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Äàí îáçîð ðàáîò, âûïîëíåííûõ ïîä ðóêîâîäñòâîì èëè ïðè ó÷àñòèè àâòîðà.
Ïðåäñòàâëåíû ðåçóëüòàòû òåîðåòè÷åñêîãî è ýêñïåðèìåíòàëüíîãî èññëåäîâà-

íèÿ íåëèíåéíûõ âîëí è ïðîöåññîâ ïåðåíîñà â ñòåêàþùèõ ïëåíêàõ æèäêîñòè è
ðèâóëåòàõ. Òåîðåòè÷åñêîå ìîäåëèðîâàíèå â îñíîâíîì ïðîâîäèëîñü íà îñíîâå èí-
òåãðàëüíîãî ìåòîäà Êàïèöû � Øêàäîâà. Âûâåäåíû óðàâíåíèÿ äâóõâîëíîâîãî òè-
ïà. Ïðîâåäåíû ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ âîëíîîáðàçîâàíèÿ â øèðîêîì
äèàïàçîíå âîëíîâûõ ïàðàìåòðîâ ñ ïðèìåíåíèåì íàëîæåííûõ êîëåáàíèé. Ïðî-
ñòðàíñòâåííûå ðàñïðåäåëåíèÿ òîëùèíû âîëíîâîé ïëåíêè îïðåäåëÿëèñü ìåòîäîì
ëàçåðíîé èíäóöèðîâàííîé ôëóîðåñöåíöèè, à ìãíîâåííûå ïîëÿ ñêîðîñòåé èçìåðÿ-
ëèñü ìåòîäîì Particle Image Velocimetry. Âûÿâëåíû ìåõàíèçìû èíòåíñèôèêàöèè
ïðîöåññîâ òåïëî- è ìàññîîáìåíà íåëèíåéíûìè âîëíàìè äëÿ ñëó÷àåâ ïëåíî÷íîé
êîíäåíñàöèè è èñïàðåíèÿ èëè äåñîðáöèè èç ñòåêàþùèõ ïëåíîê æèäêîñòè.

Ïîêàçàíî âëèÿíèå òóðáóëåíòíîãî ãàçîâîãî ïîòîêà íà ãåíåðàöèþ âîëí â ïëåíêå
æèäêîñòè ïðè ðàçëè÷íûõ îðèåíòàöèÿõ âåêòîðîâ ñðåäíèõ ñêîðîñòåé ôàç îòíîñè-
òåëüíî äðóã äðóãà è íàïðàâëåíèè ñèëû òÿæåñòè, â òîì ÷èñëå â ñëó÷àå íåïàðàë-
ëåëüíîãî äâèæåíèÿ æèäêîñòè è ãàçà. Îïèñàíà ñòðóêòóðà ìåæôàçíîé ïîâåðõíî-
ñòè â êîëüöåâîì ãàçîæèäêîñòíîì ïîòîêå, ïîêàçàíû ìåõàíèçìû óíîñà êàïåëü ñ
ãðåáíåé áîëüøèõ âîëí.

Òåîðåòè÷åñêè è ýêñïåðèìåíòàëüíî èññëåäîâàíû òðåõìåðíûå ðåãóëÿðíûå âîë-
íû íà ïðÿìîëèíåéíûõ ðèâóëåòàõ, ñòåêàþùèõ ïî âåðòèêàëüíîé ïëîñêîñòè. Îïèñà-
íî ôîðìèðîâàíèå ðèâóëåòîâ â íåèçîòåðìè÷åñêîé ïëåíêå æèäêîñòè ïðè íàëè÷èè
òåðìîêàïèëëÿðíîãî ýôôåêòà.

Ïðåäñòàâëåíû ðåçóëüòàòû òåîðåòè÷åñêîãî è ýêñïåðèìåíòàëüíîãî èññëåäîâà-
íèÿ âèõðåâûõ ñòðóêòóð òèïà âèõðåâûõ íèòåé, êîòîðûå ôîðìèðóþòñÿ â çàêðó-
÷åííûõ ïîòîêàõ. Ðàññìîòðåíî ÷åòûðå îñíîâíûõ ñëó÷àÿ: çàêðó÷åííûé ïîòîê â
òàíãåíöèàëüíîé êàìåðå; çàêðó÷åííàÿ èçîòåðìè÷åñêàÿ ñòðóÿ; çàêðó÷åííîå ïëàìÿ;
çàêðó÷åííûé ïîòîê â êîíè÷åñêîì äèôôóçîðå. Â òàíãåíöèàëüíîé êàìåðå îáíàðó-
æåíû è îïèñàíû ñëåäóþùèå ÿâëåíèÿ: ôîðìèðîâàíèå óñòîé÷èâûõ êîíöåíòðèðî-
âàííûõ âèõðåé òèïà âèõðåâîé íèòè êàê ïðÿìîëèíåéíûõ, òàê è ñïèðàëüíîé ôîð-
ìû, âêëþ÷àÿ äâîéíóþ ñïèðàëü. Îïèñàíà ïðåöåññèÿ âèõðåâîãî ÿäðà è ðàçëè÷íîãî
òèïà áåãóùèå âîçìóùåíèÿ, òàêèå êàê âîëíû Êåëüâèíà è ñîëèòîí Õàñèìîòî.

Èçó÷åíû âèõðåâûå ñòðóêòóðû â çàêðó÷åííûõ èçîòåðìè÷åñêèõ ñòðóÿõ è ïëà-
ìåíè. Îïèñàíî ôîðìèðîâàíèå ñëîæíûõ ñèñòåì êîëüöåâûõ è ñïèðàëüíûõ âèõ-
ðåé, ïðåöåññèè âèõðåâîãî ÿäðà è ðàñïàä âèõðÿ, êîòîðûé è ÿâëÿåòñÿ ïðè÷èíîé
ôîðìèðîâàíèÿ ñëîæíîé ñòðóêòóðû òå÷åíèÿ. Ïðèâåäåíû ðåçóëüòàòû èññëåäîâà-
íèÿ ïðîöåññîâ of vortex reconnection íà âèõðåâîé ñïèðàëüíîé òðóáêå, êîòîðàÿ
ôîðìèðóåòñÿ â çàêðó÷åííîì òå÷åíèè â êîíè÷åñêîì äèôôóçîðå. Ïîêàçàíî, ÷òî
vortex reconnection ìîæåò ïðèâîäèòü ê îáðàçîâàíèþ êàê èçîëèðîâàííîãî âèõðå-
âîãî êîëüöà, òàê è êîëüöà, çàöåïëåííîãî ñ áàçîâîé ñïèðàëüíîé âèõðåâîé òðóáêîé.
Îïèñàí ðÿä îñîáåííîñòåé ïðîöåññà of vortex reconnection, âêëþ÷àÿ ýôôåêòû àñèì-
ìåòðèè, ãåíåðàöèþ âîëí Êåëüâèíà è ôîðìèðîâàíèå ðàçíîîáðàçíûõ áðèäæåé.
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÷åíèÿìè ìàòðèöû ïðè åå âîçìóùåíèè ìàòðèöàìè ìàëîé íîðìû. Ìû îáñóäèì (â
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ìèòîâûìè ìàòðèöàìè ñ ãàóññîâûìè ñëó÷àéíûìè ýëåìåíòàìè.
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Äîêëàä ïîñâÿùåí èññëåäîâàíèÿì, èíèöèèðîâàííûì ïðîáëåìàìè èíòåíñèôè-
êàöèè äîáû÷è íåôòè ïðè ñëàáûõ, íî äëèòåëüíûõ âèáðàöèîííûõ âîçäåéñòâèÿõ.
Ýòè òåõíîëîãèè óñïåøíî ïðèìåíÿþòñÿ óæå ìíîãî ëåò, îäíàêî îñòàþòñÿ â çíà÷è-
òåëüíîé ñòåïåíè ýìïèðè÷åñêèìè. Íà ðóáåæå XX�XXI âåêîâ ìåæäèñöèïëèíàðíûì
íàó÷íûì êîëëåêòèâîì ÑÎ ÐÀÍ ïîä ðóêîâîäñòâîì À.Ñ. Àëåêñååâà áûëà ðàçðàáî-
òàíà êîíöåïöèÿ, îáúÿñíÿþùàÿ ïàðàäîêñàëüíîå ïîâûøåíèå ïðîäóêòèâíîñòè íåô-
òÿíûõ ìåñòîðîæäåíèé ïðè èõ âîëíîâîé ñòèìóëÿöèè ÿâëåíèåì ïàðàìåòðè÷åñêîãî
ðåçîíàíñà [1]. Îáîñíîâàíèå êîíöåïöèè áàçèðóåòñÿ íà êëàññè÷åñêîì ìåòîäå Êðû-
ëîâà �Áîãîëþáîâà àñèìïòîòè÷åñêèõ ðàçëîæåíèé ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà
[2�3], ïðèìåíåíèå êîòîðîãî îñëîæíÿåòñÿ åãî ëîêàëüíûì õàðàêòåðîì. Â ðåçóëüòàòå
óñðåäíåíèÿ ïîëó÷àþòñÿ àâòîíîìíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïðèáëèæåí-
íî îïèñûâàþùèå îñîáåííîñòè òî÷íûõ ðåøåíèé � ñòàöèîíàðíûå òî÷êè, öèêëû,
ó÷àñòêè ñåïàðàòðèñ è ò. ä. Âîîáùå ãîâîðÿ, ýòè îñîáåííîñòè òîæå çàâèñÿò îò ïàðà-
ìåòðà. Ïðè åãî óìåíüøåíèè îíè ìîãóò âûõîäèòü çà ïðåäåëû îáëàñòåé, ãäå óñòà-
íîâëåíû îöåíêè ïîãðåøíîñòåé ïðèáëèæåíèé, ïðèâîäÿ ê ïîòåðå ýôôåêòèâíîñòè
ìåòîäà óñðåäíåíèé.

Äàííóþ ïðîáëåìó ìîæíî ïðåîäîëåòü, åñëè òàê ìîäèôèöèðîâàòü ìåòîä, ÷òîáû
ôàçîâûé ïîðòðåò óñðåäíåííîãî óðàâíåíèÿ íå çàâèñåë îò ìàëîãî ïàðàìåòðà, íî ïî-
ïðåæíåìó îòðàæàë õàðàêòåðíûå îñîáåííîñòè ðåøåíèé. Â îáùåì âèäå ýòà çàäà÷à
äîñòàòî÷íî ñëîæíà. Îäíàêî åå óäàåòñÿ ðåøèòü äëÿ èìåþùèõ áîëüøîå ïðèêëàä-
íîå çíà÷åíèå îáîáùåííûõ óðàâíåíèé Ìàòü¼ �Õèëëà u′′(t) = −A2u(t) + εF (t, u) â
êîíå÷íîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå. Çäåñü A � ñàìîñîïðÿæåííûé ëèíåé-
íûé ïîëîæèòåëüíûé îïåðàòîð, ε � ìàëûé ïàðàìåòð, F (t, u) � ìíîãî÷ëåí îòíî-
ñèòåëüíî êîìïîíåíò âåêòîðà u ñ ïî÷òè ïåðèîäè÷åñêèìè ïî t êîýôôèöèåíòàìè.
Ïðåäëàãàåòñÿ âûïîëíèòü çàìåíó ïåðåìåííûõ v = εαu, à çàòåì âîñïîëüçîâàòüñÿ
ìåòîäîì óñðåäíåíèÿ Êðûëîâà �Áîãîëþáîâà. Ïðè ïîäõîäÿùåì âûáîðå ïîêàçàòåëÿ
α è ñòåïåíè óñðåäíåíèÿ, îïðåäåëåííûìè ñòðóêòóðîé ìíîãî÷ëåíà F (t, u), ôàçîâûé
ïîðòðåò óñðåäíåííîé ñèñòåìû äåéñòâèòåëüíî íå áóäåò çàâèñåòü îò ε. Êðîìå òîãî,
óñðåäíåííàÿ ñèñòåìà îáëàäàåò èíòåðåñíûìè íîâûìè ñâîéñòâàìè, äåëàþùèìè åå
ïîõîæåé íà ãàìèëüòîíîâó. Â äîêëàäå ïîäâåäåíû èòîãè ýòîãî èññëåäîâàíèÿ.
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Ïîñòðîåí ïðèíöèïèàëüíî íîâûé íåíàñûùàåìûé [1] ìåòîä ÷èñëåííîãî ðåøåíèÿ
çàäà÷è Äèðèõëå � Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà, ïîçâîëÿþùèé àâòîìàòè÷åñêè
çà ñ÷åò ãëàäêîñòè îòûñêèâàåìîãî ðåøåíèÿ ó÷èòûâàòü ñïåöèôèêó îñåñèììåòðè÷-
íîé ïîñòàíîâêè ýòîé çàäà÷è, ïðåïÿòñòâóþùåé èñïîëüçîâàíèþ ëþáûõ íàñûùàå-
ìûõ (ñ ãëàâíûì ÷ëåíîì ïîãðåøíîñòè) âû÷èñëèòåëüíûõ ìåòîäîâ.

Îòëè÷èòåëüíîé ÷åðòîé íåíàñûùàåìîãî ÷èñëåííîãî ìåòîäà ÿâëÿåòñÿ îòñóò-
ñòâèå ãëàâíîãî ÷ëåíà ïîãðåøíîñòè, è êàê ðåçóëüòàò � ñïîñîáíîñòü àâòîìàòè÷åñêè
ïîäñòðàèâàòüñÿ ê ëþáûì èçáûòî÷íûì (ýêñòðàîðäèíàðíûì) çàïàñàì ãëàäêîñòè
ðåøåíèé. Ïîëó÷åííûé ðåçóëüòàò ïðèíöèïèàëåí, èáî â ñëó÷àå C∞-ãëàäêèõ ðåøå-
íèé çàäà÷, ïîñòðîåííûé ìåòîä ðåàëèçóåò àáñîëþòíî íåóëó÷øàåìóþ ýêñïîíåíöè-
àëüíóþ îöåíêó ïîãðåøíîñòè. Íåóëó÷øàåìîñòü îöåíêè îáóñëîâëåíà àñèìïòîòèêîé
àëåêñàíäðîâñêîãî n-ïîïåðå÷íèêà êîìïàêòà C∞-ãëàäêèõ ðåøåíèé. Ýòà àñèìïòî-
òèêà òàêæå èìååò âèä óáûâàþùåé ê íóëþ (ñ ðîñòîì ïàðàìåòðà n) ýêñïîíåíòû.

Ìàòåìàòè÷åñêîé îñíîâîé äëÿ ÷èñëåííîãî èññëåäîâàíèÿ óêàçàííîé çàäà÷è ÿâ-
ëÿþòñÿ ðåçóëüòàòû ðàáîò àâòîðà [2�6].
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Òå÷åíèÿ ïëàçìû â êàíàëàõ, îáðàçîâàííûõ êîàêñèàëüíûìè ýëåêòðîäàìè, ïî-
ñòîÿííî ïðåäñòàâëÿþò òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòåðåñ êàê ìèíèìóì â
äâóõ îáëàñòÿõ ïðèëîæåíèé. Âî-ïåðâûõ, ìàãíèòîãàçîäèíàìè÷åñêîå îáîáùåíèå ñîï-
ëà Ëàâàëÿ ñ ïàðàìåòðàìè ñêîðîñòè è ýíåðãèè ïîòîêà íà âûõîäå, íà ïîðÿäêè ïðå-
âîñõîäÿùèìè èõ âåëè÷èíû â æèäêîñòíûõ ðåàêòèâíûõ äâèãàòåëÿõ, è, ñëåäîâà-
òåëüíî, ïåðñïåêòèâà ðàçðàáîòêè è ñîçäàíèÿ ýëåêòðîðåàêòèâíûõ äâèãàòåëåé. Âî-
âòîðûõ, îáðàçîâàíèå çîíû êîìïðåññèè � óñòîé÷èâîé îáëàñòè ñæàòîé è íàãðåòîé
ïëàçìû íà îñè êàíàëà ñ óêîðî÷åííûì öåíòðàëüíûì ýëåêòðîäîì çà ïðèìûêàþùåé
ê íåìó êîíè÷åñêîé óäàðíîé âîëíîé. ßâëåíèå êîìïðåññèè ìîæåò èìåòü ïåðñïåê-
òèâó ïðèëîæåíèé â ïðîáëåìàõ óïðàâëÿåìîãî òåðìîÿäåðíîãî ñèíòåçà, â êîòîðûõ
ïðîöåññû íàãðåâà è óäåðæàíèÿ ïëîòíîé ãîðÿ÷åé ïëàçìû ìàãíèòíûì ïîëåì ÿâëÿ-
þòñÿ îñíîâíûì îáúåêòîì èññëåäîâàíèé.

Òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ òå÷åíèé ïëàçìû â êàíà-
ëàõ ïîñòîÿííî ñîïðîâîæäàþòñÿ è äîïîëíÿþòñÿ ìàòåìàòè÷åñêèì ìîäåëèðîâàíèåì
è ðàñ÷åòàìè â áîëüøèõ îáúåìàõ ñ ïðèìåíåíèåì ñîâðåìåííîé âûñîêîïðîèçâîäè-
òåëüíîé âû÷èñëèòåëüíîé òåõíèêè. Êðàòêèé îáçîð ðàáîò ïî ÷èñëåííûì ìîäåëÿì
óñêîðåíèÿ ïëàçìû â êàíàëàõ ñîäåðæèòñÿ â ñòàòüå [1] ñ íåîáõîäèìîé áèáëèîãðà-
ôèåé.

Â äîêëàäå ïðåäïîëàãàåòñÿ èçëîæèòü ñîâðåìåííûé âçãëÿä íà ÷èñëåííûå èñ-
ñëåäîâàíèÿ êîìïðåññèè è ðåçóëüòàòû ðàñ÷åòîâ, âûïîëíåííûõ â ïîñëåäíåå âðåìÿ
ñ öåëüþ îïðåäåëèòü åå çàâèñèìîñòü îò ãåîìåòðèè êàíàëà è ïàðàìåòðîâ çàäà÷è.
Äâóìåðíûå (îñåñèììåòðè÷íûå) ÌÃÄ-çàäà÷è ðåøåíû ÷èñëåííî ìåòîäîì êîððåê-
öèè ïîòîêîâ. Óñòàíîâëåíî, ÷òî ýôôåêòèâíîñòü ñæàòèÿ è íàãðåâà ïëàçìû ïîâû-
øàåòñÿ ñ ðîñòîì ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ êàíàëà è âåëè÷èíû ïîëíîãî ýëåê-
òðè÷åñêîãî òîêà â ñèñòåìå. Ïðèñóòñòâèå â êàíàëå ïðîäîëüíîãî ìàãíèòíîãî ïîëÿ,
ñîçäàííîãî âíåøíèìè ïðîâîäíèêàìè, îñëàáëÿåò ýôôåêò êîìïðåññèè. Ýòîé æå òå-
ìå ïîñâÿùåíà ïóáëèêóåìàÿ â 2019 ã. ñòàòüÿ [2].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 16-11-10278).
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Ìû ðàññìîòðèì âàæíåéøèå êèíåòè÷åñêèå óðàâíåíèÿ: óðàâíåíèå Áîëüöìàíà,
êîòîðîå îïèñûâàåò êîðîòêîäåéñòâèå è åãî âàæíåéøåå ïðèëîæåíèå � òåîðåìó î
âîçðàñòàíèè ýíòðîïèè (H-òåîðåìà).H-òåîðåìà âïåðâûå áûëà ðàññìîòðåíà Áîëüö-
ìàíîì â [1]. Ýòó òåîðåìó, îáîñíîâûâàþùóþ ñõîäèìîñòü ðåøåíèé óðàâíåíèé òèïà
Áîëüöìàíà ê ìàêñâåëëîâñêîìó ðàñïðåäåëåíèþ, Áîëüöìàí ñâÿçàë ñ çàêîíîì âîç-
ðàñòàíèÿ ýíòðîïèè [2]. Ðàáîòà [3] áûëà ïåðâîé ïî äèñêðåòíûì ìîäåëÿì óðàâíåíèÿ
Áîëüöìàíà â íàøåé ñòðàíå, è ìû ðàññêàæåì î ðàçâèòèè èäåé ýòîé ðàáîòû [7�12].
Ìû ðàññìàòðèâàåì îáîáùåíèÿ óðàâíåíèé õèìè÷åñêîé êèíåòèêè, âêëþ÷àþùèå â
ñåáÿ êëàññè÷åñêóþ è êâàíòîâóþ õèìè÷åñêóþ êèíåòèêó [10]. Ðàññìàòðèâàåì óðàâ-
íåíèå Âëàñîâà, êîòîðîå îïèñûâàåò äàëüíîäåéñòâèå ñ å¼ âàæíåéøèìè ïðèëîæåíèÿ-
ìè äëÿ îïèñàíèÿ ïëàçìû è êðóïíîìàñøòàáíûõ ÿâëåíèé âî Âñåëåííîé è óðàâíåíèå
Ëèóâèëëÿ èëè íåðàçðûâíîñòè ñ ïðèëîæåíèÿìè ê ñòàòèñòè÷åñêîé ìåõàíèêå [4�9]
è â ìåòîäå Ãàìèëüòîíà � ßêîáè [6�7]. Óðàâíåíèå Âëàñîâà � Ìàêñâåëëà � Ýéí-
øòåéíà, êîòîðîå îïèñûâàåò ýâîëþöèþ Âñåëåííîé è äîëæíî îïèñûâàòü ò¼ìíóþ
ýíåðãèþ è ò¼ìíóþ ìàòåðèþ [12].
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Ñèñòåìû çàêîíîâ ñîõðàíåíèÿ ãèïåðáîëè÷åñêîãî òèïà ìîãóò áûòü ïðèâåäåíû ê
ò. í. õàðàêòåðèñòè÷åñêîé ôîðìå. Äëÿ õàðàêòåðèñòè÷åñêèõ óðàâíåíèé âäîëü ëþáî-
ãî ïðîñòðàíñòâåííîãî âåêòîðà âûïîëíÿåòñÿ ïðèíöèï ìàêñèìóìà, ïîðîæäàþùèé
ïîëå âíóòðåííèõ ìàæîðàíò. Ïðè ÷èñëåííîì ðåøåíèè ãèïåðáîëè÷åñêèõ óðàâíåíèé
ïî êîíñåðâàòèâíûì ðàçíîñòíûì ñõåìàì, ïîëó÷àåìûì ìåòîäîì êîíå÷íîãî îáúåìà,
äèñêðåòíûå àíàëîãè âíóòðåííèõ ìàæîðàíò íå ñîõðàíÿþòñÿ, ÷òî ïðèâîäèò ê íà-
ðóøåíèþ ìîíîòîííîñòè ÷èñëåííîãî ðåøåíèÿ. Âû÷èñëèòåëüíûå àëãîðèòìû, îñíî-
âàííûå íà ìåòîäå õàðàêòåðèñòèê â îáëàñòÿõ ãëàäêîñòè, äàþò ðåøåíèÿ, óäîâëåòâî-
ðÿþùèå ëîêàëüíûì âíóòðåííèì ìàæîðàíòàì, íî íå óäîâëåòâîðÿþò óñëîâèÿì Ãþ-
ãîíèî íà ðàçðûâàõ. Îáúåäèíåíèå äîñòîèíñòâ êîíñåðâàòèâíûõ è õàðàêòåðèñòè÷å-
ñêèõ àëãîðèòìîâ äîñòèãàåòñÿ â ò. í. êîíñåðâàòèâíûõ ñåòî÷íî-õàðàêòåðèñòè÷åñêèõ
ñõåìàõ (ÊÑÕ, Â.Ì. Ãîëîâèçíèí, Á.Í. ×åòâåðóøêèí).

Äîêëàä ïîñâÿùåí îñîáåííîñòÿì áàëàíñíî-õàðàêòåðèñòè÷åñêèõ ðàçíîñòíûõ
ñõåì, â ÷èñëî êîòîðûõ âõîäèò ñõåìà ÊÀÁÀÐÅ è îáøèðíûé êëàññ êîíñåðâàòèâíûõ
ñåòî÷íî-õàðàêòåðèñòè÷åñêèõ óðàâíåíèé.
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Äëÿ ðàáîò íàä �Óðàíîâîé ïðîáëåìîé�, òàê ïåðâîíà÷àëüíî íàçûâàëèñü ðàáîòû
ïî ñîçäàíèþ àòîìíûõ, à çàòåì è âîäîðîäíûõ áîìá, áûëè ïðèâëå÷åíû âûäàþùèå-
ñÿ ó÷åíûå ñòðàíû. Îñíîâíûå ðàáîòû ïî ðàçðàáîòêå è êîíñòðóèðîâàíèþ àòîìíûõ
áîìá ñ 1948 ã. ïðîâîäèëèñü â ÊÁ-11 ïðè Ëàáîðàòîðèè � 2 ÀÍ ÑÑÑÐ. Ñîçäàííûå
îñíîâíûå òåîðåòè÷åñêèå ìîäåëè ïî ãàçîäèíàìèêå, ïåðåíîñó íåéòðîíîâ, ÿäåðíî-
ìó ãîðåíèþ è ïåðåíîñó òåïëîâîé ýíåðãèè ïîòðåáîâàëè ðàçâèòèÿ âû÷èñëèòåëüíûõ
ìåòîäîâ è âû÷èñëèòåëüíîé òåõíèêè [1�3]. Â ðàçâèòèè âû÷èñëèòåëüíûõ ìåòîäîâ,
êîòîðûå áûëè íà÷àòû â 1948 ã., ïèîíåðñêèå ðàáîòû ïðèíàäëåæàò êîëëåêòèâó
ÈÏÌ ÀÍ ÑÑÑÐ, âîçãëàâëÿåìîìó Ì.Â. Êåëäûøåì. Îäíèì èç ñîòðóäíèêîâ îò-
äåëà ÈÏÌ, êîòîðûì ðóêîâîäèë Ê.À. Ñåìåíäÿåâ, áûë Ñåðãåé Êîíñòàíòèíîâè÷
Ãîäóíîâ. Â äîêëàäå ïðåäñòàâëåíû ðàáîòû Ñ.Ê. Ãîäóíîâà ïî òðåì íàïðàâëåíèÿì.

Ïåðâîå íàïðàâëåíèå ñâÿçàíî ñ ðàçâèòèåì ìåòîäîâ ðåøåíèÿ îäíîìåðíûõ çà-
äà÷ ãàçîâîé äèíàìèêè äëÿ ðàñ÷åòà ñæàòèÿ ñëîèñòûõ ñèñòåì [4]. Ïåðâûå ðàñ÷åòû
ñæàòèÿ ñôåðè÷åñêèõ ñèñòåì ïðîâîäèëèñü ðó÷íûì ñïîñîáîì ìåòîäîì õàðàêòåðè-
ñòèê. Ñ ïîÿâëåíèåì âû÷èñëèòåëüíîé òåõíèêè âñòàëà çàäà÷à îá àâòîìàòèçàöèè
âû÷èñëåíèé. Ñåðãååì Êîíñòàíòèíîâè÷åì Ãîäóíîâûì áûë ïðåäëîæåí ðàçíîñòíûé
ìåòîä, îñíîâàííûé íà ðåøåíèè çàäà÷è î ðàñïàäå ðàçðûâà, ïîëó÷èâøèé â äàëüíåé-
øåì íàçâàíèå � ìåòîä Ãîäóíîâà. Ïî ðåçóëüòàòàì ýòîé ðàáîòû èì áûëà çàùèùåíà
êàíäèäàòñêàÿ äèññåðòàöèÿ. Ïîä ðóêîâîäñòâîì Ñ.Ê. Ãîäóíîâà äëÿ ðåøåíèÿ îäíî-
ìåðíûõ çàäà÷ ãàçîâîé äèíàìèêè íà îáúåêòå áûë ñîçäàí ðÿä ðàñ÷åòíûõ ìåòîäèê
è ïðîãðàìì, â ëàãðàíæåâûõ è ýéëåðîâûõ ïåðåìåííûõ, èñïîëüçóþùèõ ðåøåíèå
çàäà÷è î ðàñïàäå ðàçðûâà äëÿ îïðåäåëåíèÿ ïîòîêîâûõ âåëè÷èí [5]. Ñ.Ê. Ãîäó-
íîâûì áûë ðàçðàáîòàí íîâûé âàðèàíò ìåòîäà õàðàêòåðèñòèê, â êîòîðîì ðàñ÷åò
ïðîâîäèëñÿ â ìíîãîîáëàñòíîé ïîñòàíîâêå ïî ñëîÿì. Òàêîé ñïîñîá ïîçâîëèë àâòî-
ìàòèçèðîâàòü âû÷èñëåíèÿ äàæå ñ ó÷åòîì ïåðåñå÷åíèÿ óäàðíûõ âîëí. Âàæíûìè
ðàáîòàìè Ñ.Ê. Ãîäóíîâà áûëè èññëåäîâàíèÿ àâòîìîäåëüíûõ ðåøåíèé çàäà÷è Êî-
øè äëÿ óðàâíåíèé ãàçîâîé äèíàìèêè äëÿ ñôåðè÷åñêèõ ñèñòåì. Ýòî âûçâàíî òåì,
÷òî îäíîé èç âàæíûõ õàðàêòåðèñòèê ïðè ñæàòèè ñôåðè÷åñêèõ îáîëî÷åê ÿâëÿåòñÿ
îïðåäåëåíèå âðåìåíè ôîêóñèðîâêè. Ðåøåíèþ çàäà÷è î ñõîæäåíèè ãàçîâûõ îáî-
ëî÷åê ïîñâÿùåíî áîëüøîå ÷èñëî èññëåäîâàíèé. Ðàáîòà Ñ.Ê. Ãîäóíîâà ÿâëÿåòñÿ
íåêîòîðûì èòîãîì ýòèõ èññëåäîâàíèé. Â ðàáîòå áûëî ïîêàçàíî, ÷òî äëÿ ãàçîâûõ
îáîëî÷åê àâòîìîäåëüíàÿ çàäà÷à èìååò íå åäèíñòâåííîå ðåøåíèå è âñå ðåøåíèÿ
ñîäåðæàò ñëàáûé ðàçðûâ.

Âòîðîå íàïðàâëåíèå, êîòîðîå ðàçâèâàëîñü íà îáúåêòå ïîä ðóêîâîäñòâîì
Ñ.Ê. Ãîäóíîâà, ñâÿçàíî ñ ðàñ÷åòîì ýíåðãîâûäåëåíèÿ èçäåëèé [7, 8]. Íà íà÷àëü-
íîì ýòàïå èññëåäîâàíèé â îòñóòñòâèè âû÷èñëèòåëüíîé òåõíèêè ýòèì íàïðàâëå-
íèåì çàíèìàëàñü ãðóïïà, âîçãëàâëÿåìàÿ Ë.Ä. Ëàíäàó [1]. Ðåçóëüòàòîì ðàáîòû
ýòîé ãðóïïû ÿâèëîñü ñîçäàíèå òåîðèè ÊÏÄ èçäåëèÿ. Ñ ïîÿâëåíèåì âû÷èñëè-
òåëüíîé òåõíèêè âñòàë âîïðîñ îá àâòîìàòèçàöèè ðàñ÷åòà ýíåðãîâûäåëåíèÿ èçäå-
ëèé. Áîëüøîå ÷èñëî ðàáîò ïî ðàçðàáîòêå ìåòîäîâ ðàñ÷åòà ýíåðãîâûäåëåíèÿ áûëè
âûïîëíåíû ñîòðóäíèêàìè ÈÏÌ, â ÷èñëå êîòîðûõ áûë è Ñåðãåé Êîíñòàíòèíîâè÷.
Èì áûëà ðàçðàáîòàíà îðèãèíàëüíàÿ ìåòîäèêà îïðåäåëåíèÿ êðèòè÷åñêèõ ïàðàìåò-
ðîâ â ñôåðè÷åñêèõ ñèñòåìàõ ìåòîäîì ñôåðè÷åñêèõ ãàðìîíèê â ìíîãîãðóïïîâîì
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ïðèáëèæåíèè. Ìåòîäèêà îñíîâàíà íà ïðåäñòàâëåíèè ðåøåíèÿ â âèäå ìàòðè÷íûõ
ðÿäîâ. Äëÿ îáëàñòåé, óäàëåííûõ îò öåíòðà, èñïîëüçóþòñÿ îáû÷íûå ðÿäû Òåé-
ëîðà. Äëÿ îáëàñòåé öåíòðà ïðåäëîæåí ïðèåì, ïåðåâîäÿùèé ðåøåíèå ñèñòåìû â
ðåøåíèå ñèñòåìû óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Äëÿ ïîñòðîåííîé
êðàåâîé çàäà÷è äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èì áûë
ðàçðàáîòàí è îáîñíîâàí ìåòîä îðòîãîíàëüíîé ïðîãîíêè.

Òðåòüå íàïðàâëåíèå, êîòîðîå, ñîâìåñòíî ñ ñîòðóäíèêàìè ÈÏÌ, íà÷àëî ðàç-
âèâàòüñÿ íà îáúåêòå ñ ïîÿâëåíèåì âû÷èñëèòåëüíîé òåõíèêè, ñâÿçàíî ñ ñîçäà-
íèåì äâóìåðíûõ ìåòîäèê ðàñ÷åòà çàäà÷ ãàçîâîé äèíàìèêè. Ïîä ðóêîâîäñòâîì
Ñ.Ê. Ãîäóíîâà áûëè ðàçðàáîòàíû ìåòîäèêè â ïîäâèæíûõ ýéëåðîâûõ ñåòêàõ ñ âû-
äåëåíèåì îñíîâíûõ îñîáåííîñòåé ðåøåíèÿ: äâèæåíèå óäàðíûõ è äåòîíàöèîííûõ
âîëí [6]. Ñîçäàíèå ýòèõ ìåòîäèê ïîçâîëèëî ó÷åñòü íåîäíîìåðíîñòü êîíñòðóêöèé
íà ïðîöåññû ñæàòèÿ. Ïåðâûå äâóìåðíûå ìåòîäèêè áûëè íàïèñàíû â ìàøèííûõ
êîäàõ. Ñ ïîÿâëåíèåì àëãîðèòìè÷åñêèõ ÿçûêîâ ïðîãðàììèðîâàíèÿ ïîä ðóêîâîä-
ñòâîì Ñ.Ê. Ãîäóíîâà ñòàë ðàçâèâàòüñÿ ìåòîä ðàñ÷åòà äâóìåðíûõ çàäà÷ ãàçîâîé
äèíàìèêè â ïðîèçâîëüíûõ êðèâîëèíåéíûõ êîîðäèíàòàõ. Âàæíûìè ýëåìåíòàìè
â ýòîì ìåòîäå ÿâëÿþòñÿ àëãîðèòìû ïîñòðîåíèÿ è äåôîðìàöèè êðèâîëèíåéíûõ
ðàçíîñòíûõ ñåòîê [9]. Íà îñíîâå ðàçíîñòíîé ñõåìû Ãîäóíîâà íà îáúåêòå áûëè ñî-
çäàíû ðÿä äâóìåðíûõ è òðåõìåðíûõ ìåòîäèê ðàñ÷åòà óäàðíî-âîëíîâûõ ïðîöåñ-
ñîâ â ðàçëè÷íûõ ñðåäàõ [10]. Ìåòîä Ãîäóíîâà ÿâëÿåòñÿ áàçîâûì ìåòîäîì â ïàêåòå
ïðîãðàìì èíæåíåðíîãî àíàëèçà ËÎÃÎÑ [11] äëÿ ðàñ÷åòà âíåøíèõ è âíóòðåííèõ
òå÷åíèé.

Ñåðãåé Êîíñòàíòèíîâè÷ Ãîäóíîâ ÷àñòî áûâàë íà îáúåêòå. Ìíîãèå ðàáîòû áû-
ëè âûïîëíåíû ñîâìåñòíî ñ ñîòðóäíèêàìè îáúåêòà. Ïîä ðóêîâîäñòâîì Ñ.Ê. Ãî-
äóíîâà áûëà ïîäãîòîâëåíà è çàùèùåíà Èçàáåëëîé Àëåêñàíäðîâíîé Àäàìñêîé
êàíäèäàòñêàÿ äèññåðòàöèÿ ïî îáîñíîâàíèþ ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê. Ìî-
íîãðàôèÿ, íàïèñàííàÿ Ñ.Ê. Ãîäóíîâûì ñîâìåñòíî ñ Ñ.Â. Ðÿáåíüêèì, �Ââåäåíèå
â òåîðèþ ðàçíîñòíûõ ñõåì� áûëà íà ïðîòÿæåíèè ìíîãèõ ëåò íàñòîëüíûì ó÷åáíè-
êîì ìàòåìàòèêîâ. Ñîçäàííûå ïîä åãî ðóêîâîäñòâîì ìåòîäèêè è ïðîãðàììû áûëè
îäíèì èç îñíîâíûõ èíñòðóìåíòîâ, ñ ïîìîùüþ êîòîðûõ ðàçðàáàòûâàëèñü ÿäåðíûå
è òåðìîÿäåðíûå çàðÿäû â 50 è 60 ãîäàõ [5].

Ñîòðóäíèêè ÔÃÓÏ �ÐÔßÖ-ÂÍÈÈÝÔ� ïîçäðàâëÿþò Ñåðãåÿ Êîíñòàíòèíîâè-
÷à, æåëàþò åìó îñóùåñòâëåíèÿ íàìå÷åííûõ ïëàíîâ, çäîðîâüÿ è áëàãîïîëó÷èÿ.
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Âûïîëíåí àíàëèç ãàëèëååâî-èíâàðèàíòíûõ òåðìîäèíàìè÷åñêè ñîãëàñîâàííûõ
çàêîíîâ ñîõðàíåíèÿ, äîïóñêàþùèõ êëàññ îáîáùåííûõ ðåøåíèé. Ãëàâíàÿ îñîáåí-
íîñòü ðàññìàòðèâàåìûõ â ñòàòüå îáîáùåííûõ ðåøåíèé ñîñòîèò â îïèñàíèè ïî-
òåðü ïîëíîãî äàâëåíèÿ, ñîïðîâîæäàþùèõ äèíàìè÷åñêèé ïðîöåññ ïîäâîäà òåïëà.
Ïðèíöèïèàëüíûìè ñâîéñòâàìè ïðè ïîñòðîåíèè îáîáùåííûõ ðåøåíèé ÿâëÿþòñÿ
ðàññìàòðèâàåìàÿ â ðàáîòàõ Ñ.Ê. Ãîäóíîâà [1, 2] ãàëèëååâà èíâàðèàíòíîñòü è òåð-
ìîäèíàìè÷åñêàÿ ñîãëàñîâàííîñòü èñõîäíûõ çàêîíîâ ñîõðàíåíèÿ ïðè ìàòåìàòè÷å-
ñêîé ôîðìóëèðîâêå òåïëîâîãî ïðîöåññà. Èñ÷åðïûâàþùåå îçíàêîìëåíèå ñ îñíîâ-
íûìè èäåÿìè Ñ.Ê. Ãîäóíîâà ïî äàííîìó âîïðîñó ìîæíî ïîëó÷èòü ïî çàïèñÿì
ñåìèíàðîâ ÌÈÀÍ èì. Â.À. Ñòåêëîâà, ëåãêî äîñòóïíûì ïî èíòåðíåòó [3, 4].

Èçâåñòíî, ÷òî êëàññ îáîáùåííûõ ðåøåíèé ïîìèìî òðàäèöèîííûõ êëàññè÷å-
ñêèõ ãëàäêèõ ðåøåíèé âêëþ÷àåò ñîîòíîøåíèÿ íà ðàçðûâàõ. Â íàøåì ñëó÷àå
ïðè íàëè÷èè òåïëîïîäâîäà êëàññ îáîáùåííûõ ðåøåíèé êâàçèëèíåéíûõ óðàâíå-
íèé òåðìîäèíàìèêè ðàñøèðÿåòñÿ. Îäíàêî ïîñòàíîâêà ïðîáëåìû ðàññìàòðèâàåò-
ñÿ ëèøü äëÿ íåáîëüøîé ïðîñòåéøåé ÷àñòè ôåíîìåíîëîãè÷åñêîé òåðìîäèíàìèêè
(áåç õèìè÷åñêèõ ðåàêöèé, ôàçîâûõ ïåðåõîäîâ è ò. ï.). Îïðåäåëÿþùèìè ôàêòîðà-
ìè àíàëèçèðóåìûõ îáîáùåííûõ ðåøåíèé áóäóò ðîñò ýíòðîïèè è íåïîñðåäñòâåííî
ñâÿçàííîå ñ íèì íàëè÷èå óæå óïîìÿíóòûõ ïîòåðü ïîëíîãî äàâëåíèÿ. Îñîáåííî-
ñòè ðàññìàòðèâàåìûõ íàìè ðåøåíèé ñëåäóþò, âî-ïåðâûõ, èç èñïîëüçîâàíèÿ èñ-
õîäíîé çàìêíóòîé ìàòåìàòè÷åñêîé ôîðìóëèðîâêè äëÿ òåïëîâîãî ïðîöåññà â âèäå
òðåõ áàëàíñîâûõ çàêîíîâ ñîõðàíåíèÿ ìàññû, èìïóëüñà è ýíåðãèè è, âî-âòîðûõ,
èç ïîñòðîåíèÿ èòîãîâûõ ðåøåíèé, õàðàêòåðèçóåìûõ íàëè÷èåì ïîòåðü ïîëíîãî
äàâëåíèÿ.

Âûïîëíåíèå ñâîéñòâà ãàëèëååâîé èíâàðèàíòíîñòè äëÿ ïîëó÷åíèÿ çàìêíóòîé
ìàòåìàòè÷åñêîé ôîðìóëèðîâêè òðåáóåòñÿ òàêæå äëÿ çàäàâàåìûõ ãðàíè÷íûõ è
íà÷àëüíûõ óñëîâèé çàäà÷è. Ñ ýòèì îáñòîÿòåëüñòâîì ñâÿçàíî, â ÷àñòíîñòè, çàäà-
íèå âõîäíûõ ãðàíè÷íûõ ïàðàìåòðîâ ìîäåëèðóåìîãî ïîòîêà. Â êà÷åñòâå íàãëÿäíî-
ãî ïðèìåðà ïðèâåäåì èçìåíåíèå çíà÷åíèé ïîëíîãî äàâëåíèÿ è ïîëíîé òåìïåðàòó-
ðû ïîòîêà, âòåêàþùåãî â ìîäåëèðóåìóþ îáëàñòü. Ïðè íàëè÷èè ñêîðîñòè íàáåãà-
þùåãî ïîòîêà åãî çàòîðìîæåííûå ïàðàìåòðû óâåëè÷èâàþòñÿ è ýòî äîëæíî ó÷è-
òûâàòüñÿ â òåðìîäèíàìè÷åñêè ñîãëàñîâàííîé ïîñòàíîâêå. Â ðàáîòå òàêæå ñôîð-
ìóëèðîâàíà óòî÷íåííàÿ òåðìîäèíàìè÷åñêè ñîãëàñîâàííàÿ ïðîöåäóðà ïîñòàíîâêè
ãàëèëååâî èíâàðèàíòíûõ íà÷àëüíûõ óñëîâèé íåñòàöèîíàðíîé çàäà÷è ñ ó÷åòîì ïî-
òåðü ïîëíîãî äàâëåíèÿ. Ïðè ðåøåíèè ñòàöèîíàðíûõ çàäà÷ ìåòîäîì óñòàíîâëåíèÿ
òåðìîäèíàìè÷åñêàÿ ñîãëàñîâàííîñòü êîíå÷íîãî ðåøåíèÿ äîñòèãàåòñÿ â ïðîöåñ-
ñå óñòàíîâëåíèÿ, áëàãîäàðÿ èíòåãðèðîâàíèþ òåðìîäèíàìè÷åñêè ñîãëàñîâàííûõ
óðàâíåíèé.
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Èññëåäîâàíà çàäà÷à Êîøè äëÿ ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ

ut + f(u)x = 0, x ∈ (0, L), t ∈ (0, T ),

ñ íà÷àëüíûìè äàííûìè

u(x, 0) = u0(x), x ∈ (0, L).

Çäåñü u(x, t) � êîíöåíòðàöèÿ ÷àñòèö, ôóíêöèÿ f(u) ìîäåëèðóåò îñàæäåíèå ÷à-
ñòèö [1, 2].

Â îáðàòíîé çàäà÷å òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ f ïî äîïîëíèòåëüíîé èí-
ôîðìàöèè î ðåøåíèè ïðÿìîé çàäà÷è. Â ïåðâîé îáðàòíîé çàäà÷å â êà÷åñòâå äî-
ïîëíèòåëüíîé èíôîðìàöèè èçìåðÿåòñÿ êîíöåíòðàöèÿ â ôèêñèðîâàííûé ìîìåíò
âðåìåíè, âî âòîðîé � êîíöåíòðàöèÿ â íåêîòîðûõ òî÷êàõ ïðîñòðàíñòâà.

Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è ðàçðàáîòàí àëãîðèòì ãðàäèåíòíîãî ñïóñêà [3].
Àíàëîãè÷íûé ïîäõîä ïðèìåíåí äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è àêóñòè÷åñêîé òî-
ìîãðàôèè, ñôîðìóëèðîâàííîé â âèäå çàêîíîâ ñîõðàíåíèÿ [4]. Ïðîâåäåí àíàëèç
÷èñëåííîé ñõîäèìîñòè àëãîðèòìà ðåøåíèÿ ïðÿìîé [5] è îáðàòíîé çàäà÷. Ïðèâå-
äåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.
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Â äîêëàäå ðàññìàòðèâàþòñÿ òðè âîïðîñà, ñâÿçàííûå ñ ðàçâèòèåì ÿâíîé ÷èñ-
ëåííîé ñõåìû, êîòîðóþ Ñ.Ê. Ãîäóíîâ ïðåäëîæèë ïî÷òè 60 ëåò òîìó íàçàä äëÿ
ðåøåíèÿ óðàâíåíèé ãàçîâîé äèíàìèêè [1]. Ýòî � (1) ïðèìåíåíèå ìåòîäà Ñ.Ê. Ãî-
äóíîâà ê ãèáðèäíûì ÿâíî-íåÿâíûì ñõåìàì èíòåãðèðîâàíèÿ ïî âðåìåíè [2], (2) ìî-
äèôèêàöèÿ ìåòîäà Ñ.Ê. Ãîäóíîâà äëÿ ðàñ÷åòà ýâîëþöèè àýðîàêóñòè÷åñêèõ ïîëåé
ìàëûõ âîçìóùåíèé íà ñðåäíåì íåîäíîðîäíîì ïîëå òå÷åíèÿ è îáîáùåíèå ìåòîäà
Ñ.Ê. Ãîäóíîâà íà óðàâíåíèÿ òå÷åíèÿ íåðàâíîâåñíîé ìíîãîôàçíîé ñðåäû. Ïåðâûå
äâà âîïðîñà òåñíî ñâÿçàíû ñ âàðèàöèîííîé çàäà÷åé Ðèìàíà. Åå ôîðìóëèðîâêà
ñâîäèòñÿ ê íàõîæäåíèþ ïåðâîé âàðèàöèè ðåøåíèÿ àâòîìîäåëüíîé çàäà÷è Ðèìà-
íà ïðè ìàëûõ âàðèàöèÿõ íà÷àëüíûõ äàííûõ. Ïåðâàÿ âàðèàöèÿ âûïèñûâàåòñÿ
÷åðåç âàðèàöèîííûå ìàòðèöû, ñâÿçàííûå ñ âàðèàöèåé âåêòîðà ñîñòîÿíèÿ ñëåâà è
ñïðàâà îò íà÷àëüíîãî ðàçðûâà. Ïîêàçûâàåòñÿ, ÷òî ðåøåíèå âàðèàöèîííîé çàäà÷è
Ðèìàíà ñóùåñòâóåò è åäèíñòâåííî. Àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ âàðèàöèîí-
íûõ ìàòðèö ïîëó÷àþòñÿ â ÿâíîì è äîñòàòî÷íî êîìïàêòíîì âèäå ïðè ïðîèçâîëü-
íûõ íà÷àëüíûõ äàííûõ. Ñ ïîìîùüþ âàðèàöèîííûõ ìàòðèö ìîæíî âûïîëíèòü
òî÷íóþ ëèíåàðèçàöèþ ãîäóíîâñêîãî ÷èñëåííîãî ïîòîêà. Ýòî ïîçâîëÿåò íåïîñðåä-
ñòâåííî ïðîâåñòè êîíå÷íî-îáúåìíóþ äèñêðåòèçàöèþ ëèíåàðèçîâàííîé ñèñòåìû
ñæèìàåìûõ óðàâíåíèé Ýéëåðà, îïèñûâàþùåé ðàñïðîñòðàíåíèå àêóñòè÷åñêèõ ïî-
ëåé ìàëûõ âîçìóùåíèé â íåîäíîðîäíîì ïîòîêå. Òî÷íàÿ ëèíåàðèçàöèÿ ÷èñëåííî-
ãî ïîòîêà èñïîëüçóåòñÿ òàêæå â íüþòîíîâñêèõ èòåðàöèÿõ ðåøåíèÿ äèñêðåòíûõ
óðàâíåíèé ÿâíî-íåÿâíîé ñõåìû Ñ.Ê. Ãîäóíîâà, ÷òî ïîçâîëÿåò ïîâûñèòü ñêîðîñòü
ñõîäèìîñòè ÷èñëåííûõ ðåøåíèé. Ïðèâîäÿòñÿ ÷èñëåííûå ðåçóëüòàòû, ïîêàçûâà-
þùèå òî÷íîñòü ðàñ÷åòà àêóñòè÷åñêîãî ïîëÿ â íåîäíîðîäíîì ïîòîêå, â òîì ÷èñëå
ïðè íàëè÷èè ðàçðûâîâ, è ñõîäèìîñòü ÿâíî-íåÿâíîé ñõåìû íà ñòàöèîíàðíûõ è
íåñòàöèîíàðíûõ òå÷åíèÿõ.

Âî âòîðîé ÷àñòè äîêëàäà îáñóæäàåòñÿ îáîáùåíèå ìåòîäà Ñ.Ê. Ãîäóíîâà íà
íåêîíñåðâàòèâíûå ñèñòåìû óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. Ðàññìàòðèâàþò-
ñÿ óðàâíåíèÿ äâóõôàçíîé ãèäðîäèíàìèêè â ðàìêàõ ìîäåëè Áàéåðà � Íóíçèàòî.
Ââîäÿòñÿ ðàñùåïëåííûå ïîñòàíîâêè çàäà÷è Ðèìàíà äëÿ íåñóùåé è äèñïåðñíîé
ôàçû, ñîîòâåòñòâåííî, îïèñûâàþòñÿ èõ òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ, îáñóæ-
äàþòñÿ âîçìîæíûå óïðîùåííûå ïðèáëèæåíèÿ íà îñíîâå äâóõâîëíîâîé ñòðóêòó-
ðû ðåøåíèÿ. Ñ èñïîëüçîâàíèåì ïîëó÷åííîãî ïðèáëèæåííîãî ðåøåíèÿ ïîñòðîåíà
÷èñëåííàÿ ñõåìà, îáåñïå÷èâàþùàÿ ñâîéñòâî îäíîðîäíîñòè (well-ballancing). Ïðî-
âîäèòñÿ òåñòèðîâàíèå ñõåìû íà ðåøåíèè çàäà÷ î ðàñïàäå ïðîèçâîëüíîãî ðàçðûâà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00921).
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Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèé Íàâüå �
Ñòîêñà äèíàìèêè âÿçêîé ñæèìàåìîé æèäêîñòè

∂t(ϱu) + div (ϱu⊗ u) +∇p(ϱ)
= div S(u) + ϱ f â Ω× (0, T ),

∂tϱ+ div (ϱu) = 0 â Ω× (0, T ),

u = 0 íà ∂Ω× (0, T ),

u(x, 0) = u0(x) â Ω,

ϱ(x, 0) = ϱ0(x) â Ω.

Çäåñü Ω ⊂ R3 � îãðàíè÷åííàÿ îáëàñòü, ϱ0 > 0, u0, f � çàäàííûå îãðàíè÷åí-
íûå ôóíêöèè, p(ϱ) = ϱγ , S(u) = µ(∇u + ∇u⊤) + λdiv u, µ, λ � ïîëîæèòåëüíûå
ïîñòîÿííûå. Ìû ñîñðåäîòî÷èìñÿ íà êðèòè÷åñêîì ñëó÷àå γ = 3/2, êîãäà ýíåðãåòè-
÷åñêàÿ îöåíêà íå ãàðàíòèðóåò èíòåãðèðóåìîñòü ïëîòíîñòè êèíåòè÷åñêîé ýíåðãèè
ñ ïîêàçàòåëåì àäèàáàòû áîëüøèì åäèíèöû. Â êðèòè÷åñêèõ ñëó÷àÿõ âîçìîæíà
êîíöåíòðàöèÿ êîíå÷íîé ýíåðãèè â ñêîëü óãîäíî ìàëûõ îáëàñòÿõ. Äëÿ ðåøåíèÿ
ïðîáëåìû êîíöåíòðàöèé ïðåäëàãàåòñÿ íîâûé ïîäõîä, îñíîâàííûé íà íà àïðèîð-
íûõ îöåíêàõ ïîòåíöèàëà Íüþòîíà äëÿ ôóíêöèè äàâëåíèÿ. Â ðàáîòå äîêàçûâàåò-
ñÿ, ÷òî â òðåõìåðíîé çàäà÷å ñ êðèòè÷åñêèì ïîêàçàòåëåì àäèàáàòû γ = 3/2 ïëîò-
íîñòü êèíåòè÷åñêîé ýíåðãèè îãðàíè÷åíà â ïðîñòðàíñòâå Îðëè÷à L logLα. Ýòîãî
äîñòàòî÷íî äëÿ ðåøåíèÿ ïðîáëåìû êîíöåíòðàöèé.
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ÒÅÐÌÎÄÈÍÀÌÈ×ÅÑÊÀß ÑÎÃËÀÑÎÂÀÍÍÎÑÒÜ,

ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÊÎÐÐÅÊÒÍÎÑÒÜ,
×ÈÑËÅÍÍÀß ÐÅÀËÈÇÀÖÈß

Ñàäîâñêèé Â.Ì., Ñàäîâñêàÿ Î.Â.

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ, Êðàñíîÿðñê, Ðîññèÿ;
sadov@icm.krasn.ru

Òåðìîäèíàìè÷åñêè ñîãëàñîâàííûå ñèñòåìû çàêîíîâ ñîõðàíåíèÿ èçó÷àþòñÿ â
ðàáîòàõ Ñ.Ê. Ãîäóíîâà è åãî ó÷åíèêîâ [1, 2] ïðèìåíèòåëüíî ê ìîäåëÿì c îáðà-
òèìîé òåðìîäèíàìèêîé â òåîðèè óïðóãîñòè, ãàçîâîé äèíàìèêå, ìàãíèòíîé ãàçî-
äèíàìèêå è ýëåêòðîäèíàìèêå. Â ïðåäëàãàåìîì äîêëàäå äàåòñÿ îáîáùåíèå ýòîãî
ïîäõîäà íà òåðìîäèíàìè÷åñêè íåîáðàòèìûå ìîäåëè, ó÷èòûâàþùèå äèññèïàòèâ-
íûå ïëàñòè÷åñêèå äåôîðìàöèè ñðåäû.

Èñïîëüçóþòñÿ ñïåöèàëüíûå ôîðìóëèðîâêè ìîäåëåé äèíàìèêè óïðóãîïëàñòè-
÷åñêèõ, ñûïó÷èõ è ïîðèñòûõ ñðåä â âèäå âàðèàöèîííûõ íåðàâåíñòâ äëÿ ãèïåðáî-
ëè÷åñêèõ îïåðàòîðîâ ñ îãðàíè÷åíèÿìè, îïèñûâàþùèìè ôèçè÷åñêè íåëèíåéíûé
ïðîöåññ ïåðåõîäà ìàòåðèàëà â ïëàñòè÷åñêîå ñîñòîÿíèå [3] è ðàçíîå ñîïðîòèâëå-
íèå ñûïó÷åãî èëè ïîðèñòîãî ìàòåðèàëà ðàñòÿæåíèþ è ñæàòèþ [4]. Íà ýòîé îñíîâå
èññëåäóåòñÿ ïðîáëåìà ðàçðûâíûõ ðåøåíèé ñ ïëàñòè÷åñêèìè óäàðíûìè âîëíàìè,
ñòðîÿòñÿ èíòåãðàëüíûå îöåíêè â õàðàêòåðèñòè÷åñêèõ êîíóñàõ îïåðàòîðà, èç êî-
òîðûõ ñëåäóåò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü îò íà÷àëüíûõ äàííûõ
ðåøåíèé çàäà÷è Êîøè è êðàåâûõ çàäà÷ ñ äèññèïàòèâíûìè ãðàíè÷íûìè óñëîâèÿ-
ìè, âêëþ÷àÿ çàäà÷è ñ ðàçðûâàìè ñêîðîñòåé è íàïðÿæåíèé.

Ðàçðàáàòûâàþòñÿ îðèãèíàëüíûå âû÷èñëèòåëüíûå àëãîðèòìû ñêâîçíîãî ñ÷å-
òà, êîòîðûå ìîæíî ðàññìàòðèâàòü êàê ðåàëèçàöèþ ìåòîäà ðàñùåïëåíèÿ ïî ôè-
çè÷åñêèì ïðîöåññàì, àâòîìàòè÷åñêè óäîâëåòâîðÿþùèå ñâîéñòâàì ìîíîòîííîñòè
è äèññèïàòèâíîñòè íà äèñêðåòíîì óðîâíå, ïðèãîäíûå äëÿ ðàñ÷åòà ðåøåíèé ñ îñî-
áåííîñòÿìè òèïà ñèëüíûõ ðàçðûâîâ è ðàçðûâîâ ñïëîøíîñòè ñðåäû. Äëÿ ÷èñëåí-
íîãî ðåøåíèÿ äâóìåðíûõ è òðåõìåðíûõ çàäà÷ ïðèìåíÿåòñÿ ìåòîä äâóöèêëè÷åñ-
êîãî ðàñùåïëåíèÿ Ã.È. Ìàð÷óêà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ñîõðàíÿþ-
ùèé âòîðîé ïîðÿäîê òî÷íîñòè ïðè èñïîëüçîâàíèè ñõåì âòîðîãî ïîðÿäêà íà ýòàïå
ðåøåíèÿ ïðîñòðàíñòâåííî îäíîìåðíûõ çàäà÷.

Â êà÷åñòâå íåðåøåííîé ïðîáëåìû ðàññìàòðèâàåòñÿ ïðîáëåìà ðàçðåøèìîñòè
êðàåâûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ âàðèàöèîííûõ íåðàâåíñòâ â ïðîñòðàíñòâàõ
Ñ.Ë. Ñîáîëåâà â ãåîìåòðè÷åñêè íåëèíåéíûõ çàäà÷àõ ñ êîíå÷íûìè óïðóãîïëàñòè-
÷åñêèìè äåôîðìàöèÿìè.
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Â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå ðàññìàòðèâàåòñÿ ïðîöåññ âûìå-
òàíèÿ (sweeping process). Îí ïîðîæäàåòñÿ îïðåäåëåííûì íà îòðåçêå ìíîãîçíà÷-
íûì îòîáðàæåíèåì, çíà÷åíèÿìè êîòîðîãî ÿâëÿþòñÿ ïîëèýäðû. Ïîëèýäð � ýòî ïå-
ðåñå÷åíèå êîíå÷íîãî ÷èñëà çàìêíóòûõ ïîëóïðîñòðàíñòâ, êîòîðûå îïðåäåëÿþòñÿ
ñ ïîìîùüþ ãèïåðïëîñêîñòåé. Â óðàâíåíèÿ ãèïåðïëîñêîñòåé âõîäÿò íîðìàëüíûå
âåêòîðà è ñâîáîäíûå ÷ëåíû, êîòîðûå â íàøåì ñëó÷àå ÿâëÿþòñÿ ôóíêöèÿìè âðå-
ìåíè. Ïîýòîìó èõ ìîæíî ðàññìàòðèâàòü êàê óïðàâëåíèÿ. Òàêèå óïðàâëåíèÿ ìû
íàçûâàåì âíóòðåííèìè. Íàðÿäó ñ âíóòðåííèìè óïðàâëåíèÿìè â ïðàâóþ ÷àñòü
ïðîöåññà âûìåòàíèÿ âõîäÿò è âíåøíèå óïðàâëåíèÿ, êîòîðûå ïðåäñòàâëÿþò ñîáîé
òðàäèöèîííûå èçìåðèìûå ôóíêöèè. Âíåøíèå óïðàâëåíèÿ èìåþò îãðàíè÷åíèÿ â
âèäå ìíîãîçíà÷íîãî îòîáðàæåíèÿ ñ çàìêíóòûìè çíà÷åíèÿìè.

Èçó÷àþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è çàâèñèìîñòè ðåøåíèé îò âíóòðåííèõ è
âíåøíèõ óïðàâëåíèé, à òàêæå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ. Äëÿ ðåøåíèÿ
òàêèõ çàäà÷ íà ïðîñòðàíñòâå ïîëèýäðîâ ââîäèòñÿ ìåòðèêà, ñõîäèìîñòü â êîòîðîé
ñîâïàäàåò ñî ñõîäèìîñòüþ ïî Ìîñêî âûïóêëûõ çàìêíóòûõ ìíîæåñòâ.

Â ñâîþ î÷åðåäü ïðîñòðàíñòâî íåïðåðûâíûõ ìíîãîçíà÷íûõ îòîáðàæåíèé, çíà-
÷åíèÿìè êîòîðûõ ÿâëÿþòñÿ ïîëèýäðû, íàäåëÿåòñÿ òîïîëîãèåé ðàâíîìåðíîé ñõî-
äèìîñòè.

Â òåðìèíàõ íîðìàëüíûõ âåêòîðîâ è ñâîáîäíûõ ÷ëåíîâ (âíóòðåííèõ óïðàâëå-
íèé) äàþòñÿ äîñòàòî÷íûå óñëîâèÿ êîìïàêòíîñòè ìíîæåñòâ â ïðîñòðàíñòâå ïî-
ëèýäðàëüíûõ îòîáðàæåíèé. Ýòî ïîçâîëÿåò ðàññìîòðåòü âîïðîñû ñóùåñòâîâàíèÿ
îïòèìàëüíûõ óïðàâëåíèé â çàäà÷àõ ìèíèìèçàöèè èíòåãðàëüíûõ ôóíêöèîíàëîâ,
èíòåãðàíòû êîòîðûõ çàâèñÿò îò âíåøíèõ è âíóòðåííèõ óïðàâëåíèé, íà ðåøåíèÿõ
ïîëèýäðàëüíûõ ïðîöåññîâ âûìåòàíèÿ.
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ÍÀÍÎÌÀÒÅÐÈÀËÎÂ

Ôîìèí Â.Ì.1,2, Ôèëèïïîâ À.À.1

1Èíñòèòóò òåîðåòè÷åñêîé è ïðèêëàäíîé ìåõàíèêè èì. Ñ.À. Õðèñòèàíîâè÷à
ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; fomin@itam.nsc.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

Àíàëèç ñîâðåìåííîé ëèòåðàòóðû ïîçâîëÿåò ñäåëàòü ïðîñòîé âûâîä, ÷òî ïðè
èçìåíåíèè õàðàêòåðíîãî ðàçìåðà íàíîìàòåðèàëîâ èõ ìåõàíè÷åñêèå õàðàêòåðè-
ñòèêè ìîãóò èçìåíÿòüñÿ íà ïîðÿäêè. Ýêñïåðèìåíòàëüíûå ìåòîäû èõ îïðåäåëå-
íèÿ ïðåäñòàâëÿþò òåõíè÷åñêè ñëîæíóþ è ðåàëüíî ïîêà íåâûïîëíèìóþ çàäà÷ó
âñëåäñòâèå ìàëîñòè ðàçìåðîâ äàííûõ îáúåêòîâ. Ðàñ÷åòíûå ìîäåëè äàþò äîñòà-
òî÷íî áîëüøèå ðàñõîæäåíèÿ â ñâÿçè ñ íåòî÷íûìè çàëîæåííûìè â íèõ èñõîäíûìè
íà÷àëüíûìè äàííûìè.

Â äàííîé ðàáîòå íà îñíîâå òåîðåòèêî-ýêñïåðèìåíòàëüíîãî ïîäõîäà óäàåòñÿ
ïîëó÷èòü ñâîéñòâà íàíîñòðóêòóð â çàâèñèìîñòè îò ðàçìåðîâ è ñòðóêòóðû èõ îá-
ðàçîâàíèÿ. Ãåòåðîãåííûé ìàòåðèàë, ñîñòîÿùèé èç íàíîôàçû è ñâÿçóþùåé ôàçû,
ìàññîâûå è îáúåìíûå êîíöåíòðàöèè êîòîðûõ çàäàíû, ñ ïîìîùüþ ìåòîäîâ îñðåä-
íåíèÿ ñâîäèòñÿ ê ãîìîãåííîìó. Òàêîé ïîäõîä ñâÿçûâàåò ìåõàíè÷åñêèå õàðàêòå-
ðèñòèêè ôàç ÷åðåç îñðåäíåííûå. Ïîëó÷åííûé ãîìîãåííûé ìàòåðèàë ïîçâîëÿåò
ïîëó÷àòü îáðàçöû äëÿ êëàññè÷åñêèõ ýêñïåðèìåíòîâ íà ðàñòÿæåíèå, ñæàòèå, êðó-
÷åíèå è äð. Ïðè ýòîì â îñðåäíåííûå ìåõàíè÷åñêèå õàðàêòåðèñòèêè ìàòåðèàëà
áóäóò âõîäèòü ìåõàíè÷åñêèå õàðàêòåðèñòèêè ñîñòàâëÿþùèõ ôàç. Ñ÷èòàÿ ìåõà-
íè÷åñêèå õàðàêòåðèñòèêè ñâÿçóþùåãî ìàòåðèàëà è îñðåäíåííûå õàðàêòåðèñòèêè
ãîìîãåííîãî ìàòåðèàëà èçâåñòíûìè èç äàííûõ ýêñïåðèìåíòîâ, ïîëó÷èì ñèñòåìó
óðàâíåíèé äëÿ îïðåäåëåíèÿ ìåõàíè÷åñêèõ õàðàêòåðèñòèê íàíîôàç, âõîäÿùèõ â
äàííûé ãîìîãåííûé îáðàçåö. Èçìåíÿÿ ðàçìåðû íàíîôàç è ïðîâîäÿ ñîîòâåòñòâóþ-
ùèå ðàñ÷åòû è ýêñïåðèìåíòû, ïîëó÷èì çàêîíîìåðíîñòü èçìåíåíèÿ ìåõàíè÷åñêèõ
õàðàêòåðèñòèê äëÿ íàíîôàçû.

Èñïîëüçóÿ ïðåäëîæåííûé ïîäõîä, áûëè èññëåäîâàíû óïðóãèå õàðàêòåðèñòè-
êè íàíî÷àñòèö äèîêñèäà êðåìíèÿ ïîðîøêîâ Àýðîñèë è Òàðêîñèë â çàâèñèìîñòè
îò äèàìåòðîâ. Â ðåçóëüòàòå îñðåäíåíèÿ ïî îáúåìó è â ïðèáëèæåíèè îäíîîñíîãî
íàïðÿæåííîãî è äåôîðìèðîâàííîãî ñîñòîÿíèÿ óäàåòñÿ ïîëó÷èòü ñèñòåìó àëãåá-
ðàè÷åñêèõ óðàâíåíèé, ñâÿçûâàþùèõ

λ1 = φ1(λ2, µ2, λ̂, µ̂,m1, d1); µ1 = φ2(λ2, µ2, λ̂, µ̂,m1, d1), (1)

ãäå λ1, µ1 � êîíñòàíòû Ëàìý äëÿ íàíîôàçû, λ2, µ2, λ̂, µ̂ � êîíñòàíòû Ëàìý
ñâÿçóþùåé è îñðåäíåííîé ôàç ñîîòâåòñòâåííî, m1 � îáúåìíàÿ êîíöåíòðàöèÿ è
d1 � äèàìåòð íàíîôàçû. Ïðîâåäÿ ýêñïåðèìåíòû íà ðàñòÿæåíèå è ñæàòèå â îä-
íîîñíîì íàïðÿæåííîì ïðèáëèæåíèè, íàõîäèì λ̂, µ̂ ïðè çàäàííûõ m1, d1, ÷åì è
çàìûêàåòñÿ ñèñòåìà (1). Ïîäãîòîâêà ïîëèìåðíîãî êîìïîçèöèîííîãî ìàòåðèàëà
ïîäðîáíî îïèñàíà â [1], à ðåçóëüòàòû ìåõàíè÷åñêèõ èñïûòàíèé èçëîæåíû òàêæå
â ðàáîòå [1].

Â ðåçóëüòàòå ïðèâåäåííûõ èññëåäîâàíèé óñòàíîâëåíî, ÷òî ïðè óâåëè÷åíèè d1
ïàðàìåòðû λ1, µ1 àñèìïòîòè÷åñêè ñòðåìÿòñÿ ê êëàññè÷åñêîìó ñïëîøíîìó ìàòå-
ðèàëó, à ïðè óìåíüøåíèè d1 ïàðàìåòðû λ1, µ1 âîçðàñòàþò, ñòðåìÿñü ê òåîðåòè-
÷åñêîìó ïðåäåëó, âû÷èñëåííîìó â ïðèáëèæåíèè äâóõàòîìíîé ñòðóêòóðû. Ñëå-
äóåò çàìåòèòü, ÷òî äàííûå ðåçóëüòàòû ïîäòâåðæäàþò âûâîäû Í.Ô. Ìîðîçîâà,
À.Ì. Êðèâöîâà è äð., ïîëó÷åííûå íà îñíîâå òåîðåòè÷åñêèõ èññëåäîâàíèé.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÂÇÐÛÂÍÛÕ ßÂËÅÍÈÉ
ÏÐÈ ÁÛÑÒÐÛÕ ÔÀÇÎÂÛÕ ÏÅÐÅÕÎÄÀÕ

ßêóø Ñ.Å.

Èíñòèòóò ïðîáëåì ìåõàíèêè èì. À.Þ. Èøëèíñêîãî ÐÀÍ,
Ìîñêâà, Ðîññèÿ; yakush@ipmnet.ru

Áûñòðûå ôàçîâûå ïåðåõîäû, ñâÿçàííûå ñ âûñâîáîæäåíèåì ýíåðãèè è ðåçêèì
óâåëè÷åíèåì óäåëüíîãî îáúåìà ñèñòåìû, ñïîñîáíû ïðèâîäèòü ê ëîêàëüíîìó ïîâû-
øåíèþ äàâëåíèÿ è ðàñïðîñòðàíåíèþ âçðûâíûõ âîëí. Ïðèìåðàìè òàêèõ ÿâëåíèé
ñëóæàò âñêèïàíèå ïåðåãðåòîé æèäêîñòè ïðè ðàçðóøåíèè ðåçåðâóàðà âûñîêîãî
äàâëåíèÿ, ïðåäñòàâëÿþùåå îïàñíîñòü ïðè àâàðèÿõ ñî ñæèæåííûìè äàâëåíèåì
óãëåâîäîðîäàìè, à òàêæå ïàðîâîé âçðûâ (òåðìè÷åñêàÿ äåòîíàöèÿ) ïðè âçàèìî-
äåéñòâèè æèäêîãî òåïëîíîñèòåëÿ ñ ðàñïëàâàìè, íàõîäÿùèìèñÿ ïðè òåìïåðàòóðå
çíà÷èòåëüíî âûøå òåìïåðàòóðû êèïåíèÿ òåïëîíîñèòåëÿ. Ïîñëåäíÿÿ çàäà÷à àêòó-
àëüíà â àòîìíîé ýíåðãåòèêå ïðè àíàëèçå òÿæåëûõ àâàðèé ñ ïëàâëåíèåì àêòèâíîé
çîíû ðåàêòîðà. Â îáîèõ ñëó÷àÿõ äâèæóùèå ïðè÷èíû âçðûâà íîñÿò ôèçè÷åñêèé
õàðàêòåð, â îòëè÷èå îò îáû÷íûõ âçðûâîâ ñ âûäåëåíèåì ýíåðãèè õèìè÷åñêèõ ïðå-
âðàùåíèé.

Â äîêëàäå ðàññìîòðåíû ìàòåìàòè÷åñêèå ìîäåëè óêàçàííûõ ÿâëåíèé, â êîòî-
ðûõ îñíîâíîé óïîð äåëàåòñÿ íà ãèäðîäèíàìè÷åñêèå àñïåêòû ïðîáëåìû (âîçíèê-
íîâåíèå è ðàñïðîñòðàíåíèå óäàðíûõ âîëí â ìíîãîôàçíûõ ñèñòåìàõ) ïðè îïðå-
äåëåííûõ óïðîùåíèÿõ ñëîæíûõ ïðîöåññîâ, ïðîòåêàþùèõ íà ìàëûõ ìàñøòàáàõ
(çàðîæäåíèå è ðîñò ïóçûðüêîâ, âçàèìíîå äâèæåíèå æèäêîé è ïàðîâîé ôàç), íà
îñíîâå ïðåäïîëîæåíèÿ î ìàëîì âðåìåííîì ìàñøòàáå íåðàâíîâåñíûõ ïðîöåññîâ
ïî ñðàâíåíèþ ñ õàðàêòåðíûìè ãèäðîäèíàìè÷åñêèìè âðåìåíàìè. Â ðåçóëüòàòå çà-
äà÷à ñâîäèòñÿ ê ðåøåíèþ ãèïåðáîëè÷åñêèõ óðàâíåíèé äâèæåíèÿ ñ óñëîæíåííûì
óðàâíåíèåì ñîñòîÿíèÿ. Îáñóæäàåòñÿ ïðîöåäóðà ÷èñëåííîãî ðåøåíèÿ è îñîáåí-
íîñòè ðåàëèçàöèè ñîîòâåòñòâóþùèõ ñõåì, â ÷àñòíîñòè, âû÷èñëåíèå ïîòîêîâ íà
ãðàíèöàõ ðàñ÷åòíûõ ÿ÷ååê è îïèñàíèå ïîäâèæíîé ãðàíèöû ðàçäåëà ìåæäó äâóõ-
ôàçíîé îáëàñòüþ è îêðóæàþùåé ñðåäîé.

Ïðèâåäåíû ïðèìåðû ðàñ÷åòà ôèçè÷åñêîãî âçðûâà ïðè ðàçðóøåíèè ðåçåðâó-
àðà âûñîêîãî äàâëåíèÿ ñî ñæèæåííûì ïðîïàíîì, à òàêæå ïàðîâîãî âçðûâà â
ñèñòåìå âîäà � ïàð � ðàñïëàâ. Ðàññìîòðåíî áûñòðîå âñêèïàíèå ïðè ïîëíîì è ÷à-
ñòè÷íîì çàïîëíåíèè ðåçåðâóàðà, ïîëó÷åíû õàðàêòåðèñòèêè âîçäóøíûõ óäàðíûõ
âîëí, ïðîäåìîíñòðèðîâàíà êàðòèíà òå÷åíèÿ â äâóõôàçíîé çîíå, âêëþ÷àÿ ðàñïðî-
ñòðàíåíèå âîëíû âñêèïàíèÿ è âòîðè÷íûå îòðàæåíèÿ óäàðíûõ âîëí, ïðèâîäÿùèå
ê õàðàêòåðíûì ïðîôèëÿì äàâëåíèÿ ñ íåñêîëüêèìè ìàêñèìóìàìè. Ðàññ÷èòàíà
ñòðóêòóðà âîëíû ïàðîâîãî âçðûâà ïðè ðàñïðîñòðàíåíèè ïî çîíå ïðåäâàðèòåëü-
íîãî ïåðåìåøèâàíèÿ ñ êðóïíîäèñïåðñíûìè êàïëÿìè ðàñïëàâà, èñïûòûâàþùèìè
ôðàãìåíòàöèþ ïîñëå ïðîõîæäåíèÿ âîëíû äàâëåíèÿ. Îáñóæäàåòñÿ ðîëü ðàçëè÷-
íûõ ôèçè÷åñêèõ ÿâëåíèé â ôîðìèðîâàíèè âçðûâíîé âîëíû, à òàêæå ðàññìàòðè-
âàåòñÿ àíàëîãèÿ ñ äåòîíàöèîííûìè âîëíàìè â õèìè÷åñêè ðåàãèðóþùèõ ñèñòåìàõ.
Ðåçóëüòàòû ðàñ÷åòîâ ñîïîñòàâëåíû ñ èìåþùèìèñÿ ýêñïåðèìåíòàëüíûìè äàííû-
ìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 18-19-

00289).
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GEODESIC MESH MHD: A NEW PARADIGM FOR
COMPUTATIONAL ASTROPHYSICS AND SPACE
PHYSICS APPLIED TO SPHERICAL SYSTEMS

Balsara D. S.

University of Notre Dame, Notre Dame, USA; dbalsara@nd.edu

A majority of astrophysical systems tend to be spherical. The same is true for
problems in space physics. Even so, simulations of such systems tend to be done
on logically Cartesian meshes. The r-theta-phi meshes that are often used have a
few major de�ciencies: a) They don't cover the sphere uniformly, b) The coordinate
singularity on-axis results in a loss of accuracy, c) The timestep is seriously diminished.
All these problems are associated with using an inadequate coordinate system for
doing the calculation. As astrophysicists and space physicists actively take on the
issues of MHD turbulence, it becomes increasingly important to have high orders of
accuracy. High accuracy schemes are the only way of reducing the dissipation and
dispersion that should be held down in turbulence simulations.

In this work we show that an excellent alternative is available. The most isotropic
covering of the sphere comes from icosahedrally generated geodesic meshes. The ele-
ments of such a mesh are inherently curved and we show that isoparametric mapping
provides an extraordinarily accurate re-mapping strategy for the sphere. We show
that divergence-free MHD calculations can be done on such meshes with no loss of on-
core processing e�ciency or parallelism. To improve accuracy we use a combination
of: a) WENO methods, b) A re-formulation to support high order divergence-free
reconstruction of magnetic �elds, c) Multidimensional Riemann solvers, d) Higher
order timestepping to match the spatial accuracy. The resulting capability achieves
provably high order of accuracy and high levels of parallelism. Several stringent test
problems are presented and a few frontline applications are shown to highlight the
utility of our approach.
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CONTRIBUTIONS TO THE MATHEMATICAL
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VOLUME METHODS

Berm�udez A.1, Busto S.2, Cea L.3, V�azquez-Cend�on M.E.4

1University of Santiago de Compostela, Technological Institute for Industrial
Mathematics, Santiago de Compostela, Spain; alfredo.bermudez@usc.es
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4University of Santiago de Compostela, Technological Institute for Industrial
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At the early 1980s, the research group in Mathematical Engineering, mat+i, from
the USC, started working on �nite volume methods for the simulation of environmental
issues concerning Galician rias (Spain). The focus was on the study of hyperbolic
balance laws due to the presence of source terms related with the bathymetry of
Galician coast. A correct treatment of these terms, an upwind discretization, was
initially presented in [1] and extended to bidimensional problems in [2�3]. The transfer
of this knowledge has motivated the registration of IBER code (www.iberaula.es).

Latterly, under research projectsMTM2008-02483, CGL2011-28499-C03-0, MTM2013-

43745-R and MTM2017-86459-R, we have been working on the development of a numeri-
cal algorithm for the resolution of Euler and Navier�Stokes equations. A semi-implicit
hybrid projection �nite volume/�nite element method [4�5] is employed to decouple
the computation of pressure and momentum making use of unstructured staggered
grids. To attain second order of accuracy ADER methodology is employed.

On the other hand, with numerical simulation of gas transportation networks in
view, a �rst-order well-balanced �nite volume scheme for the solution of a model, for
the �ow of a multi-component gas in a pipe on non-�at topography, is introduced.
The mathematical model consists of Euler equations, with source terms arising from
heat exchange and gravity and viscosity forces, coupled with the mass conservation
equations of species. We propose a segregated scheme in which Euler and species
equations are solved separately. This methodology leads to a �ux vector in the Euler
equations depending not only on the conservative variables but also on time and space
through the gas composition [6].
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WHY GODUNOV-TYPE SCHEMES ARE SO RICH
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In this talk we present recent developments of Godunov-type schemes to approxi-
mate the weak solutions of hyperbolic systems eventually supplemented with source
terms. Here, the objectives are to enrich the associated approximate Riemann solu-
tions in order to recover some important properties to be satis�ed by the numerical
approximations. For the sake of simplicity, we focus on the well-known shallow-water
model where the so-called topography source term involves several speci�c properties
to be preserved at the numerical level. More precisely, the source term makes the
smooth steady solutions not obvious and their numerical capture may become a very
di�cult task. After [2], it is well-known that an accurate approximation of these steady
sates is crucial to avoid some spurious waves during the numerical simulation. As a
consequence, we propose a suitable extension of the Harten, Lax and van Leer integral
consistency condition [3] in order to derive approximate Riemann solvers which exactly
capture all the steady solutions of the shallow-water system. The obtained �nite
volume scheme is then called fully-well-balanced scheme. In addition, this scheme is
proved to be robust. Concerning the entropy stability, at this level, we can establish,
according to the celebrate Lax�Wendro� Theorem, that if the scheme converges then
it converges to the entropy weak solutions.

Next, we enrich this numerical procedure in order to recover some additional
asymptotic regimes. For instance, let us complete the topography source term with a
friction source term. As soon as the friction becomes dominant and for a long time,
we then have to deal with a porous media and the �ow under consideration is clearly
governed by a di�usion equation. During the last decade, numerous authors have
proposed techniques to derive asymptotic preserving scheme [4] to correctly capture
the di�usion regime. Here, we show that the fully-well-balanced above technique easily
yields to preserve the associated asymptotic regimes.

The last part of the talk concerns the derivation of fully discrete entropy inequa-
lities. Once again here, the required numerical stability is obtained by introducing
suitable properties within the adopted approximate Riemann solver. More precisely,
arguing the well-known arti�cial viscosity technique [5], we introduce a suitable re-
formulation of the arti�cial numerical viscosity in order to get a relevant control of
the numerical entropy dissipation rate involved by the approximate Riemann solver.
Adopting this procedure we easily solve entropy-�x involved by some �rst-order �nite
volume schemes. Next, we extend this procedure in order to improve the hydrostatic
reconstruction scheme [1] and get fully discrete entropy inequalities.
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We study a generalization of a structural-phenomenological Pokrovski�Vinogra-
dov model [1] describing �ows of melts and solutions of incompressible viscoelastic
polymeric mediums, onto the nonisothermic case with additional assumption that
medium is under the in�uence of magnetic �eld.

Our main interest is in analogue of a known shear �ow in an in�nite channel �
Poiseuille �ow. It turns out that in considered case it has a number of features. So,
for example, our calculations show that for some parameter values the velocity pro�le
is elongated to the side opposite to the direction of pressure forces.

Main results.
1. We derived the asymptotic representation for the spectrum of linearized problem
with respect to the chosen main �ow (Poiseuille-type �ow).
2. We found su�cient condition for asymptotic stability of the main solution in chosen
class of perturbations periodic with respect to the variable going along the boundary
of an in�nite plane channel.
For justi�cation of formulated results we used ideas proposed in authors' works [2�5].

The authors were partially supported by the Russian Foundation for Basic Research

(projects no. 17-01-00791a, no. 19-01-00261a).
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The eigenvalue problem is well-posed for symmetric matrices and is ill-posed in a
general case. Instead of the eigenvalues for non-self-adjoint matrices one must work
with pseudo spectrum (L.N. Trefethen terminology) or in another word ϵ-spectrum
(Godunov's group terminology, see preface [1]). It leads researchers to �nd a graphic
representation of ϵ-spectra of matrix A. This representation is known as spectral
portrait of a matrix. Application MVC [2] allows to draw spectral portrait in the
complex domain |z| < ||A|| with spectral norm A. It looks like using algorithm [3] one
can prepared a fast algorithm for spectral portrait drawing.

One application of ϵ-spectra is Hurwitz problem: Are there all the eigenvalues of
matrix A strictly in the left-hand half-plane? There exist some numerical characteris-
tics such as factor of stability, distance from stable matrices to unstable matrices set
(Charles Van Loan) which are connected with spectral portrait of a matrix. Beginning
with extremal quadratic Lyapunov functions [4] a quality of stability parameter κ(A)
was suggested in [5]. For Hurwitz matrices A and S = ST the following inequalities
are true

∥etA∥ ≤
√
κ(A)e−t

∥A∥
κ(A) ,

∥etS∥ ≤ e−t
∥S∥
κ(S) .

There exists an algorithm with guaranteed accuracy for computing κ(A) [6]. This
parameter has also a physical interpretation which was found by S.K. Godunov [7].
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ON ALL-REGIME AND WELL-BALANCED
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It is the purpose of this talk to provide an overview on recent advances on the
development of Lagrange-Projection like numerical schemes for compressible �uids
systems. We will focus in particular on the design of all-regime strategies for low
Mach number �ows and on (fully) well-balanced schemes for shallow water equations.
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In applications such as astrophysics and inertial con�nement fusion, there are many
three-dimensional cylindrical-symmetric multi-material problems which are usually
simulated by Lagrangian schemes in the two-dimensional cylindrical coordinates. For
this type of simulation, the critical issues for the schemes include keeping positivity of
physically positive variables such as density and internal energy and keeping spherical
symmetry in the cylindrical coordinate system if the original physical problem has
this symmetry. In this talk, I will introduce our recent work on high order positivity-
preserving and symmetry-preserving conservative Lagrangian schemes solving comp-
ressible Euler equations. The properties of positivity-preserving and symmetry-pre-
serving are proven rigorously. One- and two-dimensional numerical results are pro-
vided to verify the designed characteristics of these schemes.
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This presentation will focus on Godunov's numerical schemes for Lagrangian
compressible gas dynamics. Professor Godunov's scienti�c in�uence in France started
very early, in particular with celebrated works translated in French such as [1]. The
proceedings of the Saint Etienne conference [2] were also very in�uential.

There has been constant e�orts in France to adapt and use Godunov's Lagrangian
schemes for numerical calculations. Two aspects will be evoked. The �rst aspect is how
Lagrangian numerical schemes can be used in combination with the entropy principle
to get families of entropy stable numerical methods for models ranging between non
viscous compressible gas dynamics to ideal magnetohydrodynamics. These schemes
allow an easy extension to complex physics, and the structure is ultimately the one
of an Eulerian scheme on �xed grid. The second aspect is why and how a strong
modi�cation of Godunov's seminal principles has been recently investigated [3] in
order to use linearized Riemann solvers on moving Lagrangian grids (translated in
�maillages ottants� in [1]). The idea was to solve a problem already addressed in [1]
by de�ning Lagrangian uxes at nodes, and not at edges. It solves the geometrical
problem on general grids, and is now extended in many directions [4].

The author thanks CEA for support.
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In this talk, we present a new class of structure-preserving semi-implicit schemes
for the uni�ed �rst order hyperbolic model of Newtonian continuum mechanics pro-
posed by Godunov, Peshkov and Romenski (GPR). The GPR model is a geometric
approach to continuum mechanics, which is able to describe the behavior of moving
elasto-plastic solids as well as viscous and inviscid �uids within one and the same
governing PDE system. This is achieved via appropriate relaxation source terms in
the evolution equations for the distortion �eld and the thermal impulse. In previous
work it has already been shown that the GPR model reduces to the compressible
Navier�Stokes equations in the sti� relaxation limit when the relaxation times tend
to zero. The governing PDE system belongs to the class of symmetric hyperbolic and
thermodynamically compatible systems (SHTC), which have been studied for the �rst
time by Godunov in 1961 and later in a series of papers by Godunov and Romenski.
An important feature of the proposed model is that the propagation speeds of all
physical processes, including dissipative processes, are �nite.

In the absence of source terms, the homogeneous part of the GPR model is
endowed with some natural involutions, namely the distortion �eld A and the thermal
impulse J need to remain curl-free. In this talk we present a new structure-preserving
scheme that is able to preserve the curl-free property of both �elds exactly also on the
discrete level. This is achieved via the de�nition of appropriate and compatible discrete
gradient and curl operators on a judiciously chosen staggered grid. Furthermore, the
pressure terms are discretized implicitly in order to capture the low Mach number
limit of the equations properly, while all other terms are discretized explicitly. In this
manner, the resulting pressure system is symmetric and positive de�nite and can be
solved with e�cient iterative solvers like the conjugate gradient method. Last but
not least, the new staggered semi-implicit scheme is also able to reproduce the sti�
relaxation limit of the governing PDE system properly, recovering an appropriate
discretization of the compressible Navier�Stokes equations. To the best of our know-
ledge, this is the �rst pressure-based semi-implicit scheme for nonlinear continuum
mechanics that is able to preserve all involutions and asymptotic limits of the original
governing PDE system also on the discrete level. Computational results for several
test cases are presented in order to illustrate the performance of the new scheme.
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Solid and liquid sodium combustion with liquid water occurs through a thin gas
layer where exothermic reactions happen with sodium and water vapors. It thus
involves multiple interfaces separating liquid and gas in the presence of surface tension,
phase transition and surface reactions. The gas phase reaction involves compressible
e�ects resulting in possible shock wave appearance in both gas and liquid phases. To
understand and predict the complexity of sodium combustion with water a di�use
interface �ow model is built. This formulation enables �ow resolution in multidimen-
sion in the presence of complex motion, such as for example Leidenfrost-type thermo-
chemical �ow. More precisely sodium drop autonomous motion on the liquid surface
is computed. Various modelling and numerical issues are present and addressed in
the present contribution. In the author's knowledge, the �rst computed results of
such type of combustion phenomenon in multidimensions are presented in this paper
thanks to the di�use interface approach. Explosion phenomenon is addressed as well
and is reproduced at least qualitatively thanks to extra ingredients such as turbulent
mixing of sodium and water vapors in the gas �lm and delayed ignition. Shock wave
emission from the thermo-chemical Leidenfrost-type �ow is observed as reported in
related experiments.
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A mathematical model for an arbitrary number of interacting hyperelastic solids
undergoing large elastic-plastic deformations is derived. The description of such a
multicomponent �solid mixture� is based on the Eulerian formulation of visco-plastic
solids proposed by S.K. Godunov in his famous book �Elements of Mechanics of
Continuous Media� published in 1978 (the extended version was co-authored with
E. I. Romenski). The speci�c energy of each solid is given in separable form: it is
the sum of a hydrodynamic part of the energy depending only on the density and
entropy, and an elastic part of the energy which is una�ected by the volume change.
In particular, it allows us to naturally pass to the �uid description in the limit of
vanishing shear modulus [1�3].

The Eulerian numerical method, called di�use interface method, is developed. The
method considers the interface cells as an arti�cial mixture zones through which the
interface conditions must be satis�ed. Thus, the interface between a solid and a �uid
is a di�use zone, but this di�usion is negligible for a short time interval. The boundary
conditions at the interfaces are included naturally in the model formulation. In spite of
a large number of governing equations (15×N , where N is the number of solids), the
model has a quite simple mathematical structure: it is a duplication of a single visco-
plastic model. The model is well posed both mathematically and thermodynamically:
it is hyperbolic and compatible with the second law of thermodynamics.

This is a joint work with N. Favrie, S. Hank, S. Ndanou and J. Massoni [4].
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This talk is concerned with feedback stabilization of linear delay systems described
by

ẋ(t) = A0x(t) +
m∑
j=1

Ajx(t− τj) +Bu(t), (1)

where constant matrices A0, Aj ∈ Rd×d, B ∈ Rd×p, x(t) ∈ Rd, u(t) ∈ Rp, and τj > 0
for j = 1, . . . ,m. Let controller u(t) = K0x(t) +

∑m
j=1Kjx(t − τj), where constant

feedback gain matrices K0,Kj ∈ Rp×d, j = 1 . . . ,m. The closed-loop system is

ẋ(t) = (A0 +BK0)x(t) +

m∑
j=1

(Aj +BKj)x(t− τj). (2)

Our aim is to seek feedback gain matrices such that the closed-loop system (2)

is asymptotically stable. Let vector K⃗ is formed by �stacking� the columns of the
compound matrix [K0,K1, . . . ,Km] into one long vector. The state transition matrix

[1] of the closed-loop system is denoted by F [K⃗, t] ∈ Rd×d which satis�es (2). We
try solving the feedback stabilization of system (1) via the following optimization
problem:

min
K⃗

T∫
0

||F [K⃗, σ]||
2
dσ + ||K⃗||

2
, (3)

subject to the equations of the state transition matrix,

where T is a su�cient large positive constant and || · || stands for the Frobenius norm.
By discretization, the optimization problem (3) with the equations of the state

transition matrix is reduced to a nonlinear minimization one with equality constraints.
Then a numerical optimization algorithm with a stability criterion [2] is presented.
The e�ectiveness of the algorithm is interpreted by a theoretical result and numerical
examples.
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We study analytical properties of the Toro�Titarev solver for generalized Riemann
problems (GRPs), which is the heart of the �ux computation in ADER generalized
Godunov schemes. In particular, we compare the Toro�Titarev solver with a local
asymptotic expansion developed by LeFloch and Raviart. We show that for non-
linear scalar problems in 1D the Toro�Titarev solver reproduces the truncated Taylor
series expansion of LeFloch�Raviart exactly, whereas for nonlinear systems the Toro�
Titarev solver introduces an error whose size depends on the height of the jump in the
initial data. Thereby, our analysis answers open questions concerning the justi�cation
of simplifying steps in the Toro�Titarev solver. For further illustration, we discuss
numerical results concerning shallow water equations and a system from tra�c �ow.

This talk is based on joint work with Claus R. Goetz [1].
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An approximate Riemann solver was developed in Paris by Frederic Coquel and
co-workers around the rurn of the century, see e.g. [1, 3]. It is inspired by an idea of
Shi Jin and Zhoupiing Xin, where the solutions to a system of conservation laws are
approximated by a particularly straightforward way to �nd a corresponding relaxation
system. The ensuing French idea was two-fold:

• �nd a particularly clever relaxation system that approximates a given system
of conservation laws,

• translate this into a numerical scheme by transporting the left hand side of the
relaxation system and then projecting the thus found solution to the equilibrium
variables.

We shall show how this leads to approximate Riemann solvers with good proper-
ties, like stability and entropy consistency, which implies positivity of density and
temperature for the Euler and ideal MHD equations, see e.g. [2, 4�6].
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We present an overview of the Edge-Based Reconstruction (EBR) Schemes for
solving the Euler equations on unstructured meshes [1] and give some recent examples
of using these schemes for applied aerodynamics and aeroacoustics problems. The
EBR schemes possess higher accuracy as compared with the traditional �nite-volume
second-order methods at lower costs as compared with the very high order algorithms.
The higher accuracy is provided thanks to the quasi-1D reconstruction of variables
on the extended edge-oriented stencils on unstructured meshes so that in the case of
a uniform grid-like mesh (i.e. the mesh translationally invariant to its each edge), the
EBR schemes reduce to the high-order �nite di�erence method. The lower costs result
from the quasi-1D nature of these schemes. The EBR schemes have been extended to
hybrid unstructured meshes and equipped with the WENO and TVD shock-capturing
techniques [2]. They have been implemented for interface regions of sliding meshes and
are being adapted to prismatic boundary layers within the strand-mesh technology.
The schemes are used for scale-resolving RANS-LES simulations of complex turbulent
�ows and associated acoustic far �elds calculated by the integral Ffowcs Williams
Hawkings method.

In the paper we show some recent numerical results. In particular, we predict
the noise generated by the turbulent subsonic (M = 0.9) and hot under-expanded
jets [3], and by the turbulent �ow over the three-component airfoil (30P30N model)
[4]. We simulate the separated �ow over the 3D inclined backstep at the transonic
regimes, the supersonic �ow over the cylinder base, the dual-stream nozzle jet. We
study numerically the aerodynamic and acoustic characteristics of helicopter rotors
[5] and start actively considering the moving bodies [6].

The work is supported by the Russian Science Foundation (project 16-11-10350).
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The numerical simulation of compressible multiphase �ow is a di�cult task due to
the close connection of thermodynamics and �uid dynamics. Our approach is based
on a sharp interface treatment. The two phases are coupled by a ghost �uid method
to avoid a mixing of the phases. To obtain information about the location of the
interface a level-set equation is applied. The bulk �ows are approximated by a spectral
element discontinuous Galerkin scheme for the Navier�Stokes equations that supports
a general equation of state. To get values in the ghost-�uid cells for the coupling of
the two phases, and to determine the propagation velocity of the phase front for the
level set equation, we solve the multi-phase Riemann problem to determine the phase
front velocity and to get the values at the phase interface from both sides, the liquid
and the gas �ow [1].

The focus of the talk will be the solution of the multi-phase Riemann problem itself.
Two novel aspects of our current work are discussed in more detail. We discuss �rst
the solution of the multiphase Riemann problem solution for the Euler equations. We
depict an equation of state that is similar to the van der Waals equation of state and is
based on the Lennard�Jones model �uid with truncated and shifted potential [2]. This
allows comparing the macroscopic solution of the Riemann problem with molecular
dynamics simulations based on the corresponding Lennard�Jones model �uid and
establishes a clear connection of both simulations. We present our �rst results for
the supercritical regime and for expansion waves into vacuum, which allow simpler
microscopic simulations. Here, the MD simulations show a clustering of molecules
that can be interpreted as a starting of droplet formation due to the strong pressure
drop.

The multiphase Riemann problem solution may strongly depend on heat conduc-
tion to balance the latent heat. Hence, we look in the second part for an extension
of our Riemann problem solution to include heat conduction. We propose a novel
calculation of the numerical �ux based on the generalized Riemann problem for
advection di�usion problems. This approach is explained for a scalar conservation
law.

The authors were supported by the DFG within the Collaborative Research Center

�Droplet Dynamics Under Extreme Ambient Conditions�.
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We introduce a family of well-balanced high-order numerical methods for 1d
systems of balance laws

Ut + F (U)x = S(U)Hx,

where U(x, t) takes value in Ω ⊂ RN , F : Ω 7→ RN is the �ux �unction, S : Ω 7→ RN ,
and H is a known function from R to R (possibly the identity function H(x) =
x). The methods are based on a �rst order numerical �ux and a reconstruction
operator, i.e. an operator that, given the cell averages of a function, provides high-
order approximations of the function at the cells. This operator is said to be well-
balanced for a stationary solution if the approximations at the cells provided by
this operator from its cell averages are exact. The strategy to design well-balanced
reconstructions operators introduced in [1] is applied.

The implementation of this strategy requires the computation, at every cell and at
every time step, of the stationary solution whose cell average is equal to the numerical
approximation already obtained. Since solving these problems can be di�cult and
expensive, we introduce some optimization techniques to rewrite them as control
problems that are numerically solved.

The more di�cult case of source terms involving a function H which is discon-
tinuous is also addressed: the Generalized Hydrostatic Reconstruction introduced in
[2] is used to discretize the discontinuities related to the discontinuities of H.

The schemes are applied to the Burgers' equation with a nonlinear source term,
the shallow water equations, and the Euler equations with gravitational forces: some
numerical tests will be shown to illustrate the behaviour of the numerical methods.
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We discuss the interior and exterior initial boundary value problems for the three-
dimensional wave (d'Alembert) equation. First, a given problem is reduced to an
equivalent operator equation with respect to the unknown sources de�ned only at
the boundary of the original domain. By applying the Huygens' principle, we obtain
the operator equation in a form that involves only �nite and non-increasing pre-
history of the solution in time. Then, the resulting boundary operator equation is
discretized and solved by the method of di�erence potentials [1]. The overall numerical
algorithm enables high order accuracy while allowing for non-conforming boundaries
to be handled on regular structured grids. For long simulation times, it o�ers sub-
linear complexity with respect to the grid dimension, i.e., is asymptotically cheaper
than the cost of a typical explicit scheme. In addition, on multi-processor (or multi-
core) platforms, the algorithm bene�ts from parallelization in time [2].

As the time of presentation permits, we may also address the initial aspects of
generalization to systems.

Work supported by the US Army Research O�ce (ARO) under grant # W911NF-16-1-

0115, and by the US�Israel Binational Science Foundation (BSF) under grant # 2014048.
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In this work questions of numerical modeling of dynamic problems of the Arctic
zone on high-performance computing systems are considered. The physical sizes of
�eld of integration in such tasks can reach tens and hundreds of kilometers. For
correct modeling of distribution wave indignations on such distances, high-precision
numerical methods taking into account wave properties of the solvable equations and
also a possibility of modeling of di�cult dynamic processes in non-uniform geological
environments with a set of contact and free borders are required. As such numerical
method in work the net and characteristic method to the numerical solution of systems
of the equations of mechanics of a deformable solid body is used. This method
was already applied to some problems of seismicity in two-dimensional and three-
dimensional cases. This method was already applied to some problems of seismicity
in two-dimensional case, in this work modeling was carried out in three-dimensional
statement. We mark that the grid and characteristic method was successfully tested
for the numerical decision of tasks in such �elds of applied science as hydroaerodyna-
mics, dynamics of plasma, the mechanic of a deformable solid body and corrupting,
computing medicine. Examples of its application are described in di�erent appendices
in operation.

69



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

DESIGNING CFD ALGORITHMS FOR BANDWIDTH
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For more than two decades there has been intense research devoted to devising
�high-order� methods for Computational Fluid Dynamics. By this it is usually meant
that some measure of the error can be written as

ϵ = Chp∂pu

with p ≥ 3. However, accuracy itself is not always achievable; there are uncertainties
in the material properties, the geometry, or even in the governing equations. Instead,
accuracy is often used as a proxy for more practical objectives such as robustness and
the ability to obtain acceptable answers on a�ordable grids. However, these are high
frequency issues. Although accuracy is more amenable to mathematical analysis it is
a low-frequency property.

In his celebrated 1959 paper [1], Sergei Godunov opened a pathway to the incorpo-
ration of realistic physics into CFD methods. All previous workers had focused on
using �di�erence schemes� to approximate the evolution operator. Instead, he approxi-
mated the data and put it into a form where the exact evolution operator could be
applied to it. For the compressible Euler equations in one space dimension, the data
was made piecewise constant and the exact evolution was provided by solving the
Riemann problem. In 1977, van Leer [2] applied the same concept to one-dimensional
linear advection for a variety of piecewise-polynomial data representations. These two
papers still form the foundation of many CFD methods.

However, few realistic multi-dimensional problems are purely advective, and acous-
tic behavior, for example, is quite di�erent, being isotropic and subject to focussing
and decay. Multidimensional acoustic behavior can be introduced via the exact solu-
tion of the scalar wave equation presented by Poisson [3] in 1818. This can be
applied to nonlinear acoustics in �rst-order form [4], and to the full compressible
Euler equations by operator-splitting. Excellent results are obtained on arbitrary
unstructured grids. The appropriate incorporation of physics is re�ected in superior
symmetry properties and natural boundary conditions.
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GODUNOV SYMMETRIC SYSTEMS AND
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In many physical systems, one encounters situations where phenomena occur at
di�erent scales. An example is the modeling of a rare�ed gas at varying Knudsen
number (Kn). Large Kn is where Boltzmann equation is the most appropriate model
while, for small Kn, one can obtain Euler or the Navier�Stokes�Fourier system.
At intermediate regimes, using the mathematical methods of Rational Extended
Thermodynamics (RET), one can obtain the closure of moments system associated
with the Boltzmann equation and the di�erential system becomes Godunov symmetric
system.

We present in this talk some recent results and some open problems on RET both
for monatomic and polyatomic gases.
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HIGH ORDER CONSERVATIVE SEMI-LAGRANGIAN
AP SCHEMES FOR THE BGK MODEL
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In this talk we present two approaches for the construction of conservative semi-
Lagrangian schemes for the BGK model of the Boltzmann equation of rare�ed gas
dynamics. Semi-Lagrangian schemes are very attractive since they overcome CFL-type
stability restrictions on the time step induced by the advection term. Furthermore,
the use of L-stable time discretization for the collision term avoids the time step to be
limited by the collision time, and allows, in principle, the construction of Asymptotic
Preserving (AP) schemes that are able to capture the underlying �uid dynamic limit
of the kinetic model for vanishing Knudsen number. High accuracy in space may be
obtained by suitable high order non oscillatory reconstructions, while high order in
time is guaranteed by Runge�Kutta (RK) or Backward Di�erence Formulas (BDF).

In order to construct AP schemes, it is important that the scheme maintains
conservation at a discrete level, so that for small Knudsen number it becomes a shock
capturing scheme for the Euler limit.

Classical semi-Lagrangian schemes are observed to lose conservation at a discrete
level. Lack of conservation is due to two main causes: the use of continuous Maxwellian
and the non-linear weights in the reconstruction. The �rst problem is solved by
adopting discrete Maxwellian, which allows exact conservation of the collision step
even with a small number of grid points in velocity space. To solve the second problem
we propose two di�erent techniques: a conservative correction (CC) and a conservative
reconstruction (CR). In the �rst technique, a non conservative high order predictor
is computed by a classical semi-Lagrangian method. This predictor is then used to
compute the �uxes of a conservative scheme. This approach is very general, and
allows conservation to be maintained to machine precision. It can be applied to other
contexts, such as the Vlasov�Poisson system and the incompressible Euler equations
[1], or to classical and relativistic gas dynamics [2]. Its application to the BGK model
has been recently submitted [3]. The second technique is based on a new conservative
reconstruction, which allows to produce conservative semi-Lagrangian schemes which
do not su�er from stability restrictions, and which are AP with respect to the �uid
dynamic limit. Several numerical tests in one and two space dimensions will be shown,
which illustrate the accuracy properties of the schemes for various Knudsen numbers,
and their conservation properties and shock capturing capability in the Euler limit.
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DIVERGENCE-FREE POSITIVE TENSORS
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Many situations in Mathematical Physics exhibit a structure that has been over-
looked so far. A symmetric tensor is non-negative and row-wise divergence-free. These
properties imply an enhanced integrability of the determinant. When applied to
various models of �uid mechanics, this yields new a priori estimates under the assump-
tion that the mass and energy are �nite.
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Solutions to many hyperbolic equations have convex invariant regions, for example
solutions to scalar conservation laws satisfy maximum principle, solutions to compres-
sible Euler equations satisfy positivity-preserving property for density and internal
energy, etc. It is however a challenge to design schemes whose solutions also honor
such invariant regions. This is especially the case for high order accurate schemes.
In this talk we will �rst survey strategies in the literature to design high order
bound-preserving schemes, including the general framework in constructing high order
bound-preserving �nite volume and discontinuous Galerkin schemes for scalar and
systems of hyperbolic equations through a simple scaling limiter and a convex combi-
nation argument based on �rst order bound-preserving building blocks, and various
�ux limiters to design high order bound-preserving �nite di�erence schemes. We
will then discuss a few recent developments, including high order bound-preserving
schemes for relativistic hydrodynamics, high order discontinuous Galerkin Lagrangian
schemes, high order discontinuous Galerkin methods for radiative transfer equations,
high order discontinuous Galerkin methods for MHD, and implicit bound-preserving
schemes. Numerical tests demonstrating the good performance of these schemes will
be reported.
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Unsteady �ows about a moving body are computed numerically with the body
moving in most methods. On the contrary, in the moving-coordinate method presented
by the author [1, 2], the coordinate system is �xed to the individual moving body,
where each moving body stands still with the corresponding grid stationary. The
advantages of the moving-coordinate method are that the boundary conditions be-
come almost the same as those when the object is at rest, and that troubles of grid
generation and occurrence of the error due to the object movement disappear, and
therefore the e�ect is considered remarkable at the long distance travel.

In the early moving-coordinate method [1], each accelerating frame for the cor-
responding grid domain had only translational velocity relative to the inertial frame,
and further in [2] it was extended to have relative velocity for translation and rotation.
By this generalization, it became possible to numerically compute �ow-�elds about
an object with arbitrary motion by the moving-coordinate method.

In this lecture, the followings will be shown:
1) The governing equations of the moving-coordinate method with exchange for-

mulae of momentum and energy between the accelerating frame and the inertial frame.
Although in the continuum mechanics, the formula for momentum was shown by the
classical physics [3], here that for energy was derived in order to apply the moving-
coordinate methods to the compressible �ows.

2) The governing equations of the moving-coordinate method in conservative form,
derived from the those of the conservative form in general coordinate system in the
inertial frame, through the ALE (Arbitrary Lagrangian�Eulerian) method.
Although those were derived in [4] in the special case with only the relative translation
velocity included, here those were shown in general case with relative velocity for
translation and rotation.

3) Applications:
a) Within an apparatus of ballistic range, when a �ying projectile was injected from
the launch tube by high pressure air, the interacting phenomena were numerically
captured between the supersonic �ow-�eld around the projectile and the blast wave
from the launch tube, with prediction of �ight velocity.
b) When a planetary probe reentered the atmosphere with a supersonic parachute
opening, the two-dimensional �ow-�elds about simply modeled bodies were numeri-
cally captured, with prediction of �ight velocity and trajectory.
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Typical multispecies compressible Navier�Stokes computations employ conserva-
tive equations for mass fraction transport. However, it has been known for more than
three decades that such discretizations produce unphysical oscillations when advecting
a contact surface between two di�ering gases through a mesh.

The unphysical oscillations can be large relative to the background pressure, and
cause three key undesirable e�ects, namely (i) spreading and di�usion of the contact
surface, (ii) pollution of the pressure �eld in the solution which may mask weaker
waves such as acoustics and (iii) slowing the convergence of the numerical solution.

In the inviscid, or multiphase, applications, this problem has been circumvented
with the introduction of an additional quasi-conservative equation for volume fraction.
This permits a closure for the mixture equation of state where the individual �uids
are not assumed to have equal temperatures.

