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Ïóñòü K = [−a; a] , A(K) � ïðîñòðàíñòâî ëîêàëüíî àíàëèòè÷åñêèõ
ôóíêöèé f(t) âåùåñòâåííîé ïåðåìåííîé t ∈ K . Ïðîñòðàíñòâî A(K) ñíàá-
æåíî òîïîëîãèåé èíäóêòèâíîãî ïðåäåëà êîìïàêòíîé ïîñëåäîâàòåëüíîñòè
áàíàõîâûõ ïðîñòðàíñòâ An = C(Vn)

⋂
Hol(intVn) ñ íîðìîé ïðîñòðàíñòâà

íåïðåðûâíûõ íà Vn ôóíêöèé C(Vn), çäåñü êàæäîå ìíîæåñòâî Vn � êîì-
ïàêòíàÿ îêðåñòíîñòü K â C , intVn � âíóòðåííîñòü Kn , ïðè ýòîì V1 c
V2 c . . . ,

⋂∞
k=1 Vn = K . Ïðîñòðàíñòâî A(K) ÿâëÿåòñÿ (DFS) -ïðîñòðàíñò-

âîì (ñì. [1], [2]). Â ÷àñòíîñòè, A(K) � íåìåòðèçóåìîå, ïîëíîå, îòäåëèìîå,
ðåôëåêñèâíîå ëîêàëüíî-âûïóêëîå ïðîñòðàíñòâî, è åãî ñèëüíîå ñîïðÿæåí-
íîå A′(K) (ïðîñòðàíñòâî àíàëèòè÷åñêèõ ôóíêöèîíàëîâ ñ íîñèòåëÿìè â
K ) åñòü (FS) -ïðîñòðàíñòâî (ñì. [1], [2]).

Ïðîñòðàíñòâî àíàëèòè÷åñêèõ ôóíêöèé íà èíòåðâàëå âåùåñòâåíííîé ïðÿ-
ìîé A(Ω), Ω = (−c; c), ïðåäñòàâëÿåòñÿ êàê ïðîåêòèâíûé ïðåäåë ïîñëåäî-
âàòåëüíîñòè ïðîñòðàíñòâ A(Km), m = 1, 2, . . . , ãäå îòðåçêè Km èñ÷åð-
ïûâàþò èíòåðâàë Ω : K1 b K2 b · · · b Ω ,

⋃∞
m=1Km = Ω . Èñïîëüçóÿ

îïèñàíèå îãðàíè÷åííûõ è ïðåäêîìïàêòíûõ ìíîæåñòâ â êàæäîì A(Km) è
â ïðîåêòèâíîì ïðåäåëå A(Ω) (ñì. [3, ãë. V, ïðåäë. 14]), à òàêæå ïîëíîòó
âñåõ ýòèõ ïðîñòðàíñòâ (ñì. [2, ï. 1.3á]), ïîëó÷àåì, ÷òî A(Ω) � ïðîåêòèâíûé
ïðåäåë ñ÷åòíîãî êîìïàêòíîãî ïðîåêòèâíîãî ñïåêòðà, è çíà÷èò [2, ï. 1.8], �
ïðîñòðàíñòâî (FS), â ÷àñòíîñòè, ìîíòåëåâñêîå è ðåôëåêñèâíîå.

Áóäåì èñïîëüçîâàòü îáîçíà÷åíèå A äëÿ îáîèõ ïðîñòðàíñòâ A(K) è
A(Ω) â òåõ ñëó÷àÿõ, êîãäà ñêàçàííîå êàñàåòñÿ ëþáîãî èç ýòèõ ïðîñòðàíñòâ.
Ïóñòü W ⊂ A � çàìêíóòîå ïîäïðîñòðàíñòâî, èíâàðèàíòíîå îòíîñèòåëüíî
äèôôåðåíöèðîâàíèÿ D = d/dt :

f ∈ W =⇒ Df ∈ W,

êîðî÷å, èíâàðèàíòíîå ïîäïðîñòðàíñòâî. Êîðíåâûå ýëåìåíòû îïåðàòîðà D
� ýòî ýêñïîíåíöèàëüíûå îäíî÷ëåíû tk exp(−iλt), k ∈ N

⋃
{0}, λ ∈ C.

Èíâàðèàíòíîå ïîäïðîñòðàíñòâî W äîïóñêàåò ñïåêòðàëüíûé ñèíòåç1,
åñëè îíî ïîðîæäàåòñÿ ìíîæåñòâîì âñåõ ñîäåðæàùèõñÿ â íåì ýêñïîíåíöè-
àëüíûõ îäíî÷ëåíîâ.
Òåîðåìà 1 Âñå èíâàðèàíòíûå ïîäïðîñòðàíñòâà W ⊂ A äîïóñêàþò

ñïåêòðàëüíûé ñèíòåç.
1Ìû èñïîëüçóåì òåðìèíîëîãèþ èç [4]
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Òåîðåìà Ïýëè-Âèíåðà-Øâàðöà ([5, òåîðåìà 15.1.5]) óòâåðæäàåò, ÷òî ïðå-
îáðàçîâàíèå Ôóðüå-Ëàïëàñà FS(t) 7→ ϕ(z) = (S, exp(−itz)) óñòàíàâëèâàåò
ëèíåéíûé òîïîëîãè÷åñêèé èçîìîðôèçì ñèëüíîãî ñîïðÿæåííîãî A′(K) è
ïðîñòðàíñòâà P(K) öåëûõ ôóíêöèé ϕ, óäîâëåòâîðÿþùèõ óñëîâèþ: |ϕ(z)| ≤
Cε exp((a+ ε)|Im z|, ) äëÿ âñåõ ïîëîæèòåëüíûõ ε. Ïðîñòðàíñòâî A′(Ω) èç-
ìîðôíî, ñîîòâåòñòâåííî, ïðîñòðàíñòâó P(Ω) � èíäóêòèâíîìó ïðåäåëó ïðî-
ñòðàíñòâ P(Km).

Îáà ïðîñòðàíñòâà P , P(K) è P(Ω), îáëàäàþò ñòðóêòóðîé òîïîëîãè-
÷åñêîãî ìîäóëÿ íàä êîëüöîì ìíîãî÷ëåíîâ C[z]. Èñïîëüçóÿ òîïîëîãè÷åñêèå
ñâîéñòâà ïðîñòðàíñòâ A(K) è A(Ω) è èõ ñîïðÿæåííûõ è ðàññóæäàÿ òàê
æå, êàê â [4], ìîæíî óñòàíîâèòü ñëåäóþùèå óòâåðæäåíèÿ:
1. ïðèíöèï äâîéñòâåííîñòè:ìåæäó ñîâîêóïíîñòüþ èíâàðèàíòíûõ ïîä-
ïðîñòðàíñòâ {W} ïðîñòðàíñòâà A è ñîâîêóïíîñòüþ çàìêíóòûõ ïîäìî-
äóëåé I ìîäóëÿ P èìååò ìåñòî âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ïî
ïðàâèëó W ↔ I = F(W 0), ãäå W 0 ⊂ A′ � çàìêíóòîå ïîäïðîñòðàíñòâî
âñåõ ôóíêöèîíàëîâ, àííóëèðóþùèõ W ;
2. Ïîäïðîñòðàíñòâî W äîïóñêàåò ñïåêòðàëüíûé ñèíòåç òîãäà è òîëü-
êî òîãäà, êîãäà ïîäìîäóëü I = F(W 0) ïîëíîñòüþ îïðåäåëÿåòñÿ ìíîæå-
ñòâîì îáùèõ íóëåé ñîäåðæàùèõñÿ â íåì ôóíêöèé (äîïóñêàåò ëîêàëü-
íîå îïèñàíèå).

Òàêèì îáðàçîì, äëÿ òåîðåìû 1 èìååòñÿ ýêâèâàëåíòíîå óòâåðæäåíèå î
ïîäìîäóëÿõ.
Òåîðåìà 2 Âñå çàìêíóòûå ïîäìîäóëè I ⊂ P äîïóñêàþò ëîêàëüíîå

îïèñàíèå.
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Äâóïàðàìåòðè÷åñêèå áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé
Ã.Ð.Àáóøàõìèíà
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Ðàññìàòðèâàåòñÿ ñèñòåìà àâòîìàòè÷åñêîãî óïðàâëåíèÿ, îïèñûâàåìàÿ óðàâ-
íåíèåì

L(p, µ) = M(p, µ)f(x, µ, t), (1)

ãäå L(p, µ) è M(p, µ) � îïåðàòîðíûå ìíîãî÷ëåíû, êîýôôèöèåíòû êîòî-
ðûõ íåïðåðûâíî äèôôåðåíöèðóåìî çàâèñÿò îò äâóìåðíîãî ïàðàìåòðà µ =
(α, β); ïðè ýòîì N > m, ãäå N = degL, m = degM, à ôóíêöèÿ f(x, µ, t)
ïðåäïîëàãàåòñÿ T -ïåðèîäè÷åñêîé ïî t è ïðåäñòàâëåííîé â âèäå f(x, µ, t) =
c(µ)x+ ϕ(x, µ, t), ïðè ýòîì ϕ(x, µ, t) = O(|x|2), x→ 0.

Óðàâíåíèå (1) ïðè âñåõ çíà÷åíèÿõ µ èìååò íóëåâîå ðåøåíèå x = 0.
Ïðè èçìåíåíèè ïàðàìåòðà µ â îêðåñòíîñòè ðåøåíèÿ x = 0 ó óðàâíåíèÿ
(1) ìîãóò âîçíèêàòü íåíóëåâûå T -ïåðèîäè÷åñêèå èëè qT -ïåðèîäè÷åñêèå
ðåøåíèÿ, ãäå q ≥ 2. Íàñòîÿùàÿ ñòàòüÿ ïîñâÿùåíà îáñóæäåíèþ ïðèçíàêîâ
òàêîé áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé ñèñòåìû (1).

Ñèñòåìà (1) ñòàíäàðòíûì ñïîñîáîì ìîæåò áûòü ïðåäñòàâëåíà â âèäå
óðàâíåíèÿ

dx

dt
= B(α, β)x+ b(α, β, x, t), x ∈ RN , (2)

ãäå B(α, β) � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà N (N > 2), à T -ïåðèîäè÷åñêàÿ
íåëèíåéíîñòü b(α, β, x, t) óäîâëåòâîðÿåò óñëîâèþ b(α, β, x, t) = O(‖x‖2),
‖x‖ → 0.

Çíà÷åíèå µ0 = (α0, β0) ïàðàìåòðà µ = (α, β) íàçûâàåòñÿ òî÷êîé áè-
ôóðêàöèè qT -ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (2) [1], åñëè ñóùåñòâóþò
µn → µ0 òàêèå, ÷òî ïðè µ = µn óðàâíåíèå (2) èìååò íåñòàöèîíàðíîå qT -
ïåðèîäè÷åñêîå ðåøåíèå x = xn(t) : ‖xn(t)‖ → 0, ïðè n→∞.
Ëåììà 1 Ïóñòü (α0, β0)� ýòî òî÷êà áèôóðêàöèè ïåðèîäà qT . Òî-

ãäà ìàòðèöà B(α0, β0) èìååò ÷èñòî ìíèìûå ñîáñòâåííûå çíà÷åíèÿ âèäà
±2πp

qT i ïðè íåêîòîðîì öåëîì p .
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Ïîëîæèì B0 = B(α0, β0), B
∗
0 = B∗(α0, β0). Ïóñòü ìàòðèöà B0 èìååò

ïàðó ïðîñòûõ ñîáñòâåííûõ çíà÷åíèé ±ω0

T i. Îáîçíà÷èì ÷åðåç e0 + ig0 ñîá-
ñòâåííûé âåêòîð ìàòðèöû B0, îòâå÷àþùèé ñîáñòâåííîìó çíà÷åíèþ ω0

T i.
Ñîïðÿæåííàÿ ìàòðèöà B∗0 òàêæå èìååò ñîáñòâåííûå çíà÷åíèÿ ±ω0

T i; ïðè
ýòîì ñîîòâåòñòâóþùèå ñîáñòâåííûå âåêòîðû e∗0±ig∗0 ìîæíî âûáðàòü èñõîäÿ
èç ñîîòíîøåíèé:

(e0, e
∗
0) = (g0, g

∗
0) = 1, (e0, g

∗
0) = (g0, e

∗
0) = 0. (3)

Ïðè èçó÷åíèè çàäà÷ î áèôóðêàöèè qT -ïåðèîäè÷åñêèõ ðåøåíèé óðàâíå-
íèÿ (2) [1, 2] âîçíèêàåò âîïðîñ î ïðîâåðêå óñëîâèÿ

∆0 = det

[
(A′αe0, e

∗
0) (A′βe0, e

∗
0)

(A′αe0, g
∗
0) (A′βe0, g

∗
0)

]
6= 0, (4)

ãäå A(α, β) = eqTB(α,β) è A′α = [A(α, β)]′α, A
′
β = [A(α, β)]′β.

Ïîëîæèì q0 = qT. Äëÿ ïðîâåðêè óñëîâèÿ (4) íåîáõîäèìî âû÷èñëèòü
÷èñëà (A′αe0, e

∗
0), (A′αe0, g

∗
0), (A′βe0, e

∗
0) è (A′βe0, g

∗
0). Íåïîñðåäñòâåííîå íà-

õîäåíèå ýòèõ ÷èñåë ñîïðÿæåíî ñ òðóäíîñòÿìè, òàê êàê ìàòðèöà A(α, β) =
eq0B(α,β) îïðåäåëÿåòñÿ êàê ðÿä

eq0B(α,β) = I + q0B(α, β) +
q2

0

2!
B2(α, β) +

q3
0

3!
B3(α, β) + ...

Â äàííîé ðàáîòå ïðèâîäèòñÿ àëãîðèòì íàõîæäåíèÿ (A′αe0, e
∗
0), (A′αe0, g

∗
0),

(A′βe0, e
∗
0) è (A′βe0, g

∗
0). Ââåäåì îáîçíà÷åíèÿ B′α = [B(α, β)]′α, B

′
β = [B(α, β)]′β.

Òåîðåìà 1 Ñïðàâåäëèâû ðàâåíñòâà

(A′αe0, e
∗
0) = 1

2q0

(
(B′αe0, e

∗
0) + (B′αg0, g

∗
0)
)
,

(A′αe0, g
∗
0) = 1

2q0

(
(B′αe0, g

∗
0)− (B′αg0, e

∗
0)
)
,

(A′βe0, e
∗
0) = 1

2q0

(
(B′βe0, e

∗
0) + (B′βg0, g

∗
0)
)
,

(A′βe0, g
∗
0) = 1

2q0

(
(B′βe0, g

∗
0)− (B′βg0, e

∗
0)
)
,

è, ñëåäîâàòåëüíî, óñëîâèå (4) èìååò âèä

∆0 = 1
4q

2
0det

[
(B′αe0, e

∗
0) + (B′αg0, g

∗
0) (B′βe0, e

∗
0) + (B′βg0, g

∗
0)

(B′αe0, g
∗
0)− (B′αg0, e

∗
0) (B′βe0, g

∗
0)− (B′βg0, e

∗
0)

]
6= 0. (5)

Âûøå âåêòîðû e0, g0, e
∗
0, g

∗
0 âûáðàíû èñõîäÿ èç óñëîâèé (3). Â ÷àñòíî-

ñòè, âìåñòî ýòèõ âåêòîðîâ ìîãóò èñïîëüçîâàòüñÿ è âåêòîðû e1 = e0cosϕ +
g0sinϕ, g1 = −e0sinϕ + g0cosϕ, e

∗
1 = e∗0cosϕ + g∗0sinϕ è g∗1 = −e∗0sinϕ +

g∗0cosϕ. Äëÿ ýòèõ âåêòîðîâ óñëîâèå (3) âûïîëíåíî ïðè ëþáîì ϕ. Âîçíèêàåò
âîïðîñ î çàâèñèìîñòè îïðåäåëèòåëÿ (5) îò óãëà ϕ.

6



Ëåììà 2 Ñïðàâåäëèâû ðàâåíñòâà

(B′αe1, e
∗
1) + (B′αg1, g

∗
1) = (B′αe0, e

∗
0) + (B′αg0, g

∗
0),

(B′αe1, g
∗
1)− (B′αg1, e

∗
1) =

(
−(B′αe0, e

∗
0) + (B′αg0, g

∗
0)
)
sin2ϕ+

(B′αe0, g
∗
0)− (B′αg0, e

∗
0),

(B′βe1, e
∗
1) + (B′βg1, g

∗
1) = (B′βe0, e

∗
0) + (B′βg0, g

∗
0),

(B′βe1, g
∗
1)− (B′βg1, e

∗
1) =

(
−(B′βe0, e

∗
0) + (B′βg0, g

∗
0)
)
sin2ϕ+

(B′βe0, g
∗
0)− (B′βg0, e

∗
0).

Îáîçíà÷èì ÷åðåç ∆1 îïðåäåëèòåëü âèäà (4), ïîëó÷åííûé çàìåíîé e0,
e∗0, g0, g

∗
0 íà e1, e

∗
1, g1, g

∗
1. Èç ëåììû (2) ñëåäóåò, ÷òî âåðíî ðàâåíñòâî

∆1 =
1

4
q2

0

(
(B′αe0, e

∗
0)(B

′
βg0, g

∗
0)− (B′αg0, g

∗
0)(B′βe0, e

∗
0)
)
·sin2ϕ+ ∆0.

Ñëåäîâàòåëüíî, îïðåäåëèòåëü ∆1 çàâèñèò îò óãëà ϕ è, â ÷àñòíîñòè, îí
ìîæåò îáðàùàòüñÿ â íóëü, íàïðèìåð, ïðè ϕ = 3π

4 . Òàêèì îáðàçîì, äîñòà-
òî÷íûé ïðèçíàê áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé âûïîëíåí ïî÷òè ïðè
ëþáîì âûáîðå âåêòîðîâ e0, e

∗
0, g0, g

∗
0.
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Îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ ïðàâîé ÷àñòè äëÿ óðàâíåíèÿ
êîëåáàíèÿ áàëêè

Á.Ò.Àêïàåâ, Í.Ì.Àáåíîâ
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà

Àñòàíà, Êàçàõñòàí
e-mail: bakitjan.akpayev@gmail.com

Äâèæåíèå áàëêè ñ çàêðåïëåííûìè êîíöàìè ïîä âëèÿíèåì ïðîèçâîëü-
íîé âíåøíåé ñèëû f(x, t) ïîëó÷àåòñÿ èç íåîäíîðîäíîãî ãèïåðáîëè÷åñêîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà:

utt = −a2uxxxx + f(x, t), 0 < x < l, t > 0. (1)
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ßñíî, ÷òî íà êîíöàõ áàëêè äîëæíû âûïîëíÿòüñÿ ãðàíè÷íûå óñëîâèÿ

u(0, t) = 0,
u(l, t) = 0,

0 ≤ x ≤ l (2)

è
uxx(0, t) = 0,
uxx(l, t) = 0,

0 ≤ x ≤ l (3)

À íà÷àëüíûå óñëîâèÿ çàäàþòñÿ ñëåäóþùèì îáðàçîì:

u(x, 0) = ϕ(x),
ut(x, 0) = ψ(x),

t > 0. (4)

Â ýòîé ðàáîòå, ìû âîñïîëüçóåìñÿ ìåòîäàìè ðàçðàáîòàííûìè â [1].
Ïîñòàíîâêà çàäà÷è 1. Íàì íóæíî âûáðàòü f(x, t) òàê, ÷òîáû âûïîë-

íÿëîñü óñëîâèå

u(x, T ) = uT (x), (5)

ãäå uT (x) - ýêñïåðèìåíòàëüíî çàäàííàÿ ôóíêöèÿ.
Äëÿ ðåøåíèÿ ýòîé çàäà÷è ñíà÷àëà áóäåì ðåøàòü ïðÿìóþ çàäà÷ó (1) -

(4).
Áóäåì èñêàòü ðåøåíèå ïðÿìîé çàäà÷è â âèäå ðàçëîæåíèÿ â ðÿä Ôóðüå

ïî x

u(x, t) =
∞∑
n=1

un(t)sin
(πn
l
x
)
, (6)

un(t) =
2

l

∫ l

0

u(x, t)sin
(πn
l
x
)
dx,

ðàññìàòðèâàÿ ïðè ýòîì t êàê ïàðàìåòð.
Äëÿ ðåøåíèÿ çàäà÷è 1, èìååì ñëåäóþùåå âûðàæàíèå â êîíå÷íîì âðåìå-

íè t = T :

u(x, T ) =
∞∑
n=1

(
l2

a(πn)2

∫ T

0

sin

(
a
(πn
l

)2

(T − τ)

)
· fn(τ)dτ

)
sin
(πn
l
x
)

+

+
∞∑
n=1

(
ϕn · cos

(
a
(πn
l

)2

T

)
+
ψn
a

(
l

πn

)2

· sin
(
a
(πn
l

)2

T

))
sin
(πn
l
x
)
.

Èç óñëîâèÿ (5) ïîëó÷àåì, ÷òî
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∞∑
n=1

un,Tsin
(πn
l
x
)

=
∞∑
n=1

[(
l2

a(πn)2

∫ T

0

sin

(
a
(πn
l

)2

(T − τ)

)
· fn(τ)dτ

)
+

+

(
ϕn · cos

(
a
(πn
l

)2

T

)
+
ψn
a

(
l

πn

)2

· sin
(
a
(πn
l

)2

T

))]
sin
(πn
l
x
)
,

ãäå un,T = 2
l

∫ l
0 uT (x)sin

(
πn
l x
)
dx

Èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷àåì:

un,T =

(
l2

a(πn)2

∫ T

0

sin

(
a
(πn
l

)2

(T − τ)

)
· fn(τ)dτ

)
+

+

(
ϕn · cos

(
a
(πn
l

)2

T

)
+
ψn
a

(
l

πn

)2

· sin
(
a
(πn
l

)2

T

))
.

Ñëåäîâàòåëüíî, èìååì èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 1-ãî ðîäà∫ T

0

sin

(
a
(πn
l

)2

(T − τ)

)
· fn(τ)dτ =

a(πn)2

l2
·

·

(
un,T −

(
ϕn · cos

(
a
(πn
l

)2

T

)
+
ψn
a

(
l

πn

)2

· sin
(
a
(πn
l

)2

T

)))
.
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Îöåíêè ñêîðîñòè óáûâàíèÿ ðåøåíèÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ ñ íåñòåïåííûìè íåëèíåéíîñòÿìè

Ý.Ð.Àíäðèÿíîâà, Ô.Õ.Ìóêìèíîâ
Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì, Óôà, Ðîññèÿ

e-mail: mfkh@rambler.ru

Ïóñòü Ω � íåîãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn, n ≥ 2 . Â öèëèí-
äðè÷åñêîé îáëàñòè D = {t > 0} × Ω äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ

(β(x, u))′t =
n∑
i=1

(api(x,∇u))xi , ãäå a(x,∇u) = a(x, p)
∣∣∣
p=∇u

; (1)

ðàññìàòðèâàåòñÿ ïåðâàÿ ñìåøàííàÿ çàäà÷à

u(t, x)
∣∣∣
S

= 0, S = {t > 0} × ∂Ω; u(0, x) = u0(x) (2)

Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ a(x, p), (p = (p1, p2, ..., pn)) âûïóêëà ïî
p è èçìåðèìà ïî x ∈ Ω ; β(x, u)� äèôôåðåíöèðóåìàÿ ïî u ∈ R ôóíêöèÿ,
èçìåðèìàÿ ïî x ∈ Ω . Ïðè ýòîì ôóíêöèÿ β1(x, u), β′1(x, u) = uβ′(x, u) ,
óäîâëåòâîðÿåò îöåíêàì

c1G(u) ≤ β1(x, u) ≤ c2G(u)

ñ íåêîòîðîé N -ôóíêöèåé G(u), ïîä÷èíÿþùåéñÿ ∆2 -óñëîâèþ.
Â ðàáîòå ïîñòðîåíî ñèëüíîå ðåøåíèå çàäà÷è ïðè íåîãðàíè÷åííîé îáëà-

ñòè Ω ìåòîäîì ðåãóëÿðèçàöèè ãàëåðêèíñêèõ ïðèáëèæåíèé. Ðàíåå äàííûé
ìåòîä áûë èñïîëüçîâàí â ðàáîòå [1] ïðè ïîñòðîåíèè ðåøåíèÿ ñìåøàííîé çà-
äà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñî ñòåïåííûìè íåëèíåéíîñòÿìè. Ïî-

ñòðîåííîå ðåøåíèå ïðè u0 ∈
◦
W 1

G,B(Ω) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

u ∈ C([0, T ];LG(Ω)), u ∈ L∞,loc((0, T );
◦
W

1
G,B(Ω)), (β′u(x, u))

1
2u′ ∈ L2(D

T ).

Ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ äîêàçàíû òàêæå îöåíêè

C(u0)(1 + t)−γ ≤ ||G(u(t))||L1
(Ω) ≤ C1(u0)t

−α, α, γ > 0;

Ðàíåå ïîäîáíûå îöåíêè áûëè óñòàíîâëåíû â ðàáîòå [1], à òàêæå â ðàáîòå [2]
- äëÿ íåêîòîðîãî êëàññà àíèçîòðîïíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãî
ïîðÿäêà ñ äâîéíîé íåëèíåéíîñòüþ.
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Ôîðìóëà ðåãóëÿðèçîâàííîãî ñëåäà íåôèíèòíûõ âîçìóùåíèé
äâóìåðíîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà

Ý.Ô.Àõìåðîâà
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ

e-mail: eakhmerova@yandex.ru

Èçó÷àåòñÿ îïåðàòîð H = H0 + V â L2
(
R2
)
, ãäå H0 = −∆ + x2

1 + x2
2,

V � îïåðàòîð óìíîæåíèÿ íà âåùåñòâåííóþ ôóíêöèþ V (x1, x2) ∈ L2
(
R2
)
.

Ñïåêòð îïåðàòîðà H0 õîðîøî èçâåñòåí, ñîñòîèò èç ÷èñåë λn = 2n + 2,
n ≥ 0. Ñîîòâåòñòâóþùèå ïðîåêòîðû íà ñîáñòâåííûå ïîäïðîñòðàíñòâà (ðàç-

ìåðíîñòè n+1 ) èìåþò âèä Pnh =
∑n

l=0

(
h, ϕ

(n)
l

)
ϕ

(n)
l , ãäå (., .) - ñêàëÿðíîå

ïðîèçâåäåíèå â L2
(
R2
)
, ϕ

(n)
l (x) = fl(x1)fn−l(x−2), fl(t)− íîðìèðîâàííàÿ

ñîáñòâåííàÿ ôóíêöèÿ îäíîìåðíîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà, ñîîòâåò-
ñòâóþùàÿ ñîáñòâåííîìó ÷èñëó 2l + 1, ( l ≥ 0 ).

Ïóñòü R0(λ) � ðåçîëüâåíòà îïåðàòîðà H0, à âîçìóùåíèå V òàêîâî, ÷òî
îïåðàòîð V R0(λ) êîìïàêòåí ∀λ /∈ σ

(
H0
)
è V R0(λ) → 0 ïðè λ → ∞.

Òîãäà, ñîãëàñíî ðàññóæäåíèÿì ðàáîòû [1], ñïåêòð {µn}∞n=0 îïåðàòîðà H

îïðåäåëÿåòñÿ èç óðàâíåíèÿ

µn = λn + PnV Pn − PnV Rn(µn)V Pn, (1)

ãäå Rn(λ) =
∑∞

k=0(−1)k
[
R0
n(λ)V

]k
R0
n(λ), R0

n(λ) = R0(λ)− Pn(λn − λ)−1.
Èç óðàâíåíèÿ (1) ëåãêî ñëåäóåò ïðåäñòàâëåíèå

2(n+ 1)2 + spPnV Pn − γn =
n∑
k=0

µ
(n)
k , (2)

ãäå µ
(n)
k , k = 0, 1, . . . n, ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà H, ëåæàùèå â

îêðåñòíîñòè λn = 2n+ 2, spPnV Pn =
∑n

k=0

(
V ϕ

(n)
k , ϕ

(n)
k

)
,

γn =
∑n

k=0

(
V Rn(µn)V ϕ

(n)
k , ϕ

(n)
k

)
.

Öåëüþ ðàáîòû ÿâëÿåòñÿ íàéòè óñëîâèå íà âîçìóùåíèå V, ïðè êîòîðîì
ïîñëåäîâàòåëüíîñòü

∑m
n=0 γn → 0 ïðè m → ∞. Òîãäà èç ôîðìóëû (2)
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íåïîñðåäñòâåííî ñëåäóåò ñïðàâåäëèâîñòü ôîðìóëû ðåãóëÿðèçîâàííîãî ñëå-
äà

∞∑
n=0

(
n∑
k=0

µ
(n)
k − 2(n+ 1)2 −

n∑
k=0

(
V ϕ

(n)
k , ϕ

(n)
k

))
= 0.
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[1] Àõìåðîâà Ý.Ô., Ìóðòàçèí Õ.Õ., Ñïåêòðàëüíàÿ àñèìïòîòèêà äëÿ
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Í.Ò.Àõòÿìîâ, È.Õ.Ìóñèí
Óôèìñêèé èíñòèòóò ïóòåé ñîîáùåíèÿ � ôèëèàë ÑàìÃÓÏÑ, Óôà, Ðîññèÿ;
Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ

e-mail: nail9119@rambler.ru; musin@matem.anrb.ru

Ïóñòü A � ìíîæåñòâî êîìïëåêñíîçíà÷íûõ ôóíêöèé íà Zn . Ýëåìåíòû
A íàçûâàåì êðàòíûìè ïîñëåäîâàòåëüíîñòÿìè èëè ïðîñòî ïîñëåäîâàòåëü-
íîñòÿìè.

Ïóñòü ϕ = {ϕm}∞m=1 � ñåìåéñòâî âûïóêëûõ ôóíêöèé ϕm : Rn → R
òàêèõ, ÷òî äëÿ ëþáîãî m ∈ N :

1). lim
x→∞

ϕm(x)

‖x‖
= +∞ (‖ · ‖ � åâêëèäîâà íîðìà â Rn );

2). ñóùåñòâóåò ÷èñëî bm ≥ 0 òàêîå, ÷òî

ϕm(x)− ϕm+1(x) ≥ ln(1 + ||x||)− bm, x ∈ Rn.

Ïóñòü Aϕ =
∞⋂
m=1

A(ϕm) , ãäå

A(ϕm) = {f ∈ A : pm(f) = sup
α∈Zn

|f(α)|
eϕm(α)

<∞}.

Äëÿ íåïðåðûâíîé ôóíêöèè Φ : Rn → R òàêîé, ÷òî lim
x→∞

Φ(x)

‖x‖
= +∞,

ïóñòü Φ?(x) := sup
α∈Zn

(〈x, α〉 − Φ(α)), x ∈ Rn.
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Ïóñòü ϕ? = {ϕ?m}∞m=1 , H(Cn) � ïðîñòðàíñòâî öåëûõ ôóíêöèé â Cn ,

Pϕ? =
∞⋃
m=1

P (ϕ?m) , ãäå äëÿ êàæäîãî m ∈ N

P (ϕ?m) = {F ∈ H(Cn) : F (z + 2πl) = F (z) äëÿ âñåõ z ∈ Cn, l ∈ Zn

è ‖F‖m = sup
z∈Cn

|F (z)|
eϕ?m(Imz)

<∞}.

Ñ îáû÷íûìè îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ íà êîìïëåêñíûå ÷èñëà
Aϕ è Pϕ? � ëèíåéíûå ïðîñòðàíñòâà. Íàäåëèì Aϕ òîïîëîãèåé, îïðåäåëÿå-
ìîé ñåìåéñòâîì íîðì pm (m ∈ N ), à Pϕ? � òîïîëîãèåé èíäóêòèâíîãî ïðå-
äåëà ïðîñòðàíñòâ P (ϕ?m) . Ïóñòü A∗ϕ � ñèëüíîå ñîïðÿæ¼ííîå ê ïðîñòðàíñòâó
Aϕ .

Äëÿ z ∈ Cn ôóíêöèÿ e(z) : α ∈ Zn → e−i〈z,α〉 ïðèíàäëåæèò Aϕ . Ïîýòî-
ìó äëÿ ëþáîãî ëèíåéíîãî íåïðåðûâíîãî ôóíêöèîíàëà S íà Aϕ ôóíêöèÿ
Ŝ(z) = S(e(z)) îïðåäåëåíà â Cn . Ëåãêî âèäåòü, ÷òî Ŝ ∈ Pϕ? .
Òåîðåìà 1. Îòîáðàæåíèå F : S ∈ A∗ϕ → Ŝ óñòàíàâëèâàåò òîïîëîãè-

÷åñêèé èçîìîðôèçì ìåæäó ïðîñòðàíñòâàìè A∗ϕ è Pϕ? .
Äëÿ f ∈ A è h ∈ Zn îïðåäåëèì ïîñëåäîâàòåëüíîñòü fh ïî ïðàâèëó:

fh(α) = f(α+ h), α ∈ Zn . Ïóñòü ìíîæåñòâî H ⊂ Zn ñîñòîèò èç êîíå÷íîãî
÷èñëà ýëåìåíòîâ è äëÿ êàæäîãî h ∈ H γh ∈ C .
Òåîðåìà 2.Ïóñòü ϕ óäîâëåòâîðÿåò ñëåäóþùèì äîïîëíèòåëüíûì óñëî-

âèÿì:
i1) . äëÿ ëþáîãî m ∈ N ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà am è bm

òàêèå, ÷òî
ϕm(x)− ϕm+1(x) ≥ am‖x‖ − bm, x ∈ Rn;

i2) . äëÿ ëþáîãî m ∈ N ñóùåñòâóåò dm > 0 ÷òî äëÿ âñåõ x ∈ Rn è
ξ = (ξ1, . . . , ξn) ∈ Rn ñ óñëîâèåì |ξj| ≤ 1 ( j = 1, . . . , n )

ϕm+1(x+ ξ) ≤ ϕm(x) + dm.

Òîãäà óðàâíåíèå
∑
h∈H

γhfh = g ðàçðåøèìî â Aϕ äëÿ êàæäîãî g ∈ Aϕ .

Äëÿ µ ∈ Zn+ è ζ ∈ Cn îïðåäåëèì ïîñëåäîâàòåëüíîñòü Eµ,ζ ïî ïðàâèëó:
α ∈ Zn → αµe−i〈α,ζ〉 . Îáîçíà÷èì íóëåâîé ýëåìåíò ïðîñòðàíñòâà Aϕ ÷åðåç

0 . Ïóñòü W � ìíîæåñòâî âñåõ ðåøåíèé f ∈ Aϕ óðàâíåíèÿ
∑
h∈H

γhfh = 0 ,

à E � ìíîæåñòâî âñåõ ðåøåíèé âèäà Eµ,ζ .
Òåîðåìà 3. Ïóñòü ñåìåéñòâî ϕ óäîâëåòâîðÿåò óñëîâèÿì Òåîðåìû 2

è E íå ïóñòî. Òîãäà çàìûêàíèå ëèíåéíîé îáîëî÷êè E â Aϕ ñîâïàäàåò ñ
W .
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Ïðåäñòàâëåíèå àíàëèòè÷åñêèõ ôóíêöèé â êðóãå

À.Ð. Áàãàóòäèíîâà, À.Â. Ëóöåíêî, Â.È. Ëóöåíêî, Ý.Ä. Øàéìóðàòîâà
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ

e-mail: Lutsenko_v_i@mail.ru

Â ðàáîòå Ì.Ì. Äæðáàøÿíà [1] èçó÷åíî ïðîñòðàíñòâî ôóíêöèé àíàëèòè-
÷åñêèõ â êðóãå è óäîâëåòâîðÿþùèõ óñëîâèþ

α + 1

π

∫ 1

0

∫ 2π

0

(1− ρ2)α|f(ρeiθ)|pρdρdθ <∞,

ïðè p > 0, α > −1, äëÿ êîòîðûõ ñïðàâåäëèâî ïðåäñòàâëåíèå

f(z) =
α + 1

π

∫ 1

0

∫ 2π

0

(1− ρ2)α
f(ρeiθ)

(1− zρe−iθ)α+2
ρdρdθ <∞,

Ô.À. Øàìîÿí [2] è åãî ó÷åíèêè ðàñïðîñòðàíèëè ðåçóëüòàòû íà ïðîñòðàí-
ñòâî àíàëèòè÷åñêèõ ôóíêöèé ñ îãðàíè÷åíèåì:∫ 1

0

∫ 2π

0

w(1− ρ)|f(ρeiθ)|pρdρdθ <∞,

ãäå w(t)− ìåäëåííî ìåíÿþùèåñÿ ôóíêöèÿ.
Â äàííîé ðàáîòå ïðåäñòàâëÿåòñÿ ïîïûòêà îñëàáèòü óñëîâèå íà âåñ w .
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1 Ïóñòü p > 0, è w(t) ≥ 0, òàêàÿ ÷òî

∫ 1

0 w(t) dt < ∞.
Äëÿ ôóíêöèé f(z) ∈ Hp

w(D), óäîâëåòâîðÿþùèõ íåðàâåíñòâó∫ 1

0

∫ 2π

0

w(ρ2)|f(ρeiθ)|pρdρdθ <∞,

ñïðàâåäëèâî ïðåäñòàâëåíèå

f(z) =

∫ 1

0

∫ 2π

0

w(ρ2)W (zρe−iθ)f(ρeiθ)ρdρdθ <∞,

ãäå

W (z) =
1

π

∞∑
k=0

2zk∫ 1

0 w(t)tk dt
.

Ñïèñîê ëèòåðàòóðû

[1] Äæðáàøÿí Ì.Ì.Ê ïðîáëåìå ïðåäñòàâèìîñòè àíàëèòè÷åñêèõ ôóíê-
öèé. // Ñîîáùåíèå Èíñòèòóòà ìàòåìàòèêè è ìåõàíèêè ÀÍ ÀðìÑÑÐ.
1948. Âûï. 2. Ñ.3 � 30.
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[2] Øàìîÿí Ô.À. Äèàãîíàëüíîå îòîáðàæåíèå è âîïðîñû ïðåäñòàâëåíèÿ â
àíèçîòðîïíûõ ïðîñòðàíñòâàõ ãîëîìîðôíûõ â ïîëèäèñêå ôóíêöèé //
Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë. 1990. Ò. 31, � 2. Ñ. 197-215.

Ïåðèîäè÷åñêèå è îãðàíè÷åííûå ðåøåíèÿ îäíîãî êëàññà
ýëëèïòè÷åñêèõ ñèñòåì

Ñ.Áàéçàåâ
Ñèáàéñêèé èíñòèòóò (ôèëèàë) Áàøêèðñêîãî ãîñóäàðñòâåííîãî

óíèâåðñèòåòà, Ñèáàé, Ðîññèÿ
e-mail: baisat54@rambler.ru

Ðàññìîòðèì ýëëèïòè÷åñêóþ ñèñòåìó âèäà

wz = A(z)w, (1)

ãäå w ∈ Cn, A(z)−ìàòðèöà ôóíêöèÿ n -ãî ïîðÿäêà. Ïðèâåäåì íåêîòîðûå
íàøè ðåçóëüòàòû îòíîñèòåëüíî ðåøåíèé ñèñòåìû (1) (ñì., íàïðèìåð, [1]).

Åñëè ìàòðèöà A ÿâëÿåòñÿ ïîñòîÿííîé, òî îáùåå ðåøåíèå ñèñòåìû (1)
èìååò âèä

w(z) = ezAϕ(z),

ãäå ϕ(z)− ïðîèçâîëüíàÿ àíàëèòè÷åñêàÿ âåêòîð-ôóíêöèÿ.
Ïóñòü U−ìàòðèöà, ïðèâîäÿùàÿ ìàòðèöó A ê êâàçèäèàãîíàëüíîé ôîð-

ìå Æîðäàíà Λ = diag[Λ1, ...,Λm],Λj− æîðäàíîâàÿ êëåòêà ïîðÿäêà νj ,
ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà÷åíèþ λj ìàòðèöû A ; çàìåòèì, ÷òî
ν1 + ...+ νm = n . Ïóñòü äàëåå âåêòîð-ôóíêöèÿ Uϕ(z) ïðåäñòàâëåíà â âèäå
Uϕ(z) = [ϕ1, ..., ϕm]T , ãäå ϕj− àíàëèòè÷åñêèé âåêòîð ðàçìåðà νj . Òîãäà
îáùåå ðåøåíèå ñèñòåìû (1) ìîæíî ïðåäñòàâèòü â âèäå

w(z) = U−1[eλ1zP1(z)ϕ1(z), ..., eλmzPm(z)ϕm(z)]T , (2)

ãäå

Pj(z) =

νj−1∑
k=0

zk

k!
(Λj − λjEνj)

k,

Eνj− åäèíè÷íàÿ ìàòðèöà ïîðÿäêà νj . Èç (2) ìîæíî ïîëó÷èòü äðóãîå ïðåä-
ñòàâëåíèå îáùåãî ðåøåíèÿ ñèñòåìû (1)

w(z) = U−1[e2iImλ1zP1(z)ψ1(z), ..., e2iImλmzPm(z)ψm(z)]T , (3)
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ãäå ψj− àíàëèòè÷åñêèé âåêòîð ðàçìåðà νj .
Èñïîëüçóÿ ôîðìóëó (3) ìîæíî íàéòè âñå ðåãóëÿðíûå âî âñåé êîìïëåêñ-

íîé ïëîñêîñòè C ðåøåíèÿ ñèñòåìû (1), ðàñòóùèå íà áåñêîíå÷íîñòè íå áûñò-
ðåå ÷åì |z|N (N− öåëîå íåîòðèöàòåëüíîå ÷èñëî). Ðàçìåðíîñòü ïðîñòðàí-
ñòâà òàêèõ ðåøåíèé ðàâíà

1

2
[
∑

νj≤N+1

νj(2N + 3− νj) + (N + 1)(N + 2)
∑

νj>N+1

1].

Èç ôîðìóëû (3) âèäíî, ÷òî îãðàíè÷åííûå íà C ðåøåíèÿ ñèñòåìû (1) äà-
þòñÿ ôîðìóëîé

w(z) = U−1[e2iImλ1zc1, ..., e
2iImλmzcm]T , (4)

ãäå cj− âåêòîð âèäà [dj, 0, ..., 0]T èç Cνj . Ðàçìåðíîñòü ïðîñòðàíñòâà îãðà-
íè÷åííûõ íà C ðåøåíèé ðàâíà m , ò.å. êîëè÷åñòâó êëåòîê â êâàçèäèàãî-
íàëüíîé ôîðìå Æîðäàíà ìàòðèöû A . Êàæäîå íåíóëåâîå îãðàíè÷åííîå íà
C ðåøåíèå ñèñòåìû (1) íèãäå â ðàñøèðåííîé êîìïëåêñíîé ïëîñêîñòè íå
îáðàùàåòñÿ â íóëü.

Îòìåòèì, ÷òî â îòëè÷èå îò ñèñòåìû (1) äëÿ ñèñòåìû

wz = Aw,

ïðîñòðàíñòâî ðåøåíèé ñòåïåííîãî ðîñòà ìîæåò áûòü íóëåâûì, êîíå÷íîìåð-
íûì èëè áåñêîíå÷íîìåðíûì.

Òåïåðü ðàññìîòðèì ñëó÷àé ïåðåìåííîé ìàòðèöû A . Ïðåäïîëîæèì, ÷òî
ýëåìåíòû ìàòðèöû A(z) îïðåäåëåíû â îáëàñòè G è ïðèíàäëåæàò êëàññó
Lp,2(C) (ñì. [2]). Ïóñòü w1(z), w2(z), ..., wn(z) ðåãóëÿðíûå â G ðåøåíèÿ
ñèñòåìû (1). Èç êîìïîíåíò ýòèõ ðåøåíèé ñîñòàâèì àíàëîã îïðåäåëèòåëÿ
Âðîíñêîãî W (z) . Òîãäà íàéäåòñÿ òàêàÿ àíàëèòè÷åñêàÿ â G ôóíêöèÿ Φ(z) ,
÷òî ñïðàâåäëèâ àíàëîã ôîðìóëû Îñòðîãðàäñêîãî-Ëèóâèëëÿ

W (z) = Φ(z) expTG(SpA),

ãäå TG− îïåðàòîð Âåêóà, SpA− ñëåä ìàòðèöû A(z) .
Åñëè ýëåìåíòû ìàòðèöû A(z) îïðåäåëåíû íà âñåé ïëîñêîñòè C , ïðè-

íàäëåæàò ã¼ëüäåðîâîìó êëàññó Cα è SpA ÿâëÿåòñÿ 2π -ïåðèîäè÷åñêîé
ôóíêöèåé ïî ïåðåìåííûì x è y , òî èìååò ìåñòî äðóãîé àíàëîã ôîðìó-
ëû Îñòðîãðàäñêîãî-Ëèóâèëëÿ

W (z) = Φ(z) exp (T (SpA) + 2iImf0z),

ãäå Φ(z)− öåëàÿ ôóíêöèÿ, T− îïåðàòîð, îïðåäåëåííûé ïî ôîðìóëå

Tf = −2i
∑
k 6=0

k−1fke
i(k,z),
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fk− êîýôôèöèåíòû Ôóðüå ôóíêöèè f = SpA, k = k1+ik2, k1, k2 ∈ Z, (k, z) =
k1x+ k2y.

Åñëè w1(z), w2(z), ..., wn(z) ðåãóëÿðíûå, îãðàíè÷åííûå íà C ðåøåíèÿ
ñèñòåìû (1), òî íàéäåòñÿ òàêàÿ ïîñòîÿííàÿ c , ÷òî

W (z) = c exp (T (SpA) + 2iImf0z).

Îòìåòèì, ÷òî åñëè êîýôôèöèåíòû ñèñòåìû (1) ïðèíàäëåæàò ã¼ëüäåðîâî-
ìó ïðîñòðàíñòâó Cα îãðàíè÷åííûõ íà C ôóíêöèé, òî ìíîãîîáðàçèå ðåøå-
íèé èç ïðîñòðàíñòâà Cα,1 ìîæåò áûòü áåñêîíå÷íîìåðíûì. Íàïðèìåð, ïðè

A =

(
0 a
a 0

)
, ãäå a = z(1+ |z|2)−1/2 ñèñòåìà (1) èìååò â Cα,1 áåñêîíå÷íîå

÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé

wn(z) = zn exp(−2z/a)(1, 1)T , n = 0, 1, ...

Åñëè æå êîýôôèöèåíòû ñèñòåìû (1) ÿâëÿþòñÿ 2π -ïåðèîäè÷åñêèìè ïî
ïåðåìåííûì x è y , òî çàäà÷à î 2π -ïåðèîäè÷åñêèõ ïî ïåðåìåííûì x è y

ðåøåíèÿõ ýòîé ñèñòåìû ÿâëÿåòñÿ ôðåäãîëüìîâîé.
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Áàëàíäèíûì è Ñîêîëîâûì [1] áûëè ïîëó÷åíû è èçó÷åíû íà îáëàäàíèå
ñâîéñòâîì Ïåíëåâå íåàáåëåâû àíàëîãè ïåðâîãî è âòîðîãî òðàíñöåíäåíòíûõ
óðàâíåíèé Ïåíëåâå. Áàëàíäèí è ×åðäàíöåâ èññëåäîâàëè îáîáùåíèÿ òàêèõ
óðàâíåíèé [2] íà èíòåãðèðóåìîñòü ïî òåñòó Ïåíëåâå�Êîâàëåâñêîé.

17



Ðàñêëàäûâàÿ ðåøåíèå â ðÿä Ëîðàíà è ñðàâíèâàÿ ëåâóþ è ïðàâóþ ÷à-
ñòè ïîëó÷àåìûõ ñîîòíîøåíèé ñ ó÷åòîì íåîáõîäèìîãî ÷èñëà ïðîèçâîëüíûõ
ïîñòîÿííûõ, íàõîäèì óñëîâèÿ èíòåãðèðóåìîñòè èññëåäóåìûõ óðàâíåíèé. Â
ðåçóëüòàòå äëÿ àíàëîãà ïåðâîãî óðàâíåíèÿ Ïåíëåâå äîêàçàíà
Òåîðåìà 1 Óðàâíåíèå u′′ = 6u2 + 60(α(z)u + β(z)), ãäå α(z) è β(z)

åñòü ìàòðè÷íûå àíàëèòè÷åñêèå âî âñåé ïëîñêîñòè ôóíêöèè, îáëàäàåò
ðåøåíèåì â âèäå ôîðìàëüíîãî ðÿäà Ëîðàíà

u = u0(z − z0)
−2 + u1(z − z0)

−1 + u2 + . . . ,

çàâèñÿùåì îò 2n2 ïðîèçâîëüíûõ êîíñòàíò, òîãäà è òîëüêî òîãäà, êî-
ãäà α(z) è β(z)− β(0) � ñêàëÿðíûå ìàòðèöû, ñâÿçàííûå ñîîòíîøåíèåì
β
′′
(z) = − 1

12α
(4)(z) + 1

5(α(z)2)′′, à β(0) � ïðîèçâîëüíàÿ ìàòðèöà. Çàìåíîé
u→ u− 5α(z)E ýòî óðàâíåíèå ïðèâîäèòñÿ ê âèäó u′′ = 6u2 + β0 + β1zE,
ãäå β0 � ïðîèçâîëüíàÿ ìàòðèöà, à β1 � ïðîèçâîëüíàÿ êîíñòàíòà.

Èç òåîðåìû 1 ñëåäóåò, ÷òî óðàâíåíèå, èññëåäîâàííîå â [1], ÿâëÿåòñÿ åäèí-
ñòâåííûì èíòåãðèðóåìûì îáîáùåíèåì ïåðâîãî óðàâíåíèÿ Ïåíëåâå.

Ïóòåì áîëåå òðóäîåìêèõ âû÷èñëåíèé èññëåäîâàíî òàêæå îáîáøåíèå ìàò-
ðè÷íîãî àíàëîãà âòîðîãî óðàâíåíèÿ Ïåíëåâå íà èíòåãðèðóåìîñòü.

Çàìåòèì, ÷òî òàêîãî ðîäà óðàâíåíèÿ èíòåðåñíû íå òîëüêî ìàòåìàòèêàì,
íî è èìåþò ôèçè÷åñêèå ïðèëîæåíèÿ ( ñì., íàïðèìåð, [3]).
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Some exact solutions of the equations of classical thory of elastisity
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Group foliation of the static equations of Lame of classical theory of elasticity
has allowed [1, 2] to use two systems (automorphic and resolvable) of �rst
order di�erential equations for constructing exact solutions. The solution of
automorphic system gained by Chirkunov Yu. A [1], represents polydimensional
analogue of the formula of Kolosov-Mushelishvili with functions from solutions
of resolvable system. The group analysis [3] of resolvable equations, dubbed
in complex variables, leads to a set of invariant submodels, some of them is
represented by the classical equations of mathematical physics. A number of
exact solutions of the allowing equations, and also a set of the formulas are
builted, allowing to dilate their amount. The gained solutions, as a result of
conversion to real domain and application of the formula of conversion to the
strain vector, give solutions of the classical equations of Lame. These solutions
have the nontrivial structure and some arbitrariness.

