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Let I = (a, b), 0 ≤ a < b ≤ ∞. Let v and u be almost everywhere

positive functions, which are locally integrable on the interval I .

Let 0 < p <∞ and 1
p + 1

p′ = 1. Denote by Lp,v ≡ Lp(v, I) the set

of all functions f measurable on I such that

‖f‖p,v :=

 b∫
a

|f (x)|pv(x)dx


1
p

<∞.

LetW be a non-negative, strictly increasing and locally absolutely

continuous function on I . Suppose that dW (x)
dx = w(x), a.e. x ∈ I .

We consider the Hardy type operator Tα,β de�ned by

Tα,βf (x) :=

x∫
a

u(s)W β(s)f (s)w(s)ds

(W (x)−W (s))1−α , x ∈ I.

When u ≡ 1 and β = 0 the operator Tα,β is called the fractional

integral operator of a function f with respect to a function W ([3],

p.248). When u ≡ 1 and W (x) = x the operator Tα,β becomes the

Riemann-Liouville operator Iα de�ned by

Iαf (x) :=

x∫
a

sβf (s)ds

(x− s)1−α .

When u ≡ 1 and W (x) ≡ lnxa , a > 0, this operator is the

Hadamard operator Hα de�ned by

Hαf (x) :=

x∫
a

(
lnsa
)β
f (s)ds

s
(
lnxs
)1−α .

12
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Moreover, when u ≡ 1 and W (x) = xσ, σ > 0, we get the operator

Eα,β of Erdelyi-Kober type ([3], p.246) de�ned by

Eα,βf (x) := σ

x∫
a

f (s)sσβ+σ−1ds

(xσ − sσ)1−α .

The operator Tα,β was studied in [1] and [2] when u ≡ 1, β = 0

and u ≡ 1, β > − 1
p′ , respectively.

Theorem 1. Let 0 < α < 1, 1 < p ≤ q < ∞ and β ≥ 0. Let u be

a non-increasing function on I. Then the operator Tα,β is bounded

from Lp,w to Lq,v if and only if

Aα,β = sup
z∈I

 z∫
a

up
′
(s)W p′β(s)w(s)ds

 1
p′

 b∫
z

W q(α−1)(x)v(x)dx


1
q

<∞,

moreover, ‖Tα,β‖ ≈ Aα,β.

Theorem 2. Let 0 < α < 1, 0 < q < p < ∞, p > 1
α and β ≥ 0.

Let u be a non-increasing function on I. Then the operator Tα,β is

bounded from Lp,w to Lq,v if and only if

Bα,β =

 b∫
a

 b∫
z

W q(α−1)(x)v(x)dx


p
p−q

×

 z∫
a

up
′
(s)W p′β(s)w(s)ds


p(q−1)
p−q

up
′
(z)W p′β(z)w(z)dz


p−q
pq

<∞.

Moreover, ‖Tα,β‖ ≈ Bα,β.
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Ïóñòü x = (x1, ..., xm) ∈ Tm = [0, 2π]m, Im = [0, 1]m è

τ, p ∈ [1,+∞). ×åðåç Lp,τ (Tm) îáîçíà÷èì ïðîñòðàíñòâî Ëîðåíöà

âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé f (2πx̄), êîòîðûå èìåþò 2π-

ïåðèîä ïî êàæäîé ïåðåìåííîé è äëÿ êîòîðûõ âåëè÷èíà

‖f‖p,τ =

{
τ

p

∫ 1

0

(∫ t

0

f ∗(y)dy

)τ
tτ(1p−1)−1dt

}1
τ

êîíå÷íà, ãäå f ∗(y) � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè

|f (2πx̄)|, x̄ ∈ Im (ñì. [1], ññ. 83, 197).

Äëÿ çàäàííîãî íàòóðàëüíîãî ÷èñëà n ðàññìîòðèì ìíîæåñòâî

2n = {k̄ = (k1, ..., km) ∈ Zm : |kj| < n, j = 1, ...,m}. Ðàññìîòðèì
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êðàòíîå ÿäðî Äèðèõëå D2n(x̄) =
∑

k̄∈2M
ei〈k̄,2πx̄〉, x̄ ∈ Im è ñâåðòêó

ôóíêöèè f ∈ Lp,τ (Tm)

σs(f, x̄) =

∫
Im
f (ȳ)(D22s

(x̄− ȳ)−D2
2s−1

(x̄− ȳ))dȳ, s ∈ N.

Ïóñòü 1 ≤ θ ≤ ∞ è ÷èñëî α > 0. Ðàññìîòðèì ïðîñòðàíñòâî

âñåõ ôóíêöèé f ∈ Lp,τ (Tm), äëÿ êîòîðûõ

∞∑
l=0

2lαθ
∥∥∥ 2l∑
s=[2l−1]+1

σs(f )
∥∥∥θ
p,τ
<∞.

Ýòî ïðîñòðàíñòâî îáîçíà÷àåòñÿ ñèìâîëîì B0,α
p,τ,θ è ñîâïàäàåò

ñ ïðîñòðàíñòâîì Íèêîëüñêîãî - Áåñîâà ñ ëîãàðèôìè÷åñêîé

ãëàäêîñòüþ (ñì. [2]).

Â ýòîì ïðîñòðàíñòâå ðàññìîòðèâàåòñÿ åäèíè÷íûé øàð

B0,α
p,τ,θ = {f ∈ B0,α

p,τ,θ : ||f ||
B
0,α
p,τ,θ
≤ 1},

ãäå íîðìà

||f ||
B
0,α
p,τ,θ

= ‖f‖p,τ +
{ ∞∑
l=0

2lαθ
∥∥∥ 2l∑
s=[2l−1]+1

σs(f )
∥∥∥θ
p,τ

}1
θ
.

E2n(f )p,τ = inf
T∈F2n

||f − T ||p,τ � íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè

f ∈ Lp,τ (Tm) ìíîæåñòâîì F2n òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

ïîðÿäêà íå âûøå n − 1 ïî êàæäîé ïåðåìåííîé. Äëÿ çàäàííîãî

êëàññà F ⊂ Lp,τ (Tm) ïîëîæèì E2n(F )p,τ = sup
f∈F

E2n(f )p,τ .

Îñíîâíûìè ðåçóëüòàòàìè äîêëàäà ÿâëÿþòñÿ ñëåäóþùèå

óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü 1 ≤ θ ≤ ∞, 1 < p <∞, 1 < τ2 < τ1∞. Åñëè
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f ∈ Lp,τ1(Tm) è

∞∑
l=0

2
lm( 1

τ2
− 1
τ1

)τ2
∥∥∥ 2l∑
s=[2l−1]+1

σs(f )
∥∥∥τ2
p,τ1

<∞,

òî f ∈ Lp,τ2(Tm) è èìååò ìåñòî íåðàâåíñòâî

‖f‖p,τ2 ≤ C
{ ∞∑
l=0

2
lm( 1

τ2
− 1
τ1

)τ2
∥∥∥ 2l∑
s=[2l−1]+1

σs(f )
∥∥∥τ2
p,τ1

} 1
τ2 .

Òåîðåìà 2. Ïóñòü 1 ≤ θ ≤ ∞, 1 < p < ∞, 1 < τ2 < τ1 < ∞.

Åñëè α > m( 1
τ2
− 1

τ1
), òî

E2n(B
0,α
p,τ1,θ

)p,τ2 � (log(n + 1))
−α+m( 1

τ2
− 1
τ1

)
.

Îòìåòèì, ÷òî îöåíêè íàèëó÷øèõ ïðèáëèæåíèé äðóãèõ àíàëîãîâ

êëàññîâ Áåñîâà ñ ëîãàðèôìè÷åñêîé ãëàäêîñòüþ â ïðîñòðàíñòâå

Lp(Tm) óñòàíîâèë Ñ.À. Ñòàñþê [3], à â ïðîñòðàíñòâå Ëîðåíöà

äàíû â [4].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà

5129/ÃÔ4 Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ.
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Let p(·) be a measurable function on Ω with values in [1,∞). An

open set Ω is assumed to be bounded throughout the whole paper.

We mainly suppose that

1 < p− ≤ p(x) ≤ p+ <∞,

where p− := ess inf
x∈Ω

p(x) > 1, p+ := ess sup
x∈Ω

p(x) <∞.

We use the following notation: Rn is the n-dimensional Euclidean

space, Ω ⊂ Rn is an open set, χE(x) is the characteristic function

of a set E ⊆ Rn, B(x, r) = {y ∈ Rn : |x − y| < r}), B̃(x, r) =

B(x, r) ∩ Ω, by c,C, c1, c2 etc, we denote various absolute positive

constants, which may have di�erent values even in the same line.

P(Ω) is the set of bounded measurable functions p : Ω→ [1,∞);

P log(Ω) is the set of exponents p ∈ P(Ω) satisfying the local log-
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condition

|p(x)− p(y)| ≤ A

− ln |x− y|
, |x− y| ≤ 1

2
x, y ∈ Ω,

where A = A(p) > 0 does not depend on x, y;

Plog(Ω) is the set of exponents p ∈ P log(Ω) with 1 < p− ≤ p(x) ≤
p+ <∞;

Plog(Ω) is the set of exponents p ∈ P log(Ω) with 1 < p− ≤ p(x) ≤
p+ <∞;

for Ω which may be unbounded, by P∞(Ω), P log∞ (Ω), Plog∞ (Ω) we de-

note the subsets of the above sets of exponents satisfying the decay

condition (when Ω is unbounded)

|p(x)− p(∞)| ≤ A∞
ln(2 + |x|)

, x ∈ Rn.

where p∞ = lim
x→∞

p(x) > 1.

In the spaces
{M

p(·),ω
{x0} (Ω) over unbounded sets Ω ⊂ Rn we consider

the Hardy-Littlewood maximal operator

Mf (x) = sup
r>0
|B(x, r)|−1

∫
B̃(x,r)

|f (y)|dy.

De�nition 1. Let x0 ∈ Ω, 1 ≤ p− ≤ p(x) ≤ p+ < ∞. The local

"complementary" generalized Morrey space
{M

p(·),ω
{x0} (Ω) is de�ned by

the norm

‖f‖
{M

p(·),ω
{x0}

= sup
r>0

rθp′(x0,r)

ω(r)
‖f‖Lp(·)(Ω\B̃(x0,r))

.

Theorem 1. Let Ω ⊂ Rn be an open unbounded set, p ∈ Plog∞ (Ω) and

the functions ω1(t) and ω2(t) satisfy the condition∫ ∞
t

ess inf
s<r<∞

ω1(r)rθp′(x0,r)

s1+θp′(x0,s)
ds ≤ Cω2(t).

18
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where C does not depend on t. Then the maximal operator M is

bounded from the space
{M

p(·),ω1
{x0} (Ω) to the space

{M
p(·),ω2
{x0} (Ω).

AMJ Mathematics Subject Classi�cation: 42B20, 42B25, 42B35.

Characterization of the spaces Esϕ,p,q(T )
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This work is dedicated to the investigation of characterization of

the spaces Esϕ,p,q(T ) by using di�erences of the partial sums of the

Fourier series.

First we give the de�nition of the generalized periodic Morrey space.

Generalized Morrey spaces have been introduced independently by

Mizuhara [1] and Nakai [2]. As usual, B(x, r) denotes the open in-

terval (x − r, x + r). T denotes the one-dimensional torus, usually

identi�ed with [−π, π].

De�nition 1. Let 0 ≤ p < ∞ and a function ϕ : (0,∞) →
(0,∞),ϕ ∈ Gp. We say that a function f : R → C, 2π-periodic,

belongs to the generalized periodic Morrey space Mϕ
p (T) if f ∈

Lp(B(x, r)) for all x ∈ R and all r > 0 and the following expres-

sion is �nite:

‖f‖Mϕ
p (T) := sup

x∈R
sup

0<r≤2π

ϕ(r)‖f‖Lp(B(x,r))

|B(x, r)|
1
p

(1)

Remark 1. Clearly, if ϕ(r) := |B(0, r)|−λ+1/p, r > 0, then we

have coincidence Mϕ
p (T ) = Mλ

p (T ), in particular, if ϕ(r) :=
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|B(0, r)|1/p, r > 0, then Mϕ
p (T ) = Lp(T )

In the de�nition of Mϕ
p (T), we assume that ϕ is in Gp, that is,

there exist some constants C,C
′
> 0 such that the inequalities

ϕ(t1) ≤ Cϕ(t2) and C
′
t
−dp
1 ϕ(t1) ≥ t

−dp
2 ϕ(t2)

hold for 0 < t1 ≤ t2 <∞.

De�nition and basic properties

Let ψ ∈ C∞0 (R) be a function such that

ψ(x) :=

{
1 if |x| ≤ 1

0 if |x| ≥ 3
2

(2)

Then, with φ0 := ψ,

φ(x) := φ0(x/2)− φ0(x) and φj(x) := φ(2−j+1x), j ∈ N,
(3)

This implies
∞∑
j=0

φj(x) = 1 for all x ∈ R.

We shall call (φj)
∞
j=0 a smooth dyadic decomposition of unity.

We de�ne

SNf (x) = S−N,Nf (x) =

N∑
k=−N

ck(f )eikx x ∈ R, N ∈ N0

Here ck(f ) is the Fourier coe�cient of f given by

ck(f ) :=
1

2π

∫ π

−π
f (t)e−iktdt

De�nition 2. Let (φj)j be a smooth dyadic decomposition of unity

as de�ned (1), (3). Let s ∈ R and 0 ≤ q ≤ ∞. Let 0 < p < ∞
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and a function ϕ ∈ Gp.Then Esϕ,p,q(T) is de�ned to be the set of all

f ∈Mϕ
p (T) such that

‖f |Esϕ,p,q(T)‖ :=
∥∥∥( ∞∑

j=0

2jsq
∣∣∣ ∞∑
k=−∞

φj(k)ck(f )eikx
∣∣∣q)1/q∣∣∣Mϕ

p (T)
∥∥∥ <∞.

(4)

Remark 2. Taking ϕ(r) := |B(0, r)|
1
p , r > 0, we are back in the case

of classical periodic Lizorkin-Triebeland Nikol'skij-Besov spaces, i.e.,

we have

Esϕ,p,q(T) = F s
p,q(T)

We shall call the spaces Esϕ,p,q(T) generalized periodic Lizorkin-

Triebel-Morrey spaces. They represent the Lizorkin-Triebel scale

built on the generalized Morrey space Mϕ
p (T). The nonperiodic ver-

sion of this scale of spaces has been introduced by Tang and Xu in

the year 2005 (for Morrey spaces). Lizorkin-Triebel-Morrey spaces,

related to generalized Morrey spaces, have been considered recently

by Nakamura, Noi and Sawano.

Theorem 1. Let 1 < p, q < ∞, s > 0 and ϕ ∈ Gp. A function

f ∈Mϕ
p (T) belongs to Esϕ,p,q(T) if and only if

‖f |Esϕ,p,q(T)‖∗ := ‖S1f |Mϕ
p (T)‖

+
∥∥∥( ∞∑

j=0

2jsq|S2j+1f − S2jf |q
)1/q

|Mϕ
p (T)

∥∥∥ <∞.
Furthermore the quantities ‖ · |Esϕ,p,q‖∗ and ‖ · |Esϕ,p,q‖ are equivalent
on Mϕ

p (T), i.e., there exist two positive constants A,B such that for

all f ∈Mϕ
p (T),

A‖f |Esϕ,p,q‖∗ ≤ ‖f |Esϕ,p,q‖ ≤ B‖f |Esϕ,p,q‖∗.

In case ϕ(r) := |B(0, r)|1/p, r > 0 this goes back to Lizorkin (Besov

spaces) and in case ϕ(r) := |B(0, r)|−λ+1/p, r > 0 this theorem was

proved in [3].
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Let R+ = (0,∞) , M = M(R+) be the set of Lebesgue measurable

almost everywhere �nite functions,

M+ = {f ∈M(R+) : f > 0} , u, v ∈M+.

Let Φ : [0,∞)→ [0,∞] be the Young function, i.e.

Φ(t) =

∫ t

0

ϕ(τ )dτ, (1)

where function ϕ : [0,∞)→ [0,∞] is increasing and left-continuous,

moreover ϕ(0) = 0, ϕ is neither identical to zero nor identical to

in�nity on (0,∞). Denote

t0 ≡ t0(Φ) = sup {t ∈ [0,∞) : Φ(t) = 0} ; (2)
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t∞ ≡ t∞(Φ) = inf {t ∈ R+ : Φ(t) =∞} (3)

(if Φ(t) <∞, t ∈ R+, we assume t∞(Φ) =∞ ). Then,

t0 ∈ [0,∞); t∞ ∈ (0,∞]; t0 ≤ t∞, (4)

Φ(t) = 0, t ∈ [0, t0], Φ(t) =∞, t > t∞ (5)

(the last when t∞ <∞). We require that

t0t
−1
∞ = 0 (6)

(i.e., at least one of the conditions is ful�lled: t0 = 0; t∞ =∞).

Let Ψ be the complementary Young function for Φ, that is

Ψ(t) =

∫ t

0

ψ(τ )dτ, t ∈ [0,∞];

ψ(τ ) = inf {σ : ϕ(σ) ≥ τ} , τ ∈ [0,∞]. (7)

Function ψ is left-inverse for the left-continuous increasing function

ϕ. It has the same properties as ϕ, so that Ψ is the Young function.

De�nition 1. Recall that Orlicz space LΦ,v is determined as the set

of functions f ∈M : ‖f‖Φ,v <∞, where

‖f‖Φ,v := inf

{
λ > 0 :

∫ ∞
0

Φ
(
λ−1|f (x)|

)
v(x)dx ≤ 1

}
.

Consider

0 < V (t) :=

∫ t

0

vdτ <∞, ∀t ∈ R+, V (+∞) =∞. (8)

and
<a(g; t) := V (t)−1

∫ t
δa(t) g(τ )dτ,

δa(t) := V −1 (aV (t)) , t ∈ R+.
(9)

Its conjugate operator is following

<∗a(f ; τ ) =

∫ δ
a−1(τ)

τ

f (t)

V (t)
dt, τ ∈ R+. (10)
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Theorem 1. Let T, T ∗ be positively homogeneous operators mapping

M+ in M+ and be conjugate, i.e.,∫
R+

gTfdτ =

∫
R+

fT ∗gdτ, f, g ∈M+. (11)

Let Φ1,Φ2 - be Young functions satisfying (6); let Ψ1,Ψ2 be their

complementary functions; let u, v, w ∈M+, and the condition (8) be

ful�lled. We �x a ∈ (0, 1), and de�ne operator <a by formula (9).

Then the following three inequalities are equivalent:

∃c1 ∈ R+ : ‖wTf‖Φ2,u
≤ c1 ‖f‖Φ1,v

, f ∈ Ω; (12)

∃c2 ∈ R+ : ‖<aT ∗(wg)‖Ψ1,v
≤ c2

∥∥gu−1
∥∥

Ψ2,u
g ∈M+; (13)

∃c3 ∈ R+ : ‖wT<∗a(vf )‖Φ2,u
≤ c3 ‖f‖Φ1,v

f ∈M+. (14)

Remark 1. Constants c2, c3 in (13), (14) depend on a ∈ (0, 1), be-

sides

0 < e(a) ≤ c1c
−1
3 ≤ E(a) <∞.

0 < d ≤ c3c
−1
2 ≤ D <∞,

where d,D do not depend on a.

Theorem 2. In the conditions of Theorem 1 we assume that

t0(Φ1) = t0(Φ2) = 0, t∞(Φ1) = t∞(Φ2) = t∞ ∈ (0,∞]

(see (2),(3)). Then the following inequalities are equivalent:

∃c1 ∈ R+ : Φ−1
2

{∫
R+

Φ2 (wTf )udt

}
Φ−1

1

{∫
R+

Φ1(c1f )vdt

}
, f ∈ Ω;

∃c3 ∈ R+ : Φ−1
2

{∫
R+

Φ2 (wT<∗a(vf ))udt

}
Φ−1

1

{∫
R+

Φ1 (c3f ) vdt

}
, f ∈M+.
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Moreover, c3 is connected with c1 as in Theorem 1; in particular

the estimate holds

0 < e(a) ≤ c1c
−1
3 ≤ E(a) <∞.

This work is supported by The Russian Foundation for Basic Re-

search (pr. no 15-01-02732).
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Îá îöåíêå ñâåðòîê ôóíêöèé â ìíîãîìåðíûõ

ïðîñòðàíñòâàõ òèïà Ìîððè

Á.Å. Áàòûðîâ
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñâîéñòâ ôóíêöèé

â ñâÿçè ñ îöåíêàìè ñâåðòîê â ìíîãîìåðíûõ ïðîñòðàíñòâàõ Ìîððè.

Èçâåñòíî, ÷òî â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ

÷àñòíûìè ïðîèçâîäíûìè è â òåîðèè âàðèàöèè âìåñòå ñ âåñîâûìè

ïðîñòðàíñòâàìè Lp,w âàæíóþ ðîëü èãðàþò ïðîñòðàíñòâà Ìîððè

Mp,λ. Îíè îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì.
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Îïðåäåëåíèå 1. Ïóñòü 0 < λ < n, 1 ≤ p ≤ ∞. Òîãäà ãîâîðÿò,

÷òî f ∈Mp,λ, åñëè f ∈ Llocp (Rn) è

‖f‖Mp,λ
= sup

x∈Rn
sup
,r>0

r−
λ
p ‖f‖Lp(B(x,r)) <∞.

Çäåñü B (x, r) � îòêðûòûé øàð ðàäèóñà r > 0 ñ öåíòðîì â òî÷êå

xεRn.

Ââåäåì ïîíÿòèå ñâ¼ðòêè ôóíêöèé.

Îïðåäåëåíèå 2. Ñâ¼ðòêîé ôóíêöèé f1, f2 ∈ Lloc1 (Rn)

íàçûâàåòñÿ ôóíêöèÿ f1 ∗ f2, îïðåäåëÿåìàÿ äëÿ ëþáûõ x ∈ Rn

ðàâåíñòâîì

(f1 ∗ f2) (x) =

∫
R1
f1 (x− y) f2 (y) dy,

åñëè íàïèñàííûé èíòåãðàë ñóùåñòâóåò è êîíå÷åí.

Âîïðîñ î ñóùåñòâîâàíèè ñâåðòêè â ïðîñòðàíñòâàõ Ìîððè

ñâÿçàí ñ âîïðîñîì î ñóùåñòâîâàíèè ñâåðòêè â n-ìåðíîì øàðå

B (0, |x|).
Ïóñòü

(f1 ∗ f2) (x) =

∫
B(0,|x|)

f1 (x− y) f2 (y) dy =

∫ x

0

f1 (x− y) f2 (y) dy.

Ñôîðìóëèðóåì àíàëîã íåðàâåíñòâà Þíãà äëÿ îöåíêè íîðì

ñâåðòîê â ïðîñòðàíñòâàõ Ìîððè Mp,λ.

Òåîðåìà. Ïóñòü 0 < λ1, λ2, λ3 < n, 1 ≤ p1,p2 ≤ p3 ≤ ∞ è λ3
p3

=
λ1
p1

+ λ2
p2
. Òîãäà äëÿ ëþáûõ f1 ∈Mp1,λ1, f2 ∈Mp2,λ2 ïî÷òè äëÿ âñåõ

x ∈ Rn ñóùåñòâóåò ñâ¼ðòêà (f1 ∗ f2) (x), (f1 ∗ f2) (x) ∈Mp3,λ3 è

‖f1 ∗ f2‖Mp3,λ3
≤ ‖f1‖Mp1,λ1

‖f 2‖Mp2,λ2
.

Â ðàáîòå [1] àâòîðîì áûë ðàññìîòðåí ñëó÷àé, êîãäà n = 1.

Àíàëîã íåðàâåíñòâà Þíãà äëÿ ôóíêöèé èç îáùèõ ãëîáàëüíûõ

ïðîñòðàíñòâ òèïà Ìîððè îáñòîÿòåëüíî èññëåäîâàí â [2].
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Íåêîòîðûå ôðàêòàëû íà ïëîñêîñòè

Ëîáà÷åâñêîãî

Æ.À. Áàõðàìîâ
Èíñòèòóò ìàòåìàòèêè, Òàøêåíò, Óçáåêèñòàí

bahramovjasurbek@gmail.com

Íàøà öåëü � ïîñòðîåíèå ôðàêòàëîâ â ïðîñòðàíñòâå

Ëîáà÷åâñêîãî. Äëÿ ýòîãî èç èçâåñòíûõ ìîäåëåé ïðîñòðàíñòâà

Ëîáà÷åâñêîãî ìû âûáðàëè ìîäåëü Áåëüòðàìè-Êëåéíà íà

îòêðûòîì êðóãå åäèíè÷íîãî ðàäèóñà B(O, 1) ⊂ R2. Ñðåäè

âñåâîçìîæíûõ ñïîñîáîâ ïîñòðîåíèÿ ôðàêòàëîâ ìû ðåøèëè

èñïîëüçîâàòü ñèñòåìû èòåðèðîâàííûõ ôóíêöèé(ÑÈÔ) è L-

ñèñòåìû ([1]).

Ïîñêîëüêó äëÿ ïîñòðîåíèÿ àòòðàêòîðîâ ÑÈÔ ìû ðàáîòàåì

ñ êîìïàêòíûìè ìíîæåñòâàìè, ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì

çàìêíóòíîãî øàðà B̄(O,R) ⊂ B(O, 1), R ∈ (0, 1).

Òîãäà ïî èçâåñòíîé òåîðåìå Õàò÷èíñîíà ([1]) äëÿ ÑÈÔ

{{fi}i=1
N , B̄(O,R)} (N ∈ N), ãäå fi : B̄(O,R) −→ B̄(O,R)

� ñæèìàþùèå îòîáðàæåíèÿ, ñóùåñòâóåò è åäèíñòâåííî íåïóñòîå
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êîìïàêòíîå ìíîæåñòâî A = ∪fi(A), íàçûâàåìîå àòòðàêòîðîì

ýòîé ÑÈÔ. Çà÷àñòóþ A ÿâëÿåòñÿ ôðàêòàëüíûì ìíîæåñòâîì.

Â ñëó÷àå ÑÈÔ íà R2 íàèáîëåå ÷àñòî èñïîëüçóþò àôôèííûå

ïðåîáðàçîâàíèÿ fi. Ýòè ïðåîáðàçîâàíèÿ ïðåäñòàâèìû â âèäå

êîìïîçèöèè ñæàòèé ïî äâóì îñÿì, ïîâîðîòà, îòðàæåíèÿ è

ïàðàëëåëüíîãî ïåðåíîñà. Ìû äàåì àíàëîãè ýòèõ ïðåîáðàçîâàíèé

äëÿ ìîäåëè Áåëüòðàìè-Êëåéíà è ñòðîèì ÑÈÔ íà B(O, 1),

àòòðàêòîðû êîòîðûõ ÿâëÿþòñÿ íåêîòîðûìè ãåîìåòðè÷åñêèìè

àíàëîãàìè àòòðàêòîðîâ ÑÈÔ íà R2.

Ðèñ 1. Ïðèìåð àíàëîãà Êîâðà Ñåðïèíñêîãî â ïðîñòðàíñòâå Ëîáà÷åâñêîãî

(ñëåâà àòòðàêòîð â B(O, 1), ñïðàâà � â R2 ).
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Îá Lp − Lq− îãðàíè÷åííîñòè íåêîòîðûõ êëàññîâ

ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ

íà n−ìåðíîì òîðå

Ä.Á. Áàçàðõàíîâ
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Â ñîîáùåíèè áóäóò ïðåäñòàâëåíû ðåçóëüòàòû îá Lp − Lq−
îãðàíè÷åííîñòè íåêîòîðûõ êëàññîâ ïñåâäîäèôôåðåíöèàëüíûõ

îïåðàòîðîâ íà n−ìåðíîì òîðå ñ

(a) òàê íàçûâàåìûìè ãðóáûìè ñèìâîëàìè;

(b) ñèìâîëàìè èç ïåðèîäè÷åñêèõ êëàññîâ Õ¼ðìàíäåðà äëÿ ðÿäà

ñîîòíîøåíèé ìåæäó p, q è ïàðàìåòðàìè êëàññîâ

AMS Mathematics Subject Classi�cation: 58J40, 35S05, 42B05

Characterizations of semi�nite subdiagonal algebras
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1 Xinjiang University, Xinjiang, China
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In 1967, Arveson [1] introduced the notion of �nite, maximal,

subdiagonal algebras A of M, as non-commutative analogues of

weak* Dirichlet algebras. In [5], among other things, Blecher and

Labuschagne studied tracial subalgebras ofM and transfered a large

part of the circle of theorems characterizing weak* Dirichlet alge-

bras, to Arveson's noncommutative setting of subalgebras of �nite

von Neumann algebras. The �rst author and Oshanova [3] de�ned

tracial subalgebras of semi�nite von Neumann algebras and proved
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that if a tracial subalgebra A has the unique normal state extension

property and τ -maximal or satis�es L2-density, then A is a subdiag-

onal algebra. This is the extensions of corresponding results in [5] to

the semi�nite case.

In this talk we extend some results in [5] to the semi�nite case.

We denote byM a semi�nite von Neumann algebra on the Hilbert

space H with a normal faithful semi�nite trace τ . The set of all

τ -measurable operators will be denoted by L0(M). For 0 < p <

∞, Lp(M) is de�ned as the set of all τ -measurable operators x such

that

‖x‖p = τ (|x|p)
1
p <∞.

In addition, we put L∞(M) =M and denote by ‖ · ‖∞ (= ‖ · ‖), the
usual operator norm.

De�nition 1. A w*-closed subalgebraA ofM is called a subdiagonal

algebra ofM with respect to E(or D) if

(i) A + J(A) is w*-dense inM, where J(A) = {x∗ : x ∈ A},

(ii) E(xy) = E(x)E(y), ∀ x, y ∈ A,

(iii) A ∩ J(A) = D.

D is then called the diagonal of A.

Since D is semi�nite, we can choose an increasing family of {ei}i∈I
of τ -�nite projections in D such that ei → 1 strongly, where 1 is

identity ofM. Throughout, the {ei}i∈I will be used to indicate this
net.

De�nition 2. A weak*-closed subalgebra A ofM is called a tracial

subalgebra ofM with respect to E(or D = A ∩ J(A)) if

(i) D is semi�nite,

(ii) E : A → D is a normal homomorphism,
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(iii) τ (x) = τ (E(x)), ∀ x ∈ A.

By Lemma 2.3 of [3], E is precisely the restriction to A of the

unique faithful normal conditional expectation Φ from M onto D
such that τ = τ ◦Φ. Hence we may continue to write Φ as E , and we
call this extension the conditional expectation onto D.
Let A be a tracial subalgebra of M with respect to D and let e

be a projection in D. We de�ne

Me = eMe, Ae = eAe, De = eDe,

and Ee be the restriction of E toMe. By Lemma 2.5 in [3], we have

that Ae is a tracial subalgebra ofMe with respect to Ee (or De).
We obtain the following characterizations of subdiagonal algebra.

Theorem 1. Let A be a tracial subalgebra ofM with respect to D.
Then the following conditions are equivalent:

(i) A is a subdiagonal algebra ofM.

(ii) For any i ∈ I, Aei is a subdiagonal algebra ofMei.

(iii) For any i ∈ I, Aei has factorization.

(iv) For any i ∈ I, Aei is logmodular,

(v) For any i ∈ I, Aei satis�es Szegö's theorem.
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Î ïîðÿäêå òðèãîíîìåòðè÷åñêîãî ïîïåðå÷íèêà

àíèçîòðîïíîãî êëàññà Íèêîëüñêîãî�Áåñîâà

Ê.À. Áåêìàãàíáåòîâ1, Å. Òîëåóãàçû2
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Ïóñòü V ⊂ L1(Tn) � íîðìèðîâàíîå ïðîñòðàíñòâî è F ⊂
V � íåêîòîðûé ôóíêöèîíàëüíûé êëàññ. Òðèãîíîìåòðè÷åñêèé

ïîïåðå÷íèê êëàññà F â ïðîñòðàíñòâå V îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì (ñì. [3])

dTM(F, V ) = inf
ΩM

sup
f∈F

inf
t(ΩM ;x)

‖f (·)− t(ΩM ; ·)‖V ,

ãäå t(ΩM ;x) =

M∑
j=1

cje
i(kj ,x), ΩM = {k1, . . . ,kM} � íàáîð âåêòîðîâ

kj = (kj1, . . . , k
j
n) èç öåëî÷èñëåííîé ðåøåòêè Zn, cj � íåêîòîðûå

÷èñëà (j = 1, . . . ,M).

Äëÿ èçîòðîïíûõ ïðîñòðàíñòâ è êëàññîâ, à èìåííî, êîãäà

V = Lq(Tn), à F = W r
p,α(Tn) èëè F = Hr

p(Tn) ïîðÿäêè òðèãîíî-

ìåòðè÷åñêèõ ïîïåðå÷íèêîâ èññëåäîâàíû â ðàáîòå

Ý.Ñ. Áåëèíñêîãî [2], à â ñëó÷àå F = Br
p,θ(Tn) � â ðàáîòå

À.Ñ. Ðîìàíþêà [4].
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Íàìè èññëåäóåòñÿ çàäà÷à îá îöåíêå ïîðÿäêà

òðèãîíîìåòðè÷åñêîãî ïîïåðå÷íèêà àíèçîòðîïíîãî êëàññà

Íèêîëüñêîãî-Áåñîâà Bατ
pr (Tn) â ìåòðèêå àíèçîòðîïíûõ

ïðîñòðàíñòâ Ëîðåíöà Lqθ(Tn).

Ïóñòü f (x) = f (x1, . . . , xn) � èçìåðèìàÿ ôóíêöèÿ,

çàäàííàÿ íà Tn. ×åðåç f ∗(t) = f ∗1,...,∗n(t1, . . . , tn) îáîçíà÷èì

ôóíêöèþ, ïîëó÷åííóþ ïðèìåíåíèåì ê ïåðâîé íåâîçðàñòàþùåé

ïåðåñòàíîâêè, ïîñëåäîâàòåëüíî ïî ïåðåìåííûì x1, . . . , xn, ïðè

ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåííûõ.

Ïóñòü ìóëüòèèíäåêñû p = (p1, . . . , pn), r = (r1, . . . , rn)

óäîâëåòâîðÿþò óñëîâèÿì, åñëè 0 < pj < ∞, òî 0 < rj ≤ ∞,

åñëè æå pj = ∞, òî è rj = ∞ äëÿ j = 1, . . . , n. Àíèçîòðîïíûì

ïðîñòðàíñòâîì Ëîðåíöà Lpr(Tn) íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé,

äëÿ êîòîðûõ êîíå÷íà ñëåäóþùàÿ âåëè÷èíà

‖f‖Lpr(Tn) =

(∫ 2π

0

. . .

(∫ 2π

0

(
t
1/p1
1 . . .

. . . t1/pnn f ∗1,...,∗n(t1, . . . , tn)
)r1 dt1

t1

)r2/r1
. . .

dtn
tn

)1/rn

.

Çäåñü âûðàæåíèå
(∫ 2π

0 (G(s))r dss

)1/r

ïðè r = ∞ ïîíèìàåòñÿ êàê

sups>0G(s).

Äëÿ ôóíêöèé f ∈ Lpr(Tn) îáîçíà÷èì ÷åðåç

∆s(f,x) =
∑
k∈ρ(s)

ak(f )ei(k,x),

ãäå {ak(f )}k∈Zn � êîýôôèöèåíòû Ôóðüå ôóíêöèè f ïî êðàòíîé

òðèãîíîìåòðè÷åñêîé ñèñòåìå, ρ(s) = {k = (k1, . . . , kn) ∈ Zn :[
2si−1

]
≤ |ki| < 2si, i = 1, . . . , n}, (k,x) =

∑n
j=1 kjxj.

Ïóñòü äàëåå 0 < α = (α1, . . . , αn) < ∞, 0 < τ =

(τ1, . . . , τn) ≤ ∞. Àíèçîòðîïíûì êëàññîì Íèêîëüñêîãî-Áåñîâà
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Bατ
pr (Tn) (ñì. [1]) íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé f èç Lpr äëÿ

êîòîðûõ ñïðàâåäëèâî íåðàâåíñòâî

‖f‖Bατpr (Tn) =

∥∥∥∥{2(α,s)‖∆s(f, ·)‖Lpr(Tn)

}
s∈Zn+

∥∥∥∥
lτ

≤ 1,

ãäå ‖ · ‖lτ � íîðìà äèñêðåòíîãî ïðîñòðàíñòâà Ëåáåãà lτ ñî

ñìåøàííîé ìåòðèêîé.

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ

òåîðåìà.

Òåîðåìà 1. Ïóñòü 1 < p = (p1, . . . , pn) < 2 < q = (q1, . . . , qn),

1 ≤ τ = (τ1, . . . , τn), θ = (θ1, . . . , θn), r = (r1, . . . , rn) ≤ ∞
è α = (α1, . . . , αn) òàêîâî, ÷òî αj > 1/pj äëÿ j = 1, . . . , n.

Ïóñòü äàëåå ζ = min {αj − 1/pj + 1/qj : j = 1, . . . , n}, D =

{j = 1, . . . , n : αj − 1/pj + 1/qj = ζ}, j1 = min{j : j ∈ D}, qj =

qj1 äëÿ âñåõ j ∈ D è qj ≥ qj1 äëÿ âñåõ j /∈ D. Òîãäà ñïðàâåäëèâî

dTM(Bατ
pr (Tn), Lqθ(Tn)) �M−(αj1−1/pj1+1/2)

(logM)
(|D|−1)(αj1−1/pj1+1/2)+

∑
j∈D\{j1}(1/2−1/τj)+ , (1)

ãäå |D| � êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà D, a+ = min(a; 0).

Çàìå÷àíèå 1. Îòìåòèì, ÷òî ïðè p = r = (p, . . . , p), τ =

(τ, . . . , τ ) è q = θ = (q, . . . , q) óòâåðæäåíèå äîêàçàííîé

òåîðåìû ñîâïàäàåò ñ ñîîòâåòñòâóþùèì ðåçóëüòàòîì èç ðàáîòû

À.Ñ. Ðîìàíþêà [4].

Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà, ôèíàíñèðóåìîãî

Êîìèòåòîì íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè

Ðåñïóáëèêè Êàçàõñòàí (Ãðàíò � 0816/ÃÔ4).
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Î äîñòàòî÷íûõ óñëîâèÿõ êîìïàêòíîñòè êîììóòàòîðà

äëÿ ïîòåíöèàëà Ðèññà â îáîáùåííûõ

ïðîñòðàíñòâàõ Ìîððè

Í.À. Áîêàåâ, Ä.Ò. Ìàòèí
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ë.Í.Ãóìèëåâà, ã.Àñòàíà, Êàçàõñòàí
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Â äàííîé ðàáîòå ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ

êîìïàêòíîñòè êîììóòàòîðà äëÿ ïîòåíöèàëà Ðèññà [b, Iα] â

îáîáùåííûõ ïðîñòðàíñòâàõ Ìîððè Mw
p .

Ïóñòü 1 ≤ p ≤ ∞, w èçìåðèìàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ

íà (0,∞). Îáîáùåííîå ïðîñòðàíñòâî Ìîððè Mw
p ≡ Mw

p (Rn)

îïðåäåëÿåòñÿ êàê ìíîæåñòâî âñåõ ôóíêöèé f ∈ Llocp (Rn) ñ

êîíå÷íîé êâàçèíîðìîé

‖f‖Mw
p
≡ sup

x∈Rn

∥∥∥w(r) ‖f‖Lp(B(x,r))

∥∥∥
L∞(0,∞)

,

ãäå B(x, r) øàð ñ öåíòðîì â òî÷êå x è ñ ðàäèóñîì r.

Ïðîñòðàíñòâî Mw
p ñîâïàäàåò ñ èçâåñòíûì ïðîñòðàíñòâîì

Ìîððè Mλ
p ïðè w(r) = r−λ, ãäå 0 ≤ λ ≤ n

p , êîòîðîå, â ñâîþ
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î÷åðåäü, äëÿ λ = 0 ñîâïàäàåò ñ ïðîñòðàíñòâîì Lp(Rn) [1].

Â ñîîòâåòñòâèè ñ îáîçíà÷åíèÿì [3], [4], îáîçíà÷èì ÷åðåç Ωp∞
ìíîæåñòâî âñåõ ôóíêöèé, êîòîðûå ÿâëÿþòñÿ íåîòðèöàòåëüíûìè,

èçìåðèìûìè íà (0,∞) , íå ýêâèâàëåíòíûå 0 è òàêèå, ÷òî äëÿ

íåêîòîðîãî t > 0, ‖w(r)r
n
p‖L∞(0,t) <∞, ‖w(r)‖L∞(t,∞) <∞.

Ïîòåíöèàë Ðèññà Iα ïîðÿäêà α(0 < α < n) èãðàåò âàæíóþ ðîëü

â ãàðìîíè÷åñêîì àíàëèçå è â òåîðèè ïîòåíöèàëîâ, è îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì

Iαf (x) =

∫
Rn

f (y)

|x− y|n−α
dy,

Äëÿ ôóíêöèè b ∈ Lloc(Rn) ÷åðåç Mb îáîçíà÷èì

ìóëüòèïëèêàöèîííûé îïåðàòîð Mbf = bf , ãäå f - èçìåðèìàÿ

ôóíêöèÿ. Òîãäà êîììóòàòîð äëÿ ïîòåíöèàëà Ðèññà Iα è

îïåðàòîðà Mb îïðåäåëÿåòñÿ ðàâåíñòâîì

[b, Iα] = MbIα − IαMb =

∫
Rn

[b(x)− b(y)] f (y)

|x− y|n−α
dy.

Êîììóòàòîðàì [b, Iα] ïîñâÿùåíû ðàáîòû [5], [6].

Ãîâîðÿò, ÷òî ôóíêöèÿ b(x) ∈ L∞(Rn)

ïðèíàäëåæèò ïðîñòðàíñòâó BMO(Rn), åñëè ‖b‖∗ =

supQ⊂Rn
1
|Q|
∫
Q

|b(x)− bQ| dx = supQ∈RnM(b,Q) < ∞, ãäå Q -

êóá èç Rn è bQ = 1
|Q|
∫
Rn
f (y)dy.

×åðåç VMO(Rn) îáîçíà÷èì BMO-çàìûêàíèå ïðîñòðàíñòâà

C∞0 (Rn), ãäå C∞0 (Rn) ìíîæåñòâî âñåõ ôóíêöèé èç C∞(Rn)

ñ êîìïàêòíûì íîñèòåëåì. ×åðåç χ(a,b) îáîçíà÷èì

õàðàêòåðèñòè÷åñêóþ ôóíêöèþ îòðåçêà (a, b), ÷åðåç cB �

äîïîëíåíèå ìíîæåñòâà B.

Òåîðåìà A. (ñì. [1], [2]) Ïðåäïîëîæèì, ÷òî 1 ≤ p ≤ ∞ è w ∈

36



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

Ωp∞. Ïðåäïîëîæèì, ÷òî ïîäìíîæåñòâî S èç Mw
p óäîâëåòâîðÿåò

ñëåäóþùèì óñëîâèÿì:

sup
f∈S
‖f‖Mw

p
<∞, (1)

lim
u→0

sup
f∈S
‖f (· + u)− f (·)‖Mw

p
= 0, (2)

lim
r→∞

sup
f∈S

∥∥∥fχcB(0,r)

∥∥∥
Mw
p

= 0. (3)

Òîãäà S ÿâëÿåòñÿ ïðåäêîìïàêòíûì ìíîæåñòâîì â Mw
p (R).

Ñëåäóþùåå óòâåðæäåíèå ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû 3.8

ðàáîòû [4].

Òåîðåìà B (ñì. [5]) Ïóñòü 0 < p < q <∞, 0 < λ < n
α,

1
q <

1
p −

α
n ,

b ∈ BMO(Rn) è (w1, w2) óäîâëåòâîðÿþò ñëåäóþùåìó óñëîâèþ

∞∫
r

ln

(
e +

l

r

) ess inf
t<s<∞

w1(s)dt

t
≤ Cw2(r). (4)

Òîãäà [b, Iα] îãðàíè÷åí èç Mw1
p Rn â Mw2

q Rn.

Íàøåé öåëüþ ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùåé òåîðåìû

î äîñòàòî÷íîì óñëîâèè êîìïàêòíîñòè êîììóòàòîðà [b, Iα] â

îáîáùåííîì ïðîñòðàíñòâå Ìîðèè Mw
p (Rn).

Òåîðåìà 1. Ïóñòü 0 < α < n(1 − 1
q), 1 ≤ p ≤ ∞, 1 < q < ∞,

1
q = 1

p−
α
n, b ∈ VMO(Rn), ôóíêöèè w1, w2 ∈ Ωp,∞ óäîâëåòâîðÿþò

óñëîâèþ (4). Òîãäà êîììóòàòîð [b, Iα] ÿâëÿåòñÿ êîìïàêòíûì

îïåðàòîðîì èç Mw1
p â Mw2

q .

Äàííàÿ ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ãîñóäàðñòâåííîãî

ïðîåêòà 0085/PTSF-14, ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è

íàóêè (ïðîåêò 2709/ÃÔ4).
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Î ìíîæåñòâàõ åäèíñòâåííîñòè äëÿ ðÿäîâ

ïî îáîùåííîé ñèñòåìå Ôàáåðà-Øàóäåðà
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Â ðàáîòå ïðèâîäèòñÿ íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå

äëÿ òîãî ÷òîáû çàäàííîå ìíîæåñòâî áûëî ìíîæåñòâîì

åäèíñòâåííîñòè äëÿ ïðîèçâîëüíîãî ðÿäà ïî îáîáùåííîé
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ñèñòåìå Ôàáåðà-Øàóäåðà. Äëÿ ðÿäîâ ñî ñõîäÿùèìèñÿ ê íóëþ

êîýôôèöèåíòàìè äîêàçàíî, ÷òî ñ÷åòíîå ìíîæåñòâî ÿâëÿåòñÿ

ìíîæåñòâîì åäèíñòâåííîñòè.

Ïóñòü çàäàíà ïîñëåäîâàòåëüíîñòü {pn} íàòóðàëüíûõ ÷èñåë,

òàêèõ, ÷òî p0 = 1, à pn ≥ 2, n = 1, 2, ....

Ïîëîæèì mn = p0p1 · · · pn, n = 0, 1, 2, .... Òîãäà äëÿ ëþáîé

òî÷êè x ∈ [0, 1]\Q, ãäå

Q =

{
l

mn

}
, 0 ≤ l ≤ mn, n ≥ 0, l ∈ Z,

ñóùåñòâóåò åäèíñòâåííîå ðàçëîæåíèå

x =

∞∑
k=1

αk(x)

mk
,

0 ≤ αk(x) ≤ pk − 1, αk(x)-öåëûå.

Ëþáîå öåëîå ÷èñëî k ≥ 2 åäèíñòâåííûì îáðàçîì

ïðåäñòàâëÿåòñÿ â âèäå

k = mn + r(pn + 1− 1) + s, n = 0, 1, 2, ...;

r = 0, 1, ...,mn − 1; s = 1, 2, ..., pn + 1− 1.
(1)

Îïðåäåëèì ñèñòåìó ôóíêöèé Φ{pn} = {ϕk(x)}∞k=0, x ∈ [0, 1], â
êîòîðîé ϕ0(x) = 1, ϕ1(x) = x, x ∈ [0, 1],

ϕk(x) = ϕ(s)
n,r(x) = (mn+1x− pn+1r − αn+1(x)) exp 2πisαn+1(x)

pn+1
+

1−exp 2πisαn+1(x)

pn+1

1−exp 2πis
pn+1

, x ∈
(

r
mn
, r+1
mn

)
\Q

0, x∈̄
[
r
mn
, r+1
mn

]
(2)

ãäå k ≥ 2, n, r, s èç (1).

Ïîëüçóÿñü òåì, ÷òî ìíîæåñòâî [0, 1]\Q âñþäó ïëîòíî íà

[0, 1], ïðîäîëæèì ôóíêöèþ ϕ
(s)
n,r(x) ïî íåïðåðûâíîñòè íà îòðåçîê[

r
mn
, r+1
mn

]
.
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Òàêèì îáðàçîì, ñèñòåìà Φ{pn} ïîëíîñòüþ îïðåäåëåíà è

ñîñòîèò èç íåïðåðûâíûõ, êóñî÷íî-ëèíåéíûõ ôóíêöèé. Ïðè pn =

2, n = 1, 2, ... ñèñòåìà ôóíêöèé Φ{pn} ñîâïàäàåò ñ ñèñòåìîé

Ôàáåðà - Øàóäåðà.

f (x) =
∑∞

k=0 ak(f )ϕk(x). (3)

Îïðåäåëåíèå. Ìíîæåñòâî E ⊂ [0, 1] íàçûâàåòñÿ U -ìíîæåñòâîì

èëè ìíîæåñòâîì åäèíñòâåííîñòè äëÿ ðÿäà (3), åñëè èç ñõîäèìîñòè

ðÿäà (3) ê íóëþ íà [0, 1]\E ñëåäóåò, ÷òî ak = 0, k = 0, 1, ...

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ìíîæåñòâî áûëî ìíîæåñòâîì

åäèíñòâåííîñòè äëÿ ðÿäîâ ïî ñèñòåìå Φ{pn} íåîáõîäèìî è

äîñòàòî÷íî, ÷òîáû E ⊂ [0, 1]\Q.
Òåîðåìà 2. Åñëè ðÿäû ïî ñèñòåìå Φ{pn} óäîâëåòâîðÿþò

óñëîâèþ,
lim
k→∞

ank(x) = 0, x ∈ Q (4)

ãäå nk(x) -âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íîìåðîâ âñåõ òåõ

ôóíêöèé φn(x) íîñèòåëè êîòîðûõ ñîäåðæàò x, òî ìíîæåñòâî

E ⊂ [0, 1] , äëÿ êîòîðîãî E _ Q êîíå÷íî, áóäåò ìíîæåñòâîì

åäèíñòâåííîñòè äëÿ òàêèõ ðÿäîâ.

Òåîðåìà 3. C÷åòíîå ìíîæåñòâî ÿâëÿåòñÿ ìíîæåñòâîì

åäèíñòâåííîñòè äëÿ ðÿäîâ ïî ñèñòåìå Φ{pn} ñ óñëîâèåì (4).

Â ñëó÷àå pn = 2 n = 1, 2, ... ïîäîáíûå ðåçóëüòàòû äîêàçàíû â

[4].
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Necessary and su�cient conditions for boundedness

of the Hardy-type operator from a weighted Lebesgue

space to a Morrey-type space

V.I. Burenkov

RUDN university, Moscow, Russia

E-mail: burenkov@cardi�.ac.uk

Abstract of the talk for a wide range of the numerical parameters

necessary and su�cient conditions will be presented on the weight

function of the weighted Lebesgue space and on the functional param-

eter of the general local Morrey-type space, ensuring the boundedness

of the general multi-dimensional Hardy operator from the weighted

Lebesgue space to the general local Morrey-type space.
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Weighted norm inequalities for

generalized Fourier-type transforms

A. Debernardi
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We study weighted norm inequalities

‖Ff‖q,u . ‖f‖p,v

(focusing especially on those with power weights u, v) for the integral

transform

Ff (y) =

∫ ∞
0

s(x)f (x)K(x, y) dx,

where K is a continuous kernel and s is a nonnegative nonde-

creasing function such that s(x) . s(2x) for x > 0. Further-

more, we assume there exists a nonnegative nondecreasing function

w satisfying s(x)w(1/x) � 1 for x > 0, such that |K(x, y)| .
min

{
1, (s(x)w(y))−1/2

}
for x, y > 0. The considered transforms

are similar to the Fourier-type transforms, those satisfying Bessel's

inequality (see [2, 4, 5]), i.e.,

‖Ff‖2,w . ‖f‖2,s.

However, we do not assume the latter. This leads into results that

are not optimal when applied to Fourier-type transforms (such as the

Fourier transform, or the classical Hankel transform, cf. [1]), but on

the other hand they can be applied to a wider amount of transforms,

and in the latter case they are best possible in general.

Among the applications, we can derive weighted norm inequal-

ities for several transforms. We mention the so-called Hα and

Yα-transforms, where the kernels are the Bessel function of the

second kind Yα and the Struve function Hα, respectively. We can

also prove that for transforms with kernel represented by a power

42



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

series, its corresponding weighted norm inequalities hold under less

restrictive conditions for functions with certain vanishing moments

(see, for instance, [3]).

This research was partially supported by Centre de Recerca

Matem�atica in Barcelona and the grant MTM2014�59174�P. The

author also acknowledges Fundaci�o Ferran Sunyer i Balaguer from

Institut d'Estudis Catalans.
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Íåðàâåíñòâà òèïà Óëüÿíîâà äëÿ ìîäóëåé

ãëàäêîñòè äðîáíîãî ïîðÿäêà

À.À. Äæóìàáàåâà
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí;

ainurjumabay@gmail.com

Ïóñòü Lp = Lp[0, 2π] (1 ≤ p < ∞) ïðîñòðàíñòâî

2π−ïåðèîäè÷åñêèõ èçìåðèìûõ ôóíêöèé, äëÿ êîòîðûõ |f |p
èíòåãðèðóåìà, è L∞ ≡ C[0, 2π] -ïðîñòðàíñòâî 2π−ïåðèîäè÷åñêèõ
íåïðåðûâíûõ ôóíêöèé ñ ‖f‖∞ = max{|f (x)|, 0 ≤ x ≤ 2π}.
Ïóñòü

ωα(f, δ)p = sup
|h|≤δ
‖∆α

hf (x)‖p

ìîäóëü ãëàäêîñòè äðîáíîãî ïîðÿäêà ôóíêöèè f (x) ∈ Lp ãäå

∆α
hf (x) =

∞∑
ν=0

(−1)νCν
αf (x + (α− ν)h), α > 0.

Ïóñòü ôóíêöèÿ f ∈ L1 èìååò ðÿä Ôóðüå

f (x) ≈ σ(f ) :=
a0(f )

2
+

∞∑
ν=1

(aν(f ) cos νx + bν(f ) sin νx) (1)

ïðåîáðàçîâàííûì ðÿäîâ Ôóðüå (1), ìû îáîçíà÷èì ðÿä

σ(f, λ, β) :=

∞∑
ν=1

λν

[
aν cos(νx +

πβ

2
) + bν sin(νx +

πβ

2
)

]
,

ãäå β ∈ R, λ = {λn} äàííàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ
÷èñåë.

Ìû íàçûâàåì ôóíêöèåé ϕ(x) ∼ σ(f, λ, β) (λ, β)− ïðîèçâîäíàÿ

ôóíêöèè f (x) è åãî îáîçíà÷èì f (λ,β)(x). Äëÿ λn = nr, r >

0, β = r, f (r) äðîáíûå ïðîèçâîäíûå â ñìûñëå Âåéëÿ è λn =
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nr, r > 0, β = r+ 1 äðîáíîé ïðîèçâîäíîé f̃ (r), ãäå f̃ -ñîïðÿæåííàÿ

ôóíêöèÿ f.

Èçâåñòíû ñëåäóþùèå (p, q)-íåðàâåíñòâà ìåæäó ìîäóëÿìè

ãëàäêîñòè, êîòîðûå â íàøè äíè íàçûâàþòñÿ íåðàâåíñòâà òèïà

Óëüÿíîâà:

ωk(f
(ρ), δ)q .

 δ∫
0

(
t−θ−ρωk+ρ(f, t)p

)q1 dt
t

1/q1

,

ρ ∈ N ∪ {0}, 0 < p < q ≤ ∞, θ =
1

p
− 1

q
, q1 =

{
q, q <∞,
1, q =∞.

Îïðåäåëåíèå 1. Ïîñëåäîâàòåëüíîñòü λ := {λn}∞n=1 íàçûâàåòñÿ

îáùåé ìîíîòîííîé, çàïèñàííîé λ ∈ GM, åñëè âûïîëíÿåòñÿ

ñëåäóþùèå óñëîâèÿ

2n∑
k=n

|λk − λk+1| ≤ C|λn|

äëÿ âñåõ öåëûõ n, ãäå êîíñòàíòà C íå çàâèñèò îò n.

Òåîðåìà 1. Ïóñòü f ∈ Lp, 1 < p < q < ∞, θ = 1/p − 1/q è

λ = {λn}∞n=1 ∈ GM . Òîãäà äëÿ ëþáîãî α > 0,

ωα

(
ϕ,

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ

(
f,

1

2m

)
p

)q)1/q

,

ãäå Λn := max
1≤k≤n

|λ
2k
|

2kρ
, ρ > 0.

Òåîðåìà 2. Ïóñòü f ∈ Lp, 1 = p < q < ∞, θ = 1 − 1/q è

λ = {λn}∞n=1 ∈ GM . Òîãäà äëÿ ëþáîãî α > 0, 2ρ > ε > 0,

ωα

(
ϕ,

1

2n

)
q
.

( ∞∑
m=n

(
2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
1

)q)1/q

,
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ãäå Λ2n := 2−n
ε
2 max

1≤k≤n

|λ
2k
|

2k(ρ−
ε
2)
.

Òåîðåìà 3. Ïóñòü f ∈ Lp, 1 < p < q = ∞, θ = 1/p, è λ =

{λn}∞n=1 ∈ GM . Òîãäà äëÿ ëþáîãî α > 0, 2ρ > ε > 0,

ωα

(
ϕ,

1

2n

)
∞
.

∞∑
m=n

2m(θ+ρ)Λ2mωα+ρ+θ−ε

(
f,

1

2m

)
p
,

ãäå Λ2n := 2−nε/2 max
1≤k≤n

|λ
2k
|

2k(ρ−ε/2)
.

