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1 Statement of the problem

Let us consider a system of three mutually attracting spherical celestial bodies
To. T1 and 75 of masses

mg = mg(r), my=mylr). my=malr) (1)

varying anisotropically with different rates (law of masses variation is arbitrary)

(Refs. [1])

M, M ]

mo 7 m ¥ e Y
Om the basis of Meshcherskiy equation (Refs. [2]), we can wnte the equations of
motion of three-body problem with variable masses in the presence of reactive

forces in the absolute coordinate system in the form

: g Mg iy
m_rﬁ_r — Efﬂdn_u +HT_|.'¢_|., or :_iF( kil ey 1 1)
r

Ry Ry Ry
where §i; are the absolute velocities of the separating particles,
Vi—i;—R; #£0, j=0,1,2, (3)

are the relative velocities of the separating particles, ﬁ_r' are the radius vectors of the
center of the spherical bodies, K;; are the distances between the centers of the spher-
ical bodies, f is the gravitational constant. Following L.G. Lukyanov (Refs. [3]),
we assume that the reactive forces are applied to the center of the respective spher-
ical bodies. Usually in the observational astronomy the laws of the mass change
(see Eqgs. (1, 2)) and the relative velocities of the separating particles (see Egs. (3))
can be deermined experimentally for specific celestial bodies. Therefore, we as-
sume that the values of m;(r), V;, j =10, 1,2, are known (see Egs. (1, 3)).
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It should be noted that in general case of the three-body problem with vanable
masses changing anisotropically in the different rates there is no any integral of
motion. Therefore, the problem under consideration is investigated by methods
of the perturbation theory (Refs. [1]. [4, 5, 6]), and with the use of analytical
calculations systemn Mathematica (Refs. [T]).

2 Equations of Motion in Terms of the Delaunay Elements
Using the Jacobi coordinates, we can rewrite the equations of motion in the form
I’..[]Ii'\'] :Erﬂdﬁﬂ +ﬂ, I’..[lli'-rlz grad;:U—{E#L?l+ﬁ|Fl]+E-

where reduced masses are given by

TG ma(mg +m ) iy
y = Fconst, Uy ———— Fcong, V| = + const
mig -+ my myg -+ my + ma Mg -+ my
The functions

— - —+ m' — m{:l"‘
Fy = R F, Fl R ) = Be ) = —V — —W 0,
1 l{ Ix 1y ],_] l{ ':I m I my D# *

Fl =F1[_F1::F1}--Fk] ZFI[_IJ — (:iﬂl— %i}u) — ¥ (%::i}] — :'I'LE]:FD) ;é D..

are considered known and given.

To apply the perturbation theory it 1s convenkent to rewrite the equations of
motion in terms of the analogues of the second system of the Poincare elements.
The first step in such transformation is to write the equations of motion in terms of
the osculating elements of the aperiodic motion on the quasi-conic section using
the Delaunay coordinates (see Refs. [4]). Then investigation of the secular per-
turbations of the Delanay elements is reduced to solving the following system of
non-autonomous differential equations

g — IR 5o P IRisec
o YT ag;
: (4)
i — — B']]Em,r gi = ‘g:.ifc )
E”;!' Fl

where R!_.. are perturbation functions (Refs. [4. 5. 6]). ;. . p;. q; are analogues
of the second system of the Poincaré elements (Refs. [1]).
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In the present paper we consider the expansion of the perturbing function in
terms of small quantities my, Mz, €1, €2, i, iz up to the second order inclusively
(Refs. [4, 5, 6]). Then the secular expressions for R ger. Rigec In the analogues of
the second system of the Poincaré elements take the form (Refs. [3, 6])

e 1 N .ﬂli
L5EC — .ﬁ? E,I-[]-I:l-"'ll
1

K —
IEEC T:-:_: E-J-[:'l:l-lﬁ'-q

+ Fai + Fizsec: +Fpisec + ®1sec:
(5)
———= + Foz + Fizsecz + Fpasec + Viec + Pasec,

byya; . myma I '.rmmz] 3byyia;
M - — . F — = N = 1
| v . 1mect = Tz | gee P ISEC A Eitmi),
braas . mymm; r 'mlmﬂ] 3byyaas
Fromn—e ——f= = —. K — — R —— gy .
0z T I ——— 125802 w2l 112 | sec P IFEC Tha v En3)
Dayazpaye( 23V +in )
¥ == = .
seC TN (E1&z+mimz)