Thus, the next step to simpli�cation of checkout of numerical calculations
by means of expansion of a database of exact solutions is made.
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Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ áèãàðìîíè÷åñêîãî îïåðàòîðà â
ìíîãîñâÿçíîé îáëàñòè
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

∆2W (x, y) = f (x, y) , (x, y) ∈ Ω,

ñ ãðàíè÷íûìè óñëîâèÿìè

W (x, y)|∂Ω = h (x, y)|∂Ω

∂

∂nx,y
W (x, y)

∣∣∣∣
∂Ω

=
∂

∂nx,y
h (x, y)

∣∣∣∣
∂Ω

ãäå Ω =
{
x2 + y2 ≤ 1

}
, f (x, y) ∈ L2 (Ω) , W (x, y) ∈ W 4

2 (Ω) , h (x, y) -
ïðîèçâîëüíàÿ ÷åòûðå ðàçà äèôôåðåíöèðóåìàÿ ôóíêöèÿ â W 4

2 (Ω) , ∂
∂n -

ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè íà ãðàíèöå.
Òåîðåìà 1 Äëÿ ëþáîãî íåïðåðûâíîãî â ñìûñëå L2 îïåðàòîðà L , îòîá-

ðàæàþùåãî ïðîñòðàíñòâî L2 (Ω) âî ìíîæåñòâî ôóíêöèè W̃ 4
2 (Ω0) , íåëî-

êàëüíàÿ âíóòðåííå êðàåâàÿ çàäà÷à

∆2W (x, y) = f (x, y) ,Ω0 (1)

W (x, y)|∂Ω − L
(
∆2W

)
(x, y)

∣∣
∂Ω

= 0

∂W (x, y)

∂nx,y

∣∣∣∣
∂Ω

−
∂L
(
∆2W

)
(x, y)

∂nx,y

∣∣∣∣∣
∂Ω

= 0

α1 (W ) = 2α1

(
L∆2W

)
αi (W ) = αi

(
L∆2W

)
, (i = 2, 3, 4, 5, 6) (2)

èìååò åäèíñòâåííîå óñòîé÷èâîå â ñìûñëå L2 ðåøåíèå èç W̃ 4
2 (Ω0) ïðè

âñåõ ïðàâûõ ÷àñòÿõ f (x, y) ∈ L2 (Ω) .
Îáðàòíî, åñëè óðàâíåíèå (1) ñ íåêîòîðûìè äîïîëíèòåëüíûìè óñëîâèÿìè

ïðè âñåõ ïðàâûõ ÷àñòÿõ f (x, y) èç L2 (Ω) èìååò åäèíñòâåííîå óñòîé÷èâîå
â ñìûñëå L2 ðåøåíèå èç W̃ 4

2 (Ω0) òî íàéäåòñÿ íåïðåðûâíûé â ñìûñëå L2

îïåðàòîð L , îòîáðàæàþùèé ïðîñòðàíñòâî L2 (Ω) âî ìíîæåñòâî ôóíêöèè
W̃ 4

2 (Ω0) , òàêîé ÷òî äîïîëíèòåëüíûå óñëîâèÿ ýêâèâàëåíòíû êðàåâûì óñëî-
âèÿì âèäà () ñ îïåðàòîðîì L .
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Òàêèì îáðàçîì, òåîðåìà 1 äàåò ïîëíîå îïèñàíèå âñå âîçìîæíûõ êîððåêò-
íî ðàçðåøèìûõ íåëîêàëüíûõ êðàåâûõ äëÿ íåîäíîðîäíîãî áèãàðìîíè÷åñêî-
ãî óðàâíåíèÿ â ïðîêîëîòîé îáëàñòè. Â êà÷åñòâå ïðèìåðîâ óêàæåì ñëåäóþ-
ùèå êðàåâûå çàäà÷è.
Ïðèìåð 1. Ïðè ëþáûõ α(x, y), β(x, y), γ(x, y), θ(x, y), σ(x, y), ς(x, y)

èç L2 (Ω) ñëåäóþùàÿ íåëîêàëüíàÿ âíóòðåííå êðàåâàÿ çàäà÷à

∆2W (x, y) = f (x, y) ,Ω0

W (x, y)|∂Ω = 0

∂W (x, y)

∂nx,y

∣∣∣∣
∂Ω

= 0

αi (W ) =

∫ ∫
Ω

αi(x, y)∆2W (x, y)dxdy, (i = 1, 2, 3, 4, 5, 6)

êîððåêòíà ðàçðåøèìà âî âñåì ïðîñòðàíñòâå L2 (Ω) . Åñëè ê òîìó æå ôóíê-
öèé αi (x, y) , (i = 1, 2, 3, 4, 5, 6) ÿâëÿþòñÿ áèãàðìîíè÷åñêèìè ôóíêöèÿìè,
òî ïîëó÷èì íåëîêàëüíûå êðàåâûå çàäà÷è.
Ïðèìåð 2. Ïóñòü αi (x, y) , (i = 1, 2, 3, 4, 5, 6) áèãàðìîíè÷åñêèå â êðóãå

Ω ôóíêöèé. Òîãäà ñëåäóþùàÿ íåëîêàëüíàÿ êðàåâàÿ â ïðîêîëîòîé îáëàñòè
Ω0 çàäà÷à

∆2W (x, y) = f (x, y) ,Ω0

W (x, y)|∂Ω = 0

∂W (x, y)

∂nx,y

∣∣∣∣
∂Ω

= 0

αi (W ) =

∫
∂Ω

[(
∂

∂n
∆W (x, y)αi (x, y)−∆W (x, y)

∂αi (x, y)

∂n

)]
ds,

(i = 1, 2, 3, 4, 5, 6) , êîððåêòíà ðàçðåøèìà âî âñåì ïðîñòðàíñòâå L2 (Ω) .
Íåëîêàëüíûå êðàåâûå çàäà÷è èç ïðèìåðà 2 ÿâëÿþòñÿ ãðàíè÷íûìè çà-

äà÷àìè, òàê êàê ïîñëåäíèå øåñòü óñëîâèé ñâÿçûâàþò çíà÷åíèÿ ðåøåíèÿ
íà âíåøíåé ãðàíèöå ∂Ω ñî çíà÷åíèÿìè íà âíóòðåííåé òî÷å÷íîé ãðàíèöå
{(x0, y0)} . Äðóãîé êëàññ çàäà÷ ìîæíî ïîëó÷àòü, åñëè âûáèðàòü ôóíêöèè
αi (x, y) , (i = 1, 2, 3, 4, 5, 6) áèãàðìîíè÷åñêèìè â ïðîêîëîòîé îáëàñòè Ω0 ñ
íóëåâûìè äàííûìè Äèðèõëå íà âíåøíåé ãðàíèöå. Â ýòîì ñëó÷àå âîçíèêàþò
ëîêàëüíûå êðàåâûå çàäà÷è.

Îïåðàòîð, ñîîòâåòñòâóþùèé çàäà÷å (1)-(2), îáîçíà÷èì ÷åðåç AL . Â ñëå-
äóþùåé òåîðåìå äàíî ïðåäñòàâëåíèå ðåçîëüâåíòû îïåðàòîðà AL .
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Òåîðåìà 2 Åñëè L - ëèíåéíûé íåïðåðûâíûé îïåðàòîð èç òåîðåìû 1,
òî ðåçîëüâåíòà îïåðàòîðà AL èìååò âèä

(AL − λI)−1 f (x, y) = (A0 − λI)−1 f (x, y)−[
∂

∂nξ,η
LA0 (A0 − λI)−1 f (ξ, η)AL (AL − λI)−1 ∆ξ,ηG (x, y, ξ, η)−

−LA0 (A0 − λI)−1 f (ξ, η)AL (AL − λI)−1 ∂

∂nξ,η
∆ξ,ηG (x, y, ξ, η)

]
dsξ,η−

−
6∑
i=1

αi

(
LA0 (A0 − λI)−1 f (x, y)

)
AL (AL − λI)−1 Ti (x, y)

Ñîãëàñíî òåîðåìå 2 äëÿ âû÷èñëåíèÿ ðåçîëüâåíòû íà ïðîèçâîëüíîì ýëå-
ìåíòå f äîñòàòî÷íî óìåòü âû÷èñëÿòü çíà÷åíèÿ ðåçîëüâåíòû íà êîíêðåò-
íûõ ôóíêöèÿõ ∂G(x,y,ξ,η)

∂nξ,η
ïðè (ξ, η) ∈ ∂Ω è G (x, y, x0, y0) ,

∂G(x,y,x0,y0)
∂ξ ,

∂G(x,y,x0,y0)
∂η , ∆ξ,ηG (x, y, x0, y0) ,

∂
∂ξ∆ξ,ηG (x, y, x0, y0) ,

∂
∂η∆ξ,ηG (x, y, x0, y0) .

Â òåîðåìå 2 âû÷èñëåíà ðåçîëüâåíòà íåëîêàëüíîé âíóòðåííå êðàåâîé çà-
äà÷è äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ Ãåëüìãîëüöà â ïðîêîëîòîé îáëàñòè.
Îäíîòèïíàÿ çàïèñü ãðàíè÷íûõ óñëîâèé äëÿ ñïëîøíîé è ïðîêîëîòîé îá-
ëàñòåé îáëåã÷àåò âû÷èñëåíèå ðåçîëüâåíò ïðè èññëåäîâàíèé íåëîêàëüíûõ
âíóòðåííå êðàåâûõ çàäà÷ äëÿ óðàâíåíèé â ïðîêîëîòîé îáëàñòè. Ýòè çàäà-
÷è íå ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè, ïîýòîìó òåîðåìà 2 îáîáùàåò èçâåñò-
íûå ðåçóëüòàòû î ðåçîëüâåíòàõ íà ñëó÷àé íåëîêàëüíûõ íåñàìîñîïðÿæåí-
íûõ êðàåâûõ çàäà÷. Ôîðìóëû ðåçîëüâåíò ñàìîñîïðÿæåííûõ ðàñøèðåíèé
ñèììåòðè÷åñêèõ îïåðàòîðîâ ïðèâîäèëèñü âî ìíîãèõ ðàáîòàõ [1], [2].

Ðåçîëüâåíòà íåëîêàëüíîé âíóòðåííå êðàåâîé çàäà÷è èç ïðèìåðà 1 èìååò
ñëåäóþùåå ïðåäñòàâëåíèå(

A~R − λI
)−1

f (x, y) = (A0 − λI)−1 f (x, y)−

−
6∑
i=1

A~R

(
A~R − λI

)−1
Ti (x, y, x0, y0)

∫ ∫
∂Ω

αi (x, y)
(
A0 (A0 − λI)−1 f (x, y)

)
dxdy

ãäå αi (x, y) , (i = 1, 2, 3, 4, 5, 6) , - ïðîèçâîëüíûå ôóíêöèè èç L2 (Ω) . ~R =
{α1, α2, α3, α4, α5, α6} . Oïåðàòîð A~R ñîîòâåòñòâóåò íåëîêàëüíîé âíóòðåííå

êðàåâîé çàäà÷å èç ïðèìåðà 1. Çàìåòèì, ÷òî îïåðàòîðíàÿ ðàçíîñòü
(
A~R − λI

)−1−
(A0 − λI)−1 ïðåäñòàâëÿåò ñîáîé øåñòèìåðíûé îïåðàòîð. Òàêèì îáðàçîì,
íàì óäàëîñü ïîñòðîèòü êîíå÷íîìåðíîå âîçìóùåíèå êðàåâîé çàäà÷è Äèðèõ-
ëå äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ.
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Ïóñòü x = (x1, x2) � äåêàðòîâû êîîðäèíàòû â R2 , ε � ìàëûé ïîëîæè-
òåëüíûé ïàðàìåòð, η = η(ε) � íåîòðèöàòåëüíàÿ îãðàíè÷åííàÿ ôóíêöèÿ,
b = b(t) � íåîòðèöàòåëüíàÿ 1 -ïåðèîäè÷åñêàÿ ôóíêöèÿ èç C2(R) . Ïîëî-
æèì

Ω0 := {x : 0 < x2 < d}, Ωε := {x : η(ε)b(x1ε
−1) < x2 < d},

ãäå d > 0 � íåêîòîðàÿ êîíñòàíòà, è ïóñòü

Γ := {x : x2 = d}, Γ0 := {x : x2 = 0}, Γε := {x : x2 = η(ε)b(x1ε
−1)}.

×åðåç Aij = Aij(x) , Aj = Aj(x) , A0 = A0(x) , i, j = 1, 2 , îáîçíà÷èì
ôóíêöèè, çàäàííûå íà Ω0 , òàêèå ÷òî Aij ∈ W 2

∞(Ω0) , Aj ∈ W 1
∞(Ω0) ,
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A0 ∈ L∞(Ω0) . Ôóíêöèè Aj ïðåäïîëàãàþòñÿ êîìïëåêñíîçíà÷íûìè, à ôóíê-
öèè Aij , Aj � âåùåñòâåííûìè. Ïðåäïîëàãàåòñÿ âûïîëíåííûì ñëåäóþùåå
óñëîâèå ýëëèïòè÷íîñòè

Aij = Aji,
2∑

i,j=1

Aijzizj > c0(|z1|2 + |z2|2), x ∈ Ω0, zj ∈ C.

×åðåç a = a(x) îáîçíà÷èì âåùåñòâåííóþ ôóíêöèþ, çàäàííóþ íà {x : 0 <
x2 < δ} äëÿ ìàëîãî ôèêñèðîâàííîãî δ è áóäåì ñ÷èòàòü, ÷òî a ∈ W 1

∞({x :
0 < x2 < d}) .

Â ðàáîòå èçó÷àþòñÿ âîïðîñû óñðåäíåíèÿ äëÿ îïåðàòîðà

Hε := −
2∑

i,j=1

∂

∂xj
Aij

∂

∂xi
+

2∑
j=1

Aj
∂

∂xj
− ∂

∂xj
Aj + A0 â L2(Ωε)

ñ êðàåâûì óñëîâèåì Äèðèõëå íà Γ . Íà Γε çàäàåòñÿ óñëîâèå Äèðèõëå èëè
òðåòüå êðàåâîå óñëîâèå(

∂

∂νε
+ a

)
u = 0 íà Γε,

∂

∂νε
= −

2∑
i,j=1

Aijν
ε
j

∂

∂xi
−

2∑
j=1

Ajν
ε
j ,

ãäå νε = (νε1, ν
ε
2) � âíåøíÿÿ íîðìàëü ê Γε .

Îñíîâíîé ðåçóëüòàò ðàáîòû ñîñòîèò â ñëåäóþùåì. Äëÿ ðàçëè÷íûõ ñîîò-
íîøåíèé ìåæäó ïåðèîäîì îñöèëëÿöèé ε è àìïëèòóäîé îñöèëëÿöèé η(ε) , à
òàêæå äëÿ ðàçëè÷íûõ êðàåâûõ óñëîâèé íà îñöèëëèðóþùåé ãðàíèöå âûïè-
ñàíû óñðåäí¼ííûå îïåðàòîðû. Âî âñåõ ñëó÷àÿõ ïîêàçàíî, ÷òî èìååò ìåñòî
ðàâíîìåðíàÿ ðåçîëüâåíòíàÿ ñõîäèìîñòü è ïîëó÷åíû îöåíêè ñêîðîñòè ñõî-
äèìîñòè.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ (ñîãëà-
øåíèå 14.B37.21.0358) è ÐÔÔÈ (ãðàíò � 13-01-00081).
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Îá àíàëîãå òåîðåìû Îðëîâà äëÿ ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé âòîðîãî ïîðÿäêà

È.Í.Áðîéòèãàì, Ò.À.Ñàôîíîâà
Ñåâåðíûé (Àðêòè÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò

èìåíè Ì.Â. Ëîìîíîñîâà, Àðõàíãåëüñê, Ðîññèÿ
e-mail: irinadolgih@rambler.ru, tanya.strelkova@rambler.ru

Ïðåäïîëîæèì, ÷òî
a) P (x) - íåâûðîæäåííàÿ ìàòðèö-ôóíêöèÿ íà ìíîæåñòâå I := [1; +∞) ,
b) P−1(x) = (pij(x)) è Q(x) = (qij(x)) (i, j = 1, 2, . . . , n) - ýðìèòîâû
ìàòðèö-ôóíêöèè ïîðÿäêà n , n ∈ N , îïðåäåëåíû è èçìåðèìû íà I ,
c) ôóíêöèè qij(x) è pij(x) ëîêàëüíî ñóììèðóåìû íà I (qij, pij ∈ L1

loc(I)) .
Ïåðå÷èñëåííûå óñëîâèÿ a) − c) ïîçâîëÿþò îïðåäåëèòü êâàçèïðîèçâîäíûå
çàäàííîé âåêòîð-ôóíêöèè y = (y1(x), y2(x), . . . , yn(x))t ( t - ñèìâîë òðàíñ-
ïîíèðîâàíèÿ), y ∈ ACloc(I) , ïîñðåäñòâîì ìàòðèö P è Q , ïîëàãàÿ

y[0] := y, y[1] := Py′, y[2] := (y[1])′ −Qy,

è êâàçèäèôôåðåíöèàëüíîå âûðàæåíèå, ïîëàãàÿ

l[y](x) := −y[2](x) = −(Py′)′ +Qy, x ∈ I.

(ïðè îïðåäåëåíèè y[2] ìû ïðåäïîëàãàåì, ÷òî y[1] ∈ ACloc(I) ).
Âûðàæåíèå l[y] îïðåäåëÿåò ìèíèìàëüíûé çàìêíóòûé ñèììåòðè÷åñêèé

îïåðàòîð L0 â ãèëüáåðòîâîì ïðîñòðàíñòâå êâàäðàòè÷íî èíòåãðèðóåìûõ n -
êîìïîíåíòíûõ âåêòîð-ôóíêöèé L2

n(I) .
Äàííàÿ ðàáîòà ïîñâÿùåíà óñòàíîâëåíèþ àíàëîãà òåîðåìû Ñ.À. Îðëîâà

(ñì.[1]) äëÿ óðàâíåíèÿ âèäà

l[y](x) := λy, (1)

ãäå λ ∈ C .
Îòìåòèì, ÷òî óðàâíåíèå 1 ðàâíîñèëüíî ñèñòåìå äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ïåðâîãî ïîðÿäêà:
y′ = (F − Λ)y, (2)

ãäå y = (y1, y2, . . . , yn, y
[1]
1 , y

[1]
2 , . . . , y

[1]
n )t , F =

(
O P−1

Q O

)
, Λ =

(
O O
λI O

)
,

à O è I - íóëåâàÿ è åäèíè÷íàÿ ìàòðèöû ïîðÿäêà n ñîîòâåòñòâåííî.
Äàëåå, ïðåäïîëîæèì, ÷òî
d) ìàòðèöû P−1(x) è Q(x) ïðåäñòàâëÿþòñÿ â âèäå:

P−1(x) = x−ν−2(P0 + P1(x)), Q(x) = xν(Q0 +Q1(x)),
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ãäå ν > 0 , P0 è Q0 - ÷èñëîâûå ìàòðèöû, P1(x) è Q1(x) óäîâëåòâîðÿþò
óñëîâèÿì

+∞∫
1

lnr(x)

x
|P1(x)| < +∞,

+∞∫
1

lnr(x)

x
|Q1(x)| < +∞,

à r + 1 - ìàêñèìàëüíàÿ êðàòíîñòü õàðàêòåðèñòè÷åñêîãî êîðíÿ ÷èñëîâîé

ìàòðèöû A =

(
1/2I P0

Q0 −(ν + 1/2)I

)
.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà Ïóñòü ìàòðèöû P (x) è Q(x) óäîâëåòâîðÿþò óñëîâèÿì

a)−d) . Òîãäà ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíå-
íèÿ 1, ïðèíàäëåæàùèõ L2

n(I) , ðàâíî ÷èñëó êîðíåé ìíîãî÷ëåíà F(z, ν) :=
det(A− zI) , ëåæàùèõ â îáëàñòè Rez < 0 , è íå çàâèñèò îò λ .
Ïðè ýòîì ñïåêòð ëþáîãî ñàìîñîïðÿæ¼ííîãî ðàñøèðåíèÿ îïåðàòîðà L0

ÿâëÿåòñÿ äèñêðåòíûì.

Ïóñòü, íàïðèìåð, P (x) è Q(x) - ìàòðèöû ðàçìåðíîñòè 2× 2 è

P0 =

(
p0

11 p0
12

p0
12 p0

22,

)
, Q0 =

(
q0

11 q0
12

q0
12 q0

22

)
.

Òîãäà ìíîãî÷ëåí F(z, ν) èìååò âèä

F(z, ν) =

[(
z +

ν

2

)2

−
(
ν + 1

2

)2
]2

−

[(
z +

ν

2

)2

−
(
ν + 1

2

)2
]
×

(p0
22q

0
22 + p0

12q
0
12 + p0

11q
0
11 + p0

12q
0
12) + detP0 × detQ0.

Îòìåòèì, ÷òî àíàëîãè÷íûå ðåçóëüòàòû â ñêàëÿðíîì ñëó÷àå áûëè ïîëó-
÷åíû â [2] è [3].

Ñïèñîê ëèòåðàòóðû

[1] Îðëîâ Ñ.À. Îá èíäåêñå äåôåêòà ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðà-
òîðîâ // Äîêëàäû ÀÍ ÑÑÑÐ. 1953. Ò. 92, � 3. Ñ. 483-486.

[2] Ìèðçîåâ Ê.À. Î òåîðåìå Îðëîâà îá èíäåêñå äåôåêòà äèôôåðåíöèàëü-
íûõ îïåðàòîðîâ // Äîêëàäû ÐÀÍ. 2001. Ò. 380, � 5. Ñ. 591-595.

[3] Äîëãèõ È.Í., Ìèðçîåâ Ê.À. Èíäåêñû äåôåêòà è ñïåêòð ñàìîñîïðÿ-
æ¼ííûõ ðàñøèðåíèé íåêîòîðûõ êëàññîâ äèôôåðåíöèàëüíûõ îïåðàòî-
ðîâ // Ìàòåìàòè÷åñêèé ñáîðíèê. 2006. Ò. 197, � 4. Ñ. 53-74.
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Àâòîðû âûðàæàþò ãëóáîêóþ áëàãîäàðíîñòü ïðîôåññîðó Ê.À. Ìèðçîåâó
çà ïîñòàíîâêó çàäà÷è è ïîëåçíûå îáñóæäåíèÿ.

Âòîðîé àâòîð ïîääåðæàí ÐÔÔÈ (ãðàíòû�� 11-01-00790-à è 12-01-31491-
ìîë à) è Ìèíîáðíàóêè ÐÔ (ãðàíò � 1.5711.2011).

Óíèâåðñàëüíûé íåëèíåéíûé àíàëèç è åãî ïðèëîæåíèÿ

À.Ä.Áðþíî
Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì. Â. Êåëäûøà ÐÀÍ,

Ìîñêâà, Ðîññèÿ
e-mail: abruno@keldysh.ru

Ðàçðàáîòàí íîâûé íåëèíåéíûé àíàëèç, îñíîâàííûé íà ñòåïåííîé ãåîìåò-
ðèè [1, 2, 3]. Îí ïîçâîëÿåò âû÷èñëÿòü ëîêàëüíûå è àñèìïòîòè÷åñêèå ðàç-
ëîæåíèÿ ðåøåíèé óðàâíåíèé òð¼õ êëàññîâ: (A) àëãåáðàè÷åñêèõ, (B) îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ è (C) â ÷àñòíûõ ïðîèçâîäíûõ, à òàêæå �
ñèñòåì òàêèõ óðàâíåíèé.
Îñíîâíûå êîíöåïöèè è àëãîðèòìû � îáùèå äëÿ âñåõ êëàññîâ óðàâ-

íåíèé. Âû÷èñëåíèå àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé ñîñòîèò èç òðåõ
ñëåäóþùèõ øàãîâ (ìû îïèñûâàåì èõ äëÿ îäíîãî óðàâíåíèÿ f = 0 ).

1. Âûäåëÿþòñÿ óêîðî÷åííûå óðàâíåíèÿ f̂
(d)
j = 0 ñ ïîìîùüþ ãðàíåé âû-

ïóêëîãî ìíîãîãðàííèêà Γ(f) , êîòîðûé ÿâëÿåòñÿ îáîáùåíèåì ìíîãî-
ãðàííèêà Íüþòîíà. Ïåðâûé ÷ëåí ðàçëîæíèÿ ðåøåíèÿ èñõîäíîãî óðàâ-
íåíèÿ f = 0 � ýòî ðåøåíèå ñîîòâåòñòâóþùåãî óêîðî÷åííîãî óðàâíå-
íèÿ f̂

(d)
j = 0 .

2. Íàõîäÿòñÿ ðåøåíèÿ óêîðî÷åííîãî óðàâíåíèÿ f̂
(d)
j = 0 , ÿâëÿþùåãîñÿ

êâàçèîäíîðîäíûì. Èñïîëüçóÿ ñòåïåííûå è ëîãàðèôìè÷åñêèå ïðåîáðà-
çîâàíèÿ ïåðåìåííûõ, ìîæíî ïðèâåñòè óðàâíåíèå f̂

(d)
j = 0 ê òàêîìó

âèäó, ÷òî îíî ìîæåò áûòü ðåøåíî. Ñðåäè åãî íàéäåííûõ ðåøåíèé íà-
äî âûáðàòü ïîäõîäÿùèå, êîòîðûå äàþò ïåðâûå ÷ëåíû àñèìïòîòè÷åñêèõ
ðàçëîæåíèé.

3. Âû÷èñëÿåòñÿ õâîñò àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ. Êàæäûé ÷ëåí ðàç-
ëîæåíèÿ ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîãî óðàâíåíèÿ, êîòîðîå ìîæåò áûòü
âûïèñàíî è ðåøåíî.

Ïðèëîæåíèÿ. Êëàññ A. 1. Ìíîæåñòâà óñòîé÷èâîñòè ìíîãîïàðàìåòðè-
÷åñêèõ çàäà÷ [12, 13]. Êëàññ B. 2. Àñèìïòîòèêè è ðàçëîæåíèÿ ðåøåíèé
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óðàâíåíèé Ïåíëåâå [3]. 3. Ïåðèîäè÷åñêèå äâèæåíèÿ ñïóòíèêà âîêðóã åãî
öåíòðà ìàññ, äâèæóùåãîñÿ ïî ýëëèïòè÷åñêîé îðáèòå [4]. 4. Íîâûå ñâîéñòâà
äâèæåíèé âîë÷êà|[5]. 5. Ñåìåéñòâà ïåðèîäè÷åñêèõ ðåøåíèé îãðàíè÷åííîé
çàäà÷è òð¼õ òåë è ðàñïðåäåëåíèå àñòåðîèäîâ [6, 7]. 6. Èíòåãðèðóåìîñòü ñè-
ñòåìû ÎÄÓ [8]. Êëàññ C. 7. Ïîãðàíè÷íûé ñëîé íà èãëå [9]. 8. Ýâîëþöèÿ
òóðáóëåíòíîãî òå÷åíèÿ [10, 11].

Ñïèñîê ëèòåðàòóðû
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Ìíîãîïàðàìåòðè÷åñêèå îáðàòíûå ñïåêòðàëüíûå çàäà÷è ñ
óïîðÿäî÷åííûìè ñïåêòðàëüíûìè äàííûìè.

Í.Ô.Âàëååâ
Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ

e-mail: valevnf@mail.ru

Â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H ðàññìàòðèâàåòñÿ m -
ïàðàìåòðè÷åñêèé ëèíåéíûé ïó÷îê êîìïàêòíûõ è ñàìîñîïðÿæåííûõ îïåðà-
òîðîâ âèäà:

B(~p) = B0 + p1B1 + ...+ pmBm, ~p ∈ Rm. (1)

Ïóñòü λ+
1 (~p) ≥ λ+

2 (~p) ≥ ... ≥ λ+
j (~p) ≥ ... ≥ 0 ïîëîæèòåëüíûå ñîáñòâåí-

íûå çíà÷åíèÿ, çàíóìåðîâàííûå ñ ó÷åòîì êðàòíîñòåé â ïîðÿäêå óáûâàíèÿ,
à λ−1 (~p) ≤ λ−2 (~p) ≤ ... ≤ λ−k (~p) ≤ ... ≤ 0 îòðèöàòåëüíûå ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà B(~p) , çàíóìåðîâàííûå ñ ó÷åòîì êðàòíîñòåé â ïîðÿäêå
âîçðàñòàíèÿ.

Äëÿ îïåðàòîðà B(~p) èçó÷àåòñÿ ñëåäóþùàÿ ïîñòàíîâêà îáðàòíîé ñïåê-
òðàëüíîé çàäà÷è (äàëåå ÌÏÎÑÇ).

Ïóñòü äàíû m âåùåñòâåííûõ ÷èñåë

µ−1 < µ−2 < ... < µ−k1 < 0 < µ+
k2
< ... < µ+

3 < µ+
2 < µ+

1 ,

è m íàòóðàëüíûõ ÷èñåë 1 ≤ l1 < l2 < ... < lk1 ,1 ≤ s1 < s2 < ... < sk2 ,
k1 + k2 = m . Òðåáóåòñÿ íàéòè ~p ∈ Rm òàêîé, ÷òî

λ−li (~p) = µ−li , i = 1, 2, ..., k1,

λ+
sj

(~p) = µ+
sj
, j = 1, 2, ..., k2.

Òàêèì îáðàçîì, â äàííîé ïîñòàíîâêå ÌÏÎÑÇ ñïåêòðàëüíûìè äàííûå ñî-
ñòîÿò íå òîëüêî m -÷èñåë, íî è èõ ïîðÿäêîâûõ íîìåðîâ.

Â ðàáîòå ðàññìàòðèâàþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé ÌÏÎÑÇ è
èõ èçîëèðîâàííîñòè.

Ââåäåì â ðàññìîòðåíèå ôóíêöèîíàë:

f(~p, ~µ) =

k1∑
i=1

(λ−li (~p)− µ
−
i )2 +

k2∑
i=1

(λ+
si

(~p)− µ+
i )2

è ñôîðìóëèðóåì òåîðåìó ñóùåñòâîâàíèÿ.
Òåîðåìà 1 Ïóñòü âûïîëíåíî óñëîâèå

lim
‖~p‖→∞

f(~p, ~µ) =∞, (2)

òîãäà îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò ðåøåíèå.
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Çàìåòèì, ÷òî óñëîâèå (2) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñó-
ùåñòâîâàíèÿ âåùåñòâåííî-èçîëèðîâàííîãî ðåøåíèÿ.

Äîñòàòî÷íîå óñëîâèå ðîñòà ôóíêöèîíàëà f(~p, ~µ) íà áåñêîíå÷íîñòè äà-
åòñÿ â ñëåäóþùåì óòâåðæäåíèè.
Òåîðåìà 2 Ïóñòü äëÿ ëþáîãî ‖~p‖ = 1

Ker(
m∑
k=1

pkBk) = {0}, (3)

Òîãäà äëÿ êàæäîãî j íàéäåòñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî σj , ÷òî

|λj(~p)| = σj‖~p‖(1 + o(1))

Ï.2. Ðàññìîòðèì ÌÏÎÑÇ äëÿ îïåðàòîðà Øòóðìà - Ëèóâèëëÿ:

−y′′(x, λ) + λ2q(x, ~p)y(x, λ) = 0, (4)

ñ ïîòåíöèàëîì âèäà q(x, ~p) =
∑m

k=1 pkqk(x) , qk(x) ∈ C[0, 1] è ãðàíè÷íûìè
óñëîâèÿìè Äèðèõëå y(0) = y(1) = 0 .
Òåîðåìà 3 Ïóñòü ïðè êàæäîì ~p ∈ Cm, ||~p|| = 1 , âûïîëíåíî

mes{x ∈ (0, 1)‖
m∑
k=1

pkqk(x) = 0} = 0.

Òîãäà ó ÌÏÎÑÇ äëÿ îïåðàòîðà (4) ñóùåñòâóåò ðåøåíèå.
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Îá îäíîé ñïåêòðàëüíîé õàðàêòåðèñòèêå êîíå÷íîìåðíûõ
ïîëèíîìèàëüíûõ îïåðàòîðíûõ ïó÷êîâ
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Â ðàáîòå ðàññìàòðèâàåòñÿ íîâàÿ ñïåêòðàëüíàÿ õàðàêòåðèñòèêà êîíå÷íî-
ìåðíûõ ïó÷êîâ [1] âèäà:

A(µ) = A0 + µA1 + ...+ µkAk : En → En (1)

Ìíîæåñòâî ïó÷êîâ âèäà (1) îáîçíà÷èì Mk . Ïóñòü σ(A(µ))� ñïåêòð ïó÷êà
A(µ) . Â ðàáîòàõ [2] è [4] áûëî ââåäåíî ïîíÿòèå íîðìàëüíîãî ðàíãà ïó÷êà
îïåðàòîðîâ:

nrank(A(µ)) = max
µ∈C
{rankA(µ)} (2)

Â ðàáîòå [5] ââåäåíà íîâàÿ ñïåêòðàëüíàÿ õàðàêòåðèñòèêà äëÿ ëèíåéíûõ
ïó÷êîâ âèäà (1) ïðè k = 1 , íàçûâàåìàÿ êâàçèðåãóëÿðíûì ñïåêòðîì ïó÷êà
A(µ) . Â íàøåì ñëó÷àå ìîæíî ââåñòè àíàëîãè÷íîå ïîíÿòèå è äëÿ ïîëèíî-
ìèàëüíîãî ïó÷êà âèäà (1).

Íàçîâåì ìíîæåñòâî

σq(A(µ)) =
⋂

B(µ)∈Mk

{lim
ε→0

σ(A(µ) + εB(µ))}

êâàçèðåãóëÿðíûì ïó÷êîì äëÿ A(µ) .
Îòìåòèì, ÷òî â ñëó÷àå, åñëè nrank(A(µ)) = n , ïó÷îê A(µ) íàçûâàåòñÿ

ðåãóëÿðíûì. Ìîæíî ïîêàçàòü, ÷òî â ýòîì ñëó÷àå σq(A(µ)) = σ(A(µ)) . Â
ñëó÷àå æå êîãäà σq(A(µ)) < n , ïó÷îê íàçûâàåòñÿ èððåãóëÿðíûì è âîîáùå
ãîâîðÿ σq(A(µ)) 6= σ(A(µ)) . Èññëåäîâàíèþ êâàçèñïåêòðà òàêèõ èððåãóëÿð-
íûõ ïó÷êîâ è åãî îñíîâíûõ ñâîéñòâ è ïîñâÿùåí äàííûé äîêëàä.
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Averaging for Volterra lattice and Cauchy problems

V.L. Vereschagin, B.I. Suleimanov
Institute of Mathematics Ufa Sci. Centre RAS

For one-phase solutions to Volterra lattice we develop appropriate slow mod-
ulation equations. We examine asymptotic as time tends to in�nity picture of
evolution of solutions to Cauchy problem for the Volterra lattice. We also study
transition regimes.

Volterra lattice is a well-known di�erence-di�erential equation on function
un(t) :

dun
dt

= un(un+1 − un−1), (1)

where n ∈ Z, t ∈ R are variables. There exist double periodic solutions to (1)
that can be written in terms of Jacobi elliptic functions:

un = 2(r1 − r2)

√
r3

r2
dnzdn(z + U) + r2 + r3 − r4, (2)

where z = Un+ 4t+ const , U, rj are parameters, dn is the Jacobi function.
The Whitham system speci�es evolution of parameters r2, r3, r4 in �slow�
variables X, T so that

drj
dT

= V (rj)
drj
dX

, j = 2, 3, 4, (3)

V (E) = −1

2
(r2 + r3 + r4) +

F2 − E2F0

F1 − EF0
, (4)

where

Fn =

∫ 1

0

(
r2 − c2r1x

2

1− c2x2

)n
dx√
G(x)

, n = 1, 2,

32



are complete elliptic integrals, G(x) = (1− x2)(1− k2x2), k2 = r4(r3−r2)
r3(r4−r2) . The

equations (3) have self-similar solutions that can be found via certain algebraic
procedure. We use these solutions to parametrize functions (2) and so formulate
analogue of Gurevich-Pitayevsky hypothesis on asymptotic description for the
evolution of step-like initial pro�le for the Volterra lattice. We also analyze
matching conditions in the transition zone near value k2 = 0 and point out
that the conditions lead to some variant of the fourth Painlev�e equation.

Ñèììåòðèéíûé ñïîñîá ïîñòðîåíèÿ ðåøåíèé íåëèíåéíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Þ.Ã.Âîðîíîâà 1 , À.Â.Æèáåð 2
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Â ðàáîòå [1] ðàññìàòðèâàëàñü çàâèñèìîñòü ðåøåíèÿ çàäà÷è Ãóðñà äëÿ
ýêñïîíåíöèàëüíîé ñèñòåìû óðàâíåíèé

∂2ui

∂x∂y
+

r∑
k=1

aike
uk = 0, i = 1, . . . , r, (1)

ui(x, y)− ln
(
τiφ

i(x)φ̄i(y)
)

= 0 ïðè xy = 0, (2)

aik �ýëåìåíòû ìàòðèöû Êàðòàíà ïðîñòîé àëãåáðû Ëè,
îò ïàðàìåòðîâ τ1, . . . , τr , âõîäÿùèõ â êðàåâûå óñëîâèÿ (2). Èñïîëüçóÿ âûñ-
øèå ñèììåòðèè ñèñòåìû óðàâíåíèé (1) äàííàÿ çàäà÷à ñâîäèòñÿ ê çàìêíó-
òîé ñèñòåìå ñ êîíå÷íûì ÷èñëîì äèíàìè÷åñêèõ ïåðåìåííûõ. Â ñòàòüå [2]
èñïîëüçóÿ ñèììåòðèéíûé ïîäõîä ïîñòðîåíî òî÷íîå ðåøåíèå çàäà÷è Ãóðñà
äëÿ ñêàëÿðíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ëèóâèëëåâñêîãî òèïà.

Â íàñòîÿùåé ðàáîòå ñèììåòðèéíûé ìåòîä èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ
îáùåãî ðåøåíèÿ ñèñòåìû óðàâíåíèé

uxy = eu+vuy, vxy = −eu+vvy. (3)

Ñ èñïîëüçîâàíèåì âûñøèõ ñèììåòðèé çàäà÷à èíòåãðèðîâàíèÿ ñèñòåìû óðàâ-

33



íåíèé (3) ñâîäèòñÿ ê ñëåäóþùåé äèíàìè÷åñêîé ñèñòåìå

τ ∂u∂τ = ψ′1(x) + uxψ1(x)− ψ2(x) = 1
vy
ψ̄′1(y) + uyψ̄2(y) + 2ψ̄1(y),

τ ∂v∂τ = vxψ1(x) + ψ2(x) = − 1
uy
ψ̄′1(y) + vyψ̄2(y)− 2ψ̄1(y),

τ
∂uy
∂τ = eu+vuyψ1(x),

τ
∂vy
∂τ = −eu+vvyψ1(x),

τ ∂ux∂τ = eu+v 1
vy
ψ̄′1(y) + eu+vuyψ̄2(y),

τ ∂vx∂τ = eu+v 1
uy
ψ̄′1(y)− eu+vvyψ̄2(y),

çäåñü τ �ãðóïïîâîé ïàðàìåòð.
Ïîñòðîåííîå ÿâíîå ðåøåíèå ïîçâîëÿåò ïîëó÷èòü òî÷íîå ðåøåíèå çàäà÷è

Ãóðñà äëÿ ñèñòåìû óðàâíåíèé (3).
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Ïåðåõîä ê îïåðàòîðíûì óðàâíåíèÿì â çàäà÷å î ïîñòðîåíèè
ÿçûêîâ Àðíîëüäà íåïðåðûâíûõ äèíàìè÷åñêèõ ñèñòåì
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Ñèáàéñêèé èíñòèòóò (ôèëèàë) ÁàøÃÓ, Ñèáàé, Ðîññèÿ
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Äëÿ ìíîãèõ äèíàìè÷åñêèõ ñèñòåì, çàâèñÿùèõ îò ïàðàìåòðîâ, àêòóàëü-
íûìè ÿâëÿþòñÿ âîïðîñû ïîèñêà çíà÷åíèé ïàðàìåòðîâ, ïðè êîòîðûõ ñèñòåìà
èìååò ïåðèîäè÷åñêèå ðåøåíèÿ ïåðèîäà T .

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

x′ = A(α, β)x+ a(x, t, α, β), x ∈ R2 , (1)
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ãäå α, β ∈ R1 , A(α, β) � ëèíåéíûé îïåðàòîð, a(x, t, α, β) � íåëèíåéíûé
îïåðàòîð, óäîâëåòâîðÿþùèé óñëîâèÿì

‖a(x, t, α, β)‖ = o(‖x‖).

Êðîìå òîãî a(x, t+ T, α, β) ≡ a(x, t, α, β).
Ïðè α = α0 è β = β0 ìàòðèöà A èìååò ÷èñòî ìíèìûå ñîáñòâåííûå

çíà÷åíèÿ ±iω0 .
Íàðÿäó ñ óðàâíåíèåì (1) ðàññìîòðèì òàêæå îïåðàòîðíîå óðàâíåíèå

x = U(x, α, β, T ), x ∈ R2 . (2)

Çäåñü U(x, α, β, T ) � îïåðàòîð ñäâèãà ïî òðàåêòîðèÿì ñèñòåìû (1) çà âðå-
ìÿ îò 0 äî T . Íåïîäâèæíûå òî÷êè îïåðàòîðà U îïðåäåëÿþò íà÷àëüíûå
çíà÷åíèÿ ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû (1). Öèêëû ïåðèîäà m îïðåäå-
ëÿþò íà÷àëüíûå òî÷êè ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû (1) ïåðèîäà mT .

Óðàâíåíèå (2) ïðåäñòàâèìî â âèäå

x = B(α, β)x+ b(x, α, β), (3)

ãäå B(α, β) = eTA(α, β) , b(x, α, β) =
T∫
0

e(T−s)A(α, β)a[x(s), s, α, β] ds , x(t) �

ðåøåíèå óðàâíåíèÿ (1) ïðè íà÷àëüíîì óñëîâèè x(0) = x .
Ïîäðîáíîå îïèñàíèå ïîñòðîåíèÿ ÿçûêîâ Àðíîëüäà äëÿ óðàâíåíèÿ (3)

ïîëó÷åíî â [2], íî ëèøü â ñëó÷àå êîãäà ìàòðèöà B èìååò ñïåöèàëüíûé âèä.
Äëÿ ïåðåõîäà ê óäîáíîé ôîðìå óðàâíåíèÿ (3) ñäåëàåì çàìåíó ïåðåìåííûõ
y = Sx . Îòíîñèòåëüíî y ïîëó÷èì

y = D(α, β)y + d(y, α, β).

Çäåñü D = S−1BS , d = S−1b(S−1y, α, β) . Ìàòðèöà S çàâèñèò îò ïàðà-
ìåòðîâ α , β è èìååò âèä

S =

 γ
δ

γ

γ
2ξ − 1

2δ

2ξ + 1

2γ

 ,

ãäå ξ2 =
b12b21

4b12b21 + (b11 − b22)2
, δ =

ξ(b22 − b11)

−2b21
,

γ =

√
−ξ2δ(2ξ + 1)(b11 − b22)− 2b21δ2 + b12(2ξ + 1)2

2
√
−b12b21

, bij = bij(α, β) � êî-

ýôôèöèåíòû ìàòðèöû B .
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Îòìåòèì çäåñü, ÷òî òàê êàê ìàòðèöà B ïðè α áëèçêèõ ê α0 è β áëèçêèõ

ê β0 èìååò êîìïëåêñíûå ñîáñòâåííûå çíà÷åíèÿ, ÷èñëî
b12b21

4b12b21 + (b11 − b22)2

íåîòðèöàòåëüíî. ×èñëî ξ , â ñâîþ î÷åðåäü, ìîæíî âûáèðàòü êàê ïîëîæè-
òåëüíûì, òàê è îòðèöàòåëüíûì. Çíàê ÷èñëà ξ ñëåäóåò âûáèðàòü òàêèì,
÷òîáû ïîäêîðåííîå âûðàæåíèå ïðè âû÷èñëåíèè γ áûëî íåîòðèöàòåëüíûì.

Ïåðåéäåì òàêæå ê íîâûì ïàðàìåòðàì α̃ , β̃ , îïðåäåëÿåìûì ñ ïîìîùüþ
ñëåäóþùèõ ñîîòíîøåíèé α̃ =

√
b11b22 − b12b21 − 1,

β̃ =
1

2π
arccos

b11 + b22

2(
√
b11b22 − b12b21 − 1)

− ω0T

2π
.

Ïîñëå ïðîâåäåííûõ ïðåîáðàçîâàíèé ìàòðèöà D èìååò âèä

D(α̃, β̃) = (1 + α̃)

(
cos(ω0T + 2πβ̃) − sin(ω0T + 2πβ̃)

sin(ω0T + 2πβ̃) cos(ω0T + 2πβ̃)

)
,

÷òî ïîçâîëÿåò ïðèìåíèòü ñõåìó ïîñòðîåíèÿ ÿçûêîâ Àðíîëüäà, ïðåäëîæåí-
íóþ â [2].
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Ñïåêòðàëüíûå àñèìïòîòèêè âûðîæäàþùèõñÿ ýëëèïòè÷åñêèõ îïåðàòî-
ðîâ, äàëåêèõ îò ñàìîñîïðÿæåííûõ, èçó÷àëèñü â ðàáîòàõ [1-6] â ñèòóàöèè,
êîãäà ñîáñòâåííûå çíà÷åíèÿ (ñ.ç.) îïåðàòîðà äåëÿòñÿ íà äâå ñåðèè, îäíà èç
êîòîðûõ ëåæèò âíå óãëà | arg ϕ| ≤ ϕ, ϕ < π , à äðóãàÿ ëîêàëèçóåòñÿ ê ëó÷ó
R+ = (0,+∞) .

Â äàííîé ðàáîòå èññëåäóþòñÿ íåêîòîðûå ñïåêòðàëüíûå ñâîéñòâà îäíî-
ãî êëàññà íåñàìîñîïðÿæåííûõ âûðîæäåííî-ýëëèïòè÷åñêèõ îïåðàòîðîâ A
ñ ìàòðè÷íûìè êîýôôèöèåíòàìè â ïðîñòðàíñòâå Hl = L2(0, 1)l, àññîöèèðî-
âàííûõ ñ íåêîýðöèòèâíûìè ïîëóòîðàëèíåéíûìè ôîðìàìè.

Ðàññìîòðåíû òàêèå âîïðîñû, êàê ïîëíîòà ñèñòåìû êîðíåâûõ âåêòîð-
ôóêöèé îïåðàòîðà A â Hl , îïèñàíèå îáëàñòè îïðåäåëåíèÿ, îöåíêè ðåçîëü-
âåíòû è àñèìïòîòèêà ðàñïðåäåëåíèÿ ñ.ç. îïåðàòîðà A .

Â ïðîñòðàíñòâå L2(0, 1)l ðàññìîòðèì ïîëóòîðàëèíåéíóþ ôîðìó

A[u, v] =
m∑

i,j=0

1∫
0

< pi(t)aij(t)u
(i)(t), pj(t)v

(j)(t) >Cl dt. (1)

Çäåñü

pi(t) = {t(1− t)}θ+i−m (i = 0,m), θ < m, u(i)(t) =
diu(t)

dti
,

aij ∈ L∞(J ; EndCl) (i, j = 0,m),

ãäå J = (0, 1) . Ñèìâîë < , >Cl îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â Cl .
Îáîçíà÷èì ÷åðåç H+ çàìûêàíèå C∞0 (J) ïî íîðìå

|ϕ|+ = (

∫
J

p2
m(t)|ϕ(m)(t)|2dt+

∫
J

|ϕ(t)|2dt)1/2.

Ïîëîæèì: H = L2(J), Hl = H⊕· · ·⊕H, Hl
+ = H+⊕· · ·⊕H+ (l−ðàç).

Çà îáëàñòü îïðåäåëåíèÿ ôîðìû (1) ïðèìåì ïðîñòðàíñòâî Hl
+ .

Ïðåäïîëîæèì, ÷òî amm(t) ∈ Cm(J ; EndCl) è ìàòðèöà a(t) = amm(t)
ïðè êàæäîì t ∈ J èìååò l ðàçëè÷íûõ íåíóëåâûõ ñîáñòâåííûõ çíà÷åíèé
µ1(t), ..., µl(t) .
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Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

|aij(t)| ≤Mtδ(1− t)δ (i+ j < 2m), δ > 0, (2)

µj(t) 6∈ S (j = 1, l, t ∈ J̄),

ãäå S ⊂ C - íåêîòîðûé çàìêíóòûé óãîë ñ íà÷àëîì â íóëå.
Ïðè âûïîëíåíèè ïåðå÷èñëåííûõ âûøå óñëîâèé èìååò ìåñòî ñëåäóþùàÿ

òåîðåìà (ñì. [7]):
Òåîðåìà 1. Ñóùåñòâóåò åäèíñòâåííûé çàìêíóòûé îïåðàòîð A â Hl ,

îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè:
(i) D(A) ⊂ Hl

+, (Au, v) = A[u, v] (∀u ∈ D(A), v ∈ Hl
+),

(ii) ïðè íåêîòîðîì z0 ∈ C ñóùåñòâóåò íåïðåðûâíûé îáðàòíûé

(A− z0E)−1 : Hl → Hl.

Ïóñòü A òàêîé æå îïåðàòîð, êàê â óñëîâèÿõ (i), (ii) .
Òåîðåìà 2. Îïåðàòîð A èìååò äèñêðåòíûé ñïåêòð. Ñèñòåìà êîð-

íåâûõ âåêòîð-ôóíêöèé îïåðàòîðà A ïîëíà â Hl . Ïîðÿäîê ðåçîëüâåíòû
îïåðàòîðà A íå ïðåâîñõîäèò ÷èñëî 1

2m . Äëÿ ÷èñëà N(λ) ñîáñòâåííûõ
çíà÷åíèé îïåðàòîðà A , íå ïðåâîñõîäÿùèõ ïî ìîäóëþ λ , ñ ó÷åòîì èõ êîð-
íåâûõ êðàòíîñòåé, ñïðàâåäëèâà îöåíêà N(λ) ≤Mλ1/2m, (λ ≥ 1) .

Îòìåòèì, ÷òî ñôîðìóëèðîâàííûå âûøå ðåçóëüòàòû â ñëó÷àå ñèììåòðè-
÷åñêîé ôîðìû (1) õîðîøî èçâåñòíû.

Îáîçíà÷èì ÷åðåç H− ïîïîëíåíèå ïðîñòðàíñòâà H ïî íîðìå

|u|− = sup
06=ϕ∈H+

|(u, ϕ)|
|ϕ|+

.

Ïðè âûïîëíåíèè óñëîâèÿ (2) ìîæíî ââåñòè â ðàññìîòðåíèå îïåðàòîð
A : Hl

+ → Hl
− , äåéñòâóþùèé ïî ôîðìóëå

< Au, v >= A[u, v] (∀u, v ∈ Hl
+).