Following a similar philosophy, a system of equations may be developed which
utilize quasi-conservative equations for number fraction transport which remove the
spurious numerically generated oscillations, and are applicable to miscible �uids with
di�usion, viscosity and heat conduction [1]. For zero viscosity, di�usivity and conduc-
tivity, this model is equivalent to the �ve-equation model for immiscible �uids, thus
it is suitable for both sharp and di�use interfaces.

The presentation will outline the derivation and thermodynamic closure of the
resultant system of equations. A discretization is proposed, and the order of accuracy
demonstrated for benchmark cases. In these test cases, the new model has between
2 and 10 times lower error for a given grid size. This represents an ≈ 40 times
lower computational cost for an equivalent error in two-dimensional computations.
Computations of mixing due to a Richtmyer�Meshkov instability will be presented as
an application of the new model.
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During last ten years the author has been developing a discrete-velocity-type
numerical method to solve model kinetic equation with the E.M. Shakhov collision
integral [1] for three-dimensional �ows [2, 3]. The method combines a high-order TVD
advection scheme for arbitrary spatial meshes, unstructured mesh in velocity space
with adaptation for high-speed �ows and one-step LU-SGS implicit time evolution
method. These features allow applications to industrial-type problems with complex
geometries.

The numerical method is implemented into the software package �Nesvetay� deve-
loped by the author. The code is written in Fortran 2003 programming language.
For the e�cient use of modern parallel computers a two-level MPI+OpenMP parallel
implementation of the numerical method with decomposition of both physical and
velocity meshes has been developed and implemented. Usually, the velocity mesh is
divided between MPI processes whereas the spatial mesh is split into block for the
intra-node calculation with OpenMP. This allows good scalability up to 256 cluster
nodes.

This presentation is a review of all recent developments of this numerical method
for high-speed �ows, which have been carried out by the author alone or with the
collaborators from the Russian Academy of Sciences [4�6]. These developments prima-
rily concern various studies of the stationary high-speed �ows up to free-stream Mach
number M∞ = 25 as well as comparison of kinetic and direct simulation Monte-Carlo
(DSMC) solutions. Possible extension to diatomic gases will also be discussed.

The work was partially supported by the Russian Foundation for Basic Research (project

no. 18-08-00501). Calculations have been run on supercomputers, installed at Joint Super-

computing Center of the Russian Academy of Sciences and Peter the Great St. Petersburg

Polytechnic University. The author would also like to thank Dr. A.A. Frolova for many useful

discussions.
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GODUNOV METHODS
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I �rst brie�y review the classical Godunov method [1�2] for solving hyperbolic
conservation laws. Then I discuss the relationship between the Godunov scheme and
other classical numerical methods, such as Glimm's method and the Lax�Friedrichs
method. There follows a brief review of solvers for the classical Riemann problem to
obtain the Godunov numerical �ux [3].

To conclude I discuss possible extensions of the Godunov method to obtain high-
order of accuracy, for smooth solutions, in both space and time. I focus on the ADER
framework presented in Oxford in 1999, on occasion of Professor Godunov's 70th
birthday [4�5], and subsequent developments in the last 20 years [6�7].
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A model consisting of balance laws for two-phase mixture �ows with phase transi-
tions is considered. It was derived by averaging techniques. The model equations are
�rst order systems of partial di�erential equations with source terms. They are weakly
hyperbolic, i.e. they have real eigenvalues but not a full set of eigenvectors. After a
short introduction of the model we consider sub-models. We consider an isothermal
subsystem of conservation laws that is also weakly hyperbolic. A further di�culty is
that real applications with gas and liquid �ow need appropriate equations of state.
What this means for the Riemann initial value problem is discussed in more detail in
a talk given by Christoph Matern.

The work was supported by the DFG research training group GRK 1554 Micro-Macro-

Interactions in Structured Media and Particle Systems.
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The goal of this paper is to relate numerical dissipations that are inherited in
high order shock-capturing schemes with the onset of wrong propagation speed of
discontinuities. For pointwise evaluation of the source term, previous studies indicated
that the phenomenon of wrong propagation speed of discontinuities is connected with
the smearing of the discontinuity caused by the discretization of the advection term.
The present study focuses only on solving the reactive system by the fractional step
method using the Strang splitting. Studies shows that the degree of wrong propagation
speed of discontinuities is highly dependent on the accuracy of the numerical method.
The manner in which the smearing of discontinuities is contained by the numerical
method and the overall amount of numerical dissipation being employed play major
roles. Depending on the combination of numerical method, time step and grid spacing,
the numerical simulation may lead to (a) the correct solution (within the truncation
error of the scheme), (b) a divergent solution, (c) a wrong propagation speed of
discontinuities solution or (d) other spurious solutions that are solutions of the discre-
tized counterparts but are not solutions of the governing equations. The �ndings might
shed some light on the reported di�culties in numerical combustion and problems with
sti� nonlinear (homogeneous) source terms and discontinuities in general.
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Ìîäåëè, ïîñòðîåííûå íà îñíîâå óðàâíåíèé èäåàëüíîé ìàãíèòíîé ãèäðîäèíà-
ìèêè (ÌÃÄ), èãðàþò âàæíåéøóþ ðîëü â èññëåäîâàíèè ðÿäà ïðîáëåì ãåîôèçèêè
è àñòðîôèçèêè. Ïðè ÷èñëåííîì èññëåäîâàíèè òàêèõ ìîäåëåé âàæíî ó÷èòûâàòü
ñâîéñòâî áåçäèâåðãåíòíîñòè ìàãíèòíîãî ïîëÿ [1�3], êîòîðîå ìîæåò íå âûïîëíÿòü-
ñÿ ïðè ðàñ÷åòå ñ èñïîëüçîâàíèåì ðàçíîñòíûõ ñõåì. Îäíèì èç ïîäõîäîâ ê ðåøåíèþ
ýòîé ïðîáëåìû ÿâëÿåòñÿ èñïîëüçîâàíèå ñìåùåííûõ ñåòîê, ïðè êîòîðîì ãàçîâûå
ïåðåìåííûå îòíîñÿòñÿ ê öåíòðàì ðàçíîñòíûõ ÿ÷ååê, à ìàãíèòíîå ïîëå çàäàåòñÿ
ñâîèìè íîðìàëüíûìè êîìïîíåíòàìè íà ðåáðàõ.

Ìîäåëü èäåàëüíîé ÌÃÄ âêëþ÷àåò â ñåáÿ çàêîíû ñîõðàíåíèÿ ìàññû ãàçà, åãî
èìïóëüñà è ïîëíîé ýíåðãèè, à òàêæå óðàâíåíèå Ôàðàäåÿ äëÿ ýâîëþöèè ìàãíèòíî-
ãî ïîëÿ [1]: ∂U∂t + ∂F

∂x = 0, ∂B∂t = ∇× (v×B), ãäå âåêòîð êîíñåðâàòèâíûõ ïåðåìåí-
íûõ U = [ρ, ρu, ρv, ρw, e]T, âåêòîð ïîòîêà F = [ρu, ρu2+p−B2

x, ρvu−BxBy, ρwu−
BxBz, (e + p)u − Bx(v · B)]T, ρ � ïëîòíîñòü, v = [u, v, w]T � ñêîðîñòü ñðåäû,

B = [Bx, By, Bz]
T � âåêòîð èíäóêöèè ìàãíèòíîãî ïîëÿ, e =

pgas
γ−1 + ρv2

2 + B2

2 �

ïîëíàÿ ýíåðãèÿ è p = pgas +
B2

2 � ïîëíîå äàâëåíèå.
Äëÿ ïîëó÷åíèÿ ÷èñëåííîãî ðåøåíèÿ íà íîâîì âðåìåííîì ñëîå èñïîëüçóåòñÿ

ñëåäóþùèé àëãîðèòì ðåøåíèÿ:

1. Ïåðåñ÷åò ãàçîâûõ ïåðåìåííûõ ñ èñïîëüçîâàíèåì ïðèáëèæåííîãî ðåøåíèÿ
çàäà÷è Ðèìàíà äëÿ óðàâíåíèé ÌÃÄ ìåòîäîì HLLD, âêëþ÷àÿ ó÷åò äåéñòâèÿ
íà ãàç ýëåêòðîìàãíèòíûõ ñèë [4]: (U,B) 7→ Û.

2. Ðåøåíèå óðàâíåíèÿ Ôàðàäåÿ ñ èñïîëüçîâàíèåì òåîðåìû Ñòîêñà [3] äëÿ àâ-
òîìàòè÷åñêîãî âûïîëíåíèÿ óñëîâèÿ ∇ ·B = 0: (Û,B) 7→ B̂.

Äëÿ îöåíêè ñâîéñòâ ïîñòðîåííîé ñõåìû ðàññìîòðåíî íåñêîëüêî õàðàêòåðíûõ
òåñòîâûõ çàäà÷ èäåàëüíîé ÌÃÄ, ïîäðîáíî îïèñàííûõ â ëèòåðàòóðå [1, 3]. Ðå-
çóëüòàòû òåñòîâûõ ðàñ÷åòîâ ïîêàçàëè íàäåæíîñòü è ýôôåêòèâíîñòü ïîñòðîåííîé
ðàçíîñòíîé ñõåìû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 18-31-20020, 18-01-00252).
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ÐÀÍ. 2017. 29 ñ.

4. Miyoshi T., Kusano K.Amulti-state HLL approximate Riemann solver for ideal magneto-
hydrodynamics // J. Comput. Phys. 2015. V. 208. P. 315�344.
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1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; ata@osmf.sscc.ru
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Â íàñòîÿùåå âðåìÿ øèðîêîå ðàñïðîñòðàíåíèå ïîëó÷èëè äèíàìè÷åñêèå ñèñòå-
ìû ñî ñëó÷àéíûìè èçìåíåíèÿìè óñëîâèé ôóíêöèîíèðîâàíèÿ è âîçìóùåíèé, ïðè-
âîäÿùèìè ê âíåçàïíîìó èçìåíåíèþ ñòðóêòóðû â öåëîì � ê ñòðóêòóðíîé íåîïðå-
äåëåííîñòè. Ñèñòåìàòè÷åñêîå èçëîæåíèå òàêèõ çàäà÷ è ìåòîäîâ èõ àíàëèçà äàíî
â ðàáîòàõ È.Å. Êàçàêîâà, Â.Ì. Àðòåìüåâà, Â.À. Áóõàëåâà [1]. Àíàëèòè÷åñêîìó
ìîäåëèðîâàíèþ ñòîõàñòè÷åñêèõ ñèñòåì ïîñâÿùåíà ìîíîãðàôèÿ È.Ì. Êîñà÷åâà,
Ì. Ã. Åðîøåíêîâà [2].

Ïðèìåðàìè ñèñòåì ñî ñëó÷àéíîé ñòðóêòóðîé ìîãóò ñëóæèòü ñèñòåìû óïðàâ-
ëåíèÿ ñáëèæåíèåì ëåòàòåëüíûõ àïïàðàòîâ, ñèñòåìû ïîèñêà è çàõâàòà èíôîð-
ìàöèîííîãî ñèãíàëà â çàäà÷àõ íàâèãàöèè è óïðàâëåíèÿ ïîëåòîì ëåòàòåëüíûõ
àïïàðàòîâ, ñèñòåìû êîìáèíèðîâàííîãî íàâåäåíèÿ íà öåëü, à òàêæå ñèñòåìû ñ
âîçìîæíûìè íàðóøåíèÿìè è îòêàçàìè.

Ðàçðàáîòàííàÿ â Âîåííîé àêàäåìèè Ðåñïóáëèêè Áåëàðóñü ìåòîäèêà [2, 3] ïî-
ñòðîåíèÿ èìèòàöèîííîé è àíàëèòè÷åñêîé ìîäåëè èññëåäóåìîé äèíàìè÷åñêîé ñè-
ñòåìû ïîçâîëÿåò ïðîâîäèòü åå âûñîêîòî÷íûé àíàëèç.

Ðàçðàáîòàííûå â ÈÂÌèÌÃ ÑÎ ÐÀÍ âû÷èñëèòåëüíûå àëãîðèòìû [4, 5] ïîçâî-
ëÿþò ïðîâîäèòü ñòàòèñòè÷åñêèé àíàëèç ñèñòåì ñî ñëó÷àéíîé ñòðóêòóðîé, èññëå-
äîâàòü è îïòèìèçèðîâàòü ïàðàìåòðû è ñòðóêòóðó ìîäåëåé, îíè íåçàìåíèìû ïðè
ïðîâåäåíèè ÷èñëåííûõ ýêñïåðèìåíòîâ.

Ïðîâåðêà àäåêâàòíîñòè ðàçðàáîòàííîé àíàëèòè÷åñêîé ìîäåëè äèíàìè÷åñêîé
ñèñòåìû îñóùåñòâëÿåòñÿ ïóòåì ñðàâíåíèÿ ðåçóëüòàòîâ àíàëèòè÷åñêîãî ìàòåìà-
òè÷åñêîãî ìîäåëèðîâàíèÿ ñ àíàëîãè÷íûìè ðåçóëüòàòàìè ñòàòèñòè÷åñêîãî ìîäå-
ëèðîâàíèÿ èìèòàöèîííîé ìàòåìàòè÷åñêîé ìîäåëè.
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Èññëåäóåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ ïðàâîé ÷àñòè äëÿ ïñåâäîïàðàáî-
ëè÷åñêîãî óðàâíåíèÿ ñ èíòåãðàëüíûì óñëîâèåì ïåðåîïðåäåëåíèÿ. Ïîëó÷åíû äî-
ñòàòî÷íûå óñëîâèÿ �ðàçðóøåíèÿ� ðåøåíèÿ çà êîíå÷íîå âðåìÿ, à òàêæå ïîëó÷åíà
îöåíêà ñíèçó ðàçðóøåíèÿ ðåøåíèÿ. Ðàññìàòðèâàþòñÿ âîïðîñû àñèìïòîòè÷åñêîãî
ïîâåäåíèÿ ðåøåíèé ïðè áîëüøèõ çíà÷åíèÿõ âðåìåíè T . Ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ ëîêàëèçàöèè ðåøåíèÿ çà êîíå÷íîå âðåìÿ.

Èññëåäîâàíèå íà÷àëüíî-êðàåâûõ çàäà÷ ïñåâäîïàðàáîëè÷åñêîãî òèïà íà÷àëîñü
â 1980-õ ãîäàõ. Âîïðîñàì ñóùåñòâîâàíèÿ è äèôôåðåíöèàëüíûì ñâîéñòâàì ðåøå-
íèé äëÿ óðàâíåíèé ïñåâäîïàðàáîëè÷åñêîãî òèïà (íàçûâàåìûõ òàêæå óðàâíåíè-
ÿìè ñîáîëåâñêîãî òèïà) ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò, îñíîâû êîòîðûõ
çàëîæåíû â ðàáîòàõ Ñ.Ë. Ñîáîëåâà, À.Ï. Îñêîëêîâà, Ñ.Í. Àíòîíöåâà, À.È. Êî-
æàíîâà, Ì.Î. Êîðïóñîâà, À.È. Ñâåøíèêîâà, R. E. Showalter. Èññëåäîâàíèþ îá-
ðàòíûõ çàäà÷ äëÿ óðàâíåíèé ïñåâäîïàðàáîëè÷åñêîãî òèïà ïîñâÿùåíû ðàáîòû
À.È. Êîæàíîâà, À. Àñàíîâà, Å. Ð. Àòàìàíîâà, Ñ. Ã. Ïÿòêîâà, Á.Ñ. Àáëàáåêîâà,
À.Ø. Ëþáàíîâîé, Õ. Õîìïûøà, M. Yaman è äð.

Äëÿ öèëèíäðà Q = {(x, t) : x ∈ Ω, t > 0} ðàññìîòðèì ñëåäóþùóþ îáðàò-
íóþ çàäà÷ó äëÿ ïñåâäîïàðàáîëè÷åñêîãî óðàâíåíèÿ: îïðåäåëèòü ïàðó ôóíêöèé
(u(x, t), f(t)), óäîâëåòâîðÿþùèõ óðàâíåíèÿì

ut−χ∆ut−div(|∇u|σ−2∇u)−uqux1+g(x, t, u∇u) = |u|β−2u+f(t)h(x), x ∈ Ω, t > 0;

u(x, 0) = u0(x) â Ω, u|∂Ω×(0,∞) = 0;∫
Ω

u(x, t)h(x)dx = 1, t > 0.

Çäåñü Ω ⊂ Rn (n ≥ 1) � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω ∈ C1, σ, q, β �
ïîëîæèòåëüíûå êîíñòàíòû, h(x), u0(x) � èçâåñòíûå ôóíêöèè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè

Ðåñïóáëèêè Êàçàõñòàí (ïðîåêò � AP05132041).
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Ïóñòü óïðàâëÿåìûé îáúåêò îïèñûâàåòñÿ ëèíåéíûì äèôôåðåíöèàëüíûì óðàâ-
íåíèåì ẋ = A(t)x+B(t)u, x(t0) = x0, x0 ∈ D, ãäå u � m-ìåðíûé âåêòîð óïðàâëå-
íèÿ, êîìïîíåíòû êîòîðîãî ïðèíàäëåæàò êëàññó êóñî÷íî-íåïðåðûâíûõ ôóíêöèé è
ïîä÷èíåíû îãðàíè÷åíèÿì |uj | 6 Mj , j = 1,m. Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà ïîë-
íîñòüþ óïðàâëÿåìà è ïåðåâîäèìà â íà÷àëî êîîðäèíàò èç îãðàíè÷åííîé îáëàñòè
íà÷àëüíûõ óñëîâèé D.

Çàäà÷à.Íàéòè äîïóñòèìîå óïðàâëåíèå u0(t), ïåðåâîäÿùåå çà âðåìÿ T = tk−t0
(ãäå T > T0) ñèñòåìó èç íà÷àëüíîãî ñîñòîÿíèÿ x(t0) = x0 â êîíå÷íîå ñîñòîÿíèå

x(tk) = 0 è ìèíèìèçèðóþùåå ôóíêöèîíàë J(u) =
tk∫
t0

∑m
j=1 |uj(τ)|dτ. Çäåñü T0 �

âðåìÿ îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ ïåðåâîäà ñèñòåìû.
Ðàçðàáîòàí íîâûé ìåòîä ðåøåíèÿ çàäà÷è ìèíèìèçàöèè ðàñõîäà ðåñóðñà

óïðàâëåíèÿ. Îí îñíîâàí íà ðàçäåëåíèè âû÷èñëèòåëüíûõ çàòðàò íà: 1) ïðåäâàðè-
òåëüíûå âû÷èñëåíèÿ è 2) âû÷èñëåíèÿ â ïðîöåññå óïðàâëåíèÿ. Ïðåäâàðèòåëüíûå
âû÷èñëåíèÿ ñîñòîÿò â ïîñòðîåíèè àïïðîêñèìèðóþùåé êîíñòðóêöèè, äàþùåé ïðè-
áëèæåííîå ðåøåíèå çàäà÷è ìèíèìèçàöèè äëÿ ëþáîãî íà÷àëüíîãî óñëîâèÿ x0 èç
îãðàíè÷åííîé îáëàñòè íà÷àëüíûõ óñëîâèé D [1]. Âû÷èñëåíèÿ â ïðîöåññå óïðàâ-
ëåíèÿ íà÷èíàþòñÿ ñ ìîìåíòà çàäàíèÿ êîíêðåòíîãî íà÷àëüíîãî óñëîâèÿ x0 è çà-
êëþ÷àþòñÿ â óòî÷íåíèè ïîëó÷åííîãî ïðèáëèæåííîãî ðåøåíèÿ. Ïîñòðîåíèå àï-
ïðîêñèìèðóþùåé êîíñòðóêöèè îñíîâàíî íà äåëåíèè îáëàñòè íà÷àëüíûõ óñëîâèé
íà îáëàñòè äîñòèæèìîñòè çà ðàçëè÷íûå âðåìåíà. Êàæäàÿ îáëàñòü äîñòèæèìî-
ñòè àïïðîêñèìèðóåòñÿ ñåìåéñòâîì ãèïåðïëîñêîñòåé, ïðîõîäÿùèõ ÷åðåç ðàçëè÷-
íûå êîìáèíàöèè ãðàíè÷íûõ òî÷åê. Ðàññìîòðåíà ïðîöåäóðà âûäåëåíèÿ ïîäìíî-
æåñòâà íà÷àëüíûõ óñëîâèé, êîòîðîìó ïðèíàäëåæèò çàäàííîå x0, è îïðåäåëåíèÿ
îïîðíîé ãèïåðïëîñêîñòè. Ê êàæäîé ãðàíè÷íîé òî÷êå �ïðèêðåïëÿåì� íàéäåííûå
ïðåäâàðèòåëüíî çíà÷åíèÿ îïòèìàëüíîãî ïî ðàñõîäó ðåñóðñà óïðàâëåíèÿ [2, 3].
Ðàçðàáîòàí èòåðàöèîííûé àëãîðèòì âû÷èñëåíèÿ îïòèìàëüíîãî ïî ðàñõîäó ðå-
ñóðñà óïðàâëåíèÿ, èñïîëüçóþùèé ïîëó÷åííîå ïðèáëèæåííîå ðåøåíèå. Ïðèâåäå-
íû ðåçóëüòàòû ìîäåëèðîâàíèÿ è ÷èñëåííûõ ðàñ÷åòîâ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêò � 19-01-00754).
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Áåñòðàíøåéíûå òåõíîëîãèè ïðîêëàäêè ïîäçåìíûõ êîììóíèêàöèé øèðîêî èñ-
ïîëüçóþòñÿ â ñòðîèòåëüñòâå. Â íàñòîÿùåå âðåìÿ ÷àñòî ïðèìåíÿåòñÿ ìåòîä, îñíî-
âàííûé íà ïîãðóæåíèè îáñàäíîé òðóáû â ãðóíòîâûé ìàññèâ ñ îòêðûòûì ïåðåä-
íèì òîðöîì. Â ýòîé òåõíîëîãèè âî âíóòðåííþþ ïîëîñòü òðóáû ïîñòóïàåò ðàçðó-
øåííûé ãðóíò, êîòîðûé îáðàçóåò ãðóíòîâóþ ïðîáêó.

Â íàñòîÿùåé ðàáîòå ñ ïîìîùüþ êîíå÷íî-ðàçíîñòíîãî ìåòîäà ðàññ÷èòûâàåòñÿ
ãîðèçîíòàëüíûé ïðîöåññ óäàðíîãî ïîãðóæåíèÿ â ãðóíò îòêðûòîé òðóáû, âçàèìî-
äåéñòâóþùåé ñ ãðóíòîâîé ïðîáêîé. Ïðîöåññ ïðåäïîëàãàåòñÿ îñåñèììåòðè÷íûì.
Âíóòðè òðóáû äëèíû L1 ñîäåðæèòñÿ ãðóíòîâàÿ ïðîáêà äëèíû L2. Òðóáà ïîãðó-
æåíà â ãðóíò íà ãëóáèíó L0. Ïî òîðöó òðóáû ïðîèçâîäÿòñÿ ìíîæåñòâåííûå ïðî-
äîëüíûå óäàðû ìàññîé M0, äâèæóùåéñÿ ñî ñêîðîñòüþ V0. Äâèæåíèÿ òðóáû è
ïðîáêè îïèñûâàþòñÿ îäíîìåðíûìè âîëíîâûìè óðàâíåíèÿìè îòíîñèòåëüíî ïåðå-
ìåùåíèé. Âçàèìîäåéñòâèå òðóáû, ïðîáêè è âíåøíåãî ãðóíòà îïèñûâàåòñÿ çàêîíîì
ñóõîãî òðåíèÿ Êóëîíà, ò. å. ñèëà òðåíèÿ ïðîïîðöèîíàëüíà çíàêó îòíîñèòåëüíîé
ñêîðîñòè òðóáû è ñðåäû, êîýôôèöèåíòó òðåíèÿ è íîðìàëüíîìó äàâëåíèþ ñðåäû.

Ïðîâåäåíî èññëåäîâàíèå âëèÿíèÿ ïàðàìåòðîâ òðóáû è ïðîáêè íà ïðîöåññ ïî-
ãðóæåíèÿ îòêðûòîé òðóáû â ãðóíò.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 17-77-20049).
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Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûì âîçäåéñòâèåì [1] (èìïóëüñíûå
ñèñòåìû) ÿâëÿþòñÿ àäåêâàòíûì èíñòðóìåíòîì ìîäåëèðîâàíèÿ ýâîëþöèîííûõ
ïðîöåññîâ, ïîäâåðãàþùèõñÿ âîçäåéñòâèÿì èìïóëüñíîãî õàðàêòåðà. Ìàòåìàòè÷å-
ñêèå ìîäåëè, ïîñòðîåííûå íà îñíîâå èìïóëüñíûõ ñèñòåì óêàçàííîãî âèäà, íà-
õîäÿò ïðèìåíåíèå â ìåõàíèêå, òåõíèêå, ìàòåìàòè÷åñêîé áèîëîãèè è äðóãèõ îò-
ðàñëÿõ íàóêè è òåõíèêè. Âàæíîé çàäà÷åé ÿâëÿåòñÿ èññëåäîâàíèå óñòîé÷èâîñòè
ñòàöèîíàðíîãî ðåøåíèÿ èìïóëüñíîé ñèñòåìû â êðèòè÷åñêîì ñëó÷àå, êîãäà õàðàê-
òåð óñòîé÷èâîñòè ëèíåéíîãî ïðèáëèæåíèÿ íå äàåò äîñòàòî÷íîé èíôîðìàöèè îá
óñòîé÷èâîñòè ïîëíîé (íåëèíåéíîé) ñèñòåìû. Íàñêîëüêî íàì èçâåñòíî, ýòà çàäà÷à
èçó÷åíà åù¼ âåñüìà íåäîñòàòî÷íî. Ìû ðàññìîòðèì êëàññ ïåðèîäè÷åñêèõ èìïóëüñ-
íûõ ñèñòåì âòîðîãî ïîðÿäêà

ẋ = Ax+ f(x), t ̸= τk, x(t+ 0) = Hkx(t) + gk(x(t)), t = τk, (1)

ãäå x ∈ R2, x(t + 0) � ïðàâîå ïðåäåëüíîå çíà÷åíèå x(t) â òî÷êå t, 0 = τ0 < τ1 <
τ2 < . . . � ìîìåíòû èìïóëüñíîãî âîçäåéñòâèÿ, τk+1 = τk+θk, A, Hk � ïîñòîÿííûå
ìàòðèöû, ðÿäû f(x) =

∑
|m|≥2 Fmx

m, gk(x) =
∑

|m|≥2G
k
mx

m àáñîëþòíî ñõîäÿòñÿ
â îêðåñòíîñòè íóëÿ (çäåñüm = (m1,m2) ≥ 0� ìóëüòèèíäåêñ, |m| = m1+m2, xm =
xm1
1 xm2

2 , Fm, Gkm ∈ R2) è âûïîëíåíî óñëîâèå ïåðèîäè÷íîñòè: ïîñëåäîâàòåëüíîñòü
ïîëîæèòåëüíûõ ÷èñåë {θk} ÿâëÿåòñÿ p-ïåðèîäè÷åñêîé äëÿ íåêîòîðîãî p ∈ N è
Hk = Hk+p, Gkm = Gk+pm äëÿ ëþáîãî k ∈ Z.

Èçâåñòíû ðàçëè÷íûå ìåòîäû ðåøåíèÿ çàäà÷è îá óñòîé÷èâîñòè â êðèòè÷åñêèõ
ñëó÷àÿõ [2�6], è âñå îíè äîñòàòî÷íî òðóäîåìêèå. Â äîêëàäå ïðîèçâîäèòñÿ ñðàâíå-
íèå ðàçëè÷íûõ ïîäõîäîâ è ôîðìóëèðóþòñÿ íîâûå äîñòàòî÷íûå óñëîâèÿ óñòîé÷è-
âîñòè äëÿ íåêîòîðûõ êëàññîâ èìïóëüñíûõ ñèñòåì.
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Òðàäèöèîííûå ìåòîäû èññëåäîâàíèÿ äåôîðìàöèé ãèïåðóïðóãèõ ñðåä îáëàäà-
þò íåêîòîðûìè ñóùåñòâåííûìè íåäîñòàòêàìè, òàêèìè êàê ñèëüíàÿ ñâÿçàííîñòü
ïîëó÷àåìûõ ñîîòíîøåíèé [1] è ñëîæíîñòü ýêñïåðèìåíòàëüíîãî èçìåðåíèÿ ìàòåðè-
àëüíûõ ïàðàìåòðîâ. Äàííàÿ ðàáîòà ðàçâèâàåò èäåþ ïðèìåíåíèÿ QR-ðàçëîæåíèÿ,
ïðåäñòàâëåííóþ â [2], äëÿ ïîñòðîåíèÿ íîâîé ìåðû äåôîðìàöèé.

Ïîñòðîåíèå ïðîâîäèòñÿ â îïðåäåëåííîé ôèêñèðîâàííîé ñèñòåìå êîîðäèíàò e⃗i,
â êîòîðîé êîìïîíåíòû ãðàäèåíòà äåôîðìàöèè îáðàçóþò íåâûðîæäåííóþ ìàòðè-
öó Fij . Äëÿ äàííîé ìàòðèöû îïðåäåëåíî åå QR-ðàçëîæåíèå F = QF̃ . Â êà÷å-
ñòâå ïàðàìåòðîâ äåôîðìàöèè ïðèìåíÿþòñÿ âåëè÷èíû ξ1 = ln F̃11, ξ2 = ln F̃22,
ξ3 = ln F̃33, ξ4 = F̃12

F̃11
, ξ5 = F̃13

F̃11
, ξ6 = F̃23

F̃22
.

Â ðàáîòå [2] áûëî ïîêàçàíî, ÷òî F̃T F̃ = FTF = C, ò. å. íîâóþ ìåðó äåôîðìà-
öèé ìîæíî ïîëó÷èòü êàê ðàçëîæåíèå Õîëåöêîãî äëÿ ìåðû äåôîðìàöèé Ãðèíà.
Òàêîå ñîîòâåòñòâèå ïîçâîëÿåò âûðàçèòü ïîòåíöèàë ãèïåðóïðóãîé ñðåäû ψ(C) êàê
ôóíêöèþ ψ(ξi) êîìïîíåíò íîâîé ìåðû äåôîðìàöèé.

Ïðè èñïîëüçîâàíèè ïîëó÷åííîé ìåðû äåôîðìàöèé òåíçîð íàïðÿæåíèé âûðà-
æàåòñÿ â âèäå Tij = 1

J

∑6
k=1

∂ψ
∂ξk

A
(k)
ij , ãäå J = detF = det F̃ = F̃11F̃22F̃33, à òåíçîðû

A(k) âûðàæàþòñÿ ÷åðåç òåíçîð F è âåêòîðû e⃗′i = Qe⃗i. Âàæíûì ñâîéñòâîì ïîëó-
÷åííîé ñèñòåìû òåíçîðîâ ÿâëÿåòñÿ åå �ïî÷òè îðòîãîíàëüíîñòü� � èìåííî, èç âñåõ
ïîïàðíûõ ñâåðòîê A(k)

ij A
(l)
ij , k ̸= l, íåíóëåâîé ÿâëÿåòñÿ òîëüêî ñâåðòêà A(4)

ij A
(5)
ij .

Àâòîðàìè áûëà ïîñòðîåíà ÷èñëåííàÿ ìîäåëü äëÿ òðåõìåðíîãî ñëó÷àÿ, àíà-
ëîãè÷íàÿ ðàáîòå [3]. Ìîäåëü îñíîâàíà íà ÿâíîé çàïèñè óðàâíåíèé ðàâíîâåñèÿ
äëÿ êàæäîãî óçëà òåòðàýäðè÷åñêîé ñåòêè, ñ ôóíêöèÿìè ôîðìû, îñíîâàííûìè
íà áàðèöåíòðè÷åñêèõ êîîðäèíàòàõ, è âûðàæåíèåì óïðóãèõ óñèëèé â âèäå
F⃗el = −

∑
p Vp

∂ψp

∂ξi

∂ξi
∂Ckl

∂Ckl

∂P ′
j
, ãäå ñóììèðîâàíèå ïî p ñîîòâåòñòâóåò ñóììèðîâàíèþ

ïî âñåì ýëåìåíòàì, ñîäåðæàùèì äàííûé óçåë, Vp � îáúåì ýëåìåíòà, P ′
j � èñêîìûå

êîîðäèíàòû âåðøèí äåôîðìèðîâàííîãî ýëåìåíòà, à ∂ξi
∂Ckl

âûðàæàåòñÿ àíàëèòè÷å-
ñêè èç ðàçëîæåíèÿ Õîëåöêîãî (ôîðìóëà çäåñü íå ïðèâîäèòñÿ ââèäó åå îáúåìà).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 19-01-00511 À).
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ãèïåðóïðóãèõ ìàòåðèàëîâ ñ èñïîëüçîâàíèåì íîâîé ìåðû äåôîðìàöèè // Äèôôå-
ðåíö. óðàâíåíèÿ. 2018. Ò. 54, � 7. Ñ. 988�995.
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Î ÒÎ×ÍÛÕ ÐÅØÅÍÈßÕ ÎÄÍÎÃÎ
ÍÅÊËÀÑÑÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß
Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ

Àðèñòîâ À.È.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; ai_aristov@mail.ru

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ òî÷íûõ ðåøåíèé óðàâíåíèÿ

∂

∂t
(∆u− u) + ∆u+ div (u∇u) = 0.

Ýòî óðàâíåíèå îïèñûâàåò íåñòàöèîíàðíûå ïðîöåññû â ïîëóïðîâîäíèêå [1].
Îòìåòèì, ÷òî êà÷åñòâåííûì ñâîéñòâàì ðåøåíèé íåëèíåéíûõ óðàâíåíèé, ñî-

äåðæàùèõ ñìåøàííûå ïðîèçâîäíûå ïî âðåìåíè è ïî ïðîñòðàíñòâåííûì ïåðå-
ìåííûì âûñîêèõ ïîðÿäêîâ, ïîñâÿùåíû îáøèðíûå èññëåäîâàíèÿ (íàïðèìåð, [1]),
òîãäà êàê â ëèòåðàòóðå î òî÷íûõ ðåøåíèÿõ ïîäîáíûå óðàâíåíèÿ âñòðå÷àþòñÿ
äîâîëüíî ðåäêî.

Â äàííîé ðàáîòå ïîñòðîåíî 10 êëàññîâ òî÷íûõ ðåøåíèé íàçâàííîãî óðàâíåíèÿ.
Èñïîëüçîâàíû ìåòîä áåãóùåé âîëíû, ìåòîä îáîáùåííîãî ðàçäåëåíèÿ ïåðåìåííûõ,
ïîèñê ðåøåíèé ñïåöèàëüíîãî âèäà [2]. Íåêîòîðûå âû÷èñëåíèÿ áûëè àâòîìàòèçè-
ðîâàíû ñ ïîìîùüþ ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè Maple.

Òåîðåìà. Ñóùåñòâóþò êàê îáðàùàþùèåñÿ â áåñêîíå÷íîñòü íà êîíå÷íûõ ïðî-
ìåæóòêàõ âðåìåíè (ðàçðóøàþùèåñÿ) ðåøåíèÿ íàçâàííîãî óðàâíåíèÿ, òàê è îãðà-
íè÷åííûå ãëîáàëüíî ïî âðåìåíè.

Ñïðàâåäëèâîñòü ýòîãî óòâåðæäåíèÿ âûòåêàåò èç àíàëèçà ïîñòðîåííûõ òî÷íûõ
ðåøåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè äëÿ

ãîñóäàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ � êàíäèäàòîâ íàóê (ïðîåêò

� ÌÊ-1829.2018.1).

ËÈÒÅÐÀÒÓÐÀ

1. Ñâåøíèêîâ À. Ã., Àëüøèí À.Á., Êîðïóñîâ Ì.Î., Ïëåòíåð Þ.Ä. Ëèíåéíûå è íåëè-
íåéíûå óðàâíåíèÿ ñîáîëåâñêîãî òèïà. Ì.: Ôèçìàòëèò, 2007.

2. Ïîëÿíèí À.Ä., Çàéöåâ Â.Ô., Æóðîâ À.È. Ìåòîäû ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè è ìåõàíèêè. Ì.: Ôèçìàòëèò, 2005.
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ÂÎÇÂÐÀÒÍÛÅ ÓÐÀÂÍÅÍÈß È ÔÎÐÌÓËÛ ÊÀÐÄÀÍÎ
Â ÇÀÄÀ×ÀÕ ÂÛ×ÈÑËÈÒÅËÜÍÎÉ ÌÅÕÀÍÈÊÈ

Àñòàïîâ Í.Ñ.1,2, Àñòàïîâ È.Ñ.3

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
2Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ; nika@hydro.nsc.ru
3Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
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Â ôèçèêî-òåõíè÷åñêèõ ðàñ÷åòàõ ÷àñòî âîçíèêàåò íåîáõîäèìîñòü ÿâíîãî ñèì-
âîëüíîãî (íå ÷èñëåííîãî) âûðàæåíèÿ êîðíåé àëãåáðàè÷åñêèõ óðàâíåíèé ÷åðåç
áóêâåííûå êîýôôèöèåíòû ýòèõ óðàâíåíèé äëÿ ïîñëåäóþùåãî èññëåäîâàíèÿ ôè-
çè÷åñêèõ çàêîíîìåðíîñòåé. Â çàäà÷àõ óñòîé÷èâîñòè ñòåðæíåé, ïëàñòèí è îáîëî-
÷åê ïîÿâëÿþòñÿ àëãåáðàè÷åñêèå óðàâíåíèÿ òðåòüåé�âîñüìîé ñòåïåíè. Îäíàêî â
ïðàêòè÷åñêè âàæíûõ çàäà÷àõ âîçíèêàþò èìåííî òàêèå êóáè÷åñêèå óðàâíåíèÿ, âñå
òðè êîðíÿ êîòîðûõ ÿâëÿþòñÿ âåùåñòâåííûìè ÷èñëàìè. À â ýòîì ñëó÷àå èçâåñò-
íûå ñïîñîáû ðåøåíèÿ (ôîðìóëû Ôåððî � Òàðòàëüè, ôîðìóëû Ôåððàðè � Êàðäàíî
è äð.) îêàçûâàþòñÿ êîìïüþòåðíî òðóäíî ðåàëèçóåìûìè, òàê êàê íå ñóùåñòâóåò
àëãîðèòìà èçâëå÷åíèÿ êóáè÷åñêîãî êîðíÿ èç ïðîèçâîëüíîãî êîìïëåêñíîãî ÷èñëà.
Ïîýòîìó ïðèõîäèòñÿ îáðàùàòüñÿ ê òðèãîíîìåòðè÷åñêîé ôîðìå çàïèñè êîðíåé
(ôîðìóëû Âèåòà), êîòîðàÿ ÿâëÿåòñÿ ãðîìîçäêîé äëÿ ïîñëåäóþùåãî ïðèìåíåíèÿ
â àíàëèòè÷åñêèõ âûêëàäêàõ. Â ÷àñòíûõ ñëó÷àÿõ, êîãäà êîýôôèöèåíòû èñõîä-
íûõ óðàâíåíèé ñâÿçàíû êàêèìè-ëèáî äîïîëíèòåëüíûìè ñîîòíîøåíèÿìè, èíîãäà
óäàåòñÿ âûðàçèòü êîðíè óðàâíåíèé ÷åðåç êîýôôèöèåíòû áîëåå ïðîñòî, ÷åì ýòî
ìîæåò áûòü âûïîëíåíî ñ ïîìîùüþ ôîðìóë Êàðäàíî.

Â îñíîâíîì â ðàáîòå èññëåäóþòñÿ ðàçëîæåíèÿ íà ìíîæèòåëè ïîëèíîìîâ ïÿòîé
è øåñòîé ñòåïåíè ñïåöèàëüíîãî âèäà. Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Äëÿ òîãî ÷òîáû âûïîëíÿëîñü ðàâåíñòâî

x6 + cx4 + dx3 + ex2 + fx+ g = (x3 + px+ g)(x3 +mx+ n)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî

g(c2 − 4e)− cdf + d2e+ f2 = 0.

Äàíû ðàçëîæåíèÿ íà ìíîæèòåëè ïîëèíîìà øåñòîé ñòåïåíè, ó êîòîðîãî òîëüêî
îäèí êîýôôèöèåíò ïàðàìåòðè÷åñêè çàâèñèò îò îñòàëüíûõ ïðîèçâîëüíûõ êîýô-
ôèöèåíòîâ. Óêàçàíû ðàçëîæåíèÿ íà ìíîæèòåëè íåêîòîðûõ ïîëèíîìîâ âûñîêèõ
ñòåïåíåé. Èññëåäîâàíèå áóêâåííûõ ðåøåíèé âîçâðàòíîãî óðàâíåíèÿ øåñòîé ñòå-
ïåíè ïðèâåëî ê ïîñòðîåíèþ íîâûõ àëãîðèòìîâ äëÿ ðåøåíèé óðàâíåíèé òðåòüåé è
÷åòâåðòîé ñòåïåíè. Ýòè àëãîðèòìû èñïîëüçóþò ðåøåíèÿ äðóãèõ óðàâíåíèé, äèñ-
êðèìèíàíòû è ðåçîëüâåíòû êîòîðûõ îòëè÷àþòñÿ îò äèñêðèìèíàíòîâ è ðåçîëü-
âåíò èñõîäíûõ óðàâíåíèé. Ïðåäëîæåíû ñïîñîáû ñâåäåíèÿ óðàâíåíèé òðåòüåé è
÷åòâåðòîé ñòåïåíè ê âîçâðàòíûì óðàâíåíèÿì. Îñîáîå âíèìàíèå óäåëåíî óðàâ-
íåíèÿì, ðàçðåøèìûì â êâàäðàòíûõ ðàäèêàëàõ. Ýôôåêòèâíîñòü ïðåäëîæåííûõ
ñïîñîáîâ ïðîèëëþñòðèðîâàíà ñðàâíåíèåì ñ ðåøåíèÿìè, ãåíåðèðóåìûìè ïàêåòîì
ïðèêëàäíûõ ïðîãðàìì Mathematica.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-08-00528).
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ÍÀÕÎÆÄÅÍÈÅ ÏÎÂÅÐÕÍÎÑÒÅÉ ÐÀÇÐÛÂÎÂ
ÊÎÝÔÔÈÖÈÅÍÒÎÂ ÓÐÀÂÍÅÍÈß ÏÅÐÅÍÎÑÀ

Áàëàêèíà Å.Þ.1,2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

balakina@math.nsc.ru

Ðàññìîòðèì íåñòàöèîíàðíîå ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

∂f(t, r, ω,E)

∂t
+ ω · ∇rf(t, r, ω,E) + µ(t, r, E)f(t, r, ω,E) = J(t, r, ω,E).

Ýòî óðàâíåíèå îïèñûâàåò, â ÷àñòíîñòè, ïðîöåññ ïåðåíîñà ÷àñòèö ñêâîçü ñðåäó.
Çäåñü t � âðåìåííàÿ ïåðåìåííàÿ, t ∈ [0, T ]; r � ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ,
r ∈ G ⊂ R3, G � âûïóêëàÿ îãðàíè÷åííàÿ îáëàñòü; ω ∈ Ω = {ω ∈ R3 : |ω| = 1};
E ∈ I = [E1, E2], E1 > 0, E2 < ∞. Ôóíêöèÿ f(t, r, ω,E) èíòåðïðåòèðóåòñÿ êàê
ïëîòíîñòü ïîòîêà ÷àñòèö â ìîìåíò âðåìåíè t â òî÷êå r ñ ýíåðãèåé E, ëåòÿùèõ â
íàïðàâëåíèè ω. Ôóíêöèè µ è J õàðàêòåðèçóþò ñðåäó G.

Ê óðàâíåíèþ äîáàâëÿþòñÿ íà÷àëüíîå è êðàåâûå óñëîâèÿ: îïðåäåëÿåòñÿ ïëîò-
íîñòü ïàäàþùåãî ïîòîêà h è óñðåäí¼ííàÿ ïëîòíîñòü âûõîäÿùåãî ïîòîêà H � ïðè
ýòîì èçâåñòíîé ñ÷èòàåòñÿ òîëüêî ôóíêöèÿ H.

Ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè ïîâåðõíîñòåé ðàçðûâîâ êîýôôèöèåí-
òîâ óðàâíåíèÿ µ è J . Èíûìè ñëîâàìè, ñòàâèòñÿ âîïðîñ îá îïðåäåëåíèè âíóòðåííåé
ñòðóêòóðû ñðåäû G. Òàêàÿ ïîñòàíîâêà ÿâëÿåòñÿ ïðîäîëæåíèåì öèêëà èññëåäîâà-
íèé Ä.Ñ. Àíèêîíîâà [1].

Äëÿ ðåøåíèÿ ïîñòàâëåííîé ïðîáëåìû ñíà÷àëà èññëåäóåòñÿ ïðÿìàÿ çàäà÷à î
íàõîæäåíèè ïëîòíîñòè ïîòîêà f ïðè çàäàííûõ íà÷àëüíîì óñëîâèè è ïëîòíîñòè
ïàäàþùåãî ïîòîêà h (òàêàÿ æå ïîñòàíîâêà, íî â ñëó÷àå íåïðåðûâíûõ êîýôôèöè-
åíòîâ, áûëà ðàññìîòðåíà À.È. Ïðèëåïêî [2]). Çàòåì ðàññìàòðèâàåòñÿ ñïåöèàëü-
íàÿ ôóíêöèÿ

Ind(r) =

∣∣∣∣ ∇
T∫
d

∫
Ω

H(t, r + d(r, ω)ω, ω)dωdt

∣∣∣∣,
çàâèñÿùàÿ îò èçâåñòíûõ äàííûõ, ôóíêöèÿ d(r, ω) � ðàññòîÿíèå îò òî÷êè r äî ãðà-
íèöû ∂G â íàïðàâëåíèè ω, d � äèàìåòð îáëàñòè G. Äîêàçûâàåòñÿ, ÷òî ôóíêöèÿ
Ind ïðèíèìàåò íåîãðàíè÷åííîå çíà÷åíèå òîëüêî íà èñêîìûõ ïîâåðõíîñòÿõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-29-10086).
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Ôåäåðàëüíûé èññëåäîâàòåëüñêèé öåíòð �Èíôîðìàòèêà è óïðàâëåíèå� ÐÀÍ,
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Îïðåäåëèì îáëàñòü Ω ⊂ R3 ñ òðåóãîëüíîé òðåùèíîé K, ëåæàùåé â ïëîñêîñòè
P0 := {x3 = 0} ñ êîìïëåêñíîé êîîðäèíàòîé w = x1 + ix2, ñëåäóþùèì îáðàçîì.
Ïóñòü ãîìåîìîðôíàÿ øàðó îáëàñòü Ω0 ∋ {0} â R3 ñ êóñî÷íî-ãëàäêîé ëèïøèöåâîé
ãðàíèöåé ðàçäåëÿåòñÿ ïëîñêîñòüþ P0 íà äâå îáëàñòè, Ω+ è Ω−, ïðèíàäëåæàùèå
òîìó æå êëàññó îáëàñòåé, ÷òî è Ω0. Îáëàñòè Ω+ è Ω− ñîåäèíÿþòñÿ ÷åðåç ïëîñêóþ
æîðäàíîâó ñ êóñî÷íî-ãëàäêîé ëèïøèöåâîé ãðàíèöåé îáëàñòü P ⊂ P0. Ëåæàùèé â
P0 óãîë K0 := {argw ∈ [0, α]}, ãäå α ∈ (0, π), ðàçäåëÿåò P íà óãëîâóþ îáëàñòü K,
èãðàþùóþ ðîëü òðåóãîëüíîé òðåùèíû, è K1; îáå îáëàñòè ïðèíàäëåæàò òîìó æå
êëàññó, ÷òî è P. Òîãäà îáëàñòü Ω îïðåäåëÿåòñÿ êàê îáúåäèíåíèå Ω+∪Ω−∪K1. Åå
ãðàíèöà ñîñòîèò èç (äâóñòîðîííåé) ïîâåðõíîñòè K è îñòàëüíîé ïîâåðõíîñòè Γ.

Ðàññìàòðèâàåìàÿ êðàåâàÿ çàäà÷à ñîñòîèò â íàõîæäåíèè ôóíêöèè ψ(x), x =
(x1, x2, x3), êîòîðàÿ: 1) óäîâëåòâîðÿåò â Ω óðàâíåíèþ Ëàïëàñà, ò. å. ∆ψ±(x) = 0,
x ∈ Ω±, ãäå ψ± � ñóæåíèÿ ψ íà Ω±; 2) îòâå÷àåò íà èíòåðôåéñíîé ïîâåðõíîñòè K1

óñëîâèÿì òðàíñìèññèè: ψ+(x) = ψ−(x) è κ+∂νψ
+(x) = κ−∂νψ

−(x), x ∈ K1, ãäå
κ+ è κ− � çàäàííûå ïîëîæèòåëüíûå êîíñòàíòû, ∂ν � íîðìàëüíàÿ ïðîèçâîäíàÿ;
3) ñîîòâåòñòâóåò íà ãðàíèöå ∂Ω ñëåäóþùèì êðàåâûì óñëîâèÿì: i) ψ(x) = 0, x ∈ K;
ii) ψ(x) = h(x), x ∈ Γ. Ýòà çàäà÷à ðàññìàòðèâàåòñÿ â ïîäõîäÿùèõ ïðîñòðàíñòâàõ
Ñîáîëåâà � Ñëîáîäåöêîãî [1, 2] â îáîáùåííîé ïîñòàíîâêå, ò. å. åå ðåøåíèå ψ ∈
o

W 1
2 (Ω,K) óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

∫
Ω
κ(x)

(
∇ψ(x),∇η(x)

)
dx = 0

äëÿ âñåõ ïðîáíûõ ôóíêöèé η ∈
o

W 1
2 (Ω, ∂Ω), ãäå κ(x) = κ±, x ∈ Ω±, à (·, ·) �

ñêàëÿðíîå ïðîèçâåäåíèå â R3.
Ðåøåíèå îñíîâàíî íà ïîñòðîåíèè è èñïîëüçîâàíèè àïïðîêñèìàòèâíîé ñèñòå-

ìû ôóíêöèé, çàïèñûâàåìûõ â ñôåðè÷åñêèõ êîîðäèíàòàõ â âèäå Ψk(r, θ, φ) =
rµU(µ; θ, φ), ãäå µ = µ(k), k = 1, 2, . . . (ñì. [3]). Çäåñü µ(k) � ñîáñòâåííûå çíà÷å-
íèÿ, à U(µ(k); θ, φ) � ñîáñòâåííûå ôóíêöèè äëÿ óãëîâîé ÷àñòè îïåðàòîðà
div(κ∇ψ) â îáëàñòè S = S2 \K0 íà ñôåðå, óäîâëåòâîðÿþùèå óñëîâèÿì òðàíñìèñ-
ñèè íà èíòåðôåéñíîé ëèíèè L :=

(
S2∩P0

)
\K0 è îäíîðîäíîìó óñëîâèþ Äèðèõëå íà

äóãå S2∩K0. Îáîáùåííîå ðåøåíèå U ýòîé çàäà÷è ïîíèìàåòñÿ â ñìûñëå èíòåãðàëü-
íîãî òîæäåñòâà

∫
S κ

(
∇SU,∇SV

)
ds = µ(µ + 1)

∫
S UV ds äëÿ âñåõ V èç ñîîòâåò-

ñòâóþùåãî ñîáîëåâñêîãî ïðîñòðàíñòâà, ãäå∇S � êàñàòåëüíàÿ ê S êîìïîíåíòà ãðà-
äèåíòà. Ðåøåíèå ýòîé ñïåêòðàëüíîé çàäà÷è â S ñòðîèòñÿ áëî÷íî-ïðîåêöèîííûì
ìåòîäîì ñ èñïîëüçîâàíèåì ôóíêöèé âèäà um(µ; θ̃, φ̃) = P

−m/2
µ (cos θ̃) sin (mθ̃/2),

ãäå Pλµ(t) � ïðèñîåäèíåííûå ôóíêöèè Ëåæàíäðà íà ðàçðåçå, à (θ̃, φ̃) � íóæíûì
îáðàçîì îðèåíòèðîâàííûå óãëîâûå êîîðäèíàòû íà ñôåðå S2. Ìåòîä áûë ÷èñëåííî
ðåàëèçîâàí, è, â ÷àñòíîñòè, ïîëó÷åíà çàâèñèìîñòü µ(k), ò. å. ïîêàçàòåëåé ñèíãó-
ëÿðíîñòåé â âåðøèíå òðåùèíû îò ðàñòâîðà åå óãëà è îòíîøåíèÿ κ+/κ−.
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Ê èíòåãðàëüíûì, ôóíêöèîíàëüíûì è äèñêðåòíûì óðàâíåíèÿì òèïà Óðûñîíà
ïðèâîäèò øèðîêèé êëàññ çàäà÷ ìîäåëèðîâàíèÿ êîñâåííûõ èçìåðåíèé, äèñòàíöè-
îííîãî çîíäèðîâàíèÿ, ñåéñìî-, ãåîðàçâåäêè è äð. Íåïîñðåäñòâåííîå ðåøåíèå òà-
êèõ óðàâíåíèé ÿâëÿåòñÿ íåêîððåêòíîé çàäà÷åé. Ó÷åò àïðèîðíîé è äðóãîé èíôîð-
ìàöèè î ðåøåíèè, ìîäåëè èçìåðåíèÿ, ñïîñîáà ñêàíèðîâàíèÿ ïðèâîäèò ê ðàçëè÷-
íûì ýêñòðåìàëüíûì çàäà÷àì ñ óñëîâèÿìè â âèäå èñõîäíûõ óðàâíåíèé. Âûáîð ðå-
ãóëÿðèçèðóþùèõ ôóíêöèîíàëîâ ïðèâîäèò ê ðàçëè÷íûì àëãîðèòìàì âîññòàíîâëå-
íèÿ ðåøåíèé. Â êà÷åñòâå ïðèìåðà ðàññìîòðåíû îäíîìåðíûé ñëó÷àé îïðåäåëåíèÿ
ôîðìû ãåîëîãè÷åñêîé àíîìàëèè è åå õàðàêòåðèñòèê ïî ðåçóëüòàòàì èçìåðåíèé
íà ïîâåðõíîñòè çåìëè, à òàêæå ñèñòåìà óðàâíåíèé òèïà Óðûñîíà, âîçíèêàþùàÿ
â çàäà÷å îïðåäåëåíèÿ ïîâåðõíîñòè ïî ðåçóëüòàòàì ñêàíèðîâàíèÿ.

Ñîîòâåòñòâóþùèå èíòåãðàëüíûå îïåðàòîðû ñîäåðæàò ñâåðòêó ïî ïðîñòðàí-
ñòâåííîé ïåðåìåííîé è äåëüòîîáðàçíîå ÿäðî, çàäàþùåå ôîðìó ñêàíèðóþùåãî
ñèãíàëà.

Ìîäåëüíûìè ÿâëÿþòñÿ ñëåäóþùèå ýêñòðåìàëüíûå çàäà÷è [1]:

f0(z) ≡ ∥z∥2 → inf,

Aiz ≡
b∫
a

ki(x− s)ni(t− z(s))ds = ui(x, t), i = 1,m, c ≤ t ≤ d,

ñ äåëüòàîáðàçíûì ÿäðîì n(t), à òàêæå èõ äèñêðåòíûå àíàëîãè [2].
Ðàññìîòðåíû ðåãóëÿðèçèðóþùèå èòåðàöèîííûå àëãîðèòìû, ó÷èòûâàþùèå

ðàçëè÷íóþ èíôîðìàöèþ î ðåøåíèè èëè áëèçêèå ðåøåíèÿ, êàê ðåçóëüòàò ñêà-
íèðîâàíèÿ ïî áëèçêîé òðàåêòîðèè. Ïðèâåäåíû ìîäåëüíûå ýêñïåðèìåíòû.
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Èññëåäîâàíèÿ ïî ðàññìàòðèâàåìîé òåìàòèêå â ðàìêàõ íåñâÿçàííîé òåîðèè
òåðìîâÿçêîóïðóãîñòè ïðîâîäèëèñü àâòîðîì â ïðåäøåñòâóþùèå ãîäû. Ê ïðèìå-
ðó, â ðàáîòàõ [1�4] èññëåäóþòñÿ ïðîöåññû ôîðìèðîâàíèÿ öèëèíäðè÷åñêèõ è ñôå-
ðè÷åñêèõ èçäåëèé ïðè ðàçëè÷íûõ óñëîâèÿõ (îáúåìíûé, ôðîíòàëüíûé ðåæèìû)
ïðîâåäåíèÿ ðåàêöèè îòâåðæäåíèÿ.

Ïðåäñòàâëåííàÿ â äàííîé ðàáîòå ìîäåëü ñòðîèòñÿ â óñëîâèÿõ ñâÿçàííîé òåî-
ðèè. Ðàññìàòðèâàåòñÿ ïðîöåññ îòâåðæäåíèÿ (ïîëèìåðèçàöèè) æèäêîé ñðåäû â
ôîðìå ïëîñêîé ïëàñòèíû â óñëîâèÿõ íåîäíîðîäíîãî ðàñïðåäåëåíèÿ òåìïåðàòóðû
T = T (x, t), ãëóáèíû ïîëèìåðèçàöèè α = α (x, t). Èñòî÷íèêîâàÿ ôóíêöèÿ â óðàâ-
íåíèè òåïëîâîãî áàëàíñà ñîñòîèò èç äâóõ êîìïîíåíò: õèìè÷åñêîé, îáóñëîâëåííîé
ïðîöåññîì ïîëèìåðèçàöèè, è ìåõàíè÷åñêîé, îáóñëîâëåííîé âîçíèêàþùèìè â õîäå
îòâåðæäåíèÿ âÿçêîóïðóãèìè íàïðÿæåíèÿìè è äåôîðìàöèÿìè.

Äëÿ îïèñàíèÿ âÿçêîóïðóãîãî ïîâåäåíèÿ ìàòåðèàëà èñïîëüçóåòñÿ íîðìàëüíàÿ
ìîäåëü âÿçêîóïðóãîãî òåëà � ïàðàëëåëüíîå ñîåäèíåíèå ñðåäû Ãóêà è Ìàêñâåëëà.
Âÿçêîñòü ñðåäû ïðåäïîëàãàåòñÿ çàâèñÿùåé îò òåìïåðàòóðû. Íà ãðàíèöàõ ïëàñòè-
íû çàäàíû óñëîâèÿ êîíâåêòèâíîãî òåïëîîáìåíà ñ îêðóæàþùåé ñðåäîé. Óðàâíåíèå
íåðàçðûâíîñòè â ðàññìàòðèâàåìîé ìîäåëè ñëóæèò äëÿ îïðåäåëåíèÿ èçìåíÿþùåé-
ñÿ ïëîòíîñòè ìàòåðèàëà.

Ïðîâîäèòñÿ øèðîêèé ÷èñëåííûé ýêñïåðèìåíò íà îñíîâå âàðüèðîâàíèÿ ïàðà-
ìåòðîâ çàäà÷è. Àíàëèçèðóåòñÿ ïðîñòðàíñòâåííî-âðåìåííîå ðàñïðåäåëåíèå òåìïå-
ðàòóðû, ãëóáèíû ïîëèìåðèçàöèè, íàïðÿæåííîå ñîñòîÿíèå. Àíàëèç ñîïðîâîæäà-
åòñÿ ñîîòâåòñòâóþùèìè ãðàôèêàìè ôóíêöèé.

ËÈÒÅÐÀÒÓÐÀ

1. Áåëÿåâà Í.À. Äåôîðìèðîâàíèå âÿçêîóïðóãèõ ñòðóêòóðèðîâàííûõ ñèñòåì. LAP
Lambert Academic Publishing, 2011.

2. Áåëÿåâà Í.À., Õóäîåâà Å. Å. Âû÷èñëèòåëüíûé êîìïëåêñ �Òåðìîâÿçêîóïðóãèå ìîäåëè
îòâåðæäåíèÿ îñåñèììåòðè÷íûõ èçäåëèé� // Âåñòí. Ñûêòûâêàðñêîãî óí-òà. Ñåð. 1.
Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2011. Âûï. 14. Ñ. 125�146.

3. Áåëÿåâà Í.À. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå. Ó÷åáíîå ïîñîáèå. Ñûêòûâêàð: Èçä-
âî Ñûêòûâêàðñêîãî ãîñóíèâåðñèòåòà, 2014.

4. Áåëÿåâà Í.À., Äîâæêî Å.Ñ. Îáúåìíîå ôîðìèðîâàíèå öèëèíäðè÷åñêîãî èçäåëèÿ ñ
ó÷åòîì äàâëåíèÿ // Èçâ. Êîìè íàó÷íîãî öåíòðà ÓðÎ ÐÀÍ. 2014. � 4(20). Ñ. 5�11.

95



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÐÀÇÂÈÒÈÅ ÌÅÒÎÄÀ ÄÈÕÎÒÎÌÈÈ
ÌÀÒÐÈ×ÍÎÃÎ ÑÏÅÊÒÐÀ

Áèáåðäîðô Ý.À.1,2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

biberdorf@ngs.ru

Îäíèì èç äîñòèæåíèé íàó÷íîé øêîëû àêàäåìèêà Ñ.Ê. Ãîäóíîâà ÿâëÿåòñÿ íî-
âàÿ ôîðìóëèðîâêà ñïåêòðàëüíîé ïðîáëåìû â âèäå çàäà÷è äèõîòîìèè ìàòðè÷íîãî
ñïåêòðà. Çàìåòèì, ÷òî õîòÿ èäåÿ òàêîãî ïîäõîäà ÿâëÿåòñÿ äîâîëüíî åñòåñòâåííîé
äëÿ ïðèëîæåíèé, â ÷àñòíîñòè, äëÿ òåîðèè óñòîé÷èâîñòè, îíà îêàçàëàñü ñëèøêîì
ðåâîëþöèîííîé äëÿ òîãî, ÷òîáû ïîëó÷èòü øèðîêîå ðàñïðîñòðàíåíèå.

Â ðàáîòå [1] âîçìîæíîñòè ìåòîäà äèõîòîìèè äåìîíñòðèðîâàëèñü íà ïðèìå-
ðàõ èññëåäîâàíèÿ ÿâëåíèÿ ôëàòòåðà êðûëà, à òàêæå óñòîé÷èâîñòè òóðáèííûõ
ëîïàñòåé. Òàêæå îêàçàëîñü (ñì. [2]), ÷òî ìåòîä äèõîòîìèè ìîæåò ýôôåêòèâíî
ïðèìåíÿòüñÿ â çàäà÷å ðàçëîæåíèÿ ïîëèíîìà íà ìíîæèòåëè.

Â íåäàâíåì âðåìåíè íà÷àòà ðàáîòà ïî àäàïòàöèè ìåòîäà äèõîòîìèè ê çà-
äà÷àì îá óñòîé÷èâîñòè òå÷åíèé. Â ïåðâóþ î÷åðåäü áûëî èññëåäîâàíî ïëîñêî-
ïàðàëëåëüíîå òå÷åíèå Ïóàçåéëÿ âÿçêîé íåñæèìàåìîé æèäêîñòè [3]. Äëÿ ýòèõ öå-
ëåé ïîòðåáîâàëîñü ñîçäàòü ìîäèôèêàöèþ ìåòîäà äèõîòîìèè îòíîñèòåëüíî ìíè-
ìîé îñè äëÿ ìàòðèö ñ áîëüøîé íîðìîé, òàê êàê ìàòðèöû, ïðåäñòàâëÿþùèå ñîáîé
äèñêðåòíûå àíàëîãè ïðîèçâîäíûõ, îòëè÷àþòñÿ áîëüøîé íîðìîé.

Äàëåå áûëî èçó÷åíî ïðèñòåíî÷íîå òå÷åíèå Áëàçèóñà. Îñîáåííîñòü ýòîé çà-
äà÷è â òîì, ÷òî äèñêðåòèçàöèÿ êðàåâîãî óñëîâèÿ íà áåñêîíå÷íîñòè ïðèâîäèò ê
íåëèíåéíîé çàâèñèìîñòè ìàòðèöû äèñêðåòèçèðîâàííîãî îïåðàòîðà îò ñïåêòðàëü-
íîãî ïàðàìåòðà. Ñ ïîìîùüþ çàìåíû óäàëîñü ïîëó÷èòü ëèíåéíóþ ñïåêòðàëüíóþ
çàäà÷ó, îäíàêî ïîñëå çàìåíû îáëàñòè óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ðàçãðàíè-
÷èâàëèñü ãèïåðáîëîé [4]. Ýòî ïîñëóæèëî ñòèìóëîì ê ñîçäàíèþ åäèíîãî ïîäõîäà
ê äèõîòîìèè ñïåêòðîâ ìàòðè÷íûõ ïó÷êîâ êðèâûìè âòîðîãî ïîðÿäêà. Îêàçàëîñü,
÷òî, íàïðèìåð, îäíîìåðíûå ñïåêòðàëüíûå ïîðòðåòû, ïîëó÷åííûå îòíîñèòåëüíî
ñåìåéñòâ êðèâûõ âòîðîãî ïîðÿäêà, îáëàäàþò öåëûì ðÿäîì îñîáåííîñòåé, ïðîèñ-
õîæäåíèå êîòîðûõ áûëî îáúÿñíåíî íà ïðîñòûõ ïðèìåðàõ.

Â öåëîì ìîæíî çàêëþ÷èòü, ÷òî, âî-ïåðâûõ, ìåòîä äèõîòîìèè ìàòðè÷íîãî
ñïåêòðà èìååò áîëüøîé ïîòåíöèàë ðàçâèòèÿ, à âî-âòîðûõ, ìîæåò óñïåøíî ïðè-
ìåíÿòüñÿ ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00791).
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Ñëîæíàÿ ìîëåêóëÿðíàÿ ñòðóêòóðà æèäêèõ ïîëèìåðíûõ ìàòåðèàëîâ ñèëüíî
çàòðóäíÿåò çàäà÷ó î ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé äèíàìèêè ïîëèìåð-
íûõ ñðåä. Íà ñåãîäíÿøíèé äåíü ïðåäëîæåíî áîëüøîå êîëè÷åñòâî òàêèõ ìîäåëåé,
èñïîëüçóþùèõ ðàçëè÷íûå ïîäõîäû è ïðåäïîëîæåíèÿ. Îäíàêî èìåþùèåñÿ ìàòå-
ìàòè÷åñêèé ðåçóëüòàòû äëÿ çíà÷èòåëüíîé ÷àñòè ýòèõ ìîäåëåé ïîêà äîñòàòî÷-
íî îãðàíè÷åíû. Îäíîé èç ñðàâíèòåëüíî íîâûõ ìîäåëåé äèíàìèêè æèäêèõ ïîëè-
ìåðîâ ÿâëÿåòñÿ îáîáùåííàÿ ðåîëîãè÷åñêàÿ ìîäåëü Ïîêðîâñêîãî � Âèíîãðàäîâà,
èñïîëüçóþùàÿ ìåçîñêîïè÷åñêèé ïîäõîä ê âûâîäó ìàòåìàòè÷åñêèõ ñîîòíîøåíèé.
Íîâèçíà è íåäîñòàòî÷íàÿ èçó÷åííîñòü ýòîé ìîäåëè äåëàåò öåëåñîîáðàçíûì èñ-
ñëåäîâàíèå èçâåñòíûõ òèïîâ òå÷åíèé âÿçêèõ æèäêîñòåé â ïðèìåíåíèè ê ìîäåëè.

Íàìè ðàññìàòðèâàåòñÿ çàäà÷à î âèõðåâîì äâèæåíèè íåñæèìàåìîé ïîëèìåð-
íîé æèäêîñòè â ðàìêàõ îáîáùåííîé ðåîëîãè÷åñêîé ìîäåëè Ïîêðîâñêîãî � Âèíî-
ãðàäîâà. Ìû èùåì ðåøåíèÿ, îïèñûâàþùèå òå÷åíèå ñëîÿ ïîëèìåðíîé æèäêîñòè,
ðàñïîëîæåííîãî íàä âðàùàþùåéñÿ ãîðèçîíòàëüíîé áåñêîíå÷íîé ïëàñòèíîé. Äëÿ
ïîèñêà ðåøåíèé ìû èñïîëüçóåì èçâåñòíîå �êàðìàíîâñêîå� ïðåäñòàâëåíèå èñêî-
ìûõ ôóíêöèé [1, 2]. Â ïðåäïîëîæåíèè î çàäàííîì ïîñòîÿííîì äàâëåíèè æèäêî-
ñòè ìû ÷èñëåííî ñòðîèì ïðèìåðû ñòàöèîíàðíûõ ðåøåíèé çàäà÷è â çîíå âáëèçè
îñè âðàùåíèÿ ïëàñòèíû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00791À) è ïðè ïîääåðæêå ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ

èññëåäîâàíèé ÑÎ ÐÀÍ I.1.5 (ïðîåêò � 0314-2016-0013).
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ÌÅÒÎÄÀ ÑÔÅÐÈ×ÅÑÊÈÕ ÃÀÐÌÎÍÈÊ

Áîáîåâ Ê.Ñ.
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Ðàññìàòðèâàåòñÿ êîíå÷íî-ðàçíîñòíûé ñïîñîá ðåøåíèÿ ïðÿìîé è îáðàòíîé çà-
äà÷è äëÿ íåñòàöèîíàðíîãî êèíåòè÷åñêîãî óðàâíåíèÿ ïåðåíîñà íåéòðîíîâ íà îñ-
íîâå ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê.

Ðàçëè÷íûå ïîñòàíîâêè ðåøåíèÿ ïðÿìîé çàäà÷è ðàññìàòðèâàëèñü â ðàáîòàõ
[1, 2], ãäå ðàçëîæåíèåì ïî ñôåðè÷åñêèì ôóíêöèÿì èç êèíåòè÷åñêîãî óðàâíåíèÿ
ïåðåíîñà ïîëó÷åíà ñèñòåìà ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê â Pn-ïðèáëèæåíèè ïðè
äèññèïàòèâíûõ ãðàíè÷íûõ óñëîâèÿõ òèïà Âëàäèìèðîâà � Ìàðøàêà.

Îïðåäåëåíèå êîýôôèöèåíòîâ ñèììåòðè÷åñêîé ãèïåðáîëè÷åñêîé ñèñòåìû ìå-
òîäà ñôåðè÷åñêèõ ãàðìîíèê ïî íåêîòîðîé äîïîëíèòåëüíîé èíôîðìàöèè î ðåøå-
íèè ïðÿìîé çàäà÷è îñíîâàíî íà èäåè îáðàùåíèÿ ðàçíîñòíîé ñõåìû [3, 4].

Äîêàçàíà ñõîäèìîñòü ïðåäëîæåííîãî ìåòîäà.
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Íîâîñèáèðñê: Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè
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Ïîñëåäîâàòåëüíûìè ýòàïàìè ðàçâèòèÿ ìîäåëè òðàíñçâóêîâîãî òå÷åíèÿ áûëè
ó÷åò ñæèìàåìîñòè [1], íåñòàöèîíàðíîñòè [2] è âÿçêèõ ýôôåêòîâ [3].

Äëÿ íåñòàöèîíàðíîãî òðàíñçâóêîâîãî òå÷åíèÿ îïðåäåëÿþùåå óðàâíåíèå áûëî
âûâåäåíî Â. Ëèíåì, Ý. Ðåéññíåðîì è Ñ. Öÿíåì [2] (óðàâíåíèå ËÐÖ) ñ èñïîëüçî-
âàíèåì òàê íàçûâàåìîãî òðàíñçâóêîâîãî ðàçëîæåíèÿ. Äëÿ ýòîãî èñêîìûå ôóíê-
öèè áûëè ðàçëîæåíû â ðÿäû ïî ìàëîìó ïàðàìåòðó, çà êîòîðûé áûëî âûáðàíî
îòêëîíåíèå õàðàêòåðíîãî çíà÷åíèÿ ÷èñëà Ìàõà ïîòîêà îò åäèíèöû. Óðàâíåíèå
îõâàòèëî ìíîãèå, ïðèñóùèå òðàíñçâóêîâîìó òå÷åíèþ ñâîéñòâà � íåëèíåéíîñòü,
íåñòàöèîíàðíîñòü, ïðîñòðàíñòâåííóþ íåîäíîìåðíîñòü. Ïîëó÷åííîå áîãàòñòâî ðå-
øåíèé çàñëîíèëî, îäíàêî, ñèíãóëÿðíîñòü ïîëó÷åííîé ìîäåëè. Âûÿñíèëîñü [4],
÷òî îêîëîçâóêîâîé õàðàêòåð òå÷åíèÿ ïðåäîïðåäåëèë íàëè÷èå â çàäà÷å äâóõ êà-
÷åñòâåííî ðàçëè÷íûõ ñêîðîñòåé � î÷åíü ìàëîé äëÿ ñëàáûõ âîçìóùåíèé ââåðõ
ïî ïîòîêó è êîíå÷íîé äëÿ ñëàáûõ âîçìóùåíèé, ñíîñÿùèõñÿ ïî ïîòîêó. Âûáîð çà
õàðàêòåðíóþ ïåðâîé èç ñêîðîñòåé è ìàñøòàáèðîâàíèå åå äî êîíå÷íîãî çíà÷åíèÿ
ïðèâåë ê òîìó, ÷òî êëàññè÷åñêàÿ ìîäåëü íå ïîçâîëÿëà ïðàâèëüíî îïèñàòü ðàñ-
ïðîñòðàíåíèå âñåõ ñëàáûõ íåñòàöèîíàðíûõ âîçìóùåíèé, íî ýòî îáñòîÿòåëüñòâî
áûëî ïðîèãíîðèðîâàíî.

Â ýòîé ñâÿçè áûëà ïðåäëîæåíà ìîäèôèöèðîâàííàÿ ìîäåëü, çàêëþ÷àþùàÿñÿ
â ñîõðàíåíèè (âîçíèêàþùåãî åñòåñòâåííûì îáðàçîì) â óðàâíåíèè ËÐÖ ïðè åãî
âûâîäå ÷ëåíà ñî âòîðîé ïðîèçâîäíîé ïî âðåìåíè [2]. Ïîëó÷åííîå óðàâíåíèå ïîç-
âîëÿåò ðàññìàòðèâàòü âîçìóùåíèÿ, ðàñïðîñòðàíÿþùèåñÿ âî âñåõ íàïðàâëåíèÿõ.
Èõ ðîñò èëè çàòóõàíèå ìîæåò áûòü ñîâåðøåííî ðàçëè÷íûì è îïðåäåëÿþùèì îá-
ðàçîì âëèÿòü, â ÷àñòíîñòè, íà óñòîé÷èâîñòü òå÷åíèÿ.

Ðàáîòà âûïîëíåíà â ñîîòâåòñòâèè ñ ïëàíîì èññëåäîâàíèé ÍÈÈ ìåõàíèêè ÌÃÓ ïðè

÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé

(ïðîåêòû 16-29-01092-îôè_ì, 18-01-00793-à).
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Äîêëàä ïîñâÿù¼í ðàçâèòèþ îäíîãî èç êëàññîâ äèñêðåòíûõ ìåòîäîâ ðåøåíèÿ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, à èìåííî, ìåòîäà ÷àñòèö, ðàçðûâíîãî åãî âà-
ðèàíòà [1, 2]. Ìåòîäû ÷àñòèö ïðåäñòàâëÿþò èñêîìóþ ôóíêöèþ â âèäå íàáîðà
δ-ôóíêöèé ñ èõ äàëüíåéøåé àïïðîêñèìàöèåé êëàññè÷åñêèìè ôóíêöèÿìè. Â íà-
ñòîÿùåé ìîìåíò áîëüøîé ïîïóëÿðíîñòüþ ïîëüçóþòñÿ ìåòîäû òèïà SPH (ãèäðî-
äèíàìèêè ñãëàæåííûõ ÷àñòèö), â êîòîðûõ àïïðîêñèìèðóþùèå ôóíêöèè (ôóíê-
öèè ÿäðà) ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè. Ïîäõîä ðàçðûâíîãî ìåòîäà ÷àñòèö,
êàê ñëåäóåò èç íàçâàíèÿ, îòëè÷àåòñÿ îò ïîäõîäà ìåòîäà SPH è îñíîâàí íà ñïåöè-
àëüíîì âûáîðå àïïðîêñèìàöèè δ-ôóíêöèé ïîñëåäîâàòåëüíîñòüþ ïðÿìîóãîëüíûõ
ôèãóð.

Äëÿ îäíîìåðíîãî ñëó÷àÿ àëãîðèòì ðàçðûâíîãî ìåòîäà ÷àñòèö ñîñòîèò èç òðåõ
ýòàïîâ: èíèöèàëèçàöèÿ, ñäâèã ÷àñòèöû, ïåðåñòðîéêà ÷àñòèöû. Ïåðâûé ýòàï âû-
ïîëíÿåòñÿ òîëüêî îäèí ðàç, îñòàëüíûå � êàæäûé øàã ïî âðåìåíè. Íà ïåðâîì
ýòàïå ïîëó÷àåì íà÷àëüíûå çíà÷åíèÿ øèðèíû, âûñîòû è öåíòðà âñåõ ÷àñòèö. Äà-
ëåå ÿâíûì ìåòîäîì Ýéëåðà ðåøàåòñÿ óðàâíåíèå äâèæåíèÿ ÷àñòèö. Èç-çà ðàçíèöû
ñêîðîñòåé ïîñëå âòîðîãî ýòàïà ìåæäó ÷àñòèöàìè îáðàçóþòñÿ ïåðåñå÷åíèÿ èëè çà-
çîðû. Îíè ïðåäñòàâëÿþò ñîáîé îøèáêó àïïðîêñèìàöèè ïëîòíîñòè. Íåîáõîäèìî
ìèíèìèçèðîâàòü îøèáêó, äëÿ ÷åãî áóäåì èçìåíÿòü øèðèíó ÷àñòèöû, òåì ñàìûì
ïîäáèðàÿ ïðàâèëüíóþ àïïðîêñèìàöèþ δ-ôóíêöèé. Ñ ó÷¼òîì ñîõðàíåíèÿ ïëîùàäè
âûñîòà ÷àñòèöû òàêæå áóäåò èçìåíÿòüñÿ. Òàêèì îáðàçîì, ìû ïîëó÷àåì çíà÷åíèÿ
èñêîìîé ïëîòíîñòè íà íîâîì øàãå ïî âðåìåíè.

Ïîäîáíûì ñïîñîáîì ðàíåå áûëè ðåøåíû îäíîìåðíûå çàäà÷è äëÿ êâàçèëèíåé-
íîãî óðàâíåíèÿ ïåðåíîñà, óðàâíåíèÿ Áþðãåðñà, ñèñòåìû óðàâíåíèé ìåëêîé âîäû
è ñèñòåìû óðàâíåíèé ãàçîâîé äèíàìèêè [3]. Â êà÷åñòâå ïðèìåðà èñïîëüçîâàíèÿ
äàííîãî ìåòîäà â äâóìåðíîì ñëó÷àå áûëà âûáðàíà çàäà÷à äëÿ äâóìåðíîãî êâà-
çèëèíåéíîãî óðàâíåíèÿ ïåðåíîñà. Ïðè ðàñøèðåíèè ðàçðûâíîãî ìåòîäà ÷àñòèö íà
ìíîãîìåðíûé ñëó÷àé ðàñ÷åòíàÿ îáëàñòü ðàçáèâàåòñÿ íà ïîäîáëàñòè, ãäå ïðîèñ-
õîäèò ïîèñê áëèæàéøèõ ÷àñòèö. Ïîëó÷åííûå ðåçóëüòàòû ñâèäåòåëüñòâóþò, ÷òî
ðàçðûâíûé ìåòîä êîððåêòíî ðåøàåò çàäà÷ó Êîøè äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ
ïåðåíîñà. Â äàëüíåéøåì äàííûé ìåòîä ïðåäëàãàåòñÿ èñïîëüçîâàòü äëÿ ðåøåíèÿ
ìíîãîìåðíûõ çàäà÷ ñèñòåìû óðàâíåíèé ãàçîâîé äèíàìèêè.
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Â äîêëàäå èçëàãàþòñÿ ïðîöåäóðû ïîñòðîåíèÿ ÷èñëåííûõ àëãîðèòìîâ ïîâû-
øåííîé òî÷íîñòè èíòåãðèðîâàíèÿ îäíîìåðíûõ è ìíîãîìåðíûõ çàäà÷ äèíàìè÷å-
ñêîãî äåôîðìèðîâàíèÿ òâåðäûõ òåë íà îñíîâå íåñêîëüêèõ àïïðîêñèìàöèé êàæäîé
èç íåèçâåñòíûõ ôóíêöèé [1]. Ïðèíöèïû ôîðìóëèðîâêè èçëàãàåìûõ àëãîðèòìîâ
áûëè èíèöèèðîâàíû èäåÿìè Ñ.Ê. Ãîäóíîâà, ðåàëèçîâàííûìè èì ïðè ñîçäàíèè
ñõåì ÷èñëåííîãî ðåøåíèÿ êâàçèëèíåéíûõ ãèïåðáîëè÷åñêèõ ñèñòåì, îñíîâàííûõ
íà ðàñùåïëåíèè ðåøåíèÿ ìíîãîìåðíîé çàäà÷è íà ðÿä îäíîìåðíûõ çàäà÷ î ðàñ-
ïàäå ðàçðûâà è ââåäåíèè â ñõåìû �áîëüøèõ� è �ìàëåíüêèõ� âåëè÷èí.

Â äîêëàäå ïðèâîäÿòñÿ ïðèìåðû ðåøåíèÿ ïðÿìûõ çàäà÷ óïðóãîïëàñòè÷åñêî-
ãî äåôîðìèðîâàíèÿ òâåðäûõ òåë ñ èñïîëüçîâàíèåì ðàçðàáîòàííûõ àëãîðèòìîâ, à
òàêæå ïðèìåðû ðåøåíèÿ îáðàòíûõ çàäà÷ ãåîôèçèêè, îñíîâàííûå íà ìíîãîêðàò-
íîì ïðèìåíåíèè àëãîðèòìîâ ðåøåíèÿ ïðÿìûõ çàäà÷.
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Ïóñòü Ω ⊂ Rn, n = 2, 3, � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé Γ. Ðàñ-
ñìîòðèì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó:

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
−µ0DivE(v)−µ1Div

t∫
0

e−
t−s
λ E(v)(s, z(s; t, x)) ds = −grad p+f, (1)

div v = 0, (t, x) ∈ (0,+∞)× Ω, (2)

z(τ ; t, x) = x+

τ∫
t

v(s, z(s; t, x))ds, t, τ ∈ [0,+∞), x ∈ Ω, (3)

v
∣∣∣
Γ
= 0, v(0, x) = v0(x), x ∈ Ω,

∫
Ω

p dx = 0. (4)

Çäåñü v(t, x) � âåêòîð-ôóíêöèÿ ñêîðîñòè äâèæåíèÿ ÷àñòèö ñðåäû â òî÷êå x ∈ Ω
â ìîìåíò âðåìåíè t; p(t, x) � äàâëåíèå; f(t, x) � ïëîòíîñòü âíåøíèõ ñèë; µ0 > 0,
µ1 > 0, λ > 0 � íåêîòîðûå êîíñòàíòû; E(v)(t, x) � òåíçîð ñêîðîñòåé äåôîðìàöèè.

Ðàçðåøèìîñòü â ñëàáîì ñìûñëå íà÷àëüíî-êðàåâîé çàäà÷è (1)�(4) óñòàíîâëåíà
â ðàáîòå [1]. Äëÿ óñòàíîâëåíèÿ ñóùåñòâîâàíèÿ ðàâíîìåðíûõ àòòðàêòîðîâ äàííîé
íåàâòîíîìíîé çàäà÷è ïðèìåíÿëàñü òåîðèÿ òðàåêòîðíûõ àòòðàêòîðîâ íåèíâàðè-
àíòíûõ òðàåêòîðíûõ ïðîñòðàíñòâ (ñì., íàïðèìåð, [2�4]).

Îïðåäåëåíèå. Â êà÷åñòâå ïðîñòðàíñòâà òðàåêòîðèé H+
σ çàäà÷è (1)�(4), ñî-

îòâåòñòâóþùåé ñèìâîëó σ ∈ Σ = {T (h)f = f( · + h), ∀h > 0}, ïðèìåì ìíîæåñòâî
ôóíêöèé v ∈ L∞(R+;H) ∩ Lloc

2 (R+;V ) ñ ïðîèçâîäíîé v′ ∈ Lloc
1 (R+;V

∗), òàêèõ
÷òî îãðàíè÷åíèå v íà ëþáîé îòðåçîê [0, T ] ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(4) ñ σ
âìåñòî f â ïðàâîé ÷àñòè, è ñ íåêîòîðûì v0 ∈ H, è ïðè ëþáîì t > 0 âûïîëíÿåòñÿ
íåðàâåíñòâî

∥v∥2L∞(t,t+1;H) +

t∫
0

e−2γ(t−s)∥v(s)∥2V ds 6 C2
1

(
1 + ∥v∥2L∞(R+,H)e

−2γt
)

ñ íåêîòîðûìè ïîñòîÿííûìè C1 > 0 è 0 < γ < λ−1, çàâèñÿùèìè îò µ0, µ1,
∥f∥Lloc

2 (R+,V ∗) è íå çàâèñÿùèìè îò v, v
0.

Òåîðåìà. Ïóñòü f ∈ Lloc
2 (R+, V

∗) è µ0 − µ1λ > 0. Òîãäà ñóùåñòâóåò ìèíè-
ìàëüíûé ðàâíîìåðíûé òðàåêòîðíûé àòòðàêòîð U è ðàâíîìåðíûé ãëîáàëüíûé
àòòðàêòîð A ñåìåéñòâà òðàåêòîðíûõ ïðîñòðàíñòâ {H+

σ : σ ∈ Σ} çàäà÷è (1)�(4).
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îá-

ðàçîâàíèÿ ÐÔ (ïðîåêò � 14.Z50.31.0037).
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Ðàññìàòðèâàåòñÿ ñèñòåìà ëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè
êîýôôèöèåíòàìè

yn+1 = (A(n) +B(n))yn, n ∈ Z, (1)

ãäå A(n) � íåâûðîæäåííûå ìàòðèöû ðàçìåðà m×m è ìàòðè÷íàÿ ïîñëåäîâàòåëü-
íîñòü {A(n)} � N -ïåðèîäè÷åñêàÿ, ò. å. A(n +N) = A(n), n ∈ Z. Ïîñëåäîâàòåëü-
íîñòü {B(n)} � N -ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü âîçìóùåíèé. Ïðåäïîëàãà-
åòñÿ, ÷òî ñèñòåìà

xn+1 = A(n)xn, n ∈ Z,
ýêñïîíåíöèàëüíî äèõîòîìè÷íà. Êàê ïîêàçàíî â ðàáîòå [1], ýòî ýêâèâàëåíòíî òî-
ìó, ÷òî ñóùåñòâóþò ýðìèòîâû ìàòðèöû H(0),H(1), . . . , H(N − 1) è ìàòðèöà P ,
óäîâëåòâîðÿþùèå ñëåäóþùåé êðàåâîé çàäà÷å:

H(l)−A∗(l)H(l + 1)A(l) =
(
U∗
l

)−1

P ∗U∗
l UlPU

−1
l

−
(
U∗
l

)−1

(I − P )∗U∗
l Ul(I − P )U−1

l , l = 0, 1, . . . , N − 1,

H(0) = H(N) > 0,

H(0) = P ∗H(0)P + (I − P )∗H(0)(I − P ),

P 2 = P, PUN = UNP,

(2)

ãäå Ul � ìàòðèöà Êîøè. Äàííûé êðèòåðèé ÿâëÿåòñÿ àíàëîãîì êðèòåðèÿ Êðåéíà
äëÿ àâòîíîìíûõ ñèñòåì [2].

Ñ ïîìîùüþ (2) ìîæíî îöåíèòü íîðìû ìàòðèö B(n), ïðè êîòîðûõ ñèñòåìà
(1) áóäåò ýêñïîíåíöèàëüíî äèõîòîìè÷íîé. Èññëåäîâàíèå ÿâëÿåòñÿ ïðîäîëæåíèåì
[1, 3�5].
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Â äîêëàäå ðå÷ü ïîéäåò îá îäíîì êëàññå êðàåâûõ çàäà÷ â ïîëóïðîñòðàíñòâå
Rn+ = {x = (x′, xn) : x′ ∈ Rn−1, xn > 0} äëÿ ýëëèïòè÷åñêèõ ñèñòåì (ñì., íàïðè-
ìåð, [1]): {

L(Dx)U = F (x), x ∈ Rn+,
B(Dx)U

∣∣
xn=0

= 0.
(1)

Ðàññìàòðèâàåìûå êðàåâûå çàäà÷è óäîâëåòâîðÿþò óñëîâèþ Ëîïàòèíñêîãî, îïåðà-
òîðû L(Dx) è B(Dx) ÿâëÿþòñÿ îäíîðîäíûìè.

Èññëåäóåòñÿ âîïðîñ î ðàçðåøèìîñòè êðàåâîé çàäà÷è (1) âW l
p(Rn+), 1 < p <∞.

Õîðîøî èçâåñòíî [2, 3], ÷òî êðàåâàÿ çàäà÷à (1) îäíîçíà÷íî ðàçðåøèìà â W l
p(Rn+)

ïðè lp′ < n, p′ = p/(p − 1). Â ðàáîòàõ [2, 4] ïîêàçàíî, ÷òî äëÿ ðàçðåøèìîñòè
êðàåâîé çàäà÷è (1) â W l

p(Rn+) ïðè lp′ ≥ n íåîáõîäèìî íàêëàäûâàòü íåêîòîðûå
äîïîëíèòåëüíûå óñëîâèÿ íà F (x). Âûïèñàí ÿâíûé âèä ýòèõ óñëîâèé â ñëó÷àå,
êîãäà (l − 1)p′ < n ≤ lp′. Ïîêàçàíî, ÷òî ýòè óñëîâèÿ ÿâëÿþòñÿ íåîáõîäèìûìè è
äîñòàòî÷íûìè äëÿ ðàçðåøèìîñòè âW l

p(Rn+). Èç [2] ñëåäóåò, ÷òî äëÿ ðàçðåøèìîñòè
çàäà÷è (1) â W l

p(Rn+) ïðè (l − 2)p′ < n ≤ (l − 1)p′ äîñòàòî÷íî ïîòðåáîâàòü îò

F (x) ñëåäóþùèõ óñëîâèé:
∫
Rn

+

F (x) dx = 0,
∫
Rn

+

xνF (x) dx = 0, |ν| = 1. Â ðàáîòå [5]

óêàçûâàþòñÿ íåîáõîäèìûå óñëîâèÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è (1) â W l
p(Rn+),

1 < p ≤ 2, ïðè (l−2)p′ < n ≤ (l−1)p′. Îòìåòèì, ÷òî ïîëó÷åííûå óñëîâèÿ çàâèñÿò
îò âèäà ãðàíè÷íîãî îïåðàòîðà.
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Â äîêëàäå ïðåäñòàâëåíà äâóìåðíàÿ ãèáðèäíàÿ ÷èñëåííàÿ ìîäåëü îòêðûòîé
ïëàçìåííîé ëîâóøêè ñ äèàìàãíèòíûì óäåðæàíèåì ïëàçìû. Ýòîò íîâûé ðåæèì
óäåðæàíèÿ ïëàçìû ïðåäëîæåí â ÈßÔ ÑÎ ÐÀÍ [1]. Â ýòîì ðåæèìå äàâëåíèå ïëàç-
ìû áëèçêî ê äàâëåíèþ ìàãíèòíîãî ïîëÿ, ìàãíèòíîå ïîëå â îáëàñòè, çàíèìàåìîé
ïëàçìîé, áëèçêî ê íóëþ, à â òîíêîì ñëîå íà ãðàíèöå ïëàçìû äèàìàãíèòíûé �ïó-
çûðü� áûñòðî óâåëè÷èâàåòñÿ. Â ñëó÷àå óñïåøíîé ðåàëèçàöèè òàêîé ðåæèì äàåò
âîçìîæíîñòü óëó÷øåíèÿ ïàðàìåòðîâ ïëàçìû â ëèíåéíûõ ìàãíèòíûõ ñèñòåìàõ
äëÿ òåðìîÿäåðíîãî ñèíòåçà.

Ðàçðàáîòàííàÿ ÷èñëåííàÿ ìîäåëü îñíîâàíà íà êèíåòè÷åñêîì ïðèáëèæåíèè
äëÿ èîíîâ è ÌÃÄ ïðèáëèæåíèè äëÿ ýëåêòðîíîâ. Íà îñíîâå ãèáðèäíîé ìîäåëè
ñîçäàí äâóìåðíûé àëãîðèòì èññëåäîâàíèÿ äèíàìèêè èíæåêòèðîâàííûõ ÷àñòèö â
ïîëå ëîâóøêè. Äëÿ ðàñ÷åòà ìàãíèòíîãî ïîëÿ è ýëåêòðîííîé êîìïîíåíòû ïëàçìû
èñïîëüçóþòñÿ êîíå÷íî-ðàçíîñòíûå ñõåìû. Äâèæåíèå èîííîé êîìïîíåíòû ðàññ÷è-
òûâàåòñÿ ìåòîäîì ÷àñòèö â ÿ÷åéêå (PIC). Íà îñíîâå ðàçðàáîòàííîãî àëãîðèòìà
ñîçäàí ïðîãðàììíûé êîä äëÿ èçó÷åíèÿ ïðîöåññîâ ôîðìèðîâàíèÿ ñîãëàñîâàííîé
ñ äâèæåíèåì ïëàçìû êîíôèãóðàöèè ìàãíèòíîãî ïîëÿ. Ïðîâåäåíî òåñòèðîâàíèå
ðàçðàáîòàííîãî êîäà íà çàäà÷å ðàçëåòà ïëàçìåííîãî îáëàêà â ïîëå ëîâóøêè. Ïðî-
âåäåíî ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ñ ðåçóëüòàòàìè ñ èíæåêöèåé ÷àñòèö.
Ïîëó÷åíû ðåçóëüòàòû çàâèñèìîñòè äèíàìèêè òå÷åíèÿ ïëàçìû îò ïàðàìåòðîâ
ïëàçìû è ìàãíèòíîãî ïîëÿ ëîâóøêè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00314).

ËÈÒÅÐÀÒÓÐÀ

1. Beklemishev A.D. Diamagnetic �bubble� equilibria in linear traps // Phys. Plasmas.
2016. V. 23, Article ID 082506.

105



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�
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Òå÷åíèÿ ìíîãîêîìïîíåíòíûõ õèìè÷åñêè ðåàãèðóþùèõ ãàçîâ, â ÷àñòíîñòè,
ïðîöåññû äåòîíàöèè, íåðåäêî õàðàêòåðèçóþòñÿ øèðîêèì äèàïàçîíîì âðåìåííûõ
è ïðîñòðàíñòâåííûõ ìàñøòàáîâ. Ýòî îáñòîÿòåëüñòâî ñîçäàåò òðóäíîñòè ïðè ÷èñ-
ëåííîì ìîäåëèðîâàíèè òàêèõ òå÷åíèé, ïîñêîëüêó äëÿ ðàçðåøåíèÿ âñåõ ýòèõ ìàñ-
øòàáîâ òðåáóþòñÿ î÷åíü ïîäðîáíûå ñåòêè, ïîäðàçóìåâàþùèå ÷ðåçâû÷àéíî áîëü-
øèå îáúåìû âû÷èñëåíèé â ìíîãîìåðíîì ñëó÷àå. Êàê ïðàâèëî, ðàñ÷åòû âåäóòñÿ
íà îòíîñèòåëüíî ãðóáûõ ñåòêàõ ïî ÿâíûì ñõåìàì. Ñî âðåìåí ðàáîòû [1] èçâåñòíî,
÷òî òàêîé ïîäõîä ïðèâîäèò ê ôèçè÷åñêè íåâåðíîìó âîñïðîèçâåäåíèþ äåòîíàöè-
îííûõ âîëí. Ïî ýòîé ïðè÷èíå áûëî ðàçðàáîòàíî ìíîæåñòâî ñïåöèàëüíûõ ìåòîäîâ
êîððåêöèè, ïîçâîëÿþùèõ ðåøèòü äàííóþ ïðîáëåìó äëÿ íåêîòîðûõ ÷àñòíûõ ïî-
ñòàíîâîê, ñì., íàïðèìåð, îáçîð â ðàáîòå [2].

Â äîêëàäå ðàññìàòðèâàåòñÿ íåÿâíàÿ ñõåìà ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðî-
öåññàì äëÿ æåñòêîé ñèñòåìû ìíîãîìåðíûõ ãàçîäèíàìè÷åñêèõ óðàâíåíèé Ýéëåðà
ñ õèìè÷åñêèìè èñòî÷íèêàìè. Êîíâåêöèÿ ðàññ÷èòûâàåòñÿ ïî áèêîìïàêòíîé ñõå-
ìå ÷åòâåðòîãî ïîðÿäêà àïïðîêñèìàöèè ïî ïðîñòðàíñòâó è òðåòüåãî ïîðÿäêà àï-
ïðîêñèìàöèè ïî âðåìåíè [3�5]. Ýòà âûñîêîòî÷íàÿ ñõåìà L-óñòîé÷èâà ïî âðåìåíè.
Õèìè÷åñêèå ðåàêöèè ñ÷èòàþòñÿ ïî L-óñòîé÷èâîé ñõåìå Ðóíãå � Êóòòû âòîðîãî
ïîðÿäêà. Ïðèâîäÿòñÿ ðåçóëüòàòû òåñòèðîâàíèÿ äàííîé ñõåìû ðàñùåïëåíèÿ íà
çàäà÷àõ î ðàñïðîñòðàíåíèè äåòîíàöèîííûõ âîëí â ãàçàõ ñ ðàçíûìè ÷èñëàìè êîì-
ïîíåíò è õèìè÷åñêèõ ðåàêöèé. Îáñóæäàþòñÿ ïðåèìóùåñòâà áèêîìïàêòíûõ ñõåì
ïî ñðàâíåíèþ ñ ïîïóëÿðíûìè ÿâíûìè ñõåìàìè òèïà MUSCL è WENO5 â êîíòåê-
ñòå ñêâîçíîãî ñ÷åòà äåòîíàöèîííûõ âîëí.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00045).

ËÈÒÅÐÀÒÓÐÀ

1. Colella P., Majda A., Roytburd V. Theoretical and numerical structure for reacting shock
waves // SIAM J. Sci. Stat. Comput. 1986. V. 7, No. 4. P. 1059�1080.

2. Wang W., Shu C.-W., Yee H.C., Sj�ogreen B. High order �nite di�erence methods with
subcell resolution for advection equations with sti� source terms // J. Comput. Phys.
2012. V. 231. P. 190�214.

3. Áðàãèí Ì.Ä., Ðîãîâ Á.Â. Ãèáðèäíûå áèêîìïàêòíûå ñõåìû ñ ìèíèìàëüíîé äèññèïà-
öèåé äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà // Æóðí. âû÷èñë. ìàòåìàòèêè è ìàò.
ôèçèêè. 2016. Ò. 56, � 6. Ñ. 958�972.

4. Áðàãèí Ì.Ä., Ðîãîâ Á.Â. Êîíñåðâàòèâíàÿ ìîíîòîíèçàöèÿ áèêîìïàêòíûõ ñõåì //
Ïðåïðèíòû ÈÏÌ èì. Ì.Â. Êåëäûøà ÐÀÍ. 2019. � 8. 26 ñ.

5. Áðàãèí Ì.Ä., Ðîãîâ Á.Â. Áèêîìïàêòíûå ñõåìû äëÿ ìíîãîìåðíûõ óðàâíåíèé ãè-
ïåðáîëè÷åñêîãî òèïà íà äåêàðòîâûõ ñåòêàõ ñ àäàïòàöèåé ê ðåøåíèþ // Ïðåïðèíòû
ÈÏÌ èì. Ì.Â. Êåëäûøà ÐÀÍ. 2019. � 11. 27 ñ.

106



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÌÍÎÃÎØÀÃÎÂÛÅ ÌÅÒÎÄÛ ×ÈÑËÅÍÍÎÃÎ
ÐÅØÅÍÈß ÈÍÒÅÃÐÎ-ÀËÃÅÁÐÀÈ×ÅÑÊÈÕ

ÓÐÀÂÍÅÍÈÉ ÑÎ ÑËÀÁÎ ÑÈÍÃÓËßÐÍÎÉ ÒÎ×ÊÎÉ

Áóäíèêîâà Î.Ñ.1, Áîòîðîåâà Ì.Í.2

Èðêóòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èðêóòñê, Ðîññèÿ;
1osbud@mail.ru, 2masha888888@mail.ru

Â äîêëàäå ðàññìîòðåíà ñèñòåìà

A(t)x(t) +

t∫
0

s−aK(t, s)x(s)ds = f(t), 0 ≤ s ≤ t ≤ 1, a ∈ (0, 1),

ñ óñëîâèåì
detA(t) ≡ 0,

çäåñü A(t), K(t, s)� çàäàííûå (n×n)− ìàòðèöû, f(t) è x(t)� n-ìåðíûå èçâåñòíàÿ
è èñêîìàÿ âåêòîð-ôóíêöèè, êîòîðóþ ïðèíÿòî íàçûâàòü èíòåãðî-àëãåáðàè÷åñêèì
óðàâíåíèåì (ÈÀÓ) ñî ñëàáîé îñîáåííîñòüþ.

Äàííàÿ çàäà÷à ïðè îïðåäåëåííûõ óñëîâèÿõ ìîæåò áûòü ðàññìîòðåííà êàê
èíòåãðàëüíûé àíàëîã äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ:

taAx′(t) +B(t)x(t) = f(t), x(0) = x0, 0 < t ≤ 1, 0 < a < 1.

Äëÿ ÷èñëåííîãî ðåøåíèÿ âûäåëåííîãî êëàññà ÈÀÓ [1], èìåþùèõ åäèíñòâåííîå
äîñòàòî÷íî ãëàäêîå ðåøåíèå, ïðåäëîæåíû ìíîãîøàãîâûå ìåòîäû, îñíîâàííûå íà
ýêñòðàïîëÿöèîííûõ ôîðìóëàõ, ÿâíûõ ìåòîäàõ Àäàìñà è íà ôîðìóëå èíòåãðèðî-
âàíèÿ ïðîèçâåäåíèÿ:

Ai+1

k∑
j=0

αjxi−j +
i∑
l=0

ωi+1,lKi+1,lxl = fi+1.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 18-51-54001_Âüåò_à).
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Â äîêëàäå ïðåäñòàâëåíà îáùàÿ ñõåìà ðàíäîìèçàöèè ìàòåìàòè÷åñêèõ (â òîì
÷èñëå ÷èñëåííûõ) ñòîõàñòè÷åñêèõ ïðèêëàäíûõ ìîäåëåé (ñì. òàêæå ðàçäåë 3.2
êíèãè [1]). Îñíîâîé ðàíäîìèçàöèè ÿâëÿåòñÿ ââåäåíèå (âûáîð) ñëó÷àéíîãî ïàðà-
ìåòðà ξ ñ çàäàííîé ïëîòíîñòüþ ðàñïðåäåëåíèÿ fξ(u).

Îòìå÷åíî, ÷òî â ðÿäå ïðèëîæåíèé ïðèíÿòî èñïîëüçîâàòü â êà÷åñòâå ôóíêöèè
fξ(u) ïëîòíîñòè áåòà-, ãàììà- èëè íîðìàëüíîãî ðàñïðåäåëåíèé ñ ñîîòâåòñòâóþ-
ùèì âûáîðîì ïàðàìåòðîâ. Íà îñíîâå ïðîâåäåííûõ íàìè òåñòîâûõ âû÷èñëåíèé
ïîêàçàíî, ÷òî èç-çà îòíîñèòåëüíî âûñîêîé òðóäîåìêîñòè ìíîãîêðàòíûõ îáðàùå-
íèé ê ãåíåðàòîðó ñòàíäàðòíûõ ñëó÷àéíûõ ÷èñåë è âû÷èñëåíèé ëîãàðèôìè÷åñêèõ,
ñòåïåííûõ è òðèãîíîìåòðè÷åñêèõ ôóíêöèé â ñëó÷àéíûõ òî÷êàõ, èçâåñòíûå ìîäå-
ëèðóþùèå ôîðìóëû è àëãîðèòìû äëÿ áåòà-, ãàììà- èëè íîðìàëüíîãî ðàñïðåäåëå-
íèé (ñì. ðàçäåëû 12 è 13.1 êíèãè [1]) ÿâëÿþòñÿ íåýôôåêòèâíûìè (íåýêîíîìè÷íû-
ìè). Ïîýòîìó èñïîëüçîâàíèÿ ýòèõ ðàñïðåäåëåíèé ïðè ðàíäîìèçàöèè ÷èñëåííûõ
ñòîõàñòè÷åñêèõ ìîäåëåé æåëàòåëüíî (åñëè ýòî âîçìîæíî) èçáåãàòü.

Â êà÷åñòâå àëüòåðíàòèâû ïðåäëîæåíî ëèáî âûáèðàòü fξ(u) èç íåêîòîðîãî �áàí-
êà� ýëåìåíòàðíûõ (ýôôåêòèâíî ìîäåëèðóåìûõ) âåðîÿòíîñòíûõ ïëîòíîñòåé, ôîð-
ìèðóåìîãî ñ ïîìîùüþ ñïåöèàëüíûõ òåõíîëîãèé (ñì. ðàáîòó [2] è ðàçäåë 14 êíè-
ãè [1]), ëèáî èñïîëüçîâàòü êóñî÷íî-ïîñòîÿííûå âåðñèè ïëîòíîñòè fξ(u) (ãèñòî-
ãðàììû èëè ïðèáëèæåíèÿ ñëîæíî ìîäåëèðóåìûõ ïëîòíîñòåé) è ñîîòâåòñòâóþ-
ùèå âàðèàíòû ìîäèôèöèðîâàííîãî ìåòîäà äèñêðåòíîé ñóïåðïîçèöèè (ñì. ðàáîòó
[2] è ðàçäåëû 11.2�11.4 êíèãè [1]).

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ (ïðîåêò

� 0315-2016-0002).
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Â äîêëàäå ïðåäñòàâëåíû íîâûå (ïî ñðàâíåíèþ ñ ðàáîòàìè [1�4]) ðåçóëüòà-
òû ïî òåîðèè è ïðèëîæåíèÿì ðàíäîìèçèðîâàííûõ ôóíêöèîíàëüíûõ ÷èñëåííûõ
àëãîðèòìîâ ïðèáëèæåíèÿ ðåøåíèÿ φ(x) èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
âòîðîãî ðîäà

φ(x) =

∫
k(x′, x)φ(x′) dx′ + f(x). (1)

Âî-ïåðâûõ, ñóùåñòâåííî ðàñøèðåí îáçîð èñïîëüçóåìûõ â ïðèêëàäíûõ çàäà÷àõ
ÿäåð k(x′, x) óðàâíåíèÿ (1). Ïîêàçàíî, ÷òî â ïîäàâëÿþùåì ÷èñëå ñëó÷àåâ ôóíê-
öèÿ k(x′, x) èìååò îñîáåííîñòè (âïëîòü äî äåëüòà-ôóíêöèé), ÷òî ñóùåñòâåííî çà-
òðóäíÿåò åå âû÷èñëåíèå, à çíà÷èò è ïðèìåíåíèå ðàíäîìèçèðîâàííûõ ñåòî÷íûõ
ôóíêöèîíàëüíûõ ÷èñëåííûõ àëãîðèòìîâ [2�4]. Â ñâîþ î÷åðåäü, ïðîåêöèîííûå
ôóíêöèîíàëüíûå àëãîðèòìû [2�4] îáëàäàþò ÷èñëåííîé íåóñòîé÷èâîñòüþ (ýòî ïî-
êàçûâàþò ïðîâåäåííûå íàìè òåñòîâûå ýêñïåðèìåíòû). Ïîýòîìó îñîáóþ ðîëü ïðè
ðåøåíèè ïðèêëàäíûõ çàäà÷ âèäà (1) ìîæåò ñûãðàòü èñïîëüçîâàíèå ïðîåêöèîííî-
ñåòî÷íûõ ôóíêöèîíàëüíûõ àëãîðèòìîâ [2�4].

Âî-âòîðûõ, îòìå÷åíû âîçìîæíîñòè ïðèìåíåíèÿ ñîîáðàæåíèé èç òåîðèè �ÿäåð-
íûõ� îöåíîê âåðîÿòíîñòíûõ ïëîòíîñòåé (ñì., íàïðèìåð, [5]) äëÿ ðàçâèòèÿ òåîðèè
ðàíäîìèçèðîâàííûõ ïðîåêöèîííî-ñåòî÷íûõ ôóíêöèîíàëüíûõ ÷èñëåííûõ àëãî-
ðèòìîâ ïðèáëèæåíèÿ ðåøåíèÿ φ(x) óðàâíåíèÿ (1) [1].

