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Han 0630p paboT, BRIIOJHEHHBIX IO, PYKOBOACTBOM WJIHM MIPH YIACTHH aBTOPA.

IIpesncraBiienbl pe3ysibTarbl TEOPETUYECKOIO U IKCIIEPUMEHTAJIBHOIO HCCJIEI0BA-
HUST HEJIMHENHBIX BOJH W MPOIECCOB MEPEHOCA B CTEKAINUX IJIEHKAX KUIKOCTH U
pusysierax. Teopernueckoe MOJENIVPOBAHNE B OCHOBHOM IIPOBOJIMJIOCH HA OCHOBE WH-
terpasgbaoro merona Kamurer — [lIkanosa. BeiBenensr ypaBHenus By XBOJIHOBOTO TH-
ma. IIpoBesenbr SKCIEPUMEHTAIBHBIE HCCIEI0BAHNA BOJTHOOOPA30BAHUSA B IITUPOKOM
JUaNa30He BOJIHOBBIX [MAPAMETPOB C MPUMEHEHHEM HAJOKeHHbIX Kosebanuii. IIpo-
CTPAHCTBEHHBIE PACIIPEIEIEHUs TOJIUHBI BOJHOBOM MJIEHKH ONMPEIeIsINCh METOIOM
JIA3€PHOI WHIYTTMPOBAHHOM (DJIYOPECIEHIINN, 8 MTHOBEHHBIE TI0JIsi CKOPOCTeH m3Mepsi-
auck meronoM Particle Immage Velocimetry. BoisiBienb Mexann3mMbl nHTeHCHMDUKAIN
MIPOTIECCOB TEIJIO- ¥ MACCOOOMeHa HEeJWHEHHBIMU BOJTHAMHU JJId CIYyYa€B IJIEHOYHOMN
KOH/IEHCAIINY U MCIIAPEHUS WK JECOPOIMH U3 CTEKAIONNX IIJIEHOK YKUIKOCTH.

ITokazano BaAMsAHME TYPOYJIEHTHOTO TA30BOTO TIOTOKA Ha TeHEepaIyio BOIH B TJIEHKE
JKUJKOCTH TIPY PA3IUIHBIX OPUEHTAIMSAX BEKTOPOB CPEIHUX CKOpOCTeil (ha3 oTHOCH-
TEeJIbHO APYT JAPYTa W HAIIPABJIEHUN CUJIbI TSYKECTH, B TOM YHUCJIE B CJIydae HermapaJ-
JIEJTBHOTO JIBUXKEHUsT KUAKOCTH ¥ ra3za. OnucaHa cTpyKTypa MexkdasHol TOBEpXHO-
CTU B KOJIBIIEBOM Ta30KHMIKOCTHOM IIOTOKE, MOKA3aHbI MEXAHW3MbI YHOCA KAIeNb C
rpebuHeit 60JbIIUX BOJIH.

Teoperndecku U KCIEPUMEHTATBHO UCCIEI0BAHBI TPEXMEDHBIE PETYISPHBIE BOJI-
HBI Ha TIPSIMOJIMHEHHBIX PUBYJIETAX, CTEKAIOIINX M0 BePTUKAIBbHON T1ockocTu. Omuca-
HO HOPMUPOBAHUE PUBYJIETOB B HEM3OTEPMUUECKOHN TJIEHKE YKUIKOCTU TIPU HATUIUU
TEPMOKAILISIPHOTO 3P deKTa.

IIpencraBiensl pe3ysibTaThl TEOPETUYECKOTO W DKCIIEPUMEHTAJIBHOIO HCCJIEI0Ba-
HUSI BUXPEBBIX CTPYKTYP THUIA BUXPEBBIX HUTEH, KOTOPbIE (DOPMUDPYIOTCS B 3aKPY-
YEHHBIX TTOTOKAX. PacCMOTPEHO dYeThipe OCHOBHBIX CJIyYasi: 3aKPYYeHHBIH MOTOK B
TAHTEHIMAIBLHON KaMepe; 3aKpyIYeHHAsT M30TEPMUYECKAs CTPYS; 3aKPYyYEHHOE TLTaMS;
3aKpyJIEHHDBIH MOTOK B KoHMYIecKoM auddy3ope. B tanrennmaabuoit KaMepe obHAPY-
JKEHBbI U ONMHUCAHBI CJIEYIOIINe sBIE€HUs: (DOPMUPOBAHNE YCTONYNUBBIX KOHIIEHTPHPO-
BAHHBIX BUXDEU THIIA BUXPEBOIl HUTH KaK IPSIMOJMHEHHBIX, TAK U CIHPAJIBHON (op-
MBI, BKJTFOYas IBOHHYIO crimpasib. Onucana Mperneccus BUXPEBOTO SIpa U PA3TUIHOTO
Tuna Gerymue BO3MYINEHUS, TAKNe KaK BOJTHBI KenbBruHa U cOMMTOH XACHMOTO.

WN3y4ensr BuxpeBbie CTPYKTYPBI B 3aKPYIEHHBIX M30TEPMUIECKUX CTPYAX U ILIa-
mern. Onucano bOPMUPOBAHUE CIOKHBIX CHCTEM KOJBIEBBIX M CIHPAJIbHBIX BHX-
peii, npeueccuu BUXPEBOI'O 4/Ipa U Pacrnaji BUXPsA, KOTOPbIA U 4BJIAeTCA IIPUYUHON
bOpMUPOBAHUS CIIOXKHON CTPYKTYPhI TeueHus. [IpUBEIeHBI PE3yabTATHI UCCIEI0BA~
HUs TmporeccoB of vortex reconnection Ha BUXPEBO# CHUpAIbHON TPYOKe, KOTOpas
dopmupyercs B 3aKpydeHHOM TeueHuu B KoHmdueckoMm muddyzope. [lokazano, 9To
vortex reconnection MO)XXeT TIPUBOAUTH K OOPA30BAHMIO KAK M30JMPOBAHHOIO BUXPe-
BOIO KOJIBITA, TAK U KOJIBIIA, 3AIEIICHHOr0 ¢ 6a30BOM CIUPAIbHON BUXPEBOi TPyOKOii.
Omnucan psim ocoberHOCTEH TpoItecca of vortex reconnection, BKrrouast 3 MEKTHI acM-
MeTpUM, TEHePAITnio BOH KenbBruHa u hOpMuUpOBaHUe PAa3HOOOPA3HBIX OpUIKe.
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CIIEKTPAJIbHBIE IIOPTPETbBI 11 PACIIPEJIEJIEHNA
COBCTBEHHDBIX SHAYEHUU CJIVHAVUHBIX MATPUI]

Anrekapen A. .

Huemumym npurasadnoti mamemamuryu um. M. B. Keadviwa PAH,
Mocxesa, Poccus; aptekaaQkeldysh.ru

IMongarue e-cnekrpa (cnekrpanbaoro noprpera) marputib 66110 Beeaeno C. K. To-
JIYHOBBIM. DTO MHOYKECTBO KOMILIIEKCHOM TIJIOCKOCTH, 3aHUMAEMOE COOCTBEHHBIMU 3HA~
YEHUSMU MATPUIILI [TPU €€ BO3MYINCHUN MaTPUIAMU MaJsioil HopMbl. Mbr obcyaum (B
npocTeiiieM BapuaHTe) 3a1a49y 00 M3MEHEHUU CIIEKTPAILHOTO MOPTPETA [IPpU COMUKE-
HUY COOCTBEHHBIX 3HAYEHWI MCXOTHOUW MATpuIlbl. B KayecTBe mpumepa paccMOTPUM
pacmpesienieHe COOCTBEHHBIX 3HAYEHUI IPMUTOBON MaTPHUIIBI IPH BO3MYIIEHUH €€ -
MHUTOBBIMH MATPHUIAME C TAYCCOBBIMU CIYIANHBIMA SJIEMEHTAMHU.
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HEJIOKAJIBHBIE ITPOBJIEMbI ACUMIITOTIYECKNX
METO/J10B TEOPN BOSMVYIIEHNN

Besounocos B. C.12

L Unemumym mamemamury um. C.JI. Coboaresa CO PAH, Hosocubupcx, Poccus;
2 Hosocubupcruti zocydapemeennvidi ynusepcumem, Hosocubuper, Poccus;
bvs@math.nsc.ru, belonosovQacadem.org

JIoKJ1a 1 TIOCBSIIEH MCCAEIOBAHUSIM, HHUIIMUPOBAHHBIM TTPOOIeMaMy WHTEHCU)U-
Karmuu A00bran HepTH TIPHU CIabbIX, HO JAANTENbHBIX BHOPAIIMOHHBIX BO3IEHCTBUIX.
OTH TEXHOJOTUH YCIEIIHO MPUMEHSIOTCH yXKe MHOIO JIET, OJHAKO OCTAIOTCA B 3HAYUH-
TenbHOM crenenu svnupuieckumu. Ha pydexke XX—XXI BeKOB MeXK TUCIUILTMHAPHBIM
unayunsiM kojimekTusoM CO PAH mox pykososgctsom A. C. Ajiekceesa 6blia paspabo-
TaHa KOHIENINs, 00bACHSIONAs MapaI0KCAIHLHOE OBBIIEHNE TPOIYKTUBHOCTH Hed-
TSHBIX MECTOPOXKICHUI TPU UX BOJHOBONH CTUMYJISIIIUHU SIBICHHEM TAPAMETPUIECKOrO
pezonanca [1]. O6ocHoBanue KoHuennuu 6azupyercd Ha KiaaccuueckoM merone Kpbi-
JoBa—BororoboBa aCUMIITOTHYECKUAX PA3JIOKEHHIT 110 CTEHEHAM MAaJIOr0 MapaMerpa
[2-3], npuMeHeHe KOTOPOTO OCJIOKHSIETCS €70 JIOKATHHBIM XapakTepoM. B pesynbrare
YCPEIHEHUsI MOIYYaioTCs aBTOHOMHEBIE nmudbepeHImaibHble YPABHEHUS, TPUOTKEH-
HO OIHUCHIBAIONINE OCOOEHHOCTH TOYHBIX PEIEHW — CTAIMOHAPHBIE TOYKHU, ITUKJIBI,
YYIaCTKH cemapaTpuc u T. . Boobime roBopst, 3Tr 0COOEHHOCTH TOXKE 3aBUCAT OT Tapa-
merpa. IIpu ero yMeHbIIEHUH OHM MOTYT BBIXOJIUTDH 3a Hpemesibl obmacreil, riae ycra-
HOBJIEHBI OIEHKU TOTPEITHOCTEN TPUOINKEHUI, TPUBOAS K TOTepe 3D DEKTHBHOCTH
MeTOIa YCPEeJHEHNH.

Jauuyo mpobieMy MOXKHO MPEOIOJIETh, €C/IU TaK MOTUMPUIIAPOBATH METO, YTOOI
¢da30BbBI TOPTPET YCPEIHEHHOTO YPABHEHN HE 3aBUCES OT MAJIOTO MapaMeTpa, HO Mo-
MIpeKHEMY OTpakaJjl XapaKTepHble 0coOeHHOCTH perneHnii. B obiem Buae dTa 3a7aqa
jgocratouno ciaoxkua. OQHAKO ee yIAeTcs: PeuTh JiJisi UMEouX OOJIbIIoe MPUKIIA/I-
HOe 3Havenue 0000TIeHHbIX ypasHeruit Marné — Xunma u” (t) = —A%u(t) + eF(t,u) B
KOHEYHOMEPHOM EBKJIUIOBOM MPOCTPAHCTBE. 37eCh A — caMOCONPSIKEHHBIH JIMHEH-
HbBIl TIOJIOXKUTEJBHBIN O1IepaTop, € — MaJblii napamerp, F'(f,u) — MHOrodUIeH OTHO-
CUTEHHO KOMIIOHEHT BEKTOPA U C TIOYTH MEPUOIAUECKAME 110 ¢ KOIPDUIIHEHTAMHU.
[Ipeanaraercs BBINOJHUTH 3aMEHY MEPEMEHHBIX U = €%, a 3aTeM BOCIOJIb30BATHCS
MeTonom yepenuenus Kpoutosa— Boronrobosa. [Tpu moaxomsiinem BoIOOpe TOKA3ATEs
Q¥ CTENEHU YCPeTHEHNs , OIIPEIe/ICHHBIMY CTPYKTY POl Muorowiena F (¢, u), ¢pazosbrit
TOPTPET YCPETHEHHON CUCTEMBI JIeHCTBUTENBHO HE OyaeT 3aBuceTh 0T €. Kpome Toro,
yCpeJHeHHas crucreMa 00JIaaeT WHTePECHBIMU HOBBIMY CBOMCTBAMU, JEJTAIONIAMHA e
MOXOXKeH HA TaMWJIBTOHOBY. B HOKJIa/e MOJABEEHBI UTOIM YTOTO UCCJIEOBAHMS.
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YN CJIEHHOE PEIITEHNE OCECUMMETPUYHON
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TTocTpoeH NPUHIMIMAIBLHO HOBBIH HEHACKHIIAEMBIH [1] METO/T YMCIeHHOTO pellieHnst
zagaan dupuxsie — Hefimana mqyia ypasaenns Jlanaaca, mo3BOILIONTUN aBTOMATHIECKT
3a CYET TJIAJKOCTU OTBICKUBAEMOTrO PEIEHNs YIUTHIBATH CIENN(PUKy OCECHMMETDPUY-
HOI TIOCTAHOBKM 3TOH 3a/Ia4H, MPEMsATCTBYIOEH HCIOJb30BAHUIO JTIOOBIX HACHIIIAE-
MBIX (C TJIABHBIM 9JIEHOM MOIPEITHOCTH) BBIYUCIUTENBHBIX METOIOB.

OTnauTenbHOM YepTOil HEHACHIAEMOr0 YHUCJIEHHOIO METO/Id, SIBJISETCS OTCYT-
CTBUE IJIABHOTO YJIEHA TOTPENTHOCTH, U KAK Pe3yIbTaT — CIIOCODHOCTH ABTOMATUIECKH
[OJICTPAUBATHCA K JIIOOBIM M36BITOYHBIM (IKCTPAODIMHADHBIM) 3alacaM [IaJAKOCTH
pewenwuit. [ToayueHHbiil pe3ysbrar nIpuHIMIKAIEH, 100 B ciay4dae C °C-ryajikux peiie-
HUI 33134, TOCTPOEHHBIN METOI peann3yer abCOMIOTHO HEYITYIITAeMy 0 IKCITOHEHITH-
AJIBHYIO OIIEHKY TTOTperHocTH. HeyaydimaeMocTs OIeHKu 00YCI0BIeHa, aCHMITTOTHKOM
AJIEKCAHIPOBCKOTO N-MOMEPEIHNKa KOMIakTa C' *°-TyIaIKuX pernennii. 9Ta aCuMIITO-
THUKA TaK>Ke uMeeT BuJ yObIBAIONIEH K HY/IO (C POCTOM IapaMeTpa 7) SKCIOHEHTHI.

MareMaruaeckoil OCHOBOM JJsT INCAEHHOTO HCCIETOBAHNS YKA3AHHON 33341 SIB-
JISIOTCS pe3yNbTaThl paboT aBTopa [2-6].

JINTEPATYPA

1. Babenko K. H. Ocuosbl uucnensnoro anasu3a. M.: Hayka, 1986.

2. Besbix B. H. K upobJieme 4uc/IeHHON peain3aluyi UHTErPAJIbHbIX OLEPATOPOB OCECHM-
MeTPHYHBIX KPAeBbIX 331a4 (anropurMsl 6e3 Hachlmenust) // Ydbumck. mar. xyps. 2012.
T. 4, Ne 4. C. 22-37.

3. Beubix B. H. O6 3BoJOIMU KOHEYHOI'O 00'beMa 1 Iea/IbHON HeC2KUMMaeMOR 2KUJIKOCTU CO
cBoboHoM mosepxHocThIO // ok, AH. 2017. T. 473, Ne 2. C. 650-654.

4. Besprx B. H. KoppeKTHOCTS O/THOM HECTAITMOHAPHON 0CECUMMETPUTHOMN 3a1a9H THIPOIN-
HAMWKH CO CBOGOAHOI nmoBepxHocThio // Cub. mar. xypHa. 2017. T. 58, Ne 4. C. 728-744.

5. Beapix B. H. O KOJIMOTOPOBCKO# £-3HTpOMUN OmHOTO KommakTa C “°-raagkux Herepu-
ommyeckux ¢yukuuii (k npobieme K. V. Babenko) // Hoxks. AH. 2018. T. 482, Ne 2.
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Teuenus njaa3Mbl B KaHajgax, 0Opa30BAHHBIX KOAKCHAJILHBIMU 3JIEKTPOIAMH, IO-
CTOSTHHO TPEJCTABJISIOT TEOPETUYECKUA W MPAKTUIECKUN WHTEpEeC KaK MUHUMYM B
JBYX 0DJIACTAX TPUIOXKeHu#. Bo-nmepBbIx, MAarHnTOra30aunHaMIIecKoe 0600IIeHre COom-
sa JlaBasig ¢ mapameTrpaMu CKOPOCTH U SHEPIHH [TOTOKA HA BBIXOJIE, HA MOPSIKHU IIpe-
BOCXO[ISAIIMMHU UX BEJUYUHBI B 2KHUJIKOCTHBIX DEAKTUBHBIX JIBUIATENSAX, U, CIEIOBA-
TeJIbHO, TTEePCIEeKTHBA Pa3pabOTKN M CO3/aHUs JEKTPOPEAKTUBHBIX JBuraresneii. Bo-
BTOPBIX, 00PA30BaHNE 30HBI KOMIIPECCUU — YCTONYIMBOH 061aCTH CKATO ¥ HATPETOH
ILTA3MbBI HA OCH KAHAJIA C YKOPOUYEHHDBIM [IEHTPATBHBIM JIEKTPOIOM 32 TPUMBIKAOIIEH
K HEMY KOHHYECKOH yIAapHON BOJTHOH. fIBIE€HNE KOMIIPECCHHM MOXKET HMETh IePCIeK-
TUBY IIPUJIOXKEHUH B IPOOJIEMAX YIPABIAEMOIO TEPMOIEPHOIO CHHTE3A, B KOTOPBIX
TIPOIIECCHI HATPEBA U YAEPKAHUS JIOTHOM TOPSYeil Ta3Mbl MATHUTHBIM [TOJIEM SIBJTSI-
I0TCSI OCHOBHBIM O0HEKTOM HCCJIETOBAHNUIA.

Teoperudeckue 1 SKCHEPUMEHTAJIbHBIE HCCIEI0BAHUS TEUYEHUH NJIa3Mbl B KaHa-
JIaX MMOCTOSHHO COMTPOBOXKTAIOTCA U JTOTIOJHSIOTCS MATEMATHIECKAM MOJIEINPOBAHUEM
u pacyeraMu B OOJbIIEX 0ObEMAaX C MPUMEHEHHEM COBPEMEHHOH BBICOKOIIPOM3BOIU-
TEJIbHOM BBIYUCIUTENBHON TexHuku. Kparkuii 0630p paboT MO YHCTEHHBIM MOIEIAM
YCKODEHHs IJTa3Mbl B KaHAJIAX CONEPKUTCA B craThe [1] ¢ HeoOxoaumoii Gubanorpa-
bueii.

B nmokname mpemmonaraercs m3J10KUTh COBPEMEHHBIN B3TUISA HA UHUCICHHBIE WC-
CJIeZIOBAHUS KOMIIPECCHY U PE3YJIbTATHI PACYETOB, BBHITOJTHEHHBIX B TIOCIEIHEE BPEMS
C LEJIbIO OIPEJIEJIUTh €€ 3aBUCUMOCTb OT I'€OMETPHH KAHAJIA U [IaPaMETPOB 33/1a4H.
JBymepubie (ocecummerpuunbie) MIJI-3a1a49u pemieHbl YUCIEHHO METOIOM KOPPEK-
MU TIOTOKOB. YCTAHOBJIEHO, 4TO 3(DHEKTUBHOCTH C:KATHsI U HAIDEBA IJIA3MBbI TTOBbI-
IIIAETCsT C POCTOM ILJIOIIAIH TIOIIEPEYHOrO CeUeHUsl KaHasIa U BeJUIMHBL TOJIHOTO 3JIE€K-
TPUYECKOrO TOKa B cucreMe. [IpucyrcrBue B Kanaje mpomoasHOrO MATHUTHOTO IO,
CO3AHHOTO BHEITHUMHU TPOBOIHUKAME, ociabiisger adderT koMupeccun. 1ol xKe Te-
Me TocBsileHa mybankyemasi B 2019 . crarbst [2].

Pa6ora BhinosiHeHa nipu ¢unancoBoi nognepxkke PHD (upoext Ne 16-11-10278).
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Mg paccMOTpUM BaKHEHTIIHEe KWHETUYECKHWE YpaBHEeHUd: ypaBHeHne boabiimana,
KOTOPOE OMHCHIBAET KOPOTKOMEHCTBUE W ero BaryKHelllee MPUIOKEHHE — TeOpeMy O
Bo3pacranuu suTponun (H-reopema). H-reopema Buepsbie 6bu1a paccmorpena Bosbir-
MaHoM B [1]. DTy Teopemy, 060CHOBBIBAIOILY IO CXOAMMOCTD PellleHuil ypaBHEHUH THIIa
BonbiiMana K MaKCBEIIOBCKOMY pacIpeaeaeHnio, BoabIiMaH ¢BA3aJ ¢ 3aKOHOM BO3-
pacrauust saTporun [2]. Pabora [3] Grita epBOii MO THCKPETHBIM MOJIENISIM YPABHEHH ST
BonbiMana B HaImel crpame, ¥ MBI PACCKAYXKEM O PA3BUTHUHU HAEH 3TOH paboThI [7712].
Msu1 paccmarpuBaem 0600IeHNS YPABHEHUN XUMWYIECKON KUHETUKY, BKIOYAIONIAE B
cebsl KIACCHYIECKYI0 M KBAHTOBYIO XuMudecKyto kunetuky [10]. PaccmarpuBaem ypas-
nenne BiacoBa, KOTOpoe OMUCHIBAET JAIbHOIEHCTBHE C €€ BAXKHEHIITNMHA TTPUI0KEHN -
MU JJIs ONIMCAHUST TIIA3MBI U KPYTHOMACIITAOHBIX STBIEHUN BO BeeleHHol 1 ypaBHeHue
JIuyBUILIS MM HEPA3PBIBHOCTH € TIPHJIOKEHUSIMH K CTATHCTHIECKOH MexaHuke [4-9]
u B Meroge lamunbrona — Akobu [6-7]. Ypasuenuwe Bracosa — Makceenna — Ditn-
mITeifHa, KOTOPOe OMHCHIBAET IBOJIONUI0 BeeaeHHoi u JOMKHO OMUCHLIBATH TEMHYIO
SHEPrui0 U TEMHYIO Marepuio [12].

JINTEPATYPA
1. Boasngman JI. [laspHeiinme ucciieJOBAHNS TEIIOBOIO PABHOBECUS MEXKJY MOJIEKYJIaMU

ra3a. V36pannsre Tpyast. M.: Hayka, 1984. C. 125-189.

2. Boaprman JI. O ¢Bsi3u MeXK/1y BTOPBIM HAYAJIOM MEXAHUIECKON TEOPHUH TEILIOTHI M TEO-

pueii BEpOsITHOCTEH B TeOpeMax O TEIJIoBOM pasBHoBecwu. VI30pannsie Tpyapl. M.: Hayka,

1984. C. 190-235.
3. I'onynos C. K., Cynranrazun Y. M. O quCKpeTHbIX MOJE/IAX KUHETUIECKOrO yPDaBHEHUS

Boabnmana // Yemexu mar. mayk. 1971, T. 26, Ne 3. C. 3-51.

4. Ilyankape A. 3aMeduanusi 0 KHHETUIECKOM Teopuu ra3os. V36pannsie tpyabl. T. 3. M.:
Hayxka, 1974.

5. Koznos B. B., Tpemes /I. B. Cabast CXOOUMOCTh pelleHwil ypaBHeHus JInmyBuiuisa mist
HEeJIMHEeHHBIX TaMUIbTOHOBBIX cucteM // Teop. mar. dm3. 2003. T. 134, Ne 3. C. 388—400.

6. Kosso B. B. O6uasa reopus Buxpeii. Vxesck: U3a-Bo Yamyprckoro yu-ta, 2013.

7. Begensanunu B. B. Bpemennsie cpeguue u sxcrpemanu 10 Bomsnmany // Joxa. AH. 2008.
T. 422, Ne 2. C. 161-163.

8. Amxmnen C. 3., Bexenssnna B. B. BpemeHnnble cpemHne u 3KCTpeMasn BoJsbIMaHa jist
MapKOBCKHX IleIel, AUCKPeTHOro ypaBHeHus: JluyBuiuis u Kpyrosoii monemu Kama //
2Kypn. Berauca. maremaruku u mar. dbusuku. 2011. T. 51, Ne 11. C. 2063-2074.

9. Beaensimuu B. B., Ampxnes C. 3. Durponus no Bombsumany u Ilyankape // Yenexu mar.
nayk. 2014. T. 69, Ne 6. C. 45-80.

10. Benernsmma B. B., OpJjos FO. H. O 3akoHaxX COXpaHEHUs s TTOJTUMHOMUAIBLHBIX TaMUJIb-
TOHUAHOB W ISl MCKPETHBIX Mozeneil ypasaerns Bosbrvana // Teop. mar. dum3. 1999.
T. 121, Ne 2. C. 307-315.

11. Benernsnua B. B. Kunerudeckue ypaBuenus Bosbrivana m Baacosa. M.: @usmariut,

2001.
12. Begensinun B. B., @uvmun H. H., Yeuerkun B. M. O6 ypaBaenun Bnacosa — Makcsesna —

DiiHnITeliHa U €ro HEPEJATUBACTCKUX M CJIa00PEeIaTUBUCTCKUX aHaJsorax. lIpenpurrTs
UIIM um. M. B. Kengpimra. 2018. Ne 265. 30 c.
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CucreMbl 3aKOHOB COXPaHEHHUs TUTEPOOTHIECKOrO THITA, MOTYT ObITH MPUBEIEHBI K
T. H. XapaKTepUCTHIECKOi popme. g XapaKTePUCTUIECKUX YPaBHEHNH BIOJIb JTI000-
0 MPOCTPAHCTBEHHOTO BEKTOPA BBITOIHSIETCS MPUHIIATT MAKCUMYMa, TTOPOXK TAIOIITHI
T0JIe BHYTPEHHUX MaXKOpaHT. [Ipu gucieHHOM pereHnn TunepOOIndecKuX ypaBHEeHUH
10 KOHCEPBATUBHBIM PA3HOCTHBIM CXEMaM, IOTyIaeMbIM METOA0M KOHETHOTO 00bheMa,,
JUCKDETHBIE AHAJOTH BHYTPEHHUX MAKOPAHT HE COXPAHAIOTCS, YTO MPUBOJAUT K Ha-
PYIIIEeHNI0 MOHOTOHHOCTH YUCJIEHHOTO PEIeHns. BbIYuCIUTETbHBIE AJTOPUTMbI, OCHO-
BAaHHBIE HA METO/IE XaPAKTEPUCTUK B 00JIACTAX TJIATKOCTH, TAIOT PEIIEHNs, YOBIETBO-
PSIOIIHE JIOKATbHBIM BHYTPEHHUM MaYKOPAHTAM, HO HE YIOBJIETBOPSIOT yeaoBusaM [ -
TOHMO Ha, paspbiBax. Q0beauHeHNe TOCTONHCTE KOHCEPBATUBHBIX U XapaKTE€PUCTAYE-
CKHUX aJITOPUTMOB IOCTUTAETCH B T. H. KOHCEPBATHUBHBIX CETOYHO-XAPAKTEPUCTHIECKUX
cxemax (KCX, B. M. Tonosuzuuu, B. H. YerBepyukun).

JoKaa IOCBAIEH OCODEHHOCTSAM OaIaHCHO-XaPAKTEPUCTHIECKHX PA3HOCTHBIX
cxXeM, B 4ucyI0 KOTOphIX BXoauT cxemMa KABAPE u o6mupHbIil KJ1acC KOHCEPBATHBHBIX
CETOYHO-XaPAKTEPUCTUIECKUX YPABHEHWH.
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s pabor mag “YpaHoBoit mpobsieMoit”, TaK IepBOHAYAIBHO HA3BIBAIUCH PAOOTHI
10 CO3JIAHMIO ATOMHBIX, & 3aTEM U BOJOPOIHBIX O0MO, ObLIN IIPUBJIEYEHBI BBIIAIOIINE-
cs1 yaenbie cTpanbl. OCHOBHBIE PAOOTHI TIO PA3PAOOTKE W KOHCTPYUPOBAHUIO ATOMHBIX
60M6 ¢ 1948 r. nporoguuck B KB-11 npu Jlaboparopuu Ne 2 AH CCCP. Coznannnie
OCHOBHBIE TEOPETHYECKHE MOIEJHU 10 Ta30AMHAMUKE, IEPEHOCY HENTPOHOB, SIepPHO-
MY TOPEHUIO U MEPEHOCY TEILJIOBOH IHEPTUHU TOTPEOOBAIN PASBUTHS BHIYUCIATETHHBIX
METOJOB U BBIYMCIUTENbHON TexHuku [1-3]. B pasBurun BBIYMCIUTENBHBIX METOJIOB,
Koropble Obuin Ha4darel B 1948 1., nmmonepckue pabOThI MPUHAIJIEKAT KOJLUIEKTUBY
UIIM AH CCCP, sosrimaeasiemomy M. B. Kemaprimem. OqaumM u3 COTPYIHUKOB OT-
nena UIIM, koropoim pykosoaui K. A. Cemengsies, 6o11 Cepreit KoncranTunosud
Tomyuos. B noknaze npeacrasaens paborel C. K. TomyHoBa 0 TpeMm HAapaBIEHUSIM.

IlepBoe HampaBieHue CBA3aHO C PA3BATHEM METOJOB PEIle€HUs] OJHOMEDPHBIX 3a-
Jlad ra30BOI AMHAMMKY JJis pacyera ckarus cjaouctbix cucreMm [4]. Ilepsbie pacyerst
cKATUs CPePUIECKUX CHUCTEM MPOBOIUINCH PYUHBIM CIIOCOOOM METOIOM XapPaKTEPH-
cruk. C TOSB/IEHWEM BBIYHUCIUTENBHON TEXHUKU BCTAJIA 3371493 00 aBTOMAaTHU3AIAN
erancsiennii. Cepreem KoucranruroBudem ['0nyHOBBIM ObLT TPEIIOKEH PA3HOCTHBIHN
METOJI, OCHOBAHHBII Ha PEIIEHUU 3a/Ia91 O PACIA/IE PA3PbIBA, OJYYUBIINNA B JAJTbHE-
meM Ha3BaHne — MeTos L'ogyHoBa. Ilo pesyabraTram 3Toit paboTs! nM ObLTA 3aIKAIITEHA,
kamaugarckad gucceptamus. Iloa pykosoacrsom C. K. TogynoBa mist pemienus ogHO-
MEPHBIX 33,129 Ta30BOM THHAMUKU HA 00bEKTe ObLIT CO3MAaH P/l PACIETHBIX METOIUK
¥ TIPOTPAMM, B JIATDAHXKEBBIX W IUJIEPOBBIX MEPEMEHHBIX, UCIOJB3YIONIAX PENeHne
3a7a4M O paclaje pa3pbiBa JJis onpejenerus norokoBbix seanudun [5]. C.K. Tomy-
HOBBIM ObLT Pa3pabOTAaH HOBBIN BAPHUAHT METOA XaPAKTEPHUCTUK, B KOTOPOM Dacder
IIPOBOIUJICS B MHOTOOOIACTHOMN MOCTAHOBKE 110 CJIOSIM. Tako#t crrocod mo3BOJIMIT aBTO-
MATU3UPOBATH BBIUUCIEHUS Ja’Ke C YIeTOM ITePECeveHnsl YAAPHBIX BOJH. BaKHbIMU
paboramu C. K. l'onyHoBa ObLIM HCC/IeI0BAHNS ABTOMOIE/IBHBIX pelenuit 3amaqu Ko-
U 771 YpaBHEHUH ra30BOf TUHAMUKY JJis CDEPUIECKUX CUCTEM. DTO BBI3BAHO TEM,
9TO OJTHOM M3 BAXKHBIX XaPAKTEPUCTUK MPH CKATUU CPePUIeCcKuX 0D0I0UEK SIBIAETCI
omnpeaeneHne BpeMeHn (POKyCHPOBKH. PermeHunio 3a1adm 0 CXOXKIEHUH Ta30BbIX 000-
JIOUEK TOCBAIIEHO Oosbiioe uncyao uccnenopanuii. Papora C. K. logynosa siBisiercst
HEKOTOPBIM WTOIOM THX HCCJenoBannii. B pabore ObLIO MOKA3aHO, YTO [T TA30BBIX
000/I0YeK aBTOMOIEIbHASA 33,1393 MMEeT HE €JIMHCTBEHHOE DEIeHWE W BCE DPENTeHus
comepsKaT CaabbIi Pa3phIB.

Bropoe nampassienwe, KOTOpOE pPAa3BHBAJIOCH HA OOBEKTE IO/ PYKOBOICTBOM
C.K. TonyHoBa, CBS3aHO C pacueToOM 3IHEeproBblmenenus usmenuii [7, 8]. Ha nauamb-
HOM 3Talle WUCCIeNOBAHUI B OTCYTCTBUM BBIUYHUCIUTEBHON TEXHWKW STUM HADPABJIE-
HUEM 3aHMMaJsach rpymnna, sosrnapiasemas JI. JI. Jlawnay [1]. Pesyaprarom pabors
aTol rpynnbl gaBuioch cozpanue reopun KITJ wzmenua. C mosiBieHHMEM BBIYHCIIH-
TEJIbHOHW TEXHUKHU BCTAJ BOIPOC 00 aBTOMATHU3AIMAY PACYETA YHEPTOBBIIEIEHU W3/Ie-
smit. Bosbioe qucsio padbor mo pa3paboTKe METOI0B PacdeTa SHEPrOBbIICTCHUs ObLITH
BBIMOTHEHBI coTpyaankamu NUIIM, B uucie koroperx Obi1 u Cepreit KoncranTusOBUMY.
Nwm Obuta paspaboTana OpUTrHHAIBHAS METOAUKA ONPEIETIEHUS KPUTHIECKUX TAPAMET-
POB B C(PEPUYECKUX CHCTEMAX METOMOM CHEPUIECKUX TaAPMOHUK B MHOTOTDPYIIIIOBOM
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npubinzkenun. MeTomka OCHOBaHA HA PEJCTABICHUNA PELICHHs] B BUIAE MATPUYHBIX
psnoB. Jljas obmacTeil, yIaJeHHBIX OT MEHTPA, UCIOJb3YIOTCs ODBIYHBIE psambl Teii-
jopa. Jlns obnacreil MeHTpa MPEJIOKEH MIPUEM, ePEBOISIINi PelleHne CUCTEMBI B
pelleHre CUCTEMbI YPABHEHUH € TIOCTOAHHBbIMU KO durimentamu. g moCTpOEHHOM
KPaeBoiil 331241 IJI CUCTeM OOBIKHOBEHHBIX AupepeHInaaIbHbIX YPABHEHWH UM ObLI
paspaboran u 060CHOBAH METOJ, OPTOrOHATBLHON TPOTrOHKH.