Ïóñòü A òàêîé æå îïåðàòîð, êàê â òåîðåìàõ 1, 2. Èìååò ìåñòî ñëåäóþùàÿ
Òåîðåìà 3. Äëÿ äîñòàòî÷íî áîëüøèõ ïî ìîäóëþ λ ∈ S ñóùåñòâóþò

íåïðåðûâíûå îáðàòíûå

(A− λE)−1 : Hl
− → Hl

−, (A− λE)−1 : Hl → Hl,

è âûïîëíÿåòñÿ ðàâåíñòâî

(A− λE)−1u = (A− λE)−1u (∀u ∈ Hl).

Ïðè ýòîì Au = Au (∀u ∈ D(A)) , è

D(A) = {u ∈ Hl
+ : Au ∈ Hl}.
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Ïóñòü

f(z) =
∞∑
k=0

akz
k (z = x+ iy) (1)

� öåëàÿ òðàíñöåíäåíòíàÿ ôóíêöèÿ ñ âåùåñòâåííûìè êîýôôèöèåíòàìè,
à {pn} (n ≥ 1) � ïîñëåäîâàòåëüíîñòü ïåðåìåí çíàêîâ êîýôôèöèåíòîâ
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(ïî îïðåäåëåíèþ pn = min
k>pn−1

{k : apn−1ak < 0} , ãäå p0 = min{k : ak 6=

0} ). ×åðåç p(t) îáîçíà÷èì ñ÷èòàþùóþ ôóíêöèþ ïîñëåäîâàòåëüíîñòè {pn} :
p(t) =

∑
pn≤t

1 . Â [1] ïîêàçàíî, ÷òî åñëè ïëîòíîñòü ïîñëåäîâàòåëüíîñòè {pn}

∆ = lim
t→∞

p(t)
t ðàâíà íóëþ, òî â êàæäîì óãëå {z : | arg z| ≤ ε} (ε > 0) öåëàÿ

ôóíêöèÿ (1) èìååò òîò æå ïîðÿäîê, ÷òî è âî âñåé ïëîñêîñòè. Ïîçæå âûÿñ-
íèëîñü, ÷òî äàííûé ðåçóëüòàò ñïðàâåäëèâ è äëÿ ëó÷à {z : arg z = 0} : åñëè
ôóíêöèÿ (1) èìååò êîíå÷íûé ïîðÿäîê ρ è ∆ = 0 , òî [2]

lim
x→+∞

ln |f(x)|
lnMf(x)

= 1, Mf(r) = max
|z|=r
|f(z)| (r > 0) . (2)

Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî ρ0 = ρ , ãäå ρ0 = lim
x→+∞

ln ln |f(x)|
lnx . Ïðè

∆ = 0 ðàâåíñòâî (2) âåðíî è äëÿ ôóíêöèé êîíå÷íîãî íèæíåãî ïîðÿäêà
[3]. Â [2] íàéäåíû íåóëó÷øàåìûå óñëîâèÿ íà ôóíêöèþ p(t) (îíè ñëàáåå
óñëîâèÿ ∆ = 0 ), ïðè âûïîëíåíèè êîòîðûõ äëÿ ëþáîé ôóíêöèè êîíå÷íîãî
ïîðÿäêà (êîíå÷íîãî íèæíåãî ïîðÿäêà), çàäàííîé ðÿäîì (1), ïðè x → ∞
âíå íåêîòîðîãî ìíîæåñòâà íóëåâîé íèæíåé ëîãàðèôìè÷åñêîé ïëîòíîñòè
ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

lnMf(x) = (1 + o(1)) ln |f(x)| . (3)

Íàøåé öåëüþ ÿâëÿëîñü ïîëó÷åíèå àíàëîãè÷íûõ ñ (3) àñèìïòîòè÷åñêèõ
îöåíîê äëÿ öåëûõ ôóíêöèé ñ áîëåå îáùåé ìàæîðàíòîé ðîñòà, ïðåäñòàâëåí-
íûõ ðÿäàìè Äèðèõëå ñ âåùåñòâåííûìè êîýôôèöèåíòàìè.

×åðåç L îáîçíà÷èì êëàññ âñåõ íåïðåðûâíûõ è íåîãðàíè÷åííî âîçðàñòà-
þùèõ íà R+ = [0,+∞) ïîëîæèòåëüíûõ ôóíêöèé. Ïóñòü Φ ∈ L � âûïóê-
ëàÿ ôóíêöèÿ, òàêàÿ, ÷òî äëÿ åå îáðàòíîé ôóíêöèè ϕ âûïîëíÿåòñÿ óñëîâèå
lim

x→+∞
ϕ(x2)
ϕ(x) <∞ .

×åðåç A(ϕ) îáîçíà÷èì êëàññ ïîëîæèòåëüíûõ, íåóáûâàþùèõ íà R+ ôóíê-
öèé α = α(t) , α(t) = o(tϕ(t)) ïðè t→∞ , òàêèõ, ÷òî

lim
r→∞

1

ϕ(r)

r∫
1

α(t)

t2
dt = 0 .

Ïîäêëàññ A(ϕ) , ñîñòîÿùèé èç ôóíêöèé α ∈ L , òàêèõ, ÷òî α(t) ≥
√
t ,

áóäåì îáîçíà÷àòü ÷åðåç W (ϕ) .
Ïóñòü Λ = {λn} (0 < λn ↑ ∞) � ïîñëåäîâàòåëüíîñòü, óäîâëåòâîðÿþùàÿ

ñëåäóþùèì óñëîâèÿì: 1) sup
t

(λ(t+ 1)− λ(t)) <∞ (óñëîâèå íåñãóùàåìî-

ñòè), 2) ln(λn+1− λn) > −α(λn) (n ≥ 1) (óñëîâèå íåñáëèæàåìîñòè), ãäå
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α� íåêîòîðàÿ ôóíêöèÿ èç W (ϕ) , α(t) = O(t) ïðè t → ∞ , λ(t) =
∑
λn≤t

1 .

Îáîçíà÷èì D(Λ) êëàññ âñåõ öåëûõ ôóíêöèé F , ïðåäñòàâèìûõ àáñîëþòíî
ñõîäÿùèìèñÿ âî âñåé ïëîñêîñòè ðÿäàìè Äèðèõëå

F (s) =
∞∑
n=1

ane
λns (s = σ + it) (4)

ñ âåùåñòâåííûìè êîýôôèöèåíòàìè an . Ïóñòü M(σ) = sup
|t|<∞

|F (σ + it)| ,

Dm(Φ) = {F ∈ D(Λ) : ∃ {σn}, 0 < σn ↑ ∞, lnM(σn) ≤ Φ(mσn)} (m ≥ 1).

Ïîëîæèì D(Φ) =
∞⋃
m=1

Dm(Φ) .

Ïóñòü µn = λpn , ãäå {pn} � ïîñëåäîâàòåëüíîñòü ïåðåìåí çíàêîâ êî-
ýôôèöèåíòîâ ðÿäà (4), l(t) =

∑
µn≤t

1 . Â äàëüíåéøåì áóäåò ïðåäïîëàãàòüñÿ

âûïîëíåíèå ñëåäóþùåãî óñëîâèÿ íà ïîñëåäîâàòåëüíîñòü {pn} : ñóùåñòâóåò
θ ∈ A(ϕ) , ÷òî

λn∫
1

l(t;λn)

t
dt ≤ θ(λn) (n ≥ 1) , (5)

ãäå l(t;λn) � ÷èñëî òî÷åê µj èç îòðåçêà {h : |h−λn| ≤ t} . Îòìåòèì, ÷òî â
ñëó÷àå ϕ(x) = ln x , óñëîâèå (5) âûïîëíÿåòñÿ àâòîìàòè÷åñêè (ýòî ïîêàçàíî
â [2]).

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà.Ïóñòü âûïîëíÿåòñÿ óñëîâèå (5).
Äëÿ òîãî, ÷òîáû äëÿ ëþáîé ôóíêöèè F ∈ D(Φ) ïðè σ →∞ âíå íåêî-

òîðîãî ìíîæåñòâà E ⊂ [0,∞) íóëåâîé íèæíåé ïëîòíîñòè âûïîëíÿëîñü
àñèìïòîòè÷åñêîå ðàâåíñòâî

lnM(σ) = (1 + o(1)) ln |F (σ)| ,

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû l ∈ A(ϕ) .
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Ïóñòü Λ = {λn} (0 < λn ↑ ∞) lim
n→∞

n
λn

= D < ∞. ×åðåç Dc(Λ) îáî-

çíà÷èì êëàññ âñåõ ôóíêöèé F , ïðåäñòàâèìûõ â ïîëóïëîñêîñòè Πc = {s :
Res < c} (−∞ < c ≤ +∞) ðÿäàìè Äèðèõëå

F (s) =
∞∑
n=1

ane
λns (s = σ + it), (1)

ñõîäÿùèìèñÿ ëèøü â äàííîé ïîëóïëîñêîñòè. Ïóñòü µ(σ) - ìàêñèìàëüíûé
÷ëåí ðÿäà (1), à MF (σ) = sup

|t|<∞
|F (σ + it)|, σ < c.

Ïóñòü L � êëàññ âñåõ íåïðåðûâíûõ, íåîãðàíè÷åííûõ è âîçðàñòàþùèõ
íà [0,∞) ôóíêöèé,

W = {w ∈ L :

∞∫
1

w(x)

x2
dx <∞}, W ϕ = {w ∈ W : lim

t→∞
ϕ(t)

∞∫
t

w(x)

x2
dx = 0},

ãäå ϕ � íåêîòîðàÿ ôèêñèðîâàííàÿ ôóíêöèÿ èç L . Ââåäåì òàêæå ìíîæå-
ñòâî

W ϕ = {w ∈ W : lim
t→∞

ϕ(t)

∞∫
1

w(x)

x2
dx <∞ = 0}.

Ïóñòü e ⊂ [−1, 0) � èçìåðèìîå ïî Ëåáåãó ìíîæåñòâî. Íèæíåé de è
âåðõíåé De ïëîòíîñòÿìè íàçûâàþòñÿ âåëè÷èíû

de = lim
σ→0−

mes(e ∩ [σ, 0))

|σ|
, De = lim

σ→0−

mes(e ∩ [σ, 0))

|σ|
.
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Åñëè de = De , òî ãîâîðÿò, ÷òî ìíîæåñòâî e èìååò ïëîòíîñòü.
Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû.

Òåîðåìà 1.Ïóñòü ϕ � íåêîòîðàÿ ôèêñèðîâàííàÿ ôóíêöèÿ èç L, w ∈

W ϕ, ãäå w(x) = ln max
|z|=x
|Q(z)|, Q(z) =

∞∏
n=1

(
1− z2

λ2
n

)
, ïðè÷åì ϕ(x)w(x) =

o(x) ïðè x → ∞ . Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîé ôóíêöèè ψ ∈ Wϕ

âûïîëíÿþòñÿ îöåíêè

− ln
∣∣∣Q′(λn)∣∣∣ ≤ ψ(λn) (n ≥ 1).

Åñëè ìàêñèìàëüíûé ÷ëåí µ(σ) ðÿäà (1) óäîâëåòâîðÿåò óñëîâèþ

lim
σ→0−

lnµ(σ)

Φ
(

1
|σ|

) > 0

(Φ � ôóíêöèÿ, îáðàòíàÿ ê ϕ) , òî äëÿ ëþáîé ôóíêöèè F ∈ Do(Λ) ñó-
ùåñòâóåò ìíîæåñòâî e ⊂ [−1, 0) íóëåâîé íèæíåé ïëîòíîñòè, ÷òî äëÿ
ëþáîãî âåðòèêàëüíîãî îòðåçêà

IH = IH(σ) = {s = σ + it : |t− to| ≤ H, σ < 0} (H = const)

äëÿ âñåõ σ, −1 < σo ≤ σ < 0 , âíå e íàéäåòñÿ äåôîðìèðîâàííûé îòðåçîê
I∗H = I∗H(σ), îáëàäàþùèé ñâîéñòâàìè:

1) mes[IH(σ) ∩ I∗H(σ)]→ |IH | = 2H ïðè σ → 0−;
2) lnMF (σ + d(σ)) < (1 + o(1)) lnMF (σ) ïðè σ → 0− âíå e,
ãäå d(σ) = max

τ∈I∗H
|Reτ − σ)|;

3) lnMF (σ) = (1 + o(1)) lnm∗F (σ) ïðè σ → 0− âíå e,
ãäå m∗F (σ) = min

τ∈I∗H
|F (τ)|.

Â óñëîâèÿõ òåîðåìû 1 â [2] ïîêàçàíî áîëåå ñëàáîå àñèìïòîòè÷åñêîå ñî-
îòíîøåíèå: d(F ; γ) = 1, ãäå

d(F ; γ) = lim
s∈γ, Res→0−

ln |F (s)|
lnMF (Res)

,

γ � ïðîèçâîëüíàÿ êðèâàÿ èç Πo, îêàí÷èâàþùàÿñÿ íà ìíèìîé îñè.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1, à ôóíêöèÿ l ,

l(r) = N(r)ln
r

N(r)
, N(t) =

t∫
0

n(x)

x
dx, n(t) =

∑
λj≤t

1,
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ïðèíàäëåæèò êëàññó W ϕ . Òîãäà ïðè σ → 0− âíå íåêîòîðîãî ìíîæåñòâà
e ⊂ [−1, 0) íóëåâîé ïëîòíîñòè

lnMF (σ) = (1 + o(1)) lnmF (σ), (2)

ãäå mF (σ) = min
τ∈IH
|F (τ)|, IH = IH(σ) (σ < 0−) � âåðòèêàëüíûé îòðåçîê

äëèíû 2H.
Åñëè l ∈ W ϕ, òî àñèìïòîòè÷åñêîå ðàâåíñòâî (2) âåðíî ïðè σ → 0−

âíå ìíîæåñòâà e ⊂ [−1, 0) íóëåâîé íèæíåé ïëîòíîñòè.

Îòìåòèì, ÷òî â ñòàòüå [1] ôóíêöèÿ ϕ óäîâëåòâîðÿåò íåêîòîðûì äîïîë-
íèòåëüíûì îãðàíè÷åíèÿì. Â òåîðåìàõ 1, 2 òðåáóåòñÿ ëèøü, ÷òî ϕ ∈ L .
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Ïðè èçó÷åíèè êëàññîâ Êàðëåìàíà íà ïðîèçâîëüíûõ êîíòèíóóìàõ êîì-
ïëåêñíîé ïëîñêîñòè îñîáóþ ðîëü èãðàþò òàê íàçûâàåìûå ðåãóëÿðíûå ïî-
ñëåäîâàòåëüíîñòè M = {Mn} (Mn > 0) , òî åñòü òàêèå, ÷òî ÷èñëà mn = Mn

n!

(n ≥ 0) îáëàäàþò ñâîéñòâàìè [1]:

à)m2
n ≤ mn−1mn+1 (n ≥ 1); á) sup

n

(
mn+1

mn

) 1
n

<∞; â)m
1
n
n →∞, n→∞.

Êëàññîì Êàðëåìàíà íà êîíòèíóóìå γ ⊂ C íàçûâàåòñÿ ìíîæåñòâî

Cγ(Mn) = {f ∈ C∞(γ) : sup
z∈γ

∣∣∣f (n)(z)
∣∣∣ ≤ Kn

fMn, n = 0, 1, 2, . . .}.
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Çäåñü äëÿ ëþáîãî a ∈ γ ïðîèçâîäíàÿ f
′
(a) ïîíèìàåòñÿ êàê ïðåäåë

f
′
(a) = lim

z∈γ,z→a

f(z)− f(a)

z − a
.

Âûñøèå ïðîèçâîäíûå f (n)(a) (n = 2, 3, . . .) îïðåäåëÿþòñÿ ïî èíäóêöèè.
Åñëè ïîñëåäîâàòåëüíîñòü {Mn} ðåãóëÿðíà, òî êëàññ Êàðëåìàíà Cγ(Mn)

íàçûâàåòñÿ ðåãóëÿðíûì. Êëàññ Cγ(Mn) íàçûâàåòñÿ êâàçèàíàëèòè÷åñêèì,
åñëè èç òîãî, ÷òî f ∈ Cγ(Mn) è f (n)(c) = 0 â íåêîòîðîé òî÷êå c ∈ γ ïðè
âñåõ n ≥ 0 ñëåäóåò, ÷òî f(z) ≡ 0 .

Â ñëó÷àå, åñëè γ � äóãà èëè γ = D̄ , ãäå D � îãðàíè÷åííàÿ æîðäà-
íîâà îáëàñòü ïëîñêîñòè, óñëîâèÿ êâàçèàíàëèòè÷íîñòè ðåãóëÿðíûõ êëàññîâ
Êàðëåìàíà â ðàçëè÷íûõ òåðìèíàõ èçó÷àëèñü ñîîòâåòñòâåííî â ðàáîòàõ [2],
[3].

Êðèòåðèé íåêâàçèàíàëèòè÷íîñòè ðåãóëÿðíîãî êëàññà C[0,1](Mn) , êàê èç-
âåñòíî, èìååò âèä [1]:

∞∑
n=0

Mn

Mn+1
<∞. (1)

Äëÿ ðåãóëÿðíûõ ïîñëåäîâàòåëüíîñòåé M óñëîâèå (1) äîïóñêàåò ïåðåôîð-
ìóëèðîâêó â òåðìèíàõ àññîöèèðîâàííîãî âåñà ω(r) = max

n≥0

rn

mn
, mn = Mn

n! ,

[1]: åñëè γ = [0, 1] èëè γ - åäèíè÷íàÿ îêðóæíîñòü, èëè àíàëèòè÷åñêàÿ äóãà,
òî êëàññ Cγ(Mn) íå ÿâëÿåòñÿ êâàçèàíàëèòè÷åñêèì òîãäà è òîëüêî òîãäà,
êîãäà

d∫
0

ln lnH(r)dr <∞, (2)

ãäå H(r) = ω
(

1
r

)
, à d > 0 òàêîå, ÷òî H(d) ≥ e .

Òåîðåìà 1 [2]. Ïóñòü {Mn} � ðåãóëÿðíàÿ ïîñëåäîâàòåëüíîñòü, γ �
äóãà, çàäàííàÿ óðàâíåíèåì y = g(x) (|x| ≤ a) , ãäå g � ôóíêöèÿ, óäîâëå-
òâîðÿþùàÿ óñëîâèþ Ëèïøèöà. Äëÿ òîãî, ÷òîáû êëàññ Cγ(Mn) áûë íåêâà-
çèàíàëèòè÷åñêèì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ôóíêöèÿ H = H(r)
óäîâëåòâîðÿëà óñëîâèþ (2).

Òàêèì îáðàçîì, äëÿ òîãî, ÷òîáû ðåãóëÿðíûé êëàññ Êàðëåìàíà Cγ(Mn)
(γ � äóãà, óäîâëåòâîðÿþùàÿ óñëîâèþ Ëèïøèöà) íå áûë êâàçèàíàëèòè÷å-
ñêèì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü îäíî èç ýêâèâàëåíòíûõ
óñëîâèé (1), (2). Â îáùåì ñëó÷àå êëàññ Êàðëåìàíà Cγ(Mn) ìîæåò è íå áûòü
ðåãóëÿðíûì. Ïîýòîìó âàæíî âûÿñíèòü, ïðè êàêèõ óñëîâèÿõ íà Mn ñóùå-
ñòâóåò ðåãóëÿðíàÿ ïîñëåäîâàòåëüíîñòü {M ∗

n} , òàêàÿ, ÷òî: 1) M ∗
n ≤Mn ; 2)

êëàññ Cγ(M
∗
n) íåêâàçèàíàëèòè÷åí.
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Òåîðåìà 2. Ïóñòü Mn > 0 . Äëÿ òîãî, ÷òîáû ñóùåñòâîâàëà ðåãóëÿð-
íàÿ ïîñëåäîâàòåëüíîñòü {M ∗

n} , òàêàÿ, ÷òî

M ∗
n ≤Mn,

∞∑
n=1

M ∗
n

M ∗
n+1

<∞,

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü õîòÿ áû îäíî èç ñëåäóþ-
ùèõ óñëîâèé:

à) ñóùåñòâóåò ïîëîæèòåëüíàÿ, íåïðåðûâíàÿ íà R+ ôóíêöèÿ r = r(t) ,
tr(t) ↓ 0 , t2r(t) ↑ ïðè t→∞ òàêàÿ, ÷òî

1)
1

M
1
n
n

≤ r(n) (n ≥ 1); 2)

∞∫
1

r(t)dt <∞;

á) åñëè T (r) = max
n≥0

rn

Mn
, à ωT = ωT (r) � íàèëó÷øàÿ âîãíóòàÿ ìàæî-

ðàíòà ôóíêöèè lnT (r) , òî

∞∫
1

ωT (r)

r2
dr <∞.

Äîêàçàòåëüñòâî òåîðåìû 2 îñíîâàíî íà îäíîé èäåå èç [4] è ñâîéñòâàõ
ïðåîáðàçîâàíèÿ Ëåæàíäðà.
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Ïðèáëèæåííîå èññëåäîâàíèå ìíîæåñòâ ñèíõðîíèçàöèè â
äèíàìè÷åñêèõ ñèñòåìàõ â ñëó÷àå ñèëüíîãî ðåçîíàíñà

À.Ð. Ãóôðàíîâ
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ

e-mail: albert.gufranov@gmail.com

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó

xn+1 = A(α, β)xn + a2(xn), n = 0, 1, 2, . . . (1)

ãäå xn ∈ R2 , α, β ∈ R1 , a2 � êâàäðàòè÷íàÿ âåêòîðíîçíà÷íàÿ ôóíêöèÿ,
A(α, β) = (1 + α)Q(β) ,

Q(β) =

(
cos 2π(θ0 + β) − sin 2π(θ0 + β)
sin 2π(θ0 + β) cos 2π(θ0 + β)

)
,

A(0, 0) èìååò ñîáñòâåííûå çíà÷åíèÿ e±2πθ0i , ãäå θ0 = p
q , p, q ∈ Z .

Ñèñòåìà (1) èìååò íåïîäâèæíóþ òî÷êó x = 0 . Òàê êàê ïðè (α, β) =
(0, 0) ìàòðèöà A(α, β) èìååò ñîáñòâåííûå çíà÷åíèÿ, ëåæàùèå íà åäèíè÷-
íîé îêðóæíîñòè, òî ïðè çíà÷åíèÿõ (α, β) , ëåæàùèõ â îêðåñòíîñòè òî÷êè
(0, 0) , âîçìîæíû áèôóðêàöèîííûå ÿâëåíèÿ. Èçó÷èì ïîäðîáíåå áèôóðêà-
öèþ q -öèêëîâ.

Áèôóðêàöèÿ q -öèêëîâ � ÿâëåíèå, ïðè êîòîðîì ïðè ìàëûõ èçìåíåíè-
ÿõ ïàðàìåòðîâ (α, β) ó ñèñòåìû âîçíèêàþò öèêëû ïåðèîäà q , ñòÿãèâàþ-
ùèåñÿ â íåïîäâèæíóþ òî÷êó ïðè (α, β) → (0, 0) . Îòìåòèì, ÷òî ñëó÷àè
q = 1, 2, 3, 4 íàçûâàþòñÿ ñèëüíûì ðåçîíàíñîì, à ñëó÷àé q ≥ 5 � ñëàáûì
ðåçîíàíñîì.

Îáîçíà÷èì ÷åðåç K êðèâóþ íà ïëîñêîñòè P ïàðàìåòðîâ (α, β) , ïðè
êîòîðûõ ìàòðèöà A(α, β) áóäåò èìåòü ñîáñòâåííîå çíà÷åíèå λ , |λ| = 1 .
Ìíîæåñòâàìè ñèíõðîíèçàöèè Uq èëè ÿçûêàìè Àðíîëüäà íàçûâàþòñÿ òàêèå
ìíîæåñòâà íà ïëîñêîñòè P , â êîòîðûõ ñèñòåìà (1) èìååò öèêëû, àìïëèòóäû
êîòîðûõ ñòðåìÿòñÿ ê íóëþ ïðè (α, β)→ (0, 0) . Ýòè ìíîæåñòâà áóäóò èìåòü
âèä êëèíüåâ, âåðøèíû êîòîðûõ ëåæàò â òåõ òî÷êàõ êðèâîé K , â êîòîðûõ
ìàòðèöà A(α, β) áóäåò èìåòü ñîáñòâåííûå çíà÷åíèå âèäà e±2πθi , ãäå θ =
p
q , p, q ∈ Z .

Åñëè x∗0, x
∗
1, . . . , x

∗
q−1 - öèêë ïåðèîäà q ñèñòåìû (1), òî êàæäàÿ òî÷êà

x∗k, k = 0, . . . , q − 1 áóäåò ÿâëÿòüñÿ ðåøåíèåì óðàâíåíèÿ

x = B(α, β)x+ b2(α, β, x), (2)
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ãäå B(α, β) = (1 + α)qQq(β) ,

b2(α, β, x) =

q−1∑
k=0

(1 + α)q−1+kQq−1−k(β)a2(Q
k(β)x).

Äëÿ íàõîæäåíèÿ ðåøåíèÿ óðàâíåíèÿ (2) ïðèìåíèì ìåòîä ìàëîãî ïàðà-
ìåòðà. Îí çàêëþ÷àåòñÿ â ðàçëîæåíèè x , α è β ïî ìàëîìó ïàðàìåòðó ε :

x = εe+ ε2e1 + . . .
α = εα1 + ε2α2 + . . .
β = εβ1 + ε2β2 + . . .

(3)

Çäåñü e � íåêîòîðûé ôèêñèðîâàííûé íåíóëåâîé âåêòîð; òàêèì îáðàçîì,
ìû èùåì ðåøåíèå óðàâíåíèÿ (2) âäîëü íåêîòîðîãî âåêòîðà e .

Ïîäñòàâèâ ðàçëîæåíèÿ (3) â óðàâíåíèå (2), ïîëó÷èì óðàâíåíèÿ ñ êîýô-
ôèöèåíòàìè xk , αk è βk . Âûïèøåì ýòè óðàâíåíèÿ äëÿ ñòåïåíåé ε , ìåíü-
øèõ 4. Îòìåòèì, ÷òî ïðè íóëåâîé è ïåðâîé ñòåïåíè ε êîýôôèöèåíòû áóäóò
íóëåâûìè. Äàëåå èìååì:

ε2 : q

(
α1 −2πβ1

2piβ1 α1

)
e =

q−1∑
k=0

SkL(Ske, Ske) ,

ε3 : q

(
α1 −2πβ1

2piβ1 α1

)
e1+

+

(
− (2πqβ1)2

2! + q(q−1)
2! α2

1 + qα2 −2πqβ2 − 2πq2α1β1

2πqβ2 + 2πq2α1β1 − (2πqβ1)2

2! + q(q−1)
2! α2

1 + qα2

)
e =

= 2πβ1

q−1∑
k=0

kŜkL(Ske, Ske)+

q−1∑
k=0

kSkL(Ske, Ske)+2α1

q−1∑
k=0

kSq−1−kL(Ske, Ske)+

+2πβ1

q−1∑
k=0

kSq−1−kL(Ske, Ŝke) + 2πβ1

q−1∑
k=0

kSq−1−kL(Ŝke, Ske)+

+

q−1∑
k=0

Sq−1−kL(Ske, Ske1) +

q−1∑
k=0

Sq−1−kL(Ske1, Ske) .

Ðàññìîòðèì ñëó÷àé q = 4 . Â ýòîì ñëó÷àå óðàâíåíèå ïðè ε2 ïðèìåò âèä:

q

(
α1 −2πβ1

2πβ1 α1

)
e = 0
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Îòñþäà ñëåäóåò α1 = 0 , β1 = 0 . Òîãäà âòîðîå óðàâíåíèå ïðèìåò âèä:(
qα2 −2πqβ2

2πqβ2 α2

)
e =

q−1∑
k=0

kSkL(Ske, Ske)+

+

q−1∑
k=0

Sq−1−kL(Ske, Ske1) +

q−1∑
k=0

Sq−1−kL(Ske1, Ske),

÷òî ìîæíî òàêæå çàïèñàòü â âèäå(
qe1 −2πqe2

qe2 2πqe1

)(
α2

β2

)
= F (e, e1),

ãäå F (e, e1) � íåêîòîðàÿ âåêòîðíîçíà÷íàÿ ôóíêöèÿ. Â ýòîì óðàâíåíèè
íåèçâåñòíûìè ÿâëÿþòñÿ α2 , β2 è e1 , è îíî íå ÿâëÿåòñÿ îäíîçíà÷íî ðàç-
ðåøèìûì. Îäíàêî, äëÿ êàæäîãî ôèêñèðîâàííîãî âåêòîðà e1 , ìû ìîæåì
îäíîçíà÷íî íàéòè êîýôôèöèåíòû α2 è β2 .

Òî æå ñàìîå áóäåò ñïðàâåäëèâî è äëÿ ñòåïåíåé ε , áîëüøèõ 3.
Òàêæå â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ñëó÷àè q = 1, 2, 3 .

Ïðîñòðàíñòâåííàÿ ñòðóêòóðà ìàãíèòíîãî ïîëÿ ïðîâîäÿùåé
æèäêîñòè íà sol-ìíîãîîáðàçèè è â òðåõìåðíîì ïðîñòðàíñòâå ñ

ðàçðûâíûì ïîëåì ñêîðîñòåé.

À.È. Åñèíà, À.È. Øàôàðåâè÷
ÈÏÌåõ ÐÀÍ, ÌÔÒÈ, Ìîñêâà, Ðîññèÿ

e-mail: esina_anna@list.ru

Ìàãíèòíîå ïîëå â ïðîâîäÿùåé æèäêîñòè (â ÷àñòíîñòè, íåêîòîðûå ìàã-
íèòíûå ïîëÿ ãàëàêòèê è ïëàíåò) îïèñûâàåòñÿ îïåðàòîðîì èíäóêöèè. Â ðà-
áîòå ðàññìàòðèâàåòñÿ îïåðàòîð ìàãíèòíîé èíäóêöèè íà òðåõìåðíîé ïîâåðõ-
íîñòè ñïåöèàëüíîãî âèäà è â òðåõìåðíîì ïðîñòðàíñòâå ñ ðàçðûâíûì ïîëåì
ñêîðîñòåé. Èññëåäóåòñÿ ïðîñòðàíñòâåííàÿ ñòðóêòóðà ìàãíèòíîãî ïîëÿ.

49



Èíòåðïîëÿöèîííàÿ çàäà÷à îïåðàòîðà ñâåðòêè Äàíêëà

Ê.Ð. Çàáèðîâà
Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé

óíèâåðñèòåò, Óôà, Ðîññèÿ
e-mail: karinazabirova@gmail.com

Ïóñòü H(C) � ïðîñòðàíñòâî öåëûõ ôóíêöèé ñ òîïîëîãèåé ðàâíîìåðíîé
ñõîäèìîñòè íà êîìïàêòàõ; H∗(C) � ñîïðÿæåííîå ïðîñòðàíñòâî ñ ñèëüíîé
òîïîëîãèåé. PC � ïðîñòðàíñòâî öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà.
P ∗C � ñîïðÿæåííîå ïðîñòðàíñòâî. Èçó÷àåòñÿ èíòåðïîëÿöèîííàÿ çàäà÷à îïå-
ðàòîðà ñâåðòêè Äàíêëà â H(C) .

Ðàññìîòðèì îïåðàòîð Äàíêëà â H(C)

Λ[f(z)] = f ′(z) +
α

z
(f(z)− f(−z)), α > 0.

Ýòîò îïåðàòîð èãðàåò âàæíóþ ðîëü â ðàçëè÷íûõ çàäà÷àõ ìàòåìàòè÷åñêîé
ôèçèêè. Ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà Äàíêëà (ñì. [1], [2]) ñëåäóþùàÿ

y(λz) = 1 +
∞∑
k=1

λkzk

p(1)p(2) . . . p(k)
,

ãäå p(k) = k + α(1− eiπk) . Ôóíêöèÿ èìååò ïîðÿäîê îäèí è êîíå÷íûé òèï.
Ïóñòü f(z) ∈ H(C), g(z) ∈ PC , F ∈ H∗(C), G ∈ P ∗C . Ðàññìîòðèì

îïåðàòîð ñâåðòêè Äàíêëà Mϕ[f(z)] = (F, St[f(z)]) , ãäå ϕ(λ) = F̂ (λ) =

(F, y(λz)) � ïðåîáðàçîâàíèå Äàíêëà, St[f(z)] =
∞∑
k=1

Λ(k)[f(z)] tk

p(1)p(2)...p(k) �

îïåðàòîð ñäâèãà Äàíêëà (ñì.[1]). Îïåðàòîð Mϕ ëèíåéíûé, íåïðåðûâíûé è
ñþðúåêòèâíûé [1]. Ðàññìîòðèì îïåðàòîð

Mϕ[ψ · f(z)] = (F, St[(ψf)(z)]). (1)

Äàííûé îïåðàòîð ëèíåéíî è íåïðåðûâíî îòîáðàæàåò ïðîñòðàíñòâî
H(C) â H(C) . Ñîïðÿæåííûé îïåðàòîð ê îïåðàòîðó Mϕ[ψ·] åñòü Mψ[ϕ·] ,
êîòîðûé äåéñòâóåò èç PC â PC è èìååò âèä

Mψ[ϕ · g(z)] =
1

2πi

∫
A

ψ(w)y(zw)γ(w)dw,

ãäå êîíòóð A îõâàòûâàåò îñîáåííîñòè îáîáùåííîé àññîöèèðîâàííîé ôóíê-
öèè γ ê ϕ · g(z) .

Ïóñòü µk � íóëè êðàòíîñòè hk ôóíêöèè ψ ∈ H(C) , aki � ïðîèçâîëüíàÿ
ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë. Òîãäà ôóíêöèÿ ψ ïîðîæäàåò hk
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ðåøåíèé y(µkz), zy′(µkz), ..., zhk−1yhk−1(µkz) äëÿ íóëÿ µk . Ïîñòàâèì èíòåð-
ïîëÿöèîííóþ çàäà÷ó (çàäà÷ó Âàëëå-Ïóññåíà) ñëåäóþùèì îáðàçîì: ñóùå-
ñòâóåò ëè u(z) ∈ KerMϕ òàêàÿ, ÷òî u(i)(µk) = aki, i = 0, 1, ..., hk−1 . Ïóñòü
ôóíêöèÿ ϕ ∈ PC èìååò íóëè λk . Îáîçíà÷èì ìíîæåñòâî Nϕ = {λk}∞k=1 .
Òåîðåìà 1 Èíòåðïîëÿöèîííàÿ çàäà÷à äëÿ Mϕ ðàçðåøèìà òîãäà è

òîëüêî òîãäà, êîãäà èìååò ìåñòî ïðåäñòàâëåíèå Ôèøåðà [3]

H(C) = KerMϕ + {ψ(λ) · r(λ) : r(λ) ∈ H(C)}, (2)

ãäå {...} � ìíîæåñòâî âñåõ ïðîèçâåäåíèé ôóíêöèè ψ(λ) íà âñåâîçìîæíûå
r(λ) ∈ H(C) .
Òåîðåìà 2 Ñþðúåêòèâíîñòü îïåðàòîðà Mϕ[ψ·] ýêâèâàëåíòíà ïðåä-

ñòàâëåíèþ Ôèøåðà (2).
Èç òåîðåìû 1 è 2 ñëåäóåò, ÷òî äëÿ ðåøåíèÿ èíòåðïîëÿöèîííîé çàäà÷è,

íóæíî ïîêàçàòü ñþðúåêòèâíîñòü îïåðàòîðà (1). Òî åñòü íóæíî ïîêàçàòü
çàìêíóòîñòü è âñþäó ïëîòíîñòü îáðàçà Mϕ[ψ·] â H(C) . À ïî òåîðåìå Äüå-
äîííå � Øâàðöà [4] ýòî ýêâèâàëåíòíî èíúåêòèâíîñòè ñîïðÿæåííîãî îïåðà-
òîðà Mψ[ϕ·] è çàìêíóòîñòè åãî îáðàçà. Íàõîäèì óñëîâèÿ äëÿ ñîïðÿæåííîãî
îïåðàòîðà, ïîëó÷àåì ñëåäóþùóþ òåîðåìó.
Òåîðåìà 3 Ïóñòü µk > 0 êðàòíîñòè hk , òàêèå ÷òî µk+1 > µk(1 +

2α) , è µk ↗∞ , à λk > 0, λk ↗∞ , òîãäà îïåðàòîð (1) ñþðúåêòèâåí.
Äîêàçàòåëüñòâî òåîðåìû 3 îñíîâûâàåòñÿ íà ïîíÿòèè ñåêâåíöèàëüíî äî-

ñòàòî÷íîãî ìíîæåñòâà. Ñíà÷àëà ïîêàçûâàåì, ÷òî ìíîæåñòâî Nϕ ÿâëÿåòñÿ
ñåêâåíöèàëüíî äîñòàòî÷íûì ìíîæåñòâîì â ÿäðå îïåðàòîðà Mψ . À ïîòîì
íåñëîæíî ïîêàçàòü èíúåêòèâíîñòü îïåðàòîðà Mψ[ϕ·] è çàìêíóòîñòü åãî îá-
ðàçà.
Ñëåäñòâèå Çàäà÷à Àáåëÿ � Ãîí÷àðîâà [5] ðàçðåøèìà â ÿäðå îïåðàòîðà

ñâåðòêè Äàíêëà äëÿ ïîëîæèòåëüíîé âåùåñòâåííîé ïîñëåäîâàòåëüíîñòè
÷èñåë. Êëàññ ðåøåíèé èç ÿäðà Mϕ[y(z)] âõîäèò â êëàññ Àáåëÿ-Ãîí÷àðîâà.
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Èññëåäîâàíèå áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé â
êîíñåðâàòèâíûõ äèíàìè÷åñêèõ ñèñòåìàõ

Ë.Ñ.Èáðàãèìîâà
Áàøêèðñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò, Óôà

e-mail: lilibr@mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ êîíñåðâàòèâíûå ñèñòåìû, çàäàííûå äèôôå-
ðåíöèàëüíûìè óðàâíåíèÿìè âèäà

x′ = F (x; t;µ), x ∈ R2, (1)

ãäå ôóíêöèÿ F (x; t;µ) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé ïî ñî-
âîêóïíîñòè àðãóìåíòîâ è ïåðèîäè÷åñêîé ïî t , µ� ñêàëÿðíûé ïàðàìåòð;
ïóñòü òàêæå ñèñòåìà (1) èìååò òî÷êó ðàâíîâåñèÿ x∗ = 0 ïðè âñåõ çíà÷åíèÿõ
µ . Èçó÷àåòñÿ çàäà÷à î áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé â îêðåñòíîñòè
òî÷êè ðàâíîâåñèÿ x∗ = 0 .

Îáîçíà÷èì ÷åðåç V (x, µ) îïåðàòîð ñäâèãà ïî òðàåêòîðèÿì ñèñòåìû (1)
çà âðåìÿ îò t = 0 äî t = T > 0 . Èçó÷åíèå çàäà÷è î T - ïåðèîäè÷åñêèõ ðå-
øåíèÿõ ñèñòåìû (1) ìîæåò áûòü ñâåäåíî ê èçó÷åíèþ îòîáðàæåíèÿ V (x, µ) ,
íåïîäâèæíûå òî÷êè êîòîðîãî îïðåäåëÿþò íà÷àëüíûå çíà÷åíèÿ T � ïåðèî-
äè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1).

Ñèñòåìó (1) ìîæíî ïðåäñòàâèòü â âèäå

x′ = A(µ, t)x+ a(x, t, µ), (2)

ãäå A(µ, t) = F ′x(0; t;µ) , a(x; t;µ) = O(‖x‖2) ïðè ‖x‖ → 0 . Äàëåå äëÿ ïðî-
ñòîòû áóäåì ñ÷èòàòü,÷òî A(µ, t) íå çàâèñèò îò t , òî åñòü A(µ) = F ′x(0; t;µ) .
Òîãäà îïåðàòîð V ìîæåò áûòü ïðåäñòàâëåí â âèäå

V (x, µ) = eTA(µ)x+ eTA(µ)

T∫
0

e−A(µ)sa(x(s); s;µ)ds; (3)
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çäåñü x(t) � ýòî ðåøåíèå çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ
(2) ïðè íà÷àëüíîì óñëîâèè x(0) = x .

Ñèñòåìó (2) íàçîâåì áëèçêîé ê êîíñåðâàòèâíîé, åñëè ñèñòåìà

x′ = A(µ)x (4)

êîíñåðâàòèâíà.
Èìååò ìåñòî ñëåäóþùàÿ
Ëåììà 1 Ñèñòåìà (4) êîíñåðâàòèâíà òîãäà è òîëüêî òîãäà, êîãäà

ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A(µ) ÿâëÿþòñÿ ÷èñòî ìíèìûìè.
Çíà÷åíèå µ0 ïàðàìåòðà µ íàçûâàþò òî÷êîé áèôóðêàöèè qT � ïåðèî-

äè÷åñêèõ ðåøåíèé ñèñòåìû (1), åñëè êàæäîìó ε > 0 ñîîòâåòñòâóåò òàêîå
µ = µ(ε) , ïðè êîòîðîì ñèñòåìà (1) èìååò íåíóëåâîå qT � ïåðèîäè÷åñêîå
ðåøåíèå x(t, ε) , ïðè ýòîì max

t
‖x(t; ε)‖ → 0 è µ(ε)→ µ0 ïðè ε→ 0 .

Ïðè q = 1 áóäåì ãîâîðèòü î áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé, à
ïðè q ≥ 2 � î áèôóðêàöèè ñóáãàðìîíè÷åñêèõ êîëåáàíèé.

Âåðíî ñëåäóþùåå óòâåðæäåíèå
Ëåììà 2 Ïóñòü µ0 - òî÷êà áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé ñè-

ñòåìû (2) . Òîãäà ìàòðèöà A(µ0) èìååò ñîáñòâåííûå çíà÷åíèÿ ±2πki
T

ïðè íåêîòîðîì öåëîì k .
Ñîãëàñíî íåîáõîäèìîìó óñëîâèþ áèôóðêàöèè âûíóæäåííûõ êîëåáàíèé

ìàòðèöà A(µ0) äîëæíà èìåòü ñîáñòâåííûå çíà÷åíèÿ ±2πki
T .

Ïóñòü äëÿ îïðåäåëåííîñòè ìàòðèöà A(µ0) èìååò ñîáñòâåííûå çíà÷åíèÿ
±2πi

T . Ðàññìîòðèì âîïðîñ î äîñòàòî÷íîì ïðèçíàêå áèôóðêàöèè âûíóæäåí-
íûõ êîëåáàíèé. Ïåðåéäåì ê îïåðàòîðíîìó óðàâíåíèþ x = V (x, µ) , ãäå
V (x, µ) � îïåðàòîð (3).

Ïîëîæèì B(µ) = eTA(µ) , b(x, µ) = eTA(µ)
T∫
0

e−A(µ)sa(x(s); s;µ)ds . Òîãäà

ïîëó÷èì óðàâíåíèå

x = B(µ)x+ b(x, µ), x ∈ R2. (5)

Ñîãëàñíî óñëîâèþ êîíñåðâàòèâíîñòè ìàòðèöà A(µ) äîëæíà èìåòü ñîá-
ñòâåííûå çíà÷åíèÿ ±w(µ)i .

Ðåøåíèÿ óðàâíåíèÿ (5) ïåðâîíà÷àëüíî áóäåì íàõîäèòü ïî ìåòîäó ìàëîãî
ïàðàìåòðà â âèäå x = µx1 + µ2x2 + µ3x3 + .... , ãäå x1 , x2 ,... òðåáóþò
îïðåäåëåíèÿ.

Íà ñëåäóþùåì ýòàïå ïåðåéäåì ê âñïîìîãàòåëüíîìó äâóõïàðàìåòðè÷å-
ñêîìó óðàâíåíèþ

x = (1 + α)B(µ)x+ b(x, µ), x ∈ R2, (6)
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ãäå α - âñïîìîãàòåëüíûé ïàðàìåòð. Ïðè α = 0 óðàâíåíèå (6) ñîâïàäàåò
ñ óðàâíåíèåì (5). Äàëåå ïðèìåíèì äëÿ óðàâíåíèÿ (6) îïåðàòîðíûé ìåòîä
èññëåäîâàíèÿ ïðàâèëüíîé áèôóðêàöèè, ïðåäëîæåííûé â [2].

Áèôóðöèðóþùèå ðåøåíèÿ óðàâíåíèÿ (6) ñîâïàäàþò ñ ðåøåíèÿìè îñ-
íîâíîãî óðàâíåíèÿ (5). Òàêèì îáðàçîì, îïåðàòîðíûé ìåòîä èññëåäîâàíèÿ
äâóõïàðàìåòðè÷åñêîãî óðàâíåíèÿ (6) ïîçâîëÿåò ñòðîèòü áèôóðöèðóþùèå
ðåøåíèÿ îäíîïàðàìåòðè÷åñêîãî óðàâíåíèÿ (5).
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Ïóñòü H � ôóíêöèîíàëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî öåëûõ ôóíê-
öèé. Òî åñòü ôóíêöèîíàëû δz : f −→ f(z) ÿâëÿþòñÿ íåïðåðûâíûìè ïðè
êàæäîì z ∈ C . Òîãäà êàæäûé ôóíêöèîíàë δz ïîðîæäàåòñÿ ýëåìåíòîì
kz(λ) ∈ H â ñìûñëå δz(f) = (f(λ), kz(λ)). Ôóíêöèÿ k(λ, z) = kz(λ) íà-
çûâàåòñÿ âîñïðîèçâîäÿùèì ÿäðîì ([1]). Ôóíêöèÿ

√
K(z) = ‖kz(λ)‖H =

(k(z, z))
1
2 íàçûâàåòñÿ ôóíêöèåé Áåðãìàíà ïðîñòðàíñòâà H . Îáîçíà÷èì

K(z) = ‖kz(λ)‖2
H . Äàëåå íàëîæèì íà ïðîñòðàíñòâî H äîïîëíèòåëüíûå

óñëîâèÿ:

K(z) > 0, z ∈ C; (1)

åñëè f ∈ H è z0 � íóëü ôóíêöèè f(z) , òî
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f(z)

z − z0
∈ H. (2)

Ñèñòåìà ýëåìåíòîâ ek , k = 1, 2, ... , â ãèëüáåðòîâîì ïðîñòðàíñòâå íà-
çûâàåòñÿ áåçóñëîâíûì áàçèñîì ([2]), åñëè îíà ïîëíà è íàéäóòñÿ ÷èñëà
c, C > 0 , òàêèå, ÷òî äëÿ äëÿ ëþáîãî íàáîðà ÷èñåë c1, c2, ..., cn âûïîëíÿ-
åòñÿ ñîîòíîøåíèå

c
n∑
k=1

|ck|2||ek||2 ≤ ||
n∑
k=1

ckek||2 ≤ C
n∑
k=1

|ck|2||ek||2.

Èçâåñòíî, ÷òî åñëè ñèñòåìà ek , k = 1, 2, ... , � áåçóñëîâíûé áàçèñ, òî ëþ-
áîé ýëåìåíò ïðîñòðàíñòâà H åäèíñòâåííûì îáðàçîì ïðåäñòàâëÿåòñÿ â âèäå
ðÿäà

x =
∞∑
k=1

xkek,

ïðè÷åì

c

∞∑
k=1

|xk|2||ek||2 ≤ ||x||2 ≤ C

∞∑
k=1

|xk|2||ek||2.

Íàñ áóäåò èíòåðåñîâàòü âîïðîñ î òîì, ïðè êàêèõ óñëîâèÿõ íà ïîñëåäî-
âàòåëüíîñòü {zj}∞j=1 ñèñòåìà {k(λ, zj)}∞j=1 ìîæåò ÿâëÿòüñÿ áåçóñëîâíûì
áàçèñîì â ïðîñòðàíñòâå H .

Ââåäåì îäíó õàðàêòåðèñòèêó äëÿ íåïðåðûâíûõ íà ïëîñêîñòè ôóíêöèé
u , èçìåðÿþùóþ îòêëîíåíèå äàííîé ôóíêöèè îò ãàðìîíè÷åñêèõ ôóíêöèé.
Äëÿ íåïðåðûâíîé ôóíêöèè u , äëÿ z ∈ C è ïîëîæèòåëüíîãî ÷èñëà p ÷åðåç
τ(u, z, p) îáîçíà÷èì ñóïðåìóì âñåõ òàêèõ r > 0 , äëÿ êîòîðûõ âûïîëíÿåòñÿ
óñëîâèå:

inf{ sup
w∈B(z,r)

|u(w)− h(w)|, h ãàðìîíè÷íà B(z, r)} ≤ p.

Òåîðåìà. Ïóñòü H � ôóíêöèîíàëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî öå-
ëûõ ôóíêöèé, óäîâëåòâîðÿþùåå óñëîâèÿì (1) è (2). Ïðåäïîëîæèì, ÷òî äëÿ
ëþáîãî ïîëîæèòåëüíîãî ÷èñëà p íàéäåòñÿ ÷èñëî δ = δ(p) > 0 , òàêîå ÷òî
ôóíêöèÿ τ(z) = τ(lnK(λ), z, p) äëÿ âñåõ λ ∈ C óäîâëåòâîðÿåò óñëîâèþ

inf
z∈B(λ,2τ(λ))

τ(z) ≥ δτ(λ)

è τ(z) = o(|z|) , ïðè |z| −→ ∞ . Òîãäà â ïðîñòðàíñòâå H áåçóñëîâíûõ
áàçèñîâ èç âîñïðîèçâîäÿùèõ ÿäåð íå ñóùåñòâóåò.
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Ïîñòðîåíèå ãëàâíûõ àñèìïòîòèê äëÿ áèôóðêàöèîííûõ ôîðìóë
â çàäà÷å òðåõ òåë

Í.Ð.Èñàíáàåâà
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ
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Ðàññìàòðèâàåòñÿ ïëîñêàÿ ýëëèïòè÷åñêàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë
[1,2], êîòîðàÿ îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé:{

x′′ − 2y′ = ρ(x− µ+ µ−1
(x2+y2)3/2

x− µ
((x−1)2+y2)3/2

(x− 1)),

y′′ + 2x′ = ρ(y + µ−1
(x2+y2)3/2

y − µ
((x−1)2+y2)3/2

y).
(1)

ãäå ρ = 1
1+ε cos t , µ = m2

m1+m2
, t - èñòèííàÿ àíîìàëèÿ. Ñèñòåìà (1) èìååò

ïÿòü ïîñòîÿííûõ ðåøåíèé � òî÷åê ëèáðàöèè: ïðÿìîëèíåéíûõ (L1, L2, L3)
è òðåóãîëüíûõ (L4, L5) . Ýòà ñèñòåìà çàâèñèò îò äâóõ ïàðàìåòðîâ ε è µ .

