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Abstract The control system described by variational inequality is considered.
It is approximated by the system described by a nonlinear equation with using
the penalty method. The convergence of the approximate method is proved. The
necessary conditions of optimality for approximate optimization control problem
are obtained. The optimal control for the approximate optimization problem is
chosen as an approximate solution of the initial problem.
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1 Introduction

Many mathematical physics problems are described by variational inequalities (see,
for example, [1-5]). The mathematical theory of these problems is well known (see
[2-6]). So optimization control problems for these systems are interesting enough. A
lot of results for optimization control problems of systems described by variational
inequalities are known (see, for example, [7-15] for elliptic case, [7, 9, 16-18] for
parabolic case, and [9] for hyperbolic case). The control systems for variational
inequalities with state constraints are analyzed in [8, 10, 11, 15].

We consider the control system with state constraint in the form of the general
inclusion. The analysis is based on the Warga’s concept of the search of minimizing
sequences, but not optimal controls [19] (see also [20, 21]). Besides we will use a
double regularization of the optimization control problem. At first the variational
inequality, which defines the state of the system, is approximated by a nonlinear
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equation with using the penalty method. The analogical technique was used for the
classical theory of variational inequalities (see [6]) and optimization control theory
(see [7, 9, 11]). Hence we obtain the optimization control problem for a nonlinear
elliptic equation with state constraint. It is approximated by the minimization
problem for a penalty functional on the set of admissible pairs “state-control”. This
method was used in [22] for the analysis of the distributed singular systems without
state constraints. However our system is regular and we have state constraints.
Besides the penalty method was used in [22] for obtaining necessary conditions of
optimality for the initial optimization problem (see also [7, 9, 11]). We apply it for
finding minimizing sequences with using the idea of Warga [19] (see also [20, 21]).
But this means was used for the extension of optimization controls problems in the
case of its insolvability there. However we prove the solvability of our problem, and
this method is applied for finding an optimal control.

Thus an approximate solution of the initial optimization control problem is
chosen as the optimal control for approximate problem for large enough step of the
algorithm. The necessary conditions of optimality for the approximate optimization
control problem are obtained in the standard form.

2 Problem Statement

Let 2 be an open bounded n-dimensional set, where n < 3. Define the space H} (Q2)
and its subset Z that consists all functions with non-negative values. We consider
the control system described by the variational inequality

/(Ay +v)(z—y)dx<0VzeZ, (1
Q

where v is the control, and y is the state function.

For any control v from the space L,(€2) the problem (1) is solvable on the set Z
(see [6], Sect. 3; Example 5.1). The inequality (1) was approximated in [6] by the
homogeneous Dirichlet problem for the nonlinear elliptic equation

1
—Ay + —a(y) = v, 2
&k

where &, > Oand g — O ask — 00, a(y) =0fory > Oand a(y) =y’ ify < 0.
By monotony method (see [6], Sect. 2, Theorem 2.1) for any v € L,(£2) the Eq. (2)
has a unique solution y = y,[v] from the space H;(€2) N H?*($2), and the mapping

Wl 1: La(RQ) > HY(R)
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is weakly continuous. Besides yi[v] — y weakly in H)(2) after extracting a
subsequence by Theorem 5.2 (see [6], Chap.3), where y is a solution of the
variational inequality (1) for this control. Note that the norm of the solution of
Eq. (2) is estimated by the norm of the absolute term by this theorem. Then the
mentioned convergence is uniform with respect to v from any bounded subset of
Ly (R2).

Consider convex closed bounded subsets V of L,(€2) and Y of Hé (£2). The pair
(v,y) from the set V x Y is called admissible if it satisfies the inequality (1) (see
[22]). By U denote the set of all admissible pairs. Suppose this set is non-empty for
nontriviality of the problem. Consider the functional

1
10.3) = 5 [[=37 + p7las
Q

where y; is a given function from Hé (2), x > 0. We have the following optimization
control problem.

Problem P1 Minimize the functional I on the set U.

Prove the weak continuity of the solution of the variational inequality (1) with
respect to the control. By y[v] denote its solution for the control v.

Lemma 2.1 If{v,} C V and vy — v weakly in L,(2), then y[v,] — y[v] weakly in
H{(Q2) after extracting a subsequence.

Proof We have

y[vs] = y[v] = (ylvs] — ylvsl) + (ylvs] = ye[v]) + (yl[v] = y[v]).