Tperwbe HampapaeHue, KOTOpoe, coBMecTHO ¢ corpynuukamMu WIIM, magamo pas-
BUBATHCA HA OOBEKTE C MOSBJIEHUEM BBIYUCIUTEIHLHON TEXHUKH, CBS3aHO C CO3Ia-
HUEM [BYMEDPHBIX METOIWK pacyeTa 3a/ad ra30Boit muHamwukw. [log pykoBomcTBOM
C.K. Tl'ogynosa 6b11u pa3paboTaHbl METOIUKH B MTOIBUKHBIX MIEPOBBIX CETKAX C BbI-
JIeJICHEeM OCHOBHBIX OCOOEHHOCTEH PEIeHus : JBUKEHNE YIaPHBIX U JeTOHAIIMOHHBIX
BoiH [6]. Co3manue STHX METOAMK TO3BOIMIO YIECTh HEOMHOMEPHOCTb KOHCTPYKITHI
Ha, TIPOIECChl cKaTus. [lepBbie nByMepHBIE METOAUKHU ObLIH HAMKMCAHBI B MAITUHHBIX
komax. C mosiBjieHreM aJIrOPUTMUYECKUX S3BIKOB ITPOrPAMMHUPOBAHUS MO, PYKOBO/I-
creom C. K. TomyHnoBa cram pasBuBaTbCd METO pPacdeTa JBYMEPHBIX 3a7a4 Ta30BOM
JUHAMWKH B MPOU3BOJBHBIX KPUBOJIMHEHHBIX KOOPAWHATAX. BarKHBIMHU DJIEMEHTAMU
B TOM METO/IE SIBJLIOTCH AJTOPUTMbI MOCTPOEHUs U JeOPMAINU KPUBOJTHHEHHbBIX
pasHocTHBIX ceTok [9]. Ha ocHore pasHocTHOI cxembl ['ofyHOBa Ha 06beKkTe OBLIN CO-
37aHBI DSl IBYMEPHBIX U TPEXMEPHBIX METOIWK PACUeTa yIapHO-BOJHOBBIX MPOIEC-
coB B paznnuHbiX cpenax [10]. Meron 'onyHosa siBisiercst 6a30BbIM METOIOM B TTAKETE
uporpamum uHxkenepuoro ananusa JJOIOC [11] mus pacyera BHENTHUX ¥ BHY TDEHHUX
TEYCHUI.

Cepreit Koucrantunosnu l'onyHoB gacto ObBas Ha 00bekTe. MuOTHE pabOTHI OBI-
JIA BBITTOJTHEHBI COBMECTHO ¢ coTpyauukamu obbekTa. llom pykosomcreom C.K. To-
JyHOBa, ObLJIa MOATOTOBJEHA W 3amuiteHa Mzabemmoit AnekcanapoBuoit Amamckoii
KaHIXIATCKAS IUCCEPTAINSA M0 OOOCHOBAHMIO METOAA ChepruecKuX rapMOHMK. Mo-
worpadwus, nanucanuas C. K. Tonyrosbim coBmectro ¢ C. B. Pabenbkum, “Beerne
B TEOPHIO PABHOCTHBIX ¢XeM’ ObLJa Ha IPOTAXKEHHH MHOTHX JIET HACTOJIbHBIM yIeOHHU-
KOM MareMarTukoB. CO3MaHHbIE MO, er0 PYKOBOACTBOM METOIWKY U MPOrPAMMbBL ObLITH
OJIHUM W3 OCHOBHBIX WHCTPYMEHTOB, C MOMOIIBIO KOTOPBIX PA3pabAThIBAJIUCEH STEPHBIE
u TepMosiiepHbie 3apsbl B 50 u 60 rogax [5].

Corpynuuku @IVII “POAI-BHUND®” nozapasasiior Cepres Koncrantunosu-
43, JKEJAT eMy OCYIIECTBICHUS HAMEYEHHbIX [JIAHOB, 3J0POBbsl U OJIArONOJY YHsl.
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Bremmosiaen anaus rainieeBo-MHBAPUAHTHBIX TEPMOJIMHAMAIECKY COTJIACOBAHHBIX
3aKOHOB COXPAHEHMUs, JOMYCKAIOMINX KIacC 0O0OIEHHBIX pemtennii. I maBHasg ocobeH-
HOCTb PAacCMaTPUBAEMBIX B CTaThe ODOOIIEHHBIX PEIIeHUH COCTOMT B OIMUCAHUU IIO-
Teph TOJHOTO JABJIEHUsI, COMTPOBOXKIAIONINX IUHAMUYIECKUN TPOIECC TOIBOIA TEIIA.
[IpuHIMIMATEHBIMEA CBOMCTBAMY MPH TTOCTPOESHUH ODODOIEHHBIX PENIEHUl SBISTIOTCS
paccmarpuBaeMast B paborax C. K. T'ogyHosa [1, 2] rajuseesa HHBAPHAHTHOCTH U TEP-
MOJIMHAMHUYECKAS COTVIACOBAHHOCTH MCXOIHBIX 3aKOHOB COXPAHEHUS TIPU MaTEMAaTHIe-
CKOiT (POPMyYIMPOBKE TEIIOBOrO mporecca. llcyepnbiBaroiiee 03HAKOMJIEHHE C OCHOB-
wbivu uieavu C. K. TogynoBa 1o maHHOMY BOIPOCY MOXKHO HOJYYHTb 110 3alACAM
cemunapos MUAH um. B. A. Crexiiosa, JIETKO JOCTYITHBIM O WHTEpHETY [3, 4].

WNzBectHO, 9TO KJIacC ODOOINMEHHBIX DEIIEHUN MOMUMO TPAIAITHOHHBIX KJIACCHUIE-
CKUX TJIQJIKAX PENIeHuil BKJOYaeT COOTHOINEHWS HA Pa3pbiBax. B HameMm ciydae
IpY HAJIMYNUN TEMJIONOIBOIA KIacC ODOOIIEHHBIX DEeIeHnil KBA3UINHEIHBIX YPaBHe-
Huil TepMoguHaMuKy paciupsercd. OQHAKO MOCTAHOBKA TPOBIEMbI PACCMATPUBAET-
Cs JIATID J1j1sT HeOOMBIION TpocTeiinieil YacTu (DeHOMEHOJTOTHIECKOH TEPMOINHAMUKN
(6e3 xuMUYecKUX peakiyil, (pa3soBbIX Nepexoaos u T. 1.). Oupenenstonmmu (hakTopa-
MU aHAJU3UPYEMBIX ODODIIEHHBIX PeIeHnii OyAyT POCT SHTPONNUNA ¥ HEIOCPEICTBEHHO
CBA3aHHOE C HUM HAJNYHUE YKe YIOMIHYTBHIX MOTePh MOJHOTO maieHud. OcobenHo-
CTU PACCMATPUBAEMbBIX HAMU DPEIIEeHUIH CJIEIYIOT, BO-IEPBBIX, U3 HCIOJb30OBAHUS UC-
XOMIHOM 3aMKHYTOM MaTeMaTuIecKol (hbOpMYIUPOBKH /15T TEIJIOBOTO IPOIECCa B BHIE
Tpex GAJAHCOBBIX 3aKOHOB COXPAHEHWS MACCHI, MMIYJIbCA U IHEPTUU U, BO-BTOPBIX,
73 MOCTPOEHUsT WTOTOBBIX PEIEHUl, XapaKTePU3YEeMbIX HAJUYUEM MOTEPDH IOJTHOTO
JTABJICHUS.

Brmmonsnenune cBoiicTBa rajnieeBoll MHBAPUAHTHOCTH [IJTd MTOJIYYEeHUsT 3aMKHYTOM
MarTeMaTu4eckoil opMyaupoBku Tpebyercss TakKe JJis 33JaBAEMBIX I'DAHUYHBIX U
HAYaJbHBIX yCa0Bui 3amaun. C 3TuM 0OCTOATETHCTBOM CBS3aHO, B YaCTHOCTH, 3aa-
HP€ BXOIHBIX 'PAHUYHBIX TAPAMETPOB MOAEIUPYEMOTO MOTOKA. B KauecTse HATISTHO-
T'0 MIPUMEPA MIPUBEIEM MU3MEHEHNE 3HAYSHWIT TIOJIHOTO JABJICHNS U TIOJTHON TeMIIepary-
PBI ITOTOKA, BTEKAIOIIEr0 B MOAECTIUPYeMy0 0bsacThb. Ilpu Hamnamm cKkopocTn Habera-
IOIIETO TIOTOKA €r0 3aTOPMOYKEHHbBIE TIAPAMETPBI YBEJIMIUBAIOTCS U 3TO JOJIZKHO YUH-
THIBATHCA B TEPMOINHAMUIECKH COTVIACOBAHHOI TTocTaHoBKe. B pabore Takske cdop-
MYJINDOBAHA YTOYHEHHAS TEPMOJIVHAMUYIECKY COTJIACOBAHHAS TTPOIENYPa MOCTAHOBKH
raJINTeeBO MHBAPUAHTHBIX HAYAJIBHBIX YCAOBUI HECTAITMOHAPHON 33841 C YIETOM 10~
Tepb TOJHOTO JAaBaeausd. 1Ipu pemenny CTamnoOHAPHBIX 33,/1a9 METOIOM YCTAHOBIEHUS
TEPMOIMHAMUYECKAs COTJIACOBAHHOCTH KOHEYHOI'O PEIIEHH:A JOCTUTAETCH B IMPOIIEC-
ce yCraHoBJIeHHs1, OJAr0JAPs UHTEIPUPOBAHUIO TEPMOJUHAMUYECKH CONJIACOBAHHBIX
YPABHEHUIL.
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WccnenoBana 3amada Ko 7151 CKaMISPHOTO 3aK0HA COXPAHEHM S
ug + f(u)g =0, z € (0,L), te(0,T),
C HAYAJBHBIMU JTAHHBIMU
u(z,0) = up(x), x € (0,L).

3nech u(x,t) — xoHmeHTpanus gactur, GyHKIEa f(Uu) MOAETUPYET OCAKICHUE Ha-
crun, [1, 2].

B ob6parHoii 3ama4ue Tpebyercs onpeneanuTsh (PyHKIUK f [0 A0NOJIHUTEILHON WH-
dopmanuu o perreHnn MpsiMoil 3amaun. B mepBoit obparTHOil 3amaue B KaYecTBE M10-
TOTHUTETLHON HHGMOPMAIMY U3MepPsSeTCs KOHIEHTPAIMs B (DUKCUPOBAHHBIN MOMEHT
BPEMeHM, BO BTOPOH — KOHIIEHTPAIIUsS B HEKOTOPHIX TOYKAX TPOCTPAHCTBA.

st perenus obparHoii 3anaum pazpaboTad ajiropuTM rPAAMEHTHOrO CILycKa [3].
AHajlornyHbIi OAXO0M, IPUMEHEH A1 PelleHusl 0OpaTHOH 3a4a4u aKyCTUYECKON TO-
morpadun, chOpMYIUPOBAHHON B BHUIEe 3aKOHOB coxpaHenus [4]. [Iposenen anamms
YUCTEHHOM CXOAMMOCTH AJITOPUTMA pellieHnst TpsAMoii [5] u obparHoit 3ama4. ITpuse-
JIEHBI PE3YJIBTATHL YUCIEHHBIX PACIETOB.
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B nokiaze paccMaTpuBarOTCA TPH BOIPOCA, CBA3AHHBIE C PA3BUTHUEM sIBHOH 4uC-
mernoit cxembr, kotopyio C. K. Tomynor mpemioxwna moutn 60 jer TomMy Hazam ajis
pellleHnst ypapHeHui razopoii quHamuky [1]. 9ro — (1) npumenenne merona C. K. To-
JIYHOBa, K THOPUIHBIM SIBHO-HESIBHBIM CXeMaM MHTEIPUPOBAHUS [0 BpeMenu [2], (2) Mo-
muukanus merona C. K. ToayHoBa 1j1s1 pacyera 3BOJIONUN a3POaKyCTHIECKHUX I0JIeH
MaJIbIX BO3MYILEHUH HA CPEIHEM HEOJHOPOIHOM IIOJIE€ TeYeHHsl U O0DOBIIEHne MeToaa
C.K. logyroBa Ha ypaBHEHUS T€UEHHUS HEPABHOBECHON MHOroMa3Hoil cpeibl. [lepBbie
JBA BOIIPOCA TECHO CBS3aHBI C BapUAIMOHHOMN 3amadeit Pumana. Ee dbopmynuposka
CBOIUTCS K HAXOXKIEHWIO TIEPBOH BapUAIIMK PEIeHns aBTOMOIEIbHON 3a1aun Puma-
Ha TPU MaJjbIX BapHaIMgX HAYAJBHBIX JaHHBIX. llepBas Bapualus BBHITUCHIBAETCSI
yepes BapUALMOHHBIE MATPHILBI, CBI3aHHbBIE C BApUALMEN BEKTOPa COCTOSHUS CJIEBa U
CIIPaBa OT HAYaJIbHOrO pPa3pbiBa. I[0KAa3bIBAETCS, YTO PEIIEHUE BAPUALMOHHON 331841
Pumana cymecTByeT u eIWHCTBEHHO. AHAJUTHYECKUE BHIPAYKEHUS JJIsT BaPUAIMOH-
HBIX MATPWIL MOJIYIAIOTCS B IBHOM M JIOCTATOYHO KOMITAKTHOM BUJIE TIPU TPOU3BOIh-
HBIX HAYAJIBHBIX JaHHBIX. C MOMOIBI0 BAPUANMOHHBIX MATPWIl MOYXKHO BBIMOJHUTH
TOYHYIO JIMHEAPHA3ALMIO TOAYHOBCKOIO YMCJIEHHOTO IIOTOKA. TO IIO3BOJISIET HEIOCPE/I-
CTBEHHO IPOBECTH KOHEYHO-OOBEMHYIO IMCKPETH3AIMIO JUHEAPU30BAHHON CHCTEMBI
CXKMMAEMBIX YPABHEHM Diiyiepa, OMUCHIBAIOIIEH PACIPOCTPAHEHHE aKyCTHIECKHUX 10~
Jieit MaJIBIX BO3MYIIEHUI B HEOJHOPOMIHOM TTOTOKe. TOUHAS JTNHEAPU3AINS THCIEHHO-
IO TIOTOKA WCIOJIb3YeTCsl TAaKyKe B HBIOTOHOBCKUX HUTEPAINMUSX DPENIeHUs THCKPETHBIX
ypapHeHui#l seHO-HesasBHON cxembl C. K. TonyHOBa, 4TO 1I03BO/ISET HOBLICUTH CKOPOCTH
CXOAMMOCTH YHCJIEHHBIX perneHnii. [IpuBoadaTca duciaeHHble PE3yJIbTATHI, IOKA3bIBa-
IOLIKE TOYHOCTh pacyera aKyCTHYeCKOI'O II0JIA B HEOJHOPOILHOM IIOTOKE, B TOM YUC/IE
pY HAJUYUU PA3PHIBOB, U CXOAWMOCTb SBHO-HESIBHOM CXEMBI HA CTAIMOHAPHBIX U
HECTAIMOHAPHBIX TEeYEHUX.

Bo Bropoit wactu mokmanga obcyxmaerca obobmenune merona C. K. T'omymoBa Ha
HEKOHCEPBATUBHBIE CHUCTEMbI yPaBHEHMII UIepOOIMYECKOro TUIA. PaccMarpuBaroT-
ca ypaBHeHus aByxda3HOl TMApOInHAMUKHN B paMmkax Momenu baitepa — Hynsmaro.
BromsiTes paciiernieHHbIe TOCTAHOBKHU 3339 PuMaHa, [JIsT HECyIei W AUCIepCHOM
da3el, COOTBETCTBEHHO, ONMUCHIBAIOTCS WX TOYHBIE AHAJUTUYECKUE DEIIeHusi, 00Cy K-
JAI0TCS BO3MOXKHBIE VIIPOIIEHHBIE PUOJINKEHNST Ha, OCHOBE JIBYXBOJIHOBOH CTPYKTY-
pol pemtenus. C UCIOAb30BaHMEM ITOLYY€HHOIO NPUOINKEHHOIO PeIleHns IIOCTPOEHA,
4HCIeHHAsA cxeMa, obecrednBaoias cBoiictso ognopoauoctu (well-ballancing). ITpo-
BOJUTCSI TECTUPOBAHUE CXEMbI HA, PELIEHUH 3334 O PACIIaIe IIPOU3BOILHOIO Pa3pbiBa.

Pa6oTa BeImoTHEHA TP TTOIEep:kKe Poccuiickoro ¢ouma dyHmaMeHTaIbHBIX UCCIEI0BA
muit (mpoext Ne 18-01-00921).
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B pabore paccmarpuBaeTcs CAenyoIas Kpaesas 3a1a4a, 1 ypasHeruit Hasbe —
CTokca AUHAMUKK BSI3KOH CXKUMAEMOMN KUIKOCTH

O(ou) +div (pu®u) + Vp(o)
=div S(u) + of B Q% (0,T),

Oo+div (pu) =0 BQx(0,7),

u=0 nadQx(0,7),
u(z,0) =up(z) B,
o(x,0) = go(z) B Q.

3necy ) C R® — orpannuennas obnactsb, oo > 0, ug, f — 3a1aHHBIe OrpaHHYeH-
uple dynxnun, p(o) = 07, S(u) = u(Vu + Vu') + Adiv u, g, A — nomoxuTenbHbe
NOCTOAHHBIE. MBI COCPEOTOINMCS HA KPUTHIECKOM CIIydae 7 = 3/2, KOraa SHEPreTH-
JecKasl OIEHKa, He TAPAHTUPYET UHTEMPUPYEMOCTD TIJIOTHOCTH KUHETUYIECKON IHEPTUN
¢ TokazareaeM aauabaThl OOJIBIIMM €IWHUIIBI. B KPUTUYECKUX CIYYASTX BO3MOMKHA
KOHIIEHTPAIMsT KOHEYHON JHEPIUU B CKOJIb YIOTHO MaJsbix objyactsax. st perrenus
pOOIeMbl KOHIIEHTPAINH MPEIIaraeTcs HOBBIA MOAX0/I, OCHOBAHHBIN Ha HA alpHOp-
HBIX OIlEHKaX moreHnuasa HooroHa mia GyHKInu gapiaeHnsd. B pabore qokasbiBaeT-
s, 9TO B TPEXMEPHOMH 3aJa49€e ¢ KPUTHYECKUM MOKA3aTe eM aauadarsl ¥ = 3/2 Mmi10T-
HOCTb KMHETWYECKOW 3Hepruu orpanudena B mpocrpancTse Opauya Llog LY. DToro
JOCTATOYHO JJIsT PElTeHus MpobIeMbl KOHIIEHTDATIHIH.
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BAPNAIIMOHHBIE HEPABEHCTBA
B IMHAMUKE VIIPYI'OIIJIACTUYECKUX CPE/;
TEPMOANMHAMMYECKAf4 COI'VIACOBAHHOCTD,
MATEMATUNYECKAYA KOPPEKTHOCTD,
YNCJIEHHAA PEAJIN3ALIN A

Capgosckuit B. M., CagoBckas O. B.

Hnemumym evvuciumenvhozo modesuposanus CO PAH, Kpacnoapex, Poccus;
sadov@icm.krasn.ru

TepMmomuHAMUYECKH COTJIACOBAHHBIE CUCTEMBI 3AKOHOB COXPAHEHWS W3YYaIOTCHd B
paborax C.K. T'ogynoBa u ero yuenukos [1,2] npumeHUTENHHO K MOjesaM ¢ 06pa-
TUMOH TEPMOJUMHAMUKON B TE€OpUU YIIPYIOCTHU, 'a30BOI JUHAMUKE, MAUHUTHON ra3o-
JUHAMHUKE W 3JIEKTpOoAuHAMUKe. B mpemmaraeMoM moKIame maercs 0O0DIIeHre 3TOTr0
TTO/IXOA HA TEePMOIUHAMUYECKH HEOOPATUMBIE MOJMEJIN, YIUTHIBAIONINE JTACCUTATHB-
HbIE IIACTUYECKUE 1ehOPMAINY CPEIHI.

Ucnonp3ytorca cneruanbabie GOPMYTIHPOBKU MOJIEIEH TUHAMUKH YIPYTOIIACTH-
YeCKUX, ChIIY4UX U IMOPUCTHIX CPEJI B BUJE BAPUAIMOHHBIX HEPABEHCTB /115l THIIEPOO-
JITYECKUX OTEPATOPOB C OTPAHUYEHUSIMU, OMUCHIBAIONIAMA (DU3NIECKU HETUHENHBIN
[POIECC TIEPEXOIa MaTepHajla B IUIACTHYIECKOe COCTOsIHME [3| M pa3sHoe CONpOoTHBIIe-
HI€ CBIIyYero WK MOPHUCTOr0 MaTepHalia PACTsKeHnio n cxaTuio [4]. Ha sroit ocHoBe
nuccaeayercs npobaeMa Pa3pbIBHBIX PENeHuil C MIACTHIECKAMA YIAPHBIMY BOJTHAMHA,
CTPOSITCSl UHTErPAJIbHBIE OIEHKN B XaPAKTEPUCTUYIECKUX KOHYCAX OMEPaTopa, U3 KO-
TOPBIX CJI€/IyeT eJUHCTBEHHOCTD U HelIPEePhIBHASA 3aBUCHMOCTD OT HAYaJbHBIX JAHHBIX
pernennit 3amaun Koy u KpaeBhix 33139 ¢ IUCCANATUBHBIMU TDAHUYHBIMU yCJIOBUSI-
MU, BKJIIOYAd 3871891 C PA3PbIBAMHU CKOPOCTEl 1 HAIIPAZKEHUIL.

PazpabarsiBaiorcs OpurnHaNbHBIE BBIYUCIUTEIbHBIE AJITOPUTMBI CKBO3HOTO CUe-
Ta, KOTOPbIE MOYXKHO PACCMATPUBATH KAK PEATU3AINI0 METOJA PACIIerienus mo du-
3UYECKUM IIPOIECCAM, ABTOMATHIECKN YAOBJIETBOPAIONINE CBOMCTBAM MOHOTOHHOCTH
¥ IWCCUTIATUBHOCTU HA AMCKPETHOM YPOBHE, TPUTOIHBIE /I PACUETa PEIeHnii ¢ 0Co-
GEHHOCTSMU TUIA CUIBHBIX PA3PBIBOB U PA3PBIBOB CILIOMIHOCTH cpeabl. JIjis ducieH-
HOTO PEIIeHUsI IBYMEPHBIX M TPEXMEPHBIX 331849 MPUMEHIETCS METOJ [BYIUKINIeC-
xoro pacmemtennsa . V1. Mapdyka 1Mo mMpoCTPaHCTBEHHBIM MEPEMEHHDBIM, COXPAHSIIO-
U BTOPOI MTOPSIOK TOYHOCTH IIPU UCIOJIB30BAHUHU CXEM BTOPOIO MOPSAIKA HA STAIE
PeIleHusT MPOCTPAHCTBEHHO OJHOMEDHBIX 33,1a4.

B kauectBe HepermeHHON NMPOOGJIEMBI PACCMATPUBAECTCS TPOOIEMa PA3PEITUMOCTH
KPAaeBbIX 33749 i TUTEePOOTUIECKUX BAPUAIMOHHBIX HEPABEHCTB B MPOCTPAHCTBAX
C.JI. CoboneBa B reOMETPUYECKN HETMHENHBIX 337a9aX C KOHETHBIME YIIPYTOIJIACTH-
qecKuUMHA AePOPMAIIHAIMH.
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YIIPABJIAEMBIE I1OJINSAPAJIbBHBIE
ITPOIIECCHI BBIMETAHN A
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um. B. M. Mampocosa CO PAH, Upxymck, Poccus; aatol@icc.ru

B cenmapabenbHOM THAROEPTOBOM TPOCTPAHCTBE PACCMATPUBACTCS MPOIECC BhIME-
ranus (sweeping process). OH HOPOKAAETCS ONPEIEJEHHBIM Ha OTPE3KE MHOMO3HAY-
HBIM 0TODPaKEHUEM, 3HAYEHUSAMHE KOTOPOTO ABIASIOTCH moaudapst. [lomusap — 1o me-
pecedeHre KOHEYHOI'0 YUC/Ia 3aMKHYTBIX MOJIYIIPOCTPAHCTB, KOTOPBIE OIIPeesdi0TCd
C HOMOIIBIO Tunepiuiockocreil. B ypaBuenus runepriiockocreil BXOAAT HOPMAJIbHBIE
BEKTOpA ¥ CBOOOIHBIE YJIEHBI, KOTOPBIE B HAIEM CJIy4Yae siBASIOTCA (QYHKIIUSIMA BPe-
Menu. [losToMy WX MOXKHO paccMaTPUBATHL KaK yhpaaenus. Takue yrnpaBiaeHUsT MbI
Ha3bIBAEM BHyTpeHHUMH. Hapsmy ¢ BHYTPEHHUMH yIPABICHUSMHU B MPABYIO YaCTh
[IPOTIECCA BHIMETAHNSA BXOAAT U BHEIIHUE YIIPABJICHNS, KOTOPBIE MIPEICTABIILAIOT COD0
TPAIUIMOHHBIE n3MepuMble hyHKIMN. Brelnne ynpasieHus HMEIOT OrPAHUYEHUS B
BUJEe MHOTO3HAYHOTO OTOOPAKEHUST ¢ 3AMKHYTBHIMU 3HAYEHUSIMHU.

N3sy4gatoTcs BOMPOCHI CYIECTBOBAHUSA W 3aBUCHMOCTH PEIIEHUH OT BHYTPEHHUX U
BHEITHUX YIPABJIEHUH, a TaKXKe 3339l ONTUMAJBHOTO ympasjeHuda. g permenus
TaKHUX 337134 Ha IPOCTPAHCTBE MOJIU3IPOB BBOJUTCA METPHUKA, CXOIUMOCTD B KOTOPO
COBIIQJIAET CO CXOIUMOCTBIO 110 MOCKO BBINMYKJIBIX 3AMKHYTBIX MHO2KECTE.

B c¢BO10 0Uepenph MPOCTPAHCTBO HEMPEPHIBHBIX MHOTO3HAYHBIX OTOOpAYKEHNUit, 3Ha~
YEeHUSIMU KOTOPBIX ABJIAIOTCSH TOJIUSPhI, HAJEIAeTCs TOIOJIOrnel PABHOMEPHOI CXO-
JUMOCTH.

B TepmuHax HOpMAJIBHBIX BEKTOPOB U CBOOOIHBIX YJI€HOB (BHYTPEHHUX YIIDABJIE-
HUIT) JAI0TCA JO0CTATOYHBIE YCJIOBUS KOMIIAKTHOCTH MHOYKECTB B IIPOCTDAHCTBE I1O-
JIEIPAJIBHBIX OTOOpaKeHUu. DTO MMO3BOJISAET PACCMOTPETH BOMPOCHL CYIECTBOBAHMS
ONTUMAIBHBIX VIIPABJIEHUH B 33Ja9aX MUHUMU3AINN WHTErPAJIbHBIX (DYyHKITHOHATIOB,
WHTETrPAHThI KOTOPBIX 3aBUCAT OT BHEIIHUX W BHYTPEHHUX YIIPABJIEHUH, HA DElIeHNaX
IOJIMIAPAIBHBIX MIPOIECCOB BHIMETAHUS.
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TEOPETUKO-9KCIIEPUMEHTAJIbBHBINT METO/,
OITPEAEJIEHUNA VIIPYI'IX XAPAKTEPNCTUK
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AHamu3 COBpeMEHHOM JUTEepATYPhI MO3BOJSET CIAEJATH MTPOCTON BBIBOJ, YTO MU
M3MEHEHUN XapPaKTEPHOI'O pa3Mepa HAHOMATEPUAJIOB WX MEXAHUIECKUE XaPaKTepH-
CTUKHU MOTYT M3MEHSTHCA Ha TMOPAIKH. JDKCIEPUMEHTATBHBIE METOMAbI WX OIMpeIese-
HUS MPEJCTABISIIOT TEXHAYECKH CJIOXKHYIO U PEAJHHO MOKA HEBBIMOIHAMYO 33139y
BCJIEJICTBHE MAJIOCTH Pa3MepOB JAHHBIX 00heKTOB. PacueTHble MOmETN JAl0T A0CTAa-
TOYHO OOJIBINNE PACXOKIEHNS B CBA3M C HETOYHBIMU 3AJIOKEHHBIMU B HUX UCXOTHBIMU
HAYaJIbHBIMU JAHHBIMUA.

B mammHO#l pabore Ha OCHOBE TEOPETUKO-IKCIEPUMEHTATHHOTO MOIXOMA YAACTCS
MOy IUTh CBOHCTBA HAHOCTPYKTYP B 3aBHCHMOCTH OT PA3MEPOB W CTPYKTYPBI UX 00-
pasoBanus. I'ereporennsiit Marepuas, COCTOAMMN 13 HAHOMA3L! U CBA3yIomeil (as3si,
MaCCOBBIE U OObEMHBIE KOHIEHTPAIMU KOTOPBIX 33IaHBI, C TOMOIIBI0 METOIOB OCPE-
HEHUsI CBOIUTCS K TOMOTeHHOMY. Takoil MOIX0I CBA3BIBAET MEXAHUYECKHUE XAPaKTe-
puctuku da3 dyepe3 ocpenHeHHbIe. 110yYeHHbI TOMOTE€HHBII MaTepuas MO3BOJISIET
MOy YaTh 00PA3MbI I KIACCHIECKUX SKCIIEPUMEHTOB HA PACTSIKEHNE, CXKATHE, KPY-
gexue U gAp. IIpu 3TOM B OCPETHEHHDbIE MEXAHUIECKHE XAPAKTEPUCTUKU MATEPUATIA
OyIyT BXOAWTH MEXaHUYECKNE XaPAKTEPUCTUKU cocTapisitonmx ¢da3. Cunras Mmexa-
HAYECKUE XaPAKTEPUCTUKH CBA3YIOIIEr0 MATEPUAJIA U OCPEIHEHHBIE XaPAKTePUCTUKHI
TOMOTEHHOIO0 MaTePUAJIa, W3BECTHBIMU U3 JAHHBIX IKCIIEPUMEHTOB, TIOJYIUM CUCTEMY
YPABHEHUH JJisT OIPEIeTIeHNs] MEXaAaHUIECKUX XapPAKTEPUCTUK HAHOMA3, BXOIAIINX B
JAHHBIN TOMOTeHHBIN oOpasern. 3Mensasa pa3meps! HaHOMA3 U TPOBOII COOTBETCTBYIO-
1€ PACYeThl U IKCIEPUMEHTDI, TOJYyIUM 3aKOHOMEPHOCTh N3MEHEHUS MEeXaHMIeCKIX
XAPAKTEPUCTUK JJisT HAHO(A3HI.

Wcnonb3yst npeyiozKeHHbIH TTOIX0, ObLIN UCCAeI0BAHBI YIIPYIHe XapaKTepuCcTH-
KU HAHOYACTHUIL JHOKCHUJIA KPEeMHUS MOPOInKoB Aspocua u Tapkocuia B 3aBUCAMOCTH
OT amaMeTpoB. B pesyabprare ocpemgHeHns M0 00beMy W B IPHUOIHKEHUN OJHOOCHOTO
HAINPSKEHHOTO U J1eDOPMUPOBAHHOIO COCTOSHUS YIA€TC HOMYYUTh CUCTEMY ajreb-
PAMYEeCKUX YPABHEHHU, CBA3BIBAIOIINX

)‘1 :(,01(>\2,M2,;\,ﬂ,m17d1); M1 :@2(A27/’6275‘7/2am17d1)7 (1)

e A1, 41 — KoHcraHThl Jlamd g wanodasel, Ag, o, ;\, [ — woHCcTaHThl Jlam>
CBA3YIOIIEH U OCpeTHEeHHOl (Da3 COOTBETCTBEHHO, M1 — O0beMHAs KOHIEHTpAIUI U
d; — muamerp Hanodasbl. [IpoBens IKCIEPUMEHTHI HA PACTSI)KEHWE W CXKATHE B O
HOOCHOM HAIPSYKEHHOM MPUOJIMAKEHUN, HAXOIUM 5\, [i TIpU 3aMAHHBIX M1, di, 9eM U
sambikaerca cucrema (1). IToaroroBka moauMepHOro KOMIIO3MIIMOHHOIO MaTepHaJia
noapobHO onucaHa B [1], a pe3ysbraTbl MEXAHUYECKUX UCIBITAHUI U3JI0XKEHbI TAKIKE
B pabore [1].

B pesynbrare mpuBeNeHHBIX UCCAEIOBAHNN YCTAHOBIEHO, YTO MPU YBEJWYeHUN dq
mapaMeTpsl A1, [4] ACUMITOTHYECKH CTPEMSITCS K KJIACCMYECKOMY CIJIONTHOMY MaTe-
puay, a Ipyu yMEHbITeHUU d] TapaMeTpbl A1, (4] BO3PACTAIOT, CTPEMSCh K TEOPEeTH-
YECKOMY TIPEIENY, BBIYUCIEHHOMY B TPHUOIMKEHHH JBYXaTOMHONW cTpyKTypbl. Cite-
JyeT 3aMeTHTh, UTO JAaHHBIE PE3yJIbTAThI MOATBEPK1ai0T BbiBOALI H. ®. Mopo3osa,
A.M. KpusiioBa u Ap., TOJyJYeHHbIE HA OCHOBE TEOPETUYECKUX UCCIIETOBAHMIA.
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MOJIEJINPOBAHUE B3PbIBHBIX SIBJIEHUI
ITP1 BBICTPBIX ®A30BbLIX ITEPEXO/JIAX

Axym C. E.

Hnemumym npobaem mexanuxu um. A. FO. Hwauncrkozo PAH,
Mocxkea, Poccus; yakush@ipmnet.ru

Brictprie dha30BbIe mEpexoibl, CBsI3aHHBIE C BHICBOOOXKIEHNEM JHEPTUU U PE3KUM
YBEJIMYeHNEM YAeJIbHOTO 00beMa CUCTEMbI, CIIOCOOHBI TPUBOIUTD K JIOKAJTHHOMY ITOBbI-
IIIEHUIO TABJIEHNS W PACIPOCTPAHEHUIO B3PBIBHBIX BOJH. [IpuMepamMu Takux sBIeHU
CITy7KaT BCKUIIAHWE TEPETPETON KUAKOCTH TPU DPAa3PYIIEHUU Pe3epByapa BBICOKOTO
JAaBJIEHN, MPEJCTABIISIONIee ONACHOCTD IIPH aABAPHUAX CO CKUZKEHHBIMU [IABJICHHEM
YTJIEBOIOPOJAMHU, & TaKXKe MApOBOil B3PBIB (TepMUYECKas JETOHAIWA) MPU B3AUMO-
JeHCTBUN KUJIKOTO TETJIOHOCUTENIS C PACTIIIABAMU, HAXOAAMIMMUCS TPH TeMIIepaType
3HAYUTEIHHO BBINIE TEMIIEPATYPHI KAMIEHU TertonocuTens. [lociennsis 3amaqa akTy-
AJIbHA B ATOMHON 3HEPreTUKE NP aHAJIN3E TAXKEJbIX aBapull ¢ IIJIABJIECHNEM aKTUBHONU
30HBI peakTopa. B 0oboux ciaydasax ABUKYIIWE MIPUYUHBI B3PHIBA HOCAT (PU3NIECKUiT
XapaKTep, B OTJINYNE OT OOBIYHBIX B3PHIBOB C BBIIEIEHUEM YHEPTUN XUMHUIECKUX TTPe-
BpAIlleHHUIL.