Ïðè îïðåäåëåííûõ çíà÷åíèÿõ µ = µ∗q è ε = 0 òðåóãîëüíûå òî÷êè ëèá-
ðàöèè ÿâëÿþòñÿ [1] íåãèïåðáîëè÷åñêèìè ñîñòîÿíèÿìè ðàâíîâåñèÿ ñèñòåìû
(1) . Â ñëåäñòâèè ýòîãî ñèñòåìà (1) â îêðåñòíîñòè òðåóãîëüíûõ òî÷åê ëèá-
ðàöèè ïðè çíà÷åíèÿõ ïàðàìåòðîâ µ è ε , áëèçêèõ ê µ = µ∗q è ε = 0 ñî-
îòâåòñòâåííî, ìîæåò èìåòü íåñòàöèîíàðíûå 2πq -ïåðèîäè÷åñêèå ðåøåíèÿ.
Çäåñü âîçíèêàåò âîïðîñ î òîì, ïðè êàêèõ èìåííî çíà÷åíèÿõ ïàðàìåòðîâ
µ è ε âîçíèêàþò óêàçàííûå ðåøåíèÿ. Â ñòàòüå ýòîò âîïðîñ îáñóæäàåòñÿ
ïðèìåíèòåëüíî ê òî÷êå ëèáðàöèè L4(

1
2 ,
√

3
2 ) .
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Íà ïåðâîì ýòàïå ïðåäëàãàåòñÿ â (1) ïðîèçâåñòè çàìåíó: x1 = x, x2 =
y, x3 = x′, x4 = y′ . Òîãäà ñèñòåìà (1) ïðèìåò âèä:

x′ = F (x, µ, ε, t), x ∈ R4, (2)

ãäå

F (x, µ, ε, t) =


x3

x4

2x4 + ρ(x1 − µ+ µ−1

(x21+x22)
3
2
x1 − µ

((x1−1)2+x22)
3
2
(x1 − 1))

−2x3 + ρ(x2 + µ−1

(x21+x22)
3
2
x2 − µ

((x1−1)2+x22)
3
2
x2)

 . (3)

Äàëåå, ïðîèçâåäÿ çàìåíó u = x − x∗ , ãäå x∗ = (1
2 ,
√

3
2 , 0, 0) , ïåðåéäåì ê

ñèñòåìå:
u′ = F (u+ x∗, µ, ε, t), u ∈ R4, (4)

Ïðè ýòîì â ñèñòåìå (4) òî÷êå ëèáðàöèè x∗ ñèñòåìû (2) áóäåò ñîîòâåòñòâî-
âàòü íóëåâîå ñîñòîÿíèå ðàâíîâåñèÿ u = (0, 0, 0, 0) .

Äëÿ ïîñòðîåíèÿ 2πq -ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (4) è ñîîòâåò-
ñòâóþùèõ çíà÷åíèé ïàðàìåòðîâ ε è µ ïðèìåíèì ìåòîä ìàëîãî ïàðàìåòðà
â ôîðìå: 

u(δ, t) = δu1(t) + δ2u2(t) + ...,

ε(δ) = δε1 + δ2ε2 + ...,

µ(δ) = µ∗q + δµ1 + δ2µ2 + ...
(5)

ãäå δ - âñïîìîãàòåëüíûé ìàëûé ïàðàìåòð, à ôóíêöèè uj(t) è êîýôôèöè-
åíòû εj è µj òðåáóþò îïðåäåëåíèÿ. Ôîðìóëû (5) íàçûâàþòñÿ áèôóðêàöè-
îííûìè ôîðìóëàìè.
Òåîðåìà 1 Ðÿäû (5) ñõîäÿòñÿ ïðè ìàëûõ |δ| . Ïðè ýòîì âåðíû ñîîò-

íîøåíèÿ: ε1 = 0 , µ1 = 0 , ε2 6= 0 è µ2 6= 0 .
Ñ ë å ä ñ ò â è å 1. Áèôóðêàöèÿ 2πq -ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû

(1) èìååò îäíîñòîðîííèé õàðàêòåð: ýòè ðåøåíèÿ âîçíèêàþò òîëüêî â
îäíîñòîðîííèõ îêðåñòíîñòÿõ ÷èñåë µ = µ∗q è ε = 0 .

Òàêèì îáðàçîì, ïðåäëàãàåìàÿ ñõåìà ïîçâîëÿåò îïðåäåëèòü ãëàâíûå àñ-
ñèìòîòèêè äëÿ áèôóðêàöèîííûõ ôîðìóë â âèäå:

u(δ, t) = δu1(t) + δ2u2(t),
ε(δ) = δ2ε2,
µ(δ) = µ∗q + δ2µ2

(6)

Ñïðàâåäëèâîñòü òåîðåìû 1 îñíîâàíà íà îïåðàòîðíîì ìåòîäå èññëåäîâà-
íèÿ äâóïàðàìåòðè÷åñêèõ çàäà÷, ïîëó÷åííîì â [3]. Ïðè ýòîì äëÿ ÷èñåë ε2

è µ2 ìîãóò áûòü ïîëó÷åíû ÿâíûå àíàëèòè÷åñêèå ôîðìóëû.
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Ïóñòü α > 0, |θ| < π �ôèêñèðîâàííûå ÷èñëà. Ðàññìîòðèì îïåðàòîð Hθ,
ïîðîæäåííûé â L2(0,∞) äèôôåðåíöèàëüíûì âûðàæåíèåì lθy := −y′′ +
eiθxαy è êðàåâûì óñëîâèåì y(0) = 0. Èçâåñòíî (ñì., íàïðèìåð, [1]), ÷òî
ñïåêòð Hθ ëåæèò íà ëó÷å;

λk ∼ C0 · e
2θi
2+αk

2α
2+α , C0 > 0. (1)

Ïóñòü Lθ = Hθ + V, V � îïåðàòîð óìíîæåíèÿ íà ëîêàëüíî ñóììèðóåìóþ
ôóíêöèþ V (x), {µk}∞1 � ñîáñòâåííûå ÷èñëà îïåðàòîðà Lθ, ïðîíóìåðîâàí-
íûå â ïîðÿäêå âîçðàñòàíèÿ ìîäóëåé ñ ó÷åòîì êðàòíîñòåé. Â ñàìîñîïðÿæåí-
íîì ñëó÷àå (ïðè θ = 0 ) åñëè

V (x) = o (xα) , x→ +∞, (2)

òî

µk ∼ λk, k →∞. (3)

Ïðè θ 6= 0 äëÿ âûïîëíåíèÿ (3) ïðèõîäèòñÿ íà V íàêëàäûâàòü ãîðàçäî
áîëåå æåñòêèå óñëîâèÿ [2]:
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1) V ∈ L1
loc(0,+∞) è äîïóñêàåò àíàëèòè÷åñêîå ïðîäîëæåíèå â óãîë Uθ =

{−θ/(2 + α) < arg z < 0} ,
2) V (z) = o(zα), z →∞, ðàâíîìåðíî ïî −θ/(2 + α) ≤ arg z ≤ 0.
Âîçíèêàåò âîïðîñ î ñòåïåíè íåîáõîäèìîñòè ýòèõ óñëîâèé äëÿ âûïîëíå-

íèÿ îöåíêè (3).
Ìû îãðàíè÷èìñÿ ãëàäêèìè âîçìóùåíèÿìè â ñëåäóþùåì ñìûñëå: V �

îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ V (x), êîòîðàÿ, äîïîëíèòåëüíî ê (2), óäî-
âëåòâîðÿåò óñëîâèÿì

V ′ ∈ AC[0,+∞) è

∫ +∞

0

(
|V ′′|

(1 + x)3α/2
+

|V ′|2

(1 + x)5α/2

)
dx <∞. (4)

Îáîçíà÷èì q(x) = eiθxα + V (x),Lq = {z = q(x), x ∈ [0,+∞). Èçâåñòíî
(ñì., íàïðèìåð, [3, c. 92]), ÷òî ïðè âûïîëíåíèè óñëîâèé (3) è (4) óðàâíåíèå

−y′′ + (eiθxα + V (x))y = λy (5)

èìååò ðåøåíèÿ e è e+ , äëÿ êîòîðûõ ñïðàâåäëèâû àñèìïòîòè÷åñêèå ïðåä-
ñòàâëåíèÿ

e
(k)
± (x, λ) ∼ ±(q − λ)(−1+2k)/4 exp

(
±
∫ x

0

√
q − λdt

)
, k = 0, 1, x→ +∞,

(6)
ðàâíîìåðíî ïî λ èç ëþáîãî êîìïàêòà K ⊂ C, íå ïåðåñåêàþùåãîñÿ ñ êðèâîé
Lq ,

Ââåäåì îáîçíà÷åíèÿ. Ïóñòü LNθ = HN
θ +V, ãäå HN

θ � îïåðàòîð, êîòîðûé
ïîëó÷àåòñÿ èç Hθ çàìåíîé êðàåâîãî óñëîâèÿ y(0) = 0 íà y′(0) = 0. Îáîçíà-
÷èì ÷åðåç {λNk }∞1 è {µNk }∞1 � ñîáñòâåííûå ÷èñëà îïåðàòîðîâ Hθ, Lθ, H

N
θ

è LNθ ñîîòâåòñòâåííî, ïðîíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ ìîäóëåé ñ
ó÷åòîì èõ êðàòíîñòåé. Ïóñòü 0 < θ < π (ñëó÷àé −π < θ < 0 àíàëîãè÷åí),
îáîçíà÷èì S(R, θ) = Uθ ∩ {|z| < R}.

Åñëè Ω � îäíîñâÿçíàÿ îáëàñòü â êîìïëåêñíîé ïëîñêîñòè, òî ÷åðåç
DE1(Ω) îáîçíà÷èì ìíîæåñòâî ôóíêöèé q , êîòîðûå êîíå÷íîé ïîñëåäîâà-
òåëüíîñòüþ ïðåîáðàçîâàíèé Äàðáó [4] ïîëó÷àþòñÿ èç íåêîòîðîé ôóíêöèè
q0 (ñâîåé äëÿ êàæäîãî q ), ïðèíàäëåæàùåé êëàññó Ñìèðíîâà E1(Ω) [5, c.
205].
Òåîðåìà 1 Ïóñòü V äîïóñêàåò ìåðîìîðôíîå ïðîäîëæåíèå â óãîë Uθ

òàê, ÷òî
à) ∀ R > 0 V ∈ DE1(S(R, θ)),
b) óãëîâûå ãðàíè÷íûå çíà÷åíèÿ ôóíêöèè V íà ëó÷å arg z = −θ/(2 + α)

òàêîâû, ÷òî ôóíêöèÿ W (x) = V (e−θi/(2+α)x) óäîâëåòâîðÿåò óñëîâèÿì
(2) è (4),
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c) ∀ λ W (e−, ê−) = 0, ãäå W � âðîíñêèàí, e−(z, λ) è ê−(z, λ) �
ðåøåíèÿ óðàâíåíèÿ (5), óäîâëåòâîðÿþùèå îöåíêå (6) íà ëó÷àõ arg z = 0
è arg z = −θ/(2 + α) ñîîòâåòñòâåííî.

Òîãäà {e−2θi/(2+α)µk} è {e−2θi/(2+α)µNk } ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñ-
ëàìè îïåðàòîðîâ H0 +W è HN

0 +W , ãäå W � îïåðàòîð óìíîæåíèÿ íà
ôóíêöèþ W (x) = e−2θi/(2+α)V

(
xe−θi/(2+α)

)
, òàê ÷òî

µk ∼ λk, µ
N
k ∼ λNk , k →∞. (7)

Îáðàòíî, åñëè ñóùåñòâóåò ôóíêöèÿ W (x) òàêàÿ, ÷òî
(i) äëÿ íåå âûïîëíåíû óñëîâèÿ (2) è (4),
(ii) {e−2θi/(2+α)µk} è {e−2θi/(2+α)µNk } ÿâëÿþòñÿ ñîáñòâåííûìè ÷èñëà-

ìè îïåðàòîðîâ H0 + W è HN
0 + W , òî ôóíêöèÿ V äîïóñêàåò ìåðî-

ìîðôíîå ïðîäîëæåíèå â óãîë Uθ òàê, ÷òî âûïîëíÿþòñÿ a) � c), ïðè÷åì
V
(
xe−θi/(2+α)

)
= e−2θi/(2+α)W (x).
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Ðåøåíèå îáðàòíûõ ñïåêòðàëüíûõ çàäà÷, ïîðîæäåííûõ
âîçìóùåííûìè ñàìîñîïðÿæåííûìè îïåðàòîðàìè

Ñ.È. Êàä÷åíêî
Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Ìàãíèòîãîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ
e-mail: kadchenko@masu.ru

Â ðàáîòàõ [1]-[2] áûë ðàçðàáîòàí ÷èñëåííûé ìåòîä âû÷èñëåíèÿ ñîáñòâåí-
íûõ çíà÷åíèé ïîëóîãðàíè÷åííûõ ñíèçó äèñêðåòíûõ îïåðàòîðîâ, êîòîðûé,
ïî ïðåäëîæåíèþ àâòîðà, áûë íàçâàí ìåòîäîì ðåãóëÿðèçîâàííûõ ñëåäîâ
(ÐÑ). Íà îñíîâå ïîñòðîåííîé òåîðèè ðàçðàáîòàí ÷èñëåííûé ìåòîä, ïîçâîëÿ-
þùèé ðåøàòü îáðàòíûå ñïåêòðàëüíûå çàäà÷è, ïîðîæäåííûå äèñêðåòíûìè
ïîëóîãðàíè÷åííûìè ñíèçó îïåðàòîðàìè çàäàííûìè â ñåïàðàáåëüíîì ãèëü-
áåðòîâîì ïðîñòðàíñòâå.

Ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà T +P(
T + P

)
u = βu,

ãäå T - äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, P - îãðàíè÷åí-
íûé îïåðàòîð, çàäàííûå â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H .
Äîïóñòèì, ÷òî èçâåñòíû ñîáñòâåííûå çíà÷åíèÿ {µn}∞n=1 è îðòîíîðìèðîâàí-
íûå ñîáñòâåííûå ôóíêöèè {ωn}∞n=1 îïåðàòîðà T , êîòîðûå çàíóìåðîâàíû
â ïîðÿäêå âîçðàñòàíèÿ ñîáñòâåííûõ çíà÷åíèé µn ïî âåëè÷èíå ñ ó÷åòîì
êðàòíîñòè. Îáîçíà÷èì ÷åðåç νn êðàòíîñòü ñîáñòâåííîãî çíà÷åíèÿ µn , à
êîëè÷åñòâî âñåõ íåðàâíûõ äðóã äðóãó ñîáñòâåííûõ çíà÷åíèé µn , êîòîðûå

ëåæàò âíóòðè îêðóæíîñòè Tn0 ðàäèóñà ρn0 =
|µn0+1+µn0 |

2 ñ öåíòðîì â íà÷àëå
êîîðäèíàò êîìïëåêñíîé ïëîñêîñòè, ÷åðåç n0 . Ïóñòü {βn}∞n=1 - ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà T +P , çàíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ èõ äåé-
ñòâèòåëüíûõ ÷àñòåé ñ ó÷åòîì àëãåáðàè÷åñêîé êðàòíîñòè. Ïóñòü äëÿ âñåõ
n ∈ N âûïîëíÿþòñÿ íåðàâåíñòâà qn = 2‖P‖

|µn+νn−µn|
< 1 . Èçâåñòíî, ÷òî â ýòîì

ñëó÷àå êîíòóð Tn0 ñîäåðæèò îäèíàêîâîå êîëè÷åñòâî ñîáñòâåííûõ çíà÷åíèé
îïåðàòîðîâ T è T + P [3].
Òåîðåìà 1. Ïóñòü T - äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð,

à P - îãðàíè÷åííûé îïåðàòîð, äåéñòâóþùèå â ñåïàðàáåëüíîì ãèëüáåðòî-
âîì ïðîñòðàíñòâå H . Åñëè äëÿ âñåõ n ∈ N âûïîëíÿþòñÿ íåðàâåíñòâà
qn < 1 è ñîáñòâåííûå ôóíêöèè {ωn}∞n=1 îïåðàòîðà T ÿâëÿþòñÿ áàçèñîì
â H , òî ñîáñòâåííûå çíà÷åíèÿ {βn}m0

n=1 îïåðàòîðà T + P âû÷èñëÿþòñÿ ïî
ôîðìóëàì:

βn = µn + (Pωn, ωn) + δ̃1(n), n = 1,m0,

ãäå m0 =
n0∑
n=1

νn , |δ̃1(n)| ≤ (2n− 1)ρn
q2

1−q , δ̃1(n) = δ1(n)− δ1(n− 1) .
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Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ ïîòåíöèàëà P ïî ñîáñòâåííûì çíà-
÷åíèÿì {µn}∞n=1 è ñîáñòâåííûì ôóíêöèÿì {ωn}∞n=1 îïåðàòîðà T è ñîá-
ñòâåííûì çíà÷åíèÿì {βn}∞n=1 îïåðàòîðà T + P â ãèëüáåðòîâîì ïðîñòðàí-
ñòâå L2(a, b) , ãäå (a, b) - èíòåðâàë èçìåíåíèÿ ïåðåìåííîé s . Ïóñòü T -
äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, à P - îãðàíè÷åííûé îïå-
ðàòîð óìíîæåíèÿ íà ôóíêöèþ p(s) . Åñëè äëÿ âñåõ n ∈ N âûïîëíÿþòñÿ
íåðàâåíñòâà qn < 1 è ñîáñòâåííûå ôóíêöèè {ωn}∞n=1 îïåðàòîðà T ÿâëÿåò-
ñÿ áàçèñîì â L2(a, b) , òî ñîãëàñíî òåîðåìå 1 ñîáñòâåííûå çíà÷åíèÿ {βn}m0

n=1

îïåðàòîðà T + P âû÷èñëÿþòñÿ ïî ôîðìóëàì:

βn = µn +

∫ b

a

ω2
n(s)p(s)ds+ δ̃1(n), n = 1,m0.

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà

Ap ≡
∫ b

a

K(x, s)p(s)ds = f(x), c ≤ x ≤ d, (1)

ãäå ôóíêöèè f(x) è K(x, s) òàêèå, ÷òî

f(xn) = βn − µn − δ̃1(n), K(xn, s) = ω2
n(s), c ≤ xn ≤ d, n = 1,m0.

Ïóñòü ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (1) K(x, s) íåïðåðûâíî è çàìêíóòî
â êâàäðàòå Π = [a, b]× [c, d] , à ôóíêöèè p(s) ∈ W 1

2 [a, b] è f(x) ∈ L2[c, d] .
Çàäà÷à ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà

(1) ÿâëÿåòñÿ íåêîððåêòíî ïîñòàâëåííîé. Åå ïðèáëèæåííîå ðåøåíèå ìîæåò
áûòü íàéäåíî ñ ïîìîùüþ ìåòîäà ðåãóëÿðèçàöèè Í. À. Òèõîíîâà. ×èñëåííîå
ðåøåíèå óðàâíåíèÿ (1) áóäåò îïðåäåëÿòü çíà÷åíèÿ ôóíêöèè p(s) â óçëî-
âûõ òî÷êàõ si , i = 1, I , a = s1 < s2 < ... < sI = b . ×èñëî óçëîâûõ òî÷åê I

ìîæíî âûáðàòü äîñòàòî÷íî áîëüøèì, ÷òîáû ïîëó÷èòü õîðîøóþ òî÷íîñòü
ïðè èíòåðïîëÿöèè ôóíêöèè p(s) .

Ìåòîä áûë ïðîâåðåí íà îáðàòíûõ çàäà÷àõ äëÿ îïåðàòîðîâ òèïàØòóðìà-
Ëèóâèëëÿ. Ðåçóëüòàòû ìíîãî÷èñëåííûõ ðàñ÷åòîâ ïîêàçàëè åãî âû÷èñëè-
òåëüíóþ ýôôåêòèâíîñòü.
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Ïðîñòåéøèé ïëàçìîõèìè÷åñêèé ìåõàíèçì

À.Ê.Êàéðàêáàåâ, À.Ñ.Êàéðàêáàåâà
Ñàìàðñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé

óíèâåðñèòåò, Ñàìàðà, Ðîññèÿ
e-mail: kairak@mail.ru

Îáîñíîâàíèå ñîîòâåòñòâèÿ ìàòåìàòè÷åñêîé ìîäåëè ðåàëüíîìó ïðîöåññó
ÿâëÿåòñÿ âàæíåéøåé èññëåäîâàòåëüñêîé çàäà÷åé. Òàêàÿ çàäà÷à, â ÷àñò-
íîñòè, âêëþ÷àåò â ñåáÿ òåîðåòè÷åñêîå îïðåäåëåíèå îáëàñòè àäåêâàòíîñòè
ìîäåëè â ïðîñòðàíñòâå ïàðàìåòðîâ, êîòîðîå çà÷àñòóþ óñëîæíÿåòñÿ íåëè-
íåéíîñòüþ óðàâíåíèé, íåîïðåäåëåííîñòüþ êîýôôèöèåíòîâ è ïàðàìåòðîâ
ñèñòåì óðàâíåíèé, âõîäÿùèõ â ìàòåìàòè÷åñêóþ ìîäåëü.
Ðàññìîòðèì ïëàçìîõèìè÷åñêèé ìåõàíèçì (ñì., íàïðèìåð,[1],[2]):

(p1) e+M
k0−→ R1 + ...+Rl + e,

(p2) M +Ri +Rj
k11−→ B,

(p3) B +Ri +Rj
k22−→ B′,

(p4) Ri +Rj
k12−→ B,

(p5) Ri +Rj
k12−→M,

(p6) e+B
b0−→ Ri +Rj + e,

(p7) R +M
q1−→ B +R,

(p8) R
χ1−→ Rads.

Íåîáõîäèìûå ïîÿñíåíèÿ ê ýòèì ïðîöåññàì ñëåäóþùèå: (p1)� äèññîöèàöèÿ
ìîëåêóë ïîä âîçäåéñòâèåì ýëåêòðîííîãî óäàðà; (p2),(p3)�ïîÿâëåíèå
íîâûõ ñòàáèëüíûõ ìîëåêóë è ïðåîáðàçîâàíèå ðàäèêàëà îäíîãî òèïà â
ðàäèêàë äðóãîãî òèïà; (p4) è (p5)� ðåêîìáèíàöèÿ ðàäèêàëîâ, â ðåçóëüòàòå
êîòîðîãî ïîÿâëÿåòñÿ ìîëåêóëû íîâîãî ïðîäóêòà è âîññòàíàâëèâàåòñÿ
ìîëåêóëû èñõîäíîãî âåùåñòâà ñîîòâåòñòâåííî; (p6)� ðàñïàä ìîëåêóë íî-
âîãî ïðîäóêòà ïîä äåéñòâèåì ýëåêòðîííîãî óäàðà; (p7)� äèññîöèàòèâíàÿ
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ðåêîìáèíàöèÿ, äàþùàÿ âîçìîæíîñòü ñèíòåçà; (p8)� äèôôóçèîííûé óõîä
èç çîíû ðåàêöèè.
Ñîîòâåòñòâóþùàÿ ìàòåìàòè÷åñêàÿ ìîäåëü èìååò âèä:

d[M ]
dτ = −[k0ne][M ]− [k11][R]2[M ]− [q1][R][M ] + [k12][R]2,
d[B]
dτ = −[k2][B] + [q1][R][M ]− [k22][B][R]2 + [k11][M ][R]2 + [k12][R]2,
d[R]
dτ = [k0ne][M ] + [b0ne][B] + [k1][R]− [k12][R]2 − ([k11[M ] + [k22][B])[R]2,
[M(0)] = [M0], [B(0)] = [B0], [R(0)] = [R0].

Çäåñü [M ] � êîíöåíòðàöèÿ èñõîäíîãî âåùåñòâà, [R] � ñóììàðíàÿ êîí-
öåíòðàöèÿ àêòèâíûõ ðàäèêàëîâ, [B] � ïîëíàÿ êîíöåíòðàöèÿ ñèíòåçèðó-
åìûõ ïðîäóêòîâ, [ne] � êîíöåíòðàöèÿ ýëåêòðîíîâ. [k0], [b0], [ρ0] � êîýô-
ôèöèåíòû ñêîðîñòåé ðàñïàäà ìîëåêóë èñõîäíîãî âåùåñòâà, ÷àñòèö íîâî-
ãî ïðîäóêòà è ïåðâè÷íûõ ðàäèêàëîâ ïîä âîçäåéñòâèåì ýëåêòðîííûõ èì-
ïóëüñîâ, [k22], [k11], [k12], [q1]� êîýôôèöèåíòû ñêîðîñòè ñèíòåçà íîâîãî
ïðîäóêòà. [k2] = [χ2 − b0ne], ãäå [χ2] � êîýôôèöèåíò ñêîðîñòè äèôôó-
çèîííîãî ïðåáûâàíèÿ òÿæåëûõ ÷àñòèö â çîíó ðåàêöèè, [k1] = [ρ0ne − χ1],
[χ1] � êîýôôèöèåíò ñêîðîñòè äèôôóçèîííîãî óõîäà ðàäèêàëîâ (ëåãêèõ ÷à-
ñòèö) èç çîíû ðåàêöèè, τ �âðåìÿ. Êîíöåíòðàöèè [M ], [R], [B], [ne] èç-

ìåðÿþòñÿ â (m−3). Ðàçìåðíîñòè d[M ]
dτ ,

d[R]
dτ ,

d[B]
dτ ,∼ (m−3c−1); [ki] ∼ (c−1);

[kii] ∼ (m6c−1), [k0], [b0], [q1], [k12] ∼ (m3c−1), τ ∼ (c).
Ïåðåõîäÿ ê áåçðàçìåðíûì âåëè÷èíàì ñ ïîìîùüþ ðàâåíñòâ

[M ] = [M0]µ, [B] = [M0]β, [R] = [M0]r, t[T ] = τ, k0ne = [k0][ne][T ], kii =
[kii][M0]

2[T ], k12 = [k12][M0][T ], b0ne = [b0][ne][T ], q1 = [q1][M0][T ] ki =
[ki][T ], ˙( ) = d

dt , [T ] = 100c, ïîëó÷èì çàäà÷ó
µ̇ = −k0neµ− k11r

2µ− q1rµ+ k12r
2, µ(0) = 1,

β̇ = −k2β + k11r
2µ− k22r

2β + q1rµ+ k12r
2, β(0) = β0,

ṙ = k0neµ+ b0neβ + k1r − (k11µ+ k22β)r2 − k12r
2, r(0) = r0.

(1)

Äàëåå, ïðåäïîëàãàåòñÿ, ÷òî

0 ≤ β0, r0 << 1. (2)

Ñëåäóåò îòìåòèòü, ÷òî çíà÷åíèÿ êîýôôèöèåíòîâ ñèñòåìû óðàâíåíèé (1)
íåèçâåñòíû. Èçâåñòíî ëèøü òî, ÷òî

b0ne, kii, k12, q1, k2, k0ne, k12 − k22 + k11 ≥ 0, i = 1, 2. (3)

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îïðåäåëåíèå â ïðîñòðàíñòâå êîýôôèöè-
åíòîâ îáëàñòè, â êîòîðîé ìîäåëü íå ïðèâîäèò ê ôèçè÷åñêè ïðîòèâîðå÷èâûì
çíà÷åíèÿì êîíöåíòðàöèé. Äðóãèìè ñëîâàìè, âûÿâëåíèå íåîáõîäèìûõ è äî-
ñòàòî÷íûõ óñëîâèé íà êîýôôèöèåíòû, ïðè êîòîðûõ ëþáîå ðåøåíèå çàäà÷è
(1) ïîä÷èíÿåòñÿ òðåáîâàíèÿì:
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0 ≤ µ(t), β(t), r(t) ≤ 1, ∀t ∈ [0;∞). (4)

Òåîðåìà. Êàæäîå ðåøåíèå çàäà÷è (1), (2), (3) óäîâëåòâîðÿåò íåðàâåí-
ñòâàì (4) òîãäà è òîëüêî òîãäà, êîãäà

k12 − k11 − q1 − k0ne < 0,
k12 − k22 + k11 + q1 − k2 < 0,
0 ≤ k11 − k0ne, k22 − b0ne, k12 − k1 ≤ 1.

Ïîäîáíàÿ ïîñòàíîâêà çàäà÷è áûëà ðàññìîòðåíà â ðàáîòå [3], â êîòîðîé
ïðèâîäèòñÿ ïîäðîáíîå äîêàçàòåëüñòâî âñåõ óòâåðæäåíèé. Ñõåìà äîêàçà-
òåëüñòâà ñôîðìóëèðîâàííîé âûøå òåîðåìû àíàëîãè÷íà [3]. Ïîêàçàííûé
ïîäõîä ìîæåò áûòü ïîëåçíûì äëÿ èçó÷åíèÿ è ïîíèìàíèÿ ïðîöåññîâ â ïëàç-
ìîõèìè÷åñêîì ðåàêòîðå.
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Â òåîðèè íåëèíåéíûõ âîëíîâûõ óðàâíåíèé âàæíóþ ðîëü èãðàåò àñèìï-
òîòè÷åñêèé ìåòîä Óèçåìà, â êîòîðîì ðåøåíèÿ óðàâíåíèé ïðåäñòàâëÿþòñÿ â
âèäå íåëèíåéíûõ ïåðèîäè÷åñêèõ âîëí ñ ïàðàìåòðàìè, ìàëî ìåíÿþùèìèñÿ
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íà îäíîé äëèíå âîëíû è íà îäíîì ïåðèîäå, òàê ÷òî ìîäóëÿöèîííûå óðàâ-
íåíèÿ Óèçåìà îïèñûâàþò ìåäëåííóþ ýâîëþöèþ ýòèõ ïàðàìåòðîâ. Îáû÷íî
ýòè ìîäóëÿöèîííûå óðàâíåíèÿ âûâîäÿòñÿ ïîñðåäñòâîì óñðåäíåíèÿ çàêîíîâ
ñîõðàíåíèÿ äàííîãî ýâîëþöèîííîãî óðàâíåíèÿ èëè æå óñðåäíåíèÿ ñîîòâåò-
ñòâóþùåãî ëàãðàíæèàíà ïî áûñòðûì îñöèëëÿöèÿì âîëíû [1]. Â ðåçóëüòà-
òå âîçíèêàåò ñèñòåìà óðàâíåíèé ïåðâîãî ïîðÿäêà ñ ÷èñëîì ïåðåìåííûõ,
ðàâíûì ÷èñëó ìîäóëÿöèîííûõ ïàðàìåòðîâ, ïðè÷¼ì â ñëó÷àå ýâîëþöèîí-
íûõ óðàâíåíèé, èíòåãðèðóåìûõ ìåòîäîì îáðàòíîé çàäà÷è, ìîäóëÿöèîííûå
óðàâíåíèÿ Óèçåìà äîïóñêàþò ïåðåõîä ê äèàãîíàëüíîé ðèìàíîâîé ôîðìå

∂λk
∂t

+ vk(λ)
∂λk
∂x

= 0, k = 1, . . . , N, (1)

äëÿ N ìîäóëÿöèîííûõ ïàðàìåòðîâ (ðèìàíîâûõ èíâàðèàíòîâ) λk , ãäå vk �
óèçåìîâñêèå ñêîðîñòè. Óèçåì íàø¼ë òàêèå ïåðåìåííûå λk â ñëó÷àå âîëí,
îïèñûâàåìûõ óðàâíåíèåì Êîðòåâåãà-äå Ôðèçà, è ïîçäíåå ïîäîáíûå ïåðå-
ìåííûå áûëè íàéäåíû äëÿ áîëüøîãî ÷èñëà äðóãèõ íåëèíåéíûõ ýâîëþöè-
îííûõ óðàâíåíèé. Îñîáåííî ýôôåêòèâíûå ìåòîäû ñóùåñòâóþò äëÿ ýâîëþ-
öèîííûõ óðàâíåíèé

ui,t = K(uj, uj,x, . . . ), i, j = 1, . . . ,M,

ïðèíàäëåæàùèõ ñõåìå Àáëîâèöà-Êàóïà-Íüþýëëà-Ñåãþðà (ÀÊÍÑ) [2], êî-
ãäà ýòè óðàâíåíèÿ ìîãóò áûòü ïðåäñòàâëåíû â âèäå óñëîâèÿ ñîâìåñòíîñòè
ëèíåéíûõ óðàâíåíèé

ψxx = Aψ, ψt = −1
2Bxψ + Bψx, (2)

ãäå A, B ÿâëÿþòñÿ ôóíêöèÿìè êàê ïåðåìåííûõ ui , òàê è ñïåêòðàëüíî-
ãî ïàðàìåòðà λ . Â ýòîì ñëó÷àå, â ÷àñòíîñòè, óèçåìîâñêèå ñêîðîñòè ìîãóò
áûòü ïðåäñòàâëåíû â óäîáíîì äëÿ âû÷èñëåíèé âèäå, âûðàæåííîì ÷åðåç B
è ïðîèçâåäåíèå áàçèñíûõ ôóíêöèé g = ψ∗ψ ñïåêòðàëüíîé çàäà÷è (2) (ñì.,
íàïðèìåð, [3]). Áûëà ðàçâèòà îáøèðíàÿ òåîðèÿ òàêèõ óðàâíåíèé, êîòîðàÿ
íàøëà ìíîãî÷èñëåííûå ïðèëîæåíèÿ, â ÷àñòíîñòè, ê òåîðèè äèñïåðñèîííûõ
óäàðíûõ âîëí, íàáëþäàâøèõñÿ êàê â ïðèðîäíûõ ÿâëåíèÿõ, òàê è â ëàáî-
ðàòîðíûõ ýêñïåðèìåíòàõ (ñì., íàïðèìåð, èíòåðíåò-ðåñóðñ [4]). Îäíàêî ïðè
àñèìïòîòè÷åñêè áîëüøèõ âðåìåíàõ ìàëûå ïîïðàâêè ê èñõîäíûì íåëèíåé-
íûì âîëíîâûì óðàâíåíèÿì ìîãóò èãðàòü ñòîëü æå âàæíóþ ðîëü â ìåäëåí-
íîé ýâîëþöèè ìîäóëÿöèîííûõ ïàðàìåòðîâ, ÷òî è ìàëûå ãðàäèåíòû ýòèõ
ïàðàìåòðîâ. Ýòî ñòàâèò çàäà÷ó îáîáùåíèÿ ìåòîäà Óèçåìà íà âîçìóù¼ííûå
óðàâíåíèÿ

ui,t = K(uj, uj,x, . . . ) + νRi(x, uj, uj,x, . . .), i, j = 1, . . . ,M, (3)
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ãäå ν � ìàëûé ïàðàìåòð ïðè âîçìóùàþùèõ ÷ëåíàõ Ri(x, uj, uj,x, . . .) . Â äî-
êëàäå áóäåò èçëîæåíî ðåøåíèå ýòîé çàäà÷è [5, 6, 7] â ðàìêàõ ñõåìû ÀÊÍÑ,
êîãäà ìîäóëÿöèîííûå óðàâíåíèÿ (1) ïðèîáðåòàþò äîïîëíèòåëüíûå ñëàãàå-
ìûå, îáóñëîâëåííûå âîçìóùåíèåì:

∂λk
∂t

+ vk(λ)
∂λk
∂x

= νρi, k = 1, . . . , N. (4)

Â ðàìêàõ ýòîé òåîðèè áóäóò ïðåäúÿâëåíû ôîðìóëû äëÿ ôóíêöèé ρi , âû-
ðàæàþùèå èõ ÷åðåç âîçìóùàþùèå ñëàãàåìûå R è ôóíêöèþ A ñïåêòðàëü-
íîé çàäà÷è (2). Îáùàÿ òåîðèÿ áóäåò ïðîèëëþñòðèðîâàíà ïðèëîæåíèÿìè ê
ìîäóëÿöèîííûì çàäà÷àì äëÿ íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà ñ âîçìó-
ùåíèåì

iut + 1
2uxx − |u|

2ψ = iνG(|u|2)u,
ãäå G � äåéñòâèòåëüíàÿ ôóíêöèÿ îò |u|2 . Áóäåò ïîêàçàíî íà êîíêðåòíûõ
çàäà÷àõ, ÷òî íàëè÷èå òàêîãî ìàëîãî âîçìóùåíèÿ ðàäèêàëüíî ìåíÿåò õàðàê-
òåð ðåøåíèÿ ïðè àñèìïòîòè÷åñêè áîëüøèõ âðåìåíàõ t & ν−1 . Â ÷àñòíîñòè,
ðåøåíèå ìîæåò âûõîäèòü íà ñòàöèîíàðíûé ðåæèì, ÷òî áûëî íåâîçìîæíî
â íåâîçìóù¼ííîé çàäà÷å, è ìåòîä Óèçåìà ïîçâîëÿåò âû÷èñëèòü îñíîâíûå
õàðàêòåðèñòèêè âîçíèêàþùåé âîëíîâîé ñòðóêòóðû.
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Çàäà÷à Äèðèõëå äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ ñ
ñèíãóëÿðíûì ïîòåíöèàëîì

Á.Å.Êàíãóæèí, Í.Å.Òîêìàãàìáåòîâ
Êàçàõñêèé íàöèîíàëüíûé óí�ò èì. àëü�Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Çäåñü â ãèëüáåðòîâîì ïðîñòðàíñòâå ðàññìîòðåí êëàññ êîððåêòíûõ çàäà÷
äëÿ ïîëèãàðìîíè÷åñêîãî îïåðàòîðà â ïðîêîëîòîé îáëàñòè. Ïîëó÷åí àíàëîã
äëÿ ôîðìóëû Ãðèíà è êëàññ ñàìîñîïðÿæåííûõ çàäà÷. Íàéäåíû íåêîòîðûå
òîæäåñòâà äëÿ ñîáñòâåííûõ çíà÷åíèé. Âû÷èñëåíû ôîðìóëû ðåãóëÿðèçî-
âàííûõ ñëåäîâ ðàññìàòðèâàåìûõ îïåðàòîðîâ.

�Painleve 34� equation: equivalence test

V.V.Kartak
Bashkir State University, Ufa, Russia

e-mail: kvera@mail.ru

At the beginning of XX century P. Painleve and others found all (special
type) second order ODE's whose general solutions have no movable critical
singularities � total of 50 equations. Six of which were principaly new � irre-
ducible equations � (they did not allow reducing the order, and their solutions
de�ned new special functions), they are currently called the Painleve equations
(the PI-PVI equations). In some books all these 50 equations named �Painleve
equation 1-50�. The complete list of them is in book [1]. In particular, �Painleve
34� equation is characterized in that their general solution and PII solution

PII. ỹ′′ = 2ỹ3 + x̃ỹ + a, a = const (1)

are expressed one another explicitly using the B�acklund transformation, see [1].
They can be written in the form of a Hamiltonian system of ordinary di�erential
equations with one degree of freedom, see [2].
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In paper [2] as �Painleve 34� is named the following equation:

y′′ =
y′2

2y
− 2y2 − xy − β2

2y
, β = const. (2)

Note, that equation from class 34 of Gambier plays important role in the
description of multi-ion electrodi�usion models, see [3].

In paper [4] was �rst stated the problem to derive syzygies (relationships
between invariants) for every equation from the list of �Painleve equation 1-
50�. In the present paper completely solved the equivalence problem under
nondegenerate point transformations for the �Painleve 34� equation (2).

Equation (2) is from the following class of the second order ODE's

y′′ = P (x, y) + 3Q(x, y)y′ + 3R(x, y)y′2 + S(x, y)y′3, (3)

that is the closed under the point transformations x̃ = x̃(x, y), ỹ = ỹ(x, y).
In the set of papers, for example see [5], Ruslan Sharipov managed to build

the system of the (pseudo)invariants for the arbitrary equation (3) so that all
their formulas are calculated explicitly via the coe�cients of the equation (3).
On the base of this system he has made the classi�cation of the equations (3).
Here we use this classi�cation for solving the equivalence problem. Explicit
formulas for the parameters A , B , F , M and invariants I1 , I2 , I4 , I7 see
in papers [5], [6].
Theorem 1. In the case β = 0 equation (2) (that is written in variables

(x, y) ) is equivalent to Painleve II equation (1) with zero parameter a = 0
(that is written in variables (x̃, ỹ) ) by the following change of variables
ỹ = i

√
y/ 6
√

2, x̃ = −x/ 3
√

2 , ⇒ x = − 3
√

2x̃, y = − 3
√

2ỹ2.

If β 6= 0 , we could make the following change of variables: y = ỹ1/3β2/3,
x = x̃β2/3, then equation (2) will be the following:

ỹ′′ =
5ỹ′2

6ỹ
− β2ỹ1/3

(
6ỹ + 3x̃ỹ2/3 +

3

2

)
. (4)

Theorem 2. The necessary and su�cient conditions for a certain equation
(3) to be equivalent to the �Painleve 34� equation (4) are the following:

1. The equation corresponds to the case of intermediate degeneration:
A 6= 0 or B 6= 0 , but F = 0 .

2. The equation corresponds to the case 1.4 of intermediate degeneration:
M 6= 0 , I2 = 0 , I7 = 0 .

3. The necessary equivalence condition is satis�ed:

500I41 − 7275I31 + 500I4I
2
1 + 32940I21 − 5475I4I1 − 47628I1 + 125I24 + 13230I4 = 0.
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4. There exists a nondegenerate invariant change of variables

ỹ =
125(2322I1 + 3I4 + 20I4I1 − 915I21 + 75I31 )

2(−1469664 + 1250I4I1 − 13875I4 + 691470I1 − 90825I21 + 3375I31 )
,

x̃ =
(120I3 − 8)ỹ3 + (138 + 180I3)ỹ

2 + (90I3 + 35)ỹ + 15I3

2ỹ5/3(2ỹ − 35)
,

here we should substitude the invariant expression of ỹ .

Example. Equation describing 3-ion case (3a) from [3]

w′′ − w′2

2w
+ ν2

1

(
−2k1w

2 − (Ct+K)w +
k2

w

)
= 0, ν1, k1, k2, C, K = const

is �Painleve 34� equation if ν1, k1, k2, C 6= 0 . All conditions of The-
orem 2 are true. The following point transformation: y = −(k1w

3)/(2k2),

x = −(tC)/(21/3k
2/3
1 k

1/3
2 ) transforms this equation (that is written in vari-

ables (t, w) ) into equation (4) (that is written into variables (x, y) ).

The work is partially supported by the Government of Russian Federation
through Resolution No. 220, Agreement No. 11.G34.31.0042, Agreement No.
14.B37.21.0358 and RFBR, project 13-01-00149.
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Ïîëíîòà ñèñòåì ïðîèçâîäíûõ àíàëèòè÷åñêèõ ôóíêöèé â
âûïóêëîé îáëàñòè
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Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ

e-mail: kim@matem.anrb.ru

Ïóñòü D ⊂ C - âûïóêëàÿ îáëàñòü, H(D) - ïðîñòðàíñòâî àíàëèòè÷åñêèõ
â îáëàñòè D ôóíêöèé. Â äîêëàäå áóäåò ïðåäñòàâëåí ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 1 Ïóñòü T : H(D) → H(D) - ëèíåéíûé íåïðåðûâíûé îïå-

ðàòîð, òàêîé ÷òî [T, d/dz] = Id , KerT 6= {0} . Ïóñòü f ∈ KerT \ {0} .
Òîãäà ñèñòåìà {f (n), n = 0, 1, · · · } ïîëíà â H(D) .

Â êà÷åñòâå ñëåäñòâèÿ èç ýòîãî ðåçóëüòàòà áóäåò äîêàçàíî, ÷òî îïåðàòîð
T , óäîâëåòâîðÿþùèé óñëîâèÿì ïðèâåäåííîé âûøå òåîðåìû, ÿâëÿåòñÿ ãè-
ïåðöèêëè÷åñêèì îïåðàòîðîì â ïðîñòðàíñòâå H(D) . Ïîäðîáíûå ñâåäåíèÿ î
ãèïåðöèêëè÷åñêèõ îïåðàòîðàõ ìîæíî íàéòè, íàïðèìåð, â ìîíîãðàôèè [1].

Ñïèñîê ëèòåðàòóðû
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Î ðåøåíèÿõ àíèçîòðîïíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé ñ
äâîéíîé íåëèíåéíîñòüþ â íåîãðàíè÷åííûõ îáëàñòÿõ

Ë.Ì.Êîæåâíèêîâà, À.À.Ëåîíòüåâ
Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà,

Ñòåðëèòàìàê, Ðîññèÿ
e-mail: kosul@mail.ru , alexey_leontiev@inbox.ru

Ïóñòü Ω � íåîãðàíè÷åííàÿ îáëàñòü Rn = {x = (x1, x2, . . . , xn)}, n ≥ 2 .
Â öèëèíäðå D = {t > 0} × Ω äëÿ àíèçîòðîïíîãî ïàðàáîëè÷åñêîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà ñ äâîéíîé íåëèíåéíîñòüþ ðàññìàòðèâàåòñÿ ïåðâàÿ
ñìåøàííàÿ çàäà÷à

(|u|k−2u)t =
n∑

α=1

(aα(u2
xα

)uxα)xα, k > 1, (t,x) ∈ D; (1)

u(t,x)
∣∣
S

= 0, S = {t > 0} × ∂Ω; (2)
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u(0,x) = ϕ(x), ϕ(x) ∈ Lk(Ω), ϕxα(x) ∈ Lpα(Ω), α = 1, n. (3)

Ïðåäïîëàãàåòñÿ, ÷òî íåîòðèöàòåëüíûå ôóíêöèè aα(s), s ≥ 0, α = 1, n,
ïîä÷èíÿþòñÿ óñëîâèÿì: a(0) = 0, a(s) ∈ C1(0,∞),

as(pα−2)/2 ≤ aα(s) ≤ âs(pα−2)/2,
p1

2
aα(s) ≤ aα(s) + a′α(s)s ≤ b̂aα(s),

ñ ïîëîæèòåëüíûìè êîíñòàíòàìè â ≥ a, 2b̂ ≥ p1 > k (p1 ≤ p2 ≤ . . . ≤ pn ).
Íàïðèìåð, aα(s) = s(pα−2)/2, α = 1, n, b̂ = pn.

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ çàâèñèìîñòè ñêîðîñòè ñòàáèëèçàöèè
ïðè t → ∞ ðåøåíèÿ çàäà÷è (1) � (3) ñ ôèíèòíîé íà÷àëüíîé ôóíêöèåé
ϕ(x) îò ïîêàçàòåëåé íåëèíåéíîñòè.

Áàíàõîâû ïðîñòðàíñòâà
◦
W 1

k,p(Ω),
◦
W

0,1
k,p(DT ),

◦
W

1,1
k,p(DT ) îïðå-

äåëèì êàê ïîïîëíåíèÿ ïðîñòðàíñòâ C∞0 (Ω), C∞0 (DT+1
−1 ) , ñîîòâåòñòâåí-

íî, ïî íîðìàì ‖u‖W 1
k,p(Ω) =

∑n
α=1 ‖uxα‖Lpα(Ω) + ‖u‖Lk(Ω), ‖u‖W 0,1

k,p(DT ) =

‖u‖Lk(DT ) +
∑n

α=1 ‖uxα‖Lpα(DT ), ‖u‖W 1,1
k,p(DT ) = ‖u‖W 0,1

k,p(DT ) + ‖ut‖Lk(DT ).

Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (1)�(3) ñ ôóíêöèåé

ϕ(x) ∈
◦
W 1

k,p(Ω) íàçîâåì ôóíêöèþ u(t,x) òàêóþ, ÷òî ïðè âñåõ T > 0

u(t,x) ∈
◦
W

0,1
k,p(DT ) è óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó∫

DT

(
−|u|k−2uvt +

n∑
α=1

aα(u2
xα

)uxαvxα

)
dxdt =

∫
Ω

|ϕ(x)|k−2ϕ(x)v(0,x)dx,

äëÿ ëþáîé ôóíêöèè v(t,x) ∈
◦
W

1,1
k,p(DT ), v(T,x) = 0 .

Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1)-(3) äîêàçûâàåòñÿ ìåòîäîì ãàëåðêèí-
ñêèõ ïðèáëèæåíèé, êîòîðûé áûë ïðåäëîæåí Ô.Õ. Ìóêìèíîâûì, Ý.Ð. Àíä-
ðèÿíîâîé äëÿ ìîäåëüíîãî èçîòðîïíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ äâîé-
íîé íåëèíåéíîñòüþ è îáîáùåí àâòîðàìè ñòàòüè íà óðàâíåíèÿ âèäà (1) (ñì.
[1], [2]).

Óòâåðæäåíèå. Åñëè
n∑

α=1
1/pα < 1 + n/pn, òî îáîáùåííîå ðåøå-

íèå u(t,x) çàäà÷è (1)� (3) ñ îãðàíè÷åííîé íà÷àëüíîé ôóíêöèåé ϕ(x) ∈
L∞(Ω)∩

◦
W 1

k,p(Ω) ÿâëÿåòñÿ îãðàíè÷åííûì.
Ïðèâåäåì ðåçóëüòàò îá óáûâàíèè äëÿ îáëàñòåé, ðàñïîëîæåííûõ âäîëü

âûäåëåííîé îñè Oxs, s ∈ 1, n (îáëàñòü Ω ëåæèò â ïîëóïðîñòðàíñòâå xs >
0 , ñå÷åíèå γr = {x ∈ Ω | xs = r} íå ïóñòî è îãðàíè÷åíî ïðè ëþáîì r > 0 ).
Ïðåäïîëàãàåòñÿ, ÷òî

supp ϕ ⊂ ΩR0, R0 > 0.
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Òåîðåìà 1. Cóùåñòâóþò C(ϕ, k, p1, â, b̂) > 0 è îãðàíè÷åííîå ðåøåíèå
u(t,x) çàäà÷è (1)� (3) òàêèå, ÷òî ïðè âñåõ t ≥ 0 ñïðàâåäëèâî íåðàâåí-
ñòâî

‖u(t)‖Lk(Ω) ≥ ‖ϕ‖Lk(Ω) (C(ϕ)t+ 1)−1/(p1−k) .

Äëÿ r > 0 ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ν(r) = inf
{
‖gx1‖Lp1(γr)

∣∣∣ g(x) ∈ C∞0 (Ω), ‖g‖Lp1(γr) = 1
}
,

µ1(r) = inf
{
‖gx1‖Lp1(Ωr)

∣∣∣ g(x) ∈ C∞0 (Ω), ‖g‖Lk(Ωr) = 1
}
,Ωr = {x ∈ Ω |xs < r}.

Ïðåäïîëàãàåòñÿ, ÷òî âûïîëíåíî óñëîâèå: lim
r→∞

µ1(r) = 0. Èíà÷å äîñòèãàåòñÿ

ìàêñèìàëüíàÿ ñêîðîñòü óáûâàíèÿ ðåøåíèÿ, ò.å. ñïðàâåäëèâà îöåíêà

‖u(t)‖Lk(Ω) ≤Mt−1/(p1−k), t > 0.