Ñïèñîê ëèòåðàòóðû

[1] R. Taberski, Di�erences, moduli and derivatives of fractional orders, Com-
ment. Math. Prace Mat. 19 (1977), no. 2, 389�400.

[2] S. Tikhonov, W. Trebels, Ulyanov-type inequalities and generalized Liouville
derivatives, Proc. Roy. Soc. Edinburgh Sect. 141 (2011), no. 1, 205�224.

[3] S. Tikhonov, Trigonometric series with general monotone coe�cients, J.

Math. Anal. Appl. 326 (2007), 721�735.

AMS Mathematics Subject Classi�cation: 41A17, 26A15, 26D15.

Anisotropic estimates for integral norms of

di�erentiable functions on irregular domains
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In 1938, for bounded domains G ⊂ Rn satisfying the cone condi-

tion, Sobolev (see, for example, [4]) established an embedding theo-
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rem W s
p (G) ⊂ Lq(G) characterized by the inequality

‖f‖Lq(G) ≤ C‖f‖W s
p (G) = C

∑
|a|=s

‖Dαf‖Lp(G) + ‖f‖Lp(G)

 ,

where 1 < p < q <∞ and s ∈ N, provided that

s− n

p
+
n

q
≥ 0.

Later, this theorem was extended to more general classes of do-

mains. In 2001, Besov [2] proved this theorem for domains satisfy-

ing the �exible σ-cone condition provided that the following relation

holds:

s− σ(n− 1) + 1

p
+
n

q
≥ 0.

A more detailed history of this problem can be found, for example,

in [2].

In 2010, Besov [1] extended this embedding theorem to the case

of norms of a more general form (which include the sum of norms of

only part of the generalized partial derivatives of order s).

De�nition (see [2]). For σ ≥ 1, a domain G ⊂ Rn is called a domain

with the �exible σ-cone condition if, for some T > 0, κ > 0 and any

x ∈ G, there exists a piecewise smooth path γ : [0, T ] → G, γ(0) =

x, |γ′| ≤ 1 almost everywhere, such that ρ(γ(t)) ≥ κtσ for 0 < t ≤ T

(where ρ(x) = dist(x,Rn \G)).

Let n ∈ N, n ≥ 2; 1 ≤ m ≤ n, i0 = 0, 1 ≤ i1 < i2 < . . . < im = n

� be a positive integers, nj = ij − ij−1, χj : {1, 2, . . . , n} → {0,1},

χj(i) =

{
1 for ij−1 + 1 ≤ i ≤ ij,

0 for 1 ≤ i ≤ ij−1 and for ij + 1 ≤ i ≤ im = n.

For α ∈ Zn+ set αj := χjα = (0, . . . , αij−1+1, . . . , αij , 0, . . . , 0), so

that α =
m∑
j=1

αj.
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Theorem 1. (see [3]) Let G be a domain with the �exible σ-cone

condition, σ ≥ 1; sj,m ∈ N, l ∈ Z+, 0 < θ < 1, 1 ≤ m ≤ n, l < sj,

1 ≤ q, r < ∞, pj < q, r ≤ q, 1 < pj < ∞ for j = 1,m, β ∈ Zn+,
|β| = l. Then the estimate

‖Dβf‖Lq(G) ≤ C

 m∑
j=1

∑
α=αj ,|α|=sj

‖Dαf‖Lpj (G) + ‖f‖Lr(G)


is valid for functions f with �nite right-hand side provided that the

following relations hold for all j = 1,m :

lσ − n

q
≤ sj − (σ − 1)

m∑
i=1,i 6=j

(si − 1)− σ(n− 1) + 1

pj
.

Theorem 1 is a generalization of the embedding theorem from [1]

to the anisotropic case.

This theorem is sharp in the class of domains with the �exible σ-

cone condition for l = 0. Necessary conditions for the satisfaction of

this estimate also were obtained in other cases.

Also the multiplicative estimate (Gagliardo-Nirenberg type multi-

plicative inequality) is established.

Theorem 2. (see [3]) Let G be a domain with σ-cone condition,

σ ≥ 1; sj,m ∈ N, l ∈ Z+, 0 < θ < 1, 1 ≤ m ≤ n, l < sj,

1 ≤ q, r < ∞, pj < q, r ≤ q, 1 < pj < ∞ for j = 1,m, β ∈ Zn+,
|β| = l. Let r < q if l = 0, σ = 1. Then the Gagliardo-Nirenberg

type multiplicative inequality

‖Dβf‖Lq(G) ≤

C

‖f‖1−θ
Lr(G)

 m∑
j=1

∑
α=αj ,|α|=sj

‖Dαf‖Lpj (G)

θ

+ ‖f‖Lr(G)


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is valid for all functions f with �nite right-hand side provided that

the relation

lσ − n

q
≤ θ

sj − (σ − 1)

m∑
i=1,i 6=j

(si − 1)− σ(n− 1) + 1

pj

+

(1− θ)

(
−nσ
r
− (σ − 1)

(
m∑
i=1

si −m

))
holds for all j = 1,m.

If m = 1 and the boundary of the domain is smooth (σ = 1), then

theorem 2 coincides with the Gagliardo-Nirenberg result for q > p

and q ≥ r, which was established them in 1959.

I am grateful to O.V. Besov for discussion of the results and a

number of useful remarks.

This work is supported by the Russian Science Foundation under

grant 14-50-00005.
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Îïòèìàëüíûå âëîæåíèÿ ïîòåíöèàëîâ òèïà Ðèññà

ñ áàçîâûì ïðîñòðàíñòâîì Ëîðåíöà
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Â ðàáîòå ïðèâåäåíà òåîðåìà îá îïòèìàëüíîì âëîæåíèÿ

ïðîñòðàíñòâ ïîòåíöèàëîâ òèïà Ðèññà â ïåðåñòàíîâî÷íî

èíâàðèàíòíîå ïðîñòðàíñòâî (êðàòêî ÏÈÏ). Â êà÷åñòâå áàçîâîãî

ÏÈÏ âûáðàíî ïðîñòðàíñòâî òèïà Ëîðåíöà Λp(u), 1 < p <∞.

Ðàññìîòðèì ïðîñòðàíñòâî ïîòåíöèàëîâ HG
E (Rn) = {U = G ∗ f :

f ∈ E(Rn)}, ãäå Å - ïåðåñòàíîâî÷íî èíâàðèàíòíîå ïðîñòðàíñòâî,

G-ÿäðî ñïåöèàëüíîãî âèäà [1],[2], G(x) = Φ(Vn |x|n), 0 ≤ Φ ↓.
Çäåñü â êà÷åñòâå áàçîâîãî ÏÈÏ âûñòóïàåò ïðîñòðàíñòâî Ëîðåíöà

Λp(u) ñ âåñîì u:

‖f‖Λp(u) =

 ∞∫
0

f ∗p(t)u(t)dt

1
p

, 1 < p <∞,

ãäå f ∗-óáûâàþùàÿ ïåðåñòàíîâêà ôóíêöèè f . Ïðîñòðàíñòâîì

Ëîðåíöà Γp(u) ñ âåñîì u íàçûâàåòñÿ è ïðîñòðàíñòâî

‖f‖Γp(u) =

 ∞∫
0

f ∗∗p(t)u(t)dt

1
p

, 1 < p <∞,

ãäå f ∗∗ = 1
t

t∫
0

f ∗(s)ds, t > 0. Îïðåäåëèì ôóíêöèþ fΦ(t, τ ) =

min {φ(t), φ(τ )} , ðàññìîòðèì îïåðàòîð <Φ,∞ : Ẽ(R+) → X̃(R+),
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îïðåäåëåííûé â ñëåäóþùåì âèäå:

<Φ,∞[g](t) =

∞∫
0

fΦ(t, τ )g(τ )dτ, g ∈ Ẽ(R+.

Ïóñòü E = E(Rn) åñòü ÏÈÏ, E
′

= E ′(Rn) - àññîöèèðîâàííîå

ÏÈÏ, ò.å. òàêîå ÏÈÏ, ÷òî

‖g‖E′ = sup


∫
Rn

|fg| dµ : f ∈ E, ‖f‖E ≤ 1

 .

Äëÿ ÏÈÏ E(Rn) è E ′(Rn) ðàññìîòðèì ïðîñòðàíñòâà Ẽ =

Ẽ(R+), Ẽ
′

= Ẽ
′
(R+)-èõ ïðåäñòàâëåíèÿ Ëþêñåìáóðãà, ò.å. ÏÈÏ,

äëÿ êîòîðûõ âûïîëíåíû ñëåäóþùèå ñîîòíîøåíèÿ: ‖f‖E =

‖f ∗‖Ẽ, ‖g‖E = ‖g∗‖ ˜
E
′ . Èçâåñòíî, ÷òî äëÿ îáîáùåííûõ

ïîòåíöèàëîâ Ðèññà âëîæåíèå

HG
E (Rn) ⊂ X(Rn) (1)

ýêâèâàëåíòíî îãðàíè÷åííîñòè îïåðàòîðà <Φ,∞ [1], [2]. Êðîìå

òîãî, îïòèìàëüíîå ÏÈÏ X0(Rn) äëÿ âëîæåíèÿ (1) èìååò

ýêâèâàëåíòíóþ íîðìó:

‖f‖X̃0
(R+) = sup


∞∫

0

f ∗g∗dt : g ∈ L0(R+); ‖<Φ,∞[g∗]‖Ẽ′(R+) ≤ 1

 .

Çäåñü L0(R+) - ìíîæåñòâî èçìåðèìûõ è ïî÷òè âñþäó êîíå÷íûõ

íà R+ ôóíêöèé.

Òåîðåìà 1. Ïóñòü 1 < p <∞, 1
p+ 1

p
′ = 1, u - èçìåðèìàÿ ôóíêöèÿ,

0 < u <∞ ïî÷òè âñþäó íà R+, è äëÿ t ∈ R+,

U(t) =

t∫
0

u(τ )d(τ ), υ(t) =
tp
′
u(t)

U p′(t)
, V (t) =

t∫
0

v(τ )d(τ ).

51



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

Ïóñòü âåñîâûå ôóíêöèè óäîâëåòâîðÿþò óñëîâèÿì:

A = sup
x>0


 ∞∫

0

(
x

t + x

)p′
υ(t)dt

 1
p′

 ∞∫
0

(
t

t + x

)p
υ(t)dt

V (t)p

1
p

 <∞,

B = sup
t>0

V (t)
1
p′

 ∞∫
t

υ1−p(τ )dτ

τ p

1
p

 <∞.
Òîãäà îïòèìàëüíîå ÏÈÏ äëÿ âëîæåíèÿ

HG
Λp(u)(R

n) ⊂ X(Rn)

èìååò ýêâèâàëåíòíóþ íîðìó: ‖f‖X̃0(Rn)
∼= ‖f‖Γp(w), ãäå

w(t) =

tp+p
′−1V (t)

∞∫
t

τ−p
′
υ(τ )dτ(

V (t) + tp′
∞∫
t

τ−p′υ(τ )dτ

)p+1

Îïòèìàëüíîå âëîæåíèå (1) ðàññìîòðåíî è â ðàáîòå [3], äëÿ

íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ - â [1], [2]. Â îòëè÷èå îò ðàáîòû [3]

íàìè íàêëàäûâàþòñÿ óñëîâèÿ íà âåñà, êîòîðûå ïîçâîëÿþò ñíÿòü

íåêîòîðîå òðåáîâàíèå íà ÿäðî ïîòåíöèàëà, íàëîæåííîå â ðàáîòå

[3].
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Some new inequalities for the Fourier transform
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Let

f̂ (t) =
1√
2π

∫ ∞
−∞

f (x)e−itxdx, x ∈ R,

be the Fourier transform of a function f ∈ L1(R).

Let 1 < p < 2, p′ = p
p−1 and 0 < q ≤ ∞. Then we have the

following inequalities

‖f̂‖Lp′(R) ≤ c1‖f‖Lp(R), (1)

‖f̂‖Lp′,q(R) ≤ c2‖f‖Lp,q(R), (2)

where Lp,q(R) is the classical Lorentz space. These inequalities are

called the Hausdor�-Young inequality and the Hardy-Littlewood-

Stein inequality, respectively, (see e.g. [1]).

Note that these inequalities (1) and (2) hold with equality for

p = q = 2 (Plancherel's theorem) but do not hold in general for

2 < p <∞.
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Let 0 < p, q ≤ ∞, M be the set of the segments [a, b] in R
and |e| = b − a. The net space Np′q(M) is de�ned as the set of all

measurable functions f such that the quasinorm

‖f‖Np′q(M) =

(∫ ∞
0

(
t
1
p′f (t,M)

)q dt
t

)1
q

<∞

for q <∞, and

‖f‖Np′∞(M) = sup
t>0

t
1
p′f (t,M) <∞

for q =∞, where f (t;M) := sup
|e|≥t
e∈M

1
|e|

∣∣∣∣∫
e

f (x)dx

∣∣∣∣ .
These spaces were introduced in [2] (see also [3]). In particular,

the following result was proved:

Theorem A. Let 2 < p <∞, 0 < q ≤ ∞. Then

‖f̂‖Np′q(M) ≤ c3‖f‖Lpq(R). (3)

The inequality (3) complements the Hardy-Littlewood-Stein in-

equality. Similar results for the Fourier transform in the periodic

case were obtained in [3] and [4].

The main aims of this work are to derive the su�cient condition

so that the Fourier transform f̂ belongs to Lp-space (1 < p < ∞)

and to obtain conditions so that the norm of the Fourier transform

f̂ in Lp-space (1 < p <∞) has both upper and lower estimates.

The total variation of the function f , de�ned on an interval [a, b] ⊂
R is the quantity

V b
a (f ) := sup

P

n∑
i=0

|f (xi+1)− f (xi)|,

where the supremum is taken over all partitions of [a, b]:

P : a = x0 < x1 < ... < xn = b, n ∈ Z+.

54



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

We say that the measurable function f (x) ∈ V ([a, b]) if V b
a (f ) <

∞.
The main results read as follows.

Theorem 1. Let 1 < p < ∞ and f ∈ L1(R). If f satis�es the

condition (∑
k∈Z

(
2
k
p′V2k(f )

)p)1
p

<∞,

then f̂ ∈ Lp(R) and the inequality

‖f̂‖Lp ≤ c

(∑
k∈Z

(
2
k
p′V2k(f )

)p)1
p

holds. Here the constant c does not depend on f.

Theorem 2. Let 1 < p < ∞. Assume that the function f satisfy

that there exists c > 0 such that

V2k(f ) ≤ c sup
|e|≥2k
e∈M

1

|e|

∣∣∣∣∣∣
∫
e

f (x)dx

∣∣∣∣∣∣ , k ∈ Z.

Then ‖f̂‖Lp(R) <∞ if and only if ‖f‖Np′p <∞ and, moreover,

‖f̂‖Lp(R) � ‖f‖Np′p(M).

The author was supported by the grant no. 5540/GF-4 of the

Ministry of Education and Science of Republic of Kazakhstan.
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On the Lp Hardy inequality

P.D. Lamberti
University of Padova, Padova, Italy
E-mail: lamberti@math.unipd.it

Given a domain Ω in Rn and p ∈]1,∞[, we say that the Lp Hardy

inequality is satis�ed if there exists a constant c > 0 such that∫
Ω

|∇u|pdx ≥ c

∫
Ω

|u|p

distp(x, ∂Ω)
dx , for all u ∈ W 1,p

0 (Ω).

The best constant c is called Lp Hardy constant and is denoted by

Hp(Ω).

In this talk we present a few stability results, jointly obtained

with Gerassimos Barbatis, concerning the dependence of Hp(Ω) upon

variation of p and Ω, with special attention to non-convex domains

(in which case the value of Hp(Ω) is in general not explicitly known).

We shall also present some results obtained with Yehuda Pinchover

devoted to the generalization to the case of C1,α domains of a few

classical existence and non-existence results for the minimizers.
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Ñëîæíîñòü ðåøåòîê êâàçèìíîãîîáðàçèé

äëÿ ìíîãîîáðàçèé êàíòîðîâûõ àëãåáð

Ñ.Ì. Ëóöàê
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò
èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail: sveta_lutsak@mail.ru

Â íàñòîÿùåå âðåìÿ ñëîæíîñòü ðåøåòîê êâàçèìíîãîîáðàçèé

õàðàêòåðèçóåòñÿ ñ ðàçëè÷íûõ òî÷åê çðåíèÿ. Õîðîøî èçâåñòíû

äâå ìåðû ñëîæíîñòè ñòðîåíèÿ ðåøåòîê êâàçèìíîãîîáðàçèé:

Q-óíèâåðñàëüíîñòü (ïî Ì.Â. Ñàïèðó [4]) è íåâû÷èñëèìîñòü

ìíîæåñòâà âñåõ èõ êîíå÷íûõ ïîäðåøåòîê (ñâîéñòâî Íóðàêóíîâà

[3] èëè èððàöèîíàëüíîñòü ïî Ê. Õåððìàííó). Íàëè÷èå â ðåøåòêàõ

êâàçèìíîãîîáðàçèé êîíòèíóóìà ýëåìåíòîâ, íå èìåþùèõ

ïîêðûòèé, òàêæå ãîâîðèò î ñëîæíîñòè ñòðîåíèÿ ýòèõ ðåøåòîê;

â ýòîì ñëó÷àå ñóùåñòâóåò êîíòèíóóì ïîäêâàçèìíîãîîáðàçèé

äàííîãî êâàçèìíîãîîîáðàçèÿ K, íå èìåþùèõ íåçàâèñèìîãî

áàçèñà êâàçèòîæäåñòâ îòíîñèòåëüíî K.

Íàïîìíèì, ÷òî êëàññK àëãåáðàè÷åñêèõ ñèñòåì ôèêñèðîâàííîé

ñèãíàòóðû σ, àêñèîìàòèçèðóåìûé ñ ïîìîùüþ íåêîòîðîãî

ìíîæåñòâà òîæäåñòâ [êâàçèòîæäåñòâ, ñîîòâåòñòâåííî] òîé æå

ñèãíàòóðû, íàçûâàåòñÿ ìíîãîîáðàçèåì [êâàçèìíîãîîáðàçèåì]

[1, c. 15]. Êâàçèìíîãîîáðàçèå, çàìêíóòîå îòíîñèòåëüíî
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ãîìîìîðôíûõ îáðàçîâ, ÿâëÿåòñÿ ìíîãîîáðàçèåì. Ìíîæåñòâî

êâàçèòîæäåñòâ, èñòèííûõ âî âñåõ ñèñòåìàõ èç äàííîãî êëàññà

K, íàçûâàåòñÿ êâàçèýêâàöèîíàëüíîé òåîðèåé K è îáîçíà÷àåòñÿ

Tq(K).

Ïóñòü K � êâàçèìíîãîîáðàçèå è K′ � íåêîòîðîå åãî

ðàñøèðåíèå. Ìû ãîâîðèì, ÷òî ïîäìíîæåñòâî Σ ⊆ Tq(K)

åñòü áàçèñ Tq(K) îòíîñèòåëüíî K′ èëè áàçèñ êâàçèòîæäåñòâ

K îòíîñèòåëüíî K′, åñëè K = K′ ∩ Mod(Σ). Áàçèñ

Σ äëÿ K îòíîñèòåëüíî K′ íàçûâàåòñÿ êîíå÷íûì, åñëè Σ

êîíå÷íî, è íåçàâèñèìûì, åñëè äëÿ ëþáîãî ϕ ∈ Σ íàéäåòñÿ

ñèñòåìà A ∈ K′ òàêàÿ, ÷òî A |= Σ \ {ϕ} è A |= ¬ϕ
[1, c. 90]. Êâàçèìíîãîîáðàçèå K èìååò íåçàâèñèìûé áàçèñ

êâàçèòîæäåñòâ, åñëè ñóùåñòâóåò ìíîæåñòâî Σ êâàçèòîæäåñòâ,

òàêîå ÷òî K = Mod(Σ) è K 6= Mod(Σ \ ϕ) äëÿ ëþáîãî ϕ ∈ Σ

[1, de�nition 5]. Ìíîæåñòâî êâàçèòîæäåñòâ Σ íàçûâàåòñÿ ω-

íåçàâèñèìûì îòíîñèòåëüíî êëàññàK, åñëè ñóùåñòâóåò ðàçáèåíèå

Σ =
⋃
n∈ω Σn òàêîå, ÷òî Σn 6= ∅ è K ∩ Mod(Σ) 6= K ∩

Mod(Σ\Σn) äëÿ âñåõ n. Ëþáîé áåñêîíå÷íûé íåçàâèñèìûé áàçèñ

êâàçèòîæäåñòâ ÿâëÿåòñÿ ω-íåçàâèñèìûì; îáðàòíîå óòâåðæäåíèå

íå âåðíî [1, c. 320].

Ïåðâûå ïðèìåðû êâàçèìíîãîîáðàçèé, íå èìåþùèõ

íåçàâèñèìîãî áàçèñà êâàçèòîæäåñòâ, à òàêæå áîëåå ñëîæíûå

ïðèìåðû ìíîãîîáðàçèé ñ àíàëîãè÷íûì ñâîéñòâîì ïîñòðîåíû

ñ ïîìîùüþ ñëåäóþùåãî óòâåðæäåíèÿ Â.À. Ãîðáóíîâà.

Ïóñòü K � êâàçèìíîãîîáðàçèå; äëÿ îáîçíà÷åíèÿ ðåøåòêè

êâàçèìíîãîîáðàçèé K èñïîëüçóåòñÿ çàïèñü Lq(K).

Òåîðåìà 1. [1, ïðåäëîæåíèå 6.3.1] Ïóñòü K �

ïðîèçâîëüíîå êâàçèìíîãîîáðàçèå è K0 � åãî ñîáñòâåííîå

ïîäêâàçèìíîãîîáðàçèå. Åñëè K0 èìååò áåñêîíå÷íûé

íåçàâèñèìûé áàçèñ êâàçèòîæäåñòâ îòíîñèòåëüíî K, òî

äëÿ ëþáîãî êâàçèìíîãîîáðàçèÿ K1 ∈ Lq(K), ñîäåðæàùåãî K0 è
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êîíå÷íî àêñèîìàòèçèðóåìîãî îòíîñèòåëüíî K, ÷èñëî ïîêðûòèé

K0 â Lq(K1) áåñêîíå÷íî. Àíàëîãè÷íîå óòâåðæäåíèå âåðíî äëÿ

òîæäåñòâ.

Â ðàáîòå [1, theorems 5, 6, 7] áûëî äîêàçàíî, ÷òî îïðåäåëåííûå

Q-óíèâåðñàëüíûå êâàçèìíîãîîáðàçèÿ ñîäåðæàò êîíòèíóóì

ïîäêâàçèìíîãîîáðàçèé, íå èìåþùèõ íåçàâèñèìîãî áàçèñà

êâàçèòîæäåñòâ. À èìåííî, äàííûé ðåçóëüòàò áûë óñòàíîâëåí

äëÿ ìíîãîîáðàçèÿ âñåõ äèôôåðåíöèàëüíûõ ãðóïïîèäîâ,

êâàçèìíîãîîáðàçèÿ âñåõ îðèåíòèðîâàííûõ ãðàôîâ, ìíîãîîáðàçèÿ

âñåõ òî÷å÷íûõ Àáåëåâûõ ãðóïï.

Ïóñòü n,m ∈ Z+ è n > m > 1. Ðàññìîòðèì ìíîãîîáðàçèå Cmn

ñèãíàòóðû, ñîñòîÿùåé èç m-àðíûõ ôóíêöèîíàëüíûõ ñèìâîëîâ

α1, . . . , αn è n-àðíûõ ôóíêöèîíàëüíûõ ñèìâîëîâ λ1, . . . , λm,

îïðåäåëåííîå òîæäåñòâàìè:

1. αi(λ1(x1, . . . , xn), . . . , λm(x1, . . . , xn)) = xi, i = 1, . . . , n;

2. λj(α1(x1, . . . , xm), . . . , αn(x1, . . . , xm)) = xj, j = 1, . . . ,m.

Ñëåäóÿ [6], ìû íàçûâàåì Cmn-àëãåáðû êàíòîðîâûìè

àëãåáðàìè. Ì.Ñ. Øåðåìåò äîêàçàë, ÷òî ìíîãîîáðàçèÿ Cmn,

n > m > 1, êàíòîðîâûõ àëãåáð Q-óíèâåðñàëüíû [5, theorem

3.2]. Â ðàáîòå Ì.Â. Øâèäåôñêè [7, c. 395] óñòàíîâëåí ôàêò

òîãî, ÷òî â ýòèõ ìíîãîîáðàçèÿõ ñóùåñòâóåò ïîäêëàññ ñèñòåì,

îáëàäàþùèé îïðåäåëåííûìè ñâîéñòâàìè (P0)�(P4); ò. å. ýòè

ìíîãîîáðàçèÿ ÿâëÿþòñÿ AD-êëàññàìè. Â ðàáîòå [3, òåîðåìà

3] áûëî ïîêàçàíî, ÷òî ìíîãîîáðàçèÿ Cmn êàíòîðîâûõ àëãåáð

ñîäåðæàò êîíòèíóóì ñîáñòâåííûõ ïîäêëàññîâ, îáëàäàþùèõ

ñâîéñòâîì íåâû÷èñëèìîñòè Íóðàêóíîâà, íî, òåì íå ìåíåå, íå

ÿâëÿþùèõñÿ Q-óíèâåðñàëüíûìè. Àâòîðîì äîêàçàíî, ÷òî êàæäîå

òàêîå ìíîãîîáðàçèå Cmn, n ≥ m ≥ 1, ñîäåðæèò êîíòèíóóì

ïîäêâàçèìíîãîîáðàçèé, íå èìåþùèõ íåçàâèñèìîãî áàçèñà

êâàçèòîæäåñòâ, íî èìåþùèõ ω-íåçàâèñèìûé áàçèñ êâàçèòîæäåñòâ
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îòíîñèòåëüíî Cmn, ñì. òåîðåìó 2. Ïðè äîêàçàòåëüñòâå äàííîãî

ôàêòà èñïîëüçóþòñÿ èäåè èç ðàáîòû [1].

Òåîðåìà 2. Ìíîãîîáðàçèå Cmn, n > m > 1, êàíòîðîâûõ

àëãåáð ñîäåðæèò êîíòèíóóì ïîäêâàçèìíîãîîáðàçèé, íå

èìåþùèõ íåçàâèñèìîãî áàçèñà êâàçèòîæäåñòâ, íî èìåþùèõ

ω-íåçàâèñèìûé áàçèñ êâàçèòîæäåñòâ îòíîñèòåëüíî Cmn.

Ïîëó÷åííûå ðåçóëüòàòû èìåþò òåîðåòè÷åñêèé õàðàêòåð

è ìîãóò áûòü èñïîëüçîâàíû â äàëüíåéøèõ èññëåäîâàíèÿõ.

Ïðåäñòàâëÿåò èíòåðåñ âîïðîñ î òîì, äëÿ êàêèõ åùå Q-

óíèâåðñàëüíûõ êëàññîâ àëãåáðàè÷åñêèõ ñèñòåì áóäåò ñïðàâåäëèâ

ðåçóëüòàò òåîðåìû 2.
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Î ìóëüòèïëèêàòîðàõ â âåñîâûõ

ïðîñòðàíñòâàõ Cîáîëåâà

Ë.Ê. Êóñàèíîâà1, À.Õ. Ìûðçàãàëèåâà1, ß.Ò. Ñóëòàíàåâ2

1 Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí
E-mail: leili2006@mail.ru,
E-mail: mir_aigul@mail.ru

3 Áàøêèðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò
èì. Ì. Àêìóëëû, Óôà, Ðîññèÿ
E-mail: sultanaevyt@gmail.com

Ïóñòü E, F � áàíàõîâû ïðîñòðàíñòâà ôóíêöèé f : Rn → R.
Ôóíêöèþ γ : Rn → R íàçûâàþò (òî÷å÷íûì) ìóëüòèïëèêàòîðîì,

äåéñòâóþùèì â ïàðå (E,F ), åñëè γf ∈ F äëÿ âñåõ f ∈
E. ×åðåç M(E → F ) áóäåì îáîçíà÷àòü ïðîñòðàíñòâî âñåõ

ìóëüòèïëèêàòîðîâ γ â ïàðå (E,F ), óäîâëåòâîðÿþùèõ óñëîâèþ:

ñóùåñòâóåò ïîñòîÿííàÿ c > 0 òàêàÿ, ÷òî ‖γf‖F ≤ c ‖f‖E äëÿ

âñåõ f ∈ E. Åñëè γ ∈ M(E → F ), òî îïåðàòîð óìíîæåíèÿ

íà γ îãðàíè÷åí êàê îïåðàòîð èç E â F. Ïîëîæèì ‖γ; E → F‖ def
=

‖T ; E → F‖ , T y = γy, y ∈ E.
Â ðàáîòå ïîëó÷åíû îïèñàíèÿ ìóëüòèïëèêàòîðîâ γ â âåñîâîé

ïàðå (W l
p,v,W

m
p,ω), ãäå 1 < p < ∞, 0 < m < l � öåëûå, ω = v∗−mp,

v∗ � îäíà èç "áåãóùèõ ñðåäíèõ" Îòåëáàåâà (ñì. [1]),

v∗(x)
def
= sup

{
h > 0 : hlp−n

∫
Qh(x)

v ≤ 1

}
,

v ïî÷òè âñþäó ïîëîæèòåëüíàÿ ëîêàëüíî ñóììèðóåìàÿ â Rn

ôóíêöèÿ (âåñ). ×åðåç W l
p,v (Wm

p,ω) îáîçíà÷àåòñÿ ïîïîëíåíèå

ìíîæåñòâà ôóíêöèé C∞0 ïî íîðìå

‖u;W l
p,v‖ =

(∫
|∇lu|p dt

)1/p

+

(∫
|u|pv(t) dt

)1/p

(ïî íîðìå ‖u;Wm
p,ω‖), ãäå |∇lu| =

(∑
|α|=l
|Dαu|2

)1/2

. ×åðåç Wm
p,loc
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îáîçíà÷àåòñÿ ïðîñòðàíñòâî {u : ηu ∈ Wm
p äëÿ âñåõ η ∈ C∞0 }

(ñì. [2]). Äàëåå In � ñîâîêóïíîñòü âñåõ êóáîâ âèäà Q = Qh(x) =

{y ∈ Rn : |yi − xi| < h
2 , i = 1, . . . , n}.

Â ðàáîòå áûëè èñïîëüçîâàíû îïèñàíèÿ ïðîñòðàíñòâ M(W l
p →

Wm
p ) íà ïàðå ïðîñòðàíñòâ Ñîáîëåâà (ñì. [2]) è îäíà òåîðåìà î

äâîéíîì ïîêðûòèè ïî òèïó ïîêðûòèé Áåçèêîâè÷à-Ãóçìàíà (ñì.

[3]). Â [2] áûëî äîêàçàíî, ÷òî íîðìà

‖γ;M(W l
p → Wm

p )‖ ∼ Cγ,

ãäå ïðè 1 < p < n/l Cγ = sup
{d(e)≤1}

(
‖∇mγ;Lp(e)‖
cap(e,W l

p)
1/p +

‖γ;Lp(e)‖
cap(e;W l−m

p )1/p

)
;

Cγ = sup
{B1}
‖γ;Wm

p (B1)‖ åñëè lp > n. {B1} � ìíîæåñòâî

âñåõ øàðîâ B1 = B(x; 1) â Rn, {d(e) ≤ 1} ìíîæåñòâî âñåõ

êîìïàêòîâ e ⊂ Rn äèàìåòðà d(e) ≤ 1. Åìêîñòü cap(e,W l
p) =

inf
{
‖u;W l

p‖p, u ∈ C∞0 , u ≥ 1 íà e
}
.

Åñëè 0 < v∗(x) <∞ ï. â. â Rn, òî v∗ ïîðîæäàåò ïîêðûâàþùåå

ñåìåéñòâî êóáîâ B∗v = {Q∗(x)}, ãäå Q∗(x) = Qh(x) ñ h = v∗(x).

Êàê èçâåñòíî, âåñ ρ â Rn óäîâëåòâîðÿåò óñëîâèþ (A∞), åñëè

íàéäóòñÿ òàêèå 0 < δ, τ < 1, ÷òî äëÿ âñåõ Q ∈ In

ρ(e) ≤ τρ(Q) êàê òîëüêî e ⊂ Q, |e| ≤ δ|Q|. (1)

Çàïèñü ρ ∈ A∗∞ áóäåò îçíà÷àòü, ÷òî âåñ ρ óäîâëåòâîðÿåò óñëîâèþ

(1) íà êóáàõ Q ⊂ Q∗(x) (åñëè 0 < v∗(x) <∞, x ∈ Rn).

Ïóñòü γ ∈ Wm
p,loc. Êàæäîìó Q

∗(x) ñîîòíåñåì ÷èñëî

K∗γ(x) = v∗(x)l−n/p
(∫

Q

|∇mγ|p dy
)1/p

+ v∗(x)l−m−n/p
(∫

Q

|γ|p dy
)1/p

, Q =
1

2
Q∗(x)

Ïóñòü K∗γ = ess sup
x
K∗γ(x).
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Òåîðåìà 1. Ïóñòü 1 < p < ∞, 0 < m < l � öåëûå, lp > n.

Ïóñòü âåñ v ∈ A∗∞. Òîãäà M(W l
p,v → Wm

p,v∗−mp) = M(W l
p,v∗−lp

→
Wm

p,v∗−mp) = {γ ∈ Wm
p,loc : K∗γ < ∞}. Ïðè ýòîì ‖γ;M(W l

p,v →
Wm

p,v∗−mp)‖ ∼ K∗γ .

Ïóñòü γ ∈ Wm
p,loc. Ïóñòü θ(·) ∈ Cm

0 (Q1), Q1 = Q1(0), 0 ≤ θ ≤ 1,

θ = 1 íà 1
2Q1. Êóáó Q ñîîòíåñåì âåëè÷èíó

Rγ,θ(Q) = sup
e⊂1

2Q

[(∫
e

|∇m(γθx)|p dy/cap(e;W l
p)

)1/p

+

+

(∫
e

|γ|p dy/cap(e;W l−m
p )

)1/p
]
,

ãäå θx(y) = θ(h(x)−1(y − x)). Ïóñòü R∗γ,θ = ess sup
x
Rγ,θ(Q

∗(x)).

Òåîðåìà 2. Ïóñòü 1 < p < ∞, 0 < m < l � öåëûå, lp < n.

Ïóñòü v∗ < ∞ ï.â. â Rn è, ê òîìó æå, v ∈ A∗∞. Òîãäà

{γ ∈ Wm
p,loc : R∗γ,θ < ∞} ⊂ M(W l

p,v → Wm
p,v∗−mp). Ïðè ýòîì

‖γ;M(W l
p,v → Wm

p,v∗−mp)‖ � R∗γ,θ.

Â ðàáîòå òàêæå ïîëó÷åíû îöåíêè íîðìû ‖γ;M(W l
p,v →

Wm
p,v∗−mp)‖ ñíèçó â àíàëîãè÷íûõ òåðìèíàõ.

Çàìå÷àíèå 1. Äëÿ ïàðû (W l
p,v∗−lp

,Wm
p,v∗−mp), ãäå v ∈ A∗∞,

èçâåñòíû îïèñàíèÿ èíòåðïîëÿöèîííûõ ïðîñòðàíñòâ Ïåòðå (ñì.

[3]).
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Â ðàáîòå ðàññìàòðèâàåòñÿ òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå

∞∑
n=1

(an cosnx + bn sinnx), x ∈ [0, 2π] (1)

èíòåãðèðóåìîé ôóíêöèè f (x).

Äëÿ ðÿäà Ôóðüå (1) ñ ìîíîòîííûìè êîýôôèöèåíòàìè Ã.

Ëîðåíö â ñòàòüå [3] (ñì. òàêæå [1, Ãë. 2, �3]) óñòàíîâèë

ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Ïóñòü {an}∞n=1, {bn}∞n=1 � íåâîçðàñòàþùèå

ïîñëåäîâàòåëüíîñòè. Òîãäà äëÿ ëþáîãî 0 < α < 1 ñëåäóþùèå

óñëîâèÿ ýêâèâàëåíòíû:

f ∈ Lip α; (2)

an, bn = O

(
1

nα+1

)
ïðè n→∞. (3)

×åðåç Lip α îáîçíà÷åíî ïðîñòðàíñòâî Ëèïøèöà, ò.å.

Lip α =
{
f ∈ C[0, 2π] : ω(f, δ)C[0,2π] ≤ Cδα

}
, 0 < α ≤ 1,

ãäå ω(f, ·)C[0,2π] � ìîäóëü íåïðåðûâíîñòè ôóíêöèè f .
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Íåòðóäíî ïîêàçàòü, ÷òî óñëîâèå (3) äëÿ ìîíîòîííûõ {an}∞n=1,

{bn}∞n=1 ýêâèâàëåíòíî óñëîâèþ:

‖f − Sn‖C[0,2π] = O

(
1

nα

)
ïðè n→∞,

ãäå ÷åðåç Sn(x) îáîçíà÷åíà n-àÿ ÷àñòè÷íàÿ ñóììà ðÿäà (1).

Â íåäàâíåé ðàáîòå [2] Ì. Äüÿ÷åíêî è C. Òèõîíîâ âìåñòî

ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé ðàññìîòðåëè áîëåå øèðîêèé

êëàññ îáîáùåííî ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé GM .

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü

{cn}∞n=1 îáîáùåííî ìîíîòîííà (èëè ïðèíàäëåæèò êëàññó GM),

åñëè ñóùåñòâóþò êîíñòàíòû C > 0 è λ > 1 òàêèå, ÷òî äëÿ ëþáîãî

n ≥ 1 âûïîëíÿåòñÿ íåðàâåíñòâî

2n∑
k=n

|ck − ck+1| ≤
C

n

λn∑
k=n

λ

|ck|.

Â âûðàæåíèè ñïðàâà ñóììèðîâàíèå âåäåòñÿ ïî âñåì öåëûì k èç

îòðåçêà
[
n
λ, λn

]
.

Â ðàáîòå [2] áûë îáîáùåí ðåçóëüòàò Ã. Ëîðåíöà íà êëàññ

îáîáùåííî ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé.

Òåîðåìà 2. Ïóñòü {an}∞n=1, {bn}∞n=1 ∈ GM . Òîãäà äëÿ ëþáîãî

0 < α < 1 ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. f ∈ Lip α;

2. |an|, |bn| = O
(

1
nα+1

)
ïðè n→∞.

Â äàííîé ðàáîòå óñòàíîâëåíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Ïóñòü {an}∞n=1, {bn}∞n=1 ∈ GM . Òîãäà äëÿ ëþáîãî

0 < α ≤ 1 ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. ‖f − Sn‖C[0,2π] = O
(

1
nα

)
ïðè n→∞;
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2. |an|, |bn| = O
(

1
nα+1

)
ïðè n→∞.

Èç òåîðåì 2 è 3 ïîëó÷àåì ñëåäñòâèå.

Ñëåäñòâèå 1. Ïóñòü {an}∞n=1, {bn}∞n=1 ∈ GM . Òîãäà äëÿ ëþáîãî

0 < α < 1 ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. f ∈ Lip α;

2. ‖f − Sn‖C[0,2π] = O
(

1
nα

)
ïðè n→∞;

3. |an|, |bn| = O
(

1
nα+1

)
ïðè n→∞.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÌÎÍ ÐÊ (ãðàíò no 3311

ÃÔ4).
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Least squares estimator asymptotics for vector

autoregressions with deterministic regressors
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We consider a mixed vector autoregressive model with determinis-

tic exogenous regressors and an autoregressive matrix that has char-

acteristic roots inside the unit circle. The errors are (2+ε)-integrable
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martingale di�erences with heterogeneous second-order conditional

moments. The behavior of the ordinary least squares (OLS) estima-

tor depends on the rate of growth of the exogenous regressors. For

bounded or slowly growing regressors we prove asymptotic normal-

ity. In case of quickly growing regressors (e.g., polynomial trends)

the result is negative: the OLS asymptotics cannot be derived using

the conventional scheme and any diagonal normalizer.

We consider the asymptotic distribution of the OLS estimator of

matrix parameters A and B in the vector autoregression

yt = Axt + Byt−1 + et, t = 1, ..., n,

where yt and et are random and xt are deterministic vectors. The yt
are observed and the unobserved errors et are martingale di�erences.

The purpose is to develop an asymptotic theory of vector autore-

gressions with assumptions on the deterministic regressors general

enough to include various special cases (e.g., polynomial and loga-

rithmic trends), with possible discontinuities arising in the theory of

structural breaks.

The framework is based on the Lp-approximability theory [6] pre-

viously applied to a scalar autoregressive model [5] yt = αxt+βyt−1+

et, t = 1, ..., n, (α and β are real parameters). The results presented

here are partially new even in this special case and show that vector

autoregressions require quite di�erent techniques than spatial models

[8], [9] and static models with slowly varying regressors [7]. Because

of space limitations, in this paper we consider only the stable case

(when the characteristic roots of B lie inside the unit circle |λ| < 1).

[13] and [10] give an idea of the state of a�airs in the unstable case.

A detailed comparison of our results with [1], along with some

methodological remarks, is provided. To investigate a model with

polynomial trends, [12] have suggested a linear transformation. How-

ever, that transformation uses unknown coe�cients and therefore is

not feasible. Our asymptotic result in case of polynomial trends is
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negative in the sense that the Anderson normalization does not work.

We also show that the derivation of the asymptotic distribution of

the OLS estimator for an autoregression with a linear trend given in

[4, Section 16.3] contains an error.

There have been other suggestions to model deterministic regres-

sors. One approach is appropriate for studying consistency of the

OLS estimator; see [10] for the details and history. Another has

been proposed in [2] in the context of nonlinear models. Finally,

Phillips [11] has employed properties of slowly varying functions [3]

to model asymptotically collinear regressors. Mynbaev [7] has shown

that all sequences of weights arising in the Phillips approach are L2-

approximable.

The author has been partially supported by the grant 4084-GF4

from the Ministry of Education and Science of Kazakhstan.
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We obtain upper estimates on entropy numbers of a compact

Hardy integral operator in weighted spaces of Besov type with small

smoothness parameters.

Let 0 < p, q ≤ ∞, −∞ < s < +∞ be parameters and w = w(x)

be an admissible weight function. Following [1,2], we consider the

(unweighted) Besov spaces Bs
pq(R) and its weighted generalizations

Bs
pq(R, w) on R.
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For f ∈ L1
loc(R) we propose the Hardy integral operator

Hf (x) := χ(0,∞)(x)

∫ x

0

f (y) dy, (1)

acting from Bs1
p1q1

(R) to Bs2
p2q2

(R, w−1
α ), where wα(x) = (1 + |x|2)α/2,

α ≥ 0, is a polynomial weight. When the mapping H : Bs1
p1q1

(R) ↪→
Bs2
p2q2

(R, w−1
α ) is compact, we study behaviour of its entropy numbers

ek(H). Remind that for k ∈ N and a continuous operator T between

quasi�Banach spaces A1 and A2 the k�th (dyadic) entropy number

ek(T ) of T : A1 → A2 is the in�mum of all numbers ε > 0 such that

there exist 2k−1 balls in A2 of radius ε which cover TU1, where U1 is

the unit ball in A1.

For obtaining our results we follow the well�developed concept of

wavelet bases in Bs
pq(R, w) spaces [3] and reduce the initial problem

for the Hardy operator in function spaces to the corresponding trans-

formation in sequence spaces. The crucial point of this investigation

is a choice of the two particular wavelet bases specially related to

each other and the Hardy operator.

The main result is the following

Theorem 1. Let 0 < q1 ≤ ∞, 0 < q2 ≤ ∞, 1 < p2 < ∞, α >

1 + 1/p2 and 1/p2− 1 < s2 < 1/p2. Suppose that 1/2 < p1 ≤ ∞ and

1/p1 < s1 < 1 + min{1, 1/p1}. Put

δ := s1 −
1

p1
−
(
s2 − 1− 1

p2

)
.

Then the operator H : Bs1
p1q1

(R) ↪→ Bs2
p2q2

(R, w−1
α ) of the form (1) is

compact. In addition,

(i) if δ + 1 < α then

ek(H) . k−(s1−s2+1), k ∈ N;

(ii) if δ + 1 > α then

ek(H) . k−(α−1+1/p1−1/p2), k ∈ N.
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(iii) in the case α− 1 = δ and with τ := s1− s2 + 1 + 1
q2
− 1

q1
we have

the following estimates:

ek(H) . k−(s1−s2+1)(1 + log k)τ , τ > 0, 1 < k ∈ N,

ek(H) . k−(s1−s2+1)(1 + log log k)
1
q1 , τ = 0, 1 < k ∈ N,

ek(H) . k−(s1−s2+1), τ < 0, 1 < k ∈ N.
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Ïóñòü I := (a, b) ⊂ R, 1 ≤ p < ∞, Lp(I) îáîçíà÷àåò

ïðîñòðàíñòâî Ëåáåãà ñ íîðìîé ‖f‖Lp(I) :=
(∫

I |f |
p
)1
p , L1

loc(I) �

ïðîñòðàíñòâî âñåõ ëîêàëüíî ñóììèðóåìûõ íà I ôóíêöèé. Ïóñòü

Vp(I) := {v ∈ Lploc(I) : v ≥ 0, ‖v‖L1(I) 6= 0}. Îáîçíà÷èì

÷åðåç W 1
1,loc(I) ïðîñòðàíñòâî âñåõ ôóíêöèè u ∈ L1

loc(I), èìåþùèõ
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îáîáùåííóþ ïðîèçâîäíóþ Du ∈ L1
loc(I). Â ðàáîòàõ [1, 2, 3]

èçó÷àëèñü ñâîéñòâà âåñîâîãî ïðîñòðàíñòâà Ñîáîëåâà

W 1
p (I) := {u ∈ W 1

1,loc(I) : ‖u‖W 1
p (I) <∞},

ãäå

‖u‖W 1
p (I) := ‖vu‖Lp(I) + ‖ρDu‖Lp(I),

v, ρ ∈ Vp(I),
1

ρ
∈ Lp

′

loc(I), (1)

è åãî ïîäïðîñòðàíñòâ

◦◦
W 1

p (I) := {f ∈ AC(I) : supp f êîìïàêò â I, ‖vf‖Lp(I)

+ ‖ρf ′‖Lp(I) <∞}

è
◦
W 1

p (I) =
◦◦
W 1

p (I)
W 1
p (I)

� çàìûêàíèå
◦◦
W 1

p (I) â W 1
p (I). Äîêëàä

ïîñâÿùåí íåêîòîðûì ðåçóëüòàòàì, äîïîëíÿþùèì ðåçóëüòàòû

ðàáîò [1, 2, 3].
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Hardy and Rellich type inequalities

on the complex a�ne groups

B. Sabitbek1 2
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Abstract. In this paper, by using properties of the fundamental

solution of a canonical right-invariant Laplacian, versions of Hardy

and Rellich type inequalities are proved on the complex a�ne group.

et G = C o C∗ be the complex a�ne group. Here and after C∗
is the multiplicative group of nonzero complex numbers. The group

composition law of the complex a�ne group G is given by

(x, y) ◦ (x′, y′) = (x + yx′, yy′)

for all x, x′ ∈ C and y, y′ ∈ C∗ and the notations x := t + is and

y := τ + iς will be also useful in our analysis. The complex a�ne

group is a Lie group and let us denote its Lie algebra by g.

We now �x a basis {X1, X2, X3, X4} of g such that

X1 =
∂

∂t
, X3 = t

∂

∂t
+ s

∂

∂s
+ τ

∂

∂τ
+ ς

∂

∂ς

X2 =
∂

∂s
, X4 = −s ∂

∂t
+ t

∂

∂s
− ς ∂

∂τ
+ τ

∂

∂ς
.

These right invariant vector �elds correspond to the canonical basis

elements of g. Therefore, the (sub-)Laplacian

∆X = −
4∑
j=1

X2
j ,

is called a right invariant canonical Laplacian of the complex a�ne

group G. The fundamental solution of the Laplacian ∆X was com-
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puted explicitly by Gaudry and Sj�ogren [5] in the following form

ε =
1

4π2

|y|2

|x|2 + |1− y|2
.

This explicit formula plays a key role in our proofs. We will also use

the notation of the right invariant (canonical) gradient in the form

∇X = (X1, X2, X3, X4).

The right-invariant and the left-invariant Haar measures on G are

de�ned by

dµr = dx
dy

|y|2
, dµl = dx

dy

|y|4

with the modular function m(x, y) = |y|2 , respectively. In addition,
one has the integration rules with respect to the modular function∫

G
f (ηζ)dµl(η) = m−1(ζ)

∫
G
f (η)dµl(η),∫

G
f (η−1)m−1(η)dµl(η) =

∫
G
f (η)dµl(η).

Theorem 1. Let α ∈ R, α > 2 − β, β > 2. Then the following

version of the Hardy inequality is valid:∫
G
ε

α
2−β |∇Xu|2 dµl ≥(

β + α− 2

2

)2 ∫
G
ε
α−2
2−β |∇Xε

1
2−β |2|u|2 dµl, (1)

for any u ∈ C∞0 (G), where ∇X = (X1, X2, X3, X4).
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Íåëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð

â ãåññèàíàõ è åãî ïðèìåíåíèÿ â èçó÷åíèè

m-ñóáãàðìîíè÷åñêèõ ôóíêöèé

À. Ñàäóëëàåâ 1, Á.È. Àáäóëëàåâ 2
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Â òåîðèè ïîòåíöèàëîâ î÷åíü âàæíû èçó÷åíèå ñëåäóþùèõ äâóõ

êëàññîâ ôóíêöèé: êëàññ m − sh ôóíêöèé è êëàññ m − wsh

ôóíêöèé, (1 ≤ m ≤ n). Äëÿ äâàæäû ãëàäêèõ ôóíêöèé u ∈

75



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

C2 (D) â îáëàñòè D ⊂ Cn îíè îïðåäåëÿþòñÿ óñëîâèÿìè:

(ddcu)k ∧ βn−k ≥ 0 ∀ k = 1, 2, ...,m (1)

è

ddcu ∧ βn−m ≥ 0, (2)

ãäå β = ddc|z|2.
Íåëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð (ddcu)m ∧ βn−m

íàçûâàåòñÿ ãåññèàíîì ïîðÿäêàmôóíêöèè u. Íàçâàíèå îïåðàòîðà

îïðàâäàíî òåì, ÷òî åñëè λ (u) = (λ1 (u) , ..., λn (u))− âåêòîð

ñîáñòâåííûõ çíà÷åíèé ýðìèòîâîé ìàòðèöû
(
uj,k̄
)
(êâàäðàòè÷íîé

ôîðìû ddcu = i
2

∑
j,k

uj,k dzj ∧ d z̄k), òî

(ddcu)m ∧ βn−m = m! (n−m)!Hm (u) βn, (3)

ãäå Hm(u) =
∑

1≤j1<...<jm≤n λj1...λjm− ãåññèàí ïîðÿäêà m âåêòîðà

λ(u) ∈ Rn. Îòìåòèì, ÷òî ïðè m = 1 îïåðàòîð ddcu ∧
βn−1 ïðåâðàùàåòñÿ â îïåðàòîð Ëàïëàñà è ìû â êà÷åñòâå 1 −
sh ôóíêöèè ïîëó÷àåì îáû÷íóþ ñóáãàðìîíè÷åñêóþ ôóíêöèþ,

H1(u) = λ1 + ... + λn .

Êëàññ m− sh ôóíêöèé èçó÷åíû â ðàáîòàõ À. Ñàäóëëàåâà è Á.

Àáäóëëàåâà [1,2], Z.Blocki [3], S.Dinev, S.Kolodziej [4], H.Ch.Lu [5]

è äð. m − wsh ôóíêöèè ðàññìîòðåíû è ïðèìåíåíû â âûïóêëîé

ãåîìåòðèè â ñåðèè ðàáîò F.R.Harvey and H.B.Jr.Lawson (ñì. îáçîð

[6]), M.Verbitsky [7] è äð.

Òàêæå êàê â êëàññè÷åñêîé òåîðèè ïîòåíöèàëà, äëÿ

èíòåãðèðóåìûõ, ïîëóíåïðåðûâíûõ ñâåðõó ôóíêöèé ýòè

îïåðàòîðû îïðåäåëÿþòñÿ â îáîáùåííîì ñìûñëå. Îäíèìè èç

îñíîâíûõ ïîíÿòèé â òåîðèè m−sh è m−wsh ôóíêöèé ÿâëÿþòñÿ
ïîíÿòèå åìêîñòè êîíäåíñàòîðà è ïîíÿòèå ìàêñèìàëüíûõ

ôóíêöèé, ÿâëÿþùåãîñÿ àíàëîãîì ãàðìîíè÷åêèõ ôóíêöèé â

êëàññè÷åñêîé òåîðèè ïîòåíöèàëà.
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Òåîðåìà 1. Ôóíêöèÿ u(z) ∈ m−sh(D) ÿâëÿåòñÿ ìàêñèìàëüíîé

òîãäà è òîëüêî òîãäà, êîãäà íåëèíåéíûé äèôôåðåíöèàëüíûé

îïåðàòîð â ãåññèàíàõ (ddcu)m ∧ βn−m = 0.

Òàêèì îáðàçîì, îïåðàòîð â ãåññèàíàõ (ddcu)m ∧ βn−m èãðàåò

îñíîâíóþ ðîëü â èçó÷åíèè êëàññà m−sh ôóíêöèé. Íà áàçå ýòîãî
îïåðàòîðà ââîäèòñÿ åìêîñòü êîíäåíñàòîðà: ïóñòü K− êîìïàêò â

îáëàñòè D ⊂ Cn. Òîãäà âåëè÷èíà

Cm(K,D) =

∫
D

(ddcω∗(z,K,D))m ∧ βn−m (4)

íàçûâàåòñÿ m- åìêîñòüþ êîíäåíñàòîðà (K,D) . Çäåñü

ω∗(z,K,D) ÿâëÿåòñÿ m − sh ìåðîé êîìïàêòà K îòíîñèòåëüíî

îáëàñòè D. Ïðè ïîìîùè åìêîñòè Cm(K,D) è åå ñâîéñòâà äàëåå

äîêàçûâàþòñÿ âñå îñíîâíûå òåîðåìû êëàññàm−sh(D) òàêèå, êàê

êâàçèíåïðåðûâíîñòü m−sh ôóíêöèé, ïåðâàÿ è âòîðàÿ ïðîáëåìû
Ëåëîíà è ò.ï.

Êëàññ m − wsh ôóíêöèé èìååò áîëåå íàãëÿäíþþ

ãåîìåòè÷åñêóþ èíòåðïðåòàöèþ: åñëè u ∈ m − wsh(D), òî

ñóæåíèå u|Π ÿâëÿåòñÿ ñóáãàðìîíè÷åñêîé ôóíêöèåé â ïåðåñå÷åíèè

Π
⋂
D äëÿ ëþáîé ïëîñêîñòè Π, dimΠ = n−m+1. Ìàêñèìàëüíûå

m− wsh ôóíêöèè ñâÿçàíû ñ îïåðàòîðîì â ãåññèàíàõ

Mm =
∏

1≤j1<...<jn−m+1≤n

(
λj1 + ... + λjn−m+1

)
. (5)

Â îòëè÷èå îò ïðåäèäóùåãî ñëó÷àÿ m − sh ôóíêöèé, ýòîò

îïåðàòîð íå ÿâëÿåòñÿ äèôôåðåíöèàëüíûì îïåðàòîðîì. Â ñâÿçè

ñ ýòèì èìååòñÿ ðÿä òðóäíîñòåé â èçó÷åíèè êëàññà m − wsh

ôóíêöèé. Â ÷àñòíîñòè, ñëåäóþùàÿ ïðîáëåìà, ÿâëÿþùåéñÿ ïîêà

îòêðûòûì, ðåøåíèå êîòîðîé èìååò âàæíóþ ðîëü â ïîñòðîåíèè

òåîðèè ïîòåíöèàëà â êëàññå m− wsh ôóíêöèé.
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Ïðîáëåìà. ßâëÿåòñÿ ëè óñëîâèå Mm(u) = 0 êðèòåðèåì

ìàêñèìàëüíîñòè ôóíêöèè u ∈ m− wsh?

Òåì íå ìåíåå, äëÿ mw− âûïóêëûõ (ðåãóëÿíûõ) îáëàñòåé D ⊂
Cn èìååò ìåñòî

Òåîðåìà 2. Åñëè D ⊂ Cn− ñòðîãî mw−âûïóêëàÿ îáëàñòü, òî

â íåé ðàçðåøèìà çàäà÷à Äèðèõëå ñ ëþáîé ãðàíè÷íîé äàííîé ϕ ∈
C(∂D) ò.å. ∃ ìàêñèìàëüíàÿ ôóíêöèÿ u ∈ m−wsh(D)

⋂
C(D̄) :

u|∂D = ϕ.
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Hardy-type inequalities in discrete fractional calculus
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Let h > 0 and Ta = {a, a + h, a + 2h, · · · } with ∀a ∈ R.

De�nition 1. (see [1]) Let f : Ta → R. Then the h-derivative of

the function f (x) is de�ned by

Dhf (t) :=
f (δh(t))− f (t)

h
, t ∈ Ta, (1)

where δh(t) = t + h.

De�nition 2. (see [1]) Let f : Ta → R. Then the h-integral (h-

di�erence sum) is given

b∫
a

f (x)dhx :=

b/h−1∑
k=a/h

f (kh)h =

b−a
h −1∑
k=0

f (a + kh)h,

for a, b ∈ Ta : b > a.