Then yi[w] — y[w] weakly in H}(€2) uniformly with respect to w € V after
extracting a subsequence as k — 00. So yi[v] — y[v] and (y[vs] — yk[vs])—> 0
weakly in H}(§2). Besides yi[vs] — yi[v] weakly in H}(S2) for all k as s — oo.
Hence the assertions of the lemma follow from the last equality. O

Theorem 2.2 Problem Pl is solvable.

Proof Let the sequence of pairs {(vs, ys)} be minimizing. So we have the inclusions
vy € V, y, € Y, the variational inequality

/(AyY 4+ v)(z—ys)dx <0VzeZ
Q

and the convergence I(v;) — infI(U). The sequence {v,} is bounded in L,(2)
by the boundedness of V. Then vy — v weakly in Ly(2) after extracting a
subsequence. Using Lemma 2.1, we get y, — y[v] weakly in H}(2) after extracting
a subsequence. So we obtain the inclusions v € V and y[v] € Y by the convexity
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and the closeness of the sets V and Y. Then

(v,y[v])e U.

Using the lower semicontinuity of the square of the norm for Hilbert space, we have

I(v.y[])< lim I(vy, yy).

§—>00

Thus

I(v,y[v]) < 1(V).

Therefore the pair (v, y[v]) is a solution of our problem. This completes the proof
of the Theorem 2.2. O

Hence the Problem P1 has a solution. Our aim is the development and the
substantiation of the method of its resolution.

3 Approximation of the Optimization Control Problem

The optimization control problems for systems described by equations are easier
than for systems described by variational inequalities. So we will use the known
approximation of the system (1) by the nonlinear elliptic equation (2) for the
analysis of Problem P1. Consider the set

Vi = {v e V| wfv] € Y}

and the functional

8) = 5 [ [Oulol =302 + 0]

Q

1
2

Problem P2 Minimize the functional Iy on the set Vy.

Prove the non-triviality of the set Vj at first. We supposed that the set U is non-
empty. Use now the more strong assumption. Suppose the existence of a pointv € V
such that the state y[v] belongs to the interior of the set Y with respect to the weak
topology of H{(2).

Lemma 3.1 Under this supposition the set Vi is non-empty for large enough
value k.

Proof By our assumption the state y[v] belongs to the interior of the set Y for some
control v € V. Then there exists a neighborhood O of y[v] such that it is the subset
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of this set. By convergence yx[v] — y[v] weakly in H}(2) the point y,[v] belongs

to O for a large enough k. Then y;[v] € Y. So the set V} is non-empty. O
Using the weakly continuity of the map 106
yil-]: La(2) — Hé(Q), 107
we obtain the following result. 108
Lemma 3.2 Problem P2 is solvable. 109

By vy denote a solution of Problem P2. Prove the convergence of the approxima- 110
tion method. 111

Theorem 3.3 We have the convergence I(vk,y[vk])—> infI(U) as k — 00 and 112
vr — s in Ly(R) after extracting a subsequence, where v« is a solution of 113

Problem P1. 114
Proof We have 115
Ik(vk) = minIk(Vk) < Ik(v*). 116
Using the definition of the approximate functional, we get 117
1 2 2
Li(vy) = 3 {(yk[v*] —Ya) + v }dx 118
Q
. 119
= 100 + 5 {[uteu] = 300F = (O] = yPa
Q
Then 121

1

N

2

(@) <anf 1) + 5 |loe] +ylve] = 239 [loe] —y1oel]

where ||- || is the norm of the space L, (£2). The sequence {yi[v«]} is bounded in the 123
space H}(2). Besides yi[v«] — y[v«] weakly in H}(S2) and strongly in L,(£2) by 124

Rellich—Kondrashov Theorem. Then we obtain 125
lim I (v;) < infI(U). 3)
k—o00

The sequences {v} and {yi}, where y; = yi[v], are bounded in the spaces L, (£2) 126
and H}(Q) because of the boundedness of the set V and Y. Then we get vy — v 127
weakly in L,(€2) and yy — y weakly in H}(S2) after extracting subsequences. Using 128
convexity and closeness of the set V and Y, we get v € V and y € Y. We have the
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equality
1
— Ay + —a(yx) = vy 4
Ek
Then

a(yr) = ex(vr + Ayi).

By boundedness of the sequence {y;} in H}(Q2) the sequence {Ay} is bounded in
H™'(RQ). Using the convergence y; — y weakly in H}(2), we have Ay — Ay
weakly in H~' (). After passing to the limit in the last equality, we get a(yx) — 0
weakly in H~!(R).

