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Axkanemuk I11.K.®apmoHoB niaMuii Ba
1eJJaroruk (paoJusITUHIHI KUCKAa4da
o4yepKu

[MToxup Kocumouy @apMOHOB - aTOK/IN MATEMATUK OJIUM, (PU3NKA-MAaTEMATUKA (DaHIapu
nokropH, podeccop, Yabekucron Pecrybimkacn Pamtap Axagemusicn akagemuri, AGy
Paiixon Bepynuit mHomugarn Yabekncron Jasmar Mykodorn naypearn.

[II.K.@apnmono - Y36eKHCTOHJIa MaTeMATHKAHHHI ACOCHH [IyHAIMIIADUIAH Ou-
pu OyaraH SXTUMOJUIMKJIAD HA3aPUICH Ba MaTEeMATHK CTATUCTHKA COXAcCHIa JIyHE
MUKGCHa TaH OJMHraH Myraxaccuc. Akajgemukiap B.M.Pomanockmit (1879-1954),
T.A.Capumcaxos (1915-1995), C.X.Cupoxumaunos (1920-1988) sapHuHr caiin xapakat-
JTapu 6uiaH Y30eKHCTOHIA MATEMATHKA COXACHIA €TAKIH MJIMIH MakTa® GapIo STHII-
qu. By makTab Oarpmjia MaTeMaTHKAHUHT TYypJd WIMUNA HYHAJANLIAPU, M1y ZKYyMJa-
JlaH, 3aMOHABHIl SXTUMOJUINKJIAD HAa3apUACH Ba MAaTEMATUK CTATUCTUKA DUBOXKNTA Oe-
6axo Xpcca KYIITaH OJUMJIAPHUHT OyTYH Oup Trypyxu Tapbus toman. AfHUKca, akaje-
Muk C.X.CUpOXKUIMHOBHUHT 3aMOHABUI MaTEeMATUKAHUHT SHIW HYHAIUIIJIAPDUHUA PU-
BOKJIAHTHPHUIIIA, GIIT TAJTAHTIH MATCMATHK/IAPHH TAH/IAII Ba TApOHs/IaIl, Y36eKICTOH 1A
MaTeMATUK TAbJIMMHU TAKOMUJIJIAIITHPHUII Ba PUBOKJIAHTUPHIIIATYA KATTa XU3MaT/IapU-
uu ajoxuga Tabkuan xous. [IILK.@apmonos akamemuk C.X.CUpoKuIMHOBHUHT 1110~
rupJyiapujian oupu 0§10, X03up/ia YCTO3U TOMOHUIAH TAITKHII STHITaH SXTUMOJLIHKIAD
Hazapusicn Ba MaremaTuk craructika (YH Ba MC) mwimuit MakTaOUHIHT paxOapuup.

I.K.®apmonos 1941 itun 20 despasga Paprona BuosTuHUHT Jlanrapa KUNLIOFU-
ga ryrum. 1958 itmwina @aprona Jdasinar Ilegarornka Mucturyrtu (xo3upru @apro-
na [lapnar YuuBepcureru)HuHr (u3MKa-MaTeMaTuka (GakyJIbTeTura YKUIIra KUPJIU.
Nxxunun kypce oxupmia II.K.Papmonos y3uHuHr mgacTiabKu WIMUN WITHHU JTAD-
dbepenrman rerrmamanap Oyitmaa mpodeccop K. X.Kapumos (1909-1993) paxbapiiu-
ruja Oaxkapau. 1961 fimyawar Oommpaa @aprona /[lasnar Ilemarormka Mucruryrura
akagemuk C.X.CupoxmyimaoB Tampud Oyopan Ba (u3nKa-MaTeMaTnKa (DaKyJIbTeTH-
HuHr daos tajnabagapu Omytan cyxbar yrTkazjau. By yuparmyBia akajleMukka TaJiaba
[I1.K.®apMOHOBHMHI MaTeMaTUK AHAJU3HUHI KyIuMmda 000/apu Oyitnua OGepusiran ca-
BOJLIapra kKapobsiapu Mau3yp 0yiaau. By cyxbarman keitun y C.X.CupoKuiiInHOB TaBCU-
sicu Ba Kymaru Ouian Tomkent [Jasiar Yuusepcurern (xo3upru Mupszo Yiyrbexk HOMIII
V36ekncron Muitmit YHuBepcuTeTH) MexaHuka-mMaremarnka daxyasreruauar 111 kypen-
ra yrrazwian. 1963 fimyauar amnpensb oitnjia V-kype tanabacu [II.K.@apmonos burkek
maxpuia Byryanrtudok tasmabanap KordepeHrusacia KarHanu Ba yauar " JIokas -
MUT TeopeMaJia KOJJINK, XaIMHIHT 6axosiapu " Homn uiin | qapazkain mykodoTra casoBop
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Oy IH.

[I1.K.Papnmonosra, 1963 iunga Tont/TY mu 6uruprad, Ysoexucron Pammap Axaemu-
sicuHuHT X03upru Martemarnka Ba nadopmannon Texuoorusiap uacrurytura (MUTN)
iynnaavma Oepwau. [y maBpman Oomnad yHWHT WIMUil Ba HeJaroruk (DaoTusdTH ITy
wHCTHTYT Ba Mupso Yiayrbex nommu Y3MY 6unan gambapdac G0rmk 6§amb KeJIMOK-
na. Xosupru BakTaa y Y3MY mpodeccopn Ba V3P @A Maremaruka Ba HHGOPMAIHOH
rexnosiorussap uncruryru YH Ba MC 6ymumu myaupuup.

[II.K.DapmonosauHT acocuit namunii nznanunnniapu 3amonasuit 9H Ba MC uHunr Kyii-
uJaru iyHaIuniapura Oarumianra:

1) Bornukcns Ba Kydcus Gorsanrad Tacofuduii MUKIOPJIAp Ba BEKTOPJIAPHU HUFHH-
JIUCUHU ACUMIITOTHK TaKCUMOTH HA3APUSICH;

2) TapmokanyBan Tacoaudmii JKapaéHiap Ha3apHsiCH;

3) Taiiép MaxcyJOTHH CTATHCTUK Kaby/l HA30PATHHUHI MATEMATHK YCYJIAPH;

4) Tacomuduit xkoittamysiap Haszapuscu ([luckper mareMaTHKaAHHHT IXTUMOJIIAK
yCyJLIapn).

XX acpamar 30-40 #mmrapuma eryk wmaremarukiaap I.JIesu, A.H.Kosmoropos,
A .4 . Xununn Ba B.B.I'menenkoiap xapakariapu 3Bas3ura OOFINKCU3 TacoauMuii MUK JIOD-
jap (T.M.) HUFPMHMCH TAKCUMOTU HA3APUSICU SIPATUJIN. By HazapusHu GOFJIUK T.M. yUyH
YMyMJIAIITHPHUINT Kuiind MareMaTuk myammo au. . K. PapMOHOBHUHT WJIK U3JIAHUIILIA-
pu 06bEKTH XoJIaTaap TYIUIaMu uxtuépuit (abcrpakr) 6§sran 6up kunciu Mapkos 3aH-
JKupura OOFJIAHTAH T.M. HAFUHINJIAPUHIHT JTUMUAT TaAKCUMOTJIAPUHY YPTraHUIIaH noopar
Oynam. Y Mapkasuil JJUMUAT TeopeMa VPUHIM OVIUIIUHUHT COJJIa €TapJii IapTIapuHu
TOIIM. YHUHT siHa GUP CAJIMOKJIN HATHZKACH TEKUC IPTOJMKINK (TEKUC KOPHUIIMATIHIIVK )
MIAPTUHU KAHOATIAHTUPYBIN MapKoB 3aHKUpu yayH Beppu-DcceeHHIHT KJIACCUK TEHT-
CUBJIMTUHUHT aHaJOTHHU ncbotiamaad noopat. [Ilynun Tabkumiait JIO3UMKE, Oy HATHKA-
sapauHr onmHumy Cupoxkunno-Haraes ycymman TakoOMULIAIITUPUIT OnUIaH OOFJIUK.
By rmakommwmramrupum [I.K.PapmoHoB ToOMOHMIAH XapaKTEePUCTUK (DYHKITUSIAPHUHT
AHAJUTUK YCyJIM Ba derapaJianran pyHKnusiapHuHr banax dazocujia aHuk/aHral -
3UK/IN OIlepaToOp/Iap CIHEKTPAJ Ha3apUsICUHU OUPJIAIITUPUIIT HATHKACHIA UILIA0 THKIII-
. KellmH9ayimk y TOMOHMIaH, Oupunau 6yimb, XoraT/iapu uXTHEPHUil TYILIaM1aH nbopar
oup xunacam MapkoB 3amxkupsapu yayH /lonckep-l1IpoxopoBHUHT MHBapUAHTINK TTPUH-
i Ba [ltpaccen dopmacugarn (pyHKIHOHAT JTUMUT TeOpeMa) TaKpopuii Jorapudm
KOHYHU YpUHIUINTH ncboTnanam. Maskyp HaTHKagap MyTaxaccucaap bTupodura ca-
30BOp O¥/iam Ba ynapau ¥3 maura oirad Makosaaap A.H.Komvaropos Ba FO.B.ITpoxopos
Kabu akaJeMUK/Iap TOMOHMaH Harpra tapcus Stuan. Akagemuk 1. K. @apmonos 1973
fimna "OXTUMOJUIMKIIAD HA3APUSACUHUHT JIUMUT TEOPEMAJIaph Ba YJIAPHUHT TaJIOUKJIa-
pu"TyprymMuiary nnuiapn yayn A6y Paiixon Bepynuit Hommn Y36exkncron Jasiar Myxko-
dborura cazosop 6y (C.X.Cupoxkumaunaos, T.A.Aznapos, M.Mamarosiap 6unan 6up-
TAJTIK/IA) .

Axkanemuk II.K.®apmonoBHUHT miMuilt wsmaHunniapuia "TapMOKIaHyBIN TacCOIH-
duit xapaéunap"anoxumga YpuH TyTa M. YHUHT UILTAPHIa OYHIAN KapaCHIApHUHT HUC-
baTan Mypakkab Oy/Iran MoJie/n, SbHU MUTPAIMOH KOMIIOHEHTAIapra 3ra OyJIran MoJIen
yprauuaran. O it Tacomuduii kapaéuiapiaH, SbHA SBOTIONUSICHHI XOCUT KUJIUIT (DY H-
[USCUHUHT aHAJIUTHK YCY/IU EpJlaMua Ypranuin MyaMMo OyivMarad 2Kapaéuiap/ian hapk-
JI Yirapok, OyHaai Momesa "0ormKen3 TapMoKIaHuI " xoccacura sra 6yamaitau. [lyausr
yUyH ymoy Kapaénjiap X0JaTJIaPUHUHT TAKCUMOTIAPUHU ACUMITOTHK TaX I/ KUAJIAII 13-
JIAHUIIJIADHUHT SHIY yey/utapunn Kyuraman tagad stau. [ K. @apMoHoB §31u ToMOHM1aH
KJIacCuK "'MOMeHTIap yCyin'" HUHT TAKOMUJLTAIITHPUITAH BApUAHTUIAH Ba CAHOK M Map-
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KOB 3aHKUPJIAPUHUHT yMyMUil Hazapuscuian oiiraaanuod, XosaTra OOFINK MUT DA
TAPMOKJIAHYBYHU TAco Uil ;KapaCHJIapHUHT €Tap/in Japarkaja KeHr CUH(U yIyH JIUMUAT
XOCCAJIAPUHY aHUKJIA ]I

Taiiép maxcyinorauar craructuk kaOya nazoparu (CKH) 6unan Gorimk macaiasiap
aMaJuii MaTeMaTUK CTATHCTUKAHUHT J103ap0 IyHaAIUNLIapUIaH OWpH XUCOOTaHAIN.
CKHumar maremaruk ycysutapu A.H.Kommoropos, C.X.CupoKuuHOB Ba TIOJLIaH/IU-
sk Maremartukiaap @.Bawjgep-sapaen, A.Xasbmaap Tomonugan uiiab qukuiran (¥3
BakTuga C.X.Cupoxumuaos Xaakapo craructuka nacrurytu (Losamus) ab3ocn 6¥i1-
raH Ba OMpUHIUIAD KATOPUIa Oy MHCTUTYT KOIIKJIa TallKuI dtuiaran bepuyin 2Kamu-
sTuHUHT ab3ocu 6yiran). K. @apmonos Ba yHuHr morupiapu uiuiapuia Risk dbyHk-
[ASICUHA MUHUMAJUIAIITHPUAIIT MabHOCHIa ONTUMAJIINK Xoccagapura sra O0yaran CKH
peKaJApUHUHT eTap/inda KeHI CHH(MUHUHT TY3WIWINA YpraHnmwian. ByHma, OoIka My-
Taxaccucaapjan dgapkau yirapok, moc Risk dyakimsaiapn ymapra KupyBuYM HKTHUCOHI
napamMeTpra HucbaTaH UM3UKJIN OYyIMaraH XoJ Ypranmwiiy. Dy msmaHuniapia 3aMOoHa-
BUIT OOFJIMKCU3 T.M. KYIIUIIT HA3APUSICUHUHT YCY/IJIADU Ba HATUZKAJIAPU KEHT' KYJLTAHUIIIN
(Mapka3uit TMMUT Teopema,ia SKUHJIAIIHII Te3JIUTMHIHT 6axo1apu, OOFTMKCH3 T.M. HHFUH-
JIUJIapU YIyH ACUMIITOTUK Efinmaliap).

"Tacomudmit xkoitmanrysiaap" (Juckper MaTeMaTHKaHUHT SXTHMOJUINK ycyiiapu) XX
acpunar 60-70 #mrapuaa 3amonasuit 9H Ba MCHuar ajoxumga iyHammmu cudarnia
mak/UIaH . By fiyHamum mMacasagapu Ba ycyJuiapd MyMKUH OVJITaH HaTUKaJIapH JIHC-
KpeT TYIUIaMJ/IM TYPJIU CTOXACTHK MOJesuIap/ia maigo Oyiajuran Tacoquduii kapaéH-
JIADHU TaJKUH STUIIa MyxuM axamustra sra. [IIL.K.Dapmonos Ba yHUHT TOrupiapu
uniapuia Moc "tacoauduil Koitmanrysiaap" dekam €K CAHOK/IM TOJUHOMHUAJ CXeMaH!
TAIKUI 3TTAH X0/1a, "0y KyTuaap"KJIacCuK CTATUCTUK KPUTEPUICU KYJLIaHUIUITTHI
acocJial oujaaH O0FINK MyaMMoJiap Ypraumwiiu. byHaa guckper O0FINK T.M. KYIITUII Ha-
3apuscura Kapamuim "mapTian JoKaJ JuUMAT TeopeMasap' man yaymim oitiaaHuIm.
Yoy iiyuaaum Oyitnda oiud OOpuIran N3JaHUILIAD HATUKAJIAPU Ba, YCYJLIAPHU JIUCKPET
MaTeMATUKAHUHT 3XTUMOJIINK yCy/Liapu Oyinmaa [lerposaBosickma yTKa3uIanran anba-
HaBUil KOHMepeHIusiTapaa Mabpy3a Kuiauaan (1982, 1996, 2004, 2008 iinsiap).

