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COMPUTER SIMULATION OF THREE-DIMENSION ECOLOGICAL

PROBLEMS

Zh. Garifullina

D. Serikbayev East Kazakhstan state technical university

Abstract. Today solution of environment problems by applying high technology is actual. This

article discusses mathematical model for calculating the concentration and di�usion of impurities

and also describes methods and algorithms for the implementation of the model in three-dimensions.

Keywords: ecologic, di�usion, impurities.

À­äàòïà. Á³ãiíãi òà­äà ýêîëîãèÿ ìºñåëåñi àëäû­¡û ©àòàðëû ìºñåëå äåï àéòó¡à áîëàäû, ñîí-

äû©òàí îíû æà­à òåõíîëîãèÿëàð ê°ìåãiìåí øåøó °çåêòi áîëûï òàáûëàäû. Á´ë ìà©àëàäà ©îñ-

ïàëàðäû­ êîíöåíòðàöèÿñû ìåí äèôôóçèÿñûí åñåïòåóäi­ ìàòåìàòèêàëû© ìîäåëi ©àðàñòûðû-

ë¡àí, ñîíûìåí ©àòàð á´ë ³ëãiíi îðûíäàó ºäiñòåìåëåði ìåí àëãîðèòìäåði ñèïàòòàëûï æàçûë¡àí.

Êiëòòiê ñ°çäåð: ýêîëîãèÿ, äèôôóçèÿ, ©îñïà.

Àííîòàöèÿ. Íà ñåãîäíÿøíèé äåíü îñòðî ñòîèò ïðîáëåìà ýêîëîãèè, ïîýòîìó ðåøåíèå ýòîé ïðî-

áëåìû ïóòåì ïðèìåíåíèè âûñîêèõ òåõíîëîãèé ÿâëÿåòñÿ àêòóàëüíûì. Â äàííîé ñòàòüå îïèñàíà

ìàòåìàòè÷åñêàÿ ìîäåëü ðàñ÷åòà êîíöåíòðàöèè è äèôôóçèè ïðèìåñåé, à òàêæå îïèñàíû ìåòî-

äû è àëãîðèòìû ðåàëèçàöèè äàííîé ìîäåëè â òðåõìåðíîì ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: ýêîëîãèÿ, äèôôóçèÿ, ïðèìåñü.

Nowadays the environment pollution is actual problem. The human activity concerns all spheres:

atmosphere, hydrosphere and lithosphere. And people are the main reason of existing ecological

problems, and at the same time they are the main victim. Today around the world more than

40% people die from water pollution, atmospheric and soil pollutions. Many industrial cities and

megalopolises of our country su�er from these problems over the years.

Ust-Kamenogorsk is one of the important industrial cities of Kazakhstan. Unfortunately, Ust-

Kamenogorsk is a leader of the environment pollution. The atmosphere is polluted with 80000 or

more tons of contaminants. There are 170 types of contaminants (lead, selenium, cadmium, arsenic,

anhydrous hydrogen �uoride, chlorine, sulfurous anhydride and others). Major industrial objects are

located closely to the cit. They adversely a�ect the ecological situation in the zone of the housing

estate.

Figure 1 Structure of anthropogenic source of pollution
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The air pollution can be the result of the di�usion, which depends on turbulent pulsations of air.

M.Y. Berlyand, G.I. Marchuk, V.V. Penenko, A.I. Aloyan and others scientists solve problems about

impurity of turbulent di�usion and its transfer.

The models of atmosphere pollution analysis are the main instruments of programming ecological

problems. The simulation of impurities dissemination in the atmosphere needs consideration of a lot of

factors, which in�uence on the atmosphere quality. Each of these factors has own speci�c properties.

Mathematical models and databases are necessary their properties.

The model of impurities dissemination in the atmosphere is the model of impurities transfer and

di�usion. It is a three-dimensional problem. In �gure 2 cubic realm G is presented.

Figure 2 Cubic realm of dissemination of impurities

So, the model of impurities dissemination in the atmosphere is presented by the following equation:

∂Φ

∂t
+ divUΦ = DΦ + f (1)

f � Emission source.

(1) it is necessary to attach initial data and boundary conditions to the equation

Φ = Φ0 at t = 0 (2)

Φ = Φs in S at Un < 0 (3)

Thereby we have the following equation:

divUΦ =
∂UΦ

∂x
+
∂V Φ

∂y
+
∂WΦ

∂z
(4)

The equation impurities di�usion in atmosphere:

DΦ =
∂

∂x
µ
∂Φ

∂x
+

∂

∂y
µ
∂Φ

∂y
+

∂

∂z
ν
∂Φ

∂z
(5)

Above the three-dimensional statement of problem was presented. The methods of the solution

of air pollution problem. The following algorithm is used for numerical tasks realization. It includes

several methods.
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Figure 3 Realization of program

The information system of impurity concentration calculation in the atmosphere was created. The

new approach of impurity concentration calculation was used at wind speeds which were calculated on

formulas of a logarithmic pro�le and average on OPP.
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Abstract. This paper presents features of the modern hardware/software integrated solution for

interactive presentations. Developed presentation system provides wide opportunities for training

and demonstration of various multimedia data. Also the paper describes implementation details

and presents useful techniques for providing an interactive integration both images of a lecturer

and media (video, presentations, text) into virtual scene. Integrated multimedia content improves

the quality of presentations.

Keywords: virtual presenter, multimedia, real-time rendering.
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Àííîòàöèÿ. Â ñòàòüå ïðåäñòàâëåíû âîçìîæíîñòè ñîâðåìåííîé ñèñòåìû âèçóàëèçàöèè äëÿ

ïîäãîòîâêè îáðàçîâàòåëüíûõ ìàòåðèàëîâ. Ðàçðàáîòàííàÿ ñèñòåìà ïîçâîëÿåò ñîâìåùàòü ìóëü-

òèìåäèéíûå äàííûå ðàçëè÷íûõ ôîðìàòîâ ñ èçîáðàæåíèåì ëåêòîðà. Êàê ðåçóëüòàò, èñïîëüçî-

âàíèå ðàçëè÷íûõ âñïîìîãàòåëüíûõ ìàòåðèàëîâ è èíòåðàêòèâíîå âçàèìîäåéñòâèå ñ íèìè ïîç-

âîëÿþò äîêëàä÷èêó íàãëÿäíî èëëþñòðèðîâàòü èçëàãàåìûé ìàòåðèàë.

Êëþ÷åâûå ñëîâà: âèðòóàëüíûé ïðåçåíòåð, ìóëüòèìåäèà, âèçóàëèçàöèÿ ðåàëüíîãî âðåìåíè.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ øèðîêî ïðèìåíÿþòñÿ ïðîãðàììíûå ñèñòåìû, ïîçâîëÿþùèå ñîçäàâàòü ëåê-

öèîííûé ìàòåðèàë äëÿ ïîñëåäóþùåãî ïðîñìîòðà íà ïåðñîíàëüíîì êîìïüþòåðå. Ïðè ýòîì, îáëàñòü

èõ ïðèìåíåíèÿ íå îãðàíè÷èâàåòñÿ äèñòàíöèîííûì îáðàçîâàíèåì è âêëþ÷àåò òðàäèöèîííûé îá-

ðàçîâàòåëüíûé ïðîöåññ, ãäå äîïîëíèòåëüíûå ìàòåðèàëû èñïîëüçóåòñÿ â êà÷åñòâå íàãëÿäíîé äå-

ìîíñòðàöèè êàêèõ-ëèáî ïðîöåññîâ è ñâîéñòâ. Êðîìå ýòîãî, âèäåîçàïèñè ìàòåðèàëà ïîçâîëÿþò

ñëóøàòåëÿì ëåêöèé â ïîñëåäóþùåì âåðíóòüñÿ ê ïîâòîðíîìó èçó÷åíèþ ïðåäñòàâëåííûõ òåì.

Ïåðâûå âàðèàíòû ñèñòåì äëÿ ïîäãîòîâêè îáðàçîâàòåëüíûõ ìàòåðèàëîâ ïîçâîëÿþò ñîâìåùàòü

ìàòåðèàëû ïðåçåíòàöèè ñ âèäåîçàïèñüþ ëåêòîðà (ïîâåðõ ïðåçåíòàöèé). Â áîëüøèíñòâå ñëó÷àåâ

ýòîãî íå äîñòàòî÷íî, â ÷àñòíîñòè äëÿ äåìîíñòðàöèè ñëîæíûõ ïðîöåññîâ (íàïðèìåð, ôèçè÷åñêèõ

ðåàêöèé, ìàòåìàòè÷åñêèõ ìîäåëåé), è òðåáóåòñÿ èíòåðàêòèâíîñòü � âîçìîæíîñòü ïåðåêëþ÷åíèÿ

ìåäèà êîíòåíòà â õîäå ïðåçåíòàöèè. Ñëåäóþùèì ýòàïîì ðàçâèòèÿ ñèñòåì ñòàëè: ðåàëèçàöèÿ ýòèõ

è äðóãèõ âîçìîæíîñòåé äëÿ ïåðñîíàëüíûõ êîìïüþòåðîâ â âèäå ìóëüòèìåäèéíîé ñèñòåìû âèðòó-

àëüíîé ðåàëüíîñòè è ïîñëåäóþùåå ïðèìåíåíèå èõ äëÿ ïîäãîòîâêè äåìîíñòðàöèîííûõ ìàòåðèàëîâ

ëþáîé ñëîæíîñòè.

Ñîâðåìåííàÿ ñèñòåìà äëÿ ïîäãîòîâêè îáðàçîâàòåëüíûõ ìàòåðèàëîâ, â ïåðâóþ î÷åðåäü, ïîç-

âîëÿåò ñîâìåùàòü èçîáðàæåíèå òåìàòè÷åñêîé âèðòóàëüíîé ñðåäû è ðåàëüíîãî äîêëàä÷èêà, âçà-

èìîäåéñòâóþùåãî â ðåàëüíîì âðåìåíè ñ ìîäåëÿìè îáúåêòîâ ýòîé ñðåäû. Êðîìå òîãî, ñèñòåìà

ïîçâîëÿåò ñîâìåùàòü ìóëüòèìåäèéíûå äàííûå ðàçëè÷íûõ ôîðìàòîâ (âèäåîäàííûå ñ ðàçëè÷íûõ

èñòî÷íèêîâ, ïðåçåíòàöèè Microsoft PowerPoint, òåêñò, àíèìèðîâàííûå òðåõìåðíûå ìîäåëè). Ïðè

íåîáõîäèìîñòè òàêæå ïðîèçâîäèòñÿ àâòîìàòè÷åñêîå ïðåîáðàçîâàíèå äàííûõ. Â ñëó÷àå âèäåîçà-

ïèñè äîêëàä÷èêà, ýòî, íàïðèìåð, çàìåíà ìîíîõðîìàòè÷åñêîãî ôîíà.

Êîìïîíåíòû ñèñòåìû

Ðàñøèðÿåìîñòü ñîâðåìåííûõ ñèñòåì âèçóàëèçàöèè îáåñïå÷èâàåòñÿ áëàãîäàðÿ èñïîëüçîâàíèþ

êîìïîíåíòíîé àðõèòåêòóðû. Ïîäñèñòåìû, êàê ïðàâèëî, ïðåäñòàâëåíû â âèäå îòäåëüíûõ êîìïî-

íåíò è òðåáîâàíèÿ íà íèõ îïðåäåëÿþòñÿ îáëàñòüþ ïðèìåíèìîñòè ìóëüòèìåäèéíîé ñèñòåìû: îáðà-

çîâàòåëüíûé ïðîöåññ â øêîëàõ, òðåíèíãè, ðåêëàìíûå ïðåçåíòàöèè. Ðàññìîòðèì ñïèñîê îñíîâíûõ

çàäà÷, ðåøàåìûõ ïîäñèñòåìàìè:

� Õðàíåíèå è ïðåîáðàçîâàíèÿ ìóëüòèìåäèà, èìïîðò äàííûõ ðàçëè÷íûõ ðàñïðîñòðàíåííûõ

ôîðìàòîâ (òðåõìåðíûå ñåòêè, äâóõìåðíûå èçîáðàæåíèÿ, âèäåîôàéëû, ãèïåðòåêñòîâûå ñòðà-

íèöû).
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� Áëîê îáðàáîòêè ñöåíàðèåâ � ïîääåðæêà ÿçûêà ñöåíàðèåâ äëÿ êîíôèãóðèðîâàíèÿ ïîâåäåíèÿ

âèðòóàëüíîé ñðåäû â çàâèñèìîñòè îò âðåìåíè èëè äåéñòâèé ïîëüçîâàòåëÿ.

� Êîìïîíîâêà èçîáðàæåíèé è ðàñòåðèçàöèÿ � ñîâìåùåíèå è îáðàáîòêà çàãðóæåííîãî ìåäèà

êîíòåíòà, ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ãîòîâûé êàäð âèðòóàëüíîé ñðåäû èçîáðàæåíèÿ.

� Îòîáðàæåíèå íà óñòðîéñòâà � âûâîä ãîòîâûõ êàäðîâ íà îòîáðàæàþùèå óñòðîéñòâà ïåðñî-

íàëüíîãî êîìïüþòåðà.

� Çàïèñü ðåçóëüòàòîâ � çàïèñü èçîáðàæåíèé âèðòóàëüíîé ñðåäû íà äèñê èëè îðãàíèçàöèÿ

âåùàíèÿ â ñåòü.

� Èíòåðàêòèâíîå óïðàâëåíèå � ïîääåðæêà ðàçëè÷íûõ ïåðèôåðèéíûõ óñòðîéñòâ äëÿ óïðàâëå-

íèÿ (íàæàòèÿ êëàâèø ìûøè èëè êëàâèàòóðû, ëèáî ñåíñîðíûå ýêðàíû).

� Èíòåãðàöèÿ ïðèëîæåíèé � âíåäðåíèå èçîáðàæåíèé èíòåðôåéñà è ñîäåðæàíèÿ îêîí ñòîðîí-

íèõ ïðèëîæåíèé.

Êîìïîíåíòû ðåàëèçóþòñÿ â âèäå äèíàìè÷åñêè çàãðóæàåìûõ áèáëèîòåê. Ïðè ýòîì â ñèñòåìå ñó-

ùåñòâóåò ôóíêöèîíàëüíîñòü ïî çàãðóçêå è íàñòðîéêå ìîäóëåé ñèñòåìû, ïîçâîëÿþùàÿ êîíôèãó-

ðèðîâàòü ñèñòåìó ïîä òðåáîâàíèÿ çàêàç÷èêà è äîáàâëÿòü ìîäóëè ñ íîâûìè ôóíêöèîíàëüíûìè

âîçìîæíîñòÿìè. Êðîìå ýòîãî, èñïîëíåíèå ïîäñèñòåì ïðîèñõîäèò â îòäåëüíûõ ïðîöåññàõ ëèáî ïî-

òîêàõ.

Ðåàëèçàöèÿ ñèñòåìû

Ïåðâûé âàðèàíò ìóëüòèìåäèéíîé ñèñòåìû, ëèáî åå ïðîòîòèï, êàê ïðàâèëî, ðàçðàáàòûâàåòñÿ

íà îñíîâå ñóùåñòâóþùåé ñèñòåìû âèçóàëèçàöèè îáùåãî íàçíà÷åíèÿ. Ýòîãî âàðèàíòà äîñòàòî÷íî

òîëüêî äëÿ ðåøåíèÿ ÷àñòè çàäà÷, ïîñêîëüêó ñïåöèôèêà îáëàñòè ïðèìåíèìîñòè òðåáóåò ñåðüåçíûõ

äîðàáîòîê ñèñòåìû. Òàê, øèðîêî èñïîëüçóåìûå ñèñòåìû âèçóàëèçàöèè íå ïðåäîñòàâëÿþò âåñü íà-

áîð íåîáõîäèìûõ êîìïîíåíò è èõ âíåäðåíèå â ñèñòåìó, â áîëüøèíñòâå ñëó÷àåâ, òðåáóåò ñåðüåçíûõ

èçìåíåíèé â îðãàíèçàöèè ñèñòåìû è å¼ ôóíêöèîíèðîâàíèÿ.

Ðèñóíîê 1 Èíòåðàêòèâíàÿ äåìîíñòðàöèÿ òðåõìåðíîé ìîäåëè ôðàãìåíòà óñêîðèòåëÿ (ÈßÔ ÑÎ
ÐÀÍ)
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Îñíîâûâàÿñü íà ðàçðàáîòêàõ â îáëàñòè èíòåãðèðîâàííûõ ñèñòåì âèðòóàëüíîé ðåàëüíîñòè [1],

ñîçäàåòñÿ ïðåçåíòàöèîííàÿ ñèñòåìà (ðèñ. 1). Â õîäå ðàçðàáîòêè ïðåäëîæåíû êëþ÷åâûå ïðèíöè-

ïû ïîñòðîåíèÿ ñèñòåì ñëåäóþùåãî ïîêîëåíèÿ [2]. Êðîìå ýòîãî, ïî ðåçóëüòàòàì èñïîëüçîâàíèÿ

ñèñòåìû ïðåäûäóùåãî ïîêîëåíèÿ, ñôîðìóëèðîâàíû íîâûå òðåáîâàíèÿ è ïîäõîäû ê îðãàíèçà-

öèè ïðîãðàììíîé àðõèòåêòóðû. Â èòîãå, íà ýòèõ ïðèíöèïàõ ïîñòðîåíà íîâàÿ âåðñèÿ ñèñòåìû,

ïîçâîëÿþùàÿ ñîâìåùàòü ìóëüòèìåäèéíûå äàííûå ñ äèíàìè÷åñêèì èçîáðàæåíèåì äîêëàä÷èêà è

ïðåäîñòàâëÿþùàÿ èíòåðàêòèâíîå âçàèìîäåéñòâèå ñî âñåìè âèçóàëèçèðóåìûìè ýëåìåíòàìè.

Íîâàÿ âåðñèÿ ìóëüòèìåäèéíîé ñèñòåìû (íà ðèñ. 2 ïðåäñòàâëåí èíòåðôåéñ íîâîé ñèñòåìû) èñïîëü-

Ðèñóíîê 2 Èíòåðôåéñ óïðàâëåíèÿ ïðåçåíòàöèåé

çóåò óíèôèöèðîâàííóþ ñòðóêòóðó õðàíåíèÿ è îáðàáîòêè äàííûõ: ôîðìàò XQL, èåðàðõè÷åñêàÿ

áàçà äàííûõ è àëãîðèòìû åå ôóíêöèîíèðîâàíèÿ [3]. Îñîáåííîñòÿìè ïðåäëàãàåìîãî ïîäõîäà ÿâëÿ-

þòñÿ: ìåæìîäóëüíîå âçàèìîäåéñòâèå òîëüêî ÷åðåç áàçó äàííûõ, õðàíåíèå äàííûõ ïðîèçâîëüíîãî

òèïà (â òîì ÷èñëå ïîñëåäîâàòåëüíîñòè êîìàíä). Â ðåçóëüòàòå, èíòåðôåéñû ìîäóëåé îòäåëåíû

äðóã îò äðóãà è çàâèñèìîñòè ìåæäó íèìè îïðåäåëÿþòñÿ òîëüêî äàííûìè. Ïðè òàêîì ïîäõîäå,

ìîäóëè áîëåå ðàííèõ âåðñèé èíòåðïðåòèðóþò òîëüêî èçâåñòíûå èì äàííûå, à äîáàâëåííûå äëÿ

áîëåå ïîçäíèõ âåðñèé (íåèçâåñòíûå) èãíîðèðóþò.

Áàçà äàííûõ èñïîëüçóåòñÿ äëÿ äîñòóïà ê ïðîèçâîëüíûì ñâîéñòâàì ñèñòåìû. Äîïóñêàåòñÿ ÷à-

ñòè÷íîå äóáëèðîâàíèå äàííûõ â ïðîãðàììíûõ ìîäóëÿõ � äëÿ áîëåå ýôôåêòèâíîãî èñïîëüçîâàíèÿ

àïïàðàòíûõ ðåñóðñîâ (îòîáðàæåíèå â âèäåîïàìÿòü, ïðåäâàðèòåëüíàÿ êîìïèëÿöèÿ ýôôåêòîâ, êý-

øèðîâàíèå êðóïíûõ ñòðóêòóð). Äëÿ òîãî ÷òîáû îáåñïå÷èòü îáíîâëåíèå äàííûõ, ïðèìåíÿåòñÿ

ñèñòåìà îáðàáîòêè ñîáûòèé: êàæäûé ìîäóëü ðåãèñòðèðóåòñÿ íà óâåäîìëåíèÿ î ÷òåíèè è çàïèñè

â áàçó äàííûõ îïðåäåëåííîãî íàáîðà ñòðóêòóð.

Áëîê îáðàáîòêè ñöåíàðèåâ èñïîëüçóåò êîìàíäû â ôîðìàòå XQL. Òàêæå îí ïîääåðæèâàåò âîç-

ìîæíîñòü èíòåïðåòàöèè êîìàíä ÿçûêîâ Lua è Javascript. Èñïîëüçóåìûé íàáîð êîìàíä ïîçâîëÿåò

íàïîëíÿòü è ìîäèôèöèðîâàòü áàçó äàííûõ, äîñòóï ê êîòîðîé èìåþò âñå ïîäñèñòåìû ðàçðàáîòàí-

íîãî ïðîãðàììíîãî ðåøåíèÿ. Êîìïîíîâêà èçîáðàæåíèé è ðàñòåðèçàöèÿ îñóùåñòâëÿåòñÿ ìîäóëåì

(ïîäñèñòåìîé) âèçóàëèçàöèè. Ìîäóëü ïîääåðæèâàåò ðàçëè÷íûå ñïåöýôôåêòû è êîíâåéåð îáðàáîò-

êè èçîáðàæåíèé [4], ïîçâîëÿåò ôîðìèðîâàòü èçîáðàæåíèå èíòåãðèðîâàííîé âèðòóàëüíîé ñðåäû

(ñõåìà ïðåäñòàâëåíà íà ðèñ 3). Èçîáðàæåíèå äîêëàä÷èêà, âçàèìîäåéñòâóþùåãî ñ èçó÷àåìûìè

âèðòóàëüíûìè ìîäåëÿìè, ñîâìåùàåòñÿ ñ òåìàòè÷åñêèì âèðòóàëüíûì ôîíîì è âèðòóàëüíûìè ìî-

äåëÿìè òðåõìåðíûõ îáúåêòîâ. Äëÿ îáðàáîòêè èçîáðàæåíèÿ äîêëàä÷èêà èñïîëüçóåòñÿ òåõíîëîãèÿ

âûäåëåíèÿ àêò¼ðà íà ìîíîõðîìàòè÷åñêîì ôîíå [5]. Ðåàëèçîâàííàÿ òåõíîëîãèÿ äàåò ðåçóëüòàò, â

ðåàëüíîì âðåìåíè, áåç âèäèìûõ äåôåêòîâ ïðè ðàçëè÷íûõ ñú¼ìî÷íûõ óñëîâèÿõ.

Âûâîä ãîòîâûõ êàäðîâ íà îòîáðàæàþùèå óñòðîéñòâà ïåðñîíàëüíîãî êîìïüþòåðà îñóùåñòâ-
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Ðèñóíîê 3 Ïðèíöèï ôîðìèðîâàíèÿ èíòåãðèðîâàííîé âèðòóàëüíîé ñðåäû

ëÿåòñÿ îäíèì èç äâóõ âîçìîæíûõ ñïîñîáîâ: íåïîñðåäñòâåííûé âûâîä íà ìîíèòîð, ëèáî âûâîä â

ïëàòó äëÿ îðãàíèçàöèè âåùàíèÿ (ñåìåéñòâî ïëàò FD êîìïàíèè SoftLab-NSK). Äëÿ îáåñïå÷åíèÿ

ïðàâèëüíîé âåðòèêàëüíîé ñèíõðîíèçàöèè êàäðû áóôåðèçèðóþòñÿ è îáðàáàòûâàþòñÿ â îòäåëü-

íûõ ïîòîêàõ èñïîëíåíèÿ. Äëÿ ýòîãî èñïîëüçóþòñÿ ñðåäñòâà âèäåîäðàéâåðà, ïðåäîñòàâëÿþùèå

âîçìîæíîñòü ðàçäåëåíèÿ âèäåîïàìÿòè ìåæäó ïîòîêàìè.

Ïîääåðæèâàþòñÿ ðàçëè÷íûå ôîðìàòû ïðåäñòàâëåíèé èçîáðàæåíèé, èìåþùèå ðàçíîå ðàçðåøå-

íèå è ñîîòíîøåíèå ñòîðîí ïèêñåëà (àñïåêò ïèêñåëà). Äîïóñêàåòñÿ ôèêñèðîâàííûé ðàçìåð ðàñòå-

ðèçóåìîãî èçîáðàæåíèÿ, à òàêæå ðàçëè÷íûå ñîîòíîøåíèÿ ñòîðîí ïèêñåëà èòîãîâîãî êàäðà. Â ýòèõ

ñëó÷àÿõ ïðèìåíÿþòñÿ êîððåêòèðóþùèå ìåòîäû (âïèñûâàíèå, îáðåçêà, ìàñøòàáèðîâàíèå êàäðîâ).

Êðîìå òîãî, ïðè íåîáõîäèìîñòè, ê èçîáðàæåíèþ äîáàâëÿþòñÿ ÷¼ðíûå ïîëÿ. Çàïèñü ðåçóëüòàòîâ

íà äèñê îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ðàçðàáîòàííîãî ôèëüòðà DirectShow []. Ïðè ýòîì ïîëüçîâàòå-

ëþ ñèñòåìû ïðåäîñòàâëÿåòñÿ âîçìîæíîñòü âûáèðàòü ôîðìàò è ñïîñîá êîäèðîâàíèÿ âèäåî è àóäèî

äàííûõ.

Èíòåðàêòèâíîå óïðàâëåíèå è èíòåãðàöèè ñòîðîííèõ ïðèëîæåíèé îñóùåñòâëÿåòñÿ ÷åðåç óäà-

ëåííîå óïðàâëåíèå è ïåðåäà÷ó ñèñòåìíûõ ñîáûòèé â ñòîðîííèå ïðîöåññû (îêíà ïðèëîæåíèé) ñè-

ñòåìû. Ñ ïîìîùüþ ðàçðàáîòàííîãî äðàéâåðà ïðîèçâîäèòñÿ çàõâàò ÷àñòè ðàáî÷åãî ñòîëà ïîëüçî-

âàòåëÿ (êàê ïðàâèëî, âòîðîé ìîíèòîð), ãäå ðàçìåùàþòñÿ ïðèëîæåíèÿ. Çàõâà÷åííûå èçîáðàæå-

íèÿ îòîáðàæàþòñÿ íåïîñðåäñòâåííî â ðàçðàáîòàííîé ñèñòåìå è ëþáûå âçàèìîäåéñòâèÿ ñ íèìè

(äåéñòâèÿ ïîëüçîâàòåëÿ) â âèðòóàëüíîé ñðåäå ïåðåäàþòñÿ ñîîòâåòñòâóþùèì ïðèëîæåíèÿì. Òà-

êèì îáðàçîì, äîêëàä÷èê, íàõîäÿñü â ðàìêàõ ïðèëîæåíèÿ ìóëüòèìåäèéíîé ñèñòåìû, ñâîáîäíî

âçàèìîäåéñòâóåò ñî ñòîðîííèìè ïðèëîæåíèÿìè è âèäèò ðåçóëüòàò èõ ðàáîòû. Äàííàÿ ôóíêöèÿ

øèðîêî âîñòðåáîâàíà è ïðèìåíÿåòñÿ äëÿ äåìîíñòðàöèè èíòåðàêòèâíûõ ìàòåðèàëîâ, ïðåäîñòàâëÿ-

åìûõ ñïåöèàëèçèðîâàííûìè ïðèëîæåíèÿìè (íàïðèìåð, âèðòóàëüíûìè ëàáîðàòîðèÿìè, ïàêåòàìè

ìîäåëèðîâàíèè).

Çàêëþ÷åíèå

Â õîäå ðàçðàáîòêè íîâîé ìóëüòèìåäèéíîé ñèñòåìû ó÷òåíû íåäîñòàòêè ñóùåñòâóþùèõ ñèñòåì

äëÿ ïîäãîòîâêè îáðàçîâàòåëüíûõ ìàòåðèàëîâ. Ñôîðìóëèðîâàí ñïèñîê íåîáõîäèìûõ ôóíêöèé,

äîñòàòî÷íûõ äëÿ ýôôåêòèâíîãî ïðèìåíåíèÿ ñèñòåìû â îáðàçîâàòåëüíîì ïðîöåññå, à òàêæå ïðåä-

ëîæåíû ïðîãðàììíûå ðåøåíèÿ ñîîòâåòñòâóþùèõ âîïðîñîâ. Â ðåçóëüòàòå, ðàçðàáîòàííàÿ ñèñòåìà
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óäîâëåòâîðÿåò ñîâðåìåííûì òðåáîâàíèÿì è ïðèìåíèìà äëÿ ðåøåíèÿ ñîîòâåòñòâóþùèõ çàäà÷: âñå-

âîçìîæíûå ïðåçåíòàöèè äëÿ âûñòàâîê, ëåêöèîííûõ çàëîâ, ñèòóàöèîííûõ öåíòðîâ, ìóçååâ, îáó÷å-

íèå ïåðñîíàëà óïðàâëåíèþ ñëîæíûìè òåõíîëîãè÷åñêèìè ïðîöåññàìè è òåõíè÷åñêèìè ñèñòåìàìè,

äèñòàíöèîííîå îáó÷åíèå è òåëåêîíôåðåíöèè.
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ÍÈÇÊÎÒÅÌÏÅÐÀÒÓÐÍÎÉ ÏËÀÇÌÛ

À. Æàéíàêîâ

Èíñòèòóò ôèçèêî-òåõíè÷åñêèõ ïðîáëåì è ìàòåðèàëîâåäåíèÿ èìåíè àêàäåìèêà Æ. Æåíáàåâà

Íàöèîíàëüíîé Àêàäåìèè Íàóê Êûðãûçñêîé Ðåñïóáëèêè

Abstract. The aim of the paper is a brief overview of the development of computing technologies

in Kyrgyzstan and mathematical modelling in physics of low-temperature plasma. Give a brief

overview of the developed models of low-temperature plasma and the analysis of the results obtained.

In general terms, the system of three-dimensional Magnetohydrodynamic equations. A simpli�ca-

tion, consider additional conditions and �nite-di�erence approximation of generalized equations

and methods of solution.

Keywords: low-temperature plasma, model



Ìàòåìàòè÷åñêèå òåõíîëîãèè 15 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

À­äàòïà.Æ´ìûñòà �ûð¡ûçñòàíäà¡û ò°ìåí òåìïåðàòóðëû© ïëàçìà ôèçèêàñûíäà¡û åñåïòå-

óiø òåõíîëîãèÿëàð ìåí ìàòåìàòèêàëû© ³ëãiëåóäi­ äàìóûíà øîëó æàñàëäû. �çiðëåíãåí ò°ìåí

òåìïåðàòóðëû© ïëàçìà¡à øîëó æàñàëäû æºíå àëûí¡àí íºòèæåëåðãå òàëäàó æàñàëäû. Æàë-

ïûëàí¡àí ò³ðäå ³øäå­ãåéëi ìàãíèòòi-ãèäðîäèíàìèêàëû© òå­äåóëåð æ³éåñi êåëòiðiëãåí. Û©-

øàìäàòûë¡àí ò³ði êåëòiðiëãåí, ©îñûìøà øàðòòàð ©àðàñòûðûë¡àí.

Êiëòòiê ñ°çäåð: ò°ìåí òåìïåðàòóðëû© ïëàçìà, ³ëãi

Àííîòàöèÿ. Â ðàáîòå ïðîâîäèòñÿ êðàòêèé îáçîð ðàçâèòèÿ â Êûðãûçñòàíå âû÷èñëèòåëüíûõ

òåõíîëîãèé è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â ôèçèêå íèçêîòåìïåðàòóðíîé ïëàçìû. Äàí

êðàòêèé îáçîð ðàçðàáîòàííûõ ìîäåëåé íèçêîòåìïåðàòóðíîé ïëàçìû è àíàëèç ïîëó÷åííûõ

ðåçóëüòàòîâ. Ïðèâåäåíà â îáùåì âèäå ñèñòåìà òðåõìåðíûõ ìàãíèòîãèäðîäèíàìè÷åñêèõ óðàâ-

íåíèé. Ïðîâåäåíî èõ óïðîùåíèå, ðàññìîòðåíû äîïîëíèòåëüíûå óñëîâèÿ è êîíå÷íî-ðàçíîñòíàÿ

àïïðîêñèìàöèÿ îáîáùåííîãî óðàâíåíèÿ è ìåòîäû ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: íèçêîòåìïåðàòóðíàÿ ïëàçìà, ìîäåëü

Íèçêîòåìïåðàòóðíàÿ ïëàçìà, îáëàäàþùàÿ ðÿäîì èñêëþ÷èòåëüíûõ ñâîéñòâ, íå ðåàëèçóåìûõ â

îáû÷íûõ óñëîâèÿõ, âñåãäà ïðèâëåêàëà áîëüøîå âíèìàíèå ó÷åíûõ âñåãî ìèðà. Øèðîêèå ìàñøòà-

áû ðàçðàáîòêè è ïðèìåíåíèÿ íîâûõ ïëàçìåííûõ òåõíîëîãèé íàñòîÿòåëüíî òðåáóþò äàëüíåéøåãî

èçó÷åíèÿ òåïëîôèçè÷åñêèõ ïðîöåññîâ è ñâîéñòâ íèçêîòåìïåðàòóðíîé ïëàçìû.

Íàðÿäó ñ ýêñïåðèìåíòàëüíûìè ìåòîäàìè èññëåäîâàíèÿ, âñå áîëüøåå çíà÷åíèå ïðèîáðåòàþò

òåîðåòè÷åñêèå ìåòîäû èññëåäîâàíèÿ, â ÷àñòíîñòè, âû÷èñëèòåëüíûé ýêñïåðèìåíò. Êàê ïîêàçûâà-

åò ìíîãîëåòíÿÿ ïðàêòèêà, ìåòîäû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ íèçêîòåìïåðàòóðíîé ïëàçìû

ÿâëÿþòñÿ ýôôåêòèâíûì èíñòðóìåíòîì èññëåäîâàíèÿ, ïîçâîëÿþò ñóùåñòâåííî äîïîëíèòü è â ðÿäå

ñëó÷àåâ îáúÿñíèòü ðåçóëüòàòû ôèçè÷åñêîãî ýêñïåðèìåíòà.

Ïîñëåäíèå ãîäû, îòìå÷åííûå âûñîêèìè òåìïàìè ðàçâèòèÿ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé è íîâûõ êîìïüþòåðíûõ òåõíîëîãèé, ïîäíÿëè ìåòîäû âû÷èñëèòåëüíî-

ãî ýêñïåðèìåíòà íà êà÷åñòâåííî íîâûé óðîâåíü. Â íàñòîÿùåå âðåìÿ ìîæíî êîíñòàòèðîâàòü, ÷òî

âû÷èñëèòåëüíàÿ ìàãíèòíàÿ ãèäðîäèíàìèêà ïîëíîñòüþ ñôîðìèðîâàëàñü êàê ñàìîñòîÿòåëüíàÿ íà-

ó÷íàÿ äèñöèïëèíà, áóðíî ðàçâèâàþùàÿñÿ è èìåþùàÿ øèðîêèå ïåðñïåêòèâû.

Áîëüøîé âêëàä â ðàçâèòèå ïëàçìåííûõ òåõíîëîãèé è ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâà-

íèÿ ýëåêòðè÷åñêîé äóãè âíåñëè ó÷åíûå Êûðãûçñòàíà.

Ïåðâîíà÷àëüíî ÷èñëåííûå èññëåäîâàíèÿ ýëåêòðè÷åñêîé äóãè ïðîâîäèëèñü â ðàìêàõ êàíàëî-

âûõ è èíòåãðàëüíûõ ìîäåëåé, à òàêæå â ïðèáëèæåíèè ïîãðàíè÷íîãî ñëîÿ. Îòíîñèòåëüíàÿ ïðîñòî-

òà ìàòåìàòè÷åñêèõ ìîäåëåé îáóñëîâëåíà òåì, ÷òî óðîâåíü ðàçâèòèÿ âû÷èñëèòåëüíûõ òåõíîëîãèé

è ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ÌÃÄ-óðàâíåíèé íå ïîçâîëÿë ðåøàòü çàäà÷è â áîëåå ñëîæíîé ïî-

ñòàíîâêå. Òåì íå ìåíåå, ïðîâåäåííûå èññëåäîâàíèÿ ïîçâîëèëè çàìåòíî ðàñøèðèòü è óãëóáèòü çíà-

íèÿ î ïðîòåêàþùèõ ôèçè÷åñêèõ ïðîöåññàõ. Òàê, àâòîðîì äàííîé ñòàòüè âïåðâûå áûë âûïîëíåí

÷èñëåííûé àíàëèç õàðàêòåðèñòèê äóãè íà íà÷àëüíîì ó÷àñòêå ïëàçìàòðîíà ñ ó÷åòîì ýëåêòðîìàã-

íèòíûõ ñèë äóãè. Âûÿâëåíû îñíîâíûå ìåõàíèçìû íàãðåâà è òå÷åíèÿ ãàçà, îïðåäåëåíû âàæíûå

õàðàêòåðèñòèêè äóãîâîé ïëàçìû [1-3].

Íîâîå ïîêîëåíèå ÝÂÌ ñòèìóëèðîâàëî äàëüíåéøèå ÷èñëåííûå èññëåäîâàíèÿ â îáëàñòè íèçêî-

òåìïåðàòóðíîé ïëàçìû. Áûëè ðàçâèòû äâóìåðíûå ìàòåìàòè÷åñêèå ìîäåëè ýëåêòðîäóãîâîé ïëàç-

ìû êàê â ïðèáëèæåíèè ëîêàëüíîãî òåðìîäèíàìè÷åñêîãî ðàâíîâåñèÿ [4], òàê è ñ ó÷åòîì îòêëîíå-

íèÿ ïëàçìû îò òåðìè÷åñêîãî è èîíèçàöèîííîãî ðàâíîâåñèÿ [5]. Èñïîëüçîâàíèå äâóìåðíûõ ìîäåëåé

ïîçâîëèëî çàìåòíî ðàñøèðèòü êðóã èññëåäóåìûõ çàäà÷. Ïðîâåäåíû ÷èñëåííûå èññëåäîâàíèÿ îò-
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êðûòûõ ýëåêòðè÷åñêèõ äóã è ïëàçìîòðîíîâ. Îáíàðóæåíû êà÷åñòâåííî íîâûå âèõðåâûå ðåæèìû

òå÷åíèÿ ïëàçìû, âûÿâëåíû óñëîâèÿ ôîðìèðîâàíèÿ ¾ïëàçìåííûõ òàðåëîê¿ êàê ðåçóëüòàò ñîóäàðå-

íèÿ êàòîäíûõ è àíîäíûõ ñòðóé. Ðàññìîòðåíî âëèÿíèå çàêðóòêè ãàçà íà õàðàêòåðèñòèêè äóãîâîãî

ïîòîêà [6].

Ïîÿâëåíèå â ïîñëåäíèå ãîäû áûñòðîäåéñòâóþùèõ êîìïüþòåðîâ ñ áîëüøèì îáúåìîì îïåðà-

òèâíîé ïàìÿòè ïîçâîëèëî ïðèñòóïèòü ê ðåøåíèþ áîëåå ñëîæíûõ çàäà÷. Òàê, íàïðèìåð, ðàçâèòà

òðåõìåðíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ðàñ÷åòà õàðàêòåðèñòèê ñòàöèîíàðíîé ýëåêòðè÷åñêîé äóãè [7].

Ñèñòåìà óðàâíåíèé â äåêàðòîâûõ êîîðäèíàòàõ x, y ,z âêëþ÷àåò â ñåáÿ: óðàâíåíèå íåðàçðûâ-

íîñòè ãàçà

div(ρU) = 0, (1)

óðàâíåíèå íåðàçðûâíîñòè ýëåêòðîííîãî ãàçà

div[Ne(U + Ud + Ut + Ua)] = Re, (2)

óðàâíåíèÿ äâèæåíèÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò:

div[m(Ni +Na)Uu] = div(µgradu)− ∂P/∂x+ µ0(j×H)x + sx + (p− p∞)g, (3)

div[m(Ni +Na)Uv] = div(µgradv)− ∂P/∂y + µ0(j×H)y + sy, (4)

div[m(Ni +Na)Uw] = div(µgradw)− ∂P/∂z + µ0(j×H)z + sz, (5)

óðàâíåíèå ýíåðãèè ýëåêòðîííîãî ãàçà

div[Ne(U + Ud + Ut + Ua)(5/2kTe + Ui)] = div(λegradTe, ) + j2/σ − ψ −B(Te − T ), (6)

óðàâíåíèå ýíåðãèè òÿæåëûõ ÷àñòèö

div[5/2kT (Ni +Na)U)] = div(λgradT ) +B(Te − T ), (7)

óðàâíåíèÿ Ìàêñâåëëà

rotH = j, rotE = 0, divH = 0, (8)

îáîáùåííûé çàêîí Îìà

E + µo(U×H) = j/σ + (µ0j ×H − gradPe)/qeNe , (9)

è çàêîí Äàëüòîíà

P/kT = Ni +Na +NeTe/T. (10)

Ðàññìàòðèâàþòñÿ ñòàöèîíàðíûå ïðîöåññû â îäíîêðàòíî èîíèçîâàííîé àðãîíîâîé ïëàçìå àò-

ìîñôåðíîãî äàâëåíèÿ, èçëó÷åíèå ïðåäïîëàãàåòñÿ îáúåìíûì.

Ïðè çàïèñè óðàâíåíèé èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: p, λe, λ, µ, σ, ψ) - ñîîòâåò-

ñòâåííî ïëîòíîñòü ãàçà, òåïëîïðîâîäíîñòü ýëåêòðîííîãî ãàçà è ãàçà òÿæåëûõ ÷àñòèö, âÿçêîñòü,
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ýëåêòðîïðîâîäíîñòü, èçëó÷åíèå; m - ìàññà àòîìà; Ni ,Na ,Ne - êîíöåíòðàöèè èîíîâ, àòîìîâ è ýëåê-

òðîíîâ ñîîòâåòñòâåííî; Re = NeKr (NaKi −NeNi) - ñêîðîñòü ãåíåðàöèè ýëåêòðîíîâ; Kr - êîýôôè-

öèåíò òðåõ÷àñòè÷íîé ðåêîìáèíàöèè, Ki - îïðåäåëÿåòñÿ óðàâíåíèåì Ñàõà; Ui - ïîòåíöèàë èîíè-

çàöèè ãàçà; Pe - ïàðöèàëüíîå äàâëåíèå ýëåêòðîíîâ; k - ïîñòîÿííàÿ Áîëüöìàíà; B - êîýôôèöèåíò

ýíåðãîîáìåíà ìåæäó ýëåêòðîíàìè è òÿæåëûìè ÷àñòèöàìè; g - óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ; qe

= 1.6 × 10−19 Êë - çàðÿä ýëåêòðîíà; µ0 = 4π × 10−7 Ãí/ì - ìàãíèòíàÿ ïîñòîÿííàÿ; U,E, j,H,

- ñîîòâåòñòâåííî âåêòîðû ñêîðîñòè, íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ, ïëîòíîñòè ýëåêòðè÷å-

ñêîãî òîêà, íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ; T ,Te - òåìïåðàòóðà òÿæåëûõ ÷àñòèö è ýëåêòðîíîâ,

P - äàâëåíèå;u, v ,w - ñîîòâåòñòâåííî êîìïîíåíòû âåêòîðà ñêîðîñòè â íàïðàâëåíèè îñåé äåêàð-

òîâîé ñèñòåìû êîîðäèíàò x , y , z ; Ud = j/(qeNe), Ut = −0 .5/TeDagradTe , Ua = −Da/NegradNe -

âåêòîðû ñêîðîñòåé äðåéôà ýëåêòðîíîâ, òåðìî- è àìáèïîëÿðíîé äèôôóçèè ñîîòâåòñòâåííî; Da -

êîýôôèöèåíò àìáèïîëÿðíîé äèôôóçèè; sx , sy , sz - äîïîëíèòåëüíûå ê div(µgradu), div(µgradv),

div(µgradw) ñëàãàåìûå, ó÷èòûâàþùèå âÿçêîñòü.

Êîýôôèöèåíòû ïåðåíîñà è òåïëîôèçè÷åñêèå ñâîéñòâà íåðàâíîâåñíîé àðãîíîâîé ïëàçìû ðàñ-

ñ÷èòûâàþòñÿ â ñîîòâåòñòâèè ñ ìåòîäèêîé [5].

Ýëåêòðîìàãíèòíàÿ ÷àñòü çàäà÷è ðåøàåòñÿ â ïåðåìåííûõ ϕ−A, ãäå ϕ - ïîòåíöèàë ýëåêòðè÷å-

ñêîãî ïîëÿ ϕ, ñâÿçàííûé ñ E ñîîòíîøåíèåì E = −gradϕ,A - âåêòîðíûé ïîòåíöèàë ìàãíèòíîãî

ïîëÿ, ñâÿçàííûé ñ ñîîòíîøåíèåì rotA = H. Èñïîëüçóÿ çàêîí Îìà, óñëîâèå ñîõðàíåíèÿ ýëåêòðè-

÷åñêîãî òîêà divj = 0 è óðàâíåíèÿ Ìàêñâåëëà, óðàâíåíèÿ äëÿ ðàñ÷åòà ϕ è A ìîãóò áûòü ïðèâåäåíû

ê ñëåäóþùåìó âèäó:

div(σgradϕ) = div[σµ0(U×H)− σ(µ0j×H− gradPe)/qeNe ] (11)

∆A = −j (12)

Èñïîëüçîâàíèå ñêàëÿðíîãî ïîòåíöèàëà ϕ ïîçâîëÿåò èçáåæàòü âû÷èñëåíèÿ â èòåðàöèîííîì

ïðîöåññå òðåõ êîìïîíåíò âåêòîðà E, à ââåäåíèå âåêòîðíîãî ïîòåíöèàëà A � èçáåæàòü âû÷èñëåíèÿ

â èòåðàöèÿõ íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ H ÷åðåç òðîéíîé èíòåãðàë ïî çàêîíó Áèî-Ñàâàðà-

Ëàïëàñà: H = (1/4π)
∫ ∫ ∫

[j×R]/R3dV òðåáóþùåãî, êàê ïîêàçàíî â [8], ÷ðåçìåðíî ìíîãî âðåìåíè

ðàñ÷åòà.

Ìàòåìàòè÷åñêàÿ ìîäåëü ñòîëáà ýëåêòðè÷åñêîé äóãè äîïîëíÿåòñÿ ñòàöèîíàðíîé òåïëîâîé çàäà-

÷åé äëÿ ýëåêòðîäîâ. Ñèñòåìà óðàâíåíèé äëÿ ðàñ÷åòà òðåõìåðíûõ ðàñïðåäåëåíèé òåìïåðàòóðíîãî

ïîëÿ è òå÷åíèÿ ýëåêòðè÷åñêîãî òîêà â êàòîäå è àíîäå âêëþ÷àåò â ñåáÿ óðàâíåíèå òåïëîïðîâîäíî-

ñòè è óðàâíåíèå Ëàïëàñà è ìîæåò áûòü çàïèñàíà â ñëåäóþùåì âèäå:

div(λgradT ) + j2/σ = 0, (13)

div(σgradϕ) = 0, (14)

ãäå T , j, ϕ - òåìïåðàòóðà ýëåêòðîäîâ, âåêòîð ïëîòíîñòè ýëåêòðè÷åñêîãî òîêà è ïîòåíöèàë

ýëåêòðè÷åñêîãî ïîëÿ ñîîòâåòñòâåííî; σ(T ), λ(T ) - êîýôôèöèåíòû ýëåêòðîïðîâîäíîñòè è òåïëî-

ïðîâîäíîñòè ìàòåðèàëà ýëåêòðîäîâ ñîîòâåòñòâåííî.
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Ðèñóíîê 1 à - ñõåìà îòêðûòîé äóãè â ïëîñêîñòè Õ-Z.

á - ôðàãìåíò òðåõìåðíîé ðàçíîñòíîé ñåòêè è êîíòðîëüíîãî îáúåìà (ïóíêòèð).

Èñõîäíàÿ ñèñòåìà óðàâíåíèé ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé çàïèñûâàåòñÿ â îáîáùåííîé

ôîðìå:

div(αρUΦ) = div(βgradΦ) + γ, (15)

Φ - îäíà èç íåèçâåñòíûõ - Ne, Te, T , u, v, w, ϕ, Ax, Ay, Az. Çíà÷åíèÿ êîýôôèöèåíòîâ α, β, γ,

çàâèñÿò îò ñìûñëà ïåðåìåííîé Φ è ïðèâåäåíû â òàáëèöå 2.

Â ðåçóëüòàòå êîíå÷íî-ðàçíîñòíîé àïïðîêñèìàöèè îáîáùåííîãî óðàâíåíèÿ (15) ïîëó÷àåì äèñ-

êðåòíûé àíàëîã, ñâÿçûâàþùèé çíà÷åíèå ïåðåìåííîé â öåíòðàëüíîì óçëå P (ðèñ. 16) ñ åå çíà÷å-

íèÿìè â ñîñåäíèõ óçëàõ ðàçíîñòíîé ñåòêè N , S, W , E, T , B:

apΦp = aEΦE + awΦw + aNΦN + asΦs + aBΦB + atΦt + Γ (16)

ãäå ap = aE + aW + aN + as + aB + aT ,Γ = γp∆x∆y∆z.

Ðåøåíèå äèñêðåòíîãî àíàëîãà (16) ïðîâîäèòñÿ èòåðàöèîííûì ìåòîäîì Çåéäåëÿ-Ãàóññà ñ ïðè-

ìåíåíèåì íèæíåé ðåëàêñàöèè. ×èñëåííîå ðåøåíèå óðàâíåíèé ïðîâîäèòñÿ íà îñíîâå ìåòîäà [9].

Òàáëèöà 1 Ãðàíè÷íûå óñëîâèÿ

Ãðàíèöà Ïåðåìåííàÿ

A1B2 ϕ: óñëîâèå îðòîãîíàëüíîñòè ýëåêòðè÷åñêîãî òîêà; A = (1/4π)
∫ ∫ ∫

j/RdV ;T = Ts;U =

0;Te = Tmine ;Ne = Nmin
e ; ∂P/∂x = 0

AB ϕ: óñëîâèå îðòîãîíàëüíîñòè ýëåêòðè÷åñêîãî òîêà; ∂Te/∂x = 0;T = Tc(y, z); ∂Ne/∂x =

0;U = 0; ∂P/∂x = 0

FE ϕ: óñëîâèå îðòîãîíàëüíîñòè ýëåêòðè÷åñêîãî òîêà; ∂Te/∂x = 0;T = Ta(y, z); dNe/dx =

0;U = 0; ∂P/∂x = 0

BC;CD Te = Tmine ;Ne = Nmin
e ; ∂T/∂n = 0; ∂ϕ/∂n = 0;A = (1/4π)

∫ ∫ ∫
j/RdV P = P ∗; ∂u/∂n =

0; ∂ν/∂n = 0; ∂w/∂n = 0.

ED;GF T = T ∗;Te = Tmine ;Ne = Nmin
e ; ∂ϕ/∂x = 0;U = 0; ∂P/∂x = 0.

GiD A = (1/4π)
∫ ∫ ∫

j/RdV ;T = T ∗;Te = Tmine ;Ne = Nmin
e ;U = 0; ∂P/∂x = 0. ϕ: óñëîâèå

îðòîãîíàëüíîñòè ýëåêòðè÷åñêîãî òîêà;
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Òàáëèöà 2 Êîýôôèöèåíòû α, β, γ äëÿ ïåðåìåííîé Φ óðàâíåíèÿ (15)

Φ α β γ

Ne 1/ρ Da Re − div(NeUt)

Te 5/2kNe/ρ λe j2/σ − ψ − B(Te − T ) −
div[Ne(Ud + Ut + Ua)(5/2kTe +

Ui)]− div(NeUUi) :

T 5/2k(Na +

Ni)/ρ

λ B(Te − T )

u 1 µ −∂P/∂x+ µ0[j +H]

V 1 µ −∂P/∂y + µ0[j +H]Y+SY

W 1 µ −∂P/∂z + µ0[j +H]Z+SZ

Ax 0 1 jx

Ay 0 1 jy

Az 0 1 jz

Φ 0 σ div[σµ0(U ×H)− σ(µ0j −H −
gradPe)e/Ne]

Â ðàìêàõ òðåõìåðíîé ìàòåìàòè÷åñêîé ìîäåëè èññëåäîâàíû õàðàêòåðèñòèêè äóãè âî âíåøíåì

ïîïåðå÷íîì ìàãíèòíîì ïîëå, à òàêæå â ñêðåùåííîì ìàãíèòíîì è ãàçîäèíàìè÷åñêîì ïîëå. Âûÿâ-

ëåíû ìåõàíèçìû íàãðåâà è òå÷åíèÿ äóãîâîé ïëàçìû, ïðè÷èíû ñìåùåíèÿ è äåôîðìàöèè äóãîâîãî

ñòîëáà âî âíåøíåì ìàãíèòíîì ïîëå [10, 11].

Ïðîâåäåíû ÷èñëåííûå èññëåäîâàíèÿ âëèÿíèÿ íàïðàâëåíèÿ òîêîïîäâîäà ê àíîäó íà ñòîëá äóãè

[12]. Íà ðèñ. 2 ïðåäñòàâëåíû èçîëèíèè ïîëÿ òåìïåðàòóðû ýëåêòðîíîâ Te, âåêòîðíûå ïîëÿ òå÷åíèÿ

ýëåêòðè÷åñêîãî òîêà j â àíîäå è òå÷åíèÿ ãàçà V â ñòîëáå äóãè, êîãäà ýëåêòðè÷åñêèé òîê òå÷åò ñ

áîêîâîé ïîâåðõíîñòè àíîäà.

Ðèñóíîê 2 Èçîëèíèè òåìïåðàòóðû ýëåêòðîíîâ Te, âåêòîðíûå ïîëÿ òå÷åíèÿ ýëåêòðè÷åñêîãî òîêà

j â àíîäå è òå÷åíèÿ ãàçà V â ñòîëáå äóãè; I = 150 A, L = 10 ìì.

Â ýòîì ñëó÷àå ïðîèñõîäèò âçàèìîäåéñòâèå ìàãíèòíûõ ïîëåé, ñîçäàâàåìûõ òå÷åíèåì òîêà â

ñòîëáå äóãè è àíîäå. Èç ðèñ. 2 âèäíî, ÷òî íàïðàâëåíèå òå÷åíèÿ òîêà â àíîäå îêàçûâàåò çàìåòíîå

âëèÿíèå íà õàðàêòåðèñòèêè ñòîëáà äóãè.
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Ðèñóíîê 3 Èçîëèíèè òåìïåðàòóðû ýëåêòðîíîâ Te è ðèñóíîê äóãîâîãî ñòîëáà; ïðîäîëüíûé îáäóâ
Uîáäóâà - 5 ì/ñ, I = 50 A, L = 20 ìì, Hx = 5 êÀ/ì.

×èñëåííûå ýêñïåðèìåíòû [13] ñ ýëåêòðè÷åñêîé äóãîé â ïðîäîëüíîì ìàãíèòíîì ïîëå Hx ïîç-

âîëèëè âûÿâèòü ôîðìèðîâàíèå òàêîé ñëîæíîé ïðîñòðàíñòâåííîé ñòðóêòóðû ñòîëáà äóãè, êàê

âèíòîâàÿ ôîðìà äóãè (ðèñ. 3). Â ðàìêàõ äâóõìåðíîé ìàòåìàòè÷åñêîé ìîäåëè ðàçâèòà ìåòîäèêà

ðàñ÷åòà õàðàêòåðèñòèê ýëåêòðè÷åñêîé äóãè â îáëàñòÿõ ñëîæíîé ãåîìåòðèè, âêëþ÷àþùåé â ñåáÿ

ñòîëá äóãè, òâåðäîå òåëî ýëåêòðîäîâ, à òàêæå ðàñïëàâ ìàòåðèàëà ýëåêòðîäîâ (ðèñ. 4). Ìåòîäèêà

îñíîâàíà íà èñïîëüçîâàíèè ìîäåëè ×ËÒÐ ïëàçìû ñ ïðèâëå÷åíèåì îïûòíûõ äàííûõ î õàðàêòå-

ðèñòèêàõ äóãè âáëèçè ýëåêòðîäîâ è ïðèìåíåíèè èçâåñòíîãî â âû÷èñëèòåëüíîé ãèäðîäèíàìèêå

ìåòîäà ôèêòèâíûõ îáëàñòåé [14].

Ðàñ÷åò õàðàêòåðèñòèê ýëåêòðè÷åñêîé äóãè â îáëàñòÿõ ñëîæíîé ãåîìåòðèè ïðîâîäèòñÿ â ðàìêàõ

ïðèáëèæåíèÿ ÷àñòè÷íîãî ëîêàëüíîãî òåðìîäèíàìè÷åñêîãî ðàâíîâåñèÿ ïëàçìû.

Â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò z, r, ϕ ïðè óñëîâèè ∂/∂ϕ = 0 (çàäà÷è îáëàäàþò îñåâîé

ñèììåòðèåé) ñèñòåìà ÌÃÄ-óðàâíåíèé èìååò âèä:

óðàâíåíèå íåðàçðûâíîñòè ãàçà

div(ρU) = 0, (17)

óðàâíåíèå íåðàçðûâíîñòè ýëåêòðîííîãî ãàçà

div[Ne(U + Ud + Ui + Ua)] = Re, (18)
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Ðèñóíîê 4 à - ðàñ÷¼òíàÿ îáëàñòü ABCD ñòîëáà äóãè, íå âêëþ÷àþùàÿ êàòîä ¾-¿ è àíîä ¾+¿
á - ðàñ÷åòíàÿ îáëàñòü Q, çàêëþ÷àþùàÿ â ñåáå ñòîëá äóãè è ýëåêòðîäû, âêëþ÷àÿ ðàñïëàâ

óðàâíåíèÿ äâèæåíèÿ ïî êîîðäèíàòàì z è r ñîîòâåòñòâåííî

div[m(Nj +Na)Uu] = div(µgradu)− dP/dz + µ0jrH0 + sz, (19)

div[m(Ni +Na)Uν] = div(µgradν)− dP/dr + µ0jrH0 + sr, (20)

óðàâíåíèå ýíåðãèè ýëåêòðîííîãî ãàçà

div[Ne(U + Ud + Ui + Ua)(5/2kTe7 + Ui)]− div(λegradTe) + j2/σ − ψ −B(Te − T ), (21)

óðàâíåíèå ýíåðãèè òÿæåëûõ ÷àñòèö

div[5/2kT (Ni +Na)U)] = div(λgradT ) +B(Te − T ), (22)

óðàâíåíèÿ Ìàêñâåëëà

rotH = j, rotE = 0, divH = 0, (23)

çàêîí Îìà

E = j/a (24)

çàêîí Äàëüòîíà
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P/kT = Ni +Na +NeTe/T (25)

Ýëåêòðîìàãíèòíàÿ ÷àñòü çàäà÷è ðåøàåòñÿ ñ èñïîëüçîâàíèåì ôóíêöèè ýëåêòðè÷åñêîãî òîêà

χ(r, z), àâòîìàòè÷åñêè óäîâëåòâîðÿþùåé óðàâíåíèþ ñîõðàíåíèÿ ýëåêòðè÷åñêîãî òîêà divj = 0 è

îïðåäåëÿåìîé ñîîòíîøåíèÿìè dχ/dz = −jrr, ∂χ/∂r = jzr.

Ñèñòåìà ÌÃÄ-óðàâíåíèé çàïèñàíà ñ ó÷¼òîì óïðîùåíèé, ñïðàâåäëèâûõ äëÿ áîëüøèíñòâà ýëåê-

òðîäóãîâûõ ïðîöåññîâ. Òàê, â óðàâíåíèÿõ äâèæåíèÿ ïðåíåáðåãàåòñÿ ñèëàìè Àðõèìåäà è Êóëîíà;

â óðàâíåíèÿõ ýíåðãèè � êèíåòè÷åñêîé ýíåðãèåé ïîòîêà ãàçà è âÿçêîé äèññèïàöèåé; â çàêîíå Îìà

- ïëîòíîñòüþ èíäóöèðîâàííîãî ýëåêòðè÷åñêîãî òîêà, ïëîòíîñòüþ òîêà Õîëëà è òîêà, îáóñëîâëåí-

íîãî ãðàäèåíòîì ýëåêòðîííîãî äàâëåíèÿ.

Ïîëàãàåòñÿ, ÷òî ïðîòåêàþùèå ïðîöåññû ÿâëÿþòñÿ ñòàöèîíàðíûìè, îäíîêðàòíî èîíèçîâàííàÿ

ïëàçìà àòìîñôåðíîãî äàâëåíèÿ ïðåäñòàâëÿåò ñîáîé ñïëîøíóþ êâàçèíåéòðàëüíóþ ñðåäó; òå÷åíèå

ÿâëÿåòñÿ ëàìèíàðíûì, èçëó÷åíèå îáúåìíûì, ïðèýëåêòðîäíûå ïðîöåññû íå ðàññìàòðèâàþòñÿ.

Àïðîáàöèÿ ìåòîäà ôèêòèâíûõ îáëàñòåé äëÿ ðàñ÷åòà ýëåêòðè÷åñêîé äóãè â ìíîãîñâÿçíîé îá-

ëàñòè ïðîâåäåíà â ðàáîòàõ [15, 16].

Âûïîëíåíî ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòà ñ ýêñïåðèìåíòîì è ðàñ÷åòíûìè äàííûìè ðàáîò

[17-19], ïîëó÷åííûìè áåç ïðèìåíåíèÿ ìåòîäà ôèêòèâíûõ îáëàñòåé. Àíàëèç ðåçóëüòàòîâ ïîçâî-

ëÿåò ïðåäïîëîæèòü ïðàâîìåðíîñòü èñïîëüçîâàíèÿ ìåòîäà ôèêòèâíûõ îáëàñòåé äëÿ ÷èñëåííîãî

ðàñ÷åòà õàðàêòåðèñòèê ýëåêòðè÷åñêîé äóãè. Ïîêàçàíî, ÷òî äëÿ ïðîâåäåíèÿ êîëè÷åñòâåííîãî àíà-

ëèçà íåîáõîäèìî ïðèâëå÷åíèå äîïîëíèòåëüíîé èíôîðìàöèè î äóãîâîì ðàçðÿäå, êîòîðàÿ ìîæåò

áûòü ïîëó÷åíà ëèáî èç ýêñïåðèìåíòà, ëèáî â ðàìêàõ ñîîòâåòñòâóþùèõ ìîäåëåé ïðèýëåêòðîäíûõ

ïðîöåññîâ.

Ïîäâîäÿ êðàòêèé èòîã, ìîæíî êîíñòàòèðîâàòü, ÷òî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íèçêîòåì-

ïåðàòóðíîé ïëàçìû íà îñíîâå íîâûõ âû÷èñëèòåëüíûõ è êîìïüþòåðíûõ òåõíîëîãèé ïîçâîëÿåò

çàìåòíî ïðîäâèíóòüñÿ â ïîíèìàíèè ñëîæíîãî êîìïëåêñà ïðîöåññîâ ýëåêòðè÷åñêîé äóãè. Âìå-

ñòå ñ òåì, øèðîêèé êðóã ïðàêòè÷åñêè âàæíûõ çàäà÷ òðåáóåò äàëüíåéøåãî ðàçâèòèÿ ðàñ÷åòíî-

òåîðåòè÷åñêèõ ìîäåëåé ýëåêòðè÷åñêîé äóãè è ïðîâåäåíèÿ ÷èñëåííûõ èññëåäîâàíèé.
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ÈÍÔÎÐÌÀÖÈÎÍÍÛÅ ÒÅÕÍÎËÎÃÈÈ Â ÏÐÅÏÎÄÀÂÀÍÈÈ

ÂÓÇÎÂÑÊÎÃÎ ÊÓÐÑÀ ÕÈÌÈÈ

Å.Í. Èâàùåíêî, Í.Â. Ñåðàÿ

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Abstract. The problems of the use of information technologies with the application of means of

conceptual and mathematical modeling of chemical phenomena and processes in chemistry teaching

in high school are considered.

Particular attention is given to the use of Delphi software package, which basic algorithm is setting

of the variety of tasks, such as an identi�cation of the form of radial distribution of an atom wave

function or the form of hybrid orbital.

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ ïðîáëåìû èñïîëüçîâàíèÿ èíôîðìàöèîííûõ òåõíîëîãèé, ñ ïðè-

ìåíåíèåì ñðåäñòâ êîíöåïòóàëüíîãî è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ õèìè÷åñêèõ ÿâëåíèé è

ïðîöåññîâ â ïðåïîäàâàíèè êóðñà õèìèè â âûñøåé øêîëå.
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Îñîáîå âíèìàíèå óäåëåíî ïðèìåíåíèþ ïðîãðàììíîãî ïàêåòà Delphi, îñíîâíîé àëãîðèòì êîòî-

ðîãî çàêëþ÷àåòñÿ â ïîñòàíîâêå ðàçëè÷íûõ çàäà÷, íàïðèìåð, äëÿ óñòàíîâëåíèÿ âèäà ðàäèàëü-

íîãî ðàñïðåäåëåíèÿ âîëíîâîé ôóíêöèè àòîìà èëè ôîðìû ãèáðèäíîé îðáèòàëè.

Ïðîöåññû ìàòåìàòèçàöèè õèìè÷åñêîé íàóêè òðåáóþò ïîäãîòîâêè êâàëèôèöèðîâàííûõ ñïåöè-

àëèñòîâ, óìåþùèõ ïðèìåíÿòü ìàòåìàòè÷åñêèå ìåòîäû è âëàäåþùèõ ñîâðåìåííûìè èíôîðìàöè-

îííûìè òåõíîëîãèÿìè â ñâîåé ïðîôåññèîíàëüíîé äåÿòåëüíîñòè.

Ïåðåä òåõíè÷åñêèìè óíèâåðñèòåòàìè ñòîèò ïðîáëåìà ïîäãîòîâêè ñïåöèàëèñòà ñ êà÷åñòâàìè,

àäàïòèðîâàííûìè ê ïîòðåáíîñòÿì îáùåñòâà. Ïîäãîòîâêà òàêèõ ñïåöèàëèñòîâ äîëæíà îñóùåñòâ-

ëÿòüñÿ ÷åðåç îáíîâëåííûé îáðàçîâàòåëüíûé ïðîöåññ. Â åãî îñíîâå � èííîâàöèîííàÿ äåÿòåëüíîñòü

ïðåïîäàâàòåëåé âûñøåé øêîëû, îðèåíòèðîâàííàÿ íà ñîâåðøåíñòâîâàíèå ïðîôåññèîíàëüíîé ïîä-

ãîòîâêè ñïåöèàëèñòà ñ ó÷åòîì ôóíäàìåíòàëüíîñòè, èíòåãðàòèâíîñòè, èíôîðìàòèçàöèè, ïðîôåñ-

ñèîíàëüíîé è ëè÷íîñòíîé îðèåíòàöèè ñòóäåíòîâ. Ïîýòîìó ïîèñê íîâûõ òåõíîëîãè÷åñêèõ ðåøåíèé

äëÿ ñîâåðøåíñòâîâàíèÿ ó÷åáíîãî ïðîöåññà ïî õèìèè ñ ó÷åòîì îòìå÷åííûõ ôàêòîðîâ è íåäîñòà-

òî÷íîñòü ðàçðàáîòàííîñòè òåîðåòè÷åñêèõ îñíîâ è ïðàêòèêè ñîâðåìåííûõ òåõíîëîãèé îáó÷åíèÿ ñ

îäíîâðåìåííûì ó÷åòîì ïîòðåáíîñòåé èíôîðìàöèîííîãî îáùåñòâà ÿâëÿåòñÿ âåñüìà àêòóàëüíîé â

íàñòîÿùåå âðåìÿ.

Â ñâÿçè ñ ýòèì àêòóàëüíûìè ñòàíîâÿòñÿ âîïðîñû ïîâûøåíèÿ ýôôåêòèâíîñòè õèìè÷åñêîé ïîä-

ãîòîâêè ñòóäåíòîâ â ÂÓÇå íà îñíîâå âíåäðåíèÿ íîâûõ èíôîðìàöèîííûõ òåõíîëîãèé.

Äëÿ ðåàëèçàöèè ïîñòàâëåííîé öåëè îò ïðåïîäàâàòåëÿ òðåáóåòñÿ òàêàÿ îðãàíèçàöèÿ ó÷åáíî-

ãî ïðîöåññà, â õîäå êîòîðîé áóäóò ó÷èòûâàòüñÿ èíäèâèäóàëüíûå îñîáåííîñòè êàæäîãî ñòóäåíòà,

âëèÿþùèå íà åãî ó÷åáíóþ äåÿòåëüíîñòü è ðåçóëüòàòû îáó÷åíèÿ. Îïûò ïðåïîäàâàíèÿ äàííîãî

êóðñà â ÂÓÇå ïîçâîëÿåò ñäåëàòü âûâîä î íåäîñòàòî÷íîñòè òðàäèöèîííûõ ñðåäñòâ ïðåäñòàâëå-

íèÿ èíôîðìàöèè è íàìåòèòü ïóòè ìîäåðíèçàöèè ïåäàãîãè÷åñêîãî ïðîöåññà çà ñ÷åò ïðèìåíåíèÿ

èíôîðìàöèîííûõ òåõíîëîãèé [1].

Èíôîðìàöèîííûå òåõíîëîãèè èãðàþò âñå áîëåå çàìåòíóþ ðîëü â îðãàíèçàöèè îáó÷åíèÿ õè-

ìèè. Ðåøåíèå õèìè÷åñêèõ çàäà÷ ïðåäñòàâëÿåò ñîáîé îäèí èç âîçìîæíûõ âàðèàíòîâ ïðèìåíåíèÿ

èíôîðìàöèîííûõ òåõíîëîãèé â ïðîöåññå îáó÷åíèÿ, ÷òî ïîçâîëÿåò ðàñøèðèòü êðóãîçîð ñòóäåíòîâ,

ïðåäîñòàâëÿåò íîâûå âîçìîæíîñòè ïåðåäà÷è èíôîðìàöèè, áîëåå øèðîêîãî ïðèìåíåíèÿ ñðåäñòâ

íàãëÿäíîñòè, äèàëîãîâîãî ðåæèìà îáó÷åíèÿ â ñî÷åòàíèè ñ èíäèâèäóàëèçàöèåé îáó÷åíèÿ è àêòèâ-

íîñòüþ ñòóäåíòîâ.

Ïðèìåíåíèå ñîâðåìåííûõ èíôîðìàöèîííûõ òåõíîëîãèé â ïðîöåññå îáó÷åíèÿ õèìèè âîçìîæ-

íî åùå è â òåõ ñëó÷àÿõ, êîãäà ïîñòàíîâêà ýêñïåðèìåíòà äëÿ èññëåäîâàíèÿ îòäåëüíûõ âîïðîñîâ

ïðåäñòàâëÿåòñÿ ïðîáëåìàòè÷íîé è ñëîæíîé, íàïðèìåð, ïðè óñòàíîâëåíèè âèäà ðàäèàëüíîãî ðàñ-

ïðåäåëåíèÿ âîëíîâîé ôóíêöèè àòîìà èëè ôîðìû ãèáðèäíîé îðáèòàëè àòîìà [2].

Ïðîãðàììà Delphi ÿâëÿåòñÿ äîïîëíåíèåì ê îñíîâíîìó êóðñó äèñöèïëèíû ¾Õèìèÿ¿. Ïîäîáíûé

ïðîãðàììíûé ïðîäóêò îáåñïå÷èâàåò ïðåïîäàâàòåëþ íå òîëüêî âîçìîæíîñòü âûïîëíÿòü ñëîæíûå

ìàòåìàòè÷åñêèå ðàñ÷åòû, íî è áûñòðî ðåøàòü ìíîãèå çàäà÷è õèìèè. Îñíîâíîé àëãîðèòì è âîç-

ìîæíîñòè ïðîãðàììû çàêëþ÷àþòñÿ â ïîñòàíîâêå çàäà÷è.

Çàäà÷à 1. Âîëíîâûå ôóíêöèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà.
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Ðèñóíîê 1 Îêíî ââîäà äàííûõ äëÿ çàäà÷è ¾Âîëíîâûå ôóíêöèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà¿

Âîëíîâûå ôóíêöèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà ÿâëÿþòñÿ ðåøåíèÿìè ñîîòâåòñòâóþùåãî óðà-

âíåíèÿ Øðåäèíãåðà. Îáùèé âèä èõ ñëåäóþùèé:

Ψn(z) =

(
1

(π ∗ x0 ∗ 2n ∗ n!)1/2

)
∗Hn(z) ∗ e−z∗z/2, (1)

ãäå z = x/x0(
1

(π∗x0∗2n∗n!)1/2

)
- íîðìèðîâî÷íûé ìíîæèòåëü.

Hn(z) = (−1)n ∗ ez∗z ∗
(
∂ne−z∗z

∂zn

)
- ïîëèíîìû Ýðìèòà. (2)

Ïîëèíîìû Ýðìèòà óäîâëåòâîðÿþò ñëåäóþùåìó ðåêóððåíòíîìó ñîîòíîøåíèþ:

Hn+1(z) = 2 ∗ [z ∗Hn(z)− n ∗Hn−1(z)] (3)

Ïðè ýòîì H0 = 1, H1 = 2 ∗ z.

Ñîñòàâèòü â ñðåäå ïðîãðàììèðîâàíèÿ Delphi ïðîãðàììó: ðàñ÷åòà çíà÷åíèé âîëíîâûõ ôóíêöèé

ãàðìîíè÷åñêîãî îñöèëëÿòîðà â èíòåðâàëå 0 ≤ z ≤ b ñ øàãîì h; ïîñòðîåíèÿ ãðàôèêîâ âîëíîâûõ

ôóíêöèé ψn(z) â èíòåðâàëå −b ≤ z ≤ b.

Çàäàíèå 1.1 - ðàññ÷èòàòü, èñïîëüçóÿ ñîñòàâëåííóþ ïðîãðàììó (ðèñ. 1, ðèñ. 2, ðèñ. 3), çíà÷åíèÿ

âîëíîâîé ôóíêöèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà â èíòåðâàëå 0 ≤ z ≤ 2 ñ øàãîì 0,2.

Èñïîëüçóÿ ñâîéñòâà ñèììåòðèè, ïîñòðîèòü ãðàôèêè ïåðâûõ ïÿòè âîëíîâûõ ôóíêöèé ψn(z) â

èíòåðâàëå −2 ≤ z ≤ +2.

Óêàçàíèÿ ê âûïîëíåíèþ: ðàñ÷åò çíà÷åíèé âîëíîâûõ ôóíêöèé ïðîèçâîäèòñÿ ïî ôîðìóëå (1) â

çàäàííîì èíòåðâàëå. Çíà÷åíèÿ ïîëèíîìîâ Ýðìèòà âû÷èñëÿþòñÿ ïî ðåêóððåíòíîé ôîðìóëå (3). Â

êà÷åñòâå âõîäíûõ âåëè÷èí èñïîëüçîâàòü ïîðÿäîê ïîëèíîìà n (íîìåð âîëíîâîé ôóíêöèè îò 0 äî

ìàêñèìóì 10) è çíà÷åíèå x0 = 1.

Çàäà÷à 2. Ðàñ÷åò âîäîðîäîïîäîáíûõ âîëíîâûõ ôóíêöèé.

Ðåøåíèÿìè ðàäèàëüíîãî óðàâíåíèÿ Øðåäèíãåðà äëÿ âîäîðîäîïîäîáíîãî àòîìà ÿâëÿþòñÿ âîë-

íîâûå ôóíêöèè, çàâèñÿùèå òîëüêî îò ðàññòîÿíèÿ äî ÿäðà � ðàäèàëüíûå âîëíîâûå ôóíêöèè.

Ïåðâûå øåñòü ðàäèàëüíûõ ôóíêöèé, ñîîòâåòñòâóþùèõ ãëàâíîìó êâàíòîâîìó ÷èñëó n = 1, 2, 3

ïðèâåäåíû â òàáëèöå 1.
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Ðèñóíîê 2 Òàáëèöà çíà÷åíèé ôóíêöèè ãàðìîíè÷åñêîãî îñöèëëÿòîðà

 

Ðèñóíîê 3 Ãðàôèê âîëíîâîé ôóíêöèè èç çàäàíèÿ 1.1

Òàáëèöà 1 Ðàäèàëüíûå ôóíêöèè, ñîîòâåòñòâóþùèå ãëàâíîìó êâàíòîâîìó ÷èñëó n = 1, 2, 3

Îðáèòàëü Âîëíîâàÿ ôóíêöèÿ A
1s A ∗ e−ρ z ∗ 5.14

2s A ∗ (2− ρ) ∗ e−ρ/2 z ∗ 1.53

2p A ∗ ρ ∗ e−ρ/2 z ∗ z ∗ 1.65

3s A ∗ (27− 18 ∗ ρ+ 2 ∗ ρ ∗ ρ) ∗ e−ρ/3 z ∗ 0.0845

3p A ∗ ρ ∗ (6− ρ) ∗ e−ρ/3 z ∗ 0.119

3d A ∗ ρ ∗ ρ ∗ e−ρ/3 z ∗ z ∗ z ∗ 0.186

ãäå A íîðìèðîâî÷íûé ìíîæèòåëü, ρ = z ∗ r/a0

z � ýôôåêòèâíûé çàðÿä ÿäðà, ðàññ÷èòàííûé ïî ïðàâèëó Ñëåéòåðà.
a0 = 0, 0529 íì.
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Ðèñóíîê 4 Îêíî ââîäà äàííûõ äëÿ Na â çàäà÷å �Ðàñ÷åò âîäîðîäîïîäîáíûõ âîëíîâûõ ôóíêöèé¿

 

Ðèñóíîê 5 Òàáëèöà çíà÷åíèé âîäîðîäîïîäîáíîé ôóíêöèè

Ôóíêöèÿ ðàäèàëüíîãî ðàñïðåäåëåíèÿ (ïëîòíîñòü âåðîÿòíîñòè) îïðåäåëÿåòñÿ ñëåäóþùèì îá-

ðàçîì:

W (ρ) = ρ ∗ ρ ∗R2
n1(ρ) (4)

Ñîñòàâèòü â ñðåäå ïðîãðàììèðîâàíèÿ Delphi ïðîãðàììó: ðàñ÷åòà çíà÷åíèé îäíîé èç ðàäèàëü-

íîé âîëíîâîé ôóíêöèè Rn1(ρ) è ôóíêöèè ðàäèàëüíîãî ðàñïðåäåëåíèÿ W (ρ) â èíòåðâàëå ðàññòî-

ÿíèé r îò 0 äî b ñ øàãîì h; ïîñòðîåíèÿ ãðàôèêîâ ýòèõ ôóíêöèé; îïðåäåëåíèÿ óçëîâûõ òî÷åê

âîëíîâîé ôóíêöèè è òî÷åê ìàêñèìóìà ôóíêöèè ðàäèàëüíîãî ðàñïðåäåëåíèÿ [3].

Çàäàíèå 2.1 - Ðàññ÷èòàòü, èñïîëüçóÿ ñîñòàâëåííóþ ïðîãðàììó (ðèñ. 4, ðèñ. 5, ðèñ. 6), çíà÷åíèÿ

îäíîé èç ðàäèàëüíîé âîëíîâîé ôóíêöèè Rn1(ρ) è ôóíêöèè ðàäèàëüíîãî ðàñïðåäåëåíèÿW (ρ) äëÿ

òðåõ ýëåìåíòîâ òàáëèöû Ä.È. Ìåíäåëååâà ïî çàäàíèþ ïðåïîäàâàòåëÿ â èíòåðâàëå ðàññòîÿíèé r

îò 0 äî 2, 5A◦, ñ øàãîì 0, 1A◦.

Ïîñòðîèòü ãðàôèêè ýòèõ ôóíêöèé, îïðåäåëèòü óçëîâûå òî÷êè âîëíîâîé ôóíêöèè è òî÷êè

ìàêñèìóìà ðàäèàëüíîé âîëíîâîé ôóíêöèè.

Íàïèñàíèå ïðîãðàììû, îïðåäåëÿþùåé ðåøåíèå óðàâíåíèÿØðåäèíãåðà (ïðåäñòàâëÿþùåé ñëîæ-

íóþ ìàòåìàòè÷åñêóþ çàäà÷ó), ïîãëîùàåò âðåìåíè ãîðàçäî áîëüøå, ÷åì äîïóñòèìî â ó÷åáíîé îá-

ñòàíîâêå. Ïîýòîìó ïðîãðàììû ãîòîâÿòñÿ çàðàíåå (ïðåïîäàâàòåëåì), à ñòóäåíò, ðàáîòàÿ ñ çàãðóçî÷-

íûìè ìîäóëÿìè, ìåíÿåò òîëüêî âõîäíûå ïàðàìåòðû, (ïî çàäàíèþ ïðåïîäàâàòåëÿ) íî íå ñàì òåêñò

ïðîãðàììû. Òàêîé ìåòîä îáó÷åíèÿ ïîìîæåò ñòóäåíòó ïåðåõîäèòü ñðàçó îò ïîñòàíîâêè çàäà÷è è

ïðåäñòàâëåíèÿ ïðèíöèïèàëüíûõ ïóòåé åå ðåøåíèÿ ê ïîëó÷åíèþ è èíòåðïðåòàöèè ôèçè÷åñêèõ ðå-

çóëüòàòîâ. Ñýêîíîìëåííîå íà ïðîãðàììèðîâàíèè è ïðîâåäåíèè ìàòåìàòè÷åñêèõ ïðåîáðàçîâàíèé

âðåìÿ äàåò ñòóäåíòó âîçìîæíîñòü ðàññìîòðåòü áîëüøåå ÷èñëî ôèçè÷åñêèõ ñèòóàöèé è ïîëó÷èòü

íà îñíîâå èçîáðàæåíèé íàãëÿäíûå ïðåäñòàâëåíèÿ î âîëíîâîé ïðèðîäå êâàíòîâî-ìåõàíè÷åñêèõ



Ìàòåìàòè÷åñêèå òåõíîëîãèè 29 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

 

Ðèñóíîê 6 Ãðàôèê ðàäèàëüíîé âîëíîâîé ôóíêöèè

 

Ðèñóíîê 7 Óçëîâûå òî÷êè ðàäèàëüíîé âîëíîâîé ôóíêöèè

 

Ðèñóíîê 8 Ãðàôèê ôóíêöèè ðàäèàëüíîãî ðàñïðåäåëåíèÿ
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Ðèñóíîê 9 Òî÷êè ìàêñèìóìà ôóíêöèè ðàäèàëüíîãî ðàñïðåäåëåíèÿ

ÿâëåíèé.

Òàêèì îáðàçîì, ñîâðåìåííûå èíôîðìàöèîííûå òåõíîëîãèè îòêðûâàþò ñòóäåíòàì äîñòóï ê

íåòðàäèöèîííûì èñòî÷íèêàì èíôîðìàöèè, äàþò ñîâåðøåííî íîâûå âîçìîæíîñòè äëÿ òâîð÷å-

ñòâà, îáðåòåíèÿ è çàêðåïëåíèÿ ðàçëè÷íûõ ïðîôåññèîíàëüíûõ íàâûêîâ, ïîçâîëÿþò ðåàëèçîâàòü

ïðèíöèïèàëüíî íîâûå ôîðìû è ìåòîäû îáó÷åíèÿ ñ ïðèìåíåíèåì ñðåäñòâ êîíöåïòóàëüíîãî è ìà-

òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ õèìè÷åñêèõ ÿâëåíèé è ïðîöåññîâ.
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Abstract. In this paper we consider a technique for interpreting geradar's data on the prototype.

Experimental research to �nd pre-known localized object conducted with GPR. Analysis radaro-

gram conducted with representation of the problem in 3D visualization.

Keywords: georadar (GPR), interpretation, radarogram, modeling.

À­äàòïà. Á´ë ìà©àëàäà òºæiðèáåëiê ³ëãi ³øií ãåîðàäàðëû© ìºëiìåòòåðäi èíòåðïðåòàöèÿ-

ëàó òºñiëi êåëòiðiëåäi. Ãåîðàäàðäû­ êîìåãiìåí àëäûí-àëà áåëãiëi, î©øàóëàí¡àí îáúåêòiíi içäåó
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ýêñïåðèìåíòòiê çåðòòåói êåëòiðiëãåí. Ðàäàðîãðàììàëàðäû òàëäàó ©îéûë¡àí åñåïòi­ 3D âèçóà-

ëèçàöèÿñûí êåëòiðó àð©ûëû æàñàë¡àí.

Êiëòòiê ñ°çäåð: ãåîðàäàð, èíòåðïðåòàöèÿ, ðàäàðîãðàììà, ìîäåëüäåó.

Àííîòàöèÿ. Â ðàáîòå ïðèâîäèòñÿ ìåòîäèêà ïî èíòåðïðåòàöèè ãåðàäàðíûõ äàííûõ íà îïûò-

íîì îáðàçöå. Ïðîâåäåíû ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ïî ïîèñêó çàðàíåå èçâåñòíîãî ëîêà-

ëèçîâàííîãî îáúåêòà ñ ïîìîùüþ ãåîðàäàðà. Ïðîâåäåí àíàëèç ðàäàðîãðàìì ñ ïðåäñòàâëåíèåì

3D âèçóàëèçàöèè ïîñòàâëåííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ãåîðàäàð, èíòåðïðåòàöèÿ, ðàäàðîãðàììà, ìîäåëèðîâàíèå.

Êàê ñëåäóåò èç ðÿäà ðàáîò ïîäïîâåðõíîñòíîñòíîé ðàäèîëîêàöèè [1, 2] ïðèâîäÿòñÿ îáøèðíàÿ

ìåòîäèêà ïî èíòåðïðåòàöèè ãåîðàäàðíûõ äàííûõ. Â îñíîâíîì ýòè ðàáîòû ïîñâÿùåíû îáúåêòàì

ïðîòÿæåííîé äëèíû. Ïî èíòåðïðåòàöèè äàííûõ äëÿ ëîêàëèçîâàííûõ îáúåêòîâ ñ èõ ãåîýëåêòðè÷å-

ñêèõ ñâîéñòâàìè ìåòîäèêè èíòåðïðåòàöèè ðàçðàáîòàíû â íåäîñòàòî÷íîé ìåðå. Ñ äðóãîé ñòîðîíû

â ñóùåñòâóþùèõ ïðîãðàììíûõ îáåñïå÷åíèÿõ, â ÷àñòíîñòè âõîäÿùåãî â êîìïëåêò ãåîðàäàðà ¾Ëî-

çà¿ â íåäîñòàòî÷íîé ìåðå îïèñàíû ìåòîäèêè îïðåäåëåíèÿ ãåîýëåêòðè÷åñêèõ ñâîéñòâ èññëåäóåìûõ

îáúåêòîâ. Ïîñêîëüêó ýòè ïðîãðàììû íîñÿò êîììåð÷åñêèé õàðàêòåð.

Â ñâÿçè ñ ýòèì íàìè ïðîâåäåí ýêñïåðèìåíò ñ çàäàííîé ãëóáèíîé çàëåãàíèÿ è ãåîýëåêòðè÷å-

ñêèìè ñâîéñòâàìè îáúåêòà. Ýêñïåðèìåíò ñîñòîÿë â ñëåäóþùåì: ìåòàëëè÷åñêèé äèñê (ðàçìåðû:

äèàìåòð - 30 ñì, âûñîòà - 8 ñì) áûë çàêîïàí íà ãëóáèíó 55 ñì. (Ðèñ. 1 à).

Äëÿ ïðîâåäåíèÿ ýêñïåðèìåíòà ïî ìåòîäó çîíäèðîâàíèÿ ñ ðàçíîñîì àíòåíí áûëà ñäåëàíà ðàç-

ìåòêà (Ðèñ.1 á)

Ðèñóíîê 1 Íà÷àëî ýêñïåðèìåíòà

Äëÿ èññëåäîâàíèÿ áûë èñïîëüçîâàí ãåîðàäàð Ëîçà 1Â àíòåííàìè ñ öåíòðàëüíîé ÷àñòîòîé

300 ÌÃö (äëèíà 50 ñì) è øàãîì 30 ñì. (Ðèñ.2 à). Äàííûå ðàäàðîãðàìì ïîëó÷åííûõ ãåîðàäàðîì

ïðåäñòàâëåíû (Ðèñ.2 á)

Èñïîëüçóÿ ïðîãðàììó ¾Êðîò¿ âûÿâëåíà ñëåäóþùàÿ êàðòèíà (Ðèñ.3) îòêóäà âèäíî ÷òî ãëóáèíà

çàëåãàíèÿ ñîãëàñíî äàííûõ ãåîðàäàðà ñîñòàâëÿåò 56 ñì., êîòîðàÿ ñîâïàäàåò ñ èñõîäíûì äàííûì

ñ ïîãðåøíîñòüþ 1 ñì. Çäåñü ãîäîãðàô ïîêàçûâàåò ñêîðîñòü 3.74, ãëóáèíó 56 è ïðîíèöàåìîñòü

16,09. Ïî òàáëèöå ýëåêòðè÷åñêèõ õàðàêòåðèñòèê ïî÷â è ïîðîä íà ÷àñòîòå 300 ÌÃö, äàííûå ïî

íàøåìó èçìåðåíèþ ñîîòâåòñòâóåò ãëèíèñòîé âëàæíîé ïî÷âå. Ïî õàðàêòåðíîé "ïàðàáîëå"ìîæíî

îïðåäåëèòü ãðàíèöû ëîêàëèçîâàííîãî îáúåêòà.

Çàòóõàíèå ýëåêòðîìàãíèòíûõ âîëí â èçëó÷àåìîé ñðåäå ïðèâåäåíû íà Ðèñ. 4 è Ðèñ. 5.
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Ðèñóíîê 2 Ïîëó÷åííûå äàííûå

Ðèñóíîê 3 Ïðîãðàììà ¾Êðîò¿

Ðèñóíîê 4 Âèä çàïèñàííûõ ïðèåìíîé àíòåííîé ãåîðàäàðà îòðàæåííûõ ýëåêòðîìàãíèòíûõ âîëí
ñîáðàííûõ â 3D ôîðìàò

Ïðèâåäåì ðåçóëüòàòû äàííûõ ðàäàðîãðàìì ïðîâåäåííûõ äëÿ ðåàëüíîãî ýêñïåðèìåíòà îïèñàí-

íûõ â ðàáîòàõ [3-6] (Ðèñ.4)

Âûâîä: äàííûå ðàäàðîãðàìì ïîëó÷åííûå äëÿ îïûòíîãî îáðàçöà è äëÿ ðåàëüíîãî èññëåäîâàíèÿ

äàþò çàêëþ÷åíèå î òîì, ÷òî åñëè ìû íà ðàäàðîãðàììàõ ïîëó÷àåì âûøåèçëîæåííûå äàííûå, òî

ìîæåì óòâåðæäàòü ÷òî ïîä ïîâåðõíîñòüþ ìû èìååì ëîêàëèçîâàííûé îáúåêò è ìîæåì îïðåäåëèòü

åå ãðàíèöû. Òàê æå, ïî äàííîé ìåòîäèêå ìû ìîæåì âûÿñíèòü ãëóáèíó çàëåãàíèÿ, è ãåîýëåêòðè-

÷åñêèå ñâîéñòâà îáúåêòà.

Ïîääåðæàíî ãðàíòîì ÌÎÍ ÐÊ ÃÔ 2 Äîãîâîð � 977 îò 02.03.12 (ðóê. ïðîô. Áåêòåìåñîâ Ì.À.).
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Ðèñóíîê 5 Âèä çàïèñàííûõ ïðèåìíîé àíòåííîé ãåîðàäàðà îòðàæåííûõ ýëåêòðîìàãíèòíûõ âîëí
ñîáðàííûõ â 3D ôîðìàò(â öâåòîâîé ïàëèòðå)

Ðèñóíîê 6 Çäåñü ïî ïîä "ïàðàáîëîé"íàõîäèòñÿ êâàäðàòíûé ëîêàëèçîâàííûé îáúåêò
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ÓÄÊ 004

¾MSC SOFTWARE¿ ÌÈÐÎÂÎÉ ËÈÄÅÐ Â ÎÁËÀÑÒÈ ÂÈÐÒÓÀËÜÍÎÉ

ÐÀÇÐÀÁÎÒÊÈ ÈÇÄÅËÈÉ

Ñ.Ò. Êàçàêáàåâ

ÒÎÎ ¾RAM Trade company¿, ã. Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí

Abstract. This article focuses on the software of the American corporation ¾MSC Software¿,

and speci�cally its modules Adams and Easy5 for virtual simulation of complex machinery, tools

and products. It is shown that the use of this software can signi�cantly shorten the design and

manufacture of machinery, structures and buildings. Application programs ¾MSC Software¿ allows

you to explore dozens, hundreds or even thousands of design options, compare and select the

best, improve and develop future product, spending is many times less time and money than with

traditional approaches.

À­äàòïà. Îñû ìà©àëà àìåðèêàíäû© "MSC Software" äåãåí êîðïîðàöèÿñûíû­ áà¡äàðëàìà-

ëû© ©àìñûçäàíäûðóûíà àðíàë¡àí. Îñû áà¡äàðëàìàëû© ©àìñûçäàíäûðóäû­ ¾Adams¿ æºíå

¾Easy5¿ ìîäóëüäàðû ê³ðäåëi ìàøèíàíû­, òåòiêòåðäi­ æºíå á´éûìäàðäû­ àóàíè ìîäåëüäåóãå

ì³ìêií áåðåäi. Îñû áà¡äàðëàìàëû© ©àìñûçäàíäûðóäû­ ©îëäàíûñû òåòiêòi­ æºíå ¡èìàðàò-

òàðäû­ æîáàëàó æºíå æàñàó ìåðçiìäåðäiíi ©ûñ©àðòàäû. "MSC Software"äåãåí áà¡äàðëàìàíû­

©îëäàíûñû ìû­äà¡àí êîíñòðóêöèÿíû­ í´ñ©àñûíû­ çåðòòåóãå, ñàëûñòûðó¡à æºíå æåòiëäiðóãå

ì³ìêií áåðåäi.

Àííîòàöèÿ. Äàííàÿ ñòàòüÿ ïîñâÿùåíà ïðîãðàììíîìó îáåñïå÷åíèþ àìåðèêàíñêîé êîðïîðà-

öèè ¾MSC Soft-ware¿, à êîíêðåòíî åãî ìîäóëÿì Adams è Easy5 äëÿ âèðòóàëüíîãî ìîäåëèðîâà-

íèÿ ñëîæíûõ ìàøèí, ìåõàíèçìîâ è èçäåëèé. Ïîêàçàíî, ÷òî ïðèìåíåíèå äàííîãî ïðîãðàììíîãî

îáåñïå÷åíèÿ ïîçâîëÿåò çíà÷èòåëüíî ñîêðàòèòü ñðîêè ïðîåêòèðîâàíèÿ è èçãîòîâëåíèÿ ìåõà-

íèçìîâ, ñîîðóæåíèé è çäàíèé. Ïðèìåíåíèå ïðîãðàìì ¾MSC Software¿ ïîçâîëÿåò èññëåäîâàòü

äåñÿòêè, ñîòíè è äàæå òûñÿ÷è âàðèàíòîâ êîíñòðóêöèè, ñðàâíèâàòü è âûáèðàòü ëó÷øèé, ñîâåð-

øåíñòâîâàòü è ñîâåðøåíñòâîâàòü áóäóùåå èçäåëèå, òðàòÿ íà ýòî âî ìíîãî ðàç ìåíüøå âðåìåíè

è ñðåäñòâ, ÷åì ïðè èñïîëüçîâàíèè òðàäèöèîííûõ ïîäõîäîâ.

Êàæäûé äåíü ñîòíè òûñÿ÷ ñïåöèàëèñòîâ â ñàìûõ ðàçíûõ óãîëêàõ ìèðà îáðàùàþòñÿ ê ïðî-

äóêöèè êîðïîðàöèè MSC Software. Ñðåäè íèõ íå òîëüêî ñîòðóäíèêè àâèàöèîííûõ è êîñìè÷åñêèõ
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ïðåäïðèÿòèé, ãäå ýòà ñèñòåìà ôàêòè÷åñêè ÿâëÿåòñÿ ìèðîâûì ñòàíäàðòîì ñåðòèôèêàöèè. Ñ íåé

ðàáîòàþò àâòîìîáèëåñòðîèòåëè è ñóäîñòðîèòåëè, æåëåçíîäîðîæíèêè, ñïåöèàëèñòû â îáëàñòè ìà-

øèíîñòðîåíèÿ è ýëåêòðîíèêè, ïðèáîðîñòðîåíèÿ, ñòðîèòåëüñòâà è öåëîãî ðÿäà äðóãèõ îòðàñëåé.

Êîìïüþòåðíûå òåõíîëîãèè MSC îáåñïå÷èâàþò ñåãîäíÿ íå òîëüêî ñàìûé øèðîêèé ñïåêòð íà-

óêîåìêèõ èíæåíåðíûõ ðàñ÷åòîâ: ïðî÷íîñòè, äèíàìèêè, êèíåìàòèêè, òåïëîïåðåäà÷è, àêóñòèêè,

àýðîóïðóãîñòè, äîëãîâå÷íîñòè, ðåñóðñà è ò.ä., íî òàêæå ïîçâîëÿþò âèðòóàëüíî ìîäåëèðîâàòü òåõ-

íîëîãè÷åñêèå ïðîöåññû èçãîòîâëåíèÿ, ñáîðêè èçäåëèé, èõ ðàáîòó â óñëîâèÿõ ðåàëüíîé ýêñïëóàòà-

öèè. Òàêèå òåõíîëîãèè îáåñïå÷èâàþò ñîçäàíèå ïîäðîáíûõ êîìïüþòåðíûõ ìîäåëåé ñëîæíûõ ìà-

øèí è ìåõàíèçìîâ, à òàêæå ïðîâåäåíèå ïîäðîáíîãî àíàëèçà èõ ôóíêöèîíèðîâàíèÿ â ðàçëè÷íûõ

óñëîâèÿõ. Òàêèì îáðàçîì, åùå íà ðàííèõ ñòàäèÿõ ïðîåêòèðîâàíèÿ ñîçäàþòñÿ âûñîêîòî÷íûå êîì-

ïüþòåðíûå ìîäåëè. Ïðèìåíåíèå äàííûõ ìîäåëåé çíà÷èòåëüíî ñîêðàùàåò ñðîêè ïðîåêòèðîâàíèÿ

è èçãîòîâëåíèÿ èçäåëèé ïðè çíà÷èòåëüíîì ïîâûøåíèè èõ êà÷åñòâà, ÷òî îáåñïå÷èâàåò áûñòðûé

âûõîä íà ðûíîê ñ íîâîé ïðîäóêöèåé è ïîëó÷åíèå âûñîêîé îòäà÷è îò âëîæåííûõ èíâåñòèöèé.

Ïðè ýòîì çíà÷èòåëüíî ñîêðàùàåòñÿ ÷èñëî íàòóðíûõ ýêñïåðèìåíòîâ ïóòåì çàìåíû èõ íà áûñò-

ðîå, ýôôåêòèâíîå è òî÷íîå êîìïüþòåðíîå ìîäåëèðîâàíèå íà îñíîâå ñîçäàâàåìûõ âèðòóàëüíûõ

ìîäåëåé ñëîæíûõ ìàøèí è ìåõàíèçìîâ. Êîìïüþòåðíûå ìîäåëè íå òîëüêî ïîçâîëÿþò ñîçäàâàòü

íîâåéøèå èçäåëèÿ â ñàìûå ñæàòûå ñðîêè, íî è ñîïðîâîæäàþò èõ íà âñåì èõ æèçíåííîì öèêëå,

ïîçâîëÿÿ ðåøàòü ðàçëè÷íûå ýêñïëóàòàöèîííûå çàäà÷è, âêëþ÷àÿ àâàðèéíûå ñèòóàöèè, è ïðîâî-

äèòü îïåðàòèâíûå ìîäèôèêàöèè, îáåñïå÷èâàÿ ïîñòîÿííûé âûñîêèé óðîâåíü ýêñïëóàòàöèîííûõ

õàðàêòåðèñòèê, áîëüøîé ðåñóðñ, áåçîïàñíîñòü, íàä¼æíîñòü è êà÷åñòâî èçäåëèé. ×òî áû íè âû-

ïóñêàëà Âàøà ôèðìà � àâèàöèîííóþ èëè àâòîìîáèëüíóþ òåõíèêó, ýëåêòðîííîå îáîðóäîâàíèå,

ìåäèöèíñêèå ïðèáîðû èëè, ê ïðèìåðó, âûñîêîêà÷åñòâåííûé ñïîðòèâíûé èíâåíòàðü, êàêèå áû

ðàñ÷åòíûå èëè èññëåäîâàòåëüñêèå çàäà÷è Âû è Âàøè êîëëåãè íè ðåøàëè, ìîæåòå áûòü óâåðåíû:

ïðèìåíåíèå ïðîäóêòîâ MSC Software Corporation äàñò Âàì òó íàäåæíîñòü è ôóíêöèîíàëüíîñòü,

î êîòîðîé Âû âñåãäà ìå÷òàëè, îáåñïå÷èò ýêîíîìè÷åñêóþ ýôôåêòèâíîñòü, áåç êîòîðîé íåâîçìîæåí

óñïåõ â ñîâðåìåííûõ óñëîâèÿõ ðûíî÷íîé ýêîíîìèêè. Ýòè êà÷åñòâà ïðîãðàììíûõ ïðîäóêòîâ MSC

èñïîëüçóþò âåäóùèå ôèðìû ïðàêòè÷åñêè âñåõ ñòðàí ìèðà. Ñ 1992 ãîäà îíè äîñòóïíû â Ðîññèè è

ñòðàíàõ ÑÍÃ.

MSC Software ñ 1963 ã. ÿâëÿåòñÿ ëèäåðîì â ðàçðàáîòêå è ïîñòàâêå êîìïüþòåðíûõ ñèñòåì èíæå-

íåðíîãî àíàëèçà (CAE � Computer Aided Engineering). Â 60-å ãîäû MSC ðàçðàáîòàëà è óñïåøíî

ñäàëà ïî çàêàçó NASA è ïðàâèòåëüñòâà ÑØÀ ñóïåðñèñòåìó òîãî âðåìåíè NASTRAN (NASA

STRuctural ANalysis). Ñ íà÷àëà 70-õ ãîäîâ MSC íå òîëüêî àêòèâíî ïðîäîëæàåò ñîâåðøåíñòâîâà-

íèå ñèñòåìû NASTRAN â âèäå ñîáñòâåííîé âåðñèè MSC Nastran, íî è âåäåò ðàçðàáîòêó øèðîêîãî

ñïåêòðà èíæåíåðíûõ ñèñòåì, èíòåãðèðóÿ èõ ñ MSC Nastran, ïîñòîÿííî âêëàäûâàÿ áîëüøèå ñðåä-

ñòâà â èññëåäîâàíèÿ è ðàçðàáîòêè. Ýòè âëîæåíèÿ îáåñïå÷èâàþò êîìïüþòåðíûì òåõíîëîãèÿì MSC

ñàìûé âûñîêèé óðîâåíü è âåäóùåå ìåñòî â îòðàñëè, à òàêæå äàëüíåéøåå óñêîðåííîå ðàçâèòèå

ïðîäóêòîâ MSC, ïîçâîëÿÿ èì âáèðàòü â ñåáÿ âñå íîâåéøèå òåõíîëîãèè, ìåòîäû, àëãîðèòìû, òåì

ñàìûì óêðåïëÿÿ àâòîðèòåò MSC êàê ïðèçíàííîãî ìèðîâîãî ëèäåðà è ñàìîãî íàäåæíîãî ïàðòíåðà.

Â êîíöå 90-õ ãîäîâ âåäóùèå ìèðîâûå ïðîèçâîäèòåëè àâèàöèîííî-êîñìè÷åñêîé è àâòîìîáèëüíîé

òåõíèêè ïîñòàâèëè ïåðåä MSC, êàê ïåðåä ëèäåðîì CAE ðûíêà, çàäà÷ó ïî ðàçðàáîòêå è ïîñòàâ-

êå èíæåíåðíûõ êîìïüþòåðíûõ òåõíîëîãèé íîâîãî óðîâíÿ, ïðèìåíåíèå êîòîðûõ ïîçâîëèëî áû

êîìïàíèÿì äîñòè÷ü ïîâûøåíèÿ êà÷åñòâà è íàäåæíîñòè èçäåëèé ïðè çíà÷èòåëüíîì ñîêðàùåíèè

ñðîêîâ öèêëà �ïðîåêòèðîâàíèå -ïðîèçâîäñòâî�, ñóùåñòâåííîì óìåíüøåíèè êîëè÷åñòâà îïûòíûõ

îáðàçöîâ è íàòóðíûõ èñïûòàíèé, ñîêðàùåíèè çàòðàò è óâåëè÷åíèè ïðèáûëè. Êîìïàíèÿ Boeing
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òàê ñôîðìóëèðîâàëà äàííóþ çàäà÷ó: ¾Öåëü ñîñòîèò â òîì, ÷òîáû ïåðåéòè îò 60-ìåñÿ÷íîãî öèêëà

ñîçäàíèÿ èçäåëèÿ ê 12-ìåñÿ÷íîìó è ñäåëàòü çà 1 ìëðä.äîëëàðîâ òî, ÷òî ìû äåëàëè çà 6 èëè 7 ìëðä.

äîëëàðîâ¿. Âûïîëíåíèå äàííîãî çàêàçà ïðîìûøëåííîñòè òðåáóåò êîíöåíòðàöèè âñåõ âîçìîæíûõ

ðåñóðñîâ.

ADAMS

Èíñòðóìåíò âèðòóàëüíîãî ìîäåëèðîâàíèÿ ìàøèí, ìåõàíèçìîâ è èçäåëèé â ñáîðå

Ðèñóíîê 1 Ìîäåëü ãàçîðàñïðåäåëèòåëüíîãî ìåõàíèçìà äâèãàòåëÿ âíóòðåííåãî ñãîðàíèÿ

Ïðîãðàììíûå ïðîäóêòû ñåìåéñòâà Adams � íàèáîëåå øèðîêî èñïîëüçóåìîå â ìèðå ïðîãðàìì-

íîå îáåñïå÷åíèå äëÿ âèðòóàëüíîãî ìîäåëèðîâàíèÿ ñëîæíûõ ìàøèí, ìåõàíèçìîâ è èçäåëèé â ñáîðå.

Ïðîãðàììû ñåìåéñòâà Adams èñïîëüçóþòñÿ äëÿ ðàçðàáîòêè è ñîâåðøåíñòâîâàíèÿ êîíñòðóê-

öèé ôàêòè÷åñêè âñåãî, ÷òî äâèæåòñÿ � îò ïðîñòûõ ìåõàíè÷åñêèõ è ýëåêòðîìåõàíè÷åñêèõ óñòðîéñòâ

äî àâòîìîáèëåé è ñàìîëåòîâ, æåëåçíîäîðîæíîé òåõíèêè, êîñìè÷åñêèõ àïïàðàòîâ è ò.ä. Õàðàêòåð-

íîé îñîáåííîñòüþ (è áîëüøèì äîñòîèíñòâîì) ïðîãðàììíîãî ïàêåòà Adams ÿâëÿåòñÿ ýôôåêòèâ-

íûé è ÷ðåçâû÷àéíî äðóæåñòâåííûé ãðàôè÷åñêèé èíòåðôåéñ ïîëüçîâàòåëÿ. Èñïîëüçóÿ ýòîò èí-

òåðôåéñ, ïîëüçîâàòåëü ïàêåòà Adams èìååò âîçìîæíîñòü áûñòðî ðàçðàáîòàòü ðàñ÷¼òíóþ ìîäåëü

èçäåëèÿ ñòðîÿ åå íà áàçå ãåîìåòðè÷åñêèõ ïðèìèòèâîâ, ñîçäàâàåìûõ íåïîñðåäñòâåííî â ïðåïðîöåñ-

ñîðå èëè íà áàçå ãåîìåòðè÷åñêèõ ìîäåëåé êîìïîíåíòîâ èçäåëèÿ, èìïîðòèðóåìûõ èç CAD-ñèñòåì,

çàäàòü ñâÿçè êîìïîíåíòîâ ìîäåëè (óïðóãèå, äåìïôèðóþùèå, êèíåìàòè÷åñêèå è äð.), ïðèëîæèòü

íàãðóçêè, çàïóñòèòü ðàñ÷åò è ïðîàíàëèçèðîâàòü åãî ðåçóëüòàòû. Èíòåðôåéñ ïîëüçîâàòåëÿ ïàêåòà

Adams âêëþ÷àåò ýôôåêòèâíûå ñðåäñòâà àíàëèçà ðåçóëüòàòîâ, êîòîðûå ïîçâîëÿþò â ñæàòûå ñðî-

êè íàìåòèòü ïóòè ê ñîâåðøåíñòâîâàíèþ ðàñ÷¼òíîé ìîäåëè è äîáèòüñÿ ìàêñèìàëüíîé áëèçîñòè å¼

ñâîéñòâ ê õàðàêòåðèñòèêàì ðåàëüíîãî äèíàìè÷åñêîãî ïðîöåññà, èçäåëèÿ-ïðîòîòèïà èëè ðåçóëüòà-

òàì èñïûòàíèé ôèçè÷åñêîãî îáðàçöà ðàçðàáàòûâàåìîé ìàøèíû. Ðàíüøå íà ïîëó÷åíèå ñâåäåíèé

î õàðàêòåðèñòèêàõ ðàáîòû áóäóùåãî èçäåëèÿ óõîäèëè íåäåëè, ìåñÿöû, à â íåêîòîðûõ ñëó÷àÿõ è

ãîäû, òðåáîâàëèñü îãðîìíûå ñðåäñòâà. Òåïåðü æå, èñïîëüçóÿ Adams, ìîæíî ïîëó÷èòü ïðåäñòàâ-

ëåíèå î ðàáîòå ðàçðàáàòûâàåìîãî èçäåëèÿ åù¼ äî íà÷àëà ðàñêðîÿ ìåòàëëà èëè îòëèâêè ïëàñòèêà

äëÿ èçãîòîâëåíèÿ îïûòíîãî îáðàçöà. Íà÷èíàÿ ñ ñàìûõ ðàííèõ ñòàäèé ïðîåêòèðîâàíèÿ, ìîæíî

âèäåòü êàê áóäåò ðàáîòàòü ìàøèíà è óëó÷øàòü åå ôóíêöèîíèðîâàíèå.

Ðàáîòàÿ ñ Adams, ïîëüçîâàòåëü èìååò âîçìîæíîñòü:

� Ðàçðàáàòûâàòü ðàñ÷¼òíûå ìîäåëè èññëåäóåìûõ èçäåëèé, â ìàêñèìàëüíîé ñòåïåíè ó÷èòûâàþ-

ùèõ îñîáåííîñòè èõ êîíñòðóêöèè, âêëþ÷àÿ âûñîêóþ èäåíòè÷íîñòü âíåøíåãî âèäà, ÷òî âî ìíîãèõ

ñëó÷àÿõ îáëåã÷àåò ïîñòðîåíèå ìîäåëåé, èõ îòëàäêó è àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ;
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� Âûïîëíÿòü ðàñ÷¼ò ïàðàìåòðîâ èçäåëèé, îïðåäåëÿþùèõ èõ ðàáîòîñïîñîáíîñòü è òî÷íîñòü

(ïåðåìåùåíèÿ, ñêîðîñòè è óñêîðåíèÿ êîìïîíåíòîâ èçäåëèÿ, äåéñòâóþùèå íàãðóçêè, ãàáàðèòû ïðî-

ñòðàíñòâà, íåîáõîäèìîãî äëÿ äâèæóùèõñÿ ÷àñòåé ìàøèíû è ò.ï.);

� Âûïîëíÿòü îïòèìèçàöèþ ïàðàìåòðîâ èçäåëèÿ.

Îòëè÷èòåëüíûå îñîáåííîñòè Adams:

� Øèðîêèé íàáîð âèäîâ êèíåìàòè÷åñêèõ ñâÿçåé, óïðóãèõ è äèññèïàòèâíûõ çâåíüåâ ñ ëèíåé-

íûìè è íåëèíåéíûìè õàðàêòåðèñòèêàìè, íàãðóçîê, êèíåìàòè÷åñêèõ âîçäåéñòâèé è ò.ä., äî-

ñòóïíûõ ïîëüçîâàòåëþ äëÿ ïîñòðîåíèÿ ðàñ÷¼òíîé ìîäåëè â ìàêñèìàëüíîé ñòåïåíè âîñïðî-

èçâîäÿùåé ñâîéñòâà ðåàëüíîãî èçäåëèÿ;

� Ë¼ãêîñòü èçó÷åíèÿ è èñïîëüçîâàíèÿ, òàê êàê èññëåäîâàíèå âèðòóàëüíîãî ïðîòîòèïà â Adams

ñîîòâåòñòâóåò îñíîâíûì ýòàïàì ðàáîòû ñ îïûòíûì îáðàçöîì èçäåëèÿ (ðàçðàáîòêà � èñïû-

òàíèÿ � ñîâåðøåíñòâîâàíèå);

� Ë¼ãêîñòü èçó÷åíèÿ è èñïîëüçîâàíèÿ, òàê êàê èññëåäîâàíèå âèðòóàëüíîãî ïðîòîòèïà â Adams

ñîîòâåòñòâóåò îñíîâíûì ýòàïàì ðàáîòû ñ îïûòíûì îáðàçöîì èçäåëèÿ (ðàçðàáîòêà � èñïû-

òàíèÿ � ñîâåðøåíñòâîâàíèå);

� Ýôôåêòèâíûå ñðåäñòâà âèçóàëèçàöèè ðåçóëüòàòîâ ìîäåëèðîâàíèÿ, âêëþ÷àÿ àíèìàöèþ è

ïîñòðîåíèå ãðàôèêîâ;

� Âîçìîæíîñòü ïàðàìåòðèçàöèè ðàñ÷¼òíîé ìîäåëè ìîäèôèêàöèÿ ïàðàìåòðîâ ïðèâîäèò ê àâòî-

ìàòè÷åñêîìó èçìåíåíèþ ñâîéñòâ ìîäåëè è/èëè å¼ êîíôèãóðàöèè, ïàðàìåòðû ìîäåëè ìîãóò

áûòü ñâÿçàíû ôóíêöèîíàëüíûìè çàâèñèìîñòÿìè è ò.ï.

EASY 5

Ñèñòåìà ìîäåëèðîâàíèÿ è ðàñ÷åòà ãåòåðîãåííûõ òåõíè÷åñêèõ ñèñòåì è óñòðîéñòâ

Ñïåöèàëèçèðîâàííûé ïðîäóêò äëÿ ìîäåëèðîâàíèÿ ñëîæíûõ òåõíè÷åñêèõ ñèñòåì è óñòðîéñòâ

íà ñõåìíîì óðîâíå

Easy5 ïðåäîñòàâëÿåò âîçìîæíîñòè äëÿ ìîäåëèðîâàíèÿ øèðîêîãî êðóãà ñëîæíûõ òåõíè÷åñêèõ

ñèñòåì è óñòðîéñòâ: öèôðîâûõ è àíàëîãîâûõ ñèñòåì óïðàâëåíèÿ, ãèäðîïðèâîäîâ, ïíåâìàòè÷å-

ñêèõ, ìåõàíè÷åñêèõ è ýëåêòðè÷åñêèõ óñòðîéñòâ. Ìîäåëèðîâàíèå â Easy5 ïðîèñõîäèò íà ñèñòåìíîì

óðîâíå ïîñðåäñòâîì èñïîëüçîâàíèÿ íåîáõîäèìûõ ôóíêöèîíàëüíûõ áëîêîâ, ñîåäèíÿåìûõ ìåæäó

ñîáîé ñâÿçÿìè.

Easy5 ëåãêî èíòåãðèðóåòñÿ ñ Adams, ÷òî ïîçâîëÿåò ñîçäàâàòü ïîëíîöåííûå âèðòóàëüíûå ïðî-

òîòèïû ìåõàíè÷åñêèõ ñèñòåì (ñ ó÷åòîì ïîäàòëèâîñòè êàê âñåãî ìåõàíèçìà, òàê è îòäåëüíûõ åãî

÷àñòåé) ñ ñèñòåìîé óïðàâëåíèÿ: â Adams ìîäåëèðóåòñÿ ìåõàíè÷åñêàÿ ÷àñòü� ìåõàíèçìû, èçäåëèÿ

â öåëîì (íàïðèìåð, àâòîìîáèëü, ãóñåíè÷íàÿ òåõíèêà), à â Easy5� ñèñòåìà óïðàâëåíèÿ, ãèäðàâëè-

êà, ïíåâìàòèêà, ýëåêòðè÷åñêèå ñèñòåìû è ò.ä. Ñîçäàíèå ïîëíîöåííûõ âèðòóàëüíûõ ïðîòîòèïîâ

ïîçâîëÿåò ïðîâåñòè âèðòóàëüíûå èñïûòàíèÿ ðàçðàáàòûâàåìîãî èçäåëèÿ åùå íà ðàííèõ ñòàäèÿõ

ïðîåêòèðîâàíèÿ è âûÿâèòü íåäîñòàòêè êàê ìåõàíè÷åñêîé ñèñòåìû, òàê è ñèñòåìû óïðàâëåíèÿ

è ïðèíÿòü íåîáõîäèìûå ðåøåíèÿ äî èçãîòîâëåíèÿ ðåàëüíîãî ïðîòîòèïà áóäóùåãî èçäåëèÿ. Äëÿ

óãëóáëåííîãî àíàëèçà è ìîäåëèðîâàíèÿ èñïîëüçóåòñÿ èíòåãðàöèÿ ñ ñèñòåìàìè äðóãèõ êîìïàíèé �

ðàçðàáîò÷èêîâ (MATLAB/Simulink, MatrixX è äð.) Òàêèì îáðàçîì, ñèñòåìà Easy5 ÿâëÿåòñÿ îäíîé

èç ñàìûõ óíèêàëüíûõ è âàæíåéøèõ êîìïîíåíò ñîâðåìåííûõ òåõíîëîãèé Âèðòóàëüíîé Ðàçðàáîòêè

Èçäåëèé (Virtual Product Development � VPD).
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Ïðîãðàììíûé ïàêåò Easy5 âêëþ÷àåò áîëüøîå êîëè÷åñòâî ãîòîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé â

âèäå îòäåëüíûõ ôóíêöèîíàëüíûõ áëîêîâ (ñóììàòîðîâ, äåëèòåëåé, ôèëüòðîâ, èíòåãðàòîðîâ, êëà-

ïàíîâ, äâèãàòåëåé, òåïëîîáìåííèêîâ, ðåäóêòîðîâ, ìóôò ñöåïëåíèÿ è äð.). Òàêæå ïîëüçîâàòåëü

èìååò âîçìîæíîñòü ñîçäàâàòü ñîáñòâåííûå ôóíêöèîíàëüíûå áëîêè ñ ïîìîùüþ ÿçûêîâ C èëè

Fortran. Ïîëüçîâàòåëü Easy5 � ñïåöèàëèñò â êîíêðåòíîé îáëàñòè òåõíèêè ñîåäèíÿåò ýòè ôóíêöè-

îíàëüíûå áëîêè, ìîäåëèðóÿ èçäåëèå íà óðîâíå ¾óñòðîéñòâà¿, è îïòèìèçèðóåò ïàðàìåòðû ðàçðà-

áàòûâàåìûõ ñèñòåì èçäåëèÿ.

Íà áàçå ïåðå÷èñëåííûõ âîçìîæíîñòåé ñèñòåìû Easy5, â èíòåãðàöèè ñ äðóãèìè ñèñòåìàìè

MSC, ñîçäàþòñÿ ïîëíûå ôóíêöèîíàëüíûå ìîäåëè ñàìîëåòîâ, àâòîìîáèëåé, òàíêîâ, ýêñêàâàòîðîâ,

ïðèáîðîâ è ò.ä. è èññëåäóåòñÿ èõ ðàáîòà ïðè âûïîëíåíèè ðàçëè÷íûõ çàäà÷ è â ðàçëè÷íûõ óñëîâè-

ÿõ ýêñïëóàòàöèè, íàõîäÿ îïòèìàëüíûå ðåøåíèÿ íà îñíîâå òî÷íîãî êîìïëåêñíîãî êîìïüþòåðíîãî

ìîäåëèðîâàíèÿ.

Ñðåäè ïîëüçîâàòåëåé Easy5 � âåäóùèå ìèðîâûå êîìïàíèè � ðàçðàáîò÷èêè è ïðîèçâîäèòåëè

â àâèàöèîííîé, ðàêåòíî-êîñìè÷åñêîé, àâòîìîáèëüíîé, ýëåêòðîííîé, ýíåðãåòè÷åñêîé è äðóãèõ îò-

ðàñëÿõ ïðîìûøëåííîñòè.
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Abstract. The article is devoted to the important higher education pedagogy problem namely,

developing educational materials for the academic subject as one of the factors in�uencing improving

the quality of the students, professional training.



Ìàòåìàòè÷åñêèå òåõíîëîãèè 39 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

À­äàòïà. Ìà©àëà æî¡àðû î©ó îðûíäàðûíäà¡û ìà­ûçäû ìºñåëå � ñòóäåíòòåðäi êºñiïòºê äà-

ÿðëàóäà¡û ñàïàíû­ æî¡àðûëàóûíà ºñåð áåðåòií ïºííi­ î©ó-ºäiñòåìåëiê ©àìòàìàñûçäàíäûðó¡à

àðíàë¡àí.

Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà àêòóàëüíîé äëÿ âóçîâñêîé ïåäàãîãèêè ïðîáëåìå � ðàçðàáîòêå

ó÷åáíî-ìåòîäè÷åñêîãî îáåñïå÷åíèÿ äèñöèïëèíû, êàê îäíîìó èç ôàêòîðîâ âëèÿþùèõ íà ïîâû-

øåíèå êà÷åñòâà ïðîôåññèîíàëüíîé ïîäãîòîâêè ñòóäåíòîâ.

Íà÷åðòàòåëüíóþ ãåîìåòðèþ ñòóäåíòû ñ÷èòàþò òðóäíûì ïðåäìåòîì: äåéñòâèòåëüíî, óñïåâàå-

ìîñòü ïî ýòîìó êóðó çà÷àñòóþ íèæå â ñðàâíåíèè ñ äðóãèìè äèñöèïëèíàìè. Òðóäíîñòü íà÷åðòà-

òåëüíîé ãåîìåòðèè îáóñëîâëåíà íåîáõîäèìîñòüþ ïðîñòðàíñòâåííîãî îñìûñëåíèÿ, ëîãè÷åñêîãî è

àáñòðàêòíîãî ìûøëåíèÿ è ðåàëèçàöèåé îñîáîãî ïîäõîäà ê èçó÷åíèþ ýòîé äèñöèïëèíû. Óñâîèòü

íà÷åðòàòåëüíóþ ãåîìåòðèþ òîëüêî ÷åðåç ÷òåíèå ó÷åáíèêà íåâîçìîæíî, ÷òåíèå åãî ñëåäóåò îáÿ-

çàòåëüíî ñîïðîâîæäàòü âûïîëíåíèåì ñîîòâåòñòâóþùèõ èçîáðàæåíèé è íåîáõîäèìûõ ãåîìåòðè÷å-

ñêèõ ïîñòðîåíèé. Âàæíî ïðîðàáîòàòü êîíñïåêò ëåêöèè ïðè ïîäãîòîâêå ê ïðàêòè÷åñêîìó çàíÿòèþ.

Îáÿçàòåëüíûì ÿâëÿåòñÿ ñàìîñòîÿòåëüíîå ðåøåíèå òèïîâûõ è íåñòàíäàðòíûõ çàäà÷.

Çà îñíîâó ñõåìû ó÷åáíîé äåÿòåëüíîñòè ñòóäåíòà ïðè èçó÷åíèè íà÷åðòàòåëüíîé ãåîìåòðèè (ðè-

ñóíîê 1) ìû âûáðàëè ñõåìó, ïðåäëîæåííóþ Æ.Ì. Åñìóõàíîâûì [1], äîïîëíèâ å¼ ðåøåíèåì èí-

äèâèäóàëüíûõ ãðàôè÷åñêèõ çàäàíèé, êîíòðîëåì ñàìîñòîÿòåëüíîé ðàáîòû è èíôîðìàöèîííûìè

êîìïüþòåðíûìè ñðåäñòâàìè îáó÷åíèÿ.

Êàê âèäíî èç ðèñóíêà 1, ïðîãðàììà ïðåäóñìàòðèâàåò îáÿçàòåëüíîå âûïîëíåíèå èíäèâèäóàëü-

íûõ çàäàíèé (ñàìîñòîÿòåëüíûõ ãðàôè÷åñêèõ ðàáîò), ñîäåðæàíèå çàäàíèé è ñðîêè èõ âûïîëíåíèÿ

îïðåäåëåíû â ñèëëàáóñå.

Ðèñóíîê 1 Ñõåìà ó÷åáíîé äåÿòåëüíîñòè ñòóäåíòà ïðè èçó÷åíèè íà÷åðòàòåëüíîé ãåîìåòðèè

Îñíîâíûì èñòî÷íèêîì äëÿ îáó÷åíèÿ ñòóäåíòîâ ÿâëÿþòñÿ ñïåöèàëüíî ïîäãîòîâëåííûå ýëåê-

òðîííûå ó÷åáíèêè è ó÷åáíî-ìåòîäè÷åñêèå ïîñîáèÿ. Íàìè ðàçðàáîòàíû: ýëåêòðîííîå ó÷åáíîå èç-

äàíèå è êîìïëåêò ñðåäñòâ èíôîðìàöèîííîé ïîääåðæêè ÑÐÑ è ÑÐÑÏ ïî ó÷åáíîé äèñöèïëèíå.

Íà ëåêöèè, êàê âåäóùåì çâåíå âñåãî êóðñà îáó÷åíèÿ â ñîâðåìåííûõ óñëîâèÿõ èíôîðìàòèçàöèè

è êîìïüþòåðèçàöèè, ïî íàøåìó ìíåíèþ, äîëæíû èñïîëüçîâàòüñÿ êîìïüþòåðíûå ïðîãðàììíûå

ïðîäóêòû.

Íàèáîëåå ïîäðîáíî îñòàíîâèìñÿ íà èçëîæåíèè òåîðåòè÷åñêîãî ìàòåðèàëà êàê îñíîâíîé ÷àñòè

ëåêöèè. Ïðè ÊÒÎ, â ñâÿçè ñ òåì, ÷òî ÷èñëî àóäèòîðíûõ ÷àñîâ ïî äèñöèïëèíå çíà÷èòåëüíî óìåíü-
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øèëîñü ïðè ñîõðàíåíèè ñîäåðæàíèÿ îáó÷åíèÿ, âîçíèêëà íåîáõîäèìîñòü ìíîãèå òåìû ðàññìàòðè-

âàòü òîëüêî íà ëåêöèÿõ, ò.å. èíôîðìàòèâíîñòü è èíòåíñèâíîñòü ëåêöèé äîëæíû áûòü óâåëè÷åíû.

Ïðè ýòîì êîíñïåêòèðîâàíèå ëåêöèé êàê îäíà èç âàæíåéøèõ ôîðì ó÷åáíûõ çàïèñåé, ïðåäñòàâëÿ-

þùàÿ ñîáîé ñâÿçíîå ñæàòîå è ïîñëåäîâàòåëüíîå èçëîæåíèå ñîäåðæàíèÿ óñâàèâàåìîãî ìàòåðèàëà

â íàøåé äèñöèïëèíå îáÿçàòåëüíî ñîïðîâîæäàåòñÿ âûïîëíåíèåì ãðàôè÷åñêèõ ïîñòðîåíèé. Îíè

æå âûïîëíÿëèñü ïðåæäå ëåêòîðîì ïðè ïîìîùè ëèíåéêè è ìåëà íà äîñêå, ÷òî çàíèìàëî áîëüøóþ

÷àñòü ëåêöèè, ñíèæàÿ å¼ èíôîðìàòèâíîñòü. Ñîäåðæàíèå ëåêöèè ñîîòâåòñòâóåò ñîäåðæàíèþ ýëåê-

òðîííîãî ó÷åáíîãî èçäàíèÿ, âûäàâàåìîãî ñòóäåíòàì â íà÷àëå ñåìåñòðà â âèäå ñêîìïèëèðîâàííîãî

ôàéëà, ýòî ïîçâîëÿåò âåñòè êîíñïåêò, èñïîëüçóÿ ñèìâîëû, è íå òðàòèòü âðåìÿ íà ïåðåðèñîâêó

ñëîæíûõ ïðîñòðàíñòâåííûõ ÷åðòåæåé. Ñòóäåíò èìååò âîçìîæíîñòü ïðè íåîáõîäèìîñòè ðàñïå÷à-

òàòü íóæíûé ÷åðòåæ èç ÝÓ èëè ÝÓÏ (ðèñóíîê 2) è âêëåèòü å¼ â êîíñïåêò.