By Sobolev Theorem we have the continuous embedding H|}(2) C L4(£2) and
Ly/3(Q) € H™'(Q). Then the sequence {y;} is bounded in the space L4(£2). Using
the definition of the function , we obtain

4
4’

Ja | = [lato|“ar = [Inf'ax’s |n
Q Q

where
Q= {xre Q|yx) <0}.

Then the sequence {a(yi)} is bounded in the space Ls/3(£2). By Rellich—
Kondrashov Theorem we have the convergence y, — y strongly in L,(2) and
a.e. in Q after extracting a subsequence. So a(y;) — a(y) ae. in Q . Using
Lemma 1.3 [6, Chap. 1], we have a(yy) — a(y) weakly in Ly/3(2) and in H~'(Q)
too. Then a(y) = 0, s0y >0 on Q2. Hence the inclusion y € Z is true.

Using the equality (1), we have

/@%+M&ﬂwﬁ=%/Wﬂﬁf@ﬁz—é/h@—MMkaﬁ
Q Q

Q

1
:_Q/w—uwm—meez )
Qe
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Besides we get 150

o

/ Ayi(yi—y)dx = — / v (ymy)dx +$ / a() (i) = — / () (—y)dx 151

Q Q Q Q
152

1
= —/vk(yk—y)dx + g—k/[a(yk)—a(y)](yk—y)dx > —/vk(yk—y)dX- 1
Q

o

3

Q Q
Then 154
lim /Ayk(yk—y)dx > — lim /vk(yk—y)dx = 0. (6)
k—00 k—00
Q Q
By inequalities (5) and (1) we have 155
/(Ay +v)(z—y)dx = kli)rgo/ [Ayk(z —y) +ulz —y)]dx 156
Q Q
157
= Jim [ [A3 =30+ uEm) + B =]
k—00
Q
159
< lim /(Ayk + ) (z —yu)dx + lim / Ayi(yr —y)dx <0VzeZ. 160
k—00 k—00
Q Q
So y = y[v], then (v,y) € U. 161
Using the convergence vy — v weakly in L,(2) and y;, — y weakly in H}(Q), 162
we get 163
[vllz-=inf lim [Jvell2, [ly —yall2 < inf lim [ly; — yll2. 164
k—00 k—00
Then Iy (vy) — infI(U). 165
We have the inequality 166
1
‘Ik(vk) —I(Uk,yk)‘ = 5 /‘(yk[vk] —ya)z—(y[vk] —ya)z‘dx 167
Q
1 168
=3 |vlve] = ylvid ||, | yelv] + y[vel = 2yal|, 169
1 170
< {3, + [t =001} elodd + vl — 25
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By the convergence vy — v weakly in L, () we get y[vi] — y[v] weakly in H}(S2).
Using the convergence y, — y weakly in H} (), we obtain y[vi] — y[v] and yx — y
strongly in L,(€2). Using the last inequality, we have

lim \Ik(vk) — I(Uk)|—> O,
k—o00

so I(vg, yx) — infI(U).

We proved that a subsequence of solutions of Problem P2 is minimizing for
the Problem P1. Suppose the existence of a subsequence of {I(v,yx)} such that
it does not have inf/(U) as a limit point. Using considered technique, extract
its subsequence that convergences to inf/(U). So the whole sequence {I(vi, i)}
converges to inf I(U).

By the convergence vy — v weakly in L,(2) and y, — y strongly in L,(2) we
have

lvll = lim Jjogllo, Iyl = yall2 = lm_fiyefv] =all2.
k—>00 00

Then

I(v,y) < lim I(vg, ) = infI(V).

k—00

Using the inclusion (v, y) € U, we prove that v is a solution of Problem P1.
By {vx} denote the subsequence, which correspond the lower limit of last
inequalities. Suppose the strong inequality

ol < inf lim [foel>.
k—o00

Then we obtain the strong inequality
I(v,y) < infI(U).

This contradiction prove the convergence ||vk]2 — ||v|2. Using the convergence
v — v weakly in L, (2), we prove that vy — v strongly in L,(€2). This completes
the proof of Theorem 3.3. O

Remark 3.4 Problem P1 can have many solutions. In this case different subse-
quences of {v;} can converge to different solutions of this problem. However our
conclusions are true for all its convergent subsequence. Therefore the set of limit
points of {v;} consists of solutions of Problem P1. However it is possible that some
solution does not belong to this set.