XX acp oxupum Ba XXI acp Oomnuiapura keaud [II.K.dDapmoHOBHUHI wu3JIaHU-
miapu  "HOKJIACCHK JIUMHAT TeopeMaJsap'"ounan Oornukaup. By teopemasap "kiac-
cuk'"Teopemasiapan OOruKCH3 Tacoanduil MUKJIOPJIAPHA Ky HA3APUICUHIA MYyXIM
pouib YitHaiiuran "HUFUHINIAPHIHT TEKUC Y€KCH3 KUIUKJIUK MAapTh'HI KATHAITMAC/IT-
ru ounan gapk Kuiaajm. Xycycan, JIumgebepr-@esiep MapKa3uil JIMMUT TEOPEMACHHI
YMYMJIAIITAPYBYH, HOKJIACCUK BapUAHTU UCOOT/IAH/M. YOy HATHKAHU MCOOTIAII YKa-
paéunma [11.K.@apmonos saximm mabiayMm Oyiaran CTeliH yCyJIMHUHT SHIY TAKOMUJLTAIITAH
BapUAHTHHU TakJInud 3111, Oy ycyJ1 €épgaMujia Kyducu3 OOFJIaHraH T.M. HHFUH/IMIaPUHUHT
TAKCUMOTHU Y PraHUJIJIH.

V3 wamnit mamanumapn Harmxkagapuan 11K . @apyonos Pocensi, AKII, Snonmns,
Ykpanna, JIutsa, Beurpusg, [lonbira, Manaitzus, Monronus nimuii Mapkasjiapujia Ba
Opannus, [IBenus, Curramyp Ba Oomka gaBiaTaIapaa 0Yaubd yTran XaaKapo KOH(epeH-
usIapa Mabpy3a KUJJIH.

I.K.®apmonoB yuymn uamMuii ¢paouaT Ouian Oupraankia JOMMO WJIMUI Ba Heja-
TOTHK KaJIpJiap TalépJall Macajiacu OUIaH XaM MIyFyJIaHu0 KeJMOKJia. XO03UPru BaKTra
Keanb y TOMOHUJIAH YTTU3/laH OPTUK (paH HOM3O/IapW Ba VHIAH OPTHUK (haH JTOKTOP-
Jlapu Taiiépsanau. Musnit YHuBepcuTeran Tamkapu y PecrybimmkaMusHUHT KY1180
oJinit YKyB IOPTIapUia, YKATYBIMIAp MaJaKaCHHU OIIMPUIN WHCTUTYTIAPHA Mabpy3a-
Jlap YKuiiau, iy ousian oupra 6apda jjapakajiara MakTad MaTeMaTHKa OJIMMITHA [aIapUHN

19



TAIIKWI STUII Ba YTKasuiaa ¢paos uimTupok 3trad. Axagemuk 1. K. PapMoHOB TOMOHM-
nan Pecniybyiukamus Ouinii TabjiuM Myaccajapu yayH J1013ap0 Ba 3apyp Oyiiran, §30ek
Turgara "Ixrumosukiaap Hazapuscu' (2015), “Axkryap maremaruka” (2018), “AxTyap
MaTeMaTuka’ (Tyaaupumirad Hamp, 2019) tafiépranran Ba HAIID STHJITAH.

Cyurru iimmrapaa LK. @apmonos Y36eKHCTOHA SXTUMOJIIAK/IAD HA3APUICH Ba Ma-
TEeMATUK CTATUCTHKA MAKTaOMHU OONIKApPUO KEJIMOK/Ia Ba XOPUK JIABIATIAPU MyTaxac-
cucapu ouran ¢paos XaMKOPJIHK 0Jin0 60pMoKia. Y Ky11ad kondepeHnusiap Ba popyM-
Jlapjia UIITHPOK 9THO, SHIU FOsJIap Ba yCyJJIapHU eTKa3nub OepMokia, Oy sca 3 HaBbaTH 18
V36exucTom1a yioy niaMuil iy HaINIIHAHD PHBOKIAHUIINHE TabMIHIA0 KeIMOKIA.

Penakimon kostnernst
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Kparknii ouepk Hay4HOIl 1
1eJJarorndeckoii JedTe/ibHOCTU
akajiemuka 111.K.®Popmanosa

[MMakup KacumoBuy @opMaHOB - BUJIHBIN YUYEHBII MaTeMaTHK, JOKTOP- (HU3UKO-
MaTeMaTHIeCKUX HayK, mpodeccop, akageMuk Akagemun Hayk Pecriybsimkn Y36ekucraH,
naypeat [ocymapcrsennoit [Ipemun Y36ekucrana nmenun A6y Paiixana Bepymn.

[II.K.®opmaHOB - U3BECTHBIN, NPU3HAHHBIA CIEIUAINCT B O0JACTH TEOPUU BEPO-
SATHOCTEHl W MATEeMATUYECKOH CTATHCTUKH, IIPEJICTaBJIAIONENl coOOil OJHO W3 TIJIaB-
HBIX HAIIPaBJIEHUNl MaTeMaTuKu B Y30ekucrane. bBjarogaps ycuinsaMm He3aOBEHHBIX
yuenbix-akajgemMukoB B..Pomanosckoro (1879-1954), T.A.Capbivcakosa (1915-1995),
C.X.Cupaxxaunosa (1920-1988) B Y30ekucraie co3ana nepeoBas MaTeMaTHIecKas Ha-
ydHagd ITKOJ1a, B HeJpaX KOTOPOl BOCIIUTHIBAIACD TIejIasd IIesd 18 YIeHbIX, BHECIITX HEeolle-
HUMBIi BKJIa/] B pa3BUTHE PA3JIMIHBIX HAYIHBIX HAIIPABICHUI MATEMATHKH U B TOM UHCJIE
COBPEMEHHOI TeOPUU BEPOSITHOCTEH 1 MaTeMaTUIecKoil cratuctuku. B ocobernHnocTn cire-
JlyeT OTMETUTH OoJsibiiue 3acayru akajgeMmuka C.X.CupazkInHoBa B Pa3BUTHNA HOBBIX Ha-
MIPABJIEHUI COBPEMEHHOI MaTeMaTUK!, TI0/I00PE M BOCITUTAHIH MOJIOJIBIX MaTeMaTHIeCKIX
JIapOBaHUil, a TAKXKe B PA3BUTUU M YCOBEPIIIEHCTBOBAHUN MATEMATHIECKOrO 00Pa30BaHUsI
B V30ekucrane. III. K. ®opmanos sisiercst ognum un3 ydenunkos C.X. CupaxKjmHOBa,
CTaBIINII B HACTOSIIEE BPEMs PYKOBOJUTE/IEM HAYYHOI MIKOJIBI 110 TEOPUU BEPOSTHOCTEH
u Maremarudeckoii cratuctuke (TB u MC), cozmannoii ero yanresem.

[II.K. ®opmanos poamiica 20 despasa 1941r. B cee lanrapa oJHOMMEHHOTO TyMaHa
@epranckoro BujioATa. B 1958 rojay moctynmit Ha (hu3MKo-MaTeMaTudeckKuii (pakyibTer
®epranckoro Tocymapersennoro negarorndeckoro Uucruryra (ubiae Pepranckuii Tocy-
napcTBeHHbIil YHuBepcurer). B konre Broporo Kypca [11.K.DopMaHOB BBITOJHIIT TEPBYTO
Hay4IHYIO paboTy 10 JinddepeHImaIbHbIM YPaBHEHHAMEI 110/T PyKOBOJICTBOM IIpodeccopa
2K.X.Kapumosa (1909-1993).

B nmagasne 1961r. @epranckuit ['ocynapcrsennsrtit [lenarornaecknii actTutyT nmocerusn
akajl. C.X.CupakJMHOB U TIPOBEJ cobeceloBaHMe ¢ aKTHUBHBIMHU CTYyJIeHTaMU (BU3UKO-
MaTeMaTU4IecKoro dakysibreTa. B 9Toil BeTpede akaJeMHUKy OOJIbIIe BCEX MOHPABUIICT
crynent [II.K.@opmanoB, ¥bu OTBETHI HA BOIPOCHI IO JIOTOJHUTEJIHHBIM TJIABAM MaTe-
MATHYIECKOIO aHaInu3a OBbLIM JOCTATOYHO IOJHBIMUA. B MOC/IEICTBUU OH 110 PEKOMEH/Ia-
mun u noauep:kke C.X.CupaxkaumHoBa ObL1 mepepejieH cryiaeHToM III-Kypca mexaHuKo-
maTeMatuaeckoro dakyibrera Tamkentckoro [ocymaperBenroro Yuupepcutera (HbIHE
HYVY3 um. Mupso Vayroeka). B anpese 1963r. crygent V-kypea IILK.Qopmanos yuact-
BOBaJI BO BCECOIO3HON CTYJ/IeHYECKON Hay4IHOil KoHpepeHiun B r.Buiikeke u ero pabora
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"O1eHKN 0CTATOYHOTO YJIeHA B JIOKAJIBHON pejie/ibHoil Teopeme oty amta [-1o [Ipemuro.
Hayunasi u nemarorunveckas JiesrenbHocts akajgemuka [11.K.Popmanosa TecHo cpsazana
¢ Nucruryrom maremarukun u wHpopMarmonubix Texuosioruit AH PVY3, kyma o ObLI
nanpasieH B 1963 romy mnociie okondanus Taml'V, m HarnumonagbubiM YHUBEPCUTETOM
V3bekucrana nmenn Mupszo Yiayroeka. B nacrosinee Bpemst oH gBjgeTcd 1mpodeccopom
HYYVY3, a Takxke 3aBe/IyeT OT/IeJI0M TEOPUU BEPOATHOCTEN M MaTEMATUICCKON CTATUCTUKHI
HHCTUTYTa MaTeMaTHKH 1 WHPOPMAIMOHHBIX TexHosoruiit AH PY3.

Ocnogubie ucciieoBanus 1. K.DopmanoBa 0THOCATCS K CJIELYIONTUM Pa3Jie/iaM COBPe-
menneit TB u MC:

1) Teopusi cymMMUpOBaHUST HE3ABUCUMBIX U CJIA00 3ABUCHMBIX CJIyYAlHBIX BEJIMIUH W
BEKTOPOB;

2) Berssimuecst cirydaitHble MPOIIECCHI;

3) Maremarndeckne METObI CTATUCTUIECKOTO MPHEMOYHOIO KOHTPOJIS TOTOBOI MTPO-
IVESIVIVR

4) Cayuaiinbie pa3menienust (BeposiTHOCTHBIE METOBI INCKPETHON MATEMATHKHT ).

Braromapss  ycmnusim  Beimaromumxca  MaremarukoB  Il.JIesm, A.H.Kosmoroposa,
A d. Xurauna n B.B.'weenko wa pybexe 30-40-x rogos XX-Beka OblLita cO3/1aHa KJIACCH-
JecKas TeOpus CyMMHUPOBAHUs HE3aBUCHMBIX CJydaiiHbix Beawdans (c.B). Pacmpocrpane-
HUE Pe3yIbTATOB 9TOI TEOPUU Ha 3aBUCHMBIE C.B. IIPEJICTABIAIO cOO0I TPYIHYIO MaTeMa-
TrdecKkyio mpobsemy. OobekToM pannux ucciaenoBanuii [II.K.Qopmanosa gBuioch nzy-
YeHUe IPeJIeJIbHBIX PACIIPEIeSICHIII CyMM C.B., CBA3AHHBIX B OJIHOPOJIHYIO 1erb Mapkosa
C TIPOU3BOJIbHBIM (a0CTPAKTHBIM) MHOXKECTBOM cOCTOsiHU{L. [Ipn 9TOM OBLIN yCTaHOBJIEHBI
[IPOCTBIE JIOCTATOYHBIE YCJIOBUs, IIPU BBIIOJHEHUN KOTOPBHIX UMEET MECTO IEHTPaJIbHAas
npenenbhas Teopema (LIIIT). JIpyrum cymiecTBeHHBIM DPE3YJIbTATOM SIBIISIETCS JOKa3a-
TEJILCTBO AHAJIOTOB KJIACCUYECKOI0 HepaBeHCTBa beppu-DcceeHa, KOrjaa COOTBETCTBYIO-
mast 1ernb MapKoBa yJI0BJIETBOPSIET YCJIOBHIO PABHOMEPHON SProjnIHOCTH (PaBHOMEDHO-
ro nepemerimBanusi). Creyer TakyKe 3aMeTHTh, UTO TIOJIyYeHNe IPUBEJIEHHBIX Pe3yJIbTa-
TOB CBA3AHO C ycoBepIeHcTBOBaHmeM Meroga CupazkannoBa-Haraesa, ocyrecTBiieHHO-
ro II.K.®opMaHOBBIM ITyTeM COYETAHHS AHAJUTUYECKOI'O METO/Ia XapaKTEePUCTUIECKUX
dyHKIINIT CO CIIEKTPAJILHON Teopueil INHEHHBIX OIIePATOPOB, OIPEIEIEHHBIX B OAHAXOBBIX
[IPOCTPAHCTBAX OI'PaHUYeHHbIX (yHKIMi. B mociemyomnem, M BiepBbie JI0Ka3aHa CIIpa-
BEJIJTMBOCTH IpUHIINAIIA HBapuanTHoCcTH Jlonckepa-IIpoxopoBa n 3aKoHa MMOBTOPHOTO JIO-
rapudma B dopme [llrpaccena (dhyHKIMOHATBHBIE TIPEIEIbHBIE TEOPEMBI) JIJIsT OTHOPO/I-
HBIX Terieit MapKoBa, COCTOSTHUST KOTOPBIX COCTAB/ISIIOT TTPOU3BOJIbHOE MHOXKECTBO. OTMe-
YEHHBIE PE3Y/IbTATDI MOy YN/IA TPU3HAHUE CIEIUAINCTOB U COJIEPKAIINIE UX CTATHH PEKO-
MeHJI0OBaHbI K omyOnkoBanuio akageMukamu A.H.Koamoroposeim n FO.B.ITpoxoposbim.