Ðèñóíîê 2 Ñòðàíèöû ÝÓÈ ¾Ýïþðû ïðÿìûõ ëèíèé îáùåãî è ÷àñòíûõ ïîëîæåíèé¿ è ÝÓÏ

¾Òî÷êà è ïðÿìàÿ â ñèñòåìå äâóõ è òðåõ ïëîñêîñòåé ïðîåêöèé¿

Íà ëåêöèè ðàññìàòðèâàþòñÿ ïðèíöèïèàëüíûå âîïðîñû òåìû, èçëàãàþòñÿ è äîêàçûâàþòñÿ òåî-

ðåìû, âûÿñíÿþòñÿ îñíîâû ïîñòðîåíèé, ïðè ýòîì ïðèâîäèìûå ïðèìåðû ÿâëÿþòñÿ òèïîâûìè. Âàæ-

íûì ýëåìåíòîì ìåòîäèêè ïðåïîäàâàíèÿ ÿâëÿåòñÿ ïîêàç ïîýòàïíîãî ðåøåíèÿ ãðàôè÷åñêîé çàäà÷è

(ðèñóíîê 3). Ïðè ýòîì âèçóàëüíûå ó÷åáíûå ìàòåðèàëû ìîãóò, íåçàâèñèìî îò èõ äèäàêòè÷åñêîé

öåííîñòè, õîðîøî âûïîëíÿòü çàäà÷ó òîëüêî â òîì ñëó÷àå, åñëè ñòóäåíòû ìîãóò èõ óâèäåòü áåç ïî-

ìåõ ñî âñåìè äåòàëÿìè. Â ýòîì îòíîøåíèè èñïîëüçîâàíèå íà ëåêöèè àíèìàöèîííûõ ôðàãìåíòîâ

ýëåêòðîííîãî ó÷åáíîãî ïîñîáèÿ ¾Ïðÿìàÿ, âçàèìíîå ïîëîæåíèå ïðÿìûõ. Ïëîñêîñòü¿, êàê ïîêà-

çàëà ïðàêòèêà, ñïîñîáñòâóåò õîðîøåìó îñâîåíèþ ìåòîäîâ ðåøåíèÿ òèïîâûõ çàäà÷ è äîñòàòî÷íî

áûñòðîìó è êà÷åñòâåííîìó âûïîëíåíèþ ãðàôè÷åñêèõ ïîñòðîåíèé â êîíñïåêòå.

Ðèñóíîê 3 Àíèìàöèîííûå êàäðû ðåøåíèÿ çàäà÷è íà ïîñòðîåíèå òðåõ ïðîåêöèé òî÷êè
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Â çàêëþ÷èòåëüíîé ÷àñòè ëåêöèè îáîáùàþòñÿ îñíîâíûå ïîëîæåíèÿ, ðàññìîòðåííûå íà ëåê-

öèè, îíè ïðåäñòàâëÿþòñÿ â âèäå ñòðóêòóðíîé ñõåìû (ðèñóíîê 4), ïîñêîëüêó èíôîðìàöèÿ ëó÷øå

çàïîìèíàåòñÿ, ÷åì áîëüøå â íåé ñìûñëà è ÷åì ëó÷øå îíà ñòðóêòóðèðîâàíà.

Ðèñóíîê 4 Ñòðàíèöà ÝÓÏ, ñîäåðæàùàÿ ñòðóêòóðíóþ ñõåìó ïîëîæåíèÿ ïðÿìîé ëèíèè

îòíîñèòåëüíî ïëîñêîñòåé ïðîåêöèé

Òàêæå ðåêîìåíäóåòñÿ ïðè ïîäãîòîâêå ê ïðàêòè÷åñêîìó çàíÿòèþ íà äàííóþ òåìó ïîñëå ïðî-

ðàáîòêè òåîðåòè÷åñêèé ïîëîæåíèé âûïîëíèòü ñàìîñòîÿòåëüíûå ãðàôè÷åñêèå ðàáîòû, èñïîëüçóÿ

ÝÓÏ, è ïðîâåñòè ñàìîêîíòðîëü ïðèîáðåòåííûõ çíàíèé, èñïîëüçóÿ òåñòû â ýëåêòðîííîì ó÷åáíîì

èçäàíèè.

Èíäèâèäóàëüíûå çàäàíèÿ ïî ðàññìàòðèâàåìîé òåìå ðàçìåùåíû â ýëåêòðîííîì ó÷åáíîì ïîñî-

áèè ê ñàìîñòîÿòåëüíîé ãðàôè÷åñêîé ðàáîòå ¾Ïðÿìàÿ, âçàèìíîå ïîëîæåíèå ïðÿìîé. Ïëîñêîñòü¿.

Ñòóäåíò èìååò âîçìîæíîñòü ðàñïå÷àòàòü ñâîé âàðèàíò çàäàíèÿ è ïðèñòóïèòü ê åãî âûïîëíåíèþ

âî âíåàóäèòîðíîå âðåìÿ. Ýòî âàæíûé ýòàï â ïðîöåññå îáó÷åíèÿ íà÷åðòàòåëüíîé ãåîìåòðèè, ò.ê.

òîëüêî ïîñëå ðåøåíèÿ îïðåäåëåííîãî êîëè÷åñòâà çàäà÷ ñòàíîâèòñÿ ïîíÿòíûì ãåîìåòðè÷åñêèé

ñìûñë òîé èëè èíîé òåîðåìû.

Ìåòîäèêà ðåøåíèÿ íàèáîëåå ñëîæíûõ çàäà÷ ñîñòîèò èç àíàëèçà óñëîâèÿ, ýñêèçíîãî íàãëÿä-

íîãî èçîáðàæåíèÿ ãðàôè÷åñêîãî àëãîðèòìà ðåøåíèÿ, ñèìâîëè÷åñêîé çàïèñè ýòîãî àëãîðèòìà è

ðåøåíèÿ çàäà÷è íà êîìïëåêñíîì ÷åðòåæå. Ïîñîáèå ñîäåðæèò ïðèìåðû ðåøåíèÿ çàäà÷, êàê â òåê-

ñòîâîì âèäå, òàê è ñ èñïîëüçîâàíèåì àíèìàöèè. Ñòóäåíòû ïåðâîãî-âòîðîãî êóðñîâ èñïûòûâàþò

òðóäíîñòè ïðè îáðàùåíèè ê ëèòåðàòóðå ïî ãðàôèêå, îñîáåííîñòüþ êîòîðîé ÿâëÿåòñÿ ïåðåïëåòåíèå

òåêñòîâîãî è ãðàôè÷åñêîãî ìàòåðèàëà. Ïåðåêëþ÷àÿñü îò òåêñòà ê ÷åðòåæó è íàîáîðîò, ñòóäåíò

÷àñòî òåðÿåò íèòü ïîâåñòâîâàíèÿ, áûñòðî óòîìëÿåòñÿ è òðàòèò îãðîìíîå êîëè÷åñòâî âðåìåíè. Ïðè

èñïîëüçîâàíèè àíèìàöèè â ÝÓÏ ïîâûøàåòñÿ ýôôåêòèâíîñòü âñåé ðàáîòû, ò.ê. öåëü ÝÓÏ - ïî-

ìî÷ü ñòóäåíòó ãëóáæå óñâîèòü òåîðåòè÷åñêèå ïîëîæåíèÿ íà÷åðòàòåëüíîé ãåîìåòðèè, ïðèîáðåñòè

ïðàêòè÷åñêèå íàâûêè ðåøåíèÿ çàäà÷ è âûïîëíåíèÿ ãðàôè÷åñêèõ ðàáîò.

Ñëåäóþùèì ýòàïîì ÿâëÿåòñÿ ñàìîêîíòðîëü çíàíèé. Â ÝÓÏ ¾Ïðÿìàÿ, âçàèìíîå ïîëîæåíèå

ïðÿìûõ. Ïëîñêîñòü¿ ñòóäåíòó ïðåäëàãàåòñÿ íåñêîëüêî âèäîâ ñàìîêîíòðîëÿ: ìîæíî ïðîâåðèòü

ñâîè çíàíèÿ, îòâå÷àÿ íà âîïðîñû è ñâåðÿÿñü ñ ïðàâèëüíûìè îòâåòàìè ê íèì, ðàñïîëîæåííûìè

íà ñòðàíèöå ¾âîïðîñû äëÿ ñàìîêîíòðîëÿ¿, à òàêæå ïðîâåðèòü ñâîè çíàíèÿ, îòâå÷àÿ íà âîïðîñû

òåñòà.

Ýôôåêòèâíîñòü âíåäðåíèÿ ðàçðàáîòàííûõ íàìè ýëåêòðîííûõ ó÷åáíûõ ïîñîáèé â òåîðåòè÷å-

ñêîì è ïðàêòè÷åñêîì èçó÷åíèè ñòóäåíòàìè ó÷åáíûõ ïðåäìåòîâ ïîäòâåðæäåíà îñíîâíûìè ïîêà-

çàòåëÿìè, îòðàæàþùèìè óäîâëåòâîðåííîñòü ñòóäåíòîâ îðãàíèçàöèåé ðàáîòû; ìîòèâèðîâàííûì,
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ïîçèòèâíûì îòíîøåíèåì ñòóäåíòîâ ê ñàìîïîäãîòîâêå; çàèíòåðåñîâàííîñòüþ ïðîöåññîì âûïîëíå-

íèÿ è ñîäåðæàíèåì çàäàíèé; áîëåå âûñîêèìè ðåçóëüòàòàìè âûïîëíåíèÿ ñòóäåíòàìè ñåìåñòðîâûõ

çàäàíèé.

Ñïèñîê ëèòåðàòóðû

[1] Ìåòîäè÷åñêîå ðóêîâîäñòâî ê ðåøåíèþ çàäà÷ ïî íà÷åðòàòåëüíîé ãåîìåòðèè. Åñìóõàíîâ Æ.Ì.,

Ñàëèìæàíîâ Ê.Ñ.//Àëìà-Àòà: ÊàçÍÒÈ, 1982. � 37 ñ.

ÓÄÊ 372.851
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ÑÒÓÄÅÍÒÎÂ ÂÒÓÇÎÂ Â ÊÎÍÒÅÊÑÒÅ ÌÎÄÅÐÍÈÇÀÖÈÈ ÂÛÑØÅÃÎ

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÃÎ ÎÁÐÀÇÎÂÀÍÈß

Ð.Î. Ìóõàìåäîâà, È.Ï. Äðîíñåéêà

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàþòñÿ ñïåöèôèêà è ïðîáëåìû îðãàíèçàöèè ñàìîñòîÿòåëü-

íîé ðàáîòû ñòóäåíòîâ òåõíè÷åñêèõ âóçîâ ñðåäñòâàìè èííîâàöèîííûõ òåõíîëîãèé îáó÷åíèÿ ñ

ó÷åòîì ñîâðåìåííûõ òðåáîâàíèé è óñëîâèé îáùåñòâà. Èçó÷àþòñÿ óñëîâèÿ è ìåòîäû ýôôåêòèâ-

íîé îðãàíèçàöèè ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ êàê öåëîñòíîé ñèñòåìû îáðàçîâàòåëüíîé

ñðåäû.

Êëþ÷åâûå ñëîâà: ñàìîñòîÿòåëüíîñòü, ñàìîñòîÿòåëüíàÿ ðàáîòà, èííîâàöèîííûå òåõíîëîãèè

îáó÷åíèÿ.

Ãëàâíîé çàäà÷åé îáðàçîâàòåëüíîé ïîëèòèêè Ðåñïóáëèêè Êàçàõñòàí ÿâëÿåòñÿ îáåñïå÷åíèå ñî-

âðåìåííîãî êà÷åñòâà îáðàçîâàíèÿ íà îñíîâå ñîõðàíåíèÿ åãî ôóíäàìåíòàëüíîñòè è ñîîòâåòñòâèÿ

àêòóàëüíûì è ïåðñïåêòèâíûì ïîòðåáíîñòÿì ëè÷íîñòè, îáùåñòâà è ãîñóäàðñòâà. Ïðè÷åì êëþ÷å-

âîé õàðàêòåðèñòèêîé îáðàçîâàíèÿ ñòàíîâèòñÿ íå ñòîëüêî ïåðåäà÷à çíàíèé è òåõíîëîãèé, íî è

ôîðìèðîâàíèå òâîð÷åñêèõ êîìïåòåíòíîñòåé, ãîòîâíîñòè ê ïåðåîáó÷åíèþ.

Ýòî ïðèâåëî ê èçìåíåíèþ ïàðàäèãìû îáðàçîâàíèÿ, òðåáóþùåé ìîäåðíèçàöèè âûñøåãî ïðî-

ôåññèîíàëüíîãî îáðàçîâàíèÿ, ðàçðàáîòêè íîâîé ìîäåëè êàçàõñòàíñêîé âûñøåé øêîëû, íîâûõ ãî-

ñóäàðñòâåííûõ îáðàçîâàòåëüíûõ ñòàíäàðòîâ. Â ñâÿçè ñ ýòèì ñîçäàåòñÿ ñîâðåìåííàÿ ìîäåëü ïîä-

ãîòîâêè ñòóäåíòà âóçà, ñîäåðæàùàÿ ïðèíöèïèàëüíî íîâûå òðåáîâàíèÿ ê áóäóùåìó ñïåöèàëèñòó,

è îòâå÷àþùàÿ âñåì ïîòðåáíîñòÿì ñîâðåìåííîãî îáùåñòâà.

Ïðèîðèòåòíûì îáðàçîâàíèåì íîâîãî ýòàïà ðàçâèòèÿ ÿâëÿþòñÿ òî÷íûå è èíæåíåðíûå íàóêè â

ñôåðå âûñøåãî îáðàçîâàíèÿ, â ýòîé ñâÿçè âàæíàÿ ðîëü ïðèíàäëåæèò ìàòåìàòè÷åñêîìó îáðàçîâà-

íèþ. Ïðè ýòîì êà÷åñòâåííàÿ ìàòåìàòè÷åñêàÿ ïîäãîòîâêà ñòóäåíòà âòóçà ÿâëÿåòñÿ ìåòîäîëîãè÷å-

ñêîé îñíîâîé áîëüøèíñòâà îáðàçîâàòåëüíûõ è ñïåöèàëüíûõ äèñöèïëèí. Ïîýòîìó ìàòåìàòè÷åñêàÿ
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ïîäãîòîâêà áóäóùåãî ñïåöèàëèñòà äîëæíà ïðåäïîëàãàòü ìåòîäû, ñðåäñòâà è ôîðìû îáó÷åíèÿ,

îïòèìàëüíî ñïîñîáñòâóþùèå ôîðìèðîâàíèþ öåëîñòíîé ñèñòåìû íàó÷íûõ çíàíèé, ïðîôåññèîíà-

ëèçàöèè è ñàìîðåàëèçàöèè ëè÷íîñòè.

Ñòóäåíò ó÷èòñÿ äîáûâàòü è ïðèìåíÿòü íàó÷íûå çíàíèÿ è ìåòîäû èññëåäîâàíèÿ äëÿ èçó÷åíèÿ

ñîäåðæàíèÿ ñâîåé áóäóùåé ïðîôåññèîíàëüíîé äåÿòåëüíîñòè, âñëåäñòâèå ýòîãî öåëü ìàòåìàòè÷å-

ñêîé ïîäãîòîâêè çàêëþ÷àåòñÿ â ðàçâèòèè íàâûêîâ ìàòåìàòè÷åñêîãî ìûøëåíèÿ è ôîðìèðîâàíèè

óìåíèé â ïðèìåíåíèè ìàòåìàòè÷åñêèõ ìåòîäîâ è îñíîâ ìîäåëèðîâàíèÿ.

Âñëåäñòâèå ýòîãî îäíîé èç öåëåé ïðîôåññèîíàëüíîé ïîäãîòîâêè ñïåöèàëèñòà ÿâëÿåòñÿ íåîá-

õîäèìîñòü äàòü ñòóäåíòó ïðî÷íûå ôóíäàìåíòàëüíûå çíàíèÿ, íà îñíîâå êîòîðûõ îí ñìîã áû îáó-

÷àòüñÿ ñàìîñòîÿòåëüíî â íóæíîì åìó íàïðàâëåíèè. Ôîðìèðîâàíèå âíóòðåííåé ïîòðåáíîñòè ê

ñàìîîáó÷åíèþ ñòàíîâèòñÿ è òðåáîâàíèåì âðåìåíè, è óñëîâèåì ðåàëèçàöèè ëè÷íîñòíîãî ïîòåíöè-

àëà.

Îäíèì èç ïóòåé ðåàëèçàöèè äàííîé çàäà÷è â óñëîâèÿõ êðåäèòíîé ñèñòåìû îáó÷åíèÿ (ÊÑÎ)

ÿâëÿåòñÿ ñîâåðøåíñòâîâàíèå ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ íàä ó÷åáíûì ìàòåðèàëîì, ðàç-

âèòèå íàâûêîâ ñàìîñòîÿòåëüíîé ðàáîòû, ñòèìóëèðîâàíèå ïðîôåññèîíàëüíîãî ðîñòà ñòóäåíòîâ,

âîñïèòàíèå èõ òâîð÷åñêîé àêòèâíîñòè è èíèöèàòèâû. Î÷åâèäíî, ÷òî ñàìîñòîÿòåëüíàÿ ðàáîòà è

êîíòðîëü íàä åå âûïîëíåíèåì ñïîñîáñòâóþò ôîðìèðîâàíèþ ñàìîñòîÿòåëüíîñòè ìûøëåíèÿ ñòó-

äåíòîâ, òâîð÷åñêîãî ïîäõîäà ê ðåøåíèþ ó÷åáíûõ è ïðîôåññèîíàëüíûõ çàäà÷.

Â òðàêòîâêå ïîíÿòèÿ "ñàìîñòîÿòåëüíàÿ ðàáîòà ñòóäåíòîâ"(ÑÐÑ) ïîêà íå âûðàáîòàíî åäèíîãî

ïîäõîäà. Óïîòðåáëÿþòñÿ òåðìèíû "ñàìîñòîÿòåëüíàÿ ðàáîòà "ñàìîñòîÿòåëüíàÿ äåÿòåëüíîñòü èíî-

ãäà îòîæäåñòâëÿþòñÿ ïîíÿòèÿ "ñàìîñòîÿòåëüíîñòü "ñàìîñòîÿòåëüíàÿ ðàáîòà "ñàìîñòîÿòåëüíàÿ äå-

ÿòåëüíîñòü "ñàìîñòîÿòåëüíûå çàíÿòèÿ "ñàìîîáðàçîâàíèå". Ýòî ïðîèñõîäèò ïîòîìó, ÷òî äàííàÿ ïå-

äàãîãè÷åñêàÿ êàòåãîðèÿ âåñüìà ìíîãîãðàííà â ïðåäìåòå èññëåäîâàíèÿ.

Òàê, ïî ìíåíèþ ðÿäà ó÷åíûõ, ïîä ÑÐÑ ïîíèìàåòñÿ ïëàíèðóåìàÿ íàó÷íàÿ è ó÷åáíàÿ ðàáîòà,

âûïîëíÿåìàÿ ïî çàäàíèþ ïðåïîäàâàòåëÿ ïîä åãî ìåòîäè÷åñêèì è íàó÷íûì ðóêîâîäñòâîì. Äðóãèå

èññëåäîâàòåëè ñ÷èòàþò, ÷òî ýòî ðàçíîâèäíîñòü äåÿòåëüíîñòè ñòóäåíòîâ ïî âûïîëíåíèþ äîïîë-

íèòåëüíûõ çàäàíèé, âî âíåàóäèòîðíîå âðåìÿ. Òðåòüè îïðåäåëÿþò åå êàê äåÿòåëüíîñòü, íàïðàâ-

ëåííóþ íà ïîëíîå óñâîåíèå ó÷åáíîé ïðîãðàììû, áåç ïðÿìîãî ó÷àñòèÿ ïðåïîäàâàòåëÿ. Åùå îäíà

ãðóïïà ó÷åííûõ âèäèò â ñàìîñòîÿòåëüíîé ðàáîòå ñïîñîá ó÷åáíîé äåÿòåëüíîñòè ñòóäåíòîâ.

Èñõîäÿ èç ýòèõ ïîäõîäîâ, ñàìîñòîÿòåëüíóþ ðàáîòó áóäåì ðàññìàòðèâàòü êàê ôîðìó ó÷åáíîé

ðàáîòû, âûïîëíÿåìóþ ñòóäåíòàìè ïî çàäàíèþ è ïðè ìåòîäè÷åñêîì ðóêîâîäñòâå ïðåïîäàâàòåëÿ.

Íà íàø âçãëÿä, èìåííî ýòîò ïîäõîä íàèáîëåå çíà÷èì, òàê êàê îí ïðåäïîëàãàåò íàëè÷èå ñïåöè-

àëüíûõ ìåòîäè÷åñêèõ óêàçàíèé ïðåïîäàâàòåëÿ, ñëåäóÿ êîòîðûì ñòóäåíò ïðèîáðåòàåò è ñîâåðøåí-

ñòâóåò çíàíèÿ, óìåíèÿ è íàâûêè, íàêàïëèâàåò îïûò ïðàêòè÷åñêîé äåÿòåëüíîñòè.

Îñíîâíàÿ çàäà÷à îðãàíèçàöèè ÑÐÑ çàêëþ÷àåòñÿ â ñîçäàíèè ïñèõîëîãî-äèäàêòè÷åñêèõ óñëî-

âèé ðàçâèòèÿ èíòåëëåêòóàëüíîé èíèöèàòèâû è ìûøëåíèÿ íà çàíÿòèÿõ ëþáîé ôîðìû. Îñíîâíûì

ïðèíöèïîì îðãàíèçàöèè ÑÐÑ äîëæåí ñòàòü ïåðåâîä âñåõ ñòóäåíòîâ íà èíäèâèäóàëüíóþ ðàáîòó

ñ ïåðåõîäîì îò ôîðìàëüíîãî ïàññèâíîãî âûïîëíåíèÿ îïðåäåëåííûõ çàäàíèé ê ïîçíàâàòåëüíîé

àêòèâíîñòè ñ ôîðìèðîâàíèåì ñîáñòâåííîãî ìíåíèÿ ïðè ðåøåíèè ïîñòàâëåííûõ ïðîáëåìíûõ âî-

ïðîñîâ è çàäà÷. Òàêèì îáðàçîì, â ðåçóëüòàòå ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíò äîëæåí íàó÷èòüñÿ

îñìûñëåííî è ñàìîñòîÿòåëüíî ðàáîòàòü ñíà÷àëà ñ ó÷åáíûì ìàòåðèàëîì, çàòåì ñ íàó÷íîé èí-

ôîðìàöèåé, èñïîëüçîâàòü îñíîâû ñàìîîðãàíèçàöèè è ñàìîâîñïèòàíèÿ ñ òåì, ÷òîáû ðàçâèâàòü â

äàëüíåéøåì óìåíèå íåïðåðûâíî ïîâûøàòü ñâîþ êâàëèôèêàöèþ.
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Ðåøàþùàÿ ðîëü â îðãàíèçàöèè ÑÐÑ ïðèíàäëåæèò ïðåïîäàâàòåëþ, êîòîðûé äîëæåí ðàáîòàòü

íå ñî ñòóäåíòîì �âîîáùå�, à ñ êîíêðåòíîé ëè÷íîñòüþ, ñ åå ñèëüíûìè è ñëàáûìè ñòîðîíàìè, èíäèâè-

äóàëüíûìè ñïîñîáíîñòÿìè è íàêëîííîñòÿìè. Çàäà÷à ïðåïîäàâàòåëÿ � óâèäåòü è ðàçâèòü ëó÷øèå

êà÷åñòâà ñòóäåíòà êàê áóäóùåãî ñïåöèàëèñòà.

Îòìåòèì óñëîâèÿ, îáåñïå÷èâàþùèå óñïåøíîå âûïîëíåíèå ÑÐÑ:

1. Ìîòèâèðîâàííîñòü ó÷åáíîãî çàäàíèÿ.

2. Ïîñòàíîâêà ïîçíàâàòåëüíûõ çàäà÷.

3. Àëãîðèòì âûïîëíåíèÿ ðàáîòû, çíàíèå ñòóäåíòîì ñïîñîáîâ åå âûïîëíåíèÿ.

4. ×åòêîå îïðåäåëåíèå ïðåïîäàâàòåëåì ôîðì îò÷åòíîñòè, îáúåìà ðàáîòû, ñðîêîâ åå ïðåäñòàâ-

ëåíèÿ.

5. Îïðåäåëåíèå âèäîâ êîíñóëüòàöèîííîé ïîìîùè (êîíñóëüòàöèè óñòàíîâî÷íûå, òåìàòè÷åñêèå,

ïðîáëåìíûå).

6. Êðèòåðèè îöåíêè, îò÷åòíîñòè è ò.ä.

7. Âèäû è ôîðìû êîíòðîëÿ (ïðàêòèêà, êîíòðîëüíûå ðàáîòû, òåñòû, êîëëîêâèóìû è äð.).

Òàêæå ñàìîñòîÿòåëüíàÿ ðàáîòà âêëþ÷àåò âîñïðîèçâîäÿùèå òâîð÷åñêèå ïðîöåññû â äåÿòåëü-

íîñòè ñòóäåíòà. Â çàâèñèìîñòè îò ýòîãî ðàçëè÷àþò òðè óðîâíÿ ÑÐÑ: ðåïðîäóêòèâíûé (òðåíèðî-

âî÷íûé); ðåêîíñòðóêòèâíûé; òâîð÷åñêèé, ïîèñêîâûé.

Ñàìîñòîÿòåëüíûå òðåíèðîâî÷íûå ðàáîòû âûïîëíÿþòñÿ ïî îáðàçöó: ðåøåíèå çàäà÷, çàïîëíåíèå

òàáëèö, ñõåì è ò. ä. Ïîçíàâàòåëüíàÿ äåÿòåëüíîñòü ñòóäåíòà ïðîÿâëÿåòñÿ â óçíàâàíèè, îñìûñëåíèè,

çàïîìèíàíèè. Öåëü òàêîãî ðîäà ðàáîò � çàêðåïëåíèå çíàíèé, ôîðìèðîâàíèå óìåíèé, íàâûêîâ.

Êî âòîðîìó âèäó îòíîñÿòñÿ ñàìîñòîÿòåëüíûå ðåêîíñòðóêòèâíûå ðàáîòû. Â õîäå òàêèõ ðàáîò

ïðîèñõîäèò ïåðåñòðîéêà ðåøåíèé, ñîñòàâëåíèå ïëàíà, òåçèñîâ, àííîòèðîâàíèå. Íà ýòîì óðîâíå

ìîãóò èçó÷àòüñÿ ïåðâîèñòî÷íèêè, âûïîëíÿòüñÿ ðåôåðàòû. Öåëü ýòîãî âèäà ðàáîò � íàó÷èòü ñòó-

äåíòîâ îñíîâàì ñàìîñòîÿòåëüíîãî ïëàíèðîâàíèÿ è îðãàíèçàöèè ñîáñòâåííîãî ó÷åáíîãî òðóäà.

Òðåòèé âèä, ñàìîñòîÿòåëüíàÿ òâîð÷åñêàÿ ðàáîòà, òðåáóåò àíàëèçà ïðîáëåìíîé ñèòóàöèè, ïîëó-

÷åíèÿ íîâîé èíôîðìàöèè. Ñòóäåíò äîëæåí ñàìîñòîÿòåëüíî ïðîèçâåñòè âûáîð ñðåäñòâ è ìåòîäîâ

ðåøåíèÿ (ó÷åáíî-èññëåäîâàòåëüñêèå çàäàíèÿ, êóðñîâûå è äèïëîìíûå ðàáîòû). Öåëü äàííîãî âèäà

ðàáîò � îáó÷åíèå îñíîâàì òâîð÷åñòâà, ïåðñïåêòèâíîãî ïëàíèðîâàíèÿ, â ñîîòâåòñòâèè ñ ëîãèêîé

îðãàíèçàöèè íàó÷íîãî èññëåäîâàíèÿ.

Òàêæå ìîæíî âûäåëèòü äâà îñíîâíûõ íàïðàâëåíèÿ ïîñòðîåíèÿ ó÷åáíîãî ïðîöåññà íà îñíîâå

ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ. Ïåðâîå íàïðàâëåíèå � ýòî óâåëè÷åíèå äîëè ñàìîñòîÿòåëü-

íîé ðàáîòû â ïðîöåññå àóäèòîðíûõ çàíÿòèé. Ðåàëèçàöèÿ ýòîãî ïóòè òðåáóåò îò ïðåïîäàâàòåëåé

ðàçðàáîòêè ìåòîäèê è ôîðì îðãàíèçàöèè âñåõ âèäîâ àóäèòîðíûõ çàíÿòèé, ñïîñîáíûõ îáåñïå÷èòü

âûñîêèé óðîâåíü ñàìîñòîÿòåëüíîñòè ñòóäåíòîâ è óëó÷øåíèå êà÷åñòâà èõ ïîäãîòîâêè.

Âòîðîå íàïðàâëåíèå � ýòî ïîâûøåíèå àêòèâíîñòè ñòóäåíòîâ ïî âñåì âèäàì ñàìîñòîÿòåëüíîé

ðàáîòû âî âíåàóäèòîðíîå âðåìÿ, ÷òî ñâÿçàíî ñ ðÿäîì òðóäíîñòåé. Â ïåðâóþ î÷åðåäü ýòî íåãîòîâ-

íîñòü ê íåìó êàê áîëüøèíñòâà ñòóäåíòîâ, òàê è ñàìèõ ïðåïîäàâàòåëåé. Êðîìå òîãî, ñóùåñòâóþùåå

èíôîðìàöèîííî-ìåòîäè÷åñêîå îáåñïå÷åíèå ó÷åáíîãî ïðîöåññà íåäîñòàòî÷íî äëÿ ýôôåêòèâíîé îð-

ãàíèçàöèè ñàìîñòîÿòåëüíîé ðàáîòû.

Òàêèì îáðàçîì, äëÿ îðãàíèçàöèè è óñïåøíîãî ôóíêöèîíèðîâàíèÿ ñàìîñòîÿòåëüíîé ðàáîòû

ñòóäåíòîâ íåîáõîäèìû:
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1. Êîìïëåêñíûé ïîäõîä ê îðãàíèçàöèè ÑÐÑ (âêëþ÷àÿ âñå ôîðìû àóäèòîðíîé è âíåàóäèòîðíîé

ðàáîòû).

2. Îáåñïå÷åíèå êîíòðîëÿ íàä êà÷åñòâîì âûïîëíåíèÿ ÑÐÑ (òðåáîâàíèÿ, êîíñóëüòàöèè).

3. Èñïîëüçîâàíèå ðàçëè÷íûõ ôîðì êîíòðîëÿ.

Âñëåäñòâèå ýòîãî, ãëàâíîå â ïëàíèðîâàíèè îðãàíèçàöèè ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ âî

âòóçå çàêëþ÷àåòñÿ íå â îïòèìèçàöèè åå îòäåëüíûõ âèäîâ, à â ñîçäàíèè áëàãîïðèÿòíûõ óñëîâèé

äëÿ âûñîêîé àêòèâíîñòè, ñàìîñòîÿòåëüíîñòè è îòâåòñòâåííîñòè ñòóäåíòîâ â àóäèòîðèè è âíå åå â

õîäå âñåõ âèäîâ ó÷åáíîé äåÿòåëüíîñòè.

Ïðè èçó÷åíèè äèñöèïëèíû "Âûñøàÿ ìàòåìàòèêà"îðãàíèçàöèÿ ÑÐÑ äîëæíà ïðåäñòàâëÿòü

åäèíñòâî òðåõ âçàèìîñâÿçàííûõ ôîðì: âíåàóäèòîðíàÿ ñàìîñòîÿòåëüíàÿ ðàáîòà; àóäèòîðíàÿ ñà-

ìîñòîÿòåëüíàÿ ðàáîòà, êîòîðàÿ îñóùåñòâëÿåòñÿ ïîä íåïîñðåäñòâåííûì ðóêîâîäñòâîì ïðåïîäàâà-

òåëÿ; èâîð÷åñêàÿ, â òîì ÷èñëå íàó÷íî-èññëåäîâàòåëüñêàÿ ðàáîòà.

Êîíêðåòíûå ôîðìû âíåàóäèòîðíîé ÑÐÑ ìîãóò áûòü ñàìûìè ðàçëè÷íûìè, â çàâèñèìîñòè îò

öåëåé, êîëè÷åñòâà êðåäèòîâ, îïðåäåëåííûõ ó÷åáíûì ïëàíîì:

� ïîäãîòîâêà ê ëåêöèÿì, ïðàêòè÷åñêèì çàíÿòèÿì è ñàìîñòîÿòåëüíîé ðàáîòå ñòóäåíòîâ ïîä

ðóêîâîäñòâîì ïðåïîäàâàòåëÿ (ÑÐÑÏ);

� èçó÷åíèå è êîíñïåêòèðîâàíèå ó÷åáíûõ ïîñîáèé;

� èçó÷åíèå â ðàìêàõ ïðîãðàììû êóðñà òåì è ïðîáëåì, íå âûíîñèìûõ íà ëåêöèè è ïðàêòè÷å-

ñêèå çàíÿòèÿ;

� âûïîëíåíèå êîíòðîëüíûõ ðàáîò;

� íàïèñàíèå òåìàòè÷åñêèõ äîêëàäîâ, ðåôåðàòîâ è ýññå;

� ó÷àñòèå ñòóäåíòîâ â ñîñòàâëåíèè òåñòîâ;

� âûïîëíåíèå èññëåäîâàòåëüñêèõ è òâîð÷åñêèõ çàäàíèé;

� íàïèñàíèå êóðñîâûõ è äèïëîìíîé ðàáîò;

� ñîçäàíèå íàãëÿäíûõ ïîñîáèé ïî èçó÷àåìûì òåìàì;

� ñàìîñòîÿòåëüíîå èçó÷åíèå òåìû â ðàìêàõ "êðóãëûõ ñòîëîâ".

Ñ ó÷åòîì ïðèâåäåííîãî îïèñàíèÿ ìíîãîîáðàçèÿ ôîðì âíåàóäèòîðíîé ÑÐÑ, ñëåäóåò íà êàæäîì

åå ýòàïå ðàçúÿñíÿòü öåëè ðàáîòû, êîíòðîëèðîâàòü ïîíèìàíèå ýòèõ öåëåé ñòóäåíòàìè, ïîñòåïåííî

ôîðìèðóÿ ó íèõ óìåíèå ñàìîñòîÿòåëüíîé ïîñòàíîâêè öåëåé è îïðåäåëåíèÿ çàäà÷.

Ôîðìû ÑÐÑ äîëæíû îòëè÷àòüñÿ äëÿ ñòóäåíòîâ ðàçíûõ êóðñîâ. Ñòóäåíòîâ ìëàäøèõ êóðñîâ

â ïåðâóþ î÷åðåäü íåîáõîäèìî íàó÷èòü ðàáîòàòü ñ ó÷åáíèêàìè, ñòàòüÿìè, èñòî÷íèêàìè, ïèñàòü

êîíñïåêòû, ïîçäíåå � îôîðìëÿòü ðåôåðàòû, ýññå, êóðñîâûå, à çàòåì è äèïëîìíûå ðàáîòû.

Ïðè ïðîâåäåíèè ÑÐÑÏ è ïðàêòè÷åñêèõ çàíÿòèé ñòóäåíòû ìîãóò âûïîëíÿòü ÑÐÑ êàê èíäèâè-

äóàëüíî, òàê è ìàëûìè (òâîð÷åñêèìè) ãðóïïàìè, êàæäàÿ èç êîòîðûõ ðàçðàáàòûâàåò ñâîé ïðîåêò

(çàäà÷ó). Âûïîëíåííûé ïðîåêò (ðåøåíèå ïðîáëåìíîé çàäà÷è) çàòåì ðåöåíçèðóåòñÿ äðóãîé ãðóï-

ïîé ïî êðóãîâîé ñèñòåìå. Ïóáëè÷íîå îáñóæäåíèå è çàùèòà ñâîåãî âàðèàíòà ïîâûøàþò ðîëü ÑÐÑ
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è óñèëèâàþò ñòðåìëåíèå ê åå êà÷åñòâåííîìó âûïîëíåíèþ. Äàííàÿ ñèñòåìà îðãàíèçàöèè ïðàêòè-

÷åñêèõ çàíÿòèé ïîçâîëÿåò ââîäèòü â ó÷åáíî-ïðîôåññèîíàëüíûå çàäà÷è íàó÷íî-èññëåäîâàòåëüñêèå

ýëåìåíòû, óïðîùàòü èëè óñëîæíÿòü çàäàíèÿ.

Òàêæå àêòèâíîñòü ðàáîòû ñòóäåíòîâ íà îáû÷íûõ ïðàêòè÷åñêèõ çàíÿòèÿõ ìîæåò áûòü óñèëå-

íà ââåäåíèåì ýëåìåíòîâ ÑÐÑ, â ðåçóëüòàòå ÷åãî ñòóäåíò ïîëó÷àåò ñâîå èíäèâèäóàëüíîå çàäàíèå

(âàðèàíò), ïðè ýòîì óñëîâèå çàäàíèÿ äëÿ âñåõ ñòóäåíòîâ îäèíàêîâî, à èñõîäíûå äàííûå ðàçëè÷-

íû. Ïåðåä íà÷àëîì âûïîëíåíèÿ çàäàíèÿ ïðåïîäàâàòåëü äàåò ëèøü îáùèå ìåòîäè÷åñêèå óêàçàíèÿ

(îáùèé ïîðÿäîê ðåøåíèÿ, èìåþùèåñÿ ñïðàâî÷íûå ìàòåðèàëû è ò.ï.). Òàêàÿ ôîðìà ÑÐÑ ñïî-

ñîáñòâóåò áîëåå ãëóáîêîìó óñâîåíèþ èçó÷àåìîãî ìàòåðèàëà, èçìåíåíèþ îòíîøåíèÿ ñòóäåíòîâ ê

êîíñïåêòèðîâàíèþ ëåêöèé, òàê êàê áåç ïîíèìàíèÿ òåîðèè ïðåäìåòà, áåç õîðîøåãî êîíñïåêòà òðóä-

íî ðàññ÷èòûâàòü íà óñïåõ â âûïîëíåíèè çàäàíèÿ. Ýòî óëó÷øàåò ïîñåùàåìîñòü êàê ïðàêòè÷åñêèõ,

òàê è ëåêöèîííûõ çàíÿòèé.

Äðóãàÿ ôîðìà ÑÐÑ íà ïðàêòè÷åñêèõ çàíÿòèÿõ ìîæåò çàêëþ÷àòüñÿ â ñàìîñòîÿòåëüíîì èçó-

÷åíèè ñõåì, ïðîãðàìì è ò.ï., êîòîðûå ïðåïîäàâàòåëü ðàçäàåò ñòóäåíòàì âìåñòå ñ êîíòðîëüíûìè

âîïðîñàìè, íà êîòîðûå ñòóäåíò äîëæåí îòâåòèòü â òå÷åíèå çàíÿòèÿ.

Ðàññìîòðèì òåõíîëîãè÷åñêóþ ñòîðîíó ñàìîñòîÿòåëüíîé ðàáîòû, êîòîðàÿ äîëæíà áûòü ïîýòàï-

íîé è îáîñíîâàííîé. Äëÿ ýòîãî ïðè îðãàíèçàöèè ÑÐÑ âûäåëèì ñëåäóþùèå ñîñòàâëÿþùèå:

1. Òåõíîëîãèÿ îòáîðà öåëåé ñàìîñòîÿòåëüíîé ðàáîòû. Îñíîâàíèÿìè îòáîðà öåëåé ÿâëÿþòñÿ

öåëè, îïðåäåëåííûå Ãîñóäàðñòâåííûì îáðàçîâàòåëüíûì ñòàíäàðòîì, è êîíêðåòèçàöèÿ öåëåé ïî

êóðñàì, îòðàæàþùèì ââåäåíèå â áóäóùóþ ïðîôåññèþ, ïðîôåññèîíàëüíûå òåîðèè è ñèñòåìû,

ïðîôåññèîíàëüíûå òåõíîëîãèè è äð.

Êðîìå òîãî, öåëè ñàìîñòîÿòåëüíîé ðàáîòû äîëæíû ñîîòâåòñòâîâàòü ñòðóêòóðå ãîòîâíîñòè ê

ïðîôåññèîíàëüíîìó ñàìîîáðàçîâàíèþ, âêëþ÷àþùåé ìîòèâàöèîííûé, êîãíèòèâíûé, äåÿòåëüíîñò-

íûé êîìïîíåíòû.

2. Òåõíîëîãèÿ îòáîðà ñîäåðæàíèÿ ÑÐÑ. Îñíîâàíèÿìè îòáîðà ñîäåðæàíèÿ ñàìîñòîÿòåëüíîé ðà-

áîòû ÿâëÿþòñÿ Ãîñóäàðñòâåííûé îáðàçîâàòåëüíûé ñòàíäàðò, èñòî÷íèêè ñàìîîáðàçîâàíèÿ (ëèòå-

ðàòóðà, îïûò, ñàìîàíàëèç), èíäèâèäóàëüíî-ïñèõîëîãè÷åñêèå îñîáåííîñòè ñòóäåíòîâ (îáó÷àåìîñòü,

îáó÷åííîñòü, èíòåëëåêò, ìîòèâàöèÿ, îñîáåííîñòè ó÷åáíîé äåÿòåëüíîñòè). Ïðè îòáîðå ñîäåðæàíèÿ

íåîáõîäèìî ó÷èòûâàòü ñîäåðæàòåëüíóþ ñïåöèôèêó äèñöèïëèíû.

3. Òåõíîëîãèÿ êîíñòðóèðîâàíèÿ çàäàíèé. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû äîëæíû ñîîò-

âåòñòâîâàòü öåëÿì ðàçëè÷íîãî óðîâíÿ, îòðàæàòü ñîäåðæàíèå êàæäîé ïðåäëàãàåìîé äèñöèïëèíû,

âêëþ÷àòü ðàçëè÷íûå âèäû è óðîâíè ïîçíàâàòåëüíîé äåÿòåëüíîñòè ñòóäåíòîâ.

4. Òåõíîëîãèÿ îðãàíèçàöèè êîíòðîëÿ. Âêëþ÷àåò òùàòåëüíûé îòáîð ñðåäñòâ êîíòðîëÿ, îïðå-

äåëåíèå ýòàïîâ, ðàçðàáîòêó èíäèâèäóàëüíûõ ôîðì êîíòðîëÿ.

Ñîãëàñíî ýòîìó òåõíîëîãè÷åñêàÿ ïîñëåäîâàòåëüíîñòü îðãàíèçàöèè ÑÐÑ ïî ìàòåìàòè÷åñêèì

äèñöèïëèíàì âûãëÿäèò ñëåäóþùèì îáðàçîì. Ñíà÷àëà ïðåïîäàâàòåëü îïðåäåëÿåò òðåõóðîâíåâûå

öåëè äåÿòåëüíîñòè (ðåïðîäóêòèâíûå, ðåêîíñòðóêòèâíûå è òâîð÷åñêèå) è êîíêðåòíûå ôîðìû ðà-

áîòû, âûñòðàèâàåò ñèñòåìó ìîòèâàöèè ñòóäåíòîâ, çàòåì îáåñïå÷èâàåò èõ ó÷åáíî-ìåòîäè÷åñêèìè

ìàòåðèàëàìè, óñòàíàâëèâàåò ñðîêè ïðîìåæóòî÷íûõ îò÷åòîâ î ïðîäåëàííîé ðàáîòå, îðãàíèçóåò

äåÿòåëüíîñòü òâîð÷åñêèõ ãðóïï, ÷èòàåò ââîäíóþ ëåêöèþ, ïðîâîäèò êîíñóëüòàöèè, êîíòðîëèðóåò

ðåçóëüòàòû ñàìîêîíòðîëÿ è ñàìîêîððåêöèè ñòóäåíòîâ, îöåíèâàåò ðåçóëüòàòû èõ ðàáîòû (èíäèâè-

äóàëüíûå èëè ãðóïïîâûå).

Â ñòàíäàðòàõ âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ íà âíåàóäèòîðíóþ ðàáîòó îòâîäèòñÿ

íå ìåíåå ïîëîâèíû áþäæåòà âðåìåíè ñòóäåíòà çà âåñü ïåðèîä îáó÷åíèÿ. Ýòî âðåìÿ ìîæåò áûòü
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èñïîëüçîâàíî íà ñàìîñòîÿòåëüíóþ ðàáîòó. Êðîìå òîãî, áîëüøàÿ ÷àñòü àóäèòîðíûõ çàíÿòèé òàê-

æå âêëþ÷àåò ñàìîñòîÿòåëüíóþ ðàáîòó. Òàêèì îáðàçîì, âðåìåíè íà ñàìîñòîÿòåëüíóþ ðàáîòó â

ó÷åáíîì ïðîöåññå âïîëíå äîñòàòî÷íî. Âîïðîñ â òîì, êàê ýôôåêòèâíî åãî èñïîëüçîâàòü.

Ïîýòîìó ïðåïîäàâàòåëü ïðè ïëàíèðîâàíèè ó÷åáíîé äåÿòåëüíîñòè ñòóäåíòà è îáúåìà ñàìîñòîÿ-

òåëüíîé ðàáîòû äîëæåí íà÷àòü ñ îïðåäåëåíèÿ ñîäåðæàíèÿ, ïåäàãîãè÷åñêèõ óñëîâèé è òåõíîëîãèé

ìàòåìàòè÷åñêîé ïîäãîòîâêè ñòóäåíòà, íåîáõîäèìûõ äëÿ ôîðìèðîâàíèÿ åãî ïðîôåññèîíàëüíîé

êîìïåòåíòíîñòè, âêëþ÷àþùåé ñïîñîáíîñòè ê ñàìîîáó÷åíèþ, ñàìîêîíòðîëþ äåÿòåëüíîñòè, êðèòè-

÷åñêîìó ìûøëåíèþ. Ïðèìåíåíèå èíäèâèäóàëüíî-òâîð÷åñêîãî ïîäõîäà â ïðîåêòèðîâàíèè ïðîôåñ-

ñèîíàëüíîé íàïðàâëåííîñòè ìàòåìàòè÷åñêîé ïîäãîòîâêè ïîçâîëÿåò ñîçäàòü óñëîâèÿ ñàìîðåàëè-

çàöèè òâîð÷åñêèõ âîçìîæíîñòåé ñòóäåíòà è âêëþ÷èòü ìåõàíèçìû åãî ïðîôåññèîíàëüíîãî ñàìî-

ðàçâèòèÿ.

Ðåøåíèå çàäà÷ ñîâðåìåííîãî îáðàçîâàíèÿ íåâîçìîæíî áåç ïîâûøåíèÿ ðîëè ñàìîñòîÿòåëüíîé

ðàáîòû ñòóäåíòîâ íàä ó÷åáíûì ìàòåðèàëîì, óñèëåíèÿ îòâåòñòâåííîñòè ïðåïîäàâàòåëåé çà ðàç-

âèòèå íàâûêîâ ñàìîñòîÿòåëüíîé ðàáîòû, çà ñòèìóëèðîâàíèå ïðîôåññèîíàëüíîãî ðîñòà ñòóäåíòîâ,

âîñïèòàíèå èõ òâîð÷åñêîé àêòèâíîñòè è èíèöèàòèâû.
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SPECTRAL PROBLEMS FOR REGULAR CANONIC DIRAC SYSTEMS

WITH PARAMETER DEPENDENT BOUNDARY CONDITIONS

Etibar S. Panakhov, Mine Babaoglu

Firat University, Department of Mathematics, Elazig, Turkey,

Abstract. In this paper, we examine the regular Dirac system with quite general separated

boundary conditions nonlinear in the eigenvalue parameter and we achieve several spectral results.

Consider the following Dirac system with separated parameter dependent boundary conditions:

Ly = By′ +Q (x) y = µ2y, x ∈ [0, y] ,

a11 (µ) y2 (0)− a12 (µ) y1 (0) = 0,
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a21 (µ) y2 (γ) + a22 (µ) y1 (γ) = 0.

where λ = µ2, a2
11 (µ) + a2

21 (µ) 6= 0, a2
21 (µ) + a2

22 (µ) 6= 0, aij are entire functions satisfying the

growth conditions

|aij(µ)| ≤ cij (1 + |µ|)mo exp (Lij {Imµ}) , 1 ≤ i, j ≤ 2,

and m0 is a nonnegative integer.
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ÊÎÌÏÅÒÅÍÒÍÎÑÒÍÀß ÌÎÄÅËÜ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÏÎÄÃÎÒÎÂÊÈ

� ÂÊËÀÄ Â ÊÀ×ÅÑÒÂÎ ÏÎÄÃÎÒÎÂÊÈ ÑÏÅÖÈÀËÈÑÒÎÂ ÂÒÓÇÎÂ

Ñ.Ä. Òûíûáåêîâà

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Abstract. The article highlights the issues of competence approach in teaching mathematical

disciplines of technical university students for whom mathematics is a comprehensive discipline.

Unlike specialty implying way to carry out qualitatively speci�c activity, the category of competence

is broader integrative. This is especially important because in today's fast-paced world to raise the

issue of providing education integrative result - the ability and personal interested popping the

graduates to fully implement professional activities. As a category for interpreting the result of

education provides expert, but as a concept associated with the content of a future professional

activity - competence. Invariant in the �rst place should be the components of education, which

in the near and distant future will be useful technical college graduates (and their employers) to

have mastered the practical new types of professional activity, and it is indisputable fundamental

knowledge. In this case, the most important strategic task of vocational education in the period of

post-industrial society is to move from information transfer learning disability, that is, transfer of

competencies. The article presents some indicators of the quality of mathematical preparation of
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technical college graduates on the basis of the competence model.

Keywords: competence, competence model of learning, mathematical training, the quality of

teaching.

À­äàòïà. Á´ë ìà©àëàäà òåõíèêàëû© æî¡àðû î©ó îðûíäàðûíäà æàëïû áiëiì áåðåòií ïºí

ðåòiíäå î©ûëàòûí ìàòåìàòèêà ïºíäåðií ©´çûðëûëû¡û ò´ð¡ûñûíäà î©ûòó ìºñåëåëåði ©àðàë¡àí.

Îíû­ ìàìàíäû©òàí °çãåøåëiãi íà©òû iñ-ºðåêåòòi­ àðíàéû ò³ðií ñàïàëû îðûíäàó ©àáiëåòií

áiëäiðåòií �´çûðåòòiëiê êàòåãîðèÿñû êå­, ©àð©ûíäûëû¡ûíäà. Àë á´ë ©àçiðãi ºëåìäåãi òåç °ç-

ãåðìåëi êåçå­äå áiëiì áåðó æ³éåñií ©àð©ûíäû íºòèæåëåði - æî¡àðû î©ó îðíûíû­ ò³ëåãi êºñi-

áè ©ûçìåòií òîëû© àò©àðóäà¡û ©àáiëåòi ìåí æåêå ©ûçû¡óøûëû¡ûí ©àìòàìàñûç åòó ìºñåëåñi

ìà­ûçäû áîëûï ñàíàëàäû. �´çûðëûëû© áiëiì áåðóäi­ íºòèæåñií ìàçì´íû êàòåãîðèÿñû ©ûç-

ìåòií àò©àðàäû, àë ©´çûðåòòiëiê áîëàøà©òà¡û êºñiáè ©ûçìåòiíi­ ìàçì´íûìåí áàéëàíûñòû

ò³ñiíiê. Æà©ûí æºíå àëäà¡û êåëåøåêòå òåõíèêàëû© æî¡àðû î©ó îðíû ò³ëåêòåði (îëàð¡à æ´-

ìûñ áåðóøiëåðãå) ³øií êºñiáè ©ûçìåòòi­ íåãiçãi ò³ðëåðií òºæiðèáåëiê ò´ð¡ûäà ìå­ãåðó, àë îë

ñ°çñiç iðãåëi áiëiì áåðó êîìïîíåíòòåði áiðiíøiäåí èíâàðèàíòòû áîëûï òàáûëàäû. �î¡àìíû­

èíäóñòðèÿäàí êåéiíãi êåçå­iíäå êºñiáè áiëiìíi­ å­ ìà­ûçäû ñòðàòåãèÿëû© ìiíäåòi à©ïàðàò

òàðàòóäû ³éðåíó, ÿ¡íè ©´çûðåòòiëiêêå áåðiëó. Á´ë ìà©àëàäà òåõíèêàëû© æî¡àðû î©ó îðíû

ñòóäåíòòåðiíi­ ©´çûðåòòiëiê ³ëãiñiíi­ ìàòåìàòèêàëû© äàéûíäû© ñàïàñûíû­ êåéáið ê°ðñåòêi-

øòåði êåëòiðiëãåí.

Êiëòòiê ñ°çäåð: �´çûðåòòiëiê, î©ûòóäû­ ©´çûðåòòiëiê ³ëãiñi, ìàòåìàòèêàëû© äàéûíäû©,

î©ûòó ñàïàñû

Àííîòàöèÿ. Â ñòàòüå îñâåùàþòñÿ âîïðîñû êîìïåòåíòíîñòíîãî ïîäõîäà â îáó÷åíèè ìàòåìàòè-

÷åñêèì äèñöèïëèíàì ñòóäåíòîâ òåõíè÷åñêèõ âóçîâ, äëÿ êîòîðûõ ìàòåìàòèêà ÿâëÿåòñÿ îáùå-

îáðàçîâàòåëüíîé äèñöèïëèíîé. Â êà÷åñòâå êàòåãîðèè, ïîçâîëÿþùåé èíòåðïðåòèðîâàòü ðåçóëü-

òàò îáðàçîâàíèÿ, âûñòóïàåò êîìïåòåíòíîñòü, à â êà÷åñòâå ïîíÿòèÿ, ñâÿçàííîãî ñ ñîäåðæàíèåì

îáëàñòè áóäóùåé ïðîôåññèîíàëüíîé äåÿòåëüíîñòè � êîìïåòåíöèÿ. Èíâàðèàíòíûìè â ïåðâóþ

î÷åðåäü äîëæíû áûòü òå êîìïîíåíòû îáðàçîâàíèÿ, êîòîðûå â áëèæàéøåé è îòäàëåííîé ïåð-

ñïåêòèâå áóäóò ïîëåçíû âûïóñêíèêàì âòóçà (è èõ ðàáîòîäàòåëÿì) â õîäå ïðàêòè÷åñêîãî îñâîå-

íèÿ íîâûõ âèäîâ ïðîôåññèîíàëüíîé äåÿòåëüíîñòè, à ýòî áåññïîðíî ôóíäàìåíòàëüíûå çíàíèÿ.

Â ñòàòüå ïðèâåäåíû íåêîòîðûå ïîêàçàòåëè êà÷åñòâà ìàòåìàòè÷åñêîé ïîäãîòîâêè âûïóñêíèêîâ

âòóçà íà îñíîâå ïðåäëàãàåìîé êîìïåòåíòíîñòíîé ìîäåëè.

Êëþ÷åâûå ñëîâà: êîìïåòåíòíîñòü, êîìïåòåíòíîñòíàÿ ìîäåëü îáó÷åíèÿ, ìàòåìàòè÷åñêàÿ ïîä-

ãîòîâêà, êà÷åñòâî îáðàçîâàíèÿ.

Â íàñòîÿùåå âðåìÿ ðàçâèòèå îòå÷åñòâåííîé ñèñòåìû âûñøåãî îáðàçîâàíèÿ îñóùåñòâëÿåòñÿ ÷å-

ðåç å¼ ìîäåðíèçàöèþ, â îñíîâå êîòîðîé ïîâûøåíèå êà÷åñòâà ïîäãîòîâêè ñïåöèàëèñòîâ [1]. Óñïåø-

íîå ðåøåíèå ýòîé çàäà÷è îïðåäåëÿåòñÿ ÷åðåç òàêèå èíñòðóìåíòû, êàê ÃÎÑÎ � ãîñóäàðñòâåííûå

îáðàçîâàòåëüíûå ñòàíäàðòû è ÒÓÏû � òèïîâûå ó÷åáíûå ïðîãðàììû, óòâåðæäàåìûå Ìèíèñòåð-

ñòâîì îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.

Â êîíòåêñòå ïðîáëåì êà÷åñòâà ïîäãîòîâêè ñïåöèàëèñòîâ ìîæíî âûäåëèòü âïîëíå îïðåäåëåí-

íûå íåäîñòàòêè äåéñòâóþùèõ ãîñóäàðñòâåííûõ îáðàçîâàòåëüíûõ ñòàíäàðòîâ âûñøåãî îáðàçîâà-

íèÿ è òèïîâûõ ó÷åáíûõ ïðîãðàìì, êîòîðûå îòìå÷àþòñÿ èññëåäîâàòåëÿìè ýòèõ âîïðîñîâ. Â ñòàí-

äàðòàõ ïðîøëûõ ëåò, êîòîðûå èñïîëüçîâàëèñü â ó÷åáíîé ïðàêòèêå ïî ìàòåìàòè÷åñêèì äèñöè-

ïëèíàì, êàê áàçîâûì, âûäåëÿëîñü â ñðåäíåì 6 êðåäèòîâ äëÿ òåõíè÷åñêèõ ñïåöèàëüíîñòåé âóçîâ,

÷òî çíà÷èòåëüíî ìåíüøå, ÷åì â òåõíè÷åñêèõ âóçàõ Âåëèêîáðèòàíèè, Ðîññèè è äðóãèõ ñòðàí. À

â 2012 ãîäó ÌÎÍ ÐÊ óòâåðäèë íîâûå ÒÓÏû, ïî êîòîðûì óìåíüøèëñÿ îáúåì ÷àñîâ ïî áàçîâûì
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äèñöèïëèíàì, à ýòî çíà÷èò è ïî ìàòåìàòè÷åñêèì äèñöèïëèíàì, è ñîîòâåòñòâåííî, óâåëè÷èëñÿ - ïî

ýëåêòèâíûì äèñöèïëèíàì. Ýòî áûëî ñäåëàíî, êàê ìû ïîëàãàåì, ñ òåìè íàìåðåíèÿìè, ÷òîáû îáÿ-

çàòåëüíàÿ êîìïîíåíòà - ìàòåìàòèêà ïðèñóòñòâîâàëà òàêæå â âèäå êóðñà ïî âûáîðó (ýëåêòèâíîé

äèñöèïëèíå) ñ ó÷åòîì ñïåöèàëèçàöèè ñòóäåíòîâ.

Èíîãî ìíåíèÿ ïðèäåðæèâàþòñÿ âûïóñêàþùèå êàôåäðû, â ÷üèõ ðóêàõ ðàñïðåäåëåíèå êðåäèòîâ

ïî äèñöèïëèíàì ñïåöèàëüíîñòè, â ðåçóëüòàòå êîëè÷åñòâî êðåäèòîâ ïî ìàòåìàòè÷åñêèì äèñöèïëè-

íàì ñîêðàòèëîñü ïî ìíîãèì ñïåöèàëüíîñòÿì âäâîå, ò.å. äî 3. Òàêîå ïîëîæåíèå ïî ìàòåìàòèêå â

òåõíè÷åñêèõ âóçàõ äåëàåò, ïî íàøåìó ìíåíèþ, ìàòåìàòè÷åñêóþ ïîäãîòîâêó ñòóäåíòîâ âòóçîâ íå

ñîîòâåòñòâóþùåé ãîñóäàðñòâåííûì ñòàíäàðòàì. Îñíîâíàÿ ïðè÷èíà ýòîãî ñîñòîèò â òîì, ÷òî ââå-

äåíèå íîâûõ ÒÓÏîâ ïðèâîäèò ê çàêðåïëåíèþ óçêîé ñïåöèàëèçàöèè ïðîôåññèîíàëüíîé ïîäãîòîâêè

ñòóäåíòîâ, ïîñêîëüêó ýëåêòèâíûå êóðñû, êàê ïðàâèëî, ñîñòîÿò èç ñïåöäèñöèïëèí. Ýòèì ñàìûì

ïîääåðæèâàåòñÿ ñòåðåîòèïíîå ïðåäñòàâëåíèå î êà÷åñòâå îáðàçîâàíèÿ, êàê ïðîèçâîäíîé îò ÷èñëà

ó÷åáíûõ ñïåöäèñöèïëèí, ïðîñëóøàííûõ ñòóäåíòîì. Â òî âðåìÿ, êàê íà ñëîâàõ âñå ñîãëàñíû ñ òåì,

÷òî êà÷åñòâî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ îïðåäåëÿåòñÿ ñòåïåíüþ ïðèîáùåíèÿ ñòóäåíòà ê öå-

ëîñòíîé ñèñòåìå áóäóùåé ïðîôåññèîíàëüíîé äåÿòåëüíîñòè, äîñòèãíóòîé â ïðîöåññå ðåàëèçàöèè

îáðàçîâàòåëüíîé ïðîãðàììû, îòðàæåííîé â ãîñóäàðñòâåííûõ ñòàíäàðòàõ.

Îäíèì èç ïóòåé âûõîäà èç ýòîé ñèòóàöèè ÿâëÿåòñÿ âíåäðåíèå êîìïåòåíòíîñòíîãî ïîäõîäà, êî-

òîðûé â ïîñëåäíåå âðåìÿ çàâîåâûâàåò âñå áîëüøåå ÷èñëî ñòîðîííèêîâ, â îòëè÷èå îò ïðèìåíÿåìîé

äîëãèå ãîäû ïðåäìåòíî-çíàíèåâîé ìîäåëè ñïåöèàëèñòà. Ðàññìîòðèì ïðè÷èíû, îïðåäåëÿþùèå åãî

ïðåèìóùåñòâà. Â óñëîâèÿõ íåñòàáèëüíîñòè ðûíî÷íîé ýêîíîìèêè, õàðàêòåðèçóþùåé ñîöèàëüíî-

ýêîíîìè÷åñêóþ ñèñòåìó â öåëîì, ïðîèñõîäèò óñêîðåíèå òåìïîâ óñòàðåâàíèÿ çíàíèé. Â ñâÿçè ñ

ýòèì êëþ÷åâîå çíà÷åíèå ïðèîáðåòàåò âîïðîñ î òîì, à ÷òî äîëæíî áûòü îáúåêòîì ñòàíäàðòèçàöèè

â îáðàçîâàíèè è êàêîâ îïòèìàëüíûé îáúåì åãî èíâàðèàíòíûõ êîìïîíåíòîâ. Èíâàðèàíòíûìè â

ïåðâóþ î÷åðåäü äîëæíû áûòü òå êîìïîíåíòû îáðàçîâàíèÿ, êîòîðûå â áëèæàéøåé è îòäàëåííîé

ïåðñïåêòèâå áóäóò ïîëåçíû âûïóñêíèêàì âòóçà (è èõ ðàáîòîäàòåëÿì) â õîäå ïðàêòè÷åñêîãî îñâî-

åíèÿ íîâûõ âèäîâ ïðîôåññèîíàëüíîé äåÿòåëüíîñòè, à ýòî áåññïîðíî ôóíäàìåíòàëüíûå çíàíèÿ.

Èìåííî ýòè êîìïîíåíòû áóäóò èãðàòü ðåøàþùóþ ðîëü â ïîâûøåíèè ïðîôåññèîíàëüíîé ìîáèëü-

íîñòè ìîëîäûõ ñïåöèàëèñòîâ, èõ àäàïòàöèè â ðàçëè÷íûõ ñîöèàëüíûõ ãðóïïàõ, òîëåðàíòíîñòè,

ãîòîâíîñòè ñëåäîâàòü ïðèíÿòûì â îáùåñòâå íîðìàì è ïðàâèëàì ïîâåäåíèÿ.

Äëÿ áàçîâûõ óìåíèé, â òîì ÷èñëå ìàòåìàòè÷åñêèõ, íàäî ïîíèìàòü è îöåíèâàòü ôóíäàìåíòàëü-

íîñòü ñîâðåìåííîãî âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ. Ïîíèìàíèå ôóíäàìåíòàëüíîñòè

îñíîâàíî íå íà ïîäñ÷åòå ÷èñëà äèñöèïëèí, êîòîðûå íåñóò ôóíäàìåíòàëüíûå çíàíèÿ â âèäå ìåõà-

íè÷åñêè óñâîåííîé ñòóäåíòîì èíôîðìàöèè, à â ïðàêòè÷åñêîì ïðèìåíåíèè óñâîåííûõ ôóíäàìåí-

òàëüíûõ çíàíèé. Ïðè ýòîì âàæíåéøåé ñòðàòåãè÷åñêîé çàäà÷åé ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ

â ïåðèîä ïîñòèíäóñòðèàëüíîãî îáùåñòâà ÿâëÿåòñÿ ïåðåõîä îò ïåðåäà÷è èíôîðìàöèè ê íàó÷åíèþ,

ò.å. ïåðåäà÷å êîìïåòåíöèé. Â íàñòîÿùåå âðåìÿ ðåçóëüòàòîì îáðàçîâàíèÿ äîëæíî áûòü íå ñòîëü-

êî óñâîåíèå îáó÷àåìûì íîâîé èíôîðìàöèè, íîâûõ èäåé, ñêîëüêî ôîðìèðîâàíèå ïðåäïîñûëîê

ïî âûïîëíåíèþ çàäà÷ ïðåäñòîÿùåé ïðîôåññèîíàëüíîé äåÿòåëüíîñòè. Â îòëè÷èå îò ñïåöèàëüíî-

ñòè, ïîäðàçóìåâàþùåé ñïîñîáíîñòü êà÷åñòâåííî âûïîëíÿòü êîíêðåòíûé ñïåöèàëèçèðîâàííûé âèä

äåÿòåëüíîñòè, êàòåãîðèÿ êîìïåòåíöèè áîëåå øèðîêàÿ, èíòåãðàòèâíàÿ. À ýòî îñîáåííî âàæíî, ïî-

ñêîëüêó â ñîâðåìåííîì áûñòðî ìåíÿþùåìñÿ ìèðå àêòóàëüíà ïîñòàíîâêà âîïðîñà îá îáåñïå÷åíèè

îáðàçîâàíèåì èíòåãðàòèâíîãî ðåçóëüòàòà � ñïîñîáíîñòè è ëè÷íîé çàèíòåðåñîâàííîñòè âûïóñêíè-

êà âóçà â ïîëíîì îáúåìå âûïîëíÿòü ïðîôåññèîíàëüíóþ äåÿòåëüíîñòü.
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Â êà÷åñòâå êàòåãîðèè, ïîçâîëÿþùåé èíòåðïðåòèðîâàòü ðåçóëüòàò îáðàçîâàíèÿ âûñòóïàåò êîì-

ïåòåíòíîñòü, à â êà÷åñòâå ïîíÿòèÿ, ñâÿçàííîãî ñ ñîäåðæàíèåì îáëàñòè áóäóùåé ïðîôåññèîíàëüíîé

äåÿòåëüíîñòè � êîìïåòåíöèÿ. Êàòåãîðèÿ "êîìïåòåíöèÿ"îòðàæàåò íå òîëüêî ïðåäìåòíûå çíàíèÿ

� "çíàòü, ÷òî íî, ïðåæäå âñåãî, ïðîöåäóðíûå çíàíèÿ - "çíàòü, êàê"è öåííîñòíî-ñìûñëîâûå çíà-

íèÿ � "çíàòü, çà÷åì è ïî÷åìó"[2]. Åñëè ïîíèìàòü ïîä êà÷åñòâîì ïîäãîòîâêè ñïåöèàëèñòîâ �

ðåçóëüòàò äåÿòåëüíîñòè êîíêðåòíîãî îáðàçîâàòåëüíîãî ó÷ðåæäåíèÿ, èçìåðÿåìóþ óðîâíåì âîñ-

òðåáîâàííîñòè âûïóñêíèêîâ, òî íåîáõîäèìî ïåðåõîäèòü ê íîâûì êà÷åñòâåííî èíûì êðèòåðèÿì.

Íàïðèìåð, îò çàòðàòíûõ êðèòåðèåâ (÷èñëà àêàäåìè÷åñêèõ ÷àñîâ, îòâåäåííûõ ó÷åáíûì ïëàíîì íà

äèñöèïëèíó) ê ïîêàçàòåëÿì, ïîçâîëÿþùèì îïðåäåëÿòü âîçìîæíîñòè ñòóäåíòà ñîâåðøàòü àäåê-

âàòíûå äåéñòâèÿ â ñèòóàöèÿõ, èìèòèðóþùèõ åãî áóäóùóþ ïðîôåññèîíàëüíóþ äåÿòåëüíîñòü. À

ýòî ïðèâîäèò ê íåîáõîäèìîñòè äîïîëíåíèÿ îöåíî÷íûõ êðèòåðèåâ íîâûìè êîìïîíåíòàìè, òàêèìè,

êàê ðåéòèíãîâîé îöåíêîé ó÷åáíîé äåÿòåëüíîñòè ñòóäåíòà, ïðîâåðêîé åãî ñïîñîáíîñòåé ïðèìåíÿòü

íà ïðàêòèêå ðåçóëüòàòû îáó÷åíèÿ.

Âûøåèçëîæåííîå ïîäâîäèò ê íåîáõîäèìîñòè ïîèñêà íîâûõ êîíöåïòóàëüíûõ ïîäõîäîâ, ïîìî-

ãàþùèõ ïî-íîâîìó îñìûñëèòü è áîëåå àäåêâàòíî îöåíèòü êà÷åñòâî ìàòåìàòè÷åñêîé ïîäãîòîâêè

âûïóñêíèêîâ âòóçà. Îäèí èç òàêèõ ïîäõîäîâ ñâÿçàí ñ èñïîëüçîâàíèåì êîìïåòåíöèé êàê õàðàê-

òåðèñòèêè êà÷åñòâà ìàòåìàòè÷åñêîé ïîäãîòîâêè ñïåöèàëèñòîâ. Â ñàìîì îáùåì ïîíèìàíèè êîì-

ïåòåíöèÿ � ýòî ïðåäìåòíàÿ îáëàñòü, î êîòîðîé ñòóäåíò êàê áóäóùèé ñïåöèàëèñò õîðîøî îñâå-

äîìëåí è â êîòîðîé îí ïðîÿâëÿåò ãîòîâíîñòü ê âûïîëíåíèþ äåÿòåëüíîñòè. Âàæíî ïîä÷åðêíóòü

ðàçëè÷èå ìåæäó ïîíÿòèÿìè "ñïîñîáíîñòü" "è ãîòîâíîñòü". Ñïîñîáíîñòü ýòî óìåíèå ïðîèçâîäèòü

êàêèå-ëèáî äåéñòâèÿ èëè äåÿòåëüíîñòü, à ïîíÿòèþ "ãîòîâíîñòü" â áîëüøåé ñòåïåíè ïðèñóù äåÿ-

òåëüíîñòíûé àñïåêò � "ïîäãîòîâëåííûé ê èñïîëüçîâàíèþ". Êðîìå òîãî, ãîòîâíîñòü ïðåäïîëàãà-

åò òàêæå è ñîãëàñèå, æåëàíèå ÷òî-ëèáî ñäåëàòü, ò.å. âêëþ÷àåò è ìîòèâèðîâàííîñòü ëè÷íîñòè íà

âûïîëíåíèå ðàáîòû. Ïî ýòîé ïðè÷èíå Äæ. Ðàâåí íàçâàë êîìïåòåíöèè "ìîòèâèðîâàííûìè ñïîñîá-

íîñòÿìè" [3].

Òàêèì îáðàçîì, ïî íàøåìó ìíåíèþ, êîìïåòåíöèÿ ïðåäñòàâëÿåò ñîáîé îòêðûòóþ ñèñòåìó ïðî-

öåäóðíûõ è ïðîôåññèîíàëüíûõ çíàíèé, âêëþ÷àþùóþ âçàèìîäåéñòâóþùèå ìåæäó ñîáîé êîìïî-

íåíòû, êîòîðûå àêòóàëèçèðóþòñÿ è îáîãàùàþòñÿ â äåÿòåëüíîñòè ïî ìåðå âîçíèêíîâåíèÿ ðåàëüíûõ

æèçíåííî âàæíûõ ïðîáëåì, ñ êîòîðûìè ñòàëêèâàåòñÿ íîñèòåëü êîìïåòåíöèè.

Ðàññìîòðèì íåêîòîðûå ïîêàçàòåëè êà÷åñòâà ìàòåìàòè÷åñêîé ïîäãîòîâêè âûïóñêíèêîâ âòóçà

íà îñíîâå êîìïåòåíòíîñòíîé ìîäåëè.

1. Êîìïåòåíòíîñòü: ïîòðåáíîñòü è ñïîñîáíîñòü ê ñàìîîáðàçîâàíèþ ïî ìàòåìàòè÷åñêèì äèñöè-

ïëèíàì. Ïîêàçàòåëü: óìåíèå ïëàíèðîâàòü è îðãàíèçîâûâàòü ñâîå ñàìîîáðàçîâàíèå íà áàçå

ïîëó÷åííîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ; ñàìîñòîÿòåëüíî èçó÷àòü íîâûå ìàòåìàòè÷åñêèå

ïîíÿòèÿ; óìåíèå îöåíèâàòü äîñòèãíóòûé óðîâåíü ñàìîîáðàçîâàíèÿ ïî ìàòåìàòè÷åñêèì äèñ-

öèïëèíàì.

2. Êîìïåòåíòíîñòü: öåëîñòíîå ïðåäñòàâëåíèå î ìàòåìàòèêå, êàê íàóêå è ñîâðåìåííûõ ìàòåìà-

òè÷åñêèõ òåõíîëîãèÿõ. Ïîêàçàòåëü: èìåòü öåëîñòíîå âîñïðèÿòèå îêðóæàþùåãî ìèðà, óìåòü

èñïîëüçîâàòü ìàòåìàòè÷åñêèå çíàíèÿ â ïðîôåññèîíàëüíîé äåÿòåëüíîñòè.

3. Êîìïåòåíòíîñòü: ãîòîâíîñòü ê èñïîëüçîâàíèþ èíôîðìàöèîííûõ è òåëåêîììóíèêàöèîííûõ

òåõíîëîãèé äëÿ ñîñòàâëåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé çàäà÷ ñïåöèàëüíîñòè. Ïîêàçàòåëü:

âëàäåíèå èíôîðìàöèîííûìè è òåëåêîììóíèêàöèîííûìè òåõíîëîãèÿìè: ìåòîäàìè ñáîðà è
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õðàíåíèÿ èíôîðìàöèè; ìåòîäàìè ïîèñêà èíôîðìàöèè â Èíòåðíåòå; óìåíèå èõ èñïîëüçîâàòü

äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.

4. Êîìïåòåíòíîñòü: ãîòîâíîñòü ê ìàòåìàòè÷åñêîìó òâîð÷åñòâó. Ïîêàçàòåëü: âëàäåíèå íàâûêà-

ìè ìàòåìàòè÷åñêîãî ôîðìóëèðîâàíèÿ è ðåøåíèÿ çàäà÷ ñïåöèàëüíîñòè ìåòîäàìè ìàòåìàòè-

êè.

5. Êîìïåòåíòíîñòü: ãîòîâíîñòü ê èííîâàöèîííîé äåÿòåëüíîñòè, êàê â ñâîåé îáëàñòè òàê è â ìà-

òåìàòèêå äëÿ ðåøåíèÿ çàäà÷ ñïåöèàëüíîñòè. Ïîêàçàòåëü: óìåíèå ïðèìåíÿòü èííîâàöèîííûå

ìåòîäû è òåõíîëîãèè â ìàòåìàòèêå äëÿ ðåøåíèÿ çàäà÷ â ñâîåé ïðåäìåòíîé îáëàñòè; óìåíèå

ïðîâîäèòü àíàëèç è îöåíêó ðåçóëüòàòîâ ðåøåíèÿ çàäà÷ èííîâàöèîííûìè ìàòåìàòè÷åñêèìè

ìåòîäàìè.

Ýòè ïîêàçàòåëè òðåáóþò ðàçðàáîòêè èíñòðóìåíòîâ èõ âíåäðåíèÿ â ó÷åáíóþ ïðàêòèêó ñ òåì,

÷òîáû ìàòåìàòè÷åñêàÿ ïîäãîòîâêà ñòóäåíòîâ âòóçîâ ñïîñîáñòâîâàëà ïðîôåññèîíàëüíîé ïîäãî-

òîâêå âûïóñêíèêîâ, óäîâëåòâîðÿþùåé ïîòðåáíîñòÿì ðûíêà òðóäà, ðåàëèÿì ìåíÿþùåãîñÿ îáùå-

ñòâà. Äëÿ ýòîãî ìàòåìàòè÷åñêàÿ ïîäãîòîâêà áóäóùåãî ñïåöèàëèñòà äîëæíà áûòü íåïðåðûâíîé,

ò.å. çíàíèÿ îáùåãî êóðñà ìàòåìàòèêè äîëæíû ïðèìåíÿòüñÿ â ñïåöêóðñàõ, ñîäåðæàíèå êîòîðûõ

âàðèàòèâíî è ñâÿçàíî ñî ñïåöèàëèçàöèåé ñòóäåíòîâ. À åñòåñòâåííûì ïðîäîëæåíèåì è ïðèìå-

íåíèåì ñïåöêóðñîâ äîëæíû ñòàòü êóðñîâîå è äèïëîìíîå ïðîåêòèðîâàíèå, âûïîëíåíèå êîòîðûõ

òðåáóåò ìàòåìàòè÷åñêèõ çíàíèé, ïîëó÷åííûõ êàê, â îáùåì, òàê è ñïåöèàëüíûõ êóðñàõ ìàòåìàòè-

êè ïî òåìàòèêå, ðàçðàáîòàííîé ïî òåìàòèêå, ñîãëàñîâàííîé ñ âûïóñêàþùèìè êàôåäðàìè âòóçà.

Ïðè ðàçðàáîòêå ñïåöêóðñîâ äîëæåí ïðèâëåêàòüñÿ ìàòåðèàë ïî ñïåöèàëèçàöèè ñòóäåíòîâ äëÿ ñî-

çäàíèÿ ïðîáëåìíûõ ñèòóàöèé, à êóðñîâîå ïðîåêòèðîâàíèå äîëæíî îñóùåñòâëÿòüñÿ ïî ðåàëüíîé

òåìàòèêå. Îäíèì èç íàèáîëåå çíà÷èìûõ â ïîäãîòîâêå ñïåöèàëèñòà ê òâîð÷åñêîé äåÿòåëüíîñòè

ÿâëÿåòñÿ íàó÷íî-èññëåäîâàòåëüñêàÿ ðàáîòà ñ èñïîëüçîâàíèåì ìàòåìàòè÷åñêîãî àïïàðàòà, ïîäãî-

òîâêà è çàùèòà äèïëîìîâ íà àêòóàëüíûå òåõíè÷åñêèå òåìû è âíåäðåíèå ðåçóëüòàòîâ ýòèõ ðàáîò

íà ïðîèçâîäñòâå.

Âñå ïðåäñòàâëåííûå òåîðèè îáó÷åíèÿ è âîñïèòàíèÿ, íåçàâèñèìî îò èõ ñîäåðæàíèÿ è íàïðàâ-

ëåííîñòè, êîíå÷íóþ öåëü îáó÷åíèÿ òðàêòóþò êàê îâëàäåíèå îáó÷àåìûìè ñèñòåìîé çíàíèé, óìåíèé

è ëè÷íîñòíûõ êà÷åñòâ, íåîáõîäèìûõ äëÿ óñïåøíîé ïðîôåññèîíàëüíîé äåÿòåëüíîñòè. Ýòî îñíîâ-

íàÿ ïðîáëåìà êà÷åñòâà ïîäãîòîâêè áóäóùèõ ñïåöèàëèñòîâ, òðåáóþùàÿ ðåøåíèÿ.
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ÔÎÐÌÈÐÎÂÀÍÈÅ ÝÊÎËÎÃÈ×ÅÑÊÈÕ ÊÎÌÏÅÒÅÍÖÈÉ Ó

ÂÛÏÓÑÊÍÈÊÎÂ ÒÅÕÍÈ×ÅÑÊÈÕ ÑÏÅÖÈÀËÜÍÎÑÒÅÉ

ÏÎÑÐÅÄÑÒÂÎÌ ÈÍÔÎÐÌÀÖÈÎÍÍÛÕ ÒÅÕÍÎËÎÃÈÉ

Þ. Ì. Ôåäîð÷óê, Â.Í. Èçâåêîâ, Î.Í. Ðóñèíà

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå îáðàçîâàòåëüíîå ó÷ðåæäåíèå âûñøåãî ïðîôåññèîíàëüíîãî

îáðàçîâàíèÿ ¾Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Òîìñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò¿

Abstract. Information technology, along with traditional teaching methods used in education will

facilitate the development of environmental competence of the graduates of higher institutions of

technical education. Tomsk Polytechnic University has been successfully implementing conventional

IT methods and developing and introducing new IT applications; it also establishes modern educa-

tional IT environment and forms a bank of academic and scienti�c information. In TPU developed

and are testing the software supports the organization of environmental auditing procedure. Soft-

ware product to allow for advice on optimization of the company.

Keywords: Information technology, environmental competence.

Àííîòàöèÿ. Èíôîðìàöèîííûå òåõíîëîãèè íàðÿäó ñ òðàäèöèîííûìè îáðàçîâàòåëüíûìè ïðèå-

ìàìè, ïðèìåíÿåìûìè â îáðàçîâàòåëüíûõ öåëÿõ, ïîçâîëÿò ñôîðìèðîâàòü ýêîëîãè÷åñêèå êîìïå-

òåíöèè ó âûïóñêíèêîâ òåõíè÷åñêèõ âóçîâ. Â Òîìñêîì ïîëèòåõíè÷åñêîì óíèâåðñèòåòå óñïåøíî

èñïîëüçóþòñÿ êàê ðàñïðîñòðàí¼ííûå, òàê ðàçðàáàòûâàþòñÿ è âíåäðÿþòñÿ íîâûå âèäû èíôîð-

ìàöèîííûõ òåõíîëîãèé, ñîçäàåòñÿ ñîâðåìåííàÿ èíôîðìàöèîííî-îáðàçîâàòåëüíîé ñðåäà, ôîð-

ìèðóåòñÿ áàíê ó÷åáíî-ìåòîäè÷åñêîé è íàó÷íîé èíôîðìàöèè. Â ÒÏÓ ðàçðàáîòàí è íàõîäèòñÿ

â ñòàäèè àïðîáàöèè ïðîãðàììíûé ïðîäóêò, ïîääåðæèâàþùèé ïðîöåäóðó ïðîâåäåíèÿ ýêîëî-

ãè÷åñêîãî àóäèòà íà ïðåäïðèÿòèè. Ïðîãðàììà ïðåäëîæèò ðåêîìåíäàöèÿìè ïî îïòèìèçàöèè

äåÿòåëüíîñòè ïðåäïðèÿòèÿ ñ öåëüþ ìèíèìèçàöèè íåãàòèâíîãî âîçäåéñòâèÿ íà îêðóæàþùóþ

ñðåäó.

Êëþ÷åâûå ñëîâà: Èíôîðìàöèîííûå òåõíîëîãèè, ýêîëîãè÷åñêèå êîìïåòåíöèè.

Ââåäåíèå

Ðîññèéñêàÿ îáðàçîâàòåëüíàÿ ñèñòåìà â íàñòîÿùåå âðåìÿ ïðåòåðïåâàåò ñåðüåçíûå èçìåíåíèÿ. Â

2009-2011 ãã. áûëè ïðèíÿòû Ôåäåðàëüíûå ãîñóäàðñòâåííûå îáðàçîâàòåëüíûå ñòàíäàðòû (ÔÃÎÑ)

òðåòüåãî ïîêîëåíèÿ äëÿ âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ. ÔÃÎÑ ïðåäïîëàãàþò ïåðåõîä

ê êîìïåòåíòíîñòíîìó ïîäõîäó, ãëàâíîé öåëüþ êîòîðîãî ÿâëÿåòñÿ ãàðìîíè÷íîå ðàçâèòèå ëè÷íîñòè

ó÷àùåãîñÿ ñ îïðåäåëåííûì íàáîðîì êëþ÷åâûõ êîìïåòåíöèé, îáåñïå÷èâàþùèõ óñïåøíîå àäàïòè-

ðîâàíèå ê ïîñòîÿííî ìåíÿþùèìñÿ óñëîâèÿì æèçíåäåÿòåëüíîñòè.

Ôåäåðàëüíûå ãîñóäàðñòâåííûå îáðàçîâàòåëüíûå ñòàíäàðòû ïðåäïèñûâàåò, êàêîé äîëæíà áûòü

ñòðóêòóðà îáðàçîâàòåëüíîé ïðîãðàììû, íàëè÷èå â íåé òåõ èëè èíûõ ýëåìåíòîâ è êàêîé íàáîð

êîìïåòåíöèé îíà äîëæíà ôîðìèðîâàòü. Êàêèìè ìåòîäàìè è ïðèåìàìè, êàêèå óñëîâèÿ íóæíî

ñîçäàòü äëÿ óñïåøíîãî ôîðìèðîâàíèÿ íåîáõîäèìûõ êîìïåòåíöèé ÔÃÎÑ íå îïðåäåëÿþò. Âûáîð
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ñïîñîáîâ ðåàëèçàöèè ýòèõ çàäà÷ âîçëàãàþòñÿ íà óñìîòðåíèå âóçà, íà åãî âîçìîæíîñòè, âíóòðåííèå

ðåñóðñû.

Èñïîëüçîâàíèå èíôîðìàöèîííûõ òåõíîëîãèé â îáðàçîâàòåëüíîì ïðîöåññå, íà íàø âçãëÿä, ÿâ-

ëÿþòñÿ îäíèì èç ìåòîäîâ, êîòîðûé ïîçâîëèò äîñòè÷ü êîìïåòåíöèé, îïðåäåëåííûõ ÔÃÎÑ.

Òåîðåòè÷åñêèå ïðåäïîñûëêè

Äèñöèïëèíà ¾Ýêîëîãèÿ¿ äëÿ òåõíè÷åñêèõ ñïåöèàëüíîñòåé ïðèçâàíà ôîðìèðîâàòü, ïîìèìî

âñåãî ïðî÷åãî, ýêîëîãè÷åñêèå êîìïåòåíöèè ó âûïóñêíèêîâ òåõíè÷åñêîãî âóçà.

Ìåòîäèêà îáó÷åíèÿ ýêîëîãè÷åñêèõ äèñöèïëèí ïðåäïîëàãàåòñÿ áîëåå ýôôåêòèâíîé, åñëè â ïðî-

öåññà îáó÷åíèÿ ïðèìåíÿþòñÿ è êîìïüþòåðíûå è òðàäèöèîííûå ïðèåìû.

Ñîâðåìåííàÿ áûñòðîðàçâèâàþùàÿñÿ èíôîðìàòèçàöèÿ ðîññèéñêîãî îáùåñòâà òðåáóåò ñîâåð-

øåíñòâîâàíèÿ îáðàçîâàòåëüíîé ñèñòåìû â îáëàñòè èíôîðìàöèîííûõ òåõíîëîãèé.

Ïîä èíôîðìàöèîííîé òåõíîëîãèåé ïîíèìàåòñÿ ñèñòåìà ìåòîäîâ è ñïîñîáîâ ñáîðà, íàêîïëå-

íèÿ, õðàíåíèÿ, ïîèñêà è îáðàáîòêè èíôîðìàöèè íà îñíîâå ïðèìåíåíèÿ ñðåäñòâ âû÷èñëèòåëüíîé

òåõíèêè¿ [1].

Èíôîðìàöèîííûå òåõíîëîãèè ïîçâîëÿþò ðåøàòü ñëåäóþùèå çàäà÷è îáó÷åíèÿ:

� õðàíåíèå áîëüøèõ îáúåìîâ áàç äàííûõ;

� äîñòóï è ïîèñê íåîáõîäèìîé èíôîðìàöèè;

� áûñòðûé îáìåí èíôîðìàöèåé íåçàâèñèìî îò ðàññòîÿíèÿ;

� ïîñòðîåíèå ìîäåëåé âûìûøëåííûõ è ðåàëüíûõ îáúåêòîâ, ÿâëåíèé, ïðîöåññîâ;

� âîçìîæíîñòü çàêðåïëåíèÿ ó÷åáíîãî, ëàáîðàòîðíîãî ìàòåðèàëà ïóòåì ìíîãîêðàòíîãî ïîâòî-

ðåíèÿ è äð.

È.Â. Ðîáåðò îïðåäåëèëà ñëåäóþùèå çàäà÷è ïðèìåíåíèÿ èíôîðìàöèîííûõ òåõíîëîãèé â ó÷åáíîì

ïðîöåññå:

� èíäèâèäóàëüíûé ïîäõîä â ïðîöåññå îáó÷åíèÿ;

� êîíòðîëü ðåçóëüòàòîâ îáó÷åíèÿ ñ âîçìîæíîñòüþ êîððåêòèðîâêè;

� ñàìîêîíòðîëü ó÷åáíîãî ïðîöåññà;

� îñâîáîæäåíèå ó÷åáíîãî âðåìåíè çà ñ÷åò âûïîëíåíèÿ êîìïüþòåðîì òðóäîåìêèõ äëèòåëüíûõ

âû÷èñëèòåëüíûõ ðàáîò;

� âèçóàëèçàöèÿ ó÷åáíîãî ìàòåðèàëà;

� ìîäåëèðîâàíèå èññëåäóåìûõ ÿâëåíèé è ïðîöåññîâ;

� âûïîëíåíèå ëàáîðàòîðíûõ ðàáîò ñ âîçìîæíîñòüþ èìèòàöèè ðåàëüíûõ ñèòóàöèé è (èëè)

ýêñïåðèìåíòîâ;

� ôîðìèðîâàíèå ñïîñîáíîñòè ïðèíèìàòü îïòèìàëüíîå è ãðàìîòíûå ðåøåíèÿ â ðàçëè÷íûõ ñè-

òóàöèÿõ;
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� ïîâûøåíèå ìîòèâàöèè îáó÷åíèÿ (çà ñ÷åò èñïîëüçîâàíèÿ èçîáðàçèòåëüíûõ ñðåäñòâ ïðîãðàì-

ìû èëè ïðèìåíåíèÿ èãðîâûõ ñèòóàöèé) è äð.

Ê èíôîðìàöèîííûì òåõíîëîãèÿì, ïðèìåíÿåìûì â îáðàçîâàòåëüíûõ öåëÿõ, ìîæíî îòíåñòè ýëåê-

òðîííûå ó÷åáíèêè è ëåêöèè, êîìïüþòåðíûå ïðîãðàììû ñ ôóíêöèåé êîíòðîëÿ; ñïðàâî÷íûå è ó÷åá-

íûå áàçû äàííûõ; ïðåäìåòíî-îðèåíòèðîâàííûå ñðåäû; ó÷åáíî-ìåòîäè÷åñêèå êîìïëåêñû; êîìïüþ-

òåðíàÿ ãðàôè÷åñêàÿ ïîääåðæêà ó÷åáíîãî ïðîöåññà. [2]

Îïûò ÒÏÓ

Â Òîìñêîì ïîëèòåõíè÷åñêîì óíèâåðñèòåòå (äàëåå ÒÏÓ) óñïåøíî ïðîèñõîäèò âíåäðåíèå èí-

ôîðìàöèîííûõ òåõíîëîãèé â ïðîöåññ îáó÷åíèÿ, îñíàùåíèå ïðåäìåòíûõ êàáèíåòîâ òåõíè÷åñêè-

ìè ñðåäñòâàìè èíôîðìàòèçàöèè, ñîçäàíèå ñîâðåìåííîé èíôîðìàöèîííî-îáðàçîâàòåëüíîé ñðåäû,

ôîðìèðîâàíèå áàíêà ó÷åáíî-ìåòîäè÷åñêîé è íàó÷íîé èíôîðìàöèè.

Â ÒÏÓ ïîñòàâëåíû ñëåäóþùèå çàäà÷è â îáëàñòè âíåäðåíèÿ íîâûõ èíôîðìàöèîííûõ òåõíîëî-

ãèé:

Ñáîð, èçó÷åíèå, îáùåíèå è ðàñïðîñòðàíåíèå â óíèâåðñèòåòå íîâûõ ýôôåêòèâíûõ îáðàçîâà-

òåëüíûõ òåõíîëîãèé;

Ðàçâèòèå êîíöåïöèè è ïðàêòè÷åñêîé ðåàëèçàöèè äèñòàíöèîííîé ôîðìû îáðàçîâàíèÿ;

Ðàçðàáîòêà ìåòîäè÷åñêîãî îáåñïå÷åíèÿ äëÿ íîâûõ èíôîðìàöèîííûõ òåõíîëîãèé;

Ó÷àñòèå â ðàçâèòèè è ó÷åáíî-ìåòîäè÷åñêîì íàïîëíåíèè âíóòðèóíèâåðñèòåòñêîé êîìïüþòåð-

íîé ñåòè, åãî ìåòîäè÷åñêîå ñîïðîâîæäåíèå;

Ðàçðàáîòêà ìåòîäè÷åñêîãî îáåñïå÷åíèÿ äëÿ ó÷åáíîãî ïðîöåññà, îðèåíòèðîâàííîãî íà ãðóïïî-

âîé ìåòîä âûïîëíåíèÿ ïðîåêòíûõ ðàáîò;

Ó÷àñòèå â ôîðìèðîâàíèè êîíöåïöèè è ìåòîäè÷åñêîì îáåñïå÷åíèè ýëèòíîãî òåõíè÷åñêîãî îá-

ðàçîâàíèÿ;

Ìåòîäè÷åñêîå îáåñïå÷åíèå ðàçðàáîòêè ýëåêòðîííûõ îáðàçîâàòåëüíûõ ðåñóðñîâ óíèâåðñèòåòà.

[3]

Â ÒÏÓ ïëàíèðóåòñÿ ñîçäàòü íå òîëüêî èíôîðìàöèîííûé ïîðòàë, íî è ïîðòàë ðåàëüíîãî ñåòå-

âîãî âçàèìîäåéñòâèÿ íà îñíîâå îòêðûòûõ äëÿ ðåäàêòèðîâàíèÿ äîêóìåíòîâ (wiki), ðàñïîëàãàåìûõ

íà ïåðñîíàëüíûõ ñàéòàõ ïðåïîäàâàòåëåé. Íà ïîðòàëå òàêæå áóäóò ðàçìåùàòüñÿ ðàáî÷èå äîêóìåí-

òû ñòóäåíòîâ è ïðåïîäàâàòåëåé. [4]

Ìîùíàÿ èíôîðìàöèîííàÿ ïîääåðæêà è ðàçâèâàþùèå èíôîðìàöèîííûå òåõíîëîãèè îáåñïå÷è-

âàþò äîñòèæåíèå ïîäðàçäåëåíèÿìè ÒÏÓ ñâîèõ îáðàçîâàòåëüíûõ çàäà÷.

Íà êàôåäðå Ýêîëîãèè è áåçîïàñíîñòè æèçíåäåÿòåëüíîñòè ÒÏÓ ïîìèìî óêàçàííûõ âûøå èí-

ôîðìàöèîííûõ òåõíîëîãèé ïðåïîäàâàòåëè èñïîëüçóþò îáó÷àþùèå êîìïüþòåðíûå ïðîãðàììû,

òàêèå êàê ÀÑ ¾Òðóä � Ýêñïåðò¿ è Ïðîãðàììíûé êîìïëåêñ ¾Ýðà¿.

Ïðîãðàììà ÀÑ ¾Òðóä � Ýêñïåðò¿ ïðåäíàçíà÷åíà äëÿ îñóùåñòâëåíèÿ ïðîâåäåíèÿ âñåãî êîì-

ïëåêñà ðàáîò ïî àòòåñòàöèè ðàáî÷èõ ìåñò íà ïðåäïðèÿòèè. Ñòóäåíòû çíàêîìÿòñÿ ñ îñîáåííîñòÿìè

îöåíêè óñëîâèé òðóäà íà ðàáî÷åì ìåñòå, âûÿâëÿþò âðåäíûå è îïàñíûå ïðîèçâîäñòâåííûå ôàêòî-

ðû, ðàçðàáàòûâàþò ìåðîïðèÿòèÿ ïî ïðèâåäåíèþ ðàáî÷èõ ìåñò â ñîîòâåòñòâèå ñ ãîñóäàðñòâåííûìè

íîðìàòèâíûìè òðåáîâàíèÿìè, ñ öåëüþ ïðåäîòâðàùåíèÿ òðàâìîîïàñíûõ è àâàðèéíûõ ñèòóàöèé

Ïðîãðàììíûé êîìïëåêñ ¾Ýðà¿ çíàêîìèò ñòóäåíòà ñ ïðèíöèïàìè òåêóùåé ðàáîòû ýêîëîãà íà

ïðåäïðèÿòèè: ñîñòàâëåíèå îò÷åòíîñòè, ðàçðàáîòêà ïðîåêòíîé äîêóìåíòàöèè ïî îõðàíå îêðóæà-

þùåé ñðåäû. Ïðîãðàììíûé êîìïëåêñ ïîçâîëÿåò îðãàíèçîâàòü ðàáîòó íà ïðåäïðèÿòèè â îáëàñòè
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îõðàíû àòìîñôåðíîãî âîçäóõà è áåçîïàñíîãî îáðàùåíèÿ ñ îòõîäàìè, ò. å. ôîðìèðóþòñÿ íåîá-

õîäèìûå ýêîëîãè÷åñêèå êîìïåòåíöèè, êîòîðûå îáåñïå÷àò ãîòîâíîñòü âûïóñêíèêà ïðèñòóïèòü ê

ïðîôåññèîíàëüíîé äåÿòåëüíîñòè ñðàçó ïîñëå îêîí÷àíèÿ âóçà.

Â Òîìñêîì ïîëèòåõíè÷åñêîì óíèâåðñèòåòå ðàçðàáîòàí è íàõîäèòñÿ â ñòàäèè àïðîáàöèè ïðî-

ãðàììíûé ïðîäóêò, ïîääåðæèâàþùèé ïðîöåäóðó ïðîâåäåíèÿ ýêîëîãè÷åñêîãî àóäèòà íà ïðåäïðè-

ÿòèè. Â ïðîãðàììå çàëîæåíà îáîáùåííàÿ ïðîöåäóðà ïðîâåäåíèÿ ÝÀ, âûðàáîòàííàÿ íà îñíîâå

ðåêîìåíäàöèé ÃÎÑÒ Ð ÈÑÎ 19011-2003 è ðåçóëüòàòîâ ñðàâíèòåëüíîãî àíàëèçà ðàçëè÷íûõ ïîä-

õîäîâ.

Ïðîãðàììíûé ïðîäóêò ôîðìèðóåò îò÷åò ñ ðåêîìåíäàöèÿìè ïî îïòèìèçàöèè äåÿòåëüíîñòè

õîçÿéñòâóþùåãî ñóáúåêòà, âíåäðåíèþ ìåðîïðèÿòèé ïî îõðàíå îêðóæàþùåé ñðåäû ñ öåëüþ ìè-

íèìèçàöèè íåãàòèâíîãî âîçäåéñòâèÿ íà îêðóæàþùóþ ñðåäó. Âñå ýòî ÿâëÿåòñÿ ÷àñòüþ ñîçäàíèÿ

ñèñòåìû ýêîëîãè÷åñêîãî ìåíåäæìåíòà íà ïðåäïðèÿòèè. [5]

Òàêæå ïðîãðàììà ïîçâîëèò ïîäãîòîâèòü òàêèå äîêóìåíòû, êàê èíâåíòàðèçàöèÿ èñòî÷íèêîâ

âîçäåéñòâèÿ íà îêðóæàþùóþ ñðåäó, êàðòû óïðàâëåíèÿ îòõîäàìè, è äðóãèå èñõîäíûå áàçû äàííûõ

ïî ïðåäïðèÿòèþ ñ âîçìîæíîñòüþ äîïîëíåíèÿ è îáíîâëåíèÿ. Íà îñíîâå ýòèõ äîêóìåíòîâ âîçìîæíà

ðàçðàáîòêà ïðîãðàììû ïðîèçâîäñòâåííîãî ýêîëîãè÷åñêîãî êîíòðîëÿ è êîíêðåòíûõ ðåøåíèé ïî

òåõíîëîãè÷åñêèì ïðîöåññàì îáðàùåíèÿ ñ îòõîäàìè.

Ïðîãðàììíûé ïðîäóêò ïîçâîëèò ðàññìàòðèâàòü ðàçíîîáðàçíûå âàðèàíòû ðàçâèòèÿ ñèòóàöèé,

÷òî â çíà÷èòåëüíîé ìåðå óñêîðèò è îáëåã÷èò ïîèñê è ðàçðàáîòêó ôîðì è ìåòîäîâ óïðàâëåíèÿ èõ

ðàçâèòèåì. Îáó÷àþùèéñÿ áóäåò èìåòü âîçìîæíîñòü íàó÷èòüñÿ ïðèíèìàòü îáîñíîâàííûå ðåøåíèÿ

íà òåîðåòè÷åñêîì óðîâíå, à çàòåì èñïîëüçîâàòü èõ â ïðàêòè÷åñêîé äåÿòåëüíîñòè.

Ñòóäåíòû òàêæå ñìîãóò ìîäåëèðîâàòü ýêîëîãè÷åñêóþ ñèòóàöèþ ñ ãðàìîòíûì èñïîëüçîâàíè-

åì ïðàâîâûõ ìåòîäîâ äëÿ åå ðàçðåøåíèÿ. ×òî ïîçâîëèò, ïîìèìî âñåãî ïðî÷åãî, ñôîðìèðîâàòü

ýêîëîãî-ïðàâîâóþ êîìïåòåíòíîñòü ó îáó÷àåìîãî.

Âûâîäû

Òàêèì îáðàçîì, èíôîðìàöèîííûå òåõíîëîãèè â ñî÷åòàíèè ñ òðàäèöèîííûìè îáðàçîâàòåëü-

íûìè ïðèåìàìè ïðè ïðåïîäàâàíèè ýêîëîãè÷åñêèõ äèñöèïëèí ïîçâîëÿò óñèëèòü ýôôåêòèâíîñòü
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Ñàìàðêàíäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Abstract. The questions connected with modern methods of creation of compilers, by automation

of their construction, a place of compilers in technology of creation of the software are considered.

Keywords: compilation, interpreter, multilanguage systems, contextual analysis, component app-

roach.

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ âîïðîñû, ñâÿçàííûå ñ ñîâðåìåííûìè ìåòîäàìè ñîçäàíèÿ êîì-

ïèëÿòîðîâ, àâòîìàòèçàöèåé èõ ïîñòðîåíèÿ, ìåñòîì êîìïèëÿòîðîâ â òåõíîëîãèè ñîçäàíèÿ ïðî-

ãðàììíîãî îáåñïå÷åíèÿ.

Êëþ÷åâûå ñëîâà: êîìïèëÿöèÿ, èíòåðïðåòàòîð, ìíîãîÿçûêîâûå ñèñòåìû, ñåìàíòè÷åñêèé àíà-

ëèç, êîìïîíåíòíûé ïîäõîä.

Ââåäåíèå

Îáëàñòü èíôîðìàòèêè, ñâÿçàííàÿ ñ ïîñòðîåíèåì òðàíñëÿòîðîâ îáúåäèíÿåò èäåè, ìåòîäû è àë-

ãîðèòìû ñèíòàêñè÷åñêîãî è ñåìàíòè÷åñêîãî àíàëèçà èñêóññòâåííûõ ÿçûêîâ è ïðàêòè÷åñêèé îïûò

òåõíîëîãèè ðàçðàáîòêè äëÿ ÿçûêîâ âûñîêîãî óðîâíÿ äëÿ ðàçëè÷íûõ àðõèòåêòóð, ðàçíîîáðàçíûõ

îïåðàöèîííûõ ñèñòåì. Óñïåõè â îáëàñòè ÿçûêîâ è ïðîãðàììèðîâàíèÿ, âîçìîæíîñòè ñîâðåìåí-

íûõ òåõíîëîãèé, ïîçâîëÿþò ñîçäàâàòü êîäû ïðîãðàìì, îòíîñÿùèõñÿ ê ðàçíîîáðàçíûì îáëàñòÿì

è àñïåêòàì íàïèñàíèÿ ïðèëîæåíèé, â òîì ÷èñëå ïîñòðîåíèÿ ñèíòàêñè÷åñêèõ àíàëèçàòîðîâ, èí-

òåðïðåòàòîðîâ. Â ÷àñòíîñòè, êîìïîíåíòíûå òåõíîëîãèè. Êîìïîíåíòû (ðàçâåðòûâàíèÿ) ÿâëÿþòñÿ

áëîêàìè, èç êîòîðûõ ñòðîèòñÿ êîìïîíåíòíîå ïðîãðàììíîå îáåñïå÷åíèå. Ýòè æå êîìïîíåíòû èìå-

þòñÿ â âèäó, êîãäà ãîâîðÿò î êîìïîíåíòíûõ òåõíîëîãèÿõ, êîìïîíåíòíî-îðèåíòèðîâàííîé ðàçðà-

áîòêå ÏÎ, êîìïîíåíòàõ ActiveX, VBA, COM, .Net è äðóãèõ. Îäíàêî îòñóòñòâèå ïîëíîãî óñïåõà, â

÷àñòíîñòè, â ïîñòðîåíèè àâòîìàòè÷åñêîãî ãåíåðàòîðà òðàíñëÿòîðîâ, ñâèäåòåëüñòâóåò ÷òî â ýòîé

îáëàñòè ïðîäâèæåíèå ìåíüøå, ÷åì ìîæåò ïîêàçàòüñÿ.

Äàííàÿ ðàáîòà íàïèñàíà íà îñíîâå îïûòà ïðåïîäàâàíèÿ, à òàêæå ðàçðàáîòêè òðàíñëÿòîðîâ

è èíòåðïðåòàòîðîâ (èëè èõ ÷àñòåé) â ðàìêàõ äèïëîìíûõ ïðîåêòîâ ñòóäåíòàìè âûñøèõ ó÷åáíûõ

çàâåäåíèé (ÍÓÓç, ÑàìÃÓ). Àêòóàëüíîñòü îïðåäåëÿåòñÿ è òåì, ÷òî èäåè è ìåòîäû ýòîé îáëàñòè

èñïîëüçóþòñÿ âî âñ¼ âîçðîæäàþùåì ÷èñëå ïðèëîæåíèé êîìïüþòåðîâ. Íåîáõîäèìîñòü ñîçäàíèÿ

êîìïèëÿòîðîâ îïðåäåëÿåòñÿ è òåì, ÷òî ÿçûêè ïðîãðàììèðîâàíèÿ ýâîëþöèîíèðóþò. Ó÷èòûâàÿ,

÷òî ðàçðàáîòàíû ðàçíîîáðàçíûå ñèñòåìàòè÷åñêèå òåõíîëîãèè ðåøåíèÿ ìíîãèõ çàäà÷, âîçíèêàþ-

ùèõ ïðè êîìïèëÿöèè, à òàêæå ÿçûêè ðåàëèçàöèè, ïðîãðàììíûå ñðåäû è ïðîãðàììíûé èíñòðó-

ìåíòàðèé, è íåñìîòðÿ íà òî, ÷òî êîìïèëÿòîðû ñ÷èòàþòñÿ êðàéíå ñëîæíûìè â íàïèñàíèè, ìû

èìååì âîçìîæíîñòü ðåàëèçàöèè íåïëîõèõ êîìïèëÿòîðîâ â ðàìêàõ äàæå êóðñîâûõ ðàáîò ïî ïðî-

åêòèðîâàíèþ êîìïèëÿòîðîâ [1,2,6].

Ìåñòî êîìïèëÿòîðà â ïðîãðàììíîì îáåñïå÷åíèè
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Íàïèñàíèå êîìïèëÿòîðîâ îõâàòûâàåò ÿçûêè ïðîãðàììèðîâàíèÿ, àðõèòåêòóðó âû÷èñëèòåëü-

íûõ ñèñòåì, òåîðèþ ÿçûêîâ, àëãîðèòìû è òåõíîëîãèþ ñîçäàíèÿ ïðîãðàììíîãî îáåñïå÷åíèÿ. Êîì-

ïèëÿòîðû ñîñòàâëÿþò ñóùåñòâåííóþ ÷àñòü ïðîãðàììíîãî îáåñïå÷åíèÿ ÝÂÌ. Ýòî ñâÿçàíî ñ òåì,

÷òî ÿçûêè âûñîêîãî óðîâíÿ ñòàëè îñíîâíûì ñðåäñòâîì ðàçðàáîòêè ïðîãðàìì. Íàðÿäó ñ òðàäèöè-

îííûìè ÿçûêàìè, øèðîêîå ðàñïðîñòðàíåíèå ïîëó÷èëè òàê íàçûâàåìûå "óíèâåðñàëüíûå"ÿçûêè à

òàêæå íåêîòîðûå ñïåöèàëèçèðîâàííûå (íàïðèìåð, ÿçûê îáðàáîòêè ñïèñî÷íûõ ñòðóêòóð Ëèñï, Perl

è ò.ä.). Êðîìå òîãî, áîëüøîå ðàñïðîñòðàíåíèå ïîëó÷èëè ÿçûêè, ñâÿçàííûå ñ óçêèìè ïðåäìåòíû-

ìè îáëàñòÿìè, òàêèå, êàê âõîäíûå ÿçûêè ïàêåòîâ ïðèêëàäíûõ ïðîãðàìì, ÿçûêè äëÿ êîíêðåòíûõ

ïðèìåíåíèé, íàïðèìåð, äëÿ çàïðîñîâ ê áàçàì äàííûõ, ôîðìàòèðîâàíèÿ òåêñòà, à òàêæå ÿçûêè,

îñíîâàííûå íà ëîãèêå, ÿçûêè ñöåíàðèåâ (ñêðèïòîâ), îáúåêòíî-îðèåíòèðîâàííûå ÿçûêè [2].

Ñ äðóãîé ñòîðîíû, ïîñòîÿííî ðàñòóùàÿ ïîòðåáíîñòü â íîâûõ êîìïèëÿòîðàõ ñâÿçàíà ñ ðàçâèòè-

åì àðõèòåêòóð ÝÂÌ. Ýòî ðàçâèòèå èäåò ïî ðàçëè÷íûì íàïðàâëåíèÿì. Íàðÿäó ñ âîçíèêíîâåíèåì

íîâûõ àðõèòåêòóð, ñîâåðøåíñòâóþòñÿ ñòàðûå àðõèòåêòóðû êàê â êîíöåïòóàëüíîì îòíîøåíèè, òàê

è ïî îòäåëüíûì, êîíêðåòíûì ïàðàìåòðàì. Ðàçâèâàþòñÿ ðàçëè÷íûå ïàðàëëåëüíûå àðõèòåêòóðû,

íåâåðîÿòíûìè òåìïàìè ðàçâèâàåòñÿ ARM àðõèòåêòóðà è ìîáèëüíûå òåõíîëîãèè. Åñòåñòâåííî,

äëÿ êàæäîé íîâîé ñèñòåìû êîìàíä òðåáóåòñÿ ïîëíûé íàáîð íîâûõ êîìïèëÿòîðîâ ñ ðàñïðîñòðà-

í¼ííûõ ÿçûêîâ.

Ñòðóêòóðà êîìïèëÿòîðà

Ïðîãðàììíàÿ ñèñòåìà, âûïîëíÿþùàÿ ïðåîáðàçîâàíèå íà òîì èëè èíîì ÿçûêå â ôîðìó, êîòî-

ðàÿ ìîæåò âûïîëíÿòüñÿ íà êîìïüþòåðå, íàçûâàåòñÿ êîìïèëÿòîðîì. Êîìïèëÿòîð ñ÷èòûâàåò òåêñò

ïðîãðàììû íà èñõîäíîì ÿçûêå è òðàíñëèðóåò åãî â ýêâèâàëåíòíûé òåêñò íà äðóãîì � öåëåâîì

ÿçûêå. Èíòåðïðåòàòîð � ýòî îäèí èç âèäîâ ÿçûêîâîãî ïðîöåññîðà. Âìåñòî ïîëó÷åíèÿ öåëåâîãî

êîäà, êàê â ñëó÷àå òðàíñëÿòîðà, èíòåðïðåòàòîð íåïîñðåäñòâåííî âûïîëíÿåò îïåðàöèè, óêàçàííûå

â èñõîäíîé ïðîãðàììå, íàä âõîäíûìè äàííûìè, ïðåäîñòàâëÿåìûìè ïîëüçîâàòåëåì. Íàïðèìåð,

ÿçûêîâûé ïðîöåññîð Java îáúåäèíÿåò â ñåáå è êîìïèëÿöèþ, è èíòåðïðåòàöèþ. Îäíàêî, êðîìå

êîìïèëÿòîðîâ, ïîòðåáîâàòü ñîçäàíèÿ âûïîëíèìîé ïðîãðàììû ìîãóò è äðóãèå ïðîãðàììû. Íà-

ïðèìåð, ïðåïðîöåññîð îñóùåñòâëÿåò ñáîðêó èñõîäíîé ïðîãðàììû â ñëó÷àå, åñëè îíà ðàçäåëåíà è

íàõîäèòñÿ â ðàçëè÷íûõ ôàéëàõ.

Êîìïèëÿöèÿ ñîñòîèò èç ýòàïîâ àíàëèçà (ðàçáèåíèÿ èñõîäíîé ïðîãðàììû íà ñîñòàâíûå ÷àñòè

è ñîçäàíèÿ å¼ ïðîìåæóòî÷íîãî ïðåäñòàâëåíèÿ) è ñèíòåçà (êîíñòðóèðîâàíèÿ èç ïðîìåæóòî÷íîãî

ïðåäñòàâëåíèÿ öåëåâîé ïðîãðàììû). Â ïðîöåññå àíàëèçà îïðåäåëÿþòñÿ â äðåâîâèäíóþ ñòðóêòóðó

îïåðàöèè, çàäàííûå èñõîäíîé ïðîãðàììîé.

Îïðåäåë¼ííûé âèä àíàëèçà âûïîëíÿþò òàêæå è òàêèå ïðîãðàììíûå èíñòðóìåíòû, êàê ñòðóê-

òóðíûé ðåäàêòîð, ïðîãðàììû ôîðìàòèðîâàííîãî âûâîäà íà ïå÷àòü (ïðîãðàììû òàê, ÷òîáû å¼

ñòðóêòóðà áûëà áîëåå ÿñíîé); ñòàòè÷åñêè ïðîâåðÿþùèå ïðîãðàììû (àíàëèçèðóþùèå ïðîãðàììó

íà îøèáêè); èíòåðïðåòàòîðû.

Àíàëèç ðàçáèâàåò èñõîäíóþ ïðîãðàììó íà ñîñòàâíûå ÷àñòè è íàêëàäûâàåò íà íèõ ãðàììàòè-

÷åñêóþ ñòðóêòóðó. Çàòåì îí èñïîëüçóåò ýòó ñòðóêòóðó äëÿ ñîçäàíèÿ ïðîìåæóòî÷íîãî ïðåäñòàâ-

ëåíèÿ èñõîäíîé ïðîãðàììû. Ñòðîèò òàáëèöó ñèìâîëîâ ñ èíôîðìàöèåé îá èñõîäíîé ïðîãðàììå.

Ñèíòåç ñòðîèò òðåáóåìóþ öåëåâóþ ïðîãðàììó íà îñíîâå ïðîìåæóòî÷íîãî ïðåäñòàâëåíèÿ è òàá-

ëèöû ñèìâîëîâ. Ìåæäó àíàëèçîì è ñèíòåçîì êîìïèëÿòîðû ñîäåðæàò ôàçó ìàøèííî-íåçàâèñèìîé

îïòèìèçàöèè. Ñåìàíòè÷åñêèé àíàëèçàòîð èñïîëüçóåò ñèíòàêñè÷åñêîå äåðåâî è òàáëèöû ñèìâîëîâ

äëÿ ïðîâåðêè èñõîäíîé ïðîãðàììû íà ñåìàíòè÷åñêóþ ñîãëàñîâàííîñòü ñ îïðåäåëåíèåì ÿçûêà.

Îí òàêæå ñîáèðàåò èíôîðìàöèþ î òèïàõ è ñîõðàíÿåò å¼ â ñèíòàêñè÷åñêîì äåðåâå èëè â òàáëèöå
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ñèìâîëîâ äëÿ ïîñëåäóþùåãî èñïîëüçîâàíèÿ â ïðîöåññå ãåíåðàöèè ïðîìåæóòî÷íîãî êîäà [4,5].

Àâòîìàòèçàöèÿ ïîñòðîåíèÿ òðàíñëÿòîðîâ

Áîëüøîå ÷èñëî óíèâåðñàëüíûõ è ñïåöèàëèçèðîâàííûõ ÿçûêîâ, ðàçíîîáðàçèå ìàøèííûõ ÿçû-

êîâ, íåîáõîäèìîñòü â ñâÿçè ñ ýòèì â ïîñòðîåíèè áîëüøîãî ÷èñëà ðàçëè÷íûõ òèïîâ òðàíñëÿòîðîâ

� âîò òå ïðåäïîñûëêè, êîòîðûå ñäåëàëè âåñüìà âàæíûìè âîïðîñû àâòîìàòèçàöèè ïîñòðîåíèÿ

òðàíñëÿòîðîâ [2,6]. Àâòîìàòèçàöèÿ ïðîãðàììèðîâàíèÿ äëÿ òðàíñëÿòîðîâ äîñòèãàåòñÿ òåìè æå

ìåòîäàìè, ÷òî è àâòîìàòèçàöèÿ ïðîãðàììèðîâàíèÿ âîîáùå. Îñíîâíûìè èç íèõ ÿâëÿþòñÿ ñëå-

äóþùèå: èñïîëüçîâàíèå ÿçûêà ïðîãðàììèðîâàíèÿ âûñîêîãî óðîâíÿ, ñóùåñòâåííî îáëåã÷àþùåãî

ñîçäàíèå ïðîãðàìì äëÿ øèðîêîãî êðóãà ïðîáëåìíûõ îáëàñòåé; íàêîïëåíèå áèáëèîòåêè ñòàíäàðò-

íûõ àëãîðèòìîâ (ïîäïðîãðàìì, ìîäóëåé), èìåþùèõ ÷àñòîå ïðèìåíåíèå â çàäà÷àõ äàííîé ïðåä-

ìåòíîé îáëàñòè, è èñïîëüçîâàíèå èõ êàê ãîòîâûõ ÷àñòåé (îáîáùåííûõ îïåðàöèé) ñîçäàâàåìûõ

ïðîãðàìì; èñïîëüçîâàíèå ïðîáëåìíî-îðèåíòèðîâàííûõ èíñòðóìåíòîâ è ñèñòåì ïîâûøåííîé èí-

òåëëåêòóàëüíîñòè, ïîçâîëÿþùèõ àâòîìàòè÷åñêè ñèíòåçèðîâàòü ïðîãðàììû (èëè èõ ÷àñòè) äëÿ

çàäà÷ íåêîòîðîé ïðîáëåìíîé îáëàñòè.

Îáîáùåíèå àëãîðèòìîâ òðàíñëÿöèè. Ðàáîòà ïî îáîáùåíèþ ìåòîäîâ òðàíñëÿöèè âåëàñü â îñ-

íîâíîì ïî òðåì íàïðàâëåíèÿì: 1 - ñèñòåìû ïîñòðîåíèÿ òðàíñëÿòîðîâ (ÑÏÒ), 2 - ìíîãîÿçûêîâûå

ñèñòåìû, 3 - ðàñøèðÿåìûå ÿçûêè [5, 4].

Ìíîãîÿçûêîâûì òðàíñëÿòîðîì, èëè ñîâìåñòíîé ðåàëèçàöèåé, íàçûâàåì íàáîð òðàíñëÿòîðîâ

ñ íåêîòîðîãî ìíîæåñòâà âõîäíûõ ÿçûêîâ íà íåêîòîðîå ìíîæåñòâî âûõîäíûõ ñèñòåì, ïðè÷åì ýòè

òðàíñëÿòîðû îáúåäèíÿåò îáùàÿ ñõåìà òðàíñëÿöèè è (õîòÿ áû ÷àñòè÷íî) îáùèå àëãîðèòìû è

ñîïðÿæåíèÿ. Âûðîæäåííûé ïðèìåð - íàáîð òðàíñëÿòîðîâ, âêëþ÷åííûõ â îäíó îïåðàöèîííóþ

ñèñòåìó.

Ïîä ÑÏÒ ïîíèìàþò "èñ÷åðïûâàþùóþ ñîâîêóïíîñòü ìåòîäèê, ïðàâèë è ðàáî÷èõ ïðîöåäóð,

ïîçâîëÿþùèõ äëÿ ëþáîãî ÿçûêà ïðîãðàììèðîâàíèÿ èç íåêîòîðîãî êëàññà âõîäíûõ ÿçûêîâ ïó-

òåì ñèñòåìàòè÷åñêîãî ïðèìåíåíèÿ óêàçàííîé ñèñòåìû ìåòîäèê è ïðàâèë ïîëó÷èòü òðàíñëÿòîð,

ðåàëèçóþùèé äàííûé ÿçûê íà íóæíîé âûõîäíîé ÝÂÌ. Ïîíÿòèÿ ÑÏÒ è ñîâìåñòíîé ðåàëèçàöèè

ëîãè÷åñêè íåçàâèñèìû.

Äëÿ òîãî, ÷òîáû îïèñàòü òðàíñëÿòîð, íåîáõîäèì ôîðìàëèçì äëÿ îïèñàíèÿ. Ýòîò ôîðìàëèçì

çàòåì ðåàëèçóåòñÿ â âèäå âõîäíîãî ÿçûêà ñèñòåìû àâòîìàòèçàöèè ïîñòðîåíèÿ òðàíñëÿòîðîâ. Ôîð-

ìàëèçìû îñíîâàíû íà àòðèáóòíûõ ãðàììàòèêàõ.

Òèïè÷íûå ÑÏÒ ñòðîÿòñÿ âîêðóã óíèâåðñàëüíûõ ñèíòàêñè÷åñêèõ ïðîöåññîðîâ, àâòîìàòè÷å-

ñêè êîíñòðóèðóþùèõ ñèíòàêñè÷åñêèå àíàëèçàòîðû ïî ôîðìàëüíîé ñïåöèôèêàöèè ãðàììàòèêè.

Èíîãäà íà ýòîé îñíîâå óäàåòñÿ àâòîìàòèçèðîâàòü è íåêîòîðûå ïîñëåäóþùèå ýòàïû òðàíñëÿöèè

(íàïðèìåð, àòðèáóòíûì ïîäõîäîì). Íî ïðè ïåðåõîäå îò ìîäåëüíûõ ïðèìåðîâ ê ðåàëüíûì ÿçû-

êàì îãðàíè÷åíèÿ òàêèõ ÑÏÒ îêàçûâàþòñÿ ñëèøêîì ñèëüíûìè, ýôôåêòèâíîñòü íèçêîé, à ãëàâíîå

- ñëîæíîñòü ïîäãîíêè ñïåöèôèêàöèé ñðàâíèìà ñ ïðÿìîé ðåàëèçàöèåé. Èç íàèáîëåå èçâåñòíûõ

òàêèõ ñèñòåì àâòîìàòèçàöèè îòìåòèì Yacc è ÑÓÏÅÐ [2].

Îáîáùåíèå îïûòà ïåðåíîñà òðàíñëÿòîðîâ ñ îäíîé ìàøèíû íà äðóãóþ ïðèâåëî ê ðàçâèòèþ

êîíöåïöèè ïðîìåæóòî÷íîãî ÿçûêà è ìîäóëüíîãî ïîäõîäà. Ñèíòåç èäåè ÿçûêà - ÿäðà è ÑÏÒ äàë

êîíöåïöèþ ðàñøèðèìîãî ÿçûêà, ïîïóëÿðíóþ â 60-å ãîäû è çàòåì îæèâøóþ â ôîðìå "îòêðûòûõ

ÿçûêîâ". Áîëüøîå ÷èñëî óíèâåðñàëüíûõ è ñïåöèàëèçèðîâàííûõ ÿçûêîâ, ðàçíîîáðàçèå ìàøèííûõ

ÿçûêîâ, íåîáõîäèìîñòü â ñâÿçè ñ ýòèì â ïîñòðîåíèè áîëüøîãî ÷èñëà ðàçëè÷íûõ òèïîâ òðàíñëÿòî-

ðîâ � âîò òå ïðåäïîñûëêè, êîòîðûå ñäåëàëè âåñüìà âàæíûìè äëÿ ñèñòåìíîãî ïðîãðàììèðîâàíèÿ

âîïðîñû àâòîìàòèçàöèè ïîñòðîåíèÿ òðàíñëÿòîðîâ.
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Ñèíòàêñè÷åñêèé àíàëèç ïðîãðàìì: àëãîðèòìû ðåàëèçàöèè

Ïðèíöèïû è òåõíîëîãèè íàïèñàíèÿ êîìïèëÿòîðîâ ñòîëü ðàñïðîñòðàíåíû, ÷òî èäåè èñïîëü-

çóþòñÿ â ñàìûõ ðàçíûõ îáëàñòÿõ. Ïðè ñîçäàíèè òðàíñëÿòîðîâ äëÿ øèðîêîãî êðóãà ÿçûêîâ è

ìàøèí äîñòàòî÷íî ëèøü íåñêîëüêèõ îñíîâíûõ òåõíîëîãèé íàïèñàíèÿ êîìïèëÿòîðîâ. Ìû çäåñü

íå ðàññìàòðèâàåì ïîäðîáíî ìåòîäû ñîçäàíèÿ êîìïîíåíòîâ êîìïèëÿòîðîâ, ñðåäû, â êîòîðûõ îíè

ðàáîòàþò, è ïðîãðàììíûé èíñòðóìåíòàðèé, óïðîùàþùèé èõ ñîçäàíèå. Îòìåòèì òîëüêî, ÷òî îñ-

íîâíûìè ôîðìàëèçìàìè, ëåæàùèìè â îñíîâå ðåàëèçàöèè ëåêñè÷åñêèõ àíàëèçàòîðîâ, ÿâëÿþòñÿ

êîíå÷íûå àâòîìàòîâ. Îñíîâíûì ôîðìàëèçìîì, èñïîëüçóåìûì ïðè êîíòåêñòíîì àíàëèçå, ÿâëÿåòñÿ

àïïàðàò àòðèáóòíûõ ãðàììàòèê. Ñèíòàêñè÷åñêèé àíàëèç îñíîâàí íà ãðàììàòèêàõ. Êîíòåêñòíûé

àíàëèç ìîæåò áûòü îñíîâàí íà àòðèáóòíûõ ãðàììàòèêàõ. Ãëîáàëüíàÿ îïòèìèçàöèÿ îñíîâûâàåòñÿ

íà ãëîáàëüíîì ïîòîêîâîì àíàëèçå, êîòîðûé âûïîëíÿåòñÿ íà ãðàôå ïðîãðàììû è ïðåäñòàâëÿåò ïî

ñóùåñòâó ïðåîáðàçîâàíèå ýòîãî ãðàôà. Ïðè ýòîì ìîãóò ó÷èòûâàòüñÿ òàêèå ñâîéñòâà ïðîãðàììû,

êàê ìåæïðîöåäóðíûé àíàëèç, ìåæìîäóëüíûé àíàëèç, àíàëèç îáëàñòåé æèçíè ïåðåìåííûõ è òàê

äàëåå. Äëÿ ãåíåðàöèè êîäà ðàçðàáîòàíû ðàçëè÷íûå ìåòîäû, òàêèå êàê òàáëèöû ðåøåíèé, ñîïî-

ñòàâëåíèå îáðàçöîâ, âêëþ÷àþùåå äèíàìè÷åñêîå ïðîãðàììèðîâàíèå, ðàçëè÷íûå ñèíòàêñè÷åñêèå

ìåòîäû [2,5].

Â [3] ðàññìîòðåí îáúåêòíî-îðèåíòèðîâàííûé àíàëèçàòîð âûðàæåíèé, óäîáíûé äëÿ îáó÷åíèÿ

ïðîöåññà ñèíòàêñè÷åñêîãî àíàëèçà (ðàçáîðà, àíàëèçà âûðàæåíèé), òàê êàê çàäà÷à ÷¼òêî îïðåäå-

ëåíà è äåéñòâèÿ ïðîèçâîäÿòñÿ ïî ñòðîãèì ïðàâèëàì àëãåáðû. Ðåàëèçàöèÿ ìîæåò îïèðàòüñÿ íà

øàáëîíû è ìîæåò ïðèìåíÿòüñÿ ê ëþáîìó ÷èñëåííîìó ìåòîäó. Ðàçðàáîòàíû òðè âàðèàíòà êëàññà,

ðåàëèçóþùèõ àíàëèç ïî ìåòîäó ðåêóðñèâíîãî ñïóñêà. Ïðè ðåêóðñèâíîì âçãëÿäå íà âûðàæåíèÿ

ñòàðøèíñòâî îïåðàöèé ïîäðàçóìåâàåòñÿ â ñàìîì ñïîñîáå îïðåäåëåíèÿ ïîðîæäàþùèõ ïðàâèë, à

ìåòîä ðàçáîðà è îöåíêè âûðàæåíèé ïîõîæ íà òî, êàê ìàòåìàòè÷åñêèå âûðàæåíèÿ îöåíèâàþòñÿ

ëþäüìè. Íàïèñàâ øàáëîí êëàññà ìîæíî ñîçäàòü îáîáù¼ííóþ âåðñèþ àíàëèçàòîðà, ïðèãîäíóþ

äëÿ ðàáîòû ñ ëþáûìè äàííûìè, êîòîðûå äîïóñêàþò âûðàæåíèÿ â àëãåáðàè÷åñêîé ôîðìå.

Â [2] îòìå÷àþòñÿ äðóãèå ïðèìåíåíèÿ òåõíîëîãèè êîìïèëÿöèè. Àíàëèçèðóþùàÿ ÷àñòü íèæå-

ïðèâîäèìûõ ïðèìåðîâ ïîäîáíû àíàëèçàòîðó êîìïèëÿòîðà. Ýòî êðåìíèåâûå êîìïèëÿòîðû, íà

âûõîäå êîòîðûõ ïîëó÷àåòñÿ ñõåìà óñòðîéñòâà íà ñîîòâåòñòâóþùåì ÿçûêå. Ôîðìàòèðîâàíèå òåê-

ñòà, ïðîãðàììà êîòîðîãî ïîëó÷àåò íà âõîäå ñèìâîëû, îçíà÷àþùèõ àáçàöû, ðèñóíêè èëè ìàòåìà-

òè÷åñêèå ñòðóêòóðû. Èíòåðïðåòàòîðû çàïðîñîâ, êîòîðûå òðàíñëèðóþò ïðåäèêàòû, ñîäåðæàùèå

îïåðàòîðû îòíîøåíèé è ëîãè÷åñêèå îïåðàòîðû, â êîìàíäû ïîèñêà â áàçå äàííûõ çàïèñåé.