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ (ïðîåêò

� 0315-2016-0002).
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Â ðÿäå îáëàñòåé òåîðåòè÷åñêîé è ìàòåìàòè÷åñêîé ôèçèêè, ñâÿçàííûõ ñ ñîâðå-
ìåííîé òåîðèåé âîëí, âûäåëÿþòñÿ äèñïåðñèîííûå óðàâíåíèÿ. Ýòè óðàâíåíèÿ (â
óçêîì ñìûñëå D(k; ν) = 0; k � âîëíîâîå ÷èñëî, ν � ÷àñòîòà), êàê è äèñïåðñèîí-
íûå ôóíêöèè, è êðèâûå k(ν) îïèñûâàþò çàêîíû äèñïåðñèè â ìíîãîïðîôèëüíîé
òåîðèè âîëí. Äèñïåðñèîííûå óðàâíåíèÿ (âêëþ÷àÿ âèðòóàëüíûå (ñì. â [4]), ÷èñ-
ëåííûå è ýêñïåðèìåíòàëüíûå, è ïîäêëàññ àíèçîòðîïíûõ ñèñòåì, ν(k1, k2, k3), . . . )
âïîëíå îïðåäåëÿþò âîëíîâóþ êèíåìàòèêó, öåëûé ñïåêòð ÿâëåíèé è ñâîéñòâ, âàæ-
íûå ïàðàìåòðû è õàðàêòåðèñòèêè âîëíîâîãî ïðîöåññà. Ýòî àçáó÷íûå, ôàçîâàÿ è
ãðóïïîâàÿ (ýíåðãî-) ñêîðîñòè, çàäåðæêà, â àíçàöå, ïîêàçàòåëü ïðåëîìëåíèÿ, óãîë
îòðàæåíèÿ, äîïëåðîâñêèé ñäâèã, äèññèïàòèâíîå çàòóõàíèå, óñëîâèÿ èçëó÷åíèÿ è
äðóãîå. Â ñèëó êîìïüþòåðíîé ýêñïàíñèè, îñíîâíûì íàó÷íûì òðåíäîì âûñòóïàþò
÷èñëåííûå ìåòîäû, àíàëèòèêè íàìíîãî ìåíüøå. Àâòîðîì ðàçâèò ìåòîä àíàëèçà
äèñïåðñèîííûõ óðàâíåíèé, îñíîâàííûé íà òåîðèè íåÿâíûõ ôóíêöèé è äðóãèõ
ïîëîæåíèÿõ êîìïëåêñíîãî àíàëèçà. Ïèîíåð ìåòîäà � Â.È. Êåéëèñ-Áîðîê [1], çà-
òåì èäóò [2, 3]. Ýôôåêòèâíîñòü ìåòîäà � â ðåäóêöèè òðàíñöåíäåíòíûõ ôóíê-
öèé ê àëãåáðàè÷åñêèì. Íàèáîëåå òèïè÷íûì ýëåìåíòîì äèñïåðñèîííûõ è, âîîá-
ùå, òðàíñöåíäåíòíûõ ôóíêöèé è êðèâûõ ÿâëÿåòñÿ èçâèëèíà, ñ ïåðåãèáîì ìåæ
ãëàäêèìè äóãàìè (â òîé æå ñèíóñîèäå). Ìíîþ èçó÷åíû èçâèëèíû, êðàòíûå âåòâ-
ëåíèÿ, ïåòëè, êðåñòû, ïèêè è äðóãèå îñîáûå ôèãóðû. Ýôôåêòèâíà àñèìïòîòèêà
îáðàòíûõ âîëí, óçêîïîëîñíûõ ïî ÷àñòîòå è ñèíãóëÿðíûõ â öåëîì (ñì. â [3, 4]
è äð.). Ïîä÷åðêí¼ì, ÷òî îáðàòíîâîëíîâàÿ òåìàòèêà ñìåæíî ñ ìåòàìàòåðèàëà-
ìè êðàéíå ïåðñïåêòèâíà, ñ øèðîêî èçâåñòíûìè �ñêàçêàìè-â-æèçíü�, õàéòåêàìè
�ïëàùà-íåâèäèìêè� è áåñøóìíûõ ìàøèí (ñì. [4�6] è ìíîãèå äð.). Ïî ñðàâíå-
íèþ ñ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè è êðàåâûìè óñëîâèÿìè, äèñïåðñèîí-
íûå óðàâíåíèÿ âïîëíå èíâàðèàíòíû ôèçè÷åñêîé ïðèðîäå � îòêóäà ïîëíàÿ óíè-
âåðñàëüíîñòü äëÿ âîëí ëþáîãî òèïà. Òàêèì îáðàçîì, âûäåëÿåòñÿ íîâûé öåëüíûé
êðåàòèâíûé ðàçäåë è òðåíä ìàòåìàòè÷åñêîé ôèçèêè, âêëþ÷àÿ âóçîâñêèå êóðñû
(ñðàâíèòå [5] è â îòëè÷èå îò óæå �øêîëÿðñêèõ� òåì åù¼ XVII âåêà, òèïà óïðóãîé
ñòðóíû).
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Ïðè îïèñàíèè ïðîöåññîâ â ñêâàæèíå â õîäå ïðîâåäåíèÿ ãèäðîäèíàìè÷åñêèõ
òåñòîâ âîçíèêàåò óðàâíåíèå Âîëüòåððà ïåðâîãî ðîäà

Ag ≡
∫ t

0

q(t− τ)g(τ) d τ = ∆p(t), 0 ≤ t ≤ T. (1)

Óðàâíåíèå (1) âûòåêàåò èç ïðèíöèïà Äþàìåëÿ, ñîãëàñíî êîòîðîìó èçìåíåíèå
äàâëåíèÿ ∆p(t) = p0 − p(t) åñòü ñâåðòêà ñêîðîñòè ïîòîêà æèäêîcòè ñ èìïóëüñíîé
ôóíêöèåé g(t) îòêëèêà ðåçåðâóàðà. Çäåñü p0 � íà÷àëüíîå äàâëåíèå ðåçåðâóàðà â
íåâîçìóùåííîì ñîñòîÿíèè, p(t) � äàâëåíèå, èçìåðÿåìîå, íàïðèìåð, íà ïîâåðõíî-
ñòè ñòâîëà ñêâàæèíû. Èìïóëüñíàÿ ôóíêöèÿ g(t) ïîäëåæèò îïðåäåëåíèþ èç óðàâ-
íåíèÿ (1) ïî èçìåðåííûì ñ îøèáêàìè ∆p(t) è q(t). Õîðîøî èçâåñòíî, ÷òî ïîëó-
÷åííûå â ðåçóëüòàòå ðåøåíèÿ óðàâíåíèÿ (1) ôóíêöèè v(t) = tg(t) è w =

∫ t
0
g(τ) dτ

â ëîãàðèôìè÷åñêîé øêàëå ñîäåðæàò âàæíóþ èíôîðìàöèþ î ñèñòåìå ñêâàæèíà-
ðåçåðâóàð è øèðîêî èñïîëüçóþòñÿ èíæåíåðàìè-èññëåäîâàòåëÿìè ïðè ðåøåíèè
çàäà÷è èäåíòèôèêàöèè.

Óðàâíåíèå (1) ïðèìåíèòåëüíî ê ñêâàæèííûì òåñòàì èìååò ñóùåñòâåííóþ ñïå-
öèôèêó, êîòîðàÿ çàêëþ÷àåòñÿ â ñëåäóþùåì: 1) ðåàëüíûå ýêñïåðèìåíòàëüíûå äàí-
íûå q(t, p(t), p0) ñîäåðæàò áîëüøèå îøèáêè (äî 15%); 2) èñõîäíûå äàííûå p(t), q(t)
è îñîáåííî ðåøåíèå ìîãóò èìåòü çíà÷èòåëüíûå âàðèàöèè íà ìàëûõ âðåìåííûõ
ó÷àñòêàõ (ðàçíîìàñøòàáíîñòü). Ïðè ýòèõ óñëîâèÿõ òðàäèöèîííûå ìåòîäû, âêëþ-
÷àÿ êëàññè÷åñêèå ðåãóëÿðèçóþùèå àëãîðèòìû, íå ïîçâîëÿþò ïîñòðîèòü óñòîé-
÷èâûå ïðèáëèæåííûå ðåøåíèÿ íåêîððåêòíî ïîñòàâëåííîé çàäà÷è (1), ïðèãîäíûå
äëÿ èíòåðïðåòàöèè ñêâàæèííûõ òåñòîâ. Ïðè îïðåäåëåííûõ äîïóùåíèÿõ íà ñè-
ñòåìó ñêâàæèíà-ðåçåðâóàð èñêîìàÿ ôóíêöèÿ g(t) óäîâëåòâîðÿåò ñëåäóþùåé áåñ-
êîíå÷íîé ñèñòåìå ëèíåéíûõ íåðàâåíñòâ:

(−1)kdk g(t)/dtk ≥ 0, k = 0, 1, 2, . . . , t ≥ 0. (2)

Â ðàáîòå ïðåäëîæåíû è èññëåäîâàíû âûñîêîòî÷íûå ìåòîäû ðåøåíèÿ çàäà÷è
äåêîíâîëþöèè (1), ó÷èòûâàþùèå âñþ ïîëíîòó àïðèîðíîé èíôîðìàöèè î ðåøå-
íèè (2), êîòîðûå ïîçâîëÿþò ïîëó÷èòü âïîëíå óäîâëåòâîðèòåëüíûå ðåçóëüòàòû
ïðè ìàêñèìàëüíûõ ïîãðåøíîñòÿõ âõîäíûõ äàííûõ è ïîñòðîèòü ïðèáëèæåííîå
ðåøåíèå ñ òðåáóåìûìè ñâîéñòâàìè ãëàäêîñòè è òî÷íîñòè [1]. Îáñóæäàåòñÿ áîëåå
îáùàÿ ïîñòàíîâêà çàäà÷è îá èäåíòèôèêàöèè ñèñòåìû ñêâàæèí â ðàìêàõ îáùåãî
ðåçåðâóàðà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 18-11-00024).

ËÈÒÅÐÀÒÓÐÀ
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Äëÿ îáåñïå÷åíèÿ ñïîñîáíîñòè ðàçëè÷íûõ òåõíè÷åñêèõ óñòðîéñòâ ôóíêöèîíè-
ðîâàòü â øèðîêîì äèàïàçîíå òåìïåðàòóð øèðîêî èñïîëüçóþòñÿ òåðìîáàðüåðíûå
ôóíêöèîíàëüíî-ãðàäèåíòíûå ïîêðûòèÿ � êîìïîçèòû ñ íåïðåðûâíûì èçìåíåíè-
åì ïî ãëóáèíå ïîêðûòèÿ òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê. Íåîäíîðîäíîñòü ìà-
òåðèàëà çàêëþ÷àåòñÿ â çàâèñèìîñòè êîýôôèöèåíòîâ äèôôåðåíöèàëüíûõ îïåðà-
òîðîâ òåðìîóïðóãîñòè îò êîîðäèíàò.

Ìíîãèå òåõíîëîãè÷åñêèå ïðîöåññû èçãîòîâëåíèÿ ôóíêöèîíàëüíî-ãðàäèåíò-
íûõ ìàòåðèàëîâ ïðåäïîëàãàþò âîçíèêíîâåíèå ïîëåé ïðåäâàðèòåëüíûõ íàïðÿæå-
íèé, êîòîðûå ìîãóò ïðèâåñòè ê ïîÿâëåíèþ ó÷àñòêîâ îòñëîåíèÿ ïîêðûòèÿ è ïîòåðè
óñòîé÷èâîñòè. Âîïðîñàì îòñëîåíèÿ ïîêðûòèé è ïîòåðè óñòîé÷èâîñòè ïîñâÿùåíî
áîëüøîå êîëè÷åñòâî ðàáîò. Îäíàêî â ýòèõ ðàáîòàõ ñèñòåìà �ïîêðûòèå-ïîäëîæêà�
÷àùå âñåãî ñîñòîÿëà èç îäíîðîäíûõ ìàòåðèàëîâ è íå ó÷èòûâàëîñü âëèÿíèå òåìïå-
ðàòóðíîãî ôàêòîðà íà êðèòè÷åñêèå ïàðàìåòðû. Â ñëó÷àå íåîäíîðîäíîãî ïîêðû-
òèÿ èññëåäîâàíèÿ ïðîâîäèëèñü òîëüêî íà îñíîâå ìåòîäà êîíå÷íûõ ýëåìåíòîâ.

Â ðàáîòå ðàññìîòðåíà çàäà÷à ñâÿçàííîé òåðìîóïðóãîñòè äëÿ ñèñòåìû ôóíê-
öèîíàëüíî-ãðàäèåíòíîå ïîêðûòèå � îäíîðîäíàÿ ïîäëîæêà. Ýòà ñèñòåìà ìîäåëè-
ðóåòñÿ âûòÿíóòîì â ãîðèçîíòàëüíîì íàïðàâëåíèè ïðÿìîóãîëüíèêîì. Â ðåçóëü-
òàòå òåïëîâîãî óäàðà ïî ïîâåðõíîñòè ïîêðûòèÿ íà ãðàíèöå ðàçäåëà âîçíèêàåò
íåáîëüøàÿ îáëàñòü îòñëîåíèÿ. Ðàññìîòðåíà çàäà÷à ïîòåðè óñòîé÷èâîñòè îòñëî-
èâøåãîñÿ ôóíêöèîíàëüíî-ãðàäèåíòíîãî ïîêðûòèÿ. Äëÿ ïîëó÷åíèÿ ïðèáëèæåí-
íîãî ïîëóàíàëèòè÷åñêîãî ðåøåíèÿ ñôîðìóëèðîâàíû ãèïîòåçû î ðàñïðåäåëåíèè
òåìïåðàòóðû è âåðòèêàëüíîãî ïåðåìåùåíèÿ äëÿ ïîêðûòèÿ è ïîäëîæêè. Îòñëî-
èâøèéñÿ ó÷àñòîê ïîêðûòèÿ, ñâîáîäíûé îò òåïëîâîãî íàãðóæåíèÿ, ìîäåëèðóåòñÿ
äâóìåðíûì îáúåêòîì â ðàìêàõ ìîäèôèöèðîâàííîé òåîðèè òîíêèõ ïëàñòèí. Ïðî-
âåäåíî ñðàâíåíèå ðåøåíèÿ ïî ïðåäëîæåííîìó ìåòîäó ñ ðåøåíèåì, ïîëó÷åííûì
ìåòîäîì êîíå÷íûõ ýëåìåíòîâ. Îïðåäåëåíû ãðàíèöû ïðèìåíèìîñòè ïðåäëàãàåìîé
ìåòîäèêè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÍÔ (ïðîåêò � 18-11-00069).
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Ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâàþùèå ïðîöåññû òåïëî- è ìàññîïåðåíîñà â ãå-
òåðîãåííûõ êàòàëèòè÷åñêèõ ðåàêòîðàõ ïðè ïðîòåêàíèè ðåàêöèé íà ïîâåðõíîñòè
êàòàëèçàòîðà, ÷àñòî ìîãóò áûòü çàïèñàíû â âèäå íåëèíåéíîé ñèñòåìû äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ÄÓ×Ï) ñ äâóìÿ ïåðåìåííûìè
è ñ ïðîèçâîäíîé íå âûøå ïåðâîãî ïîðÿäêà ïî îäíîé èç ïåðåìåííûõ. Ïðè ÷èñëåí-
íîì ðåøåíèè òàêîé ñèñòåìû õîðîøî çàðåêîìåíäîâàë ñåáÿ ïîäõîä, èçëîæåííûé
â ðàáîòå [1]. Îí çàêëþ÷àåòñÿ â èñïîëüçîâàíèè: èíòåãðî-èíòåðïîëÿöèîííîãî ìå-
òîäà, îáåñïå÷èâàþùåãî âûïîëíåíèå äèñêðåòíûõ àíàëîãîâ çàêîíîâ ñîõðàíåíèÿ,
ïðè ïåðåõîäå ê äèñêðåòíûì óðàâíåíèÿì; ìåòîäà ïðÿìûõ, ïîçâîëÿþùåãî ñâåñòè
ñèñòåìó ÄÓ×Ï ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ);
L-óñòîé÷èâîãî ìåòîäà òèïà Ðîçåíáðîêà 2-ãî ïîðÿäêà òî÷íîñòè c àâòîìàòè÷åñêèì
âûáîðîì øàãà èíòåãðèðîâàíèÿ äëÿ ðåøåíèÿ ïîëó÷àþùåéñÿ ñèñòåìû ÎÄÓ [2].

Â äàííîé ðàáîòå ðàññìîòðåíû îñîáåííîñòè ïðèìåíåíèÿ ýòîãî ïîäõîäà ê çà-
äà÷å ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðîöåññà äåãèäðèðîâàíèÿ ïðîïàí-èçîáóòàíîâîé
ñìåñè â ðåàêòîðå ñ êèïÿùèì ñëîåì ïî ñòàöèîíàðíîé äâóõôàçíîé ìîäåëè ïî âå-
ùåñòâó è îäíîôàçíîé ïî òåïëó â îäíîìåðíîì ïðèáëèæåíèè. Ðîëü ïåðåìåííîé,
ïî êîòîðîé ïðîèçâîäíûå èìåþò ïåðâûé ïîðÿäîê, âûïîëíÿåò âðåìÿ, åñëè ðåøàòü
íåñòàöèîíàðíóþ çàäà÷ó ìåòîäîì ñòàöèîíèðîâàíèÿ.

Îñîáåííîñòüþ ðåàêòîðà ÿâëÿåòñÿ ïîäà÷à ãîðÿ÷åãî êàòàëèçàòîðà ïîñëå ðåãå-
íåðàöèè â âåðõíþþ ÷àñòü ðåàêòîðà è íàëè÷èå ñåêöèîíèðóþùèõ ðåøåòîê, çàìåä-
ëÿþùèõ îáðàòíîå ïåðåìåøèâàíèå êàòàëèçàòîðà, ÷òî ïðèâîäèò ê ñóùåñòâîâàíèþ
àêñèàëüíîãî ãðàäèåíòà òåìïåðàòóðû â ðåàêòîðå. Öåëü ìîäåëèðîâàíèÿ ñîñòîÿëà
â îöåíêå ïðåèìóùåñòâ äîáàâëåíèÿ ïðîïàíà â èçîáóòàí, ïîäàâàåìûé íà âõîä ðå-
àêòîðà, ñ òî÷êè çðåíèÿ îáåñïå÷åíèÿ ñòàáèëüíîñòè è ìàêñèìàëüíûõ âûõîäîâ öå-
ëåâûõ îëåôèíîâ â ïðîöåññå äåãèäðèðîâàíèÿ â ïðîìûøëåííîì ðåàêòîðå ñ êèïÿ-
ùèì ñëîåì. Õîðîøåå îïèñàíèå ýêñïåðèìåíòàëüíûõ äàííûõ ïîçâîëÿåò ãîâîðèòü îá
àäåêâàòíîñòè ìàòåìàòè÷åñêîé ìîäåëè ìîäåëèðóåìîìó ðåàêòîðó è êîððåêòíîñòè
ðåøåíèÿ óðàâíåíèé ìîäåëè [3].

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà êàòàëèçà ÑÎ ÐÀÍ

(ïðîåêò � ÀÀÀÀ-À17-117041710076-7).
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Ïóñòü èìååòñÿ ïëîñêàÿ ïîëèíîìèàëüíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé

ẋ = P (x, y), ẏ = Q(x, y), (S)

ãäå P (x, y), Q(x, y) � äåéñòâèòåëüíûå ìíîãî÷ëåíû îò äâóõ ïåðåìåííûõ x, y.
Ôóíêöèÿ ρ(x, y), íåïðåðûâíî äèôôåðåíöèðóåìàÿ è íå îáðàùàþùàÿñÿ â íóëü

â îáëàñòè U ⊂ R2, íàçûâàåòñÿ èíòåãðèðóþùèì ìíîæèòåëåì ñèñòåìû (S), åñëè

∂

∂x
(ρ(x, y)P (x, y)) +

∂

∂y
(ρ(x, y)Q(x, y)) = 0.

Ñ èñïîëüçîâàíèåì èíòåãðèðóþùåãî ìíîæèòåëÿ ïåðâûé èíòåãðàë ñèñòåìû (S)
H(x, y) âîññòàíàâëèâàåòñÿ èç ñîîòíîøåíèé

∂H(x, y)

∂x
= ρ(x, y)Q(x, y),

∂H(x, y)

∂y
= −ρ(x, y)P (x, y).

Íàëè÷èå ïåðâîãî èíòåãðàëà ñèñòåìû ïîçâîëÿåò íàì îïèñàòü ôàçîâûé ïîðòðåò,
ïîñêîëüêó âñå òðàåêòîðèè îïðåäåëÿþòñÿ ìíîæåñòâàìè óðîâíÿ H(x, y) = const.

Ñèñòåìîé òèïà Äàðáó ìû íàçûâàåì ñèñòåìó ÎÄÓ âèäà

ẋ = P (x, y) ≡ x+ Pn(x, y), ẏ = Q(x, y) ≡ y +Qn(x, y), (D)

ãäå Pn(x, y), Qn(x, y) � îäíîðîäíûå ìíîãî÷ëåíû ñòåïåíè n ≥ 2.
Òåîðåìà. Ñèñòåìà (D) èìååò èíòåãðèðóþùèé ìíîæèòåëü âèäà

ρ(x, y) = µ
(y
x

)
.

Èñïîëüçóÿ ñôîðìóëèðîâàííóþ òåîðåìó, ìû íàøëè ïåðâûå èíòåãðàëû íåêîòî-
ðûõ êëàññîâ ñèñòåì òèïà Äàðáó è ïîñòðîèëè èõ ãëîáàëüíûå ôàçîâûå ïîðòðåòû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ èññëå-

äîâàíèé ÑÎ ÐÀÍ � I.1.2 (ïðîåêòû � 0314-2016-0007, � 0314-2016-0013), à òàêæå ïðè

ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 18-01-00057).
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Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
vsh@ssd.sscc.ru, gdudnikova@gmail.com

Â äàííîì äîêëàäå ïðåäëàãàåòñÿ íîâàÿ ÷èñëåííàÿ ìîäåëü òå÷åíèÿ ïëàçìû â
îñåñèììåòðè÷íîé îòêðûòîé ëîâóøêå, îñíîâàííàÿ íà êèíåòè÷åñêîì ïðèáëèæåíèè
äëÿ èîííîé êîìïîíåíòû ïëàçìû è ÌÃÄ ïðèáëèæåíèè äëÿ çàìàãíè÷åííîé ýëåê-
òðîííîé êîìïîíåíòû (ãèáðèäíàÿ ìîäåëü ñ èñïîëüçîâàíèåì ìåòîäà ÷àñòèö). Õî-
ðîøî èçâåñòíûå ïðåèìóùåñòâà îòêðûòûõ ëîâóøåê, ñâÿçàííûå ñ âûñîêèì çíà÷å-
íèåì îòíîøåíèÿ äàâëåíèÿ ïëàçìû ê äàâëåíèþ óäåðæèâàþùåãî ìàãíèòíîãî ïî-
ëÿ (ïàðàìåòðà áåòà) è îòíîñèòåëüíàÿ ïðîñòîòà èõ ãåîìåòðèè, äåëàþò ïðèíöèïè-
àëüíî âîçìîæíûì ñîçäàíèå íà èõ îñíîâå êîìïàêòíîãî òåðìîÿäåðíîãî ðåàêòîðà.
Èñïîëüçîâàíèå äèàìàãíèòíîãî óäåðæàíèÿ ïîòåíöèàëüíî ïîçâîëÿåò êàðäèíàëüíî
óëó÷øèòü ïàðàìåòðû òåðìîÿäåðíîé ñèñòåìû, ïîýòîìó èññëåäîâàíèå òàêèõ åãî
ñâîéñòâ, êàê ýôôåêòèâíîñòü çàïèðàíèÿ ïëàçìû, âîçìîæíîñòè ðàçâèòèÿ ìàãíèòî-
ãèäðîäèíàìè÷åñêèõ è êèíåòè÷åñêèõ íåóñòîé÷èâîñòåé è ìåòîäîâ èõ ñòàáèëèçàöèè
ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé. Ñòàíäàðòíîé ìîäåëüþ äëÿ ðåøåíèÿ çàäà÷ ôèçèêè
ðàçðåæåííîé ïëàçìû ÿâëÿåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, ñîñòîÿùàÿ èç óðàâíåíèé
Âëàñîâà äëÿ êàæäîé êîìïîíåíòû ïëàçìû (ýëåêòðîíû è èîíû ðàçíûõ ñîðòîâ) è
óðàâíåíèé Ìàêñâåëëà äëÿ ýëåêòðîìàãíèòíûõ ïîëåé. Äëÿ ÷èñëåííîãî ðåøåíèÿ çà-
äà÷ ñ èñïîëüçîâàíèåì ýòîé ìîäåëè íàèáîëåå ýôôåêòèâåí ìåòîä ÷àñòèö â ÿ÷åéêàõ
â ñâÿçè ñ åãî óíèâåðñàëüíîñòüþ äëÿ øèðîêîãî äèàïàçîíà ôèçè÷åñêèõ ïàðàìåòðîâ.
Îäíàêî ïðèìåíåíèå ìåòîäà ÷àñòèö òðåáóåò áîëüøèõ âû÷èñëèòåëüíûõ ðåñóðñîâ �
ïàìÿòè è áûñòðîäåéñòâèÿ ÝÂÌ. Äëÿ óìåíüøåíèÿ òðåáîâàíèé ê âû÷èñëèòåëüíûì
ðåñóðñàì èñïîëüçóþòñÿ ãèáðèäíûå ìîäåëè, â êîòîðûõ ýëåêòðîííàÿ êîìïîíåíòà
ðàññìàòðèâàåòñÿ â ãèäðîäèíàìè÷åñêîì ïðèáëèæåíèè, à èîííàÿ, ïî-ïðåæíåìó, â
êèíåòè÷åñêîì. Îäíàêî ãèáðèäíûå ìîäåëè ìåíåå óñòîé÷èâû, ïîýòîìó òðåáóåòñÿ èõ
ñîâåðøåíñòâîâàíèå. Íîâàÿ ãèáðèäíàÿ ìîäåëü èìååò áîëåå øèðîêèå ãðàíèöû ïðè-
ìåíèìîñòè. Â äîêëàäå ïðèâåäåíû ðåçóëüòàòû ýêñïåðèìåíòîâ äëÿ èññëåäîâàíèÿ
âîçìîæíîñòåé äèàìàãíèòíîãî óäåðæàíèÿ è íàãðåâà ïëàçìû â îòêðûòûõ ëîâóø-
êàõ.

Ðàáîòà âûïîëíåíà â ðàìêàõ òåìû 0315-2019-0009 ÈÂÌèÌÃ ÑÎ ÐÀÍ è ïðè ïîääåðæ-

êå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 18-29-21025).
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Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèÿ ÷èñëåííîé ìåòîäèêè ðåøå-
íèÿ ñîïðÿæåííîé çàäà÷è îáòåêàíèÿ è òåïëîïðîâîäíîñòè äëÿ ëåòàòåëüíîãî àïïà-
ðàòà, äâèæóùåãîñÿ â àòìîñôåðå ñî ñâåðõçâóêîâûìè ñêîðîñòÿìè. Íåîáõîäèìîñòü
ðåøàòü çàäà÷ó â ñâÿçàííîé ïîñòàíîâêå ïðîäèêòîâàíà âëèÿíèåì íà ðåøåíèå òî÷íî-
ñòè ìîäåëèðîâàíèÿ òåïëîîáìåíà íà ïîâåðõíîñòè îáòåêàåìîãî òåëà. Â òî æå âðåìÿ
ýôôåêòèâíîå ðåøåíèå óðàâíåíèé ãàçîâîé äèíàìèêè è óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè òðåáóåò ïðèìåíåíèÿ ðàçëè÷íûõ ÷èñëåííûõ àëãîðèòìîâ ñ ðàçëè÷íûìè ïàðà-
ìåòðàìè ðàñ÷åòà (â ÷àñòíîñòè, ñ ñóùåñòâåííî ðàçëè÷íûìè øàãàìè ïî âðåìåíè)
è ðàçëè÷íûõ ðàñ÷åòíûõ ìîäóëåé â ñîñòàâå åäèíîãî ïðîãðàììíîãî êîìïëåêñà [1].

Ðàññìîòðåíà ìåòîäèêà è îïèñàí ïðîãðàììíûé êîìïëåêñ, âêëþ÷àþùèé â ñåáÿ
àýðîäèíàìè÷åñêèé è òåïëîâîé ðåøàòåëè, à òàêæå ñèñòåìó âçàèìîäåéñòâèÿ óêà-
çàííûõ ìîäóëåé â õîäå èòåðàöèé. Òåïëîâîé ðåøàòåëü ðåàëèçóåò ìåòîä êîíå÷íûõ
ýëåìåíòîâ ïðèìåíèòåëüíî ê çàäà÷å òåïëîïðîâîäíîñòè âíóòðè ëåòàòåëüíîãî àï-
ïàðàòà. Àýðîäèíàìè÷åñêèé ðåøàòåëü ïîñòðîåí íà îñíîâå ðàçðûâíîãî ìåòîäà Ãà-
ëåðêèíà [2�3] è íàïðàâëåí íà ÷èñëåííîå ðåøåíèå ñèñòåìû óðàâíåíèé äèíàìèêè
âÿçêîãî ñæèìàåìîãî ãàçà.

Èññëåäîâàíû âàðèàíòû îðãàíèçàöèè èòåðàöèîííîãî ïðîöåññà, âîçíèêàþùåãî
ïðè ïîïûòêå ó÷åñòü óñëîâèÿ èäåàëüíîãî òåïëîâîãî êîíòàêòà íà ïîâåðõíîñòè îáòå-
êàåìîãî òåëà. Ïîêàçàíî, ÷òî äâà âàðèàíòà îðãàíèçàöèè èòåðàöèîííîãî ïðîöåññà:
ñ ïåðåäà÷åé èç ãàçà òåìïåðàòóðû è èç òåëà òåïëîâîãî ïîòîêà è íàîáîðîò � ÿâëÿ-
þòñÿ äîïîëíèòåëüíûìè îòíîñèòåëüíî äðóã äðóãà, èç íèõ ñõîäèòñÿ òîëüêî îäèí.
Êàêîé èìåííî âàðèàíò ñõîäèòñÿ â êîíêðåòíîé çàäà÷å, çàâèñèò îò ñîîòíîøåíèÿ êî-
ýôôèöèåíòîâ òåïëîïðîâîäíîñòè ìàòåðèàëîâ. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî
ìîäåëèðîâàíèÿ äëÿ îäíîìåðíîé è ïîëíîé òðåõìåðíîé ïîñòàíîâîê, ïîäòâåðæäàþ-
ùèå ñäåëàííûå íà îñíîâå òåîðåòè÷åñêîãî àíàëèçà âîçíèêàþùèõ ðàçíîñòíûõ ñõåì
âûâîäû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-20020).
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Â íàñòîÿùåå âðåìÿ äëÿ îïèñàíèÿ ïðîöåññà âûùåëà÷èâàíèÿ ãîðíûõ ïîðîä ñó-
ùåñòâóåò áîëüøîé ñïåêòð ìàòåìàòè÷åñêèõ ìîäåëåé, îïèñûâàþùèõ ðàññìàòðèâàå-
ìûå ôèçè÷åñêèå ïðîöåññû îïîñðåäîâàíî íà ìàêðîñêîïè÷åñêîì óðîâíå. Ýòè ìîäå-
ëè îñíîâàíû íà çàêîíå Äàðñè è ðàçëè÷íûõ ìîäèôèêàöèÿõ óðàâíåíèÿ äèôôóçèè
[1�3], ãäå îñíîâíûå ïàðàìåòðû èìåþò íåÿñíûé ôèçè÷åñêèé ñìûñë è äèôôåðåí-
öèàëüíûå óðàâíåíèÿ âûâåäåíû íà áàçå óìîçðèòåëüíûõ çàêëþ÷åíèé.

Ðàáîòà ïîñâÿùåíà ÷èñëåííîé àïïðîêñèìàöèè íîâûõ ìàòåìàòè÷åñêèõ ìîäå-
ëåé ïîäçåìíîãî âûùåëà÷èâàíèÿ, îïèñàííûõ â [4], ãäå, â ïåðâóþ î÷åðåäü, ïðîöåññ
îïèñûâàåòñÿ íà ìèêðîñêîïè÷åñêîì óðîâíå (â ìàñøòàáå ïîð è òðåùèí) ñ èñïîëü-
çîâàíèåì ôóíäàìåíòàëüíûõ çàêîíîâ ìåõàíèêè ñïëîøíûõ ñðåä è òåîðåòè÷åñêîé
õèìèè. Çàòåì ìàòåìàòè÷åñêàÿ ìîäåëü óïðîùàåòñÿ è âûâîäèòñÿ òî÷íîå àñèìïòî-
òè÷åñêîå ïðèáëèæåíèå, àäåêâàòíî îïèñûâàþùåå ðàññìàòðèâàåìûé ôèçè÷åñêèé
ïðîöåññ íà ìàêðîñêîïè÷åñêîì óðîâíå. Â âèäó ãðîìîçäêîñòè âû÷èñëåíèé, ïîèñê
ðåøåíèÿ ïðîâîäèòñÿ â äâóìåðíîé îáëàñòè ñ èñïîëüçîâàíèåì ðàçëè÷íûõ òåõíîëî-
ãèé: ÿâíûå è íåÿâíûå ðàçíîñòíûå ñõåìû, êîíå÷íûå ýëåìåíòû, àëüòåðíèðóþùèé
ìåòîä Øâàðöà. Íàëè÷èå ñâîáîäíîé ãðàíèöû è äîïîëíèòåëüíîãî óñëîâèÿ íà íåé
òðåáóåò èñïîëüçîâàíèÿ àäàïòèâíûõ ñåòîê [5]. ×òîáû ãàðàíòèðîâàòü ðàçóìíûé
óðîâåíü ÷èñëåííûõ àðòåôàêòîâ, â äàííîì ñëó÷àå ïðèìåíÿåòñÿ èíòåðïîëÿöèÿ íà
îñíîâå áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îöåíèòü âûáðàííûé íàáîð ìàëûõ ïàðà-
ìåòðîâ, ìàñøòàáèðîâàòü èõ è ñäåëàòü ñîîòâåòñòâóþùèå èçìåíåíèÿ â èñõîäíûõ
ìîäåëÿõ, ÷òîáû ñîõðàíèòü îñíîâíûå ôèçè÷åñêèå ñâîéñòâà ïëàñòîâûõ ïîòîêîâ.
Òàê, íàïðèìåð, íà ìèêðîñêîïè÷åñêîì óðîâíå ìîíîòîííîå âîçðàñòàíèå çíà÷åíèÿ
êîýôôèöèåíòà â ñêîðîñòè õèìè÷åñêèõ ðåàêöèé ïðè ôèêñèðîâàííîì çíà÷åíèè
êîíöåíòðàöèè íà ïîäàþùåé ñêâàæèíå íå îçíà÷àåò ìîíîòîííîãî ïîâåäåíèÿ êîí-
öåíòðàöèè ðåàãåíòà íà ñâîáîäíîé ãðàíèöå, ãäå íàáëþäàþòñÿ êîëåáàíèÿ. Â ñâîþ
î÷åðåäü, äëÿ ìàêðîñêîïè÷åñêîé ìîäåëè êîíöåíòðàöèè ðåàãåíòà è ïðîäóêòîâ õè-
ìè÷åñêèõ ðåàêöèé íà äîáûâàþùåé ñêâàæèíå ìîíîòîííî çàâèñÿò îò êîíñòàíòû â
ñêîðîñòè õèìè÷åñêèõ ðåàêöèé è êîíöåíòðàöèè íà ïîäàþùåé ñêâàæèíå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-00042).
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Â äîêëàäå ìû ðàññìîòðèì ïðîöåññ äèôôóçèè â ðàìêàõ ìåòîäà óñòàíîâëå-
íèÿ [1]. Ðàçâèâàþùèéñÿ âî âðåìåíè íåñòàöèîíàðíûé ïðîöåññ ðàñïðåäåëåíèÿ ìàññ,
îïèñûâàåìûé ïàðàáîëè÷åñêèì óðàâíåíèåì ñ íà÷àëüíûì óñëîâèåì 1-ãî ðîäà è ãðà-
íè÷íûì óñëîâèåì 2-ãî ðîäà, ïðèâîäèò ê ñòàöèîíàðíîìó ïðîöåññó, îïèñûâàåìîìó
çàäà÷åé Äèðèõëå. Ïðåäëîæåíû 2D è 3D ìîäåëè ïðîöåññà âûìåòàíèÿ, îïèñûâà-
þùåãî ïåðåðàñïðåäåëåíèå ìàññû èç çàäàííîé îáëàñòè â åå îêðåñòíîñòü, îãðàíè-
÷åííóþ àïðèîðè çàäàííîé îáëàñòüþ.

Äëÿ ÷èñëåííîé ðåàëèçàöèè äèôôóçèîííîãî ïðîöåññà â 3D ñëó÷àå èñïîëüçóþò-
ñÿ 2 ïîäõîäà. Ïåðâûé èç íèõ îñíîâàí íà êîíå÷íî-ðàçíîñòíîé ñõåìå âòîðîãî ïîðÿä-
êà òî÷íîñòè ïî êîîðäèíàòàì è ïåðâîãî ïî âðåìåíè [1, 4] â ñåòî÷íîì ãèëüáåðòîâîì
ïðîñòðàíñòâå. Ïîñëå ïîêîìïîíåíòíîãî ðàñùåïëåíèÿ ïî ïðîñòðàíñòâåííûì ïåðå-
ìåííûì çàäà÷à ðåøàåòñÿ ïîñðåäñòâîì ìåòîäîâ ïðîãîíêè. Âòîðîé ïîäõîä áàçèðó-
åòñÿ íà ñåòî÷íîé ðåàëèçàöèè àëüòåðíèðóþùåãî ìåòîäà Øâàðöà äëÿ ñîñòàâíûõ
è ìíîãîñâÿçíûõ âûïóêëûõ îáëàñòåé [2, 3, 5]. Â ïîñëåäíåì ñëó÷àå â èòåðàöèîí-
íîì öèêëå óäîáíî èñïîëüçîâàòü ñåìèòî÷å÷íóþ ñõåìó òèïà �êðåñò�. Ýòà ñõåìà â
èòåðàöèîííîì öèêëå îïèñûâàåò ïðîöåññ ïåðåðàñïðåäåëåíèÿ ìàññ íà ñåòêå èç öåí-
òðàëüíîãî óçëà. Òàêèì îáðàçîì, àëüòåðíèðóþùèé ìåòîä Øâàðöà îáîáùàåòñÿ äî
balayage-ìåòîäà À. Ïóàíêàðå.

Â êà÷åñòâå ñòàöèîíàðíîãî ñîñòîÿíèÿ ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà âñÿ ìàññà
ïåðåðàñïðåäåëåíà èç îáëàñòè, ãäå îíà ñîñðåäîòî÷åíà â íà÷àëå ïðîöåññà, â äðóãóþ
îáëàñòü ëèáî íà çàðàíåå çàäàííóþ ïîâåðõíîñòü, îõâàòûâàþùóþ èñòî÷íèê.

Ðàññìàòðèâàåìàÿ çäåñü çàäà÷à êîíöåíòðàöèè ïëîòíîñòåé òàê æå ÿâëÿåòñÿ
óñòàíàâëèâàþùèìñÿ ïðîöåññîì, ïîñêîëüêó êîãäà íàéäåíî àíîìàëèåîáðàçóþùåå
òåëî, òî ïîëå, èì ñîçäàâàåìîå, îïèñûâàåòñÿ çàäà÷åé Äèðèõëå äëÿ óðàâíåíèÿ Ïóàñ-
ñîíà. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè óñòàíàâëèâàþùåãîñÿ ïðîöåññà èìååò
ñìûñë èñïîëüçîâàòü çàäà÷ó Ñòåôàíà. Â êà÷åñòâå îáúåìëþùåé îáëàñòè èñïîëü-
çóåòñÿ êóá. Äëÿ ÷èñëåííîé ðåàëèçàöèè íà îñíîâå îïèñàííûõ âûøå ñåòî÷íûõ ìå-
òîäîâ ìû èñïîëüçóåì èíòåðïðåòàöèþ íàáëþäåííîãî ïîëÿ. Îáðàòíûé âûìåòàíèþ
èòåðàöèîííûé ïðîöåññ íà îñíîâå ñåìèòî÷å÷íîé ñõåìû îñòàâëÿåò ïëîòíîñòè âî
âíóòðåííèõ óçëàõ.

Ìåòîäèêà êîíöåíòðàöèè èñïîëüçîâàíà ïðè èíòåðïðåòàöèè ëîêàëüíîãî ãðàâè-
òàöèîííîãî ïîëÿ äëÿ îïðåäåëåíèÿ îáëàñòè, ñîäåðæàùåé íåôòü, è îïðåäåëåíèÿ
ïëîòíîñòè íåôòè.
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Â ñåðåäèíå 70-õ â ÍÃÓ íà÷àë ðàáîòàòü ñåìèíàð ïî ãèïåðáîëè÷åñêèì óðàâíå-
íèÿì ïîä ðóêîâîäñòâîì Ñ.Ê. Ãîäóíîâà.

Áûë ïîñòàâëåí âîïðîñ: âñåãäà ëè óðàâíåíèå âûñîêîãî ïîðÿäêà, ãèïåðáîëè÷å-
ñêîå ïî Ïåòðîâñêîìó, ìîæåò áûòü ñâåäåíî ê ñèììåòðè÷åñêîé ñèñòåìå ïåðâîãî
ïîðÿäêà, ãèïåðáîëè÷åñêîé ïî Ôðèäðèõñó. Äîêàçàòåëüñòâî òîãî, ÷òî ãèïåðáîëè÷å-
ñêîå óðàâíåíèå ñ äâóìÿ ïðîñòðàíñòâåííûìè ïåðåìåííûìè ñâîäèòñÿ ê ñèììåòðè-
÷åñêîé ñèñòåìå, îêàçàëîñü íåòðèâèàëüíûì. Îíî áûëî ñäåëàíî Ñ.Ê. Ãîäóíîâûì
è Â.È. Êîñòèíûì [1]. Äàëåå Â.È. Êîñòèíûì è Ò.Þ. Ìèõàéëîâîé áûëî ïîêàçà-
íî, ÷òî ê ñèììåòðè÷åñêîé ñèñòåìå ñâîäÿòñÿ òàêæå ãèïåðáîëè÷åñêèå óðàâíåíèÿ,
èíâàðèàíòíûå îòíîñèòåëüíî âðàùåíèé, è âñå äîñòàòî÷íî áëèçêèå ê íèì. Íî â îá-
ùåì âèäå îòâåò íà âîïðîñ îá ýêâèâàëåíòíîñòè äâóõ îïðåäåëåíèé ãèïåðáîëè÷íîñòè
îêàçàëñÿ îòðèöàòåëüíûì. Â.Â. Èâàíîâ [2] ïîñòðîèë ãèïåðáîëè÷åñêîå óðàâíåíèå
÷åòâ¼ðòîãî ïîðÿäêà ñ ÷åòûðüìÿ ïðîñòðàíñòâåííûìè ïåðåìåííûìè, êîòîðîå íå
ñâîäèëîñü ê ñèììåòðè÷åñêîé ãèïåðáîëè÷åñêîé ïî Ôðèäðèõñó ñèñòåìå ïåðâîãî ïî-
ðÿäêà. Îäíàêî, äî ñèõ ïîð íåèçâåñòíî: ìîæåò, â ñëó÷àå òð¼õ ïðîñòðàíñòâåííûõ
ïåðåìåííûõ îïðåäåëåíèÿ âñ¼-òàêè ýêâèâàëåíòíû?

Ïàðàëëåëüíî îáùèì âîïðîñàì ó÷àñòíèêè ñåìèíàðà Ñ.Ê. Ãîäóíîâà çàíèìàëèñü
èññëåäîâàíèåì êîððåêòíîñòè ãðàíè÷íûõ çàäà÷. Äåëî â òîì, ÷òî åñëè ãèïåðáîëè÷å-
ñêîå óðàâíåíèå ñâîäèëîñü ê ñèììåòðè÷åñêîé ñèñòåìå, òî âñåãäà íååäèíñòâåííûì
ñïîñîáîì. Ýòî ïðåäëàãàëîñü èñïîëüçîâàòü â òåîðèè êðàåâûõ çàäà÷. Ãèïåðáîëè-
÷åñêîå óðàâíåíèå ñ êðàåâûì óñëîâèåì òðåáîâàëîñü òàê ñâåñòè ê ñèììåòðè÷åñêîé
ñèñòåìå, ÷òîáû ïîñòàâëåííîå ãðàíè÷íîå óñëîâèå áûëî äèññèïàòèâíûì. Ïðè ýòîì
ìû íå îãðàíè÷èâàëèñü ôîðìóëèðîâêîé êîððåêòíîñòè çàäà÷è â òåðìèíàõ êîðíåé
ïîëèíîìîâ, à ñòðåìèëèñü ñôîðìóëèðîâàòü å¼ â òåðìèíàõ êîýôôèöèåíòîâ ãðà-
íè÷íîãî óñëîâèÿ, òî åñòü ðåøàëè ñîîòâåòñòâóþùóþ ïðîáëåìó Ðàóñà � Ãóðâèöà
[3�5].
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Â äîêëàäå íà îñíîâå ÷èñëåííîãî ìîäåëèðîâàíèÿ è àñèìïòîòè÷åñêîãî ïîäõî-
äà èññëåäîâàíû õàðàêòåðèñòèêè óñòîé÷èâîñòè ñâåðõçâóêîâîãî ïîãðàíè÷íîãî ñëîÿ
êîëåáàòåëüíî âîçáóæäåííîãî ìîëåêóëÿðíîãî ãàçà íà ïëîñêîé ïëàñòèíå. Óðàâíå-
íèÿ ëèíåéíîé òåîðèè óñòîé÷èâîñòè ïîëó÷åíû èç óðàâíåíèé ðåëàêñàöèîííîé ãà-
çîäèíàìèêè ïîñðåäñòâîì ëèíåàðèçàöèè ïîñëåäíèõ îòíîñèòåëüíî ñòàöèîíàðíîãî
òå÷åíèÿ. Â êà÷åñòâå ñòàöèîíàðíîãî òå÷åíèÿ ïðèíèìàëîñü ðåøåíèå àâòîìîäåëü-
íûõ óðàâíåíèé ïîãðàíè÷íîãî ñëîÿ äëÿ ñîâåðøåííîãî ãàçà. Ïîêàçàíî, ÷òî ïðè
ýòîì èñêëþ÷àåòñÿ âëèÿíèå îáúåìíîé âÿçêîñòè è ðåëàêñàöèÿ ñâÿçàíà òîëüêî ñ
êîëåáàòåëüíûì âîçáóæäåíèåì ìîëåêóë ãàçà. Ó÷èòûâàëèñü âîçìóùåíèÿ êîýôôè-
öèåíòîâ ïåðåíîñà, êîòîðûå ìîãóò îêàçûâàòü ñóùåñòâåííîå âëèÿíèå íà ðåçóëüòàòû
ðàñ÷åòîâ. Ðàññìàòðèâàëèñü äâóìåðíûå äîçâóêîâûå âîçìóùåíèÿ â âèäå áåãóùèõ
ïëîñêèõ âîëí.

Àñèìïòîòè÷åñêîå ðàçëîæåíèå ëèíåàðèçîâàííîé ñèñòåìû ïî ìàëîìó ïàðàìåò-
ðó 1/Reδ âûäåëÿåò �íåâÿçêèå� è �âÿçêèå� ëèíåéíî íåçàâèñèìûå ðåøåíèÿ. Â íó-
ëåâîì ïðèáëèæåíèè ñèñòåìà óðàâíåíèé äëÿ íåâÿçêèõ âîçìóùåíèé ñâîäèòñÿ ê
ëèíåéíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà äëÿ âîçìóùåíèÿ äàâëåíèÿ. Èç íåãî ÷èñ-
ëåííûì èíòåãðèðîâàíèåì íàõîäèëèñü çíà÷åíèÿ �íåâÿçêîãî� ðåøåíèÿ íà ïëàñòèíå.
Â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ èñïîëüçîâàëîñü àñèìïòîòè÷åñêîå ðàçëîæåíèå â
îêðåñòíîñòè êðèòè÷åñêîãî ñëîÿ, ïîñòðîåííîå ìåòîäîì Ôðîáåíèóñà. Äëÿ �âÿçêèõ�
ðåøåíèé ñèñòåìà ïîñëå ðÿäà óïðîùåíèé áûëà ïðèâåäåíà ê ñèñòåìå øåñòîãî ïî-
ðÿäêà, àíàëîãè÷íîé ñèñòåìå Äàíà � Ëèíÿ. Âõîäÿùèå â íåå óðàâíåíèÿ èìïóëüñîâ
è òåìïåðàòóð ñâîäèëèñü ê óðàâíåíèÿì Ýéðè. Â ðåçóëüòàòå óáûâàþùèå ê âåðõíåé
ãðàíèöå ïîãðàíè÷íîãî ñëîÿ �âÿçêèå� ðåøåíèÿ áûëè ïðåäñòàâëåíû ÷åðåç îáîáùåí-
íûå ôóíêöèè Ýéðè. Íàéäåííûå àñèìïòîòè÷åñêèå ðåøåíèÿ ïîäñòàâëÿëèñü â ñå-
êóëÿðíîå (õàðàêòåðèñòè÷åñêîå) óðàâíåíèå, âûðàæàþùååñÿ ÷åðåç îïðåäåëèòåëü
òðåòüåãî ïîðÿäêà îäíîðîäíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Èñ-
ïîëüçîâàíèå ôóíêöèé Ýéðè ïîçâîëèëî âûðàçèòü �âÿçêóþ� ÷àñòü óðàâíåíèÿ ÷åðåç
ôóíêöèþ Òèòüåíñà è åå ïðîèçâîäíóþ.

Äëÿ êîíå÷íûõ ÷èñåë Ðåéíîëüäñà ñïåêòðàëüíàÿ çàäà÷à ðåøàëàñü ÷èñëåííî ñ
èñïîëüçîâàíèåì QZ-àëãîðèòìà. Íà îñíîâå àñèìïòîòè÷åñêîãî è ïðÿìîãî ÷èñëåí-
íîãî ðåøåíèÿ â ïëîñêîñòè ïåðåìåííûõ (Reδ, α) ñòðîèëèñü êðèâûå íåéòðàëüíîé
óñòîé÷èâîñòè äëÿ ïåðâîé è âòîðîé ìîä âîçìóùåíèÿ. Ïîêàçàíî, ÷òî ïðè ìàê-
ñèìàëüíîì óðîâíå êîëåáàòåëüíîãî âîçáóæäåíèÿ êðèòè÷åñêèå ÷èñëà Ðåéíîëüäñà
ïðåâûøàþò ñîîòâåòñòâóþùèå çíà÷åíèÿ äëÿ ñîâåðøåííîãî ãàçà ïðèìåðíî íà 12 %.
Ðàññ÷èòàííûå íà îñíîâå àñèìïòîòè÷åñêîãî ïîäõîäà êðèâûå íåéòðàëüíîé óñòîé-
÷èâîñòè õîðîøî ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè ÷èñëåííîãî ðåøåíèÿ ïîëíîé ñïåê-
òðàëüíîé çàäà÷è, à ïîëó÷åííûå ïðè ýòîì çíà÷åíèÿ êðèòè÷åñêèõ ÷èñåë Ðåéíîëüä-
ñà ìåíüøå ñîîòâåòñòâóþùèõ çíà÷åíèé èç ÷èñëåííûõ ðàñ÷åòîâ ïðèìåðíî íà 15 %.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-01-00209à).

120



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

Î ÄÂÓÕÏÎÒÎÊÎÂÎÉ ÍÅÓÑÒÎÉ×ÈÂÎÑÒÈ
ÑÎÑÒÎßÍÈÉ ÄÈÍÀÌÈ×ÅÑÊÎÃÎ ÐÀÂÍÎÂÅÑÈß

ÏËÀÇÌÛ ÂËÀÑÎÂÀ � ÏÓÀÑÑÎÍÀ

Ãóáàðåâ Þ.Ã.1,2

1Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

gubarev@hydro.nsc.ru

Ìîäåëü áåçãðàíè÷íîé áåññòîëêíîâèòåëüíîé ýëåêòðîíåéòðàëüíîé ïëàçìû â
ýëåêòðîñòàòè÷åñêîì ïðèáëèæåíèè � ïëàçìû Âëàñîâà �Ïóàññîíà � ïðîäîëæàåò
îñòàâàòüñÿ îäíîé èç áàçîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé ñîâðåìåííîé ôèçèêè ïëàç-
ìû. Ýòî îáóñëîâëåíî êàê ïðîñòîòîé è íàãëÿäíîñòüþ äàííîé ìîäåëè, òàê è î÷åâèä-
íîé åå ïîëåçíîñòüþ äëÿ ðåøåíèÿ ïðîáëåìû óïðàâëÿåìîãî òåðìîÿäåðíîãî ñèíòåçà.

Êàê èçâåñòíî, ðàçðåøåíèå ïîñëåäíåé ïðîáëåìû íåâîçìîæíî áåç ðåøåíèÿ ïðî-
áëåìû óñòîé÷èâîñòè ïëàçìåííûõ ðàâíîâåñèé. Îòñþäà âûòåêàåò, ÷òî ðàçâèòèå ìà-
òåìàòè÷åñêîé òåîðèè óñòîé÷èâîñòè çàíèìàåò öåíòðàëüíîå ïîëîæåíèå â èçó÷åíèè
ïëàçìû è åå ñâîéñòâ.

Ðàíåå â ïðîöåññå ðàññìîòðåíèÿ óñòîé÷èâîñòè ñîñòîÿíèé äèíàìè÷åñêîãî ðàâ-
íîâåñèÿ ïëàçìû Âëàñîâà � Ïóàññîíà áûë óñòàíîâëåí öåëûé ðÿä ðåçóëüòàòîâ ôóí-
äàìåíòàëüíîãî õàðàêòåðà.

Èìåííî, ïîëó÷åíî äîñòàòî÷íîå óñëîâèå Íüþêîìáà � Ãàðäíåðà � Ðîçåíáëþòà
ëèíåéíîé óñòîé÷èâîñòè ñîñòîÿíèé äèíàìè÷åñêîãî ðàâíîâåñèÿ ïëàçìû Âëàñîâà �
Ïóàññîíà, êîòîðîå âûäåëÿåò ìîíîòîííî óáûâàþùèå (�îäíîãîðáûå�) ôóíêöèè ðàñ-
ïðåäåëåíèÿ ÷àñòèö ïëàçìû. Áîëåå òîãî, ñ ïîìîùüþ ýòîãî óñëîâèÿ ñôîðìóëèðî-
âàíà è äîêàçàíà òåîðåìà Íüþêîìáà � Ãàðäíåðà, çàïðåùàþùàÿ íàðàñòàþùèå ïî
âðåìåíè ìàëûå âîçìóùåíèÿ â âèäå íîðìàëüíûõ âîëí äëÿ ñîñòîÿíèé äèíàìè÷åñ-
êîãî ðàâíîâåñèÿ ïëàçìû Âëàñîâà � Ïóàññîíà ñ ìîíîòîííî óáûâàþùèìè (�îäíî-
ãîðáûìè�) ôóíêöèÿìè ðàñïðåäåëåíèÿ ÷àñòèö ïëàçìû. Íàêîíåö, óñòàíîâëåí ñïåê-
òðàëüíûé êðèòåðèé Ïåíðîóçà ëèíåéíîé óñòîé÷èâîñòè ñîñòîÿíèé äèíàìè÷åñêîãî
ðàâíîâåñèÿ ïëàçìû Âëàñîâà � Ïóàññîíà, êîòîðûé ñïðàâåäëèâ íå òîëüêî äëÿ ìî-
íîòîííî, íî è, ÷òî ïðèíöèïèàëüíî, äëÿ íåìîíîòîííî óáûâàþùèõ (�ìíîãîãîðáûõ�)
ôóíêöèé ðàñïðåäåëåíèÿ ÷àñòèö ïëàçìû.

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à ëèíåéíîé óñòîé÷èâîñòè îäíîìåðíûõ ñî-
ñòîÿíèé äèíàìè÷åñêîãî ðàâíîâåñèÿ ïëàçìû Âëàñîâà � Ïóàññîíà, ñîäåðæàùåé â
ñåáå ýëåêòðîíû è îäèí ñîðò èîíîâ. Ïðÿìûì ìåòîäîì Ëÿïóíîâà äîêàçàíà àáñî-
ëþòíàÿ íåóñòîé÷èâîñòü ýòèõ ñîñòîÿíèé ðàâíîâåñèÿ îòíîñèòåëüíî îäíîìåðíûõ æå
ìàëûõ âîçìóùåíèé â ñëó÷àå, êîãäà ñòàöèîíàðíûå ôóíêöèè ðàñïðåäåëåíèÿ ýëåê-
òðîíîâ è èîíîâ èçîòðîïíû ïî ôèçè÷åñêîìó ïðîñòðàíñòâó, íî íåèçîòðîïíû ïî
ñêîðîñòÿì. Îáðàùåíî äîñòàòî÷íîå óñëîâèå ëèíåéíîé óñòîé÷èâîñòè Íüþêîìáà �
Ãàðäíåðà � Ðîçåíáëþòà è ñòðîãî îïèñàíà îáëàñòü åãî ïðèìåíèìîñòè. Ïîëó÷åíû
äîñòàòî÷íûå óñëîâèÿ ëèíåéíîé ïðàêòè÷åñêîé íåóñòîé÷èâîñòè. Äëÿ ðàñòóùèõ ñî
âðåìåíåì îäíîìåðíûõ ìàëûõ âîçìóùåíèé óêàçàíû íà÷àëüíûå äàííûå è ñêîí-
ñòðóèðîâàíà àïðèîðíàÿ ýêñïîíåíöèàëüíàÿ îöåíêà ñíèçó. Âûÿâëåí ôîðìàëüíûé
õàðàêòåð òåîðåìû Íüþêîìáà � Ãàðäíåðà è êðèòåðèÿ Ïåíðîóçà, ÷òî ïîçâîëèëî
ïîñòðîèòü ê ýòèì ñïåêòðàëüíûì ðåçóëüòàòàì àíàëèòè÷åñêèé êîíòðïðèìåð.

Â çàâåðøåíèå, îáñóæäàþòñÿ óñòàíîâëåííûå â ðàáîòå äîñòàòî÷íûå óñëîâèÿ ëè-
íåéíîé ïðàêòè÷åñêîé íåóñòîé÷èâîñòè è ïðèñóùåå èì ñâîéñòâî êîíñòðóêòèâíî-
ñòè, êîòîðîå äàåò âîçìîæíîñòü èñïîëüçîâàòü ýòè óñëîâèÿ â êà÷åñòâå ìåõàíèçìà
òåñòèðîâàíèÿ è êîíòðîëÿ ïðè ðåàëèçàöèè ôèçè÷åñêèõ ýêñïåðèìåíòîâ, âûïîëíå-
íèè ÷èñëåííûõ ðàñ÷åòîâ, îñóùåñòâëåíèè òåõíîëîãè÷åñêèõ ïðîöåññîâ (â ÷àñòíî-
ñòè, óïðàâëÿåìîãî òåðìîÿäåðíîãî ñèíòåçà) è ò. ä. è ò. ï.
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Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó óðàâíåíèé Ìàêñâåëëà

rotH = ε(x)
∂E

∂t
+ δ(x− y)g(t), rotE = −µ0

∂H

∂t
, x ∈ R3, t ≥ 0, (1)

ñ íóëåâûìè íà÷àëüíûìè äàííûìè

(E,H)t<0 = 0.

Â ýòîé ñèñòåìå µ0 > 0 � ïîñòîÿííûé êîýôôèöèåíò ìàãíèòíîé ïðîíèöàåìîñòè,
ε(x) � êîýôôèöèåíò äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè. Ïðåäïîëîæèì òàêæå, ÷òî
êîýôôèöèåíò äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ε(x) � áåñêîíå÷íî äèôôåðåíöè-
ðóåìàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ, êîòîðàÿ ñîâïàäàåò ñ çàäàííîé ïîëîæèòåëüíîé
ïîñòîÿííîé ε0 âíå Ω0 = {x ∈ R3| |x| < R0, R0 > 0}, à íîñèòåëü ðàçíîñòè ε(x)− ε0
ñîäåðæèòñÿ âíóòðè Ω0.

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ áåñôàçíîé îáðàòíîé çàäà÷è äëÿ ñèñòåìû
óðàâíåíèé (1), àíàëîãè÷íîé [1�2], â êîòîðîé èíèöèèðóþùèå ýëåêòðîìàãíèòíûå
êîëåáàíèÿ âîëíû âûçâàíû òî÷å÷íûìè èñòî÷íèêàìè, ïðèëîæåííûìè âíå îáëàñòè
Ω0. Â ôîðìàëüíîé ïîñòàíîâêå îáðàòíàÿ çàäà÷à ñîñòîèò â íàõîæäåíèè ε âíóòðè
Ω0 ïî ôóíêöèè f(x, ω, y) = |Ẽ(x, ω, y) + Ẽ(x, ω, z(y))|2, çàäàííîé äëÿ âñåõ y ∈ S,
âñåõ x ∈ S(y), âñåõ ω ≥ ω0 > 0 è z(y) = −yℓ.

Ðåøåíèå îáðàòíîé çàäà÷è ñîñòîèò â ñâåäåíèè åå ê îáðàòíîé êèíåìàòè÷åñêîé
çàäà÷å (ïîêàçàíà ñâÿçü àñèìïòîòèêè ôóíêöèè f(x, ω, y) c ôóíêöèåé τ(x, y), îïè-
ñûâàþùåé âðåìÿ ïðîáåãà âîëíû ìåæäó òî÷êàìè ãðàíèöû).

Â ðàáîòå ïðåäúÿâëåí ÷èñëåííûé àëãîðèòì ðåøåíèÿ óêàçàííîé îáðàòíîé çà-
äà÷è äëÿ ñëó÷àÿ íåñêîëüêèõ íåîäíîðîäíîñòåé, èìåþùèõ òî÷å÷íóþ ñòðóêòóðó.
Èññëåäóåòñÿ âëèÿíèå ôîðìû íåîäíîðîäíîñòåé íà òî÷íîñòü ÷èñëåííîãî ðåøåíèÿ.
Òåñòèðîâàíèå ðàçðàáîòàííûõ àëãîðèòìîâ ïðîèçâîäèòñÿ íà ñèìóëèðîâàííûõ äàí-
íûõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäî-

âàíèé (ïðîåêòû � 17-01-00120, 19-41-540007), èíòåãðàöèîííîãî ïðîåêòà ÑÎ ÐÀÍ 0314-

2018-0009.
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Êâàíòîâûå ãðàôû îäíîìåðíûõ ïðîâîäíèêîâ, ñîåäèí¼ííûõ â óçëàõ, áûëè ââå-
äåíû áîëåå ïîëóâåêà íàçàä äëÿ ìîäåëèðîâàíèÿ ôèçè÷åñêèõ ñèñòåì. Âïåðâûå îíè
ïîÿâèëèñü â çàäà÷å ìîäåëèðîâàíèÿ ñâîáîäíûõ ýëåêòðîíîâ îðãàíè÷åñêèõ ìîëåêóë.
Êàæäàÿ ìîëåêóëà ÿâëÿëàñü íàáîðîì àòîìîâ â ôèêñèðîâàííûõ òî÷êàõ, ñîåäèí¼í-
íûõ ð¼áðàìè, íà êîòîðûõ ñâîáîäíûå ýëåêòðîíû ïîä÷èíÿþòñÿ îäíîìåðíîìó óðàâ-
íåíèþ Øð¼äèíãåðà ñ ñîîòâåòñòâóþùèì ïîòåíöèàëîì. Â ïîñëåäíèå ãîäû èíòåðåñ
ê ìåòðè÷åñêèì ãðàôàì ïðîÿâèëñÿ âî ìíîãèõ îáëàñòÿõ ôèçèêè, â ÷àñòíîñòè, â
ôèçèêå ïëîòíûõ ñðåä [1].

Îñíîâíûì îáúåêòîì èññëåäîâàíèé ÿâëÿåòñÿ îäíîìåðíîå ñòàöèîíàðíîå óðàâ-
íåíèå Øð¼äèíãåðà äëÿ êàæäîé äóãè ìåòðè÷åñêîãî ãðàôà

−d
2ψi
dx2

+ uψi = k2ψi.

Äîáàâëÿÿ ê äàííûì óðàâíåíèÿì íàáîð ãðàíè÷íûõ óñëîâèé â âåðøèíàõ: íåïðå-
ðûâíîñòü âîëíîâîé ôóíêöèè è ñîõðàíåíèå ïîòîêà, ïîëó÷èì ñàìîñîïðÿæ¼ííûé
îïåðàòîð. Êðàåâûå óñëîâèÿ ìîãóò áûòü èíòåðïðåòèðîâàíû êàê çàêîíû Êèðõãî-
ôà äëÿ ìåòðè÷åñêèõ ãðàôîâ [2].

Îñíîâíûìè öåëÿìè äàííîé ðàáîòû ÿâëÿþòñÿ èçó÷åíèå ñïåêòðàëüíûõ ñâîéñòâ
ãàìèëüòîíèàíà êîìïàêòíûõ ãðàôîâ [3], à òàêæå èçó÷åíèå çàäà÷è ðàññåÿíèÿ íà
ìåòðè÷åñêèõ ãðàôàõ.

Èñïîëüçóåìûé â ðàáîòå ïîäõîä îñíîâàí íà ïîñëåäîâàòåëüíîì ïðèáëèæåíèè
ðàññåèâàþùåãî ïîòåíöèàëà áîëåå ïðîñòûìè ôóíêöèÿìè, à òàêæå èçìåíåíèè äàí-
íûõ ðàññåÿíèÿ ïðè ïîäîáíûõ ïðèáëèæåíèÿõ. Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçîâàí
ìåòîä ïîñëåäîâàòåëüíîãî êîíñòðóèðîâàíèÿ ïîòåíöèàëà íà ãðàôàõ ñïåöèàëüíî-
ãî âèäà: ïåòëÿõ ñ n ïîëóáåñêîíå÷íûìè ð¼áðàìè, êîëüöàõ ñ n ïîëóáåñêîíå÷íûìè
ð¼áðàìè.
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Óñòîé÷èâîñòü ñäâèãîâûõ òå÷åíèé â êàíàëàõ è òðóáàõ ñóùåñòâåííî çàâèñèò îò
ðàçëè÷íûõ ôàêòîðîâ, âêëþ÷àÿ ôîðìó ïîïåðå÷íîãî ñå÷åíèÿ, ñîîòíîøåíèå ìàñ-
øòàáîâ òå÷åíèÿ â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì íàïðàâëåíèþ îñíîâíîãî òå÷å-
íèÿ, à òàêæå íàëè÷èÿ ïîäàòëèâîñòè ñòåíêè (ñì., íàïðèìåð, [1�3]).

Â äîêëàäå îáñóæäàåòñÿ ÷èñëåííàÿ ìîäåëü äëÿ èññëåäîâàíèÿ ëèíåéíîé óñòîé-
÷èâîñòè òå÷åíèÿ Ïóàçåéëÿ â òðóáå ýëëèïòè÷åñêîãî ñå÷åíèÿ, â òîì ÷èñëå ïðè íà-
ëè÷èè ïîäàòëèâîñòè ñòåíêè. Äàííàÿ ìîäåëü ïîçâîëÿåò ýôôåêòèâíî ðàññ÷èòûâàòü
ìàêñèìàëüíî âîçìîæíóþ àìïëèôèêàöèþ ñðåäíåé ïëîòíîñòè êèíåòè÷åñêîé ýíåð-
ãèè âîçìóùåíèé, îïòèìàëüíûå âîçìóùåíèÿ (íà êîòîðûõ äîñòèãàåòñÿ ìàêñèìàëü-
íàÿ àìïëèôèêàöèÿ), ýíåðãåòè÷åñêîå êðèòè÷åñêîå ÷èñëî Ðåéíîëüäñà, îïðåäåëÿþ-
ùåå ãðàíèöó ìîíîòîííîé óñòîé÷èâîñòè, íåéòðàëüíûå êðèâûå è ñîîòâåòñòâóþùèå
ëèíåéíûå êðèòè÷åñêèå ÷èñëà Ðåéíîëüäñà, îïðåäåëÿþùèå ãðàíèöó àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè ïî Ëÿïóíîâó [1, 4]. Äëÿ ðàñ÷åòà ïåðå÷èñëåííûõ õàðàêòåðèñòèê
óñòîé÷èâîñòè èñïîëüçóþòñÿ ýôôåêòèâíûå àëãîðèòìû, ïðåäëîæåííûå è îáîñíî-
âàííûå â ðàáîòàõ [5�7]. Âàæíîé îñîáåííîñòüþ ÷èñëåííîé ìîäåëè ÿâëÿåòñÿ èñ-
ïîëüçîâàíèå ñïåêòðàëüíîé ðåäóêöèè, êîòîðàÿ çàêëþ÷àåòñÿ â ïðîåêòèðîâàíèè íà
èíâàðèàíòíîå ïîäïðîñòðàíñòâî âåäóùèõ ìîä è ïîçâîëÿåò íå òîëüêî ñîêðàòèòü
âû÷èñëèòåëüíûå çàòðàòû, íî è èçáàâèòüñÿ îò íåôèçè÷íûõ âîçìóùåíèé, îáóñëîâ-
ëåííûõ ïîãðåøíîñòüþ àïïðîêñèìàöèè.

Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, â òîì ÷èñëå îáñóæäàåòñÿ
âëèÿíèå îòíîøåíèÿ ïîëóîñåé ýëëèïòè÷åñêîãî ñå÷åíèÿ íà ìàêñèìàëüíóþ àìïëè-
ôèêàöèþ ñðåäíåé ïëîòíîñòè êèíåòè÷åñêîé ýíåðãèè âîçìóùåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-71-20149).
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Ãëîáàëüíàÿ ýëåêòðè÷åñêàÿ öåïü ïîðîæäåíà ãðîçàìè, êîòîðûå âûíîñÿò çàðÿ-
äû â èîíîñôåðó. Ïîñêîëüêó íàçàä íà çåìëþ çàðÿäû ñòåêàþò ïî âñåé àòìîñôå-
ðå, íåîáõîäèìî íåêîòîðîå ýëåêòðè÷åñêîå ïîëå â èîíîñôåðå, êîòîðîå îáåñïå÷èâàåò
ñóùåñòâîâàíèå òîêîâ èç îáëàñòåé íàä ãðîçàìè â óäàëåííûå ÷àñòè èîíîñôåðû.
Â ðàìêàõ êâàçèñòàöèîíàðíîé ìîäåëè ïðîâîäíèêà, ñîñòîÿùåãî èç àòìîñôåðû è
èîíîñôåðû, ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü ðàñïðåäåëåíèÿ ýëåêòðè÷åñêîãî ïî-
òåíöèàëà, êîòîðûé ïîðîæäàåò ýòè èîíîñôåðíûå òîêè. Èñïîëüçóåòñÿ äâóìåðíàÿ
ìîäåëü èîíîñôåðíîãî ïðîâîäíèêà, îñíîâàííàÿ íà âûñîêîé ïðîâîäèìîñòè ñðåäû â
íàïðàâëåíèè ãåîìàãíèòíîãî ïîëÿ.

Â ìàòåìàòè÷åñêîì îòíîøåíèè ìîäåëü ïðåäñòàâëÿåò ñîáîé ýëëèïòè÷åñêóþ êðà-
åâóþ çàäà÷ó ñ íåñèììåòðè÷íûì îïåðàòîðîì. Òàêèå çàäà÷è çà ñ÷åò ïåðåõîäà ê
ïîòåíöèàëàì ñïåöèàëüíîãî âèäà óäàëîñü ïåðåôîðìóëèðîâàòü â âèäå çàäà÷ ñ ñèì-
ìåòðè÷íûìè îïåðàòîðàìè è ñâåñòè èõ ðåøåíèå ê ìèíèìèçàöèè êâàäðàòè÷íûõ
ôóíêöèîíàëîâ ýíåðãèè [1]. Íà ýòîé îñíîâå ñîçäàí ìíîãîñåòî÷íûé âàðèàöèîííî-
ðàçíîñòíûé ìåòîä [2], êîòîðûé â íàñòîÿùåå âðåìÿ äîðàáîòàí äëÿ ðåøåíèÿ çàäà÷
òåîðèè ãëîáàëüíîé ýëåêòðè÷åñêîé öåïè. Ìû èñïîëüçóåì áëî÷íî-ñòðóêòóðèðîâàí-
íûå ñåòêè è êóñî÷íî-ëèíåéíûå àïïðîêñèìèðóþùèå ôóíêöèè. Óñëîâèÿ ìèíèìóìà
ôóíêöèîíàëà ýíåðãèè ôîðìèðóþò ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
äëÿ óçëîâûõ çíà÷åíèé èñêîìûõ ïîòåíöèàëîâ. Ìàòðèöà ýòîé ñèñòåìû ñèììåòðè÷-
íà è ïîëîæèòåëüíî îïðåäåëåíà. Äëÿ ðåøåíèÿ ñèñòåìû èñïîëüçóåì ìíîãîñåòî÷íûé
ìåòîä.

Ñîçäàííûé ìàòåìàòè÷åñêèé àïïàðàò ïîçâîëèë îïèñàòü ïðîâîäèìîñòü èîíî-
ñôåðû áîëåå àäåêâàòíî, ïîñêîëüêó íå òðåáóþòñÿ ñóùåñòâåííûå óïðîùåíèÿ, èñ-
ïîëüçîâàííûå, íàïðèìåð, â èçâåñòíîé ìîäåëè [4]. Ïåðâûå ðåçóëüòàòû ìîäåëèðîâà-
íèÿ ïðåäñòàâëåíû â ñòàòüå [3]. Â íàøåé ìîäåëè èîíîñôåðíûå ýëåêòðè÷åñêèå ïîëÿ
ïîëó÷àþòñÿ íà ïîðÿäîê ìåíüøèìè, ÷åì ýòî ïîëàãàëîñü äî íàñòîÿùåãî âðåìåíè ñ
ìîìåíòà ñîçäàíèÿ ìîäåëè [4].
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Èíòåãðàëüíûå îïåðàòîðû èãðàþò îñíîâîïîëàãàþùóþ ðîëü â ïîñòàíîâêàõ, èñ-
ñëåäîâàíèè è ìåòîäàõ ðåøåíèÿ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè è òîìîãðàôèè. Â
ýòèõ îïåðàòîðàõ îòðàæåíà ñóòü ìåòîäîâ òîìîãðàôèè, çàêëþ÷àþùàÿñÿ â íåðàçðó-
øàþùåì îáúåêòû ïîëó÷åíèè èíôîðìàöèè, íàêàïëèâàþùåéñÿ âäîëü ëó÷åé. Èí-
òåãðàëüíûå îïåðàòîðû ìîæíî îõàðàêòåðèçîâàòü è êàê èíñòðóìåíòû ìàòåìàòè÷å-
ñêèõ ìîäåëåé, ïîñòðîåííûõ íà îñíîâå ðåàëüíûõ ôèçè÷åñêèõ ïðèíöèïîâ ñáîðà òî-
ìîãðàôè÷åñêèõ äàííûõ. Õîðîøèé ïðèìåð òàêîãî îïåðàòîðà � øèðîêî èçâåñòíîå
ïðåîáðàçîâàíèå Ðàäîíà. Â íàñòîÿùåå âðåìÿ ñïèñîê èíòåãðàëüíûõ îïåðàòîðîâ,
îïèñûâàþùèõ èñõîäíûå äàííûå â çàäà÷àõ èíòåãðàëüíîé ãåîìåòðèè è òîìîãðà-
ôèè, âåñüìà îáøèðåí [1]. Ýòî îïåðàòîðû îáîáùåííûõ ïðåîáðàçîâàíèé Ðàäîíà,
âåñîâûõ ëó÷åâûõ ïðåîáðàçîâàíèé âäîëü ãåîäåçè÷åñêèõ ðèìàíîâîé ìåòðèêè, äåé-
ñòâóþùèõ íà òåíçîðíûå ïîëÿ [2�4].

Âòîðàÿ ãðóïïà èíòåãðàëüíûõ îïåðàòîðîâ ïðåäíàçíà÷åíà äëÿ èññëåäîâàíèé è
ðåøåíèÿ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè è òåñíî ñâÿçàííûõ ñ íèìè çàäà÷ ðåôðàê-
öèîííîé òåíçîðíîé òîìîãðàôèè [2]. Ïðè ðåøåíèè çàäà÷è îïðåäåëåíèÿ ôóíêöèè
ïî åå ïðåîáðàçîâàíèþ Ðàäîíà íà îñíîâå ôîðìóë îáðàùåíèÿ èñïîëüçóþòñÿ, â ÷àñò-
íîñòè, îïåðàòîðû îáðàòíîé ïðîåêöèè, ïîòåíöèàë Ðèññà, ïðåîáðàçîâàíèÿ Ôóðüå è
Ãèëüáåðòà. Îáîáùåíèå îïåðàòîðà îáðàòíîé ïðîåêöèè ïðèâåëî ê ïîíÿòèþ óãëîâûõ
ìîìåíòîâ ýêñïîíåíöèàëüíûõ ëó÷åâûõ ïðåîáðàçîâàíèé ôóíêöèé è ñèììåòðè÷íûõ
òåíçîðíûõ ïîëåé.

Óñòàíîâëåíû ñâîéñòâà ýêñïîíåíöèàëüíûõ ëó÷åâûõ ïðåîáðàçîâàíèé ñ âåñîì è
óãëîâûõ ìîìåíòîâ ëó÷åâûõ ïðåîáðàçîâàíèé òåíçîðíûõ ïîëåé. Äîêàçàíû òåîðåìû
åäèíñòâåííîñòè êðàåâûõ çàäà÷ è çàäà÷ Êîøè, ïîñòàâëåííûõ â ñòàöèîíàðíîì è
íåñòàöèîíàðíîì ñëó÷àÿõ [4]. Îòìå÷åíû òåñíûå ñâÿçè ýêñïîíåíöèàëüíûõ ëó÷åâûõ
ïðåîáðàçîâàíèé ñ çàäà÷àìè èíòåãðàëüíîé ãåîìåòðèè òåíçîðíûõ ïîëåé ñ âåñîì è
çàäà÷àìè òîìîãðàôèè â ðàçëè÷íûõ ïîñòàíîâêàõ.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóí-

äàìåíòàëüíûõ èññëåäîâàíèé è Íåìåöêîãî íàó÷íî-èññëåäîâàòåëüñêîãî îáùåñòâà (ïðîåêò

� 19-51-12008).
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ÂÛÐÎÆÄÀÞÙÅÅÑß ÈÍÒÅÃÐÀËÜÍÎÅ
ÓÐÀÂÍÅÍÈÅ ÀÁÅËß ÂÒÎÐÎÃÎ ÐÎÄÀ

Äæåíàëèåâ Ì.Ò.1, Ðàìàçàíîâ Ì.È.2, Åðãàëèåâ Ì. Ã.1

1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,
Àëìàòû, Ðåñïóáëèêà Êàçàõñòàí;

muvasharkhan@gmail.com, ergaliev.madi.g@gmail.com
2Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Å.À. Áóêåòîâà,

Êàðàãàíäà, Ðåñïóáëèêà Êàçàõñòàí; ramamur@mail.ru

Â îáëàñòè G =
{
(x, y, t) : x2 + y2 < t2, 0 < t < T

}
ìû èçó÷àåì óðàâíåíèå òåï-

ëîïðîâîäíîñòè
∂u

∂t
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
(1)

ñ ãðàíè÷íûì óñëîâèåì íà ïîâåðõíîñòè êîíóñà

u(x, y, t) = uc(x, y, t),
√
x2 + y2 = t, 0 < t < T, (2)

ãäå uc(x, y, t) � çàäàííàÿ ôóíêöèÿ.
Â ñëó÷àå îñåâîé ñèììåòðèè äëÿ âûðîæäàþùåéñÿ îáëàñòè G ðåøåíèå çàäà÷è

(1)�(2) ñâîäèì ê èçó÷åíèþ ñëåäóþùåãî èíòåãðàëüíîãî óðàâíåíèÿ:

t φ(t)− λ√
π

t∫
0

φ(τ)d τ√
t− τ

= f(t), 0 < t < T <∞, (3)

ãäå λ � çàäàííàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ âåëè÷èíà, {f(t), t ∈ (0, T )} � çà-
äàííàÿ ôóíêöèÿ.

Äëÿ îñåñèììåòðè÷íîãî ñëó÷àÿ èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 1. Ïóñòü t−1/2u1(t) ≡ t−1/2uc(x, y, t)

∣∣√
x2+y2=t

∈ L∞(0, T ). Òîãäà

ãðàíè÷íàÿ çàäà÷à (1)�(2) èìååò îáùåå ðåøåíèå

u(x, y, t) = Cuhom(x, y, t) + upart(x, y, t) ∈ L∞(G; (x2 + y2)−1/4),

ò. å. (x2 + y2)−1/4u(x, y, t) ∈ L∞(G), C = const,

ãäå uhom(x, y, t) è upart(x, y, t) ÿâëÿþòñÿ ðåøåíèÿìè ñîîòâåòñòâåííî îäíîðîäíîãî
(ïðè uñ(x, y, t) ≡ 0) è íåîäíîðîäíîãî ãðàíè÷íûõ çàäà÷ (1)�(2).

Äîêàçàòåëüñòâî òåîðåìû 1 îñíîâàíî íà ñëåäóþùåé òåîðåìå 2 î ðàçðåøèìîñòè
èíòåãðàëüíîãî óðàâíåíèÿ (3).

Òåîðåìà 2. Ïóñòü t−1/2f(t) ∈ L∞(0, T ). Òîãäà èíòåãðàëüíîå óðàâíåíèå (3)
èìååò îáùåå ðåøåíèå φ(t) = Cφhom(t)+φpart(t) ∈ L∞(0, T ); t−1/2), ò. å. t−1/2φ(t)∈
L∞(0, T ), C = const, ãäå φhom(t) è φpart(t) ÿâëÿþòñÿ ðåøåíèÿìè ñîîòâåòñòâåííî
îäíîðîäíîãî (ïðè f(t) ≡ 0) è íåîäíîðîäíîãî èíòåãðàëüíûõ óðàâíåíèé (3).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ AP05130928, AP05132262 è BR05236693

ÊÍ ÌÎÍ ÐÊ.
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ÎÖÅÍÈÂÀÍÈÅ ÊÎÝÔÔÈÖÈÅÍÒÎÂ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÏÎ ÑÅÒÎ×ÍÛÌ ÄÀÍÍÛÌ

Åãîðøèí À.Î.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
egorshin@math.nsc.ru

1. Ðàññìàòðèâàþòñÿ âàðèàöèîííûå çàäà÷è îïòèìèçàöèè ïðèáëèæåíèé (ñãëà-
æåííûõ ïîñëåäîâàòåëüíîñòåé) ŷ ê èñõîäíûì (L + 1)-ïîñëåäîâàòåëüíîñòÿì y îò-
ñ÷åòîâ ôóíêöèé íà çàäàííîé ñåòêå ðåøåíèÿìè îáûêíîâåííûõ ëèíåéíûõ äèôôå-
ðåíöèàëüíûõ èëè ðàçíîñòíûõ óðàâíåíèé. Êîýôôèöèåíòû óðàâíåíèé ñ÷èòàþòñÿ
ïîñòîÿííûìè. Îíè ìîãóò áûòü íåèçâåñòíû. Òîãäà îñóùåñòâëÿåòñÿ èõ îïòèìèçà-
öèÿ. Îíà âûïîëíÿåòñÿ íà îñíîâå êðèòåðèåâ íàèëó÷øåé àïïðîêñèìàöèè çàäàííûõ
ïîñëåäîâàòåëüíîñòåé îòñ÷åòîâ ôóíêöèé èëè íàáëþäàåìûõ ñèãíàëîâ ðåøåíèÿìè
óêàçàííûõ óðàâíåíèé â êîíå÷íûõ èíòåðâàëàõ: J = ∥y−ŷ∥2. Çäåñü

∑n
0 ŷi+kα

∗
i = 0,

k = 1, N , N = L− n.
Èäåíòèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïî èñõîäíûì äàííûì â âèäå

óïîðÿäî÷åííîé ïîñëåäîâàòåëüíîñòè y îòñ÷åòîâ èõ ðåøåíèé íà ñåòêàõ (ñ âîçìîæ-
íûìè îøèáêàìè ðåãèñòðàöèè ýòèõ îòñ÷åòîâ) ñîñòîèò èç äâóõ ýòàïîâ. Ïåðâûé ýòàï
åñòü âàðèàöèîííàÿ èäåíòèôèêàöèÿ óêàçàííîé ïîñëåäîâàòåëüíîñòè y îòñ÷åòîâ ðå-
øåíèÿ ÄÓ. Ðåçóëüòàòîì ðåøåíèÿ çàäà÷è èäåíòèôèêàöèè ÿâëÿåòñÿ ïîêàçàííîå
ðàçíîñòíîå óðàâíåíèå (âåêòîð åãî êîýôôèöèåíòîâ α̂) è îäíî èç åãî ðåøåíèé ŷ.

Çàâåðøàþùèé ýòàï èäåíòèôèêàöèè ÄÓ åñòü âû÷èñëåíèå êîýôôèöèåíòîâ ÄÓ
ïî êîýôôèöèåíòàì ïîëó÷åííîãî â ðåçóëüòàòå óêàçàííîé èäåíòèôèêàöèè ÐÓ. Ýòîò
ýòàï íàçûâàåòñÿ äèôôåðåíöèàëüíîé àïïðîêñèìàöèåé ÐÓ. Äèôôåðåíöèàëüíàÿ
àïïðîêñèìàöèÿ ÐÓ òàêæå èññëåäóåòñÿ â äîêëàäå.

2. Áîëüøèíñòâî èçâåñòíûõ è ïðèìåíÿåìûõ íà ïðàêòèêå ìåòîäîâ îöåíèâàíèÿ
(èäåíòèôèêàöèè) êîýôôèöèåíòîâ îáûêíîâåííûõ ëèíåéíûõ ðàçíîñòíûõ ñòàöèî-
íàðíûõ óðàâíåíèé ìîäåëåé óêàçàííîãî êëàññà îòíîñÿòñÿ ê ÷èñëó òàê íàçûâàåìûõ
àëãåáðàè÷åñêèõ èëè ðàçîìêíóòûõ ìåòîäîâ. Àëãåáðàè÷åñêèå ìåòîäû îñíîâàíû íà
ìèíèìèçàöèè íåâÿçîê (îøèáîê) óðàâíåíèé ìîäåëåé ïðè ïîäñòàíîâêå èñõîäíûõ
äàííûõ y = {yi}L0 â óðàâíåíèÿ. Ïðîñòîòà è ëèíåéíîñòü àëãåáðàè÷åñêèõ ìåòîäîâ
èäåíòèôèêàöèè äëÿ ïðåäñòàâëåííîãî âûøå êëàññà ìîäåëåé îáåñïå÷èëè èõ øèðî-
êîå ðàñïðîñòðàíåíèå è èçâåñòíîñòü.

Ïðàêòèêà ïðèìåíåíèÿ òàêèõ ìåòîäîâ, ýêñïåðèìåíòàëüíûå èõ èññëåäîâàíèÿ
ïîäòâåðæäàþò, ÷òî àëãåáðàè÷åñêèå ìåòîäû èäåíòèôèêàöèè, ìèíèìèçèðóþùèå
íåâÿçêè ïî íåçàâèñÿùåé îò èõ êîýôôèöèåíòîâ ìåðå, â íåïðîñòûõ óñëîâèÿõ (çíà-
÷èòåëüíûå îøèáêè è íåçíà÷èòåëüíûé îáúåì äàííûõ) íåðàáîòîñïîñîáíû.

Îáúÿñíÿåòñÿ ýòî òåì, ÷òî â àëãåáðàè÷åñêèõ (ðàçîìêíóòûõ) ìåòîäàõ èäåíòè-
ôèêàöèè, ðàçíîñòíîå óðàâíåíèå ðàññìàòðèâàåòñÿ êàê ñîâîêóïíîñòü N íåçàâèñè-
ìûõ àëãåáðàè÷åñêèõ ñîîòíîøåíèé. Òàêèì îáðàçîì, â ýòèõ ìåòîäàõ íå ó÷èòûâà-
þòñÿ, âî-ïåðâûõ, çàðàíåå èçâåñòíûå âçàèìíûå çàâèñèìîñòè ìåæäó ýòèìè ñîîòíî-
øåíèÿìè. Óæå ïðåíåáðåæåíèå ýòîé àïðèîðíîé èíôîðìàöèåé óìåíüøàåò óñòîé-
÷èâîñòü ðåçóëüòàòîâ îöåíèâàíèÿ ê îøèáêàì â èñõîäíûõ äàííûõ.

Âî-âòîðûõ, â ðàçîìêíóòûõ ìåòîäàõ íå ó÷èòûâàþòñÿ îáðàòíûå ñâÿçè, çàìêíó-
òîñòü äèíàìè÷åñêèõ ìîäåëåé. Îíè ïîêàçàíû â ïðåäñòàâëåííîì âûøå óðàâíåíèè
è ó÷òåíû â èçó÷àåìîé ïîñòàíîâêå âàðèàöèîííîé çàäà÷è. Çàìêíóòîñòü, îáðàòíûå
ñâÿçè â äèíàìè÷åñêèõ ìîäåëÿõ ïîâûøàþò óñòîé÷èâîñòü çàäà÷ îöåíèâàíèÿ âåêòî-
ðîâ èõ êîýôôèöèåíòîâ α ê îøèáêàì â èñõîäíûõ äàííûõ y = {yi}L0 .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 19-01-00754).
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ÍÎÂÛÉ ÏÐÈÍÖÈÏ ÏÎÑÒÐÎÅÍÈß ÑÅÉÑÌÈ×ÅÑÊÈÕ
ÈÇÎÁÐÀÆÅÍÈÉ ÍÀ ÎÑÍÎÂÅ ÌÅÒÎÄÀ RTH:

ÑÎÑÒÎßÍÈÅ È ÏÅÐÑÏÅÊÒÈÂÛ

Åðîõèí Ã.Í.

Áàëòèéñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. È. Êàíòà, Êàëèíèíãðàä, Ðîññèÿ;
GErokhin@kantiana.ru

Ìåòîä Reverse Time Holography (RTH) îñíîâûâàåòñÿ íà èäåÿõ �ñåéñìîãîëî-
ãðàôèè�, ðàçâèâàåìûõ â 80-õ ãîäàõ ïðîøëîãî ñòîëåòèÿ â øêîëàõ âûäàþùèõ ñî-
âåòñêèõ ó÷åíûõ àêàäåìèêîâ À.Ñ. Àëåêñååâà, Ì.Ì. Ëàâðåíòüåâà è Ñ.Â. Ãîëüäè-
íà. Ìåòîä RTH îáåñïå÷èâàåò ïåðåñ÷åò èñõîäíûõ ñåéñìè÷åñêèõ äàííûõ ôîðìà-
òà Common Depth Point (CDP) â âåêòîðíûå äàííûå �îáùåé òî÷êè èçîáðàæåíèÿ�
(CIG � Common Image Gathers) ñ ñîõðàíåíèåì äåòàëüíîé èíôîðìàöèè îá àìïëè-
òóäàõ, ôàçàõ è ÷àñòîòàõ êðóãîâîãî âðàùåíèÿ äâóõ âçàèìîñâÿçàííûõ âåêòîðîâ:
âåêòîðà ïàäàþùåé âîëíû è âåêòîðà îáðàùåííîé âî âðåìåíè �îáðàòíîé� âîëíû
(äàííûå VDCIG � Vector Domain Common Image Gathers) [1�3]. Ïåðåñ÷èòàí-
íûå âåêòîðíûå äàííûå VDCIG èìåþò ñóùåñòâåííî áîëüøèé, ÷åì èñõîäíûå äàí-
íûå, CDP îáúåì (â ñðåäíåì íà òðè ïîðÿäêà), íî ïîçâîëÿþò äåëàòü îäíîìîìåíò-
íûå ïîñòðîåíèÿ ñ ïîìîùüþ ñïåöèàëüíîãî âèäà �Óñëîâèé Èçîáðàæåíèÿ� (Imaging
Condition), âûñîêîòî÷íûõ àòðèáóòîâ, êîòîðûå âêëþ÷àþò, êàê ÷àñòíûé ñëó÷àé,
âñå èçâåñòíûå àòðèáóòû ãëóáèííîé ìèãðàöèè, Amplitude Versus O�set (AVO):
ðåôëåêòîðû, äèôðàêòîðû, èçîáðàæåíèÿ íà äóïëåêñíûõ âîëíàõ, óãëû íàêëîíîâ,
àíèçîòðîïèþ ðàññåÿíèÿ, àçèìóòàëüíóþ àíèçîòðîïèþ, AVO àòðèáóòû, ñêîðîñòíîé
ðàçðåç è ïð. Îäíîâðåìåííî ñ íèìè åñòåñòâåííûì îáðàçîì âîçíèêàþò ñîâåðøåí-
íî íîâûå àòðèáóòû ñåéñìè÷åñêèõ ðàçðåçîâ, ñâÿçàííûå ñî ñòàòèñòè÷åñêîé îöåíêîé
ìíîãîìåðíûõ ðàñïðåäåëåíèé (äèñïåðñèÿ, àñèììåòðèÿ, ýêñöåññ, êîâàðèàöèÿ è ïð.).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 16-29-15090).
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Â íàñòîÿùåå âðåìÿ áûñòðîðàçâèâàþùèìñÿ íàïðàâëåíèåì â ôèçèêå ÿâëÿåò-
ñÿ ðàçðàáîòêà íîâûõ èñòî÷íèêîâ òåðàãåðöîâîãî èçëó÷åíèÿ, êîòîðûå ìîãóò áûòü
èñïîëüçîâàíû â ôóíäàìåíòàëüíûõ èññëåäîâàíèÿõ è ïðàêòè÷åñêèõ ïðèëîæåíèÿõ
â îáëàñòè ìåäèöèíû, èíôîðìàòèêè, òîìîãðàôèè. Îäíèì èç ìåòîäîâ ïîëó÷åíèÿ
ìîùíîãî ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ òåðàãåðöîâîãî äèàïàçîíà ÷àñòîò ÿâëÿåòñÿ
åãî ãåíåðàöèÿ â ïðîöåññå âçàèìîäåéñòâèÿ ýëåêòðîííîãî ïó÷êà ñ ïëàçìîé. Îäíàêî,
âûõîä ãåíåðèðóåìîãî èçëó÷åíèÿ, ÷àñòîòà êîòîðîãî áëèçêà ê ïëàçìåííîé, îãðàíè-
÷åí ýôôåêòîì ïëàçìåííîé ýêðàíèðîâêè, ÷òî êðàéíå ñóùåñòâåííî äëÿ ñèñòåì ñ
ïîïåðå÷íûì ðàçìåðîì ïëàçìû, ñóùåñòâåííî ïðåâûøàþùèì äëèíó èçëó÷àåìûõ
ýëåêòðîìàãíèòíûõ âîëí. Óâåëè÷èòü ÷àñòîòó ãåíåðèðóåìîãî èçëó÷åíèÿ äî äâîé-
íîé ïëàçìåííîé ÷àñòîòû ìîæíî â ðåæèìå èíæåêöèè äâóõ âñòðå÷íûõ ïó÷êîâ â
îäíîðîäíóþ ïëàçìó.

Òðóäíîñòè îïðåäåëåíèÿ â ðàìêàõ òî÷íîé êèíåòè÷åñêîé òåîðèè íàèáîëåå ïîä-
õîäÿùèõ äëÿ ãåíåðàöèè èçëó÷åíèÿ ïàðàìåòðîâ ïëàçìû è èíæåêòèðóåìûõ ïó÷êîâ
ñâÿçàíû ñ íåëèíåéíûì òóðáóëåíòíûì õàðàêòåðîì ïðîòåêàþùèõ ïðîöåññîâ. Èìåí-
íî ïîýòîìó âàæíûì øàãîì íà ïóòè ðåøåíèÿ ýòîé ïðîáëåìû ÿâëÿåòñÿ ÷èñëåííîå
ìîäåëèðîâàíèå. Â äàííîé ðàáîòå ðåøåíèå çàäà÷è ãåíåðàöèè âûñîêî÷àñòîòíîãî
ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ â ðåçóëüòàòå âçàèìîäåéñòâèÿ âñòðå÷íûõ ðåëÿòè-
âèñòñêèõ ýëåêòðîííûõ ïó÷êîâ â îäíîðîäíîé ïëàçìå ïîëó÷åíî íà îñíîâå 2D3V êè-
íåòè÷åñêîé ÷èñëåííîé ìîäåëè. Ðàññìàòðèâàþòñÿ ìîäåëè ñ ïåðèîäè÷åñêèìè ãðà-
íè÷íûìè óñëîâèÿìè è ñ îòêðûòûìè ãðàíèöàìè, îáåñïå÷èâàþùèìè íåïðåðûâíûé
ââîä ïó÷êîâ â ïîëíîñòüþ èîíèçîâàííóþ ïëàçìó è ïîçâîëÿþùèå èññëåäîâàòü ïðî-
öåññû ãåíåðàöèè è âûõîäà ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ. Èñïîëüçóåìûå ïàðà-
ìåòðû ïëàçìû è ðåëÿòèâèñòñêîãî ýëåêòðîííîãî ïó÷êà ñîîòâåòñòâóþò óñëîâèÿì
ëàáîðàòîðíûõ ýêñïåðèìåíòîâ íà óñòàíîâêå ÃÎË3 (ÈßÔ ÑÎ ÐÀÍ). Ðàçðàáîòàí-
íàÿ ìîäåëü ñ îòêðûòûìè ãðàíèöàìè òàêæå ìîæåò áûòü èñïîëüçîâàíà äëÿ ìî-
äåëèðîâàíèÿ òåðàãåðöîâîãî èçëó÷åíèÿ ïðè âçàèìîäåéñòâèè ñ ïëàçìîé ëàçåðíûõ
èìïóëüñîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 19-07-00446).
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Â íàñòîÿùåå âðåìÿ ÷èñëåííîå ìîäåëèðîâàíèå òå÷åíèé ìíîãîêîìïîíåíòíîãî
ðåàãèðóþùåãî ãàçà ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé, îíî ïîçâîëèò èññëåäîâàòü äàí-
íûå ÿâëåíèÿ ïðè ðàçëè÷íûõ óñëîâèÿõ ïðîòåêàíèÿ ðåàêöèé. Òàêæå ïðè èññëå-
äîâàíèè áîëüøèíñòâà õèìèêî-òåõíîëîãè÷åñêèõ ïðîöåññîâ íåîáõîäèìî ó÷èòûâàòü
âëèÿíèå äîïîëíèòåëüíûõ èñòî÷íèêîâ ýíåðãèè (ïîäâîä òåïëà, èçëó÷åíèå), êîòî-
ðûå âëèÿþò íà õàðàêòåð è ñêîðîñòü ïðîòåêàíèÿ õèìè÷åñêèõ ïðåâðàùåíèé.

Èññëåäîâàíèå ïîñâÿùåíî ïîñòðîåíèþ ìàòåìàòè÷åñêîé ìîäåëè è âû÷èñëèòåëü-
íîãî àëãîðèòìà äëÿ èññëåäîâàíèÿ äèíàìèêè ìíîãîêîìïîíåíòíîãî ðåàãèðóþùåãî
ãàçà ñ ó÷åòîì òåïëîâîãî è ëàçåðíîãî èçëó÷åíèé. Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîë-
æåíèåì ðàáîòû [1], â êîòîðîé àâòîðû ðàçðàáîòàëè è óñïåøíî âåðèôèöèðîâàëè
÷èñëåííûé àëãîðèòì íà îñíîâå ñõåìû WENO äëÿ ìîäåëèðîâàíèÿ òå÷åíèÿ ìíî-
ãîêîìïîíåíòíîãî ðåàãèðóþùåãî ãàçà ñ ó÷åòîì òåïëîâîãî èçëó÷åíèÿ.

Â ðàáîòå èññëåäóþòñÿ ãàçîâûå òå÷åíèÿ ñ ìàëûìè ÷èñëàìè Ìàõà, ÷òî îáóñëàâ-
ëèâàåò èñïîëüçîâàíèå ìîäèôèêàöèè óðàâíåíèé Íàâüå � Ñòîêñà, ïðåäñòàâëåííîé
â ðàáîòàõ [2, 3]. Èñïîëüçóåòñÿ ïðîöåäóðà ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì.
Ñíà÷àëà ïðîâîäèòñÿ ðàñ÷åò óðàâíåíèé õèìè÷åñêîé êèíåòèêè ñ ïîìîùüþ ýêîíî-
ìè÷íîé ñõåìû âòîðîãî ïîðÿäêà òî÷íîñòè, ïðåäëîæåííîé Í.Í. Êàëèòêèíûì â ðà-
áîòå [4]. Çàòåì èíòåãðèðóþòñÿ çàêîíû ñîõðàíåíèÿ ñ èñïîëüçîâàíèåì íà÷àëüíîãî
ïîëÿ äàâëåíèÿ. Íà îñíîâå íàéäåííûõ çíà÷åíèé êîíöåíòðàöèé, ïëîòíîñòè, òåìïå-
ðàòóðû è ïðåäâàðèòåëüíîãî ïîëÿ ñêîðîñòè ðàñc÷èòûâàþòñÿ ïîïðàâêè ê äàâëåíèþ
è ñêîðîñòè ãàçîâîãî ïîòîêà. Ó÷åò ýôôåêòîâ îò ïîãëîùåíèÿ ëàçåðíîãî èçëó÷åíèÿ
ïðîâîäèòñÿ ïðè ðåøåíèè óðàâíåíèé íåðàçðûâíîñòè äëÿ êàæäîé êîìïîíåíòû ãà-
çîâîé ñìåñè. Ïðîâåäåíà ñåðèÿ òåñòîâûõ ðàñ÷åòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè ÐÔ (ïðîåêò � 1.6958.2017/8.9), Ðîñ-

ñèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 18-31-00102), ðåãèîíàëüíîãî

ãðàíòà ÐÔÔÈ (ïðîåêò � 18-41-130001) è ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ìîëîäûõ ðîññèé-

ñêèõ ó÷åíûõ � êàíäèäàòîâ íàóê (ÌÊ-2007.2018.1).
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Ðåøåíà íîâàÿ ñïåêòðàëüíàÿ çàäà÷à � ÎÑÇ 6, îáðàòíàÿ ê Ïðÿìîé Ñïåêòðàëü-
íîé Çàäà÷å. ÏÑÇ: Rnn ⇒ (Cnn,Λnn) èìååò åäèíñòâåííîå ðåøåíèå ñ òî÷íîñòüþ
äî îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ. Äëÿ ÏÑÇ ðàçðàáîòàíû íåñêîëüêî ÎÑÇ. Ðàñ-
ñìîòðèì ÎÑÇ 6 [1]: äëÿ èçâåñòíûõ çíà÷åíèé ñîáñòâåííûõ ÷èñåë λ1, . . . , λn, Λnn =
diag(λ1, . . . , λn), òàêèõ, ÷òî λ1 > . . . > λn > 0, èçâåñòíûõ è çàäàííûõ çíà÷å-
íèé íåêîòîðûõ êîìïîíåíò n ñîáñòâåííûõ âåêòîðîâ c1, . . . , cn èç ìàòðèöû Cnn =
[c1| . . . |cn] íàéòè: 1) íîâûå ìîäåëüíûå çíà÷åíèÿ èçâåñòíûõ êîìïîíåíò n ïñåâäîñîá-
ñòâåííûõ âåêòîðîâ c+1 , . . . , c

+
n , c

+
j = (c+1j , . . . , c

+
nj)

T , j = 1, . . . , n, èç íîâîé ìàòðèöû
Cnn = C+

nn = [c+1 | . . . |c+n ] ïñåâäîñîáñòâåííûõ âåêòîðîâ; 2) ïîëó÷åííàÿ ìàòðèöà
ñîáñòâåííûõ ÷èñåë Λ+

nn äîëæíà èìåòü çíà÷åíèÿ, ðàâíûå 1: Λ
+
nn = diag(1, . . . , 1) =

Inn; 3) ïîëó÷åííûå ïîëíûå ìàòðèöà ñîáñòâåííûõ ÷èñåë Λ+
nn è ìàòðèöà ïñåâäî-

ñîáñòâåííûõ âåêòîðîâ Cnn äîëæíû óäîâëåòâîðÿòü ñîîòíîøåíèÿì: C+T
nn C

+
nn ̸=

Inn, C+
nnC

+T
nn = Inn, C+

nnΛ
+
nnC

+T
nn = Inn, c

+
j Λ

+
nnc

+T
j = 1, c+j Λ

+
nnc

+T
j = r+ij = 0,

r+ij = r+ji = 0, i = 1, . . . , n, j = 1, . . . , n, i ̸= j, à êîððåëÿöèîííàÿ ìàòðèöà
R+
nn = C+

nnΛ
+
nnC

+T
nn = Inn äîëæíà èìåòü íîâûå ìàòðèöû ïñåâäîñîáñòâåííûõ âåê-

òîðîâ C+
nn ̸= Inn è ñîáñòâåííûõ ÷èñåë Λ+

nn = Inn. Óêàçàíû îòëè÷èÿ ÎÑÇ 1 [2] è
ÎÑÇ 6 [1] äðóã îò äðóãà.
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Ïðåäëîæåíà íîâàÿ ÿâíî-èòåðàöèîííàÿ ñõåìà èíòåãðèðîâàíèÿ ïî âðåìåíè
òðåõìåðíûõ óðàâíåíèé Íàâüå � Ñòîêñà, îïèñûâàþùèõ òå÷åíèÿ ñæèìàåìîãî òåï-
ëîïðîâîäíîãî ãàçà. Ñõåìà îñíîâàíà íà ðàñùåïëåíèè ðàñ÷åòà îäíîãî øàãà ïî âðå-
ìåíè íà êîíâåêòèâíûé è äèôôóçèîííûé ýòàïû. Êîíâåêòèâíûé ýòàï ðåàëèçóåòñÿ
ïî ñõåìå Ñ.Ê. Ãîäóíîâà, äèôôóçèîííûé � ïî ÿâíî-èòåðàöèîííîé ñõåìå ËÈ-Ì
[1], îñîáåííîñòü êîòîðîé � îòñóòñòâèå îãðàíè÷åíèÿ íà øàã ïî âðåìåíè. Ýòà ñõå-
ìà ïîñòðîåíà êàê ìîäèôèêàöèÿ ñõåìû [2] ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíå-
íèé ïàðàáîëè÷åñêîãî òèïà. Ðàñ÷åòíàÿ ñõåìà äëÿ èñõîäíîé ñèñòåìû îáåñïå÷èâàåò
âûïîëíåíèå îñíîâíûõ çàêîíîâ ñîõðàíåíèÿ. Ïîäõîä, ñî÷åòàþùèé ïðèíöèï ðàñ-
ùåïëåíèÿ è ñâîéñòâà ñõåìû ËÈ-Ì, èçëîæåí â [3]. Àëãîðèòìè÷åñêàÿ ðåàëèçàöèÿ
ïðîâåäåíà íà íåñòðóêòóðèðîâàííûõ ñåòêàõ â ðàìêàõ êîìïëåêñà ïðîãðàìì [4].

Â óïðîùåííîì èçëîæåíèè äèôôóçèîííûé ýòàï ñîñòîèò â èíòåãðèðîâàíèè íà
îòðåçêå [t, t+ τ ] äâóõ ïîäñèñòåì äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé

∂U

∂t
= LUh U,

∂E

∂t
= LEh E

ñ øàãîì τ , îïðåäåëåííûì íà êîíâåêòèâíîì ýòàïå. Ïåðâàÿ ïîäñèñòåìà îïèñûâàåò
âÿçêèå ïðîöåññû, âòîðàÿ � òåïëîïðîâîäíûå, LUh , L

E
h � ëèíåéíûå ñàìîñîïðÿæåí-

íûå íåîòðèöàòåëüíî-îïðåäåëåííûå ýëëèïòè÷åñêèå îïåðàòîðû. Èõ âîçìîæíàÿ çà-
âèñèìîñòü îò U , E ó÷èòûâàåòñÿ ñ íèæíåãî ñëîÿ ïî âðåìåíè. Çäåñü U = (u, v, w),
E � âåêòîð ñêîðîñòè è òåìïåðàòóðà (èëè âíóòðåííÿÿ ýíåðãèÿ). Àëãîðèòì ñõåìû
ËÈ-Ì ïîñòðîåí íà îñíîâå ìíîãî÷ëåíîâ ×åáûøåâà I ðîäà ñòåïåíè p. Òàêîé ìíîãî-
÷ëåí íà òåêóùèé ìîìåíò äèñêðåòíîãî âðåìåíè îïðåäåëÿåòñÿ îäíîçíà÷íî øàãîì
ïî âðåìåíè τ è âåðõíåé ãðàíèöåé λmax ðàçíîñòíîãî ýëëèïòè÷åñêîãî îïåðàòîðà
Lh = [LUh , L

E
h ]. Còåïåíü p ìíîãî÷ëåíà îïðåäåëÿåòñÿ ïàðàáîëè÷åñêèì ÷èñëîì Êó-

ðàíòà K = τλmax, p = 0.25π
√
K. Êàæäûé øàã ñõåìû ËÈ-Ì ñîñòîèò èç q = 2p− 1

èòåðàöèé, àëãîðèòìè÷åñêè ýêâèâàëåíòíûõ ÿâíîé ñõåìå ñ÷åòà. Ðåçóëüòàòû ðàñ÷å-
òîâ äåìîíñòðèðóþò õîðîøóþ ýôôåêòèâíîñòü ïî òî÷íîñòè è îáúåìó âû÷èñëèòåëü-
íûõ çàòðàò. ßâíûé õàðàêòåð âû÷èñëåíèé ãàðàíòèðóåò ýôôåêòèâíîñòü èñïîëüçî-
âàíèÿ ñõåìû â ïàðàëëåëüíûõ òåõíîëîãèÿõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-71-30014).
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÎÄÍÎÉ ÄÐÎÁÍÎÉ
ÀËÜÔÀ-ÌÎÄÅËÈ ÂßÇÊÎÓÏÐÓÃÎÉ ÑÐÅÄÛ

Çâÿãèí À.Â.

Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âîðîíåæ, Ðîññèÿ;
zvyagin.a@mail.ru

Ïóñòü Ω ⊂ Rn, n = 2, 3, ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω. Èññëåäóåòñÿ
ñëåäóþùàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à, ÿâëÿþùàÿ àëüôà-ìîäåëüþ [1] äëÿ äðîáíîé
âÿçêîóïðóãîé æèäêîñòè Ôîéãòà [2]:

∂v

∂t
+

n∑
i=1

ui
∂v

∂xi
− µ0∆v − µ1

1

Γ(1− λ)
Div

∫ t

0

(t− s)−λE(v)(s, z(s; t, x)) ds+∇p = f ;

z(τ ; t, x) = x+

∫ τ

t

v(s, z(s; t, x)) ds, t, τ ∈ [0, T ], x ∈ Ω;

u = (I − α2∆)−1v, t ∈ [0, T ], x ∈ Ω;

div v(t, x) = 0, t ∈ [0, T ], x ∈ Ω; v|∂Ω = 0, v|t=0 = v0.

Çäåñü, v � âåêòîð-ôóíêöèÿ ñêîðîñòè äâèæåíèÿ ÷àñòèöû ñðåäû, u � âåêòîð-
ôóíêöèÿ ìîäèôèöèðîâàííîé ñêîðîñòè äâèæåíèÿ ÷àñòèöû ñðåäû, p � ôóíêöèÿ
äàâëåíèÿ, f � ôóíêöèÿ ïëîòíîñòè âíåøíèõ ñèë, z(τ ; t, x) � òðàåêòîðèÿ ÷àñòèöû
ñðåäû, E � òåíçîð ñêîðîñòåé äåôîðìàöèè, Γ(λ) � ãàììà-ôóíêöèÿ Ýéëåðà, α > 0,
µ0 > 0, µ1 > 0, 0 < λ < 1 � íåêîòîðûå êîíñòàíòû.

Òåîðåìà. Ïóñòü f ∈ L2(0, T ;V
−1), v0 ∈ V 0. Òîãäà èññëåäóåìàÿ íà÷àëüíî-

êðàåâàÿ çàäà÷à èìååò õîòÿ áû îäíî ñëàáîå ðåøåíèå v ∈ W = {v ∈ L2(0, T ;V
1) ∩

L∞(0, T ;V 0), v′ ∈ L4/3(0, T ;V
−1)}. Êðîìå òîãî, åñëè ðàññìîòðåòü ñåìåéñòâî èçó-

÷àåìûõ àëüôà-ìîäåëåé, çàâèñÿùèõ îò ïàðàìåòðà αm, òî ïðè αm → 0 ñóùåñòâóåò
ïîñëåäîâàòåëüíîñòü ðåøåíèé vm, êîòîðàÿ ñõîäèòñÿ ê ñëàáîìó ðåøåíèþ v ∈ W
êëàññè÷åñêîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ äðîáíîé ìîäåëè âÿçêîóïðóãîé ñðåäû
Ôîéãòà.

Äîêàçàòåëüñòâî äàííîé òåîðåìû îñíîâàíî íà àïïðîêñèìàöèîííî-òîïîëîãè÷åñ-
êîì ïîäõîäå ê èññëåäîâàíèþ çàäà÷ ãèäðîäèíàìèêè [3].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îá-

ðàçîâàíèÿ ÐÔ (ïðîåêò � 14.Z50.31.0037).
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ÄÈÍÀÌÈÊÀ ÏËÀÑÒÈÍÛ Ñ ÓÏÐÓÃÎ
ÏÐÈÑÎÅÄÈÍÅÍÍÎÉ ÌÀÑÑÎÉ

Çâÿãèí À.Â.1, Ñàäûãîâà Í.Ý.2

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ;

1zvyagin.aleksandr2012@yandex.ru, 2nigu_s@hotmail.com

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î äèíàìè÷åñêîé íàãðóçêå áàëêè óäàðÿþùèì
òåëîì â ïðèñóòñòâèè ïðîìåæóòî÷íîãî äåìïôåðà � ïðóæèíû çàäàííîé æ¼ñòêî-
ñòè. Íåîáõîäèìî îïðåäåëèòü ñîâìåñòíîå äâèæåíèå ìåõàíè÷åñêîé ñèñòåìû: áàëêà �
ïðóæèíà � òåëî, ïðåíåáðåãàÿ ìàññîé ïðóæèíû. Äâèæåíèå áàëêè ìîäåëèðóåòñÿ
óðàâíåíèÿìè öèëèíäðè÷åñêèõ êîëåáàíèé ïëàñòèíû. Ïîëó÷åíà ñèñòåìà óðàâíå-
íèé äëÿ ñîâìåñòíîãî äâèæåíèÿ ñèñòåìû áàëêà � ïðóæèíà � òåëî, ñîñòîÿùàÿ èç
óðàâíåíèé äëÿ ïðîãèáà áàëêè è óðàâíåíèÿ äâèæåíèÿ òåëà, ñ ó÷¼òîì æ¼ñòêîñòè
ïðóæèíû. Ñèñòåìà óðàâíåíèé, ìîäåëèðóþùàÿ äâèæåíèå, ñîñòîèò èç óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâ¼ðòîãî ïîðÿäêà ïî êîîðäèíàòå è âòîðîãî ïîðÿäêà
ïî âðåìåíè, îäíèì èç ãðàíè÷íûõ óñëîâèé ÿâëÿåòñÿ îáûêíîâåííîå äèôôåðåíöè-
àëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ïî âðåìåíè (óðàâíåíèå äâèæåíèÿ òåëà). Çà-
äà÷à ðåøàåòñÿ ìåòîäîì èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà ïî âðåìåíè [1].
Íàéäåíî àíàëèòè÷åñêîå ðåøåíèå äëÿ îáðàçîâ. Äëÿ îáðàùåíèÿ ïîëó÷åííîãî ðåøå-
íèÿ èñïîëüçóåòñÿ ÷èñëåííûé ìåòîä (ìåòîä Äóðáèíà [2, 3]). Ìåòîä ïðîòåñòèðîâàí
ñâåðêîé ñ òî÷íûì ðåøåíèåì äëÿ ìàëûõ íà÷àëüíûõ âðåì¼í. Ïðîâåäåí àíàëèç ïî-
âåäåíèÿ âî âðåìåíè îñíîâíûõ èñêîìûõ ôóíêöèé. Ïîñòðîåíû èëëþñòðèðóþùèå
ãðàôèêè. Òàêæå ïîêàçàíà çàâèñèìîñòü èñêîìûõ ôóíêöèé îò îñíîâíûõ ïàðàìåò-
ðîâ çàäà÷è: æ¼ñòêîñòè ïðóæèíû è èçãèáíîé æ¼ñòêîñòè áàëêè.

ËÈÒÅÐÀÒÓÐÀ

1. Ëóðüå À.È. Îïåðàöèîííîå èñ÷èñëåíèå è åãî ïðèëîæåíèå ê çàäà÷àì ìåõàíèêè. Ì.:
ÃÈÒÒË, 1951.

2. Êðûëîâ Â.È. Ìåòîäû ïðèáëèæåííîãî ïðåîáðàçîâàíèÿ Ôóðüå îáðàùåíèÿ ïðåîáðàçî-
âàíèÿ Ëàïëàñà. Ì.: Íàóêà, 1974.

3. Durbin F. Numerical inversion of Laplace transforms: an e�cient improvement to Dubner
and Abate's method // Comput. J. 1974. V. 17, No. 4. Ñ. 371�376.

135



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÍÅËÎÊÀËÜÍÀß ÇÀÄÀ×À ÄËß ÓÐÀÂÍÅÍÈß
Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Çèêèðîâ Î.Ñ., Ñàãäóëëàåâà Ì.Ì.

Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà,
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Â ðàáîòå èçó÷àåòñÿ íåëîêàëüíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ â
÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà ñ îïåðàòîðîì òåïëîïðîâîäíîñòè â ãëàâ-
íîé ÷àñòè

Lu ≡ ∂

∂t

(
∂u

∂t
− ∂2u

∂x2

)
+ c(x, t)u = f(x, t), (1)

ãäå c(x, t), f(x, t) � çàäàííûå ôóíêöèè â îáëàñòè.
Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà ëåæàò â îñíîâå ìàòåìà-

òè÷åñêèõ ìîäåëåé ðàçëè÷íûõ ôèçè÷åñêèõ ÿâëåíèé è ïðîöåññîâ.
Íàïðèìåð, óðàâíåíèå

ν
∂3u

∂2x∂t
− ∂2u

∂t2
+ ρ

∂2u

∂x2
= f(x, t)

îïèñûâàåò ðàñïðîñòðàíåíèå ïëîñêîé âîëíû â âÿçêîóïðóãîì òâåðäîì òåëå èëè â
ñæèìàåìîé âÿçêîé æèäêîñòè ñ íåçíà÷èòåëüíîé óäåëüíîé òåïëîïðîâîäíîñòüþ [1].

Äëÿ óðàâíåíèÿ (1) â îáëàñòè D = {(x, t) : 0 < x < l, 0 < t < T} ðàññìîòðèì
íåëîêàëüíóþ çàäà÷ó â ñëåäóþùåé ïîñòàíîâêå: íàéòè ðåãóëÿðíîå â îáëàñòè D
ðåøåíèå u(x, t) óðàâíåíèÿ (1), íåïðåðûâíîå â D è óäîâëåòâîðÿþùåå óñëîâèÿì

u(x, 0) = φ1(x), ut(x, 0) = φ2(x), 0 ≤ x ≤ l, (2)

u(0, t) = λ(t)

l∫
0

u(x, t)dx+

t∫
0

ρ(t, τ)u(l, τ)dτ + µ1(t), 0 ≤ t ≤ T, (3)

ux(l, t) = µ2(t), 0 ≤ t ≤ T, (4)

çäåñü φi(x), µi(t), (i = 1, 2), λ(t) è ρ(t, τ) � çàäàííûå ãëàäêèå ôóíêöèè, ïðè÷åì

φ′
1(l) = µ2(0), φ1(0) = λ(0)

l∫
0

φ1(x)dx+ µ1(0).

Â ïîñòàâëåííîé çàäà÷å â êðàåâûõ óñëîâèÿõ ñîäåðæèòñÿ íåëîêàëüíîñòü ïî âðå-
ìåíè, ÷òî âïåðâûå ðàññìîòðåíî â ðàáîòå À.È. Êîæàíîâà [2].

Ïðè îïðåäåëåííûõ óñëîâèÿõ ãëàäêîñòè íà çàäàííûå ôóíêöèè äîêàçûâàåòñÿ
ðåãóëÿðíàÿ ðàçðåøèìîñòü ïîñòàâëåííîé íåëîêàëüíîé çàäà÷è (1)�(4).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìåæãîñóäàðñòâåííîãî Ðîññèéñêî � Óçáåêñêîãî

ïðîåêòà MRU�OT�1/2017.
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Ðàññìàòðèâàþòñÿ èòåðàöèîííûå ìåòîäû â ïîäïðîñòðàíñòâàõ Êðûëîâà äëÿ ðå-
øåíèÿ áîëüøèõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ) ñ ðàçðåæåí-
íûìè ïëîõî îáóñëîâëåííûìè ìàòðèöàìè, ñèììåòðè÷íûìè è íåñèììåòðè÷íûìè,
âåùåñòâåííûìè è êîìïëåêñíûìè, âîçíèêàþùèìè ïðè àïïðîêñèìàöèÿõ ìíîãîìåð-
íûõ êðàåâûõ çàäà÷ íà íåñòðóêòóðèðîâàííûõ ñåòêàõ. Èññëåäóþòñÿ ñåìåéñòâà âà-
ðèàöèîííûõ ñõåì ñ ðàçíûìè ñâîéñòâàìè îðòîãîíàëüíîñòè, áèîðòîãîíàëüíñòè è
ïîëóñîïðÿæ¼ííîñòè, â òîì ÷èñëå ñ íåñêîëüêèìè ïðåäîáóñëàâëèâàþùèìè ìàòðè-
öàìè íà êàæäîì øàãå, äèíàìè÷åñêè ìåíÿþùèìèñÿ îò èòåðàöèè ê èòåðàöèè. Ïðî-
âîäèòñÿ àíàëèç àëãåáðàè÷åñêèõ ìåòîäîâ äåêîìïîçèöèè îáëàñòåé è ìíîãîñåòî÷íûõ
àëãîðèòìîâ, à òàêæå äðóãèõ ïîäõîäîâ ê óñêîðåíèþ èòåðàöèîííûõ ïðîöåññîâ, îñ-
íîâàííûõ íà ãðóáîñåòî÷íîé êîððåêöèè, äåôëÿöèè, àãðåãàöèè è ìàëîðàíãîâûõ àï-
ïðîêñèìàöèÿõ èñõîäíûõ ìàòðèö, îñíîâàííûõ íà ïîïîëíåíèÿõ ïðîñòðàíñòâ Êðû-
ëîâà. Ðàññìàòðèâàþòñÿ ìíîãîóðîâíåâûå êðûëîâñêèå àëãîðèòìû ñ ðåñòàðòàìè è
ïðèìåíåíèåì ìåòîäîâ íàèìåíüøèõ êâàäðàòîâ âî èçáåæàíèå äåãðàäàöèè ñêîðîñòè
ñõîäèìîñòè èòåðàöèé. Îáñóæäàþòñÿ âîïðîñû ìàñøòàáèðóåìîãî ðàñïàðàëëåëèâà-
íèÿ àëãîðèòìîâ íà ìíîãîïðîöåññîðíûõ âû÷èñëèòåëüíûõ ñèñòåìàõ ñ ðàñïðåäå-
ëåííîé è èåðàðõè÷åñêîé îáùåé ïàìÿòüþ. Ôîðìóëèðóþòñÿ îñíîâíûå òåîðåìû î
ñâîéñòâàõ ïðåäëàãàåìûõ èòåðàöèîííûõ ïðîöåññîâ, à èõ ýôôåêòèâíîñòü è ïðîèç-
âîäèòåëüíîñòü äåìîíñòðèðóþòñÿ ðåçóëüòàòàìè ÷èñëåííûõ ýêñïåðèìåíòîâ.

137



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÌÅÒÎÄÛ ÐÅØÅÍÈß ÎÁÐÀÒÍÛÕ ÇÀÄÀ×
ÄËß ÇÀÊÎÍÎÂ ÑÎÕÐÀÍÅÍÈß

Êàáàíèõèí Ñ.È.1,2,3, Øèøëåíèí Ì.À.1,2,3

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
3Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

Kabanikhin@sscc.ru, Maxim.Shishlenin@sscc.ru

Â äîêëàäå ïðåäñòàâëåíû ìåòîäû îïðåäåëåíèÿ ôóíêöèè ïîòîêà k(x) è f(u) â
ñêàëÿðíîì ãèïåðáîëè÷åñêîì çàêîíå ñîõðàíåíèÿ [1�3]

ut +
(
k(x)f(u)

)
x
= 0

ïî íåêîòîðîé äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè u(x, t) çàäà÷è Êîøè ñ íà-
÷àëüíûìè äàííûìè

u(x, 0) = u0.

Îáñóæäàþòñÿ àëãîðèòìû âîññòàíîâëåíèÿ ôóíêöèé k(x) è f(u). Â ñëó÷àå ìî-
äåëè òðàíñïîðòíûõ ïîòîêîâ íà àâòîìàãèñòðàëÿõ u(x, t) îáîçíà÷àåò ïëîòíîñòü àâ-
òîìîáèëåé â ìîìåíò âðåìåíè t â òî÷êå x, ïðîèçâåäåíèå k(x)f(u(x, t)) ïðåäñòàâ-
ëÿåò ïîòîê àâòîìîáèëåé, êîòîðûå ïåðåñåêàþò êàæäóþ òî÷êó x â ìîìåíò âðåìåíè
t çà åäèíèöó âðåìåíè, à ôóíêöèÿ k(x) îïèñûâàåò êîíêðåòíûå õàðàêòåðèñòèêè
äîðîãè â òî÷êå x. Â ýòîì ñëó÷àå îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè
íåèçâåñòíûõ ñâîéñòâ k è f ðàññìàòðèâàåìîé äîðîãè ïî ðåçóëüòàòàì ìîíèòîðèíãà
ðåçóëüòèðóþùåé ïëîòíîñòè äâèæåíèÿ àâòîìîáèëåé.

Íàðÿäó ñ îïòèìèçàöèåé ðàññìàòðèâàþòñÿ ìåòàýâðèñòè÷åñêèå àëãîðèòìû.
Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ÷èñëåííûõ ìåòîäîâ.
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ÒÅÏËÎÂÀß ÂÎËÍÀ ÄËß ÍÅËÈÍÅÉÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ: ÒÅÎÐÅÌÛ

ÑÓÙÅÑÒÂÎÂÀÍÈß È ÒÎ×ÍÛÅ ÐÅØÅÍÈß

Êàçàêîâ À.Ë., Êóçíåöîâ Ï.À., Ëåìïåðò À.À.

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ
èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ; kazakov@icc.ru

Ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå òåïëîïðîâîäíîñòè ñî ñòåïåííîé íåëè-
íåéíîñòüþ [1] ïðè íàëè÷èè èñòî÷íèêà [2], êîòîðîå â ñëó÷àå ïðîñòðàíñòâåííûõ
ñèììåòðèé ìîæåò áûòü çàïèñàíî â ñëåäóþùåì âèäå:

ut = uuρρ +
1

σ
u2ρ +

ν

ρ
uuρ + F (u). (1)

Çäåñü u � èñêîìàÿ ôóíêöèÿ (êîýôôèöèåíò òåïëîïðîâîäíîñòè); t � âðåìÿ; ρ �
ïðîñòðàíñòâåííàÿ êîîðäèíàòà; σ > 0 � êîíñòàíòà, õàðàêòåðèçóþùàÿ ñâîéñòâà
ñðåäû; ν � êîíñòàíòà, ïðèíèìàþùàÿ çíà÷åíèÿ 0, 1, 2 â ñëó÷àÿõ ïëîñêîé, öèëèí-
äðè÷åñêîé è ñôåðè÷åñêîé ñèììåòðèè ñîîòâåòñòâåííî; F (u), F (0) = 0 � ôóíêöèÿ
èñòî÷íèêà èëè ñòðîêà (â çàâèñèìîñòè îò çíàêà ôóíêöèè). Óðàâíåíèå (1) òàêæå
èíîãäà íàçûâàþò óðàâíåíèåì íåëèíåéíîé ôèëüòðàöèè [3].

Ñîäåðæàòåëüíûì êëàññîì ðåøåíèé óðàâíåíèÿ (1) ÿâëÿþòñÿ òåïëîâûå âîëíû,
äâèæóùèåñÿ ïî àáñîëþòíî õîëîäíîìó ôîíó ñ êîíå÷íîé ñêîðîñòüþ [2, 3]. Ðàñ-
ïðîñòðàíåíèå âîçìóùåíèé ñ êîíå÷íîé ñêîðîñòüþ, êàê èçâåñòíî, íåòèïè÷íî äëÿ
ïàðàáîëè÷åñêèõ óðàâíåíèé. Ïðè÷èíîé âîçíèêíîâåíèÿ ïîäîáíîãî ýôôåêòà, ïî-
âèäèìîìó, ÿâëÿåòñÿ âûðîæäåíèå òèïà óðàâíåíèÿ (1) ïðè u = 0, ò. å. íà ôðîíòå
òåïëîâîé âîëíû. Ê òàêîãî ðîäà ðåøåíèÿì ïðèâîäèò, â ÷àñòíîñòè, çàäàíèå äëÿ
óðàâíåíèÿ (1) ñëåäóþùåãî ãðàíè÷íîãî óñëîâèÿ:

u(t, ρ)|ρ=R(t) = f(t), R(t) > 0, f(0) = 0, f ′(0) ≥ 0, [f ′(0)]2 + [R′(0)]2 ̸= 0. (2)

Ðàíåå àâòîðàìè ðàññìàòðèâàëàñü çàäà÷à (1), (2) ïðè F (u) ≡ 0, ò. å. êîãäà èñ-
òî÷íèê îòñóòñòâóåò. Áûëè äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
àíàëèòè÷åñêèõ ðåøåíèé [4], à òàêæå ïîñòðîåíû ñïåöèàëüíûå êëàññû òî÷íûõ ðå-
øåíèé äëÿ ñëó÷àÿ f(t) ≡ 0 [5].

Â ðàìêàõ íàñòîÿùåãî èññëåäîâàíèÿ ýòè ðåçóëüòàòû ïåðåíîñÿòñÿ íà ñëó÷àé
F ̸≡ 0: äîêàçûâàåòñÿ òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè àíàëèòè÷åñêîãî
ðåøåíèÿ çàäà÷è (1), (2) ñ ïîñòðîåíèåì ðåøåíèÿ â âèäå ñòåïåííîãî ðÿäà ñ ðåêóð-
ðåíòíî îïðåäåëÿåìûìè êîýôôèöèåíòàìè, à òàêæå èùóòñÿ íîâûå òî÷íûå ðåøåíèÿ
çàäà÷è (1), (2) ïðè f(t) ≡ 0, îòíîñÿùèåñÿ ê êëàññàì îáîáùåííî-àâòîìîäåëüíûõ
è îáîáùåííûõ áåãóùèõ âîëí, ïîñòðîåíèå êîòîðûõ ñâîäèòñÿ ê èíòåãðèðîâàíèþ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà.
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ÏÎÑÒÐÎÅÍÈÅ ÏÎËÈÍÎÌÈÀËÜÍÛÕ ÁÀÇÈÑÎÂ
ÄËß ÏÐÎÑÒÐÀÍÑÒÂ ÑÎÁÎËÅÂÀ Ñ ÐÀÇËÈ×ÍÛÌÈ

ÃÐÀÍÈ×ÍÛÌÈ ÓÑËÎÂÈßÌÈ ÍÀ ÎÒÐÅÇÊÅ

Êàçàíöåâ Ñ. Ã.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà CÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
kazan@math.nsc.ru

Â ðàáîòå ïðåäëîæåí ìåòîä ïîñòðîåíèÿ áàçèñíûõ ïîëèíîìîâ â ïðîñòðàícòâàõ
Ñîáîëåâà íà îòðåçêå [−1, 1]. Ðàññìîòðèì íåñêîëüêî âàðèàíòîâ ãðàíè÷íûõ óñëîâèé

P : u(j)(1) = u(j)(−1), j = 0, 1, . . . ,m− 1,

∫ 1

−1

u(x) dx = 0 (óñëîâèå ïåðèîäè÷íîñòè);

AP : u(j)(1) = −u(j)(−1), j = 0, 1, . . . ,m− 1 (óñëîâèå àíòèïåðèîäè÷íîñòè);

D : u(2j)(1) = u(2j)(−1) = 0, j = 0, 1, . . . ,

[
m− 1

2

]
(óñëîâèå Äèðèõëå);

N : u(2j+1)(1) = u(2j+1)(−1) = 0, j = 0, 1, . . . ,

[
m− 2

2

]
,

∫ 1

−1

u(x) dx = 0

(óñëîâèå Íåéìàíà);

DN :

{
u(2j)(−1) = 0, j = 0, 1, . . . ,

[
m−1
2

]
u(2j+1)(1) = 0, j = 0, 1, . . . ,

[
m−2
2

] (óñëîâèå Äèðèõëå � Íåéìàíà).

Ââåäåì ñîîòâåòñòâóþùèå ýòèì óñëîâèÿì ïðîñòðàíñòâà Ñîáîëåâà (ñì. [1]).

H(X,m) = {u(x) : u(m) ∈ L2(−1, 1), u(x) óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ X}.
Çäåñü óñëîâèå X ìîæåò áûòü, íàïðèìåð, îäíèì èç âûøå ðàññìîòðåííûõ ãðàíè÷-
íûõ óñëîâèé. H(X,m) áóäåò ãèëüáåðòîâûì ïðîñòðàíñòâîì ñî ñêàëÿðíûì ïðîèç-
âåäåíèåì (u, v)m =

∫ 1

−1
u(m)(x)v(m)(x) dx.

Ïóñòü PN � ïîëèíîì Ëåæàíäðà ñòåïåíè N . Ïîëèíîìèàëíûé áàçèñ â H(X,m)
ñòðîèòñÿ ÷åðåç ðåøåíèå êðàåâîé çàäà÷è u(m)(t) = PN (t), t ∈ (−1, 1), ñ ñîîòâåò-
ñòâóþùèìè êðàåâûìè óñëîâèÿìè X. Äëÿ áàçèñíîãî ïîëèíîìà u ñòåïåíè m + N
îïðåäåëÿþòñÿ âñå çíà÷åíèÿ ïðîèçâîäíûõ íà êîíöàõ îòðåçêà [−1, 1] èç ñèñòåìû

2im+N

(
jN (z)

zm

)
0

+
m−1∑
k=0

(−1)ku(k)(1) + u(k)(−1)

(k + 1)!
=

∫ 1

−1

u(s) ds,

2im+N

(
jN (z)

zm

)
−ℓ

+
m−1∑
k=ℓ−1

(−1)ku(k)(1) + (−1)ℓu(k)(−1)

(k − ℓ+ 1)!
= 0, ℓ = 1, . . . ,m,

ãäå jN (z)� ñôåðè÷åñêàÿ ôóíêöèÿ Áåññåëÿ è
(
jN (z)
zm

)
−ℓ

� êîýôôèöèåíò ïðè (iz)−ℓ

â ãëàâíîé ÷àñòè ðàçëîæåíèÿ Ëîðàíà jN (z)
zm =

∑∞
ℓ=−m

(
jN (z)
zm

)
ℓ
(iz)ℓ. Ïîñëå îïðå-

äåëåíèÿ ïðîèçâîäíûõ u(k)(±1) ïîëèíîì ìîæíî çàïèñàòü â âèäå ñóììû Òåéëîðà

u(x) =
m+N∑
k=0

u(k)(1)

k!
(x− 1)k =

m+N∑
k=0

u(k)(−1)

k!
(x+ 1)k.
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Ê îñíîâíûì êâàçèñòàöèîíàðíûì ïðèáëèæåíèÿì äëÿ ñèñòåìû óðàâíåíèé
Ìàêñâåëëà îòíîñÿòñÿ ìàãíèòíîå íåðåëÿòèâèñòñêîå ïðèáëèæåíèå è ýëåêòðè÷åñêîå
íåðåëÿòèâèñòñêîå ïðèáëèæåíèå [1]. Îáà ýòèõ ïðèáëèæåíèÿ îáóñëîâëåíû äîñòà-
òî÷íîé ìåäëåííîñòüþ ïðîöåññîâ, íî âûáîð òîãî èëè èíîãî èç íèõ çàâèñèò îò
ôèçè÷åñêèõ ñâîéñòâ ñðåäû è, â ÷àñòíîñòè, îò å¼ ïðîâîäèìîñòè.

Ìàãíèòíîå íåðåëÿòèâèñòñêîå ïðèáëèæåíèå [2�4] çàêëþ÷àåòñÿ â ïðåíåáðåæå-
íèè òîêîì ñìåùåíèÿ è ïðèìåíÿåòñÿ äëÿ îïèñàíèÿ ìåäëåííûõ ïðîöåññîâ â ñðåäàõ
ñ äîñòàòî÷íî âûñîêîé ïðîâîäèìîñòüþ. Ýëåêòðè÷åñêîå íåðåëÿòèâèñòñêîå ïðèáëè-
æåíèå ïðèìåíÿåòñÿ äëÿ îïèñàíèÿ ìåäëåííûõ ïðîöåññîâ â ñðåäàõ ñ ìàëîé ïðîâîäè-
ìîñòüþ, â ÷àñòíîñòè, ïðè ìîäåëèðîâàíèè ýëåêòðîìàãíèòíûõ ïðîöåññîâ â íèæíèõ
ñëîÿõ àòìîñôåðû. Â ýòîì ïðèáëèæåíèè òîê ñìåùåíèÿ ñîõðàíÿåòñÿ, íî ýëåêòðè-
÷åñêîå ïîëå ñ÷èòàåòñÿ ïîòåíöèàëüíûì.

Â ðåàëüíûõ çàäà÷àõ âåñüìà ðàñïðîñòðàíåííûì ñëó÷àåì ÿâëÿþòñÿ ñóùåñòâåí-
íî íåîäíîðîäíûå ñðåäû: ðàññìàòðèâàåìàÿ îáëàñòü ìîæåò ñîäåðæàòü ïðîâîäÿ-
ùèå, íåïðîâîäÿùèå è ñëàáîïðîâîäÿùèå ïîäîáëàñòè. Ïðèìåðîì ñëóæèò àòìîñôå-
ðà Çåìëè, ïðîâîäèìîñòü êîòîðîé ýêñïîíåíöèàëüíî âîçðàñòàåò â çàâèñèìîñòè îò
âûñîòû [5, 6].

Â íàñòîÿùåé ðàáîòå ïðèâîäèòñÿ ôîðìóëèðîâêà êâàçèñòàöèîíàðíîãî ïðèáëè-
æåíèÿ äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà, îáóñëîâëåííîãî ëèøü ìåäëåííîñòüþ
ïðîöåññîâ è ïðèãîäíîãî äëÿ îïèñàíèÿ íåîäíîðîäíûõ ñðåä, âêëþ÷àþùèõ â ñåáÿ
îáëàñòè ñ âûñîêîé è ìàëîé ïðîâîäèìîñòüþ. Èññëåäóþòñÿ ïîñòàíîâêè çàäà÷ äëÿ
âîçíèêàþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, óñòàíàâëèâàåòñÿ áëèçîñòü
êâàçèñòàöèîíàðíûõ ðåøåíèé ê ðåøåíèÿì ñîîòâåòñòâóþùèõ íåñòàöèîíàðíûõ çà-
äà÷ ïðè óñëîâèè ìåäëåííîñòè ïðîöåññîâ. Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ äàííî-
ãî ïðèáëèæåíèÿ îáñóæäàåòñÿ âîïðîñ î ìîäåëèðîâàíèè ãëîáàëüíîé ýëåêòðè÷åñêîé
öåïè â àòìîñôåðå Çåìëè.
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Â äîêëàäå ðàññìàòðèâàþòñÿ äâå îáðàòíûå çàäà÷è îäíîâðåìåííîãî îïðåäåëå-
íèÿ êîýôôèöèåíòîâ ïåðåä u è ux â ïàðàáîëè÷åñêîì óðàâíåíèè ñ äâóìÿ íåçàâè-
ñèìûìè ïåðåìåííûìè.

Îáðàòíàÿ çàäà÷à 1.

Îïðåäåëèòü òðîéêó ôóíêöèé {u(t, x), b(x), c(x)}, óäîâëåòâîðÿþùèõ â Q ≡
[0, T ]× [−l, l] óðàâíåíèþ

ρut − uxx + b(x)ux + c(x)u = f(t, x), (t, x) ∈ Q;

êðàåâûì óñëîâèÿì

u(0, x) = u0(x), x ∈ [−l, l]; u(t,−l) = µ1(t), u(t, l) = µ2(t), t ∈ [0, T ];

è óñëîâèÿì èíòåãðàëüíîãî íàáëþäåíèÿ

T∫
0

u(t, x)ω(t) dt = φ(x),

T∫
0

u(t, x)χ(t)dt = ψ(t), x ∈ [−l, l].

Îáðàòíàÿ çàäà÷à 2.

Îïðåäåëèòü òðîéêó ôóíêöèé {u(t, x), b(t), d(t)}, óäîâëåòâîðÿþùèõ â Q óðàâ-
íåíèþ

ut − a(t, x)uxx + b(t)ux + c(t)u+ d(t, x)u = f(t, x), (t, x) ∈ Q;

êðàåâûì óñëîâèÿì

u(0, x) = u0(x), x ∈ [−l, l]; u(t,−l) = u(t, l) = 0, t ∈ [0, T ];

è óñëîâèÿì èíòåãðàëüíîãî íàáëþäåíèÿ

l∫
−l

u(t, x)ω(x) dx = φ(t),

l∫
−l

ux(t, x)ω(x) dx = ψ(t), t ∈ [0, T ].

Â îáîèõ ñëó÷àÿõ ðàññìàòðèâàþòñÿ îáîáùåííûå ðåøåíèÿ: u(t, x) ∈ W 1,2
2 (Q),

ôóíêöèè b è c îãðàíè÷åíû, ñîîòâåòñòâåííî, íà [−l, l] â ñëó÷àå îáðàòíîé çàäà÷è 1
è íà [0, T ] â ñëó÷àå îáðàòíîé çàäà÷è 2.

Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äàííûõ îáðàò-
íûõ çàäà÷.

Äëÿ êàæäîé èç ðàññìàòðèâàåìûõ îáðàòíûõ çàäà÷ ìû òàêæå ïîëó÷àåì îöåí-
êè ìàêñèìóìîâ ìîäóëåé íåèçâåñòíûõ êîýôôèöèåíòîâ óðàâíåíèÿ ñ êîíñòàíòàìè,
ÿâíî âûïèñàííûìè ÷åðåç âõîäíûå äàííûå îáðàòíûõ çàäà÷.

Êðîìå òîãî, ïðèâîäÿòñÿ íåòðèâèàëüíûå ïðèìåðû îáðàòíûõ çàäà÷, ê êîòîðûì
ïðèìåíèìû äîêàçàííûå òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû ïîâûøåíèÿ êîíêóðåíòíîñïîñîáíî-

ñòè Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî ÿäåðíîãî óíèâåðñèòåòà �ÌÈÔÈ� (Ìîñêîâñêîãî

èíæåíåðíî-ôèçè÷åñêîãî èíñòèòóòà), ïðîåêò � 02.à03.21.0005 îò 27.08.2013.
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Â äàííîé ðàáîòå èçó÷àåòñÿ âîïðîñ âîññòàíîâëåíèÿ ãðàíè÷íûõ óñëîâèé äèô-
ôåðåíöèàëüíîãî îïåðàòîðà ïî çàäàííûì ñïåêòðàëüíûì äàííûì. Çàäà÷è âîññòà-
íîâëåíèÿ êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî âûðàæåíèÿ, ïîðîæäàþùåãî îïå-
ðàòîð, äîñòàòî÷íî õîðîøî èññëåäîâàíû [1�4]. Ãðàíè÷íûå îáðàòíûå çàäà÷è â îòëè-
÷èå îò êîýôôèöèåíòíûõ îáðàòíûõ ìàëî èçó÷åíû [5]. Â äàííîé ðàáîòå ðàññìàòðè-
âàþòñÿ îáðàòíûå çàäà÷è ñïåêòðàëüíîãî àíàëèçà äèôôåðåíöèàëüíûõ îïåðàòîðîâ
âûñøèõ ïîðÿäêîâ ñ èíòåãðîäèôôåðåíöèàëüíûìè óñëîâèÿìè.

Ïóñòü b <∞. Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à

l(y) ≡ y(n)(x) +

n−1∑
k=0

pk(x)y
(k)(x) = λy(x), pk ∈ Ck[0, b], k = 0, 1, . . . , n− 1, (1)

Uν(y) ≡ y(ν−1)(0)−
∫ b

0

l(y)σν(x)dx = 0, ν = 1, . . . , n. (2)

Òðåáóåòñÿ âîññòàíîâèòü ãðàíè÷íûå óñëîâèÿ (2) ïî íàáîðó ñïåêòðà è êîýôôèöèåí-
òàì pk(x), k = 0, 1, . . . , n − 1. Çàäà÷à èäåíòèôèêàöèè ãðàíè÷íûõ ôóíêöèé σν(x),
ν = 1, . . . , n, ýêâèâàëåíòíà âîññòàíîâëåíèþ ìàòðèöû, ñîñòàâëåííîé èç ãðàíè÷-
íûõ óñëîâèé çàäà÷è (1), (2). Â [6] îïðåäåëåíû a) íåâûðîæäåííûå ïî Â.À. Ìàð-
÷åíêî êðàåâûå óñëîâèÿ, a òàêæå â ìîíîãðàôèè [7] âûäåëåíû b) ðåãóëÿðíûå ïî
Áèðêãîôó êðàåâûå óñëîâèÿ. Òàêèì îáðàçîì, ïîëó÷åíèå ïåðå÷èñëåííûõ óñèëåííî-
ðåãóëÿðíûõ ãðàíè÷íûõ óñëîâèé a), b) äëÿ ðàññìàòðèâàåìîãî äèôôåðåíöèàëüíîãî
îïåðàòîðà ïîçâîëÿåò âîññòàíîâèòü ãðàíè÷íûå óñëîâèÿ (2).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ íàó÷íî-òåõíè÷åñêèõ

ïðîãðàìì è ïðîåêòîâ ÊÍ ÌÎÍ ÐÊ (ïðîåêòû � AP05131845 è � AP05131292).
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Ïóñòü S = {x ∈ Rn : |x| < 1} � åäèíè÷íûé øàð â Rn, à ∂S = {x ∈ Rn :
|x| = 1} � åäèíè÷íàÿ ñôåðà, ãäå |x| =

√
x21 + x22 + . . .+ x2n. Â S ðàññìîòðèì êëàññ

êðàåâûõ çàäà÷ òèïà ÍåéìàíàNk äëÿ îäíîðîäíîãî ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ

∆mu = 0, x ∈ S;

∂ku

∂νk

∣∣∣
∂S

= φ1(s),
∂k+1u

∂νk+1

∣∣∣
∂S

= φ2(s), . . . ,
∂k+m−1u

∂νk+m−1

∣∣∣
∂S

= φm(s), s ∈ ∂S,

ãäå
∂

∂ν
� âíåøíÿÿ íîðìàëüíàÿ ïðîèçâîäíàÿ ê åäèíè÷íîé ñôåðå, ôóíêöèè φi(s)

ïðè i = 1, . . . ,m îïðåäåëåíû íà ∂S. Êëàññ çàäà÷ Nk ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì
êðàåâûõ çàäà÷ äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ ñ íîðìàëüíûìè ïðîèçâîäíû-
ìè âûñîêîãî ïîðÿäêà â ãðàíè÷íûõ óñëîâèÿõ, ðàññìîòðåííûõ â [1]. Çàäà÷à N0

ÿâëÿåòñÿ çàäà÷åé Äèðèõëå [2], êîòîðàÿ áåçóñëîâíî ðàçðåøèìà, à çàäà÷à N1 ñîâ-
ïàäàåò ñ çàäà÷åé Íåéìàíà [3]. Èìåþòñÿ è äðóãèå ïîñòàíîâêè çàäà÷ òèïà Íåéìàíà
[4]. Ñëåäóþùåå óòâåðæäåíèå îñíîâàíî íà ðåçóëüòàòàõ ðàáîòû [5].

Òåîðåìà. Ïóñòü ôóíêöèè φi(s) ïðè i = 1, 2, . . . ,m òàêèå, ÷òî ðåøåíèå u(x)
çàäà÷è Nk äëÿ îäíîðîäíîãî ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ ñóùåñòâóåò è îíî
òàêîå, ÷òî u ∈ Ck+m−1(S̄). Òîãäà ïðè âñÿêîì l ∈ N0 òàêîì, ÷òî l < k, äîëæíû
áûòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ îðòîãîíàëüíîñòè∫
∂S

Hl(x)
(
p
(m−λ)
1 φδλ+1(s)+. . .+p

(m−λ)
m−λ φm−σλ

(s)
)
dsx = 0, λ = λ0,min{k − l,m} − 1,∫

∂S

Hl(x)φi(s) dsx = 0, i = max{2m+ l − k, 0}+ 1, . . . ,m,

ãäå λ0 = [(k − l)/2], Hl(x) � ïðîèçâîëüíûé îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì

ñòåïåíè l, êîýôôèöèåíòû p
(i)
j èìåþò âèä

p
(i)
j = (−1)i−j

(
2i− j − 1

j − 1

)
(2i− 2j + 1)!!

2i− 2j + 1
,

δλ = 2λ− k+ l+1, σλ = k− l−λ− 1. ×èñëî ïîëó÷åííûõ óñëîâèé ïðè l < k ðàâíî
min{[(k − l + 1)/2],m}.
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Â ðàáîòå ïðåäñòàâëåíî óñîâåðøåíñòâîâàíèå ìåòîäà íàãðåâàåìîé òîíêîé ôîëü-
ãè, êîòîðûé ïîçâîëÿåò èçó÷àòü ñòàöèîíàðíûå è íåñòàöèîíàðíûå ïðîöåññû ïåðå-
íîñà â îáëàñòè êîíòàêòíîé ëèíèè �òâåðäîå òåëî � âîçäóõ � æèäêîñòü�. Ìàòåìàòè-
÷åñêè çàäà÷è ñâîäÿòñÿ ê ðåøåíèþ çàäà÷è Êîøè äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ è
ðåøåíèþ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ äàííûìè íà âðåìåíèïîäîáíîé ãðàíèöå.
Ïðåäëîæåííûå ìåòîäû ðåøåíèé àïðîáèðîâàíû íà ðåàëüíûõ äàííûõ, ïîëó÷åííûõ
â õîäå ëàáîðàòîðíûõ ýêñïåðèìåíòîâ. Ðåçóëüòàòû îïóáëèêîâàíû [1�7].
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Â äîêëàäå ïðåäñòàâëåíû ðåçóëüòàòû ýêñïåðèìåíòîâ è ÷èñëåííîãî ìîäåëèðîâà-
íèÿ ìåòîäîì ìîëåêóëÿðíîé äèíàìèêè (ÌÄ) êîñîãî ñîóäàðåíèÿ ìåäíûõ è àëþìè-
íèåâûõ ïëàñòèí ïðè ðàçëè÷íûõ óãëàõ è ñêîðîñòè ñîóäàðåíèÿ. Â ýêñïåðèìåíòàõ
ñòðóêòóðà òå÷åíèÿ îïðåäåëÿëàñü ñ èñïîëüçîâàíèåì ðåíòãåíî-èìïóëüñíûõ óñòà-
íîâîê. ×èñëåííîå ìîäåëèðîâàíèå âûïîëíÿëîñü ìåòîäîì ìîëåêóëÿðíîé äèíàìèêè
(ÌÄ) ñ èñïîëüçîâàíèåì ìíîãî÷àñòè÷íûõ EAM ïîòåíöèàëîâ âçàèìîäåéñòâèÿ àòî-
ìîâ. Äåòàëè ÷èñëåííîãî ìîäåëèðîâàíèÿ îïèñàíû â ðàáîòå [1]. Â ðåçóëüòàòå ïðîâå-
äåííîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ äàíî îáúÿñíåíèå ÿâëåíèÿ âîëíîîáðàçîâàíèÿ
ïðè êîñîì ñîóäàðåíèè ìåòàëëè÷åñêèõ ïëàñòèí. Ïîêàçàíî, ÷òî îáðàçîâàíèå âîëí
íà ïîâåðõíîñòè êîíòàêòà ïëàñòèí îáóñëîâëåíî íåóñòîé÷èâîñòüþ êîñîãî ñèììåò-
ðè÷íîãî ñîóäàðåíèÿ ïëàñòèí. Â îáëàñòè êîíòàêòà ïëàñòèí ðàçâèâàåòñÿ íåóñòîé-
÷èâîñòü, ïðèâîäÿùàÿ ê îáðàçîâàíèþ ìîìåíòà ñèë, êîëåáàíèÿ êîòîðîãî ïðèâî-
äÿò ê êîëåáàíèþ êîíòàêòíîé ïîâåðõíîñòè. Âîçíèêøèå àâòîêîëåáàíèÿ ïîääåðæè-
âàþòñÿ çà ñ÷åò êèíåòè÷åñêîé ýíåðãèè ñîóäàðÿþùèõñÿ ïëàñòèí, à äëèíà âîëíû
îïðåäåëÿåòñÿ âÿçêèì âçàèìîäåéñòâèåì ñòðóé â îáëàñòè êîíòàêòà ïëàñòèí. Ïðè
ìàëûõ çíà÷åíèÿõ ñêîðîñòè ñîóäàðåíèÿ U ìåòàëëû ïðîÿâëÿþò óïðóãèå ñâîéñòâà
áåç îñòàòî÷íûõ äåôîðìàöèé è êóìóëÿòèâíîé ñòðóè. Ïîäòâåðæäåío ñóùåñòâîâà-
íèå êðèòè÷åñêîãî çíà÷åíèÿ ÷èñëà Ðåéíîëüäñà ïîðÿäêà 2, ïðè êîòîðîì ïðîèñõî-
äèò çàðîæäåíèå êóìóëÿòèâíîé ñòðóè. Ïðè áîëüøèõ ÷èñëàõ Ðåéíîëüäñà çíà÷åíèÿ
ñêîðîñòè êóìóëÿòèâíîé ñòðóè, ðàññ÷èòàííûå ïî ìîäåëè ÌÄ, áëèçêè ê çíà÷åíè-
ÿì ñêîðîñòè ñòðóè, îïðåäåëåííûì ïî ìîäåëè èäåàëüíîé æèäêîñòè. Ðåçóëüòàòû
ðàñ÷åòîâ, âûïîëíåííûå ïðè áëèçêèõ çíà÷åíèÿõ áåçðàçìåðíûõ ïàðàìåòðîâ ñîóäà-
ðåíèÿ, êà÷åñòâåííî âåðíî îïèñûâàþò îñíîâíûå çàêîíîìåðíîñòè, íàáëþäàåìûå â
ýêñïåðèìåíòå.
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Äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé Ýéëåðà è Íàâüå � Ñòîêñà ñæèìàåìîãî
òåïëîïðîâîäíîãî ãàçà ïðåäëîæåí êëàññ íåÿâíûõ êîíå÷íî-îáúåìíûõ àëãîðèòìîâ
ïðåäèêòîð-êîððåêòîð, îñíîâàííûõ íà ðàñùåïëåíèè óðàâíåíèé [1, 2]. Íà ýòàïå ïðå-
äèêòîðà ââîäÿòñÿ ðàçëè÷íûå ôîðìû ðàñùåïëåíèÿ óðàâíåíèé, ÷òî ïîçâîëÿåò ñâå-
ñòè ðåøåíèå èñõîäíîé ñèñòåìû óðàâíåíèé íà äðîáíûõ øàãàõ ê íåÿâíîìó ðåøåíèþ
îòäåëüíûõ óðàâíåíèé, à íà ýòàïå êîððåêòîðà àïïðîêñèìèðîâàòü èñõîäíûå óðàâ-
íåíèÿ â êîíñåðâàòèâíîé ôîðìå è ðåàëèçîâûâàòü èõ ïî ÿâíûì ôîðìóëàì. Ñðåäè
ðàññìîòðåííûõ ôîðì ðàñùåïëåíèÿ âûáðàíû òå èç íèõ, êîòîðûå îáåñïå÷èâàþò
ìàêñèìàëüíóþ óñòîé÷èâîñòü ñõåì ïðè ìèíèìàëüíîì âëèÿíèè ðàñùåïëåíèÿ íà åå
ñâîéñòâà. Â îòëè÷èå îò êëàññè÷åñêèõ íåÿâíûõ ñõåì ðàñùåïëåíèÿ ïî íàïðàâëåíè-
ÿì (ADI ìåòîäîâ, ðåàëèçóåìûõ âåêòîðíûìè ïðîãîíêàìè) ýòîò ïîäõîä ïîçâîëÿåò
ïîñòðîèòü áîëåå ýêîíîìè÷íûå àëãîðèòìû ïî ÷èñëó îïåðàöèé íà îòäåëüíóþ ÿ÷åé-
êó, ñâåäÿ èõ ðåàëèçàöèþ ê ñêàëÿðíûì ïðîãîíêàì èëè ñõåìàì áåãóùåãî ñ÷åòà, à ïî
ñêîðîñòè ñõîäèìîñòè ê ñòàöèîíàðíîìó ðåøåíèþ îí ïðèáëèæàåòñÿ ê ADI ñõåìàì.
Ïîëó÷àåìûå ñõåìû êîíñåðâàòèâíû, ÷òî ïîçâîëÿåò èñïîëüçîâàòü èõ ïðè ðåøåíèè
êàê ñòàöèîíàðíûõ, òàê è íåñòàöèîíàðíûõ çàäà÷, è îáëàäàþò âòîðûì (èëè áîëåå
âûñîêèì) ïîðÿäêîì àïïðîêñèìàöèè. Èññëåäîâàíû ñâîéñòâà àëãîðèòìîâ, ïîëó÷å-
íû îöåíêè ïî èõ òî÷íîñòè è ñêîðîñòè ñõîäèìîñòè ïðè íàõîæäåíèè ñòàöèîíàð-
íîãî ðåøåíèÿ ìåòîäîì óñòàíîâëåíèÿ. Íàéäåíû ÷èñëåííûå ðåøåíèÿ äâóìåðíûõ
è ïðîñòðàíñòâåííûõ çàäà÷ àýðîäèíàìèêè è ïðîâåäåíî òåñòèðîâàíèå àëãîðèòìà
â çàäà÷àõ: âçàèìîäåéñòâèÿ óäàðíûõ âîëí áîëüøîé èíòåíñèâíîñòè; ñâåðõçâóêî-
âûõ òå÷åíèé ãàçà â ñóæàþùåìñÿ êàíàëå ïðè ðåãóëÿðíîì è íåðåãóëÿðíîì îòðà-
æåíèè ñêà÷êà óïëîòíåíèÿ îò ïëîñêîñòè ñèììåòðèè; òå÷åíèé â êàíàëå ñ óñòóïîì
â ïðèáëèæåíèè óðàâíåíèé Ýéëåðà [2]. Ïðîâåäåííûå ðàñ÷åòû èëëþñòðèðóþò âîç-
ìîæíîñòè ðàññìîòðåííûõ àëãîðèòìîâ è ïîçâîëÿþò ñäåëàòü çàêëþ÷åíèå îá èõ
ýôôåêòèâíîñòè.
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Ïðåäëîæåí ìåòîä ïîñòðîåíèÿ êîìáèíèðîâàííûõ ðàçíîñòíûõ ñõåì ñêâîçíîãî
ñ÷åòà, êîòîðûå ñ ïîâûøåííîé òî÷íîñòüþ ëîêàëèçóþò ôðîíòû óäàðíûõ âîëí è
îäíîâðåìåííî ñîõðàíÿþò ïîâûøåííûé ïîðÿäîê ñõîäèìîñòè â îáëàñòÿõ âëèÿíèÿ
óäàðíûõ âîëí. Â ýòèõ ñõåìàõ èñïîëüçóþòñÿ íåìîíîòîííàÿ áàçèñíàÿ ñõåìà, êîòî-
ðàÿ ñ ïîâûøåííîé òî÷íîñòüþ ïåðåäàåò óñëîâèÿ Ãþãîíèî ÷åðåç ôðîíò óäàðíîé
âîëíû, è âíóòðåííÿÿ ìîíîòîííàÿ ñõåìà ïîâûøåííîãî ïîðÿäêà, êîòîðàÿ ñãëàæè-
âàåò íåôèçè÷åñêèå îñöèëëÿöèè, âîçíèêàþùèå â áàçèñíîé ñõåìå. Ïðèâåäåíû äâå
êîíêðåòíûå êîìáèíèðîâàííûå ñõåìû, â ïåðâîé èç êîòîðûõ [1] â êà÷åñòâå áàçèñ-
íîé èñïîëüçóåòñÿ íåÿâíàÿ êîìïàêòíàÿ ñõåìà òðåòüåãî ïîðÿäêà ñëàáîé àïïðîêñè-
ìàöèè, à âî âòîðîé [2] � ÿâíàÿ ñõåìà Ðóñàíîâà òðåòüåãî ïîðÿäêà êëàññè÷åñêîé
àïïðîêñèìàöèè. Â êà÷åñòâå âíóòðåííåé ñõåìû â îáîèõ ñëó÷àÿõ èñïîëüçóåòñÿ ìî-
íîòîííàÿ ìîäèôèêàöèÿ ñõåìû CABARET âòîðîãî ïîðÿäêà [3]. Òåñòîâûå ðàñ÷åòû
ïîêàçàëè, ÷òî êîìáèíèðîâàííûå ñõåìû, â îòëè÷èå îò ñõåì òèïà TVD è WENO,
íå òîëüêî îáåñïå÷èâàþò ìîíîòîííîñòü ïðîôèëÿ ëîêàëèçîâàííîé óäàðíîé âîëíû,
íî òàêæå ñîõðàíÿþò ïîâûøåííóþ òî÷íîñòü â îáëàñòè å¼ âëèÿíèÿ.
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Ðàññìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå óïðàâëÿåìîå óðàâíåíèå

ẋ = A(t)x+B(t)v, x ∈ H1, v ∈ H2, t > 0, (1)

â ãèëüáåðòîâîì ïðîñòðàíñòâå H1. Ëèíåéíóþ îïåðàòîð-ôóíêöèþA(·) : H1 → H1

áóäåì ñ÷èòàòü èíòåãðàëüíî îãðàíè÷åííîé, ò. å. äëÿ íåå âûïîëíÿåòñÿ íåðàâåíñòâî
sup
t>0

∫ t+1

t
∥A(τ)∥ dτ 6 a, (ïîä íîðìîé îïåðàòîðà C : H1 → H2 ïîäðàçóìåâàåòñÿ âå-

ëè÷èíà ∥C∥ = sup
{
∥Cy∥2/∥y∥1, y ∈ H1, y ̸= 0

}
, ãäå ∥·∥k � íîðìà â ãèëüáåðòîâîì

ïðîñòðàíñòâå Hk, k = 1, 2). Ëèíåéíóþ îïåðàòîð-ôóíêöèþ B(·) : H2 → H1 áóäåì
ïîëàãàòü íåïðåðûâíîé è îãðàíè÷åííîé. Â êà÷åñòâå äîïóñòèìûõ óïðàâëåíèé v(·)
â óðàâíåíèè (1) áóäåì ðàññìàòðèâàòü èçìåðèìûå ïî Ëåáåãó è îãðàíè÷åííûå íà
âñåé ñâîåé îáëàñòè îïðåäåëåíèÿ ôóíêöèè.

Îïðåäåëåíèå 1. Îïåðàòîðîì óïðàâëÿåìîñòè (îïåðàòîðîì Êàëìàíà) óðàâ-
íåíèÿ (1) íà îòðåçêå [t0, t1] íàçîâåì îïåðàòîð W(t0, t1) : H1 → H1 âèäà

W(t0, t1) =

∫ t1

t0

U(t0, τ)B(τ)B∗(τ)U∗(t0, τ) dτ,

ãäå U(t, τ), t, τ > 0, � ýâîëþöèîííûé (ðàçðåøàþùèé) îïåðàòîð [1, c. 147] ëè-
íåéíîãî óðàâíåíèÿ (1) ñ íóëåâûì óïðàâëåíèåì v(·); ñèìâîë ∗ îçíà÷àåò îïåðàöèþ
ñîïðÿæåíèÿ.

Îïðåäåëåíèå 2. [1, ñ. 50] Îïåðàòîð H : H1 → H1 íàçûâàþò ðàâíîìåðíî ïî-
ëîæèòåëüíûì, åñëè åãî ôîðìà (Hx, x) ðàâíîìåðíî ïîëîæèòåëüíà íà åäèíè÷íîé
ñôåðå S = {x, ∥x∥ = 1} â H1.

Îïðåäåëåíèå 3. [2, ñ. 90]. Óðàâíåíèå (1) íàçûâàåòñÿ ðàâíîìåðíî âïîëíå
óïðàâëÿåìûì, åñëè ñóùåñòâóþò òàêèå ÷èñëà σ > 0 è γ > 0, ÷òî ïðè ëþáûõ
t0 > 0 è x0 ∈ H1 íàéäåòñÿ äîïóñòèìîå óïðàâëåíèå v : [t0, t0 + σ] → H2, ïðè âñåõ
t ∈ [t0, t0+σ] óäîâëåòâîðÿþùåå íåðàâåíñòâó ∥u(t)∥ 6 γ∥x0∥ è ïåðåâîäÿùåå âåêòîð
íà÷àëüíîãî ñîñòîÿíèÿ x(t0) = x0 óðàâíåíèÿ (1) â íîëü íà ýòîì îòðåçêå.

Òåîðåìà. Óðàâíåíèå (1) σ-ðàâíîìåðíî âïîëíå óïðàâëÿåìî â òîì è òîëüêî â
òîì ñëó÷àå, êîãäà äëÿ ëþáîãî t0 > 0 îïåðàòîð Êàëìàíà ðàâíîìåðíî ïîëîæèòåëåí
íà îòðåçêå [t0, t0 + σ].

Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñóäàðñòâåííîé ïðîãðàììû íàó÷íûõ èññëåäîâàíèé Ðåñ-

ïóáëèêè Áåëàðóñü �Êîíâåðãåíöèÿ�2020� (ïîäïðîãðàììà 1, çàäàíèå � 1.2.01).
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Â ïðîìûøëåííûõ ïðèëîæåíèÿõ (ïðîåêòèðîâàíèå ðàêåò è ñòàðòîâûõ ñòîëîâ,
àâòîìîáèëåñòðîåíèå è ïð.) ÷àñòî âñòðå÷àþòñÿ çàäà÷è, êîòîðûå ðåøàþò â îñåñèì-
ìåòðè÷íîé ïîñòàíîâêå äëÿ áûñòðîãî ïîëó÷åíèÿ ïåðâè÷íûõ îöåíîê õàðàêòåðèñòèê
òå÷åíèé. Ê ïðèìåðó, ê òàêèì çàäà÷àì îòíîñèòñÿ ìîäåëèðîâàíèå ñâåðõçâóêîâûõ
òóðáóëåíòíûõ ãàçîâûõ ñòðóé: áåçóñëîâíî, äëÿ ïîëó÷åíèÿ ïîëíîé êàðòèíû àòîìè-
çàöèè ñòðóè íåîáõîäèìî ïðîâîäèòü òðåõìåðíîå ìîäåëèðîâàíèå ïðîöåññà, íî äëÿ
ïåðâè÷íîãî àíàëèçà ïàðàìåòðîâ ñòðóè (íàïðèìåð, äàâëåíèÿ ñòðóè íà ïðåãðàäó),
ìîæíî ðåøèòü çàäà÷ó â îñåñèììåòðè÷íîé ïîñòàíîâêå.

Êðîìå òîãî, â ïîäîáíûõ çàäà÷àõ âàæíûì ÿâëÿåòñÿ ïîëó÷åíèå äîñòàòî÷íî òî÷-
íîãî ðåøåíèÿ íà îòíîñèòåëüíî ãðóáîé ñåòêå. Äëÿ ýòîãî èñïîëüçóþò ìåòîäû âûñî-
êîãî ïîðÿäêà òî÷íîñòè, íî ïðè èõ èñïîëüçîâàíèè âîçíèêàåò ïðîáëåìà âûèãðûøà
âî âðåìåíè: ðàñ÷åò îäíîãî øàãà ïî âðåìåíè ìîæåò áûòü âåñüìà äëèòåëüíûì, ÷òî
â êîíå÷íîì èòîãå ìîæåò ïðèâåñòè ê áîëåå ìåäëåííîìó ðåøåíèþ ïîëíîé çàäà÷è ïî
ñðàâíåíèþ ñ èñïîëüçîâàíèåì ìåòîäà ïåðâîãî-âòîðîãî ïîðÿäêà òî÷íîñòè íà áîëåå
ïîäðîáíîé ñåòêå.

Äàííàÿ ðàáîòà ïîñâÿùåíà ðàçðàáîòêå ýôôåêòèâíîé ÷èñëåííîé ñõåìû íà îñ-
íîâå ðàçðûâíîãî ìåòîäà Ãàë¼ðêèíà (DG) äëÿ ìîäåëèðîâàíèÿ îñåñèììåòðè÷íûõ
çàäà÷. Ðàíåå àâòîðàìè áûëè ïðîâåäåíû èññëåäîâàíèÿ ñõåì RKDG äëÿ îäíîìåð-
íûõ è äâóìåðíûõ çàäà÷ [1, 2], äåìîíñòðèðóþùèå ñïîñîáíîñòè ìåòîäà ê ðåøåíèþ
çàäà÷ êàê ñ ãëàäêèì ðåøåíèåì, òàê è ñ ðåøåíèåì, ñîäåðæàùåì ñèëüíûå ðàçðûâû.
Â ðàìêàõ èññëåäîâàíèé áûë ñîçäàí ïðîòîòèï ïðîãðàììíîãî êîìïëåêñà íà ÿçûêå
Ñ++, â êîòîðîì áûë ðåàëèçîâàí ìîäóëü äëÿ ðåøåíèÿ îñåñèììåòðè÷íûõ çàäà÷.

Ðåàëèçîâàííàÿ ÷èñëåííàÿ ñõåìà áûëà ïðîòåñòèðîâàíà íà ðÿäå òåñòîâûõ çà-
äà÷, îñíîâàííûõ íà îñíîâå ýêñïåðèìåíòîâ NASA ïî èññëåäîâàíèþ ñâåðõçâóêîâûõ
ñòðóé [3]. Ïîêàçàíî õîðîøåå ñîîòâåòñòâèå ñ ýêñïåðèìåíòîì â ÷àñòè ìîäåëèðîâà-
íèÿ ïåðâûõ �áî÷åê� ñòðóé. Òàêæå áûëî ïðîâåäåíî ñîïîñòàâëåíèå âðåìåíè ðàñ÷å-
òîâ, ïðîâåäåííûõ ñ èñïîëüçîâàíèåì ïàêåòà OpenFOAM è ðàçðàáîòàííîé ñõåìû,
è òî÷íîñòü êàæäîãî ðàñ÷åòà.
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Ïðîèçâîäèòñÿ ìîäåëèðîâàíèå ðàñïðîñòðàíåíèÿ âîëí â îãðàíè÷åííîé ñðåäå ñ
óñëîâèåì èçëó÷åíèÿ íà áåñêîíå÷íîñòè. Ðàñïðîñòðàíåíèå âîëí îïèñûâàåòñÿ óðàâ-
íåíèåì Ãåëüìãîëüöà

Lu = ∆u+
ω2

c2(x, y, z)
u = f(xs, ys, zs)

â ïàðàëëåëåïèïåäå ôèêñèðîâàííîãî ðàçìåðà Lx × Ly × Lz. Çäåñü ∆ � îïåðàòîð
Ëàïëàñà, ω � óãëîâàÿ ÷àñòîòà, c(x, y, z) � ñêîðîñòü çâóêà â ñðåäå, f � ôóíêöèÿ
èñòî÷íèêà. Íà ãðàíèöå îáëàñòè ïîñòàâëåíî íóëåâîå êðàåâîå óñëîâèå Äèðèõëå.
Ïðåäïðèíÿòû ñïåöèàëüíûå ìåðû äëÿ óìåíüøåíèÿ îòðàæåíèé âîëí îò ãðàíèö.

Äëÿ ÷èñëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è ïðîèçâîäèòñÿ åå àïïðîêñèìàöèÿ ðàç-
íîñòíîé ñõåìîé. Â ðåçóëüòàòå ïîëó÷àåòñÿ ÑËÀÓ Au = F ñ ðàçðåæåííîé ìàòðèöåé
êîýôôèöèåíòîâ, äëÿ ðåøåíèÿ êîòîðîé èñïîëüçóåòñÿ òåõíîëîãèÿ ïðåäîáóñëàâëè-
âàíèÿ. Ïðåäîáóñëàâëèâàòåëü âîçüìåì â âèäå

L0 = ∆+ (1 + iβ)
ω2

c20(x, z)
.

Çäåñü ôóíêöèÿ c0(x, z) âûáèðàåòñÿ áëèçêîé ê èñõîäíîé ôóíêöèè c(x, y, z). Îïå-
ðàòîð L ïðåäñòàâëÿåòñÿ êàê âîçìóùåíèå îïåðàòîðà L0, ò. å. L = L0 − δL. Òîãäà
èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ äâóõ óðàâíåíèé

(I − δLL−1
0 )ũ = f, u = L−1

0 ũ,

ïåðâîå èç êîòîðûõ áóäåò ðåøàòüñÿ èòåðàöèîííûì ìåòîäîì GMRES.
Ïðèìåíåíèå îïåðàòîðà L−1

0 ê ïðîèçâîëüíîìó âåêòîðó ũ âûïîëíÿåòñÿ ïóòåì
ïîíèæåíèÿ ðàçìåðíîñòè ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå, êîòîðîå ïðèìåíÿåò-
ñÿ âäîëü íàïðàâëåíèÿ y ê ôóíêöèÿì ðåøåíèÿ ñèñòåìû u è ïðàâîé ÷àñòè f . Äëÿ
ýêîíîìèè âû÷èñëèòåëüíûõ ðåñóðñîâ è ïîâûøåíèÿ ñêîðîñòè îáðàùåíèÿ îïåðàòîðà
L0 ïðåäëàãàåòñÿ àïïðîêñèìèðîâàòü âíåäèàãîíàëüíûå áëîêè ðàçðåæåííîé ìàòðè-
öû ñèñòåìû ñ ïîìîùüþ òåõíîëîãèè ñæàòèÿ äàííûõ HODLR.

Èäåÿ àëãîðèòìà áûëà çàèìñòâîâàíà â ñòàòüå [1]. Îòëè÷èÿ çàêëþ÷àþòñÿ â ïðè-
ìåíåíèè îäíîìåðíîãî ïðåîáðàçîâàíèÿ Ôóðüå âìåñòî äâóìåðíîãî äëÿ äàëüíåéøåãî
ðåøåíèÿ ñåðèè ÑËÀÓ áîëüøåé ðàçìåðíîñòè ñ èñïîëüçîâàíèåì òåõíîëîãèè ñæàòèÿ
äàííûõ ñ öåëüþ ïîëó÷åíèÿ ëó÷øåé ïðîèçâîäèòåëüíîñòè.
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Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ïåðåìåííûõ x1, x2, . . . , xn c
ãëàäêîé êîìïàêòíîé ãðàíèöåé Γ = ∂Ω. Â öèëèíäðè÷åñêîé îáëàñòè Q = Ω×(0, T ),
S = Γ× (0, T ), 0 < T < +∞, ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

Lu ≡ (−1)pD2p
t u+∆u− λu = f(x, t), x ∈ Ω, t ∈ (0, T ), (1)

ãäå Dt = ∂
∂t , ∆ � îïåðàòîð Ëàïëàñà, λ � äåéñòâèòåëüíûé ïàðàìåòð, f(x, t) �

çàäàííàÿ ôóíêöèÿ.
Êðàåâàÿ çàäà÷à Ip,λ. Òðåáóåòñÿ íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (1) â îáëà-

ñòè Q òàêîå, ÷òî
u(x, t)|S = 0, (2)

Dk
t u(x, t)|t=0 = 0, k = m, . . . ,m+ p, x ∈ Ω, (3)

Dk
t u(x, t)|t=T = 0, k = m+ 1, . . . ,m+ p− 1, x ∈ Ω. (4)

Ïîñòàíîâêà êðàåâûõ çàäà÷ äëÿ òàêèõ îïåðàòîðîâ (1) âïåðâûå áûëà ïðåäëî-
æåíà Â.Í. Âðàãîâûì [1, 2]. Äàëüíåéøèå èññëåäîâàíèÿ äëÿ ïîäîáíûõ îïåðàòîðîâ
ñâÿçàíû ñ ðàáîòàìè [3�6]. Îäíèì èç îñíîâíûõ óñëîâèé êîððåêòíîñòè â ýòèõ ðà-
áîòàõ áûëî óñëîâèå íåîòðèöàòåëüíîñòè ïàðàìåòðà λ.

Â äàííîé ðàáîòå áóäóò ïðîàíàëèçèðîâàíû ñëó÷àè íåîòðèöàòåëüíîñòè è ïîëî-
æèòåëüíîñòè ïàðàìåòðîâ λ. Áóäåò òàêæå äîêàçàíî, ÷òî îäíîðîäíàÿ çàäà÷à (1)�(4)
èìååò ëèíåéíî íåçàâèñèìûå ðåøåíèÿ. Îáû÷íî ýòî íå èìååò ìåñòà äëÿ ãèïåðáî-
ëè÷åñêîãî îïåðàòîðà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-51-41009) è ãðàíòà AP 05135319 ÌÎÍ ÐÊ.

ËÈÒÅÐÀÒÓÐÀ

1. Âðàãîâ Â.Í. Ê òåîðèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà â ïðîñòðàí-
ñòâå // Äèôôåðåíö. óðàâíåíèÿ. 1977. Ò. 13, � 6. Ñ. 1098�1105.

2. Âðàãîâ Â.Í. Î ïîñòàíîâêå è ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàí-
íîãî òèïà // Ìàòåì. àíàëèç è ñìåæíûå âîïðîñû ìàòåìàòèêè. Íîâîñèáèðñê: Íàóêà,
1978. Ñ. 5�13.

3. Åãîðîâ È.Å., Ôåäîðîâ Â.Å. Íåêëàññè÷åñêèå óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè âû-
ñîêîãî ïîðÿäêà. Íîâîñèáèðñê: Èçä-âî ÂÖ ÑÎ ÐÀÍ, 1995.

4. Êîæàíîâ À.È., Øàðèí Å.Ô. Çàäà÷à ñîïðÿæåíèÿ äëÿ íåêîòîðûõ íåêëàññè÷åñêèõ
äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà // Óêð. ìàò. âèñíèê. 2014. Ò. 11,
� 2. Ñ. 181�202.

5. Pinigina N.R. On the well-posedness of boundary value problems for nonclassical
di�erential equations of higher order // Asian-Eur. J. Math. 2017. V. 10, No. 3. Article
ID 1750059.

6. Êîæàíîâ À.È., Ïèíèãèíà Í.Ð. Êðàåâûå çàäà÷è äëÿ íåêîòîðûõ íåêëàññè÷åñêèõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà // Ìàò. çàìåòêè. 2017. Ò. 101, âûï. 3.
Ñ. 403�412.

152



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÎÁ ÎÄÍÎÉ ÌÎÄÈÔÈÊÀÖÈÈ
ÌÅÒÎÄÀ ÊÐÓÏÍÛÕ ×ÀÑÒÈÖ

Êóçíåöîâ Ï.À.

Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
kuznetcovpa@susu.ru

Îäíèì èç íàèáîëåå óäîáíûõ è óíèâåðñàëüíûõ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ
çàäà÷ ãàçîâîé äèíàìèêè ÿâëÿåòñÿ ìåòîä êðóïíûõ ÷àñòèö [1] (ÌÊ×), èñïîëüçó-
þùèé ïðèíöèï ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì. ÌÊ× èìååò äîñòàòî÷íî
ïðîñòîé àëãîðèòì, ÷òî îïðåäåëèëî åãî øèðîêîå ðàñïðîñòðàíåíèå. Îäíàêî ïðè
ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè òå÷åíèé ñ áîëüøèìè ãðàäèåíòàìè ïàðàìåòðîâ
ïðèõîäèòñÿ ââîäèòü �èñêóññòâåííóþ� âÿçêîñòü [1, 2] è ñíèæàòü ñåòî÷íîå ÷èñëî
Êóðàíòà. Â ïîñëåäíèå ãîäû ïîÿâèëèñü íîâûå ìîäèôèêàöèè ÌÊ×, íàïðèìåð [3],
ïðèçâàííûå ïîâûñèòü óñòîé÷èâîñòü ðàñ÷åòîâ çàäà÷ âîëíîâîé äèíàìèêè. Îäíàêî
ýòè ìîäèôèêàöèè íå ïîçâîëÿþò óñòðàíèòü îñíîâíîé íåäîñòàòîê ÌÊ× � íåóñòîé-
÷èâûé ñ÷åò óäàðíûõ âîëí â îáëàñòÿõ íóëåâûõ ñêîðîñòåé.

Äëÿ ïîâûøåíèÿ óñòîé÷èâîñòè ñ÷åòà ÌÊ× â çîíàõ íóëåâîé ñêîðîñòè â äàííîé
ðàáîòå áûëà ïðåäëîæåíà ñëåäóþùàÿ ìîäèôèêàöèÿ ìåòîäà. Íà ýéëåðîâîì ýòàïå
äëÿ îïðåäåëåíèÿ äàâëåíèÿ è ñêîðîñòè íà ãðàíèöàõ ÿ÷ååê â çîíàõ ñæàòèÿ ñëåäóåò
èñïîëüçîâàòü ñîîòíîøåíèÿ íà óäàðíîé âîëíå, ïî àíàëîãèè ñ ìåòîäîì Â.Ô. Êó-
ðîïàòåíêî [4]. Îñòàëüíûå çíà÷åíèÿ ýéëåðîâîãî ýòàïà îïðåäåëÿþòñÿ ñîãëàñíî [3].
Ëàãðàíæåâ è çàêëþ÷èòåëüíûé ýòàïû ïðîâîäÿòñÿ àíàëîãè÷íî áàçîâîìó ÌÊ×.

Äëÿ âåðèôèêàöèè ïðåäëîæåííîé ìîäèôèêàöèè áûëè ðåøåíû ñëåäóþùèå ìî-
äåëüíûå çàäà÷è: ðàñ÷åò ðàñïàäà ïðîèçâîëüíîãî ðàçðûâà, à òàêæå ðàñïðîñòðàíå-
íèå ñòàöèîíàðíîé óäàðíîé âîëíû ñ îòðàæåíèåì îò æåñòêîé ñòåíêè. Ïîëó÷åííûå
ðåçóëüòàòû ñðàâíèâàëèñü ñ ðàáîòàìè [2, 3]. Ïðè ðåøåíèè çàäà÷è îá îòðàæåíèè
ñòàöèîíàðíîé óäàðíîé âîëíû îò æåñòêîé ñòåíêè ìîäèôèöèðîâàííûì ÌÊ× [3]
âîçíèêàþò ñèëüíûå îñöèëëÿöèè çà ôðîíòîì ÓÂ. Ïðè èñïîëüçîâàíèè ïñåâäîâÿç-
êîñòè, ïðåäëîæåííîé â ðàáîòå [2], îñöèëëÿöèè ãàñÿòñÿ. Îäíàêî, èñïîëüçîâàíèå
ïñåâäîâÿçêîñòè òðåáóåò ïîäáîðà ýìïèðè÷åñêèõ êîíñòàíò äëÿ êàæäîé êîíêðåòíîé
ðåøàåìîé çàäà÷è. Íà ýòîì ôîíå áîëåå óíèâåðñàëüíîé ÿâëÿåòñÿ ïðåäëîæåííàÿ â
äàííîé ðàáîòå ìîäèôèêàöèÿ ñ ðàñ÷åòîì ïðåäâàðèòåëüíûõ çíà÷åíèé ýéëåðîâîãî
ýòàïà íà óäàðíîé âîëíå èç ñîîòíîøåíèé Ãþãîíèî [4]. Â ýòîì ñëó÷àå íåò íåîá-
õîäèìîñòè ïîäáèðàòü ýìïèðè÷åñêèå êîíñòàíòû. Îòìåòèì, ÷òî ïðåäëîæåííàÿ â
äàííîé ðàáîòå ìîäèôèêàöèÿ ÌÊ× ïîçâîëÿåò ïîëó÷àòü óñòîé÷èâûå ðàñ÷åòû ïðè
áîëüøèõ ÷èñëàõ Êóðàíòà: äî K = 2 äëÿ ðåøåííûõ çàäà÷, ÷òî ÿâëÿåòñÿ áîëü-
øèì ïðåèìóùåñòâîì äàííîé ìîäèôèêàöèè ïðè ðåøåíèè áîëåå ñëîæíûõ çàäà÷,
òðåáóþùèõ áîëüøèõ âðåìåííûõ çàòðàò ïî âðåìåíè.
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Ñîïðÿæåííûå çàäà÷è ãèäðîóïðóãîñòè âîçíèêàþò âî ìíîãèõ èíæåíåðíûõ ïðè-
ëîæåíèÿõ, ïðè ýòîì íå âñåãäà ìîæíî îãðàíè÷èòüñÿ óïðîùåííûìè ìîäåëÿìè, íà-
ïðèìåð, ðàñ÷åòîì ïðèñîåäèíåííûõ ìàññ èëè èñïîëüçîâàòü ñòàöèîíàðíûå àýðîäè-
íàìè÷åñêèå êîýôôèöèåíòû îáòåêàåìûõ òåë. Ïðè ñóùåñòâåííî íåñòàöèîíàðíûõ
ðåæèìàõ òå÷åíèÿ, ñîïðîâîæäàþùèõñÿ èíòåíñèâíûì âèõðåîáðàçîâàíèåì, íåîáõî-
äèìî ïðÿìîå ìîäåëèðîâàíèå òå÷åíèÿ è ðàñ÷åò äåéñòâóþùèõ íà îáòåêàåìóþ ïî-
âåðõíîñòü ãèäðîäèíàìè÷åñêèõ íàãðóçîê.

Çàäà÷è âû÷èñëèòåëüíîé ãèäðîäèíàìèêè ñëîæíû ñ âû÷èñëèòåëüíîé òî÷êè çðå-
íèÿ, ïîýòîìó ïîèñê ýêîíîìè÷íûõ ìåòîäîâ ðàñ÷åòà ãèäðîäèíàìè÷åñêèõ íàãðóçîê è
ðàçðàáîòêà èõ ïðîãðàììíûõ ðåàëèçàöèé ÿâëÿþòñÿ àêòóàëüíûìè íàïðàâëåíèÿìè
èññëåäîâàíèé. Â ðÿäå ñëó÷àåâ ìîãóò áûòü ýôôåêòèâíûìè áåññåòî÷íûå ëàãðàí-
æåâû âèõðåâûå ìåòîäû. Áëàãîäàðÿ ïåðåõîäó îò ïåðåìåííûõ ñêîðîñòü-äàâëåíèå
ê çàâèõðåííîñòè, âû÷èñëèòåëüíûå ðåñóðñû â âèõðåâûõ ìåòîäàõ �ñîñðåäîòî÷åíû�
â ñðàâíèòåëüíî íåáîëüøîé îáëàñòè òå÷åíèÿ � âáëèçè îáòåêàåìîãî ïðîôèëÿ è â
îáëàñòè âèõðåâîãî ñëåäà.

Àâòîðàìè ðàçðàáîòàí ïðîãðàììíûé êîìïëåêñ VM2D [1] ñ îòêðûòûì èñõîä-
íûì êîäîì, ïîçâîëÿþùèé ðåøàòü ðàçëè÷íûå çàäà÷è ãèäðîäèíàìèêè, â òîì ÷èñëå
çàäà÷è ãèäðîóïðóãîñòè âèõðåâûìè ìåòîäàìè. Â îñíîâå êîìïëåêñà ëåæèò ìåòîä
âÿçêèõ âèõðåâûõ äîìåíîâ [2] è ñîáñòâåííûå ðàçðàáîòêè àâòîðîâ. Ïðîãðàììíûé
êîìïëåêñ íàïèñàí íà ÿçûêå Ñ++, èìååò ìîäóëüíóþ ñòðóêòóðó è ÿâëÿåòñÿ êðîññ-
ïëàòôîðìåííûì. Â VM2D ðåàëèçîâàíû àëãîðèòìû ïàðàëëåëüíûõ âû÷èñëåíèé
äëÿ ÝÂÌ ñ îáùåé ïàìÿòüþ (OpenMP), êëàñòåðîâ (MPI), ãðàôè÷åñêèõ óñêîðè-
òåëåé (CUDA), à òàêæå èìååòñÿ âîçìîæíîñòü èõ ñîâìåñòíîãî èñïîëüçîâàíèÿ.
Âîçìîæíî ìîäåëèðîâàíèå âíåøíåãî îáòåêàíèÿ íåïîäâèæíûõ èëè äâèæóùèõñÿ
(âðàùàþùèõñÿ, êîëåáëþùèõñÿ) ïðîôèëåé, íåêîòîðûõ âíóòðåííèõ òå÷åíèé, ðàñ-
÷åò ãèäðîäèíàìè÷åñêèõ íàãðóçîê, äåéñòâóþùèõ íà îáòåêàåìûå ïðîôèëè, à òàêæå
ðàñ÷åò äàâëåíèÿ è ñêîðîñòåé â îáëàñòè òå÷åíèÿ.

Ýêîíîìè÷íîñòü áåññåòî÷íûõ âèõðåâûõ ìåòîäîâ â ñîâîêóïíîñòè ñ ðåàëèçîâàí-
íûìè âû÷èñëèòåëüíûìè àëãîðèòìàìè äåëàåò èñïîëüçîâàíèå ïðîãðàììíîãî êîì-
ïëåêñà VM2D äëÿ íåêîòîðûõ êëàññîâ çàäà÷ ýôôåêòèâíîé àëüòåðíàòèâîé øèðîêî
èñïîëüçóåìûì ïðîãðàììíûì ïàêåòàì, ðåàëèçóþùèì ñåòî÷íûå ìåòîäû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-
íèé (ïðîåêò � 18-31-00245).
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Êó÷åð Í.À.1, Æàëíèíà À.À.2
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Ðàçíîîáðàçíûå òåõíîëîãè÷åñêèå ïðîöåññû ïðîòåêàþò ñ ó÷àñòèåì ìíîãîêîìïî-
íåíòíûõ õèìè÷åñêè àêòèâíûõ ïîòîêîâ, è ïîòîìó ñóùåñòâóåò ïîòðåáíîñòü èññëå-
äîâàíèÿ ìàòåìàòè÷åñêîé ñòðóêòóðû è ñâîéñòâ ðåøåíèé ñîîòâåòñòâóþùèõ óðàâ-
íåíèé.

Äëÿ îïèñàíèÿ äâèæåíèÿ ìíîãîêîìïîíåíòíîé õèìè÷åñêè ðåàãèðóþùåé ñìåñè
ñæèìàåìûõ âÿçêèõ æèäêîñòåé (ãàçîâ) â îáùåì ñëó÷àå èñïîëüçóåòñÿ ïîëíàÿ ñè-
ñòåìà óðàâíåíèé Íàâüå � Ñòîêñà, äîïîëíåííàÿ óðàâíåíèÿìè ðåàêöèè-äèôôóçèè
[1�3]. Ýòà ñèñòåìà óðàâíåíèé âûðàæàåò ôèçè÷åñêèå çàêîíû ñîõðàíåíèÿ ìàññû,
èìïóëüñà, ïîëíîé ýíåðãèè ñìåñè, à òàêæå áàëàíñà ìàññ êîìïîíåíòîâ.

Ðåçóëüòàòû î ñâîéñòâàõ ìàòåìàòè÷åñêèõ ìîäåëåé òàêèõ ñìåñåé â íàñòîÿùåå
âðåìÿ ñèëüíî íå äîòÿãèâàþò äî ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ êëàññè÷åñêîé ìî-
äåëè Íàâüå�Ñòîêñà âÿçêîé ñæèìàåìîé æèäêîñòè è ìîäåëåé ìíîãîñêîðîñòíîé ñìå-
ñè [4]. Ðàáîòû [5, 6] ñîäåðæàò îòäåëüíûå ðåçóëüòàòû íà ýòó òåìó.

Â äîêëàäå ïðåäïîëàãàåòñÿ ïðåäñòàâèòü ðåçóëüòàòû î ñóùåñòâîâàíèè ãëîáàëü-
íî îïðåäåëåííûõ îáîáùåííûõ ðåøåíèé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû
óðàâíåíèé áèíàðíîé õèìè÷åñêè ðåàãèðóþùåé ñìåñè âÿçêèõ ñæèìàåìûõ æèäêî-
ñòåé â ñëó÷àå äâóìåðíîãî äâèæåíèÿ.
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Íà ýêñïåðèìåíòàëüíîì ñòåíäå Beam of Electrons for materials Test Applications
(BETA), ñîçäàííîãî â ÈßÔ ÑÎ ÐÀÍ, ïîëó÷åíû íîâûå ðåçóëüòàòû íàãðåâà âîëü-
ôðàìîâîé ïëàñòèíû ïîä äåéñòâèåì íà íåå ýëåêòðîííîãî ïó÷êà [1]. Íàòóðíûé
ýêñïåðèìåíò ïîñòîÿííî ñîïðîâîæäàåòñÿ ÷èñëåííûì [2]. Ìîäåëü èñïàðåíèÿ âîëü-
ôðàìà îñíîâàíà íà ðåøåíèè â îáëàñòè îáðàçöà äâóõôàçíîé çàäà÷è Ñòåôàíà äëÿ
òåìïåðàòóðû è óðàâíåíèé ýëåêòðîäèíàìèêè, íà ðåøåíèè â îáëàñòè íàä îáðàç-
öîì óðàâíåíèé ãàçîâîé äèíàìèêè. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ÷àñòíûé
ñëó÷àé, êîãäà óðàâíåíèÿ íà ïîëÿ è òîêè âûïèñàíû äëÿ îáðàçöà âîëüôðàìà â
öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò. Ïðåäïîëàãàåòñÿ, ÷òî õàðàêòåðíîå âðåìÿ èç-
ìåíåíèÿ âåëèêî ïî ñðàâíåíèþ ñî âðåìåíåì óñòàíîâëåíèÿ ðàâíîâåñèÿ óðàâíåíèé
ýëåêòðîäèíàìèêè. Ó÷èòûâàåòñÿ, ÷òî â ìåòàëëàõ çàðÿä íå íàêàïëèâàåòñÿ â îáú-
¼ìå è âûïîëíåíî óñëîâèå êâàçèíåéòðàëüíîñòè. Áîëüøîå âëèÿíèå íà ðåøåíèå çà-
äà÷è îêàçûâàþò ðàçðûâíûå íåëèíåéíûå ïî âðåìåíè è ïðîñòðàíñòâó ãðàíè÷íûå
óñëîâèÿ, îïèñûâàþùèå íàãðåâ è èñïàðåíèå ìàòåðèàëà. Ýêñïåðèìåíòàëüíîå îáíà-
ðóæåíèå ïàðàëëåëüíûõ ïîâåðõíîñòè òðåùèí íà ñðåçàõ îáðàçöîâ ïîñëå îáëó÷åíèÿ
ïðèâåëî ê ïðåäïîëîæåíèþ, ÷òî ðÿäîì ñ òðåùèíàìè ïðîèñõîäèò ïåðåãðåâ ìàòå-
ðèàëà èç-çà îñëàáëåííîãî íàëè÷èåì ïàðàëëåëüíûõ ïîâåðõíîñòè òðåùèí îòâîäà
òåïëà. Äëÿ ïðîâåðêè ýòîé ãèïîòåçû ïðîâåäåí ðàñ÷åò ðàñïðîñòðàíåíèÿ òåïëà îò
íàãðåâàåìîé ïîâåðõíîñòè â ìàòåðèàëå ñ ïðåïÿòñòâèÿìè äëÿ òåïëîîòâîäà â âè-
äå òðåùèí [3]. Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ìîäåëèðîâàíèå ýðîçèè ïîâåðõíîñòè
îáðàçöà â ðåçóëüòàòå èñïàðåíèÿ è ïðîíèêíîâåíèÿ òåïëîâîãî ïîòîêà âãëóáü ìàòå-
ðèàëà ñ ó÷åòîì íåîäíîðîäíîñòåé (ìèêðîòðåùèí). Ïðàêòè÷åñêàÿ íàïðàâëåííîñòü
ðàáîòû òðåáóåò, ÷òîáû ïîñòàíîâêà ìîäåëüíîé çàäà÷è êàê ìîæíî òî÷íî ñîîòâåò-
ñòâîâàëà óñëîâèÿì ýêñïåðèìåíòà. Èçâåñòíûå ðåçóëüòàòû è ïàêåòû ïðîãðàìì íå
ìîãóò áûòü èñïîëüçîâàíû èç-çà ñïåöèôè÷íîñòè ïîñòàíîâêè çàäà÷è (äèàïàçîí òåì-
ïåðàòóð è äàâëåíèé, ïðîñòðàíñòâåííàÿ è âðåìåííàÿ øêàëà). Ðåçóëüòàòû ðàñ÷åòîâ
êîððåëèðóþò ñ ýêñïåðèìåíòàëüíûìè äàííûìè, ïîëó÷åííûìè íà ýêñïåðèìåíòàëü-
íîì ñòåíäå ÂÅÒÀ â ÈßÔ ÑÎ ÐÀÍ.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ (ïðîåêò

� 0315-2016-0009).
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ äè-
íàìèêó ðåàêöèè îêèñëåíèÿ ìîíîîêñèäà óãëåðîäà íà ïàëëàäèåâûõ êàòàëèçàòîðàõ
â êàñêàäå ðåàêòîðîâ èäåàëüíîãî ñìåøåíèÿ. Ðàññìàòðèâàåìàÿ ìîäåëü ÿâëÿåòñÿ
ñèñòåìîé íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé [1]:

dXn

dt
= F (Xn, Pn, k(T )),

dPn

dt
=
( τ
N

)−1

(Pn−1 − Pn)− aG(Xn, Pn, T ), (1)

ãäå n = 1, . . . , N � íîìåð ðåêòîðà â êàñêàäå.
Â ðàáîòå ïðîâîäèòñÿ àíàëèç ñòàöèîíàðíûõ è îñöèëëèðóþùèõ ðåøåíèé ñèñòå-

ìû (1). Ïðè ýòîì ó÷èòûâàåòñÿ, ÷òî åñëè n > 1, òî ñîîòâåòñòâóþùàÿ ñèñòåìà
íå ÿâëÿåòñÿ àâòîíîìíîé è ñîäåðæèò âíåøíåå âîçäåéñòâèå, âûðàæåííîå ñëàãàå-
ìûì Pn−1(t). Â ÷àñòíîñòè, ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ïðè íåêîòîðîì n = n∗

ôóíêöèÿ Pn
∗−1(t) ÿâëÿåòñÿ ïåðèîäè÷åñêîé, òîãäà ïðè óâåëè÷åíèè n > n∗ â ñè-

ñòåìå (1) ïðè íåêîòîðûõ çíà÷åíèÿõ ïàðàìåòðîâ çàðîæäàþòñÿ íåðåãóëÿðíûå êî-
ëåáàíèÿ.

Êðîìå òîãî, ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ïîâåðõíîñòü êàòàëèçàòîðà ìîæåò
ðåêîíñòðóèðîâàòüñÿ â óñëîâèÿõ õèìè÷åñêîé ðåàêöèè. Ýòî âûðàæàåòñÿ â ñêà÷-
êîîáðàçíîì èçìåíåíèè ïàðàìåòðîâ k(T ). Òîãäà ñèñòåìà (1) ÿâëÿåòñÿ äèñêðåòíî-
íåïðåðûâíîé, è îïèñûâàåò îáðàòíûé ãèñòåðåçèñ íà êðèâûõ çàâèñèìîñòè ñòåïåíè
ïðåâðàùåíèÿ ìîíîîêñèäà óãëåðîäà îò òåìïåðàòóðû T . Ïðè ýòîì òåìïåðàòóðà êà-
òàëèçàòîðà êàê ïàðàìåòð óïðàâëåíèÿ èçìåíÿåòñÿ â äîñòàòî÷íî øèðîêîì èíòåð-
âàëå. Ïðè îáðàòíîì ãèñòåðåçèñå (ãèñòåðåçèñ �ïðîòèâ ÷àñîâîé ñòðåëêè�) ñêîðîñòü
ðåàêöèè ïðè íàãðåâå âûøå ñêîðîñòè ðåàêöèè ïðè îõëàæäåíèè [2, 3].

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñ. çàäàíèÿ Èíñòèòóòà êàòàëèçà èì. Ã.Ê. Áîðåñêîâà

ÑÎ ÐÀÍ (ïðîåêòû ÀÀÀÀ-À17-117041710084-2, ÀÀÀÀ-À17-117041710076-7) è Èíñòèòóòà

ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ (ïðîåêò I.1.5.3).
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Äëÿ ðàñ÷åòà âèõðåâîãî âëèÿíèÿ ïðè ìîäåëèðîâàíèè äâóìåðíûõ òå÷åíèé íå-
ñæèìàåìîé ñðåäû, à òàêæå âû÷èñëåíèÿ ãèäðîäèíàìè÷åñêèõ íàãðóçîê, äåéñòâóþ-
ùèõ íà îáòåêàåìûå ïðîôèëè, ìîãóò ýôôåêòèâíî ïðèìåíÿòüñÿ ëàãðàíæåâû âèõ-
ðåâûå ìåòîäû. Îíè ïîçâîëÿþò èçáåæàòü íåîáõîäèìîñòè ïåðåñòðîåíèÿ ñåòêè íà
êàæäîì øàãå ïî âðåìåíè ïðè ìîäåëèðîâàíèè îáòåêàíèÿ ïîäâèæíûõ èëè äåôîð-
ìèðóåìûõ ïðîôèëåé, íå òðåáóþò èñêóññòâåííîãî îãðàíè÷åíèÿ ðàñ÷åòíîé îáëàñòè
ïðè ìîäåëèðîâàíèè âíåøíèõ òå÷åíèé, à òàêæå èìåþò ìàëóþ ñõåìíóþ âÿçêîñòü è
ïîçâîëÿþò ðåøàòü àêòóàëüíûå äëÿ ïðàêòè÷åñêèõ ïðèëîæåíèé çàäà÷è ñ ìåíüøè-
ìè çàòðàòàìè âû÷èñëèòåëüíûõ ðåñóðñîâ ïî ñðàâíåíèþ ñ ñåòî÷íûìè ìåòîäàìè.
Ïåðâè÷íîé ðàñ÷åòíîé âåëè÷èíîé â âèõðåâûõ ìåòîäàõ ÿâëÿåòñÿ çàâèõðåííîñòü
Ω⃗(r⃗), çíàíèå ðàñïðåäåëåíèÿ êîòîðîé ïîçâîëÿåò âîññòàíîâèòü ïîëå ñêîðîñòåé ñ
ïîìîùüþ çàêîíà Áèî � Ñàâàðà

V⃗ (r⃗) =

∫
S

Ω⃗(ξ⃗)× (r⃗ − ξ⃗)

2π|r⃗ − ξ⃗|2
dSξ + V⃗∞.

Ðàñïðåäåëåíèå çàâèõðåííîñòè ìîäåëèðóåòñÿ òî÷å÷íûìè âèõðÿìè (âèõðåâûìè
ýëåìåíòàìè), âû÷èñëåíèå èõ ñêîðîñòåé òðåáóåò ó÷åòà âçàèìíûõ âëèÿíèé ìåæ-
äó âñåìè ïàðàìè âèõðåâûõ ýëåìåíòîâ, ÷òî ïî âû÷èñëèòåëüíîé ñëîæíîñòè àíàëî-
ãè÷íî ðåøåíèþ ãðàâèòàöèîííîé çàäà÷è N òåë. Â äàííîé ðàáîòå ïðåäñòàâëåíû è
ðåàëèçîâàíû äâà áûñòðûõ ìåòîäà, èìåþùèõ ëîãàðèôìè÷åñêóþ âû÷èñëèòåëüíóþ
ñëîæíîñòü O(N logN), ãäå N � ÷èñëî âèõðåâûõ ýëåìåíòîâ.

Ïåðâûé ìåòîä ïðåäñòàâëÿåò ñîáîé àäàïòàöèþ ê âèõðåâûì ìåòîäàì [1] èçâåñò-
íîãî ìåòîäà Áàðíñà � Õàòà. Äëÿ íåãî ïîñòðîåíû îöåíêè âû÷èñëèòåëüíîé ñëîæ-
íîñòè, èññëåäîâàíû òî÷íîñòü è âðåìÿ âû÷èñëåíèé â çàâèñèìîñòè îò ïàðàìåòðîâ
ìåòîäà, à òàêæå ïðåäëîæåíû ïàðàëëåëüíûå ðåàëèçàöèè.

Âòîðîé ìåòîä îñíîâàí íà ðåøåíèè âñïîìîãàòåëüíîé çàäà÷è Ïóàññîíà äëÿ
ôóíêöèè òîêà ñ ïîìîùüþ áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå [2]. Äëÿ íåãî òàêæå ïî-
ñòðîåíû îöåíêè âû÷èñëèòåëüíîé ñëîæíîñòè, èññëåäîâàíû çàâèñèìîñòè òî÷íîñòè
è ïðîèçâîäèòåëüíîñòè îò ÷èñëà âèõðåâûõ ýëåìåíòîâ è ðàçìåðà ñåòêè, ïðèâåäåíû
ðåçóëüòàòû âðåìåíè ðàñ÷åòîâ äëÿ ïàðàëëåëüíûõ ðåàëèçàöèé ìåòîäà, â òîì ÷èñëå
àäàïòèðîâàííîé äëÿ ðàñ÷åòà íà ãðàôè÷åñêèõ êàðòàõ.

Îáà ìåòîäà ïðè îïòèìàëüíûõ ïàðàìåòðàõ îáåñïå÷èâàþò ïðèåìëåìóþ äëÿ
ïðàêòè÷åñêèõ öåëåé ïîãðåøíîñòü ïîðÿäêà δ = 0.2%, ïðè ýòîì ìåòîä íà îñíî-
âå ÁÏÔ îáåñïå÷èâàåò ñóùåñòâåííî áîëåå âûñîêóþ ïðîèçâîäèòåëüíîñòü.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ (ïðîåêò � 18-31-20051).
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Ðàññìàòðèâàåòñÿ çàäà÷à àïïðîêñèìàöèè ñåòî÷íîé ôóíêöèè x ∈ RN ðåøåíèÿ-
ìè z

.
= [z1; . . . ; zN ] ∈ RN îäíîðîäíîãî ðàçíîñòíîãî óðàâíåíèÿ ñ âåùåñòâåííûìè

êîýôôèöèåíòàìè: ïîäáèðàþòñÿ íà÷àëüíûå óñëîâèÿ z1, . . . , zn è êîýôôèöèåíòû
γ0, . . . , γn−1 ñ öåëüþ ìèíèìèçàöèè ôóíêöèîíàëà J = (x− z)

⊤
(x− z) ïðè óñëîâèè

γ0zk + γ1zk+1 + . . .+ γnzk+n = 0, k = 1, N − n. Ê ýòîé çàäà÷å ñâîäèòñÿ èçâåñòíûé
â ëèòåðàòóðå ìîäèôèöèðîâàííûé ìåòîä Ïðîíè äëÿ âûäåëåíèÿ ýêñïîíåíò è çà-
òóõàþùèõ ñèíóñîèä èç íàáëþäåíèé [1, 3, 4]. Ôóíêöèîíàë J îòëè÷àåòñÿ ñëîæíûì
õàðàêòåðîì èçîïîâåðõíîñòåé [4].

Ìèíèìèçàöèÿ J ïî z1, . . . , zn ïðèâîäèò ê âûðàæåíèþ [2, 5] J = γ⊤V ⊤CV γ,

γ
.
= [γ0; . . . ; γn−1; 1], C

.
=
(
G⊤G

)−1
, G⊤ .

=

[
γ0 γ1 ... 1 0

. . .
. . .

. . .
0 γ0 γ1 ... 1

]
, V

.
=

[ x1 ... xn+1

...
...

xN−n ... xN

]
.

Ïóñòü λ1(Q) è p1(Q) � ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî è ñîîòâåòñòâóþùèé ñîá-
ñòâåííûé âåêòîð ìàòðèöû Q

.
= V ⊤CV . Ïðåäïîëàãàåòñÿ, ÷òî ÷èñëî λ1(Q) �

íåêðàòíîå (óñëîâèå ïîëíîòû íàáëþäåíèÿ x). Àëãîðèòì [1]: γ[k+1] = p1(Q(γ[k])),

k > 0. Àëãîðèòì [2]: γ[k+1] = τ/∥τ∥, τ =
(
Q(γ[k])

)−1
γ[k], k > 0. Ïóñòü p0(B) �

ñîáñòâåííûé âåêòîð ìàòðèöû B(γ) =
(
Q− L⊤L

)
, ñîîòâåòñòâóþùèé ñîáñòâåí-

íîìó ÷èñëó ñ íàèìåíüøèì ìîäóëåì, J ′ = B(γ)γ, L⊤ =

[
l1 ... lN−n 0

. . .
. . .

0 l1 ... lN−n

]
,

[l1; . . . ; lN−n] = CV γ � âåêòîð ìíîæèòåëåé Ëàãðàíæà. Àëãîðèòì [3]: γ[k+1] =
p0(B(γ[k])), k > 0.

Â äîêëàäå â ïðåäïîëîæåíèè ìàëîñòè îøèáîê íàáëþäåíèé
√
min J ≪ ∥x∥ ïðåä-

ñòàâëåíû óñëîâèÿ ãëîáàëüíîé ñõîäèìîñòè àëãîðèòìîâ [1, 2] â ìàëóþ îêðåñòíîñòü
ãëîáàëüíîãî ìèíèìóìà J è óñëîâèÿ ïîëóëîêàëüíîé ñõîäèìîñòè àëãîðèòìà [3] ê
òî÷êàì ëîêàëüíîãî ìèíèìóìà. Ïîëó÷åíû îöåíêè òî÷íîñòè àëãîðèòìîâ [1, 2] â
çàâèñèìîñòè îò óðîâíÿ âîçìóùåíèé

√
minJ . Ïðèâåäåíû ýêñïåðèìåíòàëüíûå ðå-

çóëüòàòû ïî ñõîäèìîñòè àëãîðèòìîâ [1�3] â óñëîâèÿõ òåîðåì [5] è ïðè áîëüøèõ
âîçìóùåíèÿõ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 19-01-00754).
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Óðàâíåíèå ïëàâíîãî ïåðåõîäà, âïåðâûå ââåäåííîå Þ.È. ×åðñêèì [1], ñâîäèòñÿ
ê êðàåâîé çàäà÷å Êàðëåìàíà òåîðèè àíàëèòè÷åñêèõ ôóíêöèé. Ìåòîä êîíôîðìíî-
ãî ñêëåèâàíèÿ ïîçâîëÿåò ñâåñòè åå ê ýêâèâàëåíòíîé çàäà÷å Ðèìàíà è òåì ñàìûì
ïîëó÷èòü ðåøåíèå â êâàäðàòóðàõ. Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæå-
íèÿõ ðåøåíèå çàäà÷è Êàðëåìàíà äëÿ ïîëîñû íàõîäèòñÿ ìåòîäîì ôàêòîðèçàöèè.
Ìíîãîýëåìåíòíûå çàäà÷è Êàðëåìàíà äîïóñêàþò ðåøåíèå â êâàäðàòóðàõ òîëüêî
â ÷àñòíûõ ñëó÷àÿõ [1�3].

Â ðàáîòå ðàññìàòðèâàþòñÿ íåêîòîðûå çàäà÷è íà óñëîâíûé ýêñòðåìóì, ñâîäÿ-
ùèåñÿ ê êðàåâûì çàäà÷àì òèïà Êàðëåìàíà. Íàïðèìåð, çàäà÷è âèäà

β∫
α

|Φ(x+ iy)|2dy → inf, AΦ(x)−G(x) = 0, x ∈ R,

äëÿ èñêîìûõ ôóíêöèé Φ(z), àíàëèòè÷åñêèõ â ïîëîñå α ≤ Im z < β.
Ñ ïîìîùüþ àíàëîãîâ ôîðìóë Þ.Â. Ñîõîöêîãî óñòàíàâëèâàåòñÿ ñâÿçü èíòå-

ãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè è çàäà÷ òèïà Êàðëåìàíà [4, 5]. Ýêñòðåìàëüíûå
çàäà÷è èñïîëüçóþòñÿ òàêæå äëÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷ ôàêòîðèçàöèè,
ïðèáëèæåííîãî ðåøåíèÿ îáîáùåííûõ çàäà÷ òèïà Êàðëåìàíà è ñîîòâåòñòâóþùèõ
èì èíòåãðàëüíûõ óðàâíåíèé òèïà ïëàâíîãî ïåðåõîäà.
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Äëÿ ëèíåéíîé àâòîíîìíîé ãèïåðáîëè÷åñêîé ñèñòåìû ðàññìîòðèì â ïîëóïîëî-
ñå Π = {(x, t) : 0 < x < 1, t > 0} ñìåøàííóþ çàäà÷ó

d

dt
u(t) = Au(t), u(0) ∈ L2(0, 1) (0 < t <∞), (1)

ãäå u = (u1, . . . , un) � n-ìåðíàÿ âåêòîð-ôóíêöèÿ, n ≥ 2, è

A : L2(0, 1) −→ L2(0, 1) : (Au) (x) = −a(x)ux + b(x)u,

D(A) = {u ∈ L2(0, 1) : ux ∈ L2(0, 1), uin = Puout}.
Çäåñü a, b ∈ C1[0, 1] � äèàãîíàëüíûå ìàòðèöû ðàçìåðíîñòè n×n, ïðè ýòîì ïåðâûå
m ýëåìåíòîâ ìàòðèöû a ïîëîæèòåëüíû, à îñòàëüíûå � îòðèöàòåëüíû, 0 ≤ m ≤ n.
Ïîñòîÿííàÿ ìàòðèöà P çàäàåò äëÿ çàäà÷è (1) ãðàíè÷íûå óñëîâèÿ îòðàæåíèÿ, ãäå
uin = (u1(0), . . . , um(0), um+1(1), . . . , un(1)), uout = (u1(1), . . . , um(1), um+1(0), . . . ,
un(0)).

Èçâåñòíî [1], ÷òî çàäà÷à (1) êîððåêòíà è ïðè íåêîòîðûõ ãðàíè÷íûõ óñëîâèÿõ
ÿâëÿåòñÿ ñâåðõóñòîé÷èâîé, ò. å. âñå ðåøåíèÿ ýòîé çàäà÷è óáûâàþò áûñòðåå ýêñ-
ïîíåíòû â ëþáîé ñòåïåíè [2]. Èññëåäîâàíèå ñïåêòðà è ðåçîëüâåíòû îïåðàòîðà A
ïîçâîëÿåò äîêàçàòü ñëåäóþùèå òåîðåìû.

Òåîðåìà 1. Çàäà÷à (1) ñâåðõóñòîé÷èâà ⇔ êîãäà îíà îáëàäàåò êîíå÷íûì âðå-
ìåíåì ñòàáèëèçàöèè âñåõ ðåøåíèé ê íóëþ (ïðè÷åì ýòî âðåìÿ íå çàâèñèò îò íà-
÷àëüíûõ äàííûõ u(0)).

Òåîðåìà 2. Çàäà÷à (1) ñâåðõóñòîé÷èâà ⇔ êîãäà ñïåêòð îïåðàòîðà A ïóñòîé.
Òåîðåìà 3. Çàäà÷à (1) ñâåðõóñòîé÷èâà äëÿ ëþáûõ ìàòðèö a è b ⇔ êîãäà

ìàòðèöà, ñîñòàâëåííàÿ èç àáñîëþòíûõ çíà÷åíèé ìàòðèöû P , ÿâëÿåòñÿ íèëüïî-
òåíòíîé.

Êàê ïîêàçàíî â [1], ãèïåðáîëè÷åñêèå ñèñòåìû, êîòîðûå ÿâëÿþòñÿ âîçìóùåí-
íûìè ê ðàñïàâøèìñÿ ñèñòåìàì (1) è èìåþò âèä

∂tu+ a(x)∂xu = (b(x) + b̃(x, t))u, (x, t) ∈ Π,

ãäå b̃ � ìàòðèöà ðàçìåðíîñòè n×n, îáëàäàþò ðÿäîì âàæíûõ ñâîéñòâ, åñëè çàäà-
÷à (1) ñâåðõóñòîé÷èâà. Äîêàçàíî, ÷òî åñëè âîçìóùåíèå b̃ ìàëî, òî âîçìóùåííàÿ
çàäà÷à áóäåò ýêñïîíåíöèàëüíî óñòîé÷èâà â L2(0, 1) (òåîðåìà 2.3); åñëè æå âîçìó-
ùåíèå èìååò îïðåäåëåííóþ ñòðóêòóðó, òî ðàññìàòðèâàåìàÿ âîçìóùåííàÿ çàäà÷à
îáëàäàåò ñâîéñòâîì ïîâûøåíèÿ ãëàäêîñòè èç L2(0, 1) â C1[0, 1] (òåîðåìà 2.5). Â [1]
ïîêàçàíî, êàê ïîëó÷åííûå ðåçóëüòàòû èñïîëüçóþòñÿ äëÿ àíàëèçà àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè ìàòåìàòè÷åñêèõ ìîäåëåé èç õèìè÷åñêîé êèíåòèêè è òåîðèè
óïðàâëåíèÿ.

ËÈÒÅÐÀÒÓÐÀ
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1Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
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Â íàñòîÿùåå âðåìÿ ôóíêöèÿ ðàçðóøåíèé Êà÷àíîâà � Ðàáîòíîâà øèðîêî èñ-
ïîëüçóåòñÿ â çàäà÷àõ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ôîðìèðîâàíèÿ è ðàñïðî-
ñòðàíåíèÿ òðåùèí äëÿ ðàçëè÷íîãî ðîäà ìàòåðèàëîâ. Ïîâåäåíèå æå ñàìîãî ïàðà-
ìåòðà â õîäå ïðîöåññà ÷àñòî êîíòðîëèðóåòñÿ ýìïèðè÷åñêèì ñîîòíîøåíèåì.

