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Abstract. Non-sutonomous canonical rpuations of seewler porturbations are
obtained i different sysiems of varables.  Perturbing functions exprossed
in terms of ing cunomical elemnents with the uve of susteme MALTHE.
MATICA. Pull first-onder secular perturbabions are obtased by the methud of
Picand.

1 Introduction

Real space Lodies wre non-stationary ones. Thuir mass, size, shape and stractuce
of the mass distribution withiy the body chauge in time (1] |3 These processes
take place intensively i the binary and multiple systems (4], In this consection we
auslvtically investigate the three-hody prablom with masses varviug isotropic af the
same specific rate. Bodies are assumed 1o be material polots, Secular pertiurbations
in the corresponding three-body problems with variable masses are vestigated on
the basis of perturbation theory based on aperiodic wotion on guasiconic section
(soe J5]).

2  Problem statement

Let's consider 4 system of three reciprocally gravitating badies with LIARSES, (DIH1-
parable to cach other and changing isotropically in diflerent -
i,

: n Y
Mo=moll), my=m(t), wy= trea(t), ;'1 ¥ -ty § £ 7. (2.1)
[ . i

Using Jacobi coardinates 5/ [6], vue can write equations of wotian of the svstem iy
the form:

(7] grada U, pary gricl, 0 = {2005, + i), (2.2}
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& e
lﬁ—l’l(t)=m° /Im-"‘ o = wylf) = e / conat,
wad f is the grmuamnal oouaan

Equations of motion (2.2) cun be analyzed in the framework of the ¢

theory based on aperiodic mwotion on quasielliptic section (0 < ¢ < 1) H.

3 The equations of motion in analogues
of the Jacobi osculating elements

Fauatious (2.2) can be written as:
i = (142 5 s+ grad B
pafy = Wﬁ( M:—":})+%__i a4
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and transformation to new variables:
fERACSG oo, g - wpcmeEn, 5 - vpsing,, (3.9)
then the equations of motion in the variables
aK;

A Fp= F = Wenih + N,
K,
b FPo= 5;-‘ = R (.10
ik, i
6, Py = 097 = pl coR” @by,
can be written in the form:
H > S 0”, '.[‘ ) )
i ap,' = B
. H . ol i
v,‘ga_’.,.‘.. P, - -W' 4 ﬁ‘.pﬁ, \ {3.11)
8”; = 8”‘ ‘-"
oL iy L
respectively
mymg 1 -
=y 7:” +§(‘h‘h’ ) o+ Ry
o mig(mg 4 my) 1 ! A a \
3 ‘j.l—‘m.m 4 8 (5243 + pa'd) 4 + R, (3.12)
I 2
= —— 0 P '." = '
H, —5 [(Ph = i !IPI) T ﬁf + ' e | ‘H] Uy, i=1,2
Introducing the now impulses:
P~ =¢ti’h' P ""IPVN [,0. = ')X-'t", *
e olt) (3.13)
t)= Sr——— =12
WE=n ho milo)
we rewtite the equations of the motion in the form:
oﬂ 8H . Of,
A - #i 0. ‘—..
JP 8P t)Pg. ‘3 ],”
, Ol = B8R, ;  oR, i '
,,ﬁ Tv Pﬁ---@:—‘ F". - —‘%" i- 1?-’
where . _ .
H=Hy+H, i=12, (3.13)
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vy ; 1 | )
=_.v P - - —V-’._
W i ( noo p') i B
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= fEER L (4 amd) A
U R EY L (3.16)
W | : L o :
B i | P o TR ol S
= gt | (o~ 258m) 423+ e
tmalteeg | ) 1 2 S B
T commamar——————— J— + :
f e v (B =+ i) 0}
B i - I
Hy  ~—Ry Hy» ~—1 (3.17)
e vy

When R, = 1%, 0 oquations (3.14)-(3.16) van be integrated by the Hamilton-
Jucohi method (5, 6] and the constants of integration:

‘#' “‘!

thero are analogues of the Jacobi elements in the classical problet of two bodies
(poiuts) with constant masses. Fach system of oquations (3.14)-{3.16) defines an
aperiodic wotion on quasiconic section:

=12 (3.18)

Qi g, Oy, :”lq

= ﬂi(") ﬁm- ooy =y B 30‘(1 - t.’), i=12 (3.19)
--_1-..!?‘_.. i ‘—.—L——-.B“m § =
Mo pilt) Ty \/ﬁ‘."‘mv" o /o i=12 (320
-(}f = f - (o) (ta)melty) = comst, Q)
33 = [ - malto)malte) [malte) + m(ﬂ-_%‘g s “a
t‘f.'! . Vi*’"g;f‘. 6<l, ‘“*1'. a - ;@
2 ﬁ 2 3 Y e
E ~gsnE =M, =132 (322)
Moo=l et pemal) =12 G2
0y
shere (1), @a(t) the primitive functions, respectively, 7; () and 473(1),
Oy, wh niv il" oi(r!)' i - l'z‘ (w)
are orbital elements, that is analogues of the Kepler elements, and
—%ll - “::;;v oy = ';l\/i’:- y - Bjﬁm'" (35’

By==oln). Bu=w By = AL, =12
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Iy = Y (00k iy - cos €, - sin g - sind) cosay
W T 008 0 - win g ) v sin o, cocos S sy (3.20)
o=y sinn -sink], roevpy, i=1,2

3

I (:4—%’):\-4 Tty - | - s oos ), CoR 1y sl o, |

/)
T

W (;:. ¢ %)'J--v-‘y.p.'l'lrl sinu, -windd | cosn -cosf)oconi), 3 (3.27)
gl

= ( 4 f'i)z. + oy - feos w, csind;|, 0= 1,2

E/ L /

Equations (3.11)-(3.17) as equations of perturbed motion in the variables (3.18)
have the form:

i — d_ﬁ‘. &.Ju g—”—' k=123,
P Yoy, (3.28)
L Ry )
(g = Biina’ = B! k=123,
where . !
E . ER"(!‘ ary "kh Ay, ‘.’k))l i 1. 2» (3.29}

4 The equations of perturbed motion in analogues
of the Delaunay elements

Introducing wualogues of the cunonieal Delaunay clements:

Ly G, I L g h, i=1,2 {4.1)
by the formulas
3t
== —J?.'"'j- ny =0, ny = H,,
”‘0"’0 ('.2]
Ay - f — (), By =y, B =M $= 109,

equations of perturbed wotion in the waalogues of the Delanmay elewents (1.1) have
the form:

et . e , IR
LT g
o, e ah, (4.3)
' i’L, . ,fl: —(‘N:v.. 1 ] 011' 1 ! 5 -
where X
B s ol B i 1.1
i i A o
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Explicitly, using equations (4.4), (3.27), (3.5)-(3.7), we obtain:
1 i l[ by » : I(m.,m, | Mamy iyl l-m.))]' (4:5)

== v | -—
' W) 20l 2," T r'ss P

- it L[ by, fmame gy wgltig 4ty
s =7 - g+ = |=nsyadf + . .
() Zuanli  ve rm 12 2 (4.6)

02
a8 o == s S
e (2 + By ) my + (2009 + Sy ) ye + (2043 4+ ty2y) 2],

In the non-resonant case seculnr perturbations are determined by the equa-
tions (4.3), il the disturbiog functions (4.5)-(4.6) arc averaged with respoct Lo mean
nuottalies 1y, & and are given by:

i dr plv
Riws = / f Rdhdly, o = — j f Ridhydly, (A7)
tz l o n

then we have:

j.n (. L-a-vU. (4.8)

and, therefore, seenlar perturbations are determined by the following system of
eighth ditferential eqnations:

o OR My
R M=t B W=,
fow s g oo ORue iy
LI > om, !

