco. Kandail da 6ip xo wyKmeze
Kamulemor max, Gynryua boaca, onda ecenmir, wWewiMi 0cvl To Hykmede
HoN2Ee MEH:

u(zo,t) = 0. (3.4.51)

o Flezep o = 0, ¥ = 0 owcone f(x,t) Pynxyuaco. xandat da 6ip xo
HYy'KMe2e Kamuvicmol ocyn Gynkuus 60aca, onoa WEUWIMHIY, T 60UBHULG
depbec myviHdvicol 0cvL Ty Wy'KMede HoAze MeH, A2HU

ugz(z0,t) = 0. (3.4.52)

Byn nemmannt maiigamanem, (3.4.45)-(3.4.47) ecebin memeitik. (0, 00)
JKapThl 6CTe aHbIKTaIFaH @(x) xKoHe () QyHKIUAIapbIH TOMEHIeriaeil 6apIbK
(—00, +00) ©CKe TaK KAIFaCThIPA OTBIPHIII,

_ 90(33)’1?207 . 1/}(1;)73320’
)= { —p(-z), z <0, V() = i (=x), 7 <0 (3.4.53)
O(z), U(z) bynxipsmapsn  anbKraibk. Byn ampikramran @ (x), U(z)

dbyuknustaper (—oo, +00) apaJbIFbIH/Ia Tak, QYHKIHAIAD OOTATBIH/BIFEl AHDIK.
Enni ocer ®(z), ¥(x) dynknusurapsl 6actanksl Gepiareriepi 60JIbIn KeaeTin
Ko ecebin KypaiibIk:

Uyt — a*Upz = 0, x € (—00,4+00), t > 0, (3.4.54)

U(x,0) = ®(z), Ux,0) =¥(x), x € (—00,+00). (3.4.55)

By ecenike Jlanambep dpopMmysiacblH KOJIAaHA ajlaMbl3 »KOHE OHBIH ITEITiMi:
x+at

Ul t) = - (@ (+ at) + Bz — at)) + = / W (€) de. (3.4.56)

N | —

2

r—at

Exinmi »xarpinan ®(z), ¥(z) rak dyskiusiiap 6osranpikras, 3.4.1 - jeMMaHbIH
Gipimmi TykeIpbIMbI ((3.4.49)) GoiibiaIa

U0,t) =0 (3.4.57)

APTHl OPLIHIAIAIbL.

Conbiven, U(x,t) dyukuusicer t > 0 xone x > 0 ymin (3.4.45) renueyui
((3.4.45) men (3.4.54) 6ip Tengey) xkoue (3.4.47) ((3.4.47) men (3.4.57) 6ip mapr)
HIeKapaJbIK, IapPTTHI XKoHE J1¢

U(z,0) = ®(z) = p(x), >0,
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U(x,0) = ¥(x) =¢(x), >0

(3.4.46) Gacrankp! maprrap/el Kanararranabipaasl. lemek, U(z,t) dyHkuuscs
(0, 00) sKapTel ocTe (3.4.45)-(3.4.47) ecebinin me memrivi'! Gomampr. Omait Goca,
(3.4.53) eckepi, memnriMIi ecenTin GepiirenIepi apKbLIbl XKa3aMbl3:

z+at

5 (0o at) +pla—a)+ o [ w(©dg oz at, >0
u(z,t) = x;ifzt
L - - 1 d¢, 0 t, t>0
5 (0o at) —plat =)+ o [ G(©ds 0<a<at, >0
at—x

(3.4.58)
Erep ecen uy(0,t) = 0 maprsiven 6episice, OHJIA J19J1 OCBIHAM XKOJIMEH © XKOHe
1) byHKIUSIAPBIH

e (), x>0, | p(x), >0,
0w ={ 208 e ={ 00

TYPJe KYII KaJIFaCTBhIPBIIL, MM/l aHbIKTaliMbI3

x+at
;[go(a:-\-at)—i-go(x—at)]—kga/@D(&)df, T >at, t >0,
x—at
U (:B, t) — z+at at—zx
sle@ra o -+ o | [ w©d+ [ v©d|,
\ ’ r < G(J]t, t > 0.
(3.4.59)

Mbeicaa 3.4.1. 2Kapmw ecme bepineern Kowu ecebin weuwinia:

Ug = a®Ugy, 0 <z < 00, t >0, u(0,t)=0,t >0,

u(z,0) = 2+ 1, u (2,0) = 2 +z, x € [0,00).

ITemryi. Ecernr u(0,t¢) = 0 mapreiven 6epiiaren/ikres, (3.4.58) GoiibiHina

7 z+at
;((1:+at)+1+(xat)+1)+21a/(§2+§)d§,x2at,t>0,
r—at
u(z,t) = 1 1 z+at
2((m+at)+1—((at—$)+1))+2a/(52—|—f)d§,
at—x
O<x<at, t>0.

11 Konm ecebi mrentiMiHiH sKaIFBI3IBIEB] GORBIHINA GACKA MMM YKOK,
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1. z > at 60JiCBHIH.

r+at
u(x,t):%[$+at—|—1+x—at+1]+% / (€2+§)d§:

r—at

1 3 2\ |§=z+at 243
x+1+<5+§>' —r 1+t ta?) +
20 \3 " 2 )|y 3
2. 0 < x < at 6OACHIH.
x+at
1 1 .
u(z,t) =g le+at+1—at+z—1]+ - (E+¢)de| =
t—x

é.3 52 {=x+at xg
t+1—|—2la<+>’ =z + — +z(at® +1).
3 2 ) ears 3a

Hemexk, mentim
a’t3

r+1+4t(z+2?)+—, z>at, t>0,
u(z,t) = 3

3
x—l—?—i—:ﬂ(atz—i—t), z < at, t>0.
a

Mpebicana 3.4.2. 2Kapmw ecme bepinzern Kowu ecebir weuwinia:

Ut — AP Ugy, T >0, t >0,
g (0,8) =0, £ >0
u(z,0) =1+2% w(z,0)=2+2, 2z>0.

IMTemryi. Ecen u,(0,t) = 0 mapreiven Gepinrenikres, (3.4.59) GoiibiHiia

x+at
% [1+(x+at)2+1+(x—at)2} +% / (E+2)de, x> at,
r—at
U(ZL’, t) = at—x r+at
% [H—(x + at)?+1+(at — a:)ﬂ +% / (€ +2) d§+21—a / (€ + 2)dE,
" Dm < at.

By mHTErpasiapabpl ecenTen, MentiMIi ajgaMbl3:

142t + ot + 22 4 a®t?, x> at,
t) = 1
u(@;?) 1+x2+a2t2—|—2—(4at—{—x2—|—a2t2), x < at.
a
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2. BiprekTi emec TOJKbIHABIK TeHAeyi yuriH Koiibiran Koiru ecebi.
AjiTasbik, 6ipTeKTI OACTAIKBI YKOHE MEKAPAJIBIK MapTTapMer OepijireH 6ipTekTi
eMeC TOJIKBIHIBIK, TeH eyl YImiH »KapThl ecreri Ko ecebin KapacThbIpailbiK;

U = a*Ugy + fx,t), 0 <2 <00, t>0, (3.4.60)
w(0,6) =0, t>0, (3.4.61)
u(z,0) =0, u(z,0)=0, 0<zx< 0. (3.4.62)

Tengeyneri f(x,t) dynkuusicoin 6ykin (—oo, 00) 6CKe Tak KaJFaCTBIPY ApPKbLIbL
AHBIKTAFAH

f(z,t), ©=0,t>0,

F(a,t) = { S on 8 e t50 (3.4.63)

(PYHKIMSACHI OH Karbl OOJIATHIH, OACTAIIKBI MIAPTTAPBI HOJITE TEH, OAPJIBIK, 6CTe
KObLIraH Kesieci koMmekIn Kot ecebin KapacThIpaiibiK:

Uy = a*Upe + F(2,t), —00 <2 < 00, t >0, (3.4.64)

U(x,0)=0, U (z,0) =0, —oo<z<o0. (3.4.65)
Mymubig merrimi lamambep dopmystacer OoifbiaIa

t z+a(t—T)

Uz, t) = 1/d7 / F(&,7)de. (3.4.66)

0 z—a(t—T)

(3.4.63) Typmeri anbikraiaran F(x,t) dyHKIusce Tak QyHKIMs OOJFAHIBIKTAH,
3.4.1 - TeMMAaHbBIH, YIIHII TY>KBIPHIMBI OOBIHITIA

U (0,t) = 0. (3.4.67)
Hemex, (3.4.64)-(3.4.67) rengixrepuen 6yi ecenrin U (x, t) mermrimi (0, 00) KapThl
ocre (3.4.60)-(3.4.62) ecenrin me memrimi GosaTsHbH Kepyre Gomagsl.  Cebebi
x > 0 ke3zne F(z,t) = f(z,t) 6omrannpikran (3.4.64) Tenaeyien

Up = a®Uygy + f,t), 0 <z <00, t>0,

sran U (z,t) dyuxmusicsr (3.4.60) rengeymi xkanararranabipaisl.  Au (3.4.61)
kone (3.4.62) mmmaprrapablH  OpbIHIATYBl  cofikec (3.4.67) xome (3.4.65)
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maprrapjgal mbragel.  Ouailt Gosica, (3.4.66) dopmymanan (3.4.63) eckepir,
(3.4.60)-(3.4.62) ecebinin mmemimin agamb3

( t z+a(t—T)

o [@r [ fEena eza >0,
u(:v,t) _ 0 z—a(t—T)

z+a(t—r) t z+a(t—T)

2161]017 / f(§,7')d§—|—21a/dr / f&,m)de, z < at.
0

a(t—7)—x

t—2 z—a(t—T)

(3.4.68)

Mpsican 3.4.3. 2Kapmw, ecme bepinzen bipmexmi emec Kowu ecebin wewinia
Uy = APUgy + T+ 1, 0 <2 <00, t>0,
u(z,0) =0, w(z,0)=0, 0<z< o0,
u(0,t) =0, t>0.

HTermmryi.

Ecen w(0,t) = 0 mapreiMeH OeplireH[iKTeH, TeHJEY/IiH OH
KarelHarsl f(x,t) = o + t GyHKIUACHH 6apIbIK (—00, +00) ecKe

_Jx+t, x>0,
F(x’t>_{—(—x+t), z<0

Typle Tak KajaracTeipbii, lasmambep, sruu (3.4.68) dopMmysnackiH KoJIaHAMbI3

t x—i—a —7-

21(1/ / F &, 7)dr.

0 z—a(t—7)
Enmi ockl mHTErpaIIBl ecenTeik:
1. Erep x —at >0, x>0 6osca, z —a(t—7)=x—at+ar >0=

t z+a(t—7)

1 1 t 52 z+a(t—T)
t) = — dédr = — > dr =
u(x,t) 2@/ / (& + 7)dédr 2@/ (2 +7’§> e T
0 z—a(t—7) 0
¢
1 9 o> t3
4@/ 2a93 (t—7) +2a(7—7)]d727+6, T > at.
0
2. Erep z — at < 0,z > 0 6oJsica, oHIa
1 9 3
u(x,t) = 22 (at+a“t—x)xt+ —|, = <at.

a
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Hewmex, (3.4.72) ecenriy memnrimi

LtQ + E?’ z>at, t>0

2 6 ) i M M
u(z,t) = (3.4.69)
3

L Vot + a2t — )t + &
— a a — )T —_—
2a? 3a

, x <at.

\

3. 2Kammbl Typaeri 6iprekTi emec Koiru ecebi. 2Kaprhs! ecre KoiibLraH
xajnbl Typaeri 6iprekTi emec Komn ecebin KapacTbipailbik:

Ut = m+f(x,t) <z <oo, t>0,
u(z, ) (), u(x, ) P(x), 0 <z < o0,
u(0,t) = (t), t>0.

By ecentin mremrimin
w(z,t) =U+V+W

Typae i3meiimiz, myamaret U, V xome W dyuknusiiapbl coiikec TeMeHjeri
ecenTep/Iiy, IMenriMepi:

Upp = a’Usp, 0 < <00, t>0,
(U) U(x70)290(x>7 0<z<oo,
Uy (,0) = (x), 0 <z < o0,
L U(0,t)=0, t>0.
Vit = a®Ve + f2,t), 0 <z <00, t>0,
V) V(z,0) =0, 0 <z < o0,
Vi (2,0) =0, 0 <z < oo,
V(0,t) =0, t>0.
Wy =a*Wyy, 0<z <00, t>0,
(W) W(z,0) =0, W;(z,0)=0, 0<z < o0,
W(0,t) = p(t), ¢>0.

(U) »xome (V) ecenrrepi ykorapblaarsl KapacTeipblaran (3.4.45)-(3.4.47) »xome
(3.4.60)-(3.4.62) ecenrep.  Oumapzpiy rmentimMepi coiikec (3.4.58), (3.4.68)
dopmynanapsiven anbikTana bl As (W) ecebinin meniMid «TOJIKBIHIbL TAPATY »
oJ1ici OOMBIHINA AHBIKTAWNMBI3, SFHH IIEITiMI1

W(z,t) = g(x — at)

TypiHJe i37eiimis, MyHarbl g(x) QyHKIUACHH
W(0,1) = p(t)

NIAPTHIHAH aHBIKTAiMBI3:
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t x
gl=at) = pu(t) = gt)=p(=) =gl —at)=plt- ).
Bipak p(t) dyuximsicsr ¢ > 0 apajblkTa aHbIKTaJIFaHbIKTaH ¢(t) DYyHKIMSICHI
t > 2 apaspireija rana anbikranaapl. Ax W(z,0) = Wy (z,0) = 0 maprraps
opeinanysl ymin g(z — at) dymknpscsm 0 < ¢ < 2 apanbirbiga HeIMEH

2KaJIFaCThIPCAK, KETKIKTI, AFHU:

t—2%), t>Z,
W(ac,t):{ 6‘( 0a<)t<£ﬁ (3.4.70)

Mpeican 3.4.4. 2Kanzacmoipy 20ict 60TUbHULG WEWIMIH TAODIHBLS:

utt:a%m—i—x—l—t, O<z<oo, t>0,
u(z,0) =cos(z), ut(x,0)=0, 0<z< o0,
u(0,t) =12, t>0.

Ilenryi. Ecem w(0,t) = t?> mapreiMen GepiirenmikTen, IMenmmiMIi Tak
KasracTeIpy apkbLabl mememis. [emivai v = U + V + W typinge i3meitix,
myngarel U, , V xxone W dyHKIUsIIApHI CofiKeC TOMEHIET1 eCenTep i MelriMIepi:

Uy = a’Uyy, 0 <z <00, t>0,
U (z,0) =cos(z), Ui(x,0)=0, 0<z < oo, (3.4.71)
U(0,t) =0, t>0.

Vie=a*Vyz+2+t, 0<x <00, t>0,
V(z,0)=0, Vi(z,0)=0, 0<2z< o0, (3.4.72)
V(0,t) =0, t>0.

W (z,0) =0, Wi (z,0)=0, 0<z < o0, (3.4.73)

Wy = a*Wy, 0<z <00, t>0,
W (0,t) =t t>0.

(3.4.71) ecerrrin mermimi (3.4.58) Goiibraima:

1
5 (cos (x + at) + cos (x —at)), x>at, t>0,
U(z,t) = (3.4.74)

1
§(COS($+at)—cos(:U—at)), x <at, t>0.

At (3.4.72) ecen x)korapbiiarsl 3.4.3 - MbIcaJIJIa KAPACTBIPBLIFAH €Cell 2KOHE OHBIH
memrimi ((3.4.69)):

LA A

—_— — X a

2 67 -_ ) )

V(2,t) = (3.4.75)
Lt + a2 - o)at + 2 <at
— a a — X — i at.
2a2 3al|’
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A (3.4.73) ecenrriy mentimi (3.4.70) Goiibrmra

0, =z > at,
(t—2)% z<at.

a

W (z,t) = { (3.4.76)

Enai (3.4.74)-(3.4.76) Tengikrepaepi GipikTipin, i3geain/l meriMl aaambi3:

( 2 3
1 xt t
§(cos(m+at)+cos(:c—at))+7—1-6, x > at,
1 1 ?
u(z,t) = i(cos(az—ﬁ—at)—cos(x—at))—f—@ (at+a2t—x)xt+3—a +
€T 2
t—=), z<at.
(-2 2<a

\

IlemiMHIH (PU3NKANBIK WHTEPIPETAIASChI.  AJILIHILL OeJriMieriiei
JKapThl ©CTe KOWBLIFaH TOJKBIHIABIK TeHjaey ymria Komum ecebinin mrernmiMini
©3repiciH KapacTbIpailbIK,.

Mpbican 3.4.5. 2Kapmu orcasvixmoikma xeaect Kowu ecedi bepiacin:

Uy = a2y, 0 < <00, t>0,
u(z,0) =p(z), w(r,0)=0, 0<z< oo,

u(0,t) =0, t>0.
0, <1,
Myndazw p(x) =< 1, 1 <2 <3, , aenu bacmankv, bepinzendepinin, epaguei:
, 3<«x
U
1
p()
|
1 3 z
p(z) — ¥(x)

3.4.1-a cyper.

By ecenti Maple Garmapiamacekl KemeriMeH 3seprreilik: Qynkuus epaduzin
GyHKRUUANGDIN KOCY:

> restart: with(plottools): with(plots):

Toavik, 6C 6OTBIHULG WEULIM.:

> w=(x,t)->(F(x-a*t)+ F(x-+a*t))/2+int(1/(2%a)*G(v),v=x-a*t..x +a*t);

Tax, srcynmukka srcareacmupy PYHKUUALAPYIH KOAOAGHAMDLE:

> shift:=transform((x,y)->[x,y,-0.1]):

> oddext0:=proc(expr,var)

> unapply (signum (var)*unapply (expr,var)(abs(var)),var); end proc:

> evenext0:=proc(expr,var)
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> unapply(unapply(expr,var)(abs(var)),var); end proc:
Bacmanxo bepinzen Gynryusiapov. enzisy:
> phi := piecewise(x < 1, 0, x < 3, 1, 0); psi:= (x) — 0;
Bepinzendepdi max, orcansacmopy:
> F := oddext0(phi,x): G := oddext0(psi, x):
Mondepin 6epy:
> a:=2: nch:=3: T:=3: ntsteps:=25:
> plot(|F(x),phi(x),G(x),psi(x)], x=-5..5,  color=[red,green,blue,yellow|,
thickness=2, scaling=constrained, title="Facmanxo. bepineendep wmen max
orcanzacyaapv);
10
0.5 %

-4 -2 -0 503 2 4 X
-1,
3.4.1-3 cyper.

> F(x): G(x):

> movie:=display([seq(plot(Ju(x,  t/ntsteps), (1/2)*F(x-a*t/ntsteps),
(1/2)*F (x+a*t/ntsteps)|, x=-5..5, color=[red, green, blue|, thickness=2),
t=0..T*ntsteps)|, scaling=constrained, insequence=true);
> display(|movie, rectangle([-5,5], [0,-5], color=grey)|, view=[-3..5, -1..1],
title="Ilewimnir, yaxom b6otvnwa o3zepyi");

1,0 1,0
0.5 0.5
| — ) |

] -2 4 0 1 2 3 4 F5.3 -2 -1 | 0 1 2 3 R
-0,5 0.5
10 =t 10 =1,
1,0 o 1,04
| | iy — |

3 k4 ® 1 2 3 4 rsa3 |zl b 1 2 3 4
sipd B s
1,04 1.0+

{3 -2 -1 0 1 2 3 4 153 -2 S 1 2 3 4
J1pd i Sipd =t

A 3 -1 : L 2 3 4 15 . o o ! ' ' '
055 | 3 2 1 'D’jé [ HEE 4
-1,0 E =i -1

— ulx,t) —— F(r—at) =— F(x + at)
3.4.1-6 cyper.
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TonkeaubH, Tapaday mporeci 3.4.1-6 cyperre kepceriyiai. bBacranker kesge
TOJIBIK ©CTerifeit, OacTalmKbl TOJKBIH eKire OOJIiHII OHFa »KoHE COJIFa Kapaii
TYPaKThl JKBUIAMJIBIKIEH Tapaiiapl (¢ = ) yakbITTarbl Cyper). Tax
JKAJIFACTBIPBUTFAHIBIKTAH MYH/Iadl 1porieccrep Kepi aszaMen cout xKakra ja (cyp
TycTi 00JIBICHITAFbI IpaduK) OPBIHIAIa bl ByJr mporece oH yKaKTaH cosira Kapaii
TapaJraH KapThl TOJKBIH MEH cOJI OOJIiKTeH Kepi haszamMeH OHFa TapaJraH KapThl
TONKBIH © = ( HYKTere »KeTKeHTe jelfiH e3repicci3 Tapanaibl. x = (0 HyKTere
JKETKEeH Me3eTTeH Oacrail (f = to yaKbITTArbl CypeT) KapThl TOJIKBIHIAD/IBIH
x = 0 OexiTijireH yIIbIHA IMAFBLIYBI OPBIH aJafbl. YaKbIT OTE IMArbLIFaH
JKapThl TOJIKBIHIAP/BLIH Tpoduii KbeicKapa Gacraiinbl jga (f = t3 yaKbpITTarbl
cyper) 6ipa3 yakbITTaH COH aybITKy Hesire afiHasajupl (f = t4 yaKbITTArbl
cyper). Bysan keilin aybITKy Kepi TaHOGamMeH naiiga 6osajabl (t = t5 yaKbITTAFbI
cyper). CoHplHa Kapail NIaFbLIBICKAH YKAPThl TOJKBIH OHFA Kapail TapaJran
TOJIKBIHHBIH, >KbUIJIAMBIFbIMEH OipJieil KbUIJaMIBIKIIEH Kepi TaHOaMeH OHFra
TapaJlyblH XKaJFacThipasl (¢ = tg, t7 yaKbITTarbl CypeT).

3.4.2. 2Kpu1yeTKi3rimiTik TeHJieyi YIIiH >KapThl ©CTe KOMbLIFaH
Kommu ecebi

2KapTel ecre KOUWBLIFaH KBLIYOTKIZMmMTIK TeHgeyl ymiin Komu ecebin
KapacCTbIpalbIK

Uy — a*ugy = f(z,t), 0<z<oo, t>0,
u(z,0) = p(x), = €l0,00), (3.4.77)
u(0,t) =0 (memece u,(0,t)=0), t>0,

MyHIarbl u (x,t) € C’i’tl (QT) memimai Taby kepexk. Byus ecen ymin je keseci
JIEMMa OPBIHJIBI.

Jlemma 3.4.2. Atimanvix,
up — a*ugy = f(2,1), x € (—00,400), t > 0, ul,_y = ¢(z), € (00, +0)
Kowu ecebi bepiacin.

o Fzep f(x,t) = 0 orcone ¢ dynryuaco Kandai da 6ip xo nykmeze Kamvicmoy
max (otcyn) dyrnkyua 6oaca, onda ocvl Ty Hy'Kmede

u(zo,t) =0 (ug(xo,t) =0). (3.4.78)

o [Fzep p =0 orcone f(x,t) Pynryuice xKandatl da 6ip Ty Hykmeze Kamuicmoy
max (stcyn) dynkyua 6oaca, onda ocv Ty Hy'kmede

u(zo,t) =0 (ug(xo,t) =0). (3.4.79)
Mine, 6y iemma nHerisine xkoue [lyaccon dopmysiacs apkpuibt ¢ xkoue f(z, 1)

dyHKIMsITAPbIH TaK, HEMece JKYII YKAJIFacThipa oThIpbIl, (3.4.77) ecenti memntyre
0oJ1aJIbI.
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Mpsican 3.4.6. Keneci ecenmi bapavk O, ocite Kasicemms mypoe max Hemece
IHCYN HCANARACTNOLPG, OMBLPHIN, ULEULIHLS:

U = a’Upy, 0< <00, t>0,
w(0,t) =0, t>0, (3.4.80)
u(z,0)=¢(x), 0<z<oo.

ITerryi. Ecern u (0,t) = 0 maprsiven 6epinrenikred, ¢ (z,t) OyHKIUACHIH
(—00,00) apaJiblFblHa TaK YKAJIFACTBIPAMBI3, STFHI

_ e, 2>0,
(I)(x)_{ —p(—z), z<0.

Enni @ (z) dynknusicsl 6acTankpl mapThl OOJATBIH €Cell KYPAMBI3:

Up = a?Upy, = € (—00,00), t >0,
U(z,0)=®(z), z€ (—00,00).

Byt ecentiy memrimi [yaccon dopmysiacer GoitbraIa

1 q)( ) _ (== 3) d
= e 4a“t
2a+/ 7t Y Y

xkone 3.4.2 - jemma 6oiterama U(0,t) = 0. By rengikrepmen, U (x,t) memnrimi

(0,00) xkaprel ecre (3.4.80) ecentin je mernrimi 6oJaTHIHBIH KopeMmis u(x,t) =
U(z,t), x > 0. Ouaii 6osica, COHFBI MHTErPAJIIBI YKOFAPBIJIAFbI €HII3y/1l eCKepill

ecelTenik:
1 2 0 2
(x—y) (z—y)
u(x,t) = d e 4a?t d 102t dy-+
(2,1) vt (y) V=g \F Y
— 00
Yy=—z
ee? dy = —dz
4a2t d§ = y VA =
0 —00 00
0 0
0 [e)
1 /@ <x+2z)2d n 1 o (€) _<w—§)2 de
40t dz e  4a?t =
2a\/7rt 2av/ 7t
o) 0
oo [oe)
1 /CI) (a:r;fd N 1 (I)(f (ﬂi 2615 dé =
a z a =
2a/nt 2a\/7rt
0
1 (z+2)? z—£)?
— z)e  4a2t dz 4a2t d€é =
2av/ 7t /90( ) 2a\/ ¢
o o0
1 (z—£)* <z+§)2

oo - o ] de.
2a+/7t 0/
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2Kaya0wr:

_(z—8)? (z+€)>

1 T _
2a\/ﬁo/(p(€)[e a2 — e a2t | dE.

Mbpicau 3.4.7. Keaeci ecenmi bapavix O, ocine xKascemmi mypde max, nemece
IHCYN HCANRACTBIPA OMBIPYIN, ULEULTHIZ:

u(z,t) =

ut:aQum, O<z<oo, t>0
ug (0,¢) =0, t>0,
u(z,0)=p(x), 0 <z <oo.

HTermyi. Ecen uy (0,t) = 0 mapreiven 6epiarenikren ¢ (x,t) dyHKIusIChHH

¢ (x), >0,
80(_1")7 z <0

@(m):{

TYpPJle YKYII 2KAJFACTBIPHII, YKOFapPbIIAFbIIail TEeNTiM/Tl aHbIKTaiMBbI3:

x

1 (z—y)? (z+y)?

u(x,t) = e 12t 4+ e a2t | dy.

(z,1) 2mﬁ¢/¢@)[ y
0

3.4.3. 2KarTteirynap
2KaJjrracThIpy 9J1iCiH KOJIJIAHBII, KeJleci ecenTep/ai MeNiHi3aep:

3.4.1. uy = a’ugy, >0, t>0,
w(0,t) =0, t>0, u(z,0)=1—e", u(x,0) =sinz, = >0.

3.4.2. uy = a’ugy, >0, t>0,
ug (0,8) =0, t >0, u(z,0) =22 —23 u(z,0) =cosz, z>0.

3.4.3. uy = Ugy, = € (0,00), t>0,
ug (0,t) =sint, ¢ >0,
u(z,0) =sinz, u (z,0) =0, z>0.

3.4.4. Ut = Ugy, T E (0,00), t> O,
w(0,t)=t, t>0,
u(z,0) =0, u (z,0) =22 +1, x>0.

3.4.5. uy = Ugy, = € (0,00), t>0,
ug (0,t) =5, t >0,
u(z,0) = —3x, u (z,0) =0, = >0.
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3.4.6. u; = a’uy,, 0 <z < oo, t>0,
u(0,t) =0, t >0, u(x,0)=sin(x), z > 0.

3.4.7. up = a’ug,, 0 <z < oo, t>0,
ug (0,t) =0, t >0, u(x,0)=cos(2x), > 0.

3.4.8. ut:a2um+(1+x2) t, 0<ax<oo, t>0,
ug (0,¢) =0, t >0, u(x,0)=0, z>0.

3.4.9. u; = a’ug, + 23, 0 <z < oo, t >0,
u(0,t) =0, t >0, u(z,0)=0, z>0.

3.4.10. uy = a®ug, + f (2,t), 0 <z <00, t >0,
w(0,t) =0, t >0, u(x,0)=0, z>0.

3.4.11. u = a®ug, + f(2,t), 0<x <00, t >0,
Uy (0,¢) =0, t >0, u(x,0)=0, z>0.

3.4.12. uy = Ugy, x>0, t >0, ugy (0,t) —2u(0,t) =te™ 3, >0,
u(x,0) =27, u(x,0)=0, z>0.

3.4.13. uy =gy, ©>0, t>0, (up—u)|,_o= 2e 2t t>0,
u(x,0) =2sinz, u(r,0)=0, = >0.

3.4.14. uy = dugy, v >0, t >0, u; (0,t) —u(0,t) =e 2, t>0,
u(z,0) =0, w(xz,0)=4e"*, x>0.

3.4.15. Aumanwr, u(x,t) dynryuice
Uy = a%Ugy, T ER, t>0, u(z,0)=p(x), w(z,0) =1 (z), r€R

Kowu ecebiniry, wewimi 6oacvin. arambep Gopmysacvin Koa0any apKoLAbL

a) ezep p (x) orcone Y (x) mar Pyrnkyuarap 6oaca, onda u (0,t) = 0;

2) ezep ¢ (x) orcone Y (x) otcyn Pynryuasap boaca, onda uy (0,t) = 0 exendiein
darendenis.

3.4.4. 2Kayanrapsbi

[ 1—echat +  (cos (z —at) — cos (z +at)), x> at,
341 u(zt) = { e~ ¥shx + 5 (cos (x — at) — cos (z + at)) z < at.

_1 2 3 2 3
3.4.2. u(w,t) = L ((z+at) (et at)®+ (z —at)? — |z —at ) +

i (sin (z + at) — sin (z — at)) .

3.4.3. u(z,t)

sin x cos t, r—t>0,
sintcosz +cos(x —t) —1, = —¢<0.

224+ 34t z—t>0,

3.4.4. u(z,?) :{ ot + Lad 4, 2t <0.

92



—3x, x—t>0,

3.4.5. u(x,t):{ 5r —8t, x —t <0.

3.4.6. u(z,t) = sin(z)e ",

3.4.7. u(z,t) = cos(2x)e 4",
3.4.8. u(z,t) = (14+2%) =+ —.

1
3.4.9. u(z,t) = §$3t2 + a’xt3.

t oo
t— _(z=9)? _(z+s)?
3.4.10. ’U/(x,t) = 1 //M |:6 4027 — e 4a21 :| deT‘
0 0

P F (z—3)? (z+s)?
3.4.11. u(a,t) = L //f(S’T) [6_4‘12(’5T) —|—e_4a2(t7>] dsdr.
0 0

ettt e 0 <t <u,

3.4.12. U(ZU,t) = { e_x—t + 362(35—15) + (1 — x4+ t) e3(:v—t) o 36(:v—t)’ 0< <t

sin (x + 2t) +sin(x —2t), 0 <2t <z,

3413 u(z,t) = g (x4 2t)+ (2 — 4t — 1) e* 2 4 cos (x — 2t), 0<x < 2L

—

_67:137215 4 efa:+2t’ 0<2t< z,

3.4.14. u(z,t) = { —e T2 L (1—z+2t)e" 2, 0< <2t

3.4.15. Hycxay: Hanrambep dopmyaacoina mikesetd Kotoin ecenmenis.
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4 Beaim

MaremaTukaJjblK, (pu3nkKa
TeHJeyJjieplie KONbLIraH
OacTaIlKbI-1IIeTTIK ecenTep.
Pypbe d1icl

4.1 ®Dypbe dAiciHIH KaJanbl cyjbackl. MeHITIKTI MOH
2KoHe MEHINIKTiI dyHKIMS TypaJibl ecell

Maremaruka/ablK ~— (PU3NKAHBIH, €CENTEPiH IIemyge KW  KOJIaHATHIH
KapamaiibiM 9iicTrepain, 6ipi — @Pypbe omici, mosipek afitkamma PypbeHin
alfHbIMAJIbLIapra 2KiKTey osici. OJI CBIBBIKTBHIK, OIPTEKTI IEKapaJiblK, ecemnTep/i
HmIbIFapyra KOJJAHBLIAAbBI.  DBys omicTiH Herisri wmaescel, maepdec TybIHIbLIbI
muddepeHnnaaablK  TeHJAeY VIIH KOWBIIFAH IIeKapaJblK —ecenTepal xKait
nuddepeHnnaaIbK TeHACYIep HeMece Toyesci3 aflHbIMaJbLIap CaHbl a3bIPak,
bostaTeiH jiepbec TYBIHABLIBI auddepeHnnaablK TeHAeyIep YIMH KOWbLIATHIH
IeKaPaJIbIK, eCENTePTe aXKbIPaTy.

By 6enimume @ypbe o1iCiH KOJIAHBII, MaTeMATHKAJIBIK (DU3UKAHBIH, HEri3ri
TeH/ey/IepiHe KONDbLIATBHIH ITeaKapaJblK, OaCTAIKBLI-IIETTIK €CenTepIi IIenryTi
KapacTbIpaMBbI3.

4.1.1. Dypbe dJiCiHiH KaJaNObl CyJIOACHI

OnepaTopJibIK, TYPAE Ka3bLIFaH
8k
<p($)atk —L) u(z,t) =0, 0<z<l, t>0, k=0,1,2,... (4.1.1)
aepbec TYBIHABLIBI auddepeHITnaIIbK TeHIey I,

)
=0, arsl 4 foul =0, t>0,a2+B82£0, i=1,2 (4.1.2)

ou
a1+ + Bru 3
=0 T

ox

=l
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MIEKAPAJIBIK, IIIAPTTAP/IbI 2KOHE
d'u
ott

facTamnKkpl MAPTTapAbl KAHAFATTAHIBIPATHIH apajiac ecenTi KapacThIPalbIK.

MyHnarbr

=¢i(z), i=0,k—1, 0<z <l (4.1.3)
t=0

=2 [pmg;‘] ~ 4oy

Typ/le aHbIKTAJFaH MU dEePEeHITUAIJIBIK, OIIEPATOP.

2Korapbliarst (4.1.1) Teniey/eri GapJIbIK p(x), q(x), p(x)
koaddurmentrepin  (0,0) apaJblFbIHIa — AHBIKTAJFAH,  YKETKUIKTI  Teric
dbyHKIUAIap, HAKTHIpAK AafTKaHIa, MbIHa IMapTTApP OPBIHIAJICHIH  JIel
KaObLIIaMbI3:

p(z) € CH0,1), q(z), p(z) € C(0,1), p(z) >0, p(z) >0, g(z) >0. (4.1.4)

Eckepry 4.1.1. Ezep (4.1.1) mendeyde k = 0 6oaca, onda oa saruncmir
munmi mendey, k = 1 boaca napaborarvir, munmi, as k = 2 b6oaca, 2unepbosaivik

munmi mendey 6oaadv. Moceaen, k = 0 orcone p(x) = 1, q(z) = p(z) =
1 6oaca, cosvikmos emec ITyaccon mendeyin, k = 1 owcone p(z) = a®> =
const, q(x) = 0, p(x) = 1 6oaca, srcoryemriseiwmix mendeyin, an k = 2
orcone p(x) = a® = const, q(x) = 0, p(x) = 1 6oaca, moarwindvr mendeyin
aNaMDI3.

Eckepry 4.1.2. FEeep (4.1.2) wapmmapda oy = ay = 0 6oaca, 6Gipirwi
wexapasvk, ecen, B1 = Po = 0 6oaca exinwi wexaparvs ecen, ar o; # 0, B; #
0, 1= 1,2 6oa2anda yuiHwd wWexaparvik ecenmi asamols.

dypbe omiciHiH Kkaambl CyJI0aCHI. dypoe!  omicin  Tikeseit
KOJJIaHy YIIH TeHJEy/iH IeKapaJblK MmapTrapbl 6iprekTi (HOsmiK) KoHe Keibip
apryMeHTTEp/H ©3repy OOJbICHI IeHesren 6omybl Kaxker. bBym (4.1.1)-(4.1.3)
apaJsiac ecebin @ypbe ojici (aifiubiMasibuIapra XKikrey) GofiblHIIA 1IenTy cyabacht
KeJieci KajaMiapiaan TyPaJibl:

1-kagam. Hennik emec mrermiMai opbip apryMeHTTepiHe kekejeil Toyesi
byHKIUITaApALIH KobeiTinmici Typinge i3meiimis:

u(z,t) =X (z)T(t) #0. (4.1.5)
2-KazgaM. Byan (4.1.5) memimai Gepiiren (4.1.1) Tenieyre Koiibii,

affHBIMAJIBLIAPTa a)KbIpaTa OTBIPBII, OHBI 2Kail JuddepeHnnaiibK TeHIeyaepre
ayKbIpaTaMbl3:

dk:T d dX
= o g@)Xx
dtk dx {p(w) dx a(e) _ LX
T(t) d@X@)  p@X()
!JEAN BAPTISTE JOSEPH FOURIER (3Kan Barucr Kozsed Pypne), (1768-
1830) — dpaniy3aplk MaTeMaTHK opi (UMK  PAJBIM. OHBIH, MaTeMATUKaJla OHBIH

inmriHle MaTeMaTHKAJIBIK, aHaJW3, WHTErPAJJIbIK, TYPJICHIIpY/Iep, KOMIUJIEKCTIK aHAJIM3 KoHe
MaTeMAaTHKAJbIK (DU3NKAHBIH KOIITEreH OosiMepine KOCKAH MAaHbBI3/IbI €HOEKTePi KeTepilikK.
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CoHFBI TEHJIKTIKTIH, COJ XKarbl TeK ¢ afHbIMaJbIIaH, ajl OH Kafbl TEK T
AHBIMAJIBIIAH TOye Il (DYHKIUIAD OOJFaHIBIKTAH, Oy TEHJIK €Ki >Karbl Ja
KaHIail ga 6ip, afiTaablk, A\ = const TypaKThl CaHra TeH OOJIFaH 18 FaHa MarbIHAIbI
bosagbl.  COHABIKTAH TEHJIIKTIH €Ki »KarblH KEKe->KEeKe A CaHbIHA TEHECTIpiIl,
Keseci xait quddepeHImaIIbK, TeHIeyIepre aXKbIpaTaMbl3:

d"T(t)
pra AT'(t), (4.1.6)
LX = % [p(a:)ccllij —q(z)X = Ap(2) X (2), (4.1.7)

MYHIAFBI A 93ipre 6eJricis TypakThI.
3-kamam. (4.1.5) mesmumik emec mermmimvzi (4.1.2) mekapaJiblK mapTTapra
Koiibin, (4.1.7) TeHgieyi yIiH MeKapasbik, MapTTap ajaMbl3, sFHI

a1 X'(0) + B1X(0) = 0, asX'(l) + BoX (1) = 0. (4.1.8)

Mine, 6y (4.1.1)-(4.1.3) apajac ecebin menry moaceseci 6eiricis A napamerpi
Gap, xkait auddepennmaspik reraeyi yurin (4.1.7)-(4.1.8) mexkapasbik ecebin
nrerryre Kesrripisi. Byn ansiaran (4.1.7)-(4.1.8) ecebin ey sert opbip Gesricis
A TYpPaKTbl CaHBIH JKoHe OfaH coiikec ecenTin Hesytik emec X (z) merrimin
AHBIKTAYIbI TyciHemi3. MyHmail ecell MEHITIKTI MOH »KoHE MEHIMKTI (DyHKIIHS
Typasisl ecen nemece Lrypm?-JImysmmin® ece6i mem aramamsl.  Mynpait A
rypakTouiapsl LTypm-JInyBuiuis ecebinin menwixmi mondepi, ajl oapra coikec
X (x) HOMIK eMec menniMIepi Menwikmi GyHKUUAALAPDL JTETT ATATIABI.

4-xkagam. DByn (4.1.7)-(4.1.8) Hlrypm-JlmyBumis ecebimin A MeHIIKTI
MoHJIepi MeH X (z) MeHImKTI QyHKIMsIIAPbIH AHBIKTAL, KOHE opOip TabblIran
A MenmikTi monuepli (4.1.6) rengeyre koiibm  (4.1.6) Tenmeyuin Ty (t)
MIENTIMJIEPIH aHBIKTANTMBI3.

5-kagam. Byn anbikrasran Xy (z) »xoue Ty (t) mepbec memmimuepai (4.1.4)
KOMBINI KOHE CYIEPIO3UINs KAFUJIachbl OONBIHIIA OEpLIreH €eCemnTiH MIeriMin
aJIaMbl3:

o
u(a,t) = ATe(t) X ().
k=0
Myngarer Ay Gearicis  koaddunumentrepai (4.1.3) Gacrankpl maprTapibl
KOJIIAHBII aHBIKTANMBI3.
Bysn  omicTiH HakTBI ecemrTepre  KOJJAHYJaphl  aJjiaFrbl  OesiMiepie
KapacTbIPbLIaIbI.

2JACQUES CHARLES FRANCOIS STURM (Ilapms ®pancya ITltypm) (1803-1855)
— Ilseiimapusina tysurran ¢dpaniy3 maremaruri. OHBIH Herisri eHOEKTEpi CHIFBLIMANTHIH
CYHBIKTAp TEOPUsCHI, MaTeMaTUKaJIbIK dusnka repueynepi, 2KAT (IIrypm-JInysuiis ecebi),
COHBIMEH KaTap ajrebpa cajlachlH 3ePTTEYTe apHAJFAH.

3 JOSEPH LIOUVILLE (Jlmysmmums 2Koszed) (1809-1882) — pammnys MmaTeMarwri.
OublH eHOeKTepl MaTeMaTUKAHBIH Op CaJIaChIHJA, aTall alTKaHa, KOMIUIEKCTIK AaHAJIM3JIe,
apHaitbl pyHKIUAIAP, TuGOEPEHITNATIBIK TeOMETPUsT XKOHE CAHIApP TEOPUSICBIHIA MaHBI3IbI
opbiH anaiabl. CoHBIMEH KAaTap SJUIUICTIK (DyHKIUIAD TEOPUSICHIHJA, JAepOec TYbIHIbIIbI
nuddepeHaNIbIK TeHIeyJIep YIIiH MIEeTTIK ecenTep TEOPUsICHIHIA J1a MaHbI3/1bl eHHeKTepi 6ap.
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4.1.2. Irypm-JInyBusiab ecebi. MeHinikTi MoHIEp MeH
MEHNIKTI pyHKIUAIapAblH KacuerTepi

2Korapma kepceriireneif, KemTereH MaTeMaTHKAJBIK (U3NKa TeHIeYy/Iepi
yiria 6acrankpe-meTTik ecentepai @ypoe oapicimen mremnry — HITypwm-JluyBuiib
eceDIHIH MEHIIKTI MOHIepi MeH MEHINKTI (PYHKIUSIAPBIH aHBIKTAYIbl KOHE
OJIAPIBIH, KacHeTTepiH OLIyal KaykKeT eTej. Irypm-JIuyBusie  ecebinin
KOUBLIBIMBI OacTanKkbl OepiireH ecenTiH KYpbLIbBIMbIHA Tikejeil OailjlaHbICTHI
Gomanpl.  ZKorapbimarst anpiaran (4.1.7)-(4.1.8) rypm-Jlnysmias ecebi —
MyHJ@il ecenrrepyiil, eH KapalaiibiM Typeri KohbuibiMbl.  Ausna (4.1.7)-(4.1.8)
[ rypm-JIuyBusis ecebiHiH, ey MoceeciH 2KoHe OHBIH MEHIITKTI MOH/IEP] MeH
MEHIIMNKTI (PyHKIUIAPBIHBIH KACHETTEPiH 3epTTeiimis.

1. IMrypm-JImyBusn ecebi. (4.1.7)-(4.1.8) Ilrypm-JInyBusib ecebin
KapacTbIpalbIK;

d dX

LX = . [p(z) dx} —q(z)X = Ap(x) X (x), (4.1.9)

a1 X' (0) 4 B1X(0) =0, aoX'(I)+BaX(I) =0,62+h?#0, i =1,2. (4.1.10)

Mrypm-JluyBuiuie  ecebi  mmekapasblK —IMAPTTHIH — TypiHe koHe p(x)
ko3 purimenTiniH, e3repicine  OANJIAHBICTBI  PE2YAAPADLL,  NEPUOIMDBL  IKOHE
CUH2YAADPADL OOJIBITT OOJTIHE .

Erep (4.1.4) mapr opsiagasca, (4.1.9)-(4.1.10) ecebi perymsipsbt [Typm-
JInyBusab ecebi Oosrapl.

Erep (4.1.10) mekapaJbIK mapr

pla) =p(b), X(a) = X(b), X'(a) =X"(D)

nepuo/Thl maprieH Oepiice, onma (4.1.9)-(4.1.10) ecebi mepmomrsr IrTypm-
JInyBusanb ecebi Oosrap.

Erep (4.1.9) renueyuin p(z) kosdbdunnenti 6epinres [a, b] apabIFbIHBIH IETKI
HYKTeJsIepinig 6ipeyinie Hemece ekeyin/ie Jie Homre ajinanca, srau p(a) = 0 memece
p(b) = 0 Gourca, onja (4.1.9)-(4.1.10) ecebi cunrymnspist HItypm-Jlnysumib ecebi

bostazbr. Mocesten,
2

1. Erep p(x) =z, q(x) = V—, p(x) =z a=0, b=1 6osca, oHza
x

$2y//+xy/+ ($2 _ 1/2):[/ =0

becceav mendeyin  amaMbl3 YKOHE OHBIH MEHNIKTI (yHKOusIapbl beccesib
dyHKIUIIAPH 00Ia/IbI.
2. Erepp(z)=1-22, ¢(z) =0, p(x)=1 a=—1, b=1 6oica, onza

/

[(1 —x2) y/} +Ay=0
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Heotcarndp mendeyi  ymin lrypm-JIuyBusae ecebine Kesiemis >KoHE OHBIH
MeHIMKTI  yHKnuaaapbl JIexKauap MOJuHOMIAPBI  OOJIaIbI. Mynnait
MBICAJIIAPIBI  KOITEI KeJaTipyre 0oJiabl. Cunrynspist  rypm-JInyBuiuib
ecebin 3eprTey apHaiibl (BYHKIUSIAD TEOPUSCHIHIA KAPACTHIPBLIAILI'. By oKy
KYPpaJbIHIa TEK PETYJISAPJBbI HeMece MTePUOATHI JKaraaityiap KapacThIPbLIa IbI.

Mpeicaa 4.1.1. IImypm-JIuysuiis ecebin weuinia
X" () + XX (z) =0, X(0)=0, X(I)=0.

HTemryi. By ecen (4.1.9)-(4.1.10) ecebiniy p(x) =1, q(xz) =0, p(x) =1,
a1 =ag =0, f1 = P2 =1 ke3zeri gepbec Kargaibl.

1. Aiiraneik, A = 0 6osicein.  Onga xamusl mentivi X (x) = Crx + Co
bosaapl.  As OyraH IIeKapaJibIK, HmapTrapibl KoJjaHcak, omjga C7 = Cy = 0
6osael jia, X () = 0 HeJIiK MIeniMIl aaambl3.

2. A < 0 repic can 6oscbin. OHIA OHBIH KAJIIIBI HIEITiMI

X (z) = C1eV ™ 4 Coe VA
GoJta bl JKoHE IeKAPAJIBIK MAapTTAP/Ibl KOJJIAHCAK

Ci+Cy =0,
Cleﬁl + 026—\/—7)\l =0

Kyitecin asambi3. Byur karpaiiga ga C1 = Cy = 0 Gonranppikras X (x) = 0
HOJIJK MIENTMIe KejieMi3, siFHU €CeIITiH, MEeHITKTI (DYHKIUAIaPhl O0IMAIHI.
3. A > 0 on can 60sicbiH. OHjia KaJIlibl MENiMi
X (x) = Cy cos V Az + Cysin VAz
Typ/ie Oostajibl. Byran 1ekapaJsiblk, mapTTap/ibl KOJJIAHCAK,
X (0) = C, =0 xone X (1) = Cysin VA =0
6osaaer. Mynga erep Co = 0 6onca X (z) = 0 mesmik 1menrivre Kesaemis.

CoHabIKTaH
sin VAL = 0

xoHe C9 # 0 epkin TypakThl. OHBI BIHFAUBLIBIK, YITiH Co = 1 jen asxyra 6018161
CoHFBI TEHIEYIEH A\ TalCaK;

k 2
Ak:<7rl> Ck=1,2,3,..

Hemek, byran coiikec ok emec mierrimi (IIrypm-JlnyBriiis ecebiniy MeHITKTI
dyHKIHsITAPDI )

k
X; (2) = sin ”733 k=1,2,3,..

oAb

4111, Caxaes, X. Xowmmbin, ApHaiibl (BbyHKIESIIAP KOHE OJAP/ILIH, KOJJIAHYIAPh, AJIMATHI,
Kazak yausepcureri, 2012. Oy KypaJjbi
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Mpsican 4.1.2. [IImypm-JIuysurid ecebin wewinia:
X" () + XX (x) =0, X" (0)=0, X'(I)=0.

ITeuryi. By ecen — (4.1.9)-(4.1.10) ecebinig p (x) =1, q(z) =0, p(x) =1
a1 = ag = 1, B1 = Py = 0 xe3uieri jgepbec Kargaibl. AJJIBIHFBI MBICAJIATBIIAM
Tajail Kejie, 6yJI eCenTiH, MEHITIKTI CaH apbl MEH MEHIIKTI (DyHKIUSAIADEI

k2 wk
Ak = <l> , Xk, (z) = cos - % k=0,1,2,..
0oaaTBIHBIH KepeMis. By mbicamma A\g = 0 caHbI Ja MEHIIKTI caH 00Jaabl sKoHe
oraH coiikec MeHIiKTI dynknust Xg (z) = 1 Gonaspl.

Hout ocwl cugakTel, anga xui Kespecerin bipuerne HItypm-JInyBuiib ecebinin
MEHIIMKTI MOHJAEPi MeH MeHNNKTI (YHKIUJIapblH KecTe TYpiHae KepceTyre
0oJ1aIbI.

1-kecTe.

X" (2) + A2X (z) = 0 ecebiniy MeHITIKTI MaHEPI MEH MEHITHKTI (bYyHKIMSTAPEI

[lekapasbik, maprrap | MennrikTi cangap Memnmiikti  dyHKIusIap
M€eH HOPMAChI
k k
X(0)=0, X(I)=0 Ak:%,k:1,2,3,... Xk(x):sin%x,
l
| X5|* = 5 k=123,
2E+ D)
2%k +1 Xi () = cos —————x,
X =0x0)=0 |y = HLIUT T
k=0,1,2,... IXill"= 5, k=0,1,2,...
. (2k+ D)
2k +1 Xk (x) = sin ————u,
X(0)=0,X'O=0 [N = (;Ll)”, - 2l
k=0,1,2,... Xkl =5, £=0,1,2,...
k
" Xk:cos%ac, k=0,1,...
X'(0) =0, X'() =0 | N =" k=0,12,... HXO”2:li
|Xel* = 5, k=123,

Mpsican 4.1.3. IIImypm-Jluysursd ecebin wewinia:
X" () +AX (x) =0, X (0)=X(I), X' (0)=X'(]).

ITermyi. By ecenrin e Hesmik emec memiMi Tek A > 0 »Karmaiiga rana 6ap
001816l YKOHE KAJIIILI IITeIriMi:

X (z) = C) cos V Az + Cysin V.
Byran nepuojThIK, mapTrap/bl KOJIAHCAK,

Cy = C; cos VAL + Cy sin VI N
Cov ) = —C1 VA sin VAL + Cov/\ cos vV
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C1 (1= cos V) = Cysin VA
Cy (1 —cos V) = —Cy sin VL.

Bipinmi rengeynen Cy Taybil, eKiHIN TeHIEyre KOWcak, HOTHKEIE
4 (1 — cos ﬁl) =0

renjieyin agambs. Erep Cp = 0 Gouca, onna Cy = 0 6omauer ga X (z) = 0
ek mrermivre keaemis. Comapikran C; # 0, i = 1,2 xKoHe

1—cosVAN =0

TEHIIrHIH OPBIHAAJIYBI KaykeT. A OyJ TeHJeyIiH IIelniMiaepi Tek VN = 27k
boJsica raHa Oap OOJAIBI, SIFHI MEHITIKTI CaHIaphI

ok 2
A = <71T> L k=0,1,2,..

A1 6yiiapra colikec MeHIIIKTI PyHKIMIAD

P P
Xy (z) = C4 cos %kg; 1 Cysin %kg; k=0,1,2, ...

Mysmarsr C1 koHe Co €pKiH TypakThLIap OOJFAHIBIKTAH, MEHITKTI (DYHKITASIIAD

27k 2k
Xlk(a:):cos%a:, ng(:v):sin%x, k=0,1,2,...

XKyiieci 6oJTaIbI.
Mbeicaa 4.1.4. HImypm-JTuysusiv ecedin weuwinia:

X"(x)+ XX (x)=0, 0 <z <1,
X (0)—X"(0)=0, X(1)+ X'(1) =0.

Terryi. Byn ecenrin me A < 0 xkarjaiiga HOJJK IIenmiMre e 00JaTHIHBIH
oHall Kepyre 6omaanl. Afrtansik, A > 0 6ocen. 2Kammnn mermivi

X (z) = Cy cos V Az 4 CasinVz.

Byman mekapabik mapTTapiabl KOJIIaHCAK,

C1—Cyv/A=0
C1 cos VA + Csysin VA — VAC] sin VA + VAC cos VA = 0

JKyliecin ajambi3. Bipinmi Tengeymaern C7 Tayblll, eKiHIIICIHE KONCAK:
Cs [Q\f)\cosﬁ—i- (1 —\)sin ﬁ] =0.
Bynan Cy = 0 6oJica, Heik meniiMre kejaeMis. COHIbIKTaH

2V Acos VA + (1 — A\)sin VA = 0
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HEMECe U = \/X 66JH‘iJIey eHFiBCeK, HoTH2Ke e

2
pi —1

tgp, =

TeHJEYiH aJaMbl3. Dyl TeHAeyaiH menriMaepid aHAJIUTUKAJIBIK, Typae Taba
aJIMaiMBbI3. Auajijia OHBIH, IIEKCI3 KOIl IIemnMIepl OoJIaThIHABIFLIH OHBIH,
rpadurineH KepeMmi3 »KoHe OJIapAbl CAHJBIK IIEIly OiCTEPl apKbLIbl KYybIKTAIl
Tabyra OOJIaIbI.