B 1973 roxy 1. K. ®opmanos 3a muksa pador "lIpeienbabie TeopeMbl TeOpUN BEPOSIT-
HOCTelt u ux npumenenus'ymocroen locynapersennoii [Ipemun Y3oekucrana nm.Bepynu
(comectro C.X. CupaxkguaosbiM, T.A. AsmapossiM, M. MamaToBbim).

B maremarnaeckom TBopuectse L. K.Dopmanosa ocoboe mecto 3anumaior " Berssiu-
ecst cirydaiinble mporiecchl”. B ero paborax mccieoBaHbl 60s1€e CJI0KHBIE MOJIETH TaKHX
IIPOIIECCOB, YUNUTHIBAIONINE HAJUYUNE MUTPAIMOHHBIX KOMIIOHEHT. B oT/imdne oT 0OBIYHBIX
BETBSIIUXCS TPOIECCOB, BOJIOIMUI0 KOTOPHIX MOYKHO U3ydaTbh AHAJIUTUIECKUM METOJIOM
IPOU3BOJLAIINX (DYHKIUH, MMOC/IeHIe He 00J1a/Ial0T CBOMCTBOM "HE3aBUCHUMBIX BETBJIE-
uuit". [losTomy acummroTuveckuil aHa/U3 paclpeeieHnii COCTOSHUI TaKuX MIPOIECCOB
IIPEJINoJIaraeT IPUBJIeYeHe HOBBIX METOJIOB MCC/IeI0BaHmA. BOCIoIb30BaBINCH MOIH(DU-
IIIPOBAHHBIM UM BaPUAHTOM KJIACCHIECKOTO "MeTo/1a MOMEHTOB' U mpuB/IedeHneM o0Ieit
Teopun cueTHBIX 1eneit Mapkosa, [11.K.QDopMaHOBBIM yCTAHOBJIEHBI ITPEJIe/IbHBIE CBOMCTBA
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JIOCTATOYIHO MIUPOKOIO KJIACCA BETBAIIMUXCA CJIYUafHBIX IIPOIECCOB ¢ MUTpAIlieil, 3aBuCs-
el OT COCTOAHMIA.

Bajiaun, cBsi3aHHBIE C [IPOBEJEHIEM CTATUCTHIeCKOro mpuemodnoro kontposist (CIIK)
TOTOBON TPOAYKIMM OTHOCATCS K OJHOMY W3 aKTYyaJbHBIX HAIPABICHUN TPUKJIAI-
HOl MaremMarndeckoil crarucruku. Maremarmaeckune wmeronasl CIIK  paspaboranb
A H.Kosmoroposbim, C.X.CupaXmHOBBIM U ToJLIaHAcKuMu MaTemMaTukamu O.Banjep-
BapsenoM, A.Xasbmom (B cBoe Bpems C.X.CupaxkuHOB cOCTOAT dieHoM MexK 1yHaposi-
woro Crarucrudeckoro Wucruryra (lostasmns) u 6bUT OJHUM U3 HEPBBIX YIEHOB CO-
gmannoro mnpu 3toMm uHcruryre Obmmecrso Bepuymm). B paborax I11.K. @opmanosa u
€ro YUEeHUKOB WCCJIEIOBAHBI CTPYKTYPBI JOBOJIbHO MUpPOKOro kjacca mianos CIIK, ob-
JIAJIAIONINE CBOMCTBAMHU ONTUMAJIBHOCTH B CMBIC/IE MUHUMUBAIUNA PUCKOBBIX (PYHKIIAIL.
[Ipu sTOM, B OoT/IMYMe OT APYTUX UCCIe0BaTeNell PACCMOTPEHBI CJIyYan, KOT/Ia COOTBET-
CTBYIOIINE PUCKOBbIE (DYHKIWI SIBJIAIOTCS HEJTMHEHHBIMI OTHOCUTETHHO BXOISIIIIUX B HUX
9KOHOMUYECKHUX ITapaMeTpoB. B 9TuX mcciieloBaHusAX MIUPOKO MPUMEHSAIOTCS METObI 1
pe3yJIbTaThl COBPEMEHHON TeOpHH CyMMHUPOBAHUS HE3aBUCUMBIX C.B. (OIIEHKH CKOPOCTH
CXOJIMMOCTHU B IEHTPAJIbHON IpeaebHONl TeopeMe, acCUMIITOTHIECKUE Pa3JI0zKEeHUs st
pacIipe/ieJieHnit CyMM HE3aBUCHMBIX C.B.).

"Cuyuaiiabie pasmernienus" (BeposgTHocTHbIE METOMIBI AUCKPETHON MaTeMAaTHKM), Kak
CaMOCTOsITe/IbHOE HaydHoe HampasieHue B coBpemennoit TB u MC, ccopmupoBasocs Ha
pybezxke 60-70-x rooB XX Beka. 3a/1a91 U METOJIbI 9TOTO HAIIPABJIEHUS UMEIOT CYIIECTBEH-
HOE 3HAYEHUE JIJIsi OMUCAHUS CJIYIaflHbIX MPOIECCOB, BOSHUKAIONINX B PA3JIMIHBIX CTOXA-
CTUIECKUX MOJIEISAX C JIMCKPETHBIM MHOYKECTBOM BO3MOYKHBIX 3JI€MEHTapPHBIX MCX0JI0B. B
paborax III.K.®opmanoBa U €ro yIeHUKOB U3yUeHbl KOHKPETHBIE TPODJIEMBbI, CBA3AHHbBIC
¢ 00OCHOBaHMEM IIPUMEHEHHS KJIACCUIECKOTO CTATUCTUIECKOrO KpuTepus "MyCcThIX AIn-
KOB KOIJIa COOTBeTCTBYyIoIme "ciydaitabie pasmMemnienns"o0pa3yoT KOHETHYIO HIH CUeT-
HYIO TOJIMTHOMUAJIBLHYIO cxemy. [Ipr 9ToM 0YeHb I10I0TBOPHO HMCIIOIB3YIOTCS "yCIOBHbBIE
JIOKaJIbHBIE TIPeJIe/IbHbIE TEOPEMbI OTHOCSIIIINECST K TEOPUU CYMMUPOBAHUST TUCKPETHBIX 3a-
BUCHMBIX C.B. MeTO/bl 1 pe3yIbTaThl UCC/IeI0BAHNIT, TTPOBEIEHHBIX B JTAHHOM HAIpaBJIe-
HIN JTOKJIAIbIBAINCH B Tpa uIinoHHbIX "[leTposaBoackux KoHdepeHusx " 1o BeposTHOCT-
HBIM MeTojlaM JincKpeTHoii maremaruku (1982, 1996, 2004, 2008 rr.).

Ha py6exe konma XX u nadasa XXI BekoB B nccienopanngax I[1I.K.@opmanosa cra-
JII UHTEHCUBHO PA3BUBATHCS " HEKIACCUIECKIE ITPE/IEIbHBIE TEOPEMbI KOTOPBIE OTITHIAIOT-
cs ot "Kjaccuiueckux''orcyTerBreM B HUX ''yCJIOBUS pABHOMEPHON OECKOHETHON MaJIoCTh
cJaraeMbIX UT'PAOIINE CYIIECTBEHHYIO POJIb B TEOPUH CyMMUDOBAHWUS HE3aBUCHUMBIX C.B.
B gacTHOCTH, yCTAHOB/IEH HEK/IACCUYIECKUN BapUAHT IEHTPAJILHON MPeJIe/IbHON TEOPEMBI,
obobmmaroruit Teopemy JInngedepra-Pesiepa. B xojie 0Ka3aTeIbcTBa 3TOTO pe3y/ibTara
aBTOPOM TIPEJJIOZKEH HOBBIN MOAMMUIIMPOBAHHBIN BapuaHT u3BecTHOro Meroma Creiina,
IPU TOMOIIE KOTOPOT'O MCCJIEAYIOTCS PACIPEIe/ICHIsT CYMM CJIaD03aBUCUMBIX C.B.

C pesysbratamu cBoux Hay4dHbIX ncciaegoanuit [IILK. @opmanos BeicTymaI ¢ T0KIa-
nmamu B HayIHBIX 1eHTpax Poccun, CIIA, Anorun, Ykpaunust, JIuteer, Bearpuu, [losibmm,
Manaiizun, MoHTOIMM U Ha MeXKTyHAPOTHBIX KOH(MEPEHIINAX MPoBeeHHbIX Bo Opaniimi,
[ITBenun, Cunramype u Apyrux cTpaHax.

Axkanemuka I11.K.®opmanoBa, HapsiLy € ILIOZOTBOPHOI HAyYHOM HeATeIbHOCTBIO, BCE-
r/1a 3a00THIIa TOJArOTOBKA HAYUYHBIX U IIe/Iarorudecknx Kajpos. K Hacrosiiemy BpemeHu
I0JT €10 PYKOBOJICTBOM TOJINOTOBUIN JUCCEPTAINN U 3aIUTUINCH 00Jiee TPUIATU KaH-
JIJIATOB HAYK U JECSITH JIOKTOPOB HAYK, CPeJI KOTOPBIX €CTh U MPEICTABUTE/N 3aPy0erK-
HBIX CTpaH, TaknX Kak Eruner, Boernam u jp. Kpome Hanmonaabaoro Yuusepcurera, oH
YUTAET JIEKIIMA BO MHOTHX BBICIINX yUEOHBIX 3aBeICHUSX Y 30€KNCTaHa, NHCTUTYTax yCO-
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BEPIIIEHCTBOBAHUS yuuTeseil u pakyabTeTax NOBBIINIEHNs KBAJIU(MUKAIIINT IIPeroaBaTeseit
BY3os. Akagemukom [1.K.PopmaHOBBIM [TOTMOTOB/IEHBI U OIYOJIMKOBAHBI HA Y30EKCKOM
si3bike yuebnuku “Teopusi BepositHocteit” (2015), “Axryaphasi maremaruka’ (2018), “Ax-
TyapHas MareMarnka’ (nomosiHeHHOE M3gaHue, 2019), KOTOpBIE ABIAIOTCS BOCTPEOGOBAH-
HBIMU U aKTyaJbHbIME J171s BY 308 Hareit PecyOnkn.

B nacrogdiiee BpeMsi OH BO3TJIABJIAET ITKOJIY IO TEOPUHU BEPOATHOCTEN U MaTeMaTHde-
CKOIl cTaTUCTHKe B Y30eKNCTaHe, aKTUBHO COTPYIHUYAET CO CIEIMATNCTAMI 3apyOexKbs,
IPUHUMAaET yJ9acThe BO MHOTHX KOH(EpPEeHIHdAX U JAPYyrux (popyMax, sBJsdeTcsd HOCUTe-
JIEM HOBBIX METOJIOB M TEHJIEHINil, aKTUBHO CIIOCOOCTBYET PA3BUTHUIO JAHHOI'O HAYTHOT'O
HAIIpaBJIeHUs B Y30€KUCTAHE.

Cnoit 1o6usieit [TTakup KacumoBud BeTpedaeT B HMOJIHOM PACIBETE TBOPYECKUX CHJI.
Kemnaem [Hlaxkupy Kacumosutay @opMaHOBY KPENKOTO 3/I0POBbS U OOJILIIIINX TBOPYECKUX
YCIIEXOB B €0 MHOT'OTPAHHON JeATe/IbHOCTH.

PeﬂaKIlI/IOHHaH KOJLJIET A

24



Path. Bymum. Pazgen. 1

e Random processes and their applications

e Mathematical statistics and its applied problems
e Limit theorems for sums of random variables

e Stochastic dynamical systems

Tacomuduii >kapaeHjiap Ba yJIApHUHI TATOUKJIAPU
MareMaTHK CTaTUCTUKA Ba YHUHI TaJOUKUII MacaJjajiapu
Tacoagnduii Mukgopaap WUFUHIUCH YyIYH JIMMUAT TeopeMaJap
CroxacTuK AMHAMUIK CHUCTEMAJIap

e CiydaiiHble ITPONECChl M UX IMMPUMEHEeHUS

e MaremaTuueckasi CTaTUCTUKA U €€ MPUKJIAJHbIE 33391
e IIpesiesbHbIE TEOPEMBI JJII CyMM CJIyYaiilHBIX BEJIWINH
e CroxacTndyeckue JJMHAMUYECKNE CUCTEMBbI
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Ergodic properties of the solution to a fractional
stochastic heat equation, with an application to
diffusion parameter estimation

Diana Avetisian, Kostiantyn Ralchenko

Department of Probability Theory, Statistics and Actuarial Mathematics,
Taras Shevchenko National University of Kyiv, Ukraine

diana.avetisian2017@gmail.com, k.ralchenko@gmail.com

We investigate the following stochastic heat equation with a fractional Brownian noise
B

ou 1 .
— — A =oBY R 1
(at 5 u)(t,a:) oBl,t>0, x €R, (1)

u(0,2) =0,z € R.

We prove the stationarity and ergodicity of its solution u(t, z) as a function of the spatial
variable x by analyzing the behavior of the covariance function. Then these properties
are applied for construction of a strongly consistent estimator for the unknown diffusion
parameter 0. We extend the results of [2|, where a similar problem for SPDE with white
noise was studied.

Concerning the sampling scheme, we assume that the solution wu(¢,x) is observed at
equidistant spatial points for a fixed time. On one hand, in many practical applications
the solution indeed is observed only at some discrete space points; e.g. temperature of
a heated body, velocity of a turbulent flow, instantaneous forward rates where the space
variable corresponds to time until maturity. On the other hand, it turns out that in order
to estimate the diffusion coefficient, it is enough to observe the solution at one time
instant. Such situation is quite common for statistical inference for SPDEs. However, it
is possible to incorporate the additional information of observing the solution discretely
in time by taking the (weighted) average of the estimators.

Let (92, F,P) be a complete probability space. Let B = {Bf, T € ]R} be a two-sided
fractional Brownian motion with Hurst index H € (0,1), that is, a centered Gaussian
process, starting at 0, with the covariance function

1
E[BIB)] =5 (| + " e =y )y € R
Following [1], we define a solution to SPDE (1) by
t
u(t,x):J//G(t—s,x—y)ddes, t>0, zeR, (2)
0Jr

where G is Green’s function of the heat equation:

1 _ﬁ .
G(t,x):{\/ﬁexp{ gt}a %ft>07
do(), if t =0.

