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ɺɺɽɼɽʅʀɽ 

 

ɺ ʬʠʟʠʢʝ ʧʨʠ ʦʧʠʩʘʥʠʠ ʩʚʦʡʩʪʚ, ʟʘʢʦʥʦʚ ʜʚʠʞʝʥʠʷ ʠ ʚʟʘʠʤʦ-

ʜʝʡʩʪʚʠʷ ʨʘʟʣʠʯʥʳʭ ʬʠʟʠʯʝʩʢʠʭ ʦʙʲʝʢʪʦʚ ʠʩʧʦʣʴʟʫʶʪʩʷ ʤʘʪʝ-

ʤʘʪʠʯʝʩʢʠʝ ʤʝʪʦʜʳ.  

ʀʩʧʦʣʴʟʦʚʘʥʠʝ ʩʢʘʣʷʨʥʳʭ ʚʝʣʠʯʠʥ ʧʦʟʚʦʣʷʝʪ ʦʧʠʩʳʚʘʪʴ 

ʧʨʦʩʪʝʡʰʠʝ ʬʠʟʠʯʝʩʢʠʝ ʩʚʦʡʩʪʚʘ ʪʝʣ. ʆʜʥʘʢʦ, ʥʘʧʨʠʤʝʨ, ʜʣʷ 

ʢʦʣʠʯʝʩʪʚʝʥʥʦʛʦ ʦʧʠʩʘʥʠʷ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʪʝʣ ʩʢʘʣʷʨʥʳʭ ʚʝʣʠ-

ʯʠʥ ʥʝʜʦʩʪʘʪʦʯʥʦ. ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʥʝʦʙʭʦʜʠʤʦ ʠʩʧʦʣʴʟʦʚʘʪʴ 

ʙʦʣʝʝ ʩʣʦʞʥʳʝ ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʚʝʣʠʯʠʥʳ ī ʥʘʧʨʘʚʣʝʥʥʳʝ ʦʪ-

ʨʝʟʢʠ ʠʣʠ ʚʝʢʪʦʨʳ.  

ʊʝʥʟʦʨʳ, ʠʤʝʶʱʠʝ ʙʦʣʝʝ ʩʣʦʞʥʫʶ ʤʘʪʝʤʘʪʠʯʝʩʢʫʶ ʧʨʠʨʦʜʫ, 

ʠʩʧʦʣʴʟʫʶʪʩʷ ʜʣʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʜʝʬʦʨʤʘʮʠʡ, ʠʥʝʨʮʠʠ ʧʨʠ 

ʚʨʘʱʘʪʝʣʴʥʦʤ ʜʚʠʞʝʥʠʠ ʠ ʪ.ʜ. 

ʇʦʩʢʦʣʴʢʫ ʩʢʘʣʷʨʳ, ʚʝʢʪʦʨʳ ʠ ʪʝʥʟʦʨʳ ʚʳʙʠʨʘʶʪʩʷ ʜʣʷ ʢʦ-

ʣʠʯʝʩʪʚʝʥʥʦʛʦ ʦʧʠʩʘʥʠʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢ ʦʙʲʝʢʪʦʚ ʦʢʨʫʞʘʶʱʝʛʦ 

ʤʠʨʘ, ʪʦ, ʩ ʪʦʯʢʠ ʟʨʝʥʠʷ ʬʠʟʠʢʠ, ʦʥʠ  ʜʦʣʞʥʳ ʠʤʝʪʴ ʦʙʱʫʶ ʧʨʠ-

ʨʦʜʫ. 

ʇʨʠ ʨʘʩʩʤʦʪʨʝʥʠʠ ʬʠʟʠʯʝʩʢʠʭ ʟʘʜʘʯ ʫʜʦʙʥʦ ʢʦʥʢʨʝʪʥʳʝ 

ʚʝʢʪʦʨʳ ʠ ʪʝʥʟʦʨʳ ʦʧʨʝʜʝʣʷʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʠʩʪʝʤʳ ʢʦʦʨ-

ʜʠʥʘʪ. ʇʨʠ ʵʪʦʤ ʩʘʤʠ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ ʤʦʞʥʦ ʚʳʙʠʨʘʪʴ 

ʧʨʦʠʟʚʦʣʴʥʳʤ ʦʙʨʘʟʦʤ, ʧʦʩʢʦʣʴʢʫ ʦʥʠ  ʥʦʩʷʪ ʚʩʧʦʤʦʛʘʪʝʣʴ-

ʥʳʡ ʭʘʨʘʢʪʝʨ. ʊʦ ʝʩʪʴ, ʚʩʝ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ ʜʦʣʞʥʳ ʙʳʪʴ 

ʨʘʚʥʦʧʨʘʚʥʳʤʠ.  

ɺ ʤʘʪʝʤʘʪʠʯʝʩʢʦʤ ʘʧʧʘʨʘʪʝ ʪʝʥʟʦʨʥʦʛʦ ʠʩʯʠʩʣʝʥʠʷ,  ʢʘʢ ʚ 

ʝʛʦ ʯʘʩʪʥʦʤ ʩʣʫʯʘʝ ī ʚʝʢʪʦʨʥʦʡ ʘʣʛʝʙʨʝ ʠ ʘʥʘʣʠʟʝ, ʟʘʣʦʞʝʥʦ ʨʘʚ-

ʥʦʧʨʘʚʠʝ ʢʦʦʨʜʠʥʘʪʥʳʭ ʩʠʩʪʝʤ, ʪʘʢ ʢʘʢ ʬʠʟʠʯʝʩʢʠʝ ʭʘʨʘʢʪʝ-

ʨʠʩʪʠʢʠ ʠ ʬʦʨʤʫʣʠʨʦʚʢʘ ʬʠʟʠʯʝʩʢʠʭ ʟʘʢʦʥʦʤʝʨʥʦʩʪʝʡ ʥʝ ʜʦʣʞʥʳ 

ʟʘʚʠʩʝʪʴ ʦʪ ʚʳʙʦʨʘ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ. ʕʪʦ ʧʦʟʚʦʣʠʣʦ ʚʳʨʘʟʠʪʴ 

ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʬʦʨʤʫʣʠʨʦʚʢʠ ʟʘʢʦʥʦʚ ʬʠʟʠʢʠ ʚ ʫʜʦʙʥʦʡ ʠ 

ʥʘʛʣʷʜʥʦʡ ʬʦʨʤʝ ʠ ʜʘʣʦ ʚʦʟʤʦʞʥʦʩʪʴ ʝʛʦ ʘʢʪʠʚʥʦʛʦ ʠʩʧʦʣʴ-

ʟʦʚʘʥʠʷ  ʚ ʩʦʚʨʝʤʝʥʥʦʡ ʬʠʟʠʢʝ.  

ʅʘʩʪʦʷʱʝʝ ʫʯʝʙʥʦʝ ʧʦʩʦʙʠʝ ʧʦʩʚʷʱʝʥʦ ʠʟʣʦʞʝʥʠʶ ʦʩʥʦʚ 

ʚʝʢʪʦʨʥʦʛʦ ʠ ʪʝʥʟʦʨʥʦʛʦ ʘʥʘʣʠʟʘ ʜʣʷ ʬʠʟʠʢʦʚ ʚ ʦʙʲʸʤʝ, ʥʝʦʙ-

ʭʦʜʠʤʦʤ ʜʣʷ ʨʝʰʝʥʠʷ ʟʘʜʘʯ ʢʣʘʩʩʠʯʝʩʢʦʡ ʤʝʭʘʥʠʢʠ, ʵʣʝʢʪʨʦʜʠ-

ʥʘʤʠʢʠ, ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ ʠ ʪ.ʜ. ʀʟʣʦʞʝʥʠʝ ʪʝʦʨʠʠ ʧʨʦʠʣ-

ʣʶʩʪʨʠʨʦʚʘʥʦ ʧʨʠʤʝʨʘʤʠ. ʇʦʩʦʙʠʝ ʩʦʜʝʨʞʠʪ ʪʘʢʞʝ ʟʘʜʘʯʠ ʜʣʷ 

ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ. 
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ɺ ʧʝʨʚʦʡ ʛʣʘʚʝ ʥʘʩʪʦʷʱʝʛʦ ʧʦʩʦʙʠʷ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʚʦʧ-

ʨʦʩʳ, ʩʚʷʟʘʥʥʳʝ ʩ ʦʧʝʨʘʮʠʷʤʠ ʥʘʜ ʚʝʢʪʦʨʘʤʠ, ʠʥʪʝʛʨʘʣʴʥʳʤʠ 

ʪʝʦʨʝʤʘʤʠ ʚʝʢʪʦʨʥʦʛʦ ʘʥʘʣʠʟʘ. ʉʣʝʜʫʶʱʠʝ ʜʚʝ ʛʣʘʚʳ ʩʦʜʝʨʞʘʪ 

ʠʥʬʦʨʤʘʮʠʶ ʧʦ ʢʨʠʚʦʣʠʥʝʡʥʳʤ ʦʨʪʦʛʦʥʘʣʴʥʳʤ ʩʠʩʪʝʤʘʤ ʢʦʦʨ-

ʜʠʥʘʪ ʠ ʪʝʥʟʦʨʥʦʡ ʘʣʛʝʙʨʝ.  
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ɻʣʘʚʘ 1 

ɺɽʂʊʆʈʅɸʗ ɸʃɻɽɹʈɸ 

 

1.1. ʆʩʥʦʚʥr ʝ ʧʦʥʪ̫ʠʷ 

 

ɺ ʥʘʫʢʝ ʠ ʪʝʭʥʠʢʝ ʯʘʩʪʦ ʚʩʪʨʝʯʘʶʪʩ ̫ ʚʝʣʠʯʠʥʳ, ʢʦʪʦʨʝr 

ʚʧʦʣʥʝ ʦʧʨʝʜʝʣʷʶʪʩ ̫ʦʜʥʠʤ ʯʠʩʣʦʤ, ʪʘʢ ʥʘʟʚrʘʝʤʦʡ ʘʙʩʦʣʶʪ-

ʥʦʡ ʚʝʣʠʯʠʥʦʡ, ʥʘʧʨʠʤʝʨ, ʤʘʩʩʘ, ʚʨʝʤ,̫ ʪʝʤʧʝʨʘʪʫʨʘ ʠ ʪ.ʜ. ʕʪʠ 

ʚʝʣʠʯʠʥʳ ʥʘʟʚrʘʪʁ ʩʢʘʣʷʨʥʤrʠ. ʆʜʥʘʢʦ ʤʥʦʛʠʝ ʬʠʟʠʯʝʩʢʠʝ ʚʝ-

ʣʠʯʠʥ  rʦʧʨʝʜʝʣʷʶʪʩ ̫ʥʝ ʪʦʣʴʢʦ ʯʠʩʣʦʤ, ʥʦ ʠ ʥʘʧʨʘʚʣʝʥʠʝʤ, ʥʘ-

ʧʨʠʤʝʨ, ʧʝʨʝʤʝɦʝʥʠʝ, ʩʢʦʨʦʩʪɹ , ʫʩʢʦʨʝʥʠʝ, ʩʠʣʘ, ʠʤʧʫʣʴʩ ʠ ʤʦ-

ʤʝʥʪ ʢʦʣʠʯʝʩʪʚʘ ʜʚʠʞʝʥʠ.̫ ʕʪʠ ʚʝʣʠʯʠʥʳ ʥʘʟʚrʘʪʁ ʚʝʢʪʦʨʥʤrʠ.  

ʀʥʪʝʨʝʩʥʦ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʚʩʝ ʧʝʨʝʯʠʩʣʝʥʥʝr ʚʝʢʪʦʨʥʝr ʚʝʣʠ-

ʯʠʥ  rʟʘʠʤʩʪʚʦʚʘʥ  rʠʟ ʤʝʭʘʥʠʢʠ, ʦʜʥʘʢʦ ʧʨʠ ʨʘʟʚʠʪʠʠ ʤʝʭʘʥʠʢʠ 

ʚʝʢʪʦʨʥʳʡ ʘʥʘʣʠʟ ʥʝ ʙʳʣ ʠʩʧʦʣʴʟʦʚʘʥ; ʙʦʣʝʝ ʪʦʛʦ, ʦʥ ʝʱʝ ʥʝ 

ʙʳʣ ʩʦʟʜʘʥ. ʇʦʪʨʝʙʥʦʩʪʴ ʚ ʚʝʢʪʦʨʥʦʤ ʘʥʘʣʠʟʝ ʚʦʟʥʠʢʣʘ ʧʦʩʣʝ 

ʪʦʛʦ, ʢʘʢ ʄʘʢʩʚʝʣʣ ʨʘʟʨʘʙʦʪʘʣ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʫʁ ʪʝʦʨʠʶ ʠ ʩʪʘ-

ʣʘ ʷʩʥʘ ʚʝʢʪʦʨʥʘ̫ ʧʨʠʨʦʜʘ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʠ ʤʘʛʥʠʪʥʦʛʦ ʧʦʣʝʡ. 

ɻʨʘʬʠʯʝʩʢʠ ʣʙʁʫʁ ʚʝʢʪʦʨʥʫʁ ʚʝʣʠʯʠʥʫ (ʚ ʜʘʣʴʥʝʡʰʝʤ ʙʫʜʝʤ 

ʥʘʟʚrʘʪʴ ʝʝ ʚʝʢʪʦʨʦʤ) ʫʜʦʙʥʦ ʧʨʝʜʩʪʘʚʣ̫ ʪʴ ʩʪʨʝʣʢʦʡ, ʜʣʠʥʘ ʢʦʪʦ-

ʨʦʡ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʘ ʚʝʣʠʯʠʥʝ ʚʝʢʪʦʨʘ, ʘ ʥʘʧʨʘʚʣʝʥʠʝ ʦʧʨʝʜʝʣʷʝʪ 

ʥʘʧʨʘʚʣʝʥʠʝ ʚʝʢʪʦʨʘ. ɿʘ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʧʨʠʥʪ̫ʦ ʥʘʧʨʘʚʣʝʥʠʝ, ʫʢʘ-

ʟʘʥʥʦʝ ʵʪʦʡ ʩʪʨʝʣʢʦʡ. ʇʨʠ ʪʘʢʦʤ ʦʧʨʝʜʝʣʝʥʠʠ ʩʫʤʤʘ ʚʝʢʪʦʨʦʚ  
 

                                     BAC
ddd
+=                                       (1.1)  

 

ʦʟʥʘʯʘʝʪ ʩʦʚʤʝɦʝʥʠʝ ʥʘʯʘʣʘ ʚʝʢʪʦʨʘ B  ʩ ʢʦʥʮʦʤ ʚʝʢʪʦʨʘ A . 

ʉʪʨʝʣʢʘ, ʩʦʝʜʠʥʷʶɦʘʷ ʥʘʯʘʣʦ ʚʝʢʪʦʨʘ A  ʩ ʢʦʥʮʦʤ ʚʝʢʪʦʨʘ B , 

ʦʧʨʝʜʝʣʷʝʪ ʚʝʢʪʦʨ C. ʕʪʘ ʧʨʦʮʝʜʫʨʘ ʩʣʦʞʝʥʠ̫ ʚʝʢʪʦʨʦʚ ʧʦ ʧʨʘ-

ʚʠʣʫ ʪʨʝʫʛʦʣʴʥʠʢʘ (1.1) ʧʨʦʠʣʣ ʩʁʪʨʠʨʦʚʘʥʘ ʥʘ ʨʠʩʫʥʢʝ 1. 

 

 

 

 

 

 
ʈʠʩ. 1. ʇʨʘʚʠʣʦ ʪʨʝʫʛʦʣʴʥʠʢʘ ʧʨʠ ʩʣʦʞʝʥʠʠ ʚʝʢʪʦʨʦʚ 
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ɼʦʧʦʣʥ̫ ʷ ʧʦʣʫʯʝʥʥr ʡ ʪʨʝʫʛʦʣʴʥʠʢ ʜʦ ʧʘʨʘʣʣʝʣʦʛʨʘʤʘ, ʚʠʜʠʤ 

(ʨʠʩ. 2), ʯʪʦ 

 

                                           ABBAC
ddddd
+=+= .                         (1.2) 

 

 

 

 

 

 

 

 
ʈʠʩ. 2. ʇʨʘʚʠʣʦ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ ʧʨʠ ʩʣʦʞʝʥʠʠ ʚʝʢʪʦʨʦʚ        

 

ʆʪʤʝʪʠʤ, ʯʪʦ ʧʦʜ ʚʝʢʪʦʨʘʤʠ ʧʦʥʠʤʘʶʪʩ ̫ ʛʝʦʤʝʪʨʠʯʝʩʢʠʝ 

ʦʙʝ̡ʢʪ,r ʥʝ ʟʘʚʠʩʷɦʠʝ ʦʪ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ. ʅʘʧʨʠʤʝʨ, ʚʝʢʪʦʨ 

A  (ʨʠʩ. 3), ʥʘʧʨʘʚʣʝʥʥr ʡ ʠʟ ʥʘʯʘʣʘ ʩʠʩʪʝʤ  rʦʪʩʯʝʪʘ, ʦʢʘʥʯʠ-

ʚʘʝʪʩ ̫ʚ ʪʦʯʢʝ (ʭ1,ʫ1,z1). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
ʈʠʩ. 3. ʂʦʤʧʦʥʝʥʪr  ʚʝʢʪʦʨʘ ʚ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ 

 

ʉʠʤʚʦʣʦʤ A  ʤʦʞʥʦ ʦʙʦʟʥʘʯʠʪʴ ʣ ʙʁʫʁ ʚʝʢʪʦʨʥʫʁ ʚʝʣʠʯʠ-

ʥʫ (ʠʤʧʫʣʴʩ, ʥʘʧʨ̫ʞʝʥʥʦʩʪʴ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣ ̫ʠ ʪ.ʜ.), ʦʜʥʘʢʦ 

ʥʝʢʦʪʦʨʳʝ ʚʝʢʪʦʨʥʝr ʚʝʣʠʯʠʥʳ, ʥʘʧʨʠʤʝʨ, ʨʘʩʩʪʦʥ̫ʠʝ ʦʪ ʥʘʯʘ-
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ʣʘ ʢʦʦʨʜʠʥʘʪ ʜʦ ʪʦʯʢʠ (ʭ1,ʫ1,z1), ʦʙʦʟʥʘʯʘʪʁ ʩʧʝʮʠʘʣʥɹʳʤ ʩʠʤ-

ʚʦʣʦʤ r
d

 (ʨʘʜʠʫʩʦʤ-ʚʝʢʪʦʨʦʤ) 

 

                                                1 1 1( , , )r x y z= .                              (1.3) 

 

ʆʙʦʟʥʘʯʠʤ ʩʠʤʚʦʣʦʤ r
d
ʘʙʩʦʣʶʪʥʫʶ ʚʝʣʠʯʠʥʫ ʨʘʜʠʫʩʘ-ʚʝʢ-

ʪʦʨʘ. ʃʝʛʢʦ ʫʙʝʜʠʪʴʩʷ (ʨʠʩ. 4), ʯʪʦ ʢʦʦʨʜʠʥʘʪ rʢʦʥʮʘ ʚʝʢʪʦʨʘ 

ʩʚʟ̫ʘʥ  rʩ ʘʙʩʦʣʶʪʥʦʡ ʚʝʣʠʯʠʥʦʡ ʚʝʢʪʦʨʘ ʩʦʦʪʥʦhʝʥʠʤ̫ʠ 

 

                   1 1 1, ,x r cos y r cos z r cosa b g= Ö = Ö = Ö .         (1.4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
ʈʠʩ. 4. ʅʘʧʨʘʚʣ̫ ʶʱʠʝ ʢʦʩʠʥʫʩ r

 

ɿʜʝʩʴ ,cos cosa b  ʠ  cosg-ʥʘʧʨʘʚʣʷʶɦʠʝ ʢʦʩʠʥʫʩʳ, ʘ  

,a b ʠ g-ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʫʛʣ  rʤʝʞʜʫ ʜʘʥʥr ʤ ʚʝʢʪʦʨʦʤ ʠ ʧʦ-

ʣʦʞʠʪʝʣʴʥʤrʠ ʥʘʧʨʘʚʣʝʥʠ̫ʤʠ ʦʩʝʡ ,x y  ʠ  z . ɺʝʣʠʯʠʥʳ 11,yx  

ʠ 1z  ʥʘʟʚrʘʶʪʩ ̫ʢʦʤʧʦʥʝʥʪʘʤʠ (ʜʝʢʘʨʪʦʚʤrʠ) ʨʘʜʠʫʩʘ-ʚʝʢʪʦʨʘ 

r
d

 ʠʣʠ ʝʛʦ ʧʨʦʝʢʮʠʤ̫ʠ. 

ʃ ʙʁʦʡ ʚʝʢʪʦʨ A  ʤʦʞʥʦ ʨʘʟʣʦʞʠʪʴ ʥʘ ʢʦʤʧʦʥʝʥʪr  (ʠʣʠ  

ʩʧʨʦʝʢʪʠʨʦʚʘʪʴ ʥʘ ʢʦʦʨʜʠʥʘʪʥr ʝ ʦʩʠ): 

           , ,x y zA A cos A A cos A A cosa b g= Ö = Ö = Ö.            (1.5) 
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ɺʚʝʜʝʤ ʝʜʠʥʠʯʥr ʝ ʚʝʢʪʦʨ  rʚ ʥʘʧʨʘʚʣʝʥʠʠ ʢʘʞʜʦʡ ʠʟ ʢʦʦʨ-

ʜʠʥʘʪʥr ʭ ʦʩʝʡ. ʇʫʩʪɹ  ji
dd

, , -k
d
ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʚʝʢʪʦʨ  rʝʜʠʥʠʯ-

ʥʦʡ ʜʣʠʥ ,r ʥʘʧʨʘʚʣʝʥʥr ʝ ʚʜʦʣʴ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʧʦʣʫʦʩʝʡ 

,x y, z . ʊʦʛʜʘ ʩʦʛʣʘʩʥʦ ʦʧʝʨʘʮʠʠ ʚʝʢʪʦʨʥʦʛʦ ʩʣʦʞʝʥʠʷ,  
  

                                          x y zA i j k= A + A + A.                      (1.6) 

ɽʩʣʠ 0A= , ʪʦ 0=A=A=A zyx . ɺ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʪʝʦʨʝ-

ʤʦʡ ʇʠʬʘʛʦʨʘ ʘʙʩʦʣʶʪʥʘʷ ʚʝʣʠʯʠʥʘ ʚʝʢʪʦʨʘ A  ʨʘʚʥʘ 
 

      
222

zyx A+A+A=A . 

