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Consider the following integro-differential equation with small parameter £ >0:

Ly(t) =&”y" + o ()Y + ALY + A ()Y = F(t) + E[Ho(t, X)y(X) + Hy (t, X)y'(x)]dx 1)

with boundary conditions

hy(M)=y(0.e)=a, hy)=yle)=p, hy®)=yde)=r. @

Assume that the following conditions hold:



L A),i =0,2, F(t) are sufficiently smooth functions on the interval [0,1], i. e. differentiable as many times
as needed for our consideration. Functions H;(t,x),i=01 are sufficiently smooth in the domain
D={0<t<10<x<1}and Hy(t,0)#0,0<t<1.

. A@{)=0, 0<t<1.

I11. The roots of this equation ,u2 + Ay (t) 1 + A (t) = 0 satisfies the conditions

Re () <=1 <0, Re i, (1) >y, >0

IV. 1is not an eigenvalue of the kernel

b1 Ay (X) 2 H, (t,s)
H(t,s):j—( o(t, X) — Hy(t, X) 22 J sAL(P) T gy 4 1D

s A(s) Ay (x) A(s)
V.
11 |1 (%) XAz(|0)OI ?Az(p)
Ag :l+c{A_L(s) o( 0(s,X) = Hy(s,X) Ai( )je s AL(p) dXJ{H (s, O)+jR(s P)H,(p, O)dpje 0AlP) " \ds 0.



In this case the fundamental system of solutions of the homogeneous equation L,y(t)=0 has the following
form:

VD (t,6) = —exp( ml(x)olxj(y1 ) y1o(®) +O(&)).

8
3)
W) - exp(—— m2<x)dxj(u2 (©)y20(®) + O(£),
yiP(t,e) = yiP (1) +O(e), q=02.
We introduce the functions
_ B(t,s,e), _R(t,s,e)
Ko(t,s,g)——W(S’g) : K, (t,s,&) = W(s.z) (4)

where Py (t,s, &), P(t,S,&) — are the determinants obtained from the Wronskian W (s, &) by replacing the
third row with the y;(t,£),0,y5(t, &) u O, Y,(t, £),0 row. The functions K, (t,s,€),K,(t,s,&) satisfies the



homogeneous equation L,.y(t)=0. Function K(t,s,&) =K,(t,s,&)+ K,(t,s,&) is the Cauchy function. For
the functions Ky(t,s,e), K;(t,s,&) with regard to (3), (4) we get the following asymptotic representation:

1t
(q) g < q
KO (t,s,2) = £2| 20 1) £ (£) Yio (1) o0

_ +O(¢) |, s<t,
Y30(S)A(S)  £y10(8)£a(8) (12 (8) — £4(8))

()

9 (t) vor (t T 42z (X)lx
Kl(Q) (t,s,&) = 82 ,le( )yZO( ) e ¢t

O(g) ,t<s, q=0,2.
Y20 (8) 125(5) (142(5) — 14,(S)) +Oe) s g

Let the functions ®@;(t,&),i =1,2,3 are solutions of the following problem:
LgCDi(t,g):O, hkq)i (t,g) :5ki’ k=1,2,3

For the boundary functions @;(t,&),i =12,3 with regard to (3), we get the following asymptotic
estimates:
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Theorem 1. If conditions I-V are satisfied, then the unique solution of the boundary value problem (1),
(2) onthe interval 0<t <1 exists and can be presented in the following form



Y(t.2)= 2 G(IQ (1) + PlL.2) 0
where

Qi(t,e) =D;(t, &)+ E%EKO (t,s,&)@i (s, &)ds — izij Ki(t,s, &)@ (s, g)ds,
£

P(,e) = iz

1Ko (t,5,)F (5,2)ds — 1Ky (1,5, 8)F (s, £)ds, @)
™0

gt

7 (s,&) = E _%O Hi(s,x,e)@ (x,)dx, F(s,6)= F(s)+ IR(s, p,2)F (p)dp,
J= 0

Hj (s, X, &)= Hj(s,x)+1jR(s, p,&)H; (p, x)dp.
0
Ci(e)=0@), i=123as £ > 0.

Theorem 2. Assume conditions I-V are fulfilled, then for the solution Y(t,€) of the boundary value
problem (1) and (2), we obtain the following asymptotic estimations



t
. C -7
YO (t,2) < C(max|F (1) - aHy (10)| + |8l + &)y + e = (o max|Hy (6,0 + |81 + £ly| + & max|F (1) +
o<t £ o<t o<t

(9)
_ =t
C re,

+—e (|| max|Hy (t,0)| + | 8] +|y| + max|F (t)]), i =0,2,
£ O<t<l O<t<l

where C >0,y; >0,i =1,2— are constants independent of ¢.
Proof of the Theorem follows from (5), (6), (7), (8) and estimations:
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By Theorem 2, we have that



1
2

g

y(0,£) =0(), y’(O,g):OGJ, y”(O,g):O( ) g—>0 at the point t=0,

vy, e)=0@), y'(1Le)=0(), y”(l,g):OEj, £—>0 at the point t=1.

One can see that the solution of the problem (1) and (2) has the phenomena of boundary jumps i.e. it has jumps
at the left and at the right ends of the segment simultaneously. Namely, the solution of the problem (1) and (2)
has the jump of the zero order at the point t =0, and the first order at the point t =1.

Obtained growth of derivatives allows us the boundary value problem reduce to the Cauchy problem with
initial jump that turn serves as the basis for constructing asymptotic expansions of some singularly perturbed
boundary value problems with initial jumps.

Consider the modified degenerate equation

Loy = Al(t);” +A ()Y =F(t)+ E[Ho(t, X)Y (x) + Hy (&, )y (x)]dx + A(t) (10)

with boundary conditions

yO)=a+4q, YO)=2, (12)



where A(t), Agy— are called the initial jumps of the integral term and the solution.
Theorem 3. If conditions I- V are satisfied, then the following asymptotic estimation is valid

t
yO(t,2) - 7O (0] < C(max|At) - AgH, (t,0) + £l + ) +3i e ¢ (Ao max|Hy (t,0)| + ly|+
o<t<1l £ o<t<1l
(12)
1-t
&

remaxA®)|+ )+ e 7 (Ao max|Hy (t0)] + 7|+ max|At)| + ), i =02,
o<t<l Pt o<t<1l o<t<1l

where C >0, ; > 0—are constants independent of ¢.

Proof. We substitute the variable y(t,&) =u(t, &)+ y(t) into (1), (2) to obtain the following equation

L.u= £2U" + e (HU" + A (U’ + Ay (t)u = %[Ho(t, X)U(X) + Hy (t, X)u’(X)]dx —A(t) — 7 y" — ghy (t)y_/", (13)
0

with boundary conditions

U(0,) = -Ag, ULe)=0, u'e)=y—y () (14)



The last problem (13), (14) is of the same type as the problem (1) and (2). By applying estimates (9) for the
solution u(t, &) of the problem (13), (14), we obtain the asymptotic estimates (12).

From the estimation (12) it follows that the solution y(t, &) of the boundary value problem (1) and (2)
converges to the solution y(t) of the modified degenerate problem (10) and (11) as ¢ — 0 when the initial

jump of the integral term has the form A(t) = H{(t,0)A,. Thus, we obtain the following relations

lim y(t,£) = y(t), 0<t<1,
c—0

lim yO(t,e) =y (t), i=12, 0<t<1,

g—0

where Y(t) is solution of the problem (10), (11) with additional terms A(t) = H4(t,0)A,.



Thank you for attention!