Â ðàáîòàõ [1�3] áûë ïðîâåäåí àíàëèç óñëîâèé ôîðìèðîâàíèÿ ðàçðóøåíèÿ â
ñðåäå íà îñíîâå óðàâíåíèé áàëàíñà ìàññû è ýíåðãèè, à òàêæå ïîíÿòèÿ ôóíêöèè
ðàçðóøåíèÿ. Â êà÷åñòâå êðèòåðèÿ ðàçðóøåíèÿ áûë èñïîëüçîâàí ïðåäëîæåííûé â
ðàáîòàõ Þ.Â. Ïåòðîâà è Í.Ô. Ìîðîçîâà ñòðóêòóðíî-âðåìåííîé êðèòåðèé íà îñ-
íîâå ïîíÿòèÿ èíêóáàöèîííîãî âðåìåíè [4�7]. Â ðåçóëüòàòå ÷åãî óäàëîñü ïîëó÷èòü
íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå, êîíòðîëèðóþùåå ïðîöåññû âîçíèêíî-
âåíèÿ è ðàçâèòèÿ ðàçðóøåíèÿ â îäíîðîäíîì ìàòåðèàëå.

Ðåøåíèå äàííîãî óðàâíåíèÿ áûëî ïîëó÷åíî ÷èñëåííî ñ ïðèìåíåíèåì ìåòîäà
Ãîäóíîâà. Ïðîâåðåíà óñòîé÷èâîñòü è ñõîäèìîñòü ýòîé ñõåìû. Äëÿ îäíîìåðíî-
ãî ñëó÷àÿ, ñîîòâåòñòâóþùåãî ðàñïðîñòðàíåíèþ ìàêðîòðåùèíû â ïðåäïîëîæåíèè
�íåçàâèñèìîé� ðåëàêñàöèè ìèêðîðàçðóøåíèÿ, óðàâíåíèå ðåøåíî ÷èñëåííî. Ïðî-
öåññ çàðîæäåíèÿ äèíàìè÷åñêîé ìàêðîòðåùèíû áûë ñìîäåëèðîâàí ñ èñïîëüçî-
âàíèåì ýêñïåðèìåíòàëüíûõ äàííûõ, ñâÿçàííûõ ñî âðåìåíåì íà÷àëà òðåùèíû è
íà÷àëüíîé ñêîðîñòüþ òðåùèíû. Ìîäåëü òàêæå îïèñûâàåò ðàñïðîñòðàíåíèå òðå-
ùèíû ïîñëå ñòàäèè çàðîæäåíèÿ.

Ðàçðàáîòàííàÿ ÷èñëåííàÿ ìîäåëü áûëà èñïîëüçîâàíà äëÿ àíàëèçà îñîáåííî-
ñòåé ðàñïðîñòðàíåíèÿ òðåùèí â îáðàçöàõ èçâåñòíÿêà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ôåäåðàëüíîé öåëåâîé ïðîãðàììû �Èññëåäîâàíèÿ

è ðàçðàáîòêè ïî ïðèîðèòåòíûì íàïðàâëåíèÿì ðàçâèòèÿ íàó÷íî-òåõíîëîãè÷åñêîãî êîì-

ïëåêñà Ðîññèè íà 2014�2020 ãîäû� ïî Ñîãëàøåíèþ � 14.578.21.0246

(óí. èäåíò. RFMEFI57817X0246).
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Ìàð÷åâñêèé È.Ê.1,2, Ùåãëîâ Ã.À.1,2

1Ìîñêîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò
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Ðàññìîòðåíà çàäà÷à îá îïðåäåëåíèè ãèäðîäèíàìè÷åñêèõ íàãðóçîê, äåéñòâóþ-
ùèõ íà òåëî ïðè åãî ïðîñòðàíñòâåííîì îáòåêàíèè ïîòîêîì íåñæèìàåìîé ñðåäû.
Ââåäåíî äîïóùåíèå î ìàëîé âÿçêîñòè ñðåäû, âëèÿíèå êîòîðîé ïðîÿâëÿåòñÿ òîëü-
êî êàê ïðè÷èíà âîçíèêíîâåíèÿ çàâèõðåííîñòè âáëèçè îáòåêàåìîé ïîâåðõíîñòè è
ïðè÷èíà ïåðåçàìûêàíèÿ âèõðåâûõ íèòåé â îáëàñòè òå÷åíèÿ. Äëÿ ìîäåëèðîâàíèÿ
òå÷åíèÿ ïðèìåíÿåòñÿ ëàãðàíæåâ áåññåòî÷íûé âèõðåâîé ìåòîä [1, 2] â êîòîðîì â
êà÷åñòâå ïåðâè÷íîé ðàñ÷åòíîé âåëè÷èíû ðàññìàòðèâàåòñÿ çàâèõðåííîñòü. Ïî åå
ðàñïðåäåëåíèþ â ñîîòâåòñòâèè ñ çàêîíîì Áèî � Ñàâàðà âîññòàíàâëèâàåòñÿ ïî-
ëå ñêîðîñòåé, à ïðè ïîìîùè àíàëîãà èíòåãðàëà Êîøè � Ëàãðàíæà [3] � ïîëå
äàâëåíèÿ. Ãðàíè÷íîå óñëîâèå íà òåëå óäîâëåòâîðÿåòñÿ ãåíåðàöèåé çàâèõðåííîñòè
íà îáòåêàåìîé ïîâåðõíîñòè. Ýâîëþöèÿ çàâèõðåííîñòè â îáëàñòè òå÷åíèÿ îïèñû-
âàåòñÿ ïðè ïîìîùè âèõðåâûõ ïåòåëü � çàìêíóòûõ âèõðåâûõ íèòåé îäèíàêîâîé
öèðêóëÿöèè, ìîäåëèðóåìûõ ëîìàíûìè ëèíèÿìè èç âèõðåâûõ îòðåçêîâ.

Ðàññìîòðåíû äâà ñïîñîáà âîññòàíîâëåíèÿ ðàñïðåäåëåíèÿ ïëîòíîñòè ïîòåíöèà-
ëà äâîéíîãî ñëîÿ, îïðåäåëÿþùåãî ïîëîæåíèÿ ãåíåðèðóåìûõ íà ïîâåðõíîñòè òåëà
âèõðåâûõ ïåòåëü: èç óñëîâèÿ ðàâåíñòâà íóëþ íîðìàëüíîé ëèáî êàñàòåëüíîé êîì-
ïîíåíòû ñêîðîñòè íà ïîâåðõíîñòè òåëà. Âòîðîé ïóòü ïðåäñòàâëÿåòñÿ áîëåå ïåð-
ñïåêòèâíûì, ïîñêîëüêó îáåñïå÷èâàåò çíà÷èòåëüíî áîëüøóþ òî÷íîñòü. Èíòåíñèâ-
íîñòü âèõðåâîãî ñëîÿ ïðåäïîëàãàåòñÿ êóñî÷íî-ïîñòîÿííîé, ñîîòâåòñòâóþùåå ãðà-
íè÷íîå èíòåãðàëüíîå óðàâíåíèå ðåøàåòñÿ ìåòîäîì Ãàë¼ðêèíà. Ðàçðàáîòàíà ïîëó-
àíàëèòè÷åñêàÿ ïðîöåäóðà âû÷èñëåíèÿ êîýôôèöèåíòîâ âîçíèêàþùåé ÑËÀÓ [4].
Èñïîëüçîâàíèå ìåòîäà íàèìåíüøèõ êâàäðàòîâ ïîçâîëÿåò âîññòàíîâèòü ðàñïðåäå-
ëåíèå ïîòåíöèàëà äâîéíîãî ñëîÿ è îáåñïå÷èòü áåçäèâåðãåíòíîñòü âèõðåâîãî ñëîÿ.

Ðàçðàáîòàííûé ìåòîä ðåàëèçîâàí â âèäå ïðîòîòèïà ïðîãðàììíîãî êîìïëåêñà,
ïðåäñòàâëÿþùåãî ñîáîé ïàðàëëåëüíóþ ïðîãðàììó-ðåøàòåëü; â êà÷åñòâå ïîñòïðî-
öåññîðà èñïîëüçîâàí îòêðûòûé ïàêåò Paraview.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-08-01468).
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Â íàñòîÿùåå âðåìÿ ïðàêòè÷åñêè åäèíñòâåííûì ñïîñîáîì çàùèòèòüñÿ îò àòàêè
âîëíû öóíàìè (èëè õîòÿ áû å¼ îñëàáèòü) ÿâëÿþòñÿ ìàññèâíûå çàùèòíûå ñòåíû
ïðè âõîäå â ïîðòû è áóõòû èëè îòäåëÿþùèå òåððèòîðèþ ïîðòà îò ãîðîäñêèõ
êâàðòàëîâ. Îäíàêî, òàêèå ñòåíû, âîçâûøàþùèåñÿ íàä âîäîé, ÷àñòî îïðîêèäûâà-
þòñÿ ïîä äåéñòâèåì íàïîðà âîäû âî âðåìÿ ñèëüíûõ öóíàìè, íå âûïîëíèâ ñâîåé
çàùèòíîé ôóíêöèè. Íàãðóçêà íà ïîäâîäíûé áàðüåð â òàêèõ ñëó÷àÿõ çíà÷èòåëüíî
ìåíüøå, ÷òî ñóùåñòâåííî ïîâûøàåò åãî óñòîé÷èâîñòü ê îïðîêèäûâàíèþ. Íà îñ-
íîâå ñîîòíîøåíèé ìåæäó ïàðàìåòðàìè òå÷åíèÿ â ðàñïðîñòðàíÿþùåéñÿ äëèííîé
âîëíå ïðåäëîæåí ïðîñòîé ìåòîä ÷èñëåííîãî ìîäåëèðîâàíèÿ ÷àñòè÷íîãî îòðàæå-
íèÿ âîëíû öóíàìè îò çàòîïëåííîãî âåðòèêàëüíîãî áàðüåðà. Îí çàêëþ÷àåòñÿ â
ïîñòàíîâêå ïðîñòûõ âíóòðåííèõ ãðàíè÷íûõ óñëîâèé íåïîñðåäñòâåííî çà áàðüå-
ðîì. Òåñòèðîâàíèå ìåòîäà íà îäíîìåðíûõ ðàñ÷¼òàõ ïîêàçàëè õîðîøåå ñîîòâåò-
ñòâèå ðåçóëüòàòîâ ñ èçìåðåíèÿìè âûñîòû âîëí ïðè ëàáîðàòîðíîì ìîäåëèðîâàíèè
â ãèäðîäèíàìè÷åñêîì ëîòêå. Ïðîâåäåíî ÷èñëåííîå ìîäåëèðîâàíèå ðàñïðîñòðàíå-
íèÿ âîëíû öóíàìè íàä ïîäâîäíûì áàðüåðîì â äâóìåðíîé îáëàñòè ñ ðåàëüíîé
áàòèìåòðèåé. Ïðè ïîìîùè òàêîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðîâåäåíà îöåíêà
çàùèòíûõ ñâîéñòâ (â îòíîøåíèè âîëí öóíàìè) çàòîïëåííûõ âåðòèêàëüíûõ áà-
ðüåðîâ, óñòàíîâëåííûõ ó âõîäà â áóõòû è ìîðñêèå ïîðòû. Ðåçóëüòàòû ïîêàçàëè,
÷òî ïîäâîäíûé âåðòèêàëüíûé áàðüåð âûñîòîé, ñîñòàâëÿþùåé ïîëîâèíó ãëóáèíû
â ìåñòå åãî ïîñòàíîâêè, ñïîñîáåí ñíèçèòü âûñîòó öóíàìè ó áåðåãà íà 20-30 ïðîöåí-
òîâ, ÷òî êðèòè÷åñêè âàæíî â ñëó÷àå êàòàñòðîôè÷åñêèõ öóíàìè. Ïðè ýòîì òàêèå
áàðüåðû îáëàäàþò çíà÷èòåëüíî áîëüøåé óñòîé÷èâîñòüþ ê îïðîêèäûâàíèþ.
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ÍÎÂÛÉ ÂÇÃËßÄ ÍÀ ÓÐÀÂÍÅÍÈß ÒÅÎÐÈÈ ÏÎËß

Ìàð÷óê Í. Ã.

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ, Ìîñêâà, Ðîññèÿ;
nmarchuk@mi-ras.ru

Íåñêîëüêî ñëîâ î ðàáîòå â ïåðèîä 1974�1980 ã. ìàòåìàòè÷åñêîãî ñåìèíàðà â
Íîâîñèáèðñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå, êîòîðûì ðóêîâîäèë Ñåðãåé Êîí-
ñòàíòèíîâè÷ Ãîäóíîâ. Òàì áûëè âûðàáîòàíû ìàòåìàòè÷åñêèå èäåè, êîòîðûå, â
êîíå÷íîì ñ÷åòå, ïîçâîëèëè ñôîðìèðîâàòü íåêîòîðûé íîâûé âçãëÿä íà óðàâíåíèÿ
òåîðèè ïîëÿ [1].

Ìû èñïîëüçóåì ìàòåìàòè÷åñêèé àïïàðàò ãåíôîðì, êîòîðûé âîáðàë â ñåáÿ îñ-
íîâíûå ÷åðòû àïïàðàòà äèôôåðåíöèàëüíûõ ôîðì è àëãåáðû Êëèôôîðäà. Ìíî-
æåñòâî ãåíôîðì ïñåâäîåâêëèäîâà ïðîñòðàíñòâà Rp,q îáîçíà÷àåì ÷åðåç Λ[h](Rp,q).
Äëÿ ãåíôîðì îïðåäåëåíû îïåðàöèè âíåøíåãî óìíîæåíèÿ è êëèôôîðäîâà óìíî-
æåíèÿ. Òàêæå äëÿ ãåíôîðì îïðåäåëåíû äèôôåðåíöèàëüíûå îïåðàòîðû ïåðâîãî
ïîðÿäêà d, δ,ð = d+ δ.

Ââîäèòñÿ êëàññ ñèììåòðè÷åñêèõ èíâàðèàíòíûõ ñèñòåì óðàâíåíèé

ðU +Q(U) =W, (1)

ãäå U = U(x) � íåèçâåñòíàÿ ãåíôîðìà èç Λ[h](Rp,q), à W = W (x) � èçâåñòíàÿ
ãåíôîðìà ïðàâîé ÷àñòè; ìëàäøèå ÷ëåíû èìåþò âèä Q(U) =

∑N
k=1AkUBk. Äîêà-

çàíî, ÷òî â ñëó÷àå ïñåâäîåâêëèäîâûõ ïðîñòðàíñòâ R1,n−1 ñèñòåìû óðàâíåíèé (1)
ìîæíî çàïèñàòü â âèäå ñèììåòðè÷åñêèõ ãèïåðáîëè÷åñêèõ ïî Ôðèäðèõñó ñèñòåì
óðàâíåíèé ïåðâîãî ïîðÿäêà.

Äîêàçàíî, ÷òî çàäà÷à Êîøè äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà ñâîäèòñÿ ê
(ñèììåòðèçîâàííîé) çàäà÷å Êîøè äëÿ ñèììåòðè÷åñêîé èíâàðèàíòíîé ñèñòåìû
óðàâíåíèé âèäà (1).

Äîêàçàíî, ÷òî ñèñòåìà óðàâíåíèé Äèðàêà � Õåñòåíåñà ìîæåò áûòü çàïèñàíà
â âèäå ñèììåòðè÷åñêîé èíâàðèàíòíîé ñèñòåìû óðàâíåíèé.

Ñ ýòîé æå òî÷êè çðåíèÿ ìîæíî ðàññìîòðåòü ñèñòåìó óðàâíåíèé Äèðàêà �
Õåñòåíåñà � Ìàêñâåëëà.
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ÒÈÏÎÂÛÅ ÎÏÅÐÀÖÈÈ Ñ ÌÀÒÐÈÖÀÌÈ
Â ÊËÅÒÎ×ÍÎ-ÀÂÒÎÌÀÒÍÎÌ ÔÎÐÌÀËÈÇÌÅ

Ìàòþøêèí È.Â.1, Êîæåâíèêîâ Â.Ñ.2

1ÍÈÈ ìîëåêóëÿðíîé ýëåêòðîíèêè, Ìîñêâà, Ðîññèÿ; imatyushkin@niime.ru
2Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò (íàöèîíàëüíûé
èññëåäîâàòåëüñêèé óíèâåðñèòåò), Äîëãîïðóäíûé, Ðîññèÿ;

vladislavkozhevnikov@gmail.com

Â ñâÿçè ñ âîçðîñøèì â ïîñëåäíåå âðåìÿ èíòåðåñîì ê âû÷èñëèòåëüíûì ñèñòå-
ìàì ñ ïàðàëëåëüíîé àðõèòåêòóðîé [1�3] ïðåäëàãàåòñÿ ðÿä êëåòî÷íî-àâòîìàòíûõ
(ÊÀ) àëãîðèòìîâ, ðåàëèçóþùèõ áàçîâûå âåêòîðíûå è ìàòðè÷íûå îïåðàöèè. Âû-
áîð èìåííî îïåðàöèé íàä ìàòðèöàìè îáóñëîâëåí ïîâñåìåñòíîñòüþ èõ èñïîëüçî-
âàíèÿ â êà÷åñòâå îñíîâû äëÿ áîëåå ñëîæíîé îáðàáîòêè èíôîðìàöèè.

Â àëãîðèòìàõ èñïîëüçóþòñÿ ÊÀ íà êâàäðàòíîé ðåø¼òêå ðàçìåðà n × n ñ çà-
ìêíóòûìè ãðàíèöàìè (òîðîèäàëüíàÿ ñòðóêòóðà) èëè åñòåñòâåííûìè ãðàíèöàìè
è îêðåñòíîñòüþ ôîí Íåéìàíà (Í) èëè Ìóðà (Ì). Îñòàíîâ àâòîìàòà ïðîèñõîäèò
äâóìÿ ñïîñîáàìè: åñòåñòâåííûì (áóäåì íàçûâàòü åãî êîäîâûì ñëîâîì idem), ò. å.
ïî óñòàíîâèâøåéñÿ ãëîáàëüíîé êîíôèãóðàöèè, è ïî ñòîï-çíà÷åíèþ, âîçíèêàþùå-
ìó â íåêîòîðîé âûäåëåííîé êëåòêå. Ñîñòîÿíèå êëåòêè â àâòîìàòå îïðåäåëÿåòñÿ
íàáîðîì êîìïîíåíò, ïîäðàçäåëÿåìûõ íà ïàìÿòü è óïðàâëÿþùèå ôëàãè.

Â ïðèâåä¼ííîé òàáëèöå ïðåäñòàâëåíû îñíîâíûå õàðàêòåðèñòèêè íàéäåííûõ
ÊÀ àëãîðèòìîâ.

� Îïåðàöèÿ Ôëàãè Ñëîæíîñòü Îñòàíîâ Ãðàíèöû Øàáëîí

1 Îòðàæåíèå 2 áèòà n ïî çíà÷. åñòåñòâ. Í
2 Îòðàæåíèå 2 áèòà 2n− 4 idem çàìêíóò. Í
3 Îòðàæåíèå áèò + òðèò

[
3
2n− 3

2

]
idem çàìêíóò. Í

4 Ïîýëåìåíòíàÿ 1 áèò 2
[
n
2

]
,
[
n
2

]
idem çàìêíóò. Í, Ì

5 Òðàíñïîí-å 1 òðèò n idem åñòåñòâ. Ì
6 Òðàíñïîí-å 2 áèòà 2n− 1 idem çàìêíóò. Í
7 Óìíîæåíèå

íà ñòîëáåö
1 òðèò 2n− 2 idem çàìêíóò. Í

8 Óìíîæåíèå
íà ìàòðèöó

4 ñîñò. 2n− 1 idem çàìêíóò. Í

9 Îïðåäåëèòåëü 5 ñîñò. 3n− 4 idem çàìêíóò. Í
10 Îïðåäåëèòåëü 11 ñîñò. n2 idem çàìêíóò. Í
11 Ïîðàçðÿäíîå

óìíîæåíèå
2 áèòà 2n− 2 idem åñòåñòâ. Í

12 Ïåðìóòàöèÿ 4 ñîñò. ÍÎÊ(3, . . . , 2n− 1) � åñòåñòâ. Í
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1ÍÈÈ ìîëåêóëÿðíîé ýëåêòðîíèêè, Ìîñêâà, Ðîññèÿ; imatyushkin@niime.ru
2Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò (íàöèîíàëüíûé
èññëåäîâàòåëüñêèé óíèâåðñèòåò), Äîëãîïðóäíûé, Ðîññèÿ;

vladislavkozhevnikov@gmail.com

Âîïðîñû íàäåæíîñòè è îòêàçîâ êàê îòäåëüíûõ ýëåìåíòîâ, òàê ôóíêöèîíàëü-
íûõ áëîêîâ ÑÁÈÑ âñåãäà çàíèìàëè öåíòðàëüíîå ìåñòî ïðè èõ ïðîåêòèðîâàíèè.
Äî íàñòîÿùåãî âðåìåíè äîìèíèðóåò ïîäõîä ôèçèêè îòêàçîâ (physics-of-failure ap-
proach), ïîäðàçóìåâàþùèé íàõîæäåíèå êîíêðåòíûõ ôèçè÷åñêèõ ïðè÷èí. Îäíà-
êî è àáñòðàêòíûé âçãëÿä íà íàäåæíîñòü ïîðîäèë ðÿä îáùèõ ïîíÿòèé: èíòåí-
ñèâíîñòü îòêàçîâ, äåãðàäàöèÿ, âðåìÿ íàðàáîòêè äî îòêàçà è, íàêîíåö, ôóíêöèè
ðèñêà è íàäåæíîñòè. Áóäåì èñïîëüçîâàòü ôèçèêî-ñòàòèñòè÷åñêèé àíàëîã óðàâ-
íåíèÿ íåïðåðûâíîñòè â òåîðèè íàä¼æíîñòè, ïðåäëîæåííûé È.Ò. Àëåêñàíÿíîì è
Í.Â. ×åðíÿåâûì [1]:

∂f(x, t)

∂t
+ div (f(x, t) · c(x, t)) = −q(t)f(x, t), (1)

ãäå c(x, t) � ñêîðîñòü äåãðàäàöèè (èçìåíåíèÿ) âåêòîðà õàðàêòåðèñòèê èçäåëèÿ
x, q(t) � èíòåíñèâíîñòü ñëó÷àéíûõ îòêàçîâ, ò. å. íå ñâÿçàííûõ ñ äåãðàäàöèåé. Â
äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî q(t) ≡ 0, òàê êàê ïðàâàÿ ÷àñòü (1) èñêëþ÷àåòñÿ

çàìåíîé f(x, t) = z(x, t)exp

(
−

t∫
0

q(τ)dτ

)
.

Óðàâíåíèå (1) ñâîäèòñÿ ê ñèñòåìå ÎÄÓ:

dt/dξ = 1, dx/dξ = c(x, t), df/dξ = −f∇c(x, t). (2)

×åðåç ïåðâûå èíòåãðàëû v1(x, t, f), . . . , vn+1(x, t, f) ñèñòåìû (2) âûðàæàåòñÿ ðå-
øåíèå f = f(x, t) ÄÓ (1) èç óðàâíåíèÿ (3) ïðè ïðîèçâîëüíîé ãëàäêîé ôóíêöèè Φ:

Φ(v1(x, t, f), . . . , vn+1(x, t, f)) = 0. (3)

Óðàâíåíèå íåïðåðûâíîñòè óäà¼òñÿ ðåøèòü àíàëèòè÷åñêè â îäíîìåðíîì ñòà-
öèîíàðíîì (c(x, t) = c(x)) ñëó÷àå äëÿ ïîñòîÿííîé, ëèíåéíîé è êâàäðàòè÷íîé ñêî-
ðîñòè äåãðàäàöèè c(x). Íèæå ïðåäñòàâëåíû ðåçóëüòàòû äëÿ ýòèõ ñëó÷àåâ ïðè
íà÷àëüíîì óñëîâèè f(x, 0) = f0(x).

1. c(x) = c = const ⇒ f(x, t) = f0(x− c · t).
2. c(x) = ax+ b, a ̸= 0 ⇒ f(x, t) = e−atf0

(
xe−at + b

a (e
−at − 1)

)
.

3. c(x) = ax2 + bx + c, b2 − 4ac < 0 ⇒ f(x, t) =
F(t− 2

D arctan( 2ax+b
D ))

ax2+bx+c , ãäå

D =
√
4ac− b2, F � ïðîèçâîëüíàÿ ãëàäêàÿ ôóíêöèÿ. Çàäà÷à Êîøè â ýòîì ñëó-

÷àå ðàçðåøèìà îäíîçíà÷íî ëèøü ïðè 0 < t < 2
D arctan

(
2ax+b
D

)
+ π

D . Â îñòàëüíîé
îáëàñòè ðåøåíèå íå îïðåäåëåíî; ôèçè÷åñêèé ñìûñë â íåé èìååò ëèøü ðåøåíèå
f(x, t) = 0.

ËÈÒÅÐÀÒÓÐÀ

1. Àëåêñàíÿí È.Ò., ×åðíÿåâ Í.Â. Âûðàæåíèÿ äëÿ îñíîâíûõ êîëè÷åñòâåííûõ ïîêà-
çàòåëåé íàäåæíîñòè â ôèçèêî-ñòàòèñòè÷åñêîì ïîäõîäå // Ïåòåðáóðãñêèé æóðíàë
ýëåêòðîíèêè. 1994. � 1 (4). Ñ. 56�58.

167



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

×ÈÑËÅÍÍÛÅ ÀËÃÎÐÈÒÌÛ
ÄËß ÏÐßÌÎÉ ÑÏÅÊÒÐÀËÜÍÎÉ ÇÀÄÀ×È

ÑÈÑÒÅÌÛ ÇÀÕÀÐÎÂÀ � ØÀÁÀÒÀ
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Ðàññìàòðèâàåòñÿ ñèñòåìà Çàõàðîâà � Øàáàòà

Ψ̇(t) = Q(t)Ψ(t), (1)

ãäå òî÷êà îçíà÷àåò äèôôåðåíöèðîâàíèå ïî t, Ψ(t) � êîìïëåêñíàÿ âåêòîð-ôóíê-
öèÿ îò âåùåñòâåííîãî àðãóìåíòà t, Q(t) � êîìïëåêñíàÿ ìàòðèöà:

Ψ(t) =

(
ψ1(t)
ψ2(t)

)
, Q(t) =

(
−iζ q(t)

−σq∗(t) iζ

)
.

Çäåñü q(t) � çàäàííàÿ êîìïëåêñíàÿ ôóíêöèÿ, ζ � ñïåêòðàëüíûé ïàðàìåòð, σ =
±1 è * îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå.

Äëÿ ñèñòåìû Çàõàðîâà � Øàáàòà (1) ñòðîÿòñÿ ðàçíîñòíûå îäíîøàãîâûå ñõåìû
[1�2]

Ψn+1 = TΨn, (2)

ãäå Ψn = Ψ(tn), tn = nτ , τ � øàã ðàâíîìåðíîé ñåòêè. Ðàçëàãàÿ (2) â òî÷êå
t, òàêîé ÷òî tn = t − (1 − s)τ , tn+1 = t + sτ , íåòðóäíî ïîëó÷èòü óñëîâèÿ, ïðè
êîòîðûõ ìàòðèöà T àïïðîêñèìèðóåò ðåøåíèå óðàâíåíèÿ (1) ñ çàäàííûì ïîðÿäêîì
òî÷íîñòè.

Òåîðåìà. Ëþáàÿ îäíîøàãîâàÿ ðàçíîñòíàÿ ñõåìà (2) àïïðîêñèìèðóåò óðàâ-
íåíèå (1) ñ ÷åòâåðòûì ïîðÿäêîì òî÷íîñòè ïî τ , åñëè è òîëüêî åñëè ðàçëîæåíèå
ïåðåõîäíîãî îïåðàòîðà T äëÿ ôèêñèðîâàííîãî s èìååò âèä

T = E + τQ+ τ2T2 + τ3T3 + τ4T4 +O(τ5),

ãäå

T2 =
2s− 1

2!
Q2 − (s− 1)Q2,

T3 =
3s2 − 3s+ 1

3!
Q3 −

(s− 1)2

2!
QQ2 −

(2s− 1)(s− 1)

2!
Q2Q+ (s− 1)2Q3,

T4 =
(2s− 1)(2s2 − 2s+ 1)

4!
Q4 −

(s− 1)3

3!
QQ3 −

(s− 1)2

2!
T2Q2 − (s− 1)T3Q

è êîýôôèöèåíòû Qk âûðàæàþòñÿ ÷åðåç ìàòðèöó Q è åå ïðîèçâîäíûå:

Q2 = Q(1) +Q2, Q3 = Q(2) + 2Q(1)Q+QQ(1) +Q3,

Q4 = Q(3) + 3Q(2)Q+QQ(2) + 3(Q(1))2 + 3Q(1)Q2 + 2QQ(1)Q+Q2Q(1) +Q4.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-72-

30006).
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Ðàññìàòðèâàåòñÿ äâóìåðíàÿ ñòàöèîíàðíàÿ çàäà÷à î òå÷åíèè èäåàëüíîé íåñæè-
ìàåìîé æèäêîñòè, îãðàíè÷åííîé ñâîáîäíîé ïîâåðõíîñòüþ ñâåðõó. Òå÷åíèå âû-
çâàíî ñèíãóëÿðíûì ñòîêîì, ðàñïîëîæåííûì íà âåðøèíå òðåóãîëüíîãî âûñòóïà.
Íèæíÿÿ ãðàíèöà ïðåäïîëàãàåòñÿ íåïðîíèöàåìîé âñþäó êðîìå îäíîé òî÷êè, â êî-
òîðîé ðàñïîëîæåí ñòîê çàäàííîé èíòåíñèâíîñòè. Ïðåäïîëàãàåòñÿ, ÷òî ïîëå ñêî-
ðîñòè ïîòåíöèàëüíî. Âåðõíÿÿ ãðàíèöà ÿâëÿåòñÿ íåèçâåñòíîé è äîëæíà áûòü îïðå-
äåëåíà â ïðîöåññå ðåøåíèÿ çàäà÷è.

Â ðàáîòàõ [1, 2] â ñëó÷àå ãîðèçîíòàëüíîãî äíà áûë ïðèìåíåí ìåòîä Ëåâè-
×èâèòû, êîòîðûé óäàëîñü ìîäèôèöèðîâàòü äëÿ ñëó÷àÿ ñ âûñòóïîì. Ïîëó÷åíî
óðàâíåíèå òèïà óðàâíåíèÿ Íåêðàñîâà íà åäèíè÷íîé îêðóæíîñòè, êîòîðîå òî÷íî
îïèñûâàåò ôîðìó ñâîáîäíîé ïîâåðõíîñòè. Ïîêàçàíî, ÷òî äëÿ ÷èñåë Ôðóäà, ïðå-
âûøàþùèõ íåêîòîðîå êîíêðåòíîå çíà÷åíèå, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 19-11-00069).
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Ìèðîøíè÷åíêî Â.Ë.1,2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
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Ïóñòü òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ

L[y(x)] ≡ y′′(x) + p(x)y′(x) + q(x)y(x) = r(x), x ∈ [a, b], (1)

α1y(a) + β1y
′(a) = γ1, α2y(b) + β2y

′(b) = γ2. (2)

Ââåäåì íà [a, b] ñåòêó ∆ : a = x0 < x1 < . . . < xn = b. Ñîãëàñíî ìåòîäó
ñïëàéí-êîëëîêàöèè [1, 2] áóäåì èñêàòü ïðèáëèæåííîå ðåøåíèå çàäà÷è (1), (2) â
âèäå êóáè÷åñêîãî ñïëàéíà S(x) êëàññà C2 íà ñåòêå ∆, êîýôôèöèåíòû êîòîðîãî
îïðåäåëÿþòñÿ èç óñëîâèé êîëëîêàöèè

L[S(ξk)] = r(ξk), ξk ∈ [a, b], k = 0, . . . , n, (3)

è êðàåâûõ óñëîâèé

α1S(a) + β1S
′(a) = γ1, α2S(b) + β2S

′(b) = γ2. (4)

Êîíêðåòíûé âèä ñèñòåìû (3), (4), à òàêæå å¼ ðàçðåøèìîñòü çàâèñÿò îò âûáðàí-
íîãî ñïîñîáà ïðåäñòàâëåíèÿ ñïëàéíà S(x) è îò ðàñïîëîæåíèÿ óçëîâ êîëëîêàöèè
ξk.

Ìåòîä ñïëàéí-êîëëîêàöèè ïðè ξk = xk, k = 0, . . . , n, ìîæåò áûòü èñïîëüçîâàí
â êà÷åñòâå îäíîãî èç ñïîñîáîâ ïîñòðîåíèÿ ðàçíîñòíûõ ñõåì [1]. Òàêèå ñõåìû îá-
ëàäàþò ðÿäîì ïîëåçíûõ ñâîéñòâ, â ÷àñòíîñòè, îíè èìåþò îäèíàêîâûé ïîðÿäîê
òî÷íîñòè íà ðàâíîìåðíûõ è íåðàâíîìåðíûõ (ïðîèçâîëüíûõ!) ñåòêàõ. Ïðè ýòîì
ýòà òî÷íîñòü O(H2), H = maxi hi, hi = xi+1 − xi, i = 0, . . . , n, äîñòèãàåòñÿ ïðè
ìåíüøèõ òðåáîâàíèÿõ ê ãëàäêîñòè òî÷íîãî ðåøåíèÿ çàäà÷è (1), (2) ïî ñðàâíå-
íèþ ñ êëàññè÷åñêèìè òðåõòî÷å÷íûìè ðàçíîñòíûìè ñõåìàìè. Êðîìå òîãî, â ìå-
òîäå ñïëàéí-êîëëîêàöèè îòñóòñòâóåò ïðîáëåìà àïïðîêñèìàöèè êðàåâûõ óñëîâèé
(2) ëþáîãî âèäà, òàê êàê ïîðÿäîê àïïðîêñèìàöèè ïåðâîé ïðîèçâîäíîé íà ïðî-
èçâîëüíîé ñåòêå äëÿ êóáè÷åñêèõ ñïëàéíîâ âûøå ïîðÿäêà àïïðîêñèìàöèè âòîðîé
ïðîèçâîäíîé. Îäíàêî ïîäõîä ê ðåàëèçàöèè ñõåì ìåòîäà ñïëàéí-êîëëîêàöèè ñâå-
äåíèåì èõ ê ðàçíîñòíûì ñõåìàì íå èñ÷åðïûâàåò âñåõ âîçìîæíîñòåé, çàëîæåííûõ
â ýòîì ìåòîäå. Íàèáîëåå ïîëíî îíè ìîãóò áûòü ðåàëèçîâàíû òîëüêî ïðè èñïîëü-
çîâàíèè àïïàðàòà B-ñïëàéíîâ [1]. Â ÷àñòíîñòè, ìîæíî îïòèìèçèðîâàòü ðàñïîëî-
æåíèå óçëîâ êîëëîêàöèè è ïîñòðîèòü, íàðÿäó ñî ñõåìàìè òî÷íîñòè O(H2), ñõåìû
ïîâûøåííîé òî÷íîñòè.

Ê íåäîñòàòêàì ìåòîäà ñïëàéí-êîëëîêàöèè ìîæíî îòíåñòè âîçìîæíîå íàðó-
øåíèå ñâîéñòâà ìîíîòîííîñòè ñõåì ïðè îáû÷íîì òðåáîâàíèè q(x) ≤ 0 â (1) äëÿ
ãðóáûõ ñåòîê. À èìåííî, äëÿ ìîíîòîííîñòè ñõåìû òðåáóåòñÿ, ÷òîáû H áûëî äî-
ñòàòî÷íî ìàëî. Ñïîñîáû óñòðàíåíèÿ ýòîãî �äåôåêòà� ìåòîäà ñïëàéí-êîëëîêàöèè
îáñóæäàþòñÿ â äàííîì äîêëàäå.

Èçëîæåíèå ñîïðîâîæäàåòñÿ ÷èñëåííûìè ïðèìåðàìè.
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Î ÌÅÒÎÄÅ ÐÅÃÓËßÐÈÇÀÖÈÈ Â ÎÄÍÎÉ ÇÀÄÀ×Å
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Ìóñàáåêîâ Ê.Ñ.

Êîêøåòàóñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ø. Óàëèõàíîâà,
Êîêøåòàó, Ðåñïóáëèêà Êàçàõñòàí; it.kgu@mail.ru

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ïðîöåññîì â íåàäèàáàòè÷åñêîì
òðóá÷àòîì ðåàêòîðå:

∂v1(x, t)

∂t
= a · ∂

2v1(x, t)

∂x2
− ∂v1(x, t)

∂x
− c · v1 · f(v2),

∂v2(x, t)

∂t
= b · ∂

2v2(x, t)

∂x2
− ∂v2(x, t)

∂x
+ k · v1 · f(v2) + g · (v3(t)− v2(x, t)),

dv3(t)

dt
= p ·

 1∫
0

v2(x, t)dx− v3(t)

+ u(t) · (E − v3(t)),

(1)


a · ∂v1(0, t)

∂x
− v1(0, t) = −1,

∂v1(1, t)

∂x
= 0,

b · ∂v2(0, t)
∂x

− v2(0, t) = −1,
∂v2(1, t)

∂x
= 0,

(2)

v1(x, 0) = v10(x), v2(x, 0) = v20(x), v3(0) = v30, (3)

ãäå f(v2) = exp(Γ−Γ/v2(x, t)); a, b, c, Γ, k, g, p, E, v30 � êîíñòàíòû, ïîëîæèòåëü-
íûå ïàðàìåòðû ñèñòåìû; u(t) � óïðàâëÿþùàÿ ôóíêöèÿ (óïðàâëåíèå); v1(x, t),
v2(x, t), v3(t) � ôóíêöèè êîíöåíòðàöèè ðåàãèðóþùåé ñìåñè, òåìïåðàòóðû ðåàê-
òîðà, òåìïåðàòóðû îõëàäèòåëÿ ñîîòâåòñòâåííî, (x, t) ∈ QT , QT = (0, 1)× (0, T ).

Ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè ôóíêöèîíàëà

J(u) =

T∫
0

v1(1, t)dt, (4)

ò. å. ñóììàðíîãî çà âðåìÿ T êîëè÷åñòâà íåïðîðåàãèðîâàâøåãî âåùåñòâà íà âûõîäå
ðåàêòîðà ïðè óñëîâèÿõ (1)�(3) è ñëåäóþùèõ îãðàíè÷åíèÿõ íà óïðàâëåíèå u(t) è
ôóíêöèþ v2(x, t):

0 ≤ u(t) ≤ u0 = const, (5)

v2(x, t) ≤ v∗2 = const. (6)

Äëÿ êàæäîãî èçìåðèìîãî óïðàâëåíèÿ u(t), óäîâëåòâîðÿþùåãî óñëîâèþ (5),
ñèñòåìà (1)�(3) èìååò [1] åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå. Â äàííîé ðàáîòå
îñóùåñòâëÿåòñÿ ðåãóëÿðèçàöèÿ ôóíêöèîíàëà (4). Òàêàÿ ðåãóëÿðèçàöèÿ ïîçâîëÿ-
åò îñóùåñòâëÿòü ïîèñê îïòèìàëüíîãî óïðàâëåíèÿ â çàäà÷å (1)�(6) ñ çàäàííîé
òî÷íîñòüþ.
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Â ïîíèìàíèè ïðèðîäû êîíäåíñàòà Áîçå � Ýéíøòåéíà âàæíóþ ðîëü èãðàåò
îïèñàíèå ñëó÷àéíûõ âçàèìîäåéñòâèé íåëèíåéíûõ âîëí (âîëíîâàÿ òóðáóëåíòíîñòü
áîçå-ãàçà). Àíàëèç óðàâíåíèÿ Ãðîññà � Ïèòàåâñêîãî â ïðèáëèæåíèè ñëàáîé íåëè-
íåéíîñòè â ñîîòâåòñòâèè ñ [1] ïîçâîëÿåò ñôîðìóëèðîâàòü çàäà÷ó Êîøè äëÿ èíòå-
ãðîäèôôåðåíöèàëüíîãî óðàâíåíèÿ, îïèñûâàþùåãî ýâîëþöèþ ñïåêòðà âîëíîâîãî
äåéñòâèÿ n(k, t) ñèñòåìû áîçîíîâ. Çäåñü k � ïåðåìåííàÿ ïðîñòðàíñòâà Ôóðüå,
t � âðåìÿ (t < t∗); t∗ � ìîìåíò âðåìåíè, â êîòîðîì âîçáóæäàþòñÿ âñå ìî-
äû n(k, t). Äëÿ àâòîìîäåëüíîãî ðåøåíèÿ âèäà n(k, t) = f(η)/τa ñ ïåðåìåííîé
η = k/τ b ≥ 0, ãäå τ = t∗ − t, a > 0, b = a− 0.5 > 0, ïîëó÷àåì óðàâíåíèå

F (η) =
a

b
f(η) + η

df(η)

dη
=

1

b
√
η

∫
∆η

min{√η,
√
η2 + η3 − η,

√
η2,

√
η3}

× f(η)f(η2 + η3 − η)f(η2)f(η3)

(
1

f(η)
+

1

f(η2 + η3 − η)
− 1

f(η2)
− 1

f(η3)

)
dη2dη3,

(1)

ãäå ∀η f(η) ≥ 0, 0 ≤ lim
η→0

f(η) <∞; ∆η = {(η2, η3) : η2 > 0, η3 > 0, η2+η3−η > 0}.
Äëÿ f(η) ñòàâèòñÿ ñïåêòðàëüíàÿ çàäà÷à: íàéòè âñå x ∈ [1, 1.5], äëÿ êîòîðûõ

ñóùåñòâóþò ðåøåíèÿ (1) ñ àñèìïòîòèêîé f(η) ∼ Cη−x ïðè η → ∞, C = const. Ïðè
a = x

2(x−1) (x = a
b ) ýòî ðàâíîñèëüíî óñëîâèþ lim

η→∞
F (η) = 0, êîòîðîå çàìåíåíî â

ðàñ÷¼òàõ ðàâåíñòâàìè F (ηM ) = 0, f(η) = Cη−x ïðè η > ηM , ηM � áîëüøîå ÷èñëî.
Â ïðåäïîëîæåíèè, ÷òî èìåþò ìåñòî òàê íàçûâàåìûå íåëîêàëüíûå âçàèìî-

äåéñòâèÿ, ïîêàçàíî, ÷òî ïðè ìàëûõ η ðåøåíèå (åñëè îíî ñóùåñòâóåò) èìååò âèä
f = A

b(x−B/b) + C̃η(B/b)−x, ãäå A, B � èíòåãðàëüíûå âûðàæåíèÿ îïðåäåë¼ííîãî

âèäà, A > 0, x−B/b > 0, C̃ = const. Óñëîâèå îãðàíè÷åííîñòè f â íóëå äà¼ò C̃ = 0.
Äëÿ ïîèñêà ðåøåíèé (1) ïîñòðîåíà ðàñêðîéêà îáëàñòè ∆η ïî îñîáåííîñòÿì

ïîäûíòåãðàëüíîé ôóíêöèè; ïðåäëîæåíà íîâàÿ êâàäðàòóðíàÿ ôîðìóëà, àïïðîê-

ñèìèðóþùàÿ èíòåãðàëû âèäà
1∫

−1

(1±y)pg(y)dy ñ ýêñïîíåíöèàëüíûì ïîðÿäêîì ñõî-

äèìîñòè, ãäå p > −1, g(y) ∈ C∞[−1, 1]; íà îñíîâå îòîáðàæåíèÿ èç [2] ðàçðàáîòàíû
ñâåðõñõîäÿùèåñÿ êóáàòóðíûå ôîðìóëû â òðåóãîëüíèêå; ïðåäëîæåíû îáîáùåíèÿ
ìåòîäà èç [3] äëÿ èíòåãðèðîâàíèÿ â íåîãðàíè÷åííûõ îáëàñòÿõ.

Ðåøåíèå ñïåêòðàëüíîé çàäà÷è äëÿ (1) èùåòñÿ ñ ïðèìåíåíèåì ìåòîäîâ ïîñëå-
äîâàòåëüíûõ ïðèáëèæåíèé è óñòàíîâëåíèÿ, à òàêæå ñïåêòðàëüíûõ ðàçëîæåíèé,
ó÷èòûâàþùèõ îñîáåííîñòè f(η) è ïîäûíòåãðàëüíîé ôóíêöèè.
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Ðàññìàòðèâàåòñÿ îäíîìåðíîå óðàâíåíèå Øðåäèíãåðà

i~
∂ψ

∂t
= − ~2

2m

∂2ψ

∂x2
+ Uψ.

Çäåñü t � âðåìÿ, x � îäíîìåðíàÿ ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ, ~ � ïîñòîÿí-
íàÿ Ïëàíêà, m � ìàññà, i � ìíèìàÿ åäèíèöà, i2 = −1, ψ = ψ(t, x) � âîëíîâàÿ
ôóíêöèÿ, U = U(t, x) � ïîòåíöèàë. Âîëíîâàÿ ôóíêöèÿ ψ(t, x) ïðåäñòàâëÿåòñÿ â
âèäå

ψ(t, x) = R(t, x)eiS(t,x),

ãäå R(t, x) è S(t, x) � âåùåñòâåííîçíà÷íûå ôóíêöèè (àìïëèòóäà è ôàçà, ñîîò-
âåòñòâåííî). Â ðàáîòå, íà îñíîâå òåîðèè ñîâìåñòíîñòè [1, 2] ïðèâåäåíèÿ â èíâî-
ëþöèþ ïåðåîïðåäåëåííîé ñèñòåìû, ïîëó÷åíû äèôôåðåíöèàëüíûå ñîîòíîøåíèÿ
C1[U,R], ñîäåðæàùèå òîëüêî ôóíêöèè U , R, è ñîîòíîøåíèÿ C2[U, S], ñîäåðæàùèå
òîëüêî ôóíêöèè U , S. Ïåðåõîä îò ñîîòíîøåíèÿ C1[U,R] ê ñîîòíîøåíèþ C2[U, S]
îñóùåñòâëÿåòñÿ ââåäåíèåì äèôôåðåíöèàëüíûõ ñîîòíîøåíèé äëÿ ôóíêöèè S è,
ôàêòè÷åñêè, ïðåäñòàâëÿåò ñîáîé ïðåîáðàçîâàíèÿ Áýêëóíäà [3]. Îáðàòíûé ïåðå-
õîä îò ñîîòíîøåíèÿ C2[U, S] ê ñîîòíîøåíèþ C1[U,R] îñóùåñòâëÿåòñÿ ââåäåíèåì
äèôôåðåíöèàëüíûõ ñîîòíîøåíèé äëÿ ôóíêöèè R è ïðåäñòàâëÿåò ñîáîé îáðàòíîå
ïðåîáðàçîâàíèå Áýêëóíäà.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ íåîäíîðîäíîãî óðàâíå-
íèÿ âíóòðåííèõ âîëí

∆utt +
2∑
i=1

uxixi = eiλtf(x), t > 0, x = (x′, x3) ∈ R3
+,

u|t=0 = φ1(x),
ut|t=0 = φ2(x),
u|x3=0 = 0,

(1)

ãäå f(x), φ1(x), φ2(x) ∈ C∞
0 (R3

+), λ ≥ 0 � ïàðàìåòð.
Îïèðàÿñü íà ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå [1], áûëè óñòàíîâëåíû ñëåäó-

þùèå àñèìïòîòè÷åñêèå îöåíêè ïðè t → ∞ ðåøåíèé u(t, x, λ) â çàâèñèìîñòè îò
çíà÷åíèé ïàðàìåòðà λ.

Òåîðåìà 1. Ïóñòü λ > 1, òîãäà íà ëþáîì êîìïàêòå K ⊂ R3
+ äëÿ ðåøåíèÿ

çàäà÷è (1) èìååò ìåñòî îöåíêà∣∣∣∣∣∣u(t, x, λ) + eiλt
1

(
√
2π)3

∫
R3

eixξ
ĝ(ξ)

(|ξ′|2 − λ2|ξ|2)
dξ

∣∣∣∣∣∣ ≤ c(K,λ)√
t

, t≫ 1,

ãäå |ξ′|2 =
2∑
i=1

ξ2i , g(x) � íå÷åòíîå ïðîäîëæåíèå f(x) íà R3, c(K,λ) � êîíñòàíòà,

çàâèñÿùàÿ îò K è λ.
Òåîðåìà 2. Ïóñòü 0 6 λ 6 1, òîãäà íà ëþáîì êîìïàêòå K ⊂ R3

+ ñïðàâåäëèâà
àñèìïòîòè÷åñêàÿ îöåíêà∣∣∣∣∣

(
2∑
i=1

D2
xi

− λ2∆

)
u(t, x, λ)− eiλtf(x)

∣∣∣∣∣ ≤ c(K,λ)√
t

, t≫ 1.
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(∂u)n- È ÓÐÀÂÍÅÍÈÅ ÌÎÍÆÀ � ÀÌÏÅÐÀ
ÍÀ ÏÎËÎÆÈÒÅËÜÍÛÕ ÏÎÒÎÊÀÕ

ÂÛÑØÅÉ ÁÈÑÒÅÏÅÍÈ

Íèêèòèíà Ò.Í.

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, Êðàñíîÿðñê, Ðîññèÿ; AANick@yandex.ru

Èçó÷àþòñÿ èíäóöèðîâàííûå (∂u)k- è óðàâíåíèå Ìîíæà � Àìïåðà íà ïîòîêå
íà êîìïëåêñíîì ìíîãîîáðàçèè. Ïîêàçûâàåòñÿ, ÷òî L2-îöåíêè âûïîëíÿþòñÿ äëÿ
(∂u)k- è óðàâíåíèÿ Ìîíæà � Àìïåðà íà çàìêíóòîì ïîòîêå áèñòåïåíè (1, 1) â
ïñåâäîâûïóêëîé îáëàñòè èç Cn.

Ðàçðåøèìîñòü (∂u)k- è óðàâíåíèé Ìîíæà � Àìïåðà èçó÷àëàñü â ðàáîòàõ [1�4].
Ïóñòü M � êîìïëåêñíîå ìíîãîîáðàçèå è T � ïîëîæèòåëüíûé ïîòîê íà M .

Ïóñòü u è f � ãëàäêèå äèôôåðåíöèàëüíûå ôîðìû íà M . Ãîâîðÿò, ÷òî

(∂u)k = f íà T, åñëè (∂u)k ∧ T = f ∧ T.

Îñíîâíîé òåõíè÷åñêèé ðåçóëüòàò � ñëåäóþùåå îáîáùåíèå òîæäåñòâà Êîäàè-
ðû � Íàêàíî � Õåðìàíäåðà.

Òåîðåìà 1. Ïóñòü T ≥ 0 � (1, 1)-ïîòîê â îáëàñòè D èç Cnk+1 òàêîé, ÷òî
i∂∂T èìååò èçìåðèìûå êîýôôèöèåíòû. Ïóñòü ω � êýëåðîâà ôîðìà â D. Ïóñòü,
íàêîíåö, g � îñíîâíàÿ ôîðìà áèñòåïåíè (pk, qk) ñ íîñèòåëåì âD, è ïðåäïîëîæèì,
÷òî φ ∈ C2(D). Òîãäà, åñëè i∂∂T � ñòðîãî îòðèöàòåëüíûé è i∂∂φ ≥ ω, è, áîëåå
òîãî, dT = 0, òî

(n− p− q)k||g||2

−c(p+q)k+1

∫
(∂−φg)pk+1 ∧ (∂−φĝ)pk+1 ∧ ω(n−p−q)k−1 ∧ Teφ

−c(p+q)k−1

∫
ϑ̂−φĝ ∧ ϑ̂−φg ∧ ω(n−p−q)k+1 ∧ Teφ ≤ (∂̂g, ∂ĝ).

Òåîðåìà 2. Ïóñòü T ≥ 0 � çàìêíóòûé (1, 1)-ïîòîê â Cnk+1, è ïóñòü ω =
i∂∂|z|2 � êýëåðîâà ôîðìà åâêëèäîâîé ìåòðèêè â Cnk+1. Ïóñòü φ � ïëþðèñóá-
ãàðìîíè÷åñêàÿ ôóíêöèÿ â Cnk+1, óäîâëåòâîðÿþùàÿ i∂∂φ ≥ ω. Òîãäà äëÿ ëþáîé
∂w-çàìêíóòîé (nk− pk, qk)-ôîðìû f íà T ñ (q− p)k ≥ 1 ñóùåñòâóåò (n− p, q− 1)-
ôîðìà u íà T òàêàÿ, ÷òî (∂wu)

k = f íà T è∫
|u ∧ (∂u)k−1|2ω,TσT e−φ ≤ 1

((q − p)k)

∫
|f |2ω,TσT e−φ.

Çàìå÷àíèå. Ïðèâåäåíû ïðèìåðû ðàçðåøèìîñòè è íåðàçðåøèìîñòè (∂u)k- è
óðàâíåíèÿ Ìîíæà � Àìïåðà íà ïîëîæèòåëüíûõ ïîòîêàõ âûñøåé áèñòåïåíè.
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Ðàññìîòðèì êâàçèëèíåéíîå óðàâíåíèå òèïà êîíâåêöèè�äèôôóçèè [1]

∂u

∂t
=

n∑
i=1

∂

∂xi

(
k(u)

∂u

∂xi

)
−

n∑
i=1

∂

∂xi

(
l(u)u

)
+m(u), (1)

â êîòîðîì èñêîìàÿ ôóíêöèÿ u = u(t, x) : Ω → [0; +∞) îïðåäåëåíà è íåïðåðûâíà
íà ìíîæåñòâå Ω ⊂ [0;+∞) × Rn, n ∈ N. Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ñëó÷àé,
êîãäà k(u) ∈ C2

(0;+∞) ∩ C[0;+∞) è l(u), m(u) ∈ C1
(0;+∞) ∩ C[0;+∞). Êðîìå òîãî,

áóäåì ïðåäïîëàãàòü, ÷òî k(0) = l(0) = m(0) = 0 è k = k(u) � ìîíîòîííàÿ íåîò-
ðèöàòåëüíàÿ ôóíêöèÿ. Ââåä�åííûå îãðàíè÷åíèÿ ïîçâîëÿþò îòíåñòè (1) ê êëàññó
íåÿâíî âûðîæäàþùèõñÿ ïàðàáîëè÷åñêèõ óðàâíåíèé.

Èñïîëüçóÿ çàìåíó u = φ(v), ãäå φ = k−1 (îáðàòíàÿ ôóíêöèÿ k−1 ñóùåñòâóåò
â ñèëó ìîíîòîííîñòè k), ïðèâåä�åì (1) ê ýêâèâàëåíòíîìó óðàâíåíèþ

∂v

∂t
= v

n∑
i=1

∂2v

∂x2i
+ f(v)

n∑
i=1

(
∂v

∂xi

)2

+ g(v)

n∑
i=1

∂v

∂xi
+ h(v), (2)

ãäå

f(v) =
vφ′′(v)

φ′(v)
+ 1, g(v) = −

(
φ(v)l′(φ(v)) + l(φ(v))

)
, h(v) =

m(φ(v))

φ′(v)
.

Â íàñòîÿùåé ðàáîòå ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:
1. Ïðè ïîìîùè òàê íàçûâàåìîãî ïðÿìîãî ìåòîäà Êëàðêñîíà � Êðóñêàëà [2]

íàéäåíû ðåäóêöèè óðàâíåíèÿ (2) ê îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíå-
íèÿì âòîðîãî ïîðÿäêà òèïà Ëüåíàðà. Ïðè ýòîì àíçàö

v = V (t, x, w(s)), x , (x1, . . . , xn)

ðàññìàòðèâàåòñÿ îòäåëüíî â êëàññè÷åñêîì (s = s(t, x)) è íåÿâíîì (s = s(t, x, v))
âàðèàíòàõ [3].

2. C èñïîëüçîâàíèåì íàéäåííûõ ðåäóêöèé ïîñòðîåíû ñåìåéñòâà òî÷íûõ ðåøå-
íèé óðàâíåíèÿ (2), óäîâëåòâîðÿþùèõ êðàåâîìó óñëîâèþ

v(t, x)
∣∣
∂Ω

= 0

ñ íåèçâåñòíîé (ñâîáîäíîé) ãðàíèöåé ∂Ω = {(t, x) : s(t, x) = 0}. Âèä óðàâíåíèÿ
ñâîáîäíîé ãðàíèöû s(t, x) = 0 îïðåäåëÿåòñÿ â ïðîöåññå íàõîæäåíèÿ òî÷íûõ ðå-
øåíèé.
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3. Hood S. On direct, implicit reductions of a nonlinear di�usion equation with an arbitrary
function � generalizations of Clarkson's and Kruskal's method // IMA J. Appl. Math.
2000. V. 64, No. 3. P. 223�244.
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Î ÃÅÎÌÅÒÐÈ×ÅÑÊÎÌ ÌÅÒÎÄÅ ÏÎÑÒÐÎÅÍÈß
ÐÅØÅÍÈÉ ÇÀÄÀ×È ÐÈÌÀÍÀ ÄËß ÎÄÍÎÃÎ ÊËÀÑÑÀ

ÑÈÑÒÅÌ ÇÀÊÎÍÎÂ ÑÎÕÐÀÍÅÍÈß

Ïàëèí Â.Â.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; grey_stranger84@mail.ru

Ðàññìàòðèâàåòñÿ çàäà÷à Ðèìàíà äëÿ ñèñòåìû çàêîíîâ ñîõðàíåíèÿ

Ut + (F (U))x = 0, U |t=0 = U− + (U+ − U−)θ(x),

ãäå U(t, x) � íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ, U− è U+ � çàäàííûå ïîñòîÿííûå âåê-

òîðû, θ(x)�ôóíêöèÿ Õåâèñàéäà. Â ñëó÷àå, êîãäà ìàòðèöàDF (U) =
(
∂Fi

∂Uj

)
èìååò

ïîëíûé áàçèñ èç âåùåñòâåííûõ ñîáñòâåííûõ âåêòîðîâ, à ëåâîå è ïðàâîå íà÷àëü-
íûå ñîñòîÿíèÿ äîñòàòî÷íî áëèçêè, èçâåñòåí [1] ìåòîä ïîñòðîåíèÿ ðåøåíèé. Â äî-
êëàäå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû DF (U)
âåùåñòâåííû, íî íà íåêîòîðîì êðèòè÷åñêîì ìíîãîîáðàçèè Σ â ôàçîâîì ïðîñòðàí-
ñòâå ó ìàòðèöûDF (U) âîçíèêàåò ïðèñîåäèíåííûé âåêòîð. Ê çàäà÷àì òàêîãî òèïà
îòíîñèòñÿ, íàïðèìåð, äâóõêîìïîíåíòíàÿ ìîäèôèêàöèÿ ñèñòåìû óðàâíåíèé ìåë-
êîé âîäû: 

ϕt + ux = 0,
ut + ( 12u

2 + ϕ)x = 0,
wt + ( 12w

2 + 1
c0
ϕ)x = 0,

ãäå c0 � çàäàííàÿ êîíñòàíòà.
Îïðåäåëåíèå. Ñèñòåìû çàêîíîâ ñîõðàíåíèÿ, äëÿ êîòîðûõ ìàòðèöà DF (U)

èìååò ïîëíûé áàçèñ èç âåùåñòâåííûõ ñîáñòâåííûõ âåêòîðîâ, áóäåì íàçûâàòü ãè-
ïåðáîëè÷åñêèìè ïî Ôðèäðèõñó, à òå ñèñòåìû çàêîíîâ ñîõðàíåíèÿ, äëÿ êîòîðûõ
âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû DF (U) âåùåñòâåííû � ãèïåðáîëè÷åñêèìè ïî
Ïåòðîâñêîìó.

Áóäåì ðàññìàòðèâàòü êëàññ çàäà÷, ãèïåðáîëè÷åñêèõ ïî Ïåòðîâñêîìó, íî íå
ãèïåðáîëè÷åñêèõ ïî Ôðèäðèõñó, äëÿ êîòîðûõ ìàòðèöà DF (U) èìååò áëî÷íûé
âèä, ò. å.

∂Fj(U)

∂Un
= 0, j < n, Fn(U) = G(U1, . . . , Un−1) + Φ(Un).

Òîãäà çàäà÷à Ðèìàíà äëÿ ñèñòåìû çàêîíîâ ñîõðàíåíèÿ äîïóñêàåò ðàñùåïëåíèå è
â ñëó÷àå áëèçêèõ ëåâîãî è ïðàâîãî íà÷àëüíûõ ñîñòîÿíèé ñâîäèòñÿ ê çàäà÷å äëÿ
ôóíêöèè Un:

∂Un
∂t

+
∂

∂x

(
Φ(Un) + f(

x

t
)
)
= 0, Un|t=0 = U−

n + (U+
n − U−

n )θ(x),

ãäå f(xt ) � ðàçðûâíàÿ ôóíêöèÿ, åñëè íà÷àëüíûì ñîñòîÿíèÿì ñîîòâåòñòâóåò õîòÿ
áû îäíà óäàðíàÿ âîëíà èëè êîíòàêòíûé ðàçðûâ. Äëÿ ïîñòðîåíèÿ îáîáùåííîãî
êóñî÷íî-ãëàäêîãî ðåøåíèÿ ïîñëåäíåé çàäà÷è ïðåäëàãàåòñÿ íîâûé ìåòîä.

ËÈÒÅÐÀÒÓÐÀ

1. Ëàêñ Ï.Ä. Ãèïåðáîëè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ.
Èæåâñê: ÍÈÖ �ÐÕÄ�, 2010.
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ÐÅÎËÎÃÈß ÌÀÒÅÐÈÀËÀ ÑÒÅÍÊÈ ÖÅÐÅÁÐÀËÜÍÛÕ
ÀÍÅÂÐÈÇÌ � ÝÊÑÏÅÐÈÌÅÍÒÛ, ÌÎÄÅËÈÐÎÂÀÍÈÅ

È ÑÒÀÒÈÑÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ

Ïàðøèí Ä.Â.1,2, Ëèïîâêà À.È.1,2, Þíîøåâ À.Ñ.1,2,

Äóáîâîé À.Â.3, ×óïàõèí À.Ï.1,2

1Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; parshin@hydro.nsc.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
3Ôåäåðàëüíûé öåíòð íåéðîõèðóðãèè, Íîâîñèáèðñê, Ðîññèÿ

Íà ïðîòÿæåíèè ïîñëåäíåãî äåñÿòèëåòèÿ ïàòîëîãèè ñåðäå÷íî-ñîñóäèñòîé ñè-
ñòåìû îñòàþòñÿ ñàìîé ðàñïðîñòðàíåííîé ïðè÷èíîé ñìåðòíîñòè íàñåëåíèÿ. Îä-
íîé èç òàêèõ ïàòîëîãèé ÿâëÿåòñÿ àíåâðèçìà ãîëîâíîãî ìîçãà èëè öåðåáðàëüíàÿ
àíåâðèçìà (ÖÀ) � âûïÿ÷èâàíèå ñòåíêè ñîñóäà. Åå ðàçðûâ âëå÷¼ò çà ñîáîé êðàéíå
òÿæåëûå ïîñëåäñòâèÿ � ëåòàëüíûé èñõîä â 30% ñëó÷àåâ èëè òÿæåëûå íåâðîëîãè-
÷åñêèå íàðóøåíèÿ. Ïî ñòàòèñòèêå â ñðåäíåì ó 1 èç 50 ÷åëîâåê åñòü öåðåáðàëüíàÿ
àíåâðèçìà, îäíàêî ðèñê å¼ ðàçðûâà äîñòàòî÷íî íèçîê (1 èç 200) è ñîïîñòàâèì
ñ ðèñêîì ðàçâèòèÿ ïîñòîïåðàöèîííûõ îñëîæíåíèé. Ïîýòîìó äëÿ õèðóðãà âàæ-
íî ïîíèìàòü âåðîÿòíîñòü ðàçðûâà àíåâðèçìû äëÿ êàæäîãî êîíêðåòíîãî ñëó÷àÿ,
÷òîáû ñóìåòü íàçíà÷èòü íàèáîëåå ïîäõîäÿùåå ëå÷åíèå.

Íà äàííûé ìîìåíò, íåñìîòðÿ íà ìíîæåñòâî èññëåäîâàíèé â ýòîé îáëàñòè, ìå-
õàíèçì âîçíèêíîâåíèÿ è ðàçðûâà àíåâðèçìû îñòà¼òñÿ íåÿñåí. Îäíèì èç ïîäõîäîâ,
äàþùèì âîçìîæíîñòü ïîëó÷èòü ïðåäñòàâëåíèå î õàðàêòåðå ïðîòåêàþùèõ èçìå-
íåíèé â òêàíÿõ, ÿâëÿåòñÿ ÷èñëåííîå è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ñòåíîê ñî-
ñóäîâ è àíåâðèçìû. Òàêîå ìîäåëèðîâàíèå ìîæåò â ïåðñïåêòèâå äàòü õèðóðãàì
èíñòðóìåíò äëÿ ôîðìèðîâàíèÿ òàêòèêè ëå÷åíèÿ.

Ñòðîåíèå ñòåíêè öåðåáðàëüíîé àíåâðèçìû ñèëüíî îòëè÷àåòñÿ îò çäîðîâîãî ñî-
ñóäà è ÿâëÿåòñÿ áîëåå ñëîæíûì, òàê êàê ÷àñòü ñëîåâ òêàíè äåãðàäèðóåò, à îñòàâ-
øèåñÿ èìåþò íåóïîðÿäî÷åííóþ ìíîãîñëîéíóþ ñòðóêòóðó. Ñ ýòèì ñâÿçàíû ñëîæ-
íîñòè â ìîäåëèðîâàíèè ïîäîáíîé ïàòîëîãè÷åñêîé ñîñóäèñòîé òêàíè. Èçâåñòíî,
÷òî ïðè ðàñòÿæåíèè òêàíåé îñíîâíàÿ íàãðóçêà ïðèõîäèòñÿ íà ýëàñòèí è êîëëà-
ãåíîâûå âîëîêíà ñòåíêè êóïîëà àíåâðèçìû.

Äëÿ ïîñòðîåíèÿ ìîäåëè íàìè ïðåäâàðèòåëüíî áûëè ïðîâåäåíû ýêñïåðèìåí-
òû ïî îäíîîñíîìó íàãðóæåíèþ îáðàçöîâ 8-ìè àíåâðèçì, à òàêæå òêàíè çäîðîâîé
öåðåáðàëüíîé àðòåðèè íà ðàçðûâíîé ìàøèíå Zwick&Roell Z10. Íà îñíîâå ïîëó-
÷åííûõ ýêñïåðèìåíòàëüíûõ äàííûõ áûë ïðîâåä¼í àíàëèç âîçíèêàþùèõ âîçìóùå-
íèé � ñêà÷êîâ íà stress-strain äèàãðàììàõ, è èçó÷åíî ïðåäïîëîæåíèå, ÷òî âîçíè-
êàþùèå ñêà÷êè ÿâëÿþòñÿ ñëåäñòâèåì ïîñëåäîâàòåëüíîãî ðàçðûâà ñëî¼â ýëàñòèíà.
Ïðîâåä¼í àíàëèç ðàñïðåäåëåíèÿ àìïëèòóä ñêà÷êîâ â çàâèñèìîñòè îò ñòàòóñà àíå-
âðèçìû, êîòîðûé ïîäòâåðæäàåò ãèïîòåçó î ôèçè÷åñêè îáóñëîâëåííîì õàðàêòåðå
ñêà÷êîâ.

Êðîìå òîãî, äëÿ êàæäîãî ýòàïà ýêñïåðèìåíòà áûëè ïîñòðîåíû 3 è 5 ïàðàìåò-
ðè÷åñêèå ìîäåëè Ìóíè � Ðèâëèíà, ìîäåëü Éî è ìîäåëü Íåî-Ãóêà. Ïðîâåä¼í ñòà-
òèñòè÷åñêèé àíàëèç êîýôôèöèåíòîâ ìîäåëåé è çíà÷åíèé ïðåäåëüíîãî íàïðÿæå-
íèÿ è äåôîðìàöèè äëÿ äâóõ êîãîðò àíåâðèçì: ðàçîðâàâøèõñÿ è íåðàçîðâàâøèõñÿ.
Îáîçíà÷åíû ïðåèìóùåñòâà êàæäîé èç ðàññìîòðåííûõ ìîäåëåé äëÿ ìîäåëèðîâà-
íèÿ òêàíè àíåâðèçìû îïðåäåëåííîãî ñòàòóñà â ñëó÷àå ñïåöèôè÷åñêèõ âîçìîæíûõ
äåôîðìàöèé òêàíåé (ìàëûå, ñðåäíèå, áîëüøèå).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðàâèòåëüñòâà ÐÔ (ïðîåêò � 14.W03.31.0002).
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ÐÅØÅÍÈÅ ÎÁÐÀÒÍÛÕ ÇÀÄÀ× ÀËÃÎÐÈÒÌÀÌÈ
ÍÀ ÎÑÍÎÂÅ ÀÍÑÀÌÁËÅÉ ÐÅØÅÍÈÉ

ÑÎÏÐßÆÅÍÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ïåíåíêî À.Â.1,2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
aleks@ommgp.sscc.ru

Â ðàáîòå èçó÷àåòñÿ ïîäõîä ê ðåøåíèþ îáðàòíûõ çàäà÷, ïðåäëîæåííûé
Ã.È. Ìàð÷óêîì [1] è ñîñòîÿùèé â òîì, ÷òî äëÿ êàæäîãî ýëåìåíòà äàííûõ èçìå-
ðåíèé ðåøàåòñÿ ñîïðÿæåííàÿ çàäà÷à, è çàòåì èç ïîëó÷åííîãî àíñàìáëÿ ðåøåíèé
ñîïðÿæåííûõ óðàâíåíèé ñòðîèòñÿ îïåðàòîð ÷óâñòâèòåëüíîñòè. Îïåðàòîðû ÷óâ-
ñòâèòåëüíîñòè ïîçâîëÿþò ïðåîáðàçîâàòü îáðàòíóþ çàäà÷ó, ñôîðìóëèðîâàííóþ â
âèäå ñèñòåìû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ê êâàçèëèíåéíîìó îïå-
ðàòîðíîìó óðàâíåíèþ. Äëÿ åãî ðåøåíèÿ ïðèìåíÿåòñÿ àëãîðèòì òèïà Íüþòîíà �
Êàíòîðîâè÷à ñ èñïîëüçîâàíèåì r-îáðàòíûõ îïåðàòîðîâ. Äëÿ ðàáîòû ñ äàííûìè
òèïà èçîáðàæåíèé ðåøåíèå ñîïðÿæ¼ííûõ çàäà÷ äëÿ êàæäîãî ïèêñåëÿ èçîáðà-
æåíèÿ ìîæåò áûòü çàòðóäíèòåëüíûì ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ. Ïîýòîìó
ñíà÷àëà íåîáõîäèìî ïðîâåñòè èõ ðåäóêöèþ ê îòíîñèòåëüíî íåáîëüøîìó ÷èñëó
ïàðàìåòðîâ.

Ðàññìàòðèâàþòñÿ îáðàòíûå çàäà÷è äëÿ ìîäåëåé àäâåêöèè�äèôôóçèè�ðåàê-
öèè ñ ïðèëîæåíèåì ê çàäà÷àì õèìèè àòìîñôåðû è áèîëîãèè ðàçâèòèÿ. Èñêîìûìè
ÿâëÿþòñÿ ïðàâûå ÷àñòè óðàâíåíèé [2, 3] è êîýôôèöèåíòû ìîäåëåé [4]. Â êà÷åñòâå
äàííûõ èçìåðåíèé ìû ðàññìàòðèâàåì êàê òî÷å÷íûå èçìåðåíèÿ çíà÷åíèé ôóíê-
öèè ñîñòîÿíèÿ ìîäåëè [5], òàê è äàííûå òèïà èçîáðàæåíèé: âðåìåííûå ðÿäû [3, 4]
è �ñíèìêè� çíà÷åíèé ôóíêöèè ñîñòîÿíèÿ ìîäåëè [2, 4].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-71-

10184) â ÷àñòè ðàçðàáîòêè àëãîðèòìîâ äëÿ ðàáîòû ñ äàííûìè òèïà èçîáðàæåíèé è

Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 19-07-01135) â ÷àñòè

ðàçðàáîòêè àëãîðèòìîâ äëÿ êîýôôèöèåíòíûõ çàäà÷ ñ äàííûìè òî÷å÷íûõ èçìåðåíèé.
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Ïåíåíêî Â.Â., Öâåòîâà Å.À.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; penenko@sscc.ru

Êà÷åñòâî âîçäóõà â Íîâîñèáèðñêå, Êðàñíîÿðñêå, êàê è âî ìíîãèõ äðóãèõ ñè-
áèðñêèõ è óðàëüñêèõ ãîðîäàõ, îñòàâëÿåò æåëàòü ìíîãî ëó÷øåãî. Ïîýòîìó ïðîáëå-
ìû êà÷åñòâà àòìîñôåðû ðàññìàòðèâàþòñÿ êàê ñàìûå àêòóàëüíûå â ñîöèàëüíîì
ïëàíå çàäà÷è îõðàíû îêðóæàþùåé ñðåäû.

Íàøè èññëåäîâàíèÿ ïîñâÿùåíû ñîçäàíèþ ìàòåìàòè÷åñêèõ ìîäåëåé, ìåòîäîâ
è àëãîðèòìîâ äëÿ èõ ðåàëèçàöèè, à òàêæå òåõíîëîãèé ìàòåìàòè÷åñêîãî ìîäå-
ëèðîâàíèÿ, ÷òîáû ñ ïîìîùüþ âèðòóàëüíûõ ÷èñëåííûõ ýêñïåðèìåíòîâ ñ èñïîëü-
çîâàíèåì ñóïåðÝÂÌ ïîëó÷èòü îòâåòû íà øèðîêèé ñïåêòð âîïðîñîâ, êàñàþùèõñÿ
îõðàíû îêðóæàþùåé ñðåäû, òàêèõ êàê îöåíêà êà÷åñòâåííîãî ñîñòàâà àòìîñôåðû,
åãî èçìåí÷èâîñòü ïðè ðàçëè÷íûõ ñî÷åòàíèÿõ ïîãîäíûõ ôàêòîðîâ, åñòåñòâåííûõ
è òåõíîãåííûõ âîçäåéñòâèé, äåéñòâåííîñòü ïðèðîäîîõðàííûõ ñòðàòåãèé è ò. ä.

Äëÿ äîñòèæåíèÿ ýòèõ öåëåé ìû ðàçâèâàåì ìàòåìàòè÷åñêóþ êîíöåïöèþ ïðèðî-
äîîõðàííîãî ïðîãíîçèðîâàíèÿ è ïðîåêòèðîâàíèÿ, ðàçðàáàòûâàåìóþ â ÈÂÌèÌÃ
ÑÎ ÐÀÍ, â òîì ÷èñëå è ñ îðèåíòàöèåé íà ðåøåíèå ïðîáëåì, âîçíèêàþùèõ â ãîðîä-
ñêèõ àãëîìåðàöèÿõ. Êîíöåïöèÿ îñíîâàíà íà ïðèìåíåíèè âàðèàöèîííîãî ïîäõîäà
è ñîâìåñòíîì èñïîëüçîâàíèè ìîäåëåé ãèäðîòåðìîäèíàìèêè, õèìèè àòìîñôåðû è
äàííûõ íàáëþäåíèé [1]. Îñíîâíîå ïðåèìóùåñòâî íàøåãî ïîäõîäà � ïîñòðîåíèå
ñîãëàñîâàííûõ àïïðîêñèìàöèé ïðÿìûõ è ñîïðÿæåííûõ çàäà÷ ðàçíîìàñøòàáíûõ
ïðîöåññîâ è ðàçðàáîòêà ÷èñëåííûõ àëãîðèòìîâ, îáëàäàþùèõ ñâîéñòâàìè ìîíî-
òîííîñòè, òðàíñïîðòèâíîñòè, óñòîé÷èâîñòè è äîñòàòî÷íîé äëÿ òàêèõ çàäà÷ òî÷íî-
ñòè. Â ÷àñòíîñòè, äëÿ îïåðàòîðîâ êîíâåêöèè�äèôôóçèè�ðåàêöèè, êîòîðûå ÿâëÿ-
þòñÿ îñíîâíûìè â çàäà÷àõ ðàññìàòðèâàåìîãî êëàññà, ñ ïîìîùüþ âàðèàöèîííîé
ìåòîäèêè è ôóíäàìåíòàëüíîé êîíöåïöèè ñîïðÿæåííûõ èíòåãðèðóþùèõ ìíîæè-
òåëåé ìû ïîñòðîèëè äèñêðåòíî-àíàëèòè÷åñêèå ÷èñëåííûå ñõåìû [2]. Ýòè ñõåìû,
êðîìå �àíàëèòè÷åñêîé� òî÷íîñòè â êëàññå çàäà÷ ñ êóñî÷íî-ïîñòîÿííûìè êîýôôè-
öèåíòàìè â ïðåäåëàõ îäíîãî øàãà ñåòî÷íîé îáëàñòè, îáåñïå÷èâàþò òî÷íûé ó÷åò
êðàåâûõ óñëîâèé ïåðâîãî, âòîðîãî è òðåòüåãî ðîäà, à òàêæå óñëîâèé ïåðèîäè÷-
íîñòè. Êðîìå ñàìîãî ðåøåíèÿ, àëãîðèòì ïîçâîëÿåò îäíîâðåìåííî âû÷èñëèòü åãî
ïðîèçâîäíûå íà ãðàíèöàõ èíòåðâàëîâ äåêîìïîçèðîâàííîé îáëàñòè. Íàøè ïîäõî-
äû äîñòàòî÷íî óíèâåðñàëüíû, ïîýòîìó ðàçðàáàòûâàåìûå ìåòîäû è àëãîðèòìû
ìîãóò èñïîëüçîâàòüñÿ äëÿ øèðîêîãî ñïåêòðà çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè.

Ðàáîòà â ÷àñòè ðàçâèòèÿ áàçîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé âûïîëíÿåòñÿ â ðàìêàõ

òåìû ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ � 0315-2016-0004, à ïðîâåäåíèå èñ-

ñëåäîâàíèé äëÿ ãîðîäñêèõ àãëîìåðàöèé îñóùåñòâëÿåòñÿ ïðè ïîääåðæêå Ðîññèéñêîãî

ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 17-01-00137).

ËÈÒÅÐÀÒÓÐÀ

1. Ïåíåíêî Â.Â., Ïåíåíêî À.Â., Öâåòîâà Å.À. Âàðèàöèîííûé ïîäõîä ê èññëåäîâàíèþ
ïðîöåññîâ ãåîôèçè÷åñêîé ãèäðîòåðìîäèíàìèêè ñ óñâîåíèåì äàííûõ íàáëþäåíèé //
Ïðèêë. ìåõàíèêà è òåõí. ôèçèêà 2017. Ò. 58, � 5 (345). Ñ. 17�25.

2. Penenko V.V., Tsvetova E.A., Penenko A.V. Variational approach and Euler's integ-
rating factors for environmental studies // Comput. Math. Appl. 2014. V. 67, No. 12.
P. 2240�2256.

180



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÒÅÎÐÈß ÍÅÎÒÐÈÖÀÒÅËÜÍÛÕ ÌÀÒÐÈÖ
ÏÅÐÐÎÍÀ � ÔÐÎÁÅÍÈÓÑÀ È ÎÖÅÍÊÈ

ÌÀÒÐÈ×ÍÎÉ (ÎÏÅÐÀÒÎÐÍÎÉ) ÝÊÑÏÎÍÅÍÒÛ

Ïåðîâ À.È.1, Êîñòðóá È.Ä.2, Êëåùèíà Î.È.3
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Ðàññìàòðèâàþòñÿ îöåíêè ìàòðè÷íîé (îïåðàòîðíîé) ýêñïîíåíòû. Ëîãàðèôìè-
÷åñêàÿ íîðìà ìàòðèöû A: ||A||log = lim0<t→0 (||I+ tA|| − ||I||)/t (îíà ìîæåò áûòü
îòðèöàòåëüíà). Èç íåå ïîëó÷àåì îöåíêó ìàòðè÷íîé ýêñïîíåíòû || exp(tA)|| ≤
exp(ta) (0 < t < +∞), a = ||A||log � íàèëó÷øàÿ êîíñòàíòà. Îöåíêà ñïåêòðàëüíîé
àáñöèññû ìàòðèöû A: spa A ≤ ||A||log, åñëè ||A||log < 0, òî A � ãóðâèöåâà. Ñïåê-
òðàëüíàÿ àáñöèññà ìàòðèöû A : spa A = max{Reλ : λ ∈ σ(A)}, σ(A) � ñïåêòð
ìàòðèöû A (ñì. [1�3]). Ôîðìóëû áåç èçìåíåíèÿ ïåðåíîñÿòñÿ íà ñëó÷àé ëèíåéíîãî
îãðàíè÷åííîãî îïåðàòîðà A â áàíàõîâîì ïðîñòðàíñòâå [4].

Ïóñòü Lα � áàíàõîâî ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé ñ ||x||0 = supj |xj |
(α = 0); ||x||α = (

∑
j |xj |1/α)α (0 < α ≤ 1). Â [3, 4] ïðèâåäåíû ôîðìóëû äëÿ ëîãà-

ðèôìè÷åñêîé íîðìû ||A||log äëÿ α = 0; 1; 1/2. Â [5, 6] äàíû îöåíêè ñïåêòðàëüíîé
àáñöèññû ||A||α log ≤ supj{Re ajj+(1−α)

∑
k ̸=j |ajk|+α

∑
k ̸=j |akj |} äëÿ 0 < α < 1.

Àáñîëþòíàÿ ëîãàðèôìè÷åñêàÿ íîðìà: |A|log = lim0<t→0(|I+ tA| − |I|)/t (ñì. [7]).
Åñëè C = |A|log, òî cjj = Re ajj (1 ≤ j ≤ n) è cjk = |ajk| (j ̸= k). Òîãäà |A|log �
âåùåñòâåííàÿ âíåäèàãîíàëüíî íåîòðèöàòåëüíàÿ ìàòðèöà, òåîðèÿ èõ ìîæåò áûòü
âûâåäåíà èç òåîðèè Ïåððîíà � Ôðîáåíèóñà [8]. Ñïðàâåäëèâû ôîðìóëû |etA| ≤ etC

(0 ≤ t < +∞) (âïåðâûå ïîÿâèëàñü â [9]) è spa A ≤ spa C ≤ ||A||log.
Ïóñòü B = B1 ⊕ ...⊕Bn � áàíàõîâî ïðîñòðàíñòâî; I = P1 ⊕ ...⊕Pn è P2

j = Pj ,
PjPk = 0 (j ̸= k). Ëèíåéíûé îãðàíè÷åííûé îïåðàòîð A, ñîãëàñíî ðàçëîæåíèþ,
ïðèâîäèò ê îïåðàòîðíîé ìàòðèöå A = (Ajk), ãäå Ajk : Bk → Bj � ëèíåéíûé
îãðàíè÷åííûé îïåðàòîð: Ajk = Bj |PjAPk|Bk (1 ≤ j, k ≤ n). Îïðåäåëèì ||A|| =
(||Ajk||) è A = ||A||; A log = lim0<t→0( I+ tA − I )/t. Åñëè C = A log, òî
cjj = ||Ajj ||log (1 ≤ j ≤ n); cjk = ||Ajk|| (j ̸= k). Ñïðàâåäëèâû îöåíêè etA ≤ etC

(0 ≤ t < +∞) è spa A ≤ spa C ≤ ||A||log (ñì. [10]).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 19-01-00732).
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàíèåì

dx(t)

dt
= f(t, xt)− (µ+ g(t, xt))x(t), t > 0, (1)

x(t) = ψ(t), t ∈ Iω = [−ω, 0]. (2)

Â óðàâíåíèÿõ ñèñòåìû (1) è íà÷àëüíûõ óñëîâèÿõ (2) ïðèíÿòî, ÷òî

x(t) = (x1(t), . . . , xm(t))T , ψ(t) = (ψ1(t), . . . , ψm(t))T ,

f(t, xt) = (f1(t, xt), . . . , fm(t, xt))
T ,

g(t, xt) = diag
(
g1(t, xt), . . . , gm(t, xt)

)
, µ = diag

(
µ1, . . . , µm

)
,

ãäå x(t) � èñêîìàÿ ôóíêöèÿ, xt : Iω → Rm � çàïàçäûâàþùàÿ ïåðåìåííàÿ, îïðå-
äåëåííàÿ ïî ïðàâèëó: xt(θ) = x(t+ θ), θ ∈ Iω, t > 0, ψ(t) � íåïðåðûâíàÿ íà÷àëü-
íàÿ ôóíêöèÿ ñ íåîòðèöàòåëüíûìè êîìïîíåíòàìè, fi(t, xt), gi(t, xt) � íåêîòîðûå
îòîáðàæåíèÿ, µi = const > 0, 1 6 i 6 m. Â óðàâíåíèÿõ ñèñòåìû (1) ïîä dx(t)/dt
ïîíèìàåòñÿ ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ (ïî-êîìïîíåíòíî). Çàäà÷à Êîøè (1), (2)
âîçíèêàåò ïðè ðàçðàáîòêå ìàòåìàòè÷åñêèõ ìîäåëåé æèâûõ ñèñòåì.

Ðåøåíèåì çàäà÷è Êîøè (1), (2) íà ïðîìåæóòêå [0,∞) áóäåì íàçûâàòü ôóíê-
öèþ x(t), íåïðåðûâíóþ íà ïðîìåæóòêå Iω ∪ [0,∞), èìåþùóþ íåïðåðûâíóþ ïðî-
èçâîäíóþ íà ïðîìåæóòêå [0,∞), óäîâëåòâîðÿþùóþ íà÷àëüíîìó óñëîâèþ (2) è
óðàâíåíèÿì ñèñòåìû (1) äëÿ âñåõ t ∈ [0,∞).

Â ðàáîòå ïðèâåäåíû áàçîâûå è äîïîëíèòåëüíûå óñëîâèÿ îòíîñèòåëüíî îòîáðà-
æåíèÿ f(t, xt) è äèàãîíàëüíîé ìàòðèöû g(t, xt), îáåñïå÷èâàþùèõ ñóùåñòâîâàíèå,
åäèíñòâåííîñòü è íåîòðèöàòåëüíîñòü (ïî-êîìïîíåíòíî) ðåøåíèÿ x(t) çàäà÷è Êî-
øè (1), (2) íà ïðîìåæóòêå [0,∞).

Íà îñíîâå ïðåäïîëîæåíèÿ îòíîñèòåëüíî ëèíåéíîé ìàæîðèðóåìîñòè f(t, xt) ïî
îäíîé ÷àñòè êîìïîíåíò è îãðàíè÷åííîñòè f(t, xt) ïî îñòàâøåéñÿ ÷àñòè êîìïîíåíò
ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ äëÿ ðåøåíèÿ x(t) çàäà÷è Êîøè (1), (2) èìåþò
ìåñòî îöåíêè

0 6 xi(t) 6 ci e
−r t, 1 6 i 6 k, (3)

0 6 xj(t) 6 pj/µj , k + 1 6 j 6 m, t ∈ [0,∞), (4)

ãäå r > 0, ci > 0, pj > 0 � íåêîòîðûå êîíñòàíòû, 1 6 i 6 k, k + 1 6 j 6 m. Êîí-
ñòàíòû r, ci, 1 6 i 6 k, íàõîäÿòñÿ êàê ðåøåíèå íåëèíåéíîé ñèñòåìû íåðàâåíñòâ,
ïîñòðîåííîé íà îñíîâå ïðåäïîëîæåíèÿ îòíîñèòåëüíî ëèíåéíîé ìàæîðèðóåìîñòè
f(t, xt) ïî ÷àñòè êîìïîíåíò.

Ïðåäñòàâëåíû ïðèìåðû ìàòåìàòè÷åñêèõ ìîäåëåé æèâûõ ñèñòåì â ôîðìå çà-
äà÷è Êîøè (1), (2), äëÿ ðåøåíèé êîòîðûõ ñïðàâåäëèâû îöåíêè (3), (4): ðàñïðî-
ñòðàíåíèå ýïèäåìèè â èçîëèðîâàííîì ðåãèîíå, äèíàìèêà ÂÈ×-1 èíôåêöèè â îð-
ãàíèçìå ÷åëîâåêà, ïðîöåññ êðîâåòâîðåíèÿ â óñëîâèÿõ àïëàçèè êîñòíîãî ìîçãà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-29-10086).
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Ê ÂÎÏÐÎÑÓ Î ÐÎÁÀÑÒÍÎÉ
ÓÏÐÀÂËßÅÌÎÑÒÈ ÍÅÑÒÀÖÈÎÍÀÐÍÛÌÈ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-ÀËÃÅÁÐÀÈ×ÅÑÊÈÌÈ

ÓÐÀÂÍÅÍÈßÌÈ

Ïåòðåíêî Ï.Ñ.

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ
èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ; petrenko_p@mail.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà

A(t)x′(t) +B(t)x(t) + U(t)u(t) = 0, t ∈ I = [0,+∞), (1)

ãäå A(t) ∈ Rn×n, B(t) ∈ Rn×n, U(t) ∈ Rn×l � çàäàííûå ìàòðèöû, ïðè÷åì detA(t)
≡ 0; x(t) ∈ Rn � íåèçâåñòíàÿ ôóíêöèÿ ñîñòîÿíèÿ ñèñòåìû, u(t) ∈ Rl � óïðàâëÿ-
þùåå âîçäåéñòâèå. Òàêèå ñèñòåìû ïðèíÿòî íàçûâàòü äèôôåðåíöèàëüíî-àëãåáðà-
è÷åñêèìè óðàâíåíèÿìè (ÄÀÓ). Ìåðîé íåðàçðåøåííîñòè ÄÀÓ (1) îòíîñèòåëüíî
ïðîèçâîäíûõ ñëóæèò öåëî÷èñëåííàÿ âåëè÷èíà, íàçûâàåìàÿ èíäåêñîì (íåðàçðå-
øåííîñòè) ñèñòåìû.

Èññëåäóåòñÿ ðîáàñòíàÿ óïðàâëÿåìîñòü ÄÀÓ [1]. Ïóñòü ñèñòåìà (1) ïîëíîñòüþ
(R- èëè äèôôåðåíöèàëüíî (ñì. [1�3])) óïðàâëÿåìà íà íåêîòîðîì îòðåçêå T ⊂ I.
Çàäà÷à ðîáàñòíîé óïðàâëÿåìîñòè çàêëþ÷àåòñÿ â íàõîæäåíèè óñëîâèé, ïðè êîòî-
ðûõ âîçìóùåííàÿ ñèñòåìà

A(t)x′(t) + (B(t) + ∆B(t))x(t) + (U(t) + ∆U (t))u(t) = 0

îñòàíåòñÿ ïî-ïðåæíåìó ïîëíîñòüþ (R- èëè äèôôåðåíöèàëüíî) óïðàâëÿåìîé íà
ýòîì îòðåçêå. Çäåñü ∆B(t) è ∆U (t) � íåèçâåñòíûå ìàòðèöû (ìàòðèöû âîçìóùå-
íèÿ), êîòîðûå óäîâëåòâîðÿþò íåêîòîðûì óñëîâèÿì ìàëîñòè íà T .

Àíàëèç ïðîâîäèòñÿ â ïðåäïîëîæåíèè ñóùåñòâîâàíèÿ ëèíåéíîãî äèôôåðåíöè-
àëüíîãî îïåðàòîðà âèäà

R = R0(t) +R1(t)
d

dt
+ . . .+Rr(t)

(
d

dt

)r
, (2)

êîòîðûé îáëàäàåò ëåâûì îáðàòíûì íà I (çäåñü r � èíäåêñ ÄÀÓ). Îïåðàòîð (2)
ïðåîáðàçóåò ÄÀÓ (1) ê ñòðóêòóðíîé ôîðìå ñ ðàçäåëåííûìè �àëãåáðàè÷åñêîé� è
�äèôôåðåíöèàëüíîé� ïîäñèñòåìàìè, êîòîðàÿ îáëàäàåò òåìè æå ðåøåíèÿìè íà I,
÷òî è ÄÀÓ (1) [3].

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðîáàñòíîé óïðàâëÿåìîñòè (ïîëíîé, R- è äèô-
ôåðåíöèàëüíîé) ÄÀÓ (1) èíäåêñà íåðàçðåøåííîñòè 1 è 2 ñ íåñòðóêòóðèðîâàííûì
âîçìóùåíèåì (îãðàíè÷åííûìè ïî íîðìå ìàòðèöàìè âîçìóùåíèÿ).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-31-20030).
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Ê ÇÀÄÀ×Å ÂÎÑÑÒÀÍÎÂËÅÍÈß ÌÎÄÅËÜÍÛÕ
ÓÑËÎÂÈÉ Â ÂÀÐÈÀÖÈÎÍÍÎ-ÑÅÒÎ×ÍÎÌ

ÌÅÒÎÄÅ ÃÅÎÊÀÐÒÈÐÎÂÀÍÈß

Ïëàâíèê À. Ã.1,2, Ñèäîðîâ À.Í.3

1Çàïàäíî-Ñèáèðñêèé ôèëèàë Èíñòèòóòà íåôòåãàçîâîé ãåîëîãèè è ãåîôèçèêè
èì. À.À. Òðîôèìóêà ÑÎ ÐÀÍ, Òþìåíü, Ðîññèÿ;

2Òþìåíñêèé èíäóñòðèàëüíûé óíèâåðñèòåò, Òþìåíü, Ðîññèÿ;
plavnikag@ipgg.sbras.ru

3Íàó÷íî-àíàëèòè÷åñêèé öåíòð ðàöèîíàëüíîãî íåäðîïîëüçîâàíèÿ
èì. Â.È. Øïèëüìàíà, Òþìåíü, Ðîññèÿ; sidorov@crru.ru

Ðåøåíèå âîïðîñîâ îïðåäåëåíèÿ ìîäåëüíûõ óñëîâèé íà îñíîâå íàáëþäàåìûõ
äàííûõ âî ìíîãîì çàâèñèò îò ðåàëèçóåìûõ ïîäõîäîâ ê îïèñàíèþ ïðîñòðàíñòâåí-
íûõ çàêîíîìåðíîñòåé. Â âàðèàöèîííî-ñåòî÷íîì ìåòîäå ãåîêàðòèðîâàíèÿ ìîäåëü-
íûå óñëîâèÿ ôîðìóëèðóåòñÿ â äîñòàòî÷íî îáùåé ïîñòàíîâêå � â âèäå óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî. Ñ îäíîé ñòîðîíû ýòî
äàåò âîçìîæíîñòü ðåøåíèÿ øèðîêîãî êðóãà ãåîëîãè÷åñêèõ çàäà÷, ñâÿçàííûõ ñ
êàðòîïîñòðîåíèåì ([1, 2] è äð.). Íî, ñ äðóãîé, ñóùåñòâåííî çàòðóäíÿåò ðåøåíèå
îáðàòíîé çàäà÷è � óñòàíîâëåíèå àíàëèòè÷åñêîãî âèäà çàêîíîìåðíîñòåé, ñîîòâåò-
ñòâóþùèõ èìåþùèìñÿ äàííûì.

Â äàííîé ðàáîòå âîññòàíîâëåíèå ìîäåëüíûõ óñëîâèé â ðàìêàõ âàðèàöèîííî-
ñåòî÷íîãî ìåòîäà ãåîêàðòèðîâàíèÿ ïðåäëàãàåòñÿ îñóùåñòâëÿòü íà îñíîâå îïðåäå-
ëåíèÿ äâóõ èëè áîëåå ñîãëàñîâàííûõ ñ äàííûìè îðòîãîíàëüíûõ ãèïåðïëîñêîñòåé
â ïðîñòðàíñòâå çíà÷åíèé êàðòèðóåìîé ôóíêöèè è åå ÷àñòíûõ ïðîèçâîäíûõ. Îä-
íàêî, íåïîñðåäñòâåííàÿ ðåàëèçàöèÿ òàêîãî ðåøåíèÿ ïðàêòè÷åñêè íå îñóùåñòâèìà
âñëåäñòâèå îòñóòñòâèÿ íåîáõîäèìîé èíôîðìàöèè î çíà÷åíèÿõ ïðîèçâîäíûõ â òî÷-
êàõ íàáëþäåíèÿ.

Â ýòèõ óñëîâèÿõ ïðåäëîæåíî èñïîëüçîâàíèå èòåðàöèîííîãî ïîäõîäà, íà íà-
÷àëüíîì øàãå êîòîðîãî îñóùåñòâëÿåòñÿ êàðòèðîâàíèå ñ ïðèìåíåíèåì àïðèîðíûõ
ìîäåëüíûõ óñëîâèé è îïðåäåëåíèå ïî ïîñòðîåííîé ïîâåðõíîñòè ïåðâîãî ïðèáëè-
æåíèÿ çíà÷åíèé ïðîèçâîäíûõ. Ïîñëåäóþùèå èòåðàöèîííûå öèêëû âêëþ÷àþò:
ðàñ÷åò íîâîãî ïðèáëèæåíèÿ ìîäåëüíûõ óñëîâèé; ðåøåíèå çàäà÷è ãåîêàðòèðîâà-
íèÿ ñ ýòèìè óñëîâèÿìè; îïðåäåëåíèå íîâûõ ïðèáëèæåíèé äëÿ çíà÷åíèé ïðîèç-
âîäíûõ, èñïîëüçóåìûõ â êà÷åñòâå âõîäíûõ äàííûõ íà ñëåäóþùåì øàãå èòåðàöèè.

Ìåòîä àïðîáèðîâàí íà ïðèìåðàõ âîññòàíîâëåíèÿ ìîäåëüíûõ óñëîâèé, ñîîò-
âåòñòâóþùèõ ñåðèè ïåðèîäè÷åñêèõ ðåøåíèé. Ðàñ÷åòû ïîêàçàëè, ÷òî çà íåñêîëü-
êî èòåðàöèé òî÷íîñòü âîññòàíîâëåíèÿ ìîäåëüíûõ óñëîâèé óâåëè÷èâàåòñÿ â ñîòíè
ðàç, à ðåçóëüòèðóþùèå êàðòû ñ èñïîëüçîâàíèåì ïîëó÷åííûõ óðàâíåíèé ïî ñâîå-
ìó âèäó ïðàêòè÷åñêè ñîîòâåòñòâóþò òî÷íûì óæå íà âòîðîé èòåðàöèè â îáëàñòÿõ
ðàñïîëîæåíèÿ òî÷åê ñ ôàêòè÷åñêèìè äàííûìè è íà ÷åòâåðòîé èòåðàöèè äëÿ âñåé
îáëàñòè êàðòèðîâàíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîåêòà ÔÍÈ � 0331-2019-0024.
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ÎÁ ÎÄÍÎÌ ÏÎÄÕÎÄÅ Ê ÐÅØÅÍÈÞ
ÇÀÄÀ×È ÄÈÍÀÌÈ×ÅÑÊÎÉ ÒÎÌÎÃÐÀÔÈÈ

ÏÎ ÂÎÑÑÒÀÍÎÂËÅÍÈÞ 2D ÂÅÊÒÎÐÍÎÃÎ ÏÎËß

Ïîëÿêîâà À.Ï.1, Hahn B.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; apolyakova@math.nsc.ru

2Âþðöáóðãñêèé óíèâåðñèòåò, Âþðöáóðã, Ãåðìàíèÿ;
bernadette.hahn@mathematik.uni-wuerzburg.de

Çàäà÷è òîìîãðàôèè ñòàíîâÿòñÿ äèíàìè÷åñêèìè, åñëè îäíîé èç öåëåé âîññòà-
íîâëåíèÿ èçó÷àåìîãî îáúåêòà ÿâëÿþòñÿ åãî õàðàêòåðèñòèêè, ñóùåñòâåííî èçìå-
íÿþùèåñÿ ñî âðåìåíåì. Ïîäîáíûå ïîñòàíîâêè âîçíèêàþò, íàïðèìåð, â ìåäèöèíå
ïðè èññëåäîâàíèè ñåðäöà èëè ëåãêèõ. Ìåòîäû ðåøåíèÿ çàäà÷ òðàäèöèîííîé òî-
ìîãðàôèè ðàçðàáîòàíû â ïðåäïîëîæåíèè, ÷òî îáúåêò íåïîäâèæåí, ïîýòîìó â äè-
íàìè÷åñêîì ñëó÷àå íàïðÿìóþ îíè íå ïðèìåíèìû, íî òðåáóþò, ïî ìåíüøåé ìåðå,
ñóùåñòâåííîé ìîäèôèêàöèè.

Â ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì âîññòàíîâëåíèÿ äâóìåðíîãî âåêòîðíîãî ïîëÿ,
êîòîðîå âìåñòå ñ íîñèòåëåì èçìåíÿåòñÿ âî âðåìåíè ïî èçâåñòíîìó çàêîíó. Â êà÷å-
ñòâå èñõîäíûõ äàííûõ èñïîëüçóþòñÿ çíà÷åíèÿ ïðîäîëüíîãî ëó÷åâîãî ïðåîáðàçî-
âàíèÿ, èçìåðåííûå âäîëü ïðÿìûõ, ïàðàëëåëüíûõ íàïðàâëåíèþ θ = (cosϕt, sinϕt),
ãäå ϕ � ïîñòîÿííàÿ óãëîâàÿ ñêîðîñòü èñòî÷íèêà èçëó÷åíèÿ, t ∈ [0, T ] � âðåìÿ [1].

Â îñíîâå ïðåäëàãàåìîãî àëãîðèòìà ëåæèò ìåòîä ñèíãóëÿðíîãî ðàçëîæåíèÿ
îïåðàòîðà äèíàìè÷åñêîãî ëó÷åâîãî ïðåîáðàçîâàíèÿ, äåéñòâóþùåãî íà âåêòîðíîå
ïîëå. Êàê è â ñòàöèîíàðíîì ñëó÷àå, äëÿ ïîñòðîåíèÿ áàçèñíûõ âåêòîðíûõ ïîëåé â
èñõîäíîì ïðîñòðàíñòâå èñïîëüçóþòñÿ ãàðìîíè÷åñêèå ïîëèíîìû è ïîëèíîìû ßêî-
áè. Â ïðîñòðàíñòâå îáðàçîâ ëó÷åâîãî ïðåîáðàçîâàíèÿ áàçèñíûå ôóíêöèè ñòðîÿòñÿ
ñ èñïîëüçîâàíèåì ãàðìîíè÷åñêèõ ïîëèíîìîâ è ïîëèíîìîâ Ãåãåíáàóýðà [2�3].

Óñòàíîâëåíà ñâÿçü ìåæäó äèíàìè÷åñêèì ïðåîáðàçîâàíèåì Ðàäîíà ïîòåíöèà-
ëà ñîëåíîèäàëüíîãî âåêòîðíîãî ïîëÿ è äèíàìè÷åñêèì ïðîäîëüíûì ëó÷åâûì ïðå-
îáðàçîâàíèåì ñîëåíîèäàëüíîãî âåêòîðíîãî ïîëÿ, ïîñòðîåííîãî íà îñíîâå ýòîãî
ïîòåíöèàëà. Ïîêàçàíî, ÷òî ïðè îäèíàêîâîì âûáîðå áàçèñíûõ âåêòîðíûõ ïîëåé â
èñõîäíîì ïðîñòðàíñòâå ñèíãóëÿðíûå ÷èñëà îïåðàòîðà ïðîäîëüíîãî ëó÷åâîãî ïðå-
îáðàçîâàíèÿ â ñòàöèîíàðíîì è äèíàìè÷åñêîì ñëó÷àÿõ ñîâïàäàþò.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé è Íåìåöêîãî íàó÷íî-èññëåäîâàòåëüñêîãî îáùåñòâà (ïðîåêò � 19-51-12008).
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Ðàññìàòðèâàåòñÿ ïîñòàíîâêà è ðåøåíèå l-ïðîáëåìû ìîìåíòîâ äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé, ìîäåëèðóþùèõ äèíàìèêó ëèíåéíûõ ñèñòåì äðîá-
íîãî ïîðÿäêà ñ óïðàâëåíèåì. Èçâåñòíî, ÷òî ê äàííîé ïðîáëåìå ìîæåò áûòü ñâå-
äåíà çàäà÷à ïîèñêà îïòèìàëüíîãî óïðàâëåíèÿ, îáëàäàþùåãî ìèíèìàëüíîé íîð-
ìîé ïðè çàäàííîì âðåìåíè óïðàâëåíèÿ, èëè îáåñïå÷èâàþùåì ìèíèìàëüíîå âðå-
ìÿ óïðàâëåíèÿ ïðè çàäàííîì îãðàíè÷åíèè íà íîðìó óïðàâëåíèÿ [1]. Èññëåäóþòñÿ
ñèñòåìû êàê ñ ñîñðåäîòî÷åííûìè, òàê è ñ ðàñïðåäåë¼ííûìè ïàðàìåòðàìè. Àíà-
ëèçèðóþòñÿ îñîáåííîñòè ïîñòàíîâêè è ñâîéñòâà ðåøåíèé l-ïðîáëåìû ìîìåíòîâ,
îáóñëîâëåííûå òèïîì îïåðàòîðîâ äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ.

Ñèñòåìû ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè çàäàíû óðàâíåíèÿìè âèäà:

0D
ρi
t qi(t) = aijqj(t) + bijuj(t) + fi(t), i, j = 1, . . . , N, t ∈ (0, T ], T > 0,

ãäå ôóíêöèè qi(t), ui(t) è fi(t) îïðåäåëÿþò ñîñòîÿíèå, óïðàâëåíèå è âîçìóùåíèå
ñîîòâåòñòâåííî; aij è bij � êîýôôèöèåíòû (âîîáùå ãîâîðÿ, çàâèñÿùèå îò âðå-
ìåíè); ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå. Îïåðàòîð
äðîáíîãî äèôôåðåíöèðîâàíèÿ 0D

ρi
t çäåñü ïîíèìàåòñÿ â ñìûñëå Õèëüôåðà [2],

Ýðäåéè � Êîáåðà [3] èëè Ñàéãî [3], ïðè ýòîì èíäåêñ ρi ÿâëÿåòñÿ ñîñòàâíûì è
âêëþ÷àåò íàáîð ïàðàìåòðîâ ñîîòâåòñòâóþùåãî îïåðàòîðà. Óïðàâëåíèÿ ui(t) ñ÷è-
òàþòñÿ ýëåìåíòàìè ïðîñòðàíñòâà Lp(0, T ], 1 < p ≤ ∞. Äëÿ ðàññìàòðèâàåìûõ
ñèñòåì ïîëó÷åíû óñëîâèÿ, îïðåäåëÿþùèå âîçìîæíîñòü ïîñòàíîâêè è ðàçðåøè-
ìîñòü l-ïðîáëåìû ìîìåíòîâ. Â ðÿäå ñëó÷àåâ ïîñòðîåíû òî÷íûå àíàëèòè÷åñêèå
ðåøåíèÿ äàííîé ïðîáëåìû è èññëåäîâàíû èõ ñâîéñòâà.

Ðàññìàòðèâàþòñÿ òàêæå ñèñòåìû ñ ðàñïðåäåë¼ííûìè ïàðàìåòðàìè, îïèñûâà-
åìûå äèôôóçèîííî-âîëíîâûì óðàâíåíèåì ñ äðîáíîé ïðîèçâîäíîé ïî âðåìåíè:

r(x) 0D
ρ
tQ(x, t) =

∂

∂x

[
w(x)

∂Q(x, t)

∂x

]
− q(x)Q(x, t)

+f(x, t) + u(x, t), t ≥ 0, x ∈ [0, L],

ãäå Q(x, t) � ñîñòîÿíèå ñèñòåìû, f(x, t) � âîçìóùåíèå, u(x, t) � ðàñïðåäåë¼ííîå
óïðàâëåíèå. Ôóíêöèè r(x) > 0, w(x) > 0 è q(x) ñ÷èòàþòñÿ íåïðåðûâíûìè íà îò-
ðåçêå [0, L]. Îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ çäåñü ïîíèìàåòñÿ â ñìûñëå
Õèëüôåðà [2]. Äëÿ òàêèõ ñèñòåì ñôîðìóëèðîâàíà áåñêîíå÷íîìåðíàÿ l-ïðîáëåìà
ìîìåíòîâ, ïîëó÷åíû óñëîâèÿ å¼ ïîñòàíîâêè è ðàçðåøèìîñòè, à òàêæå ïîñòðîåíû
ïðèáëèæ¼ííûå àíàëèòè÷åñêèå ðåøåíèÿ ïîñòàâëåííîé ïðîáëåìû è èññëåäîâàíû
èõ ñâîéñòâà.
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Ïîñòíîâà Å.À.
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Â ðàáîòå ïðîâåäåíî ÷èñëåííîå ðåøåíèå çàäà÷è ïîäâèæíîãî óïðàâëåíèÿ äëÿ
ñèñòåì äðîáíîãî ïîðÿäêà, à èìåííî èññëåäîâàëîñü ïîâåäåíèå ñèñòåì, îïèñûâàå-
ìûõ óðàâíåíèÿìè òèïà óðàâíåíèÿ äèôôóçèè:

0D
α
t Q(x, t) = K

∂2Q(x, t)

∂x2
+ f(x, t) + u(x, t), t > 0, 0 < x < L,

ãäå ôóíêöèè Q(x, t) ∈ AC((0, T ]×(0, L]) è u(x, t) ∈ Lp(0, T ], p > 1, îïðåäåëÿþò ñî-
ñòîÿíèå è óïðàâëåíèå ñèñòåìû ñîîòâåòñòâåííî; f(x, t) � âîçìóùàþùàÿ ôóíêöèÿ;
K � êîýôôèöèåíò äèôôóçèè; 0D

α
t � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ

Êàïóòî [1] ïîðÿäêà α, 0 < α < 1. Ïðè ýòîì íà÷àëüíîå è êîíå÷íîå óñëîâèÿ çàäà-
âàëèñü ñëåäóþùèì îáðàçîì:

Q(x, 0) = Q0(x), Q(x, T ) = Q∗(x), T > 0.