B noknazne paccMOTpeHBI MaTeMaTHIeCKHE MOJETU YKA3aHHLIX SIBJIEHUM, B KOTO-
PBIX OCHOBHOH YIIOD JeJAeTCsd Ha CUAPOJAMHAMUYECKUE ACHEKThI IPobeMbl (BOZHUK-
HOBEHUE M PACIPOCTPAHEHHE YJAPHLIX BOJIH B MHOrO(MA3HBIX CHCTEMax) [PH OIpe-
JIEJICHHBIX YIIPOIIEHUIX CJIOXKHBIX TPOIECCOB, MPOTEKAIINX HA MAaJIbIX MacHITabax
(3apoxkieHIe U POCT My3bIPHLKOB, B3AUMHOE JBUKEHUE JKUAKOH U maposoil as), Ha
OCHOBE TIPETIONOKEHUS O MAJOM BPEMEHHOM MaciiTabe HepaBHOBECHBIX MTPOIECCOB
IO CPABHEHUIO C XaPAKTEPHBIMU THIPOJUHAMUYIECKUMA BpeMeHaMu. B pesyibraTe 3a-
1393 CBOOUTCH K PEIEHUI0 IUePOOINYECKNX YPABHEHUN NBUKEHNS C YCIOKHEHHBIM
ypaBraenueMm cocrosinus. OOCyKIaerTcs Mponeypa YUCICHHOIO PEeIeHrsi U 0CODeH-
HOCTH DPEaATM3aINNd COOTBETCTBYIONIUX CXEM, B YACTHOCTH, BBIYUCIIEHWE TTOTOKOB Ha,
TPAHUTIAX PACUYETHBIX A9Y€EK W ONMMCAHNE TOABUKHON TPAHUTIBI PA3/Ieaa MEXKIY IBYX-
da3HOit 00MACTHIO W OKPYKAIOMIEN CPETOi.

IIpusenensr npumepsl pacdera GU3UIECKOTO B3PHIBA MPHU PA3PYIIEHUH DPE3EPBY-
apa BBICOKOTO JIABJIEHUSI CO CXKHUZKEHHBIM IIPOIIAHOM, 4 TaKzKe IapOBOI'O B3DHIBA B
CUCTEME BOIA — TIAp — PACIIAB. PaccMOTPEHO OBICTPOE BCKUTIAHUE TIPY MTOJTHOM U Ya-
CTUYIHOM 3alOJTHEHUN Pe3ePByapa, MOTYyIeHbl XapaKTePUCTUKN BO3IYTIITHBIX YIAPHBIX
BOJIH, TPOIEMOHCTPUPOBAHA, KAPTUHA, T€UEHUS B NBYX(A3HOM 30HE, BKJIIOYAS PACIPO-
CTpaHeHWEe BOJHBI BCKUTIAHWUS W BTOPUYHBIE OTPAKEHUsI YAAPHBIX BOJIH, IPUBOJIAIIE
K XapaKTePHBbIM NPOQUIaM JABJIEHHU: C HECKOJBKHMH MaKCHMyMaMmu. Paccumrana
CTPYKTYPa BOJIHBI IIAPOBOr'0O B3DbIBA [IPU PACIPOCTPAHEHUU 110 30HE IIPEJIBAPUTETIb-
HOTO TIePEMENTBaHUS ¢ KPYITHOIUCITEPCHBIMU KATIIMU PACILIABA, UCITBITHIBAIOTHMY
dparMeHTaInnio Mocae TPOXOXKIeHNsT BOJHBL aaaeHus. OOCyKaIaeTcs pojb pa3and-
HbIX QUBMIECKUX STBIACHUN B (DOPMUPOBAHUHU B3PHIBHON BOJHBI, & TAKXKE PACCMATPHU-
BAETCA AHAJIOTHUS € JETOHAIIHOHHBIMHY BOJTHAMHU B XUMHUYIECKHN PEATHPYIONINX CHCTEMAX.
PesysbraTel pacueroB COMOCTaBIEHBI C UMEIONUMUCH IKCIEPUMEHTAJIBHBIMEI JAHHbI-
MH.

Pafora BoimosmHeHa mpu moggiepikke Poccmiickoro maywroro domma (mpoekt Ne 18-19-
00289).
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COMPUTATIONAL ASTROPHYSICS AND SPACE
PHYSICS APPLIED TO SPHERICAL SYSTEMS

Balsara D.S.
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A majority of astrophysical systems tend to be spherical. The same is true for
problems in space physics. Even so, simulations of such systems tend to be done
on logically Cartesian meshes. The r-theta-phi meshes that are often used have a
few major deficiencies: a) They don’t cover the sphere uniformly, b) The coordinate
singularity on-axis results in a loss of accuracy, ¢) The timestep is seriously diminished.
All these problems are associated with using an inadequate coordinate system for
doing the calculation. As astrophysicists and space physicists actively take on the
issues of MHD turbulence, it becomes increasingly important to have high orders of
accuracy. High accuracy schemes are the only way of reducing the dissipation and
dispersion that should be held down in turbulence simulations.

In this work we show that an excellent alternative is available. The most isotropic
covering of the sphere comes from icosahedrally generated geodesic meshes. The ele-
ments of such a mesh are inherently curved and we show that isoparametric mapping
provides an extraordinarily accurate re-mapping strategy for the sphere. We show
that divergence-free MHD calculations can be done on such meshes with no loss of on-
core processing efficiency or parallelism. To improve accuracy we use a combination
of: a) WENO methods, b) A re-formulation to support high order divergence-free
reconstruction of magnetic fields, ¢) Multidimensional Riemann solvers, d) Higher
order timestepping to match the spatial accuracy. The resulting capability achieves
provably high order of accuracy and high levels of parallelism. Several stringent test
problems are presented and a few frontline applications are shown to highlight the
utility of our approach.
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At the early 1980s, the research group in Mathematical Engineering, mat-+i, from
the USC, started working on finite volume methods for the simulation of environmental
issues concerning Galician rias (Spain). The focus was on the study of hyperbolic
balance laws due to the presence of source terms related with the bathymetry of
Galician coast. A correct treatment of these terms, an upwind discretization, was
initially presented in [1] and extended to bidimensional problems in [2-3]. The transfer
of this knowledge has motivated the registration of IBER code (www.iberaula.es).

Latterly, under research projects MTM2008-02483, CGL2011-28499-C03-0, MTM2013-
43745-R and MTM2017-86459-R,, we have been working on the development of a numeri-
cal algorithm for the resolution of Euler and Navier—Stokes equations. A semi-implicit
hybrid projection finite volume/finite element method [4-5] is employed to decouple
the computation of pressure and momentum making use of unstructured staggered
grids. To attain second order of accuracy ADER methodology is employed.

On the other hand, with numerical simulation of gas transportation networks in
view, a first-order well-balanced finite volume scheme for the solution of a model, for
the flow of a multi-component gas in a pipe on non-flat topography, is introduced.
The mathematical model consists of Euler equations, with source terms arising from
heat exchange and gravity and viscosity forces, coupled with the mass conservation
equations of species. We propose a segregated scheme in which Euler and species
equations are solved separately. This methodology leads to a flux vector in the Fuler
equations depending not only on the conservative variables but also on time and space
through the gas composition [6].
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WHY GODUNOV-TYPE SCHEMES ARE SO RICH
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In this talk we present recent developments of Godunov-type schemes to approxi-
mate the weak solutions of hyperbolic systems eventually supplemented with source
terms. Here, the objectives are to enrich the associated approximate Riemann solu-
tions in order to recover some important properties to be satisfied by the numerical
approximations. For the sake of simplicity, we focus on the well-known shallow-water
model where the so-called topography source term involves several specific properties
to be preserved at the numerical level. More precisely, the source term makes the
smooth steady solutions not obvious and their numerical capture may become a very
difficult task. After [2], it is well-known that an accurate approximation of these steady
sates is crucial to avoid some spurious waves during the numerical simulation. As a
consequence, we propose a suitable extension of the Harten, Lax and van Leer integral
consistency condition [3] in order to derive approximate Riemann solvers which exactly
capture all the steady solutions of the shallow-water system. The obtained finite
volume scheme is then called fully-well-balanced scheme. In addition, this scheme is
proved to be robust. Concerning the entropy stability, at this level, we can establish,
according to the celebrate Lax—Wendroff Theorem, that if the scheme converges then
it converges to the entropy weak solutions.

Next, we enrich this numerical procedure in order to recover some additional
asymptotic regimes. For instance, let us complete the topography source term with a
friction source term. As soon as the friction becomes dominant and for a long time,
we then have to deal with a porous media and the flow under consideration is clearly
governed by a diffusion equation. During the last decade, numerous authors have
proposed techniques to derive asymptotic preserving scheme [4] to correctly capture
the diffusion regime. Here, we show that the fully-well-balanced above technique easily
yields to preserve the associated asymptotic regimes.

The last part of the talk concerns the derivation of fully discrete entropy inequa-
lities. Once again here, the required numerical stability is obtained by introducing
suitable properties within the adopted approximate Riemann solver. More precisely,
arguing the well-known artificial viscosity technique [5], we introduce a suitable re-
formulation of the artificial numerical viscosity in order to get a relevant control of
the numerical entropy dissipation rate involved by the approximate Riemann solver.
Adopting this procedure we easily solve entropy-fix involved by some first-order finite
volume schemes. Next, we extend this procedure in order to improve the hydrostatic
reconstruction scheme [1] and get fully discrete entropy inequalities.
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We study a generalization of a structural-phenomenological Pokrovski-Vinogra-
dov model [1] describing flows of melts and solutions of incompressible viscoelastic
polymeric mediums, onto the nonisothermic case with additional assumption that
medium is under the influence of magnetic field.

Our main interest is in analogue of a known shear flow in an infinite channel —
Poiseuille flow. It turns out that in considered case it has a number of features. So,
for example, our calculations show that for some parameter values the velocity profile
is elongated to the side opposite to the direction of pressure forces.

Main results.

1. We derived the asymptotic representation for the spectrum of linearized problem
with respect to the chosen main flow (Poiseuille-type flow).

2. We found sufficient condition for asymptotic stability of the main solution in chosen
class of perturbations periodic with respect to the variable going along the boundary
of an infinite plane channel.

For justification of formulated results we used ideas proposed in authors’ works [2-5].

The authors were partially supported by the Russian Foundation for Basic Research
(projects no. 17-01-00791a, no. 19-01-00261a).
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The eigenvalue problem is well-posed for symmetric matrices and is ill-posed in a
general case. Instead of the eigenvalues for non-self-adjoint matrices one must work
with pseudo spectrum (L.N. Trefethen terminology) or in another word e-spectrum
(Godunov’s group terminology, see preface [1]). It leads researchers to find a graphic
representation of e-spectra of matrix A. This representation is known as spectral
portrait of a matrix. Application MVC [2] allows to draw spectral portrait in the
complex domain |z| < ||A|| with spectral norm A. It looks like using algorithm [3] one
can prepared a fast algorithm for spectral portrait drawing.

One application of e-spectra is Hurwitz problem: Are there all the eigenvalues of
matrix A strictly in the left-hand half-plane? There exist some numerical characteris-
tics such as factor of stability, distance from stable matrices to unstable matrices set
(Charles Van Loan) which are connected with spectral portrait of a matrix. Beginning
with extremal quadratic Lyapunov functions [4] a quality of stability parameter x(A)
was suggested in [5]. For Hurwitz matrices A and S = S7 the following inequalities

are true 1Al
e < V/k(A)e™ =,

le™®] < e

There exists an algorithm with guaranteed accuracy for computing x(A) [6]. This
parameter has also a physical interpretation which was found by S. K. Godunov [7].
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It is the purpose of this talk to provide an overview on recent advances on the
development of Lagrange-Projection like numerical schemes for compressible fluids
systems. We will focus in particular on the design of all-regime strategies for low
Mach number flows and on (fully) well-balanced schemes for shallow water equations.
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In applications such as astrophysics and inertial confinement, fusion, there are many
three-dimensional cylindrical-symmetric multi-material problems which are usually
simulated by Lagrangian schemes in the two-dimensional cylindrical coordinates. For
this type of simulation, the critical issues for the schemes include keeping positivity of
physically positive variables such as density and internal energy and keeping spherical
symmetry in the cylindrical coordinate system if the original physical problem has
this symmetry. In this talk, I will introduce our recent work on high order positivity-
preserving and symmetry-preserving conservative Lagrangian schemes solving comp-
ressible Euler equations. The properties of positivity-preserving and symmetry-pre-
serving are proven rigorously. One- and two-dimensional numerical results are pro-
vided to verify the designed characteristics of these schemes.
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This presentation will focus on Godunov’s numerical schemes for Lagrangian
compressible gas dynamics. Professor Godunov’s scientific influence in France started
very early, in particular with celebrated works translated in French such as [1]. The
proceedings of the Saint Etienne conference [2] were also very influential.

There has been constant efforts in France to adapt and use Godunov’s Lagrangian
schemes for numerical calculations. Two aspects will be evoked. The first aspect is how
Lagrangian numerical schemes can be used in combination with the entropy principle
to get families of entropy stable numerical methods for models ranging between non
viscous compressible gas dynamics to ideal magnetohydrodynamics. These schemes
allow an easy extension to complex physics, and the structure is ultimately the one
of an Fulerian scheme on fixed grid. The second aspect is why and how a strong
modification of Godunov’s seminal principles has been recently investigated [3] in
order to use linearized Riemann solvers on moving Lagrangian grids (translated in
“maillages ottants” in [1]). The idea was to solve a problem already addressed in [1]
by defining Lagrangian uxes at nodes, and not at edges. It solves the geometrical
problem on general grids, and is now extended in many directions [4].

The author thanks CEA for support.
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In this talk, we present a new class of structure-preserving semi-implicit schemes
for the unified first order hyperbolic model of Newtonian continuum mechanics pro-
posed by Godunov, Peshkov and Romenski (GPR). The GPR model is a geometric
approach to continuum mechanics, which is able to describe the behavior of moving
elasto-plastic solids as well as viscous and inviscid fluids within one and the same
governing PDE system. This is achieved via appropriate relaxation source terms in
the evolution equations for the distortion field and the thermal impulse. In previous
work it has already been shown that the GPR model reduces to the compressible
Navier—Stokes equations in the stiff relaxation limit when the relaxation times tend
to zero. The governing PDE system belongs to the class of symmetric hyperbolic and
thermodynamically compatible systems (SHTC), which have been studied for the first
time by Godunov in 1961 and later in a series of papers by Godunov and Romenski.
An important feature of the proposed model is that the propagation speeds of all
physical processes, including dissipative processes, are finite.

In the absence of source terms, the homogeneous part of the GPR model is
endowed with some natural involutions, namely the distortion field A and the thermal
impulse J need to remain curl-free. In this talk we present a new structure-preserving
scheme that is able to preserve the curl-free property of both fields exactly also on the
discrete level. This is achieved via the definition of appropriate and compatible discrete
gradient and curl operators on a judiciously chosen staggered grid. Furthermore, the
pressure terms are discretized implicitly in order to capture the low Mach number
limit of the equations properly, while all other terms are discretized explicitly. In this
manner, the resulting pressure system is symmetric and positive definite and can be
solved with efficient iterative solvers like the conjugate gradient method. Last but
not least, the new staggered semi-implicit scheme is also able to reproduce the stiff
relaxation limit of the governing PDE system properly, recovering an appropriate
discretization of the compressible Navier—Stokes equations. To the best of our know-
ledge, this is the first pressure-based semi-implicit scheme for nonlinear continuum
mechanics that is able to preserve all involutions and asymptotic limits of the original
governing PDE system also on the discrete level. Computational results for several
test cases are presented in order to illustrate the performance of the new scheme.
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Solid and liquid sodium combustion with liquid water occurs through a thin gas
layer where exothermic reactions happen with sodium and water vapors. It thus
involves multiple interfaces separating liquid and gas in the presence of surface tension,
phase transition and surface reactions. The gas phase reaction involves compressible
effects resulting in possible shock wave appearance in both gas and liquid phases. To
understand and predict the complexity of sodium combustion with water a diffuse
interface flow model is built. This formulation enables flow resolution in multidimen-
sion in the presence of complex motion, such as for example Leidenfrost-type thermo-
chemical flow. More precisely sodium drop autonomous motion on the liquid surface
is computed. Various modelling and numerical issues are present and addressed in
the present contribution. In the author’s knowledge, the first computed results of
such type of combustion phenomenon in multidimensions are presented in this paper
thanks to the diffuse interface approach. Explosion phenomenon is addressed as well
and is reproduced at least qualitatively thanks to extra ingredients such as turbulent
mixing of sodium and water vapors in the gas film and delayed ignition. Shock wave
emission from the thermo-chemical Leidenfrost-type flow is observed as reported in
related experiments.
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A mathematical model for an arbitrary number of interacting hyperelastic solids
undergoing large elastic-plastic deformations is derived. The description of such a
multicomponent “solid mixture” is based on the Eulerian formulation of visco-plastic
solids proposed by S.K. Godunov in his famous book “Elements of Mechanics of
Continuous Media” published in 1978 (the extended version was co-authored with
E.I. Romenski). The specific energy of each solid is given in separable form: it is
the sum of a hydrodynamic part of the energy depending only on the density and
entropy, and an elastic part of the energy which is unaffected by the volume change.
In particular, it allows us to naturally pass to the fluid description in the limit of
vanishing shear modulus [1-3].

The Eulerian numerical method, called diffuse interface method, is developed. The
method considers the interface cells as an artificial mixture zones through which the
interface conditions must be satisfied. Thus, the interface between a solid and a fluid
is a diffuse zone, but this diffusion is negligible for a short time interval. The boundary
conditions at the interfaces are included naturally in the model formulation. In spite of
a large number of governing equations (15 x N, where N is the number of solids), the
model has a quite simple mathematical structure: it is a duplication of a single visco-
plastic model. The model is well posed both mathematically and thermodynamically:
it is hyperbolic and compatible with the second law of thermodynamics.

This is a joint work with N. Favrie, S. Hank, S. Ndanou and J. Massoni [4].
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This talk is concerned with feedback stabilization of linear delay systems described
by

z(t) = Agz(t) + Z Ajz(t — 7;) + Bu(t), (1)

where constant matrices Ag, A; € R4 B € R¥>*P z(t) € RY, u(t) € RP, and 7 > 0
for j = 1,...,m. Let controller u(t) = Koz(t) + X", K;xz(t — 7;), where constant
feedback gain matrices Ko, K; € RP*4 j =1...,m. The closed-loop system is

(t) = (A()-i-BK(])l'(t)-i-i(Aj +BK]'){L‘(t—’Tj). (2)

J=1

Our aim is to seek feedback gain matrices such that the closed-loop system (2)
is asymptotically stable. Let vector K is formed by “stacking” the columns of the
compound matrix [Ko, K1,..., K] into one long vector. The state transition matrix
[1] of the closed-loop system is denoted by F[K,t] € R%*¢ which satisfies (2). We
try solving the feedback stabilization of system (1) via the following optimization
problem:

T
. > 2 =012
mén/||F[K7a]|| do + ||KII", (3)
0

subject to the equations of the state transition matrix,

where T is a sufficient large positive constant and ||-|| stands for the Frobenius norm.

By discretization, the optimization problem (3) with the equations of the state
transition matrix is reduced to a nonlinear minimization one with equality constraints.
Then a numerical optimization algorithm with a stability criterion [2] is presented.
The effectiveness of the algorithm is interpreted by a theoretical result and numerical
examples.
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ON THE APPROXIMATION ORDER
OF GENERALIZED GODUNOV SCHEMES
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We study analytical properties of the Toro—Titarev solver for generalized Riemann
problems (GRPs), which is the heart of the flux computation in ADER, generalized
Godunov schemes. In particular, we compare the Toro—Titarev solver with a local
asymptotic expansion developed by LeFloch and Raviart. We show that for non-
linear scalar problems in 1D the Toro—Titarev solver reproduces the truncated Taylor
series expansion of LeFloch—Raviart exactly, whereas for nonlinear systems the Toro—
Titarev solver introduces an error whose size depends on the height of the jump in the
initial data. Thereby, our analysis answers open questions concerning the justification
of simplifying steps in the Toro—Titarev solver. For further illustration, we discuss
numerical results concerning shallow water equations and a system from traffic flow.

This talk is based on joint work with Claus R. Goetz [1].
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An approximate Riemann solver was developed in Paris by Frederic Coquel and
co-workers around the rurn of the century, see e.g. [1, 3]. It is inspired by an idea of
Shi Jin and Zhoupiing Xin, where the solutions to a system of conservation laws are
approximated by a particularly straightforward way to find a corresponding relaxation
system. The ensuing French idea was two-fold:

e find a particularly clever relaxation system that approximates a given system
of conservation laws,

e translate this into a numerical scheme by transporting the left hand side of the
relaxation system and then projecting the thus found solution to the equilibrium
variables.

We shall show how this leads to approximate Riemann solvers with good proper-
ties, like stability and entropy consistency, which implies positivity of density and
temperature for the Euler and ideal MHD equations, see e.g. [2, 4-6].
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HIGHER-ACCURACY EDGE-BASED SCHEMES
FOR UNSTRUCTURED MESHES AND
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We present an overview of the Edge-Based Reconstruction (EBR) Schemes for
solving the Euler equations on unstructured meshes [1] and give some recent examples
of using these schemes for applied aerodynamics and aeroacoustics problems. The
EBR schemes possess higher accuracy as compared with the traditional finite-volume
second-order methods at lower costs as compared with the very high order algorithms.
The higher accuracy is provided thanks to the quasi-1D reconstruction of variables
on the extended edge-oriented stencils on unstructured meshes so that in the case of
a uniform grid-like mesh (i.e. the mesh translationally invariant to its each edge), the
EBR schemes reduce to the high-order finite difference method. The lower costs result
from the quasi-1D nature of these schemes. The EBR schemes have been extended to
hybrid unstructured meshes and equipped with the WENO and TVD shock-capturing
techniques [2]. They have been implemented for interface regions of sliding meshes and
are being adapted to prismatic boundary layers within the strand-mesh technology.
The schemes are used for scale-resolving RANS-LES simulations of complex turbulent
flows and associated acoustic far fields calculated by the integral Ffowcs Williams
Hawkings method.

In the paper we show some recent numerical results. In particular, we predict
the noise generated by the turbulent subsonic (M = 0.9) and hot under-expanded
jets [3], and by the turbulent flow over the three-component airfoil (30P30N model)
[4]. We simulate the separated flow over the 3D inclined backstep at the transonic
regimes, the supersonic flow over the cylinder base, the dual-stream nozzle jet. We
study numerically the aerodynamic and acoustic characteristics of helicopter rotors
[5] and start actively considering the moving bodies [6].

The work is supported by the Russian Science Foundation (project 16-11-10350).
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The numerical simulation of compressible multiphase flow is a difficult task due to
the close connection of thermodynamics and fluid dynamics. Qur approach is based
on a sharp interface treatment. The two phases are coupled by a ghost fluid method
to avoid a mixing of the phases. To obtain information about the location of the
interface a level-set equation is applied. The bulk flows are approximated by a spectral
element discontinuous Galerkin scheme for the Navier—Stokes equations that supports
a general equation of state. To get values in the ghost-fluid cells for the coupling of
the two phases, and to determine the propagation velocity of the phase front for the
level set equation, we solve the multi-phase Riemann problem to determine the phase
front velocity and to get the values at the phase interface from both sides, the liquid
and the gas flow [1].

The focus of the talk will be the solution of the multi-phase Riemann problem itself.
Two novel aspects of our current work are discussed in more detail. We discuss first
the solution of the multiphase Riemann problem solution for the Euler equations. We
depict an equation of state that is similar to the van der Waals equation of state and is
based on the Lennard—Jones model fluid with truncated and shifted potential [2]. This
allows comparing the macroscopic solution of the Riemann problem with molecular
dynamics simulations based on the corresponding Lennard-Jones model fluid and
establishes a clear connection of both simulations. We present our first results for
the supercritical regime and for expansion waves into vacuum, which allow simpler
microscopic simulations. Here, the MD simulations show a clustering of molecules
that can be interpreted as a starting of droplet formation due to the strong pressure
drop.

The multiphase Riemann problem solution may strongly depend on heat conduc-
tion to balance the latent heat. Hence, we look in the second part for an extension
of our Riemann problem solution to include heat conduction. We propose a novel
calculation of the numerical flux based on the generalized Riemann problem for
advection diffusion problems. This approach is explained for a scalar conservation
law.

The authors were supported by the DFG within the Collaborative Research Center
“Droplet Dynamics Under Extreme Ambient Conditions”.
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WELL-BALANCED HIGH-ORDER METHODS
FOR SYSTEMS OF BALANCE LAWS
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We introduce a family of well-balanced high-order numerical methods for 1d

systems of balance laws
Ui+ FU), =SU)H,,

where U(z,t) takes value in Q C RN, F: Q + RY is the flux flunction, S : Q — RV,
and H is a known function from R to R (possibly the identity function H(z) =
x). The methods are based on a first order numerical flux and a reconstruction
operator, i.e. an operator that, given the cell averages of a function, provides high-
order approximations of the function at the cells. This operator is said to be well-
balanced for a stationary solution if the approximations at the cells provided by
this operator from its cell averages are exact. The strategy to design well-balanced
reconstructions operators introduced in [1] is applied.

The implementation of this strategy requires the computation, at every cell and at
every time step, of the stationary solution whose cell average is equal to the numerical
approximation already obtained. Since solving these problems can be difficult and
expensive, we introduce some optimization techniques to rewrite them as control
problems that are numerically solved.

The more difficult case of source terms involving a function H which is discon-
tinuous is also addressed: the Generalized Hydrostatic Reconstruction introduced in
[2] is used to discretize the discontinuities related to the discontinuities of H.

The schemes are applied to the Burgers’ equation with a nonlinear source term,
the shallow water equations, and the Euler equations with gravitational forces: some
numerical tests will be shown to illustrate the behaviour of the numerical methods.
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We discuss the interior and exterior initial boundary value problems for the three-
dimensional wave (d’Alembert) equation. First, a given problem is reduced to an
equivalent operator equation with respect to the unknown sources defined only at
the boundary of the original domain. By applying the Huygens’ principle, we obtain
the operator equation in a form that involves only finite and non-increasing pre-
history of the solution in time. Then, the resulting boundary operator equation is
discretized and solved by the method of difference potentials [1]. The overall numerical
algorithm enables high order accuracy while allowing for non-conforming boundaries
to be handled on regular structured grids. For long simulation times, it offers sub-
linear complexity with respect to the grid dimension, i.e., is asymptotically cheaper
than the cost of a typical explicit scheme. In addition, on multi-processor (or multi-
core) platforms, the algorithm benefits from parallelization in time [2].

As the time of presentation permits, we may also address the initial aspects of
generalization to systems.

Work supported by the US Army Research Office (ARO) under grant # W911NF-16-1-
0115, and by the US-Israel Binational Science Foundation (BSF) under grant # 2014048.
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In this work questions of numerical modeling of dynamic problems of the Arctic
zone on high-performance computing systems are considered. The physical sizes of
field of integration in such tasks can reach tens and hundreds of kilometers. For
correct modeling of distribution wave indignations on such distances, high-precision
numerical methods taking into account wave properties of the solvable equations and
also a possibility of modeling of difficult dynamic processes in non-uniform geological
environments with a set of contact and free borders are required. As such numerical
method in work the net and characteristic method to the numerical solution of systems
of the equations of mechanics of a deformable solid body is used. This method
was already applied to some problems of seismicity in two-dimensional and three-
dimensional cases. This method was already applied to some problems of seismicity
in two-dimensional case, in this work modeling was carried out in three-dimensional
statement. We mark that the grid and characteristic method was successfully tested
for the numerical decision of tasks in such fields of applied science as hydroaerodyna-
mics, dynamics of plasma, the mechanic of a deformable solid body and corrupting,
computing medicine. Examples of its application are described in different appendices
in operation.
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For more than two decades there has been intense research devoted to devising
“high-order” methods for Computational Fluid Dynamics. By this it is usually meant
that some measure of the error can be written as

e = ChP9Pu

with p > 3. However, accuracy itself is not always achievable; there are uncertainties
in the material properties, the geometry, or even in the governing equations. Instead,
accuracy is often used as a proxy for more practical objectives such as robustness and
the ability to obtain acceptable answers on affordable grids. However, these are high
frequency issues. Although accuracy is more amenable to mathematical analysis it is
a low-frequency property.

In his celebrated 1959 paper [1], Sergei Godunov opened a pathway to the incorpo-
ration of realistic physics into CFD methods. All previous workers had focused on
using “difference schemes” to approximate the evolution operator. Instead, he approxi-
mated the data and put it into a form where the exact evolution operator could be
applied to it. For the compressible Euler equations in one space dimension, the data
was made piecewise constant and the exact evolution was provided by solving the
Riemann problem. In 1977, van Leer [2] applied the same concept to one-dimensional
linear advection for a variety of piecewise-polynomial data representations. These two
papers still form the foundation of many CFD methods.

However, few realistic multi-dimensional problems are purely advective, and acous-
tic behavior, for example, is quite different, being isotropic and subject to focussing
and decay. Multidimensional acoustic behavior can be introduced via the exact solu-
tion of the scalar wave equation presented by Poisson [3] in 1818. This can be
applied to nonlinear acoustics in first-order form [4], and to the full compressible
Euler equations by operator-splitting. Excellent results are obtained on arbitrary
unstructured grids. The appropriate incorporation of physics is reflected in superior
symmetry properties and natural boundary conditions.
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In many physical systems, one encounters situations where phenomena occur at
different scales. An example is the modeling of a rarefied gas at varying Knudsen
number (Kn). Large Kn is where Boltzmann equation is the most appropriate model
while, for small Kn, one can obtain Euler or the Navier—Stokes—Fourier system.
At intermediate regimes, using the mathematical methods of Rational Extended
Thermodynamics (RET), one can obtain the closure of moments system associated
with the Boltzmann equation and the differential system becomes Godunov symmetric
system.

We present in this talk some recent results and some open problems on RET both
for monatomic and polyatomic gases.
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In this talk we present two approaches for the construction of conservative semi-
Lagrangian schemes for the BGK model of the Boltzmann equation of rarefied gas
dynamics. Semi-Lagrangian schemes are very attractive since they overcome CFL-type
stability restrictions on the time step induced by the advection term. Furthermore,
the use of L-stable time discretization for the collision term avoids the time step to be
limited by the collision time, and allows, in principle, the construction of Asymptotic
Preserving (AP) schemes that are able to capture the underlying fluid dynamic limit
of the kinetic model for vanishing Knudsen number. High accuracy in space may be
obtained by suitable high order non oscillatory reconstructions, while high order in
time is guaranteed by Runge-Kutta (RK) or Backward Difference Formulas (BDF).

In order to construct AP schemes, it is important that the scheme maintains
conservation at a discrete level, so that for small Knudsen number it becomes a shock
capturing scheme for the FEuler limit.

Classical semi-Lagrangian schemes are observed to lose conservation at a discrete
level. Lack of conservation is due to two main causes: the use of continuous Maxwellian
and the non-linear weights in the reconstruction. The first problem is solved by
adopting discrete Maxwellian, which allows exact conservation of the collision step
even with a small number of grid points in velocity space. To solve the second problem
we propose two different techniques: a conservative correction (CC) and a conservative
reconstruction (CR). In the first technique, a non conservative high order predictor
is computed by a classical semi-Lagrangian method. This predictor is then used to
compute the fluxes of a conservative scheme. This approach is very general, and
allows conservation to be maintained to machine precision. It can be applied to other
contexts, such as the Vlasov—Poisson system and the incompressible Euler equations
[1], or to classical and relativistic gas dynamics [2]. Tts application to the BGK model
has been recently submitted [3]. The second technique is based on a new conservative
reconstruction, which allows to produce conservative semi-Lagrangian schemes which
do not suffer from stability restrictions, and which are AP with respect to the fluid
dynamic limit. Several numerical tests in one and two space dimensions will be shown,
which illustrate the accuracy properties of the schemes for various Knudsen numbers,
and their conservation properties and shock capturing capability in the Euler limit.
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Many situations in Mathematical Physics exhibit a structure that has been over-
looked so far. A symmetric tensor is non-negative and row-wise divergence-free. These
properties imply an enhanced integrability of the determinant. When applied to
various models of fluid mechanics, this yields new a priori estimates under the assump-
tion that the mass and energy are finite.
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Solutions to many hyperbolic equations have convex invariant regions, for example
solutions to scalar conservation laws satisfy maximum principle, solutions to compres-
sible Euler equations satisfy positivity-preserving property for density and internal
energy, etc. It is however a challenge to design schemes whose solutions also honor
such invariant regions. This is especially the case for high order accurate schemes.
In this talk we will first survey strategies in the literature to design high order
bound-preserving schemes, including the general framework in constructing high order
bound-preserving finite volume and discontinuous Galerkin schemes for scalar and
systems of hyperbolic equations through a simple scaling limiter and a convex combi-
nation argument based on first order bound-preserving building blocks, and various
flux limiters to design high order bound-preserving finite difference schemes. We
will then discuss a few recent developments, including high order bound-preserving
schemes for relativistic hydrodynamics, high order discontinuous Galerkin Lagrangian
schemes, high order discontinuous Galerkin methods for radiative transfer equations,
high order discontinuous Galerkin methods for MHD, and implicit bound-preserving
schemes. Numerical tests demonstrating the good performance of these schemes will
be reported.
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Unsteady flows about a moving body are computed numerically with the body
moving in most methods. On the contrary, in the moving-coordinate method presented
by the author [1, 2], the coordinate system is fixed to the individual moving body,
where each moving body stands still with the corresponding grid stationary. The
advantages of the moving-coordinate method are that the boundary conditions be-
come almost the same as those when the object is at rest, and that troubles of grid
generation and occurrence of the error due to the object movement disappear, and
therefore the effect is considered remarkable at the long distance travel.

In the early moving-coordinate method [1], each accelerating frame for the cor-
responding grid domain had only translational velocity relative to the inertial frame,
and further in [2] it was extended to have relative velocity for translation and rotation.
By this generalization, it became possible to numerically compute flow-fields about
an object with arbitrary motion by the moving-coordinate method.

In this lecture, the followings will be shown:

1) The governing equations of the moving-coordinate method with exchange for-
mulae of momentum and energy between the accelerating frame and the inertial frame.
Although in the continuum mechanics, the formula for momentum was shown by the
classical physics [3], here that for energy was derived in order to apply the moving-
coordinate methods to the compressible flows.

2) The governing equations of the moving-coordinate method in conservative form,
derived from the those of the conservative form in general coordinate system in the
inertial frame, through the ALE (Arbitrary Lagrangian—FEulerian) method.
Although those were derived in [4] in the special case with only the relative translation
velocity included, here those were shown in general case with relative velocity for
translation and rotation.

3) Applications:

a) Within an apparatus of ballistic range, when a flying projectile was injected from
the launch tube by high pressure air, the interacting phenomena were numerically
captured between the supersonic flow-field around the projectile and the blast wave
from the launch tube, with prediction of flight velocity.

b) When a planetary probe reentered the atmosphere with a supersonic parachute
opening, the two-dimensional flow-fields about simply modeled bodies were numeri-
cally captured, with prediction of flight velocity and trajectory.
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4. Takakura Y., “Methods for computing flows with moving boundaries: governing equa-
tions, geometric conservation laws and application of moving coordinate method”
(Japanese), Comput. Fluid Dyn., 8, No. 3, 117-129 (2000).
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Typical multispecies compressible Navier—Stokes computations employ conserva-
tive equations for mass fraction transport. However, it has been known for more than
three decades that such discretizations produce unphysical oscillations when advecting
a contact surface between two differing gases through a mesh.

The unphysical oscillations can be large relative to the background pressure, and
cause three key undesirable effects, namely (i) spreading and diffusion of the contact
surface, (ii) pollution of the pressure field in the solution which may mask weaker
waves such as acoustics and (iii) slowing the convergence of the numerical solution.

In the inviscid, or multiphase, applications, this problem has been circumvented
with the introduction of an additional quasi-conservative equation for volume fraction.
This permits a closure for the mixture equation of state where the individual fluids
are not assumed to have equal temperatures.

Following a similar philosophy, a system of equations may be developed which
utilize quasi-conservative equations for number fraction transport which remove the
spurious numerically generated oscillations, and are applicable to miscible fluids with
diffusion, viscosity and heat conduction [1]. For zero viscosity, diffusivity and conduc-
tivity, this model is equivalent to the five-equation model for immiscible fluids, thus
it is suitable for both sharp and diffuse interfaces.

The presentation will outline the derivation and thermodynamic closure of the
resultant system of equations. A discretization is proposed, and the order of accuracy
demonstrated for benchmark cases. In these test cases, the new model has between
2 and 10 times lower error for a given grid size. This represents an ~ 40 times
lower computational cost for an equivalent error in two-dimensional computations.
Computations of mixing due to a Richtmyer—Meshkov instability will be presented as
an application of the new model.