Òåîðåìà 2. Ïóñòü s ∈ 2, n . Åñëè âûïîëíåíû óñëîâèÿ:

µ1(r) ≥ Cr−a, r > 1, a, C > 0, lim
r→∞

1

ln r

r∫
1

νp1/ps(ρ)dρ =∞,

òî ñóùåñòâóþò M(ps, p1, ‖ϕ‖Lk(Ω)) > 0 è îãðàíè÷åííîå ðåøåíèå u(t, x)
çàäà÷è (1)�(3) òàêèå, ÷òî äëÿ ëþáîãî ε ∈ (0, 1) ñïðàâåäëèâà îöåíêà

‖u(t)‖Lk(Ω) ≤Mt−(1−ε)/(p1−k), t > 0.
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Óáûâàíèå ðåøåíèé àíèçîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ
ìëàäøèìè ÷ëåíàìè â íåîãðàíè÷åííûõ îáëàñòÿõ

Ë.Ì.Êîæåâíèêîâà, À.À.Õàäæè
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñòåðëèòàìàê, Ðîññèÿ
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Ðàáîòà ïîñâÿùåíà íåêîòîðîìó êëàññó àíèçîòðîïíûõ ýëëèïòè÷åñêèõ
óðàâíåíèé âòîðîãî ïîðÿäêà, ïðåäñòàâèòåëåì êîòîðîãî ÿâëÿåòñÿ ìîäåëüíîå
óðàâíåíèå âèäà

n∑
α=1

(
|uxα|pα−2uxα

)
xα
− |u|k−2u = Φ(x), (1)

pn ≥ ... ≥ p2 ≥ p1 > 1, k > 1.

Äëÿ íåãî â ïðîèçâîëüíîé íåîãðàíè÷åííîé îáëàñòè Ω ⊆ Rn = {x =
(x1, x2, ..., xn)}, n ≥ 2, ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå ñ îäíîðîäíûì
ãðàíè÷íûì óñëîâèåì

u
∣∣
∂Ω

= 0. (2)

Îñíîâíîé ðåçóëüòàò ýòîé ðàáîòû � èññëåäîâàíèå çàâèñèìîñòè ñêîðîñòè
óáûâàíèÿ ðåøåíèÿ çàäà÷è (1), (2) îò ãåîìåòðèè íåîãðàíè÷åííîé îáëàñòè Ω
è ïîêàçàòåëåé íåëèíåéíîñòè.

Ïîëîæèì: ‖ · ‖p � íîðìà â ïðîñòðàíñòâå Lp(Ω), p = (p1, p2, ..., pn) .

Îïðåäåëèì ïðîñòðàíñòâî
◦
W 1

k,p(Ω) êàê ïîïîëíåíèå ïðîñòðàíñòâà C∞0 (Ω)
ïî íîðìå

‖v‖ ◦
W1
k,p(Ω)

=
n∑

α=1

‖vxα‖pα + ‖v‖k.

Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (1), (2) ñ Φ(x) ∈
Lk/(k−1)(Ω) , íàçîâåì ôóíêöèþ u(x) ∈

◦
W 1

k,p(Ω) , óäîâëåòâîðÿþùóþ èí-
òåãðàëüíîìó òîæäåñòâó∫

Ω

{
n∑

α=1

|uxα|pα−2uxαvxα + (|u|k−2u+ Φ(x))v

}
dx = 0

äëÿ ëþáîé ôóíêöèè v(x) ∈
◦
W 1

k,p(Ω) .
È.Ì. Êîëîäèé [1] óñòàíîâèë îãðàíè÷åííîñòü ðåøåíèé íåêîòîðîãî êëàññà

àíèçîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé â îãðàíè÷åííûõ îáëàñòÿõ. Çäåñü
ïðèâåäåí ðåçóëüòàò îá îãðàíè÷åííîñòè ðåøåíèé çàäà÷è (1), (2) â íåîãðàíè-
÷åííûõ îáëàñòÿõ Ω .
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Òåîðåìà 1. Ïóñòü u(x) � îáîáùåííîå ðåøåíèå çàäà÷è (1), (2) è âû-
ïîëíåíû óñëîâèÿ

1 <
n∑

α=1

1/pα < 1 + n/k2, k2 − nk + n ≥ 0.

Òîãäà
vrai max

Ω
|u(x)| ≤ C,

ãäå C � êîíñòàíòà, çàâèñÿùàÿ îò pα, k, n, ‖Φ‖k/(k−1) .
Äâóñòîðîííèå îöåíêè, õàðàêòåðèçóþùèå óáûâàíèå ðåøåíèÿ çàäà÷è Äè-

ðèõëå äëÿ àíèçîòðîïíûõ óðàâíåíèé áåç ìëàäøèõ ÷ëåíîâ, ïîëó÷åíû â ðà-
áîòå [2]. Çäåñü ïðèâåäåì îöåíêó ñâåðõó äëÿ ðåøåíèÿ óðàâíåíèÿ (1).

Áóäåì ðàññìàòðèâàòü íåîãðàíè÷åííûå îáëàñòè ðàñïîëîæåííûå âäîëü
âûäåëåííîé îñè Oxs, s ∈ 2, n (îáëàñòü Ω ëåæèò â ïîëóïðîñòðàíñòâå
xs > 0 è ñå÷åíèå γr = {x ∈ Ω | xs = r} íå ïóñòî ïðè ëþáîì r > 0 ).

Ââåäåì îáîçíà÷åíèÿ: Ωb
a = {x ∈ Ω

∣∣∣ a < xs < b}, çíà÷åíèÿ a = 0, b = ∞
îïóñêàþòñÿ.

Îïðåäåëèì ãåîìåòðè÷åñêóþ õàðàêòåðèñòèêó íåîãðàíè÷åííîé îáëàñòè
Ω :

ν(r) = inf
{
‖gx1‖p1,γr

∣∣∣ g(x) ∈ C∞0 (Ω), ‖g‖p1,γr = 1
}
, r > 0.

Ïðåäïîëàãàþòñÿ âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ:

∞∫
1

νp1/ps(ρ)dρ =∞,

supp Φ(x) ⊂ ΩR0, R0 > 0.

Òåîðåìà 2. Cóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà κ, M òàêèå, ÷òî
äëÿ îãðàíè÷åííîãî îáîáùåííîãî ðåøåíèÿ u(x) çàäà÷è (1), (2) ïðè r > 2R0

ñïðàâåäëèâà îöåíêà

n∑
α=1

‖uxα‖
pα
pα,Ωr

+ ‖u‖rr,Ωr ≤M exp

−κ r∫
1

νp1/ps(ρ)dρ

 .
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Â ðàáîòå èçó÷àåòñÿ ñõîäèìîñòü ðÿäîâ

∞∑
k=1

dkek(z), (1)

ãäå {ek}∞k=1 � ïî÷òè ýêñïîíåíöèàëüíàÿ ïîñëåäîâàòåëüíîñòü.
Äëÿ êàæäîé âûïóêëîé îáëàñòè D ⊂ C çàôèêñèðóåì ïîñëåäîâàòåëü-

íîñòü âûïóêëûõ êîìïàêòîâ K(D) = {Kp}∞p=1, êîòîðàÿ ñòðîãî èñ÷åðïûâàåò
åå, ò.å. Kp ⊂ intKp+1 , p = 1, 2, . . . , (int � âíóòðåííîñòü ìíîæåñòâà) è
D = ∪∞p=1Kp. Ïóñòü Λ = {λk}∞k=1 � ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷è-
ñåë òàêàÿ, ÷òî |λk| → ∞ ïðè k →∞ , è em � öåëàÿ ôóíêöèÿ, m = 1, 2, . . .
Áóäåì ãîâîðèòü (ñì. [1]), ÷òî {ek}∞k=1 � ïî÷òè ýêñïîíåíöèàëüíàÿ ïîñëåäîâà-
òåëüíîñòü ñ ïîêàçàòåëÿìè {λk}, åñëè äëÿ ëþáîé âûïóêëîé îáëàñòè D ⊂ C
âûïîëíåíû äâà óñëîâèÿ:
1) äëÿ êàæäîãî p ≥ 1 ñóùåñòâóþò ïîñòîÿííàÿ a > 0 è íîìåð s òàêèå, ÷òî

sup
w∈Kp

|ek(w)| ≤ a exp (HKs
(λk)) , k = 1, 2, . . . ;

2) äëÿ êàæäîãî p ≥ 1 ñóùåñòâóþò ïîñòîÿííàÿ b > 0 è íîìåð s òàêèå, ÷òî

b exp
(
HKp

(λk)
)
≤ sup

w∈Ks

|ek(w)|, k = 1, 2, . . .

Çäåñü HM(λ) îáîçíà÷àåò îïîðíóþ ôóíêöèþ ìíîæåñòâà M (òî÷íåå ãîâîðÿ,
êîìïëåêñíî ñîïðÿæåííîãî ñ M ìíîæåñòâà):

HM(λ) = sup
w∈M

Re(λw), λ ∈ C.
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×àñòíûìè ñëó÷àÿìè ïî÷òè ýêñïîíåíöèàëüíûõ ïîñëåäîâàòåëüíîñòåé ÿâ-
ëÿþòñÿ ïîñëåäîâàòåëüíîñòè ýêñïîíåíò è áîëåå îáùèõ ýêñïîíåíöèàëüíûõ
ìîíîìîâ. Ñõîäèìîñòü ðÿäîâ ýêñïîíåíöèàëüíûõ ìîíîìîâ èçó÷àëàñü â ðàáî-
òå [2]. Â íåé ïîëó÷åíû àíàëîã òåîðåìû Àáåëÿ äëÿ ðÿäîâ ýêñïîíåíöèàëüíûõ
ìîíîìîâ. Ïî÷òè ýêñïîíåíöèàëüíûå ïîñëåäîâàòåëüíîñòè áîëåå îáùåãî âèäà
ðàññìàòðèâàëèñü â ðàáîòå [3]. Îíè ñîñòîÿò èç ëèíåéíûõ êîìáèíàöèé ýêñïî-
íåíöèàëüíûõ ìíîãî÷ëåíîâ, ïîêàçàòåëè êîòîðûõ îáðàçóþò òàê íàçûâàåìûå
"îòíîñèòåëüíî ìàëûå"ãðóïïû. Ïîäîáíûå ïîñëåäîâàòåëüíîñòè èñïîëüçóþò-
ñÿ â òåîðèè ïðåäñòàâëåíèÿ ýëåìåíòîâ èíâàðèàíòíûõ îòíîñèòåëüíî îïåðà-
òîðà äèôôåðåíöèðîâàíèÿ ïîäïðîñòðàíñòâ ôóíêöèé, àíàëèòè÷åñêèõ â âû-
ïóêëîé îáëàñòè (ñì. [4]), è, â ÷àñòíîñòè, ïðîñòðàíñòâ ðåøåíèé îäíîðîäíûõ
óðàâíåíèé ñâåðòêè è èõ ñèñòåì. Â ýòîé ñâÿçè âîçíèêàåò çàäà÷à èññëåäî-
âàíèÿ ñõîäèìîñòè ðÿäîâ ýêñïîíåíöèàëüíûõ ìíîãî÷ëåíîâ, ïîñòðîåííûõ ïî
ïî÷òè ýêñïîíåíöèàëüíûì ïîñëåäîâàòåëüíîñòÿì òàêèõ ìíîãî÷ëåíîâ. Â íà-
ñòîÿùåé ðàáîòå èçó÷àþòñÿ îáëàñòè ñõîäèìîñòè óêàçàííûõ ðÿäîâ. Äëÿ íèõ
ïîëó÷åí àíàëîã òåîðåìû Àáåëÿ.

Ïóñòü D � âûïóêëàÿ îáëàñòü â C , K(D) = {Kp}∞p=1 , Λ = {λk}∞k=1 è
p = 1, 2, . . .

Ââåäåì áàíàõîâî ïðîñòðàíñòâî êîìïëåêñíûõ ïîñëåäîâàòåëüíîñòåé

Qp(Λ) = {d = {dk} : ||dp|| = sup
k≥1
|dk| expHKp

(λk) <∞}, p ≥ 1.

Ñèìâîëîì S áóäåì îáîçíà÷àòü îêðóæíîñòü åäèíè÷íîãî ðàäèóñà ñ öåí-
òðîì â íà÷àëå êîîðäèíàò. Ïóñòü E � ìíîæåñòâî â C , Θ � çàìêíóòîå
ïîäìíîæåñòâî îêðóæíîñòè S . Θ -âûïóêëîé îáîëî÷êîé E íàçûâàåòñÿ ìíî-
æåñòâî

E(Θ) = {z ∈ C : Re(zξ) < HE(ξ), ξ ∈ Θ}.
×åðåç Θ(Λ) îáîçíà÷èì ìíîæåñòâî âñåõ ÷àñòè÷íûõ ïðåäåëîâ ïîñëåäîâà-

òåëüíîñòè {λk/|λk|}∞k=1 (èñêëþ÷àÿ òî÷êó λk = 0 , åñëè îíà åñòü). Î÷åâèäíî,
÷òî Θ(Λ) � çàìêíóòîå ïîäìíîæåñòâî S . Ñèìâîëîì B(x, δ) áóäåì îáîçíà-
÷àòü îòêðûòûé êðóã ñ öåíòðîì â òî÷êå x è ðàäèóñà δ .

Òàêæå ââåäåì âåëè÷èíó

σ(Λ) = limk→∞ ln k/|λk|

Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ àíàëîãîì òåîðåìû Àáåëÿ.
Òåîðåìà 1. Ïóñòü Λ = {λk}∞k=1 � ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ

÷èñåë, |λk| → ∞ , k → ∞ , òàêàÿ, ÷òî σ(Λ) = 0 , {ek}∞k=1 � ïî÷òè
ýêñïîíåíöèàëüíàÿ ïîñëåäîâàòåëüíîñòü ñ ïîêàçàòåëÿìè {λk}∞k=1 . Ïðåäïî-
ëîæèì, ÷òî îáùèé ÷ëåí ðÿäà (1) îãðàíè÷åí íà êàæäîì êîìïàêòå K îò-
êðûòîãî ìíîæåñòâà E ⊂ C. Òîãäà äëÿ êàæäîãî íîìåðà p = 1, 2, . . . íàé-
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äóòñÿ íîìåð s è ÷èñëî Cp > 0 (íå çàâèñÿùèå îò ïîñëåäîâàòåëüíîñòè d )
òàêèå, ÷òî âûïîëíåíî

∞∑
k=1

|dk| sup
z∈Kp

|ek(z)| ≤ Cp||d||s,

ãäå íîðìû ||dp|| ïîñòðîåíû ïî ïîñëåäîâàòåëüíîñòè K(D) = {Kp}∞p=1 è
D = E(Θ(Λ)). Â ÷àñòíîñòè, ðÿä (1) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî
íà ëþáîì êîìïàêòå îáëàñòè D.
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Â íàñòîÿùåå âðåìÿ íàèìåíåå èçó÷åíû çàäà÷è îïòèìàëüíîãî óïðàâëå-
íèÿ íåëèíåéíîãî òèïà, õàðàêòåðíîé îñîáåííîñòüþ êîòîðûõ ÿâëÿåòñÿ òî,
÷òî îòîáðàæåíèå g → u(g) èç ìíîæåñòâà äîïóñòèìûõ óïðàâëåíèé U â
ïðîñòðàíñòâî ñîñòîÿíèé W ÿâëÿåòñÿ íåëèíåéíûì. Îñîáûé èíòåðåñ ïðåä-
ñòàâëÿþò çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ÓÌÔ, êîãäà íåëèíåéíîñòü
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îáóñëîâëåíà âõîæäåíèåì óïðàâëåíèé â êîýôôèöèåíòû óðàâíåíèé äëÿ ñî-
ñòîÿíèé. Íåëèíåéíîñòü åùå áîëåå óñóãóáëÿåòñÿ, åñëè, êðîìå òîãî, è ñîñòîÿ-
íèÿ ïðîöåññîâ îêàçûâàþòñÿ íåëèíåéíûìè óðàâíåíèÿìè. Ìåæäó òåì ðàçâè-
òèå òåîðèè è ìåòîäîâ ðåøåíèÿ òàêèõ çàäà÷ âûçâàíî ïîòðåáíîñòÿìè ìàòå-
ìàòè÷åñêîãî ìîäåëèðîâàíèÿ íåëèíåéíûõ îïòèìàëüíûõ ïðîöåññîâ, áîëüøîé
ïðèêëàäíîé âàæíîñòüþ òàêèõ çàäà÷ ïðè îïòèìèçàöèè ïðîöåññîâ òåïëîôè-
çèêè, äèôôóçèè, ôèëüòðàöèè, òåîðèè óïðóãîñòè è äð., à òàêæå ïðè ðåøå-
íèè îáðàòíûõ çàäà÷ äëÿ ÓÌÔ, ðàññìàòðèâàåìûõ â âàðèàöèîííîé ïîñòàíîâ-
êå. Îñîáûé èíòåðåñ ïðåäñòàâëÿþò òàêæå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
íåëèíåéíîãî òèïà äëÿ ÓÌÔ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè.

Ïóñòü Ω = {x = (x1, x2) ∈ R2 : 0 < xα < lα, α = 1, 2} � ïðÿìîóãîëü-
íèê ñ ãðàíèöåé Γ = ∂Ω . Ïóñòü îáëàñòü Ω ðàçäåëåíà ïðÿìîé x1 = ξ ,
ãäå 0 < ξ < l1 (êîíòàêòíîé ãðàíèöåé S = {x1 = ξ, 0 ≤ x2 ≤ l2} ,
0 < ξ < l1 ) íà ïîäîáëàñòè Ω1 = {0 < x1 < ξ, 0 < x2 < l2} è
Ω2 = {ξ < x1 < l1, 0 < x2 < l2} ñ ãðàíèöàìè ∂Ω1 è ∂Ω2 . ×åðåç Γk áóäåì
îáîçíà÷àòü ãðàíèöû îáëàñòåé Ωk áåç S , k = 1, 2 . Òàê ÷òî ∂Ωk = Γk ∪ S ,
Γ1 ∪ Γ2 = ∂Ω = Γ . Íèæå, ïðè ïîñòàíîâêàõ êðàåâûõ çàäà÷ äëÿ ñîñòîÿíèé
ïðîöåññîâ óïðàâëåíèÿ, S � ýòî ïðÿìàÿ, âäîëü êîòîðîé áóäóò ðàçðûâíû
êîýôôèöèåíòû è ðåøåíèÿ êðàåâûõ çàäà÷, êîòîðûå â îáëàñòÿõ Ω1 è Ω2 îá-
ëàäàþò íåêîòîðîé ãëàäêîñòüþ. Ïóñòü óñëîâèÿ óïðàâëÿåìîãî ôèçè÷åñêîãî
ïðîöåññà ïîçâîëÿþò ìîäåëèðîâàòü åãî â îáëàñòè Ω = Ω1 ∪ Ω2 ∪ S , ñîñòî-
ÿùåé èç äâóõ ïîäîáëàñòåé Ω1 è Ω2 , ðàçáèòîé íà ÷àñòè âíóòðåííåé ãðà-
íèöåé S , ñëåäóþùåé çàäà÷åé Äèðèõëå äëÿ ïîëóëèíåéíîãî óðàâíåíèÿ ýë-
ëèïòè÷åñêîãî òèïà ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèåì: Òðåáóåòñÿ
íàéòè ôóíêöèþ u(x) , îïðåäåëåííóþ íà Ω âèäà u(x) = u1(x) , x ∈ Ω1 ,
u(x) = u2(x) , x ∈ Ω2 , ãäå êîìïîíåíòû uk(x) , k = 1, 2 óäîâëåòâîðÿþò
óñëîâèÿì: 1) ôóíêöèè uk(x) , k = 1, 2 îïðåäåëåííûå íà Ωk = Ωk ∪ ∂Ωk ,
k = 1, 2 , óäîâëåòâîðÿþò â Ωk , k = 1, 2 óðàâíåíèÿì

Lkuk = −
2∑

α=1

∂

∂xα

(
k(k)
α (x)

∂uk
∂xα

)
+ dk(x)qk(uk) = fk(x), x ∈ Ωk, k = 1, 2,

à íà ãðàíèöå Γk = ∂Ωk \ S óñëîâèÿì uk(x) = 0 , x ∈ Γk , k = 1, 2 ; 2) èñ-
êîìûå ôóíêöèè uk(x) , k = 1, 2 óäîâëåòâîðÿþò äîïîëíèòåëüíûì óñëîâèÿì
íà S , ïîçâîëÿþùèì �ñøèòü� ðåøåíèÿ u1(x) è u2(x) âäîëü êîíòàêòíîé
ãðàíèöû S îáëàñòåé Ω1 è Ω2 , ñëåäóþùåãî âèäà

G(x) = k
(1)
1 (x)

∂u1

∂x1
= k

(2)
1 (x)

∂u2

∂x1
= θ(x2)(u2(x)− u1(x)), x ∈ S.

Çäåñü [u] = u2(x)−u1(x) � ñêà÷åê ôóíêöèè u(x) íà S , k
(1)
α (x) , k

(2)
α (x) , α =

1, 2 , dk(x) , fk(x) è qk(ξ) , k = 1, 2 � èçâåñòíûå ôóíêöèè, îïðåäåëÿåìûå ïî
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ðàçíîìó â Ω1 è Ω2 , ïðåòåðïåâàþùèå ðàçðûâ ïåðâîãî ðîäà íà S ; θ(x2) ≡
g(x2) � óïðàâëåíèå. Îòíîñèòåëüíî çàäàííûõ ôóíêöèé áóäåì ïðåäïîëàãàòü:
kα(x) ∈ W 1

∞(Ω1) × W 1
∞(Ω2) , d(x) ∈ L∞(Ω1) × L∞(Ω2) , fα(x) ∈ L2(Ωα) ;

0 < ν
(p)
α ≤ k

(p)
α ≤ ν

(p)
α , p = 1, 2 , 0 ≤ d0 ≤ d(x) ≤ d0 , x ∈ Ω1 ∪ Ω2 , ν

(p)
α ,

ν
(p)
α , p = 1, 2 , d0 , d0 � çàäàííûå êîíñòàíòû, ôóíêöèÿ qα(ξα) , α = 1, 2
îïðåäåëåíû íà R ñî çíà÷åíèÿìè â R è óäîâëåòâîðÿþò óñëîâèÿì: qα(0) =
0 , 0 ≤ q0 ≤ (qα(ξ1) − qα(ξ2))/(ξ1 − ξ2) ≤ Lq < ∞ äëÿ âñåõ ξ1, ξ2 ∈ R ,
ξ1 6= ξ2 . Ââåäåì ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé U =

{
g(x2) ≡ θ(x2) ∈

L2(0, l2) : g0 ≤ g(x2) ≤ g0 ï.â. íà (0, l2)
}
. Çàäàäèì ôóíêöèîíàë öåëè J :

U → R1 â âèäå

g → J(g) =
∥∥u(x, g)− u(1)

0 (x)
∥∥2

L2(Ω1)
= I(u(x; g)),

ãäå u
(1)
0 ∈ W 1

2 (Ω1) � çàäàííàÿ ôóíêöèÿ.
Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñîñòîèò â òîì, ÷òîáû íàéòè òàêîå

óïðàâëåíèå g∗ ∈ U , êîòîðîå ìèíèìèçèðóåò íà ìíîæåñòâå U ôóíêöèîíàë
öåëè g → J(g) , òî÷íåå, íà ðåøåíèÿõ u(x) = u(x; g) çàäà÷è äëÿ ñîñòîÿ-
íèÿ, îòâå÷àþùèõ âñåì äîïóñòèìûì óïðàâëåíèÿì g = θ(x2) ∈ U òðåáóåòñÿ
ìèíèìèçèðîâàòü ôóíêöèîíàë öåëè J(g) .

Èññëåäîâàíà êîððåêòíîñòü ïîñòàíîâêè çàäà÷è îïòèìàëüíîãî óïðàâëå-
íèÿ. Ïîñòðîåíû ðàçíîñòíûå àïïðîêñèìàöèè ýêñòðåìàëüíûõ çàäà÷, óñòà-
íîâëåíû îöåíêè òî÷íîñòè àïïðîêñèìàöèé ïî ñîñòîÿíèþ è ôóíêöèîíàëó,
äîêàçàíà ñëàáàÿ ñõîäèìîñòü àïïðîêñèìàöèé ïî óïðàâëåíèþ. Ïðîâåäåíà ðå-
ãóëÿðèçàöèÿ àïïðîêñèìàöèé ïî Òèõîíîâó.

Â òåïëîôèçè÷åñêèõ òåðìèíàõ, ïîñòàâëåííóþ çàäà÷ó ìîæíî òðàêòîâàòü
êàê çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ êîíòàêòíûì òåïëîâûì ñîïðîòèâëåíè-
åì θ−1(x2) ( θ(x2) � êîíòàêòíàÿ ïðîâîäèìîñòü), õàðàêòåðèçóþùèì òåïëî-
ïåðåäà÷ó ìåæäó ñîïðèêàñàþùèìèñÿ òåïëîïðîâîäÿùèìè ñðåäàìè (òåëàìè)
ñ íåèäåàëüíûì êîíòàêòîì ñ öåëüþ îáåñïå÷åíèÿ â Ω1 çàäàííîãî òåìïåðà-
òóðíîãî ðåæèìà u

(1)
0 (x) .

Äàííàÿ ðàáîòà ïðèìûêàåò ê [1] è ðàçâèâàåò óñòàíîâëåííûå òàì ðåçóëü-
òàòû.
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The problem of multiple interpolation in a class of functions of a
zero order in the half-plane
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The problem of multiple interpolation is considered in a class [ρ(r),∞)+ of
functions of at most normal type for the zero proximate order ρ(r) in the upper
half-plane of the complex variable: F (an)

(k−1) = bn,k, k = 1, 2, . . . , qn, n ∈ N,
where the divisor D = {an, qn} has limit points only the real axis, and the
numbers bn,k satisfy the condition

sup
n∈N

1

|an|ρ(|an|)
sup

1≤k≤qn
log+ |bn,k|Λk−1

n

(k − 1)!
<∞ ,Λn = min{1,=an} .

The problem belongs to the class of problems of free interpolation which
A.F. Leontyev for the �rst time started considering. Necessary and su�cient
conditions of resolvability of this problem are found. The found criteria are
formulated as in terms of the canonical products constructed on knots of inter-
polation, and in terms of the Nevanlinna measure determined by these knots.
The following result is valued:
Theorem D is an interpolation divisor in the class [ρ(r),∞)+ if and only

if

sup
n∈N

1

|an|ρ(|an|)
ln

qn
|E(qn)(an)|Λqn

n
<∞ .

Work is continuation of researches of the �rst author considering similar
problems in classes of analytical functions in half-plane of a nonzero order [1].
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Îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à íà ãåîìåòðè÷åñêîì ãðàôå òèïà
�äåðåâî�

Þ.Â.Ìàðòûíîâà
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ
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Ðàññìîòðèì ýëåêòðè÷åñêóþ öåïü â âèäå ïðîèçâîëüíîãî ãåîìåòðè÷åñêîãî
ãðàôà òèïà ¾äåðåâo¿ (áåç öèêëîâ). Íà êàæäîì èç P ëèíåéíûõ ôðàãìåíòîâ
ñåòè, ïðåäñòàâëÿþùèõ ñîáîé ðåáðà ãåîìåòðè÷åñêîãî ãðàôà, çàäàåòñÿ óðàâ-
íåíèå ýëåêòðè÷åñêèõ êîëåáàíèé â ïðîâîäíèêå äëèíîé lk ñ ðàñïðåäåëåííû-
ìè åìêîñòüþ Ck è èíäóêòèâíîñòüþ Lk , ðàññ÷èòàííûìè íà åäèíèöó äëèíû
ïðîâîäà ñîîòâåòñòâóþùåãî k -ãî ïðîâîäíèêà. Ãðàíè÷íûå óñëîâèÿ îïèñûâà-
þò ñèòóàöèþ, êîãäà i -ûé ïðîâîäíèê, i = 1, N çàçåìëåí ÷åðåç ñîñðåäîòî-
÷åííóþ ñàìîèíäóêöèþ L̃i è åìêîñòü C̃i , ñîåäèíåííûå ïîñëåäîâàòåëüíî.

Êîíå÷íûé ñâÿçíûé ãðàô ÿâëÿåòñÿ äåðåâîì ñ P âåðøèíàìè òîãäà è
òîëüêî òîãäà, êîãäà ÷èñëî âåðøèí (óçëîâ) ðàâíî P + 1 . Â êàæäîì èç
M = P + 1 −N íåãðàíè÷íûõ óçëîâ çàäàþòñÿ óñëîâèÿ íåïðåðûâíîñòè ïî-
òåíöèàëà è óñëîâèÿ áàëàíñà òîêîâ, èçâåñòíûå êàê çàêîíû Êèðõãîôà.

Ââåäåì îáîçíà÷åíèÿ a2
i = 1

LiCi
, pi1 = Ci

C̃i
> 0, i = 1, N, pi2 = −CiL̃i, i =

1, N.
Òîãäà ïîëó÷àåì êðàåâóþ çàäà÷ó:

a2
kyk
′′(xk) + λyk(xk), xk ∈ (0; lk), k = 1, P , (1)

ñ ãðàíè÷íûìè óñëîâèÿìè

y′k(lk) + (pk1 + λpk2)yk(lk) = 0, k = 1, N, (2)

è ñîîòâåòñòâóþùèìè óñëîâèÿìè â óçëàõ âåòâëåíèÿ: Èñõîäÿ èç ôèçè÷åñêîãî
ñìûñëà çàäà÷è, êîýôôèöèåíòû pi1 , pi2 , i = 1, N , äîëæíû áûòü âåùåñòâåí-
íûìè, áîëåå òîãî, pi1 > 0 , pi2 < 0 , i = 1, N .

Îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ ïîñòàâëåííîé êðàåâîé çàäà-
÷è ñîñòîèò â íàõîæäåíèè âñåâîçìîæíûõ çíà÷åíèé âåêòîðà ~p =
(p11, ..., pN1, p12, ..., pN2) êîýôôèöèåíòîâ ãðàíè÷íûõ óñëîâèé, ïðè êîòîðûõ
íàïåðåä çàäàííûå ÷èñëà λ1, λ2, ..., λ2N ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè
êðàåâîé çàäà÷è.

Â ðàáîòå äîêàçûâàåòñÿ òåîðåìà î ìîíîòîííîé çàâèñèìîñòè êîýôôèöè-
åíòîâ ãðàíè÷íûõ óñëîâèé îò âåêòîðà ~λ = (λ1, λ2, ..., λ2N) .
Òåîðåìà. Ïóñòü λ = λ(~p) = λ(p11, ..., p2N) � ïðîèçâîëüíîå ñîáñòâåííîå

çíà÷åíèå ïîñòàâëåííîé êðàåâîé çàäà÷è. Òîãäà ∂λ(~p)
∂pk1

> 0 è ∂λ(~p)
∂pk2

> 0 â

îáëàñòè pk1 > 0 è pk2 < 0 , k = 1, N .
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Êðàòíàÿ èíòåðïîëÿöèÿ ðÿäàìè ýêñïîíåíò â H(C) ñ óçëàìè íà
âåùåñòâåííîé îñè
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ÈÌÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ
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Îáîçíà÷èì ÷åðåç H(C) ïðîñòðàíñòâî öåëûõ ôóíêöèé ñ òîïîëîãèåé ðàâ-
íîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ, W � èíâàðèàíòíîå ïîäïðîñòðàíñòâî
â H(C).

Èçó÷àåòñÿ ïðîáëåìà êðàòíîé èíòåðïîëÿöèè â H(C) ôóíêöèÿìè èç W :
Äëÿ ïðîèçâîëüíîãî äèñêðåòíîãî ìíîæåñòâà óçëîâ èíòåðïîëÿöèè µk ∈ C
ñ êðàòíîñòÿìè mk , è äëÿ ëþáûõ èíòåðïîëÿöèîííûõ äàííûõ

bjk ∈ C, j = 0, 1, · · · ,mk − 1, k ∈ N,

íàéòè òàêóþ ôóíêöèþ g ∈ W, ÷òî

g(j)(µk) = bjk, j = 0, 1, · · · ,mk − 1, k ∈ N.

Ýòà ïðîáëåìà ðàâíîñèëüíà ñëåäóþùåé.
Äëÿ ëþáîé öåëîé ôóíêöèè ω íàéòè òàêóþ ôóíêöèþ g ∈ W, ÷òî

|ω(z)− g(z)| = O(|z − µk|mk)
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ïðè z → µk, k ∈ N.
Ðàññìîòðèì áåñêîíå÷íóþ äèñêðåòíóþ ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ

÷èñåë Λ = Λ−∪Λ+, ãäå Λ− = {λ−n}ω1
n=1 èëè Λ− = ∅, è Λ+ = {λn}ω2

n=1 èëè
Λ+ = ∅. Çäåñü ω1 6 +∞, ω2 6 +∞.

Çàôèêñèðóåì α ∈ (0, π/2). Ïðåäïîëîæèì, ÷òî âñå λ−n ëåæàò â óãëå
Aα(π) = {z ∈ C : | arg z− π| 6 α}, à âñå λn ëåæàò â óãëå Aα(0) = {z ∈ C :
| arg z| 6 α}.

Ïóñòü òàêæå çàäàíî áåñêîíå÷íîå äèñêðåòíîå ìíîæåñòâî âåùåñòâåííûõ
óçëîâ èíòåðïîëÿöèè M =M− ∪M+, ãäå M− = {µ−k}τ2k=1, µ−k < 0, èëè
M− = ∅, à M+ = {µk}τ1k=1, µk > 0, èëè M+ = ∅. Çäåñü τ1 6 +∞, τ2 6
+∞.

Ïðåäïîëîæèì, ÷òî êàæäîìó óçëó µ±k ∈M ïðèïèñàíà êðàòíîñòü m±k ∈
N.

Ïóñòü çàäàíà áåñêîíå÷íàÿ ñèñòåìà ýêñïîíåíò E0 = {etjz}, êîòîðàÿ ñîîò-
âåòñòâóåò íåêîòîðîé ïîñëåäîâàòåëüíîñòè ïîêàçàòåëåé T = {tj} ⊂ Λ.

Ðàññìîòðèì ñëåäóþùóþ ïðîáëåìó êðàòíîé èíòåðïîëÿöèè ðÿäàìè ýêñ-
ïîíåíò ñ ïîñëåäîâàòåëüíîñòüþ ïîêàçàòåëåé T , ñ ìíîæåñòâîì óçëîâ M ñ
çàäàííûìè êðàòíîñòÿìè.
Äëÿ ïðîèçâîëüíîé öåëîé ôóíêöèè g íàéòè ðÿä ýêñïîíåíò f ñ ìíîæå-
ñòâîì ïîêàçàòåëåé T âèäà

f(z) =
∑
tj∈T

cje
tjz, z ∈ C,

ñõîäÿùèéñÿ â ïðîñòðàíñòâå H(C), òàêîé, ÷òî äëÿ âñåõ µ±k ∈M

|f(z)− g(z)| = O(|z − µ±k|m±k), z → µ±k.

Òåîðåìà. 1. Ïóñòü ìíîæåñòâî óçëîâ M+ � êîíå÷íîå èëè ïóñòîå.
Â ïðîñòðàíñòâå H(C) ðàçðåøèìà ïðîáëåìà êðàòíîé èíòåðïîëÿöèè ðÿ-
äàìè ýêñïîíåíò èç Σ(Λ) ñ ìíîæåñòâîì óçëîâ M, òîãäà, è òîëüêî òî-
ãäà,êîãäà ïîñëåäîâàòåëüíîñòü Λ− � áåñêîíå÷íàÿ.

2. Ïóñòü îáà ìíîæåñòâà óçëîâ M− è M+ � áåñêîíå÷íûå. Ïðîñòðàí-
ñòâå H(C) ðàçðåøèìà ïðîáëåìà êðàòíîé èíòåðïîëÿöèè ðÿäàìè ýêñïî-
íåíò èç Σ(Λ) ñ ìíîæåñòâîì óçëîâ M, òîãäà, è òîëüêî òîãäà, êîãäà
îáå ïîñëåäîâàòåëüíîñòè Λ− è Λ+ áåñêîíå÷íûå.

Îáîçíà÷èì ÷åðåç PC � ïðîñòðàíñòâî öåëûõ ôóíêöèé ýêñïîíåíöèàëü-
íîãî òèïà ñ òðàäèöèîííîé (LN ∗) -òîïîëîãèåé. Ïóñòü ϕ ∈ PC, ϕ 6≡ 0, öå-
ëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà c ïðîñòûìè íóëÿìè. Îíà ïîðîæäà-
åò â ïðîñòðàíñòâå öåëûõ ôóíêöèé H(C) íåïðåðûâíûé îïåðàòîð ñâåðòêè
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Mϕ : H(C) 7−→ H(C),

Mϕ[f ](z) = 〈Fλ, f(z + λ)〉 , z ∈ C,

ãäå f ∈ H(C). Îáîçíà÷èì KerMϕ = {f ∈ H(C) : Mϕ[f ] = 0}, Zϕ �
íóëåâîå ìíîæåñòâî ôóíêöèè ϕ.

Â ÷àñòíîñòè íàìè íàéäåíî áîëåå ïðîñòîå äîêàçàòåëüñòâî ñëåäóþùåãî ðå-
çóëüòàòà ðàáîòû [1] î ðàçðåøèìîñòè ìíîãîòî÷å÷íîé çàäà÷è Âàëëå Ïóññåíà
ñ áåñêîíå÷íûì ìíîæåñòâîì òî÷åê:
Ïóñòü Λ = Zϕ, à W = KerMϕ, è ïóñòü îáà ìíîæåñòâà óçëîâ M− è
M+ � áåñêîíå÷íûå. Åñëè îáå ïîñëåäîâàòåëüíîñòè Λ− è Λ+ áåñêîíå÷íûå,
òî â ïðîñòðàíñòâå H(C) ðàçðåøèìà ïðîáëåìà ïðîñòîé èíòåðïîëÿöèè
ðÿäàìè ýêñïîíåíò èç KerMϕ, ñ ìíîæåñòâîì óçëîâ M.

Íàøå äîêàçàòåëüñòâî äîñòàòî÷íîñòè óñëîâèé Òåîðåìû îñíîâàíî íà ïå-
ðåõîäå ê äâîéñòâåííîé ïðîáëåìå â ïðîñòðàíñòâå PC, êîòîðàÿ ðàâíîñèëüíà
ðàññìàòðèâàåìîé ïðîáëåìå èíòåðïîëÿöèè. Íåîáõîäèìîñòü óñëîâèé Òåîðå-
ìû âûòåêàåò èç ðåçóëüòàòîâ À.Ô. Ëåîíòüåâà.

Íàéäåíû ïðèìåðû, ïîêàçûâàþùèå ñóùåñòâåííîñòü óñëîâèé Òåîðåìû è
äîêàçàíî, ÷òî åäèíñòâåííîñòè èíòåðïîëÿöèè â ðàññìàòðèâàåìûõ óñëîâèÿõ
áûòü íå ìîæåò. Ðàññìîòðåí ñëó÷àé, êîãäà λn âûõîäÿò çà ïðåäåëû óãëîâ
Aα(π), Aα(0) äëÿ ëþáîãî α ∈ (0, π/2).
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Ðàññìàòðèâàþòñÿ àñèìïòîòè÷åñêèå ðåøåíèÿ â ôîðìå àíçàöà Êóçìàêà-
Óèçåìà çàäà÷ Êîøè äëÿ íåëèíåéíîãî îñöèëëÿòîðà, âîëíîâîãî óðàâíåíèÿ è
óðàâíåíèÿ Êîðòåâåãà-äå-Ôðèçà. Òàêèå ðåøåíèÿ îáñóæäàëèñü âî ìíîãèõ ðà-
áîòàõ. Õîðîøî èçâåñòíî, ÷òî ãëàâíûé ÷ëåí àñèìïòîòè÷åñêîãî ðåøåíèÿ ìî-
æåò áûòü ïðåäñòàâëåí â ôîðìå X(S(t)

h +φ(t), I(t), t) , ãäå ôàçà S , ìåäëåííî
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ìåíÿþùèéñÿ ïàðàìåòð I è òàê íàçûâàåìûé �ôàçîâûé ñäâèã� φ íàõîäÿòñÿ
èç ñèñòåìû �îñðåäíåííûõ� óðàâíåíèé. Ïðåäñòàâëÿåìûé ðåçóëüòàò çàêëþ-
÷àåòñÿ â òîì, ÷òî ìîæíî ðàññìàòðèâàòü ôàçîâûé ñäâèã êàê ÷àñòü ôàçû S .
Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ ãëàâíîãî ÷ëåíà àñèìïòîòèêè äîñòàòî÷íî
ðåøèòü ñèñòåìó íà ôàçó S è ïàðàìåòð I , ïîäïðàâëÿÿ ñîîòâåòñòâóþùèì
îáðàçîì íà÷àëüíûå äàííûå äëÿ íèõ. Ïîõîæå, ÷òî ýòîò ðåçóëüòàò ìîæåò
áûòü èñïîëüçîâàí äëÿ ìíîãèõ íåëèíåéíûõ çàäà÷.

Ñôîðìóëèðóåì êîíå÷íûé ðåçóëüòàò äëÿ íåëèíåéíîãî îñöèëÿòîðà. Ðàñ-
ñìîòðèì çàäà÷ó Êîøè (1)

h2ẍ+Vx(x, t) +hg(hẋ, x, t) = 0, x|t=0 = x0, hẋ|t=0 = p0, x(t) ∈ R, (1)

ãäå g(ξ, x, t) ÿâëÿåòñÿ íå÷åòíîé ôóíêöèåé ξ è ìîæåò îïèñûâàòü íåêîíñåð-
âàòèâíûå ýôôåêòû.
Òåîðåìà 1 Ïóñòü ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà a , b , t0 , òà-

êèå ÷òî äëÿ I ∈ [a, b], t ∈ [0, t0] :
i1) ôóíêöèÿ X(θ, I, t) � 2π -ïåðèîäè÷åñêàÿ ïî θ è ÿâëÿåòñÿ ðåøåíèåì

óðàâíåíèÿ (ñ �çàìîðîæåííûì� âðåìåíåì) (2):

Ω2(I, t)Xθθ(θ, I, t) + Vx(x, t) = 0, (2)

ãäå Ω(I, t) = 2π/
∫ 2π

0
dx√

2(E(I,t)−V (x,t))
, I(t) =

1
π

∫ x+
x−

√
2(E(I, t)− V (x, t))dX , x± � êîðíè óðàâíåíèÿ V (x, t) = E(I, t) .

è i2) ñóùåñòâóåò ðåøåíèå I(t, h) ∈ [a, b] , S(t, h) çàäà÷è Êîøè äëÿ
�îñðåäíåííûõ� óðàâíåíèé (3) ñî ñêîððåêòèðîâàííûìè íà÷àëüíûìè óñëîâè-
ÿìè (4):

dS
dt

= Ω(I, τ),
dI
dt

= −G(I, τ), (3)

ãäå G(I, t) = 1
2π

∫ 2π

0 Xθ(θ, I, t) · g
(
Ω(I, t)Xθ(θ, I, t), X(θ, I, t), t

)
dθ ;

I|t=0 = I0(x0, p0) + hJ0(x0, p0), S|t=0 = hφ0(x0, p0), (4)

ãäå J0(x0, p0) = − 1
Ω(I0,0)2

∫ φ0
0

{
Vt(X(θ, I0, 0), 0)− 1

2π

∫ 2π

0 Vt(X, 0)dθ
}
dθ +

+ 1
Ω(I0,0)

∫ φ0
0

{
Xθ(θ, I

0, 0) · g
(
Ω(I0, 0)Xθ(θ, I

0, 0), X(θ, I0, 0), 0
)
−G(I0, 0)

}
dθ .

Òîãäà äëÿ ðåøåíèÿ x(t, h) çàäà÷è Êîøè (1) íà âðåìåíàõ t ∈ [0, t0/h]
ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå

x = X
(S(t, h)

h
, I(t, h), t

)
+O(h).

Ðàáîòà âûïîëíåíà ñîâìåñòíî ñ Ñ.Þ. Äîáðîõîòîâûì (ÈÏÌåõ ÐÀÍ, ÌÔ-
ÒÈ, Ìîñêâà). Â äîêëàäå ïðèâåäåíû ðåçóëüòàòû ðàáîò [1, 2].
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Ðàññìîòðèì ìèíèìàëüíûé äèôôåðåíöèàëüíûé îïåðàòîð L0 , ïîðîæäåí-
íûé â L2[0,∞) äèôôåðåíöèàëüíûì âûðàæåíèåì

ly =
n∑
k=0

(−1)k (pk (x) y(k))
(k)

+ i

n−1∑
j=0

(−1)j ((qj (x) y(j))
(j+1)

+(qj (x) y(j+1))
(j)

).

Ðàññìîòðèì óðàâíåíèå
ly = iσy (σ 6= 0) .

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

F (x, σ, µ) =
n∑
k=0

(−1)k pk (x)µ2k + 2i
n−1∑
j=0

(−1)j qj (x)µ2j+1 − iσ,

yk0(x, σ) =

(
∂F (x, σ, µj)

∂µ

)−1/2

exp

{∫ x

x0

µj(t, σ)dt

}
.

Òåîðåìà.Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) |p0(x)| → ∞ ïðè x→∞;
2) ïðè äîñòàòî÷íî áîëüøîì R > 0 è äëÿ x ≥ R ôóíêöèè p′k(x), q′j(x)

íå ìåíÿþò çíàê è
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|p′k(x)| = O(|pk(x)|αk), 0 < αk < 1 + (4n− 4k + 2)−1, k = 0, n,
|q′j(x)| = O(|qj(x)|βj), 0 < βj < 1 + (4n− 4j)−1, j = 0, n− 1,

3) äëÿ âñåõ i, j = 0, 2n è x≥R , 0 < B ≤|µi(x, σ)/µj(x, σ)| ≤ A, ãäå
A, B - ïîñòîÿííûå ÷èñëà, µi(x, σ) - êîðíè óðàâíåíèÿ F (x, σ, µ) = 0 .

4) äëÿ âñåõ x ≥ R è i 6= k Re(µi(x, σ)− µk(x, σ)) íå ìåíÿåò çíàê.
Òîãäà óðàâíåíèå ly = iσy , ãäå σ 6= 0) èìååò 2n ëèíåéíî-íåçàâèñèìûõ

ðåøåíèé, äëÿ êîòîðûõ, ïðè x→∞ cïðàâåäëèâû àñèìïòîòè÷åñêèå ôîðìó-
ëû:

y
[p]
k (x, σ) = µpk(x, σ)yk0(x, σ)(1 + 0(1)), p = 0, n− 1,

y
[n]
k (x, σ) = (−1)nµnk(x, σ)(ipn(x)− qn−1(x)µ−1

k (x, σ))yk0(x, σ)(1 + 0(1)),

y
[n+j]
k (x, σ) = (−1)nµn+j

k (x, σ)(ipn(x)− 2qn−1(x)µ−1
k (x, σ)) + . . .−

−ip1(x)µ−n−j+1
k (x, σ) + 2q0(x)µ−n−jk (x, σ)yk0(x, σ)(1 + 0(1)), j = 0, n

Çàìåòèì, ÷òî óñëîâèå 2) îçíà÷àåò, ÷òî ôóíêöèè pk(x) è qj(x) èìåþò ïðà-
âèëüíûé ðîñò íà áåñêîíå÷íîñòè ïðè x→∞ , à óñëîâèå 3) - êîðíè õàðàêòå-
ðèñòè÷åñêîãî ìíîãî÷ëåíà F (x, σ, µ) èìåþò îäèíàêîâûé ïîðÿäîê ðîñòà íà
áåñêîíå÷íîñòè.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïóò¼ì ñâåäåíèÿ èñõîäíîãî óðàâíåíèÿ ê ñè-
ñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, êîòîðàÿ ñ ïîìîùüþ
ïîäõîäÿùåãî ïðåîáðàçîâàíèÿ ïðèâîäèòñÿ ê L -äèàãîíàëüíîìó âèäó. Ñèñòå-
ìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ïîëó÷àåì ïó-
ò¼ì ââåäåíèÿ âåêòîð-ñòîëáöà

Y = col
(
y, y[1], y[2], . . . , y[2n−1]

)
,

ãäå y[k] - k -àÿ êâàçèïðîèçâîäíàÿ ôóíêöèè y(x) , îïðåäåëÿåìàÿ ôîðìóëàìè:

y[j] = y(k), j = 0, n− 1,

y[n] = (−1)n
(
pny

(n) − iqn−1y
(n−1)

)
,

y[n+j] =
(
y[n+j−1]

)′
+ (−1)n−j

(
pn−jy

(n−j) − iqn−jy(n−j+1) − qn−j−1y
(n−j−1)

)
,

j = 1, n− 1.

ly =
(
y[2n−1]

)′
+ p0y − iq0y

′ = iσy.
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Ââåäåì ïðîñòðàíñòâî H(C) � ïðîñòðàíñòâî öåëûõ ôóíêöèé ñ òîïîëîãè-
åé êîìïàêòíîé ñõîäèìîñòè, ÷åðåç H∗(C) � ïðîñòðàíñòâî ëèíåéíûõ íåïðå-
ðûâíûõ ôóíêöèîíàëîâ è ÷åðåç H0({∞}) � ïðîñòðàíñòâî àíàëèòè÷åñêèõ â
áåñêîíå÷íî óäàëåííîé òî÷êå è îáðàùàþùèõñÿ íà íåé â íóëü ôóíêöèé.
Ëåììà 1 Ìåæäó ïðîñòðàíñòâàìè H∗(C) è H0({∞}) ñóùåñòâóåò

èçîìîðôèçì.
Ðàññìîòðèì îáîáùåíèå ïðîñòðàíñòâà Áàðãìàíà-Ôîêà ñëåäóþùåãî âèäà:

Fα,β =

f ∈ H(C) : ‖f‖2 =
α

2
β

π 2
βΓ( 2

β )

∫
C

|f(z)|2e−α|z|βdµ <∞

 ,

ãäå dµ � ìåðà Ëåáåãà íà ïëîñêîñòè, à α > 0 õàðàêòåðèçóåò òèï ôóíêöèé
ýòîãî ïðîñòðàíñòâà, β > 0.

Ôóíêöèè ýòîãî ïðîñòðàíñòâà èìåþò ïîðÿäîê íå âûøå β è êîíå÷íûé òèï.
Â ïðîñòðàíñòâå Fα,β ñîïðÿæåííûì îïåðàòîðîì ê îïåðàòîðó óìíîæå-

íèÿ íà ïåðåìåííóþ z ÿâëÿåòñÿ îïåðàòîð îáîáùåííîãî äèôôåðåíöèðîâàíèÿ

Df = 1
z

∞∑
n=0

anmnz
n, ãäå ÷èñëà mn = 1

α
2
β

Γ( 2
β (n+1))
Γ( 2

βn)
.

Êàê è â ðàáîòå [1][c. 53], cîáñòâåííûå ôóíêöèè îïåðàòîðà îáîáùåííîãî
äèôôåðåíöèðîâàíèÿ, ñîîòâåòñòâóþùèå ñîáñòâåííûì ÷èñëàì λ , ñ òî÷íî-
ñòüþ äî const è ñ ó÷åòîì ïàðàìåòðà α, èìåþò âèä

y(λz) = c

(
1 +

∞∑
n=1

λnzn

m1...mn

)
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è ÿâëÿþòñÿ ôóíêöèÿìè ïîðÿäêà β
2 è òèïà α.