  

ʉʣʦʞʝʥʠʝ ʠ ʚʯrʠʪʘʥʠʝ ʚʝʢʪʦʨʦʚ ʤʦʞʥʦ ʚʳʧʦʣʥʠʪʴ, ʠʩʧʦʣʴ-

ʟʫʷ ʢʦʤʧʦʥʝʥʪʥʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ. ɼʣʷ ʚʝʢʪʦʨʘ A  

 

      x y zi j kA= A + A + A 

ʠ ʚʝʢʪʦʨʘ B 

       x y zi j kB= B + B + B 

ʩʧʨʘʚʝʜʣʠʚʦ 

 

               ( ) ( ) ( )x x y y z zi j kA°B= A °B + A °B + A °B.    (1.7) 

 
ɿʘʜʘʯʠ 

 

1. ɼʘʥ  rʜʚʘ ʚʝʢʪʦʨʘ: 1C A B= +  ʠ 2C A B= - . ʇʦʩʪʨʦʠʪʴ ʚʝʢʪʦ-

ʨ  r A  ʠ B . 

2. ɼʘʥ  rʜʚʝ ʪʦʯʢʠ 1 1 1 1( ; ; )M x y z  ʠ 2 2 2 2( ; ; )M x y z . ʆʧʨʝʜʝʣʠʪʴ ʚ 

ʢʦʦʨʜʠʥʘʪʥʦʡ ʬʦʨʤʝ ʚʝʢʪʦʨ 1 2M M . 

3. ʅʘʡʪʠ ʝʜʠʥʠʯʥr ʡ ʚʝʢʪʦʨ, ʢʦʣʣʠʥʝʘʨʥʳʡ (ʧʘʨʘʣʣʝʣʥɹʳʡ) ʚʝʢʪʦ-

ʨʫ, ʥʘʧʨʘʚʣʝʥʥʦʤʫ ʧʦ ʙʠʩʩʝʢʪʨʠʩʝ ʫʛʣʘ ɺɸʉ ʪʨʝʫʛʦʣʴʥʠʢʘ ɸɺʉ, ʝʩʣʠ 

ʟʘʜʘʥ  rʝʛʦ ʚʝʨhʠʥ :r ɸ(1; 1; 1), ɺ(3; 0; 1), ʉ(0; 3; 1). 
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4. ʂʘʢʦʤʫ ʫʩʣʦʚʠʶ ʜʦʣʞʥʳ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʪʨʠ ʚʝʢʪʦʨʘ a , b  ʠ c , 

ʯʪʦʙ  rʠʟ ʥʠʭ ʤʦʞʥʦ ʙʣrʦ ʦʙʨʘʟʦʚʘʪʴ ʪʨʝʫʛʦʣʴʥʠʢ? 

5. ʇʫʩʪɹ  5 3 2i j kA= + +, 2 2 2i j kB= + -. ʆʧʨʝʜʝʣʠʪʴ A+B 

ʠ A-B. 
6. ʉʘʤʦʣʝʪ ʧʨʦʣʝʪʘʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʩʪʦʨʦʥ  rɸɺ, ɺʉ ʠ ʉɸ ʪʨʝʫ-

ʛʦʣʴʥʠʢʘ ɸɺʉ ʟʘ ʜʘʥʥr ʝ ʧʨʦʤʝʞʫʪʢʠ ʚʨʝʤʝʥʠ 
1t , 

2t  ʠ 
3t  ʩʦʦʪʚʝʪʩʪ-

ʚʝʥʥʦ. ʇʨʠ ʵʪʦʤ ʝʛʦ ʚʩʝ ʚʨʝʤ ̫ʩʥʦʩʠʪ ʩ ʢʫʨʩʘ ʚʝʪʨʦʤ ʩ ʧʦʩʪʦʷʥʥʦʡ ʩʢʦ-

ʨʦʩʪɹ ʶ u . ʆʧʨʝʜʝʣʠʪʴ ʩʦʙʩʪʚʝʥʥʫʶ ʩʢʦʨʦʩʪɹ  v  ʩʘʤʦʣʝʪʘ ʠ ʩʢʦʨʦʩʪɹ  

u, ʩ ʢʦʪʦʨʦʡ ʩʘʤʦʣʝʪ ʩʥʦʩʠʪ ʚʝʪʨʦʤ. 

7. ɺʝʢʪʦʨ A, ʜʣʠʥʘ ʢʦʪʦʨʦʛʦ ʨʘʚʥʘ 10, ʩʦʩʪʘʚʣʷʝʪ ʨʘʚʥr ʝ ʫʛʣ rʩ 

ʦʩʤ̫ʠ ʢʦʦʨʜʠʥʘʪ. ʅʘʡʪʠ ,x yA A ʠ zA . 

8. ʆʧʨʝʜʝʣʠʪʴ ʢʦʤʧʦʥʝʥʪr  ʝʜʠʥʠʯʥʦʛʦ ʚʝʢʪʦʨʘ, ʢʦʪʦʨʳʡ ʣʝʞʠʪ ʚ 

ʧʣʦʩʢʦʩʪʠ ʭʫ ʠ ʩʦʩʪʘʚʣʷʝʪ ʨʘʚʥr ʝ ʫʛʣ rʩ ʧʦʣʦʞʠʪʝʣʴʥʤrʠ ʥʘʧʨʘʚʣʝ-

ʥʠ̫ʤʠ ʦʩʝʡ  ʭ  ʠ  ʫ. 

9. ʅʘʡʪʠ ʩʫʤʤʫ ʪʨʝʭ ʚʝʢʪʦʨʦʚ, ʠʤʝʶʱʠʭ ʜʣʠʥʫ ʘ ʠ ʧʨʦʚʝʜʝʥʥr ʭ: 

ʘ) ʠʟ ʚʝʨhʠʥ  rʢʫʙʘ ʧʦ ʪʨʝʤ ʝʛʦ ʨʝʙʨʘʤ; 

ʙ) ʠʟ ʚʝʨhʠʥ  rʧʨʘʚʠʣʴʥʦʡ ʪʨʝʫʛʦʣʴʥʦʡ ʧʠʨʘʤʠʜʳ ʧʦ ʪʨʝʤ ʝʝ ʨʝʙ-

ʨʘʤ. 
 

1.2. ʇʦʚʦʨʦʪ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ 

 

ʆʧʨʝʜʝʣʝʥʠʝ ʚʝʢʪʦʨʘ ʟʘʜʘʥʠʝʤ ʝʛʦ ʘʙʩʦʣʶʪʥʦʡ ʚʝʣʠʯʠʥʳ ʠ 

ʥʘʧʨʘʚʣʝʥʠ̫ ʥʝ ʚʧʦʣʥʝ ʩʪʨʦʛʦʝ. ɽʩʪʴ ʚʝʣʠʯʠʥʳ, ʪʘʢʠʝ ʢʘʢ, ʥʘʧ-

ʨʠʤʝʨ, ʢʦɻʬʬʠʮʠʝʥʪ ʫʧʨʫʛʦʩʪʠ, ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʝʣʦʤʣʝʥʠ̫ ʚ 

ʘʥʠʟʦ-ʪʨʦʧʥʳʭ ʢʨʠʩʪʘʣʣʘʭ, ʢʦʪʦʨʝr ʭʘʨʘʢʪʝʨʠʟʫʶʪʩ ̫ʘʙʩʦʣʶʪ-

ʥʦʡ ʚʝʣʠʯʠʥʦʡ ʠ ʥʘʧʨʘʚʣʝʥʠʝʤ, ʥʦ ʪʝʤ ʥʝ ʤʝʥʝʝ ʥʝ ʷʚʣʷʶʪʩ ̫

ʚʝʢʪʦʨʘʤʠ. ʂʨʦʤʝ ʪʦʛʦ, ʜʘʥʥʦʝ ʥʘʛʣʷʜʥʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʚʝʢʪʦʨʘ 

ʥʝʫʜʦʙʥʦ ʠ ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʦʙʦʙɦʝʥʦ ʥʘ ʙʦʣʝʝ ʩʣʦʞʥr ʝ ʚʝʣʠʯʠ-

ʥʳ. 

ʀʩʧʦʣʴʟʫʷ ʨʘʜʠʫʩ-ʚʝʢʪʦʨ r
d
, ʜʘʜʠʤ ʥʦʚʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʚʝʢ-

ʪʦʨʘ. ɼʣʷ ʚʚʝʜʝʥʠ̫ ʥʦʚʦʛʦ ʦʧʨʝʜʝʣʝʥʠ̫ ʠʤʝʶʪʩ ̫ʚʘʞʥr ʝ ʬʠʟʠ-

ʯʝʩʢʠʝ ʧʨʠʯʠʥ.r ʄʳ ʦʧʠʩʚrʘʝʤ ʦʢʨʫʞʘʶɦʠʡ ʥʘʩ ʤʠʨ ʩ ʧʦ-

ʤʦʱʴʁ ʤʘʪʝʤʘʪʠʢʠ, ʥʦ ʣ ʙʁʦʝ ʬʠʟʠʯʝʩʢʦʝ ʦʧʠʩʘʥʠʝ ʜʦʣʞʥʦ 

ʙʳʪʴ ʥʝʟʘʚʠʩʠʤʳʤ ʦʪ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʘʧʧʘʨʘʪʘ. ɺ ʜʘʣʴʥʝʡʰʝʤ 

ʙʫʜʝʤ ʧʨʝʜʧʦʣʘʛʘʪʴ, ʯʪʦ ʧʨʦʩʪʨʘʥʩʪʚʦ ʠʟʦʪʨʦʧʥʦ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ 
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ʠʩʩʣʝʜʫʝʤʘʷ ʬʠʟʠʯʝʩʢʘʷ ʩʠʩʪʝʤʘ ʠʣʠ ʩʬʦʨʤʫʣʠʨʦʚʘʥʥr ʡ ʬʠʟʠ-

ʯʝʩʢʠʡ ʟʘʢʦʥ ʥʝ ʜʦʣʞʥʳ ʟʘʚʠʩʝʪʴ ʦʪ ʚʙrʦʨʘ ʠʣʠ ʦʪ ʦʨʠʝʥʪʘʮʠʠ 

ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ.   

 

 

 

 

 

 

 

 

 

 

 

 

 
 

ʈʠʩ. 5. ɺʨʘɦʝʥʠʝ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ 
 

ʊʝʧʝʨʴ ʤʳ ʚʥʦʚʴ ʦʙʨʘʪʠʤʩ̫ ʢ ʨʘʜʠʫʩʫ-ʚʝʢʪʦʨʫ r
d
. ʈʘʩʩʤʦʪ- 

ʨʠʤ r
d

 ʚ ʜʚʫʭ ʨʘʟʣʠʯʥʳʭ ʩʠʩʪʝʤʘʭ, ʦʜʥʘ ʠʟ ʢʦʪʦʨʳʭ ʧʦʚʝʨʥʫʪʘ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʜʨʫʛʦʡ. ɼʣʷ ʧʨʦʩʪʦʪ r ʦʛʨʘʥʠʯʠʤʩ̫  ʜʚʫʤʝʨʥr ʤ 

ʩʣʫʯʘʝʤ (ʨʠʩ. 5). ɽʩʣʠ ʢʦʦʨʜʠʥʘʪʥr ʝ ʦʩʠ ʭ ʠ ʫ ʧʦʚʝʨʥʫʪ rʧʨʦ-

ʪʠʚ ʯʘʩʦʚʦʡ ʩʪʨʝʣʢʠ ʥʘ ʫʛʦʣ j, ʠ ʧʨʠ ʵʪʦʤ ʧʦʣʦʞʝʥʠʝ ʨʘʜʠʫʩʘ-

ʚʝʢʪʦʨʘ r
d

 ʬʠʢʩʠʨʦʚʘʥʦ, ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʩʣʝʜʫʶɦʠʝ ʩʦʦʪʥʦhʝ-

ʥʠ,̫ ʩʚʟ̫ʚrʘʶɦʠʝ ʢʦʤʧʦʥʝʥʪr  ʨʘʜʠʫʩʘ-ʚʝʢʪʦʨʘ ʚ ʥʝʧʦʜʚʠʞʥʦʡ 

ʩʠʩʪʝʤʝ ʩ ʢʦʤʧʦʥʝʥʪʘʤʠ ʪʦʛʦ ʞʝ ʚʝʢʪʦʨʘ ʚ ʧʦʚʝʨʥʫʪʦʡ: 
    

              cos sin , sin cosx x y y x yj j j j¡ ¡= + =- + .     (1.8) 
 

ɺʝʢʪʦʨ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʩ ʧʦʤʦʱʴʁ ʢʦʦʨʜʠʥʘʪ ʝʛʦ ʢʦʥʮʝ-

ʚʦʡ ʪʦʯʢʠ (ʨʘʟʜʝʣ 1.1), ʠʥʤrʠ ʩʣʦʚʘʤʠ, ʢʦʦʨʜʠʥʘʪ r ʪɻʦʡ ʪʦʯʢʠ 

ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʳ ʢʦʤʧʦʥʝʥʪʘʤ ʚʝʢʪʦʨʘ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʢʦʤʧʦ-

ʥʝʥʪr  ʚʝʢʪʦʨʘ ʜʦʣʞʥʳ ʧʨʝʦʙʨʘʟʦʚʚrʘʪʴʩʷ ʧʨʠ ʧʦʚʦʨʦʪʝ ʢʦʦʨʜʠ-

ʥʘʪʥr ʭ ʦʩʝʡ ʪʘʢ ʞʝ, ʢʘʢ ʢʦʦʨʜʠʥʘʪ rʪʦʯʢʠ (ʠʣʠ ʢʘʢ ʨʘʜʠʫʩ-ʚʝʢ-

ʪʦʨ r
d

). ɹʦʣʝʝ ʪʦʛʦ, ʝʩʣʠ ʣ ʙʁʘ̫ ʧʘʨʘ ʚʝʣʠʯʠʥ ( , )x yAA , ʟʘʜʘʥʥr ʭ 

ʚ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ,x y, ʧʨʝʦʙʨʘʟʫʝʪʩ ̫ʚ ( , )x yA¡ ¡A  

ʧʦʚʦʨʦʪʦʤ ʩʠʩʪʝʤr  ʢʦʦʨʜʠʥʘʪ ʪʘʢ, ʯʪʦ 
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   cos sin , sin cosx x y y x yj j j j¡ ¡A =A +A A =-A +A,     (1.9) 

 

ʪʦ ʩʯʠʪʘʝʤ 
xA  ʠ yAʢʦʤʧʦʥʝʥʪʘʤʠ ʚʝʢʪʦʨʘ A . ɺʝʢʪʦʨ A  ʦʧʨʝ-

ʜʝʣʝʥ ʪʝʧʝʨʴ ʟʘʢʦʥʦʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠ̫ ʝʛʦ ʢʦʤʧʦʥʝʥʪ ʧʨʠ ʧʦʚʦ-

ʨʦʪʝ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ. ɽʩʣʠ xA  ʠ yA  ʧʨʝʦʙʨʘʟʫʁʪʩ ̫ʪʘʢ ʞʝ, 

ʢʘʢ ʢʦʤʧʦʥʝʥʪr  ʜʚʫʤʝʨʥʦʛʦ ʨʘʜʠʫʩʘ-ʚʝʢʪʦʨʘ, ʦʥʠ ʷʚʣʷʶʪʩ ̫

ʢʦʤʧʦʥʝʥʪʘʤʠ ʚʝʢʪʦʨʘ A . ɽʩʣʠ xA  ʠ yA  ʚʝʜʫʪ ʩʝʙ ̫ʧʨʠ ʧʦʚʦ-

ʨʦʪʝ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ ʠʥʘʯʝ, ʪʦ ʠʟ ʵʪʠʭ ʚʝʣʠʯʠʥ ʥʝʣʴʟʷ ʦʙʨʘ-

ʟʦʚʘʪʴ ʚʝʢʪʦʨ. 

ʏʪʦʙ  rʩʜʝʣʘʪʴ ʦʧʨʝʜʝʣʝʥʠʝ ʚʝʢʪʦʨʘ ʙʦʣʝʝ ʧʦʣʥr ʤ, ʥʝʦʙʭʦ-

ʜʠʤʦ ʚʳʷʩʥʠʪʴ ʩʤʳʩʣ ʚʝʣʠʯʠʥ  xA¡ʠ yA¡ ʚ ʫʨʘʚʥʝʥʠʭ̫ (1.9). 

ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʢʦʤʧʦʥʝʥʪr  A  ï ʬʫʥʢʮʠʠ ʢʦʦʨʜʠʥʘʪ ʠ ʢʨʦ-

ʤʝ ʪʦʛʦ, ʥʝʢʦʪʦʨʦʛʦ ʧʦʩʪʦ̫ ʥʥʦʛʦ ʚʝʢʪʦʨʘ C
d

: 

 

      ),,,( yxxx CCyxA=A  , ( , , , )y y x yx y C CA =A .            (1.10)  

 

ɺ ʧʦʚʝʨʥʫʪʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ɸ  ʠʤʝʝʪ ʢʦʤʧʦʥʝʥʪr 

xA¡ʠ yA¡: 

  ),,,( yxxx CCyx ¡¡¡¡A¡=A¡ , 

  

                                   ( , , , )y y x yx y C C¡ ¡ ¡ ¡ ¡ ¡A =A .                         (1.11) 

 

ʀʩʧʦʣʴʟʫʷ ʫʨʘʚʥʝʥʠ̫ (1.8), ʢʦʦʨʜʠʥʘʪ r , , ,x yx y C C¡ ¡ ¡ ¡ ʤʦʞʥʦ 

ʚʨrʘʟʠʪʴ ʯʝʨʝʟ ʢʦʦʨʜʠʥʘʪ rʥʝʧʦʜʚʠʞʥʦʡ ʩʠʩʪʝʤ  rʠ ʫʛʦʣ ʧʦʚʦ-

ʨʦʪʘ j. ɺʦʦʙɦʝ ʜʦʣʞʥʘ ʩʫɦʝʩʪʚʦʚʘʪʴ ʥʝʢʦʪʦʨʘʷ ʟʘʚʠʩʠʤʦʩʪɹ  ʦʪ 

ʫʛʣʘ ʧʦʚʦʨʦʪʘ. ʆʜʥʘʢʦ ʪʘʢʘ̫ ʟʘʚʠʩʠʤʦʩʪɹ  ʦʪ ʦʨʠʝʥʪʘʮʠʠ ʥʝʞʝʣʘ-

ʪʝʣʴʥʘ. ʇʦʵʪʦʤʫ ʤʳ ʦʛʨʘʥʠʯʠʤʩ̫  ʬʫʥʢʮʠʷʤʠ, ʢʦʪʦʨʝr ʥʝ ʟʘʚʠ-

ʩʷʪ ʦʪ ʦʨʠʝʥʪʘʮʠʠ. ʆʯʝʚʠʜʥʦ, ʚ ʯʘʩʪʥʦʤ ʩʣʫʯʘʝ, ʢʦʛʜʘ  j=0,  

 

., yyxx A¡=AA¡=A  
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ʇʨʠʤʝʨ :r 

1. ɼʘʥʘ ʧʘʨʘ ʚʝʣʠʯʠʥ (-ʫ, ʭ). ʇʦʢʘʟʘʪʴ, ʯʪʦ ʵʪʠ ʚʝʣʠʯʠʥʳ ʦʙ-

ʨʘʟʫʶʪ ʜʚʫʤʝʨʥr ʡ ʚʝʢʪʦʨ. 

ʀʩʩʣʝʜʫʝʤ, ʢʘʢ ʧʨʝʦʙʨʘʟʫʁʪʩ ̫ʵʪʠ ʚʝʣʠʯʠʥʳ ʧʨʠ ʧʦʚʦʨʦʪʝ 

ʩʠʩʪʝʤ  rʥʘ ʫʛʦʣ j. ʀʤʝʝʤ 
 

 ,cossin,sincos jjjj xyVxyV yx +=¡+-=¡   

 

ʛʜʝ ,  x yV y V x=- =. ʀʩʧʦʣʴʟʫʷ (1.8), ʧʦʣʫʯʘʝʤ yVx
¡-=¡ , 

xVy
¡=¡ , ʪ.ʝ. ʜʘʥʥʘʷ ʧʘʨʘ ʚʝʣʠʯʠʥ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʨʘʚʥʝʥʠʤ̫ 

(1.9), ʦʧʨʝʜʝʣʷʁɦ ʠʤ ʜʚʫʤʝʨʥr ʡ ʚʝʢʪʦʨ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʘʨʘ 
 

 (-ʫ,ʭ) ʧʨʝʜʩʪʘʚʣ̫ ʝʪ ʩʦʙʦʡ ʢʦʤʧʦʥʝʥʪr  ʚʝʢʪʦʨʘ. 

2. ʈʘʩʩʤʦʪʨʠʤ ),( yxyjxiV -=-=
ddd

.  

ʉʦʛʣʘʩʥʦ (1.9),  

cos sin , sin cosx yV x y x V x y yj j j j¡ ¡ ¡ ¡= + = = - =-. 

ʇʦʜʩʪʘʚʣ̫ ʷ xV x=  ʠ, yVy -= , ʧʦʣʫʯʘʝʤ 

 , sin cos .x x y y x yV V cos V sin V V Vj j j j¡ ¡= - = +    

ʕʪʠ ʩʦʦʪʥʦhʝʥʠ̫ ʥʝ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʜʘʥʥʦʤʫ ʦʧʨʝʜʝʣʝʥʠʁ 

ʚʝʢʪʦʨʘ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʘʨʘ ( ),x y-  ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʚʝʢʪʦʨʦʤ. 

ɼʣʷ ʧʝʨʝʭʦʜʘ ʢ ʪʨʝʭ- ʠ n-ʤʝʨʥʦʤʫ ʧʨʦʩʪʨʘʥʩʪʚʫ ʫʜʦʙʥʦ ʚʦʩ-

ʧʦʣʴʟʦʚʘʪʴʩʷ ʙʦʣʝʝ ʢʦʤʧʘʢʪʥʦʡ ʟʘʧʠʩʴʶ. ʇʫʩʪɹ 
  

1 11 12

2 21 22

, cos , sin ,

, sin , cos .

x x a a

y x a a

j j

j j

= = =

= =- =

            (1.12) 

 

ʊʦʛʜʘ ʫʨʘʚʥʝʥʠ̫ (1.9) ʤʦʞʥʦ ʧʝʨʝʧʠʩʘʪʴ ʪʘʢ: 
 

                       1 11 1 12 2 2 21 1 22 2,x a x a x x a x a x¡ ¡= + = + .          (1.13) 

 

ʂʦɻʬʬʠʮʠʝʥʪ ija  ʤʦʞʥʦ ʦʪʦʞʜʝʩʪʚʠʪʴ ʩ ʥʘʧʨʘʚʣʷʶʱʠʤʠ 

ʢʦʩʠʥʫʩʘʤʠ (ʢʘʢ ʢʦʩʠʥʫʩʦʤ ʫʛʣʘ ʤʝʞʜʫ ix¡ ʠ jx ), ʪ.ʝ. 
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12 1 2

21 2 1

          cos( , ) sin ,

cos( , ) cos( ) sin .
2

a x x

a x x

j

p
j j

¡= =

¡= = + =-

 

 

ʊʦʛʜʘ ʫʨʘʚʥʝʥʠ̫ (1.13) ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ: 

 

                                    ä
=

==¡
2

1

.2,1,
j

jiji ixax                (1.14) 

 

ʊʝʧʝʨʴ ʦʯʝʥʴ ʣʝʛʢʦ ʧʨʦʠʟʚʝʩʪʠ ʦʙʦʙɦʝʥʠʝ ʥʘ ʩʣʫʯʘʡ ʪʨʝʭ, 

ʯʝʪʨrʝʭ ʠ ʙʦʣʝʝ ʠʟʤʝʨʝʥʠʡ. ʅʘʙʦʨ ʠʟ N ʚʝʣʠʯʠʥ ),...,1( NjV j =  

ʦʧʨʝʜʝʣʷʝʪ ʢʦʤʧʦʥʝʥʪr  N-ʤʝʨʥʦʛʦ ʚʝʢʪʦʨʘ V
d
ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʢʦʛʜʘ ʟʥʘʯʝʥʠ̫ ʵʪʠʭ ʚʝʣʠʯʠʥ ʚ ʧʦʚʝʨʥʫʪʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨ-

ʜʠʥʘʪ ʟʘʜʘʶʪʩ ̫ʩ ʧʦʤʦʱʴʁ ʬʦʨʤʫʣ :r 

                           
1

, 1,2,..., ,
N

i ij j

j

V a V i N
=

¡= =ä             (1.15) 

 

ɿʜʝʩʴ ija -ʢʦʩʠʥʫʩ ʫʛʣʘ ʤʝʞʜʫ ix¡ʠ jx . 

ʀʩʭʦʜʷ ʠʟ ʦʧʨʝʜʝʣʝʥʠ̫ ija , ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʜʝʢʘʨʪʦʚʳʭ 

ʢʦʦʨʜʠʥʘʪʘʭ  

                                   
ji

ij

j i

xx
a

x x

µ¡µ
= =

¡µ µ
 .                               (1.16) 

 

ʕʪʦ ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ. ʇʦʜʩʪʘʚʣ̫ ʷ (1.16) ʚ (1.15), ʧʦʣʫʯʘʝʤ 

 

                                         
1 1

N N
ji

i j j

j jj i

xx
V V V

x x= =

µ¡µ
¡= =

¡µ µ
ä ä  .             (1.17) 

 

ʅʘʧʨʘʚʣ̫ ʶʱʠʝ ʢʦʩʠʥʫʩʳ ija  ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʫʩʣʦʚʠʶ ʦʨʪʦ-

ʛʦʥʘʣʴʥʦʩʪʠ 
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ij ik jk

i

a a d=ä ,                               (1.18) 

ʠʣʠ 
  

                                       
ji ki jk

i

a a d=ä .                              (1.19) 

 

ɿʜʝʩʴ -jkd ʜʝʣʴʪʘ-ʩʠʤʚʦʣ ʂʨʦʥʝʢʝʨʘ, ʦʧʨʝʜʝʣʝʥʥr ʡ ʢʘʢ 

 

                             
1, ,

0, .
jk

ʜʣʷ j k

ʜʣʷ j k
d

=ë
=ì

¸í
                      (1.20) 

 

ʇʦʜʩʪʘʥʦʚʢʦʡ ija ʠʟ (1.12) ʣʝʛʢʦ ʫʙʝʜʠʪʴʩʷ, ʯʪʦ ʫʨʘʚʥʝʥʠ̫ 

(1.18) ʠ (1.19) ʩʧʨʘʚʝʜʣʠʚ rʠ ʜʣʷ ʜʚʫʤʝʨʥʦʛʦ ʩʣʫʯʘ.̫ ɺ ʨʝʟʫʣʴ-

ʪʘʪʝ ʜʣʷ j k=  ʠʤʝʝʤ: 

2 2 1sin cosj j+ =. 

 

ʏʪʦʙ  rʫʙʝʜʠʪʴʩʷ ʚ ʩʧʨʘʚʝʜʣʠʚʦʩʪʠ ʫʨʘʚʥʝʥʠ̫ (1.18) ʚ ʦʙʱʝʤ 

ʩʣʫʯʘʝ, ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʚʨrʘʞʝʥʠʝ (1.16): 

 

                       
j j jk i

i ii i i k k

x x xx x

x x x x x

µ µ µ¡µ µ
Ö = Ö =
¡ ¡ ¡µ µ µ µ µ

ä ä .              (1.21) 

 

ɺ ʚrʦʜ .r ɺ ʥʦʚʦʤ ʦʧʨʝʜʝʣʝʥʠʠ ʚʝʢʪʦʨʘ ʯʝʨʝʟ ʟʘʢʦʥ ʧʨʝʦʙʨʘ-

ʟʦʚʘʥʠ̫ ʝʛʦ ʢʦʤʧʦʥʝʥʪ ʩʣʝʜʫʝʪ ʦʙʨʘʪʠʪʴ ʚʥʠʤʘʥʠʝ ʥʘ ʜʚʘ ʤʦ-

ʤʝʥʪʘ: 

1) ʦʥʦ ʫʜʦʙʥʦ ʜʣʷ ʦʧʠʩʘʥʠ̫ ʨʘʟʣʠʯʥʳʭ ʬʠʟʠʯʝʩʢʠʭ ̫ʚʣʝʥʠʡ; 

2) ʩʣʫʞʠʪ ʦʩʥʦʚʦʡ ʜʣʷ ʧʝʨʝʭʦʜʘ ʢ ʥʦʚʦʤʫ ʨʘʟʜʝʣʫ ʤʘʪʝʤʘʪʠ-

ʢʠ ï ʪʝʥʟʦʨʥʦʤʫ ʘʥʘʣʠʟʫ. 

 
ɿʘʜʘʯʠ 

 

1. ɿʘʜʘʥ ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ )0,1( == yx VVV
d

. ʇʦʢʘʟʘʪʴ, ʯʪʦ 

ʢʦʤʧʦʥʝʥʪr  ʪɻʦʛʦ ʚʝʢʪʦʨʘ ʚ ʧʦʚʝʨʥʫʪʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ ʠʤʝʶʪ 
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ʚʠʜ: jj sin,cos -=¡=¡ yx VV , ʯʪʦ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʟʘʢʦʥʫ ʧʨʝʦʙʨʘʟʦʚʘ-

ʥʠ̫ ʚʝʢʪʦʨʦʚ (ʚʚʝʜ ̫ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ, ʤʳ ʚʜrʝʣʠʣʠ ʦʧʨʝʜʝʣʝʥʥʦʝ 

ʥʘʧʨʘʚʣʝʥʠʝ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ). 

2. ʆʧʨʝʜʝʣʠʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʣʠ ʟʘʢʦʥʫ ʚʝʢʪʦʨʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘ-

ʥʠ̫ (1.15) ʚʝʣʠʯʠʥʳ:  

ʘ) (ʭ-ʫ, ʭ+ʫ, 0) ʧʨʠ ʧʦʚʦʨʦʪʝ ʚʦʢʨʫʛ ʦʩʠ z; 

ʙ) (0, 2z+ʫ, z-2ʫ) ʧʨʠ ʧʦʚʦʨʦʪʝ ʚʦʢʨʫʛ ʦʩʠ ʭ; 

ʚ) ),,( 22 xzxyzy --+  ʧʨʠ ʧʦʚʦʨʦʪʝ ʚʦʢʨʫʛ ʢʘʞʜʦʡ ʠʟ ʢʦʦʨʜʠʥʘʪ-

ʥr ʭ ʦʩʝʡ. 

3. ʇʦʢʘʟʘʪʴ, ʯʪʦ ),( 22
yxyx xyCCxCyxyC --+  ʦʙʨʘʟʫʝʪ ʚʝʢʪʦʨ. 

ɺʝʣʠʯʠʥʳ  xC  ʠ yC  ʷʚʣʷʶʪʩ ̫ʢʦʤʧʦʥʝʥʪʘʤʠ ʧʦʩʪʦ̫ ʥʥʦʛʦ ʚʝʢʪʦʨʘ C
d

. 

ʇʨʦʜʝʣʘʪʴ ʪʦ ʞʝ ʜʣʷ ),( 22
yxyx xyCCyCxxyC -- . 

4. ʀʩʩʣʝʜʦʚʘʚ ʚʨʘɦʝʥʠʝ ʚʦʢʨʫʛ ʣʶʙʦʡ ʠʟ ʢʦʦʨʜʠʥʘʪʥr ʭ ʦʩʝʡ, ʦʪ-

ʚʝʪʠʪʴ ʥʘ ʚʦʧʨʦʩ, ʷʚʣʷʶʪʩ ̫ʣʠ ʪʨʠ ʬʫʥʢʮʠʠ  

)(),( 222
2

222
1 zyxaVzyxaV yx ++=++=   

ʠ  
2 2 2

3( )zV a x y z= + + ʢʦʤʧʦʥʝʥʪʘʤʠ  ʚʝʢʪʦʨʘ ( ia -ʧʦʩʪʦ̫ ʥʥʝr). 

5. ɼʚʫʤʝʨʥr ʡ ʚʝʢʪʦʨ V
d

 ʟʘʜʘʥ ʚ ʚʠʜʝ (ʘʭ+bʫ, ʩʭ+dʫ), ʛʜʝ ʘ, b , ʩ, d 

ï ʧʦʩʪʦ̫ ʥʥʝr. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨ V
d

 ʝʩʪʴ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠ̫ ʨʘ-

ʜʠʘʣʥɹʦʛʦ ʚʝʢʪʦʨʘ yjxir
ddd
+=  ʠ ʪʘʥʛʝʥʮʠʘʣʥɹʦʛʦ ʚʝʢʪʦʨʘ t iy jx= - : 

 

V ar bt= + . 

 

ɿʘʤʝʯʘʥʠʝ. ɿʘʢʦʥ ʚʝʢʪʦʨʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠ̫ ʜʦʣʞʝʥ ʩʦʙʣʁʜʘʪʴʩʷ 

ʜʣʷ ʣʶʙʳʭ ʫʛʣʦʚ ʠ ʣʶʙʳʭ ʪʦʯʝʢ (ʭ,ʫ). 

 

1.3. ʉʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

 

ɿʘʢʦʥ  rʧʝʨʝʤʥʦʞʝʥʠ̫ ʚʝʢʪʦʨʦʚ ʜʦʣʞʥʳ ʙʳʪʴ ʤʘʪʝʤʘʪʠʯʝʩ-

ʢʠ ʥʝʧʨʦʪʠʚʦʨʝʯʠʚʤrʠ. ʀʟ ʚʩʝʭ ʚʦʟʤʦʞʥʳʭ ʦʧʨʝʜʝʣʝʥʠʡ ʧʝʨʝ- 

ʤʥʦʞʝʥʠ̫ ʚʝʢʪʦʨʦʚ ʚʙrʝʨʝʤ ʜʚʘ, ʢʦʪʦʨʝr ʧʨʝʜʩʪʘʚʣ̫ ʶʪ ʠʥʪʝʨʝʩ 

ʢʘʢ ʩ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ, ʪʘʢ ʠ ʩ ʬʠʟʠʯʝʩʢʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ.  

ʇʨʦʠʟʚʝʜʝʥʠʝ ʚʠʜʘ A B cosqÖ Ö  (ʚ ʢʦʪʦʨʦʤ ɸ, ɺ ï ʘʙʩʦʣʶʪ-

ʥr ʝ ʚʝʣʠʯʠʥʳ ʜʚʫʭ ʚʝʢʪʦʨʦʚ, -q ʫʛʦʣ ʤʝʞʜʫ ʥʠʤʠ) ʚʩʪʨʝʯʘʝʪʩ ̫

ʚ ʬʠʟʠʢʝ ʜʦʚʦʣʴʥʦ ʯʘʩʪʦ. ʅʘʧʨʠʤʝʨ, ʚʨrʘʞʝʥʠʝ  
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ʨʘʙʦʪʘ = ʩʠʣʘ ³ ʧʝʨʝʤʝɦʝʥʠʝ ³ .cosq 

ʆʧʨʝʜʝʣʠʤ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ A
d

 ʠ B
d
ʩʣʝ-

ʜʫʁɦ ʠʤ ʦʙʨʘʟʦʤ:  

             ä=++BA=BÖA
i

iizzyyxx BABABA
dd

.          (1.22) 

ʀʟ (1.22)  Ý    AÖB=BÖA
dddd

. 

ɽʜʠʥʠʯʥr ʝ ʚʝʢʪʦʨ  r , ,i j k ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʩʦʦʪʥʦhʝʥʠʤ̫ 
 
 

                                 1=Ö=Ö=Ö kkjjii
dddddd

,                      (1.22ʘ) 

                0i j i k j i j k k i k jÖ = Ö = Ö = Ö = Ö = Ö =.     (1.22ʙ) 
 
 

ɽʩʣʠ ʧʝʨʝʦʨʠʝʥʪʠʨʦʚʘʪʴ ʦʩʠ ʠ ʥʘʧʨʘʚʠʪʴ ʥʦʚʫʁ ʦʩʴ ʭ ʚʜʦʣʴ 

A
d

 (ʨʠʩ. 6), ʪʦ 0, ===A zyx AAA  ʠ .xB B cosq= Ö  ʀʟ (1.22) Ý  

                                       B cosqAÖB=AÖ Ö                       (1.23) 

 

 

 

 

 

 

 

 

 

 

 
 

ʈʠʩ. 6. ʉʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ B cosqAÖB=AÖ Ö 
 

ɽʩʣʠ 0=BÖA
dd

 ʠ ʧʨʠ ʵʪʦʤ ʠʟʚʝʩʪʥʦ, ʯʪʦ 0,0 ¸¸ BA
dd

, ʪʦ ʠʟ 

(1.23) Ý  
00 270,90=q  ʠ ʪ.ʜ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʚʝʢʪʦʨ  r A

d
 ʠ B
d

 

ʜʦʣʞʥʳ ʙʳʪʴ ʚʟʘʠʤʥʦ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥr , ʠʥʘʯʝ ʛʦʚʦʨ,̫ ʦʨʪʦʛʦ-

ʥʘʣʴʥ .r ɽʜʠʥʠʯʥr ʝ ʚʝʢʪʦʨ  r ji
dd

,   ʠ k
d
ʷʚʣʷʶʪʩ ̫ʦʨʪʦʛʦʥʘʣʴʥ -r

ʤʠ ʚʝʢʪʦʨʘʤʠ. 
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ʈʠʩ. 7. 

 

ɼʣʷ ʜʘʣʴʥʝʡʰʝʛʦ ʨʘʟʚʠʪʠ̫ ʧʦʥʪ̫ʠ̫ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʠ ʧʨʝʜʧʦ-

ʣʦʞʠʤ, ʯʪʦ -n
d
ʝʜʠʥʠʯʥr ʡ ʚʝʢʪʦʨ, ʘ yjxir

ddd
+=  ï ʥʝʥʫʣʝʚʦʡ 

ʚʝʢʪʦʨ, ʣʝʞʘɦʠʡ ʚ ʧʣʦʩʢʦʩʪʠ ʭʫ. ɽʩʣʠ 0=Örn
dd

 ʧʨʠ ʣʙʁʳʭ r
d

, 

ʪʦ n  ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ (ʦʨʪʦʛʦʥʘʣʝʥ) ʢ ʧʣʦʩʢʦʩʪʠ ʭʫ. 

ʊʝʧʝʨʴ ʫʙʝʜʠʤʩ̫  ʚ ʦʧʨʘʚʜʘʥʥʦʩʪʠ ʩʣʦʚʘ ʩʢʘʣʷʨʥʦʝ. ɼʣʷ ʵʪʦ-

ʛʦ ʥʫʞʥʦ ʠʩʩʣʝʜʦʚʘʪʴ ʧʦʚʝʜʝʥʠʝ ʧʨʦʠʟʚʝʜʝʥʠ̫ BÖA
dd

 ʧʨʠ ʧʦʚʦ-

ʨʦʪʝ ʢʦʦʨʜʠʥʘʪʥʦʡ ʩʠʩʪʝʤ .r ʉ ʧʦʤʦʱʴʁ (1.15) ʧʨʝʜʩʪʘʚʠʤ ʩʢʘ-

ʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚ ʚʠʜʝ: 
  

     

x x y y z z

xi i xj j yi i yj j zi i zj j

i j i j i j

a A a B a A a B a A a B

¡ ¡ ¡ ¡ ¡ ¡A ÖB +A ÖB +A ÖB =

= + +ä ä ä ä ä ä

 (1.24) 

ʀʩʧʦʣʴʟʫʷ ʠʥʜʝʢʩr  k, l, ʧʦʣʫʯʘʝʤ: 
  

             
k k li i lj j

k l i j

A B a Aa B¡ ¡= =ä äää
                                  (1.25)  

   

             ( )li lj i j ij i j i i

i j l i j i

a a A B A B A Bd= = =äää ää ä     (1.26) 
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ʋʨʘʚʥʝʥʠʝ (1.26) ʧʨʠʚʦʜʠʪ ʢ ʨʘʚʝʥʩʪʚʫ 

 

                                                 k k i i

k i

A B A B¡ ¡=ä ä ,                   (1.27)  

 

ʩʦʦʪʚʝʪʩʪʚʫʶɦʝʤʫ ʦʧʨʝʜʝʣʝʥʠʁ ʩʢʘʣʷʨʥʦʡ ʚʝʣʠʯʠʥʳ, ʢʦʪʦʨʘ̫ 

ʠʥʚʘʨʠʘʥʪʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʦʚʦʨʦʪʘ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ. 

ɸʥʘʣʦʛʠʯʥʦ ʨʘʩʩʤʦʪʨʠʤ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʘ BAC
ddd
+=  

ʥʘ ʩʘʤʦʛʦ ʩʝʙ,̫ ʠʩʧʦʣʴʟʫʷ ʠʥʚʘʨʠʘʥʪʥʦʩʪɹ  ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝ-

ʜʝʥʠʷ: 

 

        ( ) ( ) 2C C A B A B A AÖ = + Ö + = ÖA+BÖB+ ÖB,      (1.28) 

 

                                      
2C C CÖ = ,                                     (1.29) 

 

                         
2 2 21

( )
2

C A BAÖB= - -.                      (1.30) 

BÖA
dd

 ʠʥʚʘʨʠʘʥʪʥʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʦʚʦʨʦʪʘ ʩʠʩʪʝʤ  rʢʦʦʨʜʠ-

ʥʘʪ, ʧʦʩʢʦʣʴʢʫ ʠʥʚʘʨʠʘʥʪʥʘ ʧʨʘʚʘ̫ ʯʘʩʪɹ  ʫʨʘʚʥʝʥʠ̫ (1.30). 

ʋʨʘʚʥʝʥʠʝ (1.28) ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʠʥʦʡ ʬʦʨʤʝ: 

 

                              
2 2 2 2C A B A B cosq= + + Ö Ö,               (1.31) 

 

ʢʦʪʦʨʘ̫ ʥʘʟʚrʘʝʪʩ ̫ʟʘʢʦʥʦʤ ʢʦʩʠʥʫʩʦʚ (ʨʠʩ. 8). ʉʨʘʚʥʠʚʘ̫ ʫʨʘʚ-

ʥʝʥʠ̫ (1.28) ʠ (1.31), ʤʳ ʝʱʝ ʨʘʟ ʫʙʝʞʜʘʝʤʩ ̫ʚ ʚʝʢʪʦʨʥʦʡ ʧʨʠʨʦ-

ʜʝ ʟʘʢʦʥʘ ʢʦʩʠʥʫʩʦʚ. 

 

 

 

 

 

 

 

 
ʈʠʩ. 8. ɿʘʢʦʥ ʢʦʩʠʥʫʩʦʚ 
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ɿʘʜʘʯʠ 

 

1. ʈʘʟʣʦʞʝʥʠʝʤ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʝʩʣʠ ʜʚʘ 

ʚʝʢʪʦʨʘ ʠʤʝʶʪ ʥʘʧʨʘʚʣʷʶɦʠʝ ʢʦʩʠʥʫʩʳ 111 ,, gba  ʠ 222 ,, gba  ʩʦʦʪʚʝʪ-

ʩʪʚʝʥʥʦ, ʪʦ 1 2 1 2 1 2cosq aa bb gg= + + , ʛʜʝ q ï ʫʛʦʣ ʤʝʞʜʫ ʜʚʫʤ ̫ʚʝʢ-

ʪʦʨʘʤʠ. 

2. ʅʘʡʪʠ ʢʦʩʠʥʫʩ ʫʛʣʘ ʤʝʞʜʫ ʚʝʢʪʦʨʘʤʠ kjiA
dddd
++= 43  ʠ 

kjiB
dddd
+-= . ( ʆʪʚʝʪ: cos 0.q= .

2

p
q= ) 

3. ɼʚʘ ʝʜʠʥʠʯʥr ʭ ʚʝʢʪʦʨʘ ia
d

 ʠ ja
d

 ʣʠʙʦ ʧʘʨʘʣʣʝʣʴʥʳ, ʣʠʙʦ ʧʝʨ-

ʧʝʥʜʠʢʫʣʷʨʥr . ʇʦʢʘʟʘʪʴ, ʯʪʦ ʫʩʣʦʚʠʝ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʠ ʥʘʧʨʘʚʣʷʁɦ ʠʭ 

ʢʦʩʠʥʫʩʦʚ (1.18) ʩʣʝʜʫʝʪ ʠʟ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫ ʵʪʠʭ ʚʝʢʪʦʨʦʚ.  