Do = % {—Fnl:f]l'él + Fiylt Jmn + F;E,[;.—I]] [{—&1qn + T]lFl]]} s

3 T T
Paser = ;‘E—T}% {—sz:l:f]l';: + Faylt Jm2 + F_‘?E [{—E2g2 + T]zF:]]} .

Analysis of the expressions obtained (see Eqgs. (4, 5)) shows that the equations
of the secular perturbations in the presence of reactive forces (in the case when
masses changing anisotropically ) are not splitted into two systems with respect to
the elements &;, n; and p;, g;.

The main purpose of this paper is to identify the explicit form of the equations
(see Egs. (4)) and to find their approximate analytical solutions using by Picard
method. On the basis of these solutions we can obtain an explicit form of the
equations of the analogues of the orbital elements.

3 Approximate Analvtical Solutions

Using expressions (5), we can write the equations of motion in explicit form (see
Egs. (4))

Er = Ks+Kep1 + 2K + K3z, T = K — Kequ + 2K1E1 + Kaz,

. (6)
C2=Ks+Kgp2 + 2Kz +Kam, 1z = K — Kggz + 2K382 + K361,

48



q g2 P Pz
=—K, 2y i) —— — K, 2y ()| ——
g2 g Pz P
==K} &2y )| —— . =K a2y 0| ——
FI ﬁ'§—+ ':I!'r_ I:I":l B -'"'-l-""-l i?z ﬁr'—+ |!|!||'_ |:|'.:| -'"l-l m
In this formulation due to the anisotropical change of the masses and therefore
adding of the reactive force new terms appear which have the form

Ko — _darF(tin(n) e JaiFitnlr) Ko — 3arFrzlt (1)
E.l#[q.".."'q ’ E.I:|5|'|1|.-'..'"|.] II!!I']..'\L ’

o Jaz Fa (1 }palr) K — 3aaFa,(t)yalr) K — 3axFa: (1 )ya(r)
4 2yayAz . 22/ Az o 2y2Aa !

and the values K, K. K3, K, K%, K} were obtained in (Refs. [6]).
Using the method of Picard we can write the solutions of the equations (see
Egs. (6, 7)) as follows

3 (1) =3¢ (ta) +f IT;*(t, = (fo))dr, (8)
15

where IT;*(f, =) are the right-hand sides of the equations (see Egs. (6, 7)), = ame
the elements i, i, Pi. §i, and Sgg—=4 (to) are their values at the initial time.

The solutions (see Eqgs. (8)) allow to analyze the evolution of the analogues
of eccentricities ¢;, inclinations §;, argument of pencenters «; and motions of the
longitude of the ascending nodes £2;, the longitude of pencenters &; given by

. 2 -
El_j§.|+3r]| oA __,J

: ry i S YR
Q; — —a.rcrg-&, T — —arr::r,qﬁ, = m—Q, i=1,2.
I =
It should be noted that all of the analytical calculations have been done with
the use of the system Wolfram Mathematica (Refs. [7]).

4 Conclusion

In the paper a general problem of three mutually attracting sphenical celestial bod-
ies with variable masses changing anisotropically in different rates is considered.
A system of eight differential equations of the first order describing the secular
perturbations of the orbital elements is obtained in terms of the analogues of the
second system of the Poincaré elements in the presence of eactive forces. Approx-
imate analytical solutions of these equations are found by the method of Picard. On
the basis of these solutions it is possible to analyze the evolution of the analogues
of orbital elements of the bodies that will be done if the next paper.
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