REFERENCES

1. Thornber B., Groom M., Youngs D.L. “A five-equation model for the simulation of
miscible and viscous compressible fluids,” J. Comput. Phys., 372, 256-280 (2018).
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During last ten years the author has been developing a discrete-velocity-type
numerical method to solve model kinetic equation with the E. M. Shakhov collision
integral [1] for three-dimensional flows [2, 3]. The method combines a high-order TVD
advection scheme for arbitrary spatial meshes, unstructured mesh in velocity space
with adaptation for high-speed flows and one-step LU-SGS implicit time evolution
method. These features allow applications to industrial-type problems with complex
geometries.

The numerical method is implemented into the software package “Nesvetay” deve-
loped by the author. The code is written in Fortran 2003 programming language.
For the efficient use of modern parallel computers a two-level MPI+OpenMP parallel
implementation of the numerical method with decomposition of both physical and
velocity meshes has been developed and implemented. Usually, the velocity mesh is
divided between MPI processes whereas the spatial mesh is split into block for the
intra-node calculation with OpenMP. This allows good scalability up to 256 cluster
nodes.

This presentation is a review of all recent developments of this numerical method
for high-speed flows, which have been carried out by the author alone or with the
collaborators from the Russian Academy of Sciences [4-6]. These developments prima-
rily concern various studies of the stationary high-speed flows up to free-stream Mach
number M, = 25 as well as comparison of kinetic and direct simulation Monte-Carlo
(DSMC) solutions. Possible extension to diatomic gases will also be discussed.

The work was partially supported by the Russian Foundation for Basic Research (project
no. 18-08-00501). Calculations have been run on supercomputers, installed at Joint Super-
computing Center of the Russian Academy of Sciences and Peter the Great St. Petersburg
Polytechnic University. The author would also like to thank Dr. A. A. Frolova for many useful
discussions.
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(2010).
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5. Frolova A. A., Titarev V. A., “Recent progress on supercomputer modelling of high-speed
rarefied gas flows using kinetic equations,” Supercomputing Frontiers and Innovations,
5, No. 3, 117-121 (2018).

6. Titarev V.A., Frolova A.A., Rykov V.A., Vashchenkov P.V., Shevyrin A.A., Bondar Ye.A.,
“Comparison of the Shakhov kinetic equation and DSMC method as applied to space
vehicle aerothermodynamics,” J. Comput. Appl. Math., submitted.
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I first briefly review the classical Godunov method [1-2] for solving hyperbolic
conservation laws. Then I discuss the relationship between the Godunov scheme and
other classical numerical methods, such as Glimm’s method and the Lax—Friedrichs
method. There follows a brief review of solvers for the classical Riemann problem to
obtain the Godunov numerical flux [3].

To conclude I discuss possible extensions of the Godunov method to obtain high-
order of accuracy, for smooth solutions, in both space and time. I focus on the ADER
framework presented in Oxford in 1999, on occasion of Professor Godunov’s 70th
birthday [4-5], and subsequent developments in the last 20 years [6-7].

REFERENCES
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Introduction, Springer, third edition (2009).

4. Toro E. F., Millington R. C., Nejad L. A. M., “Towards very high-order Godunov schemes,”
in: Godunov Methods, Springer, Boston, 2001, pp. 897-902.

5. Toro E. F. (ed.), Godunov Methods: Theory and Applications, Springer (2001).

6. Toro E. F., Titarev V. A., “Solution of the generalized Riemann problem for advection-
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7. Dumbser M., Balsara D., Toro E.F., Munz C.D., “A unified framework for the const-
ruction of one-step finite-volume and discontinuous Galerkin schemes on unstructured
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A model consisting of balance laws for two-phase mixture flows with phase transi-
tions is considered. It was derived by averaging techniques. The model equations are
first order systems of partial differential equations with source terms. They are weakly
hyperbolic, i.e. they have real eigenvalues but not a full set of eigenvectors. After a
short introduction of the model we consider sub-models. We consider an isothermal
subsystem of conservation laws that is also weakly hyperbolic. A further difficulty is
that real applications with gas and liquid flow need appropriate equations of state.
What this means for the Riemann initial value problem is discussed in more detail in
a talk given by Christoph Matern.

The work was supported by the DFG research training group GRK 1554 Micro-Macro-
Interactions in Structured Media and Particle Systems.
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The goal of this paper is to relate numerical dissipations that are inherited in
high order shock-capturing schemes with the onset of wrong propagation speed of
discontinuities. For pointwise evaluation of the source term, previous studies indicated
that the phenomenon of wrong propagation speed of discontinuities is connected with
the smearing of the discontinuity caused by the discretization of the advection term.
The present study focuses only on solving the reactive system by the fractional step
method using the Strang splitting. Studies shows that the degree of wrong propagation
speed of discontinuities is highly dependent on the accuracy of the numerical method.
The manner in which the smearing of discontinuities is contained by the numerical
method and the overall amount of numerical dissipation being employed play major
roles. Depending on the combination of numerical method, time step and grid spacing,
the numerical simulation may lead to (a) the correct solution (within the truncation
error of the scheme), (b) a divergent solution, (¢) a wrong propagation speed of
discontinuities solution or (d) other spurious solutions that are solutions of the discre-
tized counterparts but are not solutions of the governing equations. The findings might
shed some light on the reported difficulties in numerical combustion and problems with
stiff nonlinear (homogeneous) source terms and discontinuities in general.
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Monenn, ToCTpOeHHbIE HA, OCHOBE YDPABHEHWH WA TbHON MAarHUTHOMN THIPOIWHA-
muku (MTI), urpaior BasKHEHIIYIO POJIb B UCCJEAOBAHUM Psijia TIPOGJIeM reodU3uKu
n actpodmsukn. [Ipn 9MCIEeRHOM HMCCIEIOBAHNM TAKAX MOJAENEH BAKHO YYUTHIBATH
CBOICTBO 6E341BEPIeHTHOCTH MArHUTHOTO 1104151 [1-3], KOTOPOEe MOXKEeT HE BBIIOJIHIThH
o TTPW PACIeTe ¢ UCMOIL30BAHNEM PA3HOCTHLIX ¢xeM. OHAM W3 TTOIXOI0B K PEIeHno
3TOH MPOBIEMBI ABJISETCA UCIONB30BAHAE CMEIICHHBIX CETOK, IPU KOTOPOM Ta30BbIC
MIEPEMEHHBIE OTHOCATCS K MEHTPAM PAa3HOCTHBIX Y€K, & MATHATHOE TOJIE 3a/1aeTCS
CBOMMY HOPMAJIBHBIME KOMIIOHEHTAMY HA, pebpax.

Mogens naeanbuoit MU BkaodaeT B cebsi 3aAKOHBI COXPAHEHNS MACChI Ta3a, ero
HMILy/IbCA U [TOJTHOM SHEPTHUH, & TaK¥Ke ypasHeHue ®apasies 11s1 SBOTIONUN MATHIUTHO-
ro moxs [1]: %—Ig + %«: =0, %—? =V X (v X B), e BeKTOp KOHCEPBATUBHBIX MEPEMEH-
ueix U = [p, pu, pv, pw, €]’ sexrop noroxka F = [pu, pu? +p— B2, pvu— B, By, pwu —

B.B.,(e + p)u — B.(v - B)|Y, p — mmornocrs, v = [u,v,w]T — ckopocTs cpempr,
P 2 2
B = [B., By, B.]T — Bextop mmayxmmm mMarmmTHOrO TOAA, € = % + 5 + BT —

2
IOJIHAS SHEPTUS U P = Pgas + BT — TOJIHOE JaBJIEHHUE.
st moydeHns YMCAECHHOTO PENeHns Ha HOBOM BPEMEHHOM CJIO€ HCIOJIB3YeTCs
CTIEYIONINH AITOPUTM DEIeHUs:

1. Tlepecder 1a30BBIX EPEMEHHBIX C HUCIOJIb30BAHUEM TPUOIHKEHHOTO PEIeHUs
sanaqdn Pumvana g ypasuenuit MI'JI meromom HLLD, Britouyas y4aer aeficrBust
Ha ra3 asekTpoMaruuTHerx cui [4]: (U, B) — U.

2. Pemenne ypaprenus ®apajies ¢ ucnonbzopanneMm Teopembl Ctokca [3] s ap-
TOMATHYIECKOTo BbINoaHeHus yciaopus V - B =0: (U,B) — B.

JI7is1 OEHKHU CBOMCTB MOCTPOEHHON CXEMbI PACCMOTPEHO HECKOIBKO XapaKTEPHBIX
recroBbix 3azad uiaeanbHoit MIL noapoGuo onucanubix B Jjureparype [1, 3]. Pe-
3YJIBTATHL TECTOBBIX PACYETOB HOKA3AIN HAJAEKHOCTH U 3DDEKTUBHOCTD TOCTPOEHHOMH
PA3HOCTHON CXEMBI.

Pa6oTa BhinosHena mpu nogaepxkke Poccuiickoro donga dyHIaMEHTAIBHBIX UCCIIEI0BA-
muit (mpoextst Ne 18-31-20020, 18-01-00252).
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um. H.D. Baymana. Cep. EcrecrBennsre nayku. 2012. Cuen,. Bpir. 2: Maremarudeckoe
mopennpoBanvie B texanke. C. 98-108.
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uoit MI'/T Ha HecTpykTypupoBaHHBIX cerkax // IlpenpuaTsr UTIM um. M. B. Kengpima
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4. Miyoshi T., Kusano K. A multi-state HLL approximate Riemann solver for ideal magneto-

hydrodynamics // J. Comput. Phys. 2015. V. 208. P. 315-344.
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B nmacrosinee BpeMs MUPOKOE PACTPOCTPAHEHUE TOJTYUYUIN TUHAMUIECKIE CUCTe-
MBI CO CITy9allHBIMA U3MEHEHUAMU YCIOBUN (PYHKIIMOHUPOBAHUS U BO3MYINEHUH, TIPHU-
BOJAAIIMME K BHE3aITHOMY U3MEHEHUIO CTPYKTYPbI B IIeJIOM — K CTPYKTYDPHOI Heompe-
gesearocTr. CHCTEMATHYECKOe U3JIOKEHUE TAKUX 33J1a9 U METOJ0B X AHAJIU3A, JAHO
B padorax WM.E. Kazakora, B.M. Aprembena, B. A. Byxaznesa [1]. AnamuTndaeckomMy
MOJIEJTUPOBAHUI) CTOXACTUYECKUX CHUCTEM mocBsiiena mouorpadus M. M. Kocauesa,
M.T. Epomenkosa [2].

IIpumepamMu cucTeM CO CIYyUIANHON CTPYKTYPOH MOTYT CAYKHUTH CHCTEMBbI YIIPaB-
JleHusi COJIM2KEHVEM JIETATeSIbHBIX AalllapaTOB, CHCTEMbI IIOMCKA U 3axBara nHOP-
MAaIlMOHHOTO CHTHaJIa B 3a7ladaX HABUTAIIMKA W YIPABJIEHUS TIOJETOM JeETATeTbHBIX
almaparoB, CUCTEMbl KOMOWHUPOBAHHOTO HABEIEHUS HA II€Jib, & TAK¥Ke CHCTeMbI C
BO3MOXKHBIMHU HApPYIIEHUAMH U OTKa3aMU.

Paspaborannag B Boennoii akanemuu Pecnybiuku Benapycs meronuka [2, 3] no-
CTPOEHUA UMUTAIMOHHON U AHAJIUTUYCCKON MOAEJN UCCAeAyeMONH JTUHAMUYECCKON CH-
CTEeMBI TTO3BOJISIET MTPOBOANTE €€ BHICOKOTOYHBIN aHaIN3.

Paszpaboranusie 8 UBMuMI' CO PAH BeruncsiuTebHble alrOpuTMEL [4, 5] mo3eo-
JIFAI0T TPOBOAUTH CTATUCTUYECKAN aHAJIA3 CUCTEM CO CIY4YalHOU CTPYKTYpOH, uccie-
J0BaTb ¥ ONTUMU3UPOBATDH MIapaMeTPhbl U CTPYKTYPY Mojeseit, OHU He3aMeHUMbI IpU
[IPOBEJICHNN YMCJIEHHBIX 3KCIEPUMEHTOB.

IIpoBepka amekBaTHOCTH pa3pabOTAHHON AHAIUTHIECCKOH MOAE/N ITUHAMUIECKOH
CHCTEMBI OCYIIECTBIIAETCA IyTEM CPABHEHUA De3yJIbTAaTOB AHAJUTHUYECKOTO MaTeMa-
THYECKOr0 MOJEJINPOBAHUA C QHAJIOTUYHBIMU PE3YJAbTATAMU CTATUCTHYECKOTO MOJEe-
JIMPOBAHUSA NMATAIMOHHON MAaTEeMATUYIECKOA MOIEJIH.
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5. Asepuna T. A. Vcnionb3oBaune MoauduKaImii METOIa MAKCUMAJIBHOTO CEYEHUs IS MO-
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Cub. xypH. Borumci. maremaruku. 2016. T. 19, Ne 3. C. 235-247.
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OLIEHKY BPEMEHV PA3PYIIIEHUSI
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Uccnenyercss obpatHast 3a1atua onpeesieHnst MpaBoil dacTu Ayst miceBmonapabo-
JITYECKOTO YPABHEHWS C WHTErPAJbHBIM yCJIOBUEM mepeonpeaenenus. 1logyuensr no-
CTATOYHBIE YCJOBUS “pa3pyIleHus’ PEIeHns 33 KOHEYHOE BPeMsl, a TAKKe MOJIYIeHa
OTIEHKA CHU3Y PA3PYIIeHus perierus. PAaccMaTpuBaioTcsa BOIPOCH! AaCHMITOTHYIECKOTO
moBesieHust perennit mpu Gonbinux 3navenuax Bpemenn 1. IMomydensr mocrarodnbie
YCJIOBHS JIOKAJIU3AIUH PEIICHUs 33 KOHEIHOE BPEMs .

UccnenoBanne HavaaIbHO-KPAEBBIX 33124 MMCEBA0NAPAOOTNYECKOro THITA HAYAIOCh
B 1980-x romax. Borpocawm cyrectBoBanust u nupQepeHIIuaIbHbIM CBONCTBAM pelle-
HUll JJId ypaBHEHU 11ceBaonapabondeckoro Tuia, (Ha3bliBaeMbIX TaKKe yPABHEHU-
aMU CODOJIEBCKOIO THUIIA) OCBIIIEHO DOJIBIIOE KOJIMIECTBO PabOT, OCHOBBI KOTOPBIX
zasoxkenbl B paborax C.JI. Cobomesa, A.Il. Ockonkosa, C. H. Auronnesa, A. 1. Ko-
xanosa, M. Q. Kopnycosa, A. . Ceemuukona, R.E. Showalter. Mccaenosanuio 06-
PATHBIX 3334 Jisi YPABHEHUI MCEBIOMAPadOIUIECKOTO TUIA MOCBAIIEHBI PabOTHI
A.U. Koxanosa, A. Acanosa, E.P. Aramanosa, C.I. Ilarkosa, b. C. Abnabekona,
A TII. JTobanosoit, X. Xomnsima, M. Yaman u mp.

Hng mwmeapa Q@ = {(z,t) : x € Q, t > 0} paccmorpum cremyrormyo o6par-
HYIO 3a7ady [Jis TICeBA0NapaboIMiIecKOro ypaBHEHUI: ONpeJeuTh mapy QyHKiIni
(u(z,t), f(t)), yIOBIETBOPSIONNAX YPABHEHUAM

g —xAus—div(|Vu| 2 Vu) —uu,, +9(z, t, uVu) = [ul’ 2u+ f(t)h(z), z € Q, t > 0;

u(x,0) = uo(z) BQ, u|agzx(o,oo) =0;

/u(x,t)h(m)d:c =1, t>0.

Q
Baecy 2 C R™ (n > 1) — orpanmdennas obmactb ¢ rpamruneit 0Q € Cl, 0,q,8 —
HOJIOXKUTEbHBIE KOHCTaHTbL, h(x), ug(x) — m3BecTHbIE (DyHKIUH.

Pabora BeImoTHeHA TIpM (DUHAHCOBOM MoAaepKKe MuHrCTepcTBa 00pA30BAHUS M HAYKH
Pecny6inku Kazaxcran (mpoext Ne AP05132041).
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IIycTb ympasasembrii 0OObEKT ONMUCHIBAETCS JIMHEHHBIM TudhepeHnaIbHbBIM YPaB-
uerweM & = A(t)x + B(t)u, x(ty) = xg, €9 € D, rie u — M-MEPHBIA BEKTOD yIpaBJIe-
HUs, KOMIIOHEHTHI KOTOPOT'O MPUHAIJIEIKAT KJIACCY KyCOUHO-HENPEPBIBHBIX DYHKITHH 1
nojuuHenbl orpanndenusm |uj| < M, j = 1,m. Ipeanonaraercs, 4To cucrema 1oJ-
HOCTBIO YIIpaBjIsieMa ¥ MepeBOIMMa B HAYAIO KOODJMHAT W3 OUPAHUYEHHOH 0baacTh
HaYaJIbHBIX ycjoBuit D.

Bamaua. Haiitu gomycruvoe ynpasnerne u (t), mepesomamiee 3a spema T = tj,—to
(rme T > Tp) cucremy M3 HAYAIBHOTO COCTOSHUSA Z(t)) = X B KOHEIHOE COCTOSHHE

ty
z(ty) = 0 u mummvmsnpyomee Gynkmmonan J(u) = [ 370, [u;(7)|dr. Bmecs Ty —
to

BpeMs ONTHMAJIBHOTO TI0 OBICTPOAEHCTBHIO TEPEBOAA CHCTEMBI.

Paspaboran HOBBIM METOI pENIEHUS 330a9¥ MUHUMH3AIMUKA PACXOId PECypca
yupasyenusi. OH OCHOBAH Ha Pa3Je/IeHUH BBIYUCIUTEIbHBIX 3aTpar Ha: 1) npeasapu-
TeJIbHbIE BHIYMC/ICHNS U 2) BBIYUCJIEHUS B [IPOIEcce yrnpasjenus. [Ipeasapurebabie
BBIUUCTIEHNS COCTOSIT B TIOCTPOESHUH AIMTPOKCAMUPYIOIIEH KOHCTPYKITAH, JAIOIIEH IpH-
ONMKEHHOE PeIieHne 330341 MAHUMHA3AINKN 11 JII000T0 HAYAIBHOTO YCAOBUIA T( U3
orpaHudeHHol obsacTu HaYa bHbIX ycjaosuit D [1]. Boruucsenus B upouecce yupas-
JIEHUsT HAYUHAIOTCS C MOMEHTA, 33IaHNs KOHKPETHOIO HAYAJBHOIO YCIOBUSA To U 3a-
KJIIOYAIOTCS B YTOYHEHUH IOJY9YEHHOrO TpubIMKeHHOro pernenus. [locTpoenue ar-
MIPOKCUMUPYIOIIEH KOHCTPYKITUA OCHOBAHO HA, JAEJIEHUN O0JACTH HAYATBHBIX YCIOBHIA
Ha 00JIaCTH JOCTHUKHMOCTH 33 PA3JIWIHBbIE BpeMeHa. Kaxkgaa obacTh JOCTHKUMO-
CTH AIMPOKCUMUPYETCS CEMEHCTBOM THIIEPILIOCKOCTEHN, MPOXOISIINX Yepe3 Pasind-
Hble KOMOVWHAITMY IPAHWYHBIX TOYEK. PaccMOTpeHa MpoIeaypa BBIIEIEHUS TTOIMHO-
JKECTBA, HAYAJIBHBIX YCJIOBUM, KOTOPOMY MPWHAJIEKUT 3QTAHHOE T(, U ONPEIETEHUs
OIOPHOH THHEPIIOCKOCTH. K Kaskmoi rpaHuTHOl TOYKe “TpUKperigeM’ HaliTeHHbIe
[PeBAPUTENIBHO 3HAYEHUs] ONTHMAJIBHOINO 10 PACXOMy pecypca yipasienus [2, 3].
Pazpaboran urepanuOHHBIH AJTOPUTM BBIYHUCICHNS ONTHMAJIBLHOTO IO PACXOAy pe-
cypca yIpaBJieHHUsI, HCIOIb3YIONIUI IOy YeHHOe IpuOInKeHHOe pelnenne. [Ipusemne-
HBI PE3YJIbTAThI MOIEIUPOBAHNUS U YMCJIEHHBIX DACUYETOB.

Pabora Bbimosinena mpu dbuHaHCOBOM moagepxkke Poccuiickoro domma dynmaMeHTa b
HbIX uccnenoBanuil (mpoext Ne 19-01-00754).
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MOAEJINMPOBAHUIE ITPOLIECCA IIOTPY2KEHN A
OTKPBITOUN TPYBBI C TPYHTOBOU ITPOBKOU
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nialex@misd.ru

Becrpanineitabie TeXHOMIOTUY TPOKIIAIKY TOI3EMHBIX KOMMYHUKAITAN THPOKO UC-
IOJIB3YIOTCA B CTPOUTENHCTBE. B HACTOsIIIEE BpEMS YaCTO IPUMEHAETCH METOI, OCHO-
BAHHBIN HA MOTPYKEHUH 00CATHON TPYOBI B TPYHTOBBIH MaCCUB C OTKPBITHIM TIEDPEI-
HUM TOPIOM. B 3T0i TeXHOIOTUK BO BHYTPEHHIOK MOJOCTh TPYObI OCTyHIAET pa3py-
MIEHHBIN TPYHT, KOTOPBIA 00pa3yeT IPyHTOBYIO MPOOKY.

B nacrosimeit pabore ¢ MOMOIMIBI0 KOHEYHO-PA3ZHOCTHOI'O METOAA PACCIYNTHIBACTCS
TOPU30OHTAJIBHBIH TPOIIECC YIAPHOrO IOPY2KEHNs B IPYHT OTKPBITOH TPyObI, B3anMoO-
gefictByfomeil ¢ rpyHToBO# pobkoit. Ilporece mpeamonaraeTcs 0CeCHMMETPUIHBIM.
BayTpu Tpy6sr qmusbl Ly comep:kuTcst TpyHTOBast TpobKa miuabl Ly, Tpyba morpy-
JKeHa B TPYHT Ha ryybuny Lg. ITo Topity TpyObl Mpou3BOISTCS MHOXKECTBEHHBIE TTPO-
JONBbHBIE yAapbl Maccoit My, mBukyieiica co cKOpocTbio Vy. IBukenusa TpyObl u
POOKHM OMUCHIBAIOTCH OJHOMEDHBIMU BOJTHOBBIMU yYPABHEHUSMH OTHOCUTEIBHO IEpe-
Merennii. Bzanmoeiicrsue TpyObl, IpOOKM M BHEITHET'O I'PYHTA, OIUCHIBACTCS 3aKOHOM
cyxoro Tpeuus KyjioHa, T. e. Cuja TpeHUs MPOMOPIMOHAJIBHA 3HAKY OTHOCHTETHHOIM
CKOPOCTH TPYOBI U Cpeibl, KOIMDMUIIMEHTY TPeHUs U HOPMAJIBHOMY TABJIECHUIO CPEIbI.

[IpoBeneno uccrenoBanme BAUSAHUS MapaMeTPOB TPYObI U MPOOKK Ha MPOIECC MO-
TPyKeHUs OTKPBITOH TPYObI B IPYHT.

Pafora Beimosmena npu durancosoii nogaepxkke Poccuiickoro mayanoro dbonga (mpoexr
Ne 17-77-20049).
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KPUTUYECKUI CJIVYAN YCTOMYMNBOCTU
NMITYJIbCHOW CUCTEMBI

Anamkun O. B.

Kpvmcrut gpedeparvroiti ynusepcumem um. B. U. Bepradckozo,
Cumgbeponoaw, Poccus; oanashkin@yandex.ru

Jnddepenianbable ypaBHEHHsT ¢ UMIYJILCHBIM Bo3jeiicTerem [1] (MMmysbcHbIe
CHUCTEMbI) SBJSIIOTCA AJEKBATHBIM MHCTPYMEHTOM MOJIEIMPOBAHUS IBOJIOIMUOHHBIX
MIPOTIECCOB, MOIBEPTAONIAXCsT BO3AEMCTBUAAM UMILYJIbCHOTO Xapakrepa. Maremarnde-
CKHe MOJIEH, MOCTPOEHHBIE HA OCHOBE WMMITYJIBCHBIX CHCTEM YKA3aHHOTO BHA, Ha-
XOAAT IIPUMEHEHNE B MEXaHWKE, TEXHHWKE, MATEMATHYECKONH OMOJIOruu U APYrUx OT-
paciasax HayKu M TeXHUKH. BarkHoi#l 3ajadeil siBjsieTcst UCCie0BaHUe YCTOHIHBOCTH
CTAIMOHAPHOTO PEIIeHUs UMITYJIbCHOM CUCTEMbI B KDUTHYECKOM CJIydae, KOTIa Xapak-
Tep YCTOMYWUBOCTHU JIUHEHHOTO TPUOIMKEHU HE JAeT JO0CTATOYHON mHbOpMaImu 0b
ycToitunBocTy 1moJHOMN (HeauHelHoit) cucrembl. HackonbKo HaM W3BECTHO, 5Ta 331244
nU3yveHa eIlé BEChMa HEIOCTATOYHO. Mbl pACCMOTPUM KJIACC IIEPUOANIECKUX UMITYIIbC-
HBIX CHCTEM BTOPOTO TTOPSIKA

&= Ax+ f(x), t#7h x(t+0)=Hpx(t)+ge(z(t), t =7, (1)

roe ¢ € R?, x(t + 0) — mpasoe npenenbHoe 3Hadenne x(t) B Touke t, 0 = 79 < 71 <
To < ...— MOMEHTBI IMIYJIbCHOTO BO3IEHCTBUS, Tk 1 = T + 0k, A, Hp — DOCTOSHHBIC
MaTpHUBL, pansl f(x) = Elm\22 Fox™, gi(x) = Z|m|22 Gk ™ abcomorno cxonaTcs
B OKPECTHOCTH HyJd (31ech m = (mqy,mz) > 0 — MyabTHUHIEKC, |Mm| = mq+me, 2™ =
oM al? ) F,, GE € R?) u Bbiiosineno ycjiosue HepuondHOCTH: OC/IeI0BATEbHOCT
MONIOKUTETBHBIX auce {0y} ABageTca p-neprogmaeckoi myis mekotoporo p € N u
Hy = Hpyp, GE, = GEFP nna moboro k € Z.

W3BecTHBI Pa3InaHble METOIbl PEIIeHIs 33,1341 00 YCTOMYUBOCTH B KPUTHICCKHX
caydadx [2-6|, u Bce oHM JI0CTATOYHO TPyOEMKHE. B J10K/Ia/1€ IPOU3BOIUTCA CpaBHe-
HEe Pa3JIMYHBIX HOAXOA0B U (POPMYJIUPYIOTCS HOBBIE JOCTATOUHbIC YCAOBUS yCTOHIH-

BOCTHU JJId HEKOTOPBHIX KJIACCOB UMNYJIHLCHBIX CUCTEM.
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Ne 1-2. C. 153-162.
6. Anamkun O. B., Murpko O. B. VccienoBanne KPUTHIECKOTO CJIydasi yCTOMYUBOCTH JIJIst

omHOro ceMmeiicrBa uMIynbCHbIX cucreM. 11 // Nunammdeckue cucremst. 2014. T. 4(32),
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MO/JIEJIIPOBAHUE BOJIBIIINX TE®OPMAIINI
TUIEPYIIPYTOI CPEABI C ICIIOJIB30BAHUEM
HOBOI1 MEPHI TE®@OPMAIIUNII

Annunn B. /1.2, Barpos K. B.?

L Hnemumym 2udpodunamuru um. M. A. Jaspenmvesa CO PAH,
Hosocubupck, Poccus; annin@hydro.nsc.ru
2 Hosocubupcruti 2ocydapemeennniii ynueepcumem, Hosocubuper, Poccus;
k.bagrov@g.nsu.ru

TpanuroHHbBIE METOIBI UCCAEIOBAHNS ne)OpMAIHil TUIIEPYTIPYTUX cpel 00aa1a-
0T HEKOTOPBIMHU CYIIECTBEHHBIME HEIOCTATKAMU, TAKUMHU KaK CHJIbHAS CBI3aHHOCTh
HOJIy9aeMBIX COOTHOIIEHHUH [1] 1 CTI0KHOCTD SKCIEPUMEHTATIBHOIO N3MEPEHUS MATEPH-
aJIbHBIX apaMeTpoB. JaHHas pabora pa3sBUBAET UAECI0 HpuMeHeHuda () R-pasioxkenns,
UpeJCTaBIEHHYIO B [2], 11 nocTpoeHust HOBOM Mepbl AedopMaliuii.

ITocTpoenne TPOBOIUTCS B OMPeIEIeHHON (DUKCUPOBAHHON crCTEMe KOOPIUHAT €,
B KOTOPO# KOMIIOHEHTBI TPajinenTa Jedopmaruu 00pasyioT HeBIPOXKIEHHYIO MATPH-
uy Fi;. Jna nannoii MaTrpunsl onpeneiieHo ee (QR-pasioxenue ' = QF B kaue-
CTBE mapaMerpoB JedopMalui NPUMEHSIOTCS Beuaunbl {1 = In Fiq, & = InFy,
& =Inl3, & = Fﬁ’ &= Flg, 6 = %ZN

B pabore [2| 6b110 nokazano, uro FTF = FTF = C, 1. e. HOByI0 Mepy medopma-
U MOXKHO IMOJYYIUTH KAK PA3IOXKEHNe XOJEIKOro st Mepbl gedopmarnmii ['puna.
Takoe COOTBETCTBHE MO3BOIAET BHIPA3UTH IIOTEHIMA ruiepynpyroi cpeapt ¥(C') kak
dbyukuuio ¥(§;) KoMnoHeHT HOBOI Mepbl AedopManuii.

ITpu I/ICHOJ’IL3OB&HI/II/I nonyquHoﬁ Mepbl AedOpMAaIuii TeH30p HANPSIKEHU BhIpa-
xKaerca B Buae Ti; = Zk 1 09 (k) rieJ =det F = det F = F11F22F33, a TeH30pbI

F3
A®) pripakatorcs uepes Tenzop F' u BEKTOPBI €, = Q€;. BaskHbIM CBOHCTBOM MOy~
9E€HHOH CHCTEMbI TEH30POB SBJISAETCA €€ “TIOYTH OPTOTOHAJIBHOCTH — UMEHHO, U3 Bcex

k) 40 1
MIONAPHBIX CBEPTOK A( )A7 ]), k # |, HeHYJIEBOH SABJISETCS TOJHKO CBEPTKA A( )A

Asropamu 6bL1a HOCTpoeHa YUCIeHHAA MOJAENb JJIA TPEXMEepPHOro cnyqaﬂ aHa—
goruynad pabore [3]. Mozens ocHOBaHA Ha sIBHOH 3alMCH yPABHEHUIl DABHOBECHUS
JUIS KaXKJIOro y3J1a TeTPAadPUYecKOil ceTku, ¢ yHKuusaMu (DOPMbI, OCHOBAHHBIMU
HQ 6apHLLeHTqueCKHX KOOpJMHATAaX, W BBIPAXKEHWEM VIPYTUX VCUIUH# B BUIE

9&; OChk1
= Z Vo 8571) BCh; P, rjle CyMMHUPOBaHHE 110 P COOTBETCTBYET CYMMUPOBAHUIO

IO BCEM 3IeMEeHTaM, COZIePXKAINIM JaHHEIH y3ei, V, — o0beM ajleMenTa, P’ — UCKOMBIE

A
KOODIMHATBI BepIInH 1ehOPMUPOBAHHOrO SJIEMEHTA, & 75— BBIPAZKACTCH aHAIHTHIe-
cKU u3 pazsnokenus Xoseukoro (Gopmysa 3/ech He IPUBOAUTCS BBULY €e 00beMa).

Pabora Beinosinena nipu noguepxkke Poccuiickoro ¢onia GyHaMeHTaIbHbIX UCCIEA0BaA-

muii (mpoext Ne 19-01-00511 A).
JIUTEPATYPA
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O TOYHBIX PEHIEHNAX OJHOTI' O
HEKJIACCUYECKOI'O YPABHEHUA
B YACTHBIX ITPON3BO/JHBIX

Apucros A. .

Mocxosckuil 2ocydapemeennuii ynusepcumem um. M. B. Jlomonocosa,
Mocxksa, Poccus; ai_aristov@mail.ru

Pabora mocBsImeHa moCTPOSHNIO TOUHBIX PEICHUH ypaBHEHNA

9 (Au — u) + Au+ div (uVu) = 0.
ot
D10 ypaBHEHUE OLIUCHIBACT HECTALMOHAPHBIE IIPOLECCHl B HOJyIpOBOAHUKE [1].

OTMeTuM, YTO KAYECTBEHHBIM CBOWCTBAM DPEINEHUN HEeJVWHEHHBIX YPABHEHUil, CO-
JepKaluX CMeNTaHHble TPOW3BOAHLIE MO BPEMEHH W TI0 MPOCTPAHCTBEHHLIM ITepe-
MEHHBIM BBICOKHX TOPSIKOB, MOCBSIIEHbI ODIINPHBIE NCCIeA0Banus (Hampumep, [1]),
TOI/IA KAaK B JINTEPATYPE O TOUYHBIX DPEIeHusX TOA00HBIE yPABHEHUS BCTPEYAIOTCH
JIOBOJIBHO DEJIKO.

B nammoit pabore moctpoero 10 K1accOB TOYHBIX PEITeHNiT HA3BAHHOTO YPABHEHUS.
Ucnonws3oBanbl MeTo I OeryIeil BOJHBL, METO,T 0DODIEHHOTO PA3IE/TeHNs TEPEMEHHBIX,
HONCK pelreHnii crenuanbaoro suja [2]. Hekoropsie BblunciaeHust ObIIM aBTOMATH3H-
POBAHBI C MOMOIIHIO CUCTEMBI KOMIILIOTEPHOI MaTemaruku Maple.

Teopema. CymecTByoT Kak 00paIamoimuecs: B 06CKOHEIHOCTh HA KOHEIHBIX MPO-
MEXKYTKAX BPEMEHH (Pa3pyIIAOLHecs) PEIICHU s HA3BAHHOIO yPABHEHUS, TAK U OIDa-
HHYeHHBIE IJI00a/IFHO IO BPEMEHH.

CrpaBeJIMBOCTD ITOrO YTBEPIK/I€HUsT BLITEKAET U3 AHAIN33, TOCTPOSHHBIX TOTHBIX
perenuii.