Â ñëó÷àå ïîäâèæíîãî óïðàâëåíèÿ u(x, t) áóäåò èìåòü ñëåäóþùèé âèä:

u(x, t) = I(t)ψ[x− x0(t), σ(t)],

ãäå ôóíêöèÿ I(t) ∈ Lp[0, T ] îïðåäåëÿåò èíòåíñèâíîñòü óïðàâëÿþùåãî âîçäåé-
ñòâèÿ; ôóíêöèÿ ψ[x − x0(t), σ(t)] îòâå÷àåò çà ôîðìó ïðîñòðàíñòâåííîãî ðàñïðå-
äåëåíèÿ óïðàâëÿþùåãî âîçäåéñòâèÿ, ïðè ýòîì σ(t) ÿâëÿåòñÿ ïàðàìåòðîì ôîðìû
ðàñïðåäåëåíèÿ, à x0(t) ∈ Lp[0, T ], 1 < p < ∞, çàäà¼ò çàêîí äâèæåíèÿ óïðàâëÿþ-
ùåãî âîçäåéñòâèÿ.

Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñòàâèòñÿ àíàëîãè÷íî ñëó÷àþ ñèñòåì ñ ñî-
ñðåäîòî÷åííûìè ïàðàìåòðàìè [2], ãäå îòëè÷èå çàêëþ÷àåòñÿ ëèøü â îïðåäåëåíèè
óïðàâëÿþùåãî âîçäåéñòâèÿ.

Çàäà÷à ïîäâèæíîãî óïðàâëåíèÿ ñâåäåíà ê íåëèíåéíîé áåñêîíå÷íîìåðíîé ïðî-
áëåìå ìîìåíòîâ ñëåäóþùåãî âèäà:

T∫
0

gn(t, T )I(t)Xn[x0(t)]dt = Q∗
n −Q0nEα(−µnTα),

ãäå gn(t, T ) = −µnEα,α[−µn(T − t)α](T − t)α−1; Xn[x0(t)] è µn � ñîáñòâåííûå
ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è, Qn è Q0n �
êîýôôèöèåíòû ðàçëîæåíèÿ ñîîòâåòñòâóþùèõ âåëè÷èí ïî ñèñòåìå ñîáñòâåííûõ
ôóíêöèé.

Äëÿ ïîñòàâëåííîé ïðîáëåìû ìîìåíòîâ èññëåäîâàíî ïðèáëèæåííîå ðåøåíèå.
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1Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà,
Ìîñêâà, Ðîññèÿ; prilepko.ai@yandex.ru

2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé ÿäåðíûé óíèâåðñèòåò �ÌÈÔÈ�,
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Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω ∈ C2. Ðàññìàòðèâàåòñÿ
îáðàòíàÿ çàäà÷à íàõîæäåíèÿ ïàðû ôóíêöèé {u(x, t); f(x)} èç óñëîâèé:

ρ(x)ut −∆u− c(x)u = h(x, t)f(x) + g(x, t), (x, t) ∈ Q := Ω× (0, T ), (1)

u(x, 0) = u0(x), x ∈ Ω, u(x, t) = Ψ(x, t), (x, t) ∈ S := ∂Ω× [0, T ], (2)

l(u) := u(x, T ) = χ(x), x ∈ Ω. (3)

Âñå îñòàëüíûå ôóíêöèè, âõîäÿùèå â (1)�(3), ñ÷èòàþòñÿ çàäàííûìè è äîñòàòî÷íî
ãëàäêèìè, à ∆ � ýòî îïåðàòîð Ëàïëàñà. Ðåøåíèå èùåòñÿ â êëàññå u ∈ W 2,1

2 (Q),
f ∈ L2(Ω). Â êëàññàõ Ã¼ëüäåðà çàäà÷à èññëåäîâàëàñü â ðàáîòàõ Â.Ì. Èñàêîâà
(1982, 1991) è À.È. Ïðèëåïêî, Â.Â. Ñîëîâü¼âà (1987). Îáîáù¼ííûì ðåøåíèÿì â
êëàññàõ Ñ.Ë. Ñîáîëåâà ïîñâÿùåíû ðàáîòû À.È. Ïðèëåïêî, À.Á. Êîñòèíà (1992,
1993, 2013), ãäå óñòàíîâëåíî, ÷òî ïðè âûïîëíåíèè íåðàâåíñòâ

c(x) 6 0, |l(h)(x)| > δ > 0, x ∈ Ω;
h(x, t)

l(h)(x)
> 0,

ht(x, t)

l(h)(x)
> 0, (x, t) ∈ Q, (4)

îáîáù¼ííîå ðåøåíèå îáðàòíîé çàäà÷è ñóùåñòâóåò è åäèíñòâåííî. Èçâåñòíî, ÷òî
çàäà÷à (1)�(3) ýêâèâàëåíòíà îïåðàòîðíîìó óðàâíåíèþ âòîðîãî ðîäà ñ âïîëíå
íåïðåðûâíûì â L2(Ω) îïåðàòîðîì B. Â ðàáîòàõ Ïðèëåïêî, Êîñòèíà (1993, 2013)
óñòàíîâëåíî, ÷òî ñïåêòðàëüíûé ðàäèóñ îïåðàòîðà B ìåíüøå åäèíèöû. Ýòî äà¼ò
âîçìîæíîñòü îáîñíîâàòü ñõîäèìîñòü ìåòîäà èòåðàöèé ïîñòðîåíèÿ ðåøåíèÿ îá-
ðàòíîé çàäà÷è. Îáîçíà÷èì ÷åðåç u0(x, t) ðåøåíèå ïðÿìîé çàäà÷è (1)�(2) ñ f = 0.
Ïàðà {u; f} ÿâëÿåòñÿ ðåøåíèåì (1)�(3) òîëüêî òîãäà, êîãäà ïàðà {u − u0; f} �
ðåøåíèå çàäà÷è âèäà (1)�(3), â êîòîðîé g = u0 = Ψ = 0, à âìåñòî ôóíêöèè χ(x)
â óñëîâèè (3) ñòîèò ôóíêöèÿ χ(x)− u0(x, T ). Ýòî ïîçâîëÿåò ñâåñòè èññëåäîâàíèå
çàäà÷è (1)�(3) ê ñëó÷àþ g = u0 = Ψ = 0. Êðîìå òîãî, ïðè óñëîâèè |l(h)(x)| > δ > 0
â Ω, áåç îãðàíè÷åíèÿ îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî l(h)(x) ≡ 1 â Ω. Ââåä¼ì îáî-
çíà÷åíèå u(x, t; f) äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è (1)�(2), â êîòîðîé g = u0 = Ψ = 0,
à ôóíêöèÿ f ∈ L2(Ω) èçâåñòíà.

Ïðè âûïîëíåíèè óñëîâèé (4) ïîñëåäîâàòåëüíîñòü {fk}∞k=0, ïîñòðîåííàÿ ïî
ïðàâèëó

f0 = 0, fk+1 = −∆χ(x)− c(x)χ(x) + ρ(x)ut(x, T ; fk)

ñõîäèòñÿ â L2(Ω) ê ôóíêöèè f(x). Ïðè ýòîì ïàðà {u(x, t; f); f(x)} ÿâëÿåòñÿ ðåøå-
íèåì îáðàòíîé çàäà÷è (1)�(3), â êîòîðîé g = u0 = Ψ = 0. Àíàëîãè÷íûå ðåçóëüòà-
òû î ñõîäèìîñòè ìåòîäà èòåðàöèé èìåþò ìåñòî äëÿ íåëèíåéíûõ îáðàòíûõ çàäà÷
âîññòàíîâëåíèÿ êîýôôèöèåíòîâ c(x) è ρ(x) ïî óñëîâèþ ôèíàëüíîãî íàáëþäåíèÿ,
à òàêæå äëÿ çàäà÷ ñ óñëîâèåì íàáëþäåíèÿ îáùåãî âèäà

l(u) ≡
∫ T

0

u(x, t) dµ(t) = χ(x), x ∈ Ω,

ñ ôóíêöèåé µ ∈ BV ([0, T ]) (ñì. Êîñòèí 2013 � 2017).
Ðàáîòà âòîðîãî àâòîðà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ïðîãðàììû ïîâûøåíèÿ

êîíêóðåíòîñïîñîáíîñòè ÍÈßÓ ÌÈÔÈ (ïðîåêò � 02.à03.21.0005 îò 27.08.2013).
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Ðàññìîòðåíû îäíîìåðíûå çàäà÷è ñ ïëîñêèìè è öèëèíäðè÷åñêèìè âîëíàìè â
ìîäåëÿõ íåñæèìàåìûõ âÿçêîóïðóãèõ ñðåä Ìàêñâåëëà, Êåëüâèíà � Ôîéõòà è â
ìîäåëè äâèæåíèÿ âîäíûõ ðàñòâîðîâ ïîëèìåðîâ Âîéòêóíñêîãî � Àìôèëîõèåâà �
Ïàâëîâñêîãî. Â äâóõ ïîñëåäíèõ ñëó÷àÿõ óðàâíåíèÿ äâèæåíèÿ ñîâïàäàþò ñ óðàâ-
íåíèÿìè àêóñòèêè âÿçêîãî ãàçà. Óñòàíàâëèâàåòñÿ ñîîòâåòñòâèå ìåæäó ïàðàìåò-
ðàìè ãàçà è âÿçêîóïðóãîé ñðåäû. Óðàâíåíèÿ îäíîìåðíîãî äâèæåíèÿ íåñæèìàå-
ìîé ñðåäû Ìàêñâåëëà òîæäåñòâåííû óðàâíåíèÿì íåâÿçêîãî ãàçà ñ íåâûïóêëûì
óðàâíåíèåì ñîñòîÿíèÿ. Ýòî ïðèâîäèò ê îòëè÷èÿì â ðåøåíèè çàäà÷è î ðàñïàäå
ïðîèçâîëüíîãî ðàçðûâà îò êëàññè÷åñêîãî ðåøåíèÿ.
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Ìû ðàññìàòðèâàåì âîïðîñ îá îïðåäåëåíèè âìåñòå ñ ðåøåíèåì ïðàâîé ÷àñòè
ñïåöèàëüíîãî âèäà â ïàðàáîëè÷åñêîì óðàâíåíèè

ut − L0u =
m∑
i=1

Ni(t)δ(x− xi) + f(x, t), (x, t) ∈ Ω× (0, T ), (1)

ãäå L0u = ∆u−b(x) ·∇u−a(x)u, Ω � îãðàíè÷åííàÿ èëè íåîãðàíè÷åííàÿ îáëàñòü â
Rn (n = 1, 2, 3) c ãðàíèöåé Γ è δ � äåëüòà-ôóíêöèÿ Äèðàêà. Çäåñü íåèçâåñòíûìè
ÿâëÿþòñÿ ôóíêöèÿ u(x, t) � êîíöåíòðàöèÿ çàãðÿçíÿþùåãî âåùåñòâà â âîäîåìå
èëè âîçäóõå, òî÷êè xi ∈ Ω � òî÷å÷íûå èñòî÷íèêè è Ni(t) � èõ èíòåíñèâíîñòè.
×òîáû îïðåäåëèòü íåèçâåñòíûå èñòî÷íèêè, óðàâíåíèå (1) äîïîëíÿåòñÿ êðàåâûìè
è íà÷àëüíûìè óñëîâèÿìè

Bu|Γ = φ(t), u(x, 0) = u0(x), (2)

ãäå Bu = u èëè Bu = ∂u
∂n + σu, è óñëîâèÿìè ïåðåîïðåäåëåíèÿ âèäà

u(yj , t) = ψj(t), j = 1, 2, . . . , s. (3)

Îáðàòíàÿ çàäà÷à ñîñòîèò â íàõîæäåíèè íåèçâåñòíûõ ôóíêöèé Ni(t), ÷èñëà m è
íåèçâåñòíûõ èñòî÷íèêîâ {xi}. Èìååòñÿ áîëüøîå êîëè÷åñòâî ðàáîò, ïîñâÿùåííûõ
çàäà÷àì òàêîãî âèäà êàê â îäíîìåðíîì, òàê è â ìíîãîìåðíîì ñëó÷àå. Â ñëó÷àå
íåñêîëüêèõ çàãðÿçíÿþùèõ êîìïîíåíò ïîäîáíûå çàäà÷è âîçíèêàþò è äëÿ ñèñòåì.
Îäíàêî, ïîäàâëÿþùåå áîëüøèíñòâî ðàáîò ïîñâÿùåíî ÷èñëåííîìó ðåøåíèþ ýòîé
çàäà÷è, î÷åíü ÷àñòî áåç íóæíîãî îáîñíîâàíèÿ ÷èñëåííûõ ïðîöåäóð. Îñíîâíûì
èñïîëüçóåìûì ìåòîäîì ÿâëÿåòñÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ, ò. å. çàäà÷à ñâî-
äèòñÿ ê íåêîòîðîé çàäà÷å óïðàâëåíèÿ è ìèíèìèçàöèè íåêîòîðîãî êâàäðàòè÷íîãî
ôóíêöèîíàëà.

Çàäà÷à (1)�(3) ÿâëÿåòñÿ íåêîððåêòíîé â ñìûñëå Àäàìàðà. Ìû ïðèâîäèì óñëî-
âèÿ ðàçðåøèìîñòè çàäà÷è (1)�(3), óñëîâèÿ åäèíñòâåííîñòè è íååäèíñòâåííîñòè
ðåøåíèé. Äîêàçàòåëüñòâà îñíîâàíû íà ïðèìåíåíèè ïðåîáðàçîâàíèÿ Ëàïëàñà è
çàòåì íà èññëåäîâàíèè àñèìïòîòèêè ðåøåíèé ýëëèïòè÷åñêîé çàäà÷è

λû− L0û =

m∑
i=1

N̂i(t)δ(x− xi), Bû|Γ = 0

ïî êîìïëåêñíîìó ïàðàìåòðó λ. Çäåñü û =
∞∫
0

e−λtu(t) dt � ïðåîáðàçîâàíèå Ëàï-

ëàñà.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-01-00620).
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Â äîêëàäå ðàññìàòðèâàþòñÿ õàðàêòåðèñòèêè îáëàñòåé è ãðàíèö îáëàñòåé ðå-
øåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé. Ýòè îáëàñòè ðåøåíèé ïîÿâëÿþòñÿ òîãäà,
êîãäà â ïàðàìåòðàõ ïîñòàâëåííîé çàäà÷è ïðèñóòñòâóåò íåîïðåäåëåííîñòü (èçâåñò-
íû ëèøü íåðàâåíñòâà äëÿ äàííîãî ïàðàìåòðà). Âîçìîæåí òàêæå ñëó÷àé, êîãäà
ïðàâàÿ ÷àñòü çàâèñèò îò óïðàâëÿþùåãî âîçäåéñòâèÿ. Ïðè ýòîì âàæíî îöåíèâàòü
è àíàëèçèðîâàòü ïîâåäåíèå îáëàñòåé òî÷íûõ ðåøåíèé è èõ ãðàíèö â çàäà÷àõ
ïðàêòè÷åñêîé (òåõíè÷åñêîé) óñòîé÷èâîñòè, ÷òî îçíà÷àåò ðàâíîìåðíóþ îãðàíè-
÷åííîñòü ðåøåíèé îòíîñèòåëüíî ìíîæåñòâà íà÷àëüíûõ çíà÷åíèé è ñîâîêóïíîñòè
âîçìóùàþùèõ âîçäåéñòâèé íà êîíå÷íîì èíòåðâàëå âðåìåíè. Âîïðîñ îá óñòîé÷è-
âîñòè íà êîíå÷íîì èíòåðâàëå âðåìåíè âîçíèêàåò äëÿ ñèñòåì, íå èìåþùèõ óñòàíî-
âèâøåãîñÿ ðåæèìà � ðåæèìà, òåîðåòè÷åñêè ðåàëèçóåìîãî íà áåñêîíå÷íîì èíòåð-
âàëå âðåìåíè, íàïðèìåð, ðàêåòà è åå ñèñòåìà óïðàâëåíèÿ [1]. Â äîêëàäå ïðåäñòàâ-
ëåíû íîâûå ðåçóëüòàòû ïðèìåíåíèÿ ãàðàíòèðîâàííûõ ìåòîäîâ [2�6], îñíîâàííûõ
íà ñèìâîëüíîì ïðåäñòàâëåíèè ôîðìóë ðåøåíèé, â òèïè÷íûõ çàäà÷àõ íàêîïëå-
íèÿ âîçìóùåíèé, ïðè ýòîì ó÷èòûâàþòñÿ ñâîéñòâà ãðàíè÷íûõ ýëåìåíòîâ òî÷åê
ìíîæåñòâ â êàæäûé ìîìåíò âðåìåíè. Ïîêàçàíà ñâÿçü çíà÷åíèé ãðàíè÷íîé òðàåê-
òîðèè â ïðîèçâîëüíûé ìîìåíò âðåìåíè ñî çíà÷åíèÿìè ãðàíèö ìíîæåñòâ íà÷àëü-
íûõ äàííûõ. Òåì ñàìûì ïîâûøàåòñÿ òî÷íîñòü ïîñòðîåíèÿ ñèìâîëüíûõ ôîðìóë
ïðèáëèæåííûõ ðåøåíèé Sn(Y

0
) ◦ Sn−1(Y

0
) ◦ . . . ◦ S1(Y0

), ãäå âåêòîð Y0 � âåêòîð
íà÷àëüíûõ çíà÷åíèé, ðàññìàòðèâàåìûõ êàê ñèìâîëüíûå âåëè÷èíû. Áîëåå òî÷íî
âû÷èñëÿþòñÿ ãðàíèöû îáëàñòè çíà÷åíèé Sy ñèìâîëüíûõ ôîðìóë.
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

Lu ≡ K(y)uxx + uyy − bK(y)u = F (x, y) =

{
f1(x)g1(y), y > 0,

f2(x)g2(y), y < 0,
(1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y)| 0 < x < l, −α < y < β}, ãäå K(y) =
(sign y)|y|n, n, l, α è β � çàäàííûå ïîëîæèòåëüíûå ÷èñëà, à b � ëþáîå çàäàííîå
äåéñòâèòåëüíîå ÷èñëî, è ñëåäóþùèå çàäà÷è.

Çàäà÷à 1. Íàéòè ôóíêöèè u(x, y) è f1(x) = f2(x) = f(x), óäîâëåòâîðÿþùèå
óñëîâèÿì: u(x, y) ∈ C1(D) ∩ C2(D+ ∪ D−), fi(x) ∈ C(0, l) ∩ L2[0, l], Lu(x, y) ≡
F (x, y), (x, y) ∈ D+ ∪ D−, u(0, y) = u(l, y) = 0, −α ≤ y ≤ β, u(x, β) = φ(x),
u(x,−α) = ψ(x), uy(x,−α) = g(x), 0 ≤ x ≤ l, ãäå g1(y), g2(y), φ(x), ψ(x), g(x) �
çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì φ(0) = φ(l) = 0, ψ(0) = ψ(l) = 0,
D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}.

Çàäà÷à 2. Íàéòè ôóíêöèè u(x, y) è fi(x), i = 1, 2, óäîâëåòâîðÿþùèå óñëîâèÿì
çàäà÷è 1 è uy(x, β) = f(x), 0 ≤ x ≤ l, ãäå g1(y), g2(y), φ(x), ψ(x), f(x), g(x) �
èçâåñòíûå ôóíêöèè.

Â ñòàòüÿõ [1�5] èññëåäîâàíû îáðàòíûå çàäà÷è 1 è 2 äëÿ óðàâíåíèÿ (1) ïðè
n = 0, ò. å. äëÿ óðàâíåíèé ñìåøàííîãî òèïà ñ îïåðàòîðîì Ëàâðåíòüåâà � Áèöàä-
çå. Â ýòèõ ðàáîòàõ óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà÷ 1 è 2, è
ðåøåíèÿ ïîñòðîåíû â âèäå ñóììû ðÿäîâ ïî ñèñòåìå êîðíåâûõ ôóíêöèé ñîîòâåò-
ñòâóþùèõ îäíîìåðíûõ ñïåêòðàëüíûõ çàäà÷.

Â äàííîì äîêëàäå ïðèâîäÿòñÿ ðåçóëüòàòû ïî èññëåäîâàíèþ çàäà÷ 1 è 2, ò. å.
ðàññìàòðèâàåòñÿ óðàâíåíèå ñìåøàííîãî òèïà (1) ñî ñòåïåííûì âûðîæäåíèåì íà
ïåðåõîäíîé ëèíèè, êîòîðîå èìååò òàêæå âàæíûå ïðèëîæåíèÿ â ãàçîâîé äèíàìè-
êå â òåîðèè îêîëîçâóêîâûõ òå÷åíèé æèäêîñòåé è ãàçîâ. Çäåñü òàêæå óñòàíîâëåí
êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà÷ 1 è 2 ïðè âñåõ n > 0. Ðåøåíèå ïîñòðîåíî
â âèäå ñóììû ðÿäà ïî ñèñòåìå ñîáñòâåííûõ ôóíêöèé. Äàíî îáîñíîâàíèå ñõîäè-
ìîñòè ðÿäà â êëàññå ðåãóëÿðíûõ ðåøåíèé óðàâíåíèÿ (1).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 17-41-020516).
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Ìàðêîâñêîé íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ ïåðåìåííûõ, ó êîòî-
ðûõ ïðè èçâåñòíîì íàñòîÿùåì ïðîøëîå è áóäóùåå ñòîõàñòè÷åñêè íåçàâèñèìû.
Êîãäà ìíîæåñòâî çíà÷åíèé ñëó÷àéíûõ ïåðåìåííûõ êîíå÷íî, òî ñîâìåñòíûå ðàñ-
ïðåäåëåíèÿ èõ êîíå÷íûõ ñåìåéñòâ çàäàþòñÿ ïðîèçâåäåíèÿìè ìàòðèö íà÷àëüíûõ è
ïåðåõîäíûõ âåðîÿòíîñòåé. Çíà÷åíèÿ, êàê è àðãóìåíòû, óäîáíî íóìåðîâàòü. Áëà-
ãîäàðÿ ïðîèçâîëüíîìó âûáîðó çíà÷åíèé ïåðåìåííûõ è íóìåðàöèè àðãóìåíòîâ,
ìàðêîâñêèå ìîäåëè ìîãóò äîñòàòî÷íî àäåêâàòíî îïèñûâàòü øèðîêèé êðóã ÿâëå-
íèé è ïðîöåññîâ ëþáîé ïðèðîäû. Â ÷àñòíîñòè, ñëîæíûõ ñèñòåì òðåùèí â ðàçëè÷-
íûõ ñðåäàõ.

Êðîìå îïèñàíèÿ ñîñòîÿíèÿ ñèñòåìû â êàæäûé ìîìåíò, ìàðêîâñêàÿ ìîäåëü
ïîçâîëÿåò îïèñûâàòü äèíàìèêó ïðîöåññà è ïðîãíîçèðîâàòü åå. Âîçìîæíîñòü ïðî-
ãíîçèðîâàòü ïðîöåññ ÿâëÿåòñÿ îäíèì èç ñàìûõ âàæíûõ ñâîéñòâ ìàðêîâñêèõ ìî-
äåëåé. Âûáîð íåáîëüøîãî ÷èñëà çíà÷åíèé äàåò âîçìîæíîñòü èìåòü íàäåæíóþ
ñòàòèñòèêó è ïîëó÷àòü òî÷íûå ôîðìóëû íóæíûõ âåðîÿòíîñòåé.

Â äîêëàäå ðàññìàòðèâàåòñÿ ïðîñòåéøèé, íî î÷åíü âàæíûé ñëó÷àé äâîè÷íîé
ìàðêîâñêîé ïîñëåäîâàòåëüíîñòè ñî çíà÷åíèÿìè 0 è 1. Îíà ïîçâîëÿåò ìîäåëèðî-
âàòü îáëàäàþùèé ìàðêîâñêèì ñâîéñòâîì ïðîöåññ, ñîñòîÿíèÿ êîòîðîãî ðàçáèòû íà
äâà êëàññà (íàïðèìåð, ñóùåñòâåííûå è íåò). Îïèñûâàþòñÿ ñîâìåñòíûå ðàñïðåäå-
ëåíèÿ õàðàêòåðèñòèê ñåðèé â ðåàëèçàöèÿõ ïðîöåññà (ôóíêöèîíàëîâ íà åãî òðàåê-
òîðèÿõ). Âûäåëÿþòñÿ èññëåäîâàâøèåñÿ â [1�2] ÷èñëî åäèíèö, ÷èñëî ñåðèé åäèíèö
è ìàêñèìóì èõ äëèí. Ê íèì äîáàâëÿåòñÿ íîâûé ôóíêöèîíàë: äëèíà ïîñëåäíåé
ñåðèè. Îí èãðàåò ñóùåñòâåííóþ òåõíè÷åñêóþ ðîëü è âìåñòå ñ ìàêñèìóìîì äëèí
ñåðèé ïîçâîëÿåò îïèñûâàòü ýêñòðåìàëüíûå ñâîéñòâà ïðîöåññà ðàçâèòèÿ ðàññìàò-
ðèâàþùåéñÿ ñèñòåìû òðåùèí. Ìîæíî îöåíèòü êðèòè÷åñêèå ìîìåíòû ðàçâèòèÿ
ïðîöåññà (íàïðèìåð, ðàçðóøåíèå òðåùèíàìè äàííîé êîíñòðóêöèè).

Ïóñòü ñèñòåìà ìîäåëèðóåòñÿ äâîè÷íîé ìàðêîâñêîé ïîñëåäîâàòåëüíîñòüþ ñëó-
÷àéíûõ ïåðåìåííûõ ξ(k), k > 0, ñ ìíîæåñòâîì çíà÷åíèé C = {1, 0}, âåêòîðîì
A = {a, 1 − a} íà÷àëüíûõ è ìàòðèöåé Q = {{p, 1 − p}, {1 − q, q}} ïåðåõîäíûõ
âåðîÿòíîñòåé (0 < p, q < 1). Êðîìå òîãî, d = p + q − 1, b = (1 − q)/(1 − d),
c = (a − b)/(1 − d), −1 < d < 1. Êëþ÷åâûìè ÿâëÿþòñÿ ðàâåíñòâà äëÿ âåðîÿòíî-
ñòåé çíà÷åíèé 1 è 0 â ìîìåíò k: pk = b+ (a− b)dk è qk = 1− b− (a− b)dk.

Òàê êàê |d| < 1 , òî p∞ = lim
k→∞

pk = b è q∞ = lim
k→∞

qk = 1 − b. Ïîãðåøíîñòü

ïðèáëèæåíèÿ îöåíèâàåòñÿ |d|k. Áóäåò ñîñòàâëåíà è ðåøåíà ìåòîäîì ïðîèçâîäÿ-
ùèõ ôóíêöèé ñèñòåìà ðåêóððåíòíûõ óðàâíåíèé äëÿ ñîâìåñòíîãî ðàñïðåäåëåíèÿ
äëèíû ïîñëåäíåé ñåðèè åäèíèö è ìàêñèìóìà äëèí òàêèõ ñåðèé. Äèôôåðåíöè-
ðîâàíèå ïðîèçâîäÿùèõ ôóíêöèé äàåò íóæíûå ñðåäíèå çíà÷åíèÿ è äèñïåðñèè. Ñ
ïîìîùüþ ïîëó÷åííûõ ðåêóððåíòíûõ óðàâíåíèé óäîáíî ïðîèçâîäèòü êîíêðåòíûå
âû÷èñëåíèÿ. Íàéäåííûå âåðîÿòíîñòè ïîçâîëÿþò âûÿâëÿòü êðèòè÷åñêèå ìîìåíòû
ðàññìàòðèâàåìîãî ïðîöåññà.
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Ìíîãèå çàäà÷è äèíàìèêè ðàçðåæåííîãî ãàçà òðåáóþò ðåøåíèÿ òîé èëè èíîé
çàäà÷è äëÿ óðàâíåíèÿ Áîëüöìàíà. Ïðîãíîçèðîâàíèå àýðîäèíàìè÷åñêèõ õàðàê-
òåðèñòèê ëåòàòåëüíûõ àïïàðàòîâ ïðè î÷åíü âûñîêèõ ñêîðîñòÿõ è íà áîëüøèõ
âûñîòàõ ÿâëÿåòñÿ âàæíîé ïðîáëåìîé àýðîêîñìè÷åñêîé òåõíèêè. Â ñëó÷àå òå÷å-
íèÿ ãàçà îêîëî òâåðäîãî òåëà èëè âíóòðè îáëàñòè, îãðàíè÷åííîé òâåðäîé ïîâåðõ-
íîñòüþ, ãðàíè÷íûå óñëîâèÿ îïèñûâàþò âçàèìîäåéñòâèå ìîëåêóë ãàçà ñ òâåðäû-
ìè ñòåíêàìè. Ê ñîæàëåíèþ, òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé î
âçàèìîäåéñòâèÿõ ãàçà ñ ïîâåðõíîñòüþ ïðîâåäåíî ìàëî. Àýðîäèíàìè÷åñêèå õàðàê-
òåðèñòèêè ëåòàòåëüíûõ àïïàðàòîâ ïðè î÷åíü âûñîêèõ ñêîðîñòÿõ è íà áîëüøèõ
âûñîòàõ ìîãóò áûòü îïðåäåëåíû ìåòîäàìè òåîðèè ðàçðåæåííîãî ãàçà [1]. Äëÿ
àíàëèçà àýðîäèíàìè÷åñêèõ õàðàêòåðèñòèê ëåòàòåëüíûõ àïïàðàòîâ â ïåðåõîäíîì
ðåæèìå èñïîëüçóåòñÿ ïîëíîå èíòåãðîäèôôåðåíöèàëüíîå óðàâíåíèå Áîëüöìàíà ñ
ñîîòâåòñòâóþùèìè ãðàíè÷íûìè óñëîâèÿìè. Ãðàíè÷íûå óñëîâèÿ, êîòîðûì äîëæ-
íà óäîâëåòâîðÿòü ôóíêöèÿ ðàñïðåäåëåíèÿ ÷àñòèö íà ãðàíèöå îáëàñòè, ãäå ïðî-
èñõîäèò äâèæåíèå ðàññìàòðèâàåìûõ ÷àñòèö, çàâèñÿò îò ñîñòîÿíèÿ ãðàíè÷íîé ïî-
âåðõíîñòè, åå òåìïåðàòóðû è îò ñòåïåíè øåðîõîâàòîñòè è ÷èñòîòû. Îïðåäåëåíèå
ãðàíè÷íûõ óñëîâèé íà ïîâåðõíîñòÿõ, îáòåêàåìûõ ðàçðåæåííûì ãàçîì, ÿâëÿåòñÿ
îäíèì èç âàæíåéøèõ âîïðîñîâ êèíåòè÷åñêîé òåîðèè ãàçîâ. Â âûñîòíîé àýðîäèíà-
ìèêå âàæíóþ ðîëü èãðàåò âçàèìîäåéñòâèå ãàçà ñ ïîâåðõíîñòüþ îáòåêàåìîãî òå-
ëà [2]. Ãðàíè÷íîå óñëîâèå Ìàêñâåëëà äëÿ ðåøåíèÿ êîíêðåòíûõ çàäà÷ áîëåå òî÷íî
îïèñûâàåò âçàèìîäåéñòâèå ìîëåêóë ãàçà ñ ïîâåðõíîñòüþ [1, 3]. Îäíèì èç ïðèáëè-
æåííûõ ìåòîäîâ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Áîëüöìàíà
ÿâëÿåòñÿ ìîìåíòíûé ìåòîä. Ñ ïîìîùüþ ìîìåíòíîãî ìåòîäà ìîæíî îïðåäåëèòü
àýðîäèíàìè÷åñêèå õàðàêòåðèñòèêè ëåòàòåëüíûõ àïïàðàòîâ, òàêèå êàê àòìîñôåð-
íûå ïàðàìåòðû, ñêîðîñòü ïîëåòà, ãåîìåòðè÷åñêèå ïàðàìåòðû è òîìó ïîäîáíîå. Â
[4] ïðèâåäåíà àïïðîêñèìàöèÿ ìèêðîñêîïè÷åñêîãî ãðàíè÷íîãî óñëîâèÿ Ìàêñâåë-
ëà, êîãäà ÷àñòü ìîëåêóë îòðàæàåòñÿ îò ïîâåðõíîñòè çåðêàëüíî, à ÷àñòü � äèô-
ôóçíî ñ ìàêñâåëëîâñêèì ðàñïðåäåëåíèåì. Ìàêðîñêîïè÷åñêèå ãðàíè÷íûå óñëîâèÿ
äëÿ ìîìåíòíîé ñèñòåìû óðàâíåíèé Áîëüöìàíà ïîëó÷àþòñÿ èç ìèêðîñêîïè÷åñêèõ
ãðàíè÷íûõ óñëîâèé Ìàêñâåëëà. Ïðè ýòîì ìû ïîëó÷èì íà÷àëüíî-êðàåâóþ çàäà÷ó
äëÿ íåëèíåéíîé ãèïåðáîëè÷åñêîé ñèñòåìû óðàâíåíèé. Â äàííîé ðàáîòå äàíî îáîñ-
íîâàíèå êîððåêòíîñòè íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû ìîìåíòíûõ óðàâíå-
íèé Áîëüöìàíà è äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ â ïðîñòðàíñòâå
ôóíêöèé, íåïðåðûâíûõ ïî âðåìåíè è ñóììèðóåìûõ â êâàäðàòå ïî ïðîñòðàíñòâåí-
íûì ïåðåìåííûì.
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Â ïîñëåäíèå ãîäû èäåò àêòèâíîå ðàçâèòèå ÷èñëåííûõ ñõåì íà îñíîâå ðàçðûâ-
íîãî ìåòîäà Ãàë¼ðêèíà (Discontinuous Galerkin, DG). Ýòîò ïîäõîä ÷àñòî èñïîëüçó-
åòñÿ ïðè ðåøåíèè çàäà÷ àýðîàêóñòèêè è ãàçîâîé äèíàìèêè, òàê êàê îí ïîçâîëÿåò
îáåñïå÷èòü âûñîêèé ïîðÿäîê òî÷íîñòè ÷èñëåííîãî ðåøåíèÿ íà äîñòàòî÷íî êîì-
ïàêòíîì øàáëîíå àïïðîêñèìàöèè è èìååò õîðîøóþ ðàçðåøàþùóþ ñïîñîáíîñòü
íà ó÷àñòêàõ, ãäå ðåøåíèå ïðåòåðïåâàåò ðàçðûâ.

Äëÿ ïîäàâëåíèÿ íåôèçè÷íûõ îñöèëëÿöèé ðåøåíèÿ, âîçíèêàþùèõ â îêðåñò-
íîñòÿõ ðàçðûâîâ, ðàçðàáîòàíî ìíîæåñòâî ðàçëè÷íûõ ïîäõîäîâ ê ìîíîòîíèçàöèè
ðåøåíèÿ � òàê íàçûâàåìûõ ëèìèòåðîâ. Èäåÿ ïðèìåíåíèÿ ëèìèòåðà çàêëþ÷àåòñÿ
â àíàëèçå âèäà ðåøåíèÿ íà ñîñåäÿõ ðàññìàòðèâàåìîé ÿ÷åéêè è ïðè íåîáõîäèìîñòè
óìåíüøåíèå íàêëîíà ðåøåíèÿ.

Äëÿ áîëüøèíñòâà îãðàíè÷èòåëåé äî íåäàâíèõ ïîð èñïîëüçîâàëñÿ ñòàíäàðòíûé
êîìïàêòíûé øàáëîí, ñîñòîÿùèé èç ñîñåäåé òåêóùåé ÿ÷åéêè ÷åðåç ðåáðà. Îäíàêî
â ïîñëåäíèå ãîäû ïîÿâëÿþòñÿ ëèìèòåðû ñ ðàñøèðåííûì øàáëîíîì, âêëþ÷àþ-
ùèì â ñåáÿ òàêæå ñîñåäåé ÿ÷åéêè ÷åðåç åå âåðøèíû [1]. Òàêèå ëèìèòåðû íàõîäÿò
óñïåøíîå ïðèìåíåíèå ïðè ðåøåíèè çàäà÷ íà äâóìåðíûõ òðåóãîëüíûõ è òðåõìåð-
íûõ òåòðàýäðàëüíûõ ñåòêàõ.

Â ðàáîòå ïðîâåäåí ñðàâíèòåëüíûé àíàëèç òåõíîëîãèé ìîíîòîíèçàöèè ðåøå-
íèÿ, îñíîâàííûõ íà ëîêàëüíîì ïðèíöèïå ìàêñèìóìà. Ïîëó÷åíû ðåçóëüòàòû ïðè
èñïîëüçîâàíèè ðàçëè÷íûõ øàáëîíîâ íà äâóìåðíûõ ñåòêàõ ñ ÿ÷åéêàìè ñìåøàí-
íîãî òèïà (òðåóãîëüíûìè è ÷åòûðåõóãîëüíûìè). Ðàññìàòðèâàåìûå ñõåìû ëèìè-
òèðîâàíèÿ ðåàëèçîâàíû â ðàìêàõ ïðîòîòèïà ïðîãðàììíîãî êîìïëåêñà, èñïîëü-
çóåìîãî äëÿ ìîäåëèðîâàíèÿ äâóìåðíûõ ãàçîäèíàìè÷åñêèõ çàäà÷ íà íåñòðóêòó-
ðèðîâàííûõ ñåòêàõ [2]. Èññëåäîâàíèå ïîêàçàëî, ÷òî äîïîëíåíèå øàáëîíà ëèìè-
òèðîâàíèÿ ñîñåäÿìè ÿ÷åéêè ÷åðåç âåðøèíû äàåò âîçìîæíîñòü ëó÷øå ðàçðåøàòü
êîíòàêòíûé ðàçðûâ.

ËÈÒÅÐÀÒÓÐÀ

1. Giuliani A., Krivodonova L. Analysis of slope limiters on unstructured triangular
meshes // J. Comput. Phys. 2018. V. 374. P. 1�26.

2. Korchagova V.N., Fufaev I. N., Lukin V.V., Sautkina S.M. Numerical modelling of two-
dimensional perfect gas �ows using RKDG method on unstructured meshes // AIP Conf.
Proc. 2018. V. 2027, No. 1. P. 1�9.
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ÌÅÒÎÄ ÏÐÈÁËÈÆÅÍÍÎÃÎ ÎÁÐÀÙÅÍÈß ÏÐÈ
×ÈÑËÅÍÍÎÌ ÐÅØÅÍÈÈ ÇÀÄÀ× ÒÅÍÇÎÐÍÎÉ
ÒÎÌÎÃÐÀÔÈÈ Â R3 ÏÎ ÍÅÏÎËÍÛÌ ÄÀÍÍÛÌ

Ñâåòîâ È.Å.1, Ìàëüöåâà Ñ.Â.1, Ëóèñ À.Ê.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
svetovie@math.nsc.ru, maltsevasv@math.nsc.ru

2Óíèâåðñèòåò Ñààðëàíäà, Ñààðáðþêêåí, Ãåðìàíèÿ; louis@num.uni-sb.de

Â äàííîé ðàáîòå çàäà÷à òðåõìåðíîé òåíçîðíîé òîìîãðàôèè ðàññìàòðèâàåò-
ñÿ â ñëåäóþùåé ïîñòàíîâêå. Ïóñòü íåêîòîðîå âåêòîðíîå èëè ñèììåòðè÷íîå 2-
òåíçîðíîå ïîëå v çàäàíî â åäèíè÷íîì øàðå. Òðåáóåòñÿ âîññòàíîâèòü ýòî ïîëå ïî
åãî èçâåñòíûì çíà÷åíèÿì ëó÷åâîãî ïðåîáðàçîâàíèÿ I. Ëó÷åâîå ïðåîáðàçîâàíèå I
â R3 ïðåîáðàçóåò ïîëå v â ôóíêöèþ [Iv], îïðåäåëåííóþ íà ìíîæåñòâå îðèåíòè-
ðîâàííûõ ïðÿìûõ.

Çàäà÷è âîññòàíîâëåíèÿ âåêòîðíûõ è ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé ïî ëó-
÷åâîìó ïðåîáðàçîâàíèþ åäèíñòâåííîãî ðåøåíèÿ íå èìåþò. Èìåííî, ïîòåíöèàëü-
íûå ïîëÿ, ïîòåíöèàë êîòîðûõ îáðàùàåòñÿ â íóëü íà ãðàíèöå îáëàñòè � åäèíè÷íîé
ñôåðå, ëåæàò â ÿäðå ëó÷åâîãî ïðåîáðàçîâàíèÿ [1]. Ïîýòîìó òîëüêî ñîëåíîèäàëü-
íàÿ ÷àñòü sv ïîëÿ v ìîæåò áûòü âîññòàíîâëåíà ïî [Iv]. Çàäà÷à ïåðåîïðåäåëåíà ïî
ðàçìåðíîñòè, òàê êàê íåîáõîäèìî âîññòàíîâèòü ôóíêöèè svj(x) èëè svij(x), ãäå
x ∈ R3, ïî ôóíêöèè [Iv], îïðåäåëåííîé íà ÷åòûðåõìåðíîì ìíîæåñòâå îðèåíòèðî-
âàííûõ ïðÿìûõ. Ïîýòîìó åñòåñòâåííî ðàññìàòðèâàòü çàäà÷ó âîññòàíîâëåíèÿ sv
ïî íåïîëíûì äàííûì [Iv]|M3 , ãäå M3 � íåêîòîðîå òðåõìåðíîå ìíîæåñòâî îðèåí-
òèðîâàííûõ ïðÿìûõ.

Â ðàáîòå [2] ïðåäëîæåíû ôîðìóëû îáðàùåíèÿ äëÿ âîññòàíîâëåíèÿ ñîëåíîè-
äàëüíîé ÷àñòè âåêòîðíîãî è ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëåé ïî èõ èçâåñòíûì
ëó÷åâûì ïðåîáðàçîâàíèÿì, âû÷èñëåííûì âäîëü âñåõ ïðÿìûõ, ïàðàëëåëüíûõ îä-
íîé èç êîîðäèíàòíûõ ïëîñêîñòåé. Íà îñíîâå ýòèõ ôîðìóë äëÿ âåêòîðíîãî ñëó÷àÿ
áûë ðàçðàáîòàí è ðåàëèçîâàí ÷èñëåííûé àëãîðèòì [3].

Â äàííîé ðàáîòå ïðåäëàãàþòñÿ àëãîðèòìû âîññòàíîâëåíèÿ ñîëåíîèäàëüíîé
÷àñòè âåêòîðíûõ è ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé ïî èõ èçâåñòíûì ëó÷åâûì
ïðåîáðàçîâàíèÿì, âû÷èñëåííûì âäîëü âñåõ ïðÿìûõ, ïàðàëëåëüíûõ îäíîé èç êî-
îðäèíàòíûõ ïëîñêîñòåé. Àëãîðèòì îñíîâàí íà ìåòîäå ïðèáëèæåííîãî îáðàùåíèÿ,
êîòîðûé ðàíåå áûë óñïåøíî ïðèìåíåí ïðè ðåøåíèè äâóìåðíûõ çàäà÷ âåêòîðíîé
è òåíçîðíîé òîìîãðàôèè [4].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ è ÍÍÈÎ (ïðîåêò � 19-51-12008).

ËÈÒÅÐÀÒÓÐÀ

1. Sharafutdinov V.A. Integral geometry of tensor �elds. Utrecht: VSP, 1994.

2. Sharafutdinov V.A. Slice-by-slice reconstruction algorithm for vector tomography with
incomplete data // Inverse Probl. 2007. V. 23. P. 2603�2627.

3. Svetov I. E. Reconstruction of the solenoidal part of a three-dimensional vector �eld by
its ray transforms along straight lines parallel to coordinate planes // Numer. Analysis
Appl. 2012. V. 5, No. 3. P. 271�283.

4. Derevtsov E.Yu., Louis A.K., Maltseva S.V., Polyakova A.P., Svetov I. E. Numerical
solvers based on the method of approximate inverse for 2D vector and 2-tensor tomo-
graphy problems // Inverse Probl. 2017. V. 33, No. 12. Article ID 124001.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÎÑÍÎÂÛ ÌÎÄÅËÈÐÎÂÀÍÈß
ÈÍÒÅÍÑÈÂÍÛÕ ÏÓ×ÊÎÂ ÇÀÐßÆÅÍÍÛÕ ×ÀÑÒÈÖ

Â ÏÐÎÒßÆÅÍÍÛÕ ÑÈÑÒÅÌÀÕ

Ñâåøíèêîâ Â.Ì.1,2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è
ìàòåìàòè÷åñêîé ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
victor@lapasrv.sscc.ru

Ïðîòÿæåííóþ ðàñ÷åòíóþ îáëàñòü ìîæíî ðàçáèòü íà äâå ïîäîáëàñòè: â ïåðâîé
èç íèõ ôîðìèðóåòñÿ èíòåíñèâíûé ïó÷îê, âî âòîðîé � ïðîèñõîäèò åãî äîóñêîðå-
íèå è òðàíñïîðòèðîâêà. Ïðîäîëüíûå ðàçìåðû ïåðâîé ïîäîáëàñòè íàìíîãî ìåíüøå
ðàçìåðîâ âòîðîé. Â öåëîì ðàñ÷åòíàÿ îáëàñòü õàðàêòåðèçóåòñÿ çíà÷èòåëüíîé ðàç-
íîìàñøòàáíîñòüþ, ÷òî ïîðîæäàåò îñîáåííîñòè â ðåøåíèè ñëåäóþùèõ ïðîáëåì:
ïîñòðîåíèå êîíå÷íî-ðàçíîñòíîé ñåòêè, íà êîòîðîé ïðîâîäÿòñÿ ðàñ÷åòû, âûäåëå-
íèå ñèíãóëÿðíîñòè íà êàòîäå ïðè ðåøåíèè ñàìîñîãëàñîâàííûõ çàäà÷, ðàñ÷åò ïðî-
òÿæåííûõ òðàåêòîðèé äâèæåíèÿ çàðÿæåííûõ ÷àñòèö. Â äîêëàäå ðàññìàòðèâàåòñÿ
êàæäàÿ èç íèõ ïðèìåíèòåëüíî ê ðàñ÷åòó ïðîòÿæåííûõ ñèñòåì. Äàþòñÿ ïðèìåðû
ïðàêòè÷åñêèõ ðàñ÷åòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ è

Ïðåçèäèóìà ÑÎ ÐÀÍ (Ìåæäèñöèïëèíàðíûé èíòåãðàöèîííûé ïðîåêò ÑÎ ÐÀÍ � 10).
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ÏÀÐÀÌÅÒÐÈ×ÅÑÊÎÅ ÓÏÐÀÂËÅÍÈÅ ÐÅØÅÍÈßÌÈ
ËÈÍÅÉÍÎÉ ÝÂÎËÞÖÈÎÍÍÎÉ ÇÀÄÀ×È
Â ÎÊÐÅÑÒÍÎÑÒÈ ÍÅÓÑÒÎÉ×ÈÂÎÃÎ

ÏÎËÎÆÅÍÈß ÐÀÂÍÎÂÅÑÈß

Ñåäèïêîâ À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
sedipkov@gmail.com

Íàñòîÿùàÿ ðàáîòà ñâÿçàíà ñ èçó÷åíèåì âîçìîæíîñòè óïðàâëåíèÿ ðåøåíèÿìè
ìàòåìàòè÷åñêèõ ìîäåëåé ýâîëþöèîííûõ ïðîöåññîâ, èìåþùèõ ðåæèìû, ñîîòâåò-
ñòâóþùèå íåóñòîé÷èâûì ñòàöèîíàðíûì ðåøåíèÿì. Íåðåäêî òàêèå ðåæèìû ÿâ-
ëÿþòñÿ íàèáîëåå âûãîäíûìè ñ òî÷êè çðåíèÿ ïðèëîæåíèé. Ïîýòîìó âîçíèêàåò
âîïðîñ, êàêèìè ïàðàìåòðàìè è êàê íóæíî óïðàâëÿòü, ÷òîáû ðåøåíèå íåñòàöèî-
íàðíîé çàäà÷è ñêîëü óãîäíî äîëãî îñòàâàëîñü â ìàëîé îêðåñòíîñòè íåóñòîé÷èâîãî
ñòàöèîíàðíîãî ðåæèìà. Â ðàáîòå ïðåäëîæåí ñïîñîá óïðàâëåíèÿ ñòàöèîíàðíûìè
ðåøåíèÿìè, çàâèñÿùèìè îò ïàðàìåòðà, íà óðîâíå ìîäåëüíîé çàäà÷è äëÿ ëèíåé-
íîãî îïåðàòîðà â êîíå÷íîìåðíîì ïðîñòðàíñòâå. Ýòà èäåÿ îñíîâàíà íà ýôôåêòå
�óäàëåíèÿ� ðåøåíèÿ ñ òå÷åíèåì âðåìåíè îò íåóñòîé÷èâîãî ñòàöèîíàðíîãî ðåøå-
íèÿ.

Ðàññìàòðèâåòñÿ óïðàâëÿåìûé ïðîöåññ, îïèñûâàåìûé îáûêíîâåííûì äèôôå-
ðåíöèàëüíûì óðàâíåíèåì

y′(t) = A(y(t)− v), (1)

ãäå y(t) � ôàçîâàÿ ïåðåìåííàÿ ñî çíà÷åíèÿìè â Rn, õàðàêòåðèçóþùàÿ ñîñòîÿíèå
ïðîöåññà â ìîìåíò âðåìåíè t; v � óïðàâëÿþùèé ïàðàìåòð ñî çíà÷åíèÿìè â Rn,
A : Rn → Rn � ëèíåéíûé îïåðàòîð.

Ïóñòü èìååòñÿ óïðàâëÿþùèé ñóáúåêò � îïåðàòîð, êîòîðûé â ëþáîé ìîìåíò
âðåìåíè ìîæåò ìãíîâåííî ïåðåêëþ÷èòü ïàðàìåòð v, ïðèäàâ åìó ïðîèçâîëüíîå
íîâîå çíà÷åíèå, ïðè÷åì èíòåðâàëû âðåìåíè ìåæäó ñîñåäíèìè ïåðåêëþ÷åíèÿìè
äîëæíû áûòü íå ìåíüøå íàïåðåä çàäàííîãî ïîëîæèòåëüíîãî ÷èñëà τ , ò. å. êëàññ
äîïóñòèìûõ óïðàâëåíèé ñîñòîèò èç êóñî÷íî ïîñòîÿííûõ ôóíêöèé âèäà

v(t) ≡ vs ïðè ts < t < ts+1, ãäå inf{ts+1 − ts | s ∈ N} ≥ τ > 0, t0 = 0.

Íåïðåðûâíàÿ ôóíêöèÿ y(t) ñ÷èòàåòñÿ ðåøåíèåì óðàâíåíèÿ (1) ñ äîïóñòèìûì
óïðàâëåíèåì v(t), åñëè íà êàæäîì èç èíòåðâàëîâ (ts, ts+1) ñóùåñòâóåò ïðîèçâîä-
íàÿ y′(t) è âûïîëíÿåòñÿ ðàâåíñòâî y′(t) = A(y(t) − vs). Èçâåñòíî, ÷òî ðîâíî k
ñîáñòâåííûõ ÷èñåë îïåðàòîðà A ïîëîæèòåëüíû è ðàçëè÷íû, à îñòàëüíûå n − k
ðàñïîëîæåíû â ïîëóïëîñêîñòè Reλ < 0.

Â ðàáîòå äîêàçàíî, ÷òî äëÿ ëþáîé îêðåñòíîñòè V ôèêñèðîâàííîé òî÷êè v0

íàéäåòñÿ òàêîå îòêðûòîå ïîäìíîæåñòâîW , ÷òî äëÿ âñÿêîãî íà÷àëüíîãî ñîñòîÿíèÿ
y0 ∈ W ñóùåñòâóåò äîïóñòèìîå óïðàâëåíèå v(t), ïðè êîòîðîì ðåøåíèå çàäà÷è
Êîøè

y′(t) = A(y(t)− v(t)), t ∈ (ts, ts+1), s ∈ N,
lim

t→ts+1−0
y(t) = lim

t→ts+1+0
y(t),

y(0) = y0

íå âûéäåò èç îêðåñòíîñòè V â òå÷åíèå ñêîëü óãîäíî äîëãîãî âðåìåíè.
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîãî ïðîåêòà ÈÌ ÑÎ ÐÀÍ (� 0314-2016-0012) è

ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (� 18-

01-00649).
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ÈÑÏÎËÜÇÎÂÀÍÈÅ ÌÅÒÎÄÀ
ÄÅÊÎÌÏÎÇÈÖÈÈ È ËÈÍÅÉÍÎÉ ÎÏÒÈÌÈÇÀÖÈÈ
Â ÀÍÀËÈÇÅ ÊÀ×ÅÑÒÂÅÍÍÎÃÎ ÏÎÂÅÄÅÍÈß

ÌÍÎÃÎÌÅÐÍÛÕ ÑÈÑÒÅÌ Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Ñåäîâà Í.Î.

Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëüÿíîâñê, Ðîññèÿ;
sedovano@ulsu.ru

Â ðàáîòå ðàçâèâàþòñÿ ìåòîäû àíàëèçà ìíîãîìåðíûõ íåïðåðûâíûõ ñèñòåì ñ
çàïàçäûâàíèåì ñ íåêîòîðûìè äîïîëíèòåëüíûìè ïðåäïîëîæåíèÿìè îòíîñèòåëü-
íî õàðàêòåðà ñâÿçåé ìåæäó ïîäñèñòåìàìè. Ïðè ýòîì ñïåöèàëüíîå ïðåäñòàâëåíèå
ôóíêöèîíàëîâ, îïðåäåëÿþùèõ äèíàìèêó ñèñòåìû, ïîçâîëÿåò ïðèìåíÿòü ìåòîäû
äåêîìïîçèöèè è ëèíåéíîé îïòèìèçàöèè äëÿ àíàëèçà àñèìïòîòè÷åñêîãî ïîâåäåíèÿ
ðåøåíèé ñèñòåìû.

Â ÷àñòíîñòè, â òåðìèíàõ ñèñòåìû ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ ïîëó÷å-
íû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ äëÿ
ñèñòåìû, ïðåäñòàâèìîé â âèäå:

ż(t) =

p∑
k=1

µk1(t, zt, yt)
(
Ak1z(t) +Ak1τz(t− τ1(t))

)
+ g(t, zt, yt),

ẏ(t) =

p∑
k=1

µk2(t, zt, yt)
(
Ak2y(t) +Ak2τy(t− τ2(t))

)
.

Çäåñü z ∈ Dz ⊂ Rn1 , y ∈ Dy ⊂ Rn2 , n1 + n2 = n; ôóíêöèè zt ∈ C(z) :=
C([−r1, 0], Dz) è yt ∈ C(y) := C([−r2, 0], Dy) îïðåäåëÿþòñÿ ðàâåíñòâàìè zt(s) =
z(t + s), s ∈ [−r1, 0], yt(s) = y(t + s), s ∈ [−r2, 0], Ïðåäïîëàãàåòñÿ òàêæå, ÷òî g
íåïðåðûâíà íà ìíîæåñòâå R+ = [0,+∞)× C(z)× C(y), gk(zt, 0) = 0, τi(t) : R+ →
[0, ri] � êóñî÷íî-íåïðåðûâíûå ôóíêöèè, Aki , A

k
iτ � ïîñòîÿííûå ìàòðèöû ïîäõî-

äÿùåé ðàçìåðíîñòè, µki (t, zt, yt) ∈ C(R+×C(z)×C(y), [0, 1]),
∑p
k=1 µ

k
i (t, zt, yt) = 1

äëÿ âñåõ (t, zt, yt) ∈ R+ × C(z) × C(y) (k = 1, . . . , p, i = 1, 2). Îáîñíîâàíû òàêæå
äîñòàòî÷íûå óñëîâèÿ ðàâíîìåðíîé àñèìïòîòè÷åñêîé óñòîé÷èâîñòè äëÿ ñèñòåì ñ
âîçìóùåíèÿìè, óäîâëåòâîðÿþùèìè íåêîòîðûì óñëîâèÿì.

Ðàññìîòðåííàÿ ñòðóêòóðà îõâàòûâàåò äîñòàòî÷íî øèðîêîé êëàññ ñèñòåì ñ çà-
ïàçäûâàíèåì, ðàññìàòðèâàåìûõ â îãðàíè÷åííîé îáëàñòè. Ñâîéñòâî æå ãëîáàëü-
íîãî ïðèòÿæåíèÿ íà÷àëà êîîðäèíàò ïðåäëîæåííûì ìåòîäîì óäàåòñÿ îáîñíîâàòü
ëèøü ïðè äîïîëíèòåëüíûõ äîâîëüíî æåñòêèõ îãðàíè÷åíèÿõ íà ïðàâóþ ÷àñòü ñè-
ñòåìû. Â áîëåå îáùåì ñëó÷àå â âèäå çàäà÷è ïîëóîïðåäåëåííîãî ïðîãðàììèðî-
âàíèÿ óäàåòñÿ ñôîðìóëèðîâàòü çàäà÷ó ïîñòðîåíèÿ ãàðàíòèðîâàííîé ýëëèïñîè-
äàëüíîé îöåíêè îáëàñòè ïðèòÿæåíèÿ, à òàêæå äîñòàòî÷íûå óñëîâèÿ ïðåäåëüíîé
îãðàíè÷åííîñòè ðåøåíèé ñèñòåìû, â òîì ÷èñëå ïðè ïîñòîÿííî äåéñòâóþùèõ âîç-
ìóùåíèÿõ.

Ðåçóëüòàòû ïîëó÷åíû ñ ïðèìåíåíèåì ôóíêöèé Ëÿïóíîâà ñ óñëîâèÿìè Ðàçóìè-
õèíà [1]. Ìîäèôèêàöèÿ ýòèõ óñëîâèé è èñïîëüçîâàíèå ïðîñòðàíñòâ ñ èñ÷åçàþùåé
ïàìÿòüþ ïîçâîëÿåò ïîëó÷èòü íåêîòîðûå ðåçóëüòàòû äëÿ ñèñòåìû àíàëîãè÷íîé
ñòðóêòóðû, íî áåç óñëîâèÿ îãðàíè÷åííîñòè çàïàçäûâàíèé. Ðàññìîòðåíû ïðèëî-
æåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ê àíàëèçó íåëèíåéíûõ óðàâíåíèé äèíàìèêè ðÿäà
ìåõàíè÷åñêèõ ñèñòåì.
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Ñäâèãîâàÿ òåîðèÿ ìåëêîé âîäû àíàëîãè÷íà êëàññè÷åñêîé (óðàâíåíèÿ Ñåí-
Âåíàíà), íî ñ äîáàâëåíèåì äîïîëíèòåëüíûõ ÷ëåíîâ, ó÷èòûâàþùèõ çàâèõðåííîñòü
òå÷åíèÿ. Ýòà òåîðèÿ áûëà âïåðâûå ïðåäëîæåíà â ñòàòüå Â.Ì. Òåøóêîâà [1] è çà-
òåì ðàçâèòà âî ìíîãèõ ðàáîòàõ, ñì., íàïðèìåð [2, 3].

Â íàñòîÿùåé ðàáîòå äëÿ ìîäåëèðîâàíèÿ ãèäðàâëè÷åñêîãî ñêà÷êà â ñäâèãîâóþ
ìîäåëü ìåëêîé âîäû äîáàâëÿþòñÿ âÿçêèå ÷ëåíû, ò. å. â êà÷åñòâå èñõîäíîé ñèñòåìû
óðàâíåíèé ðàññìàòðèâàþòñÿ óðàâíåíèÿ Íàâüå � Ñòîêñà. Ãèäðàâëè÷åñêèé ñêà÷îê
ðàññìàòðèâàåòñÿ êàê î÷åíü óçêèé ïåðåõîäíûé ñëîé ñ áîëüøèìè ãðàäèåíòàìè èñ-
êîìûõ âåëè÷èí â ïåðïåíäèêóëÿðíîì ê ñëîþ íàïðàâëåíèè. Èçó÷àåòñÿ ìîäåëüíûé
îäíîìåðíûé ñëó÷àé.

Èññëåäîâàíèå ïðîèçâîäèòñÿ êëàññè÷åñêèì ìåòîäîì, ïîäðîáíî èçëîæåííûì, â
÷àñòíîñòè, â êíèãå [4]. Â ðåçóëüòàòå çàäà÷à â ïåðåõîäíîì ñëîå ñâîäèòñÿ ê ñèñòåìå
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Íà ýòîé îñíîâå óäàåòñÿ ñìîäåëè-
ðîâàòü ïðîöåññû âíóòðè ãèäðàâëè÷åñêîãî ñêà÷êà, â ÷àñòíîñòè, îáîñíîâàòü ïîñòà-
íîâêó óñëîâèé ñîïðÿæåíèÿ (óñëîâèé Ãþãîíèî), îáúÿñíèòü îñîáåííîñòè ïåðåõîäà
è óñòàíîâèòü äèíàìèêó èñêîìûõ âåëè÷èí âíóòðè ïåðåõîäíîé çîíû.

Îñíîâíûå âûâîäû:

1. Èñòî÷íèêîì ãèäðàâëè÷åñêîãî ñêà÷êà ÿâëÿåòñÿ âÿçêîñòü, äîñòàòî÷íî ìàëàÿ,
íî ïîëîæèòåëüíàÿ: íåò âÿçêîñòè � íåò ãèäðàâëè÷åñêîãî ñêà÷êà.

2. Ñêà÷îê âñåãäà ïåðåâîäèò ñâåðõêðèòè÷åñêîå ñîñòîÿíèå òå÷åíèÿ â äîêðèòè÷å-
ñêîå.

3. Ôèçè÷åñêè ïðîöåññ ïåðåõîäà ñîñòîèò â òîì, ÷òî âÿçêîå òîðìîæåíèå ïðèâî-
äèò ê óìåíüøåíèþ ñðåäíåé ñêîðîñòè, ÷òî ïðè ñîõðàíåíèè ïîòîêà âåäåò ê
ïîäúåìó óðîâíÿ æèäêîñòè.

4. Â ãèäðàâëè÷åñêîì ñêà÷êå çàâèõðåííîñòü âíà÷àëå áûñòðî âîçðàñòàåò è äî-
ñòèãàåò ìàêñèìóìà â òî÷êå, â êîòîðîé ñîñòîÿíèå æèäêîñòè ñòàíîâèòñÿ êðè-
òè÷åñêèì, äàëåå çàâèõðåííîñòü óáûâàåò âïëîòü äî äîñòèæåíèÿ êîíå÷íîãî
äîêðèòè÷åñêîãî ñîñòîÿíèÿ, íî èòîãîâàÿ çàâèõðåííîñòü â êîíå÷íîì ñîñòîÿ-
íèè îñòàåòñÿ áîëüøåé, ÷åì â ïåðâîíà÷àëüíîì ñâåðõêðèòè÷åñêîì.
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Òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ äèíàìèêè ãèäðîìåõàíè÷å-
ñêèõ ñèñòåì ïðè êîëåáàòåëüíûõ âîçäåéñòâèÿõ ïðèâåëè ê îáíàðóæåíèþ ðÿäà ýô-
ôåêòîâ ñðåäíåãî äâèæåíèÿ (ñì., íàïðèìåð, [1�3] è ïðåäñòàâëåííóþ òàì ëèòåðà-
òóðó). Ðàçâèòèå èññëåäîâàíèé â äàííîé îáëàñòè íàøëî îòðàæåíèå, â ÷àñòíîñòè,
â íàñòîÿùåé ðàáîòå.

Ïîñòàâëåíà è ðåøåíà íîâàÿ çàäà÷à î ïåðèîäè÷åñêîì ïî âðåìåíè äâèæåíèè
âÿçêîé íåñæèìàåìîé æèäêîñòè â ïðèñóòñòâèè òâåðäîãî òåëà è èäåàëüíîãî ãàçà.
Òâåðäîå òåëî îãðàíè÷åíî èçíóòðè êðóãîâîé öèëèíäðè÷åñêîé ïîâåðõíîñòüþ Γ1

ðàäèóñîì R1. Ãàç îãðàíè÷åí èçâíå êðóãîâîé öèëèíäðè÷åñêîé ïîâåðõíîñòüþ Γ2

ðàäèóñîì R2. Â êàæäûé ìîìåíò âðåìåíè îñè ïîâåðõíîñòåé Γ1, Γ2 íàõîäÿòñÿ íà
îñè Z öèëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò R, θ, Z; æèäêîñòü çàíèìàåò îáëàñòü
R2 < R < R1 (0 ≤ θ < 2π, −∞ < Z <∞). Òâåðäîå òåëî âðàùàåòñÿ è ïóëüñèðóåò;
óãëîâàÿ ñêîðîñòü Ω âðàùåíèÿ òâåðäîãî òåëà âîêðóã îñè Z è ðàäèóñ R1 çàäàííûì
îáðàçîì ïåðèîäè÷åñêè èçìåíÿþòñÿ ñî âðåìåíåì (ñðåäíåå çíà÷åíèå ñêîðîñòè Ω
ðàâíî íóëþ).

Ïîñòàíîâêà çàäà÷è âêëþ÷àåò â ñåáÿ óðàâíåíèÿ Íàâüå � Ñòîêñà è íåðàçðûâíî-
ñòè, óñëîâèÿ íà ñâîáîäíîé è òâåðäîé ãðàíèöàõ æèäêîñòè, à òàêæå óñëîâèå ïîñòî-
ÿíñòâà ðàçíîñòè R2

1 − R2
2.

Óñòàíîâëåíî íàëè÷èå ñëåäóþùåãî ýôôåêòà. Ãèäðîìåõàíè÷åñêàÿ ñèñòåìà, ïîä-
âåðãàþùàÿñÿ êîëåáàòåëüíûì âîçäåéñòâèÿì, íå èìåþùèì âûäåëåííîãî íàïðàâëå-
íèÿ â ïðîñòðàíñòâå, ïðîèçâîäèò îäíîíàïðàâëåííûå îòêëèêè, ðåàêöèè íà âîçäåé-
ñòâèÿ, âûðàæàþùèåñÿ â òîì, ÷òî ñâîáîäíûå ÷àñòè ñèñòåìû � ñëîè æèäêîñòè � íà
ôîíå êîëåáàíèé ñîâåðøàþò îäíîíàïðàâëåííîå ñòàöèîíàðíîå âðàùàòåëüíîå äâè-
æåíèå. Â ÷àñòíîñòè, ïðåèìóùåñòâåííî îäíîíàïðàâëåííîå âðàùàòåëüíîå äâèæå-
íèå ñîâåðøàåò æèäêèé ñëîé, ãðàíè÷àùèé ñ ãàçîì.

Ðåçóëüòàòû ðàáîòû ìîãóò íàéòè ïðèìåíåíèå â èññëåäîâàíèÿõ íåîáû÷íîé äè-
íàìèêè ãèäðîìåõàíè÷åñêèõ ñèñòåì, à òàêæå èñïîëüçîâàòüñÿ ïðè ñîçäàíèè óñò-
ðîéñòâ, ãèäðîìåõàíè÷åñêèõ ñèñòåì, îáëàäàþùèõ çàäàííûìè ñâîéñòâàìè.
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Áîëüøîé êëàññ çàäà÷ ôèëüòðàöèè ñ ôàçîâûìè ïåðåõîäàìè ñîñòàâëÿþò çàäà÷è
òåïëîìàññîïåðåíîñà â òàþùåì ñíåæíî-ëåäîâîì ïîêðîâå. Ýòè çàäà÷è âîñòðåáîâà-
íû äëÿ ðàñ÷åòîâ è ïðîãíîçà ãèäðîãðàôîâ âåñåííåãî ïîëîâîäüÿ è êà÷åñòâà âîäû
â âîäîåìàõ-ïðèåìíèêàõ. Îñíîâû òåîðèè èçîòåðìè÷åñêîãî äâèæåíèÿ âîäû è âîç-
äóõà â ñíåãå çàëîæåíû â ðàáîòàõ S.C. Colbeck [1] è åãî ïîñëåäîâàòåëåé [2, 3].
Ìîäåëè òàþùåãî ñíåãà êàê ìíîãîôàçíîé ñðåäû è ñ ó÷åòîì ôàçîâûõ ïåðåõîäîâ
ðàññìàòðèâàëèñü â [4, 5].

Â äîêëàäå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ñíåæíîãî ïîêðîâà êàê
òðåõôàçíîé ñðåäû, ñîñòîÿùåé èç âîäû, âîçäóõà è ëüäà, ñîñòàâëÿþùåãî òâåðäûé
ïîðèñòûé ñêåëåò. Â îñíîâó ìîäåëè ïîëîæåíû óðàâíåíèÿ ñîõðàíåíèÿ ìàññû äëÿ
êàæäîé èç ôàç ñ ó÷åòîì ôàçîâûõ ïåðåõîäîâ, óðàâíåíèÿ äâóõôàçíîé ôèëüòðàöèè
äëÿ âîäû è âîçäóõà [6], óðàâíåíèÿ òåïëîâîãî áàëàíñà [4]. Ïðåäëîæåí àëãîðèòì
÷èñëåííîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è òåïëîìàññîïåðåíîñà â òàþùåì ñíå-
ãå è ïðîâåäåíû òåñòîâûå ÷èñëåííûå ðàñ÷åòû. Ðàññìàòðèâàåìàÿ ìîäåëü îòêàëèá-
ðîâàíà ïóòåì ñðàâíåíèÿ ðàñ÷åòîâ ñ ýêñïåðèìåíòàëüíûìè äàííûìè [7].

ËÈÒÅÐÀÒÓÐÀ

1. Colbeck S.C. A theory of water percolation in snow // Journal of Glaciology. 1972. V. 11,
No. 63. P. 369�385.

2. Sellers S. Theory of water transport in melting snow with a moving surface // Cold
Regions Science and Technology. 2000. V. 31. P. 47�57.

3. Gray J.M.N.T. Water movement in wet snow // Phil. Trans. R. Soc. Lond. A. 1996.
V. 354. P. 465�500.

4. Êó÷ìåíò Ë.Ñ., Äåìèäîâ Â.Í., Ìîòîâèëîâ Þ.Ã. Ôîðìèðîâàíèå ðå÷íîãî ñòîêà.
Ôèçèêî-ìàòåìàòè÷åñêèå ìîäåëè. Ì.: Íàóêà, 1983.

5. Papin A.A. Solvabilitity of a model problem of heat and mass transfer in thawing snow //
J. Appl. Mech. Tech. Phys. 2008. V. 49, No. 4. P. 527�536.

6. Àíòîíöåâ Ñ.Í., Êàæèõîâ À.Â., Ìîíàõîâ Â.Í. Êðàåâûå çàäà÷è ìåõàíèêè íåîäíîðîä-
íûõ æèäêîñòåé. Íîâîñèáèðñê, 1983.

7. Waldner P.A., Schneebeli M., Schultze-Zimmermann U., Fluhler H. E�ect of snow
structure on water �ow and solute transport // Hydrol. Process. 2004. V. 18. P. 1271�
1290.

202



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈÉ
ÑÌÅØÀÍÍÎÃÎ ÏÀÐÀÁÎËÎ-ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ

ÒÈÏÀ ÑÎ ÑÒÅÏÅÍÍÛÌ ÂÛÐÎÆÄÅÍÈÅÌ

Ñèäîðîâ Ñ.Í.1,2
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà

Lu = F (x, t), (1)
çäåñü

Lu =

{
tnuxx − ut − btnu,

(−t)muxx − utt − b(−t)mu,
F (x, t) =

{
f1(x)g1(t), t > 0,

f2(x)g2(t), t < 0,

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t)| 0 < x < l, −α < t < β}, ãäå n > 0, m > 0,
l > 0, α > 0, β > 0 � çàäàííûå äåéñòâèòåëüíûå ÷èñëà è b � çàäàííîå ëþáîå
äåéñòâèòåëüíîå ÷èñëî, è ïîñòàâèì ñëåäóþùèå çàäà÷è.

Çàäà÷à 1. Íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:
u(x, t) ∈ C(D) ∩ C1

t (D) ∩ C1
x(D) ∩ C2

x(D+) ∩ C2(D−); Lu(x, t) ≡ F (x, t), (x, t) ∈
D+ ∪D−; u(0, t) = u(l, t) = 0, −α ≤ t ≤ β; u(x,−α) = 0, 0 ≤ x ≤ l, ãäå F (x, t) �
çàäàííàÿ äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, D+ = D ∩ {t > 0}, D− = D ∩ {t < 0}.

Çàäà÷à 2. Íàéòè ôóíêöèè u(x, t), g1(t), g2(t), óäîâëåòâîðÿþùèå óñëîâèÿì
çàäà÷è 1 è g1(t) ∈ C[0, β], g2(t) ∈ C[−α, 0], u(x0, t) = h(t), 0 < x0 < l, −α ≤ t ≤ β,
çäåñü fi(x), i = 1, 2, h(t) � èçâåñòíûå ôóíêöèè, x0 � çàäàííàÿ òî÷êà èç èíòåðâàëà
(0, l).

Îòìåòèì, ÷òî íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à 1 äëÿ óðàâíåíèÿ (1) èçó÷åíà â ðà-
áîòàõ [1, 2] ïðè n ≥ 0 è m ≥ 0. Â ñòàòüÿõ [3, 4] ðàññìîòðåíà îáðàòíàÿ çàäà÷à 2
äëÿ óðàâíåíèÿ (1), êîãäà n > 0, m = 0 è n = 0, m > 0 ñîîòâåòñòâåííî.

Â äàííîé ðàáîòå èçó÷åíà îáðàòíàÿ çàäà÷à 2, èññëåäîâàíèå êîòîðîé ïðîâîäèò-
ñÿ íà îñíîâå ðåøåíèÿ ïðÿìîé íà÷àëüíî-ãðàíè÷íîé çàäà÷è 1. Ðåøåíèå ýòîé çàäà÷è
ïîñòðîåíî â âèäå ñóììû îðòîãîíàëüíîãî ðÿäà, ïðè îáîñíîâàíèè ñõîäèìîñòè êî-
òîðîãî âîçíèêàåò ïðîáëåìà ìàëûõ çíàìåíàòåëåé. Â ñâÿçè ñ ýòèì óñòàíîâëåíû
îöåíêè îá îòäåëåííîñòè îò íóëÿ ìàëûõ çíàìåíàòåëåé ñ ñîîòâåòñòâóþùåé àñèìï-
òîòèêîé, êîòîðûå ïîçâîëÿþò îáîñíîâàòü ñõîäèìîñòü ðÿäà â êëàññå ðåãóëÿðíûõ
ðåøåíèé óðàâíåíèÿ (1). Íà îñíîâå ôîðìóëû ðåøåíèÿ çàäà÷è 1 ðåøåíèå îáðàòíîé
çàäà÷è 2 ýêâèâàëåíòíî ðåäóöèðîâàíî ê ðàçðåøèìîñòè íàãðóæåííûõ èíòåãðàëü-
íûõ óðàâíåíèé. Èñïîëüçóÿ òåîðèþ èíòåãðàëüíûõ óðàâíåíèé, äîêàçàíû ñîîòâåò-
ñòâóþùèå òåîðåìû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøåíèé ïîñòàâëåííûõ îá-
ðàòíûõ çàäà÷ è óêàçàíû ÿâíûå ôîðìóëû ðåøåíèÿ.

ËÈÒÅÐÀÒÓÐÀ

1. Ñàáèòîâ Ê.Á. Ïðÿìûå è îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-
ãèïåðáîëè÷åñêîãî òèïà. Ì.: Íàóêà, 2016.

2. Sabitov K.B., Sidorov S.N. Initial-boundary-value problem for inhomogeneous dege-
nerate equations of mixed parabolic-hyperbolic type // J. Math. Sci., New York. 2019.
V. 236, No. 6. P. 603�640.

3. Ñèäîðîâ Ñ.Í. Îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè-
÷åñêîãî òèïà ñ âûðîæäàþùåéñÿ ïàðàáîëè÷åñêîé ÷àñòüþ // Ñèá. ýëåêòðîí. ìàò. èçâ.
2019. Ò. 16. Ñ. 144�157.

4. Ñèäîðîâ Ñ.Í. Îáðàòíûå çàäà÷è äëÿ âûðîæäàþùåãîñÿ ñìåøàííîãî ïàðàáîëî-ãèïåð-
áîëè÷åñêîãî óðàâíåíèÿ ïî íàõîæäåíèþ ñîìíîæèòåëåé ïðàâûõ ÷àñòåé, çàâèñÿùèõ îò
âðåìåíè // Óôèìñê. ìàò. æóðí. 2019. Ò. 11, � 1. Ñ. 72�86.

203



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÎÁ ÓÑÒÎÉ×ÈÂÛÕ ÂÎÇÌÓÙÅÍÈßÕ
ÄÈÍÀÌÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Ñ ÍÅÎÃÐÀÍÈ×ÅÍÍÛÌ ÎÏÅÐÀÒÎÐÎÌ,
ÈÌÅÞÙÈÌ ÀÁÑÎËÞÒÍÎ ÍÅÏÐÅÐÛÂÍÛÉ ÑÏÅÊÒÐ

Ñêàçêà Â.Â.1,2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

skazka@math.nsc.ru

Â êîìïëåêñíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H ñî ñêàëÿðíûì ïðîèçâåäåíèåì
(·, ·) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè:

B
du

dt
= iAu+ ε cos(ωt)Pu, u|t=0 = u0. (1)

Çäåñü A � ñàìîñîïðÿæåííûé îïåðàòîð, B � îãðàíè÷åííûé ïîëîæèòåëüíî îïðå-
äåëåííûé îïåðàòîð, ò. å. (Bu, u) ≥ δ(u, u), δ > 0, P � îãðàíè÷åííûé.

Ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé, íà÷àòûõ â ðàáîòàõ, îïóáëèêî-
âàííûõ ðàíåå â æóðíàëå �Ìàòåìàòè÷åñêèé ñáîðíèê� è ïîñâÿùåííûõ âîïðîñàì î
âëèÿíèè íåïðåðûâíîãî ñïåêòðà íà ÿâëåíèå ïàðàìåòðè÷åñêîãî ðåçîíàíñà â äèô-
ôåðåíöèàëüíûõ óðàâíåíèÿõ.

Ïîä ðåøåíèåì óðàâíåíèÿ (1) ìû áóäåì ïîíèìàòü ðåøåíèå ñëåäóþùåãî èíòå-
ãðàëüíîãî óðàâíåíèÿ:

u(t) = u0 + ε

∫ t

0

eiB
−1A(t−τ)B−1 cos(ωτ)Pu(τ) dτ. (2)

Ââåäåì ñëåäóþùåå áàíàõîâî ïðîñòðàíñòâî àíàëèòè÷åñêèõ â ïðàâîé ïîëóïëîñêî-
ñòè ôóíêöèé GH ñ íîðìîé [[φ]]H = sup

x>0

∫∞
−∞ ∥φ(x+ iy)∥2H dy.

Ïóñòü âûïîëíåíû ñëåäóþùèå ïðåäïîëîæåíèÿ (λ = x+ iy, x > 0):

1. Äëÿ ëþáîé ψ ∈ H ñïðàâåäëèâî:
[[
P (λB − iA)−1ψ

]]
H

≤ K ∥ψ∥H .

2. Äëÿ ëþáîé φ ∈ GH ñïðàâåäëèâî:∫∞
−∞

∥∥P (λB − iA)−1φ(λ)
∥∥2
H
dy ≤ K

∫∞
−∞ ∥φ(λ)∥2H dy.

3. Äëÿ ëþáîé φ ∈ GH ñïðàâåäëèâî:∥∥∥∫∞
−∞ eλt(λB − iA)−1φ(λ) dy

∥∥∥2
H

≤ Ke2xt
∫∞
−∞ ∥φ(λ)∥2H dy.

Òåîðåìà.Ïðè âûøåïåðå÷èñëåííûõ óñëîâèÿõ ñóùåñòâóþò ε0 > 0, C > 0 òàêèå,
÷òî äëÿ ëþáûõ ε, ω, |ε| ≤ ε0, ω ∈ R, äëÿ ðåøåíèÿ óðàâíåíèÿ (2) ñïðàâåäëèâî:
∥u(t)∥H ≤ C ∥u0∥H .

Â êà÷åñòâå ïðèìåðà ìîæíî ðàññìîòðåòü ìîäåëüíîå äëÿ ëèíåéíûõ óðàâíåíèé
àêóñòèêè è òåîðèè óïðóãîñòè óðàâíåíèå â L2(R3)

du(x, t)

dt
= i
√
x21 + x22 + x23 u+ ε cos(ωt)

∫∫∫
R3

K(x, y)u(y, t) dy.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ èññëåäî-

âàíèé ÑÎ ÐÀÍ � I.1.5., ïðîåêò � 0314-2016-0012.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü äèíàìèêè êëåòî÷íîé ïîïóëÿöèè, ïðåäëî-
æåííàÿ Í.Â. Ïåðöåâûì. Ìîäåëü îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ äâóìÿ ïîëîæèòåëüíûìè çàïàçäûâàíèÿìè

d

dt
x(t) = f(u(t− τ1), w(t− τ2))− µx(t),

d

dt
u(t) = α1x(t)− µ1u(t),

d

dt
w(t) = α2x(t)− µ2w(t),

(1)

ãäå x(t) � ÷èñëåííîñòü ïîïóëÿöèè, u(t) � ñòèìóëÿòîð ðîñòà ïîïóëÿöèè, w(t) �
èíãèáèòîð ðîñòà ïîïóëÿöèè. Ôóíêöèÿ f(u,w) íåïðåðûâíà, íåîòðèöàòåëüíà, íå
óáûâàåò ïî u è íå âîçðàñòàåò ïî w. Âñå êîýôôèöèåíòû ñèñòåìû ïðåäïîëàãàþòñÿ
ïîëîæèòåëüíûìè.

Â ðàáîòå èçó÷àåòñÿ óñòîé÷èâîñòü ïîëîæåíèé ðàâíîâåñèÿ ñèñòåìû (1). Ïîëó÷å-
íû óñëîâèÿ íà ïàðàìåòðû ñèñòåìû, ïðè êîòîðûõ ïîëîæåíèÿ ðàâíîâåñèÿ ÿâëÿþòñÿ
àñèìïòîòè÷åñêè óñòîé÷èâûìè. Óñòàíîâëåíû îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå
ñêîðîñòü ñòàáèëèçàöèè íà áåñêîíå÷íîñòè, è óêàçàíû îöåíêè íà îáëàñòè ïðèòÿæå-
íèÿ. Ðåçóëüòàòû ïîëó÷åíû ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàííûõ ôóíêöèîíàëîâ
Ëÿïóíîâà � Êðàñîâñêîãî [1].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-29-10086).
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Â äàííîì äîêëàäå ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ âûñîò-
íûõ ïðîôèëåé îòíîñèòåëüíîé êîíöåíòðàöèè ìîëåêóë HDO â âîäÿíîì ïàðå ïî
ÈÊ-ñïåêòðàì ïðîïóñêàíèÿ ñîëíå÷íîãî ñâåòà. Èññëåäóåìàÿ çàäà÷à ñâîäèòñÿ ê ðå-
øåíèþ íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ

P (z) = P̄ , (1)

ãäå P̄ � ÈÊ-ñïåêòð ñîëíå÷íîãî ñâåòà, èçìåðåííûé Ôóðüå-èíòåðôåðîìåòðîì FTIR
(Fourier Transform InfraRed �Bruker� IFS 125M) íàçåìíîãî áàçèðîâàíèÿ, z � ñî-
ñòàâíîé âåêòîð, îñíîâàííûé íà çíà÷åíèÿõ êîíöåíòðàöèé H2O è HDO íà çàäàííîé
ñåòêå âûñîò, P � íåëèíåéíûé îïåðàòîð, âû÷èñëÿþùèé ìîäåëüíûé ñïåêòð ïî çà-
äàííîìó z. Îïåðàòîð P ñòðîèòñÿ íà îñíîâå äàííûõ, ïîëó÷åííûõ â ðåçóëüòàòå
ðàáîòû ïðîãðàììû FIRE-ARMS, ðåøàþùåé ïðÿìóþ çàäà÷ó âû÷èñëåíèÿ ìîäåëü-
íîãî ñïåêòðà ïî èçâåñòíûì ïðîôèëÿì êîíöåíòðàöèè ãàçîâ, äàâëåíèÿ è òåìïåðà-
òóðû, ïîëó÷åííûõ èç ðåàíàëèçà ìåòåîäàííûõ íà ìîìåíò èçìåðåíèÿ ñïåêòðà.

Ðåøåíèå çàäà÷è (1) ñèëüíî ÷óâñòâèòåëüíî ê îøèáêàì èçìåðåíèÿ ñïåêòðà, ïî-
ýòîìó âíà÷àëå ïðèìåíÿåòñÿ òèõîíîâñêàÿ ðåãóëÿðèçàöèÿ â ôîðìå

min{||P (z)− P̄ ||2 + α⟨B(z − z0), z − z0⟩ : z ∈ Rn}, (2)

ãäå B = (K+εI)−1,K �êîâàðèàöèîííàÿ ìàòðèöà, ε�ìàëûé ïîëîæèòåëüíûé ïà-
ðàìåòð. Äëÿ àïïðîêñèìàöèè ðåøåíèÿ zα çàäà÷è (2) èñïîëüçóåòñÿ èòåðàöèîííûé
ïðîöåññ, ïðåäëîæåííûé â [1]:

zk+1 = zk − [Φ′(zk) + αB + βI]−1(Φ(zk) + αB(zk − z0)),

ãäå Φ(z) = P ′(z)T(P (z)− P̄ ), β �ïàðàìåòð prox-ìåòîäà äëÿ (2).
Òåîðåìà. Ïóñòü Φ′(z) � ñèììåòðè÷íàÿ ìàòðèöà ñ ñîáñòâåííûìè çíà÷åíèÿìè,

íå ìåíüøèìè, ÷åì −γ, γ > 0, µ − γ ≥ µ̄ > 0, µ = α/(||K|| + ε), è âûïîëíÿåòñÿ
óñëîâèå ||zα−z0|| ≤ r, r = µ̄/N , ãäåN �êîíñòàíòà â íåðàâåíñòâå ||Φ(z1)−Φ(z2)|| ≤
N ||z1 − z2||. Òîãäà ñïðàâåäëèâà îöåíêà

||zk − zα|| ≤ qkr, q = (β + µ̄/2)/(β + µ̄) < 1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 18-11-

00024).
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Â íàñòîÿùåå âðåìÿ âåñüìà àêòèâíî ðàçâèâàþòñÿ ìåòîäû ïðîåêòèðîâàíèÿ îï-
òèìàëüíûõ ôîðì ýëåìåíòîâ ïðîòî÷íîãî òðàêòà ãèäðîòóðáèí íà îñíîâå ÷èñëåí-
íîãî ìîäåëèðîâàíèÿ òå÷åíèé è ïðî÷íîñòíûõ õàðàêòåðèñòèê ñ èñïîëüçîâàíèåì
ìåòîäîâ ìíîãîêðèòåðèàëüíîé îïòèìèçàöèè.

Ðàáî÷åå êîëåñî è îòñàñûâàþùàÿ òðóáà ãèäðîòóðáèíû � îñíîâíûå ýëåìåíòû åå
ïðîòî÷íîé ÷àñòè, îïðåäåëÿþùèå ïðîèçâîäèòåëüíîñòü òóðáèíû, åå ïðî÷íîñòíûå,
êàâèòàöèîííûå è âåñîâûå õàðàêòåðèñòèêè. Ïîýòîìó ïðîåêòèðîâàíèå îïòèìàëü-
íûõ ôîðì ýòèõ ýëåìåíòîâ � âåñüìà àêòóàëüíàÿ çàäà÷à. Âàæíûì àñïåêòîì ýòîé
ïðîáëåìû ÿâëÿåòñÿ ìåòîäèêà ãåíåðàöèè äîïóñòèìîãî ìíîæåñòâà ôîðì ïðîåêòè-
ðóåìîãî ýëåìåíòà â êà÷åñòâå îáëàñòè äëÿ ïîèñêà îïòèìàëüíîãî. Ïðåäëàãàåòñÿ
ïîäõîä, îñíîâàííûé íà âàðèàöèè ôîðìû èñõîäíîãî ýëåìåíòà � ïðîòîòèïà. Âà-
ðèàöèÿ ïîâåðõíîñòè ëîïàñòè ðàáî÷åãî êîëåñà îñóùåñòâëÿåòñÿ ïóòåì âàðèàöèè åå
ñðåäèííîé ïîâåðõíîñòè è ïîâåðõíîñòè òîëùèí. Ïîâåðõíîñòü îòñàñûâàþùåé òðó-
áû ïðåäñòàâëÿåòñÿ â âèäå ïîâåðõíîñòè, çàâèñÿùåé îò îïðåäåëåííîãî ÷èñëà ïàðà-
ìåòðîâ, è âàðèàöèÿ åå ôîðìû îñóùåñòâëÿåòñÿ ïóòåì âàðèàöèè åå ïàðàìåòðîâ.

Ïðåäëàãàåòñÿ ìåòîäèêà ãåíåðàöèè êîíå÷íî-îáúåìíûõ ñåòîê äëÿ ÷èñëåííîãî
ìîäåëèðîâàíèÿ òå÷åíèÿ â îáëàñòè êàæäîãî èç ðàññìàòðèâàåìûõ ýëåìåíòîâ ïðî-
òî÷íîãî òðàêòà ãèäðîòóðáèíû. Äëÿ ðàñ÷åòà ïðî÷íîñòíûõ õàðàêòåðèñòèê ðàáî÷å-
ãî êîëåñà ïðåäëîæåíû ìåòîäû ïîñòðîåíèÿ êîíå÷íî-ýëåìåíòíûõ ñåòîê.

×èñëåííîå ìîäåëèðîâàíèå òå÷åíèÿ îñóùåñòâëÿåòñÿ ïóòåì ðåøåíèÿ ñèñòåìû
îñðåäíåííûõ ïî Ðåéíîëüäñó òðåõìåðíûõ óðàâíåíèé Íàâüå � Ñòîêñà, çàìêíóòûõ
äâóõïàðàìåòðè÷åñêèìè ìîäåëÿìè òóðáóëåíòíîñòè. Ðàñ÷åò ïðî÷íîñòíûõ õàðàêòå-
ðèñòèê ðåàëèçóåòñÿ ìåòîäîì êîíå÷íûõ ýëåìåíòîâ.

Äëÿ ðåøåíèÿ ìíîãîêðèòåðèàëüíîé îïòèìèçàöèîííîé çàäà÷è èñïîëüçóþòñÿ ãå-
íåòè÷åñêèå àëãîðèòìû îïòèìèçàöèè. Ïðåäëîæåííàÿ ìåòîäèêà ïðîåêòèðîâàíèÿ
îïòèìàëüíûõ ôîðì ýëåìåíòîâ ïðîòî÷íîãî òðàêòà ãèäðîòóðáèí ðåàëèçîâàíà â
ïðîãðàììíîì êîìïëåêñå CADRUN. Åãî ïðàêòè÷åñêîå èñïîëüçîâàíèå ïîçâîëèëî
óëó÷øèòü ýíåðãåòè÷åñêèå ïîêàçàòåëè è ïðî÷íîñòíûå õàðàêòåðèñòèêè ðÿäà ðåàëü-
íûõ ÃÝÑ.

×àñòü ðåçóëüòàòîâ îïóáëèêîâàíà â [1].
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Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè
(ÑÄÓ×Ï) ÿâëÿþòñÿ î÷åíü õîðîøèì èíñòðóìåíòîì äëÿ îïèñàíèÿ ìíîãèõ ïðî-
öåññîâ è ÿâëåíèé, ïðîèñõîäÿùèõ â ôèçè÷åñêèõ ñèñòåìàõ, òàê êàê â ÑÄÓ×Ï ó÷è-
òûâàåòñÿ âëèÿíèå ñëó÷àéíûõ ôàêòîðîâ íà ôèçè÷åñêóþ ñèñòåìó [1]. Ðåøåíèåì
ÑÄÓ×Ï ÿâëÿåòñÿ ñëó÷àéíîå ïîëå, äëÿ îïèñàíèÿ êîòîðîãî ïðèìåíÿþòñÿ ðàçëè÷-
íûå âåðîÿòíîñòíûå õàðàêòåðèñòèêè. Òàê êàê â áîëüøèíñòâå ñëó÷àåâ íå óäà¼òñÿ
íàéòè àíàëèòè÷åñêîå ðåøåíèå ÑÄÓ×Ï, òî äëÿ îïèñàíèÿ ñëó÷àéíîãî ïîëÿ, ÿâëÿ-
þùåãîñÿ ðåøåíèåì ÑÄÓ×Ï, ïðèìåíÿþòñÿ îöåíêè ðàçëè÷íûõ âåðîÿòíîñòíûõ õà-
ðàêòåðèñòèê, êîòîðûå ïîëó÷åíû ñ ïîìîùüþ ìåòîäà ÷èñëåííîãî ñòàòèñòè÷åñêîãî
ìîäåëèðîâàíèÿ [2]. Äëÿ íàõîæäåíèÿ îöåíîê âåðîÿòíîñòíûõ õàðàêòåðèñòèê ñëó-
÷àéíîãî ïîëÿ, ÿâëÿþùåãîñÿ ðåøåíèåì ÑÄÓ×Ï, ñ âûñîêîé òî÷íîñòüþ òðåáóåòñÿ
ìîäåëèðîâàòü áîëüøîå êîëè÷åñòâî ðåàëèçàöèé ýòîãî ñëó÷àéíîãî ïîëÿ è êàæäóþ
ðåàëèçàöèþ ìîäåëèðîâàòü ñ î÷åíü ìàëûìè øàãàìè äèñêðåòèçàöèè â çàäàííîé
ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè. Îáû÷íûé êîìïüþòåð ñ òàêîé çàäà÷åé íå
ñïðàâëÿåòñÿ çà ïðèåìëåìîå âðåìÿ, ïîýòîìó òðåáóåòñÿ èñïîëüçîâàòü ñóïåðêîì-
ïüþòåð, íà êîòîðîì ðåàëèçóþòñÿ ïàðàëëåëüíûå àëãîðèòìû äëÿ ðåøåíèÿ äàííîé
çàäà÷è. Ðàñïàðàëëåëèâàíèå ïî ðåàëèçàöèÿì ïðîâîäèëîñü ñ ïîìîùüþ áèáëèîòåêè
PARMONC [3]. Â äàííîé ðàáîòå âñå ðàñ÷¼òû ïðîâîäèëèñü íà êëàñòåðàõ ÍÊÑ-
30Ò è ÍÊÑ-1Ï ñ èñïîëüçîâàíèåì ðåñóðñîâ ÖÊÏ Ñèáèðñêèé Ñóïåðêîìïüþòåðíûé
Öåíòð ÈÂÌèÌÃ ÑÎ ÐÀÍ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 17-01-00698 è � 18-01-00599).
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Ïðîáëåìà ïîâûøåíèÿ òî÷íîñòè ðàñ÷åòîâ òå÷åíèé ñ èñïîëüçîâàíèåì âèõðåâûõ
ìåòîäîâ ÿâëÿåòñÿ àêòóàëüíîé; íàèáîëåå ñóùåñòâåííûì ôàêòîðîì ÿâëÿåòñÿ òî÷-
íîñòü ìîäåëèðîâàíèÿ ïðîöåññà ãåíåðàöèè çàâèõðåííîñòè íà ãðàíèöå îáòåêàåìîãî
ïðîôèëÿ. Ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé ãðàíè÷íîå èíòåãðàëüíîå
óðàâíåíèå, ïðè ýòîì èñõîäíàÿ çàäà÷à ìîæåò áûòü ñâåäåíà êàê ê ñèíãóëÿðíîìó
óðàâíåíèþ 1-ãî ðîäà, òàê è ê óðàâíåíèþ 2-ãî ðîäà ñ îãðàíè÷åííûì ÿäðîì âèäà∮

K

(r⃗ − ξ⃗ ) · n⃗(r⃗ )
|r⃗ − ξ⃗ |2

γ(ξ⃗ )dlξ −
γ(r⃗ )

2
= fτ (r⃗ ), r⃗ ∈ K. (1)

Âòîðîé ïóòü ïîçâîëÿåò ñòðîèòü ÷èñëåííûå ñõåìû áîëåå âûñîêîé òî÷íîñòè; â óðàâ-
íåíèè (1) n⃗(r⃗) � îðò âíåøíåé íîðìàëè ê ïðîôèëþ, γ(r⃗) � èñêîìàÿ èíòåíñèâíîñòü
âèõðåâîãî ñëîÿ; fτ (r⃗)� ïðàâàÿ ÷àñòü, çàâèñÿùàÿ îò ôîðìû îáòåêàåìîãî ïðîôèëÿ,
íàáåãàþùåãî ïîòîêà è ðàñïðåäåëåíèÿ çàâèõðåííîñòè â îáëàñòè òå÷åíèÿ.

Â ðàáîòå [1] ïîäðîáíî îïèñàíà ïðîöåäóðà ïîñòðîåíèÿ ÷èñëåííûõ ñõåì 1-ãî è
2-ãî ïîðÿäêà òî÷íîñòè äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ (1) íà îñíîâå ïîäõîäà
Ãàë¼ðêèíà ñ êóñî÷íî-ïîñòîÿííûìè è êóñî÷íî-ëèíåéíûìè áàçèñíûìè ôóíêöèÿìè.
Ïðè ýòîì óñòàíîâëåíî, ÷òî äëÿ îáåñïå÷åíèÿ 2-ãî ïîðÿäêà òðåáóåòñÿ ó÷åò êðèâîëè-
íåéíîñòè ãðàíèöû ïðîôèëÿ. Êðîìå òîãî, îí íåîáõîäèì â ñëó÷àå, êîãäà ñîñåäíèå
ïàíåëè (ó÷àñòêè äèñêðåòèçàöèè) ïðîôèëÿ ñóùåñòâåííî ðàçëè÷àþòñÿ ïî äëèíå.

Â íàñòîÿùåé ðàáîòå äàííàÿ ìåòîäèêà îáîáùåíà íà ñëó÷àé èñïîëüçîâàíèÿ
êóñî÷íî-êâàäðàòè÷íûõ áàçèñíûõ ôóíêöèé. Ïîëó÷åíû ïðèáëèæåííûå àíàëèòè-
÷åñêèå âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ÑËÀÓ, ïðåäñòàâëÿþùåé ñîáîé äèñêðåò-
íûé àíàëîã óðàâíåíèÿ (1); îáåñïå÷åíèå 3-ãî ïîðÿäêà òî÷íîñòè ïîòðåáîâàëî ïðè
âû÷èñëåíèè èíòåãðàëîâ âèäà∫

Ki

φpi (r⃗ )dlr

∫
Kj

(r⃗ − ξ⃗ ) · n⃗(r⃗ )
|r⃗ − ξ⃗ |2

φqj(ξ⃗ )dlξ

ó÷åòà ñëàãàåìûõ, ïðîïîðöèîíàëüíûõ L4
i , ãäå Li � äëèíû ïàíåëåé; {φpi }Ni=1 �

ñåìåéñòâà îðòîãîíàëüíûõ êóñî÷íî-ïîñòîÿííûõ (p = 0), êóñî÷íî-ëèíåéíûõ (p = 1)
è êóñî÷íî-êâàäðàòè÷íûõ (p = 2) áàçèñíûõ ôóíêöèé íà ïàíåëÿõ ïðîôèëÿ.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 18-31-00245).

ËÈÒÅÐÀÒÓÐÀ
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Â äîêëàäå ðàññìîòðåíà çàäà÷à

A(t)x′(t) +B(t)x(t) = f(t), x(0) = x0, t ∈ [0, 1],

ãäå A(t), B(t) � (n × n)-ìàòðèöû, f(t) è x(t) � çàäàííàÿ è èñêîìàÿ n-ìåðíûå
âåêòîð-ôóíêöèè, ýëåìåíòû ìàòðèö A(t), B(t) è f(t) äîñòàòî÷íî ãëàäêèå, è

detA ≡ 0.

Òàêèå çàäà÷è ïðèíÿòî íàçûâàòü äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèìè óðàâíåíè-
ÿìè (ÄÀÓ). Ïðåäïîëàãàåòñÿ, ÷òî íà÷àëüíîå óñëîâèå çàäàíî êîððåêòíî, à èç èñ-
õîäíîé çàäà÷è è r åå ïðîèçâîäíûõ ïóòåì ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ìîæíî
âûäåëèòü êëàññè÷åñêóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
x′(t) + B̄(t)x(t) = f̄(t). Çíà÷åíèå r ïðèíÿòî íàçûâàòü èíäåêñîì ðàññìàòðèâàåìîé
çàäà÷è. Ìíîãèå èçâåñòíûå íåÿâíûå ìåòîäû ìîãóò ïîðîæäàòü íåóñòîé÷èâûé ïðî-
öåññ èëè ïðèíöèïèàëüíî íåïðèìåíèìû äëÿ ÄÀÓ. Àâòîðû äëÿ òàêèõ çàäà÷ ïðåä-
ëàãàþò êîëëîêàöèîííî-âàðèàöèîííûå ðàçíîñòíûå ñõåìû, êîòîðûå èìåþò ïðèíöè-
ïèàëüíîå îòëè÷èå îò êëàññè÷åñêèõ àëãîðèòìîâ. Îïèñàíû îáùèé ïîäõîä ê ñîçäà-
íèþ êîëëîêàöèîííî-âàðèàöèîííûõ ðàçíîñòíûõ ñõåì è êîíêðåòíûå àëãîðèòìû ñ
îäíîé è äâóìÿ òî÷êàìè êîëëîêàöèè. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.
Äàííîå èññëåäîâàíèå ïðîäîëæàåò ðàáîòû [1�2].

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêòû � 18-51-54001, � 18-29-10019, � 18-01-00643).

ËÈÒÅÐÀÒÓÐÀ

1. Áóëàòîâ Ì.Â., Ãîðáóíîâ Â.Ê., Ìàðòûíåíêî Þ.Â., Íãóåí Ä.Ê. Âàðèàöèîííûå ïîä-
õîäû ê ÷èñëåííîìó ðåøåíèþ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé // Âû-
÷èñëèòåëüíûå òåõíîëîãèè. 2010. Ò. 15, � 5. Ñ. 3�13.

2. Bulatov M.V., Solovarova L. S. Collocation-variation di�erence schemes for di�erential-
algebraic equations // Math. Methods Appl. Sci. 2018. V. 41, No. 18. P. 9048�9056.

210



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÎÏÒÈÌÈÇÀÖÈÎÍÍÛÉ ÀÍÀËÈÇ Â ÇÀÄÀ×ÀÕ
ÄÈÇÀÉÍÀ ÑËÎÈÑÒÛÕ ÌÀÃÍÈÒÍÛÕ
ÌÀÑÊÈÐÎÂÎ×ÍÛÕ ÎÁÎËÎ×ÅÊ

Ñïèâàê Þ.Ý.1,2

1Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè ÄÂÎ ÐÀÍ, Âëàäèâîñòîê, Ðîññèÿ;
2Äàëüíåâîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò, Âëàäèâîñòîê, Ðîññèÿ;

uliyaspivak@gmail.com

Â òå÷åíèå ïîñëåäíèõ íåñêîëüêèõ ëåò èíòåíñèâíî ðàçâèâàþòñÿ è ïðåäëàãàþòñÿ
ýôôåêòèâíûå ìåòîäû è òåõíîëîãèè äèçàéíà ôóíêöèîíàëüíûõ óñòðîéñòâ (íàïðè-
ìåð, ìàñêèðîâî÷íûõ îáîëî÷åê), îáåñïå÷èâàþùèõ íåâèäèìîñòü ìàòåðèàëüíûõ òåë
îò èõ îáíàðóæåíèÿ ðàçëè÷íûìè ñðåäñòâàìè ëîêàöèè. Â õðîíîëîãè÷åñêîì ïîðÿäêå
ïåðâûå ðàáîòû â óêàçàííîé îáëàñòè áûëè ïîñâÿùåíû ýëåêòðîìàãíèòíîé ìàñêè-
ðîâêå [1], äàëåå � àêóñòè÷åñêîé [2], à ïîçæå ïîëó÷åííûå ðåçóëüòàòû áûëè ðàñ-
ïðîñòðàíåíû íà ñëó÷àé ìàñêèðîâêè îò ñòàòè÷åñêèõ ìàãíèòíûõ, ýëåêòðè÷åñêèõ è
òåïëîâûõ ïîëåé [3�5].

Ñëåäóåò, îäíàêî, îòìåòèòü, ÷òî òåõíè÷åñêàÿ ðåàëèçàöèÿ ðåøåíèé, ïîëó÷åííûõ
â öèòèðóåìûõ ðàáîòàõ, ñâÿçàíà ñ ñóùåñòâåííûìè òðóäíîñòÿìè [1�5], ïîñêîëüêó
òàêèå ðåøåíèÿ ïðåäïîëàãàþò èñïîëüçîâàíèå íåñóùåñòâóþùèõ â ïðèðîäå ìåòà-
ìàòåðèàëîâ. Ñóùåñòâóåò íåñêîëüêî ñïîñîáîâ ïðåîäîëåíèÿ óêàçàííûõ òðóäíîñòåé
ðåàëèçàöèè ðåøåíèé, ñðåäè êîòîðûõ îòìåòèì îïòèìèçàöèîííûé ìåòîä [6�8].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à ìàãíèòîñòàòèêè, âîç-
íèêàþùàÿ ïðè ïðîåêòèðîâàíèè ìíîãîñëîéíûõ äâóìåðíûõ ìàñêèðîâî÷íûõ îáî-
ëî÷åê, ñëóæàùèõ äëÿ óïðàâëåíèÿ ìàãíèòíûìè ïîëÿìè. Â îáùåì ñëó÷àå òàêèå
îáîëî÷êè ñîñòîÿò èç êîíå÷íîãî ÷èñëà ñëîåâ, êàæäûé èç êîòîðûõ çàïîëíåí îä-
íîðîäíîé èçîòðîïíîé ëèáî àíèçîòðîïíîé ñðåäîé. Ñ ïîìîùüþ îïòèìèçàöèîííîãî
ìåòîäà ðàññìàòðèâàåìàÿ îáðàòíàÿ çàäà÷à ñâîäÿòñÿ ê çàäà÷å óïðàâëåíèÿ [7, 8].
Äëÿ ÷èñëåííîãî ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðåäëàãàåòñÿ àëãîðèòì, îñíîâàí-
íûé íà èñïîëüçîâàíèè ìåòîäà ãëîáàëüíîé îïòèìèçàöèè � ìåòîäà ðîÿ ÷àñòèö. Âû-
ïîëíÿåòñÿ öèêë âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ â øèðîêîì äèàïàçîíå èçìåíåíèÿ
ïàðàìåòðîâ çàäà÷è, îáñóæäàþòñÿ è àíàëèçèðóþòñÿ ïîëó÷åííûå ðåçóëüòàòû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû �Ïðèîðèòåòíûå íàó÷íûå èññëåäîâàíèÿ

â èíòåðåñàõ êîìïëåêñíîãî ðàçâèòèÿ ÄÂÎ ÐÀÍ� (ïðîåêò � 18-5-064).
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Òåðìèí ãèäðîóäàð øèðîêî ðàñïðîñòðàíåí è âïåðâûå èñïîëüçîâàí â êëàññè÷å-
ñêîé ðàáîòå Í.Å. Æóêîâñêîãî [1] äëÿ îïèñàíèÿ ãèäðîóïðóãèõ âîëí â òðóáîïðî-
âîäíûõ ñèñòåìàõ. Â íàñòîÿùåé ðàáîòå òåðìèíîëîãèÿ ãèäðîóäàð è ïðîäîëüíûå
ãèäðîóïðóãèå âîëíû èñïîëüçóþòñÿ êàê ñèíîíèìû. Â áîëåå îáùåì âèäå ïðîäîëü-
íûå âîëíû â êàíàëàõ ñ óïðóãèìè ñòåíêàìè, çàïîëíåííûõ æèäêîé ñðåäîé, îïèñà-
íû ïðè ïîìîùè êâàçèëèíåéíûõ ãèïåðáîëè÷åñêèõ ñèñòåì óðàâíåíèé â ðàáîòå [2].
Ñóùåñòâåííûì äëÿ îïèñàíèÿ ðåàëüíûõ ÿâëåíèé ÿâëÿåòñÿ òî, ÷òî ñêîðîñòü âîëí
âñåãäà ìåíüøå ñêîðîñòè âîëí, ðàñïðîñòðàíÿþùèõñÿ ïî ãàçó. Ýòî îçíà÷àåò, ÷òî
â ðàìêàõ ýòèõ ïðåäïîëîæåíèé â ìåõàíè÷åñêèõ ñèñòåìàõ âîçìîæíî îïèñàíèå îá-
ðàçîâàíèÿ ñèëüíûõ ðàçðûâîâ äëÿ ñëàáî-ñæèìàåìîé æèäêîé ñðåäû â êàíàëå ñ
óïðóãèìè ñòåíêàìè.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ìàòåìàòè÷åñêèì âîïðîñàì, ñâÿçàííûì ñ îïè-
ñàíèåì ðàñïðîñòðàíåíèÿ íåëèíåéíûõ è ðàçðûâíûõ âîëí â êàíàëàõ ñ óïðóãèìè
ñòåíêàìè, çàïîëíåííûõ íåâÿçêîé ñæèìàåìîé æèäêîé ñðåäîé. Äëÿ óäîáñòâà èçëî-
æåíèÿ ýòè âîëíû áóäóò íàçûâàòüñÿ ãèäðîóïðóãèìè âîëíàìè. Â ðàìêàõ äëèííî-
âîëíîâîãî ïðèáëèæåíèÿ ïðåäëîæåíà ñèñòåìà óðàâíåíèé äëÿ îïèñàíèÿ ýòèõ âîëí.