Let DhF (x) = f (x). Then F (x) is called an h-antiderivative of

f (x) and is denoted by
∫
f (x)dhx [2]. If F (x) is an h-antiderivative

of f (x), for a, b ∈ Ta : b > a we have that

b∫
a

f (x)dhx := F (b)− F (a). (2)

De�nition 3. (see [1]) Let t, α ∈ R. Then the h-fractional function
is de�ned by

t
(α)
h := hα

Γ( th + 1)

Γ( th + 1− α)
,
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where Γ is Euler gamma function, t
h /∈ {−1,−2,−3, · · · } and we use

the convention that division at a pole yields zero. Note that

lim
h→0

t
(α)
h = tα.

Our main result reads:

Theorem 1. Let α < p−1
p and 1 ≤ p <∞. Then the inequality

∞∫
0

x(α−1)
h

δh(x)∫
0

f (t)dht

t
(α)
h


p

dhx ≤

[
p

p− αp− 1

]p ∞∫
0

f p(x)dhx, f ≥ 0, (3)

holds. Moreover, the constant
[

p
p−αp−1

]p
is best possible in (3).

Theorem 2. Let α < p−1
p and 0 < p < 1 . Then the inequality

∞∫
0

f p(x)dhx ≤

[
p− 1

p
− α

]p ∞∫
0

x(α−1)
h

δh(x)∫
0

f (t)dht

t
(α)
h


p

dhx, f ≥ 0, (4)

holds. Moreover, the constant
[
p−1
p − α

]p
is best possible in (4).
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We analyse the problem of characterization of function spaces as-

sociated to a given function spaces. The situation is rather di�erent

for an ideal and non-ideal function spaces. We provide several exam-

ples of such a characterization including the weighted Sobolev space

of the �rst order on the real line. As an important corollary this char-

acterization provides the principle of duality allowing to reduce, for

instance, the weighted inequalities to a more menageable inequalities.
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Horizontal functional inequalities

on strati�ed lie groups

D. Suragan
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I will talk about our recent results with Michael Ruzhansky which

establish versions of horizontal weighted Hardy-Rellich type and

Ca�arelli-Kohn-Nirenberg type inequalities on strati�ed Lie groups

and study some of their consequences. Our results re�ect on

many results previously known in special cases. Moreover, a non-

commutative version of the Badiale-Tarantello conjecture (on the

best constant of a Hardy type inequality) is provided. If time permits,

I will also discuss boundary as well as remainder term improvements

of the obtained inequalities. This talk is mainly based on the follow-

ing series of papers:
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Let (X, Y ) be pair of functional spaces of 1-periodic functions.

Assume that X embedded in C[0, 1]n. Our aim is to �nd the nodes

{tk}Mk=1 and functions {φk(x)}Mk=1, such that the error

δM(X, Y ) = sup
‖f‖X=1

‖fλ −
M∑
k=1

f (tk)φk(x)‖Y

will be minimal when order M increase.

The problem of recovering of the function from the classes with

dominant mixed derivative is considered in many works. In [1] and

[2] the order of the error of recovery operators in the power scale is

achieved by orthodiameter:

d⊥M(X, Y ) = inf
{gj}Mj=1

sup
‖f‖X=1

‖f −
M∑
j=1

(f, gj)gj‖,

where the exact lower bound is taken over all orthogonal systems

{gj}Mj=1 from L∞[0, 1]n.

The aim of this talk is to construct a recovery operator for which

the error coincides with the order of the corresponding orthodiameter.

For a function f ∈ C[0, 1]n we de�ne the transform

Fm(f ;x) =
∑
ψ(k)=m
k∈Nn

1

2|k|

∑
0≤r<2k

f (
r

2k
)φk,r(x +

r

2k
), (1)

φk,r(x) =
∑

0≤ν≤k

(−1)
∑n−1
j=1 (rj+1)sgn(kj−νj)

∑
µ∈ρ(ν)

e2πiµx. (2)

83



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

Here µx :=
∑n

j=1 µjxj, |k| := k1 + . . . + kn, ρ(ν) = {µ =

(µ1, ..., µn) ∈ Nn :
[
2νj−2

]
≤ |µj| < 2νj−1}, [x] is integer part of x,

and ν ≤ µ means that νj ≤ µj, j = 1, n.

Theorem. Let m ≥ ψ(1), Fm(f ) is de�ned by the relations (1), (2).

And let M be the number of nodes in the de�nition of Fm(f ) . If

1 < p ≤ 2 ≤ q ≤ ∞, α0 >
1
p, then

sup
‖f‖SWα

p
=1

‖f − Fm(f )‖Lq ∼ d⊥M(SW α
p , Lq),

sup
‖f‖SHαp =1

‖f − Fm(f )‖Lq ∼ d⊥M(SHα
p , Lq).

The authors were supported by the grants no. 4080/GF, 5540/GF-

4, 3311/GF-4 of the Ministry of Education and Science of Republic

of Kazakhstan.
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For 0 < p < ∞ and I := (a, b) ⊆ R let Lp(I) = Lp(a, b) denote

the space of all Lebesgue measurable functions f on I such that

‖f‖p,I :=
(∫

I |f (x)|p dx
)1/p

<∞.

De�ne the Hardy�Steklov operator

H f (x) := w(x)

∫ ψ(x)

φ(x)

f (y)v(y) dy, x ∈ I,

with non�negative weights v and w and boundary functions φ and

ψ on I such that −∞ ≤ c ≤ φ(x) ≤ ψ(x) ≤ d ≤ ∞ satisfying the

following conditions:

(i) φ(x), ψ(x) di�erentiable and strictly increasing on I ;

(ii) φ(a) = ψ(a) = c, φ(x) < ψ(x) for x ∈ I, φ(b) = ψ(b) = d.

De�nition. Given boundaries φ, ψ satisfying the above conditions,

parameters p′ = p
p−1, q and weights v, w such that 0 < v(y) <∞ for

a.a. y ∈ (c, d) and 0 < w(x) < ∞ a.e. on I , and vp
′
, wq are locally

integrable on (c, d) and I respectively, we de�ne the fairway functions

σ and ρ such that φ(x) < σ(x) < ψ(x), ψ−1(y) < ρ(y) < φ−1(y) and∫ σ(x)

φ(x)

vp
′
=

∫ ψ(x)

σ(x)

vp
′
, x ∈ I ;

∫ ρ(y)

ψ−1(y)

wq =

∫ φ−1(y)

ρ(y)

wq, y ∈ (c, d).
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Here φ−1 and ψ−1 denote the inverses to φ and ψ, respectively.

We establish boundedness criteria for H between Lp(c, d) and

Lq(a, b) in terms of fairways σ and ρ for all 1 < p < ∞ and 0 <

q <∞ under assumption that non�negative weights w and v in the

de�nition of H belong to Lqloc(a, b) and L
p′

loc(c, d).

Theorem [1, 2]. Let σ−1 and ρ−1 denote the inverses to σ and ρ,

respectively. By ς we denote either σ or ρ. Put 1/r = 1/q − 1/p,

V (t) =
∫ ψ(t)

φ(t) v
p′, W (t) =

∫ φ−1(t)

ψ−1(t)
wq and

Aσ = sup
t∈I

Aσ(t), A ∗
σ = sup

t∈(c,d)

Aσ(σ−1(t)),

where Aσ(t) =
[
W (σ(t))

]1
q
[
V (t)

] 1
p′ ;

Aρ = sup
t∈I

Aρ(t), A ∗
ρ = sup

t∈(c,d)

Aρ(ρ(t)),

where Aρ(t) =
[
W (ρ−1(t))

]1
q
[
V (t)

] 1
p′ ;

Aσ = sup
t∈I

Aσ(t), A∗σ = sup
t∈(c,d)

Aσ(σ−1(t))

with Aσ(t) =

(∫ σ−1(ψ(t))

σ−1(φ(t))
V qwq

)1
q[
V (t)

]−1
p ;

Aρ = sup
t∈I

Aρ(ρ
−1(t)), A∗ρ = sup

t∈(c,d)

Aρ(t)

with Aρ(t) =

(∫ ρ−1(ψ−1(t))

ρ−1(ψ−1(t))
W p′vp

′
) 1

p′ [
W (t)

]− 1
q′ ;

Br
σ =

∫
I

[
W (σ(t))

]r
p
[
V (t)

] r
p′wq(t) dt,

(B∗σ)r =

∫ d

c

[
W (t)

]r
q
[
V (σ−1(t))

] r
q′vp

′
(t) dt,
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Br
ρ =

∫
I

[
W (ρ−1(t))

]r
p
[
V (t)

] r
p′wq(t) dt,

(B∗ρ)
r =

∫ d

c

[
W (t)

]r
q
[
V (ρ(t))

] r
q′vp

′
(t) dt;

Brσ =

∫
I

[∫ σ−1(ψ(t))

σ−1(φ(t))

V qwq

]r
p[
V (t)

]q−rpwq(t) dt,

(B∗σ)r =

∫ d

c

[∫ σ−1(ψ(σ−1(t)))

σ−1(φ(σ−1(t)))

V qwq

]r
q[
V (σ−1(t))

]−rqvp′(t) dt;
Bρ =

{
Bq>1, q > 1

Bq<1, q < 1
,

where

Brq>1 =

∫
I

[∫ ρ−1(φ−1(ρ−1(t)))

ρ−1(ψ−1(ρ−1(t)))

W p′vp
′
] r
p′ [
W (ρ−1(t))

]− r
p′wq(t) dt

and

Brq<1 =

∫
I

[∫ ψ(t)

φ(t)

W p′vp
′
] r
p′ [
W (ρ−1(t))

]− r
p′wq(t) dt;

B∗ρ =

{
B−∗q>1 + B+ ∗

q>1, q > 1

B−∗q>1 + B+ ∗
q>1 + B−∗q<1 + B+ ∗

q<1, q < 1
, where

(B−∗q>1)r =

∫ d

c

[∫ t

ρ−1(ψ−1(t))

W p′vp
′
]r/q′[

W (t)
]p′−r/q′

vp
′
(t) dt,

(B+ ∗
q>1)r =

∫ d

c

[∫ ρ−1(φ−1(t))

t

W p′vp
′
]r/q′[

W (t)
]p′−r/q′

vp
′
(t) dt,

(B−∗q<1)r =

∫ d

c

[∫ t

φ(ρ(t))

W p′vp
′
]r/q′[

W (t)
]p′−r/q′

vp
′
(t) dt,

(B+ ∗
q<1)r =

∫ d

c

[∫ ψ(ρ(t))

t

W p′vp
′
]r/q′[

W (t)
]p′−r/q′

vp
′
(t) dt.
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If 1 < p ≤ q < ∞ then ‖H ‖Lp(c,d)→Lq(a,b) ≈ Aς ≈ A ∗
ς ≈

Aς ≈ A∗ς . In the case, when 0 < q < p < ∞ and p > 1, we have

‖H‖Lp(c,d)→Lq(a,b) ≈ Bς ≈ B∗ς ≈ Bς ≈ B∗ς .
The research was supported by the Russian Science Foundation

(project RSF: 14-11-00443).
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Îãðàíè÷åííîñòü ñèíãóëÿðíîãî îïåðàòîðà

â ïðîñòðàíñòâàõ òèïà Ìîððè

Ä.Ê. ×èãàìáàåâà
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail:d.darbaeva@yandex.kz

Ïóñòü 0 ≤ λ ≤ n
p è 0 < p ≤ ∞. Ìíîæåñòâî âñåõ èçìåðèìûõ ïî

Ëåáåãó ôóíêöèé f ∈ Llocp (Rn) íàçûâàåòñÿ ïðîñòðàíñòâîì Ìîððè,

åñëè êîíå÷íà ñëåäóþùàÿ âåëè÷èíà

||f ||Mλ
p
≡ ||f ||Mλ

p (Rn) = sup
x∈Rn

sup
t>0

t−λ‖f‖Lp(Bt(x)) <∞.

ÇäåñüBt(x) � øàð ñ öåíòðîì â òî÷êå x è ðàäèóñîì t > 0. Çàìåòèì,

åñëè λ = 0, òî M 0
p (Rn) = Lp(Rn), åñëè λ = n

p è 0 < p < ∞, òî

M
n
p
p (Rn) = L∞(Rn), à åñëè λ < 0 èëè λ > n

p , òî M
λ
p = Θ, ãäå Θ �

ìíîæåñòâî âñåõ ýêâèâàëåíòíûõ íóëþ ôóíêöèé íà Rn. Ñì. [4].
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Ïðîñòðàíñòâà Ìîððè áûëè ââåäåíû Ìîððè [4] â 1938 ã. è

èçó÷àëèñü â ñëåäñòâèå âîïðîñîâ ðåãóëÿðíûõ ðåøåíèé íåëèíåéíûõ

ýëëèïòè÷åñêèõ óðàâíåíèé è ñèñòåì. Â ïîñëåäíèå äâà äåñÿòèëåòèÿ

áûë ïðîÿâëåí áîëüøîé èíòåðåñ ê èçó÷åíèþ îáùèõ ïðîñòðàíñòâ

òèïà Ìîððè è êëàññè÷åñêèõ îïåðàòîðîâ òåîðèè ôóíêöèé,

äåéñòâóþùèõ â ýòèõ ïðîñòðàíñòâàõ. Ñì. [1].

Ïóñòü 0 < p < ∞, 0 < q ≤ ∞, 0 ≤ λ ≤ n
p . Îïðåäåëèì

îáîáùåííûå ïðîñòðàíñòâà òèïà Ìîððè Mλ
p,q(Ω) êàê ìíîæåñòâî

âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé f ∈ Llocp (Rn), äëÿ êîòîðûõ

êîíå÷íà ñëåäóþùàÿ íîðìà ïðè q <∞

||f ||Mλ
p,q(Ω) =

( ∞∫
0

(
t−λ sup

x∈Ω
‖f‖Lp(Bt(x))

)q
dt

t

)1
q

,

è ïðè q =∞

||f ||Mλ
p,∞(Ω) = sup

x∈Ω
sup
t>0

t−λ‖f‖Lp(Bt(x)).

Çàìåòèì, ÷òî â ñëó÷àå p = ∞ ïðîñòðàíñòâî Mλ
p,q(Ω) =

Θ. Òàêæå îòìåòèì, ÷òî ââåäåííûå ïðîñòðàíñòâà ñîâïàäàþò ñ

êëàññè÷åñêèìè ïðîñòðàíñòâàìè Ìîððè â ñëó÷àå q =∞ è Ω = Rn,

ò.å.

Mλ
p,∞(Rn) = Mλ

p .

Åñëè Ω = {x} � îäíîòî÷å÷íîå ìíîæåñòâî, òî

Mλ
p,q(Ω) = LMλ

p,q,x,

ãäå LMλ
p,q,x � ëîêàëüíûå ïðîñòðàíñòâà òèïà Ìîððè [2].

Â äàííîé ðàáîòå ìû èññëåäóåì îãðàíè÷åííîñòü îïåðàòîðà

Êàëüäåðîíà-Çèãìóíäà â ïðîñòðàíñòâàõ òèïà Ìîððè. Ðåçóëüòàò

îãðàíè÷åííîñòè ðàçëè÷íûõ êëàññîâ äàííîãî îïåðàòîðà èç

ïðîñòðàíñòâà Ëåáåãà Lp â Lp ïðè 1 < p < ∞ áûë óñòàíîâëåí

â ðàáîòå Ñòåéíà [6] è äð. ×òî êàñàåòñÿ îãðàíè÷åííîñòè
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ñèíãóëÿðíîãî îïåðàòîðà â ïðîñòðàíñòâàõ Ìîððè, òî çäåñü

îòìåòèì ðàáîòû Ïåòðå [5]. Äàëüíåéøèå ðåçóëüòàòû îáîáùåíèé

îãðàíè÷åííîñòè ñèíãóëÿðíîãî èíòåãðàëüíîãî îïåðàòîðà äëÿ

ëîêàëüíûõ ïðîñòðàíñòâ òèïà Ìîððè áûëè ïîëó÷åíû â ðàáîòå

Áóðåíêîâà, Òàðàðûêîâà, Ãóëèåâà è Ñåðáåööè [3] è äð.

Îïðåäåëåíèå 1. Ïóñòü 1 ≤ a < b ≤ ∞. Ëèíåéíûé îïåðàòîð T

íàçîâåì (a, b) - ñèíãóëÿðíûì, åñëè

1) îïåðàòîð T îãðàíè÷åí èç Lp(Rn) â Lp(Rn) äëÿ âñåõ a < p < b;

2) ñóùåñòâóåò èçìåðèìàÿ ôóíêöèÿ K â Rn, òàêàÿ ÷òî äëÿ

ëþáûõ x, y ∈ Rn

|K(x, y)| ≤ C

|x− y|n
(1)

è äëÿ ïðîèçâîëüíîé ôèíèòíîé, ëîêàëüíî èíòåãðèðóåìîé ôóíêöèè

f ñ êîìïàêòíûì íîñèòåëåì èìååò ìåñòî ïðåäñòàâëåíèå

Tf (x) =

∫
Rn

K(x, y)f (y)dy ïî÷òè âñþäó íà Rn\suppf. (2)

Òåîðåìà 1. Ïóñòü Ω ⊂ Rn, 1 ≤ a < b ≤ ∞ è îïåðàòîð T �

(a, b)-ñèíãóëÿðíûé. Òîãäà äëÿ p ∈ (a, b), 0 < ν < n
p , 0 < τ ≤ ∞

îïåðàòîð T îãðàíè÷åí èç M ν
p,τ (Ω) â M ν

p,τ (Ω).
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The nonlocal boundary value problem for the system of partial

di�erential equations

D
[ ∂
∂x
u
]

= A(x, t)
∂u

∂x
+ S(x, t)u + f (x, t), u ∈ Rn, (1)

B(x)
∂u

∂x
(x, 0)

∣∣∣
x∈[0,ω]

+ C(x)
∂u

∂x
(x, T )

∣∣∣
x∈[T,T+ω]

+

+

T∫
0

K(x, s)
∂u

∂x
(x, s)ds = d(x), (2)

u(t, t) = Ψ(t), t ∈ [0, T ] (3)

is considered in Ω = {(x, t) : t ≤ x ≤ t + ω, 0 ≤ t ≤ T}, T > 0,

ω > 0.

Here D = ∂
∂t + ∂

∂x; (n × n) are matrices A(x, t), S(x, t), K(x, t),

n is vector-function f (x, t), (n × n) are matrices B(x), C(x), n is

vector-function d(x) and is function Ψ(t) continuous on Ω, [0, ω],

[0, T ] accordingly.

In the present work are investigated a questions of well-posed solv-

ability to wide extent of the nonlocal boundary value problem (1)-(3).

Used the work's idea [1] introduce new unknown functions [2]

v(x, t) = ∂u
∂x(x, t) and investigation problem is reduced to the

equivalent problem for the system of hyperbolic �rst-order equa-

tions. Using method of the characteristic receive in the H =
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{(ξ, τ ) : 0 ≤ ξ ≤ ω, 0 ≤ τ ≤ T}, T > 0, ω > 0

∂ṽ

∂τ
= Ã(ξ, τ )ṽ + S̃(ξ, τ )ũ(ξ, τ ) + f̃ (ξ, τ ), (4)

B̃(ξ)ṽ(ξ, 0) + C̃(ξ)ṽ(ξ, T )+

+

T∫
0

K̃(ξ, τ )ṽ(ξ, τ )dτ = d̃(ξ), ξ ∈ [0, ω], (5)

ũ(ξ, τ ) = Ψ(τ ) +

ξ+τ∫
τ

ṽ(ζ, τ )dζ, τ ∈ [0, T ]. (6)

For the �nding solution of boundary value problem (4)�(6), an

algorithm is o�ered.

Step 0: in (4) accepting ũ(ξ, τ ) = Ψ(τ ), and solved boundary value

problem (4)-(5) we shall de�ne initial approach ṽ(0)(ξ, τ ). Using the

ṽ(ξ, τ ) = ṽ(0)(ξ, τ ) from correlation (6) �nding ũ(0)(ξ, τ ).

Step 1: we shall take in right part (4) ũ(ξ, τ ) = ũ(0)(ξ, τ ), and

solving boundary value problem (4)-(5) we shall de�ne initial approx-

imation ṽ(1)(ξ, τ ). Substituting in (6) the function ṽ(1)(ξ, τ ) found,

�nding ũ(1)(ξ, τ ).

And so on.

On step k: continuing this process we shall get

(ṽ(k)(ξ, τ ), ũ(k)(ξ, τ )).

On each step of the o�ered algorithm using the parameterization

method [3].

By �xed ũ(ξ, τ ), ξ ∈ [0, ω] the problem (4)�(5) will be problem

for equations

∂ṽ

∂τ
= Ã(ξ, τ )ṽ + G(ξ, τ ), τ ∈ [0, T ] (7)

with condition (5).
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Theorem 1. Let be boundary value problem (7), (5) for the di�er-

ential equations of the well-posed solvability. Then following approx-

imate (ṽ(k)(ξ, τ ), ũ(k)(ξ, τ )) converges to the unique solution of the

problem (4)�(6) and nonlocal boundary value problem (1)�(3) there

is well-posed solvability to the wide extent.

If solution built to the wide extent, continuously di�erentiable with

respect to x and t, that function u(x, t) has continuous partial deriva-

tives ∂u
∂t ,

∂u
∂x, D

[
∂
∂xu
]
and satis�es equation (1) for all (x, t) ∈ Ω and

conditions (2)-(3) is and classical solution nonlocal boundary value

problem (1)-(3).
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Spectral characteristic of one class of

degenerate di�erential operators

Z.T. Abdikalikova
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Let R be a set of real numbers, ᾱ = (α0, α1, · · · , αn), αi ∈ R,

i = 0, 1, ..., n, n be a natural number, |α| =
∑n

k=0 αk, I = (0, 1).

Let f : (0, 1) → R. By the set of α we de�ne the di�erential

operations Di
α and D

i
α ∗ of the order i, i = 0, 1, ...n, in the following

form:

D0
αf (t) = tα0f (t), Di

αf (t) = tαi
d

dt
tαi−1

d

dt
...
d

dt
tα0f (t), i = 1, 2, ..., n,

D0
α ∗f (t) = tαnf (t), Di

α ∗f (t) = tα0
d

dt
tα1

d

dt
...
d

dt
tαif (t), i = 1, 2, ..., n,

where all derivatives are weak derivatives [1].

Using the di�erential operations Dn
α and Dn

α ∗, we determine the

following di�erential expression:

ly = (−1)nDn
α∗D

n
αy.

Moreover, in L2(I) we determine di�erential operators An, gener-

ated by di�erential expressions ly, by the following form:

Anf = (−1)nDn
α∗D

n
αf,

where

D(An) = {f |f∈C∞(I), lim
t→1

f (k)(t) = lim
t→0

f (k)(t) = 0, k =

0, 1, ..., n−1} when |α| > n−1
2,

D(An) = {f |f∈C∞(I), lim
t→1

f (k)(t) = 0, k =

0, 1, ..., n−1; lim
t→0

f (i)(t) = 0, i = 0, 1, ..., n−l} when|α|≤n−1
2,

where l = [|α|] + 1 ([a]-whole part of the number ).

We consider questions, when the closures of operators are self-

adjoint, positively de�ned, and with a discrete spectrum.

96



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

References

[1] V. I. Burenkov, Sobolev Spaces on Domains, Teubner Texts in Mathematics,
Teubner Verlag, Stuttgart, 137 (1998), 312 pp.

[2] Z. T. Abdikalikova, R. Oinarov and L.- E. Persson, Boundedness and Com-
pactness of the Embedding between Spaces with Multiweighted Derivatives
when 1 < q < p <∞, Czechoslovak Mathematical Journal, 61, 136 (2011),7-
26, 20p.

[3] H. Tribel, Interpolation Theory. Functional Spaces. Di�erential Operators,

Moscow, ¾Mir¿. 1980.

Î ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà òåïëîîáìåíà

âðàùàþùåãîñÿ ðåãåíåðàòèâíîãî âîçäóõîïîäîãðåâàòåëÿ

è çàäà÷å èäåíòèôèêàöèè
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Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü òåðìîäèíàìè÷åñêîãî

ïðîöåññà òåïëîîáìåíà âî âðàùàþùåéñÿ ðåãåíåðàòèâíîì

âîçäóõîïîäîãðåâàòåëå (ÂÐÂÏ), îñíîâàííàÿ íà äèñêðåòèçàöèè êàê

ïàðàìåòðîâ, îïèñûâàþùèõ ñàì ïðîöåññ, òàê è ãåîìåòðè÷åñêóþ

ñòðóêòóðó áàðàáàíà ÂÐÂÏ [1]. Â îòëè÷èå îò äðóãèõ

ìîäåëåé òîãî æå ïðîöåññà, ýòîò ìîäåëü îïèñûâàåòñÿ ëèíåéíîé

äèñêðåòíîé ñèñòåìîé ñ ìîíîìèàëüíîé ìàòðèöåé, ÷òî ïîçâîëÿåò

ýôôåêòèâíî ðåøàòü çàäà÷è êà÷åñòâåííîãî ïîâåäåíèÿ è çàäà÷è

èäåíòèôèêàöèè.

Åñëè òåìïåðàòóðó â ìîìåíò âðåìåíè t â òî÷êå (x, y, z),

ïðèíàäëåæàùåé îáëàñòè, çàíèìàåìîé ÂÐÂÏ, îáîçíà÷èòü
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Θ(t, x, y, z), òî âåëè÷èíà Θ(t, x, y, z), ïîëíîñòüþ îõàðàêòåðèçóþò

ïðîöåññ òåïëîîáìåíà â áàðàáàíå ÂÐÂÏ, íî, âûïèñàòü

äèíàìè÷åñêèå óðàâíåíèÿ è íà÷àëüíî-ãðàíè÷íóþ çàäà÷ó äëÿ

Θ(t, x, y, z), ÿâëÿåòñÿ íåïðîñòîé çàäà÷åé [2]�[5].

Èñïîëüçóÿ ìåòîä óñðåäíåíèÿ íà îñíîâå çàêîíà Íüþòîíà,

âûâîäèòñÿ ñèñòåìà

x1(n + 1) = (1− ᾱ1h)x2m(n) + β̄1hq1(n),

xk(n + 1) = (1− ᾱkh)xk−1(n) + β̄khqk(n), k = 2, 3, ..., 2m,
(1)

uk(n) = qk(n)+ γ̄kh(xk(n)−qk(n)), k = 1, 2, . . . , 2m−1, 2m, (2)

ãäå xk, qk, uk � âåëè÷èíû, ñîîòâåòñòâóþùèì óñðåäíåíûì

âåëè÷èíàì òåìïåðàòóðû òâåðäîé ÷àñòè ÂÐÂÏ, âõîäÿùèõ è

âûõîäÿùèõ ãàçà è âîçäóõà ñîîòâåòñòâåííî.

Ñèñòåìà (1)�(2) ïîëó÷åíà â ðåçóëüòàòå äîâîëüíî ñèëüíûõ

óïðîùàþùèõ ïðåäïîëîæåíèé î ïðîöåññå òåïëîîáìåíà â ÂÐÂÏ.

Òåì íå ìåíåå, áëàãîäàðÿ òàêîìó óïðîùåíèþ, îíà äîïóñêàåò

äîñòàòî÷íî ïîëíûé àíàëèç è ìîæåò ñëóæèòü áàçîâîé ìîäåëüþ

äëÿ îïèñàíèÿ ðàáîòû ÂÐÂÏ.

Ââåäÿ â ðàññìîòðåíèå âåêòîðû z(n) = (x1, x2, . . . , x2m)T ,

r(n) = h(β̄1q1(n), β̄2q2(n), . . . , β̄2mq2m (n))T (ãäå T � çíàê

òðàíñïîðòèðîâàíèÿ, ïðåâðàùàþùèé âåêòîð-ñòðîêó â âåêòîð-

ñòîëáåö), ñèñòåìó (1) � (2) ìîæíî çàïèñàòü â ñòàíäàðòíîì âèäå

z(n + 1) = Az(n) + r(n), n = 0, 1, 2, . . . . (3)

Ïóñòü µ = 2m
√
α1α2 · · ·α2m . Ïðåäïîëîãàåòñÿ 0 < µ < 1. Òîãäà

÷èñëà ìàòðèöû A ëåæàò âíóòðè åäèíè÷íîãî êðóãà, è âñå ðåøåíèÿ

ñèñòåìû (1) � (2) àñèìïòîòè÷åñêè óñòîé÷èâû [1]. Èìååò ìåñòî

òàêæå

Òåîðåìà 1. a) åñëè ïîñëåäîâàòåëüíîñòü r(n) îãðàíè÷åíà

(ñòðåìèòñÿ ê ïðåäåëó r∗ ïðè n → ∞), òî âñå ðåøåíèÿ
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òàêæå îãðàíè÷åíû (ñîîòâåòñòâåííî, ñòðåìÿòñÿ ê ïðåäåëó (E−
A)−1r∗);

b) åñëè ïîñëåäîâàòåëüíîñòü r(n) ïåðèîäè÷åñêàÿ, ò.å.

r(n + T ) ≡ r(n) äëÿ íåêîòîðîãî öåëîãî T, T ≥ 2, òî

ñóùåñòâóåò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå (ïåðèîä

êîòîðîãî ñîâïàäàåò ñ T );

c) åñëè ñðåäíèå ïî ×åçàðî Rn = 1
n[r(0) + r(1) + · · · + r(n −

1)] èìåþò ïðåäåë R∗, òî äëÿ êàæäîãî ðåøåíèÿ z(n) ñðåäíèå ïî

×åçàðî Zn = 1
n[z(1) + z(2) + · · · + z(n)] òàêæå èìåþò ïðåäåë

(ðàâíûé (E − A)−1R∗).

Ïóñòü rn = r = const. Çàìåíà yn = zn − z0 ïðèâåäåò (3) ê

ñèñòåìå

yn+1 = Ayn + t, y0 = 0,

ãäå t = r − (E − A)z0.

Ïóñòü

Y = [y1, y2, . . . , y2m], B = [t− y2, t− y3, ..., t− y2m+1].

� (2m × 2m)-ìàòðèöû. Òîãäà öåïî÷êà ðàâåíñòâ y1 = t, y2 =

Ay1 + t, . . . , y2m = Ay2m−1 + t çàïèøåòñÿ â âèäå AY = B

Òåîðåìà 2. Ïóñòü âåêòîð t = (t1, t2, . . . , t2m) âûáðàí òàê, ÷òî

tk = 1 äëÿ k = 1 è k = m+ 1 è tk = 0 äëÿ îñòàëüíûõ çíà÷åíèé k.

Òîãäà åñëè ∆ = αm . . . α2α1 − α2m . . . αm+2αm+1 6= 0, òî ìàòðèöà

Y îáðàòèìà.

Òàêèì îáðàçîì, òåîðåìà 1 äà¼ò ðåøåíèå çàäà÷è

èäåíòèôèêàöèè: A = Y −1B.
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Æàíó òåîðèÿñûíàí êåëåñi ñûçû©òû åìåñ ïàðàáîëàëû©

òå­äåóãå ©îéûë¡àí êåði åñåïòi ©àðàñòûðàéû©

∂

∂t
(|u|p−2u)−∆(|u|p−2u) + a(x, t, u,∇u) =

|u|qu + f (t)ω(x), x ∈ Ω, t > 0, (1)

u(x, 0) = u0(x), x ∈ Ω, (2)
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u|∂Ω×(0,∞) = 0, (3)∫
Ω

|u|p−2u · ω dx = 1, t > 0. (4)

Ì´íäà¡û Ω ⊂ Rn, n ≥ 1 øåíåëãåí îáëûñ, ∂Ω øåêàðàñû æàòû©

òåãiñ, p æºíå q î­ ò´ðà©òûëàð, q > p − 2, p > 2. Àë ω(x)

ôóíêöèÿñû êåëåñi øàðòòàðäû ©àíà¡àòòàíäûðàäû:∫
Ω ω

2(x)dx = 1,ω ∈ H2(Ω)
⋂
H0

1(Ω)
⋂
Lp+q
p−1

(Ω), p ≥ 2, q > p −
2. (À1)

(1) òå­äåóäi, (2) áàñòàï©û øàðòòû, (3) øåêàðàë© øàðòòû

æºíå èíòåãðàëäû© ©îñûìøà (4) øàðòòû ©àíà¡àòòàíäûðàòûí

{u(x, t), f (t)} ôóíêöèÿëàðûí ©àëïûíà êåëòiðó åñåái, á´ë åñåïòi­

áåðiëãåíäåði êåëåñi êåëiñiì øàðòûí ©àíà¡àòòàíäûðóû òèiñ∫
Ω

|u0|p−2u0 · ω dx = 1,

u0 ∈ H1
0(Ω)

⋂
Lp(Ω)

⋂
Lp+q(Ω)

∫
Ω

|u0|p−2u0 · ω dx = 1,

u0 ∈ H1
0(Ω)

⋂
Lp(Ω)

⋂
Lp+q(Ω)

æºíå M1 > 0, M2 > 0 ò´ðà©òûëàðû ³øií

|a(x, t, u,∇u)| ≤M1|∇(|u|p−2u)| + M2|u|p−1. (À3)

Òåîðåìà 1. (À1)-(À3) øàðòòàðû îðûíäàëñûí æºíå

‖u0‖ > 0, ñîíûìåí áiðãå u0 áàñòàï©û ôóíêöèÿñû áåëãiëi

áið øàðòòû ©àíà¡àòòàíäûð¡àíäà, (1)-(4) êåði åñåïòi­ øåøiìi

t1 ≡ t1(p, q, α, u0, ω) <∞ óà©ûòûíäà ©èðàéäû

ψ(t) =
1

2(p− 1)

∫ t

0

∫
Ω

|u|2(p−1)dxdτ + C3 →∞, t→ t1.
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Á´ë æ´ìûñòà ñûçû©òû åìåñ ïàðàáîëàëû© òå­äåóãå ©îéûë¡àí

êåði åñåïòi­ øåøiìi t → ∞ îíû­ íîðìàñû í°ëãå ´ìòûëàòûíû

çåðòòåëäi.

Ñûçû©òû åìåñ ïàðàáîëàëû© òå­äåóãå ©îéûë¡àí êåði åñåïòi

©àðàñòûðàéû©:

∂

∂t
(|u|p−2u)−∆(|u|p−2u) = |u|qu + f (t)ω(x), x ∈ Ω, t > 0, (1)

u(x, 0) = u0(x), x ∈ Ω, (2)
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u|∂Ω×(0,∞) = 0, (3)∫
Ω

|u|p−2u · ω dx = φ(t), t > 0. (4)

Ì´íäà¡û Ω ⊂ Rn, n ≥ 1 øåíåëãåí îáëûñ, ∂Ω øåêàðàñû

æàòû© òåãiñ, p æºíå q î­ ò´ðà©òûëàð. Àë ω(x) ôóíêöèÿñû êåëåñi

øàðòòàðäû ©àíà¡àòòàíäûðàäû:∫
Ω

ω2(x)dx = 1,

ω ∈ H2(Ω) ∩H1
0(Ω) ∩ Lp+q

p−1
(Ω), p ≥ 2, q > p− 2. (5)

(1) òå­äåóäi, (2) áàñòàï©û øàðòòû, (3) øåêàðàëû© øàðòòû

æºíå èíòåãðàëäû© ©îñûìøà (4) øàðòòû ©àíà¡àòòàíäûðàòûí

{u(x, t), f (t)} ôóíêöèÿëàðûí ©àëïûíà êåëòiðó åñåái, á´ë åñåïòi­

áåðiëãåíäåði êåëåñi êåëiñiì øàðòûí ©àíà¡àòòàíäûðóû òèiñ

∫
Ω

|u0|p−2u0 · ωdx = φ(0), u0 ∈ H1
0(Ω) ∩ Lp(Ω) ∩ Lp+q(Ω). (6)

Òåîðåìà 1. (5)-(6) øàðòòàðû îðûíäàëñûí æºíå φ, φ'

ôóíêöèÿëàðû [0,+∞) àðàëû¡ûíäà ³çiëiññiç ºði t → ∞ í°ëãå

´ìòûë¡àíäà, îíäà

lim
t→∞

[∫
Ω

|∇(|u|p−2u)|2dx +

∫
Ω

|u|p+qdx
]

= 0.
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On solvability of a second-order nonlinear

di�erential equation
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Existence and smoothness of solutions for nonlinear di�erential

equations have been investigated for the Sturm-Liouville equation in

unbounded domain in [2,3]. The nonlinear Sturm-Liuville operator

Ly = −y′′ + q(x, y)y

in space L1(R) was considered in [1].

We consider the following nonlinear di�erential equation

Ly = −y′′ + [r(x, y)]y′ = f (x), (1)

where x ∈ R, r is real-valued function and f ∈ L2(R).

De�nition 1. A function y ∈ L2(R) is called a solution of (1),

if there is a sequence of twice continuously di�erentiable functions

{yn}∞n=1 such that ‖θ(yn − y)‖2 → 0, ‖θ(Lyn − f )‖2 → 0 as n→∞
for any θ ∈ C∞0 (R). Here ‖ · ‖2 is a norm in L2(R).
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Theorem 1. Let the function r be continuously di�erentiable with

respect to both arguments and for any A > 0 satisfy the following

conditions

r ≥ δ0(1 + x2) (δ0 > 0),

sup
|x−η|≤1

sup
|C1|≤A,|C2|≤A,|C1−C2|≤A

r(x,C1)

r(η, C2)
<∞.

Then there is a solution y of the equation (1) and

‖y′′‖2 + ‖[r(·, y)]y′‖2 <∞.
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Solution of the homogeneous thermal problem

with the boundary moving by law of t = x2
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We consider the �rst boundary value problem of heat conduction

in the degenerating domain (domain with a moving boundary; the

boundary of the domain is moving with variable speed): In the do-

main G =
{

(x; t) : t > 0, 0 < x <
√
t
}

to �nd a solution to the

heat equation
∂u

∂t
= a2∂

2u

∂x2
, (1)

satisfying the boundary conditions:

u(x, t)|x=0 = 0, u(x, t)|x=
√
t = 0. (2)

Such problems in the domain Q = {(x; t) : t > 0, 0 < x < t}
are investigated in work [1].

We denote by Cγ(R+) Banach space of functions ϕ(t) ∈ C(R+),

with �nite norm

‖ϕ‖γ = max |tγϕ(t)|, γ = const.

The following theorem holds.

Theorem 1. For all λ ∈ Λ there is a number s such that the

functions ϕ(t) = Cts, where C = const in the space C−s(R+) are

eigenfunctions of equation ϕ(t) − λ
t∫

0

K(t, τ )ϕ(τ ) = 0. In the space

C−s(R+) all eigenvalues of equation ϕ(t)− λ
t∫

0

K(t, τ )ϕ(τ ) = 0, are

simple.
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From the theorem and remark it follows that for λ = 1 equation

ϕ(t) − λ
t∫

0

K(t, τ )ϕ(τ ) = 0, has eigenfunction ϕ(t) = C = const,

and initial equation ψ(t) −
t∫

0

k(t, τ ) ψ(τ ) dτ = 0, has eigenfunction

ψ(t) =
C√
t
.
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On degenerate boundary conditions for operator D3
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Consider the following problem for operator D4:

y′′′(x) = λ y(x) = s3 y(x), x ∈ [0, 1] (1)

Uj(y) =

3∑
k=0

ajk y
(k−1)(0) +

3∑
k=0

aj k+n y
(k−1)(1) = 0, (2)

j, k = 1, 2, 3.

It is known [1, P. 26] that if the coe�cients of an ordinary linear

di�erential equation are continuous on [0,1], then for the spectrum
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of the problem (1), (2) the following two possibilities occur: 1) there

exist at most a countable number of eigenvalues such that do not

have limit points in C; 2) every λ ∈ C is an eigenvalue.

The problems with nonseparated boundary conditions for case 1)

have been fairly well studied. The degenerate case 2) has been studied

little (The boundary conditions are called degenerate if the charac-

teristic determinant of corresponding eigenvalue problem is constant

[2, p. 29]). It is well known, perhaps, only an example for di�eren-

tial operator of any even order for which the spectrum �lls the entire

complex plane [3] (see also [4]). Recently in [5] it is shown that there

exist similar di�erential operators of any odd order. However, in con-

nection with this, another question arises: are there other examples

of such operators? For operator D3 we prove that other examples

don't exist.

The common form for degenerate boundary conditions for the op-

erator D3 is found. It is shown that the matrix for coe�cients of

degenerate boundary conditions has a two diagonal form. The el-

ements of the �rst diagonal are units. The elements of the second

diagonal are square roots of a number. It is proved that the character-

istic determinant is identically equal to zero if and only if the matrix

of coe�cients of boundary conditions has a two diagonal form. The

elements of the �rst diagonal are units. The elements of the second

diagonal are square roots of minus one.

This work was supported by the program ¾Leading Scienti�c

Schools¿ (project No. 7461.2016.1) and by the Russian Foundation

for Basic Research (project No. 15-01-01095_a).
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On a di�erence scheme for regular heat

transfer boundary-value problem
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We study a new method of solving non-local problems for the heat

equation with �nite di�erence method.

In Ω = {(x, t), 0 < x < 1, 0 < t < T} we consider a problem
of �nding a solution u(x, t) of the heat equation

ut(x, t)− uxx(x, t) = f (x, t), (1)

satisfying the initial condition

u(x, 0) = φ(x), 0 ≤ x ≤ 1, (2)
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and the boundary conditions of the general form{
a1ux(0, t) + b1ux(1, t) + a0u(0, t) + b0u(1, t) = 0,

c1ux(0, t) + d1ux(1, t) + c0u(0, t) + d0u(1, t) = 0.
(3)

The coe�cients ak, bk, ck, dk, (k = 1, 2) of the boundary conditions

are real numbers, and φ(x), f (x, t) are given functions.

The main important feature of these problems is their non-self-

adjointness. This non-self-adjointness causes major di�culties in

their analytical and numerical solving. The problems, which bound-

ary conditions do not possess strong regularity, are less studied. One

of the �rst problems of this type known as a problem of Samarskiy-

Ionkin was investigated by N.I. Ionkin, A.V. Gulin, A.Yu. Mokin, A.

Ashyralyev, M. Ismailov, M. Sadybekov and others.

The scope of study of the report justi�es possibility of building

a stable di�erence scheme with weights for abovementioned type of

problems. The corresponding di�erence schemes do not have the

property of self-adjoint.

Some Problems of these types was considered in our work [1].

The authors were supported by the grant no. 0824/GF4 of the

Ministry of Education and Science of Republic of Kazakhstan.
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Ëîêàëüíûå èíòåãðàëüíûå ñîîòíîøåíèÿ

êîýôôèöèåíòîâ áåçñîïðÿæåííîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Ì. Àëäàé, Ä.Ñ. Êàðàòàåâà, Ê.Ð. Ìûðçàòàåâà
ÅÍÓ èì.Ë.Í.Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail: kalbibi@mail.ru

Òåîðèÿ îñöèëëÿöèè êàê âàæíàÿ ñîñòàâíàÿ ÷àñòü ñîâðåìåííîé

êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé áåðåò íà÷àëî

ñ ðàáîò Øòóðìà, êîòîðûé ââåë ïîíÿòèå îñöèëëÿòîðíîãî

óðàâíåíèÿ êàê óðàâíåíèÿ, ëþáîå ðåøåíèå êîòîðîãî èìååò

áåñêîíå÷íî ìíîãî íóëåé, è äîêàçàë ñâîè èçâåñòíûå òåîðåìû

ñðàâíåíèÿ è ðàçäåëåíèÿ íóëåé.

Äëÿ ëèíåéíîãî ñëó÷àÿ À.Êíåçåð(A.Kneser),

Ó.Ëåéòîí(W.Leighton), Ì.Ìîðñ(M.Morse), À.Óèíòíåð(A.Wintner),

Ô.Õàðòìàí(P.Hartman) [1] è äðóãèå èññëåäîâàòåëè ïîëó÷èëè

êðèòåðèè îñöèëëÿöèè , êîòîðûå íàøëè îáîáùåíèÿ äëÿ

íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà, â

÷àñòíîñòè ïîëóëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî

ïîðÿäêà [2,3](
ρ(t) |y′(t)|p−2

y′(t)
)′

+ υ(t) |y(t)|p−2 y(t) = 0 (1)

1 < p <∞, ρ : I → R, υ : I → R íåïðåðûâíûå ôóíêöèè,

ïðè÷åìρ(t) > 0 íà I .

Ìíîãèå ðåçóëüòàòû äàíû â òåðìèíàõ óðàâíåíèÿ áåç

ñîïðÿæåííûõ òî÷åê, òî åñòü óðàâíåíèÿ, ëþáîå íåíóëåâîå ðåøåíèå

êîòîðîãî èìååò íà çàäàííîì èíòåðâàëå íå áîëåå îäíîãî íóëÿ.

Â èçâåñòíûõ ðàáîòàõ [4] ïîëó÷åííûå óñëîâèÿ îñöèëëÿòîðíîñòè

è íåîñöèëëÿòîðíîñòè óðàâíåíèÿ âûðàæàþòñÿ ÷åðåç ãëîáàëüíûå

èíòåãðàëüíûå õàðàêòåðèñòèêè êîýôôèöèåíòîâ ρ è υ.

Â äàííîé ñòàòüå, îïèðàÿñü íà ðàáîòû Îéíàðîâà Ð [5],
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Îéíàðîâà Ð, Ìûðçàòàåâîé Ê.Ð. [6], ïîëó÷åíû ïðèçíàêè óðàâíåíèé

áåç ñîïðÿæåííûõ òî÷åê êàê ïîëóëèíåéíîãî òàê è ëèíåéíîãî

äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â òåðìèíàõ

ñîîòíîøåíèÿ îòðèöàòåëüíîé è ïîëîæèòåëüíîé ÷àñòè ôóíêöèè υ

è å¼ ëîêàëüíîãî èíòåãðàëüíîãî ïîâåäåíèÿ.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

υ(t) = δ(t)− θ(t), δ(t) > 0, θ(t) > 0, ∀t ∈ I. 1

p
+

1

q
= 1

d+(t) = sup

d > 0 :

(∫ t+d

t

ρ1−q(s)ds

)1
q
(∫ t+d

t

θ(s)ds

)1
p

≤ 1

 ,

[t, t + d] ⊂ I,

d−(t) = sup

d > 0 :

(∫ t

t−d
ρ1−q(s)ds

)1
q
(∫ t

t−d
θ(s)ds

)1
p

≤ 1

 ,

[t− d, t] ⊂ I.

Ïîëîæèì

∆+(t) = [t, t + d+(t)], ∆−(t) = [t− d−(t), t],

Bp =
(
pq−1q + 1

)p−1 × sup
a<t<b

(∫
∆−(t)

ρ1−q(s)ds

)p−1 ∫
∆+(t)

δ(s)ds.

Äàëåå ïðåäïîëîæèì, ÷òî I = [a, b), −∞ < a < b ≤ +∞, è
äëÿ ëþáîãî t ∈ (a, b)∫ b

t

ρ1−q(s)ds =∞, 0 <

∫ b

t

θ(s)ds ≤ ∞ (2)

Òåîðåìà [6]. Ïóñòü 1 < p < ∞ è âûïîëíåíû óñëîâèÿ (2).

Åñëè 2Bp < 1, òî óðàâíåíèå (1) ÿâëÿåòñÿ óðàâíåíèåì áåç

ñîïðÿæåííûõ òî÷åê íà èíòåðâàëå (a, b).
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Òåîðåìà 1. Ïóñòü 1 < p <∞, âûïîëíåíû óñëîâèÿ (2). Åñëè

sup
a<t<b

[(∫
∆−(t)

θ(s)ds

)−1

·
(∫

∆+(t)

δ(s)ds

)]1
p

1

2
min

{(
1

p

)1
p
(

1

q

)1
q

,

(
1

2

)1
q

}

òî óðàâíåíèå (1) ÿâëÿåòñÿ óðàâíåíèåì áåç ñîïðÿæåííûõ òî÷åê

íà(a, b).

Ñëåäñòâèå. Ïóñòü âûïîëíåíû óñëîâèÿ (2) ïðè p = 2. Åñëè

âûïîëíåíî óñëîâèå:

sup
a<t<b

[(∫
∆−(t)

θ(s)ds

)−1

·
(∫

∆+(t)

δ(s)ds

)]1
2

<
1

4
,

òî óðàâíåíèå (1) ïðè p = 2 ÿâëÿåòñÿ óðàâíåíèåì áåç

ñîïðÿæåííûõ òî÷åê íà (a, b).
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Òðàíñïîðòíûå êðàåâûå çàäà÷è òåîðèè óïðóãîñòè

ïðè ñâåðõçâóêîâûõ íàãðóçêàõ è èõ ðåøåíèÿ

Ë.À. Àëåêñååâà

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ,
Àëìàòû, Êàçàõñòàí

e-mail: alexeeva@math.kz

Â ñòàòüå àâòîðà [1] áûëè ðåøåíû òðàíñïîðòíûå êðàåâûå çàäà÷è

äëÿ èçîòðîïíîé óïðóãîé ñðåäû, îãðàíè÷åííîé öèëèíäðè÷åñêîé

ïîâåðõíîñòüþ, ïî êîòîðîé ñ ïîñòîÿííîé äîçâóêîâîé ñêîðîñòüþ

äâèæåòñÿ íàãðóçêà, âèä êîòîðîé íå ìåíÿåòñÿ ñ òå÷åíèåì âðåìåíè

(òðàíñïîðòíàÿ íàãðóçêà). Äàííûé êëàññ çàäà÷ ÿâëÿåòñÿ ìîäåëü-

íûì äëÿ äèíàìèêè ïîäçåìíûõ ñîîðóæåíèé, òèïà òðàíñïîðòíûõ

òîííåëåé, à òàêæå íàçåìíîãî äîðîæíîãî òðàíñïîðòà, è ñâîäèòñÿ

ê ðåøåíèþ ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû óðàâíåíèé

Ëàìå â ïîäâèæíîé ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ òðàíñïîðòíîé

íàãðóçêîé.

Çäåñü ðàññìàòðèâàåòñÿ àíàëîãè÷íàÿ çàäà÷à, íî â

ñâåðõçâóêîâîì ñëó÷àå, êîãäà ñêîðîñòü íàãðóçêè áîëüøå ñêîðîñòåé

ðàñïðîñòðàíåíèÿ ïðîäîëüíûõ è ïîïåðå÷íûõ âîëí â óïðóãîé ñðåäå.

Ïîñòàâëåíà ñîîòâåòñòâóþùàÿ ãèïåðáîëè÷åñêàÿ êðàåâàÿ çàäà÷à,

äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ ñ ó÷åòîì óäàðíûõ âîëí. Íà

îñíîâå ìåòîäà îáîáùåííûõ ôóíêöèé ïîëó÷åíî åå îáîáùåííîå

ðåøåíèå, ïðîâåäåíà åãî ðåãóëÿðèçàöèÿ è äàíî åå ðåãóëÿðíîå

èíòåãðàëüíîå ïðåäñòàâëåíèå. Ïîñòðîåíû ñèíãóëÿðíûå ãðàíè÷íûå
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èíòåãðàëüíûå óðàâíåíèÿ, ðàçðåøàþùèå ïîñòàâëåííóþ çàäà÷ó.

1.Ïîñòàíîâêà òðàíñïîðòíîé êðàåâîé çàäà÷è. Ïóñòü

óïðóãàÿ èçîòðîïíàÿ ñðåäà çàíèìàåò îáëàñòü D− ⊂ R3,

îãðàíè÷åííóþ ãëàäêîé öèëèíäðè÷åñêîé ïîâåðõíîñòüþ Ëÿïóíîâà

D, îáðàçóþùèå êîòîðîé ïàðàëëåëüíû îñè Z. Ìíîæåñòâî S− ⊂ R2

ïåðïåíäèêóëÿðíîå ñå÷åíèå D−, S - åãî ãðàíèöà: D− = S− ×
Z, D = S × Z, n(x) - åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê D,

D+ = S × Z+, Z+ = {z ∈ R1 : z ≥ 0}.
Ïóñòü íà D çàäàíû òðàíñïîðòíûå íàãðóçêè, äâèæóùèåñÿ ñî

ñêîðîñòüþ c :

P (x1, x2, x3 + ct) = P (x, z) = σijniej = pj(x, z)ej θ(z), (1)

äëÿ x ∈ S, j = 1, 2, 3. θ(z) - ôóíêöèÿ Õåâèñàéäà, σij- òåíçîð

íàïðÿæåíèé, pj(x, z) ∈ L1(D+) .

Â ïîäâèæíîé ñèñòåìå êîîðäèíàò äëÿ ïåðåìåùåíèé u =

uj(x, z)ej èìååì

Òðàíñïîðòíûå óðàâíåíèÿ Ëàìå((
M−2

1 −M−2
2

) ∂2

∂x′i∂′xj
+

(
M−2

2 ∆− ∂2

∂x′23

)
δij

)
uj + gi = 0. (2)

Çäåñü Mj = c/cj - ÷èñëà Ìàõà, ñ- ñêîðîñòü òðàíñïîðòíîé

íàãðóçêè, c1, c2 - ñêîðîñòè ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí

äèëàòàöèè è ñäâèãà ñîîòâåòñòâåííî, c1 > c2 ( ïî îäíîèìåííûì

èíäåêñàì â ïðîèçâåäåíèÿõ âñþäó òåíçîðíûå ñâåðòêè).

Ðàññìàòðèâàåòñÿ ñâåðõçâóêîâîé ñëó÷àé: c > c1. Ïðè òàêèõ

ñêîðîñòÿõ äâèæåíèÿ ñèñòåìà (1) ãèïåðáîëè÷åñêîãî òèïà, äîïóñ-

êàåò ðàçðûâíûå ïî ïðîèçâîäíûì ðåøåíèÿ [2]. Íà ôðîíòàõ

óäàðíûõ âîëí, ðàñïðîñòðàíÿþùèõñÿ ñî çâóêîâûìè ñêîðîñòÿìè

c1, c2, íàïðÿæåíèÿ è ñêîðîñòè ïåðåìåùåíèÿ ñðåäû ðàçðûâíû. Â

ïîäâèæíîé ñèñòåìå êîîðäèíàò óñëîâèÿ íà ñêà÷êè íàïðÿæåíèé è

ïåðìåùåíèé èìþò âèä :

hj[ σij]Fk = −ρ c ck [ui,z]Fk (3)

115



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

ρ - ïëîòíîñòü ñðåäû, h = hkj (x, z)ej - âîëíîâîé âåêòîð íà Fk.

Ïðè z ≤ 0, x ∈ S + S− : u(x, 0) = 0, u,z (x,−0) = 0. Ïðè

(x, z) ∈ D− + D,

‖(x, z)‖ → ∞: uj → 0, ∃ε > 0 : ‖∂ju‖ < O(‖(x, z)‖1+ε), j =

1, 2, z.

Ïîñòðîåí çàêîí ñîõðàíåíèÿ ýíåðãèè äëÿ ýòîé êðàåâîé çàäà÷è è

íà åãî îñíîâå äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ ñ ó÷åòîì óäàðíûõ

âîëí [3,4].

2. Ðåøåíèå òðàíñïîðòíîé êðàåâîé çàäà÷è. Äëÿ

ðåøåíèÿ çàäà÷è èñïîëüçóåòñÿ ìåòîä îáîáùåííûõ ôóíêöèé

(ÌÎÔ), îñíîâíûå èäåè êîòîðîãî ïîäðîáíî èçëîæåíû àâòîðîì

â [5] íà ïðèìåðå òðàíñïîðòíûõ êðàåâûõ çàäà÷ äëÿ âîëíîâîãî

óðàâíåíèÿ Äàëàìáåðà. ÌÎÔ ïîçâîëÿåò çàïèñàòü óðàâíåíèÿ (1)

â ïðîñòðàíñòâå ÎÔ ñ ñèíãóëÿðíîé ìàññîâîé ñèëîé, ñîäåðæà-

ùåé ïðîñòûå è äâîéíûå ñëîè, ïëîòíîñòè êîòîðûõ îïðåäåëÿ-

þòñÿ ãðàíè÷íûìè çíà÷åíèÿìè íàïðÿæåíèé è ïåðåìåùåíèé.

Èñïîëüçóÿ ñâîéñòâà ôóíäàìåíòàëüíîãî ðåøåíèÿ (1) - òåíçîðà

Ãðèíà U j
i (cì.[2,4]), ñòðîèòñÿ ðåøåíèå êðàåâîé çàäà÷è â

ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé. Ïåðåõîä ê èíòåãðàëüíîìó

ïðåäñòàâëåíèþ ðåøåíèÿ òðåáóåò îïðåäåëåííîé ðåãóëÿðèçàöèè

ïîëó÷åííîãî îáîáùåííîãî ðåøåíèÿ ñ ââåäåíèåì ïåðâîîáðàçíîé

òåíçîðà Ãðèíà W j
i (x, z) ïî ïåðåìåííîé z è ïîðîæäàåìûõ èìè

òåíçîðîâ ôóíäàìåíòàëüíûõ íàïðÿæåíèé T ji , H
j
i . Íà îñíîâå

ðåãóëÿðèçîâàííîé ôîðìóëû â ïðîñòðàíñòâå ÎÔ ïîñòðîåíî åå

ðåãóëÿðíîå èíòåãðàëüíîå ïðåäñòàâëåíèå, êîòîðîå äàåò ðåøåíèå

êðàåâîé çàäà÷è, îïðåäåëÿþùåå ïåðåìåùåíèå ñðåäû ïî ãðàíè÷íûì

çíà÷åíèÿì ñêîðîñòè ïåðåìåùåíèé è ãðàíè÷íûì òðàíñïîðòíûì

íàãðóçêàì (ñì.[4]). Â ÷àñòíîñòè, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïðè c > c1 ðåøåíèå òðàíñïîðòíîé êðàåâîé çàäà÷è

èìååò ðåãóëÿðíîå èíòåãðàëüíîå ïðåäñòàâëåíèå â âèäå: ïðè
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(x, z) ∈ D−

ρc2ui(x, z) =

2∑
k=1

∫
S

θ(z −mkr)dS(y)×

×
z−mkr∫

0

(
U j
ik(x− y, z − τ )pj(y, τ )−

− Hj
ik(x− y, z − τ, n(y))∂τuj(y, τ )

)
dτ

Çäåñü U j
i = U j

i1 + U j
i2 - ñîñòàâëÿþùèå, îïèñûâàþùèå îáúåìíûå

è ñäâèãîâûå äåôîðìàöèè óïðóãîé ñðåäû; r = ‖x − y‖, mk =√
M 2

k − 1.