Pabora Beimosinena mpu mnoep:kke rpanrta Ilpesummenta Poccuiickoit @enepanmm i

rOCYyIaPCTBEHHOM LOMJEPKKU MOJIOABIX POCCHICKHMX yHUEHBIX — KAHIAWJATOB HAyK (IIPOEKT

Ne MK-1829.2018.1).
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BO3BPATHBIE YPABHEHUNA 11 ®OPMYJIbl KAPJIAHO
B SAJJAYAX BbBIYNCJINTEJIBHOVN MEXAHUNKN
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2 Hnemumym zudpodunamuru um. M. A. Jlaspenmovesa CO PAH,
Hosocubupck, Poccus; nika@hydro.nsc.ru
3 Mockosckuti 20cydapemeennndi yrusepcumem um. M. B. Jlomonocosa,
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B duzuko-rexHnYecKNX pacdyerax JacTO BO3HUKAET HEOOXOIMMOCTH SBHOTO CHM-
BOJILHOO (HE YHWCJEHHOrO) BbIpayKeHWs KODHel ajrebpanvecKux ypaBHEHHil uepes
OyKBeHHbIE KOI(DMUIIMEHTHI ITUX YPABHEHUH IS TMOCTIEOYIOMIEr0 NCCIeI0BAHNSA (PH-
3WYECKUX 3aKOHOMEpPHOCTel. B 3a7adax ycTolauBOCTH CTEprKHEH, MIACTHH B 000JI0-
YeK MOABJISIOTCS AIredpanvecKue ypaBHeHus Tperbeii—BocbMoil crenenu. OHAKO B
MPAKTUIECKU BAYKHBIX 33/1a9aX BOSHUKAIOT HUMEHHO TaKne KyOnJecKue ypaBHEHU, BCE
TPU KOPHSI KOTOPBIX SIBJISIIOTCST BEIIECTBEHHBIME YHUCIAMUA. A B 9TOM CJIydae U3BECT-
ubie criocober perenns (popmyist Peppo — Tapranbu, hopmyast Peppapu — Kapnano
U ZIp.) OKa3bIBAIOTCH KOMIIBIOTEPHO TPYIHO PEaNu3yeMbIMU, TAK KAK He CYIIeCTByeT
aJIrOPUTMA, U3BJIEUEHNS KyONYeCKOro KOPHS U3 MPOU3BOJIBHOIO KOMILJIEKCHOI'O YHCJIA.
[MosToMy mpuxOmuUTCs: OOpPAIIATHCS K TPUTOHOMETPUYECKOU (hopme 3amucu KOpHei
(dbopmynbr Buera), Koropas aBISETCS MPOMO3IKOM JJisl MOCAEAYIONIEro MPUMEHEHUsT
B QHAJMTHUYIECKUX BBIKIAIKAX. B 9aCTHBIX Caydasx, KOrma Ko3(hOUIMEHTH UCXOI-
HBIX YPaBHEHUI CBA3AHBI KAKAMU-JINOO JOMOTHUTEIbHBIMU COOTHOIIIEHUAMY, WHOTIA,
yAAeTCs BBIPA3UTh KOPHU ypaBHEHHiH depe3 KodMPuUImeHTsl 60Iee IpocTo, IeM ITO
MOXKET OBITh BBITIOJTHEHO ¢ MOMOIIBI0 hopmyn Kapaauo.

B ocroBHOM B pab0OTe UCCIEAYIOTCS PA3IOKEHNS HA MHOXKUATEIH TOJTMHOMOB TISTOM
Y IIECTO! CTENeHM CIelua bHoro Buaa. JlokazaHa cieyionias TeopeMa.

Teopema. /Last TOro 9T06BI BHITOIHSIIOCH PABEHCTBO

28 4 cxt +dad 4 ex® + fo 4+ g = (2% + pr + g)(2® + mx +n)

HEOOXOIUMO H JOCTATOYHO, 9TOOBI BBIIOIHSIOCH PABCHCTBO
g(c® —4e) — cdf +d%e + f> =0.

JaHbl pa3ioKeHns Ha MHOKATEIN MOJIMHOMA, IIIECTON CTEIIeHN, Y KOTOPOrO TOIHKO
onuH KO3 OUIMEHT TaPaAMETPUIeCKH 3aBUCHT OT OCTAJIBHBIX MPOU3BOJIBHBIX KOI(D-
GbuIueHTOB. YKAa3aHbI PA3IOXKEHUA HA MHOXKHUTEIN HEKOTOPBIX ITOJNHOMOB BBICOKHX
cremneneit. VccienoBanue OyKBEHHBIX PEIEHUIT BO3BPATHOTO YPABHEHUs IIECTON CTe-
TIEHU ITPUBEJIO K TIOCTPOEHUIO HOBBIX AJITOPUTMOB JJIsl PEIleHn ypaBHEHUH TpeTheil 1
YETBEPTON CTEMEHN. DTU AJTOPUTMBI UCTIOIB3YIOT PEIICHUS APYIUX YPABHEHU, Tuc-
KPUMHHAHTBI U PE30JIbBEHTHI KOTOPBIX OTJIUYAIOTCS OT JUCKPUMHUHAHTOB U PE30JIb-
BEHT WCXOJHBIX ypaBHeHwuit. IIpemmoxKenbl CriocOObI CBEIEHHS YPABHEHUI TpeTheil u
YETBEPTOI CTENeHW K BO3BPATHBIM ypaBHeHusiM. (Ocoboe BHUMAHWE yIETEHO ypaB-
HEHWSIM, PA3pEeIInMBbIM B KBAJIPATHBIX paaukaiax. J(MEPeKTUBHOCTD MPEII0KEeHHBIX
C1Ioco00B MPOUJITIOCTPUPOBAHA, CPABHEHUEM C DEIIEHUsIMU, TEHEPUPYEMBIMU TAKETOM
NIPUKIATHBIX mporpamMM Mathematica.

Pabora Beimosnena npu nmogaep:xke Poccuiickoro doumga dymnmamenTaapHbIX HCCIEI0BA-

uuit (upoext Ne 18-08-00528).
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HAXOXKJEHUE IIOBEPXHOCTEN PA3PLIBOB
KO0 PUNIIMEHTOB YPABHEHN A ITEPEHOCA

Basiakuua E. 10.12

! Bnemumym mamemamuxy um. C.JI. Coboresa CO PAH, Hosocubupcx, Poccus;
2 Hosocubupcruti zocydapemeennvidi ynusepcumem, Hosocubuper, Poccus;
balakina@math.nsc.ru

Paccmorpum HecranuponapHoe JiuHelHoe JAuddepennnansbHoe ypaBHeHe

of(t,r,w, E)

5 +w- Vo f(t,rw, E) + p(t,r, E) f(t,r,w, E) = J(t,r,w, E).

DT0 ypaBHEHHE OIKUCHIBAET, B YACTHOCTHU, MIPOIECC [IEPEHOCA, YACTHUL] CKBO3b CPELy.
3aecs t — Bpemennas mepementas, t € [0,T]; r — OpPOCTPAHCTBEHHAs IEPEMEHHAS,
r € G CR3 G — Brmyknas orpammdenHas obnacts; w € Q = {w € R3 : |w| = 1};
E €I =[F,Ey], By >0, E3 < 0o. Oyukmus f(t,r,w, E) uarepupeTupyercs Kak
IJIOTHOCTH TIOTOKA YACTUIl B MOMEHT BpeMeHHU ¢ B TOUKe 7 ¢ sueprueii E, gersaiux B
Hanpapiennn w. Oynkuun p u J xapakrepusyoor cpeay G.

K yparuennio n106aBiIs0OTCS HAMAIBHOE U KPAEBbIE YCIOBHS: OMPEIEseTCs TI0T-
HOCTB MAJAIOIIEro MOTOKA h 1 yepeIHEHHAS [IJIOTHOCTH BLIXO/sAIIero noroka H — npu
9TOM M3BECTHOHN CUUTAETCS TOJNLKO GyHKIMsA H.

PaccvarpuBaercsa 3a7ata 0 HAXOXKIEHUU MMOBEPXHOCTEH Pa3pbIBOB KOI(PHUIIeH-
TOB ypaBHeHuA U ¥ J. THBIME CJI0BaMH, CTABUTCS BOIIPOC 00 OIpeIeIeHIH BHY TPEHHEH
CcTPYKTyphI cpeibl G. Takasa MOCTAHOBKA SIBJISIETCS MPOTOIKEHUEM TUKJIA, UCCIIeI0Ba-
muit [1. C. Anukonosa [1].

st perieHusi MOCTaBIEHHOM TPODOJIEMbI CHAYAJA UCCJIEYETCS MpsIMas 3a/a4a O
HAXOKJIEHUHU TIJIOTHOCTH MOTOKA, f MPH 33J@HHBIX HAYAJIBHOM YCJIOBUU U ILIOTHOCTH
[AJA0IIero moToka h (Takas »Ke MOCTAHOBKA, HO B CJY4ae HelpPePbIBHbIX Ko3hdunu-
enroB, 6buia paccmorpena A.U. IIpusenko [2]). 3arem paccmarpuBaercs crnenuaiib-
Has DyHKINA

T
Ind(r) ‘ V//H(t,rer(T,w)w,w)dwdt ,
d Q

3aBUCAINAA OT U3BECTHBIX JAHHBIX, GyHKIUA d(T, w) — PACCTOAHHUE OT TOYKH T JIO IPa-
uuiel OG B HampasJeHun w, d — auamerp obnactu G. JlokasbiBaercs, 4To QyHKIWS
Ind npuHEMaeT HEOTPAHUYEHHOE 3HAYEHUE TOJMBKO HA, MCKOMBIX TOBEPXHOCTSX.

PaboTa BeImostHeHA TP TOAIEepkKe Poccuiickoro ¢horma dyHmaMeHTaIbHBIX HCCIET0BA
muit (npoext Ne 18-29-10086).

JINTEPATYPA

1. Anukonos /I. C., Kopraniok A. E., IIpoxopos I. B. Ucniosib30Banue ypaBHEHUs [IEPEHOCA
B Tomorpadwuu. M.: Jloroc, 2000.

2. Ipunenko A. ., Usaukos A.JJI. O6paTHablie 3a1a4u onpeaesenns ko3¢ uimenTa u npa-
BOHI 9aCTU HECTAIMOHAPHOTO MHOTOCKOPOCTHOIO YPAaBHEHUS MEPEHOCA TI0 IIEPEOIPeIesie-
muio B rouke // Juddepenn. ypasuenua. 1985. T. 21, Ne 1. C. 109-119.
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AHAJINTUKO-YNCJIEHHBIN METO/, PEILIEHU A
SAJAYN OB NTHTEP®EVICHOUM TPEIIIVHE

Bespoauabix C.U., Baacos B. 1., Ckopoxomos C. JI.

Dedeparvrviii uccaedosamenverul yenmp “Ungopmamura u ynpasaernue” PAH,
Mocxea, Poccus; vliasov@ccas.ru

Ompenennm obmacts 2 C R? ¢ Tpeyromproit TpemuHoh K, eKammeil B III0CKOCTH
Po := {x3 = 0} ¢ KOMIIIEKCHON KOOPAWHATON W = X1 + (T2, CAeAyOmuM 00pPa30M.
I[Tycth romMeomopdnast mapy obaacts g 3 {0} 8 R? ¢ xycouno-raaaxoit mummmmesoi
rpaHuTell pazenseTcs IIOCKOCTHI0 Py Ha JBe obmaactu, QT u ™, nprHamIeKaIe
TOMY 2Ke Kaaccy obiacredt, uro u §2g. Obnactu Q7 u Q7 coemunoTCS Yepe3 IMIOCKYIO
KOPIAAHOBY C KyCOUHO-TVIAIKOMN JIMIIITUIEBO# rpamutieit obaacts P C Py. Jlexarmmuit B
Po yron Ko := {argw € [0, ]}, tae « € (0, ), pazneaser P Ha yraosyto obmacts K,
UI'PAOILYIO POJIb TPEyroJbHOM Tpermunbl, u K; 06e 06/1acTu IpUHAIIeKAT TOMY 2Ke
knaccy, uro u P. Torma obmacts ) onpenensercs Kak obbequaerne 2T UQ~ UK. Ee
rpaHua cocTouT u3 (ABycropouueil) nosepxuoctu K u ocranbHoll nosepxuocTu I

PaccmarpuBaemas Kpaesast 3a7a9a COCTOMT B HaxokaeHun dbynkmum ¢(x), © =
(71,22, 73), KoTopas: 1) yaosmersopser B §) ypasnenmio Jlamaca, r. e. A (z) = 0,
r € QF e vt — cyxenmsa ¢ ma QF; 2) orseuaer na unrepdeiicnoit mosepxmoctn !
yenosusM Tpancmucenn: Y (z) = ¢ (x) u O (z) = 0,0 (x), x € KL, rae
»T U 2% — 3aJaHHbIC NIOJIOKHTEIbHbIE KOHCTAHTDI, 0, — HOPMAaJbHAs IPOU3BOIHASL;
3) coorBercrByeT Ha rpanuie 0§} CJeayomuM KpaeBbiM yeaosusm: 1) ¥(z) = 0,z € K;
ii) ¥(z) = h(x), x € . D1a 330848 PACCMATPUBACTCA B TIOIXOAANINX MPOCTPAHCTBAX
CobosieBa — Cuobogenkoro [1, 2] B 0600IIEHHON [IOCTAHOBKE, T. €. €e peileHue 1 €

o
W3 (9, K) ynosnersopsier nuterpanbaoMy Toxaectsy [, #(z) (Vip(z), Vn(z))dz =0

(e}
nu1s Beex mpoGHbIX byrKumi n € Wi (Q,00), tne »(x) = »*, 2 € QF a (-,)) —
CKaJISIPHOE TIPON3BeieHne B R3.

Pemenne 0CHOBAHO Ha TTOCTPOSHWU W MCTIONL30BAHUU ANTPOKCUMATHBHON CHCTe-
Mbl YHKIMH, 3amuchiBaeMbix B cdepudeckux koopaunarax B suge Wi (r,0,¢) =
riU(u; 0, ¢), tme = pu(k), k =1,2,... (cm. [3]). Bmecwy u(k) — coberennble 3HATE-
aua, a U(u(k);0,¢9) — coberBennble GyHKIMU g YILIOBOH YaCTH ONEPATOPA
div(3V1)) B obmactu S = S? \ Ky Ha cdepe, yI0BICTBOPAIONIIE YCIOBUAM TPAHCMHUC-
cuu Ha uHTepdeicHol Tunun L := (Szﬁpg) \Ko u omHOpOIHOMY yCa0BHIO upuxiie Ha
nyre S?NKy. O606mennoe pemmenne U 3Toil 33,191 TOHUMAETCS B CMBIC/Ie HHTEIDAJIh-
HOTO TOXKJIECTBA [g % (VsU,VsV)ds = p(pn + 1) JsUVds nnst Becex V u3 coorser-
CTBYIOIIErO CODOIEBCKOTO MPOCTPAHCTEA, Ie Vs — KacaTenbHas K S KOMIIOHEHTA TPa-
auenra. Pemenne 310i cnekTpanbHOR 3aa49u B S CrpouTCs OJIOYHO-IIPOEKIIMOHHbIM
METOZOM ¢ Hcrob3oBanueM dyHKmmil Buga u™ (u; 0, §) = P;m/Q(cos 6) sin (mf/2),
roe Pﬁ(t) — npucoeauaentbie dbyHKIHE JlexkaHapa Ha pa3pese, a (5, ) — HYKHBIM
06pa3oM OPHEHTHPOBAHHBIE YIVIOBbIE KOODAHHATHI Ha cepe S2, Merox 6bLT 4HCIEHHO
peaju30BaH, W, B 9aCTHOCTH, MOJIy9IeHa 3aBucuMocTh ((k), T. e. mokazareneii cuHTy-
JSPHOCTEll B BepIIHe TPEelUHbI OT PACTBOPA €e yIrJla U OTHOIIeHus s /™.

JINTEPATYPA

1. JIuonc 2K.-JI., Maspkenec 3. Heopmnoponsbie rpanuYHble 3312490 U UX IpUioKenus. M.:
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3. Biacos B. . Merosx pemienust KpaeBbIX 331a4d s ypaBHeHwns Jlammaca B obiacTax c
konycamu // Hokm AH. 2004. T. 397, Ne 5. C. 571-574.
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HEJIMHENHBIE MO/IEJIN
YCJIOBHOUN I MMCKPETHOUM OIITUMM3ALININ
B SAJAYAX KOCBEHHBIX USMEPEHUN

Benosy6 B. A., Kosaosa M. T.

Kpvumcrui gpedeparvroiii ynusepcumem um. B. H. Bepnadcrozo,
Cumpeponoan, Poccus; art-inf@mail . ru

K maTerpansubiM, GyHKIIMOHAIHHBIM U JUCKPETHBIM YPABHEHHUSIM THIIA Y PHICOHA
MIPUBOJNT MIMPOKUN KJIACC 33189 MOAEJINPOBAHNS KOCBEHHBIX M3MepeHuil, TuCcTaHIu-
OHHOTO 30HIWPOBAHUS, ceiicMO-, Teopa3BeIku u ap. HemocpeacTBeHHOE perieHne Ta-
KUX yPABHEHWI sIBJISETCS HEKOPPEKTHOM 3aa4eil. Y YeT anpuopHOi u npyroi napop-
MAIliK O PeIIeHNH, MOJETN U3MEPEHN, CIIOC00a CKAHUPOBAHUS MPUBOINAT K PA3IHTI-
HBIM DKCTPEMAJLHBIM 33a49aM C YCIOBHsIME B BHIE NCXOAHBIX ypaBHeHuit. Beibop pe-
TYIAPU3UPYIONAX PYHKIIMOHAIOB IPUBOINT K PA3IUTHBIM aJTOPUTMAM BOCCTAHOBJIE-
HUsA perennii. B kavecTBe mpuMepa paccMOTPEHbI OTHOMEPHBII CTydail OmpeIeIeHus
GOPMBI TEOJIOTHIECKOH AHOMAJNK U €€ XAPAKTEPUCTHUK [0 Pe3yIbTaTaM HU3MepPEeHUd
Ha, TMOBEPXHOCTHU 3€MJIH, a TaKyKe CHUCTEMa yPABHEHUU THUIA, ¥ PHICOHA, BO3HUKAIOIA
B 33Jlatie ONpeieJeHnsd MOBEPXHOCTH 10 Pe3yIbTaTaM CKaHUPOBAHUS.

CoorBercrByole HHTErPAJIbHBIE OIEPATOPHI CONEPKAT CBEPTKY IO IIPOCTPAH-
CTBEHHOI MepeMeHHOW W JeJbTO0OpPA3HOe sIIpo, 3aaarornee (popMy CKaHWUPYIOIIETO
CUTHAJIA.

MopenbHBIMI SABJISIFOTCS CJIEIYIONTHEe SKCTPeMasibHble 3a1a4u [1]:

folz) = HZH2 —inf,

b
Aizz/k;i(:c—s)ni(t—z(s))d3=1z7;(x,t), i=1,m, c<t<d,

¢ menbTao0pasHbM aapoM n(t), & TAKIKE WX JTUCKPETHBIE aHAJIOTH |2].

PaccMOTpeHbl  peryaspusupyoIme UTePalMOHHbBIE aJTOPUTMBI, VIUTHIBAIOIINE
pasIuUHy0 WHQOOPMAIUI O PEIeHuH WU OJM3KUEe DEINeHus, KaK pPe3yabTaT CKa-
HUPOBaHWSA MO OJM3KOH TpaekTopwuu. [IpuBeneHbl MOeIbHBIE SKCIIEPUMEHTHI.

JINTEPATYPA

1. Berosy6 B. A., KoznoBa M. I, JIykpsineHko B. A. YpaBHeHus: Tuma Y pbICOHA B 3a7a9axX
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2. Besio3y6 B. A., Koszmosa M.TI., Jlykpsinenko B. A. Mojenn auckperHoil onruMusanuu

B NPHKJIQ/HBIX 3a/a9aX BOCCTAHOBJIEHUs n3o0paxenuii // Maremaruka, nadopmaruka,
KOMIIBIOTEPHbIE HayKH, MO/e/IUPOBaHKe, 00pa30BaHue: COOPHUK HAYYHBIX TPYIO0B HAY IHO-
npakTuueckoit kKoudeperm MUUKMO-2017 u TaBpudeckoit HayHOMH KOHMEPEHIINN CTY-
IEHTOB ¥ MOJIOJBIX CIIEI[HAJINCTOB IO MareMmaruke u umuadopmaruke. Cumdbepomnoss: W11
Kopauenko A. A., 2017. C. 103-108.
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HEN3OTEPMNYECKAA MOJEJIb
JAE®POPMIPOBAHNA BASKOVYIIPYTI'OI'O MATEPUAJIA
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Wccnenopanusi 0 paccMaTpUBAEMOIl TEMATHKE B PAMKAX HECBSI3aHHOW Teopwuu
TEPMOBSA3KOYIIPYTOCTHA TPOBOIUINCH ABTOPOM B TIpealnecTByomue rogpl. K mpume-
Py, B paborax [1-4] uccienyrorca nponeccot GOPMUPOBAHUS IUIUHAPUYECKUX U Che-
PHYECKUX M3Jeuil [IPU PAIUYHBIX YCIOBUAX (00beMHbIH, (MDPOHTAJIBHBIN DEKUMbI)
[IPOBE/IEHUST PEAKIIMN OTBEPIKICHUS.

IIpencrasmentas B maHHOil paboTe MOMIENh CTPOUTCH B YCJIOBUSX CBSI3aHHOU TeO-
pun. PaccMarpuBaeTcst OpoLece OTBEPIKIeHUs (IOJIMMEPU3AIMH) KUIKON Cpelbl B
dopMe TITOCKOH MIACTHHBL B YCIOBUIX HEOJTHOPOIHOTO PACITPEIEIEHUS TEMIIEPATYPbI
T =T (z,t), rmybuasl nomuvepusarmn « = « (z,t). Ucrounnkosas GyHKIMS B ypas-
HEHUH TEIIOBOr0 DAJIAHCA COCTOUT U3 JIBYX KOMIIOHEHT: XUMHUYIECKO, 00y CIOBIEHHON
MTPOIIECCOM TIOJUMEDUBAIINN, ¥ MEXAHUYIECKOM, 00YCIOBIEHHON BOSHUKAIIUMU B XOJIE
OTBEPIKIEHUS BSI3KOYIPYTUMHU HAMPSIKEHUSIMUA U 1eDOPMAITUIMHE.

st onucanust BA3KOYIPYTOTO MOBEIEHUS MATEPUAJIa UCIOIb3YETC HOPMAJIbHAS
MOJIENTh BI3KOYIIPYTOro Tejia — mapajuiebHoe coennterne cpenbl ['yka u Makcpesia.
BaskocTs cpeibl ipe/inosaraeTces 3apucsiieit ot remneparypsl. Ha rpanunax mracru-
HBI 33[aHBI YCJIOBUST KOHBEKTUBHOTO TETLJIO00OMEHA C OKPYKAOIIEl cpeoii. Y paBHeHHe
HEPA3PBIBHOCTH B PACCMATPUBAEMOI MOIEHU CJTYKUT JJIs OIPEIe/IeHNsT M3MeHS OIS
Cs TJIOTHOCTH MaTEPHUAJIA.

[IpoBomuTCst TMUPOKUI YUCTEHHBIN IKCIEPUMEHT HA OCHOBE BAPHUPOBAHWS Mapa-
METPOB 33/1aui. AHATU3UPYETCsT TPOCTPAHCTBEHHO-BPEMEHHOE PACIIPEICTIEHNE TEMIIE-
parypbl, IIyOUHBI HOJUMEPHU3AINN, HAPIKEHHOE COCTOsSHUE. AHAIM3 COMPOBOXK A~
eTCsl COOTBETCTBYIOMUMY rpadukaMu GhyHKITAIA.
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PASBUTUE METOJA JMNXOTOMMN
MATPNYHOI'O CIIEKTPA

Bu6epmopd . A2

! Hnemumym smamemamuxy um. C. JI. Coboaesa CO PAH, Hosocubupcs, Poccus;
2 Hosocubupcrudi 2ocydapcmeennviti ynusepcumem, Hoeocubuper, Poccua;
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OpauM u3 mocTukenwit HayqHo# mkosbl akaaemuka C. K. [onyHoBa siBisiercst HO-
Basi GOPMYINPOBKA CIEKTPAIBHON MPOOIEMBI B BUIE 33841 IUXOTOMUN MATPUYHOTO
CHeKTpa. 3aMeTHM, 9TO XOTH WJIes TAKOrO MOIXO0/1a ABJISETCS JTOBOJBHO €CTECTBEHHON
I TPUTOXKEHNH, B YaCTHOCTH, JIJIST TEOPUH YCTONINBOCTH, OHA OKA3aJacCh CIAUITKOM
PEBOJTIOIUOHHON /11T TOr0, YTOOBI TOIYYUTh MTUPOKOE PACITIPOCTPAHEHHE.

B paGore [1] BO3MOKHOCTH MeTOa JUXOTOMHHU JIEMOHCTPHUPOBAIINCH Ha MIPUMe-
pax mcciaenoBaHus dABieHns (QJIATTepa KPbLIA, & TAKKE YCTONIUBOCTH TYPOUHHBIX
aonacreii. Takxke okazanocs (cMm. [2]), uro meron muxoromuu mMoxer 3HDEKTHUBHO
[IPUMEHATBHCS B 33/1a9e PA3JI0XKEeHNs [TIOJIMHOMA Ha MHOXKHUTEJIH.

B memaBHeMm BpemeHu Hadara paboTa MO AJANTANMM METOMA JIUXOTOMWM K 3a-
JagaM 00 ycTOMYMBOCTH TedeHuii. B mepByw odepens ObLIO MCCIETIOBAHO ILJIOCKO-
napauiesbHoe redenue [Tyaseiins Bsa3koii neckumaemoit xunkocru [3]. dist arux ne-
Jreit moTpeboBaNIOCH CO31ATh MOAUMHUKAIINID METONA AUXOTOMUANA OTHOCHTEIBHO MHU-
MOt OCH JiJisT MATPHIL C OOJBINON HOPMOI, TaK KAK MATPHUIIBI, IIPEACTABIAIONIIE COO0MH
JVCKPETHBIE AHAJIOTH TPOU3BOIHBIX, OTIUYIAKTCA DOJIBIION HOPMOI.

Jaiee OBUTO M3y4UEHO TPUCTEHOUHOE TedyeHwe DBiasmyca. OcobeHHOCTH TOH 3a-
Ja9u B TOM, 9TO JUCKPETU3AINs KPAEBOTO YCJIOBHsS HA OECKOHEYHOCTU TPUBOIUAT K
HeJIMHEHHOM 3aBUCUMOCTH MATPHUIIBI JUCKPETU3UPOBAHHOTO OIIEPATOPA OT CHEKTPAh-
Horo mapamerpa. C MOMOIIBIO 3aMEHBI YIAJIOCH MOy YUTh JIMHEHHYIO CIEeKTPATbHYO
33199y, OTHAKO TTOCJE 3aMEHbI O0DJIACTH YCTOWUMBOCTH W HEYCTOWUYMBOCTY PA3TPAHU-
YUBAINCH THIEPOOOi [4]. DTo MOCTYIKUIO CTUMYIOM K CO3JAHUI0 €MHOTO TTOAXO0/IA
K JUXOTOMWM CIEKTPOB MATPUIHBIX IIYYKOB KPUBBIMEU BTOPOro mopsaka. OKa3aioch,
9T0, HAPUMED, OJHOMEPHBIE CIEKTPAIbHBIE TTOPTPETHI, MOJYIYeHHBIE OTHOCUTETHHO
CeMefCTB KPUBBIX BTOPOTO HOPSIKA, OOIAJAI0T IEIBIM PsIOM OCODEHHOCTEH, mpounc-
XOXKJIEHIE KOTOPBIX ObLIO OObSCHEHO HA IPOCTHIX [IPUMEPAX.

B memom MOXKHO 3aKJIIOUUTB, YTO, BO-TIEPBBIX, METOI ITUXOTOMHUH MATPUIHOTO
CIeKTpa UMeeT OOJIBITNON TOTEHIHAJT PA3BUTHUS, & BO-BTOPBIX, MOMKET YCIIEITHO ITPH-
MEHATHCS TPU PENIEHUN TTPUKJIAIHBIX 33/1a4.

Pabora BeimostHena mpu momaep:xkke Poccuiickoro doumga dyHmaMeHTaIbHBIX HCCIETI0BA

uuit (npoext Ne 17-01-00791).
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Baoxun A.M.}2, Cemenko P.E.}?

! Hosocubupcruti 2ocydapcmeennsili ynusepcumem, Hosocubupes, Poccus;
2 Mnemumym mamemamusu um. C.JI. Coboresa CO PAH, Hosocubupck, Poccus;
blokhin@math.nsc.ru, r.semenko@g.nsu.ru

CroxKHast MOJIEKYJIIpHAs CTPYKTYPa KUJAKHUX IOJUMEDHBIX MATEPHAJIOB CHJIBHO
3aTpyIHAET 33a7ady O TOCTPOEHWH MATEMATUYeCKHX MOJiejeli MUHaMUKK TOJIUMepD-
HBIX cper. Ha ceromusmamii ens mpejioskeHo OOJTbII0e KOJUIECTBO TAKUX MOJIENeH,
HCIOIb3YIOIINUX PA3JAYHBIE HOAXOAbL U IpeanoaoKenns. OQHAKO HMEIOIIUecs Mare-
MAaTUYECKUIT Pe3yJbTAThl JJIsd 3HAYUTENbHON YacTh 3TUX MOJEsel IOKa J0CTaTOY-
HO orpanuvenbl. OHON U3 CPABHUTEJBHO HOBBIX MOJEJIEH AMHAMUKY 2KUIKUAX II0JIU-
MEPOB SBJIsieTCs 0000IeHHas peosornyeckas Momaensb [lokposckoro — Bunorpamosa,
HUCTHOJB3YIONIAs Me30CKOIUYECKUH MOJX0/T K BBIBO/Y MaTeMaTHIYeCKUX COOTHOIIEHUH.
Hosuzna m memocrarovnas u3yd4eHHOCTb TON MOIENH JIEJAeT MeIeCO0OPA3HBIM HUC-
CJIeJOBAHWE U3BECTHBIX THIIOB TeYeHHl BAZKUX KUIKOCTEH B MPUMEHEHUH K MOJEIIH.

Hamu paccmarpuBaercsa 3a4349a O BUXPEBOM JIBUKEHUN HECZKHUMAEMON MOJTUMED-
HOI YKUIKOCTH B paMKax 0DOOIIEHHOW peomorndeckoit moaen [lokposckoro — Buno-
rpazoBa. MbI UITIeM perenusi, OMUCHLIBAIONIE TeIeHUe CJI0sT MOTUMEPHON KUTKOCTH,
PACITOIOKEHHOTO HaJI, BPAIIAIOIEHCsS TOPU30HTATLHON OeCKOHETHOM mracTuHOM. s
TIONCKa PEIIeHW MBI HUCIOJIB3YeM M3BECTHOE “KapMaHOBCKOE  IPEICTABIEHHE HCKO-
mbix dyukuuii [1, 2]. B npemnonoxenuu o 3aJJaHHOM IIOCTOAHHOM JABIEHUU KHUJIKO-
CTH MBI YHCJIEHHO CTPOHM IIPHMEPHI CTAIMOHAPHBIX PeIlIeHui 3a1a491 B 30He BOMH3U
OCH BpAIEHN TIJIaCTUHBI.

Pabota BeImostHeHA TP ToAAepkKe Poccuiickoro ¢orma dyHmaMeHTaIbHBIX HCCIET0BA-
muii (mpoext Ne 17-01-00791A) w npu nomepKKe TporpaMMbl ByHTAMEHTATLHBIX HAY THBIX
uccnenosanuit CO PAH 1.1.5 (upoexr Ne 0314-2016-0013).

JUTEPATYPA

1. Stewartson K. On rotating laminar boundary layers // Grenzschichtforschung / Boun-
dary Layer Research. Berlin: Springer, 1957. P. 59-71.

2. Kocrpeikuna C. B. PexuMbl CTaimOHAPHBIX TEUYeHUIT B 337atde 00 MHTEHCHBHON BETPOBOM
IUPKY/IAIMA B TOHKOM CJIO€ BA3KO# Bpamatomeiics xuakoctu // 2KOT®. 2018. T. 154,
Ne 1. C. 193-205.

97



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

KOHEYHO-PA3HOCTHBII METO/, PEILIEHU A
IMPAMON 1 OBPATHOUN 3AJAYN OJI1d CUCTEMBI
METOJA COPEPNYECKUNX TAPMOHUK

Bob6oes K. C.

Hosocubupckuti 20cydapcmeentsili apTumexmypHo-cmpoumensHbiil yrusepcumen,
Hoeocubupck, Poccus; boboev@mail .ru

PaccvarpuBaercs KOHEIHO-PA3HOCTHBIN CIIOCOD peIeHns IpaMoil m 0OpaTHOH 3a-
JIa9d ISl HECTAIMOHAPHOIO KMHETUYIECKOIO YPABHEHHUs IEPEHOCA HEHTPOHOB HA OC-
HOBE MeT0qa ChePUIeCKUX TapMOHUK.

Pasnuanbie MOCTAHOBKYU peINIeHUsT MPSAMON 33139 PACCMATPUBAINCH B pabdorax
[1, 2], roe paznoxkenueMm 1o cheprdeckuM OYHKIMAM U3 KHHETHIECKOTO YPABHEHHS
IIEPEHOCA MOy IeHa, CUCTEMa, METOa C(PEPUIECKUX TAPMOHUK B Py -TIpUOINKEeHNH TIPH
JINCCUMATUBHBIX TPAHUYHBIX yCJI0BUAX THa Biaaguvuposa — Mapimaxa.

Onpenenenne Ko3pMUIMEHTOB CUMMETPUIECKON TUMEPOOINIECKON CUCTEMBI Me-
ToHa CPEPUIECKUX TAPMOHUK O HEKOTOPOH MOTOMHUTEBHON HH(MOPMAIMH O Pelle-
HUU OPAMOIT 33291 OCHOBAHO Ha WJEHM OODAIeHUs PDA3HOCTHOM cxeMbl [3, 4].

JlokazaHa CXOAMMOCTh MPEJIOKEHHOTO MEeTo/Ia.

JINTEPATYPA

1. T'onynos C. K., Cyrrarnrazua Y. M. O quccunatusHocTH rpanndsbix yeoswuii B. C. Bra-
JMMHPOBA Jjisi CHUMMETPUYeCKOil cucrembl merona cdepuaeckux rapmonuk // 2Kypm.
BBIUMCII. MaTeMaTnku u MaT. dm3mkm. 1971. T. 11, Ne 3. C. 688-704.

2. Cymranrazun Y. M. Metoapl chepudeckrx rapMOHMK U JUCKPETHBIX OPJAMHAT B 33/1a9aX
KUHETU4IecKo# reopuu nepenoca. Anma-Ara: Hayka, 1979.

3. Pomanos B. I, Kabauuxun C. ., Bo6oes K. C. Obparnas 3agava ais P, -nipubimkenus
KUHETHIeCKoro ypasuenus rnepenoca // Joxn. AH CCCP. 1984. T. 276, Ne 2. C. 296—299.

4. Boboes K. C. ObocHOBaHNE CXOAMMOCTH /i KOHEYHO-PA3HOCTHOIO PEHIEHUs OJHON 06-
paTHON 3amaum aisi P,-npubinyKeHWsl KMHETHIECKOro ypasHeHus mepenoca // Tpy-
Bl MeXK/IyHapoaHoi KoHdepenmuu “BerancianTesnpbHas MaTeMaTHKa W MaTeMaTHIECKAS
reodmsuka”’, nocpsameHnoil 90-ylermio co aaa poxaeHmsa akagemuka A.C. Anekceesa.
Hosocubupck: HCTUTYT BHIYUC/IUTENHHON MATEMATUKUA U MAaTEMATUIECKON Teodusnku

CO PAH, 2018. C. 68-71.
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IIPEJOIIPEJEJIEHHOCTD CIHI'YJIAPHOCTU
ACUMIITOTNYECKOUN MOAEJIN
HECTAIIMOHAPHOI'O TPAHC3BYKOBOI'O TEHEHIN A

Borpanos A.H.

Mocxosckuil 2ocydapemeennuii ynusepcumem um. M. B. Jlomonocosa,
Mocxsa, Poccus; bogdanov@imec.msu.ru

ITocenoBarenbubIME ITATAME PA3BUTHA MOIEIN TPAHC3BYKOBOI'O TeYeHWs ObLIH
yuer ckumaeMoctH [1], HecranmonapuocTn [2] u Bsi3kux 3ddbexTos [3].