Due to Holder properties of fractional Brownian motion and Green’s function, the integral
with respect to fractional Brownian motion in (2) exists as the pathwise Riemann—Stieltjes
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integral. For almost all w € €, the integral fab G(t —s,2 —y) dB]! exists in the Riemann—
Stieltjes sense, and

b b
/ G(t—s,x—y)dB) = G(t—s,x—b)Bf—G(t—s,x—a)Bf—i—/ Bl'GY(t—s,x—y) dy,

a

where G, denotes the partial derivative of G with respect to the spatial variable:

, 0 T x?
GQ('[I,ZL') = %G(t,ﬂf) = —m exp —2_t , t>0, x€ R.

It is known that for all v > H, % — 0 a.s., as |x| — oo. Therefore, G(t—s, x—y) Bf — 0,
a.s., as y — Foo. Hence,

+oo +oo
/ G(t—ij—y)dBf:/ B;{G'Q(t—s,x—y)dy,

and the solution (2) can be written in the following form
t
u(t,z) = a//Gé(t—s,x—y)deyds, t>0, zeR.
0Jr

This form of the solution does not contain a stochastic integral with respect to fractional
Brownian motion, hence, it is more convenient for further calculations. We start with
deriving explicit expressions for the variance and covariance of u(t, -).

Proposition 1. For fixed ¢t € [0,T], u(t,-) is a stationary Gaussian process with
covariance function given by

R(t,z) = cov(u(t,0),u(t,z)) =

:__////G' Y)Gy(t —r 2 —v)|y — v|* drdsdv dy.

The next result gives a simpler expression for the covariance function of the solution.
This expression contains a single integral over R instead of double integral over R2.

Proposition 2. The covariance function R(t,z) can be represented in the following

form:
5 w—x)?
(2 —s— )% [ w0y - _ (w—z)®
R(t,x) \/_// t—s—r) 2/w (w — x) exp STeT— dw ds dr,
where w® = |w| sign w.

Remark 1. In the case H > =, it is possible to integrate by parts once more and rewrite
the formula for R(¢,z) in the followmg form:

o?H(2H — 1)
R(t,z) = 2 // (2t —s—r) ZX/\w\M % exp { éq:_sxzr)}dwdsdr.

Proposition 3. The variance of u(t, z) equals
0.22H+1(2H _ 1>F (H + %) tH+1
VT(H 4+ 1) ’
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where I' denotes the gamma function.
Remark 2. In the case of standard Brownian motion (H = 1), (3) becomes

024(2 — \/2)t3/?
37 '

E[u(t,z)?] =

This agrees with the result of [2, Thm. 2.1].

Since u(t,-) is a stationary Gaussian process (by Proposition 1), it suffices to show
that R(t,x) — 0, as x+ — oo. The following proposition plays a crucial role in the proof
of ergodicity.

Proposition 4. For ¢ > 0 and z > 0, the covariance function R(¢,z) admits the
following upper bound:
IR(t,2)| < Cro®Pa®,

where C'y is a positive constant depending only on H.

Proposition 4 implies that the covariance function R(¢, z) of the solution u(t, x) vanishes
as r — +00. Since u(t, ) is a stationary Gaussian process, this yields the following result.
Corollary 1. For a fixed t > 0, the random process {u(t, x), z € R} is ergodic.

We apply results to the following statistical problem. Assume that for a fixed time ¢t > 0
and a fixed step § > 0, the random field u given by (2) is observed at the points z;, = k0,
kE=1,...,N.Our aim is to construct a strongly consistent estimator for ¢ based on these
observations. The field u(t, z), z € R is strictly stationary and ergodic. Therefore, for any
Borel function g: R — R such that E|g(u(t,0))| < oo, thanks to ergodic theorem, it holds
that

%Zg(u(t,mk)) — E[g(u(t,()))], a.s., as N — oo. (4)

This gives the idea to consider the following estimator for o2:

1 N
ox = qu(t, o)’
k=1
where H+19H+1/9H 1
o AT T(H + 1)
Vr(H +1) ’

see Proposition 3. Taking into account (4), we have the following theorem.

Theorem 1. 6% is a strongly consistent estimator for the parameter o as N — oo.

Remark 3. The Hurst parameter H € (0, 1) is assumed to be known. It can be estimated
independently of ¢ with the help of quadratic variations.

Acknowledgment. The work of the second author is supported by the National
Research Fund of Ukraine under Grant 2020.02,/0026.
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In the paper is established the limit distribution of an integral square deviation between
two kernel type of Nadaraya—Watson estimators of the Bernoulli regression function for
the group data.

Let a random variables Y, i = 1,2 takes two values: 1 and 0 with probabilities p;
(“success”) and 1 — p; (“failure”). Assume that the probability probability of “success” p;
is the function of an independent variable x € [0,1], i.e. p; = pi(z) = P{Y® = 1| x}
[1,2,5]. Let ;, j = 1,...,n, are the points points of division of the interval [0, 1]:

27 —1
i 2n

, j=1,....n.

Let, further, Y;gk), j = 1,...,m§k), 1 = 1,...,n, k = 1,2, be mutually independent
Bernoulli random variables with P{Yigk) =11 @} = pr(x), P{Yig.k) =0 x) =
1—pr(z),j=1,....m" i=1,... n k=12

Based on the group samplings Y;é-k), j=1,... ,mgk), 1=1,...,n, k=1,2 let introduce

estimates of Nadaraya—Watson type for p;(z) and py(x) Bernoulli regression functions:

ﬁkn<x) = pkn(aj) ) p;1($)’

1 — T— Ti\—=k) —k) 1 : (k)
pon(o) = 3 K (= )V T = v
n =1 n m; " =1
1 & T — x;
n = 75 K( Z>7 k:1727
pa() nbnz i

where K (x) is some distribution density that satisfies the requirements formulated below,
and b, — 0 is a sequence of positive integers, and py, () is kernel estimate of the regression
function (see [3,4,6]).

Assume that the kernel K (x) > 0 is chosen such that it is a function with finite variation
and satisfies the conditions: K(z) = K(—x), K(z) =0 for |z| > 7 > 0, [ K(z)dz = 1.
We denote the class of such functions by H(7).
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For comparison estimates py,(z) and Dy, () let introduce the statistic

U, = %nbn/ [Pin(z) — ﬁgn(x)]z dz,

Qn
Q, =[tb,,1 —7b,], T7>0.

Let us also introduce the following notations:

Q= V(o). ) = [ K(T K (T) de

b, bn
Qp

sz(phpz) — (nbn)_2 Z [p1<l’k)<1 — pi(xr)) I pol(x) (1 —pQ(xk))}

1 2
= mé) my
pi(z:)(L = pa(2:)) | pa(@) (1 = pa(@:))7
X Z [ (1) + e } ik

Theorem 1. Let K(z) € H(7) and p(x) € C*0,1]. If N,

nb2

— oo and N1b, — 0 as
n — oo, then for hypothesis Hy : pi(x) = po(z)

U, —EU,
=t =5 N(0,1), By = Bulpipa), No=maz(N,

n

N2, N(k) = max m(k), k=1,2.

1<i<n

where —1» denotes convergence in distribution, and N (0,1) is a random variable having
a standard normal distribution ®(z).

Corollary. Let K( ) € H(7), pr(x) € C'0,1], k = 1,2. Further, let, mz(»l) = mZ@) =
N,,i=1,...,n. If 4+ — 0 and Nb, — 0, then

bt Dl =B U a4 gy,
o(p1,p2)

where

1 1
o?(p1,pa) = —/ d*(z)dx K3(t)dt,
2 0 [t|<27

Koy=K=+K, d Zpr )(1 = p,(x)).

Theorem 2. Let K(z) € H(7), pe(z) € CY[0,1], k = 1,2. Let, next, m\" = m!? = N,,,

i=1,. nIf]\lf)’g—>OandN4b — 0 as n — oo, then

N, U, — A(p1, p2)

b 1/2
( o(p1,p2)

n

) N(0,1),

where .
1
A(p1,p2) = 5/ d(z)dx K(t)dt.
0 |t|<T
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Cable equation driven by a general stochastic measure
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Let Lo(€2, F,P) be the set of all real-valued random variables defined on complete
probability space (£2, F,P), X be an arbitrary set and B(X) be a o-algebra of Borel
subsets of X. Let u be a general stochastic measure on B(X), i.e. a o-additive mapping
p: B(X) = Lo(Q2, F,P).
We consider the mild solution to the following equation:
Ous(t,z)  O%u.(t,x ,
00) Tl 0+ ot/ i),
0 Ouc(t,0)  Ouc(t,L) 0 (1)
U’E( ,l’) - UO(QZ'), ax - ax -
where (t,z) € [0,T] x [0,L], T > 0, L > 0, e > 0, and p is a general stochastic measure
defined on the Borel o-algebra B([0, L]).
Let G be the fundamental solution of the homogeneous cable equation. Then the mild
solution of problem (1) is given by the formula

%wmzlG@xwmm@+4um@zau—mmmwmwm. @)

We study the convergence
us(t,z) = u(t,x), e—0,

where @(t, x) is the mild solution of the averaged equation, that is,

U(t,l‘)z/o G(t, z,y)uo(y) dy+/[w du(y)/o G(t —s,7,y)o(y)ds,
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and
¢

g(x)=lim - | o(s,z)ds.
t—oo t 0
The averaging principle for equation (2) is established. The rate of convergence is
estimated. The regularity of the mild solution is also studied. The orders in time and
space variables in the Holder condition for the solution are improved in comparison with
previous results obtained in [1].
The talk is based on the results presented in the paper [2].
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Nowdays one manages with huge arrays of data arising in diverse fields such as
microarray analysis, text categorisation, high-frequency financial data, phishing detection,
etc. Such data have extremely high dimensionality (Big Data). The problem of finding the
relevant (in a sense) features among the large collections is of great importance, e.g., to
construct an interpretable model of the studied phenomenon. The damages (SNP) in the
Human Genome structure lead to various complex diseases (hypertension, heart attack,
strock, diabetes and other). The challenging problem in Genetics is to identify a collection
of SNP which provoke the complex disease. In contrust to simple disease (such as sickle-
cell anemia) the impact of each SNP can be small and only the interchange of certain
damages of DNA structure can be dangerous. Here we have the so-called effect of epistasis.
A simple XOR stochastic model illustrating this effect can be found in [1]. Thus we tackle
a very important research domain in modern Biology and Medicine called Genome-wide
association studies (GWAS). The progress in this domain is discussed, e.g., in 2], The
recent survey [3] is devoted to the Feature Selection (FS) methods in medicine. Namely,
the authors concentrate on the image analysis and pattern recognition, biomedical signal
processing, and DNA microarray data analysis. F'S methodology is used also in financial
problems, see, e.g., [4]. In machine learning and statistics F'S; also known as variable
selection or attribute selection, is the process of selecting a subset of relevant features
(variables, predictors) for use in model construction and for other purposes. The goal is
dimension reduction of a data by removing irrelevant and redundant information. In fact
the feature preferences can be represented as a ranking, a weighting or a subset. Clearly,
ranking and weighting can be used to form a subset of features by means of a threshold.

F'S techniques are used for three reasons: 1) simplification of models to make them easier
to interpret by researchers (users), 2) shorter training times, 3) reducing overfitting. In
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terms of availability of label information, F'S technique can be classified into three groups:
supervised methods, semi-supervised methods, and unsupervised methods. Discussions
on FS usually center on two aspects: search strategy and evaluation criteria. Algorithms
designed with different strategies broadly fall into 3 categories: filters, wrappers, embed-
ded and hybrid ones. There are well-known FS procedures. Here we mention only few of
them: Boolean operation-based screening and testing (BOOST), least absolute shrinkage
and selection method (LASSO), adaptive and group LASSO, nonnegative (NN) Garrote,
penalized regression with smoothly clipped absolute deviation (SCAD) penalty, least angle
regression (LAR) and generalized Dantzig selector (DS), MDR (multifactor dimensionality
reduction) method and its modifications.

In many problems one studies the impact of the collection of factors (features)
Xi,..., X, onaresponse variable Y and the goal is to identify the relevant (in a sense) sub-
collection (X;,,...,X;, ), wherer <nand1 <1i; <... <14, <n,determining the behavior
of Y. In contrast to the correlation coefficient one applies the basic information theory
concepts to identify nonliner links between random variables. In this regard we recall the
entropy, mutual information, conditional mutual information and various divergences, e.g.,
the Kullbuck - Leibler one. We refer, for instance, to [5].

It is well-known that many algorithms (procedures) employ statistical estimates of
various functionals in the framework of the stochastic model under consideration. We dwell
on the estimate of the Kullback - Leibler divergence D(P x||Py) between the distributions
of random vectors X and Y taking values in R4. Consider i.i.d. random vectors X1, Xs, .. .,
and i.i.d. random vectors Y7,Ys, ..., with law(X;) = law(X) and law(Y;) = law(Y).
Assume that {X;,7 € N} and {Y;,7 € N} are independent. We are interested in statistical
estimation of D(Px||Py) constructed by means of observations X,, := {X3,..., X,,} and
Y = {Y1,..., Y}, n,m € N. Suppose that Px < Py and X and Y have densities p
and g w.r.t. the Lebesgue measure on R9. Then with probability one all points in X,, are
distinct as well as points of Y,. All random variables under consideration are defined on
a complete probability space (2, F,P). For a finite set E = {z1,...,2y} C RY, where
zi # 2z (i # j), and a vector v € RY renumerate points of E as z(1)(v),..., 2 (v) in
such a way that [Jv — z|| < ... < [Jv — 2|, where || - || is the Euclidean norm in R9.
If there are points z;,,...,2;, having the same distance from v then we numerate them
according the increasing indexes among iy, . .., is. In other words, for k = 1,..., N, z4)(v)
is the k-NN (Nearest Neighbour) for v in a set E. To indicate that zg(v) is constructed
by means of E we write z)(v, E). Fix k € {1,...,n =1}, 1 € {1,...,m} and (for each
w € Q) set

Ry i (1) := [ Xi = Xy (Xo, Xn \ XD, Vina () = (1Ko = Yoy (X, Y, 0= 1,000

The authors of [6] introduced an estimate of D(Px||Py), for n > 1 and m > 1, letting

~ - mV4a (i
B, 1) 1= 0(k) — (1) + > log (ﬁ) .