Èññëåäóÿ àñèìïòîòè÷åñêèå ñâîéñòâà ÿäåð, ïîñòðîåíà

ðàçðåøàþùàÿ ñèñòåìà ñèíãóëÿðíûõ ãðàíè÷íûõ èíòåãðàëüíûõ

óðàâíåíèé äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ãðàíè÷íûõ ïåðåìå-

ùåíèé ñðåäû [4].
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Let Rn be n-dimensional euclidean space of the points x =

(x1, x2, ..., xn), B (a, r) : = {x ∈ Rn: |x− a| ≤ r} be a closed ball

in Rn of radius r > 0 centered at the point a ∈ Rn, N be a set of

all natural numbers, ν = (ν1, ν2, ..., νn), where ν1, ν2, ..., νn are non-

negative integers. Denote by Lloc (Rn) the totality of all functions

local summable in Rn .

For f ∈ Lloc (Rn) we assume

Hf (δ) := sup
0<r≤δ
x∈Rn

∫
Rn

Pr (x− t) |f (t)− Prf (x)| dt δ > 0,

where Pr (x) := r−nP
(
x
r

)
(r > 0), Prf (x) := (Pr ∗ f ) (x) =∫

Rn Pr (x− t) f (t) dt.

Hf (δ) is said to be a harmonic oscillation modulus (see. [3], [11]). In

the paper [11] it is shown that Hf (δ) ≈ H1,1
f (δ) (δ > 0), where the

constants with respect to ¾≈¿ are independent of f and δ.

Let f ∈ Lloc (Rn), α > 0, k ∈ N , ϕ ∈ Ψk. We will use the

following denotation
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Ak,α
ϕ,θ (f ) :=

∫ ∞
0

(
Hk,α
f (t)

ϕ (t)

)θ
dt

t

1
θ

for 1 ≤ θ <∞.

Let ϕ ∈ Ψk, k ∈ N , 1 ≤ θ ≤ ∞, α > 0, k < α + 1. De-

note by HOk,α
ϕ,θ the totality of all functions f ∈ Lloc (Rn) for which

Ak,α
ϕ,θ < +∞. We can verify that HOk,α

ϕ,θ is a linear space. As for any

polynomial π ∈ Pk−1 and for arbitrary ball B from Rn the equality

Ωk,α (π,B) = 0 is ful�lled, then we identify f ∈ HOk,α
ϕ,θ with the

function f +π, where π ∈ Pk−1. Therefore, we can consider the class

HOk,α
ϕ,θ as a subset in the factor-space Lloc(Rn) /Pk−1. We introduce

the norm in this class by the equality

‖f‖
HO

k,α
ϕ,θ

:= Ak,α
ϕ,θ.

We introduce also the following denotation

HOϕ,θ := {f ∈ Lloc (Rn) : Aϕ,θ (f ) < +∞} ,

‖f‖HOϕ,θ := Aϕ,θ (f ) ;

HOϕ := {f ∈ Lloc (Rn) : Aϕ (f ) < +∞} ,
‖f‖HOϕ := Aϕ (f ) .

If we take into account Hf (δ) ≈ H1,1
f (δ) (δ > 0), then from de�-

nitions we get the following relations

1) HO1,1
ϕ,θ = HOϕ,θ and their norms are equivalent;

2) HOϕ,∞ = HOϕ and their norms are equivalent.

Consider a singular integral operator:

Akf (x) = lim
ε→+0

∫
Rn

{Kε(x− y)

=

 ∑
|ν|≤k−1

xν

ν!
DνK (−y)

X{|t|>1} (y)

 f (y) dy
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where

K (x) = ω (x)·|x|−n ,
∫
Sn−1

ω (x) ds = 0, Kε (x) = K (x)·X{|t|>ε} (x) ,

ω(x) is a homogeneous function of power 0, X{|t|>ε} is a characteristic

function of the set {t ∈ Rn : |t| > ε}, Sn−1 is a unit sphere in the

euclidean space Rn; we assume that for k = 1 the function K (x) is

di�erentiable and has bounded partial derivatives of �rst order, and

for k > 1 the function K (x) is k times continuously di�erentiable

on the sphere Sn−1; ν = ( v1, v2, ..., vn ) , v1, v2, ..., vn are entire non-

negative numbers, |ν| = v1 + v2 + ... + vn , v! = v1!v2!...vn! k ∈ N,

Dvf :=
∂|v|f

∂xv11 ∂x
v2
2 ...∂x

vn
1n

.

Theorem 1. Let α > 0, k ∈ N , k < α + 1, 1 ≤ θ ≤ ∞, µ =

min {α, k}, ϕ ∈ Zµ. Then the operator Ak boundedly acts in the

space HOk,α
ϕ,θ .
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We consider a linear multi-point boundary value problem for the

Volterra integro-di�erential equations of second order

d2x

dt2
= A1(t)

dx

dt
+ A2(t)x

+

∫ t

0

K1(t, s)
dx(s)

ds
ds +

∫ t

0

K2(t, s)x(s)ds + f (t), t ∈ (0, T ), (1)

m∑
i=0

{
Bij

dx(ti)

dt
+ Cijx(ti)

}
= dj, j = 1, 2, d1, d2 ∈ R, (2)

where the functions A1(t), A2(t) and f (t) are continuous on [0, T ];

the functions K1(t, s) and K2(t, s) are continuous on [0, T ] × [0, T ];

Bij and Cij are constants, i = 0,m, j = 1, 2, t0 = 0 < t1 < ... <

tm−1 < tm = T .

A solution to problem (1), (2) is a function x(t), continuous on

[0, T ], having the continuous derivatives of �rst and second order

on [0, T ], satis�es the Volterra integro-di�erential equation of second

order (1) and multi-point boundary conditions (2).

Multi-point boundary value problems for di�erential equations of

high orders with variable coe�cients arise in the mathematical mod-

eling of various processes in physics, chemistry, biology, engineering,

ecology, economics, etc. Di�erent types of problems for the ordi-

nary di�erential equations of high order are considered in the works

of many authors, the bibliography and review of investigated meth-

ods can be found in [10, 14, 16]. The greatest interest represent
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the multi-point boundary value problems for second order di�eren-

tial equations with variable coe�cients in connection with numerous

applications, for example, in the theory of beam bends, in the trans-

port of goods. Theory of Volterra and Fredholm integro-di�erential

equations belongs to the actively developing �eld of the qualitative

theory integral and di�erential equations. The questions of existence,

uniqueness and continuous dependence on the right-hand side, the ap-

proximate methods for constructing the solution of boundary value

problems for the Volterra and Fredholm integro-di�erential equations

are investigated by many authors, the review and bibliography can

be seen in [1-9, 12, 13, 15].

In present communication we investigate of a questions existence

and uniqueness solution to problem (1), (2). To reach the goal we

use the parameterization method [11]. Method is based on dividing

the interval [0, T ] into m parts and introducing the additional pa-

rameters. Linear two-point boundary value problem for Fredholm

integro-di�erential equations is investigated by the parameterization

method and its variants in [4-9].

This research is partially supported by the grant from the Ministry

of Science and Education of the Republic of Kazakhstan (Grant No.

3362/ΓΦ4).

References

[1] H. Brunner, Collocation methods for Volterra integral and related functional
equations. Cambridge University Press, Cambridge, UK, 2004.

[2] Ya.V. Bykov, Some problems in the theory of integro-di�erential equations,
Kirgiz. gos. un-t, Frunze, 1957. (in Russ.)

[3] M.K. Dauylbayev, Singularly-perturbed integro-di�erential equations, Khaz-
akh universiteti, Almaty, 1999. (in Russ.)

122



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

[4] D.S. Dzhumabaev, A method for solving the linear boundary value problem
for an integro-di�erential equation. Comput. Math. Math. Phys. 50 (2010),
no. 7., 1150�1161.

[5] D.S. Dzhumabaev, An algorithm for solving a linear two-point boundary
value problem for an integro-di�erential equation. Comput. Math. Math.
Phys. 53 (2013), no. 6., 736�758.

[6] D.S. Dzhumabaev, E.A. Bakirova, Criteria for the unique solvability of a
linear two-point boundary value problem for systems of integro-di�erential
equations. Di�er. Equ. 49 (2013), no. 9., 1087�1102.

[7] D.S. Dzhumabaev, Necessary and su�cient conditions for the solvability
of linear boundary-value problems for the Fredholm integrodi�erential equa-
tions. Ukranian Math. J. 66 (2015), no. 8., 1200�1219.

[8] D.S. Dzhumabaev, E.A. Bakirova, On unique solvability of a boundary-value
problem for Fredholm intergo-di�erential equations with degenerate kernel.
Journal of Mathematical Sciences (United States). 220 (2017), no. 4., 440�
460.

[9] D.S. Dzhumabaev, On one approach to solve the linear boundary value prob-
lems for Fredholm integro-di�erential equations. J. Comput. Appl. Math. 294
(2016), 342�357.

[10] D.S. Dzhumabaev, A.E. Imanchiev, Well-posedness of linear multi-point
boundary value problem. Mathematical journal. 5 (2005), No 1, 30�38. (in
Russ.)

[11] D.S. Dzhumabayev, Criteria for the unique solvability of a linear boundary-
value problem for an ordinary di�erential equation. USSR Comput. Math.
Math. Phys. 29 (1989), no. 1., 34�46.

[12] M.I. Imanaliev, Asymptotic methods in the theory singularly perturbed
integro-di�erential systems, AN Kirg. SSR, Frunze, 1972. (in Russ.)

[13] S. Iskandarov, The method of weight and a shearing functions and asymptotic
properties of solutions of integro-di�erential and Volterra integral equations,
Ilim, Bishkek, 2002. (in Russ.)

[14] I.T. Kiguradze, Boundary value problems for systems of ordinary di�eren-
tial equations, Sovremennye problemy matematiki. Noveishie dostijeniya, 30,
Nauka, Moscow, 1987. (in Russ.)

123



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

[15] V. Lakshmikantham, M. Rama Mohana Rao, Theory of Integro-Di�erential
Equations. Gordon and Breach Science Publishers, Lausanne, 1995.

[16] A.M. Samoilenko, V.N. Laptinskii, K.K. Kenzhebayev, Constructive methods

of investigation of periodic and multipoint boundary value problems, Proceed.

of Institute of Mathematics of NAS of Ukraine, IM of NASU, Kiev, 29, 1999.

(in Russ.)

AMS Mathematics Subject Classi�cation: 34K06, 35K07, 34K10, 45J05.

Î ðàçðåøèìîñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ñ íåîãðàíè÷åííûì êîýôôèöèåíòîì ñíîñà

Ä.Ð. Áåéñåíîâà

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí
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Â ðàáîòå èññëåäóåòñÿ óðàâíåíèå

ly = −y′′ + r(x)y′ + q(x)ȳ′ + s(x)y + p(x)ȳ = f, (1)

ãäå f ∈ L2(R), y = y1 + iy2, ȳ = y1 − iy2.

Ïóñòü ‖g‖2,(a, b) - íîðìà â L2(a, b). Äëÿ çàäàííûõ íåïðåðûâíûõ

ôóíêöèé g è h 6= 0 îáîçíà÷èì

αg,h(t) = ‖g‖2,(0, t)

∥∥h−1
∥∥

2,( t,+∞)
(t > 0),

βg,h(τ ) = ‖g‖2,(τ, 0)

∥∥h−1
∥∥

2,(−∞, τ)
(τ < 0),

γg,h = max

(
(sup
t>0

αg,h(t), sup
τ<0

βg,h(τ ))

)
.

Ôóíêöèþ y ∈ L2 íàçîâåì ðåøåíèåì óðàâíåíèÿ (1), åñëè

ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {yn}+∞
n=1 ⊂ C

(2)
0 (R) äâàæäû
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íåïðåðûâíî äèôôåðåíöèðóåìûõ ôèíèòíûõ ôóíêöèé òàêàÿ, ÷òî

‖yn − y‖2 → 0, ‖lyn − f‖2 → 0 ïðè n→ +∞.
Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü r è q - íåïðåðûâíî äèôôåðåíöèðóåìûå, à s è

p íåïðåðûâíûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì:

à)
√
|Re r| − ω(|Im r| + |q|) ≥ 1 (1 < ω < 2),

á) γ
1+|s|+|p|,

√
|Re r| <∞.

Òîãäà óðàâíåíèå (1) äëÿ êàæäîãî f ∈ L2(R) èìååò, ïðèòîì

åäèíñòâåííîå ðåøåíèå.

Óðàâíåíèå (1) â ñëó÷àå s = p = 0 ðàññìîòðåí â [1], à êîãäà

q = p = 0 è r, s äåéñòâèòåëüíîçíà÷íûå - â [2].
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Robin boundary value problem for Poisson equation
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The two basic boundary value problems for the Poisson equation

are the Dirichlet and the Neumann problems. Their related fun-

damental solutions are the harmonic Green G1(z, ζ) and Neumann

N1(z, ζ) functions. A linear combination of these two boundary value

problems is the Robin problem. The related fundamental solution,

the Robin function R1;α,β(ζ, z), can be chosen as an interpolation

between the Green and the Neumann functions. For plane domains

this was done in [1] with complex notation. While the Dirichlet prob-

lem is unconditionally solvable this is in general not the case for the

other ones. In explicit form, however, this was shown only for the

unit disc. In [2] the solvability condition is given for any admissible

plane domain D.

Robin Problem Find a solution to the Poisson equation wzz =

f in D, f ∈ Lp(D;C), 2 < p satisfying αw + β∂νw =

γ on ∂D, α, β ∈ R, 0 < α2 + β2, γ ∈ C(∂D;C).

Theorem 1. For β 6= 0, the Robin problem is solvable if and only if

for z ∈ ∂D

α

4πβ

∫
∂D

γ(ζ)R1;α,β(ζ, z)dsζ −
α

4π

∫
∂D

σ(ζ)w(ζ)dsζ

+
1

4π

∫
∂D

γ(ζ){∂νzR1;α,β(ζ, z) + ∂νζG1(z, ζ)}dsζ =
σβ

π

∫
D

f (ζ)dξdη,

σ a certain density function on ∂D, the solution being then
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w(z) =
1

4πβ

∫
∂D

γ(ζ)R1;α,β(z, ζ)dsζ −
1

4π

∫
∂D

σ(ζ)w(ζ)dsζ−

−1

π

∫
D

f (ζ)R1;α,β(z, ζ)dξdη.

Theorem 2. If α 6= 0 the Robin problem is solvable if and only if on

∂D

− 1

4π

∫
∂D

γ(ζ){∂νζ [R1;α,β(z, ζ)−G1(z, ζ)] +
β

α
∂νzR1;α,β(z, ζ)}dsζ+

+
β

4πα

∫
∂D

σ(ζ)∂νw(ζ)ds =
σβ

π

∫
D

f (ζ)dξdη.

Then the solution is

w(z) = − 1

4πα

∫
∂D

γ(ζ)∂νζR1;α,β(z, ζ)dsζ+

+
β

4πα

∫
∂D

σ(ζ)∂νw(ζ)ds− 1

π

∫
D

f (ζ)R1;α,β(z, ζ)dξdη.

Remark. In case of β = 0 there is no solvability condition, as then

R1;α,0 = G1!
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Ïîñòðîåíèå ôðàêòàëüíîãî èçîáðàæåíèÿ

íà îñíîâå äèôôåðåíöèàëüíûõ óðàâíåíèé

Ì.À. Áåêòåìåñîâ
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Ôèçè÷åñêèå îáúåêòû è ìàòåìàòè÷åñêèå ñòðóêòóðû ìîãóò áûòü

ïðåäñòàâëåíû â âèäå ÷èñåë è ñèìâîëîâ â êîìïüþòåðå, à äëÿ

ìàíèïóëèðîâàíèÿ ñ íèìè â ñîîòâåòñòâèè ñ àëãîðèòìîì ìîæíî

íàïèñàòü ïðîãðàììó.

Òàê èññëåäóÿ ñâîéñòâà êîððåêòíîñòè ýâîëþöèîííûõ çàäà÷,

àâòîð îáíàðóæèë ôðàêòàëüíûå ñâîéñòâà îòíîñèòåëüíîé

ïîãðåøíîñòè ðàçëè÷íûõ êîíå÷íî-ðàçíîñòíûõ ñõåì ðåøåíèÿ

çàäà÷è Êîøè


du

dt
= λt, t ∈ (0, T )

u(0) = 1, λ = x + iy,

Ïðè ðàññìîòðåíèè ñâÿçåé ôðàêòàëîâ ñ êîððåêòíîñòüþ çàäà÷

ìàòåìàòè÷åñêîé ôèçèêè áûëî âûÿâëåíî, ÷òî ïðè îïðåäåëåííîì

öèôðîâîì êîäèðîâàíèè êàðòèíà ðàñïðåäåëåíèÿ îòíîñèòåëüíîé

ïîãðåøíîñòè óäèâèòåëüíî òî÷íî ñîâïàäàåò ñ öâåòîâîé ðàäóãîé,

ïîðîæäàåìîé ïîâåðõíîñòüþ CD êîìïàêò-äèñêà. Â äàííîé ðàáîòå

ìû ïðèâîäèì ðåçóëüòàòû ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî

àíàëèçà óêàçàííûõ ÿâëåíèé.

Ïî òðàäèöèè âñå íàó÷íûå çàêîíû îïèñûâàþòñÿ â

òåðìèíàõ îïðåäåëåííîãî ìíîæåñòâà ìàòåìàòè÷åñêèõ ôóíêöèé

è êîíñòðóêöèé, è ñâîèì ðàçâèòèåì îíè îáÿçàíû êàê

ìàòåìàòè÷åñêîé ïðîñòàòå, òàê è ñïîñîáíîñòè ñëóæèòü ìîäåëüþ

äëÿ îñíîâíûõ õàðàêòåðèñòèê èçó÷àåìîãî ÿâëåíèÿ ïðèðîäû.

Íàó÷íûé çàêîí, îïðåäåëåííûé ïðè ïîìîùè àëãîðèòìà, ìîæåò,

128



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

îäíàêî, ïðèíèìàòü ëþáóþ íåïðîòèâîðå÷èâóþ ôîðìó. Ïîýòîìó

èçó÷åíèå ìíîãèõ ñëîæíûõ ñèñòåì, êîòîðûå íå ïîääàâàëèñü

èññëåäîâàíèþ òðàäèöèîííûìè ìàòåìàòè÷åñêèìè ìåòîäàìè,

ñòàëî âîçìîæíûì ñ èñïîëüçîâàíèåì âû÷èñëèòåëüíûõ ìîäåëåé è

ïîÿâëåíèåì ìîùíûõ êîìïüþòåðîâ.

Ìàòåìàòè÷åñêîå ïîíÿòèå ôðàêòàëà âûäåëÿåò îáúåêòû,

îáëàäàþùèå ñòðóêòóðàìè ðàçëè÷íûõ ìàñøòàáîâ, êàê áîëüøèõ,

òàê è ìàëûõ, è, òàêèì îáðàçîì, îòðàæàÿ èåðàðõè÷åñêèé

ïðèíöèï îðãàíèçàöèè. Â îñíîâå ýòîãî ïîíÿòèÿ ñîäåðæèòñÿ

îäíà âàæíàÿ èäåàëèçàöèÿ äåéñòâèòåëüíîñòè: ôðàêòàëüíûå

îáúåêòû ñàìîïîäîáíû, ò.å. èõ âèä íå ïðåòåðïåâàåò ñóùåñòâåííûõ

èçìåíåíèé ïðè ðàçãëÿäûâàíèè èõ ÷åðåç ìèêðîñêîï ñ ëþáûì

óâåëè÷åíèåì [1,2].

Âî ìíîãèõ ñëó÷àÿõ ìàòåìàòè÷åñêèå ýêñïåðèìåíòû,

âûïîëíÿåìûå íà êîìïüþòåðå, ìîãóò ïîäñêàçàòü íîâûå èäåè,

êîòîðûå çàòåì äîêàçûâàþòñÿ òðàäèöèîííûìè ìàòåìàòè÷åñêèìè

ìåòîäàìè.

Òàê ñ ïîìîùüþ ñðàâíèòåëüíî íåñëîæíîé ïðîãðàììû áûëè

ïîëó÷åíû öâåòíûå êàðòèíêè îáëàñòè óñòîé÷èâîñòè ðàçíîñòíîé

çàäà÷è Êîøè â òåðìèíàõ îïåðàòîðà ïåðåõîäà â êîìïëåêñíîé

ïëîñêîñòè [3-6].

Êîìïüþòåð ìîæíî ïðåâðàòèòü â ñâîåîáðàçíûé ìèêðîñêîï è

íàáëþäàòü ñ åãî ïîìîùüþ çà ïîâåäåíèåì ãðàíèöû îáëàñòåé.

Òåîðåòè÷åñêè ìîæíî ¾ðàçãëÿäûâàòü¿ ëþáóþ ÷àñòü ìíîæåñòâà

ïðè ëþáîì óâåëè÷åíèè. Èçó÷åíèå ïîëó÷åííîé êîíôèãóðàöèè

ïðèâîäèò ê ïðåäïîëîæåíèþ, ÷òî îíà ÿâëÿåòñÿ ôðàêòàëüþ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè

ÌÎÍ ÐÊ �1746/ÃÔ4 ¾Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ

îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòåñòâîçíàíèÿ¿.
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We investigate a nonlocal boundary problem for the Laplace equa-

tion in a half-disk, with opposite �ows at the part of the boundary.

Our goal is to �nd a function u(r, θ) ∈ C0(D) ∩ C2(D) satisfying in

D the equation

∆u = 0 (1)
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with the boundary conditions

u(1, θ) = f (θ), 0 ≤ θ ≤ π, (2)

u(r, 0) = 0, r ∈ [0, 1], (3)

∂u

∂θ
(r, 0) = −∂u

∂θ
(r, π) + αu(r, π), r ∈ (0, 1) (4)

whereD = {(r, θ) : 0 < r < 1, 0 < θ < π}; α < 0; f (θ) ∈ C2[0, π],

f (0) = 0, f ′(0) = −f ′(π) + αf (π).

The di�erence of this problem is the impossibility of direct ap-

plying the Fourier method (separation of variables). Because the

corresponding spectral problem for the ordinary di�erential equation

has the system of eigenfunctions not forming a basis. A special sys-

tem of functions based on these eigenfunctions is constructed. This

system has already formed the basis. This fact is used for solving

the nonlocal boundary problem. The goal of the work is to prove

the well-posedness of the formulated problem. The existence and the

uniqueness of classical solution of the problem are proved.

Here we state our main result.

Theorem 1. If f (θ) ∈ C2[0, π], f (0) = 0, f ′(0) = −f ′(π) + αf (π),

then there exists a unique classical solution u(r, θ) ∈ C0(D)∩C2(D)

of problem (1)-(4)

Some Problems of these types was considered in our works [1, 2].

The authors were supported by the grant no. 0824/GF4 of the

Ministry of Education and Science of Republic of Kazakhstan.
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Âëîæåíèå ïðîñòðàíñòâ ôóíêöèé ïîëîæèòåëüíîé

ãëàäêîñòè íà íåðåãóëÿðíûõ îáëàñòÿõ

Î.Â. Áåñîâ

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà
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Áóäóò ïðèâåäåíû òåîðåìû âëîæåíèÿ ïðîñòðàíñòâ Ñîáîëåâà

W s
p ((Rn) è ïðîñòðàíñòâ ôóíêöèé ïîëîæèòåëüíîé ãëàäêîñòè

â ïðîñòðàíñòâî ëîêàëüíî ñóììèðóåìûõ ôóíêöèé íóëåâîé

ãëàäêîñòè òèïà ïðîñòðàíñòâ Ëèçîðêèíà è àíàëîãè÷íîå ñâîéñòâî

ïðîñòðàíñòâà ïîòåíöèàëîâ. Òåîðåìà âëîæåíèÿ ðàñïðîñòðàíÿåòñÿ

íà ñëó÷àé âëîæåíèÿ ïðîñòðàíñòâ ôóíêöèé, îïðåäåë¼ííûõ íà

íåðåãóëÿðíûõ îáëàñòÿõ n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà.

Îïðåäåëåíèÿ ïðîñòðàíñòâ ôóíêöèé ïîëîæèòåëüíîé è íóëåâîé

ãëàäêîñòè è ôîðìóëèðîâêè òåîðåì çàâèñÿò îò ãåîìåòðè÷åñêèõ

ïàðàìåòðîâ îáëàñòè îïðåäåëåíèÿ ôóíêöèé.
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ èíòåãðàëüíûé îïåðàòîð òèïà

Õàðäè ñ òðåìÿ ìåðàìè, äåéñòâóþùèé èç Lq â Lp. Èçó÷àåòñÿ

âåñîâîå Lq − Lp íåðàâåíñòâî ñ ýòèì îïåðàòîðîì. Ïðîâîäèòñÿ

äåòàëüíîå èçó÷åíèå âåñîâîãî íåðàâåíñòâà òèïà Õàðäè ïðè 0 <

p, q < +∞ â ïðîñòðàíñòâå Ëåáåãà ñ ïðîèçâîëüíûìè ìåðàìè.

Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà âåñîâûå

ôóíêöèè äëÿ âûïîëíåíèÿ èçó÷àåìîãî íåðàâåíñòâà.

Ïîñòàíîâêà çàäà÷è. Îáîçíà÷èì ÷åðåç B := B(X) σ- àëãåáðó

áîðåëåâñêèõ ïîäìíîæåñòâ ìíîæåñòâà X. Ñèìâîë M := M(X)

îáîçíà÷èì σ - àëãåáðó ïîäìíîæåñòâ ìíîæåñòâà X, ñîäåðæàùóþ

B. ×åðåç {M}+ îáîçíà÷èì êëàññ âñåõM - èçìåðèìûõ ôóíêöèé

f : X → [0,+∞)
⋃
{+∞}.

Íåîáõîäèìî ïðîâåñòè äîêàçàòåëüñòâî êðèòåðèÿ âûïîëíåíèÿ

íåðàâåíñòâà Õàðäè âèäà:( ∫
[a,b]

v(x)(

∫
[a,x]

fudx)qdµ(x)
)1
q ≤ C

( ∫
[a,b]

f pwdv
)1
p
, ∀f ∈ {Mλ}+,

ãäå 1 < p < +∞, 0 < q < +∞; µ, λ, v -σ - êîíå÷íàÿ ìåðà íà [a, b],

λ, v - îïðåäåëåíû íà σ− àëãåáðåMλ;u,w ∈ {Mλ}+.

Äàííàÿ çàäà÷à ðàññìàòðèâàåòñÿ â ðàçëè÷íûõ âàðèàöèÿõ. Â

îáùåé ïîñòàíîâêå, ò.å. ïðè 0 < p, q < +∞. ýòà çàäà÷à

ðàññìîòðåíà â ðàáîòàõ Ñòåïàíîâà Â.Ä. [1]. Â íàøåì ñëó÷àå

p < +∞, q = +∞.
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Èòàê, íàìè ðàññìàòðèâàåòñÿ íåðàâåíñòâî:

sup
x∈[a,b]

v(x)
1
q

∫
[a,x]

fudx ≤ C
( ∫

[a,b]

f pdλ
)1
p
, ∀f ∈ {Mλ}+. (1)

Íåîáõîäèìî ïîëó÷èòü íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå åãî

âûïîëíåíèÿ.

Òåîðåìà 1. Ïóñòü 1 < p, q = +∞, µ è λ ñóòü σ - êîíå÷íàÿ ìåðà

íà [a, b]; u ∈ {M}+
λ , v ∈ {M}+

µ . Íåðàâåíñòâî

‖v
∫

[a,x]

fudx‖q,[a,b] ≤ C‖f‖p,[a,b],

èëè òî æå ñàìîå (1) âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà

A < +∞, ãäå A := sup
t∈[a,b]

A(t) = sup
t∈[a,b]

v(t)
1
q

( ∫
[a,t]

up
′
dt
) 1
p′
.

Áîëåå òîãî, äëÿ íàèìåíüøåé êîíñòàíòû â íåðàâåíñòâå (1)

ñïðàâåäëèâî C ≈ A.

Ñïèñîê ëèòåðàòóðû
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Äèôôåðåíöèðóåìûå ãîìåîìîðôèçìû óðàâíåíèÿ

Áåëüòðàìè è àíàëèòè÷åñêèå ñâîéñòâà ðåøåíèé

Í.Ê. Áëèåâ

Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ
Êàçàõñòàí, Àëìàòû

E-mail: bliyev.nazarbay@mail.ru

Ýëëèïòè÷åñêàÿ ñèñòåìà âåùåñòâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé Áåëüòðàìè íà ïëîñêîñòè â êîìïëåêñíîé çàïèñè èìååò

âèä:

∂z̄W − q(z)∂zW = 0. (1)

Èç óñëîâèÿ ýëëèïòè÷íîñòè ñèñòåìû ñëåäóåò, ÷òî

|q(z)| ≤ q0 < 1, (q0 = const). (2)

Èñïîëüçóåì òåðìèíîëîãèþ [1]. Äëÿ óðàâíåíèÿ (1) � (2)

ïðè q(z) ïðèíàäëåæàùåé ïðîñòðàíñòâó Áåñîâà Br
p,1, 2 <

p < ∞, r = 2/p, äîêàçàíû ñóùåñòâîâàíèå íåïðåðûâíî

äèôôåðåíöèðóåìû ëîêàëüíûõ, ãëîáàëüíûõ è ïîëíûõ

ãîìåîìîðôèçìîâ, ïðèíàäëåæàùèõ B1+r
p,1 â ëþáîé îãðàíè÷åííîé

÷àñòè êîìïëåêñíîé ïëîñêîñòè E. Çàìåòèì, ÷òî E èìååò

ìåñòî âëîæåíèå Br
p,1(E) # C(E)), B1+r

p,1 (E) # Ć(E)) ïðè

1 < p < ∞, r = 2/p. Ýòè ðåçóëüòàòû ñâÿçàíû ñ òåîðèåé

êâàçèêîíôîðìíûõ îòîáðàæåíèé. Ñëåäóþùèå ðåçóëüòàòû

ïîçâîëÿþò èçó÷èòü àíàëèòè÷åñêèå ñâîéñòâà îáîáùåííûõ ðåøåíèé

óðàâíåíèÿ (1) � (2).

Òåîðåìà 1. Ïóñòü q(z) ∈ Br
p,1(E)(G0), 2 < p < ∞, r = 2/p, â

íåêîòîðîé îêðåñòíîñòè G0(∂G0 ∈ C1
ν , 2/p < ν ≤ 1) ïðîèçâîëüíî

ôèêñèðîâàííîé òî÷êè z0 ∈ E. W0(z) � ëîêàëüíûé ãîìåîìîðôèçì

óðàâíåíèÿ (1) � (2) ñîîòâåòñòâóþùèé îêðåñòíîñòè Ǵ0 # G0.

Òîãäà ëþáîå îáîáùåííîå ðå÷åíèå W (z) óðàâíåíèÿ Áåëüòðàìè â

Ǵ0 èìååò âèä:

W (z) = F (W0(z)),
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ãäå F (W ) � ïðîèçâîëüíàÿ ãîëîìîðôíàÿ ôóíêöèÿ êîìïëåêñíîãî

àðãóìåíòà W îáëàñòè W0(Ǵ0).

Òåîðåìà 2. (Ïðèíöèï àðãóìåíòà). Ïóñòü q(z) ∈ Br
p,1(E)2 <

p < ∞, r = 2/p, è W (z) � ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè,

êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì: 1) W (z) ∈ C((Ḡ)), 2) W (z) 6=
0 íà ãðàíèöå ? îáëàñòè G. Òîãäà W (z) ìîæåò èìåòü âíóòðè G

ëèøü êîíå÷íîå ÷èñëî íóëåé, êîòîðîå îïðåäåëÿåòñÿ ïî ôîðìóëå

N =
1

2π
∆ΓargW (z),
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Ðàññìîòðèì äèíàìè÷åñêóþ çàäà÷ó äëÿ ñðåäû Êåëüâèíà �

Ôîéãòà â öèëèíäðåQ = {D×[0 6 t 6 t1]}, D ⊂ R3, ñ ãðàíèöåé γ.

Êàê ïîêàçàíî â ðàáîòå [1], ïîñòàíîâêó ýòîé çàäà÷è â íàïðÿæåíèÿõ

ìîæíî ñôîðìèðîâàòü ñëåäóþùèì îáðàçîì:

ρ
∂2σ̄

∂t2
+ CRR∗

∂σ̄

∂t
+ BR∗σ̄ = Bf̄ + CR

∂f

∂t
(1)

σ̄(x, 0) = p̄(x),
∂σ̄

∂t
(x, 0) = q̄(x) (2)
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3∑
k=1

σik(x, t)nk = 0, x ∈ γ (3)

Âñå òåðìèíû âçÿòû èç [1]

Â ðàáîòå [5] ïîêàçàíî ñòàöèîíèðîâàíèå ðåøåíèÿ çàäà÷è (1)-

(3), ïðè t → ∞, ò.å. ðåøåíèå çàäà÷è âåäåò ñåáÿ , êàê ðåøåíèå

ïàðàáîëè÷åñêîãî óðàâíåíèÿ.

Â ñîîòâåòñòâèè [3],[4] ïðèìåíèì ìåòîä ôèêòèâíûõ îáëàñòåé,

ñëåäóÿ [2] ê çàäà÷å (1)-(3), ïîñòàíîâêà âñïîìîãàòåëüíîé çàäà÷è,

ñëåäóåò èç [2].

Ââåäåì îáîçíà÷åíèÿ

D0T = D0 × [0, t1], DT = D × [0, t1]

Òåîðåìà 1. Ïóñòü fα ∈ L2(0, t1; L2(D0)), p ∈ W̊ 1
2 (D0), q ∈

L2(D0), σα ∈ W 1,1
2 (D0T ), òîãäà ñóùåñòâóåò åäèíñòâåííîå

îáîáùåííîå ðåøåíèå çàäà÷è (4)-(6).

Òåîðåìà 2. Ïóñòü σα ∈ W 1,1
2 (D0T ), fα ∈ L2(0, t1;L2(D))

òîãäà ñïðàâåäëèâà îöåíêà

‖σα − σ‖2

W
1,1
2(DT )

6 Cα2 (4)

Äàëåå ïðèìåíèì ýêñòðàïîëÿöèþ Ðè÷àðäñîíà ïî ìàëîìó

ïàðàìåòðó α äëÿ âñïîìîãàòåëüíîé çàäà÷è.

Âåðíî âñïîìîãàòåëüíîå óòâåðæäåíèå

Ëåììà 1. Äëÿ ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è [2] ñ ïðàâîé

÷àñòüþ fα ∈ L2(0, t1; L2(D0)) ñïðàâåäëèâî ðàçëîæåíèå

σα = σ +

N∑
k=1

αkσk + αN+1W α (5)
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ãäå N - öåëîå ïîëîæèòåëüíîå ÷èñëî, σ−ðåøåíèå èñõîäíîé

çàäà÷è (1)-(3), à ôóíêöèè σk,W
α òàêîâû, ÷òî

‖σk‖W 1,1
2(D0T )

+ ‖W α‖
W

1,1
2(D0T )

6 c 6∞ (6)

Äàëåå âåðíà

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 1. Òîãäà äëÿ

ðåøåíèÿ çàäà÷è σ, (1)-(3) è äëÿ ôóíêöèè V òàêîé, ÷òî

V =

N+1∑
k=1

βkσ
αk,

ãäå

βk =
(−1)N−k+1 · kN+1

k!(N − k + 1)!

σαk−ðåøåíèå (4)-(6), ñîîòâåòñòâóþùåå ïàðàìåòðó αk = α
k

ñïðàâåäëèâà îöåíêà

‖σ − V ‖
W

1,1
2(D0T )

6C·αN+1 .

Ñ ïîñòîÿííîé C, íå çàâèñÿùåé îò α. Ïîëó÷åííûå ðåçóëüòàòû

ñïðàâåäëèâû è äëÿ íåñæèìàåìîé âÿçêîóïðóãîé ñðåäû, ïîñêîëüêó

ïîëó÷åííûå îöåíêè èìåþò ìåñòî.
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Îá îäíîé ìíîãîïàðàìåòðè÷åñêîé

îáðàòíîé ñïåêòðàëüíîé

çàäà÷å äëÿ áèãàðìîíè÷åñêîãî îïåðàòîðà

Í.Ô. Âàëååâ1, Ý.À. Íàçèðîâà2

1 Èíñòèòóò ìàòåìàòèêè ÓÍÖ ÐÀÍ ñ ÂÖ, Óôà, Ðîññèÿ
E-mail:valeevnf@mail.ru

2 Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ

Ïóñòü Ω ⊂ R2� îäíîñâÿçíàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé

ãðàíèöåé Γ = ∂Ω, Mk = Mk(xk, yk) ∈ Ω k = 1, ..m- ïðîèçâîëüíûå

òî÷êè.

Íà D = {u ∈ W 2
2 (Ω)|dudn|Γ = u|Γ = 0} îïðåäåëèì çàìêíóòóþ

êâàäðàòè÷íóþ ôîðìó:

Q[u, u] =

∫ ∫
Ω

[(
∂2u

∂x2
+
∂2u

∂y2

)2

− a

(
∂2u

∂x2

∂2u

∂y2
−
(
∂2u

∂x∂y

)2
)]

dxdy

+

m∑
j=1

pj|u(xj, yj)|2, (1)
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ãäå pk ∈ R, k = 1,m.

Êâàäðàòè÷íàÿ ôîðìàQ[u, u] îïðåäåëÿåò â ïðîñòðàíñòâåW 2
2 (Ω)

ñàìîñîïðÿæåííûé îïåðàòîð L(−→p ), ãäå −→p = (p1, p2, .., pm) ñ

îáëàñòüþ îïðåäåëåíèÿ DL.

Ïðè ýòîì îïåðàòîð L(−→p ) äîïóñêàåò ñëåäóþùåå ïðåäñòàâëåíèå:

L(−→p ) = ∆2u +

m∑
k=1

pkδ(M −Mk)u. (2)

Çäåñü δ(M − Mk) �îïåðàòîðû, ïîðîæäåííûå êâàäðàòè÷íûìè

ôîðìàìè

Qk[u, u] =
1

2
|u(Mk)|2, k = 1,m.

Ïîëîæèì L = L0 +L1, L0u = ∆2u, L1u =
∑m

k=1 pkδ(M−Mk)u,

G0(x, y, x′, y′, λ) = G0(M,M ′, λ)� ÿäðî ðåçîëüâåíòûR0(λ) = (L0−
λI)−1.

Òîãäà

R0(λ)L1u(M) =

m∑
k=1

pkG0(M,Mk, λ)u(Mk)

�êîíå÷íîìåðíûé îïåðàòîð. Ïîñêîëüêó R(λ) = (L0 +L1−λI)−1 =

R0(I+RL1)−1, òî îïåðàòîð R(λ) � êîìïàêòíûé ñàìîñîïðÿæåííûé

ïðè −→p ∈ Rm îïåðàòîð, ÷òî âëå÷åò çà ñîáîé äèñêðåòíîñòü ñïåêòðà

è ïîëóîãðàíè÷åííîñòü îïåðàòîðà L(−→p ). Òåïåðü ðàññìîòðèì

ñëåäóþùóþ îáðàòíóþ ñïåêòðàëüíóþ çàäà÷ó:

Çàäà÷à. Òðåáóåòñÿ ïîäîáðàòü òàêèå çíà÷åíèÿ âåêòîðà −→p ,
÷òîáû ðîâíî m ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L(−→p ) áûëè

ðàâíû íàïåðåä çàäàííûì ÷èñëàì: λ∗1, λ
∗
2, ..., λ

∗
m.

Òåîðåìà. Îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò

èçîëèðîâàííûå ðåøåíèÿ äëÿ ∀
−→
λ = (λ1, ..λm) ∈ Cm/{S}, ãäå

{S} - ìíîæåñòâî ìåðû íîëü â Cm.
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Ðàññìàòðèâàåòñÿ êâàäðàòè÷íàÿ ôîðìà:

Q[y, y] =

∫ l

0

((y′′(x))2 + q(x)y2(x))dx +

m∑
j=1

kj
2
|y(xj)|2 (1)

çàäàííàÿ â ïðîñòðàíñòâå W 2
2 (0, l) ñ îáëàñòüþ îïðåäåëåíèÿ DQ =

{y(x) ∈ W 2
2 (0, l)|y(0) = 0,

y(l) = 0, y′′(0) = y′′(l) = 0}.
Äàííàÿ êâàäðàòè÷íàÿ ôîðìà ïîðîæäàåò ñàìîñîïðÿæåííûé

äèôôåðåíöèàëüíûé îïåðàòîð L, êîòîðûé áóäåì çàïèñûâàòü â
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âèäå (ñì. [1]-[3]):

Ly = y(4) + q(x)y +

m∑
j=1

kjδ(x− xj)y (2)

Ìû ïîêàçûâàåì, ÷òî ñïåêòð îïåðàòîðà L ïðè âñåõ ~k =

(k1, k2, ..., km) ∈ Cm äèñêðåòíûé.

Îñíîâíîé öåëüþ ðàáîòû ÿâëÿåòñÿ âûâîä è îáîñíîâàíèå íîâîé

ñõåìû ïðèìåíåíèÿ ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ áàçèñîì èç

êóñî÷íî-ëèíåéíûõ ôóíêöèé. Òðàäèöèîííûé ïîäõîä ïðèìåíåíèÿ

ÌÊÝ ïðåäïîëàãàåò èñïîëüçîâàíèÿ êóñî÷íî-ïîëèíîìèàëüíûõ

ôóíêöèé.

Â ðàáîòå ïðåäëàãàåòñÿ ïðåîáðàçîâàíèå óðàâíåíèÿ Ly = λy

ê ñèñòåìå óðàâíåíèé îòíîñèòåëüíî âåêòîðíîé ôóíêöèè ~ν =

(y(x), y′′(x)), à çàòåì ïîñòðîåíèÿ äëÿ ïîëó÷åííîé ñèñòåìû íîâîé

êâàäðàòè÷íîé ôîðìû Q1(~ν, ~ν) îò ~ν è ~ν ′. Äàëåå ñîáñòâåííûå

çíà÷åíèÿ è ñîáñòâåííûå ôîðìû îïåðàòîðà (2) íàõîäÿòñÿ êàê

ìèíèìóì ôóíêöèîíàëà êâàäðàòè÷íîé ôîðìû Q1(~ν, ~ν).

Íà îñíîâå îïèñàííîãî ïîäõîäà íàìè ðàçðàáîòàí ïðîãðàììíûé

êîìïëåêñ, ïîçâîëÿþùèé èññëåäîâàòü ñ âûñîêîé òî÷íîñòüþ è

íàäåæíîñòüþ ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ

ôóíêöèé â çàâèñèìîñòè îò xj è kj. Ïðîãðàììíîå îáåñïå÷åíèå

ìîæåò áûòü èñïîëüçîâàíî ïðè èññëåäîâàíèè ðåçîíàíñíûõ

ÿâëåíèé, à òàêæå äëÿ èññëåäîâàíèÿ îáðàòíûõ ñïåêòðàëüíûõ

çàäà÷ (ñì. [2],[4]).
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Èç òåîðåìû Êåëäûøà [4] ñëåäóåò, ÷òî åñëè T0 �

ïîëîæèòåëüíûé îïåðàòîð, äåéñòâóþùèé â ñåïàðàáåëüíîì

ãèëüáåðòîâîì ïðîñòðàíñòâå H, T−1
0 ∈ Sp ïðè íåêîòîðîì p < ∞,

òî ëþáîå T0-êîìïàêòíîå âîçìóùåíèå V ñîõðàíÿåò ëîêàëèçàöèþ

ñïåêòðà, òî åñòü ïðè ëþáîì ε > 0 ñïåêòð îïåðàòîðà T = T0 + V

âíå óãëà {| arg λ| < ε} êîíå÷åí. Åñëè ôóíêöèÿ ðàñïðåäåëåíèÿ

ñïåêòðà N(T0, r) óäîâëåòâîðÿåò òàóáåðîâó óñëîâèþ

N(T0, s)

N(T0, r)
<
(s
r

)γ
, s > r ≥ R, (1)

ïðè íåêîòîðûõ γ > 0 è R > 0, òî ñïðàâåäëèâà ôîðìóëà

N(T, r) ∼ N(T0, r), r → +∞. (2)

Ïðåäïîëîæèì òåïåðü, ÷òî T íå ÿâëÿåòñÿ áëèçêèì

ñàìîñîïðÿæåííîìó, òî åñòü íå ïðåäñòàâëÿåòñÿ â âèäå T = T0 + V,

ãäå T0 = T ∗0 è V T−1
0 ∈ S∞. Êàê ïîêàçûâàþò ìíîãî÷èñëåííûå

ïðèìåðû [3], òàêèå îïåðàòîðû, êàê ïðàâèëî, ñïåêòðàëüíî

íåóñòîé÷èâû: ñïåêòð ìîæåò ñèëüíî ìåíÿòüñÿ ïîä äåéñòâèåì
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ìàëûõ âîçìóùåíèé. ßñíî, ÷òî äëÿ òàêèõ îïåðàòîðîâ òåîðåìà

Êåëäûøà íå ðàáîòàåò.

Ðàññìîòðèì îïåðàòîð

D(T0) = {y ∈ L2(0,+∞) : y′ ∈ AC[0,+∞), (3)

−y′′ + eiθq(x)y ∈ L2(0,+∞), y(0) = 0}, (4)

T0y = −y′′ + eiθq(x)y, (5)

ãäå 0 ≤ θ < π, ôóíêöèÿ q ëîêàëüíî ñóììèðóåìà íà [0,+∞) è

lim
x→+∞

q(x) = +∞.

Â ðàáîòå [3] ïðè q(x) = xα, α > 0, ïîêàçàíî, ÷òî {λn}∞1 �

ñîáñòâåííûå ÷èñëà îïåðàòîðà T0, ïðîíóìåðîâàííûå â ïîðÿäêå

âîçðàñòàíèÿ ìîäóëåé, ëåæàò íà ëó÷å arg z = 2θ/(2 + α) è èìåþò

àñèìïòîòèêó

λn = rne
2θi/(2+α), (6)

rn ∼

(
π∫ 1

0

√
1− tαdt

)2α/(2+α)

· n2α/(2+α), n→∞. (7)

Òàì æå íàéäåí êëàññ âîçìóùåíèé V , ïðè êîòîðûõ ñîõðàíÿåòñÿ

àñèìïòîòèêà ñïåêòðà. Ìåòîäèêà ýòîé ðàáîòû â ñóùåñòâåííîì

èñïîëüçóåò òîò ôàêò, ÷òî ðåçîëüâåíòà îïåðàòîðà T0 ïðèíàäëåæèò

êëàññó Sp, p > (2 + α)/2α. Â ïðåäëàãàåìîé ðàáîòå ïîêàçàíî,

÷òî ðåçóëüòàòû ðàáîòû [3] îñòàþòñÿ ñïðàâåäëèâûìè è â ñëó÷àå

ìåäëåííî ðàñòóùèõ ïîòåíöèàëîâ, äîïóñêàþùèõ àíàëèòè÷åñêîå

ïðîäîëæåíèå â óãîë U = {z : −θ/2 < arg z < 0} (òåîðåìà 2).

Èñïîëüçóÿ òåîðåìó 2, ïîëó÷åí êëàññ âîçìóùåíèé, ñîõðàíÿþùèõ

àñèìïòîòèêó ñïåêòðà îïåðàòîðà T0 ñ ïîòåíöèàëîì q(x) = lnx.

Òåîðåìà 1. Ïóñòü ñóùåñòâóåò ôóíêöèÿ q̃, àíàëèòè÷íàÿ â óãëå

U = {z : −θ/2 < arg z < 0}, îáëàäàþùàÿ ñëåäóþùèìè

ñâîéñòâàìè:
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1) â êàæäîé êîíå÷íîé òî÷êå ζ ãðàíèöû îáëàñòè U ñóùåñòâóåò

êîíå÷íûé ïðåäåë q̃(ζ), ïðè÷åì q̃(x) = q(x) ïðè x ≥ 0;

2) ñóùåñòâóþò ïîëîæèòåëüíûå a1, a2, σ, òàêèå, ÷òî ïðè

êàæäîì α ∈ [−θ/2; 0] è r > 0

(a) a1q(r) ≤
∣∣q̃ (reiα)∣∣ ≤ a2q(r),

(á)
∣∣∣arg

(
q̃
(
re−

iθ
2

))
+ θ

2 + 2α
∣∣∣ ≤ π/2− σ;

3) q(re−
iθ
2 ) ∼ p(r), r → +∞, ãäå ôóíêöèÿ p ∈ L1

loc[0,+∞)

� âåùåñòâåííà è p(r) → +∞. Òîãäà ñïåêòð îïåðàòîðà T0

ëîêàëèçóåòñÿ îêîëî ëó÷à arg λ = θ.

Ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ q(x) = ln ... ln︸ ︷︷ ︸
n

(x+ c), ãäå c� 1,

óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû. Â ÷àñòíîñòè, ïðè q(x) =

lnx ñïåêòð T0 ëåæèò íà ëó÷å {λ =
(
t− iθ

2

)
eiθ, t > 0} è λn ∼

eiθ lnn, n→∞.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 1) � 3) òåîðåìû 2 è

ïóñòü V � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ V (z), êîòîðàÿ

1) àíàëèòè÷íà â óãëå U = {z : −θ/2 < arg z < 0} è èìååò

íåïðåðûâíîå ïðîäîëæåíèå â ëþáîé êîíå÷íîé òî÷êå ãðàíèöû

U ;

2) V
(
reiα

)
= o

(
q̃(reiα)

)
, r → +∞, ðàâíîìåðíî ïî α ∈ [−θ/2, 0].

Òîãäà îïåðàòîð T = T0 + V èìååò äèñêðåòíûé ñïåêòð,

ëîêàëèçîâàííûé îêîëî ëó÷à argα = θ. Ïðè âûïîëíåíèè

äîïîëíèòåëüíîãî òðåáîâàíèÿ

N(L + W, r) ∼ N(L, r), r → +∞,

ãäå W � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ W (r) =

e−iθV
(
re−iθ/2

)
, èìååò ìåñòî ôîðìóëà (1).
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Ðàññìîòðèì áåçãðàíè÷íóþ â ïëàíå ïëàñòèíêó òîëùèíîé

2h, íàõîäÿùåéñÿ ïîä ïîâåðõíîñòüþ ïîëóáåñêîíå÷íîé ñðåäû íà

ãëóáèíå (h0−h1). Ïëîñêîñòü (ÕY) ïîìåñòèì â ñðåäíåé ïëîñêîñòè

ïëàñòèíêè z = 0. Îñü OZ íàïðàâèì â ñòîðîíó âíåøíåé

ïîâåðõíîñòè âåðõíåãî ñëîÿ.

Äëÿ îáùíîñòè ìàòåðèàëû âåðõíåãî ñëîÿ è îñíîâàíèÿ áóäåì

ñ÷èòàòü ðàçëè÷íûìè. Îáîçíà÷èì ïàðàìåòðû ïëàñòèíêè

èíäåêñîì ¾1¿, âåðõíåãî ñëîÿ èíäåêñîì ¾2¿, îñíîâàíèÿ èíäåêñîì

¾3¿. [4]

Ðàññìàòðèâàÿ çàäà÷ó â òðåõìåðíîé ëèíåéíîé ïîñòàíîâêå,

óðàâíåíèÿ äâèæåíèÿ ñëîÿ ïëàñòèíêè è îñíîâàíèÿ ñ ó÷åòîì

âÿçêîñòè è òåìïåðàòóðû â ïîòåíöèàëàõ è ~ψ ïðîäîëüíûõ è
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ïîïåðå÷íûõ âîëí çàïèøåì â âèäå:

Nj(∆Φj) = ρj
∂2Φj

∂t2
+ α0jnj(”j)

Mj(∆~ψj) = ρj
∂2 ~ψj
∂t2

; (1)

∆Tj −
1

c2
0j

· ∂Tj
∂t
− 1

c2
1j

· ∂Tj
∂t

= Pj(
∂

∂t
)Kj · (∆Φj − α0jTj); j = 1, 3

ãäå îïåðàòîðû Nj;Kj ðàâíû Nj = Lj + 2Mj; Kj = Lj + 2
3Mj à

∆-òðåõìåðíûé îïåðàòîð Ëàïëàñà

∆ =
∂2

∂E2
+

∂2

∂C2
+
∂2

∂z2

Lj,Mj- âÿçêîóïðóãèå îïåðàòîðû

Lj(ζ) = λj

[
ζ(t)−

∞
∫
0
f1j(t− ξ)ξ(ξ)∂ξ

]
; (2)

Mj(ζ) = µj

[
ζ(t)−

∞
∫
0
f2j(t− ξ)ξ(ξ)dξ

]
;

f
(t)
lj - ÿäðà îïåðàòîðîâ (l=1,2), λj, µj, α0j- ïîñòîÿííûå ìàòåðèàëîâ.

Pj

(
∂

∂t

)
= η0

∂

∂t
+ η1

∂2

∂t2
; (3)

Ãäå η0, η1 - êîýôôèöèåíòû ñâÿçíîñòè.

Ïðåäïîëîãàÿ ìàòåðèàëû ñëîÿ, ïëàñòèíêè è îñíîâàíèÿ

âÿçêîóïðóãèìè è èçîòðîïíûìè, çàâèñèìîñòè íàïðÿæåíèå σ
(j)
ij îò

äåôîðìàöèè ε
(j)
i ñ ó÷åòîì âëèÿíèÿ òåìïåðàòóðû Òj çàïèøåì â

âèäå îïåðàòîðíûõ ñîîòíîøåíèé áîëüöìàíîâñêîãî òèïà

σ
(j)
ij = Lj(ε

(j)
ii ) + 2Mj(ε

(j)
ii )− α0jKj(Tj) (4)
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σ
(j)
ij = Mj(ε

(j)
ii ); (i 6= K)(i, k = x, y, z)

Áóäåì ñ÷èòàòü, ÷òî êîëåáàíèÿ ïëàñòèíêè ïîä ïîâåðõíîñòüþ

ìîãóò áûòü âûçâàíû êàê âíåøíèìè óñèëèÿìè íà

âíåøíåé ïîâåðõíîñòè z = h0, òàê è âîçìóùåíèÿìè

ðàñïðîñòðàíèÿþùèìèñÿ ñî ñòîðîíû îñíîâàíèÿ. Êðîìå

òîãî, áóäåì ñ÷èòàòü, ÷òî ïî ãðàíèöàì êîíòàêòà z = h1 è

z = h1ïëàñòèíêè ñ âåðõíèì ñëîåì è îñíîâàíèåì, ýòè êîíòàêòû

èäåàëüíûå, ò.å. îòñóòñòâóåò òðåíèå. Òîãäà áóäåì èìåòü

ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ: íà âíåøíåé ñòîðîíå (z = h0)

σ(2) = F (2)
z (x, y, t), σ

(j)
ij = F

(2)
jz (x, y, t)(j = x, y) (5)

È îäíèì èç òðåõ óñëîâèé äëÿ2

T2 = F0(x, y, t);
∂T2

∂z
= F1(x, y, t) (6)

h
(2)
0

∂T2

∂z
= [T2 − F2(x, y, t)]

Íà ãðàíèöå êîíòàêòà âåðõíèé ñëîé � ïëàñòèíêà z = h1

σ(1)
zz = σ(2)

zz ; σ
(1)
jz = 0, σ

(2)
jz = 0, w(1) = w(2) (j = , ) (7)

è äëÿ òåìïåðàòóðû j, (j = 1.2)

T1 = T2;
∂T1

∂z
=
∂T2

∂z

h
(1)
0

∂T2

∂z
− T1 = h

(2)
0

∂T2

∂z
− T2

Íà ãðàíèöå ïëàñòèíêà � îñíîâàíèå z = −h1

σ
(1)
zz = σ

(3)
zz + F

(3)
3z (E,C, t), σ1

jz = 0;

σ
(3)
ij +F

(3)
jz (x, y, t) = 0 : w(1) = w(3) + F

(3)
0 (x, y, t)(j = , )

(8)

è äëÿ òåìïåðàòóðû j (j=1.3)

T1 = T3;
∂T1

∂z
=
∂T3

∂z
;
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h
(1)
0

∂T1

∂z
− T1 = h

(3)
0

∂T3

∂z
− T3

ãäå ôóíêöèè F
(3)
3z (x, y, t); F

(3)
jz (x, y, t); F

(3)
0 (x, y, t) îïèñûâàþò

íàïðÿæåíèÿ è ñìåùåíèÿ â ïàäàþùåé âîëíå ñíèçó, ò.å. ñî ñòîðîíû

îñíîâàíèÿ, ÷òî ìîæåò áûòü âûçâàíî, â ÷àñòíîñòè, çåìëåòðÿñåíèåì

èëè âçðûâîì, h
(j)
0 - êîýôôèöèåíòû òåïëîïðîâîäíîñòè.