Î ï ð å ä å ë å í è å 1. Îáîáùåííûì ïðåîáðàçîâàíèåì Ëàïëàñà
ôóíêöèîíàëà F ∈ H∗(C) áóäåì íàçûâàòü ôóíêöèþ:

F̂ (λ) = (Fz, y(λz)) = 1
2πi

∫
C

y(λz)gF (z)dz ,

ãäå y(λz) � ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà D, gF (z) ∈ H0({∞}).
Ââåäåì ìíîæåñòâî

Pβ =

{
ϕ(λ) ∈ H(C) : |ϕ(λ)| ≤ B1(ϕ)eB2(ϕ)|λ|

β
2
, B1(ϕ), B2(ϕ) = const <∞

}
.

Ëåììà 2 Îáîáùåííîå ïðåîáðàçîâàíèå Ëàïëàñà óñòàíàâëèâàåò âçàè-
ìîîäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ïðîñòðàíñòâàìè H∗(C) è Pβ .

Î ï ð å ä å ë å í è å 2. Âîçüìåì ôóíêöèþ f(z) ∈ H(C). Îïåðàòîðîì
îáîáùåííîãî ñäâèãà ïî t áóäåì íàçûâàòü îïåðàòîð

Stf(z) = f(z) +
∞∑
n=1

Dnf(z)

m1m2...mn
tn.

Î ï ð å ä å ë å í è å 3. Îáîáùåííûì îïåðàòîðîì ñâåðòêè, ïîðîæäåí-
íûì ôóíêöèîíàëîì F , ñ õàðàêòåðèñòè÷åñêîé ôóíêöèåé F̂ (z) = ϕ(z) ∈ Pβ
íàçîâåì îïåðàòîð âèäà:

MF [f ](z) = (Ft, Stf(z)) .

Âîçüìåì ïðîèçâîëüíóþ ôóíêöèþ ψ(λ) ∈ H(C) è ïîñòðîèì â H(C) èäå-
àë ψ ·H(C) ≡ {ψ(λ) ·R(λ) : R(λ) ∈ H(C)} .

Î ï ð å ä å ë å í è å 4 [2]. Ïàðà ôóíêöèé (ϕ(z), ψ(z)) íàçûâàåòñÿ ïà-
ðîé Ôèøåðà, åñëè ïðîñòðàíñòâî H(C) ìîæíî ïðåäñòàâèòü â âèäå

H(C) = kerMϕ ⊕ ψ ·H(C). (1)

Â ýòîì ñëó÷àå ðàâåíñòâî (1) íàçûâàåòñÿ ðàçëîæåíèåì Ôèøåðà. Åñëè
H(C) ïðåäñòàâèìî â âèäå

H(C) = kerMϕ + ψ ·H(C), (2)

òî ðàâåíñòâî (2) íàçûâàåòñÿ ïðåäñòàâëåíèåì Ôèøåðà.
Â ýòîì ñëó÷àå ëþáàÿ öåëàÿ ôóíêöèÿ ïðåäñòàâèìà â âèäå

f(z) = f1(z) + f2(z), f1(z) ∈ kerMϕ, f2(z) ∈ ψ ·H(C),

âîîáùå ãîâîðÿ, íå åäèíñòâåííûì îáðàçîì.
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Îòìåòèì, ÷òî ðàâåíñòâî (2) ïîçâîëÿåò ðåøàòü ìíîãîòî÷å÷íóþ çàäà÷ó
Âàëëå-Ïóññåíà â êëàññå kerMϕ. Äåéñòâèòåëüíî, ïóñòü µ1, µ2, ... � íóëå-
âàÿ ïîñëåäîâàòåëüíîñòü ôóíêöèè ψ(z). Ðàññìîòðèì ïðîèçâîëüíóþ ïîñëå-
äîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë aj, j = 1, 2, ... è ïîñòàâèì ìíîãîòî÷å÷-
íóþ çàäà÷ó Âàëëå-Ïóññåíà ñëåäóþùèì îáðàçîì: ñóùåñòâóåò ëè ôóíêöèÿ
y(z) ∈ kerMϕ òàêàÿ, ÷òî y(µj) = aj, j = 1, 2, ...? Ðàâåíñòâî (2) äàåò îòâåò
íà ïîñòàâëåííûé âîïðîñ. Äåéñòâèòåëüíî, âñåãäà ñóùåñòâóåò (ñì., íàïðèìåò,
[3][c. 270]) ôóíêöèÿ h(z) ∈ H(C) òàêàÿ, ÷òî h(µj) = aj, j = 1, 2, .... Â ñèëó
(2) èìååò ìåñòî ïðåäñòàâëåíèå

h(z) = w(z) + ψ(z) · q(z), q(z) ∈ H(C), w(z) ∈ kerMϕ, (3)

èç êîòîðîãî ïîëó÷àåì ðàâåíñòâî w(µj) = aj, j = 1, 2, .... Çàìåòèì, ÷òî åñëè
âûïîëíÿåòñÿ ðàâåíñòâî (1), òî ôóíêöèÿ w(z) â (3) åäèíñòâåííà.
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Ñèíãóëÿðíûå äèôôåðåíöèàëüíûå îïåðàòîðû, íàïðèìåð, îïåðàòîðû, çà-
äàííûå â íåîãðàíè÷åííîé îáëàñòè ìîãóò, âîîáùå ãîâîðÿ, èìåòü íå òîëüêî
äèñêðåòíûé, íî è íåïðåðûâíûé ñïåêòð. Â ñâÿçè ñ ÷åì ðàçëîæåíèå ïðî-
èçâîëüíîé ôóíêöèè â ðÿä ïî èõ ñîáñòâåííûì ôóíêöèÿì â îáùåì ñëó÷àå
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ñòàíîâèòñÿ íåâîçìîæíûì. Ñëåäîâàòåëüíî, ïî ýòîé ïðè÷èíå íàèáîëåå ñó-
ùåñòâåííûì âîïðîñîì ñïåêòðàëüíîé òåîðèè ïðè èçó÷åíèè ñïåêòðà â çàâè-
ñèìîñòè îò ïîâåäåíèÿ êîýôôèöèåíòîâ, â ñëó÷àå íåîãðàíè÷åííîé îáëàñòè,
ÿâëÿåòñÿ ïðèçíàê äèñêðåòíîñòè ñïåêòðà.

Ñïåêòðàëüíûå õàðàêòåðèñòèêè ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ îïåðà-
òîðîâ ýëëèïòè÷åñêîãî òèïà äîñòàòî÷íî õîðîøî èçó÷åíû è âûÿñíåíû òèïè÷-
íûå òðóäíîñòè, âñòðå÷àþùèåñÿ â ñâÿçè ïëîõèì ïîâåäåíèåì êîýôôèöèåíòîâ.
Èõ èçó÷åíèþ ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà.

Îáçîð ëèòåðàòóðû ïîêàçûâàåò, ÷òî òàêèå âîïðîñû, êàê: 1) ñóùåñòâîâà-
íèå è êîìïàêòíîñòü ðåçîëüâåíòû; 2) äèñêðåòíîñòü ñïåêòðà äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ ñìåøàííîãî òèïà çàäàííûõ â íåîãðàíè÷åííîé îáëàñòè,
íåäîñòàòî÷íî èçó÷åíû.

Ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

L0u = k(y)uxx − uyy + a(x)ux + c(x)u

ïåðâîíà÷àëüíî îïðåäåëåííûé íà C∞0 (Ω), - ìíîæåñòâå, ñîñòîÿùåå èç áåñêî-
íå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé óäîâëåòâîðÿþùèõ óñëîâèþ u(x,−1) =
u(x, 1) = 0 è ôèíèòíûõ ïî ïåðåìåííîé x , ãäå Ω = {(x, y) : −∞ < x <

∞,−1 < y < 1} .
Îáîçíà÷èì ÷åðåç K(τ, b) êëàññ êîýôôèöèåíòîâ óäîâëåòâîðÿþùèõ ñëå-

äóþùèì óñëîâèÿì:
i) |a(x)| ≥ δ0 > 0, c(x) ≥ δ > 0 - íåïðåðûâíûå ôóíêöèé â R;
ii) c0c(x) ≤ a2(x) ≤ c1c(x) äëÿ ëþáîãî x ∈ R, c0 > 0 è c1 > 0 ïîñòîÿí-

íûå ÷èñëà;
iii) |a(x) − a(t)|2 + |c(x) − c(t)| ≤ τc(t) äëÿ âñåõ x, t ∈ R òàêèõ, ÷òî

|x− t| ≤ bd(t), d(t) = 1
[c(t)]1/2

, b > 0, τ > 0.

Òåîðåìà 1. Ïóñòü a(x), c(x) ∈ K(τ, b) . Òîãäà íàéäóòñÿ òàêèå ÷èñëà
τ0 è b0 , ÷òî ïðè τ ∈ (0, τ0) è b > b0 :

1) çàìûêàíèå L îïåðàòîðà L0u = k(y)uxx − uyy + a(x)ux +
c(x)u, D(L0) = C∞0 (Ω) , â L2(Ω) ñóùåñòâóåò;

2) îïåðàòîð L èìååò íåïðåðûâíûé îáðàòíûé îïåðàòîð â L2(Ω) ;
3) äëÿ ëþáîãî u ∈ D(L) ñïðàâåäëèâà îöåíêà ‖ux‖2 + ‖uy‖2 + ‖u‖2 ≤

c‖Lu‖2 , ãäå c - ïîñòîÿííîå ÷èñëî.
Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî îïåðàòîð L ðàçäåëèì, åñëè äëÿ

âñåõ ôóíêöèé u ∈ D(L) èìååò ìåñòî îöåíêà

‖k(y)uxx − uyy‖2 + ‖a(x)ux‖2 + ‖c(x)u‖2 ≤ c‖Lu‖2

ãäå c - íå çàâèñèò îò u(x) .
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà îïåðàòîð L

ðàçäåëèì.
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Òåîðåìà 3. Ïóñòü a(x), c(x) ∈ K(τ, b) . Òîãäà íàéäóòñÿ òàêèå ÷èñëà
τ0 è b0 , ÷òî ïðè τ ∈ (0, τ0) è b > b0 îïåðàòîð L−1 êîìïàêòåí, åñëè è
òîëüêî åñëè lim|x|→∞ c(x) =∞ .
Ïðèìåð. Äëÿ îïåðàòîðà L0u = k(y)uxx−uyy+(|x|+32)ux+(4x2 +46)u

íåòðóäíî ïðîâåðèòü, ÷òî âñå óñëîâèÿ òåîðåì 1-3 âûïîëíÿþòñÿ. Ñëåäîâà-
òåëüíî, îïåðàòîð L0 äîïóñêàåò çàìûêàíèå è äëÿ íåãî ñóùåñòâóåò íåïðå-
ðûâíûé îáðàòíûé îïåðàòîð.
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Ïóñòü H - ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî. Îáîçíà÷èì ÷åðåç
C∞0 (H,R) - ìíîæåñòâî áåñêîíå÷íî ãëàäêèõ ôèíèòíûõ ôóíêöèé, îïðåäåëåí-
íûõ íà R(−∞,+∞) ñî çíà÷åíèÿìè â H .

Ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

Lu ≡ (−1)mu(2m)(y) + k(y)Au+ ia(y)Aαu+ c(y)u, (1)

ãäå u(y) ∈ C∞0 (H,R) , À � ïîëîæèòåëüíî îïðåäåëåííûé ñàìîñîïðÿæ¼í-
íûé îïåðàòîð â ãèëüáåðòîâîì ïðîñòðàíñòâå H ñ âïîëíå íåïðåðûâíîé ðå-
çîëüâåíòîé, α ∈ [1

2 , 1] , m � öåëîå ïîëîæèòåëüíîå ÷èñëî, k(y)� êóñî÷íî-
íåïðåðûâíàÿ è îãðàíè÷åííàÿ ôóíêöèÿ â R , k(0) = 0 è yk(y) > 0 ïðè
y 6= 0 .

Ïóñòü âûïîëíåíî óñëîâèå:
i) |a(x)| ≥ δ0 > 0, c(x) ≥ δ > 0 íåïðåðûâíûå ôóíêöèè â R;
Íåòðóäíî ïîêàçàòü, ÷òî îïåðàòîð (1) äîïóñêàåò çàìûêàíèå â ñìûñëå H1

è åãî çàìûêàíèå òàêæå áóäåì îáîçíà÷àòü ÷åðåç L . Çäåñü H1 � ãèëüáåðòî-
âî ïðîñòðàíñòâî, ïîëó÷åííîå ïîïîëíåíèåì ìíîæåñòâà C∞0 (H,R) ïî íîðìå,
ïîðîæäåííîé ñêàëÿðíûì ïðîèçâåäåíèåì

< u, v >H1
=

∫ ∞
−∞

< u, v >H dt

Íàìè äîêàçàíû ñëåäóþùèå òåîðåìû:
Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå i) è c(y) � îãðàíè÷åííàÿ ôóíê-

öèÿ è ïóñòü λ = 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A ñ
êîíå÷íîé êðàòíîñòüþ. Òîãäà íåïðåðûâíûé ñïåêòð îïåðàòîðà L íå ïóñò.
Òåîðåìà 2. Ïóñòü âûïîëíåíî óñëîâèå i) . Òîãäà äèñêðåòíûé ñïåêòð

îïåðàòîðà L íå ïóñò, åñëè ñïðàâåäëèâî ðàâåíñòâî

lim
|y|→∞

∫ y+w

y

c(t)dt =∞.

Òåîðåìà 3. Ïóñòü âûïîëíåíî óñëîâèå i) è ïóñòü îïåðàòîð A ïîëî-
æèòåëüíî îïðåäåëåííûé ñ âïîëíå íåïðåðûâíûì îáðàòíûì. Òîãäà ñïåêòð
îïåðàòîðà L äèñêðåòåí, åñëè è òîëüêî åñëè äëÿ ëþáîãî w > 0

lim
|y|→∞

∫ y+w

y

c(t)dt =∞

èëè

lim
|y|→∞

∫ y+w

y

|a(t)|dt =∞.
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Ïóñòü G ⊂ R2 - îãðàíè÷åííàÿ îáëàñòü. Â îáëàñòè G ðàññìîòðèì óðàâ-
íåíèå Ïóàññîíà:

∆u = f (x, y) . (1)

Íèæå ìû èçó÷àåì âîïðîñ î ñóùåñòâîâàíèè êëàññè÷åñêîãî ðåøåíèÿ, òî åñòü
ðåøåíèÿ, èìåþùåãî íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå äî âòîðîãî ïîðÿä-
êà âêëþ÷èòåëüíî. Îáîçíà÷èì ÷åðåç Ck(G) ëèíåéíîå ïðîñòðàíñòâî âñåõ
ôóíêöèé u(x, y) , íåïðåðûâíûõ â G âìåñòå ñî âñåìè ÷àñòíûìè ïðîèçâîä-
íûìè äî ïîðÿäêà k âêëþ÷èòåëüíî. Îáîçíà÷èì C(G) = C0(G) . Ïî îáëàñòè
G â ïðîñòðàíñòâå R3 îïðåäåëèì îãðàíè÷åííóþ îáëàñòü

G̃ = {(x, y, s) : M = (x, y) ∈ G, |s| < %(M,∂G)}.
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Ïóñòü âåùåñòâåííàÿ ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàíñòâó C(G) . Òî-
ãäà ôóíêöèÿ

g(x, y, s, ϕ) = f(x+ s cosϕ, y + s sinϕ)

îïðåäåëåíà è íåïðåðûâíà íà ìíîæåñòâå G̃× [0, 2π] è 2π -ïåðèîäè÷íà ïî ϕ .
Ïîýòîìó êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ

F (x, y, r) =

∫ 2π

0

g(x, y, r, ϕ) exp(2iϕ) dϕ

îïðåäåëåíà è íåïðåðûâíà íà G̃ , ïðè÷åì F (x, y, 0) ≡ 0 . Ôóíêöèþ f ∈ C(G)
íàçîâ¼ì óñèëåííî íåïðåðûâíîé â òî÷êå M = (x, y) ∈ G , åñëè ñóùåñòâóåò
íåñîáñòâåííûé èíòåãðàë∫ r1

0

F (x, y, r)
dr

r
= lim

δ→+0

∫ r1

δ

F (x, y, r)
dr

r
, r1 = %(M,∂G)/2, (2)

óñèëåííî íåïðåðûâíîé â G , åñëè îíà óñèëåííî íåïðåðûâíà â êàæäîé òî÷-
êå (x, y) ∈ G , è ðàâíîìåðíî óñèëåííî íåïðåðûâíîé â G , åñëè îíà óñè-
ëåííî íåïðåðûâíà â G è ïðåäåëüíîå ñîîòíîøåíèå (2) âûïîëíÿåòñÿ ðàâíî-
ìåðíî îòíîñèòåëüíî (x, y) íà êàæäîì êîìïàêòå K ⊂ G ïðè íåêîòîðîì
r1 = r1(K) > 0 . Î÷åâèäíî, íåïðåðûâíàÿ ïî Ã¼ëüäåðó ôóíêöèÿ ÿâëÿåòñÿ
ðàâíîìåðíî óñèëåííî íåïðåðûâíîé â îáëàñòè G .

Ñôîðìóëèðóåì òåîðåìû, óñòàíàâëèâàþùèå ñâÿçü ìåæäó ñóùåñòâîâàíè-
åì êëàññè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ Ïóàññîíà è ñâîéñòâîì ðàâíîìåðíîé
óñèëåííîé íåïðåðûâíîñòè.
Òåîðåìà 1. Ïóñòü ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàíñòâó C(G) è

óðàâíåíèå Ïóàññîíà èìååò êëàññè÷åñêîå ðåøåíèå u â îáëàñòè G . Òîãäà
ôóíêöèÿ f ÿâëÿåòñÿ ðàâíîìåðíî óñèëåííî íåïðåðûâíîé â G .
Òåîðåìà 2. Ïóñòü â ëþáîé îáëàñòè G0, G0 ⊂ G óðàâíåíèå Ïóàññîíà

(1) èìååò êëàññè÷åñêîå ðåøåíèå. Òîãäà ôóíêöèÿ f ÿâëÿåòñÿ ðàâíîìåðíî
óñèëåííî íåïðåðûâíîé â G .
Ñëåäñòâèå 1. Åñëè íåïðåðûâíàÿ ôóíêöèÿ f íå ÿâëÿåòñÿ óñèëåííî

íåïðåðûâíîé â íåêîòîðîé òî÷êå (x0, y0) îáëàñòè G , òî óðàâíåíèå (1) íå
èìååò êëàññè÷åñêîãî ðåøåíèÿ â ëþáîé îêðåñòíîñòè ýòîé òî÷êè, ñîäåð-
æàùåéñÿ â G .
Òåîðåìà 3. Ïóñòü ôóíêöèÿ f óñèëåííî íåïðåðûâíà â îáëàñòè G è

ïðèíàäëåæèò ïðîñòðàíñòâó L1(G) . Òîãäà ôóíêöèÿ u0(x, y) â G íåïðå-
ðûâíà âìåñòå ñî âñåìè ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî è âòîðîãî ïîðÿä-
êà è, ñëåäîâàòåëüíî, ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì óðàâíåíèÿ Ïóàñ-
ñîíà (1).

Ïðèâåäåì íåêîòîðûå ïîíÿòèÿ, ñâÿçàííûå ñ îïðåäåëåíèåì îáîáùåííî-
ãî ðåøåíèÿ óðàâíåíèÿ Ïóàññîíà. Ïóñòü D(G) - ïðîñòðàíñòâî îñíîâíûõ
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â îáëàñòè G ôóíêöèé, à D′(G) -ïðîñòðàíñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ
ôóíêöèîíàëîâ íà ïðîñòðàíñòâå îñíîâíûõ ôóíêöèé D(G) , ò.å. ïðîñòðàí-
ñòâî îáîáùåííûõ â îáëàñòè G ôóíêöèé. Êàæäàÿ ëîêàëüíî èíòåãðèðóåìàÿ
â îáëàñòè G ôóíêöèÿ f îïðåäåëÿåò íåïðåðûâíûé â D(G) ôóíêöèîíàë
- ðåãóëÿðíóþ îáîáùåííóþ ôóíêöèþ èç ïðîñòðàíñòâà D′(G) . Ïóñòü f -
ïðîèçâîëüíàÿ îáîáùåííàÿ ôóíêöèÿ. Îáîáùåííóþ ôóíêöèþ v ∈ D′(G) íà-
çûâàþò îáîáùåííûì ðåøåíèåì óðàâíåíèÿ Ïóàññîíà ∆u = f , åñëè îíà
óäîâëåòâîðÿåò ðàâåíñòâó (v,∆ψ) = (f, ψ) äëÿ ëþáîé ôóíêöèè ψ ∈ D(G) .
Â ÷àñòíîñòè, åñëè f = 0 , òî óðàâíåíèå Ïóàññîíà íàçûâàþò óðàâíåíèåì
Ëàïëàñà. Êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà â îáëàñòè G íàçûâà-
þò ãàðìîíè÷åñêîé ôóíêöèåé, à ðåøåíèå óðàâíåíèÿ Ëàïëàñà èç ïðîñòðàí-
ñòâà D′(G) íàçûâàþò îáîáùåííîé ãàðìîíè÷åñêîé ôóíêöèåé. Ñëåäóþùàÿ
èçâåñòíàÿ òåîðåìà îïðåäåëÿåò ñòðóêòóðó ìíîæåñòâà îáîáùåííûõ ãàðìîíè-
÷åñêèõ â îáëàñòè G ôóíêöèé.
Òåîðåìà 4. Âñÿêàÿ îáîáùåííàÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G

ÿâëÿåòñÿ òàêæå ãàðìîíè÷åñêîé ôóíêöèåé â ýòîé îáëàñòè.
Òåîðåìà 4 âìåñòå ñ âûøå ïðèâåäåííûìè ðåçóëüòàòàìè ïîçâîëÿþò óñòà-

íîâèòü ñëåäóþùóþ òåîðåìó.
Òåîðåìà 5. Ïóñòü íåïðåðûâíàÿ â îáëàñòè G ôóíêöèÿ f óñèëåííî

íåïðåðûâíà â ýòîé îáëàñòè. Òîãäà êàæäîå îáîáùåííîå ðåøåíèå óðàâíå-
íèÿ Ïóàññîíà (1) â îáëàñòè G ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì â ýòîé
îáëàñòè.

Áóäåì ãîâîðèòü, ÷òî íà ìíîæåñòâå M ⊂ G ôóíêöèÿ óäîâëåòâîðÿåò óñëî-
âèþ Ãåëüäåðà ñ ïîêàçàòåëåì α > 0 ïî íàïðàâëåíèþ −→n = (cos β, sin β) ,
åñëè

|f(x+ h cos β, y + h sin β)− f(x, y)| ≤ C|h|α, (x, y),

(x+ h cos β, y + h sin β) ∈M,C = const.

Òåîðåìà 6.Åñëè íåïðåðûâíàÿ ôóíêöèÿ f(x, y) , ïðèíàäëåæèò ïðî-
ñòðàíñòâó Ëåáåãà L(G) è â íåêîòîðîé îêðåñòíîñòè êàæäîé òî÷êè óäî-
âëåòâîðÿåò óñëîâèþ Ã¼ëüäåðà ïî íåêîòîðîìó íàïðàâëåíèþ, òî óðàâíåíèå
Ïóàññîíà (1) â îáëàñòè G èìååò êëàññè÷åñêîå ðåøåíèå.
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Î ðàçðåøèìîñòè òðåòüåé íåëèíåéíîé êðàåâîé çàäà÷è

À.Í.Íàèìîâ, Ì.Â.Áûñòðåöêèé
Âîëîãîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Âîëîãäà, Ðîññèÿ

e-mail: nan67@rambler.ru, bmv@playrix.com

Äîêëàä ïîñâÿùåí èññëåäîâàíèþ ðàçðåøèìîñòè íåëèíåéíîé êðàåâîé çà-
äà÷è âèäà

x′′(t) = Q(x′(t)−B(x(t))) + f(t, x(t), x′(t)), 0 < t < 1, (1)

x′(0) = A0(x(0), x(1)) + h0(x), x′(1) = A1(x(0), x(1)) + h1(x), (2)

ãäå x(t) - íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ, x(t) ∈ C1([0, 1];Rn) , n > 1 , îòîá-
ðàæåíèÿ Q,B : Rn 7→ Rn , A0, A1 : R2n 7→ Rn , f : [0, 1] × R2n 7→ Rn ,
h0, h1 : C1([0, 1];Rn) 7→ Rn çàäàþòñÿ, íåïðåðûâíû è óäîâëåòâîðÿþò ñëåäó-
þùèì óñëîâèÿì:

a) ∃m > 1 , Q(λz) ≡ λmQ(z) ∀λ > 0 ;
á) B(λy) ≡ λB(y) ∀λ > 0 ;
â) ïðè ëþáîì âåêòîðå y0 ∈ Rn ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

pB(t, y0) çàäà÷è Êîøè y′(t) = B(y(t)) , y(0) = y0 ;
ã) Ai(λy, λz) ≡ λAi(y, z) ∀λ > 0 , i = 0, 1 ;
ä) (|y|+ |z|)−m max0≤t≤1 |f(t, y, z)| → 0 ïðè |y|+ |z| → ∞ ;
å) ||z||−1

C1 |hi(z)| → 0 ïðè |||z||C1 →∞ , i = 0, 1 ;

Êðàåâóþ çàäà÷ó (1), (2) íàçûâàåì ðàçðåøèìîé, åñëè ïðè ëþáûõ âîçìó-
ùåíèÿõ f , h0 è h1 , óäîâëåòâîðÿþùèõ óñëîâèÿì ä) è å), ñóùåñòâóåò õîòÿ
áû îäíî ðåøåíèå êðàåâîé çàäà÷è.

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîñòîèò â òîì, ÷òî ðàçðåøèìîñòü
êðàåâîé çàäà÷è (1), (2) ñâîäèòñÿ ê ðàçðåøèìîñòè êðàåâîé çàäà÷è

x′′(t) = Q(x′(t)) + f(t, x(t), x′(t)), 0 < t < 1, (3)

x′(0) = ÃB,0(x(0)) + h0(x), x′(1) = ÃB,1(x(0)) + h1(x), (4)

ãäå

ÃB,0(y) = A0(y, pB(1, y))−B(y), ÃB,1(y) = A1(y, pB(1, y))−B(pB(1, y)).

Îáîçíà÷èì ÷åðåç L+(Q,B,A0) ìíîæåñòâî âñåõ âåêòîðîâ y0 ∈ Rn äëÿ
êîòîðûõ õîòÿ áû îäíî ðåøåíèå çàäà÷è Êîøè z′(t) = Q(z(t)) , z(0) =
ÃB,0(y0) , îãðàíè÷åíî ïðè t > 0 . À ÷åðåç L−(Q,B,A1) îáîçíà÷èì ìíî-
æåñòâî âñåõ âåêòîðîâ y0 ∈ Rn äëÿ êîòîðûõ õîòÿ áû îäíî ðåøåíèå çàäà÷è
Êîøè z′(t) = Q(z(t)) , z(0) = ÃB,1(y0) , îãðàíè÷åíî ïðè t < 0 .
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Òåîðåìà Ïóñòü ìíîæåñòâà L+(Q,B,A0) è L−(Q,B,A1) ïåðåñåêà-
þòñÿ ëèøü â íóëå. Òîãäà ðàçðåøèìîñòü êðàåâîé çàäà÷è (1), (2) ðàâíî-
ñèëüíà ðàçðåøèìîñòè êðàåâîé çàäà÷è (3), (4).

Â äîêàçàòåëüñòâå òåîðåìû èñïîëüçóþòñÿ ðåçóëüòàòû ðàáîòû [1].
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Î ðåãóëÿðèçîâàííîì ñëåäå îïåðàòîðà Øòóðìà�Ëèóâèëëÿ ñ
ñèíãóëÿðíûì ïîòåíöèàëîì

Ã.Ì.Íàëüæóïáàåâà
Êàçàõñêèé íàöèîíàëüíûé óí�ò èì. àëü�Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(0, 1) , äëÿ ïðîèçâîëüíûõ ýëåìåíòîâ f

è g èç L2(0, 1) ñî ñêàëÿðíûì ïðîèçâåäåíèåì < f, g >:=
∫ 1

0 f(x)g(x)dx ,
èññëåäóåòñÿ ñâîéñòâà îïåðàòîðà Øòóðìà � Ëèóâèëëÿ Pk, ïîðîæäåííîãî
äèôôåðåíöèàëüíûì âûðàæåíèåì

l(y) ≡ −y′′(x) + q(x)y(x), x ∈ I0 := I \ {x0}, I := (0, 1), x0 ∈ I,

è óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

y(0) = y(1) = 0,

[y(x0)] = 0, [y′(x0)] =

∫ 1

0

l(y)k(x)dx,

ãäå q(x) � íåïðåðûâíàÿ è âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ íà îòðåçêå [0, 1],
k(x) � ãðàíè÷íàÿ ôóíêöèÿ èç L2(0, 1), z îçíà÷àåò êîìïëåêñíîå ñîïðÿæå-
íèå ÷èñëà z ∈ C, [y] = y(x0 + 0)− y(x0−0), è [y′] = y′(x0 + 0)− y′(x0−0).

Ïðè íàêëàäêàõ íåêîòîðûõ óñëîâèè íà ãðàíè÷íóþ ôóíêöèþ ïîëó÷åíà
ôîðìóëà ðåãóëÿðèçîâàííîãî ñëåäà èññëåäóåìîãî îïåðàòîðà.
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Îá ñâîéñòâå îïåðàòîðà óìíîæåíèÿ íà öåëóþ ôóíêöèþ â
ïðîñòðàíñòâå Áàðãìàíà � Ôîêà

Â. Â. Íàïàëêîâ (ìë.)
Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì ÓÍÖ ÐÀÍ,

Óôà, Ðîññèÿ
e-mail: vnap@mail.ru

Ïðîñòðàíñòâî Áàðãìàíà � Ôîêà Fn ñîñòîèò èç ôóíöèé îò n êîìïëåêñ-
íûõ ïåðåìåííûõ è ñóììèðóåìûõ ñ êâàäðàòîì ìîäóëÿ ïî ìåðå dσn =
1
π

n
dvn(z) , ãäå dvn(z) åñòü n - ìåðíàÿ ìåðà Ëåáåãà â Cn . Ýòî ãèëüáåðòîâî

ïðîñòðàíñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(f, g)Fn =
1

πn

∫
Cn
f(z) · g(z) dσn(z), f, g ∈ Fn .

Äëÿ ëþáîãî z0 ∈ Cn ôóíêöèîíàë f → f(z0), f ∈ Fn ÿâëÿåòñÿ ëèíåéíûì
íåïðåðûâíûì ôóíêöèîíàëîì íàä Fn . Ïî òåîðåìå Ðèññà � Ôèøåðà ñóùå-
ñòâóåò ýëåìåíò KFn(z, z0) ∈ Fn , êîòîðûé ïîðîæäàåò ýòîò ôóíêöèîíàë:

f(z0) = (f(z), KFn(z, z0))Fn .

Ïðîñòðàíñòâî Áàðãìàíà � Ôîêà ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì ñ
âîñïðîèçâîäÿùèì ÿäðîì (ñì. [1]). Õîðîøî èçâåñòíî, ÷òî KFn(z, ξ) = e<z,ξ> ,
ãäå < z, ξ >= z1 · ξ1 + · · · + zn · ξn , z, ξ ∈ Cn . Ïóñòü ϕ(z) öåëàÿ ôóíêöèÿ
â Cn , îáëàäàþùàÿ ñâîéñòâîì: äëÿ ëþáîãî ξ0 ∈ Cn ôóíêöèÿ ϕ(z) · e<z,ξ0>
ïðèíàäëåæèò ïðîñòðàíñòâó Fn . Êëàññ öåëûõ ôóíêöèé îáëàäàþùèõ ýòèì
ñâîéñòâîì "ïî÷òè"ñîâïàäàåò ñ êëàññîì öåëûõ ôóíêöèé ïîðÿäêà íå âûøå
2 è ïðè ïîðÿäêå 2 òèïà ìåíüøå 1/2 (ñì.[2]) Ïóñòü Nϕ íóëåâîå ìíîæåñòâî
ôóíêöèè ϕ . Ïîëîæèì

KHϕ
(z, ξ)

def
=

{
e<z,ξ>, z, ξ ∈ Cn\Nϕ

0, z èëè ξ ∈ Nϕ .

Íåòðóäíî âèäåòü, ÷òî ôóíêöèÿ KHϕ
(z, ξ) óäîâëåòâîðÿåò óñëîâèþ: äëÿ ëþ-

áîãî êîíå÷íîãî íàáîðà òî÷åê {zk}nk=1 èç Cn è ëþáîãî êîíå÷íîãî íàáîðà
êîìïëåêñíûõ ÷èñåë {ck}nk=1 âûïîëíåíî óñëîâèå:

n∑
k,l=1

ckclKHϕ
(zk, zl) ≥ 0 .

Ïî òåîðåìå Ìóðà � Àðîíøàéíà [1] ñóùåñòâóåò åäèíñòâåííîå ãèëüáåðòîâî
ïðîñòðàíñòâî Hϕ èìåþùåå â êà÷åñòâå ÿäðà ôóíêöèþ KHϕ

. Ìîæíî äîêà-
çàòü, ÷òî íîðìà â ïðîñòðàíñòâå Hϕ èìååò âèä:

‖f‖2
Hϕ

=

∫
Cn\Nϕ

|f(z)|2 dσn(z) .
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Â ïðîñòðàíñòâî Hϕ âõîäèò êëàññ, âîîáùå ãîâîðÿ ðàçðûâíûõ, ôóíêöèé, êî-
òîðûå ñîâïàäàþò ñ ôóíêöèÿìè èç ïðîñòðàíñòâà Fn íà ìíîæåñòâå Cn\Nϕ

è ïðèíèìàþò çíà÷åíèå 0 íà ìíîæåñòâå Nϕ . Ïðîñòðàíñòâî Hϕ òàêæå ñî-
äåðæèò â îáùåì ñëó÷àå ôóíêöèè, àíàëèòè÷åñêèå íà Cn\Nϕ , êîòîðûå íå
ïðîäîëæàþòñÿ íà âñå Cn êàê öåëûå ôóíêöèè êëàññà Fn . Çàìåòèì, ÷òî
åñëè ôóíêöèÿ f ∈ Fn òàêîâà, ÷òî f(z)/ϕ(z) öåëàÿ ôóíêöèÿ, òî f ïðèíàä-
ëåæèò ïðîñòðàíñòâó Hϕ . Ñïðàâåäëèâà ñëåäóþùàÿ
Ëåììà 1 Ñóùåñòâóåò ëèíåéíûé íåïðåðûâíûé âçàèìíîîäíîçíà÷íûé

îïåðàòîð R , îñóùåñòâëÿþùèé àâòîìîðôèçì ïðîñòðàíñòâà Hϕ , òàêîé,
÷òî ëþáàÿ ôóíêöèÿ f ∈ Hϕ ïðåäñòàâëÿåòñÿ â âèäå:

f(z) =

∫
Cn\Nϕ

(Rf(τ), ϕ(τ) · e<τ,ξ>)Hϕ
e<z,ξ> · ϕ(z) dσn(ξ), z ∈ Cn\Nϕ .

Äîêàçàòåëüñòâî ýòîé ëåììû îñíîâàíî íà òåîðèè îðòîïîäîáíûõ ñèñòåì ðàç-
ëîæåíèÿ [3], à òàêæå ðåçóëüòàòàõ èç ðàáîòû [4]. Íà ïëîòíîì ïîäìíîæå-
ñòâå D ïðîñòðàíñòâà Fn ðàññìîòðèì îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ
Pϕ : f → ϕ · f . Â êà÷åñòâå D ìîæíî âçÿòü ëèíåéíóþ îáîëî÷êó ñèñòåìû

ôóíêöèé {e<z,ξ>}ξ∈Cn . Îïåðàòîð Pϕ åñòü íåîãðàíè÷åííûé îïåðàòîð äåé-
ñòâóþùèé èç D â Fn . Ñîïðÿæåíûé îïåðàòîð ê îïåðàòîðó Pϕ îïðåäåëÿåòñÿ
èç ðàâåíñòâà

(Pϕf, g)Fn = (f, P ∗ϕg)Fn, f ∈ D, g ∈ D∗ .

è èìååò ïëîòíóþ â Fn îáëàñòü îïðåäåëåíèÿ D∗ . Îïåðàòîð P ∗ϕ èìååò âèä:

P ∗ϕg(ξ) = (g(z), ϕ(z)e<z,ξ>)Fn =

∫
Cn
g(z) · ϕ(z)e<z,ξ> dσn(z), ξ ∈ Cn .

Ïðèìåíÿÿ ëåììó 1 ìîæíî äîêàçàòü, ÷òî
Òåîðåìà 1 Ïóñòü g ∈ D∗ , è f ïðîèçâîëüíàÿ ôóíêöèÿ èç ïðîñòðàí-

ñòâà Fn , êîòîðàÿ äåëèòñÿ íà ôóíêöèþ ϕ(z) , ò.å. f(z)/ϕ(z) åñòü öåëàÿ
ôóíêöèÿ. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

(f, g)Fn =

∫
Cn
f(z)/ϕ(z) · P ∗ϕg(z) dσn(z) . (1)

Ôóíêöèÿ f(z)
ϕ(z) ∈ H(Cn) öåëàÿ, îäíàêî âîçìîæíî, ÷òî ôóíêöèÿ f(z)

ϕ(z) íå

ïðèíàäëåæèò ïðîñòðàíñòâó Fn . Ïîýòîìó â ïðàâîé ÷àñòè ðàâåíñòâà (1)
ìû íå ìîæåì èñïîëüçîâàòü çíàê ñêàëÿðíîãî ïðîèçâåäåíèÿ. Ðàâåíñòâî (1)
îçíà÷àåò, ÷òî èíòåãðàë

∫
Cn f(z)/ϕ(z) · P ∗ϕg(z) dσn(z) ñóùåñòâóåò è ðàâåí

(f, g)Fn . Õîòÿ ôóíêöèÿ f/ϕ , ìîæåò áûòü, íå èíòåãðèðóåìà ñ êâàäðàòîì
ìîäóëÿ ïî ìåðå dσn .
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Ðåäóêöèè ñèñòåì Øëåçèíãåðà è Ãàðíüå
Ä.Ï.Íîâèêîâ
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Îñíîâíîå âíèìàíèå ïðè èññëåäîâàíèè èçîìîíîäðîìíûõ äåôîðìàöèé
óðàâíåíèé 2-ãî ïîðÿäêà (ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè) âûçûâàåò ñè-
ñòåìà Ãàðíüå è åå êîíôëþýíòíûå âûðîæäåíèÿ. Â ñîîòâåòñòâóþùèõ ñèñòå-
ìàõ âèäà

ψxx = Rψ, ψti = Aiψx −
(Ai

2

)
x
ψ (1)

âñå íåñóùåñòâåííûå îñîáûå òî÷êè x = ri êîýôôèöèåíòà R èìåþò ïîêàçà-
òåëè 0 è 2, à êîëè÷åñòâî ri ðàâíî ÷èñëó íåçàâèñèìûõ ïåðåìåííûõ ti .

Òàêèå ñèñòåìû (1) äîïóñêàþò ðåäóêöèè, â êîòîðûõ ÷àñòü ïåðåìåííûõ ti
ñòàíîâèòñÿ çàâèñèìûìè îò äðóãèõ, à ÷èñëî ri óìåíüøàåòñÿ.

Ñèñòåìà óðàâíåíèé (ãäå a, b, c, d êîíñòàíòû, v, r, h, p íåèçâåñòíûå ôóíê-
öèè ïåðåìåííîé t )

ψx = h(x− r)xa−1(x− 1)b−1(x− t)c−1(x− v)d−1,

ψt = pxa(x− 1)b(x− t)c−1(x− v)d−1

îïðåäåëÿåò äåôîðìàöèþ ïåðâîãî èç ýòèõ óðàâíåíèé. Ñëåäñòâèåì (è ýêâè-
âàëåíòîì) èñõîäíîé ñèñòåìû ÿâëÿåòñÿ

ψxx +
(1− a

x
+

1− b
x− 1

+
1− c
x− t

+
1− d
x− v

− 1

x− r

)
ψx = 0, ψt =

px(x− 1)

h(x− r)
ψx.
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Íåñóùåñòâåííàÿ îñîáåííîñòü çäåñü x = r . Òî åñòü îñîáûõ òî÷åê 5:
0, 1, t, v,∞ . Ñîîòâåòñòâóþùåå óðàâíåíèå äåôîðìàöèè äëÿ v

v′′ = d
t(t− 1)

v(v − 1)(v − t)
(v′)3 +

(a+ d

v
+
b+ d

v − 1
+
c− 2d

v − t

)
(v′)2−

−
(a+ c

t
+
b+ c

t− 1
+

2c− d
v − t

)
v′ + c

v(v − 1)

t(t− 1)(v − t)
, (2)

ïî âñåé âèäèìîñòè íå îáëàäàåò ñâîéñòâîì Ïåíëåâå, íî òåì íå ìåíåå èíòå-
ãðèðóåòñÿ ïî òîé æå ñõåìå, ÷òî ñëó÷àé Ïèêàðà óðàâíåíèÿ Ïåíëåâå 6.

Ñèñòåìå óðàâíåíèé (ãäå v, r, h, p íåèçâåñòíûå ôóíêöèè ïåðåìåííîé t )

ϕx
ϕ

=
h(x− r)

2(x− v)
√
x(x− 1)(x− t)

,
ϕt
ϕ

=
p
√
x(x− 1)

(x− v)
√
x− t

ñîîòâåòñòâóåò ñëó÷àé Ïèêàðà - Õèò÷èíà óðàâíåíèÿ Ïåíëåâå 6 (ïàðàìåòðû
â (2): d = 0 , a = b = c = 1/2 ). Ñëåäñòâèåì (è ýêâèâàëåíòîì) èñõîäíîé
ñèñòåìû ÿâëÿåòñÿ

ϕxx +

[
1

2

(1

x
+

1

x− 1
+

1

x− t

)
+

1

x− v
− 1

x− r

]
ϕx−

−ε2 v(v − 1)(v − t)
x(x− 1)(x− t)

( 1

v − r
+

1

x− v

)2

ϕ, ϕt =
(r − t)x(x− 1)

t(t− 1)(x− r)
ϕx.

Åñëè ε = 1/2 , òî ïîñëåäíÿÿ ñèñòåìà ñâîäèòñÿ çàìåíîé ϕ → (x − v)1/2ϕ ê
îáû÷íîé ïàðå Ãàðíüå äëÿ ñëó÷àÿ Õèò÷èíà óðàâíåíèÿ Ïåíëåâå 6 (äëÿ r ).
Òåîðåìà 1 Íåçàâèñèìî îò âåëè÷èíû ε (â òîì ÷èñëå ïðè ε = 0 ) óñëî-

âèåì ñîâìåñòíîñòè ïîñëåäíåé ñèñòåìû ÿâëÿþòñÿ ñëó÷àé Ïèêàðà (äëÿ v )
è ñëó÷àé Õèò÷èíà (äëÿ r ) óðàâíåíèÿ Ïåíëåâå 6. Òàêèì îáðàçîì, ïîëó÷åíî
ïðåäñòàâëåíèå Ïåíëåâå 6 (â ñïåöèàëüíîì ñëó÷àå) êàê èçîìîíîäðîìíîé äå-
ôîðìàöèè ôóêñîâà óðàâíåíèÿ ñ 5 îñîáûìè òî÷êàìè 0, 1, t,∞, v . Â òî÷êå v
ðàçíîñòü ïîêàçàòåëåé ðàâíà 2ε , òî÷êà r íåñóùåñòâåííàÿ îñîáåííîñòü.
Åñëè 2ε � öåëîå ÷èñëî, òî v òîæå ÿâëÿåòñÿ íåñóùåñòâåííîé îñîáåííî-
ñòüþ.
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Ôàçîâûå ïåðåõîäû â çàäà÷å ÷èñëåííîãî èññëåäîâàíèÿ
áèôóðêàöèé íåãëàäêèõ äèíàìè÷åñêèõ ñèñòåì

È.Ä. Íóðîâ, Ì.Ø. Õàëèëîâà
Ðîññèéñêî-Òàäæèêñêèé (ñëàâÿíñêèé) óíèâåðñèòåò,

Äóøàíáå, Òàäæèêèñòàí
e-mail: nid1@mail.ru

Íåãëàäêèå ýôôåêòû èìåþò âàæíîå çíà÷åíèå â ðàçëè÷íûõ ðàçäåëàõ íàó-
êè ôèçèêè, ìåõàíèêè, áèîëîãèè, ýêîíîìèêè è ò.ï. Îñîáûé èíòåðåñ ïðåäñòàâ-
ëÿþò òåîðèè ôàçîâûõ ïåðåõîäîâ â ýëåêòðè÷åñòâî è ìàãíåòèçì. Ïðîñòåéøè-
ìè ïðèìåðàìè â òåðìîäèíàìèêå òàêèõ ïåðåõîäîâ ÿâëÿþòñÿ: ïàðîîáðàçîâà-
íèÿ, êîíäåíñàöèÿ, êðèñòàëëèçàöèÿ è ñóáëèìàöèÿ. Ïðèñóòñòâèå íåãëàäêèõ
ýëåìåíòîâ òèïà (ðåëå) âëèÿþò íà ôóíêöèîíèðîâàíèå ñèñòåì îïèñûâàåìûõ
äèíàìèêó òàêèõ íåãëàäêèõ ñèñòåì, êàê îáû÷íî çàâèñÿò îò ïàðàìåòðîâ. Èç-
ìåíåíû îäíèõ ïàðàìåòðîâ ìîãóò âëèÿåò íà ñòðóêòóðó ðåøåíèé â öåëîì,
èëè ñèñòåìà ìîæåò ïåðåõîäèò èç îäíîé ñîñòîÿíèé â äðóãîå è ýòî äàëü-
íåéøåì íàçîâåì áèôóðêàöèîííûì ÿâëåíèåì. Ñëåäóåò îòìåòèò, ÷òî ìîäåëè
íåãëàäêèõ ñèñòåì îïèñûâàþòñÿ ïîñðåäñòâîì äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ íåãëàäêèìè, ðåëåéíûìè è ãèñòåðåçèñíèìû íåëèíåéíîñòÿìû.

Íàñòîÿùèé äîêëàä ïîñâÿùåí èññëåäîâàíèåì áèôóðêàöèè â íåãëàäêèõ
äèíàìè÷åñêèõ ñèñòåìàõ. Ââåäåì â ðàññìîòðåíèÿ íåãëàäêóþ ñèñòåìó äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà âèäà

y′′ + ay′ + by + c|y′ − λ| = 0. (1)

Ïðè ýòîì ðàññìàòðèâàþòñÿ ñëåäóþùèå ñëó÷àè

b > max
{

(a−c2 )2, (a+c
2 )2

}
,

(a−c2 )2 < b < (a+c
2 )2,

(a+c
2 )2 < b < (a−c2 )2,

b < 0, ∀a, c,

0 < b < min
{

(a−c2 )2, (a+c
2 )2

}
.

(2)

Çäåñü a, b, c êîýôôèöèåíòû èç (1).
Ñëåäóåò îòìåòèòü, ÷òî èññëåäîâàíèå ñòàöèîíàðíîãî ñîñòîÿíèÿ äèíàìè-

÷åñêîé ñèñòåìû èìååò î÷åíü âàæíîå çíà÷åíèå. Ýòî èñõîäèò èç òîãî, ÷òî â
ïðàêòè÷åñêè âàæíûõ ñëó÷àÿõ ñòàöèîíàðíûå ñîñòîÿíèÿ îêàçûâàþò ñèëüíîå
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âëèÿíèå íà ñòðóêòóðó ìíîæåñòâà äâèæåíèé, òàê êàê âñå äðóãèå (íåñòàöèî-
íàðíûå) ÿâëåíèÿ ñ òå÷åíèåì âðåìåíè ê íèì ñòðåìÿòñÿ. Ñëåäîâàòåëüíî, ìû
ïðè èññëåäîâàíèè äèíàìèêè ñèñòåìû (1), â îñíîâíîì îáðàùàåì âíèìàíèå
íà ïîâåäåíèå åå ðåøåíèé â îêðåñòíîñòÿõ ñîñòîÿíèé ðàâíîâåñèÿ.

Ðàññìîòðèì óðàâíåíèå (1) â èíîì âàðèàíòå

y′′ + ay′ + by + c|y′ − λ|+ ϕ(y, λ) = 0. (3)

Â îòëè÷èå îò óðàâíåíèÿ (1) â ëåâîé ÷àñòè (3) ïðèñóòñòâóåò íåëèíåéíîñòü
ϕ(y, λ) . Çàäàííîå âîçìóùåíèå (íåëèíåéíîñòü) óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèåì ϕ(y, λ) = o(|y|), |y| → 0 .
Çàäà÷à. Íàñêîëüêî áëèçêè ôàçîâûå ïîðòðåòû (1) è (3)?
Íà ïåðâîì ýòàïå ïîñòðîèì ñîñòîÿíèÿ ðàâíîâåñèÿ ýòèõ óðàâíåíèé. Ïîñëå

íåñëîæíûõ âû÷èñëåííûé èìååì:{
y1 = −c|λ|

b , b 6= 0,

y2 = −c|λ|+ϕ(y,λ)
b , b 6= 0.

(4)

Ïðîâîäèòñÿ ñðàâíåíèå ôàçîâûõ ïîðòðåòîâ óðàâíåíèé (2) è (3).

Ðèñ.1 Ðèñ.2

Íà ðèñóíêàõ 1 è 2 ïðèâåäåíû ôàçîâûå ïîðòðåòû óðàâíåíèÿ (1).

Ðèñ.3 Ðèñ.4
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À íà ðèñóíêàõ 3 è 4 ïðèâåäåíû ôàçîâûå ïîðòðåòû óðàâíåíèÿ (3) êîãäà
íåëèíåéíîñòü èìååò êâàäðàòè÷íûé âèä.

Ôàçîâûå ïîðòðåòû, ïðèâåäåííûå íà ðèñóíêàõ 1 è 3, ïîëó÷åíû ñ ïîìîùüþ
ñòàíäàðòíîãî ïàêåòà Mathcad. À ðèñóíêè 2 è 4 ïîëó÷åíû ñ ïîìîùüþ ìåòîäà
Ðóíãå-Êóòòà, ïðîãðàììà ê êîòîðîìó ñîñòàâëåíà àâòîðàìè.