AY
y=tg(p)
| ‘ y =2p/(p* —1)
1 i £ S
0 115 B2 3F 3 B
4.1.2-a cyper.
. . . 21
I'padukrix Tocin Ooitbima, y = tgu xoue y = — 1 GYHKITUITaPBIHBIH
p2 —
2
rpaduKTepiHiH, KUBLIBICY HYKTEJEpi i1, fto, (43, ... 13/esiHmi tgu 5 a 1
M [e—

TeHeyiHin merniMaepin 6epemi. 4.1.2-a cypeTTeH Kopin TypraHbIMbI3Jal, MyHIai
KUBLIBICY HYKTEJEPi MEKCi3 KOTl.

2. MenmiikTi MoHIAEep MeH MEHIMIKTI (QYHKIUAJIAPAbIH, Herisri
kacuertepi. By Gemive (4.1.9)-(4.1.10) IIrypm-JInyBusib ecebinin MeHIIiKTI
MOHEPI MEH MEHIIKTI GyHKIUIIAPBIHBIH aJI1a KOJIaHATHIH Heri3ri KacueTTepin
mostesieycis kearipemis. Jlpseseysepin Herisri oebuerTepain’ Ke3 KeJreHiHeH
tabyra Gomampl. A (4.1.9)-(4.1.10) ecenrin A MOHIEpIH CoiiKec HOJTEe TEH
eMec TIenTiMIepiHiH 6ap eKeHIH BapUAIMSIBIK HEMeCe WHTEI'DAJIIBIK, TeHJIEYJIED
QJIicTepiMeH IR IeyTre 00T IbI.

KacuerTepi:

1%, Irypm-JIumyBmiis ecebGiniH IMIeKci3 KOl CaHAJBIMIBI A1, A2, A3, ...
MEHITKTI MoHJEpi Oap OoJiajbl KoHE OJIapAbl ©CYy PETIMEH OpHAJIACTBIPYFa

5A.H.Tuxouos, A.A.Camapckuii Ypasrennii mareMaTudeckoii dpusuxu, M. 1972 xone 1.6.
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Oo1aIbI:
A< A< A3<....
20, MeHmrikTi MoH/IEp HAKTBI JKOHE Tepic eMec
A >0, \p€R, k=1,2,3,....

3Y. Opbip A\, MenmiikTi MomTe 6ip rama (TYpaKTHI caHra KeOeHTy mosiirine
neiiin) Xp(z) menmikri dynkims coiikec keeni. Backarra afitkaniua, erep g
MeHIIIKTI MoHre coiikec MermmikTi dyuknus Xy (z) 6omca, onna C - Xi(z), C =
const PYHKIUSICHL /18 COJI \j, MEHIIIKTI MOHIe colikec MEeHIKTI (PyHKIMs O0JIaIbL.
Erep \; MeHmmikTi MoHre COWKeC 7 CBI3BIKTBI TOYEJICI3 MEHIIKTI (pyHKIUIap
00JICca, OHJIA OJIAPIbLIH CHI3LIKTHI KOMOMHAIUSICKH 18 MEHIIIKTI (PYHKIMA OOJIaIb.

4%, Erep )\, MemHmixTi Monre coitkec MenmmikTi dynxnus Xy (z) = Xqx(z) +
i Xok(x) KoMILTEKC aifiHbIMAJIBI (DyHKIMs GoJica, MYHIAFBl i — YKopamaJs OipJIiK,
OH/Ia, OHBIH HAKTBHI >KOHE »KOopaMaJl OeJiKTepi e col A MEHIIKTI MoHTe cofikec
MEHIKTI PYHKIUIIaPb 008 TbI.

50, IIrypm-JluyBuiis ecebinin op Typsi Aj KoHe A, MEHINKTI MoHIepiHe
coiikec Xy (x) xone X, () MenmikTi dynknusiaper p(x) caamar OyHKIUACHIHA
kaTbICThI [0, (] apaJbIFbIH/Ia OPTOraHa b bl O0JIA/IbI:

l
[0, k#m,
0/ e B EAN

6°. B.A. Crexyos® Teopemachr:

Teopema 4.1.1. (4.1.9) wekxapasrvirs wapmmos KaHaA2AMMAHILLPATHIH,
xeskeazen f(x) € C%(0,1)(CH[0,1] dynryuace, (4.1.9)-(4.1.10) ecebirirg { Xy}
MEHWIKME  PYHKUUALGD oHCyTiect O00UbiHWG abCaMommi  dcone  OIPKaABINIMDL
atcunarmo, Dypve Kamapovina srcikmenedi, A2nu

fl@) =" frXp(z), (4.1.11)
k=1

My HOazb
l

/ o) f () X () e

0

1

fr=
X

Dypve Kospduruenmi den amanradv, HcoHe
l

1k = / () X2 (2)d.
0

SBaamumup Auzapeesnd CTekiIos, (1863-1926) — opbic maremaruri spi mexanuri. OHBIH
Herisri eHOeKkTepi MaTeMaTHKAIbIK (DU3MKA TEHIEyIepl, MEXaHMWKa, KYBIKTay TEOPHUSICHI,
ACHUMITOTHKAJIBIK OICTED >KOHE OPTOrOHAJIb (PYHKIUSIAP KYHECIHIH TOJIBIKTHIFBI TEOPUSICHIH
3epTTeyre apHaJIFaH.
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4.1.3. 2KarTbirynap

Temengperi ltypm-JInyBuiuib ecebinin MeHINKTI MOHJEpI MEH MEHIIKTI
GYHKITUSIADHIH YKOHE HOPMACHIH aHBIKTAHbI3:

X" (z) + \2X (z) = 0,
4.1.1. { X7 (0) = X' (m) = 0.

X" (z) + XX (x) = 0,
4.1.2. { X (=m) =X (n), X'(-7)=X'(n).

X" (x) + XX (z) =0,

l
4.1.3.
X (1) =0, X (z)dx = 0.
/

n_ ! 2 —
g4 { X 22X+ (P H1) X =0,
X (0)=X(1)=0.

Temenmeri MeHITIKTI MOHIEp »KOHE MEHINKTI (yHKIUIapapl Taby ecebin
meminis (y(z) # 0, [y(z)]| = 1):

(@) = Ay (@), @€ (0.1),
RES I i

4.1.6. { y_y” (x):

4.1.7. { )20, =0
4.1.8. V@) =X (32’ ve (0’ 5)’
Y (0)=0, y (5) ~0.
—y"(z) =y (z), x€(0,),
4.1.9. { y(0)=0, ay()+y (1)=0, a>0

—y" (2) = Ay (@), =€ (0,1),
4”0'{y'<o>= Ly +BY (1) =0, B>0.
—y" (2) = Ay (@), =€ (0,1),
4111 { y(0) =By (0), >0, y(1)=0.
(

—y"(x) =Ny (z), z€(0,1),

Lz { y(0)=y/(0), 8>0, y(1)=y(1).
4.1.13. Jlanaac onepamopv. ywin Q = {(z,y):0<zx<a, 0<y<b}
MIKMePMOY puiuLma bepiteer Keaeci ecenmit, MEHWIKME MOHIEDT MEH MEHULIKMI
dynryuarapon maboois (u(z,y) #0, |jul| =1):

—Au (CC, y) = Au (Ji,y) ) (xvy) € Qa

w(0,y) =0, uz(a,y)=0, 0<y<b,

uy (2,0) =0, u(z,b)=0, 0<z<a.

104



—Au(z
4.1.14. { (0,

z,y) = du(z,y), (z,y)€Q,
):07 u(aay)zov 0<y<b,
Uy (2,0) =0, uy(z,0)=0, 0<z<a.

4.1.15. Jlanaac onepamopo, ywin Q = {(z,y,2): 0 <z <a, 0<y<b, 0<z<c}
MIKMOPMOY PLULMb,  Napassesenuneome bepiszen Keaeci ecenmit, MeHWIKMI
MoHdepi Men Mmenwikmi ynryuaiapvin maboirwns (u(z,y,z) #0, ||ul| =1):

—Au (m,y, Z) = Au (CL’,y,Z), (xay) € Qa
u(a:,y, Z) =0, (:c,y,z) € Q.
4.1.4. 2KayanrTapsbi

4.1.1. )\0 = 0, XO (.T) = 1’ HXO (372)H2 _
A =k, Xi(z)=coskz, | X} (2)|" =37,

™

k=1,2,3,....

412 20 =0, Xo(2) =1, X0 (@)| = 2r,
e =k, Xy =coskx, Xop =sinkz, | X (@) =7, k=1,2,3,....

4.1.3. N =2 Xy =sin Zhy || Xy (2)]P =4, k=1,2,3,....

4.1.4. N, =7k, Xp(z) = *sinkz, [|Xg @) = <58 k=1,2,3,....

4.1.5. Ny = (k)2 yo (x) =1, yi (2) = V2cosmha, k=1,2,3,....

I 1 k(z +1
4J6HM:<;>, %@ﬂ:JﬁmW%;_Xk:LZ&“”

1\? 2 1
41.7. = |k+=) , y(z)=4/=sin|k+ =)z, £=0,1,2,....
2 T 2

2
4.1.8. Ny = (2k+ 1), yp(x) = —=cos(2k+ 1)z, k=0,1,2,....

N
Wi\ 2 2 (a2l2 + w,%) . WET
4.1.9. \, = (—) , r) = sin , k=1,2,3,...,
g I b () \/l(a2P<+cyl+-wi) l
myndaevt wi > 0 mpancyendenmmax tanw = —% mendeyiniry, k-wovt myoipi.
e

1\1° 2 1
Yaxen k mondepinde: N\ =~ [7; (k: — 2)] , Yk (x) = \/;sin? <k — 2> x

W\ 2 2 (12 + f2w}) WET
4.1.10. = (= = =1,2,3,...

MmyHdaev, wi > 0 mpancyendenmmix tanw = 6— mendeyinin k - myo6ipi.
w

E-1))* 2 k-1
Yaxen k mondepinde: N\ ~ <7r(l)) . ok (z) = \/;cos 7r(l)x
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2

4.1.11. Ny =w?, yg(2) = (Bwg coswyx + sinwgz), k=1,2,3,...

T+ 7t
MyHOaev, wi > 0 mparcuyendenmmix tancg = —Bw mendeyinir, k-wv, myo6ipi.
Yaken k mondepinde: \j, ~ |:7T <k - ;)] . yk (z) = V2cosm <k - ;) x

o
4112 do =1, 9o (2) = e

2
e = (Tk)2, yp (2) = Um (mkcosmkxr +sinmkz), k=1,2,3,....

Yaxen k mondepinde: yi, (z) =~ V2 cos k.
2m + 1)\ 2 o2n +1)\?
4.1.13. Apy = <7T(m+)> n <W> S omn=1,2,3...,

2a 2b
2 . m(2m+ Dz m(2n+ 1)y
= . :12 PR
U, (2, Y) \/Jsm » cos 5% , m,n ,2,3,
2
4.1.14. \,, :(77 ) +<m) S m=1,23,..., n=0,1,2...,
a
2 ™M (2,1) 2 . mmzx ™y
U — sin Umn (T = ——sin - CoS——, m,n
mO ab 3 mn Y \/@ a b ) )
1,23
k2 N2 2
4.1.15. Ak,m=<”> +<7T> +(@) L klm=1,2,3,...,
a b c
8 k l
Ukm (T, Y, 2) = —sinﬁsinwsinﬂmz, k,l,m=1,2,3,....
abc a c
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4.2 ToakbIHABIK TeHAEY VIIiH KOMbLIFaH OacTallKbI-
MIETTIK ecernTep

By 6esiM e TOMKBIHIBIK, TEHIEYIED YIMTH Op TYPJIi KOWBLIBIMIAFBI OACTAITKbI-
mreTTik ecenrepai Pypbe oIiCiH KOJIAHBII Iy KAPAaCThIPhLIAIb.

4.2.1. DBipTekTi TOJAKBIHABIK TeHJeyi YIIiH KOWbLJIFaH OacTarkbi-
MIETTIK ecernTep

BiprekTi TOJKBIH/BIK TeHgeyl yinin 6iprekTi (HOJIIK) [IeKapaJbIK MIapTIeH
Gepiiren

Uy = a®ugy(z,t), 0<x <, t>0, (4.2.12)
uw(0,t) = u(l,t) =0, t>0, (4.2.13)
u(z,0) = ¢(x), u(x,0) =9(z), 0 <z <1 (4.2.14)

HacTankpl-IeTTiK (apasac) ecemTi Imenty i KapacTblpaiibiK.

Byn (4.2.12)-(4.2.14) ecebin Dypbenin aiiHbIMAIbLIADFAa KIKTEY 9/IiCiH
KoJLmaHbIn 1mrememiz. Our yImiH Kejeci KataMiaphbl 2KacailMbl3:

1-kamam. 2Kaii nuddepeHnmanapik, TeHJeyJaepre aXkbipaTty. by
(4.2.12)-(4.2.14) ecebinin nouik emec mertimin Pypbe oici GoitbiHIa

u(z,t) =X () T(t) #0 (4.2.15)
Typinge i3aeiimis. Byman x kome ¢ aifHbIMaJIbLIAPBI OOMBIHIIIA

Ugr(x,t) = X" (2) T(t), up(z,t) =X (z)T"(t)
exinmmi perTi Jepbec TybIHBLIAPBIH ecenter, (4.2.12) TeHeyre KOSMbI3:

X (x)T"(t) = a® X" () T(t).

By remyieyi exi warpm (4.2.15) kabbuiiaysiMers 6oitbmma a2 X (z) T(t) 6emcex

T”(t) B X (:E)
10~ X0 (4.2.16)

TeHJITiH ajaMbl3. DBy TeHIIKTIH OH »Karbl TeK T aWHBIMAJIBICHIHAH, aJ COJ
JKarbl TeK ¢ affHbIMaJIbICHIHAH Toye . Erep Oip affHbIMAJIbICHIH TYPAKTAH IBIPBIII,
eKiHII affHRIMAJIBICBIH ©3TePTCEK, MOCEJICH, T AHBIMAJIBICHIH OEKIiTill KOMbII, ¢
affHBIMAJIBICHIH ©3TePTCEK, OHBIH MOHAEP] e3repiccis 6omap emi. demek, (4.2.16)
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TEHJIK eKi »Karbl KaHaliga Olp TypaKTbl CaHfa TeH OOJIFaH Kariaiiga raHa
OPBIHIAJIAbI, TFHU
T”(t) B X (Z’)

2T = X~ " (4.2.17)

MyHBIH €Ki YKarblH YKeKe-2KeKe [ -Fa TeHECTipiIl,

T"(t) — pa®T(t) = 0, (4.2.18)

X" () = pX (x) =0 (4.2.19)

exi kait muddepeHnuaaabk TeHIeyIepre Kikrelimiz. Mymaarsl @ — Ke3 Kejarex
TYPAKTbI CaH.

2-kagam. IIrypm-JInyBuiiab ecebin tmerry. FEngi (4.2.15) typaeri
i3memini mentivai (4.2.13) mekapasblk mapTrrapra KOsMbI3:

uw(0,t) =X (0)T'(t) =0, u(l,t)=X(1)T(t) =0.
Mynga T'(t) # 0 6omaremapikran ((4.2.15)- Ti Kapanp3)
X(0)=0, X(I)=0 (4.2.20)

HmeKapaJiblK Imaprrapsl aibimagel.  lemek, X () dyuxmuscsr (4.2.19)-(4.2.20)
ecebiniy Hesgik emec miemimi eken. bByur ameiran (4.2.19)-(4.2.20) ecebinin
[t TYPaKTBICBIHA COUWKec HOJIIIK eMmec mrerrimin taby I[I[Imypm-Jluysuarss ecebi
Jent atajgajpl. AJl OHBIH f - Fa coiikec X (x) HOJUIK emec Imemrimi Mmenwikmi
dyrryuarap, an CoiKec COJI (i TYPAKTBLIAPBI MEHWIKMI MOHOEDPT JTET aTajIaIbl.
Bys ecentin memrimuepi p TypakThichiHa OGaianbicThl.  Coul kargaiiiapibl
KapaCThIPpAWbIK:
1. Adiransik, g = 0 6oacbia. Onpa (4.2.19) TeHgey iy, KaJllbl menrimi

X (z) = Ciz + Co.

Byran (4.2.20) maprrapasl koigancak, ouga Cp = Co = 0 60saJibl, JeMeK,
X (x) = 0 momzik merniMIl agambi3.
2. =A% >0 on Goncem. Onma (4.2.19) Temaeyin menrimi:

X (z) = C1e™ + Coe™ 7,
Erep 6yran (4.2.20) maprrapabl KOJJIaHCAK

Ci+Cy =0,
016)‘[ + 026_)‘1 =0

TeHgeyep Kyitecin anamers. Bynan C = Co = 0 6osaner, aram Oyi1 xKargaiiia
na X (z) = 0 mesik menmiMre Keaemis.
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3. u= -2 <0 Tepic can GoJickiH. Byt karnaiina (4.2.19) TeHaeyiH Kalbl
mennmi

X (z) = Cy cos Ax + Cy sin Az.

Byran (4.2.20) maprrapast Koigancak, X (0) = C1 = 0 xone X (1) = Caysin Nl =
0 Gosazpl. Mysga, erep Cy = 0 Gosica, X (z) = 0 mesik menriMre Kesemis.
Conmpikran Cy epKiH TYpaKThl OOJFAHIBLIKTAH, OHbI BIHFAMIBLILIK yImH Cy = 1
Jen aJiblll A TabaMbI3:

Ay = ”Tk k=1,2,3,.. (4.2.21)

Hemex, (4.2.19)-(4.2.20) ecebinin wosaik emec memimi (Irypm-Jlunysmiis
eceGinin MenmrikTi dyrkIMaAnaps) Tek p = —A? < 0 Tepic cam Gomram Kesje
raHa 6ap 60JIaJIbl €KEeH YKOHE 0JIap

X (z) = sin ﬂTk:L‘, k=1,2,3,.. (4.2.22)

TeH, 00J1a,15I.
Enni xorapbyiarer (4.2.18) xait quddepeHInanapK TeHaeymaiy [ = —)\%
MEHIKTI MOHEPiHe CofiKec »KaJIIIbl IIeNiMiH TabaMbI3:

k k
Ty (t) = Ay cos FTat—kBk sin 7TTat, k=1,2,... (4.2.23)

MyHIarbl Ag, By — epKiH TypakThl caHaap, ajl HHICKC KOWbLIY cebedi opbip Mg
yImiH keke mremimvzaep agambid. Am (4.2.15) kesicim GoiibiHIa ecenTiy opbip g
colikec

ug (z,t) = (Ak cos 7TTkat + By, sin Tat) sin %kx, k=1,2,...

Jepbec mmrentinvepin anambrs. (4.2.12)-(4.2.14) ecebi CBI3BIKTHIK OOJIFAH/BIKTAH,
CYNEPIO3UIHsT KAFHAChl OONBIHIIA YKAJIIbI TIIeriMi:

> wk . 7wk . 7k
u(z,t) = Z A} cos Tat + By, sin Tat sin Tm (4.2.24)
k=1

Mynparel Ag, Bj epkiH TypaKTbUIapbIH aHbIKTay yiniH ecemnreri (4.2.14)
HacTanKpl MAapTTapabl KOIIaHaMbl3, srau (4.2.24) eprekke t = (0 MoHIH Koiicak,

- k
u(z,0) = Z Aj sin WT(E
k=1

Gomaspl, as exinmi kareian (4.2.14) 6oibmma u (z,0) = ¢(x). emek, coHrbl
€Ki TeHJIIKTEeH:

- k
ZAk sin WT:B = p(x). (4.2.25)
k=1
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Enni (4.2.24) epaekTen t GoiiblHINIA 1epOEC TYBIHIBICHIH

t > k k rka ok k
&Lg’) = ; (—7TlaAk sin 7rTat + TBk cos lat> sin WTCU (4.2.26)

anpIKTall, t = 0 MOHIH KOIicak,

— 7k k
ut (2,0) = Z %Bk sin WT.%
k=1

reniirine Kesemis. A (4.2.14) exinmi maprer 6oitbiama ug (x,0) = ¥(z). demek,

> wka wk
Z TBk sin Tr= P(x). (4.2.27)
k=1

Exinmi sxarpman Oy ansiaran (4.2.25), (4.2.27) rengikrep — coiikec

v (x), ¥(x) dyukuusnapbiabiy cunyc 6oiibiama Pypbe KaTapblHa XKIKTeTy Iepi.
Ouait 6ojca, MaTeMaTHKAJILIK AHAJH3 KypchbiHan 6esrizi’ @ypbe KaTapbiHa
XKiKTey Teopusichl OofibiHIa, Ak, B @ypbe Ko3hdummenTrepin coikec

l l
2 k k
A = 7 /4,0(3:) sin %mda:, By = —a /¢($) sin —— dz (4.2.28)

l
0 0

dopmystagapbIMeH aHbIKTANMBI3.

Ouait 6osca, (4.2.12)-(4.2.14) Gacrankpl-IIIeTTIK €CENTiH mentimMi o3ipiie
dopmasibl Typue (4.2.24) karapbiMeH epHeKTesell koHe oHuarbl Ay, By
koo durmentrepi  (4.2.28) uHTErpasJapbIMEH  €CEITeIHE]]. Enni  ocor
dopMaIIbIK Kail Ke3ae KUCBIHIBI OOJIATBIHIBIFBIH TeKCepeiik.

3-kamam. (4.2.24) mremimai Tekcepy.

1. Aszpiven, dopmast il Typie Kypbuiras (4.2.24) GyHKIMOHAIIBIK, KATap/ bl
OIPKAJIBIIITHl KUHAKTBUIBIKKA 3eprTeifik. O Kejeci Typjeri caniblk Karapra
MaKOpaHTTasIa,/ bl

S | Bt
; (VAH + > (4.2.29)

By xkarapapiy KuHaKThl OOJIYBI YITiH

p(z) € C0,1], @(0)=¢() =0, (x)€Cl0,]] (4.2.30)
"Mocenen, f(x) dbyuxmumsacombi {px ()} Tonbik xyiteci Goiibmmia Dypbe KaTapbiHa
XKikremyi f Z arpr(x) 6omca, onga Pypre KoapuIUIEeHTTEP]:

k=1

l
neoknz /f T, k=12,..
0
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OPBIHJAIYBI YKETKITIKTI.
2. Bacrankp! maprt opbiHabl 6osybl yimia (4.2.25) KarapiabiH OGipKaJsbIIThl
JKUHAKTBUIBIFBL Ka2keT. OJ1 yIITiH OHbI MayKOpaHTTaNThIH

> (k1A +|By))

k=1

CAHJIBIK, KATAPBI JKUHAKTHI OOJTY bl XKETKLTIKTI. At 6yJI KaTap KUHAKTATYBI VITiH

p(x) € C*[0,1),  @(0) = (1) =0, ¥(z) e C0,1], ¥(0)=4()=0 (42.31)

MTaPTHIHBIH, OPBIHIATY Bl YKETKLTIKTI.
3. Engi (4.2.24) xarapbiabig, opbip myreci x kone t GoifblHIIA €Ki per
muddepennnaganraibl kKepek. OJ yii

(k* |A| + k |Bxl)
=1

KaTapIblH KUHAKTAIYBI KETKIJIIKTI. By KaTap by XKUHAKTAIYBI VITiH

p(x) € C?[0,1],  »(0) = (1) =0, ¢"(0)=¢"(l) =0,
(4.2.32)

b(x) € C*0,1], ¥(0) =4(1) =0

opblHIanybl KeTKimikTi.  Bysm (4.2.32) mapr xorapergarst (4.2.30)-(4.2.31)
MIAPTTAPBI YKAJIIBLIAN L.

Kopsirbiaapr. 2Koraperiarst popMasabl Typae Kypoumran (4.2.24) xarap
(4.2.12)-(4.2.14) ecebinin memntiMi 6osybl YimiH @ xoHe ¢ dyHKusiaps (4.2.32)
MAPTHIH KAHAFATTAH/BIPYBI KAsKeTTi.

Eckepry 4.2.1. FEeep owcozapwdaeve (4.2.13) Jupuzae wapmmapoiroiy
oprotida Hetiman wapmor memece yuwinwi wekapasvlk, wapmmap 6epiace, onda
MEHULTKME MOHOED MEH MEHUWIKME GYHKUUAAGDLL O32ewesikme 6oaadv.  Aa
Kaa2am Kadamoap 0o.4 0coiHOatl dHCoMEH HCYPIAEDL.

MocesteH, 1mekapaJbIK IIapTTap

TYpJeri maprTapabid, 6ipiMen 6epijice, oHIa oJlapra COMKeC MEHIKTI MOHIED MEH
MEeHIKTI PyHKIALIap:

2 1 2 1
)\k:(k‘;_)ﬂ—7 Xk:SiIl(kQ—;_)ﬂ'.I,k:Oa]-a--'a
2 1 2 1
)\k:M7 szcoswﬂ'l‘,kzo,l,...,
2l 2l
wk

k
Ay = —, Xk:cos%x, k=0,1,....

l
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Mbpicaa 4.2.1. Bipmexmi moaxvindoik mendeyi yuiir 0aCmankvl—wemmix
ecebiH wewiHia.

U = g, O0<zxz <1, t>0
uw(0,t) = u(l,t) =0, t>0,
u(2,0) =0, ug(z,0) =2 —2% 0<z<1,

HTenryi. Myna mekapaJbik maprrap Jlupuxiie maproiMen OepireHikTeH,
coffKec MEHIMIKTI caHaap MeH MEeHIIKTI (pyHKImsaIap

=7k, Xi(zr)=sinmkz, k=1,23,..

6osaael. Conpait ak [ = 1, a = 2, p(z) = 0, ¢ () = x(1 — z) GosraubIKTaH
(4.2.28) dopmynanan Ay = 0, an By xoaddunuenTi keseci Typ/e ecenresine:

1 ; u=(z—2%), du=(1-2x)dz,
— / xr — 22 ) sin kraxdr = . coskmxr | =
Tk dv = sin krxdx, v = —
0 km
1 k Lo
ol COSIWWI (x — E / (1 —2z)cosknxdr | =
0
u=1-2x, du= —2dz,
e _
dv = coskmxdr, v = ST
km
kel 2|
sin kmx .
(1—2x) (n)? 133 /sm kraxdr =
0
9 cos k|1 9 <( b 1) 0, k:4: 2n,
R 2 S A A i W =
Outait 6oica, (4.2.24) GoitblHIIA MIENTIM:
Z 51n27r(2n—|—1)t-sin7r(2n+1)x

2n+

Mbpican 4.2.2. Bipmexmi moaxwbiidvk, mendeyi yurin 6acmankbi-wemmix
ecebin WewiHia:
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)
utt:81um, 0<I‘<§, t>0,

)

u(0,t) =0, ul, (2,t> =0, t>0,

DO Ot

u(z,0) = wsin 3wz, w(x,0) =97sinmz, 0<z <
Terryi. Mymmail mekapaJblk, IIapTTapra COWKeC MEHINKTI caHIap MeH

MEHIKTI PYHKIULIAD

2k+1)7
21

% +1 % +1
GO SN G5 0 LM Y ST

Ap =

A (4.2.24) 6oiibraia mermim

. 2k +1 2k + 1 2k + 1
u(z,t) = Z (Ak cos 9(;)7Tt + By, sin 9(;)7Tt> sin (—g)ﬂx
k=0

Typae izmeitmiz. Myuparsl Ag, ain By kosddunuenrrepin tady yimiH 6acTamnkbl
mapTrapabl KosgasaMbl3. u(z,0) = 7 sin 3mx maprsl GoiibHIIAa

o0
2k +1
u(z,0) = Z Aj sin (—g)ﬂx = 7 sin 37x.
k=0

Bynan MenmikTi (QyHKIUSAIAPABIH, OPTOrOHAJIBIK, KacueTin eckepin, Pypbe
ko3 dunmenTrepi peringe A KoapUIUEHTTEPIH ecenTeiimis:

4 2k +1 =
Ay = 5/7TSin37T.I'-SiIl(—g)7T1'd.%'_{ ™ k=T,

[S[e

At ug(z,0) = 9 sin 7z exinmi H6acTankpl mMapThl OONBIHIIA

oo
9(2k + 1 2k +1
ut (z,0) = ( ;_ )WBk sin (2K + )wx = 9sin7x.
k=0
Bynan
g
2k +1 4 2k +1 =
(_Et)ﬂBk = 5/7rsin7rx‘sin(;)wxdx = { g: IZ;?Q?
0
1, k=2,
HeMmece B = { 0, k#2.

Jemexk, merrim

u(x,t) = sin 9t sin wx + 7 cos 277t sin 3mx.
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4.2.2. DBiprekTi emec TOJKBIHABIK TeHJAeyi VIIiH OipTekTi
MIeKapaJIblK, MIAPTThl 0ACTANKBI-IIIETTIK €CernTep

BiprekTi mekapasblk ImapTrapMen OepijareH, OIpTEKTI eMecC TOJKBIHIBIK,
TEHJIEY YIIiH KOUBLIFaH DACTANKBI-IIETTIK ecebiH KapacThIPAJIBIK:

U = a®Ugy + f (2,8),0< 2z <1, t>0, (4.2.33)
u(0,t) =wu(l,t)=0, t>0, (4.2.34)
u(z,0)=p (@), w(z,0)=9 (), 0<z<IL (4.2.35)

Byi ecenrin memimin  (4.2.34) mekapanblk maprbiHa coiikec [ITypm-
JInyBusib ecebiniy MenmmikTi dbyHKIusAckH (6137111 Karmaiiga orap X = sin “Tkx,
100 - Gerreri 1-kecreni Kapanbi3) Goiibiania Pypbe KaTapbl TypiHe 13/1eimis:

Z T (t)sin (4.2.36)

myHgarbl 1) (t) — Genricis dyukiusiiap.  OJapiasl aHbIKTay VIIH aJjIbIMeH
ecenreri Genrimi f (x,t), ¢ (x), ¥(x) dyHkuusuiapbiH MeHINKTI dyHKIUIAP
Goiibianra Qyphe KaTapblHa XKIKTeHMI3, aramn

!
S 2
:ka(t)sin%kx, l/ xtsm—xd:v k=1,2,.
- 0
(4.2.37)
l
= Zcpk sin WTJ:, l/ap sin —:z:d:]; k=1,2,..., (4.2.38)
k=1 0

l

> k 2 k
x) = ;21 Py, sin ﬂ-Tx, Y = 7 /w (ac) sin WTa:dx, k=1,2,.... (4.2.39)

0

Engi (4.2.36) karapapiy (o3ipuie dopmasiibl Typie) t koHe X allHbIMAJBLIAPBI
GoiipiHIIa eKinmi perti gepbec TYbIHIbLIAPHIH Taybil, (4.2.37) karapmen Gipre
(4.2.33) Tengeyre Koiicak:

k ark k k
Z smx—i—%( i > Tk()sme—fxt ka sme

k=1
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Bynan

atk

2
Ty (t) + (l) T (t) = fr(t), k=1,2,3,... (4.2.40)
eKkinmm perTi 6ipTekTi eMec kait nuddepeHnnaaIbK TeHAeYIepin agamMbr3. B
(4.2.36) xarapapt (4.2.35) bacrankpl maprrapra Koiicak, onga (4.2.38), (4.2.39)
KiKTesrysepi GoiibIHIIA

> k
ZTk sin —x =p(z) = ;tpk sin TrTx,

S k
ZTk sin —ac =1 (x) =) @sin %x
k=1

TeHiiKTepiH anambi3. Ayt 6y rergikrepen (4.2.40) rengey yimin
Ty (0) = g, T (0) =1y, k=1,2,3,.. (4.2.41)

G6acTankpl MmaprrapeiH amambis. By (4.2.40), (4.2.41) Komm ecebi kaii
b depeHInalIIbIK, TeHIEYIep TeopusicbiHan Gesrii 6ipmori tentigemi. OJai
6ouca, Ty, (t) dbyuxnusiapsin aabikrai, (4.2.36) karapra Koiicak, isgesinui u (z, t)
mrerntiMail OipMoHII aHBIKTANMBI3.

Mynga OGaiikaranbiMbis, QDypbe ogjiciniy  KoJgany MarbHAckl (4.2.34)
HIEKApAJILIK, mapTTapra Tikesei 6aitaanbicrol. Erep (4.2.34) mapTThiH OPHBIHIA
Heiiman memece apasac ImeKapaJblk maprrap 6osca, omma (4.2.36)-(4.2.39)
epHeKTep OyJapra coiikec MEHINKTI dyHKIUsLIap OONBIHINE ©3repes.

Keiine (4.2.33)-(4.2.35) ecebin pemyKnust 9/ici apKblIbl OIPTEKTI GacTaKbI
mapTTapMeH KOWbIIFaH OIpTEeKTI eMec TeHJey VIINiH apaJjac ecelleH, TeHIeyi
OiprekTi, Oipak OacTamKbl IMAapTTAPLI OIPTEKTI eMec ecenmTepre KiKTeI Iy
keiibip ecenrreysepi ((4.2.40)-(4.2.41) ecebin) KeHieTe/.

Mpbicau 4.2.3. Keaeci 6ipmexmi emec moakvinouk menoeyt yuwit 6acmankvi-
WEMMIK eCeNIMT WeULIHI3:

2
utt:um—f—%(l—3t)—2,t6 (0,00),x € (0,7),

u(0,t) = u(m,t) = 0,t € (0,00),
u(z,0) = 0,u (x,0) =sinz,z € [0,7].

MTemryi. Illekapajbik maprrapra coifkec MeHIIKTI dyuknusiaap Xi =
sin kz. Ogmait 6oJsica TemnTiM I

t) = i Ty (t) sin kx (4.2.42)
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TypiHIe i3aeiiMis. AsabIMeH,

F) = 2?‘” (1-3t)—2, o(z) =0, ¥(z)=sing

dbyukuustapein - Pypbe  Karapeina xikrer, (4.2.37)-(4.2.39)  dopmynanapst
ooiibratia Pypbe K0dIDDUITUEHTTEPIH ecenTeiimiz:

Fat) = 2?“”" (1=3t)—2=3 fi (t)sinks,
k=1

™

fk(t):2/<2x(1—3t)—2) sinkx:ik 3(-1)Ft—1|, k=1,2,..,

s ™

Y (x) =sinz = Zwk sin kx,
k=1

2 [ . 1, k=1,
wk—ﬂ/smxsmkx—{(]’ kA1, —
0

Bymapasr 6epinren ecenke Koiicak, HOTHKEIE

TV () + k2T () = % B-0f-1]. T =0, TLO) =0, k=23,
(4.2.43)

T (1) + Ty (t) = —%

[Bt+1], Ty (0) =0, T} (0)=1 (4.2.44)

Komm ecenrepin ajgaMbs.
(4.2.43) ecenti keke KapacTbIpaibik. (4.2.43) TeHIeyIiH KAJIIbI MenriMi

Te(t) = Tp + Tk (t)
0oJIaIbI, MYHIArbI T,g OFaH coifkec OIpTEKTI TeHJAEYiHIH YKAJIIbI IITeITiMi
T (t) = Cy cos kt 4 Cy sin kt,

aJl Tk(t) — 6ip mepbec memimi. OHBI Tk(t) = at + b Typinjge izjeiiMmiz KoHe
OHBI TEHJIeyre KOWBIN, @, b Oerici3 TypaKThLIapbIH aHbIKTAIl, JepOec IIentiMiln
TabaMbBI3:

C12(-nF 4 N k

Hemex, (4.2.43) Tenjiey/iH »KaJbl MIemmimi
4
Ty(t) = Cy cos kt + Cysin kt + 3 (3(—1)’“7& - 1) .
T
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Byran, Gacrankpl maprrapisl Kosjgaseir, (4.2.43) Komm ecebiniy menrivin
aJlaMbI3:

4 —1)k
Tk(t):m cosk‘t—g(k) sinkt +3(—1)Ft—1|, k=2,3,.... (4.2.45)

Hou oceuiaiima, (4.2.44) ecentin memmimin Tarcak,
: 4 .
Ti(t) =sint 4+ — [cost + 3sint — 3t — 1] . (4.2.46)
T

Byn ambikramran (4.2.45), (4.2.46) memimaepai xorapbinarsl (4.2.42) kartapra
KOIibII, k GoiibIHIIA OIpIKTIpill BIKIIAMIACAK, 131€/iH/I] MIeniMIl aJlaMbl3:

3(—1)k
k

4n 1
u(x,t) =sintsinz + = ; w3 [cos kt — sin kt + 3(—1)Ft — 1| sin k.

4.2.3. ToakbIHABIK TeHJEyl VIIiH KaJIlbl TypAe KONbLIFaH
OacTaliKbl — IIIETTIK ecerrep

BiprekTi emec mekapaJibik, mapTTapMer OepijireH, 6ipTeKTi eMec TOJIKBIHIBIK,
TeHJeyl VIOH JKaJlbl TypJde KOHbLIFaH Kejeci OacTalmKbI-IIIeTTiK —eCcemnTi
KapacTbIpalbIK;

Uy = a*Ugy + F (2,1),0 <z <1, t >0, (4.2.47)
u(0,t) =p(t), u(l,t)=v(t), t >0, (4.2.48)
u(z,0)=®(x), w(z,0) =V (x), 0<z<I. (4.2.49)

Byut ecenri mienty omicinig 6acrbl Makcarsbl (4.2.48) mekapaJiblK apTTapibl
6ipTekTi Typre Keripy apKbliibl )Korapbiars (4.2.33)-(4.2.35) ropizi ecebin aiy.
Out yrrin mermimai

u(z,t) =v(z,t) +w(x,t) (4.2.50)
Typae i3neimiz. Mysnarst w (z,t) dyuxmusicsr — (4.2.48) 6eprekTi emec
W (0.0 = nt), w(l,t) = ()

HIeKapaJiblK,  MapTThl KaHAFATTAHBIPATHIH €PKIH TypJe TaHJall aJIbIHFaH
dyukmusa.  Bya (4.2.50) typaeri mermimai Gepinren (4.2.47)-(4.2.48) ecebine
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Koiicak, HoTmKe e Gericis v (x,t) dyHKIMACHIHA KATBICTBI GIPTEKTI IeKapAJIbIK,
[MAaPTIIeH OepijreH

Vi = a%gp + f(2,1),0< 2 <1, t >0,
v(0,t) =v(l,t) =0, t>0, (4.2.51)
v(z,0) = (z), v(z,0)=9 (), 0<z<I

OacTanKpI-IeTTIK ecebin ajgaMbl3. MyHIarb
f(x,t) = F (2, )~ [wi—d*wi], ¢ (2) =@ (2)-w(2,0), ¢(2)="V(z)-w(z,0).

Byn (4.2.51) ecen anapiarbl myHKTe Kapacrbipelaran (4.2.33)-(4.2.35) ecebi
Topizmi. OJaii GoJica, Korapbllia KOPCETLINEH dJiicTep OOMBIHINA OHBIH IIEITMiH
Taybll, w (x,t) GyHKIWsICHIH Koccak, (4.2.47)-(4.2.49) ecebiniH mentiMin ajaMbl3.

Eckepry 4.2.2. 2Koeapvidazv, (4.2.48) wapmmap ywin w (x,t) dynkyuicoin

w (@, t) = p(t)+ - W) —pd)

x
1
mypoe asyea 60aa00L.

Feep (4.2.48) wapmmur opronda Hetmarn nemece 6acka 0a wWeKapasanvi
wapmmap 6oaca, onda backa da orcoamen w (T,t) PYHKUUACON KAAQYDLMBBUL
mandan asamol3.

Mbpicaa 4.2.4. Keaeci Gipmexmi emec wapmmapmer bepiszer moakvHoblE
mendeyt ywin 6acmankbl-ulemmix ecenmi Wewitia:

U = a*Ugg, 0 <z <, t>0, (4.2.52)
w(0,t) =12, u(l,t) =13 t >0, (4.2.53)
u(z,0) =0, w (z,0) =sinz, 0 <z <. (4.2.54)

MTemryi. Hlemimai u (z,t) = v (x,t)+w (x,t) Typue izaeiimiz. Mynna w (z,t)
dyHKIUACHIH

w(z,t) = (1— f) 12 4 243
™ T

TypJe Tangan aayra 6omannt (4.2.2-eckepryai Kapanbi3). Ouait 6osica,

u(x,t) =v(x,t) + (1— E) 12 4 243
77 T
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Gepiiren ecenke Ko, v (,t) OYHKIUSICH YIIiH
2x
Vgt = Vg + - (1-3t)—2,t€(0,00),x € (0,7),

v(0,t) = v(m,t) =0,t € (0,00),

v(z,0) = 0,v; (2,0) = sinz, z € [0, 7
ece0iH ajnaMbl3. DByur ecen »korapbimarbl 4.2.3 - MbICaJIa KAPACTBIPLLIFAH KoHEe
OHBIH, IITEIITiMi:
1
k3

1 —1)*
v(x,t) =sintsinz + — Z [cos kt — 3 ’ ) sin kt + 3(—1)Ft — 1} sin kx.
k=1

T
Ouait 6oJica, i3meminal menrim

u(z,t) = (1 - E) 2+ 243 4 sintsina+

T T
éii cos kt — 31" sinkt + 3(—1)%t — 1| sink
P 13 L sin inkx.
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4.2.4. CranuoHapJibl OIpTEKTI eMec TOJIKBbIHJIBIK TeHJeyi YIIIiH
KOWbLJIFaH OacTalKbI-IIIETTIK ecernTep

Erep (4.2.47)-(4.2.49) ecentin Gepiyirenjepi yakbITTan Toyesicis dbyHKIusIap
boJica, MYHall ecell CTAIMOHAPJILI OIPTEKTI eMec ecell Jell aTaJajlbl >KOHE OHbI
TOMEHJIET TYyp/e IIIenty KeHija 001a1bI.

Ecentin KOWBIIBIMBI: Bepinrenynepi ¢ yakbITTaH TOyesci3  kKejeci
CTaIMOHAPJIBI DIPTEKTI eMec ecemnTi KapacThIpalbIK:

Uy = a*uge + f (2), 0 <z <1, >0, (4.2.55)
u (0,t) = uy = const, u(l,t) = uy = const, t >0, (4.2.56)
u(z,0) =p (), w(z,0)=¢(x), 0<x <L (4.2.57)

IMermnyi. Ecenriy memrimin
u(z,t) =v(z,t)+q(x) (4.2.58)

Typinjie i3aeiimiz. MyHBIH KaxKeTTi Uy = Vg, Upe = Vpe + ¢ (x) TybIH/BLIADBIH
raybi, (4.2.55)-(4.2.57) ecemnke Koiicaxk,

Vit = aPge +a2¢" + f(z), O<a <, t>0,
v(0,t) =u1 —q(0), v(l,t) =u2a—q(l), t>0, (4.2.59)
U(x70):(10(x)_Q(‘/E)a 'Ut(l‘ao):w(m)a OSZ‘SZ

ecebiH ajambI3. DBysr ecen ChIBBIKTHI OOJIFAHIBIKTAH, OHBI KeJIeCl eKi ecerke
axkbIpaTyra 00Jiaibl, srHu ¢ () DYHKIUACH

a2 '+ f(@) =0, q0)=u, q(l)=uy (4.2.60)

Kait nudpdepennmaanblK TeHaeyi YImH merTik ecentin, an v (x,t) OyHKIUACH

Vi = a2vm, O<z<l,t>0,
v(0,8) =v(l,t) =0, t>0, (4.2.61)
v(z,0)=¢ () —q(@), v (z,0)=9(x)—q(z), 0<z<I

GacTankpl-1eTTiK ecentiy memivi. Aspgeiven, (4.2.60) ecentin ¢ (x) rmenrimMin
aHblkTan, OHbl (4.2.61) ecemreri Gacranmkpl Imaprrapra Koibim, 4.2.1. -
GosiMperizeit v (x,t) menriMin TabaMbis.  Bysr eki ecentTiH rmentiMiH KOCHII,
13/71e/I1H/I1 ecenTiH MeNnriMiH aJaMbl3.

Mbpicaa 4.2.5. Keaeci cmayunopavt 6ipmexmi emec moakbiHovk merndeyi
Ywir 6aCmankul-wemmix ecenmi weuwitia:
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3
utt:um—Qsing, O<z<mt>0,
u(0,t) =1, uy (m,t) =1, t>0,
u(z,0)=x+1, u(z,0)=0, 0 <z <.

ITemyi. 2Korapbiapl aiitburangaiibia, memival u(x,t) = v (z,t) + ¢ ()
TYpiHJIe 1371eiiMi3, MYH/Ia

. 3z
a(e): ¢ = 9sin =0, g(0)=1, ¢ (1) =1

€CeIITiH IIeNnmiMi >KoHe OHbI TOMEH/IETIIe aHbIKTalMbI3:

3 3
q”zQsin%7 = q’:—6cosg+cl =

3
q(x):—élsin;—#—claw—@ = q(0)=c =1, q/(']'['):clz]_

3
q(z)= —4sin§+x+1.
An v (z,t) bysxusacs
Vg = Vge, O <z <71, >0,
v (0,t) = vy (m,t) =0, t >0,
3
v(z,0) =2+ 1—q(x) :4sin?m, ve(x,0) =0

ecenTiy menriMi. AJJIBIHFBEL OeJIiMIeriieil OHBIH, IIENiMiH TallCcak,

3t 3
v (x,t) = 4cos gsmg

Jemek, GepireH ecemnTiH, MemTiMi:

3t 3
u(w,t):4<cos2—1> sing—i-a:—kl.

4.2.5. 2KarTbirynap

2Koeapwvidazv adicmepdi Koadarovin, Keseci mepbeaic mendeyt yuLih bacmanxvi—
wemmix ecenmepdi wewinizdep:

Ut = P Uy, O0< <, t>0,
4.2.1. ¢ u(0,t)=u(l,t)=0, t >0,
u(x,0) =0, ut(wO)—smzm’ 0<z<lL

utt:16um, 0<$<8,t>0,
4.2.2. { w(0,t)=0, u(8,t) =0, t>0,
u(z,0) = 31sinmx, u(z,0) =4rsinmzr, 0 <z <8.
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Uy = @PUgy, 0 < <1, t>0,
4.2.3

u(0,t) =uy (I,t) =0, t >0,

> ut(ac,O)—sm , 0<z <.
U = QP Ugy, 0< <, t>0,
4.2.4

ug (0,t) =uy (I,t) =0, t>0,
(2,0) =z, u(z,0)=1, 0< <1

Uy = 36Uy, O < <4, t>0
4.2.5. uw(0,t) = 4t, u(4,t)=8t, t>0,
u(z,0) =0, u(x,0) =24nrsindrr + 4+

Upp = Upy, O< <, >0

4.2.6.

u(0,t) =1, ugy(m,t)=1, t>0,
(2,0) =sing, us(z,0)=1, 0<z<m
Ut = 2Ugqy —u, O<z <7, t>0
4.2.7. ¢ uy (0,t) =uy (m,t) =0, t>0,
u(x,0) =0, u(r,0)=4sin*z, 0<z <7
Up = @PUpy + Ae™ sm%, O<ax<l, t>0,
4.2.8. ¢ u(0,t)=u(l,t)=0, t>0,
u(z,0) = u

(x,O)—O, 0<x<l

Uy = a2 Uy +sin2t, 0 <z <1,
4.2.9.

t>0,
Uy (Oa t) =0, ug (l7 t)

— N — — Y — —/
IS IS

81112—[ sin2t, t>0
a

(2,0) =0, u(x,0) = —2c052x, 0<z<l

up = Au(z,y,t), 0<z<m, O<y<m, t>0
4.2.10. ¢ u(0,y,t) =u(my,t) =u(z,0,t) =u(x,m,t) =0, t>0,
u(z,y,0) = 3sinzsin 2y, w (z,y,0) =5sin3xsindy, 0 <z,y <
Ut = a*Uyy, 0 < <1
4.2.11.

, t>0,
ugy (0,8) =0, uy (I,t)+hu(l,t)=0, h>0, t>0
u(z,0) =0, w(z,0)=1, 0<x <1

Utt:9u11,0<$<2,t>0,
4.2.12. { uw(0,t)=—-8, u(2,t)=2, t>0
u (x, i

(,0) =sinbrr — 8+ 5z, u(z,0)=0, 0<z<2
4.2.13. Ywmapor moxman beximinzen, yavihdviev, [ - 2e mer, tuexmin, xoasdenen,
mepoesicitiy, ecebin WEeWIHL3

ezep 04 6ACTNATKDL  ME3EMIME  MbIHIULIIbIK
orcazdatioa 6oaca (u(z,0) = 0) orcone bacmankvl HcviAdaMObLL

Ut(.ﬁE,O) — { Vo, €2ep T € [057 B]

0, eeep z€|a, f]

popmyramen bepiace, myndazv 0 < a < 5 <1, vg = const
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4.2.14. Hlexapacvmnda mwrman Geximinzen (0 <z <p, 0<y <p) xeadpam
MEMOPAHAnDH, eprin mepbesicinit, ecebin wewinis, ezep bacmankvl dHcazdativl

men bacmankwv orcviadamovien, u(z,y,0) = Asin 7;” sin 7rpy, ut(x,y,0) = 0 beazini
boaca.

Ugp — 2Up = Uge + 4t (sinz — ), 0 <z <%, t>0,
4.2.15. ¢ u(0,t) =3, uy (5,t) =t*+1¢t, t>0,
u(z,0) =3, u(2,0) = +sinz, 0<2< 7,

4.2.6. 2Kayanrapsbt

4.2.1. u(z,t) = ﬁ sin 272 gin 297,

4.2.2. u(x,t) = 31 cos4ntsin Tz + sin 47t sin .

4.2.3. u(z,t) = 2SlIl o7 sin ‘Et + sin 5;;” cos 5‘;}”.
I 4l S 1 a(k+1)7mt  (2k+1) 7z
4.2.4. u(x,t) =t+ 5 =2 SYRNETY cos ] cos i
= 2k +1)

4.2.5. u(x,t) = 4t + ot + sin 24wt sin 4nz.

x+t+cosfsm——— sin

& k
4.2.6. u(x,t) = bn®_8 Z (" kDt 2kt D
22 ‘ (2k+1)° 2 2

4.2.7. u(z,t) = 3sint — 2sin3tcos2z + ﬁ sin v/ 33t cos 4x.

4.2.8. u(z,t) = 1+(’3l)2 (e7t — cos 4 L gin 97%) gin 72,
l

t 1 2
4.2.9. u(z,t) = 3 (4 + cos a:> sin 2¢.
a

4.2.10. u (z,t) = 3 cos /bt sin z sin 2y + sin 5t sin 3z sin 4y.

2h vV hZ 4+
4.2.11. u(z,t) = Z 3 + Ak )sina\/ At cos \/ Agx, myndaevl \j
k(

L(h2+ Xg) +h
candapo, VAtgV/ Al = h mendeymm oH, my6ipaepi.

4.2.12. u(z,t) = 5z — 8 + cos 187t sin 67x.

k
2lv cos IWTD‘ — cos 7;6 . kmx . kmat
5 E sin sin .

T4a k2 l l

4.2.13. u(x,t) =
k=1

. T 7ry
tsin — sin —

p
4.2.15. u(z,t) =3+ x (t +t?) + (5te’ — 8e' + 4t + 8) sinz.

2
4.2.14. u(x,y,t) = Acos amy/2
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4.3 2KpLIyeTKI3rimTik TeHaeyiHe KONbLIFaH OacTaIIKbI-
IIeTTIK ecenTep

By 6esnivme @ypbe oficiH KOJMJAHBIN KBLIYOTKIZMIIITIK TEHIEYl VIMH 9p
TYPJI KOMBLIBIMIAFBI OACTAIIKBI-IIIETTIK €CEerTep/ii eIy KapacThIPbLIa/Ib.
4.3.1. BipTeKTi KbLTYyOTKI3rimrik Tegaeyi yurin Pypbe d/ici

Bip emmempai (1D) kbutyerkisrimmik rTesgeyi yuria OiprekTi GipiHimi
mekapasiblk, (upuxie) mapreiven 6epiiaren

u = Uy, 0<z <l t>0, (4.3.62)
w(0,8) =u(l,t) =0, t>0, (4.3.63)
u(z,0)=p(x), 0<z<lI (4.3.64)

: . 2,1 = o
bacrankpr-merTik ecentin u (r,t) € Cpy (Qr) N C(Q) mentivin Tabyet
KapacCTbIpalbIK.

By ecenri mierty ymrin Oypbenil, affHbIMAIbLIAD OOMBIHINA KIKTEY OIiCiH
KOJIJIaHAMBI3, siFHU U (2, 1) # 0 HesIiK eMec rermim i

u(z,t) =T ()X (z) #0 (4.3.65)
TYypiHae i3meiimis. Bymnan

w=T )X (), ug =T ) X (), Uge =TX (2)
TYBIHBLIAPBIH Taybill, (4.3.62) TeHgeyre Koiicak,

() _ X"(x)

T (t) X (z) = a*T (t) X" (x) = 2T " X (o) —\?
T (t) 4+ (aN)*T =0 (4.3.66)
X" (z) + XX (z) =0 (4.3.67)

exi xaii quddepentmanpik (2KAT) renyeyre axkpiparampr3. (4.3.65) rmenmin i
(4.3.63) mekapaJbIK, MapTTapra Koicak:

w(0,t) =X ()T () =0, ul,t)=X{NTH =0 =
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X(0)=0, X(I)=0 (4.3.68)
maprrapeii ajgameid. by (4.3.67)-(4.3.68) — Ilrypm-JInysuias ecebi. Oubiy

MEHINKTI MOHAEPI MEH MEHIITIKTI (pyHKIUSIIAPBL:

7k

)‘k: Tv Xk? (Jj) :Sinﬂ-Tk:x) k: 172535”" (4369)

At (4.3.66) 6ipinmmi perri 2KJIT Teneyis »Kaumbl menrimMi

Tk (t) = C€_a2/\2t

mk
HeMece A\ = T OOIFAHIBIKTAH,

wk

2
Te(t) = Cre(T)t p=1,23,.... (4.3.70)
Mymngarer Cj — Genricis epkin TypakTsl capjgap. emek, gepbec memrimiaepi

wk
o,

l

7k \2
uy (x,t) = C’ke_az(Tk> tsin

aJI CyIepIIO3UINs KAFUIAChl OOWBIHINA €CEIITiH YKAJIThI IITeITiMi:

o " 2 k
u(z,t) = ZCkeﬂlQ(Tk) “sin %x (4.3.71)
k=1

Mysnarst C, Typakrsiaapbia (4.3.64) 6acTanke! MapTThl KOJJIAHBIT AHBIKTARMBI3

u(z,0) = ZC’ksinﬂTkx =p(z).
k=1

_ . Tk .
CoHrbl ©pHeK, ekiHm KarblHaH ¢ () (QYHKIWSICHIHBIH < Sin — ¢ GoiibIHIIA

Oypbe Karapbiaa Kikreayia 6epemni. Ouait 6osca, C Pypbe KoahdumenTTepi:
2 k
Cp = l/(p(m) sin ”Txdx, k=1,2,3,.... (4.3.72)

0

Bya Cj monzepin anbikran, (4.3.71) epuekke Koiicak, (4.3.62)-(4.3.64) apasac
ecebiHiH IIeITiMiH aJaMBbI3.