Êðîìå òîãî, äîëæíû âûïîëíÿòüñÿ óñëîâèÿ çàòóõàíèÿ íà

áåñêîíå÷íîñòè, ò.å. ïðè z → −∞
(3) = 0, ψ

(3)
1 = ψ

(3)
2 = ψ

(3)
3 = 0 (9)

Íà÷àëüíûå óñëîâèÿ íóëåâûå

(j) =
∂(l)

∂t
=
∂ψ(e)

∂t
= ~ψ = Tj =

∂Tj
∂t

= 0j = 1, 3̄; ïðèt = 0 (10)

Òàêèì îáðàçîì, êðàåâàÿ çàäà÷à êîëåáàíèÿ ïëàñòèíêè,

íàõîäÿùåéñÿ ïîä ïîâåðõíîñòüþ ñ ó÷åòîì âëèÿíèÿ òåìïåðàòóðû,

ñâîäèòñÿ ê ðåøåíèþ èíòåãðîäèôôåðåí-öèàëüíûõ óðàâíåíèé

(1.1.) ïðè ãðàíè÷íûõ è íà÷àëüíûõ óñëîâèÿõ (1.5-1.10).

Â äàëüíåéøåì ðàññìîòðèì ñëó÷àé êîëåáàíèÿ ïëàñòèíêè

íàõîäÿùåéñÿ ïîä ïîâåðõíîñòüþ áåç ó÷åòà òåìïåðàòóðû è

êîëåáàíèÿ ïëîñêîãî ýëåìåíòà ëåæàùåãî íà äåôîðìèðóåìîì

îñíîâàíèè ñ ó÷åòîì òåìïåðàòóðû.
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Î ñóùåñòâîâàíèè íåòðèâèàëüíîãî ðåøåíèÿ

îäíîé îäíîðîäíîé íåëèíåéíîé ãðàíè÷íîé çàäà÷è

Ì.Ò. Äæåíàëèåâ1, Ì.È. Ðàìàçàíîâ2

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Â ðàáîòå â áåñêîíå÷íîé óãëîâîé îáëàñòè G = {x, t| 0 < x <

t, t > 0} îáñóæäàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî

ðåøåíèÿ äëÿ ñëåäóþùåé ãðàíè÷íîé çàäà÷è{
wt(x, t) = wxx(x, t) + w2

x(x, t), {x, t} ∈ G,
w(x, t)|x=0 = w(x, t)|x=t = 0.

(1)

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

w(x, t) = lnu(x, t) (2)

ãðàíè÷íàÿ çàäà÷à (1) ñâîäèòñÿ ê ëèíåéíîé ãðàíè÷íîé çàäà÷å äëÿ

óðàâíåíèÿ òåïëîïðîâîäíîñòè:{
ut(x, t) = uxx(x, t), {x, t} ∈ G,
u(x, t)|x=0 = u(x, t)|x=t = 1.

(3)

Ðåøåíèå çàäà÷è (3) èùåì â âèäå ñóììû òåïëîâûõ ïîòåíöèàëîâ
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äâîéíîãî ñëîÿ [1]:

u(x, t) =
1

4
√
π

t∫
0

x

(t− τ )
3
2

exp

{
− x2

4(t− τ )

}
ν (τ ) dτ +

+
1

4
√
π

t∫
0

x− τ
(t− τ )

3
2

exp

{
−(x− τ )2

4(t− τ )

}
ϕ(τ ) dτ . (4)

Èçâåñòíî [1], ÷òî ôóíêöèÿ (4) óäîâëåòâîðÿåò óðàâíåíèþ (3)

ïðè ëþáûõ ν (t) è ϕ(t). Èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ èç (3) è

ñâîéñòâà òåïëîâûõ ïîòåíöèàëîâ, èìååì ñëåäóþùåå èíòåãðàëüíîå

óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè ϕ(t):

ϕ(t) −
t∫

0

K(t, τ )ϕ(τ )d τ = f (t), t > 0, (5)

ν (t) = 2 +
1

2
√
π

t∫
0

τ

(t− τ )
3
2

exp

{
− τ 2

4(t− τ )

}
ϕ (τ ) dτ, (6)

ãäå

K(t, τ ) =
1

2
√
π

{
t + τ

(t− τ )3/2
exp

{
− (t + τ )2

4(t− τ )

}
+

+
1

(t− τ )1/2
exp

{
−t− τ

4

}}
,

f (t) = −2 erf

(√
t

2

)
. (7)

Òåîðåìà 1. [2] Îáùåå ðåøåíèå óðàâíåíèÿ (5) èìååò âèä

ϕ(t) = C · ϕ0(t) + ϕ1(t), C = const, (8)

ãäå

ϕ0(t) =
1√
t

exp

{
− t

4

}
+

√
π

2

[
1 + erf

(√
t

2

)]
, (9)
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ϕ1(t) = f (t) +

t∫
0

R(t, τ )f (τ ) dτ, (10)

R(t, τ ) =
1

2
√
π(t− τ )

exp

(
−t− τ

4

)
+

1

4

[
1 + erf

(√
t− τ
2

)]
+

+
t

√
π (t− τ )

3
2

∞∑
n=1

n · exp

{
−n2 t τ

t− τ

}
exp

(
−t− τ

4

)
+

+
1

2
√
π

∞∑
n=1

[
1√
t− τ

exp

{
−n2 τ t

t− τ

}
+

+
√
π n · exp

{
−τ n2

}
erfc

(
nτ√
t− τ

)]
exp

(
−t− τ

4

)
+

+
1

8
√
π

∞∑
n=1

t∫
τ

n τ1

(τ1 − τ )
3
2

exp

{
−n

2τ1 τ

τ1 − τ

}
exp

(
−τ1 − τ

4

)
dτ1

+
1

4

∞∑
n=1

t∫
τ

1√
τ1 − τ

exp

{
−n

2τ τ1

τ1 − τ

}
exp

(
−τ1 − τ

4

)
dτ1

+ +

√
π

4

∞∑
n=1

n exp
{
−τ n2

}
×

×
t∫

τ

erfc

(
nτ√
τ1 − τ

)
exp

(
−τ1 − τ

4

)
dτ1, (11)

ϕ0(t) è ϕ1(t) � ñîîòâåòñòâåííî ðåøåíèå îäíîðîäíîãî (ïðè f (t) ≡
0) è ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ

(5).

Òåîðåìà 2. Ãðàíè÷íàÿ çàäà÷à (1) èìååò ñåìåéñòâî

íåòðèâèàëüíûõ ðåøåíèé, êîòîðîå íàõîäèòñÿ ñ ïîìîùüþ ôîðìóë

(4), (6)�(11) è îáðàùåíèÿ ôîðìóëû (2).
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On two-point boundary value problem for

the Fredholm integro-di�erential equations

with weakly singular kernels
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We consider the linear two-point boundary value problem for sys-

tem of Fredholm integro-di�erential equations with weakly singular

kernels

dx

dt
= A(t)x +

∫ T

0

K(t, s)x(s)ds + f (t), t ∈ (0, T ), dx ∈ Rn, (1)

Bx(0) + Cx(T ) = d, d ∈ Rn, (2)
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where the (n × n) matrix A(t) is continuous on [0, T ], the (n × n)

matrix K(t, s) has the form K(t, s) = 1
(t−s)δH(t, s), and the (n× n)

matrix H(t, s) is continuous on [0, T ]× [0, T ], 0 < δ < 1, the n vector

f (t) is continuous on [0, T ].

A solution to problem (1), (2) is a continuous on [0, T ] and con-

tinuously di�erentiable on (0, T ) vector function x(t) satisfying the

Fredholm integro-di�erential equation (1) and boundary condition

(2).

Integro-di�erential equations and di�erent problems for them are

used as mathematical models of various physical processes [1]. Lin-

ear boundary value problems for the Fredholm integro-di�erential

equations are investigated in [2-7] for the cases of smooth kernels.

Two-point boundary value problems for linear Fredholm integro-

di�erential equations with weakly singular or other non-smooth ker-

nels are studied by the Galerkin and collocation methods in [9-12].

In present report, based on the parameterization method [8] we

investigate the existence and uniqueness of solution to problem (1),

(2). Dividing the interval [0, T ] into N parts, we introduce addi-

tional parameters. While applying the method to problem (1), (2),

an intermediate problem, special Cauchy problem for the system of

integro-di�erential equations with parameters, arises. Note, the prob-

lem is always uniquely solvable for su�ciently small partition step.

This property of intermediate problem in [2] allowed us to estab-

lish the necessary and su�cient conditions for solvability and unique

solvability of problem (1), (2) in the case of smooth kernels. In [3-6],

the smallness of interval's partition step is also required for solving

the linear boundary value problems for Fredholm integro-di�erential

equations. In [7], the arbitrary partitions of interval are considered.

Hereby we expand the results of paper [2] to the linear two-

point boundary value problem for the system of Fredholm integro-

di�erential equations with weakly singular kernels. Algorithms of
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parameterization method are based on the smallness of interval's par-

tition and solving the system of algebraic equations with respect to

the additional parameters introduced. If a fundamental matrix of dif-

ferential part of Eq.(1) is known and the erasing de�nite integrals can

be evaluated, then the algorithm gives a solution to the linear two-

point boundary value problem for the Fredholm integro-di�erential

equations in the explicit form.

Let a number h0 > 0 exist and satisfy the inequality βTh1−δ
0 eαh0 <

1, where

β = max
(t,s)∈[0,T ]×[0,T ]

||H(t, s)||, α = max
t∈[0,T ]

||A(t)||. Then for any

h ∈ (0, h0] : Nh = T, the special Cauchy problem is uniquely solv-

able. The solvability conditions for linear two-point boundary value

problem (1), (2) are established in the term of solvability of the sys-

tem of algebraic equations mentioned above.

This research is �nancially supported by the grants from the Min-

istry of Science and Education of the Republic of Kazakhstan (Grant

No. 0822/ΓΦ4 and Grant No. 3362/ΓΦ4).
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Îá îäíîé åäèíñòâåííîñòè ðåøåíèÿ îñåñèììåòðè÷íîé

çàäà÷è Ôðàíêëÿ äëÿ ïîëóïðîñòðàíñòâà

À.À. Åëåóîâ1, Ð. Åëåóîâà1, Í.Í. Òóíãàòàðîâ1

1 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

ũxx +
1

x
ũx + sgn y ũyy = 0, (1)

êîòîðîå ÿâëÿåòñÿ ïðîñòðàíñòâåííûì óðàâíåíèåì Ëàâðåíòüåâà-

Áèöàäçå â ñëó÷àå îñåâîé ñèììåòðèè.

Ïóñòü D � ïðàâàÿ ïîëóïëîñêîñòü z = x + iy, D+ �

ïåðâàÿ ÷åòâåðòü ïëîñêîñòè, D− � ÷åòâåðòàÿ ÷åòâåðòü ïëîñêîñòè.

Òðåáóåòñÿ íàéòè â îáëàñòè D ðåøåíèå ũ(x, y) óðàâíåíèÿ (1),

íåïðåðûâíîå â D̄, îòðàæàþùååñÿ â íóëü íà áåñêîíå÷íîñòè,

çà èñêëþ÷åíèåì áûòü ìîãóò òî÷êè (0, 0), è óäîâëåòâîðÿþùåå

ãðàíè÷íûì óñëîâèÿì

ũ (0, y)− ũ (0, −y) =
π

2
f (y) (−∞ < y <∞) ; (2)

ũx (0, y) = 0 (−∞ < y <∞) , (3)

ãäå f (y) � çàäàííàÿ íå÷åòíàÿ ôóíêöèÿ èç C2(−∞; ∞), ïðè÷åì

ïðè y →∞
f (y) = O

(
y−ε
)

(ε > 0).

Äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è ïðèìåíÿåòñÿ ìåòîäèêà,

îñíîâàííàÿ íà èíòåãðàëüíûõ ïðåäñòàâëåíèÿõ ðåøåíèÿ óðàâíåíèÿ

(1) â îáëàñòÿõ åãî ýëëèïòè÷íîñòè è ãèïåðáîëè÷íîñòè.
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We investigate a non-local initial-boundary value problem for a

non-homogeneous one-dimensional heat equation.

The domain under consideration is a rectangle:

Ω = {0 < x < 1, 0 < t < T}

. A non-local periodic boundary condition with respect to a spatial

variable x is put.

We consider a heat equation

ut − uxx = f (x, t)

with initial condition

u(x, 0) = τ (x), 0 ≤ x ≤ 1,

and homogeneous periodic boundary conditions (k = 1 or k = 2)

ux(0, t) = (−1)kux(1, t), u(0, t) = (−1)ku(1, t), 0 ≤ t ≤ T.

These problems are well-researched, their solution (in classical and

generalized sense) exists, is unique and can be constructed by the
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method of separation of variables. It is well-known that a solution of

problem can be constructed in the form of convergent orthonormal

series according to eigenfunctions of a spectral problem for an op-

erator of multiple di�erentiation with periodic boundary conditions.

Therefore Green's function can be also written in the form of an in-

�nite series with respect to trigonometric functions (Fourier series).

The solution can be represented with the help of the Green's func-

tion in the form

u(x, t) =

∫ t

0

ds

∫ 1

0

G(x, ξ, t− s)f (ξ, s)dξ +

∫ 1

0

G(x, ξ, t)τ (ξ)dξ.

For classical �rst and second initial-boundary value problems there

also exists a second representation of the Green's function by Jacobi

function. In this report we �nd the representation of the Green's

function of the non-local initial-boundary value problem with peri-

odic boundary conditions in the form of series according to exponents.

Some Problems of these types was considered in our work [1].

The authors were supported by the grant no. 0824/GF4 of the

Ministry of Education and Science of Republic of Kazakhstan.
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�øiíøi ðåòòi ñûçû©òû äèôôåðåíöèàëäû©

îïåðàòîðäû­ á°ëiêòåíó øàðòòàðû

Æ.Á. Åñêàáûëîâà
Ë.Í. Ãóìèëåâ àòûíäà¡û Åóðàçèÿ ´ëòòû© óíèâåðñèòåòi, Àñòàíà, �àçà©ñòàí

E-mail: juli_e92@mail.ru

C
(3)
0 (R) �ø ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí æºíå ôèíèòòi

ôóíêöèÿëàð æèûíûíäà àíû©òàë¡àí êåëåñi

L0y := −y′′′ + r(x)y
′′

(1)

ñûçû©òû äèôôåðåíöèàëäû© °ðíåãií ©àðàñòûðàéû©. Ì´íäà¡û

x ∈ (−∞,+∞), r - íà©òû ìºíäi ôóíêöèÿ. Îñû L0 - äi L2(R)

êå­iñòiãiíäåãi ò´éû©òàëóûí L äåï áåëãiëåéiê. Åãåð ºðáið y ∈ D(L)

³øií

‖y′′‖2 + ‖ry′‖2 ≤ c (‖Ly‖2 + ‖y‖2)

òå­ñiçäiãi îðûíäàëàòûí áîëñà, îíäà L îïåðàòîðû L2(R)

êå­iñòiãiíäå á°ëiêòåíåäi äåï àòàëàäû. Á´ë æåðäå ‖ · ‖2 - L2(R)-

äi íîðìàñû.

�øiíøi ðåòòi äèôôåðåíöèàëäû© îïåðàòîðëàðäû çåðòòåóãå

à©ïàðàòòû ñà©òàï ©àëó¡à ©àáiëåòòi îðòàäà °òåòií ïðîöåñòåðäi

çåðòòåó åñåïòåði, ñîë ñèÿ©òû æèåêòiê ©àáàò òåîðèÿñûíû­

ìîäåëüäiê åñåïòåði àëûï êåëåäi [1]. �øiíøi ðåòòi ñûçû©òû

äèôôåðåíöèàëäû© îïåðàòîðëàðäû­ iøiíäåãi òåðå­ çåðòòåëãåí

ò³ði -

ly := −y′′′ + q(x)y.

([2] ìà©àëàñûí æºíå îíäà¡û ñiëòåìåëåðäi ©àðà). Á´ë

æåðäå q (x) ≥ 1 äåï åñåïòåëåäi. (1) òå­äiãiìåí àíû©òàë¡àí

L îïåðàòîðûíû­ ©àñèåòòåði l îïåðàòîðûíàí ì³ëäåì á°ëåê.

Ìûñàëû, D(L) àíû©òàëó îáëûñû L2(R)-ãå åíói ³øií r

êîýôôèöèåíòiíå ©îñûìøà øàðòòàð ©îþ êåðåê. Ìûíàäàé
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áåëãiëåóëåð åíãiçåéiê:

γp,v = max

{
sup
x>0

(
‖p‖L2(0, x)

∥∥t v−1(t)
∥∥
L2(x,+∞)

)
,

sup
τ<0

(
‖p‖L2(τ, 0)

∥∥t v−1(t)
∥∥
L2(−∞, τ)

)}
,

γ′p,v = min

{
sup
x>0

(
‖p‖L2(0, x)

∥∥(t− x) v−1(t)
∥∥
L2(x,+∞)

)
,

sup
τ<0

(
‖p‖L2(τ, 0)

∥∥(t− x) v−1(t)
∥∥
L2(−∞, τ)

)}
.

Ì´íäà¡û p æºíå v - γp, v, γ′p, v øàìàëàðû ìà¡ûíàëû

áîëàòûíäàé ³çiëiññiç ôóíêöèÿëàð. Áàÿíäàìàäà êåëåñi ò´æûðûì

òàë©ûëàíàäû.

Òåîðåìà 1. Àéòàëû© r åêi ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí

ôóíêöèÿ áîëûï, êåëåñi

r ≥ 1, γ1,
√
r <∞, γ′1,√r <∞,

æºíå

C−1 ≤ r (x)

r (η)
≤ C, |x− η| ≤ 1, C > 1,

øàðòòàðûí ©àíà¡àòòàíäûðñûí. Îíäà y ∈ L2 ³øií

‖y′′′‖2 + ‖ry′′‖2 + ‖y‖2 ≤ CL ‖Ly‖2

áà¡àëàóû îðûíäàëàäû, áàñ©àøà àéò©àíäà, L îïåðàòîðû L2(R)

êå­iñòiãiíäå á°ëiêòåíåäi.

Ïàéäàëàíûë¡àí ºäåáèåòòåð

[1] Áóáíîâ Á.À. Õàðàêòåðèñòè÷åñêèå çàäà÷è äëÿ îäíîãî óðàâíåíèÿ òðåòüåãî
ïîðÿäêà. Êîððåêòíûå êðàåâûå çàäà÷è äëÿ íåêëàññè÷åñêèõ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè. Ñáîðíèê ñòàòåé. �Íîâîñèáèðñê, 1980. 44-50.

161



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

[2] Àéòêîæà Æ.Æ., Ìóðàòáåêîâ Ì.Á., Îñïàíîâ Ê.Í. Î ðàçðåøèìîñòè

îäíîãî êëàññà íåëèíåéíûõ ñèíãóëÿðíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà.

Âåñòíèê Åâðàçèéñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà èì. Ë.Í. Ãóìèëåâà.

� 2005. - � 6 (46). 10-15.

AMS Mathematics Subject Classi�cation: 34A55, 34B05, 58C40.

Àñèìïòîòèêà ñïåêòðà íåïîëóîãðàíè÷åííîãî

äèôôåðåíöèàëüíîãî îïåðàòîðà ÷åòâåðòîãî

ïîðÿäêà ñ êîëåáëþùèìñÿ êîýôôèöèåíòîì
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Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ àñèìïòîòè÷åñêîãî

ïîâåäåíèÿ ñïåêòðà íåïîëóîãðàíè÷åííîãî äèôôåðåíöèàëüíîãî

îïåðàòîðà L0, ïîðîæäåííîãî â L2(−∞,+∞) äèôôåðåíöèàëüíûì

âûðàæåíèåì

ly = y(4) + q1(x)y, x ∈ (−∞,+∞). (1)

Â ìîíîãðàôèè [1] áûëè ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû

äëÿ ôóíêöèè N(λ) � ôóíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ

çíà÷åíèé ñàìîñîïðÿæåííûõ ðàñøèðåíèé ìèíèìàëüíîãî

äèôôåðåíöèàëüíîãî îïåðàòîðà L0, ïîðîæäåííîãî â L2(−∞,+∞)

äèôôåðåíöèàëüíûì âûðàæåíèåì âèäà (1) â ñëó÷àå, êîãäà q1(x)

� "ðåãóëÿðíàÿ" â ñìûñëå Òèò÷ìàðøà-Ëåâèòàíà ôóíêöèÿ. Ïîä

ðåãóëÿðíîñòüþ ôóíêöèè q1(x) ïîíèìàåòñÿ ñëåäóþùåå:

• ôóíêöèÿ q1(x) ÿâëÿåòñÿ äâàæäû íåïðåðûâíî-

äèôôåðåíöèðóåìîé;
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• q′1(x), q′′1 (x) íå ìåíÿþò çíàê äëÿ äîñòàòî÷íî áîëüøèõ x, |x| >
R, R > 0;

• q1(x)→ +∞ ïðè |x| → +∞;

• q′1(x) = o(qγ1 (x)), |x| → +∞, 0 < γ < 5
4.

Öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå àñèìïòîòè÷åñêèõ

ôîðìóë äëÿ ôóíêöèè N(λ) â ñëó÷àå, êîãäà ôóíêöèÿ q1(x)

íå óäîâëåòâîðÿåò óñëîâèÿì ðåãóëÿðíîñòè òèïà Òèò÷ìàðøà-

Ëåâèòàíà è ÿâëÿåòñÿ êîëåáëþùåéñÿ ôóíêöèåé. Ïðèìåðîì òàêèõ

íåðåãóëÿðíûõ ôóíêöèé ÿâëÿþòñÿ, íàïðèìåð, ôóíêöèè âèäà

q1(x) = q(x) + h(x),

ãäå q(x) � "ðåãóëÿðíàÿ" , à h(x) ñîäåðæèò îñöèëëÿöèþ

h(x) =
∑

ak(x) · Sk (ϕk(x)) ,

ãäå Sk(t) � ïåðèîäè÷åñêèå ôóíêöèè, à ak(x), ϕk(x) � äîñòàòî÷íî

ãëàäêèå ìîíîòîííûå ôóíêöèè.

Àñèìïòîòè÷åñêèå (êàê ïî x, òàê è ïî λ) ôîðìóëû äëÿ

ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèÿ (äàëåå ÔÑÐ) óðàâíåíèé âèäà

−y′′ + (q(x) + h(x))y = λy

ñ ïîäîáíûìè ïîòåíöèàëàìè èçó÷àëèñü â ðàáîòàõ [4], [3]. Â

ðàáîòå [1] áûë ïðåäëîæåí íîâûé ìåòîä ïîñòðîåíèÿ òàêèõ

àñèìïòîòè÷åñêèõ ïðè x → +∞ ôîðìóë, äëÿ óðàâíåíèÿ

÷åòâåðòîãî ïîðÿäêà. Îêàçàëîñü, ÷òî äàííûé ìåòîä ïîçâîëÿåò

òàêæå ïîëó÷èòü àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ÔÑÐ óðàâíåíèÿ

(1) ïðè Γ 3 λ→∞, ãäå

Γ = {λ : σ + iτ ; σ > 0, ξ ≤ τ ≤ σγ, ξ > 0, 0 < γ < 1},

ðàâíîìåðíûå ïî x ∈ (−∞,+∞). Ïðè ýòîì íà ôóíêöèþ q1(x)

íàëàãàþòñÿ áîëåå æåñòêèå óñëîâèÿ.
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Dynamic analysis of queueing models

G. Gupur

College of Mathematics and Systems Science, Xinjiang University, Urumqi 830046, P.R.China
E-mail: genigupur@vip.163.com

On the basis of our research work, we introduce the dynamics for

queueing models that are described by in�nitely many partial di�er-

ential equations with integral boundary conditions. Firstly, we state

our motivation, next we provide the main tools in functional anal-

ysis, then we state the idea to obtain the well-posedness of queue-

ing models. After that, we introduce the asymptotic behavior of

time-dependent solutions of queueing models. In addition, we dis-

cuss structure of time-dependent solutions of queueing models. We

conclude this talk with some open problems.

Why a Fredholm integral equation of the �rst

kind is an ill-posed problem?

Alemdar Hasano�glu Hasanov

Izmir University, Izmir, Turkey
E-mail: alemdar.hasanoglu@gmail.com

Abstract. We study a relationship between two mathematical models of the

simplest physical phenomenon, governed by di�erential and integral operators.

Comparing these two problems, we will try to answer the question: which problem

is the direct (i.e. original) problem, and which problem is the inverse problem?

This will answer to the question why a Fredholm integral equation of the �rst

kind is an ill-posed problem?

1. Consider the problem of solving the Fredholm integral equation
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of the �rst kind [1]

(Au) :=

∫ 1

0

K(x, y)u(y)dy = F (x), where

K(x, y) =

{
(1− x)y, 0 ≤ y ≤ x,

x(1− y), x ≤ y ≤ 1.
(1)

It is easy to verify that∫ 1

0

K(x, y) sin(nπy) dy =
1

(nπ)2
sin(nπx), n = 1, 2, . . . , (2)

which means that the numbers {(nπ)−2}∞n=1 are eigenvalues of

the integral operator A : C[0, 1] 7→ C[0, 1] de�ned by (1), and

{
√

2 sin(nπx)}∞n=1 are the orthonormal eigenfunctions. Using this

we can de�ne the Fourier Sine series representation for the kernel

K(x, y):

K(x, y) = 2

∞∑
n=1

sin(nπx) sin(nπy)

(nπ)2
. (3)

To solve now the Fredholm integral equation (1) we use the

Fourier Sine series F (x) =
√

2
∑∞

n=1 Fn sin(nπx), u(x) =√
2
∑∞

n=1 un sin(nπx) for the functions F (x) and u(x), where Fn and

un are the Fourier coe�cients. Substituting these in (1) and using

(2) we deduce that
∞∑
n=1

un
(nπ)2

sin(nπx) =

∞∑
n=1

Fn sin(nπx).

This implies that un = (nπ)2Fn, n = 1, 2, . . . . This relationship

can be treated as an input-output relationship for problem (1). Thus,

the Fourier series solution of the Fredholm integral equation with the

kernel given by (1) is the function

u(x) =
√

2

∞∑
n=1

(nπ)2Fn sin(nπx), x ∈ [0, 1], (4)
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if the series converges in the considered solution set C[0, 1]. However,

there are very simple cases where this fails to happen, even in L2[0, 1].

Indeed, let F (x) ≡ 1, x ∈ [0, 1]. Calculating the Fourier coe�cients

Fn we get: Fn =
√

2 [1 − (−1)n]/(nπ), n = 1, 2, 3, . . . . This means

the series (4) fails to converge.

This analysis shows problem (1) may not have a solution for each

function F ∈ C[0, 1].

2. To understand the reason of this phenomenon, we interchange

roles of u(x) and F (x) in problem (1), assuming now that F (x) is

the unknown function and u(x) is the given one. Di�erentiating the

left hand side of (1) and taking into account the form of the kernel

we get the formal di�erential problem with respect to the unknown

function F (x): {
−F ′′(x) = u(x), x ∈ (0, 1),

F (0) = F (1) = 0.
(5)

Evidently, K(x, y) is the Green's function for the operator −d2/dx2

under the boundary conditions (5).

Let us compare now problems (1) and (5), taking into account the

swapping of the functions u(x) and F (x). It follows from the above

considerations that, these problems can be de�ned as inverse to each

other, as stated in [2]. Then, it is natural to ask the question: which

problem is the direct (i.e. original) problem, and which problem is

the inverse problem? To answer this question, we need to go back to

the physical model of the problem. The boundary value problem (5)

is the simplest mathematical model of de�ection of a string, occupy-

ing the interval [0, 1]. The Dirichlet conditions in (5) mean that the

string is clamped at its end points. In this model, the function u(x),

as a given right hand side of the di�erential equation (5), represents

a given pressure, and the function F (x), as a solution of the bound-

ary value problem (5), represents the corresponding de�ection. The

unique (classical) solution of the two-point boundary value problem
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(5) is the function

F (x) =

∫ 1

0

K(x, y)u(y)dy, x ∈ [0, 1], (6)

where the kernelK(x, y) is the Green's function de�ned in (1). Hence

each pressure u ∈ C[0, 1], de�nes uniquely the de�ection function

F ∈ C2[0, 1], F (0) = F (1) = 0. In other words, the boundary

value problem (5) is a well-posed problem, with the unique solution

(6). On the other hand, as we have seen above, the integral equa-

tion (1) may not have a solution for each continuous function f (x)

(de�ection). The physical interpretation is clear: each (admissible)

pressure generates a unique de�ection, but an arbitrary function can-

not be regarded as a de�ection. Applied to the integral equation (1)

this means that to be a possible defection F (x) needs, at least, to

satisfy the boundary conditions F (0) = F (1) = 0 and to have con-

tinuous second derivative. This is a reason, in the language of the

physical model, why a Fredholm integral equation of the �rst kind is

an ill-posed problem.

3. The lemma below explains the above conclusion, in terms of com-

pact operators. It simply asserts that any neighborhood of an arbi-

trary element F ∈ R(A) from the range of a linear compact operator

A might not have a preimage in H.

Lemma 1. Let A : D(A) ⊂ H 7→ H̃ be a compact operator between

two in�nite-dimensional Hilbert spaces H and H̃, with bounded do-

main D(A). Assume that f ∈ R(A) is an arbitrary element from

the range R(A) ⊂ H̃ of the operator A. Then for any ε > 0 there

exists an element f0 ∈ Vε(f ) := {g ∈ H̃ : ‖g − f‖H̃ ≤ ε} such that

f0 /∈ R(A).
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E-mail: zhanat.ibatov@mail.ru

2Åóðàçèÿ ´ëòòû© óíèâåðñèòåòi, Àñòàíà, �àçà©ñòàí
E-mail: mukhtarkarazym@gmail.com

x(t) =
b∫
a

K(t, s, x(h1(s), ..., x(hm(s)) ds ≡ (Tx)(t), t ∈ [a, b]

x(ξ) = ϕ(ξ), åãåð ξ /∈ [a, b]

(1)

èíòåãðàëäû© òåíäåói ê°ïòåãåí [1-4] àâòîðëàðäû­

¡ûëûìè å­áåêòåðiíäå çåðòòåëãåí. Àðãóìåíòi êåøiãåòií

äèôôåðåíöèàëäû© òåíäåóëåð òåîðèÿñûíû­ ê°ïòåãåí ìºñåëåëåði

îñû ñèÿ©òû òå­äåóëåðãå êåëòiðiëåäi [5].

Ê°ðñåòiëãåí àâòîðëàðäû­ çåðòòåóëåðií æàë¡àñòûðà îòûðûï,

áiç (1) òå­äåóäi êåëåñi øàðòòàð:

a) ôóíêöèÿ K : [a, b] × [a, b] × Rm 7→ R Êàðàòåîäîðè

øàðòûí ©àíà¡àòòàíäûðàäû, ÿ¡íè áàðëû© äåðëiê t, s ∈ [a, b] ³øií

©àë¡àí àðãóìåíòòåð æèûíòû¡û áîéûíøà ³çiëiññiç æºíå áiðiíøi,

åêiíøi àðãóìåíòòåð æèûíòû¡û áîéûíøà °ëøåìäi áàðëû© ì³ìêií

áîëàòûí ©àë¡àí àðãóìåíòòåð ìºíäåði ³øií;
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b) hi : [a, b] 7→ R, i = 1, ...,m [a, b] êåñiíäiñiíäå °ëøåìäi

ôóíêöèÿëàð æºíå mese = 0 áîë¡àíäà mes{s ∈ [a, b] : hi(s) ∈
e} = 0 øàðòû îðûíäàëàòûí ∀e ⊂ [a, b] æèûíû ³øií

mesh−1
i ([a, b]) > 0 îðûíäàëàòûí æà¡äàéëàðäà ©àðàñòûðàìûç.

Iëãåðiäå áiç ϕ(ξ) = 0 äåï ´é¡àðàìûç, á´ë ´é¡àðûì òàëäàó

øå­áåðií òàðûëòïàéäû [5].

T îïåðàòîðûí íîðìàñû ‖u‖p = (
b∫
a

|u(s)|pds)
1
p àð©ûëû

àíû©òàëàòûí Lp, 1 < p < ∞ êå­iñòiãiíäå ©àðàñòûðàìûç.

Lmp äåï íîðìàñû ‖u‖Lmp = max
1≤i≤m

‖ui‖p æºíå ºðáið êîìïîíåíòi

Lp êå­iñòiãiíäå æàòàòûí u(s) = {u1(s), ..., um(s)} âåêòîð-

ôóíêöèÿëàð êå­iñòiãií áåëãiëåéìiç.

Lp êå­iñòiãiíäå æàòàòûí æºíå [a, b] êåñiíäiñiíi­ áàðëû© æåðäå

äåðëiê (1) òå­äåóäi ©àíà¡àòòàíäûðàòûí x ôóíêöèÿñûí (1)

èíòåãðàëäû© òå­äåóäií øåøiìi äåï àòàéìûç.

[a, b] êåñiíäiñiíi­ σ-àëãåáðà ê´ðàéòûí iøêi æèûíäàðûíàí

©´ðàëàòûí æèûíäû

µi(e)
def
= mes{s ∈ [a, b] : hi(s) ∈ e}

æºíå
dµi
dm

(s)
def
= lim

mese 7→0

µ(e)

mese
ôóíêöèÿëàðûí àíû©òàéìûç. Ì´íäàãû e - s í³êòåñií ©àìòèòûí

[a, b] êåñiíäiñiíäå æàòàòûí êåñiíäi, àë dµi
dm , i = 1, ...,m

©îñûíäûëàíàòûí ôóíêöèÿëàð ([6], 234 á.).

uh(s) =

{
u(h(s)), åãåð h(s) ∈ [a, b]

0, åãåð h(s) /∈ [a, b]
äåï àëûï, ºñåðëåði ñºéêåñiíøå

(Hiu)(s)
def
= uhi(s)

(Hu)(s)
def
= {(H1u)(s), ..., (Hmu)(s)}
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(Ku)(t)
def
=

b∫
a

K(t, s, u(s))ds

àð©ûëû àíû©òàëàòûí iøêi ñóïåðïîçèöèÿ Hi, H îïåðàòîðëàðûí

æºíå ñûçû©òû åìåñ K èíòåãðàëäû© îïåðàòîðûí àíû©òàéìûç.

Àéòà êåòåòií æàéò, Hi, i = 1, ...,m æºíå H îïåðàòîðëàðû

ñûçû©òû, î­ æºíå Lp êå­iñòiãií Lp êå­iñòiãiíå áåéíåëåéòií

áåéíåëåóëåð.

Åíäi (1) èíòåãðàëäû© òå­äåóií

x = KHx ≡ Tx, x ∈ Lp
îïåðàòîðëû© òå­äåó ò³ðiíäå æàçó¡à áîëàäû.

S = {x ∈ Lp : |x(t)| ≤ z(t) ∈ Lp} äåï Lp êå­iñòiãiíi­ ò´éû©,

ä°­åñ, øåíåëãåí iøêi æèûíûí áåëãiëåéiê.

Ëåììà 1. Åãåð H : Lp 7→ Lmp áåéíåëåéòií ñûçû©òû îïåðàòîð

æºíå

|K(t, s, u1, ..., um)| ≤ ω(t, s, |u1|, ..., |um|)

z(t) ≥
b∫
a

ω(t, s, zh1(s), ..., zhm(s))ds

òå­ñiçäiêòåðií ©àíà¡àòòàíäûðàòûí t, s ∈ [a, b], |ui| <

∞ îáëûñûíàí αi àðãóìåíòòåði áîéûíøà êåìiìåéòií

ω(t, s, α1, ..., αm) æºíå òåðiñ åìåñ z ∈ Lp ôóíêöèÿëàðû

òàáûëàòûí áîëñà, îíäà T îïåðàòîðû S æèûíûí S æèûíûíà

áåéíåëåéäi.

Òåîðåìà 1. Åãåð

1) sup
u∈Rn

vraisup
‖K(·,s,u)‖Lnp1
‖u‖pLp+a(s)

<∞ (1 ≤ p1 < p <∞) îðûíäàëàòûí

L1 êå­iñòiãiíäå æàòàòûí î­ a(s) ôóíêöèÿñû òàáûëàòûí áîëñà;

2) lim
‖u−v‖Rm→ 0

vrai sup
s∈[a,b]

‖K(·, s, u)−K(·, s, v)‖Lnp1 =

0 òå­äiãi Rm êå­iñòiãiíäå æàò©àí êåç êåëãåí v ³øií

îðûíäàëàòûí áîëñà;
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3) lim
δ 7→0

sup
u∈Rm

vrai sup
s∈[a,b]

‖K(·+δ,s,u)−K(·,s,u)‖Lnp1
‖u‖pLp+a(s)

= 0;

4) dµi
dm ∈ L p

p−p1
, i = 1, ...,m æàòàòûí áîëñà, îíäà T : Lp 7→

Lp òîëû¡ûìåí ³çiëiññiç îïåðàòîð áîëàäû.

Òåîðåìà 2. Åãåð ëåììà ìåí 1-òåîðåìàíû­ øàðòòàðû

îðûíäàëñà, îíäà (1) òåíäåóäi­ Lp êå­iñòiãiíäå æàòàòûí

|x(t)| ≤ z(t) òå­ñiçäiãií ©àíà¡àòòàíäûðàòûí êåì äåãåíäå

áið øåøiìi áàð áîëàäû.

�äåáèåòòåð òiçiìi

[1] Àçáåëåâ Í.Â., Ðàõìàòóëëèíà Ë.Ô., ×èãèðåâ À.È., Äèôôåðåíö.
óðàâíåíèÿ, 1970, ò.6, �2.

[2] Àçáåëåâ Í.Â., Öàëþê Ç.Â. Äîêë. ÀÍÑÑÑÐ 1964, ò.156 ,�2.

[3] Øðàãèí È.Â., Äèôôåðåíö. óðàâíåíèÿ , 1975, ò.11, �11.

[4] Èáàòîâ À., Êîððåêòíûå êðàåâûå çàäà÷è äëÿ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé , Äèñ. êàíä. ôèç-ìàò. íàóê, Àëìà-Àòà,
1986, 118 c.

[5] Àçáåëåâ Í.Â., Ðàõìàòóëëèíà Ë.Ô., Äèôôåðåíö. óðàâíåíèÿ , 1978, ò.14,
�5.

[6] Äàíôîðä Í., Øâàðö Äæ.Ò., Ëèíåéíûå îïåðàòîðû. Îáùàÿ òåîðèÿ Ì:

ÈË, 1962.

AMS Mathematics Subject Classi�cation : 45G10

172



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé

çàäà÷è äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

ñ èíòåãðàëüíûì âîçìóùåíèåì êðàåâîãî óñëîâèÿ

àíòèïåðèîäè÷åñêîãî òèïà

Í.Ñ. Èìàíáàåâ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû,
Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò,

Øûìêåíò, Êàçàõñòàí
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Â íàñòîÿùåé çàìåòêå ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó ñ

èíòåãðàëüíûì âîçìóùåíèåì îäíîãî èç êðàåâûõ óñëîâèé òèïà I

[1]:

L1 (u) ≡ −u′′ (x) = λu (x) , 0 < x < 1, (1)

U1 (u) ≡ u (0) + u (1) = 0, (2)

U2 (u) ≡ u′ (0) + u′ (1) =

1∫
0

p (x)u (x) dx, p (x) ∈ L1 (0, 1) . (3)

Íåñàìîñîïðÿæåííûì âîçìóùåíèåì ñàìîñîïðÿæåííîé

àíòèïåðèîäè÷åñêîé çàäà÷è áóäåò íàãðóæåííûé

äèôôåðåíöèàëüíûé óðàâíåíèÿ âòîðîãî ïîðÿäêà ñëåäóþùåãî

âèäà [2]:

L1
∗ (v) ≡ −v′′ (x) + p (x) v′ (1) = λv (x) ,

V1 (v) ≡ v(0) + v(1) = 0, V2 (v) ≡ v′(0) + v′(1) = 0
(4)

Ôóíêöèþ p (x) ïðåäñòàâèì â âèäå ðÿäà Ôóðüå ïî

òðèãîíîìåòðè÷åñêîé ñèñòåìå:

p (x) =

∞∑
k=1

[ak cos (2 (k − 1) π)x + bksin (2 (k − 1) π)x] (5)

Òåîðåìà 1. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü

àíòèïåðèîäè÷åñêîé ñïåêòðàëüíîé çàäà÷è ñ âîçìóùåííûìè
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êðàåâûìè óñëîâèÿìè (1) - (3) ïðåäñòàâèì â âèäå

∆1 (λ) = 2
(

1 + cos
√
λ
)
− 2 sin

√
λ

∞∑
k=1

bk
(2k − 1) π

λ− ((2k − 1) π)2 ,

ãäå ∆0 (λ) = 2
(

1 + cos
√
λ
)
− õàðàêòåðèñòè÷åñêèé

îïðåäåëèòåëü íåâîçìóùåííîé àíòèïåðèîäè÷åñêîé çàäà÷è,

bk− êîýôôèöèåíòû ðàçëîæåíèÿ (5) ôóíêöèè p (x) â

òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå.

Àâòîðû áûëè ïîääåðæàíû ãðàíòîì 0825/ÃÔ4 ÌÎÍ ÐÊ.
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A periodic problem with nonlocal perturbation

of boundary conditions

N.S. Imanbaev1,2, M.A. Sadybekov1
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It is well-known that a system of eigenfunctions of the operator,

given by a formally self-adjoint di�erential expression with arbitrary
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self-adjoint boundary conditions providing a discrete spectrum, forms

an orthonormal basis of the space L2. The problem of preserving the

basis properties with a (weak, in a sense) perturbation of the initial

operator was investigated in many works.

The present work is the continuation of authors' researchers on sta-

bility (instability) of basis property of root vectors of a di�erential

operator with nonlocal perturbation of one of boundary conditions.

In this paper a spectral problem for a multiple di�erentiation op-

erator with an integral perturbation of boundary conditions of one

type, which are regular, but not strongly regular, is considered. The

present paper is devoted to the spectral problem

l(u) ≡ −u′′(x) = λu(x), 0 < x < 1,

U1(u) ≡ u′(0)− u′(1) + αu(0) =

∫ 1

0

p(x)u(x)dx,

U2(u) ≡ u(0)− u(1) = 0,

which p(x) ∈ L2(0, 1), and α 6= 0 is an arbitrary complex number.

For this type of the boundary conditions it is known that the un-

perturbed problem has an asymptotically simple spectrum, and its

system of normalized eigenfunctions creates the Riesz basis.

We construct the characteristic determinant of the spectral prob-

lem with an integral perturbation of the boundary conditions. It is

shown that the Riesz basis property of a system of eigen- and ad-

joint functions is stable with respect to integral perturbations of the

boundary condition.

The main result of the work is the following theorem.

Theorem 1. For any function p(x) ∈ L2(0, 1), the system of

eigen- and adjoint functions of problem (1)�(3) forms the Riesz basis

L2(0, 1).

The results of the present paper, unlike [1], demonstrate the sta-

bility of basis properties of the root functions under integral pertur-
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bation of the boundary conditions of one type of problems that are

regular, but not strongly regular.

Some Problems of these types was considered in our works [1, 2]

and was published in extended abstracts of the Third International

Conference on Analysis and Applied Mathematics, Almaty, Kaza-

khstan (September 07-10, 2016) [3].

The authors were supported by the grant no. 0825/GF4 of the

Ministry of Education and Science of Republic of Kazakhstan.
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We consider a model case of stationary vibrations of a thin �at

plate, one side of which is embedded, the opposite side is free, and

the sides are freely leaned. In mathematical modeling, there is a local
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boundary value problem for the biharmonic equation in a rectangu-

lar domain. Boundary conditions are given on all boundary of the

domain.

Problem C. Find in D = {(x, y) : 0 < x < π, 0 < y < l} a
solution to the biharmonic equation

42u ≡ uxxxx(x, y) + 2uxxyy(x, y) + uyyyy(x, y) = 0, (x, y) ∈ D (1)

satisfying boundary conditions in the �rst spatial variable x:

u|x=0 = 0, 4u|x=0 = 0; u|x=π = 0, 4u|x=π = 0; 0 ≤ y ≤ l; (2)

and boundary conditions in the second spatial variable y:

u|y=0 = ϕ1(x),
∂u

∂y

∣∣
y=0

= ϕ2(x), 0 ≤ x ≤ π; (3)

4u|y=l = ψ1(x),
∂4u
∂y

∣∣
y=l

= ψ2(x), 0 ≤ x ≤ π. (4)

We show that the considered problem is self-adjoint. Herewith, the

problem is ill-posed. We show that the stability of solution to the

problem is disturbed. Necessary and su�cient conditions of existence

of the problem solution are found. Spaces of the ill-posedness of the

considered problem are constructed.

Some Problems of these types was considered in our works [1-3].

The authors were supported by the grant no. 0820/GF4 of the
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Î âëèÿíèè èíòåãðàëüíûõ âîçìóùåíèé íà îãðàíè÷åííîñòü

ðåøåíèé ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

òðåòüåãî ïîðÿäêà íà ïîëóîñè

Ñ. Èñêàíäàðîâ

Èíñòèòóò òåîðåòè÷åñêîé è ïðèêëàäíîé ìàòåìàòèêè ÍÀÍ
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Âñå ôèãóðèðóþùèå ôóíêöèè è èõ ïðîèçâîäíûå ÿâëÿþòñÿ

íåïðåðûâíûìè è ñîîòíîøåíèÿ èìåþò ìåñòî ïðè t ≥ t0, t ≥ τ ≥
t0; J = [t0,∞); ÈÄÓ - èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå; ÄÓ

- äèôôåðåíöèàëüíîå óðàâíåíèå.

Ëåììà Óñòàíîâèòü äîñòàòî÷íûå óñëîâèÿ îãðàíè÷åííîñòè íà

ïîëóèíòåðâàëå J âñåõ ðåøåíèé ñëåäóþùåãî ëèíåéíîãî ÈÄÓ

òðåòüåãî ïîðÿäêà âèäà:

x′′′(t) + a2(t)x′′(t) + a1(t)x′(t) + a0(t)x(t) +
t∫
t0

[Q0(t, τ )x(τ )

+Q1(t, τ )x′(τ ) + Q2(t, τ )x′′(τ )] dτ = f (t) , t ≥ t0 (1)

â ñëó÷àå, êîãäà ñîîòâåòñòâóþùåå ÄÓ òðåòüåãî ïîðÿäêà

x′′′(t) + a2(t)x′′(t) + a1(t)x′(t) + a0(t)x(t) = f (t) , t ≥ t0 (10)

ìîæåò èìåòü íåîãðàíè÷åííûå íà J ðåøåíèÿ.

Äëÿ ðåøåíèÿ âûøåïðèâåäåííîé çàäà÷è ðàçâèâàåòñÿ

íåñòàíäàðòíûé ìåòîä ñâåäåíèÿ ê ñèñòåìå àâòîðà (2006), ìåòîä
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ñðåçûâàþùèõ ôóíêöèé àâòîðà (2002), ìåòîä èíòåãðàëüíûõ

íåðàâåíñòâ Þ.À.Âåäü, Ç.Ïàõûðîâà (1973) è ïðèìåíÿåòñÿ ëåììà

3.3 àâòîðà (2002) îá èíòåãðàëüíîì íåðàâåíñòâå ïåðâîãî ðîäà.

Íèæå ïðèâåäåì êðàòêîå ñîäåðæàíèå ðàáîòû. Ñíà÷àëà

àíàëîãè÷íî àâòîðó (2006) â ÈÄÓ (1) ñäåëàåì çàìåíó:

x′(t) + λ2x(t) = W (t)y(t), x′(t) = −λ2x(t) + W (t)y(t), (2)

ãäå 0 6= λ - íåêîòîðûé âñïîìîãàòåëüíûé ïàðàìåòð, 0 < W (t) -

íåêîòîðàÿ âåñîâàÿ ôóíêöèÿ; y(t) - íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ.

Òîãäà ÈÄÓ òðåòüåãî ïîðÿäêà (1) ñâîäèòñÿ ê ñëåäóþùåé

ýêâèâàëåíòíîé ñèñòåìå èç ÄÓ ïåðâîãî ïîðÿäêà (2) äëÿ

íåèçâåñòíîé x(t) è èç ÈÄÓ âòîðîãî ïîðÿäêà äëÿ íåèçâåñòíîé y(t) :

x′(t) + λ2x(t) = W (t)y(t),

y′′(t) + b2(t)y′(t) + b1(t)y(t) + b0(t)x(t)+

+
t∫
t0

[P0(t, τ )x(τ ) + P1(t, τ )y(τ ) + K(t, τ )y′(τ )] dτ =

= F (t), t ≥ t0, (3)
ãäå

b2(t) ≡ a2(t) + 2W ′(t) (W (t))−1− λ2, b1(t) ≡ a1(t)− λ2a2(t) + λ4 +

a2(t)W ′(t) (W (t))−1 +

+
[
W ′(t)− λ2W (t)

]′
(W (t))−1 ,

b0(t) ≡ (W (t))−1 [a0(t)− λ2a1(t) + λ4a2(t)− λ6
]
,

P0(t, τ ) ≡ (W (t))−1 [Q0(t, τ )− λ2Q1(t, τ ) + λ4Q2(t, τ )
]
,

P1(t, τ ) ≡ (W (t))−1 [Q1(t, τ )W (τ ) + Q2(t, τ )
(
W ′(τ )− λ2W (τ )

)]
,

K(t, τ ) ≡ (W (t))−1Q2(t, τ )W (τ ) , F (t) ≡ (W (t))−1 f (t) .

Ââåäåì ïðåäïîëîæåíèÿ è îáîçíà÷åíèÿ àíàëîãè÷íî àâòîðó

(2002):

K (t, τ ) =

n∑
i=0

Ki (t, τ ), F (t) =

n∑
i=0

Fi (t), (K), (F )
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ψi (t) (i = 1...n) - íåêîòîðûå ñðåçûâàþùèå ôóíêöèè,

Ri(t, τ ) ≡ Ki(t, τ )(ψi(t)ψi(τ ))−1 , Ei(t) ≡ Fi(t) (ψi(t))
−1 ,

Ri(t, t0) = Ai(t) + Bi(t) (i = 1...n), (R)

ci (t) (i = 1...n) - íåêîòîðûå ôóíêöèè. Â ÷àñòíîñòè, äîêàçàíà

Òåîðåìà 1. Ïóñòü 1) λ 6= 0, W (t) > 0; âûïîëíÿþòñÿ óñëîâèÿ

(Ê), (F), (R);

2) Ai(t) ≥ 0, Bi(t) ≥ 0, B′i(t) ≤ 0, R′iτ (t, τ ) ≥ 0,

ñóùåñòâóþò ôóíêöèè A∗i (t) ≥ 0, R∗i (t) ≥ 0 òàêèå,

÷òî A′i(t) ≤ A∗i (t)Ai(t),
(
E

(k)
i (t)

)2

≤ B
(k)
i (t)c

(k)
i (t),

R′′itτ (t, τ ) ≤ R∗i (t)R
′
iτ (t, τ ) (i = 1..n; k = 0, 1). Òîãäà äëÿ

ëþáîãî ðåøåíèÿ (x(t), y(t)) ñèñòåìû (3) âûïîëíÿåòñÿ

ýíåðãåòè÷åñêàÿ îöåíêà: (x(t))2 + 2λ2
t∫
t0

(x(s))2 ds + (y′(t))2 +

n∑
i=1

[
Ai(t) (Xi(t, t0))2 +

t∫
t0

R′iτ (t, τ ) (Xi(t, τ ))2 dτ ] ≤ {√c∗+

+

t∫
t0

F∗(s) exp(− 1

2

s∫
t0

V (η)dη)ds}2 exp(

t∫
t0

V (s)ds) ≡M(t, c∗), (4)

ãäå F∗(t) ≡ |F0(t)|+W (t) |y(t0)|+ |b1(t)y(t0)|+ |y(t0)|
t∫
t0

|P1(t, τ )| dτ ,

V (t) ≡
n∑
i=1

[A∗i (t) + R ∗i (t)] +2{W (t) |t− t0|+|b2(t)|+|b1(t)| |t− t0|+

|b0(t)| +

+
t∫
t0

[|P0(t, τ )|+ |P1(t, τ )| |τ − t0| + |K0(t, τ )|] dτ}.

Ïóñòü, åùå 3) Aj(t) > 0, ψj(t) > 0, ψ′j(t) ≥ 0 (1 ≤ j ≤
n) , q(t, c∗) ≥ 0, q′(t, c∗) ≥ 0,

q′(t, c∗)(ψj(t))
− 1 ∈ L1(J,R+), ãäå q(t, c∗) ≡ (Aj(t))

− 1
2(M(t, c∗))

1
2 .

Òîãäà y(t) = O(1).
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Ñëåäñòâèå 1. Åñëè âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 1 è

W (t) = O(1) (ñîîòâåòñòâåííî W (t) → 0, t → ∞), òî ëþáîå

ðåøåíèå ÈÄÓ (1) x(t) = O(1) (ñîîòâåòñòâåííî x(t) → 0, t →
∞).

Ñïðàâåäëèâîñòü ýòîãî ñëåäñòâèÿ âûòåêàåò íà îñíîâå

èíòåãðàëüíîãî ïðåäñòàâëåíèÿ x(t) èç çàìåíû (2) äëÿ ëþáîãî

x(t0).

Ïðèâîäÿòñÿ èëëþñòðàòèâíûå ïðèìåðû.

Î êëàññàõ âîçìóùåíèé, ñîõðàíÿþùèõ àñèìïòîòèêó

ñïåêòðà îïåðàòîðîâ, íå áëèçêèõ ê íîðìàëüíûì

Õ.Ê. Èøêèí

Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåòå, Óôà, Ðîññèÿ
E-mail: Ishkin62mail.ru

ÏóñòüH � ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâ, T0 � ïëîòíî

îïðåäåëåííûé â H îïåðàòîð c äèñêðåòíûì ñïåêòðîì. Îáîçíà÷èì

÷åðåç {λk}∞k=1 ñîáñòâåííûå ÷èñëà T0, ïðîíóìåðîâàííûå â ïîðÿäêå

íåóáûâàíèÿ ìîäóëåé ñ ó÷åòîì èõ àëãåáðàè÷åñêèõ êðàòíîñòåé.

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî 0 íå ÿâëÿåòñÿ

ñîáñòâåííûì çíà÷åíèåì T0, òî åñòü îïåðàòîð T−1
0 êîìïàêòåí.

Òîãäà â ïîëÿðíîì ðàçëîæåíèè T0 = U |T0|, |T0| =
√
T ∗0T0,

îïåðàòîð U óíèòàðåí, s-÷èñëà îïåðàòîðà T−1
0 èìåþò âèä

sj(T
−1
0 ) = s−1

j |T0|), ãäå {sj(|T0|)}∞j=1 � ïðîíóìåðîâàííûå â ïîðÿäêå

íåóáûâàíèÿ ñîáñòâåííûå ÷èñëà îïåðàòîðà |T0|.
Èç òåîðåìû Ì.Â. Êåëäûøà [4] (ñì. òàêæå [2, ãë. V, �� 10,11])

ñëåäóåò, ÷òî åñëè T−1
0 ∈ Sp ïðè íåêîòîðîì p < ∞, òî ëþáîå T0-

êîìïàêòíîå âîçìóùåíèå V ñîõðàíÿåò ëîêàëèçàöèþ ñïåêòðà, òî

åñòü ïðè ëþáîì ε > 0 ñïåêòð îïåðàòîðà T = T0 + V âíå óãëà
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{| arg λ| < ε} êîíå÷åí. Åñëè ôóíêöèÿ ðàñïðåäåëåíèÿ ñïåêòðà

N(T0, r) óäîâëåòâîðÿåò òàóáåðîâûì óñëîâèÿì N(T0,s)
N(T0,r)

<
(
s
r

)γ
, s >

r ≥ R, ïðè íåêîòîðûõ γ > 0 è R > 0, òî ñïðàâåäëèâà ôîðìóëà

N(T, r) ∼ N(T0, r), r → +∞.

Âïîñëåäñòâèè òåîðåìà Êåëäûøà îáîáùàëàñü â ðàçëè÷íûõ

íàïðàâëåíèÿõ (ñì. [1, 2, 6] è èìåþùèåñÿ òàì ññûëêè).

Îäíî èç òàêèõ íàïðàâëåíèé � ðàñøèðåíèå êëàññîâ îïåðàòîðîâ

T0, äëÿ êîòîðûõ ñîõðàíÿåòñÿ óòâåðæäåíèå òåîðåìû Êåëäûøà.

Òàê, â ðàáîòå [5] áûëî ïîêàçàíî, ÷òî åñëè T0 � íîðìàëüíûé

îïåðàòîð ñ äèñêðåòíûì ñïåêòðîì, ëåæàùèì íà ëó÷àõ γk = {λ ∈
C : arg λ = ϕk}(k = 1,m) ñ ñîîòâåòñòâóþùèìè ôóíêöèÿìè

ðàñïðåäåëåíèÿ N0(γk, r), óäîâëåòâîðÿþùèìè óñëîâèÿì

lim
ε→+0,
r→+∞

N0(γk, r(1 + ε))

N0(γk, r)
= 1 (k = 1,m),

òî ïðè ëþáîì T0-êîìïàêòíîì V ñïåêòð îïåðàòîðà T = T0 +

V ëîêàëèçóåòñÿ îêîëî ëó÷åé γk (k = 1,m) è N(γk, r) ∼
N0(γk, r), k = 1,m, ãäå N(γk, r) � ÷èñëî ñîáñòâåííûõ ÷èñåë

îïåðàòîðà T â ñåêòîðå {λ : |λ| < r, | arg λ − ϕk| < ε}, ε > 0 �

äîñòàòî÷íî ìàë.