Here ¥(t) = %log L(t) = % is the digamma function, t > 0. Our goal is to provide

the wide conditions to guarantee that, for any k,I € NN, the estimates ﬁnm(k, [) are
asymptotically unbiased and L?-consistent, as n, m — oo. The proofs involve the technique
of conditional expectations, weak convergence of probability measures, analysis of uniform
integrability of specified families of functions, and probability inequalities, among others.
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As a byproduct we get more general conditions than in |7] for asymptotical unbaisedness
and L?-consistency for estimates of the Shannon differential entropy.

We also discuss the employment of conditional entropy and conditional mutual
information estimates and their applications to FS. In this regards we refer to [§8], [9],
[10] and references therein. In particular it is interesting to develop the stopping criterion
for for backward and forward greedy methods of FS.
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Dynamical systems theory is mostly interested in describing the typical behaviour of
orbits as time goes to infinity, and understanding how this behaviour is modified under
small perturbations of the system. In present work we study the stochastic perturbations
of critical circle maps. The main tool is the thermodynamic formalism. Ya.G. Sinai in
[1] introduced a thermodynamic formalism for Anosov’s flows. Further, a thermodynamic
formalism was developed in the works of D. Ruell [2], R. Bowen [3], and others. E.B. Vul,
Ya.G. Sinai and K.M. Khanin in [4] build the thermodynamic formalism for Feigenbaum’s
map.

The papers of [5], [6] considered heuristically a renormalization theory for weak
Gaussian noise perturbing one dimensional maps at the accumulation of period doubling.
The main result in those papers was that after appropriately rescaling space and time,
the effective noise of this renormalized system satisfies some scaling relations. The paper
[4] developed a rigorous thermodynamic formalism for critical maps with period doubling.
Among many other results, [4], study the effect of noise on the ergodic theory of these
maps and showed that for systems at the accumulation of period doubling with weak
noise, there is a stationary measure depending on the magnitude of noise that converges
to the invariant measure in the attractor.

O. Diaz-Espinosa and R. de la Llave in 7] studied the stochastic perturbations of many
maps with renormalization theory. It is proved the central limit theorem for critical circle
maps with golden mean rotation number and some mild condition on stochastic noise.
We extend their result for critical circle maps with quadratic irrational rotation number.

Now, we turn to the formulation of the main results of our work.

Let (Q,F, P) be a probability space and T € C3(S') be circle homeomorphism. Let
the stochastic sequence defined as

fnJrl - T(En) + UfnJrlv Tp 1= xZ, (1)

where (&,) be a sequence of independent random variables with p > 2 finite moments

satisfying following conditions:

const < (E|&,|HY? < (B|&,[P)YP < Const. (3)
We define

xy =T (xn 1), o= 1.

The linearized effective noise is defined as
n—1 n—1
Lo(x) =&+ Y & [[T'(z;), 2 € S". (4)
k=1 j=k
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Let w,(z,0) be the stochastic process defined by

wn (2, 0m) = on VaT(Ln(I))'

We formulate the main result of our work.

Theorem. Let T € C3(S') circle homeomorphism with one critical point z., = 0
(T'(0) = T"(0) = 0, T"(x) # 0,Vx € StandT'(x) > 0, x # 0) and rotation number
pr = [k1,ka, ... ks, k1, ko, .., ks, ...]. Consider a sequence of independent random variables
(&) with p > 2 finite moments satisfying the conditions (2) and (3) and x € Orp(xe) =
{T"(er), i =0,1,2,...}. Then

1. There is a constant v > 0 such that if

lim o,n" =0,

n—oo
the process w,, (x,0,,) defined by (5)converge in distribution to the standard
Gaussian.

2. Furthermore, there are constants T > 0 and k > 0 depending on p and C7 > 0 such
that if o, < Cin~7, then

sup | P(wq, (,04,) < 2) = ®(2)| < Cg,",
zER

where gy, 1s first return time of T, the constant C' > 0 depends only on x and ®(z) is
distribution function of standard Gaussian.
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In the talk we discuss the partial cases of he following general question. Let a random
probability measure 1 on R be a functional from the Wiener process w(t),t € [0;1]. Then
for any test function ¢ € C3°(R) the random variable (p, ;1) has Clark representation

1
(o, 1) = (o, 1) +/ Ry (t)dw(t).

0
It is useful to know when the adapted process R, has a form

Rw(t) = <90> %t>v

where the signed measure ¢ is absolutely continuous. In the talk we present three cases
when the Clark representation of the random measures and related objects such as local
times has a good form.

First two cases are related to the Gaussian processes called by integrators. They were
introduced by A. A. Dorogovtsev in [2].

Definition. Gaussian process £(t),t € [0; 1] is called by integrator there exists ¢ > O
such that for arbitrary aq,...,a, and partition 0 =t; <t; < ... <t, =1

n—1 n—1
E(Z akAﬁ(tk))Q S CZ aiAtk.
k=0 k=0

It was proved in [2] that the Skorohod integral against the integrator can be properly
defined and Itd formula was written. In the series of works [3-5] the local times and self-
intersection local times for integrators were discussed. Here we present two statements
about Clark representation for these variables.

Theorem 1. A self-intersection local time of Wiener process has the representation

() _ L :
Tk —m—i—/o ﬁ(T)d@U(T),

where
k-1
DS [ [ttt i)y
r=11<ir <...<ip<k—17 Dk [sir, \/J+—1
r—1
it sts,411(T) H(Pffiﬁl_n(w(ﬂ) — w(ti,)) Lty ity +1)(71))dw(m) .. dw(7,_y)dE.
i=1
Here

r—1

H(pllfil+1—n(u(7—l) - w(ti2))1(til;til+1)(7—l)) =1

=1
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forr=1.
Let us establish Clark formula for a self intersection local time of Gaussian integrator

1
z(t) = / (Aljgy)(s)dw(s).
0
For t = (t1,...,t) € Ag,t € [0;1] denote by py, p;, densities of distribution of vectors

X = (x(t2) — x(t1), ..., x(ty) — x(tx—_1))

and
X(E; t) = (I(tl + t(tQ — tl)) — I(tl), . ,Jf(tk_l + t(tk — tk—l)) — I(tk_l))
correspondingly. Put

By, = B(ALpy4t(ta—t1)s - - ALty aits sttt 1))
Ry, = Bpy — By,
where as before B(ey,...,e,) is Gramian matrix constructed from elements ey, ..., e,.
Denote by A = {0 <t; <... <t <1}

Theorem 2. Suppose that for every 0 < t < 1,t € AY the matriz Ry, 1s positive
definite. Let pr., be a density of distribution N(0, Rz,). Then

7

1
7 —ET; + | B(r)da(r),
0
where

/ le (10 PRy (X (T, 7))dE
and 0; denotes the j-th partial derivative.
Consider the measure-valued process, which is the solution to the following one-
dimensional equation with interaction

de(u,t) = [ a(z z(v, 1)) po(dv)dt + b(x(u, t))dW ()
x(u, ()) =u, u€ R

Here 19 is a probability measurers R, which can be treated as an initial mass distribution
on the infinite system of particeps whose trajectories are x(u,t),t > 0,u € R.
In such interpretation the measure

e = poox Hu,t),t>0

is the distribution of the mass of particles at the moment ¢,¢ > 0.

This type of equation was introduced and studied by Dorogovtsev in [1]. Here we
consider the measure valuated process p; as a functional of the noise W(-). It is natural
question for one to ask, what world be the Clark representation for the random measure

ot
Theorem 3. Suppose that the coefficient a of equation with iteraction

dx(u,t) = a(x(u,t), po)dt + dW (t)
r(u,0) =u, ueR
pe = poox Hu,t), t >0
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15 bounded, together with two continuous partial derivatives by the constant C' such that

e3¢ < 1.

Then, the measure-valuated solution p; has Clark-Ocone’s representation which can be
written for the test function ¢ € Cg° as follows,

(0, 1) = E(p, 1) // (v)dvdW (1),

for some random function g.
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We consider a branching process with immigration evolving in a random environment.
Individuals in such a process reproduce independently of each other according to random
offspring distributions which vary from one generation to the other. In addition, an
immigrant enters the population at each generation. To give a formal definition let A be
the space of all probability generating functions F' = F(s),s € [0,1] on Ny :={0,1,2,...}.
Equipped with a metric A becomes a Polish space. Let F' be a random variable taking
values in A, and let F,,,n € N := Nj\ {0} be a sequence of independent copies of F'. The
infinite sequence £ = {F),,n € N} is called a random environment.
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A sequence of Ny-valued random variables Y = {Y,,, n € Ng} specified on the
respective probability space (€2, F, P) is called a branching process with one immigrant in
random environment (BPIRE), if , given £ the process Y satisfies the recurrent equations

Ynfl
Yo=1, Yu=) &+l n=12..
j=1

where &,1, &2, ... are i.i.d. random variables with distribution F,.

It will be convenient to assume that if Y,,_; = y,,_1 > 0 is the population size of the
(n — 1)th generation of Y then first &,1 + ... + &,,, , individuals of the nth generation
are born and afterwards one immigrant enters the population.

We will call an (i, n)-clan the set of individuals alive at generation n and being children
of the immigrant which entered the population at generation 1.
We say that only the (i,n)-clan survives in Y at moment n if

Y, =&+ ...+ &y, >0

and all Y, particles belong to the (i,n)-clan.

Let A;(n) be the event that only the (i,n)-clan survives in Y at moment n. The aim
of this paper is to study the asymptotic behavior of the probability P (A;(n)) as n — oo
and ¢ varies with n in an appropriate way.

We consider, along with the process Y, a standard branching process Z =
{Z,, n € Ny} in a random environment (BPRE) which, given &£ is specified by the

recurrent equations
Zn— 1

Zo=1, Zy= &y, n=12_.
j=1

Let X =log F'(1). A BPRE is called critical if EX = Elog F(1) = 0, supercritical if
EX > 0, and subcritical if EX > 0.

The class of subcritical BPRE admits an additional classification. A subcritical BPRE
is called strongly subcritical —oo < E [XeX} < 0, intermediate subcritical if E [Xex] =0,
and weakly subcritical if there exists a number 0 < 8 < 1 such that

E[Xe™] = 0.

We assume that the probability generating functions meet the following restrictions.

Hypothesis A. The probability generating function F(s) is geometric with probability
1, that is

q 1

F = =
(5) l—ps 1+eX(1-3)

with X = log F'(1) :log]—Q7 p+q=1.
q

We now formulate our main results.

Theorem 1. If a branching process in random environment is critical, Hypothesis A
1s valid and the conditions

E [X?] € (0,00), E[eX¥+e Y] <0
hold, then
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1) for any fized i
lim n®?P (A;(n)) = w; € (0,00);

n—oo

2) for any fixred N
lim n'/?P (Ap—n(n)) =71y € (0,00);

n—oo

3) if, in addition, the distribution of X is absolutely continuous, then

lim 2 (n—9)**P (Ai(n)) = K € (0,00) .

min(é,n—i)—00

We now describe the asymptotic behavior of P (A;(n)) for strongly subcritical BPRE.
Theorem 2. Let Y be a strongly subcritical BPIRE satisfying Hypotheses A. Then

1) for any fized N
lim P (A,_n(n)) =:ry € (0,00);

n—oo

2) there exists a constant R € (0,00) such that, as n —i — 00
P (A;i(n)) ~ R(Ee*)" .

The next theorem deals with the intermediate subcritical case.

Theorem 3. Let Y be an intermediate subcritical BPIRE meeting Hypothesis A and

E [X?e¥] € (0,00).

Then
1) for any fived N
lim P (A, n(n)) = ry € (0,00);

n—o0
2) there exists a constant R € (0,00) such that, as n —i — 00
P (A;(n)) ~ R(n — 1) /?(EeX)" .
Our last theorem concerns the weakly subcritical case.
Theorem 4. Let Y be a weakly subcritical BPIRE meeting Hypothesis A and
E [X?¢"X] € (0,00).

Then
1) for any fized N
lim P(A,_n(n)) =7y € (0,00);

n—oo
2) for any fized i there exists a constant R; € (0,00) such that, as n — oo
P (Ai(n)) ~ R; (n — i) % (Be/X)"—;
3) there exists a constant R € (0,00) such that, as min(i,n — i) — 00

P (Ai(n)) ~ R (n — )% (EeX) .
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STATEMENT of PROBLEM
MODEL: We consider the high dimensional diffusion model introduced in [1],

dy, = (wo(y» + Z@-%(w)) dt 4 by,) dWy, 0<t<T, (1.1)

Jj=1

where (1);)o<j<, are known linearly independent functions, (W;);>o is a standard Wiener
process, (f;)1<j<q are unknown parameters and b(-) is unknown diffusion coefficient. It is
assumed that observations are accessible only at the discrete time moments

(Ye, h<j<n, tj =740, (1.2)

where the frequency § = d7 € (0, 1) and the sample size N = N(T') are some functions of
T.

We study the model (1) in big data setting i.e. in the case when the dimension
parameter is greater than the sample size, i.e. ¢ > N. We remind, that for such model
usually one uses the LASSO algorithm or DANTZIG selector (see, for example, [1]-]2]).
But these methods can not be used if the dimension parameter ¢ is unknown or equals to
+00. By this reason in this paper, similarly to [4], we study the model (1) in nonparametric
setting, i.e.

The PROBLEM is to estimate the function S(z),zy < x < 7, on the basis of the
observations (2). Such problems are important in various applications such as signal
processing, financial mathematics, stochastic optimal control etc.

We consider the quadratic risk defined, for any estimator S , as

~ ~ 1
Ry(S) = EollS — S|I* and ||S|? =/ |S(@)[*da , (1.4)
xo
where Ey is the expectation with respect to the distribution of the process (3) for the
functions ¥ = J(-) = (S(-), b(+)) and zy < ; are some fixed points.
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By making use of sequential analysis methods we develop model selection procedures,
for which we prove non asymptotic sharp oracle inequalities. Through the obtained
inequalities we show that the constructed model selection procedures are asymptotically
efficient in adaptive setting, i.e. in the case when the model regularity is unknown. For the
first time for such problem, we found in the explicit form the celebrated Pinsker constant
which provides the sharp lower bound for the minimax squared accuracy normalized with
the optimal convergence rate. Then we show that the asymptotic quadratic risk for the
model selection procedure asymptotically coincides with the obtained lower bound. This
means that the constructed procedure is efficient. Finally, on the basis of the constructed
model selection procedures in the framework of the Big Data models we provide the
efficient estimation without using the parameter dimension or any sparse conditions.
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We consider two time-inhomogeneous Markov chains (X!,¢ > 0) and (X2t > 0)
defined on a phase space E = {0,1,...}. The chains are defined by their transition
probabilities on the s-th step Py(z, A, 1), Py(x, A,2) for chains X}, X? respectively. Let’s
define transition probabilities for n > 0 steps:

P (z, Al <HPt+k> x, Al).