Ïîêàçàíî, ÷òî ýòà ñèñòåìà ÿâëÿåòñÿ êâàçèëèíåéíîé è ãèïåðáîëè÷åñêîé. Îïè-
ñàíû ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëí â êàíàëàõ ñ óïðóãèìè ñòåíêàìè. Ñêîðîñòü
ðàñïðîñòðàíåíèÿ ãèäðîóïðóãèõ âîëí ìåíüøå ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëí ïî
ñæèìàåìîé æèäêîé ñðåäå, çàïîëíÿþùåé êàíàë ñ óïðóãèìè ñòåíêàìè. Íàéäåíû
èíâàðèàíòû Ðèìàíà. Ïîëó÷åíû óñëîâèÿ íà ñèëüíûõ ðàçðûâàõ è îïèñàíû ðàç-
ðûâíûå ðåøåíèÿ � àíàëîã óäàðíûõ âîëí â ãàçå. Ïîêàçàíî, ÷òî âîçìîæíû ðàç-
ðûâíûå ðåøåíèÿ ñ ïîâûøåíèåì è ïîíèæåíèåì äàâëåíèÿ çà ðàçðûâîì. Ïîëó÷åíî
óðàâíåíèå Ðèêêàòè, îïèñûâàþùåå ðàñïðîñòðàíåíèå ñëàáûõ ðàçðûâîâ ãèäðîóïðó-
ãèõ âîëí ïî êàíàëó [3�4]. Óðàâíåíèå Ðèêêàòè ïîçâîëÿåò îïèñàòü âîçíèêíîâåíèå
ãðàäèåíòíûõ êàòàñòðîô ãèäðîóïðóãèõ âîëí. Ïðîâåäåíû ÷èñëåííî-àíàëèòè÷åñêèå
èññëåäîâàíèÿ îáðàçîâàíèÿ è ðàñïðîñòðàíåíèÿ ñèëüíûõ ðàçðûâîâ ñ ïîâûøåíèåì
è ïîíèæåíèåì äàâëåíèÿ çà ðàçðûâîì.

Ïðåäëîæåííàÿ òåîðèÿ ðàñïðîñòðàíåíèÿ ãèäðîóïðóãèõ âîëí ìîæåò áûòü èñ-
ïîëüçîâàíà äëÿ îïðåäåëåíèÿ ìåñòà ðàñïîëîæåíèÿ òå÷è â òðóáîïðîâîäíûõ ñèñòå-
ìàõ. Â íàñòîÿùåé ðàáîòå ýòà òåîðèÿ èñïîëüçîâàíà äëÿ ïðîãíîçèðîâàíèÿ ðàçðó-
øåíèÿ ÐÄÒÒ ðàçðûâíîé ãèäðîóïðóãîé âîëíîé íà ñòàäèè çàïóñêà. Ïðè ïîìîùè
ìåòîäîâ òåîðèè ðàñïðîñòðàíåíèÿ ñëàáûõ ðàçðûâîâ [3, 4] è îáðàçîâàíèÿ ãðàäèåíò-
íûõ êàòàñòðîô îïðåäåëåíû óñëîâèÿ ñàìîïîäðûâà ÐÄÒÒ íà ñòàðòå.

Íà îñíîâå ïðîâåäåííûõ èññëåäîâàíèé ðàçðàáîòàíû ìåòîäû áîðüáû ñ ñàìîïîä-
ðûâîì ñîâðåìåííûõ ÐÄÒÒ íà ñòàðòå.
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Ïîñâÿùàåòñÿ àêàäåìèêó Ãîäóíîâó Ñåðãåþ Êîíñòàíòèíîâè÷ó â ãîä åãî 90-ëåòèÿ
ñ ãëóáîêîé áëàãîäàðíîñòüþ çà ïîääåðæêó è ïîëåçíûå íàó÷íûå óðîêè, íà÷èíàÿ ñ
1961 ãîäà â Èíñòèòóòå Êåëäûøà!

Ãëîáàëüíûé âûçîâ �Ïîâåñòêè XXI-ãî âåêà� � ýòî íå èìåþùàÿ àíàëîãîâ ïî
ìàñøòàáàì â èñòîðèè öèâèëèçàöèè âñåìèðíàÿ íàó÷íàÿ ÏÐÎÃÐÀÌÌÀ �Áóäóùåå
Çåìëè� (Future Earth) [1, 2], ñîçäàííàÿ äëÿ êîîðäèíàöèè ìåæäóíàðîäíûõ èññëå-
äîâàíèé ïî óñòîé÷èâîìó ðàçâèòèþ îêðóæàþùåé ñðåäû è îáùåñòâà ïî ñîâìåñòíîé
èíèöèàòèâå Ìåæäóíàðîäíîãî ñîâåòà ïî íàóêå (ICSU) è Ìåæäóíàðîäíîãî íàó÷íî-
ãî ñîâåòà ïî îáùåñòâåííûì íàóêàì (ISSC) ïðè ïîääåðæêåÞÍÅÑÊÎ, Ïðîãðàììû
Îáúåäèíåííûõ Íàöèé ïî îêðóæàþùåé ñðåäå (ÞÍÅÏ), Ìåæäóíàðîäíîãî óíèâåð-
ñèòåòà ÎÎÍ è Ìåæäóíàðîäíîé ìåòåîðîëîãè÷åñêîé îðãàíèçàöèè (WMO).

Ôóíäàìåíòàëüíûå îñíîâû ÏÐÎÃÐÀÌÌÛ çàëîæåíû â XX-ì âåêå áëàãîäàðÿ
èçîáðåòåíèþ êîìïüþòåðà è âûõîäà ÷åëîâåêà â êîñìîñ. Ñëîæíåéøèå çàäà÷è ýâî-
ëþöèè, êëèìàòà, ýêîëîãèè, ãëîáàëüíîãî ìîíèòîðèíãà è äèñòàíöèîííîãî çîíäè-
ðîâàíèÿ Çåìëè ñ ãèïåðñïåêòðàëüíûìè ïîäõîäàìè è íàíîäèàãíîñòèêîé ïðèðîä-
íîé ñðåäû è îáúåêòîâ ðàññìàòðèâàþòñÿ êàê ñîïðÿæåííûå. Ýëåêòðîìàãíèòíîå
èçëó÷åíèå � åäèíîå ôèçè÷åñêîå ïîëå, îáúåäèíÿþùåå ðàäèàöèîííîå ïîëå Çåìëè
ñ ðàäèàöèîííî-àêòèâíûìè êîìïîíåíòàìè. Íåïðåîäîëèìàÿ ñëîæíîñòü ïðîáëåìû
â òîì, ÷òî äëÿ èññëåäîâàíèé ïëàíåòû íå äîïóñòèìû íàòóðàëüíûå ýêñïåðèìåí-
òû è âîçìîæíû òîëüêî íàáëþäåíèÿ ðàçíûìè ñðåäñòâàìè. Ïðè ýòîì íà ìîìåíò
èçìåðåíèé íåâîçìîæíî âîññòàíîâèòü âåñü íàáîð îïòèêî-ãåîôèçè÷åñêèõ è îïòèêî-
ìåòåîðîëîãè÷åñêèõ ïàðàìåòðîâ Çåìëè, îò êîòîðûõ çàâèñèò ðàäèàöèÿ, è íåâîç-
ìîæíî ïîâòîðèòü óñëîâèÿ íàáëþäåíèé, òàê êàê ñðåäà íåïðåðûâíî èçìåíÿåòñÿ
è íèêîãäà íå ïîâòîðÿåòñÿ. È òîëüêî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå �áîëüøèõ�
ïðÿìûõ è îáðàòíûõ çàäà÷ òåîðèè ïåðåíîñà èçëó÷åíèÿ ñ ïàðàëëåëüíûì ñóïåðêîì-
ïüþòèíãîì ïîçâîëÿåò ïðîâåñòè òåîðåòèêî-ðàñ÷åòíûå èññëåäîâàíèÿ ñòîëü ñëîæ-
íûõ ïðîáëåì è ïîëó÷èòü êà÷åñòâåííûå è êîëè÷åñòâåííûå îöåíêè äëÿ àíàëèçà è
ïðîãíîçîâ, à òàêæå äëÿ ðàçíûõ òåìàòè÷åñêèõ ïðèëîæåíèé íà îñíîâå �ñöåíàðè-
åâ�. Â ìîíîãðàôèè [3] ñîäåðæèòñÿ îêîëî 400 ññûëîê íà ðàáîòû àâòîðà, à ïåðâàÿ
ñòàòüÿ ïî òåîðèè ïåðåíîñà èçëó÷åíèÿ âûøëà 55 ëåò íàçàä [4].

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêòû � 18-01-00609, � 17-01-00220).
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Ïðè ïîñòðîåíèè ìîäåëåé, èíâàðèàíòíûõ îòíîñèòåëüíî íåêîòîðîé ãðóïïû ïðå-
îáðàçîâàíèé, âûáèðàþòñÿ ïðîñòðàíñòâà çàâèñèìûõ è íåçàâèñèìûõ ïåðåìåííûõ,
ïðåäñòàâëåíèå ãðóïïû â äåêàðòîâîì ïðîèçâåäåíèè ýòèõ ïðîñòðàíñòâ, ïðîäîëæå-
íèå ãðóïïû â ïðîñòðàíñòâî ïîëèëèíåéíûõ îòîáðàæåíèé (íà ïðîèçâîäíûå çàâèñè-
ìûõ îò íåçàâèñèìûõ ïåðåìåííûõ) äî çàäàííîãî ïîðÿäêà, è, íàêîíåö, ñòðîèòñÿ ñè-
ñòåìà óðàâíåíèé � èíâàðèàíòíîå ìíîãîîáðàçèå â ïðîäîëæåííîì ïðîñòðàíñòâå [1].

Îïèñàííûé ñïîñîá ðåøåíèÿ çàäà÷è äëÿ ìîäåëè äèíàìèêè ìàòåðèàëüíûõ òî÷åê
â ñëó÷àå ïðåîáðàçîâàíèé Ëîðåíöà íå ïðîõîäèò, ïîòîìó ÷òî â êà÷åñòâå çàâèñèìûõ
ïåðåìåííûõ çäåñü ñëåäóåò âçÿòü ïðîñòðàíñòâåííûå êîîðäèíàòû ìàòåðèàëüíûõ
òî÷åê, à â êà÷åñòâå íåçàâèñèìîé � âðåìåíí�óþ ïåðåìåííóþ. Íî â ðàìêàõ òî÷å÷-
íûõ ïðåîáðàçîâàíèé ïàðà ðàçíîìåñòíûõ è îäíîâðåìåííûõ ñîáûòèé îòíîñèòåëüíî
ïîäâèæíîé ñèñòåìû îòñ÷åòà áóäåò íåîäíîâðåìåííîé, ò. å. çäåñü íå óäàåòñÿ ïîñòðî-
èòü ïðåäñòàâëåíèå ãðóïïû â âûáðàííîì ïðîñòðàíñòâå. Â ðàáîòå [2] ýòó ïðîáëåìó
óäàëîñü ïðåîäîëåòü â ðàìêàõ ïðåîáðàçîâàíèé Ëè-Áåêëóíäà. Â ðàáîòå [3] ïðåä-
ïðèíÿòà ïîïûòêà ïðèáëèæåííîãî ðåøåíèÿ îïðåäåëÿþùåé ñèñòåìû, ïîñòðîåííîé
â [2].

Â ðàáîòå [4] ðàññìàòðèâàëàñü çàäà÷à ðàñøèðåíèÿ ïðåäñòàâëåíèÿ ãðóïïû Ïó-
àíêàðå ñ ïðîñòðàíñòâà íåçàâèñèìûõ ïåðåìåííûõ (t, x, y, z) íà âåêòîðíûå çàâè-
ñèìûå ïåðåìåííûå (ïîëåâûå ïåðåìåííûå). Ïîêàçàíî, ÷òî âåêòîðíûõ ïåðåìåííûõ
äîëæíî áûòü ÷åòíîå ÷èñëî. Ïðè ýòîì ïðè ïîäõîäÿùåì âûáîðå áàçèñà ïåðåìåí-
íûå ìîãóò áûòü ðàçáèòû íà íåçàâèñèìûå ïàðû è êàæäàÿ ïàðà ïðåîáðàçóåòñÿ êàê
ýëåêòðîìàãíèòíîå ïîëå.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ äèôôåðåíöèàëüíî-
èíâàðèàíòíûõ ðåøåíèé îòíîñèòåëüíî ãðóïïû Ïóàíêàðå.
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Â äîêëàäå áóäåò ðàññìîòðåíà ïåðâàÿ êðàåâàÿ çàäà÷à, à òàêæå çàäà÷à Êîøè
äëÿ àíèçîòðîïíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé âèäà

ut −
n∑
i=1

µi(t)(|uxi |pi(t)−2uxi)xi = f(t, x, u,∇u) â ΩT = Ω× (0, T ), (1)

ãäå Ω � îãðàíè÷åííàÿ îáëàñòü. Óðàâíåíèÿ âèäà (1) ïðèíàäëåæàò ê øèðîêîìó
êëàññó óðàâíåíèé, ÷àñòî íàçûâàåìûõ óðàâíåíèÿìè ñ íåñòàíäàðòíûìè óñëîâèÿ-
ìè ðîñòà. Êàê èçâåñòíî, ïðè èññëåäîâàíèè ýòèõ óðàâíåíèé øèðîêî ïðèìåíÿþòñÿ
ìåòîäû âàðèàöèîííîãî èñ÷èñëåíèÿ, êîòîðûå âñòðå÷àþò ñåðüåçíûå òðóäíîñòè â
ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü çàâèñèò îò ãðàäèåíòà ðåøåíèÿ. Êëàññè÷åñêèìè ìåòî-
äàìè èññëåäîâàíèÿ ÿâëÿþòñÿ ðàçëè÷íûå àïïðîêñèìàöèîííûå ìåòîäû [1].

Ìû ðàññìàòðèâàåì óðàâíåíèå, â êîòîðîì ïîêàçàòåëè pi(t) > 1 çàâèñÿò îò âðå-
ìåíè. Â ñëó÷àå, êîãäà Ω � âûïóêëàÿ îáëàñòü è ôóíêöèÿ f çàâèñèò ëèíåéíî îò
ãðàäèåíòà, ìû äîêàçàëè ñóùåñòâîâàíèå íåïðåðûâíîãî ïî Ëèïøèöó ïî ïðîñòðàí-
ñòâåííûì ïåðåìåííûì è íåïðåðûâíîãî ïî Ã¼ëüäåðó ïî âðåìåíè ñëàáîãî ðåøå-
íèÿ, óäîâëåòâîðÿþùåãî óðàâíåíèþ (1) â èíòåãðàëüíîì ñìûñëå. Äîêàçàòåëüñòâî
ñóùåñòâîâàíèÿ ðåøåíèÿ óêàçàííîé ãëàäêîñòè ÿâëÿåòñÿ íîâûì ðåçóëüòàòîì äëÿ
óðàâíåíèé âèäà (1). Ñóùåñòâîâàíèå ðåøåíèé äîêàçûâàåòñÿ ïóòåì ðåãóëÿðèçàöèè
èñõîäíîãî óðàâíåíèÿ è ïîñòðîåíèè ðåøåíèÿ êàê ïðåäåëà êëàññè÷åñêèõ ðåøåíèé
ðåãóëÿðèçîâàííîé çàäà÷è.

Â ñëó÷àå ñèëüíûõ ãðàäèåíòíûõ íåëèíåéíîñòåé îäíîé èç ïðèíöèïèàëüíûõ
ñëîæíîñòåé ÿâëÿåòñÿ ïåðåõîä ê ïðåäåëó â íåëèíåéíûõ ÷ëåíàõ. Ñ ïîìîùüþ òåî-
ðèè âÿçêèõ ïî Ëèîíñó ðåøåíèé íàì óäàëîñü äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ â
âûïóêëûõ îáëàñòÿõ â ñëó÷àå ãðàäèåíòíûõ íåëèíåéíîñòåé, íå óäîâëåòâîðÿþùèõ
óñëîâèþ Áåðíøòåéíà, êîòîðîå ÿâëÿåòñÿ íåïðåðûâíûì ïî Ã¼ëüäåðó ïî t è ëèïøè-
öåâûì ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.

Â ñëó÷àå, êîãäà f íå çàâèñèò îò ãðàäèåíòà è ïîêàçàòåëè pi ÿâëÿþòñÿ ïî-
ñòîÿííûìè, íàì óäàëîñü ïîêàçàòü ëèïøèöåâîñòü ðåøåíèé ïî âñåì ïåðåìåííûì,
âêëþ÷àÿ ïåðåìåííóþ t, â âûïóêëûõ îáëàñòÿõ. Ïðè÷åì ëèïøèöåâîñòü ïî âðåìå-
íè ìîæíî ïîëó÷èòü â îáëàñòÿõ, óäîâëåòâîðÿþùèõ óñëîâèþ âíåøíåé ñôåðû [2].
Áîëåå òîãî, ðåøåíèÿ óêàçàííîé ãëàäêîñòè ìîæíî ïîëó÷àòü è ïðè íàëè÷èè ãðà-
äèåíòíûõ íåëèíåéíîñòåé â ñëó÷àå íåâûïóêëûõ îáëàñòåé, íî ïðè äîïîëíèòåëüíîì
îãðàíè÷åíèè íà ðàçáðîñ ïîêàçàòåëåé àíèçîòðîïíîñòè.
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Ëîêàëüíûå è íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ðàçëè÷íûõ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè äîñòàòî÷íî õîðîøî èññëåäîâàíû. Â íàñòîÿùåå âðåìÿ àêòèâ-
íî èçó÷àåòñÿ ðàçðåøèìîñòü íåëîêàëüíûõ ïî âðåìåíè êðàåâûõ çàäà÷ äëÿ ïàðàáî-
ëè÷åñêèõ, ãèïåðáîëè÷åñêèõ, ýëëèïòè÷åñêèõ óðàâíåíèé. Â íàñòîÿùåé ðàáîòå áóäåò
ðàññìîòðåíà íåëîêàëüíàÿ ïî âðåìåíè êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ñìåøàííîãî
òèïà âòîðîãî ïîðÿäêà [1].

Â öèëèíäðè÷åñêîé îáëàñòè Q = Ω × (0, T ) ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à
äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà

Lu ≡ k(t)utt −∆u+ a(x, t)ut + c(x)u = f(x, t), (x, t) ∈ Q, (1)

ñ äîñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè.
Êðàåâàÿ çàäà÷à. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Q òàêîå, ÷òî

u|Γ = 0,

u(x, 0) =

T∫
0

N(τ)u(x, τ)dτ, ut|P+
0
= 0, ut|P−

T
= 0,

ãäå P
±
0 , P

±
T � ìíîæåñòâà íà îñíîâàíèÿõ öèëèíäðà, ãäå ñòàðøèé êîýôôèöèåíò

k(x, t) ìåíÿåò çíàê.
Äëÿ äàííîé çàäà÷è äîêàçûâàþòñÿ òåîðåìû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ

ðåãóëÿðíîãî ðåøåíèÿ.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè Ðîññèè (ïðîåêò

� 1.6069.2017/8.9).
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Â äàííîì äîêëàäå îïèñûâàåòñÿ ðÿä ÷èñëåííûõ ñòàòèñòè÷åñêèõ ìåòîäîâ, ïî-
ñòðîåííûõ àâòîðàìè äëÿ ðåøåíèÿ íåêîòîðûõ ïðÿìûõ è îáðàòíûõ çàäà÷ òåîðèè
ïåðåíîñà èçëó÷åíèÿ â àòìîñôåðå ñ ó÷åòîì ïîëÿðèçàöèè.

Äëÿ ðåøåíèÿ çàäà÷è âîññòàíîâëåíèÿ ìàòðèöû àýðîçîëüíîãî ðàññåÿíèÿ àòìî-
ñôåðû ïî íàçåìíûì íàáëþäåíèÿì ïîëÿðèçàöèîííûõ õàðàêòåðèñòèê èçëó÷åíèÿ â
àëüìóêàíòàðàòå Ñîëíöà ïðåäëàãàþòñÿ àëãîðèòìû, îñíîâàííûå íà àäàïòèâíîì è
êîìáèíèðîâàííîì ñïîñîáàõ ìîäåëèðîâàíèÿ ðàññåÿíèÿ â àòìîñôåðå ïðè áîëüøèõ
îïòè÷åñêèõ òîëùàõ àýðîçîëÿ. Ñ ïîìîùüþ ÷èñëåííîãî ñòàòèñòè÷åñêîãî ìîäåëè-
ðîâàíèÿ áûëà èññëåäîâàíà ýôôåêòèâíîñòü ýòèõ ñïîñîáîâ â ìåòîäå �ïðåäèêòîð-
êîððåêòîð� âîññòàíîâëåíèÿ ïåðâûõ äâóõ êîìïîíåíò ìàòðèöû ðàññåÿíèÿ [1].

Èçó÷åíèå âðåìåííûõ õàðàêòåðèñòèê ïîëÿðèçîâàííîãî èçëó÷åíèÿ òàêæå ÿâëÿ-
åòñÿ âàæíîé çàäà÷åé äëÿ àòìîñôåðíîé îïòèêè (íàïðèìåð, äëÿ ðàçâèòèÿ ïðèëîæå-
íèé äèñòàíöèîííîãî çîíäèðîâàíèÿ). Äëÿ îöåíêè ïàðàìåòðîâ âðåìåííûõ õàðàê-
òåðèñòèê ïîòîêà ïîëÿðèçîâàííîãî èçëó÷åíèÿ ïðåäëàãàåòñÿ èñïîëüçîâàòü âåñîâîé
àëãîðèòì ìåòîäà Ìîíòå-Êàðëî íà îñíîâå îðòîíîðìèðîâàííîãî ïîëèíîìèàëüíî-
ãî ðàçëîæåíèÿ âðåìåííîé ïëîòíîñòè ðàñïðåäåëåíèÿ ïîòîêà èçëó÷åíèÿ ïî áàçèñó
ôóíêöèé, ïîëó÷åííûõ èç ïîëèíîìîâ Ëàãåððà [2].

Äëÿ îöåíêè äâóíàïðàâëåííûõ ïîëÿðèçàöèîííûõ õàðàêòåðèñòèê ïðîõîäÿùå-
ãî è îòðàæåííîãî ïëîòíûìè ñëîÿìè âåùåñòâà ðàññåÿííîãî èçëó÷åíèÿ àâòîðàìè
áûëè ðàçðàáîòàíû àëãîðèòìû ìåòîäà Ìîíòå-Êàðëî, îñíîâàííûå íà äâóìåðíîì
ïðîåêöèîííîì ðàçëîæåíèè ñîîòâåòñòâóþùåãî ïîâåðõíîñòíîãî óãëîâîãî ðàñïðå-
äåëåíèÿ ïî áàçèñó ïîëóñôåðè÷åñêèõ ãàðìîíèê ñïåöèàëüíîãî âèäà [3], à òàêæå
ðàçðàáîòàíû âåêòîðíûå àëãîðèòìû ìåòîäà Ìîíòå-Êàðëî íà îñíîâå 2-ìåðíûõ ñòà-
òèñòè÷åñêèõ ÿäåðíûõ îöåíîê ñ ïðÿìîóãîëüíûì ÿäðîì. Ñ ïîìîùüþ ÷èñëåííîãî
ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîâåäåíî èññëåäîâàíèå âëèÿíèÿ îïòè÷åñêèõ ïà-
ðàìåòðîâ ñðåäû è ïîëÿðèçàöèè íà äâóìåðíûå óãëîâûå ðàñïðåäåëåíèÿ èíòåíñèâ-
íîñòè è ñòåïåíè ïîëÿðèçàöèè â íå îñåñèììåòðè÷íîì ñëó÷àå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêòû � 17-01-00823, � 18-01-00356, � 18-31-00213).
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ çàäà÷à Ôëîðèíà äëÿ êâà-
çèëèíåéíîãî óðàâíåíèÿ äèôôóçèè ñ ó÷åòîì íåëèíåéíîé êîíâåêöèè.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè íà íåêîòîðîì îòðåçêå 0 < t ≤ T íåïðå-
ðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ s(t) òàêóþ, ÷òî s(0) = s0 > 0, 0 < ṡ(t) ≤ N ,
s(t) óäîâëåòâîðÿåò óñëîâèþ Ã¼ëüäåðà, à ôóíêöèÿ u(t, x) â îáëàñòè D = {(t, x) :
0 < t ≤ T, 0 < x < s(t)} óäîâëåòâîðÿåò óðàâíåíèþ

ut = a(t, x, ux)uxx + bu2x, (t, x) ∈ D, (1)

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì:

u(0, x) = φ(x), 0 ≤ x ≤ s0,

ux(t, 0) = ψ(t), 0 ≤ t ≤ T,

αu(t, x0) = u(t, s(t)), 0 ≤ t ≤ T,

ux(t, s(t)) = ω(t), 0 ≤ t ≤ T.

Â îäíîìåðíîì ïðîñòðàíñòâå óðàâíåíèå äèôôóçèè�ðåàêöèè�êîíâåêöèè ñ íåëè-
íåéíûì ÷ëåíîì ìîæåò áûòü çàïèñàíî â ñëåäóþùåì îáùåì âèäå [1]: ut = auxx +
(b(u))x + c(u). Â ýòîé ôîðìóëèðîâêå ïðåäñòàâëåí êîýôôèöèåíò äèôôóçèè a,
b(u) � íåëèíåéíàÿ ôóíêöèÿ êîíâåêòèâíîãî ïîòîêà, b′(u) ìîæåò ðàññìàòðèâàòü-
ñÿ êàê íåëèíåéíàÿ ñêîðîñòü, c(u) îáîçíà÷àåò ÷ëåí ðåàêöèè. Íåëèíåéíûå çàäà÷è
äèôôóçèè ñ óñëîâèÿìè íà ñâîáîäíîé ãðàíèöå îáû÷íî èñïîëüçóþòñÿ äëÿ îïèñà-
íèÿ ðàñïðîñòðàíåíèÿ áèîëîãè÷åñêèõ âèäîâ èëè õèìè÷åñêèõ âåùåñòâ, à ñâîáîäíàÿ
ãðàíèöà èñïîëüçóåòñÿ äëÿ ïðåäñòàâëåíèÿ ãðàíèöû ýòîãî ðàñïðîñòðàíåíèÿ [1]. Â
íàøåì ñëó÷àå â óðàâíåíèè (1) êîýôôèöèåíò äèôôóçèè a(t, x, ux) çàäàí â íåëè-
íåéíîé ôîðìå, à òàêæå ïðèñóòñòâóåò íåëèíåéíûé ïîòîê u2x(t, x).

Èññëåäîâàíèå ïðîâîäèòñÿ ïî ñëåäóþùåé ñõåìå. Ñíà÷àëà çàäà÷à ñâîäèòñÿ ê
çàäà÷å òèïà Ñòåôàíà è äîêàçûâàåòñÿ èõ ýêâèâàëåíòíîñòü. Äàëåå óñòàíàâëèâàþò-
ñÿ àïðèîðíûå îöåíêè ðåøåíèé è èõ ïðîèçâîäíûõ â íîðìå Ã¼ëüäåðà. Íà îñíîâå
óñòàíîâëåííûõ îöåíîê èññëåäóåòñÿ ïîâåäåíèå ñâîáîäíîé ãðàíèöû â ðàññìàòðèâà-
åìîì ïðîìåæóòêå âðåìåíè, äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ ïåðâîíà÷àëü-
íîé çàäà÷è. Ñóùåñòâîâàíèå ðåøåíèÿ âñïîìîãàòåëüíîé è ïåðâîíà÷àëüíîé çàäà÷
äîêàçûâàåòñÿ ïðè ïîìîùè ìåòîäà íåïîäâèæíîé òî÷êè Øàóäåðà [2].
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Ìîäåëèðîâàíèå òóðáóëåíòíûõ òå÷åíèé îêîëî ñòåíêè ÿâëÿåòñÿ îäíèì èç íàèáî-
ëåå àêòóàëüíûõ íàïðàâëåíèé ñîâðåìåííîé âû÷èñëèòåëüíîé ìåõàíèêè æèäêîñòè
è ãàçà. Äîñòàòî÷íî òî÷íîå ðàçðåøåíèå ïðèñòåííîé îáëàñòè òðåáóåò îêîëî 90 %
âñåãî âû÷èñëèòåëüíîãî âðåìåíè íåñìîòðÿ íà òî, ÷òî ðàçìåð òàêîé îáëàñòè íà
äâà ïîðÿäêà ìåíüøå ðàçìåðà âñåé çàäà÷è. Äî ñèõ ïîð ýòî òðåáîâàíèå ÿâëÿåòñÿ
çíà÷èòåëüíûì ïðåïÿòñòâèåì äëÿ ïðèìåíåíèÿ âûñîêîòî÷íîãî ìîäåëèðîâàíèÿ òóð-
áóëåíòíûõ òå÷åíèé â ïðîìûøëåííûõ çàäà÷àõ, â îñîáåííîñòè ïðè îïòèìàëüíîì
ïðîåêòèðîâàíèè, êîãäà òðåáóåòñÿ ïðîâîäèòü ñåðèéíûå ðàñ÷åòû. Ñòàíäàðòíûé èí-
æåíåðíûé ïîäõîä, îñíîâàííûé íà ïðèñòåííûõ ôóíêöèÿõ, ïðåäñòàâëÿåò ñîáîé
ïðîñòåéøèé âèä äåêîìïîçèöèè, â êîòîðîì âëèÿíèå ñòåíêè çàìåíÿåòñÿ ïðèáëè-
æåííûì ïîëóýìïèðè÷åñêèì óñëîâèåì ñîïðÿæåíèÿ 1-ãî ðîäà. Õîòÿ òàêîé ïîäõîä
ïîçâîëÿåò çíà÷èòåëüíî ñîêðàòèòü çàòðàòû âû÷èñëèòåëüíûõ ðåñóðñîâ, îí èìååò
äîâîëüíî îãðàíè÷åííóþ îáëàñòü ïðèìåíèìîñòè èç-çà íåâûñîêîé òî÷íîñòè, îáó-
ñëîâëåííîé, â òîì ÷èñëå, íåîïðåäåëåííîñòüþ â âûáîðå ñâîáîäíûõ êîýôôèöèåí-
òîâ.

Ìåòîä äåêîìïîçèöèè áåç ïåðåñå÷åíèÿ îáëàñòåé, ðàçðàáîòàííûé â [1, 2] è äðó-
ãèõ ðàáîòàõ, ïðåäîñòàâëÿåò ñîáîé áîëåå óíèâåðñàëüíóþ âîçìîæíîñòü äëÿ ðåøå-
íèÿ ðàññìàòðèâàåìîé çàäà÷è. Îí îñíîâàí íà ïåðåíîñå ãðàíè÷íîãî óñëîâèÿ ñî
ñòåíêè íà ãðàíèöó ñîïðÿæåíèÿ. Ïðè ýòîì â ïðèñòåííîé îáëàñòè ðàññìàòðèâà-
þòñÿ óðàâíåíèÿ äâèæåíèÿ â ïðèáëèæåíèè òîíêîãî ñëîÿ. Â ðåçóëüòàòå óñëîâèÿ
ñîïðÿæåíèÿ â ïîëíîé ïîñòàíîâêå ïîëó÷àþòñÿ íåëîêàëüíûìè ïî ïðîñòðàíñòâó è
âðåìåíè [2, 3]. Äàííûé ïîäõîä íå ñîäåðæèò ñâîáîäíûõ ïàðàìåòðîâ, à ãðàíè÷íûå
óñëîâèÿ ñîïðÿæåíèÿ íå çàâèñÿò îò ñåòêè, â îòëè÷èå îò ïðèñòåííûõ ôóíêöèé. Êàê
ïîêàçàíî â [4], àëãîðèòì ïîçâîëÿåò àôôåêòèâíî ðåàëèçîâàòü îïòèìèçàöèîííûé
áàëàíñ ìåæäó çàòðàòàìè âðåìåíè è òî÷íîñòüþ ïîñðåäñòâîì âûáîðà ïîëîæåíèÿ
ãðàíèöû ñîïðÿæåíèÿ. Ïðè ýòîì äîïóùåíèå ïîãðåøíîñòè â íåñêîëüêî ïðîöåíòîâ
ïîçâîëÿåò ñîêðàòèòü çàòðàòû ìàøèííîãî âðåìåíè íà ïîðÿäîê.

Â äîêëàäå äàåòñÿ îáçîð ðåøåííûõ ñ ïîìîùüþ îïèñàííîãî ìåòîäà çàäà÷, à
òàêæå íàïðàâëåíèé ðàçâèòèÿ íà íàñòîÿùåå è îáîçðèìîå âðåìÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 18-19-

00098).
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Äâà ïîñëåäíèõ äåñÿòèëåòèÿ îòìå÷åíû øèðîêèì ðàñïðîñòðàíåíèåì â òåîðåòè-
÷åñêîì îïèñàíèè åñòåñòâåííûõ ïðîöåññîâ äðîáíî-äèôôåðåíöèàëüíîãî àïïàðàòà.
Çàìåíà öåëî÷èñëåííîãî ïîðÿäêà ïðîèçâîäíîé âåùåñòâåííûì (à òî è êîìïëåêñ-
íûì) ÷èñëîì îòêðûâàåò øèðîêîå ïîëå íîâûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (à,
ñòàëî áûòü, è ïðîöåññîâ), â êîòîðîì ñòàíäàðòíûé íàáîð óðàâíåíèé (âîëíîâîå,
äèôôóçèîííîå è ïð.) ïðåäñòàâëåí îòäåëüíûìè êîëîñêàìè â òî÷êàõ ñ öåëî÷èñëåí-
íûìè êîîðäèíàòàìè � çíà÷åíèÿìè ïîðÿäêîâ ïðîñòðàíñòâåííî-âðåìåííûõ ïðî-
èçâîäíûõ. Íî ÷òî ôèçè÷åñêè çíà÷àò ïðîèçâîäíûå äðîáíûõ ïîðÿäêîâ? Êàêîâû
îáùèå ïðè÷èíû ïîÿâëåíèÿ äðîáíûõ ïðîèçâîäíûõ â óðàâíåíèÿõ? Ìîæíî ëè çà-
ðàíåå ïðåäñêàçàòü ïîÿâëåíèå äðîáíûõ îïåðàòîðîâ â òîé èëè èíîé çàäà÷å? Âî-
ïðîñû ýòè ïîêà íå ñíÿòû ñ ïîâåñòêè äíÿ è îñòàþòñÿ â öåíòðå âíèìàíèÿ êàæäîé
èç êîíôåðåíöèé, ïîñâÿù¼ííûõ òåîðèè è ïðèìåíåíèþ ýòîãî àïïàðàòà. Ýòà òåìà
ðàçâèâàåòñÿ è â íàñòîÿùåì äîêëàäå. Öåëüþ åãî ÿâëÿåòñÿ äåìîíñòðàöèÿ äðîáíî-
äèôôåðåíöèàëüíîãî àïïàðàòà â íàèáîëåå, åñëè ìîæíî òàê âûðàçèòüñÿ, êëàññè-
÷åñêîé îáëàñòè òåîðåòè÷åñêîé ôèçèêè � ãèäðîäèíàìèêå. Â îáçîðå ðàññìàòðè-
âàþòñÿ ãèäðîìåõàíè÷åñêèå çàäà÷è, â êîòîðûõ åñòåñòâåííûì îáðàçîì âîçíèêàåò
ïîòðåáíîñòü â ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà: äâèæåíèå òåë â âÿçêîé æèäêîñòè,
ãèäðîìåõàíèêà òóðáóëåíòíîñòè, òóðáóëåíòíàÿ äèôôóçèÿ. Ïîêàçàíî, êàê äðîáíî-
äèôôåðåíöèàëüíîå èñ÷èñëåíèå ðîæäàåòñÿ íà êëàññè÷åñêîì ïîëå ãèäðîäèíàìè÷å-
ñêèõ çàäà÷ ïîä ïåðîì Ãåéçåíáåðãà, Âàéöçåêêåðà, Êîëìîãîðîâà, Îáóõîâà, Ìîíè-
íà � òåîðåòèêîâ, êîòîðûõ íåâîçìîæíî çàïîäîçðèòü â íåêðèòè÷åñêîì îòíîøåíèè
ê ìàòåìàòè÷åñêîìó àïïàðàòó. Ñîáñòâåííî, âåñü îáçîð ÿâëÿåòñÿ íåïðåðûâíûì îá-
ñóæäåíèåì �íåèçáåæíîñòè ñòðàííîãî ìèðà� äðîáíîãî èñ÷èñëåíèÿ [1�2], è òî, ÷òî
ýòî îáíàðóæèâàåòñÿ óæå �â ñòåíàõ� êëàññè÷åñêîé ãèäðîäèíàìèêè, òîëüêî óñèëè-
âàåò óáåäèòåëüíîñòü ýòîé íåèçáåæíîñòè.
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Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ìèêðîãåíåðàòîðà òàêòîâîé ÷àñòî-
òû, â êîòîðîì âîçáóæäåíèå êîëåáàíèé ïîäâèæíîãî ýëåìåíòà ïðîèñõîäèò â ñðåäå
ñ ñîïðîòèâëåíèåì ïîä âîçäåéñòâèåì ïîñëåäîâàòåëüíîñòè ýëåêòðîñòàòè÷åñêèõ èì-
ïóëüñîâ ïîñòîÿííîé äëèòåëüíîñòè. Ïðè ýòîì ìîìåíòû âîçäåéñòâèÿ èìïóëüñîâ
ñîãëàñóþòñÿ c êîëåáàíèÿìè. Ìîäåëü ïðåäñòàâëåíà çàäà÷åé Êîøè äëÿ äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ðàçðûâíîé ïðàâîé ÷àñòüþ, îïèñûâàþùåé
èìïóëüñíîå âîçäåéñòâèå ñ ðàçëè÷íûìè âàðèàíòàìè ñîãëàñîâàíèÿ.

Ïðè èññëåäîâàíèè ïåðèîäè÷åñêèõ êîëåáàíèé èñïîëüçóåòñÿ ïðåäñòàâëåíèå ïå-
ðèîäè÷åñêîãî ðåøåíèÿ çàäà÷è Êîøè â âèäå ðåøåíèÿ êðàåâîé çàäà÷è äëÿ óðàâ-
íåíèÿ ñ ðàçðûâíîé ïðàâîé ÷àñòüþ. Ñîãëàñîâàíèå èìïóëüñíîãî âîçäåéñòâèÿ ñ êî-
ëåáàíèÿìè ïîòðåáîâàëî ïðåîáðàçîâàíèÿ, ïîñëå êîòîðîãî êðàåâàÿ çàäà÷à ôîðìó-
ëèðóåòñÿ äëÿ ñèñòåìû èç ïÿòè äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ
íåïðåðûâíûìè ïðàâûìè ÷àñòÿìè, ÷òî ïîçâîëÿåò ïðèìåíèòü ïðè ÷èñëåííîì èññëå-
äîâàíèè ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó. Ýòèì ñïîñîáîì îïðåäåëåíà
îáëàñòü â ïðîñòðàíñòâå ïàðàìåòðîâ ìîäåëè ñ óñòîé÷èâûìè ê âíåøíèì âîçìóùå-
íèÿì ïðåäåëüíûìè öèêëàìè. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïîëåçíû äëÿ
îöåíîê ïàðàìåòðîâ ïðèáîðîâ ïðè ðàçðàáîòêå ìèêðîãåíåðàòîðîâ óêàçàííîãî òèïà.

Àâòîð âûðàæàåò áëàãîäàðíîñòü Ý. Ã. Êîñöîâó [1], êîòîðûé ïðåäëîæèë ðàñ-
ñìîòðåòü ìîäåëü ìèêðîãåíåðàòîðà ïî àíàëîãèè ñ ìîäåëüþ ïðîñòåéøåé ñõåìû ÷à-
ñîâ ñî ñïóñêîâûì óäàðíûì ìåõàíèçìîì [2], à òàêæå Â.Â. Êîãàþ, ïðèíèìàâøåìó
ó÷àñòèå â ïðîâåäåíèè ÷èñëåííûõ ýêñïåðèìåíòîâ ñ èñïîëüçîâàíèåì ìåòîäà ïðî-
äîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó [3].

Ðàáîòà âûïîëíåíà â ðàìêàõ Ìåæäèñöèïëèíàðíîãî èíòåãðàöèîííîãî ïðîåêòà (� 273)

�Ðàçðàáîòêà ôèçèêî-òåõíè÷åñêèõ ïðèíöèïîâ ñîçäàíèÿ ãåíåðàòîðà òàêòîâîé ÷àñòîòû,

óñòîé÷èâîãî ê ñâåðõâûñîêèì èíåðöèàëüíûì ïåðåãðóçêàì�.
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Èññëåäóåòñÿ çàäà÷à, îïèñûâàþùàÿ ðàâíîâåñèå äâóñëîéíîé êîíñòðóêöèè. Ñëî-
ÿìè êîíñòðóêöèè ÿâëÿþòñÿ óïðóãèå ïëàñòèíû, ïîâåäåíèå êîòîðûõ ìîäåëèðóåòñÿ
â ðàìêàõ ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè. Ïëàñòèíû êîíòàêòèðóþò ïî çàäàí-
íîé ëèíèè, íà êîòîðîé çàäàåòñÿ óñëîâèå ðàâåíñòâà ïåðåìåùåíèé ïëàñòèí. Âäîëü
ëèíèè êîíòàêòà â îäíîì èç ñëîåâ èìååòñÿ äåôåêò. Íà áåðåãàõ äåôåêòà çàäàþò-
ñÿ íåëèíåéíûå êðàåâûå óñëîâèÿ, èñêëþ÷àþùèå âçàèìíîå ïðîíèêàíèå ïðîòèâî-
ïîëîæíûõ áåðåãîâ äåôåêòà äðóã â äðóãà. Ïðè ýòîì êðàåâûå óñëîâèÿ ñîäåðæàò
ïàðàìåòð ïîâðåæäàåìîñòè, õàðàêòåðèçóþùèé äåôåêò: ÷åì áîëüøå åãî çíà÷åíèå,
òåì ñëàáåå ñöåïëåíèå áåðåãîâ äåôåêòà.

Äëÿ çàäà÷è ðàâíîâåñèÿ óñòàíîâëåíî ñóùåñòâîâàíèå ðåøåíèÿ. Â çàäà÷å îñó-
ùåñòâëåí ïðåäåëüíûé ïåðåõîä ïðè ñòðåìëåíèè ïàðàìåòðà ïîâðåæäàåìîñòè ê íó-
ëþ è ê áåñêîíå÷íîñòè. Êðîìå òîãî, ïîëó÷åíà è ïðîàíàëèçèðîâàíà ïðåäåëüíàÿ
çàäà÷à ðàâíîâåñèÿ ïðè ñòðåìëåíèè æåñòêîñòè îäíîãî èç ñëîåâ ê áåñêîíå÷íîñòè.
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Ñïåöèàëüíûå ôóíêöèè èìåþò ôóíäàìåíòàëüíîå çíà÷åíèå â ìàòåìàòè÷åñêîé
ôèçèêå. Îäíàêî, íàïðèìåð, ñóùåñòâóþùàÿ áèáëèîòåêà â Intel Fortran ïîçâîëÿ-
åò âû÷èñëÿòü ôóíêöèè Áåññåëÿ òîëüêî äëÿ ñðàâíèòåëüíî íåáîëüøèõ çíà÷åíèé
àðãóìåíòîâ è èíäåêñîâ öèëèíäðè÷åñêèõ ôóíêöèé [1]. Äëÿ ðàñ÷åòà æå âîëíîâûõ
ïîëåé äëÿ òåë êîñìè÷åñêèõ ðàçìåðîâ, íàïðèìåð Çåìëè è Ëóíû, òðåáóåòñÿ åäè-
íûé ìåòîä âû÷èñëåíèÿ öèëèíäðè÷åñêèõ ôóíêöèé äëÿ ïðîèçâîëüíûõ àðãóìåíòîâ
è èíäåêñîâ. Òàêîãî ìåòîäà â íàñòîÿùåå âðåìÿ íå ñóùåñòâóåò.

Â ðàáîòå ïîëó÷åíî íîâîå äèôôåðåíöèàëüíîå è ñîîòâåòñòâóþùåå åìó ðåêóð-
ðåíòíîå ñîîòíîøåíèå äëÿ âñïîìîãàòåëüíûõ öèëèíäðè÷åñêèõ ôóíêöèé. Ïîëó÷åí-
íîå ðåêóððåíòíîå ñîîòíîøåíèå èìååò âèä ðàçíîñòíîãî óðàâíåíèÿ (äëÿ ðàçíûõ
çíà÷åíèé èíäåêñîâ öèëèíäðè÷åñêèõ ôóíêöèé). Ýòî ïîçâîëèëî äëÿ åãî èññëåäîâà-
íèÿ èñïîëüçîâàòü òåîðèþ ðàçíîñòíûõ óðàâíåíèé. Íà îñíîâå [2] ïîêàçàíà óñòîé÷è-
âîñòü íîâîãî ðåêóððåíòíîãî ñîîòíîøåíèÿ äëÿ öèëèíäðè÷åñêèõ ôóíêöèé. Â èòîãå
ñ ó÷åòîì êëàññè÷åñêîãî ðåêóððåíòíîãî ñîîòíîøåíèÿ ïîëó÷åí íîâûé åäèíûé âû-
÷èñëèòåëüíî óñòîé÷èâûé ìåòîä ïîëó÷åíèÿ çíà÷åíèé öèëèíäðè÷åñêèõ ôóíêöèé
äëÿ øèðîêîãî äèàïàçîíà çíà÷åíèé èõ èíäåêñîâ è àðãóìåíòîâ.

Â ðàáîòå ïðîâåäåíî òåñòèðîâàíèå íîâîãî ðåêóððåíòíîãî ìåòîäà âû÷èñëåíèÿ
öèëèíäðè÷åñêèõ ôóíêöèé áåç èñïîëüçîâàíèÿ àñèìïòîòè÷åñêèõ ïðåäñòàâëåíèé.
Òåñòèðîâàíèå îñóùåñòâëåíî â íåñêîëüêî ýòàïîâ. Ñíà÷àëà ïðîâåäåíî ñðàâíåíèå ñ
èçâåñòíûìè ìåòîäàìè äëÿ ñðàâíèòåëüíî íåáîëüøèõ çíà÷åíèé àðãóìåíòîâ è èí-
äåêñîâ [1]. Ïîñêîëüêó â ðàáîòå çíà÷åíèÿ öèëèíäðè÷åñêèõ ôóíêöèé íàñ÷èòûâà-
þòñÿ ðåêóððåíòíî, íå áóäåò èñïîëüçîâàòüñÿ çíà÷åíèå âðîíñêèàíà. Ïîýòîìó òå-
ñòèðîâàíèå â îáëàñòè, ãäå èçâåñòíûå ìåòîäû íå ðàáîòàþò, ïðîâåäåíî íà îñíî-
âå àíàëèòè÷åñêîãî âûðàæåíèÿ äëÿ âðîíñêèàíà. Äàëåå ïðîâåäåíî êîëè÷åñòâåííîå
ñðàâíåíèå âîëíîâûõ ïîëåé äëÿ øàðà íåáîëüøèõ ðàçìåðîâ â ñëó÷àå èñïîëüçîâà-
íèÿ ñòàíäàðòíûõ è íîâûõ àëãîðèòìîâ âû÷èñëåíèÿ öèëèíäðè÷åñêèõ ôóíêöèé. Â
ñëó÷àå íåáîëüøèõ ðàçìåðîâ øàðà (â äëèíàõ âîëí) áóäóò íåáîëüøèå çíà÷åíèÿ àð-
ãóìåíòîâ è èíäåêñîâ è ìîæíî èñïîëüçîâàòü ñòàíäàðòíûå ïðîöåäóðû âû÷èñëåíèÿ
öèëèíäðè÷åñêèõ ôóíêöèé.

Â èòîãå ïîëó÷åí è ïðîòåñòèðîâàí íîâûé âû÷èñëèòåëüíî óñòîé÷èâûé ìåòîä
ïîëó÷åíèÿ çíà÷åíèé öèëèíäðè÷åñêèõ ôóíêöèé äëÿ øèðîêîãî äèàïàçîíà çíà÷åíèé
èõ èíäåêñîâ è àðãóìåíòîâ áåç èñïîëüçîâàíèÿ àñèìïòîòèêè.
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Ôèíîãåíêî È.À.

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ
èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ; fin@icc.ru

Ìåòîä ýêâèâàëåíòíîãî óïðàâëåíèÿ, èçâåñòíûé äëÿ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ ðàçðûâíîé ïðàâîé ÷àñòüþ (ñì. [1, ñòð. 64]), ðàñïðîñòðàíÿåòñÿ íà äèôôå-
ðåíöèàëüíûå âêëþ÷åíèÿ

ẋ ∈ F (t, x) +B(t, x)u, (1)

ãäå u = (u1, . . . , um) � óïðàâëÿþùåå âîçäåéñòâèå íà ñèñòåìó ñèãíàòóðíîãî òèïà,
F : R×Rn → Rn � ïîëóíåïðåðûâíîå ñâåðõó ìíîãîçíà÷íîå îòîáðàæåíèå ñ âûïóê-
ëûìè êîìïàêòíûìè çíà÷åíèÿìè, B(t, x) � n × m íåïðåðûâíàÿ ìàòðèöà. Äàëåå
îïèñûâàþòñÿ óðàâíåíèÿ ñêîëüçÿùèõ ðåæèìîâ ñèñòåìû (1) â âèäå{

ẋ ∈ F (t, x) +G(t, x)ũ,

ũ ∈ Ũeq(t, x),
(2)

ãäå G(t, x) � íåêîòîðàÿ n × m ìàòðèöà è Ueq(t, x) � ïîäëåæàùåå îïðåäåëåíèþ
ìíîãîçíà÷íîå ýêâèâàëåíòíîå óïðàâëåíèå. Óñòàíàâëèâàþòñÿ âçàèìîñâÿçè ñêîëü-
çÿùèõ ðåæèìîâ (2) ñ èìïóëüñíî-ñêîëüçÿùèìè ðåæèìàìè ïðè óñëîâèè, ÷òî u ðàñ-
ñìàòðèâàåòñÿ, êàê èìïóëüñíîå ïîçèöèîííîå óïðàâëåíèå [2, 3]. Ïîñëåäíåå ïîçâî-
ëÿåò èñïîëüçîâàòü êîìáèíàöèè îáû÷íûõ ðàçðûâíûõ îáðàòíûõ ñâÿçåé ñ îãðàíè-
÷åííûìè ðåñóðñàìè è èìïóëüñíûõ âîçäåéñòâèé íà ñèñòåìó, êîãäà ýòèõ ðåñóðñîâ
íåäîñòàòî÷íî, äëÿ ðåøåíèÿ çàäà÷ óïðàâëåíèÿ ñèñòåìàìè âèäà (1).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 19-01-00371).
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Ôóðöåâ À.È.
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Íîâîñèáèðñê, Ðîññèÿ; al.furtsev@mail.ru

Ðàññìàòðèâàåòñÿ çàäà÷à î ðàâíîâåñèè ïëàñòèíû Òèìîøåíêî, âçàèìîäåéñòâó-
þùåé ñ òîíêèì óïðóãèì ïðåïÿòñòâèåì âäîëü ïðÿìîé ëèíèè. Ïðåäïîëàãàåòñÿ, ÷òî
íà îäíîé ÷àñòè ëèíèè ïëàñòèíà ñöåïëåíà ñ ïðåïÿòñòâèåì, à íà äðóãîé ÷àñòè �
îòñëàèâàåòñÿ. Íà ÷àñòè ñöåïëåíèÿ çàäàþòñÿ óñëîâèÿ ðàâåíñòâà ñîîòâåòñòâóþ-
ùèõ ïðîãèáîâ, à íà ÷àñòè îòñëîåíèÿ � óñëîâèÿ íåïðîíèêàíèÿ âèäà íåðàâåíñòâ.
Ïðè ïîìîùè âàðèàöèîííîãî ìåòîäà äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ ðàññìàò-
ðèâàåìîé çàäà÷è, èññëåäîâàíû åå êà÷åñòâåííûå ñâîéñòâà. Â ÷àñòíîñòè, èçó÷åí
ïðåäåëüíûé ïåðåõîä ê áåñêîíå÷íîñòè ïî ïàðàìåòðó, îïèñûâàþùåìó æåñòêîñòü
ïðåïÿòñòâèÿ, è íàéäåíà ïîñòàíîâêà çàäà÷è, ïîëó÷åííîé â ðåçóëüòàòå óêàçàííîãî
ïðåäåëüíîãî ïåðåõîäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñîâåòà ïî ãðàíòàì ïðè Ïðåçèäåíòå ÐÔ äëÿ ãîñó-

äàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ (ïðîåêò � MK-52.2019.1).
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Õàçîâà Þ.À.

Êðûìñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî,
Ñèìôåðîïîëü, Ðîññèÿ; hazova.yuliya@hotmail.com

Ðàññìàòðèâàåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ íåëèíåéíîãî ïàðàáîëè÷åñêî-
ãî óðàâíåíèÿ â êðóãå [1]

vt + v −D△v +Kγ sinwQv = Kγ((cosw(cosQv − 1)− sinw(sinQv −Qv))

ñ óñëîâèÿìè Íåéìàíà íà ãðàíèöå ïðè r = r1,
∂v(r1,φ,t)

∂r = 0, óñëîâèÿìè ïåðèîäè÷-
íîñòè v(r, φ, t) = v(r, 2π + φ, t), óñëîâèÿìè îãðàíè÷åííîñòè â íà÷àëå êîîðäèíàò
|v(0, φ, t)| ≤ c <∞ è íà÷àëüíûì óñëîâèåì v(r, φ, 0) = v0(r, φ).

Ëåììà. Ëèíåéíûé îïåðàòîð L = 1 − D△ + Kγ sinwQ èìååò ñîáñòâåííûå
ôóíêöèè âèäà Xkm(r, φ) = {Jk(λckmr) cos kφ, Jk(λskmr) sin kφ}, êîòîðûì ñîîòâåò-

ñòâóþò ñîáñòâåííûå çíà÷åíèÿ λckm = D
(
µkm

r1

)2
+ (−1)kKγ sinω + 1, λskm =

D
(
µkm

r1

)2
+(−1)k+1Kγ sinω+1, k = 0, 1, 2, . . ., m = 1, 2, . . ., ãäå Jk(x) � ôóíêöèÿ

Áåññåëÿ, µkm � êîðíè óðàâíåíèÿ J ′
k(µkm) = 0, k = 0, 1, 2, . . ., m = 1, 2, . . . .

Äëÿ àíàëèçà ñòðóêòóðû ðåøåíèÿ â çàâèñèìîñòè îò ïàðàìåòðà D íåîáõîäèìî
îöåíèòü ñîáñòâåííûå çíà÷åíèÿ.

Ïåðåîáîçíà÷èì Λ = −Kγ sinw. Âûáåðåì Λ = Λ(K, γ) < −1.
Ïðè D1 = −1−Λ(

µc
11
r1

)2 , λc11 ìîæåò ìåíÿòü çíàê ïðè óìåíüøåíèè D. Çíà÷èò îò

íóëåâîãî ðåøåíèÿ â ðåçóëüòàòå áèôóðêàöèè òèïà �âèëêà� îòâåòâëÿåòñÿ ïàðà ïðî-
ñòðàíñòâåííî íåîäíîðîäíûõ ñòàöèîíàðíûõ ðåøåíèé.

Òåîðåìà. Ñóùåñòâóåò δ0 > 0 òàêîå, ÷òî åñëè 0 < D − D1 < δ0, òî èñõîäíîå
óðàâíåíèå èìååò äâà àñèìïòîòè÷åñêè óñòîé÷èâûõ ïðîñòðàíñòâåííî íåîäíîðîäíûõ
ñòàöèîíàðíûõ ðåøåíèÿ:

v±(r, φ,D) ≈ ±
(
D −D1

c1(D1)

)1/2

J1(λ
c
11r) cosφ

+
1

2!

(
D −D1

c1(D1)

)
Λ

2
ctg ω((λc10 − 2λc11)

−1 + (λc12 − 2λc11)
−1 cos 2φ)J2

1 (λ
c
11r)

± 1

3!

(
D −D1

c1(D1)

)3/2

(λc13 − 3λc11)
−1

(
Λ

4
− 3

4
Λ2ctg2 ω(λc12 − 2λc11)

−1

)
×J2

1 (λ
c
11r)J3(λ

c
11r) cos 3φ,

ãäå

c1(D) =

[
Λ

8
− 1

4
(Λctg ω)2

(
(λc10 − 2λc11)

−1 +
1

2
(λc12 − 2λc11)

−1

)]
J2
1 (λ

c
11r) < 0.
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Ðàçðàáîòàí íîâûé ïîäõîä ê èíòåðïðåòàöèè âîëíîâûõ ïîëåé äëÿ îïðåäåëå-
íèÿ êîíòóðîâ èëè ïîâåðõíîñòåé ñîñòàâíûõ ëîêàëüíûõ èåðàðõè÷åñêèõ îáúåêòîâ.
Ðàçðàáîòàí èòåðàöèîííûé ïðîöåññ ðåøåíèÿ òåîðåòè÷åñêîé îáðàòíîé çàäà÷è äëÿ
ñëó÷àÿ îïðåäåëåíèÿ êîíôèãóðàöèé 2D èåðàðõè÷åñêèõ âêëþ÷åíèé l-ãî, m-ãî è s-
ãî ðàíãîâ, ðàñïîëîæåííûõ äðóã íàä äðóãîì â ðàçíûõ ñëîÿõ N -ñëîéíîé ñðåäû, è
ðàçëè÷íûõ ôèçèêî-ìåõàíè÷åñêèõ ñâîéñòâ äëÿ àêóñòè÷åñêîãî ìîíèòîðèíãà. Ïðè
èíòåðïðåòàöèè ðåçóëüòàòîâ ìîíèòîðèíãà íåîáõîäèìî èñïîëüçîâàòü äàííûå òàêèõ
ñèñòåì íàáëþäåíèÿ, êîòîðûå ìîãóò áûòü íàñòðîåíû íà èññëåäîâàíèå èåðàðõè-
÷åñêîé ñòðóêòóðû ñðåäû [1]. Ê òàêèì ñèñòåìàì îòíîñÿòñÿ àêóñòè÷åñêèå (â äè-
íàìè÷åñêîì âàðèàíòå) è ýëåêòðîìàãíèòíûå ìîíèòîðèíãîâûå ñèñòåìû [2]. Èåðàð-
õè÷íîñòü ñòðóêòóðû ãåîëîãè÷åñêîé ñðåäû îò÷åòëèâî âèäíà ïðè àíàëèçå îáðàçöîâ
ãîðíûõ ïîðîä, îòîáðàííûõ â ðóäíûõ øàõòàõ [3]. Ñ äðóãîé ñòîðîíû, ÷åì ñëîæ-
íåå ñðåäà, òåì êàæäîå âîëíîâîå ïîëå ïðèâíîñèò ñâîþ èíôîðìàöèþ î åå âíóò-
ðåííåé ñòðóêòóðå, ïîýòîìó èíòåðïðåòàöèþ ñåéñìè÷åñêîãî è ýëåêòðîìàãíèòíîãî
ïîëÿ íåîáõîäèìî âåñòè ðàçäåëüíî, íå ñìåøèâàÿ ýòè áàçû äàííûõ. Ýòîò ðåçóëü-
òàò ñîäåðæèòñÿ â ÿâíîì âèäå óðàâíåíèé òåîðåòè÷åñêîé îáðàòíîé çàäà÷è äëÿ 2D
ýëåêòðîìàãíèòíîãî ïîëÿ (E è H ïîëÿðèçàöèÿ), à òàêæå äëÿ ðàñïðîñòðàíåíèÿ
ëèíåéíî ïîëÿðèçîâàííîé óïðóãîé âîëíû ïðè âîçáóæäåíèè N -ñëîéíîé ïðîâîäÿ-
ùåé èëè óïðóãîé ñðåäû ñ èåðàðõè÷åñêèì ïðîâîäÿùèì èëè óïðóãèì âêëþ÷åíèåì,
ðàñïîëîæåííûì â ν-îì ñëîå. Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà îáðàòíàÿ çàäà÷à
äëÿ óñëîæíåííîé èåðàðõè÷åñêîé ìîäåëè âêëþ÷åíèé: ïëàñòè÷åñêàÿ èåðàðõè÷å-
ñêàÿ íåîäíîðîäíîñòü l-ãî ðàíãà áóäåò ðàñïîëîæåíà â ñëîå ν − 1, ìàêñèìàëüíîå
çíà÷åíèå l-ãî ðàíãà ðàâíî L, íà÷àëüíîå çíà÷åíèå l-ãî ðàíãà ðàâíî ll = 1; óïðóãàÿ
èåðàðõè÷åñêàÿ íåîäíîðîäíîñòü m-ãî ðàíãà ðàñïîëîæåíà â ñëîå ν, ìàêñèìàëüíîå
çíà÷åíèå m-ãî ðàíãà ðàâíî M , íà÷àëüíîå çíà÷åíèå m-ãî ðàíãà ðàâíî mm = 1 è
àíîìàëüíî íàïðÿæåííàÿ èåðàðõè÷åñêàÿ íåîäíîðîäíîñòü s-ãî ðàíãà ðàñïîëîæåíà
â ñëîå ν +1, ìàêñèìàëüíîå çíà÷åíèå s-ãî ðàíãà ðàâíî S, íà÷àëüíîå çíà÷åíèå s-ãî
ðàíãà ðàâíî ss = 1. Ìû ðàññìîòðèì àëãîðèòì âîññòàíîâëåíèÿ 2D ïîâåðõíîñòåé
èåðàðõè÷åñêèõ íåîäíîðîäíîñòåé äëÿ ñëó÷àÿ, êîãäà L < M < S.
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Â äîêëàäå ðàññìàòðèâàåòñÿ ñèñòåìà ÷àñòèö, ìîäåëèðóþùàÿ ðàçðåæåííûé ãàç
â ñîîòâåòñòâèè ñ íåëèíåéíûì ñãëàæåííûì óðàâíåíèåì Áîëüöìàíà; ðàññìàòðè-
âàþòñÿ ñèñòåìà óïðàâëÿþùèõ óðàâíåíèé ìàðêîâñêîé ýâîëþöèè ýòîé ñèñòåìû è
ñîîòâåòñòâóþùèå ìåòîäû Ìîíòå-Êàðëî. Àíàëèçèðóþòñÿ è ÷èñëåííî ñðàâíèâàþò-
ñÿ ìåòîäû äëÿ ñòàöèîíàðíûõ ìíîãîìåðíûõ ïðîáëåì óðàâíåíèÿ Áîëüöìàíà, äëÿ
ñòàöèîíàðíûõ òå÷åíèé â îáëàñòÿõ äîñòàòî÷íî áîëüøèõ ðàçìåðîâ. Ðàññìàòðèâà-
åì, âî-ïåðâûõ, Èìèòàöèîííûé ñ ðàñùåïëåíèåì ìåòîä (ÈÐÌ), îñíîâûâàþùèéñÿ
íà ðàñùåïëåíèè îïåðàòîðà ñèñòåìû óïðàâëÿþùèõ óðàâíåíèé ïðîöåññà �ïî ãðóï-
ïàì ÷àñòèö� èëè �ïî ïîäîáëàñòÿì� [1, 2]. Ââåäåííûé òèï ðàñùåïëåíèÿ îòëè÷åí
îò õîðîøî èçâåñòíîãî òèïà �ïî ñîóäàðåíèÿì è ñäâèãàì�, ÿâëÿþùåãîñÿ àòðèáó-
òîì èçâåñòíûõ ìåòîäîâ �Ïðÿìîãî ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ� (ÏÑÌ), ðàç-
âèòûõ Ã. Áåðäîì. Âòîðûì àòðèáóòîì ïîñëåäíèõ ÿâëÿåòñÿ �ñåòêà ÿ÷ååê âçàèìîäåé-
ñòâèé�, ñîâåðøåííî îòñóòñòâóþùàÿ â èìèòàöèîííûõ ìåòîäàõ; â ïîñëåäíèõ âçàè-
ìîäåéñòâèå ïðîèçâîëüíîé ïàðû çàâèñèò îò ðàçíîñòåé êîîðäèíàò ÷àñòèö ïàðû.
Âî-âòîðûõ, ïîìèìî ìåòîäà ÏÑÌ ðàññìàòðèâàåì òàêæå �áëèçêèé� ê íåìó ìåòîä,
â êîòîðîì ñîõðàíåí ìàðêîâñêèé õàðàêòåð ýâîëþöèè ñêîðîñòåé â ÿ÷åéêàõ è êî-
òîðûé ðåàëèçîâàí â êîìïëåêñå ïðîãðàìì [3]. Îñîáîå âíèìàíèå óäåëÿåòñÿ çàäà÷å
î ïðîäîëüíîì îáòåêàíèè ïëîñêîé ïëàñòèíû ãèïåðçâóêîâûì ïîòîêîì; èìåííî íà
íåé, êàê íà ïðèìåðå, ïðîèçâîäèëèñü ñðàâíåíèÿ ïðåäñòàâëÿåìûõ ÷èñëåííûõ ðå-
çóëüòàòîâ, ïîëó÷åííûõ ïîñðåäñòâîì êàê ÈÐÌ, òàê è ïîñðåäñòâîì äâóõ äðóãèõ
âûøåóêàçàííûõ ìåòîäîâ.

Â ìåòîäå ÈÐÌ èñïîëüçóþòñÿ ãðàíè÷íûå óñëîâèÿ òå æå, ÷òî è äëÿ èñõîäíîé
ñèñòåìû óïðàâëÿþùèõ óðàâíåíèé. Âîçìîæåí ìåòîä, â êîòîðîì èñõîäíûå ãðàíè÷-
íûå óñëîâèÿ äîïîëíÿþòñÿ (ïåðåìåííûìè) ãðàíè÷íûìè óñëîâèÿìè ìåæäó ïîäîá-
ëàñòÿìè ÈÐÌ. È, òàêèì îáðàçîì, ïðèõîäèì ê ïîäõîäó, â êîòîðîì ïðîèçâîäèòñÿ
�èòåðèðîâàíèå ïî ïîäîáëàñòÿì� òå÷åíèÿ ãàçà. Ïîñëåäíèé èñïîëüçóþò, íàïðèìåð,
äëÿ çàäà÷ óðàâíåíèÿ ïåðåíîñà; è ýòîò ïîäõîä áûë íàìå÷åí åùå â [4].
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Ðåøåíèå çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ïðåäñòàâëÿåòñÿ ñóììîé ãîëîìîðôíîé
è íåãîëîìîðôíîé (ñ ïîëþñàìè) ôóíêöèé. Íåãîëîìîðôíàÿ ÷àñòü ñ÷èòàåòñÿ èç-
âåñòíîé, ïîýòîìó â ãðàíè÷íûõ óñëîâèÿõ çàäà÷è äëÿ îïðåäåëåíèÿ ãîëîìîðôíîãî
ñëàãàåìîãî âû÷èòàåòñÿ âñå òî, ÷òî îòíîñèòñÿ ê íåãîëîìîðôíîé ÷àñòè. Äëÿ îïðå-
äåëåíèÿ àíàëèòè÷åñêîãî ñëàãàåìîãî ñòàâÿòñÿ êëàññè÷åñêèå ïîñòàíîâêè: Äèðèõëå,
Íåéìàíà, Ðîáåíà. Ðåøåíèå êàæäîé èç ýòèõ çàäà÷ äëÿ àíàëèòè÷åñêîãî ñëàãàåìîãî
ñóùåñòâóåò è â èçâåñòíîé ñòåïåíè åäèíñòâåííî.

Íåãîëîìîðôíàÿ ÷àñòü ñîîòâåòñòâóåò äåôåêòàì, íî â çàäà÷àõ ãîðíîãî äåëà îíè
íåèçâåñòíû. Äëÿ èõ îïðåäåëåíèÿ, òî åñòü äëÿ îòûñêàíèÿ ãîëîìîðôíîãî è íåãî-
ëîìîðôíîãî ñëàãàåìîãî ïðåäëàãàåòñÿ íåêëàññè÷åñêàÿ ïîñòàíîâêà [1�3] (çàäà÷à
Êîøè), êîãäà íà îäíîé è òîé æå èçâåñòíîé ãðàíèöå òåëà (ïðè íåèçâåñòíûõ äðó-
ãèõ ãðàíèöàõ) çàäàþòñÿ îäíîâðåìåííî è óñëîâèå Äèðèõëå, è óñëîâèå Íåéìàíà.
Êàê ïîêàçûâàåòñÿ â ðàáîòå, ðåøåíèå òàêîé çàäà÷è ñóùåñòâóåò è åäèíñòâåííî.
Äëÿ èëëþñòðàöèè ðàññìàòðèâàåòñÿ âîëíîâîå óðàâíåíèå. Â îäíîìåðíîì ñëó÷àå

∂2u

∂x2
=

1

a

∂2u

∂t2
. (1)

Íà ãðàíèöå ïîëóáåñêîíå÷íîãî ñòåðæíÿ x ≥ 0 ñòàâèòñÿ óñëîâèå

u|x=0 = α(t),
∂u
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∣∣∣∣
x=0

=
1

a
β̇(t). (2)

Òîãäà ðåøåíèå (1) ïðè óñëîâèè (2) çàïèñûâàåòñÿ êàê

u (x, t) =
1

2

[
α
(
t− x

a

)
− β

(
t− x

a

)]
+

1

2

[
α
(
t+

x

a

)
+ β
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)]
. (3)

Êàê ñëåäóåò èç (3), äëÿ èññëåäîâàíèÿ òîãî, ÷òî ïðîèñõîäèò â ñå÷åíèè x = const
âî âðåìåíè t íåîáõîäèìî îò âðåìåíè t îòñòóïèòü íàçàä è âïåðåä íà âåëè÷èíó x/a
(âðåìÿ ïðèõîäà âîëíû ñ ïîâåðõíîñòè x = 0 â ñå÷åíèå x = const) è âûïóñòèòü äâå
õàðàêòåðèñòèêè, äàëåå ñîñòàâèòü ñóììó (3). Ïðè ýòîì âîçíèêàåò ïðåäóáåæäåíèå,
÷òî âîëíà äâèæåòñÿ â �îòðèöàòåëüíîå� âðåìÿ. Íà ñàìîì äåëå, ýòî íå òàê. Â ðàáîòå
ðåøàþòñÿ äâóìåðíûå è òðåõìåðíûå âîëíîâûå óðàâíåíèÿ (äëÿ ïîëóïëîñêîñòè è
ïîëóïðîñòðàíñòâà), ñòðîÿòñÿ ÿâíûå ÷èñëåííûå ñõåìû 2-ãî ïîðÿäêà òî÷íîñòè, ðå-
øåíèå ñðàâíèâàåòñÿ ñ òåñòîâûìè ðåøåíèÿìè. Îáñóæäàþòñÿ âîïðîñû, ñâÿçàííûå
ñ ïîèñêîì äåôåêòîâ.

Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà ÔÍÈ � ÀÀÀÀ-À17-117122090002-5.
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Àíàëèç ìîäåëåé ñëîæíîãî òåïëîîáìåíà â ðàññåèâàþùèõ ñðåäàõ ñ îòðàæàþùè-
ìè ãðàíèöàìè ïðåäñòàâëÿåò èíòåðåñ â ñèëó ñâîåé ïðèêëàäíîé çíà÷èìîñòè. Èìå-
åòñÿ çíà÷èòåëüíîå ÷èñëî ðàáîò ïî ÷èñëåííîìó ìîäåëèðîâàíèþ ïðîöåññîâ äèô-
ôóçèîííîãî è ðàäèàöèîííîãî ïåðåíîñà òåïëà â ñïëîøíûõ ñðåäàõ. Â òî æå âðåìÿ
ïðîáëåìû òåîðåòè÷åñêîãî è ÷èñëåííîãî àíàëèçà îáðàòíûõ çàäà÷ äëÿ ìîäåëåé,
âêëþ÷àþùèõ â ñåáÿ óðàâíåíèå ïåðåíîñà òåïëà è óðàâíåíèå, îïèñûâàþùåå ïåðå-
íîñ òåïëîâîãî èçëó÷åíèÿ, ÿâëÿþòñÿ â îñíîâíîì îòêðûòûìè.

Ðàññìàòðèâàåòñÿ êâàçèñòàöèîíàðíàÿ ìîäåëü ðàäèàöèîííîãî òåïëîîáìåíà â îá-
ëàñòè Ω ⊂ R3 ñ îòðàæàþùåé ãðàíèöåé:

∂θ/∂t− a∆θ + bκa(|θ|θ3 − φ) = 0, −α∆φ+ κa(φ− |θ|θ3) = 0, (1)

θ|t=0 = θ0, a∂nθ + β(θ − θb) = 0, α∂nφ+ γ(φ− θ4b ) = 0 íà Γ = ∂Ω. (2)

Çäåñü θ � òåìïåðàòóðà, φ � èíòåíñèâíîñòü èçëó÷åíèÿ, óñðåäíåííàÿ ïî âñåì íà-
ïðàâëåíèÿì. Ôèçè÷åñêèå ïàðàìåòðû a, b, κa è α îïèñûâàþò òåðìè÷åñêèå è ðà-
äèàöèîííûå ñâîéñòâà ñðåäû [1]. Ôóíêöèè θ0, θb çàäàþò íà÷àëüíîå è ãðàíè÷íûå
çíà÷åíèÿ òåìïåðàòóðû.

Â äîêëàäå ôîðìóëèðóþòñÿ îáðàòíûå çàäà÷è äëÿ íåëèíåéíîé ñèñòåìû (1), (2),
ñîñòîÿùèå â îïðåäåëåíèè íåèçâåñòíîé ïðàâîé ÷àñòè â óðàâíåíèè òåïëîïðîâîä-
íîñòè, ëèáî íåèçâåñòíîé ôóíêöèè γ â êðàåâîì óñëîâèè, ïî äîïîëíèòåëüíîé èí-
ôîðìàöèè î ðåøåíèè, çàäàííîé â âèäå èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ, ëèáî â
âèäå äîïîëíèòåëüíîãî êðàåâîãî óñëîâèÿ äëÿ òåìïåðàòóðû [2, 3]. Ïðåäñòàâëåíû
íîâûå àïðèîðíûå îöåíêè ðåøåíèé îáðàòíûõ çàäà÷, íà îñíîâå êîòîðûõ äîêàçàíû
íåëîêàëüíûå òåîðåìû ðàçðåøèìîñòè. Íàéäåíû óñëîâèÿ åäèíñòâåííîñòè ðåøåíèé.
Ïðåäëîæåíû àëãîðèòìû ðåøåíèÿ îáðàòíûõ çàäà÷, ïðîèëëþñòðèðîâàííûå ÷èñ-
ëåííûìè ïðèìåðàìè.
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Â ïðàêòèêå ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðàñïðåäåëåíèÿ â ïðèêîðíåâîé
ïî÷âåííîé çîíå ðàñòåíèé ýëåìåíòîâ èõ ïèòàíèÿ â êà÷åñòâå òàêîâûõ ðàññìàòðè-
âàþòñÿ, êàê ïðàâèëî, àçîò è êèñëîðîä. Â ìåíüøåé ñòåïåíè ýòî êàñàåòñÿ ôîñ-
ôîðà, êîòîðûé âõîäèò â ñîñòàâ ðàçëè÷íûõ îðãàíîèäîâ è ÿäåð êëåòîê, à òàêæå
ñïîñîáñòâóåò ðàçâèòèþ êîðíåâîé ñèñòåìû ðàñòåíèé. Â ñóùåñòâóþùèõ ìîäåëÿõ
íåïðîïîðöèîíàëüíî ìàëî óäåëÿåòñÿ âíèìàíèÿ äèíàìèêå ýëåìåíòîâ ïèòàíèÿ è èõ
óñâîåíèå ðàñòåíèÿìè, ìåõàíèçìàì âîçäåéñòâèÿ òåìïåðàòóðû è âëàæíîñòè â ðè-
çîñôåðå íà ðîñò ðàñòåíèé. Öåëü ïðåäëàãàåìîé çäåñü ìîäåëè ñîñòîèò â ÷àñòè÷íîì
ðåøåíèè ýòèõ âîïðîñîâ.

Óðàâíåíèÿ ïðåäëàãàåìîé ìîäåëè äèíàìèêè ïèòàíèÿ ðàñòåíèé ïðèíèìàþò òà-
êóþ çàïèñü:

∂B
∂t = fB(T,W )[µB0 + FBS(MS) + FBP (MP )− βBB − dB ]B
∂Y
∂t = fY (T,W )[µY 0 + µY 0B − βY Y ]Y +∇ · (DY BY · ∇B) +∇ · (DY∇Y )
∂MS

∂t = fS(T,W )[QSdBY − γsFBS(MS)]B + FS(MS)
∂MP

∂t = fP (T,W )[QP dBY − γPFBP (MP )]B + FP (MP )
∂T
∂t = DT∇2T
∂W
∂t = DW∇2W

n⃗ · ∇B = n⃗ · ∇MS = n⃗ · ∇MP = n⃗ · ∇T = n⃗ · ∇W = 0 íà ∂Ω

B(0, X) = B0(X), Y (0, X) = Y0(X),MS(0, X) =MS,0(X),MP (0, X) =MP,0(X)

T (0, X) = T0(X),W (0, X) =W0(X)

X = (x, y, z),∇ = ( ∂∂x ,
∂
∂y ,

∂
∂z ) è∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 ,

ãäå B � áèîìàññà ðàñòåíèé;MP � ìàññà ôîñôîðà; P � äàâëåíèå; T � òåìïåðàòó-
ðà; W � âëàãîñîäåðæàíèå; fB(T,W ), fY (T,W ), fS(T,W ) è fP (T,W ) � ôóíêöèè,
çàäàþùèå òåêóùåå ñîñòîÿíèå ðèçîñôåðû;MS � ìàññà îñíîâíûõ, êðîìå ôîñôîðà,
îñòàëüíûõ ýëåìåíòîâ ïèòàíèÿ ðàñòåíèé; µB0 � êîýôôèöèåíò ïðèðîñòà áèîìàñ-
ñû ïðè îòñóòñòâèè ìèíåðàëüíîãî ïèòàíèÿ; FBS(MS) � èíòåíñèâíîñòü óñâîåíèÿ
ðàñòåíèåì ìèíåðàëüíîãî ïèòàíèÿ, êðîìå ôîñôîðà; FBP (MP ) � èíòåíñèâíîñòü
óñâîåíèÿ ðàñòåíèåì ôîñôîðà; βB � êîýôôèöèåíò îòðàæåíèÿ êîíêóðåíöèè ðàñ-
òåíèé; dB � êîýôôèöèåíò èíòåíñèâíîñòè îòìèðàíèÿ áèîìàññû; Y � áèîìàññà
ìèêðîîðãàíèçìîâ â ðèçîñôåðå; QS è QP � êîíñòàíòû, êîòîðûå õàðàêòåðèçóþò
ñîäåðæàíèÿ ìèíåðàëîâ â êëåòêàõ îòìåðøèõ ðàñòåíèé; FS(MS) è FP (MP ) õàðàê-
òåðèçóþò ìàññó/êîíöåíòðàöèþ ìèíåðàëüíûõ óäîáðåíèé, êîòîðûå âíîñÿòñÿ â ðè-
çîñôåðó; DT , DW � êîýôôèöèåíòû òåìïåðàòóðîïðîâîäíîñòè è äèôôóçèè âëàãè
â ðèçîñôåðå; µY 0, µY B , βY , DY B , DY , dB , γS , QP , dB , γP � êîýôôèöèåíòû,
êîòîðûå îñíîâûâàþòñÿ íà âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ.
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Â ðàáîòå ðàññìàòðèâàåòñÿ íåñòàöèîíàðíàÿ çàäà÷à ñî ñâîáîäíîé ïîâåðõíîñòüþ
äëÿ ñèñòåìû óðàâíåíèé ãàçîâîé äèíàìèêè, îïèñûâàþùåé äâèæåíèå èçýíòðîïè-
÷åñêîãî, ñàìîãðàâèòèðóþùåãî è èçîëèðîâàííîãî êîíå÷íîãî îáú¼ìà èäåàëüíîãî
ãàçà. Ïóñòü â ìîìåíò t = 0 â ïðîñòðàíñòâå R3 çàäàíà îáëàñòü Ω0, çàïîëíåííàÿ
èäåàëüíûì ðàçðåæåííûì èçýíòðîïè÷åñêèì ãàçîì, ÷àñòèöû êîòîðîãî ïðèòÿãèâà-
þòñÿ äðóã ê äðóãó ïî çàêîíó Íüþòîíà. Çàäà÷à î äâèæåíèè ãàçà â ñèëîâîì ïîëå
ñâîäèòñÿ ê îïðåäåëåíèþ îáëàñòè Ωt ∈ R4, çàíèìàåìîé ãàçîì â ìîìåíò âðåìåíè t,
à òàêæå âåêòîðà ñêîðîñòè u(x, t) è ïëîòíîñòè ρ(x, t), óäîâëåòâîðÿþùèõ â îáëàñòè
x ∈ Ωt, t ∈ (0, T ), ñèñòåìå óðàâíåíèé ãàçîâîé äèíàìèêè â ôîðìå Ë. Ýéëåðà [1]:

du(x, t)

dt
= F(x, t),

dρ(x, t)

dt
= −ρ(x, t) divu(x, t), (1)

ïðè óñëîâèÿõ, ÷òî ïðè t = 0 â êàæäîé òî÷êå x = {x, y, z} îáëàñòè Ω0 èçâåñòíû
ðàñïðåäåëåíèÿ: âåêòîðà ñêîðîñòè u0 = {u0, v0, w0} ÷àñòèö ãàçà, ïëîòíîñòè ρ =
ρ0(x), à òàêæå ρ(x) = 0 äëÿ x ∈ Γt ïðè t ≥ 0, ãäå Γt � ãðàíèöà îáëàñòè Ωt òå÷åíèÿ
ãàçà.

Ôóíêöèè u0(x), ρ0(x) è çàìêíóòàÿ ãðàíèöà îáëàñòè Γ0 çàäàþòñÿ â ïðîñòðàí-
ñòâå C∞(Ω0) áåñêîíå÷íî-äèôôåðåíöèðóåìûõ ôóíêöèé â îáëàñòè Ω0.

Ñèëà íüþòîíîâñêîãî ïðèòÿæåíèÿ â ïðàâîé ÷àñòè âåêòîðíîãî óðàâíåíèÿ ñè-
ñòåìû (1) ðàâíà [2�3]

F(x, t) = ∇G
∫∫∫
Ωt

ρ(x′, t)

|x− x′|
dx′.

Ïðèìåíÿÿ ëàãðàíæåâû êîîðäèíàòû ξ, η, ζ, â ðàáîòå äîêàçàíà ëåììà îá ýêâè-
âàëåíòíîñòè ñèñòåìû (1) ñèñòåìå â ôîðìå Ëàãðàíæà.

Çàòåì ýòà ñèñòåìà ïðåîáðàçóåòñÿ ê ýêâèâàëåíòíîé ñèñòåìå èíòåãðàëüíûõ
óðàâíåíèé òèïà Âîëüòåððà:

x(ξ, t) = ξ + u0(ξ)t+

∫ t

0

(t− τ)F(x(ξ, τ), τ)dτ. (2)

Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ
èíòåãðàëüíîãî óðàâíåíèÿ òèïà Âîëüòåððà (2) ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé. Ïðåîáðàçîâàíèå (2) ïîçâîëÿåò îïðåäåëèòü ïåðåìåííóþ îáëàñòü Ωt êàê îá-
ðàç Ω0, à ïðè ξ ∈ Γ0 ôîðìóëà (2) ïðè t > 0 îïðåäåëÿåò çàêîí äâèæåíèÿ ñâîáîäíîé
ãðàíèöû Γt.
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Èññëåäîâàíà çàäà÷à î ïîñòðîåíèè îãðàíè÷åííûõ ðåøåíèé [1�3]

z(k) ∈ Rn, k = 0, 1, 2, . . . ,

ñèñòåìû ëèíåéíûõ ðàçíîñòíî-àëãåáðàè÷åñêèõ óðàâíåíèé [4]

A(k)z(k + 1) = B(k)z(k) + f(k), k ∈ N; (2)

çäåñü A(k), B(k) ∈ Rm×n � îãðàíè÷åííûå ìàòðèöû è f(k) � äåéñòâèòåëüíûå
îãðàíè÷åííûå âåêòîð-ñòîëáöû. Ìàòðèöó A(k) ïðåäïîëàãàåì, âîîáùå ãîâîðÿ, ïðÿ-
ìîóãîëüíîé, ëèáî êâàäðàòíîé, íî âûðîæäåííîé.

Èíòåðåñ ê èçó÷åíèþ ðàçíîñòíî-àëãåáðàè÷åñêèõ ñèñòåì âèäà (1) ñâÿçàí ñ ìíî-
ãî÷èñëåííûìè ïðèìåíåíèÿìè ïîäîáíûõ ñèñòåì â ýêîíîìèêå, ìåõàíèêå, òåîðèè
óïðàâëåíèÿ, à òàêæå ïðè èçó÷åíèè äèíàìèêè ïîïóëÿöèé. Õàðàêòåðíîé îñîáåííî-
ñòüþ çàäà÷è Êîøè äëÿ ëèíåéíîé ðàçíîñòíî-àëãåáðàè÷åñêîé ñèñòåìû (1), ñóùå-
ñòâåííî îòëè÷àþùåé åå îò òðàäèöèîííîé çàäà÷è Êîøè äëÿ ëèíåéíîé ðàçíîñòíîé
ñèñòåìû [1, 2, 5], ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, åå íåðàçðåøèìîñòü äëÿ ïðîèçâîëü-
íîé ôóíêöèè f(k) è ïðîèçâîëüíîãî íà÷àëüíîãî çíà÷åíèÿ; â ñëó÷àå ðàçðåøèìîñòè
çàäà÷è Êîøè äëÿ ëèíåéíîé ðàçíîñòíî-àëãåáðàè÷åñêîé ñèñòåìû (1) åå ðåøåíèå â
îáùåì ñëó÷àå çàâèñèò îò ïðîèçâîëüíîé îãðàíè÷åííîé âåêòîð-ôóíêöèè.

Íàéäåíû óñëîâèÿ ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðà-
òîðà Ãðèíà çàäà÷è Êîøè äëÿ ëèíåéíîé ðàçíîñòíî-àëãåáðàè÷åñêîé ñèñòåìû (1).
Ïðåäëîæåíà îðèãèíàëüíàÿ êëàññèôèêàöèÿ, à òàêæå åäèíàÿ ñõåìà ïîñòðîåíèÿ ðå-
øåíèé ðàçíîñòíî-àëãåáðàè÷åñêîé ñèñòåìû (1). Íàéäåííûå óñëîâèÿ ðàçðåøèìîñòè
ðàçíîñòíî-àëãåáðàè÷åñêîé ñèñòåìû (1) íå ïðåäïîëàãàþò èñïîëüçîâàíèÿ öåíòðàëü-
íîé êàíîíè÷åñêîé ôîðìû [6], à ÿâëÿþòñÿ ïåðåíåñåíèåì ðåçóëüòàòîâ èññëåäîâàíèÿ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì [7].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî Ôîíäà ôóíäàìåí-

òàëüíûõ èññëåäîâàíèé Óêðàèíû (íîìåð ãîñóäàðñòâåííîé ðåãèñòðàöèè 0109U000381).
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ [1] ñ èíòåãðàëüíûì âû-
ïóêëûì êðèòåðèåì êà÷åñòâà [2], çàâèñÿùèì òîëüêî îò ìåäëåííûõ ïåðåìåííûõ,
äëÿ ëèíåéíîé ñèñòåìû ñ áûñòðûìè è ìåäëåííûìè ïåðåìåííûìè [3, 4] â êëàññå
êóñî÷íî-íåïðåðûâíûõ óïðàâëåíèé ñ ãëàäêèìè îãðàíè÷åíèÿìè íà óïðàâëåíèå:

ẋε = A11xε +A12yε +B1u, t ∈ [0, T ], ∥u∥ 6 1,
εẏε = A21xε +A22yε +B2u, xε(0) = x0, yε(0) = y0,

Jε(u) := φ(xε(T )) +
T∫
0

∥u(t)∥2 dt→ min,

ãäå xε ∈ Rn, yε ∈ Rm, u ∈ Rr; Aij , Bi, i, j = 1, 2, � ïîñòîÿííûå ìàòðèöû ñîîòâåò-
ñòâóþùåé ðàçìåðíîñòè, à φ(·) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà Rn ñòðîãî
âûïóêëàÿ è êîôèíèòíàÿ ôóíêöèÿ â ñìûñëå âûïóêëîãî àíàëèçà. Ïîëó÷åíî ïîë-
íîå àñèìïòîòè÷åñêîå ðàçëîæåíèå âåêòîðà ñîïðÿæåííîé ñèñòåìû, îïðåäåëÿþùåãî
îïòèìàëüíîå óïðàâëåíèå [5�7]. Ãëàâíîé îòëè÷èòåëüíîé îñîáåííîñòüþ çàäà÷è îò
çàäà÷, ðàññìîòðåííûõ â [8, 9], ÿâëÿåòñÿ áîëåå îáùèé âèä óïðàâëÿåìîé ñèñòåìû.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ, äîêòîðó ôèç.-ìàò.

íàóê, ïðîôåññîðó Äàíèëèíó Àëåêñåþ Ðóôèìîâè÷ó çà ïîñòîÿííîå âíèìàíèå ê ðàáîòå.
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Ðàáîòà ïðåäñòàâëÿåò ñîáîé êà÷åñòâåííîå è ÷èñëåííîå èññëåäîâàíèå â äèíàìè-
êå òâåðäîãî òåëà, âçàèìîäåéñòâóþùåãî ñî ñðåäîé. Èññëåäóåìûå çàäà÷è îïèñûâà-
þòñÿ äèíàìè÷åñêèìè ñèñòåìàìè ñî çíàêîïåðåìåííîé äèññèïàöèåé (ò. å. â ñèñòåìå
ïðèñóòñòâóåò êàê ïîäêà÷êà, òàê è ðàññåÿíèå ýíåðãèè) [1, 2].

Ïðè ýòîì èçó÷àþòñÿ íåêîíñåðâàòèâíûå ñèñòåìû, äëÿ êîòîðûõ êëàññè÷åñêàÿ
ìåòîäèêà èññëåäîâàíèÿ, âîîáùå ãîâîðÿ, íåïðèìåíèìà. Òàêèì îáðàçîì, äëÿ òàêèõ
ñèñòåì íåîáõîäèìî â íåêîòîðîì ñìûñëå �â ëîá� èññëåäîâàòü óðàâíåíèÿ äèíàìèêè.

Êîíå÷íî, â îáùåì ñëó÷àå ïîñòðîèòü êàêóþ-ëèáî òåîðèþ èññëåäîâàíèÿ íåêîí-
ñåðâàòèâíûõ ñèñòåì (õîòÿ áû è íåâûñîêîé ðàçìåðíîñòè) äîâîëüíî çàòðóäíèòåëü-
íî. Íî â ðÿäå ñëó÷àåâ, êîãäà èññëåäóåìûå ñèñòåìû îáëàäàþò äîïîëíèòåëüíû-
ìè ñèììåòðèÿìè, óäàåòñÿ íå òîëüêî ÷èñëåííî, íî è êà÷åñòâåííî íàéòè, íàïðè-
ìåð, ïîëíûé íàáîð ïåðâûõ èíòåãðàëîâ ÷åðåç êîíå÷íûå êîìáèíàöèè ýëåìåíòàðíûõ
ôóíêöèé [3, 4].

Â ðàáîòå ïîëó÷åíî ìíîæåñòâî ðåçóëüòàòîâ êàê ïî êà÷åñòâåííîìó è ÷èñëåí-
íîìó èññëåäîâàíèþ, òàê è ïî èíòåãðèðóåìîñòè íåêîíñåðâàòèâíûõ äèíàìè÷åñêèõ
ñèñòåì, îáëàäàþùèõ íåòðèâèàëüíûìè ñèììåòðèÿìè. Ïðè ýòîì âî ìíîæåñòâå ñëó-
÷àåâ èíòåãðèðóåìîñòè êàæäûé èç ïåðâûõ èíòåãðàëîâ âûðàæàåòñÿ ÷åðåç êîíå÷-
íóþ êîìáèíàöèþ ýëåìåíòàðíûõ ôóíêöèé, ÿâëÿÿñü îäíîâðåìåííî òðàíñöåíäåíò-
íîé ôóíêöèåé ñâîèõ ïåðåìåííûõ. Òðàíñöåíäåíòíîñòü â äàííîì ñëó÷àå ïîíèìàåò-
ñÿ â ñìûñëå êîìïëåêñíîãî àíàëèçà, êîãäà ïîñëå ïðîäîëæåíèÿ äàííûõ ôóíêöèé â
êîìïëåêñíóþ îáëàñòü ó íèõ èìåþòñÿ ñóùåñòâåííî îñîáûå òî÷êè. Ïîñëåäíèé ôàêò
îáóñëàâëèâàåòñÿ íàëè÷èåì â ñèñòåìå ïðèòÿãèâàþùèõ è îòòàëêèâàþùèõ ïðåäåëü-
íûõ ìíîæåñòâ (íàïðèìåð, ïðèòÿãèâàþùèõ è/èëè îòòàëêèâàþùèõ ôîêóñîâ).
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Ïóñòü E1 è E2 � âåùåñòâåííûå áàíàõîâû ïðîñòðàíñòâà, u � íåèçâåñòíàÿ, à
f � çàäàííàÿ ôóíêöèè äåéñòâèòåëüíîãî àðãóìåíòà t è ñî çíà÷åíèÿìè â E1 è E2

ñîîòâåòñòâåííî. Ðàññìîòðèì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå

Bu′(t) = A1u(t) +A0u(t− h) + f(t), t > 0, (1)

ãäå B, A1 è A0 � çàìêíóòûå ëèíåéíûå îïåðàòîðû èç E1 â E2, ïðè÷åì îïåðàòîð
B íåïðåðûâíî îáðàòèì, è ñïðàâåäëèâî âêëþ÷åíèå D(B) ⊆ D(A1) ∩ D(A0). Äëÿ
óðàâíåíèÿ (1) çàäàäèì íà÷àëüíîå óñëîâèå âèäà

u(t) = φ(t), −h ≤ t < 0; u(0) = u0. (2)

Çäåñü φ(t) ∈ C ([−h; 0], E1) è u0 ∈ E1 ïðåäïîëàãàþòñÿ èçâåñòíûìè, è u0 ̸= φ(0).
Íà÷àëüíûå çàäà÷è â ïîäîáíûõ ïîñòàíîâêàõ äëÿ óðàâíåíèé ñ çàïàçäûâàíèåì â
àáñòðàêòíûõ ïðîñòðàíñòâàõ ðàññìàòðèâàëèñü, íàïðèìåð, â [1].

Îïðåäåëåíèå. Êëàññè÷åñêèì ðåøåíèåì íà÷àëüíîé çàäà÷è (1), (2) íàçîâåì
ôóíêöèþ u(t) ∈ C ([−h; 0) ∪ (0;+∞), E1) ∩ C1 ((0;+∞), E1), êîòîðàÿ îáðàùàåò â
òîæäåñòâî óðàâíåíèå (1) è óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (2).

Èññëåäîâàíèå ïðîáëåìû îäíîçíà÷íîé ðàçðåøèìîñòè íà÷àëüíîé çàäà÷è (1), (2)
âûïîëíÿåòñÿ ìåòîäàìè òåîðèè ðàñïðåäåëåíèé Ñîáîëåâà � Øâàðöà ñî çíà÷åíèÿìè
â áàíàõîâûõ ïðîñòðàíñòâàõ [2]. Ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî
îïåðàòîðà, ñîîòâåòñòâóþùåãî óðàâíåíèþ (1), ïîñòðîåíî ñ ïîìîùüþ ñïåöèàëüíîé
îïåðàòîð-ôóíêöèè, êîòîðàÿ ñîäåðæèò êîììóòàòîðû îïåðàòîðîâ A1B

−1 è A0B
−1,

÷òî ïîçâîëèëî îòêàçàòüñÿ îò óñëîâèÿ êîììóòàòèâíîñòè èõ êîìïîçèöèè. Äîêàçàíà
òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îáîáùåííîãî ðåøåíèÿ (â êëàññåK ′

+(E1)
ðàñïðåäåëåíèé ñ îãðàíè÷åííûì ñëåâà íîñèòåëåì) íà÷àëüíîé çàäà÷è (1), (2), è
ïîëó÷åíà ÿâíàÿ ôîðìóëà ðåøåíèÿ. Ïîêàçàíî, ÷òî ïðè f(t) ∈ C ([0;+∞), E2) ýòî
ðåøåíèå ÿâëÿåòñÿ ðåãóëÿðíûì ðàñïðåäåëåíèåì è ïîðîæäåíî îáû÷íîé ôóíêöèåé
u = u(t), êîòîðàÿ çàäàíà êóñî÷íî íà ïîëóèíòåðâàëàõ [(k − 1)h; kh), ãäå k ∈ N,
èìååò ðàçðûâ â òî÷êå t = 0, ñèëüíî íåïðåðûâíà â òî÷êå t = h, à â îñòàëüíûõ
òî÷êàõ èíòåðâàëà (0;+∞) ñèëüíî íåïðåðûâíî äèôôåðåíöèðóåìà.

Òåîðåìà. Ïóñòü f(t) ∈ C ([0;+∞), E2), òîãäà äëÿ òîãî ÷òîáû íà÷àëüíàÿ çàäà-
÷à (1), (2) èìåëà åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû

(
u0−φ(0)

)
∈ N(A0), ãäå N(A0) � íóëü-ïðîñòðàíñòâî (ÿäðî) îïåðàòîðà A0.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (ïðîåêòû � 18-01-00643 À è � 18-51-54001 Âüåò_à).
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Ñîâðåìåííûé óðîâåíü òåõíèêè õàðàêòåðèçóåòñÿ ðàçíîîáðàçèåì ôîðì êîí-
òàêòíîãî âçàèìîäåéñòâèÿ, êîòîðîå ñîïðîâîæäàåòñÿ èëè âîçìîæíî òîëüêî ïðè íà-
ëè÷èè òðåíèÿ. Íàãðóçêà, ïðèâîäÿùàÿ ê ðàçðóøåíèþ, â çíà÷èòåëüíîé ñòåïåíè
çàâèñèò îò òðåíèÿ. Â ñâÿçè ñ âîçíèêàþùèìè ìàòåìàòè÷åñêèìè òðóäíîñòÿìè ÷à-
ñòî ðàññìàòðèâàþò óïðîùåííûå ïîñòàíîâêè òàêèõ çàäà÷, ãäå èñïîëüçóåòñÿ ó÷åò
òðåíèÿ â ëèíåéíîé ôîðìå, îäíàêî íåëèíåéíûå çàêîíû òðåíèÿ ÿâëÿþòñÿ àêòóàëü-
íûìè äëÿ ðåàëüíûõ çàäà÷ [1]. Ìàòåìàòè÷åñêîé ìîäåëüþ êîíòàêòà äåòàëåé ñëîæ-
íîé êîíôèãóðàöèè ìîæåò áûòü êîíòàêò ñ óïðóãèì ïîëóïðîñòðàíñòâîì øòàìïîâ,
èìåþùèõ äâóñâÿçíûå îñíîâàíèÿ [1, 2].

Ðàññìàòðèâàåòñÿ çàäà÷à î äâèæåíèè æåñòêîãî øòàìïà ñ äâóñâÿçíûì îñíîâà-
íèåì ïî ãðàíèöå óïðóãîãî ïîëóïðîñòðàíñòâà ñ ó÷åòîì íåëèíåéíîãî çàêîíà òðåíèÿ.
Íà øòàìï äåéñòâóþò âåðòèêàëüíàÿ è ãîðèçîíòàëüíàÿ ñèëû, ïîñëåäíÿÿ óðàâíî-
âåøèâàåòñÿ ñèëîé òðåíèÿ. Äåéñòâóþùèå íà øòàìï ñèëû îáåñïå÷èâàþò ñîñòîÿíèå
ðàâíîâåñèÿ èëè ðàâíîìåðíîãî äâèæåíèÿ. Ïîä äåéñòâèåì íàãðóçêè øòàìï ïåðå-
ìåñòèòñÿ ïîñòóïàòåëüíî è ñîâåðøèò ïîâîðîò. Äàííàÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ
ñèñòåìû óðàâíåíèé ðàâíîâåñèÿ è îñíîâíîãî èíòåãðàëüíîãî óðàâíåíèÿ êðàåâîãî
óñëîâèÿ äëÿ ïåðåìåùåíèé [1]. Ðåãóëÿðèçàöèÿ îñíîâíîãî óðàâíåíèÿ ïðèâîäèò ê
ðåøåíèþ óðàâíåíèÿ âòîðîãî ðîäà. Â êà÷åñòâå ïàðàìåòðà ðåãóëÿðèçàöèè ïðåäëà-
ãàåòñÿ ðàññìàòðèâàòü êîýôôèöèåíò øåðîõîâàòîñòè, ïðè ýòîì ìû ïðåíåáðåãàåì
âåðòèêàëüíûìè ïåðåìåùåíèÿìè ìèêðîâûñòóïîâ, îáóñëîâëåííûõ äåéñòâèåì êàñà-
òåëüíîé ñèëû.

Ñ ïîìîùüþ ïðèìåíåíèÿ ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó äâóìåðíûõ èíòå-
ãðàëîâ ñî ñëàáîé îñîáåííîñòüþ ðàçðàáîòàí ìåòîä ðåøåíèÿ êîíòàêòíûõ çàäà÷ äëÿ
íåëèíåéíûõ çàêîíîâ òðåíèÿ. Ïðåäëàãàåòñÿ ðàçëîæåíèå â ðÿä ïîòåíöèàëà ïðî-
ñòîãî ñëîÿ, ðàñïðåäåëåííîãî ïî äâóñâÿçíîé îáëàñòè, íà âíóòðåííþþ òî÷êó ýòîé
îáëàñòè ñ èñïîëüçîâàíèåì ïðåîáðàçîâàíèÿ ïîëþñà ÿäðà èíòåãðàëüíîãî îïåðàòî-
ðà. Èñïîëüçîâàíî ðàçëîæåíèå ïîòåíöèàëà ïðîñòîãî ñëîÿ äëÿ îáëàñòè â ôîðìå
êðóãîâîãî êîëüöà, êîãäà ïëîòíîñòü íå îáëàäàåò ñèììåòðèåé. Îòäåëüíûå ñëó÷àè
òàêîãî ðàçëîæåíèÿ ïðåäëîæåíû â [2].

Îïðåäåëåíû ôóíêöèè ðàñïðåäåëåíèÿ íîðìàëüíîãî äàâëåíèÿ, âåëè÷èíû çà-
ãëóáëåíèÿ øòàìïà è óãëîâ ïîâîðîòà. Ðåøåíû êîíêðåòíûå ïðèìåðû, èç êîòîðûõ
âèäíî, ÷òî íàëè÷èå òðåíèÿ, ñîîòíîøåíèå êîîðäèíàò òî÷åê ïðèëîæåíèÿ ñèë è
ðàçìåðîâ øòàìïà âëèÿåò íà íåñèììåòðè÷íîñòü ðàñïðåäåëåíèÿ äàâëåíèÿ, êîòî-
ðàÿ ïðè îïðåäåëåííûõ óñëîâèÿõ ìîæåò ïðèâåñòè ê îòðûâó èëè îïðîêèäûâàíèþ
øòàìïà. Íàéäåíû ïðåäåëüíûå çíà÷åíèÿ óêàçàííûõ âåëè÷èí. Äëÿ ìàëûõ êîýô-
ôèöèåíòîâ òðåíèÿ ïîëó÷åíû ïåðâûå äâà ïðèáëèæåíèÿ àíàëèòè÷åñêîãî ðåøåíèÿ
çàäà÷è ñ ó÷åòîì ñòåïåííîãî çàêîíà òðåíèÿ äëÿ äâóñâÿçíîé îáëàñòè êîíòàêòà.
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Àïïàðàò äèôôåðåíöèàëüíûõ ôîðì îïòèìàëüíî îòâå÷àåò çàäà÷àì àíàëèçà è
ïîñòðîåíèÿ âû÷èñëèòåëüíûõ ñõåì â ýëåêòðîìàãíåòèçìå [1]. Ýëåêòðè÷åñêîå ïîëå
îïèñûâàåòñÿ äèôôåðåíöèàëüíûìè ôîðìàìè ïåðâîãî ïîðÿäêà âíóòðåííåé îðèåí-
òàöèè. Äëÿ ìàãíèòíîãî ïîëÿ íåîáõîäèìî èñïîëüçîâàòü äèôôåðåíöèàëüíûå ôîð-
ìû ïåðâîãî ïîðÿäêà âíåøíåé îðèåíòàöèè. Äëÿ ïîñòðîåíèÿ âû÷èñëèòåëüíîé ñõå-
ìû äëÿ ìîäåëèðîâàíèÿ ìàãíèòíîãî ïîëÿ íåîáõîäèìî ïîñòðîèòü ñåòî÷íîå ðàçáèå-
íèå, îòâå÷àþùåå ïðèíöèïó äâîéñòâåííîñòè Ïóàíêàðå ïî îòíîøåíèþ ê ñèìïëèöè-
àëüíîìó ðàçáèåíèþ. Òàêîå ñåòî÷íîå ðàçáèåíèå íàçîâåì äóàëüíîé ñåòêîé, ñîñòîÿ-
ùåé èç äóàëüíûõ ýëåìåíòîâ.

Âàðèàöèîííûé ìåòîä, èñïîëüçóþùèé ìåòîäîëîãèþ ìåòîäà êîíå÷íûõ ýëåìåí-
òîâ è ïîñòðîåííûé íà äóàëüíîé ñåòêå, íàçîâåì ìåòîäîì äóàëüíûõ ýëåìåíòîâ. Äëÿ
ïîñòðîåíèÿ âû÷èñëèòåëüíîé ñõåìû äëÿ ìàãíèòíîãî ïîëÿ íåîáõîäèìî îïðåäåëèòü
ãåîìåòðè÷åñêèé íîñèòåëü (ïîëèýäð) è áàçèñíûå ôóíêöèè íà ýòîì íîñèòåëå. Ïîëè-
ýäðàëüíîå ðàçáèåíèå ñòðîèòñÿ ÷åðåç áàðèöåíòðû òåòðàýäðîâ ïî ïðèíöèïó äóàëü-
íîñòè ê ñèìïëèöèàëüíîé ñåòêå, íà êîòîðîé àïïðîêñèìèðîâàííî ýëåêòðè÷åñêîå
ïîëå. Òàêîé ïîäõîä ïîçâîëÿåò ïîëó÷èòü íàèáîëåå îáùèé àëãîðèòì, ñïîñîáíûé
ðàáîòàòü ñ ëþáîé ñèìïëèöèàëüíîé ñåòêîé [2].

Ïîñòðîåíèå áàçèñà íà ïîëèýäðàõ îñíîâàíî íà îïðåäåëåíèè ôóíêöèè ôîðìû
ïóòåì ðåøåíèÿ ðÿäà ëîêàëüíûõ çàäà÷ â ìíîãîìàñøòàáíîé èäåîëîãèè. Äëÿ òîãî
÷òîáû îïðåäåëèòü ôóíêöèþ ôîðìû φ íà äóàëüíîì ðåáðå íåîáõîäèìî ðåøèòü
ñëåäóþùóþ çàäà÷ó íà ïîëèýäðå [3]:

â âåêòîðíîì âèäå rot rot φ̃ = 0, èëè â äèôôåðåíöèàëüíûõ ôîðìàõ d ⋆ dφ = 0,

φ⃗|li = 1, φ⃗|lj = 0, j ̸= i,

ãäå φ � èñêîìàÿ ôóíêöèÿ ôîðìû, li � ðåáðî, àññîöèèðîâàííîå ñ φ⃗. Âû÷èñëå-
íèå ëîêàëüíûõ áàçèñíûõ ôóíêöèé íà êàæäîì ïîëèýäðå ïðîèñõîäèò íåçàâèñèìî
è ìîæåò âûïîëíÿòüñÿ ïàðàëëåëüíî.

Â ðàáîòå ïîñòðîåíà è ðåàëèçîâàíà âû÷èñëèòåëüíàÿ ñõåìà íà áàçå äóàëüíîãî
ìåòîäà êîíå÷íûõ ýëåìåíòîâ äëÿ ìîäåëèðîâàíèÿ ìàãíèòíîãî ïîëÿ â îáëàñòÿõ áåç
ëîêàëüíîãî èñòî÷íèêà. Ïðîâåäåíû ðàñ÷åòû íà ðÿäå ìîäåëüíûõ çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò îôèì � 16-29-15094).

ËÈÒÅÐÀÒÓÐÀ

1. Desbrun M., Kanso E., Tong Y. Discrete di�erential forms for computational modeling //
Discrete Di�erential Geometry, Oberwolfach Seminars. 2008. V. 38. P. 287�323.