Ñïèñîê ëèòåðàòóðû
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Î äèôôåðåíöèðóåìîñòè ðåøåíèÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ ñ
íåãëàäêèìè êîýôôèöèåíòàìè

Ê.Í.Îñïàíîâ
Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà,

Àñòàíà, Êàçàõñòàí
e-mail: kordan.ospanov@gmail.com

Ïóñòü n ≥ 3 è Ω - îãðàíè÷åííîå ìíîæåñòâî â Rn . Èçâåñòíî [1], ÷òî
åñëè â óðàâíåíèè

−∆u+ q(x)u = f(x), x ∈ Ω, (1)

ôóíêöèè q , f ïðèíàäëåæàò êëàññó Lp,loc(Ω) , p > n , òî åãî îáîáùåííîå
ðåøåíèå èìååò â Ω íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà.
Òàêîå óòâåðæäåíèå íå âåðíî, åñëè q, f ∈ Ln,loc(Ω) . Âîçíèêàåò âîïðîñ: åñëè
îãðàíè÷åíèÿ íà ôóíêöèè q è f â óðàâíåíèè (1) ôîðìóëèðîâàòü â òåðìè-
íàõ äðóãèõ, ÷åì Lp , ïðîñòðàíñòâ, òî êàêîâû óñëîâèÿ íà ýòè ïðîñòðàíñòâà,
äîñòàòî÷íûå äëÿ òîãî, ÷òîáû ðåøåíèå u áûëî íåïðåðûâíî äèôôåðåíöèðó-
åìûì âíóòðè Ω ?

Îòâåò íà ýòîò âîïðîñ ïðåäñòàâëÿåò îïðåäåëåííûé òåîðåòè÷åñêèé èíòåðåñ
è âàæåí â ïðèëîæåíèÿõ. Â íàñòîÿùåé ðàáîòå îí ïîëó÷åí äëÿ íîðìèðîâàí-
íûõ ïðîñòðàíñòâ M(Ω) ñ íîðìîé ‖·‖M(Ω) , óäîâëåòâîðÿþùèõ ñëåäóþùèì
óñëîâèÿì:
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à) ìíîæåñòâî C∞0 (Ω) ïëîòíî â M(Ω) ;
á) M(Ω) ↪→ L1(Ω) ;
â) åñëè ϕ ∈M(Ω) , òî äëÿ ëþáîé ôóíêöèè ψ èç C∞0 (Ω) ψϕ ∈M(Ω) ;
ã) åñëè ϕ ∈ M(Ω) , òî |f | ∈ M(Ω) , ïðè÷åì ‖|f |‖M(Ω) ≤ C ‖f‖M(Ω) , ãäå

C íå çàâèñèò îò f .
×åðåç Pα(Ω) (0 < α < n) îáîçíà÷èì ïðîñòðàíñòâî, ïîëó÷åííîå ïîïîë-

íåíèåì C∞0 (Ω) ïî íîðìå

‖u‖Pα(Ω) = sup
x∈Ω

∫
Ω

|u(y)|
|x− y|α

dy.

Ëåãêî ïðîâåðèòü, ÷òî Pα(Ω) óäîâëåòâîðÿåò âñåì óñëîâèÿì à) - ã).
Òåîðåìà. Åñëè ôóíêöèè q è f ïðèíàäëåæàò êëàññó M(Ω) ñî ñâîé-

ñòâàìè à) - ã), òî îáîáùåííîå ðåøåíèå u óðàâíåíèÿ (1) íåïðåðûâíî äèô-
ôåðåíöèðóåìî âíóòðè îáëàñòè Ω â òîì è òîëüêî â òîì ñëó÷àå, åñëè
M(Ω) ⊆ Pn−1(Ω) .

Îòìåòèì, ÷òî óñëîâèÿì à) - ã) óäîâëåòâîðÿþò ïðîñòðàíñòâà íåãëàäêèõ
ôóíêöèè. Îäíàêî òåîðåìà ïîçâîëÿåò íàéòè òî÷íûå óñëîâèÿ äèôôåðåíöè-
ðóåìîñòè ðåøåíèÿ (1) è â òåðìèíàõ ïðîñòðàíñòâ ãëàäêèõ ôóíêöèé, íà-
ïðèìåð, Ñ.Ë.Ñîáîëåâà W s

p (Ω) (1 ≤ p ≤ ∞, s > 0) , Î.Â.Áåñîâà Bs
p,θ

(1 ≤ θ, p ≤ +∞, s > 0) .

Ñïèñîê ëèòåðàòóðû
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Âëèÿíèå âîçìóùåíèé íà óñòîé÷èâîñòü ìîäåëè àâòîðåçîíàíñà

Î.À.Ñóëòàíîâ
Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ

e-mail: oasultanov@gmail.com

Ðàññìàòðèâàåòñÿ ìîäåëüíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, êî-
òîðàÿ âîçíèêàåò â òåîðèè íåëèíåéíûõ êîëåáàíèé â çàäà÷àõ ñ ìàëîé íàêà÷-
êîé:

dr

dt
= sinψ, r

[dψ
dt
− r2 + t

]
= cosψ. (1)

Ôóíêöèè r(t) , ψ(t) ñîîòâåòñòâóþò ìåäëåííî ìåíÿþùèìñÿ àìïëèòóäå è
ñäâèãó ôàçû áûñòðûõ ãàðìîíè÷åñêèõ êîëåáàíèé. Äëÿ ðàññìàòðèâàåìûõ
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óðàâíåíèé ñóùåñòâóþò ðåøåíèÿ äâóõ òèïîâ: ñ îãðàíè÷åííîé è íåîãðà-
íè÷åííîé àìïëèòóäîé. Ðåøåíèÿ ñ íåîãðàíè÷åííî ðàñòóùåé àìïëèòóäîé
r(t) ≈

√
λt ïðè t → ∞ ñîîòâåòñòâóþò ÿâëåíèþ àâòîðåçîíàíñà [1]. Èç-

çà íåëèíåéíîñòåé ðàññìàòðèâàåìîé ìîäåëè ÿâíûå ôîðìóëû äëÿ ðåøåíèé
ïîëó÷èòü íå óäàåòñÿ. Îäíàêî, äëÿ íåêîòîðûõ èñêëþ÷èòåëüíûõ ðåøåíèé
ìîæíî ïîñòðîèòü àñèìïòîòè÷åñêèå ðàçëîæåíèÿ íà áåñêîíå÷íîñòè:

R0(t) =
√
t+O(t−1), Ψ0(t) = π − t−1/2 1

2
+O(t−1), t→∞.

Àíàëèçèðóåòñÿ óñòîé÷èâîñòü òàêèõ ðåøåíèé ïðè ïîñòîÿííî äåéñòâóþùèõ
âîçìóùåíèÿõ.

Âìåñòå ñ (1) ðàññìàòðèâàåòñÿ ñèñòåìà âîçìóùåííûõ óðàâíåíèé:

dr

dt
= (1 + ξ) sinψ, r

[dψ
dt
− r2 + t+ ζ

]
= (1 + η) cosψ.

Ôóíêöèè ξ è η ñîîòâåòñòâóþò âîçìóùåíèþ àìïëèòóäû, ζ � âîçìóùåíèþ
ôàçû íàêà÷êè. Îïèñûâàþòñÿ êëàññû äåòåðìèíèðîâàííûõ è ñëó÷àéíûõ âîç-
ìóùåíèé (ξ, η, ζ) , ïðè êîòîðûõ àâòîðåçîíàíñíûå ðåøåíèÿ óñòîé÷èâû [2,
3]. Ïîëó÷åííûå ðåçóëüòàòû îïèðàþòñÿ íà ñâîéñòâà ôóíêöèè Ëÿïóíîâà äëÿ
íåâîçìóùåííûõ óðàâíåíèé (1).
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Ñèíõðîíèçàöèÿ ñóáãàðìîíè÷åñêèõ êîëåáàíèé óðàâíåíèÿ
Âàí-äåð-Ïîëÿ

Ý.Ñ.Ñóþíäóêîâà
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ

e-mail: suyundukova89@mail.ru

Èçâåñòíî, ÷òî íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû ìîãóò äåìîíñòðèðî-
âàòü ðåçóëüòàò îòêëèêà íà âíåøíåå ïåðèîäè÷åñêîå âîçäåéñòâèå íå òîëüêî
ïðè âîçáóæäåíèè íà ÷àñòîòå, áëèçêîé ê ñîáñòâåííîé, íî è, íàïðèìåð, â ñè-
òóàöèè, êîãäà ÷àñòîòà âíåøíåãî ñèãíàëà ïðèáëèçèòåëüíî â q ðàç (çäåñü q
� íàòóðàëüíîå ÷èñëî) ïðåâîñõîäèò ñîáñòâåííóþ ÷àñòîòó. Òàêèå ñèòóàöèè
íàçûâàþò ñóáãàðìîíè÷åñêèìè ðåçîíàíñàìè ïîðÿäêà q , à ñàìî ÿâëåíèå �
ñèíõðîíèçàöèåé íà ñóáãàðìîíèêàõ [1, 2].

Îäíèì èç íàèáîëåå èçâåñòíûì â íåëèíåéíîé äèíàìèêå ÿâëÿåòñÿ óðàâíå-
íèå Âàí-äåð-Ïîëÿ. Îí ïðåäñòàâëÿåò ñîáîé ïðèìåð ñèñòåìû, äåìîíñòðèðó-
þùèé àâòîêîëåáàòåëüíûå ðåæèìû, áèôóðêàöèþ Àíäðîíîâà-Õîïôà, ñåäëî-
óçëîâóþ áèôóðêàöèþ ñóáãàðìîíè÷åñêèõ êîëåáàíèé, ñëîæíûå õàîòè÷åñêèå
äâèæåíèÿ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ óðàâíåíèå Âàí-äåð-Ïîëÿ âèäà

x′′ − µ(1− x2)x′ + ν2x = f(t, µ) , (1)

çàâèñÿùåå îò ïàðàìåòðîâ µ è ν è â êîòîðîì f(t, µ) � íåêîòîðàÿ T -
ïåðèîäè÷åñêàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ f(t, 0) ≡ 0 . Óðàâ-
íåíèå (1) ïðè µ = 0 ÿâëÿåòñÿ óðàâíåíèåì ãàðìîíè÷åñêîãî îñöèëëÿòîðà
x′′ + ν2x = 0 .

Ñóáãàðìîíè÷åñêèé ðåçîíàíñ ïîðÿäêà q â óðàâíåíèè (1) âîçìîæåí ïðè

çíà÷åíèÿõ ïàðàìåòðîâ µ è ν , áëèçêèõ ê ÷èñëàì µ0 = 0 è ν0 =
ω

q
; çäåñü

ω =
2π

T
. Ñîîòâåòñòâóþùàÿ çàäà÷à î ñèíõðîíèçàöèè íà ñóáãàðìîíèêàõ â

ìàòåìàòè÷åñêîé ïîñòàíîâêå ïðèâîäèò ê çàäà÷å î ñåäëî-óçëîâîé áèôóðêàöèè
ñóáãàðìîíè÷åñêèõ êîëåáàíèé ïåðèîäà qT óðàâíåíèÿ (1) . Êîðàçìåðíîñòü
òàêîé áèôóðêàöèè ðàâíà äâóì.

Íèæå óêàçàííàÿ çàäà÷à î áèôóðêàöèè ðàññìàòðèâàåòñÿ â îêðåñòíîñòè
òî÷êè x = 0 . Ñ ýòîé öåëüþ óðàâíåíèå (1) ïðåäñòàâëÿåòñÿ â âèäå:

y′ = A(µ, ν)y + u(µ, y) + g(µ, t), (2)

ãäå

A(µ, ν) =

[
0 1
−ν2 µ

]
, u(µ, y) =

[
0

−µy2
1y2

]
, g(µ, t) =

[
0

f(t, µ)

]
.
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Ïåðèîäè÷åñêèå ðåøåíèÿ ïåðèîäà qT ñèñòåìû (2) îïðåäåëÿþòñÿ èç óðàâ-
íåíèÿ

y = eqTA(µ,ν)y + eqTA(µ,ν)

∫ qT

0

e−sqA(µ,ν)(u(y(s)) + g(µ, s))ds,

ãäå y(t) - ýòî ðåøåíèå çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2)
ïðè íà÷àëüíîì óñëîâèè y(0) = y . À èìåííî, åñëè âåêòîð y ∈ R2 ÿâëÿåòñÿ
ðåøåíèåì óêàçàííîãî óðàâíåíèÿ, òî îí ÿâëÿåòñÿ íà÷àëüíûì âåêòîðîì qT -
ïåðèîäè÷åñêîãî ðåøåíèÿ y(t) óðàâíåíèÿ (2) è íàîáîðîò.

Ïîëàãàÿ

B(µ, ν) = eqTA(µ,ν), b(y, µ, ν) = eqTA(µ,ν)

∫ qT

0

e−sqA(µ,ν)u(y(s))ds,

a(µ, ν) = eqTA(µ,ν)

∫ qT

0

e−sqA(µ,ν)g(µ, s))ds,

ïðèäåì ê ñëåäóþùåìó óðàâíåíèþ

y = B(µ, ν)y + b(y, µ, ν) + a(µ, ν). (3)

Ïî ïîñòðîåíèþ ìàòðèöà B(µ0, ν0) èìååò ïîëóïðîñòîå ñîáñòâåííîå çíà-
÷åíèå 1 êðàòíîñòè 2. Ïóñòü e, g è e∗, g∗ � ñîáñòâåííûå âåêòîðû ìàòðèöû
B(µ0, ν0) è ñîïðÿæåííîé ìàòðèöû B∗(µ0, ν0) ñîîòâåòñòâåííî. Ýòè âåêòîðû
áóäåì ñ÷èòàòü âûáðàííûìè â ñîîòâåòñòâèè ñ ðàâåíñòâàìè (e, e∗) = (g, g∗) =
1 è (e, g∗) = (g, e∗) = 0 .

Ââåäåì îáîçíà÷åíèÿ B′ν = B′ν(µ0, ν0) è a′µ = a′µ(µ0, ν0) . Çäåñü B′ν -
ìàòðèöà, ïîëó÷åííàÿ äèôôåðåíöèðîâàíèåì ìàòðèöû B(µ, ν) ïî ν è a′µ �
âåêòîð, ïîëó÷åííûé äèôôåðåíöèðîâàíèåì âåêòîðà a(µ, ν) ïî µ .

Îñíîâíûì óòâåðæäåíèåì ðàáîòû ÿâëÿåòñÿ
Òåîðåìà 1 Ïóñòü âûïîëíåíî óñëîâèå

ρ = (B′νe, e
∗)(a′µ, g

∗)− (B′νe, g
∗)(a′µ, e

∗) 6= 0 . (4)

Òîãäà ïàðà ÷èñåë (µ0, ν0) ÿâëÿåòñÿ òî÷êîé ñèíõðîíèçàöèè íà ñóáãàðìî-
íèêàõ ïåðèîäà qT óðàâíåíèÿ (1) . À èìåííî, ñóùåñòâóþò îïðåäåëåííûå
ïðè ìàëûõ ε > 0 íåïðåðûâíûå ôóíêöèè µ = µ(ε) è ν = ν(ε) òàêèå,
÷òî µ(0) = 0 è ν(0) = ν0 , è óðàâíåíèå (1) ïðè µ = µ(ε) è ν = ν(ε)
èìååò íåñòàöèîíàðíûå qT -ïåðèîäè÷åñêèå ðåøåíèÿ x(t, ε) òàêèå, ÷òî
max
t
|x(t, ε)| → 0 ïðè ε→ 0 .

Ýòî óòâåðæäåíèå äîêàçûâàåòñÿ íà îñíîâå ïðèìåíåíèÿ ê óðàâíåíèþ (3)
îïåðàòîðíîãî ìåòîäà, èçëîæåííîãî â [2]. Ïðè ýòîì äëÿ ôóíêöèé µ(ε) , ν(ε)
è x(t, ε) ìîãóò áûòü ïîëó÷åíû ïðèáëèæåííûå ôîðìóëû.
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Â óñëîâèè (4) ÷èñëà (B′νe, g
∗) è (B′νe, e

∗) îïðåäåëÿþòñÿ ðàâåíñòâàìè:

(B′νe, g
∗) = −2π, (B′νe, e

∗) = 0

. ×èñëî ρ èç (4 ) äëÿ êîíêðåòíûõ ïðàâûõ ÷àñòåé óðàâíåíèÿ (1 ) ìîæåò áûòü
ýôôåêòèâíî âû÷èñëåíî. Íàïðèìåð, åñëè f(t, µ) = µ sinωt , òî (a′µ, g

∗) =

0, (a′µ, e
∗) = −q2π

ω2 , òî ρ = −2π2q2

ω2
è, ñëåäîâàòåëüíî, â ýòîì ñëó÷àå ïàðà

÷èñåë (µ0, ν0) ÿâëÿåòñÿ òî÷êîé ñèíõðîíèçàöèè íà ñóáãàðìîíèêàõ ïåðèîäà
qT óðàâíåíèÿ (1) .
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Ðàññìàòðèâàåòñÿ çàâèñÿùàÿ îò äâóõ ñêàëÿðíûõ ïàðàìåòðîâ α è β äâó-
ìåðíàÿ äèíàìè÷åñêàÿ ñèñòåìà ñ äèñêðåòíûì âðåìåíåì

xn+1 = A(α, β)xn + a2(xn, α, β) + a3(xn, α, β) + ã4(xn, α, β) , (1)

ãäå n = 0, 1, 2, ... , xn ∈ R2 , A(α, β) = (1 + α)Q(β) ,

Q(β) =

(
cos2π(θ0 + β) −sin2π(θ0 + β)
sin2π(θ0 + β) cos2π(θ0 + β)

)
(2)

íåëèíåéíîñòè a2(x, α, β), a3(x, α, β) ñîäåðæàò, ñîîòâåòñòâåííî, êâàäðàòè÷-
íûå è êóáè÷åñêèå ïî x ñëàãàåìûå, à ã4(x, α, β) ÿâëÿåòñÿ ãëàäêîé ïî x , ïðè
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ýòîì ã4(x, α, β) = O(||x||4) , x→ 0 , ðàâíîìåðíî ïî α è β . Ïóñòü θ0 = p/q
� íåñîêðàòèìàÿ äðîáü è âûïîëíåíî íåðàâåíñòâî 0 < θ0 ≤ 1/2 .

Äëÿ ñèñòåìû (1) òî÷êà x∗ = (0, 0) ÿâëÿåòñÿ òî÷êîé ðàâíîâåñèÿ äëÿ ëþ-
áûõ α, β . Ïðè (α∗, β∗) = (0, 0) òî÷êà ðàâíîâåñèÿ ÿâëÿåòñÿ íåãèïåðáîëè-
÷åñêîé, òàê êàê ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A(0, 0) ðàâíû λ = e±2πθi .
Çíà÷åíèå (α∗, β∗) = (0, 0) ÿâëÿåòñÿ áèôóðêàöèîííûì.

Ðàññìàòðèâàåòñÿ ïîâåäåíèå ñèñòåìû (1) â îêðåñòíîñòè x∗ = (0, 0) . Ïðè
ìàëûõ çíà÷åíèÿx α è β ó ñèñòåìû (1) ìîãóò âîçíèêàòü öèêëû ïåðèîäà
q . Áèôóðêàöèÿ öèêëîâ ïåðèîäà q ñîîòâåñòâóåò òàêèì çíà÷åíèÿì ïàðà-
ìåòðîâ α è β , êîòîðûå çàïîëíÿþò êëþâîîáðàçíûå ìíîæåñòâà íà ïëîñ-
êîñòè ïàðàìåòðîâ. Äàííîå ìíîæåñòâî ñâîèì îñòðèåì óïèðàåòñÿ â òî÷êó
(α∗, β∗) = (0, 0) . Òàêèå ìíîæåñòâà ïîëó÷èëè íàçâàíèå ÿçûêîâ Àðíîëüäà
[1].

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ âîïðîñ îá óñòîé÷èâîñòè öèêëîâ â çàäà÷àõ
î ÿçûêàõ Àðíîëüäà.

Â ðàáîòå [2] ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ áèôóðöèðóþùèõ
ðåøåíèé α = α(ε), β = β(ε) è x(ε) , îïðåäåëåííûõ ïðè ìàëûõ ε . Ïðè ýòîì
α(ε) → 0, β(ε) → 0 è x(ε) àñèìïòîòè÷åñêèé ñòðåìèòñÿ ê ïðÿìîé x = εe
ïðè ε → 0 , ãäå e - íåíóëåâîé âåêòîð, âäîëü êîòîðîãî ñòðîèòñÿ ðåøåíèå
x(ε) .

Èçó÷åíèå óñòîé÷èâîñòè q -öèêëîâ, ñòàðòóþùèõ èç òî÷åê x = x(ε) , ïðè
α = α(ε), β = β(ε) ñâîäèòñÿ ê èçó÷åíèþ ïîâåäåíèÿ ñîáñòâåííûõ çíà÷åíèé
ìàòðèöû

G(x(ε), α(ε), β(ε)) = F ′(x(ε), α(ε), β(ε)) (3)

ãäå F ′(x(ε), α(ε), β(ε)) - ìàòðèöà ßêîáè ïðàâîé ÷àñòè ñèñòåìû (1).
Ïóñòü ñíà÷àëà q = 1 . Âîñïîëüçóåìñÿ ôîðìóëàìè äëÿ áèôóðöèðóþùèõ

ðåøåíèé, ïîëó÷åííûõ â [2]. Äëÿ íå÷åòíûõ q îíè ïðèíèìàþò âèä
α(ε) = εα1 + ε2α2 + α3(ε)
β(ε) = εβ1 + ε2β2 + β3(ε)
x(ε) = εe+ ε2e1 + e2(ε)

(4)

Äëÿ ïðîñòîòû, ïóñòü íåëèíåéíîñòè â (1) íå çàâèñÿò îò α, β . Ïîäñòàâèì
(4) â (3). Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèÿ ïîëó÷èì:

G(x(ε), α(ε), β(ε)) ≈ I + ε

[
α1I + β1

(
0 −2π

2π 0

)
+ a′2x(e)

]
= I + εD] (5)

Òåîðåìà 1. Ïóñòü äëÿ ∀ ñîáñòâåííîãî çíà÷åíèÿ λj ìàòðèöû D âû-
ïîëíåíî íåðàâåíñòâî Re(λj) < 0 . Òîãäà ïðè ìàëûõ ε , íåïîäâèæíàÿ òî÷-
êà x(ε) ñèñòåìû (1) ÿâëÿåòñÿ óñòîé÷èâîé. Åñëè ∃ λj , äëÿ êîòîðîãî
Re(λj) > 0 , òî ïðè ìàëûõ ε íåïîäâèæíàÿ òî÷êà x(ε) íåóñòîé÷èâà.
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Ïóñòü òåïåðü q = 2 . Òîãäà äëÿ ñèñòåìû (1) èìååì çàäà÷ó î öèêëàõ ïåðè-
îäà 2 , êîòîðàÿ â åñòåñòâåííîì ñìûñëå ðàâíîñèëüíà çàäà÷å î íåïîäâèæíûõ
òî÷êàõ ñèñòåìû

xn+1 = B(α, β)xn + b2(xn, α, β) + b3(xn, α, β) + b̃4(xn, α, β) (6)

ãäå B(α, β) = A2(α, β), b2(x, α, β) = Aa2(x, α, β)+a2(Ax, α, β), b3(x, α, β) =
Aa3(x, α, β) + a3(Ax, α, β) + a′2x(x, α, β)a2(x, α, β), A = A(0, 0) .

Â ýòîì ñëó÷àå, ñîãëàñíî [2], áèôóðöèðóþùèå ðåøåíèÿ ïðè ÷åòíûõ q
ïðèíèìàþò âèä 

α(ε) = ε2α2 + α3(ε)
β(ε) = ε2β2 + β3(ε)
x(ε) = εe+ ε3e2 + e3(ε)

(7)

Ïîýòîìó èìååì ñëåäóþùèé àíàëîã ðàâåíñòâà (5):

G(x(ε), α(ε), β(ε)) ≈ I + ε2
[
2α2I + 2β2

(
0 −2π

2π 0

)
+ b′3x(e)

]
= I + ε2H

(8)
Òåîðåìà 2. Ïóñòü äëÿ ∀ ñîáñòâåííîãî çíà÷åíèÿ λj ìàòðèöû H âû-

ïîëíåíî íåðàâåíñòâî Re(λj) < 0 . Òîãäà ïðè ìàëûõ ε , öèêëû ñèñòåìû (1),
ñòàðòóþùèå èç x(ε) , ÿâëÿþòñÿ óñòîé÷èâûìè. Åñëè ∃ λj , äëÿ êîòîðî-
ãî Re(λj) > 0 , òî öèêëû, ñòàðòóþùèå èç x(ε) , ïðè ìàëûõ ε ÿâëÿþòñÿ
íåóñòîé÷èâûìè.
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[2] Þìàãóëîâ Ì.Ã. Ëîêàëèçàöèÿ ÿçûêîâ Àðíîëüäà äèñêðåòíûõ äèíàìè÷å-
ñêèõ ñèñòåì // Óôèìñêèé ìàòåìàòè÷åñêèé æóðíàë. 2013, òîì 5, �2.
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Î ôîðìóëàõ ñëåäîâ îòíîñèòåëüíî êîìïàêòíûõ âîçìóùåíèé
äèñêðåòíûõ îïåðàòîðîâ

Ç.Þ.Ôàçóëëèí
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ

e-mail: fazullinzu@mail.ru

Ïóñòü L0 = L∗0 äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó, V - ñèììåòðè÷å-
ñêèé, L0 -êîìïàêòíûé îïåðàòîðû â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàí-
ñòâå H , L = L0 + V , {λk}∞k=1 è {µk}∞k=1 ñîáñòâåííûå ÷èñëà îïåðàòîðîâ
L0 è L ñîîòâåòñòâåííî, ïðîíóìåðîâàííûå â ïîðÿäêå ðîñòà ñ ó÷åòîì èõ
êðàòíîñòåé. {fk}∞k=1 - îðòîíîðìèðîâàííûé áàçèñ èç ñîáñòâåííûõ ôóíêöèé
îïåðàòîðà L0

R0 (−λ) = (L0 + λI)−1 .

ρ (t) =
∑
λk<t

[λk + (V fk, fk)− µk] .

K0 (λ) = tr (R0 (−λ)V R0 (−λ)V R0 (−λ)) , λ > 0 .

K̂0 (λ) =
∞∑
k=1

∑
m6=k

|(V fk, fm)|2 (λk + λ)−2 (λm + λ)−1 .

Òåîðåìà Ïóñòü K0(λ) - ÿäåðíûé îïåðàòîð, òîãäà äëÿ òîãî ÷òîáû
ñóùåñòâîâàëà ïîäïîñëåäîâàòåëüíîñòü {nm}∞m=1 ⊂ N , òàêàÿ ÷òî

lim
m→∞

ρ (λnm + 0) = 0

íåîáõîäèìî è äîñòàòî÷íî

K̂0 (λ) = o
(
λ−2
)
, λ→ +∞.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè ÐÔ (ñîãëàøåíèå
14.B37.21.0358) è ÐÔÔÈ (ãðàíòû �� 12-01-00567-à, 11-01-97009-ð ïîâîë-
æüå à).
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Àñèìïòîòè÷åñêèé ìåòîä ðåøåíèÿ çàäà÷ ñîïðÿæåíèÿ

À.È. Ôèëèïïîâ, Ï.Í. Ìèõàéëîâ
Èíñòèòóò ïðèêëàäíûõ èññëåäîâàíèé Ðåñïóáëèêè Áàøêîðòîñòàí,

Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàðñòâåííîãî
óíèâåðñèòåòà, Ñòåðëèòàìàê, Ðîññèÿ

e-mail: mihaylovpn@mail.ru

Ìíîãèå çàäà÷è òåïëî- è ìàññîïåðåíîñà ïðèâîäÿò ê íåîáõîäèìîñòè ðåøå-
íèÿ ëèíåéíûõ è íåëèíåéíûõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà ñ óñëîâèåì
ñîïðÿæåíèÿ íà ãðàíèöå (ðàâåíñòâî çíà÷åíèé ôóíêöèé è ïîòîêîâ). Ïîñòðî-
åíèþ ïðèáëèæåííûõ àíàëèòè÷åñêèõ (àñèìïòîòè÷åñêèõ) ðåøåíèé òàêèõ çà-
äà÷ è ïîñâÿùåíà ðàáîòà. Íàäååìñÿ, ÷òî ïðèåìû, èçëîæåííûå â ðàáîòå, ñ
îäíîé ñòîðîíû, ïîìîãóò ðåøèòü ðÿä íîâûõ çàäà÷ òåïëîôèçèêè, ñ äðóãîé
ñòîðîíû, ïðèâåäåííûé ìàòåðèàë ìîæåò îêàçàòüñÿ ïîëåçíîé ìàòåìàòèêó,
èíòåðåñóþùåìóñÿ ñîâðåìåííûìè ïðîáëåìàìè ìàòåìàòè÷åñêîé ôèçèêè. Íà-
ïðèìåð, ñòðîãîå ìàòåìàòè÷åñêîå äîêàçàòåëüñòâî òîãî, ÷òî ïîñòðîåííûå â
ðàáîòå ðàçëîæåíèÿ ÿâëÿþòñÿ àñèìïòîòè÷åñêèìè ðàçëîæåíèÿìè èñêîìûõ
ôóíêöèé çàäà÷ ñîïðÿæåíèÿ, ïðåäñòàâëÿåò ñîáîé òðóäíóþ, è ïîêà íåðåøåí-
íóþ ìàòåìàòè÷åñêóþ ïðîáëåìó. Íåñìîòðÿ íà îòñóòñòâèå ñòðîãèõ äîêàçà-
òåëüñòâ, åñòü óâåðåííîñòü â ñïðàâåäëèâîñòè ïîëó÷åííûõ àñèìïòîòè÷åñêèõ
ôîðìóë. Ýòà óâåðåííîñòü îñíîâûâàåòñÿ, âî-ïåðâûõ, íà òîì, ÷òî â ðÿäå
ïðîñòûõ ñëó÷àåâ òàêèå äîêàçàòåëüñòâà âñå æå ïîëó÷åíû, âî-âòîðûõ, ðå-
çóëüòàòû ñîãëàñóþòñÿ ñ ôèçè÷åñêèìè ïðåäñòàâëåíèÿìè è ïîäòâåðæäàþòñÿ
ýêñïåðèìåíòàëüíûìè èññëåäîâàíèÿìè. Ïðèìåíåíèå àñèìïòîòè÷åñêîãî ìå-
òîäà ïîçâîëÿåò ïîñòðîèòü îòíîñèòåëüíî ïðîñòûå àíàëèòè÷åñêèå ôîðìóëû
äëÿ äåòàëüíûõ ðàñ÷åòîâ è ñóùåñòâåííî óòî÷íèòü ðàçâèòûå ðàíåå ìîäåëè
ìíîãèõ ôèçè÷åñêèõ ïðîöåññîâ, ñâîäÿùèõñÿ ê çàäà÷àì ñîïðÿæåíèÿ. Ïðåä-
ñòàâëåííûé â ðàáîòå ìåòîä "òî÷íûé â ñðåäíåì ìîæíî ðàññìàòðèâàòü êàê
íåêîòîðûé óíèâåðñàëüíûé, ïðàêòè÷åñêè âàæíûé àëãîðèòì ïîèñêà ñòàöè-
îíàðíûõ èëè êâàçèñòàöèîíàðíûõ ðåøåíèé êðàåâûõ çàäà÷ â îãðàíè÷åííûõ
(õîòÿ áû ïî îäíîé ïåðåìåííîé) îáëàñòÿõ, ÷òî ÿâëÿåòñÿ îòðàæåíèåì ãëóáèí-
íûõ âíóòðåííèõ ñâîéñòâ ïðèðîäû àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé,
ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷ ñîïðÿæåíèÿ ìàòåìàòè÷åñêîé ôèçèêè.

Ñõåìà ïðèìåíåíèÿ àñèìïòîòè÷åñêîãî ìåòîäà â çàäà÷àõ ñîïðÿæåíèÿ ñî-
ñòîèò èç ñëåäóþùèõ ýòàïîâ:

1. Âìåñòî ñàìîé çàäà÷è ðåøàåòñÿ ïàðàìåòðèçîâàííàÿ çàäà÷à. Àñèìïòî-
òè÷åñêèé ïàðàìåòð ââîäèòñÿ ôîðìàëüíî.

2. Ôîðìóëèðóþòñÿ îòäåëüíûå çàäà÷è äëÿ íóëåâîãî, ïåðâîãî è äð. êîýô-
ôèöèåíòîâ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ.

3. Ïîñêîëüêó íåïîñðåäñòâåííî òàêèå çàäà÷è ñôîðìóëèðîâàòü îòäåëüíî
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äëÿ óêàçàííûõ êîýôôèöèåíòîâ íå óäàåòñÿ, ïðèìåíÿåòñÿ ñïåöèàëüíàÿ ïðî-
öåäóðà ðàñöåïëåíèÿ.

4. Ôîðìóëèðóåòñÿ çàäà÷à äëÿ îñòàòî÷íîãî ÷ëåíà àñèìïòîòè÷åñêîãî ðÿ-
äà. Ïîèñê íåòðèâèàëüíûõ ðåøåíèé äëÿ ïåðâûõ êîýôôèöèåíòîâ ïðèâîäèò
ê íåîáõîäèìîñòè çàìåíû ãðàíè÷íûõ óñëîâèé. Äîïîëíèòåëüíûå ãðàíè÷íûå
óñëîâèÿ îïðåäåëÿþòñÿ èç îöåíêè îñòàòî÷íîãî ÷ëåíà.

5. Äëÿ âÿçêèõ ãðàíèö ôîðìóëèðóþòñÿ çàäà÷è äëÿ ïîãðàíñëîéíûõ ôóíê-
öèé.

6. Ñòðîÿòñÿ ðåøåíèÿ äëÿ íóëåâîãî è ïåðâîãî êîýôôèöèåíòîâ.
7. Ïðèáëèæåííîå ðåøåíèå ïðåäñòàâëÿåòñÿ êàê ñîîòâåòñòâóþùàÿ ñóììà

àñèìïòîòè÷åñêîé ôîðìóëû è ïîãðàíñëîéíûõ ôóíêöèé.
Ïðèìåíåíèå òàêîé ñõåìû äåìîíñòðèðóåòñÿ íà êîíêðåòíîé çàäà÷å ñîïðÿ-

æåíèÿ, äîïóñêàþùåé òî÷íîå ðåøåíèå; ïðîâîäèòñÿ ñðàâíåíèå ïðèáëèæåííî-
ãî ðåøåíèÿ ñ òî÷íûì. Âûäåëåí âàæíûé êëàññ ðåøåíèé, íàçâàííûé "òî÷-
íûì â ñðåäíåì": ïåðâûé êîýôôèöèåíò àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ óäî-
âëåòâîðÿåò óñëîâèþ, ïðè âûïîëíåíèè êîòîðîãî îñðåäíåííàÿ çàäà÷à äëÿ ñî-
îòâåòñòâóþùåãî îñòàòî÷íîãî ÷ëåíà èìååò ëèøü òðèâèàëüíîå ðåøåíèå. Ê
íàñòîÿùåìó âðåìåíè ïðåäñòàâëåííàÿ â ðàáîòå ìîäèôèêàöèÿ àñèìïòîòè÷å-
ñêîãî ìåòîäà óñïåøíî ïðèìåíåíà ïðè ôèëüòðàöèè àêòèâíûõ ðàñòâîðîâ â
ïîðèñòûõ ñðåäàõ, ïðè äâèæåíèè ãàçîæèäêîñòíûõ ñìåñåé â ñêâàæèíå, ïðè
îïèñàíèè ïîëÿ äàâëåíèÿ â íåîäíîðîäíûõ ñëîèñòûõ ñðåäàõ; ðåøåíû ñòàöèî-
íàðíûå, êâàçèñòàöèîíàðíûå è íåñòàöèîíàðíûå çàäà÷è, óñëîâèÿ ñîïðÿæåíèÿ
â êîòîðûõ çàäàíû ëèáî íà ïðÿìîé, ëèáî íà îêðóæíîñòè è îáëàñòü îãðàíè-
÷åíà ïî êàêîé ëèáî ïåðåìåííîé.

Ïîêàçàíî, ÷òî ïðè ðåøåíèè çàäà÷ ñîïðÿæåíèÿ àñèìïòîòè÷åñêèì ìåòî-
äîì:

1. Íóëåâîå ïðèáëèæåíèå çàâèñèò ëèøü îò óñðåäíåííûõ èñòî÷íèêîâ è
ñîâïàäàåò ñ ðåøåíèåì óñðåäíåííîãî óðàâíåíèÿ.

2. Ïåðâîå ïðèáëèæåíèå óòî÷íÿåò çàâèñèìîñòü îò ïðîñòðàíñòâåííîé êî-
îðäèíàòû, îò êîòîðîé íå çàâèñèò íóëåâîå. Äëÿ ïîñòðîåíèÿ íåòðèâèàëüíî-
ãî ðåøåíèÿ çàäà÷è äëÿ ïåðâîãî êîýôôèöèåíòà èñïîëüçîâàíî íåëîêàëüíîå
ãðàíè÷íîå óñëîâèå, çàêëþ÷àþùååñÿ, íàïðèìåð, äëÿ ïîëîñû â òîì, ÷òî åãî
ñðåäíèå çíà÷åíèÿ íà îñè ñèììåòðèè ðàâíû íóëþ. Ýòî îáåñïå÷èâàåò ïîñòðî-
åíèå òî÷íîãî â ñðåäíåì àñèìïòîòè÷åñêîãî ðåøåíèÿ, îçíà÷àþùåãî, ÷òî ïðè
ýòîì ðåøåíèå çàäà÷è äëÿ îñòàòî÷íîãî ÷ëåíà, îñðåäíåííîé, ïî âûñîòå ïëà-
ñòà, ÿâëÿåòñÿ òðèâèàëüíûì. Àíàëîãè÷íî, äëÿ ïîëó÷åíèÿ òî÷íîãî â ñðåäíåì
àñèìïòîòè÷åñêîãî ðåøåíèÿ â çàäà÷å î òåìïåðàòóðíîì ïîëå â ñêâàæèíå, äî-
ñòàòî÷íî ïîòðåáîâàòü, ÷òîáû ñðåäíåå çíà÷åíèå ïåðâîãî êîýôôèöèåíòà îá-
ðàùàëîñü â íîëü íà ãðàíèöå. Ïîãðàíñëîéíûå ðåøåíèÿ ðàñøèðÿþò îáëàñòü
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ïðèìåíåíèÿ àíàëèòè÷åñêèõ âûðàæåíèé, ïîëó÷åííûõ àñèìïòîòè÷åñêèì ìå-
òîäîì, è ñóùåñòâåííî óâåëè÷èâàþò òî÷íîñòü ðàñ÷åòîâ.

3. Ïðè ñóùåñòâîâàíèè ñòàöèîíàðíûõ ñîñòîÿíèé ïðîöåññà, ñîîòâåòñòâóþ-
ùèå âûðàæåíèÿ ïîëó÷àþòñÿ êàê ïðåäåëüíûå èç ïåðâîãî ïðèáëèæåíèÿ.

4. Ïåðâîå àñèìïòîòè÷åñêîå ïðèáëèæåíèå êâàçèñòàöèîíàðíûõ çàäà÷ ñîâ-
ïàäàåò ñ òî÷íûì ðåøåíèåì.

5. Ðàçëîæåíèå òî÷íîãî ðåøåíèÿ ïàðàìåòðèçîâàííîé çàäà÷è ïî àñèìï-
òîòè÷åñêîìó ïàðàìåòðó ñîâïàäàåò ñ òî÷íûì â ñðåäíåì àñèìïòîòè÷åñêèì
ðåøåíèåì (äî âòîðîãî êîýôôèöèåíòà).

Ñ ïîìîùüþ ôóíäàìåíòàëüíîãî îïåðàòîðà çàäà÷è ñîïðÿæåíèÿ îïðåäå-
ëåí êðèòåðèé ïðèìåíèìîñòè ðàçðàáîòàííîé ñõåìû ïðèìåíåíèÿ àñèìïòîòè-
÷åñêîãî ìåòîäà ê çàäà÷àì ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

Ôîðìàëüíàÿ äèàãîíàëèçàöèÿ äèñêðåòíîãî îïåðàòîðà Ëàêñà è
çàäà÷à îïèñàíèÿ çàêîíîâ ñîõðàíåíèÿ èíòåãðèðóåìûõ

äèíàìè÷åñêèõ ñèñòåì

È.Ò.Õàáèáóëëèí, Ì.ßíãóáàåâà
Èíñòèòóò ìàòåìàòèêè ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ

Áàøêèðñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Ðîññèÿ
e-mail: habibullinismagil@gmail.com, marina.yangubaeva@mail.ru

Ïðåäëîæåí ìåòîä ôîðìàëüíîé äèàãîíàëèçàöèè äèñêðåòíîãî îïåðàòîðà
Ëàêñà, ïîçâîëÿþùèé ýôôåêòèâíî îïèñûâàòü çàêîíû ñîõðàíåíèÿ è â ðÿäå
ñëó÷àåâ âûñøèå ñèììåòðèè äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì. Â êà÷åñòâå
èëëþñòðàòèâíûõ ïðèìåðîâ ðàññìîòðåíû òàêèå ìîäåëè êàê äèñêðåòíîå ïî-
òåíöèàëüíîå óðàâíåíèå ÊäÂ, öåïî÷å÷íîå óðàâíåíèå Øðåäèíãåðà, óðàâíå-
íèå öåïî÷êè Òîäû è äð. Íîâûå ìàòðè÷íûå èíòåãðèðóåìûå ìîäåëè ïðåäú-
ÿâëåíû.
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Ïðèâåäåíèå â èíâîëþöèþ ñèñòåìû óðàâíåíèé ïëîñêèõ òåïëîâûõ
äâèæåíèé ãàçà

Ñ.Â.Õàáèðîâ
Èíñòèòóò ìåõàíèêè ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ

e-mail: habirov@anrb.ru

Íà ïðèìåðå ñèñòåìû óðàâíåíèé ïëîñêèõ òåïëîâûõ äâèæåíèé ãàçà, çàïè-
ñàííûõ â ëàãðàíæåâûõ ïåðåìåííûõ

xtt + yj = 0, ytt = xj, xiyj − xjyi = 1,

ïðåäëîæåí îðèãèíàëüíûé ñïîñîá ïðèâåäåíèÿ â èíâîëþöèþ ïåðåîïðåäåëåí-
íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ñïîñîá çàêëþ÷àåòñÿ â èñêëþ-
÷åíèè èç ñèñòåìû ïðîèçâîäíûõ ïî îäíîé èç òðåõ íåçàâèñèìûõ ïåðåìåííûõ.
Äàëåå íàõîäÿòñÿ èíòåãðèðóåìûå êîìáèíàöèè ïî äðóãîé íåçàâèñèìîé ïåðå-
ìåííîé. Â ðåçóëüòàòå ïîëó÷àåòñÿ öåïî÷êà óðàâíåíèé, èç êîòîðîé ìîæíî
èñêëþ÷èòü ïðîèçâîäíûå ïî ñëåäóþùåé íåçàâèñèìîé ïåðåìåííîé. Â ðåçóëü-
òàòå ïîëó÷àåòñÿ öåïî÷êà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïî
âðåìåííîé ïåðåìåííîé t . Èññëåäîâàíèå ñîâìåñòíîñòè öåïî÷êè ïðèâîäèò ê
ÿâíîìó ïðåäñòàâëåíèþ ðåøåíèÿ ïî âðåìåíè. Ïðåäñòàâëåíèå ðåøåíèÿ ïîä-
ñòàâëÿåòñÿ â èñõîäíóþ ñèñòåìó, êîòîðàÿ ðàñùåïëÿåòñÿ íà êîíå÷íîå ÷èñëî
óðàâíåíèé ñ ìåíüøèì ÷èñëîì íåçàâèñèìûõ ïåðåìåííûõ.

Òàêèì îáðàçîì, óäàëîñü íàéòè âñå ðåøåíèÿ ïåðåîïðåäåëåííîé ñèñòåìû
óðàâíåèé òåïëîâûõ äâèæåíèé ãàçà â ïëîñêîì ñëó÷àå. Ýòà çàäà÷à íå ïîääà-
âàëàñü ðåøåíèþ äîëãîå âðåìÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû �� 11-01-00026-à,
11-01-00047-à, 12-01-00648), ãðàíòà Ïðåçèäåíòà ÐÔ ÍÙ-6706.2012.1, ãðàíòà
11.G34.31.0042 ïðàâèòåëüñòâà ÐÔ ïî ïîñòàíîâëåíèþ 220.

Äîêàçàòåëüñòâî íåïðåðûâíîé çàâèñèìîñòè è àñèìïòîòè÷åñêîé
ñõîäèìîñòè ñ ïîìîùüþ âðåìåííîé àíàëèòè÷íîñòè äëÿ ñëàáûõ

ðåøåíèé óðàâíåíèé Íàâüå-Ñòîêñà

Å.Í. Öûãàíîâ
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ
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Ðàññìîòðèì óðàâíåíèÿ Íàâüå-Ñòîêñà â ëàãðàíæåâûõ êîîðäèíàòàõ

vt − ux = 0, ut + px =
(ux
v

)
x
, (1)
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ãäå íåçàâèñèìûå ïåðåìåííûå t ∈ R+ è x ∈ R îáîçíà÷àþò âðåìÿ è ïðî-
ñòðàíñòâî ñîîòâåòñòâåííî, çàâèñèìàÿ ïåðåìåííàÿ v = v(x, t) - îáîçíà÷àåò
âåëè÷èíó, îáðàòíóþ ïëîòíîñòè, u = u(t, x) - ñêîðîñòü, p = p(v) - äàâëåíèå.
Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ p óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì :

p′ < 0, lim
v→0+

p = +∞, lim
v→+∞

p = 0. (2)

Ìû áóäåì òàêæå ñ÷èòàòü, ÷òî p ∈ C1(R+).
Íà÷àëüíûìè óñëîâèÿìè äëÿ çàäà÷è (1)-(2) áóäóò ÿâëÿòüñÿ

v(0, ·)− v̄, u(0, ·) ∈ L2(R), 0 < C−1 ≤ v(0, ·) ≤ C, (3)

ãäå v̄, ū, C - êîíñòàíòû.
Èç âñåõ ñëàáûõ ðåøåíèé ìû âûäåëèì òå, êîòîðûå îáëàäàþò äîïîëíè-

òåëüíîé ðåãóëÿðíîñòüþ :

0 < M−1 ≤ v(x, t) ≤M ; (4)

(1 ∧ t)
∫
R

u2
x(x, t) dx+ (1 ∧ t)

∫ t

0

∫
R

u2
t (x, s) dxds ≤ C; (5)

(1 ∧ t)2

∫
R

u2
t (x, t) dx+ (1 ∧ t)2

∫ t

0

∫
R

uxt(x, s) dxds ≤ C, (6)

ãäå (1 ∧ t) = min(1, t) .
Íèæå ìû ñôîðìóëèðóåì íàøè îñíîâíûå ðåçóëüòàòû.
Òåîðåìà 1 Ïðåäïîëîæèì, ÷òî äàâëåíèå p ÿâëÿåòñÿ àíàëèòè÷åñêîé

ôóíêöèåé â îòêðûòîé îêðåñòíîñòè ïîëóîñè R+ . Òîãäà åñëè (v1, u1) è
(v2, u2) - ñëàáûå ðåøåíèÿ ñèñòåìû (1)-(3), îáëàäàþùèå ðåãóëÿðíîñòüþ
(4)-(6), òî äëÿ ëþáîãî íàòóðàëüíîãî n è ïîëîæèòåëüíîãî T ñóùåñòâó-
þò òàêèå ÷èñëà k = k(n), C = C(T,M) > 0 , ÷òî∫

R

(
dn

dtn
(v1(x, t)− v2(x, t))

)2

dx+

∫
R

(
dn

dtn
(u1(x, t)− u2(x, t))

)2

dx ≤

≤ Ct−k(

∫
R

(v1(x, 0)− v2(x, 0))2dx+

∫
R

(u1(x, 0)− u2(x, 0))2dx), (5)

äëÿ âñåõ çíà÷åíèé 0 < t ≤ T .
Òåîðåìà 2 Ïðåäïîëîæèì, ÷òî äàâëåíèå p ÿâëÿåòñÿ àíàëèòè÷åñêîé

ôóíêöèåé â îòêðûòîé îêðåñòíîñòè ïîëóîñè R+ . Òîãäà åñëè (v, u) - ñëà-
áîå ðåøåíèå ñèñòåìû (1)-(3), îáëàäàþùèå ðåãóëÿðíîñòüþ (4)-(6), òî äëÿ
ëþáîãî íàòóðàëüíîãî n ñóùåñòâóþò òàêèå ÷èñëà α = α(n), C = C(M) >
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0 , ÷òî∫
R

(
dn

dtn
v(x, t)

)2

dx+

∫
R

(
dn

dtn
u(x, t)

)2

dx ≤

≤ Ce−αt(

∫
R

(v(x, 0)− v̄)2dx+

∫
R

u2(x, 0)dx), (6)

äëÿ âñåõ çíà÷åíèé 0 < t .
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On the nonlinear oscillations of viscoelastic bar

Yu.A.Chirkunov
Institute of Computational Technologies SB RAS, Novosibirsk, Russia

Novosibirsk State Technical University, Novosibirsk, Russia
e-mail: chr101@mail.ru

In the Kelvin model [1], the longitudinal nonlinear oscillations of viscoelastic
bar are described by the equation

utt = σ′(ux)uxx + λuxxt , (1)

where t is the time, x is the coordinate characterizing the location of the bar
cross section, u = u(t, x) is the longitudinal displacement of the bar cross
section during the time t , λ 6= 0 is the viscosity, and σ(ux) is the stress;
σ′(ux) > 0 , σ′′(ux) 6= 0 ; the prime means di�erentiation with respect to ux .
Without loss of generality, we can assume that λ = 1 . Indeed, the value λ = 1
can be obtained by the extension transformation.

The problem of classi�cation of Eq. (1) with respect to second-order con-
servation laws is solved. The secondorder conservation laws for Eq. (1) are
determined by the vector A = (A0, A1) , whose components are functions of
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the variables and t , x , u , ut , ux , utt , utx and uxx ; by virtue of Eq. (1), they
satisfy the relation [2]

(DtA
0 +DxA

1) = 0 ,

where Dt and Dx are the operators of total di�erentiation with respect to t
and x , respectively.

The nontrivial second-order conservation laws for Eq. (1) are generated by
the following two conservation laws:

A0 = u− tut , A1 = t(utx + σ(ux)) (2)

A0 = −ut , A1 = utx + σ(ux) (3)

Each of these laws determines a nonlocal variable that can be used to write
Eq. (1) in the form of a system of equations whose symmetries are nonlocal
symmetries of Eq. (1). For the conservation laws (2), this system has the form

tut = wx + u , wt = wxx + tσ(ux) + ux, (4)

for the conservation law (3), this system has the form

ut = vx , vt = vxx + tσ(ux), (5)

where w = w(t, x) and v = v(t, x) are nonlocal variables.
Using the algorithm of the group classi�cation of the system of di�erential

equations with the help of generalized equivalence transformations proposed in
[3], we perform the group classi�cation of systems (4) and (5).