Àëãîðèòìû òðàíñëÿöèè, ñâîäÿùèåñÿ â èòîãå, â òîì ÷èñëå è ê ðàáîòå ñ ðàçëè÷íûìè ñòðóêòó-

ðàìè äàííûõ ÷ðåçâû÷àéíî ïîëåçíû òàêæå â öåëÿõ îñâîåíèÿ ãëàâíåéøèõ ïðèíöèïîâ, àëãîðèòìîâ,

ïðè¼ìîâ ðåøåíèÿ ñàìûõ ðàçíûõ çàäà÷ ðàçëè÷íûõ îáëàñòåé äåÿòåëüíîñòè. Â ÷àñòíîñòè, ñèíòàê-

ñè÷åñêèé àíàëèçàòîð è îïèñàííûå ìåòîäèêè ñîçäàíèÿ èíòåðïðåòàòîðà ìîæíî àäàïòèðîâàòü äëÿ

ñîçäàíèÿ àíàëîãè÷íûõ àíàëèçàòîðîâ è èíòåðïðåòàòîðîâ ÿçûêîâ ëþáîãî òèïà, ÷òî ïîçâîëÿåò ñî-

çäàòü è ñîáñòâåííûé ÿçûê ïðîãðàììèðîâàíèÿ. Â [3] ïðåäëàãàþòñÿ ïðîöåäóðû ñèíòàêñè÷åñêîãî

ðàçáîðà, âûäåëÿþùèå èç ôàéëà îòäåëüíûå ëåêñåìû, ôîðìàòèðóþùèå ôàéëû, èçâëåêàþùèå èìå-

íà çàãîëîâêîâ è ¾ðàñêðàøèâàþùèå¿ òåêñò ïðîãðàììû. Ïðè ýòîì ýòè ïðîöåäóðû íå ïðèâÿçàíû

ê êîíêðåòíîìó ÿçûêó è ìîæíî ëåãêî ïðèñïîñîáèòü è ðàñøèðèòü èõ äëÿ îáðàáîòêè òåêñòîâ íà

ëþáîì êîìïüþòåðíîì ÿçûêå. ÎÎÏ ðåàëèçàöèÿ íà ñîîòâåòñòâåííîì ÿçûêå, â ÷àñòíîñòè, äà¼ò âîç-

ìîæíîñòü ïðè ðåàëèçàöèè îïèðàòüñÿ íà øàáëîíû, ïðèìåíÿòü ðåàëèçàöèè áîëåå óíèâåðñàëüíî è

ðàçíîîáðàçíî. Ðåàëèçàöèè â âèäå êëàññà è ïðîöåäóð äåëàåò äà¼ò âîçìîæíîñòü ëåãêî ïåðåíîñèòü

èëè ïðèìåíÿòüñÿ â äðóãèõ ïðîãðàììàõ, óâåëè÷èâàòü íàãëÿäíîñòü è íàä¼æíîñòü. Íàïèñàâ øàá-
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ëîí êëàññà, ìîæíî ëåãêî ñîçäàòü îáîáù¼ííóþ âåðñèþ ñèíòàêñè÷åñêîãî àíàëèçàòîðà, èñïîëüçîâàòü

àíàëèçàòîð äëÿ ñîçäàíèÿ äðóãèõ èëè íîâûõ âåðñèé àíàëèçàòîðîâ. Ò.î. ìîùíûå áèáëèîòåêè êëàñ-

ñîâ ïëàòôîðìû ìîæåò âçÿòü íà ñåáÿ ìàññó ðóòèííûõ îïåðàöèé, ÷òî äà¼ò âîçìîæíîñòü ïèñàòü

ïðîãðàììû èñïîëüçóÿ ãîòîâûå áëîêè.

Â îáëàñòè ïðîåêòèðîâàíèÿ ñëîæíûõ ñèñòåì íà ðîëü ïðåäñòàâëåíèÿ íàêîïëåííîãî îïûòà â

îáëàñòè ïðîãðàììèðîâàíèÿ âî âòîðîé ïîëîâèíå XX âåêà ñòàëè ïðåòåíäîâàòü îáðàçöû ïðîåêòèðî-

âàíèÿ, íàçûâàåìûå òàêæå òèïîâûìè ðåøåíèÿìè èëè øàáëîíàìè. Íà îñíîâå èìåþùåãîñÿ îïûòà

èññëåäîâàòåëÿìè è ïðàêòèêàìè ðàçðàáîòêè ÏÎ âûäåëåíî ìíîæåñòâî îáðàçöîâ � òèïîâûõ àðõè-

òåêòóð, ïðîåêòíûõ ðåøåíèé äëÿ îòäåëüíûõ ïîäñèñòåì è ìîäóëåé èëè ïðîñòî ïðîãðàììèñòñêèõ

ïðèåìîâ, � ïîçâîëÿþùèõ ïîëó÷èòü äîñòàòî÷íî êà÷åñòâåííûå ðåøåíèÿ òèïîâûõ çàäà÷, Ïðèìåðîì

ìîæåò ñëóæèòü ÷àñòî èñïîëüçóåìàÿ àðõèòåêòóðà êîìïèëÿòîðà êàê ïîñëåäîâàòåëüíîñòè ôèëü-

òðîâ, îáðàáàòûâàþùèõ âõîäíóþ ïðîãðàììó � ëåêñè÷åñêîãî àíàëèçàòîðà (ëåêñåðà), ñèíòàêñè÷å-

ñêîãî àíàëèçàòîðà, ñåìàíòè÷åñêîãî àíàëèçàòîðà, íàáîðà îïòèìèçàòîðîâ è ãåíåðàòîðà ðåçóëüòè-

ðóþùåãî êîäà. Òàêèì ñïîñîáîì ìîæíî äîñòàòî÷íî áûñòðî ïîñòðîèòü ïðîòîòèïíûé êîìïèëÿòîð

äëÿ íåñëîæíîãî ÿçûêà. Áîëåå ïðîèçâîäèòåëüíûå êîìïèëÿòîðû, íàöåëåííûå íà ïðîìûøëåííîå

èñïîëüçîâàíèå, ñòðîÿòñÿ ïî áîëåå ñëîæíîé ñõåìå, â ÷àñòíîñòè, èñïîëüçóÿ ýëåìåíòû ñòèëÿ ¾Ðåïî-

çèòîðèé¿.

Ñ òî÷êè çðåíèÿ êîìïîíåíòíûõ ïîäõîäîâ, êîìïîíåíò ìîæåò áûòü íåçàâèñèìî ïîñòàâëåí èëè

íå ïîñòàâëåí, äîáàâëåí â ñîñòàâ íåêîòîðîé ñèñòåìû èëè óäàëåí èç íåå, â òîì ÷èñëå, ìîæåò âêëþ-

÷àòüñÿ â ñîñòàâ ñèñòåì äðóãèõ ïîñòàâùèêîâ. Ñîçäàííûé ðàíåå ïðîãðàììíûé êîä ìîæåò áûòü

èñïîëüçîâàí â äàëüíåéøåì áåç èçìåíåíèé èëè â ìîäèôèöèðîâàííîì è óñîâåðøåíñòâîâàííîì âè-

äå. Çíàíèå îñíîâíûõ ïðèíöèïîâ ðàáîòû øèðîêî èñïîëüçóåìûõ ñèñòåì ïðîìåæóòî÷íîãî óðîâíÿ

(middleware) è óìåíèå ñòðîèòü ïðèëîæåíèÿ íà èõ îñíîâå â íàñòîÿùèé ìîìåíò ñòàíîâèòñÿ òà-

êèì æå íåîáõîäèìûìè ýëåìåíòîì îáðàçîâàíèÿ ïðîôåññèîíàëüíîãî ðàçðàáîò÷èêà ïðîãðàìì, êàê

è çíàíèÿ â îáëàñòè îïåðàöèîííûõ ñèñòåì, êîìïèëÿòîðîâ è ñèñòåì óïðàâëåíèÿ áàçàìè äàííûõ.

Ðåàëèçàöèÿ ÿçûêîâûõ èíòåðïðåòàòîðîâ

Èíòåðïðåòàòîðû ñîñòîÿò èç äâóõ ÷àñòåé: ñèíòàêñè÷åñêîãî àíàëèçàòîðà, îöåíèâàþùåãî âûðà-

æåíèÿ, è ñîáñòâåííîãî èíòåðïðåòàòîðà, âûïîëíÿþùåãî ïðîãðàììó. Ýòà ïðîãðàììà ñ÷èòûâàåòñÿ

èç ôàéëà, è çàòåì íà÷èíàåòñÿ å¼ èñïîëíåíèå. Çàãðóæàåò ïðîãðàììó ñîîòâåòñòâóþùàÿ ïðîãðàì-

ìà. Âî âñåõ èíòåðïðåòàòîðàõ èìååòñÿ öèêë âåðõíåãî óðîâíÿ, êîòîðûé ÷èòàåò ïîñëåäîâàòåëüíûå

ëåêñåìû ïðîãðàììû è ïðåäïðèíèìàåò ñîîòâåòñòâóþùèå äåéñòâèÿ äëÿ èõ îáðàáîòêè.

Ëåã÷å ïèñàòü èíòåðïðåòàòîð äëÿ ÿçûêîâ èìåííî òàêîãî òèïà, ÷òî óïðîùàåò íàïèñàíèå. Ïðèí-

öèïû, ëåæàùèå â îñíîâå òàêèõ èíòåðïðåòàòîðîâ ïðèëîæèìû ê ëþáîìó äðóãîìó ÿçûêó, ìîæíî

âçÿòü ðàçðàáîòàííûå ðàíåå ïðîöåäóðû â êà÷åñòâå îòïðàâíîé òî÷êè. Âàæíîñòü èíòåðïðåòàòîðîâ

ñîñòîèò èç ñëåäóþùèõ.

1. Èíòåðïðåòàòîðû ñïîñîáíû ïîääåðæèâàòü èíòåðïðåòèâíóþ ñðåäó. Ìíîãèå ïðèëîæåíèÿ âûèãðû-

âàþò îò ðåàëèçàöèè â èíòåðïðòèðóþùåé ñðåäå.

2. Îíè õîðîøî ïîäõîäÿò äëÿ èíòåðàêòèâíîé îòëàäêè.

3. Èíòåðïðåòàòîðû ïðåâîñõîäíî ðàáîòàþò ñ ¾ÿçûêàìè ñöåíàðèåâ¿, òàêèõ êàê ÿçûêè çàïðîñîâ â

ñèñòåìàõ óïðàâëåíèÿ áàçàìè äàííûõ.

4. Èíòåðïðåòàòîðû ïîçâîëÿþò áåç âñÿêèõ èçìåíåíèé çàïóñêàòü ïðîãðàììó íà ñàìûõ ðàçíûõ ïëàò-

ôîðìàõ. Äëÿ êàæäîãî íîâîãî îêðóæåíèÿ íóæíî òîëüêî ðåàëèçîâàòü ïàêåò âðåìåíè âûïîëíåíèÿ.

Òàêîé ÿçûê ÎÎÏ, êàê Ñ++ ÿâëÿåòñÿ èäåàëüíûì ÿçûêîì ñîçäàíèÿ èíòåðïðåòàòîðîâ. Àíàëèçà-

òîð âûðàæåíèé, êàê ÷àñòü èíòåðïðåòàòîðà ìîæíî àäàïòèðîâàòü èç óæå ïîñòðîåííîãî äëÿ äðóãîãî



ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp 62 Ìàòåìàòè÷åñêèå òåõíîëîãèè

ÿçûêà àíàëèçàòîðà.

Èçìåíåíèÿ â àíàëèçàòîðå ìîãóò áûòü ñâÿçàíû ñ ñèíòàêñèñîì ðåàëèçóåìîãî íîâîãî ÿçûêà. Äðó-

ãèå ðàçëè÷èÿ ìåæäó ðåàëèçóåìûì è àäàïòèðóåìûì èíòåðïðåòàòîðàìè ñëåäóþò èç ñîîáðàæåíèé

ýôôåêòèâíîñòè. Åñëè ñèíòàêñè÷åñêèé àíàëèçàòîð íîâîãî ÿçûêà îïòèìèçèðîâàí è èíòåãðèðîâàí ñ

èíòåðïðåòàòîðîì, îí íå èíêàïñóëèðóåòñÿ â îòäåëüíîì êëàññå è ðåàëèçóåòñÿ àâòîíîìíûìè ôóíê-

öèÿìè. Îäíîâðåìåííî, èíòåðïðåòàòîð è àíàëèçàòîð ìîãóò ñîâìåñòíî èñïîëüçîâàòü íåêîòîðûå

ðàçäåëû êîäà. ßçûê ðåàëèçàöèè Ñ++ ïîçâîëÿåò ëåãêî ââîäèòü â èíòåðïðåòàòîð íîâûå êîìàí-

äû. Îáëåã÷àåòñÿ è ïðîöåññ óñîâåðøåíñòâîâàíèÿ è ðàñøèðåíèÿ èíòåðïðåòàòîðà, ñîçäàíèå íîâîãî

èíòåðïðåòàòîðà äëÿ ñâîåãî ÿçûêà ïðîãðàììèðîâàíèÿ [2].

Çàêëþ÷åíèå

Ìåòîäû òðàíñëÿöèè íàõîäÿò ïðèìåíåíèå íå òîëüêî â êîìïèëÿòîðàõ. Ñåé÷àñ, íàïðèìåð ìåòî-

äû îïòèìèçàöèè êîäà èñïîëüçóþòñÿ â èíñòðóìåíòàðèè äëÿ ïîèñêà îøèáîê (ìîùíûå àíàëèçàòîðû

ñåìàíòè÷åñêèõ îøèáîê) â ïðîãðàììíîì îáåñïå÷åíèè, ïðè ïðîâåðêå áåçîïàñíîñòè êîäà. Ìîäåëè,

òåîðèÿ è àëãîðèòìû, ñâÿçàííûå ñ êîìïèëÿòîðàìè, ìîãóò ïðèìåíÿòüñÿ äëÿ ðåøåíèÿ çàäà÷ ïðîåê-

òèðîâàíèÿ è ðàçðàáîòêè ÏÎ. Èíòåðåñíû çàäà÷è, êîòîðûå âñòðå÷àþòñÿ ïðè ðàçðàáîòêå ÿçûêîâûõ

ïðîöåññîðîâ, íåçàâèñèìî îò èñõîäíîãî ÿçûêà èëè öåëåâîé ìàøèíû.

Îäíîé èç íàèáîëåå èçâåñòíûõ ðàáîò ïî êîìïèëÿòîðàì ÿâëÿåòñÿ [2]. Òàì îïûò ñîçäàíèÿ êîì-

ïèëÿòîðîâ ðåêîìåíäóåòñÿ ïðèìåíÿòü â ó÷åáíûõ êóðñàõ äëÿ ïåðâîêóðñíèêîâ ïî ÿçûêàì ïðîãðàì-

ìèðîâàíèÿ; â íàïèñàíèè êóðñîâûõ ðàáîò, âûïîëíÿþùèõñÿ íåáîëüøèìè ãðóïïàìè ñòóäåíòîâ è

ñîñòîÿùèõ â ðåàëèçàöèè íåáîëüøîãî ÿçûêà ïðîãðàììèðîâàíèÿ, ñïðîåêòèðîâàííîãî èìè ñàìî-

ñòîÿòåëüíî. Ðàçðàáîòàííûå òàêèì îáðàçîì ÿçûêè ìîãóò áûòü îðèåíòèðîâàíû íà ïðèìåíåíèå â

êîìïüþòåðíóþ ãðàôèêó, èãðû, îïåðàöèè ñ ìàòðèöàìè è äðóãîå. Ñòóäåíòû â ñâîåé ðàáîòå èñïîëü-

çóþò ãåíåðàòîðû êîìïîíåíòîâ êîìïèëÿòîðîâ, òàêèå êàê ANTLR, Lex, Yacc, ìåòîä ñèíòàêñè÷åñêè

óïðàâëÿåìîé òðàíñëÿöèè. Äëÿ ñòàðøåêóðñíèêîâ óïîð äåëàþòñÿ íà ãåíåðàöèþ êîäà è îïòèìèçà-

öèþ äëÿ ñîâðåìåííûõ ìàøèí, âêëþ÷àÿ ñåòåâóþ è ìíîãîïðîöåññîðíóþ àðõèòåêòóðó.
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ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ËÈÍÅÀÐÈÇÎÂÀÍÍÎÉ ÑÈÑÒÅÌÛ

ÓÐÀÂÍÅÍÈÉ ÍÀÂÜÅ-ÑÒÎÊÑÀ Ñ ÍÅËÎÊÀËÜÍÛÌ ÓÑËÎÂÈÅÌ

Ó.Ó. Àáûëêàèðîâ, Ñ.Å. Àéòæàíîâ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè

Abstract. In this paper the inverse problem for the linearized non-stationary Navier-Stokes equa-

tions. To solve this inverse problem to a ratio of the direct problem, added some additional

conditions, which are usually referred to override. The method of successive approximations for the

inverse theorems of existence, uniqueness and stability of solutions. The results are of theoretical

and practical signi�cance.

Keywords: inverse problem, Navier-Stokes equation, nonlocal condation.

À­äàòïà. Á´ë æ´ìûñòà ñûçû©òàíäûðûë¡àí ñòàöèîíàð åìåñ Íàâüå-Ñòîêñ æ³éåñi ³øií êåði

åñåï çåðòòåëãåí. Á´íäàé êåði åñåïòi çåðòòåó ³øií, òóðà åñåïòi ©´ðàéòûí áåðiëãåíäåðiíå ©î-

ñûìøà øàðò ©îéûëàäû. Òiçáåêòåé æóû©òàó ºäiñiìåí êåði åñåïòi­ øåøiìi áàð, æàë¡ûç æºíå

øåøiìíi­ îðíû©òû áîëàòûíäû¡û òóðàëû òåîðåìàëàð àëûíäû. Àëûí¡àí íºòèæåëåð òåîðèÿ-

ëû© æºíå ©îëäàíáàëû ìºíäåðiíå èå.

Êiëòòiê ñ°çäåð: êåði åñåï, Íàâüå-Ñòîêñ òå­äåó, ëîêàëäi åìåñ øàðò.

Àííîòàöèÿ. Â äàííîé ðàáîòå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à äëÿ ëèíåàðèçîâàííîé íåñòàöèî-

íàðíîé ñèñòåìû Íàâüå-Ñòîêñà. Äëÿ ðåøåíèÿ òàêîé îáðàòíîé çàäà÷è ê ñîîòíîøåíèÿì, ñîñòàâ-

ëÿþùèì ïðÿìóþ çàäà÷ó, äîáàâëÿþòñÿ íåêîòîðûå äîïîëíèòåëüíûå óñëîâèÿ, êîòîðûå îáû÷íî

íàçûâàþò ïåðåîïðåäåëåíèåì. Ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ îáðàòíîé çàäà÷è

ïîëó÷åíû òåîðåìû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ. Ïîëó÷åííûå ðå-

çóëüòàòû èìåþò òåîðåòè÷åñêèå è ïðèêëàäíûå çíà÷åíèÿ.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, óðàâíåíèå Íàâüå-Ñòîêñà, íåëîêàëüíîå óñëîâèå.

Ðàññìîòðèì â öèëèíäðå QT = Ω × [0, T ], Ω ⊂ R2 îáðàòíóþ çàäà÷ó äëÿ ëèíåàðèçîâàííîé

ñèñòåìû Íàâüå-Ñòîêñà, îïðåäåëèòü ~v(x, t) è f(t) êîòîðûå óäîâëåòâîðÿþò ñèñòåìå

∂~v(x, t)

∂t
+ Σ(x, t, ~v,∇~v) +∇p(x, t) = ν∆~v(x, t) + f(t)~λ(x, t), (1)

div~v = 0, (2)

íà÷àëüíîìó óñëîâèþ

~v|t=0 = ~v0(x), (3)

ãðàíè÷íîìó óñëîâèþ

~v|S = 0, (4)



ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp 64 Ìàòåìàòè÷åñêèå òåõíîëîãèè

è íåëîêàëüíîìó èíòåãðàëüíîìó óñëîâèþ∫
Ω
~u(x, t) · ~v(x, t)dx = e(t), (5)

ãäå Σ(x, t, ~v,∇~v) = ~a(x, t)vk + bk(x, t)~vxk ; ~a(x, t), ~b(x, t), ~λ(x, t), ~v0(x), e(t)− çàäàííûå ôóíêöèè.

Â ðàáîòå [1] èññëåäîâàíà îáðàòíàÿ çàäà÷à èíòåãðàëüíîãî íàáëþäåíèÿ äëÿ îáùåãî ïàðàáîëè-

÷åñêîãî óðàâíåíèÿ. Çàäà÷à îïðåäåëåíèÿ èñòî÷íèêà äëÿ ñèñòåìû Íàâüå-Ñòîêñà ñ ôèíàëüíûì è

èíòåãðàëüíûì ïåðåîïðåäåëåíèåì ðàññìàòðèâàëèñü ðàçëè÷íûìè ìåòîäàìè ðÿäîì àâòîðîì [2-12].

Â ðàáîòàõ [9-12] îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèè èññëåäîâàëèñü ìåòîäàìè

òåîðèè ïîëóãðóïï, à ýòîò ìåòîä, êàê èçâåñòíî, ïðåäïîëàãàåò ëèíåéíîñòü îïåðàòîðîâ è íåçàâèñè-

ìîñòü êîýôôèöèåíòîâ óðàâíåíèÿ îò âðåìåíè t.

Îáðàòíóþ çàäà÷ó (1)-(5) ìîæíî òðàêòîâàòü êàê çàäà÷ó íàõîæäåíèÿ òî÷íûõ óïðàâëåíèè f(t),

íåîáõîäèìûõ äëÿ äîñòèæåíèÿ çàäàííîé èëè îæèäàåìîé ýíåðãèè e(t). Îáðàòíûå çàäà÷è èññëå-

äîâàëèñü ìåòîäàìè òåîðèè óïðàâëåíèÿ äëÿ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè â ðàáîòàõ

[13-16].

Ïðåæäå ÷åì ïåðåéòè ê îïðåäåëåíèþ ñëàáîãî ðåøåíèÿ îáðàòíîé çàäà÷è, ââåäåì íåîáõîäèìîå

ôóíêöèîíàëüíîå ïðîñòðàíñòâî [17].

V2(QT )− áàíàõîâî ïðîñòðàíñòâî, ïîëó÷åííîå â ðåçóëüòàòå çàìûêàíèÿ ìíîæåñòâà ãëàäêèõ, ñî-

ëåíîèäàëüíûõ è ðàâíûõ íóëþ âáëèçè S = ∂Ω× [0, T ], ôóíêöèé ïî íîðìå

‖~u‖V2(QT ) = vraimax
0≤t≤T

‖~u(x, t)‖2,Ω + ‖~ux‖2,QT .

Îïðåäåëåíèå 1. Ôóíêöèè ~v(x, t) è f(t) íàçûâàþòñÿ îáîáùåííûì ðåøåíèåì îáðàòíîé çàäà÷è

(1)-(5), åñëè ôóíêöèè ~v(x, t) ∈ L∞
(

0, T ;
0
J(Ω)

)⋂
L2

(
0, T ;

0
J1(Ω)

)
, f(t) ∈ L2(0, T ) óäîâëåòâîðÿ-

þò ñëåäóþùèì èíòåãðàëüíûì òîæäåñòâàì∫
QT

[
−~v · ~ξt + Σ(x, t, ~v,∇~v)~ξ + ν∇~v · ∇~ξ

]
dxdt =

∫
QT

f(t)~λ · ~ξdxdt+

∫
Ω
~v0(x)~ξ(x, 0)dx, (6)

äëÿ ëþáûõ ξ(x, t) ∈W 1,1
2 (QT )

⋂ 0
J(QT ), ξ(x, T ) = 0,

e′(t)−
∫

Ω
~ut · ~vdx+

∫
Ω
~u · Σ(x, t, ~v,∇~v)dx+ ν

∫
Ω
∇~u · ∇~vdx = f(t)

∫
Ω
~u · ~λdx, (7)

ãäå

a(x, t) ∈ V2(QT ), b(x, t) ∈ V2(QT ), ~u(x, t) ∈ C1(0, T ;
0
J1(Ω)),

e(t) ∈W 1
2 (0, T ), ~v0(x) ∈

0
J(Ω), ~λ(x, t) ∈ C(QT ),

∫
Ω ~u · ~λdx 6= 0, t ∈ [0, T ].

(8)

Ëåììà 1. Îáðàòíàÿ çàäà÷à (1)-(5) ýêâèâàëåíòíà ïîñòàíîâêå çàäà÷è (1)-(4), (7) ïðè äîñòàòî÷íî

ãëàäêîì ðåøåíèè (~v, f) è ïðè ñîâìåñòíûõ äàííûõ çàäà÷è, ïðè÷åì ôóíêöèþ f(t) ìîæíî âûðàçèòü
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ÿâíîì âèäå:

f(t) =

(∫
Ω
~u · ~λdx

)−1 [
e′(t)−

∫
Ω
~ut · ~vdx+

∫
Ω
~u · Σ(x, t, ~v,∇~v)dx+ ν

∫
Ω
∇~u · ∇~vdx

]
. (9)

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (8), òîãäà ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðå-

øåíèå ~v(x, t) ∈ V2(QT ) è f(t) ∈ L2(0, T ) îáðàòíîé çàäà÷è (1)-(5).

Äîêàçàòåëüñòâî. Ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äîêàæåì ñóùåñòâîâàíèå è åäèí-

ñòâåííîñòè îáîáùåííîãî ðåøåíèÿ â �öåëîì�. Âîçüìåì â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ ~v0 = 0.

fm(t) =
(∫

Ω ~u · ~λdx
)−1 [

e′(t)−
∫

Ω ~ut · ~v
m−1dx+

+
∫

Ω ~u · Σ(x, t, ~vm−1,∇~vm−1)dx+ ν
∫

Ω∇~u · ∇~v
m−1dx

]
.

(10)

À ~vm(x, t) íàõîäèì èç ñëåäóþùåé çàäà÷è

∂~vm(x, t)

∂t
+ Σ(x, t, ~vm,∇~vm) +∇pm(x, t) = ν∆~vm(x, t) + fm(t)~λ(x, t), (11)

div~vm = 0, (12)

~vm|t=0 = ~v0(x), (13)

~vm|S = 0. (14)

Ïîêàæåì, ÷òî äëÿ êàæäîãî fm(t) ñóùåñòâóåò åäèíñòâåííàÿ âåêòîð-ôóíêöèÿ ~v(x, t), óäîâëåòâîðÿ-

þùàÿ (11)-(14) â ñìûñëå îáîáùåííîãî ðåøåíèÿ.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè çàäà÷è (11)-(14).

Ïðåäïîëîæèì, ÷òî fm(t) èçâåñòíû, òàê êàê îíè ÿâíûì îáðàçîì âûðàæàþòñÿ ÷åðåç ~vm−1(x, t),

ïîäñòàâèì èõ â (11), è èññëåäóåì ðàçðåøèìîñòü çàäà÷è (11)-(14).

Ìåòîäû äîêàçàòåëüñòâ, èñïîëüçóåìûå çäåñü, ðàçâèòû Î.À. Ëàäûæåíñêîé [1, ñ.104] ïðè èññëå-

äîâàíèè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Íàâüå-Ñòîêñà, à òàêæå â ðàáîòàõ [2-4].

Îïðåäåëåíèå 2. Îáîáùåííûì ðåøåíèåì çàäà÷è (11)-(14) íàçûâàþòñÿ ôóíêöèè ~vm(x, t) ∈
V2(QT ) è óäîâëåòâîðÿþò ñëåäóþùèì èíòåãðàëüíûì òîæäåñòâàì∫

QT

[
−~vm · ~ξt + Σ(x, t, ~vm,∇~vm)~ξ + ν∇~vm · ∇~ξ

]
dxdt =

∫
QT

fm~λ · ~ξdxdt+

∫
Ω
~v0(x)~ξ(x, 0)dx, (15)

äëÿ ëþáûõ ξ(x, t) ∈W 1,1
2 (QT )

⋂ 0
J(QT ), ξ(x, T ) = 0, ãäå a(x, t) ∈ V2(QT ), b(x, t) ∈ V2(QT ), ~u(x, t) ∈

C1(0, T ;
0
J1(Ω)), e(t) ∈W 1

2 (0, T ), ~v0(x) ∈
0
J(Ω), ~λ(x, t) ∈ C(QT ), fm(t) ∈ L2(0, T ).

Ëåììà 2. Çàäà÷à (11)-(14) ìîæåò èìåòü íå áîëåå îäíîãî îáîáùåííîãî ðåøåíèÿ èç V2(QT ),

äëÿ ëþáûõ a(x, t) ∈ V2(QT ), b(x, t) ∈ V2(QT ), ~λ(x, t) ∈ C(QT ), e(t) ∈ W 1
2 (0, T ), ~v0(x) ∈

0
J(Ω),

~u(x, t) ∈ C1(0, T ;
0
J1(Ω)), fm(t) ∈ L2(0, T ).

Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòè {(~vm, fm)} êîððåêòíà îïðåäåëåíà. Äîêàæåì, ÷òî ïî-

ñëåäîâàòåëüíîñòè {(~vm, fm)} ÿâëÿþòñÿ ôóíäàìåíòàëüíîé ïîñëåäîâàòåëüíîñòüþ â ïðîñòðàíñòâå

V2(QT ) × L2(0, T ), òî â ñèëó ïîëíîòû ïðîñòðàíñòâ V2(QT ) × L2(0, T ) ñëåäóåò, ÷òî ïàðà ôóíêöèé

(~v, f) ÿâëÿåòñÿ ïðåäåëüíîé äëÿ ïîñëåäîâàòåëüíîñòè {(~vm, fm)}, ò.å. (~vm, fm) → (~v, f) ïðè

m→∞, òåì ñàìûì (~v, f) ÿâëÿåòñÿ èñêîìûì ñëàáûì ðåøåíèåì îáðàòíîé çàäà÷è (1)-(5).
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Ââîäÿ îáîçíà÷åíèÿ ~wm+1 = ~vm+1 − ~vm,Φm+1 = fm+1 − fm, èç (10)-(14) ïîëó÷èì:

Φm+1(t) =

(∫
Ω
~u · ~hdx

)−1 [∫
Ω
~ut · ~wmdx+

∫
Ω
~u · Σ(x, t, ~wm,∇~wm)dx+ ν

∫
Ω
∇~u · ∇~wmdx

]
, (16)

∂ ~wm+1

∂t
+ Σ(x, t, ~wm+1,∇~wm+1) +∇

(
pm+1 − pm

)
= ν∆~wm+1 + Φm+1~h, (17)

div ~wm+1 = 0, (18)

~wm+1
∣∣
t=0

= 0, (19)

~wm+1
∣∣
S

= 0. (20)

Îöåíèì Φm+1 ñëåäóþùèì îáðàçîì

∣∣Φm+1(t)
∣∣ =

(∫
Ω ~u · ~hdx

)−1 [∫
Ω |~ut| · |~w

m| dx+
∫

Ω |~u| · |Σ(x, t, ~wm,∇~wm)| dx +

+ν
∫

Ω |∇~u| · |∇~w
m| dx

]
≤ c0 ((c1 + c1c2)d+ (c1c2 + νc1)) ‖∇~wm‖ ≤ c3 ‖∇~wm‖ .

Âîçâåäåì â êâàäðàò è ïðîèíòåãðèðóåì ïî t â ïîñëåäíåì íåðàâåíñòâå, ïîëó÷èì∫ t

0

∣∣Φm+1(τ)
∣∣2 dτ ≤ c2

3

∫ t

0
‖∇~wm‖2 dτ ≤ c4

(
max
t
‖~wm‖2 +

∫ t

0
‖∇~wm‖2 dτ

)
≤ c4 ‖~wm‖2V2(QT ) . (21)

Óìíîæèì (17) íà ~wm+1 â L2 (Qt), ïîëó÷èì ñëåäóþùåå ñîîòíîøåíèå

1

2

∥∥~wm+1
∥∥2

2,Ω
+ν

∥∥∇~wm+1
∥∥2

2,Qt
=

∫
Qt

~wm+1 ·Σ(x, t, ~wm+1,∇~wm+1)dQτ +

∫
Qt

Φm+1~h · ~wm+1dQτ . (22)

Îöåíèâàÿ ïðàâûå ÷àñòè, ïîäñòàâëÿÿ â (22), òîãäà ïîëó÷èì

1
2

∥∥~wm+1
∥∥2

2,Ω
+ ν

∥∥∇~wm+1
∥∥2

2,Qt
≤ ε

∥∥∇~wm+1
∥∥2

2,Qt
+

c22
ε

∥∥~wm+1
∥∥2

2,Qt
+

+ 1
2ε

∥∥~wm+1
∥∥2

2,Qt
+ ε

2c
2
5c

2(Ω)
∫ t

0

∣∣Φm+1(τ)
∣∣2 dτ.

Âûáåðåì ε ≤ ν
2 è ïåðåíåñåì âòîðîå ñëàãàåìîå èç ïðàâîé ÷àñòè íàëåâî, ïîëó÷èì

1

2

∥∥~wm+1
∥∥2

2,Ω
+ (ν − ε)

∥∥∇~wm+1
∥∥2

2,Qt
≤
(

1

2ε
+
c2

2

ε

)∥∥~wm+1
∥∥2

2,Qt
+
ε

2
c2

5c
2(Ω)

∫ t

0

∣∣Φm+1(τ)
∣∣2 dτ. (23)

Îáîçíà÷èì c6 = 1
2ε +

c22
ε òîãäà èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà ïîëó÷èì

∥∥~wm+1
∥∥2

2,Ω
+

∫ t

0

∥∥∇~wm+1
∥∥2

2,Ω
dτ ≤ c4

εc2
5c

2(Ω)

2
· ν − ε+ c6 + 1

ν − ε
exp [c6t] ‖~wm‖2V2(Qt)

.

Òåì ñàìûì ìû ïîëó÷èëè òðåáóåìóþ îöåíêó

∥∥~wm+1
∥∥2

V2(Qt)
≤ c4

εc2
5c

2(Ω)

2
· ν − ε+ c6 + 1

ν − ε
exp [c6t] ‖~wm‖2V2(Qt)

. (24)
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Ðàññìàòðèâàÿ âìåñòå (21) è (24), çàìåòèì, ÷òî ñïðàâåäëèâà îöåíêà∫ t

0

∣∣Φm+1(τ)
∣∣2 dτ ≤ c4

εc2
5c

2(Ω)

2
· ν − ε+ c6 + 1

ν − ε
exp [c6t]

∫ t

0
|Φm(τ)|2 dτ. (25)

Âûáåðåì c4, c5, c6, ε è σ òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü

0 < ε ≤ ν
2 , 0 < σ ≤ t0,

c4
εc25c

2(Ω)
2 · ν−ε+c6+1

ν−ε exp [c6σ] ≤ q < 1.

(26)

Òîãäà îöåíêè (24) è (25) ïðèâîäÿòñÿ ê ñëåäóþùåìó âèäó∫ σ

0

∣∣Φm+1
∣∣2 dτ ≤ q ∫ σ

0
|Φm|2 dt, (27)

∥∥~wm+1
∥∥2

V2(Qσ)
≤ q ‖~wm‖2V2(Qσ) , (28)

äëÿ m = 1, 2, ..., ãäå Qσ = Ω× (0, σ].

Ñëåäîâàòåëüíî, èç îöåíîê (27), (28), ïðè âûïîëíåíèè (26) è âûòåêàåò, ÷òî {(~vm, fm)} ÿâëÿ-
þòñÿ ïîñëåäîâàòåëüíîñòüþ Êîøè â ñîîòâåòñòâóþùèõ ïðîñòðàíñòâàõ V2(Qσ) × L2(0, σ). Â ñèëó

âûøåïðèâåäåííûõ ðàññóæäåíèé ñóùåñòâóåò åäèíñòâåííàÿ ïàðà ôóíêöèé (~v, f) ñîîòâåòñòâåííî

èç V2(Qσ)× L2(0, σ) òàêàÿ, ÷òî

~vm → ~v â V2(Qσ),

fm → f â L2(0, σ).

Ïåðåõîäÿ ê ïðåäåëó ïðè m→∞ â ñîîòíîøåíèÿõ (10) è (15) â ñèëó ñèëüíîé ñõîäèìîñòè (~vm, fm),

ìû ïîëó÷èì îáîáùåííîå ðåøåíèå (~v, f) äëÿ îáðàòíîé çàäà÷è (1)-(5) â Qσ = Ω× (0, σ].

Ïóñòü ñóùåñòâóåò äâà ðåøåíèÿ (~vk, fk) , k = 1, 2 â Qσ, òîãäà â ñèëó ñîîòíîøåíèé (26)-(28)

ïîëó÷èì ∫ σ

0
|f1 − f2|2 dτ ≤ q

∫ σ

0
|f1 − f2|2 dt, ‖~v1 − ~v2‖2V2(Qσ) ≤ q ‖~v1 − ~v2‖2V2(Qσ) ,

èëè

(1− q)
∫ σ

0
|f1 − f2|2 dτ ≤ 0, (1− q) ‖~v1 − ~v2‖2V2(Qσ) ≤ 0.

Òàê êàê q < 1, òî
∫ σ

0 |f1 − f2|2 dτ = 0 è ‖~v1 − ~v2‖2V2(Qσ) = 0, îòêóäà è ñëåäóåò, ÷òî ~v1 ≡ ~v2, f1 ≡ f2.

Êîíñòàíòû c4, c5, c6, ε è σ íå çàâèñÿò îò íà÷àëüíîé äàííîé ôóíêöèè ~v0(x), ïîýòîìó äëÿ t ≥ σ
ïîëàãàåì, ÷òî

~v0(x) = ~v(x, σ),

ãäå ~v(x, σ)� çíà÷åíèå ëîêàëüíîãî ðåøåíèÿ ïðè t = σ. Â ñèëó ëîêàëüíîé ðàçðåøèìîñòè îáðàòíîé

çàäà÷è ïîâòîðÿÿ ïðîäåëàííûå ðàññóæäåíèå êîíå÷íîå ÷èñëî ðàç, äëÿ êîíå÷íîãî âðåìåíè, çàêëþ-

÷àåì, ÷òî îáîáùåííîå ðåøåíèå (~v, f) ñóùåñòâóåò è åäèíñòâåííî â QT .

Ïðîáëåìà óñòîé÷èâîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ ñâÿçàíà ñ ïîñòðîåíèåì òàêèõ ìåòîäîâ, êî-

òîðûå ïîçâîëÿþò îïðåäåëÿòü ïðèáëèæåííûå ðåøåíèÿ
(
~̂v, f̂

)
, áëèçêèå ê èñêîìîìó (~v, f), íî íà

îñíîâå èìåþùåéñÿ, ïðèáëèæåííî çàäàííîé èñõîäíîé èíôîðìàöèè ~̂v0(x), ê(t). Âïåðâûå ïðîáëåìà

óñòîé÷èâîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ áûëà ïîñòàâëåíà À.Í. Òèõîíîâûì [82, ñ.195].

Òåîðåìà 2 Ïóñòü (~vk, fk) , k = 1, 2 îáîáùåííûå ðåøåíèÿ îáðàòíîé çàäà÷è (1)-(5), ñîîòâåò-

ñòâóþùèå ~v0k, ek (k = 1, 2), òîãäà äëÿ ðàçíîñòè ýòèõ îáîáùåííûõ ðåøåíèé âûïîëíÿåòñÿ ñîîòíî-
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øåíèå

‖~v1 − ~v2‖V2(QT ) + ‖f1 − f2‖L2(0,T ) ≤ C(T )
(
‖~v01 − ~v02‖2,Ω + ‖e1 − e2‖W 1

2 (0,T )

)
, (29)

ãäå C(T ) íåçàâèñèò îò ~v0k, ek (k = 1, 2).

Äîêàçàòåëüñòâî. Ïóñòü (~vk, fk) , k = 1, 2 îáîáùåííûå ðåøåíèÿ îáðàòíîé çàäà÷è (1)-(5) ñ

ñîîòâåòñòâóþùèìè äàííûìè ~v0k, ek (k = 1, 2). Çàïèøåì îáðàòíóþ çàäà÷ó (1)-(5) äëÿ èõ ðàçíî-

ñòè. Äàëåå, èç (10) � (14) ïðè âûïîëíåíèè óñëîâèè (8), (26) ïîëó÷èì Qσ = Ω× (0, σ] ñëåäóþùèå

íåðàâåíñòâà

∫ σ

0
|f1 − f2|2 dτ ≤ q

∫ σ

0
|f1 − f2|2 dt+

∫ T

0

∣∣e′1 − e′2∣∣2 dt, (30)

‖~v1 − ~v2‖2V2(Qσ) ≤ q ‖~v1 − ~v2‖2V2(Qσ) + ‖~v01 − ~v02‖2L2(Ω) . (31)

Èç (30) è (31) ïîëó÷èì ñëåäóþùåå íåðàâåíñòâî

‖~v1 − ~v2‖V2(Qσ) + ‖f1 − f2‖L2(0,σ) ≤ C
(
‖~v01 − ~v02‖2,Ω + ‖e1 − e2‖W 1

2 (0,T )

)
,

ãäå êîíñòàíòà C íåçàâèñèìàÿ îò ~v0k, ek (k = 1, 2).

Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðîâåäåííûå âûøå äëÿ Qσ = Ω × (0, σ], ïîëó÷èì ÷òî äëÿ Qσ = Ω ×
(σ, 2σ], ñïðàâåäëèâà îöåíêà:

‖~v1 − ~v2‖V2(Qσ,2σ) + ‖f1 − f2‖L2(σ,2σ) ≤ C
(
‖~v01(x, σ)− ~v02(x, σ)‖2,Ω +

+ ‖e1 − e2‖W 1
2 (0,T )

)
≤ C

(
‖~v1 − ~v2‖V2(Qσ) + ‖e1 − e2‖W 1

2 (0,T )

)
≤

≤ C
(
‖~v1 − ~v2‖V2(Qσ) + ‖f1 − f2‖L2(0,σ) + ‖e1 − e2‖W 1

2 (0,T )

)
.

(32)

Â îáùåì ñëó÷àå, ïîëàãàÿ Qkσ,k(σ+1) = Ω× (kσ, k(σ+ 1)]; k = 0, 1, ...,
[
T
σ

]
+ 1 è d = ‖~v01 − ~v02‖2,Ω +

‖e1 − e2‖W 1
2 (0,T ), ïîëó÷èì ñëåäóþùóþ ðåêóððåíòíóþ ôîðìóëó

yk ≤ C(yk−1 + d); k = 0, 1, ..., [T/σ] + 1; (33)

ãäå

yk = ‖~v1 − ~v2‖V2(Qkσ,k(σ+1))
+ ‖f1 − f2‖L2(kσ,k(σ+1)) ,

äëÿ òàêèõ æå k = 0, 1, ...,
[
T
σ

]
+ 1.

Èç ðåêóððåíòíîé ôîðìóëû (33) ó÷èòûâàÿ y0 ≤ cd, ìû ïîëó÷èì

yk ≤ C(yk−1 + d) ≤ Cyk−2 + C2d+ Cd ≤ ... ≤

≤ Cky0 + Cd
∑k−1

j=0 C
j ≤

{
C [T/σ]+2 + C

∑k−1
j=0 C

j
}
d.

(34)

Îòñþäà ñëåäóåò îöåíêà óñòîé÷èâîñòè



Ìàòåìàòè÷åñêèå òåõíîëîãèè 69 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

‖~v1 − ~v2‖V2(QT ) + ‖f1 − f2‖L2(0,T ) ≤
∑[T/σ]+1

k=0 yk ≤

≤ ([T/σ] + 1)
{
C [T/σ]+2 + C

∑k−1
j=0 C

j
}
d ≤ C(T )d.

Òåîðåìà 2 äîêàçàíà.
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ÊËÀÑÑÈ×ÅÑÊÀß ÎÄÍÎÇÍÀ×ÍÀß ÐÀÇÐÅØÈÌÎÑÒÜ

ÊÂÀÇÈÑÒÀÖÈÎÍÀÐÍÎÉ

ÇÀÄÀ×È ÒÅÏËÎÂÎÉ ÊÎÍÂÅÊÖÈÈ

Ó.Ó. Àáûëêàèðîâ, Õ. Õîìïûø

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè

Abstract. In this paper the quasi-stationary problem of a heat convection in which to determine

the rate of motion of a viscous �uid, the �uid temperature and pressure. In some simpli�cations

and dimensionless equations of natural convection with the in�uence of viscous dissipation of heat

energy and high-speed driving mode, a system that describes the slow convective motions unevenly

heated �uid in a gravitational �eld. We prove the unique solvability of classical initial-boundary

quasi-stationary problem of a heat convection.

Keywords: heat convection, steady-state equation, the classical solution.

À­äàòïà. Á´ë æ´ìûñòà ò´ò©ûð ñ´éû©òû­ ©îç¡àëó æûëäàìäû¡ûí, ñ´éû© òåìïåðàòóðàñûí

æºíå ©ûñûìûí àíû©òàéòûí êâàçèñòàöèîíàð æûëó êîíâåêöèÿ åñåái çåðòòåëåäi. Ò´ò©ûð äèñ-

ñèïàöèÿ ýíåðãèÿíû­ ñ´éû©òû­ æûëóûíà æºíå ©îç¡àëó æûëäàìäû¡ûíà ºñåði åñêåðiëãåí áîñ

êîíâåêöèÿ òå­äåóií êåéáið û©øàìäàó æºíå °ëøåìäåó íåãiçiíäå, àóûðëû© ºðiñòå áið¡àëûïòû

åìåñ ©ûç¡àí áàÿó ©îç¡àëàòûí êîíâåêòèâòi æ³éåãå êåëòiðiëãåí. Áàñòàï©û-øåòòiê êâàçèñòàöèî-

íàð æûëó êîíâåêöèÿ åñåáiíi­ êëàññèêàëû© áiðìºíäi øåøiìäiëiãi äºëåëäåíãåí.

Êiëòòiê ñ°çäåð: æûëó êîíâåêöèÿ, êâàçèñòàöèîíàð òå­äåó, êëàññèêàëû© øåøiì.

Àííîòàöèÿ. Â äàííîé ðàáîòå èññëåäóåòñÿ êâàçèñòàöèîíàðíàÿ çàäà÷à òåïëîâîé êîíâåêöèé, â

êîòîðîé òðåáóåòñÿ îïðåäåëèòü ñêîðîñòü äâèæåíèÿ âÿçêîé æèäêîñòè, òåìïåðàòóðó æèäêîñòè è

äàâëåíèå. Ïðè íåêîòîðûõ óïðîùåíèÿõ è áåçðàçìåðèâàíèè óðàâíåíèÿ ñâîáîäíîé êîíâåêöèé ñ

ó÷åòîì âëèÿíèÿ âÿçêîé äèññèïàöèè ýíåðãèè íà òåïëîâîé è ñêîðîñòíîé ðåæèì äâèæåíèÿ, ïîëó-

÷åíà ñèñòåìà, îïèñûâàþùàÿ ìåäëåííûå êîíâåêòèâíûå äâèæåíèÿ íåðàâíîìåðíî íàãðåòîé æèä-

êîñòè â ïîëå òÿæåñòè. Äîêàçàíà êëàññè÷åñêàÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü íà÷àëüíî-êðàåâîé
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êâàçèñòàöèîíàðíîé çàäà÷è òåïëîâîé êîíâåêöèé.

Êëþ÷åâûå ñëîâà: òåïëîâàÿ êîíâåêöèÿ, êâàçèñòàöèîíàðíîå óðàâíåíèå, êëàññè÷åñêîå ðåøå-

íèå.

Â çàäà÷àõ ãèäðîäèíàìèêè òåïëà è ìàññîîáìåíà, âîçíèêàþùèõ ïðè ìîäåëèðîâàíèè ìíîãèõ

òåõíîëîãè÷åñêèõ ïðîöåññîâ, äèíàìèêè äâèæåíèÿ çåìíîé êîðû è ò.ä. ñóùåñòâåííûìè îêàçûâàþòñÿ:

íåëèíåéíîñòü çàäà÷è; ó÷åò çàâèñèìîñòè êîýôôèöèåíòîâ ïåðåíîñà îò òåìïåðàòóðû; ó÷åò âëèÿíèÿ

âÿçêîé äèññèïàöèè ýíåðãèè.

Äâèæåíèå òåïëîïðîâîäÿùåé âÿçêîé íåñæèìàåìîé æèäêîñòè îïèñûâàþòñÿ ïîëíîé ñèñòåìîé

óðàâíåíèé ñâîáîäíîé êîíâåêöèé ñ ó÷åòîì âëèÿíèÿ âÿçêîé äèññèïàöèè ýíåðãèè íà òåïëîâîé è

ñêîðîñòíîé ðåæèì äâèæåíèÿ [1], [2]:

∂~v

∂t
+ (~v∆)~v +∇p = ν∆~v + β~gθ + ~f, (1)

div ~v = 0, (2)

c

[
∂θ

∂t
+ (~v · ∇)θ

]
= χ∆θ + νΦ + ϕ. (3)

Çäåñü ~v, p è θ ñîîòâåòñòâåííî ñêîðîñòü, äàâëåíèå è òåìïåðàòóðà æèäêîñòè, Φ = 1
2

∑3
i,k=1( ∂vi∂xk

+
∂vk
∂xi

)2� äèññèïàòèâíàÿ ôóíêöèÿ, ~g- óñêîðåíèå ñèëû òÿæåñòè, β-êîýôôèöèåíò îáúåìíîãî ðàñøèðå-

íèÿ, ~f(x, t) -âåêòîð ìàññîâûõ ñèë, ϕ(x, t)-ïëîòíîñòü òåïëîâûõ èñòî÷íèêîâ. Ïîëîæèòåëüíûå ïîñòî-

ÿííûå ν, c , 8 χ èìåþò òàêîé ôèçè÷åñêèé ñìûñë: c-òåïëîåìêîñòü æèäêîñòè, ν- êèíåìàòè÷åñêàÿ

âÿçêîñòü, χ = χ0

ρ , ãäå χ-êîýôôèöèåíò òåïëîïðîâîäíîñòè è ρ-ïëîòíîñòü æèäêîñòè.

Ïðè íåêîòîðûõ óïðîùåíèÿõ è áåçðàçìåðèâàíèè óðàâíåíèè (1), (3) ìû ïîëó÷èì óðàâíåíèÿ

êîíâåêöèè Îáåðáåêà-Áóññèíåñêà â âèäå:

∂~u

∂t
+ (~u∆)~u+∇p = µ∆~v + θ~k, (4)

div ~u = 0, (5)

∂θ

∂t
+ (~v · ∇)θ = δ∆θ. (6)

Ïðè ýòîì íà ãðàíèöå ∂Ω, êîòîðàÿ ïðåäïîëàãàåòñÿ íåïîäâèæíîé è äîñòàòî÷íî ãëàäêîé, ñêàæåì

êëàññà C2, ñòàâÿòñÿ êðàåâûå óñëîâèÿ

~u|∂Ω = 0, θ|∂Ω = −z,

~k -íàïðàâëåííûé ââåðõ åäèíè÷íûé âåêòîð îãðàíè÷åííîé îáëàñòè Ω ⊂ Rn(n = 2, 3). Çäåñü µ 8 δ

- áåçðàçìåðíûå êîýôôèöèåíòû âÿçêîñòè è òåïëîïðîâîäíîñòè. Ñ áîëåå ÷àñòî óïîòðåáëÿåìûìè

÷èñëàìè Ðýëåÿ r, Ãðàñãîôà Gr è Ïðàíäòëÿ σ îíè ñâÿçàíû ñîîòíîøåíèÿìè

r =
1

µδ
, Gr =

1

µ2
, σ =

µ

δ
. (7)

Çàìåòèì, ÷òî ÷èñëî Ïðàíäòëÿ σ â îòëè÷èå îò îñòàëüíûõ ïàðàìåòðîâ r, Gr, µ 8 δîïðåäåëÿåòñÿ

ëèøü ñâîéñòâàìè æèäêîñòè. Ïðè ýòîì σ ìîæåò ïðèíèìàòü âåñüìà ðàçëè÷íûå ïî ïîðÿäêó âåëè-

÷èíû � ïîðÿäêà 10−2 äëÿ ðòóòè, ïîðÿäêà 1 äëÿ âîçäóõà, ïîðÿäêà 10 äëÿ âîäû, 102 − 103 äëÿ
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ìèíåðàëüíûõ ìàñåë, ïîðÿäêà 1012 − 1014äëÿ âóëêàíè÷åñêîé ìàãìû, ïîðÿäêà 1023 äëÿ âåùåñòâà

ìàíòèè Çåìëè.

Äîáàâëÿÿ ê óðàâíåíèÿì (4)-(6) íà÷àëüíûå óñëîâèÿ

~u|t=0 = ~v0(x), θ|t=0 = ϕ(x), (8)

ïðèõîäèì ê îáùåé íà÷àëüíî-êðàåâîé çàäà÷å êîíâåêöèè Îáåðáåêà-Áóññèíåñêà.

Ñäåëàåì çàìåíó ïåðåìåííûõ ~u = ~v
µ , t = µτ, òîãäà óðàâíåíèÿ (4)-(6) ñ ó÷åòîì (7) ïðèâîäÿòñÿ

ê ñëåäóþùåìó âèäó

Gr
d~v

dτ
= −∇p+ ∆~v + ~kθ , (9)

dθ

dτ
=

1

r
∆θ, (10)

ãäå d
dt = ∂

∂t + ~v∇.
Â ïðåäåëüíîì ñëó÷àå, êîãäà Gr → 0 8 r→∞, óðàâíåíèÿ (9), (10) ïðåâðàùàþòñÿ â ñëåäóþùèå

óðàâíåíèÿ:

∆~v −∇p+ θ~k = 0, (11)

dθ

dt
= 0, (12)

ñ çàìåíîé τ = 0 t.

Ñëåäóåò çàìåòèòü, ÷òî äàííûé ïðåäåëüíûé ïåðåõîä ñîîòâåòñòâóåò ñëó÷àþ, êîãäà âÿçêîñòü
dθ
dτ = 1

r∆θ, òåïëîïðîâîäíîñòü δ → 0 â ñèëó (7).

Äîáàâëÿÿ ê óðàâíåíèÿì (11)-(12) óðàâíåíèå div ~v = 0, ïîëó÷èì â ïðåäåëüíîì ñëó÷àå íóëåâîé

òåïëîïðîâîäíîñòè è áåñêîíå÷íî áîëüøîé âÿçêîñòè ñëåäóþùóþ ñèñòåìó, îïèñûâàþùóþ ìåäëåííûå

êîíâåêòèâíûå äâèæåíèÿ íåðàâíîìåðíî íàãðåòîé æèäêîñòè â ïîëå òÿæåñòè:

∆~v −∇p+ θ~k = 0, (13)

dθ

dt
= 0, (14)

div ~v = 0 (15)

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ íåèçâåñòíûõ ïîëåé òåìïåðà-

òóðû θ(x, t), ñêîðîñòè ~v(x, t), è äàâëåíèÿ p(x, t) óäîâëåòâîðÿþùèõ óðàâíåíèÿì (11)-(13) ñ êðàåâûì

óñëîâèåì

~u|∂Ω = 0, (16)

íà÷àëüíûì óñëîâèåì äëÿ òåìïåðàòóðû

θ|t=0 = ϕ(x). (17)

Çàìå÷àíèå 1. Â óðàâíåíèè (11) íåò ÷ëåíà ñ ïðîèçâîäíîé ïî âðåìåíè, ïîýòîìó íå èìååòñÿ

íà÷àëüíîå óñëîâèå äëÿ ñêîðîñòè. Óðàâíåíèå (11) ÿâëÿåòñÿ óðàâíåíèåì ñâÿçè ìåæäó θ 8 ~v.

Çàìå÷àíèå 2. Óðàâíåíèå (12) íå ñîäåðæèò äèôôóçèîííîãî ÷ëåíà. Ïîýòîìó, ïî åñòåñòâåííîìó

ñìûñëó îòïàäàåò ãðàíè÷íîå óñëîâèå äëÿ òåìïåðàòóðû.
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Òåîðåìà 1. Îðòîãîíàëüíûì äîïîëíåíèåì â ïðîñòðàíñòâå L2(Ω;Rn) ê ìíîæåñòâó

V := {~v : ~v ∈ C∞0 (Ω;Rn), div~v = 0} (18)

ÿâëÿåòñÿ ìíîæåñòâî

G(Ω) :=
{
~v : ~v = ∇p, p ∈ L2

loc(Ω), ∇p ∈ L2(Ω)
}
. (19)

Â ñîîòâåòñòâèè ñ ýòèì

L2(Ω;Rn) = V 0(Ω)⊕G(Ω), (20)

ãäå V 0(Ω) := V̄ L2(Ω)− çàìûêàíèå V â L2(Ω).

Çàìå÷àíèå 3. Óòâåðæäåíèå òèïà òåîðåìû 1 äëÿ íåñòàíäàðòíûõ ãðàíè÷íûõ óñëîâèè (~v ·~n) =

|~v| , x ∈ Γ1, p = const, x ∈ Γ1,
∫

Ω pdx = 0, íà îñòàâøåéñÿ ÷àñòè ãðàíèöû Γ0 âûïîëíåíû óñëîâèÿ

�ïðèëèïàíèÿ�:

~v|Γ0 = 0

ãäå ∂Ω = Γ0
⋃

Γ1 äîêàçàí â ðàáîòå Ó.Ó. Àáûëêàèðîâà [3]. Òåîðåìà 1 ïîçâîëÿåò ââåñòè åùå îäíî

ïðîñòðàíñòâî, ïëîòíî âëîæåííîå â V 0(Ω), à èìåííî ïðîñòðàíñòâî

V 1(Ω) := V̄ H1
0 (Ω) (21)

çàìûêàíèå V â íîðìå èíòåãðàëà Äèðèõëå, ò.å. â íîðìå

‖~v‖V 1(Ω) =

(∫
Ω
|~vx|2 dx

) 1
2

:= ‖~vx‖2,Ω . (22)

Ñîîòâåòñòâóþùåå (21) ñêàëÿðíîå ïðîèçâåäåíèå â V 1(Ω) îáîçíà÷èì òàê:

((u, v)) =

∫
Ω
ux · vxdx := (ux, vx).

Äëÿ îãðàíè÷åííûõ îáëàñòåé Ω ñ íå î÷åíü ïëîõîé ãðàíèöåé ýëåìåíòû G(Ω) ñóòü ãðàäèåíòû∇p, p ∈
W 1,2, à íîðìà ‖·‖L2(Ω) = ‖·‖2,Ω ïîä÷èíåíà ‖·‖V 1(Ω). Áëàãîäàðÿ ýòîìó è òåîðåìå 1 ñïðàâåäëèâî

ñëåäóþùåå óòâåðæäåíèå [4], [5].

Ãëàäêîñòü ðåøåíèé ~v ∈ V 1(Ω) â Ω′ ⊂ Ω óäàëîñü èññëåäîâàòü î÷åíü ïðîñòî [4]. Ãëàäêîñòü æå

~v âîçëå ãðàíèöû çàâèñèò îò ãëàäêîñòè ∂Ω è àíàëèçèðóåòñÿ ñëîæíåå, ñ ïîìîùüþ îöåíêè (22) è åå

ëîêàëüíîãî àíàëîãà.

Àíàëîã òåîðåì 1. äëÿ âåêòîðíûõ ïîëåé èç Lp(Ω) äîêàçàí â [6], ãäå Lp(Ω) äîïóñêàåò ïðÿìîå

ðàçëîæåíèå

Lp = Sp +Gp (23)

ïðè ýòîì Sp := V̄ Lp(Ω), à Gp−çàìûêàíèå â Lp(Ω) ìíîæåñòâà ãðàäèåíòîâ âñåâîçìîæíûõ ãëàäêèõ

â Ω ôóíêöèé. Ìîæíî ââåñòè ïðîåêòîð P : Lp(Ω) → Sp, ñîîòâåòñòâóþùèé ïðÿìîìó ðàçëîæåíèþ

(26). â ñëó÷àå p = 2 ýòî îðòîãîíàëüíûé ïðîåêòîð.

Äàëåå, ïðîèçâåäåì ïîäñòàíîâêó (26) â (12) è ïîëó÷èì îäíó îáûêíîâåííîå äèôôåðåíöèàëüíîå

óðàâíåíèå â áàíàõîâîì ïðîñòðàíñòâå ôóíêöèé θ:

θ̇ = T (Lθ, θ) (24)

çäåñü T−áèëèíåéíûé îïåðàòîð îïðåäåëåííûé íà S2 × L2, ãäå

T (~v, θ) = −~v∇θ = −div(~v · θ) (25)

Îïåðàòîð T îáëàäàåò ñëåäóþùèì ñâîéñòâîì: äëÿ ëþáûõ ãëàäêèõ ïîëÿ ~v ∈ S2 è ôóíêöèé θ, ϕ

âûïîëíåíî ðàâåíñòâî

(T (~v, θ), ϕ) = −(T (~v, θ), θ), (T (~v, θ), θ) = 0,
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ãäå (· , ·)- ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω).

Îïðåäåëåíèå 1. [7], [8] Óðàâíåíèå θ̇ = F (θ) â áàíàõîâîì ïðîñòðàíñòâå X íàçûâàåòñÿ îáðà-

òèìûì, åñëè îíî èíâàðèàíòíî çàìåíû t→ −t, θ → Jθ, ãäå J : X → X- èíâåðñèÿ (J2 = I, J 6= I).

Óñëîâèå îáðàòèìîñòè ñ èíâåðñèåé J äëÿ óðàâíåíèÿ θ̇ = F (θ) èìååò âèä

F (Jθ) = −J ′(θ)F (θ) äëÿ âñåõ θ ∈ X.
Åñëè J- ëèíåéíûé îïåðàòîð, òî ýòî óñëîâèå óïðîùàåòñÿ è ïðèíèìàåò ñëåäóþùèé âèä FJ = −JF .
Òîãäà â ñëó÷àå óðàâíåíèÿ (27) èíâåðñèÿ J = −I. Äàëåå äîêàæåì ðÿä ëåìì, óêàçûâàþùèå íà

íåêîòîðûå ñâîéñòâà ðåøåíèè êâàçèñòàöèîíàðíîé ñèñòåìû òåïëîâîé êîíâåêöèé.

Ëåììà 1. Ñèñòåìà (11)-(12) ÿâëÿåòñÿ îáðàòèìîé: îíà èíâàðèàíòíà îòíîñèòåëüíî çàìåíû t→
−t, θ → −θ, ~v → −~v. Îíà èíâàðèàíòíà îòíîñèòåëüíî çàìåíû t→ γt, ~v → γ~v, p→ γp ïðè ëþáîì

âåùåñòâåííîì γ 6= 0, òàê ÷òî, âìåñòå θ(x, t), ~v(x, t), p(x, t), òàêæå è γθ(x, γt), γ~v(x, γt), γp(x, γt)

åñòü ðåøåíèå.

Òàê êàê çàäà÷à ëèíåéíàÿ, äîêàçàòåëüñòâî î÷åâèäíîå.

Ëåììà 2. Äëÿ ëþáîé ãëàäêîé ôóíêöèè F : R→ R ôóíêöèîíàë

θ →
∫

Ω
F (θ)dx

ÿâëÿåòñÿ èíòåãðàëîì ñèñòåìû (11)-(12).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (11)-(14), è ïðè ïîìîùè òåîðåìû Ãàóññà î äèâåðãåíöèè, ïîëó÷èì

d
dt

∫
Ω F (θ)dx =

∫
Ω F

′(θ)′dx = −
∫

Ω F
′(θ)~v · ∇θdx = −

∫
Ω ~v · ∇F (θ)dx =

= −
∫

Ω div[~v · F (θ)]dx = −
∫
∂Ω ~v · ~nF (θ)dS = 0.

Îïðåäåëåíèå 2. Ïîòåíöèàëüíàÿ ýíåðãèÿ V (θ) è ïîòåíöèàë Φ(θ) = −V (θ) æèäêîñòè â ïîëå

òÿæåñòè ðàâíà

V (θ) = −
∫

Ω
θzdx (26)

Ëåììà 3. Ïîòåíöèàëüíàÿ ýíåðãèÿ äëÿ ëþáîãî äâèæåíèÿ ìîíîòîííî óáûâàåò ñî âðåìåíåì (à

ïîòåíöèàë âîçðàñòàåò).

Äîêàçàòåëüñòâî. Èç (11)-(14) ïîñëå íåêîòîðûõ íåñëîæíûõ ïðåîáðàçîâàíèé, ïîëó÷èì

d

dt

∫
Ω
θzdx =

∫
Ω

(∇~v)2dx. (27)

Íî ïðàâàÿ ÷àñòü îáðàùàåòñÿ â íóëü òîëüêî ïðè ~v = 0.

Ëåììà 4. Äëÿ ëþáûõ ðåøåíèé (11)-(14) ñóùåñòâóåò ïðåäåëû

lim
t→±∞

V [θ(t)] = V± (28)

è âûïîëíÿåòñÿ ðàâåíñòâî

V− − V+ =

∫ +∞

−∞

∫
Ω

(∇~v)2dxdt. (29)

Äîêàçàòåëüñòâî. Ïî ëåììàì 2, 3 ïîòåíöèàëüíàÿ ýíåðãèÿ V [θ(t)] ìîíîòîííî óáûâàþùàÿ

ôóíêöèÿ âðåìåíè, ïðèòîì îãðàíè÷åííàÿ. Ïîýòîìó ñóùåñòâóþò ïðåäåëû (31). Ïðîèíòåãðèðîâàâ



Ìàòåìàòè÷åñêèå òåõíîëîãèè 75 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

ðàâåíñòâî (30) ïîëó÷èì (32). Òîãäà ÿñåí ñìûñë âàæíîãî ðàâåíñòâà (32): ïîëíàÿ ïîòåðÿ ïîòåíöè-

àëüíîé ýíåðãèè íà òðàåêòîðèè ðàâíà ýíåðãèè, äèññèïèðîâàííîé âÿçêîñòüþ. Ïðèñòóïèì ê äîêàçà-

òåëüñòâó ïðèíöèïà ìàêñèìóì äëÿ òåìïåðàòóðû.

Ëåììà 5. Òåìïåðàòóðà äîñòèãàåò ìàêñèìóìà (è ìèíèìóìà) â íà÷àëüíûé ìîìåíò âðåìåíè.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ðåçóëüòàòû Ëåììû 2 ñîâåðøàÿ ïðåäåëüíûé ïåðåõîä ïðè p→∞
â ðàâåíñòâå

‖θ(·, t)‖p,Ω = ‖θ(·)‖p,Ω , (30)

ïîëó÷èì òðåáóåìîå.

Â ñëåäóþùåé òåîðåìå òðåáîâàíèÿ ê íà÷àëüíîìó ïîëþ òåìïåðàòóðû ìèíèìàëüíî âîçìîæíûå.

Ðåçóëüòàò î åäèíñòâåííîñòè äàëåå áóäåò óñèëåí.

Òåîðåìà 2. Ïóñòü Ω− îãðàíè÷åííàÿ îáëàñòü â R3 ñ ãðàíèöåé ∂Ω ∈ C2,γ äëÿ íåêîòîðîãî

γ, 0 < γ ≤ 1, à íà÷àëüíàÿ òåìïåðàòóðà ϕ(x) ∈ C1(Ω). Òîãäà ñóùåñòâóåò è ïðèòîì åäèíñòâåííîå

êëàññè÷åñêîå ðåøåíèå (θ, ~v) çàäà÷è (11)-(15).

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé Ãþíòåðà-Ëèõòåíøòåé-

íà.

Âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Ïóñòü â Ω îãðàíè÷åííàÿ îáëàñòü â R3 ñ ∂Ω ∈ C∞, è ïóñòü ϕ ∈ C∞(Ω). Òîãäà

ðåøåíèå (θ, ~v) çàäà÷è (11)-(15) áåñêîíå÷íî äèôôåðåíöèðóåìî ïî x, t.
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ÎÁ ÎÄÍÎÉ ÑÈÑÒÅÌÅ ÓÐÀÂÍÅÍÈÉ Ñ ÌÀËÛÌ ÏÀÐÀÌÅÒÐÎÌ

ÂÎÇÍÈÊÀÞÙÈÅ ÏÐÈ ×ÈÑËÅÍÍÎÌ ÀÍÀËÈÇÅ ÓÐÀÂÍÅÍÈÉ

ÒÅÏËÎÂÎÉ ÊÎÍÂÅÊÖÈÈ ÄËß ÍÅÍÜÞÒÎÍÎÂÑÊÈÕ ÆÈÄÊÎÑÒÈ

Ó.Ó. Àáûëêàèðîâ, Õ. Õîìïûø, Ø.Ñ. Ñàõàåâ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì.àëü-Ôàðàáè

Abstract. In this work one an ε-approximation of initial-boundary value problem for system of

equations of the heat convection for the Kelvin-Voight �uids is investigated. This perturbed system

arises naturally when we do number analysis of �rst initial-boundary value problem for equations

of the viscoelastic incompressible Kelvin-Voight �uids. The unique solvability of the ε−regularized
value problem is proved and a priori estimates for the strong solution are obtained. Moreover the

convergence for ε → 0 of strong solutions of the ε− regularized value problem to smooth solution

of �rst initial-boundary value problem are showed.

Keywords: heat convection, Kelvin-Voight �uids, ε−approximation.

À­äàòïà. Á´ë æ´ìûñòà Êåëüâèí-Ôîéãò ñ´éû¡û ³øií æûëó êîíâåêöèÿ òå­äåóëåð æ³éåñi

³øií áàñòàï©û-øåòòiê åñåïòi­ áið ε− æóû©òàóû çåðòòåëiíäi. Ì´íäàé æ³éå ñåðïiìäi ò´ò©ûð

Êåëüâèí-Ôîéãò ñ´éû©òàðû ³øií áàñòàï©û-øåòòiê åñåïòåðií ñàíäû© øåøóäå òóûíäàéäû. Áàñ-

òàï©û-øåòòiê ε− ðåãóëÿðèçàöèÿëàí¡àí åñåïòi­ áiðìºíäi øåøiìäiëiãi äºëåëäåíiï, ºëäi øåøiì

³øií àïðèîðëû© áà¡àëàóëàð àëûíäû. Á´ë ε− ðåãóëÿðèçàöèÿëàí¡àí åñåïòi­ ºëäi øåøiìäåðiíi­

ε→ 0 êåçäå áàñòàï©û åñåïòi­ ºëäi øåøiìiíå æèíà©ûëû¡û ê°ðñåòiëäi.

Êiëòòiê ñ°çäåð: æûëó êîíâåêöèÿ, Êåëüâèí-Ôîéãò ñ´éû¡û, ε− æóû©òàó.

Àííîòàöèÿ. Â äàííîé ðàáîòå èññëåäîâàíî îäíà ε− àïïðîêñèìàöèÿ íà÷àëüíî-êðàåâîé çàäà÷è

äëÿ ñèñòåìû óðàâíåíèé òåïëîâîé êîíâåêöèè äëÿ æèäêîñòè Êåëüâèíà-Ôîéãòà. Ýòî âîçìóùåí-

íàÿ ñèñòåìà åñòåñòâåííî âîçíèêàåò ïðè ÷èñëåííîì àíàëèçå èñõîäíîé íà÷àëüíî-êðàåâîé çàäà÷è

äëÿ óðàâíåíèé âÿçêîóïðóãîé íåñæèìàåìîé æèäêîñòè Êåëüâèíà-Ôîéãòà. Äîêàçàíî îäíîçíà÷-

íîãî ðàçðåøèìîñòü ε− ðåãóëÿðèçîâàííîé çàäà÷è è ïîëó÷åíû àïðèîðíûå îöåíêè äëÿ ñèëüíîãî

ðåøåíèÿ. Äîêàçàíà ñõîäèìîñòè ñèëüíîãî ðåøåíèÿ ε− ðåãóëÿðèçîâàííîé çàäà÷è ê ñèëüíîìó

ðåøåíèþ èñõîäíîé íà÷àëüíî-êðàåâîé çàäà÷è ïðè ε→ 0.

Êëþ÷åâûå ñëîâà: òåïëîâîé êîíâåêöèÿ, æèäêîñòè Êåëüâèíà-Ôîéãòà, ε− àïïðîêñèìàöèÿ.

Õîðîøî èçâåñòíî [1]-[3], ÷òî íåïîñðåäñòâåííîå ïðèìåíåíèå ìåòîäà äðîáíûõ øàãîâ ïðè ÷èñëåí-

íîì àíàëèçå íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé äâèæåíèÿ âÿçêèõ íåñæèìàåìûõ æèäêîñòåé

âîçíèêàþò òðóäíîñòè, ñâÿçàííûå c óäîâëåòâîðåíèåì óðàâíåíèþ íåñæèìàåìîñòè

div~v(x, t) = 0.

Äëÿ ïðåîäîëåíèÿ ýòèõ òðóäíîñòåé â ðàáîòàõ [2-5] ïðåäëîæåíû ðàçëè÷íûå ñïîñîáû àïïðîêñè-

ìàöèè (ìåòîäû ε− àïïðîêñèìàöèè) óðàâíåíèé Íàâüå-Ñòîêñà ñ ìàëûìè ïàðàìåòðàìè. Â äàííîé
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ðàáîòå ìû ïðèìåíèì ýòó èäåþ ê ñèñòåìå óðàâíåíèé òåïëîâîé êîíâåêöèè äëÿ æèäêîñòè Êåëüâèíà-

Ôîéãòà, òàê êàê îíà òàêæå ñîäåðæèò óðàâíåíèþ íåñæèìàåìîñòè.

Â ðàáîòàõ àâòîðà [6-8] èññëåäîâàíû êîððåêòíîñòü è ñõîäèìîñòü íåêîòîðûõ ε− àïïðîêñèìàöèè

ñèñòåìû óðàâíåíèé òåïëîâîé êîíâåêöèè äëÿ âÿçêîóïðóãîé æèäêîñòè Êåëüâèíà-Ôîéãòà [9]:

~vt − ν∆~v + (~v · ∇)~v − χ∆~vt +∇p = ~f (x, t) + g~γθ, ~γ = (0, 0, 1), (1)

div~v (x, t) = 0, (2)

θt − λ∆θ + (~v · ∇) θ = q (x, t) , (3)

â êîòîðûõ óðàâíåíèå (2) àïïðîêñèìèðóåòñÿ îäíèì èç ñëåäóþùèõ óðàâíåíèé

εpε + div~vε (x, t) = 0, (4)

εpt
ε + div~vε (x, t) = 0 (5)

à óðàâíåíèÿ (1) è (3) àïïðîêñèìèðóþòñÿ ñîîòâåòñòâåííî ñëåäóþùèìè óðàâíåíèÿìè ñî øòðà-

ôîì

~vεt − ν∆~vε + (~vε · ∇)~vε − χ∆~vεt +
1

2
~vεdiv~vε +∇pε = ~f (x, t) + g~γθε, (6)

θεt − λ∆θε + (~vε · ∇) θε +
1

2
θεdiv~vε = q (x, t) . (7)

Ðàññìîòðèì ñëåäóþùóþ ε− àïïðîêñèìàöèþ óðàâíåíèé (1)-(3):

~vεt − ν∆~vε + (~vε · ∇)~vε − χ∆~vεt +
1

2
~vεdiv~vε − 1

ε
graddiv~ωε = ~f (x, t) + g~γθε, (8)

~ωεt + α~ωε = ~vε, (9)

θεt − λ∆θε + (~vε · ∇) θε +
1

2
θεdiv~vε = q (x, t) , (10)

Ýòà ñèñòåìà óðàâíåíèé ïîëó÷àåòñÿ, åñëè â ñèñòåìå óðàâíåíèé (1)-(3) óðàâíåíèå íåñæèìàåìîñòè

div~v (x, t) = 0 (11)

çàìåíèòü íà âîçìóùåííîå óðàâíåíèå

ε (pt
ε + αpε) + div~vε (x, t) = 0. (12)

Çäåñü ~v(x, t) = (v1, v2, v3)− ñêîðîñòü æèäêîñòè, θ− òåìïåðàòóðà, p− äàâëåíèå, f(x, t) è q(x, t)−
çàäàííûå âíåøíèå ãèäðîäèíàìè÷åñêèå ñèëû è èñòî÷íèê òåïëà, χ− ðåëàêñàöèîííûé êîýôôèöèåíò

âÿçêîñòè, λ− òåïëîïðîâîäíîñòü, ν− êèíåìàòè÷åñêàÿ âÿçêîñòü æèäêîñòè.

Ñèñòåìà óðàâíåíèé (8)-(10) ðàññìàòðèâàåòñÿ â öèëèíäðå QT = Ω × [0, T ], ãäå Ω ⊂ Rm, m =

2, 3− îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω ⊂ C2, t ∈ [0, T ] ñî ñëåäóþùèìè íà÷àëüíî-
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êðàåâûìè óñëîâèÿìè:

~vε|t=0 = ~v0 (x) , ~ωε|t=0 = 0, θε|t=0 = θ0 (x) , x ∈ Ω, (13)

~vεn ≡ ~vε · n|∂Ω = 0, (rot~vε × n)|∂Ω = 0, ~ωεn|∂Ω = 0, (rot~ωε × n)|∂Ω = 0, θε|∂Ω = 0. (14)

Îïðåäåëåíèå 1. Òðîéêà ôóíêöèé (~vε, ~ωε, θε) íàçûâàåòñÿ ñèëüíûì ðåøåíèåì çàäà÷è (8)-

(10), (13), (14) åñëè ~vε(x, t), ~ωε(x, t) ∈ W 1
∞
(
0, T ;H2

n(Ω)
)
, θε(x, t) ∈ L∞

(
0, T ;

0

W 1
2 (Ω)

)
∩ L2×

×

(
0, T ; W 2

2 (Ω) ∩
0

W 1
2 (Ω)

)
, θεt (x, t) ∈ L2(QT ) è óäîâëåòâîðÿþò ñèñòåìó óðàâíåíèé (8)-(10) è íà-

÷àëüíîìó óñëîâèþ (13) ïî÷òè âñþäó â QT .

Äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (8)-(10), (13)-(14) èìååò ìåñòî ñëåäóùàÿ òåîðåìà. Ýòî è åñòü

îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ:

~v0 (x) ∈ J2
n (Ω) , θ0 (x) ∈

0

W 1
2 (Ω) , f, ft ∈ L2 (QT ) , q (x, t) ∈ L2 (QT ) . (15)

Òîãäà íà÷àëüíî-êðàåâàÿ çàäà÷à (6)-(9) äëÿ óðàâíåíèé òåïëîâîé êîíâåêöèè ñî øòðàôîì (6)

ïðè ∀ε > 0 èìååò åäèíñòâåííîå ñèëüíîå ðåøåíèå (~vε, ~ωε, θε), è äëÿ ýòîãî ðåøåíèÿ ñïðàâåäëèâà

îöåíêà

‖~vε (x, t)‖2W 1
∞(0,T ;H2(Ω)) + ‖θε‖2

L∞(0,T ;
◦
W 1

2 (Ω))
+

1

ε
‖qraddiv~vε‖2L∞(0,T ;L2(Ω)) + ‖θεt ‖

2
2,QT

+

+ ‖θε‖2
L2(0,T ;W 2

2 (Ω)∩
◦
W 1

2 (Ω))
+

1

ε2
‖qraddiv~ωε‖2L∞(0,T ;L2(Ω)) ≤ C1 <∞,

(16)

è ïðè ε→ 0, ñïðàâåäëèâû ñëåäóþùèå ïðåäåëüíûå ïåðåõîäû:

~vε⇀~v â W 1
∞
(
0, T ;H2

n (Ω)
)
,

~vε−→~v â W 1
2

(
0, T ;H1

n (Ω)
)
,

div~vε
∗
⇀ 0 â L∞

(
0, T ;H1 (Ω)

)
,

θε
∗
⇀ θ â L∞

(
0, T ;

0

W 1
2 (Ω)

)
,

θε⇀θ â L2

(
0, T ;W 2

2 (Ω) ∩
◦
W 1

2 (Ω)

)
,

θεt⇀θt â L2 (0, T ;L2 (Ω)) ,

θε−→θ â L2 (0, T ;L2 (Ω)) ,

−1

ε
div~ωε

∗
⇀ p(x, t) â L∞

(
0, T ;H1 (Ω)

)
,

(17)
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ãäå òðîéêà ïðåäåëüíûõ ôóíêöèé (~v(x, t), θ(x, t), p(x, t)) ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì íà÷àëüíî-

êðàåâîé çàäà÷è (1)-(3), (),() äîêàçàííîå â [], è äëÿ íåãî ñïðàâåäëèâà îöåíêà

‖~v‖2W 1
∞(0,T ;H2

n(Ω)) + ‖θ‖2
L∞

(
0,T ;

◦
W 1

2 (Ω)

) + ‖θt‖2L2(QT ) +

+ ‖∇p‖2L∞(0,T ;L2(Ω)) + ‖θ‖2
L2

(
0,T ;W 2

2 (Ω)∩
◦
W 1

2 (Ω)

) ≤ C2.
(18)
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ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÌÎÄÅËÈÐÎÂÀÍÈß ÐÀÑÏÐÎÑÒÐÀÍÅÍÈß

ÐÅÀÃÈÐÓÞÙÈÕ ÇÀÃÐßÇÍßÞÙÈÕ ÂÅÙÅÑÒÂ Â ÌÍÎÃÎÔÀÇÍÛÕ

ÑÏËÎØÍÛÕ ÑÐÅÄÀÕ

A.A. Àéäîñîâ, Ñ.Ì. Íàðáàåâà

Êàçàõñêèé Íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè

Abstract. The paper deals with mathematical modeling, using a deterministic approach, the

analysis of the phenomenon and the creation of a physical model of the object. De�ning the

properties of the reaction medium, the transfer coe�cients and the structural parameters of the

medium and the output of the basic system of equations with the appropriate initial and boundary

conditions.

Simulation of the regional atmospheric processes implemented taking into account the fact that the

�elds of meteorological variables in the restricted area are in�uenced by macro-scale circulation of

the atmosphere.

Writing the equations of hydrodynamics of the turbulent atmosphere and the di�usion of impurities

by using the methods of continuum multi-phase multi-rate multi-component reactive media for each

block of the model taking into account the interactions between the blocks and joined them for the

equation of radiative transfer, we obtain a system of equations of the block model.

Keywords: Turbulent atmosphere, mathematical modeling.

À­äàòïà. Æ´ìûñòà äåòåðìèíàíòòàë¡àí ºäiñòi, çåðòòåëiíåòií ©´áûëûñòû òàëäàóäû æºíå íû-

ñàííû­ ôèçèêàëû© ìîäåëií ïàéäàëàíàòûí ìàòåìàòèêàëû© ìîäåëüäåó ©àðàñòûðûëàäû. Îðòà-

íû­ ðåàêöèÿëû© ©àòûíàñûí, °òó êîýôôèöèåíòòåðií æºíå îðòàíû­ ©´ðûëûìäû© ïàðàìåòð-

ëåðií àíû©òàó æºíå ñºéêåñ áàñòàï©û æºíå øåêàðàëû© øàðòòàðëû íåãiçãi òå­äåóëåð æ³éåñií

©îðûòó.

Àéìà©òû© àòìîñôåðàëû© ïðîöåñòåðäi ìîäåëüäåó øåíåëãåí îáëûñòà¡û ìåòåîðîëîãèÿëû© øà-

ìàëàð °ðiñòåði àòìîñôåðàíû­ ìàêðîìàñøòàáòû­ öèðêóëÿöèÿñû ºñåðiíåí ïàéäà áîëàòûíäû¡û

åñêåðiëå îòûðûï iñêå àñûðûëàäû.

Ìîäåëüäi­ ºð áëîãû ³øií áëîêòàðäû­ °çàðà ºñåðií åñêåðå îòûðûï, ò´òàñ ê°ïôàçàëû© ê°ïêîì-

ïîíåíòòiê ê°ïæûëäàìäû©òû îðòà ìåõàíèêà ºäiñòåðií ïàéäàëàíûï, òóðáóëåíòòiê àòìîñôåðà-

íû­ æºíå ©îñïàëàðäû­ äèôôóçèÿñûíû­ ãèäðîäèíàìèêàëû© òå­äåóëåðií æàçûï, ñîñûí îëàð¡à

ðàäèàöèÿíû­ °òó òå­äåóií ©îñûï, áëîêòû­ ìîäåëüäi­ òå­äåóëåð æ³éåñií àëàìûç.

Êiëòòiê ñ°çäåð: òóðáóëåíòòiê àòìîñôåðà, ìàòåìàòèêàëû© ìîäåëüäåó.

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, èñïîëüçóþùåå äåòåð-

ìèíèðîâàííûé ïîäõîä, àíàëèç èçó÷àåìîãî ÿâëåíèÿ è ñîçäàíèå ôèçè÷åñêîé ìîäåëè îáúåêòà.

Îïðåäåëåíèå ðåàêöèîííûõ ñâîéñòâ ñðåäû, êîýôôèöèåíòîâ ïåðåíîñà è ñòðóêòóðíûõ ïàðàìåò-

ðîâ ñðåäû è âûâîä îñíîâíîé ñèñòåìû óðàâíåíèé ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè è ãðàíè÷-

íûìè óñëîâèÿìè.

Ìîäåëèðîâàíèå ðåãèîíàëüíûõ àòìîñôåðíûõ ïðîöåññîâ ðåàëèçóåòñÿ ñ ó÷åòîì òîãî, ÷òî ïîëÿ

ìåòåîðîëîãè÷åñêèõ âåëè÷èí â îãðàíè÷åííîé îáëàñòè ôîðìèðóþòñÿ ïîä âëèÿíèåì ìàêðîìàñ-

øòàáíûõ öèðêóëÿöèé àòìîñôåðû.
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Çàïèñàâ óðàâíåíèÿ ãèäðîäèíàìèêè òóðáóëåíòíîé àòìîñôåðû è äèôôóçèè ïðèìåñåé èñïîëüçóÿ

ìåòîäîâ ìåõàíèêè ñïëîøíûõ ìíîãîôàçíûõ ìíîãîêîìïîíåíòíûõ ìíîãîñêîðîñòíûõ ðåàãèðóþ-

ùèõ ñðåä äëÿ êàæäîãî áëîêà ìîäåëè ñ ó÷åòîì âçàèìîäåéñòâèÿ ìåæäó áëîêàìè è ïðèñîåäèíèâ

ê íèì óðàâíåíèÿ ïåðåíîñà ðàäèàöèè, ïîëó÷èì ñèñòåìó óðàâíåíèé áëî÷íîé ìîäåëè.

Êëþ÷åâûå ñëîâà: òóðáóëåíòíàÿ àòìîñôåðà, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå.

Â ðåçóëüòàòå ðàáîòû ïðîìûøëåííûõ ïðåäïðèÿòèé è àâòîòðàíñïîðòà â îêðóæàþùóþ ñðåäó

âûáðàñûâàþòñÿ ãàçîîáðàçíûå è êîíäåíñèðîâàííûå ïðîäóêòû, íàïðèìåð, îêñèäû óãëåðîäà, àçî-

òà è ñåðû, àëüäåãèäû, áåíçàïèðåí, ñâèíåö è äð. Êðîìå òîãî, â ïðèçåìíîì ñëîå â ïðîöåññå ôî-

òîõèìè÷åñêèõ ðåàêöèé îáðàçóþòñÿ îçîí è äðóãèå, îïàñíûå äëÿ çäîðîâüÿ ÷åëîâåêà è ñîñòîÿíèÿ

ðàñòèòåëüíîãî è æèâîòíîãî ìèðà òîêñèêàíòû. Ïðè îïðåäåëåííûõ ìåòåîðîëîãè÷åñêèõ óñëîâèÿõ

äàæå íåçíà÷èòåëüíûå âûáðîñû çàãðÿçíÿþùèõ âåùåñòâ ìîãóò ñîçäàâàòü íåáëàãîïîëó÷íóþ ýêîëî-

ãè÷åñêóþ îáñòàíîâêó â íàñåëåííûõ ïóíêòàõ. Åùå áîëüøóþ îïàñíîñòü ïðåäñòàâëÿåò ïðèðîäíûå è

òåõíîãåííûå êàòàñòðîôû, â ðåçóëüòàòå êîòîðûõ âîçìîæíî êðóïíîìàñøòàáíîå çàãðÿçíåíèå ïðè-

ðîäíîé ñðåäû. Âîçíèêíîâåíèå ïîæàðîâ íà çíà÷èòåëüíûõ òåððèòîðèÿõ, â òîì ÷èñëå ëåñíûõ, ìîæåò

ïðèâåñòè ê òàêèì ÿâëåíèÿì, êàê îãíåííûé øòîðì è "ÿäåðíàÿ çèìà". Êðîìå òîãî, â ïîñëåäíåå âðå-

ìÿ ñòàíîâÿòñÿ àêòóàëüíûìè ïðîáëåìû, ñâÿçàííûå ñ çàùèòîé âîäíîé ñðåäû îò çàãðÿçíåíèÿ.

À ýêñïåðèìåíòàëüíîå, ïðîìûøëåííûå è ïîëóïðîìûøëåííûå, à òàê æå íàòóðíûå èçó÷åíèå âû-

øåóêàçàííûõ ÿâëåíèé ÿâëÿåòñÿ î÷åíü äîðîãîñòîÿùèì, à â îòäåëüíûõ ñëó÷àÿõ íå ïðåäñòàâëÿåòñÿ

âîçìîæíûì ïðîâîäèòü ïîëíîå ôèçè÷åñêîå ìîäåëèðîâàíèå, ïðåäñòàâëÿþò èíòåðåñ òåîðåòè÷åñêèå

ìåòîäû èññëåäîâàíèÿ - ìåòîäû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Â ýòîì ñëó÷àå îáúåêò èçó÷å-

íèÿ íå ñàìî ÿâëåíèå, à åãî ìàòåìàòè÷åñêàÿ ìîäåëü, êîòîðàÿ ìîæåò ïðåäñòàâëÿòü ñîáîé ñèñòåìó

äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè è ãðà-

íè÷íûìè óñëîâèÿìè.

Â ðàìêàõ äàííîé ïðîáëåìû îäèí èç íàèáîëåå ñëîæíûõ è íàèìåíåå ðàçðàáîòàííûõ (â òîì ÷èñëå

è â ìåòîäè÷åñêîì ïëàíå) âîïðîñîâ ñâÿçàí ñ èññëåäîâàíèÿìè ïî èçó÷åíèþ èçìåíåíèé êîìïîíåíòîâ

ïðèðîäíîé ñðåäû, ìåòîäàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â óñëîâèÿõ ðàçëè÷íîãî ðîäà òåõ-

íîãåííûõ çàãðÿçíåíèé [1-3]. Ýòè èññëåäîâàíèÿ ÿâëÿþòñÿ îäíèì èç âàæíûõ ýòàïîâ ýêîëîãè÷åñêîé

ïðîãðàììû, îíè âñêðûâàþò îñîáåííîñòè âîçäåéñòâèÿ àíòðîïîãåííîé íàãðóçêè íà ñðåäó îáèòàíèÿ.

Â ñâÿçè ñ âûøåèçëîæåííûìè, òåîðåòè÷åñêèå èññëåäîâàíèÿ èñïîëüçóÿ ìàòåìàòè÷åñêîå ìîäåëè-

ðîâàíèå ïåðåíîñà è ðàññåèâàíèå âðåäíûõ ïðèìåñåé â àòìîñôåðå ïðè ðåàëüíûõ ïîãîäíûõ óñëîâèÿõ

ÿâëÿåòñÿ âåñüìà àêòóàëüíîé.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, èñïîëüçóþùåå äåòåðìèíè-

ðîâàííûé ïîäõîä, ñî ñëåäóþùèìè ýòàïàìè:

1. Ôèçè÷åñêèé àíàëèç èçó÷àåìîãî ÿâëåíèÿ è ñîçäàíèå ôèçè÷åñêîé ìîäåëè îáúåêòà.

2. Îïðåäåëåíèå ðåàêöèîííûõ ñâîéñòâ ñðåäû, êîýôôèöèåíòîâ ïåðåíîñà è ñòðóêòóðíûõ ïàðà-

ìåòðîâ ñðåäû è âûâîä îñíîâíîé ñèñòåìû óðàâíåíèé ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè è ãðàíè÷-

íûìè óñëîâèÿìè.

3. Âûáîð ìåòîäà ÷èñëåííîãî èëè àíàëèòè÷åñêîãî ìåòîäà ðåøåíèÿ ïîñòàâëåííîé êðàåâîé çàäà-

÷è.

4. Ïîëó÷åíèå äèñêðåòíîãî àíàëîãà äëÿ ñîîòâåòñòâóþùåé ñèñòåìû óðàâíåíèé, åñëè ïðåäïîëà-

ãàåòñÿ ÷èñëåííîå ðåøåíèå.

5. Âûáîð ìåòîäà ïîëó÷åíèÿ ðåøåíèÿ äëÿ äèñêðåòíîãî àíàëîãà.
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6. Ðàçðàáîòêà ïðîãðàììû ðàñ÷åòà äëÿ âû÷èñëèòåëüíîé ìàøèíû. Òåñòîâûå ïðîâåðêè ïðîãðàì-

ìû ðàñ÷åòà. Ïîëó÷åíèå ÷èñëåííîãî ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.

7. Ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ñ èçâåñòíûìè ýêñïåðèìåíòàëüíûìè äàííûìè, èõ ôèçè-

÷åñêàÿ èíòåðïðåòàöèÿ. Ïàðàìåòðè÷åñêîå èçó÷åíèå èññëåäóåìîãî îáúåêòà.

Ãëàâíîå òðåáîâàíèå ê ìàòåìàòè÷åñêîé ìîäåëè - ñîãëàñîâàííîñòü ïîëó÷åííûõ ðåçóëüòàòîâ ÷èñ-

ëåííîãî àíàëèçà ñ äàííûìè íàòóðíîãî íàáëþäåíèÿ è ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé. Äëÿ âû-

ïîëíåíèÿ ýòîãî äîñòàòî÷íîãî óñëîâèÿ íåîáõîäèìî, ÷òîáû:

- â ìàòåìàòè÷åñêîé ìîäåëè âûïîëíÿëèñü ôóíäàìåíòàëüíûå çàêîíû ñîõðàíåíèÿ ìàññû, ýíåðãèè

è èìïóëüñà;

- ìàòåìàòè÷åñêàÿ ìîäåëü ïðàâèëüíî îòðàæàëà ñóùíîñòü èçó÷àåìîãî ÿâëåíèÿ.

Äëÿ èññëåäîâàíèÿ âûøåóïîìÿíóòûõ ñëîæíûõ ÿâëåíèé ïåðñïåêòèâíî èñïîëüçîâàíèå ïîíÿòèé è

ìåòîäîâ ìåõàíèêè ñïëîøíûõ ìíîãîôàçíûõ ìíîãîêîìïîíåíòíûõ ìíîãîñêîðîñòíûõ ðåàãèðóþùèõ

ñðåä.

Òàêèì îáðàçîì, ñ ïîìîùüþ ïîñòðîåííîé ìàòåìàòè÷åñêîé ìîäåëè (â ïðèçåìíîì ñëîå àòìî-

ñôåðû, â âîäíîé ñðåäå è ò.ä) ìîæíî èññëåäîâàòü äèíàìèêó ðàñïðîñòðàíåíèÿ çàãðÿçíåíèÿ ïîä

âëèÿíèåì ðàçëè÷íûõ âíåøíèõ óñëîâèé (òåìïåðàòóðû âîçäóõà, ñêîðîñòè âåòðà, òåìïåðàòóðíîé

ñòðàòèôèêàöèè â àòìîñôåðå è ò.ä.), à òàêæå ïàðàìåòðîâ èñòî÷íèêà çàãðÿçíåíèÿ. Ñðàâíèâàÿ ïî-

ëó÷åííûå äàííûå ñ óñòàíîâëåííûìè ïðåäåëüíî - äîïóñòèìûìè êîíöåíòðàöèÿìè (ÏÄÊ), ìîæíî

ïðîàíàëèçèðîâàòü óðîâíè çàãðÿçíåíèÿ ïî ðàçëè÷íûì êîìïîíåíòàì â ðàçëè÷íûå ìîìåíòû âðåìåíè

è ïðåäëîæèòü ïóòè ñíèæåíèÿ êîíöåíòðàöèè çàãðÿçíåíèè âîçäóøíîãî áàññåéíà. Ïðîöåññ ïåðåíîñà

ìîäåëèðóåòñÿ ñìåøàííîé êðàåâîé çàäà÷åé ìàòåìàòè÷åñêîé ôèçèêè è âêëþ÷àåò óðàâíåíèå ïåðå-

íîñà ñ ó÷åòîì òóðáóëåíòíîé äèôôóçèè. Ïðè ïîñòàíîâêå çàäà÷è ãðàíè÷íûå óñëîâèÿ çàäàþòñÿ íà

ñàìîì íèæíåì ñëîå z = 0 è íà ñàìîì âåðõíåì ñëîå z = h3, ðàññìàòðèâàþòñÿ óñëîâèÿ ñîïðÿæåíèÿ

íà ãðàíèöàõ ðàçäåëåíèÿ ñëîåâ.

Ìîäåëèðîâàíèå ðåãèîíàëüíûõ àòìîñôåðíûõ ïðîöåññîâ ðåàëèçóåòñÿ ñ ó÷åòîì òîãî, ÷òî ïîëÿ

ìåòåîðîëîãè÷åñêèõ âåëè÷èí â îãðàíè÷åííîé îáëàñòè ôîðìèðóþòñÿ ïîä âëèÿíèåì ìàêðîìàñøòàá-

íûõ öèðêóëÿöèé àòìîñôåðû. Ïîýòîìó îãðàíè÷åííàÿ îáëàñòü ðåøåíèÿ ðàññìàòðèâàåòñÿ êàê ÷àñòü

íåêîòîðîãî öåëîãî, è íåñòàöèîíàðíûå êðàåâûå óñëîâèÿ íà åå áîêîâûõ ãðàíèöàõ ôîðìóëèðóþòñÿ

íà îñíîâå äàííûõ, ïîëó÷åííûõ äëÿ îêàéìëÿþùåé îáëàñòè. Êðîìå ýòîãî, ïðè ÷èñëåííîì ðåøåíèè

çàäà÷ ïðîãíîçà ñîñòîÿíèÿ àòìîñôåðû äëÿ îãðàíè÷åííîé òåððèòîðèè ïîÿâëÿåòñÿ íåîáõîäèìîñòü

ñãóùàòü ñåòêó äëÿ äîñòèæåíèÿ òðåáóåìîé òî÷íîñòè ðåøåíèÿ çàäà÷è â ìåñòàõ áîëüøèõ ãðàäèåíòîâ

çàâèñèìûõ ôóíêöèé.

Ñëîé ïî÷âû ìîæíî ðàçäåëèòü íà òðè ÷àñòè: ïîâåðõíîñòü ïî÷âû, ÿâëÿþùåéñÿ ãðàíèöåé äâóõ

ñðåä; ñëîé ñóòî÷íûõ êîëåáàíèé òåìïåðàòóðû (∼ 1ì); ñëîé ãîäîâûõ êîëåáàíèé òåìïåðàòóðû (∼
10ì). Òîëùèíà âûäåëåííûõ â ïî÷âå ñëîåâ çàâèñèò îò ñâîéñòâ ïî÷âû.

Íåèçâåñòíûõ ôóíêöèé â óðàâíåíèÿõ ãèäðîäèíàìèêè òóðáóëåíòíîé àòìîñôåðû è äèôôóçèè

ïðèìåñåé ïðåäñòàâèì â âèäå ñóììû: Y (t, x, y, z) = Y (t) + Y ′(t, x, y, z) , ãäå Y (t) =

= 1
σ

∫ ∫
(σ)

∫
Y (t, x, y, z)dxdydz - ñðåäíåå çíà÷åíèå ôóíêöèè â áëîêå (σ - îáúåì áëîêà), à Y ′(t, x, y, z) -

îòêëîíåíèå îò ñðåäíåãî âíóòðè áëîêà. È çàòåì óñðåäíèì óðàâíåíèÿ ãèäðîäèíàìèêè òóðáóëåíòíîé

àòìîñôåðû è äèôôóçèè ïðèìåñåé ïî îáúåìó áëîêà σ , èñïîëüçóÿ ñâîéñòâà îïåðàöèè îñðåäíåíèÿ:

Aξ +Bξ = Aξ + Bφ, ξφ = ξφ, ∂ξ
∂s = ∂ξ

∂s , f ′ = 0 , ãäå: ξ , φ - ôóíêöèè íåçàâèñèìûõ ïåðåìåííûõ

x, y, z, t; A,B - ïîñòîÿííûå; s - ëþáàÿ èç ýòèõ íåçàâèñèìûõ ïåðåìåííûõ.

Çàïèñàâ óðàâíåíèÿ ãèäðîäèíàìèêè òóðáóëåíòíîé àòìîñôåðû è äèôôóçèè ïðèìåñåé èñïîëüçóÿ

ìåòîäîâ ìåõàíèêè ñïëîøíûõ ìíîãîôàçíûõ ìíîãîêîìïîíåíòíûõ ìíîãîñêîðîñòíûõ ðåàãèðóþùèõ
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ñðåä äëÿ êàæäîãî áëîêà ìîäåëè ñ ó÷åòîì âçàèìîäåéñòâèÿ ìåæäó áëîêàìè è ïðèñîåäèíèâ ê íèì

óðàâíåíèÿ ïåðåíîñà ðàäèàöèè, ïîëó÷èì ñèñòåìó óðàâíåíèé áëî÷íîé ìîäåëè ëîêàëüíîãî êëèìàòà:
du
dt = α1(U1 − u) + α2(U2 − u) + lν + 1

L(U3 − uV ), (i = 1, 2, 3);

dν
dt = α1(U4 − ν) + α2(U5 − ν) + lu+ 1

L(U6 − νV ), (i = 1, 2, 3);

dw
dt = α1(U7 − w) + α2(U8 − w) + 1

L(U9 − wV )− g, (i = 1, 2, 3); (1)

dθ
dt = 1

cpρ
(U10 −Gm) + α1(U11 − θ) + α2(U12 − θ) + 1

L(U13 − θV ) + U14, (i = 1, 2, 3);

dq
dt = −m

ρ + α1(U15 − q) + α2(U16 − q) + 1
L(U17 − qV ) + U18, (i = 1, 2, 3);

dδ
dt = m+ 1

L(U19 − δV ) + U20 − 1
L(δV − U21) + α1(U22 − δ) + α2(U23 − δ), (i = 1, 2, 3);

dcT

dt = α1(U24 − cT ) + α2(U25 − cT )− aTc cT + 1
L(U26 − cTV )− 1

L(cTVc − U27) + U28, (i = 1, 2, 3);

dcΓ

dt = α1(U29 − cΓ) + α2(U30 − cΓ)− aΓ
c c

Γ + 1
L(U31 − cΓV ) + U32, (i = 1, 2, 3);

T
dt = 1

l0c∗ρ∗
U33 + α1(U34 − T ) + α2(U35 − T )−Ga1(U36 − q) + U37, (i = 0);

T
dt = − G

c∗ρ∗m0 + α1(U38 − T ) + α2(U39 − T ), (i = −1,−2);;

dWB
dt = −m0

ρ∗ −
J∆(ξ)
ρ∗ + α1(U40 −WB) + α2(U41 −WB), (i = −1,−2);

dWΠ
dt = m0

ρ∗ + α1(U42 −WΠ) + α2(U43 −WΠ), (i = −1,−2);

d(WΠ+WB)
dt = 1

ρ∗l0
[J+Gα1(U36−q)+α1(U44−δ)+U45 +α2(U41−WB)+α2(U33−WΠ)], (i = 0).

Ñêîðîñòü ôàçîâûõ ïåðåõîäîâ âëàãè m â ñëó÷àå òåðìîäèíàìè÷åñêîãî ïðîöåññà â âîçäóõå, íà-

ñûùåííîì âîäÿíûì ïàðîì, îïðåäåëÿåòñÿ ôîðìóëîé:

m = −dqHAC
dt + qHAC

θ
dθ
dt ãäå qHAC = 0.622EHAC

pA
, EHAC = 6.1 ∗ 10

7.45(T−273)
T−38 ; V - ñêîðîñòü âåòðà

U1 = ui+1j ,

U2 = ui−1j , U3 = uij−1Vij−1, U4 = vi+1j , U5 = vi−1j , U6 = vij−1Vij−1, U7 = wi+1j , U8 = wi−1j ,

U9 = wij−1Vij−1, U10 = επij , U11 = θi+1j , U12 = θi−1j , U13 = θij−1Vij−1, U14 = ∆θij , U15 =

qi+1j , U16 = qi−1j , U17 = qij−1Vij−1, U18 = ∆qij , U19 = δij−1Vij−1, U20 = ∆δij , U21 =

δi+1jVi+1jρi+1j/ρij ,

U22 = δi+1j , U23 = δi−1j , U24 = cTi+1j , U25 = cTi−1j , U26 = cTij−1Vij−1, U27 = cTi+1jVi+1jρi+1j/ρij ,

U28 = ∆cTij ,

U29 = cΓ
i+1j , U30 = cΓ

i−1j , U31 = cΓ
ij−1Vij−1, U32 = ∆cΓ

ij , U33 = επ0j , U34 = T1j , U35 =

T−1j , U36 = q1j , U37 = ∆T0j ,

U38 = Ti+1j , U39 = Ti−1j , U40 = WBi+1j , U41 = WBi−1j , U42 = WΠi+1j , U43 = WΠi−1j , U44 =

δ1j , U45 = ∆WB0j ,

ãäå: ∆θij ,∆qij ,∆δij ,∆c
T
ij ,∆c

Γ
ij ,∆T0j ,∆WB0j - àíòðîïîãåííûå äîáàâêè â ñëîè ìîäåëè; i - íîìåð

áëîêà ïî âåðòèêàëè; j - íîìåð áëîêà ïî ãîðèçîíòàëè; i− 1 - íîìåð ñîñåäíåãî áëîêà ñíèçó; i+ 1 -
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íîìåð ñîñåäíåãî áëîêà ñâåðõó; j−1 - íîìåð áëîêà, èç êîòîðîãî äóåò âåòåð; j+1 - íîìåð ñëåäóþùåãî

áëîêà ïî âîçäóøíîìó ïîòîêó, επ = dΦ
dz ,Φ = J ↓ −J ↑ −U +G.

Ñëåäîâàòåëüíî, â ïðåäëàãàåìîé áëî÷íîé ìîäåëè ëîêàëüíîãî êëèìàòà äîâîëüíî ïðîñòî ñ ìà-

òåìàòè÷åñêîé òî÷êè çðåíèÿ çàïèñàíà îñíîâíàÿ ñèñòåìà óðàâíåíèé, íî âñëåäñòâèå ñõåìàòèçàöèè

ïðîöåññîâ ïîÿâèëèñü äîïîëíèòåëüíûå êîýôôèöèåíòû, ïðè ïîèñêå êîòîðûõ ìàêñèìàëüíî èñïîëü-

çóþòñÿ èçâåñòíûå ôèçè÷åñêèå çàêîíîìåðíîñòè è âûðàæàþùèå òåîðåòè÷åñêèå, ïîëóýìïèðè÷åñêèå

è ýìïèðè÷åñêèå ôîðìóëû. Îò îïðåäåëåíèÿ ýòèõ êîýôôèöèåíòîâ âî ìíîãîì áóäåò çàâèñåòü ñòåïåíü

ïðèáëèæåíèÿ ìîäåëè ê äåéñòâèòåëüíîñòè.

Îïðåäåëèì êîýôôèöèåíòû äâóõ áëîêîâ ("Äèôôóçèÿ"è "Ðàäèàöèÿ") ïåðâîãî âàðèàíòà ìîäå-

ëè. Ðàñ÷åòíûå ìîäåëè äëÿ α1, α2 îïðåäåëÿþòñÿ íåïîñðåäñòâåííî èç ñèñòåìû óðàâíåíèÿ: dY
dt =

α1(U − Y ) = difY ; dU
dt = α2(Y − U) = difU , ôèêñèðóÿ âðåìÿ t = t:

α1,2 = − Y (t)− Y (t0)

U(t0)− U(t) + Y (t)− Y (t0)
∗ 1

t− t0
ln

U(t) + Y (t)

U(t0)− Y (t0)

Äëÿ îïðåäåëåíèÿ ïðèâëå÷åòñÿ íåïðåðûâíàÿ ìîäåëü äèôôóçèè.

Ïàðàìåòðû rk, ak, hk, pk, ek äëÿ ÷èñòîé âëàæíîé àòìîñôåðû ìîæíî ðàññ÷èòàòü ñ ïîìîùüþ

ñëåäóþùèõ ôîðìóë ïîëó÷åííûõ:

hk =
Hk(1− b) + b−Ak

Hk−1(1− b) + b−Ak−1
, ak =

Ak −Ak−1

Hk−1 −Ak−1
, ek = 1− 1

4

4∑
j=1

exp(−βjWk,k+1),

ãäå Hk = sk
s0
− 1.041 − 0.160

√
M(0.949pAk/p0 + 0.051), Ak = 0.172(MWk∞)0.303, b = 1

2 , ãäå: s0 -

ïîòîê ïðÿìîé ðàäèàöèè íà âåðõíåé ãðàíèöå àòìîñôåðû (ñîëíå÷íàÿ ïîñòîÿííàÿ); sk - ïîòîê ïðÿ-

ìîé ðàäèàöèè íà óðîâíå ñ äàâëåíèåì; pAk, p0 - äàâëåíèå ó ïîâåðõíîñòè çåìëè; M = f(h0) - ÷èñëî

îïòè÷åñêèõ ìàññ àòìîñôåðû, ãäå h0 - âûñîòà Ñîëíöà; Ak - ôóíêöèÿ ïîãëîùåíèÿ ïðÿìîé ñîëíå÷-

íîé ðàäèàöèè âîäÿíûì ïàðîì; Wk∞ - ñîäåðæàíèå âîäÿíîãî ïàðà â ñòîëáå åäèíè÷íîãî ñå÷åíèÿ ñ

îñíîâàíèÿìè k,∞(/2) : Wk∞ = 1
g

∫ pA
0 qdpA ≈ 1

g

∑N
i=1 qk∆pA, ãäå: ek - ôóíêöèÿ ïîãëîùåíèÿ äëèí-

íîâîëíîâîãî èçëó÷åíèÿ âîäÿíûì ïàðîì; Wk,h+1 - ñîäåðæàíèÿ âîäÿíîãî ïàðà â ñòîëáå åäèíè÷íîãî

ñå÷åíèÿ ñ îñíîâàíèÿìè k, k + 1;β1 = 0.166, β2 = 2.60, β3 = 36.2, β4 = 114.

Âû÷èñëèòåëüíûé ýêñïåðèìåíò ðåàëèçàöèè íà ÝÂÌ ÷èñëåííûõ ðàñ÷åòíûõ ìîäåëåé ïåðåíîñà

è äèôôóçèè ïðèìåñè â ïîãðàíè÷íîì ñëîå àòìîñôåðû è ïî åãî ðåçóëüòàòàì ïîñòðîåíèå ãåîýêîëî-

ãè÷åñêîé êàðòû çàãðÿçíåííîñòè îðôîãðàôèè ìåñòíîñòè íà ïðèìåðå Êàðà÷àãàíàêñêîãî íåôòåãà-

çîêîíäåíñàòíîãî ìåñòîðîæäåíèÿ.

Ìîäåëèðîâàëñÿ ñóòî÷íûé õîä òåìïåðàòóðû â îäíîé ÿ÷åéêå ìîäåëè â ëåòíèé, áåçîáëà÷íûé,

áåçâåòðåííûé äåíü äëÿ øèðîòû 55, 70 è ñêëîíåíèÿ Ñîëíöà 23, 40 . Ïîâåðõíîñòü ñ÷èòàëàñü äîñòà-

òî÷íî óâëàæíåííîé (q0 = qHAC(T0)) ñ êîýôôèöèåíòîì îòðàæåíèÿ (àëüáåäî) r = 0, 2. Òâåðäûå è

ãàçîîáðàçíûå ïðèìåñè íå ó÷èòûâàëèñü. Çàäàâàëîñü íà÷àëüíîå ñîñòîÿíèå:T−1 = 287, T0 = 283, θ1 =

285, θ2 = 282, θ3 = 260, q1 = 0, 0054, q2 = 0, 0045, q3 = 0, 0014 .

Ñèñòåìà óðàâíåíèé (1) èíòåãðèðîâàëàñü ìåòîäîì Ðóíãå-Êóòòà ñ øàãîì ïî âðåìåíè t = 1.

Ðåçóëüòàòû ðàñ÷åòîâ ñðàâíèâàëèñü ñ äàííûìè ýêñïåäèöèîííûõ íàáëþäåíèé.

Ýêñòðåííûå äîïîëíèòåëüíûå èñòî÷íèêè çàãðÿçíåíèå ïðèðîäíûõ ñðåä

Îñíîâíûå ïðè÷èíû àâàðèé íà îáúåêòàõ ÿâëÿþòñÿ ìàãèñòðàëüíûå òðóáîïðîâîäû.

Îáúåìû àâàðèéíûõ óòå÷åê íà ìàãèñòðàëüíîì òðóáîïðîâîäíîì òðàíñïîðòå íåôòè â 1999-2001

ãã. ñîñòàâèëè ñîîòâåòñòâåííî 1332, 512 è 1530 ì3.
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Èç-çà âíåøíèõ âîçäåéñòâèé íà íåôòåïðîâîäàõ ïðîèñõîäèò áîëåå 5% àâàðèé îò îáùåãî èõ ÷èñ-

ëà, à ïî íàíîñèìîìó óùåðáó îíè çàíèìàþò ïåðâîå ìåñòî.

Ïðîèçâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò ðåàëèçàöèè ðàñ÷åòíûõ ìîäåëåé ïåðåíîñà è äèôôó-

çèè ïðèìåñè â ïîãðàíè÷íîì ñëîå àòìîñôåðû è ïî åãî ðåçóëüòàòàì ïîñòðîåíèå ãåîýêîëîãè÷åñêîé

êàðòû çàãðÿçíåííîñòè îðîãðàôèè ìåñòíîñòè â êîíâåêòèâíûõ óñëîâèÿõ è â èíâåðñèîííûõ óñëî-

âèÿõ. Ðàñïðîñòðàíåíèå ïðèìåñåé â óñòîé÷èâûõ àòìîñôåðíûõ óñëîâèÿõ, ïðîâîäèëîñü äëÿ äâóõ

âàðèàíòîâ: â ïåðâîì ñëó÷àå ñêîðîñòü âåòðà â ïðèçåìíîì ñëîå âûáðàíà ðàâíàÿ 2 ì/ñ , à âî âòîðîì

- 4 ì/ñ.

Âðåìÿ ðàñ÷åòà, ñîîòâåòñòâîâàëî ïåðèîäó ïîëíîãî ïðîäóâàíèå ðàéîíà ìåñòîðîæäåíèÿ, èìåþ-

ùåãî ïðîòÿæåííîñòü ïîðÿäêà 40 êì.
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ÈÍÒÅÃÐÀËÜÍÛÌÈ ÎÃÐÀÍÈ×ÅÍÈßÌÈ

Ñ.À. Àéñàãàëèåâ, À.Ï. Áåëîãóðîâ, È.Â. Ñåâðþãèí

Êàçàõñêèé Íàöèîíàëüíûé óíèâåðñèòåò èìåíè Àëü-Ôàðàáè

Abstract. In this work proposes constructing method for program control of the process described

by ordinary di�erential equation with boundary conditions and phase and integral constrains and

the constrains on the control. Two problems are solved: the problem of the existence of control and

the problem of constructing of the control that takes the trajectory of the system from nay initial

state to the given �nal state. It is shown that the boundary controllability problem for ordinary

di�erential equations can be reduced to the initial optimal control problems. Given algorithms for

the construction of minimizing sequences and assessment of the convergence speed.

Keywords: transformation, optimization problems, the partial derivatives, the gradient of the

functional, minimizing sequences.
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À­äàòïà. Ïðîöåññòåðãå ïðîãðàììàëû© áàñ©àðóäû ©³ðóäû­ ìåòîäòàðû ´ñûíûë¡àí, æºé äèô-

ôåðåíöèàëäû© òå­äåóëåðìåí ñèïàòòàëàòûí, °ëêåëiê øàðòòàð æºíå ôàçàëû© èíòåãðàëäû©

øåêòåóìåí áàñ©àðó¡à øåêòåóìåí åñåïòåëiíãåí. Åêi ñ´ðà© øåøiëãåí: áàñ©àðóäû­ áàð åêíäiãi

òóðàëû æºíå áàñ©àðóäû ©´ðó òóðàëû ñ´ðà©, òðàåêòîðèÿëû© ñèñòåìàíû êåç êåëãåí áàñòàï©û

ê´èiíåí ©îéûë¡àí ñî­¡û ê´èiíå àóûñòûðó òóðàëû ñ´ðà©òàð. �ëêåëiê åñåïòåð äèôôåðåíöèàë-

äû© òå­äåóëåðäi­ æàé áàñ©àðûëûìû áàñòàï©û åñåïòåðäi­ îïòèìàëäû áàñ©àðìàëàðûíà òå­å-

ñòiðiëói ì´ìêií. Àëãîðèòìäå ©´ðóäû­ àëìàñóûí àçàéòàòûí æºíå òå­åñóäi­ òåçäiãií áà¡àëàé-

ûíû êåëòiðiëãåí.

Êiëòòiê ñ°çäåð: °çãåðiñ, òèiìäiëiê åñåái, æåêå òóûíäû, ôóíêöèîíàëäû­ ãðàäèåíòi, ìèíèìóì-

äàóøû òiçáåêòåð.

Àííîòàöèÿ. Ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ ïðîãðàììíîãî óïðàâëåíèÿ äëÿ ïðîöåññîâ, îïè-

ñûâàåìûõ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, ïðè íàëè÷èè êðàåâûõ óñëîâèé,

à òàêæå ôàçîâûõ è èíòåãðàëüíûõ îãðàíè÷åíèé ñ ó÷åòîì îãðàíè÷åíèé íà óïðàâëåíèå. Ðåøåíû

äâå çàäà÷è: çàäà÷à î ñóùåñòâîâàíèè óïðàâëåíèÿ è çàäà÷à î ïîñòðîåíèè óïðàâëåíèÿ, ïåðåâî-

äÿùåãî òðàåêòîðèþ ñèñòåìû èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ â çàäàííîå êîíå÷íîå ñîñòîÿíèå.

Ïîêàçàíî, ÷òî êðàåâûå çàäà÷è óïðàâëÿåìîñòè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ìîãóò áûòü ñâåäåíû ê íà÷àëüíûì çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ. Ïðèâåäåíû àëãîðèòìû

ïîñòðîåíèÿ ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé è îöåíêè èõ ñêîðîñòè ñõîäèìîñòè.

Êëþ÷åâûå ñëîâà: ïðåîáðàçîâàíèå, îïòèìèçàöèîííàÿ çàäà÷à, ÷àñòíûå ïðîèçâîäíûå, ãðàäè-

åíò ôóíêöèîíàëà, ìèíèìèçèðóþùèå ïîñëåäîâàòåëüíîñòè.

Ðàññìîòðèì óïðàâëÿåìûé ïðîöåññ, îïèñûâàåìûé îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíå-

íèåì

ẋ = A(t) +B(t)f(x, u, x(t0), x(t1), t), t ∈ I = [t0, t1], (1)

ñ êðàåâûìè óñëîâèÿìè

x0 = x(t0) ∈ S0, x1 = x(t1) ∈ S1, ((x0, x1) ∈ S ⊂ R2n), (2)

ïðè íàëè÷èè ôàçîâûõ îãðàíè÷åíèé

x(t) ∈ G(t) : G(t) = x ∈ Rn / γ(t) ≤ F (x, t) ≤ δ(t), t ∈ I, (3)

à òàêæå èíòåãðàëüíûõ îãðàíè÷åíèé

gj(u, x, x(t0), x(t1)) ≤ cj , j = 1,m1; gj(u, x, x(t0), x(t1)) = cj , j = m1 + 1,m2, (4)

gj(u, x, x(t0), x(t1)) =

t1∫
t0

f0j(x(t), u(t), x(t0), x(t1), t)dt, j = 1,m2, (5)

è îãðàíè÷åíèé íà çíà÷åíèÿ óïðàâëåíèÿ

u(t) ∈ U(t) = {u(·) ∈ L2(I,Rm) / u(t) ∈ V (t), ï.â. t ∈ I}. (6)

Çàäà÷à 1. Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ ñèñòåìû (1)-

(6).
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Çàäà÷à 2. Íàéòè ðåøåíèå ñèñòåìû (1)-(6).

Ïðåîáðàçîâàíèå.Ïóñòü âåêòîð f0 = (f01, . . . , f0m2). Ââåäåì âåêòîð-ôóíêöèþ x(t) = (x1(t), . . .

. . . xm2(t)) ñëåäóþùèì îáðàçîì

x(t) =

t1∫
t0

f0(x(τ), u(τ), x0, x1, τ)dτ, t ∈ I.

Îòñþäà ñëåäóåò, ÷òî

ẋ(t) = f0(x(t), u(t), x0, x1, t), t ∈ I, (7)

x(t0) = 0, x(t1) = C ∈ Q, (8)

Q = c ∈ Rm2 / cj = cj − dj , j = 1,m1, cj = cj , j = m1 + 1,m2, dj > 0, j = 1,m1, (9)

ãäå c = (c1, . . . , cm3), d = (d1, . . . , dm1), ïðè÷åì gj(u, x, x0, x1) = cj − dj , j = 1,m1, d ≥ 0 - íåèçâåñò-

íûé âåêòîð. Òåïåðü èñõîäíàÿ çàäà÷à (1)-(6) çàïèøåòñÿ â âèäå (ñì. (7)-(9))

ẋ = A(t)x+B(t)f(x, u, x0, x1, t), t ∈ I, (10)

ẋ = f0(x, u, x0, x1, t), x(t0) = 0, (11)

(x0, x1) ∈ S0 × S1, x(t1) ∈ Q, x(t) ∈ G(t), u(t) ∈ U(t). (12)

Ââîäÿ ñëåäóþùèå âåêòîðû è ìàòðèöû

µ =

(
x

x

)
, A1(t) =

(
A(t) On,m2

Om2,n Om2,m2

)
B1(t) =

(
B(t)

Om2,k

)
, B2 =

(
On,m2

Im2

)
,

P1 = (In, On,m2), P2 = (Om2,n, Im2),

ãäå Or,q ïðÿìîóãîëüíàÿ ìàòðèöà ïîðÿäêà r × q ñ íóëåâûìè ýëåìåíòàìè, In, Im2 - åäèíè÷íûå

ìàòðèöû ïîðÿäêîâ n×n, m2×m2 ñîîòâåòñòâåííî, ñèñòåìó (10)-(12) çàïèøåì â âåêòîðíîé ôîðìå

µ̇ = A1(t)µ+B1(t)f(P1µ, u, x0, x1, t) +B2f0(P1µ, u, x0, x1, t), (13)

(P1µ(t0), P1µ(t1)) ∈ S0 × S1, P2µ(t0) = 0, P2µ(t1) = c ∈ Q, (14)

P1µ(t) ∈ G(t), u(t) ∈ U(t), t ∈ I. (15)

Ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà. Íàðÿäó ñ ñèñòåìîé (13)-(15) ðàñìîòðèì ëèíåéíóþ óïðàâëÿ-

åìóþ ñèñòåìó

(̇y) = A1(t)y +B1(t)w1(t) +B2(t)w2(t), t ∈ I = [t0, t1], (16)

y(t0) = µ(t0) = µ0, y(t1) = µ(t) = µ1, (17)

w1(·) ∈ L2(I,Rk), w2(·) ∈ L2(I,Rm2), (18)

ãäå

µ(t0) = µ0 =

(
x(t0)

x(t0)

)
=

(
x0

Om2,1

)
, µ(t1) = µ1 =

(
x(t1)

x(t1)

)
=

(
x1

c

)
, µ0 ∈ S0 ∈ Om2,1,
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µ1 ∈ S1 ×Q.

Ïóñòü ìàòðèöà B(t) = (B1(t), B2) ïîðÿäêà (n+m2)× (k+m2), à âåêòîð w(t) = (w1(t), w2(t)) ∈
L2(I,Rk+m2). Ïî èñõîäíûì äàííûì çàäà÷è, îïðåäåëèì ñëåäóþùèå ìàòðèöû è âåêòîðû

a = Φ(t0, t1)µ1 − µ0, µ0, µ1 ∈ Rn+m2 , W (t0, t1) =

t1∫
t0

Φ(t0, t)B(t)B
∗
(t)Φ

∗
(t0, t)dt,

W (t0, t1) =

t1∫
t0

Φ(t0, τ)B(τ)B
∗
(τ)Φ(t0, τ)dτ, W (t, t1) = W (t0, t1)−W (t0, t), t ∈ I,

λ1(t, µ0, µ1) = B
∗
(t)Φ

∗
(t0, t)W

−1
(t0, t)a, N1(t) = −B∗(t)Φ∗(t0, t)W

−1
(t0, t1)Φ(t0, t1) =(

−B∗1(t)Φ
∗
(t0, t1)W

−1
(t0, t1)Φ(t0, t1)

−B∗2(t)Φ
∗
(t0, t1)W

−1
(t0, t1)Φ(t0, t1)

)
=

(
N11(t)

N12(t)

)
,

λ2(t, µ0, µ1) = Φ(t, t0)W (t, t1)W
−1

(t0, t1)µ0 + Φ(t, t0)W (t0, t)W
−1

(t0, t1)Φ(t0, t1)µ1,

N2(t) = −Φ(t, t0)W (t0, t)W
−1

(t0, t1)Φ(t0, t1), t ∈ I,

ãäå Φ(t, τ) = Θ(t)Θ
−1

(τ), Θ(τ) - ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ëèíåéíîé îäíîðîäíîé ñèñòå-

ìû η̇ = A1(t)η.

Òåîðåìà 1. Ïóñòü ìàòðèöà W (t0, t1) > 0. Òîãäà óïðàâëåíèå w(·) ∈ L2(I,Rk+m2) ïåðåâîäèò

òðàåêòîðèþ ñèñòåìû (16)-(18) èç ëþáîé çàäàííîé íà÷àëüíîé òî÷êè µ0 ∈ Rn+m2 â ëþáîå çàäàííîå

êîíå÷íîå ñîñòîÿíèå µ1 ∈ Rn+m2 , òîãäà è òîëüêî òîãäà, êîãäà

w(t) ∈ Σ = {w(·) ∈ L2(I,Rk+m2) / w(t) = v(t) + λ1(t, µ0, µ1) +N1(t)z(t1, v), ∀v(·) ∈ L2(I,Rk+m2),

t ∈ I},
(19)

ãäå v(·) ∈ L2(I,Rk+m2) - ïðîèçâîëüíàÿ ôóíêöèÿ, à ôóíêöèÿ z(t) = z(t, v), t ∈ I - ðåøåíèå äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ

ż = A1(t)z +B(t)v(t), z(t0) = 0, t ∈ I. (20)

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (16), ñîîòâåòñòâóþùåå óðàâíåíèþ w(t) ∈ Σ, èìååò

âèä

y(t) = z(t) + λ2(t, x0, x1) +N2(t)z(t1, v), t ∈ I. (21)

Çàìåòèì, ÷òî êîìïîíåíòû âåêòîð ôóíêöèè w(t) ∈ Σ ðàâíû:

w1(t) = v1(t) +B∗1(t)Φ
∗
(t0, t1)W

−1
(t0, t1)a+N11(t)z(t1, v), t ∈ I, (22)

w2(t) = v2(t) +B∗2(t)Φ
∗
(t0, t1)W

−1
(t0, t1)a+N12(t)z(t1, v), t ∈ I. (23)

ãäå v(t) = (v1(t), v2(t)), t ∈ I.



Ìàòåìàòè÷åñêèå òåõíîëîãèè 89 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

Ââåäåì ñëåäóþùèå áëî÷íûå ìàòðèöû

Φ
∗
(t0, t1)W

−1
(t0, t1)Φ(t0, t1) =

(
Π11(t)

Π12(t)

)
, Φ
∗
(t0, t1)W

−1
(t0, t1) =

(
S11(t)

S12(t)

)
,

Φ(t, t0)W (t, t1)W
−1

(t0, t1) = (Π21(t),Π22(t)), Φ(t, t0)W (t0, t)W
−1

(t0, t1)Φ(t0, t1) =

= (Π31(t), Π32(t)), B∗(t)Π11(t) = (T0(t), T1(t)), Π12(t) = (T2(t), T3(t), )

−B∗(t)S11(t) = (D0(t), D1(t)), −S12(t) = (D2(t), D3(t)), t ∈ I.

Òåïåðü ôóíêöèè w1(t), w2(t), t ∈ I èç (22), (23) ñîîòâåòñòâåííî ìîãóò áûòü ïðåäñòàâëåíû â âèäå

w1(t) = v1(t) +D0(t)x0 + T0(t)x1 + T1(t)c+N11(t)z(t1, v), t ∈ I, (24)

w2(t) = v2(t) +D2(t)x0 + T2(t)x1 + T3(t)c+N12(t)z(t1, v), t ∈ I. (25)

Ôóíêöèÿ y(t), t ∈ I, îïðåäåëÿåìàÿ ïî ôîðìóëå (21), çàïèøåòñÿ òàê

y(t) = z(t) + Π21(t)x0 + Π31(t)x1 + Π32(t)c+N2(t)z(t1, v), t ∈ I. (26)

Ëåììà 1. Ïóñòü ìàòðèöà W (t0, t1) > 0. Òîãäà êðàåâàÿ çàäà÷à (1)-(6) ðàâíîñèëüíà ñëåäóþùåé

çàäà÷å

w1(t) = v1(t) +D0(t)x0 + T0(t)x1 + T1(t)c+N11(t)z(t1, v) = f(P1y(t), u, x0, x1, t), t ∈ I, (27)

w2(t) = v2(t) +D2(t)x0 + T2(t)x1 + T3(t)c+N12(t)z(t1, v) = f(P1y(t), u, x0, x1, t), t ∈ I, (28)

ż = A1(t)z +B1(t)v1(t) +B2v2(t), z(t0) = 0, t ∈ I, (29)

v1(·) ∈ L2(I,Rk), v2(·) ∈ L2(I,Rm2), (30)

x0 ∈ S0, x1 ∈ S1, c ∈ Q, u(t) ∈ U(t), (31)

ω(t) ∈ Ω(t) = {ω(·) ∈ L2(I,RS) / γ(t) ≤ ω(t) ≤ δ(t), ï.â. t ∈ I},
ω(t) = F (y(t), t), t ∈ I.