4. ʅʘʡʪʠ ʫʛʦʣ, ʦʙʨʘʟʦʚʘʥʥr ʡ ʚʝʢʪʦʨʘʤʠ cos sina im jmj j= +  ʠ 

cos sinb in jnj j= + . 

5. ɼʘʥ  rʜʚʘ ʚʝʢʪʦʨʘ: 
1 3 2l a b c= - - ʠ 2 3 2l b c a= - -. ʅʘʡʪʠ ʪʨʝ-

ʪʠʡ ʚʝʢʪʦʨ, ʢʦʪʦʨʳʡ ʩ ʜʘʥʥʤrʠ ʜʚʫʤ ̫ʚʝʢʪʦʨʘʤʠ ʦʙʨʘʟʫʝʪ ʪʨʝʫʛʦʣʴʥʠʢ. 

6. ɼʘʥ ʚʝʢʪʦʨ cos sina i ja j a j= + . ʅʘʡʪʠ a  ʠ ʝʜʠʥʠʯʥr ʡ ʚʝʢ-

ʪʦʨ 0a . 

7. ɺ ʪʨʝʫʛʦʣʴʥʠʢʝ ɸɺʉ ʜʘʥ  rʚʝʢʪʦʨ  ra AB=  ʠ b BC= . ʅʘʡʪʠ ʚʝʢ-

ʪʦʨ ,r ʩʦʚʧʘʜʘʶɦʠʝ ʩ ʤʝʜʠʘʥʘʤʠ 
1Am , 

2Bm  ʠ 
3Cm  ʪʨʝʫʛʦʣʴʥʠʢʘ 

( 1 2 3, ,m m m ï ʩʝʨʝʜʠʥʳ ʩʪʦʨʦʥ ʪʨʝʫʛʦʣʴʥʠʢʘ). 

8. ʅʘʡʪʠ ʩʫʤʤʫ ( ) ( ) ( )a F b F c FÖ + Ö + Ö, ʝʩʣʠ ʚʝʢʪʦʨ  r a , b  ʠ c  

ʦʙʨʘʟʫʶʪ ʪʨʝʫʛʦʣʴʥʠʢ. 

9. ɼʘʥ  rʚʝʨhʠʥ  rʪʨʝʫʛʦʣʴʥʠʢʘ: ɸ(-1; 1),   ɺ(-5; 4), ʉ(7; 2). ʅʘʡʪʠ 

ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ AB ACÖ  ʠ ʧʣʦʱʘʜʴ ʪʨʝʫʛʦʣʴʥʠʢʘ.  

10. ɼʘʥ  rʚʝʢʪʦʨ  r a (6; -8; 5 2) ʠ b (2; -4; 2). ʅʘʡʪʠ ʫʛʦʣ, ʦʙʨʘ-

ʟʫʝʤʳʡ ʚʝʢʪʦʨʦʤ a b-  ʩ ʦʩʴʶ ʆz. 

11. ɽʜʠʥʠʯʥr ʝ ʚʝʢʪʦʨ  r 1e , 2e , 3e  ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʫʩʣʦʚʠʶ:  

1e + 2e + 3e =0. 

ʅʘʡʪʠ ( 1 2e eÖ + 2 3e eÖ + 3 1e eÖ ). 
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1.4. ɺʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

 

ɼʘʥʥʘʷ ʬʦʨʤʘ ʧʝʨʝʤʥʦʞʝʥʠ̫ ʚʝʢʪʦʨʦʚ ʩʚʟ̫ʘʥʘ ʩ ʠʩʧʦʣʴʟʦʚʘ-

ʥʠʝʤ ʩʠʥʫʩʘ ʫʛʣʘ, ʟʘʢʣʁʯʝʥʥʦʛʦ ʤʝʞʜʫ ʜʚʫʤ ̫ʚʝʢʪʦʨʘʤʠ. 
 

                                          B³A=
ddd

C ,                                 (1.32) 
 

ʛʜʝ C A sinq= ÖBÖ, ʥʦ ʚ ʦʪʣʠʯʠʝ ʦʪ ʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫ ʚ 

ʜʘʥʥʦʤ ʩʣʫʯʘʝ C
d

 ï ʫʞʝ ʚʝʢʪʦʨ, ʠ ʤʳ ʧʦ ʦʧʨʝʜʝʣʝʥʠʁ ʧʨʝʜʧʦʣʘ-

ʛʘʝʤ, ʯʪʦ ʵʪʦʪ ʚʝʢʪʦʨ ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ ʢ ʧʣʦʩʢʦʩʪʠ ʚʝʢʪʦʨʦʚ A
d

  

ʠ B
d
, ʘ ʥʘʧʨʘʚʣʝʥʠʝ ʝʛʦ ʪʘʢʦʚʦ, ʯʪʦ ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʝʢʪʦʨʦʚ A

d
,  

B
d

 ʠ ʉ
d

 ʦʙʨʘʟʫʝʪ ʧʨʘʚʫʁ ʩʠʩʪʝʤʫ ʢʦʦʨʜʠʥʘʪ. ʇʨʠ ʫʢʘʟʘʥʥʦʤ ʚ-r

ʙʦʨʝ ʥʘʧʨʘʚʣʝʥʠ̫ ʠʤʝʝʤ: 
   

                         A³B-=B³A
dddd

 (ʘʥʪʠʢʦʤʤʫʪʘʮʠʷ).         (1.32ʘ) 
 

                              0i i j j k k³ = ³ = ³ =,                     (1.32ʙ) 

                               

, , ,

, , .

i j k j k i k i j

j i k k j i i k j

³ = ³ = ³ =

³ =- ³ =- ³ =-

    (1.32ʚ) 

 

ɺʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʠʤʝʝʪ ʚʘʞʥʫʶ ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ ʠʥ-

ʪʝʨʧʨʝʪʘʮʠʁ (ʨʠʩ. 9). 

A B sinqA³B = Ö Ö ï ʧʣʦɦʘʜʴ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ. ʀʪʘʢ, ʚʝʢ-

ʪʦʨ B³A=
ddd

C  ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ ʢ ʧʣʦʩʢʦʩʪʠ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ 

ʠ ʧʦ ʘʙʩʦʣʶʪʥʦʡ ʚʝʣʠʯʠʥʝ ʨʘʚʝʥ ʝʛʦ ʧʣʦɦʘʜʠ. 

 

 

 

 

 

 

 

 
ʈʠʩ. 9. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫  

ʚ ʚʠʜʝ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ 
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ɼʨʫʛʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫ B³A=
ddd

C  

ʩʚʟ̫ʘʥʦ ʩ ʟʘʧʠʩʴʶ ʢʦʤʧʦʥʝʥʪ ʚʝʢʪʦʨʘ C
d

: 

 

                 

, ,

,

x y z z y y x z z x

z x y y x

C A B A B C A B A B

C A B A B

= - =- +

= -

        (1.33) 

ʠʣʠ 

                         ,     , ,i j k k jC A B A B i j k= - - ʨʘʟʣʠʯʥ ,r         (1.34) 

 

ʩ ʮʠʢʣʠʯʝʩʢʦʡ ʧʝʨʝʩʪʘʥʦʚʢʦʡ ʠʥʜʝʢʩʦʚ ̔, j, k. 

 

ɺʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʫʜʦʙʥʦ ʟʘʧʠʩʘʪʴ ʚ ʚʠʜʝ ʦʧʨʝʜʝʣʠʪʝʣʷ: 

 

                                

zyx

zyx

kji

C

BBB

AAA=

ddd

d
.                            (1.35) 

 

ʇʦʢʘʞʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪɹ  ʦʧʨʝʜʝʣʝʥʠʡ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʠʟʚʝ-

ʜʝʥʠ̫ (1.32) ʠ  (1.33). ʈʘʩʩʤʦʪʨʠʤ ʜʣʷ ʵʪʦʛʦ ʩʢʘʣʷʨʥr ʝ ʧʨʦʠʟʚʝ-

ʜʝʥʠ̫  CA
dd
Ö  ʠ CB

dd
Ö : 

   

                        

( ) ( )

( ) ( ) 0,

x y z z y

y z x x z z x y y x

C A A B A A B A B

A A B A B A A B A B

AÖ = Ö ³ = - +

+ - + - =

    (1.36) 

 

                                        ( ) 0B C B A BÖ = Ö ³ =,                       (1.37) 

 

Ý, ʫʨʘʚʥʝʥʠ̫ (1.36) ʠ (1.37) ʧʦʢʘʟʚrʘʶʪ, ʯʪʦ ʚʝʢʪʦʨ C
d

 ʧʝʨ-

ʧʝʥʜʠʢʫʣʨ̫ʝʥ ʠ ʢ ʚʝʢʪʦʨʫ A
d
, ʠ ʢ ʚʝʢʪʦʨʫ B

d
, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ ʢ ʧʣʦʩʢʦʩʪʠ, ʚ ʢʦʪʦʨʦʡ ʦʥʠ ʣʝʞʘʪ. 
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ʈʘʩʩʤʦʪʨʠʤ ʜʘʣʝʝ ʧʨʦʠʟʚʝʜʝʥʠʝ  
 

                              

2 2 2

2 2 2 2 2 2 2 2

( ) ( ) ( )

,

A A A B A

A B A B cos A B sinq q

³B Ö ³B = - ÖB =

= - =

          (1.38) 

 

Ý ,                                    C A B sinq= Ö Ö.                               (1.39) 

 
 

ɺ ʫʨʘʚʥʝʥʠʠ (1.38) ʤʳ ʨʘʟʣʘʛʘʣʠ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

B³
dd

A  ʥʘ ʢʦʤʧʦʥʝʥʪr  ʚ ʚʠʜʝ (1.33) ʠ ʟʘʪʝʤ ʠʩʧʦʣʴʟʦʚʘʣʠ ʬʦʨʤʫ-

ʣ  rʩʢʘʣʷʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫ (1.22). ʀʟ ʫʨʘʚʥʝʥʠʡ (1.36), (1.37) ʠ 

(1.39) ʩʣʝʜʫʝʪ, ʯʪʦ ʜʚʘ ʦʧʨʝʜʝʣʝʥʠ̫ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫ 

(1.32) ʠ (1.33) ʵʢʚʠʚʘʣʝʥʪʥʳ. 

ɼʦʢʘʞʝʤ ʪʝʧʝʨʴ, ʯʪʦ B³A=
ddd

C  ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʚʝʢʪʦʨ, ʪ.ʝ. 

ʧʦʜʯʠʥʷʝʪʩ ̫ʟʘʢʦʥʫ ʧʨʝʦʙʨʘʟʦʚʘʥʠ̫ ʚʝʢʪʦʨʦʚ (1.15). ɺ ʧʦʚʝʨʥʫ-

ʪʦʡ ʩʠʩʪʝʤʝ ʢʦʦʨʜʠʥʘʪ  
  
  

                 

i j k k j

jl l km m kl l jm m

l m l m

C A B A B

a A a B a A a B

¡ ¡ ¡ ¡ ¡= - =

= Ö - =ä ä ä ä

   

                   
,

( )jl km kl jm l m

l m

a a a a A B= -ä ,                                (1.40)   

  

ʛʜʝ ,̔ j, k ʙʝʨʫʪʩ̫  ʚ ʮʠʢʣʠʯʝʩʢʦʤ ʧʦʨʷʜʢʝ. ɺ ʨrʘʞʝʥʠʝ ʚ ʩʢʦʙʢʘʭ 

ʠʩʯʝʟʘʝʪ ʧʨʠ m= l. ʇʦʵʪʦʤʫ ʠʥʜʝʢʩr  j, k ʧʨʠʥʠʤʘʪʁ ʦʧʨʝʜʝʣʝʥ-

ʥr ʝ ʟʥʘʯʝʥʠ̫ ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʚʙrʦʨʘ  ̔ʠ hʝʩʪʠ ʢʦʤʙʠʥʘʮʠʡ m 

ʠ l . ɽʩʣʠ =̔3, ʪʦ j=1, k=2  (ʮʠʢʣʠʯʝʩʢʠʡ ʧʦʨʜ̫ʦʢ), ʠ ʤʳ ʧʦʣʫ-

ʯʘʝʤ ʥʘʙʦʨ ʥʘʧʨʘʚʣʷʁɦ ʠʭ ʢʦʩʠʥʫʩʦʚ: 
 

                  

11 22 21 12 33 13 21 13 11 32

12 23 22 13 31

, ,

.

a a a a a a a a a a

a a a a a

- = - =

- =

            (1.41)   

 

ʇʦʜʩʪʘʚʠʚ (1.41) ʚ ʫʨʘʚʥʝʥʠʝ (1.40), ʧʦʣʫʯʠʤ: 
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3 33 1 2 32 3 1 31 2 3

33 2 1 32 1 3 31 3 2

31 1 32 2 33 3 3 .n n

n

C a A B a A B a A B

a A B a A B a A B

a C a C a C a C

¡= + + -

- - - =

= + + =ä

                (1.42)   

ʇʝʨʝʩʪʘʚʣʷ̫ ʠʥʜʝʢʩr , ʧʦʣʫʯʘʝʤ 1C¡ ʠ 2C¡, ʧʦʩʣʝ ʵʪʦʛʦ ʣʝʛʢʦ 

ʫʩʪʘʥʦʚʠʪʴ, ʯʪʦ ʫʩʣʦʚʠʝ (1.15) ʚʳʧʦʣʥʝʥʦ, ʠ C
d

 ï ʜʝʡʩʪʚʠʪʝʣʴʥʦ 

ʚʝʢʪʦʨ. 

 
ɿʘʜʘʯʠ 

 

1. ɼʘʥ  rʚʝʢʪʦʨ  r 
  

kjiA
dedd

642 ++=  ʠ kjiB
dddd

533 --= . 

ʆʧʨʝʜʝʣʠʪʴ ʩʢʘʣʷʨʥʦʝ ʠ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠ̫ BA
dd
Ö  ʠ BA

dd
³ . 

2. ʇʦʢʘʟʘʪʴ, ʯʪʦ  
  

2 2( ) ( ) , ( ) ( ) 2 ,A B A B A B A B A B A B- Ö + = - - ³ + = ³ 

 

( ) , ( ) .A B C A B A C A B C A B A CÖ + = Ö + Ö ³ + = ³ + ³
  

3. ʅʘʡʪʠ ʩʢʘʣʷʨʥʦʝ ʠ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠ̫ ʜʚʫʭ ʚʝʢʪʦʨʦʚ a  ʠ 

b , ʝʩʣʠ ʫʛʦʣ ʤʝʞʜʫ ʥʠʤʠ 
0150j= , ʘ ʜʣʠʥ  rʠʭ ʨʘʚʥr  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ 

m ʠ 2m. 

4. ʅʘʡʪʠ ʩʢʘʣʷʨʥʦʝ ʠ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠ̫ ʚʝʢʪʦʨʦʚ a ba+  ʠ 

a ba- , ʝʩʣʠ a b̂  ʠ 2b a a= = . 

5. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨ ra , b  ʠ c  ʢʦʤʧʣʘʥʘʨʥr , ʝʩʣʠ ( )a b c^ ³ . 

6. ʅʘʡʪʠ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ 
1l i ka b= +  ʠ 

2l i kg d= + . 

7. ʂʦʦʨʜʠʥʘʪ rʚʝʨhʠʥ ʪʨʝʫʛʦʣʴʥʠʢʘ ʟʘʜʘʥ  rʪʦʯʢʘʤʠ (2, 1, 5), (5, 2, 

8) ʠ (4, 8, 2). ʉ ʧʦʤʦʱʴʁ ʚʝʢʪʦʨʥʦʛʦ ʘʥʘʣʠʟʘ ʦʧʨʝʜʝʣʠʪʴ ʧʣʦɦʘʜʴ 

ʪʨʝʫʛʦʣʴʥʠʢʘ. 
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8. ɼʘʥ  r ʪʨʠ ʚʝʢʪʦʨʘ kjiQkji
dddddddd

246,23 +--=-+=R  ʠ 

kjiR
dddd
--= 2 . ʆʧʨʝʜʝʣʠʪʴ, ʢʘʢʠʝ ʜʚʘ ʠʟ ʥʠʭ ʚʟʘʠʤʥʦ ʧʝʨʧʝʥʜʠʢʫ-

ʣʷʨʥr  ʠ ʢʘʢʠʝ ʜʚʘ ʧʘʨʘʣʣʝʣʴʥʳ ʠʣʠ ʘʥʪʠʧʘʨʘʣʣʝʣʴʥʳ ʜʨʫʛ ʜʨʫʛʫ. 

9. ʀʩʧʦʣʴʟʫʷ ʚʝʢʪʦʨ  r 

,  ,icos jsin Q icos jsinq q j jR= + = -  R icos jsinj j= + , ʜʦʢʘ-

ʟʘʪʴ ʠʟʚʝʩʪʥʳʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ ʬʦʨʤʫʣ:r  

 

( ) ,sin sin cos cos sinq j q j q j+ = +  

 

( )cos cos cos sin sinq j q j q j+ = -  

 

10. ʆʧʨʝʜʝʣʠʪʴ ʚʝʢʪʦʨ A
d

, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥr ʡ ʢ ʚʝʢʪʦʨʘʤ 

kjiU
dddd
-+=2  ʠ kjiV

dddd
+-= . ʂʘʢʠʤ ʜʦʣʞʝʥ ʙʳʪʴ ʚʝʢʪʦʨ A

d
, ʝʩʣʠ 

ʜʦʧʦʣʥʠʪʝʣʴʥʦ ʧʦʪʨʝʙʦʚʘʪʴ, ʯʪʦʙ  rʦʥ ʧʦ ʘʙʩʦʣʶʪʥʦʡ ʚʝʣʠʯʠʥʝ ʙʳʣ 

ʨʘʚʝʥ ʝʜʠʥʠʮʝ? 

11. ʏʝʪʨrʝ ʚʝʢʪʦʨʘ , ,a b ʩ ʠ d
d

 ʣʝʞʘʪ ʚ ʦʜʥʦʡ ʧʣʦʩʢʦʩʪʠ. ʇʦʢʘ-

ʟʘʪʴ, ʯʪʦ ( ) ( ) 0a b ʩ d³ ³ ³ =. 

12. ʅʘʡʪʠ ʩʪʦʨʦʥ rʠ ʫʛʣ rʩʬʝʨʠʯʝʩʢʦʛʦ ʪʨʝʫʛʦʣʴʥʠʢʘ ɸɺʉ (ʨʠʩ. 10),  

ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʚʝʢʪʦʨʘʤʠ A =(1,0,0),  
1 1 1 1

( , 0, ), (0, , ).
2 2 2 2

B C= =  

ʅʘʯʘʣʦ ʢʘʞʜʦʛʦ ʚʝʢʪʦʨʘ ʩʦʚʧʘʜʘʝʪ ʩ ʥʘʯʘʣʦʤ ʢʦʦʨʜʠʥʘʪ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 10. ʉʬʝʨʠʯʝʩʢʠʡ ʪʨʝʫʛʦʣʴʥʠʢ 
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13. ʄʘʛʥʠʪʥʘʷ ʠʥʜʫʢʮʠʷ B
d
ʦʧʨʝʜʝʣʝʥʘ ʫʨʘʚʥʝʥʠʝʤ ʃʦʨʝʥʮʘ 

),( BVqF
ddd
³=  ʛʜʝ V

d
 ï ʩʢʦʨʦʩʪɹ  ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʟʘʨʜ̫ʘ q, ʘ F  ï ʩʠʣʘ, 

ʜʝʡʩʪʚʫʶʱʘʷ ʥʘ ʟʘʨʷʜ.  

ʇʨʠ ʚʳʧʦʣʥʝʥʠʠ ʪʨʝʭ ʢɻʩʧʝʨʠʤʝʥʪʦʚ ʫʩʪʘʥʦʚʣʝʥʦ, ʯʪʦ: 
  

1) ;42, jk
q

F
iV

dd
d

dd
-==       

                                                  

2) , 4 ;
F

V j i k
q

= = -      

                                              

3) , 2 .
F

V k j i
q

= = -  

ʇʦ ʨʝʟʫʣʴʪʘʪʘʤ ʪɻʠʭ ʢɻʩʧʝʨʠʤʝʥʪʦʚ ʥʘʡʪʠ ʤʘʛʥʠʪʥʫʁ ʠʥʜʫʢʮʠ.ʁ 

ʆʪʚʝʪ: .42 kjiB
dddd

++=  

14. ɼʦʢʘʟʘʪʴ ʪʦʞʜʝʩʪʚʦ:  
 

[ ] [ ] [ ] [( )( )]ab bc ca a b b c+ + = - -. 

15. ɼʦʢʘʟʘʪʴ: 

[ ] [ ]ac db  ʠ [ ] [ ]bc da , 

ʝʩʣʠ  ( ) ( )a b c d+ +  ʠ ( ) ( )a b c d- - . 

16. ɼʦʢʘʟʘʪʴ:  

( ) ( ) ( )ia i ja j ka k a+ + =. 

17. ɺʳʯʠʩʣʠʪʴ:  
  

[ ( )][( ) ]a i j i k= - - ; [( )( ))][ ( )]s j i k i= - - -. 

18. ɼʦʢʘʟʘʪʴ:       
  

[ [ ] [ [ ]] [ [ ]] 0a bc b ca c ab+ + =. 