Teopema 4.3.1. Ezep ¢ () € C[0,1] orcore Q obavicvirda Gonixmi ysiniccis
' (x) myvmdvico, bap convmen kamap ¢ (0) = ¢ (1) = 0 6oaca, onda (4.3.71)
kamap Q = {t > 0,0 < x < I} obaviconda Gipkasvinmos dtcone abCosommi
orcunarmanado, srcone (4.3.62)-(4.3.64) ecenmi kanazammandvpadoL.
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MakcuMyM MOH Karuaachl TypaJibl TeopeMa.

Teopema 4.3.2. Qpr = {0<t<T, 0<z<I} mylior obavicrinda
anvikmanean ocone yainiccid u(z,t) dymkyuacn Qr = {0 <t <T, 0 <z <}
0bviCHIMda

w(x,t) = Uy (z,1)

orcoLyemKi32iwmirx mendeyin Kanazammandvpca, onda u(x,t) dynrkyus 03inin,
MAKCUMYM IHCOHE MUHUMYM Mandepine obavicmur, t = 0 bacmanxv, meseminde
nemece x = 0 nemece x = | wexapanvis, wyxmeaepinde 2ana scemedi.” .

Eckepry 4.3.1. XKoeapwvidaew. (4.3.63) Jupuxae wapmmapvinvity opHomda
Hetdiman wapmor nemece yuinwd wekapasvk wapmmap bepiace, onda da ecen
04 0COIHOATT HCOAMEH WHL2APBLAADYL, MEK MEeHWIKMI MOHOIED MEH MEHUIKMI
PynryuALaDYL 032€werikme 60aadbL.

Mpeican 4.3.1. Keaeci ecenmi wewinia:

U — Uy =0, O< <1, >0,
u(0,t) =u(l,t)=0, t>0, (4.3.73)
u(z,0) =10sinmz, 0 <x <1.

ITemyi. Mynna a = 1,1 = 1, ¢ (x) = 10sin7a Gosranapikran, (4.3.72)
OoiibIHIa,

10, k=1

1
Ck=2/1051n7rxsm7rk:xd:v:{ 0, k=2.3....
0

Jemexk,
u(z,t) = 10e” ™ sin 7.

Mbpbican 4.3.2. Tomendezi Hetiman wapmoimen bepiazer 6acmankbi-uemmix
ecenmi KapacmoLpativik:

U = aPUgy, 0 < <1, t>0,
ug (0,t) = uy (I,t) =0, t >0, (4.3.74)
u(z,0)=p(x), 0<z <l

By xarnaiina

k I
Xk<x):cos”7x,k:o,1,2,..., 1Xoll =1, |1 Xell = =, k=1,2,...

N 2’

8By eki TeopeMaHbIH, HoJIeTIeyIIepiH [11-12] omebuerrepien Kapayabl yChIHAMBIH
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6osrranbikTal (100-6erreri 1-kecreni Kapanpi3) Hefiman ecebinin mmenmimi:

= arh |2 k
u(x,t) = ZCkef( )t cos WTx (4.3.75)
k=0

00JIa IbI, MYHIAFBI
l

k
/go(ac) cos%xdm, k=1,2,3,....
0

1
Cyp= =
077

[
/ pl@adz, O =7
0

Mpeicas 4.3.3. Tomendezi bacmankbi-wemmix ecenmi Wewitia:

Up = 2Ugpy, 0 < x<6,t>0,

ug (0,t) = uy (6,8) =0, t >0,
u(x,0) =31 cos3mx + cosdmz, 0 <z <6.

HTemryi. Byn ecemnke coitkec MEHINKTI MOHIED MEH MEHIKTI (DYHKIIUASIIAD:

k k
)\k:L, )\k.(a:):cosﬁ—x, k=0,1,2,...
6 6
JKOHE
k2
5) tcos%kx, k=0,1,2,....

u(z,t) = Z Cke_2(
k=0

Bacrankpr maprer 60iibIHIIA

o0
k
u(z,0) = Z C, cos %x = 31l cos 3wz + cos4mw.
k=0

bBynan

6
1
Co = G /(31 cos 3mx + cosdmzx)dr = 0,
0

6 31, k=18
2 mk
Cr = 5 (31 cos 3wz + cos4mx) cos Eazdm =< 1, k=24
J 0, k#18,24, k € N

Hemexk tmentim:

— 2 _ 2
u(x,t) = 1818 cos 3ma 4 e 732" ! cos dnr.
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Mpeican 4.3.4. Bacmankv-wemmikx ecenmi wewiri3:

ut:a2um, O<x<l,t>0,

ug (0,t) =wu(l,t) =0, t>0,
u(z,0)=2—-1, 0<z<1

H6acTankpl-1eTTiK ecebinin u (z,t) € C’i:g (@ ={t>0,0<z< 1}) MIeNTiMiH
TaOBIHbI3.

ug (0,t) = w(l,t) = 0 mekapadbk maprrapra coiikec keserin [IITypm-
JImyBunnab ecebinin MeHITIKTI MoHIepi MeH MeHImiKTI dyHkiusapbl 100-6erTeri
1-kecTeHi KapaHbI3):

2k +1 2k +1
Ak = (_;)Tr? X (x) :Cosuxy k=0,1,2,....
Hemexk, menrim/ii
(2k+1)7r 2k 1
Z C’ke 2 t CoS (—’2_)7(1-

KaTapbl TypiHge i3meitmis, myHaarbl C) Pypbe KoahduieHTTepi:

1
2k +1
Cr = 2/(3:— 1)coswwd1‘:
0 1
2 2%+ 1) |! 4 2%k + 1
2(x—-1)- Sin( +m /Sin( +1) xdx =
2k+1)m 2 o @k+1)m 2
0
2k + 1) |'
8 5 cos( +1) x :—LQ, k=0,1,2,....
(2k +1)" 72 2 0 (2k +1)° =2
Ourait GoJica, mIenrim:
= 1 242 2k +1
u(x,t) = _% 7267(2“‘? tcos Mf
T = (2k+1) 2
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4.3.2. BiprekTi mekapajblK MmIapTneH OepijreH OGipTeKTi emec
KBUIYOTKIBTIIITIK TeHJ/leyi YIIIiH OacTanKpI-IIIETTIK ecell

Qr ={(z,t)|0 <z <, t> 0} obsbICHIHIA
Uy = a*ugy + f (x,1) (4.3.76)
OipTeKTi eMec KbLIYOTKI3MIMTIK TeHeyin
ulg=o = ¢ (z), 0 <2 <1 (4.3.77)
OacTalKbl *KoHe
u(0,t) =0, u(l,t)=0, t>0 (4.3.78)

6ipTeKTi IMeKapaJblK IMApTTAPLIH KaHaraTTaHIbIPAThIH u (T,t) € C (Qt)
mIerriMia Taby ecebil KapacThIpaiibIK.

(4.3.76)-(4.3.78) ecebinin mentiMin, oHbIH GIPTEKTI YKaF1aiiblHA COKeC KesleTiH
[MIrypm-JluyBunns ecebinin menmikTi dyakiusiaapsl Oofibraina Pypbe KaTapbl
TypiHge izgeimis. (4.3.78) mekapaJiblK maprrap yinH MeHHUKTi dyHKIumsap

. . . . .
XKyieci < sin Tm 6osrranpikTan (100-6erreri 1-KecTeni KapaHpi3), MIemiMm

Z Ty (t) sin —a: (4.3.79)

Typae izmenineni. Mynnarsr Ty (t) — Genricis dyukmusaaap. Osapabl aHbIKTay
yurH ajjaeiMer ecemnreri 6esrimi f (z,t) koHe ¢ (x) dyHKIMSIIADBIH MEHITKTI
dyuxmusiiap 6ofibrama Pypbe KaTapblHa XKIKTEHMI3, AFHHI

!
- 2
:ka(t)sin 96 fi (t l/f x,t) sm—mdw k=1,2,...,
=1 0

(4.3.80)

N\l\:)

l
/go sin % a:dx k=1,2,3,.... (4.3.81)
0

> . 7k
= Z Pk sin —-1,
k=1
(4.3.79) xaTapypiy, t xoHe & GOUBIHIIA COMKEC KAXKETTI Jepbec TybIHbLIaAPbIH
raybi, (4.3.80) katapmen 6ipre (4.3.76) Tengeyre Koiicak

ark

2
Ty (t) + <l> Te(t)=fr(t), k=1,2,3,... (4.3.82)
Gipimmii perTi 6ipTekTi emec Kail qudepeHnuaiibK TeHICYIePIH aJaMbl3.
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2Korapergarst (4.3.77) 6acranksl maprTsl koHe (4.3.81) kikTesysi eckepir,
N mk s mk
u(z,0) = %Tk (O)sinTx =p(z) = ;goksinl:c

(4.3.82) Tengeysepi yin
Tp (0) = ¢p, k=1,2,3,... (4.3.83)
GacTankpl ImapTTapblH ajgaMmbis.  bBysr (4.3.82)-(4.3.83) Komm ecebiniy T} (t)

mrermimin 6ipmonsi anpikTan, (4.3.79) KaTapra Koiicak, i3geminm u (z,t) memimi
aJIaAMBI3.

Mpbican 4.3.5. Tomendezi Oipmexmi emec 0aCmMankvi-wemmix ecebim
UWEWIHI3!

Ut = Ugg +sintsindxr, O<ax<m, t>0,
u(z,0)=0, 0 <z <m,
u(0,t) =wu(mt)=0, t>0.

ITemryi. Illekapasbik maprrapra coiikec MeHnikTi dyaxiusiap X (r) =
sin kx GorraHIbIKTAH IIEITiMI

u(z,t) = ZT’“ (t) sin kx
k=1

TYpPJe 13/1eimis.
Euni f (z,t) = sintsin 4z dynknuscein Pypbe KaTapbiHa KIKTEHIK:

o0
sintsindz = Z fi (t)sinkx =
k=1

s
2 L . sint, k=4,
fe(t) = 7T/Slntsmél:r:Slnk:r:das = { 0. k4.
Bynapabr 6epinren ecerke koiicak, HOTUXKEIE
T, (t) + k*Ty (t) = 0, T, (0) =0, k # 4, k €N,

Ty (t) + 16Ty (t) = sint, T4 (0) =0
Kommu ecenTepin anambiz. Byman
Ti (t) =0, k#4, k€N,
t
Ty (t) = e 10t / sinTe!%7dr =
0

57 (e_lﬁt + 16sint — cos t) .

Iemexk,

u(z,t)

= 57 (67161& + 16sint — cos t) sindzx.
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4.3.3. BiprekTi XbLITyeTKIi3TimTiK TeHJeyi yiriH 6iprekTi emec
IIeKAPAJIBIK, ~ IIApTTApMEH KOWbLIFaH OacTanKbI-IIIEeTTiK
ecern

Aiiranbik, © = 0, x = | mekapacbHa
u(0,t) =p(t), u(l,t)=v(t) (4.3.84)
GipTeKTi eMec IeKapasIblK, MapTTap/Ibl JKOHEe
u(z,0)=p(x), t>0 (4.3.85)
facTankpl MApPTThl KAHAPATTAH/BIPATHIH
= augy, 0<z <l t>0 (4.3.86)

JKBUTYOTKISTIIITIK TeHIEYiHIH MIeniMiH TabalblK,.
Erep mekapaJbik mapr 6iprekTi 60Maca, OHJa INEIIMIe IeKapala HeJire
TeH OOIaThIHIAN ayBICTBIPY eHri3y KakeT. Kebinme mermim/i

u(z,t) =v(z,t) +w(x,t) (4.3.87)

Typze i3meitmiz.  Mysgarbl w (x,t) dyskimscor (4.3.84) mekapajibik ImapT
OpBINJATATBIHAN KaJlaraHbIMbI3IIa TaHIan agamMbis. MocesieH,

w(@,t) =p(t)+ 5 (v(t) - p(d)

TypiHge anyra Gomajapl. Bygan keitin (4.3.87) memivai (4.3.84)-(4.3.86) ecemnke
Koifcak, Genriciz v (z,t) GyHKIMsICH YIIH GIPTEKT] MeKapaJIbK MapTThl Oipak,
OGipTeKTi eMec TeHieyi YIIH Kejieci 6acTanKbI-IIeTTiK eceOiH ajaMbl3:

v = vy + f(2,1),0< 2 <1, t>0,
v(0,t) =v(l,t) =0, t >0, (4.3.88)
v(z,0)=9¢(x), 0<z <L

M bmaprsmga (4.3.87) Goiibaina
w(0,6) =0 (0,0) 4 (t) = () = ©(0,8) =0,
u(ll,t)=v(l,t)+v(t)=v(t) = v(l,t)=0,

U(%O)Zv(wa0)+u(0)+%(u(0)—V(O))290(33) =

X _
v(@,0) = ¢ —p0)+ 7 (v(0) = n(0) =g,
Vp+wp = APV = v = AP + f (2,t),

symars f (w,8) = =4/ + 7 (1 = /),

An ampraran (4.3.88) GipreKTi emec KBUIYOTKI3MIIITIK TeHjeyi yimiH 6ipTexTi
IeKapaJIbIK, IMapTTapMeH KOWbLIFaH 0OACTAlKbI-IIETTIK ecebi aIbIHFBI 0eJiiMIe
KOpCeTiJIreH el »KOJIMEH IIeIiJIe]I.
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4.3.4. 2Kpu1yeTKi3riniTik TeHAeyi YHIiH >KAJIIbI Typ/Ae KONbLIFaH
OacrTalKbpI-IIETTIK ecell.

2KburyeTKisrimTik TeHeyl VIIiH »Kajlbl TypjJe KOWbLIFaH OipTeKTI emec
0acCTaKbBI-IIIETTIK €CeNnTi KapacThIPAMBIK;

U = a2y + f(x,1),0 <z <1, t>0, (4.3.89)
u(0,t) =p(t), u(l,t)=v(t), t >0, (4.3.90)
u(z,0)=¢p(), 0<z <L (4.3.91)
Ecenrig memrivin w (0,t) = wp(t), w(l,t) = v(t) mexkapajbK MAPTTAPbIH

KaHAFATTaHIBIPDATHIH AJJIBIH ajla TaHJal ajblHFaH Oesarim w (z,t) OyHKIuscs!
MeH Gesricis v (x,t) dbyHKIUACHIHBIH, KOCBIHJIBICHI TYPiHJIe 1371eiimis:

u(z,t) =v(z,t) +w(x,t). (4.3.92)

Mysnbr 6acranker (4.3.89)-(4.3.91) ecenke Koiibin, v (z,t) QyHKIUICH YITiH
OipTeKTi ImeKapaJsbIK MapTIeH OepiareH DACTAKBI-IIETTIK ecebiH aJaMbI3:

v = avge + h(z,t), 0<x <, t>0,
v(0,t) =v(l,t) =0, t>0,
U(.’E,O):g(ZE), 0<z<l,

MYHJIAFbI
h(xat) = f ($,t) - [wt - azwxx]u g ([L‘) = SO(J:) —w (113‘,0) .
By apanac ecen — 4.3.2. - 6esiMae KapacThIPBLIFAH €Cell.

Mpbican 4.3.6. Tewmendezi 6Oipmexmi emec 06acmMaAnKv-wWemmix ecenmi
UWLeWTHI3 !

up =gy +x (3e +1), 0<z<m, t>0,
3

u(a;,O):2—|—3$in?x, 0<z<m,

u(0,t) =2, uy (m,t) =t, t > 0.

HTemnryi. [lemminmi
u(z,t) =v(z,t) +w(x,t) (4.3.93)
TypiHe 137eiimi3, MyHJIa w (x,t) OYHKIUACHIH

w(0,t) =2, wy (m,t) =t (4.3.94)
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HIapTTapblH KaHAraTTaHILIPATHIHIAN Tangan agambs. MoceseH,
w(z,t) = (ax +b)t + 2¢
Typinge i3zeitik. Oupa (4.3.94) GoiibiHia

w(0,t) = bt +2c = 2
wy (m,t) = at =t.

Byrna=1,b=0, c=1 gecek opbIHIaIaIbI XKOHE IITEITIM

u(z,t) =v(z,t) +at+2 (4.3.95)
Typae i3aenineni. Mynbl 6episiren ecernke Koicax, v (x,t) GyHKIUSICHIHA KATBICTHI
KeJIeci ecenTi aJlaMbI3:

vy = 4vg, + 3zel, 0<x <7, t>0,
v (0,t) = vg (, 3)—0 t>0, (4.3.96)
U(l‘,O)—3Sln2 0<z<m.

By ecenke coiikec Itypm-JluyBuiuib ecebin MEHITKTI MOHIEpPI MEH MEHITIKTI
dyHKIHATADEI

2k +1 2k +1
7( ;), X =sin +

A = ,k=0,1,2,....

Connpikran v (z,t) mermimii

2k 1
Z Ty (t) sin +

Typie i3geimis, wmyHuparsl Ty (t) — Oenricis byHKImsL. Euni rtenmeynin

. X
OH, 2KarbIHIarbl 3$€t 2KoHEe 6aCTaHKbI m1apTTarbl 3S1H7 d)yHKIlI/IHJIapI)IH

. 2k+1 . .
sin > x o Ooitprama Pypbe KaTapbliHa XKIKTEHiK:

. 2k:+ 3 L 2k+1
3zet —ka sin x, 3s1n2:kZ_0aksm 5 T (4.3.97)
Bynan
2 T 24et
t) == [ 3zelsin dr = (-1)F , k=0,1,2,..., (4.3.98
fi () ”o/ Ve (1399)
2 r 2 1 =
akZW/Bsmg;sin k; xda::{ g Z#i (4.3.99)
0



Bymapapr (4.3.96) koiicak, Ty (t) dbyHKIUSACH yIITiH

s 2k +1
Z[ +(2k+1)%T, ()}Sin k; z =
k=1

> et C2k+1

Z Sin 2 X

P 2k+1)

HEeMece
24t

T () +(2k+ 1) =(-1)f —— k=0,1,2,.. 4.3.100
k() + ( ) =(-1) Tkt 1) ( )

Kail qudepeHnmnaIblK TeHJACY/IePiH ajJaMbl3. bacTanksl mapt OoifbIHIA
T, (0) =3, T, (0) =0, £ =0,2,3,.... (4.3.101)

By (4.3.100), (4.3.101) 6ipiamd perri 2KIT ymin Komwm ecebinin k = 1 xone
k=0,2,3,... yurin cofikec menriMaepi:

24 1
Ty () = t —9t
1 (¢) “on 10(6 e~ )+36 ,
24 - (—1)*
T, (t) _ ( ) (et 7(2k+1 ) k# 1.
7 (2k+1)° ((2k: +1)% + 1)
Hemex,
24 & —1)F (et — e 2% + 1
v (z,1t) :36_9tsin3£+—z ( )2 (= c 2) sin i x,
2 TS (2k+1) ((2k+1) +1> 2
aJ1 bacTalKbl €CelTIiH IIeImiMi
u(z,t) =v(z,t) + w(z,t) =
24 & —1)F (et — e 2k + 1
2 + xt 4+ 3e % sin sz —|—— (=1) (e ° ) sin il T.
2T gk 1)? ((Qk +1)% + 1) 2
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4.3.5. CrammonapJbl O6ipTeKTi emec >KBLIYOTKI3TIIITIK TeH/eyi
YIIiH KOWbLIFaH 6acTAIKbI-IIIETTIK ecerl

[ITekapacbiHia TeMIlepaTypachbl g KOHE U; TYPAKThI >KOHE OH XKarbl
VaKbITTaH ToyeJici3 (pyHKIuUsS OOJIATHIH IEKTEJTeH [ Y3bIHIBIKTAFBI OLTIKTIH
TeMIIepaTyPAChIH aHBIKTAY eceOiH KapacThIPailbIK,

EcenTiH KOWBIJIBIMBI:

g = auge + f (), 0< 2 <I, t>0,
u (0,t) = ug = const, u(l,t) =u; = const, t >0, (4.3.102)
u(z,0)=p(x), 0<z<lI.

By xarmaiiza (4.3.102) ecentin mermivin
u(z,t) =v(z,t) + q(x) (4.3.103)

Typinge i3xeiimiz.  Myngarbr g(x) — cranmonap remmeparypa, an v(x,t) —
CTAIIOHAD TEMIIEPATypPaJaH aybITKYbI.

(4.3.103) epuekTen u; = Vi, Upz = Ugz + ¢ () TYBIHABLUIADBIH TayDII,
(4.3.102) ecemnke Koiicak,

v = v +a2¢" + f(x), 0<x <, t>0,
v(0,1) =up—q(0), v(l,t)=w —q(l), t>0,
v (2,0)=p(z)—gq(x), 0<z <

ecerke KeJleMi3.
Erep ¢(x) dyuknusicon

{ a*q" (x) + f (x) =0,
q(0) =wug, q(l) =

(4.3.104)

ecenTiH miernriMi TypiHae TaHgamn aucak, oHna v (x,t) GyHKIHACH

V= a%Upe, 0 < <1, t>0,
v(0,t) =v(l,t)=0,t>0, (4.3.105)
v(2,0)=¢p()—q(z), 0<z <

HacTankpl-1eTTiK ecentTiy memivi 6osap ei. demexk, (4.3.102) ecenrin menriMin
(4.3.104) exinmm perri kaii auddepeHnuaiIblK TeHIey YIIiH IeKapasbk, ecedi
meH (4.3.105) 6iprekTi 6acTAIKBI-IIIETTIK €CEIITiH MeNiMiHIH KOCBIH/IBICH TYPiH e
aJIaMBbI3.

Mbpicas 4.3.7. Keaeci bacmankbi-uemmix ecenmi weuinia:

Ut = Uge — 6+ 2, 0< <1, >0,
ug (0,t) = 2, u(lt)—3 t>0,
u(z,0) =2 —22-32, 0<z <1
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Memivmi w (z,t) = v (x,t) + q (x) Typinge i3geitik. Mynna g (x)
¢ —6x+2=0,¢(0)=2q(1)=3

ecentiy mrenrivi. Bygan

q" =6x—2,
¢ =32 -2x+¢
) =2 —2>+cxt+c =

d0)=c1=2, g(l)=c1+c=3 = =1 =
q(z) = 2% — 2% + 20 + 1.

An v (z,t) dyskuscs

Vp = Ve, 0< 2z <1, ¢t>0,
v(0,t) =v(l,t) =0, t>0,
U($,0)2$3—$2+3ZL’—(133—$2—|—21‘—|—):13—1, 0<z<1

eceniy mrentimi. O 4.3.1. - Gemimaeri 4.3.4 - Mbicaj OOUBIHIIIA,

8 — 1 242 2k +1
v(z,t) = _*27267(%? " cos Mx
T = (2k + 1) 2

bostazpr. Ogait bosica, Gepliren GacTanKkbl MbICAJ €CEIITIH IeImiMi

, 8 — 1 (2k+1)%n? 2k +1
u(x,t):$5—x2+2x+1_7272@* w5 tcoswx.
T 2k + 1) 2

4.3.6. 2KarTbirynap
2Koeapovidazv, adicmepdi Koadanwvin, Keaeci ecenmepdi wewiHizoep:

4.3.1. ¥3wndvien, | = m b6oaamuin oCyKa OIpMEKML CMEPHCIHMIY, bacmanKol
memnepamypaco, u(x,0) = 2cosx + 3cos2x men. Feep Ginikmin yuwmapvmda
AHCOLAY aRbIMDL HOA2E Mmel boaca, Oiaik twindezi u(x,t), t > 0 memnepamypano
AHOIKMAHDL3.

4.3.2. ¥swndvien, | = w bosamun ocyka Oipmexmi Oiatkmin, bacmankot
memnepamypacv. u(x,0) = 2sin3x + 5sin8x  men. FEeep  binikmin,
yumapvindagv, memnepamypa my3 epumindets 6oaca, 6iaik iwindezi u(z,t), t > 0
MEMNEPAMYPALCHIH AHBLKMAHDLS.

Ut = Py, 0<z <7, t>0,
4.3.3. u(0,t) =u(mt)=0, t >0,
u(z,0)=1, 0<zx<m.

U = Upe — Pu, 0< <7, t>0,
4.3.4. { u(0,t) =ug(m,t)=0, t>0,
u(x,O):sing, 0<z<m.
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U = a*Upy, 0<ax<m, t>0,
4.3.5. ug (0,t) =uy (m,t) =0, t >0,
u(z,0) = cos’xr, 0 <z <.
Up = Uy, O<x <1, t>0,
4.3.6. u(0,t) =2, u(l,t)=3, t>0,
u(z,0)=1, 0<z<1.
Up = Uy, O< x <, t>0,
437 ) w (0,t) = uy (m,t) =0, 7tr>0,
z, 0<x< %
u(x,O): iy 2
1, §<z<m.
U = a’Ugy +tsin2z, 0 <z <m, t>0,
4.3.8. ¢ u(0,t) =wu(mt)=0, t>0,
u(x70)20a 0<z <.
Up = Uge +u+ 2sin2zsinz, 0 <x <3, t>0,
4.3.9. $ u, (0,t) =u(%,t) =0, t>0,
u(z,0) =0, 0<z <7,

Up = Uge — 22Uz + 2+ 28, 0< <1, t>0,
4.3.10. { w(0,t) =u(l,t)=t, t >0,
u(z,0) =e"sinmz, 0 <z <1.

U = g — ddx, 0<ax <4, t>0,
4.3.11. { w(0,t) =1, wu(4,t) =61, t>0,
u(z,0)=2—2+23 0<x<4

4.3.12. Oawemi [0,7] x [0,7] Gosamon orcyka Gipmexmi mikmepmoypoumoy
naacmunkanvr, bacmankus memnepamypacv, u(z,y,0) = 3sinzsinby owcone
wemmepindezi memnepamypa wosze men. lliacmunkadagv, MeMNEPaMYPAHbLH
u(x,y,t), t > 0 maparyovin arorKmMaro3.

4.3.13. Admaawvk, u(x,t) € Citl Q)N (@), Q = (0,2) x (0,00) Ppyrryusco
Up = Ugg, 0 < x <2, t>0,

ug (0,t) = uy (2,8) =3, t >0,
u(z,0) =23 - 322+ 3z, 0 <z <2

apanaac ecenmir, wewimi boacoin. lm wu(x,t) wexmi ecenmenis.
t—-+o0

4.3.14. Admaavk, u(x,t) € Citl Q)N (@), Q= (—m,m) x (0,00) Pyrryusco

Up = Ugg, —T < x<m t>0,
u(—m,t) =u(mt)=0, t>0,

u(z,0) =sin’z, —r<z<7

™

t—+o00
0

apasac ecenmiy, wewimi oboacoid. lim / u(x, t)dr wexmi ecenmenis.
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U = aPugy, 0<z <l t>0,
4.3.15. ug (0,8) —h-u(0,t) =0, u(l,t)=0, t >0,
u(x,0) =wup = const, 0 <z <l

4.3.7. 2Kayanrapbl
4.3.1. u(z,t) = 2e” @t cos 1 4 3e49% cos 2.

4.3.2. u(z,t) = 2e %" gin 3z + 5e 649" gin Q.

4.3.3. u

9(2k—1)% sin(2k — 1)x.

4.3.4. u(z,t) = e BT1 81112

1 1
4.3.5. u(z,t) = 3 + 56*4“%008 2x.

2
4.3.6. u(z,t) =240+ -y ———e"
Y

2 2o (7 —2 ko1 k

4.3.7. u(z,t) = %4—%—1—; (Wzk sin% + 2 <cos % - 1>> e ¥t cos ka.
]. 1 —4 2t .

4.3.8. u(z,t) = — |t + — (e e — 1) sin 2z.
a

1
4.3.9. u(z,t) =tcosz + 3 (e78 —1) cos 3.

4.3.10. u (z,t) = ot +sinwze™ L

—9r2(2n—1)2t/16 . (2n — 1) T

S

4.3.11. (:ct)_l—x+m+ Ze @n-1) 1

T n=1

4.3.12. u(z,y,t) = 3260t gin 1 sin Hy.
4.3.13. 3z — 2.
4.3.14. 0.
o f— (~1)F \/m
4.3.15. u(z,t) = 2ug Z ko —(ap)?t

e
2
= e (LR i) + 1)
myndaeos puy, candapos h - tg(ul) = —p mewndeyining o1, my6ipaepi.

(e cos(ppx) + hsin(pgx))
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4.4 TikrepTOypbimniTa  KoiibLran Jlamimac — 2koHe
Ilyaccon Tenaeysepi yImiH MIETTIK ecenTep

4.4.1. Jlamac Ttenjeyi YIiH IeKapaJblK ecer
T={(z,y),0 <z <a, 0<y < b} rikreprOYpHIIIBIHbIH iITiHIe

Au(z,y) =0 (4.4.106)

Jlarmtac Tenjieyi, aj ImeKapachiHia, 2KaJlbl TYpJIeri

1-83)u(z,b)+ - x, T ngga,
(L= u(0,y)+v i(O,y) (y) 0<y<b, (4.4.107)
(1=0)u(a,y) +0-uy(a,y) =1 (y), 0<y<b

IIeKAPAIBIK [IAPTTAPBIH KaHaraTTapapparsm u(z,y) € Coa(T)()Cay (T)
GyHKIMACHIH Taby ecebiH KapaCThIPAMBIK,

Erep a = § =~ = § = 0 6oiica, oama Jupuxse ecebi, an a = =v=90 =1
bouica, ouga Hetiman ecebi, KaaraH Kargaitiap yImH apasac ecen HEMECE Y uliHuLl
wemmik ecebi bomabl. MyHmail TiKTepTOYpBIITH 00/IbICTa OEplIreH ecenrep/i
OypbeHiH affHbIMaIbLIaAPFa KIKTEY 91ici apKbLIbI IIenry oHail 6osaasl. Mocesen,
€H KapallallbIM 2Kar1aibl

Au(z,y) =0, (z,y) €T
u(z,0) =po(z), u(z,b) =¢1(z), 0<z<a, (4.4.108)
0 0 b

u(O,y)zO,u(a,y): <y<
Hupuxie ecebin KapacTbIpalibIK.
Yy
U= @1

0 U= Yo a T

4.4.1-cyper.

Dypbe o1ici ODOMBIHITIA TITETTiM/Ti

u(z,y) =X (z)Y (y) #0 (4.4.109)
Typinmge i3aeiimiz. MyHBI TeHIeyTe KOMDII, aifHbIMAIbIIAPBIH a’KbIPATCAK:

X'(z) _ Y'(y)

_ — 2
X@) Y
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TeHJIeyiH HeMece

Y (y) — N?Y (y) =0, (4.4.110)

X" () + NX (z)=0 (4.4.111)

xkaii jinddepennuas bk Tenaeyepin anambis. Eui (4.4.109) menrivi (4.4.108)-
Teri COHFBI IMIEKAPAJBIK Imaprka Koibin (Mmynga lrypu-JInysmias ecebin amy
VIIIH = XKoHe ¥ alHbIMaJbLIApPBIHBIH peJi 6ipaeil O0JraHIbBIKTaH, OJIADPIBIH,
inrineri 6ipTeKTi meKapasbIK mapT KofbUIFaHbIH TaHaiMbr3), (4.4.111) reraeyi
YIIiH

X(0)=0,X(a)=0 (4.4.112)
HIeKapaJiblK, maprrapbiH ajgaMmbid. By (4.4.111)-(4.4.112) Mrypm-JTnysuiib

ecebiHiH MeHIIIKTI MoHJEpl MeH coiikec MeHIKTI dyHkusiaper (100-6erreri 1-
KeCTeHl KapaHpbl3):

k k
e =2 Xp(z)=sin—az, k=12.... (4.4.113)
a a
Aut mynzaii A\, MenmnikTi MoHzepre cojikec (4.4.110) TeHey i, XKaJmbl memnrimi

mk

Yi(y) = Ages? + Bre ¥, k=1,2,3....
Hemexk, (4.4.106) ecebinin yKaumbl mermimi

o

us s k;

w(ey) =Y (4™ 4+ B ¥ ) sin o (14.114)
k=1

Typae Gonanbl. Mysgarel Ag, Br, k = 1,2,3... Genrici3z ko3ddunuenTTepi
(4.4.108) - i GipiHI MIEKAPAJIBIK MAPTTAPIAH AHBIKTAJIAJIbI, SFHH

o0
. mk
u(z,0) = Z (Ag + Bg) sin =% (z),
k=1
- nky, _mkp\ . Tk
u(z,a) = Z (Ake a” 4 Bre a )sm;x =1 ()
k=1
) . . . 7wk
By renjikTep exiuii KarblHAH COHKEC @, @1 (DYHKIUSAIAPBIHBIH 4 Sin x}
a

)Kyiteci Goitbramma @ypbe KaTapblHa KikTenyin Oepemi. QOurait 6osca, DPypbe
K03 purmenTrepi GOMBIHIIA

Ay + B, = ©f
(4.4.115)
At 4 Bre Wt = ok, k=123, .
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JKYHECIH ajaMbl3, MyHIAFbl
f k f i
2 2
o = /goo (z) sin 7T—:calac, o =2 / ©1 () sin 2 edw (4.4.116)
0 0

Dypbe koaddbunmentrepi. (4.4.115) kyitenin memimiepi

1 Tk 1 k
A, — ( k ke—Tb)’ B :7< kb k>7 E=1,2,3,....
k rh%kb Y1 — %o k 23h%kb %o 1

Byn anwbikranran  Ap, Bi koaddurmentrepai  (4.4.114) karapra KOWMBIII,
BIKIITaMIACaK, HOTUXKEIEe

. T
sSin —X

S k
LI Wb y)| — 4
= [%8 y+ pbsh— (b—y) R

k=1

(4.4.117)

137e/IHIl enriMIl aJaMbls.

Mbpican 4.4.1. Jlansac mendeyi ywin xotivtazan xeseci Jupuxae ecebin
ULEWIHI3!

Au(z,y) =0, 0<z<m, 0<y<l,
u(z,0) =zsinz, u(z,1)=0, 0<z <7
u(0,y) =0, u(my) =0, 0<y<l, u(z,y) =

IMMerryi. By moican yoin a = m, b = 1, ¢o(z) = zsinz, ¢1(z) =0
GosrranbikTal, (4.4.116) dbopmya Goiibaina Oypbe Koa(DduUInEHTTEPI:

oF =0, k=1,2,3,...,

K
2 . .
oF == [ zsinz - sinkxdr.
T
0

Conrsl nHTErpasabl k = 1 »KoHe KaJFaH MOHIEPIH »KeKe->KeKe ecelTeiik:
™

™
2 2
1. k=1. @ézw/xsiHZxdx:W/
0

0

(1 —cos2z)dr = g

N8
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2. k # 1 bonranna:

s s

2 1
gp'g:/xsinﬁsink‘xd:ﬁ:/az[cos(lk)xcos(1+k)x]dx:
™ 7r
0 0
1 1 1 T
W[aj<1_ksin(1—k)x—1+ksin(1+k)x>}0_
1 1 1 T
— || ————=5cos(1 —k)z + — cos 1+kx>} =
N Camgest e et ena) ||
i s - (eos(1 4 )= 1)
—|———(cos(1—k)m—1) — ——— (cos T— =
T (1 - k)? (1+k)?
0, k=2n-1,
B ko,
(k% —1)
SIFHU
16k
2% 2%k+1
R —0, k=1,2,3,....
I TERET

Hemek, (4.4.116) dopmyJia 6oiibiHIIa MIeMTiM:

sin kx

u(z,y) =Y esh(l—y)k =
k=1

shk

Tsh(l—y) . 16 = k - sh2k (1 —y)
SInr WZ

sin 2kx.
2 shl (4k2 — 1) sh2k

k=1

Eckepty 4.4.1. FEeep Hetiman nemece apanac ecebi bepince de daa ocvindail
orcoamen maadanadv.. Mynda mex wexapasvlx wapmmapeaa KamoiCmvL MEHWTKMI
MoHJEDP MeH MEHWIKME GYHKUUAAGD O32euwesikme 604advl.

Mpsican 4.4.2. Jlanaac mendeyi yuwin Kotvaeah WeKapaivlk eCeoin ueuinia:

Au(z,y) =0, 0<z<a, 0<y<b,
u(x,0) =0, uy(z,b) =2, 0 <z <a,
Ux(o,y):(), Ux(a,y):(), Ogygb

IMemryi. Ilemivai u(x,y) = X (z)Y (y) # 0 Typme ismecex, omzna
IIeKapaJIblK [Maprrapra OaiIaHbICThI

Y (y) = XY (y) =0, Y (0)=0
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TeH/IeyiH YKOHe
X" () +NX (2)=0, X' (0)=0, X'(a)=0
I rypm-JIuyeunias ecebin amambrs. bymgan 100 - 6erreri 1 - kecte GoiibIHIIA:

k k
)\kzlv Xk(.%'):COSLx, k=0,1,2,3...,
a a

IXol® =a, IXkll*= 5, k=1,2.3,....

a
>
Conpait-ak MyHZal A\p = %,k = 1,2,3,... MenmikTi MoHIepre coiikec Y (y)
mrentimi

Yi (y) = ake%ky + bke*%ky7 k=1,2,3,....
At A\g = 0 moHiHE coliKec MIeniM

Yo (y) = aoy + bo
Typae 6osagapl. Bynapra Y (0) = 0 maprbin KoJJIAHCAK,

ag = —bp, k=1,2,3,..., bp=0

HeMece Jepbec mentiMaepi
wk
Yo(y) =ao-y, Yi(y)=2a- sh;y, k=1,2,3,...
bomampl. Jlemek ecenti mepbec mieriMaepi
k k
uo (z,y) = apy, ug (z,y) = 2aksh7r—y - COS W—x, k=1,2,3,...,
a a

aJI CylepIo3UIys KAFuIachl Ooiibiaia u (x,y) mertim

= Tk wk
u(x,y) = apy + E Qaksh;y - COoS ;l‘.
k=1

Engi uy (x,b) = o mraprein naiiiaganel, a; K03pOUIMEHTTePIH aHBIKTAMBI3:

o 2aymk 7k k
Uy (z,b) = ag + Z a;;w ch%b - cos %x = .
k=1

a

1
Bynan ag = /:Edl‘ = g,
a 2

0, k=2n,
2 | k
agp=—° .2 /a;cos T pde = 2a°
wk a —_—— k=2n-1
2rk -ch—b 3 7k
a (rk)® ch—b
a
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HemMece

2a°
Q2k—1 = — T2k—1) ag, =0, k=1,2,3,....
3 (2k — 1)3 ch———=b
Oumnait 6osca ecenTiy mmerriMi
(2k — 1)

4 2 sh Yy 2%k — 1
“(%y):g —%Z a(2k; ) - cOS (2k )

™= (26— 1)% eh b “

4.4.2. IllekapaJjbIK I11apThl 0ipTeKTi emec /lupuxie ecebi

Erep dupuxie ecebi OipTekTi emec MIeKapaJsblK IMApPTIEH Oepijce, OHIa
PEILyKITUS 9JIiCiH KOJIIAHBII, ecell OipTEKTI IIIeKAPAJIbIK, MMAPTTHI €Ki ecerke KiKTer
MIeIIiIe/I.

MoceneH,

Au(z,y) =0, (x,y) €T,
u(z,0) =po(z), u(z,b) =¢1(x), 0<z<a, (4.4.118)
w(0,y) =vo(y), ula,y) =¢1(y), 0<y<b

ecebi Gepiscin. Ecen cbI3BIKTBI OOIFaHIBIKTAH, IITEITM I

u (.’E, y) = u (J")y) + ug (xvy)
Typae i3aeimis. Myrgarst vy (2,y) OyHKIUACH

Auy (x,y) =0, (x,y)
0 (5.0) = 0 (2), 1 b> (@) 0s<a s
u1 (0,y) =0, w1 (a,y) = 0<y<b

ecebinin, ax ug (z,y) OyHKIUICH

Aug (z,y) =0, (z,y) €T,
uz (2,0) =0, uz (x,0) =0, 0 <z <a, (4.4.120)
UZ(an):wO(y)au2(aay):wl(y)7 Oﬁyﬁb

ecebinin memimi. By eki ecenm e xorapbimarer (4.4.106) ecebimen 6ipeii.
(4.4.120) ecenre y aifiHBIMAJIBICHL MEH & AHBIMAJIBICHIHBIH OPbIHIAPbI &Y bICHII TYD.
ConJIbIKTaH 0JIap/bl KOFAPBIIAFbIIAN I, IITelTiMIepiH Koccak, 60raHbl.

Eckepry 4.4.2. (4.4.120) ecebinin u (x,y) wewimi y3iaiccid 60ayvl, Yt

0 (0) = 0 (0), ¢1(0) = 1ho (b), o (a) =41 (0), ¢1(a) =1 (b)

YUAECIMOLALK WaAPTIIMAPBL OPLIHOAAYBL KAHCET.
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4.4.3. Tikreproypsimita koiibiran Ilyaccon Tenaeyi ymIix
MIeTTiK ecen

IIyaccon Tenmeyi — Oiprekti emec Jlammac Tengeyi OoJraHIbBIKTAH,
OHBI AJIBIHFBI OeJIMIEpAe 3epTTEJreH OIPTeKTI eMeC TOJIKBIHIBIK TeHJEY,
JKBITYOTKITIIMTIK TeHJeyaepl VYIMTiH IMEeTTIK ecenTepiaerijieil 9iciieH IenTiMia
Tabambr3. Jlpsipek aiiTKaHIa, MIEMIMIl ¥ HeMece & allHbIMAJIbLIAPBIHBIH Oipeyine
KarbicThl [TITypMm-JInyBuiis ecebinin MeHITKTI (byHKIAATAPHI apKBLIBI KAaTap
TYpiHJE 137eiiMi3.

Mpbican 4.4.3. Tixmepmbypouuma bepiszern OipmMeKxmi ULeKaAPAABLE ULGDTIITVbL
Iyaccon mendeyi ywin Keaeci Wemmix ecenmi ULewinia:

Au(z,y) =22y, 0<z<a, 0<y<b,
u(x,0) =0, uy(xz,b)=0, 0<z<a,
u(0,y9) =0, u(a,y)=0, 0<y<b

ITernyi. Bapibik mekapaJsblk ImapTrrap 6ipTeKTi OoFaHIbIKTaH, OIpTeKTI
tergey yiriH [ItypMm-JInyBuiis ecebin HeMece afHBIMAJIBICHIHBIH, Ke3 KeJITeHi
yinin 2ka3yra 6osajnl. Mocesen, y afiabivadibichl 6oiibiaina [Typm-JlunyBusiis
ecebi:

Y+ MY =0, Y(0)=Y'(b)=0.

AUt MYHBIH MEHIIIKTI MOHAEp MEH MEHIMKTI (DyHKIUsIIaphL:

Ck+1)m . 2+
)\k’ 2 5 k (y) S 20 Y, k 07 )
Ouraii 6oJica, ecenTiH IIenimMin
u(z,y) = i X, (x) - sin Gkt 1)m
Y) = = k % Yy

Typae ismeiiviz. Oyeni, f(z,y) = 2%y bynkumsacsm {Yj, (y)} xyiteci Goitbimma
Dypbe KaTapblHa XKIKTeHiK:

9 > o (2k+1)my
k=0
MYH/JIQFbI
2, | (2k +1) (-1)F2
_ 2.2 : +ym . _ = 2 L _
fk(x)—b:z /ysm 5 ydy = b)\z x°, k=0,1,2,....
0
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Bymapaer Gepisiren ecenke koiicak, onjga kKejeci ekiumni perti KT yrmin
IIeKapaJIblK, ecellke KejeMis:

(-2 ,

X (x) = AP Xy, (:U):Wx X, (0)= Xp(a) =0, k=0,1,2...
k

2KJIT Teopusichl GoifbIHIIIA

X! (x) = N Xp () =0, k=0,1,2...
OipTekTi TeHAeyiHiH Irenrimi

X (2) = ape™® + bpe T,
an Xy, (x) nepbec mentivi

X, (z) = Az’ + Bz + C

TypiHe i3xenainesi. MyHbl TeHaeyre Koiibin, A, B, C' KoadPUImeHTTepin Taicax,
nepbec Irernrim

_ 2 4 (-1)*2
_ k+1 2 _ 2,2
bonampl. JleMeK »KaJImbl TermiMi
e (DF2
X (x) = ape™® + bpe M 4 ( b)\)z (2 + )\%xQ) .

Byran Xj (0) = Xy (a) = 0 maprrapblH KOJJAHBII, ay, by Oericizaepi yimin

k+1
b D" _
ag + 0 + b)\%

1ktly o (—1)ktlog2
bAY bAT

apeMs 4 e e 4 5 =0, £=0,1,2,...

Kyitecin ajaMbi3. Ajt Oy XKyieHiH mernrimMepi:

(-1)*

= i e 20 =),

Qg

CDF
b = paannee 27— ) N, k=012,

Ourait 60J1ca, ecenTiy IIenmimi

2~ (1" :
u(z,y) = 7 kz% m [(2 4 a®A}) shAgz — 2sh (z — a) A, — 2 — Af2?] sin Ay,

2k+1)7

MVHIAFBI A\ = 5%
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4.4.4. 2KarTtbirynaap

2Koeapwvidaevt adicmepdi xKoadanwn, Keaect wemmik ecenmepoi
WeUTHI3:

Au=0, O<z<m 0<y<m,
4.4.1. { u, (0,y) =0, ug(m,y) =0,
u(z,0)=m, u(z,m) =z

Au=0, 0<z<m O0<y<l,
u(07y>:07 um(ﬂay)zov OSySZa
Uy (2,0) = Asin g, wu(x,l)=0, 0<z <7, A= const.

4.4.2.

Au(z,y) =e¥sinz, 0<z <7, 0<y<m,
u(0,y) =u(my)=0, 0<y<m,
u(z,0)=u(z,7) =0, 0<z<m.

4.4.3.

Au(z,y) =0, 0<z<a, 0<y<b,
u(an):u(avy):Oa 0§y§b7
u(x,O):x(m2—3ax+2a2), u(z,b) =0, 0 <z <a, a,b= const.

4.4.4.

Au(z,y) =0, 0<z<a, 0<y<b,
Uz (0,y) =uz (a,y) =0, 0<y <D,
u(z,0) =1, u(x,b) =2, 0 <z <a, a,b= const.

4.4.5.

4.4.6. =0, uy(2,2) =0, 0<z <3,

)
)=y(d—-y), uz(3,y)=0, 0<y<2

Au(z,y) =0, 0<zx <1, 0<y<d4,
u(z,0) =0, u(z,4) =0, 0 <z <1,

) OS §27
w00) =0 w )= { 4 OZVERocy <

Au(z,y) =0, 0<z<2, 0<y<m,
Uy (2,0) =0, uy(z,7) =0, 0 <z <2,
uz (0,y) =y, u(2,y)=0, 0<y<m.

4.4.8.

Au(z,y) =0, 0 <z <00, 0<y<lI,

U(O, ):f(y)7 u(oo,y):O,
uy (2,0) =0, uy(x,l) + hu(z,l) =0, h >0.

4.4.9.

Au(z,y) =0, 0<z<m 0<y<m,
4.4.10. ¢ u(0,y) =0, u(my) = Ay,
u(z,0) =0, u(z,m)=Ax.

Au(z,y) =0, 0<z<m 0<y<m,
4.4.11. ¢ uy (0,y) =siny, uy (7m,y) = sin by,
u(z,0) =cosz, wu(z,m)=cos3z.
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Au=0, O0<z<p, 0<y<s,
u(0,y) = uz (p,y) =0, 0<y<s,
u(x,0) =0, u(z,s)=f(x), 0<xz<p, f(0)=f(p)=

4.4.12.

Au=-2 0<z<a, —5<y<?b
4.4.13. ¢ u(0,y) =0, u(a,y) =0, -2 <y<?

u(:l:,—%):(), u(:v,%)zo, 0<z<a.

{ Au =0, [0,a] x [0,00),

4.4.14.

Au=0, 0<z<oo, 0<y<l,
u(z,0) =0, uy(z,1)=0,
u(0,y) = f(v), . v (z,y) =0.

4.4.15.

4.4.5. 2Kayanrapsbi

14 i cos(2k + 1)z - sh(2k + 1)y
- :

44.1. u(z,y) =7 — -y —
(@9) 2" (2k 4+ 1) sh(2k 4+ )7

k=0
y—I

Bzt
4.4.2. u(z,y) = 24" hi sin £

27

2
Hycxay: sha - chf — shf - cha = sh(a — B) dopmyaacvin Koadarnviro3.

4.4.3. u(z,y) = 5 sl (ye¥ sinhm — me™ sinh y) sin .
12a sinhnr (b—y) /a . nnx
4.4.4. .
Z n3 sinhnwb/a ST
4.4.5. u=1+ %
= cosh (2n — 1) ©&=23) 2n —1
4.4.6. u(x,y) = 2 Z g ) — sin( n )Wy.
= (2n—1)’cosh3(2n—1) ] 4
64 — cosh Zn=bme 2n —1
4.4.7. u(z,y) = (—=1)"+t 5 4 @) sin< n )mj.
™3 (2n — 1)” sinh =% 4
—2) 4~ sinh(2n—1)(z—2
4.4.8. u(m,y)zw——z o (;? ) (= 2) cos(2n—1)y
2 ™= (2n —1)"cosh2 (2n — 1)
[e.e]
4.4.9. u(z,t) = kae_)"“z COS \py, MyHdaegvl A canvidapv. AMgA\ = h
k=1

f v, ) B h2+)\2
mendeyinir, on, myoipaept, as fr = ijk) h2+>\2 +h f ) cos A\gydy.
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X (—1)kt+1 ; . . ]
4.4.10. u(z,y) = QAZ( A (Smkiﬁ sh(ky) + sin ky - sh(kx)

1 sh(km)
h(m — h him —
4.4.11. u(z,y) = Ly)cosx—i— shdy cos 3x — chr — )
shm sh3m shm
ek-vrz  (2k—1) 7y
4.4.12. v Y
u SU y ka@ 21 sin 2l ,
—dy
fe = Yk,Yk f sm

2 o . (2k+lmx ; (2k+1)7Ty
8a sin =T ch

T (2 4 1) ep

4.4.13. u(z,y) = z(a —x) —

21450:1 _nky . Tkx
k

4.4.14. u(z,y) = — a sin —.
™ a
k=1
S (2k —Dmy (2k — 1) mx
4.4.15. .
wlean) = Y o B T gy 2

k=1 2p

/f sin ————— 2k — 1) mc dx.
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5 bemMm

DJJIAIICTIK TUHOTI TeHaeyJep.
IHleTrTiK ecenTep

5.1 Heri3sri »>JUICTIK TUNOTI TeEHIEYJIEp.
lapmMoHUKaJIBIK (YHKIIUATIAD

5.1.1. Jlannac tengeyi. l'apMoHuKanbIK (yHKIUSIapAbIH HEri3ri
KacuerTepi

DJUIATICTIK TUITI TEHAEYIEPIiH eH KapalaibIMbl 0pi MaHbI3IbICHIHLIH Oipi:
Au=0 (5.1.1)

Jlamnac tengeyi. Myngarer A — Jlamnac omepaTopbl Oell aTajgalbl KoHE OJ
HekapTThIK KOOPANHAT >KYieciHme

n
02

Au=S"270 (5.1.2)
L~ O)?
=1 ?

TYPJe, T = T COS (p, Y = T SiN (0 — IOJAPJILIK KOOPAMHAT »Kyhecinie

1 0 ou 1 0%

Au==-.—[r== i 5.1.3

Y= or <r8r>+r2 D2 ( )

TYpJE, all £ = 1 cospsinf, y = rsinpsinf, z = rcosf — chepasiblk KOOPIUHAT
Kylecinge

1 9 (,0u 1 9 9 1 d*u
Au=—- L (%Y = 9 (g Z ) T (514
YT o <r 8r)+r2sin0 00 (Sm 3¢9>+r251n29 0p? (5.14)
TYD/Ie AHBIKTAJIA/IBI.

Amnpikrama 5.1.1. C™(Q) - ¢ynryuarap xaaco. (kewicmiei) den, Q C
R™ obavicoinda  anvimanean oicone 63tniy, m - wi pemxe detiinei depbec
mywrovaapbimen Gipze yainiccia u (x) Pynrkyuaiap xaacvin mycinemis. FEeep
m=0 6oaca, C () — Q obavicoimda y3iniccia Gynkyuarsap xaacoim bepedi.
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Aunbikrama 5.1.2. Ilenenzen ) obavicoinda exinwi pemmi  depbec
myvirdvLaapvimer bipee y3iniccis (u (v) € C? (Q)) otcone ) 0BABICOIHDIH, POLp
nykmecinde (5.1.1) Jlanaac mendeyin xanazammandvpamoin u () Gyrryuaco
2apMOHUKAABIK, PYyHKUUus den amanadot.

DNMUTNCTIK TUOTI TEHJEYIEP/IIH TaFbl Ja KApAmaibIMbl 9pi MAHbI3IBLIAPHI
Au= f(z) (5.1.5)
[Iyaccon xomne
Au+ u= f(x)

lenbmrosbir TeHaeyIEPI.