(32)

ãäå w1(t), w2(t), y(t), t ∈ I îïðåäåëÿþòñÿ ôîðìóëàìè (24)-(26) ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî òåîðåìû ñëåäóåò èç ðàâíîñèëüíîñòè èñõîäíîé çàäà÷è (1)-(6) ê çàäà÷å (13)-(15).

Òåîðåìà 1 ïîçâîëÿþùàÿ âûäåëèòü âñå ìíîæåñòâà ðåøåíèé (16)-(18) êàæäûé ýëåìåíò êîòîðîãî

ïåðåâîäèò òðàåêòîðèþ ñèñòåìû (16) èç ëþáîé òî÷êè µ0 ∈ Rn+m2 â ëþáóþ òî÷êó µ1 ∈ Rn+m2 , â

÷àñòíîñòè, âåðíî è äëÿ ëþáûõ µ0 ∈ S0 ×Om2,1, µ1 ∈ S1 ×Q.

Â ñâîþ î÷åðåäü, çàäà÷à óïðàâëÿåìîñòè (16)-(18) ïðè âûïîëíåíèè óñëîâèÿ (26)-(31) ðàâíî-

ñèëüíà êðàåâîé çàäà÷å (13)-(15). Ñëåäîâàòåëüíî, èñõîäíàÿ êðàåâàÿ çàäà÷à (1)-(6) ðàâíîñèëüíà

óñëîâèÿì (27)-(32) ïðè µ(t) = y(t), t ∈ I, ω(t) = F (y(t), t), t ∈ I.
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Îïòèìèçàöèîííàÿ çàäà÷à. Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ: ìè-

íèìèçèðîâàòü ôóíêöèîíàë

I(v1, v2, u, ω, x0, x1, d) =

t1∫
t0

S0(q(t), t)dt =

t1∫
t0

[|w1(t)− f(P1y(t), u, x0, x1, t)|2+

+|w2(t)− f0(P1y(t), u, x0, x1, t)|2 + |ω(t)− F (P1y(t), t)|2]dt→ inf

(33)

ïðè óñëîâèÿõ

ż = A1(t)z +B1(t)v1(t) +B2v2(t), z(t0) = 0, t ∈ I, (34)

v1(·) ∈ L2(I,Rk), v2(·) ∈ L2(I,Rm2), (35)

x0 ∈ S0, x1 ∈ S1, u(t) ∈ U(t), ω(t) ∈ Ω(t), (36)

d ∈ D = {d ∈ Rm2 / d ≥ 0}, (37)

ãäå ôóíêöèè w1(t), w2(t), y(t), t ∈ I îïðåäåëÿþòñÿ ôîðìóëàìè (24)-(26) ñîîòâåòñòâåííî, a(t) =

(v1(t), v2(t), u(t), ω(t), x0, x1, d, z(t, v), z(t1, v)), v = (v1, v2).

Ìàòðèöû T1(t), T3(t), t ∈ I ïðåäñòàâèì â âèäå T1(t) = (T11(t), T12(t)), T3(t) = (T31(t), T32(t)).

Ïóñòü âåêòîðû c1 = (c1, . . . , cm1), c2 = (cm1+1, . . . , cm2). Òîãäà âåêòîð c = (c1−d, c2), ïðîèçâåäåíèÿ

T1(t)c = T11(t)(c− d) + T12(t)c2 = T1(t)e− T11(t)d, e = (c1, c2),

T3(t)c = T31(t)(c1 − d) + T32(t)c2 = T3(t)e− T31(t)d, t ∈ I.

Òåïåðü ôóíêöèè w1(t), w2(t), t ∈ I çàïèøóòñÿ òàê:

w1(t) = v1(t) +D0(t)x0 + T0(t)x1 + T1(t)e− T11(t)d+N11(t)z(t1, v), t ∈ I, (38)

w2(t) = v2(t) +D2(t)x0 + T2(t)x1 + T3(t)e− T11(t)d+N12(t)z(t1, v), t ∈ I, (39)

ãäå T1(t)e, T3(t)e, t ∈ I - èçâåñòíûå ôóíêöèè. Àíàëîãè÷íûì ïóòåì, ïîëó÷èì

y(t) = z(t, v) + Π21(t)x0 + Π31(t)x1 + Π32(t)e−Π321(t)d+N3(t)z(t1, v), t ∈ I, (40)

ãäå Π32(t) = (Π321(t),Π322(t)), t ∈ I. Â ôóíêöèîíàëå (33) ôóíêöèè w1(t), w2(t), y(t), t ∈ I ïðåä-
ñòàâëåíû â âèäå (38)-(40).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

ξ = (v1(t), v2(t), u(t), ω(t), x0, x1, d) ∈ X = L2(I,Rk)× L2(I,Rm2)× U × Ω×

×S0 × S1 ×D ⊂ H = L2(I,Rk)× L2(I,Rm2)× L2(I,RS)×Rn ×Rn ×Rm1 ,

X∗ = {ξ∗ ∈ X / J(ξ∗) = I∗ = inf
ξ∈X

I(ξ)}.

Òåîðåìà 2. Ïóñòü ìàòðèöà W (t0, t1) > 0. Äëÿ òîãî, ÷òîáû ñèñòåìà (1)-(6) áûëà óïðàâëÿåìà,

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû çíà÷åíèå I(ξ∗) = 0, ãäå ξ∗(v∗1(t), v∗2(t), u∗(t), ω∗(t), x
∗
0, x
∗
1, d∗) ∈ X

- îïòèìàëüíîå óïðàâëåíèå â çàäà÷å (33)-(37).
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×àñòíûå ïðîèçâîäíûå. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

w1(q(t), t) = w1(t)− f(P1y(t), u(t), x0, x1, t), t ∈ I,

w2(q(t), t) = w2(t)− f0(P1y(t), u(t), x0, x1, t), t ∈ I,

w3(q(t), t) = ω(t)− F (P1y(t)t), t ∈ I.

Òåïåðü ôóíêöèîíàë (33) çàïèøåòñÿ â âèäå

I(ξ) =

t1∫
t0

S0(q(t), t)dt =

t1∫
t0

(|w1(q(t), t)|2 + |w2(q(t), t)|2 + |w3(q(t), t)|2)dt,

ãäå q(t) = (v1(t), v2(t), u(t), ω(t), x0, x1, d, z(t, v), z(t1, v)), t ∈ I.
×àñòíûå ïðîèçâîäíûå ðàâíû:

∂S0(q(t), t)

∂v1
= 2w1(q(t), t),

∂S0(q(t), t)

∂v2
= 2w2(q(t), t),

∂S0(q(t), t)

∂u
= −2f∗u(P1y, u, x0, x1, t)w1(q(t), t)− 2f∗0u(P1y, u, x0, x1, t)w2(q(t, t)),

∂S0(q(t), t)

∂ω
= 2w3(q(t), t),

∂S0(q(t), t)

∂x0
= [2D∗0(t)− 2Π∗21(t)P ∗1 f

∗
x(P1y, u, x0, x1, t)−

−2f∗x0
(P1y, u, x0, x1, t)]w1(q, t) + [2D∗2(t)− 2Π∗21(t)P ∗1 f

∗
0x(P1y, u, x0, x1, t)− 2f∗0x0

(P1y, u, x0, x1, t)]×

w2(q, t),

∂S0(q(t), t)

∂x1
= [2T ∗0 (t)− 2Π∗31(t)P ∗1 f

∗
x(P1y, u, x0, x1, t)− 2f∗x1

(P1y, u, x0, x1, t)]w1(q, t)+

+[2T ∗2 (t)−2Π∗31(t)P ∗1 f
∗
0x(P1y, u, x0, x1, t)−2f∗0x1

(P1y, u, x0, x1, t)]w2(q, t)−2Π∗31(t)P ∗1F
∗
x (P1y, t)w3(q, t),

∂S0(q(t), t)

∂z(t1)
= [2N∗11(t)− 2N∗2 (t)P ∗1 f

∗
x(P1y, u, x0, x1, t)]w1(q, t)+

[2N∗12(t)− 2N∗2 (t)P ∗1 f
∗
0x(P1y, u, x0, x1, t)]w2(q, t)− 2N∗2 (t)P ∗1F

∗
x (P1y, t)w3(q, t),

∂S0(q(t), t)

∂z
= 2P ∗1 f

∗
x(P1y, u, x0, x1, t)w1(q, t)−

−2P ∗1 f
∗
0x(P1y, u, x0, x1, t)w2(q, t)− 2P ∗1F

∗
x (P1y, t)w3(q, t),

∂S0(q(t), t)

∂d
= [−2T ∗11(t) + 2Π∗321P

∗
1 f
∗
x(P1y, u, x0, x1, t)]w1(q, t)+

+[−2T ∗31 + 2Π∗321P
∗
1 f
∗
0x(P1y, u, x0, x1, t)]w2(q, t)− 2Π∗321P

∗
1F
∗
x (P1y, t)w3(q, t).

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïðîèçâîäíàÿ

S0q(q, t) = (S0v1(q, t), S0v2(q, t), S0u(q, t), S0ω(q, t), S0x0(q, t), S0x1(q, t), S0z(q, t), S0z(t1)(q, t), S0d(q, t))

óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïî ïåðåìåííîé q â îáëàñòè RN1 , N! = k + m2 + m + s + 2n +

m1 + 2(n+m2), åñëè

|S0v1(q + ∆q, t)− S0v1(q, t)| ≤ L1|∆q|, |S0v2(q + ∆q, t)− S0v2(q, t)| ≤ L2|∆q|,
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|S0u(q + ∆q, t)− S0u(q, t)| ≤ L3|∆q|, |S0ω(q + ∆q, t)− S0ω(q, t)| ≤ L4|∆q|,

|S0x0(q + ∆q, t)− S0x0(q, t)| ≤ L5|∆q|, |S0x1(q + ∆q, t)− S0x1(q, t)| ≤ L6|∆q|,

|S0d(q + ∆q, t)− S0d(q, t)| ≤ L7|∆q|, |S0z(q + ∆q, t)− S0z(q, t)| ≤ L8|∆q|,

|S0z(t1)(q + ∆q, t)− S0z(t1)(q, t)| ≤ L9|∆q|,

ãäå Li = const > 0, i = 1, 9, |∆q| = |∆v1,∆v2,∆u,∆x0,∆x1,∆d,∆z,∆z(t1), |.

Ëåììà 2. Ïóñòü ìàòðèöà W (t0, t1) > 0, ôóíêöèÿ S0(q, t) íåïðåðûâíî äèôôåðåíöèðóåìà ïî q,

q ∈ RN1 , ìíîæåñòâà U , S0, S1, Ω - âûïóêëûå è çàìêíóòûå è âûïîëíåíî íåðàâåíñòâî

< S0q(q1, t)− S0q(q2, t), q1 − q2 >RN1 ≥ 0, ∀q1, q2 ∈ RN1 . (41)

Òîãäà ôóíêöèîíàë (33) ïðè óñëîâèÿõ (34)-(37) ÿâëÿåòñÿ âûïóêëûì.

Ãðàäèåíò ôóíêöèîíàëà. Ñëåäóþùàÿ òåîðåìà äàåò àëãîðèòì âû÷èñëåíèÿ ãðàäèåíòà ôóíê-

öèîíàëà (33) ïðè óñëîâèÿõ (34)-(37).

Òåîðåìà 3. Ïóñòü ìàòðèöà W (t0, t1) > 0, ôóíêöèè f(x, u, t), f0(x, u, x0, x1, t), F (x, t) íåïðå-

ðûâíî äèôôåðåíöèðóåìû ïî ïåðåìåííûì (x, yu, x0, x1), ÷àñòíàÿ ïðîèçâîäíàÿ S0q(q, t) óäîâëåòâî-

ðÿåò óñëîâèþ Ëèïøèöà.

Òîãäà ôóíêöèîíàë (33) ïðè óñëîâèÿõ (34)-(37) íåïðåðûâíî äèôôåðåíöèðóåì ïî Ôðåøå, ãðà-

äèåíò

I ′(ξ) = (I ′v1
(ξ), I ′v2

(ξ), I ′u(ξ), I ′ω(ξ), I ′x0
(ξ), I ′x1

(ξ), I ′d(ξ)) ∈ H

â ëþáîé òî÷êå ξ ∈ X âû÷èñëÿåòñÿ ïî ôîðìóëå

I ′v1
(ξ) =

∂S0(q(t), t)

∂v1
−B∗1(t)ψ, I ′v2

(ξ) =
∂S0(q(t), t)

∂v2
−B∗2(t)ψ,

I ′u(ξ) =
∂S0(q(t), t)

∂u
, I ′ω(ξ) =

∂S0(q(t), t)

∂ω
, I ′x0

(ξ) =

t1∫
t0

∂S0(q(t), t)

∂x0
dt,

I ′x1
(ξ) =

t1∫
t0

∂S0(q(t), t)

∂x1
dt, I ′d(ξ) =

t1∫
t0

∂S0(q(t), t)

∂d
dt,

(42)

ãäå ÷àñòíûå ïðîèçâîäíûå îïðåäåëÿþòñÿ âûðàæåíèÿìè âûøå, ôóíêöèÿ z(t, v1, v2), t ∈ I - ðåøåíèå
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (34), à ôóíêöèÿ ψ(t), t ∈ I - ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇ =
∂S0(q(t), t)

∂z
−A∗1(t)ψ, ψ(t1) = −

t1∫
t0

∂S0(q(t), t)

∂d
dt. (43)

Êðîìå òîãî, ãðàäèåíò I ′(ξ), ξ ∈ X óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

‖I ′(ξ1)− I ′(ξ2)‖ ≤ K‖ξ1 − ξ2‖, ∀ξ1, ξ2 ∈ X, (44)

ãäå K = const > 0.
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Èñïîëüçóÿ ñîîòíîøåíèÿ (42)-(44) ñòðîèì ïîñëåäîâàòåëüíîñòü {ξn} = {vn1 , vn2 , un, ωn, xn0 , xn1 , dn}
⊂ X ïî ñëåäóþùåìó àëãîðèòìó

vn+1
1 = vn1 − αnI ′v1

(ξn), vn+1
2 = vn2 − αnI ′v2

(ξn),

un+1 = PU [un − αnI ′u(ξn)], ωn+1 = PΩ[ωn − αnI ′ω(ξn)],

xn+1
0 = PS0 [xn0 − αI ′x0

(ξn)], xn+1
1 = PS1 [xn1 − αnI ′x1

(ξn)],

dn+1 = PD[dn − αnI ′d(ξn)], n = 0, 1, 2, . . . ,

(45)

ãäå 0 < αn <
2

K+2ε , ε > 0, K > 0 - ïîñòîÿííàÿ Ëèïøèöà èç íåðàâåíñòâà (44).

Ââåäåì ìíîæåñòâî Λ0 = {ξ ∈ X / I(ξ) ≤ I(ξ0)}, ãäå ξ0 = (v0
1, v

0
2, u0, ω0, x

0
0, x

0
1, d0) ∈ X -

íà÷àëüíàÿ òî÷êà äëÿ ïîñëåäîâàòåëüíîñòè (45).

Ìèíèìèçèðóþùèå ïîñëåäîâàòåëüíîñòè. Ñëåäóþùàÿ òåîðåìà äàåò íåîáõîäèìîå è äîñòà-

òî÷íîå óñëîâèå óïðàâëÿåìîñòè ñèñòåìû (1)-(5).

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3, ïîñëåäîâàòåëüíîñòü îïðåäåëÿåòñÿ ïî ôîð-

ìóëå (45), U, S0, S1,Ω - âûïóêëûå çàìêíóòûå ìíîæåñòâà. Òîãäà:

1) ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {I(ξn)} ñòðîãî óáûâàåò;
2) ‖ξn − xn+1‖ → 0 ïðè n→∞. Åñëè, êðîìå òîãî, âûïîëíåíî íåðàâåíñòâî (40), ìíîæåñòâî Λ0

îãðàíè÷åíî, òî:

3) ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X ÿâëÿåòñÿ ìèíèìèçèðóþùåé, ò.å. limn→∞ I(ξn) = I∗ =

= infξ∈X I(ξ);

4) ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X ñëàáî ñõîäèòñÿ ê ìíîæåñòâóX∗,X∗ 6= ∅, ξn
ñë−→ ξ∗ ïðè n→∞;

5) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòè ñõîäèìîñòè

0 ≤ I(ξn)− I∗ ≤
m3

n
, n = 1, 2, . . . , m3 = const > 0.

6) çàäà÷à óïðàâëÿåìîñòè (1)-(5) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà I(ξ∗) = 0.
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ÂÎÏÐÎÑÛ ÓÑÒÎÉ×ÈÂÎÑÒÈ ËÈÍÅÉÍÛÕ È ÍÅËÈÍÅÉÍÛÕ

ÐÀÇÍÎÑÒÍÛÕ ÑÕÅÌ Â ÏÐÎÑÒÐÀÍÑÒÂÅ `p (1 < p ≤ ∞)

À.Ø. Àêûø

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ

Abstract. In work some results of results of a new method of research of stability of the various

are resulted two-layer schemes for a class of linear and nonlinear problems of mathematical physics

with constants or variable coe�cients in functional spaces `p. Besides, by means of a of the splitting

method for nonlinear Boltzmann equation boundedness of solutions and solvability of nonlinear

Boltzmann equation as a whole on time are shown.

À­äàòïà. Æ´ìûñòà ñûçû©òû æºíå áåéñûçû©û ìàòåìàòèêàëû© ôèçèêàíû­ ò³ðà©òû íåìåñå

àéíûìàëû êîýôôèöèåíòòi åñåïòåðiíi­ êëàññòàðû ³øií ºðò³ðëi ©îñ ©àáàòòû ñõåìàëàðäû­ îð-

íû©òûëû¡ûí `p ôóíêöèîíàëäû© êå­iñòiãiíäå ´ñûíûë¡àí æà­à ºäiñïåí çåðòòåó íºòèæåëåðiíi­

êåéáið ©îðòûíäûëàðû êåëòiðiëãåí. Îíûìåí ©îñà áåéñûçû©òû Áîëöìàí òå­äåóiíi­ ûäûðàòó

ºäiñiíi­ ê°ìåãiìåí øåøóiíi­ ò´éû©òàëàòûíäû¡û æºíå îíû­ áàðëû© óà©ûò àðàëû¡ûíäà øå-

øiëåòiíäiãi ê°ðñåòiëãåí.

Àííîòàöèÿ. Â ðàáîòå ïðèâåäåíû íåêîòîðûå èòîãè ðåçóëüòàòîâ íîâîãî ìåòîäà èññëåäîâàíèÿ

óñòîé÷èâîñòè ðàçíîîáðàçíûõ äâóõñëîéíûõ ñõåì äëÿ êëàññà ëèíåéíûõ è íåëèíåéíûõ çàäà÷

ìàòåìàòè÷åñêîé ôèçèêè ñ ïîñòîÿííûìè è ïåðåìåííûìè êîýôôèöèåíòàìè â ôóíêöèîíàëüíûõ

ïðîñòðàíñòâàõ `p. Êðîìå òîãî, ñ ïîìîùüþ ñõåìû ìåòîäà ðàñùåïëåíèÿ ïîêàçàíû îãðàíè÷åí-

íîñòü ðåøåíèé íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà è åãî ðàçðåøèìîñòü â öåëîì ïî âðåìåíè.

Ïðèíöèïèàëüíûå âîïðîñû òåîðèè óñòîé÷èâîñòè ðàçíîñòíûõ ñõåì èçâåñòíû èç êëàññè÷åñêèõ

ðàáîò Ñ. Ê. Ãîäóíîâà è Â. Ñ. Ðÿáåíüêîãî [1], Ã. È. Ìàð÷óêà [2], Í.Í. ßíåíêî[3], À. À. Ñàìàð-

ñêîãî è À. Â. Ãóëèíà [4],[5] è äð. Îòêóäà ñëåäóåò, ÷òî íàèáîëåå ðàñïðîñòðàíåííûìè ñïîñîáàìè

èññëåäîâàíèÿ óñòîé÷èâîñòè ðàçíîñòíûõ êðàåâûõ çàäà÷ ÿâëÿþòñÿ: ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ,

ñïåêòðàëüíûå ìåòîäû, ìåòîä ýíåðãåòè÷åñêèõ íåðàâåíñòâ è ìåòîäû, îñíîâàííûå íà ïðèíöèïå ìàê-

ñèìóìà, à òàêæå ïðèíöèï çàìîðîæåííûõ êîýôôèöèåíòîâ ïðè èññëåäîâàíèè ðàçíîñòíûõ ñõåì ñ

ïåðåìåííûìè êîýôôèöèåíòàìè. Èçâåñòíî, ÷òî óñòîé÷èâîñòü ðàçíîñòíûõ ñõåì â íîðìå C ìîæåò

áûòü óñòàíîâëåíà íå òîëüêî íà îñíîâå ïðèíöèïà ìàêñèìóìà, íî è èíûìè ìåòîäàìè. Íàïðèìåð,

åñëè äîêàçàíà óñòîé÷èâîñòü ðàçíîñòíîé çàäà÷è â `p ïðè ∀p ≥ 1, òîãäà èç íå¼ ïðè p =∞, ñëåäóåò
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óñòîé÷èâîñòü â íîðìå C. Âèäèìî ñ ýòîé öåëüþ â ðàáîòàõ [6],[7] èçó÷åíà óñòîé÷èâîñòü â ïðîñòðàí-

ñòâå `p äâóõñëîéíîé ñõåìû äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ïîñòîÿííûì êîýôôè-

öèåíòàì ìåòîäîì ðàçëîæåíèÿ ðàçíîñòíîãî îïåðàòîðà â áåñêîíå÷íûé ðÿä êîìïëåêñíîé ïëîñêîñòè.

À â íåêîòîðûõ äðóãèõ èññëåäîâàíèÿõ óñòîé÷èâîñòü â ïðîñòðàíñòâå `p äëÿ ïðîñòåéøåé îäíîìåðíîé

çàäà÷è ñ ïîñòîÿííûì êîýôôèöèåíòîì îñíîâûâàåòñÿ íà ôóíäàìåíòàëüíûõ ðåøåíèÿõ ðàçíîñòíûõ

çàäà÷. Îäíàêî ïîñòðîåíèå ôóíäàìåíòàëüíûõ ðåøåíèé ìíîãîìåðíûõ ðàçíîñòíûõ çàäà÷ ñ ïåðå-

ìåííûìè êîýôôèöèåíòàìè − òåõíè÷åñêè çàòðóäíèòåëüíî. Èç êëàññè÷åñêèõ ðàáîòàõ Ã.È. Ìàð÷ó-

êà [2] è À.À. Ñàìàðñêîãî [4] ñëåäóþò, ÷òî âîïðîñû óñòîé÷èâîñòè ðàçíîñòíûõ çàäà÷ â `p, ∀p > 2

ÿâëÿþòñÿ àêòóàëüíûì è ïðîáëåìàòè÷íûì. Çà ïîñëåäíèå äåñÿòü-ïÿòíàäöàòü ëåò àâòîðîì ðàáîò

[16]−[18] ðàçðàáîòàí íîâûé ìåòîä èññëåäîâàíèÿ óñòîé÷èâîñòè â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ
`p (1 < p ≤ ∞) äâóõñëîéíûõ ñõåì ðåøåíèÿ áîëüøîãî êëàññà ëèíåéíûõ è íåëèíåéíûõ çàäà÷ ìà-

òåìàòè÷åñêîé ôèçèêè ñ ïîñòîÿííûìè è ïåðåìåííûìè êîýôôèöèåíòàìè. Íîâèçíà ñîñòîèò â òîì,

÷òî óäàåòñÿ èññëåäîâàòü óñòîé÷èâîñòü ðàçíîñòíûõ ñõåì ìåòîäîì, ñâîáîäíûì îò èñïîëüçîâàíèÿ

ôóíäàìåíòàëüíûõ ðåøåíèé ñîîòâåòñòâóþùèõ ðàçíîñòíûõ óðàâíåíèé. Ïðè÷åì, ìåòîäîëîãèÿ èñ-

ñëåäîâàíèÿ äèñêðåòíûõ çàäà÷ â `p ïîçâîëÿåò ïðèáëèçèòüñÿ ê òåîðåòè÷åñêèì ìåòîäàì àíàëèçà

èñõîäíûõ ìíîãîìåðíûõ íåñòàöèîíàðíûõ äèôôåðåíöèàëüíûõ, èíòåãðî-äèôôåðåíöèàëüíûõ çàäà÷

â ôóíêöèîíàëüíîì ïðîñòðàíñòâå Lp. Êðîìå òîãî, â [19] ðàññìàòðèâàåòñÿ âîïðîñ î ñõîäèìîñòè

ìåòîäà ðàñùåïëåíèÿ äëÿ íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà. Íà îñíîâå ñõåìû ìåòîäà ðàñùåï-

ëåíèÿ ïîëó÷åíà îãðàíè÷åííîñòü ïîëîæèòåëüíûõ ðåøåíèé â ïðîñòðàíñòâå C. Ñ ïîìîùüþ ïîñëåä-

íåãî è óñòàíîâëåííûõ àïðèîðíûõ îöåíîê äîêàçûâàåòñÿ ñõîäèìîñòü ñõåìû ìåòîäà ðàñùåïëåíèÿ

è åäèíñòâåííîñòü ïðåäåëüíîãî ýëåìåíòà. Íàéäåííûé ýëåìåíò óäîâëåòâîðÿåò ýêâèâàëåíòíîìó èí-

òåãðàëüíîìó óðàâíåíèþ Áîëüöìàíà. Òåì ñàìûì ïîêàçàíà ðàçðåøèìîñòü íåëèíåéíîãî óðàâíåíèÿ

Áîëüöìàíà â öåëîì ïî âðåìåíè.

Îá óñòîé÷èâîñòè â `p ðàçíîñòíûõ ñõåì äëÿ óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ. Óðàâ-

íåíèå ïåðåíîñà, ÿâëÿÿñü ìíîãîìåðíûì èíòåãðî−äèôôåðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðî-

èçâîäíûõ ïåðâîãî ïîðÿäêà, èìååò âåñüìà ñëîæíóþ ñòðóêòóðó è îïèñûâàåò ãîðàçäî áîëåå ñëîæ-

íûå ôèçè÷åñêèå ïðîöåññû, ÷åì, ñêàæåì íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ

âòîðîãî ïîðÿäêà, êîòîðàÿ, êàê èçâåñòíî, ÿâëÿåòñÿ äîâîëüíî ãðóáûì ïðèáëèæåíèåì äëÿ çàäà÷è

òåîðèè ïåðåíîñà èçëó÷åíèÿ (äèôôóçèîííîå ïðèáëèæåíèå). Ïîýòîìó ïåðâîíà÷àëüíî, ÷òîáû

óäîâëåòâîðèòü íóæäû ïðàêòèêè, áûëè ðàçðàáîòàíû âû÷èñëèòåëüíûå àëãîðèòìû, â îñíîâíîì,

äëÿ îäíîìåðíûõ çàäà÷ ïåðåíîñà, à ìíîãîìåðíûå çàäà÷è áûëè ñâåäåíû ê ïîñëåäîâàòåëüíîñòÿì

îäíîìåðíûõ. Â ðàáîòàõ Ó. Ì. Ñóëòàíãàçèíà [8] áûëè äàíû ìàòåìàòè÷åñêèå îáîñíîâàíèÿ ìåòîäà

ðàñùåïëåíèÿ, ñâîäÿùåãî ìíîãîìåðíûå çàäà÷è ïåðåíîñà èçëó÷åíèÿ ê ïîñëåäîâàòåëüíîñòÿì îäíî-

ìåðíûõ. Èì áûëè ïîñòðîåíû àáñîëþòíî óñòîé÷èâûå ñõåìû â ýíåðãåòè÷åñêîì ïðîñòðàíñòâå äëÿ

÷èñëåííîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ. Â ïîñëåäó-

þùåì ýòè ðåçóëüòàòû ïîñëóæèëè íà÷àëüíûì ñòèìóëîì íàó÷íûõ èññëåäîâàíèé çàäà÷è òåîðèè

ïåðåíîñà èçëó÷åíèÿ è êèíåòè÷åñêîé òåîðèè ãàçîâ ïîä ðóêîâîäñòâîì Ó. Ì. Ñóëòàíãàçèíà â Êàçàõ-

ñòàíå.

Àâòîðîì â [16] èññëåäîâàíû óñòîé÷èâîñòè êëàññà äâóõñëîéíûõ ñõåì (ÿâíàÿ, íåÿâíàÿ, ðàñùåï-

ëåíèÿ è ò. äð.), ñîîòâåòñòâóþùèõ ìíîãîìåðíûì çàäà÷àì òåîðèè ïåðåíîñà èçëó÷åíèÿ ñ ïîñòîÿí-

íûìè è ïåðåìåííûìè êîýôôèöèåíòàìè â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ `p, ∀p > 2. È òàì æå,

ìåòîä óñïåøíî ïðèìåíåí äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè íåÿâíîé ñõåìû â ïðîñòðàíñòâå `p, ñîîò-

âåòñòâóþùåé òðåõìåðíîé ñèñòåìå íåëèíåéíûõ óðàâíåíèé Êàðëåìàíà â òåîðèè óðàâíåíèÿ Áîëüö-

ìàíà. Âêðàòöå èçëîæèì ýòè ðåçóëüòàòû: Êàê èçâåñòíî [9], âåñüìà îáùàÿ çàäà÷à òåîðèè ïåðåíîñà
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èçëó÷åíèÿ ñòàâèòñÿ òàê: íàéòè ðåøåíèå óðàâíåíèÿ ïåðåíîñà â îáëàñòè Q = [0, T ]× Ω×G

∂U

∂t
+
(
ω, gradU

)
+ σ(x)U =

σs(x)

4π

∫
Ω

g(ω, ω′)U(t, ω′, x)dω′ + f(t, ω, x), (1)

óäîâëåòâîðÿþùåãî ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì:

U(0, ω, x) = ϕ(ω, x); U(t, ω, x) |Γ= 0 (n, ω) < 0, (2)

ãäå U = U(t, ω, x) � ôóíêöèÿ ðàñïðåäåëåíèÿ íåéòðîíîâ, ëåòÿùèõ â íàïðàâëåíèè ω = (ω1, ω2, ω3)

â òî÷êå x = (x1, x2, x3) òðåõìåðíîãî åâêëèäîâà ïðîñòðàíñòâà R3 â ìîìåíò âðåìåíè t ∈ (0, T ];

f(t, ω, x) � ôóíêöèÿ èñòî÷íèêîâ; σ(x), σs(x) � ñå÷åíèÿ, õàðàêòåðèçóþùèå ñâîéñòâà ñðåäû; g =

g(ω, ω′) � èíäèêàòðèñà ðàññåÿíèÿ, îíà çàâèñèò îò íàïðàâëåíèé ω, ω′ ëèøü ïîñðåäñòâîì êîñèíóñà

óãëà ìåæäó íèìè; Ω � åäèíè÷íàÿ ñôåðà íàïðàâëåíèé ω; îáëàñòü G, ãäå ïðîèñõîäèò ïðîöåññ

ïåðåíîñà íåéòðîíîâ, âûïóêëà è îãðàíè÷åíà êóñî÷íî�ãëàäêîé ïîâåðõíîñòüþ Γ; n = (n1, n2, n3) �

åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè â òî÷êå x ãðàíèöû Γ.

Ïðè ðàçðàáîòêå ðàçíîñòíûõ ìåòîäîâ äëÿ çàäà÷è ïåðåíîñà èíòåãðàë ïî ñôåðå àïïðîêñèìèðó-

åòñÿ êóáàòóðíîé ôîðìóëîé.

Íàëè÷èå âûñîêîòî÷íûõ êâàäðàòóðíûõ (êóáàòóðíûõ) ôîðìóë äëÿ ñôåðû [10], [11], ñïîñîáñòâó-

þò äàëüíåéøåìó ðàçâèòèþ ìåòîäà äèñêðåòíûõ îðäèíàò â ñî÷åòàíèè ñ ðàçíîñòíûìè ìåòîäàìè äëÿ

ìíîãîìåðíûõ çàäà÷ òåîðèè ïåðåíîñà èçëó÷åíèÿ.

Èíòåãðàë ïî ñôåðå àïïðîêñèìèðóåòñÿ êóáàòóðíîé ôîðìóëîé è çàäà÷à (1)�(2) â ñåòî÷íîé îá-

ëàñòè Q̃τh = Gτ × Ω̃×Gh çàìåíÿåòñÿ, íàïðèìåð, ñëåäóþùåé ðàçíîñòíîé ñõåìîé

Un+1
νk,h
− Unνk,h
τ

+
3∑

α=1

∣∣∣ ωα,νk ∣∣∣ E − T θkαhα
Un+1
νk,h

+ σUn+1
νk,h

= σs

N∑
ν=1

cνgν,νkU
n
ν,h + fnνk,h, k = 1, 8, (3)

ñ íà÷àëüíî�ãðàí÷íûìè óñëîâèÿìè (2), ãäå Ω̃−îáúåäèíåíèå âñåõ óçëîâ êóáàòóðíîé ôîðìóëû, Gτ−
ñåòêà ïî âðåìåíè, Gh− ïðîñòðàíñòâåííàÿ ñåòêà; E−åäèíè÷íûé îïåðàòîð; Tθk

α U(., xα, .) = U(., xα+

θkhα, .)− îïåðàòîðû ñäâèãà; θk = −sgn(ωα,νk).

Äîêàçàíû óñòîé÷èâîñòè êëàññà äâóñëîéíûõ ñõåì (ÿâíàÿ, íåÿâíàÿ, ðàñùåïëåíèÿ) òèïà (3), ñî-

îòâåòñòâóþùèõ ìíîãîìåðíûì çàäà÷àì òåîðèè ïåðåíîñà èçëó÷åíèÿ ñ ïîñòîÿííûìè è ïåðåìåííûìè

êîýôôèöèåíòàìè â `p, 1 < p ≤ ∞. Èç íåå, ïðè p =∞, ïîëó÷åíû óñòîé÷èâîñòè â íîðìå C. Â ÷àñòíî-

ñòè, â ñëó÷àå ïîñòîÿííûõ êîýôôèöèåíòîâ óðàâíåíèÿ ïåðåíîñà íàéäåíû îöåíêè àñèìïòîòè÷åñêîãî

ïîâåäåíèÿ ðåøåíèÿ ðàçíîñòíûõ ñõåì (3) ïðè t → ∞, íà âñåì èíòåðâàëå âðåìåíè (0,∞) â íîðìå

ïðîñòðàíñòâà

`∞(Gτ ; `p(Gh × Ω̃)), 1 < p ≤ ∞,

ò.å. ñïðàâåäëèâîñòü âàæíîé îöåíêè ïðè ïðîåêòèðîâàíèè ÿäåðíûõ ðåàêòîðîâ:

∥∥Un+1
∥∥
`p(Gh×Ω̃)

≤ C1

∥∥ϕ∥∥
`p(Gh×Ω̃)

+C2 sup
0≤s≤n

∥∥∥fs∣∣∣
`p(Gh×Ω̃)

, 1 < p ≤ ∞, (4)

ãäå C1 = exp(−γtn+1), C2 = (1− exp(−γtn))/γ, γ = σ − σs(g0)1/p > 0,

∥∥ U ∥∥
`p(Gh×Ω̃)

=

(∑
Gh

h
N∑
ν=1

cν |Uν,h|p
)1/p

.
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Àâòîðîì â [16] ðàññìàòðèâàåòñÿ ãàç, ìîëåêóëû êîòîðîãî ìîãóò îáëàäàòü N, ðàçëè÷íûìè âåê-

òîð-ñêîðîñòÿìè Vk = (V 1
k , V

2
k , V

3
k ), k = 1, N, âçàèìíî ìåíÿþùèìèñÿ ïðè ñòîëêíîâåíèÿõ è äëÿ íåãî

ñèñòåìà N íåëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî ïëîòíîñòè ìîëåêóëû Uk, k = 1, N çàïèñûâàåòñÿ

â âèäå :

∂Uk
∂t

+
3∑

α=1

V α
k

∂Uk
∂xα

= σ

N∑
m=1

(
U2
m − U2

k

)
, k = 1, N, (5)

â îáëàñòè Q = (0,∞)×G ñ íà÷àëüíûìè è ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè

Uk(0, x) = ϕk(x); Uk

∣∣∣
Γ0xα

= Uk

∣∣∣
Γ1xα

, k = 1, N ; α = 1, 3, (6)

ãäå G = [0, 1]3�êóá, à Γρxα− ãðàíü êóáà G, σ−ñå÷åíèå ñòîëêíîâåíèÿ, t ∈ (0,∞).

ϕk(x) ≥ 0 ∧ ϕk(x) ∈ Lp(G), k = 1, N ; 1 < p ≤ ∞. (7)

Ñèñòåìó (5) òàêæå áóäåì íàçûâàòü äèñêðåòíîé ìîäåëüþ Êàðëåìàíà, òàê êàê â ÷àñòíûõ ñëó-

÷àÿõ N = 2, 3 èç íåå ñëåäóþò ñîîòâåòñòâåííî îáùåèçâåñòíûå äâóõ−òðåõ ñêîðîñòíûå ìîäåëè Êàð-
ëåìàíà ([12], ñòð.109) äëÿ óðàâíåíèÿ Áîëüöìàíà.

Äëÿ ýòîé çàäà÷è èçó÷åíà ñëåäóþùàÿ íåÿâíàÿ ñõåìà:

Un+1
k,h − U

n
k,h

τ
+

3∑
α=1

∣∣∣V α
k

∣∣∣E − T θkα
hα

Un+1
k,h = σ

N∑
m=1

[
(Un+1

m,h )2 − (Un+1
k,h )2

]
, k = 1, N. (8)

Ñõåìà (8) c óñëîâèÿìè (6) ñâîéñòâîì (7) àáñîëþòíî óñòîé÷èâà íà âñåì èíòåðâàëå âðåìåíè

(0,∞) â íîðìå ïðîñòðàíñòâà `∞((0,∞); `p(Gh)), 1 < p ≤ ∞ ò. å. âåðíû îöåíêè

∥∥∥Un+1
k

∥∥∥
`p(Gh)

≤
N∑
k=1

∥∥∥ϕk∥∥∥
`p(Gh)

, k = 1, N, 1 < p <∞; (9)

∥∥∥Un+1
k

∥∥∥
C(Gh)

≤
N∑
k=1

∥∥∥ϕk∥∥∥
C(Gh)

, k = 1, N, p =∞. (10)

Àâòîðîì â [17] èññëåäîâàíû è äîêàçàíû óñòîé÷èâîñòè â ïðîñòðàíñòâå `p, ∀p > 2 êëàññ ðàçíîñò-

íûõ ñõåì (ÿâíàÿ, íåÿâíàÿ, ðàñùåïëåíèÿ, ðàñùåïëåíèÿ ñ âåñàìè, ïðîäîëüíî−ïîïåðå÷íîé ïðîãîí-
êè), ñîîòâåòñòâóþùèõ óðàâíåíèÿì òåïëîïðîâîäíîñòè (äèôôóçèîííûì ïðèáëèæåíèåì óðàâíåíèÿ

ïåðåíîñà) ñ ïåðåìåííûìè êîýôôèöèåíòàìè

∂U

∂t
−

3∑
α=1

∂

∂xα

(
kα(x)

∂U

∂xα

)
= f(t, x), U(0, x) = ϕ(x); U(t, x)

∣∣
Γ
= 0, (11)

ãäå x = (x1, x2, x3) ∈ G = {0 ≤ xα ≤ `α, α = 1, 3}, Γ−ãðàíèöà G, t ∈ [0, T ], T <∞;

Èç ìíîæåñòâ èçó÷åííûõ ðàçíîñòíûõ çàäà÷ äëÿ (11) ÿâëÿåòñÿ èíòåðåñíûì èç−çà ïîâûøåííîé
òî÷íîñòè ñõåìà ðàñùåïëåíèÿ ñ âåñàìè

U
n+α

3
h − Un+α−1

3
h

τ
−
[
γΛα,hU

n+α
3

h + (1− γ)Λα,hU
n+α−1

3
h

]
= δ3

αf
n+1
h ,

Λα,h =
T+1
α aα,h
h2
α

(
T+1
α − E

)
−
aα,h
h2
α

(
E −T−1

α

)
, α = 1, 3.

(12)
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Ñõåìà (12) óñëîâíî óñòîé÷èâà ïðè max
α

sup
Gh

rα,h ≤ 1
2(1−γ) , ∀γ ∈ [0, 0.5)

⋃
(0.5, 1], ò. å.

‖ Un+1 ‖`p(Gh)≤ C1 ‖ ϕ ‖`p(Gh) +C2 sup
0≤s≤n+1

‖ fs ‖`p(Gh), C1, C2 − const. (13)

Êîãäà p =∞, óñòîé÷èâà â íîðìå C, à ïðè γ = 0.5 è γ = 1 àáñîëþòíî óñòîé÷èâà ñîîòâåòñòâåííî â

`2 è `p äëÿ ∀p.
Â ÷àñòíîñòè, ìåòîä èññëåäîâàíèÿ óñòîé÷èâîñòè â `p ïðèìåíåí äëÿ äâóìåðíûõ íåëèíåéíûõ ðàç-

íîñòíûõ çàäà÷ òåïëîïðîâîäíîñòè è ýêîëîãèè, è äîêàçàíû èõ óñòîé÷èâîñòè. Äâóìåðíîå íåëèíåéíîå

óðàâíåíèå òåïëîïðîâîäíîñòè ðàññìàòðèâàåòñÿ ñëåäóþùåì âèäå:

∂U

∂t
−

2∑
α=1

∂

∂xα

(
kα(U)

∂U

∂xα

)
= 0, (14)

ñ íà÷àëüíûì è ïåðèîäè÷åñêèì ãðàíè÷íûì óñëîâèÿìè

U(0, x) = ϕ(x), U(t, x)
∣∣
Γ0xα

= U(t, x)
∣∣
Γ`αxα

, kα
∂U

∂xα

∣∣
Γ0xα

= kα
∂U

∂xα

∣∣
Γ`αxα

, α = 1, 2, (15)

ãäå Γdxα ,
(
d = 0, `α

)
−ïðîòèâîïîëîæíûå ñòîðîíû ïðÿìîóãîëüíèêà G = {0 ≤ xα ≤ `α, α = 1, 2}.

Äëÿ ðåøåíèÿ (14)−(15) çàïèñûâàåòñÿ ñõåìà ðàñùåïëåíèÿ

U
n+ 1

2
h − Unh

τ
=

(
T+1

1 anh,1
h2

1

(
T+1

1 − E
)
−
anh,1
h2

1

(
E −T−1

1

) )
U
n+ 1

2
h , (16a)

Un+1
h − Un+ 1

2
h

τ
=

(
T+1

2 anh,2
h2

2

(
T+1

2 − E
)
−
anh,2
h2

2

(
E −T−1

2

) )
Un+1
h , (16b)

ñ íà÷àëüíî−ãðàíè÷íûìè óñëîâèÿìè (15), ãäå

anh,α(Unh ) = 0.5

(
kα(Unh ) + kα(T−1Unh )

)
, α = 1, 2.

È òàì æå [17] ïîêàçàíî, ÷òî ñõåìà ðàñùåïëåíèÿ (16) àáñîëþòíî óñòîé÷èâà â íîðìå ïðîñòðàí-

ñòâà

`∞(Gτ ; `p(Gh)), 1 ≤ p ≤ ∞,

ò. å. âåðíà îöåíêà

‖ Un+1 ‖`p(Gh) ≤ ‖ ϕ ‖`p(Gh), 1 ≤ p <∞, (17a)

‖ Un+1 ‖C(Gh) ≤ ‖ ϕ ‖C(Gh), p =∞, (17b)

è èìååò ïåðâûé ïîðÿäîê àïïðîêñèìàöèè ïî τ è âòîðîé−ïî h, à ñèñòåìà ðàçíîñòíûõ óðàâíåíèé

(16) ðåøàåòñÿ ìåòîäîì öèêëè÷åñêîé ïðîãîíêè.

Äàëåå, ñëåäóÿ [13], çàïèñûâàåòñÿ óðàâíåíèå äèíàìèêè ïðîñòðàíñòâåííî ðàñïðåäåëåííîé ïîïó-

ëÿöèè íà äâóìåðíîì àðåàëå G = {0 ≤ xα ≤ `α, α = 1, 2} :

∂U

∂t
−D

(
∂2U

∂x2
1

+
∂2U

∂x2
2

)
= F (U) (18)
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c íà÷àëüíûì

U(0, x) = ϕ(x), (19)

è ãðàíè÷íûìè óñëîâèÿìè

U(t, x)

∣∣∣∣
Γ0xα

= 0,
∂U

∂xα

∣∣∣∣
Γ`αxα

= 0, α = 1, 2, (20)

ãäå Γ0xα è Γ`αxα�ïðîòèâîïîëîæíûå ñòîðîíû ïðÿìîóãîëüíèêà G, t ∈ [0, T ], T < ∞; U = U(t, x)�

ïëîòíîñòü ïîïóëÿöèè; D = ρ2/4, ρ�ðàäèóñ èíäèâèäóàëüíîé àêòèâíîñòè ïîïóëÿöèè; F (U)� ëî-

êàëüíûé çàêîí ðîñòà ïîïóëÿöèè, ïðè÷åì çàâèñèìîñòü F îò U íåëèíåéíàÿ.

Ðàññìàòðèâàåòñÿ ñëó÷àé ëîãèñòè÷åñêîé ïîïóëÿöèè [14] , ò. å.

F (U) = νU
(
1− U/K

)
,

ãäå 0 < ν�ìàëüòóçèàíñèé ïàðàìåòð, 0 < K�"åìêîñòü"ñðåäû.

Ïóñòü Gh−ïðîñòðàíñòâåííàÿ ñåòêà, Gh = {xα,jα = jαhα, hα = `α
Nα
, jα = 0, Nα, α = 1, 2}.

Äëÿ (18)�(20) çàïèñàíî ñõåìà ðàñùåïëåíèÿ

U
n+ 1

2
h − Unh

τ
=
D

h1

(
T+1

1 − E
h1

− E −T−1
1

h1

)
U
n+ 1

2
h , (21a)

Un+1
h − Un+ 1

2
h

τ
=
D

h2

(
T+1

2 − E
h2

− E −T−1
2

h2

)
Un+1
h + νU

n+ 1
2

h (1− Un+1
h /K), (21b)

ñ íà÷àëüíî�ãðàíè÷íûìè óñëîâèÿìè

U0
h = ϕh, U

n+α
2

h

∣∣∣∣
Γ0xα

= 0, α = 1, 2, (22a)

U
n+ 1

2
N1,j2

= U
n+ 1

2
N1−1,j2

, j2 = 0, N2; Un+1
j1,N2

= Un+1
j1,N2−1, j1 = 0, N1. (22b)

Îòìåòèì, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ ϕ(x) íåîòðèöàòåëüíà íà ñåòêå Gh, òî ðåøåíèÿ ðàç-

íîñòíûõ çàäà÷ (21)�(22) U
n+ 1

2
h è Un+1

h òàê æå íåîòðèöàòåëüíû íà ñåòêå Gh äëÿ âñåõ n. Äîêàçàíî,

÷òî ñõåìà ðàñùåïëåíèÿ (21)�(22) àáñîëþòíî óñòîé÷èâà ïî íîðìå ïðîñòðàíñòâà

`∞(Gτ ; `p(Gh)), 1 ≤ p ≤ ∞,

ò. å. âåðíà îöåíêà

‖ Un+1 ‖`p(Gh) ≤ exp(νT ) ‖ ϕ ‖`p(Gh), 1 ≤ p <∞, (23a)

‖ Un+1 ‖C(Gh) ≤ exp(νT ) ‖ ϕ ‖C(Gh), p =∞. (23b)

Èç ìíîæåñòâà íåëèíåéíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè íàèáîëåå èíòåðåñíûìè îêàçàëèñü

èññëåäîâàíèÿ óñòîé÷èâîñòè â `p ðàçíîñòíûõ ñõåì äëÿ ñèñòåìû íåëèíåéíûõ òðåõìåðíûõ óðàâíåíèé
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Áþðãåðñà [18] îòíîñèòåëüíî âåêòîð−ôóíêöèè U = (U1, U2, U3) â îáëàñòè Q = (0, T ]×G:

∂Uk
∂t
− µ∆Uk + (U, gradUk) = fk; Uk(0, x) = ϕk(x); Uk

∣∣
Γ
= 0, k = 1, 3. (24)

Äëÿ íåå èçó÷åíû íåêîòîðûå ( ÿâíàÿ, ðàñùåïëåíèÿ è ò.ä. ) ðàçíîñòíûå çàäà÷è. Â òîì ÷èñëå, íåÿâíàÿ

ðàçíîñòíàÿ ñõåìà:
Un+1
k,h − U

n
k,h

τ
−

3∑
α=1

µ

h2
α

[
T+1
α − 2E + T−1

α

]
Un+1
k,h +

3∑
α=1

Unα,h
2hα

[
T+1
α −T−1

α

]
Un+1
k,h = fn+1

k,h , k = 1, 3.

(25)

Äîêàçàíî, ÷òî ñõåìà óñòîé÷èâà ò.å.

||Un+1
k ||`p(Gh) ≤ ||ϕk||`p(Gh) + T ||fk||`∞(Gτ ;`p(Gh)), 1 ≤ p ≤ ∞; k = 1, 3

ïðè ñëåäóþùåì íåîáû÷íîì óñëîâèè ìåæäó øàãàìè ñåòêè hα, ôóíêöèÿìè ϕα,h, f sα,h è èíòåðâàëîì

âðåìåíè T

hα ≤
2µ

||ϕα||C(Gh) + T ||fα||C(Qτh)
.

Îäíèì èç îñíîâíûõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè ÿâëÿåòñÿ íåëèíåéíîå óðàâíåíèå

Áîëüöìàíà[15] ñî ñòåïåííûì ïîòåíöèàëîì ìåæìîëåêóëÿðíîãî âçàèìîäåéñòâèÿ:

∂f

∂t
+ (v, gradf) = J(f)− fS(f) ≡ B(f, f), (26)

ãäå

J(f) =

∫
V3

∫
Σ

f ′f ′1K(θ,W)dσdv1, S(f) =

∫
V3

∫
Σ

f1K(θ,W)dσdv1,K(θ,W) = |W|qΛ(θ),

q = (n− 5)/(n− 1);

f = f(t,x,v), f1 = f(t,x,v1), f ′ = f(t,x,v′), è f ′1 = f(t,x,v′1)− ôóíêöèè ðàñïðåäåëåíèÿ ìîëåêóë,

ñîîòâåòñòâåííî, èìåþùèå ñêîðîñòè v, v1, v
′ è v′1; v, v1-âåêòîðû ñêîðîñòè äâóõ ñòàëêèâàþùèõñÿ

ìîëåêóë äî ñòîëêíîâåíèÿ; à v′,v′1− âåêòîðû ñêîðîñòè ïîñëå ñòîëêíîâåíèÿ; W = v − v1 -âåêòîð

îòíîñèòåëüíîé ñêîðîñòè; v ∈ V3 = {−∞ < vα < ∞, α = 1, 3}. Ñêîðîñòè ìîëåêóë ïîñëå ñòîëê-

íîâåíèé ñâÿçàíû ñ ñîîòâåòñòâóþùèìè ñêîðîñòÿìè äî íåãî ïîñðåäñòâîì îáû÷íûõ äèíàìè÷åñêèõ

ñîîòíîøåíèé: v′ = v + β(β,W), v′1 = v1 − β(β,W), ãäå β− åäèíè÷íûé âåêòîð â íàïðàâëåíèè

ðàññåÿíèÿ ìîëåêóë: β =
(
sin θ cos ε, sin θ sin ε, cos θ

)
; (θ, ε) ∈ Σ =

{
0 ≤ θ ≤ π; 0 ≤ ε ≤ 2π

}
.

Íåëèíåéíîå óðàâíåíèå Áîëüöìàíà (26), îïóáëèêîâàííîå 141 ëåò òîìó íàçàä, èìååò áîãàòóþ

èñòîðèþ. Îíî äî ñèõ ïîð îñòàåòñÿ îñíîâîé êèíåòè÷åñêîé òåîðèè ãàçîâ, óñïåøíî ïðèìåíÿåòñÿ äëÿ

ðåøåíèÿ çàäà÷ äèíàìèêè ïëàçìû, ðàçðåæåííûõ ãàçîâ, íåéòðîíîâ â ðåàêòîðàõ, ëó÷èñòîé ýíåð-

ãèè â àòìîñôåðå. Íåëèíåéíîìó óðàâíåíèþ Áîëüöìàíà ïîñâÿùåíî ìíîãî ðàáîò, âûïîëíåííûõ íà

ðàçëè÷íûõ óðîâíÿõ ìàòåìàòè÷åñêîé ñòðîãîñòè.

Â ÷àñòíîñòè, â ðàáîòå [19] àâòîðà èçó÷åíà çàäà÷à Êîøè äëÿ íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà

(26) ïðè n = ∞ èëè K(θ,W) = 0.25χ2|W| sin(2θ), ò.å. äëÿ ìîëåêóë−òâåðäûõ øàðîâ ðàäèóñà χ â
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îáëàñòè Q = [0, T ] × G× V3(
t ∈ [0, T ], T <∞; x = (x1, x2, x3) ∈ G ≡

{
0 ≤ xα ≤ 1, α = 1, 3

}
;

v = (v1, v2, v3) ∈ V3 ≡
{
−∞ ≤ vα ≤ ∞, α = 1, 3

})
îòíîñèòåëüíî ôóíêöèè ðàñïðåäåëåíèÿ f = f(t,x,v) ñ íà÷àëüíûì è ïåðèîäè÷åñêèì ãðàíè÷íûì

óñëîâèÿìè

f(t,x,v) |t=0= ϕ(x,v); f(t,x,v)
∣∣
Γ0xα

= f(t,x,v)
∣∣
Γ1xα

, α = 1, 3, (27)

ãäå Γρxα− ãðàíü êóáà G.

Ïîñòðîåíà ñõåìà ìåòîäà ðàñùåïëåíèÿ, ñîîòâåòñòâóþùåé çàäà÷å (26),(27):

fn+1/5 − fn

τ
= −fn+1/5S(fn+1/5);

fn+2/5 − fn+1/5

τ
= J(fn+1/5), (28)

fn+(α+2)/5 − fn+(α+1)/5

τ
+ vα

∂fn+(α+2)/5

∂xα
= 0, α = 1, 3. (29)

Èñïîëüçóÿ ìåòîä Ò. Êàðëåìàíà [12] äëÿ ïðåîáðàçîâàíèÿ èíòåãðàëà ñòîëêíîâåíèé, óñòàíîâëåíà

êëþ÷åâàÿ îöåíêà

‖ fn+1(x,v) ‖C(G×V3)=‖ ϕ(x,v) ‖C(G×V3) +TK, K − const, (30)

ðåøåíèÿ çàäà÷è (28),(29) â êëàññå ïîëîæèòåëüíûõ íåïðåðûâíûõ ôóíêöèé. Íà å¼ îñíîâå äîêàçàíî

ñóùåñâîâàíèå åäèíñòâåííîãî ïîëîæèòåëüíîãî íåïðåðûâíîãî ïî ñîâîêóïíîñòè ïåðåìåííûõ (t,x,v)

ðåøåíèÿ â öåëîì ïî âðåìåíè.
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ÀËÃÎÐÈÒÌ ÔÀÊÒÎÐÈÇÀÖÈÈ ÌÀÒÐÈ×ÍÎÃÎ ÏÎËÈÍÎÌÀ È

ÑÅÏÀÐÀÖÈÈ ÄÐÎÁÍÎ-ÐÀÖÈÎÍÀËÜÍÛÕ ÂÛÐÀÆÅÍÈÉ

ÂÎÇÍÈÊÀÞÙÈÕ ÏÐÈ ÐÅØÅÍÈÈ ÇÀÄÀ× ÎÏÒÈÌÀËÜÍÎÃÎ

ÑÈÍÒÅÇÀ

Ô.À. Àëèåâ, Í.È. Âåëèåâà, Ë.Ô. Àãàìàëèåâà

Èíñòèòóò Ïðèêëàäíîé Ìàòåìàòèêè, Áàêèíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò

Àííîòàöèÿ. Ïðèâîäÿòñÿ âû÷èñëèòåëüíûå àëãîðèòìû äëÿ ôàêòîðèçàöèè ïîëèíîìîâ è ñåïà-

ðàöèè äðîáíî-ðàöèîíàëüíûõ âûðàæåíèé íà áàçå ìàòðè÷íûõ ñèãíóì ôóíêöèè, êîòîðûå ïîçâî-

ëÿþò ñóùåñòâåííî óëó÷øèòü òî÷íîñòü ðåøåíèÿ çàäà÷è. Ñîçäàíà ïðîãðàììà äåëåíèÿ ïîëèíî-

ìîâ, ïîääåðæèâàþùàÿ ñèìâîëüíûå âû÷èñëåíèÿ. Ïðåäëîæåííûé àëãîðèòì ïîçâîëÿåò ïîëó÷èòü

ðåçóëüòàòû ñ âûñîêîé òî÷íîñòüþ. Ïðèâîäèòñÿ àíàëèòè÷åñêîå ðåøåíèå è ñðàâíèâàþòñÿ ðåçóëü-

òàòû ñ îáû÷íûìè (MATLAB) è �ñèìâîëüíûìè� (Symbolic Toolbox-Matlab) âû÷èñëåíèÿìè.
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Ââåäåíèå

Â ïîñëåäíåå âðåìÿ ñ ïðèìåíåíèåì íîâûõ êîìïüþòåðíûõ òåõíîëîãèé è ñîçäàíèåì íîâûõ ïà-

êåòîâ ïðèêëàäíûõ ïðîãðàìì (â òîì ÷èñëå Symbolic Toolbox MATLAB) òî÷íîñòü ðåçóëüòàòîâ

ðåøåíèÿ íåêîòîðûõ êëàññ çàäà÷ çíà÷èòåëüíî óâåëè÷èëàñü [1, 2]. Íàïðèìåð, â ðàáîòàõ [3, 4, 6]

ïðèâîäÿòñÿ âûñîêîòî÷íûå àëãîðèòìû ñ èñïîëüçîâàíèåì Symbolic Toolbox ïàêåòà MATLAB äëÿ

ðåøåíèÿ ìàòðè÷íûõ àëãåáðàè÷åñêèõ óðàâíåíèé Ðèêêàòè (ÌÀÓÐ) è Ëÿïóíîâà. Èñïîëüçóÿ ýòîò

ïîäõîä â [7] ñîçäàí àëãîðèòì äëÿ ôàêòîðèçàöèè ïîëèíîìà ñî ñêàëÿðíûìè êîýôôèöèåíòàìè ñ

âûñîêîé òî÷íîñòüþ.

Ïðè ðåàëèçàöèè îïåðàöèè ñ ÷èñëîâûìè âåëè÷èíàìè íåèçáåæíî âîçíèêàþò îøèáêè îêðóãëå-

íèÿ, ïîñêîëüêó òî÷íîñòü âû÷èñëåíèé îãðàíè÷åíà êîëè÷åñòâîì öèôð, èñïîëüçóåìûõ â êàæäîé

îïåðàöèè. Ïîýòîìó ïðè ìíîãîêðàòíîì ïîâòîðåíèè îïåðàöèé íàêàïëèâàþòñÿ îøèáêè. Îïåðàöèè

íàä ñèìâîëüíûìè âåëè÷èíàìè ìîãóò áûòü ðåàëèçîâàíû òî÷íî, ïîñêîëüêó â ýòèõ ñëó÷àÿõ íå âû-

ïîëíÿþòñÿ âû÷èñëåíèÿ ñ ÷èñëàìè, ïîýòîìó íå âîçíèêàþò îøèáêè îêðóãëåíèÿ. Ñèñòåìà MATLAB

âûïîëíÿåò âû÷èñëåíèÿ òîëüêî â àðèôìåòèêå ñ ïëàâàþùåé òî÷êîé. Ýòè îïåðàöèè îãðàíè÷åíû

ðàçðÿäíîñòüþ, ÷òî òàêæå â ñâîþ î÷åðåäü ïðèâîäèò ê îøèáêàì. Îäíàêî ðàçâèòèå è âñåñòîðîííåå

ïðèìåíåíèå âûñîêèõ òåõíîëîãèé ïîðîæäàåò âñå áîëüøå êëàññîâ çàäà÷, òðåáóþùèõ âûïîëíåíèå

âû÷èñëåíèé áåç êàêîé ëèáî ïîãðåøíîñòè. Äëÿ äîñòèæåíèÿ ýòîé öåëè â ðàáîòå èñïîëüçóåòñÿ ïàêåò

Symbolic Math Toolbox âõîäÿùèé â ñèñòåìó MATLAB.

Ñëåäóåò îòìåòèòü, ÷òî ñóùåñòâóåò êëàññ çàäà÷, ðåøåíèå êîòîðûõ ïðèâîäèòñÿ ê ôàêòîðè-

çàöèè ïîëèíîìîâ è ñåïàðàöèè äðîáíî-ðàöèîíàëüíûõ âûðàæåíèé. Íàïðèìåð, ðåøåíèå Ëèíåéíî-

Êâàäðàòè÷íûõ-Ãàóññîâûõ (ËÊÃ) çàäà÷ â ÷àñòîòíîé îáëàñòè ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ Âè-

íåðà-Õîïôà. À ïîñëåäíåå òåñíî ñâÿçàíî ñ âûøåóïîìÿíóòûìè ïðîöåäóðàìè. Èçâåñòíî [5, 7], ÷òî

ôàêòîðèçàöèÿ ïîëèíîìîâ ñâîäèòñÿ ê ðåøåíèþ ìàòðè÷íîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè

è äëÿ åãî ðåøåíèÿ ñîçäàíû âûñîêîòî÷íûå àëãîðèòìû. Â äàííîé ðàáîòå èñïîëüçóÿ ýòè àëãîðèòìû

ïðåäëîæåíà âûñîêîòî÷íàÿ âû÷èñëèòåëüíàÿ ïðîöåäóðà áàçèðóþùàÿ íà ñèìâîëüíûõ âû÷èñëåíèÿõ

äëÿ ôàêòîðèçàöèè ìàòðè÷íûõ ïîëèíîìîâ îòíîñèòåëüíî ìíèìîé îñè.

Ôàêòîðèçàöèÿ ìàòðè÷íîãî ïîëèíîìà îòíîñèòåëüíî ìíèìîé îñè

Ðàññìîòðèì ðåãóëÿðíûé âàðèàíò çàäà÷è ôàêòîðèçàöèè ìàòðè÷íîãî ïîëèíîìà Ïóñòü çàäàí

ýðìèòîâûé ìàòðè÷íûé ïîëèíîì

A(s) = (−1)ns2n + (−1)n−1A1s
2n−2 + ...+An (1)

ãäå, Ai > 0 . Òðåáóåòñÿ íàéòè H(s), óäîâëåòâîðÿþùèå ñîîòíîøåíèå

A(s) = H(s)H(−s) (2)

ãäå H(s) - ïîëèíîì, èìåþùåé íóëè â ëåâîé ïîëóïëîñêîñòè. Òîãäà H(−s) áóäåò èìåòü íóëè â

ïðàâîé ïîëóïëîñêîñòè. Èñïîëüçóÿ ðåçóëüòàòû [1] ðåøåíèå çàäà÷è (2) ïðåäñòàâèì â âèäå

H(s) = sn +G′ΠN (3)

ãäå Π ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííûì ðåøåíèåì ìàòðè÷íîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ

Ðèêêàòè:

ΠF + F ′Π−ΠGG′Π +R = 0 (4)
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Çäåñü

G =


0

·
·
·
1

 ; N =



1

s

·
·
·

sn−1


; F =


0 E 0 . . . 0

0 0 E . . . 0

· · · . . . ·
0 0 0 . . . E

0 0 0 . . . 0

 ;

R = diag(An, An− 1, ..., A1) (5)

Òàêàÿ ìàòðèöà Pi áóäåò îáåñïå÷èâàòü ãóðâè÷åâîñòü ìàòðèö,

F −G+G′Π

ò.å. åå ñîáñòâåííûå çíà÷åíèÿ ëåæàò â ëåâîé ïîëóïëîñêîñòè.

Àëãîðèòì äëÿ ôàêòîðèçàöèè ïîëèíîìà (1) ñîñòîèò èç ñëåäóþùèõ øàãîâ.

1. Ôîðìèðóþòñÿ êîýôôèöèåíòû A0, A1, ..., An ìàòðè÷íîãî ïîëèíîìà (1) è ìàòðèö F,G,R.

2. Ðåøàåòñÿ ìàòðè÷íîå àëãåáðàè÷åñêîå óðàâíåíèå Ðèêêàòè. (4).

3. Ñ ïîìîùüþ G′Π èç (3) âû÷èñëÿþòñÿ êîýôôèöèåíòû H0, H1, ...,Hn ïîëèíîìà H(s) è Ã(s) =

H(s) ·H∗(s) .

4. Ïðîâåðÿåòñÿ óñëîâèå ||A(s) − Ã(s)|| < ε , ãäå ε çàäàííîå òî÷íîñòü ðåøåíèÿ çàäà÷è. Åñ-

ëè óñëîâèå óäîâëåòâîðÿåòñÿ, ñèñòåìà âû÷èñëåíèÿ ïðåêðàùàåòñÿ, èíà÷å óòî÷íÿåòñÿ ðåøåíèå

ìàòðè÷íîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè èç (4).

À òåïåðü ðàññìîòðèì ôàêòîðèçàöèþ íåðåãóëÿòíîãî ìàòðè÷íîãî ïîëèíîìà

Ïóñòü çàäàí íåðåãóëÿðíûé ìàòðè÷íûé ïîëèíîì ðàçìåðà m×m

B(s) = (−1)nB0s
2n +B1s

2n−1 + ...+B2n, (6)

ãäå Bi = B′i äëÿ ÷åòíûõ çíà÷åíèé èíäåêñà, Bi = −B′i äëÿ íå÷åòêèõ çíà÷åíèé.
Òðåáóåòñÿ ôàêòîðèçîâàòü (6) ò.å. îïðåäåëèòü ìàòðèöó D(s) ðàçìåðà m×m óäîâëåòâîðÿþùóþ

ñîîòíîøåíèå

B(s) = D∗(s)D(s). (7)

Çäåñü ∗- îçíà÷àåò îïåðàöèþ òðàíñïîíèðîâàíèÿ è çàìåíó s íà ˘s.

Êîãäà B0 èìååò îáðàòíóþ, ãäå åå ðåøåíèå çàäà÷è (6), (7) îïèñàí âûøå.

Ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà B0 íå èìååò îáðàòíóþ.

Äëÿ ôàêòîðèçàöèè íåðåãóëÿðíîãî ìàòðè÷íîãî ïîëèíîìà íåîáõîäèìî âûïîëíåíèå ñëåäóþùèõ

øàãîâ [7]:

1. Óìíîæàÿ ìàòðèöû B(s), ñïðàâà è ñëåâà íà ïîñòðîåííûå ñïåöèàëüíûì îáðàçîì ïîëèíîìè-

àëüíûå ìàòðèöû T∗(s), T (s), äî òåõ ïîð, ïîêà â ðåçóëüòàòå áóäåò ïîëó÷åíà ðåãóëÿðíîé ìàò-

ðè÷íîé ïîëèíîì A(s) = T∗(s)B(s)T (s).

2. Ôàêòîðèçîâàâ ïîëèíîì A(s) ñ ïîìîùüþ àëãîðèòìà ïðèâåäåííîãî âûøå ïîëó÷èì A(s) =

H∗(s)H(s).
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3. Èñêîìàÿ ìàòðèöà âû÷èñëÿåòñÿ ôîðìóëîé D(s) = H(s)T−1(s).

Ïðîèëëþñòðèðóåì ñõåìó ðåàëèçàöèè ïåðâîãî øàãà. Äëÿ ýòîãî èñïîëüçóåòñÿ ñòàíäàðòíàÿ ïðî-

öåäóðà svd (ñèíãóëÿðíîå ðàçëîæåíèå ìàòðèöû) Symbolic Toolbox ïàêåòà Matlab. Ïðèìåíÿÿ ýòó

ïðîöåäóðó, ïîëó÷èì

[U,D, V ] = svd(A) ãäå A = UDV ′

Óìíîæèâ B(s) íà V ïîëó÷àåì ñëåäóþùèé ïîëèíîì

V ′B(s)V = [Bij(s)], ij = 1, ...,m.

Äàëåå îïðåäåëÿåòñÿ ìàòðèöà T1(s) â ñëåäóþùåì âèäå

T1(s) = diag{1, ..., 1, (s+ α1)δ1 , 1, ..., 1},
ãäå δm ìàêñèìàëüíàÿ ñòåïåíü âíå äèàãîíàëüíîãî ïîëèíîìà. Â ðåçóëüòàòå âûïîëíåíèé êîíå÷-

íîãî ÷èñëà öèêëîâ ïîëó÷àåì ðåãóëÿðíûé ìàòðè÷íûé ïîëèíîì

B(s) = T0∗(s)B(s)T0(s) = (−1)nB01s
2n + ...+B02n. (8)

Çäåñü ìàòðèöà B01 ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, ò.å. åå ìîæíî ïðåäñòàâèòü â âèäå

B01 = Q′Q. Äëÿ ýòîãî èñïîëüçóåòñÿ ïðîöåäóðà chol (A) (ðàçëîæåíèÿ Õîëåöêîãî) Symbolic Toolbox

ïàêåòà Matlab, ãäå Q âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà. Óìíîæàÿ B(s) ñëåâà íà (Q′)−1 è ñïðàâà íà

Q−1 ïîëó÷èì ìàòðè÷íûé ïîëèíîì, â êîòîðîì êîýôôèöèåíò ãëàâíîãî ÷ëåíà ÿâëÿåòñÿ åäèíè÷íîé

ìàòðèöåé

B(s) = (−1)nEs2n +A1s
2n−1 + ...+A2n (9)

ãäå Aj = (Q′)−1B0jQ
−1, j = 1, 2, ..., 2n.

Äàëåå âûïîëíÿåòñÿ âòîðîé øàã àëãîðèòìà. Îïðåäåëÿåòñÿ ìàòðèöà H(s), êîòîðàÿ ôàêòîðèçóåò

ïîëèíîì (9). Â ýòîì øàãå ðåøàåòñÿ ìàòðè÷íîå àëãåáðàè÷åñêîå óðàâíåíèÿ Ðèêêàòè (ÀÓÐ) ñ ïîìî-

ùüþ ìåòîäà ìàòðè÷íîé ñèãíóì-ôóíêöèè [7, 8], êîòîðûé ðåàëèçóåòñÿ ñèìâîëüíûìè âû÷èñëåíèÿìè

ñ ïðîèçâîëüíîé òî÷íîñòüþ. Êðàòêî îïèøåì ïðîöåäóðó âû÷èñëåíèÿ ìàòðè÷íîé ñèãíóì-ôóíêöèè,

êîòîðàÿ ñîãëàñíî [8] îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

sgnA = lim
i→∞

Ai,

A0 = A,

Ai+1 =
1

2
(Ai +A−1

i ), i = 0, 1, ...

Â òðåòüåì øàãå íàõîäèòñÿ èñêîìàÿ ìàòðèöà D(s)

D(s) = H(s)QT−1
j (s)V ′v ...T

−1
1 (s)V ′1 .

Òóò îïåðàöèÿ óìíîæåíèÿ ìàòðèöû ñïðàâà íà T−1
j (s) ôàêòè÷åñêè ñîñòîèò èç âûïîëíåíèÿ äåëåíèÿ

ïîëèíîìîâ ñîîòâåòñòâóþùåãî ñòîëáöà ýòîé ìàòðèöû íà ïîëèíîì (s+αj)
δi , ñòîÿùèé íà äèàãîíàëè

ìàòðèöû Tj(s). Äëÿ óïðîùåíèÿ âû÷èñëèòåëüíîé ïðîöåäóðû âîçüìåì αj = 1.

Â ïàêåòå ÌATLAB ñóùåñòâóåò ñòàíäàðòíûå ïðîöåäóðû óìíîæåíèå è äåëåíèå ïîëèíîìîâ. Àð-

ãóìåíòû ýòèõ ôóíêöèè ÷èñëîâûå ïåðåìåííûå. Ýòè ïðîöåäóðû íå ïîçâîëÿþò, ïîëó÷èò ðåçóëüòàòû

ñ òðåáóåìîé òî÷íîñòüþ è íå ïîääåðæèâàþò Symbolic Toolbox ïàêåòà MATLAB. Ó÷èòûâàÿ ýòî îá-

ñòîÿòåëüñòâî, ìû ðàçðàáîòàëè ïðîãðàììû äëÿ óìíîæåíèÿ è äåëåíèÿ ïîëèíîìîâ â ñðåäå Symbolic

Toolbox ïàêåòà MATLAB.
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Äåëåíèå ìíîãî÷ëåíîâ ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó ïîâòîðåíèþ ñëåäóþùèõ ïðîöåäóð:

1. â ïåðâîì øàãå àëãîðèòìà ñòàðøèé ÷ëåí äåëèìîãî, à â ïîñëåäóþùåì, ñòàðøèé ÷ëåí î÷åðåä-

íîé ðàçíîñòè äåëèòñÿ íà ñòàðøèé ÷ëåí äåëèòåëÿ;

2. ðåçóëüòàò äåëåíèÿ äàåò î÷åðåäíîå ñëàãàåìîå â ÷àñòíîì, íà êîòîðîå óìíîæàåòñÿ äåëèòåëü.

Ïîëó÷åííîå ïðîèçâåäåíèå çàïèñûâàåòñÿ ïîä äåëèìûì èëè î÷åðåäíîé ðàçíîñòüþ;

3. åñëè ñòåïåíü ïîëó÷åííîãî ðàçíîñòíîãî ìíîãî÷ëåíà áîëüøå èëè ðàâíà ñòåïåíè äåëèòåëÿ, òî

ñ íåþ ïîâòîðÿþòñÿ äåéñòâèÿ 1, 2. Åñëè æå ñòåïåíü ïîëó÷åííîé ðàçíîñòè ìåíüøå ñòåïå-

íè äåëèòåëÿ, òî ïðîöåäóðà äåëåíèÿ çàâåðøàåòñÿ. Ïðè ýòîì ïîñëåäíÿÿ ðàçíîñòü ÿâëÿåòñÿ

îñòàòêîì.

Íèæå ïðèâåäåí òåêñò ïðîãðàììû äåëåíèÿ ïîëèíîìîâ â ñðåäå Symbolic Toolbox ïàêåòà MATLAB

function [Y, Zf] = bolme1(B, A)

syms Y Zf fir fi firr firout

A1=vpa(A);B1=vpa(B);

if ((size(A,1)>1 & size(A,2)>1) | length(size(A)) == 3 )

error('A must be a vector.')

end

if ((size(B,1)>1 & size(B,2)>1) | length(size(B)) == 3 )

error('B must be a vector.')

end

if(A(1)==0.)

error('The first element of A can not be zero.');

end

A=vpa(A,64);B=vpa(B,64);bir=vpa(1,128);y=0;firr=vpa([0]);

while y==0

nb=length(B); na=length(A); X= vpa([bir zeros(1,nb-na)]);

if( double(A(1))~=1)

B = vpa(B/A(1)); A = vpa(A/A(1));

end

if length(B) < length(A)

y=3;

end

if(length(B)>=length(A))

if (size(A,1)>1)

Apad = vpa([A; zeros(length(B)-length(A), 1)]);

else

Apad =vpa ([A, zeros(1, length(B)-length(A)) ],64); Bpad=vpa(B,64);

end

fir = vurma(vpa(Apad),vpa(B(1)));fi=vurma(vpa(X),vpa(B(1)));

firr=polysum(vpa(firr),vpa(fi));

firOut=vpa(polysum(vpa(Bpad),-vpa(fir)),64);
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for i=1:length(firOut)

if double(firOut(i))~=0.

k=i;

break

end

end

kk=0;firOut1=[ ];

for i=k:length(firOut)

kk=kk+1; firOut1(kk)=vpa(firOut(i),64);

end

firOut=vpa(firOut1,64);B=vpa(firOut,64);

end

end

Y=vpa(firr,64);Zf=vurma(vpa(firOut),vpa(A1(1)));

Zf=vpa(Zf,64);

Ïðîèëëþñòðèðóåì ðàáîòó àëãîðèòìà ôàêòîðèçàöèè íåðåãóëÿðíîãî ìàòðè÷íîãî ïîëèíîìà íà

ñëåäóþùåì ïðèìåðå. Ïðèìåð. Ïóñòü ïîäëåæàùèé ôàêòîðèçàöèè ìàòðè÷íûé ïîëèíîì èìååò âèä

B(s) =

[
3− s2 s4

s4 2 + s8

]
.

Â (6) âîçüìåì

B1 = B2 = B3 = B5 = B7 = 0

B0 =

[
0 0

0 1

]
, B4 =

[
0 1

1 0

]
, B6 =

[
−1 0

0 0

]
, B8 =

[
3 0

0 2

]
.

Ìàòðèöà U =

[
0 1

−1 0

]
ïðèâîäèò ìàòðèöó B0 ê äèàãîíàëüíîìó âèäó. Óìíîæàÿ ïîëèíîì B(s)

ñïðàâà è ñëåâà íà U ïîëó÷àåì

U ′B(s)U =

[
2 + s8 −s4

−s4 3− s2

]
.

Ìàòðèöà T (s) îïðåäåëÿåòñÿ â ñëåäóþùåì âèäå T (s) = diag{1, (s+ 1)3}.

Âû÷èñëèì ìàòðè÷íûé ïîëèíîì

B1(s) = T∗(s)U
′B(s)UT (s) =

[
2 + s8 −s4(1 + s)3

−s4(1− s)3 (3− s2)(1− s2)3

]
,

ò.å. ïîëó÷èì ðåãóëÿðíûé ìàòðè÷íûé ïîëèíîì

As = A1s
8 +A2s

7 +A3s
6 +A4s

5 +A5s
4 +A6s

3 +A7s
2 +A8s+A9,
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ãäå

A1 =

[
1 0

0 1

]
, A2 =

[
0 1

−1 0

]
, A3 =

[
1 3

3 −6

]
, A4 =

[
0 3

−3 0

]
, A5 =

[
0 1

1 12

]
,

A6 =

[
0 0

0 0

]
, A7 =

[
0 0

0 −10

]
, A8 =

[
0 0

0 0

]
, A9 =

[
2 0

0 3

]
.

Ôàêòîðèçàöèÿ A(s) = H∗(s)H(s) äàåò

H0 =

[
1 0

0 1

]

H1 =

[
2.6702467521558406665425481245717 −0.21388401189504250760922278296807

0.78611598810495749239077721703342 4.7187942370905486937889886190026

]

H2 =

[
3.8740980320765246205111837077708 −0.64165203568512752282766834890364

0.78004854193874481711880311069832 8.1563827112716460813669658570098

]

H3 =

[
3.2990762000942031797723236099326 −0.64165203568512752282766834890411

0.51213530895998361311306354355974 6.1563827112716460813669658570090

]

H4 =

[
1.4033896179027123174615514817531 −0.21388401189504250760922278296781

0.17463556442740729223783760919692 1.7187942370905486937889886190027

]
Òî÷íîñòü ýòèõ âû÷èñëåíèé ðàâíà 3.224839186938058e-029

Òàêèì îáðàçîì, èñêîìàÿ ìàòðèöà èìååò âèä

D1 =

[
0 1

0 0

]
, D2 =

[
0 2.6702467521558406665425481245717

0 0.78611598810495749239077721703342

]
,

D3 =

[
0 3.8740980320765246205111837077708

0 0.78004854193874481711880311069832

]
,

D4 =

[
0 3.2990762000942031797723236099326

1 0.51213530895998361311306354355974

]
,

D5 =

[
d11 d12

d21 d22

]
,

ãäå

d11 = 0.21388401189504250760922278296807

d12 = 1.4033896179027123174615514817531

d21 = −1.7187942370905486937889886190026

d22 = 0.17463556442740729223783760919692

Êîýôôèöèåíòû íåðåãóëÿðíîãî ìàòðè÷íîãî ïîëèíîìà ïîëó÷åííîãî â ðåçóëüòàòå ïåðåìíîæåíèè

B(s) = D∗(s)D(s) îòëè÷àåòñÿ îò èñõîäíîãî íà 29-îì çíàêå. Òàêèì îáðàçîì, ðàññìîòðåííàÿ çàäà÷à

ðåøåíà ñ òî÷íîñòüþ 1.577822734559815e-029.

Ñåïàðàöèÿ äðîáíî-ðàöèîíàëüíûõ ìàòðèö îòíîñèòåëüíî ìíèìîé îñè
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Ïðåäñòàâèì äðîáíî-ðàöèîíàëüíóþ ìàòðèöó V â âèäå

V = V0 + V+ + V−

ãäå V0 ïîëèíîìèàëüíàÿ ìàòðèöà, V+ è V− äðîáíî-ðàöèîíàëüíûå ìàòðèöû ýëåìåíòû êîòîðûõ

ÿâëÿþòñÿ ïðàâèëüíûìè äðîáÿìè ñ ïîëþñàìè â ëåâîé è â ïðàâîé ïîëóïëîñêîñòÿõ.

Ñåïàðàöèÿ äðîáíî-ðàöèîíàëüíîé ìàòðèöû V îñóùåñòâëÿåòñÿ ïîýëåìåíòíî. Ýëåìåíòû ìàòðè-

öû V0 ÿâëÿþòñÿ öåëûìè ÷àñòÿìè ñîîòâåòñòâóþùèõ ýëåìåíòîâ ìàòðèöû V è íàõîäÿòñÿ â ðåçóëü-

òàòå äåëåíèÿ ÷èñëèòåëÿ íà çíàìåíàòåëü. Äðîáíûå ÷àñòè îáðàçóþò ìàòðèöó

V+ + V− =

[
bij(s)

aij(s)

]
=

[
b
(1)
ij s

n−1 + b
(2)
ij s

n−2 + ...+ b
(n)
ij

sn + a
(1)
ij s

n−1 + ...+ a
(n)
ij

]
(10)

i = 1, 2, ..., n; j = 1, 2, ..., n ýëåìåíòû êîòîðûõ ÿâëÿþòñÿ ïðàâèëüíûìè äðîáÿìè.

Ðàññìîòðèì ñëåäóþùèé ñëó÷àé ñåïàðàöèè. Ïóñòü íóëè ïîëèíîìà a1(s), a2(s) ëåæàò ïî ðàçíûå

ñòîðîíû îò ìíèìîé îñè, nε - ñòåïåíü ïîëèíîìà aε(s), e = 1, 2, n1 + n2, n1 ≤ n2.

Îïèøåì ïðîöåäóðó âû÷èñëåíèÿ ïîëèíîìà a1(s). Ïðåäïîëîæèì, ÷òî b1(s) = 1. Ïðåäñòàâëåíèå

â ïðîñòðàíñòâå ñîñòîÿíèÿ ïðàâèëüíîé äðîáè 1
a(s) ñëåäóþùåå

1
a(s) = C(Es−A)−1 · α

ãäå

a(s) = sn + a1s
n−1 + ...+ an

C = [1 0...0], α = [0 0...1]

A =

 0 . . . En−1

. . . . . . . . . . . . . . . . . . . . . . . . . .

−an . . . −an . . . −a1

 , E- åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n− 1 .

(Es−A)−1 = (Es−AA∗)−1A+ + (Es−AA−)−1A−,

Çäåñü A+ = E−signA
2 , A− = E+signA

2 ÿâëÿþòñÿ íå îðòîãîíàëüíûìè ïðîåêòîðàìè íà èíâàðèàíò-

íîé ïîäïðîñòðàíñòâà ìàòðèöû A. A−1 ñóùåñòâóåò, ïîòîìó ÷òî a(s) íå èìååò íóëåé íà ìíèìîé îñè.

Âû÷èñëèì ðàíã ìàòðèöû AA+ è AA− .

rank(AA+) = r+; rank(AA−) = r− n1 = min(r+, r−).

Âû÷èñëÿåì

X ′ =
[
(C(AA∗)n1+1)′, ..., C(AA∗))′

]
ãäå

A∗ =

A+ r+ < r−

A− èíà÷å

Ìàòðèöó X ñ ïîìîùüþ ìàòðèöû U ïðèâîäèì ê òðåóãîëüíîìó âèäó ñ ïîìîùüþ QR-ðàçëîæåíèå

ìàòðèöû (ïðîöåäóðà qr.m ïàêåòà Matlab. [L,U ] = qr(X), U - âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà). Ïî-

ñëåäíÿÿ ñòðîêà ïðèâåäåííîé ìàòðèöû áóäåò íóëåâîé, à ýëåìåíòû ïîñëåäíåé ñòðîêè ìàòðèöû U -

êîýôôèöèåíòû ïîëèíîìà a1(s) â ïîðÿäêå óáûâàíèÿ ñòåïåíåé.

Ïðåäëîæèì, ÷òî âû÷èñëåí ïîëèíîì a1(s) (äàëåå èíäåêñû i, j îïóñêàþòñÿ). Èç a(s) = a1(s)a2(s)

ïîëó÷àåì

a2(s) =
a(s)

a1(s)
(11)
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Ïîñëå îïðåäåëåíèÿ a1(s) è a2(s) ïîëèíîìû b1(s) è b2(s) íàõîäÿòñÿ èç ðåøåíèÿ ïîëèíîìèàëüíîãî

óðàâíåíèÿ

b(s) = a2(s)b1(s) + a1(s)b2(s)

Ïðèìåð 2. Çàäàí ïîëèíîì

a(s) = s3 − 2s2 − s+ 2; b(s) = 1

Ïðè âûïîëíåíèè ïðîãðàìì ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

a1(s) = 1.s+ 1

a2(s) = s2 − 3s+ 2

a(s) = a1(s) · a2(s)

||a(s)− a(s)|| = 0.

Îïåðàöèè ôàêòîðèçàöèè è ñåïàðàöèè ðåàëèçóþòñÿ ïóòåì ïîñòðîåíèÿ ìàòðè÷íîé ñèãíóì ôóíê-

öèè. Ðåçóëüòàòû áóäóò èñïîëüçîâàíû äëÿ ñîçäàíèÿ âû÷èñëèòåëüíîãî àëãîðèòìà ñèíòåçà îïòè-

ìàëüíîãî ðåãóëÿòîðà äëÿ ñèñòåìû ñ îäíèì âõîäîì è îäíèì âûõîäîì.
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ÇÀÄÀ×È ÓÏÐÀÂËÅÍÈß ÃÀÇËÈÔÒÍÛÌ ÏÐÎÖÅÑÑÎÌ ÏÐÈ

ÌÈÍÈÌÀËÜÍÛÕ ÏÎÒÅÐßÕ ÄÅÁÈÒÀ Â ÏÎÄÚÅÌÍÈÊÅ

Ô.À. Àëèåâ, Í.À. Èñìàèëîâ

Èíñòèòóò Ïðèêëàäíîé Ìàòåìàòèêè, Áàêèíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Áàêó, Àçåðáàéäæàí

Abstract. An time- averaged gas-lift process is considered, where, in particular, it is assumed

that the gas- liquid mixture (GLM) which appears in the zone of mixing on the border of the ring

space and layer, is passed to the lift through impulse systems. As GLM directed from the mixing

zone to the exit of well, is passed not fully, for the maximal debit production with the minimum

initial volume of gas it is assumed, that at the beginning and at the end of lift the volumes of

gas-liquid mixture are equal (i.e. satisfaction to the condition of periodicity is demanded). The

algorithm of solution of this problem on the basis of methods of �nding of extremums, where,

leaning to the calculable procedures of quasi-linearization and Euler, the numerical algorithm and

its implementation in the MATLAB software is given. The results are illustrated on the concrete

practical example, which shows that this approach leads to a signi�cant increase in the debit of the

well.

Ðàññìàòðèâàåòñÿ óñðåäíåííûé ïî âðåìåíè ãàçëèôòíûé ïðîöåññ, ãäå â ÷àñòíîñòè, ïðåäïîëàãà-

åòñÿ, ÷òî ãàçîæèäêîñòíàÿ ñìåñü (ÃÆÑ), êîòîðàÿ îáðàçóåòñÿ â çîíå ñìåøåíèÿ íà ãðàíèöå êîëüöåâî-

ãî ïðîñòðàíñòâà è ïëàñòà, ïåðåäàåòñÿ â ïîäúåìíèê ÷åðåç èìïóëüñíûå ñèñòåìû. Ïîñêîëüêó ÃÆÑ,

íàïðàâëåííàÿ èç çîíû ñìåøåíèÿ ê âûõîäó ñêâàæèíû, ïåðåäàåòñÿ íå ïîëíîñòüþ, äëÿ äîáû÷è ìàê-

ñèìàëüíîãî äåáèòà ñ ìèíèìàëüíûì íà÷àëüíûì îáúåìîì ãàçà ïðåäïîëàãàåòñÿ, ÷òî â íà÷àëå è â

êîíöå ïîäúåìíèêà îáúåìû ãàçî-æèäêîñòíîé ñìåñè ðàâíû (ò.å. òðåáóåòñÿ óäîâëåòâîðåíèå óñëîâèþ

ïåðèîäè÷íîñòè). Äàëåå ïðåäëàãàåòñÿ àëãîðèòì ðåøåíèÿ äàííîé çàäà÷è íà îñíîâå ìåòîäîâ íàõîæ-

äåíèÿ ýêñòðåìóìîâ, ãäå, îïèðàÿñü íà âû÷èñëèòåëüíûå ïðîöåäóðû êâàçèëèíåàðèçàöèè è Ýéëåðà,

ïðèâîäèòñÿ ÷èñëåííûé àëãîðèòì è åãî ðåàëèçàöèè â ñðåäå ïðîãðàììíîãî îáåñïå÷åíèÿ MATLAB.

Ðåçóëüòàòû èëëþñòðèðóþòñÿ íà êîíêðåòíîì ïðàêòè÷åñêîì ïðèìåðå, ïîêàçûâàþùåì, ÷òî òà-

êîé ïîäõîä ïðèâîäèò ê çíà÷èòåëüíîìó ïîâûøåíèþ äåáåòà ñêâàæèíû.

Ââåäåíèå. Êàê èçâåñòíî [1], çàäà÷à äëÿ îïðåäåëåíèÿ îïòèìàëüíîãî ðåæèìà â ïðîöåññå ãàç-

ëèôòà âûïîëíÿåòñÿ ñ ïîìîùüþ óñðåäíåíèÿ óðàâíåíèÿ äâèæåíèÿ ãàçîæèäêîñòíîé ñìåñè ïî âðå-

ìåíè - t èëè ïî ãëóáèíå ñêâàæèí x . Äàëåå, äëÿ ïåðâîãî ñëó÷àÿ, ñîñòàâëÿÿ ñîîòâåòñòâóþùèé

ôóíêöèîíàë, ñîñòîÿùèé èç ñóììû êâàäðàòîâ äåáèòà ñ îòðèöàòåëüíûìè, à óïðàâëåíèÿ ñ ïîëîæè-

òåëüíûìè âåñîâûìè êîýôôèöèåíòàìè, ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ ñåäëîâûõ òî÷åê [2, 3]

äëÿ îïðåäåëåíèÿ îïòèìàëüíûõ ðåæèìîâ ãàçëèôòíîãî ïðîöåññà [4,5]. Ýòî è ÿâëÿåòñÿ óïðîùåííîé

ìàòåìàòè÷åñêîé ìîäåëüþ óâåëè÷åíèÿ äîáû÷è íåôòè â ãàçëèôòíûõ ñêâàæèíàõ.

Òàê êàê îáû÷íî äåáèò ñêâàæèíû òåðÿåòñÿ â ïðåäåëàõ 55%-57% â ïîäú�åìíèêå, âîçíèêàåò âî-

ïðîñ: íåëüçÿ ëè â ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà ïðè îïèñàíèè ôóíêöèîíàëà êâàäðàò äåáèòà

çàìåíèòü íà êâàäðàò îáúåìà ÃÆÑ â íà÷àëå ïîäúåìíèêà, çàòåì ïðèáàâèòü ê íà÷àëüíûì äàííûì

óñëîâèå ïåðèîäè÷íîñòè, îïðåäåëÿþùåå îáúåì ÃÆÑ â íà÷àëå è â êîíöå ïîäúåìíèêà?
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Ýòî, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ ýêâèâàëåíòîì çàäà÷è ïîäúåìà ÃÆÑ èç ïëàñòà íà âûõîä ñêâàæè-

íû ñ ìèíèìàëüíîé ïîòåðåé ïî ïîäúåìíèêó. Òàêîé ïîäõîä äåëàåò àêòóàëüíûì ñîçäàíèå ïåðèîäè÷å-

ñêîé ìàòåìàòè÷åñêîé ìîäåëè ãàçëèôòíûõ ñêâàæèí. Òîãäà, ñ ïîìîùüþ óìåíüøåíèÿ àáñîëþòíîãî

çíà÷åíèÿ ñîîòâåòñòâóþùåãî âåñîâîãî êîýôôèöèåíòà â ôóíêöèîíàëå ìîæíî äîáèòüñÿ óâåëè÷åíèÿ

äåáèòà, êîòîðûé ïðè óñëîâèè ïåðèîäè÷íîñòè 1 îáåñïå÷èâàåò ìàêñèìàëüíûé îáúåì äåáèòà, ñîâ-

ïàäàþùèé ñ îáúåìîì ÃÆÑ â íà÷àëå ïîäúåìíèêà, ò.å. ïîòåðè â ïîäúåìíèêå óìåíüøàþòñÿ äî

ìèíèìóìà.

Òàêèì îáðàçîì, â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ïåðèîäè÷åñêàÿ ýêñòðåìàëüíàÿ çàäà÷à

óïðàâëåíèÿ ãàçëèôòíûì ïðîöåññîì [1], óñðåäíåííîãî ïî âðåìåíè, ãäå óðàâíåíèå äâèæåíèÿ íåëè-

íåéíîå è ïðåäëîæåííûå àëãîðèòìû èç [7, 8] íå ïðèìåíèìû äëÿ å¼ ðåøåíèÿ. Ïîýòîìó, çäåñü ïðåä-

ëàãàåòñÿ íîâûé àëãîðèòì íà áàçå ìåòîäà êâàçèëèíåàðèçàöèè [9]. Äàëåå, ðåçóëüòàòû èëëþñòðèðó-

þòñÿ ÷èñëîâûì ïðèìåðîì, ãäå ïîêàçûâàåòñÿ, ÷òî òàêàÿ ïîñòàíîâêà ïîçâîëÿåò óâåëè÷èòü äåáèòû,

òàêæå óìåíüøèòü ïîòåðè ÃÆÑ â ïîäúåìíèêå.

Ïîñòàíîâêà çàäà÷è

Ïóñòü óðàâíåíèå äâèæåíèÿ ÃÆÑ, óñðåäíåííîãî ïî âðåìåíè ãàçëèôòíîãî ïðîöåññà, îïèñûâà-

åòñÿ ñèñòåìîé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé 2

Q̇ =
2aρFQ2

c2ρ2F 2 −Q2
, Q(0) = u (1)

Ṗ =
2ac2ρ2FQ

c2ρ2F 2 −Q2
, P (0) = P0 (1′)

íà èíòåðâàëå (0,2l), ãäå Q ìàññîâûé ðàñõîä çàêà÷èâàåìîãî ãàçà â êîëüöåâîì ïðîñòðàíñòâå è ÃÆÑ

â ïîäúåìíèêå, F ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ íàñîñíî-êîìïðåññîðíûõ òðóá ïî îñè x (ãëóáèíà

ñêâàæèí),c - ñêîðîñòü çâóêà â ãàçå è ÃÆÑ, ρ ïëîòíîñòü ãàçà, íåôòè è ÃÆÑ â çàâèñèìîñòè îò êî-

îðäèíàòû [1], 2a = g
ωc

+ λcωc
2D , g, λc - óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ è ãèäðàâëè÷åñêîãî ñîïðîòèâëå-

íèÿ ñîîòâåòñòâåííî, Di(i=1,2) - âíóòðåííèé è ýôôåêòèâíûé äèàìåòðû êîëüöåâîãî ïðîñòðàíñòâà,

ïîäúåìíèêà è ωc óñðåäíåííàÿ ïî ñå÷åíèþ ñêîðîñòü äâèæåíèÿ ñìåñè, P(t) - èçáûòî÷íîå äàâëåíèå

íàä å¼ ñòàöèîíàðíûì çíà÷åíèåì, u, p0 , - íà÷àëüíûå äàííûå, êîòîðûå èãðàþò ðîëü óïðàâëÿþùå-

ãî âîçäåéñòâèÿ. Ïîñêîëüêó óðàâíåíèå (1) ïîëíîñòüþ íå çàâèñèò îò óðàâíåíèÿ (1`), èññëåäîâàíèÿ

äàëåå áóäóò âåñòèñü ïî óðàâíåíèþ (1). Îòìåòèì, ÷òî â óðàâíåíèè (1) îòñóòñòâóåò óïðàâëÿþùåå

âîçäåéñòâèÿ è îíî âõîäèò â íà÷àëüíîå óñëîâèå. Ïîýòîìó äàëåå ñîîòâåòñòâóþùóþ çàäà÷ó íà îñíîâå

(1) íàçîâåì çàäà÷åé ñ ãðàíè÷íûì óïðàâëåíèåì.

Êàê èçâåñòíî [1, 4, 5], ñâåðõó ïîäàâàåìûé ãàç â çîíå ñìåøåíèÿ (èëè íà áàøìàêå ñêâàæè-

íû) ïðåâðàùàåò ïîñòóïàåìûå ôëþèäû èç ïëàñòà â ãàçîæèäêîñòíóþ ñìåñü, êîòîðàÿ ïåðåäàåòñÿ

â ïîäúåìíèê, ÷òî ÿâëÿåòñÿ ëîæíîé çàäà÷åé [10,11], òðåáóþùåé èäåíòèôèêàöèè ïëàñòà. Ïîýòîìó,

äëÿ ïðîñòîòû çäåñü ïðåäïîëàãàåòñÿ, ÷òî ïåðåõîä îò êîíöà êîëüöåâîé òðóáû ÷åðåç ïëàñò ê íà÷àëó

ïîäúåìíèêà (x = l) âûïîëíÿåòñÿ ñî ñëåäóþùèì ðàçíîñòíûì óðàâíåíèåì [2,6]

Q(l + 0) = γQ(l − 0) + γ1(l − 0))Q̄, γ1(Q(l − 0)) = −δ3(Q(l − 0)− δ2)2 + δ1 )3 (2)

1Íàéòè êîìïðåññîðû, çàâèñÿùèå îò ïàðàìåòðîâ ñêâàæèí è îáåñïå÷èâàþùèå íóæíûé ðåæèì, ïðàêòè÷åñêè íåâîç-
ìîæíî. Ïðè ýòîì ìîæíî óñëîâèå ïåðèîäè÷íîñòè çàìåíèòü äðóãèìè ñîîòíîøåíèÿìè, ò.å. äåáèò áóäåò ÿâëÿòüñÿ
òðåáóåìîé ÷àñòüþ ÃÆÑ â íà÷àëå ïîäúåìíèêà.

2Íà ñàìîì äåëå, â èíòåðâàëàõ (0, l) è (l , 2l) äèôôåðåíöèàëüíûå óðàâíåíèÿ (1), (1') ðàçíûå, ò.å. â ïåðâîì
èíòåðâàëå óðàâíåíèÿ (1), (1'), ñîîòâåòñòâåííî, îïèñûâàþò äâèæåíèå íà êîëüöåâîì ïðîñòðàíñòâå (0, l), è â (l , 2l) â
ïîäúåìíèêå. Òàêèì îáðàçîì, ïàðàìåòðû a, ρ, F , c ïîëó÷àþò ðàçíûå çíà÷åíèÿ íà ýòèõ èíòåðâàëàõ.

3Âûáîð γ1(Q(l − 0)) èç (2) â êâàäðàòè÷íîé ôîðìå íå ñëó÷àåí. Ýòî ñâÿçàíî ñ òåì, ÷òî äåáèò óâåëè÷èâàåòñÿ äî
îïòèìàëüíîé òî÷êè (ïðè óâåëè÷åíèè ãàçà) è ïîñëå ýòîãî óìåíüøàåòñÿ äî íóëÿ [5].



Ìàòåìàòè÷åñêèå òåõíîëîãèè 113 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

ãäå ïîñòîÿííûå γ è γ1 (Q(l − 0 )) (ò.å. äåéñòâèòåëüíûå ÷èñëà δ1 , δ2 , u δ3 ) âûáèðàþòñÿ èç (2)

äëÿ îáåñïå÷åíèÿ äîñòàòî÷íî áîëüøîé ÃÆÑ ê íà÷àëó ïîäúåìíèêà,Q̄ ñðåäíèé îáúåì ôëþèäîâ â

ïëàñòå. Íåñìîòðÿ íà òî, ÷òî íà âòîðîì èíòåðâàëå (l , 2l) ÿâíî íå ïðèñóòñòâóåò óïðàâëåíèå u,

òî çäåñü ïðèñóòñòâèå óïðàâëåíèÿ ìîæíî îáåñïå÷èòü ÷åðåç èìïóëüñíóþ ñèñòåìó (2). Ñ äðóãîé

ñòîðîíû, òàêîå ïðåäïîëîæåíèå ìîæíî ñ÷èòàòü âîçìîæíûì èç çà ìàëîé ðàçìåðíîñòè äèàìåòðà

îáåèõ òðóá [1, 2, 4, 5, 7].

Îáû÷íî â ãàçëèôòíîì ïðîöåññå [4,5] òðåáóåòñÿ ìèíèìàëüíàÿ ïîäà÷à îáúåìà ãàçà Q(0 ) èç (1),

è íàõîæäåíèå ìàêñèìàëüíîãî äåáèòà Q(2l). Â äàííîì ñëó÷àå â (1) íå âõîäèò äàâëåíèå P , ò.å.

óðàâíåíèÿ (1),(2) îòäåëÿþòñÿ äðóã îò äðóãà. Ïîýòîìó, äàëåå, ñîîòâåòñòâóþùàÿ çàäà÷à îïòèìèçà-

öèè ñòàâèòñÿ òîëüêî äëÿ óðàâíåíèÿ (1) - íàéòè ìàêñèìàëüíûé äåáèò Q(2l). Ýòè óñëîâèÿ òðåáóþò

òîëüêî íàõîæäåíèÿ ñåäëîâîé òî÷êè ñëåäóþùåãî ôóíêöèîíàëà

J =
1

2
αQ2(2l) + βu2 (3)

ïðè óñëîâèè (1), ãäå α < 0 è β > 0 âåñîâûå êîýôôèöèåíòû. Â òàêîé ïîñòàíîâêå (1)-(3) âîçìîæíî

óìåíüøåíèåì |α| ïîâûñèòü Q(2l) [12], à ïîâûøåíèåì ÷èñëà β ìîæíî óìåíüøèòü ïîäàâàåìûé ãàç

u = Q(0 ). Òîãäà, ïðè âûáîðå óñëîâèÿ ïåðèîäè÷íîñòè 4

Q(l + 0) = Q(2l) (4)

èç (3) ïîëó÷èì ñëåäóþùèé ôóíêöèîíàë

J =
1

2
ᾱQ2(l + 0) + βu2 (5)

ò.å. ñ ïîìîùüþ âûáîðà |α| ìîæíî äëÿ ïëàñòà âçÿòü ìàêñèìàëüíûé Q(l + 0 ), ãäå óðàâíåíèå (4)

óæå îáåñïå÷èâàåò ìàêñèìàëüíûé äåáèò Q(2l).

Òàêèì îáðàçîì, çàäà÷à ñîñòîèò â íàõîæäåíèè u = Q(0 ) èç (1), òàêîãî, ÷òî ïðè îãðàíè÷åíè-

ÿõ (1), (2), (4) ôóíêöèîíàë (5) ïðèíèìàë îïòèìàëüíîå çíà÷åíèå, ò.å. íàéòè òàêóþ ïàðó (u,Q),

êîòîðàÿ áû äëÿ çàäà÷è (1), (2), (4), (5) ñòàëà áû ñåäëîâîé ïàðîé.

Çàäà÷ó (1),(2),(4),(5) ìîæíî ðåøàòü ñ ïîìîùüþ ñîñòàâëåíèÿ ñîîòâåòñòâóþùåãî ðàñøèðåííîãî

ôóíêöèîíàëà.

Äåéñòâèòåëüíî, êàê â [12,13], íàïèøåì äèôôåðåíöèàëüíîå óðàâíåíèå Ýéëåðà-Ëàãðàíæà äëÿ

ýêñòðåìàëüíûõ çàäà÷ (1), (2), (4), (5)

λ = − 4c2aρ3F 2Q

(Q2 − c2ρ2F )2
λ, (6)

ñ êðàåâûìè óñëîâèÿìè

αQ(l + 0) + (
β

4l
− 1)λ(l + 0)− β

4l
λ(2l) = 0 (7)

γλ(l + 0)− β

4l
λ(l − 0)− 2δ3λ(l + 0)(Q(l − 0)− δ2)Q̄ = 0

4Óñëîâèå (4) îáåñïå÷èâàåò áåç ïîòåðè äåáèò â ïîäúåìíèêå. Åñëè â ðåàëüíîñòè íåëüçÿ íàéòè êîìïðåññîð, êîòîðûé
îáåñïå÷èâàåò óñëîâèå (4), òî ìîæíî çàìåíèòü åãî íà Q(2l) = χQ(l + 0 ), ãäå 0 < χ < 1
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u +
β

4l
λ(0 ) + δ = 0

ãäå λ(x ) - ìíîæèòåëü Ëàãðàíæà, δ - ïîñòîÿííûé ïàðàìåòð, ïðèñóòñòâóþùèé â ðàñøèðåííîì êðè-

òåðèè êà÷åñòâà çà ñ÷åò íåèçâåñòíîãî íà÷àëüíîãî óñëîâèÿ u = Q(0 ) èç (1).

Åñëè êàêèì-òî îáðàçîì â ÿâíîì âèäå ìîæíî íàïèñàòü ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ

óðàâíåíèé (1),(6) íà èíòåðâàëàõ (0; l − 0 ) è (l + 0 ; 2l). òî èìååì[
Q(l − 0)

λ(l − 0)

]
= f(Q(0), λ(0)), 0 < x < l − 0 (8)

[
Q(2l)

λ(2l)

]
= g(Q(l + 0), λ(l + 0)), l + 0 < x < 2l (9)

ãäå f, g - ïåðâîîáðàçíûå ôóíêöèè ïðàâîé ÷àñòè óðàâíåíèé (1), (6). Òîãäà ñ ïîìîùüþ ðåøåíèé

íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (2), (4), (7), (9), ìîæíî âîññòàíîâèòü íåèçâåñòíûå Q(0),

λ(0), Q(l−0), λ(l−0), Q(l+0), λ(l+0), Q(2l), λ(2l), δ. Îäíàêî, ïðåäñòàâëåíèå (8), (9) è äàæå íàõîæ-

äåíèå ðåøåíèÿ íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (2),(4), (7)-(9) ÿâëÿåòñÿ òðóäíîé çàäà÷åé.

Ïîýòîìó èñïîëüçóåì ìåòîäû êâàçèëèíåàðèçàöèè [9] íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

(1), (6), ãäå êðàåâûå óñëîâèÿ (2), (4) è (7) òîæå ÿâëÿþòñÿ íåëèíåéíûìè.

Ïåðåõîäèì ê ïîñòðîåíèþ âû÷èñëèòåëüíîãî àëãîðèòìà äëÿ ðåøåíèÿ (1), (2), (4), (5).

Ïóñòü çàäàíû íåêîòîðûå íîìèíàëüíûå ðåøåíèÿ Qk(x), λk(x) çàäà÷è (1),(2),(4),(6),(7). Òîãäà,

ëèíåàðèçóÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ (1), (6) îêîëî ýòèõ íîìèíàëüíûõ òðàåêòîðèé, èìååì

ñëåäóþùèå ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ (k + 1) èòåðàöèé

Q̇(x) = A(Qk(x))Q(x) +B(Qk(x)), (10)

λ̇(x) = C(Qk(x))λ(x) +D(Qk(x))Q(x) + F (Qk(x)),

ãäå

A(Qk(x)) =
4c2aρ3F 3Qk(x)

(Qk2(x)− c2ρ2F 2)2

B(Qk(x)) = −2c2aρ3F 3Qk
2
(x) + 2aρFQk

3
(x)

(Qk2(x)− c2ρ2F 2)2
,

C(Qk(x)) = − 4c2aρ3F 3Qk(x)

(Qk2(x)− c2ρ2F 2)2
, (11)

D(Qk(x)) = −8c4aρ5F 5Qk
2
(x)− 12c2aρ3F 3Qk

4
(x) + 4c6aρ7F 7

(Qk2(x)− c2ρ2F 2)4
λk(x),

F (Qk(x)) =
8c4aρ5F 5Qk

2
(x)− 12c2aρ3F 3Qk

4
(x) + 4c6aρ7F 7

(Qk2(x)− c2ρ2F 2)4
λk(x)Qk(x).

Ïîñêîëüêó âòîðîå óðàâíåíèå (7) ÿâëÿåòñÿ íåëèíåéíûì, åãî òîæå íóæíî ëèíåàðèçîâàòü îêîëî ýòîé

òðàåêòîðèè, ò.å. óðàâíåíèå (7) ïåðåõîäèò ê ñëåäóþùåìó ëèíåéíîìó âèäó
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αQ(l + 0) +

(
β

4l
− 1

)
λ(l + 0)− β

4l
λ(2l) = 0,

ξ(λk(l + 0))Q(l − 0)− β

4l
λ(l − 0) + η(Qk(l − 0))λ(l + 0) = χ(Qk(l − 0), λk(l + 0)), (12)

u+
β

4l
λ(0) + δ = 0,

ãäå

ξ(λk(l + 0)) = −2δ3Q̄λ
k(l + 0),

η(Qk(l − 0)) = γ − 2δ3Q̄(Qk(l − 0)− δ2),

χ(Qk(l − 0), λk(l + 0)) = −2δ3Q̄λ
k(l + 0)(Qk(l − 0)

Ñ äðóãîé ñòîðîíû ëèíåàðèçîâàííûå âàðèàíòû ñàìîãî óñëîâèÿ (2) îêîëî íîìèíàëüíûõ òðàåê-

òîðèé Qk(x) èìåþò âèä:

Q(l + 0) = η(Qk(l − 0))Q(l − 0) + µ(Qk(l − 0)), (13)

µ(Qk(l − 0) = 2δ3Q̄Q
k(l − 0)

[
Qk(l − 0)− δ2

]
−
[
δ3

[
Qk(l − 0)− δ2

]2
− δ1

]
Q̄,

Ðåøèâ ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (10) ñ íà÷àëüíûìè óñëîâèÿìè (4),

(12), (13), íàõîäèì åå ðåøåíèå íà (k + 1) èòåðàöèè. Äåéñòâèòåëüíî, îáúåäèíÿÿ êðàåâûå óñëîâèÿ

(4),(12), (13) èìååì

Kz = q, (14)

ãäå

K =



0 0 η(Qk(l − 0) 0 −1 0 0 0 0

0 0 0 0 1 0 −1 0 0

0 0 0 0 α
(
β
4l − 1

)
0 − β

4l 0

0 0 ξ(λk(l + 0) − β
4l 0 η(Qk(l − 0) 0 0 0

1 β
4l 0 0 0 0 0 0 1



, (15)

z = [Q(0), λ(0), Q(l − 0), λ(l − 0), Q(l + 0), λ(l + 0), Q(2l), λ(2l), δ]

q =
[
−µ(Qk(l − 0)), 0, 0, χ(Qk(l − 0), λk(l + 0)), 0

]
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Òàêèì îáðàçîì, ïðåäñòàâëÿåì ðåøåíèå óðàâíåíèÿ (10) â ñëåäóþùåì âèäå [14]:[
Q(x)

λ(x)

]
= Φ(x, 0)

[
Q(0)

λ(0)

]
+

∫ x

0
Φ(x, δ)

[
B

F

]
dδ (16)

ãäå Φ - ïåðåõîäíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà äëÿ (10), è ôîðìóëó (16) ìîæåì çàïèñàòü â áîëåå

óäîáíîì äëÿ ðåàëèçàöèè âèäå íà êîíöàõ èíòåðâàëà 0 < x < l − 0[
Q(l − 0)

λ(l − 0)

]
= Φ(l, 0)

[
Q(0)

λ(0)

]
+N(l, 0) (17)

à äëÿ l + 0 < x < 2l [
Q(2l)

λ(2l)

]
= Φ(2l, l)

[
Q(l + 0)

λ(l + 0)

]
+N(2l, l), (18)

Îòìåòèì, ÷òî N(l, 0) è N(2l, l) èç (17) è (18) îïðåäåëÿþòñÿ â âèäå [14]

N(i, j) =

∫ j

l
Φ(j, δ)

[
B

F

]
dδ.

Òàêèì îáðàçîì, èìååì 9 ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (14),(17),(18) îòíîñèòåëüíî z K

Φ(l, 0) E 0 0 0

0 0 Φ(2l, 0) E 0

 z =

 q

N(l, 0)

N(2l, l)

 . (19)

Ðåøèâ ýòè óðàâíåíèÿ îòíîñèòåëüíî z, îïðåäåëÿåì Q(0) = u - îáúåì ãàçà â óñòüå ñêâàæèíû,Q(l+0)

- îïòèìàëüíûé îáúåì ÃÆÑ â íà÷àëå ïîäúåìíèêå, êîòîðûé îïðåäåëÿåò èñêîìûé äåáèò Q(2l) =

Q(l + 0). Òåïåðü ñôîðìóëèðóåì ïîøàãîâûé àëãîðèòì:

1. Ââîä èñõîäíûõ äàííûõ è ïàðàìåòðîâ a, ρ, F , c, l èç (1);

2. Âûáîð íîìèíàëüíûõ òðàåêòîðèé Qk(x) è óïðàâëåíèé uk;

3. Âû÷èñëåíèå A(Qk(x)), B(Qk(x)), C(Qk(x)), D(Qk(x)), F (Qk(x)) èç (11)

4. Ôîðìèðîâàíèå ôóíäàìåíòàëüíûõ ìàòðèö èç ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (10)

5. Ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (19) îòíîñèòåëüíî z

6. Ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (10) è íàõîæäåíèå (k+1) èòåðàöèéQk+1(x)

è uk+1(x).

7. Çàäàíèå äîñòàòî÷íî ìàëîãî ÷èñëà ε è ïðîâåðêà óñëîâèÿ
∣∣ ∂J
∂U

∣∣ < ε,

ãäå ∂J
∂U = u+ β

4lλ(0)+δ, åñëè îíî óäîâëåòâîðÿåòñÿ, òî âû÷èñëåíèÿ ïðåêðàùàþòñÿ, èíà÷å ïåðåõîä

ê øàãó 2.

Ðåàëèçàöèþ ïðåäëîæåííîãî àëãîðèòìà ïðîñëåäèì íà ñëåäóþùåì ïðèìåðå.

Ïóñòü â (1) íà èíòåðâàëå 0 < x < l

a1 = 1, 4337, ρ1 = 0, 75, F1 = 0, 006

c1 = 331, λ1
c = 0, 01, ω1

c = 46, 5225,
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à íà èíòåðâàëå l < x < 2l

a2 = −89, 7272, ρ2 = 700, F2 = 0, 0042,

c2 = 850, λ2
c = 0, 23, ω2

c = 0, 0546,

è

l = 1485, g = 9, 81, ϑ = 0, 1, γ1 = 1, Q̄ = 100, α = −1, β = 10−4

Ñíà÷àëà ïðèâåäåì ðåøåíèå çàäà÷è (1)-(3) áåç óñëîâèÿ ïåðèîäè÷íîñòè (4).

Òîãäà äëÿ Q(x), l < x < 2l èìååì ñëåäóþùèé ãðàôèê [ 6]:

Ðèñóíîê 1

Çäåñü â íà÷àëå è â êîíöå ïîäúåìíèêà îáúåì ÃÆÑ áóäåò

Q(l + 0) = 9, 9834, Q(2l) = 4, 4223.

Îäíàêî, êîãäà ðàññìàòðèâàåòñÿ ïåðèîäè÷åñêèé ðåæèì, [15, 16] ò.å. ê çàäà÷å îïòèìèçàöèè (1)-(3)

äîáàâëÿåòñÿ è óñëîâèå ïåðèîäè÷íîñòè (4) [17, 18], òî êàðòèíà (Ðèñ.1) ìåíÿåòñÿ. Òàêèì îáðàçîì,

äëÿ Q(x) èìååì ñëåäóþùèé ãðàôèê:

Ðèñóíîê 2

Çäåñü â íà÷àëå è â êîíöå ïîäúåìíèêà îáúåì ÃÆÑ èìååò âèä

Q(l + 0) = 9, 968973, Q(2l) = 9, 968128.
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Ïîñëåäíèé ãðàôèê, â îòëè÷èå îò [6] äëÿ Q(x) äàåò ñîâñåì äðóãóþ êàðòèíó, ò.å. óñëîâèå (4)

ôàêòè÷åñêè îáåñïå÷èâàåò áåç ïîòåðíûé ðåæèì â ïîäúåìíèêå ÃÆÑ (äåáèò ñîñòàâëÿåò 98 % îò

ÃÆÑ â íà÷àëå ïîäúåìíèêà). Îáû÷íî ýòè ïîòåðè, êàê âèäíî èç ðèñ.2, ñîñòàâëÿþò 44% îáúåìà

ÃÆÑ â íà÷àëå ïîäúåìíèêà [6].

Òàêèì îáðàçîì, ïðèâîäèòñÿ íîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü è ñîîòâåòñòâóþùàÿ çàäà÷à óïðàâ-

ëåíèÿ ãàçëèôòà íà îñíîâå ìåòîäà ïåðèîäè÷åñêîé îïòèìèçàöèè [15-18], îáåñïå÷èâàþùàÿ äîáû÷ó

íåôòè áåç ïîòåðè â ïîäúåìíèêå. Íà ïðàêòèêå òðóäíî íàéòè ñîîòâåòñòâóþùèå êîìïðåññîðû, ïî-

äàþùèå ãàç â óñòüå ñêâàæèíû, à òàêàÿ ìîäåëü ïîçâîëèò íàéòè ïàðàìåòðû âûøåóïîìÿíóòîãî

êîìïðåññîðà, ò.å. ïîñëåäíÿÿ çàäà÷à ñàìà ÿâëÿåòñÿ íîâîé è òðåáóåò îòäåëüíîé ðàçðàáîòêè.
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Î ÑÕÎÄÈÌÎÑÒÈ ÎÄÍÎÃÎ ÀËÃÎÐÈÒÌÀ ×ÈÑËÅÍÍÎÃÎ ÐÅØÅÍÈß

ËÈÍÅÉÍÎÉ ÑÈÑÒÅÌÛ ÐÀÇÍÎÑÒÍÛÕ ÑÒÀÖÈÎÍÀÐÍÛÕ

ÓÐÀÂÍÅÍÈÉ ÒÅÏËÎÂÎÉ ÊÎÍÂÅÊÖÈÈ

Ï.Á. Áåéñåáàé

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Abstract. In the present paper we consider the question of convergence of implicit iterative

algorithm parameters to the solution of a linear system of di�erence equations of stationary free

convection. In terms of the parameters of the algorithm a su�cient condition for its convergence

to the solution of this system is given.

Keywords: thermal convection, incompressible �uid, convergence of iteration, eventual-di�erential

grid, differential equation, di�erential algorithm.

À­äàòïà. �ñûíûë¡àí æ´ìûñòà áið àé©ûíäàëìà¡àí ïàðàìåòðëi èòåðàöèÿëû© àëãîðèòìíi­

åðiêòi êîíâåêöèÿíû­ ñòàöèîíàðëû© àéûðûìäû© òå­äåóëåðiíi­ æ³éåñiíi­ øåøiìiíå æèíà©òà-

ëóû ñ´ðà¡û ©àðàñòûðûë¡àí. Àëãîðèòìíi­ ïàðàìåòðëåðiíi­ òåðìèíiíäå îíû­ áåðiëãåí æ³éåíi­

øåøiìiíå æèíà©òàëóûíû­ æåòêiëiêòi øàðòû áåðëãåí.

Êiëòòiê ñ°çäåð:æûëó êîíâåêöèÿñû, ñû¡ûëìàéòûí ñ´éû©òû©, èòåðàöèÿ æèíà©òûëû¡û, øåê-

òi-àéûðûìäû© òîð, àéûðûìäû© òå­äåó, àéûðûìäû© àëãîðèòì.

Àííîòàöèÿ. Â ïðåäëàãàåìîé ðàáîòå ðàññìîòðåí âîïðîñ ñõîäèìîñòè îäíîãî íåÿâíîãî èòåðà-

öèîííîãî àëãîðèòìà ñ ïàðàìåòðàìè ê ðåøåíèþ ëèíåéíîé ñèñòåìû ðàçíîñòíûõ ñòàöèîíàðíûõ

óðàâíåíèé ñâîáîäíîé êîíâåêöèè. Â òåðìèíàõ ïàðàìåòðîâ àëãîðèòìà äàíî äîñòàòî÷íîå óñëîâèå

åãî ñõîäèìîñòè ê ðåøåíèþ äàííîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: òåïëîâàÿ êîíâåêöèÿ, íåñæèìàåìàÿ æèäêîñòü, ñõîäèìîñòü èòåðàöèè, êî-

íå÷íî-ðàçíîñòíàÿ ñåòêà, ðàçíîñòíîå óðàâíåíèå, ðàçíîñòíûé àëãîðèòì.
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Ïðåäëàãàåìàÿ ðàáîòà ïîñâÿùåíà ê âîïðîñó ñõîäèìîñòè íåÿâíîãî èòåðàöèîííîãî àëãîðèòìà

un+1
m − unm

τ
+
(
pn − τ

ε
divh~u

n
)
xm

= ∆hu
n+1
m +

δτ

2ε

(
un+1
m,xm − u

n
m,xm

)
xm
− Grgm
|~g|

θn+1 + fm, (1)

ε
pn+1 − pn

τ
+ divh~u

n+1 = 0, (2)

θn+1 − θn

τ
=

1

Pr
∆hθ

n+1 + g(x) (3)

ê ðåøåíèþ ëèíåéíîé ñèñòåìû ðàçíîñòíûõ ñòàöèîíàðíûõ óðàâíåíèé ñâîáîäíîé êîíâåêöèè

gradhp = ∆h~u−
Gr~g

|~g|
θ + ~f(x), (4)

div~u = 0, (5)

1

Pr
∆hθ = −g(x), (6)

ðàññìàòðèâàåìîé â îáëàñòè D = {0 < xm < 1, m = 1, N} N−ìåðíîãî ïðîñòðàíñòâà, ñ îäíîðîä-
íûìè êðàåâûìè óñëîâèÿìè äëÿ âåêòîðà ñêîðîñòè ~u = (u1, u2, ..., uN ) è òåìïåðàòóðû θ (x), ãäå
~f(x), g(x) � çàäàííûå ñåòî÷íûå ôóíêöèé, x = (x1, x2, ..., xN ), uα = uα (x1, x2, ..., xN ) , α = 1, N ,

p (x) - äàâëåíèå, ~g (x) � âåêòîð ñèëû òÿæåñòè, Gr - ÷èñëî Ãðàñãîôà, Pr � ÷èñëî Ïðàíäòëÿ.

Êîìïîíåíòà âåêòîðà ñêîðîñòè um, m = 1, N îïðåäåëåíà â óçëàõ ñåòêè

Dm,h =
{

(l1h, l2h, ..., lm−1h (lm + 1/2)h, lm+1h, ..., lNh) , lk = 0,M, k 6= m, lm = 0,M − 1,Mh = 1
}
,

à çíà÷åíèÿ äàâëåíèÿ è òåìïåðàòóðû â óçëàõ ñåòêè

Dh =
{

(l1h, l2h, ..., lNh) , lk = 0,M − 1, k = 0, N
}

è óäîâëåòâîðÿþò óñëîâèÿì

um|∂Dm,h = θ|∂Dh = 0.

Ñ÷èòàåì, ÷òî p (x) îðòîãîíàëüíî åäèíèöå â L2 (Dh).

Ïîäîáíûì âîïðîñàì ïîñâÿùåíû ðÿä ðàáîò [1-3]. Îñíîâíûì îòëè÷èåì ïðåäëàãàåìîé ðàáîòû

ÿâëÿåòñÿ ïðîèçâîëüíîñòü ðàçìåðíîñòè ïðîñòðàíñòâà.

Óðàâíåíèÿ ïîãðåøíîñòè èòåðàöèîííîãî ïðîöåññà èìåþò âèä

zn+1
m − znm

τ
+ (πn − τ

ε
divh~z

n)xm = ∆hz
n+1
m +

δτ

2ε

(
zn+1
m,xm − z

n
m,xm

)
xm

+
Grgm
|~g|

Tn+1 (7)

ε
πn+1 − πn

τ
+ divh~z

n+1 = 0, (8)

Tn+1 − Tn

τ
=

1

Pr
∆hT

n+1, (9)

ãäå ~u, p, θ è ~un, pn, θn - ðåøåíèÿ ñîîòâåòñòâåííî çàäà÷ (1)-(3) è (4)-(6), ~zn = ~un − ~u, πn =

pn − p, Tn = θn − θ.
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Óìíîæèâ îáå ÷àñòè (7) íà 2τzn+1
m è ïðîñóììèðîâàâ m = 1, N è ïî âíóòðåííèì óçëàì ñåòêè,

ïîëó÷èì ∥∥~zn+1
∥∥2

+
∥∥~zn+1 − ~zn

∥∥2 − ‖~zn‖2 − 2τ(πn − τ

ε
divh~z

n, divh~z
n+1) =

= −2τ
∥∥∇h~zn+1

∥∥2 − δτ2

2ε

N∑
m=1

(∥∥zn+1
m,xm

∥∥2
+
∥∥zn+1

m,xm − z
n
m,xm

∥∥2 −
∥∥znm,xm∥∥2

)
+

2τGr

|~g|
(
~gTn+1, ~zn+1

)
.

Äàëåå, âîñïîëüçóÿñü ðàâåíñòâîì

2τ
(
πn − τ

ε
divh~z

n, divh~z
n+1
)

= −ε
∥∥πn+1

∥∥2
+ ε ‖πn‖ − τ2

ε
‖divh~zn‖

2 +
τ2

ε

∥∥divh (~zn+1 − ~zn
)∥∥2

,

ïîëó÷àåìîãî íà îñíîâå (7), èìååì

∥∥∥⇀z n+1
∥∥∥2

+
∥∥~zn+1 − ~zn

∥∥2 −
∥∥∥⇀z n∥∥∥2

+ ε
∥∥πn+1

∥∥2 − ε ‖πn‖2 +
τ2

ε
‖divh~zn‖

2 − τ2

ε

∥∥divh (~zn+1 − ~zn
)∥∥2

=

= −2τ
∥∥∇h~zn+1

∥∥2 − δτ2

2ε

N∑
m=1

(
‖zm,x‖2 +

∥∥zn+1
m,x − znm,x

∥∥2 −
∥∥znm,x∥∥2

)
+

2τGr

|~g|
(
~gTn+1, ~zn+1

)
.

Îòñþäà â ñèëó íåðàâåíñòâ Êîøè-Áóíÿêîâñêîãî, a · b ≤ ε1a
2 + 1

4ε1
b2 è

‖ω‖2 ≤ 1

δ0
‖∇hω‖2 ,

ãäå ε1 � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, δ0 � íàèìåíüøåå ñîáñòâåííîå ÷èñëî îïåðàòîðà Ëà-

ïëàñà, ïðèäåì ê íåðàâåíñòâó

∥∥~zn+1
∥∥2

+
∥∥~zn+1 − ~zn

∥∥2
+ ε

∥∥πn+1
∥∥2

+
τ2

ε
‖divh~zn‖

2 + 2τ

(
1− Grε1

δ0

)∥∥∇h~zn+1
∥∥2

+

+
δτ2

2ε

N∑
m=1

∥∥zn+1
m,xm

∥∥2
+
τ2

2ε
(δ − 2N)

N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥2 ≤ ‖~zn‖2 + ε ‖πn‖2 +

+
δτ2

2ε

N∑
m=1

∥∥znm,xm∥∥2
+

τGr

2ε1δ0

∥∥∇hTn+1
∥∥2
.

Óìíîæàÿ îáå ÷àñòè (9) íà 2γτTn+1, ãäå γ � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, ïîëó÷èì

γ
∥∥Tn+1

∥∥2
+ γ

∥∥Tn+1 − γTn
∥∥2 − ‖Tn‖2 = −2τγ

Pr

∥∥∇hTn+1
∥∥2
.