Åñëè îïåðàòîð T0 íå áëèçîê ê ñàìîñîïðÿæåííîìó èëè

íîðìàëüíîìó (òî åñòü íå ïðåäñòàâëÿåòñÿ â âèäå T0 = H + V, ãäå

H ñàìîñîïðÿæåí èëè íîðìàëåí, V � H-êîìïàêòåí), òî ñïåêòð

T0 ìîæåò ñèëüíî ìåíÿòüñÿ ïîä äåéñòâèåì ìàëûõ âîçìóùåíèé

(ñì. [7] è èìåþùèåñÿ òàì ññûëêè). Íàìè ïîëó÷åí êëàññ

âîçìóùåíèé, ñîõðàíÿþùèõ àñèìïòîòèêó ñïåêòðà ïðîèçâîëüíîãî

îïåðàòîðà ïëîòíî îïðåäåëåííîãî îïåðàòîðà ñ ðåçîëüâåíòîé èç

êëàññà Íåéìàíà�Øàòòåíà.

Áóäåì ãîâîðèòü, ÷òî ñïåêòð T0 ëîêàëèçîâàí îêîëî ëó÷à

arg λ = α0 òîãäà è òîëüêî òîãäà, êîãäà ∀ ε > 0 N(T0, r) ∼
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N(T0, α0 − ε, α0 + ε, r), r → +∞, ãäå N(T, η, ζ, r) è N(T, r) �

÷èñëî ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà T ñîîòâåòñòâåííî â

ñåêòîðå {η < arg λ < ζ, |λ| < r} è êðóãå {|λ| < r}.
Òåîðåìà 1. Ïóñòü îïåðàòîð T0 óäîâëåòâîðÿåò ñëåäóþùèì

óñëîâèÿì:

1T ) T−1
0 ∈ Sp(p > 0) è ñïåêòð îïåðàòîðà T0 ëîêàëèçîâàí îêîëî

ëó÷à arg λ = 0,

2T ) ñïåêòð T0 íà ëó÷å (−∞, 0) êîíå÷åí è ‖(T0 + r)−1‖ =

O
(
r−1
)
, r → +∞;

3T ) N(T0, r) óäîâëåòâîðÿåò óñëîâèþ lim
r→∞

N(T0, r)/N(|T0|, r) >
0.

Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. Åñëè

1V ) îïåðàòîð V îãðàíè÷åí îòíîñèòåëüíî T0 è åãî T0-ãðàíü

ðàâíà 0,

2V ) ñïåêòð îïåðàòîðà T = T0 + V ëîêàëèçîâàí îêîëî

íåêîòîðîãî ëó÷à arg λ = β,

òî β = 0;

2. Åñëè âûïîëíåíî äîïîëíèòåëüíîå ê 1T ) � 3T ) óñëîâèå

lim
ε→+0,
r→+∞

N(T0, r(1 + ε))

N(T0, r)
= 1,

òî

N(T, r) ∼ N(T0, r), r → +∞.
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Îá îäíîì àëãîðèòìå íàõîæäåíèÿ ðåøåíèÿ ëèíåéíîé

êðàåâîé çàäà÷è äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì

Æ.Ì. Êàäèðáàåâà

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
E-mail: apelman86pm@mail.ru

Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ íàãðóæåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= A0(t)x +

m∑
j=1

Aj(t) lim
t→θj+0

x(t) + f (t),

Bi lim
t→θi−0

x(t)− Ci lim
t→θi+0

x(t) = ϕi, ϕi ∈ Rn, i = 1,m, (2)

ãäå (n × n)-ìàòðèöû Aj(t), j = 0,m, è n-âåêòîð-ôóíêöèÿ f (t)

êóñî÷íî-íåïðåðûâíû íà [0, T ], ñ âîçìîæíûìè ðàçðûâàìè ïåðâîãî

ðîäà â òî÷êàõ t = θi, i = 1,m. Bi, Ci, i = 1,m - ïîñòîÿííûå

ìàòðèöû ðàçìåðíîñòè (n × n), 0 = θ0 < θ1 < θ2 < ... < θm <

θm+1 = T .

Ðåøåíèåì çàäà÷è (1), (2) ÿâëÿåòñÿ êóñî÷íî-íåïðåðûâíî

äèôôåðåíöèðóåìàÿ íà [0, T ] âåêòîð-ôóíêöèÿ x(t), êîòîðàÿ

óäîâëåòâîðÿåò íàãðóæåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

(1) íà [0, T ], êðîìå òî÷åê t = θi, i = 1,m, è óñëîâèÿì èìïóëüñíûõ

âîçäåéñòâèé â ôèêñèðîâàííûå ìîìåíòû âðåìåíè (2).

Â ïîñëåäíèå ãîäû íàãðóæåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

íàõîäÿò ìíîãî÷èñëåííûå ïðèìåíåíèÿ â çàäà÷àõ ïðàêòèêè.

Íàãðóæåííûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è

êðàåâûå çàäà÷è äëÿ òàêèõ óðàâíåíèé ðàññìîòðåíû â [1, 2, 4, 5, 6]

è ïîëó÷åíû óñëîâèÿ èõ ðàçðåøèìîñòè ðàçëè÷íûìè ìåòîäàìè.

Â ðàáîòàõ [2, 4] ëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ

íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðåøàëàñü ìåòîäîì
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ïàðàìåòðèçàöèè [3]. Íà åãî îñíîâå áûëè óñòàíîâëåíû

íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè

óêàçàííîé çàäà÷è.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ýâîëþöèè ðåàëüíûõ ïðîöåññîâ

ñ êðàòêîâðåìåííûìè âîçìóùåíèÿìè, äëèòåëüíîñòüþ êîòîðûõ

ìîæíî ïðåíåáðå÷ü, ïðèâîäèò ê íåîáõîäèìîñòè èññëåäîâàíèÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì.

Ðàçëè÷íûå çàäà÷è äëÿ òàêèõ óðàâíåíèé, ìåòîäû èõ ðåøåíèÿ è

äðóãèå âîïðîñû òåîðèè èìïóëüñíûõ ñèñòåì ðàññìîòðåíû ìíîãèìè

àâòîðàìè, îáçîð è áèáëèîãðàôèþ ðàáîò ìîæíî ïîñìîòðåòü â [7].

Èçâåñòíî, ÷òî íàëè÷èå èìïóëüñà ñóùåñòâåííî âëèÿåò íà ñâîéñòâà

ðåøåíèé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â íàñòîÿùåì ñîîáùåíèè èññëåäóþòñÿ âîïðîñû ðàçðåøèìîñòè

ëèíåéíîé êðàåâîé çàäà÷è äëÿ ñèñòåìû íàãðóæåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì

(1), (2). Äëÿ íàõîæäåíèÿ óñëîâèé ðàçðåøèìîñòè è ïîñòðîåíèÿ

àëãîðèòìîâ íàõîæäåíèÿ ïðèáëèæåííûõ ðåøåíèé çàäà÷è (1),

(2) èñïîëüçóåòñÿ ìåòîä ïàðàìåòðèçàöèè [3]. Ïðåäëàãàþòñÿ

àëãîðèòìû íàõîæäåíèÿ ðåøåíèÿ è óñòàíàâëèâàþòñÿ óñëîâèÿ

îäíîçíà÷íîé ðàçðåøèìîñòè â òåðìèíàõ èñõîäíûõ äàííûõ.

Ðåçóëüòàòû ïîääåðæàíû ãðàíòîâûì ôèíàíñèðîâàíèåì

Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí,

ãðàíò 0822/ÃÔ4.
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Ðàññìîòðèì ñèñòåìó

dyj
dx

= ωj(x)yj +

n∑
j=1

cij(x)yk, j = 1, 2...n. (1)

187



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

Èçâåñòíî [1], ÷òî ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü

1. Ôóíêöèè ωj(x) ñóììèðóåìû â êàæäîì êîíå÷íîì èíòåðâàëå

[0, α], α > 0.

2. Ôóíêöèè cjk(x) ñóììèðóåìû â èíòåðâàëå [0,∞].

3. ωj(x) ≡ 0 ïðè íåêîòîðîì i.

4. Ïðè x, äîñòàòî÷íî áîëüøîì (x > x0), ôóíêöèè <ωj(x), j 6= i,

íå ìåíÿþò çíàê.

Òîãäà ñèñòåìà (1) èìååò ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì

lim yj(x) =

{
1, j=i,

0, j 6= i.

Íàøåé öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ äîêàçàòåëüñòâî àíàëîãà

òåîðåìû 1 äëÿ ôóíêöèé cjk(x) = cij sin ex, ãäå cij = const.

Çàìåòèì, ÷òî
∞∫
x0

| sin ex|dx =∞, òî åñòü óñëîâèå 2 íå âûïîëíÿåòñÿ.

Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ðåøåíèÿ ñèñòåìû

z′ = Az + C sin exz, (2)

ãäå À � ïðîèçâîëüíàÿ ìàòðèöà, C � ïîñòîÿííàÿ ìàòðèöà, ïðè

x→∞ âåäóò ñåáÿ òàê æå, êàê è ðåøåíèÿ ñèñòåìû z′ = Az.
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Âàðèàöèîííûé ìåòîä èññëåäîâàíèÿ òåðìî-ôèçè÷åñêîãî

ñîñòîÿíèÿ òåïëîèçîëèðîâàííîãî ñòåðæíÿ

ïåðåìåííîãî ñå÷åíèÿ

Ì.Í. Êàëèìîëäàåâ, À. Êóäàéêóëîâ, À.À. Òàøåâ

Èíñòèòóò èíôîðìàöèîííûõ è âû÷èñëèòåëüíûõ òåõíîëîãèé ÊÍ ÌÎÍ ÐÊ
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Ôîðìóëèðîâêà ïðîáëåìû

Ðàññìîòðèì ãîðèçîíòàëüíûé ñòåðæåíü ïåðåìåííîãî

ïîïåðå÷íîãî ñå÷åíèÿ. Îñü Îõ íàïðàâèì ñëåâà â ïðàâî ïî

îñè ñòåðæíÿ. Ïðåäïîëîæèì, ÷òî ïîïåðå÷íîå ñå÷åíèå ñòåðæíÿ

ÿâëÿåòñÿ êðóã. Ðàäèóñ ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ ìåíÿåòñÿ

ëèíåéíî ïî åãî äëèíå, ò.å. r(x) = ax + b, 0 ≤ x ≤ l .

ãäå l [cì] � äëèíà ñòåðæíÿ. a, b = const. Ðàäèóñ ïëîùàäü

ïîïåðå÷íîãî ñå÷åíèÿ ëåâîãî êîíöà îáîçíà÷èì ÷åðåç b[cì], ò.å.

r(x = 0) = a · 0 + b = b[cì]. Òîãäà ðàäèóñ ïîïåðå÷íîãî

ñå÷åíèÿ ïðàâîãî êîíöà áóäåò ðàâíî r(x = l) = a · l + b[A <2].

Ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ ïî åå äëèíå ìåíÿåòñÿ ïî

êâàäðàòè÷íîìó çàêîíó, ò.å. F (x) = πr2 = π(ax + b)2, 0 ≤ x ≤ l.

Äàëåå, ïðåäïîëîæèì, ÷òî áîêîâàÿ ïîâåðõíîñòü èññëåäóåìîãî

ñòåðæíÿ ÿâëÿåòñÿ òåïëîèçîëèðîâàííîé. Íà ïëîùàäü ïîïåðå÷íîãî

ñå÷åíèÿ ëåâîãî êîíöà ïîäâåäåí òåïëîâîé ïîòîê q[ B
c<2 ] ñ ïîñòîÿííîé

èíòåíñèâíîñòüþ, â òî âðåìÿ êàê ÷åðåç ïëîùàäü ïîïåðå÷íîãî

ñå÷åíèÿ ïðàâîãî êîíöà ïðîèñõîäèò êîíâåêòèâíûé òåïëîîáìåí ñ

îêðóæàþùåé ñðåäîé. Ïðè ýòîì òåìïåðàòóðà îêðóæàþùåé ñðåäû

ïîñòîÿííî, ò.å. Toc
[

0C
]

= const. Êîýôôèöèåíò òåïëîîáìåíà

ìåæäó ìàòåðèàëîì ñòåðæíÿ è îêðóæàþùåé ñðåäû h[ B
A<2·0!

].

Òåïëîôèçè÷åñêîå ñâîéñòâà ìàòåðèàëà ñòåðæíÿ õàðàêòåðèçóåòñÿ

êîýôôèöèåíòîì òåïëîïðîâîäíîñòè kxx[
B

A<·0!
]. Ïðè òàêèõ

âîçäåéñòâèÿõ òðåáóåòñÿ îïðåäåëèòü çàêîí ðàñïðåäåëåíèÿ

òåìïåðàòóðû ïî äëèíå èññëåäóåìîãî ñòåðæíÿ ïåðåìåííîãî
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ñå÷åíèÿ. Ðàñ÷åòíàÿ ñõåìà ðàññìàòðèâàåìîé çàäà÷è ïðèâîäèòñÿ

íà ðèñóíêå 1.

Ðèñóíîê � 1. Ðàñ÷åòíàÿ ñõåìà çàäà÷è.

Çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî äëèíå èññëåäóåìîãî

ñòåðæíÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

T (x, l, h, kxx, Toc, q, a, b) =
2x2 − 3lx + l2

l2
Ti +

4lx− 4x2

l2
Tj

+ +
2x2 − lx

l2
Tk, 0 ≤ x ≤ l (1)

ãäå a1 = (3al + 14b); a2 = (al + 4b); a3 = (al + 2b); a4 = 3al + 4b;

a5 = (11al + 14b) +
6l (al + b)h

kxx
; b1 =

6lbq

kxx
; b2 =

6l (al + b)h · Toc
kxx

;

Tk =
C1b4 − b3C3

C1C4 − C2C3
;Tj = −C2

C1
Tk +

b3

C1
;Ti =

4a2

a1
Tj −

a3

a1
Tk +

b1

a1
; (2)

C1 =
4
(
a1a3 − a2

2

)
a1

;C2 =
a2a3 − a1a4

a1
;C3 =

4 (a2a3 − a1a4)

a1
;

C4 =
a1a5 − a2

3

a1
; b3 =

a2b1

a1
; b4 =

a1b2 − b1a3

a1
;
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Â ïîëîñå Ω = {0 ≤ x ≤ 1, x2 ≥ 0, x1, x2 ∈ R2}
îïðåäåëèì ïîòåíöèàëà Êîøè ïî ôîðìóëå

u = L−1
K f =

∫
Ω

ε(x1, x2, ξ1 − ξ2)f (ξ1, ξ2)dξ2 (1)

ãäå ε(x1, x2, ξ1 − ξ2)−ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

Lε =
∂2ε

∂x2
2

− ∂2ε

∂x2
1

+ a1(x1, x2)
∂ε

∂x1
+ a2(x1, x2)

∂ε

∂x2
ε

+a(x1, x2) = δ(x1 − ξ1, x2 − ξ2)
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Ïðè ýòîì u = L−1
K óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ Êîøè

u = LKf |x2=0= 0,
∂u

∂x2
|x2=0=

∂L−1
K f

∂x2 = 0
= 0

è óðàâíåíèþ

Lu = f (24)

Â íàñòîÿùåé ðàáîòå ïîëüçóÿñü ôóíêöèåé Ðèìàíà óðàâíåíèÿ (2)

íàéäåíû áîêîâûå ãðàíè÷íûå óñëîâèÿ ò.å. óñëîâèÿ íà x1 = 0, x2 =

0. ïîòåíöèàëû Êîøè çàäàâàåìûé ôîðìóëîé (1).

Òåîðåìà 1. Äëÿ ëþáîé f ∈ C1(Ω) ïîòåíöèàë Êîøè u = L−1
N f

óðàâíåíèå (1) óäîâëåòâîðÿåò îäíîðîäíîìó íà÷àëüíîìó óñëîâèþ

u|ξ=η = 0, (
∂

∂ξ
− ∂

∂η
)u|η=ξ = 0

è áîêîâûì ãðàíè÷íûì óñëîâèåì

N−[u]|A0A = N(u)|η=−ξ

=

∫ ξ

0

[u
∂R

∂ξ1
+
∂u

∂η1
R + bRu + aRu]dξ1 |η=−ξ, η1=−ξ1= 0

N+[u]|B0B = N(u)|η=1−ξ

=

∫ 1
2

1−ξ
[R
∂u

∂ξ1
+
∂R

∂η1
u+ aR+ bRu− aRu]dη1 |η=1−ξ,η1=1−ξ1= 0 (12)

ãäå èíòåãðèðîâàíèÿ ôóíêöèè R(ξ, η, ξ1, η1), u(ξ1, η1) ïðîâîäèòñÿ

âäîëü ïðÿìûì A0A : η1 = −ξ1, B0B : η1 = 1− ξ1.
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Representation of the resolvent of the

di�erential operator on the graph
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This work is devoted to study the resolvents of linear di�erential

operators on graphs. A resolvent formula generated by the boundary

value problem for a second-order di�erential equation on a graph is

derived.

For the treatment of the di�erential operators on the manifolds of

the network type, we refer to the works [6, 7, 4]. Among the last

studies on inverse problems on the graphs, we emphasize the papers

[1, 2, 3, 5] and the references therein.

In this work we give the statement of a boundary value problem

for second order ordinary di�erential equations on the graph. The

well-posedness of the given problem is established. We present the

formula of the resolvent of operator corresponding to the boundary

value problem for a second-order di�erential equation on the graph.
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We note that the presented result is relatively new to the literature.
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1. Introduction

Free boundary problems for the heat equation have many appli-

cations in diverse areas. The standard analytical method for their

solution based on the reduction of a problem to integral equations

is very complicated for applications. Numerical methods are not ef-

fective for the problems with many numbers of parameters which

have to be analyzed to estimate their interaction. Thus the devel-

opment of relatively simple and e�ective for applications methods

of solution of free boundary problems is very important. The main

idea of the method presented in this paper is based on the construc-

tion of linear combinations of special functions with undetermined

coe�cients which satisfy the heat equation a priori, and coe�cients

should be chosen to satisfy the boundary conditions. The two-face

Stefan problem with boundary �ux condition has been considered

and solved using the integral error functions in [1]. Similar solution

for the spherical heat equation is presented in [2].

2. The Stefan problem for the generalized heat equation

The heat transfer in a domain with variable cross section occurring

mainly in one certain direction can be described by the equation

∂ui
∂t

= a2
i

(
∂2ui
∂x2

+
ν

x

∂ui
∂x

)
, ν ≥ 0, i = 1, 2 (1)

with the boundary and initial conditions:

−λ1
∂u1(0, t)

∂x
= f (t) (2) u2(x, 0) = ϕ(x), (3)
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the conditions of conjugations of temperature and heat �ux on a free

boundary

u1(α(t), t) = u2(α(t), t) = Um (4)

−λ1
∂u1(α(t), t)

∂x
= −λ2

∂u2(α(t), t)

∂x
+ ρL

dα

dt
(5)

α(0) = 0

and zero conditions at in�nity

u2(∞, t) = 0. (6)

The solution of this problem can be found in the form

u1(x, t) =

∞∑
n=0

Cn

(
2a1

√
t
)2n+1

×

×

[(
z2

4a2
1t

)1−ν
2

Φ

(
−ν − 2n

2
,

3− ν
2

;− z2

4a2
1t

)
−

− Φ

(
−2n + 1

2
,
ν + 1

2
;− z2

4a2
1t

)]
+

+

∞∑
n=0

An

(
2a1

√
t
)n [( z2

4a2
1t

)1−ν
2

Φ

(
−ν − n

2
,

3− ν
2
− z2

4a2
1t

)
+

+ Φ

(
−n, ν + 1

2
;− z2

4a2
1t

)]
(7)
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u2(x, t) = Um +

∞∑
n=1

Dn

(
2a2

√
t
)n
×

×

[(
z2

4a2
2t

)1−ν
2

Φ

(
−ν − n

2
,

3− ν
2

;− z2

4a2
2t

)
+

+ (−1)nΦ

(
−n, ν + 1

2
;− z2

4a2
2t

)]
+

+

∞∑
n=0

Bn

(
2a2

√
t
)n

Φ

(
−n, ν + 1

2
;− z2

4a2
2t

)
(8)

α(t) =

∞∑
n=1

αnt
n/2 (9)

Here Φ(α, (ν + 1)/2;x) is the degenerate hyper geometric function.

At ν= 0 it transforms into the integral error function Φ(α, β;x) =

i2α erfcx, at ν= 1 (cylindrical case) it is the Laguerre polynomial

Φ(−n, 1;−x2) = n!
(2n)!Ln(−x2).

Unknown coe�cients are determined by the similar way like in [1].

3. The Verigin problem for piezoconductivity equation

If a gallery has a variable cross section S(z) = Azν/2, then the

system of equations describing the pressure �eld at the injection of

the hydraulic solution can be written in the form [1]:

∂p1

∂t
= a2

1

(
∂2p1

∂z2
+
ν

z

∂p1

∂z
∂

)
, 0 < z < α(t) (10)

∂p2

∂t
= a2

2

(
∂2p2

∂z2
+
ν

z

∂p2

∂z

)
, α(t) < z <∞ (11)

For each liquid we should write the Darcy Law

ui = −ki
∂pi
∂z
, i = 1, 2

where u1, u2 are the rates of �ltration of water and oil correspond-

ingly, k1, k2 are �ltration coe�cients. The boundary condition on
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z = 0 is

p1(0, t) = P1 (12)

On the boundary x = α(t) the condition of continuity of the pressure

and the �uxes should be ful�lled:

z = α(t) : p1 = p2, k1
∂p1

∂z
= k2

∂p2

∂z
(13)

If the residual oil saturation is equal to 0, then the condition of the

material balance should be ful�lled on this boundary:

z = α(t) : m
dα

dt
= −ki

∂pi
∂z

(14)

Finally at the initial time

p2(z, 0) = P0, α(0) = 0 (15)

The solution of this problem can be found in the form

p1(z, t) = P1 + B1

(
z

2a1

√
t

)1−ν
Φ

(
1− ν

2
,

3− ν
2

;− z2

4a2
1t

)
, (16)

p2(z, t) = P0 + B2

[
Γ

(
3− ν

2

)
−
(

z

2a2

√
t

)1−ν
Φ

(
1− ν

2
,

3− ν
2

;− z2

4a2
2t

)]
(17)

α(t) = α
√
t, α = const. (18)
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2 Íàöèîíàëüíàÿ íàó÷íàÿ ëàáîðàòîðèÿ êîëëåêòèâíîãî ïîëüçîâàíèÿ
èíôîðìàöèîííûõ è êîñìè÷åñêèõ òåõíîëîãèé Êàçàõñêîãî íàöèîíàëüíîãî

èññëåäîâàòåëüñêîãî òåõíè÷åñêîãî óíèâåðñèòåòà
èìåíè Ê.È.Ñàòïàåâà, Àëìàòû, Êàçàõñòàí

Â ðàáîòå ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ

óðàâíåíèÿ Ãåëüìãîëüöà â îáëàñòè Ω = (0, l)× (0, π):

uxx + uyy + k2u = 0, (x, y) ∈ Ω, (1)

ux(0, y) = 0, y ∈ [0, π], (2)

u(0, y) = f (y), y ∈ [0, π], (3)

uy(x, 0) = uy(x, π) = 0, x ∈ [0, l], (4)

ãäå k � çàäàííàÿ êîíñòàíòà. Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, y) â

îáëàñòè Ω ïî äàííûì f (y)[1].

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ïðîäîëæåíèÿ

ðàññìàòðèâàåòñÿ ìåòîä ðåãóëÿðèçàöèè Ñ.Ê. Ãîäóíîâà. Èñõîäíàÿ

çàäà÷à çàïèñûâàåòñÿ â äèñêðåòíîé ïîñòàíîâêå è ñâîäèòñÿ ê

ðåøåíèþ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìåòîäîì

ðåãóëÿðèçàöèè Ñ.Ê. Ãîäóíîâà.
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Äèñêðåòèçàöèÿ èñõîäíîé çàäà÷è

Ïîñòðîèì â îáëàñòè Ω ñåòêó ωh ñ øàãîì hx = l/Nx, hy = π/Ny,

ãäå Nx, Ny � ïîëîæèòåëüíûå öåëûå ÷èñëà, òîãäà ïîëó÷èì ωh ={
x = ihx, y = jhy; i = 0, Nx, j = 0, Ny

}
.

Òîãäà èñõîäíóþ çàäà÷ó çàïèøåì â êîíå÷íî-ðàçíîñòíîì âèäå:

aui−1,j + bui,j−1 + cui,j + bui,j+1 + aui+1,j = 0, (5)

u1,j = fj, (6)

u0,j = fj, (7)

ui,1 − ui,0 = ui,Ny − ui,Ny−1 = 0. (8)

çäåñü a =
1

h2
x

, b =
1

h2
y

, c = k2 − 2a − 2b. Ñâåäåì ñèñòåìó

ðàçíîñòíûõ óðàâíåíèé çàäà÷è (5)�(8) ê ñèñòåìå ëèíåéíûõ

àëãåáðàè÷åñêèõ óðàâíåíèé [2].

AX = B, (9)

ãäå A � ìàòðèöà (Nx + 1) (Ny + 1), B � âåêòîð äàííûõ èñõîäíîé

çàäà÷è, ãðàíè÷íûõ è äîïîëíèòåëüíîãî óñëîâèé, X � íåèçâåñòíûé

âåêòîð, âèäà:

X =
(
u0,0, u0,1, u0,2, . . . , u0,Ny, u1,0, u1,1, u1,2, . . . , u1,Ny,

. . . , uNx,0, uNx,1, uNx,2, . . . , uNx,Ny
)
.

Ïðè âîçíèêíîâåíèè ìàëûõ ñèíãóëÿðíûõ ÷èñåë, âî èçáåæàíèè

íàêîïëåíèÿ ïîãðåøíîñòè, íåîáõîäèìî ïðåäóñìîòðåòü îïåðàöèþ

¾çàíóëåíèÿ¿ ìàëûõ ñèíãóëÿðíûõ ÷èñåë, êîòîðóþ ìîæíî

èíòåðïðåòèðîâàòü êàê ñïåöèàëüíóþ ïðîöåäóðó ðåãóëÿðèçàöèè.

Ïðåäïîëîæèì, ÷òî î ðåøåíèè X ñóùåñòâóåò äîïîëíèòåëüíàÿ

èíôîðìàöèÿ, êîòîðàÿ ìîæåò áûòü ïðåäñòàâëåíà òàêæå â âèäå

ëèíåéíîé (íå îáÿçàòåëüíî êâàäðàòíîé) ñèñòåìû:

DX = C,
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ïðè÷åì âåêòîð C ìîæåò áûòü äàæå íå èçâåñòåí. Íåîáõîäèìî

òîëüêî, ÷òîáû åãî íîðìà áûëà îãðàíè÷åíà. Âûáåðåì ÷èñëî α

òàêèì îáðàçîì, ÷òîáû âåëè÷èíû α‖C‖ è ‖∆f‖ áûëè ñðàâíèìû:

α‖C‖ ≈ ‖∆f‖.
Ðàññìîòðèì ñîñòàâíóþ ñèñòåìó:[

(1− α)A

αD

]
X̃ =

[
(1− α) f

αC

]
,

ãäå α−ïàðàìåòð ðåãóëÿðèçàöèè. È òåïåðü âîçìóòèì ó íåå ïðàâóþ

÷àñòü: [
(1− α)A

αD

]
X̃ =

[
(1− α) (f + ∆f )

0

]
.

Çàïèøåì â îáùåì âèäå:

RX̃ = G.

Ïðîàíàëèçèðîâàâ ýòè ñèñòåìû, ìîæíî ñäåëàòü ñëåäóþùèå

âûâîäû:

Âî-ïåðâûõ, îáóñëîâëåííîñòü ñîñòàâíîé ìàòðèöû íå ìåíüøå

îáóñëîâëåííîñòè èñõîäíîé ìàòðèöû A (â ñëó÷àå íåâûðîæäåííîé

ìàòðèöû D):

µ(A) ≥ µ(R).

Âî-âòîðûõ, ïîãðåøíîñòü ïðàâîé ÷àñòè ñîñòàâíîé ñèñòåìû

èìååò òîò æå ïîðÿäîê, ÷òî è ïîãðåøíîñòü ïðàâîé ÷àñòè èñõîäíîé

ñèñòåìû. Ñëåäîâàòåëüíî, ðàñøèðèâ ñèñòåìó, ìû íå âíîñèì â

íåå äîïîëíèòåëüíûõ ïîãðåøíîñòåé. Òàêèì îáðàçîì, ïðèâëå÷åíèå

äîïîëíèòåëüíîé èíôîðìàöèè ïîçâîëÿåò óëó÷øèòü óñòîé÷èâîñòü

ñèñòåìû.

Êàê óæå áûëî ñêàçàíî, ìåòîä Ñ.Ê. Ãîäóíîâà íå èñïîëüçóåò

ïåðåõîäà ê íîðìàëüíîé ñèñòåìå óðàâíåíèé, ÷òî ïîçâîëÿåò

èçáàâèòüñÿ îò íåäîñòàòêîâ, ñâÿçàííûõ ñ ýòèì. Îäíàêî

ïðîáëåìà âûáîðà îïòèìàëüíîãî ïàðàìåòðà ðåãóëÿðèçàöèè, ïðè
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çàäàííîì óðîâíå ïîãðåøíîñòè, îñòàåòñÿ. Êðîìå òîãî, áîëüøîå

çíà÷åíèå èìååò ñòåïåíü äîñòîâåðíîñòè èñïîëüçóåìîé àïðèîðíîé

èíôîðìàöèè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè

ÌÎÍ ÐÊ �1746/ÃÔ4 ¾Òåîðèÿ è ÷èñëåííûå ìåòîäû ðåøåíèÿ

îáðàòíûõ è íåêîððåêòíûõ çàäà÷ åñòåñòâîçíàíèÿ¿.
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As is known, many stationary physical processes, such as the po-

tential distribution of the electrostatic �eld are described by the Pois-

son equation. In studies of thin plates oscillation occurs biharmonic

equation.

Are interesting from the point of view of applications, the study of

the behavior of solutions of the Poisson equation and the biharmonic
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equation in an unbounded domain. Here there is a need to introduce

additional conditions at in�nity, uniquely determine the solution of

the equations. Such requirements conditions Sommerfeld radiation

type [6], they can be physically interpreted. Correct boundary value

problems for the Laplace equation in unbounded domains have long

been known. In [4] and [5] studied the issue for some classes of par-

tial di�erential equations. A broad review of the literature available

on the study of boundary value problems for the Poisson equation

and the biharmonic equation in bounded domains. In [1,3] has been

constructed explicitly a new representation of the Green's function of

the Dirichlet problem for polyharmonic equations in a multidimen-

sional ball. Availability of conditions of solvability of boundary value

problems for polyharmonic equation in a ball is studied in [2].

This work is devoted to the study of solutions of the equation of

Poisson and inhomogeneous biharmonic equation in an unbounded

domain. The results of this work associated with the introduction of

the weight space, which can be perceived as a certain integral con-

dition at in�nity. Calculated the dimension of the weight spaces of

solutions of the Dirichlet problem for the Poisson equation and the

biharmonic equation.

This research is �nancially supported by a grant from the Ministry

of Science and Education of the Republic of Kazakhstan (Grant No.

3492/GF4).
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Â ðàáîòå ðàññìàòðèâàåòñÿ óðàâíåíèå

(ρ(t)y′)
′
+ q(t)y = f (t), x ≥ a, (1)

ãäå ρ > 0, ρ ∈ C1(I), q = v − u, v ≥ 0, u ≥ 0 è u, v, f ∈ C(I),

I = [a,∞).

×åðåç Cm(I) (m = 0, 1, ...) îáîçíà÷àåòñÿ êëàññ ôóíêöèé,

îïðåäåëåííûõ â I è èìåþùèõ â I ïðîèçâîäíûå äî ïîðÿäêà m

âêëþ÷èòåëüíî.

Öåëüþ ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå óñëîâèé íà ïðàâóþ ÷àñòü

f â (1), ïðè êîòîðûõ êàæäîå ðåøåíèå óðàâíåíèÿ (1) ÿâëÿåòñÿ
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îñöèëëÿòîðíûì íà +∞, ò.å. èìåþùèì â I ïîñëåäîâàòåëüíîñòü

íóëåé xk →∞ ïðè k →∞.

Ïóñòü r(·) ≥ 1 íåïðåðûâíàÿ â I ôóíêöèÿ.

Ââåäåì ôóíêöèþ

s(x) = sup{h > o : Φ(x, h) ≤ 1},

ãäå

Φ(x, h) = sup
x≤t≤x+h

x+h∫
t

(r(ζ) + u(ζ)) dζ ·
t∫

x

dζ

ρ(ζ)
.

Çàìåòèì, ÷òî Φ(x, h) êàê ôóíêöèÿ îò h > 0 ìîíîòîííî íå

óáûâàåò. Ïîñêîëüêó

lim
h→0+

Φ(x, h) = 0,

òî s(x) > 0 â I . Ñ äðóãîé ñòîðîíû, èç ïðåäåëüíîãî ðàâåíñòâà

lim
h→∞

h

x+h∫
x+h/2

r(ζ)dζ ·
x+h∫
x

dζ

ρ(ζ)
= +∞

ñëåäóåò, ÷òî s(x) <∞, x ∈ I . Ïîëîæèì

∆(x) = [x, x + 8π2s(x)], ρ̃(x) = 2 max
t∈∆(x)

ρ(t).

Òåîðåìà 1. Åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü îòðåçêîâ

∆k = ∆(xk), xk →∞, xk+1 > xk + 8π2s(xk),

íà êîòîðûõ

v(t) ≥ s−2(x)− r(t), (t ∈ ∆k), (2)

òî óðàâíåíèå

(ρ(t)y′)
′
+ q(t)y = 0 (3)

îñöèëëÿòîðíî.
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Òåîðåìà 2. Ïóñòü ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü îòðåçêîâ

{∆k}k≥1, íà êàæäîì èç êîòîðûõ âûïîëíåíî óñëîâèå (2). Åñëè

∆k ñîäåðæèò òàêèå ïîäïîñëåäîâàòåëüíîñòè {∆+
k , k ∈ K} è

{∆−j , j ∈ J}, ÷òî

f (t) ≥ 0 äëÿ âñåõ t ∈ ∆+
k (k ∈ K),

f (t) ≤ 0 äëÿ âñåõ t ∈ ∆−j (k ∈ J)

òî óðàâíåíèå (1) îñöèëëÿòîðíî.

Ïðèìåð. Óðàâíåíèå

y′′ +
1

4t2
y = 0

íåîñöèëëÿòîðíî ïî ïðèçíàêó Êíåçåðà.

Âîçüìåì r(t) = 1, u(t) = 0 (t ∈ I). Òîãäà íà ïàðå (x, h), x ≥ T ,

h > 0,

Φ(x, h) = 4 max
0≤t≤h

t(h− t) = h2,

îòêóäà ñëåäóåò: s(x) = 1, ∆(x) = [x, x + 8π2].

Ïóñòü f íåïðåðûâíàÿ â I ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ:

ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü òî÷åê xk → ∞, ÷òî ∆k =

[xk, xk + 8π2] ïîïàðíî íå ïåðåñåêàþòñÿ, à f (t) ≥ 0, åñëè t ∈ ∆2k−1,

f (t) ≤ 0, åñëè t ∈ ∆2k, k ≥ 1. Òîãäà óðàâíåíèå

y′′ +
1

4t2
y = f (t)

îñöèëëÿòîðíî.

Îòìåòèì, ÷òî â ðàáîòå [1] â îòëè÷èå îò äàííîé ðàáîòû

áûëè ïîëó÷åíû àïðèîðíûå ëàêóíàðíûå óñëîâèÿ îñöèëëÿòîðíîñòè

íåîäíîðîäíîãî óðàâíåíèÿ (1).
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Ðàññìàòðèâàåòñÿ îïåðàòîð L, ïîðîæäàåìûé îïåðàöèåé âèäà

Lu ≡ −u′′ (x) + αu′′ (−x) + q (x)u (x) + qν (x)u (v (x)) , −1 <

x < 1, (1)

íà íåêîòîðîé ïëîòíîé â L2 (−1, 1) îáëàñòè îïðåäåëåíèÿ D (L).

Îïåðàöèÿ (1) ñîäåðæèò â ñâîåé ãëàâíîé ÷àñòè ïðåîáðàçîâàíèå

àðãóìåíòà v0 (x) = −x , ÿâëÿþùååñÿ èíâîëþöèåé îòðåçêà [−1, 1],

à òàêæå íåêîòîðóþ èíâîëþöèþ ν (x) â ìëàäøåì ñëàãàåìîì.

Ïàðàìåòð α â îïåðàòîðå (1) ïðèíàäëåæèò ïðîìåæóòêó (−1, 1)

êîýôôèöèåíòû q (x) è qν (x) -ïðîèçâîëüíûå ñóììèðóåìûå íà

îòðåçêå [−1, 1] ôóíêöèè. Èíâîëþöèÿ ν (x) ñ÷èòàåòñÿ àáñîëþòíî

íåïðåðûâíîé ôóíêöèåé, ïðîèçâîäíàÿ êîòîðîé ñóùåñòâåííî

îãðàíè÷åíà íà îòðåçêå [−1, 1]. Áóäåì ëèøü ïðåäïîëàãàòü,

÷òî îáëàñòü D (L) ñîäåðæèò òîëüêî ôóíêöèé, àáñîëþòíî

íåïðåðûâíûå âìåñòå ñî ñâîèìè ïåðâûìè ïðîèçâîäíûìè
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íà ïðîìåæóòêå (−1, 1), à êîðíåâûå ôóíêöèé îïåðàòîðà L

ðàññìàòðèâàòü êàê ðåãóëÿðíûå ðåøåíèÿ ñîîòâåòñòâóþùèõ

óðàâíåíèé ñî ñïåêòðàëüíûì ïàðàìåòðîì [1]. Òàêèì îáðàçîì,

äëÿ êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ

λ ∈ C

îïðåäåëÿåòñÿ öåïî÷êà êîðíåâûõ ñ ôóíêöèé uk (x;λ) , k ≥ 0,

óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì

Luk (x, λ) = λuk (x, λ) + (sgnk)uk−1 (x, λ),

ïðè÷åì u0 (x;λ) ≡ 0 íà (−1, 1). Ëþáîå ñ÷åòíîå ìíîæåñòâî Λ =

{λ} ⊂ C îïðåäåëÿåò ñèñòåìó êîðíåâûõ ôóíêöèé

U = {uk (x, λ) , k = 0, ...,m (λ) , λ ∈ Λ};
çäåñü öåëîå íåîòðèöàòåëüíîå ÷èñëî m (λ) íàçîâåì ðàíãîì

ñîîòâåòñòâóþùåé ñîáñòâåííîé ôóíêöèè u0 (x;λ) . Ïóñòü ñèñòåìà

U óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì À: A1) ñèñòåìà U ïîëíà

è ìèíèìàëüíà â L2 (−1, 1); A2) áèîðòîãîíàëüíî ñîïðÿæåííàÿ ê

U ñèñòåìà V ñîñòîèò èç ïîíèìàåìûõ â óêàçàííîì âûøå ñìûñëå

êîðíåâûõ ôóíêöèé v1 (x;λ∗) , l = 0,m(λ∗), λ∗ ∈ Λ̄, m (λ∗) =

m (λ) , ôîðìàëüíî ñîïðÿæåííîé ê (1) îïåðàöèè

L∗v = −v′′ (x) + αv′′ (−x) + q̄ (x) v (x)− ν ′ (x) q̄ν (ν (x)) v (ν (x))

(2)

A3) ðàíãè ñîáñòâåííûõ ôóíêöèé ðàâíîìåðíî îãðàíè÷åíû:
supm (λ) <∞
λ ∈ Λ
è âûïîëíåíî óñëîâèå ïðèíàäëåæíîñòè ñîáñòâåííûõ çíà÷åíèé

êàðëåìàíîâñêîé ïàðàáîëå:

sup
∣∣∣Im√λ <∞∣∣∣ ;

λ ∈ Λ
A4) èìååò ìåñòî ðàâíîìåðíàÿ îöåíêà "ñóììû åäèíèö"

sup
β≥1

∑
λ∈Λ

|Re
√
λ−β|≤1

1 <∞
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Tåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ A1)-A4) è èíâîëþöèÿ

v (x) â (1)- ïðîèçâîëüíàÿ àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ,

ïðîèçâîäíàÿ êîòîðîé ñóùåñòâåííî îãðàíè÷åíà íà îòðåçêå

[−1, 1] . Òîãäà êàæäàÿ èç ñèñòåì U è V êîðíåâûõ ôóíêöèé

îïåðàòîðîâ, (1) è (3) ñîîòâåòñòâåííî îáðàçóåò áåçóñëîâíûé

áàçèñ â L2 (−1, 1) â òîì è òîëüêî â òîì ñëó÷àå, êîãäà

ñïðàâåäëèâà ðàâíîìåðíàÿ îöåíêà ïðîèçâåäåíèÿ íîðì

‖uk (·;λ)‖2

∥∥vm(λ)−k (·;λ)
∥∥

2
≤M

äëÿ âñåõ k = 0,m (λ) è λ ∈ Λ.

Îòìåòèì, ÷òî óñëîâèå A2) çàâåäîìî âûïîëíåíî, åñëè îïåðàòîð

L ïîðîæäàåòñÿ îïåðàöèåé (1) ñ êðàåâûìè óñëîâèÿìè îáùåãî

âèäà. Ïðîâåðêà óñëîâèé A3) è A4) ñòàíîâèòñÿ òðèâèàëüíîé,

åñëè èçâåñòíà àñèìïòîòèêà ñïåêòðà. Ïîëíîòà ñèñòåìû êîðíåâûõ

ôóíêöèé (à ñëåäîâàòåëüíî, ìèíèìàëüíîñòü áèîðòîãîíàëüíî

ñîïðÿæåííîé ñèñòåìû) ìîæåò áûòü óñòàíîâëåíà ñ ïîìîùüþ

îöåíîê ðåçîëüâåíòû è èçâåñòíûõ òåîðåì î ïîëíîòå [2].
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Îïåðàòîð De äèôôåðåíöèðîâàíèÿ ôóíêöèè x(τ, t) ïî

íåçàâèñèìûì ïåðåìåííûì t0 = τ ∈ R = (−∞,+∞), tj ∈ Rm,

j = 1,m ïî íàïðàâëåíèþ âåêòîðíîãî ïîëÿ dt
dτ = e ñ m-

âåêòîðîì e = (1, ..., 1), ïî äðóãîìó, íàçûâàþò îïåðàòîðîì

äèôôåðåíöèðîâàíèÿ ïî ãëàâíîé äèàãîíàëè ïðîñòðàíñòâà

íåçàâèñèìûõ ïåðåìåííûõ, ãäå t = (t1, ..., tm) ∈ Rm.

Íà îñíîâå âåêòîðíîãî ïîëÿ èìååì ñîîòíîøåíèå t = σ + eτ ñ

ïðîèçâîëüíûì ïîñòîÿííûì âåêòîðîì σ = (σ1, ..., σm) ∈ R × ... ×
R = Rm.

Ðàññìîòðèì çàäà÷ó äëÿ ëèíåéíîé ñèñòåìû óðàâíåíèé

Dex = P (τ, t)x + f (τ, t) (1)

ñ óñëîâèåì

x(τ + θ, t + qω) = x(τ, t), q ∈ Zm, (τ, t) ∈ R×Rm, (1∗)

ãäå x = (x1, ..., xn) � èñêîìîå ðåøåíèå, ω = (ω1, ..., ωm) �

âåêòîð-ïåðèîä, ω0 = θ, ω1, ..., ωm � ðàöèîíàëüíî íåñîèçìåðèìûå

ïîëîæèòåëüíûå ïîñòîÿííûå, P (τ, t) � ìàòðè÷íàÿ, à f (τ, t) �

âåêòîðíàÿ ôóíêöèè, îáëàäàþùèå ñâîéñòâîì:

P (τ + θ, t + qω) = P (τ, t) ∈ C(0,1)
τ,t (R×Rm), q ∈ Zm, (2)

f (τ + θ, t + qω) = f (τ, t) ∈ C(0,1)
τ,t (R×Rm), q ∈ Zm. (3)
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Ðåøåíèå x(τ, t, σ, c) ñèñòåìû (1) ñ ïðîèçâîëüíûìè ïîñòîÿííûìè

âåêòîðàìè σ = (σ1, ..., σm) è c = (c1, ..., cn) íàçûâàåòñÿ åå ïîëíûì

èíòåãðàëîì [1].

Îáùåå ðåøåíèå ñèñòåìû (1) îïðåäåëÿåòñÿ èç ïîëíîãî èíòåãðàëà

ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ.

Ðàññìàòðèâàåìóþ çàäà÷ó íàçîâåì ìíîãîïåðèîäè÷åñêîé çàäà÷åé

äëÿ ëèíåéíîé ñèñòåìû (1) ñ óñëîâèåì ìíîãîïåðèîäè÷íîñòè

èíòåãðàëà (1∗).

Îñíîâíîé âîïðîñ çàêëþ÷àåòñÿ â ïîñòðîåíèè ôóíêöèè Ãðèíà

äëÿ èíòåãðàëüíîãî ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è (1)-(1∗).

Â ñâÿçè ñ ýòèì ïðè óñëîâèè (2) ðàññìîòðèì ëèíåéíóþ

îäíîðîäíóþ ñèñòåìó

Dex = P (τ, t)x. (4)

Èçâåñòíî [2], ÷òî ìàòðèöàíò X(τ, t, σ) ñèñòåìû (4) îáëàäàåò

ñâîéñòâîì ω-ïåðèîäè÷íîñòè ïî t, σ è ñïðàâåäëèâî ñîîòíîøåíèå

X(τ + θ, t, σ) = X(τ, t, σ)X(θ, σ, σ). (5)

Íà îñíîâå (5), ëåãêî ïîêàçàòü, ÷òî óñëîâèåì îòñóòñòâèÿ

íåòðèâèàëüíîãî (θ, ω)-ïåðèîäè÷åñêîãî èíòåãðàëà ñèñòåìû (4)

ÿâëÿåòñÿ âûïîëíåíèå óñëîâèÿ

det [E −X(θ, σ, σ)] 6= 0, σ ∈ Rm. (6)

Ïóòü ïåðåìåííîé s îò τ äî íåêîòîðîé ïîñòîÿííîé òî÷êè α ∈ R
ïî ÷èñëîâîé îñè îáîçíà÷èì ÷åðåç I−α , à îò α äî τ + θ � ÷åðåç I+

α ,

ïðè÷åì s 6= α. Â ÷àñòíîñòè, α ìîæåò ïðèíÿòü çíà÷åíèå α = 0.

Ìàòðèöó Gα(s, τ, t, σ) íàçîâåì ôóíêöèåé Ãðèíà çàäà÷è (1)-(1∗),

åñëè îíà óäîâëåòâîðÿåò óñëîâèÿì:

1)DeGα(s, τ, t, σ) = P (τ, t)Gα(s, τ, t, σ), s 6= α;

2)Gα(τ + θ, τ, t, σ)−Gα(τ, τ, t, σ) = E;

3)Gα(s + θ, τ + θ, t + pω, σ) = Gα(s, τ, t, σ), p ∈ Zm
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äëÿ âñåõ (τ, t) ∈ R×Rm, σ ∈ Rm, s ∈ I−α ∪ I+
α = Iα.

Îáîñíîâàíî, ÷òî ìàòðèöà Ãðèíà Gα(s, τ, t, σ) ïîñòàâëåííîé

çàäà÷è èìååò âèä

Gα(s, τ, t, σ) = X(τ, t, σ)×

×X(θ, σ, σ) [E −X(θ, σ, σ)]−1X−1
α (s, t− eτ + es, σ), (7)

ãäå X−1
α (s, t − eτ + es, σ) � ìàòðèöà îáðàçîâàííàÿ èç ìàòðèöû

X−1(s, t − eτ + es, σ) ïðè s ∈ I−α áåç èçìåíåíèÿ, à ïðè s ∈ I+
α ñ

èçìåíåíèÿìè τ íà θ.

Íà îñíîâå (7) íåòðóäíî óáåäèòüñÿ, ÷òî

|Gα(s, τ, t, σ)| ≤ ∆eδ|τ−s|, (8)

ãäå δ = ‖P‖, ∆ = ‖G∗α‖, G∗α = Gα(τ 6= 0, τ, t, σ), ‖∗‖ �

ìàêñèìàëüíîå çíà÷åíèå åâêëèäîâîé ìàòðè÷íîé íîðìû | ∗ |.
Èññëåäîâàíèå çàâåøàåòñÿ èíòåãðàëüíûì ïðåäñòàâëåíèåì

x(τ, t, σ) =

τ+θ∫
τ

Gα(s, τ, t, σ)fα(s, τ − eτ + es)ds (9)

èíòåãðàëà x(τ, t, σ) ÷åðåç ôóíêöèþ Ãðèíà(7) ïðè óñëîâèÿõ (2),

(3) è (6) ñ îöåíêîé |x(τ, t, σ)| ≤ ∆
δ

(
eδθ − 1

)
‖f‖, ãäå ôóíêöèÿ

fα(s, τ−eτ+es) ïîëó÷åíà èç ôóíêöèè f (s, τ−eτ+es) ïî ìåòîäèêå

ïîñòðîåíèÿ ìàòðèöû Xα(s, τ − eτ + es) ïðè s ∈ Iα.
Â çàêëþ÷åíèå, îáðàùàåì âíèìàíèå íà îáùíîñòü ïîñòàíîâêè

çàäà÷è (1)-(1∗) ñ óñëîâèåì (6) è íà ñâîåîáðàçíîñòü îïðåäåëåíèÿ

è ïîñòðîåíèÿ ôóíêöèè Ãðèíà â âèäå (7) ñî ñâîéñòâàìè 1)-3) è

îöåíêîé (8).
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Î ñóùåñòâîâàíèè ðåçîëüâåíòû è ñïåêòðàëüíûõ

ñâîéñòâàõ îïåðàòîðà øð¼äèíãåðà

ñ îòðèöàòåëüíûì ïàðàìåòðîì

Ì.Á. Ìóðàòáåêîâ 1, Ì.Ì. Ìóðàòáåêîâ 2

1 Òàðàçñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò,Òàðàç, Êàçàêñòàí
musahan_m@mail.ru

2Êàçàõñêèé óíèâåðñèòåò ýêîíîìèêè,
ôèíàíñîâ è ìåæäóíàðîäíîé òîðãîâëè, Àñòàíà, Êàçàêñòàí

mmuratbekov@list.ru

Â íàñòîÿùåé ðàáîòå â ïðîñòðàíñòâå L2(Rn) èçó÷àåòñÿ îïåðàòîð

Øð¼äèíãåðà ñ îòðèöàòåëüíûì ïàðàìåòðîì

−4 +
(
−t2 + ita(x) + c(x)

)
, (1)

ãäå −∞ < t <∞, i2 = −1.

Êàê èçâåñòíî, ïðè t = 0 ñïåêòðàëüíûå ñâîéñòâà îïåðàòîðà

Øð¼äèíãåðà 4 + c(x) ñèëüíî çàâèñÿò îò ïîâåäåíèÿ c(x) íà

áåñêîíå÷íîñòè. Â ýòîì ñëó÷àå ñïåêòðàëüíûå õàðàêòåðèñòè÷åñêè

îïåðàòîðà Øð¼äèíãåðà äîñòàòî÷íî õîðîøî èçó÷åíû â ðàáîòàõ

À.Ì.Ìîë÷àíîâà, Ò.Êàòî, Ì.Ðèäà è Á.Ñàéìîíà, Ì.Ø.Áèðìàíà,

Á.Ñ.Ïàâëîâà, Â.Ã.Ìàçüè, Ì.Îòåëáàåâà, Ê.Õ.Áîéìàòîâà è äð.

Âîïðîñû î äèñêðåòíîñòè ñïåêòðà è îá îöåíêàõ

àïïðîêñèìàöèîííûõ ÷èñåë (s-÷èñåë) îïåðàòîðà Øð¼äèíãåðà

−4 + q1(x) + iq2(x), (q1(x) ≥ 0, q2(x) ≥ 0)

èçó÷åíû â ðàáîòàõ Â.Á.Ëèäñêîãî, Ì.Îòåëáàåâà, Ò.Êàòî è äð.
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Â äàííîé ðàáîòå äëÿ îïåðàòîðà (1) áóäóò èññëåäîâàíû òàêèå

âîïðîñû, êàê:

(1) ñóùåñòâîâàíèå ðåçîëüâåíòû; 2) äèñêðåòíîñòü ñïåêòðà.

Îáçîð ëèòåðàòóðû ïîêàçûâàåò, ÷òî ýòè âîïðîñû äëÿ îïåðàòîðà

Øð¼äèíãåðà ñ îòðèöàòåëüíûì ïàðàìåòðîì íåäîñòàòî÷íî

èçó÷åíû.

Â äàëüíåéøåì ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû a(x) è c(x)

óäîâëåòâîðÿþò óñëîâèþ:

i) |a(x)| ≥ δ0 > 0, c(x) ≥ δ > 0 � íåïðåðûâíûå ôóíêöèè â Rn.

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà îïåðàòîð Lt+λE

ïðè λ ≥ 0 íåïðåðûâíî îáðàòèì.

Êàê èçâåñòíî, âîïðîñ î äèñêðåòíîñòè ñïåêòðà â ñëó÷àå 2 ≤
n òåñíî ñâÿçàí ñ ïîíÿòèåì åìêîñòè. Èçáåãàÿ óñëîæíåíèÿ

ôîðìóëèðîâîê è îïðåäåëåíèé, ìû íå ðàññìàòðèâàåì ýòîò ñëó÷àé.

Ðàññìîòðèì îïåðàòîð

Lu = (−4)l u +
(
−t2 + ita(x) + c(x)

)
u (2)

â L2(Rn), l > 0- öåëîå, u ∈ D(l).

Òåîðåìà 2. Ïóñòü âûïîëíåíî óñëîâèå i) è ïóñòü 2l > n. Òîãäà

ñïåêòð îïåðàòîðà (2) äèñêðåòåí, åñëè è òîëüêî åñëè äëÿ ëþáîãî

êóáà Qd âåëè÷èíà
∫
Qd

c(t)dt ñòðåìèòñÿ k+∞, êîãäà êóá Qd óõîäèò

â áåñêîíå÷íîñòü ñîõðàíÿÿ äëèíó ðåáðà.

Çàìå÷àíèå. Òàêàÿ òåîðåìà âåðíà ïðè 2l > n, íî çäåñü

íåîáõîäèìî èñïîëüçîâàòü ïîíÿòèå åìêîñòè.

Â ÷àñòíîñòè, â îäíîìåðíîì ñëó÷àå îïåðàòîð (1) ïðèìåò âèä

Ltu = −u′′ +
(
−t2 + ita(x) + c(x)

)
u, u ∈ D(l).

Òåîðåìà 3. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà îïåðàòîð Lt+λE

ïðè λ ≥ 0 íåïðåðûâíî îáðàòèì.

Òåîðåìà 4. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà ðåçîëüâåíòà
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îïåðàòîðà Lt êîìïàêòíà òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî

w > 0

lim
|y|→∞

y+w∫
y

c(t)dt =∞.

Ïóñòü, ïîìèìî óñëîâèÿ i), âûïîëíåíî ñëåäóþùåå óñëîâèå:

ii) µ0 = sup
|y−t|≤1

c(y)
c(t) <∞, µ1 = sup

|y−t|≤1

a(y)
a(t) <∞.

Òîãäà ñïðàâåäëèâà

Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ i) − ii). Òîãäà

ðåçîëüâåíòà îïåðàòîðà Lt êîìïàêòíà òîãäà è òîëüêî òîãäà,

êîãäà

lim
|y|→∞

c(y) =∞.

Ïóñòü A�ëèíåéíûé âïîëíå íåïðåðûâíûé îïåðàòîð è ïóñòü

|A| =
√
A∗A.

Ñîáñòâåííûå ÷èñëà îïåðàòîðà |A| íàçûâàþò s-÷èñëàìè

îïåðàòîðà A (ñîáñòâåííûìè ÷èñëàìè ïî Øìèäòó îïåðàòîðà A).

Íåíóëåâûå s-÷èñëà áóäåì íóìåðîâàòü â ïîðÿäêå èõ óáûâàíèÿ ñ

ó÷åòîì èõ êðàòíîñòè, òàê ÷òî

sj(A) = λj(|A|), j = 1, 2, ...

Íåíóëåâûå s-÷èñëà îïåðàòîðà L−1
t áóäåì íóìåðîâàòü â ïîðÿäêå

èõ óáûâàíèÿ ñ ó÷åòîì èõ êðàòíîñòè, òàê ÷òî

sk(l
−1
t ) = λk(|l−1

t |), k = 1, 2, ...

Òåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ i)−ii). Òîãäà ñïðàâåäëèâà
îöåíêà

c−1λ−
1
2mes (y ∈ R : Qt(y) ≤

c−1λ−1
)
≤ N(λ) ≤ cλ−1mes(y ∈ R : K

1
2
t (y) ≤ cλ−1),
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ãäå Qt(y) = |t2 + ita(y) + c(y)|, Kt(y) = |ta(y) + c(y)|, ïîñòîÿííîå
c > 0 íå çàâèñèò îò Qt(y), Kt(y) è λ.