2. Øòàáåëü Í.Â. Àëãîðèòì ïîñòðîåíèÿ äâîéñòâåííîñòè Ïóàíêàðå äëÿ ñèìïëèöèàëü-
íûõ ñåòîê // Ìàòåìàòèêà è åå ïðèëîæåíèÿ: ôóíäàìåíòàëüíûå ïðîáëåìû íàóêè è
òåõíèêè. Ñáîðíèê òðóäîâ âñåðîññèéñêîé êîíôåðåíöèè. Àëòàéñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, 2015. Ñ. 139�145.

3. Shtabel N.V. Modeling of a magnetic �eld on dual elements // 14th International
Scienti�c-Technical Conference on Actual Problems of Electronic Instrument Engineering
(APEIE�2018) � 44894: Proceedings. 2018. V. 1. Part 4. P. 276�279.

238



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ÍÎÂÛÉ ÏÎÄÕÎÄ Ê ÐÀÑ×ÅÒÓ ÝÊÑÏÅÐÒÈÇÛ
ÄÎÐÎÆÍÎ-ÒÐÀÍÑÏÎÐÒÍÛÕ ÏÐÎÈÑØÅÑÒÂÈÉ
ÍÀ ÎÑÍÎÂÅ ÌÅÒÎÄÀ ÔÎÒÎÃÐÀÌÌÅÒÐÈÈ

Øóìèëîâ Á.Ì.1, Ýøàðîâ Ý.À.2, Òèòîâ À.Â.3

Òîìñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé óíèâåðñèòåò,
Òîìñê, Ðîññèÿ;

1sbm05@yandex.ru, 2elzare78@mail.ru, 3avtitov@sibmail.com

Àêòóàëüíîñòü ïðîáëåìû. Äîðîæíî-òðàíñïîðòíûå ïðîèñøåñòâèÿ ÿâëÿþòñÿ
îäíîé èç ñàìûõ ðàñïðîñòðàíåííûõ ïðè÷èí ñìåðòíîñòè â ìèðå. Åæåãîäíî ïîãè-
áàåò áîëåå 1,35 ìèëëèîíà ÷åëîâåê, ÷òî ïðèâîäèò ê ïîòåðå îêîëî 3% âàëîâîãî
âíóòðåííåãî ïðîäóêòà (ÂÂÏ) [1]. Â ìèðîâîé ïðàêòèêå ýêñïåðòèçà ýòèõ àâàðèé
âûïîëíÿåòñÿ ñ ïîìîùüþ ìåòîäîâ ýíåðãåòè÷åñêîãî áàëàíñà [2]. Îñíîâíûì èñòî÷-
íèêîì îøèáîê ïðè ýòîì ÿâëÿþòñÿ òðàäèöèîííûå ìåòîäû ñáîðà äàííûõ, êîòîðûå
îñíîâàíû íà èçìåðåíèÿõ, ïðîâîäèìûõ âðó÷íóþ â ïîëåâûõ óñëîâèÿõ.

Öåëü ðàáîòû. Ïðåäñòàâëåí íîâûé ïîäõîä ê ýíåðãåòè÷åñêîìó àíàëèçó äîðîæ-
íî-òðàíñïîðòíûõ ïðîèñøåñòâèé ñ èñïîëüçîâàíèåì ôîòîãðàììåòðèè [3]. Îñíîâíîå
ïðåèìóùåñòâî ðàçðàáîòàííîãî ïîäõîäà ñâÿçàíî ñ êà÷åñòâîì òðåõìåðíûõ ôîòî-
ãðàììåòðè÷åñêèõ ìîäåëåé, êîòîðûå ïîçâîëÿþò ïðîâîäèòü îáúåêòèâíûå è òî÷íûå
èçìåðåíèÿ. Ðåçóëüòàòû ýòèõ èçìåðåíèé äàëåå ïîäñòàâëÿþòñÿ â ìàòåìàòè÷åñêèå
óðàâíåíèÿ äëÿ âû÷èñëåíèÿ ñêîðîñòè ñòîëêíîâåíèÿ ïî ýíåðãèè, ïîãëîùåííîé âî
âðåìÿ àâàðèè. Â ðåçóëüòàòå îðãàíû äîðîæíîé èíñïåêöèè ìîãóò ðåêîíñòðóèðîâàòü
àâàðèþ ïðîñòûì è íàäåæíûì ñïîñîáîì, íå òðåáóþùèì ïðèìåíåíèÿ ýëåêòðîííûõ
òàáëèö èëè óäàëåííûõ âû÷èñëåíèé, è òàêèì îáðàçîì èçáåæàòü ñóáúåêòèâíîñòè è
íåòî÷íîñòåé òðàäèöèîííîãî ïðîòîêîëà. Ïîëó÷åííûå ðåçóëüòàòû íà êàæäîì ýòàïå
ýêñïåðòèçû àðõèâèðóþòñÿ, è â äàëüíåéøåì ìîãóò ïðåäñòàâëÿòü íàäåæíóþ äîêà-
çàòåëüíóþ áàçó äëÿ ñóäåáíûõ äåë, êîòîðûå óñòàíàâëèâàþò îòâåòñòâåííîñòü çà
ïðåâûøåíèå ñêîðîñòè íà ãîðîäñêèõ è ìàãèñòðàëüíûõ äîðîãàõ.

Â äàííîì ñîîáùåíèè àíàëèçèðóåòñÿ ðåàëüíàÿ àâàðèÿ àâòîìîáèëÿ, ÿâèâøàÿñÿ
ðåçóëüòàòîì íàåçäà íà ñòàöèîíàðíûé ýëåìåíò äîðîãè (áåòîííîå îãðàæäåíèå), â
ðåçóëüòàòå ÷åãî îáíàðóæèâàþòñÿ çíà÷èòåëüíûå ðàñõîæäåíèÿ ñ òðàäèöèîííûì
ïðîòîêîëîì êàñàòåëüíî ïîãëîùåííîé ýíåðãèè è ñêîðîñòè ñòîëêíîâåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé è Àäìèíèñòðàöèè Òîìñêîé îáëàñòè (ïðîåêò � 16-41-700400 ð_à).
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Ñîâðåìåííûå ïðèêëàäíûå çàäà÷è õàðàêòåðèçóþòñÿ: 1) ìíîãîôèçè÷íîñòüþ; 2)
ãåîìåòðè÷åñêîé ìíîãîìàñøòàáíîñòüþ îáëàñòè ìîäåëèðîâàíèÿ; 3) ìíîãîîáðàçíû-
ìè ñëîæíûìè ìàòåìàòè÷åñêèìè ìîäåëÿìè; 4) ñïåöèàëüíûìè óñëîâèÿìè ñîãëà-
ñîâàíèÿ ðàçëè÷íûõ ôèçè÷åñêèõ ïðîöåññîâ; 5) âðåìåííîé ðàçíîìàñøòàáíîñòüþ
ôèçè÷åñêèõ ïðîöåññîâ. Òàêèå îñîáåííîñòè ïîðîæäàþò îïðåäåëåííûå òðåáîâàíèÿ
ê ÷èñëåííûì ìåòîäàì ðåøåíèÿ ìíîãîôèçè÷íûõ ïðîáëåì. Îáùåïðèçíàííûì ôàê-
òîì ñòàëà èäåÿ èñïîëüçîâàíèÿ ñïåöèàëüíîé ãðóïïû ìåòîäîâ, îáåñïå÷èâàþùèõ íà
ôóíêöèîíàëüíîì (ìàòåìàòè÷åñêîì) óðîâíå ôèçè÷åñêóþ ðåëåâàíòíîñòü äèñêðåò-
íîãî àíàëîãà èñõîäíîé íåïðåðûâíîé ìîäåëè. Êîíå÷íî-ýëåìåíòíûå ìíîãîìàñøòàá-
íûå íåêîíôîðìíûå ìåòîäû ïîçâîëÿþò íà áàçå åäèíîé ïðîöåäóðû ãåîìåòðè÷å-
ñêîé àïïðîêñèìàöèè îáëàñòè ìîäåëèðîâàíèÿ ðåàëèçîâàòü ýôôåêòèâíûå ÷èñëåí-
íûå àëãîðèòìû, àññîöèèðîâàííûå ñ âçàèìîñâÿçàííûìè ôèçè÷åñêèìè ïðîöåññàìè,
à èìåííî: äâèæåíèå ôëþèäà â ïîðèñòîé òðåùèíîâàòîé ïîðîäå, òåïëî-ìàññîîáìåí
â ìíîãîôàçíûõ ñðåäàõ, ðàçâèòèå òðåùèíîâàòîñòè, ãåîìåõàíèêà. Ïðåäëàãàåòñÿ èñ-
ïîëüçîâàíèå XFEM (ðàñøèðåííûé ìåòîä êîíå÷íûõ ýëåìåíòîâ) äëÿ ðåøåíèÿ çà-
äà÷è óïðóãîé äåôîðìàöèè; DGFEM (ðàçðûâíûé ìåòîä Ãàëåðêèíà) äëÿ ðåøåíèÿ
çàäà÷è ïðîñà÷èâàíèÿ ôëþèäà â ïîðèñòîé ñðåäå è äâèæåíèÿ ôëþèäà â òðåùèíàõ
è êàâåðíàõ, ìîäåëèðîâàíèÿ ýëåêòðîìàãíèòíûõ ïðîöåññîâ; HFEM (ãåòåðîãåííûé
ìåòîä êîíå÷íûõ ýëåìåíòîâ) äëÿ îöåíèâàíèÿ ýôôåêòèâíûõ õàðàêòåðèñòèê ñëîæ-
íîïîñòðîåííîé ñðåäû. ×èñëåííûå ýêñïåðèìåíòû ïîêàçàëè âûñîêóþ òî÷íîñòü è
ýôôåêòèâíîñòü ðàçðàáîòàííûõ ñõåì. Âåðèôèêàöèÿ ïðîâåäåíà íà êëàññå ìîäåëü-
íûõ çàäà÷ è çàäà÷, �ïðèáëèæåííûõ ê ðåàëüíûì�.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-

íûõ èññëåäîâàíèé (òåìà 615, ÎÔÈ-Ì, êîä ïðîåêòà 16-29-15094), Êîìïëåêñíîé ïðîãðàì-

ìû ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÑÎ ÐÀÍ (òåìà ÊÏ-32.3); Ïðîãðàììû ïðåçèäèóìà

ÐÀÍ � 27; Ïðîåêòîâ ÔÍÈ (� 0331-2019-0015 è 0266-2019-0007).
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Ûñêàê Ò.Ê.1,2
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñèñòåìà íåéòðàëüíîãî òèïà ñ
ðàñïðåäåëåííûì çàïàçäûâàíèåì

d

dt

(
y(t) +D(t)y(t− τ)

)
= A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds, t > 0, (1)

ãäå τ > 0 � êîíñòàíòà, A(t), D(t) � êâàäðàòíûå ìàòðèöû ïîðÿäêà n ñ íåïðå-
ðûâíûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, B(t, ξ) � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà
n ñ íåïðåðûâíûìè ýëåìåíòàìè, T -ïåðèîäè÷åñêèìè ïî ïåðâîé ïåðåìåííîé, ò. å.
B(t, ξ) ≡ B(t+ T, ξ).

Â ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íó-
ëåâîãî ðåøåíèÿ è óêàçàíû îöåíêè ðåøåíèé èññëåäóåìîé ñèñòåìû, êîòîðûå õà-
ðàêòåðèçóþò ñêîðîñòü óáûâàíèÿ ïðè t→ ∞. Ïðè èññëåäîâàíèè àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ èñïîëüçîâàíà ìîäèôèêàöèÿ ôóíêöèîíàëà Ëÿïó-
íîâà � Êðàñîâñêîãî, ââåäåííàÿ â [1, 2]:

V (t, y) = ⟨H(t)
(
y(t) +D(t)y(t− τ)

)
,
(
y(t) +D(t)y(t− τ)

)
⟩

+

τ∫
0

t∫
t−η

⟨K(t− s, s)y(s), y(s)⟩ dsdη +
t∫

t−τ

⟨M(t− s)y(s), y(s)⟩ ds.

Â ðàáîòàõ [1, 2] èññëåäîâàí ñëó÷àé äèôôåðåíöèàëüíîãî óðàâíåíèÿ íåéòðàëü-
íîãî òèïà ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì. Â [3] ðàññìîòðåíà ñèñòåìà (1) â
ñëó÷àå D = 0.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé (ïðîåêò � 18-29-10086).
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Ðàññìàòðèâàåòñÿ ìîäåëü òå÷åíèÿ ñæèìàåìîé æèäêîñòè ñêâîçü óïðóãèé ïîðè-
ñòûé ñêåëåò, ðàçðàáîòàííàÿ ñ ïðèìåíåíèåì ìåòîäà ãèïåðáîëè÷åñêèõ òåðìîäèíà-
ìè÷åñêè ñîãëàñîâàííûõ ñèñòåì çàêîíîâ ñîõðàíåíèÿ [1]. Äàííûé ïîäõîä óñïåøíî
ïðèìåíÿëñÿ äëÿ ïîñòðîåíèÿ ìîäåëåé òå÷åíèÿ äâóõôàçíûõ æèäêîñòåé. Ïðè èñ-
ïîëüçîâàíèè ýòîãî ïîäõîäà âñå óðàâíåíèÿ ñèñòåìû èìåþò äèâåðãåíòíûé âèä, îíà
ìîæåò áûòü ïðèâåäåíà ê ñèììåòðè÷íîé ôîðìå è ÿâëÿåòñÿ ãèïåðáîëè÷åñêîé ïðè
óñëîâèè âûïóêëîñòè ïîðîæäàþùåãî ïîòåíöèàëà [2], ÷òî ïîçâîëÿåò ïðèìåíÿòü ñî-
âðåìåííûå âûñîêîòî÷íûå ìåòîäû äëÿ èññëåäîâàíèÿ è ìîäåëèðîâàíèÿ îïèñûâàå-
ìîãî ýòîé ñèñòåìîé ïðîöåññà.

Ðàçðàáîòàííûé (äâóìåðíûé) ÷èñëåííûé ìåòîä îñíîâàí íà ìåòîäå êîíå÷íûõ
îáúåìîâ. Äëÿ äèñêðåòèçàöèè ïî ïðîñòðàíñòâó ïðèìåíÿåòñÿ WENO/THINC (Tan-
gent of Hyperbola for Interface Capturing)-àëãîðèòìû, äëÿ äèñêðåòèçàöèè ïî âðå-
ìåíè � ìåòîä Ðóíãå-Êóòòû. Ãðàíè÷íûå óñëîâèÿ ðåàëèçîâàíû ïðè ïîìîùè ìåòîäà
õàðàêòåðèñòè÷åñêîé äåêîìïîçèöèè [3].

Îñîáåííîñòüþ ìîäåëè ÿâëÿåòñÿ íàëè÷èå êîíòàêòíûõ ðàçðûâîâ. Êëàññè÷åñêèå
shock-capturing ñõåìû, ïðèìåíåííûå ê êîíòàêòíûì ðàçðûâàì, ïðèâîäÿò ê èçëèø-
íåé äèôôóçèè, âäîáàâîê ê ýòîìó îñöèëëÿöèè â ñêîðîñòè è äàâëåíèè, âîçíèêàþ-
ùèå èç-çà ïîòåðè ìåõàíè÷åñêîãî ðàâíîâåñèÿ íà êîíòàêòíîì ðàçðûâå, ìîãóò ïðè-
âîäèòü ê ðàñõîäèìîñòè ðàñ÷åòà [4]. Äëÿ ðåøåíèÿ äàííîé ïðîáëåìû óðàâíåíèå
äëÿ îáúåìíîé êîíöåíòðàöèè çàïèñûâàåòñÿ â íåêîíñåðâàòèâíîì âèäå, à ðàçíîñò-
íàÿ ñõåìà, àïïðîêñèìèðóþùàÿ ýòî óðàâíåíèå, ñòðîèòñÿ òàêèì îáðàçîì, ÷òîáû
îäíîðîäíûé ôîí â íà÷àëüíûõ äàííûõ ñîõðàíÿëñÿ ïðè íàëè÷èè ñêà÷êà îáúåìíûõ
êîíöåíòðàöèé. Êðîìå òîãî, â îáëàñòè êîíòàêòíîãî ðàçðûâà èñïîëüçóåòñÿ ñïåöè-
àëüíàÿ ðåêîíñòðóêöèÿ ïåðåìåííûõ THINC, êîòîðàÿ ñóùåñòâåííî óìåíüøàåò ðàç-
ìàçûâàíèå ðàçðûâà. Ðàçðàáîòàííàÿ ñõåìà îòíîñèòñÿ ê êëàññó Volume-Of-Fluid
ìåòîäîâ.

Ïðèâåäåíû ðåçóëüòàòû òåñòîâûõ ðàñ÷åòîâ.
Ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäåëè (Å.È. Ðîìåíñêèé) ïîääåðæàíà Ðîññèéñêèì ôîí-
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To model both the dynamics of media and deformable solids, the Godunov scheme
of high-order accuracy in Euler�Lagrange variables is used, which is the same for
both the Euler equations and the Euler�Cauchy equations describing the deformation
of solids. The improving of the accuracy of the scheme is achieved by using the
3D and time-dependent Riemann solver. The same solution is used to calculate the
interaction between the �uids and the solids (FSI problem). In the calculation process,
three types of di�erence grids are used. The �rst is a mobile surface grid in the
form of a continuous set of triangles (STL �le), which de�nes and accompanies the
computational bodies and two kinds of three-dimensional 3D grids. This is the basic
Cartesian �xed grid embeded in each body, and the movable local Euler�Lagrangian
grid associated with the surface grid, which also accompanies the contact boundaries.
The physical quantities in these grids are connected by mutual interpolation. A
detailed description of the procedure was given in [1]. The codes does not require
complex 3D mesh generators, only the surfaces of the calculating objects as the STL
�les created by means of engineering graphics are given by the user, which greatly
simpli�es the preparing of the task and makes it convenient to use by the user or
even directly by the designer at the design stage. The method and codes are used to
simulate shock wave and explosive loading and deep penetration problems of FSI. The
processes of propagation of detonation waves from the initiation zones of explosives
and the e�ect of nonlinear behaviour of the material and the deforming of bodies on
contact forces and the interaction process are taken into account. Three-dimensional
processes of interaction of detonations with elastic plastic bodies located near the
charges are considered. The bodies (cylinders, cubes, tetrahedrons) are strongly and
irreversibly deformed, the streams of detonation products move much faster, and gas
jets are formed around the cubes. The strong in�uence of geometry and density of
the bodies is demonstrated. Three-dimensional processes of deep penetration of solid
to solid and solid to �uid of cylinder impactors are simulated. The strong in�uence of
the angle and velocity of penetration is demonstrated.
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Presently, in numerical simulations of complex turbulent �ows the use of synthetic
turbulent �elds is permanently growing. Typically such �elds are needed when an
in�ow boundary condition is speci�ed for the LES zone. The history of synthetic
turbulence models starts from the 1970s work [1]. However, their practical implemen-
tation is troublesome due to high computational cost and strong requirements to the
arti�cial �elds in the view of physical relevance.

In this study a stochastic spectral method of homogeneous isotropic turbulent
velocity �elds generation, designed previously [2] for aeroacoustics, is generalized for
the 3D case. The technique is based on Randomized Spectral Method stated in [3].

The initial turbulent �elds generated by this method are shown, both analytically
and numerically, to match the statistical and spectral properties of physical sources.
In order to account time dependence, we consider various ways to specify the evolution
of random �elds and analyze if they maintain the form of autocorrelation function.

As a validation of the technique developed here, LES-based computations have
been conducted. In particular, the generated turbulent �elds are speci�ed as initial
conditions for the numerical simulation of homogeneous turbulence decay. The results
exhibit a good agreement with the experimental data from [4].

The authors were supported by the Russian Foundation for Basic Research (project

no. 18-01-00726).
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Let Ω ⊂ Rn, n ≥ 2, be a bounded domain with Lipschitz-continuous boundary
Γ = ∂Ω, QT = Ω × (0, T ), ΓT = ∂Ω× (0, T ). This talk concerns about the following
initial-boundary value problem

utt +∆2u−∆−→p (x,t)u+

t∫
0

g(t− s)∆u(s)ds− ϵ∆ut + f(u) = 0 in QT ,

u = ∂u/∂ν = 0, ΓT = ∂Ω× (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

where

∆−→p (x,t)u =
n∑
i=1

∂

∂xi

(∣∣∣∣ ∂u∂xi
∣∣∣∣pi(x,t)−2

∂u

∂xi

)
,−→p (x, t) = (p1, p2, . . . , pn),

called the −→p (x, t)-Laplace operator, g ≥ 0 is a memory kernel that decays exponen-
tially and f(u) is a nonlinear function. Here ϵ ≥ 0 is a constant and ∂u/∂ν denotes
the normal derivative directed outside of Ω. Under suitable conditions on g, f(u) and
the variable exponent of −→p (x, t)-Laplace operator, it is proved that any weak solution
with negative initial energy blows up in �nite time, assuming a strong damping ϵ∆ut
(ϵ ≥ 0) acting in the domain QT . The detailed proofs can be found in [1�3].

This is the joint work with J. Ferreira, Fluminense Federal University, Brazil.
The author was supported by the Russian Science Foundation (project no. 19-11-00069).
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Consider the model problem ∂u/∂t+ ∂u/∂x = 0, t > 0, u(t, x) = u(t, x+1), with
smooth initial conditions u(0, x) = u0(x). It is well known that the solution error by
�nite-di�erence schemes on uniform meshes grows linearly in time until it reaches the
magnitude of the solution itself. On the other hand, for the DG scheme the solution
error has the following estimate [1]:

∥εh(t, u0)∥2 ≤ C1h
k+1 + C2h

2k+1t.

Consider numerical schemes of the form

M∑
ζ=−M

Zζ
duη+ζ
dt

(t) +
1

h

M∑
ζ=−M

Lζuη+ζ(t) = 0,

where η ∈ Z � cell index and uη � �nite set of values at one cell. I assume that
the scheme is L2-stable and the operator in front of the time derivative has bounded
inverse. Initial conditions are prescribed by uη(0) = (Πhu0)η where Πh is of the form

(Πhf)η,ξ =

∫
f(h(r + η))dµξ(x),

∫
dµξ(x) = 1.

Here ξ is the index of a variable in cell and µξ is a measure with �nite support and
�nite total variation.

Theorem. The following two statements are equivalent.
1. In the sense of Πh the estimate

∥εh(t, u0)∥2 ≤ C1h
P ∥∇Pu0∥∞ + C2th

Q∥∇Q+1u0∥∞ (1)

is valid for all initial conditions u0 and t, h > 0.

2. There exist C
(m)
ξ ∈ R such that the scheme possesses truncation error of order Q

in the sense of Π̃h de�ned as

(
Π̃hf

)
η,ξ

= (Πhf)η,ξ +

Q∑
m=P

hmC
(m)
ξ

(
Πh

dmf

dxm

)
η,ξ

.

This theorem reduces the problem of obtaining estimates (1) to checking the
consistency of a system of linear algebraic equations.
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Acoustic stresses in a solid medium depend on the type of elastic waves. As
a result of an elastic wave action on an anisotropic layered structure (the density
and elastic parameters of the medium depend only on one coordinate x3 along the
normal to the layers) in every layer six waves are formed. The stress-strain state of
an anisotropic layered medium is described by the system of equations of motion and
Hooke's law, which is reduced to the matrix di�erential equation dΨ/dx3 =WΨ. Here
Ψ = ∥u2 σ23 u1 u3 σ13 σ23∥; u1, u2, u3 are projections of displacement vector
on the Cartesian axis x1, x2, x3 and σ13, σ23, σ33 are components of stress tensor;
the elements of the matrix W depend on the thickness d, density, and components
of the elastic compliance tensor of the layer, as well as on the angles of incidence.
The solution of the above equation for the structure of N homogeneous layers is
Ψ(d) =

∏1
j=N TjΨ(0), where transfer matrices Tj = exp(Wjdj) are calculated by

means of polynomials of principal minors of the matricesWjdj [1] and does not require
�nding the eigenvalues of the matricesWj . This method provides a more accurate and
reliable calculation of the transfer matrix of the N -layer medium in comparison with
other known algorithms.

The amplitudes of the waves scattered by the anisotropic layer are expressed in
terms of the elements of the transfer matrix T (d). The distribution of acoustic stresses
σi3, i = 1, 2, 3, along the thickness x3 of an anisotropic layer is determined by the
amplitudes of the scattered waves and the elements of the corresponding transfer
matrices T (x3). This method of calculating acoustic stresses is demonstrated for the
incident SH-, SV- and P-type waves on the three-layer model: isotropic layer-a crystal
layer-isotropic layer.
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PARALLEL-IN-TIME EXPONENTIAL TIME
INTEGRATION BASED ON KRYLOV SUBSPACES
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Exponential time integration (i.e., time integration involving the matrix exponen-
tial) has gained a lot of interest recently. Often, actions of the matrix exponential
on vectors are computed by Krylov subspace techniques. In this talk we discuss
how a parallelism in time can be achieved within the exponential Krylov subspace
time integration framework. Some advances reviewed include a time-parallel method
PARAEXP [1] and an exponential block Krylov (EBK) subspace scheme [2]. One
disadvantage of the PARAEXP method is that it requires an employment of a regular
time integration scheme which restricts its parallelism in time. We explain how these
the two approaches (PARAEXP and EBK) can be combined into a time parallel
scheme [3] which does not involve regular time integration and, hence, possesses
an enhanced time parallelism. Furthermore, a recent time-parallel extension of the
PARAEXP-EBK scheme to the incompressible Navier�Stokes equation [4] is discussed.
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We present an order-adaptive �nite di�erence numerical method for systems of
conservation laws. The method, called Adaptive Compact Approximation Taylor
method (ACAT), uses centered (2p + 1)-point stencils, where p may take values in
{1, 2, . . . , pmax} according to a family of smoothness indicators in the stencils. The
method is a combination between a robust �rst order scheme and 2p-order generalized
Lax-Wendro� methods, so that it is �rst order near shocks and of order 2p in smooth
regions, where (2p + 1) is the size of the biggest stencil in which large gradients are
not detected. A new class of smooth indicators and the stability analysis (based on
[1]) will be presented.

For nonlinear problems, the original LW procedure requires the conversion of the
time derivatives to spatial derivatives through the so-called Cauchy-Kovalevskaya
process, what may increase dramatically the computational cost (see [2]). To avoid
this, we adapt the Compact Approximate Taylor Method (CAT) introduced in [3], by
including an adaptive formulation in the numerical di�erentiation formulas plus a new
class of smoothness indicators. In comparison with the Approximate Taylor methods
presented in [4], WENO �ux reconstructions are not needed and values of the CFL
parameter close to 1 can be used, which reduces signi�cantly the computational cost.
The general structure of the method and a number of numerical tests will be shown,
in which the results are compared with those provided by standard WENO methods
(see [5]) and the Approximate Taylor methods introduced in [3] and [4].
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We derive a hyperbolic system of equations approximating the two-layer disper-
sive shallow water model for shear �ows recently proposed in [1]. The use of this
system for modelling the evolution of surface waves makes it possible to avoid the
major numerical challenges in solving dispersive shallow water equations, which are
connected with the resolution of an elliptic problem at each time instant and realiza-
tion of non-re�ecting conditions at the boundary of the calculation domain. It also
allows one to reduce the computation time. We compare the numerical solutions of
the derived hyperbolic system with the dispersive model solutions and show that they
almost coincide for large time intervals. The system obtained is applied to study of
non-hydrostatic shear �ows over a local obstacle and non-stationary undular bores
produced after interaction of a uniform �ow with an immobile wall. Note that the
proposed approach can be used to obtain hyperbolic approximations of various disper-
sive models, in particular, non-hydrostatic equations of the shear �ow of a two-layer
strati�ed �uid [2].

The authors were supported by the Russian Foundation for Basic Research (project

no. 19-01-00498).
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The main models of the motion of the gas in three-dimensional space were obtained
in [1]. The model describing motion of the gas in the rare�ed space got unlucky
number 13 in the list of these models. This model can be used, in particular, in the
study of the processes taking place inside of tornado. For a given initial pressure
distribution, a special choice of mass Lagrangian variables leads to the system descri-
bing this motion for which the number of independent variables is less by one [2].
Consequently, there is foliation of gas in the rare�ed space with respect to the pressure.
In the rare�ed space for any given initial distribution of the pressure, all the gas
particles are localized on the two-dimensional surface. This surface over time moves
in this space. At each point of the surface, the vector of acceleration is collinear to
the vector of normal to this surface. We found some exact solutions of the obtained
system that describe the processes taking place inside of the tornado [3, 4]. For this
system we found all nontrivial conservation laws of the �rst order. In addition to the
classical conservation laws the system has else one conservation law, which generalizes
the energy conservation law. With the additional condition we found another one
generalized energy conservation law.
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We study three-dimensional Khokhlov�Zabolotskaya�Kuznetsov (KZK) model of
the nonlinear hydroacoustics with dissipation. This model is described by third order
quasilinear partial di�erential equation of the (KZK). We obtained that the (KZK)
equation admits an in�nite Lie group of the transformations, depending on the three
arbitrary functions. The submodels of the (KZK) model are described by the invariant
solutions of the (KZK) equation. The invariant solutions of rank 0 and 1 are found
either explicitly, or their search is reduced to the solution of the nonlinear integro-
di�erential equations. For example, we obtained the invariant solutions that we called
�Ultrasonic knife� and �Ultrasonic destroyer�. The submodel �Ultrasonic knife� have
the following property: at each �xed moment of time near a some plane the pressure
increases inde�nitely and becomes in�nite on this plane. The submodel �Ultrasonic
destroyer� contains a countable number of �Ultrasonic knives�. The presence of the
arbitrary constants in the integro-di�erential equations that determine invariant solu-
tions of rank 1 provides a new opportunities for analytical and numerical study of
the boundary value problems for the received submodels, and, thus, for the original
(KZK) model. With a help of these invariant solutions we researched a propagation of
the intensive acoustic waves (one-dimensional, axisymmetric and planar) for which the
acoustic pressure, speed and acceleration of its change, or the acoustic pressure, speed
and acceleration of its change in the radial direction, or the acoustic pressure, speed
and acceleration of its change in the direction of one of the axes are speci�ed at the
initial moment of the time at a �xed point. Under the certain additional conditions,
we established the existence and the uniqueness of the solutions of boundary value
problems describing these wave processes. Mechanical relevance of the obtained solu-
tions is as follows: 1) these solutions describe nonlinear and di�raction e�ects in
ultrasonic �elds of a special kind, 2) these solutions can be used as a test solutions
in the numerical calculations performed in studies of ultrasonic �elds generated by
powerful emitters. Application of the obtained formula generating the new solutions
for the found solutions gives families of the solutions containing three arbitrary
functions.
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We study a general three-dimensional nonlinear di�usion model of porous medium
with non-stationary source or absorption. We found nine basic models of the original
model of the porous medium with non-stationary source or absorption, having di�e-
rent symmetry properties. For the model, admitting the widest group Lie of the
transformations we found all invariant submodels. We found explicitly all essentially
distinct invariant solutions describing invariant submodels of rank 0 of this model.
In particular, we obtained the solutions, which we called �a layered circular pie�,
�a layered spiral pie�, �a layered plane pie� and �a layered spherical pie�. The solution
�a layered circular pie� describes a motion of the liquid or gas in a porous medium,
for which at each �xed moment of a time at all points of each circle from the family of
concentric circles a pressure is the same. The solution �a layered spiral pie� describes
a motion of the liquid or gas in a porous medium, for which at each �xed moment of
a time at all points of each logarithmic spiral, from the obtained family of logarithmic
spirals a pressure is the same. The solution �a layered spherical pie� describes a motion
of the liquid or gas in a porous medium, for which at each �xed moment of a time at
all points of each sphere, from the family of concentric spheres a pressure is the same.
A set of the solutions �a layered circular pie�, �a layered spiral pie� and �a layered
spherical pie� contains the solutions describing a distribution of the pressure in a
porous medium after a point blast or a point hydraulic shock. Also this set contains
the solutions describing a strati�ed with respect to the pressure a motion of liquid or
gas in a porous medium, with a very high pressure at in�nity in a presence of a very
strong absorption at a point. The solution �a layered plane pie� describes a motion of
the liquid or gas in a porous medium, for which at each �xed moment of a time at
all points of each plane, from the family of parallel planes a pressure is the same. A
set of the solutions �a layered plane pie� contains the solutions describing a motion of
the liquid or gas in a porous medium with a very high pressure near a �xed plane in
a presence of a very strong absorption at in�nity. Also this set contains the solutions
describing a motion of the liquid or gas in a porous medium with a very high pressure
at in�nity in a presence of a very strong absorption on a �xed plane. The obtained
results can be used to study the processes associated with a underground �uid or gas
�ow, with water �ltration, with the engineering surveys in the construction of the
buildings, and also with shale oil and gas production.
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In this talk, we consider higher order di�erential algebraic equations of the form

Λkx :=
k∑
i=0

Ai(t)x
(i)(t) = f(t), t ∈ T = [α, β], (1)

where Ai(t) are n × n-matrices, x(t) and f(t) are the desirable and the given n-
dimensional vector-functions, correspondingly; x(i) = d(i)x(t)/dt(i), α, β ∈ R, and it
is assumed that

detAk(t) = 0 ∀t ∈ T,

A set of boundary value conditions is given

Cy(α) +Dy(β) = a, y(t) =


x(t)
x1(t)
...

xk−1(t)

 , (2)

where a is a given constant vector from Rm, C and D are given constant matrices
from Rm×nk.

We perform a qualitative analysis of the boundary value problem (1), (2), prove
the existence theorem and propose a numerical solution on the basis of the least
squares method.

The authors were supported by the Russian Foundation for Basic Research (projects
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We consider an exploited population with dynamic described by the equation

xt(t, l)+[g(l, E(t, l))x(t, l)]l = −[µ(l, E(t, l))+u(l)]x(t, l).

Here x(t, l) is the density of individuals of size l at the moment t; g and µ are
growth and death rates, respectively, and u stands for exploitation intensity. The
competition level E could have symmetric or asymmetric form. In the asymmetric
case, for example, it could be de�ned as

E(t, l) =

L∫
l

χ(l)x(t, l)dl

with some non-negative function χ being integrable on interval [0, L], L > 0, where
we manage and exploit the population. It is also assumed that the in�ow of new
generation (of individuals of size 0) is de�ned by equation

x(t, 0) =

L∫
0

r(l, E(t, l))xβ(t, l)dl + p0.

with some β ∈ (0, 1), birth rate r ≥ 0 and industrial population renewal p0 ≥ 0.
Under the natural assumptions on the model parameters we prove the existence

of a positive stationary solution and optimal among them, providing the maximum
bene�t from the exploitation for di�erent objective functionals.
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In the present paper we consider systems of ordinary di�erential equations

dx1
dt

= −n− 1

τ1
x1 +

n− 1

τ2
x2 + g(t, xn),

dxj
dt

=
n− 1

τ1
xj−1 −

(
n− 1

τ1
+
n− 1

τ2

)
xj +

n− 1

τ2
xj+1, j = 2, . . . , n− 2,

dxn−1

dt
=
n− 1

τ1
xn−2 −

(
n− 1

τ1
+
n− 1

τ2

)
xn−1,

dxn
dt

=
n− 1

τ1
xn−1 − θxn, x|t=0 = x0, 0 < τ1 < τ2 ≤ ∞, θ ≥ 0.

(1)

Systems of such type arise in many biological and chemical problems [1, 2]. In
particular, such systems are used when modeling multistage substance synthesis [2],
where n is the number of stages, xj(t) is the substance concentration on the jth stage.

If the number n of the stages is very large, then we are faced with a �problem of
high dimension� of �nding solutions to (1). In the case of τ2 = ∞ this problem was
discussed in [3]. Developing the approach [3], we can solve this problem in the case
τ1 < τ2 ≤ ∞. In the beginning we prove the limit theorem (see [3, 4]): xn(t) → y(t),
n→ ∞, where y(t) is the solution to the problem for delay di�erential equation{

dy(t)
dt = −θy(t) + g(t− τ, y(t− τ)), t > τ = (τ−1

1 − τ−1
2 )−1,

y(t) = φ(t), 0 ≤ t ≤ τ, φ(τ + 0) = a.
(2)

Then we solve the boundary value problem for partial di�erential equation

ut + (τ−1
1 − τ−1

2 )uz − (τ−1
1 + τ−1

2 )/(2(n− 1))uzz = 0, t > 0, z ∈ (0, 1),

u|t=0 = u0(z), B1u|z=0 = φ1(t), B2u|z=0 = φ2(t),
(3)

where function u0 is de�ned by initial conditions in (1), boundary operators Bj and
functions φj are de�ned by equations in (1) and the solution to (2). Using the solutions
to (2), (3) we obtain xk(t) ≈ u(t, zk), zk = (k − 1)/(n− 1), k = 1, . . . , n, n≫ 1.
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Under study it is the stability of the inverted pendulum motion whose suspension
point oscillates sinusoidally along a straight line having a small angle α with the
vertical. The equation of motion of the pendulum has the form

φ′′ + εφ′ +
g − aω2 sin(ωt) cosα

l
sinφ− aω2 sin(ωt) sinα

l
cosφ = 0,

where φ = φ(t) is the angle of deviation of the pendulum from the lower vertical
position of equilibrium, ε is the friction coe�cient, l is the length of the pendulum, g
is the acceleration of gravity, a is the amplitude of the suspension point oscillations
and ω is its oscillation frequency.

In case when α = 0 it is well known, that if the amplitude of the suspension
point oscillations is small enough a

l ≪ 1, then at a su�ciently high frequency ω the
upper equilibrium position of the pendulum becomes stable. For the �rst time such
a result was predicted in 1908 by A. Stephenson [1]. The rigorous proof of this fact
was obtained by N.N. Bogolyobov [2]. Currently, there are di�erent approaches to
the proof of this fact (see, for example, [3]).

In papers [4, 5] the problem of stability of the inverted pendulum motion in case
when α ≥ 0 is solved with the use of a special boundary value problem for the
Lyapunov di�erential equation, and the principle of contracting mapping, wherein it
is possible to obtain the estimate of the stabilization rate at t → ∞. Developing the
approach [4, 5] and using the technique described in [6], we also obtain results on the
robust stability of the inverted pendulum motion with a vibrating suspension point.
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A new system of hyperbolic PDEs capable of describing the nonlinear nature
of acoustic �uctuations that propagate over inhomogeneous and heterogeneous �uid
media is formulated. This novel system model is initially derived by using the tradi-
tional principles of nonlinear acoustics [1], i.e. the �nite-amplitude methodology, to
yield a general system for describing acoustic �uctuations from the Navier�Stokes�
Fourier equations. Here, by incorporating the special substitution technique of [2],
it is found that the classical result can be closed into a conservative system of
nonlinear PDEs. However, the resulting system is then found to be in a general
form of the conservation laws, namely the capacitive-conservative di�erential form
[3]. A closer look at the Rankine�Hugoniot relations that result from the system's
associated �ux function indicates that the system model is consistent with physical
the expectations inside the acoustic regime. As a result, we extend the high-order
shock-capturing numerical approach used in [4, 5] so that the nonlinear nature of the
acoustic propagation in heterogeneous �uid media (including shocks) can be captured
without numerical artifacts while keeping any numerical dissipation to a minimum.
To verify and illustrate the capabilities of the proposed nonlinear system model, one-
and two-dimensional benchmark problems of the linear acoustic literature [3, 6] are
revisited under our new formulation.
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Many processes in polymer composites, textiles, food and pharmaceutical indust-
ries involve the �ow of non-Newtonian �uids in porous media. The paper proposes a
physical and mathematical model of local transport for non-Newtonian incompressible
�uid in a porous composite structure. The model is based on the asymptotic homo-
genization method of the three-dimensional Navier�Stokes equations with the non-
Newtonian Carreau�Yasuda viscosity. A numerical algorithm for solving local prob-
lems of non-Newtonian �uid �ow in periodic cells of a composite structure, and
the distribution of single hole velocity, pressure and non-Newtonian viscosity was
obtained. The algorithm for calculating the permeability tensor is developed. The
simulation results of the distribution relationship between the norm of the macroscopic
pressure gradient and the average velocity are obtained.
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This paper deals with output stabilization for a class of nonlinear time-delay
systems described as {

ẋ = Ax+Aτxτ +Bu+ ϕ(x, xτ ),
y = Cx,

(1)

where x ∈ Rn is the state vector, y ∈ Rp is the output vector, u ∈ Rm is the control
input vector, A,Aτ ∈ Rn×n and C ∈ Rp×n are the constant matrices of appropriate
dimensions, xτ = x(t − τ) and τ is the positive constant time-delay. ϕ(x, xτ ) is a
nonlinear function with respect to x, xτ .

Consider an observer of the following form{
˙̂x = Ax̂+Aτxτ +Bu+ ϕ(x̂, x̂τ ) + L(y − Cx̂) + Lτ (y − Cx̂τ ),
ŷ = Cx̂,

(2)

where L,Lτ ∈ Rn×p are observer gain matrices to be determined later.
Firstly, the su�cient condition that observer (2) yields an asymptotic estimate for

nonlinear time-delay systems (1) is proposed. We emphasize the fact that an observer
can be designed by meaning of the quasi-one-sided Lipschitz condition even though
the linear part of nonlinear time-delay systems is not detectable. Furthermore, the
result is as follows: the quasi-one-sided Lipschitz condition is less conservative than
the Lipschitz condition [1] and the one-sided Lipschitz condition [2].

For systems (1), let a state feedback controller be of the form

u = −Kx−Kτxτ , (3)

where the gain matrices K,Kτ ∈ Rm×n. From (1) and (3), we obtain the closed-loop
systems {

ẋ = (A−BK)x+ (Aτ −BKτ )xτ + ϕ(x, xτ )
y = Cx.

Then, a state feedback controller is designed to stabilize the nonlinear time-delay
systems (1) by LMI approach. The su�cient condition of controller design for systems
(1) remain valid even though the linear part of systems is not stabilizable.

Subsequently, a separation principle is derived for stabilization of nonlinear time-
delay systems. That is to say, the observer and controller can be designed separately.

Finally, an illustrative numerical example is given to show the feasibility and
superiority of the proposed methods.
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It is known that for solving various problems of natural science and technology,
a class of in�nite systems of linear algebraic equations has received an extensive
application. For example, from the beginning of the last century to the present, in�nite
systems are used to solve various problems of the static theory of elasticity. Various
problems of the theory of di�raction, the theory of electrical circuits, the theory
of waveguides, the variety of problems in the theory of cybernetic systems, in the
theory of mass service, in quantum chemistry, etc. have been solved and are solved
using in�nite systems. But, for mathematical modeling of these problems only special
in�nite systems are used, such as regular systems and systems with di�erence indexes.

The further wide practical application of the in�nite systems is greatly limited by
the insu�cient development of the theory of these systems and methods for solving
general systems.

In the proposed report, the classical Gauss�Jordan method for solving �nite sys-
tems of linear algebraic equations is generalized to in�nite systems. The generalization
is based on a new theory of general in�nite systems, proposed by us, which gives an
exact analytical solution of in�nite systems in the form of a series. Moreover, the
algorithm for the numerical implementation of a new approach to solving in�nite
systems can be used to generalize to the in�nite case not only the Gauss�Jordan
method, but any converging numerical methods for solving �nite systems. A numerical
comparison with an exact solution is given, which shows acceptable accuracy.

The authors were supported by the Grant of the Ministry of Education and Science of

the Russian Federation (no. 1.6069.2017/8.9).

261



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

EXACT SOLUTIONS OF STATIONARY EQUATIONS
OF IDEAL MAGNETOHYDRODYNAMICS
IN THE NATURAL COORDINATE SYSTEM

Golovin S.V.1,2, Toledo Sesma L.2

1Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russia;
2Novosibirsk State University, Novosibirsk, Russia;
golovin@hydro.nsc.ru, ltoledo@fisica.ugto.mx

Equations of ideal magnetohydrodynamics that describe stationary �ows of an
inviscid ideally electrically conducting �uid are considered. Classes of exact solution
of these equations are described. With the use of the natural curvilinear coordinate
system, where the streamlines and magnetic force lines play the role of the coordinate
curves, the model equations are partially integrated and converted to the form that is
more convenient for the description of the magnetic lines and streamlines of particles.
As the coordinate system used is related to the initial coordinate system by a nonlocal
transformation, the group admitted by the system can change. An in�nite-dimensional
(containing three arbitrary functions of time) group of symmetries is calculated for
the system in the natural coordinates. An optimal system of subgroups of dimensions
1 and 2 is constructed for this group. For one of the optimal system subgroups, an
invariant exact solution is found, which describes the electrically conducting �uid �ow
of the vortex source type with swirling magnetic lines and streamlines.
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We consider 5-dimensional block-linear dynamical systems of the type

dx1
dt

= L(x5)− x1;
dxj
dt

= L(xj−1)− xj ; j = 2, 3, 4, 5; (1)

similarly other-dimensional systems can be studied, see [1, 2]; L is a step function:

L(x) = a > 1 for 0 ≤ x < 1; L(x) = 0 for 1 ≤ x.

Hyperplanes xj = 1 decompose the domain Q := [0, a] × [0, a] × [0, a] × [0, a] × [0, a]
to 32 blocks. As in [2, 3], we denote them by multi-indices {ε1ε2ε3ε4ε5} := {X ∈ Q |
εj = 0, for 0 ≤ xj < 1; εj = 1, for 1 ≤ xj}. Consider the following unions of the
blocks in Q:

W 1
3 := {11110} ∪ {11100} ∪ {11101} ∪ {11001} ∪ {11011} ∪ {10011}

∪{10111} ∪ {00111} ∪ {01111} ∪ {01110};

W ∗
3 := {11100} ∪ {11000} ∪ {11001} ∪ {10001} ∪ {10011} ∪ {00011}

∪{00111} ∪ {00110} ∪ {01110} ∪ {01100};

W 0
3 := {10000} ∪ {10001} ∪ {00001} ∪ {00011} ∪ {00010} ∪ {00110}

∪{00100} ∪ {01100} ∪ {01000} ∪ {11000}.

Theorem 1. For 2 < 2a < 5−
√
5, the domainW 0

3 contains exactly one Piece-wise
Linear cycle C2 of the system (1), such that C2 is symmetric with respect to the cyclic
permutation σ of the variables: x1 → x2 → x3 → x4 → x5 → x1.

Theorem 2. For 5 +
√
5 < 2a, the domain W 1

3 contains exactly one PL cycle C3
of the system (1), such that C3 is symmetric with respect to the permutation σ.

Remark 1. For all values of the parameter a, the domain W ∗
3 does not contain

cycles of the system (1) which are symmetric with respect to σ.
Remark 2. It was shown in [2] that the system (1) has one more cycle contained

in the union of 10 blocks {10101}∪ {00101}∪ {01101}∪ {01001}∪ {01011}∪ {01010}
∪{11010} ∪ {10010} ∪ {10110} ∪ {10100} which is disjoint with W 1

3 ∪W 0
3 .

Analogous results hold for other odd-dimensional dynamical systems (smooth and
block-linear) similar to (1), see [2, 3].
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The Pell�Padovan sequence {Pn}n≥0 is the sequence of integers de�ned by a third-
order recurrence equation

Pn = 2Pn−2 + Pn−3,

for n ≥ 3, where P0 = P1 = P2 = 1. The �rst few values of Pell�Padovan numbers
are 1, 1, 1, 3, 3, 7, 9, 17, 25, 43, 67, 111, 177, 289, . . . (see, for example, [1]).

We investigate some families of Toeplitz�Hessenberg determinants the entries of
which are Pell�Padovan numbers. As a result, we obtain new identities involving sums
of products of these numbers and multinomial coe�cients. In particular we obtain
some connection formulas between Pell�Padovan and Fibonacci numbers.

Our approach is similar in spirit to [2�4].
Recall that the Fibonacci sequence {Fn}n≥0 is de�ned by the initial values F0 = 0,

F1 = 1 and the recurrence relation

Fn = Fn−1 + Fn−2, n ≥ 2.

Theorem. Let n ≥ 2, except when noted otherwise. Then∑
σn=n

(−1)|s|mn(s)P
s1
1 P s22 · · ·P snn = 2(−1)nFn−2,∑

σn=n

(−1)|s|mn(s)P
s1
2 P s23 · · ·P snn+1 = (−1)⌊

4n+1
3 ⌋ + (−1)⌊

4n+2
3 ⌋,

∑
σn=n

(−1)|s|mn(s)P
s1
3 P s24 · · ·P snn+2 = 2(−1)nF2n,∑

σn=n

(−1)|s|mn(s)P
s1
3 P s25 · · ·P sn2n+1 = −2Fn−4, n ≥ 4,

∑
σn=n

(−1)|s|mn(s)P
s1
0 P s22 · · ·P sn2n−2 = 2Fn−1 − 2n−1, n ≥ 1,

∑
σn=n

(−1)|s|mn(s)P
s1
2 P s24 · · ·P sn2n = 2

⌊(n−1)/3⌋∑
j=0

(−1)j+1

(
n− 1

3j + 1

)
,

∑
σn=n

(−1)|s|mn(s)P
s1
4 P s26 · · ·P sn2n+2 = (−1)⌊

5n−2
3 ⌋ + (−1)⌊

5n−1
3 ⌋,

where ⌊·⌋ is the �oor function, σn = s1 + 2s2 + · · · + nsn, |s| = s1 + s2 + · · · + sn,

mn(s) =
(s1+···+sn)!
s1!···sn! is the multinomial coe�cient, and the summation is over integers

si ≥ 0 satisfying s1 + 2s2 + · · ·+ nsn = n.
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Two phase �ows including phase transition, especially phase creation, with a sharp
interface remain a challenging task for numerics. We consider the isothermal Euler
equations with phase transition between a liquid and a vapor phase. The phase
interface is modeled as a sharp interface and the mass transfer across the phase
boundary is modeled by a kinetic relation [1, 2]. Existence and uniqueness results were
proven in [2�4]. We present a method to obtain the numerical solution for associated
Riemann problems. In particular we show how the cases of nucleation and cavitation
may be treated. The calculated results will be compared to the exact solutions.
Therefore we will highlight the major di�culties and propose possible strategies to
overcome these problems.
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We consider the problem of numerical expansion of an in�nitesimal univariate
function into a generalized Taylor series in the form

f(x) =

n∑
i=1

Cix
pi + o(xpn),

where Ci ∈ R and pi ∈ R+ are coe�cients and exponents of monomials. The
generalized Taylor series expansion is more di�cult than ordinary Taylor series expan-
sion. The main problem is a necessity of �nding out the unknown fractional monomial
exponents. A similar problem is the expansion of a function in a Puiseux series, in
which the sequence of exponents is a known arithmetic progression.

The necessity of using generalized Taylor series arises in such problems as fractional
polynomial regression [1�2], �nding fractional multiplicity of the root [3], analysis of
optimization programs with a nonzero duality gap [4].

We develop and study three automated algorithms based on estimation of parame-
ters of a logarithmic slope, which obtained after the transition to the logarithmic image
of the function. Finally, we report several numerical examples of the expansion of the
in�nitesimal functions with fractional monomials.

The algorithms are applied to the expansion of multivariate functions. We �nd
posynomials with fractional and integer orders and the coe�cients. The algorithm
allows to �nd several posynomials of di�erent orders. Quadratic form de�ned by
Hessian has view of convex drop-liked �gures that touch at the origin. This approach
allows to visualize posynomial of high orders of the two- or three-variable functions.
Coe�cients of proportionality are represented in polar coordinate system. Polar sur-
face of the coe�cients can be obtained using Discrete Fourier Transform. It leads to
new approaches for computing Hessians and other high-order Gateaux derivatives.
Finding of these characteristics with using �nite-di�erence formulas lead to numerical
errors. The proposed approach makes it easy to verify the optimal properties of
stationary points.
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Wind power is considered among the most promising sustainable energy sources.
There has been a considerable growth in the installed electricity generation capacity
worldwide in the last decades. For the successful exploitation of this technology,
however, accurate forecasts of wind speed and other quantities, describing the atmo-
spheric conditions, are needed.

If one needs to obtain reliable long-term forecasts, then physically-based models
are used in order to predict the behaviour of the atmosphere. In mathematical terms,
those models comprise of PDE systems, based on conservation laws as well as empirical
evidence, that are solved numerically. They, however, are known to exhibit systematic
over- or underestimation of the wind, because of sub-grid atmospheric processes that
cannot be resolved in the numerical model.

Therefore, further improvement of the forecast should be searched for. For this
purpose, local measurements can be used and based on them post-processing of the
numerical results from the physically-based models can be carried.

In the present work, we shall give a broad overview of the mathematical modelling
of meteorological processes. Then, we shall focus on proposing an ensemble of post-
processing techniques, based on appropriately constructed Kalman �lters, various
�tting techniques, etc. Numerical experiments will be presented in order to validate
the applicability of the proposed methods. Based on them, conclusions will be made
for the accuracy of the obtained wind speed forecasts.
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In this paper, we expand the class of nondegenerate two-point boundary value
problems for the Sturm�Liouville equation, which have a complete system of eigen-
functions and associated functions in special function spaces. Such spaces depend on
the length of support of the potential of the Sturm�Liouville equation. The formulated
results clarify well-known results of V.A. Marchenko [1]. Two-point boundary value
problems for the Sturm�Liouville equation are divided into degenerate and non-
degenerate boundary conditions in the sense of V.A. Marchenko. The main result
of V.A. Marchenko asserts that systems of eigenfunctions and associated functions
of nondegenerate boundary value problems for the Sturm�Liouville equation form a
complete system of functions in the space of square-summable functions. In this paper,
the result of V.A. Marchenko is clari�ed in the following direction [2�4]. There are
operators with a complete system of eigenfunctions and associated functions in the
space of square-summable functions among the degenerate boundary value problems
in the sense of V.A. Marchenko. The presence of the completeness property depends
on the length of support of the measure which is antisymmetry to the potential of the
Sturm�Liouville equation.

This research is �nancially supported by the grant no. AP05131292 from the Ministry of

Science and Education of the Republic of Kazakhstan.
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In the paper, applying the special integral representation of functions obtained
in [1], the correct solvability of the Dirichlet problem for regular equations in Rn+ is
studied in special weighted spaces. In particular, as in the quasi-elliptic case (see [2]),
a scale of such weighted spaces is constructed.

Consider the di�erential operator P (Dx, Dxn) in Rn+ with constant real coe�cients
aj (j = 1, . . . ,M)

P (Dx, Dxn
) = D2m

xn
+

M∑
j=1

ajD
αj

. (1)

The operator (1) is a regular operator, i.e. P (ξ, ξn) ̸= 0, when |ξ + ξn| ̸= 0.
In Rn+ consider the following Dirichlet problem:

P (Dx, Dxn)U = f(x, xn), x ∈ Rn−1, xn > 0, (2)

∂jU

∂xjn

∣∣∣∣
xn=0

= 0, j = 0, 1, . . . ,m− 1. (3)

For 1 < p < ∞ denote by χ := |µ0|
(
1− 1

p

)
, where µ0 =

(
µ0
1, . . . , µ

0
n−1, µ

0
n

)
=

(1/l1, . . . , 1/ln−1, 1/(2m)) and c0 := min
j

(
min
l
µlj/max

l
µlj

)
.

In this paper we study the solvability of problem (2), (3), namely, the following
theorems will be proved.

Theorem 1. Let |µ0| > 1, 1− χ < σ < min{2c0, |µ0|/p}. Then for any function
f ∈ Lp(Rn+) ∩ L1,−σ(Rn+) the problem (2), (3) has a unique solution U ∈ WM

p,σ(Rn+),
moreover, with some constant C > 0 the following inequality holds:

∥U∥WM
p,σ(Rn

+) ≤ C(∥f∥Lp(Rn
+) + ∥f∥L1,−σ(Rn

+)).

Theorem 2. Let σ < min{2c0, |µ0|/p}, 1 ≥ |µ0| > 1−Lµ0
min, µ

0
min := min

j=1,...,n
µ0
j ,

L is a positive integer such that 1− χ− (L− 1)µ0
min ≥ σ > 1− χ−Lµ0

min. Then for
any function f ∈ Lp,σ,L(Rn+) ther is a unique solution U ∈WM

p,σ(Rn+) to the Dirichlet
problem (2), (3), and with some constant C > 0 the following estimate holds:

∥U∥WM
p,σ(Rn

+) ≤ C

(
∥f∥Lp(Rn

+) +

∥∥∥∥(1 + ρM(x, xn))
σ+L max

j=1,...,In−2
|µj |

f(x, xn)

∥∥∥∥
L1(Rn

+)

)
.
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We consider the following dynamical system as a model of circular gene network:

ẋj = Lj(xj−1)− kjxj , j = 1, 5, 8; ẋj = Γj(xj−1)− kjxj , j = 2, 3, 4, 6, 7, 9. (1)

Here, monotonically decreasing functions Lj and monotonically increasing functions
Γj are smooth and describe negative, respectively, positive feedbacks in the gene
network, xj(t) are concentrations of the proteins and corresponding mRNAs, the
positive constants kj characterize the rates of degradation and synthesis of proteins
and mRNAs, see [1, 2]. We assume that j − 1 = 9 for j = 1. Similarly, one can study
n-dimensional systems of the type (1) with an arbitrary order of the equations with
the functions Lj , Γj , we denote these systems by {LΓ}.

For the system (1), let Aj :=
Lj(0)
kj

, if j = 1, 5, 8; and Aj :=
kj
kj−1

Aj−1, if j ̸= 1, 5, 8;

Q9 :=
∏j=9
j=1[0, Aj ] ⊂ R9

+.
Lemma 1. Q9 is a positively invariant domain of the system (1).
Lemma 2. The system (1) has a unique equilibrium point S0 ∈ Q9.
The hyperplanes parallel to the coordinate ones and containing S0 = {x01, . . . , x09}

subdivide Q9 to 29 blocks; as in [1,3], we enumerate them by binary multi-indices:
ϵ = {ε1, . . . , ε9} where εj = 1 if for all points of the block xj > x0j , otherwise εj = 0.

For each pair of adjacent blocks ϵ1, ϵ2 the trajectories of the system (1) pass from
block to block only in one direction, either ϵ1 → ϵ2, or ϵ2 → ϵ1. We say that the
block ϵ has valency V if the number of its adjacent blocks ϵm such that ϵ→ ϵm equals
V .

Theorem. If S0 is a hyperbolic equilibrium point of the system (1), then the
invariant domain Q9 contains at least one cycle which travels from block to block
according to the diagram composed by blocks with valency 1:
{000011101} → {000011100} → {100011100} → {110011100} → {111011100} →
{111111100} → {111101100} → {111100100} → {111100000} → {111100010} →
{111100011} → {011100011} → {001100011} → {000100011} → {000000011} →
{000010011} → {000011011} → {000011111} → {000011101} → . . . (2)

The diagram (2) shows location of this cycle in the domain Q9.
For any n-dimesional system of form {LΓ} when the number of decreasing func-

tions Lj is odd, we elaborate an algorithm of construction of a diagram composed by
blocks with the valency 1 similar to (2). If the number of the functions Lj is even
then the domain Qn does not contain blocks with odd valency.
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Recently the di�erence schemes of interpolation type were applied to simulate
electromagnetic waves propagation both in homogeneous and inhomogeneous media.
These schemes are based on a constrained interpolation pro�le (CIP) method [1] which
is based on the Hermite interpolation in space. This allows developing the di�erence
schemes of upwind type of a high order by increasing the order of derivatives taken into
account. The main advantage of CIP approach is increased stability in comparison
with the original �nite-di�erence time domain technique (FDTD). In addition, the
CIP method allows to resolute discontinuous solution more accurate. It has the most
impact in the case of dispersive media or in the case of composite media with di�erent
properties [2].

In the present paper a scope of di�erence schemes of CIP type has been considered.
These schemes were derived on an extended stencil. It has been shown that the
CIP schemes didn't produce signi�cant oscillations in simulation of the Maxwell
equations as far as the FDTD method was obtained to generate the oscillations.
A comparison between CIP and FDTD approaches on the example of simulation of
the electromagnetic wave propagation in the dispersive medium has been conducted.
It has been obtained that the CIP calculations of the �fth order approximate a
discontinuity more accurate than the calculations of the third order; at the same time
the di�erence between CIP calculations of the �fth and nine orders is insigni�cant.
All considered CIP schemes were shown to give more accurate and less oscillatory
numerical solutions than the FDTD scheme. In addition, the resonant peaks were
approximated with appropriate accuracy in the case of material contrast to back-
ground medium.
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Implementation of a new vectorized high-order accuracy numerical method for
solving gravitational hydrodynamics equations on massive-parallel supercomputers
equipped with Intel Xeon Phi accelerators is presented in the paper. Combination of
the Godunov method, the Harten�Lax�Van Leer method and the piecewise parabolic
method on local stencil is at the basis of the method, that allows achieving high-
order accuracy for smooth solutions and low dissipation on discontinuities. Numerical
experiment results, which describe the mechanism of collision of di�erent types of
galaxies, are shown.

The author was supported by the Russian Foundation for Basic Research (projects no. 18-
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I will present a new method of constructing well-balanced schemes for hyperbolic
systems of balance laws. Our approach is based on incorporating the source terms
into the �uxes. This leads to �ux globalization as the rewritten system becomes a
system of conservation�not balance�laws, but with a global �ux, which makes it quite
complicated to design an upwind scheme. It is not di�cult, however, to construct
Riemann-problem-solver-free central-upwind and relaxation schemes for the systems
with global �uxes.

Our new approach will be demonstrated on several shallow water models (including
rotating thermal shallow water equations) and Euler equations with gravitation.

The talk will be based on several recent works [1�4].
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The problem of timely warning about the danger of near�eld tsunami after the
strong o�shore earthquake is still unresolved, even if the number of publications is
substantional, see, for example, [1]. For the coast of Japan it takes nearly 20 minutes
for tsunami wave to approach the nearest dry land after o�shore seismic event. Robust
evaluation of tsunami wave danger should be based on correct process simulation:
wave generation, propagation, and inundation to a dry land. There are several tools
to calculate the wave propagation over the real digital bathymetry, see [2�3].

In this paper we study the in�uence of the exact tsunami source location on
maximal wave heights distribution along the nearest shore line. For the typical initial
sea bed displacement at tsunami source the large (say, over 10 m) wave heights are
localized at rather narrow areas along the coastline. So, for the same seismic event
one point at coast could be safe, while the closely located part should be evacuated.

We use Mac-Cormack scheme for numerical treatment of the shallow water system.
Specialized �Calculator�, based on FPGA (Field-Programmable Gate Array), micro-
chip Xilinx Virtex-7 VC709, was used for numerical tests. The Calculator architecture
is described in [4]. The Calculator with a regular modern PC needs 25 sec to simulate
wave propagation over the considered water area. The �real� travel time for the wave
is evaluated as 3200 sec.

Results of numerical test with real bathymetry at southern part of Japan are
presented. Digital bathymetry is based on Japan Oceanographic Data Center (JODC)
500m Gridded Bathymetry Data. Realistic tsunami source approximately 100 × 200
km was used. As was numerically observed, rather small move of tsunami source
(compared to 100 km) change the coastal zone, subject of dangerous tsunami wave
amplitude.
The authors were supported by the Russian Federal Targeted Program Grant 14.574.21.0145.
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This paper describes new forms of layer-damping functions eliminating singulari-
ties of solutions to singularly-perturbed problems and corresponding layer-resolving
grids. These functions are constructed by using four basic local transformations

xi(ξ, ε, b, k), i = 1, 2, 3, 4, having the following form: x1(ξ, ε, b, k) = −ε
k

b
ln(1 − dξ),

k > 0, b > 0; x2(ξ, ε, b, k) = εk
(
(1 − dξ)−1/b − 1

)
, k > 0, b > 0; x3(ξ, ε, b, k) =

(εkb + dξ)1/b − εk, k > 0, 1 > b > 0; x4(ξ, ε, b, k) = εk((1 + ε−k)bξ − 1), k > 0,
b > 0. The transformation x1(ξ, ε, b, k), for k = 1, was introduced in [1], while the
transformations xi(ξ, ε, b, k), i = 2, 3, 4, were introduced in [2].

The �rst transformation is aimed at dealing with exponential-type layers only,
typically represented by functions exp(−bx/εk) occurring in problems for which the
solutions of reduced (ε = 0) problems do not have singularities.The second transfor-
mation is aimed at dealing with both exponential- and power-type of kind 1 layers,
engendered by a function εrk/(εk + x)r, r > 0, for which the solutions of reduced
problems have singularities as well. The third example is aimed at dealing with
power-type of kind 2 layers, represented by functions (εk + x)r, 0 < r < 1, for
which the solutions of reduced problems have singularities. The fourth transformation
is aimed at dealing with logarithmic-type layers, represented by functions ln(εk +
x)/ ln εk. These transformations are used as reference elements to construct explicitly
global layer-damping coordinate mappings x(ξ, ε) generated via standard procedures
of shifting, blending, scaling, inverting, composing, re�ecting, and matching them to
each other and to polynomials and corresponding layer-resolving grids by the formula
xi = x(i/N, ε).

It seems that the new layer-resolving grids described in the paper should empower
researchers to solve broader and more important classes of problems having not
only exponential-, but power-, logarithmic-, and mixed-type boundary and interior
layers [3].

The paper also demonstrates applications of such layer-resolving grids and high-
order schemes to numerical solutions for certain boundary-value problems having
diverse types of boundary and interior layers.
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In this work we study the stabilization of the strong solution of the inverse problem
for the pseudoparabolic equation (Problem 1) to the solution of the appropriate
stationary inverse problem (Problem 2) as t→ +∞.

Problem 1. For given functions f(t, x), U0(x), β(t, x), ω(t, x), φ(t) and a constant
η �nd the pair of unknown functions {u(t, x), k(t)} satisfying the equation

(u− ηdiv(M(x)∇u) +m(x)u)t − div(M(x)∇u) +m(x)u+ k(t)u = f,

the initial data
(u− ηdiv(M(x)∇u) +m(x)u)|t=0 = U0(x),

the boundary condition
u|∂Ω = β(t, x)

and the condition of overdetermination∫
∂Ω

{
η
∂ut

∂N
+
∂u

∂N

}
ω(t, x)ds = φ(t).

Here Ω ⊂ Rn is a bounded domain with a boundary ∂Ω, t ∈ (0, T ),M(x) ≡ (mij(x)) is
a matrix of functionsmij(x), i, j = 1, 2, . . . , n; ∂

∂N
= (M(x)∇,n), n is the unit vector

of the outward normal to the boundary ∂Ω. The operatorM = −div(M(x)∇)+m(x)I
is supposed to be elliptic and selfadjoint (I is the identity operator).

The stationary inverse problem corresponds to Problem 1 in the case of the steady-
state process.

Problem 2. For given functions f∞(x), β∞(x), ω∞(x) and a constant µ∞ �nd
the pair of function u∞(x) and constant k∞ satisfying the equation

−div(M(x)∇u∞) +m(x)u∞ + k∞u∞ = f∞,

the boundary condition
u∞|∂Ω = β∞(x)

and the condition of overdetermination∫
∂Ω

∂u∞

∂N
ω∞(x)ds = µ∞.

Under certain assumptions on the input data for Problems 1 and 2, the stabiliza-
tion of Problem 1 is proved in the sense that ∥u−u∞∥W 2

2 (Ω) → 0 and |k(t)−k∞| → 0
as t→ +∞. Estimates

∥u− u∞∥W 2
2 (Ω) ≤ c1 exp

−c2t

|k(t)− k∞| ≤ c3 exp
−c2t

holds with positive constants ci, i = 1, 2, 3.
Applications of such problems deal with the recovery of unknown parameters

indicating physical properties of a medium. In particular, the lowest coe�cient k
speci�es, for instance, the catabolism of contaminants due to chemical reactions or
the absorption (also known as potential) in the di�usion and acoustics problems.
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The problem of motion of axisymmetric long bubble in capillary for small capillary
numbers, Ca, is known as the classical Bretherton problem, which is solved for the
�rst time by using asymptotic analysis [1]. Extensions of the solutions, accounting
more precisely for the geometry and magnitudes of Ca, are reported in the literature
[2, 3]. The hydrodynamic problem in the case of Taylor bubbles is solved numerically,
using a CFD-generated database [4].

We developed a generalized second-order lubrication approach and solved the
respective hydrodynamic Stokes problems analytically. The solutions give the pressure
distributions along the arbitrary bubble surface for the both cases of free surface and
tangentially immobile interfaces. Subsequently, the boundary value problem for the
shape is solved numerically with initial conditions in the cylindrical part of bubbles,
which correspond to the Landau�Levich type solution of the linearized problem.
Phase diagrams for the regions of the possible solutions are obtained in terms of
system parameters (capillary numbers, �ow rates, and Bond numbers). The high
accuracy and e�ciency of the modeling is achieved, using the Runge�Kutta method
of 14th order. The obtained results from our approach are compared with available
experimental data for Taylor and rising bubbles. The excellent agreement between
theory and experiments and the very fast numerical solution of the boundary value
problem make this approach suitable for data processing of more complex systems.
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A variational model for depth estimation from a pair of stereo images will be
presented in the talk as well as a numerical method for computation of the depth
map. Depth is inferred by matching the pixels in two images. This is known as
the correspondence problem � that is, to determine for each point in one image
its corresponding point in the other image. Solution of the correspondence problem
is called the disparity map. The depth and disparity maps are related as disparity =
focus× camdistance/depth, where camdistance is the distance between two parallel
stereo cameras both having the same focus.

Our variational model combines intensity based energy functionals with the total
variation regularization. Namely, the model is given by the minimization problem

min
a≤u(x)≤b

∫
Ω

F (x, u(x))dx+ α

∫
Ω

|ux(x)|dx,

where the unknown function u : Ω → [a, b] possesses bounded variation, Ω = [0, L1]×
[0, L2]×· · ·×[0, Ln] is a rectangular domain in Rn, α > 0 is a regularization parameter,
|ux(x)| =

√
u2x1

+ . . .+ u2xn
is the length of the gradient ux = [ux1 , . . . , uxn ].

Proper choice of function F (x, t) allows one to model solutions to many problems
of image processing. For example, F (x1, x2, t) = |L(x1, x2) − R(x1 − t, x2)| can be
used as a dissimilarity function in computing the disparity map for recti�ed stereo
images L(x) and R(x).

In general, the function F (x, t) is not convex for the variable t, and the above
formulated initial minimization problem is not convex too. However, it is possible
to prove that its solution u(x) equals

∫ b
a
ϕ(x, t)dt, where ϕ(x, t) is a solution of the

convex minimization problem

min
ϕ,p

∫
[a,b]×Ω

Ft(x, t)ϕ(x, t)dxdt+ α

∫
[a,b]×Ω

|p1(x, t)|dxdt

with the following convex constraints: p0 = ϕt ≤ 0, p1 = ϕx, ϕ(x, a) = 1, ϕ(x, b) = 0.
Such a convex minimization problem is referred to as a convex relaxation of the initial
minimization problem.

The convex relaxation problem can be solved by means of the augmented Lagran-
gian method combined with the splitting with respect to the variables ϕ and p =
(p0, p1). The most time and memory consuming part of the algorithm is solution of
a three-dimensional Poisson equation for the function ϕ(x, t), where x = (x1, x2).
Note that typical lengths of discretized variables x1, x2 and t are 512, 512 and 256 so
that only discretization of ϕ requires computer memory equal to a half of Gigabyte.
Moreover, the Poisson equation must be solved several dozen or hundred times.

The Poisson equation of moderate size is solved by the fast Poisson solvers based
on the fast discrete cosine and sine transforms. The Poisson equation of large size is
solved by the so-called narrow band approach, where the solution is computed on a
sequence of multiple grids within a narrow band in a vicinity of the true solution.
The Poisson equation being discretized in a narrow band is solved by the conjugate
gradient method using preconditioning by the fast Poisson solvers.

The variational models and numerical solution can be extended in order to incor-
porate matching feature points in the images L(x) and R(x).

The author was supported by the Research Executive Agency of the European Commis-
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We consider Riemann problems for a two-phase isothermal �ow model of a dis-
persed phase in a compressible carrier phase. It is a weakly hyperbolic system of
conservative partial di�erential equations. This model is the conservation part of
a more complete physical model proposed by Hantke et al. [1] which involves phase
transitions in case both phases are of the same material. One purpose of this talk is to
better understand the mathematical properties of the simpli�ed model. We investigate
the characteristic structure of the Riemann problems and show their exact solutions
[2]. Solutions may contain delta shocks or vaporless states. We give examples for initial
data corresponding to a system of water bubbles dispersed in liquid water. It turns
out that, due to the equations of state for the carrier phase, droplets or solid particles
in a gas are a mathematically simpler case than gas bubbles or solids in a liquid.

Furthermore, we use Godunov's scheme and construct a new HLL-type Riemann
solver to perform numerical simulations on the homogeneous part of the model. In
each time step an approximate MUSCL-Hancock �nite volume scheme is used in which
intercell Riemann problems are solved using the new GHLL-solver [3]. We would also
like to present some recent results on numerical simulations of the complete model
and di�erent approaches concerning the missing eigenvector of the linearized system.

The authors were supported by the GRK 1554 (Micro-Macro-Interactions of structured

Media and Particle Systems).

REFERENCES

1. Dreyer W., Hantke M., Warnecke G., �Bubbles in liquids with phase transition � part 2: on
balance laws for mixture theories of disperse vapor bubbles in liquid with phase change,�
Contin. Mech. Thermodyn., 26, No. 4, 521�549 (2014).

2. Hantke M., Matern C., Ssemaganda V., Warnecke G., �The Riemann problem for a weakly
hyperbolic two-phase �ow model of a dispersed phase in a carrier �uid,� in progress
(2019).

3. Hantke M., Matern C., Warnecke G., �Numerical solutions for a weakly hyperbolic
dispersed two-phase �ow model,� in: Theory, Numerics and Applications of Hyperbolic
Problems I, Springer, Aachen, 2016, pp. 665�675.

279



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

ON EXPONENTIAL STABILITY OF SOLUTIONS TO
SOME CLASSES OF TIME-DELAY SYSTEMS

Matveeva I. I.1,2

1Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia;
2Novosibirsk State University, Novosibirsk, Russia;

matveeva@math.nsc.ru

We consider some classes of nonautonomous time-delay systems

d

dt
y(t) = f

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
. (1)

This paper presents a continuation of our works on stability of solutions to delay
di�erential equations (for example, see [1�7]). We establish conditions under which
the zero solution to (1) is exponentially stable. We obtain estimates characterizing
exponential decay of solutions to (1) at in�nity and estimates for attraction sets of the
zero solution. These results are extended to time-delay systems with one time-varying
delay and several delays. We use Lyapunov�Krasovskii functionals of special forms.

The author was supported by the Russian Foundation for Basic Research (project no. 18-

29-10086).
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The subject of the research is application of the continuous wavelet transform [1]
for localization of the informative points (extrema and in�ection points) for signals
of medical nature (pulse wave).

Some assertions which state the connection between extremum/in�ection points
and zeros of wavelet coe�cients of signals were proven. A numerical algorithm to �nd
extremum/in�ection points based on these assertions was elaborated, realized, tested
on some model signals and then applied to analysis of pulse waves.

The elaborated algorithm showed its e�ciency; it possesses certain advantages in
comparison to the existed methods [2, 3].

The algorithm was realized in two ways: with the use of standard functions in
Matlab and with the use of Python. The �rst variant shows that the Haar wavelet
(respectively, the Gauss wavelet) is more e�ective for the search of extrema (in�ection
points). The second realization has better accuracy of informative points localizaton
due to appropriate choice of algorithm parameters.
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Shallow water type models have been successfully applied to many real life situa-
tions for the simulation of geophysical �ows: river �oods, sediment transport, tsunami
modelling, etc. Although these models are based on an averaged process on the vertical
direction, recent techniques based on a multilayer approach allows to overcome this
simpli�cation and to better describe the �ow and vertical e�ects therein.

Nevertheless, such models are based on the assumption of hydrostatic pressure. In
recent years there has been an increasing interest on including the so-called dispersive
or non-hydrostatic e�ects into the model.

We propose here to study non-hydrostatic shallow water type systems. We propose
�rst to study a one layer depth-integrated non-hydrostatic system [1]. An e�cient
numerical scheme will be proposed in order to solve such system. The dispersive
relations of the system can be improved by extending the system to two or several
layers [2], where again we will focus on the e�cient algorithms that will allow us to
solve the system for real life applications.

Finally, non-hydrostatic shallow models will be adapted for the simulation of
sediment transport [3], where such e�ects may have an important impact onto the
sediment layer.

The authors were supported by the by the Spanish Government and FEDER (projects

no. MTM 2015-70490-C2-1-R and MTM 2015-70490-C2-2-R).
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Consider the problem

∆u+
α

u
|∇u|2 − a(x′)up = 0, x′ := (x1, . . . , xn) ∈ Ω, xn+1 ≥ 0, (1)

uα
∂u

∂n
= 0, x′ ∈ ∂Ω, xn+1 ≥ 0, (2)

where Ω is a bounded domain with a Lipschitz boundary in Rn, a is a measurable,
bounded, and nonnegative function,

∫
Ω

a(x′)dx′ > 0, −1 < α ̸= 0, and p > 1.

The following assertion is presented.
Theorem. If u(x) is a positive solution of problem (1)�(2), satisfying the limit

relation lim
xn+1→∞

1

xn+1

∫
Ω

uα+1(x′)dx′ = 0, then lim
xn+1→∞

x
2(α+1)
p−1

n+1 u
1

α+1 (x) exists for each

x′ from Ω, this limit is uniform with respect to x′ from Ω, and this limit is equal either

to zero or to

 2(2α+ p+ 1)mesΩ

(α+ 1)2
∫
Ω

a(y)dy [(α+ 1)a(x′)− 1]
2


α+1
p−1

.

The semilinear case, i. e., the case where α = 0, is investigated in [1].
The considered quasilinear term arises in various applications (see, e. g., [2] and

references therein) and is important from the purely theoretical viewpoint because
the second power of the �rst derivative of the desired function is the limit case
in a way: this is the greatest power such that Bernstein-type conditions for the
corresponding elliptic problem provide the presence of a priori L∞-estimates for �rst-
order derivatives of the solution via the L∞-norm of the solution itself (see, e. g.,
[3�5]).
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In this work, the Euler equations with chemical reaction is solved in Euler grids,
we illustrate an adaptive multi-resolution method for reactive multi�uids with sharp
interface. Pyramid data structure is used in the adaptive multi-resolution technique
for e�ciency, a conservative interface method is obtained by updating both reactive
and unreactive �uids individually, and the detonation and the de�agration interface
is captured by the level set method and the ghost �uid method, small cut cells are
treated as that in the previous work of N.A. Adams and X.Y. Hu [2]. To get the
numerical �uxes across the reactive interface, Riemann problems for reactive �uids
are considered [1, 4]. With the help of adaptive multi-resolution algorithms, the
method achieves high accuracy with more details and high computational e�ciency.
The adaptive MR method for reacting �uid can be extended to high dimension
conveniently and general equation of states [3, 5]. Numerical examples in two or
three-dimension are carried out to demonstrate the potential and robustness of this
method.
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This paper deals with the initial boundary value problem for a class of fourth
order parabolic equations with the nonlinear strain term and viscous damping term.
Through analyzing the initial space of the proposed equations, the initial data which
belong to three di�erent spaces at the same time are divided into subcritical, critical
and supercritical initial energy levels from potential well method. For the subcritical
and critical initial energy levels, the global existence, asymptotic behavior and blow
up in �nite time of solutions are obtained by Galerkin approximation and the concave
method. Furthermore, the global nonexistence solution is revealed at supercritical
initial energy level.
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Creation of space-arranged arrays of semiconductor quantum dots is a challenge
in the �eld of material science [1�3]. These arrays can be formed by growth on pre-
patterned substrates. At present time mechanism of atomic surface di�usion and
nucleation of 3D islands in grooves and pits, strain in prepatterned substrates and non-
equilibrium distribution of chemical potential are not studied. The suitable method
to solve such kind of problems is molecular dynamics simulations (MD).

In the present work the arrays of Ge nanoislands on Si prepatterned substrates
are studied by MD simulations. Morphologies with more than one nanoisland per
a pit were considered. In particular, substrates with square-shaped pits, crossing at
their conners, were studied. Conditions are determined, at which thermodynamically
favorable morphology is the one with nanoislands either at pit bottoms or at edges,
respectively.

The search of the nearest neighbors for each atom of Ge/Si heterostructure occu-
pies up to 95 % of computing time in MD simulations. Parallel algorithms of neighbor
search in a mesh of atoms were developed and realized for computing systems (CS)
with shared and distributed memory using Verlet lists [4] in MPI and OpenMP
standards. E�ciency of their performance on CS is shown.

The authors were supported by Presidium of Russian Academy of Science (grant no. 0306-
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We study the vibrations of a microelectromechanical resonator of the platform
type made of nonlinear materials. The design of such micro-resonator was proposed
by E.G. Kostsov and S. I. Fadeev [1�3]. In contrast to their works, we consider in
our model the micro-cantilever beam made of a power-law material. The su�cient
conditions for the existence of periodic solutions to the lumped model equation are
proved analytically and veri�ed numerically by ODE solvers.
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We study the Cauchy problem for a degenerate parabolic equation

ut +
n∑
i=1

(fi(u)xi − gi(u)xixi) = 0, u(0, x) = u0(x) ∈ L∞(Tn), (1)

where Tn = Rn/Zn is an n-dimensional torus. The �ux functions fi(u) ∈ C(R) are
supposed to have bounded variation in any segment while the di�usion functions
gi(u) are continuous nondecreasing functions. In the case when gi(u) ≡ 0 equation
(1) reduces to a multidimensional conservation law

ut +

n∑
i=1

fi(u)xi = 0. (1a)

We can represent the �ux functions fi(u), i = 1, . . . , n, as the di�erences fi(u) =
f+i (u) − f−i (u) of nondecreasing functions. For a �xed ε > 0 we introduce the
nondecreasing functions h±εi(u) = f±i (u)+ 1

εgi(u) and de�ne the approximate solution
u = u(t, x; ε) of (1) as a solution of ODE

u̇ =
1

ε

n∑
i=1

[h+εi(u(t, x− εei)) + h−εi(u(t, x+ εei))

−h+εi(u(t, x))− h−εi(u(t, x))], u(0) = u0, (2)

considered in the Banach space L∞(Tn). Here ei, i = 1, . . . , n, is the standard basis
in Rn.

Theorem. There exists a unique solution u(t, x; ε) ∈ C1(R+, L
∞(Tn)) of problem

(2). Moreover, ∥u(t, ·, ε)∥∞ ≤ ∥u0∥∞, and the map u0 → u(t, ·, ε) is monotone and
nonexpansive in L1(Tn). As ε → 0 the approximate solutions u(t, x; ε) → u(t, x) in
C(R+, L

1(Tn)), where u(t, x) is a unique entropy solution of problem (1) in the sense
of [1, 2].

In the isotropic case gi = g(u), i = 1, . . . , n, the presented results were established
in [3], for conservation laws (1a) see the earlier paper [4].
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We discuss Hamiltonian structure of the Symmetric Hyperbolic Thermodynami-
cally Compatible (SHTC) formulation for continuum mechanics [3] which originates
from the work [7] by S.K. Godunov. By transformation to the Eulerian frame, the
Poisson bracket for the reversible part of the uni�ed formulation of continuum �uid
and solid mechanics [1] in the SHTC framework is derived, which expresses kinematics
of the density, momentum density, entropy density and distortion �eld (inverse defor-
mation gradient). The reversible part of the model is thus Hamiltonian. In particular,
it ful�lls Jacobi identity, which expresses self-consistency of the model (geometric,
hyperbolicity, invariance). Finally, we show the Lie-algebraic [2] structure of the
Poisson bracket, which leads to a natural generalization by means of semidirect
product. The geometric and Hamiltonian structure of the reversible part of the model
will be demonstrated.

Moreover, the irreversible part of the SHTC equations is usually constructed as
algebraic dissipation (not involving any spatial gradients). The dissipation can be seen
as a realization of gradient dynamics generated by a dissipation potential [3, 4]. This
paves a way to introducing �uctuations to the model [5].

In summary, the reversible part of the SHTC model is Hamiltonian and the
irreversible part represents gradient dynamics. The model can be thus consistently
incorporated into the framework of General Equation for Non-Equilibrium Reversible-
Irreversible Coupling (GENERIC) [4, 6].

This is a joint work with Miroslav Grmela and Evgeniy Romenski.
The authors were supported by Czech Grant Agency (project no. 17-15498Y), Multiscale
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This work presents a model of a saturated porous medium in the presence of
small-scale fracturing described in the continual approximation. Petroleum reservoirs
in shale rocks represent a relevant example of systems characterized by the anomalous
properties of media they are composed. Small-scale fracturing is one of the important
features of shale rocks, leading to a strong variation of their rheological properties. An
adequate model of shale reservoirs may be a model of multiphase �ow in viscous-plastic
fractured-porous matrices. In this work, the description of the heterogeneous media
is based on the method of thermodynamically compatible systems of conservation
laws [1], ensuring the hyperbolicity and divergence form of the governing equations
of the model and application of e�ective high accuracy numerical methods developed
for solving systems of hyperbolic equations [2]. The introduction of an additional
parameter of state characterizing the small scale fracturing [3] allows taking into
account the dependence of kinetic and thermodynamic parameters on the pressure
and stress tensor in fractured porous medium and the mutual dependence of the
volume fractions of the multiphase medium and stress �eld. The proposed model
allows studying the �ows of multiphase mixtures in fractured-porous medium and
its in�uence on the evolution of small-scale fracturing. The work also considers the
propagation of acoustic waves in a rheologically nonlinear saturated porous medium
described by the proposed model.

The authors were supported by the Russian Foundation for Basic Research (project

no. 16-29-15131).

REFERENCES

1. Godunov S.K., Romenskii E. I., Elements of Continuum Mechanics and Conservation
Laws, Kluwer Academic/Plenum Publishers, New York (2003).

2. Perepechko Yu.V., Romenski E. I., Reshetova G.V., �Modeling of multiphase �ows
in �nite-deformed porous media,� 11th World Congress on Computational Mechanics,
WCCM 2014, 5th European Conference on Computational Mechanics, ECCM 2014, 6th
European Conference on Computational Fluid Dynamics, ECFD 2014, 4630�4641 (2014).

3. Resnyansky A.D., Romensky E. I., Bourne N.K., �Constitutive modeling of fracture
waves,� J. Appl. Phys., 93, No. 3, 1537�1545 (2003).

290



Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ�

TWO-PHASE COMPUTATIONAL MODEL
FOR SMALL AMPLITUDE WAVE PROPAGATION

IN A SATURATED POROUS MEDIUM

Romenski E. I.1, Reshetova G.V.2

1Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia;
evrom@math.nsc.ru

2Institute of Computational Mathematics and Mathematical Geophysics SB RAS,
Novosibirsk, Russia; kgv@nmsf.sscc.ru

The new two-phase model for a compressible �uid �ow in deforming porous media
is presented. The derivation of the model is based on the symmetric hyperbolic
thermodynamically compatible systems theory, which is developed with the use of
the �rst principles and fundamental laws of thermodynamics. The proposed model
is an extension of the uni�ed model of continuum mechanics proposed in [1]. The
governing PDEs form the �rst order hyperbolic system and can be used for studying a
wide variety of processes in saturated porous media, including small amplitude wave
propagation. The theory predicts the three types of waves: fast and slow pressure
waves and a shear wave, as it is in Biot's model. The material constants of the model
are fully determined by the properties of the solid and the �uid phases, and unlike
Biot's model do not contain empirical parameters. The governing PDEs for small
amplitude wave propagation in a saturated porous medium are presented, and the
e�cient numerical method has been developed for solving these PDEs, based on the
�nite di�erence staggered-grid scheme of fourth order spatial accuracy with modi�ed
coe�cients to provide approximation in inhomogeneous media. An application of the
developed computational framework to solving a series of test problems con�rms the
robustness and e�ciency of the approach presented.
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In the framework of two-dimensional elasticity, a problem of a bonded structure
of two bodies along a common interface called an adhesive layer is considered. It is
assumed that there exists a delamination crack in the adhesive layer. The bodies are
clamped on parts of their external boundaries. The structure is in equilibrium under
the action of surface forces applied to the rest parts of the external boundaries.

The main objective of the work is to conduct a comprehensive study of the problem
of bonded bodies: to construct a mathematical model that adequately describes the
bonded structure, taking into account the presence of the delamination crack; derive
the boundary conditions and give them a mechanical interpretation; derive the Gri�th
formula and obtain an analog of the Cherepanov�Rice integral (J-integral); construct
a numerical algorithm for solving the problem and prove its convergence; conduct
numerical experiments showing the e�ciency of the algorithm.

We use a spring type interface model to describe the interaction of bodies. When
simulating such an interaction, undesirable e�ects may occur, such as the mutual
penetration of bodies. In order to exclude such nonphysical phenomenon, we impose
unilateral conditions on the displacements of bodies in the interaction region. Such
conditions are called non-penetration conditions and are de�ned as a system of equali-
ties and inequalities. In addition, on the whole gluing interface, including the crack, so-
called the Treska friction law is imposed, which is an approximation of the Coulomb's
friction law. As a result, the model becomes nonlinear, and the area of possible contact
of bodies is not known in advance.

The authors were supported by the Russian Foundation for Basic Research (project
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Here, we study the Cauchy problem for the Landau Hamiltonian wave equation,
with time dependent irregular (distributional) electromagnetic �eld and similarly
irregular velocity. For such equations, we describe the notion of a `very weak solution'
adapted to the type of solutions that exist for regular coe�cients. The construction
is based on considering Friedrichs-type molli�er of the coe�cients and corresponding
classical solutions, and their quantitative behaviour in the regularising parameter. We
show that even for distributional coe�cients, the Cauchy problem does have a very
weak solution, and that this notion leads to classical or distributional type solutions
under conditions when such solutions also exist.
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In this talk, stochastic numerical methods we have recently developed for simula-
tion of di�erent processes in semiconductor physics are presented. Here we focus
mainly on the following problems: (1) annihilation of spatially separate electrons and
holes in a disordered semiconductor assuming radiative and nonradiative recombina-
tion by tunneling as well as their di�usional mobility, (2) construction of cathodolu-
minescence maps for a semiconductor with a set of threading dislocations under
the assumption of a piezeoelectric capture �eld in the vicinity of dislocations, and
(3) solving three-dimensional drift-di�usion-recombination transport equations for
excitons with the �ux and electron beam induced current evaluation for the imaging
of defects and dislocations. These �elds attracted considerable experimental and
theoretical interest during the past three decades since the optoelectronic properties of
technologically important materials have been found to be controlled by the electron-
hole recombination dynamics. To simulate the electron-hole transport and recombina-
tions, we used stochastic simulation methods developed in [1, 2].

The governing integro-di�erential equations for the concentration of electrons
n(r, t) and holes p(r, t) have the form [2]

∂n(r; t)

∂t
= Dn∆n(r; t) + v · ∇n− n(r; t)

∫
B(|x|)p(r+ x; t)dx− αn(r, t) p(r, t)

−n(r; t)
∫
bn(|x|)N+(r+ x; t)dx, (1)

∂p(r; t)

∂t
= Dp∆p(r; t) + v · ∇p− p(r; t)

∫
B(|x|)n(r+ x; t)dx− αn(r, t) p(r, t)

−p(r; t)
∫
bp(|x|)[N(r+ x)−N+(r+ x; t)] dx. (2)

The number of recombination centers N+ waiting for an electron is reduced when
the electron is captured, and increased when the hole is captured:

∂N+(r; t)

∂t
= −n(r; t)

∫
bn(|x|)N+(r+ x; t)dx

+p(r; t)

∫
bp(|x|)[N(r+ x)−N+(r+ x; t)] dx.

Here Dn, Dp are the electron and hole di�usion coe�cients, v is a drift velocity
vector caused by an external electric �eld, and the radiative recombination of spatially
separate electron-hole pairs is due to tunneling with the rate B(r) = B0 exp(−r/a),
where r is the distance between electron and hole, and a is a mean tunneling capture
distance. The same exponential laws are valid for recombinations with the non-
radiative centers N(r). In the equations (1)�(2), α is the di�usional capture rate.
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Research project �Platform-independent approach to formal speci�cation and veri-
�cation of standard mathematical functions� is aimed onto a development of an
incremental combined approach to the speci�cation and veri�cation of the standard
mathematical functions like sqrt, cos, sin, etc. Platform-independence means that
we attempt to design a relatively simple axiomatization of the computer arithmetic
in terms of real, rational, and integer arithmetic (i.e. the �elds R and Q of real
and rational numbers, the ring Z of integers) but don't specify neither base of the
computer arithmetic, nor a format of numbers' representation. Incrementality means
that we start with the most straightforward speci�cation of the simplest easy to verify
algorithm in real numbers and �nish with a realistic speci�cation and a veri�cation
of an algorithm in computer arithmetic. We call our approach combined because we
start with a manual (pen-and-paper) veri�cation of some selected algorithm in real
numbers, then use these algorithm and veri�cation as a draft and proof-outlines for
the algorithm in computer arithmetic and its manual veri�cation, and �nish with a
computer-aided validation of our manual proofs with some proof-assistant system (to
avoid appeals to �obviousness� that are very common in human-carried proofs). In the
talk we present axiomatization of the machine arithmetic (�x-point and �oating-point)
with di�erent modes of rounding, proof of its soundness, and how it is used in platform-
independent incremental combined approach for speci�cation and veri�cation of the
standard functions sqrt, cos and sin that implement mathematical functions √. . .,
cos and sin. (In papers [1�2] axiomatization of the machine arithmetics uses a single
rounding mode � gaussian mode to the nearest representable number.)

The authors were supported by the Russian Foundation for Basic Research (project

no. 17-01-00789).
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We present a new formulation [1] of the hyperbolic singular value decomposition
(HSVD) [2�4] for an arbitrary complex (or real) matrix without using the concept
of hyperexchange matrices and using only the concept of pseudo-unitary (or pseudo-
orthogonal) matrices. The new formulation allows us to present an algorithm for
computing HSVD in the general case. The new formulation is more natural and
useful for some applications. We use it to obtain some new results for the Yang�Mills
equations [5].

The author was supported by the Russian Science Foundation (project no. 18-71-00010).
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We present recent results on the higher regularity of solutions of singular elliptic
and parabolic equations with nonstandard growth conditions. We consider the homo-
geneous Dirichlet problem for the equation

ut − div
(
(ϵ2 + |∇u|

p(x,t)−2
2 )∇u

)
= f in QT = Ω× (0, T ], (1)

where Ω ⊂ Rn is a bounded domain, ϵ ≥ 0 a constant parameter, p(x, t) : QT 7→
( 2n
n+2 , 2) is a given function. Equations of the type (1) do not admit classical solutions.
The solution is understood in a weak sense and its time derivative is a distribution
which does not belong to any of the Lebesgue spaces. We �nd conditions on ∂Ω, p(x, t),
u(x, 0) and f which guarantee the existence of strong solutions with ut ∈ L2(QT ) and
study their regularity properties. It is shown that under certain conditions on the
data the problem admits solutions with D2

xixj
u ∈ Lp(·)(QT ) ∩ L2(QT ∩ {t > δ}),

ut ∈ L2(QT ) and |∇u| ∈ L∞(0, T ;L2(Ω)). Moreover, the time derivative may be
H�older or Lipschitz-continuous.

Similar regularity properties are estabilshed for solutions of the elliptic counterpart
of equation (1). The results are partly published in [1�3].
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Metabolic processes are in a constant redistribution of substances between
the blood capillary, interstitium and lymphatic capillaries. It is important to build
complex models that take into account the interconnection of processes occurring all
parts of the microvasculature. It is known that the structure of the wall of the arterial,
venous and lymphatic capillaries, as well as the state of the interstitial intercellular
matrix, has a signi�cant e�ect on microcirculatory transport. The interaction of
components involved in the system is an important basis for maintaining homeostasis
from the point of view of physiologically occurring processes. Changes in their struc-
tural and functional properties can be a triggering factor for disturbed �uid balance,
the emergence and development of a number of pathological processes, syndromes and
diseases.

The paper presents new approach to construction of mathematical models of
metabolic processes occurring in microcirculation level. It includes the following inter-
related processes: the �ow of blood in capillaries and transcapillary exchange, the
movement of �uid in the interstices, the exchange of substances between the interstitial
�uid and tissue cells, drainage into the lymphatic capillaries. We will consider a system
consisting of a blood capillary, tissue surrounding this one and an initial part of
lymphatic system of this area with the following processes [1]: blood �ow in the
blood capillary; �ltration and reabsorption of �uid through the wall of the arterial
capillary into the surrounding tissue and from this one back to the venous capillary;
movement of �uid in the tissue; drainage of �uid from tissue into the lymphatic
system. The mathematical model takes into account that microcirculatory processes
are in�uenced by capillary dimensions (radius and length), hydrostatic pressure in the
blood capillary at the arterial and venous ends, resulting in oncotic pressure, blood
viscosity, hydraulic permeability of the blood capillary wall. The dependence of the
lymph drainage on the pressure of the interstitial �uid and the change in volume and
pressure of the interstitial �uid after pressure sudden change jump in the capillary
were obtained using the proposed model. The presence of lymphatic drainage has
been shown reduces pressure in the tissue and leads to an intensi�cation of metabolic
processes. Consequently, the lymphatic system makes a signi�cant contribution to the
parameters of microcirculation such as the regulation of proteins, the volume and the
pressure of the interstitial �uid.

The authors were partially supported by the Russian Foundation for Basic Research

(project no. 19-01-00422).
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In �ows of molecular gases behind strong shock waves, in the nozzles of gas-
turbines engines or in gas-dynamic lasers, relaxation process associated with the
appearance of thermal nonequilibrium of the vibrational degrees of freedom of molecu-
les is observed. If the characteristic time of such a process is commensurable with the
characteristic time of the �ow, then relaxation can strongly a�ect the �ow characteris-
tics. In this case gas �ows are described by a system of equations of two-temperature
relaxation gas dynamics. In the one-dimensional formulation with the plane symmetry
the system has the next dimensionless form

ρt + (ρu)x = 0, ρ(ut + uux) + ρxT + Tρx = 0,

Tt + uTx + (γ − 1)Tux + γv(T − Tν) = 0, Tνt + uTνx = T − Tν .

In the paper a complete group classi�cation of the equations is provided. The admitted
Lie group of the system is constructed. The corresponding Lie algebra L5 de�nes by
the basis generators

X1 = ∂x, X2 = ∂t, X3 = t∂x + ∂u, X4 = 2Tν∂Tν + 2T∂T + u∂u + x∂x, X5 = ρ∂ρ.

The optimal system of one-dimensional subalgebras of the Lie algebra L5 consists of
the following subalgebras:

{X1+βX5}, {X3+βX5}, {X2+βX5}, {X3+X2+βX5}, {X4+αX2+βX5}, {X5}.

The representation of invariant solutions and reduced (factor) systems are obtained
for each one-dimensional subalgebra. Some invariant solutions are found in explicit
form. All invariant solutions are analyzed and their comparison with the known
invariant solutions of the ideal gas dynamics system is presented. The found exact
solutions can be used as tests for checking numerical schemes.
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APPLICATION OF THE EXACT GEOMETRIC METHOD
FOR FINDING COMPLEX ROOTS FOR THE ANALYSIS

OF STATIONARY POINTS

Tro�mov S. P.

Ural Federal University named after the �rst President of Russia B.N. Yeltsin,
Ekaterinburg, Russia; s.p.trofimov@urfu.ru

The exact geometric method [1] for �nding the complex roots of polynomials allows
us to represent all the roots of a polynomial on one plane. Particularly clearly the
method looks like for a cubic polynomial. We brie�y describe this method and apply
it to the analysis of the optimality of stationary points of a polynomial.

We consider cubic polynomial f(x) = x3 + a1x
2 + a2x + a3 and show how to

solve a cubic equation f(x) = ∆ for any ∆ ∈ R and to draw complex and real roots
on the same real plane. Let us de�ne two auxiliary functions: conjugate function
fS(x) = f(−2x− a1), and carrier function fN (x) = ±

√
f ′(x) = ±

√
3x2 + 2a1x+ a2.

We prove that conjugate function fS(x) passes through extreme points of f(x), if they
exist. Let gluing set Sf is graph of conjugate function fS(x) except of a closed graph
fragment between extreme points of f(x). Algorithm.

1. Find an intersection of graph y = f(x) and line y = ∆. There are two possible
cases:

(a) The intersection consists of 3 points, of which two or three can coincide
when the function graph and the line are touched. Then the abscissas
z1, z2, z3 of these points are obviously real roots (possibly multiples) of the
equation. The algorithm is complete.

(b) The intersection consists of one point. The abscissa z1 of this point is the
unique real root of the equation. To �nd other two complex roots, go to
step 2.

2. Find an intersection point of line y = ∆ and gluing set Sf . This point is unique.
Its abscissa a is real part of complex roots.

3. Find an intersection of vertical line x = a and graph of fN . This intersection
consists of two di�erent points. Their ordinates are equal to +b and −b, where
b ≥ 0 and are imaginary components of complex roots.

4. Thus, we have obtained two real numbers a and b, which yield complex conjugate
roots of the equation. The algorithm is complete.

This algorithm was obtained with the help of application, which plots graphs
of complex functions of a complex variable. Exact geometric algorithm is valid for
polynomials with order n ≤ 10.

Usually, higher order derivatives are used to verify the optimality of stationary
points. For this we use the complex roots of the �rst derivative. The geometric method
makes this analysis clear and e�ective. As a rule, the concept of a local extremum
x∗ is de�ned in terms of the values of the function f(x) in the local neighborhood of
the point x∗. Instead, we suggest using stationarity property of the point x∗ and its
behavior under perturbation of the function f(x) by linear functions α ·x for small α.
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Equations under study have the form in which the time derivative of an unknown
function is expressed by the linear combination of the function and a double integral
over the space variables from the weighted quadratic expression of the same function:

du

dt
(t, k) = b(t)u(t, k) + kω

∫∫
P (k)

W (k, k1, k2)u(t, k1)u(t, k2)dk1dk2. (RTE)

Here k > 0, ω ≥ 0, function b(t) is continuous, and domain P (k) is unbounded.
Moreover P (k) does not depend on time, but depends on the spatial variable k. For
example the integration domain P (k) may be written as follows

P (k) = {(k1, k2) | k2 > k1 − k, k2 < k1 + k, k1 + k2 ≥ k} .

The properties of solutions to the equation (RTE) are determined by the kernel
W (k, k1, k2) of the integral operator in the right-hand side, as well as the behavior of
the solution u(t, k) as k → +0 and k → +∞.

It is assumed that the kernel W (k, k1, k2) of the equation (RTE) is a continuous
function in the �rst octant of R3 and

sup
k≥0

∫∫
P (k)

|W (k, k1, k2)| dk1dk2 ≤M < +∞.

We introduce special functional classes associated with the equation under study and
consider the Cauchy problem with initial data on the positive semi axis k > 0. In
application to the Cauchy problem, we consider the method of successive approxima-
tions. We found the estimation of the successive approximation quality which depends
on the number of the iterated solution.

In [1] integro-di�erential equations closed to (RTE) were considered and the exis-
tence and uniqueness theorems were proved in application to the Cauchy problem
with initial data on the positive semi axis.

The authors were partially supported by the Russian Foundation for Basic Research
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Membrane-adsorption method of enrichment helium from natural gas is a new
approach (patents of RF no. 2161527, 2291740, 2508156) which is based on using
hollow microspherical membranes. The microspheres wall is highly selective for gases
with a small kinetic radius such as helium. The main driving force of the process is a
pressure drop inside and outside of the particle [1].

The main problem of the work is to obtain the adsorbent parameters on the
basis of experimental adsorption dependencies [2]. The main idea of it is to divide
the adsorption volume into subvolumes by the value of the adsorption rate of a
certain subvolume. Each part of adsorption volume has its own unique adsorption
rate and a unique saturation time for helium. The aim of the work is the analysis
of experimental adsorption dependencies of microspheres or composite adsorbent for
obtaining saturation times for each subvolume.

Integrating the equations of the mathematical model [3] analytical solution for the
problem of helium adsorption by microspheres under the condition of microspheres
parameters dispersed distribution using matrix exponent [4] is acquired. It is shown
that time dependency of helium mass in free volume could be decomposed into the
sum of harmonics and a constant. Number of harmonics equals to the number of
microsphere groups. The harmonics decomposition of experimental data for helium
adsorption by microspheres of di�erent type was made. Characteristic times for ad-
sorption process for di�erent microspheres were obtained.

This work was supported by Russian Foundation For Basic Research (project no. 18-41-

540012), Complex Program of Fundamental Research SB RAS �Interdisciplinary integration

studies� on 2018�2020 years (project no. 0323-2018-0023) and Program of Fundamental

Scienti�c Research of the state academies of sciences in 2013�2020 (project no. AAAA-A17-

117030610134-9).
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Radiation hydrodynamics play an important role in ICF, HDEP. In this paper,
a new cell-centered positivity-preserving pyramid scheme (called P 3-scheme) is pro-
posed for anisotropic di�usion problems in radiation hydrodynamics. It can be re-
garded as a development of the O-scheme [1] for general hexahedral meshes with
nonplanar cell-faces. In the P 3-scheme, the �ux on the nonplanar cell-face is approxi-
mated by the so called e�ective directional �ux. Compared with the O-scheme, the
P 3-scheme is much more robust with respect to the distortion of the meshes, and
has lower cost in computation and storage, hence suitable for the computation of
radiation hydrodynamics problems. Being di�erent from the P -scheme [2], the P 3-
scheme is positivity-preserving and can be applied to anisotropic di�usion problems
[3]. Numerical results are presented to show the performance of P 3-scheme on various
kinds of distorted meshes for problems with continuous and discontinuous di�usion
coe�cients.
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Boundary value problems for mixed type equations are one of the most important
topics of the modern theory of partial di�erential equations. Interest in the degenerate
equations is caused not only by the need to solve applied problems, but also by the
intense development of the theory of mixed type equations. The �rst boundary value
problem for degenerate partial di�erential equations of elliptic type with variable
coe�cients was initially studied in [1]. The research of equations which contains
the Bessel di�erential operator holds a special place in this theory. The study of
this class of equations was begun by Euler, Poisson, Darboux. An extensive study
of B-hyperbolic equations or hyperbolic equations with Bessel operator is presented
in [2]. The boundary value problems for parabolic equations with Bessel operator are
studied in the monograph [3], a rather complete review of the papers, devoted to
boundary value problems for elliptic equations with singular coe�cients is given in
monograph [4].

Let D = {(x, y)| 0 < x < l,−α < y < β} be a rectangular domain of coordinate
plane Oxy, where l, α, β are given positive real numbers, D+ = D ∩ {y > 0},
D− = D ∩ {y < 0}. In the domain D we consider the elliptic-hyperbolic equation

Lu(x, y) ≡ uxx + (sgn y)uyy +
p

x
ux = 0, (1)

where p ≥ 1 is a given positive real number.
We study the following problem when p ≥ 1 for equation (1) in the domain D: we

need to �nd function u(x, y) which satis�es the following conditions:

u(x, y) ∈ C1(D) ∩ C2(D+ ∪D−),

Lu(x, y) ≡ 0, (x, y) ∈ D+ ∪D−,

u(x, β) = φ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ l,

l∫
0

xpu(x, y) dx = A = const, −α ≤ y ≤ β,

where A is a given real number, φ(x), ψ(x) are given smooth enough functions.
We establish the uniqueness criterion and prove the solution existence and stability

theorems. The solution of the problem was constructed explicitly and proof of conver-
gence of the series in the class of regular solutions was built.
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Though Phase-�eld method is young, it has now emerged as a powerful tool in
theoretical and numerical analyses of various phenomena at the meso-scale. In this
talk, we are interested in its applications to the Materials Genome Initiative (MGI).
Thanks to that advanced materials play an important role in economic and national
security and human well-being, then US President Obama launched in 2011 the MGI
that is a novel and multi-stakeholder e�ort so that discovery and deployment of
advanced materials can be signi�cantly accelerated while the cost can be considerably
reduced. Integrated computation is a key tool of MGI, thus mathematical models are
crucial to the success of MGI.

Two new types of phase-�eld models, with an order parameter that is conserved or
not conserved, have been formulated by Alber and the speaker of this talk (see [1�3]),
for solid-solid phase transitions driven by con�gurational forces. They can be applied
to describe martensitic phase transitions in, e.g. smart materials like shape memory
alloys, and to model sintering which is a process in, for instance, powder metallurgy.
Taking as an example, we state our model in the case that the order parameter is not
conserved, which reads

St = −c (ψS − ν∆xS)|∇xS|, (1)

here S = S(t, x) is the unknown order parameter. ψS is the derivative of the free
energy function ψ with respect to S. St denotes temporal derivative of S, and ∆x,∇x

are the Laplacian and gradient operators, respectively. |∇xS| = (
∑3
i=1 |∂xiS|2)

1
2 . The

parameters c, ν are assumed to be positive constants.
Equation (1) di�ers from the famous Allen�Cahn model by the nonlinear gradient

term |∇xS|. If the order parameter is conserved, then our model di�ers, by the term
|∇xS|, from the Cahn�Hilliard equation. This nonlinear term leads to di�culties of
mathematical and numerical studies of these two models. Mathematical investigations
(including the existence, regularity of weak/special solutions to initial boundary value
problems) and numerical simulations have been carried out by Alber, Fang, Kawa-
shima, Ou, Sheng, Tang, Zhao, Zhu, et al., see, e.g. [1�5]. Some open problems are
listed in [5]. Finally we shall also discuss phase-�eld crystal method which can be
regarded as an extension of phase-�eld approach, and has applications to MGI.
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