5 The equations of perturbed motion
in the analogues of the second system
of the Poincare elements |

Note that, as in the classical case, snalogues of the seoond system of the Poincse
cloments [6], 19]:

Ab A & e e @ T=132 51
are preferable in our problem {5 They are defined as follows:
Al"Lu /\.=‘,‘+g‘+h‘,

= 2L, = G)eoslg + b, m- —2(L, - Gy sinlg, +hy), (i3]
p o VG = Hyeosh,, 4= —=v2(G, = ) sinh,, t= L2
The equations of perturbed motion have the form:
oR . om . oIt

A= —0—'\':" &= '-hh = T":_" (53)
i‘=_.l_’E.L' ;L--i’z;- fj':-gﬂ. = 1,2
ZAW ag; Up,
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Then the seenlar perturbations are determined by the equations

Al =0 A? =,

(5.4)
. UR oo i R

s on | A (5.5)
= R . OR '

86‘ 'II"—‘K' ‘.'102'
where Ry, &.mmhn;uculupmofthnlolkmingmmdom

R"";ﬁ- W_[_PP,U oty mymy ma(mu+m|))]' (

T2 Ttz

5.0)

g - T2l

? {2!:‘151 -+ l.},:; ,| .:21 .

- br 4 Mgy | iy maimertn ) ]_
50 %T‘_ anl‘ ¥ [ﬁj'pgﬂ. ) (

0.7
"‘G!W"ln by e+ Qe i) e

6 Expansion of the perturbing function

To caleulate the secular parts of the pert urbing fanctions necessary o caleulate the
secular part of the following quuatities;

. MMy Mgttty MWalteg | m ym :
- [.i.! | Tty "_I.?J 5 [_1_3] LD
Toa iz T sec 112 J e
b;'Y2 bg"h
Frie = | mid g2 = 4 (6.2
pMec [2ﬁ't ,] 2‘“’) s ]

Viee = —"{(291-5'1 b iy ) aa+ (2 + By ) ga | (2003 4 i) 2 alpce . (6:3)

In the analogum of the second system of the Poincare elesents aro sunplified the
secular expressions for Rnw Rygeet

. ‘
b i 347+ ’I_J_) s :
s (” Qﬂuu\l [ 2 AT ( 2 A Foe (G.4)
' b J j -1 } : 3
o= 30 2mnt, [ 2L ( s )*MJ Vi (65)
» [m. m ,-] 6
T L
/ # MAa pam (Fap2 + aw) [
¥ 16 iy Y b g Y
" 16 o 02 5 RS w/l'f haf V’é ’v"'z? 5. (6.7)
Xy + Gyt -t - G\ i — i - 8.
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Expressions (6.6) obtained with the computer algebra systern MATHEMATIC A
(7] [8] can be written as:

au 4
Fue = 3 IGIOL(3) + D 1, (Ay, Ao, 1), (63}
=1 y=t

where Fi{a) = Bi(&, mi, pr, 400 &, Tz 4y o) 18 very eumbuersone,

7 Conclusion

Solutions of the cquations (5.5) by the Picard mothod in the first approximation
Lave the structiree:

'
0 (0) =30 (t0)+ TP, 3, ta)) [ 0, 34 (t0) =34 (ot = comat
’ b =
whete 3 are elements £, 5, By, @, and 30— comst.
Solutions of these equations make possible to analyze changes of ecoentricities
f1, €3, inclinstions of orbits 4, i, mdMg_‘.ﬁ-_dg

cending nodes longitude ), 2y, longitude of perioettres =,, =3 54 I partiosier
lititing second-order terms inclusively, we obtain:

e?:i;‘—i’:. ’n'n'i'_—_%'

g

Vi

t!;=~urletg;. m=—anctgs, @en-0, i=L2

L b
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