 

1.5. ʉʤʝhʘʥʥʦʝ ʠ ʜʚʦʡʥʦʝ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ  

ʪʨʝʭ ʚʝʢʪʦʨʦʚ 

 

ʀʤʝʁʪʩ ̫ʢʦʤʙʠʥʘʮʠʠ ʪʨʝʭ ʚʝʢʪʦʨʦʚ )( CBA
ddd
³Ö

 
ʠ )( CBA

ddd
³³ , 

ʢʦʪʦʨʝr ʚʩʪʨʝʯʘʶʪʩ ̫ ʜʦʚʦʣʴʥʦ ʯʘʩʪʦ. ʂʦʤʙʠʥʘʮʠ̫ ʚʝʢʪʦʨʦʚ 

)( CBA
ddd
³Ö  ʠʟʚʝʩʪʥʘ ʢʘʢ ʩʤʝhʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ. 
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ʇʨʦʠʟʚʝʜʝʥʠʝ CB
dd
³  ʜʘʝʪ ʚʝʢʪʦʨ, ʢʦʪʦʨʳʡ ʟʘʪʝʤ ʫʤʥʦʞʘʝʪʩ ̫

ʥʘ ʚʝʢʪʦʨ A
d
, ʚ ʨʝʟʫʣʴʪʘʪʝ ʧʦʣʫʯʘʝʪʩ ̫ ʩʢʘʣʷʨ. ɿʘʤʝʪʠʤ, ʯʪʦ 

CBA
ddd
³Ö)(  ʝʩʪʴ ʫʤʥʦʞʝʥʠʝ ʩʢʘʣʨ̫ʘ ʥʘ ʚʝʢʪʦʨ, ʘ ʪʘʢʘ̫ ʦʧʝʨʘʮʠ̫ 

ʝʱʝ ʥʝ ʦʧʨʝʜʝʣʝʥʘ. ʇʦʵʪʦʤʫ ʟʘʨʘʥʝʝ ʫʩʣʦʚʠʤʩ̫  ʥʝ ʨʘʩʩʤʘʪʨʠ-

ʚʘʪʴ ʜʘʥʥʫʶ ʦʧʝʨʘʮʠ.ʁ 

ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣ  r(1.33), (1.22), ʧʦʣʫʯʘʝʤ: 
 

 

               

( ) ( )

( ) ( )

( ) ( )

,

x y z z y y z x x z

z x y y x x z y y z

y x z z x z y x x y

A B C A B C B C A B C B C

A B C B C B A C A C

B A C A C B A C A C

B C A C A B A C B

C B A B A C

Ö ³ = - + - +

+ - = - +

+ - + - =

= Ö ³ = Ö ³ =- Ö ³ =

=- Ö ³ =- Ö ³

 

(1.43) 

ʠʣʠ 

                                             CBACBA
dddddd
Ö³=³Ö .                   (1.44) 

 

                                        zyx

zyx

zyx

CCC

BBB

AAA

CBA =³Ö
ddd

 .              (1.45) 

  

ʀʟ ʧʨʘʚʠʣ ʟʘʤʝʥ  rʚ ʦʧʨʝʜʝʣʠʪʝʣʝ ʩʪʨʦʢ ʥʘ ʩʪʦʣʙʮʳ ʩʨʘʟʫ ʞʝ 

ʩʣʝʜʫʪʁ ʧʝʨʝʩʪʘʥʦʚʦʯʥr ʝ ʩʦʦʪʥʦhʝʥʠ̫ (1.43), ʪʦʛʜʘ ʢʘʢ ʩʠʤ-

ʤʝʪʨʠ̫ ʚʝʢʪʦʨʦʚ BA
dd

, , C
d

 ʚ ʪʘʢʦʡ ʟʘʧʠʩʠ ʦʙʝʩʧʝʯʠʚʘʝʪ ʚʳʧʦʣʥʝ-

ʥʠʝ ʫʩʣʦʚʠʷ (1.44).  
ʉʤʝhʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʠʤʝʝʪ ʥʘʛʣʷʜʥʫʁ ʛʝʦʤʝʪʨʠʯʝʩʢʫʶ 

ʠʥʪʝʨʧʨʝʪʘʮʠ:ʁ ʝʩʣʠ ʪʨʠ ʚʝʢʪʦʨʘ BA
dd

,  ʠ  C
d

 ʦʙʨʘʟʫʶʪ ʧʘʨʘʣʣʝ-
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ʣʝʧʠʧʝʜ (ʨʠʩ. 11), ʪʦ )( CBA
ddd
³Ö  ʨʘʚʥʦ ʦʙʲʝʤʫ ʵʪʦʛʦ ʧʘʨʘʣʣʝʣʝ-

ʧʠʧʝʜʘ. 

 

  

 

 

 

 

 

 

 

 

 

 

 

 
ʈʠʩ. 11.  

 

ʈʘʩʩʤʦʪʨʠʤ ʪʝʧʝʨʴ ʜʚʦʡʥʦʝ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

)( CBA
ddd
³³ . ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʩʢʦʙʢʠ ʥʝʦʙʭʦʜʠʤʦ ʩʦʭʨʘʥʠʪʴ,   

ʚ ʯʝʤ ʤʦʞʥʦ ʫʙʝʜʠʪʴʩʷ, ʦʩʪʘʥʦʚʠʚhʠʩʴ ʥʘ ʩʧʝʮʠʘʣʥɹʦʤ ʩʣʫ- 

ʯʘʝ: 

 

         ,)( jkijii
dddddd
-=³=³³    )0)(( =³³ kii

ddd
.            (1.48) 

 

ʋʢʘʟʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʪʨʝʭ ʚʝʢʪʦʨʦʚ 
 
ʩʘʤʦ ʷʚʣʷʝʪʩ ̫ʚʝʢʪʦ-

ʨʦʤ. ʂʨʦʤʝ ʪʦʛʦ, ʨʝʟʫʣʴʪʠʨʫʁɦ ʠʡ ʚʝʢʪʦʨ j
d

 ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ ʢ 

A
d

  ʠ )( CB
dd
³ . ʇʣʦʩʢʦʩʪʴ, ʦʧʨʝʜʝʣʝʥʥʘʷ ʚʝʢʪʦʨʘʤʠ B   ʠ C

d
, 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʢ )( CB
dd
³ , ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ ʚʝʢʪʦʨ )( CBA

ddd
³³  

ʣʝʞʠʪ ʚ ʵʪʦʡ ʧʣʦʩʢʦʩʪʠ. ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʚʝʢʪʦʨ )( CBA
ddd
³³

 

ʜʦʣʞʝʥ ʙʳʪʴ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʚʝʢʪʦʨʦʚ B   ʠ C
d

.Ý  
 

             
)()()( BACCABCBA
ddddddddd
Ö-Ö=³³ .                     (1.49) 
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ʉ ʧʦʤʦʱʴʁ ʩʤʝʰʘʥʥʦʛʦ ʠ ʜʚʦʡʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʠʟʚʝʜʝ-

ʥʠʡ ʤʦʞʥʦ ʫʧʨʦʩʪʠʪʴ ʜʨʫʛʠʝ ʧʨʦʠʟʚʝʜʝʥʠ̫ ʚʝʢʪʦʨʦʚ. 

 

ʇʨʠʤʝʨ:  
ʉʤʝhʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʥʘʭʦʜʠʪ ʠʥʪʝʨʝʩʥʦʝ ʧʨʠʤʝʥʝʥʠʝ 

ʧʨʠ ʧʦʩʪʨʦʝʥʠʠ ʦʙʨʘʪʥʦʡ ʢʨʠʩʪʘʣʣʠʯʝʩʢʦʡ ʨʝʰʝʪʢʠ. ʇʫʩʪɹ  ba
dd

,  
ʠ c
d

 (ʥʝʦʙʟ̫ʘʪʝʣʴʥʦ ʚʟʘʠʤʥʦ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʳʝ) ï ʚʝʢʪʦʨ ,r ʦʧ-

ʨʝʜʝʣʷʶɦʠʝ ʢʨʠʩʪʘʣʣʠʯʝʩʢʫʶ ʨʝʰʝʪʢʫ. ʈʘʩʩʪʦʥ̫ʠʝ ʤʝʞʜʫ ʜʚʫ-

ʤ ̫ʪʦʯʢʘʤʠ ʨʝhʝʪʢʠ  
 

cnbnanr cba

dddd
++= , 

 

ʛʜʝ ba nn ,  ʠ cn  ï ʥʝʢʦʪʦʨʳʝ ʮʝʣʝr ʯʠʩʣʘ. ʉ ʧʦʤʦʱʴʁ ʟʘʜʘʥʥr ʭ 

ʚʝʢʪʦʨʦʚ ʟʘʧʠhʝʤ ʩʦʦʪʥʦhʝʥʠʷ 
  

                 

;
cba

cb
a dd

dd
d

³Ö

³
=¡  ;

cba

ac
b ddd

ddd

³Ö

³
=¡  

cba

ba
c ddd

dd
d

³Ö

³
=¡           (1.50) 

 

ʀʟ (1.50) Ý  a
d
¡ ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ ʢ ʧʣʦʩʢʦʩʪʠ ʚʝʢʪʦʨʦʚ  b  ʠ 

c
d

 ʠ ʧʦ ʘʙʩʦʣʶʪʥʦʡ ʚʝʣʠʯʠʥʝ ʧʨʦʧʦʨʮʠʦʥʘʣʝʥ 
1-a . ʃʝʛʢʦ ʧʦʢʘ-

ʟʘʪʴ, ʯʪʦ  
' ' ' 1a a b b c cÖ = Ö = Ö =, 

 

' ' ' ' ' ' 0a b a c b a b c c a c bÖ = Ö = Ö = Ö = Ö = Ö =. 
 

ʇʦʩʣʝʜʥʠʝ ʫʨʘʚʥʝʥʠ̫ ʦʧʨʝʜʝʣʷʪʁ ʪʘʢ ʥʘʟʚrʘʝʤʫʶ ʦʙʨʘʪʥʫʶ 

ʨʝhʝʪʢʫ. ʆʙʨʘʪʥʘʷ ʨʝʰʝʪʢʘ ʩʚʟ̫ʘʥʘ ʩ ʟʘʜʘʯʘʤʠ ʧʦ ʨʘʩʩʝʥ̫ʠʁ 

ʚʦʣʥ ʥʘ ʨʘʟʣʠʯʥʳʭ ʧʣʦʩʢʦʩʪʷʭ ʢʨʠʩʪʘʣʣʘ.  

 
ɿʘʜʘʯʠ 

 

1. ɼʦʢʘʟʘʪʴ ʬʦʨʤʫʣʫ ( ) baabba
ddddddddd
ÐÖ-ÐÖ=³ÖÐ . 

2. ʇʦʢʘʟʘʪʴ, ʯʪʦ 0)()()( =³³+³³+³³ bacacbcba
ddddddddd

. 

3. ɺʝʢʪʦʨ A
d

  ʨʘʟʣʦʞʝʥ ʥʘ ʨʘʜʠʘʣʥɹʳʡ rA
d

 ʠ ʪʘʥʛʝʥʮʠʘʣʥɹʳʡ ʚʝʢ-

ʪʦʨ tA
d

, 0r
d

 ï ʝʜʠʥʠʯʥr ʡ ʚʝʢʪʦʨ ʚ ʨʘʜʠʘʣʥɹʦʤ ʥʘʧʨʘʚʣʝʥʠʠ. ʇʦʢʘʟʘʪʴ, 

ʯʪʦ  )( 00 rArAr

dddd
Ö=  ʠ  )( 00 ArrAt

dddd
³³-= . 
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4. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʥʝʦʙʭʦʜʠʤʳʤ ʠ ʜʦʩʪʘʪʦʯʥr ʤ ʫʩʣʦʚʠʝʤ ʢʦʤʧʣʘ-

ʥʘʨʥʦʩʪʠ ʪʨʝʭ (ʥʝʥʫʣʝʚʳʭ) ʚʝʢʪʦʨʦʚ BA
dd

,  ʠ C
d

 ʷʚʣʷʝʪʩ ̫ʨʘʚʝʥʩʪʚʦ ʥʫ-

ʣ  ʁʩʤʝhʘʥʥʦʛʦ ʧʨʦʠʟʚʝʜʝʥʠ̫ . 

5. ɼʘʥ  rʚʝʢʪʦʨ  r  

2 3 ,A i j k= + +
 

4 5 6 ,B i j k= + +
 

3 2C i j k= + +, 

6 5 4 .D i j k= + +
 

 

ʅʘʡʪʠ:  

ʘ) ʩʫʤʤr  ʠ ʨʘʟʥʦʩʪʠ ʚʝʢʪʦʨʦʚ:  

 

;A B C D+ + +
 

;A B C D+ - -
 

;A B C D- + -
 

;A B C D- + - +
 

ʙ) ʫʛʣ,r ʢʦʪʦʨʝr ʩʦʩʪʘʚʣʷʪʁ ʚʝʢʪʦʨ r , , ,A B C D
 
ʩ ʦʩʤ̫ʠ ʢʦʦʨʜʠʥʘʪ; 

ʚ) ʤʦʜʫʣʠ ʚʝʢʪʦʨʦʚ , , ,A B C D; 

ʛ) ʩʢʘʣʷʨʥʦʝ ʠ ʚʝʢʪʦʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠ̫ ʩʫʤʤr  ʜʚʫʭ ʧʝʨʚr ʭ ʚʝʢʪʦ-

ʨʦʚ ʥʘ ʩʫʤʤʫ ʜʚʫʭ ʧʦʩʣʝʜʫʁɦ ʠʭ; 

ʜ) ʫʛʣ,r ʢʦʪʦʨʝr ʦʙʨʘʟʫʶʪ ʚʝʢʪʦʨ A  ʩ ʦʩʪʘʣʴʥʤrʠ ʚʝʢʪʦʨʘʤʠ ,B  

,C
 

;D  

ʝ) ʧʨʦʝʢʮʠʁ ʚʝʢʪʦʨʘ Aʥʘ ʥʘʧʨʘʚʣʝʥʠʝ ʚʝʢʪʦʨʦʚ , , ;B C D  

ʞ) ʚʝʢʪʦʨʥʝr ʧʨʦʠʟʚʝʜʝʥʠ̫ ,A B³  ,A C³  B C³  ʠ ʫʛʣ,r ʢʦʪʦʨʝr 

ʦʥʠ ʦʙʨʘʟʫʶʪ ʩ ʚʝʢʪʦʨʦʤ ;D  

ʟ) ʧʣʦɦʘʜʠ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʦʚ, ʧʦʩʪʨʦʝʥʥʳʭ ʥʘ ʚʝʢʪʦʨʘʭ A
 
ʠ B , 

C  ʠ ;D  ʥʘʡʪʠ ʜʣʠʥ  rʜʠʘʛʦʥʘʣʝʡ ʪɻʠʭ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʦʚ;  

ʠ) ʧʦʢʘʟʘʪʴ, ʯʪʦ ʚʩʝ ʚʝʢʪʦʨ  r ,A  ,B  C
 
ʠ D  ʣʝʞʘʪ ʚ ʦʜʥʦʡ ʧʣʦʩ-

ʢʦʩʪʠ; 
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ʢ) ʥʘʡʪʠ:  
 

CBA
ddd
³Ö  ʠ ;D B CÖ ³ A D CÖ ³ ʠ ;D B AÖ ³  

( ),A B C³ ³ ( )C A B³ ³  ʠ )( ACB
ddd
³³ ;  

( ),D B C³ ³
 

( )C D B³ ³  ʠ ( )B C D³ ³ ;  

( ),A D C³ ³ ( )C A D³ ³  ʠ ( );D C A³ ³  

( ),A B D³ ³ ( )D A B³ ³  ʠ ( )B D A³ ³ .  

ʦʩʪʘʣʴʥʤrʠ ʚʝʢʪʦʨʘʤʠ ,B  ,C
 

;D  

6. ɼʘʥ  r ʪʨʠ ʚʝʢʪʦʨʘ 3 2 2 , 6 4 2 ,A i j k B i j k= - + = + -
 

3 2 4C i j k=- - -. ʅʘʡʪʠ  CBA
ddd
³Ö  ʠ  ( ),A B C³ ³ ( )C A B³ ³  ʠ 

)( ACB
ddd
³³ . 

7. ɼʘʥ  rʚʝʢʪʦʨ  r 

2 3 ,A i j k= + +
 

                                          
4 5 ,B i j= +

 

      
3 2 .C i j k= + +

 
 

ʂʘʢʫʁ ʩʠʩʪʝʤʫ (ʧʨʘʚʫʁ ʠʣʠ ʣʝʚʫ)ʁ ʦʙʨʘʟʫʶʪ ʵʪʠ ʚʝʢʪʦʨ?r 

ʆʧʨʝʜʝʣʠʪʴ: 

ʘ) ʦʙʲʝʤ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ, ʧʦʩʪʨʦʝʥʥʦʛʦ ʥʘ ʵʪʠʭ ʚʝʢʪʦʨʘʭ; 

ʙ) ʚʝʢʪʦʨ,r ʠʟʦʙʨʘʞʘʶɦʠʝ ʜʚʝ (ʠʩʭʦʜʷɦʠʝ ʠʟ ʢʦʥʮʦʚ ʚʝʢʪʦʨʘ A ) 

ʜʠʘʛʦʥʘʣʠ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ, ʧʦʩʪʨʦʝʥʥʦʛʦ ʥʘ ʵʪʠʭ ʚʝʢʪʦʨʘʭ, ʠ ʥʘʡʪʠ 

ʜʣʠʥ  r ʪɻʠʭ ʜʠʘʛʦʥʘʣʝʡ; 

ʚ) ʧʣʦʱʘʜʴ ʜʠʘʛʦʥʘʣʴʥʦʛʦ ʩʝʯʝʥʠ̫ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʘ, ʧʨʦʚʝʜʝʥʥʦʛʦ 

ʯʝʨʝʟ ʚʝʢʪʦʨ A  ʠ  ( ),A B C³ ³ ( )C A B³ ³  ʠ )( ACB
ddd
³³ . 

8. ʉʠʣʘ F
d

 ʜʝʡʩʪʚʫʝʪ ʥʘ ʪʝʣʦ, ʧʦʤʝɦʝʥʥʦʝ ʚ ʪʦʯʢʝ r . ʇʦʢʘʟʘʪʴ, 

ʯʪʦ ʨʝʟʫʣʴʪʠʨʫʁɦ ʠʡ ʤʦʤʝʥʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʣʶʙʦʡ ʠʟ ʦʩʝʡ, ʧʨʦʚʝʜʝʥ-

ʥr ʭ ʯʝʨʝʟ ʥʘʯʘʣʦ ʢʦʦʨʜʠʥʘʪ, ʨʘʚʝʥ L r F a= ³ Ö, ʛʜʝ a
d

 ï ʝʜʠʥʠʯʥr ʡ 

ʚʝʢʪʦʨ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʪɻʦʡ ʦʩʠ. 

9. ɼʘʥʦ:  

cba

cb
a ddd

dd
d

³Ö

³
=¡  

cba

ac
b ddd

ddd

³Ö

³
=¡  

cba

ba
c ddd

dd
d

³Ö

³
=¡
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ʠ  0̧³Ö cba
ddd

 
  

ʇʦʢʘʟʘʪʴ, ʯʪʦ 

( , , , );xyx y x y a b cdÖ = =
  

' '
' ' 1

'
( ) ; .

b c
a b c a b c a

a b c

- ³
Ö ³ = Ö ³ =

Ö ³
 

   

10. ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʕʡʣʝʨʘ ,V rw= ³ʦʧʨʝʜʝʣʠʪʴ ʣʠʥʝʡʥʫʶ 

ʩʢʦʨʦʩʪɹ  ʮʝʥʪʨʘ ʧʨʤ̫ʦʫʛʦʣʴʥʠʢʘ, ʚʨʘɦʘʶʱʝʛʦʩ ̫ʚʦʢʨʫʛ ʦʜʥʦʡ ʠʟ ʚʝʨ-

ʠhʥ ʠ ʠʤʝʶʱʝʛʦ ʩʪʦʨʦʥ  r 2a=  ʩʤ ʠ 4b=  ʩʤ ʚ ʪʝ ʤʦʤʝʥʪr , ʢʦʛʜʘ 

ʤʛʥʦʚʝʥʥʘʷ ʫʛʣʦʚʘʷ ʩʢʦʨʦʩʪɹ  ʠʤʝʝʪ ʚʝʣʠʯʠʥʫ 
1

5
ʩʝʢ

 ʠ ʥʘʧʨʘʚʣʝʥʘ:  

ʘ) ʧʦ ʤʝʥʴʰʝʡ, ʙ) ʧʦ ʙʦʣʴʰʝʡ ʩʪʦʨʦʥʝ ʧʨʤ̫ʦʫʛʦʣʴʥʠʢʘ. 

11. ʆʧʨʝʜʝʣʠʪʴ ʤʦʤʝʥʪ ʩʠʣ ,r ʚʝʣʠʯʠʥʦʡ ʚ 5 ʅ, ʥʘʧʨʘʚʣʝʥʥʦʡ ʧʦ 

ʦʜʥʦʤʫ ʠʟ ʨʝʙʝʨ ʢʫʙʘ, ʦʪʥʦʩʠʪʝʣʴʥʦ ʚʩʝʭ ʝʛʦ ʚʝʨhʠʥ ʠ ʦʩʝʡ, ʧʨʦʭʦʜ-̫

ʱʠʭ ʯʝʨʝʟ ʨʝʙʨʘ (ʜʣʠʥʘ ʨʝʙʝʨ ʢʫʙʘ ʨʘʚʥʘ ʘ ʩʤ).  

12. ʂʠʥʝʪʠʯʝʩʢʠʤ ʤʦʤʝʥʪʦʤ ʦʪʥʦʩʠʪʝʣʴʥʦ ʮʝʥʪʨʘ ʆ (ʤʦʤʝʥʪʦʤ ʢʦ-

ʣʠʯʝʩʪʚʘ ʜʚʠʞʝʥʠ̫) ʩʠʩʪʝʤ  rn ʤʘʪʝʨʠʘʣʥɹʳʭ ʪʦʯʝʢ ʥʘʟʚrʘʝʪʩ ̫ʚʝʢʪʦʨ-

ʥʘ̫ ʩʫʤʤʘ  

0

1

,
n

i i i

i

L r m v
=

= ³ä  

ʛʜʝ ir ï ʨʘʜʠʫʩ-ʚʝʢʪʦʨ i -ʦʡ ʪʦʯʢʠ, ʠʤʝʶʱʝʡ ʤʘʩʩʫ imʠ ʩʢʦʨʦʩʪɹ  iv . 

ʆʧʨʝʜʝʣʠʪʴ: 

ʘ) ʢʠʥʝʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʜʚʫʭ ʪʦʯʝʢ ʩ ʤʘʩʩʘʤʠ 
1 1m =

 
ʛ, 

2 2m =  
ʛ, 

ʚʨʘɦʘʁʱʠʭʩ̫  ʩ ʫʛʣʦʚʦʡ ʩʢʦʨʦʩʪɹ ʶ 
1

5
ʩʝʢ

w=  ʚʦʢʨʫʛ ʦʩʠ (z) ʠ ʦʧʠʩ-r

ʚʘʁɦ ʠʭ ʦʢʨʫʞʥʦʩʪʠ ʨʘʜʠʫʩʦʤ 3 ʠ 6 ʩʤ; 

ʙ) ʢʠʥʝʪʠʯʝʩʢʠʡ ʤʦʤʝʥʪ ʪʦʯʝʢ  ʤʘʩʩʦʡ 1 ʛ ʠ 2 ʛ, ʜʚʠʞʫɦʠʭʩ̫  ʚ ʧʨʦ-

ʪʠʚʦʧʦʣʦʞʥr ʝ ʩʪʦʨʦʥ  rʩʦ ʩʢʦʨʦʩʪɹ ʶ 3 ʩʤ/ʩʝʢ ʧʦ ʜʚʫʤ ʧʨʦʪʠʚʦʧʦʣʦʞ-

ʥr ʤ ʨʝʙʨʘʤ ʢʫʙʘ, ʦʪʥʦʩʠʪʝʣʴʥʦ ʚʩʝʭ ʝʛʦ ʚʝʨhʠʥ (ʜʣʠʥʘ ʨʝʙʝʨ ʢʫʙʘ 

ʨʘʚʥʘ ʘ ʩʤ). 