Ïðèáàâëÿÿ ýòî ðàâåíñòâî ê ïðåäûäóùåìó åãî íåðàâåíñòâó, ïîëó÷èì îöåíêó

∥∥~zn+1
∥∥2

+
∥∥~zn+1 − ~zn

∥∥2
+ ε

∥∥πn+1
∥∥2

+
τ2

ε
‖divh~zn‖

2 + 2τ

(
1− Grε1

δ0

)∥∥∇h~zn+1
∥∥2

+

+
δτ2

2ε

N∑
m=1

∥∥zn+1
m,xm

∥∥2
+
τ2

2ε
(δ − 2N)

N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥2
+ β

(∥∥Tn+1
∥∥2

+
∥∥Tn+1 − Tn

∥∥2
)

+

+
2τ

Pr

(
β − Ra

4ε1δ0

)∥∥∇hTn+1
∥∥2 ≤ ‖~zn‖2 + ε ‖πn‖2 +

δτ2

2ε

N∑
m=1

∥∥znm,xm∥∥2
+ β ‖Tn‖2
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èëè

Sn+1 +
∥∥~zn+1 − ~zn

∥∥2
+
τ2

ε
‖divh~zn‖

2 + 2τ

(
1− Grε1

δ0

)∥∥∇h~zn+1
∥∥2

+
τ2

2ε
(δ − 2N)×

×
N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥2
+ β

∥∥Tn+1 − Tn
∥∥2

+
2τ

Pr

(
β − Ra

4ε1δ0

)∥∥∇hTn+1
∥∥2 ≤ Sn, (10)

ãäå

Sn = ‖~zn‖2 + ε ‖πn‖2 +
δτ2

2ε

N∑
m=1

∥∥znm,xm∥∥2
+ β ‖Tn‖2

.

Â ñèëó ïðîèçâîëüíîñòè ε1 è γ ìû ìîæåì èõ ïîäîáðàòü òàê, ÷òîáû ÷èñëà 1 − Grε1
δ0

è γ − Ra
4ε1δ0

áûëè ïîëîæèòåëüíûìè. Òîãäà, ïðè âûïîëíåíèè óñëîâèé ε > 0 è δ > 2N , èç îöåíêè (10) ñëåäóåò

ñõîäèìîñòü Sn, êîòîðàÿ â ñâîþ î÷åðåäü âëå÷¼ò ñõîäèìîñòè∥∥~zn+1 − ~zn
∥∥2 → 0, ‖divh~zn‖

2 → 0,
∥∥∇h~zn+1

∥∥2 → 0,
∑N

m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥2 → 0,∥∥Tn+1 − Tn
∥∥2 → 0,

∥∥∇hTn+1
∥∥2 → 0.

(11)

Ïîêàæåì, ÷òî ‖πn‖ → 0.

Ïåðåïèøåì (8) â âèäå

τπnxm = τ∆hz
n+1
m −

(
zn+1
m − znm

)
+
τ2

ε
(divh~z

n)xm +
δτ2

2ε

(
zn+1
m,xm − z

n
m,xm

)
xm

+
τGrgm
|~g|

Tn+1,m = 1, N.

Óìíîæàÿ îáå ÷àñòè ýòîãî ðàâåíñòâà ñêàëÿðíî â L2(Dh) íà ϕm, ãäå ~ϕ ∈
0

W 1
2 (Dh) è ñóììèðóÿ

ïî m è ïî i, j, k èìååì

τ (gradπn, ~ϕ) = −τ
(
∇h~zn+1,∇h~ϕ

)
−
(
~zn+1 − ~zn, ~ϕ

)
− τ2

ε
(divh~z

n, divh~ϕ) +

+
δτ2

2ε

N∑
m=1

(
zn+1
m,xm − z

n
m,xm , ϕm,xm

)
+
τGr

|~g|
(
~gTn+1, ~ϕ

)
.

Îòñþäà ïðèìåíÿÿ ðàâåíñòâî

(gradπn, ~ϕ) = − (πn, divh~ϕ)

è íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî ïðèäåì ê íåðàâåíñòâó

τ |(πn, divh~ϕ)| ≤ τ
∥∥∇h~zn+1

∥∥ ‖∇h~ϕ‖+
∥∥~zn+1 − ~zn

∥∥ ‖~ϕ‖+
τ2

ε
‖divh~zn‖ ‖divh~ϕ‖+

+
δτ2

2ε

N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥ ‖ϕm,xm‖+
τGr

|~g|
∥∥~gTn+1

∥∥ ‖~ϕ‖ .
Îòêóäà â ñèëó íåðàâåíñòâ

‖divh~ϕ‖ ≤ ‖∇h~ϕ‖ è ‖ϕm,xm‖ ≤ ‖~ϕ‖
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èìååì

τ |(πn, divh~ϕ)| ≤ τ
∥∥∇h~zn+1

∥∥ ‖∇h~ϕ‖+
∥∥~zn+1 − ~zn

∥∥ ‖~ϕ‖+
τ2

ε
‖divh~zn‖ ‖∇h~ϕ‖+

+
δτ2

2ε

N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥ ‖∇h~ϕ‖+ τGr
∥∥Tn+1

∥∥ ‖~ϕ‖ .
Ðàçäåëÿÿ îáå ÷àñòè äàííîãî íåðàâåíñòâà íà ‖~ϕ‖ 0

W 1
2

= ‖∇h~ϕ‖+ ‖~ϕ‖ 6= 0 ïîëó÷èì

Sup
~ϕ6=0

τ |(πn, divh~ϕ)|
‖~ϕ‖ 0

W 1
2

≤ τ
∥∥∇h~zn+1

∥∥+
∥∥~zn+1 − ~zn

∥∥+
τ2

ε
‖divh~zn‖+

δτ2

2ε

N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥+

+τGr
1√
δ0

∥∥Tn+1
∥∥ .

Òàê êàê Sup
~ϕ6=0

|(πn,divh~ϕ)|
‖~ϕ‖ 0

W1
2

≥ c0 ‖πn‖, ãäå ïîñòîÿííîå c0 íå çàâèñèò îò ε, τ, h, òî èç ïîñëåäíåãî

íåðàâåíñòâà ñëåäóåò íåðàâåíñòâî

c0τ ‖πn‖ ≤ τ
∥∥∇h~zn+1

∥∥+
∥∥~zn+1 − ~zn

∥∥+
τ2

ε
‖divh~zn‖+

δτ2

2ε

N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥+ τGr
∥∥Tn+1

∥∥ .
Âîçâåäÿ îáå ÷àñòè ïîñëåäíåãî íåðàâåíñòâà â êâàäðàò è ó÷èòûâàÿ íåðàâåíñòâà

(a1 + a2 + ...+ an)2 ≤ n
(
a2

1 + a2
2 + ...+ a2

n

)
,
∥∥Tn+1

∥∥ ≤ 1

δ0

∥∥∇hTn+1
∥∥

èìååì

c2
0τ

2 ‖πn‖2 ≤ 5

(
1 + τ +

τ2

ε
+
δτ2

2ε
+ τGr

)(
τ
∥∥∇h~zn+1

∥∥2
+
∥∥~zn+1 − ~zn

∥∥2
+
τ2

ε
‖divh~zn‖

2 +

+
δ2τ2

2ε

N∑
m=1

∥∥zn+1
m,xm − z

n
m,xm

∥∥2
+
τGr

δ0

∥∥∇hTn+1
∥∥2
)
.

Îòñþäà â ñèëó (11) ïîëó÷èì, ÷òî ‖πn‖ → 0.

Òàêèì îáðàçîì, ìû ïðèøëè ê ñëåäóþùåìó âûâîäó.

Åñëè ïàðàìåòðû ε è δ óäîâëåòâîðÿþò óñëîâèÿì ε > 0 è δ > 2N , òî èòåðàöèîííûé àëãîðèòì

(1)-(3) ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (4)-(6) è ïðè ýòîì èìååò ìåñòî îöåíêà

Sn+1 +
∥∥~zn+1 − ~zn

∥∥2
+
τ2

ε
‖divh~zn‖

2 + 2τ

(
1− Grε1

δ0

)∥∥∇h~zn+1
∥∥2

+
τ2

2ε
(δ − 2N)

N∑
m=1

∥∥zn+1
m,xm−

−znm,xm
2 + +γ

∥∥Tn+1 − Tn
∥∥2

+ τ

(
γ

2

Pr
− Gr

2ε1δ0

)∥∥∇hTn+1
∥∥2 ≤ Sn,

ãäå

Sn = ‖~zn‖2 + ε ‖πn‖2 +
δτ2

2ε

N∑
m=1

∥∥znm,xm∥∥2
+ γ ‖Tn‖2

, ε1 è γ ïîëîæèòåëüíûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèÿì ε1 <
δ0
Gr è γ >

Ra
ε1δ0

.



ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp 124 Ìàòåìàòè÷åñêèå òåõíîëîãèè

Ñïèñîê ëèòåðàòóðû

[1] Áåéñåáàé Ï.Á., Äàíàåâ Í.Ò. Îá îäíîì èññëåäîâàíèè ðàçíîñòíîé ñõåìû äëÿ óðàâíåíèé

òåïëîâîé êîíâåêöèè // Ìàòåðèàëû ìåæäóíàðîäíîé íàó÷íî-ïðàêòè÷åñêîé êîíôåðåíöèè

¾Èíôîðìàöèîííî�êîììóíèêàöèîííûå òåõíîëîãèè êàê îñíîâíîé ôàêòîð ðàçâèòèÿ èííîâàöè-

îííîãî îáùåñòâà¿. - Óñòü-Êàìåíîãîðñê, 2007. - Ñ. 7-12.

[2] Ëàïêî Ñ.Ë. Ðàçíîñòíûå àëãîðèòìû ðåøåíèÿ çàäà÷è òåïëîâîé êîíâåêöèè // Äèôôåðåíöèàëü-

íûå óðàâíåíèÿ. - 1992. - Ò. 28, � 12. - Ñ. 2137-2147.

[3] Êàëòàåâ À.Æ., Óðìàøåâ Á.À. ×èñëåííîå ðåøåíèå îäíîé çàäà÷è òåïëîâîé êîíâåêöèè // Âåñò-

íèê ÊàçÃÓ. Ñåð. ìàò., ìåõ., èíô. - 2000. - � 1. - Ñ. 162-170.
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×ÈÑËÅÍÍÛÉ ÐÀÑ×ÅÒ ÍÀÏÐßÆÅÍÍÎ-ÄÅÔÎÐÌÈÐÎÂÀÍÍÎÃÎ

ÑÎÑÒÎßÍÈß ÎÁÎËÎ×ÅÊ ÑËÎÆÍÎÉ ÑÒÐÓÊÒÓÐÛ

Ò.Â. Áóðíûøåâà, Î.À. Øòåéíáðåõåð

Íîâîêóçíåöêèé èíñòèòóò (ôèëèàë) ÔÃÁÎÓ ÂÏÎ "Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò"

Abstract.We consider the class of engineering designs with lattice structure and made of composite

materials. Approach for the calculation of the stress-strain state of structures using �nite element

is considered. A numerical calculation of the stress-strain state of a shell structure under axial

compression with a non-uniform load is discussed in the article. The result obtained from numerical

simulations are comparable to the natural experiment. Also the results of assessing the impact of

the loss of stability of the model manhole covers are considered.

Keywords: ribbed shell structures, composite materials, computational experiment, numerical

solution.

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ êëàññ ìàøèíîñòðîèòåëüíûõ êîíñòðóêöèé èìåþùèõ ñåò÷àòóþ

ñòðóêòóðó è èçãîòîâëåííûõ èç êîìïîçèöèîííûõ ìàòåðèàëîâ. Ïðèâåäåí ïîäõîä äëÿ ðàñ÷åòà

íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïîäîáíûõ êîíñòðóêöèé ìåòîäîì êîíå÷íûõ ýëåìåí-

òîâ. Â ðàáîòå ïðèâåäåí ÷èñëåííûé ðàñ÷åò íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ñîñòàâ-

íîé îáîëî÷å÷íîé êîíñòðóêöèè ïðè îñåâîì ñæàòèè ñ íåðàâíîìåðíîé íàãðóçêîé. Äàííûå ïî-

ëó÷åííûå ïðè ÷èñëåííîì ìîäåëèðîâàíèè ñîïîñòàâèìû ñ äàííûìè íàòóðíîãî ýêñïåðèìåíòà.

Ïðèâåäåíû ðåçóëüòàòû îöåíêè âëèÿíèÿ ïîòåðè óñòîé÷èâîñòè êðûøåê ëþêà ðàññìàòðèâàåìîé

ìîäåëè.

Êëþ÷åâûå ñëîâà: ñåò÷àòûå îáîëî÷å÷íûå êîíñòðóêöèè, êîìïîçèöèîííûå ìàòåðèàëû, âû÷èñ-

ëèòåëüíûé ýêñïåðèìåíò, ÷èñëåííîå ðåøåíèå..

Ñðåäè ñèëîâûõ êîíñòðóêöèé èç ïîëèìåðíûõ êîìïîçèöèîííûõ ìàòåðèàëîâ áîëüøîå ðàñïðî-

ñòðàíåíèå èìåþò êîíñòðóêöèè òèïà ñåò÷àòûõ îáîëî÷åê. Ê îñîáåííîñòÿì îòíîñÿòñÿ âûðåçû (óñè-

ëåííûå è íå óñèëåííûå) êîíñòðóêòèâíîé èëè òåõíîëîãè÷åñêîé íàïðàâëåííîñòè, âëèÿþùèå íà ðàñ-

ïðåäåëåíèå íàïðÿæåíèé â êîíñòðóêöèè [1]. Ýòè êîíñòðóêöèè îáëàäàþò ðÿäîì ïðåèìóùåñòâ ïåðåä
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ãëàäêèìè îáîëî÷å÷íûìè êîíñòðóêöèÿìè, ïîäêðåïëåííûìè ïðîäîëüíî-ïîïåðå÷íûì ñèëîâûì íà-

áîðîì. Îíè èìåþò áîëüøóþ íåñóùóþ ñïîñîáíîñòü ïðè îñåâîì ñæàòèè, à êðèòè÷åñêèå íàãðóçêè

ïîòåðè óñòîé÷èâîñòè íå ÷óâñòâèòåëüíû ê íà÷àëüíûì íåñîâåðøåíñòâàì ôîðìû [1, 2, 3].

Îäíèì èç êëàññè÷åñêèõ ìåòîäîâ ðàñ÷åòà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ (ÍÄÑ)

ñåò÷àòûõ êîíñòðóêöèé ÿâëÿåòñÿ ìåòîä, îñíîâàííûé íà çàìåíå äèñêðåòíîé ñòðóêòóðû ðåáåð ýê-

âèâàëåíòíîé îäíîðîäíîé îðòîòðîïíîé îáîëî÷êîé. Ïîëó÷àåìûå ïîëÿ ïåðåìåùåíèé è íàïðÿæåíèé

íåïðåðûâíû âåçäå â ïðåäåëàõ êîíñòðóêöèè [4]. Òàêîé ïîäõîä îñíîâàí íà èçâåñòíûõ àíàëèòè÷å-

ñêèõ ðåøåíèÿõ è ïîçâîëÿåò èçáåæàòü ïðèìåíåíèÿ ÷èñëåííûõ ìåòîäîâ. Îäíàêî êîíñòðóêòèâíîå

èñïîëíåíèå âûðåçîâ â ñåò÷àòûõ ñòðóêòóðàõ, êàê ïðàâèëî, òðåáóåò óäàëåíèÿ öåëûõ ÿ÷ååê ñåòêè,

ñëåäîâàòåëüíî, êîíòóð âûðåçà èìååò ôîðìó ëîìàíîé. Êîíòèíóàëüíàÿ ìîäåëü â ýòîì ñëó÷àå ðåçêî

çàâûøàåò ðåàëüíûå íàïðÿæåíèÿ, îñîáåííî â óãëàõ îòâåðñòèé.

Èçáåæàòü ïîÿâëåíèÿ îñîáåííîñòåé ïîäîáíîãî òèïà ïîçâîëÿåò ìîäåëü, îñíîâàííàÿ íà ïîëíîì

äèñêðåòíîì ìîäåëèðîâàíèè ðåáåð. Èñïîëüçîâàíèå òàêîé ìîäåëè äàåò áîëåå ðåàëüíóþ êàðòèíó

ïîëåé íàïðÿæåíèé â îêðåñòíîñòè âûðåçîâ [5].

Â íàñòîÿùåå âðåìÿ â ìàøèíîñòðîåíèè øèðîêî ïðèìåíÿþòñÿ ñîñòàâíûå êîíñòðóêöèè, îòäåëü-

íûìè ôðàãìåíòàìè êîòîðûõ ÿâëÿþòñÿ ñåò÷àòûå îáîëî÷êè èç êîìïîçèöèîííûõ ìàòåðèàëîâ [2, 6].

Ðàñ÷åò íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ òàêèõ êîíñòðóêöèé îñòà¼òñÿ àêòóàëüíûì è â

íàñòîÿùåå âðåìÿ.

Ðàññìîòðèì îáîëî÷å÷íóþ êîíñòðóêöèþ, ñîñòîÿùóþ èç àëþìèíèåâîãî ñòðèíãåðíîãî îòñåêà è

êîìïîçèòíîé ñåò÷àòîé îáîëî÷êè. Ñòðóêòóðíàÿ ñõåìà ìîäåëè ïðåäñòàâëåíà íà ðèñóíêå 1. Íèæíÿÿ

÷àñòü ïðåäñòàâëÿåò ñîáîé öèëèíäðè÷åñêóþ îáîëî÷êó èç êîìïîçèöèîííûõ ìàòåðèàëîâ. Âûñîòà öè-

ëèíäðà ñîñòàâëÿåò 0,69R (R � ðàäèóñ îáîëî÷êè). Âûñîòà ñå÷åíèÿ ñïèðàëüíûõ è êîëüöåâûõ ðåáåð

îäèíàêîâà; îáîçíà÷èì å¼ d. Øèðèíà ñå÷åíèÿ ñîñòàâëÿåò 0,25d, à ðàññòîÿíèå ìåæäó ñïèðàëüíû-

ìè ðåáðàìè ïî âûñîòå ðàâíî 2,63d. Ðàññòîÿíèå ìåæäó îñÿìè ïàð êîëüöåâûõ ðåáåð ðàâíî 3,56d.

Ðàññòîÿíèå ìåæäó ðåáðàìè âíóòðè ïàðû 0,25d. Êîíñòðóêöèÿ óêðåïëåíà äâóìÿ øïàíãîóòàìè,

âñòðîåííûì êîëüöîì è ÷åòûðüìÿ ïðîäîëüíûìè ðåáðàìè. Èìååòñÿ òðè êîìïåíñèðîâàííûõ âûðåçà

êðóãëîé ôîðìû, óñèëåííûå äâóìÿ îêàíòîâêàìè ïåðåìåííîé òîëùèíû. Âíåøíÿÿ îêàíòîâêà èìååò

òîëùèíó he, ïîâåðõ êîòîðîé ðàñïîëàãàåòñÿ âíóòðåííÿÿ îêàíòîâêà òîëùèíîé hm. Âûðåçû ïîä ëþ-

êè çàêðûòû êðûøêàìè, ôîðìà êîòîðûõ ñîâïàäàåò ñ ôîðìîé âûðåçîâ. Ñòðèíãåðíûé îòñåê ïðåä-

ñòàâëÿåò àëþìèíèåâóþ êîíñòðóêöèþ öèëèíäðè÷åñêîé ôîðìû. Âûñîòà ýòîé ÷àñòè êîíñòðóêöèè

ñîñòàâëÿåò 0,53R. Îí ñîäåðæèò ÷åòûðå ðàâíîðàñïîëîæåííûõ ïî îêðóæíîñòè ïðîåìà, ÷àñòè÷íî

çàêðûòûõ íåñú¼ìíûìè êðûøêàìè, óêðåïëåí øåñòüþ äåñÿòêàìè ñòðèíãåðîâ è òðåìÿ øïàíãîóòà-

ìè. Òîëùèíû îáøèâîê êîìïîçèòíîé è àëþìèíèåâîé ÷àñòåé êîíñòðóêöèè ðàâíû hK= hC= h. Ïîëÿ

íàïðÿæåíèé îïðåäåëÿëèñü â ïàêåòå ïðîãðàìì ¾Êîìïîçèò-ÍÊ¿ [7], ðàçðàáîòàííîì íà êàôåäðå ìà-

òåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÍÔÈ ÊåìÃÓ (Ðîññèÿ, ã.Íîâîêóçíåöê), â êîòîðîì ðå-

àëèçîâàí ìåòîä êîíå÷íûõ ýëåìåíòîâ â âèäå ìåòîäà ïåðåìåùåíèé. Ñòðîèëàñü êîíå÷íî-ýëåìåíòíàÿ

ìîäåëü êîíñòðóêöèè ïî ñòðóêòóðíîé ñõåìå (ðèñóíîê 1). Ñõåìà ðàçáèåíèÿ îáøèâêè êîìïîçèòíîé

÷àñòè êîíñòðóêöèè íà êîíå÷íûå ýëåìåíòû ïîëó÷àëàñü íàëîæåíèåì îðåáðåíèÿ, êîíå÷íûå ýëåìåí-

òû ïðè ýòîì ïîëó÷àëèñü òðåóãîëüíûìè. Äëÿ ìîäåëèðîâàíèÿ ðåáåð è ñòðèíãåðîâ èñïîëüçîâàëñÿ

äâóõóçëîâîé êîíå÷íûé ýëåìåíò ñ 6-þ ñòåïåíÿìè ñâîáîäû â êàæäîì óçëå è àïïðîêñèìàöèåé ïðî-

ãèáîâ ýðìèòîâûìè ïîëèíîìàìè 3-é ñòåïåíè, ó÷èòûâàþùèå äåôîðìàöèè ïîïåðå÷íîãî ñäâèãà ïî

ñäâèãîâîé ìîäåëè Òèìîøåíêî [8]. Îáøèâêà è îêàíòîâêè ìîäåëèðîâàëèñü ýëåìåíòàìè èçãèáàåìîé

ïëàñòèíû Çåíêåâè÷à ñ íåïîëíîé êóáè÷åñêîé àïïðîêñèìàöèåé ïðîãèáîâ [9]. Ïåðåìåùåíèÿ âäîëü

îñåé ýëåìåíòîâ ðåáåð è â ïëîñêîñòè êàæäîãî òðåóãîëüíèêà îáøèâêè àïïðîêñèìèðîâàëèñü ëè-
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Ðèñóíîê 1 Ñòðóêòóðíàÿ ñõåìà êîíñòðóêöèè

íåéíûìè ñïëàéíàìè. Âäîëü îáðàçóþùåé îáîëî÷êà íàãðóæàëàñü ñæèìàþùåé ñèëîé Ñ . Ïîãîííàÿ

íàãðóçêà áûëà ðàñïðåäåëåíà íå ðàâíîìåðíî ïî òîðöó, íà êîòîðîì áûë çàïðåùåí ïîâîðîò íîðìàëè

îòíîñèòåëüíî êàñàòåëüíîé ê êðóãîâîìó ñå÷åíèþ. Çàäà÷à ðåøàëàñü â ôèçè÷åñêè è ãåîìåòðè÷åñêè

ëèíåéíîé ïîñòàíîâêå. Êîíå÷íî-ýëåìåíòíàÿ ìîäåëü ïðåäñòàâëåíà íà ðèñóíêå 2.

Ðèñóíîê 2 Êîíå÷íî-ýëåìåíòíàÿ ìîäåëü êîíñòðóêöèè

Ïðè ïðîâåäåíèè ýêñïåðèìåíòà íà îñåâóþ æåñòêîñòü êîíñòðóêöèÿ áûëà æåñòêî çàêðåïëåíà

ïî íèæíåé êðîìêå, à íà âåðõíþþ êðîìêó àëþìèíèåâîé ÷àñòè êîíñòðóêöèè ìåæäó ïðîåìàìè

áûëà ïðèëîæåíà ñæèìàþùàÿ íàãðóçêà. ×èñëåííî ïðèëîæåííóþ íàãðóçêó ïðåäñòàâëÿëè â âèäå

êîìáèíàöèè Ñ ðàâíîìåðíîé íàãðóçêè F̃ è íåðàâíîìåðíî ðàñïðåäåëåííîãî ìîìåíòà:

Ñ=0.877 F̃ -1.765(sinα0.1Ñ )-0.093(cosα 0.1 Ñ)



Ìàòåìàòè÷åñêèå òåõíîëîãèè 127 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

Â ïðîöåññå íàãðóæåíèÿ èçìåðÿëèñü ïåðåìåùåíèÿ âäîëü îáðàçóþùåé. Äëÿ ýòîãî íà êîíñòðóê-

öèè áûëè çàêðåïëåíû äàò÷èêè ïåðåìåùåíèé è äåôîðìàöèé, ñõåìà ðàñïîëîæåíèÿ êîòîðûõ ïðåä-

ñòàâëåíà íà ðèñóíêå 3.

Ðèñóíîê 3 Ñõåìà ðàñïîëîæåíèÿ äàò÷èêîâ ïåðåìåùåíèÿ è äåôîðìàöèè íà ðàçâåðòêå êîíñòðóêöèè

Íàèáîëüøèå ðàçëè÷èÿ ìåæäó ðàñ÷åòíûìè è ýêñïåðèìåíòàëüíî èçìåðåííûìè ïåðåìåùåíèÿìè

äîñòèãàþòñÿ â çîíå ïåðâîãî íèæíåãî ëþêà (ñëåâà) � äàò÷èêè ÂÏ3 [10]. Äàííûå ðàçëè÷èÿ ìîæ-

íî îáúÿñíèòü ãåîìåòðè÷åñêè íåëèíåéíîé ñâÿçüþ ìåæäó äåôîðìàöèÿìè è ïåðåìåùåíèÿìè, ëèáî

ïîòåðåé óñòîé÷èâîñòè êðûøêè ëþêà â óïðóãîé çîíå âî âðåìÿ íàòóðíîãî ýêñïåðèìåíòà. Ïðèìåíå-

íèå äèñêðåòíîãî ïîäõîäà ê ìîäåëèðîâàíèþ ðàññìàòðèâàåìîé îáîëî÷å÷íîé êîíñòðóêöèè ñëîæíîé

ñòðóêòóðû, ïîçâîëèëî ðåàëèçîâàòü ìîäåëü íà âñòðîåííîì ÿçûêå â ïàêåòå ïðîãðàìì ¾Êîìïîçèò

ÍÊ¿ è îöåíèòü âëèÿíèå ïîòåðè óñòîé÷èâîñòè êðûøåê ëþêîâ ïóòåì áûñòðîé ïåðåñòðîéêè ìîäåëè.

Ñ ó÷åòîì ñèììåòðèè ìîäåëè ðàññìîòðèì øåñòü ñîñòîÿíèé: 1) çàêðûòû âñå ëþêè, 2) îòêðûò îäèí

íèæíèé ëþê, 3) îòêðûòû äâà íèæíèõ ëþêà, 4) îòêðûò âåðõíèé ëþê, 5) îòêðûòû îäèí íèæíèé

è âåðõíèé ëþêè, 6) îòêðûòû âñå ëþêè. Íà ðèñóíêå 4 ïðèâåäåíû ðàñïðåäåëåíèÿ çíà÷åíèé îñåâûõ

ïåðåìåùåíèé ÷èñëåííîãî ðàñ÷åòà îñåâûõ ïåðåìåùåíèé â êîìïîçèòíîé ÷àñòè êîíñòðóêöèè ïðè

ïîëíîñòüþ îòêðûòûõ è çàêðûòûõ ëþêàõ. Àíàëèç ðåçóëüòàòîâ ïîêàçûâàåò, ÷òî ðàñêðûòèå âåðõíå-

ãî ëþêà äàåò óâåëè÷åíèå îñåâûõ ïåðåìåùåíèé â åãî îêðåñòíîñòè (äàò÷èê ÂÏ5) íà 9,5%. Âëèÿíèå

ðàñêðûòèÿ íèæíèõ ëþêîâ ìàëî � óâåëè÷åíèå îñåâûõ ïåðåìåùåíèé â èõ îêðåñòíîñòè ïîðÿäêà 2%

(äàò÷èêè ÂÏ4 è ÂÏ6).

Ðèñóíîê 4 Ðàñïðåäåëåíèå Us â êîìïîçèòíîé ÷àñòè êîíñòðóêöèè: 1 - ÷èñëåííûé ðàñ÷åò ïðè

çàêðûòûõ ëþêàõ, 2 - ïðè îòêðûòûõ ëþêàõ
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Ïîëó÷åííûå ðàñ÷åòû ïîçâîëèëè ñäåëàòü ñëåäóþùèå âûâîäû: äëÿ äîñòèæåíèÿ áîëüøåé òî÷íî-

ñòè ïðè ÷èñëåííûõ ðàñ÷åòàõ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ êîíñòðóêöèé, îòäåëüíûìè

ôðàãìåíòàìè êîòîðûõ ÿâëÿþòñÿ ñåò÷àòûå îáîëî÷êè èç êîìïîçèöèîííûõ ìàòåðèàëîâ, íåîáõîäèìî

ðåøàòü çàäà÷ó â ãåîìåòðè÷åñêè íåëèíåéíîé ïîñòàíîâêå.
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ÐÀÑØÈÐÅÍÈÅ ÒÅÎÐÈÈ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÏÐÎÃÐÅÑÑÈÉ

Ñ.Â. Ãàëêèí, Ä.À. Àñàíîâ, Â.Â. Çàïàñíûé

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Abstract. This paper describes conception of two-dimensional mathematical progressions. This

conception extends the existing theory of mathematical progressions (arithmetical and geometrical).

Classically explained progressions are presented by the form of one-dimensional numerical sequences

(one-dimensional progressions). One-dimensional progression is presented by ordered class of one-

dimensional progressions. Special terms were introduced for ease of use two-dimensional progressions

and for their properties' analysis. Two-dimensional progression is represented by the form of matrix

structures with placement of their members correctly in their numerical order in the dimensions

(orthogonal and turn-based matrix structures) for image sensitivity.

Keywords: mathematical progressions, one-dimensional progressions, two-dimensional progres-

sions, matrix structures of progressions.

À­äàòïà. Îñû ìà©àëàäà åêiì°ëøåðäi ìàòåìàòèêàëû© ïðîãðåññèÿëàðäû­ ò´æûðûìäàìàñû

áàÿíäàë¡àí. Á´ë ò´æûðûìäàìà ©àçiðãi ìàòåìàòèêàëû© ïðîãðåññèÿëàð ©à¡èäàëàðûí êå­åé-

òåäi (àðèôìåòèêàëû© æºíå ãåîìåòðèÿëû©). Êëàññèêàëû© ò³ñiíiêòåìåäå ïðîãðåññèÿëàð áið-

ì°ëøåðäi ñàíäû© ðåòòiê ò³ðiíäå áåðiëãåí (áiðì°ëøåðäi ïðîãðåññèÿ). Åêiì°ëøåðäi ïðîãðåññèÿ

ðåòòåëãåí áiðì°ëøåðäi ïðîãðåññèÿëàð æèûíòû¡û ò³ðiíäå áåðiëãåí. Åêiì°ëøåðäi ïðîãðåññèÿ-

ëàðäû­ ©îëäàíûëóûí û­¡àéëàíäûðó ³øií æºíå îëàðäû­ ©àñèåòòåðií çåðòòåó ³øií áiðíåøå

àòàóëû© ´¡ûìäàð åíãiçiëãåí. Åêiì°ëøåðäi ïðîãðåññèÿíû áåéíåëi ò³ðäå ©àáûëäàó ³øií îíû

°ëøåì iøiíäå îðíàëàñ©àí ©àëûïòàìàëû ©´ðûëûì ò³ðiíäå ê°ðñåòó ´ñûíûë¡àí (îðòîãîíàëäû©

æºíå ©àäàìäû© ©àëûïòàìàëû ©´ðûëûì).

Êiëòòiê ñ°çäåð: ìàòåìàòèêàëû© ïðîãðåññèÿëàð, áiðì°ëøåðäi ïðîãðåññèÿëàð, åêiì°ëøåðäi

ïðîãðåññèÿëàð, ïðîãðåññèÿëàðäû­ ©àëûïòàìàëû ©´ðûëûìäàðû.

Àííîòàöèÿ. Â ïðåäñòàâëåííîé ñòàòüå èçëîæåíà êîíöåïöèÿ äâóõìåðíûõ ìàòåìàòè÷åñêèõ ïðî-

ãðåññèé. Äàííàÿ êîíöåïöèÿ ðàñøèðÿåò ñóùåñòâóþùóþ òåîðèþ ìàòåìàòè÷åñêèõ ïðîãðåññèé

(àðèôìåòè÷åñêîé è ãåîìåòðè÷åñêîé). Êëàññè÷åñêè òðàêòóåìûå ïðîãðåññèè ïðåäñòàâëåíû â

âèäå îäíîìåðíûõ ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé (îäíîìåðíûõ ïðîãðåññèé). Äâóõìåðíàÿ ïðî-

ãðåññèÿ ïðåäñòàâëåíà â âèäå óïîðÿäî÷åííîé ñîâîêóïíîñòè îäíîìåðíûõ ïðîãðåññèé. Äëÿ óäîá-

ñòâà èñïîëüçîâàíèÿ äâóõìåðíûõ ïðîãðåññèé è èññëåäîâàíèÿ èõ ñâîéñòâ ââåäåí ðÿä òåðìèíî-

ëîãè÷åñêèõ ïîíÿòèé. Äëÿ îáðàçíîãî âîñïðèÿòèÿ äâóõìåðíîé ïðîãðåññèè ïðåäëîæåíî ïðåäñòà-

âèòü å¼ â âèäå ìàòðè÷íûõ ñòðóêòóð ñ ðàçìåùåíèåì ÷ëåíîâ àäåêâàòíî èõ ïîðÿäêîâûì íîìåðàì

â èçìåðåíèÿõ (îðòîãîíàëüíàÿ è ïîøàãîâàÿ ìàòðè÷íûå ñòðóêòóðû).

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêèå ïðîãðåññèè, îäíîìåðíûå ïðîãðåññèè, äâóõìåðíûå ïðî-

ãðåññèè, ìàòðè÷íûå ñòðóêòóðû ïðîãðåññèé.

Ìíîãèå çàäà÷è êîëè÷åñòâåííîãî èçìåíåíèÿ â ñèñòåìàõ öèêëè÷åñêîãî õàðàêòåðà ðåøàþòñÿ ñ

ïîìîùüþ òåîðèè ìàòåìàòè÷åñêèõ ïðîãðåññèé. Îäíàêî ñóùåñòâóþùàÿ òåîðèÿ ïîçâîëÿåò ðåøàòü
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çàäà÷è, â êîòîðûõ èìååòñÿ òîëüêî îäèí öèêëè÷åñêèé ôàêòîð. Ïîýòîìó äëÿ ìàòåìàòè÷åñêîãî ìî-

äåëèðîâàíèÿ öèêëè÷åñêèõ ïðîöåññîâ ñ äâóìÿ öèêëè÷åñêèìè ôàêòîðàìè íåîáõîäèìî ðàñøèðèòü

òåîðèþ ïðîãðåññèé. Â ðàáîòå [1] áûëè âïåðâûå èçëîæåíû îñíîâíûå ïîëîæåíèÿ êîíöåïöèè òåîðèè

äâóõìåðíûõ ìàòåìàòè÷åñêèõ ïðîãðåññèé.

Â ìàòåìàòèêå ïðîãðåññèÿ � ýòî íàçâàíèå íåêîòîðûõ âèäîâ ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé [2].

Âûäåëÿþò ïðîãðåññèè àðèôìåòè÷åñêóþ è ãåîìåòðè÷åñêóþ.

Ðàññìîòðèì êëàññè÷åñêóþ òðàêòîâêó ìàòåìàòè÷åñêèõ ïðîãðåññèé.

Àðèôìåòè÷åñêàÿ ïðîãðåññèÿ � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, êàæäûé ÷ëåí êîòîðîé, íà÷è-

íàÿ ñî âòîðîãî, ðàâåí ïðåäûäóùåìó ÷ëåíó, ñëîæåííîìó ñ îäíèì è òåì æå ïîñòîÿííûì ÷èñëîì,

íàçûâàåìûì ðàçíîñòüþ àðèôìåòè÷åñêîé ïðîãðåññèè. Êàæäûé ÷ëåí àðèôìåòè÷åñêîé ïðîãðåññèè

ðàññ÷èòûâàåòñÿ ïî ôîðìóëå:

an = a1 + (n− 1) ∗ d, (1)

ãäå a1 - ïåðâûé ÷ëåí àðèôìåòè÷åñêîé ïðîãðåññèè;

an - ÷ëåí àðèôìåòè÷åñêîé ïðîãðåññèè ñ ïîðÿäêîâûì íîìåðîì n (îáùèé ÷ëåí ïðîãðåññèè);

n � ïîðÿäêîâûé íîìåð ÷ëåíà ïðîãðåññèè;

d - ðàçíîñòü àðèôìåòè÷åñêîé ïðîãðåññèè.

Ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, ïåðâûé ÷ëåí êîòîðîé îòëè÷åí îò

íóëÿ, à êàæäûé ÷ëåí, íà÷èíàÿ ñî âòîðîãî, ðàâåí ïðåäûäóùåìó ÷ëåíó, óìíîæåííîìó íà íåêîòî-

ðîå ïîñòîÿííîå è íå ðàâíîå íóëþ ÷èñëî, íàçûâàåìîå çíàìèíàòåëåì ãåîìåòðè÷åñêîé ïðîãðåññèè.

Êàæäûé ÷ëåí ãåîìåòðè÷åñêîé ïðîãðåññèè ðàññ÷èòûâàåòñÿ ïî ôîðìóëå

bn = b1 ∗ qn−1, (2)

ãäå b1 - ïåðâûé ÷ëåí ãåîìåòðè÷åñêîé ïðîãðåññèè;

bn - ÷ëåí ãåîìåòðè÷åñêîé ïðîãðåññèè ñ ïîðÿäêîâûì íîìåðîì n (îáùèé ÷ëåí ïðîãðåññèè);

n � ïîðÿäêîâûé íîìåð ÷ëåíà ïðîãðåññèè;

q - çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ êîíöåïöèÿ äâóõìåðíûõ ìàòåìàòè÷åñêèõ ïðîãðåññèé. Äàäèì

îïðåäåëåíèå äâóõìåðíûì ïðîãðåññèÿì. Ïðè ýòîì êëàññè÷åñêè òðàêòóåìûå ìàòåìàòè÷åñêèå ïðî-

ãðåññèè (àðèôìåòè÷åñêàÿ è ãåîìåòðè÷åñêàÿ) áóäåì íàçûâàòü îäíîìåðíûìè ïðîãðåññèÿìè.

Äâóõìåðíàÿ àðèôìåòè÷åñêàÿ ïðîãðåññèÿ - ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, îñíîâîé êîòîðîé ÿâ-

ëÿåòñÿ ïåðâûé ÷ëåí ïðîãðåññèè, äàþùèé ðàçâèòèå îäíîìåðíîé ïðîãðåññèè ñ ðàçíîñòüþ d1 (ðàç-

íîñòü àðèôìåòè÷åñêîé ïðîãðåññèè â ïåðâîì èçìåðåíèè), ïðè ýòîì, âñå ÷ëåíû ýòîé îäíîìåðíîé

ïðîãðåññèè ÿâëÿþòñÿ ïåðâûìè ÷ëåíàìè äðóãèõ îäíîìåðíûõ ïðîãðåññèé ñ îäèíàêîâîé ðàçíîñòüþ

d2 (ðàçíîñòü àðèôìåòè÷åñêîé ïðîãðåññèè âî âòîðîì èçìåðåíèè).

Îïðåäåëåíèå äâóõìåðíîé àðèôìåòè÷åñêîé ïðîãðåññèè ìîæíî äàòü è ÷åðåç ìàòåìàòè÷åñêîå

îïèñàíèå îáùåãî ÷ëåíà ïðîãðåññèè.

Äâóõìåðíàÿ àðèôìåòè÷åñêàÿ ïðîãðåññèÿ � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, êàæäûé ÷ëåí êîòî-

ðîé ðàññ÷èòûâàåòñÿ ïî ôîðìóëå:

anm = a1,1 + (n− 1) ∗ d1 + (m− 1) ∗ d2, (3)
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ãäå n � ïîðÿäêîâûé íîìåð ÷ëåíà ïðîãðåññèè â ïåðâîì èçìåðåíèè;

m - ïîðÿäêîâûé íîìåð ÷ëåíà ïðîãðåññèè âî âòîðîì èçìåðåíèè;

a1,1 � ïåðâûé ÷ëåí äâóõìåðíîé àðèôìåòè÷åñêîé ïðîãðåññèè;

d1 - ðàçíîñòü àðèôìåòè÷åñêîé ïðîãðåññèè â ïåðâîì èçìåðåíèè;

d2 - ðàçíîñòü àðèôìåòè÷åñêîé ïðîãðåññèè âî âòîðîì èçìåðåíèè;

anm - ÷ëåí äâóõìåðíîé àðèôìåòè÷åñêîé ïðîãðåññèè ñ ïîðÿäêîâûìè íîìåðàìè n â ïåðâîì èçìå-

ðåíèè è m � âî âòîðîì (îáùèé ÷ëåí ïðîãðåññèè).

Äâóõìåðíàÿ ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ - ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, îñíîâîé êîòîðîé ÿâ-

ëÿåòñÿ ïåðâûé ÷ëåí ïðîãðåññèè, äàþùèé ðàçâèòèå îäíîìåðíîé ïðîãðåññèè ñî çíàìåíàòåëåì q1

(çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè â ïåðâîì èçìåðåíèè), ïðè ýòîì, âñå ÷ëåíû ýòîé îäíî-

ìåðíîé ïðîãðåññèè ÿâëÿþòñÿ ïåðâûìè ÷ëåíàìè äðóãèõ îäíîìåðíûõ ïðîãðåññèé ñ îäèíàêîâûì

çíàìåíàòåëåì q2 (çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè âî âòîðîì èçìåðåíèè).

Îïðåäåëåíèå ìíîãîìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè ìîæíî äàòü è ÷åðåç ìàòåìàòè÷åñêîå

îïèñàíèå îáùåãî ÷ëåíà ïðîãðåññèè.

Äâóõìåðíàÿ ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, ïåðâûé ÷ëåí êîòîðîé

îòëè÷åí îò íóëÿ, à êàæäûé ïîñëåäóþùèé ðàññ÷èòûâàåòñÿ ïî ôîðìóëå

bnm = b1,1 ∗ qn−1
1 ∗ qm−1

2 , (4)

ãäå b1,1 � ïåðâûé ÷ëåí äâóõìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè;

n � ïîðÿäêîâûé íîìåð ÷ëåíà ïðîãðåññèè â ïåðâîì èçìåðåíèè;

m - ïîðÿäêîâûé íîìåð ÷ëåíà ïðîãðåññèè âî âòîðîì èçìåðåíèè;

q1 - çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè â ïåðâîì èçìåðåíèè;

q2 - çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè âî âòîðîì èçìåðåíèè;

bnm - ÷ëåí äâóõìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè ñ ïîðÿäêîâûìè íîìåðàìè n â ïåðâîì èçìåðå-

íèè è m � âî âòîðîì (îáùèé ÷ëåí ïðîãðåññèè).

Êëàññè÷åñêèå ïðîãðåññèè (àðèôìåòè÷åñêàÿ è ãåîìåòðè÷åñêàÿ) ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì

äâóõìåðíûõ ïðîãðåññèé, êîòîðûå ðàçâèâàþòñÿ òîëüêî â îäíîì èçìåðåíèè. Ïîýòîìó è áûëî ïðåä-

ëîæåíî íàçâàòü äàííûå ïðîãðåññèè îäíîìåðíûìè. Êàæäàÿ äâóõìåðíàÿ ïðîãðåññèÿ ïðåäñòàâëÿåò

ñîáîé óïîðÿäî÷åííóþ ñîâîêóïíîñòü îäíîìåðíûõ ïðîãðåññèé.

Äëÿ óäîáñòâà èñïîëüçîâàíèÿ äâóõìåðíûõ ïðîãðåññèé è èññëåäîâàíèÿ èõ ñâîéñòâ ââåäåì äëÿ

íèõ ñëåäóþùèå òåðìèíîëîãè÷åñêèå ïîíÿòèÿ.

X óðîâåíü ïåðâîãî èçìåðåíèÿ äâóõìåðíîé ïðîãðåññèè � ñîâîêóïíîñòü ÷ëåíîâ ðàññìàòðèâàåìîé

ïðîãðåññèè ñ ïîðÿäêîâûì íîìåðîì X â ïåðâîì èçìåðåíèè, ãäå X íàòóðàëüíîå ÷èñëî.

X óðîâåíü âòîðîãî èçìåðåíèÿ äâóõìåðíîé ïðîãðåññèè � ñîâîêóïíîñòü ÷ëåíîâ ðàññìàòðèâàåìîé

ïðîãðåññèè ñ ïîðÿäêîâûì íîìåðîì X âî âòîðîì èçìåðåíèè, ãäå X íàòóðàëüíîå ÷èñëî.

Ðàçâèòèå ïðîãðåññèè � ïåðåõîä îò îäíîãî ÷ëåíà ïðîãðåññèè ê ñëåäóþùåìó.

Ïåðâûé ÷ëåí äâóõìåðíîé ïðîãðåññèè � ÷ëåí ïðîãðåññèè, ó êîòîðîãî ïîðÿäêîâûå íîìåðà â

îáîèõ èçìåðåíèÿõ ðàâíû åäèíèöå.

Øàã ïðîãðåññèè � ñîâîêóïíîñòü ÷ëåíîâ äàííîé ïðîãðåññèè, ðàâíîóäàëåííûõ â ðàçâèòèè îò

ïåðâîãî ÷ëåíà ïðîãðåññèè. Èç äàííîãî îïðåäåëåíèÿ ëîãè÷åñêè âûòåêàåò ñâîéñòâî ÷ëåíîâ îäíîãî

øàãà äâóõìåðíîé ïðîãðåññèè � îíè èìåþò îäèíàêîâûå çíà÷åíèÿ ñóììû ñâîèõ ïîðÿäêîâûõ íîìåðîâ

ïåðâîãî è âòîðîãî èçìåðåíèé.
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Ïåðâûé ÷ëåí â ïåðâîì èçìåðåíèè äâóõìåðíîé ïðîãðåññèè � ÷ëåí ïðîãðåññèè, ó êîòîðîãî ïî-

ðÿäêîâûé íîìåð â ïåðâîì èçìåðåíèè äàííîé ïðîãðåññèè ðàâåí åäèíèöå.

Ïåðâûé ÷ëåí âî âòîðîì èçìåðåíèè äâóõìåðíîé ïðîãðåññèè � ÷ëåí ïðîãðåññèè, ó êîòîðîãî

ïîðÿäêîâûé íîìåð âî âòîðîì èçìåðåíèè äàííîé ïðîãðåññèè ðàâåí åäèíèöå.

Ïåðâûé ÷ëåí äâóõìåðíîé ïðîãðåññèè ÿâëÿåòñÿ ïåðâûì ÷ëåíîì â îáîèõ èçìåðåíèÿõ äàííîé

ïðîãðåññèè.

Ïåðâûé ðÿä äâóõìåðíîé ïðîãðåññèè - óïîðÿäî÷åííàÿ ñîâîêóïíîñòü ÷ëåíîâ ïåðâîãî èçìåðåíèÿ

äàííîé ïðîãðåññèè, ÿâëÿþùèõñÿ ïåðâûìè ÷ëåíàìè âòîðîãî èçìåðåíèÿ.

Ïåðâûé ÷ëåí X øàãà ïðîãðåññèè � ÷ëåí X øàãà, âõîäÿùèé â ñîñòàâ ïåðâîãî ðÿäà ïðîãðåññèè,

ãäå X íàòóðàëüíîå ÷èñëî.

Íîìåð øàãà ïðîãðåññèè � ÷èñëî ðàâíîå ïîðÿäêîâîìó íîìåðó ïåðâîãî ÷ëåíà øàãà ïðîãðåññèè

â ïåðâîì èçìåðåíèè.

Îäíîðîäíûé øàã ïðîãðåññèè � øàã ïðîãðåññèè, âñå ÷ëåíû êîòîðîãî èìåþò îäèíàêîâîå ÷èñ-

ëåííîå çíà÷åíèå.

Íåîäíîðîäíûé øàã ïðîãðåññèè � øàã ïðîãðåññèè, âñå ÷ëåíû êîòîðîãî èìåþò ðàçëè÷íûå ÷èñ-

ëåííûå çíà÷åíèÿ.

Êîýôôèöèåíò îäíîðîäíîñòè X øàãà � îòíîøåíèå ñðåäíåàðèôìåòè÷åñêîãî çíà÷åíèÿ ÷ëåíîâ X

øàãà ê ïåðâîìó ÷ëåíó ýòîãî øàãà, ãäå X íàòóðàëüíîå ÷èñëî. Äëÿ îäíîðîäíîãî øàãà ïðîãðåññèè

êîýôôèöèåíò îäíîðîäíîñòè ðàâåí åäèíèöå.

Êîýôôèöèåíò ðàçâèòèÿ ïðîãðåññèè â X øàãå � îòíîøåíèå ñóììû ÷ëåíîâ X øàãà ê ïåðâîìó

÷ëåíó ïðîãðåññèè, ãäå X íàòóðàëüíîå ÷èñëî. Äàííûé êîýôôèöèåíò ïîêàçûâàåò, âî ñêîëüêî ðàç

óâåëè÷èëàñü ñóììà ÷ëåíîâ øàãà ïðè ðàçâèòèè ïðîãðåññèè ñ ïåðâîãî øàãà äî X øàãà.

Äëÿ óäîáíîãî îáðàçíîãî âîñïðèÿòèÿ äâóõìåðíîé ïðîãðåññèè öåëåñîîáðàçíî ïðåäñòàâèòü å¼

â ïðîñòðàíñòâå â âèäå îïðåäåëåííîé ñòðóêòóðû ñ ðàçìåùåíèåì ÷ëåíîâ àäåêâàòíî èõ ïîðÿäêî-

âûì íîìåðàì â èçìåðåíèÿõ. Ïðåäëàãàþòñÿ äâå ïðîñòðàíñòâåííûå ñòðóêòóðû ïðîãðåññèé: îðòî-

ãîíàëüíàÿ ìàòðè÷íàÿ ñòðóêòóðà è ïîøàãîâàÿ ìàòðè÷íàÿ ñòðóêòóðà. Äëÿ îòîáðàæåíèÿ äàííûõ

ñòðóêòóðû íà ïëîñêîñòè öåëåñîîáðàçíî èñïîëüçîâàòü ìàòðèöû. Ïîýòîìó ýòè ïðîñòðàíñòâåííûå

ñòðóêòóðû ïðîãðåññèé ïðåäëîæåíî íàçûâàòü ìàòðè÷íûìè.

Â ìàòåìàòèêå ìàòðèöà � ýòî ïðÿìîóãîëüíàÿ òàáëèöà, ñîñòîÿùàÿ èç ýëåìåíòîâ, ðàññòàâëåííûõ

â m ñòðîê è n ñòîëáöîâ [2]. Ìàòðè÷íàÿ ñòðóêòóðà ïðîãðåññèè ïîçâîëÿåò îòîáðàçèòü âñå ÷ëåíû

äâóõìåðíîé ïðîãðåññèè. Ïðè ýòîì ÷ëåíû ïðîãðåññèè ðàçìåùàþòñÿ ïîñëåäîâàòåëüíî â ñòðîêàõ è

ñòîëáöàõ ïðÿìîóãîëüíîé òàáëèöû.

Îðòîãîíàëüíàÿ ìàòðè÷íàÿ ñòðóêòóðà ïðîãðåññèè � ïîñëåäîâàòåëüíîå ðàçìåùåíèå ÷ëåíîâ ïðî-

ãðåññèè â ïðîñòðàíñòâå, ïðè êîòîðîì âñå óðîâíè îäíîãî èçìåðåíèÿ ïàðàëëåëüíû äðóã äðóãó, à

ëþáûå äâà óðîâíÿ ðàçëè÷íûõ èçìåðåíèé ïåðïåíäèêóëÿðíû äðóã äðóãó. Èñõîäÿ èç ñïåöèôèêè

ðàçìåùåíèÿ ÷ëåíîâ ïðîãðåññèè â ïðîñòðàíñòâå, äàííóþ ñòðóêòóðó áûëî ïðåäëîæåíî íàçâàòü

¾îðòîãîíàëüíîé¿. Îðòîãîíàëüíîñòü (îò ãðå÷åñêîãî orthogonios � ïðÿìîóãîëüíûé) � îáîáùåííîå

ïîíÿòèå ïåðïåíäèêóëÿðíîñòè, ðàñïðîñòðàí¼ííîå íà ðàçëè÷íûå ìàòåìàòè÷åñêèå îáúåêòû. Òàêàÿ

ñòðóêòóðà óäîáíà äëÿ öåëîñòíîãî âîñïðèÿòèÿ ÷ëåíîâ ïðîãðåññèè [3].

Ïîøàãîâàÿ ìàòðè÷íàÿ ñòðóêòóðà ïðîãðåññèè - ïîñëåäîâàòåëüíîå ðàçìåùåíèå ÷ëåíîâ ïðîãðåñ-

ñèè â ïðîñòðàíñòâå, ïðè êîòîðîì âñå óðîâíè îäíîãî èçìåðåíèÿ ïàðàëëåëüíû äðóã äðóãó, à ïåðâûé

ðÿä ïðîãðåññèè ïåðïåíäèêóëÿðåí øàãàì ïðîãðåññèè. Äàííàÿ ñòðóêòóðà óäîáíà äëÿ íàãëÿäíîãî

ïðåäñòàâëåíèÿ ðàçâèòèÿ ïðîãðåññèè ïî øàãàì.
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Îòîáðàæåíèå ïîøàãîâîé ìàòðè÷íîé ñòðóêòóðû ïðîãðåññèè íà ïëîñêîñòè îñóùåñòâëÿåòñÿ ïó-

òåì òðàíñôîðìàöèè îòîáðàæåíèÿ îðòîãîíàëüíîé ìàòðè÷íîé ñòðóêòóðû äàííîé ïðîãðåññèè òàêèì

îáðàçîì, ÷òî â ñòðîêàõ òàáëèöû ðàçìåùàþòñÿ óðîâíè îäíîãî ÿâíîãî èçìåðåíèÿ, à â ñòîëáöàõ øàãè

ïðîãðåññèè â ïðåäåëàõ îäíîãî óðîâíÿ íåÿâíûõ èçìåðåíèé.

Ðàññìîòðèì ìàòðè÷íûå ñòðóêòóðû ïðîãðåññèé íà ïðèìåðå äâóõìåðíîé ãåîìåòðè÷åñêîé ïðî-

ãðåññèè (bn,m), ñîñòîÿùåé èç 16-òè ÷ëåíîâ. Å¼ îðòîãîíàëüíàÿ ìàòðè÷íàÿ ñòðóêòóðà ïðåäñòàâëåíà

íà ðèñóíêå 1.

Ðèñóíîê 1 Îðòîãîíàëüíàÿ ìàòðè÷íàÿ ñòðóêòóðà äâóõìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè (bn,m)

Íà ðèñóíêå 2 ïîêàçàíû ïðèìåðû óðîâíåé ïåðâîãî è âòîðîãî èçìåðåíèé ðàññìàòðèâàåìîé

ïðîãðåññèè (bn,m). ×ëåíû b1,1, b1,2, b1,3, b1,4 îáðàçóþò ïåðâûé óðîâåíü ïåðâîãî èçìåðåíèÿ. ×ëå-

íû b1,1, b2,1, b3,1, b4,1 îáðàçóþò ïåðâûé óðîâåíü âòîðîãî èçìåðåíèÿ. È òàê äàëåå ïî àíàëîãèè.

Ðèñóíîê 2 Óðîâíè èçìåðåíèé äâóõìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè (bn,m)

Íà ðèñóíêå 3 ïîêàçàíû øàãè äâóõìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè (bn,m) ïðè îðòîãîíàëüíîé

ìàòðè÷íîé ñòðóêòóðå.

Ðèñóíîê 3 Øàãè äâóõìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè (bn,m)

Íà ðèñóíêå 4 ïîêàçàíû øàãè ðàññìàòðèâàåìîé ïðîãðåññèè ïðè ïîøàãîâîé ìàòðè÷íîé ñòðóê-

òóðå. ×ëåí b1,1 ÿâëÿåòñÿ ïåðâûì øàãîì äàííîé ïðîãðåññèè. ×ëåíû b2,1, b1,2, îáðàçóþò âòîðîé øàã.

×ëåíû b3,1, b2,2, b1,3 îáðàçóþò òðåòèé øàã. È òàê äàëåå ïî àíàëîãèè.
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Ðèñóíîê 4 Ïîøàãîâàÿ ìàòðè÷íàÿ ñòðóêòóðà äâóõìåðíîé ãåîìåòðè÷åñêîé ïðîãðåññèè (bn,m)

Òàêèì îáðàçîì, â äàííîé ðàáîòå ïðåäñòàâëåíà êîíöåïöèÿ äâóõìåðíûõ ìàòåìàòè÷åñêèõ ïðî-

ãðåññèé, ââåäåí ðÿä òåðìèíîëîãè÷åñêèõ ïîíÿòèé, à òàêæå ïðåäñòàâëåíû ìàòðè÷íûå ñòðóêòóðû

ïðîãðåññèé, ïîçâîëÿþùèå óïðîñòèòü âîñïðèÿòèå ñîâîêóïíîñòè ÷ëåíîâ ïðîãðåññèè ïðè èçó÷åíèè

èõ ìàòåìàòè÷åñêèõ ñâîéñòâ.
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Î ÑÕÎÄÈÌÎÑÒÈ ÐÀÇÍÎÑÒÍÛÕ ÑÕÅÌ ÄËß ÓÐÀÂÍÅÍÈÉ

ÍÀÂÜÅ-ÑÒÎÊÑÀ Â ÏÅÐÅÌÅÍÍÛÕ (Ψ,Ω)

Í.Ò. Äàíàåâ, Ô.Ñ. Àìåíîâà

Êàçàõñêèé Íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ñõîäèìîñòè ðåøåíèÿ äâóìåðíîé

îïåðàòîðíî-ðàçíîñòíîé çàäà÷è äëÿ íåñæèìàåìîé æèäêîñòè â ïåðåìåííûõ ¾ôóíêöèÿ òîêà,

âèõðü ñêîðîñòè¿ ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è. Ãðàíè÷íûå çíà÷åíèÿ äëÿ âèõðÿ ñêî-

ðîñòè âûáðàíû â âèäå ôîðìóë Òîìà. Èññëåäîâàíà åäèíñòâåííîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è.

Äëÿ ïîãðåøíîñòè ðåøåíèÿ ïîëó÷åíà îöåíêà ñêîðîñòè ñõîäèìîñòè.
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Êëþ÷åâûå ñëîâà: óðàâíåíèÿ Íàâüå-Ñòîêñà â ïåðåìåííûõ ¾ôóíêöèÿ òîêà, âèõðü ñêîðîñòè¿

äëÿ íåñæèìàåìîé æèäêîñòè, àïïðîêñèìàöèÿ, ñõîäèìîñòü.

Â êâàäðàòíîé îáëàñòè D = {0 ≤ x, y ≤ 1} ðàññìîòðèì äâóìåðíóþ ñèñòåìó ñòàöèîíàðíûõ

óðàâíåíèé Íàâüå-Ñòîêñà â ïåðåìåííûõ ¾ôóíêöèÿ òîêà, âèõðü ñêîðîñòè¿ äëÿ íåñæèìàåìîé âÿçêîé

æèäêîñòè ñëåäóþùåãî âèäà [1]:(
Ω
∂Ψ

∂y

)
x

−
(

Ω
∂Ψ

∂x

)
y

= ν∆Ω + f(x, y), (1)

∆Ψ = Ω, (x, y) ∈ D, (2)

ñ êðàåâûìè óñëîâèÿìè

Ψ =
∂Ψ

∂n
|∂D= 0, (3)

ãäå ν - êîýôôèöèåíò âÿçêîñòè, ~n - âíåøíÿÿ íîðìàëü ê ãðàíèöå îáëàñòè, ∆ - äâóìåðíûé îïåðàòîð

Ëàïëàñà, f(x, y) - íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ, Ψ - ôóíêöèÿ òîêà, Ω - âèõðü ñêîðîñòè.

Äëÿ àïïðîêñèìàöèè óðàâíåíèé (1), (2) â êîíå÷íî-ðàçíîñòíîé îáëàñòèDh = {(kh1,mh2) , k,m ∈
1, N − 1, ãäå h1 è h2 -øàãè ñåòêè ïî íàïðàâëåíèÿì x è y ñîîòâåòñòâåííî, ðàññìîòðèì ñõåìó íà

ñèììåòðè÷íîì øàáëîíå âèäà:

Lh (Ω) Ψ = ν∆hΩ + f, (4)

∆hΨ = Ω, (5)

ãäå Lh - ðàçíîñòíûé îïåðàòîð, ñîîòâåòñòâóþùèé àïïðîêñèìàöèè êîíâåêòèâíûõ ñëàãàåìûõ óðàâ-

íåíèÿ (1), ò.å.

Lh (Ω) Ψ =
(

ΩΨ0
y

)
0
x
−
(

ΩΨ0
x

)
0
y

çäåñü Ψ0
x
, Ψ0

y
- ñèììåòðè÷íûå ðàçíîñòíûå ïðîèçâîäíûå ïî íàïðàâëåíèÿì x è y ñîîòâåòñòâåííî.

Êðàåâûå óñëîâèÿ äëÿ âèõðÿ ñêîðîñòè âçÿòû â âèäå ôîðìóë Òîìà [2]:

Ω0m = 2
h1

Ψx,0m, ΩNm = − 2
h1

Ψx̄,Nm, k = 1, N − 1,

Ωk0 =
2

h2
Ψy,k0, ΩkN = − 2

h2
Ψȳ,kN , k = 1, N − 1. (6)

Ïðåäïîëîæèì, ÷òî ðåøåíèå äèôôåðåíöèàëüíîé çàäà÷è (1)-(3) îáëàäàåò äîñòàòî÷íîé ãëàäêî-

ñòüþ, íåîáõîäèìîé äëÿ íàøåãî àíàëèçà.

Áóäåì èñïîëüçîâàòü ñëåäóþùèå íåðàâåíñòà äëÿ ðàçíîñòíîãî îïåðàòîðà Lh :

|(Lh(w)u, v)| ≤ c0||w|| ||∆hu|| ||∆hv|| (7)

(Lh(w)u, u) = 0, ∀w, u, v ∈ Hh(Dh) (8)

ãäå c0 - ðàâíîìåðíî îãðàíè÷åííàÿ êîíñòàíòà, Hh-ïðîñòðàíñòâî ñåòî÷íûõ ôóíêöèé.

Äëÿ ðàçíîñòíîé çàäà÷è (4)-(6) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

ν ‖∆hΨ‖ ≤ ‖f‖ 0
W
−2

2 (Dh)
(9)
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ãäå ‖f‖ 0
W
−2

2 (Dh)
= sup

u6=0

‖(f,u)‖
‖∆hu‖

Äåéñòâèòåëüíî, óìíîæèâ ñîîòíîøåíèå (4) íà Ψ è ïðîñóììèðîâàâ ïî âíóòðåííèì óçëàì ñåòêè

Dh , ïîëó÷èì ñîîòíîøåíèå:

ν ‖∆hΨ‖2 + ν

[
N−1∑
m=1

(Ω0mΨx,0m − ΩNmΨx̄,Nm)h1 +
N−1∑
k=1

(Ωk0Ψy,k0 − ΩkNΨȳ,kN )h2

]
+ (f,Ψ) = 0.

Îòñþäà, ó÷èòûâàÿ êðàåâûå óñëîâèÿ (6), èìååì:

ν||∆hΨ||2 + 2ν
h1

N−1∑
m=1

(|Ψx,0m|2 + |Ψx̄,Nm|2)h1 + 2ν
h2

N−1∑
k=1

(|Ψy,k0|2 + |Ψȳ,kN |2)h2 ≤ |(f,Ψ)|,

Äàëåå, ïðåîáðàçóÿ ïðàâóþ ÷àñòü ïîñëåäíåãî íåðàâåíñòâà ñëåäóþùèì îáðàçîì

|(f,Ψ)| ≤ |(f,Ψ)|
‖∆hΨ‖ ‖∆hΨ‖ ≤ ‖∆hΨ‖ sup

Ψ6=0

|(f,Ψ)|
‖∆hΨ‖ = ‖∆hΨ‖ ‖f‖ 0

W
−2

2 (Dh)

ïîëó÷èì îöåíêó (9).

Òåïåðü ïîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ c0
‖f‖
ν2 < 1, ãäå c0 > 0 - ðàâíîìåðíî îãðàíè÷åííàÿ

êîíñòàíòà, çàäà÷à (4)-(6) èìååò åäèíñòâåííîå ðåøåíèå

Äëÿ ýòîãî, ïðåäïîëîæèì, ÷òî çàäà÷à (4)-(6) èìååò äâà ðåøåíèÿ (Ψ1,Ω1) è (Ψ2,Ω2). Äëÿ

ðàçíîñòåé Φ = Ψ1 −Ψ2, Z = Ω1 − Ω2 èìååì ñëåäóþùóþ ðàçíîñòíóþ çàäà÷ó:

Lh (Ω1) Φ + Lh (Z) Ψ2 = ν∆hZ (10)

∆hΦ = Z (11)

ñ êðàåâûìè óñëîâèÿìè

Φ = 0, Z0m =
2

h1
Φx,0m, ZNm = − 2

h1
Φx̄,Nm. (12)

Òîãäà èìååì îöåíêó

ν ‖∆hΨ‖2 ≤ |(Lh (Z) Ψ2,Φ)| ≤ c0 ‖∆hΦ‖2 ‖∆hΨ2‖

(ν − c0 ‖∆hΨ2‖) ‖∆hΦ‖2 ≤ 0.

Îòñþäà, åñëè ν − c0 ‖∆hΨ2‖ > 0, ‖∆hΦ‖2 = 0, ò.å. Ψ1 −Ψ2 = 0 è ðàññìàòðèâàåìàÿ çàäà÷à èìååò

åäèíñòâåííîå ðåøåíèå.

Èñïîëüçóÿ âûøåóêàçàííûå îöåíêè, ïîêàæåì, ÷òî ðåøåíèå ðàçíîñòíîé çàäà÷è (4)-(6) ñõîäèòñÿ

ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1)-(3).

Ââåäåì îáîçíà÷åíèÿ:

Φ = Ψh −Ψ,

Z = Ωh − Ω,

ãäå Ψ,Ω - ðåøåíèÿ äèôôåðåíöèàëüíîé çàäà÷è (1)-(3), Ψh,Ωh - ðåøåíèÿ ðàçíîñòíîé çàäà÷è (4)-(6)

â óçëàõ ñåòêè Dh.

Òîãäà äëÿ ïîãðåøíîñòåé ðåøåíèÿ èìååì ñëåäóþùèå óðàâíåíèÿ [3]:

Lh (Ωh) Φ + Lh (Z) Ψ = ν∆hZ +Rh, (13)

∆hΦ = Z +Qh, (14)

ñ êðàåâûìè óñëîâèÿìè Φ|∂Dh = 0,
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Z0m = 2
h1

Φx,0m + r0m, ZNm = − 2
h1

Φx̄,Nm + rNm,

Zk0 =
2

h2
Φy,k0 + rk0, ZkN = − 2

h2
Φȳ,kN + rkN , (15)

ãäå r0m = O (h) , rNm = O (h) , rk0 = O (h) , rkN = O (h) , Rh = O
(
h2
)
, Qh = O

(
h2
)
, h =

max (h1, h2).

Rh = Lh (Ωh) Ψh − ν∆hΩh + f (x, y) , (x, y) ∈ Dh,

Qh = ∆hΨh − Ωh,

Rh, Qh - íåâÿçêè ðàçíîñòíûõ óðàâíåíèé (4) è (5) ñîîòâåòñòâåííî.

Òåïåðü óìíîæèì ñîîòíîøåíèå (13) íà Φ è ïðîñóììèðóåì ïî óçëàì ñåòêè Dh. Òîãäà ïîëó÷èì

ñëåäóþùåå îñíîâíîå ýíåðãåòè÷åñêîå òîæäåñòâî:

(ν∆hZ,Φ) + (Rh,Ω) = (Lh (Z) Ψ,Φ) .

Ó÷èòûâàÿ ñîîòíîøåíèÿ (14), (15) è èñïîëüçóÿ ôîðìóëû ñóììèðîâàíèÿ ïî ÷àñòÿì èìååì:

ν (Z,∆hΦ) + ν
N−1∑
m=1

(Z0mΦx,0m − ZNmΦx̄,Nm)h2 + ν
N−1∑
k=1

(Zk0Φy,k0 − ZkNΦȳ,kN )h1 + (Rh,Φ) =

(Lh (Z) Ψ,Φ) ,

ν(∆hΦ−Qh,∆hΦ) + ν
N−1∑
m=1

[( 2
h1

Φx,0m + r0m)Φx,0m − (− 2
h1

Φx̄,Nm + rNm)Φx̄,kN ]h2+

+ν
N−1∑
k=1

[( 2
h2

Φy,k0 + rk0)Φy,k0 − (− 2
h2

Φȳ,kN + rkN )Φȳ,kN ]h1 + (Rh,Φ) = (Lh(Z)Ψ,Φ),

Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì:

ν ‖∆hΦ‖2 + 2ν
h1

N−1∑
m=1

(
|Φx,0m|2 +

(
|Φx̄,Nm|2

))
h2 + 2ν

h2

N−1∑
k=1

(
|Φy,k0|2 +

(
|Φȳ,kN |2

))
h1 =

= ν |(Qh,∆hΦ)|+ ν
N−1∑
m=1

(
|Φx,0mr0m|2 + |Φx̄,NmrNm|2

)
h2 + ν

N−1∑
k=1

(
|Φy,k0rk0|2 + |Φȳ,kNrkN |2

)
h1+

+ |(Rh,Φ)|+ |(Lh (Z) Ψ,Φ)| . (16)

Ñëàãàåìûå ýíåðãåòè÷åñêîãî òîæäåñòâà (16) îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

|(Qh,∆hΦ)| ≤ ‖Qh‖ ‖∆hΦ‖ ≤ ε1 ‖∆hΦ‖2 + 1
4ε1
‖Qh‖2 ,

|(Rh,Φ)| ≤ |(Rh,Φ)|
‖∆hΦ‖ ‖∆hΦ‖ ≤ ‖Rh‖ 0

W
−2

2 (Dh)
‖∆hΦ‖ ≤ ε2 ‖∆hΦ‖2 + 1

4ε2
‖Rh‖20

W
−2

2 (Dh)

|(Lh (Z) Ψ,Φ)| ≤ c0 ‖Z‖ ‖∆hΨ‖ ‖∆hΦ‖ ≤ c0 (‖∆hΦ‖+ ‖Qh‖) ‖∆hΨ‖ ‖∆hΦ‖ =

= c0 ‖∆hΨ‖
(
‖∆hΦ‖2 + ‖Qh‖ ‖∆hΦ‖

)
≤ c0 ‖∆hΨ‖

[
(1 + ε3) ‖∆hΦ‖2 + 1

4ε3
‖Qh‖2

]
,

ν
N−1∑
m=1
|Φx,0mr0m|h2 = ν√

h1

N−1∑
m=1
|Φx,0mr0m|h2

√
h1 ≤ ν

N−1∑
m=1

(
ε4
|Φx,0m|2

h1
+ 1

4ε4
h1 |r0m|2

)
h2.

Èñïîëüçóÿ ïîëó÷åííûå âûøå íåðàâåíñòâà, îöåíèì òîæäåñòâî (16):
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(ν − νε1 − ε2 − c0 (1 + ε3) ‖∆hΨ‖) ‖∆hΦ‖2 ≤ ν
4ε1
‖Qh‖2 + 1

4ε2
‖Rh‖2 + c0

‖∆hΨ‖
4ε3

‖Qh‖2 +

+ν 1
4ε4

N−1∑
m=1

(
|r0m|2 + |rNm|2

)
h2 + ν h2

4ε5

N−1∑
k=1

(
|rk0|2 + |rkN |2

)
h1.

Åñëè ïðåäïîëîæèòü, ÷òî

ν − νε1 − ε2 − c0 (1 + ε3) ‖∆hΨ‖ ≥ δ0 > 0,

ãäå δ0 íåêîòîðàÿ êîíñòàíòà, òî

δ0 ‖∆hΦ‖2 ≤Mh3,

ãäå M ðàâíîìåðíî îãðàíè÷åííàÿ êîíñòàíòà, ñëåäîâàòåëüíî ‖∆hΦ‖ ≤ c0 h
3
2 .
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ÌÎÄÈÔÈÊÀÖÈß ÌÅÒÎÄÀ ÔÈÊÒÈÂÍÛÕ ÎÁËÀÑÒÅÉ ÄËß

ÍÅËÈÍÅÉÍÎÉ ÍÅÑÒÀÖÈÎÍÀÐÍÎÉ ÌÎÄÅËÈ ÁÓÑÑÈÍÅÑÊÀ

Í.Ò. Äàíàåâ, Æ.Á. Áàéòóëåíîâ

Êàçàõñêèé Íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè

Êàê èçâåñòíî, ðàçðàáîòêà è îáîñíîâàíèå ìîäèôèêàöèè ìåòîäà ôèêòèâíûõ îáëàñòåé, îáëàäà-

þùèõ ëó÷øåé ñêîðîñòüþ ñõîäèìîñòè äëÿ íåëèíåéíûõ ìîäåëåé ìàòåìàòè÷åñêîé ôèçèêè ÿâëÿåòñÿ

àêòóàëüíûì âîïðîñîì. Â ýòîé ðàáîòå îäèí èç òàêèõ ìîäèôèêàöèé, ðàçðàáîòàííûé Ñìàãóëîâûì

Ø.Ñ.[1], ñ çàäàííûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ ôóíêöèè äàâëåíèÿ, âïåðâûå îáîñíîâàí äëÿ

íåñòàöèîíàðíîé íåëèíåéíîé ìîäåëè Áóññèíåñêà äâèæåíèÿ íåñæèìàåìîé íåîäíîðîäíîé æèäêîñòè.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìîäèôèêàöèÿ ìåòîäà ôèêòèâíûõ îáëàñòåé ñ ïðîäîëæåíè-

åì ïî ñòàðøèì êîýôôèöèåíòàì äëÿ íåñòàöèîíàðíîé ìîäåëè Áóññèíåñêà òå÷åíèÿ íåîäíîðîäíîé

íåñæèìàåìîé æèäêîñòè. Îáëàñòü òðåõìåðíàÿ îãðàíè÷åííàÿ. Ïîêàçàíû ñóùåñòâîâàíèå è ñõîäè-

ìîñòü îáîáùåííîãî è ñèëüíîãî ðåøåíèé âñïîìîãàòåëüíîé çàäà÷è ê ñîîòâåòñòâóþùèì ðåøåíèÿì

èñõîäíîé çàäà÷è. Âûâåäåíû ðàâíîìåðíûå îöåíêè ðåøåíèé.
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Èòàê, ðàññìîòðèì îäíó ìîäèôèêàöèþ ìåòîäà ôèêòèâíûõ îáëàñòåé ñ çàäàííûì ãðàíè÷íûì

óñëîâèåì äëÿ äàâëåíèÿ äëÿ ìîäåëè Áóññèíåñêà:

vε
t

+ (vε · ∇)vε = div(Kε(vε)∇vε)−∇pε + qρε, divvε = 0, (1)

ρε
t

+ (vε · ∇)ρε = 0, (t, x) ∈ [0, T ]×D, D ⊂ R3 (2)

vε|t=0 = v0(x), vε · τ |S1 = 0, pε|S1 = 0, ρε|t=0 = ρ0(x) (3)

[vε]|S = 0

[
Kε(vε)

∂vε

∂n

]∣∣∣∣
S

= 0− óñëîâèÿ ñîãëàñîâàíèÿ íà ãðàíèöå èñõîäíîé îáëàñòè (4)

ãäå Kε(vε) = ν, x ∈ Ω; Kε(vε) = ν/(ε||∇vε||β
L2(D1)

), x ∈ D1, D1 = D/Ω, 0 < β < 1, Ω - èñõîäíàÿ

îáëàñòü äâèæåíèÿ æèäêîñòè, D - ôèêòèâíàÿ îáëàñòü, S - ãðàíèöà Ω, S1 - ãðàíèöà D, S ∩S1 = �
.

Òåîðåìà 1. Ïóñòü 0 < m ≤ ρ0(x) ≤ M, v0(x) ∈ J0(Ω). Òîãäà ñóùåñòâóåò õîòÿ áû îäíî

îáîáùåííîå ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è (1)-(4), äëÿ íåãî èìåþò îöåíêè:

0 < m ≤ ρε(x) ≤M <∞, ||vε||2L∞(0,T ;L2(D)) + ||∇vε||2L2(0,T ;L2(Ω)) + 1
ε

T∫
0

||∇vε||βL2(D1) ≤ C <∞

à ïðè ε→ 0 îíî ñõîäèòñÿ ê îáîáùåííîìó ðåøåíèþ èñõîäíîé çàäà÷è(ìîäåëè Áóññèíåñêà).

Òåîðåìà 2. Ïóñòü 0 < m ≤ ρ0(x) ≤ M, v0(x) ∈ J01(Ω). Òîãäà ñóùåñòâóåò õîòÿ áû îäíî

ñèëüíîå ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è (1)-(4), à òàêæå îíî ñõîäèòñÿ ê ñèëüíîìó ðåøåíèþ

èñõîäíîé çàäà÷è(ìîäåëè Áóññèíåñêà) ñî ñêîðîñòüþ ñõîäèìîñòè:

||vε − v||L∞(0,T ;L2(Ω)) + ||vε − v||L2(0,T ;W 1
2 (Ω)) + ||ρε − ρ||L∞(0,T ;L2(Ω)) ≤ Cε

1+β
4(1−β)
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ÎÁ ÎÄÍÎÉ ÍÅÊÎÐÐÅÊÒÍÎÉ ÇÀÄÀ×Å ÄËß ÁÈÃÀÐÌÎÍÈ×ÅÑÊÎÃÎ

ÓÐÀÂÍÅÍÈß Ñ ÄÎÏÎËÍÈÒÅËÜÍÛÌ ÓÑËÎÂÈÅÌ

Ì.Ò. Äæåíàëèåâ, Ê.Á. Èìàíáåðäèåâ, Ê.À. Àéìåíîâà

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÊÍ ÌÎÍ ÐÊ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè

Abstract. In the paper considers the ill-posed boundary problem for the biharmonic equation in

two-dimensional domain. For her study is entered an additional condition on the solution. This
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enables us to reduce the considered ill-posed boundary value problem to an optimization problem.

In the paper by applying the methods of optimal control theory for linear-quadratic optimization

problems are set optimality conditions. A given algorithm for solving the optimization problem.

Keywords: ill-posed problem, biharmonic equation, optimal control.

À­äàòïà. �ñûíûë¡àí æ´ìûñòà åêi°ëøåìäi òiêá´ðûøòû îáëñòà áèãàðìîíûêàëû© òå­äåó ³øií

êîððåêòi åìåñ øåêàðàëû© åñåï ©àðàñòûðûë¡àí. Åñåïòi çåðòòåó ³øií øåøiìãå áåëãiëi áið ©î-

ñûìøà øàðò åíãiçiëãåí. Á´ë áiç ©àðàñòûðûï îòûð¡àí êîððåêòi åìåñ øåêàðàëû© åñåïòi òèiì-

äiëåó åñåáiíå êåëòiðóãå ì³ìêiíäiê áåðåäi. Ìà©àëàäà òèiìäi áàñ©àðó òåîðèÿñû ºäiñòåðií ©îëäàíó

àð©ûëû ñûçû©òû-êâàäðàòòû© òèiìäiëåó åñåïòåði ³øií òèiìäiëiê øàðòòàðû àëûí¡àí. Òèiì-

äiëåó åñåáií øåøó àëãîðèòìi êåëòiðiëãåí.

Êiëòòiê ñ°çäåð: êîððåêòi åìåñ åñåï, áèãàðìîíèêàëû© òå­äåó, òèiìäi áàñ©àðó.

Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íåêîððåêòíàÿ ãðàíè÷íàÿ çàäà÷à äëÿ áèãàð-

ìîíè÷åñêîãî óðàâíåíèÿ â äâóìåðíîé ïðÿìîóãîëüíîé îáëàñòè. Äëÿ åå èññëåäîâàíèÿ ââîäèòñÿ

íåêîòîðîå äîïîëíèòåëüíîå óñëîâèå íà ðåøåíèå. Ýòî ïîçâîëÿåò ñâåñòè ðàññìàòðèâàåìóþ íàìè

íåêîððåêòíóþ ãðàíè÷íóþ çàäà÷ó ê çàäà÷å îïòèìèçàöèè. Â ðàáîòå ñ ïîìîùüþ ïðèìåíåíèÿ ìå-

òîäîâ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ëèíåéíî-êâàäðàòè÷íûõ çàäà÷ îïòèìèçàöèè óñòà-

íîâëåíû óñëîâèÿ îïòèìàëüíîñòè. Ïðèâåäåíà àëãîðèòì ðåøåíèÿ îïòèìèçàöèîííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: íåêîððåêòíàÿ çàäà÷à, áèãàðìîíè÷åñêîå óðàâíåíèå, îïòèìàëüíîå óïðàâëå-

íèå.

Â ïîñëåäíåå âðåìÿ ñðåäè ñïåöèàëèñòîâ ïî óðàâíåíèÿì ìàòåìàòè÷åñêîé ôèçèêè çíà÷èòåëüíî

âîçðîñ èíòåðåñ ê çàäà÷àì, íå ÿâëÿþùèìñÿ êîððåêòíûìè ïî Àäàìàðó Æ. [1]. Â ñâÿçè ñ íåêîð-

ðåêòíûìè çàäà÷àìè ìîæíî îòìåòèòü êëàññè÷åñêèå ðàáîòû Àäàìàðó Æ. [1], Òèõîíîâà À.Í. [2],

Ëàâðåíòüåâà Ì.Ì. [3] è ìíîãî äðóãèõ, îáðàòèâøèõ âíèìàíèå èññëåäîâàòåëåé íà íåêîððåêòíûå

çàäà÷è è âíåñøèõ ñóùåñòâåííûé âêëàä â ðàçâèòèå ýòîãî âàæíîãî íàïðàâëåíèÿ ìàòåìàòèêè.

Â äàííîé ðàáîòå èçó÷àåòñÿ íåêîððåêòíàÿ çàäà÷à [1�7, 11] äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â

äâóìåðíîé ïðÿìîóãîëüíîé îáëàñòè. Êðèòåðèé êîððåêòíîñòè îäíîðîäíîé ñìåøàííîé çàäà÷è Êîøè

äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìîóãîëüíîé îáëàñòè áûë óñòàíîâëåí â ðàáîòå Êàëüìåíîâà Ò.Ø. è

Èñêàêîâîé Ó.À. [6]. Â ðàáîòå [7] ðàññìàòðèâàåòñÿ íåêîððåêòíàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðî-

âîäíîñòè. Îáùèé ìåòîä ðåãóëÿðèçàöèè ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ íåêîððåêòíûõ çàäà÷

ìàòåìàòè÷åñêîé ôèçèêè áûë ïðåäëîæåí Òèõîíîâûì À.Í.[2]. Â ðàáîòå R. Lattes, J.-L. Lions[4]

äëÿ ðåãóëÿðèçàöèè íåêîððåêòíî ïîñòàâëåííûõ êðàåâûõ çàäà÷ ïðåäëàãàåòñÿ ìåòîä êâàçèîáðàùå-

íèÿ. Îñîáåííîñòè è âîïðîñû ðåãóëÿðèçàöèè çàäà÷ Êîøè äëÿ àáñòðàêòíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ îïåðàòîðíûìè êîýôôèöèåíòàìè èçó÷àþò Melnikova I.V. è Anufrieva U.A.[8].

Ïîñòàíîâêà çàäà÷è. Â îáëàñòè Q = {x, y| 0 < x < 2π, 0 < y < 1} ðàññìàòðèâàåòñÿ ãðàíè÷íàÿ
çàäà÷à

∆2u = f, {x, y} ∈ Q; (1)

u(0, y) = ux(0, y) = 0, u(2π, y) = ux(2π, y) = 0; (2)

u(x, 0) = 0, uy(x, 0) = ϕ1(x), uyy(x, 0) = 0, uyy(x, 1) = 0, (3)
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ñ äîïîëíèòåëüíûì óñëîâèåì

u(x, 1) ∈ Ug − âûïóêëîå çàìêíóòîå ìíîæåñòâî èç H3/2
0 (0, 2π). (4)

Ïðåäïîëàãàåòñÿ, ÷òî äàííûå â çàäà÷å (1)�(3) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì

f ∈ (H̃2(Q))′, ϕ1 ∈ H1/2
0 (0, 2π), ψ ∈ H3/2

0 (0, 2π) (5)

çäåñü

H̃2(Q) =

{
u|u ∈ L2(0, 1;H2

0 (0, 2π)),
∂2u

∂y2
∈ L2(Q)

}
Â êíèãå R. Lattes, J.-L. Lions [4] óêàçûâàåòñÿ, ÷òî çàäà÷à (1)�(3) ÿâëÿåòñÿ íåêîððåêòíî ïî-

ñòàâëåííîé â ïðîñòðàíñòâå L2(Q).

Çàäà÷à îïòèìèçàöèè è åå ðåãóëÿðèçàöèÿ. Äëÿ èññëåäîâàíèÿ ïîñòàâëåííîé çàäà÷è (1)�(4)

ñôîðìóëèðóåì â ñîîòâåòñòâèå ê íåé ñëåäóþùóþ îïòèìèçàöèîííóþ çàäà÷ó:

∆2u = f(x, y); (6)

u(0, y) = ux(0, y) = u(2π, y) = ux(2π, y) = 0; (7)

u(x, 0) = 0, u(x, 1) = ψ(x), uyy(x, 0) = 0, uyy(x, 1) = 0, (8)

ñ ôóíêöèîíàëîì îïòèìàëüíîñòè:

J (u, ψ) =

2π∫
0

|uy(x, 0)− ϕ1(x)|2 dx→ min
ψ∈Ug

. (9)

Â îïòèìèçàöèîííîé çàäà÷å (6)�(9) ôóíêöèÿ ψ(x) èãðàåò ðîëü ôóíêöèè óïðàâëåíèÿ. Êðîìå

òîãî, äàëåå â ðàáîòå áóäåò ïîêàçàíî, ÷òî ãðàíè÷íàÿ çàäà÷à (6)�(8) ïîñòàâëåíà êîððåêòíî, ò.å.

îäíîçíà÷íî ðàçðåøèìà äëÿ ëþáûõ çàäàííûõ ôóíêöèé ψ ∈ Ug ⊂ H3/2
0 (0, 2π), f ∈ (H̃2(Q))′.

Êàê èçâåñòíî, èç òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ çàäà÷à îïòèìèçàöèè (6)�(9) òàêæå ÿâëÿåòñÿ

íåêîððåêòíîé. Äëÿ èçó÷åíèÿ ïîñòàâëåííîé íàìè çàäà÷è áóäåì ïðèìåíÿòü ñòàáèëèçàòîð Òèõîíîâà

[2].

Ýôôåêòèâíûì èíñòðóìåíòîì ÿâëÿåòñÿ ìåòîä ðåãóëÿðèçàöèè. Â íàøåì ñëó÷àå

α

2π∫
0

|ψ(x)|2 dx, (α > 0),

áóäåò ñëóæèòü ñòàáèëèçàòîðîì.

Ðàññìîòðèì ñëåäóþùóþ ðåãóëÿðèçîâàííóþ çàäà÷ó îïòèìèçàöèè:

∆2u = f(x, y); (10)

u(0, y) = ux(0, y) = u(2π, y) = ux(2π, y) = 0; (11)

u(x, 0) = 0, u(x, 1) = ψ(x), uyy(x, 0) = 0, uyy(x, 1) = 0, (12)



ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp 142 Ìàòåìàòè÷åñêèå òåõíîëîãèè

Jα(u, ψ) =

2π∫
0

|uy(x, 0)− ϕ1(x)|2 dx+ α

2π∫
0

|ψ(x)|2 dx→ min
ψ∈Ug

. (13)

Òàêèì îáðàçîì, ìû ïîëó÷èëè ðåãóëÿðèçîâàííóþ îïòèìèçàöèîííóþ çàäà÷ó (10)�(13). Îíà, áëà-

ãîäàðÿ íàëè÷èþ ñòàáèëèçàòîðà, ñòàëà ñòðîãî âûïóêëîé, ò.å. êîððåêòíîé çàäà÷åé îòèìèçàöèè. Ïî-

ýòîìó äëÿ êàæäîãî çíà÷åíèÿ α > 0 ýòà çàäà÷à èìååò åäèíñòâåííîå îïòèìàëüíîå ðåøåíèå, äîñòàâ-

ëÿþùåå ìèíèìàëüíîå çíà÷åíèå ìèíèìèçèðóåìîìó ôóíêöèîíàëó (13). Îäíàêî, íå èñêëþ÷àåòñÿ

òîò ôàêò, ÷òî ìèíèìàëüíîå çíà÷åíèå ôóíêöèîíàëà (13) ìîæåò áûòü ñòðîãî áîëüøå íóëÿ.

Äëÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ (10)�(13) óñòàíîâèì óñëîâèÿ îïòèìàëüíîñòè. Ââåäåì

ïîíÿòèå îïòèìàëüíîãî óïðàâëåíèÿ.

Îïðåäåëåíèå. Ýëåìåíò ψ ∈ H3/2
0 (0, 2π), óäîâëåòâîðÿþùèé óñëîâèþ

Jα(ψ) = inf
ψ∈Ug

Jα(ψ),

íàçûâàåòñÿ îïòèìàëüíûì óïðàâëåíèåì.

Ââåäåì ñëåäóþùåå îáîçíà÷åíèÿ: u(x, y;ψ) � åñòü ðåøåíèå çàäà÷è (10)�(12), ñîîòâåòñòâóþùåå

çàäàííîìó óïðàâëåíèþ ψ(x) ∈ Ug;

u(x, y; 0) � ñîîòâåòñòâóåò ðåøåíèþ çàäà÷è (10)�(12) ïðè ψ(x) ≡ 0;

π(ψ1, ψ2) =

2π∫
0

[uy(x, 0;ψ1)− uy(x, 0; 0)] · [uy(x, 0;ψ2)− uy(x, 0; 0)]dx+ α ·
2π∫
0

ψ1(x) · ψ2(x)dx;

L(ψ1) =

2π∫
0

[ϕ1(x)− uy(x, 0; 0)][uy(x, 0;ψ1)− uy(x, 0; 0)]dx.

Çäåñü π(ψ1, ψ2) � áèëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íà Ug, à L(ψ1) � ëèíåéíûé íåïðåðûâíûé

ôóíêöèîíàë íà äîïóñòèìîì ìíîæåñòâå óïðàâëåíèé Ug, òàê êàê íèæå áóäåò ïîêàçàíî, ÷òî ðåøåíèå
u(x, y;ψ) çàäà÷è (10)�(12) íå òîëüêî íåïðåðûâíî, íî ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìûì

ïî óïðàâëåíèþ ψ. Èñïîëüçóÿ ýòè îáîçíà÷åíèÿ, ôóíêöèîíàë (13) ìîæíî ïåðåïèñàòü â âèäå:

Jα(ψ) = π(ψ,ψ)− 2L(ψ) +

2π∫
0

|uy(x, 0; 0)− ϕ1(x)|2dx.

Ñóùåñòâîâàíèå ðåøåíèÿ ðåãóëÿðèçîâàííîé çàäà÷è è âàðèàöèîííîå íåðàâåíñòâî.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà [7]:

Òåîðåìà 1. Òàê êàê π(ψ,ψ) � êâàäðàòè÷íûé íåïðåðûâíûé ñèììåòðè÷íûé ôóíêöèîíàë íà Ug
è óäîâëåòâîðÿåò óñëîâèþ

π(ψ,ψ) > c‖ψ‖2, (c = const > 0), (14)

òî äëÿ çàäà÷è (10)�(13) ∃! ψ ∈ Ug:

Jα(ψ) = inf
ψ∈Ug

Jα(ψ).
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Óòâåðæäåíèå 1 (âàðèàöèîííîå íåðàâåíñòâî). Ôóíêöèÿ ψ ∈ Ug ÿâëÿåòñÿ ôóíêöèåé îï-

òèìàëüíîãî óïðàâëåíèÿ, òîãäà è òîëüêî òîãäà, âûïîëíÿåòñÿ ñëåäóþùåå íåðàâåíñòâî:

〈Jαψ(ψ), ψ − ψ〉 > 0, ∀ψ ∈ Ug,

ò.å. âûïîëíÿåòñÿ

2π∫
0

[uy(x, 0;ψ)−ϕ1] ·uyψ(x, 0;ψ) · [ψ(x)− ψ(x)] dx+α ·
2π∫
0

ψ(x) · [ψ(x)−ψ(x)] dx > 0, ∀ ψ ∈ Ug. (15)

Òåïåðü ïðîâåäåì íåîáõîäèìûå äëÿ äàëüíåéøåãî ïðåîáðàçîâàíèè âàðèàöèîííîãî íåðàâåíñòâà

(15). Äëÿ ýòîãî ãðàíè÷íóþ çàäà÷ó (10)�(12) çàïèøåì îïåðàòîðíîì âèäå: Au = F , {f, ψ}. Òàê
êàê ãðàíè÷íàÿ çàäà÷à (10)�(12) äëÿ ëþáûõ äîïóñòèìûõ óïðàâëåíèé îäíîçíà÷íî ðàçðåøèìà, òî åå

ðåøåíèþ u(x, y;ψ), èñïîëüçóÿ åå îïåðàòîðíóþ çàïèñü, ìîæíî ïðèäàòü ñëåäóþùèé âèä: u(x, y;ψ) =

A−1F = A−1
1 f + A−1

2 ψ.

Äàëåå, áåðåì ïðîèçâîäíóþ îò ýòîãî ðåøåíèÿ ïî íàïðàâëåíèþ ψ − ψ. Áóäåì èìåòü:

uψ(x, 0;ψ) · [ψ − ψ] = A−1(ψ − ψ) = A−1
1 f + A−1

2 ψ − [A−1
1 f + A−1

2 ψ] = u(x, y;ψ)− u(x, y;ψ).

Òàêèì îáðàçîì, íåðàâåíñòâî (15) ïðèíèìàåò âèä:

2π∫
0

[uy(x, 0;ψ)− ϕ1] · [uy(x, 0;ψ)− uy(x, 0;ψ)] dx+ α ·
2π∫
0

ψ(x)[ψ(x)− ψ(x)] dx ≥ 0, ∀ ψ ∈ Ug. (16)

Ñîïðÿæåííàÿ ãðàíè÷íàÿ çàäà÷à. Äëÿ äàëüíåéøåãî èçó÷åíèÿ ðåãóëÿðèçîâàííîé îïòèìè-

çàöèîííîé çàäà÷è (10)�(13) ââåäåì ñîïðÿæåííóþ ãðàíè÷íóþ çàäà÷ó:

∆2w = 0;

w(0, y) = wx(0, y) = 0, w(2π, y) = wx(2π, y) = 0;

w(x, 0) = 0; w(x, 1) = 0;

wyy(x, 0) = uy(x, 0;ψ)− ϕ1; wyy(x, 1) = 0.

(17)

Óñëîâèÿ îïòèìàëüíîñòè. Òàê êàê

2π∫
0

wxxy(x, 1)·[ψ(x)−ψ(x)] dx+

2π∫
0

ũy(x, 0)[uy(x, 0, ψ)−ϕ1] dx+

2π∫
0

wyyy(x, 1)·[ψ(x)−ψ(x)] dx = 0, (18)

òî èç ñîîòíîøåíèé (18) è (16) ïîëó÷àåì îêîí÷àòåëüíî ê èñêîìîìó âàðèàöèîííîìó íåðàâåíñòâó:

2π∫
0

[−wxxy(x, 1)− wyyy(x, 1) + αψ(x)][ψ(x)− ψ(x)] dx ≥ 0, ∀ψ ∈ Ug. (19)

Òàêèì îáðàçîì, íà îñíîâå óòâåðæäåíèÿ 1 ìû óñòàíîâèëè óñëîâèÿ îïòèìàëüíîñòè, êîòîðûå

ìîæíî ñôîðìóëèðîâàòü â âèäå ñëåäóþùåãî óòâåðæäåíèÿ:
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Óòâåðæäåíèå 2. ×òîáû ýëåìåíò ψ(x) áûë îïòèìàëüíûì ðåøåíèåì â çàäà÷å (10)�(13),

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îí óäîâëåòâîðÿë ãðàíè÷íûì çàäà÷àì (10)�(12), (17) è âàðèà-

öèîííîìó íåðàâåíñòâó (19).

Àïðèîðíàÿ îöåíêà äëÿ ãðàíè÷íîé çàäà÷è (10)�(12) [10]. Äàëåå óðàâíåíèÿ (10) óìíîæàÿ

ñêàëÿðíî íà u â L2(Q) íàõîäèì

−
2π∫
0

uyx(x, 1)ψ′(x) dx+

2π∫
0

uyyy(x, 1)ψ(x) dx+

∫
Q

|∆u|2 dQ =

∫
Q

f u dQ. (20)

Êëàññ ôóíêöèè òàêîé:

H̃2(Q) =

{
u|u ∈ L2(0, 1;H2

0 (0, 2π)),
∂2u

∂y2
∈ L2(Q)

}
⊂
{
C([0, 1];H

3/2
0 (0, 2π)) ∩ C1([0, 1];H

1/2
0 (0, 2π))

}
;

(21)

Ñîãëàñíî òåîðåìå î ñëåäàõ çàïèøåì

H2
0 (Q) ⊂ H̃2(Q) ⊂ H2(Q), (22)

H2
0 (Q) = {u|u ∈ L2(0, 1;H2

0 (0, 2π)); u ∈ L2(0, 2π;H2
0 (0, 1))},

‖∆u‖L2(Q) � ‖u‖H̃2(Q)
. (23)

Ýêâèâàëåíòíîñòü â (23) èãðàåò âàæíóþ ðîëü äëÿ ïîëó÷åíèÿ àïðèîðíóþ îöåíêó.∥∥∥∥∂u∂n
∥∥∥∥
L2(∂Q)

6

∥∥∥∥∂u∂n
∥∥∥∥
H1/2(∂Q)

6 C1‖u‖H̃2(Q)
. (24)

Èñïîëüçóÿ íåðàâåíñòâî (24) ïîëó÷àåì íåðàâåíñòâà Øâàðöà, ò.å. îáîáùåííóþ íåðàâåíñòâó Ãåëü-

äåðà.

‖∆u‖2L2(Q) 6 ‖uyx(x, 1)‖
H
−1/2
0 (0,2π)

· ‖ψ′(x)‖
H

1/2
0 (0,2π)

+ ‖uyyy(x, 1)‖H−3/2(0,2π) · ‖ψ‖H3/2
0 (0,2π)

+

+ ‖f‖
(H̃2(Q))′ · ‖u‖H̃2(Q)

6 C2‖u‖H̃2(Q)
· ‖ψ‖

H
3/2
0 (0,2π)

+ ‖f‖
(H̃2(Q))′ · ‖u‖H̃2(Q)

.

Îòñþäà ïîëó÷àåì àïðèîðíóþ îöåíêó äëÿ ãðàíè÷íîé çàäà÷è (10)�(12):

‖u‖
H̃2(Q)

6 C
[
‖f‖

(H̃2(Q))′ + ‖ψ‖H3/2
0 (0,2π)

]
. (25)

Àïðèîðíàÿ îöåíêà äëÿ ñîïðÿæåííîé çàäà÷è (17) [10]. Óìíîæàÿ óðàâíåíèå â (17) ñêà-

ëÿðíî íà w â L2(Q) íàõîäèì

∫
Q

|∆w|2 dQ = −
2π∫
0

[uy(x, 0)− ϕ1(x)] · wy(x, 0)dx, w ∈ H̃2(Q).

Ïîâòîðÿÿ ïðîöåññ, ïîëó÷àåì àïðèîðíóþ îöåíêó äëÿ ñîïðÿæåííîé çàäà÷è (17):

‖w‖
H̃2(Q)

6 C
[
‖f‖

(H̃2(Q))′ + ‖ψ‖H3/2
0 (0,2π)

+ ‖ϕ1‖H1/2
0 (0,2π)

]
. (26)
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Òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè [10]. Èç àïðèîðíûõ îöåíîê (25)�(26) íåïî-

ñðåäñòâåííî ñëåäóþò:

Òåîðåìà 2 Ãðàíè÷íàÿ çàäà÷à (10)�(12) ïðè ëþáûõ çàäàííûõ f ∈ (H̃2(Q))′, ψ ∈ H3/2
0 (0, 2π)

èìååò åäèíñòâåííîå ðåøåíèå u(x, y) ∈ H̃2(Q).

Òåîðåìà 3 Ñîïðÿæåííàÿ ãðàíè÷íàÿ çàäà÷à (17) ïðè ëþáûõ çàäàííûõ f ∈ (H̃2(Q))′, ψ ∈
H

3/2
0 (0, 2π), ϕ1(x) ∈ H1/2

0 (0, 2π) èìååò åäèíñòâåííîå ðåøåíèå w(x, y) ∈ H̃2(Q).

Ê ðåøåíèþ ãðàíè÷íûõ çàäà÷ (10)�(12) è (17).

Îáðàòíàÿ çàäà÷à äëÿ ðåøåíèÿ (10)�(12). Èç (27)�(29) íàéòè íåèçâåñòíûå ôóíêöèè

{u(x, y), v(x, y), ϕ2(y), ϕ3(y)}, ∆v = f, v|x=0 = ϕ2(y), v|x=2π = ϕ3(y),

v|y=0 = 0, v|y=1 = ψ′′(x),
(27)

 ∆u = v, u|x=0 = 0, u|x=2π = 0,

u|y=0 = 0, u|y=1 = ψ(x),
(28)

äîïîëíèòåëüíûå óñëîâèÿ

ux(0, y) = 0, ux(2π, y) = 0. (29)

Îáðàòíàÿ çàäà÷à äëÿ ðåøåíèÿ (17). Èç (30)�(32) íàéòè íåèçâåñòíûå ôóíêöèè

{w(x, y), ω(x, y), ϕ4(y), ϕ5(y)}, ∆ω = 0, ω|x=0 = ϕ4(y), ω|x=2π = ϕ5(y),

ω|y=0 = uy|x=0 − ϕ1(x), ω|y=1 = 0,
(30)

 ∆w = ω, w|x=0 = 0, w|x=2π = 0,

w|y=0 = 0, w|y=1 = 0,
(31)

äîïîëíèòåëüíûå óñëîâèÿ

wx(0, y) = 0, wx(2π, y) = 0. (32)

Àëãîðèòì ðåøåíèÿ îïòèìèçàöèîííîé çàäà÷è (10)�(12) è (13):

1. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå óïðàâëåíèÿ ψ1(x);

2. Ðåøàÿ îáðàòíûå çàäà÷è (27)�(29) è (30)�(32), íàõîäèì {u1(x, y), v1(x, y), ϕ2,1(y), ϕ3,1(y)} è
{w1(x, y), ω1(x, y), ϕ4,1(y), ϕ5,1(y)};
3. Îïðåäåëÿåì çíà÷åíèå ôóíêöèîíàëà Jα[u1(x, y), ψ1(x)];

4. Èç óñëîâèÿ îïòèìàëüíîñòè (19) îïðåäåëÿåì íîâîå ïðèáëèæåíèå óïðàâëåíèÿ ψ2(x);

5. Ïåðåõîäèì ê ïóíêòó 2, è òàê äàëåå.
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ÓÄÊ 512

Î ÁÀÇÈÑÒÍÎÑÒÈ ÑÎÁÑÒÂÅÍÍÛÕ ÔÓÍÊÖÈÈ ÊÎÐÐÅÊÒÍÛÕ

ÍÅËÎÊÀËÜÍÛÕ ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß ÎÁÛÊÍÎÂÅÍÍÛÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÂÛÑØÈÕ ÏÎÐßÄÊÎÂ

À.À. Åëåóîâ, Ê.Ò. Íàçàðáåêîâà

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Àëü-Ôàðàáè

Àííîòàöèÿ. Ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îáðàçóåò áàçèñ Ðèññà ñî ñêîá-

êàìè â ïðîñòðàíñòâå L2 [0, b]. Â ÷àñòíîñòè, åñëè êðàåâûå óñëîâèÿ óñèëåííî-ðåãóëÿðíû, òî ñè-

ñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L îáðàçóåò áàçèñ Ðèññà â L2 [0, b].

Êëþ÷åâûå ñëîâà: áàçèñ Ðèññà

Â ðàáîòå [1], èçëîæåíà âîçìîæíîñòü ðàçëîæåíèÿ ôóíêöèè èç íåêîòîðîãî ôóíêöèîíàëüíîãî

ïðîñòðàíñòâà ïî ñîáñòâåííûì è ïðèñîåäèíåííûì ôóíêöèÿìè äèôôåðåíöèàëüíîãî îïåðàòîðà L

ïîðîæäåííîãî â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2 [0, b] ïðè b ≥ ∞ ëèíåéíûì äèôôåðåíöèàëüíûì

âûðàæåíèåì ñ ïåðåìåííûìè êîýôôèöèåíòàìè

Ly = %(y) ≡ yn(x) + pn−2(x)y
n−2

(x) + ...+ p0(x)y(x) (1)
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ñ åäèíñòâåííûì îãðàíè÷åíèåì (1) ðåçîëüâåíòíîå ìíîæåñòâî îïåðàòîðà L íåïóñòîå ìíîæåñòâî. Íå

óìàëÿÿ îáùíîñòè, ïîëàãàåì, ÷òî êîìïëåêñíîå ÷èñëî 0 ïðèíàäëåæèò ðåçîëüâåíòíîìó ìíîæåñòâó

îïåðàòîðà L. Êîýôôèöèåíòû âûðàæåíèÿ %(.) óäîâëåòâîðÿþò óñëîâèþ

p0(x) ∈ C [0, b] , p1(x) ∈ C1 [0, b] , ..., pn−2(x) ∈ Cn−2 [0, b] (2)

Ñîãëàñíî èçâåñòíîé òåîðåìå Ì. Îòåëáàåâà [2] îáëàñòü îïðåäåëåíèÿ òàêîãî îïåðàòîðà îïèñûâàåòñÿ

ñ ïîìîùüþ íàáîðà n ôóíêöèé σ1(.), ..., σn(.) èç ïðîñòðàíñòâà L2 [0, b]

D(L) = {y(x) ∈Wn
2 [0, b] : yν(0) = 〈%(y)〉 ;σν+1 > 0, ν = 1...n− 1} (3)

ãäå Wn
2 [0, b] -ïðîñòðàíñòâî Ñ.Ë. Ñîáîëåâà, 〈f, q〉 - ñêàëÿðíîå ïðîèçâåäåíèå ïðîñòðàíñòâà L2 [0, b].

Ãðàíè÷íûå ôóíêöèè σ1, ..., σn âûáðàíû èç ïðîñòðàíñòâà L2 [0, b] òàêèì îáðàçîì, ÷òîáû ãðàíè÷íûå

ôîðìû U1(y) ïðèíÿëè âèä

Uj(y) = Vj(y) +
〈
%(y);σ1

j (x)
〉

(4)

ãäå

Vj(x) =

n−1∑
k=0

(
αjky

k(0) + βjky
k(b)

)
(5)

Äëÿ ýòîãî äîñòàòî÷íî ÷òîáû σ1(x) èìåëî ïðåäñòàâëåíèå

σj(x) = σ0
j (x) + σ1

j (x) (6)

ãäå íîñèòåëü σ1
j ëåæèò ñòðîãî âíóòðè [0, b] , σ0

j (.) -ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ %∗(y) = 0 .

Ñîîòâåòñòâóþùåå ôîðìàëüíî ñîïðÿæåííîìó äèôôåðåíöèàëüíîìó âûðàæåíèþ %(y) = 0. Â ýòîì

ñëó÷àå êîýôôèöèåíòû βjk ïðåäñòàâëÿþò çíà÷åíèÿ ôóíêöèè σ0
j (x) è å¼ ïðîèçâîäíûõ â òî÷êå x=0,

ëèáî îòëè÷àåòñÿ îò íèõ íà +-1.

Òåïåðü ìû ãîòîâû ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò äîêëàäà. Òåîðåìà 1 Ñèñòåìà ñîáñòâåí-

íûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L ñ ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè (4) , (6) îáðàçó-

åò áàçèñ Ðèññà ñî ñêîáêàìè â ïðîñòðàíñòâå L2 [0, b]. Â ÷àñòíîñòè, åñëè êðàåâûå óñëîâèÿ óñèëåííî-

ðåãóëÿðíû, òî ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L îáðàçóåò áàçèñ Ðèññà

â L2 [0, b].
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Abstract. In this paper the convergence of the proposed iterative methods was proved. The bending

of a beam, which describes the di�erential equation of the fourth order was considered as an

example. The results are compared with existing well known methods.

Keywords: integral operator, variational method.

Assume Ω is the bounded domain belonging R with smooth boundary ∂Ω. We consider the following

problem:
Lu = −u′′ + q(x)u = f(x),

u|∂Ω = 0,
(1)

where f(x) ∈ L2(Ω).

We construct solution of the problem using the method presented in [1]. According to [1], we

introduce an operator A0:
−u′′ = v,

u|∂Ω = 0

or in the operator form it will evolve the following form: A0u = v, where A0 = − d2

dx2 is the operator

uniquely solvable in the space L2(Ω) with given boundary conditions. Basing on these transformations

the equation (1) has the form as follows:

Mv = v + q(x)A−1
0 v = f(x). (1′)

If we v found then u is given by u = A−1
0 v. We introduce the following functional:

J(ω) =

∫
Ω

∣∣ω + q(x)
(
A−1

0

)
(x)− f(x)

∣∣2 dx. (2)

If ω = v, where v is solution (1'), we have J(ω) = 0.

We suppose that equation (1') has an unique solution for any right-hand part f(x) ∈ L2(Ω).

Consequently from Banach theorem it follows that

∥∥M−1
∥∥ =

∥∥M1∗∥∥ ≤ c ≺ ∞, (3)

where M = E + q(x)A−1
0 . No we construct an iterative process.
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Let ωn is the n-th is an approximate of solution J(ωn) = 0. We suppose that ωn+1 = ωn −
εω, ‖M‖−2 ≥ ε, ε > 0. Therefore:

J(ωn+1) = J(ωn)− 2ε〈M∗(Mωn − f), ωn〉+ ε2‖Mω‖2.

Here we have used the the linearity of the integral operator A0.

Let us represent ω as:ω = M∗(Mωn − f). Therefore

J(ωn+1) = J(ωn)− 2ε2‖ω‖2 + ε2‖Mω‖2 ≤ J(ωn)−
[
2ε− ‖M‖2ε2

]
‖ω‖2.

According to condition (2) we have

√
ωn = ‖Mωn − f‖ =

∥∥M∗−1M∗(Mωn − f)
∥∥ =

∥∥M−1ω
∥∥ ≤ c‖ω‖. (4)

Therefore, from (4) we can produce the following inequality:

J(ωn) ≤ J(ωn)−
[
2ε‖M‖2ε2

] J(ωn)

c2
= J(ωn)

[
1− 2ε− ‖M‖2ε2

c2

]
.

Assume that ε = d−2 ≤ ‖M‖−2, then we have

J(ωn+1) ≤ J(ωn)

(
1− 1

d2c2

)
(5)

for the di�erence ωn+1 − ωn we have

‖ωn+1 − ωn‖ = ε‖ω‖ = ε‖M∗‖
√
J(ωn) ≤

√
J(ωn).

This inequality and the inequality (5) give us the following result:

Theorem 1. Let for any f(x) ∈ L2(Ω) equation (1) has the unique solution u ∈ W 2
2 (Ω), and the

operator M , de�ned by (1′), satis�es the conditions ‖M−1‖ ≤ c, ‖M‖ ≤ d, and following inequality

takes place cd > 1. Therefore, for any ω0 ∈ L2(Ω) sequence ωn, determined by the formula

ωn+1 = ωn − d−2M∗(Mωn − f)

converges to the solution ω of equation (1′) and following estimates takes place

J(ωn) ≤ θnJ(ω0), ‖ωn+1 − ω0‖ ≤ cθ
n
2

√
J(ω0),

where θ = 1− 1
d2c2

and the function u = A−1ω is a solution of (1)

Now we consider a continuous analogue of the discrete case described above.

Assuming ω depends on the parameter t ∈ (0,∞), and we have a di�erentiate J(ω) with respect

to t:
∂J(ω)

∂t
= 2〈ωt,M∗(Mω − f)〉. (6)

Let us choose ωt from the following equation

ωt = −1

2
M∗(Mω − f). (7)
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Then from (6) it follows that J ′t(ω) = −‖ωt‖2 = −‖M∗(Mω−f)‖2. Basing on this equation and having
limited M∗−1 we de�ne J(ω) and M . Now we have −Jt(ω) ≥ c−2J(ω). We integrate both parts of the

inequality by t: ln j ≤ −c−2t+ ln c0, that is J ≤ −ce−c
−2
. when ω from (7) J(ω) decays exponentially.

For the solution of (7) we have

ω(t) = e−B(t−t0) +B−1(E − e−B(t−t0))f̃ , t ≥ t0 > 0, (8)

where B = M∗M2 , f̃ = M∗f.

The last formula gives us an exponential convergence of ω(t) to the limit under t→∞. Although
abstract formula (8) is written out explicitly, the calculation of values ω(t) by (8) is not less harder to

solve than the original problem, that is the there can be a countable set of solutions. However, we do

not need all of the values ω(t) for t ∈ (0,∞),it is enough to know its limits under t→∞.
Direct transition to the limit in (8) leads us to the original problem, since lim

t→∞
= B−1f̃ . Thus,

equation (8) must be replaced by another formula which is e�ectively calculated and has the same

limit under t→∞ with ω(t).

Remark 1. From Theorem 1 in the calculation ωn by the recurrence formulas do not always

manage to have a good estimate ‖M‖−2. Therefore, we must proceed as follows:

No we take any ε = d−2 and calculate ωn and J(ωn). In order to use this value d−2 has to satisfy

to the following condition: J(ωn+1) ≤ J(ωn)
(
1− 1

d2c2

)
. If for some n, this inequality is not satis�ed

then we change ε to ε
2 and continue the process.

Remark 2. According to (6) we have

J(ωn+1) = J(ωn)− 2ε‖ω‖2 + ε2‖Mω‖2. (9)

The right side of this expression is the minimum if

ε = εn = ‖Mω‖−2‖ω‖2. (10)

Therefore, in order to determine a sequence ωn we can use recursive formula ωn+1 = ωn− ‖ω‖2
‖Mω‖2M

∗(Mω−
f), where ω = M∗(Mωn − f). This formula is more complicated rather the formula proposed in the

Theorem 1, however, while employing an iterative process that converges rapidly, there is no need to

calculate the norms M and M−1, and it is enough to know their limits.

We also note that if we select ε according to the formula (10), then

J(ωn+1) = J(ωn)

(
1− ‖ω‖4

‖Mω‖2J(ωn)

)
,

where ‖ω‖4
‖Mω‖2J(ωn)

≤ 1.

Indeed, if we denote Mωn − f = g then we have

‖ω‖4

‖Mω‖2J(ωn)
=

‖M∗g‖4

‖MM∗g‖2‖g‖2
=
〈M∗g,M∗g〉
‖MM∗g‖2‖g‖2

=
〈MM∗g, g〉
‖MM∗g‖2‖g‖2

≤ 1.

An equality ‖ω‖4
‖Mω‖2J(ωn)

= 1. is possible only if g = λMM∗g.

Let us consider the following examples.
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Example. Assume Ω − (0, 1) ⊂ R, Lu = f, x ∈ Ω, u(0) = u(1) = 0, where L is an operator

acting as follows Lu = −u′′ + q(t)u. In this case we can take integral operator A0 with the kernel

G(x, t), where G(·) is Green function of −u′′ = v(t), u(0) = u(1) = 0. This problem is e�ectively

solvable and G(·) are written explicitly:

Av = −
1∫

0

(t− τ)v(τ)dτ − t
1∫

0

(τ − 1)v(τ)dτ,

L(Av) = v(τ) + q(t)

1∫
0

(τ − 1)v(τ)dτ + t

1∫
0

(τ − 1)v(τ)dτ.

Let's q(t) = et, v(t) = −2 + ett2. Then

Mv = v(τ) + et
t∫

0

(t− τ)(−2 + eττ2)dτ + t

1∫
0

(τ − 1)v(τ)dτ.

ωn+1 = ωn − εM∗(Mωn − f),

J(ωn) =

1∫
0

∣∣∣∣∣∣∣
(
ωn + et

t∫
0

(t− τ)(−2 + eττ2)dτ + t
∫

(τ − 1)ωndτ

)
+

+2− t2et − f

∣∣∣∣∣∣∣
2

dt,

M∗v = v(τ) + et
1∫
τ

et(t− τ)(−2 + eττ2)dt+

1∫
0

t(τ − 1)v(τ)dτ.

Since the operator norm M and M−1 calculated di�cult, and therefore the number ε is chosen as

follows.

Now we take the number ε = ε1 and check the inequality Jn > Jn+1. If this inequality in some

cases is not satis�ed, then the number ε1 will be replaced by
ε1
2 and we check the inequality Jn > Jn+1.

In this case the condition of the limited M = LA and M−1 takes place.

We consider the problem

Lu ≡ u(4) + q(x)u = f(x),

u|x=0 = 0, u|x=1 = 0, u′′|x=0 = 0, u′′|x=1 = 0.
(11)

This equation describes, for example, the transverse de�ection u(x) of the beam under a distributed

transverse load f(x), f(x) ∈ L2(0, 1). The beam has a constant �exural rigidity and lies on an elastic

foundation, the reaction which de�nes the term q(x)u(x), q(x) ≥ 0 on interval (0,1).

In such a physical sense formulation of the problem, boundary conditions re�ect how the ends are

�xed. Therefore, for the cantilever beam with rigidly clamped left and right ends of the free boundary,

we have the following conditions: u(0) = u′(0) = u′′(1) = u′′′(1) = 0.

If the beam haves at the ends some support, allowing (as opposed to of rigid support), rotation of

its cross section is proportional to the bending moment of this section, then the boundary conditions

have the form: u(0) = u(1) = 0, u′(0) = αu′′(0), u′(1) = βu′′(1). From these equations if α = β = 0

follow the conditions of rigid support, and if α→∞ and β →∞ - hinged support, conditions take the

form speci�ed in (11).
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We introduce the operator A0:denote u(4) = v, u
∣∣∣
x=0

= 0, u
∣∣∣
x=1

= 0, u′′
∣∣∣
x=0

= 0, u′′
∣∣∣ |x=1 = 0. or

in the operator form A0u = v, where A0 = − d4

dx4 is the operator having uniquely solving in the space

L2(0, 1) with given boundary conditions. Then the equation (11) have the form:

Mv = v + q(x)A−1
0 v = f(x). (11′)

If v is found, then u is calculated as follows

u = A−1
0 v =

1

6
x

1∫
0

(1− t)3v(t)dt+
1

3
x3

1∫
0

(t− 1)3v(t)dt+

x∫
0

(x− t)3

6
v(t)dt.

We denote

J(ω) =

1∫
0

∣∣ω + q(x)(A−1
0 ω − f(x)

∣∣2 dx. (12)

The solution ω = v, where v is solution of (11'), if J(ω) = 0.

Let us the equation (11') has an unique solution for any right part of f(x) ∈ L2(0, 1).

We construct an iterative process.

Let ωn is n-th approximately solution for the equation J(ωn) = 0. Suppose ωn+1 = ωn− εω, where
ε > 0. Then

J(ωn+1) = J(ωn)− 2ε〈M∗(Mωn − f), ω〉+ ε2‖Mω‖2.

Thus, the used of the linear integral operator A0.

We choose ω = M∗(Mωn − f) = Mωn − f +A−1
0 (q(x)A(Mωn − f)). Then

J(ωn+1) = J(ωn)− 2ε‖ω‖2 + ε2‖Mω‖2 ≤ J(ωn)−
[
2ε− ‖M‖2ε2

]
‖ω‖2.
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ÓÄÊ 517.946

ÐÀÇÐÅØÈÌÎÑÒÜ ÓÐÀÂÍÅÍÈÉ ÐÅÀÃÈÐÓÞÙÅÉ ÑÌÅÑÈ ÃÀÇÎÂ ÑÎ

ÑÔÅÐÈ×ÅÑÊÈÌÈ ÂÎËÍÀÌÈ

Ä.À. Èñêåíäåðîâà, Ã.Ò. Ìóñàòàåâà

Êûðãûçñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ñòðîèòåëüñòâà, òðàíñïîðòà è àðõèòåêòóðû èì. Í. Èñàíîâà,

ã. Áèøêåê

Abstract. The system of di�erential equations describing one-dimensional nonstationary �ow of

a reacting gas mixture with spherical waves is considered. An initial-boundary value problem is

study. We proved an existence of a unique generalized solution by a method of a priori estimates.

We shall consider mass Lagrangean coordinates.

Keywords: di�erential equation, mass Lagrangean coordinates.

Àíäàòïà. Ãàçäàðäûí åëåãiø êîñïàñûíûí ñôåðàëûê òîëêûíäàðìåí áið îëøåìäi ñòàöèîíàð-

ëû åìåñ êîçãàëûñûí ñèïàòòàóøû äèôôåðåíöèàëäûê òåíäåóëåð æóéåñi çåðòòåëåäi. Áàñòàïêû

- øåêòi åñåï êàðàñòûðûëàäû. Æàëïûëàíãàí øåøiìíií æàëãûç áîëóûíûí äàëåëäåíói àïðèîð-

ëûê áàãàëàð àäiñiìåí æóðãiçiëãåí. Æàïïàé ëàãðàíæ àéíûìàëûëàðû êàðàñòûðûëàäû.

Êiëòòiê ñîçäåð: äèôôåðåíöèàëäûê òåíäåó, æàïïàé ëàãðàíæ àéíûìàëûëàðû.

Àííîòàöèÿ. Èññëåäóåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùàÿ îäíîìåðíîå

íåñòàöèîíàðíîå äâèæåíèå ðåàãèðóþùåé ñìåñè ãàçîâ cî ñôåðè÷åñêèìè âîëíàìè. Èçó÷àåòñÿ

íà÷àëüíî-êðàåâàÿ çàäà÷à. Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ åäèíñòâåííîãî îáîáùåííîãî ðåøå-

íèÿ ïðîâåäåíî ìåòîäîì àïðèîðíûõ îöåíîê. Ðàññìàòðèâàþòñÿ ìàññîâûå ëàãðàíæåâû ïåðåìåí-

íûå.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, ìàññîâûå ëàãðàíæåâû ïåðåìåííûå

Ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ äâèæåíèå ðåàãèðóþùåé ñìåñè ãàçîâ ñî ñôåðè÷åñêèìè âîë-

íàìè â ìàññîâûõ ëàãðàíæåâûõ êîîðäèíàòàõ èìååò âèä [[1], [2], [3]]:

∂v

∂t
=

∂

∂q
(x2u), v =

1

ρ
, (1)

∂c

∂t
= χ

∂

∂q

(
x4

v

∂c

∂q

)
− cg, (2)

∂u

∂t
= µx2 ∂

∂q

(
1

v

∂

∂q
(x2u)

)
− x2∂p

∂q
, p = r

θ

v
(3)

∂θ

∂t
=

∂

∂q

(
λ1(θ)

x4

v

∂θ

∂q

)
+

∂

∂q

(
λ2(θ)

x4

v
θ
∂c

∂q

)
− p ∂

∂q
(x2u)+

+
µ

v

(
∂

∂q
(x2u)

)2

− 3µ
∂

∂q
(xu2) + δcg, (4)

ãäå

c = c1, θ = cvT, g =
w

ρc
, r =

R

cv
, cv = (cv1 − cv2)c+ cv2, R = (R1 −R2)c+R2,
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χ = ρD, D1 = D2 = D, w2 = −w1 = w ≥ 0, δ = δ1 − δ2 ≥ 0,

λ1 =
λ

cv
, λ2 =

χ

cv
[(cv1 − cv2) + (R1 −R2)− λ].

Çäåñü ρ, v, u, θ, p - ïëîòíîñòü, óäåëüíûé îáúåì, ñêîðîñòü, òåìïåðàòóðà ñìåñè è äàâëåíèå, ci
- ìàññîâûå êîíöåíòðàöèè êîìïîíåíò, δi - òåïëîòà îáðàçîâàíèÿ i - îé êîìïîíåíòû ïðè ñòàíäàðò-

íûõ óñëîâèÿõ, Ri - ãàçîâûå ïîñòîÿííûå, cvi - óäåëüíûå òåïëîåìêîñòè ïðè ïîñòîÿííîì îáúåìå

êîìïîíåíò, wi - ñêîðîñòè õèìè÷åñêèõ ðåàêöèé; Di, µ, λ - êîýôôèöèåíòû äèôôóçèè, âÿçêîñòè,

òåïëîïðîâîäíîñòè; x ∈ [a; 1], a > 0 - ýéëåðîâà êîîðäèíàòà, r ∈ [a; 1] - ëàãðàíæåâà êîîðäèíàòà,

q ∈ [0; b] - ìàññîâàÿ ëàãðàíæåâà êîîðäèíàòà, t ∈ [0;T ], 0 < T <∞ - âðåìÿ.

Â ýéëåðîâûõ êîîðäèíàòàõ ðàññìàòðèâàåìàÿ îáëàñòü (x, t) ∈ Q′ = Ω′ × (0, T ), Ω′ = (a, 1),

a > 0 íå âêëþ÷àåò îñü ñèììåòðèè, ãäå óðàâíåíèÿ âûðîæäàþòñÿ. Ïðè ðàññìîòðåíèè â ìàññîâûõ

ëàãðàíæåâûõ êîîðäèíàòàõ îáëàñòü (q, t) ∈ Q = Ω × (0, T ), Ω = (0, b) òàêæå íå ñîäåðæèò ëèíèè

âûðîæäåíèÿ.

Ýéëåðîâó êîîðäèíàòó ñëåäóåò ðàññìàòðèâàòü êàê ðåøåíèå çàäà÷è Êîøè:

∂x

∂t
(q, t) = u(q, t), x(q, 0) = r(q). (5)

Ìåæäó ðàçëè÷íûìè ââåäåííûìè êîîðäèíàòàìè ñóùåñòâóåò ñâÿçü [1]:

∂x

∂q
=

v

x2
, q =

r∫
a

r2ρ0(r)dr, (6)

ãäå ρ0(r) - íà÷àëüíîå ðàñïðåäåëåíèå ïëîòíîñòè.

Ôóíêöèè u0, θ0, v0, c0, çàäàþùèå íà÷àëüíûå äàííûå

u|t=0 = u0(q), θ|t=0 = θ0(q), c|t=0 = c0(q), v|t=0 = v0(q), (7)

ïðåäïîëàãàþòñÿ èçâåñòíûìè, íåïðåðûâíûìè,

0 < c0(q) ≤ 1, 0 < m0 ≤ (v0(q), θ0(q)) ≤M0 <∞.

Îáëàñòü Q ïðè ýòîì íå èçìåíèòñÿ, åñëè ïðèíÿòü íå îãðàíè÷èâàþùåå îáùíîñòè óñëîâèå:

b∫
0

v0(q)dq = 1. (8)

Ãðàíè÷íûå óñëîâèÿ èìåþò âèä:

u|q=0 = u|q=b =
∂θ

∂q

∣∣∣∣
q=0

=
∂θ

∂q

∣∣∣∣
q=b

=
∂c

∂q

∣∣∣∣
q=0

=
∂c

∂q

∣∣∣∣
q=b

= 0. (9)

Îñíîâíîé ðåçóëüòàò äàííîé ñòàòüè çàêëþ÷àåòñÿ â ñëåäóþùåì óòâåðæäåíèè:

ÒÅÎÐÅÌÀ. Ïóñòü λ1(θ) = λθ, λ2(θ) = vθ1/2, λ, v = const è íà÷àëüíûå äàííûå (7) óäîâëå-

òâîðÿþò óñëîâèÿì

(u0, v0, θ0, c0) ∈W 1
2 (0, b).
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Ôóíêöèÿ g(ρ, c, θ) ÿâëÿåòñÿ ïîëîæèòåëüíîé è íåïðåðûâíîé â ëþáîé êîìïàêòíîé îáëàñòè ñâîèõ

àðãóìåíòîâ, a ïî θ1/2, êðîìå òîãî, óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà.

Òîãäà â îáëàñòè Q = Ω × (0, T ), Ω = (0, b) ñ ïðîèçâîëüíîé êîíå÷íîé âûñîòîé T , 0 < T < ∞
ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è (1)-(5), (7), (9) òàêîå, ÷òî

v(q, T ) ∈ L∞(0, T ;W 1
2 (0, b)),

(
∂v

∂t
,
∂u

∂t
,
∂θ

∂t
,
∂c

∂t
,

)
∈ L2(Q),

(u(q, t), θ(q, t), c(q, t)) ∈ L∞(0, T ;W 1
2 (0, b)) ∩ L2(0, T ;W 2

2 (0, b)),

0 < c(q, t) ≤ 1, v(q, t), θ(q, t) � ñòðîãî ïîëîæèòåëüíûå, îãðàíè÷åííûå ôóíêöèè.

Äîêàçàòåëüñòâî òåîðåìû ïðîâåäåì ìåòîäîì àïðèîðíûõ îöåíîê. Âûâîäÿòñÿ ãëîáàëüíûå àïðè-

îðíûå îöåíêè, ïîëîæèòåëüíûå ïîñòîÿííûå Ci, Ni â êîòîðûõ çàâèñÿò òîëüêî îò äàííûõ çàäà÷è è

âåëè÷èíû T èíòåðâàëà âðåìåíè, íî íå çàâèñÿò îò ïðîìåæóòêà ñóùåñòâîâàíèÿ ëîêàëüíîãî ðåøå-

íèÿ. Íà îñíîâå ïîëó÷åííûõ àïðèîðíûõ îöåíîê ëîêàëüíîå ðåøåíèå [2], [3] ïðîäîëæàåòñÿ íà âåñü

ïðîìåæóòîê âðåìåíè [0, T ], 0 < T <∞.