Having this set of transition probabilities and the initial conditions z!(-) we can build
a probability space (€2, F,P) where both chains (X}), [ € {1,2} are defined and

P{X' € A} = / (do) P (2, A1), P{X'., € AIX' = 2} = P,(x. A,1).
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Let’s define renewal intervals 0%, [ € {1,2}:

96 = lnf{t 2 0: Xt = O}, H'fn = lnf{t > Gm,l . Xt = 0}, m > 1,

which are defined on the same probability space (2, F,P). The classes of variables {6} } x>0
and {60?};>¢ are independent. ¢! for each [ € {1,2} and k > 0 have only positive integer
values while 6 take non-negative integers. Let’s define renewal sequences in the following
way:

o= 0, 1€{1,2}.
k=0

We will note that neighboring variables inside each class are conditionally independent
giving 7. In other words, for each k,t,[ the following equality holds true:

E[f(0)9(0k1)|7i] = ELf (017 Elg (04 1) 7],

for any bounded Borel functions f and g.
Let’s introduce a definition for the conditional distribution of the . variable (please,
note that this distribution does not depend on k):

gt = PAOL = nlmiy = 1}, 1 =€ {1,2}, n >0,

and we assume that g5’ = P{6. = 0|r._; = t} = 0. The variables 6%, k > 1 will be
interpreted as renewal steps and 6} as a delay.
We'll say that 7' > 0 is a coupling (or simultaneously hitting) time if:
T=min{t>0:3m,n: t=r1, =7}

m n

Our goal is to find conditions which guarantee T' < oo a.s. and E[T] < co.
By ug’l) we define a renewal sequence for the process 7!. In other words, u,(f’l) is a
probability of a renewal at the moment ¢ + n having renewal at the moment ¢. Formally

u can defined in a following way:

k=0

Theorem 1.
Assume that:
1) The family of distributions g%! is uniformly integrable.
2) There exists a constat v > 0 and a positive integer ng > 0 such that for all ¢,1 and
n > ng: u,(f’l) > .
Then the coupling moment is integrable: E[T] < occ.

Theorem 1 (from paper [1]) gives conditions for existence of the coupling moment,
but gives no estimates. It is possible to establish such an estimate under more restrictive

conditions on the distribution gff'l). Next theorem from [3| provides such estimate.

Theorem 2.
Assume that the following conditions hold.
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1. There is a constant v > 0 and number ng > 0, such that for all £,/ and n > ng
uﬁf’l) > .

2. Distributions (gg’l)) are stochastically dominated by the some sequence (gy,), g, > 0,
that means
G = g <Gu=3 i
k>n k>n

and the stochastic dominant (g, ) has finite first and second moments

in =Y kir = Y Gi < o0,
k>1 k>0
fio = > kg, < 0.
k>1
Then: R N
E[T] < ]E[G[()l)] n E[Héz)] X H2 + Ml(z + no).

It could be difficult to check that ugf 2 > ~ in practical applications. In the homogeneous

case this fact immediately follows from the Renewal Theorem, assuming that renewal

sequence is integrable. In the non-homogeneous case we may intuitively expect, that under
)

the condition of uniform integrability of gr(f’l or existence of integrable stochastic dominant

ug ! should be bounded away from there. However, this statement needs a formal proof.
The following theorem addresses this issue.
Theorem 3.

In the notation introduced above, assume that:

1. There exists a set of m positive integers {l,...,[,} with greatest common divisor

equals to 1, such that:
t.0)

inf gl( > 0.

ti,l
2. Distributions (gg’l)) are stochastically dominated by the some sequence (g,), G, > 0,
such that
GV = 0" <Gu=3
k>n k>n

and the stochastic dominant (g,) has finite first moment
fu =3 ki =Y G < o0,
k>1 k>0
Then there exists a number ng > 0 and v > 0 such that, for all n > ng, t > 0, [ € {1,2}:
ult > -
In order to obtain an expression for v we refer the reader to Theorems 4.1 and 4.2 from
[2] which give such expressions in special cases. For example, if 7 = inf; gY’Z) > 0, then

A B1-G1

y=v(1-G) 4,

see [2], pp. 53-54.
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Introduction. The mathematical models of moving particles are widely used in various
applications. The prototype of such models are the traffic, airport and shipping facilities,
the communication systems and others. Today, there are a lot of papers and books
[1-5] and even special journals are published (J. Transportation Science, J. Advance
Transportation) in this field. The structure of the systems, which are described by the
behavior of moving particles, is complicated, hence for real applications, it is necessary to
construct mathematical models, taking into consideration the specificity of these systems.

In [6], it is suggested the mathematical model of two moving particles on a straight
line, where one particle (leader) makes a random binomial walk with given parameters,
and the motion of another particle depends on the distance. It was derived the unexpected
fact (Belyaev’s effect) that in the stationary regime of motion, the leader particle forces
another particle to make a random walk with the same parameters. This fact was used
for predicting of the traffic jam in the transportation systems. Later [7], this result was
generalized for models with many numbers of moving particles on a straight line. The
motion of buses, trains and others can be considered as a motion on a closed trajectory
(curves). The mathematical models of the moving particles on a closed trajectory, have a
complicated structure because each particle can affect the motion of the other. In [4,8,9],
the mathematical models of the moving particles are constructed and for some of them,
the class of distribution between the moving particles, is found.

Another important problem is the control by these systems, which allows to optimize
an efficiency index. An interesting and unusual control is introducing the delays of the
beginning services. Such a control is easy to realize in practice and gives a gain in the
expectation of a customer’s waiting time, before service [8,9]. Another application of the
model with moving particles is the vertical transportation (lifts’ systems), which has a
complicated structure, some research can be found in [10-12]. In this paper, the following
results are presented:

—for models of moving particles on a closed curve, the conditions when "Belyaev’s effect”
is true, have been found;
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—for queues with a complicated structure, the control function will be introduced, as
a delay of the beginning service. It is found the class of queues for which it is advisable
to introduce delays and the form of the optimal function, minimizing the expectation of
a customer’s waiting time.

A. Mathematical models. Consider a circle with N equidistant points on it. There
are S particles which are moving with the same speed in one direction (counterclockwise
direction) and the particles cannot overtake each other. Numerate particles in the direction
of moving. At instant ¢, each particle can make a jump to the next point of the circle (if
there is not a particle), t € T = {1,2,...}.

Denote: &;; is the coordinate (position on a circle) of i — th particle at the instant
t; pit = &1 — &ir 1s the distance between neighboring particles in the direction of the
movement; €;; = p; ;11— &+ 1s the defined motion of ¢ —th particle (i.e. it made may jump
or stayed stay at in the same place). The particles are moving according to the following
rules:

P{gm = 1/pi7t = k‘} = Tk, P{Eiﬂg = O/pi,t = k‘} = lk, Tk —|—lk = 1, k = 2,3,...,N— 1;
P{gi,t = 1/pi,t = 1, €i+1,t = 1} =T, P{gi,t = 0/pi,t = k, gi,t = 1} = l17 k’ = 2, ,N — 1,

P{Q‘,t = 1/pi7t = 1, Eit1t = O} = 0, P{gi,t = O/pi,t = 1, it = 0} = 1.
Definition 1. The particle with number i is called the leader of the order m < S—1, if

this particle pushes the group of a neighbouring particle of the size m, which can obstruct
its motion, i.e.

P{5i+1,t =1, Eivat = 1., Eitm,t = l/pi,t =1, pip1: =1, Pit+2t = L pivme = 1} =1

It means that if p;; = 1, and the distances between all the next neighboring m particles
equal 1, then ¢ — th particle forces all the next m particles, to make a jump.

Definition 2. If the particle with number 7, is the leader of the order m and moreover,
there is not any particle which can push it, then this particle is called an absolute leader
of the order m.

Remark 1. Consider a motion of two particles on a straight line, in one direction (from
left to right). Denote p; the distance between particles, at the instant ¢. One particle makes
a jump to the right, with probability r and stays at in the same place with probability
[, i.e. makes a random walk with parameters r and [ (r +{ = 1). The motion of another
particle depends on the distance to the next particle, i.e.

Plegy =1} =r, Plejy =0} =1, r+1=1,
Plesy=1/p, =k} =% Pleiy=0/p, =k} =1"r*+1"=1, k=2,3,..,N — 1;
Ples, =1/p, =1, ery=1}=7r", P{e;y =0/p, =1, €9, =1} =17,
Pleay=1/p =1, €1, =0} =0, P{eiy=0/p =1, 22 =0} = 1.

Introduce ¢, = 1, if g9y = land ¢, = 0, if €9y =1, et =" e, e~ =m—e™.
“Belyaev’s effect” means that in a stationary regime, the first particle forces the second
particle to make a random walk with the same parameters r and [, i.e.

_ _ _ __ EtjEe—
P{52,t =&t E2t+l = Et4ly -y E2t4m = €t+m} =7l

Theorem 1. "Belyaev’s effect” is valid for the moving particles on a circle, if and only
if there exist an absolute leader of the order S — 1.
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B. Control problem. Consider a queueing system, where tq,ts,...,%,,... is the
sequence when the service starts. The stationary flow of customers with intensity A < oo
arrives for service and at instant ¢; and all the customers, (delete comma) who arrived at
the time interval [t;_q,¢;], immediately get service. Such a model describes the behavior
of the transportation systems (buses, trains). As an efficiency index, we take a customer’s
average waiting time before service (CWT). Perhaps, it seems paradoxically, but for
reducing the CWT', we introduce the delays of the beginning service, i.e. from the sequence
t1,to, ..., tn, ..., We pass to the new sequence t3,%5,....t", ... for which nf = ¢ — 7, =
n; + g (n;), where n; = t; — t;_1 and g € G— is the class of non-negative and measurable
functions. In fact, function g(.) is the delay of the beginning of service. Denote F (x)
the distribution function of the random variables 7;.In principle, n; can have a different
distribution and moreover, it can be dependent.

Definition 3. The service can be improved, if there exist the function g € G, for which
the CWT (g) < CWT (0) = CWT.

Theorem 2. The service can be improved if and only if there exists zy < C', for which
F (x¢) > 0, where c € G, ¢ = En?/2En;.

Definition 3. ¢g* € G is called an optimal function, if Hélél CWT (g) =CWT (g*).

g

Theorem 3. Under the conditions of Theorem 1, the optimal function has the form

g () =min (0,¢; —2) = (¢ —2)"
where ¢y is a unique solution of the simple integral equation.
Remark 2. Theorem 3 and 4 can be generalized for any (dependent) distribution of
and for the case when at instant ¢;, only a fiz (k)number of customers can be served.
Example. If F(z) = 1 — e * x > 0 then the CWT = 1, ¢*(x) =
(0,9 —2)", CWT*=0,9, i.e. the gain in the F (z) =1 —e*, 2> 0 equals 10
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Let Ng = {0} UN and N = {1,2,...}. We consider the Galton-Watson Branching
Process allowing Immigration (GWPI). An evolution of the process will occur by following
scheme. An initial state is empty and the process starts owing to possible stream of
immigrants. Each individual at any time n € N produces j progeny with probability p;,
j € Ny independently of each other so that py > 0. Simultaneously into the population
¢ immigrants possibly arrive with probability h;, ¢ € Ny in each moment n € N. These
individuals undergo further transformation obeying the offspring probability {p,}. So
denoting X, the population size of GWPI in time n, we can write the following sum:

Xo=0, Xon=&+&+ -+ Ex, + M

for any n € N, where ¢ and 7, are i.i.d. random variables with P {{, = j} = p; and
P{n, = j} = h; for all k € N. Throughout the paper be assumed that deN = 1. The
process {X,} is an homogeneous Markov chain with state space S C Ny and its n-step
transition probabilities

pgl) =P { Xk = j|Xk =i} for any ke N

are given by

pr s = (f, )) 1:[ h(fk(s)) for any ieS (1)

where f,(s) is n-fold iteration of GF f(s) for s € [0,1); see [1]. Thus the transition
probabilities {pgl)} are completely defined by the probabilities {p;} and {h;}.

The population process {X,} described above was first considered by Heathcote 2]
in 1965. Further long-term properties of S and a problem of existence and uniqueness of
invariant measures of GWPI were investigated in papers of Seneta [3], [4], Pakes [5], [6]
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and by many other authors. Therein high order moment conditions for GF f(s) and h(s)
was required to be satisfied.

Zolotarev |7] was one of the first who demonstrated the encouraging prospect of
application the SV conception in the theory of Markov branching processes with
continuous-time. Afterwards due to the SV theory principally new results were proved,
for the simple Galton-Watson Process without immigration by Slack [8] and Seneta [9],
for GWPI by Pakes [10], [11]; see, also [12], [13] and [14].

In the paper we keep on the critical case, i.e. mean per-capita offspring number
> jendpj = f'(1—) = 1. Discussing this case, we assume that the offspring GF f(s)
for s € [0,1) has the following form:

1
f(S) =S5+ (1 - 5)1+I/£ <:> , [fl,]
where 0 < v < 1 and L(x) is SV at infinity.
And also we everywhere will consider the case that immigration GF h(s) for s € [0,1)
has the following form:

L) = (- s () )

— S

where 0 < 0 < 1 and ¢(z) is SV at infinity.
Main results of the paper appear provided that conditions [f,| and [hs] hold. We make
also some extra assumptions for £(x) and ¢(x). Namely, we assume that

ﬁﬁ(@a?:lw(ﬁ;f)) a5 700 o)
D0 1o (M) s s

for each A > 0; see [15, p. 185, condition SR3].
In our previous work [16] we considered the case v := 0 —v > 0, in which § is ergodic.
In particular, we established the following theorem.