13. ʇʫʩʪɹ  a  ʠ b  ï ʜʚʘ ʚʝʢʪʦʨʘ, ʦʧʨʝʜʝʣʷʶɦʠʝ ʩʪʦʨʦʥ  rʧʘʨʘʣʣʝ-

ʣʦʛʨʘʤʤʘ ʩ ʜʠʘʛʦʥʘʣʤ̫ʠ a b+  ʠ a b- ; ʧʦʢʘʟʘʪʴ, ʯʪʦ: 
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ʘ) ʩʫʤʤʘ ʢʚʘʜʨʘʪʦʚ ʜʠʘʛʦʥʘʣʝʡ ʨʘʚʥʘ ʩʫʤʤʝ ʢʚʘʜʨʘʪʦʚ ʝʛʦ ʩʪʦʨʦʥ; 

ʙ) ʜʠʘʛʦʥʘʣʠ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥr  ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʝʩʣʠ ʪɻʦʪ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤ ï ʨʦʤʙ; 

ʚ) ʧʣʦʱʘʜʴ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ (ɸ), ʧʦʩʪʨʦʝʥʥʦʛʦ ʥʘ ʜʠʘʛʦʥʘʣʷʭ ʜʨʫ-

ʛʦʛʦ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ (ɺ), ʚ ʜʚʘ ʨʘʟʘ ʙʦʣʴʰʝ ʧʣʦɦʘʜʠ ʪɻʦʛʦ ʧʘʨʘʣʣʝ-

ʣʦʛʨʘʤʤʘ (ɺ). 

 

ɺʝʢʪʦʨʥr ʡ ʘʥʘʣʠʟ (ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʚʝʢʪʦʨʦʚ) 
 

1.6. ɻʨʘʜʠʝʥʪ Ð 
 

ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ),,( zyxj  ï ʩʢʘʣʷʨʥʘʷ ʬʫʥʢʮʠʷ ʪʦʯʢʠ 

ʧʨʦʩʪʨʘʥʩʪʚʘ, ʪ.ʝ. ʪʘʢʘ̫ ʬʫʥʢʮʠ,̫ ʟʥʘʯʝʥʠʝ ʢʦʪʦʨʦʡ ʟʘʚʠʩʠʪ ʦʪ 

ʟʥʘʯʝʥʠʡ ʢʦʦʨʜʠʥʘʪ (x,y,z). ʂʘʢ ʩʢʘʣʷʨ ʦʥʘ ʜʦʣʞʥʘ ʠʤʝʪʴ ʦʜʥʦ ʠ 

ʪʦ ʞʝ ʟʥʘʯʝʥʠʝ ʜʣʷ ʬʠʢʩʠʨʦʚʘʥʥʦʡ ʪʦʯʢʠ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʝʟʘʚʠ-

ʩʠʤʦ ʦʪ ʚʨʘɦʝʥʠ̫ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ, ʪ. ʝ.  
 

                            1 2 3 1 2 3( , , ) ( , , ).x x x x x xj j¡ ¡ ¡ ¡=                        (1.51) 
 

ɼʠʬʬʝʨʝʥʮʠʨʫ̫  ʧʦ ix¡ ʠ ʠʩʧʦʣʴʟʫʷ ʫʨʘʚʥʝʥʠ̫ (1.16), ʧʦʣʫʯʘʝʤ: 

                       

1 2 3 1 2 3

' '

( , , ) ( , , )

.

i i

j j

ij ij

j jj i i j

x x x x x x

x x

x x
a a

x x x x

j j

j j

¡ ¡ ¡ ¡µ µ
= =

¡ ¡µ µ

µ µµ µ
= Ö = = = Ö

µ µ µ µ
ä ä

         (1.52) 

ʉʨʘʚʥʝʥʠʝ (1.52) ʩ ʟʘʢʦʥʦʤ ʧʨʝʦʙʨʘʟʦʚʘʥʠ̫ ʚʝʢʪʦʨʦʚ (1.17) 

ʩʨʘʟʫ ʫʙʝʞʜʘʝʪ ʥʘʩ ʚ ʪʦʤ, ʯʪʦ ʤʳ ʧʦʩʪʨʦʠʣʠ ʚʝʢʪʦʨ ʩ ʢʦʤʧʦʥʝʥ-

ʪʘʤʠ 
jx

jµ

µ
. ʕʪʦʪ ʚʝʢʪʦʨ ʤʳ ʥʘʟʦʚʝʤ ʛʨʘʜʠʝʥʪʦʤ j. ʋʜʦʙʥʦ ʧʝ-

ʨʝʡʪʠ ʢ ʩʠʤʚʦʣʠʯʝʩʢʦʡ ʟʘʧʠʩʠ 
 

                        z
k

y
j

x
i

µ

µ
+

µ

µ
+

µ

µ
=Ð

jjj
j

dddd
                        (1.53)  

ʠʣʠ 

                                         
.i j k

x y z

µ µ µ
Ð= + +

µ µ µ
                      (1.54) 
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ɿʜʝʩʴ Ð
d

(ʥʘʙʣʘ) ï ʚʝʢʪʦʨʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʦʧʝʨʘʪʦʨ. 

ʕʪʦʪ ʦʧʝʨʘʪʦʨ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʘʤʠ ʚʝʢʪʦʨʦʚ ʠ ʧʦʜʯʠʥʷʝʪʩ ̫ʟʘ-

ʢʦʥʘʤ ʯʘʩʪʥʦʛʦ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ.  

 

ʇʨʠʤʝʨ:  
ɺ ʯrʠʩʣʠʤ ʛʨʘʜʠʝʥʪ ʬʫʥʢʮʠʠ 
  

)()( 222 zyxfrf ++=
 

                             ( ) ,
f f f

f r i j k
x y z

µ µ µ
Ð = + +

µ µ µ
   

                             

( ) ( )f r f r r df x

x r x dr r

µ µ µ
= = Ö

µ µ µ
 . 

 

ɼʨʫʛʠʝ ʢʦʤʧʦʥʝʥʪr  ʥʘʭʦʜʷʪʩ̫  ʘʥʘʣʦʛʠʯʥʦ. ʊʦʛʜʘ:  
 

0

1
( ) ( ) ,

df r df df
f r ix jy kz r

r dr r dr dr
Ð = + + Ö = Ö =

 
 

ʛʜʝ 0

r
r

r
=  ï ʝʜʠʥʠʯʥr ʡ ʚʝʢʪʦʨ ʚ ʧʦʣʦʞʠʪʝʣʴʥʦʤ ʥʘʧʨʘʚʣʝʥʠʠ 

ʨʘʜʠʫʩʘ-ʚʝʢʪʦʨʘ.   

ʆʜʥʦ ʠʟ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥr ʭ ʧʨʠʣʦʞʝʥʠʡ jÐ
d

 ʩʚʟ̫ʘʥʦ ʩ ʚʳ-

ʯʠʩʣʝʥʠʝʤ ʧʨʠʨʘɦʝʥʠ̫ ʜʣʠʥ  r
 

                                         dzkdyjdxird
dddd
++=                       (1.55) 

 

ʋʯʠʪʚrʘ̫ ʧʨʝʜʜrʫɦʫʶ ʟʘʧʠʩʴ, ʧʦʣʫʯʘʝʤ: 
 

                          ( )dr dx dy dz d
x y z

j j j
j j

µ µ µ
Ð = + + =

µ µ µ
  ,    (1.56) 

 

ʠʟʤʝʥʝʥʠʝ ʩʢʘʣʷʨʥʦʡ ʬʫʥʢʮʠʠ  j, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʠʟʤʝʥʝʥʠʁ 

ʧʦʣʦʞʝʥʠ̫ rd
d

.  

ʈʘʩʩʤʦʪʨʠʤ ʜʘʣʝʝ ʜʚʝ ʪʦʯʢʠ P ʠ Q ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ 

Czyx =),,(j . ʈʘʩʩʪʦʥ̫ʠʝ ʤʝʞʜʫ ʪɻʠʤʠ ʜʚʫʤ ̫ʪʦʯʢʘʤʠ dr. ʊʦʛ-

ʜʘ ʧʨʠ ʧʝʨʝʤʝɦʝʥʠʠ ʠʟ P ʚ Q ʠʟʤʝʥʝʥʠʝ ʬʫʥʢʮʠʠ ʥʘ ʧʦʚʝʨʭʥʦʩ-

ʪʠ  Czyx =),,(j   ʨʘʚʥʦ 
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                                   0)( =Ð= rdd
dd

jj  ,                          (1.57) 
 

ʪʘʢ ʢʘʢ ʧʝʨʝʤʝɦʝʥʠʝ ʧʨʦʠʩʭʦʜʠʪ ʧʦ ʧʦʚʝʨʭʥʦʩʪʠ Czyx =),,(j . 

ʆʪʩʜʁʘ ʩʣʝʜʫʝʪ, ʯʪʦ ( ) drjÐ ^ . ʇʦʩʢʦʣʴʢʫ   rd
d

 ʤʦʞʥʦ ʧʨʦʚʝʩ-

ʪʠ ʚ ʣʶʙʦʤ ʥʘʧʨʘʚʣʝʥʠʠ ʦʪ ʪʦʯʢʠ P  ʚ  Q, ʣʝʞʘɦʫʁ  ʥʘ ʵʪʦʡ ʧʦ-

ʚʝʨʭʥʦʩʪʠ, ʘ ʟʥʘʯʠʪ rd
d

 ʚʩʝʛʜʘ ʦʩʪʘʝʪʩ ̫ ʥʘ ʧʦʚʝʨʭʥʦʩʪʠ, jÐ  

ʜʦʣʞʝʥ ʙʳʪʴ ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ ʢ ʧʦʚʝʨʭʥʦʩʪʠ ʩonst=j   ʚ ʣʶ-

ʙʦʡ ʝʝ ʪʦʯʢʝ. 

ɽʩʣʠ ʧʨʝʜʧʦʣʦʞʠʪʴ ʪʝʧʝʨʴ, ʯʪʦ  rd
d

  ʥʘʧʨʘʚʣʝʥ ʦʪ ʦʜʥʦʡ ʧʦ-

ʚʝʨʭʥʦʩʪʠ  1c=j  ʢ ʩʦʩʝʜʥʝʡ 2c=j  
(ʨʠʩ. 12), ʪʦ  

 

                           2 1 ( ) .d c c c drj j= - =D = Ð Ö                     (1.58) 
 

ɼʣʷ ʜʘʥʥʦʛʦ jd  ʘʙʩʦʣʶʪʥʘʷ ʚʝʣʠʯʠʥʘ rd
d

 ʤʠʥʠʤʘʣʴʥʘ, ʝʩ-

ʣʠ  rd
d

  jÐ
d

 (cosq=1), ʠʣʠ, ʥʘʦʙʦʨʦʪ, ʧʨʠ ʟʘʜʘʥʥʦʤ rd
d

 
ʠʟʤʝ-

ʥʝʥʠʝ ʩʢʘʣʷʨʥʦʡ ʬʫʥʢʮʠʠ j ʤʘʢʩʠʤʘʣʴʥʦ ʜʣʷ rd
d

  jÐ
d

.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
ʈʠʩ. 12. ɻʨʘʜʠʝʥʪ 

 

ʕʪʦ ʦʧʨʝʜʝʣʷʝʪ jÐ
d

 ʢʘʢ ʚʝʢʪʦʨ, ʫʢʘʟʚrʘʁɦ ʠʡ ʥʘʧʨʘʚʣʝʥʠʝ 

ʤʘʢʩʠʤʘʣʴʥʦʡ ʩʢʦʨʦʩʪʠ ʠʟʤʝʥʝʥʠ̫ ʬʫʥʢʮʠʠ. 
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ɻʨʘʜʠʝʥʪ ʩʢʘʣʷʨʥʦʡ ʚʝʣʠʯʠʥʳ ʠʛʨʘʝʪ ʦʯʝʥʴ ʚʘʞʥʫʶ ʨʦʣʴ ʚ 

ʬʠʟʠʢʝ ʧʨʠ ʫʩʪʘʥʦʚʣʝʥʠʠ ʩʚʟ̫ʠ ʤʝʞʜʫ ʧʦʣʝʤ ʩʠʣ ʠ ʧʦʪʝʥʮʠʘʣʴ-

ʥʳʤ ʧʦʣʝʤ:     

                 ʉʠʣʘ = -Ð
d
(ʧʦʪʝʥʮʠʘʣ)                           (1.59) 

 

ʕʪʦ ʩʧʨʘʚʝʜʣʠʚʦ ʠ ʜʣʷ ʛʨʘʚʠʪʘʮʠʦʥʥʦʛʦ, ʠ ʜʣʷ ʵʣʝʢʪʨʠʯʝʩʢʦ-

ʛʦ ʧʦʣ.̫ 

 
ɿʘʜʘʯʠ 

1. ʇʦʢʘʟʘʪʴ, ʯʪʦ vuuvuv Ð+Ð=Ð
ddd

)( , ʛʜʝ ),,( zyxuu=  ʠ  

),,( zyxvv=  ï ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʝ ʩʢʘʣʷʨʥr ʝ ʬʫʥʢʮʠʠ. 

2. ʅʘʡʪʠ ʛʨʘʜʠʝʥʪ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣ ̫ 

2 3 .u x y z= - +
 

3. ʅʘʡʪʠ ʥʘʠʙʦʣʴʰʫʶ ʢʨʫʪʠʟʥʫ (ʩʢʦʨʦʩʪɹ ) ʧʦʜ̡ʝʤʘ ʧʦʚʝʨʭʥʦʩʪʠ 
yu x=   ʚ ʪʦʯʢʝ ʄ(2,2,4). 

4. ʅʘʡʪʠ ʝʜʠʥʠʯʥr ʡ ʚʝʢʪʦʨ ʥʦʨʤʘʣʠ ʢ ʧʦʚʝʨʭʥʦʩʪʠ ʫʨʦʚʥ̫  ʩʢʘʣʷʨ-

ʥʦʛʦ ʧʦʣ ̫ 2 2 2.u x y z= + +  

5. ʅʘʡʪʠ ʛʨʘʜʠʝʥʪ ʧʦʣ ̫ ( , , ),u a b r=  ʛʜʝ  a  ʠ b  ï ʧʦʩʪʦ̫ ʥʥʝr 

ʚʝʢʪʦʨ ,r r  
ï ʨʘʜʠʫʩ-ʚʝʢʪʦʨ ʪʦʯʢʠ.  

6. ʅʘʡʪʠ ʛʨʘʜʠʝʥʪ ʨʘʩʩʪʦʥ̫ʠ̫  

2 2 2

0 0 0( ) ( ) ( ) ,r x x y y z z= - + - + - 

ʛʜʝ ( , , )P x y z  ï ʠʟʫʯʘʝʤʘʷ ʪʦʯʢʘ ʧʦʣ,̫ ʘ ʪʦʯʢʘ 0 0 0 0( , , )P x y z  ï ʥʝʢʦʪʦʨʘʷ 

ʬʠʢʩʠʨʦʚʘʥʥʘʷ ʪʦʯʢʘ. 

7. ʅʘʡʪʠ ʫʛʦʣ Q ʤʝʞʜʫ ʛʨʘʜʠʝʥʪʘʤʠ ʬʫʥʢʮʠʡ     

2 2u x y= +
     
ʠ   2v x y xy= + +  

 ʚ ʪʦʯʢʝ ʄ0 (1, 1).  

8. ʅʘʡʪʠ ʧʨʦʠʟʚʦʜʥʫʶ ʧʦ ʥʘʧʨʘʚʣʝʥʠʁ ʨʘʜʠʫʩʘ-ʚʝʢʪʦʨʘ  r  ʜʣʷ 

ʬʫʥʢʮʠʠ sinu r= , ʛʜʝ  r r= . 

9. ʅʘʡʪʠ ʚ ʪʦʯʢʝ ʄ0 (1,1,1) ʥʘʧʨʘʚʣʝʥʠʝ ʥʘʠʙʦʣʴʰʝʛʦ ʠʟʤʝʥʝʥʠ̫ 

ʩʢʘʣʷʨʥʦʛʦ ʧʦʣ ̫u xy yz xz= + + ʠ ʚʝʣʠʯʠʥʫ ʵʪʦʛʦ ʥʘʠʙʦʣʴʰʝʛʦ ʠʟ-

ʤʝʥʝʥʠ̫ ʚ ʵʪʦʡ ʪʦʯʢʝ. 

10. ɼʘʥʘ ʬʫʥʢʮʠʷ  
2/3222 )(),,( -++= zyxzyxS . 
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ʆʧʨʝʜʝʣʠʪʴ ʚ ʪʦʯʢʝ (1,2,3) SÐ
d
, ʝʛʦ ʘʙʩʦʣʶʪʥʫʶ ʚʝʣʠʯʠʥʫ ʠ ʥʘ- 

ʧʨʘʚʣʷʶɦʠʝ ʢʦʩʠʥʫʩʳ SÐ
d

. 

11. ɼʘʥ ʚʝʢʪʦʨ  

)()()( 21212112 zzkyyjxxir -+-+-=
dddd

. 

 

ʇʦʢʘʟʘʪʴ, ʯʪʦ 1 12rÐ  (ʛʨʘʜʠʝʥʪ ʘʙʩʦʣʶʪʥʦʡ ʚʝʣʠʯʠʥʳ ʚʝʢʪʦʨʘ 
12r
d

 

ʧʦ ʧʝʨʝʤʝʥʥr ʤ  111 ,, zyx ) ʝʩʪʴ ʝʜʠʥʠʯʥr ʡ ʚʝʢʪʦʨ, ʥʘʧʨʘʚʣʝʥʥr ʡ 

ʚʜʦʣʴ  
12r
d

. 

12. ʅʘʡʪʠ ,grad r  
 ʛʜʝ  

2 2 2r x y z= + +. 

13. ʅʘʡʪʠ ( ),grad rc  ʛʜʝ  .c const= . 

14. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʫʩʣʦʚʠʝ 0)()( =Ð³Ð vu
dd

 ʥʝʦʙʭʦʜʠʤʦ ʠ ʜʦʩʪʘ-

ʪʦʯʥʦ, ʯʪʦʙ  rʜʚʝ ʬʫʥʢʮʠʠ ),,( zyxu  ʠ ),,( zyxv  ʙ ʣrʠ ʩʚʟ̫ʘʥ  rʩʦʦʪʥʦ-

ʰʝʥʠʝʤ 0),( =vuf . ʋʙʝʜʠʪʴʩʷ, ʯʪʦ ʚ ʩʣʫʯʘʝ ),( yxuu=  ʠ ),( yxvv=  

ʫʩʣʦʚʠʝ 0)()( =Ð³Ð vu
dd

 ʧʨʠʚʦʜʠʪ  ʢ ʜʚʫʤʝʨʥʦʤʫ ʢ̫ʦʙʠʘʥʫ: 

0
,

,
=

µ

µ

µ

µ

µ

µ

µ

µ

=öö
÷

õ
ææ
ç

å

y

v

x

v

y

u

x

u

yx

vu
I  . 

ʌʫʥʢʮʠʠ u ʠ v ʧʨʝʜʧʦʣʘʛʘʶʪʩ ̫ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʤʠ. 

15. ɼʦʢʘʟʘʪʴ, ʯʪʦ 0)()()( =Ð³ÐÖÐ w
ddd

vu  ï ʥʝʦʙʭʦʜʠʤʦʝ ʠ ʜʦʩʪʘ-

ʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʪʦʛʦ, ʯʪʦʙ  r ʪʨʠ ʬʫʥʢʮʠʠ ( , , )u x y z , ),,( zyxv  ʠ 

),,( zyxw  ʙ ʣrʠ ʩʚʟ̫ʘʥ  rʥʝʢʦʪʦʨʦʡ ʬʫʥʢʮʠʝʡ 0),,( =wvuF . ʇʦʢʘ-

ʟʘʪʴ ʪʘʢʞʝ, ʯʪʦ ʩʤʝʰʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʛʨʘʜʠʝʥʪʦʚ ʵʢʚʠʚʘʣʝʥʪʥʦ 

ʪʨʝʭʤʝʨʥʦʤʫ ʷʢʦʙʠʘʥʫ 

, ,
0.

, ,

u u u

x y z

u v v v v
I

x y z x y z

x y z

w

w w w

µ µ µ

µ µ µ

å õµ µ µ
= =æ ö
µ µ µç ÷

µ µ µ

µ µ µ  
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ʇʨʝʜʧʦʣʘʛʘʝʪʩ ̫ʩʫɦʝʩʪʚʦʚʘʥʠʝ ʥʝʦʙʭʦʜʠʤʳʭ ʧʨʦʠʟʚʦʜʥr ʭ. 

16. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʝʩʣʠ ʚʝʢʪʦʨʥʘ̫ ʬʫʥʢʮʠʷ ),,,( tzyxFF
dd

=  ʟʘʚʠ-

ʩʠʪ ʦʪ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥr ʭ ʢʦʦʨʜʠʥʘʪ ʠ ʦʪ ʚʨʝʤʝʥʠ, ʪʦ  

dt
t

F
FrdFd
µ

µ
+ÐÖ=

d
dddd

)( . 

17. ʅʘʡʪʠ ʛʨʘʜʠʝʥʪ ʩʢʘʣʷʨʥʦʛʦ ʧʦʣ ̫ 
 

2 2 2ln( )u x y z= + +
 

ʚ ʪʦʯʢʝ ʄ0 (1,1,-1). 