Ïðèñòóïèì ê âûâîäó ãëîáàëüíûõ àïðèîðíûõ îöåíîê ïðè âûïîëíåíèè óñëîâèé òåîðåìû. Íå

íàðóøàÿ îáùíîñòè, ïðèìåì ïîëîæèòåëüíûå ïîñòîÿííûå χ, µ, λ2, r, δ ðàâíûìè åäèíèöå.

Èç óðàâíåíèé ñèñòåìû (1) - (4) è îãðàíè÷åíèé íà äàííûå çàäà÷è âèäíî, ÷òî ôóíêöèè v(q, t),

θ(q, t) íåîòðèöàòåëüíû è 0 < c(q, t) ≤ 1.

Óìíîæèì óðàâíåíèå (3) íà u ñëîæèì ñ óðàâíåíèÿìè (2) è (4).

∂w

∂t
=

∂

∂q

(
ux2

v

∂

∂q
(x2u)

)
− ∂

∂q

(
ux2 θ

v

)
+

∂

∂q

(
θ
x4

v

∂θ

∂q

)
+

+
∂

∂q

(
x4

v
θ3/2 ∂c

∂q

)
+

∂

∂q

(
x4

v

∂c

∂q

)
− 3

∂

∂q

(
xu2
)
, (10)

ãäå w = 1
2u

2 + c+ θ.

Èíòåãðèðóÿ (10) ïî (q, t) ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (9), íàõîäèì çàêîí ñîõðàíåíèÿ:

b∫
0

(
1

2
u2 + c+ θ

)
dq =

b∫
0

(
1

2
u2

0 + c0 + θ0

)
dq ≤ N1. (11)

Óìíîæàÿ óðàâíåíèå (2) íà c è èíòåãðèðóÿ ïî (q, t), èìååì îöåíêó:

max
0≤t≤T

b∫
0

c2dq +

T∫
0

b∫
0

(
1

v

(
∂c

∂q

)2

+ c2g

)
dqdt ≤ N0. (12)

Íåïîñðåäñòâåííî èç óðàâíåíèÿ íåðàçðûâíîñòè (1) è óñëîâèÿ (8) âûòåêàåò îöåíêà:

1∫
0

v(q, t)dq = 1. (13)

Èç (13) ñëåäóåò, ∀t ∈ [0, T ] íàéäåòñÿ òàêàÿ òî÷êà z(t) ∈ [0, b], ÷òî v(z(t), t) = 1.
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Àíàëîãè÷íî [3], [4] âûâîäèòñÿ îäíî âñïîìîãàòåëüíîå ñîîòíîøåíèå ìåæäó èñêîìûìè ôóíêöè-

ÿìè. Óðàâíåíèå (1) ïåðåïèøåì â âèäå

∂ ln v

∂t
=

1

v

∂

∂q
(x2u)

è ïîäñòàâèì â óðàâíåíèå (3):

∂u

∂t
= x2 ∂

∂q

(
∂ ln v

∂t

)
− x2 ∂

∂q

(
θ

v

)
.

Ðàçäåëèì åãî íà x2 è, ïðåîáðàçîâàâ ëåâóþ ÷àñòü, ïîëó÷èì

∂

∂t

( u
x2

)
+ 2

u2

x3
=
∂2 ln v

∂q∂t
− ∂

∂q

(
θ

v

)
.

Ïðîèíòåãðèðóåì ïîëó÷åííîå ðàâåíñòâî ïî âðåìåíè îò 0 äî t è ïî ïðîñòðàíñòâó îò z(t) äî q, à

çàòåì ïðîïîòåíöèðóåì.

1

v
exp

t∫
0

θ

v
(q, τ)dτ =

1

v0
Y (t)B(q, t), (14)

ãäå

B(x, t) = exp


q∫

z(t)

u0

r2
− u

x2
− 2

t∫
0

u2

x3
dτ

 dq
 ,

Y (t) = exp


t∫

0

θ

v
(z(t), τ)dτ

 .

Óìíîæèì (14) íà θ è ïðåäñòàâèì ëåâóþ ÷àñòü â âèäå ïðîèçâîäíîé ïî âðåìåíè. Ïîñëå ÷åãî

ïðîèíòåãðèðóåì ïîëó÷åííîå ðàâåíñòâî ïî âðåìåíè.

exp

t∫
0

θ

v
(q, τ)dτ = 1 +

1

v0

t∫
0

θ(q, τ)Y (τ)B(q, τ)dτ.

Ïîäñòàâèì åãî â (14). Â èòîãå èìååì

v(q, t) = Y −1(t)B−1(q, t)

v0(q) +

t∫
0

θ(q, τ)Y (τ)B(q, τ)dτ

 . (15)

Àíàëîãè÷íî [4] âûâîäÿòñÿ íåðàâåíñòâà:

N−1
2 ≤ B(q, t) ≤ N2, N

−1
3 ≤ Y (t) ≤ N3, ∀(q, t) ∈ Q. (16)

Ïóñòü h(q, t) - íåïðåðûâíàÿ ôóíêöèÿ. Ââåäåì îáîçíà÷åíèÿ:

Mh(t) = max
0≤q≤b

h(q, t), mh(t) = min
0≤q≤b

h(q, t).
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Èç ïðåäñòàâëåíèÿ (15) ñ ó÷åòîì (16) âûòåêàþò îöåíêè:

mv(t) ≥ N4, ∀t ∈ [0, T ]. (17)

Mv(t) ≤ C1

1 +

t∫
0

Mθ(τ)dτ

 , ∀t ∈ [0, T ]. (18)

Óìíîæèì óðàâíåíèå (2) íà ∂
∂q

(
x4

v
∂c
∂q

)
è ïðîèíòåãðèðóåì ïî q è ïî t.

1

2

d

dt

b∫
0

x4

v

(
∂c

∂q

)2

dq +

b∫
0

[
∂

∂q

(
x4

v

∂c

∂q

)]2

dq =

=

b∫
0

x2

v

∂c

∂q
u
∂

∂q

(
x4

v

∂c

∂q

)
dq +

b∫
0

cg
∂

∂q

(
x4

v

∂c

∂q

)
dq = I1 + I2.

Îöåíèì êàæäîå Ik, k = 1, 2, èñïîëüçóÿ íåðàâåíñòâà Ãåëüäåðà, Êîøè è Þíãà ñ ó÷åòîì îöåíîê

(11), (12), (17). Ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé âûâîäèì îöåíêó:

max
0≤t≤T

b∫
0

1

v

(
∂c

∂q

)2

dq +

T∫
0

b∫
0

[
∂

∂q

(
x4

v

∂c

∂q

)]2

dqdτ ≤ N5. (19)

Óìíîæèì óðàâíåíèå (1) íà
(
1− 1

v

)
, (3) íà u, (4) íà

(
1− 1

θ

)
è ñëîæèì èõ ñ óðàâíåíèåì (2).

Ïîëó÷èâøååñÿ ñîîòíîøåíèå ïðîèíòåãðèðóåì ïî q.

d

dt

b∫
0

(
1

2
u2 + c+ (θ − ln θ) + (v − ln v)

)
dq+

+

b∫
0

[
x4u2

q

vθ
+
vu2

θx2
+
x4θ2

q

vθ
+
cg

θ

]
dq =

=

b∫
0

[
2x
uuq
θ
− x4θqcq

vθ1/2

]
dq.

Ïðèìåíèì ê ïðàâîé ÷àñòè íåðàâåíñòâà Þíãà è Êîøè. Ïîñëå èíòåãðèðîâàíèÿ ïî t, ñ ó÷åòîì

îöåíêè (19) ïîëó÷èì îöåíêó:

max
0≤t≤T

b∫
0

(
1

2
u2 + c+ (θ − ln θ) + (v − ln v)

)
dq +

T∫
0

b∫
0

[
u2
q

vθ
+
vu2

θ
+
θ2
q

vθ
+
cg

θ

]
dqdτ ≤ N6. (20)

Èç (20) âûòåêàåò îöåíêà
T∫

0

b∫
0

1

vθ

[
∂

∂q
(x2u)

]
dqdτ ≤ N7.
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Èç (11) ñëåäóåò, ÷òî ∀t ∈ [0, T ] íàéäåòñÿ òàêàÿ òî÷êà z1(t) ∈ [0, b], ÷òî θ(z1(t), t) ≤ N1. Ñïðà-

âåäëèâî ïðåäñòàâëåíèå

θ1/2(q, t) = θ1/2(z1(t), t) +
1

2

q∫
z1(t)

θq

θ1/2
dq.

Èñïîëüçóÿ íåðàâåíñòâî Êîøè è îöåíêó (13), ïîëó÷èì

Mθ(t) ≤ C2

1 +

b∫
0

θ2
q

vθ
dq

 .

Îòñþäà è èç (20) èìååì îöåíêó:
T∫

0

Mθ(t)dt ≤ N8. (21)

Èç (18) ñ ó÷åòîì (21) âûòåêàåò îãðàíè÷åííîñòü óäåëüíîãî îáúåìà ñâåðõó.

Mv(t) ≤ N9, ∀t ∈ [0, T ]. (22)

Óìíîæèì óðàâíåíèå èìïóëüñà (3) íà u è ïðîèíòåãðèðóåì ïî Q. Ïîñëå íåêîòîðûõ ïðåîáðàçî-

âàíèé [4], íàõîäèì îöåíêó:
T∫

0

b∫
0

(
∂u

∂q

)2

dqdτ ≤ N10.

Óìíîæèì óðàâíåíèå òåïëîïðîâîäíîñòè (4) íà θ è ïðîèíòåãðèðóåì ïî Q. Ïîñëå íåêîòîðûõ

ïðåîáðàçîâàíèé ïîëó÷èì îöåíêó:

max
0≤t≤T

b∫
0

θ2dq +

T∫
0

b∫
0

(
∂θ

∂q

)2

dqdτ ≤ N11. (23)

Èìååò ìåñòî íåðàâåíñòâî [3]:

M2
θ (t) ≤ η

b∫
0

1

v

(
∂θ

∂q

)2

dq + cη

t∫
0

b∫
0

1

v

(
∂θ

∂q

)2

dqdτ +Nη, (24)

âûïîëíÿþùåìñÿ ïðè ëþáîì η > 0. Ïîñòîÿííûå Cη, Nη çàâèñÿò îò η è íîðì íà÷àëüíûõ äàííûõ.

Ïîëó÷åííîå â [3] äëÿ ñëó÷àÿ äâèæåíèÿ ñ ïëîñêèìè âîëíàìè, (24) îñòàåòñÿ ñïðàâåäëèâûì è äëÿ

äâèæåíèÿ ñî ñôåðè÷åñêèìè âîëíàìè.

Íåðàâåíñòâî (24) ñ ó÷åòîì (17) è (23) ïîçâîëÿåò âûâåñòè

T∫
0

M2
θ (t)dt ≤ N12. (25)
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Ïðîäèôôåðåíöèðóåì (15) ïî q.

∂v

∂q
= v(q, t) ·A(q, t) + Y −1(t)B−1(q, t)

v′0(q) +

t∫
0

(
∂θ

∂q
+ θ ·A

)
Y (τ)B(q, τ)dτ

 ,
ãäå A(x, t) = u0

r2 − u
x2 − 2

t∫
0

u2

x3 dτ . Îòñþäà, èñïîëüçóÿ íåðàâåíñòâî Êîøè, âûâîäèì îöåíêó:

b∫
0

(
∂v

∂q

)2

dq ≤ N13, ∀t ∈ [0, T ].

Óðàâíåíèå (3) óìíîæèì íà x2 ∂
∂q

[
1
v
∂
∂q (x2u)

]
è ïðîèíòåãðèðóåì ïî Ω. Âîçíèêàþùèå ïðè ýòîì

ïðîèçâîäíûå ∂v
∂t çàìåíèì ÷åðåç óðàâíåíèå íåðàçðûâíîñòè (1).

1

2

d

dt

b∫
0

1

v

(
∂

∂q
(x2u)

)2

dq +

b∫
0

x4

[
∂

∂q

(
1

v

∂

∂q
(x2u)

)]2

dq =

=
1

2

b∫
0

1

v2

(
∂

∂q
(x2u)

)3

dq + 2

b∫
0

xu2 ∂

∂q

(
1

v

∂

∂q
(x2u)

)
dq−

−
b∫

0

x4 ∂

∂q

(
1

v

∂

∂q
(x2u)

)
·
[

1

v

∂θ

∂q
− θ

v2

∂v

∂q

)
dq =

4∑
k=1

Jk.

Îöåíèì êàæäîå Jk, k = 1, 2, 3, 4, èñïîëüçóÿ íåðàâåíñòâà Ãåëüäåðà, Êîøè è Þíãà ñ ó÷åòîì

ïîëó÷åííûõ âûøå îöåíîê. Ïîñëå ïðèìåíåíèÿ ëåììû Ãðîíóîëëà, èìååì îöåíêó:

max
0≤t≤T

b∫
0

1

v

(
∂

∂q
(x2u)

)2

dq +

T∫
0

b∫
0

x4

[
∂

∂q

(
1

v

(
∂

∂q
(x2u)

))]2

dqdτ ≤ N14.

Ðàñïèñûâàÿ ïðîèçâîäíóþ, ïðèõîäèì ê îöåíêå

max
0≤t≤T

b∫
0

(
∂u

∂q

)2

dq +

T∫
0

b∫
0

(
∂2u

∂q2

)2

dqdτ ≤ N15.

Íåïîñðåäñòâåííî èç óðàâíåíèé (1) è (3) ïîëó÷èì:

T∫
0

b∫
0

(
∂u

∂t

)2

dqdτ ≤ N16,

b∫
0

(
∂v

∂t

)2

dq ≤ N17, ∀t ∈ [0, T ].

Àíàëîãè÷íî [3], [4] èç óðàâíåíèÿ òåïëîïðîâîäíîñòè (4) ñëåäóåò ñòðîãàÿ ïîëîæèòåëüíîñòü òåì-

ïåðàòóðû:

mθ(t) ≥ N18, ∀t ∈ [0, T ].
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Óìíîæåíèåì (4) íà ∂2θ
∂q2 è èíòåãðèðîâàíèåì âûâîäèòñÿ îöåíêà:

max
0≤t≤T

b∫
0

(
∂θ

∂q

)2

dq +

T∫
0

b∫
0

[(
∂2θ

∂q2

)2

+

(
∂θ

∂t

)2
]
dqdτ ≤ N19.

Îòñþäà è èç (24) âûòåêàåò îãðàíè÷åííîñòü òåìïåðàòóðû.

Mθ ≤ N20, ∀t ∈ [0, T ].

Èç îöåíêè (19) è óðàâíåíèÿ (2) èìååì:

max
0≤t≤T

b∫
0

(
∂c

∂q

)2

dq +

T∫
0

b∫
0

[(
∂2c

∂q2

)2

+

(
∂c

∂t

)2
]
dqdτ ≤ N21.

Èòàê, ïîëó÷åíû âñå îöåíêè, íåîáõîäèìûå äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ îáîáùåííîãî

ðåøåíèÿ. Åäèíñòâåííîñòü äîêàçûâàåòñÿ ñîñòàâëåíèåì îäíîðîäíîãî óðàâíåíèÿ îòíîñèòåëüíî ðàç-

íîñòè äâóõ ñîâìåñòíûõ ðåøåíèé àíàëîãè÷íî [4], [5], [6].

Òåîðåìà ïîëíîñòüþ äîêàçàíà.
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ÎÁ ÎÄÍÎÉ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×Å ÏÐÎÖÅÑÑÀ ÝÊÑÒÐÀÃÈÐÎÂÀÍÈß ÈÇ

ÒÂÅÐÄÛÕ ÏÎËÈÄÈÑÏÅÐÑÍÛÕ ÏÎÐÈÑÒÛÕ ÌÀÒÅÐÈÀËÎÂ

Á.Ð. Èñìàèëîâ, È. Îðàçîâ, Ì.À. Ñàäûáåêîâ

Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì. Àóåçîâà

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

Abstract. The paper deals with one family of problems that simulates the process of extraction

from the solid polydispersed porous materials. At their mathematical formulation there is an inverse

problem for the di�usion equation, in which, together with the solution of the equation it is necessary

to �nd the unknown right part, which depends only on the space variable. The initial and �nal states

are the additional data. The speci�city of the considered problems is the fact that the boundary

conditions on the spatial variable are non strongly regular. It is proved the existence and uniqueness

of the solution of the problem.

Keywords: di�usion equations, inverse problems, non strongly regular boundary conditions, process

of extraction.

À­äàòïà. Á´ë å­áåêòå ïîëèäèñïåðñòi ©àòòû êåóåê ìàòåðèàëäàðäû ýêñòðàêöèÿëàóäû­ ïðî-

öåñií ìîäåëäåóøi åñåïòåð øî¡ûðû êàðàñòûðûëäû. Á´ë åñåïòåðäi ìàòåìàòèêàëû© ò´ð¡ûäàí

çåðòòåãåíäå äèôôóçèÿ òå­äåóiíå êåði åñåï ïàéäà áîëàäû. Äºëiðåê àéòñà© åñåïòi­ øåøiìi ìåí

©îñà îíû­ î­ æà©òà¡û áîñ ì³øåñií äå òàáó ©àæåò, îë òåê êå­iñòiêòi­ êîîðäèíàòàëàðûíà òºóåë-

äi. Øåøiìíi­ áàñòàï©û æºíå ñî­¡û ìºíäåði áåëãiëi. Åñåïòi­ áið åðåêøåëiãi îíû­ êå­iñòiêòåãi

øåêàðàëû© øàðòòàðû îíøà ò´ðëàóëû åìåñ. Åñåïòi­ áið ¡àíà øåøiìi áàð åêåíi äºëåëäåíãåí.

Êiëòòiê ñ°çäåð: äèôôóçèÿ òå­äåói, êåði åñåï, îíøà ò³ðëàóëû åìåñ øåêàðàëû© øàðòòàð,

äèôôóçèÿ òå­äåói.

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ îäíî ñåìåéñòâî çàäà÷, ìîäåëèðóþùèõ ïðîöåññ ýêñòðà-

ãèðîâàíèÿ èç òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ. Ïðè èõ ìàòåìàòè÷åñêîé ôîð-

ìóëèðîâêå âîçíèêàåò îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ äèôôóçèè, â êîòîðîé âìåñòå ñ ðåøåíè-

åì óðàâíåíèÿ òðåáóåòñÿ íàéòè è íåèçâåñòíóþ ïðàâóþ ÷àñòü, çàâèñÿùóþ òîëüêî îò ïðîñòðàí-

ñòâåííîé ïåðåìåííîé. Äîïîëíèòåëüíûìè äàííûìè ÿâëÿþòñÿ íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèå.

Ñïåöèôèêîé ðàññìàòðèâàåìîãî ñåìåéñòâà çàäà÷ ÿâëÿåòñÿ òî, ÷òî êðàåâûå óñëîâèÿ ïî ïðî-

ñòðàíñòâåííîé ïåðåìåííîé ÿâëÿþòñÿ íå óñèëåííî ðåãóëÿðíûìè. Äîêàçàíî ñóùåñòâîâàíèå è

åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è.

Êëþ÷åâûå ñëîâà: óðàâíåíèå äèôôóçèè, îáðàòíàÿ çàäà÷à, íå óñèëåííî ðåãóëÿðíûå êðàåâûå

óñëîâèÿ, ïðîöåññ ýêñòðàãèðîâàíèÿ.

Ââåäåíèå

Ïðîöåññû ýêñòðàãèðîâàíèÿ èç òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ øèðîêî ðàñ-

ïðîñòðàíåíû â ïèùåâîé, õèìèêî-ôàðìàöåâòè÷åñêîé è ìåäèöèíñêîé ïðîìûøëåííîñòÿõ. Ïðè ýòîì
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ê êà÷åñòâó ýêñòðàêòà ïðåäúÿâëÿþòñÿ ïîâûøåííûå òðåáîâàíèÿ. Äëÿ ýôôåêòèâíîãî ïðîâåäåíèÿ

ïðîöåññà ýêñòðàãèðîâàíèÿ èç òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ íåîáõîäèìî èñïîëü-

çîâàòü àïïàðàòû è ïðîöåññû, ïîçâîëÿþùèå îáåñïå÷èâàòü îïòèìàëüíûå çíà÷åíèÿ ãèäðîäèíàìè÷å-

ñêèõ è ôèçèêî-õèìè÷åñêèõ ïàðàìåòðîâ, â ÷àñòíîñòè, ïîâåðõíîñòè êîíòàêòà ôàç, ðàçíîñòè êîí-

öåíòðàöèè öåëåâîãî êîìïîíåíòà â ñûðüå è ýêñòðàãåíòå, ïðîäîëæèòåëüíîñòè ýêñòðàêöèè.

Ïðîèñõîäÿùèå ïðè ýêñòðàãèðîâàíèè ìàññîîáìåííûå ïðîöåññû, âîîáùå ãîâîðÿ, ÿâëÿþòñÿ íåëè-

íåéíûìè è äîëæíû îïèñûâàòüñÿ ñîîòâåòñòâóþùèì ìåõàíèêî-ìàòåìàòè÷åñêèì àïïàðàòîì [1, 2].

Îäíàêî ó÷åò ïîðèñòîñòè ñòðóêòóðû ÷àñòèö òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ ïîç-

âîëÿåò ñóùåñòâåííî óïðîñòèòü ìàòåìàòè÷åñêóþ ìîäåëü âñåãî ïðîöåññà ýêñòðàêöèè [3].

Íàðÿäó ñ ýòèì, â íàñòîÿùåå âðåìÿ ïîëó÷èëè ðàñïðîñòðàíåíèå ãèäðîäèíàìè÷åñêèå ìåòîäû

èíòåíñèôèêàöèè (âèõðåâîå ýêñòðàãèðîâàíèå, ðåæèì âàêóóìíîãî êèïåíèÿ ýêñòðàãåíòà, ìåõàíè÷å-

ñêèå êîëåáàíèÿ ñóñïåíçèè, íàëîæåíèå óëüòðàçâóêà íà ñóñïåíçèþ, ïóëüñàöèÿ äàâëåíèÿ, îòæèì ïî-

ðèñòîãî ìàòåðèàëà), ýôôåêò îò êîòîðûõ íåëüçÿ îáúÿñíèòü ïîëîæåíèÿìè òîëüêî äèôôóçèîííîé

òåîðèè [4]. Ïîýòîìó ðÿäîì èññëåäîâàòåëåé [3 - 5] ïðåäëîæåíî ïðèìåíåíèå â êà÷åñòâå êîýôôè-

öèåíòîâ äèôôóçèè êîýôôèöèåíòîâ ýôôåêòèâíîé äèôôóçèè. Äàííûé ïîäõîä ïîëó÷èë íàçâàíèå

äèôôóçèîííî-êîíâåêòèâíûé ìåõàíèçì ýêñòðàãèðîâàíèÿ è åãî ïðèìåíåíèå äëÿ îïèñàíèÿ ýêñòðà-

ãèðîâàíèÿ èç òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ, íà íàø âçãëÿä, ÿâëÿåòñÿ îïðàâäàí-

íûì.

Ðåçóëüòàòû òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïîêàçàëè, ÷òî äëÿ ìíîãèõ âè-

äîâ òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ (òàêèõ êàê áîÿðûøíèê, êîðåíü ñîëîäêè, öâåò-

êè áåññìåðòíèêà, òðàâû çâåðîáîÿ, âàëåðèàíû, ñåìåíà àíèñà, ôåíêåëÿ è äð.) ïðèìåíåíèå ìîäåëè

äèôôóçèîííî-êîíâåêòèâíîãî ìåõàíèçìà ýêñòðàãèðîâàíèÿ ïðèâîäèò ê äîñòàòî÷íî òî÷íûì ðåçóëü-

òàòàì [4].

Òàêèì îáðàçîì, äëÿ ðàçðàáîòêè íîâûõ òåõíîëîãèé ýêñòðàãèðîâàíèÿ èç òâåðäûõ ïîëèäèñïåðñ-

íûõ ïîðèñòûõ ìàòåðèàëîâ îêàçûâàåòñÿ íåîáõîäèìûì ðåøåíèå çàäà÷è î âîññòàíîâëåíèè ïàðàìåò-

ðîâ, õàðàêòåðèçóþùèõ ñâîéñòâà ìàòåðèàëà èëè ïðîöåññà, íåîáõîäèìûõ äëÿ ïîëó÷åíèÿ ôèíàëü-

íîãî ñîñòîÿíèÿ çà êîíå÷íûé ïðîìåæóòîê âðåìåíè. Òàêèå ìàòåìàòè÷åñêèå çàäà÷è íàçûâàþòñÿ

îáðàòíûìè çàäà÷àìè òåîðèè íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Ïîñêîëüêó íåêîòîðûå ïàðàìåòðû, âõîäÿùèå â óðàâíåíèÿ, ïðèíèìàþòñÿ ñ áîëüøèìè äîïóùå-

íèÿìè, òî èõ ìîæíî ðàññìàòðèâàòü, êàê íåèçâåñòíûå äëÿ êîíêðåòíî ïîñòàâëåííîé çàäà÷è ìàòåìà-

òè÷åñêîãî ìîäåëèðîâàíèÿ òåõíîëîãè÷åñêèõ ïðîöåññîâ. Äëÿ èõ îïðåäåëåíèÿ ìîæíî èñïîëüçîâàòü

êîñâåííóþ èíôîðìàöèþ. Íàïðèìåð, äàííûå î ðåøåíèè óðàâíåíèÿ, êîòîðûå ýêñïåðèìåíòàëüíî

ïîëó÷èòü çíà÷èòåëüíî ïðîùå. Òàêèå çàäà÷è ìîæíî ðàññìàòðèâàòü êàê îáðàòíûå è îíè íà ïåðâîé

ñòàäèè ìîäåëèðîâàíèÿ ôîðìóëèðóþòñÿ ñîâìåñòíûìè óñèëèÿìè ìàòåìàòèêà è òåõíîëîãà, êîòîðî-

ìó ïðåäñòîèò äîñòàâèòü íóæíóþ êîñâåííóþ èíôîðìàöèþ îá îáúåêòå [5].

Â ðàáîòå ðàññìàòðèâàåòñÿ îäíî ñåìåéñòâî çàäà÷, ìîäåëèðóþùèõ ïðîöåññ ýêñòðàãèðîâàíèÿ èç

òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ. Ïðè èõ ìàòåìàòè÷åñêîé ôîðìóëèðîâêå âîçíèêà-

åò îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ äèôôóçèè, â êîòîðîé âìåñòå ñ ðåøåíèåì óðàâíåíèÿ òðåáóåòñÿ

íàéòè è íåèçâåñòíóþ ïðàâóþ ÷àñòü, çàâèñÿùóþ òîëüêî îò ïðîñòðàíñòâåííîé ïåðåìåííîé. Äîïîë-

íèòåëüíûìè äàííûìè ÿâëÿþòñÿ íà÷àëüíîå è êîíå÷íîå ñîñòîÿíèå.

Âîïðîñû ðàçðåøèìîñòè ðàçëè÷íûõ îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé èçó÷àëèñü

âî ìíîãèõ ðàáîòàõ (ñì., íàïðèìåð, [6 - 12]). Ïðè ýòîì òåîðåòè÷åñêàÿ ìàòåìàòè÷åñêàÿ íàóêà ãëóáî-

êî ïðîäâèíóëàñü â ðåøåíèè îáðàòíûõ çàäà÷ äëÿ äèôôóçèîííûõ ïðîöåññîâ. Îäíàêî, êàê ïðàâèëî,

çàäà÷è èññëåäóþòñÿ ïðè ïðîñòåéøèõ ñàìîñîïðÿæåííûõ êðàåâûõ óñëîâèÿõ ïî ïðîñòðàíñòâåííîé
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ïåðåìåííîé. Â îòëè÷èå îò ïðåäûäóùèõ ðàáîò, íàìè èññëåäóåòñÿ îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ

äèôôóçèè ñ êðàåâûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, êîòîðûå íå ÿâëÿþòñÿ óñè-

ëåííî ðåãóëÿðíûìè. Ïðè ýòîì ñîîòâåòñòâóþùàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ îáûêíîâåííîãî äèô-

ôåðåíöèàëüíîãî îïåðàòîðà èìååò ñèñòåìó ñîáñòâåííûõ ôóíêöèé, êîòîðàÿ ìîæåò íå îáðàçîâûâàòü

áàçèñ.

Ïîñòàíîâêà çàäà÷è

Ìîäåëüíîå óðàâíåíèå îäíîìåðíîãî ïðîöåññà ýêñòðàãèðîâàíèÿ öåëåâîãî êîìïîíåíòà èç òâåð-

äûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ, â îäíîé îòäåëüíî âçÿòîé ìàêðîïîðå, çàïèñûâàåì â

ñëåäóþùåì âèäå [13]:
∂Ψ

∂t
(x, t)− ∂2Ψ

∂x2
(x, t) = f(x), (1)

ãäå Ψ(x, t) - áåçðàçìåðíàÿ êîíöåíòðàöèÿ öåëåâîãî êîìïîíåíòà â ìàêðîïîðàõ â òî÷êå x â ìîìåíò

âðåìåíè t. Çäåñü f(x) - âëèÿíèå âíåøíåãî èñòî÷íèêà, êîòîðîå â íàøåé çàäà÷å ïîðîæäàåòñÿ áåç-

ðàçìåðíîé êîíöåíòðàöèåé öåëåâîãî êîìïîíåíòà â ìèêðîïîðàõ. Ýòî âëèÿíèå çàâèñèò òîëüêî îò

ðàññòîÿíèÿ äî ãðàíèöû ìàêðîïîðû, òî åñòü òîëüêî îò ïîëîæåíèÿ òî÷êè x â æèäêîé ôàçå, è íå

çàâèñèò îò âðåìåíè t.

Îáëàñòü ðàññìîòðåíèÿ çàäà÷è (â áåçðàçìåðíûõ âåëè÷èíàõ äëèíà ìàêðîïîðû âçÿòà ðàâíîé

åäèíèöå) îáîçíà÷èì Ω = {(x, t) : 0 < x < 1, 0 < t < T}. Çäåñü t = 0 - íà÷àëüíûé, à t = T -

ôèíàëüíûé ìîìåíòû âðåìåíè.

Åñòåñòâåííî ïðåäïîëàãàòü, ÷òî (èç-çà ñèììåòðèè) çíà÷åíèÿ êîíöåíòðàöèè íà îáåèõ ãðàíèöàõ

ìàêðîïîðû ñîâïàäàþò:

Ψ(0, t) = Ψ(1, t), 0 ≤ t ≤ T. (2)

Äëÿ ìíîãèõ âèäîâ òâåðäûõ ïîëèäèñïåðñíûõ ïîðèñòûõ ìàòåðèàëîâ ýòîò îáúåì äèôôóçèè öåëå-

âîãî êîìïîíåíòà èç ìèêðîïîð â ìàêðîïîðó â êàæäûé ìîìåíò âðåìåíè t ïðîïîðöèîíàëåí ñêîðîñòè

èçìåíåíèÿ ñðåäíåé âåëè÷èíû êîëè÷åñòâà öåëåâîãî êîìïîíåíòà â ìàêðîïîðàõ. Òîãäà

Ψ(0, t) = Ψ(1, t) = α
d

dt

(∫ 1

0
Ψ(ξ, t)dξ

)
, 0 ≤ t ≤ T, (3)

ãäå α - êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè - ïîñòîÿííàÿ âåëè÷èíà.

Íàøåé çàäà÷åé ÿâëÿåòñÿ íàõîæäåíèå ôóíêöèè âëèÿíèÿ âíåøíåãî èñòî÷íèêà f(x) ïî íåêîòî-

ðîé äîïîëíèòåëüíîé èíôîðìàöèè. Çíàíèå f(x) ïîçâîëèò â äàëüíåéøåì ðàññ÷èòàòü íåîáõîäèìóþ

êîíöåíòðàöèþ öåëåâîãî êîìïîíåíòà â ìèêðîïîðàõ.

Â êà÷åñòâå äîïîëíèòåëüíîé èíôîðìàöèè âûáåðåì çíà÷åíèÿ íà÷àëüíîãî è êîíå÷íîãî ñîñòîÿíèÿ

êîíöåíòðàöèè öåëåâîãî êîìïîíåíòà â ìàêðîïîðàõ:

Ψ(x, 0) = ϕ(x), Ψ(x, T ) = ψ(x), 0 ≤ x ≤ 1. (4)
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Ñâåäåíèå ê ìàòåìàòè÷åñêîé çàäà÷å

Ñ ó÷åòîì óðàâíåíèÿ (1) èç (3) ïîëó÷àåì

Ψ(0, t) = α

∫ 1

0

∂

∂t
Ψ(ξ, t)dξ = α

∫ 1

0

(
∂2Ψ

∂ξ2
(ξ, t) + f(ξ)

)
dξ. (5)

Îòñþäà

Ψ(0, t) = α

∫ 1

0
f(ξ)dξ + α

(
∂Ψ

∂x
(1, t)− ∂Ψ

∂x
(0, t)

)
. (6)

Ââåäåì îáîçíà÷åíèå

u(x, t) = Ψ(x, t)− α
∫ 1

0
f(ξ)dξ. (7)

Òîãäà äëÿ íîâîé ôóíêöèè u(x, t) ïîëó÷àåì çàäà÷ó äëÿ óðàâíåíèÿ

∂u

∂t
(x, t)− ∂2u

∂x2
(x, t) = f(x), (8)

ñ êðàåâûìè óñëîâèÿìè

u(0, t)− u(1, t) = 0, 0 ≤ t ≤ T, (9)

∂u

∂x
(0, t)− ∂u

∂x
(0, t) +

1

α
u(0, t) = 0, 0 ≤ t ≤ T, (10)

è ñ óñëîâèÿìè íà÷àëüíîãî è ôèíàëüíîãî ïåðåîïðåäåëåíèÿ

u(x, 0) = ϕ(x)− α
∫ 1

0
f(ξ)dξ, 0 ≤ x ≤ 1, (11)

u(x, T ) = ψ(x)− α
∫ 1

0
f(ξ)dξ, 0 ≤ x ≤ 1. (12)

Íåâîçìîæíîñòü ïðÿìîãî ïðèìåíåíèÿ ìåòîäà Ôóðüå

Ïðèìåíåíèÿ ìåòîäà Ôóðüå äëÿ ðåøåíèÿ çàäà÷è (8)-(12) ïðèâîäèò ê ñïåêòðàëüíîé çàäà÷å äëÿ

îïåðàòîðà l, çàäàííîãî äèôôåðåíöèàëüíûì âûðàæåíèåì

l(y) ≡ −y′′(x) = λy(x), 0 < x < 1 (13)

è êðàåâûìè óñëîâèÿìè

y′(0)− y′(1) +
1

α
y(0), y(0) = y(1). (14)

Êðàåâûå óñëîâèÿ â (13) ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûìè [14]. Ñèñòåìà êîð-

íåâûõ ôóíêöèé òàêèõ îïåðàòîðîâ ÿâëÿåòñÿ ïîëíîé ñèñòåìîé, íî ìîæåò íå îáðàçîâûâàòü äàæå

îáû÷íîãî áàçèñà â L2(0, 1). Ïîýòîìó èíîãäà ïðÿìîå ïðèìåíåíèå ìåòîäà Ôóðüå äëÿ ðåøåíèÿ òàêîé

çàäà÷è ÿâëÿåòñÿ íå âîçìîæíûì.

Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåòñÿ ìåòîäèêà, ïðåäëîæåííàÿ â [15]. Ïðè ýòîì çàäà÷à ðåøà-

åòñÿ íå çàâèñèìî îò òîãî, îáðàçóåò ëè áàçèñ ñèñòåìà ñîáñòâåííûõ ôóíêöèé, âîçíèêàþùàÿ ïðè

èñïîëüçîâàíèè ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ.
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Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Abstract. This article will summarize the basic concepts and some results on the theory and

numerical methods for solving inverse and ill-posed problems. The subject of the article is so

new compared to traditional areas of mathematics and so deeply connected with other areas of

mathematics, as well as the main areas of science, that it can be attributed to one of the most

important achievements of the 20th century.

Keywords: inverse and ill-posed problems, regularization techniques.

Àííîòàöèÿ. Â äàííîé ñòàòüå áóäóò êðàòêî èçëîæåíû îñíîâíûå ïîíÿòèÿ è íåêîòîðûå ðå-

çóëüòàòû ïî òåîðèè è ÷èñëåííûì ìåòîäàì ðåøåíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ [1, 2, 3].

Ïðåäìåò ñòàòüè ÿâëÿåòñÿ íàñòîëüêî íîâûì îòíîñèòåëüíî òðàäèöèîííûõ íàïðàâëåíèé ìàòåìà-

òèêè è íàñòîëüêî ãëóáîêî ñâÿçàííûì ñ äðóãèìè íàïðàâëåíèÿìè ñàìîé ìàòåìàòèêè, à òàêæå

îñíîâíûõ íàïðàâëåíèé íàóêè, ÷òî åãî ìîæíî îòíåñòè ê îäíèì èç âàæíåéøèõ äîñòèæåíèé 20-

ãî âåêà.

Êëþ÷åâûå ñëîâà: îáðàòíûå è íåêîððåêòíûå çàäà÷è, ìåòîäû ðåãóëÿðèçàöèè.

Îáðàòíûå è íåêîððåêòíûå çàäà÷è

Îïðåäåëåíèå íåêîððåêòíûõ çàäà÷ øèðîêî èçâåñòíî, ê íèì îòíîñÿòñÿ âñå òå çàäà÷è, äëÿ êîòî-

ðûõ íå âûïîëíÿåòñÿ õîòÿ áû îäíî èç óñëîâèé êëàññè÷åñêîé êîððåêòíîñòè (ñóùåñòâîâàíèå, åäèí-

ñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ). Åäèíîãî îïðåäåëåíèÿ îáðàòíûõ çàäà÷ íåò. Îäíàêî, ïîíÿòíî,

÷òî ¾îáðàòíîå¿ ìîæíî îïðåäåëèòü ëèøü ïî îòíîøåíèþ ê ¾ïðÿìîìó¿. Â ìàòåìàòè÷åñêîé ôèçè-

êå ïîä ïðÿìûìè çàäà÷àìè îáû÷íî ïîíèìàþò çàäà÷è ìîäåëèðîâàíèÿ êàêîãî-ëèáî ôèçè÷åñêîãî

ïðîöåññà. Â ïðÿìûõ çàäà÷àõ òðåáóåòñÿ íàéòè ôóíêöèþ, îïèñûâàþùóþ ïîâåäåíèå êàêîãî-ëèáî

ôèçè÷åñêîãî ïîëÿ èëè ïðîöåññà (ýëåêòðîìàãíèòíîãî, àêóñòè÷åñêîãî, ñåéñìè÷åñêîãî, òåïëîâîãî è

ò.ï.), â êàæäîé òî÷êå èññëåäóåìîé îáëàñòè è â êàæäûé ìîìåíò âðåìåíè (åñëè ïîëå íå ñòàöèî-

íàðíî). Ïåðâûå ïóáëèêàöèè ïî îáðàòíûì è íåêîððåêòíûì çàäà÷àì ïîÿâèëèñü â ïåðâîé ïîëîâèíå

XX âåêà. Îíè áûëè ñâÿçàíû ñ èññëåäîâàíèÿìè ôèçèêîâ (îáðàòíûå çàäà÷è êâàíòîâîé òåîðèè ðàñ-

ñåÿíèÿ, ýëåêòðîäèíàìèêè, àêóñòèêè), ãåîôèçèêîâ (îáðàòíûå çàäà÷è ýëåêòðîðàçâåäêè, ñåéñìèêè,

òåîðèè ïîòåíöèàëà), àñòðîíîìèè è äðóãèõ îáëàñòåé åñòåñòâîçíàíèÿ. Ñ ïîÿâëåíèåì ìîùíûõ ÝÂÌ

îáëàñòü ïðèëîæåíèé îáðàòíûõ è íåêîððåêòíûõ çàäà÷ îõâàòèëà ïðàêòè÷åñêè âñå íàó÷íûå äèñöè-

ïëèíû, â êîòîðûõ èñïîëüçóþòñÿ ìàòåìàòè÷åñêèå ìåòîäû. Ãëàâíûå íàïðàâëåíèÿ ïðèìåíåíèÿ �-

ýòî ãåîôèçèêà, àñòðîíîìèÿ, âèçóàëèçàöèÿ äàííûõ, ìåäèöèíñêàÿ è ïðîìûøëåííàÿ òîìîãðàôèÿ,

äåôåêòîñêîïèÿ è äèñòàíöèîííîå çîíäèðîâàíèå è ìíîãîå äðóãîå.
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Â ïðÿìûõ çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè èññëåäîâàòåëè ñòðåìÿòñÿ íàéòè (â ÿâíîé ôîðìå

èëè ïðèáëèæåííî) ôóíêöèè, îïèñûâàþùèå ðàçëè÷íûå ôèçè÷åñêèå ÿâëåíèÿ, íàïðèìåð, ðàñïðî-

ñòðàíåíèå çâóêà, òåïëà, ñåéñìè÷åñêèõ êîëåáàíèé, ýëåêòðîìàãíèòíûõ âîëí è òàê äàëåå. Ïðè ýòîì

ñâîéñòâà ñðåäû (êîýôôèöèåíòû óðàâíåíèé), à òàêæå íà÷àëüíîå ñîñòîÿíèå ïðîöåññà (â íåñòàöè-

îíàðíîì ñëó÷àå) èëè åãî ñâîéñòâà íà ãðàíèöå (â ñëó÷àå îãðàíè÷åííîé îáëàñòè è/èëè â ñòàöèî-

íàðíîì ñëó÷àå) ïðåäïîëàãàþòñÿ èçâåñòíûìè. Îäíàêî èìåííî ñâîéñòâà ñðåäû íà ïðàêòèêå ÷àñòî

ÿâëÿþòñÿ íåèçâåñòíûìè. À ýòî îçíà÷àåò, ÷òî íåîáõîäèìî ñòàâèòü è ðåøàòü îáðàòíûå çàäà÷è, â

êîòîðûõ òðåáóåòñÿ îïðåäåëèòü ëèáî êîýôôèöèåíòû óðàâíåíèé, ëèáî íåèçâåñòíûå íà÷àëüíûå èëè

ãðàíè÷íûå óñëîâèÿ, ëèáî ìåñòîïîëîæåíèå, ãðàíèöû è äðóãèå ñâîéñòâà îáëàñòè, â êîòîðîé ïðîèñ-

õîäèò èññëåäóåìûé ïðîöåññ. Ýòè çàäà÷è â áîëüøèíñòâå ñëó÷àåâ íåêîððåêòíû (ò.å. â ýòèõ çàäà÷àõ

íàðóøåíî õîòÿ áû îäíî èç òðåõ ñâîéñòâ êîððåêòíîñòè � óñëîâèå ñóùåñòâîâàíèÿ, åäèíñòâåííî-

ñòè è óñòîé÷èâîñòè ðåøåíèÿ ïî îòíîøåíèþ ê ìàëûì âàðèàöèÿì äàííûõ çàäà÷è). À èñêîìûìè

êîýôôèöèåíòàìè óðàâíåíèé ÿâëÿþòñÿ, êàê ïðàâèëî, ïëîòíîñòü, ýëåêòðîïðîâîäíîñòü, òåïëîïðî-

âîäíîñòü è äðóãèå âàæíûå ñâîéñòâà èññëåäóåìîé ñðåäû. Òàêæå î÷åíü ÷àñòî â îáðàòíûõ çàäà÷àõ

òðåáóåòñÿ íàéòè ìåñòîïîëîæåíèå, ôîðìó è ñòðóêòóðó âêëþ÷åíèé, äåôåêòîâ, èñòî÷íèêîâ (òåïëà,

êîëåáàíèé, íàïðÿæåíèÿ, çàãðÿçíåíèÿ) è òàê äàëåå. Íåóäèâèòåëüíî, ÷òî ïðè òàêîì øèðîêîì íàáî-

ðå ïðèëîæåíèé, òåîðèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ñ ìîìåíòà ñâîåãî ïîÿâëåíèÿ ñòàëà îäíîé

èç íàèáîëåå ñòðåìèòåëüíî ðàçâèâàþùèõñÿ îáëàñòåé ñîâðåìåííîé íàóêè.

Îñíîâû òåîðèè îáðàòíûõ è íåêîððåêòíûõ çàäà÷ áûëè çàëîæåíû â ÑÑÑÐ, íà÷èíàÿ ñ ñåðåäèíû

XX âåêà. Îäíàêî â ïîñëåäíèå äåñÿòèëåòèÿ ïî èçâåñòíûì ïðè÷èíàì ëèäåðñòâî ðîññèéñêîé øêîëû

ïî îáðàòíûì è íåêîððåêòíûì çàäà÷àì ïîøàòíóëîñü. Î÷åíü ìíîãî ñïîñîáíûõ ñïåöèàëèñòîâ, â òîì

÷èñëå ìîëîäûõ, óåõàëè èç ñòðàíû. È åñëè çà ðóáåæîì èçäàíî óæå áîëåå 11 òûñÿ÷ êíèã, â íàçâàíèè

êîòîðûõ åñòü ñëîâà ¾îáðàòíûå çàäà÷è¿, òî â Ðîññèè òàêèå êíèãè ïîÿâëÿþòñÿ âñå ðåæå è ðåæå.

Êàæäûé ÷åëîâåê åæåìèíóòíî ðåøàåò îáðàòíûå è íåêîððåêòíûå çàäà÷è. È ðåøàåò èõ, êàê

ïðàâèëî, áûñòðî è ýôôåêòèâíî (åñëè, êîíå÷íî, íàõîäèòñÿ â äîáðîì çäðàâèè è ÿñíîì ñîçíàíèè).

Âîçüìåì, íàïðèìåð, çðèòåëüíîå âîñïðèÿòèå. Óñòàíîâëåíî, ÷òî çà ìèíóòó ìû ôèêñèðóåì ëèøü êî-

íå÷íîå ÷èñëî òî÷åê îêðóæàþùåãî ìèðà. À êàê æå òîãäà ìû âèäèì âñå? Ìîçã (â ýòîé ñèòóàöèè -�

ìîùíûé ïåðñîíàëüíûé êîìïüþòåð) ïî óâèäåííûì òî÷êàì âîñïîëíÿåò (èíòåðïîëèðóåò è ýêñòðàïî-

ëèðóåò) âñå, ÷òî ãëàç íå óñïåë çàôèêñèðîâàòü. ßñíî, ÷òî âîñïîëíèòü èñòèííóþ êàðòèíó (â îáùåì

ñëó÷àå � îáúåìíóþ è öâåòíóþ) ïî íåñêîëüêèì òî÷êàì ìîæíî ëèøü â ñëó÷àå, êîãäà îíà óæå áîëåå-

ìåíåå çíàêîìà (áîëüøèíñòâî ïðåäìåòîâ è îáðàçîâ ìû óæå âèäåëè, à èíîãäà è êàñàëèñü ðóêàìè).

Òî åñòü, íåñìîòðÿ íà ñèëüíóþ íåêîððåêòíîñòü (íååäèíñòâåííîñòü è íåóñòîé÷èâîñòü ðåøåíèÿ) çà-

äà÷è (âîññòàíîâèòü ïî íåñêîëüêèì òî÷êàì íàáëþäàåìûé îáúåêò è âñå, ÷òî åãî îêðóæàåò), ìîçã

ðåøàåò ýòó çàäà÷ó äîâîëüíî áûñòðî. Ïî÷åìó? Îí èñïîëüçóåò áîãàòûé îïûò (àïðèîðíóþ èíôîðìà-

öèþ). È âîîáùå, åñëè ìû õîòèì ïîíÿòü ÷òî-òî äîñòàòî÷íî ñëîæíîå, ðåøèòü çàäà÷ó, âåðîÿòíîñòü

îøèáêè â êîòîðîé äîñòàòî÷íî âåëèêà, ìû, êàê ïðàâèëî, ïðèõîäèì ê íåóñòîé÷èâîé (íåêîððåêòíîé)

çàäà÷å.

Ìîæíî ñêàçàòü, ÷òî ÷åëîâåê (îñîáåííî, ñêëîííûé èñêàòü íåñòàíäàðòíûå ïóòè ðåøåíèÿ) ïî-

ñòîÿííî ñòàëêèâàåòñÿ ñ íåêîððåêòíûìè çàäà÷àìè. Â ñàìîì äåëå, êàæäûé ïîíèìàåò, êàê ëåãêî

îøèáèòüñÿ, ïûòàÿñü âîññòàíîâèòü ïðîøëîå ïî íåêîòîðûì ôàêòàì íàñòîÿùåãî (ïðîñëåäèòü ìîòè-

âû è äåòàëè ïðåñòóïëåíèÿ ïî èìåþùèìñÿ óëèêàì, ïîíÿòü ïðè÷èíû çàðîæäåíèÿ è ýòàïû ðàçâèòèÿ

áîëåçíè ïî ðåçóëüòàòàì îáñëåäîâàíèÿ è ò.ï.). Èëè çàãëÿíóòü â áóäóùåå (ïðåäâèäåòü æèçíåííûé

ïóòü ðåáåíêà, íàïðàâëåíèå ðàçâèòèÿ ñòðàíû è âîîáùå êàêîãî-ëèáî äîñòàòî÷íî ñëîæíîãî ïðîöåñ-

ñà). Èëè ïðîíèêíóòü â çîíó íåäîñòóïíîñòè è ïîíÿòü, ÷òî òàì ïðîèñõîäèò (èññëåäîâàòü âíóòðåí-
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íèå îðãàíû ÷åëîâåêà, îáíàðóæèòü ìåñòîðîæäåíèå ïîëåçíûõ èñêîïàåìûõ, óçíàòü ÷òî-ëèáî íîâîå î

Âñåëåííîé è ò.ä.). Â ñóùíîñòè, ëþáàÿ ïîïûòêà ðàñøèðèòü ãðàíèöû íåïîñðåäñòâåííîãî (÷óâñòâåí-

íîãî, çðèòåëüíîãî, ñëóõîâîãî è ò.ï.) âîñïðèÿòèÿ îêðóæàþùåãî ìèðà ïðèâîäèò ê íåêîððåêòíûì

çàäà÷àì. Êàçàëîñü áû, ìîæíî ñêàçàòü, ÷òî, íàó÷èâøèñü ðåøàòü óñòîé÷èâûå (êîððåêòíûå) çàäà-

÷è, ìàòåìàòèêè ïåðåøëè ê áîëåå ñëîæíûì íåóñòîé÷èâûì (îáðàòíûì è íåêîððåêòíûì) çàäà÷àì.

Íî èñòîðè÷åñêè ýòî ñîâñåì íå òàê, ïîñêîëüêó âî âñå âåêà ÷åëîâåê áûë îêðóæåí íåêîððåêòíûìè

çàäà÷àìè, è ìàòåìàòèêè ïûòàëèñü ðåøàòü òàêèå çàäà÷è, îáõîäÿñü áåç ñîîòâåòñòâóþùèõ òåðìèíîâ.

Îáðàòíûå è íåêîððåêòíûå çàäà÷è îáúåäèíÿåò îäíî âàæíîå ñâîéñòâî � íåóñòîé÷èâîñòü ðåøå-

íèÿ ïî îòíîøåíèþ ê ìàëûì îøèáêàì èçìåðåíèé äàííûõ. Â áîëüøèíñòâå èíòåðåñíûõ ñëó÷àåâ

îáðàòíûå çàäà÷è ÿâëÿþòñÿ íåêîððåêòíûìè, à íåêîððåêòíûå çàäà÷è, êàê ïðàâèëî, ìîæíî ñôîð-

ìóëèðîâàòü êàê îáðàòíûå ïî îòíîøåíèþ ê íåêîòîðûì ïðÿìûì (êîððåêòíûì) çàäà÷àì. Íî ïî-

ñêîëüêó èñòîðè÷åñêè îáðàòíûå è íåêîððåêòíûå çàäà÷è ôîðìóëèðîâàëèñü è èçó÷àëèñü äîâîëüíî

÷àñòî íåçàâèñèìî è ïàðàëëåëüíî, ñåé÷àñ â íàó÷íîé ëèòåðàòóðå èñïîëüçóþòñÿ îáà ýòèõ òåðìèíà.

Ïîäâîäÿ èòîãè, ìîæíî ñêàçàòü, ÷òî ñïåöèàëèñòû ïî îáðàòíûì è íåêîððåêòíûì çàäà÷àì çà-

íèìàþòñÿ èññëåäîâàíèåì ñâîéñòâ è ìåòîäîâ ðåãóëÿðèçàöèè íåóñòîé÷èâûõ çàäà÷. Èíà÷å ãîâîðÿ,

ìàòåìàòèêè ïûòàþòñÿ ñîçäàâàòü è èçó÷àòü óñòîé÷èâûå ìåòîäû ïðèáëèæåíèÿ íåóñòîé÷èâûõ îòîá-

ðàæåíèé. Ñ òî÷êè çðåíèÿ ëèíåéíîé àëãåáðû ýòî îçíà÷àåò ïîèñê ïðèáëèæåííûõ ìåòîäîâ íàõîæ-

äåíèÿ íîðìàëüíîãî ïñåâäîðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ïðÿìîóãîëüíû-

ìè, âûðîæäåííûìè èëè ïëîõî îáóñëîâëåííûìè ìàòðèöàìè. Â ôóíêöèîíàëüíîì àíàëèçå ãëàâíûì

ïðèìåðîì íåêîððåêòíûõ çàäà÷ ÿâëÿåòñÿ îïåðàòîðíîå óðàâíåíèå Aq = f , â êîòîðîì îïåðàòîð A

ÿâëÿåòñÿ êîìïàêòíûì (âïîëíå íåïðåðûâíûì). Â ïîñëåäíåå âðåìÿ ïîÿâèëèñü ðàáîòû, â êîòîðûõ

íåêîòîðûå çàäà÷è ìàòåìàòè÷åñêîé ñòàòèñòèêè òðàêòóþòñÿ êàê îáðàòíûå çàäà÷è òåîðèè âåðîÿò-

íîñòåé. Ñ òî÷êè çðåíèÿ òåîðèè èíôîðìàöèè ñïåöèàëèñòû ïî îáðàòíûì è íåêîððåêòíûì çàäà÷àì

èññëåäóþò ñâîéñòâà îòîáðàæåíèé êîìïàêòîâ ñ áîëüøîé ýïñèëîí-ýíòðîïèåé â òàáëèöû ñ ìàëîé

ýïñèëîí-ýíòðîïèåé.

Íåìíîãî îá èñòîðèè

Êàê èçâåñòíî, ìíîãèå ìàòåìàòè÷åñêèå ïîíÿòèÿ è ïîñòàíîâêè çàäà÷ âîçíèêàëè â ðåçóëüòàòå

èññëåäîâàíèÿ òåõ èëè èíûõ ôèçè÷åñêèõ ïðîöåññîâ èëè ÿâëåíèé. Òåì áîëåå ýòî ñïðàâåäëèâî äëÿ

òåîðèè îáðàòíûõ è íåêîððåêòíûõ çàäà÷. Ôèëîñîôñêîå óòâåðæäåíèå Ïëàòîíà î òîì, ÷òî ÷åëî-

âå÷åñòâó â ïðîöåññå ïîçíàíèÿ äîñòóïíû òîëüêî òåíè íà ñòåíå ïåùåðû è ýõî (äàííûå îáðàòíîé

çàäà÷è), ÿâèëîñü ïðåäâåñòíèêîì ðåøåíèÿ Àðèñòîòåëåì çàäà÷è âîññòàíîâëåíèÿ ôîðìû Çåìëè ïî

åå òåíè íà Ëóíå (ïðîåêòèâíàÿ ãåîìåòðèÿ). Ââåäåíèå ôèçè÷åñêîãî ïîíÿòèÿ ìãíîâåííîé ñêîðîñòè

ïðèâåëî Íüþòîíà ê îòêðûòèþ ïðîèçâîäíîé, à ïðîáëåìà íåóñòîé÷èâîñòè (íåêîððåêòíîñòè) çàäà÷è

÷èñëåííîãî äèôôåðåíöèðîâàíèÿ ôóíêöèè, çàäàííîé ïðèáëèæåííî, àêòóàëüíà è ïî ñåé äåíü. Èñ-

ñëåäîâàíèÿ ëîðäà Ðýëåÿ ïî àêóñòèêå ïîáóäèëè åãî ïîñòàâèòü âîïðîñ î âîçìîæíîñòè íàõîæäåíèÿ

ïëîòíîñòè íåîäíîðîäíîé ñòðóíû ïî åå çâó÷àíèþ (îáðàòíàÿ çàäà÷à àêóñòèêè), ÷òî ïðåäâîñõèòèëî

ðàçâèòèå ñåéñìîðàçâåäêè, ñ îäíîé ñòîðîíû, è ðàçâèòèå òåîðèè ñïåêòðàëüíûõ îáðàòíûõ çàäà÷, ñ

äðóãîé. Èçó÷åíèå äâèæåíèÿ íåáåñíûõ òåë è çàäà÷è îöåíêè íåèçâåñòíûõ âåëè÷èí ïî ðåçóëüòàòàì

èçìåðåíèé, ñîäåðæàùèì ñëó÷àéíûå îøèáêè, ïðèâåëî À. Ëåæàíäðà è Ê. Ãàóññà ê ïåðåîïðåäåëåí-

íûì ñèñòåìàì àëãåáðàè÷åñêèõ óðàâíåíèé è ê ñîçäàíèþ ìåòîäà íàèìåíüøèõ êâàäðàòîâ. Î. Êîøè

ïðåäëîæèë ìåòîä íàèñêîðåéøåãî ñïóñêà äëÿ íàõîæäåíèÿ ìèíèìóìà ôóíêöèè íåñêîëüêèõ ïåðå-

ìåííûõ. Â 1948 ãîäó Ë.Â. Êàíòîðîâè÷ îáîáùèë, ðàçâèë è ïðèìåíèë ýòè èäåè ê îïåðàòîðíûì
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óðàâíåíèÿì â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ. Â íàñòîÿùåå âðåìÿ ìåòîä íàèñêîðåéøåãî ñïóñêà, íà-

ðÿäó ñ ìåòîäîì ñîïðÿæåííûõ ãðàäèåíòîâ, ÿâëÿþòñÿ îäíèìè èç ñàìûõ ïîïóëÿðíûõ ïðè ðåøåíèè

íåêîððåêòíûõ çàäà÷. Ñòîèò îòìåòèòü, ÷òî Ë.Â. Êàíòîðîâè÷ ïåðâûì îáðàòèë âíèìàíèå íà òî, ÷òî

ïðåäëîæåííûé èì ìåòîä ñõîäèòñÿ ïî ôóíêöèîíàëó â ñëó÷àå, êîãäà çàäà÷à íåêîððåêòíà.

Òàêèì îáðàçîì, îòäåëüíûå îáðàòíûå è íåêîððåêòíûå çàäà÷è ñ äàâíèõ ïîð áûëè îáúåêòîì èñ-

ñëåäîâàíèÿ ó÷åíûõ â ðàçíûõ îáëàñòÿõ çíàíèÿ. Òåì íå ìåíåå, ìàòåìàòè÷åñêèå îñîáåííîñòè íåêîð-

ðåêòíûõ çàäà÷ áûëè ñôîðìóëèðîâàíû Àäàìàðîì òîëüêî â íà÷àëå XX âåêà, à âìåñòå ñ òåì âñòàë

âîïðîñ î öåëåñîîáðàçíîñòè ïîèñêà åäèíîãî ïîäõîäà ê ðåøåíèþ òàêèõ çàäà÷. Òåçèñ î òîì, ÷òî

íåêîððåêòíûõ çàäà÷ íåò, à åñòü çàäà÷è ïëîõî ïîñòàâëåííûå, îäíèõ èññëåäîâàòåëåé îõëàæäàë, à

äðóãèõ ïîáóæäàë èñêàòü íîâûå ïóòè ê ðåøåíèþ ýòèõ ¾íåïðàâèëüíûõ¿ çàäà÷. Ð. Êóðàíòó óáåæ-

äåííîñòü â òîì, ÷òî íåóñòîé÷èâûå çàäà÷è íå èìåþò ôèçè÷åñêîãî ñìûñëà, íå ïîìåøàëà ðåøèòü

ñèëüíî íåêîððåêòíóþ çàäà÷ó âîññòàíîâëåíèÿ ôóíêöèè ïî åå ñôåðè÷åñêèì ñðåäíèì. Ñ.Ë. Ñîáîëåâ

â 1953-55 ãã. áûë íàó÷íûì êîíñóëüòàíòîì Â.Ê. Èâàíîâà ïî äîêòîðñêîé äèññåðòàöèè ¾Èññëåäîâà-

íèÿ ïî îáðàòíîé çàäà÷å òåîðèè ïîòåíöèàëà¿, äàâøåé òåîðåòè÷åñêîå îáîñíîâàíèå ðÿäà îáðàòíûõ

çàäà÷ ãðàâèðàçâåäêè. Èç êëàññè÷åñêîé òåîðåìû Êîøè-Êîâàëåâñêîé ñëåäóåò, ÷òî ðåøåíèå øèðî-

êîãî êðóãà îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ñóùåñòâóåò è åäèíñòâåííî, íî ëèøü â êëàññå àíà-

ëèòè÷åñêèõ ôóíêöèé. Ë.Â. Îâñÿííèêîâ äîêàçàë, ÷òî òðåáîâàíèå àíàëèòè÷íîñòè ïî âûâîäÿùåé

ïåðåìåííîé ìîæíî ñóùåñòâåííî îñëàáèòü. Â.Ã. Ðîìàíîâ, ðàçâèâàÿ ìåòîä øêàë áàíàõîâûõ ïðî-

ñòðàíñòâ Ë.Â. Îâñÿííèêîâà è Ë. Íèðåíáåðãà, ïîêàçàë, ÷òî äëÿ øèðîêîãî êðóãà îáðàòíûõ çàäà÷

ìîæíî èçáàâèòüñÿ îò óñëîâèÿ àíàëèòè÷íîñòè ïî äâóì ïåðåìåííûì �- ïî âûâîäÿùåé ïðîñòðàí-

ñòâåííîé ïåðåìåííîé è ïî âðåìåííîé ïåðåìåííîé. Ýòè èññëåäîâàíèÿ îòêðûëè äîðîãó ê èçó÷åíèþ

ìíîãîìåðíûõ îáðàòíûõ çàäà÷ ãåîôèçèêè, áàçîâîé ìîäåëüþ â êîòîðîé ÿâëÿåòñÿ ãîðèçîíòàëüíî-

ñëîèñòàÿ ñðåäà.

Â îäíîé ñòàòüå íåâîçìîæíî ðàññêàçàòü îáî âñåõ àñïåêòàõ òåîðèè îáðàòíûõ çàäà÷ è åå ïðèëî-

æåíèé. Óïîìÿíåì ëèøü äâà íàïðàâëåíèÿ, ñóùåñòâåííûé âêëàä â çàðîæäåíèå è ðàçâèòèå êîòîðûõ

âíåñëè ó÷åíûå, ðàáîòàâøèå â íîâîñèáèðñêîì Àêàäåìãîðîäêå � Â.Å. Çàõàðîâ è À.Á. Øàáàò (ìå-

òîä îáðàòíîé çàäà÷è ðàññåÿíèÿ), À.Ñ. Àëåêñååâ è Ñ.Â. Ãîëüäèí (îáðàòíûå çàäà÷è ãåîôèçèêè).

Ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ áûë ïðèìåíåí äëÿ ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé ìàòåìàòè-

÷åñêîé ôèçèêè (óðàâíåíèå Êîðòåâåãà-äå Ôðèçà, íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà, óðàâíåíèå

Êàäîìöåâà-Ïåòâèàøâèëè è äð.) è ñòèìóëèðîâàë íîâûå èññëåäîâàíèÿ â ðàçëè÷íûõ îáëàñòÿõ ìàòå-

ìàòèêè è ôèçèêè (ñïåêòðàëüíàÿ òåîðèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, êëàññè÷åñêàÿ àëãåáðà-

è÷åñêàÿ ãåîìåòðèÿ, ðåëÿòèâèñòñêèå ñòðóíû è äð.). Ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ íàçûâàþò

æåì÷óæèíîé ìàòåìàòè÷åñêîé ôèçèêè ÕÕ âåêà. Ðåçóëüòàòû À.Ñ. Àëåêñååâà è Ñ.Â. Ãîëüäèíà ïî

ïðèìåíåíèþ â ãåîôèçèêå ñïåêòðàëüíîé òåîðèè îáðàòíûõ çàäà÷ è èíòåãðàëüíîé ãåîìåòðèè ñòàëè

òåîðåòè÷åñêîé îñíîâîé ìíîãèõ ãåîôèçè÷åñêèõ ìåòîäîâ (îáðàòíûå êèíåìàòè÷åñêèå è äèíàìè÷å-

ñêèå çàäà÷è ñåéñìèêè). Îòìåòèì, ÷òî ïðèçíàííûå óñïåõè íûíåøíåãî ïîêîëåíèÿ ñèáèðñêèõ ãåîôè-

çèêîâ âî ìíîãîì îïðåäåëåíû èõ âûñîêîé ìàòåìàòè÷åñêîé ïîäãîòîâêîé íà ãåîëîãî-ãåîôèçè÷åñêîì

ôàêóëüòåòå ÍÃÓ. Àâòîðó ñòàòüè ïîñ÷àñòëèâèëîñü ðàáîòàòü íà êàôåäðå ãåîôèçèêè â òå ãîäû, êîãäà

òàì áûë ñîçäàí òâîð÷åñêèé ñîþç ïðåïîäàâàòåëåé ãåîôèçèêîâ (Ñ.Â. Ãîëüäèí, Ë.À. Òàáàðîâñêèé,

Ì.È. Ýïîâ, Þ.À. Äàøåâñêèé è äð.) è ìàòåìàòèêîâ (Ì.Ì. Ëàâðåíòüåâ, À.Ñ. Àëåêñååâ, Â.Ã. Ðî-

ìàíîâ, Ò.À. Ãîäóíîâà è äð.). Îáñóæäåíèÿ î òîì, êàêóþ ìàòåìàòèêó è â êàêîì îáúåìå ñëåäóåò

äàâàòü ãåîôèçèêàì, ðåãóëÿðíî ïðîâîäèëèñü íà ñîáðàíèÿõ ïðåïîäàâàòåëåé, à ñïîðû ÷àñòî íàïî-

ìèíàëè äèñêóññèè íà íàó÷íûõ êîíôåðåíöèÿõ. Ñåé÷àñ ñîòðóäíèêè è âûïóñêíèêè ýòîé êàôåäðû

ðóêîâîäÿò íàó÷íûìè èíñòèòóòàìè (ÈÍÃÃ, ÈÂÌèÌÃ, Þãîðñêèé ÍÈÈÈÒ è äð.), àêòèâíî ðàáî-
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òàþò â êðóïíûõ êîìïàíèÿõ (¾Øëþìáåðæå¿, ¾Äæåíåðàë Ýëåêòðèê¿, ¾Èíòåë¿, ¾Áåéêåð Õüþç¿ è

äð.).

Ñïèñîê ïðèìåðîâ ìîæíî áûëî áû ïðîäîëæèòü, íî îòìåòèì ëèøü, ÷òî âñåìèðíî ïðèçíàí-

íûìè îñíîâîïîëîæíèêàìè òåîðèè íåêîððåêòíûõ çàäà÷ ÿâëÿþòñÿ À.Í. Òèõîíîâ, Â.Ê. Èâàíîâ è

Ì.Ì. Ëàâðåíòüåâ. Â ðàáîòàõ ýòèõ ó÷åíûõ áûëè çàëîæåíû îñíîâû òåîðèè îáðàòíûõ è íåêîððåêò-

íûõ çàäà÷. Îäíîé èç ãëàâíûõ ñòàëà èäåÿ î òîì, ÷òî ïðè èññëåäîâàíèè íåêîððåêòíûõ çàäà÷ íåîá-

õîäèìî ñóçèòü êëàññ âîçìîæíûõ ðåøåíèé. Ïðè ýòîì âàæíåéøóþ ðîëü èãðàåò âûáîð ìíîæåñòâà,

â êîòîðîì èùåòñÿ ïðèáëèæåííîå ðåøåíèå (ìíîæåñòâî êîððåêòíîñòè). ×àùå âñåãî ýòî ìíîæåñòâî

âûáèðàþò êîìïàêòíûì, ÷òî äàåò âîçìîæíîñòü îáîñíîâàòü ñõîäèìîñòü ðåãóëÿðèçèðóþùèõ àëãî-

ðèòìîâ, ïîìîãàåò âûáðàòü ïàðàìåòð ðåãóëÿðèçàöèè, îöåíèòü óêëîíåíèå ïðèáëèæåííîãî ðåøåíèÿ

îò òî÷íîãî ðåøåíèÿ íåêîððåêòíîé çàäà÷è. Ðåçóëüòàòû ìàòåìàòè÷åñêèõ èññëåäîâàíèé áûëè ïðè-

ìåíåíû äëÿ ðåøåíèÿ ðÿäà êîíêðåòíûõ îáðàòíûõ çàäà÷ ãåîôèçèêè, ðàäèîëîêàöèè, àñòðîíîìèè,

ìåäèöèíñêîé òîìîãðàôèè. Çà âûäàþùèåñÿ íàó÷íûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè À.Í. Òèõîíîâ

è Â.Ê. Èâàíîâ áûëè óäîñòîåíû Ëåíèíñêîé ïðåìèè, à ïîçäíåå Ì.Ì. Ëàâðåíòüåâ, Þ.Å. Àíèêîíîâ,

Â.Ð. Êèðåéòîâ, Â.Ã. Ðîìàíîâ è Ñ.Ï. Øèøàòñêèé ñòàëè ëàóðåàòàìè Ãîñóäàðñòâåííîé ïðåìèè.

Ñ êîíöà äâàäöàòîãî âåêà è ïî íàñòîÿùåå âðåìÿ â ìàòåìàòèêå è âî âñåõ åñòåñòâåííûõ íàóêàõ

íàáëþäàåòñÿ íåáûâàëûé ðîñò èíòåðåñà ê îáðàòíûì è íåêîððåêòíûì çàäà÷àì. Çà î÷åíü êîðîò-

êèé èñòîðè÷åñêèé îòðåçîê âðåìåíè áûëè ó÷ðåæäåíû ÷åòûðå êðóïíûõ ìåæäóíàðîäíûõ æóðíàëà

(ãëàâíûì ðåäàêòîðîì îäíîãî èç íèõ, à èìåííî ¾Inverse and Ill-Posed Problems¿, ÿâëÿåòñÿ àâòîð

äàííîé ñòàòüè). Àêòèâíî ðàáîòàþò ìåæäóíàðîäíûå îðãàíèçàöèè ¾Inverse Problems International

Association¿ è ¾Society on Inverse Problems in Science and Engineering¿. Åæåãîäíî â ìèðå ïðîõîäÿò

äåñÿòêè êðóïíûõ êîíôåðåíöèé ïî ðàçëè÷íûì àñïåêòàì òåîðèè è ïðèëîæåíèé îáðàòíûõ çàäà÷ (ïî-

äðîáíîñòè î æóðíàëàõ, àññîöèàöèÿõ è êîíôåðåíöèÿõ ìîæíî íàéòè íà èíòåðíåò-ñòðàíèöå àâòîðà

ñòàòüè íà ñàéòå Èíñòèòóòà ìàòåìàòèêè ÑÎ ÐÀÍ http://www.math.nsc.ru/LBRT/u2/ksrus.html).

Îáëàñòü ïðèìåíåíèé îáðàòíûõ çàäà÷ íàñòîëüêî øèðîêà, ÷òî ïðè íàáîðå ñëîâ ¾îáðàòíûå çà-

äà÷è¿, íàïðèìåð, â ïîèñêîâîé ñèñòåìå www.google.ru ïðèâîäèòñÿ áîëåå 692 000 ñàéòîâ è ññûëîê.

Ïîèñê íà àíãëèéñêîì ÿçûêå äàåò áîëåå 8 420 000 ññûëîê íà ñî÷åòàíèå ñëîâ ¾inverse problems¿.

Îáðàòíûå çàäà÷è â îáðàçîâàíèè

Â îáðàçîâàíèè òåîðèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ îêàçàëàñü îäíèì èç íàèáîëåå ýôôåê-

òèâíûõ ñðåäñòâ èçëîæåíèÿ åñòåñòâåííî íàó÷íûõ äèñöèïëèí âñëåäñòâèå ðÿäà ïðè÷èí. Âî-ïåðâûõ,

ýòà òåîðèÿ íàèáîëåå ïîëíî îòâå÷àåò ïðèíöèïó èíòåãðàöèè íàóê, îáúåäèíÿÿ íà îñíîâå ìàòåìàòè÷å-

ñêèõ óðàâíåíèé áîëüøèíñòâî äèñöèïëèí. Ýòî ïîçâîëÿåò ýôôåêòèâíî èñïîëüçîâàòü â îáðàçîâàíèè

ìåæäèñöèïëèíàðíûé ïîäõîä, ïðè êîòîðîì, èçó÷àÿ êóðñ îáðàòíûõ è íåêîððåêòíûõ çàäà÷, ñòóäåí-

òû ïîâòîðÿþò íà ïðèìåðàõ ïðàêòè÷åñêè âñå èçó÷àåìûå ðàíåå åñòåñòâåííî íàó÷íûå äèñöèïëèíû,

ãëóáæå ïîíèìàþò èõ ìàòåìàòè÷åñêèå îñîáåííîñòè, ó÷àòñÿ ðåøàòü âîçíèêàþùèå ïðè ýòîì çàäà÷è.

Âî-âòîðûõ, èçó÷åíèå òåîðèè îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ïðèâîäèò ê íîâîìó ïîíèìàíèþ ðîëè

ìàòåìàòèêè â îáùåñòâå, ê íîâîìó ïîíèìàíèþ âíóòðåííåãî åäèíñòâà è êðàñîòû ñàìîé ìàòåìàòè-

êè. Â-òðåòüèõ, èìåííî ïðè èçó÷åíèè ýòîé òåîðèè ïîÿâëÿåòñÿ îñîçíàíèå ðîëè ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ, è âîîáùå ìîäåëèðîâàíèÿ ÷åëîâåêîì îêðóæàþùåãî ìèðà.

Â îáðàçîâàíèè òåîðèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ îêàçàëàñü îäíèì èç íàèáîëåå ýôôåê-

òèâíûõ ñðåäñòâ èçëîæåíèÿ åñòåñòâåííî íàó÷íûõ äèñöèïëèí âñëåäñòâèå ðÿäà ïðè÷èí. Âî-ïåðâûõ,

ýòà òåîðèÿ íàèáîëåå ïîëíî îòâå÷àåò ïðèíöèïó èíòåãðàöèè íàóê, îáúåäèíÿÿ íà îñíîâå ìàòåìàòè÷å-
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ñêèõ óðàâíåíèé áîëüøèíñòâî äèñöèïëèí. Ýòî ïîçâîëÿåò ýôôåêòèâíî èñïîëüçîâàòü â îáðàçîâàíèè

ìåæäèñöèïëèíàðíûé ïîäõîä, ïðè êîòîðîì, èçó÷àÿ êóðñ îáðàòíûõ è íåêîððåêòíûõ çàäà÷, ñòóäåí-

òû ïîâòîðÿþò íà ïðèìåðàõ ïðàêòè÷åñêè âñå èçó÷àåìûå ðàíåå åñòåñòâåííî íàó÷íûå äèñöèïëèíû,

ãëóáæå ïîíèìàþò èõ ìàòåìàòè÷åñêèå îñîáåííîñòè, ó÷àòñÿ ðåøàòü âîçíèêàþùèå ïðè ýòîì çàäà÷è.

Âî-âòîðûõ, èçó÷åíèå òåîðèè îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ïðèâîäèò ê íîâîìó ïîíèìàíèþ ðîëè

ìàòåìàòèêè â îáùåñòâå, ê íîâîìó ïîíèìàíèþ âíóòðåííåãî åäèíñòâà è êðàñîòû ñàìîé ìàòåìàòè-

êè. Â-òðåòüèõ, èìåííî ïðè èçó÷åíèè ýòîé òåîðèè ïîÿâëÿåòñÿ îñîçíàíèå ðîëè ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ, è âîîáùå ìîäåëèðîâàíèÿ ÷åëîâåêîì îêðóæàþùåãî ìèðà.

Èçó÷åíèå îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ïî òâåðäîìó óáåæäåíèþ àâòîðà íåîáõîäèìî íà÷è-

íàòü íà òðåòüåì êóðñå ìàòåìàòè÷åñêèõ è ôèçè÷åñêèõ ôàêóëüòåòîâ ïàðàëëåëüíî ñ óðàâíåíèÿìè

ìàòåìàòè÷åñêîé ôèçèêè, ïîñòåïåííî ïåðåõîäÿ îò ïðîñòåéøèõ ïðèìåðîâ (äèôôåðåíöèðîâàíèå, èí-

òåðïîëÿöèÿ, îáðàùåíèå ïðÿìîóãîëüíûõ è ïëîõî îáóñëîâëåííûõ ìàòðèö è ò.ï.) ê íàèáîëåå ñëîæ-

íûì (çàäà÷à Êîøè äëÿ óðàâíåíèÿ Ëàïëàñà, êîýôôèöèåíòíûå îáðàòíûå çàäà÷è è äð.). Èçó÷åíèå

êóðñà îáðàòíûõ è íåêîððåêòíûõ çàäà÷ òàêæå íåîáõîäèìî äëÿ âñåõ ñïåöèàëèñòîâ, èçó÷àþùèõ ïðè-

ëîæåíèÿ ìàòåìàòèêè, ïîñêîëüêó ýòîò êóðñ îõâàòûâàåò áîëüøóþ è íàèáîëåå ñëîæíóþ ïîëîâèíó

ïðèêëàäíîé ìàòåìàòèêè.

Ïðåïîäàâàíèå êóðñà îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ñóùåñòâåííî ïîìîãàåò ïðåîäîëåòü ïðî-

òèâîðå÷èå ñîâðåìåííîé ñèñòåìû îáðàçîâàíèÿ ìåæäó ñòðåìèòåëüíî âîçðàñòàþùèì îáúåìîì èí-

ôîðìàöèè, íåîáõîäèìîé áóäóùåìó ñïåöèàëèñòó, è ñòðîãîé îãðàíè÷åííîñòè ïî âðåìåíè îáó÷åíèÿ.

Õàðàêòåðíûìè îñîáåííîñòÿìè êóðñà îáðàòíûõ è íåêîððåêòíûõ çàäà÷ ÿâëÿþòñÿ:

1. Âîçìîæíîñòü áîëåå ãëóáîêîãî ïîçíàíèÿ ñóùíîñòè èçó÷àåìûõ ôèçè÷åñêèõ ÿâëåíèé.

2. Èñêëþ÷èòåëüíàÿ èíôîðìàöèîííàÿ íàñûùåííîñòü êóðñà, â êîòîðîì îáúåäèíåíû ïðàêòè÷å-

ñêè âñå ðàçäåëû ìàòåìàòèêè ïðèìåðû ñ ïðèìåðàìè èç âñåõ îáëàñòåé ñîâðåìåííîé íàóêè, â

êîòîðûõ ïðèìåíÿåòñÿ ìàòåìàòèêà. Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò ïîëíåå ðåàëèçîâàòü ïðèí-

öèï íàó÷íîñòè îáó÷åíèÿ.

3. Áîëüøîå êîëè÷åñòâî âíóòðèïðåäìåòíûõ ñâÿçåé, îáúåäèíÿþùèõ íà ïðèìåðàõ îáðàòíûõ è

íåêîððåêòíûõ çàäà÷ ðàçëè÷íûå ìàòåìàòè÷åñêèå äèñöèïëèíû.

4. Áîëüøîå êîëè÷åñòâî ìåæïðåäìåòíûõ ñâÿçåé, âîçíèêàþùèõ â ðåçóëüòàòå ïðîíèêíîâåíèÿ îá-

ðàòíûõ è íåêîððåêòíûõ çàäà÷ ïðàêòè÷åñêè âî âñå ðàçäåëû íàóêè.

Â èòîãå, ïðè èçó÷åíèè êóðñà ñ îäíîé ñòîðîíû ïðîèñõîäèò óãëóáëåíèå è çàêðåïëåíèå çíàíèé ïî

âñåì ìàòåìàòè÷åñêèì äèñöèïëèíàì, ñ äðóãîé ñòîðîíû, ðàñøèðÿåòñÿ íàó÷íûé êðóãîçîð è óëó÷-

øàåòñÿ ïðîôåññèîíàëüíàÿ ïîäãîòîâêà áóäóùåãî ñïåöèàëèñòà.

Îáðàòíûå çàäà÷è â ïðîìûøëåííîñòè

Â ïðîìûøëåííîñòè, è îñîáåííî â ñîâðåìåííûõ âûñîêèõ òåõíîëîãèÿõ, ðîëü îáðàòíûõ è íåêîð-

ðåêòíûõ çàäà÷ è ÷èñëåííûõ ìåòîäîâ èõ ðåøåíèÿ íåâîçìîæíî ïåðåîöåíèòü. Èìåííî ïðèìåíåíèå

âû÷èñëèòåëüíîé òåõíèêè ïîçâîëÿåò îïòèìèçèðîâàòü òåõíîëîãè÷åñêèå ïðîöåññû, ïðîãíîçèðîâàòü

ðàçâèòèå ðàçëè÷íûõ ðåãèîíîâ è îòðàñëåé ïðîìûøëåííîñòè, âîññòàíàâëèâàòü èñòîðèþ òåõ èëè

èíûõ ïðîöåññîâ è ñîáûòèé è ìíîãîå äðóãîå.

Ñ ïîÿâëåíèåì ÝÂÌ ìàòåìàòèêà, êàê âïåðâûå ñôîðìóëèðîâàë À.À. Ñàìàðñêèé, ïðèîáðåëà

ñâîéñòâî ýêñïåðèìåíòàëüíîé íàóêè. Îñîáåííî âàæíûì ýòî ñòàíîâèòñÿ ïðè àêòèâíîì âòîðæåíèè
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â íàøó æèçíü ñóïåðêîìïüþòåðíûõ âû÷èñëåíèé è îáëà÷íûõ òåõíîëîãèé. Óæå ñåé÷àñ ìîæíî õðà-

íèòü, à ïðè îïðåäåëåííîì íàâûêå è îáðàáàòûâàòü, ñâîè ôàéëû â ¾îáëàêå¿, èìåÿ ïðè ñåáå íåáîëü-

øîé ïåðñîíàëüíûé êîìïüþòåð ñ âûõîäîì â èíòåðíåò, íå òîëüêî ïîêóïàòü àâèàáèëåòû è ïðàêòè-

÷åñêè ëþáûå òîâàðû, íî è ïîëó÷àòü ëþáûå êîíñóëüòàöèè, âêëþ÷àÿ þðèäè÷åñêèå è ìåäèöèíñêèå.

Ìîæíî îïåðàòèâíî ðåøàòü è áîëüøèå çàäà÷è ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ, âûõîäÿ íà

ñóïåðêîìïüþòåðû ÷åðåç èíòåðíåò. Â ïåðñïåêòèâå íà îñíîâå îòêðûòîãî êîäà áóäóò ðàçâèâàòüñÿ

âèðòóàëüíûå ¾îáëà÷íûå ëàáîðàòîðèè¿.

Êàçàëîñü áû, âîçìîæíîñòè íåîãðàíè÷åííî ðàñòóò. Íî ðàñòóò è âîçìîæíîñòè îøèáîê â âû÷èñ-

ëåíèÿõ. Ïî âûðàæåíèþ Ñ.Ê. Ãîäóíîâà íàäâèãàåòñÿ ¾ýêîëîãè÷åñêàÿ êàòàñòðîôà¿ â êîìïüþòåðíîì

ìîäåëèðîâàíèè è æèçíåííî âàæíî íàó÷èòüñÿ ó÷èòûâàòü è êîíòðîëèðîâàòü îøèáêè âû÷èñëåíèé.

Äåëî â òîì, ÷òî ïðè âûïîëíåíèè äàæå ýëåìåíòàðíûõ ìàøèííûõ îïåðàöèé (óìíîæåíèÿ, äåëåíèÿ)

ðåçóëüòàò ñîäåðæèò îøèáêó âû÷èñëåíèÿ, êîòîðàÿ âîçðàñòàåò ñ óâåëè÷åíèåì êîëè÷åñòâà ìàøèí-

íûõ êîìàíä â àëãîðèòìå. Ñïåöèàëèñòû ïîñ÷èòàëè, ÷òî äëÿ ìîäåëèðîâàíèÿ îáðàçîâàíèÿ áåëêà

ìåòîäàìè ìîëåêóëÿðíîé äèíàìèêè ïîòðåáóåòñÿ îêîëî 1025 ìàøèííûõ êîìàíä. Íà îäíîÿäåðíîì

ïåðñîíàëüíîì êîìïüþòåðå ñ òàêòîâîé ÷àñòîòîé 3.2 Ghz äëÿ ýòîãî ïîòðåáóåòñÿ 106 âåêîâ. Íî íà

ïîäõîäå ýêñàôëîïñíûå ñóïåðêîìïüþòåðû, ïîýòîìó óæå ñåé÷àñ âåäóòñÿ ðàáîòû ïî îïòèìèçàöèè

ìîäåëåé, ñîçäàíèþ ñïåöèàëüíûõ àëãîðèòìîâ äëÿ àðõèòåêòóðû ïàðàëëåëüíûõ ñèñòåì, ïî ó÷åòó è

àíàëèçó îøèáîê âû÷èñëåíèé.

Íàïðèìåð, ïðè ñîçäàíèè 10-ïåòàôëîïñíîãî ñóïåðêîìïüþòåðà îäíîâðåìåííî ñîçäàþò ïåòàôëîïñ-

íûé êîìïüþòåð (äóáëåð), íà êîòîðîì äîëæíî îòðàáàòûâàòüñÿ ïðîãðàììíîå îáåñïå÷åíèå.

Ïîÿâëÿþòñÿ âîçìîæíîñòè ðåøàòü ñàìûå ñëîæíûå è èíòåðåñíûå îáðàòíûå çàäà÷è � çàäà÷è

ïîèñêà óðàâíåíèé, îïèñûâàþùèõ ñëîæíûå ôèçè÷åñêèå ïðîöåññû. Åñëè äî ïîÿâëåíèÿ ìîùíûõ

ÝÂÌ îñíîâíûå çàêîíû è óðàâíåíèÿ îòêðûâàëèñü â ðåçóëüòàòå ìíîãîëåòíèõ íàáëþäåíèé è îïû-

òîâ (ðàçóìååòñÿ, ïëþñ ãåíèàëüíîñòü ïåðâîîòêðûâàòåëÿ!), òî ñåé÷àñ îïûòû ìîæíî ïðîâîäèòü íà

ñóïåðêîìïüþòåðàõ. Ýòè ðàáîòû, íàïðèìåð, ïðîâîäÿòñÿ òâîð÷åñêèì êîëëåêòèâîì ïîä ðóêîâîä-

ñòâîì Ñ.Ê. Ãîäóíîâà ïðè èçó÷åíèè ñâàðêè âçðûâîì (è ìíîãèõ äðóãèõ íåëèíåéíûõ ïðîöåññîâ).

Ñ îäíîé ñòîðîíû, åñòü ýêñïåðèìåíòàëüíûå äàííûå, ñ äðóãîé ñòîðîíû, ïðîâîäèòñÿ ïîèñê àäåê-

âàòíîé ìàòåìàòè÷åñêîé ìîäåëè íà îñíîâå çàêîíîâ ñîõðàíåíèÿ è ïàðàëëåëüíîãî êîìïüþòåðíîãî

ìîäåëèðîâàíèÿ.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ �12-01-00773-à è Ïðåçèäèóìîì ÑÎ ÐÀÍ (èíòåãðàöèîí-

íûé ïðîåêò 14).
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ÏÐÈËÎÆÅÍÈß

Ò.Ø. Êàëüìåíîâ, Ä. Ñóðàãàí, Í.Å. Òîêìàãàìáåòîâ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ

Abstract. Problems of �nding boundary conditions of classical volume potentials such as Newton,

heat and wave potentials are stated. The problems has been solved i.e., �nd corresponding non�local

boundary value problem which is correct and its unique solution coincides with volume potentials.

Keywords: Newton potential, heat potential, wave potential, the Helmholtz operator, fundamental

solution.

Àíäàòïà. Îñû æóìûñòà Íüþòîí, æûëó æàíå òîëêûí ïîòåíöèàëäàðûíûí øåêàðàëûê øàð-

òòàðû òàáûëäû.

Êiëòòiê ñîçäåð: Íüþòîí ïîòåíöèàëû, æûëó ïîòåíöèàëû, òîëêûí ïîòåíöèàëû, Ãåëüìãîëüö

îïåðàòîðû, ôóíäàìåíòàëäû øåøiì.

Àííîòàöèÿ. Äëÿ Íüþòîíîâà, òåïëîâîãî è âîëíîâûõ ïîòåíöèàëîâ áûëà ïîñòàâëåíà çàäà÷à íà

îïåðäåëåíèå ãðàíè÷íûõ óñëîâèé. Ýòà çàäà÷à áûëà ïîëîæèòåëüíî ðåøåíà, ò.å. îêàçàëîñü ÷òî

èçó÷àåìûå ïîòåíöèàëû ÿâëÿþòñÿ åäèíñòâåííûìè êëàññè÷åñêèìè ðåøåíèÿìè íåêîòîðûõ íåëî-

êàëüíûõ çàäà÷, áîëåå òîãî èìåþò ïðèëîæåíèÿ â ðàçëè÷íûõ ñôåðàõ íàóêè.

Êëþ÷åâûå ñëîâà: Íüþòîíîâûé ïîòåíöèàë, òåïëîâîé ïîòåíöèàë, âîëíîâîé ïîòåíöèàë, îïå-

ðàòîð Ãåëüìãîëüöà, ôóíäàìåíòàëüíîå ðåøåíèå.

Ýëëèïòè÷åñêèé ñëó÷àé

Îáúåìíûå ïîòåíöèàëû äëÿ óðàâíåíèé Ëàïëàñà è Ãåëüìãîëüöà â ñèëó ñâîåé òåîðåòè÷åñêîé è

ïðèêëàäíîé çíà÷èìîñòè ÿâëÿþòñÿ îäíèìè èç êëþ÷åâûõ ïîíÿòèé ñîâðåìåííîé òåîðèè ïîòåíöèàëà

è ñîñòàâëÿþò âàæíûé ðàçäåë òåîðèè äèôôåðåí- öèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíû-

ìè. Êëþ÷åâûìè ýòàïàìè ðàçâèòèÿ ýòîé òåîðèè ÿâèëèñü èññëåäîâàíèÿ, ïðîâåäåííûå Íüþòîíîì,

ãäå íàðÿäó ñ ôóíäàìåíòàëüíûìè èññëåäîâàíèÿìè öåëîãî ðÿäà ñóùåñòâåííûõ âîïðîñîâ äàííîé

òåîðèè, áûëà òàêæå ïîêàçàíà ïðàêòè÷åñêàÿ çíà÷èìîñòü ïðîáëåìû. Ðàçëè÷íûå ïðèëîæåíèÿ îáú-

åìíîãî ïîòåíöèàëà â ýëåêòðîñòàòèêå, òåïëîïðîâîäíîñòè, óïðóãîñòè, äèôôóçèè è äðóãèõ îáëàñòÿõ

íàóêè õîðîøî èçâåñòíû è ïðèâëåêëè âíèìàíèå òàêèõ ó÷¼íûõ, êàê Ëàïëàñ, Ãàóññ, Ïóàññîí, Ãðèí,

Áåëüòðàìè, Êèðõãîô, ëîðä Êåëüâèí, Ãîáñîí, Ëÿïóíîâ, Ñîáîëåâ, Áèçàäçå è äðóãèõ [ñì. íàïðèìåð

1, 2], êîòîðûå âíåñëè çíà÷èòåëüíûé âêëàä â ðàçâèòèå ýòîé òåîðèè â òå÷åíèå íåñêîëüêèõ ñòîëåòèé.

Îáúåìíûé ïîòåíöèàë øèðîêî èñïîëüçóåòñÿ â ðåøåíèè êëàññè÷åñêèõ çàäà÷ Äèðèõëå, Íåéìàíà è

äðóãèõ êðàåâûõ çàäà÷ [ñì. 3,4 è 5].

Â ðàáîòå Ò.Ø. Êàëüìåíîâà è Ä. Ñóðàãàíà [6] äëÿ ïðîèçâîëüíîé îãðàíè÷åííîé îáëàñòè Ω ⊂ Rn

ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé S âïåðâûå áûëî íàéäåíî ãðàíè÷íîå óñëîâèå îáúåìíîãî ïîòåíöè-
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àëà, òî åñòü äîêàçàí áûë òîò ôàêò, ÷òî äëÿ ôóíêöèé f ∈ L2(Ω) îáúåìíûé ïîòåíöèàë

u(x) =

∫
Ω
ε(x, y)f(y)dy

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ

∆u(x) = f(x), x ∈ Ω

ñ íåëîêàëüíûì ãðàíè÷íûì óñëîâèåì

−u(x)

2
+

∫
S

[
∂ε(x, y)

∂ny
u(y)− ε(x, y)

∂u(y)

∂ny

]
dS = 0, x ∈ S,

ãäå ε(x, y) � ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ëàïëàñà, à n � âíåøíÿÿ íîðìàëü. È â ñëó÷àå

äâóõìåðíîãî êðóãà è òðåõìåðíîãî øàðà áûëè íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíê-

öèè îáúåìíîãî ïîòåíöèàëà, òî åñòü ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñïåêòðàëüíîé

çàäà÷è

∆u(x) = λu(x), x ∈ Ω

ñ íåëîêàëüíûì ãðàíè÷íûì óñëîâèåì

−u(x)

2
+

∫
S

[
∂ε(x, y)

∂ny
u(y)− ε(x, y)

∂u(y)

∂ny

]
dS = 0, x ∈ S.

Ýòè çàäà÷è òàêæå â îáøèðíîé ôîðìå ïðåäñòàâëåíû â ðàáîòå [7]. À â ñòàòüå [8] äëÿ îãðàíè÷åííîé

îäíîñâÿçíîé îáëàñòè ïîëó÷åíû ãðàíè÷íûå óñëîâèÿ îáúåìíîãî ïîòåíöèàëà äëÿ ïîëèãàðìîíè÷åñêî-

ãî óðàâíåíèÿ. Òàêæå, õîòåëîñü áû îòìåòèòü ðàáîòó [9], ãäå äëÿ ïîëèïàðàáîëè÷åñêîãî óðàâíåíèÿ

áûë èçó÷åí àíàëîãè÷íûé âîïðîñ â öèëèíäðè÷åñêîé îáëàñòè. Â ðàáîòå [10] äëÿ ðåøåíèÿ íåîäíîðîä-

íîãî óðàâíåíèÿ Ãåëüìãîëüöà â îãðàíè÷åííîé îáëàñòè ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ïðåäëîæåíà

íîâàÿ ïîñòàíîâêà ãðàíè÷íûõ óñëîâèé, îáëàäàþùèõ ñâîéñòâîì ïîäàâëÿòü âîëíû, îòðàæåííûå îò

ãðàíèöû. Ïîêàçàíî, ÷òî âíóòðè îãðàíè÷åííîé îáëàñòè ýòî ðåøåíèå ñîâïàäàåò ñ ðåøåíèåì çàäà-

÷è, ïîñòàâëåííîé â íåîãðàíè÷åííîé îáëàñòè ñ óñëîâèåì èçëó÷åíèÿ Çîììåðôåëüäà. Çäåñü áîëåå

ïîäðîáíåå îñòàíîâèìñÿ íà ñëó÷àå îïåðàòîðà Ãåëüìãîëüöà, îáúåìíûé ïîòåíöèàë êîòîðîãî èññëå-

äîâàëñÿ â [10].

Îáîçíà÷èì ÷åðåç Ω ⊂ Rn, n ≥ 2 îãðàíè÷åííóþ îáëàñòü ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω.

È íîðìàëüíóþ ïðîèçâîäíóþ îáîçíà÷èì ÷åðåç ∂
∂n := ∂

∂ny
= n1

∂
∂y1

+...+nn ∂
∂yn

, ãäå n1, ..., nn -

ñîñòàâëÿþùèå âíåøíåé åäèíè÷íîé íîðìàëè ê ∂Ω è y = (y1, ..., yn) ∈ Rn.
Áóäåì ãîâîðèòü, ÷òî ïîâåðõíîñòü Ëÿïóíîâà ∂Ω äîñòàòî÷íî ãëàäêàÿ ïîâåðõíîñòü, åñëè äëÿ íåå

ñïðàâåäëèâà ôîðìóëà Ãðèíà∫
Ω

(v∆u− u∆v)dy =

∫
∂Ω

(v
∂u

∂n
− u∂v

∂n
)dSy,

äëÿ ôóíêöèè v, u èç êëàññà C2(Ω)∩C1(Ω), èìåþùèõ ïðàâèëüíóþ íîðìàëüíóþ ïðîèçâîäíóþ íà

∂Ω è ∆v,∆u ∈ L2(Ω) ãäå ∆ - îïåðàòîð Ëàïëàñà. Ê ïðèìåðó îãðàíè÷åííûå çàìêíóòûå ïîâåðõíîñòè

êëàññà C2 - äîñòàòî÷íî ãëàäêèå ïîâåðõíîñòè.

Ðàññìîòðèì íåîäíîðîäíîå óðàâíåíèå Ãåëüìãîëüöà

∆u+ k̂2(x)u = f, x ∈ Rn, (1)
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ãäå f ∈ C1(Rn) è suppf ⊆ Ω, ðåøåíèÿ êîòîðîãî óäîâëåòâîðÿþò óñëîâèÿì èçëó÷åíèÿ Çîììåðôåëü-

äà

lim
r−→∞

r(n−1)/2(
∂u

∂r
+ iku) = 0, (2)

òðåáóþùèì, ÷òîáû íà áåñêîíå÷íîñòè âîëíû ðàññåÿíèÿ áûëè óõîäÿùèìè â ñîîòâåòñòâèè ñ ôè-

çè÷åñêèì ñìûñëîì çàäà÷è. Çäåñü ôóíêöèÿ k̂2(x) îïðåäåëÿåòñÿ ñâîéñòâàìè ñðåäû âíóòðè Ω, k -

âîëíîâîå ÷èñëî è r - ðàäèàëüíàÿ êîîðäèíàòà.

Îáîçíà÷èì

α(x) = 1− Re{k̂2(x)}
k2

, β(x) = −Im{k̂
2(x)}
k2

.

Òîãäà óðàâíåíèÿ (1) çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

∆u(x) + k2(1− α(x)− iβ(x))u(x) = f, x ∈ Rn,

ïðè÷åì suppα, suppβ ⊆ Ω.

Âñþäó íèæå ìû áóäåì ñ÷èòàòü âûïîëíåííûìè ñëåäóþùèå ïðåäïîëîæåíèÿ.

Ïðåäïîëîæåíèå 1. β(x) ≥ 0, x ∈ Ω (ñðåäà â Ω èìååò ïîãëîùàþùèå ñâîéñòâà).

Ïðåäïîëîæåíèå 2. α(x), β(x) ∈ C1(Rn) è suppα ⊆ suppβ ⊆ Ω.

Èìååò ìåñòî

Òåîðåìà 1. (Áåçìåíîâ)Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 1, ïðåäïîëîæåíèå 2 è f(x) - ïðîèç-

âîëüíàÿ ôóíêöèÿ êëàññà C1(Rn), ïðè÷åì suppf ⊆ Ω. Òîãäà êëàññè÷åñêîå ðåøåíèå íåîäíîðîäíîãî

óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì èçëó÷åíèÿ (2), ñóùåñòâóåò è åäèíñòâåííî.

Ïîñòàíîâêà çàäà÷è: Íàéòè ãðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (1) íà ∂Ω òàêèì îáðàçîì,

÷òîáû ðåøåíèå ïîëó÷åííîé âíóòðåííåé çàäà÷è ñîâïàäàë áû ñ ðåøåíèåì çàäà÷è (1)-(2) â Ω. Íà

ÿçûêå ôèçèêè ýòî îçíà÷àåò, ÷òî ãðàíè÷íûå óñëîâèå äîëæíî îáëàäàòü ñëåäóþùèì ñâîéñòâîì:

âîëíû, ïðèõîäÿùèå íà ∂Ω èç Ω, äîëæíû ïðîõîäèòü ÷åðåç ∂Ω áåç êàêîãî-ëèáî îòðàæåíèÿ.

Ïóñòü α(x) ≡ 0, β(x) ≡ 0, f ∈ C1(Rn), suppf ⊆ Ω è k2 6= λD ãäå λD-ñîáñòâåííûé çíà÷åíèé

çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â Ω:

−∆u = λDu, x ∈ Ω;u(x) = 0, x ∈ ∂Ω.

Íàéòè ðåøåíèå óðàâíåíèÿ (1) ò.å. ðåøèòü óðàâíåíèå

∆u+ k2u = f, x ∈ Ω, (3)

ñ êðàåâûì óñëîâèåì

−u(x)

2
+

∫
∂Ω

∂εn(x− y, k)

∂ny
u(y)dSy −

∫
∂Ω
εn(x− y, k)

∂u(y)

∂ny
dSy = 0, x ∈ ∂Ω. (4)

Ãäå εn(x − y, k) - ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Ãåëüìãîëüöà (∆ + k2), k ≡ const,

óäîâëåòâîðÿþùåå óñëîâèþ èçëó÷åíèÿ Çîììåðôåëüäà (2).

Òåîðåìà 2. Ïðè k2 6= λD ôóíêöèÿ

u =

∫
Ω
εn(x− y, k)f(y)dy, x ∈ Ω,

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è (3)-(4).
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Ñëó÷àé òåïëîâîãî è âîëíîâîãî ïîòåíöèàëà

Îïåðàòîð òåïëîïðîâîäíîñòè â ìíîãîìåðíîì ñëó÷àå

Â ýòîì ïîäðàçäåëå äàäèì îáîáùåíèå ðåçóëüòàòîâ ðàáîò [6]�[10] íà ñëó÷àé îïåðàòîðà ïàðàáîëè-

÷åñêîãî òèïà â íåöèëèíäðè÷åñêîé îáëàñòè. Â äåéñòâèòåëüíîñòè, äëÿ ìíîãîìåðíîãî ïî ïðîñòðàí-

ñòâåííîìó ïåðåìåííîìó óðàâíåíèÿ òåïëîïðîâîäíîñòè áóäåò èçó÷åíà îäíà íåëîêàëüíàÿ íà÷àëüíî�

êðàåâàÿ çàäà÷à â íåöèëèíäðè÷åñêîé îáëàñòè.

Ïóñòü äàíà íåöèëèíäðè÷åñêàÿ îáëàñòü Q ≡ {x ∈ Ω, t ∈ (0, γ(x))} = {t ∈ (0, T ), x ∈ Ωt}. Çäåñü
Q ⊂ Rn+1 � îãðàíè÷åííàÿ, îäíîñâÿçíàÿ îáëàñòü ñ ãðàíèöåé S, è Ωt ⊂ Rn óñå÷åííàÿ îáëàñòü

Q â ìîìåíò âðåìåíè t ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé St. Ðàññìîòðèì ñëåäóþùóþ íåëîêàëüíóþ

íà÷àëüíî�êðàåâóþ çàäà÷ó

♦u(x, t) = f(x, t), (x, t) ∈ Q, (5)

u(x, 0) = 0, x ∈ Ω, (6)

Bu(x, t) ≡ −u(x, t)

2
+

t∫
0

∫
Sτ

[
q(x−ξ, t−τ)u(ξ, τ)−ε(x−ξ, t−τ)

∂u(ξ, τ)

∂nξ

]
dSdτ = 0, (x, t) ∈ S, (7)

ãäå q(x− ξ, t− τ) = ∂ε(x−ξ,t−τ)
∂nξ

+ ε(x− ξ, t− τ) cosn(ξ), n(ξ) � óãîë ìåæäó êàñàòåëüíîé ïëîñêîñòüþ

â òî÷êå ξ ∈ S è âåêòîðîì Oξ′, ξ′ � ïðîåêöèÿ ξ íà Ω�ïëîñêîñòü, ∂
∂nξ

� ïðîèçâîäíàÿ ïî âíåøíåé

íîðìàëè áîêîâîé ãðàíèöû è ε(x, t) = Θ(t)

(2
√
πt)n

exp(− |x|
2

4t ) � ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è Êîøè

äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè [11] è ♦x,t = ∂/∂t−∆x, ∆x = ∂2

∂x2
1

+ ...+ ∂2

∂x2
n
. Èçâåñòíî ÷òî [11],

åñëè ôóíêöèÿ f(x, t) ∈ Cβ,β/2x,t (Q), òî u(x, t) ∈ C2+β,1+β/2
x,t (Q) ãäå 0 < β < 1.

Òåîðåìà 3. Òåïëîâîé ïîòåíöèàë

u(x, t) =

t∫
0

∫
Ωτ

ε(x− ξ, t− τ)f(ξ, τ)dξdτ

ÿâëÿåòñÿ åäèíñòâåííûì êëàññè÷åñêèì ðåøåíèåì íåëîêàëüíîé íà÷àëüíî�êðàåâîé çàäà÷è (5)�(7).

Ïîòåíöèàë âîëíîâîãî îïåðàòîðà

Â îãðàíè÷åííîé îáëàñòè Ω ≡ {(x, t) : (0, l)× (0, T )} ðàññìîòðèì îäíîìåðíûé âîëíîâîé ïîòåí-

öèàë

u(x, t) =

∫
Ω
ε(x− ξ, t− τ)f(ξ, τ)dξdτ, (8)

ãäå ε(x − ξ, t − τ) = 1
2θ(t − τ − |x − ξ|) - ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è Êîøè äëÿ âîëíîâîãî

óðàâíåíèÿ, ò.å.
∂2ε(x− ξ, t− τ)

∂t2
− ∂2ε(x− ξ, t− τ)

∂x2
= δ(x− ξ, t− τ),

∂2ε(x− ξ, t− τ)

∂τ2
− ∂2ε(x− ξ, t− τ)

∂ξ2
= δ(x− ξ, t− τ),

ε(x− ξ, t− τ)|τ=t =
∂ε(x− ξ, t− τ)

∂t
|τ=t =

∂ε(x− ξ, t− τ)

∂τ
|τ=t = 0.

Èçâåñòíî ÷òî, åñëè ôóíêöèÿ f(x, t) ∈ L2(Ω), òî u(x, t) ∈W 1
2 (Ω)∩W 1

2 (∂Ω) è îáúåìíûé âîëíîâîé
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ïîòåíöèàë (8) óäîâëåòâîðÿåò ñëåäóþùåìó óðàâíåíèþ

∂2u(x, t)

∂t2
− ∂2u(x, t)

∂x2
= f(x, t), (x, t) ∈ Ω, f ∈ L2(Ω) (9)

è íà÷àëüíûì óñëîâèÿì

u(x, 0) = ut(x, 0) = 0, 0 < x < l. (10)

Âîëíîâîé ïîòåíöèàë (8) øèðîêî èñïîëüçóåòñÿ ïðè ðåøåíèé ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ âîë-

íîâîãî óðàâíåíèÿ. Íèæå íàõîäèì áîêîâûå ãðàíè÷íûå óñëîâèÿ, ïîðîæäàåìûå âîëíîâûì ïîòåíöè-

àëîì (8).

Òåîðåìà 4. Ïóñòü ôóíêöèÿ f(x, t) ∈ L2(Ω), òîãäà u(x, t) � âîëíîâîé ïîòåíöèàë (8) óäîâëåòâî-

ðÿåò áîêîâûì ãðàíè÷íûì óñëîâèÿì

(ux − ut)(0, t) = 0, x = 0, 0 < t < T, (ux + ut)(l, t) = 0, x = l, 0 < t < T. (11)

Îáðàòíî, åñëè ôóíêöèÿ u(x, t) ∈ W 1
2 (Ω) ∩ W 1

2 (∂Ω) óäîâëåòâîðÿåò óðàâíåíèþ (9) è íà÷àëüíûì

óñëîâèÿì (10), à òàêæå áîêîâûì ãðàíè÷íûì óñëîâèÿì (11) òî ôóíêöèÿ u(x, t) îäíîçíà÷íî îïðå-

äåëÿåò îäíîìåðíûé âîëíîâîé ïîòåíöèàë (8).

Îòìåòèì, ÷òî ãðàíè÷íîå óñëîâèå (11) âîëíîâîãî ïîòåíöèàëà (8) ÿâëÿåòñÿ ëîêàëüíûì ãðàíè÷-

íûì óñëîâèåì â îòëè÷èå îò ãðàíè÷íîãî óñëîâèÿ îáúåìíîãî ïîòåíöèàëà Ëàïëàñà ïðèâåäåííîãî â

ðàáîòå [6].
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ÓÄÊ 517.984

ÏÅÐÂÛÉ ÐÅÃÓËßÐÈÇÎÂÀÍÍÛÉ ÑËÅÄ ÎÏÅÐÀÒÎÐÀ ÄÂÓÊÐÀÒÍÎÃÎ

ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß ÍÀ ÏÐÎÊÎËÎÒÎÌ ÎÒÐÅÇÊÅ 1

Á.Å. Êàíãóæèí, Ä.Á. Íóðàõìåòîâ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè

Abstract. We �nd formulas for the �rst regularized trace (sort of an abstract formula of Gel'fand-

Levitan) for a double di�erentiation operator on the punctured segment. Proof of the main result

is carried out by contour integration, as amended analytic perturbation theory. Some well-known

trace formulas are generalized.

À­äàòïà. Îéûë¡àí êåñiíäiäå åêi åñåëi äèôôåðåíöèàëäû© îïåðàòîð ³øií áiðiíøi ðåãóëÿðèçà-

öèÿëàí¡àí iç òàáûëäû. Íåãiçãi íºòèæåëåðäi­ äºëåëi êîíòóðëû© èíòåãðàëäàó àð©ûëû êåëòiðië-

ãåí. Áåëãiëi êåéáið íºòèæåëåð æàëïûëàíäû.

Àííîòàöèÿ. Íàéäåíû ôîðìóëû ïåðâîãî ðåãóëÿðèçîâàííîãî ñëåäà (òèïà àáñòðàêòíîé ôîð-

ìóëû Ãåëüôàíäà-Ëåâèòàíà) äëÿ îïåðàòîðà äâóêðàòíîãî äèôôåðåíöèðîâàíèÿ íà ïðîêîëîòîì

îòðåçêå. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà ïðîâîäèòñÿ ìåòîäîì êîíòóðíîãî èíòåãðèðîâà-

íèÿ ñ ó÷åòîì ïîïðàâîê àíàëèòè÷åñêîé òåîðèè âîçìóùåíèé. Íåêîòîðûå èçâåñòíûå ôîðìóëû

ñëåäîâ îáîáùàþòñÿ.

Â ýòîé ðàáîòå èññëåäóåì ïåðâûé ðåãóëÿðèçîâàííûé ñëåä îïåðàòîðà L, ïîðîæäåííîãî äèô-

ôåðåíöèàëüíûì âûðàæåíèåì

`(y) ≡ −y′′(x), 0 < x <
π

2
,
π

2
< x < π, (1)

è êðàåâûìè óñëîâèÿìè

y(0) = 0, (2)

y
(π

2
− 0
)

= y
(π

2
+ 0
)
−
∫ π/2

0

(
−y′′(x)

)
σ(x)dx−

∫ π

π/2

(
−y′′(x)

)
σ(x)dx, (3)

y′
(π

2
− 0
)

= y′
(π

2
+ 0
)

+ αy
(π

2
− 0
)
, (4)

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ íàó÷íî-òåõíè÷åñêèõ ïðîãðàìì è ïðîåêòîâ Êî-
ìèòåòîì íàóêè ÌÎÍ ÐÊ, ãðàíò 0732/ÃÔ, 2012 ã.-2014 ã.
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y(π) = 0, (5)

ãäå σ(·) ∈ L2[0, π]. Çàìåòèì, ÷òî ïðè α 6= 4
π îïåðàòîð L ÿâëÿåòñÿ îãðàíè÷åííî îáðàòèìûì [1-2].

Â ñëó÷àå, êîãäà σ(·) ≡ 0, α = −1 îïåðàòîð L ýêâèâàëåíòåí îïåðàòîðó Øòóðìà-Ëèóâèëëÿ,

ïîðîæäåííîìó äèôôåðåíöèàëüíûì âûðàæåíèåì

−y′′(x) + δ(x− π

2
)y(x), 0 < x < π, (6)

ñ êðàåâûìè óñëîâèÿìè Äèðèõëå (2), (5) [3].

Â ðàáîòå [4] ïîêàçàíî, ÷òî ïåðâûé ðåãóëÿðèçîâàííûé ñëåä çàäà÷è (2), (5),(6):

∞∑
n=1

(
λn − n2 − 1

π
+ (−1)n

1

π

)

ñõîäèòñÿ, à åãî ñóììà ðàâíà −1
8 . Ïðàêòè÷åñêîå ïðèëîæåíèå òàêèõ âèäîâ îïåðàòîðîâ ìîæíî íàéòè

â ðàáîòå [5].

Â ñëó÷àå ãëàäêîãî ïîòåíöèàëà q(·) ∈ C1[0, π] äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ñ êðàåâûìè

óñëîâèÿìè Äèðèõëå õîðîøî èçâåñòíà êëàññè÷åñêàÿ ôîðìóëà ïåðâîãî ðåãóëÿðèçîâàííîãî ñëåäà

(ñì. [6]-[9]):
∞∑
n=1

(
λn − n2 − 1

π

∫ π

0
q(x)dx

)
=

1

2π

∫ π

0
q(x)dx− q(0)− q(π)

4
.

Ýòà ôîðìóëà ñëåäà ñîõðàíÿåòñÿ äëÿ ïðîèçâîëüíîãî ïîòåíöèàëà q(·) ∈ L2, äëÿ êîòîðîãî ðÿä Ôóðüå

â òî÷êàõ 0 è π ñõîäèòñÿ ê çíà÷åíèÿì ôóíêöèè [10].

Â ñëó÷àå q(·) ∈ L1 ïåðâûé ðåãóëÿðèçîâàííûé ñëåä âû÷èñëåí Â.À. Âèíîêóðîâûì è Â.À. Ñà-

äîâíè÷èì [11]. Îíè ïîêàçàëè, ÷òî

∞∑
n=1

(
λn − n2 + b2n

)
= 0,

ïðè÷åì ðÿä ñõîäèòñÿ äëÿ ïðîèçâîëüíîé ôóíêöèè q(·) ∈ L1. Çäåñü bk = 1
π

∫ π
0 cos kxdu(x), à u(·)

� ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè íà [0, π], íåïðåðûâíàÿ â êîíöàõ ýòîãî îòðåçêà. Â ñëó÷àå

q(·) = u′(·) (ðàâåíñòâî â ñìûñëå ðàñïðåäåëåíèé) äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ñ êðàåâûìè

óñëîâèÿìè Äèðèõëå â ðàáîòå [12] äîêàçàíà ôîðìóëà ñëåäà:

∞∑
k=1

(
λk − k2 + b2k

)
= −1

8

∑
h2
j ,

ãäå hj � ñêà÷êè ôóíêöèè u′(·).

Â ýòîé ðàáîòå äëÿ íàãëÿäíîñòè ðåçóëüòàòà ïðåäïîëîæèì, ÷òî

σ(x) =

{
0, 0 < x < π

2 ;

π − x, π
2 < x < π.

(7)

Â äàëüíåéøåì ïîä ïåðâûì ðåãóëÿðèçîâàííûì ñëåäîì èçó÷àåìîãî îïåðàòîðà L áóäåì ïîíèìàòü
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ïðåäåë ÷àñòè÷íûõ ñóìì ïðè n→∞

∑
λk∈intγn

λk −
∑

(2k+1)∈intγn

(
(2k + 1)2 +

4(2− απ)

π2

)
(8)

åñëè ñóùåñòâóåò íåêîòîðàÿ íåîãðàíè÷åííî ðàñøèðÿþùàÿñÿ ïîñëåäîâàòåëüíîñòü êîíòóðîâ γn. Îáî-

çíà÷èì ÷åðåç γn îêðóæíîñòü â êîìïëåêñíîé ïëîñêîñòè ðàäèóñà n+ 1
2 .

Òåîðåìà. Ïóñòü L � îïåðàòîð äâóêðàòíîãî äèôôåðåíöèðîâàíèÿ ñîîòâåòñòâóþùèé çàäà÷å

(1)-(5) è ãðàíè÷íàÿ ôóíêöèÿ σ(·) ïðåäñòàâèìà â âèäå ôîðìóëû (7). Òîãäà ñóùåñòâóåò ïðåäåë

÷àñòè÷íûõ ñóìì (8) ïðè n→∞, à åãî ñóììà ðàâíà −1
2

(
2−απ
π

)2
.
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Abstract. The paper presents algorithm of de�nition the dielectric permittivity, conductivity and

medium points of discontinuity. The solution of the inverse problem geoelectrics based on minimizing

the residual functional. Presented proof of di�erentiability of the residual functional coordinate

breakpoints environment and for this view of derivative.

Keywords: System of Maxwell equations, inverse geoelectric problem, minimization of residual

functional, di�erentiability of residual functional.

À­äàòïà. Á´ë ìà©àëàäà äèýëåêòðëiê °òiìäiëiêòi, °òêiçãiøòiêòi æºíå îðòàíû­ ³çiëiñ í³êòå-

ëåðií àíû©òàó àëãîðèòìi êåëòiðiëäi. Ãåîýëåêòðèêàíû­ êåði åñåáií øåøó àóûò©ó ôóíêöèîíàëûí

ìèíèìèçàöèÿëàó¡à íåãiçäåëãåí. Îðòàíû­ ³çiëiñ í³êòåëåði áîéûíøà àóûò©ó ôóíêöèîíàëûíû­

äèôôåðåíöèàëäàíóûíû­ äºëåëi æºíå îñû òóûíäû ³øií ò³ði ê°ðñåòiëäi.

Êiëòòiê ñ°çäåð: Ìàêñâåëë òå­äåóëåð æ³éåñi, ãåîýëåêòðèêàíû­ êåði åñåái, àóûò©ó ôóíêöèî-

íàëûí ìèíèìèçàöèÿëàó, àóûò©ó ôóíêöèîíàëûíû­ äèôôåðåíöèàëäàíóû.

Àííîòàöèÿ. Â ñòàòüå ïðåäñòàâëåí àëãîðèòì îïðåäåëåíèÿ äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè,

ïðîâîäèìîñòè è òî÷åê ðàçðûâà ñðåäû. Ðåøåíèå îáðàòíîé çàäà÷è ãåîýëåêòðèêè îñíîâûâàåòñÿ

íà ìèíèìèçàöèè ôóíêöèîíàëà íåâÿçêè. Ïðåäñòàâëåíî äîêàçàòåëüñòâî äèôôåðåíöèðóåìîñòè

ôóíêöèîíàëà íåâÿçêè ïî êîîðäèíàòå òî÷êè ðàçðûâà ñðåäû è âèä äëÿ ýòîé ïðîèçâîäíîé.

Êëþ÷åâûå ñëîâà: Ñèñòåìà óðàâíåíèé Ìàêñâåëëà, îáðàòíàÿ çàäà÷à ãåîýëåêòðèêè, ìèíèìè-

çàöèÿ ôóíêöèîíàëà íåâÿçêè, äèôôåðåíöèðóåìîñòü ôóíêöèîíàëà íåâÿçêè.

Èç óðàâíåíèé Ìàêñâåëëà äëÿ êîìïîíåíòû E2(t, x, z) ìîæåò áûòü ïîëó÷åíî äèôôåðåíöèàëüíîå

óðàâíåíèå âòîðîãî ïîðÿäêà [1]:

ε
∂2E2

∂t2
+ σ

∂E2

∂t
=

1

µ0

(
∂2E2

∂x2
+
∂2E2

∂z2

)
.

Ñäåëàåì ïðåîáðàçîâàíèå Ôóðüå ïî ãîðèçîíòàëüíîé ïåðåìåííîé x è ïî âðåìåííîé ïåðåìåííîé

t. Îêîí÷àòåëüíî ïîëó÷èì ñëåäóþùåå óðàâíåíèå:

uzz − (λ2 − ω2µ0ε0ε+ iωµ0σ)u = 0. (1)

Â òî÷êàõ ðàçðûâà ñðåäû ñ÷èòàåì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ ñêëåéêè

[u]zk = 0, [uz]zk = 0, k = 0, Nl. (2)
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Èñòî÷íèê ñîñðåäîòî÷åí â òî÷êå z∗ < 0, ÷òî ýêâèâàëåíòíî óñëîâèÿì ñêëåéêè â ýòîé òî÷êå

[u]z∗ = 0, [uz]z∗ = −g(ω)µ0. (3)

Ñ÷èòàåì, ÷òî èìåþò ìåñòî óñëîâèÿ çàòóõàíèÿ íà áåñêîíå÷íîñòè

u→ 0(z → ±∞), (4)

è îòíîñèòåëüíî ðåøåíèÿ ïðÿìîé çàäà÷è (1)-(4) èçâåñòíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ

u|z=0 = f(ω, λ). (5)

Çäåñü λ è ω � ïàðàìåòðû ïðåîáðàçîâàíèÿ Ôóðüå ïî ïåðåìåííûì x è t ñîîòâåòñòâåííî, îáîçíà÷åíèå

[·]z èñïîëüçóåòñÿ äëÿ ñêëåéêè, ò.å. [w]z = w(z+ 0)−w(z−0), è âåçäå íèæå ÷åðòà íàä êîìïëåêñíîé

âåëè÷èíîé áóäåò îáîçíà÷àòü êîìïëåêñíîå ñîïðÿæåíèå.

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè êóñî÷íî-ïîñòîÿííûõ ôóíêöèé ε è σ, åñëè î ðå-

øåíèè ïðÿìîé çàäà÷è (1)-(4)èçâåñòíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ (5).

Òåîðåìà: Ñóùåñòâóåò ïðîèçâîäíàÿ ôóíêöèîíàëà íåâÿçêè ïî êîîðäèíàòå òî÷êè ðàçðûâà ñðå-

äû.

Äîêàçàòåëüñòâî äèôôåðåíöèðóåìîñòè ôóíêöèîíàëà íåâÿçêè ïî êîîðäèíàòå òî÷êè ðàçðûâà

ñðåäû çàêëþ÷àåòñÿ â ñëåäóþùåì: äîêàçûâàåòñÿ, ÷òî ïðîèçâîäíûå ñïðàâà è ñëåâà ñóùåñòâóþò è

îíè ðàâíû ìåæäó ñîáîé (ñì. òàêæå ðàáîòû [1-4]).

f ′ (zs) = lim
∆z→0

f (zs + ∆z)− f (zs)

∆z
.

Ôóíêöèîíàë íåâÿçêè:

J [zs] =
∑
ω

∣∣u0 − f
∣∣2 .

χ - êóñî÷íî-ïîñòîÿííàÿ, χ = ω2ε0εµ − iωµσ, r2 = λ2 − χ. Ââåäåì χ+, å¼ ðàçðûâû â òî÷êàõ

ñîâïàäàþò ñ χ êðîìå ìåñòîïîëîæåíèÿ ðàçðûâà â òî÷êå zs.

χ ∼ u,

χ+ ∼ u+

J [zs + h]− J [zs]

h
=

1

h

∑
ω

[(
u0

+ − f
) (
u+ − f

)
−
(
u0 − f

) (
u0 − f

)]
. (6)

Çäåñü è âåçäå íèæå ÷åðòà ñâåðõó îáîçíà÷àåò êîìïëåêñíîçíà÷íîå ñîïðÿæåíèå.

Â âûðàæåíèè (6) äîáàâèì è îòíèìåì ±
(
u0

+ − f
) (
u0 − f

)
. Â ðåçóëüòàòå ïîëó÷èì:

J [zs + h]− J [zs]

h
=

1

h

∑
ω

[(
u0

+ − f
) (
u0

+ − u0
)

+
(
u0

+ − u0
) (
u0 − f

)]
. (7)
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Ââåäåì îáîçíà÷åíèå
u0

+−u0

h = wh. Äëÿ (7) íåîáõîäèìî äîêàçàòü ïðåäåëüíûé ïåðåõîä:

J [zs + h]− J [zs]

h
=
∑
ω

[(
u0

+ − f
)
wh + wh

(
u0 − f

)]
?→

h→0

?→
h→0

∑
ω

[(
u0

+ − f
)
w + w

(
u0 − f

) ]
=

=
∑
ω

2Re
((
u0 − f

)
w
)

(êîãäà h→ 0 χ+ → χ , u+ → u).

Íåòðóäíî ïîëó÷èòü ïîñòàíîâêó çàäà÷è äëÿ ôóíêöèè wh:

(wh)zz − r2
+wh − ∆r2

h u = 0,

[(wh)z]zk = 0, [wh]zk = 0,

wh →
z→±∞

0;

(8)

∆r2 =
(
λ2 − ω2ε0ε+µ− iωσ+µ

)
−
(
λ2 − ω2ε0εµ− iωσµ

)
= ω2ε0µ [ε]zs − iωµ [σ]zs .

Ââåä¼ì ôóíêöèþ íà ðàññìîòðåíèå

dwh
dz

= v.

Òîãäà äèôôåðåíöèàëüíîå óðàâíåíèå èç (9) ñâîäèòñÿ ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé

ïåðâîãî ïîðÿäêà:

d

dz

[
v

wh

]
−

[
0 r2

+

1 0

] [
v

wh

]
=

∆r2

h

[
1

0

]

èëè

d

dz
U −AU = F.

Ïóñòü U |z=zs−0 = Us = U |z=zs+0, ïîñëåäíåå ðàâåíñòâî èìååò ìåñòî â ñèëó óñëîâèé ñêëåéêè

äëÿ ôóíêöèé v è wh.

Èñïîëüçóÿ ìåòîä âàðèàöèè ïðîèçâîëüíîé ïåðåìåííîé, íàïèøåì ðåøåíèå:

U(z) = eA(z−zs)Us + eA(z−zs)
∫ z

zs

e−A(ξ−zs) ∆r2

h
u(ξ)

[
1

0

]
dξ, z ∈ [zs, zs + h] .

Ïîëîæèì z = zs + h, òîãäà U |z=zs+h−0 = eAhUs + eAh
∫ zs+h
zs

e−A(ξ−zs) ∆r2

h u(ξ)

[
1

0

]
dξ.

Òàê êàê u, w íåïðåðûâíû, òî ïîëó÷èì U |z=zs+h−0 = U |z=zs+h+0.

Çàïèøåì ðàçíèöó U |z=zs+h+0−U |z=zs−0 =
(
eAh − E

)
Us+e

Ah· 1h
∫ zs+h
zs

e−A(ξ−zs)∆r2u(ξ)

[
1

0

]
dξ.

Çäåñü ìîæíî ïåðåéòè ê ïðåäåëó ïðè h → ∞. Ïîñêîëüêó ïîä èíòåãðàëîì íåïðåðûâíàÿ ôóíêöèÿ,
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ïîëó÷èì:

U |z=zs+h+0 − U |z=zs−0 =
(
eAh − E

)
Us + eAh · 1

h

∫ zs+h
zs

e−A(ξ−zs)∆r2u(ξ)

[
1

0

]
dξ

↓ ↓

E

[
1

0

]
∆r2 u|z=zs , h→ 0

Òàêèì îáðàçîì, ñêà÷îê ìàòðèöû U ðàâåí:

[U ]zs = ∆r2 u|z=zs ·

[
1

0

]
,

[U ]zs =

[
wz

w

]
,

ãäå 

∂2w
∂z2 − r2w = 0

[
∂w
∂z

]
zk

= 0, k = 1, s− 1, k = s+ 1, N (k 6= s)

[
∂w
∂z

]
zs

=
(
ω2ε0µ [ε]zs − iωµ [σ]zs

)
· u|z=zs

[w]zk = 0, k = 1, N

(9)

w - ïðåäåë w = lim
h→0

uf−u
h .

Ñëåäîâàòåëüíî, äîêàçàëè ñóùåñòâîâàíèå ïðîèçâîäíîé ôóíêöèîíàëà íåâÿçêè J ′ [zs] ñïðàâà.

Ââåäåì ôóíêöèþ wh = u−−u
h , êîòîðàÿ, êàê íåòðóäíî âèäåòü, óäîâëåòâîðÿåò çàäà÷å:



∂2wh
∂z2 − r2

−w = ∆ r2

h[
∂wh
∂z

]
zk

= 0, [wh]zk = 0

wh → 0

z → ±∞

(10)

Ïåðåïèøåì (11) â âèäå ñèñòåìû äâóõ óðàâíåíèé:

∂

∂z

[
v

wh

]
−

[
0 r2

−

1 0

] [
v

wh

]
=

∆r2

h
u

[
1

0

]

èëè
∂

∂z
U −AU = F, (11)

ãäå v = ∂ w
∂z .

Ïóñòü U |z=zs+0 = Us = U |z=zs−0, êàê è ðàíåå, ïîñëåäíåå ðàâåíñòâî èìååò ìåñòî â ñèëó óñëîâèé

ñêëåéêè äëÿ ôóíêöèé v è wh. Ðåøàåì óðàâíåíèå (12) íà èíòåðâàëå [zs − h, zs], òîãäà ðåøåíèå

óðàâíåíèÿ ïîëó÷èì â ñëåäóþùåì âèäå:
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U(z) = eA(z−zs)Us + eA(z−zs)
∫ z

zs

e−A(ξ−zs)

[
1

0

]
∆r2

h
u(ξ)dξ

è

U |z=zs−h+0 = e−AhUs + e−Ah
∫ zs−h

zs

e−A(ξ−zs)

[
1

0

]
∆r2

h
u(ξ)dξ.

Â ñèëó óñëîâèé ñêëåéêè U |z=zs−h+0 = U |z=zs−h−0. Çàïèøåì ðàçíîñòü è îñóùåñòâèì ïðåäåëü-

íûé ïåðåõîä ïî h:

U |z=zs+0 − U |z=zs−h−0 =
(
E − e−Ah

)
Us + e−Ah

∫ zs−h
zs

e−A(ξ−zs)

[
1

0

]
∆r2

h u(ξ)dξ

↓ ↓

E −

[
1

0

]
∆r2 u|z=zs , h→ 0

[U ]zs = −∆r2 u|z=zs ·

[
1

0

]
.