J17151 HecTannoHAPHOTO TPAHC3BYKOBOI'O TEUEHUsI ONPEIeIIsIioliee ypaBHeHe ObLI0
BeiBezieHo B. Jlunewm, 3. Peiiccaepom u C. Isuewm [2] (ypasrernue JIPIL) ¢ ucnonbso-
BAHWEM TaK HA3BIBAEMOI'O TPAHC3IBYKOBOTO pazioykenus. s 3TOro nckombe QpyHK-
IuH ObLIH PA3/I0KEHBI B PAIbI IO MAJIOMY IapaMeTpy, 38 KOTOPBIH OBLIO BHIOPAHO
OTKJIOHEHME XaPAKTEPHOI'O 3HAadeHud 4muciaa Maxa MOTOKa OT equHUIbI. Y DABHEHUE
OXBATUJIO MHOTHE, TTPUCYIITIE TPAHC3BYKOBOMY TEUEHUIO CBOMCTBA — HETMHEHHOCTD,
HECTAIMOHAPHOCTD, IPOCTPAHCTBEHHYIO HeoHOMePHOCTL. [loyuenHoe GorarcTBo pe-
[IEHU} 3aCJIOHUIIO, OIHAKO, CHHTYJISPHOCTH MOJIYYeHHOH Momenu. Beracaumocs [4],
9TO OKOJIO3BYKOBOH XapakTep TeYeHUs IPeJONpenean HAJIUYhe B 33/a9€e JIBYX Ka-
9EeCTBEHHO PAa3/JIUIHBIX CKOPOCTEH — OYeHb MAJION s CaabbIX BO3MYINEHNH BBEPX
IO MMOTOKY U KOHEYHOUN I CJIaObIX BO3MYIIEHU, CHOCSIIUXCST TIO0 TTOTOKY. BBIOOD 32
XapakTepHYIO HepBOil U3 CKOpocTell 1 MaciTabupoBaHue ee JI0 KOHEYHOTO 3HAYEHU
IpUBea K TOMY, UTO KJACCHIECKad MOJeIb He IMO3BOJIAJA MPABUJIBHO ONUCATL Pac-
IPOCTPAHEHNE BCEX CAA0BIX HECTAITMOHAPHBIX BO3MYIIEHHUN, HO ITO OOCTOATEIHCTBO
OBLI0 TPOUTHOPHUPOBAHO.

B s10it cBa3u ObLta mpemyiozkena MOTUMUIUPOBAHHAS MOEIb, 3aKJII0YAIONIAACT
B COXpaHEHWH (BO3HUKAIOIIETO €CTeCTBEHHBIM 0bpasoMm) B ypasaeuun JIPIT npu ero
BBIBOJIE "JI€HA CO BTODOIl NPOM3BOIHOM 1o BpeMenwu [2]. IlosydeHHoe ypaBHEHHE 1M0O3-
BOJISIET PACCMATPUBATH BO3MYIIEHUS, PACIIPOCTPAHSIIONINECS BO BCEX HAIPABICHUIX.
Wx pocT wian 3aTyxXaHue MOXKeT ObITh COBEPIIEHHO PA3IMIHBIM W OIPEACTIAIONIM 00-
pPa30M BJINATH, B YACTHOCTH, HA YCTONYUBOCTH TE€YEHUS.

Pabora BeImTo/THEHA B COOTBETCTBHH ¢ TiaHoM uccaenoBannit HU mexannku MI'Y mpn
JacTu4HON duHAaHCOBOI mogaep:xkke Poccuiickoro douma dyHIaMeHTATIBHBIX UCCJIEI0BAHNI
(mpoektsr 16-29-01092-0pu_ M, 18-01-00793-a).

JINTEPATYPA
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body in a compressible fluid // J. Math. Phys. 1948. V. 27, No. 3. P. 220-231. (Ilepe-
Bom: T3sm X.III., JIuu II.II., Pesicnep E. O nByMepHOM HEYCTAHOBUBIIEMCS [BUKEHUN
TOHKOIO Tejla B CxKuMaeMoil xkunkocru // lazoBas muaamuxka (C6. crareit). M.: U3a-8o
umHoctp. ymt., 1950. C. 183-196.)
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€M IIPU OKOJIO3BYKOBBIX CKOpOCTax BHemHero noroka // Joxn. AH CCCP. 1977. T. 236,
Ne 5. C. 1091-1094.

4. Borganos A. H. Boicuine npubsimzkeHns TPAHC3BYKOBOI'O PA3JIOKEHHs B 3a/[a9aX HECTa-
IMOHAPHBIX TPAHC3BYKOBBIX Teuernuii // IIpuki. maremaruka m mexanuka. 1997. T. 61,
Boim. 5. C. 798-811.
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PA3PBLIBHBIIT METO/I YACTUIL JJISI IBYMEPHOTI'O
KBA3ZUJIMHENTHOT'O YPABHEHU A ITEPEHOCA

Boromonos C.B.!, Kysmmaaukos A. E.?

! Mockoscxudi 2ocydapemeennuii ynusepcumem um. M. B. Jlomonocosa,
Mocxea, Poccus; bogomo@Qcs.msu. su
2 Huemumym npuxaadnoti mamemamuryu um. M. B. Keadvwa PAH,
Mocxksa, Poccusa; kuvsh90@yandex.ru

JloK71aT IOCBATIEH PA3BUTUIO OTHOTO W3 KJIACCOB JUCKPETHBIX METOIOB PEIeHus
YPaBHEHU B YACTHBIX MPOU3BOIHBIX, 8 UMEHHO, METO/IA, YACTHUI], PA3PHIBHOIO €0 Ba-
puanTa [1, 2]. Meroabl YacTUIl TPEICTABIAIOT UCKOMYK (GYHKIHIO B Buie Habopa
O-pyHKUU ¢ UX JagbHERel annpokcuManueil KaaccuyecKuMu QyHKIusaMu. B Ha-
CTOsIeli MOMEHT GOJIBLION HOMYJIAPHOCTBIO 1M0b3YI0TCst Meroabl Tuna SPH (ruapo-
JIMHAMUKH CLJIQ2KEHHbBIX 4aCTHIL), B KOTOPBIX anupokcumupymotme Gyukiuuu (byHk-
UK A1pa) SBJILIOTCA JTOCTATOYHO TAAIKUMU. 1101X07 Pa3phIBHOIO METOAA YACTHIL,
KaK CJIe/IyeT W3 HA3BAHWS, OTIMIaeTcsa oT noaxona merona SPH u ocnoBan Ha crieru-
AJIbHOM BBIOOpE anmmpokcuManyu d-pyHKIUH TOCIET0BATEBHOCTHIO MPSIMOYTOJIBHBIX
buryp.

171t OMHOMEPHOTO CIIydasi AJITOPUTM PAa3PBIBHOIO METO/IA YaCTHIL COCTOUT U3 TPEX
9TANOB: WHUIUAIUBAINS, CIBUT YACTHUIBI, TEPECTPOMKA, YacTullbl. 1lepBbrii aTam BhI-
TTOTHSETCST TOJBKO OIWH Pa3, OCTAJbHBIE — KAXKJbIA Iar no Bpemenu. Ha mepsom
JTarne MmoJIyuaeM HAJA bHbIE 3HAUEHUs IMUPUHBI, BHICOTHI U MEHTPA Beex dactuil. Jla-
Jiee sIBHBIM METOJIOM JHJIepa PeIaeTcs: ypaBHeHNe ABUKEHU dacTull. M3-3a pazHuiist
CKOPOCTEIi ITOCJIe BTOPOTO 3TAMa MEXK/Ty YaCTUIAMU 00Pa3yIOTCs MEPECeIeHrsT UTH 3a-
3opbl. OHU TpEeACTABIAAIOT cobOi omubKy ammpokcuMarmu mioTHoctu. Heobxomumo
MUHAMW3APOBATE OMUOKY, JJisi 9er0 OyIeM W3MeHSITh IMUPUHY YACTUIIBI, TEM CAMBIM
noabUpast MPABUILHYO annpokcuMaruio 6-pyarnuit. C yaéToM coXpaHeHus IIONIAIH
BBICOTA YACTHUIHI TAKZKE OYIET U3MEHSAThCd. TakuM 00pa30M, MbI TIOJIyYaeM 3HAICHUS
MCKOMO# TIOTHOCTH Ha HOBOM IIIAre 1O BPEMEHH.

ITomobubIM cITOCOOOM paHee ObLIN PelIeHbl OHOMEPHBIE 3aa4N 11 KBA3UINHEeH-
HOTO YpaBHEHUS MMEPEHOCA, YPABHEHUsT Boprepca, CUCTeMbl yPABHEHW MEJTKON BOIBI
U CHCTeMbl ypaBHeHuil razosoii quHamuky [3]. B KauecTBe npHMepa HCIOJB30BAHMS
JAHHOTO METO/Ia B JABYMEPHOM Cydae ObLIa BHIOPAHA 337a4a JJjis ABYMEPHOTO KBa-
3UTHHENHOTO ypaBHEHUd Teperoca. [Ipu pacimupeHnu pa3pbIBHOTO METOA YaCTHUI] HA
MHOTOMEPHBIH Caydail pacdueTHasi 00JacTh pa3duBaeTcs Ha MOMOOJIACTH, TIe MTPOUC-
XOIUT TOUCK OamxKaiimmx vactuil. [lojiydeHHble pe3yabTAThI CBUIETENbCTBYIOT, UTO
PAa3PBIBHBIN METOJ KOPPEKTHO perrmaeT 3339y Koy 1y1st KBa3uJnHeHOTO ypaBHEHUS
mepenoca. B manmbHelineM JAaHHBIA METOM MPEIIAraeTCs UCIOIb30BATD JJIs PEleHust
MHOT'OMEPHBIX 33/1a9 CUCTEMbI YPABHEHUHN ra30BO#l THHAMUKH.

JNTEPATYPA
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weckue pa3poisel // Mar. mogesuposanme. 2007. T. 19, Ne 3. C. 74-86.

3. Boromo.ios C. B., Kysmuuaukos A. E. Pa3pbiBHbIi METO, YACTHUIL HA Ta30IMHAMUIECKUX
npumepax // Mar. mopemmposanue. 2019. T. 31, Ne 2. C. 63-77.
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YNCJIEHHOE PEHIEHNE JVMHAMMWYECKUX 3AIJAY
YIIPYVI'OIIJIACTNYECKOI'O ZE®POPMINPOBAHNA
TBEPIbIX TEJI
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B nmokname mamararorcs mpoIEayphl MOCTPOEHUS YHUCJIEHHBIX AJTOPUTMOB MOBBI-
MMEHHON TOYHOCTH WHTETPHPOBAHUS OJHOMEPHBIX W MHOTOMEPHBIX 33a0a4 JMHAMHUIE-
cKoro aeopMUPOBaHUS TBEPABIX TEI Ha OCHOBE HECKOIbKUX AIIPOKCUMALINN KaK 10
u3 HeusBecTHbX Gyukuuit [1]. IIpuHumnsl HOpMyITUPOBKE U3/1araeMblX aJIrOPUTMOB
6w uHunuuposanbl uaesymu C. K. ToayHoBa, peaiu3oBaHHBIMU UM IIPH CO3IAHUN
CXEM YHCJIEHHOTO PEIIeHNsT KBAa3UINHEHHBIX TUIMepOOINIecKUX CUCTEM, OCHOBAHHBIX
HAa, PACIIEIIEHNN PEIeHnsT MHOTOMEPHOI 3aa91 Ha, psj OTHOMEPHBIX 33739 O pac-
MaJie Pa3pblBa U BBEAECHUN B CXEMBI “OONBINMNX’ 1 “MaJeHbKUX  BEJIMIUH.

B noknaze npuBogdTca HpUMEPHI PEINEHUd HPSMBIX 33Ja4 YIPYrOLIaCTHYECKO-
ro gedopMUPOBaHUs TBEPABIX TEJI C HCIIOJIb30BAHUEM Pa3pabOTaHHBIX AJITOPUTMOB, a
TaK>Ke TIPUMePHI PEIeHnst 0OPATHBIX 33134 Te0(U3UKN, OCHOBAHHBIE Ha MHOTOKPAT-
HOM TIPUMEHEHUN AJTOPATMOB PEIEeHUsT MPSIMBIX 3a,1a4.

JINTEPATYPA

1. UBanos I'. B., Bostukos FO. M., Boryabsckuii 1. O., Auucumos C. A., Kyprysos B. /1. Yuc-
JIEHHOE pelleHre TUHAMUYIECKUX 3324 yIPYroIIacTUIECKOr0 Ae(pOpMUPOBAHNS TBEPIBIX
rest. HoBocubupck: Cub. yuus. uza-so, 2002.
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PABHOMEPHBIE ATTPAKTOPBbI MOJAEJIN
ABUN2KEHUN S BA3SKOVIIPYI'IX CPE/ C ITAMATBHEO

Boaavipes A. C.
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IMycrs Q C R™, n = 2,3, — orpanunyennas o6aacTh ¢ raakoii rpanureii ['. Pac-

CMOTPHM CJeAYyIONIyI0 HadalbHO-KPaeBYIO 33J1a4y:
t

N~ O . . _t=s
e +Zlvia—xi — poDivE(v) —ulDlv/e > E(v)(s,z(s;t,x))ds = —gradp+ f, (1)
= 0

dive =0, (t,z) € (0,400) x Q, (2)
2(rit,x) =x + /U(s,z(s;t,m))ds, t,7 €[0,+00), z € Q, (3)
t
v’F:O, v(0,z) = 0%(z), x € Q, /pdsz. (4)
Q

3aech v(t, x) — BeKTOP-DYHKINSA CKOPOCTH JBUKEHAS JGACTHI CPENBI B TOUKE T € )
B MOMEHT Bpemenu t; p(t, ) — nasaenue; f(t,2) — MIOTHOCTH BHEMIHUX CUJT; (g > 0,
w1 = 0, A > 0 — nekoropsie KoucTauTwr; E(v)(t, £) — TeH30p cKopocTeil AedopManum.

PaspemuMocTs B ¢1aboM CMbICIE HAUYaIbHO-KpaeBoil 3agaqu (1)—(4) ycranosiena
B pabote [1]. JIst yCTaHOBJIEHHUS CyIECTBOBAHHS PABHOMEPHBIX ATTPAKTOPOB JAHHOH
HEABTOHOMHO 331a9¥ MPUMEHSIACH TEOPHUST TPACKTOPHBIX ATTPAKTOPOB HEMHBADH-
AHTHBIX TPAEKTOPHBIX LPOCTPAHCTB (CM., Haupumep, [2—4]).

ONPEJIEJEHUE. B kauecrse npocrpancTsa Tpaekropuii HI samauun (1)—(4), co-
orsercrytonieii cumpoay o € ¥ = {T'(h)f = f(- +h), Vh > 0}, npuMeM MHOKECTBO
bysxmmit v € Loo(Ry; H) N LYS(Ry; V) ¢ npomssommoit v/ € LP¢(Ry; V*), Takux
9TO OrpaHWIeHne v Ha Ja06o# orpesok [0, T| asngerca pemennem 3amaqm (1)—(4) ¢ o
BMecTo f B MPaBOii 9acTH, B ¢ HEKOTOPBIM v
HEPaBEHCTBO

€ H, n nipu miobom ¢t > 0 BeIOTHAETCA

t

191 i + [ €N ds < CF (14 10l oy aye™>")
0
¢ HekoTopbiMu mocTosiHabiME C; > 0 0 < v < )\’1, 3aBUCAIIUMU OT Lo, 1,
[/l Lioe (. ,v+) 1 HE 3aBHCAmEME OT , 00,

Teopema. Iycrs f € LYS(R.,V*) u po — 1A > 0. Torga cymecTByer MHHH-
MAJIBHBII DABHOMEDHBIH TPAEGKTODHBIH arTpaxTop U U paBHOMEDPHBIH TIi0baIbHBIH
arrpakTop A cemeiicTa TpaekTopubIx npoctpancts {H} : o € ¥} szamaun (1)—(4).

Pa6ora BeImoHEHA TpU hUHAHCOBOM T0/1/IepkKe MuHncTepcTBa HayKW W BBICIIETO 00-

paszosanma P® (mpoexr Ne 14.750.31.0037).
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C IIEPUOANYECKNMU KOR®PUITUEHTAMU
1 OLIEHKUN HA BO3MVIIIEHUSA

Boumaps A.A.

Hosocubupcruti zocydapcmeennuii yrusepcumem, Hosocubupck, Poccus;
anna.alex.bondar@gmail.com

PaccMaTpuBaeTca cucTeMa JTUHEHHBIX PA3HOCTHBIX YPABHEHMH ¢ MepUOIAICCKAMA
ko3 purmenTamu
Yn+1 = (A(TL) + B(n))ym n €z, (1)
rje A(n) — HEBBIPOKIEHHBIE MATPHITLT PAZMEDA 11 X 1M U MATPUIHAS MOCIEIOBATEb-
HocTh {A(n)} — N-nepuommueckas, t. e. A(n+ N) = A(n), n € Z. llocnenosaremnn-
HocTh {B(n)} — N-nepmogmaeckas nocaen0BaTeIbHOCT BO3Mymennii. [Ipeamomara-
€TCsl, YTO CUCTeMa,
Tn+l = A(’fl)fﬂn, ne Za
SKCIIOHEHITMATBHO TUXOTOMIYHA. Kak mokasano B pabore [1], 310 sKBUBameHTHO TO-
My, 910 cymectByior spMurosbl Marputbl H(0), H(1),..., H(N — 1) u marpuna P,
VAOBJIETBOPAIOIINE CIeyIomeid KpaeBoll 3a1a4e:

-1
H(l) — A*()H(I + 1)A(l) = (Ul*) P*UUPU;
-1
~(U7) - PYURLI - PO, 1=0.1 N -1,

H(0) = P*H(0)P + (I — P)*H(0)(I — P),

P?2=P, PUy=UyP,

roe U; — marpuiia Kommm. /laHuabIil KpuTepuii aBadgeTcda aHajaoroMm Kputepus Kpeitna
JIUIst aBTOHOMHBIX chcTeM [2].

C nomomipio (2) MOXKHO OIEHUTH HOPMbI Marpull B(n), Ipu KOTOPBIX CUCTEMA
(1) 6ymer skcnonenuanibuo quxoroMuynoii. UccienoBanne gapiigercs npoiosizKeHneM
1, 3-5].

Pabora BeimosmHena mpu nomaepxkke Poccuiickoro ¢gouma GpyHIaMeHTaIbHBIX UCCIEI0BA-
mwii (mpoext Ne 18-29-10086).
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OB YCJIOBHUAX PASPEIIINMOCTN
QJININIITNYECKUNUX CCTEM
B IIOJIVIIPOCTPAHCTBE

Bongaps JI. H.!?

L Bnemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupcx, Poccus;
b ) b
2 Hosocubupckuti 2ocydapemeennnd yrusepcumem, Hosocubupck, Poccus;
b_lina@ngs.ru

B moxmaze peus moitmer o6 OJHOM KJacce KPaeBbIX 33134 B [IOJIYIPOCTPAHCTBE
R? = {z = (2/,z,) : 2’ € R", 2, > 0} 14 s;umnrHdeckux cucreM (CM., HAIPH-
Mep, [1]):

L(D,)U = F(x), ze€R%,
{ B(D,)U|, _, =0. (1)

=0
PaccmaTpuBaembie KpaeBblie 33891 YAOBIETBOPAIOT yCIOBUIO JIONATHHCKOTO, Omepa-
ropet L(D,) u B(D,) aBIgoTcsa 0QHOPOSHBIMH.

HUccnenyerca Boupoc o pazpemumocru Kpaesoi 3a1auu (1) B Wé(Rﬁ), 1<p<oo.
Xopouio ussectro [2, 3], uro kpaesas 3aaaua (1) oqHO3HAYHO pa3pemMa B WZZ,(R;’)
npu lp) < n, p’ = p/(p —1). B paborax |2, 4] noka3zaHo, ITO AJMA PAPEMTUMOCTH
Kpaepoii 3amaun (1) B Wé(R’fr) opu lp) > n HEOOXOIUMO HAKJIAILIBATL HEKOTOPHIC
JIONOJTHUTE/IbHBIE yCI0BUs Ha F(x). Bolnucan sBHDBIA BUJ 3TUX YCJIOBUE B Ciyvae,
korma (I — 1)p’ < n < lp’. TlokazaHo, 9TO 3TH yCIOBUSA SBIAIOTCA HEOOXOMAUMBIMU 1
JOCTATOYHBIMHE 111 PA3PEITUMOCTH B W;,(Ri) U3 [2] ciemyer, uTo ayis pazpemumMocTu
zagauu (1) B W;,(Rﬁ) mpu (I — 2)p’ < n < (I — 1)p’ mocrarouno morpeboBaTh OT

F(z) cneayommx ycaosmii: /F(x) dx =0, /x”F(x) dx =0, |v| = 1. B pabore [5]
R% R

YKa3bIBAIOTCs HEOOXOAMMbBIE YCIOBHs PA3PEIIMMOCTH Kpaesoil 3ama4u (1) B Wlﬁ(Ri),

1<p<2,mpu (I-2)p' <n < (I-1)p. OTmMeTnM, 9TO TOTYIEHHBIE YCIOBUS 3ABACAT

OT BHUJa TPAHUYHOIO ONEPATOPA.
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MOAEJINPOBAHUNE
KOHOUTYPAIIINI MATHNTHOT O I10JI4A
B OCECUMMETPNYHBIX OTKPBITBHIX JIOBYIIKAX
C INAMATHUTHBIM YVAEP2KAHWNEM I1JIASMBI

Bopouuna M. A.!, Fenpux E. A.?

Huemumym swvucaumenvnoth Mamemamury 4 Mamemamuseckoti
2eofpusuxu CO PAH, Hosocubupck, Poccus;
boronina@ssd.sscc.ru, 2mesyat sQgmail.com

B pgokmnaze npejcraBiaena AByMepHasd ruOpuaHas IUCJIEHHAS MOIETb OTKPBITOH
TJTA3MEHHOI JIOBYIKY C JUAMATHUTHBIM yAEPKAHUEM TLJIA3Mbl. JTOT HOBBIA PEXKUM
yaepxaHust miasMbl pejioxker B NP CO PAH [1]. B aroMm pexknMe naBieHne mias3-
MBI OJIM3KO K JTABJIEHUI0 MATHATHOTO OIS, MATHUTHOE TIOJI€ B 001aCTH, 3aHUMAEMOM
TLUTa3MOM, OJIM3KO K HYJII0, & B TOHKOM CJIO€ HA TPAHUIE [JIA3MbI TUAMATHUTHBIN “Iy-
3bIPh’ OBICTPO YBEIMUMBACTCA. B Cilydae yCHemrHo# peann3alinyd TAKOW PeXXUM TaeT
BO3MOXKHOCTD YJIVUIIIEHUS IIapaMeTPOB NJIa3Mbl B JMHEHHBIX MATHUTHBIX CHCTEMAaxX
JJIS TEPMOSIIEPHOTO CUHTE3A.

Paspaborannas uuciieHHAS MOJAENb OCHOBAHA HA KWHETHIECKOM TNPUOIUKEHUN
ansg mouoB u MIJI mpubnmKeHun Ijist 37meKTpoHOB. Ha ocHOBe rubpuaHON Momean
CO3/IaH ABYMEPHBIH AJITOPUTM UCCJIEI0BAHNSA JUHAMAKNA WH2KEKTHPOBAHHBIX 9aCTHUI] B
rrosie JIoByIKu. g pactuera MarHuTHOIO IOJI8 U 3JIEKTPOHHON KOMIIOHEHTBI IL1a3Mbl
WCIIONIB3YIOTCSA KOHEIHO-PA3HOCTHBIE CXeMBI. /[BrKeHre NOHHON KOMIIOHEHTHI PACCYHU-
ThiBaercs Merogom dacrul B sueiike (PIC). Ha ocnoBe paspaGoTaHHOrO ajaropurMa
CO3JIaH MPOrPAMMHBINA KOJI JJIsT W3y49EHUs MPOIEccOB (GOPMUPOBAHUS COIVIACOBAHHOM
C IBUZKEHVEM IIa3Mbl KOHMUTryparuu MarHuTHoro mond. IIposemeno rectupoBanme
pa3paboTaHHOTO KOJa HA 331a4€e PA3JIeTa IIa3MeHHOro 001aKa B moJje JOBYIKH. IIpo-
BEJIEHO CPABHEHWE MOJIYUYEHHBIX PE3YJABTATOB C PE3YAbTATAMU C WHIKEKITHEH JaCTHII.
[Monydenbr pe3yabTaThl 3aBUCUMOCTH JAWHAMUKK TEUEHUs IJIa3MbI OT TapaMerpoB
TJTA3MbI U MATHATHOTO TIOJIST JIOBYIIIKH.

Pab6ora BeimoHena mpu mogaep:kke Poccuiickoro doumga dyHmaMeHTaIbHBIX UCCIEI0BA-

uuit (npoext Ne 18-31-00314).
JINTEPATYPA
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BBICOKOTOYHBIE BUKOMITAKTHBIE CXEMDbI
JAJId CKBO3HOI'O CHETA JTETOHAIIMOHHBIX BOJIH

Bparua M. 1.2, Poros B.B.!2

! Buemumym npukaadnoti mamemamuxy um. M. B. Keadwwa PAH,
Mocxsa, Poccua;
2 Mocxoscruti pusuro-mernureckuti URCIMUMYym (Hauuonas bl
uceaedosamenvckull yrusepcumem), Hoazonpydund, Poccus;
michael@bragin.cc, rogov.boris@gmail.com

Teyernnss MHOMOKOMIIOHEHTHBIX XHMUYECKU PEATUPYIONUX Ta30B, B YACTHOCTH,
[IPOIIECCHI JIETOHAINH, HEPEIKO XaPAKTEPU3YIOTC [MUPOKHUM JUAIIA30HOM BPEMEHHBIX
¥ TPOCTPAHCTBEHHBIX MACIITA00B. 9TO 0OCTOATENIHLCTBO CO3MAET TPYAHOCTU TIPU UKC-
JIEHHOM MOJIEJIUPOBAHUY TAKUX TEIEHUN, TOCKOJBKY JJIs PA3PEIeHNs BCEX ITUX MaC-
mTaboB TPEOYIOTCA OUYeHDb MOAPOOHBIE CETKH, MOAPA3YMEBAIOIINE TPE3BHITANHO OOIb-
mne 00beMBI BRIYUCIEHNUY B MHOTOMEPHOM caydae. Kak mpaBuiio, pacyeTsl BEILyTCS
Ha OTHOCUTEJILHO I'PYObIX cerkax 10 #BHbIM cxemaM. Co Bpemen paborsl [1] uzsecrao,
YTO TAKOHN TOIXOM, MPUBOIUT K (DU3UYECKM HEBEPHOMY BOCIPOU3BEICHUIO JTETOHAIN-
OHHBIX BOJTH. [10 310 nmpuynte 6bLTO0 Pa3PaAbOTAHO MHOKECTBO CITEIUATBHBIX METOJI0B
KOPPEKIINH, TTO3BOJISIONIAX PENIUTh JAHHYIO MpoOaeMy jis HEKOTOPBIX JaCTHBIX TI0-
CTaHOBOK, CM., HAIpuUMep, 0030p B pabore [2].

B poknazme paccMarpuBaeTcd HesiBHASI CXEMa PACIIEIeHns 10 MGU3UIECKUM MIPO-
1IeccaM JJIst JKECTKON CHCTEMBI MHOTOMEDHBIX Ta30MHAMUYIECKUX YPABHEHMI Diiiepa
C XUMUYECKUMU UCTOYHUKaMU. KOHBEKIUsT PACCUMTHIBACTCS MO OMKOMITAKTHOM CXe-
M€ YETBEPTOrO MOPSIKA AMMPOKCUMAIIAN M0 MPOCTPAHCTBY M TPETHETO MOPSIKA all-
[IPOKCUMAIMH 110 BpeMenu [3—-5]. DTa BbICOKOTOYHAs cxema L-ycToiiuuBa 110 BpeMeHH.
XuMHUIeCKHe peakiuu cIuTaTca mo L-ycroiauBoit cxeme Pyrre — KyTrer BTOpOro
nopsaka. llpuBoggrcs pe3ysnbrarbl TECTUPOBAHUSA JAHHON CXEMbl PACIIEIJIEHUS HA,
33/1a9aX O PACIPOCTPAHEHUN JETOHAIMOHHBIX BOJH B ra3ax ¢ PA3HBIMU YHACIAMYI KOM-
TTOHEHT W XUMUYIeCKuX peakmuit. OOCyXKIA0TCs TPEenMyIIecTBa DUKOMIIAKTHBIX CXeM
Mo cpaBHeHuIo ¢ nomyaspubivMu aHbiMEu cxemamu Tuna MUSCL u WENOS B koHTEK-
CT€ CKBO3HOIO CY€Ta JEeTOHAIIMOHHBIX BOJH.

Pabora Beimosnena npu nogpep:xke Poccuiickoro dounga dymnmamenTaabHbIX HCCIEI0BA-

Huii (mpoekt Ne 18-31-00045).
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MHOT'OITATOBBIE METO/ZblI YNCJIEHHOI'O
PEINIEHN I NMHTEI'PO-AJITEBPANTYECKNX .
YPABHEHUNUN CO CJIABO CUHI'VJIAPHON TOYKOUN

Bynmaukosa O.C.!, Boropoesa M. H.?

HUprxymeruti 2ocydapemeennuti yrusepcumem, Uprxymcex, Poccus;
losbud@mail .ru s ’nasha888888@mail.ru

B nokame paccMoTpeHa CHCTeMa,

¢
Alt)z(t) +/s*aK(t,s)x(s)ds ), 0<s<t<1, ac(01),
0
C yCIOBHEM
det A(t) =0,

aneck A(t), K(t,s) —sanannbie (nxn)— marpuisl, f(t) u z(t) — n-MepHbIe U3BeCTHAS
U MCKOMAag BEKTOP-(MYHKIMY, KOTOPYIO MPUHSATO HA3BIBATD MHTErPO-AITre0panIeCKHM
ypasuerneM (IAY) co cmaboit 0cOGeHHOCTBIO.

Hannag 3ama4a TIpHU ONPEAeeHHBIX YCIOBUSIX MOXKET OBITh PacCMOTPEHHA KakK
MHTErpajbHbIi aHamor nudepeHImaibHo-aarebpandeckoro ypaBHeHN:

t* Az’ (t) + B(t)z(t) = f(t), x(0)=mzp, 0<t<1l, O0<a<l.

JIJ1sT 9UCIIEHHOTO PEIeH st BbIIeJIeHHOTo Kiracca TAY [1], uMeronux e THHCTBEHHOe
JOCTATOYHO IVIAIKOE PeIeHne, IPeITOXKEeHBI MHOTOIITATOBBIE METOIbI, OCHOBAHHBIE Ha,
KCTPAIIOJISIMOHHBIX (POPMYJIax, SBHBIX MeTofax Amamca u Ha (pOpMyJie HHTEIPHPO-
BAHUSI IPOU3BEICHU:

k i
At Zasz‘—j + sz‘+1,sz’+1,l$l = fit1.
j=0 =0

PaboTa BoImtoHEHA TTPM YaCTHYHOM 1T0//1epxkKe Poccuiickoro douma dyHmaMenTaIbHBIX
uccenosanuit (poekr Ne 18-51-54001  Boer_a).

JINTEPATYPA

1. Brunner H., Bulatov M. V. On singular systems of integral equations with weakly singular
kernels // Optimization Methods and their Applications, Proceeding of the 11-th Baikal
International School Seminar, 1998. P. 64-67.

107



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

O BBIBOPE BEPOATHOCTHBIX PACIIPEIEJIEHUN
ITP11 PAHAOMM3AIINN ITPNKJIA/JTHBIX
CTOXACTNYECKUNX YMNCJIEHHBIX MOAEJIEN

Bysarakosa T.E.!, Boiitumex A.B.'?

! Hosocubupcruti 2ocydapcmeennsill ynusepcumem, Hosocubupes, Poccus;
tatyana.bulgakova@gmail.com
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B joksane npencraBiena ofmias cXeMa PaHJIOMU3AIMKE MATEMATHYECKUX (B TOM
YUCsIe YUCIEHHBIX) CTOXACTUYECKUX HPUKIAIHBIX Mozeneidl (cM. Takwxke pasuen 3.2
kuura [1]). OcHoBo# paHmOMHU3AIME ABISeTCS BBeeHMe (BBIOOD) CIydYaifHOro mapa-
MeTpa € € 33JaHHOM IIIOTHOCTBIO pacupenenenns fe(u).

OTMeYeHO, 9TO B Psifie MPUIIOKEHUH IIPUHATO UCIIOJAb30BATH B KAYeCTBE (DYHKIMN
fe(u) mmorHocTH Gera-, raMMa- MM HOPMAJIBHOTO PACIPENENEHHN ¢ COOTBETCTBYIO-
muM BbIGOPOM TapaMerpoB. Ha OCHOBE ITPOBEJEHHBIX HAMU TECTOBBIX BBIYUCIIEHUH
[IOKA3aHO, YTO M3-33 OTHOCUTEHHO BBICOKON TPYIOEMKOCTH MHOIOKDATHBIX 00palie-
HU K TEHEPATOPY CTAHAAPTHBIX CIYYafHBIX IUCET U BBIYUCIEHAH TorapudMAIECKHX,
CTENEHHBIX U TPUTOHOMETPUIECKAX (DYHKIMA B CIy9afiHBIX TOYKAX, H3BECTHBIE MOJIE-
Jpytorue (POPMYJIbl U AJITOPUTMBI JJIst OeTa-, TaMMa- UJIH HOPMAJIBHOTO pacCIIpeiesie-
Huit (cM. pazmenst 12 u 13.1 kauru [1]) seastiorest Heab ek THBHBIME (HEIKOHOMWIHbI-
mu). [To9TOMY HMCIIOJIBb30BAHNUS ITUX PACIPEIEJCHUH IPU PAHIOMU3AIMH YHMCIEHHBIX
CTOXACTUYECKUX MOJIEJIeH JKeIaTelbHO (€CJau 9T0 BO3MOXKHO) U36eraTsb.

B kavecTBe anbTepHATHBBI IPEIOKEHO TGO BHIGUPATH fe(U) 13 HEKOTOPOTrO “Gan-
ka” suieMenTapHbiX (3DMEKTUBHO MOIECIUPYEMbIX) BEPOATHOCTHBIX [1JOTHOCTEl, hop-
MHPYEMOTO € TTOMOIIBIO CHEIMATBHBIX TEXHOJIOTHI (cM. pabory [2] u pasaen 14 kuu-
ru [1]), 160 HCIONB30BATH KYCOUHO-LOCTOSHHLIE BEpCHUH MIOTHOCTH f¢(u) (rucro-
rPaMMblL MJIM OPUGIUZKEHUs CJIOXKHO MOJAEJIUPYEMBIX [IJIOTHOCTEH) M COOTBETCTBYIO-
[Ipe BApUAHTHI MOAUMDHUIUPOBAHHOIO METO/IA IUCKPETHOH cynepnosuruu (cuM. pabory
[2] u pazpenst 11.2-11.4 kuuru [1]).

PaGora BBITIONTHEHA, B paMKax rocyaapcrsenuoro samaama UBMuMID' CO PAH (mpoekt
Ne 0315-2016-0002).
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ITPAKTNNYECKUW 3HAYNMBIE IIPNJIO2KEHN A
OYHKIIMTOHAJIBHBIX AJIT'OPUTMOB
METOJA MOHTE-KAPJIO
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2eofpusurxu CO PAH, Hoeocubupck, Poccus; vav@osmf .sscc.ru

B moknane mpesicTaBieHbl HOBble (MO CpaBHeHWIO ¢ paboramu [1-4]) pesyabra-
ThbI 110 TEOPHH U IPUJIOXKEHUAM PAHAOMHU3UPOBAHHBIX (byHKL[I/IOHa.HbHBIX YUCJAECHHBIX
ANTOPUTMOB NPUOINKEHNUs permenust ¢(x) WHTerpasbHOro ypasHeHus: Openrosbma
BTOPOTO POIA

o(z) = / ko', 2)p(@) do’ + f(2). (1)

Bo-niepBbIx, cymmecTBeHHO pacmmper 0630p UCOMb3YEMBIX B TPUKJIAIHBIX 33,1a9aX
anep k(a',x) ypasmenns (1). Ilokazano, 9T0 B MOJABISIONIEM YUCTE CIyIaes GyHK-
st k(2', x) mmeer ocobernocTn (BILWIOTH A0 AeibTa-DyHKIHMI), 9TO CYMIECTBEHHO 3a-
TPY/JHSAET €€ BbIYHAC/IECHUE, 8 3HAYUT W NPUMEHEHHE PAHIOMU3UPOBAHHBIX CETOYHbBIX
DYHKIMOHANBHBIX YHCIEHHBIX aJropuTMoB [2-4]. B cBoroo ouepenb, MpPOEKIMOHHBIE
dbyHKIMOHATBHBIE ANTOPUTMBI [2—4] 061a/1a10T YUCTeHHOM HEYCTONINBOCTHIO (3TO 1O~
Ka3bIBAIOT [IPOBEJIEHHBIE HAMHU TECTOBbIE SKcepuMenThl). [Tosromy 0cobyio posb npu
PellleHuH IPUKJIATHBIX 33189 Bua (1) MOXKET ChirpaTh HCIIOJIb30BAHUE IPOEKIMOHHO-
CeTOYHbIX (DYHKIMOHAIBHBIX AJIOPUTMOB [2—4].