Theorem A. Let conditions [f,], [hs| hold and 6 > v. Then P,(s) converges to a limit
function ©(s) which generates the invariant measures {m;} for GWPI. The convergence

is uniform over compact subsets of the open unit disc. If in addition, the conditions [L,]
and [lg] are fulfilled then

(vn)t/v

0)(g) = AN

Py (s) = m(s) (1 + An(s)N;s ( () )> :

where Ns(z) = N°(2)0(z) and N (z) is known SV at infinity, herein
1 1 Inn

Al =5 G ¢ (n—/)

asn — oo and v,(s) =vn+ A7 (1 —s).
If 0 = v then {(u) = (14 v)L(u) (1 +0(1)), so that L(u) - 1+ v as u — oco. Thus it

lends us another Markov process called Q-process instead of GWPI; see [17, pp. 56-58|
and [18].
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The aim of this note is to obtain some information for a case not covered above, i.e.
for the cases v < 0. We will establish a result similar to Theorem A.

References

1. Pakes A. G. Limit theorems for the simple branching process allowing immigration,
I. The case of finite offspring mean. Adv. Appl. Prob. 11, 1979, pp. 31-62.

2. Heatcote C. R. A branching process allowing immigration. J Royal Stat. Soc. B-27,
1965, pp. 138-143.

3. Seneta E. Functional equations and the Galton-Watson process. Adv. Appl. Prob.
1, 1969, pp. 1-42.

4. Seneta E. The stationary distribution of a branching process allowing immigration:
A remark on the critical case. J Royal Stat. Soc. B-30(1), 1968, pp. 176-179.

5. Pakes A. G. On the critical Galton-Watson process with immigration. Jour. Austral.
Math. Soc. 12, 1971, pp. 476-482.

6. Pakes A. G. Branching processes with immigration. Jour. Appl. Prob. 8(1), 1971
pp. 32-42.

7. Zolotarev V. M. More exact statements of several theorems in the theory of
branching processes, Theory Prob. and Appl. 2, 1957, pp. 256-266.

8. Slack R. S. A branching process with mean one and possible infinite variance.
Wahrscheinlichkeitstheor. und Verv. Geb. 9, 1968, pp. 139-145.

9. Seneta E. Regularly varying functions in the theory of simple branching process,
Adv. Appl. Prob. 6, 1974 pp. 408-420.

10. Pakes A. G. Revisiting conditional limit theorems for the mortal simple branching
process. Bernoulli. 5(6), 1999 pp. 969-998.

11. Pakes A. G. Some results for non-supercritical Galton-Watson process with
immigration. Math. Biosci. 24, 1975, pp. 71-92.

12. Imomov A. A. On a limit structure of the Galton-Watson branching processes with
regularly varying generating functions. Prob. and Math. Stat. 39(1), 2019, pp. 61-73.

13. Imomov A. A., Tukhtaev E. E. On application of Slowly Varying Functions with
Remainder in the theory of Galton-Watson Branching Process. Jour. Siber. Fed. Univ.:
Math. Phys. 12(1), 2019) pp. 51-57.

14. Imomov A. A. On long-time behaviors of states of Galton-Watson Branching
Processes allowing Immigration. J Siber. Fed. Univ.: Math. Phys. 8(4), 2015 pp. 394—
405.

15. Bingham N. H., Goldie C. M., Teugels J. L. Regular Variation. Cambridge. 1987.

16. Imomov A. A., Tukhtaev E. E. On asymptotic structure of the critical Galton-
Watson Branching Processes with infinite variance and Immigration. Proc. of 18-Intern.
Conf. Applied Stochastic Models and Data Analysis: ASMDA’2019, Florence, Italy, June,
2019, pp. 507-514.

17. Athreya K. B. and Ney P. E. Branching processes. Springer, New York. 1972.

18. Imomov A. A. Limit Theorem for the Joint Distribution in the Q-processes. Jour.
Siber. Fed. Univ.: Math. Phys. 7(3), 2014 pp. 289-296.

o1



Stochastic integral representation of nonsmooth Wiener
functionals

Jaoshvili Vakhtang, Namgalauri Ekaterine, Purtukhia Omar

Vladimir Komarov Tbilisi School of Physics and Mathematics N199 and
Department of Mathematics, Ivane Javakhishvili Tbilisi State University,
Department of Mathematics, Ivane Javakhishvili Tbilisi State University,
Department of Mathematics and A. Razmadze Mathematical Institute,
Ivane Javakhishvili Tbilisi State University, Georgia

vakhtangi.jaoshviliQgmail.com, ekanamgalauri96@gmail.com, o.purtukhia@gmail.com

After Clark [1]' obtained the formula for the stochastic integral representation for Wiener
functionals, which asserted only the existence of this representation, many authors tried
to find the integrand explicitly, and the corresponding results were obtained when the
functionals were smooth in some sense. When the functional F' belongs to the Hilbert space
Dy (where D5 ; denotes the space of square integrable functionals having the first order
stochastic derivative®) Ocone [3] proved that the integrand in the Clark representation
is E[D:F|3}"] (the optional projection of the stochastic (Malliavin) derivative of F).
Shiryaev, Yor and Graversen [4,5] proposed a method to find representation of the
running maximum of Wiener process. Later on, using the Clark-Ocone formula, Renaud
and Remillard [6] have established explicit martingale representations for path-dependent
Wiener functionals.

'If F is a square integrable SW := ¢{W, : 0 < s < T'}-measurable random variable, then (due to the Clark formula)
there exist a square integrable S}V := o{W : 0 < s < t}-adapted random process ¢(t,w) such that

F = E[F]+ /OT ot w)d Wi (w).

In fact, this is the inverse statement of one important property of the Ito stochastic integral: if f is square-integrable
%XV -adapted random process, then the process

t
Mt:/(; f(s,w)dWs(w)

is a martingale with respect to the filtration {%XV}t>O.

To be convinced of this, it is sufficient to take the conditional mathematical expectation on both sides of the Clark
representation. Indeed, in this way, we obtain that for the associated to F' Levy’s martingale My = E[F\%XV] the following
stochastic integral representation is true

t
M = Mo +/ p(s, w)dWs(w).
0

2Let us recall some definitions from [2].
The class of smooth Wiener functionals S is the class of a random variables which has the form

F=f(Wiy,...,.Ws,), f € C5°(R"™), t; € [0,T], n>1,

where Cp° (R™) is the set of all infinitely continuously differentiable functions f : R® — R such that f and all of its partial
derivatives have polynomial growth.
The stochastic (Malliavin) derivative of a smooth random variable F' € S is the stochastic process D¢ F' given by

DiF =Y o Wiy s ooy Wi, [0, (1)
i=1 9T

Denote by D2 1 the Hilbert space that is the closure of the class of smooth Wiener functionals with the following Sobolev

type norm:
[1Fll2,0 = [IFllzy0) + ID-FlllLy(s14(0,17))-

In fact, we have defined the Malliavin derivative as an "inverse"of the Ito stochastic integral (with deterministic integrand)
in the sense that DWW (h) = h (where W (h) := fOT h(s)dWs and D}V fOT h(s)dWs = h(t), as well as it’s clear that
Wy = W (Ij0,6)(-)) and DY Wy = I} ) (1))
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In all cases described above investigated functionals, were stochasticaly (in Malliavin
sense) smooth. Our approach with prof. Jaoshvili (2005-2009) in the framework of the
classical Ito calculus, on the basis of the standard L, theory and the theory of weighted
Sobolev spaces, made it possible to construct an explicit formula for the itegrand when
the functional does not have the mentioned smoothness (see, for example |7]). Here we will
explore the stochastically nonsmooth Wiener functionnals that can be considered in the
future as a payoff function of a certain exotic European Option and study the issues of their
stochastic integral representation, which it is known to play a significant role in the hedging
problem of European Options. It has turned out that the requirement of smoothness of
functional can be weakened by the requirement of smoothness only of its conditional
mathematical expectation. We (with prof. O. Glonti, 2014) considered Wiener functionals
which are not stochastically differentiable. In particular, we (see [8]) generalized the Clark-
Ocone formula in case, when functional is not stochastically smooth, but its conditional
mathematical expectation is stochastically differentiable and established the method of
finding of integrand. Next, we have considered functionals which didn’t satisfy even these
weakened conditions. To such functionals belong, for example, Lebesgue integral (with
respect to time variable) from stochastically non smooth square integrable processes.

In the 80th of the past century, it turned out (see, [9]) that the stochastic integral
representation theorems (along with the Girsanov’s measure change theorem) play an
important role in the modern financial mathematics. In particular, using the integrand of
the stochastic integral appearing in the integral representation, one can construct hedging
strategies in the European options of different type. In contrast to the standard European
Option payoff function (i. e. (Sy — K)*), which is stochastically (in Malliavin sense)
differentiable, we will discuss European type options with nonsmooth payoff functions.
The payoff functions of derivative securities with more complicated forms than standard
European or American call and put options are known as exotic options.

One of such kind exotic option is so-called Binary Option. It is an option with
discontinuous payoff function. The simplest examples of the Binary Options are call
and put options "cash or nothing". The payoff function of the call option has the form
BCr = Qlis,>Kky, and for the put option — BOr = QlIis, <k}, where K is the strike
price at the time of execution T (it should be noted that indicator of event A is Malliavin
differentiable if and only if probability P(A) is equal to zero or one [2,3|). Moreover,
so-called Asian Options also are type of Exotic Option.

Despite that application of the Clark-Ocone formula needs as a rule essential efforts
it is possible in many cases to determine the form of the representation using Malliavin
calculus, if a functional is Malliavin differentiable. We consider nonsmooth (in Malliavin
sense) functionals and have developed some methods of obtaining of constructive
martingale representation theorems. The obtained results can be used to establish the
existence of a hedging strategy in various European Options with corresponding payoff
functions.

Theorem (Ocone [3]). If F is differentiable in Malliavin sense, F' € Dy, then the
stochastic integral representation is fulfilled

T
F = E[F]+ / E[D.F|S})dW; (P —a.s.).
0
A different method for finding the integrand of stochastic integral was proposed by

Shiryaev, Yor and Graversen [4,5], which was based on the Ito (generalized) formula and
the Levy theorem for the Levy martingale M; = E[F|S;] associated with F'.
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Theorem (Shiryaev, Yor [4]). Let My = supy,<; W;. Then the following stochastic
integral representation holds

M, — Wy

v

T
MT:EMT+2/ [1—d(
0
where @ is standard normal distribution function.

Theorem (Graversen, Shiryaev and Yor [5]). Let
gr=sup{l0 <t <T:W,=0}, M, = r?aXWt and M,, = maxW,.

<u t<gr

Then we have

1 T1 oM, —W,
Mg, = iEMT —l—/o SV (——") — (M — M, )pr—u(W,,)|dW,,,

2 VT —u
where
EMyp = /2T /m, V(z) =2[1— ®(x)]
and

B 1 ( x
VT — ugp VT —u
where ¢ is standard normal distribution density function.

Let B(R) be a Borel o— algebra on R, A be a Lebesgue measure, and p(z,T) :=
exp{—37}.

Theorem (Jaoshvili, Purtukhia [7]). Let the function f € Ly7/0,0 < a < 1,
and it has the generalized derivative of the first order df/0z, such that 0f/0x € Lo 1/,
0 < B < 1/2, then the following integral representation holds

vl |aw (P - as)

$PT—u (l’) )7

sov) = syl + [ 6|2

0

where Lor denotes the set of measurable functions v : R — R, such that u(-)p(-,T)
S L2 = LQ(R,B(R)7 )\)

Theorem (Glonti, Purtukhia [8]). Suppose that g; := E[F|S}"] is Malliavin
differentiable (g, € DY")? for almost all ¢ € [0,T). Then we have the stochastic integral
representation

T
gr = F = E[F] + / vdW, (P—a.s.),
0

where

Vs = ltlTr%l E[DY g,|S™] in the Ly([0,T] x ).

Let us now fix the constants Cy < 0 and C'; > C5 and consider the following nonsmooth
path-dependent Wiener functional

F=Wr=C) I i wi<o)- (1)

31t is well-known, that if random variable is stochastically differentiable in Malliavin sense, then its conditional
mathematical expectation is differentiable too ([2]). On the other hand, it is possible that conditional expectation can
be smooth even if random variable is not stochastically smooth. For example, it is well-known that Iiw, <y ¢ Da 1, but
forall t € [0,T) :

xz — W,
Ellwy<ay|S7] =‘1>< T_;) € D21
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Then we have.
Theorem 1. For the Wiener functional (1) the following stochastic integral
representation holds

T 20,—-Cy —
F =FEF ® dW, (P —a.s.).
+/o ( VT —t ) v (Pras)

Next, we have considered functionals which didn’t satisfy even the weakened
conditions from Glonti, Purtukhia [8]. To such functionals belong, for example, Lebesgue
integral (with respect to time variable) from stochastically nonsmooth square integrable
processes?.

Theorem 2. If the deterministic function

Vt,x) = E[/t f(s,WS)ds‘Wt = m}

satisfies the requirements of the generalized Ito theorem, then the following stochastic
integral representation is fulfilled

f(t,Wt) = t Wt / —V t Wt th (P - (1/.8.).

Let us now fix the deterministic functions hy(t) < ho(t) and consider the following
integral type, nonsmooth Wiener functional

T
/ Ly (y<wi<hs (t)}dt.
0

Then we have.
Theorem 3. The following stochastic integral representation is fulfilled

T] P A YEATC
{h1(t)<Wi<ha(t)} 0 \/g x=h1(t)

x—W
/ / t ’gg h(t)deWt (P —a.s.).
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Introduction

In applied problems of modern data analysis we often face with a problem of
statistical testing of several simple hypotheses on the parameter value that controls the
probability distribution of an observed random sequence. Those simple hypotheses, as
usual, correspond to some typical modes of the process observed: for example, one value
corresponds to the growth of the incidence level, another one - to the recession, and the
third one - to the “no-changes” mode.

Especially in the situations, where data come one after another, and are not available all
together simultaneously, it is natural to use sequential tests [1] to discriminate between
those hypotheses. Sequential tests are known to hold some optimal properties [2], e.g.
the sequential probability ratio test minimizes the expected sample size provided the
upper bounds for error type I and II probabilities are satisfied. Exact calculation of
the performance characteristics for sequential tests is a complicated problem even for
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rather basic models of data [3]. In situations where the random number of observations
required to make a decision is large enough, approximations of the test statistic probability
distribution [4] can be used. But sequential tests are usually applied to minimize the
expected sample size, and as a result, a more detailed analysis is required.

Even more, in practice, data often do not follow the hypothetical model exactly, some
distortions of the probability distribution of observations are present [5]. In this situation,
optimal properties of sequential tests may be violated essentially [6]. Here appears the
problem of robustness analysis for sequential statistical tests under distortions [7]|. Also,
the problem of the robust sequential test construction is topical for the cases, where
the performance characteristics of the test deviate essentially from the optimal values
calculated under the hypothetical model [8].