5.1.2. Jlamjac TeHJeyiHe KOWBLIATHIH HEri3ri MIETTIK ecenTep

lapmonukasibik byHKIUsIIap Teopusicbinga Jupuxiie, Heitman nemece yrmintii
MIETTIK ecernTep/IiH, KONbLIBIMbI 6T€ MaHbI3/IbI.

1. Hupunxie ecebi. Jlannac rengeyi yuiin Jupuxae ecebi Hemece 6ipinuLi
wemmirk ecen pen € obubichiEga y3imiceis u (z) € C* () U C (Q) xone

u(z) =¢(z), ze€dfd

(esrere Gesrinenyi: u o = @) (5.1.6)

[IEKAPAJIBIK, [APTHIH KAHAFATTAHIBIPATHIH, () OOJIBICHIHIA TADMOHUKAJIBIK, U ()
dbyukImsicbiH Taby ecebin ajitambrs. MyHuarsl ¢ (x) dyaknuscer 02 mekapaja
6epliren yaimiccis by, @ = QJ 0Q. Kpickamma ka3cax:

Au=0, z €,
ulyg =, z€0Q, u(z)eC*(QUC(Q) -7

2. Heiiman ecebi. Jlamnac tengeyi yimiin Hedman ecebi Hemece exinwg
wemmirk ecen gen u (z) € C% () UC! (Q) KJIACBIH/A »KATAThIH »KoHe IIeKapaa

ou

o0

[IAPTHIH KAHAFATTAHIBIPATHIH ) OOJIBICBIH/A TAPMOHUKAJBIK U (1) (DYHKIUSICHIH

Taby ecebiH TyciHemis. Mymumarbl 77 — JS) 6eTiHe TYDPFBI3BLIFAH CHIPTKBI HOPMAJI,

ou
—— — n HOpMaJI GoiibIHIIA ajgbiHFaH TYbHIBL A ¢ € C' (0)) Gepiaren dyHKIUS.

on

Heitman ecebi 6ipmonai mmenrityi yimin

/gpds =0 (5.1.8)
o0N

MIAPTHIHLIH, OPLIH/IAIYbI KAKETT] sKoHe YKeTKimiKkTi'.

! Momenneyin Temenneri 5.1.3 - TeopeMaiaH KapaHbL3
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3. Yurinmii nrerTtik ecer. Jlamiac TeHieyi YITH Yt wemmsix ecen mert
Q) 00IBICHLIHIA FPAPMOHUKAJIBIK Of) I1ekapa/ia
ou

— taul =9 (5.1.9)
on 50

IMAPTHIH KAHAFATTAHJIBIPATEIH KoHe 4 € (! (ﬁ) KJIaChIHJIA YKaTaThiH U ()
GYHKIUSICHIH aHBIKTaY eceDiH aiiTaMbl3.

Erep xorapblgarbl KOWBLIFAH ecenTepiH Imenrimiaepl 0§) 1ekapachbiHa
KaTBICTBI §) OOJILICHIHBIH, iIIiHIe HEMECe CBhIPTBIHIA 13JIe/IHCe, OHJIa COMKeC iIKi
HEMece CBIPTKBI ecell jienn artajajbl. J[loa ocbliaiima, Gacka 1 JIIUICTIK
rergeyinep ymin (5.1.6), (5.1.7) memece (5.1.9) mexapaJblk IapTTApbIMEH
Oepi/ireH MIETTIK ecenTepii, KOMbLIBIMBIH KeJITipyTe 60J1a/1bl.

5.1.3. Jlamiac TeHaeyiHiH ipreJi menrimjepi

Jlammac TeHAeyl KeNTereH TYpPJIEHIIpYyJepre KaTbICThl WHBAPUAHTTHI,

COHJIBIKTAH OHBIH DAJHAJJIbIK, safuu r = |z| Toyenni w = w(r) memimaepin
131eiliK:
or T
— ] — 2 2 2 _ Tk
r—x—\/x +xy+...tx, —=—
| | 1 2 no 6.’1)k r )
ou Ou Or , Tk
B e A
Ox,, Or Oz Ty’
2 2 2
0w Ou ¢, xR\ 4, T , (1 oz B
a2 = A rt T —’U/TT'72+’LLT‘ *_73 y k—1,2,n
Or;  Oxy r r roor

Jlamnac oneparopbl OOWbBIHIIIA

n
0u n 1
A _ guw _ _n N
Hewmex,
" n—1, 1 n—1 1\
Au(r) = up, + e (r ur)r = 0. (5.1.10)

1. n=2 xarmaiina

1 d du
Au=--—|r— | =0. 5.1.11
“ r dr <T dr) ( )
MyHBIH eKi »KarblH T - re KOOEeH T, eKi peT MHTerpasIacak
du
rd—:Cl = u(r)=Cilnr+ Cy (5.1.12)
r
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HIeIriMIiH ajlaMbI3.

1

2. n > 3 6oxcein. (5.1.10) epuekTiH eki karblH 7" - re Kebeiiril,

UHTerpaJlacaK:
n-1du _ o = du G
dr dr rn1

Bynbr uaTerpasaai,

u(r)=—

HIeIriMiH ajlaMbI3.

Cq
4 5.1.13
(n—2)rn—2 2 ( )
(5.1.12) xkone (5.1.13) menriMaepiae Herisri pest GIpiHIIT KOCBIIFBIIT GOJIBIIT
Typ, cebebi TypakThl caH opKaiaH ja Jlamrac Tenieyinin merrimi 60saab opi

emkangail Magimer 6epmeitni. CoHALIKTAH Ja €Ki Karaaiiga Ja KOJIAMIbLIBIK,

2 n
ymtia Cy = 0, an C] = —— jen ajtaiiblk’. MyHIars! wy, = (7\/2)
2

KeHicTikTeri 6ipsik cdepa aymaHbl, MoCeIeH, wy = 27, ws = 47, ....

— N eJIIMeM/Il

Anbikrama 5.1.3. Jlanaac mendeyinin, ipeeni wewimi den

1 1 9

—In—, n=

21 x| ’
1

E(z) =

, n>3
wn (n —2) |22

PYHKUUACHIH aTMamvl3.

ZKammsl )kargaiina, ¥ paauyc BeKTOpsl peringe xorapbyiarbiaait 0(0,0, ...,0)
KoOpAMHAT OachblHAH eMec, Ke3 kKejireH & € () HYyKTeCiHeH I HYKTeciHe JeiiHri
r = | — x| apaKaIbIKTBIKTHI KAPACTBIPBII, ipresii MenriM aHbIKTaMachlH Oepyre
oAb

Amnbikrama 5.1.4. Jlanaac mendeyinin ipeeai wewimi den

1 1

—In—— =2
27Tn|ff$‘7 "=
1

E(z,§) = =3, (5.1.14)

A € — x| "=
1

, n>3
wp (n—2) ¢ —a|"?

PYNKYUACHH GUMAMDBL3.

By Jlammac Tenmeyinin, iprei mmermMinil, (pU3UKAIBIK, MarblHACHL £ HYKTEIe
TBIFBI3IBIFEL [ OOJIATHIH SJIEKTP 3apsIbl 63 TOHiperiHie

Ux) = - B (,€)

IIOTeHIaJIAbIK epic TYyTbI3a/bl.

2 Keitbip okyabikTapaa C', TYPAKTHICHIH OH TAHOAIbI KBIJIbII T8 TAHIAMNIbL.
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Mpicas 5.1.1. Tomendezi wapmmapdvs xanazammandvpamom 0 < a <1 < b
wap Kabamonda u = u (1) 2aPMOHUKANE, GYHKUUAHDL GHOIKMAHBI3:

Au(r) =0, u(a) = A, u(b) = B.
ITermmyi. a) n = 2 xarpaiina Jlammac Teraeyiniy ipresi mmernrivi
u(r)=Cilnr + Cy

OOJIFaHIBIKTAH, IIeKapPaJIbIK IapPTTapAbl KOJIIAHCAK,

Cilna+Cy;=A
Cilnb+Cy =B

A—-B A—-B
Ci=—43 Cb=A—-Cilna=A—- -Ina
lng h’lg
A—-B A-B A-B
u(r) = a Inr4+A— ‘Ina=A+ a In’
In — In — In — a
b b b
HeMece
A—-B
wi) = 222 pr Ba,y) e+ 4.
].ng

Lo . . Ch
a). n = 3 xargaiga ipremi memiyMm u = — + Co 60raH bLIKTaH,
r

?4—02:14
=
71_’_02:3
b

A—-B A—B Bb— A
01:( )ab’ C’Q—A—QZA—( )b: b a

b— a b—a b—a
wir) = —— [A=BIab gy 4] =

b—a r
bia[(A—B)ab'47T-E(x,y,z)—i—Bb—Aa].

155



5.1.4. TapmoHmKasblK @GYyHKIUSJIAP/bIH HETri3ri KacmerTepi.
I'pun dopmysanapbl

lapMmoHuKaJIBIK (DyHKIUSTHBIH KacHeTTepiH 3eprreyae | puHHIH O6ipiHImi KoHe
eKiuIi dpopMyaagapbl Kui KOJITAHBLIAIH.

1. T'pun dopmynamapsel. Afransik, ) C R — EBkan KeHicTirineri Teric
00 € C' mekapaJbl MmeHeIreH 06/IbIC GOJICHIH.

Teopema 5.1.1. Atimanwx, u € C*(Q) (N C' (Q) acone v € CH(Q)NC (Q)
boacotn. Onda Oya u,v Pynxyussapv, yuiih I'purnnin 6ipinwi gopmyaaco, den
amanamolr

/U-Audm :/ —ds— /Vu Voudz (5.1.15)

Q o0

. - "o Qu
mendizi opoiHdv, MY HOIG2YL TT — CoPMKDL, HOPMAA sexkmop, Vu = T
k=1 9Tk

Hanenneyi. A — onepartopbl OolibIHIIA

/v Audm—/ Za—d:c
xk

Q

9%u
Bynan / v - de HMHTErpaJibiH YKeKe ajIbll 0eJIiKTell HHTerpasIacak;
x

a k

9%u ou ov Ou
/v 8:):k d:v / axk “npds — —ark . —amk dx
Q o0 Q

Mymnnt k Goiibinmia 1-meH n-re meilil KOCHIHILLIACAK, HOTHUXKEIE
ov 6u
d:v = —n ds — —
/ ka / Z k / Z oxy, (%Uk

sorapbitarel (5.1.15) — ['punnin® 6ipinmt hopMy/ackH ajaMbI3, SFHE

/U~Au:/ auds—/Vv Vudzx.
o2

Q

Teopema 5.1.2. Atimanws, u(z),v(z) € C*(Q)NC () 6oacvm. Onda
Oy u orcome v GYHKGUAAGPDL YVUTH

/(vAu—uAv) dwz/(ng— S;i) ds (5.1.16)
Q

o0N

I'punnin, exinwi opmyaacor opvirdot.

SGEORGE GREEN (IIxxopmk I'pum) (1793-1841) — arpimmbim maremarmri.  Om —
MaTEeMaTUKAJBIK, (PU3NKAHDIH, KOIITereH 6esiiMIepine eJiey li YIeciH KOCKAH FaJbIM.
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Homnenneyi. I'punnin 6ipinmi dopmymnacet Goitbiama ((5.1.15) kapaHbI3)

/uAv— /vg:_; —/VvVud:c. (5.1.17)
Q

Q o0

reriri opbia el By (5.1.15) renaikren (5.1.17) mymesnen asncak 6ipaen (5.1.16)
aJIaMblI3.

2. TapmoHuKaIbIK dyHKIIMATAPIBIH Herisri KacuerTepi.
lapmonukasiblk  DyHKIUIAD KeJecl KacueTTepre ue:

10, Fapmonurxarsvix, GYHKUUAHDBIY, HOPMAA MYBIHODICHL.

Teopema 5.1.3. Ezep u(x) dynruyusice mezic wexapaave 2 obavicoinda
2apmoruKanvik, orcone £ mytink obavicvinda y3iaiccid dupdepernyuanrdarca, onoa

——ds = 0. (5.1.18)

Homenneyi. Erep (5.1.15) I'punnin 6ipinmi dopmynacein v = 1 KoHe u =
u () rapMOHUKAJBIK QYHKIUACH yIIniH )ka3cak, Vv = 0, Au = 0 GosraHabIKTaH,
6ipmen (5.1.18) rengikri amambrs. Byi (5.1.18) Tenjik Korapbiia eCKepTiIreH
(5.1.7) Heiiman ecebiHiH Ienrity mapTsl.

20, Tapmonuraarvx, Gynruuansr, Jugpgeperyuanrdaryot.

Teopema 5.1.4. Q obavicoinda eapmonurasvirs u(x) Gynryusco oco
2apmonukasvy; ) obavicoinny, Ke3 xeazen x € ) mykmecinde wekci3
dugpgepernyuandaradot.

3. Apudmemurassix opma mMoH MYpasvl Meopema.
Ajiranbik, B (zg,r) — TeHTPi ¢ HYKTeCiHmeri, paJuycbl 7-re TeH Iap, aJ
OB (xg,7) onbIH Geri, sirau cepa GOJICHIH.

Teopema 5.1.5. Feep u (x) dpynxuyuaco. B (xo,T) wap twinde 2apmonukasvis,
an OB (xo,7) cepacwroda ysiniccid 6oaca, onda onvir, T yenmpindezi mMoni 6y KiA
wapdviry, 6emi (chepa) 6oUvHWG APUGMEMUKAADLE OPMA MOHIHE TEH, AHU

u(zg) = b / uds. (5.1.19)

wprt—1
0B(zo,r)

40, Tapmorurarvlx, YHKUUAHIH, UHME2PAA APKLLADL OPHEKMEAYS.

Teopema 5.1.6. Adimanws, u(z) € C? () N C* (Q) 6oacvun. Onda

u(x) :aé [E (x,€) 8;;? - uaEa(;é’ 5)] dse Q/E (z,y) Au(y)dy (5.1.20)

mendiet opoiHdoL.
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Byu (5.1.20) eprek I'punnin Herisri dopMysachl Jen aTajgabl.

Teopema 5.1.7. Admaavk, u(x) dynryuaco,  06avicoinda 2apMOHUKANBIE
orcome u (x) € OF (Q) boacoim. Onda

B . 6u(§)_u8E(:c,f) .
U(Sv)—/ [E( ,€) Pte o ds¢ (5.1.21)

o0

mendiet opoiHdoL.

(5.1.21) renuik eapmonukarvik u(T) GYHKUUACOHBIY, UHME2PAA  GPKDLAVL
oprexmeny gopmyaaco, aen aramanbl. Mywnarsr E (z,§) — Jlamnac remyeyinin
ipremi mernrimi.

5. Maxcumym KazudacoL.

Teopema 5.1.8. Axwipave 0 obavicvinda 2apmoruxanses oicone 0 mytivuk
obavicvinda y3iniceid u (x) GyNKUUACHL 031HIN, el YAKEN dicone el Kiwi mondepine
Q obavicvinoi, mex wexapacuinda eana ue boaadw. Backawa attmxanda, Vr € )
YUk

i 5.1.22
min u(z) <wu(x) < max u (z) ( )

mencizdigin KaHa2ammarovpadol.

Cangap 1. € 06GJIBICHIH/IA TapMOHUKAJBIK KoHe () OOJBICHIHIA y3imiccis
u (z) dbyHKIUsACH ©3iHIH eH yJKeH MoHIH (eH Kimi MoHiH) () OOJIBICHIHBIH iMIKi
HYKTeciHIe KabbLIIaiThIH 60JIca, OH/1a 071 6VKiT () 06/IBICHIHIA TYPAKTHI (DYHKIIHS
6osaiel, sran u () = const.

Canpap 2. Erep € o6/bICBIH/Ia TAPMOHUKAJIBIK, sKoHe §) TYHBIK OOJIBICHIHIA
ysimiceis u (x) xome v (v) dynknusiapst 0§ mekapa/ia

u(z) <v(z), z€ i

TEHCI3IIriH KaHaraTTaHabipca, oHta Oykija ) TyiAbIK 00JIBICHIH/IA,

u(z) <wv(z), ze€

TEHCI3/1T1 OPbIHIAJIa TH.
6°. JIanaac mendeyi ywin Jupurae ecebi wewiminiy, scarev3dvlevt
ofcoHe OPHBLKIMBLABLZ L.

Teopema 5.1.9. Jlanaac mendeyine xotivazan Jlupuzase ecebinin, wewrimi
2HCANRDIS.

Honenneyi. Kepi xkopsbii, ecentin op Typai ug () # ug (x) exi memrimi 6ap
GOJICBIH AEJIK, SFHU

Aup =0, x €,
Uklgg =, ©€9Q,  weC(Q), k=1,2

158



By u; »KoHe uo menriMiepiHiH, afibIpMachl © = %] — Ug YIIiH

Au=0, x €,
ulyg =0, €09, ueC(Q)

OipTekTi ecebiH ajambis. BymaH, MakcuMyM Karujachl OoiibiHIa Vo € () yimiH
u(z) =0. Hdemexk, u; = ug, ssFHA KapaMa-KafIIbIIBIKKA KeJIeMis3.

Teopema 5.1.10. Jlanaac mendeyine xotivinear Jupurse ecebinin, wewimi
OPHBUK ML,

Homenneyi. Aiitansik, u; (z),uz (x) dyHKIIATAPBI

Aup =0, x € Q,
ug loo = vk (), x € 09, ukGC(ﬁ), k=1, 2

Hupuxiie ecenrepini memntimepi 6osicein. Erep Ve > 0 yurin 39 (¢) > 0 tabbuibii,
|f1— fo| <= |ui —ua| < e Gosca, oA U = U] — Ug YIIH U — FADMOHUKAJIBIK,
koHe 0N mekapaja |u| = |fi — fa| < d opbmgamager. Canmap 2 = |u| < § <
e, Vax € Q.

7. Anaarumurasvty, @YHKUUS MeH 20PMOHUKAABLK, OYHKUUS
apacviidazvl 6atiAaHbBLC.

Teopema 5.1.11. Ezep womnaexc alinvmanve f(z) = u(z,y) + v (x,y)
Pynryuaco, anasumurasvr 6oaca, onda onviry u (), v () HaKMOL HCONE HCOPAMAN
6ONTKIMEDT 2APMOHUKANOE, PYHKUUAAAD 60AADVL.

Hanengeyi. AHaIUTUKAJIBIK, (DYHKINS OOJIYIbIH, KAXKETT] »KoHE >KETKIIIKTI
mrapTel — Kommu-PuMan mapThid KOIIaHaMbI3:

ou_ o0
dr Oy

ou_ v
oy  Ox

Byn Kommu-Puman mapreraeiy, 6ipinmricin @ 6oiibrina, ekiHmmicia y OoiibraIA
muddepennuangan Koccak, Uzy + Uyy = Au = 0 Temuirin amamers. o com
CHSKTBI OipiHIIiciH 3y OOMBIHINA, eKiHImiciH x OolibiHIa quddepeHnmaiIam aacak,
Vg + Vyy = Av = 0 TeHCi3irin anamMbrs.

Mynnait HAKTBI 2KoHE 2KOpamaJs OeJiikTepi O0JaTBHIH TapMOHUKAJIBIK,
u(z),v (x) dysxusamapbie mydindec 2apMonuKaivk, GYHKUUALGD JTETT aTaii bl

Mpesrcasn 5.1.2. u(x,y) = x? — y? — x eapmonurarvr PyrryuACcH, bepizen.

Ozan mytindec v (x,y) 2apMONUKAABE HYHKUUACHIH GHOKMAHVLS.

HTerryi. Komu-Puman mapTor 60iibiama:

Uy =2x — 1 =wy vy =2x — 1
=
uy: —2y:—'l)x vl‘:2y
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Bipinmi renaikTi y 6oiibiHIa HHTErpasacak: v = 2xy —y+p (z), MyHIars ¢ (x)
— Ke3 KeJireH epkin ¢yukiusg. MyHbI exinim TeH/irine Koicak:

y+¢' () =2y = ¢ (2)=0 = p(z)=C.
Hewmexk, v (z,y) = 2xy —y + C — rapMoHUKAJIBIK. AJ
f)=2 -y —r+iQRuy—y+C)=2*—2z+iC

QYHKIIUSICHI AaHAJIUTUKAJIBIK, (DYHKITHSI.

5.1.5. 2KarTbeIFynap

5.1.1. u(x) Pyrnryuacol 2apmoruKaivir; 604aMuHIAT ¢ NAPAMEMPIHIY, MOHIEDIH
mabviHv30ap:

a). u(x,y,z)=x>+y%+az?;

2). u(x) =r=% myndaew r? = zxi+.. 412, (v =0 nyxmeci enbetimin obavicma).

5.1.2. Aamaavk, u(z) gynkyuscoe D CR™ obavicvirnda 2apmorukansir; 60ACHIH.
a). v(z) = u(x+h), h = const € R" gynkyuacow D' = D — h =
{x —h: x € D} obavicoinda eapmonuranv dynkyus 6oaa ma?

ou
2). v(x) = Zxka—% dynryuaco, D obavicoirda 2apmonuranrsvek; Gynruus 60aa
k=1

ma?
6). v(z) =u(Ax), \=const € R, X\ # 0 Pynryusco. 2apmonuraivir; Gyrryus
6oaa ma dicone Kandatl 0bABICMaA 2aPMOHUKANDLE, 60AGOVL?

5.1.3. Tomende f(x,y) anarumuraror @ynryuaconony Ref (z) = wu(z,y)
naxmo, boniei bepineen. Oean mytindec Imf (z) = v(z,y) eapmonurasviy
Pyrryuaro, anvikman, f(r,y) anasumuraisr GYHKGUACHH Ky POHbLS:

a). u(x,y) = 2% —y*+ 2u;

2). u(r,y) =e"siny;

6). uz (z,y) = y> — 32%y;

5.1.4. R? xenicmizinde Au(r) = Inr mendeyin xanazammandvipamonrs 6apavix
u = u(r) Pynryuarapos AHOIKMAKBL3.

5.1.5. R? oicasvsmuoievmdae a < v < b cakunada 2apmanuxasvx (Au = 0)
otcone wexapada

Upeq =T, (ur +u)=p=U, 0<a<b<oo, T,U = const
wapmmapdv. Kanazammandupamoii u = u(r) GyHKGUACHH MabbiHbi3.

5.1.6. Eeep u, = e cosy boaca, Kowu-Pumar mendeyaep orcytiecin natidaranvin,
2apMonurasvi, u (T, y) PYHKGUACOIH GHOKMAHBI3.

5.1.7. Au(r) =0, u(a) = A, u, (b) = B wapmmapds xanaeammanovpamoin
0 <a<r <bckunada u = u(r) 2apMOHUKAAVLE GYHKYUAND GHOIKMAMDL3,
Mmyndaeo, a,b, A, B = const.
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5.1.8. Admanvk, u(r) K : a <r <b 0< ¢ <271, 0<a<b< oo wap
Kabamouoa 2apmonukasik oicore K mytiv obaviema y3ainiccis PYHKUUA OONCHIH.
Eaep:

a). u(c)=A, u(b) =B, r=+z2+y% (n=2);

). u(c) =A, ur(b) =B, r =22+ y%+ 22 (n = 3) 6oaca, u(a) monin Karal

manday xepex? Myndaew a < ¢ < b, a,b,c, A, B = const.

5.1.9. 22 + 1% = r? < R? wenbepi iwinde xeneci Hetiman ecebi dypuic Kotivirean
6a? a ocone b mypaxmolaapoiroi Kandat mondepinde dypoic KotivLaado?

du(z,y)

A =0, 0< R
U(.’L’,y) ) Sr< ) ar

|r:R =az® - by’ +y.

5.1.10. u (r) gynryusaco D = {a <r<b r=yr?2+y’+22,0<a<b< oo}

wap Kabamvinda 2apmonuransir sicone D mytiv obaviema ysiniccis. Eeep
u(c)=P, u-(b)=T, a, b, ¢, P, T = const
benzini 6oaca, u(a) moni neze men?

5.1.11. u (r) pynryusace. D = {a <r<b r=yr2+y’+22, 0<a<b< oo}

wap Kabamunda 2apmonuranvir scone D mytivg obaviema ysiniccis. Ezep
up(¢) =P, u(b)=T, a, b, ¢, P, T = const
benzini 6oaca, u(a) moni neee men?

5.1.12. Eeep uy(z,y,z) = sinh(z) cos(z) + 2zy 6oaca, 2apmonuranrvir; u(zx,y,z)
PYHKUUACIH TAODIH DS,

5.1.13. Adimanvs, u(r) dymwyusco K : 22 + y?> = r?> < R? wenbepinde
Au(z,y) = kr, k = const Ilyaccon mewndeyinin, wewimi sicone K mytivig
obavicoinda y3iniccia Goacwn.  Feep u(c) = A 6eseini 6oaca, u(R) monin
anvikmanwid, myndazor 0 < c < R, ¢, A, R = const.

5.1.14. D obavicoinda eapmonurasvirs 6oramoir u(T,y) = TY GYHKUUACOIHOLH,
D= {mz +y? < 1} MY UbK 00ABICHNIA2YL IKCTNPEMYM HYKMEAEDTH MaAObIHBL3.

5.1.15. v = 22 — y? Pynrxyuacomory, D = {(:E,y) : % + % < 1} 00AbICHIHOGRDL

aKCcmpemym wyxmerepinde D 06abicoinblt, S WeKaPacoina mypeui3viaeah ColpmKbl

n Hopman 60TivHa g—g MYBHIBICOIHBLH, MOHOEPTH MADBLIHDIS.

5.1.6. 2Kayanrapsl

5.1.1. a). a = —2; 2). a =0 owcone « =n — 2, ezep n > 2 6oaca.

5.1.2. a). 2apmonukanvik; 2). 2apMOHUKGAIK; 6). 2ADMOHUKAAVLE,
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5.1.3. a). v(x,y) =22y + 2y + O, f(2) =22 +22+iC, C = const € R;
2). v(z,y) = —e"cosy+C, f(z2)=i(C—e€*), C=const eR;
6). v(z,y) =1 (2" +y?) = 322y2+ C12+Cs, f(2) = utiv, Cy, Cy = const € R,

r? 5
5.1.4. u(r) = r (lnr - 6) + C, VC = const.

(U - T)bln~

5.1.5. u(r) =T +
(r) 1+bln§

5.1.6. u=e%siny + Cix + Cs.

5.1.7. u(r) = A+ bBln iy
a

5.1.8. a). u(a) = % 5). u(a) ‘“W-
5.1.9. a = b.
5.1.10. u(a) = p+ 20—,
ac
5.1.11. u(a) = P + CQ(“a_bb)T;

5.1.12. u(z,y, z) = shxcosz + yx? — y* + g(x,y), myndaew g(z,y) wes xeszen
2APMOHUKANVLE

k(R3 —c3)

5.1.13. u(R) = A+ ——

5.1.14. (z,y) = (i@i@) .

5.1.15. (2,0), (—2,0) wmakcumym wykmensepinde g—g = 4, as (0,3), (0,—3)
MUHUMYM Hy'Kmenepirnde % = —06.
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5.2 Jlanaac koHe IlyaccoH TeHaeysiepi yIIIiH IeHOep
TeKTec ODJIbICTapJa KOMBLJIFAH IIETTIK ecelrnTep

5.2.1. Ileunbep inringe koiiblirad Jlaminac Tewjeyi ynoriH mIeTTik
ecernrep

Q = {2? + y? < R?} menbepi iminme

Au(r,p) =0 (5.2.23)
Jannac rengeyin, 00 = {22 + y? = R?} menbepi mekapacmia (GoibiHa)
TTeKapasIbIK, TAPTHIH KAHAFATTAHILIPATHH ) = O U 9§ TyHbIK 0o6/IBICHH/A

y3imiceis w (z,y) menriMin aHblKTay ecebiH KapacThlpaiiblk. Byus ecer wenbep
jwinde Kotivazan Jupuxae ecebi Jier arasajibl.

Erep mexkapTThiK KOOpAMHAT KYyileCiHEH T = 7 COS@, Yy = rsin@ TOJAPJIBIK
KOODJMHAT XKyiiecine ercek, () = {x2 +y2 < Rz} menbepi Q = {0<r<R, 0<
¢ < 27} TikrepTOypbIIIbIHA aifHaxaasl (5.2.1-cyper).

Yy r

5.2.1-cyper.

A (5.2.23)-(5.2.24) ece6i

du  10u 1 9%u

Au=gat i e T

0, (r,p)e, (5.2.25)

u,_r=rf(p), flo+2m)=f(p), ¢ €0, 2] (5.2.26)

Typre keneni. Byu karmaiiia w(r, ) i3menisgl rmenriMi nepuoarbl byHKIMs
E€KeH/III'l aHbIK, SITHU

u(r,o+2m) =u(r,e). (5.2.27)

Conbiven katap r = 0 menbep nenrpinge u (r,¢) OYHKIUACH 7 XKOHE
OoiibiHIa y3iiiceis auddepennuanianaapl. Congapikrad r = 0 HyKTe e Meliared

|u (0, )| < const. (5.2.28)
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Dypse oxici oiibiamma (5.2.25)-(5.2.26) ecenriy menrimMin
u(r,p) =R(r)® () #0 (5.2.29)
Typinge i3aeitmiz. Mynbr (5.2.27) kone (5.2.28) maprrapra Koiicak, 6ipjeH

P(p+2m) =P (p), (5.2.30)

|R (0)| < const (5.2.31)

mapTrapei agaMbis. Au (5.2.25) Tengeyre Koiicaxk,

/!

1, 1
R'(r)®+-R®+ SRV =0.
T T

. r? .
Exi sxarbin —— kebeifTi,
RO

QR// R/ (I)”
% === (5.2.32)

TeHIiriH, aa oyman keseci exi ZKJIT amambrs:

R’ +rR' — AR =0, (5.2.33)

" + AP (o) = 0. (5.2.34)

Enmi (5.2.34), (5.2.30) IIrypm-JInyBuis ecebin KapacTblpaiibiK:
a) Afitanbik, A = 060sceia. Onga (5.2.34) TeHaey/in KaJIbl MIemnimi:

() = c1o + ca.

Bynan (5.2.30) maptsr 6oitbiama, ¢ = 0, an Cy — Ke3 Kesren Typakrbl. Ouiait
bosica, A = 0 yrrin

Dy (¢) = ag, ag = const (5.2.35)
o). Afitampik, A = —p? < 0, (u > 0) Tepic can 6oacem. Onma (5.2.34) Tenaey
" (p) — *® () =0
TYpPJle YKOHE OHBIH, YKaJIIIbI IeNTiMi:
D (p) = c1e? + cge™H¥

Gosaael.  Bys mremim mepuoiarel emec, srHu (5.2.30) mapr OpbIHIAIMANTHL.
ConpikTal A = —pu? MeHmiKTi can 60/1a ajMaiib!.

164



6) Adtrambix, A = p? >0, p > 0 on can 6oscu. Onma (5.2.34) Tenmey
" (p) + p*® () =0
TYP/ie Ka3bLIaJIbl KOHE OHBIH, >KaJIIIbI IeITiMi:
® () = acos pup + bsin pep. (5.2.36)

Byut memntiv (5.2.30) mepuoAThLIbIK MAPTHIH TEK (1 = n, n = 1,2, 3, ... XKarjaiijia
raHa KaHarartangspaasl. Jlemek, (5.2.34), (5.2.30) ecebinin mentiMaepi

A =0 kezzne Py = ag,
A\ = n? kezne @, (¢) = a, cosnp + b, sinnp, n=1,23,..

6osaer. Erai 6y A menmmikTi capgap yrnia (5.2.33) Teney/l merreiiik.
a) Erep A = 0 6oJica,

r2R" (r) +rR (r) = 0.

Exi wxarpm r2 R’ (1) KbicKapTcak:

R'(r) 1
R () + o= 0, = In|R|+Injr|=In¢; =
R (r)= 071 R(r)=cilnr+co. (5.2.37)

Byaan (5.2.31) menenrenik maprel 6oiibiaima ¢; = 0 a ¢z — Ke3 KeJIreH HOJIJIeH
©3re TYPaKTbl CaH 0OJIa/bl.
Erep co = 1 gen ancak, Ry (r) = 1. Jemex,

(2%} (T‘, (p) = (I)()RQ = agp. (5238)

o). Enmi A = nz, n = 1,2,3,... )Karjgaiiibl KapacTblipaliblK. DByran cofikec
(5.2.33) renjey

P?R'"+rR —n’R=0 (5.2.39)

TypAe Kasbuiagbl.  bByn remgeyaiy memimin R (r) = ™ rTypinge i3zeifik.

Myngarer m canbid 1" TeHaeyAiH mrentiMi 00IaThIHIAN TAHIAI AJIaMbI3.

M =0 = m=+n.

r’m (m—1) P2 4 eme™
Ouraii 6oca, (5.2.39) TeHey il CBI3BIKTBI TOYEJICI3 Jepbec mmentimiepi
Ri(r)=7r", Ry(r)=r""
bYHKIUIaPDI, aJl XKAJIIbI TIemiMi

R, (r)=cir" +cor™ " (5.2.40)
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dbyukuusicer 6onaapl.  [lenbep i ymrin, srau Korapbyiarbl (5.2.31) maprst
OpBIHAJTY YIIiH ¢o = 0 Goyybl KaxkeT. AJI ¢1 epKiH TypakThl 0ojia ajajibl. Erep
OHBI ¢ = 1 Jem Tammall ajcak, OHIa IIeIliM KeJiecimeir 60J1a b

R,(r)=1r", n=1,23,.. (5.2.41)

Hemek, (izmeningi w(r,¢) mentim) (5.2.25)-(5.2.26) ecebinin 1menesren opi

TMEPUOJITHI TIETTIM/IEPL:

uo (1, ) = ao,
Up (1, 0) =™ (an cosng + by sinng), n=1,2,3, ...

0oJ1aabl. AUl 2KAJIILL MM CYIepPIO3UIs KaruIachl OOMbIHIIA,

[e.e]
u(r, @) =ag + Z " (an cos ny + by, sin ny) (5.2.42)
k=1
KaTapbIMeH aHbIKTasIaJel.  Mymgarot a;, bj, ¢ = 0,00, j = 1,00 Genricis

ko3 dunenTrepin (5.2.26) mexkapasblK MapT OPbIHIAJATHIHIANR TAHJIAIl aJIaMbl3.
Aitranbik, f(¢) dyuknuscer {1, cosng, sinng},” | TOIBIK OPTOroHAI ¥Kyitec
boiibiaia Pyphe KaTapblHa XKIKTETIHCIH, sIFHI

fle)=A0+ Z (A, cosny + By, sinng) , (5.2.43)
k=1

MyHgarol A,, B, ®ypbe KoadduuenTrepi:

21 21
1 1
A = 2/J”(<P) dp, An= /f(w) cos npdp,
T T
o, 0 (5.2.44)
1
B, = /f(go) sinnedp, n=1,2,3, ....
T
0

(5.2.26) mekapaJsblK Imapr Goiibmima r = R xargaiina (5.2.42) xene (5.2.43)
KaTapJap/bl CaJbICTBIPHIIL,

A’I’L Bn
apg = A.[)7 anp = ﬁ’ bn = ﬁ (5245)

Genriciz Ko pUIEeHTTEPIiH aHBIKTAaUMbI3. DBy aHbIKTaaraH Ko3hdumenTrep i

(5.2.42) karapra koiicak, JupuxeHin menoep immiHgeri meniMin ajaMbi3:

o0 r . )
u(r,p) = Ao+ Z (ﬁ) (Ay, cosny + By sinng) . (5.2.46)
n=1

166



5.2.2. Illenbep chipThIHAA KolibLIFan Jlammac teHaeyi yimiH
MIETTIK ecernTep

EcenriH KOibLIbIMBI. () = {1:2 +y?2=r2> RQ} meHOepi ChIPTHIHIA, KeJiecl
Hupuxiie ecebiniy meniMin aHbIKTARDBIK:

Au(z,y) = 0,Q = {22 +9* = r? > R?}, (5.2.47)

ulgg = f, 0 = {a* +y* = R?}. (5.2.48)

Byn ecen xorapbigarbl imki ecem Topisai memrseni.  Ajaiiga ) 00JIBICHI
IIeHe/IMereH  O0JIbIC OOJIFAHIBIKTAH, IIEMIIMHIH IIeKCI3IIKTe IMeHeIreH O0JIybl
TaJIall €TlIe], aFHA

lu(M)| <e¢, M(x,y)— 0. (5.2.49)

Congpikran (5.2.40) xamnel menrimze ¢; = 0 6osybl Tajan eriieai. Ouaii 6osica,
CBIPTKBI ecen yrmn (5.2.39) Temyeymin merrimi

R,(r)y=r"

Typae 6osaabl. lemek, upuxieHin ChIPTKBI €CeOIHIH 2KAJIIIBI MIeITiMi
oo
u(r,p) =ag + Z 7" (an cos ny + by, sinny) (5.2.50)
k=1

dopmynamen anbikTaaaasl. MyHa
ap = Ag, an = ApR", b, = B,R", n=1,2,3, .., (5.2.51)
an Ay, By, canmapsr (5.2.44) dopMmyraMeH ecenTeTineI.

Eckepry 5.2.1. XKozapwvidaev, mabvirean (5.2.46) orcone (5.2.50) xamapaapov
cotixec Jupuxreniv, Kl oHCoHe CuPMKD, ecenmepinit, Gopmandvl Weuimoep:.
Bipax, onapdoiry cotikec v < R owcone r > R obavicmapvinda Oiprasbinmovt
atcunarmotavievir opi  dupuzase ecebinit, wewimi boramuiidvievir dasesdeyeae
6onadv .

Eckepry 5.2.2. Eeep (5.2.23)-(5.2.24) orcone (5.2.47)-(5.2.48) ecenmepi —
Jlupuzxae wapmomivit, oproida yuwinws wemmix vemece Hetiman wapmoimen
KOUbLAGH TWKT Hemece cuipmkv, ecenmep 6oaca, onwda da onap dos 0cvindati
AHCOAMEH,  WEWLIAEOT. Bya xesde mex ap,b, woafipuuenmmepinde eana
o3eewenixmep 60460l

4[11], [12] - omebuerrepaen TaGyra Gomabr
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Msican 5.2.1. (x + 1)2 +y? < 1 wenbepi iwinde xeneci Jupuxae ecebin
WEULIHIZ!

Au(‘ray)zov Q:{($+1)2+y2<1}7
ulyq =428 +6x—1, ON={(z+1)2+y>=1}.

ITemryi.  Ecenrin rmemimi moJsip/ibik, KoopauHar kyiecinge (5.2.46)
dbopmynamen eprekTenei:

[o¢]
u(r, @) = Ao + Z r" (A, cosng + By, sinngp) .
n=1

Erep

r+1=rcosp
y=rsing

OOMBIHIIIA TIOJISAPJIBIK, KOODJMHAT »KYleciHe oTceK,
A={0<r<1, 0<p<2r}
JKOHE MIEeKAPAJIBIK, (DYHKITHS
f(ryp) =4(rcosp —1)> +6(rcosp — 1) — 1.
[Iexapamarbl MoHi:
f(r,@)|,—; =4(rcosp — 13 4+6(rcosp—1)—1=
4cos®p —12cos? p+ 12cosp — 4+ 6cosp —6 — 1 =
4cos® p —3cosp —12cos? p + 21 cosp — 11 = cos 3p — 6.cos 2p — 17 + 21 cos .

Byman (5.2.44), (5.2.45) dopmynanap 6Goiibiama Pypbe KosdbuUImEHTTEPIH
€CerTecexk,

2
1
ag = 2/(COS3<,D— 6cos2¢p — 17+ 21 cos p) dp =
™
0
1 1 2
— |=sindp — 3sin2¢ 4 21sinp — 17¢p =17,
27 |3 0
. 21, n=1,
1 _ —
ap = — / (cos3p — 6cos2¢ — 17 + 21 cos ) cos npdp = 6, n=2
T -1, n=3,
0 0, n=0,4,5,..,
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2m
bn—Bn—/ (cos 3¢ — 6cos2¢ — 17 + 21 cos p) sin npdp = 0.
T Jo

Outait 60JICa, TOJIAPJILIK, KOOPAMHAT XKYieciHae TaObLIFaH MIeIiM
u(r, ) = —17 4+ 217 cos o — 612 cos 2¢ + 2 cos 3.
Eni kepi 1ekapTThIK >KyilieciHe Kellcex,

u(z,y) = —17 + 21r cos p — 6r% (cos® ¢ — sin? @) + 13 (4cos® o — 3cos ) =
ST 420 e+ ) =6+ 1)+ 67 + 4 (2 +1) =3 (0 + )P +y?) (o4 1) =

23 — 322 + 3y? + 120 — 3zy® — 1.

Kayabor: u (z,y) = 2> — 322 + 3y + 122 — 3zy? — 1.

By ecenri (5.2.44)-(5.2.45) unaTerpasgapapl ecenteMeii-aK anbikmaimazar
Koapuyermmep dIICIH KOJNJIAHBIIN IIenty KeHutipek 6omazapl. (5.2.46) dopmyna
OOMBIHIIIA

o
w(r, @) |r=1 = ag + > 7" (ancosnp + bysinng)| =
n=1

= r=1

ag + a1 cos ¢ + by sin ¢ + as cos 2 + ba sin 2 + a3 cos 3¢ + bz sin 3p = ...
(5.2.52)

ExiHmm KarbiHaH IIeKapaJiblK [apT OOHbIHINA
u(l,¢) = f(1,¢) =cos3p — 6cos2p + 21 cos p — 17. (5.2.53)

Byn (5.2.52), (5.2.53) epHeKTepiH cajblCTBIPbIL, cosny, sinng, n = 0,1,2; ...
GYHKIUSTAPBIHBIH, AJIABIHIAFE KOIDDUIEHTTEPIH TEHECTIPCEK:

a0:—17,a1:2, a2:—6,a3:1, as = as = ..... :0,
by =by=..=0.

Hewmex, memntimMm
u(r, ) = —17 4+ 217 cos ¢ — 612 cos 2¢ + 3 cos 3p
HEMeCe JIEKAPTTHIK, KOODJUHAT XKYHeciH e
u(x,y) =23 — 32% + 3y* + 122 — 3z — 1.
Mbican 5.2.2. Jlupurieniy, colpmxb, ecebit WewiHia:
Au(z,y) =0, z°+41°> R’

u(a,y) =y* —zy, 2*+y*=R"
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HTemryi. (5.2.50) dopmynamen aHbKTajgbiaran u(r, ) memivi r = R

meKapasa

S n

1
u(r,¢)|r=k = ao + E <r> (an cosng + by, sinny) =
n=1 r=R

b1 bo
a0+Ecosg0+Esm<p+R2 cos2g0+R sin2¢p +....

At mekapasiarbl MoHI (IeKapasiblK mapT) GOWbIHIITA

U(R,QD):JC(R,(,O) = (yz—xy)‘ x = Rcosy
y = Rsingp

R?sin? ¢ — R%sinpcosp =

2 R2 R2 R2 2

— (1 —cos2¢p) — ?sm2g0— o5 70052@— 7sm2cp

CoHFBI €Ki ODHEKTI CAJIBICTBIPHIII,

R? R*
a0:7,a1:0, agz—?,a3:a4:a5: ..... :0,
R4
b1 =0, b2:—7, b3=by=..=0
ko3 purmenTrepin anbkTaliMbr3. Ourail Gosica,
R> R R* |
u(r,p) = 5 5 3 Cos2¢p — ﬁstgo
HEMeCce
R2 R4 2 2 &
u(z,y) = 5 "5 (7‘ cos2p —r sm2g0) v =reosp =
y=rsing
R* R 2 2 i 2 2 :
=5 "o (r (cos © — sin go) —2r cosaps1n2<p) Z=rcosy
Yy =rsiny
R? R*
?_ 2 22(£U -y —2$y)
2 (2?2 +9y?)
7Kayabbr
2 4
R
u(z,y) = — — v -y =2z
(@,y) = 5 2(x2+y2)2( y v)



Mpican 5.2.3. Ioaspavx xoopdunam owcytiecinde Oepinzen  Keaect
Hetimannor, 1wkt ecebinit, Wewimin aHbKmaHvl3:

Au (r, ) =0, Q={0<r<R, 0<p<2r},

0
gu = cos® ¢, 0 << 2m.
or|,_p
HTemryi. Oyeni, Heiiman ecebinig, a—ds = (0 memiMIiTiK IapThH
n
o0
TeKcepeikK.
ou _ Ou N
on r=R a or r=R
5 21 5 2m 21
1
s = /0083 pdp = — /cos wdp + — /cos 3pdp = 0. v
on 4 4
oY 0 0 0
Exinntizen, (5.2.42) dopmyna GoiibHima
ou i n-1( b )
— = nr G, COST sinn =
or|,_p " P on v
T k=1 r=R
a1 cos @ + by sinp + 2Ryas cos 2 + 2R1bg sin 20+
3R%a3cos3p + 3R%sin3p + ... =
3 . 1 5
7 Cosy + 7 cos3o.
Bynan
3 1 .
ag = ¢ = const, ai =7 a3:TR2’ a; =0,1=2,4,6, ...,

bj=0, j=0,1,2,....

Hewmex, mertimM
3

3
u(r, @) = 1 cose + 1;?005&0 + ¢, ¢ = const.
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5.2.3. Cakunaga koiibutran Jlanjgac TeHaeyi VIOiH MIETTIK
ecemnrep

Papuycrapsr Ry xone Ry (R; < Rg), nenrpi 6ac HyKTeje OpHAJACKAH €Ki
meHOep/IiH apacbiHiarbl cakuaaa (5.2.3-cyper)

A(z,y) =0, R:<z’4+y’ <R3
Jlamiac Tenieyin KaHaraTTaHIBIPATHIH KOHE CAKWHA ITIEKAPAChIHIA

Uy oope = f1(,y),  ulpeyp_pe = fo(zy) (5.2.54)
HIAPTTAPbIH KAHAFATTAHLIPATHIH U (2, y) menriMin Taby ecebiH KapacTbIpailbiK.

Y

5.2.3-cyper.

ZKorapbiiarbiiaii, 1eKapTTBIK KOOPIMHAT KYHECIHEH TOMSIPIIbIK KOODJAUHAT
xkyitecine (5.1.3) ercek, 6y ecen

Pu  10u 1 0%
R T T _ 9
3T2+r8r+r28¢2 0, Ry <7 <Ry 0<¢p<2m,

u(R1, @) = f1(p), (5.2.55)

u(RQ’SO) :f2 (90)7 0 < 2 < 2m
Typae KOMBLIAIDL. Mynzna f1 (@), fo(p) mekapasnbik byHKIUIAPHL 27

nepuojThl Jien KabbuyiaiMbis.  Pypbe oficiH KosgaHbi, menival u(r, @) =
R (r)® (¢) # 0 Typinze i31ecek, HOTHKEE

rR"4+rR — X\?R =0, (5.2.56)

" (p) + N2® () =0,

B (o + 27) = @ () (5.2.57)
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TeHgieyiepine Kesemis. (5.2.57) ecenTiy IepHOATHIK MAPTHIH KAHAFATTAHIBIPDATHIH
mermiMaepi Tek A, = £n, n = 0,1,2,... xkarjpaiina rana 6ap 0oa/bl 2KOHE
oJjapra coiikec jepbec memriMiaepi

Dy, =cosnp, Py, =sinnp, n=0,1,2,....
a; MyHZail A, coiikec (5.2.56) TeHeyiH CHI3BIKTHI TOyesCi3 gepbec memnriMaepi
Rig=1, Ryg=Inr, n=0,

Ry, =71" Rop=7r"",n=123,...

6osael. Outait 6osica, (5.2.55) ecenTi, KaJIlbl MM

0o
u (Tv @) =ao+ bO Inr+ Z [(anrn + bnr_n) cosny + (Cn'rn + dn’l”_n) sin ngo]
n=1

(5.2.58)

Typae 6onagel.  Mymmarel ag, b, ¢ = 0,1,2,... 6enriciz kosddureHTTepai
MEKAPAJIBIK TIAPTTAPIbI KOJJAHDII AHBIKTANMBI3, SIFHU

aop+boIn Rl—}—z [(anR711 + ban") cosny + (CnR?’ + anfn) sin ncp] = fi1(¥),

n=1

ao+byIn Rg—i-z [(anRS + bnRQ_") cosny + (cnR’zl + anQ_”) sin mp] = fa(p).

n=1

Byn eki xarapzapl exinmi skarbiHaH fi (@) koue fo (@) dyHKIMsIapsl yImHn
Oypre kKarapbl jgen kKabwLimar, Dypbe koaddurentrepi OoiibiHIIa, ag, by
KO3ppUIeHTTEPiHE KATHICTEI

,

2T
1
ap +bpln Ry = 2ﬂ_/f1 ((p) dgo,
0

o (5.2.59)
1
ap +boIn Ry = 2/f2 (¢) de
T
0
JKylteci, an,, by, n=1,2,3,... koaddunenrrepine 6ailIaHbICTBI
2
1
an R} + b, Ry" = = / f1 () cos npdp,
e (5.2.60)
mn —n 1
an Ry + b, Ry " = = f2 () cosnpdp
0
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JKyllecin xKoHe ¢, d,, n = 1,2,3,... Koaddunenrrepine 6ailTaHbICTHI

( 2w
1 .
cnRY +dp R = = / f1 () sinnpdep,
O (5.2.61)
1
By ;" = [ fa(¢)sinngdy
\ 0
Kyilecin  ajambIs. Byn  (5.2.59)-(5.2.61)  Tenmeynep kyiienepinen

ag, bo, an, by, cpn, d, Genriciz koaddunuentrepin ambikranm, (5.2.58) Koiicak,
i3meiHal MenriMIl ajJaMbl3.

Mpeicas 5.2.4. Keaeci caxunada bepinzen Jlupuxae ecebin xkapacmoipatior:

Au(r,p) =0, 1<r<2, 0<p<2m,
u(1,¢) =cosp, 0< ¢ < 2m,
u(2,¢) =3sin2p, 0< ¢ < 2m.

ITerryi. Bipinmiznen, (5.2.58) dopmysia GoibIHIIA MEKAPAJIBIK TAPTTAPIBI
KOJIJTAHCAK;

u(l,p) =ap+ (a1 + by)cosp + (c1 + di) sinp + (az + be) cos 2¢p+

(c2 +da)sin2p + ... = cos p,

b d
u(2,¢)=ap+byIn2+ <2a1 + 21> cos @ + (261 + 21> sin ¢+

b d
<4a2 + 42> cos 2 + (4@ + 42> sin2¢ + ... = 3sin 2.

bBynan n = 1,2 xkarnaiina, arau ai, by, ¢z, do xkodddurmenTrepi yiriu

a;+b=1 co+dy =0
b d (5.2.62)

1
2 — = 4 -2 =
Cl+2 0, C2+4 3

TeHJIeyJIep KyleciH aJlaMbI3, ajl KaJFaH a4, b;, ¢;, d; KO3 puIimeHTTEpiHiy
OapJIBIFBI HOJITE TeH. DBy XKyitesmepain merrimepi:
1 4 4 4
al = —— b1=* Cy = — d2:_,.
3’ 3’ 5 )
Hemex, memim (5.2.58) 6oiibraima:

r.0) 14 (4 A o
w(r,p)=—=r+ — ) cos —r® — — ] sin20.
g 3 3r 14 5 512 v

Exinrmmigen, xorapsiaarst (5.2.59)-(5.2.61) dopMmyramapbli KOJIAHCAK, OHJIA
Jla OPTOrOHAJIbIBIK KacueTi OofibiHima (5.2.62) kyilere Kesemis. Kanran
KO3DPUIMEHTTEP] HOJITE TEH O0JIA IR
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5.2.4. Cakumnaga koiiburran IlyaccoH TeHaeyi VIIOiH IHIETTiK
ecernrep

Ecenriy KOMBLIBIMBI. Temengeri Ilyaccon Tenjieyi VIIiH CaKHHAJIA
KOUBIJIFAH YIMHII METTIK €CenTi KapacThIPalbIK:

Au=f(r,p), m<r<rs (5.2.63)
ulp—p, = 91(), (5.2.64)
ou

ol = g2 (). (5.2.65)

Ecenriy 6epiny obusbice! menbep Tunti 6osranapikrat, (5.2.63) rengey (r, )
HOJIAPJIBLIK, KOOPAMHAT »Kyiiecine

1 0 ou 1 0%u
il — 2.
ror (T 6r> + r2 Op? 1) (5.2.66)

Typae xkasbuiagbl. bys (5.2.66) Teney/iH mentiMin
u(r,¢) = agp ( Z an, (1) cos ne + by, (r)sin ne (5.2.67)

TPUTOHOMETPUSJIIBIK, QPypobe KaTapbl TYpiHIEe i3J1eitMi3, MYH/JTaFbl
ap (r), an(r), by(r) — o3ipre Genriciz dynkumsiap. AJja oapibl aHBIKTAI,
6acrankpl (5.2.63)-(5.2.65) ecenrin mermiMin TabaTHIH G6OIAMBI3.