Ïðèìåð. Ïóñòü a(y) = |y| + 1, c(y) = |y| + 1. ×åðåç

sk,t (k = 1, 2...) îáîçíà÷èì ñèíãóëÿðíûå ÷èñëà îïåðàòîðà L−1
t .

Íåòðóäíî óáåäèòüñÿ, ÷òî âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 6.

Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå 6, èìååì

c−1 1

k
2
3

≤ sk,0 ≤ c
1

k
1
3

, k = 1, 2...,

c−1 1

(|t| + 1)
4
3 k

4
3

≤ sk,t ≤ c
1

(|t| + 1)
1
3 k

1
3

, k = 1, 2....

Ðåçóëüòàòû, ïîëó÷åííûå â äàííîé ðàáîòå, ìîæíî èñïîëüçîâàòü

ïðè èññëåäîâàíèè âîïðîñîâ ñóùåñòâîâàíèÿ ðåçîëüâåíòû,

äèñêðåòíîñòè ñïåêòðà, à òàêæå êîýðöèòèâíûõ îöåíîê

äèôôåðåíöèàëüíûõ îïåðàòîðîâ ãèïåðáîëè÷åñêîãî òèïà â ñëó÷àå

íàëè÷èÿ âûðîæäåíèÿ èëè â ñëó÷àå íåîãðàíè÷åííûõ îáëàñòåé.

Îöåíêà óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ äëÿ

äâóìåðíîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

À.Ò. Íóðñåèòîâà
ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail:altynna@mail.ru

Äëÿ íåêîòîðîãî Ω × (0, T ), ãäå T > 0, Ω = {(x, y) ∈
Rn+1|x ∈ (0, h), y ∈ D ⊂ Rn} ðàññìàòðèâàåòñÿ çàäà÷à äëÿ
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ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

utt = uxx + L(y)u, (x, y) ∈ Ω, t ∈ (0, T ), (1)

u(x, y, 0) = u(x, y, T ) = 0, (x, y) ∈ Ω, (2)

u|∂D = 0, x ∈ [0, h], t ∈ [0, T ], (3)

u(0, y, t) = f (y, t), y ∈ D, t ∈ [0, T ], (4)

ux(0, y, t) = g(y, t), y ∈ D, t ∈ [0, T ]. (5)

Áóäåì ïîëàãàòü, ÷òî D � ñâÿçíàÿ îãðàíè÷åííàÿ îáëàñòü ñ

ëèïøèöåâîé ãðàíèöåé, à îïåðàòîð L(y) îáëàäàåò ñëåäóþùèìè

ñâîéñòâàìè:

C1

n∑
j=1

ν2
j ≤

n∑
i,j=1

aij(y)νiνj äëÿ ëþáûõ νi ∈ R,

aij = aji, i, j = 1, n,

0 ≤ c(y) ≤ C2,

aij ∈ C1(D̄), c ∈ C(D̄).

Çàäà÷ó (1)�(5) ðàññìàòðèâàåì êàê îáðàòíóþ ê ñëåäóþùåé

ïðÿìîé çàäà÷å

uxx = Au, (x, y) ∈ Ω, t ∈ (0, T ), (6)

u(x, y, 0) = u(x, y, T ) = 0, (x, y) ∈ Ω, (7)

u|∂D = 0, x ∈ [0, h], t ∈ [0, T ], (8)

ux(0, y, t) = g(y, t), y ∈ D, t ∈ [0, T ], (9)

u(h, y, t) = q(y, t), y ∈ D, t ∈ [0, T ]. (10)

Â ïðÿìîé çàäà÷å (6)�(10) òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ u ∈
L2(Ω× (0, T )) ïî çàäàííûì ôóíêöèÿì q, g ∈ L2(D × (0, T )).

Â îáðàòíîé çàäà÷å (1)�(5) òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ

q ∈ L2(D × (0, T )) èç (6)�(10) ïî äîïîëíèòåëüíîé èíôîðìàöèè

î ðåøåíèè ïðÿìîé çàäà÷è

u(0, y, t) = f (y, t), y ∈ D, t ∈ [0, T ].
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Ïîëó÷åíà îöåíêà óñëîâíîé óñòîé÷èâîñòè îáîáùåííîãî ðåøåíèÿ

ðàññìàòðèâàåìîé çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà 1746/ÃÔ4 ¾Òåîðèÿ

è ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷

åñòåñòâîçíàíèÿ¿ .
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Nonlocal inverse problem of mathematical modeling

I. Orazov1,2, A.Kh. Makhatova2

1Institute of Mathematics and Mathematical Modeling,
Almaty, Kazakhstan

E-mail: orazov@math.kz
2 Auezov South Kazakhstan State University, Shymkent, Kazakhstan

E-mail: 2max_40@mail.ru

We consider problems simulating the determination of target com-

ponents and density of sources from given values of the initial and

�nal states. The mathematical statement of these problems leads to

the inverse problem for the di�usion equation, where it is required
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to �nd not only a solution of the problem, but also its unknown

time-dependent di�usivity.

The processes of the extraction from the solid polydisperse porous

materials are widely distributed in the food, chemical, pharmaceuti-

cal and medical industries. Herewith the increased requirements are

presented to the quality of the extract. To e�ectively carry out the

process of extraction from solid polydisperse porous materials it is

necessary to use machines and processes which allow providing the

optimal values of the hydrodynamic and physical and chemical pa-

rameters, in particular, the contact surfaces between the phases, the

di�erence in the concentration of the target component in the raw

material and the extractant, duration of extraction.

A speci�c feature of the considered problems is that the system

of eigenfunctions of the multiple di�erentiation operator subject to

boundary conditions of the initial problem does not have the basis

property. We prove the unique existence of a generalized solution to

the mentioned problem.

Some Problems of these types was considered in our works [1, 2].

The authors were supported by the grant no. 0820/GF4 of the

Ministry of Education and Science of Republic of Kazakhstan.
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Ñïåêòðàëüíûå ñâîéñòâà ðàçíîñòíîãî

îïåðàòîðà ïåðâîãî ïîðÿäêà

Ê.Í. Îñïàíîâ
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

kordan.ospanov@gmail.com

Â äîêëàäå ðàññìàòðèâàåòñÿ ñëåäóþùèé ìèíèìàëüíûé

çàìêíóòûé â ïðîñòðàíñòâå l2 îïåðàòîð

Ly = −∆y + Qy,

ãäå y = {yj}+∞
j=−∞, ∆y = {∆yj}+∞

j=−∞ = {yj+1 − yj}+∞
j=−∞ , à Q =

(qi,j)
+∞
i, j=−∞− äåéñòâèòåëüíàÿ ìàòðèöà.

Îáñóæäàþòñÿ óñëîâèÿ äèñêðåòíîñòè ñïåêòðà îïåðàòîðà L, à

òàêæå îöåíêè ñèíãóëÿðíûõ ÷èñåë sk
(
L−1
)

(k = 1, 2, ... ).

×åðåç (· , ·) è ‖ · ‖2 îáîçíà÷èì, ñîîòâåòñòâåííî, ñêàëÿðíîå

ïðîèçâåäåíèå è íîðìó â l2.

Tåîðåìà. Ïóñòü ìàòðèöà Q òàêàÿ, ÷òî (Qw,w) ≥
‖w‖2

2, ∀w ∈ D(Q) = {w ∈ l2 : Qw ∈ l2}, è

a) äëÿ êàæäîãî ôèêñèðîâàííîãî j ∈ Z ðÿä Q̂j =
+∞∑
i=−∞

q2
i,j

ñõîäèòñÿ;

b) èìååò ìåñòî íåðàâåíñòâî +∞∑
j=−∞

Q̂jv
2
j

1/2

≤ C0‖Qv‖2 ∀v = {vj}+∞
j=−∞ ∈ D(Q).

Òîãäà îáðàòíûé ê L îïåðàòîð L−1 âïîëíå íåïðåðûâåí â l2 òîãäà

è òîëüêî òîãäà, êîãäà

lim
|j|→+∞

Q̂j = +∞, (1)

à äëÿ s - ÷èñåë (ïðè âûïîëíåíèè óñëîâèÿ (1)) èìåþò ìåñòî îöåíêè
√

3B24n ≤ sn
(
L−1
)
≤ 4
√

3B[n/4] (n = 0, 1, 2, ... ).

220



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

Çäåñü {Bn}+∞
n=0− íåâîçðàñòàþùàÿ ïåðåñòàíîâêà

ïîñëåäîâàòåëüíîñòè

{(
Q̂j

)−1/2
}+∞

j=−∞
.

Èññëåäîâàíèå îïåðàòîðà L ìîòèâèðóåòñÿ, â ÷àñòíîñòè,

ïðèìåíåíèÿìè â ñòîõàñòè÷åñêèõ ïðîöåññàõ è ñòîõàñòè÷åñêèõ

äèôôåðåíöèàëüíûõ óðàâíåíèÿõ [1].

Ðàáîòà ïîääåðæàíà ïðîåêòîì 5132/GF4 Êîìèòåòà íàóêè

Ìèíèñòåðñòà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí è

íàó÷íûì ôîíäîì Åâðàçèéñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà èì.

Ë.Í. Ãóìèëåâà.
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Îäíîçíà÷íàÿ ðàçðåøèìîñòü îäíîé çàäà÷è

äëÿ ïñåâäîïàðàáîëè÷åñêîãî

óðàâíåíèÿ òðåòüåãî ïîðÿäêà

M.N. Ospanov
L.N. Gumilyov Eurasian National University, Astana, Kazakhstan
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Íà Ω = [0, ω]× [0, T ] ðàññìîòðèì íåëîêàëüíóþ êðàåâóþ çàäà÷ó

uxtt = a0(x, t)uxt + a1(x, t)ux +
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a2(x, t)utt + a3(x, t)ut + a4(x, t)u + f (x, t), (1)

u(0, t) = ϕ(t), t ∈ [0, T ], (2)

u(x, 0) = u(x, T ) , x ∈ [0, ω], (3)

ut(x, 0) = ut(x, T ), x ∈ [0, ω]. (4)

Áóäåì ñ÷èòàòü, ÷òî ai(x, t) (i = 0, 4) , f (x, t) íåïðåðûâíûå íà

Ω ôóíêöèè, ϕ(t)− äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà

[0, T ] ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì ϕ(0) = ϕ(T ), ϕ̇(0) =

ϕ̇(T ), ϕ̈(0) = ϕ̈(T ).

Óðàâíåíèå (1) ÿâëÿåòñÿ ïñåâäîïàðàáîëè÷åñêèì. Ê ëîêàëüíûì

è íåëîêàëüíûì êðàåâûì çàäà÷àì äëÿ (1) ñâîäèòñÿ ðÿä

ïðèêëàäíûõ çàäà÷ ôèçèêè, ìåõàíèêè è áèîëîãèè. Íàïðèìåð,

â [1] óêàçàíû ïðèìåðû ïðàêòè÷åñêîãî ïðèìåíåíèÿ ðåçóëüòàòîâ

èññëåäîâàíèé êðàåâûõ çàäà÷ äëÿ ïñåâäîïàðàáîëè÷åñêèõ

óðàâíåíèé ïðè èçó÷åíèè ïðîöåññîâ âëàãîïåðåíîñà â ïîðèñòûõ

ñðåäàõ è â çàäà÷àõ ìàòåìàòè÷åñêîé áèîëîãèè.

Ïóñòü C(Ω, Rn)− ïðîñòðàíñòâî íåïðåðûâíûõ íà Ω ôóíêöèè

ñ íîðìîé ‖u(x, ·)‖ = max
t∈[0, T ]

|u(x, t)| . Ðåøåíèåì çàäà÷è (1)-(4)

íàçîâåì ôóíêöèþ u(x, t) ∈ C(Ω, Rn), èìåþùóþ íåïðåðûâíûå

íà Ω ÷àñòíûå ïðîèçâîäíûå uxtt(x, t), uxt(x, t), ux(x, t), utt(x, t),

ut(x, t), è óäîâëåòâîðÿþùåé óðàâíåíèþ (1) è óñëîâèÿì (2)-(4).

Àíàëîãè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) â ñëó÷àå a2(x, t) = 0

áûëà èññëåäîâàíà â [2].

Â íàñòîÿùåé ðàáîòå ìåòîäîì ïàðàìåòðèçàöèè [3] äîêàçûâàåòñÿ

Òåîðåìà. Ïóñòü a1(x, t) ≥ α > 0, òîãäà çàäà÷à (1)-(4) èìååò

åäèíñòâåííîå ðåøåíèå u(x, t) è ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

max {‖u(x, ·)‖ , ‖ux(x, ·)‖ , ‖ut(x, ·)‖ , ‖utt(x, ·)‖ , ‖uxt(x, ·)‖} ≤ c,

ãäå c çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ.

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ïðîåêòîì 5234/ÃÔ4 Êîìèòåòà

íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.
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Decomposition of integro-di�erential operators
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Integro-di�erential operator equations are used to model many

problems in science, enginering and economics. These equations are

usually complicated and �nding the exact solution of the correspond-

ing boundary value problems is a di�cult task. In some cases the

initial problem can be transformed to a simpler one involving work-

able operators and the solution can be found exactly. Altrnatively,

numerical methods can be used to obtain an approximate solution.

In the present paper we deal with the exact solution of a boundary

value problem B1x = f where the operator B1 can be decomposed

in a product of two quadratic operators, i.e. B1 = B2
GB

2
G0

with BG

and BG0 being two linear operators of a special form. This work is a

generalization of [1], [2].
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We prove a main theorem which provides the exact solution of an

integro-di�erential equation by decomposing the operator involved.

Finally, an example is solved to demostrate the ability of the

method proposed.

Theorem 1. Let H be a Hilbert space and Â0, Â : H → H be correct

operators and the operator B1 : H → H be de�ned by

B1x =Â2Â2
0x

−V 〈Â0x,Φ
t〉Hm − Y 〈Â2

0x,Φ
t〉Hm − S〈ÂÂ2

0x, F
t〉Hm

−G〈Â2Â2
0x, F

t〉Hm = f, D(B1) = D(Â2Â2
0), (1)

where the vectors V, Y, S,Φ, F ∈ Hm, G ∈ D(Â)m. The following

are true:

(i) If

detL = det
[
Im − 〈F t, G〉Hm

]
6= 0, (2)

G0 = Â−2Y + p1〈F t, Y 〉Hm + p2〈F t, Â−1Y 〉Hm, (3)

S = ÂG−G〈F t, ÂG〉Hm, (4)

Â−2V + p1〈F t, V 〉Hm + p2〈F t, Â−1V 〉Hm

= Â0G0 −G0〈Φt, Â0G0〉Hm, (5)

where p1 = Â−1p2 + p2〈F t, p2〉Hm, p2 = (Â−1G)L−1 then the oper-

ator B1 has the unique decomposition B1 = B2
GB

2
G0

where

BG0x =Â0x−G0〈Â0x,Φ
t〉Hm = f, D(BG0) = D(Â0),

BGx =Âx−G〈Âx, F t〉Hm = f, D(BG) = D(Â)

(ii) If in addition the components of the vector Φ̃ = (Â−1∗
0 Φ,Φ) are

linearly independent on H then the decomposition B1 = B2
GB

2
G0

is

unique if and only if (2)-(5) hold true.
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(iii) If B1 has a unique decomposition, then B1 is correct if and only

if

detL0 = det
[
Im − 〈Φt, G0〉Hm

]
6= 0.

(iv) If B1 has a unique decomposition and B1 is correct then the

problem (1) has a unique solution

x = B−1
1 f = (Â−2

0 Â−2)f+B−2
G0
p1〈f, F t〉Hm + B−2

G0
p2〈Â−1f, F t〉Hm

+p0
1〈Â−2f,Φt〉Hm + p0

2〈Â−1
0 Â−2f,Φt〉Hm,

where

B−2
G0
f =Â−2

0 f + p0
1〈Φt, f〉Hm + p0

2〈Φt, Â−1
0 f〉Hm ∀f ∈ H,

p0
1 =Â−1

0 p0
2 + p0

2〈Φt, p0
2〉Hm, p0

2 = (Â−1
0 G0)L−1

0 .

Example 1: Let the operator B1 : L2(0, 1) → L2(0, 1) be de�ned

by

B1u =u(4) − (5− 2t)

∫ 1

0

x2 u′(x)dx− (6t− 3)

∫ 1

0

x2 u′′(x)dx

−12

∫ 1

0

xu′′′(x)dx− (2t + 1)

∫ 1

0

xu(4)(x)dx = 2− 3t,

D(B1) = {u ∈ W 4
2 (0, 1) : u(0) = u′(0) = u′′(1) = u′′′(1) = 0}.

Then:

(i)B1 can be decomposed as a product of two operators and is correct.

(ii) The unique solution is given by

u(t) = −t
2(12271t3 − 46530t2 + 63410t− 33760)

531448
.
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This work is developing the ideas of papers [1, 2].

Let L denote the Sturm-Liouville problem

ly = −y′′ + 2λ p(x) + q(x) y = λ2 y, (1)

Ui(y) = ai1 y(0)+ai2 y
′(0)+ai3 y(π)+ai4 y

′(π) = 0, i = 1, 2, (2)

where p(x) ∈ W 1
2 (0, π), p(x) = p(π − x); q(x) ∈ L2(0, π) is a real

function such that q(x) = q(π − x) and the aij with i = 1, 2 and

j = 1, 2, 3, 4 are complex constants.

For the inverse problem of reconstructing L in which all coe�cients

aij with i = 1, 2 and j = 1, 2, 3, 4 are unknown, no uniqueness

theorems have been proved.

The uniqueness theorems for an inverse nonselfadjoint Sturm-

Liouville problem L with symmetric potential and general boundary

conditions are proved. The spectral data used for unique reconstruc-

tion of Sturm-Liouville problems are a spectrum and six eigenvalues.

The uniqueness theorems for an inverse selfadjoint Sturm-Liouville
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problem with symmetric potential and nonseparated boundary con-

ditions are also proved. These theorems use a spectrum and two (or

three) eigenvalues for unique reconstruction of Sturm-Liouville prob-

lems. The theorems generalise G. Borg and N. Levinson's classical

results to the case of Sturm-Liouville problem with general bound-

ary conditions. Schemes for unique reconstruction of Sturm-Liouville

problems with symmetric potential and general boundary conditions

are given.

This work was supported by the program ¾Leading Scienti�c

Schools¿ (project No. 7461.2016.1) and by the Russian Foundation

for Basic Research (project No. 15-01-01095_a).
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We consider a generalised form of the Samarskii-Ionkin type

boundary value problem for the Poisson equation in the disk and

show its well-posedness.

Let Ω = {z = (x, y) = x+ iy ∈ C : |z| < 1} be a unit disk, r = |z|
and ϕ = arctan(y/x). Consider the following problem (S − I)α.

Problem (S − I)α. Find a solution of the Poisson equation

−∆u = f (z), |z| < 1 (1)

satisfying the following boundary conditions

u(1, ϕ)− αu(1, 2π − ϕ) = τ (ϕ), 0 ≤ ϕ ≤ π, (2)

∂u

∂r
(1, ϕ)− ∂u

∂r
(1, 2π − ϕ) = ν(ϕ), 0 ≤ ϕ ≤ π (3)

or
∂u

∂r
(1, ϕ) +

∂u

∂r
(1, 2π − ϕ) = ν(ϕ), 0 ≤ ϕ ≤ π, (4)

where α ∈ R, f (z) ∈ Cγ(Ω), τ (ϕ) ∈ C1+γ[0, π] and ν(ϕ) ∈ Cγ[0, π],

0 < γ < 1.

It is obvious that necessary conditions for the solution existence of

the problem (1)-(3) from the class C1(Ω) is ful�lled by the following

conditions:

ν(0) = ν(π) = 0.

The antiperiodic boundary value problem (1)-(3) for α = −1 and

the periodic boundary value problem (1),(2),(4) for α = 1 were stud-

ied in [1] and [2]. When α = 0, these problems were investigated in

[3] and [4].
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The possibility of separation of variables is justi�ed. We obtain an

explicit form of the Green function for this problem and an integral

representation of the solution.

Some Problems of these types was considered in our work and

was published in extended abstracts of the Third International Con-

ference on Analysis and Applied Mathematics, Almaty, Kazakhstan

(September 07-10, 2016) [4].

The authors were supported by the grant no. 0824/GF4 of the

Ministry of Education and Science of Republic of Kazakhstan.
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Ïîëíîòà è áàçèñíîñòü ñîáñòâåííûõ ôóíêöèé

äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî

ïîðÿäêà ñ èíâîëþöèåé

À.À. Ñàðñåíáè
Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì Ì. Àóýçîâà, Øûìêåíò,

Èíñòèòóò Ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû
E-mail: abdisalam@mail.ru

Ñïåêòðàëüíàÿ çàäà÷à

−u′′(−x) = λu(x), −1 < x < 1, u (−1) = 0, u′ (−1) = u′ (1),

(1)

ÿâëÿåòñÿ íåñàìîñîïðÿæåííîé, îáëàäàåò íåîðòîãîíàëüíîé

ñèñòåìîé ñîáñòâåííûõ ôóíêöèé. Âñå ñîáñòâåííûå çíà÷åíèÿ

îäíîêðàòíû. Ñîáñòâåííûå ôóíêöèè âûïèñûâàþòñÿ â ÿâíîì âèäå

u0 (x) = x + 1, uk1 (x) = sin kπx,

uk2 (x) = (−1)k
ekπx − e−kπx

ekπ − e−kπ
+ cos kπx, k = 1, 2, ...

.

Îòìåòèì, ÷òî ñïåêòðàëüíàÿ çàäà÷à (1) íå óêëàäûâàåòñÿ â

òåîðèþ, ðàçðàáîòàííóþ â ðàáîòàõ [1, 2]. Ñâîéñòâà ñîáñòâåííûõ

ôóíêöèé ñïåêòðàëüíîé çàäà÷è (1) õàðàêòåðèçóþòñÿ ñëåäóþùèìè

óòâåðæäåíèÿìè.

Òåîðåìà 1. Ñèñòåìà ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è

(1) îáðàçóåò ïîëíóþ è ìèíèìàëüíóþ ñèñòåìó â ïðîñòðàíñòâå

L2 (−1, 1)

Òåîðåìà 2. Ñèñòåìà ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è

(1) îáðàçóåò áàçèñ Ðèññà â ïðîñòðàíñòâå L2 (−1, 1)

Èññëåäîâàíèÿ ïîääåðæàíû ãðàíòîì 5414/ÃÔ4 ÊÍ ÌÎÍ ÐÊ
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Ìíîãîïåðèîäè÷åñêèå ðåøåíèÿ ëèíåéíûõ ñèñòåì

óðàâíåíèé ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ â

ñèëó ãàìèëüòîíîâûõ ñèñòåì

Æ.À. Ñàðòàáàíîâ, Ê.Ê.Êåíæåáàåâ
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Ðàññìîòðèì ñèñòåìó óðàâíåíèé

DHx = P (τ, ξ, η)x + f (τ, ξ, η) (1)

îòíîñèòåëüíî n-âåêòîð ôóíêöèè x = x(τ, ξ, η, ε) ïåðåìåííûõ

τ ∈ (−∞,+∞) = R, ξ ∈ R, η ∈ (a, b) = I è ïàðàìåòðà ε èç

δ-îêðåñòíîñòè Oδ òî÷êè ε = 0, ãäå a, b, δ > 0-ïîñòîÿííûå, DH-

îïåðàòîð äèôôåðåíöèðîâàíèÿ âèäà

DH =
∂

∂τ
+
∂H

∂η

∂

∂ξ
− ∂H

∂ξ

∂

∂η
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â ñèëó ñèñòåìû

ξ́ =
∂H

∂η
, ή = −∂H

∂ξ
(2)

ñ ãàìèëüòîíèàíîì H = H(τ, ξ, η, ε), P = P (τ, ξ, η) � n �

ìàòðè÷íàÿ ôóíêöèÿ, f = f (τ, ξ, η) � n �âåêòîðíàÿ ôóíêöèÿ.

Ïðåäïîëîæèì âûïîëíåííûìè óñëîâèÿ:

H(τ+2π, ξ+2kπ, η, ε) = H(τ, ξ, η, ε) ∈ BA(Πρ×Πρ×I4×Oδ), (3)

P (τ + 2π, ξ + 2kπ, η) = P (τ, ξ, η) ∈ BA(Πρ × Πρ × I4 ×Oδ), (4)

f (τ + 2π, ξ + 2kπ, η) = f (τ, ξ, η) ∈ BA(Πρ × Πρ × I4 ×Oδ), (5)

ãäå k ∈ Z �ìíîæåñòâî öåëûõ ÷èñåë, Πρ = {z : |ImZ| <
ρ}, ρ = const > 0, I4 �îêðåñòíîñòü ïðîìåæóòêà I â êîìïëåêñíîé

ïëîñêîñòè ñ øèðèíîé 4 = const > 0, BA �êëàññ âåùåñòâåííî-

àíàëèòè÷åñêèõ ôóíêöèé.

Óñëîâèÿ (3)-(5) ãàðàíòèðóþò ðàçðåøèìîñòü íà÷àëüíîé çàäà÷è

äëÿ ñèñòåìû (1) ñ óñëîâèåì âèäà

x|τ=τ0 = u(ξ, η) = u(ξ + 2π, η) ∈ C(1,1)
ξ,η (R× I), (10)

ãäå τ0 ∈ R,C
(1,1)
ξ,η (R × I) �íåïðåðûâíî äèôôåðåíöèðóåìûõ

ôóíêöèé ïî àðãóìåíòàì â óêàçàííûõ îáëàñòÿõ, ñîîòâåòñòâóþùèõ

ïîðÿäêîâ ãëàäêîñòè

Ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì ìíîæåñòâà ðåøåíèé çàäà÷

âèäà (1)-(10).

Îñíîâíàÿ çàäà÷à çàêëþ÷àåòñÿ â óñòàíîâëåíèè óñëîâèé

ñóùåñòâîâàíèÿ (2π, 2π) ïåðèîäè÷åñêèõ ïî (τ, ξ) ðåøåíèÿ ñèñòåìû

(1) è ïîñòðîåíèè åãî èíòåãðàëüíîãî ïðåäñòàâëåíèÿ, à òàêæå

â èññëåäîâàíèè êâàçèïåðèîäè÷íîñòè åãî âäîëü õàðàêòåðèñòèêè

îïåðàòîðà DH .

Äëÿ ðåøåíèÿ ýòîé çàäà÷è îïðåäåëèì ðåøåíèå

ξ = h(τ, s, p, q, ε), η = g(τ, s, p, q, ε) (6)
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ãàìèëüòîíîâîé ñèñòåìû (2) ñ íà÷àëüíûìè äàííûìè (p, q) ∈ R× I
ïðè τ = s ∈ R.
Ïðåäïîëîæèì, ÷òî ìàòðèöàíò X = X(τ, ξ, η, ε), îïðåäåëåííûé

èíòåãðàëüíûì óðàâíåíèåì

X(τ, ξ, η, ε) = E +

∫ τ

0

P (σ, h(σ, τ, ξ, η, ε), g(σ, τ, ξ, η, ε))

X(σ, h(σ, τ, ξ, η, ε)g(σ, τ, ξ, η, ε), ε)dσ (7)

ñ åäèíè÷íîé ìàòðèöèåé E, óäîâëåòâîðÿåò óñëîâèþ

det[X(2π, ξ, η, ε)− E] 6= 0,∀(ξ, η) ∈ Πρ × I4, ε ∈ Oσ. (8)

Â ÷àñòíîñòè, óñëîâèå (8)èìååò ìåñòî, åñëè âûïîëíåíî óñëîâèå

|X(τ, ξ, η, ε)X−1(s, h(s, τ, ξ, η, ε), g(s, τ, ξ, η, ε), ε)|

≤ Γe−γ(τ−s), τ > s (9)

ñ ïîñòîÿííûìè γ > 0 è Γ ≥ 1.

Ïðè èññëåäîâàíèè ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû (1) âàæíûå

ìåñòî çàíèìàåò ñèñòåìà ãîìîëîãè÷åñêèõ óðàâíåíèé [4]

U(ξ, η)− U(ξ − ϕ(ξ, η, ε), η − ψ(ξ, η, ε))∫ 0

−2π

X−1(σ, h(σ, 0, ξ, η, ε)

g(σ, 0, ξ, η, ε), ε)f (σ, h(σ, 0, ξ, η, ε), g(σ, 0, ξ, η, ε)dσ, (10)

ãäå ϕ(ξ, η, ε) = ξ − h(−2π, 0, ξ, η, ε), ψ(ξ, η, ε) = η −
g(−2π, 0, ξ, η, ε).

Ïðåäïîëîæèì, ÷òî ñèñòåìà (10) èìååò 2π-ïåðèîäè÷åñêîå ïî ξ

âåùåñòâåííî - àíàëèòè÷åñêîå ïî (ξ, η) ∈ Πρ×I4 ðåøåíèå u∗(ξ, η, ε)
ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ |ε| > 0.

u∗(ξ + 2π, η, ε) = u∗(ξ, η, ε) ∈ BA(Πρ × Πρ × I4 ×Oδ) (11)
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Òîãäà â ñèëó óñëîâèé (8), (10) è (11) èìååì (2π, 2π)-
ïåðèîäè÷åñêîå ïî (τ, ξ) ðåøåíèå ñèñòåìû (1) âèäà

x∗(τ, ξ, η, ε) = X(τ, ξ, η, ε[X−1(2π, h(0, τ, ξ, η, ε), g(0, τ, ξ, ξ, η, η, ε), ε)− E]−1

[

∫ τ+2π

τ

X−1(σ, h(σ, τ, ξ, η), g(σ, τ, ξ, η, ε), ε)f(σ, h(σ, τ, ξ, η, ε), g(σ, τ, ξ, η, ε))dσ

−u∗(h(−2π, τ, ξ, η, ε), g(−2π, τ, ξ, η, ε))+u∗(h(0, τ, ξ, η, ε), g(0, τ, ξ, η, ε))] (12)

Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (9) (2π, 2π)-ïåðèîäè÷åñêîå ïî
(τ, ξ) ðåøåíèå ñèñòåìû (1) ìîæíî ïðåäñòàâèòü â âèäå

x∗(τ, ξ, η, ε) =

∫ τ

−∞
X(τ, ξ, η, ε)X−1(σ, h(σ, τ, ξ, η, ε), g(σ, τ, ξ, η, ε), ε)

f(σ, h(σ, τ, ξ, η, ε), g(σ, τ, ξ, η, ε))dσ (13)

Òåîðåìà 1. Ïðè âûïîëíåíèè óñëîâèé (3)-(5), (8), (10)

è (11) ñèñòåìà (1) äëÿ ìàëûõ çíà÷åíèé |ε| > 0 èìååò

åäèíñòâåííîå (2π, 2π)-ïåðèîäè÷åñêîå ðåøåíèå x∗(τ, ξ, η, ε),

êîòîðîå èíòåãðàëüíî ïðåäñòàâèìî â âèäå (12).

Òåîðåìà 2. Ïðè âûïîëíåíèè óñëîâèé (3)-(5) è (9) ñèñòåìà (1)

äëÿ ëþáûõ çíà÷åíèé ε ∈ Oδ èìååò (2π, 2π)-ïåðèîäè÷åñêîå ïî

(τ, ξ) ðåøåíèå x∗(τ, ξ, η, ε), êîòîðîå èíòåãðàëüíî ïðåäñòàâèìî â

âèäå (13).

Èçâåñòíî [1-3], ÷òî ïðè óñëîâèÿõ

H(τ, ξ, η, 0) = H0(η),
d2H0

dη2
6= 0 (14)

äëÿ äîñòàòî÷íî ìàëûõ çíà÷åíèé |ε| > 0 õàðàêòåðèñòè÷åñêàÿ

ñèñòåìà (6) äîïóñêàåò êâàçèïåðèîäè÷åñêîå ïî τ ðåøåíèå

(ξ, η) = (ξ∗(τ ), η∗(τ )) ñ ÷àñòíûì áàçèñîì (1, ν), ãäå ÷àñòîòà ν

óäîâëåòâîðÿåò óñëîâèþ ñèëüíîé ðàöèîíàëüíîé íåñîèçìåðèìîñòè

âèäà
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|νk − l| ≥ c0|k|−µ, c = const ≥ 0, µ = const ≥ 2; k, l ∈ N (15)

Ðàññìàòðèâàÿ ñèñòåìó (1) âäîëü (ξ, η) = (ξ∗(τ ), η∗(τ )) èìååì

êâàçèïåðèîäè÷åñêóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé
dy

dτ
= P ∗(τ, ντ )y + f ∗(τ, ντ ) (1∗)

äëÿ êîòîðûé ñïðàâäëèâû:

Cëåäñòâèå 1. Ïðè óñëîâèÿõ òåîðåìû 1 ñ äîïîëíèòåëüíûìè

òðåáîâàíèÿìè (14) è (15) ñèñòåìà (1∗) äëÿ äîñòàòî÷íî ìàëûõ

çíà÷åíèé |ε| > 0 äîïóñêàåò åäèíñòâåííîå êâàçèïåðèîäè÷åñêîå

ðåøåíèå y∗(τ ) = x∗(τ, ξ∗(τ ), η∗(τ ), ε) ñ ÷àñòîòíûì áàçèñîì (1, ν).

Ñëåäñòâèå 2. Ïðè óñëîâèÿõ òåîðåìû 2 ñ äîïîëíèòåëüíûìè

òðåáîâàíèÿìè (14) è (15) ñèñòåìà (1∗) äëÿ äîñòàòî÷íî ìàëûõ

çíà÷åíèè |ε| > 0 äîïóñêàåò åäèíñòâåííîå êâàçèïåðèîäè÷åñêîå

ðåøåíèå y∗(τ ) = x∗(τ, ξ
∗(τ ), η∗(τ ), ε) ñ ÷àñòîòíûì áàçèñîì (1, ν).
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Îöåíêè ðåøåíèé îäíîé çàäà÷è âîçíèêàþùåé

ýëåêòðîäèíàìèêè â ìàãíèòíîé ãèäðîäèíàìèêå

Ø.Ñ. Ñàõàåâ

ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
E-mail: sakhaev_sh@mail.ru

Ðàññìîòðèì ñëåäóþùóþ ïåðåîïðåäåëåííóþ íåîäíîðîäíóþ

íà÷àëüíî-êðàåâóþ çàäà÷ó (ýëåêòðîäèíàìèêè): ñèñòåìà

b
∂ ~H

∂t
−∆ ~H(x, t) = rot~j(x, t), div ~H = 0 (1)

ñ óñëîâèÿìè

~Hn

∣∣∣
S

= 0, rotτ ~H
∣∣∣
S

= ~jτ (x, t)
∣∣∣
S
, ~H(x, t)

∣∣∣
t=0

= ~H0(x), (2)

à òàêæå âñïîìîãàòåëüíóþ çàäà÷ó äëÿ îäíîðîäíîé ñèñòåìû

b
∂ ~H

∂t
−∆ ~H(x, t) = 0, div ~H = 0 (3)

óñëîâèÿìè

~Hτ

∣∣∣
S

= ~ψτ

∣∣∣
S
, ~H(x, t)

∣∣∣
t=0

= 0. (4)

Â ðàáîòå [1] ïîêàçàíî,÷òî ïðè ëþáîì âåêòîðå ~ψ(x, t) ñ ψn|S = 0

óäîâëåòâîðÿþùèé óñëîâèþ Ãåëüäåðà ïî îáîèì àðãóìåíòàì çàäà÷à

(3)-(4) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå, ïðåäñòàâèìîå

â âèäå ïîòåíöèàëà

~H(x, t) = rot ~A(x, t),
~A(x, t) =

∫ t
0 dτ

∫
S Γ(x− η, t− τ )~λ(η, τ )dS,

(5)

ãäå Γ(x, t) =

 − b

(4πt)
3/2

exp
{
−b|x|2

4t

}
, t > 0

0, t < 0
� ôóíäàìåíòàëüíîå
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ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè,à ~λ(η, t)-âåêòîð

îïðåäåëÿåìûé èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé �

Âîëüòåððîâñêî-Ôðåäãîëüìñêîãî òèïà (òàêîãî æå êàê ïðè ðåøåíèè

íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ îäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

ñ ïðàâîé ÷àñòüþ ~ω =
[
~ψ × ~n

]
.) Ñîîòíîøåíèÿ (1) ïðåäñòàâëÿþòñÿ

èç ñåáÿ ëèíåàðèçîâàííûå óðàâíåíèÿ Ìàêñâåëëà (ñ èñêëþ÷åííûìè

òîêàìè ñìåùåíèÿ) è ñòàíäàðòíûå óñëîâèÿ íà ãðàíèöå äëÿ

ìàãíèòíîãî ïîëÿ. Äëÿ ðåøåíèÿ ëèíåàðèçîâàííûõ çàäà÷ áûëè

ïîëó÷åíû â [2] îöåíêè â W 2,1
p (Q1

T ) ïðè p > 1 ñ íîðìîé Ñîáîëåâà.

Â íàñòîÿùåé ðàáîòå îíà ðàñïðîñòðàíÿåòñÿ íà ïðîñòðàíñòâà

C2+α,1+α/2(QT )-Ãåëüäåðà.

Òåîðåìà 1. Åñëè S ∈ C(3+α), 0 < α < 1. Òî ïðè ëþáûõ ~g =

rot~j(x, t) ∈ Jα(QT ), ~H0(x) ∈ C2+α(Ω̄)
⋂ 0

Jα(Ω),~jτ ∈ C1+α,
1+α

2 (ST ),

óäîâëåòâîðÿþùèõ óñëîâèþ ñîãëàñîâàíèÿ

rotτ ~H0(x)
∣∣∣
x∈S

= ~jτ

∣∣∣
t=0,x∈S

çàäà÷à (1)�(2) èìååò åäèíñòâåííîå ðåøåíèå ~H(x, t) ∈
C2+α,1+α/2(Q̄T ) è∣∣∣ ~H∣∣∣(2+α)

QT
≤ C

[∣∣∣ ~H0

∣∣∣(2+α)

Ω
+
∣∣∣rot~j∣∣∣(α)

QT
+
∣∣∣~jτ ∣∣∣(1+α)

ST

]
. (6)
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Çàäà÷à î âîçäåéñòâèè ïîäâèæíûõ íàãðóçîê íà

ïîâåðõíîñòü ñëîèñòîé ïëàñòèíêè

À.Æ.Ñåéòìóðàòîâ, À.Í.Ñàãèíáàåâ
Êûçûëîðäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Êîðêûò Àòà

E-mail:angisin_@mail.ru

Ñðåäè ðàçëè÷íûõ ïåðèîäè÷åñêèõ è íåïåðèîäè÷åñêèõ äâèæåíèé

äåôîðìèðóåìûõ ñðåä âàæíîå çíà÷åíèå èìåþò ïëîñêèå âîëíû

ïðîñòîãî ãàðìîíè÷åñêîãî òèïà, ðàñïðîñòðàíÿþùèåñÿ ïî

ïîâåðõíîñòè òåëà èëè ïîëóïëîñêîñòè, âëèÿíèå êîòîðûõ

îãðàíè÷èâàåòñÿ îêðåñòíîñòüþ ýòîé ïîâåðõíîñòè. Ïîýòîìó

ðàññìîòðèì çàäà÷ó î ðàñïðîñòðàíåíèè âîëíû Ðåëåÿ.

Ïðåäïîëîæèì, ÷òî â ñðåäå ðàñïðîñòðàíÿåòñÿ ïëîñêàÿ

ãàðìîíè÷åñêàÿ âîëíà, ò.å. ïîòåíöèàëû ϕ è ψ ïðåäîñòàâèì

â âèäå
ϕ (x, z, t) = Φ0 (z) exp [i (pt− qx)] ;

ψ (x, z, t) = Ψ0 (z) exp [i (pt− qx)] ,
(1)

à Φ0 è Ψ0 óäîâëåòâîðÿåò óðàâíåíèÿì

Φ′′0 −
(
q2 − p2

a2

)
Φ0 = 0; Ψ′′0 −

(
q2 − p2

b2

)
Ψ0 = 0. (2)

Ðàññìàòðèâàÿ êîëåáàíèÿ, çàòóõàþùèå ñ ãëóáèíîé z → −∞,

äîëæíî âûïîëíÿòüñÿ óñëîâèå

q2 − p2

a2
> 0; q2 − p2

b2
> 0; (3)

Íî òàê êàê ñêîðîñòè a è b óäîâëåòâîðÿþò íåðàâåíñòâó a > b,

òî äîñòàòî÷íî âûïîëíåíèÿ âìåñòî óñëîâèé (3) îäíîãî óñëîâèÿ

p

q
< b (4)

Ñëåäîâàòåëüíî, ðåøåíèÿ óðàâíåíèé (2), çàòóõàþùèå íà
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áåñêîíå÷íîñòè z → −∞, èìåþò âèä

Φ0 (z) = A exp

(√
q2 − p2

a2
· z
)

;

Ψ0 (z) = B exp

(√
q2 − p2

b2
· z
)
,

(5)

à äëÿ ïîòåíöèàëîâ ϕ è ψ ïîëó÷àåì âûðàæåíèÿ

ϕ = A exp

[
i (pt− qx) +

√
q2 − p2

a2
z

]
;

ψ = B exp

[
i (pt− qx) +

√
q2 − p2

b2
z

]
,

(6)

ãäå À è Â ïðîèçâîëüíûå ïîñòîÿííûå èíòåãðèðîâàíèÿ.

Ïîäñòàâëÿÿ ðåøåíèÿ (5) â ãðàíè÷íûå óñëîâèÿ , ïîëó÷èì

A

[
2−

(
p
qb

)2
]

+2iB

√
1−

(
p
qb

)2

= 0;

−2iA

√
1−

(
p
qa

)2

+B

[
2−

(
p
qb

)2
]

= 0.

(7)

Äëÿ òîãî, ÷òîáû ðåøåíèå çàäà÷è áûëî íå íóëåâîå, íåîáõîäèìî,

÷òîáû îïðåäåëèòåëü ñèñòåìû (7) áûë îòëè÷åí îò íóëÿ, ò.å. ÷òîáû

âûïîëíÿëîñü ñîîòíîøåíèå[
2−

(
p

qb

)2
]2

− 4

√
1−

(
p

qb

)2
√

1−
(
p

qa

)2

= 0. (8)

Îòíîøåíèå (p/q) íàçûâàåòñÿ ñêîðîñòüþ ðàñïðîñòðàíåíèÿ

ïîâåðõíîñòíîé âîëíû Ðåëåÿ. Îáîçíà÷èâ ξ =
(
p
qb

)2

è ââåäÿ

êîýôôèöèåíò Ïóàññîíà ν, èç ñîîòíîøåíèÿ (8) ïîëó÷èì óðàâíåíèå

äëÿ áåçðàçìåðíîé ñêîðîñòè ïîâåðõíîñòíîé âîëíû Ðåëåÿ
√
ξ:

ξ3 − 8ξ2 + 8ξ
2− ν
1− ν

− 8
1

1− ν
= 0. (9)
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Óðàâíåíèå (9) èìååò åäèíñòâåííûé äåéñòâèòåëüíûé

ïîëîæèòåëüíûé êîðåíü [1, 190-193].

Åñëè ÷åðåç z1 è z2 îáîçíà÷èòü ãëóáèíó ïðîíèêíîâåíèÿ,

íà êîòîðîé àìïëèòóäà íàïðÿæåíèé ïàäàåò â e ðàç çà ñ÷åò

ïðîäîëüíîé è ïîïåðå÷íîé âîëíû, ñîîòâåòñòâåííî, òî äëÿ íèõ

ïîëó÷èì âûðàæåíèÿ

z1 = − l

2π
√

1− a−2b2ξ
; z2 = − l

2π
√

1− ξ
,

ïðè ýòîì l = 1
q - äëèíà âîëíû. Íàïðèìåð, ïðè ν = 0, 5 èìååì

z1 = − l

2π
; z2
∼= −

l
√

10

2π
.

Ïóñòü ïî ïîâåðõíîñòè z = 0 ðàñïðîñòðàíÿåòñÿ ñ ïîñòîÿííîé

ñêîðîñòüþ D íîðìàëüíàÿ è êàñàòåëüíàÿ íàãðóçêà èíòåíñèâíîñòè

−F1 (x + Dt) è −F2 (x + Dt), ò.å. ïðè z = 0 èìååì ãðàíè÷íûå

óñëîâèÿ

σzz = −F1 (x + Dt) ;σxz = −F2 (x + Dt) . (10)

Íà÷àëüíûå óñëîâèÿ íà òàêîé çàäà÷å îòñóòñòâóþò. [2, 47-50].

Ââåäåì ïîäâèæíûå êîîðäèíàòû

x′ = x + Dt; y′ = y,

ïðè÷åì øòðèõè â äàëüíåéøåì äëÿ ïðîñòîòû áóäåì îïóñêàòü.

Òîãäà äëÿ ïîòåíöèàëîâ ϕ è ψ ïîëó÷àåì óðàâíåíèÿ

α2∂
2ϕ

∂x2
− ∂2ϕ

∂z2
= 0; β2∂

2ψ

∂x2
− ∂2ψ

∂z2
= 0;

α2 = (D/a)2 − 1; β2 = (D/b)2 − 1. (11)

Îáùèå ðåøåíèÿ óðàâíåíèé (11) íàõîäÿòñÿ ìåòîäîì Äàëàìáåðà

è èìåþò âèä

ϕ (x, z) = ϕ1 (x + αz) + ϕ2 (x− αz) ;

ψ (x, z) = ψ1 (x + βz) + ψ2 (x− βz) .
(12)
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Ïîäñòàâëÿÿ ðåøåíèÿ óðàâíåíèé äëÿ ïîòåíöèàëîâ â ñëîå

è ïîëóïëîñêîñòè â ãðàíè÷íûå óñëîâèÿ , ïîëó÷èì ñèñòåìó

ôóíêöèîíàëüíûõ óðàâíåíèé, êîòîðóþ, èñïîëüçóÿ â âûðàæåíèÿõ

äëÿ ïåðåìåùåíèé uj, wj è íàïðÿæåíèé σij ïîëó÷èì ðåøåíèå

çàäà÷è.
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Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ ñèñòåìà

dx

dt
= A(t)x + f (t, x), (1)

ãäå x = colon(x1, ..., xn), A(t) ∈ C(R), f (t, x) ∈ C
(0;1)
t,x (D), D ⊂

Rn+1, A(t + ω) = A(t), f (t + ω, x) = f (t, x).
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Èùåòñÿ ïåðèîäè÷åñêîå ðåøåíèå x(t) ñèñòåìû (1)

x(0)− x(ω) = 0. (2)

Ðàññìàòðèâàåì (1), (2) êàê êðàåâóþ çàäà÷ó ñ ïåðèîäè÷åñêèì

êðàåâûì óñëîâèåì (2).

Ïóñòü Φ(t) - ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ñèñòåìû

dy
dt = A(t)y.

Ñ ïîìîùüþ ìàòðèöû Êîøè K(t, s) = Y (t)Y (s), t, s ∈ [0;ω]

è ãðàíè÷íîé ìàòðèöû Φ(t), óäîâëåòâîðÿþùåé óñëîâèþ Φ(0) −
Φ(ω) = E, ñòðîèòñÿ ìàòðèöà Ãðèíà

G(t, s) =

{
−Y (t)(Y (0)− Y (ω))−1K(ω, s), ∀t ∈ [0; s)

−Y (t)(Y (0)− Y (ω))−1K(ω, s) +K(t, s), ∀t ∈ [s;ω].

Ðåøåíèå çàäà÷è (1), (2) çàïèñûâàåòñÿ â âèäå

ϕ(t) =
ω∫
0

G(t, s)f (s, ϕ(s)) ds.

Îíî ω-ïåðèîäè÷íî. Åñëè â ñèñòåìå (1) ñäåëàòü çàìåíó x =

ϕ(t) + y, òî îíà ïåðåõîäèò â ñèñòåìó, èìåþùóþ íóëåâîå ðåøåíèå

dy

dt
= B(t)y + g(t, y), g(t, 0) = 0, (3)

ãäå g(t, y) ∈ C(0;1)
t,y (D0): D0 = {(t, y) ∈ Rn+1: t ∈ R, ‖y‖ ≤ h}.

Ïîëàãàåì, ÷òî ìóëüòèïëèêàòîðû ëèíåéíîé ïåðèîäè÷åñêîé

ñèñòåìû dy
dt = B(t)y ëåæàò ñòðîãî âíóòðè åäèíè÷íîãî êðóãà, à

íåëèíåéíàÿ âåêòîð-ôóíêöèÿ óäîâëåòâîðÿåò óñëîâèþ

‖g(t, y)‖ ≤ γ(‖y‖) · ‖y‖, γ(‖y‖)⇒ 0, ïðè ‖y‖ → 0.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3), à, ñëåäîâàòåëüíî, ðåøåíèå

x = ϕ(t) ñèñòåìû (1) áóäåò óñòîé÷èâî.
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Ïîñòàíîâêà çàäà÷è. Èññëåäóåòñÿ ñèñòåìà Àéíñà ñ

èððåãóëÿðíîé îñîáåííîñòüþ:

{
p(0)Zxx + p(1)q(4)Zxy + p(2)Zx + q(5)Zy + p(3)Z = 0,

q(0)Zyy + q(1)p(4)Zxy + p(5)Zx + q(2)Zy + q(3)Z = 0,
(1)

ãäå êîýôôèöèåíòû p(i) = p(i)(x) è q(i) = q(i)(y) (i = 0, 5)

ìíîãî÷ëåíû âèäà

p(i)(x) =

σi∑
j=πi

pij · xj, q(i)(y) =

ζi∑
j=ςi

qij · xj, (2)

(πi, σi, ςi, ζi (i = 0, 5)� íåêîòîðûå ÷èñëà).

Äîïóñòèì, ÷òî ñèñòåìà ñîâìåñòíà è âûïîëíÿåòñÿ óñëîâèå

èíòåãðèðóåìîñòè

p(0) · q(0) − p(1) · q(4) · q(1) · p(4) 6= 0, (3)
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îáåñïå÷èâàþùåå ñóùåñòâîâàíèå ÷åòûðåõ ëèíåéíî-íåçàâèñèìûõ

íîðìàëüíûõ è íîðìàëüíî-ðåãóëÿðíûõ ðåøåíèé.

Ý.Àéíñ óñòàíîâèë, ÷òî îñîáûå êðèâûå ñèñòåìû (1)

ñ ìíîãî÷ëåííûìè êîýôôèöèåíòàìè âèäà îïðåäåëÿþòñÿ

êîýôôèöèåíòàìè ïðè âòîðûõ ÷àñòíûõ ïðîèçâîäíûõ [1, ñ.

230]. Îäíàêî, îí íå ïðèâîäèò êëàññèôèêàöèþ îñîáûõ êðèâûõ.

Ðåãóëÿðíîñòü è èððåãóëÿðíîñòü îñîáûõ êðèâûõ ñèñòåì âèäà

(1) óñòàíîâëåíà íàìè ñ ïîìîùüþ ïîíÿòèÿ ïîäðàíãà [2, ñ.74] è

àíòèïîäðàíãà. Åñëè ïîäðàíã kj ≤ −1 (j = 1, 2) òî îñîáåííîñòü

(∞,∞) � ðåãóëÿðíàÿ, à åñëè kj > −1 òî îñîáåííîñòü (∞,∞) �

èððåãóëÿðíàÿ. Àíàëîãè÷íî, åñëè àíòèïîäðàíã χj > −1 (j = 1, 2),

òî îñîáåííîñòü (0, 0) � ðåãóëÿðíàÿ, à ïðè χj < −1 îñîáåííîñòü

(0, 0) ÿâëÿåòñÿ èððåãóëÿðíîé.

Ñèñòåìû âèäà (1)-(2) ìîæíî ðàçáèòü íà òàêèå êëàññû, äëÿ

êîòîðûõ:

I. p > 0,m 6= 0; II. p 6= 0,m > 0; III. p 6= 0,m 6= 0;

IV. p > 0,m > 0.

Äî ñèõ ïîð, ìû çàíèìàëèñü èçó÷åíèåì ñèñòåì äâóõ êëàññîâ I è

III, ïîñêîëüêó, îíè ÷àñòî âñòðå÷àþòñÿ ïðè èçó÷åíèè ñïåöèàëüíûõ

ôóíêöèé è îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå îñîáåííîñòåé

ïîñòðîåíèÿ íîðìàëüíûõ

Z(x, y) = expQ

(
1

x
,

1

y

)
· xρ · yσ ·

∞∑
µ,ν=0

Aµ,ν · x−µ · y−ν,

A0,0 6= 0, (4)

è íîðìàëüíî-ðåãóëÿðíûõ ðåøåíèé

Z(x, y) = expQ

(
1

x
,

1

y

)
· xρ · yσ ·

∞∑
µ,ν=0

Bµ,ν · xµ · yν,

B0,0 6= 0, (5)
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ãäå

Q

(
1

x
,

1

y

)
=
βm−1,0

x
+
β0,m−1

y
+ ... +

β1,0

m · xm
+

β0,1

m · ym
(6)

- ìíîãî÷ëåí äâóõ ïåðåìåííûõ ñòåïåíè m ñ íåîïðåäåëåííûìè

ïàðàìåòðàìè β1,0, β0,1, β1,1, ..., β0,m−1, βm−1,0 ñèñòåìû (1) ñ

êîýôôèöèåíòàìè âèäà (2), êîãäà ðàíã p 6= 0, à àíòèðàíã m > 0,

òî åñòü êîãäà èçó÷àåìàÿ ñèñòåìà îòíîñèòñÿ ê êëàññó II.

Êîãäà p > 0, m 6= 0, âîçìîæíî è ïðèìåíåíèå ïðåîáðàçîâàíèÿ

âèäà

Z(x, y) = U(x, y) ·Q
(

1

x
,

1

y

)
. (7)

Íåîïðåäåëåííûå ïàðàìåòðû â ìíîãî÷ëåíå (6) îïðåäåëÿþòñÿ

èç âñïîìîãàòåëüíîé ñèñòåìû, ïîëó÷åííîé ïðåîáðàçîâàíèåì (7),

ïðèðàâíèâàÿ ê íóëþ êîýôôèöèåíòû ïðè m íàèíèçøèõ ñòåïåíÿõ

íåçàâèñèìûõ ïåðåìåííûõ x è y. Äàëåå äîëæíû îïðåäåëÿòüñÿ

íåèçâåñòíûå êîýôôèöèåíòû Aµ,ν, Bµ,ν (µ, ν = 0, 1, 2, ...) â

îáîáùåííûõ ñòåïåííûõ ðÿäàõ (4) è (5).

Äëÿ èõ îïðåäåëåíèÿ äîëæíû âûïîëíÿòüñÿ íåîáõîäèìûå

óñëîâèÿ ñóùåñòâîâàíèÿ íîðìàëüíûõ è íîðìàëüíî-ðåãóëÿðíûõ

ðåøåíèé.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà,

ïîëó÷åííàÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (7) èç ñèñòåìû Àéíñà

(1)-(2), èìåëà õîòÿ áû îäíî ðåøåíèå âèäà (4) è (5), íåîáõîäèìî,

÷òîáû èìåëè ìåñòî ðàâåíñòâà

b
(j)
k+1,0 = 0, b

(j)
0,k+1 = 0, ..., b

(j)
1,1 = 0,

b
(j)
1,0 = 0, b

(j)
0,0 = 0, (j = 1, 2) (8)

Ýòè ñèñòåìû íàçûâàþòñÿ, õàðàêòåðèñòè÷åñêèìè è îáùåå

êîëè÷åñòâî èõ çàâèñèò îò çíà÷åíèÿ ðàíãà p = k + 1.

Âòîðîå íåîáõîäèìîå óñëîâèå ñâÿçàíî ñ îïðåäåëåíèåì

íåèçâåñòíûõ ïîñòîÿííûõ ρ è σ â ðåøåíèÿõ (4) è (5).
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Òåîðåìà 2. Äëÿ òîãî, ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà

èìåëà ðåøåíèÿ âèäà (5), íåîáõîäèìî, ÷òîáû ïàðà (ρ, σ)

áûëà êîðíåì ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé f
(0)
00 = 0

îòíîñèòåëüíî îñîáåííîñòè (0, 0), ãäå f
(j)
00 (ρ, σ) (j = 1, 2)

åñòü êîýôôèöèåíòû ïðè íàèìåíüøèõ ñòåïåíÿõ ñèñòåìû

õàðàêòåðèñòè÷åñêèõ ôóíêöèé, ïîëó÷åííûõ èç âñïîìîãàòåëüíîé

ñèñòåìû ïóòåì ïîäñòàíîâêè âìåñòî U(x, y) = xρ · yσ.
Òåîðåìà 3. Äëÿ âñïîìîãàòåëüíîé ñèñòåìû, ïîëó÷åííîé

èç ñèñòåìû Àéíñà (1)-(2) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (7)

íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ

èððåãóëÿðíîãî ðåøåíèÿ â âèäå (5) ÿâëÿåòñÿ âûïîëíåíèå

óñëîâèÿ: âáëèçè îñîáåííîñòè (0, 0) àíòèðàíã χ < −1 ïî îáåèì

ïåðåìåííûì x è y îäíîâðåìåííî.

Åñëè kj ≤ −1 (j = 1, 2) òî â ðåøåíèé (4) Q

(
1

x
,

1

y

)
≡ 0

àíàëîãè÷íî, åñëè χj ≥ −1 (j = 1, 2) òî â ðåøåíèé Q

(
1

x
,

1

y

)
≡ 0.