BoO-BTODBIX, OTMEYIEHBI BO3MOYKHOCTH TIPUMEHEHHST COOOPAKEHNIA U3 TCOPHN “saaep-
HBIX” OIEHOK BEPOSTHOCTHBIX IIOTHOCTEH (CM., HApuMeD, [5]) Juist pa3BuTHS Teopun
PaHJOMU3NPOBAHHBIX MPOEKIIMOHHO-CETOIHBIX (DYHKIIMOHAIBHBIX YHCICHHBIX AJIT0-
puTMOB npubnnkenus permenus ¢(r) ypasraenwms (1) [1].

Pafora sBeimosnena B pamkax rocygapcrsennoro 3amanna IBMuMIDT CO PAH (mpoekt
Ne 0315-2016-0002).
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O IUCITEPCMOHHBIX YPABHEHUNAX KAK IHEJIbHOM
KPEATBHOM PA3JEJIE OBIIIEV TEOPUN BOJIH
1N MATEMATNYECKOU ®N3NKN

Beipaun B. M.

HUnemumym mawunosedenusn um. A. A. Baazonpasosea PAH, Mockea, Poccus;
V_M_Byrdin@mail.ru

B pazne obmacreiit TeopeTndecKoil 1 MATEMATHIECKON (PU3NKH, CBA3AHHBIX C COBPE-
MEHHO# Teopueil BOJIH, BBIICJASIOTCH JAUCIEPCUOHHBIE YDABHEHUs. DTHU ypaBHeHus (B
y3kom cmbicie D(k;v) = 0; k — BosHOBOE YNMCIO, ¥V — YaCTOTA), KAK M JAUCTIEPCHOH-
Hble (DYHKIMH, U KPUBbIE k(V) OMUCHIBAIOT 3aKOHBI AUCIEPCHH B MHOTONPOMDUIHHOM
Teopur BOJH. JlpcrepcnoHHble ypaBHeHWs (BKJIOYas BUpPTyaibHbE (cM. B [4]), unc-
JIEHHBIE W SKCIIEPAMEHTANbHBIE, U MOJKIACC AHU30TPONHBIX cucteM, V(k1, ka, k3), .. .)
BIIOJTHE OTIPEJIENIAIOT BOJTHOBYIO KUHEMATHUKY, [EJIBIH CIIEKTD ABJICHUN U CBOWCTB, BayK-
HbIE [IAPAMETPbI ¥ XapPAKTEPUCTUKN BOJHOBOI'O MPOIECCa. ITO a30yuHble, (hazoBas u
IPYNIoBast (IHEPro-) CKOPOCTH, 33ePyKKa, B aH3AIIe, IOKA3ATE b IPEJIOMJICHUSI, YIOJI
OTpaXKeHWsl, JOMJIEPOBCKUIA CIBUT, TUCCUTIATUBHOE 3aTyXaHWe, YCIOBUS W3JTYUeHUs U
npyroe. B cumy KOMIBIOTEPHON 9KCIIAHCHN, OCHOBHBIM HAYYHBIM TPEHIOM BBICTYTIAIOT
YUCJIEHHBIE METOJbl, AHAJUTUKYA HAMHOTO MeHbIe. ABTOPOM PAa3BUT METO/] AHAJIN3A
JIUCHEPCUOHHBIX YPABHEHUH, OCHOBAHHBIN HA TEOPWUU HEABHBIX (DYyHKIMUH U JAPYTUX
TIOJIOYKEHMSTX KOMTLIIEKCHOTO aHann3a. [Tnonep merona — B. 1. Keitine-Bopok [1], 3a-
TeM uAyT [2, 3]. DddekTUBHOCTE MeTOIA — B DPEIYKINH TPAHCIEHIEHTHBIX GYHK-
it K anrebpandeckuM. Hanbosmee TUMHYIHBIM 37€MEHTOM JIUCIIEPCUOHHBIX U, BOOO-
e, TPAHCIEHAEHTHBIX (DYHKIUH ¥ KPUBBIX ABJISETCS U3BUINHA, C TEPETHOOM MeK
IQIKUME JiyraMu (B TOH Ke cunycounze). MHOI0 u3yyeHbl U3BUIJINHDBI, KDATHBIE BETB-
JIEHUST, TIETJIM, KPECThl, IUKH U Apyrue ocobbie purypbl. JbOEKTUBHA ACUMITOTHKA
o6paTHBIX BOJH, Y3KOMOJOCHBIX MO YACTOTE W CHHIYJSADHBIX B IeioM (cM. B [3, 4]
u ap.). Togyepkuém, 4TO 0OPATHOBOJHOBAS TEMATHKA CMEXKHO C METaMaTepUasia-
MH KpafiHe MepPCIeKTUBHA, C IMIMPOKO M3BECTHBIMHU ‘CKA3KAMM-B-2KH3HL’, XafiTeKaMn
“nmama-HeBunuMku’ ¥ GeciryMHbIX MammH (cM. [4-6] w muorme mp.). ITo cpasme-
vuio ¢ auddepeHuaIbHbIMU YPABHEHUSIMU U KPAEBbIMU yCJIOBUSAMU, JTUCIIEPCHOH-
HbIe YDABHEHWs BIIOJTHE WHBAPUAHTHBI (DU3UMUECKON TPUPOIE — OTKYA TOJHAS YHU-
BEPCANBHOCTD JIJTs1 BOJTH JI060r0 Tuma. TakmM o6pa3oM, BBIIEISETCS HOBIH TeTbHBIHA
KPEATUBHBIN pa3/esl M TPeH MAaTeMATHIECKOM (PU3MKM, BKIHOUAsT BY30BCKHE KYPCHI
(cpaBaure [5] u B orsmume or yxe “mkonapckux”’ rem em@ X VII Beka, Tuna yupyroit
CTDYHBI).
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PEIIIEHUE OBPATHOI1 3ATAYN,
BO3HUKAIOITEN TPV NHTEPIIPETAIINN JTAHHBIX
T IPOINHAMUNYECKNX UCIIBITAHNN CKBAXKITH
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IIpu ommcanum TPOIECCOB B CKBasKWHE B XOJ€ TPOBEJSHUS THIPOINHAMUIECKUX
TECTOB BO3HUKAET ypaBHeHUe BosbTeppa mepBoro poma

¢
AgE/ qit —1)g(r)dT=Ap(t), 0<t<T. (1)
0
VYpasuenwe (1) BbiTekaer m3 npuHIUna Jlfoamesns, COTJIACHO KOTOPOMY W3MEHEHHE
nasnenus Ap(t) = pp — p(t) ecTb cBepTKA CKOPOCTH MOTOKA KUIKOCTH ¢ UMITYJIbCHOI
dbyuximeii g(t) orkiuka pesepeyapa. 37ech py — HAYaJbHOE JaBJI€HHe pe3epByapa B
HEBO3MYIIIEHHOM COCTOstHUH, p(t) — naBjeHne, n3MepsieMoe, HAPpHMep, Ha TOBEPXHO-
crtu cTBONA CKBaKmHbL. VMmymnbcaas dbyrKmus g(t) MOIIERHAT OMPEETEHA0 U3 YPAB-
Herws (1) mo mamepennbM ¢ omubkamu Ap(t) m ¢(t). Xopomo u3secTHO, 9TO MOTY-
JeHHBIE B pe3yJIbrare perenns ypapaenus (1) dyuximmm v(t) = tg(t) m w = fot g(7)dr
B JlorapndMHUYIECKOil MKaJe CoAep:KaT BaXKHYI0 HHQMOPMAIAIO O CHCTEMe CKBayKNHa-
pe3epByap W IMUPOKO HCMONB3YIOTCS WHKEHEPAMH-UCCIETOBATENSIMA TP PEIEHAN
331897 HAECHTU(OUKAIIN.

YpasHenve (1) TPUMEHNTENHLHO K CKBAKWHHBIM TECTAM UMEET CYIIECTBEHHYIO Crie-
UKy, KOTOpasi 3aKII0YAETCS B CIIeYIONeM: 1) peabHbIE 3KCIIEPUMEHTAILHbIE JIAH-
Hble ¢(t, p(t), po) comepxkar Gonbinne ommbky (710 15%); 2) ucxoaubie qanube p(t), ¢(t)
U OCOGEHHO DEIIeHre MOTYT HMETh 3HAMUTENHHBIE BAPUAIMA HA MAJBIX BPEMEHHBIX
yaacrkax (pasaomacmtabrocTs). [Ipr 3THX YCI0BUSIX TPAIAITAOHHBIE METOIBI, BKIIIO-
9as KIACCHIECKHE PEryJspU3yIONMe AJITOPUTMBI, He MO3BOJSIOT MOCTPOUTH yCTOM-
YMBbIE TIPHOJIUIKEHHBIE PEIIeHNs] HEKOPPEKTHO TTOCTABJIEHHOH 3a1a49u (1), MpUroHbIe
JIUTsl MHTEPIPEeTAIINN CKBAKUHHBIX TeCTOB. [Ipy OlpeneeHHbIX JOMyIeHUsIX Ha CH-
CTeMy CKBarKHHA-pe3epByap uckomas GyHKIms ¢(t) yIOBIeTBOPSET Clemyomei 6ec-
KOHEYHOW CHCTEeME JINHEHHBbIX HEPABEHCTB:

(=Dkd*g(t)/dt* >0, k=0,1,2,..., t>0. (2)

B pabore mpeioxKeHbl 1 UCCIETOBAHBI BRICOKOTOUHBIE METOBI PEIIeHUs 3a/1a9u
nexousosonuy (1), yYuThIBAOIIME BCIO MOJHOTY alpuOpHOil uH(oOpManuu o pere-
Huy (2), KOTOPbIE MO3BOJIAIOT [OJYYUTh BIIOJHE YJOBJIETBOPUTEIbHbBIE DE3YJIbTATHI
IIPY MaKCHUMAaJbHBIX MOTPEITHOCTIX BXOAHBIX JAHHBIX W MOCTPOUTH MPHUOIMIKEHHOE
petiienue ¢ TpebyembiMu cBOMCTBaMU iaakocru u rourocru [1]. O6cyzxaaercs 6osee
00IIIast MOCTAHOBKA 33Ja91 00 MASHTH(DUKAIINN CHCTEMBI CKBAXKUH B paMKax ODOIIEro
pesepByapa.

Pafora Bemosmaena ipu durARCOBOH moaaepxkke Poccmiickoro mayanoro dborga (mpoexT

Ne 18-11-00024).
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MOAEJINMPOBAHUNE OTCJIOEHUAA
TEPMOBAPBEPHDBIX IIOKPBITUN
ITP TEIIJIOBOM YVIAPE

Barynban A.O.!, Hecrepos C. A.?
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st obecrievennst COCOOHOCTH PA3IMYHBIX TEXHUYECKUX YCTPOUCTB (DYHKITHOHHU-
pPOBATH B IIMPOKOM JUANA30HE TEMIIEPATYD MHUPOKO UCIIOIB3YIOTCS TePMODapPbePHbIE
GYHKIIMOHATBHO-TPAMEHTHBIE TOKPBITHST — KOMIIO3UTHI C HEIIPEPHIBHBIM U3MEHEHU-
eM 110 TiTyOrHE MOKPHITUS TEPMOMEXaHNIECKUX Xapakrepuctuk. HeoqaoponuocTs mMa-
Tepuasa 3aKII09AETCA B 3aBUCAMOCTH KO3(ddunueHToB muddepeHnuaabHbIX Omepa-
TOPOB TEPMOYIIPYTOCTH OT KOOPIWHAT.

Muorue TEXHOJIOIMYECKHEe MPOIECChl M3TOTOBIEHUs (DyHKIIMOHAILHO-TDAINEHT-
HBIX MATEPUAJIOB MIPEIIIOIAral0T BOSHUKHOBEHUE TOJIeH MPEIBAPUTETbHBIX HAIPIAKE-
HUli, KOTOPBIE MOTYT IPUBECTH K MOABIEHUIO YIACTKOB OTCIIOEHNS IOKPBITHAS U TOTEPHU
ycroiiunBocTu. Borpocam OTCI0eHUS TOKPBITHH ¥ MMOTEPH YCTOHIMBOCTH ITOCBATIIEHO
BOJIBITIOE KOIUIECTBO paboT. OIHAKO B 3TUX paboOTax CHCTEMA “TIOKPHITHE-TIOIIOKKA,
Jalle BCEro COCTOSLIA U3 OJIHOPOIHBIX MATEPUAIOB U HE YUUTHIBAJIOCH BJINSTHAE TEMITE-
parypHOro akTopa HA KPUTHUYECKHE apaMeTpbl. B ciyyae HEOIHOPOMHOIO MOKPHI-
THUS UCCIAEIOBAHUSA MMPOBOIMINCH TOJBKO HA OCHOBE METO/Ia KOHEYHBIX JJIEMEHTOB.

B pabore paccMmorpena 3a7a4da CBA33aHHON TEPMOYIPYTOCTH I CHCTEMBI (PYHK-
IIHOHATBHO-TPATHEHTHOE TIOKPBITHE — OMHOPOIHA MOIIOKKA. ITA CUCTEMA MOJIEIH-
pyeTcss BBITSIHYTOM B TOPHU30HTAJILHOM HAIPABJIEHUH MPAMOYTOJBHUKOM. B pe3ymb-
TaTe TEIJIOBOTO YIapa IO TOBEPXHOCTH TMOKPBITHS HA TPAHWUIE DPA3/e/ia BO3HUKAET
HebonbIiaa 0b1acTb OTCIoeHusd. PaccMoTpena 3a1at4a, MOTepH yCTONIUBOCTH OTCIIO-
uBIrerocsd (QPyHKIIMOHATbHO-TPAJUEHTHOTO MOKPBITHs. i mosydenus npubamKeH-
HOT'O TIOJIyaHAJIUTUYECKOrO perneHns ChOPMYyJIHPOBAHBI TUIIOTE3BI O PACIPEIETIEHIN
TEMTIePATYPbl U BEPTUKAJIBHOTO TEPEMEIEHUs JIsi TTOKPBITUS U TOMI0KKU. OTCo-
VBIIANACA Y9aCTOK MOKPBITUS, CBOOOIHBIN OT TEILJIOBOTO HATPYXKEHUs, MOIETUPYETCS
JBYMEPHBIM 00BEKTOM B PAMKAX MOAUMUIMPOBAHHON T€OpUH TOHKUX TIacTrH. 1Ipo-
BEJIEHO CPABHEHWE PEMIEHUs 110 IIPEJIOKEHHOMY METOLY C PEIIeHHUEM, MOy YEHHBIM
METOJIOM KOHEYHBIX 3j1eMeHTOB. OnpeeseHbl TPAHUIBI IPUMEHUMOCTH TIPE/IJIAraeMOi
METOIVKH.

PaGora Beimosmaena ipn mogyepxkke rpaata PH® (mpoext Ne 18-11-00069).
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YNCJIEHHOE MOJEJIMPOBAHNE IIPOLECCA
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CMECH B PEAKTOPE C KUIIAIIINM CJIOEM
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Maremaruvyeckre MOJIEIH, OMUCHIBAOIINE IPOIECCHI TEIJIO- U MACCOIIEPEHOCA B Te-
TEPOTeHHBIX KATAJTUTUYECKUX PEAKTOPAX IIPHU IIPOTEKAHWH PEAKIMI HA MOBEPXHOCTH
KATaJIN3aTOPa, JacTO MOTYT ObITh 3AMMCAHBI B BUJE HEJIWHEHHON cucrembl maudde-
PEHIMAJIbHBIX YPaBHEHUH B 9aCTHBIX npou3Boaubix (JIYYUII) ¢ aByMs nepeMeHHbIMU
¥ C TPOW3BOIHON HE BBIIIE MEPBOTO MOPSIKA O OIHON 13 mepeMeHHbix. [Ipu uncien-
HOM DPEIE€HUU TAKOW CUCTEMBI XOPOIIO 3aPEKOMEHIO0BAJ ce0s MOIXO0, W3ITOKEHHBII
B pabore [1]. On 3aki049aeTcd B MCHOJIB30BAHUU: WHTEIPO-UHTEPHOIAIMOHHOIO Me-
TOAA, ODECIeYnBAIOIIEr0 BbIIOJHEHNE [IMCKPETHBIX AHAJOIOB 3aKOHOB COXPAHEHUS,
MIpY TIepexXoe K IUCKPETHBIM YPABHEHUSIM; METOIA MPAMbBIX, MO3BOJISIONIETO CBECTH
cucremy JIYUII x cucreme ob6bIKHOBEHHBIX quddepennuanbubix ypapuenuit (O1Y);
L-ycroitunBoro merona tuma Pozendpoka 2-ro mopsaka TOYHOCTH ¢ ABTOMATHICCKAM
BbIGOPOM IIara MHTErpUPOBAHUs JIJid PelleHud mosryyatomeiicsa cucrembr QLY [2].

B nanmoit pabore paccMOTPEHBI OCOOEHHOCTH MPUMEHEHHsT ITOr0 IMTOAXOAd K 3a-
Jade YMCJIEHHOTO MOJAETUPOBAHUS MPOIECCA JAETHAPUPOBAHNS MPOIAH-U300y TAHOBOI
CMECH B PEAKTOPE C KWIIAIINM CJIOEM TI0 CTAIMOHAPHON nByX(a3HOi MOJAETH MO Be-
MECTBY U OXHOMA3ZHON IO TEIUIy B OJHOMEPHOM mpul/vkeHuu. Posib mepeMeHnHoi,
10 KOTOPO#l MPOU3BOIHBIE NMEIOT IIEPBBIH MOPAIOK, BHITIOIHIET BPEMsI, €CJIN PEINaTh
HECTAIMOHAPHYO 337129y METOIOM CTAIMOHUPOBAHUA.

OCOBGEHHOCTBIO PEAKTOPA SIBJISETCS TIOJAYa TOPSIIEro KaTaJU3aTopa, MOCIe pere-
HEPAIWY B BEPXHIOK YaCTh PEAKTOPA U HAJUIHE CEKITHOHUPYIONIUX PEIIETOK, 3aMe/l-
JISIONIUX O0DOPATHOE MEePEMENUBAHNE KATAJIN3ATOPA, ITO MPUBOJUT K CYIIECTBOBAHUIO
AKCUAJILHOTO T'PAIUEHTA TeMIepaTypsl B peakTope. llenb MomenupoBanuss COCTOIA
B OIIEHKE PEMMYIIECTB J00ABJIEHNs MIPONaHa B n300yTaH, MOAABAEMbBIH HA BXO pe-
aKTOpa, C TOYKH 3peHusd obeciiedenns CrabuiIbHOCTA U MAKCHMAJIbHBIX BBIXOJOB Ii€-
JIEBBIX 0JIe(DUHOB B TIPOIIECCE JETHIPUPOBAHUS B MPOMBIIIJIEHHOM DEAKTOPE ¢ KHUITs-
IIIAM CJI0eM. XOPOIIiee OMUCAHNE IKCITIEPUMEHTATBHBIX JTAHHBIX TI03BOJISET TOBOPUTH 00
aJIEKBATHOCTH MaTEMaTUYECKONH MOMIESN MOIEINPYEMOMY PEAKTOPY W KOPPEKTHOCTH
peliienusi ypaBHenuii mozenu [3].

Pabora BbimosiHeHa B paMKax rocygapcrsenHoro 3aganus Mucruryra karammsa CO PAH

(mpoext Ne AAAA-A17-117041710076-7).
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IIycTb nMmeercst mIOCKas MOJTUHOMUABHAS CUCTEMa OOBIKHOBEHHBIX nuddepeHtm-
AJIbHBIX ypPaBHEHUN

i‘:P(l‘,y), y:Q('r’y)v (S)

rae P(x,y), Q(x,y) — neficTBUTENbHBIE MHOTOYJIEHBI OT ABYX IMEPEMEHHBIX I, Y.
Dyuxiys p(z,y), HeNpepbIBHO AuddepeHimpyemMas 1 He oOpaIAIONIAscs B HYJIb
B obmacti U C R?, Ha3bIBaeTCs HHTETPUPYIONIIM MHOXKHATEIEM cucTeMbl (S), ecin

0

S @ ) P() + 5 (ol 1) Q,w) = 0.

C uCrnosb30BaHHeM WHTErPUPYIOIIEro MHOXKHUTEJIS TIEPBbIA HHTErpaJ cucTeMsl (S)
H(z,y) BoccTaHaBIMBaeTCA W3 COOTHOIIEHHH

0H (z,y)

o p(x,y)Q(x,y),

0H (z,y)

oy —p(z,y)P(z,y).

Hanuuune nepBoro nHTErpasia CUCTEMBI TTIO3BOJISIET HAM OMUCATEH (DA3OBbIH MTOPTPET,
[OCKOJIbKY BCE TPACKTOPUH ONPEAEIA0TCs MHOKecTBamMu yposus H (z,y) = const.
Cucremoii tuma, Jlapby mbr HazsiBaem cuctemy OY Buma

&= P(x,y) =2+ Pu(z,y), 9= Q(x,y) =y + Qu(z,y), (D)

rae Pp(x,y), Qn(x,y) — OMHOPOIHBIE MHOTOUIIEHBI CTEMEHN 1L > 2.
Teopema. Cucrema (D) umeer unrerpupyrommuii MHOXKATEIb BUIA

p(a,y) = u(2).
x
Ncnonws3yst cpOpMyIMpOBAHHYIO TEOPEMY, MBI HAIILIN TIEPBbIE WHTETPAJIBI HEKOTO-
pBIX Kytaccos cuctem tumna Jlapby u mocTpousiv ux riaobasbHbEe (DA30BLIE TOPTPETHI.
Pabora BbImOJIHEHA [P HOAAEP:KKE IPOrPAMMBL (DYHIAMEHTAJIbHBIX HAYIHBIX HCCIIe-
mosaamit CO PAH Ne 1.1.2 (mpoextsr Ne 0314-2016-0007, Ne 0314-2016-0013), a Takxke mpu
nopzepxke Poccutickoro donma dynnamenrampabix uccaenosanmii (mpoext Ne 18-01-00057).
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TEYEHUU I1JIA3MBbI
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Hremumym 8uvuciumensvhoth MamMemMamury U Mamemamuseckot
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B mamHOM JMOK7Ia[de IMpeajaraeTca HOBas YHCIEHHAA MOIEAb TEYEHHUs ILIa3Mbl B
OCECHMMETPUYHON OTKPBITOI JIOBYIIIKE, OCHOBAHHAST HA, KWHETUYECKOM TTPUO/MKEHUT
JJIsI HOHHOM KOMIOHEHTHI mia3Mbl 1 MU mpubnv:keHun 1jst 3aMarHuIeHHON 9JTeK-
TPOHHON KOMIIOHEHTHI (MMOpPHUIHAST MOJE/Ib C MCIOJb30BAHMEM METOA YaCTHIl). XO-
POIIIO M3BECTHBIE MIPEUMYIIECTBA OTKPBITHIX JIOBYINEK, CBA3AHHBIE C BHICOKAM 3HAE-
HUEeM OTHOINEHNS AABIEHUS IJIA3MbI K JABICHUIO YIAEPKUBAIOIIET0 MATHUTHOTO IIO-
ag (napamerpa 6era) U OTHOCUTEJbHAS IPOCTOTA UX IEOMETDUHM, JIeJIAI0T [IPUHUMUIIU-
AJTBHO BO3MOXKHBIM CO3JAHHE HA WX OCHOBE KOMIIAKTHOTO TEPMOSIIEPHOIO PEAKTOPA.
Ucnonwp3oBanme TUaMarHUTHOTO YAEPYKAHUS MOTEHIMAIBHO MO3BOISAET KAPINHATHHO
VAYUIIATDL TapaMeTPbl TEPMOSIEPHONR CHCTEMBI, TOITOMY HCCICIOBAHHE TAKHUX €r0
CBOMCTB, KaK 3P OEKTUBHOCTD 3AIUPAHUS [IJIA3MbI, BOSMOXKHOCTH PA3BUTHA MATHUTO-
THAPOINHAMAYECKUX U KHHETUIECKUX HEYCTOMINBOCTEH U METO/IOB UX CTAOWIH3AIINI
SIBJISIETCST aKTyaJbHON 3amadeii. CTaHIAPTHON MOIETBIO I8 PEIeHns 33024 (DU3UKU
Pa3PE’KEHHON TJIA3MbI ABASETCS MATEMATHIECKAS MOJIE/b, COCTOSAIAS U3 YPABHEHUH
BiacoBa jijisi KaxK0ii KOMIIOHEHTBI IJIa3Mbl (3JIEKTPOHBI U MOHBI PA3HBIX COPTOB) U
ypaBHeHnit MakcBeLIa IJId 9JIeKTPOMArHUTHBIX 016, /1 9ucIeHHOro peleHus 3a-
Jad € MCIOJb30BaHUEM 3TOH Momenn Hanbosee 3pOEeKTHBEH METO, TACTHIL B TIEHKAX
B CBSI3HU C €r0 YHUBEPCAJIBHOCTHIO JJIsI MMTUPOKOTO AUATA30HA, (DU3MIECKUX MTAPAMETPOR.
O iHAKO TPUMEHEHNE METOA YACTHUI] TPpebyeT OOIBITNX BEITUCIUTETLHBIX PECYPCOB —
mamaTu u ObicTpomeiictBust IBM. Jljisg ymenbinennst TpebOBaHU K BBIYUCIATETHHBIM
pecypcaM HCHOMb3YIOTCA THOPUIHBIE MOIETN, B KOTOPBIX 3JEKTPOHHASA KOMIIOHEHTA
PacCCMaTPUBAETCS B THAPOAVNHAMHYIECKOM MPHUOIHKEHNN, 8 NOHHAS, MO-TIPEKHEMY, B
kuterndeckoM. OnHako rubpuIHbIe MOJIEIM MEHEE yCTORYUBbL, II03TOMY TPeDyeTcs ux
copepierncreoBanne. Hopast rubpugnast Mogeab uMeeT 060J1ee MUPOKHe TPAHUIILT TPH-
MEHUMOCTH. B [OK/ase mpuBeneHbl pe3y/IbTaThl IKCIEPUMEHTOB I MCCJIeIOBAHNS
BO3MOXKHOCTEH JHAMArHUTHOIO YIAEPXKAHWS W HAPEBA IIA3MbI B OTKPBITHIX JIOBYIII-
Kax.

Pabora Beinonnena B pamkax Tembl 0315-2019-0009 UBMuMTI™ CO PAH u upu nomgepx-
ke Poccmiickoro donma dbymmamentaasabx uccrenosarmii (mpoekt Ne 18-29-21025).
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UTEPALIIOHHBIN AJITOPUTM JIJI5l 3AJAYN
COITIPSIYKEHHOII TEIIJIOIIEPEIAYN B CJIVUAE
BBICOKOCKOPOCTHOTO OBTEKAHUS TEJIA
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L Unemumym npuxaadnot mamemamury um. M. B. Keadvwa PAH,
Mocxsa, Poccusa;
2 Mocroscxuti eocydapemeennot mexnuveckul yrusepcumem um. H. . Baymana,
Mocxea, Poccus;
3 Huemumym cucmemmozo npozpammuposarus um. B. II. Heannurosa PAH,
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B pabore mpencraBiaeHbl pe3y/ibTaThl UCCAEI0BAHUS IUCAEHHON METOIWKH perlie-
HU$ CONMPSKEHHOM 33a4a49n OOTEKAHNS W TEIUIONPOBOIHOCTH JIJIs JIETATEIHHOTO Alllla-
para, ABMKYIIErocs B aTMocdepe CO CBEPX3BYKOBBIMHU CKOpOcTaMu. HeobxoamMocTh
pentaTh 33/1a9y B CBA3aHHON MOCTAHOBKE TPOAUKTOBAHA BANSHAEM HA PellleHne TOUHO-
CTY MOJEJIMPOBAHNS TEII000OMEHa HA TIOBEPXHOCTH 00TEKAaeMOro Tejia. B 1o ke BpeMs
3¢ deKTUBHOE perleHre ypaBHeHUI ra30BOil MMHAMUKY U YPABHEHHUS TEIJIOIPOBOIHO-
cty Tpebyer NMPUMEHEeHUsT PA3IUIHBIX YUCACHHBIX AJITOPUTMOB C PA3IUIHBIMHU TAPa-
Merpamu pacudera (B 4aCTHOCTH, C CYIIECTBEHHO PA3JIUYHBIMHU MIATAMU [10 BPEMEHH )
U PA3JIMYHBIX PACYETHLIX MOAYJIEH B COCTABE €IMHOrO POrPAMMHOIO KoMILiekca [1].

Paccmorpena MeToauKka v OMUCAH TTPOTPAMMHBIN KOMILIEKC, BKJIOYAIONINI B ce0st
AIPONVHAMUYECKHAN U TEIIOBOH pelaTesn, & TaKzKe CHCTEMY B3auMOAEHCTBHA yKa-
3aHHBIX MOJyJeH B Xome ureparnii. TermioBoil pemarenb peaau3yeT MeTOA KOHETHBIX
3JIEMEHTOB IIPUMEHUTEJIBHO K 33/lade TeIJIONPOBOJHOCTA BHYTPU JIETATEIbHOIO all-
napara. A3poIuHAMIUYECKUI PeIaTeb OCTPOEH Ha OCHOBE Pa3pbIBHOIO MeTosa La-
JepKnHa [2-3] n HampaBeH HA YNCIEHHOE DENeHNe CHCTEMBl YDaBHEHUH AMHAMUKN
BA3KOI'O C2KUMAEMOTro rasa.

WccnenoBanpl BapuaHTbl OPraHU3aIlid UTEPAITMOHHOTO MPOIIECCA, BO3ZHUKAIONIETO
[P MOTIBITKE YYECTh YCJIAOBUS UAEATBHOTO TEIJIOBOTO KOHTAKTA HA MOBEPXHOCTU 00Te-
kaemoro Tesa. Ilokazano, 4TO 1Ba BADMAHTA OPTaHU3AINY UTEPAIMOHHOTO MPOIECCa:
¢ nepenadeil u3 raza TeMIIEPATyPhl U U3 TEJIA TEIIOBOIO IIOTOKA U HA00OPOT — SIBJIsA-
IOTCS JOTIOJTHUTENIBHBIMU OTHOCUTEJIBHO APYT JAPYyra, U3 HUX CXOOUTCS TOJBKO OJIUH.
Kakoit nMeHHO BapWaHT CXOMUTCSA B KOHKPETHOM 3aa4€e, 3aBUCUT OT COOTHOITEHUS KO-
3¢ UIMEHTOB TEIIONPOBOIHOCTH MATEpUaaos. [IpuBeaeHbl Pe3yabTaThl YUCIEHHOTO
MOJEJANPOBAHNUA JIJIA OJHOMEPHON U IMOJHON TPEXMEPHONH MOCTAHOBOK, NOATBEPZKAAI0-
M€ CJIeJIaHHBIE HA OCHOBE TEOPETUYECKOI'0 aHaIN3a BO3HUKAIOIIUX PA3HOCTHLIX CXeM
BBIBO/IBI.

PaboTa BeImosTHEHA TIpHU TOAAEepKkKe Poccuiickoro ¢orma dyHmaMeHTaIbHBIX HCCIET0BA
muii (mpoext Ne 18-31-20020).

JINTEPATYPA
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2. Cockburn B. An introduction to the discontinuous Galerkin method for convection-
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3. Jlykun B. B., Illanoasios K. JI. Ilpumenenne RKDG merona BToporo mopsiika s pe-

LI€HHs ABYMEPHBIX yPaBHEHUH nieaspHoil MarauTHO ruapouaavuky // Becru. MI'TY
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monenupoBanue B texuuke. C. 98-108.
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B wacTositiiee BpeMsi i OMUCAHUST IPOIECCA, BBIMETAYUBAHNST TOPHBIX MOPOT CY-
MECTBYET OOJIBINON CIEKTP MATEMATHIECKUX MOJIEJIel, ONMMCHIBAIOIINX PACCMATPUBAES-
Mble (PU3UIECKUE MPOIECCHI OMTOCPEIOBAHO HA MAKPOCKOMUYECKOM YPOBHE. DTH MOJE-
JIM OCHOBAHBI Ha 3akoHe /lapcy u pasnudIHbIX MOANMUKAIMAX ypaBHeHna auddy3un
[1-3], rae ocHOBHbIE HApAMETPbl UMEIOT HesCHbLl dusndeckuil cmbics u auddepen-
[AAJbHBIE YPABHEHUS BhIBEIEHBI HA 0a3e YMO3DUTENbHBIX 3AKJIFOUEHUA.

Pabora mocesieHa YUCIEHHON ANTPOKCUMAIMHE HOBBIX MATEMATHIECKUX MOJIE-
Jiell O/I3eMHOr0 BBIIIEIAYUBAHNS, ONIUCAHHBIX B [4], 1€, B IEPBYIO OYepeib, MPOIECC
OIIMCHIBAETCH HA MUKPOCKOIIMYECKOM yPOBHE (B MaciiTabe nop U TPEIIUH) C UCIOIb-
3oBanreM (DyHIAMEHTAIbHBIX 3aKOHOB MEXAHWKW CIJIOIIHBIX CPEX M TeOPEeTUIECKO
XUMHH. 3aTeM MATEMaTUIeCKash MOIETh YIPOIIAETCS U BBHIBOAUTCS TOYHOE ACHMITTO-
THYECKOe TMPUOMMKEHNE, AJMEKBATHO OMUCHIBAIOINEE PACCMATPUBAEMBIN (QpU3UIECKUIT
MIPOTIECC HA MAKPOCKOIMYECKOM ypOBHE. B BUIY IPOMO3IKOCTH BBIMHC/IEHUN, TTOUCK
pelleHus TPOBOIUTCA B ABYMEPHOH 0OJIACTH € MCIIOIH30BAHUEM PA3JIMIHBIX TEXHOIO-
rUil: sIBHBbIE U HESIBHBIE PA3HOCTHBIE CXEMbl, KOHEYHBIE JIEMEHTHI, AJIbTEPHUDYIOIIHI
mveron IIsapia. Hamuune ¢cBoOOIHOM TPAHUIILI U JOTOJIHUTEILHOTO YCIOBUST HA Heil
TpebyeT MCIONBb30BAHUS AJANTHBHBIX ceToK [5]. UToOBI rapaHTHPOBATH PA3YMHBII
YPOBEHBb YUCJEHHBIX apTedAKTOB, B JJAHHOM C/Iy4Yae TPUMEHSIETCS WHTEPIOJISIUS Ha,
ocHOBe ObIcTporo mpeobpaszopanus Oypbe.