18. ʇʫʩʪɹ   

 
( , , ),v v x y z=   

2 2 2ln( )u x y z= + +
 

 

ï ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʝ ʚ ʪʦʯʢʝ ʄ0 (x,y,z) ʬʫʥʢʮʠʠ. ʇʦʢʘʟʘʪʴ, ʯʪʦ 
 

 ʘ) , ;grad u grad u constl l l= =
 

  

 ʙ) ( ) ;grad u v grad u grad v° = °
 

   

 ʚ) ( ) , ;grad uv v grad u u grad v constl l l l= + =
 

 ʛ) 2
, 0.

u v grad u u grad v
grad v

v v

+
= ¸  

19. ɺʳʯʠʩʣʠʪʴ  

     
( ).m ngrad x y

 
 

1.7. ɼʠʚʝʨʛʝʥʮʠ̫  
 

ɼʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʚʝʢʪʦʨʥʦʡ ʬʫʥʢʮʠʠ ʷʚʣʷʝʪʩ ̫ʦʙʦʙɦʝ-

ʥʠʝʤ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠ̫ ʩʢʘʣʷʨʥr ʭ ʚʝʣʠʯʠʥ. ʇʨʝʜʧʦʣʦʞʠʤ, 

ʯʪʦ )(tr
d

 ʦʧʠʩʚrʘʝʪ ʧʦʣʦʞʝʥʠʝ ʥʝʢʦʪʦʨʦʛʦ ʪʝʣʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 

ʚ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ t (ʨʠʩ. 13).  

ʊʦʛʜʘ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʧʦ ʚʨʝʤʝʥʠ ʜʘʝʪ 
 

,
)()(

lim
)(

0
v

t

trttr

dt

trd

t

d
ddd
=

D

-D+
=

­D
 

 

ʛʜʝ v
d

 ï ʣʠʥʝʡʥʘʷ ʩʢʦʨʦʩʪɹ , ʘ ʦʧʝʨʘʪʦʨ Ð ʙʳʣ ʦʧʨʝʜʝʣʝʥ ʚ ʧʘ-

ʨʘʛʨʘʬʝ 1.6 ʢʘʢ ʚʝʢʪʦʨʥʳʡ ʦʧʝʨʘʪʦʨ. 

ʊʝʧʝʨʴ, ʠʤʝʷ ʚ ʚʠʜʫ ʝʛʦ ʚʝʢʪʦʨʥʝr ʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʝ 

ʩʚʦʡʩʪʚʘ, ʨʘʩʩʤʦʪʨʠʤ ʜʝʡʩʪʚʠʝ Ð ʥʘ ʚʝʢʪʦʨ.  
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ʈʠʩ. 13. ɼʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʝ ʚʝʢʪʦʨʘ 

 

ʉʢʘʣʷʨʥʦʝ ʫʤʥʦʞʝʥʠʝ ʵʪʦʛʦ ʚʝʢʪʦʨʥʦʛʦ ʦʧʝʨʘʪʦʨʘ ʥʘ ʚʝʢʪʦʨ 

ʧʨʠʚʦʜʠʪ ʢ ʚʨrʘʞʝʥʠ ʁ
 

                            

,
z

V

y

V

x

V
V zyx

µ

µ
+

µ

µ
+

µ

µ
=ÖÐ
dd

                    (1.60) 

ʢʦʪʦʨʦʝ ʥʘʟʚrʘʝʪʩ ̫ʜʠʚʝʨʛʝʥʮʠʝʡ ʚʝʢʪʦʨʘ V
d

. ɼʠʚʝʨʛʝʥʮʠ̫ ʝʩʪʴ 

ʩʢʘʣʷʨ ʚ ʪʦʤ ʩʤʳʩʣʝ, ʢʘʢ ʦʥ ʦʧʨʝʜʝʣʝʥ ʚ ʨʘʟʜʝʣʝ 1.3. ʅʘʧʨʠʤʝʨ: 
 

  

( )( ) 3;
x y z

r i j k ix jy kz
x y z x y z

µ µ µ µ µ µ
ÐÖ = + + + + = + + =

µ µ µ µ µ µ 
 

r

f
rrfrzf

z
ryf

y
rxf

x
rfr

µ

µ
+=

µ

µ
+

µ

µ
+

µ

µ
=ÖÐ )(3))(())(())(()(

dd
.  

   

ɺ ʯʘʩʪʥʦʩʪʠ, ʝʩʣʠ  
1)( -= nrrf , ʪʦ 

 

11

0

1 )1(3 --- -+=ÖÐ=ÖÐ nnnn rnrrrrr
dddd

 
  

ɼʠʚʝʨʛʝʥʮʠ̫ ʵʪʦʡ ʚʝʣʠʯʠʥʳ ʦʙʨʘɦʘʝʪʩ ̫ʚ ʥʫʣʴ ʧʨʠ  n=-2. 
ɼʣʷ ʙʦʣʝʝ ̫ʩʥʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠ̫ ʬʠʟʠʯʝʩʢʦʡ ʩʫʥɦʦʩʪʠ ʜʠ-

ʚʝʨʛʝʥʮʠʠ ʨʘʩʩʤʦʪʨʠʤ )( v
dd
ÖÖÐ r , ʛʜʝ ),,( zyxv

d
 
ï ʩʢʦʨʦʩʪɹ  ʪʝʯʝ-

ʥʠ̫ ʩʞʠʤʘʝʤʦʡ ʞʠʜʢʦʩʪʠ; ),,( zyxr  ï ʧʣʦʪʥʦʩʪʴ ʵʪʦʡ ʞʠʜʢʦʩʪʠ 

ʚ ʪʦʯʢʝ (x,y,z). ɽʩʣʠ ʨʘʩʩʤʦʪʨʝʪʴ ʥʝʢʦʪʦʨʳʡ ʵʣʝʤʝʥʪ ʦʙʲʝʤʘ 
dxdydz (ʨʠʩ. 14), ʪʦ ʢʦʣʠʯʝʩʪʚʦ ʞʠʜʢʦʩʪʠ, ʧʦʩʪʫʧʘʁɦ ʝʡ ʚ  
ʪɻʦʪ ʦʙʲʝʤ ʚ ʝʜʠʥʠʮʫ ʚʨʝʤʝʥʠ ʯʝʨʝʟ ʧʦʚʝʨʭʥʦʩʪɹ  EFGH, ʚ -r 

ʨʘʟʠʪʩ̫  ʪʘʢ: (ʧʨʠʪʦʢ) EFGH =rÖvxdydz. ʂʦʣʠʯʝʩʪʚʦ ʚʳʪʝʢhʝʡ ʠʟ 
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ʦʙʲʝʤʘ ʞʠʜʢʦʩʪʠ ʯʝʨʝʟ ʧʦʚʝʨʭʥʦʩʪɹ  ABCD ʨʘʚʥʦ: (ʩʪʦʢ) ABCD = 

= dydzdxv
x

v xx ù
ú

ø
é
ê

è
Ö

µ

µ
+Ö )(rr ; ʧʨʦʠʟʚʦʜʥʘʷ ʫʯʠʪʚrʘʝʪ ʚʦʟʤʦʞ-

ʥʦʩʪɹ  ʟʘʚʠʩʠʤʦʩʪʠ ʥʝʦʜʥʦʨʦʜʥʦʡ ʧʣʦʪʥʦʩʪʠ ʠʣʠ ʩʢʦʨʦʩʪʠ, ʠʣʠ 
ʩʨʘʟʫ ʦʙʝʠʭ ʵʪʠʭ ʚʝʣʠʯʠʥ ʦʪ ʭ. ʇʦʣʥr ʡ ʨʘʩʭʦʜ ʞʠʜʢʦʩʪʠ ʯʝʨʝʟ 
ʵʪʠ ʜʚʝ ʧʦʚʝʨʭʥʦʩʪʠ ʨʘʚʝʥ ʧʨʦʩʪʦ ʨʘʟʥʦʩʪʠ ʜʚʫʭ ʧʦʪʦʢʦʚ ʠʣʠ 

ʨʘʩʭʦʜʫ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʦʩʠ  ʭ: dxdydzv
x

x )( Ö
µ

µ
r . 

ɼʦʧʦʣʥʠʪʝʣʴʥʳʡ ʨʘʩʭʦʜ ʞʠʜʢʦʩʪʠ ʧʨʦʠʩʭʦʜʠʪ ʯʝʨʝʟ ʦʩʪʘʣʴ-
ʥʳʝ ʯʝʪʨrʝ ʧʦʚʝʨʭʥʦʩʪʠ ʜʘʥʥʦʛʦ ʵʣʝʤʝʥʪʘ ʦʙʲʝʤʘ, ʧʦʣʥr ʡ ʨʘʩ-
ʭʦʜ (ʚ ʝʜʠʥʠʮʫ ʚʨʝʤʝʥʠ) ʨʘʚʝʥ 

  

                 

( ) ( ) ( )

( ) .

x y zv v v dxdydz
x y z

v dxdydz

r r r

r

è øµ µ µ
Ö + Ö + Ö =é ù

µ µ µê ú

=ÐÖ Ö

.   (1.61) 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦʣʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʩʞʠʤʘʝʤʦʡ ʞʠʜʢʦʩʪʠ, 
ʧʨʦhʝʜhʝʡ ʯʝʨʝʟ ʝʜʠʥʠʮʫ ʦʙʲʝʤʘ ʚ ʝʜʠʥʠʮʫ ʚʨʝʤʝʥʠ, ʨʘʚʥʦ 

)( v
dd
rÖÐ . ʆʪʩʜʁʘ ʠ ʥʘʟʚʘʥʠʝ ʜʠʚʝʨʛʝʥʮʠ̫, ʠʣʠ ʨʘʩʭʦʜʠʤʦʩʪɹ .  

ʆʜʥʠʤ ʠʟ ʧʨʠʤʝʨʦʚ ʠʩʧʦʣʴʟʦʚʘʥʠ̫ ʜʠʚʝʨʛʝʥʮʠʠ ̫ʚʣʷʝʪʩ ̫
ʫʨʘʚʥʝʥʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ 

                                            
0)( =ÖÖÐ+

µ

µ
v

t

dd
r

r
                       (1.62) 

 

 

 

 

 

 

 

 

 
 

 

ʈʠʩ. 14. ɼʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʧʨʤ̫ʦʫʛʦʣʴʥʳʡ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ 



 40 

ʇʨʠʯʝʤ 

        

( )

( ) ( ) ( ) ( )

,

x y z

yx z
x y z

fv fv fv fv
x y z

vv vf f f
v v v f f f

x y z x y z

f v f v

µ µ µ
ÐÖ = + + =

µ µ µ

µµ µµ µ µ
Ö + Ö + Ö + + + =

µ µ µ µ µ µ

= Ð Ö + ÐÖ

     

(1.63) 

ʛʜʝ f ï ʩʢʘʣʷʨ, ʘ v
d

 ï  ʚʝʢʪʦʨʥʘ̫ ʬʫʥʢʮʠʷ. 

ɺ ʯʘʩʪʥʦʤ ʩʣʫʯʘʝ, ʢʦʛʜʘ 0=ÖÐ B
dd

, ʚʝʢʪʦʨ B
d

 ʥʘʟʚrʘʪʁ ʩʦʣʝ-

ʥʦʠʜʘʣʴʥʳʤ. 
 

ɿʘʜʘʯʠ 

1. ɼʦʢʘʟʘʪʴ ʬʦʨʤʫʣʫ ( ) baabba
ddddddddd
ÐÖ-ÐÖ=³ÖÐ . ɿʘʤʝʯʘʥʠʝ. ʈʘʩ- 

ʩʤʘʪʨʠʚʘʪʴ ʣʝʚʫʁ ʯʘʩʪɹ  ʬʦʨʤʫʣ rʢʘʢ ʩʤʝhʘʥʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ. 

2. ɼʝʣʘ̫ ʧʦʚʦʨʦʪ ʩʠʩʪʝʤ  rʢʦʦʨʜʠʥʘʪ, ʧʦʢʘʟʘʪʴ, ʯʪʦ vv
dddd
ÖÐ=¡ÖÐ¡ , 

ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ ʦʧʨʝʜʝʣʝʥʠ,ʁ ʜʠʚʝʨʛʝʥʮʠ̫ ʚʝʢʪʦʨʘ ï ʩʢʘʣʷʨ (ʜʦʩ-

ʪʘʪʦʯʥʦ ʨʘʩʩʤʦʪʨʝʪʴ ʜʚʫʤʝʨʥr ʡ ʩʣʫʯʘʡ). 

3. ɺ ʯrʠʩʣʠʪʴ .div r
 

4. ɺʳʯʠʩʣʠʪʴ ( ),div aj  ʛʜʝ j ï ʩʢʘʣʷʨʥʘʷ ʬʫʥʢʮʠʷ, a  ï ʚʝʢʪʦʨ-

ʥʘ̫ ʬʫʥʢʮʠʷ ʧʦʣ.̫ 

5. ɺʳʯʠʩʣʠʪʴ 
2( ), ( )div rc div r c  ʛʜʝ c  ï ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ. 

6. ɺʳʯʠʩʣʠʪʴ ( ),div ra  ʛʜʝ a ï ʧʦʩʪʦʷʥʥʳʡ ʩʢʘʣʷʨ. 

7. ɺʳʯʠʩʣʠʪʴ .
r

div
r  

8. ɺʳʯʠʩʣʠʪʴ ( ), ( ),div b r a div r r aÖ Ö ʛʜʝ a  ʠ b  ï ʧʦʩʪʦ̫ ʥʥʝr 

ʚʝʢʪʦʨ .r 

9. ʅʘʡʪʠ 
4( ).div r r   

10. ʅʘʡʪʠ ( ( )),div r rw³ ³  ʛʜʝ w ï ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ. 

11. ʅʘʡʪʠ ( ( )),div a r b³ ³  ʛʜʝ a  ʠ b  ï ʧʦʩʪʦ̫ ʥʥʝr ʚʝʢʪʦʨ .r 
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12. ʊʚʝʨʜʦʝ ʪʝʣʦ ʚʨʘɦʘʝʪʩ ̫ʩ ʧʦʩʪʦʷʥʥʦʡ ʫʛʣʦʚʦʡ ʩʢʦʨʦʩʪɹ ʶ w
d

. 

ʇʦʢʘʟʘʪʴ, ʯʪʦ ʣʠʥʝʡʥʘʷ ʩʢʦʨʦʩʪɹ  v
d

 ʩʦʣʝʥʦʠʜʘʣʴʥʘ. 

13. ʕʣʝʢʪʨʦʩʪʘʪʠʯʝʩʢʦʝ ʧʦʣʝ ʪʦʯʝʯʥʦʛʦ ʟʘʨʜ̫ʘ q  ʨʘʚʥʦ 

2

0

04 r

rq
E

dd
Ö=

pe
. ɺ ʯrʠʩʣʠʪʴ E

dd
ÖÐ . 

14. ʇʦʢʘʟʘʪʴ, ʯʪʦ: 

ʘ) 
2( ) ( ), ( 2);n ndiv r c nr rc n-= ¸

 
ʙ) ( ) 0;div c r³ =

 

ʚ). ( 3) .n ndiv r r n r= +
 

15. ʅʘʡʪʠ ʧʦʪʦʢ ʨʘʜʠʫʩʘ ʚʝʢʪʦʨʘ r  ʯʝʨʝʟ ʧʦʚʝʨʭʥʦʩʪɹ  ʩʬʝʨ .r  

16. ʅʘʡʪʠ ʜʠʚʝʨʛʝʥʮʠʁ ʚʝʢʪʦʨʘ 
( )

,
r

a r
r

j
=  ʛʜʝ r r=  ï ʨʘʩ- 

ʩʪʦʥ̫ʠʝ ʦʪ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ ʜʦ ʧʝʨʝʤʝʥʥʦʡ ʪʦʯʢʠ ( , , )M x y z .  

17. ʅʘʡʪʠ [ ( )].div grad rj   

18. ʅʘʡʪʠ  

      .
x y z

div r
xyz

+ +
Ö  

 

1.8. ʈʦʪʦʨ 

 

ʆʧʝʨʘʮʠʁ ʚʝʢʪʦʨʥʦʛʦ ʫʤʥʦʞʝʥʠ̫ Ð ʥʘ ʚʝʢʪʦʨ ʤʦʞʥʦ ʦʧʨʝ-

ʜʝʣʠʪʴ ʬʦʨʤʫʣʦʡ: 

 

 

                

.

z y x z

y x

x y z

v i v v j v v
y z z x

i j k

k v v
x y x y z

v v v

å õµ µ µ µå õ
Ð³ = - + - +æ ö æ ö

µ µ µ µç ÷ç ÷

å õµ µ µ µ µ
+ - =æ ö
µ µ µ µ µç ÷

     (1.64) 
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ʇʦʣʫʯʝʥʥʦʝ ʚʨrʘʞʝʥʠʝ ʥʘʟʚrʘʝʪʩ ̫ʨʦʪʦʨʦʤ ʚʝʢʪʦʨʘ v
d

. ʇʨʠ 

ʨʘʩʢʨʪrʠʠ ʦʧʨʝʜʝʣʠʪʝʣʷ ʠʣʠ ʧʨʠ ʣʶʙʳʭ ʜʨʫʛʠʭ ʦʧʝʨʘʮʠʭ̫ ʩ Ð 

ʥʝʦʙʭʦʜʠʤʦ ʫʯʠʪʚrʘʪʴ ʝʛʦ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʫʶ ʧʨʠʨʦʜʫ. ʉʧʝʮʠ-

ʘʣʴʥʦ ʧʦʜʯʝʨʢʥʝʤ, ʯʪʦ ʧʨʦʠʟʚʝʜʝʥʠʝ Ð³
dd

v  ʦʧʨʝʜʝʣʷʝʪʩ ̫ʢʘʢ ʥʦ-

ʚʳʡ ʚʝʢʪʦʨʥʳʡ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʦʧʝʨʘʪʦʨ. ɺ ʦʙʱʝʤ ʩʣʫʯʘʝ 

ʦʥ, ʢʦʥʝʯʥʦ, vv
dddd
³Ð̧Ð³ . ɽʩʣʠ Ð  ʚʝʢʪʦʨʥʦ ʫʤʥʦʞʘʝʪʩ ̫ ʥʘ 

ʧʨʦʠʟʚʝʜʝʥʠʝ ʩʢʘʣʨ̫ʘ ʠ ʚʝʢʪʦʨʘ, ʤʦʞʥʦ ʟʘʧʠʩʘʪ:ɹ 
 

            ( ) ( ) ( )z yx
fv i fv fv

y z

è øµ µ
Ð³ = - =é ù

µ µê ú
 

 

              
yz

z y

vv f f
i f v f v

y y z z

µè øµ µ µ
= + - - =é ù

µ µ µ µê ú
 

 

                                             

( ) .x
x

f v f v= ÖÐ³ + Ð ³

              

(1.65) 

 

ɼʝʣʘ̫ ʮʠʢʣʠʯʝʩʢʫʶ ʧʝʨʝʩʪʘʥʦʚʢʫ ʢʦʦʨʜʠʥʘʪ, ʣʝʛʢʦ ʧʦʣʫʯʠʪʴ 

ʫ- ʠ z-ʢʦʤʧʦʥʝʥʪr . ʄʦʞʥʦ ʫʙʝʜʠʪʴʩʷ, ʯʪʦ 
 

                               
( ) ( ) .fv f v f vÐ³ = ÖÐ³ + Ð ³                   (1.66) 

 

ʇʦʣʫʯʝʥʥʦʝ ʚʨrʘʞʝʥʠʝ ʝʩʪʴ ʘʥʘʣʦʛ ʚʨrʘʞʝʥʠ̫ (1.63).  

 

ʇʨʠʤʝʨ:  

( ) ( ) ( ( )) .rf r f r r f r rÐ³ = Ð³ + Ð ³
 

1) 

                               

0.

i j k

r
x y z

x y z

µ µ µ
Ð³ = =

µ µ µ

 

2)     ʇʦʣʟɹʫʷʩʴ ʨʘʚʝʥʩʪʚʦʤ 
rd

df
rrf d
dd
Ö=Ð 0)( ,  
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0)( 0 =³Ö=³Ð rr

dr

df
rfr

dddd
,  

 

ʪʘʢ ʢʘʢ rrr Ö= 0

dd
, 000 =³rr

dd
. ʅʘʟʚʘʥʠʝ ʨʦʪʦʨ ʚʦʟʥʠʢʣʦ ʚ ʩʚʟ̫ʠ 

ʩ ʪʝʤ, ʯʪʦ v
dd
³Ð  ʦʧʠʩʚrʘʝʪ ʚʨʘɦʝʥʠʝ ʚʝʢʪʦʨʥʦʛʦ ʧʦʣ ̫v

d
 ʚ ʪʦʯ-

ʢʝ, ʚ ʢʦʪʦʨʦʡ ʚʯrʠʩʣ̫ʝʪʩ ̫ʨʦʪʦʨ. 

ʇʫʩʪɹ  ʠʤʝʝʪʩ ̫ʪʚʝʨʜʦʝ ʪʝʣʦ ʚ ʧʣʦʩʢʦʩʪʠ ʭʫ, ʚʨʘɦʘʶɦʝʝʩʷ 

ʚʦʢʨʫʛ ʦʩʠ z ʩ ʫʛʣʦʚʦʡ ʩʢʦʨʦʩʪɹ ʶ w
d
. ʃʠʥʝʡʥʘʷ ʩʢʦʨʦʩʪɹ  V  ʚ 

ʪʦʯʢʝ, ʢʦʪʦʨʘ̫ ʟʘʜʘʥʘ ʨʘʜʠʫʩʦʤ-ʚʝʢʪʦʨʦʤ r , ʨʘʚʥʘ 
 

                                                 V rw= ³ .                                 (1.67) 
 

ʏʪʦʙ  rʦʧʨʝʜʝʣʠʪʴ r
dd
³Ð , ʨʘʩʩʤʦʪʨʠʤ 

 

                                           ( )V rwÐ³ =Ð³ ³,                        (1.68)  
     

        ( ) ( ) ( ) .r r r r rv w w w wÐ³ ³ = ÐÖ - Ö ÐÖ =ÐÖ Ö -ÐÖ Ö  (1.69) 
  

ɿʜʝʩʴ Ð ʩʢʘʣʷʨʥʦ ʫʤʥʦʞʘʝʪʩ ̫ʥʘ ʧʝʨʚr ʡ ʚʝʢʪʦʨ, ʥʦ ʢʘʢ ʜʠʬ-

ʬʝʨʝʥʮʠʘʣʥɹʳʡ ʦʧʝʨʘʪʦʨ ʦʥ ʜʝʡʩʪʚʫʝʪ ʥʘ ʦʙʘ ʚʝʢʪʦʨʘ:  

 

                       ( ) .r r r r rw w w w wÐ³ ³ = ÐÖ + ÖÐ - ÐÖ - ÖÐ (1.70) 

 

ʇʨʠ constw=  ʚʪʦʨʦʡ ʠ ʪʨʝʪʠʡ ʯʣʝʥ  rʚ ʫʨʘʚʥʝʥʠʠ (1.70) 

ʦʙʥʫʣʷʁʪʩ.̫  

ʂʘʢ ʠʟʚʝʩʪʥʦ 

                                                     3rÐÖ =,                                (1.71) 

ʧʦʪɻʦʤʫ 

 

        

( ) ( )

( ) .

x y

z x y z

r ix jy kz ix jy kz
x y

ix jy kz i j k
z

w w w

w w w w w

µ µ
ÖÐ = + + + + + +

µ µ

µ
+ + + == + + =
µ

     (1.72) 
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ʇʦʜʩʪʘʚʣ̫ ʷ (1.71) ʠ (1.72) ʚ (1.70), ʧʦʣʫʯʘʝʤ 

 

                                      ( ) 2V rw wÐ³ =Ð³ ³ =,                   (1.73) 

 

ʪ.ʝ. ʨʦʪʦʨ ʣʠʥʝʡʥʦʡ ʩʢʦʨʦʩʪʠ ʪʚʝʨʜʦʛʦ ʪʝʣʘ ʨʘʚʝʥ ʫʜʚʦʝʥʥʦʡ ʫʛ-

ʣʦʚʦʡ ʩʢʦʨʦʩʪʠ.  