Out yuiin angeiven f (1, ¢) dyakuusicoin Pypbe KarapbiHa KikTen (MyHJIA,
opuHe, XKIKTeJe/l JIel KOPUMBI3)

frye)=ao(r)+ Z an (1) cos N + by, (r) sin ne (5.2.68)

»KoHe ouHbl (5.2.67) Typme i3meninren wu(r,¢) dyuxmscoiMen koca (5.2.66)
TeHJleyre KOsIMbI3, sIFHU

1d [ dag(r) = [1d ( da,(r) n?
rdr (T dr ) +nzz:1 L’dr <T dr Pz om (r)] cos nep+

i [ijr (rdb;;f”) - Zzbn (7“)] sinngp = (5.2.69)

aop (T)+Z [an( ) cos g + by, (r )sinngp}.

n=1
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Byn rewgikren, f(r,¢) dyukuuscer yiuin Pypbe kosddUIMEHTTEPIH ecKepir,
anvikmaamazan xoapduyuenmmep odici OOWBIHINA KeJiecli TeHJeysiep XKyieciH
AJTaAMBI3:

2T
%dir (Tdafl:ﬂ) _ % / f(r ) de =ag (r), (5.2.70)
0
27
%dir <rdagr(7“)> B nQC;nQ (r) _ 71T/f (r, ) cos npdp = a, (r), (5.2.71)
0
2m
%d% <TdelT(r)> - nQanZ(T) _ 71T/f (r, ) sin npdp = by (). (5.2.72)

Byn (5.2.70)-(5.2.72) muddepeHnman bk, TeHIeyIepin ITIeIIIiII,
ap(r), an(r), by (r) xkodddunuenrrepin anbikTaiiMbrs.  Bymap kasms
mentiMaep OOJFaHIBIKTAH, OJlap Ke3 KeJITreH TYPaKThl CaHFa JeiliHri JoJimiKieH
anblkTasaabl.  Mocesen, (5.2.70) Tenzmey — peTi TOMEHIETLIETIH TEHJEY YKOHE
OHBIH, >KaJIIIbI IITENTiMi

aop (r) = A (r)+ Eo+ Foln r (5.2.73)

Typue 6omabl, MyHIarsl Ag (1) — 6esrini dyuknus, an Ey xone Fjy — ke3 Kesire
TypakThl cangap. (5.2.71) renney
2 I / 2 2~
réa, (1) + ra, (r) — n°ay (r) = r<a,(r)

TypJeri 6iprekTi emec Diyiep TeHmgeyi. MyHBI TYpaKThIHBI BapHAIUsIAY OJIiCi
apKbLIbI TrenteMi3. MyHBIH cofikec OipTEeKTi TeHeyiHiH KaJIbl Ierrimi

an (r) = Cpr™ + Dypr™"
OOFAHIBIKTAH, YKAJIIIBI IITETTiMi
an (1) =Cp(r)r" + Dy (r)r ", n=12, ..
Typae i3aenineni. Myunarer Cy, (1), Dy, (1) 6enrici3 dyHskIpsiaapst
#C (1) + D, (r) =,
#C, (1) = Dl (1) = i, (7)

muddepeHnuaIIbIK TeHIeyaep »KylleciHeH ke3 KeareH F, koHe F), TypaKTbl
caHJapblHa JEHIHT JI9JIIKIIEH aHbIKTAJIa b
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Hon oceiapail sxkonmen, by, (r) xkosddunuentrepi ne ke3 xemren Gy, H,
TYPAKThI CaH/IapbIHA JIEHIHT] JRJIJIIKIIEH aHbIKTAJIa,IbI.

Bya ao(r), an(r), by (r) xosddurmenrrepin (5.2.67) karapra KOMbII,
Gesiricia  epkiH TypakThl caHgapbl 0ap u (r,@) KaJIIbl IIeNiMJl  aJlaMbl3.
Byn Genriciz canmapapr (5.2.64)-(5.2.65) mekapaJblK, mapTTapibl Haii1aJaHbii
AHBIKTANMBI3.

Mpsican 5.2.5. Caxunada xotiviizan [Tyaccon mendeyt ywin ywiHw wemmix
ecenmi WewiHi3:

Au=r3cosp, 1<r<2, (5.2.74)

ul,_; = cos2gp, (5.2.75)

ou

— = sin 3. 5.2.76

or| sin 3¢ ( )
IMTermryi. Angpiven f(r, ) = rdcosy dbynxmuscen (5.2.68) Typaeri

®ypbe KarapbliHa XKikreiimiz. By dyukmusanabl 031 Pypbe KaTapbl TYpiHJe
bosrranpikTal, Oypbe koadduimenTTepi GIP/IEH AHBIKTAJIAIBI, SFHA

aop(r) =0, a1 (r)=7r% a,(r)=0, n=1,2..., by,(r)=0, n=0,1,2....

2Korapbljia afiThLIFaHIANbIH, ITETTiM/Ii

u(r,p) =ag(r) + E an, (1) cos ne + by, (r)sin ne (5.2.77)
n=1

Typae i3aeimiz. Mynnarst ag (1), ap (1), b, (1) — K03 dunuentrepi
1d [ dag(r)
el = 2.
rdr (T dr > 0, (5.2.78)
1d ( day(r) ay (r) 3
el — = 2.
rdr (T dr ) r2 " (5.2.79)
1d [ day(r) n*a, (r) B
;% <T dr > — ’[“2 = 0, n = 2, 3, ceey (5280)
1d [ dby(r) n2by, (r)
el _ = =1.2 .2.81
rdr <T dr ) r2 0, m v (5.2.81)



TeHIeyIep KYHeCciHeH aHBIKTAa/Ibl.
(5.2.78) menjey i, KaJIbl MIeriMi

ap (r) = Ey+ Fylnr,

myngaarsl Ey, Fy — 6enricis epkin TypakTbLIap.
A, (5.2.79) renmeyaiy yKaJIbl meniMi

ay (r)=Cy(r)r+ Dy (r)r!
rypae i3nenineni. Myunaret Cy (), D1 (1) dyHKIusaapb

{nginro
2} (1) = D} (1)

0,
7,7

nuddepeHnnaIbK TeHIAeYyIep Kyitecinen anbikTagaabl. Jlemek,
7
r -1
ar (r) = =T Eyr+ Fir—,

MyHgarel By xoHe F] — Ke3 KeJIreH TYPaKThl CAHIap.
(5.2.80), (5.2.81) Tenmeysep 6ipTeKTi GOTFAHIBIKTAH, OJAP/IBIH CONKEC YKaJIIlbl
mrentim;iepi

an (r) = Cpr"™ 4+ Dpr™", n=2,3,..,

bp (1) =Gpr + Hyr™", n=1,2..,

myugarsl Cp, Dy, Gy, H, — o3ipre bejriciz epKiH TypakThl CaHIAP.
Hemexk, OepireH ecenTi KaJIIbI TIETTiMi

u(r, @) = ag (r) + Z an, (1) cosng + by, (1) sinngp =
n=1

o7

Ey+ Fylnr + <Z8 + Eqyr + F1r1> cos -+ (5.2.82)
oo
+ Z (Enr" + Fnr_") cosny + Z (Gnr" + Hnr_") sinngp
n=2 n=1
GomaIbI. Byn Genriciz epkin TypaKTbLIAPBIH AHBIKTAY VIIMIH IIEKaPAJIBIK,

MAPTTAP/IbI KOJIJIAHAMBI3, SiFHU OIPIHIII IIeKaAPAJIbIK, MAPT OOMBIHIIIA:

1 (o)
u(l,p) = Ep+ < + B+ F1> cos ¢+ Z(En + F,) cos np+

Zf n=2
Z(Gn + H,,) sinnp = cos ¢,
n=1

178



eKiHII mapT 6OMbIHIIA

Fy 28 -
ul (2,¢) = 70 + 3 08 ¢ + Z (nEn2”_1 - nFnZ_"_l) cos ny+

n=1

oo
Z (nGn2n_1 - anQ_”_l) sin ny = sin 3.

n=1

Bynapnan

1
@+E1+F1:0 Ey+ Fr =1,

1
28 F; _ I =
. B - 41:0, 4F5 4F2_0,

nE2"t —nF,27" 1 =0, n=34,..,

Gn+Hn:0 G3+H3:0

nGp2"t —nH, 27" =0, n#3, 12G3 — %H3 =1.

|
o
|

Gs+ H3=0
3G32%2 —3H3274 = 1.

Byn rmemmeynep xyitecin rmermin, 6esrici3 TypaKTbLIAPAbl AHBIKTAIl, OJIAPJIBI
(5.2.77) koiicak, HoOTHKeIE 13/eJIiHJIl MeriM/I aJIaMbl3:

u(r, @) = ﬂ—@r—i-gr_l cos p+
P =\ 22" 240" " 60 14

1 16 16
<17T + 17r_1> cos 2¢p + (119657“ — 195)T_I> sin 3¢p.

5.2.5. 2KarTbeIFynap

2Kozapwidazvr adicmepdi Koadanwvin, Keaect ecenmepodi weuwsiiia:
5.2.1. Au=0, 0<r< R, 0<p<27m u(R,o)=p-2r—¢), 0<p<2m.
5.2.2. Au(z,y) =0, 2?2 +y* =12 <4, ul,_y=2>—-2zy+1, ul—o < cc.

5.2.3. Au=0, r >R, 0 < ¢ < 2m, g—ﬁr:R:asing, 0 <o <27, |ul < oo.
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Hlenbep iwinde nemece coipmouinda bepinzen momendeei Hetiman ecebinin,
WEWTAY WAPMBIH MEKCEPIN, WEWIMIH AHOIKMAHBL3!

0
5.24. Au=0, 22+1y2 =12, 0<r<1, 20| =4(a?—1?) +y.
or r=1
ou 2
5.25. Au=0, 2> +y> =72, 0<r<1, — = Ay — B
or r=1
5.2.6. Au(z,y) =0, 2> +y?> =r> < R? Ou = da? — Ay +y|,_p-
) ) ) 87‘ T:R T:R
2,2 2 , Ou
5.2.7. Au(z,y) =0, 22 +y* =r* <R?, —| = azx+pBy+l_p-
or r=R
2., ,2_,2 , Ou 2
5.2.8. Au(z,y) =0, 2 +y°=r°< R*>, — = az® + fry + 7| =R"
or|,_p "=
ou
5.2.9. Au=0, 0<r<aR, — = Acos p.
or|,_p

Keneci caxunada bepineen Jfupuzae ecebin weurinia:

Au(r,p) =0, 1<r<2, 0<¢p<2m,

.2.10.
5.2.10 { u(l,p) =v1 = const, u(2,¢)=1ve=const, 0 < < 2.

5911 Au(r,p) =0, 1<r<2, 0<¢<2m,
T L u(l,9) =14 cos?p, u(2,0) =sin?p, 0<p < 2.

Au(r,p) =0, a<r<b, 0<¢p<2m,

5.2.12. { u(a,p) =0, u(b,p)=Acosp, 0<p < 2.

5.2.13. Au(z,y) =0, 1<r=+a?2+y2<3, ulp=1 =0, ul,=3 =3x.

5.2.14. 22 +y? = r? < R? wenbepi iwinde Au(z,y) = —Azy, A= const
ITyaccon mendeyinin, wewimine mabvinnis, ezep ul,._p = 0 6oaca.

5.2.15. Au(z,y) =0, 1<r=+/224+y><2, uly=1 =1, ulr=2 = 2zy.

5.2.6. 2KayanTapsl

5.2.1. u(r, o) 2r” 4? ! (r)k k

2.1, = — — — (=) coske.
k=1

5.2.2. u(z, y)—1+3x—2xy+ 13 —Za:y

20 da= 1 (R\*
5.2.3. u(r,p) = 7@_70[ 4]{271 <) cos k.

5.2.4. Ilewiny wapmo, opvndanadv, u(z,y) = 2(z? —y?) +y + C, C = const.
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5.2.5. [lewinry wapmor A = 2B 6oaca opvirdaradol,
u(z,y) = %(yQ —2?)+C, C = const.

5.2.6. Ilewiny wapmoe A = 4 6oaca opvirdanadol,
u=2R*(2? —y?) + Ry + C, C = const.

5.2.7. Hlewinry wapmor v = 0,Ya, B € R 6oaca opvrdanadu,
u=ax+ py+C, C=const.

R2
5.2.8. [lewinry wapmot v = fa—,Voz B € R 6oaca opvirdanadot,

u:aTR(xQ—y )+5R:cy+C C'—const

5.2.9. Hlewiny wapmot opvrdasadn, u = Arcosp + C, C = const.

1

5.2.10. u=v; + (v2 — vl)ln;

3 Inr 2 1
5.2.11. = — — + [ = — =72 ) cos 2¢p.

2 2" (3r2 6 >C°b 14

b (7"2 — a2)

5.2.12. u=A————-"cosp.

" r (b2 — a?) i

27(z% + 2 — 1)

5.2.13. u(x,y) =

0= 5w+
5.2.14. u = A”Q (R2 —-r )sin2<p Hyckay: uw = v + w, wMmyndaen
vo= Af;y (:L’ —I—y) = AZ sin 20— Ilyaccon mendeyinir, depbec wewimi,
ar w— Jlanaac mendeyinivy, w|,_p = %R‘l sin 2 wexapavlk WapmoH

KaAHA2ammarIbpambviH, ULeULIM.

CC2+ 2
In V2 N 32((2? + %) - 1)

ln% 15(x? 4 y2)?

5.2.15. u(z,y) =

xy.
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5.3 TI'pun dbyHKIUMsCHI daici

Byn Gemimme apmaiibi obsbicTapiaa koiibuiran Jlammac wemece Ilyaccon
TeHJIeyJIepl YIMH MIeTTIK eCenTep/i MeNTy/IiH Tarbl 6ip ofmici — I'puH GyHKIMICH
9JIiCl KapacTbIPbLIAJIHI. DJIEKTPOCTATHKAJBIK KECKIH 9JIici apKbLIbl Jepbec
JKarmaigarsl obsbicTap yirin ['pua QYHKINUICHIH Kypy KOpceTiaem.

5.3.1. Jlamuyac Ttenaeyine koiibutran Iupuxie ecebi ymin I'puna
dyukiusicel. I'puH DyHKIUACH dIici

n emmeMai R" Epkimn kenicriringeri Teric S = 0f) mekapasnl {2 00/IbICHIHIA,
koitburan Jlamnac regmeyi ymrin lupuxie ecebin KapacThIPAbIK, SFHH

(5.3.83)

w(@)lpes = (), T €S,

Tenjeysep Kyitecin Kamararraapiparsin u(z) € C2(Q) N C (ﬁ) dYHKIUSACHIH
Taby Kepek, MyHuarsl ¢(x) € C (S) — Gepinren ysimiceis dyHKIms.

2Korapeimarsl afiTeurran Jlammac Tegaeyinin ipresi memntiMin ecke Tycipeitik
((5.1.14) kapaHpI3):

CN 2
L U
Blpe ) 2m E—a "T7
(2,8) = 1 \ (5.3.84)
ame—a] "

AnpikTama 5.3.1. Q obavicvinda:
1. G(z,8) = E(z,8) +9(z,9), (5.3.85)

aenu E(x,§) — Jlanaac mendeyinin ipeeni wewimi mern 0 00avcoiHbr, 6aPABIK
orcepinde  eapmonuanvk g(x,&) PYHKUUAHDIY, KOCLIHODICOINAH TVYPAMbIN HCIHE
wexapada

2. G(z,9)]g=0 (5.3.86)

wapmoir Kanazammandvpamon G(z,€), x # £ € Q dynxyuaco Janasac mendeyi
ywin Jupuxae ecebiniy, I'pun dynryusco. den amanadot.

I'pun dbysKuusiceiabiH, kKacuertepi. Jlamwrac tenueyi ymin Jupuxie
ecebinin G(z, &) I'pun dyHKIusACH Keseci KacuerTepre ue:

1°. G(x,£) >0, z#E£€Q,
2°. AG(x,8) = AeG(&0) =0, x#E€Q,
3°. G(x,6) =G(&x), x#E€q.
Erep T'pun dynknusgacer Oenrini 6osca, oupma Jlammac xkome Ilyaccon

Teneysepi yiuin Jdupuxie ecebin onait memryre 60/1a1b1.
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Teopema 5.3.1. Eezep G(z,€) (5.3.83) Jupuzae ecebinivg I'pun dynryuscos
6oaca, onda (5.3.83) ecenmir, wewimi

G (z,
u(z) = —/w(&)wdsg (5.3.87)
L3
S
. 0 . .
mypde oprexmenedi, myHodazo. R - & € S nyxmedeei S bemine mypaoi3vinean
L3

copmKDL HOpMaA botiviruwa myvirdv, an dSe — & nyxmedezi S bemi aydarvirivry
INEMEHMI.

Honenneyi. ZKorapbuibirst (5.1.16)-T'punnin exinmi dopmyaachie ocsbl u(x)
xkoue g(z,y) dyHKIusIapbl VI KO IaHaHbIK;

[0 80t - w)dg o = [ (a0 G - uie 2500 ) ase.
Q S

Bynan Au(x) =0, Ag(z,y) = 0 6oaranabikTa,

/ <g &) agé? - u(f)%) dSe = 0. (5.3.88)
S

Enji rapMOHUKAJIBIK (DYHKIMSHBIE HHTErPaJ apKblIbl OPHEKTELY (GOPMYyJIachiH
kazaiiblk ((5.1.21) kapaHpI3):

u(z) = / (E(w,ﬁ)agéf) —u () 8%(725)) dSe. (5.3.89)
S

Erep I'pun hyHKIMSACHIHBIE aHbIKTaMaChIHIAFbL (5.3.85)

G(x,8) = E(x,8) +g(,)

TeHiirin eckepin, (5.3.88) xone (5.3.89) TenikTepai Koccak, OHJIA
_ du(§) 9G (z,§)
S

Byran u(§) = ¢ (§), & € S xone 'pun GyHKIUACHIHBIH aHBIKTAMACHIHIAFBI
G(z,) =0, & €S mekapasblK MapTTapblH KOJIJAHCAK, HOTHIKE/Ie

o) = - [ (0252 as,
S

TEH/IKTI aJaMbI3.
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Teopema 5.3.2. Eeep G(z,€) (5.3.83) Hupuzae ecebining I'pun dynryusco
boaca, onoa

Au(z) = —F(z), x€Q, u(z)|g = f(y)’yES

Ilyaccon ecebimin, weusimi

/f 8%56 y)dSy—l—/F(y)G(w,y)dy (5.3.90)

Ny
Q
mypde epuexmenedi, myHdagol w, — 0ipaix chepa beminiy, aydarol.

Eckepry 5.3.1. By myowcoipoimnan, Jansac nemece Iyaccon mendeyi yuvin
upuzae ecebin wewy ywin G(x,&) = E(x,§) + g(x,§) Ipun dynkyuacoun
KypY orcemiinikmi exendizin kopemis. Anatida E(x,§) Jlanaac merdeyinit, ipeeni
wewimi 6enzini borzandvikmar 'pun pynxuuscom Kypy g(z,€) eapmonuranve
Ppyrxyuacun mabyza xeaedi. AKoeapwdagvr I'pur GYHKUUACOHBIY, AHDIKMAMACDE
orcone exinwi Kacuemi botwmnwa, g(x,§) dynrkyuaco

Arg(x,8) = Aeg(x,§) =0, x, £€Q, (5.3.91)

9(#,)]es = —E(@, )l 1es (5.3.92)

wemmik ecebinir, wewimi 6oaadv. Bya da Tupuxse ecebi, 6ipak, ueKapaLbLE MIHI
Ke3 Keazen emec apHativt mypoeei GyHKryua.

5.3.2. TI'puH PYHKIUSACBIH KYypPy. DJIEKTPOCTATUKAJBIK KEeCKiH
amici

[Ilexkapacbl >Ka3bIKTHIK HeMece cdepa 0ol KejeTiHn obseicTapia ['pun
GYHKIUACH alKbIH TYpP/Ae KYpPbLIaIbl. I'pun  dyurmuscoin GU3NKaIbIK
WHTEPIPETAIUSICHI  OOUBIHINA,  AAEKMPOCTNAMUKGALYK — KECKIH — OJICi  >KoHe
MaTEeMaTUKAJIBIK, TYPIe Koh@opmovk betineney dJ1ici apKbLIbl KypyTra 60J1aIbl.

DJIEKTPOCTATUKAJIBIK ~KECKIH oJiciH 7 = 3 eJmeMIi Karjail yImiH
KapacThipaifblk. AHbIKTaMa OoiibIHIIa ['puH (YyHKIUSACHL:
1
G(z,§) = — + g(x,§). 5.3.93
@6 = =g o0 (5.3.9)

Kannbr dusuka KypcblHaH Oesriai, £ HYKTere »KalfacTBIPBLIFAH IaMaChI
@-Te TeH 3JIEKTPJIK 3apsij IeKci3 KeHicTikTe Oerini 6ip koopawHAT KyileciHme
[TOTEHITUAJIBI

q

m (5.3.94)

6OJIATBIH IJIEKTPOCTATUKAJIBIK OpicTi Tyabipajabl. bya (5.3.94) norennuan &
HyKTecineH 6acka OapJibIK, Kep/ie TapMOHUKAJLIK, (DYHKIHS OOJATHIHBIH KOPYTe
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Gosagel, sirau Jlamiac tengeyiuin ipresi miemrimi 6osagabr ((5.1.14) kapasbI3).
Congpikran (5.3.93) epmekreri E(x,§) = m Oipinmm KOCBIIFBIIITBI &
HYKTEre KafFacThIpbLran ¢ = 1 OH GipJiK HYKTeJIK 3apsiATBIH, MOTEHITHATBI,
T eKiHmm KochLIrb — g(, &) DyHKIMACHH () 06IBICHIHBIH, CHIPTHIHAAFE! &F ¢
Q) HyKTesepye opHAJACKAH (i, k = 1,2,...m HYKTETK 3apaaTapbl TYIbIPFaH
9JEKTPOCTATUKAJIBIK, OPIC TIOTEHITHABI PETIH/E KAPACTHIPYFa OOIAIbI, AFHH

1 di k45
9@, =Y —0, ¢ (5.3.95)
Ar = o — &V
k=1

Cebebi,  Korapblia  aWTbUIFaHJAWBIH,  HYKTEJIK  3apsjarap  TyJbIpraH
SJIeKTPOCTATHKAJIBIK ~Opic moreHrmamb &F  Hykremepmen 6acka skepiepie
TapMOHUKAJIBIK, (DYHKIUST OOJIATHI.

Byut Q 0GJIBICBIHBIH, CHIPTBIHIAFBL G, k = 1,2, .../m 3apsiaTapbl KOCBIHIBI OPic
MIOTEHITNAJIBI TITeKaPa/ia HeJIre aifHAJIAThIHIAN, SATHA

G(y,6) =0, yecon

MAapThl  OPbIHJIAJATHIHIAN TaHIAl —AaJIbIHAJIBI. qr 3apsarapel ¢ = 1
OIpJIiK 3apsbIHBIH A4eKmpPpocmamuraabik, betinect jen artanajibl. Mysmai
pusHKaIBIK, TYprbiaa ['puH (QYHKIUSICHIH KYPy 94eKmpocmamuKranviy, a0ic
Jen atajaibl. Byn omic 6oiibiaima ['puH QyHKIUACHIH KYpy VIIH oyesi qg, k =
1,2,...m sapsurapsl Men &F ¢ Q nykrenepin Tammait Gimy kaxer. Mocesen,
IIeKapachl JKa3bIKTBHIK OOJILII KeJeTiH obibicTap yura &F mykrerepi perimme &
HYKTeCiHIH () OOJIBICBHIH IMEKTEeHTiH opOip YKA3BIKTHIKTAPFa KATHICTHI AHAJIBIK,
Geitaesepi ansiHagbl. Erep ) cdepa Typmeri obabic 6osca, oHga cdepa OOMbIHIITA
WHBEPCUsT TYPJIEH DYl KOJIIAHBLIAIEL.

1. 2Kaprel keHictikte I'pun dbyHkIusacbiH Kypy. |'pus QyHKIUACHIH
Kypy apkbuibl Q = {(z1,22,23), x1,22 € R, x3 > 0} KapThl KeHicTiriHge

Au(xy,x9,23) =0, x1,29 € R, x3 > 0,

3
w(1, w2, 23)| 0 = ¢ (¥1,22), 21,22 € R A
&2

.. .. - O 7
Jupuxie ecebiHiH mermimMin Tabyabl KapacThIPAIBIK, @ N Y
Lo T
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ZKorapsigarsl ojic 6oiibiamma, & = (£1,82,&3) € € HykTecine ox g = 1 Gipiik
3apsiJIbIH OpHAJIACThIpambl3. § HykTeciniy S = {x3 = 0} »Ka3bIKTbIFbIHA KATHICTHI
aftrasibl cuMmMerpusiiibl £ = (&1, &2, —€3) HYKTeCIHe ¢] 3apsiJIbIH OPHAJIACTBIPCAK,
oHa ¢ = 1 yKOHE g1 3aps,ATaphl TYABIPFaH KOCHIHIBI ©PiC MOTeHIINAa b, sFH [ puH
GYHKITUSICHI

_ 1 1 Q1
Glx,6) = <‘x AP —é*\) (5.3.96)

TYpAe 6osanbl. MyHmarsl ¢ 1aMachbia

G ($7 £)|x3:0 = 0

nIapThl OpPBIHIAIATBIHIAN TaH Al ajgaMbr3, sitau (5.3.96) epHekTen

o \/(5U1—51)2+($2—§2)2+(1‘3+§3)2 -

x3=0 a \/(;1;1 — 61)2 + (LUQ — 52)2 + (373 - €3)2

=€
|z — ¢

q1 =

x3=0

Hemek, I'punr pyHKIIASACH

1 1 1
o0~ 3 (=g~ rel):

Enni (5.3.87) dopmynanbl KoJIaHbil, ecentid menriMin kasambrd.  Our yrmix
aJibiMeH ['puH QyHKIUSICHIHBIH, HOpMaJI TYBIHJIBICHIH, sSTFHU OI3/iH Karaaiga S
OeTKe TYPFBI3bLIFAH CHIPTKBI HOPMAJIJIbIH, OAFbITHI '3 OCIHIH OH OarbITHIHA KApaMa-

9G(y.&)  9G(x,)

Kapchl OOJTKAHIHLIKTAH =

TYBIH/ILIHBI Taby KaXKeT:

ony Ox3
oG, 19 (1 1\
e = iwon (g ) -
L0 ([ -0+ a0 + s 7] -
477'81‘3 1 1 2 2 3 3

-6+ a0+ (s 4] )

1 3 — &3 _
i {(961 — &) + (22 — &)* + (23 — 53)2} :
3 + &3

3
2

(21— €0 + (22 = &) + (a3 + &)°]
S = {3 = 0} mekapajarsl MoHi

G (y,§)

ony

9G(,¢€)

N 89@3

_ €3
23=0 2 [(:1:1 —&) + (12 - &)+ 8

Nlw

x3=0
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Ouraii 6osca, (5.3.87) Goitbiamma upuxiie ecebiniy, mermimi

// p (1, 72) dorday - (5.3.97)
Sho oo | (w1 — €1)% + (22 — E9)? 4+ €27

ZKasmbn karaiiaa g(m, €) dyukuusicon

_ i E <qu, quk) (5.3.98)

k=1

Typae i3aeyre Gomagpl. Mynnarsr E(z,€) — Jlamiac teneyinin ipresi mermimi,
qr — §2 OOJIBICBIH IMEKTEWTIH Kk-IIIbl YKA3BIKTBHIK, OOMBIHINS £ HYKTECIHIH, aifHAJIBIK,
Keckini. By ¢ mamamapsr

9(%,8)|pes = —E(@: )l es (5.3.99)

mapThl OPBbIHIATATHIHIANR TaHIaIl ajablHaabl. MoceseH, KeHicTiK eJmmeMi n = 2
6ouica, ouna I'pun dyuknuscer (5.3.84), (5.3.98) 6oitbiaima

1 1
G(z,§) = +9(z,€)
| — ¢
Typae Kypbutaasl. Mysnaret g(z, &) dyHKIusCH
1 — 1
x, & In —
900 ="5 kzl qk | — &¥]

TYp/ie 137e/TiHem].

2. Kaptel ka3bIKThIKTa I'puH (QYHKIUSICHIH KYPY- Q =
{(z1,22), 1 € R, x93 >0} KapThl Ka3bIKTHIFbIHIA ['puH  (DYHKIUICHIH
Kypbirn,  Kejeci Jlupuxisie  ecebimin  mremrimiH  TaOyabl  KApaCTBIPAUBIK:

Y
Au(zi,22) =0, 1 € R, x2 >0, P !
u(21,22)] 0 = ¢ (21), 71 € R. }
k & T
&2 F---------- q{l*
5.3.2-2 cyper.
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&= (&,&), & > 0 nuykrecine oH ¢ = 1 6ipik 3apsiiblH OPHAJIACTBIPAMBI3. &
aykrecine S = {xg = 0} Ty3yiHe KaTbICTBI cuMMeTpusiiibl HYKTe £ = (&1, —&2)

1 1
g .’E,f =-F quQé* = _7]‘:(17*
(z,¢) ( )= pYp—
(5.3.99) mwapr GoiibiHia
1 1 1 1
o= =Ly |
z2=0 2 qlr — & £2=0 2 |z — ¢ £2=0
Bynan
|z — & \/(fﬂl — &))"+ (w2 — &) .
q = - = = .
= &0 \/(371 — &)+ (12 + &)
xo=0
Hewmek, I'pur yHKIIASICH
1 1 1

1

At HOpMAJT TYBIH/TBI

0G(y,6)  9G(z,&) 1 8( L >_
ln]a:—§| ln‘x_§*|

Oony Oy 2w Oxo

o ([ =€)+ (12— 2]~ (@1 - €0* + (2 + ©)7]) =
1
2 [m —aPH (@ -6) (@1 -6) + (&)

2 — &2 T2 + &2 }

S = {x2 = 0} mekapana

9G(y,§)

ony

9G(z,¢)
85132

1 &2

T(z1— &)+ €3

z2=0 o=

Ouait 6oica, (5.3.87) Goitbramta Jupuxite ecebinin merrimi

o

u(e) = & / (Md L. (5.3.100)

X
T x1 — &1)° + €2
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3. Hlap ymiun I'pun dyskuusicel. ['pun GyHKIUsICH 9ici apKbLibl ) =
{ac = (x1,m2,23) : x% + m% =+ :1:% < R2} mrap irnriage

Au(z) =0, =€,

Jlamac renmeyin »kome 0f) = {:c = (v1,29,73) 1 3+ 235+ :c% = RQ} cdepana
(mexapacsIna)

u(z)|pn = ¢(y), y €N

HIeKapaJiblK, IMapThlH KaHaraTTaHAbIpaThiH  u(x) byHKIMsICHIH Taly ecebin
KapacTbIpabIK,
€ = (£&,£,&) € Q nykrecine oH ¢ = 1 GipiK 3aps/IbIH OPHAJIACTHIPAMBIS.

OCI)I g HYKTeCiHiH |:L‘| - R C(bepaCbIHa KaTBbICTbl MHBEPIUA 60171])1HIH&
R2
Te2
: €l )
HOEHTPIHEH HIbIF'aThbIH 61p TY3YA1H 6OI/IBIH,H8, 2KaTaJbl 2KoHE

aHBIKTAJATBIH £ = & HykTeciH ayambI3, sFHE £ KoHe £ HyKTesepi mmap

€| - €] = R® (5.3.101)

TEHJIIT OPBIHIAIAIbI.

5.3.2-6 cyper. 5.3.2-B cyper.

Ocbl HYKTEre ¢ 3apsijiblH OPHAJACTBIPCAK, OHIA ¢ = 1 KoHE @1 3apsiITaphbl
TYJIbIPFaH KOCBIH/IbI ©PIiC MOTEHINAbI, SrHu ['puH QyHKIMICH

1 1 1
G(z,§) = — (|m o §*|) (5.3.102)

rypre ((5.3.98) 6oiibiHma g(z,§)
MyHJarsl g1 MaMachlH IeKapaja

11 . o
Tdr qa—gr] TYpZe i3jestinesi) Gostapl.

1 1 1
G(y,£)=—< - >=0, y € 09
dr \ly =& aly — &
MAPTHI OPBIHIAJATBIHAN TAHAI aJaMbl3, SFHE OYJI ODHEKTEH
ly — ¢
g =-—>=-, y €. 5.3.103
ly — & ( )
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My#sarsl £ — 00JIBICTBIH, IITIK1, &JT Y — IIeKaPaIaFbl Ke3 KeJINEH TYPAKTAHIbIPhLIFAH
mykre. Exai (5.3.103) TeHIKTiH OH »Karbl TYPaKThl eKEHJIIIH KopceTeiiik.
Weaprbiaga, AyOE& ~ AyO&* yreac ymbypeimrap, cebebi (5.3.2-6 cyper)
O Ttebecinmeri  OYPBIIIBI OPTAK YKOHE OChI OYPBIIITH KYPAThIH KaObIpraJiapsl
(5.3.101) OGOWBIHIIA TPOIOPIHOHAIL. Ourait  Gosica,  YHIOYPBIIITAD/IBIH,
YKCACTBIFbIHAH KaJFaH KaObIprajapbIHbIH — ITPOIOPIIMOHAJIBIFGIH  aJaMbl3:

=&l _ (5.3.104)
ly—¢& R’
myHza [£| = |O€| xone % = const. (5.3.103), (5.3.104) Tengikrepai eckepi,
(5.3.102) rengikTen

1 1 R 1
G0 =1 <\x—s\ _\f\!w—é*)

['pun OyHKIUSCHIH ajiaMbI3.

Exni mermivai Taby yimia ['pun pyHKIUSICHIHBIH HOPMaJI TYBIHIBICHIH €CEITey
KaKeT. Afitanbik, x € () Ke3 KeJIreH ajiHbIMAJIbI 1ITKI HYKTe OOJICHIH XKoHe |T| = r
Genrineitik (5.3.2-8 cyper). My#nja cdepara TypFbI3bLIFAH CHIPTKBI HOPMAJIIBIH
6arpITEl pajguyc OarbITBIMEH GareiTTac 6osapl. COHIBIKTAH erep T € i, Oosca,
OHJIA

|z — &> =12 +|&* — 2r[€] cos b, |z — &[> = 1% + €] — 2r [€*| cos .

Ouait 6oJca,

0G(y,§) oG 10 9 2 —1/2
Tny O |,_p Amor (T Iel” = 2riel COSO)
~1/2
R (, <R2)2 R2
— |+ (=) —2r—cosf =
€ < i) B
1 R — |¢| cos @ R R_%COSG B
Arn 3/2 gl 32|
" (R2 +1¢* — 2R €| cos 9) d <R2 + (%)2 — 2R cos 9>
1 R? —|¢f*
AR

) 32
(R2 + [&]° — 2R [¢] cos@)
Erep z = y ke3ne
2 2 2
R* + [¢]" = 2R €] cos b = [y — |
EeKEeH/JIITIH eCKepCeK, OHIA

9G(y,€) 1 R?— ¢

Ony TR Jy—¢f’
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Hemex, (5.3.87) GoiibrHina ecenTiy, mentimi

1 — ¢

4T R |y Ty—¢p?Y
lz|=R

u(§) = (y)dsy. (5.3.105)

(5.3.105) dopmysa ITyaccon dopmysace jem araa/ibl, OH KarblHIaFbl HHTEIPAJL

2 2
HyaCCOH nHTerpaJibl, aJi = 5:", OHBIH, fAJPOCHI AEIl aTaJlalbl.

Erep xorapoimarst ecemr [layccon Temjeyi yImia KolbLica, SFHI

{ Au(z) = —f(x), z€Q,
u(y) = ¢(y), y e

6ouca, memim (5.3.90) GoiibiHa

R? — \§|2 1 ( 1 R1>
©=57 | e | (e mee) o

|lz|=R lz|<R

060o1aIbI.

Mspican 5.3.1. Q = {(z,y): y>0, —co <z <00} orcapmo
AHCABVUKMBIZOIMOG  2APMONUKAALE U (T,Y) PYHKUUACHIH  GHOIKMAKbI3, €2ep 0N
Pynryua ywin u(z,0) = S aknapamor moaim boaca.
ITenryi. (5.3.100) Goiibraina rrentiM

o0

Ly §
u(x,y) = ”4 (1 +¢€2) {(g_x)2+y2} d¢

<

MHTErpaJjibl apKbLIbl ecelTeiHe . By mHTerpaiapl ecentey yImiH merepiMiaep
=4 . .
TEOPUACHIH® KOJIJAHFAH THIMIIPEK 00JIaIbl, SIFHI

[e.e]

¢
4 (1+8) [ -2+

d¢ =2mi[res f (i) +res f (z +1iy)],

z

(14 22) [(z —z)® + yQ} '

f(z) =

Mymaarss

] .
, resf(x+iy) = T
2 [(z —z)? + yQ} 2iy |1+ (z + zy)Z]

resf (i) =

5 Komrutekc aifHpIMa/b! (hyHKIMSIIAD TEOPHSICH OHIH KAPaHbL3.
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OOFAHIBLIKTAH,

Y 7 £ 1y T+ 1y
) =2 d¢ = + -
He W_é (1+¢2) [<£—x)2+yz} U 1t
iy T+ 1y

-2 +tig[G-a) - riw—D@tmti)

1 1 1 1 1 1
5| — — = —| + = - -+ - S| =
2(t—xz—1y 1—x+1y 2|lz+1y—1 TH+iy+:e

1[ S SN B }
2 |il—-y)—2 i(l+y)—2 z+ily—1) z+ily+1)]

1 1 1 T
2 (1 RTE | T g2 2
il+y)+o i(l+y) —z] 22+ (x+y)
X

Kayabor: v (z,y) = ——.
22+ (z +y)*

Mpeican 5.3.2. Q = {(z,y,2): —-oco<zy<oo, z>0} owcapmu
xenicmizinde xeaect Jupurae ecebin Wewinia:

{ Au=0, (z,y,z) € Q,

ul,_o =coszcosy, x,y€ R%

HTermryi. (5.3.97) dopmysna GoitbiHIIA TIENTIM

cos § cos ndédn
(2,4.2 27r NEE
—2)+(n—y)’+=

WHTETrPaJIbl apKbLIbI €CEeNTeiHE]T].
Byn unrerpanger ecenrrey ymrie £ —x = u, 1 —y = v Oejrijey eHrizemis,
MYH/JIa SKOOUaH Oipre TeH.

cos (u + z) cos (v + y) dudv
(z,y,2 =
27r [u2 + v2 —|—z2]3/2

z // (cosucosx — sinusinz) (cosvcosy — sinvsiny) dudv

[u? + 02 + z2]3/2

z // cos u cos vdudv
— COS L COS Y .
2 : [u? +v2 + 22]3/2
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MyH1a Karad HHTerpaIgap HHTErpasl aCThIHIa Tak, (pyHKIUSIAD OOIFaHIbIKTAH
HeJire affHaJiabl. EHII COHFBI MHTErpaJiabl ecenTeilik:

cos u cos vdudv cos(u + v) + sinusin v
J = dudv =
[u2 + v2 + 22] 3/2 u2—|—v2+z2}3/2
R2

cos(u + v)dudv p:%u—f—v cos \[p
32 | g= L(u— 3/2dpdq:
U2—|—U2—|—Z2] q—\/iu U p_|_q +22]
/cos (\/ip) dp/ [p2+q2+z2]3/2'
0o w/2

dq |cos t| 2
Jy = = o=V Qtt‘:/ dt = .
1 /[p2+q2+z2}3/2 R / P42 prt 22
—o0 —7/2

Outait 6oJica,
7 coS (
J=2 / 2Re /
K p?

eiV2p
p2 + Z2

) 2 _
4mires = —c¢ \/iz.

p=21
Hewmex,

u(x,y,z) = e~V2 cosz cos .
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5.3.3. llorennmangap TeopuschblHAH KbICKAINIA TYCiHIKTED

Aditannix, 0 € R™ — menenren teric S = 0) mexapaJsnl obabic, QT = Q,
Q™ = R™\Q, an u(x) € C() ysiiccis dyHKus G60JICHIH.

Awubikrama 5.3.2. Ilenenzen Q0 obavicmazo. moewizdvien, pu(x) € C(Q)
y3iaiccid  gynrkyuaco, 6oaamuik  KoAeMOiK NOMEHUuUas  (Koaemoik Maccanap
nomenyuaas,) den

u(x) = / B, €)ul(€)de (5.3.106)
Q

Pynryuscor atimamos. Myndazw E(x,€&) Jlanaac mendeyining ipeeni wewimi.

Awupikrama 5.3.3. Ileneazen Q obavicrnazvr muizwiddvien, u(x) € C(£)
Y3iAiCCi3 PYHKUUACH, DOAGMBLH HHIOMOHOLE KOAeMOTK NOMeEHUUan den

UN@ﬂZi/lﬁﬂﬁfﬁdgdﬁ (5.3.107)
Q

dyrxyuacon atmamons. Myndaew En(z,§) = —w, E(z,£).

Eckepry 5.3.2. Koaemdix nomenuuasdovit, Guduraivik MagoiHaCoL.

Yw onwemdi orcazdatioa: muewniadviens (1(§) 6oaamuin 3apadmanzan 0 denenin
myowpaar 2NEKMP OPICIHIH, NOMEHUUAADL HEMECE MACCarap Mmuebiddvievs 1(E)
boaamoir £ denenit, mydvpean epasumaUuUALLIE OPIC NOTEHUUAADL.

Exi eawemdi owcazdatioa:  3apsomap mueviadvieve 1 (€1,&1), Kumacwr €
boaamoit, &3 oci 60tibidazvl wWekci3 y3viH 3apadmanaatr UuAuHIPIIH, mydvpeah
ANEKMP OPICIHIT, NOMEHUUAALL HEMECE MACCarap Mmuebi3dviens [ (E1,&1) boaamuvin
0CblL YUAUHOIPITH, MYJbipear 2pasuMAUUALLIK OPIC NOMEHUUAADL.

KeneMmaik moTeHIuagapablH HETi3ri KacueTrTepi.

1. Airanbik, 2 € R"™ — KypakTbl-Teric IIekapaJbl IIeHeJreH KeHicTiKTeri
obbic, an p(r) € CHQ)NC(Q) dbynxuus 6omcwn. Onma (5.3.106) Kemenmik
ITOTEHITHAJT KeJIeCi aCHMTOTUKAJIBIK, MiHe3 e 60/1a1bl:

00, n =2, erep /u@wy#&
) Q
A= 0 n=2 een [utay =0,
Q
0, n>3.

2.  Erep u(z) € C(Q) 6onaca, omma u(x) € CYHR™) xome (5.3.106)
TeHJKTI OHYKAFBIHJIAFBl MHTEIPAJ ACTBIHAH TYBIHJBI ajla OTBLIPBIN, I OGOMbIHIIA
muddepeHnuaagayra 60Jabl, SFHT

Uy, () = /]E’xi(gc,§)u(§)cl§7 i=1,2,.n, n>2.
Q
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3. Erep p(z) € CHQ)NC(Q) 6omca, onga u(r) MOTEHMAIIBIH, eKiHIT peTTi
TYBIHIBLIAPEI [IEKapaJal o € S HYKTe/le OTKEH e Y3UICTIKKE YIbIPaiiIbL:

0%u 0%u _ w(xo)

871/‘1% xz € 73755126 r € RM\Q n
T — xg € 0N T — x9 € 0N)

4. Erep p(x) € CHQ) N C(Q) 6omca, onga (5.3.106) Tenaiknen anbikTaran u(z)
LOTEeHINAI

Au(z) = —wpp(x), T € Q

[Tyaccon Tem/ieyin KaHaraTTaHBIPAJILL.
5. Erep f(z) € C*(Q) (N C(Q) 6omca, onma

{ Au(z) = f(z), z€Q,

ITyaccon Tenmeyi yiin JIupuxie ecebinin mrenrimi

u(w) =~ / G, €)f(€)de
Q

KOJIEM/IIK MOTEHINAJIbl apKbLIbl ecenrestei, MyHuarsl G(x,&)— ) obibichiHma
koiiburran Jlamac rengeyi yirin Jupuxiie ecebinig I'pun dyHKImsichl (KapaHbI3).
Ajiiransik, p(z) € C(02) — S berre Gepinren yaimiceis dyHkms GOICHIH.

Amnpikrama 5.3.4. S 6emmine mapasear moevi3zdviev, (1) maccanviry Koc
KabamMmMbLK, NOMEHUUANABL Jen

u(z) = 1/8E(x’§)u(£)d35 (5.3.108)

Wn Onig

PpyrruuACHH atimadol.

Awnbikrama 5.3.5. S Gemmine mapanrear muievizdvievs (1(x) maccanviry orcat
Kabammork, nomenyuaav, den S bemminen backa 6apawy r € RY o n > 2
Hykmeaepoe 2apMOHUKAAE HCoHE |T| — 00 Ke3de HOAze YV MMULAGMDIH

u(z) = wln / Bz, €)u(€)dse (5.3.100)
S

PynryuAcHH atimadt.

Bys exi norenmmangap yiin QT obabicran T ob6aBICKAa ©TKeHJe Kejeci
KaCUEeTTEP OPLIHJILI.
1. Koc KabaTTLIK IOTEHIINAIL T — Tg € S Ke3Je

(o)
2

w(zo) -

u 5

T (20) —u(20) = — (z0) —u (z0) =
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y3iTicTiKKe YITBIPARIbl 2KoOHEe OHBIH, HOPMAaJI TYBIHJBICH y3iticcis 6ota b

out (z)| Ou (x)
o |, - om o
MYH/IarbI
ut (zg) = lim  wu(z), u (x9)= lim u(z), u(z)=u (€] P——
T — X T — X0
reQt xeN”

2. AdiTannik

{AM@=0,x€Q (5.3.110)

ulyn = ¢(z), x € 0f)

Hupuxiie ecebi Gepincin. (5.3.108) Koc KabaTTHIK IOTEHIIUAI THIFBI3IBIFBI [1(X)

u(s) + / K (5,1) p(t)dt = —20(s)
S

Unrerpasapik TeHJeydi KaHararraHabirad kesge (5.3.110) dupuxse ecebinin
mrerriMia 6epesi.
3. 2Kait kabaTTBIK HOTEHINAT T — o € S Ke3ze y3iicci3 aJ OHBIH HOpMaJ

TybIHI[bICbI
out(@)|  du(@)| _plee) Ou(@)|  dulx)| _ plwo)
on |, oa |, 2 = oa |, o1 |, 2

Y3UITICTIKKe YITBIpaii Ib.

5.3.4. 2KarTbeIrynap
I'pun pynruusacotn Koadaroin, xeaeci ecenmepoi wewiniaoep:

—1, I § 0,

r1 €ER, 29 > 0.
0, 71 >0, L= "

5.83.1. Au(z1,12) =0, ul,,_o= {

5.3.2. Au(x1,22) =0, u|yy=0 =sin2x;, z1 € R, z9 > 0.

1) Mo Zau

5.83.3. Au(z1,72) =0, ul,, o= { 0. 21 <a

x1 €R, xzo > 0.

5.3.4. Au(z1,72) =0, x1,222>0, ul,,_g=a, ul,_q=0b, a,b=const.

5.3.5. Au(x1,x2,23) =0, u\mzo = CcosT1CoSTy, X1, L2 € R, x3> 0.

1
5.3.6. Au(z1,72) =0, u(21,72)|zy=0= ——, 21 €R, 22 >0.
1+ 27
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I

5.3.7. A R :0, s =0 — )
u (1, x2) u (71, 72) |zy=0 1+ a2

l’leR, zo > 0.

2

5.83.8. Au(z1,72) =0, u(21,72) |zy=0 = ——3,
(1+ %)

xleR, x9 > 0.

5.3.9. Au(x1,22) =0, u(x1,22)|gp=0=cosz1, 1 €R, x> 0.

5.3.10. Au(z1,22) =0, u(x1,22)|z,—0 =0, 1 ER, x9 > 0.

5.3.11. Au(z1,z9,23) =0, u(x3)|s3=0 = ¢ (x1,22), z1, x2 € R, 23>0.
5.3.12. Au(z1,22,23) = e " sinx; cosxa, Ulg=0=0, x1, x2 €R, z3>0.
5.3.13. Au(z1,22,23) =0, U|gs—0 = O (v2 — 1), x1, 22 €R, 23> 0.
5.3.14. Au(z1,79,23) =0, Ul|py—0 = e ¥sinbry, x1, 12 €R, x5 > 0.

-2
Au (z1,29,73) = 2 [:c% + 23 + (73 + 1)2} ,

5.3.15. .
u (1,22, 23) |z5=0 = (1 + 22 +$%) , x1, T2 €ER, x3>0.

5.3.5. 2KayamnTapsl

1 1
5.3.1. u(x1,22) = ;arctan% ~ 5

5.3.2. u(x1,72) = € 2¥2 sin 2x7.

1 1 1 —a
5.3.3. u(x1,x2) = 3 + = arctan s

2
5.3.4. u(z1,22) = — <a arctan —2 + barctan le)
™ 1 L2

5.3.5. u(xy,22) = e~ V23 cos 21 cos 3.

1
5.3.6. u(x1,22) = 2”——1_2
Ty + <1’2 + 1)

T

5.3.7. u(zr1,29) = ———.
22 + (z9 + 1)

2?2 — (xp +1)°

5.3.8. u(xy,22) = 5
[m% + (w2 + 1)2}

5.3.9. u(z1,22) = e *2cos .

5.3.10. u(r,¥) = % (R* —r?) +b.

197



1 1 1
5.3.11. u (w1, @3, 23) = o~ [\x—g\ + \m—{*d d€1d€s,
£3=0

M’J/‘H@Cl?’bb T (xlv Z2, 33’3) ) g (51) §2, 53) ) g* (£17£2 - 53) HYy'Kmeaep.

5.3.12. u(x1,x2,23) = (e*ﬁ“ - 6*3”3) sin x1 cos xa.

1 1 _
3

5.3.14. u (w1, 22, 23) = e 417323 gin 5.

-1
5.3.15. u(x1,x2,23) = [:c% + 23+ (z3 + 1)2
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6 bemmMm

NuaTerpaaablK TypJeHIIpyJiep
9J11C1

6.1 UWHTerpaaaplK TYypJIeHIipyJiep 91ici

Maremarkaablk uU3MKa ecenTepin IMenryIiH TwiM/Il ojicTepinin 6ipi —
UHTETrPAJIJIbIK, TYPJICHIIPYJIEp dici.

Nurerpanablk TYpJeHAIPYJIEp/IiH, TYypi KOIl KoHE oJiap 03 aJjAblHA VJIKEH
6ip Teopusi. By GesiMie ocblHIal WHTEIPAJILIK, TYPJACHIIPYAEPIiH immHIer
eH KapamaibiM opi 2Kui KosimaubLiaTein Pypbe koHe JlaIiacTbiH HHTErPAJIIBIK,
TYPJACHIIPYIEPiH KapacThIPATHIH OOJaMbI3.

Amnpikrama 6.1.1. f (t) gynrxyuacoirnony unmezpardo mypaendipyi den

b
f(2) = / K (2.1) f(t)dt

UHME2Pavl apKLLALL GHOIKMANZAH f(2) dymrsuuacom atimamws.  Myndazo
f (&) mynwyexa, f(2) dynryuaco betine (unmezpardwr, mypaendipyi), K (z,t)
uHmMeE2PaNdol, My paendipydin, adpocv, den amanadot.

Nurerpanablk TYpJIeHAIPY ©Jici apKbLIbI JepOec TYBIHIBLLILI TEHIALYJIED
(ATAT) ymin koiiblran ecenTep/i MeNTyIiH aJropuTMi Kejaecieit:

1. Ismeningi U dyuknusicer yriin JJTAT-re koiiburan ecenti (Kormu, merrik,
6acTanKbI-IIeTTIK) Kafcblolp 6ip alfHBIMAJIBICH OOMBIHINA MHTErPAJIIbIK
TYpPJIEHJIpY/Al  KOJaHbill, OHbI U  (DyHKIUSCHIHBIH,  UHTErPaJIbIK,
TYPJAEHIIpYi O6oJiaThiH U dyukIusaco  yimH kait  guddepeHnnaibk
rergeyre (2KIT) xoitputran ecenke (Ko memece meTTiK) TypIaeHmipy.

2. ZKJIT ymrin ajppiaran ecentiy U miermiMia Tady.

3. Kepi murerpannplk TypJeHaipyi apkbLibl Oacrankbl ecerntiy U mrentimin
AHBIKTAY.
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6.2 ®@ypbeHiH UHTErpaJabIK TYypJeHIAipyJiepi

Aubikrama 6.2.1. f(z) dynkyuaco, ywin DPypvenir unmezpasdvik
mypaendipyi den

_ —zz)\
Flfl=F0) = / f (2) e i\ (6.2.1)

UHMEZPANDIH, A4 Kepi My prendipyi den

FUf = f(a) = —— [ FOUe™an (6.2.2)
]

UHMELPANLIH ATMadoL.

f(z) dyskuumscer ymin (6.2.1) @ypbe Typrenaipyi 6ap Gouybl yuiu f (z)
dbyuKIIACHIHDIH (—00, +00) apajabrbiiaa y3igiceis 6orysr f(z) € C (R) nemece
OCBI apaJIbIKTa CaHbI APKbLILI OipiHII peTTi y3iiic HyKTemepi 60Iybl XKoHe

MHTErPAJIBIHBIH a0COJIIOTTI KUHAKTHI 00Ty bl 2KETKIJIIKTI.
Erep f(z) xyn dyskuusi 6osica, onga (6.2.1), (6.2.2) rypieHaipy/epiin
OpHbIHA colikec Pypvenin Kocunyc mypaendipyiepin (Typa KoHe Kepi):

=f(\ \/> / f (x) cos \zdz, (6.2.3)
F7Nfl=f(x) = \/Z 7}@) cos Azd, (6.2.4)
0

an f (x) rak dyskius 6osca, ouga Qypverin, cunyc mypiendipyaiepin

Bfl=] \f / f (2) sin Aada, (6.2.5)
Flf]=f(z) = \/z :/Oof(x) sin Azd\ (6.2.6)

KOJITaHyFa 60J1a1bI.
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Aupikrama 6.2.2. (yuipmei). (—00, +00)
wenenzen  oicone  abcoaom  unme2pandaHamoii
PYHKYUAAGDVHDLY, YTIpMEKICT den

o0

/mt)w(x—wdt

— 00

pxY =

¥~
)

opHezin amatidol.

APANBIKING  AHDIKMANLAH,
p(x)  orcone ()

(6.2.7)

6.2.1. dypbeHiy WHTErpaJIIbIK, TYPJAEHIIPYiHiH Herisri

KacueTrTepi

Atraneix, u(x,t) € L'(R), u(z,t) — 0, # — +00, GyHKIUACHIHBIH T

afiHpIMasbIchl Goiibiaina Pypee Typiaengipyl F[u] =

KacueTrrep OPbIHIBI:

@ (A, t) 6oscein.  Keseci

1. Cosbikrbirbl. F[ciu) + coug] = 1 F [u1] + coF [ug] = c1t1 + cotia.

2. Jlepbec TybIHABLIAPBI TYPAJIBL.

Flug] = ixi (M), Fluge) = (iN?a(\t), ...

F [ut] = ’L~1,t (A,t), F[utt] = ’L~l,tt ()\,t), ,F

dan

5] = e

o"ul  O"u(\t)
ot | o

3. Erep u(x) € C(R), uz (z) € L'[0,00) xome u(z) — 0, x — +oo 6oca,

OH/IA

2

Folug] = Ay [u] — 1/ 2@ (0), F[ug] = —AF, [u]

s

Felug:] = —\2F, [u] — \/ZugC (0), Fslugy]

= —\2F, [u] + \/Z)\u (0).