Ïî îïðåäåëåíèþ [U ] zs =

[
∂w
∂z

w

]
, ãäå



∂2w
∂z2 − r2w = 0,

[w]zk = 0, k = 1, N,

[
∂w
∂z

]
zk

= 0, k = 1, s− 1, k = s+ 1, N (k 6= s),

[
∂w
∂z

]
zs

=
(
ω2ε0µ [ε]s − iωµ [σ]s

)
· u|z=zs .

Ñëåäîâàòåëüíî, äîêàçàëè ñóùåñòâîâàíèå ïðîèçâîäíîé ôóíêöèîíàëà íåâÿçêè J ′ [zs] ñëåâà.

Î÷åâèäíî, ÷òî ïðîèçâîäíûå ñëåâà è ñïðàâà ðàâíû, ñëåäîâàòåëüíî, ïðîèçâîäíàÿ ñóùåñòâóåò è

äà¼òñÿ ôîðìóëîé (8), ãäå ôóíêöèÿ w åñòü ðåøåíèå çàäà÷è (10).
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ÌÎÄÈÔÈÊÀÖÈß ÌÅÒÎÄÀ ÔÈÊÒÈÂÍÛÕ ÎÁËÀÑÒÅÉ ÄËß

ÍÅÑÒÀÖÈÎÍÀÐÍÎÉ ÌÎÄÅËÈ ÍÅÍÜÞÒÎÍÎÂÑÊÎÉ ÆÈÄÊÎÑÒÈ

À.À. Êðûêïàåâà

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Abstract. In this work one modi�cation of a method of �ctitious domains for non-stationary

nonlinear model of non-Newtonian liquid in limited domain is considered. Existence and convergence

of the generalized decision are proved. The assessment of speed of convergence of higher order in

comparison with known types of a method of �ctitious domains is received. Uniform estimates of

decisions in norms of functional spaces are removed.

Keywords: generalized decision, estimation, �ctitious domains.

À­äàòïà. Á´ë æ´ìûñòà øåíåëãåí àéìà©òà íüþòîíäû© åìåñ ñ´éû©òû©òû­ ñòàöèîíàðëû© åìåñ

ñûçû©ñûç ïiøiìi ³øií æàë¡àí àéìà©òàð ºäiñiíi­ áið ìîäèôèêàöèÿñû ©àðàñòûðûëàäû. Æàë-

ïûëàìà æºíå ê³øòi øåøiìäåðäi­ áàð áîëóû ìåí æèíà©òàëóû äºëåëäåíãåí. Ê³øòi øåøiìíi­

æî¡àðû äºðåæåëi æèíà©òàëó áà¡àñû àëûí¡àí. Øåøiìäåðäi­ ôóíêöèîíàëäû© êå­iñòiêòåðäå

áið©àëûïòû áà¡àëàðû àëûí¡àí.

Êiëòòiê ñ°çäåð: æàëïûëàìà øåøiì, áà¡àëàó, æàë¡àí àéìà©.

Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îäíà ìîäèôèêàöèÿ ìåòîäà ôèêòèâíûõ îáëà-

ñòåé äëÿ íåñòàöèîíàðíîé íåëèíåéíîé ìîäåëè íåíüþòîíîâñêîé æèäêîñòè â îãðàíè÷åííîé îáëà-

ñòè. Äîêàçàíî ñóùåñòâîâàíèå è ñõîäèìîñòü îáîáùåííîãî ðåøåíèÿ. Ïîëó÷åíà îöåíêà ñêîðîñòè

ñõîäèìîñòè ñèëüíîãî ðåøåíèÿ áîëåå âûñîêîãî ïîðÿäêà ïî ñðàâíåíèþ ñ èçâåñòíûìè âèäàìè

ìåòîäà ôèêòèâíûõ îáëàñòåé. Âûâåäåíû ðàâíîìåðíûå îöåíêè ðåøåíèé â íîðìàõ ôóíêöèî-

íàëüíûõ ïðîñòðàíñòâ.

Êëþ÷åâûå ñëîâà: îáîáùåííîå ðåøåíèå, îöåíêà, ôèêòèâíàÿ îáëàñòü.

Ìåòîä ôèêòèâíûõ îáëàñòåé (ÌÔÎ) ïîäðîáíî îïèñàí â ðàáîòå [1]. Äëÿ íåñòàöèîíàðíîé ìîäåëè

äèíàìèêè íåíüþòîíîâñêîé æèäêîñòè ÌÔÎ â êëàññå îáîáùåííûõ ôóíêöèé èññëåäîâàí â ðàáîòå

[2]. Òàê êàê òåîðåòè÷åñêîå îáîñíîâàíèå ìåòîäà ôèêòèâíûõ îáëàñòåé âêëþ÷àåò â ñåáå, â ÷àñòíî-

ñòè, âûâîä îöåíêè ñêîðîñòè ñõîäèìîñòè ðåøåíèè âñïîìîãàòåëüíîé çàäà÷è ê ñîîòâåòñòâóþùåìó

ðåøåíèþ èñõîäíîé çàäà÷è, òî ðàçðàáîòêà íîâûõ âèäîâ èëè ìîäèôèêàöèè ÌÔÎ ÿâëÿåòñÿ àêòó-

àëüíûì âîïðîñîì â äàííîì íàïðàâëåíèè. Îäèí èç òàêèõ ìîäèôèêàöèé ÌÔÎ áûë ïðåäëîæåí
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âïåðâûå â ðàáîòå [3] äëÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà. Â ðàáîòå [3] áûëà ïîëó÷åíà

îöåíêà ñêîðîñòè ñõîäèìîñòè áîëåå âûñîêîãî ïîðÿäêà ïî ñòåïåíè ìàëîãî ïàðàìåòðà, ïî ñðàâíå-

íèþ ñ íåóëó÷øàåìûìè îöåíêàìè ñêîðîñòåé ñõîäèìîñòè ðåøåíèé äëÿ "êëàññè÷åñêîãî"âèäà ÌÔÎ,

îïèñàííûé â ðàáîòàõ [1]-[2]. Â äàííîé ðàáîòå ýòî ìîäèôèêàöèÿ ÌÔÎ âïåðâûå ïðèìåíÿåòñÿ è

îáîñíîâûâàåòñÿ äëÿ íåñòàöèîíàðíîé íåëèíåéíîé ìîäåëè íåíüþòîíîâñêîé æèäêîñòè.

Èòàê, â îáëàñòè Q = [0, T ]×Ω, R2 ⊃ Ω - îãðàíè÷åííàÿ îáëàñòü, ðàññìîòðèì íåñòàöèîíàðíóþ

ìîäåëü íåíüþòîíîâñêîé æèäêîñòè [4]

Re [vt + (v · ∇) v] +∇P = (1− α) ∆v +∇S + f, (1)

S +We [St + (v · ∇)S] = 2αD, divv = 0, (2)

ãäå v(t, x) = (v1, v2) - âåêòîð-ñêîðîñòè æèäêîñòè, P (t, x)- äàâëåíèå, S(t, x)- óïðóãàÿ ÷àñòü òåíçîðà

íàïðÿæåíèé . Òåíçîðíàÿ ôóíêöèÿ D =
(
∇v + (∇v)T

)
/2 - òåíçîð ñêîðîñòåé äåôîðìàöèè, Re =

UL/µ è We = λ1U/L- ñîîòâåòñòâåííî ÷èñëî Ðåéíîëüäñà è ÷èñëî Âåíñåíáåðãà, α = 1 − λ2/λ1 -

÷èñëîâîé ïàðàìåòð, λ1- âðåìÿ ðåëàêñàöèè, λ2- âðåìÿ çàïàçäûâàíèÿ, U, L- õàðàêòåðíûå ñêîðîñòü

è ðàçìåð ìîäåëè, µ- âÿçêîñòü æèäêîñòè, f - âåêòîð ìàññîâûõ ñèë.

ñ íà÷àëüíî-êðàåâûìè óñëîâèÿìè

v|t=0 = v0(x), S|t=0 = S0(x), v|G = 0 (3)

ãäå G - ãðàíèöà îáëàñòè Ω. Äàëåå ðàññìîòðèì ìîäèôèêàöèþ ìåòîäà ôèêòèâíûõ îáëàñòåé ñ ïðî-

äîëæåíèåì ïî ñòàðøèì êîýôôèöèåíòàì, ïðåäñòàâëÿþùàÿ ñîáîé âñïîìîãàòåëüíóþ çàäà÷ó îòíî-

ñèòåëüíî èñõîäíîé çàäà÷è (1)-(3) â îáëàñòè Q1 = [0, T ]×D0, D0 ⊃ Ω

Re[vεt + (vε · ∇)vε] +∇P ε = div(K(vε)∇vε) +∇Sε + f, (4)

Sε +We [Sεt + (vε · ∇)Sε] = 2αDε, divvε = 0, (5)

vε|t=0 = v0(x), Sε|t=0 = S0(x), vε|G1 = 0 (6)

ãäå G1 - ãðàíèöà îáëàñòè D0, G∩G1 = 0. (4)-(6) äîïîëíÿþòñÿ óñëîâèÿìè ñîãëàñîâàíèÿ íà ãðàíèöå

[Sε]
∣∣
G

= 0, [vε]
∣∣
G

= 0,

[
K(vε)

∂vε

∂n
− δP ε

] ∣∣
G

= 0 (7)

çäåñü: δ - ìåòðè÷åñêèé òåíçîð ñ êîìïîíåíòàìè δij = 0 ïðè i 6= j, δij = 1 ïðè i = j, Kε(vε) = 1−α
ïðè x ∈ Ω, Kε(vε) = 1−α

ε‖∇vε‖β
L2(D1)

, 0 < β < 1, ïðè x ∈ D1 = D0/Ω, à ôóíêöèé f, v0(x), S0(x)

ïðîäîëæåíû íóëåì âíå Ω. Êðîìå òîãî, â äàëüíåéøåì áóäåì èñïîëüçîâàòü ïðîñòðàíñòâî V (E) - çà-

ìûêàíèå â íîðìå W 1
2 (E) ìíîæåñòâà áåñêîíå÷íî-äèôôåðåíöèðóåìûõ ñîëåíîèäàëüíûõ ôèíèòíûõ

â E âåêòîð-ôóíêöèè [5].

Íàïîìíèì òàêæå, ÷òî ïðè β = 0 çàäà÷à (4)-(7) ïðåäñòàâëÿåò ñîáîé "êëàññè÷åñêèé"âèä ìåòîäà

ôèêòèâíûõ îáëàñòåé ñ ïðîäîëæåíèåì ïî ñòàðøèì êîýôôèöèåíòàì, êîòîðûé áûë èññëåäîâàí â

êëàññå îáîáùåííûõ ôóíêöèé â ðàáîòå [3], ãäå, â ÷àñòíîñòè, áûëî ïîëó÷åíà íåóëó÷øàåìàÿ îöåíêà
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ñêîðîñòè ñõîäèìîñòè:

∥∥vε − v∥∥2

L∞(0,T ;L2(Ω))
+
∥∥Sε − S∥∥2

L∞(0,T ;L2(Ω))
+
∥∥vε − v∥∥2

L2(0,T ;W 1
2 (Ω))

≤ Cε (8)

Ìû æå çäåñü ïëàíèðóåì ïîëó÷èòü áîëåå âûñîêóþ îöåíêó ñêîðîñòè ñõîäèìîñòè ðåøåíèé, ïî

ñðàâíåíèþ ñ (8). Äàëåå ïðèâåäåì îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è.

Îïðåäåëåíèå 1. Ôóíêöèè vε(t, x), Sε(t, x) íàçûâàþòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (4)-(7),

åñëè vε(t, x) ∈ L∞(0, T ;L2(D0)), vε(t, x) ∈ L2(0, T ;V (D0)), Sε(t, x) ∈ L∞(0, T ;L2(D0)) è âûïîë-

íÿþòñÿ ñëåäóþùèå èíòåãðàëüíûå òîæäåñòâà:

T∫
0

{
−Re (vε,Φt + (vε · ∇) Φ)L2(D0) + (K(vε)∇vε,∇Φ)L2(D0)+ (9)

+ (Sε : ∇Φ)L2(D) − (f,Φ)L2(D0)

}
dt− (v0,Φ(0))L2(D0) = 0,

T∫
0

{
(Sε : F )L2(D0) −We(Sε : Ft + (vε · ∇)F ))L2(D0)

}
dt− (S0 : F (0))L2(D0) = (10)

= 2α

T∫
0

(Dε : F )L2(D0)

}
dt

äëÿ ëþáûõ âåêòîð-ôóíêöèé Φ(t, x) ∈ C1(0, T ;V (D0)) è òåíçîðíîé ôóíêöèé F (t, x) ∈ C1(0, T ;W 1
2 (D0))

è òàêèõ, ÷òî Φ(T, x) = 0, F (T, x) = 0. Çäåñü (a, b)L2(D0), (a : b)L2(D0) - ñîîòâåòñòâåííî

ñêàëÿðíîå è òåíçîðíîå óìíîæåíèå â L2(D0). Îáîáùåííîå ðåøåíèå äëÿ èñõîäíîé çàäà÷è (1)-(3)

îïðåäåëÿåòñÿ àíàëîãè÷íî.

Äàëåå èìååò ìåñòî

Òåîðåìà 1. Ïóñòü f ∈ L2(0, T ;L 6
5
(Ω)), v0 ∈ L2(Ω), S0 ∈ L2(Ω). Òîãäà ñóùåñòâóåò õîòÿ áû îäíî

îáîáùåííîå ðåøåíèå çàäà÷è (4)-(7) è ïðè ε → 0 îíî ñõîäèòñÿ ê îáîáùåííîìó ðåøåíèþ çàäà÷è

(1)-(3). Êðîìå òîãî, èìåþò ìåñòî ñëåäóþùèå îöåíêè

∥∥vε∥∥
L∞(0,T ;L2(D0))

+
1

ε

T∫
0

∥∥vεx∥∥2−β
L2(D1)

dt+
∥∥vε∥∥

L2(0,T ;W 1
2 (D0))

+
∥∥Sε∥∥

L∞(0,T ;L2(D0))
≤ C <∞ (11)

çäåñü è â äàëüíåéøåì Ñ - óíèâåðñàëüíàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò ìàëîãî ïàðàìåòðà ε è

îïðåäåëÿþùàÿñÿ îò äàííûõ çàäà÷è.

Äîêàçàòåëüñòâî. Ñíà÷àëî ïîëó÷èì íåîáõîäèìûå àïðèîðíûå îöåíêè. Óìíîæèì (4) ñêàëÿðíî

íà vε â L2(D0):

Re

2

∂

∂t

∥∥vε∥∥2

L2(D0)
+(1−α)

∥∥∇vε∥∥2

L2(Ω)
+

1− α
ε

∥∥∇vε∥∥2−β
L2(D1)

+(Sε : ∇vε)L2(D0) +(f, vε)L2(D0) = 0, (12)

Äàëåå óìíîæèì (5) òåíçîðíî íà Sε â L2(D0):
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∥∥Sε∥∥2

L2(D0)
+
We

2

∂

∂t

∥∥Sε∥∥2

L2(D0)
− 2α(Dε : Sε)L2(D0) = 0, (13)

Òåïåðü ðàçäåëèì (13) íà α è ñëîæèì ñ (12), à çàòåì ïîëó÷åííîå ðàâåíñòâî ïðîèíòåãðèðóåì ïî t,

ïðåäâàðèòåëüíî îöåíèâ ñòàíäàðòíî ñëåäóþùåå ñëàãàåìîå [5]:∫
D

fvεdx ≤ C
∥∥f∥∥2

L 6
5

(Ω)
+

1− α
2

∥∥∇vε∥∥2

L2(Ω)
, (14)

Â ðåçóëüòàòå ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷èì îöåíêè (11). Äàëåå èìååò ìåñòî ñëåäóþ-

ùàÿ ëåììà:

Ëåììà 1. ∀δ ∈ (0, T ) èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

T−δ∫
0

∥∥vε(t+ δ)− vε(t)
∥∥2

L2(D0)
dt ≤ C

(
δ

1
2 + δ

1
2−β
)
. (15)

Äîêàçàòåëüñòâî. Çàôèêñèðóåì çíà÷åíèÿ δ è t è ðàññìîòðèì (4) â èíòåðâàëå τ ∈ [t, t + δ].

Óìíîæèì ñêàëÿðíî äàííîå óðàâíåíèå íà íåêóþ ôóíêöèþ ψ(t) â L2(D0) è ïðîèíòåãðèðóåì ïî τ

îò t äî t+ δ:

Re

t+δ∫
t

(
vετ + (vε · ∇)vε, ψ

)
L2(D0)

dτ +

t+δ∫
t

(
K(vε)∇vε,∇ψ

)
L2(D0)

dτ+ (16)

+

t+δ∫
t

(
∇Sε : ∇ψ

)
L2(D0)

dτ =

t+δ∫
t

(f, ψ)L2(D0)dτ

Äàëåå â (16) âîçüìåì ψ = vε(t+ δ)− vε(t) è ïðîèíòåãðèðóåì ïî t îò 0 äî T − δ, òîãäà àíàëîãè÷íî
[5] èìååì:

Re

T−δ∫
0

t+δ∫
t

∫
D0

(
vετ + (vε(t+ δ)− vε(t))

)
dxdτdt = Re

T−δ∫
0

‖vε(t+ δ)− vε(t)‖2L2(D0)dt,

T−δ∫
0

t+δ∫
t

(
K(vε)∇vε,∇ψ

)
L2(D0)

dτdt

= (1− α)

T−δ∫
0

t+δ∫
t

∫
Ω

∇vε · ∇ψdxdτdt−
T−δ∫
0

t+δ∫
t

1− α
ε‖∇vε‖βL2(D1)

∫
D1

∇vε · ∇ψdxdτdt,

çäåñü ñòàíäàðòíî ïîêàçûâàåòñÿ [5],÷òî:

(1− α)

T−δ∫
0

t+δ∫
t

∫
Ω

∇vε · ∇ψdxdτdt ≤ C
√
δ,



ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp 190 Ìàòåìàòè÷åñêèå òåõíîëîãèè

à 2-îå ñëàãàåìîå îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

T−δ∫
0

t+δ∫
t

1− α
ε‖∇vε‖βL2(D1)

∫
D1

∇vε · ∇ψdxdτdt ≤ (1− α)

T−δ∫
0

t+δ∫
t

ε−1‖∇vε‖1−βL2(D1)‖∇ψ‖L2(D1)dτdt ≤

≤ (1− α)

T−δ∫
0

ε
− 1

2−β ‖∇ψ‖L2(D1)

t+δ∫
t

ε
− 1−β

2−β ‖∇vε‖1−βL2(D1)dτdt ≤ (1− α)

T−δ∫
0

ε
− 1

2−β ‖∇ψ‖L2(D1)×

×

 t+δ∫
t

ε−1‖∇vε‖1−βL2(D1)dτ


1−β
2−β

δ
1

2−β dt ≤

≤ Cδ
1

2−β

 T∫
0

(
ε
− 1

2−β ‖vε‖L2(D1)

)2−β
dt


1

2−β
 T∫

0

dt


1−β
2−β

≤ Cδ
1

2−β ,

îñòàëüíûå ñëàãàåìûå äëÿ (16) îöåíèâàþòñÿ òàê æå êàê â [5]. Ëåììà äîêàçàíà.

Äàëüíåéøåå äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ìåòîäîì Ãàëåðêèíà. Ïðèáëèæåííûå ðåøå-

íèÿ çàäà÷è (4)-(7) áóäåì èñêàòü â âèäå:

vεN (t, x) =

N∑
j=1

αj(t)ωj(x), SεN (t, x) =

N∑
j=1

βj(t)ψj(x) (17)

ãäå ωj(x) - áàçèñ â ïðîñòðàíñòâå V (D0), ψj(x) - áàçèñ â ïðîñòðàíñòâå W 2
2 (D0), à êîýôôèöèåíòû

αj(t), βj(t) íàõîäÿòñÿ èç ñëåäóþùåé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

Re
(
(vεN )t + (vεN · ∇)vεN −

f

Re
, ωj
)
L2(D0)

+ (1− α)
(
∇vεN ,∇ωj

)
L2(Ω)

+ (18)

+
1− α

‖∇vεN‖
β
L2(D1)

(
∇vεN ,∇ωj

)
L2(D1)

+
(
SεN : ∇ωj

)
= 0,

We
(
(SεN )t + (vεN · ∇)SεN , ψj

)
L2(D0)

+
(
SεN , ψj

)
L2(D0)

= 2α
(
∇Dε

N , ψj
)
L2(D0)

, (19)

vεN
∣∣
t=0

=

N∑
j=1

(
v0(x), ωj

)
ωj , SεN

∣∣
t=0

=

N∑
j=1

(
S0(x), ψj

)
ψj (20)

Ðàçðåøèìîñòü çàäà÷è (17)-(19) â ìàëîì ïî âðåìåíè ñëåäóåò èç îáùåé òåîðèè îáûêíîâåííûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé. Ïðîäîëæèìîñòü ðåøåíèÿ â öåëîì ñëåäóåò èç ðàâíîìåðíûõ îöåíîê:

∥∥vεN∥∥L∞(0,T ;L2(D0))
+

1

ε

∥∥vεN∥∥2−β
L2(0,T ;W 1

2 (D1))
+
∥∥vεN∥∥L2(0,T ;W 1

2 (Ω))
+
∥∥SεN∥∥L∞(0,T ;L2(Ω))

≤ C <∞ (21)

êîòîðàÿ âûâîäèòñÿ óìíîæåíèåì (18) è (19) íà αj(t) è βj(t) ñîîòâåòñòâåííî è ñóììèðîâàíèåì ïî

j = 1, ..., N [5]. Òàêæå äëÿ vεN (t, x) èç (17) èìååò ìåñòî àíàëîãè÷íàÿ ëåììà:

Ëåììà 2. ∀δ ∈ (0, T ) èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:
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T−δ∫
0

∥∥vεN (t+ δ)− vεN (t)
∥∥2

L2(D0)
dt ≤ C

(
δ

1
2 + δ

1
2−β
)
. (22)

Îöåíêè (21) è (22) ïîçâîëÿþò èç ïîñëåäîâàòåëüíîñòåé {vεN}, {SεN} âûäåëèòü ïîäïîñëåäîâà-
òåëüíîñòè, äëÿ êîòîðûõ èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

vεN → vε ∗ ñëàáî â L∞(0, T ;L2(D0)), vεN → vε ñëàáî â L2(0, T ;V (D0)),

vεN → vε ñèëüíî â L2(0, T ;L2(D0)), SεN → Sε ñëàáî â L∞(0, T ;L2(D0))

ïðè N →∞.
Äàííûå ñîîòíîøåíèÿ ïîçâîëÿþò, àíàëîãè÷íî [5], ïåðåõîäÿ ê ïðåäåëó â (18)-(20) ïîêàçàòü, ÷òî

ïðåäåëüíûå ôóíêöèè vε, Sε - åñòü îáîáùåííîå ðåøåíèå çàäà÷è (4)-(7).

Íàäî åùå çàìåòèòü, ÷òî äëÿ vε, Sε èìåþò ìåñòî îöåíêè (11), (15). Òîãäà èç {vε}, {Sε} âûäå-
ëèòü ïîäïîñëåäîâàòåëüíîñòè, äëÿ êîòîðûõ èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

vε → v ∗ ñëàáî â L∞(0, T ;L2(D0)), vε → v ñëàáî â L2(0, T ;V (Ω)),

vε → v ñèëüíî â L2(0, T ;L2(D0)), Sε → S ñëàáî â L∞(0, T ;L2(D0))

vε → 0 ñèëüíî â L2(0, T ;L2(D1)), vε → 0 ñëàáî â L2(0, T ;L2(S)),

ïðè ε→ 0.

Äàëåå ïåðåõîäÿ ê ïðåäåëó ïðè ε→ 0 â ñîîòâåòñòâóþùèõ èíòåãðàëüíûõ òîæäåñòâàõ íåòðóäíî

ïîêàçàòü, ÷òî ïðåäåëüíûå ôóíêöèè v(t, x), S(t, x) - åñòü îáîáùåííîå ðåøåíèå èñõîäíîé çàäà÷è

(1)-(3). Òåîðåìà 1 äîêàçàíà.

Îïðåäåëåíèå 2. Ñèëüíûì ðåøåíèåì çàäà÷è (4)-(7) íàçûâàþòñÿ ôóíêöèè vε(t, x), Sε(t, x), P ε(t, x),

îáëàäàþùèå êâàäðàòè÷íî ñóììèðóåìûìè ïðîèçâîäíûìè, âõîäÿùèìè â óðàâíåíèÿ (1)-(2) è óäî-

âëåòâîðÿþùèå (1)-(2) è êðàåâûì óñëîâèÿì (3) ïî÷òè âñþäó â D0.

Ñèëüíîå ðåøåíèå äëÿ âñïîìîãàòåëüíîé çàäà÷è (4)-(7) îïðåäåëÿåòñÿ àíàëîãè÷íî.

Òåîðåìà 2. Ïóñòü ñóùåñòâóåò ñèëüíîå ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è (4)-(7) è îíî ïðè

ε → 0 ñõîäèòñÿ ê ñèëüíîìó ðåøåíèþ èñõîäíîé çàäà÷è, òîãäà èìåþò ìåñòî ñëåäóþùèå îöåíêè

ñêîðîñòè ñõîäèìîñòè:

∥∥vε − v∥∥
L∞(0,T ;L2(Ω))

+
∥∥vεx − vx∥∥L2(0,T ;L2(Ω))

+
∥∥Sε − S∥∥

L∞(0,T ;L2(Ω))
≤ Cε

1+β
4(1−β) (23)

(Çäåñü ìîæíî ñðàâíèòü (23) ñ (8) ïðè β → 1 ).

Äîêàçàòåëüñòâî. Ïðîäîëæèì v è S íóëåì âíå Ω. Çàòåì óìíîæèì (1) è (2) ñêàëÿðíî â L2(Ω)

íà íåêèå ôóíêöèè ϕ ∈ L∞(0, T ;V (D0)) è ψ ∈ L∞(0, T ;W 1
2 (D0)) ñîîòâåòñòâåííî:

Re(vt + (v · ∇)v, ϕ)L2(Ω) + (1− α)(∇v,∇ϕ)L2(Ω) + (S : ∇ϕ)L2(Ω) = (24)

= (f, ϕ)L2(Ω) +

∫
S

(
(1− α)

∂v

∂n
− P · n, ϕ

)
dS,
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(S +We(St + (v · ∇)S), ψ)L2(Ω) = 2α(D : ψ)L2(Ω), (25)

Äàëåå (4) è (5) óìíîæèì ñêàëÿðíî â L2(D0) íà ϕ è ψ ñîîòâåòñòâåííî:

Re(vεt + (v · ∇)vε, ϕ)L2(D0) + (1− α)(∇vε,∇ϕ)L2(Ω)+ (26)

+
1− α

ε‖vε‖βL2(D1)

∫
D1

∇vε · ∇ϕdx+ (Sε : ∇ϕ)L2(D0) = (f, ϕ)L2(Ω),

(Sε +We(Sεt + (vε · ∇)Sε), ψ)L2(D0) = 2α(D : ψ)L2(Ω), (27)

Òåïåðü îáîçíà÷èì ω = vε − v, T = Sε − S è âîçüìåì ϕ = ω, ψ = T . Äàëåå ðàññìîòðèì ðàçíîñòü

(26) è (24), (27) è (25) ñîîòâåòñòâåííî.

Re

∫
D0

(ωtω + (ω · ∇)vεω)dx (28)

+ (1− α)‖∇ω‖2L2(Ω) +
1− α

ε‖vε‖2−βL2(D1)

+ (T : ∇ω)L2(D0) +

∫
S

(
(1− α)

∂v

∂n
− P · n, ω

)
dS = 0,

(T +We(Tt + (ω · ∇)Sε), T )L2(D0) = 2α(Dε −D : T )L2(D0). (29)

Çäåñü îöåíèì íåêîòîðûå ÷ëåíû (28) è (29):

We((ω · ∇)Sε, T )L2(D0) = −We((ω · ∇)T, T )L2(D0) +We((ω · ∇)S, T )L2(D0) ≤

≤ δ1‖ωx‖2L2(D0) + C1‖∇S1‖2L4(D0)‖T‖
2
L2(D0),

∫
S

(
(1− α)

∂v

∂n
− P · n, ω

)
dS ≤ C

(
‖P‖L2(S) +

∥∥∥∥∂v∂n
∥∥∥∥
L2(S)

)
‖ω‖L2(S) ≤

≤ C
(
‖∇P‖L2(Ω) + ‖v‖W 2

2 (Ω)

)
‖∇ω‖L2(D1),

Re

∫
D0

((ω · ∇)vεω)dx = −Re
∫
D0

((ω · ∇)vω)dx ≤ Re‖∇v‖L2(Ω)‖ω‖2L4(Ω) ≤
1− α

2
‖∇ω‖2L2(Ω + ‖ω‖2L2(D).

Ó÷èòûâàÿ äàííûå íåðàâåíñòâà, èç (28) - (29) àíàëîãè÷íî [3] ïîëó÷èì îöåíêè (23). Òåîðåìà äîêà-

çàíà.
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ÎÖÅÍÊÀ ÂËÈßÍÈß ÐÀÑÑÒÎßÍÈÉ ÌÅÆÄÓ ÂÊËÞ×ÅÍÈßÌÈ Â

ÏÅÐÈÎÄÈ×ÅÑÊÈ ÍÅÎÄÍÎÐÎÄÍÎÉ ÑÐÅÄÅ ÍÀ ÝÔÔÅÊÒÈÂÍÛÅ

ÊÎÝÔÔÈÖÈÅÍÒÛ ÝËÅÊÒÐÎÏÐÎÂÎÄÍÎÑÒÈ

ß.Ñ. Êðþêîâà, Â.Î. Êàëåäèí, Ò.Â. Áóðíûøåâà

Íîâîêóçíåöêèé èíñòèòóò (ôèëèàë) ÔÃÁÎÓ ÂÏÎ "Êåìåðîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò"

Abstract. The numerical solution of the electrical conductivity for the case of a periodically

inhomogeneous medium with the application of the current distribution at the border. A numerical

study of the electric �eld potential of the medium. The comparison of the in�uence of the distance

between the insertion of a periodically inhomogeneous medium on the e�ective coe�cients of

conductivity of the medium.

Keywords: electrical problem, periodically inhomogeneous medium, the e�ective coe�cients of

the electrical conductivity of the medium.

À­äàòïà. Ýëåêòð°òêiçãiøòiêòi­ ìà©ñàòûíû­ ñàíäû© øåøiìi óà©è¡à ³øií àóû©-àóû© àëàìû©

ñºðñåíáiíi­ ïðè á°ë- ©ûðìàííû­ àääåíäóìiíäå øåêàðàäà àë-. Ñºðñåíáiíi­ ýëåêòð ºëóåòiíi­ äà-

ëàñûíû­ ñàíäû© çåðòòå- °òêiçäið-°òêiçó. Àðàíû­ û©ïàëûíû­ ñàëûñòûð- ©îñóëàðäû­ àðàñûí-

äà àóû©-àóû© àëàìû© ñºðñåíáiäå ñºðñåíáiíi­ ýëåêòð°òêiçãiøòêiíi­ òèiìäi åñåëiêòåðiíå êåëòið-.

Êiëòòiê ñ°çäåð: ýëåêòð°òêiçãiøòiêòi­ ìà©ñàòû, àóû©-àóû© àëàìû© ñºðñåíái, ñºðñåíáiíi­ ýëåê-

òð°òêiçãiøòêiíi­ òèiìäi åñåëiêòåði.

Àííîòàöèÿ. Ïîëó÷åíî ÷èñëåííîå ðåøåíèå çàäà÷è ýëåêòðîïðîâîäíîñòè äëÿ ñëó÷àÿ ïåðèî-

äè÷åñêè íåîäíîðîäíîé ñðåäû ïðè ïðèëîæåíèè ðàñïðåäåëåííîãî òîêà íà ãðàíèöå. Ïðîâåäåíî

÷èñëåííîå èññëåäîâàíèå ïîëÿ ýëåêòðè÷åñêîãî ïîòåíöèàëà ñðåäû. Ïðèâåäåíî ñðàâíåíèå ðåçóëü-

òàòîâ ðàñ÷åòà ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ñðåäû ñ âåðõíåé è íèæíåé îöåíêàìè ïî

ïðàâèëó ñìåñåé, îïðåäåëåíî âëèÿíèå ðàññòîÿíèÿ ìåæäó âêëþ÷åíèÿìè â ïåðèîäè÷åñêè íåîä-

íîðîäíîé ñðåäå íà ýôôåêòèâíûå êîýôôèöèåíòû ýëåêòðîïðîâîäíîñòè ñðåäû.
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Êëþ÷åâûå ñëîâà: çàäà÷à ýëåêòðîïðîâîäíîñòè, ïåðèîäè÷åñêè íåîäíîðîäíàÿ ñðåäà, ýôôåê-

òèâíûå êîýôôèöèåíòû ýëåêòðîïðîâîäíîñòè ñðåäû.

Â íàñòîÿùåå âðåìÿ ñóùåñòâóþò òåõíîëîãèè ýëåêòðîâçðûâíîãî íàïûëåíèÿ ïîêðûòèé è ýëåê-

òðîâçðûâíîãî ëåãèðîâàíèÿ (ÝÂË) ïîâåðõíîñòè ìåòàëëîâ è ñïëàâîâ, êîòîðûå îñóùåñòâëÿåòñÿ ñ

öåëüþ èçìåíåíèÿ ñòðóêòóðíî-ôàçîâûõ ñîñòîÿíèé è ôóíêöèîíàëüíûõ ñâîéñòâ ìåòàëëîâ è ñïëàâîâ

[1]. Òàêîãî ðîäà òåõíîëîãèè èñïîëüçóþòñÿ, íàïðèìåð, â ýëåêòðîòåõíèêå äëÿ ôîðìèðîâàíèÿ ïîêðû-

òèé íà êîíòàêòíûõ ïîâåðõíîñòÿõ ñ âûñîêîé ýëåêòðîýðîçèîííîé ñòîéêîñòüþ. Ïîëó÷àåìàÿ ïîñëå

ïðèìåíåíèÿ ÝÂË ñðåäà íà ìàêðîóðîâíå ÿâëÿåòñÿ àíèçîòðîïíîé, òðåáóåò îöåíêè âñåõ êîìïîíåíò

òåíçîðà ýëåêòðîïðîâîäíîñòè è íå ïîçâîëÿåò íåïîñðåäñòâåííî èñïîëüçîâàòü ïðàâèëî ñìåñåé [4]. Â

äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à íà ìèêðîóðîâíå: èññëåäóåòñÿ âëèÿíèå ðàññòîÿíèé ìåæ-

äó âêëþ÷åíèÿìè â ïåðèîäè÷åñêè íåîäíîðîäíîé ñðåäå íà ýôôåêòèâíîå óäåëüíîå ñîïðîòèâëåíèå

ñðåäû, äëÿ îöåíêè ñòåïåíè àíèçîòðîïèè è äàëüíåéøåãî ìîäåëèðîâàíèÿ çàäà÷è íà ìàêðîóðîâíå.

Ðàññìàòðèâàåòñÿ ñðåäà, ñîñòîÿùàÿ èç ìåäè ñ óäåëüíîé ïðîâîäèìîñòüþ, ðàâíîé 5, 81·107 Îì−1·ì−1,

è ñîäåðæàùàÿ ïåðèîäè÷åñêóþ ñèñòåìó ìîëèáäåíîâûõ âêëþ÷åíèé ñ îáúåìíîé äîëåé 22,2% . Ñõåìà

ðàçìåùåíèÿ âêëþ÷åíèé (îäíî ñòðóêòóðíîå çâåíî) ïîêàçàíà íà ðèñóíêå 1. Óäåëüíàÿ ïðîâîäèìîñòü

ìàòåðèàëà âêëþ÷åíèé ìîëèáäåíà ïðèíèìàëàñü ðàâíîé 1, 82 · 107 Îì−1·ì−1. Ïîëå ïîòåíöèàëîâ è

ïëîòíîñòü òîêà â ñòðóêòóðíîì çâåíå îïðåäåëÿëèñü ðåøåíèåì òðåõìåðíîé çàäà÷è ýëåêòðîïðîâîä-

íîñòè.

Ðèñóíîê 1 Cõåìà îäíîãî ñòðóêòóðíîãî çâåíà ñðåäû

Óñòàíîâèâøèéñÿ òîê â ñïëîøíîé ïðîâîäÿùåé ñðåäå îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíå-

íèåì (çàêîí Êèðãîôà) [5]

div−→ − q = 0, (1)

ãäå −→ - âåêòîð ïëîòíîñòè òîêà, q - ïëîòíîñòü èñòî÷íèêà òîêà. Ðàçîáüåì ãðàíèöó Γ ðàññìàòðèâà-

åìîé ñðåäû íà òðè ÷àñòè Γ1, Γ2 è Γ3, íà êîòîðûõ ïîñòàâèì ãðàíè÷íûå óñëîâèÿ ïåðâîãî ðîäà

U |Γ1 = 0, U |Γ2 = UΓ, (2)

è âòîðîãî ðîäà
−→ n|Γ1 = −→ n|Γ3 = 0,−→ n|Γ2 = , (3)

ãäå U - ïîòåíöèàë, Γ1 - ëåâàÿ ÷àñòü ãðàíèöû ìîäåëèðóåìîãî ñòðóêòóðíîãî çâåíà â íàïðàâëåíèè

îñè îðäèíàò, íà êîòîðîé çàäàíû ïîñòîÿííûé ïîòåíöèàë è ïëîòíîñòü òîêà ðàâíûå 0; −→ n - âåêòîð
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íîðìàëè ïëîòíîñòè òîêà, Γ2 - ïðàâàÿ ÷àñòü ãðàíèöû ìîäåëèðóåìîãî ñòðóêòóðíîãî çâåíà â íàïðàâ-

ëåíèè îñè îðäèíàò çàäàíû ïîñòîÿííûé ïîòåíöèàë è ïëîòíîñòü òîêà ðàâíûå UΓ è  ñîîòâåòñòâåííî,

Γ3 -÷àñòü ãðàíèöû, íà êîòîðîé òàêæå çàäàíà ïîñòîÿííàÿ ïëîòíîñòü òîêà ðàâíàÿ 0.

Äëÿ çàìûêàíèÿ ñèñòåìû óðàâíåíèé (1)-(3) èñïîëüçóåì ñâÿçü ìåæäó ïëîòíîñòüþ òîêà è ãðàäèåí-

òîì ïîòåíöèàëà, êîòîðàÿ â ïðåäåëàõ äëÿ ñòðóêòóðíîãî çâåíà ïåðèîäè÷åñêè íåîäíîðîäíîé ñðåäû

äëÿ êàæäîé ôàçû (ñâÿçóþùåãî è íàïîëíèòåëÿ) èìååò âèä x

y

z

 = −

 γ 0 0

0 γ 0

0 0 γ

( ∂U
∂x

∂U
∂y

∂U
∂z

)
. (4)

Çäåñü x, y, z - êîîðäèíàòû âåêòîðà ïëîòíîñòè òîêà ; γ - êîýôôèöèåíò ïðîâîäèìîñòè ñîîòâåò-

ñòâóþùåé ôàçû [2].

×èñëåííàÿ ðåàëèçàöèÿ âûïîëíåíà íà áàçå ðàçðàáîòàííîãî íà êàôåäðå ìàòåìàòèêè è ìàòå-

ìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÍÔÈ ÊåìÃÓ ïàêåòà ïðèêëàäíûõ ïðîãðàìì "Êîìïîçèò-ÍÊ"(ÏÏÏ)

(ðèñóíîê 2).

Ðèñóíîê 2 Ãëàâíîå îêíî ÏÏÏ "Êîìïîçèò-ÍÊ"

Íàçíà÷åíèå ÏÏÏ çàêëþ÷àåòñÿ â èññëåäîâàíèè ïîâåäåíèÿ ñïëîøíûõ ñðåä ïðè ôèçè÷åñêîì

âîçäåéñòâèè. Â îñíîâå ðàçðàáîòêè ïàêåòà ëåæèò ñõîæåñòü àëãîðèòìîâ ÷èñëåííîãî ðåøåíèÿ çàäà÷

ìåõàíèêè ìåòîäîì êîíå÷íûõ ýëåìåíòîâ. Âìåñòî ñëîæíîãî ïðîãðàììèðîâàíèÿ âû÷èñëåíèé, èñ-

ïîëüçóåòñÿ òåõíîëîãèÿ âèçóàëüíîé ñáîðêè ïðîãðàììû èç çàðàíåå çàãîòîâëåííûõ îáúåêòîâ. Ïðè-

ëîæåíèå îáðàçîâàíî äâóìÿ ñëîÿìè îáúåêòîâ. Ôóíêöèîíàëüíûå îáúåêòû ïðåäíàçíà÷åíû äëÿ ðåà-

ëèçàöèè àëãîðèòìîâ ðåøåíèÿ ïðèêëàäíîé çàäà÷è (âû÷èñëåíèé). Âèçóàëüíûå îáúåêòû îáðàçóþò

ãðàôè÷åñêîå (âèçóàëüíîå) ïðåäñòàâëåíèå ñòðóêòóðû ôóíêöèîíàëüíûõ îáúåêòîâ [3]. Ýòî îáóñëî-

âèëî âûáîð ïàêåòà â êà÷åñòâå ñðåäû ðåàëèçàöèè äëÿ ðàñ÷åòà ïîëåé ýëåêòðè÷åñêîãî ïîòåíöèàëà.

Äëÿ ðåøåíèÿ çàäà÷è ýëåêòðîïðîâîäíîñòè â "Êîìïîçèò-ÍÊ"áûëè ðàçðàáîòàíû ôóíêöèîíàëüíûå

êëàññû, âèçóàëüíûå ôðåéìû äëÿ áèáëèîòå÷íûõ êîíå÷íûõ ýëåìåíòîâ (ÁÊÝ), âèçóàëüíûå ôðåéìû

ïðèëîæåíèé. Ôóíêöèîíàëüíûå êëàññû: áàçà ìàòåðèàëîâ ñ èõ ôèçè÷åñêèìè õàðàêòåðèñòèêàìè,

ìàòðèöà ýëåêòðîïðîâîäíîñòè, ìàòðèöà ãðàäèåíòîâ ïîòåíöèàëîâ, êèíåìàòèêà (îïðåäåëåíèå òèïà

ìàòåðèàëà: èçîòðîïíûé, îðòîòðîïíûé, àíèçîòðîïíûé). Âèçóàëüíûå ôðåéìû ïðèëîæåíèé: ïåðå-

íóìåðàöèÿ, ñáîðêà ìàòðèöû ýëåêòðîïðîâîäíîñòè, ñáîðêà è ôàêòîðèçàöèÿ, ðåøåíèå ÑËÀÓ äëÿ
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çàäà÷è ýëåêòðîïðîâîäíîñòè, âûãðóçêà ïîëÿ ïîòåíöèàëà.

Ôðåéìû äëÿ áèáëèîòå÷íûõ êîíå÷íûõ ýëåìåíòîâ: 4-õ óçëîâîé ïðÿìîóãîëüíûé ÊÝ, 8-ìè óçëî-

âîé îáúåìíîãî ÊÝ. Òàê æå â ïðîåêò áûë äîáàâëåí âèçóàëüíûé êîìïîíåíò - "Îïöèè ïðè ïîìîùè

êîòîðîãî ìîæíî èçìåíÿòü íåîáõîäèìûå ïàðàìåòðû, òàêèå êàê íà÷àëüíóþ íåâÿçêó ïðè ðåøåíèè

ÑËÀÓ, ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé è ò.ä.

Â ïðèâåäåííîé âûøå çàäà÷å, ðàññìàòðèâàåìàÿ ñðåäà ÿâëÿåòñÿ àíèçîòðîïíîé ïðè íåðàâíûõ

ðàññòîÿíèÿõ ìåæäó âêëþ÷åíèÿìè ïî ðàçíûì îñÿì. Òðåáóåòñÿ èññëåäîâàòü èçìåíåíèå êîýôôè-

öèåíòîâ òåíçîðà ýëåêòðîïðîâîäíîñòè ïðè âàðüèðîâàíèè ñòðóêòóðíûõ ïàðàìåòðîâ, ÷òî ïîçâîëèò

îöåíèòü ñòåïåíü àíèçîòðîïèè. Äëÿ èññëåäîâàíèÿ ïîëÿ ýëåêòðè÷åñêîãî ïîòåíöèàëà è ïðîâåäå-

íèÿ ÷èñëåííîãî ýêñïåðèìåíòà èñïîëüçîâàëñÿ "Êîìïîçèò-ÍÊ". Èññëåäîâàëîñü âëèÿíèå ðàññòîÿíèé

ìåæäó âêëþ÷åíèÿìè íà èçìåíåíèå ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïåðèîäè÷åñêè íåîä-

íîðîäíîé ñðåäû â ðàçíûõ íàïðàâëåíèÿõ ïðè íåèçìåííîì îáúåìíîì ñîäåðæàíèè, ðàâíîì 22.2%

(ðèñóíîê 3). Ñ óâåëè÷åíèåì øèðèíû (Ly) ñòðóêòóðíîãî çâåíà ýôôåêòèâíîå óäåëüíîå ñîïðîòèâ-

ëåíèå ïåðèîäè÷åñêè íåîäíîðîäíîé ñðåäû ïî íàïðàâëåíèþ îñè àáñöèññ âîçðàñòàåò.

Ðèñóíîê 3 Çàâèñèìîñòü ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïåðèîäè÷åñêè íåîäíîðîäíîé

ñðåäû îò îòíîøåíèÿ ðàññòîÿíèé ìåæäó âêëþ÷åíèÿìè

Àíàëîãè÷íàÿ ñèòóàöèÿ íàáëþäàåòñÿ ñ óâåëè÷åíèåì âûñîòû (Lz) ñòðóêòóðíîãî çâåíà. Íà ðèñóíêå

4 èçîáðàæåíû ãðàôèêè çàâèñèìîñòè ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ñðåäû îò îòíîøåíèÿ
Ly
Lx

ïðè Lz
Lx
, ðàâíîì 0,5; 0,75; 1; 1,25; 1,5; 1,75 è 2. Ïîëó÷åíî, ÷òî ìàêñèìàëüíîå îòëè÷èå ýôôåêòèâ-

íîãî óäåëüíîãî ñîïðîòèâëåíèÿ ñðåäû îòëè÷àåòñÿ íà 89.3% îò âåðõíåé îöåíêè ïî ïðàâèëó ñìåñåé

ïðè Ly
Lx

= Lz
Lx

= 0, 5, à ìèíèìàëüíîå îòëè÷èå ñîñòàâëÿåò 84,9% ïðè Ly
Lx

= Lz
Lx

= 2. Îäíàêî çíà÷åíèå

ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïðè óâåëè÷åíèè øèðèíû è âûñîòû ñòðóêòóðíîãî çâå-

íà â 2 ðàçà íåçíà÷èòåëüíî îòëè÷àåòñÿ îò çíà÷åíèÿ ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïðè

óìåíüøåíèè âûñîòû è øèðèíû çâåíà òàêæå â äâà ðàçà. Ðàçíîñòü çíà÷åíèé ñîñòàâëÿåò 8, 502·10−10

Îì−1·ì−1 (4,08%).
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Ðèñóíîê 4 Ãðàôèêè çàâèñèìîñòè ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïåðèîäè÷åñêè

íåîäíîðîäíîé ñðåäû îò îòíîøåíèÿ Ly
Lx

Äëÿ áîëåå ïîëíîãî àíàëèçà áûë óâåëè÷åí äèàïîçîí èçìåíåíèÿ ôàêòîðîâ âàðüèðîâàíèÿ. Íà

ðèñóíêå 5 èçîáðàæåíû ãðàôèêè çàâèñèìîñòè ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ñðåäû îò

îòíîøåíèÿ Ly
Lx

ïðè Lz
Lx

ðàâíîì 0,5; 2 è 10. Çíà÷åíèå ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïðè

óâåëè÷åíèè øèðèíû è âûñîòû ñòðóêòóðíîãî çâåíà â 10 ðàçà íåçíà÷èòåëüíî îòëè÷àåòñÿ îò çíà-

÷åíèÿ ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïðè óìåíüøåíèè âûñîòû è øèðèíû çâåíà â äâà

ðàçà. Ðàçíîñòü çíà÷åíèé ñîñòàâëÿåò 2, 367 · 10−9 Îì−1·ì−1 (11,34%).

Ðèñóíîê 5 Ãðàôèêè çàâèñèìîñòè ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïåðèîäè÷åñêè

íåîäíîðîäíîé ñðåäû îò îòíîøåíèÿ Ly
Lx

Òàêèì îáðàçîì, íà îñíîâå ÷èñëåííîãî ðåøåíèÿ çàäà÷è ýëåêòðîïðîâîäíîñòè äëÿ ñëó÷àÿ ïåðè-

îäè÷åñêè íåîäíîðîäíîé ñðåäû ïðîâåäåíî èññëåäîâàíèå èçìåíåíèÿ ýôôåêòèâíîãî óäåëüíîãî ñî-

ïðîòèâëåíèÿ ïðè âàðüèðîâàíèè ñòðóêòóðíûõ ïàðàìåòðîâ ñðåäû. Âûÿâëåíî, ÷òî ñ óâåëè÷åíèåì
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øèðèíû (Ly) è âûñîòû (Lz) ñòðóêòóðíîãî çâåíà ïðè íåèçìåííîì îáúåìíîì ñîäåðæàíèè âêëþ-

÷åíèé ýôôåêòèâíîå óäåëüíîå ñîïðîòèâëåíèå ïåðèîäè÷åñêè íåîäíîðîäíîé ñðåäû ïî íàïðàâëåíèþ

îñè àáñöèññ âîçðàñòàåò. Ïîëó÷åííûå çíà÷åíèÿ ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ ïîïàäàþò

â ¾âèëêó¿ ìåæäó âåðõíåé è íèæíåé îöåíêàìè ïî ïðàâèëó ñìåñåé [4]. Ïðè ýòîì âû÷èñëåííûå

êîìïîíåíòû óäåëüíîãî ñîïðîòèâëåíèÿ â ðàçíûõ íàïðàâëåíèÿõ ìàëî ÷óâñòâèòåëüíû ê èçìåíåíèþ

îòíîøåíèÿ ðàññòîÿíèé ìåæäó âêëþ÷åíèÿìè. Ïðè óâåëè÷åíèè ðàçìåðîâ ñòðóêòóðíîãî çâåíà â

10 ðàç çíà÷åíèå ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿ îòëè÷àåòñÿ íà 2, 367 · 10−9 Îì−1·ì−1

(11,34%) îò çíà÷åíèÿ ýôôåêòèâíîãî óäåëüíîãî ñîïðîòèâëåíèÿè ïðè óìåíüøåíèè ðàçìåðîâ çâåíà

â äâà ðàçà.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò ðåøàòü çàäà÷ó ýëåêòðîïðîâîäíîñòè äëÿ ñëó÷àÿ ïåðèîäè-

÷åñêè íåîäíîðîäíîé ñðåäû íà ìàêðîóðîâíå áåç ó÷åòà àíèçîòðîïèè, ÷òî çíà÷èòåëüíî îáëåã÷àåò åå

ðåøåíèå.
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ON SOME COMPLEXITY PROBLEMS I 1

I.V. Latkin

East-Kazakhstan State Technical University in honour of D.S. Serikbayev

Abstract. We discuss the performance capability of diagonal method for proving the inequality

of complexity classes, in particular P and NP . For this purpose we o�er to divide into two stages

the diagonal process producing an example of a language which discern the di�erence between the

1The work is supported by MON RK: grant 90-419-13 'Algorithmic problems of the algebraic systems and the analysis
of the algorithmical complexity', and grant 0726/GF
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classes, namely into the Cantor stage and the G�odel stage. However, there is a strong reason for to

be of opinion that the language constructed by this manner will hardly belonging to the class NP .

Therefore it is worthwhile to search a language that belongs to some greater class of polynomial-

bounded hierarchy of languages but that does not belong to the class P . We de�nite the candidates

for the role of such languages, the so-called K-like sets, and study their properties. Our main result

is that such an occasion is realizable, so the class P is not equal to the NP in actual fact (Part

II); though the whole polynomial-bounded hierarchy consists of the �ve di�erent classes at the most.

Keywords: diagonal (diagonalization) method, computational complexity, relativization, polynomial-

bounded computation.

Introduction. The main questions of these papers

We will de�ne the classes PX and NPX in Section 1. Th. Baker, J. Gill, and R. Solovay [2]

have constructed such oracles A and B that PA =NPA, whereas PB 6=NPB. Grounded on

these facts, they deduced: "It seems unlikely that ordinary diagonalization methods are adequate for

producing an example of a language inNP but not inP ; such diagonalizations, we would expect, would

apply equally well to the relativized classes, implying a negative answer to all relativized P=?NP
questions,. . . "([2], p. 431). Certainly, this supposed negative answer contradicts the existence of oracle

A.

However, it is necessary to specify this claim, hereinafter called a thesis from [2], what do 'the

ordinary diagonalization methods' mean. The fact of the matter is that the oracle B was constructed

in [2] by the same 'ordinary diagonalization method'. In addition, there exist numerous another cases,

when this method is employed successfully. For instance, it is proved [6] that the language

E 
 {〈cM, x〉| a Turing machine with the code cM accepts input x after at most 2|x| steps},

where |x| is a length of string x, does not belong to a class P by the use of the same method (remind

that �A
 A� means �A signi�es A�).

Thus the diagonal methods are perhaps applicable for the establishing of distinction of some

complexity classes to some extent. On the other hand, the same arguments by which the thesis from

[2] is vindicated (about possibility of relativization for any oracle Y ) are applicable to the theorems,

of existence of oracles A and B, themselves because in the proofs of these theorems are used the

statements which only say about the Turing machines and a complexity of computations made on

them.

Will we face a paradox in this way? Indeed, in case of PX,A=NPX,A for every X and PY,B 6=
NPY,B for every Y , the substitution of B for X and of A for Y will give PA,B 6=PB,A or NPB,A 6=
NPA,B. In other words, does the method of substantiation of the thesis from [2] contradict a presence

of equating oracle A and di�erentiating (splitting) oracle B or not (see Subsection 2.1)?

These reasoning suggest to us that the oracle may be regarded as a variable � see Subsection 1.1,

and we may attempt using the diagonalization along a list of oracles. Is this procedure feasible? The

question remains open for the time being.

Our main results will appear in Part II, one of them is this that the class P is the proper subclass

in the NP . However our basic theorem (see [8]) implies another e�ects as well besides this fact and

the corollaries given in [8]; in particular, the polynomial-bounded hierarchy of languages contains the

�ve essentially di�erent classes at most: P , NP , coNP , ∆P2 , and ΣP2 =ΠP2 .
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Some preliminaries, designations, and necessary agreements

Query Turing machines, languages, and classes

Our model for computation with the aid of the oracles is the query multitape Turing machine much

as described in [2, 3]. Namely, the machine has the special tapes, called the query tapes, where the

machine may write the inquiries to oracles during its work (run); naturally, they are written on each

tape to only their own oracle. However, we do not assign the concrete query tape to any oracle (as we

do not write anything an input string), while we are developing a programm of machine; but we will

by ourselves appoint the concrete oracle to a some query tape (and will write the input string) before

activating of the machine.

Nevertheless we denote by MX,Y,... of the query Turing machine, a programm of which is M , and

we intend to append the given oracles X,Y, . . . to the �rst, second, etc., query tape respectively (the

list of oracles X,Y, . . . is certainly �nite).

A query machineMX,Y,... is polynomial- (respectively exponential-) bounded if there is a polynomial

p (n) such that every computation of the machine on every input of length n halts within p (n)

(respectively exp(2, p(n))) steps. A language is recognized by a deterministic query machine with

concrete oracles if the machine halts in on all inputs and halts in an accepting state just when the

input string belongs to the language. We denote by PX,Y,... (respectively by EXPX,Y,...) the family of

languages recognized by polynomial- (respectively exponential-) bounded deterministic query machines

with given oracles.

A language is said to be recognizable in polynomial space with given oracles X,Y, . . ., if there is a

polynomial p (n) and a deterministic Turing machine, with these oracles, which recognizes the language

and uses no more than p (n) tape squares (memory cells) of every tape (including all query tapes) on

any input of length n. We denote by PX,Y,...-space the family of languages recognizable in polynomial

space with concrete oracles X,Y, . . ..

The language accepted by a nondeterministic query machine with given oracles is the set of

input strings for which some possible computation of the machine halts in an accepting state. We

denote by NPX,Y,... the class of languages accepted by polynomial-bounded nondeterministic query

machines with oracles X,Y, . . .. The class of languages whose complements are in NPX,Y,... is denoted

by coNPX,Y,....

A language L is polynomially transformable (or Karp-reducible) to a language M, if there is a

polynomial p (n) and a function F such that for every string x, a value of function F(x) comes out in

the time bounded p (|x|) and F(x)∈M i� x∈L. The every class C de�ned above is complexity, namely

it is the family of languages which is allocated on a basis of a prospective di�erence in the complexities

of recognition of its elements and closed under polynomially transformation, i.e., the Karp-reduction L

to M and M∈C imply L∈C.
Obviously that C⊆CX ⊆CX,Y =CY,X = . . . holds for all oracles X,Y, . . . and every complexity

class C, although a result of the actions of MX,Y on some input can essentially di�er from an e�ect of

MY,X on the same string in general case.

Polynomial-bounded hierarchy of languages

A.R. Meyer and L.J. Stockmeyer [7] de�ned the polynomial-bounded analogue of the arithmetic

hierarchy, the P-hierarchy of languages. We give one of the equivalent de�nitions [2, 4].



Ìàòåìàòè÷åñêèå òåõíîëîãèè 201 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

At �rst one can prove that a language L belongs to NP i� there is a polynomial p (n) and a

predicate R(x, y)∈P such that

x∈L ⇔ ∃y
(
|y| ≤ p (|x|) &R(x, y)

)
.

Here and everywhere further, |x| is the length of a word (or string) x.
Thus there is a similarity between classes NP and coNP , on the one hand, and sets Σ0

1 and

Π0
1 classical arithmetic hierarchy, on the other. The class P corresponds to the class of the recursive

(computable) sets by that.

Therefore we can de�ne: ΣP0 = ΠP0 = ∆P0 =P , and L∈ΣPk+1 i� there is a polynomial p (n) and a

predicate R(x, y1, . . . , yk+1)∈P such that

x∈L ⇔ ∃y1∀y2 . . . Qyk+1

( ∧
1≤r≤k

|yr| ≤ p (|x|) &R(x, y1, . . . , yk+1)
)
,

where are k+ 1 alternations of polynomial-bounded quanti�ers. The symbols of quanti�ers ′∃′ and '∀'
take the place of each other when a class ΠPk+1 is de�ned. The class ∆Pk+1 consists of those languages

which are recognizable in polynomial time with the aid of an oracle for some language in ΣPk , i.e.,

L∈∆Pk+1⇔L∈PS , for some S∈ΣPk .

Several of the properties of arithmetic and P-hierarchy are similar [2, 4, 7]:

(i) L∈ΣPk ⇔ L∈ΠPk ; (ii) ΣPk ∪ΠPk ⊆ ∆Pk+1 ⊆ ΣPk+1 ∩ΠPk+1;

(iii) the classes ΣPk and ΠPk are closed under Karp− reduction for every k,

i.e., each of them is complexity class too. Nevertheless, it was proved in [7] that

(iv) if ΣPk =ΠPk for any k≥1, then ΣPj =ΠPj =ΣPk for every j≥k.

In particular, if P= NP , then ΣPk = ΠPk = ∆Pk =P for every k. These properties of polynomial-

bounded hierarchy are transferred as well to the relativized classes [2]. So for the equating oracle A,

the PA-hierarchy consists of one class, PA.

The features of used Turing machines; the coding of objects

A working (tape) alphabet is �nite and concludes three elements at least: 0,1, and the blank symbol

Λ. The heads of machine can write and erase these symbols.

1.3.1 But we assume besides that the last square on the left of each tape is always marked by the

special additional symbol ∗, which serves for an edge designation of the tape [6]. The read/write heads
of Turing machine scan these squares before the beginning of work of machine; and an input string is

inscribed on the �rst work-tape immediately to the right of the starting location. We will only consider

such machines that cannot erase or write ∗ symbol.
We do not also allow a presence of 'accident-sensitive' instructions of a kind qr . . . , ∗, . . . →

qj . . . , L, . . .. Here is speci�ed an action, namely a movement of head one tape square to the left, on

the only tape, whose head scans the ∗ symbol. Clearly, an attempt of execution of such an instruction
will result to an abnormal termination of work of machines. It is reckoned that the machine answer is

inde�nite in this case, although it has stopped.
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In addition, there exists other possibility to get to such termination, when an instruction of a kind

. . . → qjβ1, . . . , βm is available in the program (it is supposed that qj is an (internal) state that is

neither accepting qyes nor rejecting qno), but there is no instruction of the kind qjα1, . . . , αm → . . .

for at least one m-tuple of symbols α1, . . . , αm of the working alphabet of the machine. However we

can easy improve the situation, when there exist 'accident-sensitive' instructions or 'suspended' states

in a program. Namely, an attempt to move beyond the left end of tape are disabled by replacing the

'accident-sensitive' instructions with instructions of the form qr . . . , ∗, . . .→ qr . . . , ∗, . . .; the 'pendent'
states are eliminated by writing the new, missing instructions of the kind qjα1, . . . , αm → qjα1, . . . , αm.

1.3.2 It stands to reason, a coding of the used objects of a natural mathematical language (namely

the programs of Turing machines with oracles, the formulae, and etc.) by strings under tape-alphabet

must be ful�lled on any object, which is recorded by n symbols of natural language, in time bounded

above by some polynomial p (n). And vice verse we must be able to detect on each string in polynomial

time, whether it is a code of a requisite object; and if that is true, then we must be able to recover its

record. Such a coding is said the Cook-Karp coding.

We need not further to know the comprehensive description of any suchlike coding except for a

few details. But we will choose and �x one of the concrete binary Cook-Karp coding in order to make

the picture complete, for example, as follows. At �rst we sort the symbols of the natural alphabet B,

which includes a tape-alphabet, in the almost random order: B={0, 1, . . .}. Thereupon we replace the
k-th symbol of B in given object by the string 01k+1, which consists of zero and (k + 1) units written

succession. Clearly, we obtain the Cook-Karp coding.

We designate by 〈x1, . . . , xm〉 the binary string which is obtained from a sequence of binary chains

x1, . . . , xm by replacing each occurrence of 0,1, and a comma by 00, 01, and 11, respectively. It is

obvious that a transition from sequence x1, . . . , xm to a string 〈x1, . . . , xm〉 and the back transfer

are realizable in polynomial time.

As usual, if x is a string, then xn denotes concatenated x with itself n times.

The codes and numbers of Turing machines

The symbols PX,Y,...i and NPX,Y,...i denote query deterministic and nondeterministic machines the

oracles X,Y, . . . of which are respectively appointed to the �rst, second, etc., query tape, and usually,

i is believed to be a number in some e�ective lists of such machines. However, it is convenient for

us to think that i is a binary s t r i n g which encodes the program of Turing machine under some

�xed Cook-Karp coding. One can suggest the follows scheme how the string i may be turned into the

number n(i): n(i) is an ordinal number in canonical sequence of all binary chains � Λ, 0, 1, 00, 01,

10, 11, 000, 001, . . ..

Let us pay attention to that the list of machines NPX,Y,...i includes all of the deterministic machines

as well, when we used any natural Cook-Karp coding, for instance, the coding described in previous

item. Furthermore, if it is necessary, then we can discern in polynomial time whether this program is

obviously deterministic, i.e., if the program does not contain the alternative instructions. But when

convenient, we will allocate them in the separate list of machines PX,Y,...i .

In [2], every Turing machine is supplied with a certain clock, or rather, with a timeout counter, or

cuto� computer, which terminates every computation of n(i)-th machine P Yi (or NP Yi ) that exceeds

pi(x)= |x|n(i)+n(i) steps on input x. Instead of such machines we will exploit the machines which are

about the same, but without the polynomial terminator on an operation-time of machine.
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However, a renunciation of application of this clock does not at all mean a refusal of proofs of

Theorems 3 from [2] and Proposition 1 below, since it is easy to understand that the classes of the

polynomial-bounded hierarchy are independent of presence of terminator. Really, if a language L is in

NP , then there will be a binary chain i such that each input x will be accepted by some computation

of machine NPi at most pi(|x|) steps just when this string will be in L; and pi(|x|) is the upper bound
on the length of any computation by NPi. The similar statements are true as well for other classes.

The Cantor and G�odel stages of diagonal method

Paradox is not present, but there is some phenomenon

In fact, if we repeat almost verbatim the proofs of Theorems 1 and 3, given in [2] (about existence

of oracles A and B), replacing the terms 'the Turing machine' by 'the Turing machine with oracle

Y ', and 'the machine with oracle X' by 'the machine with oracles Y and X', we will obtain a quite

acceptable

Proposition 1. For any oracle Y , there are oracles A = A(Y ) and B = B(Y ) such that

PY,A =NPY,A, whereas PY,B 6=NPY,B.

Thereby the constructions of equating and di�erentiating (splitting) oracles are dependent upon an

already available oracle substantially, and the contradiction does not thereat arise. But this is a purely

formal conclusion; however, if we investigate this proof, we will possibly see the interesting enough

things, which we will discuss in another article.

In spite of absence of paradox, author has a reason to formulate the thesis from [2], on the one

hand, more cautiously, on the other, rather more generally.

Main thesis (a BGS-alternative). Let us consider the complexity classes S and T such that

S⊆T and SA=T A for any oracle A. Grounded on reasonings which use the Turing machine and the

complexity of their work only (by "machine-elementary"methods), it is impossible simultaneously:

1) to construct a language L and to p rove that L /∈S;
2) to show that the language L belongs to class T .
In particular, if it is proved that L /∈S by diagonalization along the list of machines, then it will

hardly be possible to show L∈T by �machine-elementary� methods. And on the contrary.

The argument for this re�ned thesis is identical with one mentioned in Introduction for the thesis

from [2]: each assertion that is formulated and proved only in terms of Turing machines and complexity

of computations made on them can likely be generalized to the machines with any oracle by the same

manner as well. And that contradicts the existence of an oracle A such that SA=T A.

What is the way out of this situation?

One of the possible means of overcoming the di�culty seems to be the following. We ought to add

the G ö d e l stage of the diagonal method in the proof of inequality S 6= T to the Can t o r stage,

which is the building of language L that is not in class S by diagonalization along the list of machines
[11]. Namely we may try to prove that L∈T by polynomial transformation of language L to a language

M which belongs to the class T obviously. It looks plausible that such a transformation will turn out

an insuperable hindrance for the machines with oracles in many cases, for instance, when M is a simple

enough theory (a set of codes of formulae).
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Why do we call this auxiliary stage G�odel's, and why does it endure a relativization badly? The

fact is that the G�odel incompleteness theorem can be deduced from the undecidability of arithmetic.

The proof of undecidability of the Peano arithmetic can be obtained as follows. First, we can prove

that a set

K0 
 {〈x, y〉|x∈Wy} = {〈x, y〉|a Turing machine Py halts on an input x}

is noncomputable (nonrecursive) by the diagonal method [13]. This is the Cantor stage. Second, we

can show a de�nability of this set in the elementary arithmetic, the G�odel stage. It is well-known [13]

that a similar de�nability for machines with oracle X is possible, generally speaking, in an extended

arithmetic only, provided thatX is not recursive. More speci�cally, we need to include either a predicate

which represents this oracle, or the special quanti�ers of a kind ∀X , ∃X in the Peano arithmetic in order

that we may prove a de�nability of set

KX
0 
 {〈x, y〉|x∈WX

y } = {〈x, y〉|a Turing machine PXy halts on input x}.

Thus, a simulation of the computational process produced by machines with oracles causes a certain

di�culty even for the arithmetic; and it is realizable already in another theory. But the Peano arithmetic

is one of the best theories for a modeling of computations [8].

The reason for this e�ect is that the elementary arithmetic has no means of description of d e f i n i t e

(asymmetric, or disparate, or from-without-dictated) choice, of branching of computations, which is

prescribed by the application in computations of the oracle X, whose description is unknown.

In contrast to this, an i n d e f i n i t e (symmetric, or parity, or from-within-generated) choice is

modeled rather simply. For example, the actions of nondeterministic Turing machine without oracle

can even be simulated by the ∃-formulae of theory of Boolean algebras: the proof of the Cook theorem
[3] (Theorem 10.3 in [1]) establishes actually that a language

D 
 {〈i, x, 0n〉|some computation of NPi accepts x after at most n steps}

is polynomially transformable to the language of satis�able formulae. The nondeterministic branching

of computations corresponds, herein, to an implication whose conclusion (consequent) is of the form of

disjunction, because the terms of disjunction are as equal in rights between themselves as the alternative

instructions of machine. More exactly, the choice of the concrete computational branch (respec-tively

the concrete term of disjunction) is an accidental event in nondeterministic case; and each of them is

equiprobable.

However, this is another a�air, when a computation is branched under the in�uence of an oracle.

Therein occurs a choice too, but this choice is more or less predetermined; and, as a rule, it has the

unknown description. Surely it is possible to try to include the additional logic connectives (say, a

disjunction with the oracle), or the supplementary Boolean operations, or predicates so that we might

characterize such a choice. But this will be the other theory already. Moreover, the author has a strong

reason for to be of opinion that neither supplementary Boolean operations nor predicates might save

the day, if the M is a simple, weak theory in some ways (see Part II or [7]).

A division of diagonal method into two stages is not a new idea. In essence such a partition meets

in many di�erent cases when this method is successfully applied to the estimation of lower bounds of

computational complexity [5, 11, 12, 7, 8].
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The polynomial-bounded analogues of set K0

De�nitions and examples

A computable (recursive) function F (n) is called a limiting upper boundary of a class POL of all

polynomials, provided that for each f ∈ POL, there exists an integer x such that f(n)< F (n) for

every n > x. There are very much such functions, for example, an exponential exp(m,n) for every

m>1; exp(m,n/2); and exp(m,n1/2); etc.

De�nition 1. Let Y be some oracle, F be some limiting upper boundary of a class POL. A
language is called a K-like2 set, if it is one of the following forms:

1) NKY (F )
 {〈i, x〉|atime(NP Yi , x) < F (|x|)} =

{〈i, x〉|some computation of NP Yi accepts x in fewer than F (|x|) st.};

the set characterizes a problem of the 'quick veri�cation of the pure conjectures', or, to be more precise,

a problem of testing of hypotheses within indicated time;

2)AKY (F )
 {〈i, x〉|atime(P Yi , x) < F (|x|)} =

= {〈i, x〉|a machine P Yi accepts x in fewer than F (|x|) st.};

the language describes a problem of the 'prompt' enumeration, or rather a problem of enumeration

within speci�ed time;

3)RKY (F )
 {〈i, x〉|time(P Yi , x) < F (|x|)} =

= {〈i, x〉|a machine P Yi recognizes an input x in fewer than F (|x|) st.};

that is a set of problem of 'speedy' halting, or more exactly, a halting problem on the every input within

allotted time.

It is natural that NKY
≤ (F ), AKY

≤ (F ), and RKY
≤ (F ) designate the languages, where 'in fewer than'

is replaced with 'after at most'; the symbols NK(F ), AK(F ), and RK(F ) are the denotations of the

languages whose de�nitions use the machines without oracle; the situation, when F (n) = exp(2, n),

will be described as NKY , AKY , and RKY .

For example, the languageAK≤ coincides with the languageE investigated in [6] (see also Introduction).

By the way, the proof, that the language E does not belong to P (Theorem 6.1.2 in [6]), is purposely

made highest possibly similar to the classical proof, that the set K0 is noncomputable [13], and so

the estimation of lower bound of the recognition complexity of of this language is not obtained there.

Though therein is visualized one of the peculiarities of work with the complexity classes, namely,

an argument 'shifts': a contradiction takes place only at the long enough codes of the hypothetical

algorithm recognizing the language E.

We will see in the sequel that the language E and its updates, the K-like sets, play a special role

in the research of the complexity classes. Exactly these sets can be used as the languages which make

it possible discriminate or superpose the many classes of P-hierarchy.

2What is the name of invertor of the set K0? It would be very beautiful and fair enough, if such languages were to
call 'the G�odel sets', or 'the Kleene sets', or 'the Rogers sets', and suchlike. S.C. Kleene asserts in �60,71 of [6] that
A. Church was the �rst to study the halting problem for λ-calculus implicitly. So, are that the Church-Kleene sets?
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Let us notice that each of the three terms 'simulation', 'transformation' (certainly, which is not

sure to be polynomial), and 'de�nability by formulae' is suited for the set K0 inherently (when we try

to deduce the G�odel incompleteness theorem from the undecidability of arithmetic such as that was

described in Subsection 2.2), inasmuch as a question on computational complexity is not putted for

them within the bounds of classical theory of computation. The term 'de�nability' is heavily associated

with recursive functions themselves but no with the facilities of their computing. However, a choice

of model of computations is the enormous importance for the complexity hierarchies, i.e., a sort of

concrete computational mechanism is essential. Therefore we imagine that the use of a term modelling

in polynomial time, which is the special case of polynomial transformation, is more �t for the P-

hierarchy.

The simple properties of K-like sets

First of all, it is clear that the complexity properties of these languages are not dependent of present

of symbol �≤� in their de�nition.

3.2.1 Moreover, it does not matter what Cook-Karp code is employed in this section, since all of

these codings are polynomially transformable to one another. Therefore the complexity properties of

the K-like sets are not dependent of the Cook-Karp coding, which uses in their de�nition, at all.

In what follows, it will sometimes be more convenient for us to work with the machines that will only

have one work-tape over and above query tapes. This restriction does not turn outside the framework

of polynomial computability, because for converting a multi-tape machine program into a single-tape

version is implemented in time polynomial in the length of the program, in which case the running

time of the machine also grows polynomially [1, 4, 6]. So for every K-like set, its membership of some

class of the polynomial-bounded hierarchy is irrespective of quantity of work-tape.

Every partially recursive function is computable by a Turing machine with a tape alphabet EΛ
1 =

{1; 0(Λ)}, where 0 denotes also the blank symbol Λ [18]. We show that a conversion of the computations

over some �nite alphabet A into computations over this alphabet preserves the polynomial-bounded

running time. First we mark the three leftmost squares of each tape with 0,1,1; and then re-encode

an input string, by associating the k-th symbol of A with 01k+2, much as we did this in Item 1.3.2.

Accordingly, the initial program P be rewritten into a program P1, which does the same things under

EΛ
1 with codes of symbols as P with the symbols proper (meanwhile, each square Λ is replaced with two

cell, 0 and 1). Clearly, if we do that exactly and accurately, we will ultimately derive the following: (i)

the program P1 is obtained from P in time polynomial in the length |P |; (ii) if the running time of the
machine P is polynomial (in the length of input), then the running time of P1 is polynomial, too; (iii)

the machine P recognizes (accepts) any input i� the P1 recognizes (accepts) its code. Consequently,

the complexity properties of the K-like sets are not dependent of that which tape-alphabet is used the

Turing machines.

Thus, we do not impose any constraint on a Cook-Karp coding, a quantity of work-tape, and a

number of symbols in the tape-alphabet, which are used in the de�nition of K-like sets, in this section.

3.2.2 We will designate as G(L) ≺ M the situation when a language L is polynomially transformable

(or Karp-reducible) to a language M by function G.

Proposition 2. For every limiting upper boundary F of a class POL and every oracle Y , there

are functions G, H, and I such that: 1) G(AKY (F ))≺RKY (F ); 2) H(RKY (F )) ≺ AKY (F ); and
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3) I(AKY (F )) ≺ NKY (F ).

Proof. Let 〈i, x〉 be a binary string. All the three functions, G,H, and I, will only exchange the

�rst component of this pair, i.e., J(〈i, x〉) = 〈J(i), x〉 for appropriate J and J∈{I,G,H}; and J(i) = i,

if i is not the Cook-Karp code of nondeterministic Turing machine.

1) We substitute the instruction qjα1, . . . , αm → qjα1, . . . , αm for every instruction of program

P Yi of a kind qjα1, . . . , αm → qnoα1, . . . , αm. It is easy to see, that the described conversion G of

programs of Turing machines transforms polynomially the language AKY (F ) to the RKY (F ), namely,

for all binary strings i, x, 〈i, x〉∈AKY (F ) i� 〈G(i), x〉∈RKY (F ).

2) If we replace every occurrence of the rejecting internal state qno in the program P Yi with the

accepting internal state qyes, then we will obtain a program PH(i); obviously, 〈i, x〉 ∈ RKY (F ) i�

〈H(i), x〉∈AKY (F ).

3) Let us notice that the codes of programs of deterministic machines (in an explicit form) are

separated from codes of all programs in polynomial time, provided that we use a natural Cook-Karp

coding (see Subsection 1.4); therefore a function I(〈k, x〉) 
 〈I(k), x〉 Karp-reduces the language

AKY (F ) to the NKY (F ), where I(k)=k, if k is the code of deterministic machine; and NP YI(k) results

from NP Yk by the replacement of the every instruction of a kind qjα1, . . . , αm → qyesα1, . . . , αm by

the instruction qjα1, . . . , αm → qjα1, . . . , αm otherwise. Q.E.D.

Nondeterministic K-like sets

Namely, we will study the complexity of recognition of languages of types 1) from De�nition 1.

Theorem 1.3 The language NKY (F ) does not belong to the class NPY for every oracle Y and

every limiting upper boundary F of a class of all polynomials.

Proof. Suppose that NKY (F ) ∈ NPY . Then the language

L
 {i|some computation of NP Yi accepts i in fewer than F (|i|) steps}

is into this class too. This means that there exists a polynomial-bounded nondeterministic Turing

machine M1 with oracle Y which accepts the language, i.e., there is a polynomial f such that every

input string which has the length n more than some t is accepted by some computation of this machine

i� this chain belongs to language NKY
0 (F ); and this machine halts always within f(n) steps.

Using M1 as a procedure, we construct a machine M which will apply 'to itself'. The machine M

identi�es at the �rst stage, applying M1, whether an input string i is in L. If the answer is a�rmative,

then M �rstly writes F (|i|) unities and next erases them, this is a stage M2. The M halts after the

stage M2 or by the negative answer at the stage M1, but in the latter case, the M writes the answer

'yes' too.

This machine has some Cook-Karp code j. Consider now what does M=NP Yj do when presented

with its own description, a string j. What will be the answer at the stage M1?

When some computation of M1 gives out 'yes', the M will continue its actions further: it will write

and erase F (|j|) unities. It takes a twice as much number of steps at least to do that. Hence, the

M will make no less than 2F (|j|) steps only on the last stage M2. But by the de�nition of language

3We will only give the extensive, detailed proofs of Theorems 1 and 2 for further study some features of diagonal
method, when it is employed for a separation of classes by complexity, although author is not sure of that the denoted
peculiarities are characteristic. The specialists in the complexity theory know the overwhelming majority of results of
this section.
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NKY (F ), this answer means that NP Yj =M must halt on an input j in fewer than F (|j|) steps. The
contradiction results.

If the M1 does not accept the string j, it will answer 'no' always. This means by de�nition that

the running time of M on this input will no less than F (|j|) or M will reject it. On the other hand,

the work of the stage M1 will by hypothesis take up no more than f(|j|) steps just as the run of the

whole M , which will give the positive answer in this case. Consequently, if j is a long enough chain

(we can achieve this goal by the introduction of nonexecutable instructions), then we will obtain that

f(|j|)<F (|j|). We have again come to the contradiction, Q.E.D.

Let us notice that in this proof is as well shown the 'shift', of argument, which is noted in Subsection

3.1. Furthermore, the other distinctive feature of the diagonal method at the decision of complexity

problems emerges too therein: the machine M1, whose existence is denied, does not apply 'to itself'

per se, and it only serves as the base for the construction of such a machine M . An application of

the usual, traditional diagonal schema is very di�cult in this proof, because the assertion �NKY (F )∈
NPY implies {i|any computation of NP Yi does not accept i in fewer than F (|i|) steps}∈NPY � may

be false.

Deterministic K-like sets

Let us examine now how the diagonal constructions will change (see the end of the preceding

subsection), if we need not only to prove a distinction of any complexity classes, but also to derive a

lower boundary of computational complexity of concrete language meanwhile. In the proof of the next

theorem, the machine M (k) alike to M apply 'to not exactly itself', but it apply to its own replica

multiplied by k. We use with e�ect here that if F is a limiting upper boundary of the POL, then the
function F (kn)−F ((k−1)n) will be exactly the same for every k>0.

Theorem 2. For every limiting upper boundary F of a class of all polynomials, every natural

k>0, and every oracle Y , there is no deterministic Turing machine with oracle Y that can answer for

all of the long enough binary strings 〈i, x〉, whether they belong to language RKY (F ), within F ((k−
1)(|i|+|x|)/(k+1)) steps.

Proof. Suppose that there are natural numbers k> 0 and t and a Turing machine M1 using the

oracle Y such that the M1 recognizes 〈i, x〉∈RKY (F ) in fewer than F ((k−1)n/(k+1)) steps for all

strings 〈i, x〉, whose length is n ≥ t.
We construct the machineM (k) in successive steps as before. The stageM0: it identi�es whether an

input string is of the form ik, where i is a code of some program of Turing machine; if it does, then M0

records also 〈i, ik〉. Clearly, it will take no more than h(|i|) steps to perform M0, where h is a suitable

polynomial. The stage M1: a question is solved of whether a string 〈i, ik〉 belongs to RKY (F ); when

the answer is 'yes', M (k) pass to the stage M2: it writes and erases F (k|i|) unities. If either an answer
is negative at stages M0 or M1, or M2 completes its work, then M (k) will terminate a computation

too. However, the sense of answers is not changed anywhere this time unlike the proof of Theorem 1.

Let be M (k) =P Yj ; adding nonexecutable instructions, we select j such that the inequality h(j)≤
F (k|j|)− F ((k−1)|j|) holds. Consider what will occur, when M (k) apply to an input jk.

The answer of M0 will be 'yes'. An analysis of case, when M1 answers in the a�rmative, coincides

with the former verbatim. Let M1 gives out 'no'.

Then by de�nition of language RKY (F ), time(P Yj , j
k) ≥ F (k|j|). However, if we scrutinize this

situation, then we will see: time(M0, j
k)≤h(|j|) and time(M1, 〈j, jk〉)<F ((k−1)(|j|+k|j|)/(k+1))=



Ìàòåìàòè÷åñêèå òåõíîëîãèè 209 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

F ((k−1)|j|), hence time(M (k), jk)<h(|j|)+F ((k−1)|j|)≤F (k|j|). The contradiction results, Q.E.D.

Corollary 1. For every limiting upper boundary F of a class of all polynomials and every oracle

Y , if a deterministic Turing machines MY recognizes the language RKY (F ), then time(MY , 〈i, x〉)≥
F (|i|+|x|) for in�nitely many 〈i, x〉.

Proof follows from the theorem immediately because k can be any therein.

Corollary 2. For every limiting upper boundary F of the class of all polynomials and every oracle

Y , the language RKY (F ) does not belong to the class PY .

These three statements are true as well for languages AKY
≤ (F ) and AKY (F ) wherein it will be not

di�cult to be convinced, if we change their proofs somewhat (see also Subsection 3.2 and the next).

The potential applications of K-like sets

In this subsection, the oracle is applied absolutely formally, since the author cannot conceive how

it might solve such a (super)challenge as to simulate the computations of Turing machine that uses

an oracle by means of some natural mathematical language, for instance, the language of formulae, or

graphs, or matrixes, etc.

Considering Corollary 1, the next de�nitions make sense.

De�nition 2. A function G is called a lower boundary of the recognition time-(respectively space-)

complexity of the K-like set L, if any deterministic Turing machines (with oracle Y ) cannot recognize

for each su�ciently large binary chain x, whether it is in this language, in fewer than G(|x|) steps

(respectively having spent fewer than G(|x|) memory cells on each tape). We designate that as

CRtime(L, x) = CRt(L, x) ≥ G(|x|), or CRYtime(L, x) = CRYt (L, x) ≥ G(|x|), or CRt(L) ≥ G, or

CRsp ace(L, x)=CRs(L, x)≥G(|x|), or CRYs (L)≥G.

Our term 'the time-complexity of recognition of the language L' (CRt(L) ) corresponds with 'the

inherent complexity of the theory L' in [5, 11, 12], when L is the theory.

3.5.1 If we can simulate the long enough computations of whatever Turing machine P Yi on every

input x by the objects of a language L in the time bounded above by a polynomial from |i| and |x|,
i.e., if we can Karp-reduce some K-like set to the language, then this will allow sometimes to obtain a

lower boundary of time- or space-complexity of language L. But for this purpose however, just a length

of the modelling object is of decisive importance in both cases, and the transformation time is not

signi�cant.

Proposition 3. LetMKY (F ) be a K-like set; T (S) be a lower boundary of time-(space-)complexity

of its; G(K̃Y (F )) ≺ L, and the inequality (a) |G(i, x)| ≤ D(|i|+ |x|)k
(
or (b) |G(i, x)| ≤

D · |i|m ·|x|k
)
holds for �xed D,m, k>0 and for each su�ciently large string 〈i, x〉. Then there exist

in�nitely many strings z such that

1) (a) CRYtime(L, z)≥T
(
|z|δ/(2D)δ

)
, where δ=k−1(

or (b) CRYt (L, z)≥T
(
|z|δ/(2D)δ

)
and δ=(m+k)−1

)
;

2) (a) CRYspace(L, z)≥S
(
|z|δ/(2D)δ

)
, where δ=k−1(

or (b) CRYs (L, z)≥S
(
|z|δ/(2D)δ

)
, and δ=(m+k)−1

)
,

provided that T and S are the limiting upper boundaries of the POL.
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Proof. 1) Suppose there exists a machine P Yj such that recognizes for all of the strings z which

are longer some n, if they belong to language L in fewer than T ((|z|/(2D))δ) steps. By assumption

there is a suitable polynomial f and a machine P Yl such that P Yl computes function G(i, x) within

f(|i|+ |x|) steps. Hence the algorithm, which consists of the successive use of machines P Yl and P Yj ,

recognizes already, whether a string 〈i, x〉 is in language MKY (F ), after at most

(a)T0(i, x)≤f(|i|+ |x|)+T
(
(D(|i|+|x|)k/(2D))δ

)
=

= f(|i|+|x|)+T
(
(|i|+|x|)/2δ

)(
or (b) T0(i, x) ≤ f(|i|+ |x|)+T

(
(D ·|i|m ·|x|k/(2D))δ

)
≤

≤
[
for all x that‖x|≥|i|

]
≤ f(2|x|)+T (|x|(k+m)δ/2δ)

)
steps. Clearly, if x and i are enough long, then T0(i, x)<T (|i|+|x|) holds, and that contradicts the

condition of proposition.

2) That is proved similarly. Q.E.D.

3.5.2 The complexity of theorem-proving procedures. Corollary 1 and Item 1) of Propo-

sition 3 have been implicitly proved for the language RK(F ) in [5, 7], providing the inequality (a)

holds for k= 1. M.O. Rabin, M.J. Fisher, and A.R. Meyer have relied on these facts when they have

been successfully obtaining the lower bounds of the computational complexity for many theories. The

author as well has applied this method for the language AK and the theories of the Boolean algebra

which consists of two elements only [12, 7], and Boolean algebras [8] in the presence of inequality (b).

We will explain in detail this proof in the second part.
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ÓÄÊ 519.1.015

ÄÎÏÎËÍÅÍÍÛÉ ÑÏÈÑÎÊ ÑÌÅÆÍÎÑÒÈ ÂÅÐØÈÍ È ÀËÃÎÐÈÒÌ

ÐÀÇÁÈÅÍÈß ÍÀ ÎÐÁÈÒÛ1

Ë.Ï. Ëàòêèíà

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Àííîòàöèÿ. Ââîäÿòñÿ îïðåäåëåíèÿ äîïîëíåííîãî ñïèñêà ñìåæíîñòè è èíäåêñèðîâàííîãî äî-

ïîëíåííîãî ñïèñêà ñìåæíîñòè, è äà¼òñÿ ïîñòðîåíèå èõ øàáëîíîâ. Ïðèâîäÿòñÿ ïðàâèëà ïîñòðî-

åíèÿ ýòèõ ñïèñêîâ, èñõîäÿ èç ìàòðèöû ñìåæíîñòè ãðàôà. Äà¼òñÿ äîêàçàòåëüñòâî îñíîâíîãî

ñâîéñòâà äîïîëíåííîãî ñïèñêà ñìåæíîñòè. Ïîøàãîâî îïèñûâàåòñÿ àëãîðèòì êëàññèôèêàöèè

âåðøèí ïðîñòîãî ñâÿçíîãî ãðàôà G, ñïîñîáñòâóþùåé ðàçáèåíèþ âåðøèí íà îðáèòû. Ïðîâåðåíà

ýôôåêòèâíîñòü àëãîðèòìà äëÿ ãðàôîâ èìåþùèõ íå áîëåå ñåìè âåðøèí, ïðè íàëè÷èè òîëüêî

îäíîãî êëàññà, äîêàçàíî, ÷òî ãðàô ñ íå áîëåå ÷åì ñ âîñüìüþ âåðøèíàìè èìååò îäíó îðáèòó.

Êëþ÷åâûå ñëîâà: äîïîëíåííûé ñïèñîê ñìåæíîñòè, èíäåêñèðîâàííûé äîïîëíåííûé ñïèñîê

ñìåæíîñòè, øàáëîí, ìàòðèöà ñìåæíîñòè ãðàôà, ðàçáèåíèå âåðøèí íà îðáèòû.

Îïðåäåëåíèÿ è ñâîéñòâà

Ïðèâåä¼ì ðàáî÷èå îïðåäåëåíèÿ, îñòàëüíûå îïðåäåëåíèÿ ìîæíî íàéòè â [1].

1Ðàáîòà ïîääåðæàíà ãðàíîì ÌÎÍ ÐÊ ¾Àëãîðèòìè÷åñêèå ïðîáëåìû àëãåáðàè÷åñêèõ ñèñòåì è àíàëèç ñëîæíîñòè
àëãîðèòìîâ¿ � 90-419-13
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Îïðåäåëåíèå 1. Äîïîëíåííûé ñïèñîê ñìåæíîñòè D(A) âåðøèíû A � äâå êîëîíêè èç ñòðîê

óïîðÿäî÷åííûõ ïî ïîðÿäêó óáûâàíèÿ êîëè÷åñòâà ñîñòàâëÿþùèõ èõ ìàðêåðîâ âåðøèí ãðàôà G.

Êàæäàÿ ñòðîêà ïåðâîé êîëîíêè ñîñòîèò èç íàáîðà ìàðêåðîâ âåðøèí, ãäå ïåðâûé ìàðêåð ýòî

ìàðêåð âåðøèíû èç îêðóæåíèÿ A â ãðàôå G (ïåðâûé ñòîëáåö òàáëèöû 2), çà ïåðâûì ìàðêåðîì

â ïîðÿäêå âîçðàñòàíèÿ çàïèñûâàþòñÿ ìàðêåðû âåðøèí èç îêðóæåíèÿ N(A) âåðøèíû A ñ êîòî-

ðûìè ñìåæíà âåðøèíà ñîîòâåòñòâóþùàÿ ïåðâîìó ìàðêåðó ñòðîêè â ãðàôå G (âòîðîé ñòîëáåö

òàáëèöû 2). Êàæäàÿ ñòðîêà âòîðîé êîëîíêè ñòðîèòñÿ òàêæå êàê è ñòðîêè ïåðâîé êîëîíêè,

äëÿ âåðøèíû A ãðàôà â äîïîëíèòåëüíîì ãðàôå G (òðåòèé ÷åòâåðòûé ñòîëáöû òàáëèöû 2).

D(A) ìîæíî ïðåäñòàâèòü ìàòðèöåé ñ max(deg(A), |V G|−deg(A)− 1) ñòðîêàìè è 4 ñòîëáöàìè,

îáúåäèí¼ííûìè â äâå êîëîíêè. Çäåñü è äàëåå deg(A) � ñòåïåíü âåðøèíû A, |V G| �� êîëè÷åñòâî
âåðøèí ãðàôà G.

Ïðèìåð 1. Ïîñòðîèì D(2) è D(6) (òàáë. 2) ãðàôà G7 (òàáë. 1).

Òàáëèöà 1 Òàáëèöà 2

Ìàòðèöà ñìåæíîñòè Îêðó- Ñìåæíîñòü Îêðóæå- Ñìåæíîñòü

1 2 3 4 5 6 7 � æåíèå îêðóæåíèÿ íèå âG7 îêðóæ. âG7

1 0 1 0 1 0 0 0 2 3 5 6 7

2 1 0 1 0 1 0 0 5 3 7 6

3 0 1 0 1 1 0 0 1 � 4 �

4 1 0 1 0 0 1 1 6 4 � 7 1,2,3

5 0 1 1 0 0 1 1 5 � 1 3,7

6 0 0 0 1 1 0 0 � � 3 1,7

7 0 0 0 1 1 0 0 � � 2 7

Çàìå÷àíèå 1. Ïðè ðàññìîòðåíèè äîïîëíèòåëüíîãî ãðàôà G ê ãðàôó G, äîïîëíåííûé ñïèñîê

ñìåæíîñòè D(A) âåðøèíû A â ãðàôå G ïîëó÷àåòñÿ èç äîïîëíåííîãî ñïèñêà ñìåæíîñòè D(A)

âåðøèíû A â ãðàôå G ïåðåñòàíîâêîé êîëîíîê.

Äëÿ ôèêñèðîâàííîé âåðøèíû A ñâÿçíîãî ãðàôà G âåëè÷èíà e(A), ðàâíàÿ ðàññòîÿíèþ äî

íàèáîëåå óäàë¼ííîé îò A âåðøèíû, íàçûâàåòñÿ ýêñöåíòðèñèòåòîì âåðøèíû A.

Çàìå÷àíèå 2. Äîêàçàíî [4], ÷òî äëÿ ëþáîé âåðøèíû å¼ ýêñöåíòðèñèòåò ðàâåí äâóì ëèáî â

ãðàôå G ëèáî â äîïîëíèòåëüíîì ãðàôå G, çíà÷èò èíôîðìàöèÿ, ñîäåðæàùàÿñÿ â äîïîëíåííûõ

ñïèñêàõ ñìåæíîñòè D(A) âåðøèí ãðàôà G ÿâëÿåòñÿ äîñòàòî÷íî ïîëíîé.

Ëåììà. Ïóñòü A è B äâå âåðøèíû ãðàôà G,

à) åñëè A ñìåæíà ñ B è â å¼ äîïîëíåííîì ñïèñêå ñìåæíîñòè â ñòîëáöå 2 â ñòðîêå íà÷èíàþùåé-

ñÿ ìàðêåðîì âåðøèíû B èìååòñÿ óïîðÿäî÷åííûé íàáîð S1, S2, . . . , Sk (k ≥ 0) ìàðêåðîâ âåðøèí

ãðàôà G, òîãäà ó âåðøèíû B â å¼ äîïîëíåííîì ñïèñêå ñìåæíîñòè â ñòîëáöå 2 â ñòðîêå íà÷è-

íàþùåéñÿ ìàðêåðîì âåðøèíû A ñòîèò òîò æå íàáîð S1, S2, . . . , Sk ìàðêåðîâ;

á) åñëè A íå ñìåæíà ñ B è â å¼ äîïîëíåííîì ñïèñêå ñìåæíîñòè â ñòîëáöå 4 â ñòðîêå íà÷è-

íàþùåéñÿ ìàðêåðîì âåðøèíû B èìååòñÿ óïîðÿäî÷åííûé íàáîð T1, T2, . . . , Tn (n ≥ 0) ìàðêåðîâ

âåðøèí ãðàôà G, òîãäà ó âåðøèíû B â å¼ äîïîëíåííîì ñïèñêå ñìåæíîñòè â ñòîëáöå 4 â ñòðîêå

íà÷èíàþùåéñÿ ìàðêåðîì âåðøèíû A ñòîèò òîò æå íàáîð T1, T2, . . . , Tn ìàðêåðîâ.

Äîêàçàòåëüñòâî. à) Ïóñòü âåðøèíû A è B ãðàôà G ñìåæíû. Îêðóæåíèå âåðøèíû A, N(A)

è îêðóæåíèå âåðøèíû B, N(B) èìåþò îáùèå âåðøèíû N(A) ∩ N(B) = {S1, S2, . . . , Sk} (k ≥ 0),

òîãäà â äîïîëíåííîì ñïèñêå ñìåæíîñòè âåðøèíû A â êîëîíêå 1 èìååòñÿ ñòðîêà B: S1, S2, . . . , Sk,
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à äëÿ âåðøèíû B â å¼ äîïîëíåííîì ñïèñêå ñìåæíîñòè îáÿçàòåëüíî èìååòñÿ òàêàÿ æå ñòðîêà äëÿ

A.

á) Ïóñòü âåðøèíû A è B ãðàôà G íå ñìåæíû, òîãäà îíè ñìåæíû â ãðàôå G. Äîïîëíåííûé

ñïèñîê ñìåæíîñòè ÿâëÿåòñÿ ñèììåòðè÷íîé ñòðóêòóðîé îòíîñèòåëüíî ãðàôà G è åãî äîïîëíåíèÿ

ãðàôà G. Ïîìåíÿâ ìåñòàìè êîëîíêó 1 ñ êîëîíêîé 2 â äîïîëíåííîì ñïèñêå ñìåæíîñòè âåðøèí A è

B ãðàôà G, ïîëó÷èì äîïîëíåííûé ñïèñîê ñìåæíîñòè ýòèõ æå âåðøèí â ãðàôå G. Ðàññìàòðèâàÿ

âåðøèíû A è B â ãðàôå G, ïðèõîäèì ê óæå äîêàçàííîìó ñëó÷àþ à).

Îïðåäåëåíèå 2. Øàáëîí äîïîëíåííîãî ñïèñêà ñìåæíîñòè D(A) âåðøèíû A �� äâà ñïèñêà

÷èñåë, óêàçûâàþùèõ êîëè÷åñòâà ìàðêåðîâ âåðøèí â ñîîòâåòñòâóþùèõ ñòðîêàõ îáîèõ ñòîëáöîâ

äîïîëíåííîãî ñïèñêà ñìåæíîñòè D(A) âåðøèíû A (ïðèìåð 2).

Î÷åâèäíî, åñëè âåðøèíû èç îäíîé îðáèòû, òî èõ øàáëîíû äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè

îäèíàêîâûå.

Äëÿ ïðîñòûõ ñëó÷àåâ, íàïðèìåð äëÿ ãðàôà G7, îäíî ëèøü ñðàâíåíèå øàáëîíîâ äîïîëíåííûõ

ñïèñêîâ ñìåæíîñòè óæå ðàçáèâàåò âñå âåðøèíû ãðàôà íà îðáèòû.

Ïðèìåð 2. Ïðîäîëæèì ðàññìàòðèâàòü ãðàô G7 (òàáëèöà 1). Ïîñòðîèì äëÿ âñåõ åãî âåðøèí

äîïîëíåííûå ñïèñêè ñìåæíîñòè, ïðåäñòàâèâ èõ â óäîáíîì äëÿ ðàññìîòðåíèÿ âèäå.

Âî âñåõ äîïîëíåííûõ ñïèñêàõ ñìåæíîñòè ïîäñ÷èòûâàåì êîëè÷åñòâà ñòðîê â ïåðâîì è âòîðîì

ñòîëáöàõ.

Îáúåäèíÿåì â íàáîðû âåðøèíû ñ îäèíàêîâûìè çíà÷åíèÿìè êîëè÷åñòâ ñòðîê â îáîèõ ñòîëáöàõ.

Â ïåðâûé íàáîð 1 � ñ 2 ñòðîêàìè ïåðâîãî ñòîëáöà è 4 ñòðîêàìè âòîðîãî ñòîëáöà ïîïàëî òðè

âåðøèíû {1;6;7}.

Âî âòîðîé íàáîð 2 � ñ 3 ñòðîêàìè ïåðâîãî ñòîëáöà è 3 ñòðîêàìè âòîðîãî ñòîëáöà ïîïàëî äâå

âåðøèíû {2;3}.

Â òðåòèé íàáîð 3 � ñ 4 ñòðîêàìè ïåðâîãî ñòîëáöà è 2 ñòðîêàìè âòîðîãî ñòîëáöà ïîïàëî äâå

âåðøèíû {4;5}.
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Âû÷èñëÿåì äëèíû ñòðîê ïåðâûõ ñòîëáöîâ âî âñåõ íàáîðàõ. Åñëè äëèíû ñòðîê íà ñîîòâåò-

ñòâóþùèõ ïîçèöèÿõ îäèíàêîâûå, òî âåðøèíû îñòàâëÿåì â ðàññìàòðèâàåìîì íàáîðå, åñëè ðàçíûå

îòíîñèì ê íîâîìó íàáîðó.

Îáúåäèíÿåì â íàáîðû âåðøèíû ñ îäèíàêîâûìè çíà÷åíèÿìè êîëè÷åñòâ ñòðîê â îáîèõ ñòîëáöàõ

è îäèíàêîâûìè äëèíàìè ñòðîê ïåðâûõ ñòîëáöîâ.

Ïîëó÷àåì ÷åòûðå íàáîðà âåðøèí ñ îäèíàêîâûìè çíà÷åíèÿìè êîëè÷åñòâ ñòðîê â îáîèõ ñòîëá-

öàõ è äëèí ñòðîê ïåðâîãî ñòîëáöà. Äâà ïåðâûõ: 1-(2{1;1},4)||{1;6;7}; 2-(3{2;2;1},3) ||{2;3};

Òðåòèé íàáîð 3, â êîòîðîì íàõîäèëèñü äâå âåðøèíû 4;5, ïîñëå ñðàâíåíèÿ äëèí ñòðîê ïåðâûõ

ñòîëáöîâ ðàñïàëñÿ íà äâà íàáîðà: 3-(4{1;1;1;1},2) ||{4}, 3-1-(4{2;2;1;1},2) ||{5}.

Âû÷èñëÿåì äëèíû ñòðîê âòîðûõ ñòîëáöîâ âî âñåõ íàáîðàõ. Åñëè äëèíû ñòðîê îäèíàêîâûå, òî

âåðøèíû îñòàâëÿåì â ðàññìàòðèâàåìîì íàáîðå, åñëè ðàçíûå, îòíîñèì ê íîâîìó íàáîðó.

Ïîëó÷àåì øåñòü íàáîðîâ âåðøèí ñ îäèíàêîâûìè çíà÷åíèÿìè êîëè÷åñòâ ñòðîê â îáîèõ ñòîëá-

öàõ è äëèí ñòðîê ïåðâîãî è âòîðîãî ñòîëáöîâ. Ïåðâûé íàáîð, â êîòîðîì íàõîäèëèñü òðè âåð-

øèíû {1;6;7}, ïîñëå ñðàâíåíèÿ äëèí ñòðîê âòîðûõ ñòîëáöîâ ðàñïàëñÿ íà äâà íàáîðà: 1-

(2{1;1},4{3;3;3;1})||{1}; 1-2-(2{1;1},4{4;3;3;2})||{6;7};
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Âòîðîé íàáîð, â êîòîðîì íàõîäèëèñü äâå âåðøèíû {2;3}, ïîñëå ñðàâíåíèÿ äëèí ñòðîê âòîðûõ

ñòîëáöîâ ðàñïàëñÿ íà äâà íàáîðà: 2-(3{2;2;1},3{2;2;1})||{2}; 2-2-(3{2;2;1},3{3;3;3})||{3};

Îñòàëüíûå íàáîðû íå èçìåíèëèñü: 3-(4{1;1;1;1},2{1;1})||{4}, 3-1-(4{2;2;1;1},2{1;1})||{5}.

Äëÿ âñåõ âåðøèí, ïîïàâøèõ â îäèí è òîò æå íàáîð, ñòðîèì øàáëîíû èõ äîïîëíåííûõ ñïèñêîâ

ñìåæíîñòè.

1: 2{1;1},4{3;3;3;1} 2: 3{2;2;1},3{2;2;1} 3: 3{2;2;1},3{3;3;3} 4: 4{1;1;1;1},2{1;1} 5:

4{2;2;1;1},2{1;1}

6: 7: 2{1;1},4{4;3;3;2}.

Ëèáî â êîìïàêòíîì âèäå: 1: {1;1},{3;3;3;1} 2: {2;2;1},{2;2;1} 3: {2;2;1},{3;3;3}

4: {1;1;1;1},{1;1} 5: {2;2;1;1},{1;1} 6: 7: {1;1},{4;3;3;2}.

Êàæäîìó ïîëó÷åííîìó íàáîðó âåðøèí ïðèñâàèâàåì íîìåð. Äàëåå òàêèå íàáîðû áóäåì íàçû-

âàòü êëàññàìè. Ìû ïîëó÷èì øåñòü íàáîðîâ âåðøèí � øåñòü êëàññîâ, êîòîðûì ìîæíî ïðèñâîèòü

íîìåðà îò 1 äî 6. �1:{1}, �2:{2}, �3:{3}, �4:{4}, �5:{5}, �6:{6,7}. Ïåðâûå ïÿòü êëàññîâ âåðøèí

ñîâïàäàþò ñ ïÿòüþ îðáèòàìè ãðàôà G7. Äëÿ âåðøèí 6 è 7, ïîïàâøèõ â øåñòîé êëàññ, ìû ïîêà

íå ìîæåì îäíîçíà÷íî ñêàçàòü, áóäóò ëè îíè îáå ñîñòàâëÿòü øåñòóþ îðáèòó ãðàôà, èëè îíè ïðè-

íàäëåæàò äâóì íîâûì îðáèòàì. Îòíîñèòåëüíî êàæäîé èç ýòèõ âåðøèí âñå îñòàëüíûå âåðøèíû

ãðàôà G7 äåëÿòñÿ íà âåðøèíû èç èõ îêðóæåíèÿ è âåðøèíû íå ñìåæíûå ñ íèìè. Äëÿ óòî÷íåíèÿ

êëàññà âåðøèí 6 è 7 îïðåäåëèì êëàññû âåðøèí (èç óæå âûäåëåííûõ) â îêðóæåíèè âåðøèí 6 è 7

è êëàññû âåðøèí íå ñìåæíûõ ñ íèìè.

Îïðåäåëåíèå 3. Èíäåêñèðîâàííûé äîïîëíåííûé ñïèñîê ñìåæíîñòè DI(A) âåðøèíû A ��

äîïîëíåííûé ñïèñîê ñìåæíîñòè D(A) âåðøèíû A c óêàçàíèåì â âåðõíèõ èíäåêñàõ ó ìàðêåðîâ

âåðøèí íîìåðîâ èõ êëàññîâ, ïîëó÷åííûõ ïîñëå ñðàâíåíèÿ øàáëîíîâ äîïîëíåííûõ ñïèñêîâ ñìåæ-

íîñòè âåðøèí (ðèñ. 1à) è 1â).

Îïðåäåëåíèå 4.Øàáëîí èíäåêñèðîâàííîãî äîïîëíåííîãî ñïèñêà ñìåæíîñòè DI(A) âåðøèíû

A �� èíäåêñèðîâàííûé äîïîëíåííûé ñïèñîê ñìåæíîñòè DI(A) âåðøèíû A áåç óêàçàíèÿ ìàðêåðîâ

âåðøèí (ïðèìåð 3, ðèñ. 1á) è 1ã).

Ïðèìåð 3. Ïðîäîëæèì ðàññìàòðèâàòü ãðàô G7 (òàáëèöà 1). Äëÿ âåðøèí 6 è 7, ïîïàâøèõ â

øåñòîé êëàññ, ìû òåïåðü ïîñòðîèì èíäåêñèðîâàííûå äîïîëíåííûå ñïèñêè ñìåæíîñòè è èõ øàá-

ëîíû. Èñïîëüçóåì ïîëó÷åííûå øåñòü êëàññîâ: �1:{1}, �2:{2}, �3:{3}, �4:{4}, �5:{5}, �6:{6,7}.

Ðèñóíîê 1� à), á), â), ã)

Ñðàâíèâàÿ øàáëîíû èíäåêñèðîâàííûõ äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè ýòèõ âåðøèí, ìû âè-

äèì, ÷òî îíè ñîâïàäàþò. Âåðøèíû 6 è 7 îòíîñèì ê îäíîé è òîé æå øåñòîé îðáèòå ãðàôà G7.

Â êîððåêòíîñòè ýòîãî ìîæíî óáåäèòüñÿ, çàìåòèâ, ÷òî îòîáðàæåíèå 1 7→ 1, 2 7→ 2, 3 7→ 3, 4 7→
4, 5 7→ 5, 6 7→ 7, 7 7→ 6 ÿâëÿåòñÿ àâòîìîðôèçìîì ãðàôà G7.
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Ïîñòðîåíèå ñïèñêîâ

Äîïîëíåííûé ñïèñîê ñìåæíîñòè âåðøèíû ãðàôà G ñòðîèì ïî ìàòðèöå ñìåæíîñòè, èñïîëüçóÿ

èíôîðìàöèþ ñ åäèíèöàìè äëÿ ïåðâîãî ñòîëáöà è ñ íóëÿìè äëÿ âòîðîãî ñòîëáöà (ïðèìåð 4).

Ïðèìåð 4. Äëÿ ïðèìåðà âîçüì¼ì ãðàô G9, çàäàííûé ìàòðèöåé ñìåæíîñòè (òàáë. 3).

Òàáëèöà 3

1 2 3 4 5 6 7 8 9

1 0 0 1 1 0 1 0 1 0

2 0 0 1 0 1 0 1 0 1

3 1 1 0 1 1 0 0 0 0

4 1 0 1 0 0 1 1 0 0

5 0 1 1 0 0 0 0 1 1

6 1 0 0 1 0 0 1 0 1

7 0 1 0 1 0 1 0 1 0

8 1 0 0 0 1 0 1 0 1

9 0 1 0 0 1 1 0 1 0

Äëÿ âåðøèíû 1 ñîñòàâèì äîïîëíåííûé ñïèñîê ñìåæíîñòè D(1). Äëÿ ïåðâîé êîëîíêè èñïîëü-

çóåì èíôîðìàöèþ ñ åäèíèöàìè èç ñòðîê ìàòðèöû ñìåæíîñòè ñ íîìåðàìè 1,3,4,6,8 (ðèñ. 2).

Ðèñóíîê 2

Äëÿ êîëîíêè 2 èñïîëüçóåì èíôîðìàöèþ ñ íóëÿìè èç ñòðîê ìàòðèöû ñìåæíîñòè ñ íîìåðàìè

1,2,5,7,9 (ðèñ. 3).

Ðèñóíîê 3

Îïèñàíèå àëãîðèòìà ðàçáèåíèÿ âåðøèí íà îðáèòû

Ðàññìîòðèì àëãîðèòì ðàçáèåíèÿ âåðøèí ãðàôà íà îðáèòû, èñïîëüçóþùèé äîïîëíåííûé ñïè-

ñîê ñìåæíîñòè è èíäåêñèðîâàííûé äîïîëíåííûé ñïèñîê ñìåæíîñòè âåðøèí.
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Äëÿ êàæäîé âåðøèíû Ai ñòðîèì äîïîëíåííûé ñïèñîê ñìåæíîñòè è åãî øàáëîí. Ïî àíàëèçó

øàáëîíîâ ïîëó÷åííûõ äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè ïðîâîäèòñÿ ïðåäâàðèòåëüíàÿ êëàññèôè-

êàöèÿ âåðøèí.

Ïî ïðåäâàðèòåëüíîìó ðàçáèåíèþ âåðøèí íà êëàññû ó ìàðêåðîâ êàæäîé âåðøèíû Ai â ýòèõ

äîïîëíåííûõ ñïèñêàõ ïðîñòàâëÿþòñÿ âåðõíèìè èíäåêñàìè íîìåðà âûäåëåííûõ êëàññîâ. Çàïèñû-

âàåì èíäåêñèðîâàííûå äîïîëíåííûå ñïèñêè ñìåæíîñòè è èõ øàáëîíû.

Ïðîâîäèòñÿ íîâàÿ êëàññèôèêàöèÿ ïî àíàëèçó ïîëó÷åííûõ øàáëîíîâ â äîïîëíåííûõ èíäåê-

ñèðîâàííûõ ñïèñêàõ ñìåæíîñòè âñåõ âåðøèí. Âåðøèíû ñ îäèíàêîâûìè øàáëîíàìè îòíîñÿò ê

îäíîìó êëàññó. Åñëè âåðøèíû, ðàíåå ïîïàâøèå â îäèí êëàññ, ïîëó÷èëè ïîñëå íîâîé êëàññèôèêà-

öèè ðàçíûå øàáëîíû, òî îíè ðàçáèâàþòñÿ íà íåñêîëüêî íîâûõ êëàññîâ. Îäèí èç íîâûõ êëàññîâ,

â êîòîðîì íàõîäÿòñÿ âåðøèíû ñ ìåíüøèìè íîìåðàìè, ¾íàñëåäóåò¿ ïðåæíèé íîìåð êëàññà, à

îñòàëüíûå ïîëó÷àþò íîìåðà íà åäèíèöó áîëüøå íàèáîëüøåãî ïîëó÷åííîãî íîìåðà. Åñëè íîâûõ

êëàññîâ íå îáíàðóæåíî, àëãîðèòì çàâåðøàåò ñâîþ ðàáîòó, èíà÷å ñòèðàþòñÿ ñòàðûå èíäåêñû, íà

èõ ìåñòî óñòàíàâëèâàþòñÿ íîâûå è âûïîëíÿåòñÿ íîâàÿ êëàññèôèêàöèÿ, è òàê äàëåå ïîêà íå áóäåò

îáíàðóæèâàòüñÿ íîâûõ êëàññîâ.

Îïèøåì àëãîðèòì ïî øàãàì.

Øàã 0. Äëÿ êàæäîé âåðøèíû âûïèñûâàåì äîïîëíåííûé ñïèñîê ñìåæíîñòè.

Øàã 1. Ïðåäâàðèòåëüíî êëàññèôèöèðóåì âåðøèíû.

� Âî âñåõ äîïîëíåííûõ ñïèñêàõ ñìåæíîñòè ïîäñ÷èòûâàåì êîëè÷åñòâà ñòðîê â ïåðâîì è âòîðîì

ñòîëáöàõ. Ðàñïðåäåëÿåì âåðøèíû ñ îäèíàêîâûìè çíà÷åíèÿìè êîëè÷åñòâ ñòðîê â îáîèõ ñòîëáöàõ

â ïåðâîíà÷àëüíûå íàáîðû.

� Âû÷èñëÿåì äëèíû ñòðîê ïåðâûõ ñòîëáöîâ âî âñåõ íàáîðàõ. Åñëè äëèíû ñòðîê íà ñîîòâåòñòâó-

þùèõ ïîçèöèÿõ îäèíàêîâûå, òî âåðøèíû îñòàâëÿåì â ðàññìàòðèâàåìîì íàáîðå, åñëè ðàçíûå îò-

íîñèì ê íîâîìó íàáîðó. Ïîëó÷àåì íàáîðû âåðøèí ñ îäèíàêîâûìè çíà÷åíèÿìè êîëè÷åñòâ ñòðîê â

îáîèõ ñòîëáöàõ è äëèí ñòðîê ïåðâîãî ñòîëáöà íà îäèíàêîâûõ ïîçèöèÿõ.

� Âû÷èñëÿåì äëèíû ñòðîê âòîðûõ ñòîëáöîâ âî âñåõ íàáîðàõ. Åñëè äëèíû ñòðîê íà ñîîòâåòñòâó-

þùèõ ïîçèöèÿõ îäèíàêîâûå, òî âåðøèíû îñòàâëÿåì â ðàññìàòðèâàåìîì íàáîðå, åñëè ðàçíûå,

îòíîñèì ê íîâîìó íàáîðó. Ïîëó÷àåì íàáîðû âåðøèí ñ îäèíàêîâûìè çíà÷åíèÿìè êîëè÷åñòâ ñòðîê

â îáîèõ ñòîëáöàõ è îäèíàêîâûìè äëèíàìè ñòðîê ïåðâîãî è âòîðîãî ñòîëáöîâ íà îäèíàêîâûõ ïî-

çèöèÿõ.

� Äëÿ âñåõ âåðøèí, ïîïàâøèõ â îäèí è òîò æå íàáîð, ñòðîèì øàáëîíû èõ äîïîëíåííûõ ñïèñêîâ

ñìåæíîñòè. Êàæäîìó ïîëó÷åííîìó íàáîðó âåðøèí ïðèñâàèâàåì íîìåð. Äàëåå òàêèå íàáîðû áó-

äåì íàçûâàòü êëàññàìè. Âåðøèíû ñ îäèíàêîâûìè øàáëîíàìè äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè
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îòíîñÿòñÿ ê îäíîìó êëàññó. Äîáàâèì ê èõ äîïîëíåííûì ñïèñêàì ñìåæíîñòè íîìåðà ïîëó÷åííûõ

êëàññîâ(íàïðèìåð, óêàçûâàÿ â êâàäðàòíûõ ñêîáêàõ ).

Øàã t + 2. Äëÿ êàæäîé âåðøèíû çàïèñûâàåì èíäåêñèðîâàííûé äîïîëíåííûé ñïèñîê ñìåæ-

íîñòè. Ïåðåõîäèì ê øàáëîíàì èíäåêñèðîâàííûõ äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè.

Øàã t + 3. Ïðîâîäèì êëàññèôèêàöèþ âåðøèí ïî ïîëó÷åííûì øàáëîíàì èíäåêñèðîâàííûõ

äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè, îòíîñÿ âåðøèíû ñ îäèíàêîâûìè øàáëîíàìè ê îäíîìó êëàññó.

Åñëè âåðøèíû, ðàíåå ïîïàâøèå â îäèí êëàññ, ïîëó÷èëè ïîñëå íîâîé êëàññèôèêàöèè ðàçíûå øàá-

ëîíû èíäåêñèðîâàííûõ äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè, òî îíè ðàçáèâàþòñÿ íà íåñêîëüêî íîâûõ

êëàññîâ. Îäèí èç íîâûõ êëàññîâ, â êîòîðîì íàõîäÿòñÿ âåðøèíû ñ ìåíüøèìè íîìåðàìè, ¾íàñëå-

äóåò¿ ïðåæíèé íîìåð êëàññà, à îñòàëüíûå ïîëó÷àþò íîìåðà íà åäèíèöó áîëüøå íàèáîëüøåãî

ïîëó÷åííîãî íîìåðà.

Øàã t+ 4. Ñîïîñòàâëÿåì äâå ïîñëåäíèå êëàññèôèêàöèè è åñëè îíè ñîâïàëè, àëãîðèòì çàêàí-

÷èâàåò ðàáîòó, èíà÷å ïåðåõîäèì ê øàãó t+ 2 è ïðîâîäèì íîâóþ êëàññèôèêàöèþ.

Ïîñëå ïåðâîíà÷àëüíîãî ðàçáèåíèÿ âåðøèí ïî øàáëîíàì äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè, ó

âåðøèí ïîïàâøèõ â îäèí êëàññ, îäèíàêîâûå øàáëîíû äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè, ó âåðøèí

ïîïàâøèõ â ðàçíûå êëàññû ðàçíûå øàáëîíû äîïîëíåííûõ ñïèñêîâ ñìåæíîñòè.

Âûâîäû

1. Âåðøèíû, ïîïàâøèå â ðàçíûå êëàññû ïîñëå îêîí÷àíèÿ ðàáîòû âûøåîïèñàííîãî àëãîðèòìà,

íå ìîãóò ïðèíàäëåæàòü îäíîé îðáèòå.

2. Âû÷èñëåíèÿìè âðó÷íóþ ïðîâåðåíî, ÷òî àëãîðèòì äà¼ò ïðàâèëüíîå ðàçáèåíèå âåðøèí íà îð-

áèòû äëÿ ãðàôîâ ïîðÿäêà n íå áîëåå 7. Ðàññìàòðèâàëèñü ãóñòûå (ïëîòíûå) ñâÿçíûå ãðàôû, ó

êîòîðûõ äîïîëíèòåëüíûå ãðàôû òîæå ñâÿçíû. Âñåãî áûëî ðàññìîòðåíî îêîëî 350 ãðàôîâ. Àëãî-

ðèòì ïîçâîëÿåò îïðåäåëÿòü èçîìîðôèçì ãðàôîâ ïî êîëè÷åñòâó ïîëó÷àåìûõ â ãðàôàõ îðáèò è

èõ ñîñòàâó.

3. Ïðè íàëè÷èè òîëüêî îäíîãî êëàññà, äîêàçàíî, ÷òî ãðàô ñ íå áîëåå ÷åì âîñüìüþ âåðøèíàìè

èìååò îäíó îðáèòó.

Ñïèñîê ëèòåðàòóðû
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Î ÂÛ×ÈÑËÈÌÛÕ ÏÎÄÃÐÓÏÏÀÕ ÃÐÓÏÏÛ ÓÍÈÒÐÅÓÃÎËÜÍÛÕ

ÌÀÒÐÈÖ ÍÀÄ ÏÎËÅÌ 1

Ì.Ê. Íóðèçèíîâ, Ð.Ê. Òþëþáåðãåíåâ, Í.Ã. Õèñàìèåâ

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà

Àííîòàöèÿ. Ãðóïïà G íàçûâàåòñÿ âû÷èñëèìîé, åñëè ñóùåñòâóåò íóìåðàöèÿ ν : ω → G òàêàÿ,

÷òî (G, ν) � êîíñòðóêòèâíàÿ ãðóïïà. Îñíîâíûìè ïðîáëåìàìè çäåñü ÿâëÿþòñÿ ïðîáëåìû ñóùå-

ñòâîâàíèÿ âû÷èñëèìîãî ïðåäñòàâëåíèÿ, åäèíñòâåííîñòè è ïðîäîëæåíèÿ òàêèõ ïðåäñòàâëåíèé.

Ïóñòü P � ïîëå ñòåïåíè m íàä Q õàðàêòåðèñòèêè 0, à UTn(P ) � ãðóïïà âñåõ óíèòðåóãîëüíûõ

ìàòðèö íàä P è ν � ãåäåëåâà íóìåðàöèÿ ãðóïïû UTn(P ), ò.å. äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà

n ∈ ω ýôôåêòèâíî îïðåäåëÿþòñÿ ýëåìåíòû ìàòðèöû νn. Â ðàáîòå ïîëó÷åí êðèòåðèé âû÷èñ-

ëèìîñòè ïîäãðóïïû ãðóïïû UTn(P ).

Êëþ÷åâûå ñëîâà: íóìåðàöèÿ, m-ñâîäèìîñòü, ãðóïïà êîíå÷íîé ðàçìåðíîñòè, öåíòðàëüíûé

ðÿä ãðóïïû, ãðóïïà óíèòðåóãîëüíûõ ìàòðèö, íèëüïîòåíòíàÿ ãðóïïà, ôàêòîðãðóïïà, ïîëå ñòå-

ïåíè n õàðàêòåðèñòèêè 0, êîíñòðóêòèâíàÿ(âû÷èñëèìàÿ) ãðóïïà, âû÷èñëèìî óñòîé÷èâàÿ ãðóï-

ïà, âû÷èñëèìîå ïîëå.

Ïóñòü ω � ìíîæåñòâî âñåõ íàòóðàëüíûõ ÷èñåë, G � íåêîòîðàÿ ãðóïïà è ν : ω → G îòîá-

ðàæåíèå ω íà G. Ïàðà (G, ν) íàçûâàåòñÿ êîíñòðóêòèâíîé ãðóïïîé, åñëè ñóùåñòâóåò àëãîðèòì,

êîòîðûé ïî ëþáûì íàòóðàëüíûì ÷èñëàì n, m è s îïðåäåëÿåò ñïðàâåäëèâîñòü ðàâåíñòâ νn = νm

è νn · νm = νs. Ãðóïïà G íàçûâàåòñÿ âû÷èñëèìîé (èëè êîíñòðóêòèâèçèðóåìîé), åñëè ñóùåñòâó-

åò íóìåðàöèÿ ν : ω → G ãðóïïû G òàêàÿ, ÷òî (G, ν) � êîíñòðóêòèâíàÿ ãðóïïà. Ïîäãðóïïà H

íóìåðîâàííîé ãðóïïû (G, ν) íàçûâàåòñÿ âû÷èñëèìîé (âû÷èñëèìî ïåðå÷èñëèìîé) â (G, ν) åñëè

ìíîæåñòâî ν−1H âû÷èñëèìî (âû÷èñëèìî ïåðå÷èñëèìî). Åñëè (G, ν) � êîíñòðóêòèâíàÿ ãðóïïà, òî

ν íàçûâàåòñÿ âû÷èñëèìîé íóìåðàöèåé ãðóïïû G. Îñíîâíûìè ïðîáëåìàìè çäåñü ÿâëÿþòñÿ ïðî-

áëåìû ñóùåñòâîâàíèÿ âû÷èñëèìîé íóìåðàöèè è åäèíñòâåííîñòè, ò.å. êàêèå ãðóïïû âû÷èñëèìû è

åñëè îíè âû÷èñëèìû, òî ñêîëüêî äîïóñêàþò íåàâòîýêâèâàëåíòíûõ âû÷èñëèìûõ íóìåðàöèé. Äàí-

íûå ïðîáëåìû áûëè èññëåäîâàíû À.È. Ìàëüöåâûì, Þ.Ë. Åðøîâûì, Ñ.Ñ. Ãîí÷àðîâûì, Ð. Äàóíè,

Äæ. Íàéò, À.Ñ. Ìîðîçîâûì, Â.Ï. Äîáðèöà, À.Ò. Íóðòàçèíûì, Í.Ã. Õèñàìèåâûì è äðóãèìè àâòî-

ðàìè.

Â ðàáîòå Â.À. Ðîìàíüêîâà, Í.Ã. Õèñàìèåâà [1] äîêàçàíî, ÷òî ãðóïïà UTn(K) âñåõ óíèòðåóãîëü-

íûõ ìàòðèö ñòåïåíè n ≥ 3 íàä êîììóòàòèâíûì àññîöèàòèâíûì êîëüöîì K ñ åäèíèöåé âû÷èñëèìà

òîãäà è òîëüêî òîãäà, êîãäà êîëüöî K âû÷èñëèìî. Â ðàáîòå [2] ýòèõ æå àâòîðîâ ïîñòðîåíî êîëüöî

K, êîòîðîå íå âû÷èñëèìî, à ãðóïïà UT2(K) âû÷èñëèìà.

Ïóñòü Q � àääèòèâíàÿ ãðóïïà ðàöèîíàëüíûõ ÷èñåë.

Â ðàáîòå [3] À.È. Ìàëüöåâûì äîêàçàíî, ÷òî ïîäãðóïïà G ≤ Qn âû÷èñëèìà òîãäà è òîëü-

êî òîãäà, êîãäà G � âû÷èñëèìî ïåðå÷èñëèìàÿ ïîäãðóïïà â (Qn, γ), ãäå γ � ãåäåëåâà íóìåðàöèÿ

ìíîæåñòâà n-îê ðàöèîíàëüíûõ ÷èñåë.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ ÌÎÍ ÐÊ, ãðàíòû (�0929/ÃÔÇ, �0726/ÃÔ)
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Â äàííîé ðàáîòå ïîëó÷åí êðèòåðèé âû÷èñëèìîñòè ïîäãðóïïû ãðóïïû âñåõ óíèòðåóãîëüíûõ

ìàòðèö UTn(P ) íàä ïîëåì ñòåïåíè n õàðàêòåðèñòèêè 0.

Ìû ïðèäåðæèâàåìñÿ òåðìèíîëîãèè è îáîçíà÷åíèÿ ïî êîíñòðóêòèâíûì ìîäåëÿì ìîíîãðàôèè

[4], ïî ãðóïïàì [5], à ïî òåîðèè ïîëåé [6].

Åñëè â àáåëåâîé ãðóïïå áåç êðó÷åíèÿ A ñóùåñòâóåò êîíå÷íàÿ ìàêñèìàëüíî ëèíåéíî íåçàâèñè-

ìàÿ ñèñòåìà ýëåìåíòîâ, òî áóäåì ãîâîðèòü, ÷òî ðàçìåðíîñòü ãðóïïû A êîíå÷íà.

Åñëè íèëüïîòåíòíàÿ ãðóïïà G áåç êðó÷åíèÿ èìååò öåíòðàëüíûé ðÿä âñå ôàêòîðû êîòîðîãî

àáåëåâû ãðóïïû êîíå÷íûõ ðàçìåðíîñòåé, òî G íàçûâàåòñÿ ãðóïïîé êîíå÷íîé ðàçìåðíîñòè.

ÒÅÎÐÅÌÀ 1. Ïóñòü (G, ν) � êîíñòðóêòèâíàÿ íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ êîíå÷íîé

ðàçìåðíîñòè è

e = G0 < G1 < . . . < Gn = G (1)

åå öåíòðàëüíûé ðÿä. Òîãäà Gi � âû÷èñëèìàÿ ïîäãðóïïà â (G, ν) äëÿ ëþáîãî i ≤ n. ÄÎÊÀÇÀ-

ÒÅËÜÑÒÂÎ ïðîâåäåì èíäóêöèåé ïî i. Äëÿ i = 0 ýòî î÷åâèäíî. Ïóñòü äëÿ i òåîðåìà äîêàçàíà

è

gk1, gk2, . . . , gkmk

òàêèå ýëåìåíòû èç G, ÷òî ïîñëåäîâàòåëüíîñòü

ḡk1, ḡk2, . . . , ḡkmk

ÿâëÿåòñÿ ìàêñèìàëüíî ëèíåéíî íåçàâèñèìîé ñèñòåìîé ýëåìåíòîâ ôàêòîðãðóïïû Ḡk = Gk/Gk−1,

0 < k ≤ n. Òàê êàê (1) öåíòðàëüíûé ðÿä ãðóïïû G, òî ñïðàâåäëèâà ýêâèâàëåíòíîñòü

g ∈ Gi+1 ⇔ gkj · g = g · gkj(modGi) (2)

ò.å. [gkj , g] ∈ Gi äëÿ ëþáûõ 0 < k ≤ n, 0 < j ≤ mk.