Â èçó÷åííîé íàìè ñèñòåìå (∞,∞) � ðåãóëÿðíàÿ îñîáåííîñòü,

à (0, 0) � èððåãóëÿðíàÿ îñîáåííîñòü. Òàêèì îáðàçîì, ïîíÿòèÿ

ïîäðàíãà k è àíòèïîäðàíãà χ ïîçâîëèëî íàì êëàññèôèöèðîâàòü

îñîáåííîñòè ñèñòåìû Àéíñà (1)-(2). Äëÿ íå¼ ñïðàâåäëèâû

òåîðåìû 1-3. Ïðåèìóùåñòâîì ýòîãî ìåòîäà ÿâëÿåòñÿ òî,

÷òî ïî âèäó êîýôôèöèåíòîâ èñõîäíîé ñèñòåìû ìîæíî çàðàíåå

óñòàíîâèòü âèä è ïîñòðîèòü ðåøåíèÿ âèäà (4) è (5).

Ñïèñîê ëèòåðàòóðû

[1] Ã. Áåéòìåí, À. Ýðäåéè, Âûñøèå Òðàíñöåíäåíòíûå ôóíêöèè. ÷. I.
Ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ. ôóíêöèÿ Ëåæàíäðà. Íàóêà, Ìîñêâà,
1965.

[2] Æ.Í. Òàñìàìáåòîâ, Ïîñòðîíèå íîðìàëüíûõ è íîðìàëäíî-ðåãóëÿðíûõ

ðåøåíèé ñïåöèàëüíûõ ñèñòåì äèôôåðåíöèàëüíûõ â ÷àñòûõ
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ïðîèçâîäíûõ âòîðîãî ïîðÿäêà. IP Zhanadilova S.T., Aktobe,2015(in

Kazakhstan)

Ïîñòðîåíèå ðåøåíèé ñïåöèàëüíîãî

àëãåáðàè÷åñêîãî óðàâíåíèÿ ìàòüå

Æ.Í. Òàñìàìáåòîâ1, Ì.Æ. Òàëèïîâà2,

Ð.Ó. Æàõèíà3

Àêòþáèíñêèé ðåãèîíàëüíûé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ê.Æóáàíîâà, Àêòîáå, Êàçàõñòàí

E-mail: tasmam@rambler.ru, mira talipova@mail.ru, riscul 75@mail.ru

Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ ñïåöèàëüíîå

àëãåáðàè÷åñêîå óðàâíåíèå [1,285] Ìàòüå(
ξ2 − k2

) d2u

dξ2
+ ξ

du

dξ
+
(
ξ2 −M 2

)
u = 0 (1)

ãäå M 2 ≡ a +
1

2
k2, ïîëó÷åííàÿ ñ ïîìîùüþ çàìåíû k · sin z = ξ èç

óðàâíåíèå Ìàòüå

d2u

dz2
+

(
a +

1

2
· k2 · cos 2z

)
u = 0. (2)

Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷èòü âîçìîæíîñòè ïîñòðîåíèÿ

ðåãóëÿðíûõ è èððåãóëÿðíûõ ðåøåíèé â îêðåñòíîñòè ðàçëè÷íûõ

îñîáûõ òî÷åê ìåòîäîì Ôðîáåíèóñà-Ëàòûøåâîé [2].

Èñïîëüçóÿ ïîíÿòèåì ðàíãà

p = 1 + k, k = max
1≤s≤n

βs − β0

s
(3)

ââåäåííîãî À.Ïóàíêàðå è àíòèðàíãà

m = −1− λ, λ = min
1≤α≤n

πα − π0

α
(4)
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ââåäåííîå Ë.Òîìå óñòàíàâëèâàåì [2], ÷òî ðàíã p = 1 > 0 è

àíòèðàíã m ≤ 0.

Ñîãëàñíî òåîðèè Ê.Ëàòûøåâîé ýòî ïîêàçûâàåò, ÷òî äëÿ

óðàâíåíèÿ (1) ξ = ∞ � îñîáàÿ èððåãóëÿðíàÿ, òî÷êè ξ1 = −k
è ξ2 = k îñîáûå ðåãóëÿðíûå, à ξ = 0 ÿâëÿåòñÿ îáûêíîâåííîé

òî÷êîé.

Ñïðàâåäëèâî òåîðåìà.

Òåîðåìà 1. Óðàâíåíèå (1) èìååò ðåãóëÿðíûå ðåøåíèÿ â âèäå

ðÿäîâ

u = ξρ ·
∞∑
i=0

ai · ξi, (a0 6= 0) (5)

(ρ, ai(i = 0, 1, 2, ...)) � íåèçâåñòíûå ïîñòîÿííûå ñõîäÿùèõñÿ â

îêðåñòíîñòè êîíå÷íîé îñîáîé òî÷êè â òîì è òîëüêî â òîì

ñëó÷àå, êîãäà àíòèðàíã óðàâíåíèÿ (1) ðàâåí íóëþ.

Îáû÷íî ïîíÿòèå àíòèðàíãà ñâÿçûâàåò ñ êîíå÷íîé îñîáîé

òî÷êîéξ = 0.

Â äàííîì ñëó÷àå, ïðåîáðàçîâàíèå ξ2 = x ïðèâîäèò óðàâíåíèå

(1) ê âèäó

x
(
x− k2

)
· d

2u

dx2
+

(
x− k2

2

)
· du
dx

+
1

4

(
u−M 2

)
u = 0. (6)

Óðàâíåíèå (5) èìååò îñîáûå òî÷êè x = 0, x = k2 è x = ∞.
Ïîýòîìó, â îêðåñòíîñòè îñîáîé òî÷êè x = 0 ðåøåíèÿ ïîñòðîèì â

âèäå ðÿäà (5). Îïðåäåëÿþùåå óðàâíåíèå

f0(ρ) = 2k2 · ρ · (−2ρ + 1) = 0

èìååò êîðíåé ρ1 = 0, ρ2 =
1

2
, à â (4) àíòèïîäðàíã λ ≥ −1.

Òîãäà, ðåøåíèÿ ñîîòâåòñòâóþùèå ïîêàçàòåëþ ρ1 = 0:

u1(x) = 1− M 2

2! · k2
· x +

M 2(4−M 2) + 2k2

4! · k2
· x2 + . . . , (7)
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à ïîêàçàòåëþ ρ2 =
1

2
:

u2(x) = x
1
2

[
1 +

12 −M 2

3! · k2
· x

+
(12 −M 2)(52 −M 2) + 6k2

5! · k2
· x2 + . . .

]
(8)

ÿâëÿþòñÿ ñõîäÿùèìèñÿ â îêðåñòíîñòè îñîáîé òî÷êè x = 0 íà

îñíîâàíèè ñëåäñòâèÿ òåîðåìû 1.

Ñëåäñòâèå. Äëÿ òîãî, ÷òîáû óðàâíåíèå (6) èìåëî äâà

ðåãóëÿðíûå ðåøåíèé â

îêðåñòíîñòè x = 0, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

àíòèïîäðàíã óðàâíåíèÿ λ ≥ −1.

Ó÷èòûâàÿ ïðåîáðàçîâàíèå ξ2 = x ðåøåíèÿ (7) è (8) ïîëó÷èì â

âèäå

u1(ξ) = 1− M 2

2! · k2
· ξ2 +

M 2(4−M 2) + 2k2

4! · k2
· ξ4 + . . . , (9)

u2(ξ) = ξ ·
[

1 +
12 −M 2

3! · k2
· ξ2

+
(12 −M 2)(52 −M 2) + 6k2

5! · k2
· ξ4 + . . .

]
, (10)

ãäå M 2 =
1

2
· k2 + a.

Èòàê, ìû ïîëó÷èëè äâå ëèíåéíî íåçàâèñèìûå ÷àñòíûå ðåøåíèÿ

óðàâíåíèÿ (1) âáëèçè îáûêíîâåííîé òî÷êè ξ = 0. Ýòî ïîêàçûâàåò,

÷òî îñíîâíîå óðàâíåíèå Ìàòüå (2) èìååò ëèíåéíî íåçàâèñèìûå

÷àñòíûå ðåøåíèÿ

u1(z) = 1− M 2

2! · k2
(k · sin z)2 +

M 2(4−M 2) + 2k2

4! · k2
(k · sin z)4 + . . . ,
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u2(z) = k · sin z ·
[

1 +
12 −M 2

3! · k2
(k · sin z)2

+
(12 −M 2)(52 −M 2) + 6k2

5! · k2
(k · sin z)4 + . . .

]
M 2 =

1

2
· k2 + a. Àíàëîãè÷íî ìîæíî ïîñòðîèòü ðåøåíèÿ â

îêðåñòíîñòè äðóãèõ îñîáûõ òî÷åê.

Äåéñòâèòåëüíî, ïîñêîëüêó, ðàíã óðàâíåíèÿ (1) p = 1, òî äðóãîå

ïðåîáðàçîâàíèå

u = exp(α0 · ξ) · y
ïîçâîëÿåò íàì ïîëó÷èòü àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå

ðåøåíèé óðàâíåíèÿ Ìàòüå â âèäå íîðìàëüíûõ ðÿäîâ

u1(ξ) = eiξ · ξ−
1
2 ·
(

1 +
C1

ξ
+
C2

ξ2
+ . . .

)
, (11)

u2(ξ) = e−iξ · ξ−
1
2 ·
(

1 +
C1

ξ
+
C2

ξ2
+ . . .

)
, (12)

ãäå

C1 = −1

2
i

(
1

4
−M 2 + k2

)
C2 = −1

8
i

(
1

4
−M 2 + k2

)
·
(

9

4
−M 2 + k2

)
+

1

4
· k2, . . .

Ýòè ðåøåíèÿ â òî÷íîñòè ñîâïàäàåò ñ ðåøåíèÿìè ïîëó÷åíííûìè

â êíèãå Óèòòåêåðà [1,285] äðóãèì ïóòåì.

Òàêèì îáðàçîì, ïðèìåíåíèå ìåòîäà Ôðîáåíèóñà-Ëàòûøåâîé

ïîçâîëèëà íàì äîñêîíàëüíî èññëåäîâàòü cóùåñòâîâàíèÿ

ðàçëè÷íûõ ðåøåíèé â îêðåñòíîñòÿõ îñîáûõ òî÷åê. Ðåøåíèÿ

(11) è (12) ÿâëÿþòñÿ ôîðìàëüíûìè ðåøåíèÿìè óðàâíåíèÿ (1).

Ñïèñîê ëèòåðàòóðû
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ðåøåíèÿ è èõ ïðèëîæåíèÿ. -Êèåâ: Âèù. øêîëà, 1974, 136.

Äèñêðåòèçàöèÿ äâóìåðíîãî óðàâíåíèÿ

ãåëüôàíäà- ëåâèòàíà

Ë.Í. Òåìèðáåêîâà 2, Ì.À. Áåêòåìåñîâ 1

1 ÊàçÍÓ èì.àëü-Ôàðàáè, ãîðîä Àëìàòû, Êàçàõñòàí
E-mail: Laura-Nurlan@mail.ru

2 ÊàçÍÏÓ èì.Àáàÿ, ãîðîä Àëìàòû, Êàçàõñòàí

Ñ ïîäðîáíîé áèáëèîãðàôèåé ðàáîò ïî äâóìåðíûì

êîýôôèöèåíòíûì îáðàòíûì çàäà÷àì äëÿ óðàâíåíèÿ

ãèïåðáîëè÷åñêîãî òèïà ìîæíî îçíàêîìèòüñÿ â ìîíîãðàôèÿõ

Â.Ã. Ðîìàíîâà [5] è Ñ.È. Êàáàíèõèíà [2,3]. À.Ñ. Áëàãîâåùåíñêèé

â ñâîåé ðàáîòå [1] äàåò äîêàçàòåëüñòâî ôóíäàìåíòàëüíûõ

ðåçóëüòàòîâ Ì.Ã. Êðåéíà ïî òåîðèè êðàåâûõ îáðàòíûõ çàäà÷

äëÿ óðàâíåíèÿ ñòðóíû. Ñòàòüÿ À.Ñ. Áëàãîâåùåíñêîãî è

Ì.È. Áåëèøåâà [1] ïîñâÿùåíà íåêîòîðûì àñïåêòàì òåîðèè

ìíîãîìåðíûõ îáðàòíûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ

óðàâíåíèé, îïèñûâàþùèõ, ãëàâíûì îáðàçîì, âîëíîâûå

ïðîöåññû. Â äàííîé ðàáîòå èçëàãàþòñÿ íåêîòîðûå ðåçóëüòàòû,

ñâÿçàííûå ñ ïðèìåíåíèåì ìíîãîìåðíûõ àíàëîãîâ óðàâíåíèÿ

Ãåëüôàíäà-Ëåâèòàíà (èíòåãðàëüíûõ, ñîêðàùåííî ÌÀÓÃËÈ)

è Ì.Ã. Êðåéíà ê îáðàòíûì íà÷àëüíî-êðàåâûì çàäà÷àì

òåîðèè ðàñïðîñòðàíåíèÿ âîëí. Ñòàòüÿ Ñ.È. Êàáàíèõèíà

[2,3] ïîñâÿùåíà ëèíåéíîé ðåãóëÿðèçàöèè ìíîãîìåðíûõ îáðàòíûõ

çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Ñ.È. Êàáàíèõèíûì

è Ã.Á. Áàêàíîâûì [4] áûë èññëåäîâàí äèñêðåòíûé àíàëîã

ìåòîäà Ãåëüôàíäà-Ëåâèòàíà â äâóìåðíîé îáðàòíîé çàäà÷å äëÿ

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ.
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Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ïðÿìûõ çàäà÷

u
(k)
tt = u(k)

xx + u(k)
yy − q(x, y)u(k),

x > 0, y ∈ (−π, π), t ∈ R, k ∈ Z, (1)

u(k)|t=0 = 0, u
(k)
t |t=0 = h(y)δ(x), (2)

u(k)|y=π = u(k)|y=−π. (3)

Â îáðàòíîé çàäà÷å òðåáóåòñÿ âîññòàíîâèòü íåïðåðûâíóþ

ôóíêöèþ q(x) ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè

ïðÿìîé çàäà÷è (1)-(3)

u(k)(0, y, t) = f (k)(y, t), y ∈ (−π, π), t > 0, k ∈ Z, (4)

ãäåR - ìíîæåñòâî âåùåñòâåííûõ ÷èñåë, Z - ìíîæåñòâî âñåõ öåëûõ

÷èñëå, δ - äåëüòà-ôóíêöèÿ Äèðàêà, k - íåêîòîðîå ôèêñèðîâàííîå

öåëîå ÷èñëî, h(y) = eiky. Íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ

ðåøåíèÿ f (k)(y, 0) = 0. Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è (1)-(4)

èñïîëüçóåòñÿ ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå

1

2
[f (k)(y, t + x) + f (k)(y, t− x)]

+

x∫
−x

∞∑
m=1

f (k)
m (t− s)ω̃(m)(x, y, s)ds = 0, x > |t|, (5)

ïðè êàæäîì ôèêñèðîâàííîì x > 0 ñîîòíîøåíèå (5) ÿâëÿåòñÿ

ñèñòåìîé èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî ðîäà îòíîñèòåëüíî

ω̃(x, y, t), t ∈ (−x, x). Óðàâíåíèå (5) ÿâëÿåòñÿ ìíîãîìåðíûì

àíàëîãîì óðàâíåíèÿ Ãåëüôàíäà-Ëåâèòàíà. Íàéäÿ ðåøåíèå

óðàâíåíèÿ (5) ìû ìîæåì îïðåäåëèòü q(x, y)

ω̃m(x, y, x− 0) =
eiky

4

x∫
0

q(ξ, y)dξ, x > 0.
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Â óðàâíåíèé Ãåëüôàíäà-Ëåâèòàíà (5) èíòåãðàë çàìåíèì ñóììîé

è ïðè t = tj, j = −N,−N + 1, ..., 0, ...N − 1, N ïîëó÷èì ñèñòåìó,

ñîñòîÿùóþ èç (2N + 1) óðàâíåíèé ñ M × (2N + 1) íåèçâåñòíûìè

ω̃(x, y, si),m = 1, 2, ...,M ; i = −N,−N + 1, ...N − 1, N ;

M∑
m=1

N∑
i=−N

f (k)
m (tj − si)ω̃(x, y, si)τ

= −
1

2
[f (k)(y, tj + x) + f (k)(y, tj − x)] (6)

Óðàâíåíèå (6) â ìàòðè÷íîé ôîðìå ìîæíî çàïèñàòü â ñëåäóþùåì

âèäå
M∑
m=1

Fm
−→ω (m) =

−→
f (k)

ãäå Fm = f
(k)
m (tj − si)i=−N,N ;j=−N,N , ìàòðèöà ðàçìåðíîñòè (2N +

1)× (2N + 1). Èñêîìûå âåêòîðû

−→ω (m) = {ω̃(m)(x, y, si)}i=−N,N ,m = 1, 2, ...,M.

Ïðàâàÿ ÷àñòü

−→
f (k) = {−0.5(f (k)(y, tj + x) + f (y, tj − x))}j=−N,N .

Ðàáîòà âûïîëíåíà ïî ïðîåêòó 1746/ÃÔ4 ¾Òåîðèÿ è

÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷

åñòåñòâîçíàíèÿ¿
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Ïî çàäàííîìó ìíîæåñòâó

Λ(t) : λ(x, t) = 0, λ ∈ Rm x ∈ Rn, λ ∈ C22
xt (1)

òðåáóåòñÿ ïîñòðîèòü îáîáùåííóþ ñèëîâóþ ôóíêöèþ

U = U (x, ẋ, t) òàê, ÷òîáû çàäàííîå ìíîæåñòâî Λ (t) áûëî

èíòåãðàëüíûì ìíîãîîáðàçèåì ñòîõàñòè÷åñêîãî óðàâíåíèÿ

ëàãðàíæåâîé ñòðóêòóðû

d

dt

(
∂L

∂ẋν

)
− ∂L

∂xν
= σ

′
νj(x, ẋ, t)ξ̇j ,

(
ν = 1, n, j = 1, r

)
, (2)
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Çäåñü {ξ1(t, ω), . . . , ξr(t, ω)} - ñèñòåìû ñëó÷àéíûõ ïðîöåññîâ ñ

íåçàâèñèìûìè ïðèðàùåíèÿìè [1,4]. Ðàíåå â [6] ðàññìàòðèâàëèñü

çàäà÷è ïîñòðîåíèÿ óðàâíåíèé Ëàãðàíæà, Ãàìèëüòîíà è Áèðêãîôà

ïî çàäàííûì ñâîéñòâàì äâèæåíèÿ (1) â êëàññå îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå â [5] îáîáùàþòñÿ íà

êëàññ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî â

ïðåäïîëîæåíèè, ÷òî 1) ñëó÷àéíûå âîçìóùåíèÿ èç êëàññà

âèíåðîâñêèõ ïðîöåññîâ; 2) çàäàííîå èíòåãðàëüíîå ìíîãîîáðàçèå

çàâèñèò êàê îò îáîáùåííûõ êîîðäèíàò, òàê è îáîáùåííûõ

ñêîðîñòåé.

Â äàííîé ðàáîòå ñòðîèòñÿ ñèëîâàÿ ôóíêöèÿ â ïðåäïîëîæåíèè,

÷òî, âî-ïåðâûõ, ñëó÷àéíûå âîçìóùåíèÿ èç áîëåå îáùåãî

êëàññà ÷åì êëàññ âèíåðîâñêèõ ïðîöåññîâ, à èìåííî èç êëàññà

ñëó÷àéíûõ ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè; è, âî-

âòîðûõ, çàäàííîå èíòåãðàëüíîå ìíîãîîáðàçèå çàâèñèò ëèøü îò

îáîáùåííûõ êîîðäèíàò è íå çàâèñèò îò îáîáùåííûõ ñêîðîñòåé.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è íà ïåðâîì ýòàïå

ïî çàäàííîìó ìíîæåñòâó ìåòîäîì êâàçèîáðàùåíèÿ [3] â

ñî÷åòàíèè ñ ìåòîäîì Åðóãèíà [2] è â ñèëó ñòîõàñòè÷åñêîãî

äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè [4] ñòðîèòñÿ óðàâíåíèå

Èòî ẍ = f (x, ẋ, t) + σ(x, ẋ, t)ξ̇ òàê, ÷òîáû ìíîæåñòâî Λ(t) (1)

ÿâëÿëîñü èíòåãðàëüíûì ìíîãîîáðàçèåì ïîñòðîåííîãî óðàâíåíèÿ.

Äàëåå, íà âòîðîì ýòàïå ïî ïîñòðîåííîìó óðàâíåíèþ Èòî

ñòðîÿòñÿ ýêâèâàëåíòíûå åìó óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû.

È íà òðåòüåì ýòàïå â ïðåäïîëîæåíèè, ÷òî îáîáùåííûé

ëàãðàíæèàí èìååò âèä

L = T (x, ẋ, t) + U (x, ẋ, t) , ãäå T = aijẋiẋj,
(
i, j = 1, n

)
, (3)

èñêîìóþ ñèëîâóþ ôóíêöèþ îïðåäåëèì â âèäå U (x, ẋ, t) =

L (x, ẋ, t)− aijẋiẋj.
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Ââåäåì ìàòðèöó hkν è ðàññìîòðèì çàäà÷ó íåïðÿìîãî

ïðåäñòàâëåíèÿ óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû

hkν

(
ẍk − fk − σkj ξ̇j

)
≡ d

dt

(
∂L

∂xν

)
− ∂L

∂xν
− σ′νj ξ̇j.

Ñ èñïîëüçîâàíèåì îáîçíà÷åíèé ðàáîò [3-5] äîêàçûâàåòñÿ

ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Äëÿ íåïðÿìîãî ïîñòðîåíèÿ ìíîæåñòâà

ñòîõàñòè÷åñêèõ óðàâíåíèé ëàãðàíæåâîé ñòðóêòóðû (2) ïî

çàäàííîìó ìíîæåñòâó (1) ñ îáîáùåííûì ëàãðàíæèàíîì âèäà (3)

òàê, ÷òîáû ìíîæåñòâî (1) áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì

ïîñòðîåííûõ óðàâíåíèé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

îáîáùåííàÿ ñèëîâàÿ ôóíêöèÿ U = U (x, ẋ, t) óäîâëåòâîðÿëà

óñëîâèÿì (4)

∂2U

∂ẋν∂ẋk
= hkν − aνk;

∂U

∂xν
=

∂2U

∂ẋν∂t
+

∂2U

∂ẋν∂xk
ẋk + S̃1ν + S̃2ν + S̃3ν + hkvfk, (4)

à âåêòîð - ôóíêöèÿ f è ìàòðèöà σ- ñîîòâåòñòâåííî

óñëîâèÿì (5), (6)

f = k

[
∂λ

∂x
C

]
+

(
∂λ

∂x

)+(
A− ẋT ∂2λ

∂x∂x
ẋ− 2

∂2λ

∂x∂t
− ∂2λ

∂t2

)
, (5)

σi = si

[
∂λ

∂x
C

]
+

(
∂λ

∂x

)+

Bi, i = 1, r, (6)

ãäå σi = (σ1i, σ2i, . . . , σni)
T - i-ûé ñòîëáåö ìàòðèöû σ =

(σνj),
(
ν = 1, n, j = 1, r

)
; Bi = (B1i, B2i, . . . , Bmi)

T - i-ûé ñòîëáåö

ìàòðèöû B = (Bµj) ,
(
µ = 1,m, j = 1, r

)
, si, k− ïðîèçâîëüíûå

ñêàëÿðíûå âåëè÷èíû,

S̃1ν =
1

2

∂3U

∂ẋν∂ẋi∂ẋk
σijσkj,
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S̃2ν =

∫
{∂U(x, ẋ + σc(y), t)

∂ẋν
− ∂U(x, ẋ, t)

∂ẋν
}dy,

S3ν =

∫
[
∂U(x, ẋ + σc(y), t)

∂ẋν
− ∂U(x, ẋ, t)

∂ẋν
]Ṗ 0(t, dy).

Òàêèì îáðàçîì, â îáðàòíîé ñòîõàñòè÷åñêîé çàäà÷å ïîñòðîåíà

ñèëîâàÿ ôóíêöèÿ ïî çàäàííûì ñâîéñòâàì äâèæåíèÿ, êîòîðûå

çàâèñÿò ëèøü îò îáîáùåííûõ êîîðäèíàò è íå çàâèñÿò îò

îáîáùåííûõ ñêîðîñòåé.

Ýòà ðàáîòà áûëà ïîääåðæàíà Ãðàíòîì � 3357/ÃÔ4 Ðåñïóáëèêè

Êàçàõñòàí.

Ñïèñîê ëèòåðàòóðû

[1] È.È. Ãèõìàí, À.Â. Ñêîðîõîä. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå
óðàâíåíèÿ. Íàóêîâà,Êèåâ, 1968.

[2] Í.Ï. Åðóãèí. Ïîñòðîåíèå âñåãî ìíîæåñòâà ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé, èìåþùèõ çàäàííóþ èíòåãðàëüíóþ êðèâóþ. Ïðèêëàäíàÿ
ìàòåìàòèêà è ìåõàíèêà. 10 (1952), âûï. 6. 659-670.

[3] È.À. Ìóõàìåòçÿíîâ, Ð.Ã. Ìóõàðëÿìîâ. Óðàâíåíèÿ ïðîãðàììíûõ
äâèæåíèé. Èçä-âî ÐÓÄÍ, Ìîñêâà, 1986.

[4] Â.È. Ïóãà÷åâ, È.Í. Ñèíèöûí. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå
ñèñòåìû Àíàëèç è ôèëüòðàöèÿ. Íàóêà, Ìîñêâà, 1990.

[5] Ì.È. Òëåóáåðãåíîâ. Îáðàíûå çàäà÷è ñòîõàñòè÷åñêèõ
äèôôåðåíöèàëüíûõ ñèñòåì: àâòîðåô. ä. ô. -ì. í.: 01. 01. 02.

[6] Á.Ì. Òóëàäõàð. Ïîñòðîåíèå óðàûíåíèé â ôîðìå Ëàãàðàíæà,

Ãàìèëòîíà è Áèðêãîôà ïî çàäàííûì ñâîéñòâàì äâæåíèÿ: àâòîðåô. ê.

ô. -ì. í.: 01. 02. 01.

AMS Mathematics Subject Classi�cation: 26A33, 34A08, 33E12, 35K90

257



International Scienti�c Conference WEDIOA, Astana, May 4-6, 2017

Î ðàçðåøèìîñòè ëèíåéíîé êðàåâîé çàäà÷è

ñ èìïóëüñíûì âîçäåéñòâèåì

A.Á. Òëåóëåñîâà
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò, Àñòàíà, Êàçàõñòàí

agila72@mail.ru

Íà îòðåçêå [0, T ] ðàññìàòðèâàåòñÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à ñ

èìïóëüñíûì âîçäåéñòâèåì

dx

dt
= A(t)x + f (t), t ∈ [0, T ]/ {θ1, θ2, ..., θm} ,

θi ∈ (0, T ), i = 1, m, x ∈ Rm, (1)

B0x(0) + C0x(T ) = d, d ∈ Rn, (2)

Bix(θi − 0) + Cix(θi + 0) = pi, pi ∈ Rn, i = 1,m, (3)

ãäå ìàòðèöà A(t), âåêòîð-ôóíêöèÿ f (t) íåïðåðûâíû íà [0, T ],

Bi, Ci (1,m) � ïîñòîÿííûå ìàòðèöû. Ïóñòü ‖x(t)‖ = max
j
|xj(t)|,

|A(t)| = max
j

n∑
j=1

|aj(t)| ≤ α. ×åðåç C̃([0, T ], Rn) îáîçíà÷èì

ïðîñòðàíñòâî êóñî÷íî-íåïðåðûâíûõ íà [0, T ] ôóíêöèé

x : [0, T ] → Rnñ íîðìîé ‖x‖1 = max
i=1,m

sup
t∈[θi,θi+1)

‖x(t)‖, ãäå

θ0 = 0, θm+1 = T .

Êðàåâûå çàäà÷è èññëåäîâàëèñü ìíîãèìè àâòîðàìè [1]-[3].

Ðàññìàòðèâàåìóþ çàäà÷ó èññëåäóåì ìåòîäîì ïàðàìåòðèçàöèè

[1].

Îáîçíà÷èì ÷åðåç λr çíà÷åíèå ôóíêöèé xr(t) â òî÷êå t =

tr−1,r = 1, N , è íà êàæäîì èíòåðâàëå [tr−1, tr) ïðîèçâåäåì çàìåíó

ur = xr(t) − λr. Òîãäà çàäà÷à (1)-(3) ñâåäåòñÿ ê ýêâèâàëåíòíîé
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êðàåâîé çàäà÷å ñ ïàðàìåòðîì

dur
dt

= A(t)[ur(t) + λr] + f (t), t ∈ [tr−1, tr], r = 1, N, (4)

ur(tr−1) = 0, r = 1, N, (5)

B0λ1 + C0 lim
t→T−0

uN(t) + CλN = d, (6)

Bi lim
t→θi−0

uki−1(t) + Biλki−1 − Ciλki = pi, i = 1,m, (7)

λs + lim
t→ts−0

us(t) = λs+1, s = {1, N − 1} \ {k1, k2, ..., km} . (8)

Çàäà÷à (4)-(8) îò çàäà÷è (1)-(3) îòëè÷àåòñÿ òåì, ÷òî çäåñü

ïîÿâèëèñü íà÷àëüíûå óñëîâèÿ (5) â òî÷êàõ t = tr−1, r = 1, N ,

êîòîðûå ïîçâîëÿþò îïåäåëèòü ur(t), t ∈ [tr−1, tr), r = 1, N , èç

èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà

ur(t) =

t∫
tr−1

A(τ )[ur(τ ) + λr]dτ +

t∫
tr−1

f (τ )dτ,

t ∈ [tr−1, tr), r = 1, N. (9)

Âìåñòî ur(τ ) ïîäñòàâèâ ñîîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü (9) è

ïîâòîðèâ ýòîò ïðîöåññ ν (ν = 1, 2, ...) ðàç ïîëó÷èì ïðåäñòàâëåíèå

ôóíêöèè ur(t) âèäà

ur(t) = Dν,r(t)λr + Fν,r(t) + Gν,r(ur, t), t ∈ [tr−1, tr),

r = 1, N. (10)

Èç (10) íàõîäèì ïðåäåë lim
t→tr−0

ur(t), è ñîîòâåòñòâóþùèå

ïðàâûå ÷àñòè ïîäñòàâëÿÿ (6)-(8) ïîëó÷èì ñèñòåìó óðàâíåíèé

îòíîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ λ ∈ RnN

Qν,rλ = −Fν,r −Gν,r. (11)
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Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ ïàðû (λ, u[t])�ðåøåíèÿ çàäà÷è

(4)-(8) èìååì çàìêíóòóþ ñèñòåìó óðàâíåíèé (9), (11). Åñëè

èçâåñòåí ïàðàìåòð λ = (λ1, λ2, ..., λN)′, òî èç (9) íàéäåì ñèñòåìó

ðåøåíèé çàäà÷è Êîøè�u[t]. Òàê êàê íåèçâåñòíûìè ÿâëÿþòñÿ è

λ è u[t], òî äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (4)-(8) ïðèìåíÿåòñÿ

ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïàðà (λ, u[t]) ðåøåíèå

çàäà÷è (4)-(8), íàõîäèòñÿ êàê ïðåäåë ïîñëåäîâàòåëüíîñòè ïàð

(λ(k), u(k)[t]), k = 0, 1, 2, ... îïðåäåëÿåìûé ïî ñëåäóþùåìó

àëãîðèòìó.

0-øàã. à) Ïðåäïîëàãàÿ, ÷òî ïðè âûáðàííûõ h1 > 0, h2 >

0, ..., hm+1 > 0 : N1h1 = θ1, N2h2 = θ2 − θ1, ..., Nm+1hm+1 = T −
θm, ν ∈ N, ìàòðèöà Qν(h1,h2, ..., hm+1) : RnN → RnN îáðàòèìà,

íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(0) = (λ
(0)
1 ,λ

(0)
2 , ..., λ

(0)
N )′ ∈

RnN îïðåäåëÿåì èç óðàâíåíèÿ

Qν(h1,h2, ..., hm+1)λ = −Fν(h1,h2, ..., hm+1),

ãäå λ(0) = [Qν(h1,h2, ..., hm+1)]−1Fν(h1,h2, ..., hm+1).

á) Èñïîëüçóÿ êîìïîíåíòû âåêòîðà λ(0) ∈ RnN è ðåøàÿ çàäà÷è

Êîøè (4), (5) ïðè λr = λ
(0)
r íà èíòåðâàëàõ [tr−1, tr) íàõîäèì

ôóíêöèè u(0)(t), r = 1, N .

1-øàã. à) Â ïðàâîé ÷àñòè (9) âìåñòî u ïîäñòàâëÿÿ u(0)(t) =

(u
(0)
1 (t), u

(0)
2 (t), ..., u

(0)
N (t))′ ïåðâîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(1)

îïðåäåëÿåì èç óðàâíåíèÿ

Qν(h1,h2, ..., hm+1)λ = −Fν(h1,h2, ..., hm+1)

−Gν(u
(0), h1,h2, ..., hm+1).

Ââèäó îáðàòèìîñòè ìàòðèöû Qν(h1,h2, ..., hm+1) ïîëó÷èì

λ(1) = [Qν(h1,h2, ..., hm+1)]−1

[Fν(h1,h2, ..., hm+1) + Gν(u
(0), h1,h2, ..., hm+1)].
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á) Èñïîëüçóÿ λ(1) = (λ
(1)
1 ,λ

(1)
2 , ..., λ

(1)
N )′ ∈ RnN è ðåøàÿ çàäà÷ó

Êîøè (4), (5) ïðè λr = λ
(1)
r íà èíòåðâàëàõ [tr−1, tr), íàõîäèì

ôóíêöèè u(1)(t), r = 1, N è ò.ä.

Ïðîäîëæàÿ ïðîöåññ íà k-îì øàãå ïîëó÷àåì ñèñòåìó ïàð

(λ
(k)
r ,u

(k)
r (t)), r = 1, N, k = 1, 2, ....

Ñëåäóþùåå òåîðåìà óñòàíàâëèâàåò îäíîçíà÷íóþ ðàçðåøèìîñòü

ðàññìàòðèâàåìîé çàäà÷è

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 [3, c.97].

Òîãäà êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì (1)-(3) èìååò

åäèíñòâåííîå ðåøåíèå x∗(t) è äëÿ íåãî ñïðàâåäëèâà îöåíêè

‖x∗‖ ≤ Lν(h1,h2, ..., hm+1)max(‖d‖ , max
i=1,m

‖pi‖ , ‖f‖1). (12)
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Lyapunov and Hartman-Wintner type

inequalities for a nonlinear fractional di�erential

equation with dirichlet conditions

B.T. Torebek
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail:torebek@math.kz

In this paper we succeeded to generalize Lyapunov [1] and

Hartman-Wintner [2] inequalities for the nonlinear fractional bound-

ary value problem
Dα,µ
a u(t) + q(t)f (u) = 0, a < t < b,

u(a) = u(b) = 0,

(1)

where f ∈ C (R+,R+) is a concave and nondecreasing function and

Dα,γ
a , 1 < α ≤ γ < 2 is a generalized Hilfer fractional derivative

Dα,γ
a u(t) = Iγ−αa

dm

dtm
Im−γa u(t).

Here Iµa f (t) = 1
Γ(µ)

t∫
a

(t− s)µ−1 f (s)ds is a Riemann�Liouville frac-

tional integral of order 0 < µ ∈ R.
We �rstly derive the corresponding Green's function; consequently

problem (1) is reduced to a equivalent Fredholm integral equation of

the second kind. Using the Krasnoselskii �xed point theorem, the

existence and multiplicity of positive solutions of problem (1) are ob-

tained. Assuming that f : R+ → R+ is continuous, concave and non-

decreasing, we generalize Lyapunov's and Hartman-Wintner's type

inequalities (see. [3]).
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Ðåøåíèå çàäà÷è Ðèìàíà-Ãèëüáåðòà äëÿ

ãîëîìîðôíîãî âåêòîðà ìåòîäîì Áóëèãàíà-Æèðî

Æ.À. Òîêèáåòîâ, Ð.À. Áîëòèðåêîâà
1 Êàçàõñòàíñêèé ôèëèàë ÌÃÓ

èìåíè Ì.Â. Ëîìîíîñîâà, Àñòàíà, Êàçàõñòàí

E-mail: mukanov.askhat@gmail.com

Ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè ðåãóëÿðíîãî â îáëàñòè

D c ãëàäêîé ãðàíèöåé Ã ðåøåíèÿ s, u, v, w ñèñòåìû

ux+vx+wy = 0, sx−vz+wy = 0, sy+wz−wx = 0, sz−uy+vx = 0 (1)

óäîâëåòâîðÿþùåå íà ãðàíèöå Ã óñëîâèÿì

ajs + bju + cjv + djw = hj, j = 1, 2, (2)

ãäå aj, bj, cj, dj, hj � çàäàííûå íåïðåðûâíûå ïî Ãåëüäåðó íà Ã

ôóíêöèè.
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Ýòó çàäà÷ó ñâåäåì ê èíòåãðàëüíîìó óðàâíåíèþ Ôðåäãîëüìà

ïðè ïîìîùè ìåòîäà Áóëèãàíà � Æèðî. Äëÿ ýòîãî ïîäñòàâëÿÿ

ïðåäñòàâëåíèå ðåøåíèé ñèñòåìû (1) ÷åðåç ïðîèçâîäíûå äâóõ

ãàðìîíè÷åñêèõ ôóíêöèé σ è w:

U = (A, ∇σ)− (B,∇w), s = (B, ∇σ) + (C,∇w), (3)

V = (D, ∇σ) + (E,∇w), w = (F, ∇σ) + (G,∇w)

(A = (α1, β1,−β2), B = (α2, β2, β1), C = (−α1, β1,−β2),

D = (−β1, α1, α2), E = (β2,−α2,−α1), F = (β2,−α2, α1), G =

(β1, α1,−α2), α = α1+iα2, β = β1+iβ2 ïðîèçâîëüíûå êîìïëåêñíûå

÷èñëà). Íà ãðàíè÷íîå óñëîâèå (2), çàäà÷à ñâîäèòñÿ ê çàäà÷å

î íàêëîííîé ïðîèçâîäíîé äëÿ ïàðû ãàðìîíè÷åñêèõ ôóíêöèé

(Rj ∇σ) + (Sj,∇w) = hj, j = 1, 2 (4)

Çäåñü Rj = ajB + bjA+ cjD+ djF , Sj = ajC − bjB + cjD+ djG

Òåïåðü ìû ðàññìîòðèì çàäà÷ó (4) äëÿ ñèñòåìû (1) òîëüêî â òîì

ñëó÷àå êîãäà îáëàñòü D ñàìàÿ ïðîñòàÿ {z> 0} , a êîýôôèöèåíòû

ïîñòîÿííûå. Äàëüøå ïî ìåòîäó Áóëèãàíà � Æèðî ðåøåíèå áóäåì

èñêàòü â âèäå

ω (x) =

∫
Ã

[M1 (x, p)µ1 (p) + M2 (x, p)µ2 (p)] dpÃ

σ (x) =

∫
Ã

[N1 (x, p)µ1 (p) + N2 (x, p)µ2 (p)] dpÃ (4)

ãäå X = (x, y, z) � òî÷êà ïîëóïðîñòðàíñòâà D, P = (ξ, η, ζ)

òî÷êà ïëîñêîñòè Ã ≡ {z = 0}
Mk, Nk, k = 1, 2, îïðåäåëÿþòñÿ èç ñîîòíîøåíèé

(Rj ∇Ìk) + (Sj,∇Nk) = δjk
∂

∂n

(
1

r

)
j, k = 1, 2 (5)

Îòñþäà ïðè k = 2, j = 1 ñëåäóåò âçÿòü M1 = ( S2,∇ Ω) , N1 =

− ( R2,∇ Ω) , à ïðè k = 1, j = 2 èìååì M2 = ( S1,∇ Ω) , N 1 =

− ( R1,∇ Ω) , è äëÿ îïðåäåëåíèÿ ãàðìîíè÷åñêîé ôóíêöèè Ω
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ïîëó÷èì óðàâíåíèå L3K3 Ωzz = ∂
∂n

(
1
r

)
, åñëè L1K1 = L1K2 +

K1L2 = L1K3−K1L3 = L2K3+K2L3 = L2 K = 0 è L3K3 6= 0, ãäå

K1 = −α1a2−α1b2+β2c2+ α2β1 K2 = −β1a2−β2b2−β2c2− α2c2+

α1d2, K3 = −β2a2−β1b2−α1c2− α2d2, L1 = α2a1+α1b1−β1c1+β2d1

L2 = a1β2 + b1β1 + c1α1 − d1α2, L2 = a1β1 − b1β2 + c1α2 − d1α1

Clarkson inequalities on Lp(Ĝ)

space associated with compact Lie group

K.S. Tulenov1, M.E. Akhymbek2, A.A. Kassymov3

1,2,3 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
E-mail:tulenov@math.kz1, akhymbek@math.kz2, kassymov@math.kz3

In this present paper we prove Clarkson inequalities for Lp(Ĝ)

space which was introduced in [1, 2] by Ruzhansky and Turunen, i.e.

we obtain following results:

Theorem 1. (Clarkson inequality) Let 2 ≤ p ≤ ∞. Then for any

H1, H2 ∈ Lp(Ĝ), we have[
‖H1 + H2

2
‖p
Lp(Ĝ)

+ ‖H1 −H2

2
‖p
Lp(Ĝ)

]1/p

≤
[

1

2
(‖H1‖pLp(Ĝ)

+ ‖H2‖pLp(Ĝ)
)

]1/p

.

Theorem 2. (Clarkson type inequality) Let 1 < p, p′ <∞ with 1/p+

1/p′=1. Then for any H1, H2 ∈ Lp(Ĝ) we get following inequalties:
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(i) If 1 < p ≤ 2, then[
‖H1 + H2

2
‖p
′

Lp(Ĝ)
+ ‖H1 −H2

2
‖p
′

Lp(Ĝ)

]1/p′

≤
[

1

2
(‖H1‖pLp(Ĝ)

+ ‖H2‖pLp(Ĝ)
)

]1/p

;

(ii) If 2 ≤ p <∞, then[
‖H1 + H2

2
‖p
Lp(Ĝ)

+ ‖H1 −H2

2
‖p
Lp(Ĝ)

]1/p

≤
[

1

2
(‖H1‖p

′

Lp(Ĝ)
+ ‖H2‖p

′

Lp(Ĝ)
)

]1/p′

.

We also present another proof of re�exivity of this space for 1 <

p <∞.

Theorem 3. (Re�exivity) Let 1 < p < ∞. Then Lp(Ĝ) is re�exive

Banach space.
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Îá îäíîì ìåòîäå ðåøåíèÿ

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

Á.Õ. Òóðìåòîâ
Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû,

Óíèâåðñèòåò Àõìåäà ßñàâè,Òóðêåñòàí, Êàçàõñòàí
E-mail:turmetovbh@mail.ru

Â íàñòîÿùåé çàìåòêå ðàññìàòðèâàåòñÿ ìåòîä ïîñòðîåíèÿ

ðåøåíèÿ èíòåãðî - äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî

ïîðÿäêà.

Äëÿ ëþáîãî δ > 0 îáîçíà÷èì

Iδy(t) =
1

Γ(δ)

t∫
0

(t− τ )−δ−1y(τ )dτ ,Dδy(t) =
d[δ]+1

dt[δ]+1
I1−{δ}y(t).

Ïóñòü α ≥ 0, λk 6= 0, νk ≥ 0, α + ν1 + ... + νk 6= 0. Ðàññìîòðèì

ñëåäóþùåå óðàâíåíèå

Dαy (t) =

m∑
j=1

λjI
νjy (t) + f (t) , 0 < t ≤ d <∞. (1)

Â ðàáîòå [2] ÿâíûé âèä ðåøåíèÿ óðàâíåíèÿ (1) áûëî ïîñòðîåíî

äëÿ ñëó÷àÿ α = 0, à â ðàáîòå [1] ðàññìîòðåí ñëó÷àé, êîãäà α >

0, j = 1, ν1 > 0. Â äàëüíåéøåì óðàâíåíèÿ òèïà (1) èçó÷åíû â

ðàáîòàõ ðàçëè÷íûõ àâòîðîâ. Ðåçóëüòàòû ýòèõ ðàáîò ïîäðîáíî

îïèñàíû â ìîíîãðàôèè [3].

Â íàñòîÿùåé ðàáîòå ìû ïðåäëàãàåì íîâûé ìåòîä ïîñòðîåíèÿ

ðåøåíèÿ óðàâíåíèÿ òèïà (1).Ýòîò ìåòîä îñíîâàí íà ïîñòðîåíèè

íîðìèðîâàííûõ ñèñòåì îòíîñèòåëüíî èíòåãðàëüíûõ è

äèôôåðåíöèàëüíûõ îïåðàòîðîâ äðîáíîãî ïîðÿäêà [4].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÌÎÍ ÐÊ

(�0819/GF4).
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Instability of a program manifold

of controllable systems

S.S. Zhumatov
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: sailau.math@mail.ru

Consider a material system that has an (n−s)-dimensional integral
manifold Ω (t) ≡ ω(t, x) = 0, whose motion is described by the

ordinary di�erential equations [1]:

ẋ = f (t, x)−Bξ, ξ = ϕ (σ) , σ = P Tω, t ∈ I = [0, ∞) , (1)

where x ∈ Rn is a state vector of the object,f ∈ Rn is a vector-

function, satisfying to conditions of existence and uniqueness of a
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solution x(t) = 0, B ∈ Rn×r, P ∈ Rs×r are constant matrices,

ω ∈ Rs(s ≤ n) is a vector, ξ ∈ Rr is a vector-function of control on

deviation from the given program manifold, satisfying to conditions

of local quadratic relations

ϕ(0) = 0 ∧ ϕTθ(σ −K−1ϕ) > 0, ∀ σ 6= 0, (2)

θ = diag ‖θ1, . . . , θr‖ , K = KT > 0.

Taking into account that Ω(t) is the integral manifold for the sys-

tem (1)-(2), we have

ω̇ =
∂ω

∂t
+ Hf (t, x) = F (t, x, ω),

where H = ∂ω
∂x is the Jacobi matrix and F (t, x, 0) ≡ 0 is a certain

s-dimensional Erugin vector function [2].

Assuming that the Erugin function F (t, x, ω) = −Aω,−A ∈ Rs×s

is Hurwitz matrix and di�erentiating the manifold Ω(t) with respect

to time t along the solutions of system (1)- (2), we get

ω̇ = −Aω −HBξ, ξ = ϕ (σ) , σ = P Tω, (3)

ϕ(0) = 0 ∧ ϕTθ(σ −K−1ϕ) > 0, ∀ σ 6= 0, (4)

θ = diag ‖θ1, . . . , θr‖ , K = KT > 0.

We solve general inverse problem of dynamics: the corresponding

system of di�erential equations is but as well as the instability is

investigated. This inverse problem is very important for a variety of

mathematical models mechanics.

A great number of works is devoted to the construction of the sys-

tems of equations on the given program manifold, possessing prop-

erties of stability, optimality and establishment of estimations of in-

dexes' quality of transient in the neighborhood of a program manifold

and to solving of various inverse problems of dynamics (see [1], [3]-

[6]). The detailed reviews of these works were shown in [3], [5], [6].
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Statment of the problem: to get the condition of instability of

a program manifold Ω(t) of the basic control systems in relation to

the given vector-function ω.

De�nition 1. A program manifold Ω(t) is called instable on the

whole in relation to vector-function ω, if in phase space there is an

unlimited open domain Ξ , including a neighborhood of the given

program manifold and possessing the property, that all solutions in

relation to a vector-function ω beginning in this domain, unlimited

as t→∞.

De�nition 2. A program manifold Ω(t) is called absolutely instable

in relation to a vector-function ω, if it is instable on the whole at all

functions ϕ(σ) satisfying to the conditions (4).

The frequency conditions of instability are received in [7] for non-

linear control systems with respect to zero position of equilibrium.

In this paper the conditions of instability of the basic control systems

are investigated in the neighborhood of a program manifold.

The following theorem is valid (see [1, p. 84].

Theorem 1. If for the system (3) it is found a positive function

V (t, ω) admitting a positive upper limit in the domain Ξ derivative

which is

V̇ (t, ω) ≥ γ > 0 ∀ ω ∈ Ξ ∧ t ∈ I
then the program manifold Ω(t) is instable as a whole with respect to

vector-function ω.

Theorem 2. Suppose that there exist matrices

L = LT > 0, β = diag (β1, . . . , βr) > 0

and non-linear function ϕ(σ) satis�es the conditions (4).

Then, for the absolute instability of the program manifold Ω (t)

with respect to the vector function ω it is su�cient performing of the
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following conditions

l1(‖ω‖2 ≤ V ≤ l2(‖ω‖2, (5)

g1(‖ω‖2 ≤ V̇ ≤ g2(‖ω‖2, (6)

where l1, l2, g1, g2 are positive constants.
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Determinant representation of one-fold

darboux transformation for the nonlocal

nonlinear Schr�odinger and

Maxwell-Bloch equation

K. Yesmakhnova1, S. Tapeyeva2,

S. Ybyraiymova2

1 Euration National University, Astana, Kazakhstan
kryesmakhanova@gmail.com:

2 Al - Farabi Kazakh National University, Almaty, Kazakhstan

A nonlocal nonlinear Schr�odinger equation of the type

iqt(x, t) + qxx(x, t) + 2q(x, t)q∗(−x, t)q(x, t) = 0 (1)

was studied by Ablowitz and Musslimani in [1]. This equation comes

from symmetry reduction of AKNS system [1-4].

In the work, we consider a generalization of nonlocal nonlinear

Schr�odinger equation (1), namely the (1+1)-dimensional nonlocal

nonlinear Schr�odinger and Maxwell-Bloch equation, which reads as

iqt(x, t) + qxx(x, t) + 2q(x, t)q∗(−x, t)q(x, t)− 2p(x, t) = 0, (2)

px(x, t) = 2[q(x, t)η(x, t)− iωp(x, t)], (3)

ηx(x, t) = q(x, t)p∗(−x, t)− p(x, t)q∗(−x, t), (4)

where q, q∗, p, p∗ are complex functions, η is real function and ω is

complex constant. Functions of the real variables x and t. Subscripts

x, t denote partial derivatives with respect to the variables. This

equation (1) is integrable by the Inverse Scattering Method [1-4].

This system (2)-(4) is derived from the integrability condition (Lax

representation) of the following linear problem

Ψx = AΨ, Ψt = BΨ, (5)
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where Ψ(x, t, λ) = (ψ1(x, t, λ), ψ2(x, t, λ))T and A, B are matrices

2× 2 have the form

A = −iλσ3 + A0, B = λ2B2 + λB1 + B0 +
1

λ− ω
B−1. (6)

The determinant representation of the one-fold Darboux transfor-

mation of the system (2)-(4) assumes the form

T1(λ, λ1, λ2) = λI −M = λI + t
[1]
0 =

1

∆1

(
(T1)11 (T1)12

(T1)21 (T1)22

)
, (7)

where

t
[1]
0 =

1

∆1


∣∣∣∣Ψ2,1 λ1Ψ1,1

Ψ2,2 λ2Ψ1,2

∣∣∣∣ − ∣∣∣∣Ψ1,1 λ1Ψ1,1

Ψ1,2 λ2Ψ1,2

∣∣∣∣
∣∣∣∣Ψ2,1 λ1Ψ2,1

Ψ2,2 λ2Ψ2,2

∣∣∣∣ − ∣∣∣∣Ψ1,1 λ1Ψ2,1

Ψ1,2 λ2Ψ2,2

∣∣∣∣

 , ∆1 =

∣∣∣∣Ψ1,1 Ψ1,2

Ψ2,1 Ψ2,2

∣∣∣∣ .
(8)

(T1)11 =

∣∣∣∣∣∣
1 0 λ

Ψ1,1 Ψ2,1 λ1Ψ1,1

Ψ1,2 Ψ2,2 λ2Ψ1,2

∣∣∣∣∣∣ , (T1)12 =

∣∣∣∣∣∣
0 1 0

Ψ1,1 Ψ2,1 λ1Ψ1,1

Ψ1,2 Ψ2,2 λ2Ψ1,2

∣∣∣∣∣∣ , (9)

(T1)21 =

∣∣∣∣∣∣
1 0 0

Ψ1,1 Ψ2,1 λ1Ψ2,1

Ψ1,2 Ψ2,2 λ2Ψ2,2

∣∣∣∣∣∣ , (T1)22 =

∣∣∣∣∣∣
0 1 λ

Ψ1,1 Ψ2,1 λ1Ψ2,1

Ψ1,2 Ψ2,2 λ2Ψ2,2

∣∣∣∣∣∣ . (10)

Moreover, T1 satis�es the following equations

T1x + T1A = A[1]T1, T1t + T1B = B[1]T1. (11)

A
[1]
0 = A0 +

[
σ3, t

[1]
0

]
, B

[1]
−1 = (ωI + t

[1]
0 )B−1(ωI + t

[1]
0 )−1. (12)

Then the di�erent solutions of the system (2)-(4) are constructed

from (11)-(12).
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Îáîñíîâàíèå êâàäðàòóðíîãî ìåòîäà

äëÿ îäíîãî êëàññà ïîâåðõíîñòíûõ

ñèíãóëÿðíûõ èíåãðàëüíûõ óðàâíåíèé

Ý.Ã. Õàëèëîâ
Àçåðáàéäæàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò íåôòè è ïðîìûøëåííîñòè

Áàêó, Àçåðáàéäæàí
E-mail: elnurkhalil@mail.ru

Ïóñòü D ⊂ R3−îãðàíè÷åííàÿ îáëàñòü ñ äâàæäû íåïðåðûâíî -

äèôôåðåíöèðóåìîé ãðàíèöåé S. Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ

óðàâíåíèÿ Ãåëüìãîëüöà ñ èìïåäàíñíûì óñëîâèåì: íàéòè äâàæäû

íåïðåðûâíî - äèôôåðåíöèðóåìóþ íà R3\D̄ è íåïðåðûâíóþ

íà S ôóíêöèþ u, îáëàäàþùóþ íîðìàëüíîé ïðîèçâîäíîé â

ñìûñëå ðàâíîìåðíîé ñõîäèìîñòè, óäîâëåòâîðÿþùóþ óðàâíåíèþ

Ãåëüìãîëüöà ∆u + k2u = 0 â R3\D̄, óñëîâèþ èçëó÷åíèÿ

Çîììåðôåëüäà íà áåñêîíå÷íîñòè è ãðàíè÷íîìó óñëîâèþ

∂u (x)

∂~n (x)
+ λ (x) u (x) = f (x) íà S,

ãäå k− âîëíîâîå ÷èñëî, ïðè÷åì Imk ≥ 0, ~n (x)−åäèíè÷íàÿ
âíåøíÿÿ íîðìàëü â òî÷êå x ∈ S, à λ è f− çàäàííûå íåïðåðûâíûå

ôóíêöèè íà S, ïðè÷åì Im
(
k̄ λ (x)

)
≥ 0, x ∈ S. Â ðàáîòå [1]

ïîêàçàíî, ÷òî êîìáèíàöèÿ ïîòåíöèàëîâ ïðîñòîãî è äâîéíîãî ñëîåâ

u (x) =

∫
S

{
Φk (x, y) + i η

∂Φk (x, y)

∂~n (y)

}
ϕ (y) dSy, x ∈ R3\D̄,

ãäå η 6= 0−ïðîèçâîëüíîå âåùåñòâåííîå ÷èñëî, ïðè÷åì η Rek ≥ 0,

ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ãåëüìãîëüöà

ñ èìïåäàíñíûì óñëîâèåì, åñëè ïëîòíîñòü ϕ åñòü ðåøåíèå

îäíîçíà÷íî ðàçðåøèìîãî ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ

(1− i η λ) ϕ−
(
K̃ + i η T + i η λK + λF

)
ϕ = −2 f, (1)
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ãäå Φk (x, y) = ei k |x−y|/ (4π |x− y|) , x, y ∈ R3, x 6=
y, −ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà,

(K̃ϕ) (x) = 2

∫
S

∂Φk (x, y)

∂~n (x)
ϕ (y) dSy,

(Tϕ) (x) = 2
∂

∂~n (x)

∫
S

∂Φk (x, y)

∂~n (y)
ϕ (y) dSy,

(Kϕ) (x) = 2

∫
S

∂Φk (x, y)

∂~n (y)
ϕ (y) dSy,

(F ϕ) (x) = 2

∫
S

Φk (x, y) ϕ (y) dSy, x ∈ S.

Â äàííîé ðàáîòå ïîâåðõíîñòü S

ðàçáèâàåòñÿ íà ýëåìåíòàðíûå ÷àñòè

S =
N⋃
l=1

SNl è â îïîðíûõ òî÷êàõ xl ∈ SNl (l = 1, N)

óðàâíåíèå (1) àïïðîêñèìèðóåòñÿ åäèíñòâåííî ðàçðåøèìîé

ñèñòåìîé ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî

ïðèáëèæåííûõ çíà÷åíèé ϕ (xl), l = 1, N . Äîêàçûâàåòñÿ,

÷òî ðåøåíèå ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé ñõîäèòñÿ ê

òî÷íîìó ðåøåíèþ óðàâíåíèÿ (1) â òî÷êàõ xl, l = 1, N , è

îöåíèâàåòñÿ ñêîðîñòü ñõîäèìîñòè. Êðîìå òîãî, ïîñòðîåíà

ïîñëåäîâàòåëüíîñòü, ñõîäÿøèéñÿ ê òî÷íîìó ðåøåíèþ êðàåâîé

çàäà÷è äëÿ óðàâíåíèÿ Ãåëüìãîëüöà ñ èìïåäàíñíûì óñëîâèåì, è

äàíà îöåíêà ïîãðåøíîñòè.
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