4. Yiiprki Typasbl. ¢ MeH 1 QYHKIUIIaPbIHbIH YHIpTKic] yirin

Flexy] = Fle]- Fy]
TEHJIIT OPBIHIAIAbI.

5. F[f (x+a)] =e " F[f].

/]
ix

6. F /f(n)dn =
0
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Mpericaa 6.2.1. Kowu ecebin

Uge — Uy = 0, >0, $€(—OO,+OO)ER1,
u(z,0) = (z), w(x,0)=¢ (), zv€R

Dypve mypaendipyin (T alHbMAADL) KOADGHBIN WEWTHIS.

HTemnrtyi. Ecenke @ypbe TypJeHIipyiH = aflHbIMAJIBl OOMBIHINE KOJIIAHCAK,
onja 1-2 KacmerTepi OOMDBIHIIA ecell MbIHa Kail muddepeHnnaabK TeHIey YITiH
Ko ecebine xemripinemi:

d*a (N, 1)

- o - i
dtQ +)\U()\,t)—0, U(A,O)—QD()\), dt —1/)(/\)
Byt ecenTiy »KaJiel merrimi:
@\ 1) = Cp (\) e+ Cy (N) e ™,
BaCTaHKI)I HIapTTap,Z[bI KOJIJaHCaK:
OGN =2 3N+ =d )], N =2 [p0) - = ()| =
! 9 |7 ix P2 =GP ix

N 1. . » 1 -~/ . By
a(\t) =59 (V) (e’” +e W) + 5 ? (em —e W) ,

Byran (6.2.2) ®Dypbenin Kepi TypieHAIpYiH KOJJIAHBIN, OaCTAIIKBl €CEelTiH

HIENIMiH aJaMbI3

u (x,t) _ 2\/1% / |:ei)\(z+t) + ei)\(x—t)] @()\) d\+

r iX(z iA(z— L~ °.6°
- T+t

s lee-0-p@-t]+; [ v

By xomivri Jamambep dbopmynacst (53 Ger, (3.2.12) KapaHpi3).

Mpsican 6.2.2. 2Kvayemrkizeiwmirx menodeyi yurih

ou 0%
u(z,0)=p(x), —co<x <00 (6.2.9)

Kowwu ecebin Qypve unmezpasdvk mypieHdipyt apkulab, Weuetiix.
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IMTemryi.  Aiiransik, @ (A t) = Flu(z,t)] xome @A) = Fle(x)],
coiikec u (z,t) xoHe ¢ (r) bYyHKIMIAPBIHBIE T allHbIMaJIbICH GoitbiHma Pypbe
TypJtenipyiepi 6oscen.  2Korapbiiarel KacuerTepi eckepe OThIphir, (6.2.8)
renjieyre xoHe (6.2.9) Gacranke! maprka Pypbe TypseHIIpYiH T aflHBIMAJIBICHI
GoiibiHIIa Kosancak, normxene (6.2.8)-(6.2.9) ecebi

@+ () a=0, a()\0)=¢ (6.2.10)
Gipiumi perti xkait muddepennuannblk TeHueyre kKoibuiran Kommm ecebine

rypieneni. 2Kait nuddepennmannbix reneysiep Kypebia 6erini (6.2.10) Kormm
ecebiHiH merrimi

a(0t) =3 (\) e @Vt

Tabburran 4 (A, t) keckin memimre (6.2.2) ®@ypoenin kepi TypseHaipyin
KOJIJIAHCAK

“+o0o +o0o
1 - 1 .
u (fE, t) = \/7277[_ / U ()\, t) elAmd)\ = \/7277-‘_ / Qb ()\) 6_(a>\)2t€7)\xd)\

TEHJIITH ajgaMbl3. Byrax
L
5(\)=Flp(z)] = —— e g
¢ (A) = Flp(z)] m/w(y) y
—00

TYPJIEHIPYiH KOMCAK,

1 +oo +o0
u(m,t):%/go(y) /6_“2)‘2t6i(>‘x_)‘y)d)\ dy.

Iiki naTerpanT Ditnep GopMynIacel GOHbIHIIA:
_a2\24 s _ —a2)\2 . _a2)\2¢ .
e~ ANt OT=AY) — =N o5 (A — Ay) +ie” @ M Esin (Az — Ay) .

Byn kommiekc affubiMasibl (DYHKIUSAHBIH 2KOpamaJj Oesiri A OoiibliHia Tak,
dyHuKus ekeni anbIK. OJ1ait 60J1ca, OHBIH, HHTErpaJjIbl HOJIre TeH. AJ1 HaKThl 66JIir
xkyn yaknust. Conjpikran (—00, 00) apaJblFbl OoiibHIIA HHTErpaJibl [0, 00)
OOMBIHIITA, MHTETPAJIIBLI €Ki ecelereHre TeH, SIFHN

“+oo +0o0
1
u(zx,t) = - / ¢ (y) / e~ cos (Ax — Ay) d\| dy. (6.2.11)
—00 0

L et = cosz+isinz
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. r—y . . .
Iimki unTerpasra s = Aav't, b= Gesrizeysrep eHrizim koHe

2a\/f
2

+00
/ e cos 2bsdz = \é%e_s (6.2.12)
0

dopMyTaHbl KOJIJIAHCAK, OHJIA

Teririn amambrs. Myner (6.2.11) koiicak

(2,t) 1 70 (v) G (6.2.13)
u x’ — (& 4a4t .
2av/ 7t v Y
—0o0

i3peming menriMl amambi3. Byi — 3.3.1.-6esimueri (71-6er, (3.3.36)-HbI KapaHpbI3)
monenaeyciz 6epinren Ilyaccon dpopmysmacsor.
AiTaIbIK,

100, |z| <1,
a=1, @(x)—{ 0 \la:||>1

Goscer. Omnpa (6.2.13) Goitbrmma:

(-z)

1 ) 2Vt
100 _(e—y) -y 100 2
u(z,t) = e 1 dy=|z=—|= — e * dz.
(,¢) 2v/mt Y ’ 2Vt vt
—1 1+x
7(24\-/2)

Byi u (z,t) dynkuusceaby op Typai ¢ yakpirrapaarsl rpaduri (rpaduk Maple
11 GargapiamacsiMer ajbiHibl) 6.2.1-a cyperre KopceTiii.

ulx, tl




6.2.1-a cyper. ¢(x) =100, a = 1 6onran xe3zeri u(z,t) memimuin GipHeme ¢ yakpIT
Mmezeringeri rpaduri
Bepinren ecenriy miermimin keiije [0, 4-00) apasblkTa aHbIKTay KazKeT 6OJIaIbl.
Mine Oyn »karpmaiiza imemiMzl TaburarbiHa (KyIl Hemece Tak) OalIaHBICTBI
(6.2.3)-(6.2.6) DypbeHiH KOCHHYC HEMeCe CHHYC TYDPJEHIIPYJIepl KOJJIaHyFa
Gosazbl Hemece (—oo, () JKapThl 6CKe TaK HeMece XKyII Typje (Keibip Karpaiiia
HOJIMEH) ZKAJFACTBIPBIN Korapbiaarbl (6.2.1)-(6.2.2) Oypbeniy TypseHipyiepin

KOJITaHyFa 00/1aIbl.

Mbpicaa 6.2.3. 2Kapmor oicasvismoikma  bepiszen  Aviayemxizeiwmir
mendeyt yuin Kowu ecebin Oypve unmezpasdvlk; mypaeHIipyt apkolabl Wewitis:

o it

5 =0, x>0, t>0,

u(0,t) =0, t>0,
u(z,0)=p(x), =>0.
Termyi. Ecenke 1z aitabiMasbichl Goitbiama (6.2.5) @DypbeHid cunyc

TYpJIeHipyin Kosmanaiielk. Cumyc Typienaipyinin Kacuerrepin xxomne u (0,t) = 0
MIapThIH KOJIIAHBIIL:

Fs[w] = e (A 8), a’F, [Uzg] = —a? X% (N, t) sxone Fy [u(z,0)] = Fs[p(x)] =@ (N,

HoTmKele Oipimmi perTi Kait muddepennuanabik TeHmaey yiriu Komum ecebin
aJIaMbl3:

@+ (aN)?a =0, @()0) =@
By ecenrrig mrenrimi
a(Mt) =@ (\) e @V,

Byran engi (6.2.6) @ypbeHin Kepi cuHyc TYPJIEHAIPYIH KOJJIAHBII, OJIaH KeHiH

5N = Fulp(a)] = \/z / o () sin Aydy
0

KOMCaK, HOTUXKEIEe

SRS

u(z,t) = //go(y) sin )\ye_(“)‘)Qt sin Azdydz.
0 0
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i3menini memivai anambis. Bys waTerpasra (6.2.12) dopmysnaHbl KOJJIAHBIIL,
ojiaH opi uHTerpasal, u (z,t) meniMHiH exiHm 6ip TYpiH asyra GoJaibl:

o)
2
™

u(z,t) = /go (y) sin )\ye_(a)‘)zt sin Axdydx =
0

3| -

/
[

o (y) / eV cos A( + y) + cos Az — )] dady =
0

_ (aty)? _(e—y)?

o0
1
- e 4a?t + e 4d%t | dy.
5 %/w(y)[ y
0

Byn wbicasr  xorapbiga  3.4.2.-6esiMiie  JKaJIFacTBIPY  OJIC  apKbLIbL  JIa
mbtrapburad bl (90-6er, 3.4.6-MbIcaIIbl KApaHBbI3).
{ 1, 0<x <1,

Bysr memntimMuin ¢ () = 0 r>1 koHe a = 1 Gosran keszeri 0 < z <
Y

2, 0,01 <t < 1,5 apanbirbiagarst rpaduri 6.2.1-0 cyperTe KOpPCeTiIreH.

6.2.1-5 cyper. 6.2.3-mbican ecentin 0 < z <2, 0,01 <¢ < 1,5 apanswbiagars u(z, t)

Ienrimi

Eckepry 6.2.1. Ezep u(0,t) = 0 wekapaavx; wapmmoity, 0opHoHda
ug (0,t) = 0 wapmu Gepiace, (6.2.3)-(6.2.4) Qypvenin, xocuryc mypiendipyiepi

K0A0aHBIAADDL.
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6.3 JlannacTblH WHTErpaJIAbIK TYPJeHAIPYi

Ajirasnbik, [0, +00) apasbFbIH/A AHBIKTATFAH HAKTHI HEMece KOMIIJIEKC MOH/I
f (t) dbynkunusicer Keseci maprrapabl KAHAPATTAH/BIPCHIH:

1. [0, 00) apajbIFblHIa Y31lIicci3 HeMece OChI apaJibIKTa CaHbl AKBIPJIbI OipiHIIi
perTi y3isnic HykTeaepi bap,

2. f(t)=0, te (—o00,0),
3. M > 0 xxone sg > 0 cangapsl TabbLIbII, 6apJbK t € [0, 00) yiiH

[f ()] < Me!

reHcizairi opeipaiacsia. Ocbiapail f (t) dynknusiceiaby Re(p) > so TeHcisiria
KaHaraTTaH/IbIPATbIH OapJIbIK p = & + i KOMILIEKC afiHbIMaJIbIChl YIIiH

F(p) = / f(t) e Plat (6.3.14)
0

uHTerpasbl 6ap Gosamel xkoHe oy Re(p) > Sy KapThl JKa3bIKTHIFBIHIA
AHAJUTUKAJBIK (DYHKITUSIHBI aHBIKTANIBI.

Awnpikrama 6.3.1. (6.3.14) unmeepaavimern anvikmanzan F (p) dynryuacol
ft) dynkyuacomory Keckini nemece Jlanaac mypaendipyi den, an f(t)
PynryuACH, Mynwycka Gyrnkuus den amanado.

Erep F (z) dbyuknusicel Rep > $p KapThl KA3bIKTHIFbIHIA AHAJUTHKAJIBIK,
JKOHE

lim F (p) =0,
p—00

COHBIMEH KaTap

+oo
/ F(a+1iy) dy
—00
WHTErpajbl abCOTIOTTI KUHAKTBI OoJica, omma Jlammgac Typ/eHgipyirme kepi
TYpAeHIipy 6ap 601816l 2KOHE 0T
+00
1 )
Ft)=5- / F (a+ iy) @ W)ty (6.3.15)
T

—00

dopMyIachl apKbLJIbI aHBIKTAIAIHI.
JlammacTeIH, Typa *KoHe Kep TYPJIEHAIPYJIepiH KbICKAIa CoiKec

L[f(t)] =F (p), f(t) = F(p) wome L™ [F(p)] = f (t), F(p) = f(1)

OeJriseii.
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6.3.1. Jlansaac TypJeHAipyiHiH Herisri kacmerTepi.

Ajiransik, f(t) xkoue g(t) dynkrusmapombiy Jlamrac Typresaipyrepi coiikec
F(p), ®(p) dyukusimapbr 6OJICHIH.

1. CembikThiK. Ke3 kesren a,b cangapsl v
Llaf (t) +bg (t)] = aF (p) + 0% (p) .

2. YKCACTBIK.

L.(p
LIf(t)] = -F (7) :
sw=-r(2
MYHJIAFbl (v — K€3 KeJIFeH KOMILJIEKC CaH.
3. Tyn myckanwr nuddepenrmannay. Erep
F® @ty eCo,+00), k=0,1,.n—1

boJica, OHIIA KeJecl TeHIIK OPBIHIbBI:
L/ 0)] = 5" F 0)=p"F (0)=p"2f (0) = =pf "2 (0)= /"1 (0).

Canpgap. Erep u(z,t) dysxmuscsiasy t 6oiibiama Jlamiac Typaesaipyi
L [u(x,t)] = U(x,p) 6omca, onna

Ly [w (2, 1)] = pU (2, p) — u(z,0),
Ly [uy (x,t)] = p?U (z,p) — pu(z,0) —u (,0)

[8(”)u (a:,t)] d™U (z,p)
L =

ey RO n=12..

OPHEKTEP] OPBIH/IBI.
4. Keckingi quddepenmannay. L[—tf (t)] = F' (p).

5. Uurerpanapiy Jlamwiac rypiaengipyi. Erep f (t) € C'[0, +00) 6osica, onja

L O/tf(f)df :F}Ep)H(aHeL[

p

F@]zjf@mg
0

TEHJIIKTEP1 OPBIH/IBI.
6. Kermriry. Kes kenren oy 7 > 0 canb! yImmin

L{f(t=m)]=e"F(p).
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7. Keckinuin KbpURKybl. Ke3 KesreH a KOMIIJIEKC CAHBI YIITiH
L[e"f(t)] = F(p—a) xone L' [F (p —a)] = " f (1)

TEHIKTeP1 OPBIHJIBI.

Mbican 6.3.1. @ = {(z,t): 0<z <400, t>0} obavcorda
AHCHLNYOMKI2IWMIEK MeHIeyl YUuiH KoUbAeGH eCENMIH, WEULMIH GHOKMAHDI3:
ut:u.rz_'_u_f(x)v (l',t)EQ,

u(0,t) =t, ug (0,¢) =0, ¢t>0.

MMemryi. Jlammac Typienaipyin x afHbBIMAJIBICHI OOMBIHITA KOJIIAHANBIK.
Jlammac  rtypaengipyinin auddepennnannay kacmerrepi kone wu(0,f) =
t, uy (0,t) = 0 maprrapsr GoiibIHIIA

L [u(x’t)] =U (p,t), L [ut(l'at)] =U (p,t), L [U:L‘(x’t)] = pU (p,t) —t,

L [uge(z,t)] = p*U (p,t) = pt,  L[f(2)] = F(p).
Ouraii 6oJica, Gepiiiren ecer KeJieci p napamerpi 6ap, t aitHbiMaJ bl OOMBIHIIA KeJIec
OipinII perTi XKait auddepeHITnanIbK, TeHIeyre TYPAeHe/i:
U= (1=p") U=~ (F(p)+pt).
Byn Temmeynin Kasmbl Imenrimi:

p F(p) pt

U(p,t) = Cell+P*)t ¢ + .
(p ) € (1+p2)2 1+p2 1+p2

(6.3.15) Jlammaceiy kepi TypJenipyi 6ap 6osy maprsl GoiibiHiia myHgars C
rypakTbicbl C' = 0 6osy kepek. Cebebi erep C # 0 Gosica, p — 00 Ke3je
U(p,t) — oo menenmeren Gosaanl Ja Jlammac Typienipyiniy Geitreciniy 6ap
0oJty mapThl opbiHAaAMac eai. Ourail 6oJica, KeCKIiH MIeITimM

p Fp) vt
(1+p2)? 14+p> 1+p*

U(p,t) =

Enni u(x,t) rynaycka memimil aHbIKTaiiblk. Jlamnac Typsenaipyidin kecreci
Goitbramia (285 - Gerreri A-KOCHIMIIIAHBI KAPAHBI3):

p

———— — Cos T,
(1+p?)
JKoHe YHipTKiHIH KacueTi OOUBIHITIA
Fp) |
p . pt 1 .
1+p2 - /f(y) Sln(x—y)dy, 1+p2 — §£USIHIE.
0

Iemek, 6acTamKbl €CENTIiH MernmiMi

xT

1
u(x,t) = 2% sinz + tcosx + / f(y) sin(z — y)dy.
0

209



Mbsican 6.3.2. Q = {(z,t): 0<z <400, t> 0} obavconda wenect
ecenmit, WeUIMIH AHBIKMAHBL3.

dugy + gy = 36€* sin 3t , (z,t) € Q,
u(0,t) =0, uy (0,¢) =sin3t, t >0, (6.3.16)
u(z,0) =0, uyg (z,0) = 3we?®, x> 0.

HTemryi. Jlamnac Typiengipyin = aliHbIMAJIBICHl OOWBIHINA KOJIJIAHANBIK,.
Aiiranbik, U (p,t) dbyskuumsicel u(x,t) dyukuuscsaby Jlamnac Typiaesipyi
0OJICHIH, SITFTHI

o0

U(p,t) = Lu(2,1)] = / (e, e dz.
0

Omnjta mekapaJiblK apTTap )oHe Jlamiac TypJeHIipyiniy Kacuerrepi 60ibIHIIA

L (ug(x,t)] = Uy (p,1), L [uga(,t)] = p2U (p,t) — sin 3t,
3
sin3t, L|u(z,0)]=0, L |u(x,0)]=—-—
o [u(z,0)] [u(x,0)] 2
GosrranbIKTaH, oepiiren (6.3.16) GacTalKpl-IIETTIK ecen MblHA €KiHII peTTi XKaii
nuddepeHnnaaablK TeHaeyre Koiiburan Komm ecebine Typienemi:

L [36¢** sin 3t] =

9p? 9(p+2)

_ 3
(p—2)*

By (6.3.17)-(6.3.18) Komru ecebimin mrermimi

U(p,0) =0, U (p,0)= (6.3.18)

1
U(p,t) = ———sin3t.
(r—2)
Enni 6yn ansikragran U (p,t) memntivre @ypoenin kepi TypseHaipyin (kecreni)
naligaJiaHbIII

u(x,t) =L U (p,t)] =L " [12 sin Bt} = ze®® sin 3t
(p—2)

6acrankbl Oepiiren (6.3.16) ecenriy menrimin Tabambrs. Bys ecenri Maple 11
OarmapJ/iaMachIMeH KeJjeci Typie ecenreyre 00Jia bl
> eq:=9*diff(u(x,t),x,x)+4*diff(u(x,t),t,t)=36*exp(2*x)*sin(3*t);
x>0,t>0;
> bcl:=u(0,t)=0;t>0;
> bc2:=D[1](u)(0,t)=sin(3*t); t>0;
> icl:=u(x,0)=0; x>0;
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> ic2:=DJ2](u)(x,0)=3*x*exp(2*x); x>0;

> with(inttrans,laplace,invlaplace);

> laplace(eq,x,p);

> subs(laplace(u(x,t),x,p)=v(t),bcl,bc2,%);

> dsolve({%,v(0)=laplace(rhs(icl),x,p),
D(v)(0)=laplace(rhs(ic2),%,p) },{v(£) });

> subs(v(t)=laplace(u(x,t),x,p),%);

> invlaplace(%,p,x);

> plot3d(sin(3*t)*x*exp(2*x),x=0.01..2, t=0..8);

6.3.1 cyper. 6.3.1-mbican ecentin 0 < z < 2, 0,01 < ¢ < 1,5 apanbrbmgars: u(x,t) menrimi

6.4 2KarThIry ecenTepi MeH KayalTapbl

6.4.1. 2KarTbirynap

2Kozapwidazv, Jlanaac otcone Pypve mypaendipysepin KoadaHbin,
Kesaect ecenmepodi wewiHi3dep:

6.4.1. uy = 4duyy, +x, x € (—00,00), t>0, u(z,0) =z, v € (—o0,00).

6.4.2. Uy = Ugy +2u+t, € (—00,00), t >0, u(z,0)=2%—-1, 2 € (—00,00).
6.4.3. u; = ium +at+2, 2 € (—00,00), t >0, u(z,0) =cos’x, x € (—00,00).
U = Mgy +sinz, xR, t€(0,+00),
6.4.4. 1
u(z,0) =1, w(z,00=1, =€ R"

A5 Ut = 25Uz + XL, r€RY, te(0,+00),
T w(z,0)=0, w(x,0)=0, € R.

2Umz —|—5Um§ +3utt = 0, x > 0, t > 0,

6.4.6. u(O,t):O, Uag(O?t):f(t)? t > 0; u($70):g($), Ut(l',O):O z > 0.

Uge + Uz =0, 0<x, t <00,
6.4.7. u(0,t)=p(t), u,(0,t) =0,
(

w(,0) = 6 (2), 1(0) = (0) =0,
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ug = augy + f (2,t), —00o <z <00, t>0,

6.4.8. u(z,0) =0, —o0 < < oo,
lim v= lim wu, =0.
r—+00 r—+00
Ut = Ngy, —00 < x <00, t>0,
6.4.9. e x>1,
u(z,0) =0, —o0 < x < o0, u(x,0)= { 0, z<1.
Ut = Ngr, 0 < x <00, t>0,
6.4.10. ug (0,) =0, t >0,
(z,0) = z(l-2), 0sw<l u (2,0) =0, 0 <z <00
’ 0, z>1, AN ’ ’
Uy = Cuge + K, >0, t>0, K= const,
6.4.11. u(z,0) = (2,0) =0, x>0,
w(0,t) = f(t), lm w(z,t)=0, t>0.
T—00
U = kgr, 0 <z <, t>0,
6.4.12. u(xz,0)=0, 0<z<I,
u(0,t) =0, u(l,t) =Ty = const, t>0.
Ut = 196Uy, 0 <z <00, t >0,
u(0,t) =0, t>0,
i u(z,0) =0, 0 <z <oo, w(x,0)= 2*(3-x), 0<z<3
9 9 t 9 - 0’ T > 3
Ut = Ugg, SCE(0,00), t>0,
6.4.14. { u, (0,¢) =5, t >0,
u(z,0) = -3z, u(x,0) =0, =>0.
Ut = CLZ’LLII, T € (0,00), > Oa
6.4.15. ¢ u;(0,t) —hu(0,t) = ¢(t), t >0,
u(z,0) =u (,0) =0, =>0.
6.4.2. 2KayanrTapsi
6.4.1. z(t+1).
6.4.2. ¢ (22 +2t—3) — (2t +1).
6.4.3. u(z,t) =2t + gat® + 5 + ge ' cos 2z

6.4.4.

6.4.5.

u(z,t) =1+t+ % (1 — cos 3t)sinz.

t3
u(z,t) = %

212



( SQ(x—%t)—Qg(a:—t), x >t
t—x

3g(x—§t)+2/f(t—x—g)dg, §t<m<t,
6.4.6. u(z,t) = 0

3
t—x t—sz

3 2
2 [ ft—z—&)de—2 f(t—x—g>d§, x < St
i [ 2o =<2

0

6.4.7. u(x t):{ i(x—t)ﬂt(), x—t>0,

(t) x—t<O.
t oo (z—&)?
6.4.8 p— //f§ )& e T)dgd
4.8. u(x, 2a\/77 T i T.
0

W,t):1ﬂ(%osw—wmw)cosw

3e? w4+ w?)
0

L I
6.4.10. u (1) = % 72 —wsin “:})3 2005 (@) G (war) cos (3ut) dov.
0
6.4.11. u(z,1) = [f (t - %) - % (t . “Zﬂ i (t - %) + %Kt?
6.4.12. u(z,1) TOZ (erfc( 2”;\% ) —erfc<(2”;}g+x>) .
-

6.4.13. u(z,t) = /hsm (wx) sin (14wt) dw,

0
hy, = 2sin (3w) — 4w cos (3w) — 3w? sin (3w) — 2w.

T

2t + t3+t xr—1t>0,

6.4.14. u(z,t) :{ o2 4 i* Pt w—1<0.

—3x, x—t>0,

6.4.15. u(évat):{ 5z —8t, x —t <0.

0, x> at,
t—x/a

—ael@=at) / "o (t)dr, =< at.
0

6.4.16. u(z,t) =
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7 Bemaim

O31HA1K KyMbICTap

7.1 O3iHAiK >KYMbIC TAIICBIPMAaJIaphbl

7.1.1.

—_
D
o

N
CROBG

w
CROBG

=
= ® &

o
& -

o
OGS

S

O

o

o

o

¢}

—
o

T

&

~— ~— ~— ~— ~— — ~~— ~ — ~— ~— — ~— ~ — ~— ~ — ~—

1 - e3iHgik >KXyMmbIc. TwuniH aHbIKTay KaHOHIBIK
KeJITipy, n = 2.

Ugg + 2Uzy — 3Uyy + 2uz + 6uy = 0.

Ugy + gy + Syy + Uz + 2uy = 0.

T Uy — 20YUgy + YPUyy + TUy + YUy =0, x > 0.

Ugy — 2COS TUgy — (3 + sin? Z)Uyy — YUy = 0.
Ugpg — 2Ugy + Uy + 2uy + 6u = 0.
Ugz + 12Ugy + 36Uyy — Uz — Guy = 0.

gy — YUy, — 2yu, =0, z,y # 0.

2Uzy — 2Ugy + SUyy + Uy + uy = 0.

25Ugy — 10ugy + uyy + uy + 2u = Sy + 2.
2Ugy — DUgy + uyy = 0.

Ugz — 2Ugy + DUy + 3uz +1=0.
$sz+(l’—y)uxy—yuyy =0, >0, y>0.
Ugg + 2Uzy + OUyy — 32u = 0.

Ugy — 2Ugy + Uyy + YUz + Juy — Ju = 0.

2Ugy + SUgy + Uyy + Tug + 4uy — 2u = 0.
yQum + 20yugy + 2x2uyy + yuy = 0.
Qg + AUy + Uyy — 2uy = 0.

Ugz + Ugy — 2Uyy — Uy — 15uy + 272 = 0.
Ugy + 2Ugy + 2 (1 — 22 4 227) uy, = 0.
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C) Uzg + 4Uzy + 4uyy + vy + 37 = 0.

(
(a) Ugy — 2Ugy — uyy + uy = 0.
(b) Ugy — 28inTULy + (2 — cos? x) Uyy = 0.

c 2

(
(a
(

8

Uy — 2TUzy + Uyy = 0.

Ayuzy +2 (Y — 1) Ugy — uyy = 0.
b) uze — 6uzy + 13uy, = 0.

(¢) TYUzy + 422Yugy + da3yuy, = u.
(a) Bugy + 2Ugy — Uyy + Uy +uy = 0.
(b) Bugy + dugy + uyy + 2uy + uy = 0.
(c T Uy + 2xYUgy + y Uyy — 2YUg + yey/x =0.

(a

(b) Ugg + dugy + 10uyy — 2yuy + 42uy + 22 + 2y = 0.

gy — SUgy + 3Uyy + 2uz — uy = 0.

c) tg?Tus,y — 2ytgrig, + y? Uyy + tg3zu, = 0.

(

(a

( Lo, — 2y =0
T y — U.

)
)
)
)
)
)
)
)
)
)
)
)
)
) 3
b) y ” m
(€) Ugay + 6ugy + uyy + uy + 3u, = 0.
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

Ugz — 4Ugy + Uyy — Uz + uy = 0.

um + x2uyy —

(a) Ugpy + 4Ugy + uy = 0.
(b) Uze + Yuuyy + uy—|—4yux—0 y < 0.
C) Upg + 4Ugy + 4Uyy + Uy + 2uy = 0.

(
(a) Ugy + YUyy + uy+4yuw—0 y > 0.
(b

at

Uy — 2Ugy + 2uyy + 2uy + 4y = 0.

C) Ugz + 6Uzy + uyy —u+5=0.

(
(a) Ugy — 10Ugy + YUy + ug = 0.
(b
(€) YUz — 2YUzy + Uyy — Uy — 6y = 0.

um+xuyy—0 x> 0.

(a) Ugy + DUgy + 6uyy = 0.
(b um+2u1«y+2uyy+6ux+6uy—3u-ac—i—y

¢) Tl upy + 2XYUgy + y Uyy = 0.

(

(a) 2%Uzy — 22YUzy — 3Y?uyy = 0x # 0,y # 0.
(D) Ugg + duyy + uy — 3uy +u = 2°.
(€) Upe — 2Ugy + Uyy + Uy — Uy + u = TY.
(a) YUz + 2(2y — Vugy — 202Uy, = 0.
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19.

20.

21.

22.

23.

24.

25.

7.1.2.

. Ugy

QUgy — OUzy + 2Uyy + uy +u = 0.

Mgy — OUgy + Uyy + 3Uz — Uy = 0.

Ugy + SUgy + Tyy + up + 2uy +3u+y = 0.
Ugz — 4Ugy + DUy — 3Uz + Uy +u = 0.

Y Uzz — 2YUzy + Uyy — Uy — 6y = 0.

Ugg + 2Uzy — 3y = 0.
2Ugy + 2Ugy + DUy — Uy +u = x2.

XUy + 26" Vg, + €Yy, = 0.

Uy + (T — Y) Uzy — YUyy =0, >0, y > 0.
e Uy + €YUyy = ..
Ugz — 2Ugy + Uyy + Uy — Uy = 0.
Ugz — AUzy — 21Uy + 2z — 3uy + du = z2.
(1 + :c2)2 Ugg + Uyy + 20 (1 + a;2) Uy = 0.
Ugy + gy + dtyy + 3uz + 6uy = 0.
Uz — 28IN TUgy — cos? TlUyy — COS TUy = 0.
Ugpg — 2Uzy + 2Uyy = 0.
2Ugy — BUgy + BUyy — Uy + 2uy — 2u = 0.
3uzy + 10uzy + 3uyy +4 = 0.
Ugg — OUzy + 13uyy = 0.
yzum + 2YuUgy + Uyy = 0.

2
Uow — (1+9%) uyy — 2y (1 +4%) uy = 0.
Ugg — OUzy + 10Uyy + Uz — 3uy = 0.
Ugz + 4Ugy + 4ty + 3uz + 6uy = 0.

2 - e3iHaiK XKyMmbIc. TumniH aHBIKTAy KaHOH/IBIK,
KeJTipy, n > 3.

C Ugg + 2Upy + 2Uyy — Oty + Uz — U — 2Uy — 2uz +u = 0.
AUy — AUgy — Uyy — Uyz — 2Uzz + Ugp + 2Uy + 2Uz — 3u = 0.

C Ugg + Ay + Uy + dugy + 6ug, + 120y, — 2u, — 4uy — 6u, = 0.

— Ugz — Uy, = 0.

C Ugy — Uzy + Uy — Uy = 0.

Ugz + 2Uzy — 2Ugs + 2Uyy + 6u,, = 0.
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7. Augy — gy — 2y, +uy +u, = 0.
8. Ugy — Ugz + Ugp + Uy —uy = 0.
9. Ugy + 2Ugy — 2Ugz + 2Uyy + 2u,, = 0.
10. Ugy + 2Uzy — 4y, — 6Uy, —u,, = 0.
11wy + 2upy + 2uyy + 2uy, + 2uy + 2u, + 3uy = 0.
120 upy — Ut + sy — 2uz + 2uy = 0.
13. Ugy + uzz + gt + uze = 0.
14, Uz + 2Upy — 2z, — Uy, + 2uy +u,, = 0.
15, Upy + 2y — 2Ugt + Uyy + 2Uy, + 2y + 2, + 2uy = 0.
16. uzy + 2y + 2uyy + 4uy, + Su,, = 0.
17, uge — 4ugy + 2ugs + 4ty + Uz + 3ug = 0.
18. gy + Uz + Uy, — Uy +uy = 0.
19. 3uyy — 2Ugy — 2uy, +4u = 0.
20. Uz + AUy + Uz + dUgy + 2Ug, + Uy, + 2u = 0.
21, gy + duyy + Yz + dugy + 6, + 120y, — 2u, — 4uy = 0.
22. Ugzy + AUy — Uz, + dUgy + 2Ug, + 2uy, = 0.
23. Uzy — BUyy + Uzy + 2Ugy + dug, — duy, = 0.
24, Ugy — BUyy — 2Ugy + 2Ug, — Buy, = 0.

25, Ugy + Ugy + Uzt + Uyz + Uy + 2uze = 0.

7.1.3. 3 - e3iHAIK XKYMBbIC. CumnarrayslniTap  9/Iici.
lN'umnepb6osabik TUOTI TeHAeyJiep YHIH KaJjnbljaMa
Komu ecebi

220YUgy — 3YUyy + uy = 0,

1.
Ulyz1 = 2% — 2, wuyly=1 =23

9 BUgy + 2Ugy — Uyy + Ug + uy = 0,
u ‘.Z’:O = 2y7 Uy ‘sz = 4Z/

3 gy — BUgy + BUyy + 2uz — uy =0,
Uly—0 = 3T, Uyl|y—0 = 22 + 6.

n DUgy + OUzy + Uyy + Uy + uy =0,

u ‘.Z’:O = 2y , Uy |ac:0 - 5y
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

BUgz + SUzy — 2Uyy + 7 (uy + 2uy) =0,
u ‘:chO =1, u |x=0 = 3y.

um+2cos:z-uxy—sin2m-uyy —sinz - uy =0,
u(z,sinz) = 322, uy (z,sinz) = .

Ugy + 2Ugy — Suyy = 0,
u(z,0) =322, wuy(z,0)=0.

Ugz + AUzy — DUy + Uy — Uy = 0,

u(z,0) =2z, wuy(z,0)=1

(sin2y — 4) Ugy — 28I Y - Ugy + Uyy — COSY - Uy = 0,
u(cosy,y) = cosy, u,(cosy,y)=siny.

ATUgy — YUyy + 3uy = 0,

U |y:1 = 43, Uy |y=1 = 8.

20Uy — Ylyy — Suy = 0,
_ .4 _ 9.3
U |y:1 =%, uyly=1 = 32°.

TUzy — YUgy + duy = 0,
Uu |a::1 = 3y4 y Uxy |y:0 = 2y5'

TUgy — 3YUyy — Uy = 0,
4 — 9.8
u |y:1 =4dz*, uyly=—1 = 22°.

TUgy + YlUgy = 0,
Ulp=1 =2y + 1, Uy la=1 = .

42Uy — YlUyy + 3uy = 0,
U |y:1 =22 +1, Uy ly=1 = 4.

TUgz — OUzy + DUy = 0,
Uly—p = 28inx, Uy|y—z = 2cosx.

Uy — Uyy + 2Uz + 2uy = 0,

Uly—0 = T, Uyly=0 =0, |z| < o0.

Ugpy — Uyy — 2Uz — 2uy = 4;

Ulp=0 = =Y, Uglz=o =y—1, |y| < oc.
Uy + 2Uzy — Uy = 2;

Uly=0 =0, uyly—o =z +cosz, |z]< oco.

T Uy — 3TYUzy + 29Uy, + 3yuy, = 0,
u |y:1 =1+222%, wyly=1 = 422
Ugy — 281N TUgy — (3 + cos? :n) Uyy — COS TUy = 0,

— o _ x
U ‘y:cosm =SIT, Uy ‘y:cosz = 56 .
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22Uy — 3TYUgy + 2y2uyy + 3yuy = 0,

22.
Uly=1 =2z, Uy ly=1 = 2.

30Uy, — 16xyusy + 16y2uyy + 15zu,; =0,

u ’m:l = 2y27 Uy |x:1 = ??/2-

23.

Ugg + 28N TUgy — cos? Tlyy + Uy + (sinz + cosz + 1) uy =0,

24. . .
Uly=—cosz = 1 +28Inx, Uy |y=—cosz = sinz.

Uy + 28N TUgzy — cos? TUyy + cos zuy = 0,

25.
Uly=—cosz = 1 +€OST, Uy |y=—cosz = 0.

7.1.4. 4 - e3ingik >XymbIic. ['ypca ecebi

Temeneri ecerrreprieri ¢(x), ¥(x) € C%(x > 0) N C(z > 0) Gepinren Teric
dyHKIHAIAD.

2

1 uxy—l—uxjx, x>0, y>0;
u|$=0:y ) U|y:0:l' .

Uy +Uy =1, >0, y>0;
u|x:0 = So(y)v U’yzO = ¢($), 90(0> = ¢(0)

Uy + Ugy — Uyy + Uz +uy =0, —%x<y<m,x>0;
Uly=z = 1+ 32, uly—_z/2 = 1.

Ugz + OUzy + dUyy =0, x <y <dx, x> 0;
Uly=c = ©(y), uly=se = p(x), ©(0) =v(0).

uxx+yuyy+%uy20, —ix2 <y <0, z>0;
uly—o =0, uly—_,2/y =z

Ugy — € Uyy =0, y>e *, x> 0;
2 2
u|x:0 =y, u|y=—ez =1+

YlUgy + (T — Y) Ugy — TUyy —Ug +uy =0, 0<y<z, z>0;
uly=o = 0, uly—y = 4.

TUgy + (T — Y) Upy — YUyy =0, 0<y <z, z>0;
uly—0 = 0, uly—y = .

y2um—|—ul~y:0, P -8<3z <yl 0<y <2
Uly—2 = 3z + 8, ul3—ys = 2¢°
10 T Uy — YPuyy =0, y >z, x> 1;

uly=1 =1, uly—y = 2.

x2uxx_y2uyy+xux_yuy:0, %<y<x,x>1;

11.
u|y:x =, U’yzl/m =1+Inx.

D
— = M Y M A M M N
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

322Uy, + 20YUzy — y2uyy =0, z<y< %x,O <x <l

u|y=a¢ =Y, u|xy3:l = yQ'

Ugy — 28N TUgy — cos? TlUyy — COS TUy = 0, ly —cosz| < x, x> 0;

u|y:x+cosx = Ccosz, u|y:—:c+cosx = cos .

QUugy — 2Uyy + Uy +uy =0, y > |z|;
u(l'ay) |y=x =1, u(x,y) |y=fx = (m + 1)€x-

Uyy = Uy, Y > ’x‘ ;
Uly—e = @(x), 0 <2 < b, uly——z = ¢Y(z), —a <2 <0,
©(0) =(0), 0 < a,b< oo.

Pu _ 9u
0x2 — 0y?

w(@,y) ly=—2o = ¢ (@), w(@,y)ly==v (), ¢0)=1v(0).

& 92 2u _ (.
oz2 T 059, 95,2 = 0;
u(z,y) ly=e = ¢ (2)

o 62 0? .
87;4_68&3;7; —|-58T;2L :0,

(2, Y) ly=sa+3 = 0 (7)), u(z,Y)ly=a—1 =9 () @(-1)=

&%u &%u d%u .
a2 — Ogzay T 85,2 = 0;

9u 92%u Pu _ (.
3W +2818y T oy? T 0’

w(,y) ly=—aa = ¢ (2), w(,y) ly=—202 =1 (2), ¢(1)=

u(xay) ’y:a?—l = 90 (1’) I U (H?,y) ’y:—“”T+1 = w (.%') ? (10 (%) =

0%u 0%u &u _ (.
4W o 83:):63,/ + 387312 =0;

W, y) e e = (@), w(,9) |y e = (@), ¢ (-

92y 92%u 2u _ .
35,2 + 57835831 — 2872 =0

T

U (Q?, y) |y:7L§2 =@ (x) y U (1’,3/) ‘y:2$—1 = 1/} (.%') P (%) =

0%y 0%u %u _ 0.
2592 + 5900y — 2557 = 0;

w(@,y) |zt = ¢ (2), u(@y)l,_es =9 (@), ¢(3)
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7.1.5. 5 - e3inaik >kymbIc. TouKbIHABIK TeHAeyi yimiiH Kormm
ecebi, n = 1.

L Ut = Upy +xsint, x € R, t >0,
u(x,0) =sinz, w(x,0) =cosz, x € R.
9 Ut = Upe + €5, x € R, t>0,
" | u(z,0)=sinz, u (z,0) =x+cosz, z € R.
3 U = Ugy + 1222, € R, t >0,
" u(z,0)=e", u(x,0)=3, x€R.
4 Ut = Upy +COST, T E€ R, t>0,
" | u(z,0)=sinz, u (x,0)=14+2z, z€R.
5 Upt = Uge + 62t, £ € R, t >0,
" w(z,0) =2, u(x,0)=sinz, x € R.
6 Ut = Upe +48in2t, € R, t>0,
" | u(z,0) =cosz, w(zr,0) =sinz, € R.
- Uy = a*Uugy +6, x €ER, t >0,
" u(z,0) =22, w(x,0) =42, <R
3. Ut = Upye +xsint, x € R, t >0,
u(z,0) =sinz, us(x,0) =cosz, x€ R.
9 Uy = AP Ugy +sinwt, z € R, t >0,
" | u(z,0) =0, w(z,0)=0, z€R.
10 Ut = Uge + 62, xE€ R, t >0,
| u(z,0) ==, u(z,0)=sinz, x€ R.
1 Uy = @PUgy +sinwz, = € R, t >0,
" u(z,0) =0, u(z,00=0, z€R.
19 Ut = Ugy + 37, TER, t>0,
" | u(z,0) =sinz, u(zr,0) =cosz, x € R.
13 Ut = Qg +sinx, € R, t>0,
" u(x,0)=1, u(z,0)=1, =z €R.
Ut = Upy +48in2t, € R, t>0,
14. .
u(x,0) =cosz, u(z,0) =sinz, x € R.
15. U = c2um+cosx,
u(x,0) =sinz, u(z,0)=1+z.
16 Ugt = @ Ugy + T + 1,
" u(z,0) =€, wu(x,0)=0.
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17 Uy = @ Ugy + tInt,
u(z,0) =3% wu(z,0)=0.
18, | v um+:c +t2,
u( ™, w (2,0) =0, m=1,2,....
Ut :Ex+$27
19.
u(x,0) =cosz, us(x,0)=cosz.

g

9. t = Ugy + cos (z + 1),

{ e
vt
L]
{
24
e
L]
L]
{

u(z,0) =0, wu(x,0)=2".

Ut —um—i—smt

u(x, ug (z,0) = (1+x2)71

m um—}—6 r€RY te(0,4+00),

22. ug (z,0) = 4z, x € RL.

Q

ut—um+xt rc€RY, te(0,4+00),

23 ut (r,0) =2, x € R

i:

tt = m—i—smx re R, te(0,+00),
)=sinz, w(z,0)=0, x€c R

Q

24.

Q

uttfum—i-e r€RY, te(0,+00),

25 u (z, ug (z,0) = x4+ cosx, x € RL.

7.1.6. 6 - e3iHaik >kKyMmbIc. TONKbIHABIK TeHaey yinian Komm
ecebi, n > 2.

1 Uttt = Ugxy +uyy7
Ulmo = €™ + arctgy, U |i—o = cosa siny.

5 utt—Au—l—?)(y —x2y+22(x—y))t;
uli=0 = 22 — ¥,  uy|i=0 = sinzcos (y + 32) .

{ uy = Au (1, 72,73), B3 x Ry

3. _ 1 3
U =0 =0, ut’t:o—m, xr € R°.

n uy = 4Au (z,y, 2,t), (2,9,2) € R, t>0
u(z,y,2,0) =sinx + e?*, uy (z,0) =

5. utt—4Au<x7y7zvt)7 (x Y,z )€R3 t>0,

(7,y,2,0) = 4?22, wuy(z,0) = 0.
6. uy = Au+ coswsinye®; uli—o = v2e¥ %, wy |—o = sinze¥ .

7. uy = Au+ xelcos (3y +42); uli—o = xycosz, u|i—o = yze®.
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Ut = GQAU (337y,t) + 1’ (‘T’y) € R27 t> 07
u(z,0) =1, w(z,0) =1, (z,y) € R%

9 ug = a?Au (x,y,t) + e ir? (z,y) € R?, t >0,
" u(z,0) =1+7% u(x,0) =0, (z,y) € R%

10. uy = Au; u |t:0 =2 +y? + 2%, w0 = ay.
11 uy = Au+2; ulimo =, Ul—0 =y.
12, uy = Au+ 6xyt; u ‘tzo =22 — 9% wli=o = 2.

13, { uy = Au + 2® — 3y,

Uli—o = €T cosy, =0 = e¥sinw.
14. uy = Au+tsiny; u }t:g =122, wy|i—o = siny.
15. uy = 2Au; u ‘tzo =222 — %, ‘t:O =222 + 4%
16. up = 3Au+ 2 +y% wlimo = 2% w|i—o = y>
17, uy = Au+ 3 uli—g = uy ‘t:() = 3oty
18. uy = a?Au + et (332 - yQ) ;U |i=0 = Uy |=0 = 0.
19. uy = Au; uli—g = 2%y, uy ‘t:o = xy°.
20. uy = Au+2xyz; u ‘tzo =2 +9? - 222, wuylimo = 1.
21, uge = 8Au+ 2% uli—o =% w|i—o = 2%
22.

=3Au+6r% ulemo=a%y22%  r?=a’+y? 420

uy = Au+ 6te®™2sinycos z; u }t:g = Y cos 2v/2.

23 .
Uy !t:o = 342 gin 5z

24 U f1=0 = 9778 cos (102), — oo < z,y,2 < +00

Uy ‘tzo = 347 gin(5z), — oo < x,y,2z < +00.

uy = a’Au, —oo < x,y < +o0o t >0,
uli—p = cos (b +cy), —oo<uz,y<+o0,
Ut |¢=0 = sin (bx + cy), — oo < x,y < +oo.

Utt
{ uy = Au + te® sin (3y) cos (4z), —oco < x,y,2 < +oo t >0,
25. {
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7.1.7. 7 - e3iHAiK >XYMBbIC. Temmiminmin dbu3uKaIbIK
MHTEPIPEeTAIMSICHI

TonkpiHablK Teraeyi yurin Komm ecebi 6epinren.

Uyt = a*Ugy(2,t), T €R = (—00,00), t >0,
U(l’,O):gO(SL'), ut(ZE,O):@ZJ(l’), z €R.

Hanambep dbopmynacein Kosganbi, Maple (MatLab, Mathematica) 6argapiacst
KOMeriMeH IeNMHIH OpTYPJ/Ii yaKbIT Me3eTiHIeri rpadurin cajablHbI3, erep:

a) Gacrankpl aybITKy npodwmwi ¢(z) = f(z), an ¢ = 0 6ouca;

9) ¢ =0, an GacTankpl KbUIIAMILIK npodut ¢ = f(z) 6osca, myHnarer f(x):

0, r< -7,
1. f(z)=4q sin(2z+3%), -Z<a<7Z,
0, > 7. 4
-2 0 .
0, T < —4,
2, —4<z< -1, ’
2. flx)=<¢ —2?+4, —-1<z<1, 2
2, 1 <x <4, ) 1
0, x> 4. _
0, T < —4, *
2, 4 <z<-2 3
3. f(z)=1 4, —2<x <2, 2
2, 2<x <4, ,
0, T > 4.
4 0 2 &
0, T < —9.
4. f(z)=< 5—lz|, =5 <z <5,
0, r>5
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10,

x + 30,
40,
—z+ 30
10,

, 2<z <4,

T < —2,
—2<x <2,
T > 2.

e )

. N
=
L

x <0,

0<z<3, ¥
3< <5, 4
5 <ax <8,

T > 8. i} i

f—

T < —4,
-4 <z<-2,

—2<zr< -1,
1<z <1, /\-l——/\
1<z <2,

2<x <4, -5 0
T > 4.

r < —06,
—6 <x < —4,
—4 <z -2
—2<x <2,

4 <x <6,
T > 6.

Wi L&)

226



10.  f(z) =

13. f(z) =

0, T < —4,
2, 4 <z < -1,
—lz|+4, —-1<z<1,

2, 1<z <4,

0, T > 4.

0, T < —4,
2, 4 <x <=2
—lz|+4, -2<z<2,

2, 2<x <4,

0, x> 4.

0, x< =3
T+ 4, —3< <=2
-, —2<zr< -1
—22 42, —1<z<1

x, 1<z <2
—x + 4, 2<x <3

0, z > 3.
0, < -3
T+ 4, -3<z<0
—x+7, 0<x<3
r+1, 3<x<6

—x + 10, 6<x<9

0, x >9.

0, x < —4,
22+ 1—dx, —4<zx<-2,
—|z| + 4, —2<x<2,
—z? +1+4x, 2<z<4,
0, x > 4.
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4. f(z)=1{ —2%+6,

x4+ 4,
—x 4+ 4,

16. f(z) =

17. flx)={ —a2+4,

x < -7,
—7<x< -6,
6<z< -2
—2<x <2,
2<z<6,
6<ax<T7,

x>T.

r < —6
—-6<xr<—4
4 << -2

2<x<0
0<z <2,
2<x <4
4<x<6
x > 6.

T < —6,
—6<x< -4,
—4 <x< -3,
-3 <x<0,

0<z <3,
3<x <4,
4 <z <6,

x > 6.

T < =2,
—2<x<2,
x> 2.
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0, T < —4,

T + 6, —4 <z <0,
18. flz) = —z + 6, 0<az<4,
0, x> 4.
0, r < —6,
x + 6, —6 <z <3,
19. f(z)=4¢ |z|+3, —3<z<3,
—x + 6, 3<ax<6,
0, x > 6.
0, T < —6,
2, —6<x< -2,
20. f(x)={ —2?+6, —-2<z<2,
2, 2<x<6,
0, x > 6.
0, T < —3,
21, f(z)=1Q |z|+3, —3<x<3,
0, x> 3. 3
4 F] Q F] 4
0, r< -4 4
_z, —4<z< -2 \/\/
22, f(x)=< —lz|+4, —2<x<2 2
x, 2<x <4 1
0, x> 4.
4 2 0 2 4
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0, T < —4,
T + 4, —4 <z -2
23. flx)=1< —l|z|+8  —2<z<2
—x 44, 2 <x <4,
0, x> 4.
4 i 0 2 4
0, T < =5,
1U+5, _5§$§_37
2, —3<x< 1, ;
24. f(z)=< —|z|+3, -1<x<1, ‘
2, 1<ax<3, / ! \
—x + 5, 3<x <5, -4 -2 0 2 4
0, x> 5. '
0, r < —06,
x4+ 6, —6<zx< -3, )
-, -3 << -2 4
25. f(z)=< —lz[+4, —-2<z<2, 2
x, 2< <3, 1
—z + 6, 3<x <06, 4 4 2 0 2 4 6
0, x > 6.

7.1.8. 8 - e3iHAik xkymbic. 2KBUIyOTKI3TIMITIK TeHJEYyi YIMiH
Komm ecebi, n = 1.

1. uy = ugpt+we ™, 2 € (—00,00), t >0; wu(x,0)=sin2z, rc (—o0,00).
2. Uy =4ug, +t+et, x€(—o00,00), t>0; u(x,0)=2, € (—00,00).

3. U = Uy +t2chx, € (—00,00), t>0; u(x,0)=chr, v € (—o0,0c0).

4. uyp = Mugp+2xt+1, o € (—00,00), t>0; u(z,0)=e"2* € (—00,00).
5. Ut = Uz + € Pcosz, & € (—00,00), t > 0; u(x,0) =cosz, x € (—00,00).
6. U = Upy +€'sine, x € (—00,00), t >0; u(x,0)=sinz, x € (—00,00).
7. Uy = 4ugp+2u, x € (—00,00), t>0; wu(z,0)=e 42t x€ (—00,00).

8. 4dup = Uyy, x € (—00,00), t>0; u(zx,0)= 62”3_9”2, x € (—00,00).
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25.

7.1.9.

up = Mgy +tz?, x € (—00,00), t>0; u(x,0)=e"cosz, € (—00,0).
dup = Uy, © € (—00,00), t>0; u(z,0)= sinze ", z € (—00,00).

Up = Uy +te™®, 2 € (—00,00), t >0; u(x,0)=sin?

x, T € (—00,00).
up = gy + €74 € (—00,00), t>0; wu(x,0)=1, x € (—00,00).

U = Mge +t+ 2%, 2 €R, t>0; u(z,0)=e Tsinz, v € (—o0,00).

U = Uge +2et, 2ER, t>0; u(r,0)=2’4+2—-1, z€R.

U = Uy + 3%, © € (—00,00), t >0; wu(x,0)=sinz, € (—00,00).

Ut = Ugy + €'sinx, x € (—00,00), t>0; wu(z,0)=sinz, v € (—00,00).
Uy = gy, T € (—00,00), t>0; u(x,0)=2%+cos2z, v€ (—o0,00).
g = gy —hu+b, x €R, t >0; wu(x,0)=e" a,b h=-const,zcR.
U = DUgy, T € (—00,00), t>0; u(r,0)=2+e*sin2z, v € (—o0,00).
ug = augz—hu, x € (—00,00), t >0; u(z,0)=e", a,h=-const, r € R.
Up = Ugpy + 22Uz +u, € (—00,00), t>0; u(r,0)=e3% 1€ (—00,00).
Ut = Ugy +xCOST, T € (—00,00), t>0; wu(zr,0)=xcosz, v R

Up = Ugg, T E (—00,00), t>0; wu(z,0) :me*mQ, x € (—00,00).

Up = Ugy + sint, x € (—o00,00), t>0; wu(z,0) = g€ (—00,00) .
U = Ugy —2u+4, x € (—00,00), t >0; wu(x,0)=e" € (—00,00).