The known results the optimization control problems for systems described by
variational inequalities include as a rule the justification of the necessary conditions
of optimality (see, for example, [7-14]). However we solve optimization control
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problems only approximately. The known necessary conditions of optimality are 201
difficult enough. So it is more naturally to find the approximate solution of the 202
problem, rather than necessary conditions of optimality. This idea was used in [19— 203
21] in the case of insolvability of extremum problems. By Theorem 2 we can choose 204
the optimal control for Problem P2 for large enough value of k as an approximate 205
solution of Problem P1. So we will solve the solution of Problem P2. It is easier 206
than Problem P1 because the system is described by equation, rather than variational 207
inequality. 208

4 Second Approximation of the Problem 209

The general difficulty of Problem P2 is the state constraint. We cannot to use the 210
standard variational method for this case because we do not know how we can 211
change the control for saving the state constraint. We could apply results of the 212
general extremum theory (Lagrange principle and some other methods, see, for 213
example, [23-25]). But it uses very difficult properties of the linearized operator 214
and the state constraint. However some results for optimization control problems 215
for nonlinear elliptic equations with state constraints are known (see, for example, 216
[26-32]). Our aim is the search of minimizing sequences in contrast to these results. 217
Then we transform our problem to an easier one. Using the penalty method [22], 218
we change our optimization problem by the minimization problem for the penalty 219
functional on the set of admissible “control-state” pairs. Note that this technique 220
was used in [22] for the case of the absence of the state constraint. The unique 221
solvability of the state equation was not guarantee there. However our boundary 222

problem is well-posed, but we have the state constraint. 223
Define the functional 224

" 1 2 2 1 -1 2
I'(v,y) = 5 {(y—ya) + yv +8—[Ay+sk a(y)+v] }dx, 225

o m

where §,, > 0 and §,, — 0 as m — oo. Define the space 226
W = L(2) x H(l)(Q) 227
and the set Uy = V x Y. We have the following problem. 228
Problem P3 Minimize the functional I on the set U,. 229
Lemma 4.1 Problem P3 is solvable. 230

Proof Let {u,} = {v,,y,} be a minimizing sequence for the Problem P3, so u, € Uy 231
and I} — infI;'(U;) as s — oo. Using the boundedness of the set Uj, we prove 232
that the sequence {u;} is bounded in the space W. By definition of the functional we
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have the equality
—Ay; = 5;:101()%) + vs +fi

where the sequence {f;} is bounded in the space L,(£2). Using the boundedness
of the sequence {y,} in H}(2) and in Ls($2) too because of Sobolev Embedding
Theorem, we prove the boundedness of the sequence {a(y;)} in the space L,(2).
Then the term in the right side of the last equality is bounded in the space L,(£2).
So {Ayy} is bounded in L,(€2). Hence we get v; — v weakly in L,(2), y, = y
weakly in H}(2), a(ys) — ¢ weakly in Ly (), Ay, — Ay weakly in Ly($2) after
extracting subsequences. Using the convexity and the closeness of the sets 'V and
Y, we have the inclusions v € V andy € Y, then u € Uy, where u = (v,y).
By Rellich—Kondrashov Theorem we get y; — y strongly in L,(€2) and a.e. on
Q, then a(ys;) — a(y) a.e. on 2. Using Lemma 1.3 (see [6], Chap. 1), we obtain
a(ys) — a(y) weakly in L,(2), so ¢ = a(y). By the weak lower semicontinuous
of the norm in Hilbert spaces we get

L' (u) < inf ;' (Uy),

so u is a solution of Problem P3. This completes the proof of Lemma 4.1. O
Let uf = (v, y}") be a solution of Problem P3.

Theorem 4.2 For any k I (v]') — infI; (Vi) as m — oo, besides v’ — vy in L,(2)
after extracting a subsequence.

Proof We have the inequality
['uwy) = mind}’(Uy) < I (vk. ye[vi]) = Le(vg). (7

By boundedness of the set U, the sequence {u]'} is bounded in the space W. Using
the inequality (7) and the definition of the functional I}, we get

— AV = et a(y) + v+ VS (8)

where the sequence {f;"} is bounded in L,(£2). Then (see the proof of Lemma 4.1),
the sequence {Ay}'} is bounded in L,(£2). Then v} — v weakly in Lr(2) , yi' —
vi weakly in H)(Q2), fi" — fi weakly in L>(2), and Ay}' — Ay} weakly in L,(2)
as m — oo after extracting subsequences. Using the technique from the proof of
Lemma4.1, we obtain v{ € V,y; € Y, and a(y}") — a(yf) weakly in L, (£2). After
passing to the limit in the equality (8) we get y; = yi[vi].