In this paper we use the results of [9] (the methodology of robustness analysis and
robust sequential test construction for case of two hypotheses), and [10] (performance
analysis of multi-hypotheses sequential tests) to solve the mentioned problems of
robustness for two models of data in case of several simple hypotheses: 1) independent
identically distributed random variables under “outliers”; 2) time series with a trend.

Case of i.i.d. observations under distortion

Let on a probability space (€2, F, P) a sequence z1, s, ... of independent identically
distributed random variables be defined, with a probability density function p(z;0), x € R,
where 6 € © C R is a true value of the parameter. This value is unknown for the observed
random sequence, and there are M simple alternative hypotheses onit (© = {6,...,60x}):

Hp: 0=0, m=1 ... M. (1)

Suppose the prior probabilities P{H,,}, m = 1,..., M, of hypotheses (1) are known.
The Bayesian sequential test based on calculation of the posterior probabilities P{H,, |
x1,...,x¢} of (1), t = 1,2,..., after each observation obtained, and comparison of the
maximum with a threshold C' € (0, 1), is constructed.

Suppose the model described above is distorted: instead of the hypothetical p(-), the
factual probability density function of observations is

p(x;0) = (1 — e)p(x;0) + ep(z; 0),

where p(z;0) is the “contaminating” probability density function, and e € (0,3) is the
“contamination” level characterizing the frequency of “outlier” appearance.

To illustrate the influence of distortions to the performance characteristics of the test,
the following basic numerical example was considered:

M:47 p<x?9) :nl(xa9>1)7 01 :Oa szem—l—{'Aa m:27374;

1
P{H,} = T m=1,...,4; p(x;0) = nqi(z;0,k).

The Monte-Carlo estimates of the decision probabilities are shown in Figure 1 as 3D-
dependencies on the “contamination” level € € [0,1] and the “contamination” scale k €
[1,5]. The orange (the highest at € = 0) surface is for the probability of the correct decision
in favor of true Hs. The situation changes already at ¢ = 0.05 and =1.5. This example
shows that the robust version of the test should be constructed and used instead of the

one traditionally used, in the situation where “outliers” in data are possible.
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Figure 1. Probabilities of decisions under distortion, A = 0.3;
orange color — in favor of Hs (true); blue — Hy; red — Hs; green — Hy

Case of time series with a trend

Let x1,29,... be now observations of a time series with a trend:
2o = 0TY(t) + &, t > 1, (2)
where ¥(t) = (¢Y1(t),..., (), t > 1, are the vectors of basic functions of trend, § =
(61,...,0)" € R' is an unknown vector of coefficients, and {&, ¢ > 1} is a sequence of

independent identically distributed random variables from A/ (0, o?).

The case of M simple hypotheses (1) is considered w.r.t. the vector 6. The following
two sequential test were analyzed.

1. M-ary sequential probability ratio test. The stopping time N, and the final decision
d, for this test are defined as follows:

1
Na:inf{nZI: Ime{l,...,. M}, P{H,|x1,...,2,} > 1+Am}7

d, = arg 12182XMP{H7” | z1,..., 2N, },

where A,, € (0, 1] are some specified constants, m € {1,..., M}.
2. Matrix sequential probability ratio test. Denote

. mng (2 (0;)T0(¢), 0
Au(i,7) = In (E nlgmt; E%%Eti,ﬂ;) : (3)
= inf{n € N: An(isj) > by, Vi€ {1,..., M\ {j}}, i€ 1...., M,

where B = (b;;), 4,5 € {1,..., M}, is the predefined matrix of the test thresholds (using
them, the error probabilities of the test are controlled). For this test the stopping time
N, and the final decision d; are defined in the following way:

Ny =min{r;: 1 €{1,...,M}}, dy=arg min 7.
b { { i d gie{l,..A,M}

For the two sequential tests defined above, the termination with probability 1 property
and the finiteness of all moments of the random stopping time are proved under a mild

condition. For the M-ary sequential probability ratio test, upper bounds for the error
probabilities are derived.
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A robustified version of the matrix sequential probability ratio test based on change
limitation for statistics (3) is constructed and its properties are analyzed via numerical
experiments.
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Introduction
We study the robust utility maximization problem, i.e. sup inf Eg[U(Xr)], of the
XeX(z) Q€<

terminal wealth in complete market models, when the investor is uncertain about the
underlying probabilistic model and averse against both risk and model uncertainty. The
solution to problem is well known in the case where the utility function U is concave. We
extended these results to the case of non-concave U by considering its concave envelope.

A lot of different aspects can be considered in this problem: market completeness,
properties of utility function, payoff modelling, probability measures etc. Our main interest
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is in the very general setup: incomplete market, general set of prior models, and utility
functions, which are not necessarily complete.

Model setup

We consider the model as in [5] with the additional assumption that the discounted
price process is locally bounded.

By U(z) we denote investor’s utility function, conditions on U(x) will be stated later.

We consider a stochastic discounted price process S = (S;)o<t<r With d assets, assuming
that S is a d-dimensional locally bounded semimartingale on (92, F,P) with respect to a
filtration (F3)o<t<r. The pair (z,€) is a self-financing trading strategy, where z € R is
the initial wealth and & = (&)o<t<7 is a d-dimensional predictable and S is an integrable
process. The corresponding value process X satisfies

t
Xt=Xo+/5TdSr, 0<t<T
0

Consider set X(x), x > 0 of all such processes X, with Xy < = which are admissible
in the sense that X; >0, for 0 <t <T.

We impose assumptions below on the set of probability measures Q on (€2, F), as in
[5].

Assumption 1.

(i) Q is convex;

(ii) P[A] = 0 if and only if Q[A] =0 for all Q € Q;

(iii) The set Z = {dQ/dP|Q € Q} is closed in L°(P).

Additionally to the Assumption 1 we suppose that

(iv) The set Z, = {dQ/dP|Q € Q.} is closed in L°(P), where Q. denotes the set of
measures in Q that are equivalent to PP.

Assumption 2.

There is a unique equivalent local martingale measure, which we denote as Q°.

Denote the next value functions of the robust utility and the optimal investment
problems

u(z) ;== sup inf Eo|lU(X7)],
(@) = s inf BolU (Xr)

UQ(QZ) = Sup EQ[U(XT)]

XeX(x)

As in [6, 7], consider the set

C(x) :={g € LL(Q, Fr,P)|0 < g < X7 for some X € X(z)}.

It is easy to see that

u(x) = sup inf Eo|lU(Xr)| = sup inf Eg|U(g)l;
(r) = sup inf EqlU(Xr)) = sup int PolU(g)

ug(r) = sup Eo[U(Xr)] = sup Eg[U(g)]-
XeX(z) geC(x)

Remark 1. It is known from Delbaen and Schachermayer (see [2] for the case of
a locally bounded semimartingale S, [3] for the general case and [4] for more detailed
version) that for g > 0, it holds that
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g€ C(x) <= sup Eg(g) <z <= sup Eg(g) <=z,
QEM, QeEM,
where M. s the set of equivalent local martingale measures and M, is the set of absolutely
continuous local martingale measures.
In our model setup M. = {Q°}, and hence

g € C(z) <= Eg(g9) < x.

Remark 2. Note that actually we do not need to consider the process { X; }o<:<r as well

as sets X (z), C(z), since our problem is equivalent to considering sup  inf Eg[U(g)],
g:Eqe(g)<z

where g € L (Q, Fr,P) and « > 0. We stated the general model setup in the beginning
of the paper to gain more understanding about the problem and show that problem has
economic sense and useful for practical use.

Main result

We study the minimax identity for the robust non-concave utility functional in complete
market model, i.e.

sup inf Eg[U(Xr)] = inf sup Eg[U(X7)].

XeX(z) Q€L Q€Q xex(a)

Assume that the utility function U : [0,00) — R is such that U(cc) > 0, and U(x) =
—oo for x < 0, is non-constant, non-decreasing, upper semi-continuous and satisfies the
mild growth condition:

U(x
lim (z)

r—oo I

=0.

It is known from [8, Proposition 3.1] that U(z) has a non-decreasing and continuous
concave envelope U.(z), i.e. the smallest concave function such that U.(x) > U(z) for all
r € R.

Denote by

‘(@)= sup inf Eo[U.(Xr) = sup_inf EqlUd(g)]:
u’(z) RS QlU(Xr)] Jap g olUc(9)]

ug(z) = sup Eq[U(Xr)] = sup Eq[Ue(g)].
XeX(x) geC(x)

We impose two additional assumptions in order to ensure that the value function of
the optimal investment problem is finite:

Assumption 5. For all x > 0 there exists a measure Qo € Q. such that ug,(x) < co.

Assumption 6. ug, (v) < oo for some, and hence for all x > 0 and some Qp € Q..

Theorem 1. Let Assumption 1-4 hold. Moreover let the probability space (2, F,P) be
atomless. Then the following holds

sup inf EqlUc(g)]= sup inf Eg[U.(g)]= inf sup Eqg[U.(g)]

90 (x) UEQ 9€0(x) U€C Q€L geC(a)

sup inf Eg|U(g inf sup EglU.(g
S n, elU(9)] aus, s lUe(9)]
sup inf Fg|lU(g)] < inf sup Eg|U(g)|< inf sup EglU(g
sup i BolU(5)] < jnf, swp Foll/(g)] < jnfsup EolU(9)
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Remark 3. Additionally to the Assumption 1 suppose that for all Q € Q. : ug(x) < oo
for some x > 0 and that lim %x(x) =0, for each Q € Q.. Then it follows from the first

T—00

part of the proof of [5, Theorem 2.6 and Lemma 4.1 (a)] that for any x > 0, there exist
some g € C(x) and Qy € Q. such that

u(x) = inf Eq[Uc(9)] = Eg,[Uc(9)] = ug ()
By @0 € Q. we denote such a measure which satisfies
ue(w) = uS, (@),

Now we present the conditions under which the minimax identity for a non-concave
utility function U holds.

Theorem 2. Suppose that all assumptions of Theorem 1 hold. Then, the next two
equalities are equivalent

(i) sup inf EqlU(g)] = sup EglU U(g)], for Q € Q..

geC(z) Q€L geC(x)
(i1) sup mf EQ[U(g)] = sup inf EglU.(9)]
geC(x) QEL geC(z) QELe

Theorem 3. Suppose that all assumptions from Remark 6 and from Theorem 1 hold.
Assume that at least one of the items below holds

(i) There exists such a measure Q € Q. that for all g € C(x) : inf EglUc(9)] =

QEQ.
Eg[Ue(9)];
(it) For any sequence g, € C(x) such that lim Eg [Uc(gn)] = sup inf EqlUc(g)] it
n—o0o geC(z) ¥EQe

holds that nh_)rrgo Eg,[Uc(gn)] = nh_}rgo Qlége Eq[Ue(gn)]

Then, we have
sup inf Eg[U(g)] = sup inf Eg[U.(9)].
9eC(z) ¥EQe geC(z) Q€Qe Q
Hence, all inequalities in Theorem 1 turn to equalities.
Before presenting next theorem let us introduce a notation. By V' (y) we denote the
conjugate of U as

V(y) = sup{U(z) — zy}.

>0

Note that OV denotes the subdifferential of V'; see more in 1, 9 (Chapter II)|.

Theorem 4. Suppose that all assumptions of Theorem 1 hold. Additionally, assume
that Ci% has a continuous distribution. Suppose also that for some A(> 0) the mazimizer
for u¢(x) satisfies g+ € —OV (A - Cig).

Then g* is also a mazimizer for u(x). Moreover, we have

sup inf Eg|U = sup inf Eg|U.(9g)].
sup il EolU(9)] = sup inf EolU.(o)

Hence, all inequalities in Theorem 1 turn to equalities.

Conclusions

We have studied the minimax identity for non-concave utility functions in the complete
market models. We have shown the relations between robust functionals of non-concave
utility function and it’s concavification. Using these relations it was shown that under
some assumptions the minimax identity for non-concave functions holds.
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This problem can be studied further in the complete as well as incomplete market
models. The proof of minimax identity for non-concave utility functions leads to
construction of the unique optimal investment strategy of the problem of maximization
the robust non-concave utility functional under natural assumptions.
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Let for each n € N {5,(;7?, k,jeN } and {5?), ke N } be the two independent families
of independent identically distributed random variables with nonnegative integer values.
The sequence of branching processes with immigration {X ,gn), k> O}, n € N is defined
by the following recursion relation

X
X =0 X = Syl ke )

Jj=1
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For a fixed n € N we can interpret X ,g") as the size of k—th generation of a population

and 5}:} is the number of offspring of the j—th individual in the (k — 1) —st generation

and 5,(:) is the number of immigrants contributing to the k—th generation.

Assume that a, = Eﬁﬁ) < 00. The cases when the offspring mean is less, equal or
larger than one are referred to subcritical, critical or supercritical, respectively.

Branching processes models are important field of stochastic processes and extensively
used in various parts of natural sciences, among others in biology, epidemiology, physics,
computer sciences and so forth. We refer to Athreya and Jagers [1] and Haccou et al. |2]
for recent investigations and applications.

There have been many research works on limit theorems for branching processes
with immigration. We refer to the survey of Vatutin and Zubkov [3] where one can
find various results concerning asymptotic behavior of such processes. We do not give
historical overview of asymptotic results for (1). In [4]-[5], Rahimov obtained functional
limit theorems for fluctuations of critical and nearly critical branching processes with
immigration when immigration mean tends to infinity. The same author [5]| proved
deterministic approximation for (1). We study weak convergence in Skorokhod space
D|0,00) of properly normalized process (1) under condition that immigration process

{51(:)7 ke N } are non-identically distributed and dependent for each k,n > 1.

First, let us recall the notation of regularly varying function.
Definition. A measurable function f : (0,00) — (0,00) is called regularly varying at
infinity if it can be represented in the form

f(x) = 2"l (z)

where p € R is called index of regular variation and [ (z) is a slowly varying function.
If a sequence {f(n),n>1} is regularly varying with exponent p, we write

{f(n),n>1} € R,. Assume that for each n € N the variables a, = Eéﬁ), b, =
Var (f@) exist and finite. We also assume that « (n, k) = Ee,(ﬁn) < oo and B (n, k) =

Var eé") < oo for each n,k € N.

The following assumptions are needed in the sequel.
C1. There are sequence {a (k) ,k > 1} € R, and {f(k),k > 1} 