9 - e3ingik >kymbic. 2KBUIYyOTKI3riMITIK TeHJeyi YImiH
Komu ecebi, n > 2.

cup = Au + 3ayt, (z,y) € R?, t > 0; u|i=o = sinzcosy, (x,y) € R2
cup = Aut(224+y?)e ) (z,y,2) €ER3, ¢t > 0;u =g = wysinz, (x,y,2) € R3.
C8us = Au+1, (z,y) € R, t > 0; Ul=0 = e~ (@=v)?, (z,y) € R2.
C2up = Au, (z,y) € R, t > 0; u|i=0 = coszy, (z,y) € R%

cup = 9Au + y?te T sinz, (z,y,2) ER3,t>0; uli—o =0, (z,y,2) € R3.

. duy = Au+sin 2z, (z,y,2) € R3, t > 0;

U =0 = 1 sin2z + e~ cos 2y, (z,y,2) € R3.

ug = Au+cos(z—y+2), (z,y,2) €ER3, t>0;
Ulmo = e~ @Y= (1 gy 2) € R3.

231



8. uy = 9Au + 4u, (z,y) €R?, t>0; uli—o = cos2x+y?, (z,y) € R2
9. uy = Au, (1,y,2) ER3, t>0; uli=g = e*zzsh3y cosbz, (r,y,z) € R3.

10. uy = 4Au, (z,y) €R?, t>0; ul—o = e 2% (sin2y +2y), (x,y) € R2.
11. uy = Au+e¥?sinz, (z,y,2) €R3, t>0;

whoo = (2 +12) 2+ 25, (2y,2) € B,
12, g =Au+e @, (z,y) €ER%, t>0; ulmo = 2%% +2*, (z,y) € RE
13. us = Au—2u, (z,y,2) €R3, t>0; ul—o =e*Ycos2z, (x,9,2) € R3.
14. uy = Au, (z,y,2) €ER3, t>0; wul—o = cos(zy)sinz, (z,y,z) € R3.
15. up = 9Au —u, (7,y,2) ER3, ¢ > 0; uli=o = e “sinzcosy, (z,y,2) € R3.
16. uy = 2Au +tcosz, (x,y,2) €R3, t>0;

u]i=0 = cosycosz, (z,y,2) € R3.
17. ug = Au+u, (z,y,2) ER3, t>0; uli—g =e *sinxcosy, (x,y,2) € R3.
18. up = 3Au+et, (z,y,2) €R3, t>0;

Uli—o =sin(z —y — 2), (2,9,2) € R3.
19. uy = Au+cost, (z,y) € R% t>0; Uli=o = xye*xzfyz, (z,y) € R2.
20. up = 4Au —2u, (z,y,2) ER3, t >0; uli=o = eV cos2z, (x,9,2) € R3.
21. uy = Au+sintsinzsiny; (z,y) € R% t > 0; uli=o =1, (z,y) € R2.
22. up = Au+ 2sinzsiny; (x,y) € R%, t > 0; uli—g = 2> — 92, (v,y) € R2.
23. uy = Au(z,y,t), (v,y) € R% t>0;

u(x,0) = sinaxsin By, a,B = const, (z,y) € R2.
24. uy = Au(z,y,t), (,y) € R% t>0;

u|i=o = sinaxcos By, a,B = const, (z,y) € R2.
25. up = Au(z,y,t), (z,y) € R t>0;

U |i=o = cosaxcos By, a, B = const, (x,y) € R2.

7.1.10. 10 - e3iHAiK >KYMBIC. 2KagracTeipy — 9Jici.
TonKpIHABIK, K9HE KbBLIYOTKI3rimITiK TeHAeyJep YIIIH
kKapThl ecte OepisireH Kommn ecebi

) Uy = a*ugy, x € (0,00), t>0;
' u(0,t) =0, wu(z,0)=sinz, x € [0,00).
5 uy = a’ugy, x € (0,00), t>0;

uy (0,8) =0, wu(z,0)=cos2z, =€ 0,00).
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10.

11.

12.

13.

14.

15.

16.

17.

I e T e S e e e T e T N e e T Y

g = a*uzy — hu, € (0,00), t > 0;

u(0,t) =0, u(x,0)=z+2% x€]0,00).

ur = a®uze + (1 +22)t, z € (0,00), t>0;
uy (0,t) =0, wu(z,0)=0, x€[0,00).

g = augy + 23, x € (0,00), t > 0;
u(0,t) =0, u(z,0)=0, z€0,00).

Uy — AUy, = 6xt, € (0,00), t > 0;
u(0,t) =13, u(z,0) =23, w(x,0)=0, z€[0,00).

ug — gy =2, € (0,00), t>0;
U—ugl,_og=t*—1, u(®0) =z+23 w(r,0)=-92% =z€][0,00).

I

Ugz, T € (0,00), t>0;
0,t)=t3 t>0; u(z,0) =22 wu(z,0)=2, z¢€][0,00).

tt

IS

0;
4

gy = 4ugy + 1612, x € (0,00), t
) , ug(z,0) =2sinz, z € [0,00).

>
=44, t>0; wu(x,0)= %:U

2, T € (0,00), t>0;
uw(0,t) =3, t>0; w(x,0) =272 u(z,0)=0, z€[0,00).

U = Ugpe +2, x € (0,00), t>0;
uy (0,8) =1, t>0; w(z,0)=z+cosz, w(r,0)=1, x€[0,00).

Ut = Ugg, ¢ € (0,00), t>0;
ug (0,t) =cost, t>0; wu(x,0)=z, w(z,0)=1, x€0,00).

g = gy + €', 1€ (0,00), t>0;
ug (0,t) =2 —cost, t>0;
u(z,0) =14z, u (r,0)=4—3cosg, z¢€[0,00).

Ut = gy, x € (0,00), t>0;
u(0,t) =bsinwt, t>0; wu(r,0)=0, u(r,0)=0, =€ [0,00).

Uy = a*Ugy +sinx, x € (0,00), t>0;
U(O,t):(), t > 0; ’LL(l‘,O):O, ut('T?O):O? ZCE[O’OO)'

U = Bugy + 2 (1 — 6t) e72*, z € (0,00), t>0;
(Up —2u)|,g = =2+t — 43, ¢ > 0;
u(z,0) =1, u(z,0) ==z, z€0,00).

Ut = Ugg, « € (0,00), t>0;
(uz +u)|,_g=1—rcost, t>0;
u(z,0) =0, ut(x,0)=0, z€[0,00).
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@

Ut = Uge +4, x € (0,00), t>0;
(Ug +u)|,_g = 3%, t>0;
w(z,0)=1—2, u(z,0)=0, z€[0,00).

Ut = Ugy, « € (0,00), t>0;
(up —u)|,_g =2t — 3, t > 0;
u(z,0) =22, w (z,0) =0, x € [0,00).

Ut = Ugy — 6, x € (0,00), t>0;
(ug + 2ug)|,_o = —4t, t>0;

uw(x,0) = 2%, w (2,0) =0, x€[0,00).

g = 4uge +2, = € (0,00), t>0;
(ug + Bug)|,—g = 3t — et, t>0;
u(xz,0)=2—2x, u(x,0)=2, z€[0,00).

g = a’ugy, x € (0,00), t>0;
ul,_o=9(t), t>0; u(x,0)=0, x¢€]0,00).

U = a*Upy, x € (0,00), t > 0;
Uz|,_g =9 (), t>0; u(z,0)=0, z€[0,00).

Ut = Ugg, T € (0,00), t>0;
(uy — 2u)|,_g = te™3t, t>0;
u(x,0) =2e"", u(z,0)=0, z>0.

Uy = a*Uyy, T € (0,00), t > 0;
up (0,8) = 0, t > 0;
u(z,0) = 22 — 23, uy (2,0) = cosx, x> 0.

11 - e3ingik xkxymbic. lltypm-JInyBuiaaes ecebi

X" (x) + XX (2) =0, 0<2<I,
X(0)=X()=0.

X"(x)+ XX (z) =0, 0<z<l,

X' (0) = X (I) = 0.
X"(x)+ XX (z) =0, 0<z<I,

X (0)=X'(l)=0.

X" (z)+ XX (z) =0, 0<z<I,
X'(0)=X'(l)=0.
X"(x)+AX(2) =0, 0<x<l,
X(0)=0, X' (I)+hX(1)=0, h>0.
X"(z)+ XX (z) =0, 0<z<lI,

X' (0)— hX (0)=0, X'(1)=0, h>0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

—N A N A A

X" (x)+ XX (x) =0, 0<x<l,
X'(0) — hX (0)=0, X'()+hX()=0, h>0.
X"(z)+ XX (z)=0, 0<z<m,
X (0) = X () = 0.
X"(x)+ XX (x)=0, 0<z<m,
X' (0) = X' (x) = 0.
X"(x) + XX (2) =0, 0<z<m,
X(0)=X'(r)=0

X" (x) + XX (2) =0, 0<z<m,
X' (0)=X(7r)=0
X"(2)+ XX (2)=0, 0<zx<m,
X(-m)=X(n), X'(—7)=X"(n)
X" () + XX (2) =0, 0<2<I,

X" (z)+ XX (z) =0, 0<z<lI,

l
X()=0, /Ax@dx:a
0

X" () +MNX(2) =0, 0<z<lI,

l

XWU:Q(/XQMM:Q
0

"(2)+AX(z) =0, -1<z<1
(-1) =X (1), X'(-1)=X"(1)

"(z)+ XX (2) =0, —2<z<2,
(—2)=X(2), X' (-2)=X"(2).
"(z) + A?X(z) =0, 0<z<5,

"(0) = X' (5) = 0.

T2X'+ (M +1)X =0, 0<z<]1,
0)=Xx(1)=
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01 X"(x)+AX(z)=0, 0<z<lI,
"1 X'(0)-hX(0)=0, X(1)=0, h>0
99 X" +8X'"+ (XN +16) X =0, 0<z<m,
"L X(0)=X(7)=0
X"(x)+ XX (z) =0, 0<z<2,
23.
X (0)=X(2) =0,
04 X" (x) + XX (2) =0, 0<z<3,
L X' (0)=X(3)=0
o5 X"(x)+ XX (z) =0, 0<z<1,
"l X(0)=X'(1)=0

7.1.12. 12 - e3iHaiK >KyMbIC. BipTeKTi TONKBIHABIK TeHJeyil YIIiH
OacTamnKpI-IIIETTIK ecell

utt—9um, O<ax<l1,t>0,
) =0, u(l,t) =0, t >0,

1
z,0<r < =

(z,0) =0, ut(x,0) = m 2 ,0<z <1
x

1—x <1 B

w\)—*
IA

utt—9um7 0<.’E<1,t>0,
) =0, u(1,£) =0, >0,
0) =xz(1 —x), u(x,0)=0,0<z<1.

[\

utt—7um, O<ax<l,t>0,
) =0, u(1,1) =0, >0,
22(1 —2), u(2,0) =0,0 <z < 1.

|-
i
gt
{
i
i

w

IS

) =0, u(1,t) =0, 1> 0,
xO =0, u(z,0)=2(l-2z),0<z <1

utt—7um, 0<l‘<1t>0,
) =0, u(l,t) = 0, >0,
JZO—O u(z,0) =2%(1—2),0<z < 1.

ot

utt—4um, O<z<l, t>0,
) =0, u(l H=0,1>0,
xO y=a(z® =222 + 1), ug(2,0) =0 ,0<x < 1.

=2

utt—64um, 0<$<3, t>0,
) =0, u(3,t)=0,t>0,
xO =0, u(x, 0)—96(372—9) ,0<a<3.
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11.

12.

13.

14.

15.

16.

18.

19.

Utt = gy,

ug (0,t) =0,

O<z<2, t>0,
u(2,t) =0, t>0,

u(z,0) =4 — 2%, u(r,0)=0, 0<z<2.

Utt = DUgg,

uz(0,t) =0,

O<ax<l1,t>0,
ugy(2,t) =0, t >0,

u(z,0) = 22%(3 — 2), w(2,0) =0, 0 <z < 2,

Ut = 5uz337
uz(0,t) =0,

O<ax<2,t>0,
ug(2,t) =0, t >0,

u(r,0) =0, uy(r,0) = 2223 —2), 0 <2 < 2.

Upp = AUy,
u:r(oa t) =0,

O<z<mt>0,
ug(m,t) =0, t >0,

u(z,0) = 233z — 4m), u(z,0) =0, 0 <z < 7.

Ut = TUgq,
uz(0,t) =0,

O<ax<l,t>0,
ugy(1,¢) =0, t >0,

u(z,0) = 32%(2? — 2), w(z,0) =0, 0 < x < 1.

Upt = dUgg,

uz(0,t) =0,

O<z<mt>0,
ug(m,t) =0, t >0,

u(x,0) =0, w(z,0) =233z —47), 0 <z < 7.

Upp = TUzg,
um(oa t) =0,

O<z<l1,t>0,
uz(1,8) =0,t >0,

u(z,0) = 0, ug(r,0) = 32%(2% - 2), 0 < x < 1.

Ut = 16Uy,
ul‘(ou t) = 07

O<z<m t>0,
ug(m,t) =0,t >0,

u(z,0) = 2%(z — 7), w(z,0) =0, 0 <z <.

Utt = Uy,

uz(0,t) =0,

O<ax<1,t>0,
ug(1,t) =0, t > 0,

u(r,0) = 2%(32% — 81 +6), uy(2,0) =0, 0 <z < 1.

Ut = 16uxa:;
Ux(oa t) =0,

O<z<m t>0,
ug(m,t) =0, t >0,

u(r,0) =0, w(z,0) =2%(x —7), 0 <z <.

_ 2
Ut = A" Uy,

Um(oa t) =0,

O<z<m t>0,
ug(m,t) =0, t >0,

u(z,0) =z, w(x,0) =1, 0<z <.

Utt = Uy,

u(0,t) =0,

u(z,0) =

O<ax<4, t>0,
ug(4,t) =0, t >0,

1
3% @ €0, 2],

1
2—§:E, x € [2, 4],
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20.

21.

22.

23.

24.

25.

U = APUgy, O0<z <, t>0,
u(0,t) =0, u(m,t) =0, t >0,
u(z,0) =0, u(z,0) =sin7z, 0 <z <.

Uy = a%ugy, O0<a <l t>0,
u(0,t) =0, u(l,t) =0, t >0,

27
u(z,0) =0, w(x, O)—smT 0<z<lL

U = APUgy, O0<z <, t>0,
um(07t) =0, uw(lvt) =0,t>0,
u(z,0) =z, w(x,0) =1, 0<x <.

U = APUgy, 0<z <, t>0,
u(0,t) =0, ux(l,t) =0, t >0,
T T
u(:L‘,O):smz—l, ug(x,0) = sm2—l 0<z<lI.
U = QPUgy, 0<z <, t>0,
u(0,t) =0, uz(l,t) =0, t>0
(2,0) =2, w(@,0) =sin =% +sin T 0 <z <1
u(z,0) =z, w(x, —sm2l sin - 0sesi
U = AUy, O0<z <, t>0,
uz(0,¢) =0, u(l,t) =0, t >0,
57rm

3mx
u(x,0) = cos 22+ co —, 0< 2z <.

T
u(z,0) = cos —, 57 57

2]

13 - e3iHaik >KyMmbIc. BipTeKTi eMec TOJIKbIHIBIK,
YIIiH OacTanKbI-IIIEeTTIK ecell

Uy = Uy +2b, 0<xz <, t>0, b= const,
(0, )—u(lt)—O,t>0,
(2,0) = w (z,0) = 0;

IS

Ut = Uge +COst, O<ax<m, t>0,
( )—U(ﬂ',t)—o, t>0’
(,0) = u (z,0) = 0.

SIS

U = APUgy + Aze™t, 0<ax <, t>0,
u(0,t) =u(l,t) =0, t>0,
u(z,0) = 2sin TF, uy (2,0) = 0.

utt:a2-um—|—A-e_t-cos§, O<zx<m t>0,
ug (0,t) =u(m t)=0, t>0,

u(z,0) =0, ut(a:,O):4~sin37x sin .

Upp = 25 - Ugyy + 7 - Sin't - s1n3ﬂ)x, 0<zx<10, t>0,
u(0,t) = u(10,t) =0, t > 0,

u(z,0) = 22 — 102, uy (z,0) =0, 0 < z < 10.
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10.

11.

12.

13.

14.

15.

16.

17.

—_—— —— —— —/— /Y A A A A N s N

Upr — Uge = 2, 0 <z <1, t>0,
Uli=0 =0, ut =0 = =,
u’x:():o’ Ug |x:1 =t.

Uy = @*Ugy +b-shx, 0<ax <l t>0, b= const,
u(t,0) = u(t,l) =u(0,2) =u (0,z) = 0.

U = Uy +x (x—1)t2, 0<z<l, t>0,
u(0,t) = u(l,t)=0, t>0,
u(z,0) =u (z,0) =0, 0<z<I

Ut = Ugy, O0<ax <M, t>0,
u(t,0) =t u(t,n) =13, t>0,
u(0,z) =sinz, u(0,z)=0, 0<z<m.

Upt = Ugz, O0<ax<m, t>0,
u(t,0) =t, uy(t,m) =1, t>0,
uw(0,2) =sing, wu(0,2) =1, 0< o <.
U = Ugz, 0<z <l t>0,

U’x:[) :07 U’I:l:t, t>07
Ul=0 = ut|t=0 =0, 0< <1

Upt = Ugz, O0<ax <1, t>0,
Ulpmo =t +1, Ulpmy =34+2, t>0,
Ulimo =+ 1, wl=o =0, 0<ax<1.

Uy = Ugy + du +4sin’z, 0 <z < 5, t>0,
Uy (0,) = uy (3,t) =0, t >0,
u(z,0) = u (2,0) =0, 0< 2 < 3.

Ut = Uge +x— 7, 0 < x <, t>0,
Ug lg=0 =0, U|g=r =0, t>0
Uli—o =cos %, uli—o =0, 0<z <.

U = Uge — 3u +4sinzsin2t, 0 <z <F, t>0,
u ’:L‘:O = O) Uy ‘z:n‘/? = O) t> 07
uli=0 =0, =0 =sin3dz, 0<z < 7.

Upt + 2Up = Ugy + 42+ 8elcosx, 0 < < 5, t>0,
Ug |z=0 = 2t, u ’x:W/Q =t, t > 0,
Uli—o = cosm, ul—o =2z, 0<x <3,

Upt + Ut = Ugy, 0 <z <1, t>0,
u|x=0:t7 u|z=1:()7 t>05

’U,’t:():O, Ut’t:():l—w7 :CE[O,l]
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22.

25.

|
|
|
2 {
|
|
|
|

U — 2Uy = Ugp + 4t (sinz —2), 0<2<F, t>0,

Ulp=0 = 3, Ux|x:7r/2:t2+t, t>0,
U |g=o = 3, Uy,_, =T +sinz, z€ [O,g].

Ut = Uge +u, 0 <z <N,

u ’:c:O =0,

U lt=0 = 0, Ut|y—g —

u (z,0) =0,
u(0,t) = t2,
Utt

u(z,0) =0,
U (07 t) =0,

t>0,

Ulger =t, t>0,

z
)

xz € [0,7].

= dug, + e tsina, x € (0,7), te(0,+00),

ug (£,0) =0, x € [0,7],
u(m,t) =0,

t € [0, +00).

Ut = a2ua::r + xe_ta T e (07 1)7 te (Oa +OO)7
u(x,0) =0, u(x,0)=0, z€]|0,1],

w(0,t) =0, wu(l,t)=0, te0,4+0).
Ut = Ugz, « € (0,7), t€(0,+00),
u(z,0) =sin? 2z, w; (2,0) =0, z € (0,7),
uz (0,t) =0, wu(mt)=1% te]0,+oo)
Utt = Uz, :EG(O,?)), t€(0,+00),
u(z,0) =0, u(x,0)=0, z€(0,3),
w(0,t) =0, w(3,t)=t, te]l0,+o0).
Ut = Uge, « € (0,1), t € (0,400),

0,t) =t+1,

14 - e3iHaiK »KyMbIC. BipTeKTi >KbLIIyOTKI3rilITIK TEeHaey

u(l,t) =t

t
u(z,0)=x+1, w(z,0)=0, z€(0,1),
u ( 54+2, te[0, +00).

YIIiH OacTanKbI-IIIEeTTIK ecell

U = a2 Uyy, O<z<l, t>0,
ug (0,t) =u(l,t) =0, t >0,

u(z,0)=A(l—-=z), 0<z<Il, A=const>D0.

u = a%ugy, 0<xz<I, t>0,
ug (0,t) =u(l,t) =0, t>0,
u(z,0) = Bz, 0 <z <, B=const>0.

U = Mgy, O<z<m, t>0,

u(0,t) = uy (m,t) =0,

u(z,0) =sin

Tz
2

0<z<m.

t>0,
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10.

11.

12.

13.

14.

15.

—l— — — —— —/ = —— —/ S N

U = Ugz, 0< <1, t>0,
w(0,t) =0, u(l,t)=0, t>0,
u(z,0)=2(1l—z), 0<z<1.

U = QNge, 0<x <4, t>0,
u(0,t) =0, wu(4,t)=0, t>0,
u(z,0)=1, 0 <z <4,

Ut = 3Uzy, O0<z<m, t>0,
u(O,t)zO, ’LL(TF,t):O, t>0a
u(z,0) =xsinz, 0 <z <.

U = QNypy, 0< <2, >0,
w(0,t) =0, wu(2,t)=0, t>0,
u(x,0)=22(12-2), 0<z <2

U =gy, 0<z <3, t>0,
u(0,t) =0, u(3,t)=0, t>0,
u(z,0)=z(9—2%), 0<z <3,

Up = Mgy, 0<xz <2, t>0,
w(0,t) =0, w(2,t)=0, t>0,
z, 0<z <1,
“(f”’o)_{2—x, 1<z<2.
U = Tz, 0<xz <1, t>0,
w(0,t) =0, wu(l,t)=0, t>0,

u(z,0) =z (32 =102 +7), 0<z <1

Up = DUyy, O0<z <1, >0,
w(0,t) =0, wu(l,t)=0, t>0,

u(z,0)=xz(2® -2z +1), 0<z <1

U = gy, O0<x <1, t>0,
u(0,t) =0, u(l,t)=0, t>0,

u(z,0) =z (32 —523+2), 0<z <1

U = Uz, 0 <z <4, t>0,
ug (0,t) =0, wuy(4,t) =0, t>0,
u(z,0) =22, 0<x <4

Up = gy, 0 <x <2, t>0,

ugy (0,8) =0, uz(2,t) =0, t>0,
u(z,0)=x(r—4), 0<z<2.
w =gy, 0<z<1, t>0

ug (0,8) =0, u,(1,6)=0, t>0
u(z,0)=2(1l—=z), 0<z<1.
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16.

18.

19.

21.
22.
23.
24.

25.

|
|
|
|
0 {
|
|
|
|
|

U = gy, 0 < x <2, t>0,
ugy (0,t) =0, wuy(2,t)=0, t>0,
u(z,0)=2r23-12), 0<z<2.

Up = DUgpy, O<x<\/§, t >0,
uz (0,t) =0, uy (V2,t) =0, t>0,
u(x,O):3:c2(x2—4), 0<z<+2.

U = gy, 0< <1, t>0,
ug (0,) =0, uy(1,¢)=0, t>0,
u(z,0) =233z —-4), 0<z<1.

Up = Ugy, O0<x <1, t>0,
ug (0,8) =0, wuy(1,t)=0, t>0,

u(z,0) =2? (322 =8z +6), 0 <z <1

Ut = Ugy, 0< <7, t>0,
uzy (0,t) =0, ug(m,t)=0, t>0,
w(z,0) =22 (z—7m)?, 0<z<m.

Up = Ugy, O< x <M, t>0,
u:p(()?t) =0, ux<7T7t):Oa >0,
u(z,0)=22(z—7)%, 0<z<m.

Ut = 3Ugy, O0<zxz<m, t>0,
u(0,t) =0, wuy(mt)=0, t>0,
u(z,0)=z(r—2x), 0<z<m.

Up = DUy, 0< <2, t>0,
w(0,t) =0, wuy(2,t)=0, t>0,
u(z,0)=x(d—12), 0<z<2.

Up = Uge, 0<z <1, >0,
u(0,t) =0, wu,(1,t)=0, t>0,
u(z,0)=2%2(3-22), 0<z<1.

Up = Ugy, 0<ax <1, t>0,
u(0,t) =0, wu,(1,t)=0, t>0,
w(z,0)=(z—-17%4+1, 0<z<1.

15 - e3iHAiK >KyMbIc. BipTeKTi emec >KbLIyOTKIi3TiIITiK
TeHJleyi YIIIiH 0acTanKbI-IIIETTIK ecerl

U = gy, —ddx, 0<ax <4, t>0,
w(0,t) =1, wu(4,t) =61, t>0,
u(z,0)=2—-z+23 0<x<4
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10.

11.

12.

13.

—_—l— — — — —/ —/ N N N S N

Up = Upe — 2, 0<xz <1, t>0,
w(0,t) =1, u(l,t)=3, t>0,
u(z,0)=222+1, 0<x<1.

U = Uy, — 18z, O0<z <1, t>0,
ug (0,t) = =1, w(l,t)=-1, t>0,
u(z,0)=a3—2x, 0<x<1.

U = Ugy + m2sinmz, 0<axz <1, t>0,
w(0,t) =0, wu,(1,t)=—m t>0,
u(z,0) =2sin7mz, 0 <z <1

ur =g, — 18, O0<x <4, t>0,
ug (0,t) = =1, wu(4,t) =10, t >0,
u(r,0)=222—2—-2, 0<z<4.

U = Ugy — 62, O< 2z <L, t>0,
w(0,t) =3, wuy(l,t)=2, t>0,
u(r,0)=a% -2 +2+3, 0<x<1.

Ut = Uge — 2, 0<x <1, t>0,
u(0,t) =—1, u(l,t)=1, t>0,
u(z,0) =23 -222+32-1, 0<a <1,

ut:4um+m(36t+1), O<z<mt>0,
w(0,t) =0, wuy(mt)=t+2, t>0,
u(z,0) =22 +3sin3, 0<z <

up = 16Uz, +2, 0<x <7, t>0,

g (0,t) = u(7,t) =0, t>0,
u(z,0)=0, 0<z<T.

U = QPUyy — fu, B=const, 0<xz<l, t>0,
u(t,0) =0, u;(t,1)=0, t>0,
u(0,z) =sinff, 0 <z <1

U = aPUgy, 0<ax<l, t>0,
ug (£,0) = uy (¢,1) =¢q, t >0,
u(0,2) = Az, 0<z<I, A ,q=const.

up = 0Py — Pu, +sin = T, 0<xe <, t>0,
u(0,t) =u(l,t)=0, t>0,
u(0,z) =0, 0 <z <, §=const.

ut:uxm+u—|—281n2xsinm, 0<x <3,
uz (0,6) =0, u(%,t) =0, t>0,
u(z,0) =0, 0<:c§%
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Up = Upy — 22Uy + 2+ 28, 0< <1,
w(0,t) =0, w(l,t)=t, t>0,
u(z,0) =e"sinmx, 0 <z <1.

—

Ut = Uge + U — T+ 2sin2xcosz, 0<x< 3,
w(0,t) =0, ugy (5,¢) =1, t>0,
u(z,0) =z, 0<z< 3,

Up = Ugg + du + 22 — 2t — 4%t + 2cos’z, 0 <z <,
ug (0,8) =0,  uy(mw,t) =27t t>0,
u(z,0)=0, 0<z<m.

Ut — Ugy + 2Up —u=€%siner —t, 0 <x<m,
ug (0,t) =1+1¢t, w(mt)=1+¢ t>0,
u(z,0) =1+e"sin2z, 0 <z <.

Ut — Ugy —u=at (2 —1t)+2cost, 0<zx<m,
ug (0,t) =12, wu(mt)=1t% t>0,
u(z,0) =cos2z, 0 <z <m.

Up — Upy — 9u = 4sin®tcos3z — 922 —2, O0<z <,
ugy (0,t) =0,  wuy (m,t)=2m, t>0,
u(z,0)=224+2, 0<x <.

Ut = Ugg + 6u+ 2t (1 —3t) — 62+ 2coswcos2x, 0<x <7,

20.

21.

22.

23.

24.

25.

—— —— ——_ —— —— —— —— —— —— N N

u (0,t) =1,  w(Z,t)=t2+7%, t>0,

u(z,0) =z, 0<2< T,

Ut = Ugy — U+ e tcosz, 0 <t < 00, 0<z<3,

w(0,t) =0, ug (5,¢) =0, t>0,

u(z,0) =sinz, 0 <z <3

Up = Ugg + 4u + 2cos® z,

ug (0,t) =0, ug (m,t) =0, t>0,

u(z,0)=0, 0<z<m.

ut:umfu+(x75)e_t

[

)

uy (0,t) =0, u(3,t) =0, t>0,

ul—o=0, 0<z <5

Ut = Uyy + U + COST,

Uy (0,t) =0, uy (g,t) =0, t>0,

u(x,0) =cos2z, 0 <z <

Ut = Uge + U + sinx,

ug (0,t) =0, uy (m,t) =0, t>0,

Ul=p =cosz, 0 <z <.

s
5+
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7.1.16. 16 - e3iHJiK >KYMBbIC. JDJUJIMIICTIK THUIITI TeHJEYyJep.

10.

l'apmonukanblk, dyHKIHAIAD

cu(z,y) = xy® — 23y dbyskmmacema Tyiiingec rapMoREKambK, v(T,y)

GYHKIUACHIH TaObIHBI3.

. R? 2Ka3BIKTBHIFBIHIATEL ¢ < T < b caKHHAIA rapmaHukasbik (Au = 0) xoHe

cakyHa IIeKapasa
up (@) — hu(a) = A, u,(b) =B, a,b, A, B = const

[MIAPTTAP/Ibl KAHAFATTAHIBIPATHIH U = U (1) QPYHKIMSHBI AHBIKTAHBI3.

. Komm-Puman mapTslH KOIJIAHBI, TApMOHUKAJBIK U(Z,Yy) (OYHKIUACHIH

TabBIHEI3, erep g (r,y) = 322y — y3 Gonca.

Komm-Puman maprsie Kojanbil, u(x,y) (OYHKIUACHIH TaObIHBI3, erep
uy(z,y) = e* cosy Goica.

. l'apmonukamsik  w(x,y,2) QYHKIUACBIH TaObIHBI3, erep uy(T,y,2) =

e® cos z — 2y Gouica.

. Afttanbik, u (r) OYHKIUACH

K::{a<r<b7 0<p<2m, 0<a<b<oo, r:\/x2+y2} CaKMHAIA

rapMOHUKAJIBIK, 2koHe K TYHBIK 00JbIcTa y3imicci3 6osceiH. Erep
u(c)=P, uy(b)=T, a, b, ¢, P, T = const
6esrini 6osca, u(a) MoHi Here TeH?

Adiranbik, u (1) GyHKIWSICHE
K = {a<r<b, 0<p<2rm, 0<a<b< oo, r:\/x2—|—y2} CaKMHAIA
rapMOHMKAJIBIK sKoHe K TyibIK 06/bIcTa, y3iticcis 6oscon. Erep

up(¢) =P, u(b)=T, a, b, ¢, P, T = const

Gesirisii Gosca, u(a) MoHi Here TeH?

. Bepiren Ref () = wu(z,y) = sinzchy naxkrel Geuiri Goiibiama f(z)

AHAJTUTUKAJIBIK, (DYHKIIUACHIH KYPBIHBI3.

. u(z,y) = eYsinz dyHKIMICHIHA TapMOHMKAJBLIK —TyiliHgec v(x,y)

PYHKIUSACHIH TaObIHBIS.

Ajiranbik, u (1) GyHKIHACH
K = {a<r<b, 0<p<2rm, 0<a<b< oo, r:\/a:Q—i-y?} CaKnmHaIA

rapMOHUKAJIBIK sKoHe K TYilbIK 06/bIcTa y3iaiccis Goscoa. Erep
u(lc)=P, u(d)=T, a, b, ¢, d, P, T=const, a<c<b, a<d<b

6esrini 6osca, u(a), u(b) MoHmepi Here Ter?

245



11.

12.

13.

14.

15.

16.

17.

18.

19.

Ajiransik, u (1) QyHKIHACDH
D = {a<r<b7 r =22+ y2+ 22, 0<a<b<oo} map KabaTbIHIa

rapMOHUKAJIBIK, YKoHe [) TYMBIK obJbicTa y3imiccis bosckia. Erep
u(c)=P, u(b)=T, a, b, ¢, P, T = const
Gesirisi 6osica, u(a) MoHi Here TeH?

Kommu-Puman maprem  kosimamei,  u(x,y) yHKOUsSCBIHA —TyitiHIEC
rapMOHHKAIBIK, v(x,y) DyHKIUACHIH TabbIHbI3, erep ug(x,y) = x> — 3wy’
boJica.

R? 3Ka3BIKTBIFBIHIATEL ¢ < T < b CAKHHAJA FapMAHUKAJIBIK (Au = 0) xone
CaKWHa IITeKapaga

u(a) =A, u(b) =B, a,b,A, B = const

mIapTTapjibl KaHAraTTaHABIPATBIH 4 = (1) (GyHKIUIHBL (paJuasibK
IIEIIiMIH) aHBIKTAHbI3.

Komu-Puman maprbi  kosganein, u(x,y) OyHKOUSCBIHA —TYiiHIEC
FapMOHHUKAJIBIK ¥(Z,Yy) DYHKIUSICHIH TaOBIHBI3, erep uy(x,y) = shxsiny
boJica.

R? Ka3BLIKTBIFBIHAATE @ < 7 < b cakmHa[a rapMaHnKanbiK (Au = 0) xoHe
caKuHa IIeKapaja

up (a) = A, u(b) =B, a,b,A, B = const

MIapTTap/bl KAHAFATTAHJIBIPATHIH © = u (r) (GYHKIUAHB (paJnasiblK
HIemiMin) aHbIKTAHbI3.

Komm-Puman maprei  Kosgasei, w(z,y) dyHKIuscbHA —TYHiHIEC
rapMOHUKAJBIK U(Z,y) DYHKIUICHIH TabbIHbI3, erep U, (x,y) = x +y GoJca.

R? Ka3bIKTBIFBIHAATE @ < 7 < b cakmHa[a rapMaHnKanbiK (Au = 0) xoHe
cakuHa IIeKapaja

up (a) — hu(a) = A, u(b) =B, a,b,A, B = const

MIapTTap/abl KaHAraTTAHABIPATHIH u = (1) (GYHKIUAHBL (paJnasiblK
IIeIIiMiH) aHBIKTAHbI3.

Komm-Puman maprei  Kosgasei, w(z,y) dyHKIuscbHa —TYHiHIEC
rapMOHUKAJIBIK U (2, Y) DYHKIUICHIH TaOBIHBI3, erep Uy (T, y) = xy+1 Goca.

Ajirasnbik, u (1) GyHKIMSICHI
K = {a<r<b, 0<p<2rm, 0<a<b< oo, r:\/ac2+y2} CaKMHAI2
rapMOHUKAJIBIK, sKoHe K TyibIK obJblcTa y3iticcis 6oschn. Erep

u(c) =P, uy(b)+hu(b)=T, a, b, ¢, P, T = const

6esrini 6osca, u(a) MoHI Here TeH?
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20.

21.

22.

23.

24.

25.

Ajiranbik, u (1) dyHKIEICH
K = {a<r<b, 0<p<2m, 0<a<b<oo, T:\/$2+y2} CaKWHAJIA

rapMOHUKAJIBIK, »KoHe K TYHBIK 00JbIcTa y3imicei3 6omceiH. Erep
u(c)=P, u(a)=T, a, b, ¢, P, T = const
Gesirisii 6osca, u(b) moui Here TeH?

Bepiiren Ref (z) = u(z,y) = 2sinxchy — x HakTbl 6esiri Goiibiama f(2)
AHAJTMTUKAJIBIK, (DYHKIUSACHIH KYDBIHBI3.

Ajiranbik, u (1) GyHKIHACH
D = {a<r<b, r=/x2+y2+ 22, 0<a<b<oo} map KabaThIHIa

rapMOHUKAJIBIK, sKoHe D TYibIK 06J1bIcTa y3igiceis 6oscon. Erep
u(c) =P, uy(b)+hu(b) =T, a, b, ¢, P, T = const
Hesrisi 6osca, u(a) MoHi Here TeH?

Ajiranbik, u (1) GyHKIHACH
D = {a<7‘<b7 r=/x2+y2+ 22, 0<a<b<oo} map KabaTbIHJIa

rapMOHUKAJIBIK sKoHe D TYHBIK 00JIbICTa y3imiceis 6oscoia. Erep
u(c)=P, u.(d)=1T, a, b, ¢, d, P, T=const, a<c<b, a<d<bd
Gesrisi 6osca, u(a), u(b) mongepi Here Ten?

Ajiranbik, u (1) dyHKIHICH
D = {a<r<b, r=+/x2+y?+ 22, 0<a<b<oo} map KabaThIHIa

rapMOHUKAJIBIK, 2KoHe [) TYMBIK obJIbIcTa y3imiccis 6osckiH. Erep
u(c)=P, uy(b)=T, a, b, ¢, P, T = const
Gesiristi 6osica, u(a) MoHi Here TeH?

Ajiranbik, u (1) dyHKIEICH
D = {a<r<b, r =22+ y?+ 22, 0<a<b<oo} map KabaTbIHa

FapMOHMKAJIBIK KoHe [ Ty#bIK 00sbIcTa y3imiccis 6oscoia. Erep
ur(¢) =P, u(b)=T, a, b, ¢, P, T = const
Gesrisi 6osica, u(a) MoHI Here TeH?
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7.1.17. 17 - e3ingik »kymbic. Jlamac »koHe Ilyaccon Tenaeysepi
yuriH Pypbe dJici

Au(z,y) =0, 0<z<a, 0<y<b,
u(0,y) =A, u(a,y)=Ay, 0<y<b,
Uy (2,0) = uy (z,0) =0, 0 <z <a, A= const > 0.

Au(azy)—O 0< :c<a 0<y<b,
u(0,y) = Asin (%), =0,
(a? 0) Bsin (%), (x b) 0

Au(z,y) =2, 0<z<a, 0<y<hb,
u(0,y) =u(a,y) =0, 0<y<b,
u(z,0) =u(x,b) =0, 0<z<a.

uw—i-uyy:m cy, 0<z<a, 0<y< b
u(O,y):u(a,y)—u(:c,O)—uy( b)

um%—uy =0, O<z<a, 0<y<hb,
m(x —3aac+2a) u(z,b) =0, 0<z<a,
(0 y) 0, u(a,y)=0, 0<y<h.

u(0,y) - 6’“(ay) 0, 0<y<b,

u(2,0) =0, u(z,b) =sin 3%, 0<z<a.

Au(z,y) =0, 0<z<a, 0<y<hb,
57r

(0 y)_l u(a,y)—cos Qbya Oﬁyﬁba

8y(;UO)—u(:E,b)—O 0<z<a.

7.

Au(z,y) =0, 0<z<a, 0<y<b,
uz (0,y) =0, ugz(a,y)=0, 0<y<b,
0) =0, uy(z,0) =1, 0<z <a.

Upzr +Uyy =0, O0<z <1, 0<y <1,
u(z,0)=2(1—-=x), u(z,1)=0, 0<z <1,
u(0,y) =0, u(l,y)=0, 0<y<1

Upzr +Uyy =0, 0<2 <2, 0<y <3,

10. { wu(z,0)=2%2(12—-2), u(2,3)=0, 0<x <2,
u(0,y) =0, u(2,y)=0, 0<y<3
Upr +Uyy =0, 0<2 <2, 0<y <2,
<z<
1. w@o=4v0srst u(z,2) =0, 0<z<2

2—z, 1<x<2,
w(0,y) =0, u(2,y)=0, 0<y<2

|
|
|
{
f
;
|
|
|
|
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

—_—l— — — — = /S — N N S N

Ugz +Uyy =0, O<z<m, 0<y <1,
u(z,0) =zsinz, u(x,1) =0, 0 <z <m,
u(0,y) =0, u(my)=0, 0<y<1

Ugz +Uyy =0, 0<2 <3, 0<y <2,
u(x,0) =0, uy(z,2) =2% 0<2<3,
uz (0,y) =0, uz(3,y) =0, 0<y<2

Ugz +Uyy =0, O0<az <1, 0<y <2,
uw(x,0) =0, uy(z,2) =1—2z, 0<z <1,
uz (0,y) =0, uz(l,y) =0, 0<y<2

Ugz +Uyy =0, 0<2 <2, 0<y <2,
w(x,0) =0, uy(z,2) =2 -4, 0< 2 <2,
uz (0,y) =0, uz(2,y) =0, 0<y<2

Uz +Uyy =0, O0<az <1, 0<y <1,
u(z,0) =0, uy,(r,1) = (z—1)*, 0<z <1,
uz (0,y) =0, uy(l,y)=0, 0<y <1

Ugz +Uyy =0, 0<2 <3, 0<y <1,
u(x,0) =0, uy(z,1) =0, 0<x <3,
u(0,y) =y (20° -9 +12), uz(3,y) =0, 0<y <1

Ugz +Uyy =0, O0<oz <1, 0<y<m,
uy (2,0) =0, u(z,m) =0, 0<x <1,
uy (0,y) =0, ug(l,y) =siny, 0<y<m.

Ugz +Uyy =0, 0<2 <2, 0<y <3,
uy (2,0) =0, u(z,3) =0, 0<x <2,
uz (0,y) =0, uz (2,y)=yB—-y), 0<y<3.

Ugz +Uyy =0, O0<o <1, O0<y<m,
uy (2,0) =0, u(z,m) =0, 0<x <1,
up (0,9) =0, uy(ly) =7° -y 0<y<m

Ugz +Uyy =0, 0<2 <3, 0<y <2,
u(z,0) =0, u(z,2)=x(3—2), 0 <z <3,
u(0,y) =0, u(3,y)=0, 0<y<2.

Ugz +Uyy =0, 0<2 <2, 0<y <1,
w(z,0) =22 (x—2)%, u(z,1) =0, 0<z <1,
uz (0,y) =0, uz(2,9)=0, 0<y<1l

Ugz +Uyy =0, O<oz<m, 0 <y <2,
u(z,0) =z (7? —2?), uy(z,2) =0, 0 <z <m,
w(0,y) =0, u(my)=0, 0<y<2.
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Ugz +Uyy =0, O<z<m, 0<y <1,
24. ¢ uy(z,0) =0, w(z,)=a2(z—m)?, 0<z<m,
Uy (0,y) =0, up(my) =0, 0<y <1

Upr +Uyy =0, 0<2 <2, 0<y <2,

25. ¢ uy(z,0) =0, u(z,2)=0, 0<z <2,
uz (0,y) =0, u(2,y)=4—-y% 0<y<2.

7.1.18. 18 - e3iHAiK XKywmbIc. Jlamac TeHaeyi YIIiH I1meHOep
iminge koiibiran dupuxiie >xkoHe Heiiman ecebi

Au(r,p) =0, 0<r <3, 0<p<2m,
u(B,9) = 9? +2- 9. 0 < p <27, |u(0, | < 0.

Au(r,p) =0, 0<r< R, 0<¢ <2m |u(0,p| < oo,
ur + hu|,_p =T+ psinp + gcos 3p,

myHzma h, T, p,q 6epiareH TypaKThl OH CaHIAP.
Au(x,y) =0, z2+19%=r%2<R?

U (may)|r:R =+ Yy, |u(0330| < 00.

Au(z,y) =0, z>2+13%=r%2<R?

u (1‘, y)|r:R = 2(.%'2 + y)? |u(07 90| < 00.

Au(x,y) =0, z2+9%=1r%2<R?

U (xay)|r:R = 2$2 - y2 -, |u(07 SD| < 0.

Au(z,y) =0, z*+y>=r2<R?
u(z,y)|,—p = 49>, |u(0,¢| < co.

U (xay)|r:R = 562 - 2y27 |u(0a 90| < 00.

Au(z,y) =0, z*+y?=r%<R?
u(@,y)|,—p = 4oy?, [u(0,¢] < co.
Au(z,y) =0, z2+9y%>=r*<R2

1
u(z,y)|,—p = E?f + Rzy, |u(0,¢| < cc.

Au(z,y) =0, z2+19%=r%2<R?

10.
U ($7y)|T:R = 2$2 —Tr =Y, |u(07¢| < 0.

Au(z,y) =0, 22 +9y2=r><R? 0<r<R,
Ou (z,y)

or r=R

1L =a, a=const, |u(0,p| < oco.

Au(x,y) =0, 22+y*>=r2<R%? 0<r <R,
Ou (z,y)
or r=R

12. — 2x2 + a, a = const, ‘U(O, (P‘ < 0.

{
|
{
{
{
{
7. { Aue,y) =0, 22+y? =% < R,
{
{
{
|
|

250



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

et N e N e T N I e N e W s NP e e

Au(x,y) =0, 2> +y>=r*<R? 0<r <R,
Ou (z,y)

=2 0 < 00.
| =2y <o
Au(z,y) =0, 22 +y>=r2<R?, 0<r <R,
0
Oulz,y) =ay? —b, a,b= const, |[u(0,¢| < oco.

or r=R
Au(x,y) =0, 22+y?=r2<R? 0<r <R,
Ou (z,y)

or

=ax® —by? +y, a,b= const, |[u(0,p| < oco.
r=R

Au(r,p) =0, 0<r <R, 0<¢ <2m,
u(r,@)|,_p = asing, 0 <@ < 2m, |u(0,¢| < oco.

Au(r,p) =0, 0<r <R, 0<¢ <2m,
u(r,go)\T:R:asin?’cp—Fb, 0 < <2m, |u(0,p| < oo.

Au(r,p) =0, 0<r <R, 0<¢p<2r,

asin @, O<p<m,
u(R, ) = %sim3 ©, T <@ <2m, |u(0,¢p| < oco. [u(0, ] < oo.

Au(r,p) =0, 0<r <R, 0< ¢ <2m,
u(r,¢)l,_p = 2sin® p + dcos> o, 0 < < 27, [u(0,¢| < o.

Au(r,p) =0, 0<7 <R, 0< ¢ <2,
ou(r, o)

=4sin®p, 0 < ¢ <27, |u(0,¢| < co.

or r=R
Au(r,p) =0, 0<r <R, 0<¢<2n,
du(r, @)

=acos2p, 0 < <2m, |u(0,p| < oco.
or  |,._gp

Au(r,p) =0, 0<r<R, 0<¢p<2n,
u(r,@)|,—p = 32(sin6g0 + cos® ), 0< ¢ <2m |u(0,p] < co.

Au(r,p) =0, 0<r <R, 0<¢p <2m,

@—i-u
or

=sing 4+ cosdp, 0 < ¢ <2, |u(0,¢| < co.
r=R

Au(r,p) =0, 0<r<1, 0<¢p<2nm,
uw(r,p)|,— = cos?p, 0 < ¢ <2, |u(0, ¢| < oo.

Au(r,p) =0, 0<r<1, 0<¢p <2,
uw(r,p)|,— = cos* p, 0 < ¢ <2, |u(0, ¢| < 0.
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7.1.19.

10.

11.

12.

13.

14.

— —N—_ —~N —N— N —N— Y Y N Y Y N N

19 - ezinaik xkymbic. Jlamtac Tengeyi yIimiH 1meHOep
Heiiman ecebi

CBIPTBHIH/IA KOlibLIFaH /lupuxie >koHe

Au(z,y) =0, 22+y>=r2>R? R<r <o,
u(l‘vy)|r:R =Y + 21:3/’ |U(£C,y‘ < 0.

Au(x,y) =0, z*+y*=r>>R? R<r<oo,

2

uw(z,y)|,_p=2* -9y  |u(z,y| < oco.

Au(z,y) =0, 2z*+y*=r>>R? R<r<oo,

u(x,y)|T:R=x2+1, |u($>y| < 0.

Au(z,y) =0, 22+y>=r2>R? R<r<oo,
(4 (xvy)|r:R = y2 - Y, ‘U($,y| < 00.

Au(z,y) =0, z*+y*=r>>R? R<r<oo,
w(z,y)|,_p=v*+z+y, |u(z,yl <o

Au(z,y) =0, 2°+y*>=r2>R? R<r <o,
u(z,y)|,—p = 222 — x4+ v, lu(z, y| < oco.

Au(r,p) =0, 22+y>=r2>R? R<r<oo,
u(r,¢)|,—p = asingp, lu(r, | < 0.

Au(r,p) =0, 22+y>=r2>R?> R<r<oo,
u(r, ), = asin® o + b, lu(r, ¢| < 0.

Au(r,p) =0, 22+y>?=r2>R? R<r<oo,

asin @, O<p<m,
U (7", @)‘r:R - gsin3 w, T<p< 2.

Au(r,p) =0, 22+y>=r>>R?> R<r<oo,

lu(r, | < 0.

u(r,@)l,_p =8cost o, fu(r,¢| < oo
Au(r,p) =0, 22+y>?=r>>R? R<r<oo,
du . .3

— =sinp+4sin® @,  |u(r,¢| < oc.

or r=R

Au(r,p) =0, 22+y>2=r2>R? R<r<oo,
ou

— —u

=1+ cos2¢p, , | < oo.
o +oos2p,  fulrygl < oo

r=R

Au(r,p) =0, z?+y*=r?>R? R<r<oo,

1, 0<p<m,
U(T, @)‘r:R = { _1, T < ) < 2. ) ‘u(ﬁS@’

Au=0, 1<r<+oo, 0<¢p<2m,
'LL(T’, (10)|r:1 :Sin?) ®, 0 S 2 S 2m.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

7.1.20.

1.

2.

3.

— = A A M A A A A N N

(.

{
{

Au=0, 1<p<2, 0<yp<2m,
u(l,¢) =0,

< p< .
u(2,p) = cosp 0<p<2r
Au=0, 1<p<2, 0<yp<2m,
u(l,¢) =2,

< < .
u(2,p) =1, Ose=zm

Au=0, 1<p<?2, 0<p<2m,
u (1, p) = cos p,

< p < 2.
u(2,p) =sinp O<psin

Au=0, R<r<+4oo, 0< ¢ <2m,
u(r,)l,_p =sin’p, 0<p<2m

Au(z,y) =0, 2*+y*>=1r>>R? R<r< oo,
u(z,y)|,_pg=2+a, |u(zr,yl <oco.

Au(z,y) =0, 2*+y*=1r>>R? R<r< oo,
u(z,y)|,_p =ax +by+c, |u(z,y| <oo.

Au(z,y) =0, 22+y>=r2>R? R<r<oo,
%(m,y)’T:R:ax%—by%—c, lu(z,y| < oo.

Au=0, R=1<r<+4oo, 0< ¢ <27,

%(T"p)‘r:1 =2cos?p—1, 0<¢<2m.

Au=0, R<r<+oo, 0<p < 2m,
u(r, @),y =c+acosp+bsing, 0<¢<2m, a,b,c= const.

Au=0, R<r<+4oo, 0< ¢ <2m,
%(r,cp)‘rzl:c—l—acoscp—i-bsimp, 0<¢<2m, a,b,c=const.

Au(z,y) =0, 22+y>=r2>R? R<r <o,
u(@,y)|,—p = 2% |u(z,y| < 0.

20 - e3iHaiK  >KYMBbIC. Jlanmjmac  HeMmece
DypbeHiH MHTErpaJiIbIK, TYPJAEHIIpYyJiep adici

Ut = Uge +u + Beosx, x>0, t>0,
(0,t) = Ae™3, w, (0,t) =0, A, B = const.

Nigy + duy = 36e**sin3t, x>0, t >0,
u(0,t) =0, wu,(0,t) =sin3t, t>0; u(z,0) =0, u(x,0)=3ze?* z>0.

2Upy + dugs +3uy =0, >0, t>0,
uw(0,t) =0, ug (0,¢) = f(t), t>0, u(z,0)=g(zx), u(x,0)=0 x>0.
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10.

11.

12.

13.

14.

15.

16.

17.

[P N U N A e T e T e T e e e e

g g

£

IS

g

S
8

S

—

£

IS

u

t:a2u:rw> —oco < x<oo, t>0,
(2,0) =¢(x), —o0 <z <o00.

(

I
IS
N

)

Ugr, 0 < ax <00, t>0,
)= p(t), t>0; u(z,0)=0, 0<z < o0.

¢ = a’Upy, 0 <x <00, t>0,

—

(

=)

I
S

=
~
~—

0,t) = p(t), t>0; u(z,0)=0, 0 <z < oo.

a*ugy + f (2,t), 0<z <00, t>0;
) =0, t>0; u(z,0)=0, 0<z < o0.

ee +a?u+ f(z), 0<x,t<oo,
= uy (0,) =0, 0<t< 0.

sz —UWtu=2, 0<z, t<o00,
u(0,t) =1, uy(0,t) =0 0<t< o0.

ux:c_ut+u:f(x)7
u(0,t) =t, u, (0,¢t) =0, 0<uz, t<o0

Uge + Uy =0, 0<x, t <00,
w(0,t) = p(t), uy(0,t) =0,
u(z,0)=¢(z), p(0)=¢(0)=0.

g = augy + f (2,1), —00 <z < o0, t>0,
u(z,0) =0, —00 < x < 00,

lim v= lim wu, =0.
r—F00 r—Foc0

W = a’Upy, 0< <00, t>0,
u(z,0)=p(x), 0 <z < oo,
u(0,t) =0, 0<t<oo.

2

Up = A Ugy, 0 < x, t < 00,
u(z,0)=¢p(x), 0 <z < oo,
ug (0,t) =0, 0<t<oo.

U = 16Uy, 0 < x <00, t>0,
u(0,t) =0, t>0,

u (£,0) =0, 0<z< o0, u(m,()):{

sinmz,
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18.

19.

20.

21.

22.

23.

24.

25.

Ut = 16Uyy, —00 < x <00, t>0,

u(z,0) =0, —oo < x < 00, ut(x,O):{

Ugp = gy, —00 < x <00, t>0,

u(z,0) =0, —oc0 <z < 00, ut(x,O):{

Ugg = ge, 0 < x <00, t>0,

Uy

u(:z:,()):{

(0,£) =0, t>0,

0, z>1,

z(l—z), 0<z<1

Ugy — Uy +4u =cosz, x, y >0,
u(0,y) = uz (0,y) =0, y>0.

sin(z), —-n<z<m

0, |x|>m.

e r>1

)

0, :c<1._

Y

u (2,0) =0, 0 <z < o0.

Ugy — Uy +u+2sine =0, z, y>0,
uw(0,9) = 0, uy (0,y)=1—2e"%, y>0.