By definition of the functional ;" we have

) = %/[(yi”—ya)zﬂ(v/ﬁ”)z]d%
Q
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Hence
. * 1 x 2 )2
min i (Vi) = Li(v) < L(vy) = 3 {(}’k[vk] —va) +x(vy) }dx
Q
1
< 5 tim [[OF =y +ap) i < tim 1),
m o0 m—>00

Q
Using (7), we obtain I}* (1}') — min I (V). By inequalities
L) = L(vy') < I ()
we have I, (v]') — infl(Vy). The proof is ended with using the technique from
Theorem 4.2 . O

Remark 4.3 All assertions of Remark 3.4 are true in this case.

By proved theorem a sequence of solutions of Problem P1 minimizes the
functional I; on the set V. So the value v’ for large enough m can be chosen as
an approximate solution of Problem P2. Then the control v;" for large enough value
m and k can be chosen as an approximate solution of Problem P1. Our next step
is finding of this control. We will prove that the obtained result is sufficient for the
analysis of the given optimization problem without any constraints.

S Necessary Conditions of Optimality

We have the minimization problem for an integral functional on a convex set.
The necessary condition of the minimum at the point # of Gateaux differentiable
functional J on a convex set W is the variational inequality

(J'(u),w—u) >0Vwe W, )
where (¢, A) is the value of a linear continuous functional ¢ at a point A. We prove
the differentiability of the functional /j" for using this result in our case.

Lemma 5.1 The functional Il' has the partial derivatives
(v.y) = yv+pp.y). Inw.y) = y—ys+ Apf(v.y) + & 'd (Y)pi(v.y),
(10)

at the arbitrary point (v,y), where

P, y) = —[Ay+ela(y) +v]. (11)
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Proof For any function € L,(€2) and the value o we have the equality

["(v + oh,y) — I"(v,y) = %/[(v oh)?— vz]dx

+m

Q

Q

{[Ay +etaly) +v + oh]z —[Ay + & ta(y) + v]z}dx

Q

2

= a/[)(v+pk(v y)|hdx + E/ X+ Sulpl (v, y)] }hzdx.
Q

So the first equality (10) is true. For any function » € H}(€2) and the value o we get

1
v,y +oh) = I'(v,y) = 5/[(y—ya+oh)2—(y—ya)2]dx

28,
Q

Q

= o [{r= b+ pED[Ah+ e d (]} + 1)

o [ = 4 Taplwo) + 5 o w9 + (o)

Q

Q

b {[A(y +oh) + e ta(y + oh) + ]’ —[Ay + g a(y) + v]z}dx

where a'(y) = 0fory > 0,a'(y) = 3y? fory < 0 and (o) — 0 as o — 0. So the
first equality (10) is true. This completes the proof of Lemma 5.1.

Thus by the inequality (9) we get a necessary condition of optimality.

|

Theorem 5.2 The solution (v,'(”, yf) of Problem 3 satisfies the following system

/()(v,i” +p)(v—v)dx =0 Vv eV,

Q

/[y;i” — o+ Apf' + 8210’(y2”)1?2”](y —){)dx =0 Vye?,
Q

AYP + eta(yp) + o8 = Supp.

12)

13)

(14)
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We obtain the standard necessary condition of optimality. It can be solved with
using an iterative method (see, for example, [33-35]). Then the control v} can
be chosen as an approximate solution of the initial optimization problem for large
enough values of k and m.

Remark 5.3 This system is simplified in the case of the absence of the state
constraint. The variational inequality (13) can be transformed to the standard adjoint
equation

Apy + &' d (Pl = yo— ¥y

in this case. Hence necessary conditions of optimality include the state equa-
tion (14), this adjoint equation and classical variational inequality (12). If we do
not have any constraints, then we can find the control v' = —yp}' from (12). Then
we obtain two elliptic equations

App+ et d (Y = vo— Y
AYP + et a(yy) + vl = Supy.

After solving this system we can find v}’ by the obtained formula.

Analogical results could be obtained for controls systems described by parabolic
and hyperbolic variational inequalities. Laplace operator can be substituted by
general linear elliptic operators and some nonlinear elliptic operators. We could
consider also a general integral functional with corresponding assumptions.
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