Ïóñòü ÷èñëà mkj ∈ ω òàêèå, ÷òî νmkj = gkj . Òîãäà ýêâèâàëåíòíîñòü (2) ðàâíîñèëüíà

s ∈ ν−1Gi+1 ⇔ [νmkj , νs] ∈ Gi, 0 < k ≤ n, 0 < j ≤ mk. (3)

Òàê êàê ïî ïðåäïîëîæåíèþ èíäóêöèè ïîäãðóïïà Gi âû÷èñëèìà â êîíñòðóêòèâíîé ãðóïïå

(G, ν), òî ïðàâàÿ ÷àñòü (3) ïðîâåðÿåòñÿ ýôôåêòèâíî. Îòñþäà ìíîæåñòâî ν−1Gi+1 âû÷èñëèìî,

ò.å. ïîäãðóïïà Gi+1 âû÷èñëèìà â (G, ν). Òåîðåìà äîêàçàíà.

ÑËÅÄÑÒÂÈÅ 1. Åñëè G � âû÷èñëèìàÿ íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ êîíå÷íîé ðàçìåð-

íîñòè, òî ôàêòîðû åå ëþáîãî öåíòðàëüíîãî ðÿäà âû÷èñëèìû.

Ïóñòü Q � ïîëå ðàöèîíàëüíûõ ÷èñåë, à P � ïîëå ñòåïåíè m íàä Q. Òîãäà ýëåìåíòàìè ïîëÿ P

ÿâëÿþòñÿ âñå ìíîãî÷ëåíû ñòåïåíè ìåíåå m. Îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ ïðîèçâîäèòñÿ ïî

ìîäóëþ íåêîòîðîãî íåïðèâîäèìîãî íàä Q ìíîãî÷ëåíà f(x) ñòåïåíè n. Äàííûé ìíîãî÷ëåí îïðå-

äåëÿåò ïîëå P îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîðôèçìà. Òîãäà ñóùåñòâóåò ãåäåëåâà íóìåðàöèÿ

γ ìíîæåñòâà âñåõ ìíîãî÷ëåíîâ èç ïîëÿ P , ò.å. ïî äàííîìó íàòóðàëüíîìó ÷èñëó n ∈ ω ýôôåêòèâ-

íî íàõîäèòñÿ ìíîãî÷ëåí γn è (P, γ) � êîíñòðóêòèâíîå ïîëå. Ïî íóìåðàöèè γ ìîæíî îïðåäåëèòü



Ìàòåìàòè÷åñêèå òåõíîëîãèè 221 ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp

ãåäåëåâó íóìåðàöèþ ν ãðóïïû UTn(P ) âñåõ óíèòðåóãîëüíûõ ìàòðèö íàä P , ò.å. ïî s ýôôåêòèâíî

íàõîäèòñÿ ìàòðèöà νs.

ÒÅÎÐÅÌÀ 2. Ïîäãðóïïà G ãðóïïû âñåõ óíèòðåóãîëüíûõ ìàòðèö UTn(P ) íàä ïîëåì ñòåïåíè

n > 0 õàðàêòåðèñòèêè 0 âû÷èñëèìà òîãäà è òîëüêî òîãäà, êîãäà G âû÷èñëèìî ïåðå÷èñëèìàÿ

ïîäãðóïïà â (UTn(P ), ν).

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Ïóñòü µ � íåêîòîðàÿ âû÷èñëèìàÿ íóìåðàöèÿ ãðóïïû G è

e = G0 < G1 < . . . < Gm = G

åå òàêîé öåíòðàëüíûé ðÿä, ÷òî ôàêòîðãðóïïû Ḡi = Gi/Gi−1 � àáåëåâû ãðóïïû êîíå÷íûõ ðàçìåð-

íîñòåé, 0 < i ≤ m. Ïî òåîðåìå 1 ìíîæåñòâà µ−1Gi � âû÷èñëèìûå ìíîæåñòâà. Ïóñòü

ḡi1, ḡi2, . . . , ḡimi

� ìàêñèìàëüíî ëèíåéíî íåçàâèñèìàÿ ñèñòåìà ýëåìåíòîâ ôàêòîðãðóïïû Ḡi. Â êàæäîì êëàññå ḡik
çàôèêñèðóåì ìàòðèöó Aik, 0 < k ≤ mi. Òàê êàê òàêèõ ìàòðèö êîíå÷íîå ÷èñëî, òî ìîæíî ñ÷èòàòü,

÷òî ýëåìåíòû ýòèõ ìàòðèö íàì èçâåñòíû.

Èíäóêöèåé ïî i äîêàæåì, ÷òî ïîäãðóïïû Gi âû÷èñëèìî ïåðå÷èñëèìû â (UTn(P ), ν) è ïî ëþ-

áîìó ÷èñëó s ∈ µ−1Gi ýôôåêòèâíî íàõîäèòñÿ ÷èñëî t òàêîå, ÷òî µs = νt. Äëÿ i = 0 ýòî î÷åâèäíî.

Äîïóñòèì äëÿ i ýòî äîêàçàíî, ò.å. ν−1Gi � âû÷èñëèìî ïåðå÷èñëèìîå ìíîæåñòâî íàòóðàëüíûõ ÷è-

ñåë è ñóùåñòâóåò ÷àñòè÷íî âû÷èñëèìàÿ ôóíêöèÿ fi òàêàÿ, ÷òî åå îáëàñòü îïðåäåëåíèÿ δfi = µ−1Gi

è äëÿ ëþáîãî k ∈ µ−1Gi âåðíî µk = νfi(k).

Èç îïðåäåëåíèÿ ìàòðèö Ai+1k, 0 < k ≤ mi+1 ñëåäóåò, ÷òî ñïðàâåäëèâî ñëåäóþùàÿ ýêâèâàëåíò-

íîñòü:

Äëÿ ëþáîãî k ∈ ω ýëåìåíò µk ïðèíàäëåæèò ïîäãðóïïå Gi+1 òîãäà è òîëüêî òîãäà, êîãäà

íàéäóòñÿ öåëûå ÷èñëà s, t, r1, r2, . . . , rmi+1 òàêèå, ÷òî

(µk)s = Ar1i+11 · . . . ·A
rmi+1

i+1mi+1
· µt, t ∈ µ−1Gi. (4)

Äîïóñòèì (4) ñïðàâåäëèâî. Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ µt = νfi(t). Òàê êàê ν � ãåäå-

ëåâà íóìåðàöèè ãðóïïû UTn(P ), òî ïî fi(t) ýôôåêòèâíî íàõîäèì ìàòðèöó B = νfi(t). Îòñþäà ïî

÷èñëàì r1, r2, . . . , rmi+1 ýôôåêòèâíî íàõîäèì ìàòðèöó

C = Ar1i+11 · . . . ·A
rmi+1

i+1mi+1
·B.

Òàê êàê UTn(P ) � íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ, òî â íåé èçâëå÷åíèå êîðíåé � îäíîçíà÷-

íàÿ îïåðàöèÿ. Ïîýòîìó ïî C ýôôåêòèâíî îïðåäåëÿåòñÿ ìàòðèöà D è ÷èñëî r òàêèå, ÷òî Ds = C,

νr = D. Îòñþäà è (4) ñëåäóåò, ÷òî ñóùåñòâóåò àëãîðèòì, êîòîðûé ïåðå÷èñëÿåò âñå ìàòðèöû èç

ïîäãðóïïû Gi+1 è ïî íîìåðó k ∈ µ−1Gi+1 ýôôåêòèâíî íàõîäèò òàêîå ÷èñëî r, ÷òî µk = νr ò.å.

èíäóêöèîííûé øàã äîêàçàí.

Òàêèì îáðàçîì Gn = G � âû÷èñëèìî ïåðå÷èñëèìàÿ ïîäãðóïïà â (UTn(P ), ν), ò.å. íåîáõîäè-

ìîñòü äîêàçàíà.

Äîñòàòî÷íîñòü ñëåäóåò èç òîãî, ÷òî âû÷èñëèìî ïåðå÷èñëèìàÿ ïîäãðóïïà êîíñòðóêòèâíîé ãðóï-

ïû âû÷èñëèìà. Òåîðåìà äîêàçàíà.



ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp 222 Ìàòåìàòè÷åñêèå òåõíîëîãèè

Ïóñòü ν1 è ν2 � äâå âû÷èñëèìûå íóìåðàöèè ãðóïïû G. Ãîâîðÿò, ÷òî ν1 m-ñâîäèòñÿ ê ν2, åñëè

ñóùåñòâóåò âû÷èñëèìàÿ ôóíêöèÿ f òàêàÿ, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n ñïðàâåäëèâî

ν1n = ν2f(n). Åñëè ëþáûå âû÷èñëèìûå íóìåðàöèè ν è µ m-ñâîäÿòñÿ äðóã ê äðóãó, òî ãðóïïà G

íàçûâàåòñÿ âû÷èñëèìî (ðåêóðñèâíî) óñòîé÷èâîé.

Èç äîêàçàòåëüñòâà òåîðåìû âûòåêàþò

ÑËÅÄÑÒÂÈÅ 2. ÅñëèG � âû÷èñëèìàÿ ïîäãðóïïà ãðóïïû UTn(P ) íàä ïîëåì êîíå÷íîé ñòåïåíè

õàðàêòåðèñòèêè 0, òî ëþáàÿ åå âû÷èñëèìàÿ íóìåðàöèÿ m-ñâîäèòñÿ ê ãåäåëåâîé íóìåðàöèè ν

ãðóïïû UTn(P ).

ÑËÅÄÑÒÂÈÅ 3. Ëþáàÿ âû÷èñëèìàÿ ïîäãðóïïà ãðóïïû UTn(P ) íàä ïîëåì êîíå÷íîé ñòåïåíè

õàðàêòåðèñòèêè 0 âû÷èñëèìî óñòîé÷èâà.

ÑËÅÄÑÒÂÈÅ 4. Äëÿ ëþáîãî íàòóðàëüíîãî n > 0 ïîäãðóïïà G ãðóïïû âñåõ óíèòðåóãîëü-

íûõ ìàòðèö UTn(Q) íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë âû÷èñëèìà òîãäà è òîëüêî òîãäà, êîãäà G

âû÷èñëèìî ïåðå÷èñëèìàÿ ïîäãðóïïà â (UTn(Q), ν), ãäå ν � ãåäåëåâà íóìåðàöèÿ ãðóïïû UTn(Q).

ÑËÅÄÑÒÂÈÅ 5. ÅñëèG � âû÷èñëèìàÿ ïîäãðóïïà ãðóïïû âñåõ óíèòðåóãîëüíûõ ìàòðèö UTn(Q),

n > 0 íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë, òî ëþáàÿ åå âû÷èñëèìàÿ íóìåðàöèÿm-ñâîäèòñÿ ê ãåäåëåâîé

íóìåðàöèè ãðóïïû UTn(Q).

ÑËÅÄÑÒÂÈÅ 6. Ëþáàÿ âû÷èñëèìàÿ ïîäãðóïïà ãðóïïû âñåõ óíèòðåóãîëüíûõ ìàòðèö UTn(Q),

n > 0 íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë âû÷èñëèìî óñòîé÷èâà.
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ÍÈËÜÏÎÒÅÍÒÍÛÕ ÃÐÓÏÏ 1

Â.À. Ðîìàíüêîâ1, Í.Ã. Õèñàìèåâ2

Îìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô.Ì. Äîñòîåâñêîãî1

Âîñòî÷íî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ä. Ñåðèêáàåâà2

Abstract. Algebraically and logically closed objects play a crucial role in modern algebra, theory

of models and mathematical logic. The substructure A ≤ B is called existentially closed in B if

and only if for any ∃ - statement ϕ(x1, ..., xn) with constants from A if ϕ(x1, ..., xn) is true in B

it is also true in A. In this paper we found a condition of existential closure of subgroups of free

nilpotent groups.

Keywords: free nilpotent group, degree of nilpotency, rank of group, existentially closed subgroup,

a free factor.

À­äàòïà. Àëãåáðàëû© æºíå ëîãèêàëû© ò´éû© íûñàíäàðäû­ ©àçiðãi çàìàí àëãåáðàñûíäà,

³ëãiëåð òåîðèÿñûíäà æºíå ìàòåìàòèêàëû© ëîãèêàäà àò©àðàòûí ð°ëi åðåêøå. A ≤ B iøêi

©´ðûëûì B-äà ýêçèñòåíöèàëäû ò´éû© äåï àòàëàäû ñîíäà æºíå òåê ñîíäà ¡àíà, åãåð A-äà¡û

êîíñòàíòàëàðìåí áåðiëãåí êåç êåëãåí ∃ - ñ°éëåì ϕ(x1, ..., xn) ³øií åãåð ϕ(x1, ..., xn) B-äà à©è©àò

áîëñà, îíäà îë A-äà äà à©è©àò áîëó øàðòû îðûíäàëñà. Æ´ìûñòà åðêií íèëüïîòåíòòi òîïòàð-

äû­ iøêi òîïòàðûíû­ ýêçèñòåíöèàëäû ò´éû© áîëó øàðòû àëûí¡àí.

Êiëòòiê ñ°çäåð: åðêií íèëüïîòåíòòi òîïòàð, íèëüïîòåíòòiëiê äºðåæåñi, òîïòàð ðàíãi, ýêçè-

ñòåíöèàëäû ò´éû© iøêi òîïòàð, åðêií ê°áåéòêiø.

Àííîòàöèÿ.Àëãåáðàè÷åñêè è ëîãè÷åñêè çàìêíóòûå îáúåêòû èãðàþò èñêëþ÷èòåëüíóþ ðîëü â

ñîâðåìåííîé àëãåáðå, òåîðèè ìîäåëåé è ìàòåìàòè÷åñêîé ëîãèêå. Ïîäñòðóêòóðà A ≤ B íàçûâà-

åòñÿ ýêçèñòåíöèàëüíî çàìêíóòîé â B òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ∃-ïðåäëîæåíèÿ
ϕ(x1, ..., xn) ñ êîíñòàíòàìè èç A, åñëè ϕ(x1, ..., xn) èñòèííî â B, òî îíà èñòèííà è â A. Â ðà-

áîòå ïîëó÷åíî óñëîâèå ýêçèñòåíöèàëüíîé çàìêíóòîñòè ïîäãðóïïû ñâîáîäíûõ íèëüïîòåíòíûõ

ãðóïï.

Êëþ÷åâûå ñëîâà: ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà, ñòóïåíü íèëüïîòåíòíîñòè, ðàíã ãðóïïû,

ýêçèñòåíöèàëüíî çàìêíóòàÿ ïîäãðóïïà, ñâîáîäíûé ìíîæèòåëü.

Àëãåáðàè÷åñêè è ëîãè÷åñêè çàìêíóòûå îáúåêòû èãðàþò èñêëþ÷èòåëüíî âàæíóþ ðîëü â ñî-

âðåìåííîé àëãåáðå è òåîðèè ìîäåëåé. Â íàñòîÿùåé ñòàòüå èññëåäóåòñÿ ïîíÿòèå ýêçèñòåíöèàëüíîé

çàìêíóòîñòè â ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïïàõ.

Ïóñòü K � êëàññ àëãåáðàè÷åñêèõ ñòðóêòóð ÿçûêà L. Ñòðóêòóðà A ∈ K íàçûâàåòñÿ àëãåá-

ðàè÷åñêè çàìêíóòîé â K òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ïîçèòèâíîãî ∃-ïðåäëîæåíèÿ
ϕ(x1, ..., xn) ÿçûêà L ñ êîíñòàíòàìè èç A, åñëè ϕ(x1, ..., xn) èñòèííî â íåêîòîðîé ñòðóêòóðå B ∈ K,
ñîäåðæàùåé A â êà÷åñòâå ïîäñòðóêòóðû, òî ϕ(x1, ..., xn) èñòèííî â A.

1Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè, ïðîåêòû
14.B37.21.0359/0859 è Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí ãðàíòû 0726/ÃÔ è 0929/ÃÔÇ.
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Îòíîñèòåëüíî îáùèõ ñâîéñòâ àëãåáðàè÷åñêè çàìêíóòûõ ñòðóêòóð ñì., íàïðèìåð, [1].

Èíòåðåñíûé ÷àñòíûé ñëó÷àé ïîíÿòèÿ àëãåáðàè÷åñêîé çàìêíóòîñòè âîçíèêàåò, êîãäà â êà÷å-

ñòâå êëàññà K áåðåòñÿ êëàññ sub(B) âñåõ ïîäñòðóêòóð äàííîé ñòðóêòóðû B. Áîëåå òîãî, åñëè â

êà÷åñòâå êëàññà K âçÿòü ïàðó {A,B}, ãäå A � ïîäñòðóêòóðà ñòðóêòóðû B, òî ìîæíî ãîâîðèòü îá

àëãåáðàè÷åñêîé çàìêíóòîñòè A â B. Àíàëîãè÷íàÿ òåðìèíîëîãèÿ èñïîëüçóåòñÿ äàëåå äëÿ äðóãèõ

ïîíÿòèé çàìêíóòîñòè.

Áîëåå îáùèì ïîíÿòèåì, ÷åì àëãåáðàè÷åñêàÿ çàìêíóòîñòü, ÿâëÿåòñÿ åñòåñòâåííîå ïîíÿòèå Φ-

àëãåáðàè÷åñêîé çàìêíóòîñòè ñòðóêòóðû A â êëàññå K, ãäå Φ � íåêîòîðûé êëàññ ïîçèòèâíûõ

ïðåäëîæåíèé ÿçûêà L.

Åñëè â ïðåäûäóùåì îïðåäåëåíèè â êà÷åñòâå Φ âçÿòü íå òîëüêî ïîçèòèâíûå, íî è ïðîèçâîëü-

íûå ∃-ïðåäëîæåíèÿ, òî ìû ïðèõîäèì ê ïîíÿòèþ Φ-ýêçèñòåíöèàëüíîé çàìêíóòîñòè ñèñòåìû A

â êëàññå K, èëè, ñîîòâåòñòâåííî, ê ïîíÿòèþ Φ−ýêçèñòåíöèàëüíîé çàìêíóòîñòè ïîäñèñòåìû A

â ñèñòåìå B. Åñëè Φ � ìíîæåñòâî âñåõ ∃-ïðåäëîæåíèé, òî ãîâîðèì îá ýêçèñòåíöèàëüíîé çàìêíó-

òîñòè, îïóñêàÿ Φ.

Ïóñòü òåïåðü L � ÿçûê òåîðåòèêî-ãðóïïîâîé ñèãíòóðû, K � íåêîòîðûé êëàññ ãðóïï. Â ýòîì

ñëó÷àå ïðèâåäåííûå âûøå ïîíÿòèÿ ìîãóò áûòü ïðåäñòàâëåíû â ÷èñòî àëãåáðàè÷åñêèõ òåðìèíàõ.

Äëÿ ãðóïï H è G ïèøåì H ≤ G, åñëè H � ïîäãðóïïà ãðóïïû G, è íàçûâàåì G ðàñøèðåíèåì

H. Ïîä óðàâíåíèåì w(x1, ..., xn) = 1 îò ïåðåìåííûõ (íåèçâåñòíûõ) x1, ..., xn ñ êîíñòàíòàìè èç

H ïîäðàçóìåâàåì óêàçàííîå âûðàæåíèå, â êîòîðîì w(x1, ..., xn) � ãðóïïîâîå ñëîâî îò x1, ..., xn è

ýëåìåíòîâ èç H. Ãîâîðèì, ÷òî óðàâíåíèå w(x1, ..., xn) = 1 èìååò ðåøåíèå (ðàçðåøèìî) â ãðóïïå

H, èëè, áîëåå îáùî, â ðàñøèðåíèè G ≥ H, åñëè ñóùåñòâóåò òàêîé íàáîð ýëåìåíòîâ g1, ..., gn ãðóï-

ïû G, ÷òî ïðè ïîäñòàíîâêå èõ âìåñòî ïåðåìåííûõ x1, ..., xn, ñîîòâåòñòâåííî, ïîëó÷àåòñÿ âåðíîå

ðàâåíñòâî w(g1, ..., gn) = 1. Åñòåñòâåíûì îáðàçîì ââîäÿòñÿ òàêæå ïîíÿòèÿ ñèñòåìû óðàâíåíèé è

ðåøåíèÿ ñèñòåìû óðàâíåíèé.

Ïîíÿòèÿ àëãåáðàè÷åñêîé è ýêçèñòåíöèàëüíîé çàìêíóòîñòè äëÿ ãðóïï ïåðåôîðìóëèðóþòñÿ ñëå-

äóþùèì îáðàçîì. Ïîäãðóïïà H ãðóïïû G àëãåáðàè÷åñêè çàìêíóòà, åñëè ëþáàÿ êîíå÷íàÿ ñèñòåìà

óðàâíåíèé ñ êîíñòàíòàìè èç H ðàçðåøèìà â G òîãäà è òîëüêî òîãäà, êîãäà îíà ðàçðåøèìà â H.

Ïîäãðóïïà H ýêçèñòåíöèàëüíî çàìêíóòà â ãðóïïå G, åñëè ëþáàÿ êîíå÷íàÿ ñèñòåìà óðàâíåíèé

è íåðàâåíñòâ ñ êîíñòàíòàìè èç H, èìåþùàÿ ðåøåíèå â ãðóïïå G, èìååò ðåøåíèå â ãðóïïå H.

Ãðóïïû, àëãåáðàè÷åñêè çàìêíóòûå â êëàññå âñåõ ãðóïï, ââåäåíû â ðàññìîòðåíèå Â.Ð. Ñêîòòîì

[2]. Ýòîò êëàññ ãðóïï èíòåíñèâíî èçó÷àëñÿ â 1970-80-å ãîäû. Ñì., íàïðèìåð, ñòàòüè Ìàêèíòàéðà

[3], Ýêëîôà è Ñàááàõà [4], Áåëåãðàäåêà [5,6], Çèãëåðà [7], êíèãè Õîäæåñà [1], Õèãìàíà è Ý. Ñêîòò

[8], îáçîð [9]. Â íàñòîÿùåå âðåìÿ èçâåñòåí ðÿä ðåçóëüòàòîâ îá àëãåáðàè÷åñêîé è ýêçèñòåíöèàëüíîé

çàìêíóòîñòè â ðàçëè÷íûõ êëàññàõ ãðóïï. Ñì. ïî ýòîìó ïîâîäó ñòàòüþ Áàóìñëàãà è Ëåâèíà [10],

îáçîðíóþ ñòàòüþ Ëåéíåíà [11]. Ñ äðóãîé ñòîðîíû, íå òàê ìíîãî èçâåñòíî îá àëãåáðàè÷åñêîé è

ýêçèñòåíöèàëüíîé çàìêíóòîñòè ïîäãðóïï â êîíêðåòíûõ ãðóïïàõ.

Â ðàáîòå Ìÿñíèêîâà è Ðîìàíüêîâà [12] ââåäåíî ïîíÿòèå âåðáàëüíîé çàìêíóòîñòè. Ýòî ñâîéñòâî

ôîðìàëüíî ÿâëÿåòñÿ áîëåå ñëàáûì, ÷åì ñâîéñòâî àëãåáðàè÷åñêîé çàìêíóòîñòè. Òåì íå ìåíåå, â

[12] äîêàçàíî, ÷òî ïîäãðóïïà H ñâîáîäíîé ãðóïïû F êîíå÷íîãî ðàíãà áóäåò âåðáàëüíî çàìêíóòîé

â òîì è òîëüêî òîì ñëó÷àå, åñëè H � ðåòðàêò ãðóïïû F. Îòñþäà ñëåäóåò, ÷òî ñâîéñòâà âåðáàëüíîé

çàìêíóòîñòè, àëãåáðàè÷åñêîé çàìêíóòîñòè è ñâîéñòâî "áûòü ðåòðàêòîì"äëÿ ïîäãðóïï ñâîáîäíîé

ãðóïïû êîíå÷íîãî ðàíãà ðàâíîñèëüíû.

Çäåñü ðàññìàòðèâàþòñÿ ñëó÷àè ñâîáîäíûõ ìíîæèòåëåé Nm,c îòíîñèòåëüíî ìíîãîîáðàçèÿ Nc
ïðè c ≥ 4. Äîêàçàíà ñëåäóþùàÿ
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ÒÅÎÐÅÌÀ 1. Ïîäãðóïïà N ñâîáîäíîé íèëüïîòåíòíîé ãðóïïû Nr,c ðàíãà r ≥ 3 ñòóïåíè íèëü-

ïîòåíòíîñòè c ≥ 3 ýêçèñòåíöèàëüíî çàìêíóòà â Nr,c òîãäà è òîëüêî òîãäà, êîãäà N ÿâëÿåòñÿ

ñâîáîäíûì ìíîæèòåëåì ãðóïïû Nr,c îòíîñèòåëüíî ìíîãîîáðàçèÿ Nc âñåõ íèëüïîòåíòíûõ ãðóïï

ñòóïåíè ≤ c, ñëåäîâàòåëüíî, N ' Nm,c, 1 ≤ m ≤ r, è m ≥ c− 1. Äëÿ c = 2 ïîñëåäíåå îãðàíè÷åíèå

ñëåäóåò çàìåíèòü íà m ≥ 2.

Çàìåòèì, ÷òî ýêçèñòåíöèàëüíî çàìêíóòûìè ïîäãðóïïàìè ñâîáîäíûõ àáåëåâûõ ãðóïï ÿâëÿþòñÿ

èõ ïðÿìûå ìíîæèòåëè.
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ÓÄÊ 681.5.015

ÐÅØÅÍÈÅ ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÎÄÍÎÌÅÐÍÎÉ

ÍÅÑÒÀÖÈÎÍÀÐÍÎÉ ÍÅËÈÍÅÉÍÎÉ ØÅÑÒÈÌÎÌÅÍÒÍÎÉ ÑÈÑÒÅÌÛ

ÓÐÀÂÍÅÍÈÉ ÁÎËÜÖÌÀÍÀ ÌÅÒÎÄÎÌ ÊÎÍÅ×ÍÛÕ ÐÀÇÍÎÑÒÅÉ

À. Ñàêàáåêîâ, Å. Àóæàíè

Êàçàõñòàíñêî-Áðèòàíñêèé Òåõíè÷åñêèé Óíèâåðñèòåò

Abstract. In the paper a numerical method for the one dimensional nonlinear non-stationary six-

moment system of the Boltzmann equations is introduced and results of numerical experiments are

presented.

Keywords: Boltzmann moment system equations, numerical methods.

À­äàòïà. Ìà©àëàäà áið °ëøåìäi ñûçû©ñûç ñòàöèîíàð åìåñ Áîëüöìàííû­ àëòû-ìîìåíòòi òå­-

äåóëåð æ³éåñi ³øií àë¡àø©û-øåòòiê åñåïòi ñàí òºñiëiìåí øåøó íºòèæåëåði êåëòiðiëãåí.

Êiëòòiê ñ°çäåð: Áîëüöìàí ìîìåíòòiê òå­äåóëåð æ³éåñi, ñàí òºñiëäåði.

Àííîòàöèÿ. Â ðàáîòå ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è

äëÿ îäíîìåðíîé íåñòàöèîíàðíîé íåëèíåéíîé øåñòèìîìåíòíîé ñèñòåìû óðàâíåíèé Áîëüöìàíà.

Êëþ÷åâûå ñëîâà: Ñèñòåìà ìîìåíòíûõ óðàâíåíèé Áîëüöìàíà, ÷èñëåííûå ìåòîäû.

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ îäíîìåðíîé íåñòàöèîíàðíîé íåëèíåéíîé øåñòèìî-

ìåíòíîé ñèñòåìû óðàâíåíèé Áîëüöìàíà ïðè ñëåäóþùèõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ [1]:

∂

∂t



ψ1

ψ2

ψ3

ψ4

ψ5

ψ6


+

1

α

∂

∂x



−2.3344ψ1

−ψ2

−0.7420ψ3

0.7420ψ4

ψ5

2.3344ψ6


=

=



0.3162J03 (ψ,ψ)− 0.3873J11 (ψ,ψ)− 0.5502J02 (ψ,ψ)

0.5477J03 (ψ,ψ) + 0.4472J11 (ψ,ψ)− 0.4082J02 (ψ,ψ)

0.3162J03 (ψ,ψ)− 0.3873J11 (ψ,ψ)− 0.1749J02 (ψ,ψ)

−0.3162J03 (ψ,ψ) + 0.3873J11 (ψ,ψ)− 0.1749J02 (ψ,ψ)

0.5477J03 (ψ,ψ) + 0.4472J11 (ψ,ψ) + 0.4082J02 (ψ,ψ)

−0.3162J03 (ψ,ψ) + 0.3873J11 (ψ,ψ)− 0.5502J02 (ψ,ψ)


,

x ∈ [−a, a], t > 0, (1)

ψi (0, x) = ψ0
i (x) , x ∈ [−a, a] , i = 1, 2, . . . , 6, (2)ψi (t,−a) = ψi (t, a) = 0, t > 0, i = 1, 2, . . . , 6, (2)

ãäå J03 (ψ,ψ) , J11 (ψ,ψ) , J02 (ψ,ψ)− êâàäðàòè÷íûå ôîðìû, ψ0
i (x) � çàäàííûå íà÷àëüíûå ôóíê-

öèè.
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Ðèñóíîê 1 Ìîìåíòû ôóíêöèè ðàñïðåäåëåíèÿ ïðè ãðàíè÷íûõ óñëîâèÿõ
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ÎÁÎÁÙÅÍÍÀß ÇÀÄÀ×À ÐÈÌÀÍÀ - ÃÈËÜÁÅÐÒÀ ÄËß

ÌÍÎÃÎÌÅÐÍÛÕ ÑÈÑÒÅÌ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Â

×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ

Æ.À. Òîêèáåòîâ, À.Á. Òóíãàòàðîâ, Ñ.Ç. Ñàïàêîâà

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü - Ôàðàáè, Êàçàõñòàí

Abstract. One way to construct an analogue of analytic functions of complex variables in the

multivariate case is a generalization of the Cauchy-Riemann.

This article proposes a mult-dimensional analogue of the Cauchy-Riemann using quaternions. The

experimental value problems for multidimensional analog of the Cauchy-Riemann considered the

�rst time, and obtained scienti�c results are theoretical and practical importance. Motivating factor

for this are numerous applications of the Riemann-Hilbert to current applied problems in the
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traditional (hydro - and aerodynamics, the theory of elasticity, etc.) and modern areas.

Keywords: di�erential equations of �rst order, the Cauchy- Riemann's system, Riemann- Hilbert's

problem, harmonically functions .

À­äàòïà. Êîøè - Ðèìàí øàðòòàðûí æàëïûëàó êîìïëåêñòi àéíûìàëû©à òºóåëäi àíàëèòè-

êàëû© ôóíêöèÿëàðäû­ ê°ï°ëøåìäi æàëïûëàìàñûí ©´ðóäû­ áið ºäiñi áîëûï òàáûëàäû. Á´ë

æ´ìûñòà Êîøè - Ðèìàí æ³éåñiíi­ ê°ï°ëøåìäi áàëàìàñû êâàòåðíèîíäàðäû­ ê°ìåãiìåí ©´ðû-

ë¡àí, ºði îñû æ³éå ³øií çåðòòåëãåí øåêàðàëû© åñåïòåð àë¡àø ðåò ©àðàñòûðûëûï îòûð, æ´ìûñ

íºòèæåñiíi­ òåîðèÿëû© æºíå ïðàêòèêàëû© ìà­ûçû æºíå ìºíäiëiãi ìîë, î¡àí íåãiçãi ºñåð åòóøi

ôàêòîð, á´ë Ðèìàí- Ãèëüáåðò åñåáiíi­ çàìàíàóè °çåêòi ìºñåëåëåðäi øåøóäå ê°ïòåï ©îëäàíóû

áîëûï òàáûëàäû.

Êiëòòiê ñ°çäåð: áiðiíøi ðåòòi äèôôåðåíöèàëüäû© òå­äåóëåð, Êîøè-Ðèìàí æ³éåñi, Ðèìàí-

Ãèëüáåðò åñåái, êâàòåðèîíäàð, ãàðìîíèêàëû© ôóíêöèÿëàð.

Àííîòàöèÿ. Îäíèì èç ñïîñîáîâ ïîñòðîåíèÿ àíàëîãà àíàëèòè÷åñêèõ ôóíêöèé êîìïëåêñíîé

ïåðåìåííîé â ìíîãîìåðíîì ñëó÷àå ÿâëÿåòñÿ îáîáùåíèå óñëîâèé Êîøè-Ðèìàíà. Â äàííîé ðà-

áîòå ïðåäëàãàåòñÿ ìíîãîìåðíûé àíàëîã ñèñòåìû Êîøè- Ðèìàíà ñ ïîìîùüþ êâàòåðíèîíîâ.

Èññëåäóåìûå êðàåâûå çàäà÷è äëÿ ìíîãîìåðíîãî àíàëîãà ñèñòåìû Êîøè- Ðèìàíà ðàññìîòðå-

íû âïåðâûå, è ïîëó÷åííûå íàó÷íûå ðåçóëüòàòû èìåþò òåîðåòè÷åñêèå è ïðèêëàäíûå çíà÷åíèÿ,

èññëåäîâàíû àíàëîãè çàäà÷è Ðèìàíà- Ãèëüáåðòà äëÿ ýòèõ ñèñòåì, êîòîðûå ñâîäÿòñÿ ê èçâåñò-

íîé çàäà÷å î íàêëîííîé ïðîèçâîäíîé äëÿ ãàðìîíè÷åñêèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà, ñèñòåìà Êîøè-Ðèìàíà,

çàäà÷à Ðèìàíà-Ãèëüáåðòà, êâàòåðíèîíû, ãàðìîíè÷åñêèå ôóíêöèé.

Êàê îòìå÷åíî â [1], îäíèì èç ñïîñîáîâ ïîñòðîåíèÿ àíàëîãà ãîëîìîðôíûõ ôóíêöèé êîìïëåêñ-

íîé ïåðåìåííîé â ìíîãîìåðíîì ñëó÷àå ÿâëÿåòñÿ îáîáùåíèå óñëîâèé Êîøè-Ðèìàíà. Ïî ëèòåðà-

òóðíûì ññûëêàì è ðåçóëüòàòàì äàííîãî èñòî÷íèêà èçâåñòíî, ÷òî íà ñåãîäíÿøíèé äåíü ñóùåñòâó-

åò ìíîãî òàêèõ îáîáùåíèé, íàïðèìåð ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé,

ÿâëÿþùàÿñÿ ÷åòûðåõìåðíûì îáîáùåíèåì ñèñòåìû Êîøè-Ðèìàíà è äëÿ êëàññà òàêèõ ñèñòåì èñ-

ñëåäîâàíû âîçìîæíîñòè ïîñòàíîâêè íåòåðåâûõ êðàåâûõ çàäà÷. Â R4 ñèñòåìó äèôôåðåíöèàëüíûõ

óðàâíåíèé âèäà

TU =

4∑
j=1

Bj
∂U

∂xj
= 0 (1)

ãäå Bj , j = 1, 2, 3, 4, ïîñòîÿííûå êîìïëåêñíûå ìàòðèöû ðàçìåðíîñòè � 2×2, U = (u, ϑ) � èñêîìûé

âåêòîð-ñòîëáåö èç êîìïëåêñíîçíà÷íûõ ôóíêöèé u = u(x), ϑ = ϑ(x), x = (x1, x2, x3, x4) ∈ R4 íà-

çûâàþò ÷åòûðåõìåðíûì àíàëîãîì ñèñòåìû Êîøè-Ðèìàíà, åñëè êîìïîíåíòû u è v äëÿ êàæäîãî

åå ðåøåíèÿ U ÿâëÿþòñÿ ãàðìîíè÷åñêèìè ôóíêöèÿìè. Â äàííîé ðàáîòå ïðîâåäåíà ãîìîòîïè÷å-

ñêàÿ êëàññèôèêàöèÿ òàêèõ ñèñòåì. Ïîñòàíîâêà äåéñòâèòåëüíûõ ãðàíè÷íûõ óñëîâèé äëÿ ðåøåíèé

ñèñòåìû (1) äåëàåò öåëåñîîáðàçíûì çàìåíó ñèñòåìû (1) íà ýêâèâàëåíòíóþ åé ñèñòåìå ÷åòûðåõ

äåéñòâèòåëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè. Â äàëüíåéøåì

îáîçíà÷èì ÷åðåç U = (u1, u2, u3, u4) îáîçíà÷èì âåêòîð-ñòîëáåö, ñîñòàâëåííûé èç äåéñòâèòåëüíûõ

è ìíèìûõ ÷àñòåé êîìïîíåíòîâ ðåøåíèÿ U èñõîäíîé ñèñòåìû (1):

u1 = Reu, u2 = Imu, u3 = Reϑ, u4 = Imϑ.
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Òàêèì îáðàçîì, ïðîâåäåííîé ãîìîòîïè÷åñêîé êëàññèôèêàöèåé îâåùåñòâëåííûé âàðèàíò ñè-

ñòåìû (1) êàíîíè÷åñêîãî âèäà çàïèñûâàåì â òîì æå âèäå (1), íî òåïåðü óæå ñ ìàòðèöàìè:

B1 = E, B2 =

(
K θ

θ L

)
, B3 =

(
K θ

ρN θ

)
, B4 =

(
θ R

ρS θ

)
, K =

(
0 1

−1 0

)
,

L =

(
0 −1

1 0

)
, M =

(
b1 −b2
b2 b1

)
, N =

(
−b1 −b2
b2 −b1

)
, R =

(
−b2 −b1
b1 −b2

)
,

S =

(
b2 −b1
b1 −b2

)
, θ =

(
0 0

0 0

) (2)

ãäå E � åäèíè÷íàÿ ìàòðèöà ÷åòâåðòîãî ïîðÿäêà, b = b1 + ib2, ρ = ρ(b21 + b22)−1.

Ïîä ïîíÿòèåì ðåãóëÿðèçèðóåìîñòüþ êðàåâîé çàäà÷è ìû ïîíèìàåì âûïîíåíèå íåîáõîäèìîãî

è äîñòàòî÷íîãî óñëîâèÿ íåòåðîâîñòè äëÿ îïåðàòîðà, îòâå÷àþùåãî ýòîé çàäà÷å è äåéñòâóåùåãî â

îïðåäåëåííûõ áàíàõîâûõ ïðîñòðàíñòâàõ. Â [2], [3] ïîêàçàíû, ÷òî ñèñòåìà òèïà (1), êîãäà ìàòðèöû

èìåþò âèä (2), íå èìåþò íè îäíîé ðåãóëÿðèçèðóåìîé êðàåâîé çàäà÷è íè â êàêîé îãðàíè÷åííîé

îáëàñòè â R4.

Ñèñòåìà (1) ñ ìàòðèöàìè (2) â ðàñêðûòîì âèäå çàïèøåòñÿ òàê:

u1x1
+ u2x2

+ ρb1u3x3
− ρb2u4x3

− ρb2u3x4
− ρb1u4x4

= 0,

u2x1
− u1x2

+ ρb2u3x3
+ ρb1u4x3

+ ρb1u3x4
− ρb2u4x4

= 0,

u3x1
− u4x2

− ρb1u1x3
− ρb2u2x3

+ ρb2u1x4
− ρb1u2x4

= 0,

u4x1
+ u3x2

+ ρb2u1x3
− ρb1u2x3

+ ρb1u1x4
+ ρb2u2x4

= 0.

(3)

Åñëè â ýòîé ñèñòåìå ïîëîæèì b1 = 1, b2 = 0 è ñ÷èòàåì, ÷òî uj (j = 1, 2, 3, 4) íå çàâèñÿò îò x4,

òî ïîëó÷àåòñÿ ñèñòåìà Ìîéñèëà- Òåîäîðåñêî [4], [5]:

u1x1
+ u2x2

+ u4x3
= 0,

u2x1
− u1x2

+ u4x3
= 0,

u3x1
− u4x2

− u1x3
= 0,

u4x1
+ u3x2

+ u2x3
= 0.

(4)

ÿâëÿþùåéñÿ åñòåñòâåííûì òðåõìåðíûì (îáîáùåííûì) àíàëîãîì ñèñòåìû Êîøè-Ðèìàíà. Ðåøåíèÿ

ýòîé ñèñòåìû â ëèòåðàòóðå íàçûâàþòñÿ ãîëîìîðôíûìè âåêòîðàìè. Åñëè b1 = 1, b2 = 0, íî uj
(j = 1, 2, 3, 4) ÿâëÿþòñÿ ôóíêöèÿìè âñåõ ÷åòûðåõ x = (x1, x2, x3, x4) àðãóìåíòîâ, òî ïîëó÷àåòñÿ

ñèñòåìà, âñòðå÷àþùåéñÿ â òåîðèè ãîëîìîðôíîãî êâàòåðíèîíà:

u1x4
+ u4x1

+ u3x2
− u2x3

= 0,

u2x4
− u3x1

+ u4x2
+ u1x3

= 0,

u3x4
+ u2x1

− u1x2
+ u4x3

= 0,

u4x4
− u1x1

− u2x2
− u3x3

= 0.

(5)

Òåïåðü ïîñòðîèì îáùåå ïðåäñòàâëåíèå ðåøåíèÿ ñèñòåìû (3) ÷åðåç ïðîèçâîäíûå ãàðìîíè÷åñêèõ

ôóíêöèé. Äëÿ ýòîãî â ðàññìîòðåíèå ââåäåì äâå íåçàâèñèìûå êîìïëåêñíûå ïåðåìåííûå è äâå

êîìïëåêñíûå èñêîìûå ïåðåìåííûå

ξ = x1 + ix2, η = x3 + ix4,
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à òàêæå êîìïëåêñíûå èñêîìûå ôóíêöèè

U = u1 + iu2, V = u3 + iu4,

Òîãäà ñèñòåìó (3) ìîæíî çàïèñàòü â âèäå

∂U

∂ξ
+ ρb

∂V

∂η
= 0, −ρb∂U

∂η
+
∂V

∂ξ
= 0, (6)

ãäå
∂

∂ξ
=

1

2

(
∂

∂x1
− ∂

∂x2

)
,

∂

∂ξ
=

1

2

(
∂

∂x1
+

∂

∂x2

)
.

∂

∂η
=

1

2

(
∂

∂x3
+

∂

∂x4

)
,

∂

∂η
=

1

2

(
∂

∂x3
− ∂

∂x4

)
.

Åñëè

ϕ = ϕ(ξ, ξ, η, η)

ãàðìîíè÷åñêàÿ ôóíêöèÿ îòíîñèòåëüíî âñåõ ÷åòûðåõ àðãóìåíòîâ, òî îáùåå ðåøåíèå âòîðîãî óðàâ-

íåíèÿ ñèñòåìû (6) äàåòñÿ ôîðìóëàìè

U = b
∂ϕ

∂ξ
, V =

∂ϕ

∂η
(7)

Ïîäñòàâëÿÿ ýòèõ ôîðìóë (7) â ïåðâîå óðàâíåíèå ñèñòåìû (6), äëÿ êîìïëåêñíîé ôóíêöèè

ϕ(x1+ix2, x1−ix2, x3+ix4, x3−ix4) ïîëó÷èì óðàâíåíèå

∂2ϕ

∂ξ∂ξ
+

∂2ϕ

∂η∂η
= 0.

Ëåâàÿ ÷àñòü ýòîãî óðàâíåíèÿ ðàâíÿåòñÿ 4−1∆ϕ ñëåäîâàòåëüíî, äëÿ òîãî ÷òîáû ôîðìóëû (7)

ïðåäñòàâëÿëè îáùåå ðåøåíèå ñèñòåìû (6) ôóíêöèÿ ϕ äîëæíà èìåòü âèä

ϕ(x1, x2, x3, x4) = σ(x1, x2, x3, x4) + iω(x1, x2, x3, x4),

ãäå σ è ω ïðîèçâîëüíûå âåùåñòâåííûå ãàðìîíè÷åñêèå ôóíêöèè.

Èç ôîðìóë (7) îòäåëÿÿ äåéñòâèòåëüíûå è ìíèìûå ÷àñòè, ïîëó÷èì ïðåäñòàâëåíèÿ ðåøåíèÿ

ñèñòåìû (3) ÷åðåç ïðîèçâîäíûå ãàðìîíè÷åñêèõ ôóíêöèé σ è ω :

u1 = b1(σx1 − ωx2)− b2(ωx1 + σx2), u3 = σx3 + ωx4 ,

u2 = b1(ωx1 + σx2) + b2(σx1 − ωx2), u4 = ωx3 + σx4 .
(8)

Åñëè ñ÷èòàòü, ÷òî ðåøåíèÿ íå çàâèñÿò îò x4, òî èç ýòîãî æå ïðåäñòàâëåíèÿ ìîæíî ëåãêî

âûâåñòè ïðåäñòàâëåíèå ðåøåíèé ÷åðåç ãàðìîíè÷åñêèå ôóíêöèè ñèñòåìû:

u1x1
+ u2x2

+ ρb1u3x3
− ρb2u4x3

= 0,

u2x1
− u1x2

+ ρb2u3x3
+ ρb1u4x3

= 0,

u3x1
− u4x2

− ρb1u1x3
− ρb2u2x3

= 0,

u4x1
+ u3x2

+ ρb2u1x3
− ρb1u2x3

= 0.

(9)
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â âèäå
u1 − b1(σx1 − ωx2)− b2(ωx1 + σx2), u3 = σx3 ,

u2 − b1(ωx1 + σx2) + b2(σx1 − ωx2), u4 = ωx3 .
(10)

Êàê îòìå÷åíî âûøå, ïðè b1 = 1, b2 = 0 èç ñèñòåìû (9) ïîëó÷èì èçâåñòíóþ ñèñòåìó Ìîéñèëà -

Òåîäàðåñêó (4), ðåøåíèå êîòîðîé èìååò ñëåäóþùåå ïðåäñòàâëåíèå ÷åðåç ãàðìîíè÷åñêèå ôóíêöèè

σ è ω :
u1 = σx1 − ωx2 , u2 − ωx1 + σx2 ,

u3 = σx3 u4 = ωx3 .
(11)

Òàêèì îáðàçîì, èñõîäÿ èç îáùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà

â ÷åòûðåõìåðíîì ïðîñòðàíñòâå, ìû ïîñòðîèì ñàìóþ îáùóþ ñèñòåìó, ÿâëÿþùåéñÿ îáîáùåíèåì

ñèñòåì Êîøè - Ðèìàíà è Ìîéñèëà - Òåîäîðåñêî. Íà ñàìîì äåëå âñå ðåøåíèÿ ñèñòåìû, óêàçàííûå

âûøå (3), (4), (5), (9) ÿâëÿþòñÿ ãàðìîíè÷åñêèìè ôóíêöèÿìè . Òåïåðü ðàññìîòðèì àíàëîã çàäà÷è

Ðèìàíà - Ãèëüáåðòà äëÿ ñèñòåìû (9):

Òðåáóåòñÿ íàéòè ðåãóëÿðíîå â îáëàñòè D ðåøåíèå ñèñòåìû (9) U = (u1, u2, u3, u4), óäîâëÿòâî-

ðÿþùåå íà ãðàíèöå Γ îáëàñòè D óñëîâèÿì

αju1 + βju2 + γju3 + δju4 = fj , j = 1, 2, (12)

ãäå αj , βj , γj , δj , fj � çàäàííûå íà Γ ôóíêöèé.

Ýòà çàäà÷à ñâîäèòñÿ ê çàäà÷å î íàêëîííîé ïðîèçâîäíîé äëÿ ãàðìîíè÷åñêèõ ôóíêöèé ñ ïîìî-

ùüþ ïðåäñòàâëåíèÿ (10):

(Aj∇σ) + (Bj∇ω) = fj , j = 1, 2, ∇ =

(
∂

∂x1
,
∂

∂x2
,
∂

∂x3

)
, (13)

ãäå

Aj = (αjb1 + βjb2 − αjb2 + βjb1, γj), Bj = (βjb1 − αjb2 − αjb1 − βjb2, δj).

Òî÷íî òàêæå àíàëîã çàäà÷è Ðèìàíà - Ãèëüáåðòà (12) äëÿ ñèñòåìû (3) ñâîäèòñÿ ê çàäà÷å î íàêëîí-

íûé ïðîèçâîäíîé äëÿ ãàðìîíè÷åñêèõ ôóíêöèé ñ ïîìîùüþ ïðåäñòàâëåíèÿ (8):

(Cj∇σ) + (Dj∇ω) = fj , j = 1, 2, (14)

ãäå ∇ ≡ grad =

(
∂

∂x1
,
∂

∂x2
,
∂

∂x3
,
∂

∂x4

)
, Cj = (αjb1 +βjb2−αjb2 +βjb1, γj−δj), Dj = (βjb1−αjb2−

αjb1 − βjb2, δj , γj).

Åñëè â (12) ïîëîæèì

α1 = b1(b21 + b22), α2 = −b2(b21 + b22),

β1 = b2(b21 + b22), β2 = −b1(b21 + b22),
(15)

à îñòàëüíûõ êîýôôèöèåíòîâ áåðåì ðàâíûìè íóëþ, òî ãðàíè÷íûå óñëîâèÿ (13) ïðèíèìàþò âèä:

σx1 − ωx2 = f1, σx2 + ωx1 = f2 íà Γ. (16)

Ïóñòü îáëàñòü, îãðàíè÷åííàÿ ãðàíèöåé Γ, ÿâëÿåòñÿ ïîëóïðîñòðàíñòâîì E : {x3 > 0}, à êîýô-
ôèöèåíòû αj , βj â óñëîâèé îïðåäåëÿþòñÿ ïî (15) è δj , γj , j = 1, 2, ðàâíû íóëþ. Òîãäà óñëîâèÿ



ÒÅÕÍÈ×ÅÑÊÈÅ ÍÀÓÊÈp 232 Ìàòåìàòè÷åñêèå òåõíîëîãèè

(13) ïåðåõîäÿò â (16):

(σx1 − ωx2)|x3=0 = f1, (σx2 + ωx1)|x3=0 = f2.

Òåïåðü ðàññìîòðèì ðåãóëÿðíûå â ïîëóïðîñòðàíñòâå ãàðìîíè÷åñêèå ôóíêöèè F1 è F2, ñîâïà-

äàþùèå ïðè x3 = 0 ñ f1 è f2 ñîîòâåòñòâåííî. Ñëåäîâàòåëüíî, ôóíêöèé σ è ω îïðåäåëÿþòñÿ èç

íåîäíîðîäíîé ñèñòåìû Êîøè-Ðèìàíà

∂w

∂τ
= F (τ, x3), (17)

ãäå
∂

∂τ
=

1

2

(
∂

∂x1
+ i

∂

∂x2

)
, τ = x1 + ix2, ϕ(x1, x2, x3) = σ(x1, x2, x3) + iω(x1, x2, x3),

à F (τ, x3) = f(x1, x2, x3) � ãàðìîíè÷åñêàÿ ôóíêöèÿ, òàêàÿ, ÷òî

F (x1, x2, x3)|x3=0 = f1(x1, x2) + if2(x1, x2).

Òîãäà ìû ìîæåì ïðåäñòàâèòü F (x1, x2, x3) ÷åðåç ôóíêöèé f1 è f2 :

F (x1, x2, x3) = Γ

(
3

2

)
π

−3

2 x3

∫
y3=0

f1(y1, y2) + if1(y1, y2)

2∑
i=1

[(yi − xi)2 + x2
3]

3

2

dy1dy2 (18)

Òàêèì îáðàçîì, â ïîëóïðîñòðàíñòâå E = {x3 > 0} â êëàññå ñòðåìÿùèõñÿ ê íóëþ íà áåñêîíå÷íîñòè

ôóíêöèé σ è ω îïðåäåëÿåòñÿ ôîðìóëîé [7]

σ + iω = − 1

π

∫ +∞∫
−∞

F (ξ1, ξ2, x3)

ζ − τ
dξ1dη1 , ζ = ξ1 + iη1, τ = x1 + ix2. (19)

Åñëè

α1 = β1 = α2 = β2 = γ2 = δ1 = 0, à γ1 = δ2 = 1,

òî ãðàíè÷íûå óñëîâèÿ (12) ïðèíèìàþò ïðîñòîé âèä [7]:

σx3 = f1, ωx3 = f2 íà Γ

è â êëàññå ñòðåìÿùèõñÿ ê íóëþ íà áåñêîíå÷íîñòè ôóíêöèé σ è ω âûïèñûâàþòñÿ ÿâíî [7]

σ =
1

2π

∫ +∞∫
−∞

f1(y1, y2)dy1dy2√
(x1 − y1)2 + (x2 − y2)2 + x2

3

,

ω =
1

2π

∫ +∞∫
−∞

f2(y1, y2)dy1dy2√
(x1 − y1)2 + (x2 − y2)2 + x2

3

,

Ïðè÷åì ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè f1 è f2 òàêæå ñòðåìÿòñÿ ê íóëþ íà áåñêîíå÷íîñòè.

Ïóñòü � ïîëóïðîñòðàíñòâî x5 > 0 â ïÿòèìåðíîì ïðîñòðàíñòâåR5 ïåðåìåííûõ (x1, x2, x3, x4, x5),

Γ = ∂H = {x5 = 0}. Â H ðàññìîòðèì ñèñòåìó óðàâíåíèé ïåðâîãî ïîðÿäêà, îòíîñèòåëüíî äâóõ
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êâàòåðíèîííûõ ôóíêöèé (U, V ) = (u1 + iu2+ +ju3 + ku4, u5 + iu6 + ju7 + ku8)
∂U

∂x5
+ b∂V = 0,

−ρb ∂U +
∂V

∂x5
= 0,

(20)

ãäå b = b1 + ib2 + jb3 + kb4, b = b1 − ib2 − jb3 − kb4, ∂ =
∂

∂x1
+ i

∂

∂x2
+ j

∂

∂x3
+ k

∂

∂x4
, ∂ =

∂

∂x1
− i ∂

∂x2
− j ∂

∂x3
− k ∂

∂x4
, bl (l = 1, 2, 3, 4) � äåéñòâèòåëüíûå ÷èñëà, ρ = (b21 + b22 + b23 + b24)−1

ïðè÷åì ij = k, ki = j, kj = i, i2 = j2k2 = −1.

Â ýòîé ñèñòåìå êàæäàÿ èç u1, u2, . . . , u8 ÿâëÿåòñÿ ãàðìîíè÷åñêîé ôóíêöèåé. Åñëè â ðàññìîò-

ðåíèå ââåäåì êâàòåðíèîííóþ ãàðìîíè÷åñêóþ ôóíêöèþ îò x = (x1, x2, x3, x4, x5) :

ϕ(x1, x2, x3, x4, x5) = ϕ1(x) + iϕ2(x) + jϕ3(x) + kϕ4(x),

(ãäå âñå ϕl(x) ÿâëÿþòñÿ ãàðìîíè÷åñêèìè ôóíêöèÿìè), òî ðåøåíèå ñèñòåìû (20) èìååò ñëåäóþùåå

ïðåäñòàâëåíèå ÷åðåç ïðîèçâîäíûå ãàðìîíè÷åñêèõ ôóíêöèé ϕl(x), l = 1, 2, 3, 4 :

u1 =
∂ϕ1

∂x5
, u2 =

∂ϕ2

∂x5
, u3 =

∂ϕ3

∂x5
, u4 =

∂ϕ4

∂x5
,

u5 = ρ(b1m1 + b2m2 + b3m3 + b4m4),

u6 = ρ(b1m2 − b2m1 − b3m4 − b4m3),

u7 = ρ(b1m3 + b2m4 − b3m1 − b4m2),

u5 = ρ(b1m4 − b2m3 + b3m2 − b4m1).

(21)

ãäå

m1 =
∂ϕ1

∂x1
+
∂ϕ2

∂x2
+
∂ϕ3

∂x3
+
∂ϕ4

∂x4
, m2 =

∂ϕ2

∂x1
− ∂ϕ1

∂x2
+
∂ϕ4

∂x3
− ∂ϕ3

∂x4
,

m3 =
∂ϕ3

∂x1
+
∂ϕ4

∂x2
− ∂ϕ1

∂x3
− ∂ϕ2

∂x4
, m4 =

∂ϕ4

∂x1
− ∂ϕ3

∂x2
+
∂ϕ2

∂x3
− ∂ϕ1

∂x4
,

Äëÿ ñèñòåìû (20) ïîñòàâèì çàäà÷ó Ðèìàíà-Ãèëüáåðòà î íàõîæäåíèè ðåãóëÿðíîãî â ïîëóïðî-

ñòðàíñòâå H ≡ {x5 > 0} ðåøåíèÿ W = (U, V ) = (u1, u2, . . . , u8), óäîâëåòâîðÿþùåãî íà ãðàíèöå

Γ ≡ {x5 = 0} óñëîâèÿì
8∑
l=1

almul = fm, m = 1, 8, (22)

ãäå alm, fm, (l = 1, 8; m = 1, 4) � çàäàííûå íà Γ ôóíêöèè. Ñ ïîìîùüþ ïðåäñòàâëåíèÿ (21) ýòà

çàäà÷à ñâîäèòñÿ, ê çàäà÷å î íàêëîííîé ïðîèçâîäíîé äëÿ ãàðìîíè÷åñêèõ ôóíêöèé

4∑
s=1

(αsr,∆ϕr) = fr, r = 1, 2, 3, 4, (23)

ãäå αsr âïîëíå îïðåäåëåííûå âåêòîðû, ÿâëÿþùèåñÿ êîìáèíàöèåé αlm è bl. Íàïðèìåð
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α11 = (α,−β, δ, γ, a11), α21 = (β, α, γ, δ, a21),

α31 = (−δ,−γ, α,−β, a31), α41 = (γ,−δ, β, α, a41),

α = ρ(a51b1 − a61b2 − a71b3 − a81b4),

β = ρ(a51b2 + a61b1 − a71b4 + a81b3),

γ = ρ(a51b4 + a61b3 + a71b2 + a81b1),

δ = ρ(−a51b3 + a61b4 − a71b1 − a81b2),

Êàê èçâåñòíî, â [5] îòìå÷åíû ïðîáëåìû, âîçíèêàþùèå ïðè ðàññìîòðåíèè çàäà÷è î íàêëîííîé

ïðîèçâîäíîé äëÿ ãàðìîíè÷åñêèõ ôóíêöèé. Ýòè òðóäíîñòè èìåþò ìåñòî è çäåñü. Îäíàêî çàäà÷ó

ìîæíî ðàññìîòðåòü äëÿ ðåãóëÿðíûõ â ïðîèçâîëüíîé îáëàñòè ãàðìîíè÷åñêèõ ôóíêöèé ñ ïîñòîÿí-

íûìè êîýôôèöèåíòàìè. Â ÷àñòíîñòè, ïîäáèðàÿ bs, s = 1, 4 è αsr òàê, ÷òîáû êîìïîíåíòû âåêòîðîâ

αsr áûëè ñïåöèàëüíîãî âèäà, à èìåííî (23) èìåëî âèä:

∂ϕ1

∂x5
= f1,

∂ϕ2

∂x5
= f2,

∂ϕ3

∂x5
= f3,

∂ϕ4

∂x5
= f4, íà Γ, (24)

÷òî çàäà÷à ðàñïàäàåòñÿ íà ÷åòûðå çàäà÷è î íàêëîííîé ïðîèçâîäíîé. Èññëåäóÿ åå êàê çàäà÷ó

Ðèìàíà-Ãèëüáåðòà äëÿ (5), â ïîëóïðîñòðàíñòâå x5 > 0, ïîñòðîèì ðåøåíèå ñòðåìÿùèåñÿ ê íóëþ

íà áåñêîíå÷íîñòè, ïðè ïðåäïîëîæåíèè, ÷òî ôóíêöèè fl (l = 1, 2, 3, 4) ñòðåìÿòñÿ òàêæå ê íóëþ íà

áåñêîíå÷íîñòè:

ϕl(x) =
1

2π

+∞∫
−∞

. . .

+∞∫
−∞

fl(z)dz1dz2dz3dz4√
4∑
i=1

(xi − zi)2 + x2
5

, l = 1, 2, 3, 4. (25)

Ïîäñòàâëÿÿ (25) â (21), íàõîäèì ðåøåíèå çàäà÷è (20), (22) è îíî åäèíñòâåííî.

Òàêèì îáðàçîì, â ýòîì ñëó÷àå çàäà÷à(23) âñåãäà ðàçðåøèìà â êëàññå ñòðåìÿùèõñÿ ê íóëþ

íà áåñêîíå÷íîñòè ôóíêöèé è èìååò åäèíñòâåííîå ðåøåíèå, ñëåäóåò îòìåòèòü, ÷òî ãàðìîíè÷åñêàÿ

ôóíêöèÿ íà áåñêîíå÷íîñòè ñòðåìèòñÿ ê íóëþ â ïðîñòðàíñòâå ðàçìåðíîñòè n ≥ 3.
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ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÐÀÑÑÌÎÒÐÅÍÈÅ ÍÅÊÎÒÎÐÛÕ ÀÊÒÓÀËÜÍÛÕ

ÏÐÎÁËÅÌ ÒÅÎÐÈÈ È ÏÐÀÊÒÈÊÈ ÍÅËÈÍÅÉÍÎÉ ÌÅÕÀÍÈÊÈ

À.Í. Òþðåõîäæàåâ

Êàçàõñêèé íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ê.È. Ñàòïàåâà, Àëìàòû, Êàçàõñòàí

Abstract. The construction of the analytical solutions of nonlinear problems has unconditional

priority on the qualitative and numerical considerations. In Department of Theoretical and Applied

Mechanics of the Kazakh National Technical University for the past three decades the several

analytical methods for solving actual problems of mechanics are constructed. This is the so-called

kappa-method of study of elastic wave propagations in the presence of the nonlinear mechanism of

energy dissipation. There are also e�ective method of partial discretization of nonlinear di�erential

equations built by the author. With this method are obtained solutions of the nonlinear dynamical

systems of di�erential L. Euler' equations for the motion of an axially symmetric rigid body with

a �xed point. Both of these methods are based on the theory of generalized functions.

Also of interest is indirect operator method for solving linear and nonlinear equations with variable

coe�cients.

Keywords: nonlinear mechanics, Euler equations, nonlinear di�erential equations.

À­äàòïà. Ñàïàëû© æºíå ñàíäû© ©àðàñòûðóëàð êåçiíäå ñûçû©òû© åìåñ åñåïòåðäi­ àíàëèòèêà-

ëû© øåøiìií àëóäû­ åðåêøå àðòû©øûëû¡û áàð. �àçà© ´ëòòû© òåõíèêàëû© óíèâåðñèòåòiíi­

òåîðèÿëû© æºíå ©îëäàíáàëû ìåõàíèêà êàôåäðàñûíäà ñî­¡û ³ø îíæûëäû©òà ìåõàíèêàíû­

°çåêòi ©îëäàíáàëû åñåïòåðií øåøóäi­ áiðíåøå àíàëèòèêàëû© ºäiñòåði ò´ð¡ûçûëäû. Îë ñåð-

ïiìäi òîë©ûíäàðäû­ òàðàëóûí, ñîíûìåí ©àòàð êîíòàêòiëiê ©´ð¡à© ³éêåëiñ ñèÿ©òû ýíåðãèÿ

äèññèïàöèÿñûíû­ ñûçû©òû© åìåñ ìåõàíèçìi áîë¡àíäà¡û ñóáãàðìîíèêàëû© æºíå ñóïåðãàð-

ìîíèêàëû© òîë©ûíäàðäû çåðòòåóäi­ êàïïà-ºäiñi. Æºíå äå àâòîð ò´ð¡ûç¡àí ñûçû©òû© åìåñ

äèôôåðåíöèàëäû© òå­äåóëåðäi iøiíàðà äèñêðåòèçàöèÿëàó ºäiñi äå òèiìäi áîëûï òàáûëàäû.

Ñî­¡û ºäiñòi­ ê°ìåãiìåí í³êòåñi áåêiòiëãåí îñüêå ©àòûñòû ñèììåòðèÿëû ©àòòû äåíå ©îç¡àëû-

ñû ³ùií Ë. Ýéëåðäi­ äèôôåðåíöèàëäû© òå­äåóëåðiíi­ ñûçû©òû© åìåñ äèíàìèêàëû© æ³éåñiíi­

øåøiìäåði àëûíäû. Á´ë åêi ºäiñ òå æàëïûëàí¡àí ôóíêöèÿ òåîðèÿñûíà íåãiçäåëãåí.

Ñîíûìåí ©àòàð êîýôôèöèåíòòåði àéíûìàëû ñûçû©òû© åìåñ æºíå ñûçû©òû© äèôôåðåíöèàë-

äû© òå­äåóëåðäi øåøóäi­ òóðà åìåñ îïåðàòîðëû© ºäiñi äå êûçû¡óøûëû© òóäûðàäû. Êîýô-

ôèöèåíòòåði àéíûìàëû ñûçû©òû© äèôôåðåíöèàëäû© òå­äåóëåðäi­ àíàëèòèêàëû© øåøiìií
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ò´ð¡ûçó ³øií ñûçû©òû© åìåñ ìàòåìàòèêàíû­ àïïàðàòûí ©îñà ©îëäàíó ©àæåò åêåíäiãi åñ-

êåðiëåäi.

Êiëòòiê ñ°çäåð: ñûçû©òû åìåñ ìåõàíèêà, Ýéëåð òå­äåói, ñûçû©òû© åìåñ äèôôåðåíöèàëäû©

òå­äåóëåð.

Àííîòàöèÿ. Ïîñòðîåíèå àíàëèòè÷åñêîãî ðåøåíèÿ íåëèíåéíûõ çàäà÷ èìååò áåçóñëîâíîå ïðå-

èìóùåñòâî ïåðåä êà÷åñòâåííûìè è ÷èñëåííûìè ðàññìîòðåíèÿìè. Íà êàôåäðå Òåîðåòè÷åñêîé

è Ïðèêëàäíîé ìåõàíèêè Êàçàõñêîãî Íàöèîíàëüíîãî Òåõíè÷åñêîãî óíèâåðñèòåòà çà ïîñëåäíèå

òðè äåñÿòèëåòèÿ ïîñòðîåíû íåñêîëüêî àíàëèòè÷åñêèõ ìåòîäîâ ðåøåíèÿ àêòóàëüíûõ ïðèêëàä-

íûõ çàäà÷ ìåõàíèêè. Ýòî, òàê íàçûâàåìûé, êàïïà-ìåòîä èññëåäîâàíèÿ ðàñïðîñòðàíåíèÿ óïðó-

ãèõ âîëí, â òîì ÷èñëå, ñóáãàðìîíè÷åñêèõ è ñóïåðãàðìîíè÷åñêèõ âîëí ïðè íàëè÷èè íåëèíåéíîãî

ìåõàíèçìà äèññèïàöèè ýíåðãèè, êàêèì ÿâëÿþòñÿ êîíòàêòíîå ñóõîå òðåíèå.

Ýôôåêòèâíûì ÿâëÿþòñÿ òàêæå ìåòîä ÷àñòè÷íîé äèñêðåòèçàöèè íåëèíåéíûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé, ïîñòðîåííûé àâòîðîì ñòàòüè. Ïðè ïîìîùè ïîñëåäíåãî ïîëó÷åíû ðåøåíèÿ

íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé Ë. Ýéëåðà äëÿ äâèæåíèÿ

îñåñèììåòðè÷íîãî òâåðäîãî òåëà ñ çàêðåïëåííîé òî÷êîé. Îáà ýòè ìåòîäà îñíîâûâàåòñÿ íà

òåîðèè îáîáùåííûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ ìåõàíèêà, óðàâíåíèÿ Ýéëåðà, íåëèíåéíûå äèôôåðåíöèàëü-

íûå óðàâíåíèÿ.

Èíòåðåñ ïðåäñòàâëÿåò òàêæå íåïðÿìîé îïåðàòîðíûé ìåòîä ðåøåíèÿ íåëèíåéíûõ è ëèíåéíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Çàìåòèì, ÷òî äëÿ ïîñòðîåíèÿ

àíàëèòè÷åñêîãî ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåí-

òàìè òàêæå òðåáóåòñÿ ïðèâëå÷åíèå àïïàðàòà íåëèíåéíîé ìàòåìàòèêè.

Ðàññìîòðèì ðÿä ïðèêëàäíûõ ïðîáëåì.

Ðàñïðîñòðàíåíèå ñóáãàðìîíè÷åñêèõ âîëí ïðè íàëè÷èè íåëèíåéíîãî

ìåõàíèçìà äèññèïàöèè ýíåðãèè

Ïðîáëåìà äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ ìåõàíè÷åñêèõ ñèñòåì ïðè íàëè÷èè íåëèíåéíîãî

ìåõàíèçìà äèññèïàöèè ýíåðãèè, ïðåäñòàâëÿåò ñóùåñòâåííûé èíòåðåñ äëÿ òåîðèè è ïðàêòèêè íåëè-

íåéíîé ìåõàíèêè. Â îáùåì ñëó÷àå ñèñòåìû ñ êîíòàêòíûì ñóõèì òðåíèåì � ýòî ñëîèñòûå ñðåäû,

â êîòîðûõ â ïðîöåññàõ íàãðóæåíèÿ ïîÿâëÿåòñÿ ÷àñòè÷íîå èëè ïîëíîå ïðîñêàëüçûâàíèå ìåæäó

ñëîÿìè.

Â êà÷åñòâå ïðèìåðîâ äåôîðìèðóåìûõ ñèñòåì, äëÿ êîòîðûõ ôðèêöèîííûé êîíòàêò èãðàåò âàæ-

íóþ ðîëü, ìîæíî óêàçàòü íà âçàèìîäåéñòâèå áóðèëüíûõ êîëîíí ñ ãðóíòîì â íåôòåïðîìûñëîâîì

äåëå; íà ôóíêöèîíèðîâàíèå ðàçëè÷íûõ ïîäçåìíûõ ñîîðóæåíèé â ñòðîèòåëüíîì äåëå; îïîëçàíèå

ãîðíûõ ïîðîä è ñíåæíûõ ìàññèâîâ; âçàèìîäåéñòâèå ïðè ñîóäàðåíèè ðàçëè÷íûõ òåë ñ ìåìáðàíàìè

è íèòÿìè; ðàáîòó êîìïîçèòíûõ ìàòåðèàëîâ è äð. Ïîäîáíûå ñèòóàöèè âîçíèêàþò â ñåéñìîãåííûõ

ïðîöåññàõ, ñòàáèëèçàòîðàõ ðàêåò, ýëåêòðîòåõíèêå, àâòîðåãóëèðîâàíèè è ò.ä. Â òàêîì êëàññå çàäà÷

ñèëà ñóõîãî òðåíèÿ ÿâëÿåòñÿ ðàñïðåäåëåííîé. Äîñòàòî÷íî øèðîê êðóã çàäà÷ î âçàèìîäåéñòâèè

äåôîðìèðóåìûõ òåë, äëÿ êîòîðûõ îáëàñòü êîíòàêòà ëîêàëèçîâàíà èëè ñîñðåäîòî÷åíà. Ïðèìåðà-

ìè ìîãóò ñëóæèòü ïàíåëè, ñîåäèíåííûå âíàõëåñò â ñàìîëåòîñòðîåíèè, ëåíòî÷íûå è ïëàñòèí÷àòûå

êîíâåéåðû íà ðîëèêîîïîðàõ, ñèñòåìà âàë - âòóëêà, øàðíèðíûå è äðóãèå ñîåäèíåíèÿ â ðîáîòîòåõ-

íèêå.
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Òàêîãî ðîäà çàäà÷è ñâîäÿòñÿ ê ðàññìîòðåíèþ íåëèíåéíîé ñèñòåìû óðàâíåíèé ãèïåðáîëè÷åñêî-

ãî òèïà, îïèñûâàþùåé íåëèíåéíûé âîëíîâîé ïðîöåññ, íàïðèìåð, â ñòåðæíå ïðè íàëè÷èè ñóõîãî

òðåíèÿ ïî áîêîâîé ïîâåðõíîñòè:

∂σ

∂x
=

1

ρ

∂υ

∂t
+ χ

(
υ/ |υ| , ∂υ/∂t

/
|∂υ/∂t|

)
· q,

∂σ

∂t
= E

∂υ

∂x
, (1)

ãäå σ � íàïðÿæåíèå, v = ∂u
∂t � ñêîðîñòü, q � âåëè÷èíà, ïðîïîðöèîíàëüíàÿ òðåíèþ, a � ñêîðîñòü

ðàñïðîñòðàíåíèÿ âîëíû, E � ìîäóëü óïðóãîñòè.

Âàæíûì ìîìåíòîì ÿâëÿåòñÿ îïðåäåëåíèå âûðàæåíèÿ íåëèíåéíîãî äèññèïàòèâíîãî ÷ëåíà χ,

ñâÿçàííîãî ñ ñóõèì òðåíèåì è, ïðåäñòàâëÿþùåãî íåëèíåéíóþ ôóíêöèþ, ïðåòåðïåâàþùóþ ðàç-

ðûâû â îáëàñòÿõ, ãäå ñêîðîñòü îáðàùàåòñÿ â íîëü. Ïðè ýòîì ñàìî çíà÷åíèå ñèëû òðåíèÿ â ýòèõ

îáëàñòÿõ ïîäëåæèò îïðåäåëåíèþ è ðåøåíèþ îòäåëüíîé çàäà÷è. Äèññèïàòèâíûé ÷ëåí òàê æå ñó-

ùåñòâåííî çàâèñèò îò ãðàíè÷íûõ è íà÷àëüíûõ óñëîâèé, à òàê æå çàêîíà ñóõîãî òðåíèÿ. Òàêèì

îáðàçîì, ñóõîå òðåíèå ÿâëÿåòñÿ ñëîæíîé ôóíêöèåé. Â ðàáîòå ðàññìàòðèâàåòñÿ èäåàëèçèðîâàííûé

çàêîí ñóõîãî òðåíèÿ Êóëîíà. È äàæå â ýòîì ñëó÷àå âñå ñëîæíîñòè íåëèíåéíîñòè ïîëíîñòüþ ñîõðà-

íÿþòñÿ. Ðåøåíèå òàêîãî ðîäà çàäà÷ ñâÿçàíî ñ îïðåäåëåíèåì ñîâîêóïíîñòè îáëàñòåé çàâèñèìîñòè

ðåøåíèÿ, íà ãðàíèöàõ êîòîðûõ ðåøåíèÿ òåðïÿò ñêà÷îê. Äëÿ ïîñòðîåíèÿ ðåøåíèé â ýòèõ îáëàñòÿõ

âîçíèêàåò íåîáõîäèìîñòü îïðåäåëåíèÿ çíàêîâ ñêîðîñòè, êîòîðûå îïðåäåëÿþòñÿ ïðè ïîìîùè òàê

íàçûâàåìîãî ìåòîäà êàïïà-ôóíêöèè äîêëàä÷èêà.

Äëÿ ñòåðæíÿ ñ ñóõèì òðåíèåì, êîëåáàíèÿ êîòîðîãî îïèñûâàþòñÿ ñèñòåìîé (1), âûáåðåì ãðà-

íè÷íûå è íà÷àëüíûå óñëîâèÿ. Â íà÷àëüíûé ìîìåíò âðåìåíè ñòåðæåíü ïðèìåì ïîêîÿùèìñÿ è

íåíàïðÿæåííûì:

t = 0 : υ = 0 , σ = 0, (2)

Êîíåö ñòåðæíÿ x = ` çàäåëàí, à íà êîíöå x = 0 ïðèëîæåíî ïåðèîäè÷åñêîå íàïðÿæåíèå, â

ôîðìå ïðÿìîóãîëüíîãî êîñèíóñà ñ ÷àñòîòîé â ïÿòü ðàç áîëüøåé ÷àñòîòû ñîáñòâåííûõ êîëåáàíèé

ñèñòåìû (ðèñóíîê 1):

σ(0, t) = σ0

{
H(t)− 2

∞∑
k=0

(−1)kH(t− 2
k

5
`/a)

}
, (3)

ãäå, H(z) � åäèíè÷íàÿ ôóíêöèÿ Õåâèñàéäà.

Çàäà÷à (1) - (3) â ñèëó ïðèñóòñòâèÿ ôóíêöèè χ ÿâëÿåòñÿ ñóùåñòâåííî íåëèíåéíîé. Ó÷èòûâàÿ,

÷òî â çàäà÷àõ ðàññìàòðèâàåìîãî âèäà ñèëà òðåíèÿ ÿâëÿåòñÿ ïàññèâíîé è íå ìîæåò èçìåíèòü çíàê

ñêîðîñòè, óäàåòñÿ óñòàíîâèòü ñîâîêóïíîñòü îáëàñòåé çàâèñèìîñòè ðåøåíèÿ è çàïèñàòü íåëèíåé-

íûé ÷ëåí χ â âèäå áåñêîíå÷íûõ ñóìì ôóíêöèé Õåâèñàéäà ñî ñäâèíóòûìè àðãóìåíòàìè.
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Ðèñóíîê 1

Â ýòîé çàäà÷å ôóíêöèÿ χ èìååò âûðàæåíèå:

χ (x, t) =

∞∑
k=0

{
H (t− x/a− 4k`/a)−H

(
t− x/a− 2

(
2k + 1

5

)
`/a
)} (

H (x)−H
(
x− 4

5`
))

+

+

∞∑
k=0

{H (t− x/a− 4k`/a)−H (t+ x/a− 2 (2k + 1) `/a)} ·H
(
x− 4

5`
)
−

−
∞∑
k=0

{
H
(
t− x/a− 2

(
2k + 1

5

)
`/a
)
−H

(
t− x/a− 4

(
k + 1

5

)
`/a
)} (

H (x)−H
(
x− 4

5`
))
−

−
∞∑
k=0

{
H
(
t− x/a− 2

(
2k + 1

5

)
`/a
)
−H

(
t+ x/a− 4

(
k + 3

5

)
`/a
)}
·H
(
x− 4

5`
)

+

+
∞∑
k=0

{
H
(
t− x/a− 4

(
k + 1

5

)
`/a
)
−H

(
t− x/a− 2

(
2k + 3

5

)
`/a
)} (

H (x)−H
(
x− 2

5`
))

+

+
∞∑
k=0

{
H
(
t− x/a− 4

(
k + 1

5

)
`/a
)
−H (t+ x/a− 2 (2k + 1) `/a)

} (
H
(
x− 2

5`
)
−H

(
x− 3

5`
))

+

+

∞∑
k=0

{
H
(
t+ x/a− 4

(
k + 3

5

)
`/a
)
−H

(
t− x/a− 2

(
2k + 3

5

)
`/a
)} (

H
(
x− 3

5`
)
−H

(
x− 4

5`
))
−

−
∞∑
k=0

{
H
(
t− x/a− 2

(
2k + 3

5

)
`/a
)
−H

(
t− x/a− 4

(
k + 2

5

)
`/a
)} (

H (x)−H
(
x− 2

5`
))
−

−
∞∑
k=0

{
H
(
t− x/a− 2

(
2k + 3

5

)
`/a
)
−H

(
t+ x/a− 4

(
k + 4

5

)
`/a
)}
·H
(
x− 4

5`
)
−

−
∞∑
k=0

{
H
(
t+ x/a− 2

(
2k + 7

5

)
`/a
)
−H

(
t− x/a− 4

(
k + 2

5

)
`/a
)} (

H
(
x− 3

5`
)
−H

(
x− 4

5`
))

+

+

∞∑
k=0

{
H
(
t− x/a− 4

(
k + 2

5

)
`/a
)
−H (t+ x/a− 2 (2k + 1) `/a)

} (
H (x)−H

(
x− 1

5`
))

+

+

∞∑
k=0

{
H
(
t− x/a− 4

(
k + 2

5

)
`/a
)
−H

(
t+ x/a− 2

(
2k + 7

5

)
`/a
)} (

H
(
x− 2

5`
)
−H

(
x− 3

5`
))

+

+

∞∑
k=0

{
H
(
t+ x/a− 4

(
k + 3

5

)
`/a
)
−H (t− x/a− 2 (2k + 1) `/a)

} (
H
(
x− 1

5`
)
−H

(
x− 2

5`
))

+

+

∞∑
k=0

{
H
(
t− x/a− 4

(
k + 2

5

)
`/a
)
−H

(
t+ x/a− 2

(
2k + 9

5

)
`/a
)}
·H
(
x− 4

5`
)

+
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+
∞∑
k=0

{
H
(
t+x/a− 4

(
k + 4

5

)
`/a
)
−H (t− x/a− 2 (2k + 1) `/a)

} (
H
(
x− 3

5`
)
−H

(
x− 4

5`
))
−

−
∞∑
k=0

{
H (t− x/a− 2 (2k + 1) `/a)−H

(
t+ x/a− 4

(
k + 3

5

)
`/a
)} (

1−H
(
x− 1

5`
))

+

+
∞∑
k=0

{
H (t− x/a− 2 (2k + 1) `/a)−H

(
t+ x/a− 2

(
2k + 7

5

)
`/a
)} (

H
(
x− 1

5`
)
−H

(
x− 2

5`
))

+

+
∞∑
k=0

{
H
(
t+x/a− 4

(
k + 3

5

)
`/a
)
−H

(
t+ x/a− 2

(
2k + 7

5

)
`/a
)} (

1−H
(
x− 1

5`
))
−

−
∞∑
k=0

{
H (t− x/a− 2 (2k + 1) `/a)−H

(
t+ x/a− 4

(
k + 4

5

)
`/a
)} (

H
(
x− 2

5`
)
−H

(
x− 3

5`
))
−

−
∞∑
k=0

{
H
(
t+x/a− 2

(
2k + 7

5

)
`/a
)
−H

(
t+ x/a− 4

(
k + 4

5

)
`/a
)} (

1−H
(
x− 2

5`
))

+

+

∞∑
k=0

{
H (t− x/a− 2 (2k + 1) `/a)−H

(
t+ x/a− 2

(
2k + 9

5

)
`/a
)} (

H
(
x− 3

5`
)
−H

(
x− 4

5`
))

+

+

∞∑
k=0

{
H
(
t+x/a− 4

(
k + 4

5

)
`/a
)
−H

(
t+ x/a− 2

(
2k + 9

5

)
`/a
)} (

1−H
(
x− 3

5`
))
−

−
∞∑
k=0

{H (t− x/a− 2 (2k + 1) `/a)−H (t+ x/a− 4 (k + 1) `/a)}H
(
x− 4

5`
)
−

−
∞∑
k=0

{
H
(
t+x/a− 2

(
2k + 9

5

)
`/a
)
−H (t+ x/a− 4 (k + 1) `/a)

} (
1−H

(
x− 4

5`
))}

,

Íà ðèñóíêå 2 ïðèâîäÿòñÿ çíàêè ñêîðîñòåé â îáëàñòÿõ, îãðàíè÷åííûõ ôðîíòàìè âîëí. Ïîñëå

Ðèñóíîê 2

ïîäñòàíîâêè χ â ñèñòåìó (1) çàäà÷à ñòàíîâèòñÿ ëèíåéíîé (íå ëèíåàðèçîâàííîé) è ðåøàåòñÿ â

ñîîòâåòñòâèè ñ êàêèì-ëèáî àïïàðàòîì ðåøåíèÿ ëèíåéíûõ çàäà÷.

Áóäåì èñêàòü ðåøåíèå çàäà÷è ñ ïîìîùüþ ìåòîäà χ � ôóíêöèè è èíòåãðàëüíîãî ïðåîáðàçîâà-

íèÿ Ëàïëàñà � Êàðñîíà, íî íå áóäåì îñòàíàâëèâàòüñÿ íà ïðîöåäóðå ðåøåíèÿ çàäà÷è â èçîáðàæå-

íèÿõ.

Ðåøåíèå çàäà÷è ñâÿçàíî ñ ãðîìîçäêèìè âûðàæåíèÿìè. Ïðè ïåðåõîäå ê îðèãèíàëàì òî÷íîå

ðåøåíèå ýòîé íåëèíåéíîé çàäà÷è çàïèñûâàåòñÿ ïî ñîîòâåòñòâóþùèì îáëàñòÿì, îãðàíè÷åííûì
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õàðàêòåðèñòèêàìè. Äëÿ ýòîãî ñíà÷àëà çàïèñûâàþòñÿ ðåøåíèÿ äëÿ ðÿäà ïåðâûõ õàðàêòåðíûõ îá-

ëàñòåé, õàðàêòåðèçóþùèå òðè ïîëíûõ êîëåáàíèÿ � â ýòîé çàäà÷å äëÿ 111 îáëàñòåé - à çàòåì,

ïîëüçóÿñü ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè, çàïèñûâàþòñÿ ðåøåíèÿ äëÿ âñåõ îáëàñòåé, ïîêðû-

âàþùèõ ïîëóáåñêîíå÷íóþ ïîëîñó 0 ≤ x ≤ ` , t > 0.

Ñíà÷àëà ïîëó÷èì ðåøåíèÿ, äëÿ îáëàñòåé çàâèñèìîñòè ðåøåíèé (ðèñ. 1.3) õàðàêòåðèçóþùèé

îäíó ïîëíóþ âîëíó êîëåáàíèÿ ñèñòåìû. Ðåøåíèÿ çàäà÷è ïî îáëàñòÿì çàâèñèìîñòè õàðàêòåðèçóþ-

ùèõ äâå ïîñëåäóþùèå âîëíû êîëåáàíèÿ, íåîáõîäèìûå äëÿ çàïèñè ðåøåíèÿ â äèàïàçîíå âðåìåíè

0 < t <∞, ïîëó÷àþòñÿ, õîòÿ è òðóäîåìêî, íî ïî àíàëîãèè èçëîæåííîìó.

Ðàññìîòðåíèå ïîñëåäóþùèõ îáëàñòåé çàâèñèìîñòè ðåøåíèé ïîçâîëÿåò çàïèñàòü ðåøåíèå äëÿ

õàðàêòåðíûõ îáëàñòåé ñ ëþáûìè íîìåðàìè. Â îáùåì âèäå îáîçíà÷èì ýòè îáëàñòè ñîîòâåòñòâåííî

÷åðåç 37k + 1, 37k + 2, . . . , 37(k + 1) (k = 0, 1, 2, . . .) (ðèñóíîê 3).

Ðèñóíîê 3

Òîãäà äëÿ õàðàêòåðíîé îáëàñòè 37k + 1 íàïðÿæåíèÿ è ñêîðîñòè èìåþò âûðàæåíèÿ

σ37k+1 = −σ0 +
q

2
x, ϑ37k+1 = ϑ0 −

aq

2E
(at− 4 k`) .

Â îáëàñòÿõ 37k + 2

σ37k+2 = σ0 −
q

2
x, ϑ37k+2 = −ϑ0 +

aq

E

(
at

2
−
(

4k +
4

5

)
`

)
.

Â îáëàñòÿõ 37k + 3 ðåøåíèåì áóäåò

σ37k+3 = −σ0 +
q

2
x, ϑ37k+3 = ϑ0 −

aq

2E

(
at− 4

(
k +

1

5

)
`

)
.

Â îáëàñòÿõ 37k + 4 ðåøåíèåì áóäåò

σ37k+4 = σ0 −
q

2
x, ϑ37k+4 = −ϑ0 +

aq

E

(
at

2
− 4

(
k +

1

5

)
`

)
Â îáëàñòÿõ 37k + 5 ðåøåíèåì áóäåò

σ37k+5 = −σ0 +
q

2
x, ϑ37k+5 = ϑ0 −

a2q

2E

(
t− 4

(
k +

1

5

)
`

)
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Â îáëàñòÿõ 37k + 6 ðåøåíèåì áóäåò

σ37k+6 = −2σ0 +
1

5
q`, ϑ37k+6 = 0.

Â îáëàñòÿõ 37k + 7 ðåøåíèåì áóäåò

σ37k+7 = σ0 −
q

2
x, ϑ37k+7 = −3ϑ0 +

aq

2E

(
at− 4

(
k +

2

5

)
`

)
. (4)

Â îáëàñòÿõ 37k + 8 èìååì

σ37k+8 = −2σ0 +
q

2

(
x+

3

5
`

)
, ϑ37k+8 = 2ϑ0 −

aq

2E

(
at− 4

(
k +

2

5

)
`

)
.

Â îáëàñòÿõ 37k + 9 ðåøåíèåì áóäåò

σ37k+9 = −σ0 +
q

2
x, ϑ37k+9 = 3ϑ0 −

aq

2E

(
at− 4

(
k +

2

5

)
`

)
.

Äàëåå ïðèâåäåíû ðåøåíèÿ â ïîñëåäóþùèõ îáëàñòÿõ.

Ïîëó÷åííîå ðåøåíèå íåëèíåéíîé çàäà÷è î ðàñïðîñòðàíåíèè âîëí â ðàññìàòðèâàåìîé ñèñòåìå

ïîä âîçäåéñòâèåì öèêëè÷åñêîé ñòóïåí÷àòîé íàãðóçêè ñ ÷àñòîòîé â ïÿòü ðàç áîëüøåé ñîáñòâåííîé

÷àñòîòû êîëåáàíèÿ ñòåðæíÿ, ïîêàçûâàåò, ÷òî èññëåäóåìàÿ êîíñòðóêöèÿ ñ ñóõèì òðåíèåì ñîâåð-

øàåò óñòàíîâèâøååñÿ ïåðèîäè÷åñêîå êîëåáàíèå ñ ïåðèîäîì 4`/a.

Íà ðèñóíêå 4 ïðèâîäèòñÿ êðèâàÿ êîëåáàíèé êîíöà ñòåðæíÿ x = 0.

Ðèñóíîê 4

Ðàíåå ñîîòâåòñòâóþùàÿ çàäà÷à áûëà èññëåäîâàíà äëÿ ñëó÷àåâ, êîãäà n = 2, . . . , 4. Òàêèì

îáðàçîì, âûÿâëåí êëàññ öèêëè÷åñêèõ íàãðóçîê:

σ(0, t) = σ0

{
H(t)− 2

∞∑
k=0

(−1)kH(t− 2
k

n
`/a)

}
(5)

ñ ÷àñòîòîé â öåëîå ÷èñëî ðàç ïðåâûøàþùåé ÷àñòîòó ñîáñòâåííûõ êîëåáàíèé ñèñòåìû, ïîä äåé-

ñòâèåì êîòîðûõ ñèñòåìà áóäåò ñîâåðøàòü óñòàíîâèâøèåñÿ ñóáãàðìîíè÷åñêèå êîëåáàíèÿ ñ äâóìÿ

÷àñòîòàìè. Ïðè ýòîì îäíî êîëåáàíèå ñîâïàäàåò ñ ÷àñòîòîé ñîáñòâåííûõ êîëåáàíèé ñèñòåìû, äðó-

ãîå � ñ ÷àñòîòîé âíåøíåé íàãðóçêè.
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Àíàëèç ïîëó÷åííûõ äëÿ n = 2, . . . , 5 ðåçóëüòàòîâ íà îñíîâå ìåòîäîâ êàïïà-ôóíêöèè àâòîðà è

ìàòåìàòè÷åñêîé èíäóêöèè ïîçâîëÿåò ïîñòðîèòü òî÷íîå ðåøåíèå çàäà÷è íà âñåé ïîëîñå äâèæåíèÿ

(0 ≤ t <∞, 0 ≤ x ≤ `), êîãäà ÷àñòîòà âíåøíåé íàãðóçêè â ïðîèçâîëüíîå n öåëîå ÷èñëî ðàç âûøå
÷àñòîòû ñîáñòâåííûõ êîëåáàíèé ñèñòåìû. Êàïïà-ôóíêöèÿ ïðè ýòîì âûðàæàåòñÿ ÷åðåç äâîéíóþ

ñóììó

χ =

n∑
r=1

[
H

(
x− r − 1

n

)
−H

(
x− r

n

)]
·

{
n−r∑
s=0

(−1)s
[
H

(
t− x

a
− 2s

n

)
−H

(
t+

x

a
− 2(s+ r)

n

)]
+

+
n−r−1∑
s=0

(−1)s
[
H

(
t+

x

a
− 2(s+ r)

n

)
−H

(
t− x

a
− 2(s+ 1)

n

)]}
+

+
n∑
r=1

(−1)r+1

[
H

(
x− r − 1

n

)
−H

(
x− r

n

)]
·

·

{
2n−r∑
s=n

(−1)s
[
H

(
t− x

a
− 2s

n

)
−H

(
t+

x

a
− 2(s+ r)

n

)]
−

−
2n−r−1∑
s=1

(−1)s
[
H

(
t+

x

a
− 2(s+ r)

n

)
−H

(
t− x

a
− 2(s+ 1)

n

)]}
+

+

n−1
2∑

r=1

[
H

(
x− 2r − 1

n

)
−H

(
x− 2r

n

)]
·

·

{
n+2r−1∑
s=n

(−1)s
[
H

(
t+

x

a
− 2s

n

)
−H

(
t− x

a
− 2(s− 2r + 1)

n

)]}
+

+

n−1
2∑

r=1

[
H

(
x− 2r

n

)
−H

(
x− 2r + 1

n

)]
·

·

{
n+2r−1∑
s=n

(−1)s
[
H

(
t− x

a
− 2(s− 2r)

n

)
−H

(
t+

x

a
− 2(s+ 1)

n

)]}

Àíàëèç ïîëó÷åííîãî ðåøåíèÿ è ïîñòðîåííûõ äëÿ ðàçëè÷íûõ k ãðàôèêîâ ïîêàçûâàåò, ÷òî

ðàññìàòðèâàåìûé îáúåêò ñîâåðøàåò óñòàíîâèâøèåñÿ êîëåáàíèå ñ äâóìÿ ÷àñòîòàìè � ÷àñòîòîé

âíåøíåé íàãðóçêè è ÷àñòîòîé ñîáñòâåííûõ êîëåáàíèé.

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷ î ôóíêöèîíèðîâàíèè ãèðîñêîïîâ

Ìåòîäîì ÷àñòè÷íîé äèñêðåòèçàöèè íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé àâòîðà ðåøå-

íû íåëèíåéíûå äèíàìè÷åñêèå óðàâíåíèÿ Ë.Ýéëåðà äëÿ îñåñèììåòðè÷íîãî òâåðäîãî òåëà ñ çà-

êðåïëåííîé òî÷êîé äëÿ ñëó÷àåâ, êîãäà: 1) ìîìåíòû ñèë ñîïðîòèâëåíèÿ èìåþò âûðàæåíèÿ Mx =

−λ1p, My = −λ2q, Mz = −λ3r
n, ãäå n � ïðàêòè÷åñêè ëþáîå íàòóðàëüíîå ÷èñëî; 2) ê òåëó íàðÿ-

äó ñ ñèëàìè ñîïðîòèâëåíèÿ ïðèëîæåíû àêòèâíûå ñèëû è àêòèâíûå ñèëû â îïðåäåëåííûé ìîìåíò

âðåìåíè ìãíîâåííî ðàçãðóæàþòñÿ; 3) ìîìåíòû èíåðöèè ìîãóò èçìåíÿòñÿ ïðàêòè÷åñêè ïî ëþáîìó

çàêîíó.

Äèíàìè÷åñêàÿ ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùàÿ äâèæåíèå

òâåðäîãî òåëà ñ çàêðåïëåííîé òî÷êîé âïåðâûå áûëà ñîñòàâëåíà Ë. Ýéëåðîì â 1750 ãîäó [1]. Èìè

ïîëó÷åíû ïåðâûå ðåçóëüòàòû. Çàòåì ïîÿâèëèñü, êàê èçâåñòíî, äðóãèå ÷àñòíûå ðåøåíèÿ, ïîñòðî-

åííûå ßêîáè, Ëàãðàíæåì, Ïóàññîíîì, Ñ.Â. Êîâàëåâñêîé. Èçó÷åíèå äâèæåíèÿ òàêîãî òåëà ïðîèñ-
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õîäèò è ïî íàñòîÿùåå âðåìÿ [2-5].

Ãèðîñêîïû ñëóæàò äëÿ êîððåêòèðîâêè òðàåêòîðèè äâèæåíèÿ ïîäâîäíûõ, íàäâîäíûõ, âîçäóø-

íûõ, êîñìè÷åñêèõ ñóäîâ, ìîíîðåëüñîâûõ ïîåçäîâ è ò.ä.

Ìåòîä ÷àñòè÷íîé äèñêðåòèçàöèè íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èñïîëüçîâàí äëÿ

ðåøåíèÿ çàäà÷ î äâèæåíèè îñåñèìåòðè÷íîãî òâåðäîãî òåëà. Â ðàáîòå îáîáùåí ðÿä ðåçóëüòàòîâ

÷ëåí-êîððåñïîíäåíòà ÀÍ ÑÑÑÐ Â.Í. Êîøëÿêîâà î äâèæåíèè ãèðîñêîïîâ, èçëîæåííûå â åãî ìî-

íîãðàôèè [6].

Â îáùåì ñëó÷àå äâèæåíèå òâåðäîãî òåëà, èìåþùåãî íåïîäâèæíóþ òî÷êó, â ñîïðîòèâëÿþùåéñÿ

ñðåäå îïèñûâàåòñÿ íåëèíåéíûìè óðàâíåíèÿìè Ë. Ýéëåðà.

A
dp

dt
+ (C −B) qr = Mx,

B
dq

dt
+ (C −B) rp = My,

C
dr

dt
+ (C −B) pq = Mz,

(6)

ãäå p (t) , q (t) , r (t) � ïðîåêöèè âåêòîðà óãëîâîé ñêîðîñòè òåëà ω̄ íà îñè êîîðäèíàò x, y, z,

ñâÿçàííûå ñ òåëîì;A, B, C � ìîìåíòû èíåðöèè òåëà îòíîñèòåëüíî íàçâàííûõ îñåé;Mx, My, Mz

� ìîìåíòû âíåøíèõ ñèë ñîïðîòèâëåíèÿ.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (6) ðàññìàòðèâàåòñÿ ñîâìåñòíî ñ íà÷àëüíûìè óñëî-

âèÿìè

t = 0 : p(0) = p0, q(0) = q0, r(0) = r0, ṗ(0) = ṗ0, q̇(0) = q̇0, ṙ(0) = ṙ0. (7)

Ðàññìîòðèì äâèæåíèå òâåðäîãî îñåñèììåòðè÷íîãî òåëà, íà êîòîðîå íàðÿäó ñ âíåøíèìè ìî-

ìåíòàìè ñèë −λ1p, − λ2q, − λ3r
n äåéñòâóþò çàäàííûå ìîìåíòû àêòèâíûõ ñèë f1 (t) , f2 (t)

òàê, ÷òî

Mx = f1 (t)− λ1p, My = f2 (t)− λ2q, Mz = −λ3r
n. (8)

Ïðè ýòîì ñîñòàâëÿþùàÿ óãëîâîé ñêîðîñòè p (t) îïðåäåëÿåòñÿ íåîäíîðîäíûì äèôôåðåíöèàëüíûì

óðàâíåíèåì

p̈ +

(
k1 + k2 +

k3

r1−n
0 − k3 (1− n) t

)
ṗ+

[
µ2
[
r1−n

0 − k3 (1− n) t
] 2

1−n + (9)

+ k1

(
k2 +

k3

r1−n
0 − k3 (1− n) t

)
p = F (t) , 16

F (t) =
1

A

[
ḟ1 (t) +

(
k1 +

k3

r1−n
0 − k3 (1− n) t

)
f1 (t)− µ

[
r1−n

0 − k3 (1− n) t
] 1

1−n f2 (t)

]
.

Ïðèìåíåíèå ìåòîäà ÷àñòè÷íîé äèñêðåòèçàöèè íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèå äà-
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åò âîçìîæíîñòü ïîëó÷èòü ðåøåíèå çàäà÷è (9) è (7) â âèäå

p(t) = p0 −

∫ e(k1+k2)t[
r1−n

0 − k3 (1− n) t
] 1

1−n
F (t) dt


t=0

∫ t

0

[
r1−n

0 − k3 (1− n) t
] 1

1−n

e(k1+k2)t
dt+

+

∫ t

0

[
r1−n

0 − k3 (1− n) t
] 1

1−n

e(k1+k2)t

∫
e(k1+k2)t[

r1−n
0 − k3 (1− n) t

] 1
1−n

F (t) dtdt−

− 1

2

n∑
i=1

(ti + ti+1)

{[
µ2
[
r1−n

0 − k3 (1− n) ti
] 2

1−n + k1

(
k2 +

k3

r1−n
0 − k3 (1− n) ti

)]
×

(10)

× e(k1+k2)ti[
r1−n

0 − k3 (1− n) ti
] 1

1−n
p (ti)H (t− ti)

∫ t

ti

[
r1−n

0 − k3 (1− n) t
] 1

1−n

e(k1+k2)t
dt−

−
[
µ2
[
r1−n

0 − k3 (1− n) ti+1

] 2
1−n + k1

(
k2 +

k3

r1−n
0 − k3 (1− n) ti+1

)]
×

× e(k1+k2)ti+1[
r1−n

0 − k3 (1− n) ti+1

] 1
1−n

p (ti+1)H (t− ti+1)

∫ t

ti+1

[
r1−n

0 − k3 (1− n) t
] 1

1−n

e(k1+k2)t
dt

 .

ãäå p (ti) îïðåäåëÿåòñÿ â ñèëó (10)

Íà ðèñóíêå 5 ïðèâåäåíû êðèâûå êîëåáàíèÿ óãëîâîé ñêîðîñòè p (t), êîãäà f1 (t) = cost, f2 (t) =

sint, k1 = k2 = 0, 1; k3 = 0, 03; n = 3; 4; 5. Èç ãðàôèêà âèäíî, ÷òî ñ ðîñòîì ïàðàìåòðà n òåëî

âñå áîëüøå ðàñêà÷èâàåòñÿ.

Ðèñóíîê 5 Êðèâûå êîëåáàíèÿ p(t) óãëîâîé ñêîðîñòè, ñîîòâåòñòâóþùèå çíà÷åíèÿì ïàðàìåòðîâ
A = 10 êã · ì2, C = 20 êã · ì2, r0 = 1 c−1, p0 = 10 c−1

Àíàëèç ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è, à òàêæå ïðèâåäåííûå íà ðèñóíêå êðèâûå ïîêàçûâà-

þò, ÷òî ðîñò ïàðàìåòðà n â öåëîì ìàëî ñêàçûâàåòñÿ íà èçìåíåíèè çàêîíà êîëåáàíèÿ p (t) óãëîâîé

ñêîðîñòè òåëà, õîòÿ ñ ðîñòîì âðåìåíè ýòî èçìåíåíèå ìíîãî áîëüøå, ÷åì â íà÷àëüíûå ìîìåíòû.

Ìåæäó òåì íàëè÷èå ñîïðîòèâëÿþùåéñÿ ñðåäû îáóñëàâëèâàåò çàòóõàíèå çà êîíå÷íûé äèàïàçîí
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âðåìåíè êîëåáàíèÿ.

Èññëåäóåì ðåøåíèå çàäà÷è î äâèæåíèè òâåðäîãî òåëà ñ çàêðåïëåííîé òî÷êîé â ñîïðîòèâëÿ-

þùåé ñðåäå, êîãäà ìîìåíò îòíîñèòåëüíî îñè ñèììåòðèè ïðîïîðöèîíàëåí ñêîðîñòè ñîáñòâåííîãî

âðàùåíèÿ, à äðóãèå ìîìåíòû, ïðîïîðöèîíàëüíû ñîîòâåòñòâóþùèì ïðîåêöèÿì óãëîâîé ñêîðîñòè è

äîïîëíèòåëüíî àääèòèâíî ìîãóò âêëþ÷àòü ôóíêöèè, çàâèñÿùèå îò âðåìåíè, êîòîðûå ñî âðåìåíåì

ïðåòåðïåâàþò ðàçãðóçêó.

Ôóíêöèÿ p (t), îïðåäåëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ïåðåìåííûìè êîýôôèöèåíòà-

ìè ñ ðàçðûâíîé ïðàâîé ÷àñòüþ:

p̈ +
(
k1 + k2 + k3

r1−n
0 −k3(1−n)t

)
ṗ+

[
µ2
[
r1−n

0 − k3 (1− n) t
] 2

1−n + k1

(
k2 + k3

r1−n
0 −k3(1−n)t

)]
p =

= 1
A

{[
ḟ1 (t) +

(
k2 + k3

r1−n
0 −k3(1−n)t

)
f1 (t)

]
[H (t)−H (t− τ)]− µ

[
r1−n

0 − k3 (1− n) t
] 1

1−n ×
(11)

×f2 (t) [H (t)−H (t− τ)] + f1 (0) δ (t)− f1 (τ) δ (t− τ)} .

Íà ðèñóíêå 2 ïðèâåäåíà êðèâàÿ èçìåíåíèÿ ïðîåêöèè óãëîâîé ñêîðîñòè òåëà p (t) ïðè n = 2. Â

ñëó÷àå îäíîâðåìåííîé ðàçãðóçêè âíåøíèõ âîçìóùåíèé f1 (t) è f2 (t) èçìåíåíèå p (t) ïîä÷èíÿåòñÿ

äâóì ðàçíûì çàêîíàì, êîòîðûå âûïîëíÿþòñÿ â îäíîì ñëó÷àå â äèàïàçîíå âðåìåíè äåéñòâèÿ ýòèõ

âîçìóùåíèé, à â äðóãîì ïîñëå ìãíîâåííîãî ñíÿòèÿ ýòèõ ìîìåíòîâ.

Ðèñóíîê 6 Ãðàôèê ðàçãðóçêè âîçìóùàþùèõ ñîñòàâëÿþùèõ f1(t), f2(t). 1 � Êðèâàÿ èçìåíåíèÿ
ïðîåêöèè óãëîâîé ñêîðîñòè p(t) äî ðàçãðóçêè; 2 � Êðèâàÿ èçìåíåíèÿ ïðîåêöèè p(t) óãëîâîé ñêî-
ðîñòè ïîñëå ðàçãðóçêè, ïðè f1(t) = 0, 5t, f2(t) = 10t, τ = 20 c, λ1 = λ2 = 1, λ3 = 0, 6, A =
10 êã · ì2, C = 20 êã · ì2

Ðåøåíèå çàäà÷è î äâèæåíèè îñåñèììåòðè÷íîãî òâåðäîãî òåëà ñ çàêðåïëåííîé òî÷êîé â ñîïðî-

òèâëÿþùåéñÿ ñðåäå ñ ðàçãðóçêîé ïðè áîëüøèõ ïîêàçàòåëÿõ n ñêîðîñòè ñîáñòâåííîãî âðàùåíèÿ

ïîëó÷àåòñÿ àíàëèòè÷íî ïðèâåäåííîìó âûøå

Ðàññìîòðèì óðàâíåíèÿ äâèæåíèÿ òâåðäîãî òåëà ñ çàêðåïëåííîé òî÷êîé ñ ïåðåìåííûì ìîìåí-

òîì èíåðöèè. Ìîìåíòû, õàðàêòåðèçóþùèå ñîïðîòèâëåíèå, ïðèìåì èçìåíÿþùèìèñÿ ïî ëèíåéíûì

çàêîíàì.
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Òîãäà íåëèíåéíûå äèíàìè÷åñêèå óðàâíåíèÿ Ë. Ýéëåðà ïðèìóò âèä

dA (t) p

dt
+ [C (t)−B (t)] qr = −λ1p,

dB (t) q

dt
+ [A (t)− C (t)] rp = −λ2q,

dC (t) r

dt
+ [B (t)−A (t)] pq = −λ3r.

(12)

Ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (6) ðàññìîòðèì ñîâìåñòíî ñ íà÷àëüíûìè óñëîâèÿìè

(7)

Îáðàòèìñÿ ê ñëó÷àþ ñèììåòðè÷íîãî ãèðîñêîïà A (t) = B (t). Òîãäà ñèñòåìà íåëèíåéíûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé (6) áóäåò èìåòü âèä

ṗ + µ (t) rq +

[
k1 (t) +

1

A (t)

dA (t)

dt

]
p = 0,

q̇ − µ (t) rp+

[
k2 (t) +

1

A (t)

dA (t)

dt

]
q = 0,

r = r0
C (0)

C (t)
e−
∫ t
0 k3(t)dt,

(13)

ãäå
C (t)−A (t)

A (t)
= µ (t) ,

λ1

A (t)
= k1 (t) ,

λ2

A (t)
= k2 (t) ,

λ3

C (t)
= k3 (t) .

Ôóíêöèÿ p (t) îïðåäåëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ïåðåìåííûìè êîýôôèöèåíòàìè

p̈ +

(
k1 (t) + k2 (t) + k3 (t)− µ̇ (t)

µ (t)
+

2

A (t)

dA (t)

dt

)
ṗ+

[(
µ (t) r0

C (0)

C (t)
e−
∫ t
0 k3(t)dt

)2

+ (14)

+k1 (t)

(
k2 (t) + k3 (t)− µ̇ (t)

µ (t)

)
+ k̇1 (t) +

1

A (t)

d2A (t)

dt2
+

+

(
k1 (t)− k3 (t) +

µ̇ (t)

µ (t)

)
1

A (t)

dA (t)

dt

]
p = 0.

Èíòåãðèðóÿ ïîñëåäíåå è âîñïîëüçîâàâøèñü íà÷àëüíûì óñëîâèåì (7), ïîëó÷èì

p = p0 −
1

2

n∑
i=1

(ti + ti+1)×

×

{[(
µ (ti) r0

C (0)

C (ti)
e−

∫ ti
0 k3(t)dt

)2

+ k1 (ti)

(
k2 (ti) + k3 (ti)−

µ̇ (ti)

µ (ti)

)
+ k̇1 (ti) +

1

A (ti)

[
d2A(t)

dt2

]
t=ti

]
×

× p (ti)

µ (ti)
e
[
∫
(k1(t)+k2(t)+k3(t)+ 2

A(t)
dA(t)

dt )dt]
t=tiH (t− ti)

∫ t

ti

µ (t) e−
∫
(k1(t)+k2(t)+k3(t)+ 2

A(t)
dA(t)

dt )dtdt

−

[(
µ (ti+1) r0

! (0)

! (ti+1)
e−

∫ ti+1
0 k3(t)dt

)2

+ k1 (ti+1)

(
k2 (ti+1) + k3 (ti+1)− µ̇ (ti+1)

µ (ti+1)

)
+

+k̇1 (ti+1) +
1

A (ti+1)

[
d2A (t)

dt2

]
t=ti+1

]
p (ti+1)

µ (ti+1)
e
[
∫
(k1(t)+k2(t)+k3(t)+ 2

A(t)
dA(t)

dt )dt]
t=ti+1×

×H (t− ti+1)

∫ t

ti+1

µ (t) e−
∫
(k1(t)+k2(t)+k3(t)+ 2

A(t)
dA(t)

dt )dtdt

} (15)
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Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è îá èçãèáå êðóãëûõ ïëàñòèí, ïîä-

âåðãàþùèõñÿ äåéñòâèþ ïîïåðå÷íîé íàãðóçêè, ïðè èçìåíåíèè òåì-

ïåðàòóðû ïî òîëùèíå

Â ìåõàíèêå äåôîðìèðóåìîãî òâåðäîãî òåëà îñîáûé èíòåðåñ ïðåäñòàâëÿþò çàäà÷è, ñâÿçàííûå ñ èçãè-

áàìè ãèáêèõ ïëàñòèí è ðàçëè÷íûõ ãèáêèõ îáîëî÷åê, ðàáîòàþùèõ â íåðàâíîìåðíîì òåìïåðàòóðíîì ïîëå.

Òàêîãî ðîäà çàäà÷è øèðîêî âñòðå÷àþòñÿ â ïðèêëàäíûõ ïðîáëåìàõ ñòðîèòåëüíîãî, íåôòåïðîìûñëîâîãî

äåëà, ìàøèíîñòðîåíèÿ, âîäíîãî, âîçäóøíîãî òðàíñïîðòà, êîñìè÷åñêèõ àïïàðàòîâ.

Ïðè ìàòåìàòè÷åñêîì ðàññìîòðåíèè ïîäîáíîãî ðîäà çàäà÷ ïðèõîäèòñÿ èìåòü äåëî ñ ñèñòåìàìè äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè è íåëèíåéíûìè ÷ëåíàìè, ïîëó÷åíèå àíàëèòè÷å-

ñêîãî ðåøåíèÿ êîòîðûõ ïðåäñòàâëÿåò çíà÷èòåëüíûå ìàòåìàòè÷åñêèå òðóäíîñòè. Àíàëèòè÷åñêèå ðåøåíèÿ

òàêèõ çàäà÷ ìîæíî ïîëó÷èòü ïðè ïîìîùè ìåòîäà ÷àñòè÷íîé äèñêðåòèçàöèè.

Â êà÷åñòâå èëëþñòðàöèè èçó÷èì çàäà÷ó òåðìîóïðóãîñòè íåîäíîðîäíûõ êðóãëûõ ïëàñòèí ïðè îñåñèì-

ìåòðè÷íîì òåìïåðàòóðíîì ïîëå ñ ó÷åòîì èçìåíåíèÿ óïðóãèõ ñâîéñòâ ìàòåðèàëà ïëàñòèíû ïî òîëùèíå.

Ñëîæíûé èçãèá íåîäíîðîäíîé ãèáêîé êðóãëîé ïëàñòèíû, ïîäâåðãàþùåéñÿ äåéñòâèþ ïîïåðå÷íîé íàãðóçêè,

ïðè èçìåíåíèè òåìïåðàòóðû ïî òîëùèíå ïëàñòèíû îïèñûâàåòñÿ ñèñòåìîé ñâÿçàííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé [8]:

a11r
d

dr
∇2F + a13r

d

dr
∇2uz = 0,

a13r
d

dr
∇2F + a33r

d

dr
∇2uz +

dF

dr
· duz
dr

= −
∫
qzrdr + C, (16)

ãäå

a11 = kDN , a13 = k (DNDν −DNνD) , a33 = Da14 +Dνa13 −DM , a14 = k (DND −DNνDν) ,

k =
1

D2
N −D2

Nν

, ∇2 =
d2

dr2
+

1

r

d

dr
, (17)

DN =

∫ h/2

−h/2

E (z)

1− ν (z)
2 dz, DNν =

∫ h/2

−h/2

E (z) ν (z)

1− ν (z)
2 dz, D =

∫ h/2

−h/2

E (z)

1− ν (z)
2 zdz,

Dν =

∫ h/2

−h/2

E (z) ν (z)

1− ν (z)
2 zdz, DM =

∫ h/2

−h/2

E (z)

1− ν (z)
2 z

2dz, DMν =

∫ h/2

−h/2

E (z) ν (z)

1− ν (z)
2 z

2dz.

F � ôóíêöèÿ íàïðÿæåíèé, uz � ïðîãèá ñðåäèííîé ïëîñêîñòè ïëàñòèíû, h � òîëùèíà ïëàñòèíû, E

� ìîäóëü óïðóãîñòè, ν � êîýôôèöèåíò Ïóàññîíà, qz � âíåøíÿÿ ðàñïðåäåëåííàÿ ïîïåðå÷íàÿ íàãðóçêà,

ïðèõîäÿùàÿñÿ íà åäèíèöó ïëîùàäè ñðåäèííîé ïëîñêîñòè, C � ïîñòîÿííàÿ èíòåãðèðîâàíèÿ.

Ðàçðåøàÿ ýòè óðàâíåíèÿ îòíîñèòåëüíî d
dr∇

2F è d
dr∇

2uz è ó÷èòûâàÿ âûðàæåíèÿ (17), ïîëó÷àåì

r
d

dr
∇2F =

DNνD −DNDν

DNDM −D2
· dF
dr
· duz
dr

+
DNνD −DNDν

DNDM −D2

(∫
qzrdr − C

)
, (18)

r
d

dr
∇2uz =

DN

DNDM −D2
· dF
dr
· duz
dr

+
DN

DNDM −D2

(∫
qzrdr − C

)
.

Ðàññìîòðèì çàäà÷ó òåðìîóïðóãîñòè íåîäíîðîäíûõ êðóãëûõ ïëàñòèí ïðè îñåñèììåòðè÷íîì òåìïåðà-

òóðíîì ïîëå ñ ó÷åòîì âëèÿíèÿ ðàñòÿæåíèÿ íà èçãèá è èçìåíåíèÿ óïðóãèõ ñâîéñòâ ìàòåðèàëà ïëàñòèíû

ïî åå òîëùèíå.

Ïðèíÿòî ñ÷èòàòü [8], ÷òî ñèñòåìà óðàâíåíèé (16) â ñëó÷àå ó÷åòà âëèÿíèÿ ðàñòÿæåíèÿ íà èçãèá íå
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ïðèâîäèòñÿ ê íåñâÿçàííûì óðàâíåíèÿì. Íà ñàìîì äåëå ñèñòåìó ðàçðåøàþùèõ óðàâíåíèé (16) ìîæíî

ïðèâåñòè ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåëèíåéíûìè ÷ëåíàìè, êàæäîå èç êîòîðûõ âêëþ÷àåò

òîëüêî îäíó ðàçðåøàþùóþ ôóíêöèþ:

d3uz
dr3

+
1

r

d2uz
dr2

−
(
BC1

2
+

1 +BC2

r2

)
duz
dr
− A

r

(
duz
dr

)2

=
B

r

(∫
qzrdr − C

)
, (19)

d3F

dr3
+

1

r

d2F

dr2
+

(
BC1

2
− 1−BC2

r2

)
dF

dr
− B

r

(
dF

dr

)2

=
A

r

(∫
qzrdr − C

)
, (20)

ãäå

A =
DNνD −DNDν

DNDM −D2
, B =

DN

DNDM −D2

Ïðè÷åì ôóíêöèè F è uz ñâÿçàíû ñîîòíîøåíèåì

F =
A

B
uz +

C1r
2

4
+ C2 ln r + C0. (21)

Äèôôåðåíöèàëüíûå óðàâíåíèÿ òðåòüåãî ïîðÿäêà (19)-(20) îòíîñèòåëüíî íîðìàëüíîãî óñèëèÿ Nr, äåéñòâó-

þùåãî â öèëèíäðè÷åñêîì ñå÷åíèè, è óãëà ïîâîðîòà íîðìàëè ϑr, îïðåäåëÿåìûõ ïðè îñåñèììåòðè÷íîì ïîëå

ñîîòíîøåíèåì

Nr =
1

r

dF

dr
, ϑr = −duz

dr
,

Ðàäèàëüíîå óñèëèå è óãîë ïðîãèáà ñâÿçàíû ñîîòíîøåíèåì

Nr =
C1

2
+
C2

r2
− A

B
· ϑr
r
. (22)

Òî÷íîå ðåøåíèå òàêèõ óðàâíåíèé ñóùåñòâóþùèì ìàòåìàòè÷åñêèì àïïàðàòîì íå ïðåäñòàâëÿåòñÿ âîç-

ìîæíûì. Ïðèìåíÿÿ ìåòîä ÷àñòè÷íîé äèñêðåòèçàöèè äèôôåðåíöèàëüíûõ óðàâíåíèé, îïðåäåëèì ðåøåíèå

ýòèõ óðàâíåíèé.

Ðàññìîòðèì êîëüöåâóþ ïëàñòèíó ïîñòîÿííîé òîëùèíû, âíåøíèé êîíòóð êîòîðîé æåñòêî çàäåëàí, à

âíóòðåííèé � ìîæåò ñìåùàòüñÿ â íàïðàâëåíèè îñè ïëàñòèíû, íî ïðè ýòîì íå ïîâîðà÷èâàåòñÿ. Êîíòóðû

ïëàñòèíû ñâîáîäíû îò ðàäèàëüíûõ óñèëèé. Òîãäà ïîñòîÿííûå îïðåäåëÿþòñÿ èç ñëåäóþùèõ ãðàíè÷íûõ

óñëîâèé

Nr |r=a = 0, Nr |r=b = 0, ϑr |r=a = 0, ϑr |r=b = 0. (23)

ãäå Qr � ïîïåðå÷íîå óñèëèå. Ïóñòü íàãðóçêà ðàâíîìåðíî ðàñïðåäåëåíà ïî îêðóæíîñòè ðàäèóñà r0 ñ èíòåí-

ñèâíîñòüþ q0

qz = q0δ (r − r0)

Òîãäà ïîñòîÿííàÿ C áóäåò ðàâíà íóëþ.

Ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (23) óãîë ïðîãèáà ïëàñòèíû çàïèøåòñÿ â âèäå

ϑr (r) = −Bq0r0
2

r ln
r

r0
H (r − r0) +

Bq0r0
4r

(
r2 − r20

)
H (r − r0)−

b
(
r2 − a2

)
r (b2 − a2)

{
A

4b

n∑
k=1

(rk + rk+1)×

×
[
rkϑ

2
r (rk)− rk+1ϑ

2
r (rk+1)

]
− A

4
b

n∑
k=1

(rk + rk+1)

[
ϑ2r (rk)

rk
− ϑ2r (rk+1)

rk+1

]
− Bq0r0b

2
ln

b

r0
+
Bq0r0

4b

(
b2 − r20

)}
+

+
A

4r

n∑
k=1

(rk + rk+1)
[
rkϑ

2
r (rk)H (r − rk)− rk+1ϑ

2
r (rk+1)H (r − rk+1)

]
−A

4
r

n∑
k=1

(rk + rk+1)

[
ϑ2r (rk)

rk
H (r − rk)−

−ϑ
2
r (rk+1)

rk+1
H (r − rk+1)

]
(24)
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Ïðè ýòîì àíàëèòè÷åñêîå âûðàæåíèå óãëà ïîâîðîòà ϑr (rk) â òî÷êàõ rk îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

ϑr (rk) =

−1±
√

1−A (rk+1 − rk−1)
(
rk
b −

b
rk

)
f (rk)G

A
2 (rk+1 − rk−1)

(
rk
b −

b
rk

)
f (rk)

,

ãäå

G =

(
Bq0r0

(
b2 − r20

)
4b

− Bq0r0b

2
ln

b

r0

)
f (rk)−

Bq0r0
(
r2k − r20

)
4rk

H (rk − r0) +
Bq0r0rk

2
ln
rk
r0
H (rk − r0) +

+
A

4
(r1 + r2)

(
r1
b
− b

r1

)
f (r1)ϑ2r (r1)− A

4
(r1 + r2)

(
r1
rk
− rk
r1

)
ϑ2r (r1) +

+
A

4

k−1∑
j=2

(rj+1 − rj−1) f (rk)

(
rj
rk
− rk
rj

)
ϑ2r (rj)−

− A

4

k−1∑
j=2

(rj+1 − rj−1)

(
rj
rk
− rk
rj

)
ϑ2r (rj) , f (rk) =

b
(
r2k − a2

)
rk (b2 − a2)

.

Ïðîãèá ñðåäèííîé ïëîñêîñòè ïëàñòèíû áóäåò ðàâåí

uz = −Bq0r0
4

(
r2 − r20

)
H (r − r0) +

Bq0r0
4

(
r2 + r20

)
ln

r

r0
H (r − r0)− b

(b2 − a2)

(
a2 ln

r

b
+
b2 − r2

2

)
× (25)

×
{
A

4b

n∑
k=1

(rk + rk+1)
[
rkϑ

2
r (rk)− rk+1ϑ

2
r (rk+1)

]
−

− A

4
b

n∑
k=1

(rk + rk+1)

[
ϑ2r (rk)

rk
− ϑ2r (rk+1)

rk+1

]
− Bq0r0b

2
ln

b

r0
+

+
Bq0r0

4b

(
b2 − r20

)}
+
A

4

(
ln r +

1

2

) n∑
k=1

(rk + rk+1)
[
rkϑ

2
r (rk)H (r − rk)− rk+1ϑ

2
r (rk+1)H (r − rk+1)

]
+

+
A

4
×

n∑
k=1

(rk + rk+1)
[
rk ln rkϑ

2
r (rk)H (r − rk)− rk+1ϑ

2
r (rk+1)H (r − rk+1)

]
+

+
A

8
r2

n∑
k=1

(rk + rk+1)

[
ϑ2r (rk)

rk
H (r − rk)−

− ϑ2r (rk+1)

rk+1
H (r − rk+1)

]
+
A

4

(
ln b+

1

2

) n∑
k=1

(rk + rk+1)
[
rkϑ

2
r (rk)− rk+1ϑ

2
r (rk+1)

]
− A

4

n∑
k=1

(rk + rk+1)×

×
[
rk ln rkϑ

2
r (rk)− rk+1 ln rk+1ϑ

2
r (rk+1)

]
− A

8
b2

n∑
k=1

(rk + rk+1)×
[
ϑ2r (rk)

rk
− ϑ2r (rk+1)

rk+1

]
+

+
Bq0r0

(
b2 − r20

)
4

−
Bq0r0

(
b2 + r20

)
4

ln
b

r0

Ðàäèàëüíîå óñèëèå â ñëó÷àå ïëàñòèíû, ïîäâåðãàþùåéñÿ ïîïåðå÷íîé íàãðóçêå, ðàñïðåäëåííîé ðàâíî-

ìåðíî ïî îêðóæíîñòè ðàäèóñà r0 ñ èíòåíñèâíîñòüþ q0, âûðàçèòñÿ ôîðìóëîé

Nr (r) =
Aq0r0

2
ln

r

r0
H (r − r0)−

Aq0r0
(
r2 − r20

)
4r2

H (r − r0) +
A

B

b
(
r2 − a2

)
r2 (b2 − a2)

{
A

4b

n∑
k=1

(rk + rk+1) ×

×
[
rkϑ

2
r (rk)− rk+1ϑ

2
r (rk+1)

]
− A

4
b

n∑
k=1

(rk + rk+1)

[
ϑ2r (rk)

rk
− ϑ2r (rk+1)

rk+1

]
− Bq0r0b

2
ln

b

r0
+
Bq0r0

4b

(
b2 − r20

)}
−
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− A2

4Br2

n∑
k=1

(rk + rk+1)
[
rkϑ

2
r (rk)H (r − rk)− rk+1ϑ

2
r (rk+1)H (r − rk+1)

]
+
A2

4B

n∑
k=1

(rk + rk+1)

[
ϑ2r (rk)

rk
×

(26)

×H (r − rk)− ϑ2r (rk+1)

rk+1
H (r − rk+1)

]

Âûïîëíèâ ÷èñëåííûå ðàñ÷åòû óãëà ïîâîðîòà è ïðîãèáà äëÿ êîëüöåâîé ïëàñòèíû ïîñòîÿííîé òîëùè-

íû, ïîäâåðãàþùåéñÿ ðàñïðåäåëåííîé ðàâíîìåðíî ïî îêðóæíîñòè r0 ïîïåðå÷íîé íàãðóçêå, ïðè ìîäóëå

óïðóãîñòè è êîýôôèöèåíòå, èçìåíÿþùèõñÿ ïî òîëùèíå ïëàñòèíû ïî ëèíåéíîìó çàêîíó ïðè îïðåäåëåí-

íûõ çíà÷åíèÿõ ïàðàìåòðîâ, ïîñòðîèì êðèâûå. Íà ðèñóíêàõ 7 è 8 äàíû êðèâûå èçìåíåíèÿ óãëà ïîâîðîòà

íîðìàëè è ïðîãèáà äëÿ ðàçíûõ ñëó÷àåâ ðàñïðåäåëåíèÿ ïîïåðå÷íîé íàãðóçêè [9].

Ðèñóíîê 7 Êðèâûå èçìåíåíèÿ óãëà ïîâîðîòà äëÿ ïëàñòèíû ñ îòâåðñòèåì, ïîäâåðæåííîé äåéñòâèþ
ïîïåðå÷íîé íàãðóçêè, ðàñïðåäåëåííîé: 1 � ðàâíîìåðíî ïî ïîâåðõíîñòè ïëàñòèíû; 2 � ðàâíîìåðíî
ïî ïëîùàäè êîëüöà ðàäèóñà c è øèðèíû cd; 3 � ðàâíîìåðíî ïî îêðóæíîñòè ðàäèóñà r0 (c < r0 < d)

Ðèñóíîê 8 Êðèâûå èçìåíåíèÿ ïðîãèáà äëÿ ïëàñòèíû ñ îòâåðñòèåì, ïîäâåðæåííîé äåéñòâèþ ïîïå-
ðå÷íîé íàãðóçêè, ðàñïðåäåëåííîé: 1 � ðàâíîìåðíî ïî ïîâåðõíîñòè ïëàñòèíû; 2 � ðàâíîìåðíî ïî
ïëîùàäè êîëüöà ðàäèóñà c è øèðèíû cd; 3 � ðàâíîìåðíî ïî îêðóæíîñòè ðàäèóñà r0 (c < r0 < d)

Åñëè âëèÿíèå ðàñòÿæåíèÿ íà èçãèá íå ó÷èòûâàòü, ñèñòåìà óðàâíåíèé (16) ñòàíîâèòñÿ ëèíåéíîé è

ïîëó÷åíèå åå àíàëèòè÷åñêîãî ðåøåíèÿ íå ïðåäñòàâëÿåò îñîáîãî òðóäà. Ó÷åò æå ýòîãî âëèÿíèÿ ïðèâîäèò

ê ðàññìîòðåíèþ ñâÿçàííîé ñèñòåìû ðàçðåøàþùèõ óðàâíåíèé ñ íåëèíåéíûìè ÷ëåíàìè (16), ïîëó÷åíèå

àíàëèòè÷åñêîãî ðåøåíèÿ êîòîðîé ñóùåñòâóþùèì ìàòåìàòè÷åñêèì àïïàðàòîì íå ïðåäñòàâëÿëîñü âîçìîæ-

íûì. Â ðàáîòå óäàëîñü ðàñùåïèòü ñèñòåìó (16) íà äâà àäåêâàòíûõ åé, íåñâÿçàííûõ íåëèíåéíûõ óðàâíå-
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íèé (19)-(20), è, ïðèìåíÿÿ ìåòîä ÷àñòè÷íîé äèñêðåòèçàöèè, ïîëó÷èòü ðåøåíèå, óäîâëåòâîðÿþùåå ñèñòåìå

óðàâíåíèé (16) è ãðàíè÷íûì óñëîâèÿì (23).
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