Ugy + Uyy = 2e¥siny, z,y >0,
u(0,y) = 0, uy (0,y) =siny, y >0,

u(z,0) =0, uy(z0) = ze”, x> 0.

ul

—sinzuy =sinxsiny, x, y >0,

x,0) =cosz, = > 0.
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7.2 O3iHAIK XXYMBICTAPJbLIH, >KayalTaphbl

7.2.1. 1 - >Keke ©3IHAIK >XYMBbIC. Tunin  aHbIKTAY
KaHOHJBIK TYypre KeJTipy, n = 2.

la. runepbosnaibik, £ = x+y, 1= 3xr—y, u§n+%u§ = 0; 1b. summrcrik, £ =
2r—y, N =T, Upy+ug+u, = 0; 1lc. napabonaiblk, { = x, 1 = acy,5 ugg—i—%ug =
0. 2a. runepbosanbik, { = 2r+sinz+y, n=2x—sinz—y, ue+ 5y (ug — uy) =
0; 2b. smmmnctik, & = z+y, n = 2z, Uge +Upy+ue+3u = 0; 2¢. napabosiablk,
§=y—6x, n =2, upy—u,=0.3a runepbonaivk,{ = zry,n = 2, u§n+%u§ =
0; 3b. smmnctik, § = x + 2y, 1n = 3z, Uy, + ug + é(u5+un) = 0; 3c.
napabosanbiK, £ = 5y +x, n = x, 25Uy, + due + 2u = { + 1. 4a. runepboIAIbIK,

E=z+y, n=32+2y, ug =0;4b. sumnctik, { = ¥, n =z, Uy + uge +
%ug + 3u, + 1 = 0; 4c. mapabonasbik, 1 = x,§ = y? — 22, Upy — %% =0

5a. runepbosabIK,, £ = x — ¥y, N = TV, (52 + 477) ugy + {uy = 0; 5b. symncrik,
E=x,n = %(—:L‘—Fy), Uge + Upy — 32u = 0; 5c. mapabonanvlk, { = T +
Yy, n = x, ug + 18u¢ + 9uy — 9u = 0. 6a. runepbonanvik, { = y —x, n =
2y — x, ugy + 3ug — uy + 2u = 0; 6b. smmncrik, { = 2 — 2, n = 22,

um—i—ugﬁ—ﬁu&—i—ﬁun = 0; 6¢. mapabonablk, { = r—2y, 1 =T, Uy,;+us = 0.

7a. runepbosaiblk, £ = x, 1 = 7"’“";:2?/, Ugg — Upy — Bug — duy + 27 = 0; 7b.
syumnceTik, £ =y —x, n = x° — , Upy + Uge = — (ﬁ) Uy; 7C. mapaboJiabK,

E=y—2x, n=1u, Uy — 2u¢+u, +3n = 0. 8a. runepboyanbk, { = —y, n=
3 +y, ugy — % (ug —uy) = 0; 8b. summctik, { = x 1 = y — cosx, ug +
Upy + coséu, = 0; 8c. mapabonanbk, § = ze¥, n =y, Uy, — {ug = 0. 9a.
runepbostanbk, & =2y —z, n=y*+z, 2(14+&+n)ug = —uy,; 9b. suumICTIK,
§ =y+3x,n =2z, upy +uge = 0; 9c. napabonaibik, § = y — z2, n =
T, n (§ + 172) Upy = U+ 27 (§ + 172) ug = 0. 10a. runepbonanbk, £ =z —y, 7=
T+ 3y, ug,+ i“n = 0; 10b. sjumncTix, .§ = 2y —x, 1 =1y, Uge + Uy +uy = 0;
y

10c. mapabosnanbvik, § = 2, =y, Uy, + 277%21% + %eg = 0. 11a. runepboJIAJIbIK,

E=x+2y, n=3v+2y, ug— %un = 0; 11b. swmmcrik, & =y — 2z, n = 6z,
Uge + Upy + 15ue — 4\/671,7 + %f + %7] = 0; 11c. nmapabonasblk, £ =ysinz, 7=
Yy, Upy — %gué = 0. 12a. runepbonanvik,, { =+ 3y, n=2z+y, Ug+ %“n = 0;
12b. spmmmncrix, € = y?, n = x2u§5 + Uy, = 0; 12c. napabosaiblk, { = y —
3z, n=uwx, upy+u, =0.13a. runepbonannlk, { = 4r—y, 7=y, u§n+iu§ = 0;
13b. sumnctik, £ = 2,/y, 1 = —r, Ug + Upy = 52un — % (1 — %) ug; 13c.
napabonanbK, & = 2x —y, = T, Uy, + u, = 0. 14a. runepbonanbik, { =

T =2y, n=—x -2y, ug = T%(f*"]ﬁ(“n‘“@‘ﬁ(un"'uf); 14b.
SUNCTIK, £ = %(By —x), N =T, Ug + Uy = % (12n — 36§ — 50ug¢) ; 14c.
napabonanbk, { = y — 3x, 1 = T, Uy, — v + 5 = 0. 15a. runepbosabIK,
E=9%+y, n=x+y, uy+ é (9ue + uy) = 0; 15b. smmncrik, § = x%, n=
%y, Uge + Upy + é% = 0; 15¢. mapabosanbik, & = % +z, n=1y, Upy—6u,; =0.
16a. runepbonanbik, { = 3v —y, n = 2x —y, ug, = 0; 16b. smncrik,
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529*%77:

T, Uge + Upy + 2up = u + (€ — 77)2 + n; 16¢. mapaboJiabik,

E=4 n=y, uy =0, 17a. runepbonausik, n = yz*, { = %, ug, — ﬁun = 0;
17b. snmunctik, £ =y, 1 = 2x, uge + Uy, — 0, T5ue + 0,5u, + 0,25u = &; 17c.
mapabosablK, £ = Y + &, 1 = YUy, = uy — u + (§ —n)n. 18a. rumepbosabIK,
E=y—a2%,n =y +2% 22 (1+2y) uye + (23:2 — y) uy = 0; 18b. snmmmcrik,

§=3oty n=

r+ 3y, n =z,

1
7T, Uegn—3g [uﬁ -

—%x, Uge + Upy + due + Su = 0; 18c. mapabosaiblk, § =
Upy + %un = (0. 19a. runepbonayibik, £ = y —x, N = Yy —
Suy + 3u + % (7€ — 17)] = 0; 19b. sumncrik, £ = y+2x, n=x

Uge + Upy — Sue — 3uy +u = 0; 19¢. napabosaibik, { = % +T, =Y, Uy, —6n=
0. 20a. I‘I/IHep6OJIaJIbIK, E=ax+y n= y — 3z, u§n = 0; 20b. »sjumCTIK,

E=y— ix n = %x, Uge + Upy = %u — fu + 88771 ; 20c. mapabosanbik, £ =
et —eV,n=x upy— 3 %e,ﬂ% = 0. 21a. runepbosayibik, £ = x —y, n =
Yy, (§2+477) ugy + Euy = 0; 21b. sumncrik, § = —2e7Y/2 = —2e7%/2
u§§+um]+%u§+%un—u = 0; 21c. napabonaiblk, { = T4y, 7 =1y, Upy;—u, = 0.

22a. runepbosaiblk, § = y—3x, 1 = y+7x, 100us,+10us — 11u,7—5u-i-(77 6)

0; 22b. smmnctik, § = argtgx, 1 = y, ug + Uy, = 0; 22c. napaboasbIK,
§=y—2x, n==x, upy,—1,5u, = 0. 23a. runepbonanblk, { = r+y —cosx, n =
T —y+cosz, ug = 0; 23b. ammunctik, § = x +y, 1 = x, Uge + Uy, = 0; 23c.
rapaboanibik, & = y + 2:13 N=1T, Uy — 5“77 u = 0. 24a. runepbonaybik, & =

y—3z,n=y—j3z,

Ugy = 16, 24b. smnctix, § = —3x—y, n =2z, Uge+uy, = 0;

24c. napabonaiblk, & = 2z — Y2, n = v, Uy — 2ue = 0; 25a. runepboaIbIK,
§ = x + arctany, n = x — arctany, ug, = 0; 26b. smmncrik, { = z, n =
3x+y, Uge+un,+ug = 0; 25¢. mapabonanslk, { = y—2x, =, “Tm“‘%un =0.

7.2.2. 2 - e3iHAiK XyMmbIc. TwurmiH aHBIKTAay KAaHOHABIK Typre
KeJaTipy, n > 3.

—_

CUge 22Uy — U —Urrtu=0; =24y, n=y—z, (=y+tz+t, T=2z2—1.

2. uge — 3upy +uce —3u=0; {=20—-y, n=y+z (=y+z+t, T=1

3. uge — 2ue =

0; (=2, n=-"2x+y, (=—-3z+ =z

4ouge —upy —uee =0; {=ax+y, n=r+y—2 (=-r+y.

5. Uge — Upy +ucc —2upy =0; {=v+y, n=—-v+y, (==

6. uge +upy Hue =0; E=a, =y -1, =75y + 52

7. Uge — Uny +

U +up=0; §=5,n=5+y,¢=-5-y+=z

8. Uge —Upy +2ue =0; E=x+y,n=y—x,¢=y+ 2z

9. uge + upy

10. uge — uyy

=0; ({=x,n=y—2x,s=2x—y+ 2.

oo
VIS
+
IR

U =0; E=z,n=y—x,¢=51—
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11 uge+up+uc+u,r, =0, E=x,n=y—x,¢=z2+x+y, 7= 20-2y+2+t.
12, uge —Upy U +Urr =0; E=2+y,n=y—o,¢=2,7T=y+z+t.
13, wge —Upy +uee —Urr =0; E=x+y,n=0—y,¢=-2y+z2+t, 7=2—1.
14, uge —upy +uee =0; {=x,n=y—x,¢=2r—y+2z,7=x+2+t.
15, uge +upy =0, {=z,n=y,c=—-ar—y+z,7=0—y+t
16. uge +upy +uee =0; =z, n=—-x+y,¢=20—2y+ 2.
17. u&—l—um,—ugg—{—?)u&—l—gun—gug:0; £ =z, n:%(fnjty—l—z),cz
—%(3m+y—z).
18, uge —Upy — U +2upy =0; E=2+y,n=—-v+y,¢=—r—y+=z
19. wge —upy +4u=0; {=y+z,n=-y—2z,¢=0—=2.
20. uge +2u=0; {=x,n=-22r+y,¢=—-x+2
21, wge —2ue +6uc =0; {=z,n=—-2x+y,¢=—-3r+=z
22, uge + Upy — U = 0; {zx,n:—%x—%z,g:%m—i—%.
23. Ugg — Upy + uge = 0; {zx,nz—%(m—y),gz—x—y—i—z.
24, uge —Upy =0; =z, n=x+y,¢=-3r—2y+ 2.
20, Ugg —Upyy—Uc—Urr =05 E=a+Yy,N=2—y,c=2—T—y, T=1—T—y.
7.2.3. 3 - e3iHAIK XKYMBIC. CunarraysiniTap  9/ici.
T'uniepb6os1anbik TUOTI TeHJAeyJiep VYHIH KaJnbljaMa
Kormmnm ecebi
1. u(x,y)zw—i-x?—z
2. u=e"3 (—12y — 4z — 54) + 14y — 14 + 54.
3. u=ed (6z+ 4y + 24) — 3z — 6y — 24.
4. u=e 5% (—25y + 5z — 110) + 27y — 27z + 110.
5. u=—2e 5 (z+ 3y +3) + & (16 — 18z + 9y) .
6. u(x,y) = 3sin?x — (x + 6y) sinx + 322 + 3y + zy.
7.u(a:,y)zw+%(y+x)2:3x2+y2.
8. u(z,y) :2(x+y)—5+56’%(“y)*% =2(x+y)—5-+be 5.
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

22.

23.

24.

25.

7.2.4.

3 cosy+2y—x 1 cosy—2y—zx
u(z,y) = 5 cos =GR — 5 cos HEGHEEE,

E=ay', n=x, u=42®+z(®-1).
E=ay’, n=w, u=a'+32%(y' - 1).
E=ay, n=y, u=3y'+ (®—1)¢°
E=2%y, n=u, u:4x4+x8(y2—1),
(=% n=y, u=2y+1l+ylnz
E=ayt, n=x, u=2z>+y

u = 5sin ‘Hy — 3sin 53”;3’
u=x—y—3+1e¥.
u=3[l—-2-3y+(z+y—1)e*].
uzxy%—%sin%ycos(m%—%).
E=2%, n=uxzy, u=1+22%7>%

§ =2z —y+cosz n=2x+y—cosz, u = sinz-cos (L) +
e Sh(y cosx)

E=2%y, n=uay, u=z(l+y)
fmsgt, mesyl we(steed)gn

E=x+y+cosx, m=zx—y—cosz,
u=1+sin(z —y— cosz) + VT sin (z + y + cos )

E=x+y+cosx, m=x—y—cosz, u:1+cosx-cos(y+cos:1:)

4 - o3iHjik >KXyMbIc. ['ypca ecebi.

culzy) =yP+ it (1+e7Y).
cu(@y) =y + 9 (@) + e (y) —e(0) —yle™™

Cu(x,y) =14 (x4 2y) exp{% (y—x)}.

U(x,y)=¢(5x y)ﬂb(y £) = (0).
u(z,y) = 2z/—y.

Cu(z,y) =2+ (y— 1+ e%)2.

u(z,y) =y (z +y)*.
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8. u(z,y) =y.
9. u(z,y) = 3z + ¢*
10. u(z,y) = =.
11 u(z,y) = /7y + 3In L

12, u(x,y) = 4 2,

Y—COS T

13. u(x,y) = —1+ 2cos 5 cos ¥

4. u(z,y) = 32 —x2+y—%y :

15. u(z,y) =z — /y.

16. u(z,y) =e 2" (1+ 25Y)

17 u(z,y) = ¢ (*52) + ¢ (*7%) — ¢(0).

18, u(z,y) = ¢ (552) + ¥ () — ¢ (0)

19. u(z,y) =¢ (59”4*1’) + ¢ (457) —¢(0)

20. u(x,y) = ¢ (y*f?’) + 9 (5’0’43’*1) —¢(=1)
21. u(z,y) = ¢ (*HI) + 9 (“42”2) (1)

92, u(z,y) = ¢ (“ﬁy”’) + 0 (3“3”*1) —¢(3)
23. u(z,y) = ¢ (3“3“1) + 9 ( ”22“2) v (3)
2. ulw,y) = (B22) +y (2252) — o (4)

25. ulw,y) = (ZHH) 4o (Z5E) — o (3).

7.2.5. 5 - e3iHgik >kywmbIc. ToaKbIHABIK TeHAey yinin Kormm
ecebi, n = 1.

1. 4.1.u(z,t) = (sin(z +t) + at — xsint).

2. u(z,t) =sin(x +t) + at — e® (1 — cht) .

3. u(z,t) = 3t + 6222 +t* + e~ tcht.

4. u(z,t) =sinzcost + xt +t + cosz(1 — cost).
5. u(z,t) = x + a2t + sinwsint.
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6. u(x,t) =2t —sin 2t + cos(x — t).
7. u(x,t) = (x + 2t)°
8. u(x,t) = x(t — sint) + sin(z + t).
9. u(z,t) = Lt — ﬁsmwt

10. u(z,t) = x + xt3 + sinzsint.

11. u(z,t) = a21w? (1 — cos awt) sin wz.

12, u(x,t) =3(e™t —1+1t) + sin(x + ).

13. u(z,t) =1+t+ % (1 — cos 3t) sin .

14. u(z,t) = 2t — sin 2t 4 cos(x — t).

15. (z+1)t+sinzcosct + (1/¢*) cosz (1 — cosct).

16. u(z,t) = & + =2 4 e%ch (at).

17. u(z,t) =3 (§Int — &) + 3%ch(at).

18. u(z,t) =5 (1—a®)t* + 5 [P2? + (z +at)" + (z — at)™] .

19. u(z,t) = % + % + cosx (sint + cost) .

20. u(z,t) =3 (tsin(az—i—t) —sinzsint + %) .

21. u(x,t) =t —tsint + %arctgHﬁ%tz.

22, wu(x,t) = (x4 2t)2.

23. u(z,t) = 2® + 2+ xt + Fatd.

24. u(x,t) = sinx

25. u(z,t) = xt + coswsint — (1 — cht) e*.

7.2.6. 6 - e3iHaik >kymbIc. ToOuKbIHABIK TeHAey yinin Komm
ecebi, n > 2.

Lou=3 [e*(“’t)Q +e 0% L arctg (y +t) + arctg (y — t) + (cos x + siny) sin t}
2. u=a?—y* +? (zy? —2*y+ 2% (x —y)) + \/%sin\/ﬁtsinxcos (y+32).
3. u= ﬁ (arctg (:El + xo +x3 + t\/g) — arctg (:Ul + T + 3 — t\/g)) .
4. u = sinx cos 2t + e>?chAt.
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5. u=(yz)* + 4% (y* + 2%) + %t‘l.
6. u= (1 — cost)e?cosxsiny+eVT* [sh(t) sinx + %sh (tv2) + 22ch (t\/ﬁ)} .
7. u = xycos zt + yze® sinh t 4 & cos (3y + 4z) (' — cos 5t — ésin 5t) .
8. u="1Y+t+1.
9. u= §a2t3 + (4(12 + 7“2) (t -1+ e*t) + 142
10. uw = 2% + y> + 22 + 32 + xyt.
11. u =2 +ty + 2.
12. u =2yt (1 —|—t2) + 2% — g2,
1
13. u= 5252 (933 — Bxyz) + e* cosy + teY sinx.
14. u = x? + 2 + tsiny.
15. u =227 —y? + (222 + y?) t + 2t* + 203
2 2, 1 3, .3 3 3,4
16. u=a? —ty’ + St (6+a2%+y%) +t + 5t (x+y).
26 1,1
17. w = €3 [ZBehbt — 5= + £shbt] .
18. u = (x2—y2) (et—l—t).
19. u=yt? + Lat3 + 2yt + 2%y.
20. u =2+ y? — 222 +t + 2wy
_ .2 2 2 843, 1442 | 2.6
21, u=y" + 127 + 8% + 317 + Ft " + Ft0.
22. u=z*y?2% + tzay + 3t* (2 + y? + 2% + 2?y? + 2227 + y?2?) +
3 9
4 2,2 .2
3t <2+3: +y +z > +@.
23. u = e* Y cos (zﬁ) + te39 4% gin B + t3e7V2 sin y cos 2.
1
24. u= 6t365$ sin (3y) cos (42) + €518 cos (102) + e3¥+4% gin (5z) .
25. u = cos (bx + cy) cos (a\/ b2 + czt) + a\/b;? sin (bz + cy) sin (a\/ b2 + 02t> :
7.2.7. 7 - e3IHAIK >KyMBbIC. Hlemimuin, dbusnKaIbIK
WHTEePIIPEeTAINsIChI.
Maple, Mathematica, MathLab .6. KOMIIBIOTEpJIIK OarmgapJaMasiap

KOMeriMeH OPBIH/IaY KepeK.
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7.2.8. 8 - e3iggik xkymbic. 2KpUIyeTKi3rimiTik TeHJiey YIIIiH
Kommwu ecebi, n = 1.

1 u(z,t) = e sin2z 4 f2 (1 —e ).

2. u(x,t)=1+et + 1t

3. u(z,t) = (3e! — t? — 2t — 2) cha.

4. u(w,t) = xt? +t + 0127,

5. u(z,t) = (1+t)e tcosuz.

6. u(x,t) = chtsinzx

7. u(z,t) = e* (2 4 4822t + 192t2) + 577

2z712+t

8 u(z,t)=(1+t) 2e 1ot

1
9. u(x,t) = §x2t2 + %t?’ + e cos (x + 8t).

4224t

10. w(z,t) = (1 + t)_% <in %ﬂe* A(1+0)

11 u(z,t) =e® (e —t—1) + 1 (1 — cos 2z cos 4t).
12. u(z,t)=2—e".

13. u(z,t) = 2%t + —t2 + e “sin (z — 18¢).

14. u
15. u

16. u
17. u

(1)
(1)
(1)
(1)
18. u(x,t) = et~ (=)t 4 b (] =Nty
19. u (z,t)
20. u(z,t)
21. u(z,t)
22. u(z,t)

2

23. u(z,t)=z(1 +4t)_% e Tiat,

2

24. u(x,t) =1—cost+ (1 +4t)_% e T,

25. u(z,t) =e* "t +2(1 —e2).
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7.2.9.

10.
11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Kommnm ecebi, n > 2.

3
LU= §$yt2 + e % sinx cos y.

. u=zysinze ! + (:U2 —l—y2) (1 - e_t) +4 (t -1 —l—e_t) .

t 1 _ (Il—y)2
U= = e +t o,
g T Vin
1 t(ac2+y2)
w = cos =¥ e_ 2(1+t2)
1+¢2 :

V142

LU= (%y2 + 3t) t?e % sin 2.

2
cos 2y€—t—1”—+t )

V1+t

1
u = Zsin22+

_(aty—2)2

1
.u:gcos(q:—y—i-z)(l—e_?)t)—i- L™ it

Vi1
u = y% + 18t + e =3 cos 2.

1 22 416t+64t2
U = ————¢€ +4t sh3ycosbz.

V144t

u = e~ 2% sin 2y + 2yel6i—22,
u=teY Tsinx + (ac2 +y? + 22) z 4+ 10zt.

u=e"""—e " 4zt + 229y% + 2t(2%t + y?) + 1612,

u ="tV cos2z.

sin z vy —t—t@Zty?)
U= cos — e 1442
u=e 1" Zginzcosy.

1
U= cos x (e_% -1+ 275) + cosy cos ze 4,

u=e '"*sinxcosy.

u=c" —14sin(z—y—2)e .
. Ty 22442
u=sint+ ———e 144
(1+4t)
u = etV =10 o522

1
u=1+ gsinxsiny (2sint — cost—l—e*%).
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22. u =1z —y? +sinzsiny (1 - 6_2t) .
23. u = sin ax sin Bye~(@* 8¢,
24. u = sin az cos Bye~ (@ +F)t,
25. u = cos ax cos Bye~ (@* T8,
7.2.10. 10 - e3iHAIK KYMBIC. KagracTeIpy  9Jici.

TonNKbIHABIK, »KOHE >KbLIYOTKI3TIITIK TeHJeyjepi YIIiH
kapThl octe bepisiren Koinu ecebi

1. u(z,t)=e " sina.

2. u(z,t) = e 4"t cos 2z

3. u(z,t) = (z+ 2%+ 6xt) e .
4. u(z,t) = (1+ 2%+ a*t) %

5. u(z,t) =t (2% +a’).

6. u(z,t)= La+2t) + 1z —2t)° +at?, x>,
. T %(m+2t)3+%($—2t)3—|—g;t3’ T < 2t.
_ 2 2 >
7 w(a,t)={ @I o >3t
r+1t%, v <3t

8. wu(w,t)=x®+ xt + 12
9. u(w,t) =4t + 422% + L2t + sin 2t sinz.

9xt? 4 273, 3z > t,
10 u(e,t) = { 8427t 3w <t.

11. u(x,t) =2+t +1t?+ cosxcost.

r+t, x>t
12. u(a:,t)—{ 2t +sin(x —t), z<t.

13, u(nt) = x+3t+e" —3sintcosE, x> 3t,
’ " | 2z 4 €' —3costsing, x <3t

0, = 2> 2t,
14. u(m,t)—{ Ssinw (t— %), <2t

15. u(z,t) = B2 (1 — cosat).

a2

16. u(z,t) = 1+ at + t?e~22.
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0, z>t,
17. u(x,t)—{ 1—Set=® — Isin(z —t) + cos(x — t)], @<t
_ 2 >
18,u(xt):{1 T+ 2t°, x>+,

22—t — L(x—t)? +e77, w <t
19. u(z,t) = 22 + 2.
20. u(x,t) = 2% — 22,

1-— 22 > ¢
21.u(:1:t)—{ e, w21

22—t — Iz —t) >+, z <t

¢
t— _a?
22. u(x,t) = a /g( T)e 1a%7 dT.
0

t
t—7) _ 2
2. u(wt) = —— L / 97 ~=
T
0

—x—t —x+t t <
24.u(:zt):{e +e T 0 <t <y

e " 432 (L—a + ) P =367 0 <z <t

1
= ((:13 +t) =@+t + (=) — |z — t|3) + sint cos z.

25. u(x,t) = 5

7.2.11. 11 - e3inaik xkymbic. IHItypm-JInyBuiab ecebi

1. M\ = ”Tk, X (x) = sin la: | Xk (2 )|| = é = 1,2,...; 2.
N = DT X () = cos @D X @) = L ok = 0,1,2 3.
= X () = sin BT X (@) =, k= 0.1, 5o 4 e
mk Xk(x):cos”Tkx,k:1,2,...,HX0( NW2=1, |Xk@)|*=4% k=1,2,..;
5. Xj(x) = sinhz, [|Xg (@) = W MYHJIAFbl \j : ~tg)\l = -\

TeHJeyiHiH OH TyOipi. 6. Xi(z) = MgcosAgr + hsin gz, || Xk (l’)HQ =

U(h2+22)+h
% MyHIAFBl A, @ hctgAl = —\ Tengeyinin o Ty6ipi. 7. Xj(x) =

Ak cos \pz + hsin Mgz, || Xk (a:)H2 = w, MYHZAFBL \p : tgAl = zh/}\ﬂ
Tenzeyimin on Ty6ipi. 8. A, = k, Xi(z) = sinkz, || X (2)|® = 2, k=
1,2,...; 9. X =0, Xo(z) =1, [Xo@)|? =7 M\ = k, Xp(z) = coskx,
||Xk(a;)”2 = Ik =1,23,...; 10. X = &L x5 (2) = sin U2
IXe @[ = 2, k = 0,1,2,...; 11. N\ = <2’“2+1), X (x) = cosw,
IXe @I = 5, k= 01,2, 120 29 = 0, Xo(2) = HXo( I* =

M = k, Xip = coskx, Xop = sinkx, ||Xk( )|| = = 1,2,3,.

13. )\, = ZE X, = 51n27lrkx HXk(x)H = i, l<; = 123 ; 14.
Me = Xy = cosha, || Xk ()P = L ko= 1,2,3,.. 15. N\, =
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Ik Xk = sin 2y, | X (@)]® = L, k= 1,2,3,...; 16. N\ = TE X, =

cos Ty, || Xy (2)|® =4, k=1,2,3,...; 17. Ao =0, Xo(z) =1, |Xo ()]’

2, \p = 7k, Xy, = cosmhx, Xo = sinwkz, | X ()| =1, k=1,2,3,...;

18. )\0 =0, Xo(x) =1, | Xo@)|* =4, M = =, Xyp, = cos Fa, Xop =

sin Tz, | Xp ()P =2, k=1,2,3,...; 19. Ag=0, Xo(z) =1, |Xo(2)|*> =
5 A = ™ X (2) = cos HXk( )||2 =3, k=123, 20 X\ =
mk, Xj(z) = e*sinmkz, | X (z)|* = ;1, kE=1,23,...; 21. Xi(z) =
sin g (I —2), || Xk @)|? (h(h—;f\w\);; MyHIArel A, > 0 @ highl = —A
TgefﬂeyiHiH, oy 1ybipi; 22. N\, = k, Xp(x) = 6*4 sin kx, HXk (JU)H2 =
Com, k=1,2,3,...; 23. N =T Xp(2) =sinTa, [|Xp(@)|? =1, k=
1,2,...; 24, N = DT X () = cos PHEUTL Xy (o)) = 3, K =
012 i 25 M = BHUT (o) — sin T, |, (@) = b, k
0,1,2,....

7.2.12. 12 - e3iHAIK >KyMbIC. BipTeKTi TOJKBIHABIK TeH/ey YIIIiH
OacTanKbI—IIETTIK ecell

n+1
1. u 71_3 Z 5 sin3(2n — )mtsin(2n — 1)7a

8

2. u(z,t)
u(@,t) =

1
Z m COS 3(277/ — ].)7Tt Sln(?n — ].)
4 S (1+ (=12
3. u(z,t) = —— Z a+=0") cosny/Trtsin .

k—
8 1 .
4. u(z,t) = 3.3 Z Gn_1y cos3(2n — 1)wtsin(2n — 1)z

4 S (A4 (-1)m2) . .
5. u(z,t) = — Z 1 sin n/ 77t sin wz.
Vm k=1 "
96 :
6. u(x,t) = ) 31 cos2(2n — 1)wtsin(2n — 1)z
k=1
243 o (—-1)" t
7. u(x,t) = ﬁ ( n4) sin 87? sin ng:p
k=1
128 5 (—1)" 3(2n—1) (2n —1)
8. u(x,t) =—— cos cos
U ; (2n —1)° 4 4
768 1 V5(2n — 1) (2n —1)
9. u(x,t) = —?Z(Qn_l)élcos 5 cos 5
k=1



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

1536 1 5(2n — 1)7t 2n —1
u(z,t) =4t — Z sin V5(@2n — D cos (2n = ma
VS = (20— 1) 2 2
27 — 1+ (—1)"2
u(z,t) = —% — 48 Z Jr(n4) cos 2nt cosnx.
k=1
7 144N (-1)"
u(z,t) = E T ( n4) cos n\/7Tmt cos nra.

2mit 1+ (=1)"
u(x,t) = T 242 L+ (D" sin 2nt cos nx.

5 nd
k=1
Tt 144 N (—1)"
u(z,t) = —— — — (=1 sin n\/7rt cos nra.
5 @ — nd
m =1
u(z,t) = 30~ 3 g 3 C08 8nt cos 2nx.
k=1
3 48 =2+ (—1)"2
u(z,t) = T E +(n4) cos nnt cos n.
k=1
4 o
t 3 1
u(x,t) = 7;—0 -3 E ﬁsin&‘cos 2nz.

1
71)2 cos(2n + 1)z cos(2n + 1)at

o (2n +
8 — 1 2n + 1 2n + 1
u(m,t):—QZ 2cos7r(n+ )tcosw(n+ )x
™o (2n+1) 4 4

u(z,t) = 7—asin Tz sin at.

(2,1) 1 . 27at . 27z

= s s .
u(zx, 5 Sin——sin—
LAl & 1 2k +1 2k +1
u(z,t) =t+5— — 5 COS amt cos TI.
2 0w — (2k +1) l l

(2,1) 2] . amt sin ™% 4o damt sip 5TC

u(x,t) = — sin —- sin — s —— sin 20F.
' am 21 21 21 2

(2, 1) 21 . amt . 7wx PRI 3ant . 3nx n

u(z,t) = — sin —- sin — o sin sin ——
’ am 21 21 3am 2l 21

8l < (—1)F 2k+1 2k+1
— 5 Cos amt sin TI.
= (2k + 1) 21 21
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art T 20 . 3amt 3rx 2l . bamt S
25. u(x,t) :COSWCOST—FZ’,CM sin —— cos — + Eo S~y €08 5.

7.2.13. 13 - e3iHjiK >KyMbIC. BipTeKTi eMec TOJKBIHIABIK TeHJeYyi
YIIiH 0acTanKbI—IIEeTTiK ecern

> k
1) -1 knt . kmrzx
3 g oo o I

1. u(z,t)=bx(l—x)+

cost — cos (2k + 1) t)
T(2k+1)k(k+1)

2 oo
2. u(x,t):ﬂtsintsinx—i—z( sin (2k + 1) z.
k=1

t
3. u(x,t) :200s$-sinﬂl—$+

. aAl® (—1)k+1 < 4 kmat I . k:7rat> . krnx
e ' — cos sin .
=1 km <l2 + (alm)2>

4. u(zx,t) = 44 e_t—cosat—FQSinat) cos S+
’ 4+ a? 2 a 2 2
4  at €T 4 . bat %
551H5C0$§—£Sln72 COS?.
400 X (—1)F — 1 nt . kmx
5 'LL( 7t):ﬂ'3k:1( ]13 OSTSI W‘i_
28 2 . 3wt 3rx
R <s1n75—37rs1n2 >Sm10 .

o0
6. u(x,t) = xt? + 2 Z P <e_)‘%t + M2t — 1) CosS AT, Ay = g + ™.

n=0

2b i(—l)k kmat | kmx

5 COS S1n —

b
7. u(x,t) = o) (%shl - shx) +

asm £~ k l l
2bm = (-D)*k krat | kmx
Rkl I S S ML in 7L
a2’ ;k%ul? T
8142 sin 2y 1616 X sin 25
8. u(w,t) = —— =+ — ~ -
— (2k+1) L (2k+1)
1616 X sin %m@cos @m
et (2k+1)7

9. u(x,t) = (1 - E) 21+ 243 4 sinzcost +
s s

—1)k
— (—1)k3t—1+coskt—( k) 3sin kt | sin kz.
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10.

11. u

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

00 _1k 9 1 9 .
u(x,t)—$+t+cosés1n£f§z (-1) COS(k+ )tsin(k+ )x
22 < (2k + 1)° 2 5

xt > . k:mc, knt
—ﬁ; s

u(z,t) :t+1+x(t3—t—|—1) +
0 9 6 (_1)k+1
2 { (k)” [ (k)*

k=0

—1)F12t
— 1| sinwkt + (ngg} -sinkx.

u(w,t) = sh?t — t2 cos 2.

2~ 1 1 1
“(x’t)_COS§+WZM1 (COS <k+2>t—1) cos <k+2>x
k=0 2

1 1
u(x,t) = | = —tcos2t | sinx + ——=sin )2\/?;75‘ sin 3x.
1 <2 ) 2v/3

u(z,t) = 2tz + (2¢' — et — 3te™") cos z.

— 1 ‘ in pt
u(z,t) =t(1l—z)+ 3 [ T2 (2cos,ukt—|— el ) - 2} sin rkz,
P (k) Mk
1
=/ (7k)* = =.
e =/ (k)" = 7

u(x,t) =34 (t+1%) x + (8 + 4t — 8e' + 5te') sinx.

1 1
u(x,t) = —tw + — 3 Ssinz 4+ = Z <k sin put — t> sin kx,

T = k'uk
=1
u(x,t) = (1 - f) 2+ 243 4 sintsina +
T T
4§: Fo 14 S (1) innt 4 3 (1) b SR
- cosnt — — (= sinn — .
™= n n3

1/ _, 1
u(xz,t) == (e " —cos2t+ =sin2t | .

) 2

2 o= (—1)" 1 i t
u(z,t) = — Z (=1 5 (e_t — cosmnat + s1n7ma> sin mn.

i n 1+ (mna) ™ma

1
u(z,t) == — §COS*tSID*£L’
t = (-D)"-6 t

u(x,t)—:i Z( ) 5 sin 0 i T

3 ot (7n) 3 3



25. u(x,t)_t+1+:c( —t+1)+

> "t 2 |6(-1)"
Z { (7rn)2

™™
n=1

— 1] sin (Trnt)} sin (mnx) .

7.2.14. 14 - e3iHAiK >KyMbIC. BipTekTi XKbLIYyOTKI3rimTiK TeHaey
YIIiH 0acTanKbI—IIEeTTIiK ecern

> (2k+1)ar\2
1 u(z,t) = 87%1 %6_(T) tcosw
iz (2k+1) 2

o0 k
-1)" -1 ar)? k
2. u(z,t) =84 28 g ()767(T) teos 22

oo
1
4. u(z,t) =5 Z ety (2n — 1)z

4 - 1 —9(2n—1)%72t/16 _; (2n—1)mz
5. u(l'at):;Zme Slnf.

(o]
. n _ 2,
6. u (.’L‘,t) = %G_St SINxTr — 17? E me 12n tSln 2nx
n=1

o0 n
14+(=1)"2) 4,22 . nmx
7. u(m,t):—‘g—%Z—( (n3) )e 9”’Tt/‘ism—z

8. u(x,t) 324 Zoo (=" —4n2n2t)9 . NTL
. ulT = — (& simmn ———
’ 3

oo -1
-1 2n — 1
(-1 26—(2n—1)27r2tsin( n—1)mx
2n —1) 2

o (1"
- 2.2
10. u (x,t) = — 20 E e M sinnra
96 1 —5(2n—1)%n2¢ _;
11 u(z,t) =% Yy ——e sin (2n — 1) mx

o0 n
1 —1)"2
12. u(x,t) = —240 g —i_(i)e_%%?t sinnmx

13. u(z,t) = 16 4 64 ZOO (=" —9n272t/16 nmr
. u T — e COS —
’ 4



1
14. w (x, t) — f% + 16 Z ﬁe—n%r?t cos nmwx

2 9
n=1
= 1
_1 1 —36n%nr?
15, u(r,t)=g— = 3¢ T cos 2nma
n=1
> 1 2 (2n — 1) 7z
16. u(x,t) =4 — 38 E e @) g R T
(@:%) ™ L= (2n 1) 2

17. u(x,t) 28 _ 576 EOO (=1)" _5p2x24p0  mTT
UL = T T e CcOS ——
" V2
[o.¢] n
1+(-1)"2 _.
18 ety =2 - 83 LEODT2 gm o

o n
24 (—1
19 u(e,t)=2 - 83" 24+ (D" e

n=1 n
D 1 )
4
20. u(z,t) = 55 — 32 ﬁe—m tcos 2nx
n=1

o0 _1 n 2 B 1
21 u(r,t) =53 o +( ) ety (2n— 1)

n=1 1) (2n - 3) 2
— o ( 1 n n 4 —3(271—1)2t/4 iy (2n — 1) T
e _8; on — 1) (=1) +(2n—1)7r © S 9
=~ 1 (n-Dme
23. u(w,t) =128 = =B@n-1*/16 g, \EH T AT
(0= z:: 2n — 1) 4

24. u

‘ ©
w|

i (1 | ey, (Br = D
n=1 2” - 1 (21’L — 1) T 9

. 0 1 2 7 C1)2..2 . (2n_ ]_) T
25. u=% S [1 (=1 n] o—(n—1)’n2t/4 . ST 1) ML

7.2.15. 15 - eziHmik >KymbIc. BipTekTi emec >KbLIyoTKi3rinTik
TeHJley YIIiH OacTankbl-MIEeTTIK ecen
4 & e—97r2(2n—1)2t/16 . (211—1)71’%‘

— 3
Lu(t)=1-z+z +;Z @n = 1) sin 1

n=1

© —(2n—1)%x2¢

8
e
n=1

7SID 2n — 1) mx
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

4 & 1 3(2n—1)2r2t (2n — 1) 7z
ulz,t)=—1-z+23+ =Y ———e = 1 cos ——F——
(@%) 2 ; (2n — 1) 2
[e.@]
1" 8 _9(n=1)2r?t (2n—1) 7z
u=a?—z—2-5 ( [1 — e 64 cos ————
" nZ::l (2n —1) (2n —1)? 72 8
t) = © n—1)“mt/4
u(z,t) smw:c%—ﬂZ(Qn_i_l) (2n_3)e s —————
n=1
32 (2n71)271'2t/4 2 — 1
u(z,t) = 23 —3:—1—3+ 3 sin(n )me
n:I (2n —1) 2.
128 1 2,
u(z,t) =2 +z -1+ = — ) e T 'sinnmr.
T f=n
0o 1)k (et _ 67(2k+11)2t)
2k +1
=2 (t+2)+3e dsin 3L + 2 sin +
=2k + 1) [(2k+1)2+1} 2
= 98 _(2@k+mg)? (2k +1)
.u(m,t):Z(—l)kB[l—e ( 7 1> t}cosm
P 3 (2k + 1) 2
a?x2 |, B
u = e_( 412 72) sin 57
- (2k+1)2 2.2
_ _ 2k +1
w= gz + A2q>lf4l(;x2q>ze 2 o kY ma
— (2k+ 1)2 l
o= sty Dol (32 )

u=tcosx + % (6*8’5 — 1) €os 3T
u =t + sin ettt

u=x+tsinz+ % (1 — e_St) sin 3z

u = tz? + % (e4t - 1) + tcos2z
u=t+1+(1—e")e"sinz+e* *sin2z
u = xt? + e +sint — cost + e 3 cos 2

u = z% + 2% + (2t — sin 2t) cos 3z

u:x+t2+%(e5t —1) cos:c+%(1 — e cos 3z
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00 1 — —(dmt1)

21. w = e %sinz + Ze _tz @m 1) (@m £ 17 - sin(dm+ 1)z +
ge_t i Lo e 5 sin (4m +3) x
T = (2m+1)(4m+3)
22. u(t,z) = 1 (e —1) + tcos2z.
23, u=4¢7? i _ b (e*(%ﬂ)zt — 1) cos(2k+ 1)z
= (2k+1)!
24. u(t,z) = e’ +sint — cost + e 3t cos 2x
© 4 _ ef(4m271)t
25. u= % (e_t — 1) + cosx — ﬁmzzl(élmz—l)z - cos 2mzx
7.2.16. 16 - e3iHJIiK >XYMbIC. DJUIMIICTIK TUNTI TeHAEYJIep.
l'apMmonukanbik pyHKIUAIAD
L v(z,y) = L(z' + y* — 62%%) + C;
2. u(r) = % +bB1In Z;
3. u(z,y) = 2%y — 2y’ + Cry + Cs;
4. u(x,y) = e*siny + Crx + Cy;
5 u(z,y,2) = yecosz — y* + 22 + g(z,y), myagarer g(x,y) Ke3 Kesren
rapMOHUKAJIBIK, (DYHKIHS;
6. u(a) =P —bT'In$;
7. ula) =T — cPlng;
8. f(z) =sinzchy + i(cos zshy + C);
9. v(z,y) = eYcosx + C,
10, u(a) = Plngln—ngn‘;’ u(b) = Plnflln—lenf:;
11. u(a) = P+ Z((Cc _Zi (T - P);
12. v(z,y) = 23y — 2> + C;

13.

14.

v(z,y) = —chxsiny + Cry + Co;

274



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

u(r) = B+ aAln g;
v(z,y) =y — 5(2% — y?) — Crz + C;

A+ hB)In¥t
u(T):B—l-—a( )lflb'
1+ahlna
v(z,y) = §y° — 32’y — 2+ Cry + Cy;

v P(1+0bhlnl) —bTIn
u(0) = ;
1+bhIn?t

I

Plnt—Tmh?

?

u(b) =

In

ISHIe}

f(z) =2sinz — z;

b?(a—c)(T — hP)

=P
wa) =Pt e~y
2(, _ 2(p —
u(a) :P+d (a c)T, ulb) = P + d=(b c)T;
ac be
2(q —
w(a) = P+ b*(a c)T7
ac
Z(a—b)T
=P
u(a) + CLb Y

7.2.17. 17 - e3ingik xkywmbic. Jlammac »koHe Ilyaccon Tenaeysepi

yurin Pypbe dici

00 (2k+1)mx
u(z,y) = A+ A2 44 Lo 2E+ my

- =F cos
2a 2 s (2]{3 + 1)2 sh (Qk-zl)ﬂ'a b
w(a—z) m(b—y)
cu(zyy) = M;hi%absin% + BiLhi%gsin%x.
o0 (2k+1)my (2k+1)7(y—b)
wo) =ola—a) - 3 e ey BRI
. Y) = 73 (2k+1)7b '
0 sh =——— a

00 k 2 2
— A 2) shApx — 2shA —
“:%Z( 1) (( 2a? +2) shhgz — 2sh\, (z a)—)\i:BQ—Q)sin)\ky,
k=

. )\2 shpa
) 2k+1)7
T
 og3 \~sinhnr (b—y) Ja . nrx
B Z n3 sinh nwb/a T
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6. u= S sinfgr—ax
ey g CD () @) w1
' sh3§“ 2 7 —2n+1  shi () a b 2
8. u =1y + const.
oo
h(2n—1 1-—-
9. u(z,y) _%Z sinh (2n — 1) 7 (1 - y) sin (2n — 1) 7z
— (2n-1) Ssinh (2n — 1) 7
0o (14(=1)"2) sinh nr(3—y)
10. u(z,y) 32 ;m — sin 2L
Ul y) =5 % sinh 3 )
n=1 2
0 sinh (2n — 1) 7 (Ty> (2n — 1) 7wz
11. u(z,y) =% —1)"*t sin
(z,y) “2;( ) (2n —1)%sinh (2n — 1) 7 2
o0
12. u(x,y) = gShgiy) sinx — 16 nsh2n(12— y) sin 2n.
" £ (4n? —1)" sh2n
) sinh nmy o
13, w(w,y) =3y + 75 ) (—1)" meionr ©0%
n=1
o0 .
h(2n—-1
14. u(:c,y):%—k% sm3( n-bmy cos (2n — 1) mx
— (2n—1)"cosh2(2n — 1) 7
[ee) sinh nmy NI
15. = -+ BN (-1 52 :
u(z,y) 3 +7T3nz_:1( ) n3 cosh nmw o8 2
sinh nmy
16. u(z,y) =4+ > B oosh e (08 VT
o0 @n-1)n(z=3) _
17. u = %g [3 + (=) 4 ] cosh . 2 - sin 2n—1)m
ot (2n—1)m (2n — 1)” cosh w 2
2n—1
5 a =23 cosh B s 2= 100
(2n —3)(2n+ 1) (2n — 1) sinh (2n 1) 2
2n—1)x
19. u(z,y) = —432 N {1 + =1 ] COShu cos @n-1)m
. s = 3
T =1 (2n—1)7 (2n — 1) sinh M 6
> cosh Zn-Le (2n—1)y
20. u(z,y)=—-%Y (-1)" Z cos .
i nZ::l (2n —1)* smhM 2

5y
sh= >
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21.

22.

23.

24.

25.

(271;1)71* S 3

> smh @n-lmy C 2n—-1) 7z
v = B3 =D
1 3 sin

o .
_ 1 sinhnw (1 —y)
8(1
u(z,y) = 8-y 15y) - % AT amhpn | CoSnTE.
n=1

> ncoshn(y—2) .
u(x,y) = —122 (-1) TS oosn gy, SN

A > 1 cosh2ny
u(a:,y) =30 —32 n4WCOS2nI.
=1

> cosh Zn=lme (2n — 1)y
u(z,y)=—28% (-1)" 4 cos )
’ Z (2n — 1) cosh M 4

7.2.18. 18 - ezinaik >xkymbic. Jlanmac TeHaeyi ymriH mnieHbep

10.
11.

12.

13.

14.

inringe koiibiran Iupuxiie >koHe Heiiman ecebi
1
u(r, o) = f+27r+4z< ) < coskxp—w+ sinkgo).

u(r, ) :%Jrlfﬁsincan mcos?)gp

u(z,y) = %2 (372 — y2) + const erep a # —R?, erep a # —R? ecen aypsIc

KOWBLIIMaraH.

u(z,y) = Rxy + const.

aR?

“R (a: -y ) + const erep b = 45—, erep b # % ecell JTyPhIC

u(z,y) =
KoﬁmeafaH
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15. u

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

(x,y) = “R (x -y ) + Ry + const erep b = a, erep b # a ecen aypbic
KOI/IbIJIMaFaH

u(r,p) =agsine.

u(r,p) =b+ 3a% sinp — 4a (%)3 sin 3¢.

2k 2k:
u(r,gp)—aRsmcp—— ( ) cos SO.

1+ 35cosp— (%)2 cos 2¢ + (}%)3 cos 3;
3rsing — % (%)3 sin 3y + const;

%72 cos 2¢ + const;

20+ 12 (%)4 cos 4;

T sing + %Rr—; cos 4.

u(r,) =5+ 2rcos (2¢).

u(r, @) = % + %T2 cos (2¢) + %r‘l cos (4¢) .

7.2.19. 19 - ezinaik >xkywmbic. Jlammac TeHaeyi ymoriH mnieHbep

10.

11.

chIpThIHAa KolibuiraH JIupuxie >koHe Heiliman ecebi

u(zy) = (2)y+2(8) 2y

u(zy) = (F) (=* = v?);

u(a,y) =3 (8)" (@2 —y?) + B +1

u(e,y) =5 =5 (5)" (2% -y + 20y)

u(ay) =% -5 (5) @2 =)+ (£) @ +y);
u(e,y) = B2+ (B)" (22 = %) = (B)* (@ - p)
u(r,p) = asing;

u(r,gp):b+3a singp —4a (g) sin 3¢;

R\* 2k
Ulr,p) = a% sinp — % <r> o8 (P
1

u=3+4 (§)2COSQ¢>+ (§)4cos4g0;

U= —@smap—i- 3,2 Sin 3¢ + const;
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12. u=-1- Rilz (%)QCOS 2¢;

13, u= i % 1= (=1)"] <f>nsinmp.

14. uz%singp—?sin(&p).
15. u(p,go)z%(p—%)coscp
16. u(p)zQ—ln—p
17. u(p,p) = (—%p—i— %) cosgp—i—%(p— %) sin .
18. u = i]j sin ¢ — 4R3 sin (3¢) .

19. u=a+

x2 +y

20. u=c+ 2+ 5 (ax + by) .

(azx + by) .

21. ¢ = 0 6osramma IIeIe, u = Q}iy

22, u= —ﬁ cos 2¢.
23. u=c+ 2 (acosp +bsingp).

24. ¢ = 0 6osrana MenIeI, u = RQ (acosp + bsiny) + const.

_ 3R*ax(2?4y°—R2?) R2 3
25. u= Ty ((w2+§2)>

7.2.20. 20 - e3iHAIK XXYMBIC. Dypbe 2xkoHe JlangacTbeig
VHTErPaJJIbIK, TYPJEHIipyJiep ddici
1. u(z,t) = Ae 3 cos 2z + B sinx.
2. u(w,t) = ze?® sin 3t.
3g(a:—ft)—29(x—t) x>t

39(x—ft +2/f (t —x —¢&)dE, §t<x<t
3. u(z,t) = 0

t—ix

t—x

3 2
2 [ ft—z—&dE—2 f(t—a;—§>d§,x<t.
/ [ 1ot <2

4. u(:r,t):%¢(x—at)+%¢(x+at)+%

r—at
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10.

11.

12.

13.

14.

15.

16.

17.

u(x,t):—i/f(x—g)sinaﬁdf.
0

1
u(z,t) =z +tcosx —sinz + §xsinx.

u(z,t) =tcosx + %xsinac—i— /f(f)sin(x — &) d¢.
0

u(:c,t):{ plz—t)+u(t), z—-t>0,

w(t), xr—t<0.

t oo _ _(z—&)?
t 1 e 4a2(t77) d d
U(%)—Qaﬁ//f(fﬂ')me
0 —o0
x B 2 27
1 [C=9) (z+8)
u(z,t) = e 4a2t — e 42t | dE.
(z,1) 2ot ¢ (€) _ | 3
0
m -
(2,1) 1 ©) _(@=9)? N _ (e+8)? dt
u\xr, = [& 4a2t e 4a2t .
2a+/mt Y
0
i 2
2 -1
u(z,t) = /SSin (w) cos (w) %sin (wx) cos (dwt) dw.
w?—7
0
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18.

19.

20. u

21. w

22.

23.
24.

25.

7 (25 + w?)

Vi 1
u(z,t) = / _10 cos (wx) cos (12wt) dw.
0

1 sin(7mw)

2w 1 — w?
0

sin (wx) sin (4wt ) dw.

(=

(wcos(w)+2 sm(w)) sin (wx)} sin (3wt) dw

(4+w?)

(e}

>HL\:>

0

1
u(z,y) = 3 (cosx — cos2x).

u(z,y) = e~ sin 2z + z cos z.

u(z,y) = xe®siny.

u(x,y) =cosx+cosy+y— 1.

/ 2 — wsin (w) — 2 cos (w)
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A-KochIMITIACHI

dypbe TypJeHOipyJiepiHiH KecTeci

1 2 3
1 af (x) + bg(x) F (w) + bG(w)
2 ™ (z) ( d) F(w)
’ "f () (i)ndé‘/f [F (w)
! @) (O g [0 ()]
5 flaz), a>0 %F %)
6 f(z—a) e IE ()
7 e f () F(w— N
8 (f*9)(2) V21 F (w) G(w)
’ / F @)l de [ 1F@ v,
0| e ={ IR ? ()
11 sina:v’ 5> 0 F(w) = g, lw| < a,

’ 0, lw| >a

1, a<z<b, 1 e—taw _ o—bw
12 f(x)={07x<a7x>b a>b>0 m( - >
DR R
—alw]

" a0 i g

e 0<u, 1 I
5| sw-{h Ll e = (o)

Kaneacw, xeaeci bemme
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2

3

e b<zx<ec,

1 ela—iw)e _ (a—iw)b
16 f_{O,x<b,x>c, a>0 o a—iw
17 el g >0 \F L
' m \ a? + w?
2taw
18 ze el g >0 \/>
a? —|—w2
[ e x| < b, smb
) r@={5u f( )
20 et 4 >0 e 4a2
a aﬂ
21 { 6 x? x > 07 (a)
z<0 \/ﬂ(l + 1w)
H _
22 Jo(az), a (a |w|2
Va2 —w?
23 0(x—a), a€eR e~ taw

\/ﬂ




O-KOCBHIMIITACHI

Jlanuiac TypJienaipyiniH kecreci
o
N f(x) F(p) = /f(t)eptdt P MoHepi
0
1 2 3 4
1
1
p
n!
3 tn7n:1,2,... W p>0
a+1
4 t* a>-—1 (ptl+1) p>a
1
5 et p>a
p —' a
nl
6 et n=1,2,.. >
e n (p __‘Z):H b ~>a
7 H(t—a) c p>a
p
it —a) e p>0,a>0
. a
sin at 2 a2 p>0
p
10 t >0
cos a PO P
2
11 tsinat ap 5 p>0
(P> + a?)
VA
12 tcosat L p>0
(p? + a?)?
b
13 e sin bt p>a
(p—a)®+1%)°
D—a
14 e cos bt p>a
(p—a)®+1%)°
1 1 1
15 ——sinat — —=t t P e—Y >0
53 sina 5,2 cos a o a2)2 D
1 1 2
16 —sinat + —tcosat p72 p>0
2a 2 (p? + a?)
p)
a
17 1 —cosat p>0
p(p* +a?)
a
18 at — sin at —_— p>0
P (p+ @)
19 sh (at) m p > laf
20 Ch (at) m P > |a|

Kaneacw, xeaeci bemme
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1 2 3 4
21 Lsh (at) + Ltch (at) - p > |al
2a3 2a? (p?2 — a2)?
1 p
23 ish (at) + }t - ch (at) o p > |al
2a 2 (p? — a2)2
24 sh (at) — sinat 2 p > |al
T
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