ɽʩʣʠ   

                                      v
dd
³Ð 0,=                                (1.74)  

ʪʦ ʚʝʢʪʦʨ V
d

 ʥʘʟʚrʘʪʁ ʙʝʟʚʠʭʨʝʚʳʤ. 

ʅʘʠʙʦʣʝʝ ʚʘʞʥr ʝ ʬʠʟʠʯʝʩʢʠʝ ʧʨʠʤʝʨ  rʙʝʟʚʠʭʨʝʚʳʭ ʚʝʢʪʦ-

ʨʦʚ ʜʘʶʪ ʛʨʘʚʠʪʘʮʠʦʥʥʝr ʠ ʵʣʝʢʪʨʦʩʪʘʪʠʯʝʩʢʠʝ ʩʠʣ r

 

                                             
0

2 3
,

r r
V C C

r r
= Ö =                         (1.75) 

 

ʛʜʝ ʉ ï ʧʦʩʪʦ̫ ʥʥʘ̫, -0r
d

ʝʜʠʥʠʯʥr ʡ ʚʝʢʪʦʨ, ʥʘʧʨʘʚʣʝʥʥr ʡ 

ʚʜʦʣʴ ʨʘʜʠʫʩʘ-ʚʝʢʪʦʨʘ. 

 

ɿʘʜʘʯʠ 

 

1. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨ VU
dd
³  ʩʦʣʝʥʦʠʜʘʣʝʥ, ʝʩʣʠ ,U  V

d
 ï ʙʝʟ-

ʚʠʭʨʝʚʳʝ ʚʝʢʪʦʨ .r 

2. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨ A r³  ʩʦʣʝʥʦʠʜʘʣʝʥ, ʝʩʣʠ A ï ʙʝʟʚʠʭʨʝ-

ʚʦʡ ʚʝʢʪʦʨ. 

3. ʅʘʡʪʠ ʨʦʪʦʨ ʚʝʢʪʦʨʘ 
2( ) ( ) ( )a x z i y z j x z k= + + + + +.  

4. ʅʘʡʪʠ ʚʠʭʨɹ  ʧʦʣ ̫
2 2 2F y zi z xj x yk= + + .  

5. ʇʦʚʦʨʦʪʦʤ ʢʦʦʨʜʠʥʘʪ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʢʦʤʧʦʥʝʥʪr  ʨʦʪʦʨʘ ʧʦʜʯʠ-

ʥʷʶʪʩ ̫ʟʘʢʦʥʫ ʚʝʢʪʦʨʥʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ.  

ɿʘʤʝʯʘʥʠʝ. ɺʦʩʧʦʣʴʟʦʚʘʪʴʩʷ ʥʘʧʨʘʚʣʷʶʱʠʤʠ ʢʦʩʠʥʫʩʘʤʠ ʠʟ ʫʨʘʚ-

ʥʝʥʠ̫ (1.41). 

6. ʋʙʝʜʠʪʴʩʷ, ʯʪʦ ʨʦʪʦʨ V
dd
³Ð  ʧʝʨʧʝʥʜʠʢʫʣʨ̫ʝʥ ʢ ʚʝʢʪʦʨʫ V , 

ʝʩʣʠ  ),(),( yxVjyxViV yx

ddd
+= ʠ  0̧³Ð V

dd
. 
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7. ɺ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʝ ʦʧʝʨʘʪʦʨʳ ʤʦʤʝʥʪʘ ʢʦʣʠʯʝʩʪʚʘ ʜʚʠʞʝʥʠ̫ 

ʦʧʨʝʜʝʣʝʥ  rʩʦʦʪʥʦhʝʥʠʤ̫ʠ: 

),(
y

z
z

yiLx
µ

µ
-

µ

µ
-= Z  

),(
z

x
x

ziLy
µ

µ
-

µ

µ
-= Z ( ).zL i x y

y x

µ µ
=- -

µ µ
 

ʇʦʢʘʟʘʪʴ, ʯʪʦ ,[ ]x y zL L i L=  ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, L L i L³ = . 

8. ʇʨʦʚʝʨʠʪʴ ʚʝʢʪʦʨʥʝr ʪʦʞʜʝʩʪʚʘ: 

),()()()()( BAABBAABBA
ddddddddddddddd
³Ð³+³Ð³+ÐÖ+ÐÖ=ÖÖÐ    

                ( ) ( ) ( ) ( ) ( ).A B B A A B B A A BÐ³ ³ = ÖÐ - ÖÐ - ÐÖ + ÐÖ    
9. ʇʦʢʘʟʘʪʴ, ʯʪʦ: 

ʘ) 0;rot r =  

ʙ) ( ) 2 ;rot c r c³ =  

ʚ) ( ) .rot c ar a c= ³ . 

 

10. ʅʘʡʪʠ : 

ʘ) [( ) ],rot c r a³ ³   

ʙ) [( ) ],rot c r r³ ³   

ʛʜʝ ,a c  ï  ʧʦʩʪʦ̫ ʥʥʝr ʚʝʢʪʦʨ .r 

11. ʅʘʡʪʠ ʜʠʚʝʨʛʝʥʮʠʁ ʠ ʚʠʭʨɹ  ʧʦʣ ̫ʩʢʦʨʦʩʪʝʡ V  ʠ ʧʦʣ ̫ʫʩʢʦʨʝʥʠʡ 

W  ʪʚʝʨʜʦʛʦ ʪʝʣʘ, ʚʨʘɦʘʶʱʝʛʦʩ ̫ʚʦʢʨʫʛ ʥʝʧʦʜʚʠʞʥʦʡ ʪʦʯʢʠ, ʟʥʘ,̫ ʯʪʦ  

; ( ),V r W r rw e w w= ³ = ³ + ³ ³ 

ʛʜʝ ʧʦʣ ̫ʫʩʢʦʨʝʥʠʡ ,w e ï ʧʦʩʪʦ̫ ʥʥʝr ʚʝʢʪʦʨ .r  

12. ʅʘʡʪʠ ʨʦʪʦʨ  ʩʣʝʜʫʁɦ ʠʭ ʚʝʢʪʦʨʦʚ: 

ʘ) 
2 2 2 2 2 2( ) ( ) ( ) ;a x y i y z j z x k= + + + + +  

ʙ) 
3 3 3 ;a z i y j x k= + +  

ʚ) 
2 21

( ).
2

a y i x j= - +  

13. ʇʨʝʜʩʪʘʚʠʪʴ a gradj³   ʛʜʝ a  ï ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ, ʚ ʚʠʜʝ 

ʚʠʭʨ̫  ʥʝʢʦʪʦʨʦʛʦ ʚʝʢʪʦʨʘ. 
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14. ɺʝʢʪʦʨ ( )r rw³ , ʛʜʝ w ï ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ, ʝʩʪʴ ʚʝʢʪʦʨ ʩʦ-

ʣʝʥʦʠʜʘʣʴʥʳʡ. ʇʨʝʜʩʪʘʚʠʪʴ ʝʛʦ ʚ ʚʠʜʝ ʚʠʭʨ̫  ʥʝʢʦʪʦʨʦʛʦ ʚʝʢʪʦʨʘ. 

 

1.9. ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʝ ʧʨʠʤʝʥʝʥʠʝ ʦʧʝʨʘʪʦʨʘ Ð 

 

ʉ ʧʦʤʦʱʴʁ ʚʚʝʜʝʥʥr ʭ ʧʦʥʪ̫ʠʡ ʛʨʘʜʠʝʥʪʘ, ʜʠʚʝʨʛʝʥʮʠʠ  

ʠ ʨʦʪʦʨʘ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʚʝʢʪʦʨ, ʩʢʘʣʷʨ ʠ ʢʦʤʙʠʥʘʮʠʁ ʚʝʢ- 

ʪʦʨʦʚ. ɼʝʡʩʪʚʫʷ ʥʘ ʢʘʞʜʫʶ ʠʟ ʚʚʝʜʝʥʥr ʭ ʚʝʣʠʯʠʥ ʦʧʝʨʘʪʦ- 

ʨʦʤ Ð , ʧʦʣʫʯʘʝʤ ʚʨrʘʞʝʥʠ̫ ,jÐÖÐ    , ,VjÐ³Ð ÐÐÖ 

, ( )V VÐÖÐ³ Ð³ Ð³. 

ʕʪʠ ʚʨrʘʞʝʥʠ̫ ʯʘʩʪʦ ʠʩʧʦʣʴʟʫʁʪʩ ̫ ʚ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ 

ʫʨʘʚʥʝʥʠʭ̫ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ ʚ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʬʠʟʠʢʝ. 

ʇʝʨʚʦʝ ʠʟ ʥʠʭ, ,jÐÖÐ ʜʠʚʝʨʛʝʥʮʠ̫ ʛʨʘʜʠʝʥʪʘ, ʥʘʟʚrʘʝʪʩ ̫

ʣʘʧʣʘʩʠʘʥʦʤ j: 

2 2 2
2

2 2 2

( )( )

( ) .

i j k i j k
x y z x y z

x y z

j j j
j

j j jÖ

µ µ µ µ µ µ
ÐÖÐ = + + + + =

µ µ µ µ µ µ

µ µ µ
= + + =D =Ð
µ µ µ

 

ɺʪʦʨʫʁ ʦʧʝʨʘʮʠʁ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʢʘʢ 

                        ,

i j k

x y z

x y z

j

j j j

µ µ µ
Ð³Ð =

µ µ µ

µ µ µ

µ µ µ

                     (1.76) 

  

                     

2 2

2 2 2 2

( )

( ) ( ) 0.

i
y z z y

j k
z x x z x y y x

j j
j

j j j j

µ µ
Ð³Ð = - +

µ µ µ µ

µ µ µ µ
+ - + - =
µ µ µ µ µ µ µ µ

      (1.77) 



 47 

ɿʜʝʩʴ ʧʨʝʜʧʦʣʘʛʘʣʦʩʴ, ʯʪʦ ʤʦʞʥʦ ʠʟʤʝʥʷʪʴ ʧʦʨʜ̫ʦʢ ʜʠʬʬʝ-

ʨʝʥʮʠʨʦʚʘʥʠ.̫ ʕʪʦ ʤʦʞʥʦ ʜʝʣʘʪʴ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʧʝʨʚr ʝ 

ʯʘʩʪʥʳʝ ʧʨʦʠʟʚʦʜʥr ʝ  ʥʝʧʨʝʨʳʚʥr .  

ɼʘʣʝʝ ʠʟ ʫʨʘʚʥʝʥʠ̫ (1.77) ʩʣʝʜʫʝʪ, ʯʪʦ ʨʦʪʦʨ ʛʨʘʜʠʝʥʪʘ ʪʦʞ-

ʜʝʩʪʚʝʥʥʦ ʨʘʚʝʥ ʥʫʣ :ʁ  

0rot grad¹ . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʛʨʘʜʠʝʥʪ ï ʙʝʟʚʠʭʨʝʚʦʡ ʚʝʢʪʦʨ. 

ʏʝʪʚʝʨʪʦʝ ʚʨrʘʞʝʥʠʝ ʧʨʝʜʩʪʘʚʣ̫ ʝʪ ʩʦʙʦʡ ʩʤʝhʘʥʥʦʝ ʧʨʦʠʟ-

ʚʝʜʝʥʠʝ: 
  

            

x y z

x y z

V
x y z

V V V

µ µ µ

µ µ µ

µ µ µ
ÐÖÐ³ = =

µ µ µ
 

      

2 22 22 2

0,
y yx xz z

V VV VV V

x y y z z x z y x z y x

µ µµ µµ µ
= + + - - - =
µ µ µ µ µ µ µ µ µ µ µ µ

           (1.78) 

ʊʦ ʝʩʪʴ 

                                                 0.VÐÖÐ³ =                 (1.79) 
 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʠʚʝʨʛʝʥʮʠ̫ ʨʦʪʦʨʘ ʨʘʚʥʘ ʥʫʣ  ʁ ( ) 0div rot = , 

ʪ.ʝ. ʨʦʪʦʨ ï ʚʩʝʛʜʘ ʩʦʣʝʥʦʠʜʘʣʴʥʳʡ ʚʝʢʪʦʨ.  

ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʥʝʝ ʚʨrʘʞʝʥʠʝ: 

 

                          ( )V V VÐ³ Ð³ =ÐÐÖ -ÐÖÐ.                 (1.80) 

 

ɽʩʣʠ V  ʨʘʟʣʦʞʠʪʴ ʥʘ ʢʦʤʧʦʥʝʥʪr  ʚ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʝ 

ʢʦʦʨʜʠʥʘʪ, ʪʦ  VÐÖÐ ï ʚʝʢʪʦʨʥʳʡ ʣʘʧʣʘʩʠʘʥ ï ʧʨʠʚʦʜʠʪʩ̫  ʢ 
ʚʝʢʪʦʨʥʦʡ ʩʫʤʤʝ ʦʙʳʯʥr ʭ ʩʢʘʣʷʨʥr ʭ ʣʘʧʣʘʩʠʘʥʦʚ: 

 

.x y zV i V j V k VÐÖÐ = ÐÖÐ + ÐÖÐ + ÐÖÐ 
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ɺʘʞʥʦʝ ʧʨʠʣʦʞʝʥʠʝ ʪʦʞʜʝʩʪʚʘ (1.80) ʩʚʟ̫ʘʥʦ ʩ ʚʦʣʥʦʚʳʤ 

ʫʨʘʚʥʝʥʠʝʤ ʚ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʡ ʪʝʦʨʠʠ. ɺ ʚʘʢʫʫʤʝ ʫʨʘʚʥʝʥʠ̫ 

ʄʘʢʩʚʝʣʣʘ ʧʨʠʥʠʤʘʪʁ ʚʠʜ: 

       

0 0) 0, ) ,

) 0, ) .

a B ʚ B
t

ʙ ʛ
t

e m
µE

ÐÖ = Ð³ =
µ

µB
ÐÖE= Ð³E=-

µ

         (1.81) 

  

ɿʜʝʩʴ  E
d

 ï ʵʣʝʢʪʨʠʯʝʩʢʦʝ ʧʦʣʝ; ɺ
d

 ï ʤʘʛʥʠʪʥʘ̫ ʠʥʜʫʢʮʠʷ; 

-00 ,me  ʵʣʝʢʪʨʠʯʝʩʢʘʷ ʠ ʤʘʛʥʠʪʥʘ̫ ʧʨʦʥʠʮʘʝʤʦʩʪʠ. ʇʨʝʜʧʦʣʦ-

ʞʠʤ, ʯʪʦ B
d

 ʦʧʨʝʜʝʣʷʝʪʩ ̫ʠʟ ʫʨʘʚʥʝʥʠʡ (1.81ʚ) ʠ (1.81ʛ). ʕʪʦ 

ʤʦʞʥʦ ʩʜʝʣʘʪʴ, ʚʟʷʚ ʨʦʪʦʨ ʦʪ ʦʙʝʠʭ ʯʘʩʪʝʡ ʫʨʘʚʥʝʥʠ̫ (1.81ʛ): 
 

                              ( ) .
t t

µ µ
Ð³ Ð³E =-Ð³ B=- Ð³B

µ µ
        (1.82) 

ɼʘʣʝʝ ʚʦʟʴʤʝʤ ʧʨʦʠʟʚʦʜʥʫʶ ʧʦ ʚʨʝʤʝʥʠ ʦʪ ʦʙʝʠʭ ʯʘʩʪʝʡ 

ʫʨʘʚʥʝʥʠʡ (1.81ʚ): 

 

                             
2

0 0 2
( ) ( ),

t t
e m

µ µ E
Ð³B = =-Ð³ Ð³E

µ µ
 

                                   

2

0 0 2
( ) ,

t
e m

µ E
Ð³ Ð³E =-

µ
                      (1.83) 

                  
2

0 0 2
( ) ,

t
e m

µ E
Ð³ Ð³E =ÐÐÖE=-

µ
    

                                        

2

0 0 2
.

t
e m

µ E
ÐÖÐE=

µ
                            (1.84) 

 

(1.84) ʝʩʪʴ ʚʝʢʪʦʨʥʦʝ ʚʦʣʥʦʚʦʝ ʫʨʘʚʥʝʥʠʝ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦ-

ʛʦ ʧʦʣ.̫ 

ɽʩʣʠ E
d

 ʨʘʟʣʦʞʠʪʴ ʚ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪʘʭ, ʪʦ (1.84) ʨʘʩ-

ʧʘʜʘʝʪʩ ̫ʥʘ ʪʨʠ ʩʢʘʣʷʨʥr ʭ ʚʦʣʥʦʚʳʭ ʫʨʘʚʥʝʥʠ,̫ ʩʦʜʝʨʞʘɦ ʠʭ 

ʩʢʘʣʷʨʥr ʡ ʣʘʧʣʘʩʠʘʥ. 
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ɿʘʜʘʯʠ 

 

1. ɼʦʢʘʟʘʪʴ, ʯʪʦ 0)( =Ð³Ð jj
dd

. 

2. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨ )()( VU Ð³Ð
dd

 ʩʦʣʝʥʦʠʜʘʣʝʥ, ʝʩʣʠ U ʠ V 

ʜʠʬʬʝʨʝʥʮʠʨʫʝʤʳʝ ʩʢʘʣʷʨʥr ʝ ʬʫʥʢʮʠʠ. 

3. ʉʢʘʣʷʨ j ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʨʘʚʥʝʥʠʁ ʃʘʧʣʘʩʘ 02 =Ðj . ʇʦʢʘ-

ʟʘʪʴ, ʯʪʦ ʚʝʢʪʦʨ jÐ
d

 ʩʦʣʝʥʦʠʜʘʣʴʥʳʡ ʠ ʙʝʟʚʠʭʨʝʚʦʡ. 

4. ʋʙʝʜʠʪʴʩʷ ʯʪʦ 1 2,C C ay y=Ð =Ð³ ʠ 3 ( )C ay=Ð³ Ð³ 

ï ʨʝhʝʥʠ̫ ʚʝʢʪʦʨʥʦʛʦ ʚʦʣʥʦʚʦʛʦ ʫʨʘʚʥʝʥʠʷ: 

2 2 2 0C k C C C k CÐ + =ÐÐÖ -Ð³Ð³ + =. 

ɿʜʝʩʴ y  ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʩʢʘʣʷʨʥʦʤʫ ʚʦʣʥʦʚʦʤʫ ʫʨʘʚʥʝʥʠʁ 

2 2 0ky yÐ + = ʠ a -  ʧʦʩʪʦʷʥʥʳʡ ʚʝʢʪʦʨ. ɼʦʢʘʟʘʪʴ ʪʘʢʞʝ, ʯʪʦ  1ʉ
d

 

ʠ 2ʉ
d

 ʦʨʪʦʛʦʥʘʣʴʥʳ, ʚʝʢʪʦʨ 1ʉ
d

 ʙʝʟʚʠʭʨʝʚʦʡ, ʘ 2ʉ
d

 ʠ 3ʉ
d

 ï ʩʦʣʝ-

ʥʦʠʜʘʣʴʥʳʝ ʚʝʢʪʦʨ .r 

5. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʪʦʞʜʝʩʪʚʦ ( )V V VÐ³ Ð³ =ÐÐÖ -ÐÖÐ 

ʚʪrʝʢʘʝʪ ʠʟ ʧʨʘʚʠʣʘ BAC CAB-  ʜʣʷ ʜʚʦʡʥʦʛʦ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʠʟʚʝʜʝʥʠ.̫ ʆʙʲʷʩʥʠʪʴ ʧʨʦʠʟʚʦʣʴʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʤʥʦʞʠʪʝʣʝʡ ʚ 

ʯʣʝʥʘʭ BAC  ʠ CAB.   

6. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʣ ʙʁʦʝ ʨʝhʝʥʠʝ ʫʨʘʚʥʝʥʠ̫ 02 =A-A³Ð³Ð
dddd

k  
ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʚʝʢʪʦʨʥʦʤʫ ʫʨʘʚʥʝʥʠʁ ɻʝʣʴʤʛʦʣʴʮʘ 

022 =A+AÐ
ddd

k  ʠ ʫʩʣʦʚʠʶ ʩʦʣʝʥʦʠʜʘʣʴʥʦʩʪʠ 0=AÖÐ
dd

. 

7. ʇʨʦʚʝʨʠʪʴ, ʷʚʣʷʶʪʩ ̫ʣʠ ʩʣʝʜʫʶɦʠʝ ʩʢʘʣʷʨʥr ʝ ʧʦʣ ̫ʛʘʨʤʦʥʠ-

ʯʝʩʢʠʤʠ: 

ʘ) 
2 22 ;u x xy y= + -  

ʙ) 
2 2 2 ;u x y y z z x= + +  

ʚ) 
2 2.u x y= -  

8. ʇʦʢʘʟʘʪʴ, ʯʪʦ ʩʢʘʣʷʨʥʦʝ ʧʦʣʝ 
1

ln ,u
r

=  ʛʜʝ 
2 2r x y= +  

( 0),r ¸  ʷʚʣʷʝʪʩ ̫ʛʘʨʤʦʥʠʯʝʩʢʠʤ.  