The Lie group G4 generated by operators

Y1 = ∂x , Y2 = t∂u , Y3 = ∂u − x∂w , Y4 = ∂w

is the kernel of the main groups of system (4), i.e., it is admitted by this
system for all arbitrary elements σ . The kernel G4 can be extended only by
one operator. This extension occurs in the three cases: 1) at σ = (ux)

β , where
β(β − 1) 6= 0 , system (4) admits the additional operator

(1− β)(2t∂t + x∂x) + (3− β)u∂u + 2(2− β)w∂w; (6)

2) at σ = ln(ux) , system (4) admits the additional operator

2t∂t + x∂x + 3u∂u + (t2 + 4w)∂w; (7)

3) at σ = exp(ux) , system (4) admits the additional operator

2t∂t + x∂x + (u− 2x)∂u + (2w + x2)∂w. (8)
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The Lie group G5 generated by operators

Z1 = ∂t , Z2 = ∂x , Z4 = ∂u , Z5 = t∂u + x∂v

is the kernel of the main groups of system (5). By analogy with system (4), we
�nd that the kernel G5 can be extended only by one operator. This extension
occurs in the same three cases as those considered for system (4): 1) at σ =
(ux)

β , where β(β − 1) 6= 0 , system (5) admits the additional operator

(1− β)(2t∂t + x∂x) + (3− β)u∂u + 2v∂v; (9)

2) at σ = ln(ux) , system (5) admits the additional operator

2t∂t + x∂x + 3u∂u + 2(t+ v)∂v; (10)

3) at σ = exp(ux) , system (5) admits the additional operator

2t∂t + x∂x + (u− 2x)∂u. (8)

The operators Y3 , Y4 , Z4 and the operators de�ned by (6)�(11) are nonlocal
symmetries of Eq. (1).

For all obtained 8 models de�ned by the systems (4) and (5) are received an
optimal systems of subgroups of the corresponding main groups. All invariant
and partially invariant solutions of the systems of these 8 models are obtained.
Physical meaning of these solutions are indicated.

Ñïèñîê ëèòåðàòóðû

[1] J. M. Greenberg, R. C. MacCamy, and V. J. Mizel On the Existence,
Uniqueness, and Stability of Solutions of the Equation δ′(ux)uxx+λuxtx =
ρ0utt . J. Math. Mech. 1968. No. 17(7). P. 707�728.

[2] Chirkunov Yu.A., Khabirov S.V. Elements of Symmetry Analysis of Dif-
ferential Equations of Continuum Mechanics. // Novosibirsk. NTSU. 2012.
659 P.

[3] Chirkunov Yu.A. Generalized Equivalence Transformations and Group
Classi�cation of Systems of Di�erential Equations. // J. of Appl. Mech.
and Tech. Phys. 2012. Vol. 53. No. 2. P. 147�155.

This work was supported by the Russian Foundation for Basic Research
(Project No. 11�01�12075�o��m-2011), by the Program "Leading Scienti�c
Schools"(project No. NSh_6706.2012.1), and by a grant from the Government

122



of the Russian Federation for the state support of research teams headed by
invited researchers (contract No. 12.740.11.1430).

Î ðàâíîìåðíîé ðåçîëüâåíòíîé ñõîäèìîñòè äëÿ ìíîãîìåðíîé
çàäà÷è ñ ÷àñòîé ñìåíîé ãðàíè÷íûõ óñëîâèé.

Ò.Ô.Øàðàïîâ
Áàøêèðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

èì. Ì. Àêìóëëû, Óôà, Ðîññèÿ
e-mail: stf0804@mail.ru

Ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêèé îïåðàòîð â ìíîãîìåðíîé îáëàñòè ñ
÷àñòîé ñìåíîé êðàåâûõ óñëîâèé â ñëó÷àå, êîãäà óñðåäíåííûé îïåðàòîð ñî-
äåðæèò êðàåâîå óñëîâèå Äèðèõëå. Äîêàçàíà ðàâíîìåðíàÿ ðåçîëüâåíòíàÿ
ñõîäèìîñòü âîçìóùåííîãî îïåðàòîðà ê óñðåäíåííîìó â ñìûñëå íîðìû îïå-
ðàòîðà, äåéñòâóþùåãî îò L2 â W 1

2 . Ïîëó÷åíû îöåíêè ñêîðîñòè ñõîäèìîñòè
íîðìû îïåðàòîðà.

Ïóñòü x = (x1, x2, ..., xn) � äåêàðòîâû êîîðäèíàòû â Rn, Ω � îãðà-
íè÷åííàÿ îáëàñòü â Rn ñ ãðàíèöåé êëàññà C2, τ � ðàññòîÿíèå îò òî÷êè
äî ãðàíèöû Ω, èçìåðåííîå âäîëü âíóòðåííåé íîðìàëè, ε � ìàëûé ïîëî-
æèòåëüíûé ïàðàìåòð, η = η(ε) � îãðàíè÷åííàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ.
Âñþäó â ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî

lim
ε→0

ε

ηn−2
= 0. (1)

Äëÿ êàæäîãî ε âîçüìåì òî÷êè yiε ∈ ∂Ω òàêèå, ÷òî

C1ε ≤ min
i 6=j
|yiε − yjε| 6 C2ε, (2)

i, j = 1, N(ε), à C1 è C2 íå çàâèñÿò îò ε.

Ïóñòü γ
(i)
ε , i = 1, N(ε) � ÷àñòè ãðàíèöû ∂Ω, ÿâëÿþùèåñÿ îãðàíè÷åí-

íûìè ìíîæåñòâàìè ïîëîæèòåëüíîé ìåðû. Áóäåì ðàññìàòðèâàòü γ
(i)
ε êàê

(n− 1) -ìåðíûå îáëàñòè, ãðàíèöû ýòèõ îáëàñòåé áóäåì ïðåäïîëàãàòü ñîñòî-
ÿùèìè èç êîíå÷íîãî ÷èñëà íåïåðåñåêàþùèõñÿ çàìêíóòûõ (n − 2) -ìåðíûõ
ïîâåðõíîñòåé êëàññà C2.

Îáîçíà÷èì ÷åðåç Br(y) øàð â Rn ñ öåíòðîì â òî÷êå y è ðàäèóñîì r.
Äàëåå, ïóñòü ñóùåñòâóþò òàêèå ÷èñëà Rk > 0, íå çàâèñÿùèå îò ε, k = 1, 2
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òàêèå, ÷òî âûïîëíÿåòñÿ:(
BR2εη(y

i
ε)
⋂

∂Ω
)
⊆ γ(i)

ε ⊆ BR1εη(y
i
ε), BR1εη(y

i
ε)
⋂

BR1εη(y
j
ε) = ∅, i 6= j.

(3)

Ïîëîæèì γε :=
N⋃
i=1

γ
(i)
ε .

×åðåç Aij = Aij(x), Aj = Aj(x), A0 = A0(x) îáîçíà÷èì ôóíêöèè, îïðå-
äåëåííûå íà Ω, è ïðåäïîëîæèì, ÷òî Aij ∈ C1(Ω), Aj ∈ C1(Ω), A0 ∈ C(Ω).
Ôóíêöèè Aij è Aj ïðåäïîëàãàþòñÿ êîìïëåêñíîçíà÷íûìè, A0 � âåùåñòâåí-
íàÿ. Êðîìå òîãî, ôóíêöèè Aij óäîâëåòâîðÿþò óñëîâèþ ýëëèïòè÷íîñòè

Aij(x) = Aij(x),
n∑

i,j=1

Aij(x)zizj ≥ a0

n∑
i=1

|zi|2, x ∈ Ω, zi ∈ C, (4)

ãäå a0 ïîëîæèòåëüíàÿ êîíñòàíòà, íåçàâèñÿùàÿ îò x è zi
×åðåç a = a(x) îáîçíà÷èì âåùåñòâåííóþ ôóíêöèþ, îïðåäåëåííóþ íà

∂Ω, è ïðåäïîëîæèì, ÷òî a ∈ C(Ω).
Îñíîâíûì îáúåêòîì èçó÷åíèÿ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ îïåðàòîð â

L2(Ω), îïðåäåëåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì

Hε := −
n∑

i,j=1

∂

∂xi
Aij

∂

∂xj
+

n∑
j=1

Aj
∂

∂xj
− ∂

∂xj
Aj + A0, (5)

ñ êðàåâûì óñëîâèåì Äèðèõëå íà γε è òðåòüèì êðàåâûì óñëîâèåì íà Γε(
∂

∂µ
+ a

)
u = 0,

∂

∂µ
:= −

n∑
i,j=1

Aijνj
∂

∂xi
−

n∑
j=1

Ajνj,

ãäå ν = (ν1, ν2, ..., νn) � âíåøíÿÿ íîðìàëü ê ∂Ω, Γε := ∂Ω\γε. Ñòðîãî
îïðåäåëèì Hε êàê ñàìîñîïðÿæåííûé îïåðàòîð, ñîîòâåòñòâóþùèé çàìêíó-
òîé ñèììåòðè÷íîé ïîëóòîðàëèíåéíîé ïîëóîãðàíè÷åííîé ñíèçó ôîðìå

hε(u, υ) :=
n∑

i,j=1

(
Aij

∂u

∂xj
,
∂υ

∂xi

)
L2(Ω)

+
n∑
j=1

(
Aj

∂u

∂xj
, υ

)
L2(Ω)

+

+
n∑
j=1

(
u,Aj

∂υ

∂xj

)
L2(Ω)

+ (A0u, υ)L2(Ω) + (au, υ)L2(∂Ω) (6)

â L2(Ω) ñ îáëàñòüþ îïðåäåëåíèÿ D(hε) := W̊ 1
2 (Ω,Γε

⋃
γε). Çäåñü

W̊ 1
2 (Ω,Γε

⋃
γε) � ïîäïðîñòðàíñòâî ôóíêöèé èç W 1

2 (Ω), êîòîðûå îáðàùà-
þòñÿ â íóëü íà Γε

⋃
γε. Â äàëüíåéøåì D(·) îáëàñòü îïðåäåëåíèÿ ôîðìû

èëè îïåðàòîðà, è W̊ i
2(Ω, Q) îáîçíà÷àåò ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå
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èç ôóíêöèé â W i
2(Ω), ñ íóëåâûì ñëåäîì íà êðèâîé Q ëåæàùèé â îáëàñòè

Ω ⊂ Rn.
Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷åíèå ïîâåäåíèÿ ðåçîëüâåíòû îïåðàòîðà Hε

ïðè ε → 0. ×òîáû ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò, ââåäåì äîïîëíè-
òåëüíûé îïåðàòîð. Îïðåäåëèì H0 êàê îïåðàòîð â L2(Ω), îïðåäåëåííûé
äèôôåðåíöèàëüíûì âûðàæåíèåì

H0 := −
n∑

i,j=1

∂

∂xi
Aij

∂

∂xj
+

n∑
j=1

Aj
∂

∂xj
− ∂

∂xj
Aj + A0, (7)

ñ êðàåâûì óñëîâèåì Äèðèõëå íà ∂Ω. Ñòðîãî ââåäåì H0 êàê ñàìîñîïðÿæåí-
íûé îïåðàòîð, ñîîòâåòñòâóþùèé çàìêíóòîé ñèììåòðè÷íîé ïîëóòîðàëèíåé-
íîé ïîëóîãðàíè÷åííîé ñíèçó ôîðìå

h0(u, υ) :=
n∑

i,j=1

(
Aij

∂u

∂xj
,
∂υ

∂xi

)
L2(Ω)

+
n∑
j=1

(
Aj

∂u

∂xj
, υ

)
L2(Ω)

+

+
n∑
j=1

(
u,Aj

∂υ

∂xj

)
L2(Ω)

+ (A0u, υ)L2(Ω) (8)

â L2(Ω) ñ îáëàñòüþ îïðåäåëåíèÿ D(h0) := W̊ 1
2 (Ω, ∂Ω).

×åðåç ‖ · ‖X→Y îáîçíà÷èì íîðìó îïåðàòîðà, äåéñòâóþùåãî èç áàíàõîâà
ïðîñòðàíñòâà X â áàíàõîâî Y.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ
Òåîðåìà 1. Ïðè ε→ 0 èìååò ìåñòî íåðàâåíñòâî

‖(Hε + i)−1 − (H0 + i)−1‖L2(Ω)→W 1
2 (Ω) 6 C

ε
1
2

η
n−2
2

, (9)

ãäå êîíñòàíòà C íå çàâèñèò îò ε.

Ãðàíè÷íûå çàäà÷è äëÿ óðàâíåíèé âÿçêîãî òåïëîïðîâîäíîãî ãàçà
â íåöèëèíäðè÷åñêèõ îáëàñòÿõ

À.À.Øóõàðäèí, È.À.Êàëèåâ
Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà,

Ñòåðëèòàìàê, Ðîññèÿ
e-mail: shukhardinaa@gmail.com, kalievia@mail.ru

Ïóñòü íåöèëèíäðè÷åñêàÿ îáëàñòü ΩT = {(x, t)|0 < x < s(t), 0 < t < T} ,
ãäå x = s(t) - èçâåñòíàÿ ãëàäêàÿ ôóíêöèÿ, çàíÿòà âÿçêèì òåïëîïðîâîäíûì

125



ãàçîì. Îäíîìåðíîå íåñòàöèîíàðíîå äâèæåíèå ãàçà â îáëàñòè ΩT îïèñûâà-
åòñÿ ñèñòåìîé óðàâíåíèé [1]

∂ρ

∂t
+
∂(ρu)

∂x
= 0, (x, t) ∈ ΩT , (1)

ρ(
∂u

∂t
+ u

∂u

∂x
) = µ

∂2u

∂x2
− ∂p

∂x
, p = Rρθ, (x, t) ∈ ΩT , (2)

ρ(
∂θ

∂t
+ u

∂θ

∂x
) = κ

∂2θ

∂x2
+ µ(

∂u

∂x
)2 − p∂u

∂x
, (x, t) ∈ ΩT . (3)

Çäåñü ρ(x, t) , u(x, t) , p(x, t) è θ(x, t) - ïëîòíîñòü, ñêîðîñòü, äàâëåíèå è
àáñîëþòíàÿ òåìïåðàòóðà ãàçà; µ , R , κ - ïîëîæèòåëüíûå êîíñòàíòû: âÿç-
êîñòü, ãàçîâàÿ ïîñòîÿííàÿ è êîýôôèöèåíò òåïëîïðîâîäíîñòè ãàçà ñîîòâåò-
ñòâåííî.

Â íà÷àëüíûé ìîìåíò âðåìåíè çàäàþòñÿ u , θ , ρ :

u(x, t)|t=0 = u0(x), θ(x, t)|t=0 = θ0(x), ρ(x, t)|t=0 = ρ0(x), x ∈ [0, s0], (4)

ãäå s0 = s(0) . Íà èçâåñòíûõ ãðàíèöàõ x = 0 è x = s(t) çàäàþòñÿ óñëîâèÿ:

u(x, t)|x=0 = u1(t), u(x, t)|x=s(t) = 0, t ∈ [0, T ], (5)

ρ(x, t)|x=s(t) = ρ2(t) t ∈ [0, T ], (6)

θ(x, t)|x=0 = θ1(t), θ(x, t)|x=s(t) = θ2(t), t ∈ [0, T ]. (7)

Ïðåäïîëàãàåòñÿ, ÷òî äëÿ âñåõ t ∈ [0, T ] è x ∈ [0, s0] âûïîëíÿþòñÿ íåðà-
âåíñòâà:

0 < m ≤ ρ0(x), ρ2(t), θ0(x), θ1(t), θ2(t) ≤M < +∞, (8)

0 < s0, 0 < m ≤ ds

dt
(t) ≤M, (9)

ãäå m,M � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû.
Çàäà÷à Gas. Òðåáóåòñÿ íàéòè ôóíêöèè ρ(x, t) , u(x, t) , θ(x, t) óäî-

âëåòâîðÿþùèå ñèñòåìå óðàâíåíèé (1)�(3), åñëè â íà÷àëüíûé ìîìåíò è íà
èçâåñòíûõ ãðàíèöàõ âûïîëíÿþòñÿ óñëîâèÿ (4)�(7).
Òåîðåìà. Ïóñòü íà÷àëüíûå è êðàåâûå äàííûå çàäà÷è Gas ïðèíàäëå-

æàò ïðîñòðàíñòâàì Ãåëüäåðà

ρ0(x) ∈ C1+α([0, s0]), u0(x) ∈ C2+α([0, s0]), θ0(x) ∈ C2+α([0, s0]),

s(t), u1(t), ρ2(t), θ1(t), θ2(t) ∈ C(2+α)/2([0, T ]),

0 < α = const < 1 ; âûïîëíåíû óñëîâèÿ (8), (9) è óñëîâèÿ ñîãëàñîâàíèÿ
íóëåâîãî è ïåðâîãî ïîðÿäêîâ â òî÷êàõ (0, 0), (s0, 0) .
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Òîãäà çàäà÷à Gas èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå, îáëàäàþ-
ùåå ñâîéñòâàìè

ρ(x, t) ∈ C1+α(ΩT ), u(x, t) ∈ C2+α,(2+α)/2(ΩT ), θ(x, t) ∈ C2+α,(2+α)/2(ΩT ),

ïðè÷åì

0 < m1 ≤ ρ(x, t) ≤M1 < +∞, 0 < m2 ≤ θ(x, t) ≤M2 < +∞,

(x, t) ∈ ΩT ;

ãäå m1,M1,m2,M2 � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû.
Ëîêàëüíàÿ òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè çàäà÷è Gas äîêà-

çàíà â [2]. Â äàííîé ðàáîòå äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ãëîáàëüíîãî îáîáùåííîãî è êëàññè÷åñêîãî ðåøåíèé çàäà÷è Gas.
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Â îáëàñòè D ðàññìàòðèâàåòñÿ íåëèíåéíîå ïñåâäîãèïåðáîëè÷åñêîå óðàâ-
íåíèå

∂ 2

∂ t2

(
u(t, x)− ν∂

2u(t, x)

∂ x2

)
+ µ

∂ 5u(t, x)

∂ t ∂ x4
+
∂ 4u(t, x)

∂ x4
= f (t, x, u(t, x)) (1)

ñ íà÷àëüíûìè

u(t, x)|t=0 = ϕ1(x),
∂

∂ t
u(t, x)|t=0 = ϕ2(x) (2)
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è ãðàíè÷íûìè óñëîâèÿìè

u(t, x)|x=0 = uxx(t, x)|x=0 =

l∫
0

u(t, y) dy =

l∫
0

uy y(t, y) dy = 0, (3)

ãäå f (t, x, u) ∈ C (D ×R) , ϕj(x) ∈ C5(Dl) , ϕj(x)|x=0 = ϕ′′j (x)|x=0 =
l∫

0

ϕj(y)dy =

=
l∫

0

ϕ′′j (y)dy = 0 , j = 1, 2 , D ≡ DT × Dl , DT ≡ [0, T ] , Dl ≡ [0, l] ,

0 < T <∞, 0 < l <∞ , 0 < ν, µ � ìàëûå ïàðàìåòðû.
Â äàííîé ðàáîòå èçó÷àþòñÿ âîïðîñû äèôôåðåíöèðóåìîñòè ïî ìàëûì ïà-

ðàìåòðàì ðåøåíèÿ ñìåøàííîé çàäà÷è (1)-(3). Ïðè ýòîì ïðèìåíÿåòñÿ ìåòîä
ðàçäåëåíèÿ ïåðåìåííûõ, îñíîâàííûé íà ïîèñêå ðåøåíèÿ ñìåøàííîé çàäà÷è
(1)-(3) â âèäå ðÿäà Ôóðüå.

Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

λ4
iµ

2 − 4λ2
iν − 4 < 0; (4)

T∫
0

‖f (t, x, u) ‖L2(Dl)
dt ≤ ∆ <∞; (5)

f (t, x, u) ∈ Lip
{
L(t, x)|u

}
, 0 <

l∫
0

‖L(t, y) ‖L2(Dl)
dy <∞; (6)

‖W (t, ν, µ) ‖B2(T ) <∞. (7)

Òîãäà ðåøåíèå ñìåøàííîé çàäà÷è (1)-(3) ìîæíî ïðåäñòàâèòü â âèäå:

u(t, x, ν, µ) =
∞∑
i=1

ai(t, ν, µ)bi(x),

ãäå ai(t, ν, µ) îïðåäåëÿåòñÿ êàê ðåøåíèå ñëåäóþùåé ñ÷åòíîé ñèñòåìû íåëè-
íåéíûõ èíòåãðàëüíûõ óðàâíåíèé:

ai(t, ν, µ) = Wi(t, ν, µ) +

t∫
0

l∫
0

f (s, y,Qa(s, ν, µ))Gi(t, s, ν, µ)bi(y)dyds,

Wi(t, ν, µ) = exp
{
−1

2
ω1i(ν, µ)t

}
×

128



×
[
ϕ1i cosω2i(ν, µ)

t

2
+

2

ω2i(ν, µ)

(
ϕ2i +

ϕ1i

2
ω1i(ν, µ)

)
sinω2i(ν, µ)

t

2

]
,

Gi(t, s, ν, µ) =
2 exp

{
−ω1i(ν, µ) t−s2

}
sinω2i(ν, µ) t−s2

ω0i(ν)
[
ω2i(ν, µ) + ω1i(ν, µ) sinω2i(ν, µ)s

] , ω0i(ν) = 1 + λ2
iν,

ω1i(ν, µ) =
λ4
iµ

ω0i(ν)
, ω2i(ν, µ) =

λ2
i

√
4ω0i(ν)− λ4

iµ
2

ω0i(ν)
,

ϕji =

l∫
0

ϕj(y)bi(y)dy, j = 1, 2, bi(x) =

√
2

l
sinλix, λi =

2iπ

l
.

Äîêàçûâàþòñÿ ñëåäóþùèå òåîðåìû.
Òåîðåìà 1 Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (4)-(7) è

1)
∑∞

i=1
λ4iµ√
ρ

[
λ4
i + µ2

(
ω0i(ν)
ρ + λ2i√

ρ

)]
|ϕ1i| <∞ , ρ = 4 + 4λ2

iν − λ4
iµ

2 ;

2)
∑∞

i=1
λ4iµ

ω2i(ν, µ)

(
λ2
i + µ√

ρ

)
|ϕ2i| <∞ ;

3)
∑∞

i=1 αi
T∫
0

|fi(u, ν)| dt <∞ , ãäå fi(u, ν) =
l∫

0

f (t, y,Qa(t, ν, µ)) bi(y)dy ,

τ0 = inf [0; ν] |ω2i(ν, µ) + ω1i(ν, µ) sinω2i(ν, µ)t| , αi = 1

ω0i(ν)

(
λ2iµ+

√
ρ

)×
×
[
λ4iµT

2ω0i(ν) +
1(

ω0i(ν)

)2 + λ8iµ
3T

τ0
√
ρ

]
+ λ4iµ

τ0

[
µT

ω0i(ν)
√
ρ + µ√

ρ +
λ2i(

ω0i(ν)

)2

]
;

4) γ = maxt∈DT

∥∥∥∂ f(t, x, u)
∂ u

∥∥∥
L2(Dl)

<∞ .

Òîãäà ñóùåñòâóåò ïðîèçâîäíàÿ ðåøåíèÿ ñìåøàííîé çàäà÷è (1)-(3) ïî
ïàðàìåòðó ν â êëàññå E2(D) .
Òåîðåìà 2 Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (4)-(7) è

1) B0(ν, µ) <∞ , ãäå B0(ν, µ) =
∑∞

i=1

{
|ϕ1i| ·

[
λ4iT

2

(
1 + λ2iω0i(ν)√

ρ

)
+

+λ6iµ√
ρ

(
T + 2µω2

0i(ν)√
ρ + T 2ω0i(ν)

2

)
+ λ2iω0i(ν)√

ρ

]
+ |ϕ2i|

[
λ2iω0i(ν)√

ρ

(
2T + 4µω0i(ν)√

ρ

)]}
,

ρ = 4 + 4λ2
iν − λ4

iµ
2 ;

2)
∑∞

i=1 βi
T∫
0

|fi(u, ν)| dt <∞ , ãäå fi(u, ν) =
l∫

0

f (t, y,Qa(t, ν, µ)) bi(y)dy ,

τ 0 = inf [0;µ] |ω2i(ν, µ) + ω1i(ν, µ) sinω2i(ν, µ)t| ,
βi = λ4

i

[
T
2 + 1

τ0
+ 2λ2iµ√

ρ ·
(

1 + T + λ4
i

)]
;

3) γ = maxt∈DT

∥∥∥∂ f(t, x, u)
∂ u

∥∥∥
L2(Dl)

<∞ .

Òîãäà ñóùåñòâóåò ïðîèçâîäíàÿ ðåøåíèÿ ñìåøàííîé çàäà÷è (1)-(3) ïî
ïàðàìåòðó µ â êëàññå E2(D) .
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Ðàñïðåäåëåíèå ïîêàçàòåëåé áåçóñëîâíîãî áàçèñà èç ýêñïîíåíò â
ïðîñòðàíñòâàõ ñî ñòåïåííûì âåñîì

Ð.Ñ.Þëìóõàìåòîâ, Ê.Â. Òðóíîâ
Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óôà, Ðîññèÿ
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ñóùåñòâîâàíèè áåçóñëîâíûõ áàçè-
ñîâ èç ýêñïîíåíò â ïðîñòðàíñòâàõ ôóíêöèé, ëîêàëüíî èíòåãðèðóåìûõ íà
îãðàíè÷åííîì èíòåðâàëå I âåùåñòâåííîé îñè, óäîâëåòâîðÿþùèõ óñëîâèþ

||f || :=

√∫
I

|f(t)|2e−2h(t) dt <∞,

ãäå h(t) � âûïóêëàÿ ôóíêöèÿ íà ýòîì èíòåðâàëå. Äàííûé âîïðîñ èçó÷àëñÿ
â ðàáîòàõ [1]-[13]. Ïðè I = (−1; 1) , h(t) = −α ln(1−|t|) , α > 0 (îáîçíà÷èì
äàííîå ïðîñòàíñòâî ÷åðåç L2(α) ) ïîëó÷åíà îöåíêà ñíèçó ÷àñòîòû ïîêàçà-
òåëåé áåçóñëîâíîãî áàçèñà.
Òåîðåìà 1. Ïóñòü ñèñòåìà {ezkt} îáðàçóåò áåçóñëîâíûé áàçèñ â ïðî-

ñòðàíñòâå L2(α) . Òîãäà ñóùåñòâóþò ÷èñëà δ1 = δ1(α) ∈ (0, 1) è δ2 =
δ2(α) > 0, M = M(α) > 0 , òàêèå, ÷òî ïðè äîñòàòî÷íî áîëüøèõ |x0|
äëÿ ëþáîãî y0 â êàæäîì ïðÿìîóãîëüíèêå Q = {z = x + iy : δ1x0 ≤ x ≤
δ2x0, |y − y0| ≤M |x0|} è −Q íàõîäèòñÿ õîòÿ áû îäèí ïîêàçàòåëü zk .

Ñïèñîê ëèòåðàòóðû

[1] Í.Ê. Áàðè. Î áàçèñàõ â ãèëüáåðòîâîì ïðîñòðàíñòâå.//Äîêëàäû Àêà-
äåìèè íàóê, 1946, ò.54, ñòð. 383 -386.

[2] Í.Ê. Íèêîëüñêèé, Á.Ñ. Ïàâëîâ, Ñ.Â. Õðóùåâ. Áåçóñëîâíûå áàçèñû èç
ýêñïîíåíò è âîñïðîèçâîäÿùèõ ÿäåð. I. Ïðåïðèíò ËÎÌÈ, Ð-8-80.

[3] Ð.À. Áàøìàêîâ. Ñèñòåìû ýêñïîíåíò â âåñîâûõ ãèëüáåðòîâõ ïðîñòðàí-
ñòâàõ íà R.//Äèññåðòàöèÿ íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäèäàòà
ôèç.-ìàò. íàóê. Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ. 2006 ã.

[4] Ð.Ñ. Þëìóõàìåòîâ. Àñèìïòîòè÷åñêàÿ àïïðîêñèìàöèÿ ñóáãàðìîíè÷å-
ñêèõ ôóíêöèé// Ñèá. ìàò. æ. 1985. Ò.26. �4. Ñ.159-175.

[5] Ê. Ï. Èñàåâ, Ð.Ñ. Þëìóõàìåòîâ. Î áåçóñëîâíûõ áàçèñàõ èç ýêñïîíåíò â
ãèëüáåðòîâûõ ïðîñòðàíñòâàõ. // Óôèìñêèé ìàòåìàòè÷åñêèé æóðíàë.
3:1 (2011), 3�15.

130



[6] Á.ß. Ëåâèí. Èíòåðïîëÿöèÿ öåëûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî òè-
ïà// Ìàòåì. ôèçèêà è ôóíêö. àíàëèç. ÔÒÈÍÒ ÀÍ ÓÑÑÐ. 1969. Âûï.
1. Ñ. 136-146.

[7] Á.ß. Ëåâèí, Þ.È. Ëþáàðñêèé. Èíòåðïîëÿöèÿ öåëûìè ôóíêöèÿìè ñïå-
öèàëüíûõ êëàññîâ è ñâÿçàííûå ñ íåþ ðàçëîæåíèÿ â ðÿäû ýêñïîíåí//
Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì. 1975. Ò.39. �3. Ñ. 657-702.

[8] Ê. Ï. Èñàåâ. Áàçèñû Ðèññà èç ýêñïîíåíò â ïðîñòðàíñòâàõ Áåðãìàíà íà
âûïóêëûõ ìíîãîóãîëüíèêàõ// Óôèìñêèé ìàòåìàòè÷åñêèé æóðíàë. 2:1
(2010), 71�86.

[9] A. Borichev, Yu.Lyubarskii Riesz bases of reproducing kernels in Fock type
spaces // Journal of the Institute of Mathematics of Jussieu 9 (2010). P. 449-
461.

[10] Ð.À. Áàøìàêîâ, À.À. Ïóòèíöåâà, Ð.Ñ. Þëìóõàìåòîâ. Öåëûå ôóíêöèè
òèïà ñèíóñà è èõ ïðèìåíåíèå.// Àëãåáðà è àíàëèç. 22:5 (2010), 49�68.

[11] K.P. Isaev, R.S. Yulmukhametov. Lower estimate of frequency of indicators
of unconditional exponential bases in spaces with a power weight.// Eurasian
Mathematical Journal [ïðèíÿòà â ïå÷àòü].

[12] Â.È. Ëóöåíêî, Ð.Ñ. Þëìóõàìåòîâ. Îáîáùåíèå òåîðåìû Ïýëè�Âèíåðà
íà âåñîâûå ïðîñòðàíñòâà.//Ìàòåì. çàìåòêè, 1990, ò.48, �5, ñòð. 80�87.

[13] Â.Â. Íàïàëêîâ, Ð.À. Áàøìàêîâ, Ð.Ñ. Þëìóõàìåòîâ. Àñèìïòîòè÷åñêîå
ïîâåäåíèå èíòåãðàëîâ Ëàïëàñà è ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè âû-
ïóêëûõ ôóíêöèé.//Äîêëàäû Àêàäåìèè íàóê, 2007, ò.413, �1, ñòð. 20�22.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè ÐÔ (ñîãëàøåíèå
14.B37.21.0358) è ÐÔÔÈ (ãðàíòû �� 12-01-00567-à è 11-01-97009-ð ïîâîë-
æüå à).

131
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ïîëåì ñêîðîñòåé â óïðîùåííîì âèäå

Þ.Â.Þëìóõàìåòîâà
Èíñòèòóò ìåõàíèêè èì. Ð.Ð. Ìàâëþòîâà ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ;

ÓÃÀÒÓ, ëàáîðàòîðèÿ �ÃÀÌÌÅÒÒ�, Óôà, Ðîññèÿ
e-mail: yulmukhametova.yulya@yandex.ru

Äëÿ óðàâíåíèé ãàçîâîé äèíàìèêè ñ ðåøåíèåì â âèäå ëèíåéíîãî ïîëÿ
ñêîðîñòåé, íàéäåíî 11 ïîäìîäåëåé [1]. Â ðàáîòå ðàññìàòðèâàåòñÿ îäíà èç
ïåðå÷èñëåííûõ ïîäìîäåëåé, à èìåííî àíòèñèììåòðè÷íàÿ ïîäìîäåëü 5. Åå
îáðàçóþò îäíî ìàòðè÷íîå äèôôåðåíöèàëüíîå óðàâíåíèå è òðè âåêòîðíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèÿ ñ íà÷àëüíûìè äàííûìè. Óðàâíåíèå ñîñòîÿ-
íèÿ, ôóíêöèè äàâëåíèÿ è ïëîòíîñòè îïðåäåëåíû.

Ðàññìàòðèâàåìàÿ ïîäìîäåëü èìååò èíòåãðàë óãëîâîé ñêîðîñòè è ëèíåé-
íûé èíòåãðàë [2]. Ïðè ñïåöèàëüíûõ çíà÷åíèÿõ íà÷àëüíûõ äàííûõ çàäà÷è
îáíàðóæåíû íîâûå èíòåãðàëû ïîäìîäåëè. Èñïîëüçóÿ íåêîòîðûõ ïðåîáðà-
çîâàíèé ýêâèâàëåíòíîñòè, ñîõðàíÿþùèõ ñòðóêòóðó óðàâíåíèé ïîäìîäåëè,
íî ìåíÿþùèõ íà÷àëüíûå äàííûå, ñîêðàùåíî êîëè÷åñòâî ïàðàìåòðîâ çàäà-
÷è. Â ðåçóëüòàòå, ïîðÿäîê ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðàÿ
îáðàçóåò ïîäìîäåëü, áûë ïîíèæåí.
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Îäíî èç ôóíäàìåíòàëüíûõ ñâîéñòâ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì �
ýòî ÿâëåíèå ñèíõðîíèçàöèè, êîòîðîå çàêëþ÷àåòñÿ â óñòàíîâëåíèè îïðåäå-
ëåííûõ ñîîòíîøåíèé ìåæäó ïàðàìåòðàìè ñèñòåìû è âîçíèêíîâåíèè âñëåä-
ñòâèå ýòîãî â ñèñòåìå íåçàòóõàþùèõ êîëåáàíèé îïðåäåëåííûõ ïåðèîäîâ [1].
Çäåñü îñîáî âàæíû èññëåäîâàíèÿ, íàïðàâëåííûå íà ïîèñê ïðèçíàêîâ òàêîé
ñèíõðîíèçàöèè, ïðèáëèæåííîå ïîñòðîåíèå âîçíèêàþùèõ ðåøåíèé, àíàëèç
èõ óñòîé÷èâîñòè.

Â íàñòîÿùåé äîêëàäå îáñóæäàåòñÿ íîâàÿ ñõåìà èññëåäîâàíèÿ çàäà÷ î
ñèíõðîíèçàöèè, îñíîâàííàÿ íà ðàçðàáîòàííîì â [2, 3] îïåðàòîðíîì ìåòîäå
èññëåäîâàíèÿ çàäà÷ î ìíîãîïàðàìåòðè÷åñêèõ áèôóðêàöèÿõ äèíàìè÷åñêèõ
ñèñòåì. Ïðåäëàãàåìàÿ ñõåìà ïîçâîëÿåò â íîâûõ óñëîâèÿõ èçó÷èòü ÿâëå-
íèå ñèíõðîíèçàöèè, ïîëó÷èòü àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ âîçíèêàþ-
ùèõ êîëåáàíèé.

Ðàññìàòðèâàåòñÿ çàâèñÿùàÿ îò ñêàëÿðíîãî èëè âåêòîðíîãî ïàðàìåòðà µ
äèíàìè÷åñêàÿ ñèñòåìà, îïèñûâàåìàÿ äèôôåðåíöèàëüíûì óðàâíåíèåì

x′ = F (x, µ) + g(t, µ) , x ∈ RN , (1)

â êîòîðîì F (x, µ) è g(t, µ) � ýòî ãëàäêèå ïî ñîâîêóïíîñòè ïåðåìåííûõ
ôóíêöèè, ïðè ýòîì ôóíêöèÿ g(t, µ) ÿâëÿåòñÿ T -ïåðèîäè÷åñêîé ïî t : g(t+
T, µ) ≡ g(t, µ) . Ïðåäïîëàãàåòñÿ, ÷òî àâòîíîìíàÿ ñèñòåìà

x′ = F (x, µ) , x ∈ RN , (2)

èìååò òî÷êó ðàâíîâåñèÿ x∗(µ) , êîòîðóþ áåç îãðàíè÷åíèÿ îáùíîñòè ìîæ-
íî ñ÷èòàòü íóëåâîé, ò.å. F (0, µ) ≡ 0 . Ïðåäïîëàãàåòñÿ òàêæå, ÷òî ïðè
íåêîòîðîì µ = µ0 âíåøíèé ïåðèîäè÷åñêèé ñèãíàë g(t, µ) ðàâåí íóëþ:
g(t, µ0) ≡ 0 . Íàêîíåö, ïóñòü òî÷êà ðàâíîâåñèÿ x = 0 ñèñòåìû (2) ÿâ-
ëÿåòñÿ íåãèïåðáîëè÷åñêîé ïðè µ = µ0 , à èìåííî, ïóñòü ìàòðèöà ßêîáè
A(µ) = F ′x(0, µ) ïðè µ = µ0 èìååò ïàðó ïðîñòûõ ñîáñòâåííûõ çíà÷åíèé
±ν0i , ãäå ν0 > 0 , è íå èìååò äðóãèõ ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèé.

Ñèñòåìó (2) ìîæíî ïðåäñòàâèòü â âèäå x′ = A(µ)x+ a(x, µ) , ãäå íåëè-
íåéíîñòü a(x, µ) ÿâëÿåòñÿ îäíîðîäíîé ïî x è íà÷èíàåòñÿ ñ êâàäðàòè÷íûõ
ñëàãàåìûõ.

Ïóñòü q � íàòóðàëüíîå ÷èñëî. Áóäåì ãîâîðèòü, ÷òî çíà÷åíèå µ0 ïà-
ðàìåòðà µ ÿâëÿåòñÿ òî÷êîé ñèíõðîíèçàöèè íà ñóáãàðìîíèêàõ ïåðèîäà qT
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ñèñòåìû (1) , åñëè ñóùåñòâóþò ÷èñëî ε0 > 0 è îïðåäåëåííàÿ ïðè ε ∈ [0, ε0)
íåïðåðûâíàÿ ôóíêöèÿ µ(ε) òàêàÿ, ÷òî µ(0) = µ0 è ïðè ýòîì äëÿ êàæäîãî
ε ∈ (0, ε0) óðàâíåíèå (1) ïðè µ = µ(ε) èìååò íåíóëåâîå ïåðèîäè÷åñêîå
ðåøåíèå x = x(t, ε) ìèíèìàëüíîãî ïåðèîäà qT òàêîå, ÷òî ôóíêöèÿ x(t, ε)
íåïðåðûâíî çàâèñèò îò ε , ïðè ýòîì ‖x(t, ε)‖ → 0 ïðè ε→ +0 ðàâíîìåðíî
ïî t .

Îòìåòèì, ÷òî ñèíõðîíèçàöèÿ íà ñóáãàðìîíèêàõ ïåðèîäà qT ÿâëÿåòñÿ
òèïè÷íûì ÿâëåíèåì â íåëèíåéíîé ñèñòåìå (1) , åñëè îòíîøåíèå ÷àñòîò ν0

è ν ÿâëÿåòñÿ ðàöèîíàëüíûì, à èìåííî, åñëè âûïîëíåíî ðàâåíñòâî

ν0

ν
=
p

q
(3)

ïðè íåêîòîðûõ íàòóðàëüíûõ p è q .
Ïóñòü óñëîâèå (3) âûïîëíåíî. Äëÿ èññëåäîâàíèÿ çàäà÷è î ñèíõðîíè-

çàöèè íà ñóáãàðìîíèêàõ ïåðèîäà qT ïðåäëàãàåòñÿ ñëåäóþùàÿ ñõåìà. Íà
ïåðâîì ýòàïå îò äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) îñóùåñòâëÿåòñÿ ïåðå-
õîä ê îïåðàòîðíîìó óðàâíåíèþ

y = B(µ)y + b(x, µ) + u(µ) , y ∈ RN , (4)

ãäå

B(µ) = eqTA(µ) , b(y, µ) =

qT∫
0

eq(T−s)A(µ)a(x(s), µ) ds ,

u(µ) =

qT∫
0

eq(T−s)A(µ)g(s, µ) ds ;

çäåñü x(t) � ýòî ðåøåíèå çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ (1) ïðè íà÷àëüíîì óñëîâèè x(0) = y . Çàäà÷à î qT -ïåðèîäè÷åñêèõ
ðåøåíèÿõ óðàâíåíèÿ (1) ðàâíîñèëüíà çàäà÷å î ðåøåíèÿõ óðàâíåíèÿ (4) â
ñëåäóþùåì ñìûñëå: åñëè ôóíêöèÿ x(t) ÿâëÿåòñÿ qT -ïåðèîäè÷åñêèì ðåøå-
íèåì óðàâíåíèÿ (1) , òî âåêòîð y = x(0) áóäåò ðåøåíèåì óðàâíåíèÿ (4)
è, íàîáîðîò, åñëè âåêòîð y ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (4) , òî ðåøåíèå
x(t) çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) ïðè íà÷àëüíîì
óñëîâèè x(0) = y áóäåò qT -ïåðèîäè÷åñêèì ðåøåíèåì óðàâíåíèÿ (1) .

Íà âòîðîì ýòàïå èññëåäîâàíèå îïåðàòîðíîãî óðàâíåíèÿ ìîæíî ïðîâî-
äèòü íà îñíîâå ðàçðàáîòàííûõ â [2, 3] îïåðàòîðíûõ ìåòîäîâ èññëåäîâàíèÿ
çàäà÷ î ìíîãîïàðàìåòðè÷åñêèõ áèôóðêàöèÿõ äèíàìè÷åñêèõ ñèñòåì.
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Ðàññìîòðèì ñèñòåìó ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé çà-
ïàçäûâàþùåãî òèïà, çàâèñÿùóþ îò âåêòîðíîãî ïàðàìåòðà λ ñ T - ïåðèî-
äè÷åñêîé ïî t ïðàâîé ÷àñòüþ:

x′(t) =

r(θ)∫
0

[dτQ(λ, t, τ)]x(t− τ) + a(λ, t, xt), (1)

ãäå x ∈ RN , λ ∈ Rk, k ≥ 2 , r(θ) � ïîëîæèòåëüíàÿ, íåïðåðûâíî äèôôå-
ðåíöèðóåìàÿ ôóíêöèÿ çàâèñÿùàÿ îò ïàðàìåòðà θ , θ ∈ [a, b] , |r(θ)| ≤ T ;
Q(λ, t, τ) � êâàäðàòíàÿ N × N ìàòðèöà, ýëåìåíòû êîòîðîé ïðè êàæ-
äîì λ ÿâëÿþòñÿ ôóíêöèÿìè îãðàíè÷åíîé âàðèàöèè ïî t ∈ [0, r(θ)] è
ïðè êàæäîì t ∈ [0, r(θ)] íåïðåðûâíî äèôôåðåíöèðóåìû ïî λ ; xt =(
x(t − ς1), ..., x(t − ςs)

)
, ςj = ςj(θ) , 0 ≤ ςj(θ) ≤ r(θ) , ςj(θ) � íåïðåðûâíî
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äèôôåðåíöèðóåìàÿ ôóíêöèÿ, j = 1, ..., s ; íåëèíåéíîñòü a(t, λ, xt) ðàâíî-
ìåðíî ïî λ è t óäîâëåòâîðÿåò ñîîòíîøåíèþ ‖a(t, λ, xt)‖ = O

(
‖x‖2

)
ïðè

‖x‖ → 0 . Èíòåãðàëû (1) ïîíèìàþòñÿ â ñìûñëå Ëåáåãà-Ñòèëòüåñà, ‖ · ‖ �
íîðìà âåêòîðîâ â åâêëèäîâîì ïðîñòðàíñòâå RN .

Óðàâíåíèå (1) ïðè âñåõ çíà÷åíèÿõ λ èìååò íóëåâîå ðåøåíèå. Â ñòàòüå
èññëåäóåòñÿ çàäà÷à î áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1) â
îêðåñòíîñòè òî÷êè x = 0 .

Íàðÿäó ñ (1) áóäåì ðàññìàòðèâàòü ëèíåéíóþ ñèñòåìó

x′(t) =

r(θ)∫
0

[dτQ(λ, t, τ)]x(t− τ). (2)

Êðèòè÷åñêèìè äëÿ óðàâíåíèÿ (1) áóäóò òå çíà÷åíèÿ λ0 ïàðàìåòðà λ , ïðè
êîòîðûõ îäèí èëè íåñêîëüêî ìóëüòèïëèêàòîðîâ ñèñòåìû (2) ïî ìîäóëþ
ðàâíû 1 . Èçìåíåíèå ïàðàìåòðà λ â îêðåñòíîñòè λ0 ìîæåò ïðèâîäèòü ê
ðàçëè÷íûì ëîêàëüíûì áèôóðêàöèÿì â îêðåñòíîñòè òî÷êè x = 0 .

Îáîçíà÷èì ÷åðåç V (λ) ìàòðèöó ìîíîäðîìèè ñèñòåìû (2).Èçâåñòíî [1],
÷òî åñëè ìàòðèöà V (λ0) íå èìååò ñîáñòâåííîå çíà÷åíèå ðàâíîå 1 ïî ìî-
äóëþ, òî óðàâíåíèå (1) ïðè âñåõ λ áëèçêèõ ê λ0 íå èìååò â íåêîòîðîé
îêðåñòíîñòè òî÷êè x = 0 ïåðèîäè÷åñêèå ðåøåíèÿ. Åñëè æå V (λ0) èìååò
ñîáñòâåííîå çíà÷åíèå ðàâíîå 1 ïî ìîäóëþ, òî âîçìîæíû ðàçëè÷íûå ñöåíà-
ðèè áèôóðêàöèé, îïðåäåëÿåìûå ñâîéñòâàìè ñïåêòðà îïåðàòîðà V (λ0) .

Î ï ð å ä å ë å í è å 1. Ïóñòü k � íàòóðàëüíîå ÷èñëî. Çíà÷åíèå λ0

ïàðàìåòðà λ íàçûâàåòñÿ òî÷êîé áèôóðêàöèè kT -ïåðèîäè÷åñêèõ ðåøåíèé
ñèñòåìû (1), åñëè êàæäîìó ε > 0 ñîîòâåòñòâóåò òàêîå λ = λ(ε) , ïðè êî-
òîðîì ñèñòåìà (1) èìååò íåíóëåâîå kT -ïåðèîäè÷åñêîå ðåøåíèå x(t, ε) , ïðè
ýòîì max

t
‖x(t, ε)‖ → 0 ïðè ε→ 0 . Ïðè k ≥ 2 áóäåì ãîâîðèòü î áèôóðêà-

öèè ñóáãàðìîíè÷åñêèõ êîëåáàíèé [2].
Íåîáõîäèìûì óñëîâèåì áèôóðêàöèè kT -ïåðèîäè÷åñêèõ ðåøåíèé ÿâëÿ-

åòñÿ íàëè÷èå ó ìàòðèöû V (λ0) ïàðû ïðîñòûõ êîìïëåêñíî ñîïðÿæåííûõ
ñîáñòâåííûõ çíà÷åíèé e±2π pk i , ãäå 0 < p

k < 1 è p
k � ðàöèîíàëüíî.

Ýòî ðàâíîñèëüíî òîìó, ÷òî ëèíåéíàÿ ñèñòåìà (2) ïðè λ = λ0 èìååò
äâóïàðàìåòðè÷åñêîå ñåìåéñòâî kT -ïåðèîäè÷åñêèõ ðåøåíèé. Åñòåñòâåííûì
ïðåäïîëàãàåòñÿ, ÷òî ïàðàìåòð λ ÿâëÿåòñÿ äâóìåðíûì: λ = (θ, µ) .

Ïîëîæèì

E(τ)x(t) =

{
x(t− τ + T ), t ∈ [0, τ)
x(t− τ), t ∈ [τ, T ]

;

òîãäà T -ïåðèîäè÷åñêèå ðåøåíèÿ x(t) óðàâíåíèÿ (1) îïðåäåëÿþò ðåøåíèÿ
u(t) = x(T · t) óðàâíåíèÿ

u(t) = B(θ, µ, T, t)u(t) + b[θ, µ, T, t, u(t)], (3)
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ãäå

B(θ, µ, T, t)u(t) = u(1) + T

t∫
0

 r(θ)∫
0

[dτQ(θ, µ, s, τ)]E
( τ
T

)
u(s)

 ds,

b[θ, µ, T, t, u(t)] = T

t∫
0

(
a
(
θ, µ, s, E

(ς1
T

(θ)
)
u(s), ..., E

(ςs
T

(θ)
)
u(s)

))
ds.

Îòìåòèì, ÷òî ÷èñëî 1 ÿâëÿåòñÿ ïîëóïðîñòûì ñîáñòâåííûì çíà÷åíèåì
îïåðàòîðà B(θ0, µ0, T, t) : L2 → L2 êðàòíîñòè 2 ; ýòî ñëåäóåò èç íåîá-
õîäèìîãî óñëîâèÿ áèôóðêàöèè ñóáãàðìîíè÷åñêèõ êîëåáàíèé. Çäåñü L2 =
L2[0, 1] . Îáîçíà÷èì ÷åðåç e = e(t) è g = g(t) ëèíåéíî íåçàâèñèìûå ñîá-
ñòâåííûå ôóíêöèè îïåðàòîðà B0 : B0e = e , B0 : B0g = g . Ñîïðÿæåííûé
îïåðàòîð B∗0 òàêæå èìååò ñîáñòâåííîå çíà÷åíèå 1 êðàòíîñòè 2, êîòîðîìó îò-
âå÷àþò ñîáñòâåííûå ôóíêöèè e∗ = e∗(t) è g∗ = g∗(t) . Ýòè ôóíêöèè ìîæíî
âûáðàòü èñõîäÿ èç ñîîòíîøåíèé (e, e∗) = (g, g∗) 6= 0 , (e, g∗) = (g, e∗) = 0 .

Ò å î ð å ì à 1. Ìàòðèöà V (θ0, µ0) èìååò ïàðó ïðîñòûõ êîìïëåêñ-
íî ñîïðÿæåííûõ ñîáñòâåííûõ çíà÷åíèé e±2π pk i , ãäå 0 < p

k < 1 è p
k �

ðàöèîíàëüíî è

det

[
(B′θ(θ0, µ0)e, e

∗) (B′µ(θ0, µ0)e, e
∗)

(B′θ(θ0, µ0)e, g
∗) (B′µ(θ0, µ0)e, g

∗)

]
6= 0, (4)

òîãäà ïàðà ÷èñåë (θ0, µ0) ÿâëÿåòñÿ òî÷êîé áèôóðêàöèè ñóáãàðìîíè÷åñêèõ
êîëåáàíèé ñèñòåìû (3) .
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