Tlonygennbie pe3yabTaThl MO3BOJSIOT OIEHUTH BHIOPAHHBIN HAOOP MAaJBIX Mapa-
METPOB, MacmTabupoBarb UX U CHEJATH COOTBETCTBYIONINE M3MEHEHUs B MCXOJHBIX
MOJIEJISTX, ITOOBI COXPAHWTH OCHOBHBIE (DU3WYECKME CBOUCTBA TLIACTOBBIX MOTOKOB.
Tak, HATPUMEDP, HA MUKPOCKOIUYIECKOM YPOBHE MOHOTOHHOE BO3PACTAHWUE 3HAUECHUS
k03 duimenTa B CKOPOCTH XUMWYECKUX DPEAKINil mpu (DUKCHUPOBAHHOM 3HAYECHUHU
KOHIIEHTPAIINN HA TTONAIONIEH CKBAXKWHE HE 03HAYAET MOHOTOHHOTO ITOBEIEHWS KOH-
IIEHTPAINN peareHTa Ha CBOOOMTHON TpaHwuIle, Iae HAaOM0AA0TCsa Koaebanus. B cBoro
0dYepenb, IJIs MAaKPOCKOMMYECKOU MOMENN KOHIIEHTPAINN PEATEeHTA U MPOAYKTOB XHU-
MHUYECKUX DEAKINI HA, JOOBIBAOINEN CKBAKUHE MOHOTOHHO 3aBUCAT OT KOHCTAHTHI B
CKOPOCTYM XUMUYIECKUX PEAKIINIT W KOHIEHTPAIWY Ha [TOIAIOIIEH CKBaYKIHE.

Pa6ora BeimoHena mpu mogaep:xkke Poccuiickoro douma dyHmaMeHTaIbHBIX HCCIEI0BA

uuit (npoext Ne 18-31-00042).
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O HECKOJIBKNX CETOYHbBIX PEAJIN3AIINAX
ITPOLIECCA TP D®Y3INN

T'nacko 1O. B.

Hayuwno-uccaedosamenveruti 6oiucaument ol 4emmp
Mocxosckozo zocydapemeennozo ynusepcumema um. M. B. Jlomonocosa,
Mocxea, Poccusa; glaskoyv@mail.ru

B noxmane mbr paccmorpum mporece auddy3un B paMKax MeTOHa YCTAHOBJIE-
uud [1]. PazsuBaromnuiics BoO BpeMeHU HECTAIMOHAPHBIN IPOIECC PACIPEIEIeH s MACC,
OIMCHIBAEMBbIHA 1apabOJMIEeCKUM YPaBHEHUEM C HAYaIbHBIM YCIOBHEM 1-ro poja u rpa-
HUYHBIM YCJIOBHEM 2-TO pOJia, IIPUBOIUT K CTAIMOHAPHOMY IIPOIIECCY, OIMUCHIBAEMOMY
zanadeit lupuxne. [Ipenmoxensr 2D u 3D Mozmenu nporiecca BbIMETAHUS, ONTHCHIBA-
IOIIErO MEpepacIpeie/ieHne MacChl U3 3aIaHHOM 00JIACTH B €6 OKPECTHOCTD, OrPDAHU-
YEHHYIO allpUOPU 33 1aHHON 00/IaCThIO.

st ancsennoit peanm3zanun auddy3unonnoro nporecca B 3D caydae ucmomap3yoT-
cd 2 noaxoja. [leppblit ©3 HUX OCHOBAaH HA KOHEYHO-PA3HOCTHOI CXeMe BTOPOIO LOPsi/i-
Ka TOYHOCTH TI0 KOODJMHATAM W TIEPBOTO 1Mo BpemeHn [1, 4] B cerouHoM THIbGepTOBOM
npocTpancTee. [locsie MOKOMIIOHEHTHOTO PACIIEIIEHUS 110 TPOCTPAHCTBEHHBIM TIEDe-
MEHHBIM 331298 Periaercsi MOCPeICTBOM MeTOI0B mporouku. Bropoit momxon 6azupy-
ercsi Ha CeTOYHON pealn3aldy ajbTepHupytomero Meroza IllBapia Ajs cOCTaBHBIX
U MHOIOCB#3HbIX BbINYKJIbIX obsacreii [2, 3, 5]. B nocieanem ciydae B urepanuoH-
HOM IIHMKJIE YIOOHO WCIOJIB30BATH CEMUTOUYEUHYIO CXEMY THUMa “Kpect’. DTa cxema B
WTEPAIMOHHOM ITHKJIE OMMMCHIBAET MTPOIECC TTEPEPACTIPEIEIEHNS MACC HA CETKE U3 IIEH-
TpaAJbHOrO y3isa. Takum obpasoMm, anprepaupyomuii Meron [lIBapra obobaercs 1o
balayage-meroma A. Ilyamkape.

B xadecrBe CTaMOHAPHOIO COCTOSHUSI PACCMATPUBAETC Cay4dail, KOrja BCsS Macca
repepacipeenesa u3 00JaCcTH, IIe OHa COCPETOTOUEHA B HAYAJE IIPOIECCa, B IPYIYIO
obsacth OO HA 3apaHee 33MAHHYIO TOBEPXHOCTD, OXBATHIBAIONLYI0 HCTOTHUK.

PaccmarpuBaemast 3/mech 3a/a9a KOHIEHTPAIMH IJIOTHOCTEH TaK Ke SBJISETCS
YCTAHABIMBAIOIIMMCS IIPOLECCOM, OCKOJIBbKY KOIa HaliJIeHO aHOMaIneodpasyoliee
TeJI0, TO 1I0JIe, UM CO3JaBaeMoe, OlKUChIBaeTcs 3aaa4deil Jupuxie ajs ypasaenus [Tyac-
cona. Ilpu mMaremMaTnyeckOM MOAEJIMPOBAHUH yCTAHABJIMBAIOIIEIOCS IIPOLIECCa UMEeeT
CMBICJI HCIOJB30BaTh 3amady Credana. B kagecrse obbemiioNeit 061acTi UCIONb-
3yercst Ky0. Jljis aucieHHOM peasn3anuu Ha OCHOBE OMMCAHHBIX BBIIE CETOYHBIX Me-
TOJIOB MBI MCIIOJb3yeM MHTEPIPETAINI0 HAOII0MeHHOro moJist. O6parHbIil BRIMETAHUIO
UTEPAIMOHHBIN [POIECC HA OCHOBE CEMHUTOYEYHON CXEMbI OCTAB/LET ILJIOTHOCTH BO
BHYTPEHHUX y3JIaX.

MeTonuka KOHIEHTPAIIUN UCTIOIB30BAHA, TIPU UHTEPTIPETAINN JIOKATBHOTO TPABH-
TAIMOHHOTO TOJIsT JJIsi ONpEeIeseHns 00JIacTh, CojepkKaiieil HedTh, U ONPEIeTeHUs
TTOTHOCTH HEeDTH.
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B cepeaune 70-x 8 HI'Y mavan paborars ceMuHAD O TUMEPOOTHIECKUM YPaBHE-
wusm o pykosoacteom C. K. Tomywosa.

Boi nocTaBsieH BOTpOC: BCETA JIM YpaBHEHNE BBICOKOTO MOPsIKA, TUIEpOOJInte-
ckoe 1o IlerpoBckomy, MoOKeT OBITH CBEJIEHO K CHMMETPHYECKOIl cHcTeMe IepBOoro
nopsiaka, runepbdoamdeckoit mo Opuapuxcy. JlokazareabcTBO TOro, YTO rumepboantde-
CKO€ YpaBHEHWE C ABYMSA MPOCTPAHCTBEHHBIMY NEPEMEHHBIMU CBOIUTCI K CHMMETPH-
4YeCcKOll cucreme, oKazasnoch HerpuBuasibHbiM. OHO ObuLto crenano C. K. FogynoBbiM
u B. 1. Kocrunem [1]. Janee B. M. Koctuubiv u T. }0. Muxaitnosoit 6bu10 mokasa-
HO, 9TO K CHMMETDPUYECKON CHUCTEMe CBOISTCS TaKk:Ke T'MrepOoJIinydecKrie ypaBHEHUSI,
MHBAPUAHTHBIE OTHOCUTEIBHO BPAIEHNH, U BCE MOCTATOYHO Ou3kue K Hum. Ho B 06-
II[eM BHJIE OTBET Ha BOITPOC 06 9KBUBAJIEHTHOCTH JABYX OIPEIeIeHN THITepOOJTUIHOCTH
okazasicd orpunaresnbibiv. B. B. Banos [2] nocrpows runepbonauyueckoe ypaBHeHue
YETBEPTOTO TIOPSITKA, ¢ YETHIPbMsS MPOCTPAHCTBEHHBIMU TEPEMEHHBIMU, KOTOPOE He
CBOJIUJIOCH K CUMMETPHYeCKO# rutepbosindeckoit o @puapuxcy cucreme mepBoro mo-
psanka. OgHaKo, 10 CHX [TOP HEM3BECTHO: MOXKET, B CJIydae TPEX MPOCTPAHCTBEHHBIX
MMEPEMEHHBIX OMPeIeICHI BCE-TAKH IKBUBATICHTHBI !

[Mapannenbro obimum Boripocam yaacranku cemunapa C. K. ToxyHoBa 3annmasntich
WCCJIeTOBAHTEM KOPPEKTHOCTH I'PAHIYHbIX 33/1a4. [lesio B ToM, uTo ecyu runepboiutie-
CKO€ ypaBHEHHE CBOJHUJIOCH K CHMMETPHYECKOH CHCTeMe, TO BCeraa HeeJHHCTBEHHBIM
crocoboM. DTO NpeJIarajoch UCIOJb30BATh B TEOPUU KpaeBbIX 3aiad. ['umepbosu-
YECKOE YPABHEHUE C KPAEBBIM YCIOBUEM TPEOOBATIOCH TaK CBECTH K CUMMETPUYIECKON
cucreMe, 9100l TOCTABIEHHOE TPAHUYHOE YCJIOBUE ObLIO AUCCUIATHBHBIM. [Ipn aToM
Mbl HE OIPAHUIUBAJINCH POPMYJIUPOBKONH KOPPEKTHOCTH 3aJa4H B TEPMUHAX KOPHEH
TTOJTMHOMOB, 8 CTPEMUINCH C(POPMYIMPOBATH €€ B TEPMUHAX KOI(D(DUIMEHTOB Tpa-
HUYHOI'O YCJIOBHS, TO €CTh PelIajd COOTBETCTBYIONLYI0 rpodbiemy Payca — I'ypsuna
[3-5].
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YN CJIEHHBIE 1 ACUMIITOTNNYECKUE
OLIEHKU XAPAKTEPUCTUK YCTONYNBOCTU
CBEPX3BYKOBOT'O ITOTPAHNYHOTI'O CJIOA
PEJIAKCUPYIOIIIET'O TA3A HA IIJIACTUHE

T'puropses 10.H.!, Epmos H.B.?

L Hnemumym evvucaumenviox mexnoaozuti CO PAH,
Hoeocubupes, Poccus; grigor@ict.nsc.ru
2 Hosocubupcrudi 20cydapcmeeniviti azpapholdi ynueepcumen,
Hosocubupck, Poccus; i_ershovlngs.ru

B mokname Ha OCHOBE YHCIEHHOTO MOMAEIUPOBAHUS W ACUMITOTUYECKOTO TOIXO-
JTa, MICCJIEIOBAHBI XaPAKTEPUCTUKY YCTOHIUBOCTH CBEPX3BYKOBOT'O TIOTPAHUIHOTO CJIOST
K0J1e0aTesbHO BO3OYKIEHHOIO MOJIEKYJISIDHOIO ra3a Ha IJIOCKOM IJIACTHHE. Y pDaBHe-
HUA JUHEHHON TEOPUM YCTONYMBOCTHU IOJIYYE€HBbl W3 yPABHEHUI PEJIAKCAIIMOHHON ra-
30/INHAMHUKH TIOCPEICTBOM JIMHEAPU3AIUN OCIETHNX OTHOCUTEIHHO CTAIIMOHAPHOTO
TedeHUsi. B KavecTBe CTAIMOHAPHOTO TEUYEHWS MPUHUMAJIOCH PEIEHNe ABTOMOIETh-
HBIX yYPABHEHWII TIOMPAHUYHOIO CJIOsi JIJIs COBEPINEHHOro ras3a. llokasamo, 9To mpu
9TOM WCKJIIOYAETCH BAUSHNE O0BHEMHOM BA3KOCTH W PEIAKCAINS CBI3aHA TOJBKO C
KOIebaTeNbHBIM BO30YKIEHHEM MOJIEKYJI Ta3a. ¥ YUTHIBAJIUCH BO3MYIIeHU KO3hdu-
[IMEHTOB MIEPEHOCA, KOTOPBIE MOI'YT OKA3bIBATH CYIIECTBEHHOE BINIHIE HA PE3YIbTaThI
pacderos. PaccmarpuBanuce nByMepHbIe [103BYKOBbIE BO3MYIIEHAA B BHje Oerymmumx
TJTOCKUX BOJIH.

AcumnTornueckoe pazioKeHue JTUHEAPU30BAHHON CUCTEMBI M0 MaJIOMY MapaMer-
py 1/Res Boimenser “ess3kue” u “Bsa3kue’ JMHERHO HE3ABUCHMbBIE DellieHus. B Hy-
JIEBOM NPHUONKEHUN CHUCTEMA YDABHEHWH /i HEBA3KMX BO3MYIIEHUN CBOIUTCH K
JINHEHHOMY yPaBHEHHMIO BTOPOrO MOPSJIKA /i BO3MYyIeHus jasienus. 13 nero 4uc-
JIEHHBIM WHTEIPUPOBAHUEM HAXOIUIUCH 3HAYEHNS “HEBA3KOTO  DEITIeHNs HA MJIACTUHE.
B kauvecTBe HAYATBLHOTO YCJIOBHS KCIIONB30BAIOCH ACHMIITOTHIECKOE DA3JIOKEHNE B
OKPECTHOCTH KPUTHIECKOTO CJIOsA, TTOCTpoeHHoe MeTomoM Ppobennyca. dns “Ba3kux”
pelnenuit cucTeMa mocje psija Yupolnennii Oblia MPUBEIEHA K CUCTEME IECTOrO TO-
panka, anamornguoi cucreme lana — Jlums. Bxoggamue B Hee ypaBHEHUsT HMITYIbCOB
U TeMIIEPATyp CBOIUINCH K ypaBHeHuAM Diipu. B pesyabrare yObIBaionye K BepxHeii
TPAHUIIE TOTPAHUIHOTO CJIOs “BA3KME” perteHusi ObUIN MPEICTABIEHBI Yepe3 0000IIeH-
wvble byHkImy Jiipu. HalineHHbe acCHMITOTHYECKUE DEIEHNs TOICTABJISINCh B Ce-
KyJspHOe (XapaKTePUCTUYECKOE) yPABHEHUE, BbIPAKAIOIIEECH Yepe3 OIPENesUTeNb
TPETHETO TOPSIIKA OSHOPOTHON CHCTEMBI THHEHHBIX ajarebpandecknx ypaBuenuii. Mc-
110J1b30BaHue (PYHKIMA DUPHU O3BOJIMIIO BBIPA3UTH “BA3KYI 4aCTh yPABHEHHS Yepe3
dyuknuo TutbeHca U ee TPOU3BOIHYIO.

st koreunbix uncen PeliHonbaca ciekTpaibHAas 331393 PEaiach YUCIEHHO C
ucrnob3oBanneM QZ-amropurma. Ha OCHOBE aCHMITOTHYECKOTO W MPSMOTO YUCJICH-
HOTO PEIIeHust B TLTOCKOCTH nepemenubrx (Res, &) CTpOMImch KpuBble HERTPATBHOMN
YCTOHYIMBOCTH i TIEPBOl W BTOPOH MOA BO3MyIeHusi. [lokazaHo, 9TO IpH Mak-
CUMAJIHOM YPOBHE KOJIE0ATEeThHOTO BO3OYXKIEHWS KPUTUYIECKUE YHCIa PeitHoabmaca
IIPEBBIIAIOT COOTBETCTRYIONINE 3HAYEHNA /TSI COBEPIIEHHOrO Ta3a mpuMepHo Ha, 12 %.
Paccunramnble Ha OCHOBE aCHMIITOTHYIECKOTO MOAXOMa KPUBBIE HEUTPAJBHON YCTOM-
YUBOCTH XOPOIIO COMVIACYIOTCHA C PE3YABTATAMYU YHCJIEHHOTO DEIEHUS MOJHON CITeK-
TPAJIbHON 33/1a491, 3 [IOJIyYE€HHBIE IIPU ITOM 3HAYEHUA KpUTHIecKuX quces Pelinomnsi-
¢a MEHbBILE COOTBETCTBYIOIMX 3HAYCHUI U3 YMCICHHBIX PACYETOB NIpuMepHo Ha 15 %.

Pa6oTra BeImoTHEHA TP TTOIAEepkKe Poccuiickoro ¢ouma dyHmaMeHTaIbHBIX CCIEI0BA
mmii (mpoext Ne 17-01-00209a).
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O ABYXIIOTOKOBOI HEYCTONYMBOCTU
COCTOSAHUNIN ITNHAMUYECKOI'O PABHOBECUSA
IIJIABMBI BJIACOBA — IIVACCOHA

T'y6apes FO.T.12

L Hnemumym eudpodunamury um. M. A. Jlaepenmveea CO PAH;
2 Hosocubupcruti 2ocydapemeennidi ynusepcumem, Hosocubuper, Poccus;
gubarev@hydro.nsc.ru

Mogens 6Ge3rpaHu<IHON OECCTOIKHOBATEILHON 3IeKTPOHEHTPAIBHON ILIa3MbI B
JIEKTPOCTATHIECKOM NpubaKennn — 1a3Mbl Biacosa—I[lyaccona — mpomoszkaer
0CTaBaTHCs OHON M3 OA30BBIX MATEMATUICCKAX MOJEeH COBpeMEeHHO (DU3UKHY TLIa3-
MBIL. DTO 00YCJIOBIEHO KaK MPOCTOTOH U HATJIAIHOCTHIO JTAHHON MOJEIH, TAK U OY€BHU -
HOI1 €€ TTOJIE3HOCTHIO JIJIs PEIeHUsT TPOOIEMbI YyIIPABISEMOr0 TEPMOSIIEPHOTO CHHTE3A,.

Kak u3BectHo, pa3perrenne nocreanei mpobaeMbl HEBO3MOXKHO 6€3 PeIeHns mpo-
6JIeMbI YCTOHYHNBOCTH TIIA3MEHHBIX paBHOBecHil. OTCIONa BHITEKAET, 9TO PA3BUTHE Ma-
TEMATHIECKOU TEOPUU YCTONYMBOCTY 3AHUMAET [EHTPAJIHHOE [TOJIOXKEHHNE B U3y YEHUHU
TJIa3MBbI U €€ CBOMUCTB.

Panee B mporecce paccMOTpeHus YCTONIUBOCTH COCTOSTHUI JTUHAMHUYIECKOTO DaB-
HOBecus mia3mbl BiracoBa — [lyaccona Ob11 yCTaHOBIIEH TIEBIN Psift pe3yIbTaTOB (hYH-
JAMEHTAJIBHOTO XaPaKTePa.

Nmenno, nmomywueno mocrarouHoe yciaosue Hopokomba — Iapanepa — Pozentaiora
JIUHEHHON YCTONIMBOCTH COCTOSTHUH TUHAMHUYECKOTO paBHOBECHd TLTa3Mbl BiacoBa —
ITyaccona, KOTOPOE BLIIEISET MOHOTOHHO yObiBatommue (“oxaoroptoie”) hyHKIMI pac-
TIpeeIeHns YaCTHIl TIa3Mbl. Bojtee TOTo, ¢ MOMOIIBIO 3TOr0 YCIOBHUS COPMYIUPO-
BaHa 1 J0Ka3aHa Teopema Hbiokomba — [apanepa, 3ampernamoIias HAPaACTAIOIIE 0
BPEMEHM MAaJible BO3MYIIEHNA B BHIAE HOPMAJBHBIX BOJH JJIs COCTOSHUN TUHAMHAIEC-
KOro pasHosecusd ia3mbl Buacosa — Ilyaccona ¢ MmoHoToHHO yObiBatomumu (“OHO-
ropObiMu”) (bYHKIUSIMY PACTIPEIESICHUS YACTUL] TIa3Mbl. HAKOHEI, YCTAHOBJIEH CIIEK-
TpaabHbIl KpuTepuii [lerpoy3a auHEHHON yCTONIUBOCTH COCTOAHUM TUHAMUYIECKOTO
paBHOBecus ia3mbl Baacosa — Ilyaccoma, KOTOPBIM CIPaBeIIUB HE TOJIBKO I MO-
HOTOHHO, HO Y, YTO IPUHIUIIUAIBHO, /sl HEMOHOTOHHO yObIBaONMX (“MHOrOropobIx”)
dyuKUN pacnpeneseHus YacTUIl IIa3MbI.

B nawumoit pabore uccienyercsa 3ama4a JUHEHHON YCTOWIMBOCTH OJHOMEDPHBIX CO-
CTOSTHUI TUHAMUYECKOTO paBHOBecud Tia3dMbl BiacoBa — Ilyaccona, comepzkaiieil B
cebe 3JTEKTPOHBI U OAUH COPT MOHOB. lIpsmbim meromom JlsmyHoBa mokasama abco-
JIIOTHAST HEYCTONYIUBOCTD STUX COCTOSHUIN PABHOBECHST OTHOCUTEIHHO OTHOMEPHBIX XK€
MaJIbIX BO3MYIIEHUH B CIIy4ae, KO[Ia CTAIMOHAPHBbIE (DYHKIINN PACIPEIETEHUA IIEK-
TPOHOB W WMOHOB M3OTPOMHBI MO (PU3MIECKOMY TPOCTPAHCTBY, HO HEU3OTPOIHBI MO
ckopoctsiM. QOpaIreHo TOCTaTOYHOE YCIOBUE JUMHEHHOH ycroliunBoctr Hbrokomba —
lapauepa — Po3enbarora u crporo omucana 001acTh €ro NpuMeHUMOCTH. Loy dersr
JOCTATOYHbIE YCIOBUS JTHHEHHON MPAKTUIECKOH HeycToiiunBocTu. JIad pacTyimmx co
BPEMEHEM OJHOMEDHBIX MAJIBIX BO3MYIIEHWH YKA3aHBI HAYAJIbHBIE JAHHBIE U CKOH-
CTPYUPOBAHA ANPHOPHAs IKCIIOHEHIIMAJIbHAS OLEHKA CHU3Yy. BbisdBieH popMasibHbIA
xapakTep Teopembl Hbiokomba — lapauepa u kpurepusi [lerpoysa, 910 MO3BOIHIO
TOCTPOUTH K ITUM CITEKTPAJIBHBIM PE3YIBTATAM AHATUTUIECKUN KOHTPIPUMED.

B 3aBepiienue, 06cyKaa10TCsT yCTAHOBJIEHHBIE B paOOTE JOCTATOYHBIE YCIOBUS JIH-
HEHHOU NPaKTHUYECKOW HEYCTOWYMBOCTH W OPUCYIIEE UM CBOMCTBO KOHCTPYKTHBHO-
CTU, KOTOPOE JTAET BO3MOXKHOCTDH HMCIIOJIb30BATH ITH YCJIOBHUSA B KAYECTBE MEXAHU3MA
TECTUPOBAHUS U KOHTPOJS TIPU PEATU3ANNNA (PUIUIECKUX IKCIEPUMEHTOB, BBITIOJIHE-
HUM YUCJEHHBIX PACYETOB, OCYIIECTBJICHUN TEXHOJOIMYECKUX MPOIECCoB (B HaCTHO-
CTH, YIIPAB/IAEMOr0 TEPMOAIEPHOTO CAHTE3a) U T. M. U T. II.
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OBPATHAS 3AJJAYA [1JIdd CUCTEMBI YPABHEHUIII
MAKCBEJIJIA HA BCTPEYHBIX IIVUKAX

Henok B. A.

HUnemumym mamemamuxy um. C.JI. Coboresa CO PAH, Hosocubupcex, Poccus;
dedok®@math.nsc.ru

PaccMorpum muHamMuYdeckyio cucteMy ypaBHeHuit MakcBeana

E H
rotH = 5(95)807 +d(x—y)g(t), rotE = _MO%’ reR3 >0, (1)

C HyﬂeBbIMI/I HaYaJIbHBIMHA ,ELaHHbIMI/I
(E,H)¢<o = 0.

B sroit cucreme pg > 0 — mocrogrnbiit KO3pdUIMEHT MATHUTHON MTPOHUIIAEMOCTH,
e(x) — xoaddumment musnexrpraeckoit mpornmaemocTr. [IpeAmoIoKEM TAKKE, ITO
KO3 DUIUMEHT JU3NeKTPHYIeCKOi nponunaemocru &(x) — Geckonedno auddepennu-
pyeMast ToJIOKUTEIbHAs (DYHKIINS, KOTOPask COBITAIAET C 3aJaHHON MOJOMKUTEILHON
nocTosHHOM £g BHE {2y = {z € R?||2| < Ry, Ry > 0}, a mocurens paszuoctu £(z) — &o
comepKuTcs BHyTpH ().

Pabora mocearmena uccaemoBanuio 6ecdasnoii obpaTHON 3amatun IJIA CHUCTEMBI
ypasuenuit (1), anasoruunoit [1-2], B KOTOPO# MHUIMUDYIOLIME JIEKTPOMATHUTHDIE
KOJIEGAHUS BOJTHBI BBI3BAHBI TOUCYHBIMU UCTOYHUKAMHU, TIPUJIOKEHHBIMU BHE O0JIACTH
Q. B dopmambhoit moctanoske obpaTHas 3a/aua COCTOMT B HAXOMKJEHUM € BHYTPH
Qo o by f(z,w,y) = |E(r,w,y) + E(z,w, 2(y))|?, 3amannoit aaa seex y € S,
Beex = € S(y), Bcex w > wo > 0 m z(y) = —yl.

Pemenne obpaTHOil 381341 COCTOUT B CBEICHHHU €€ K OOPATHON KMHEMATHIECKO
3amaue (MoKasaHa CBsA3b acAMITOTHKE GbyHKImu f(z,w,y) ¢ dyuxumed 7(x,y), onu-
ChIBAIONIEH BpeMsi mpobera BOJHBI MEXKIY TOUKAMU IDAHUIIBI).

B pabore mperbsiBIeH YUCAEHHBI aJITOPUTM PEIeHnsT YKA3aHHONH o0paTHOM 3a-
Jladd QI8 CIy9asi HEeCKOJbKUX HEOTHOPOITHOCTEH, WMEIOMNX TOYEYHYI0 CTPYKTYPY.
Uccnenyercsa Bausiane GOpMbl HEOTHOPOMHOCTEH HA TOYHOCTD YUCJIEHHOTO PEIeHNs.
Tecruposatue pa3zpabOTAHHBIX AJITOPUTMOB IIPOUBBOIUTCS HA CUMYJIUPOBAHHBIX JTAH-
HBIX.

Pabora BeImOsTHEHA TpM TomepxkKe Poccuiickoro doHma ¢GyHIAMEHTATBHBIX HUCCITET0-
Barmii (mpoexTtsr Ne 17-01-00120, 19-41-540007), maTerparmmonroro mpoekta CO PAH 0314-
2018-0009.
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SAIAYA PACCEAHNA JIJI51 YPABHEHU A
ITPEAVHTEPA HA METPUYECKUX I'PA®AX
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KsanToBbie Tpadbl OJHOMEDHBIX TPOBOJIHUKOB, COEIMHEHHBIX B y3J1aX, ObLIN BBE-
JieHbl HoJtee TIOJyBeKa Ha3aJ, JJ1s MOAeJINpoBaHus (HPU3NIECKUX cucTeM. BriepBbie oHn
MOSIBUJIUCH B 33/1a49€ MOJICJINPOBAHUST CBOOOHBIX 3JIEKTPOHOB OPTAHUYECKUX MOJIEKYJI.
Kazxmast Momekyna aBisanach HAOOPOM aTOMOB B (PUKCHPOBAHHBIX TOYKAX, COEIMHEH-
HBIX pEO6paMu, Ha KOTOPBIX CBOOOTHBIE SJIEKTPOHBI IOMYUHIIOTCS OJHOMEPHOMY YpPaB-
wenntio HIpénunrepa ¢ cooTBeTCTBYIONMM MOTEHIIMAIOM. B mocsiennue rojibl nHTEpEC
K METPWYECKHM TrpadaMm TposBUICa BO MHOTHX 00JACTsIX (DU3UKH, B UACTHOCTH, B
¢busnke mroTHBIX cper, [1].

OcCHOBHBIM OOBEKTOM HCCIEJOBAHWM ABIAETCS OJHOMEPHOE CTAIMOHAPHOE YPaB-
nenne IIpéaunrepa a1 KaXKI0M OyTru METPUIecKOro rpada

d2wi

JlobaBists K JAHHBIM ypaBHEHUSM HAOOD IPAHUYHBIX YCJIOBUI B BEPIIMHAX: HETTPE-
PBIBHOCTb BOJIHOBO# (DYHKITMH U COXPAHEHHE TOTOKA, MOJYUUM CAMOCOIPSKEHHBIN
oneparop. Kpaesbie yca0Busi MOTYyT OBITH WHTEPIPETHPOBAHBI KAaK 3aKOHBI Kupxro-
da ana merpuyeckux rpados [2].

OCHOBHBIME TIEJISIMU JIAHHOW PabOThI SIBJIAIOTCS U3y YEHUE CIEKTPATbHBIX CBOMCTB
raMHJILTOHHAHA KOMIAKTHBIX TpadoB [3], a Takike M3ydeHne 3a1aun paccesiHUs Ha
MeTpUYecKux rpadax.

Wcnonb3yembiit B paboTe TOAXOM OCHOBAH HA TOCIEIOBATEIHHOM MPUOIUKEHUN
PaccenBaloIero noTeHnuata 6oyee TPOCTHIME (DYHKIIUIME, & TAKYKE N3MEHEHUH JAH-
HBIX pacCedHwusi MPU HNOHOOHBIX npubiankenusx. g perenns 3aJa49u UCITOIb30BAH
METO/T TIOCTIeIOBATEILHOTO KOHCTPYUPOBAHUS MOTEHITNANa Ha Tpadax CrernaibHO-
r0 BHIA: METIASX C N MOJyOECKOHEYHBbIMY PEOPAMU, KOJBIAX C N MOJyOeCKOHETHBIMU
pébpamu.

JUTEPATYPA
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O JINUHEMHOM YCTONYNBOCTU TEYEHUSA
IIYA3EWJIL B TPYBE SJIJINIITUYECKOTO CEUEHUA

Hembanako K. B.!"?
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Mocxsa, Poccusa;
2 Hnemumym evvucaumenvnoti mamemamuxy um. T H. Mapuyxa PAH,
Mocxea, Poccua; kirill.demyanko@yandex.ru

VeroiunBOCTD CABUTOBBIX TEUEHHUI B KAHAIAX W TPYyDAX CYNIECTBEHHO 3aBUCHUT OT
paznmuaabIX (PAKTOPOB, BKIYaA (HOPMY MOMEPETHOrO CEeYeHHsi, COOTHOIIEHNE MAC-
raboOB TeYeHUs B HAIIPABJIEHUH, IEPIEHANKYIIPHOM HAIIPABJIEHUIO OCHOBHOI'O Teqe-
HUSI, 8 TaK:Ke HAJHYHs TTOJATINBOCTH CTEHKH (cM., Hanpuwmep, [1-3]).

B moxnasme obcyKmaercs IuCIeHHAsT MOJEh I UCCAENOBAHNS JIMHEHHOH yCTOM-
qnBocTH Teuenusi Ilyaseitng B TpyOe 3MIUNTHYECKOrO CEYEHUs, B TOM YHCJIE MPU Ha-
JIMYUY TIOJATIIMBOCTY CTeHKH. JlaHHasa Moaenb m03BossgeT 3O MEeKTUBHO PACCINTHIBATH
MAaKCHMAaJIbHO BO3MOXKHYIO aMILIA(DUKAIMIO CPEIHEN IIOTHOCTH KMHETHYECKOH SHEP-
MU BO3MYILIEHHUI, ONTUMANBHBIE BO3MYIIEHUS (HA KOTOPHIX JOCTUTAETC MAKCUMATIh-
Hast aMIUIMDUKAIINS), SHEPIETUYECKOe KPUTHIECKOE Yucao PeliHobIca, onpenessao-
1ee TPAHUIy MOHOTOHHON YCTOMYMBOCTH, HEHTPAIbHbIE KPUBBIE U COOTBETCTBYIOITIE
JIMHEHHbIE KPUTHYECKUE YuCyia PefiHombACa, ONpeaendionue TPAHUIy aCUuMITOTHYe-
ckoit ycroituusocru o JLanynosy [1, 4]. g pacuera nepevucieHHbIX XapaKTePUCTHK
YCTONYMBOCTH UCTIONB3YIOTCS 3 DEKTUBHBIE aJITOPUTMBI, TPE/IIOKEHHBIE U 000CHO-
BaHHBIe B paborax [5-7|. BaxHO# 0CODEHHOCTHIO YMCIIEHHON MOJEIN SBJISETCS WC-
TIOJIb30BaHUE CIEKTPATHHON PENYKITUU, KOTOpasd 3aKJII09aeTCs B TPOEKTUPOBAHUM Ha,
WHBAPUAHTHOE TOJMPOCTPAHCTBO BEAYIINX MOJ W TMO3BOJSIET HE TOIHLKO COKPATHUTH
BBIUHCJIUTENBHBIE 32TPATHI, HO U n30aBUTHCH OT HE(PUIUIHBIX BO3MYIIEHNUI, 00y CIIOB-
JIEHHBIX ITOI'DEITHOCTHIO AIIIPOKCHMAITUN.

[TpuBomsTCa pe3ynbTaThl YUCIEHHBIX IKCIEPUMEHTOB, B TOM YHCJIE 00CYXKIAETCS
BAUSHAE OTHOIIEHUS TONYOCEH 3JTUTITHIECKOTO CeYeHNs Ha MaKCUMAJILHYIO aMILIu-
duramio cpeaHeil MIOTHOCTH KMHETUIECKON IHEPTUU BOIMYITICHWH.

Pabora BeimoHena mpu nmogaep:xkke Poccuiickoro doumga dyHmaMeHTaIbHBIX HCCIEI0BA-

uuit (npoexr Ne 17-71-20149).
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Inobanbrast smekTprdeckas Menb MOPOXKIEHA IPO3aMHU, KOTOPbIE BBIHOCAT 3apd-
gl B monocdepy. IlockoabKy Ha3am Ha 3eMJII0 3apsabl CTEKAIOT MO Beelt aTMocde-
pe, HeODXOIMMO HEKOTOPOE SIEKTPUUIECKOE T0JIe B HOHOC]DEpE, KOTOPOE 00ECTIeUNBACT
CYIIECTBOBAHNE TOKOB M3 obOJiacTeil HaJ rpO3aMy B YIAJEHHBIE YACTH HMOHOCEPHI.
B pamvMkax kBa3uCTAIMOHAPHONW MOAENU TPOBOJHUKA, COCTOSAIIEr0 n3 aTMOChephl u
noHOCGEPDI, TOCTPOSHA MATEMATUIECKAsT MOJIETb PACIIPEJACTCHNS ITEKTPUIECKOTO TI0-
TEHINAJIA, KOTOPBIH TOpoxKaaeT 31u nonocdepusie Toku. Vlcmomap3yerca aByMepHas
MO/I€JIb HOHOC(HEPHOI'O IPOBOJAHUKA, OCHOBAHHAS HA BBICOKOMN [IPOBOIMMOCTHU CPE/IbI B
HAIPABJIEHUNA T€OMATHUTHOTO TTOJIS.

B maremaTuueckOM OTHOIIEHUN MOJIE/Tb TPEICTABIAET OO0 SITUITUIECKY IO Kpa-
€BYIO 33/1a9y C HECHMMETPUYHBIM ONeparopoM. Takume 3a7a4u 3a CYET MEPEXoma K
TOTEHITNAJIAM CIEIUAIBHOrO BUIA YAATOCH mepedOopMyInpOBaTh B BUIE 33139 C CUM-
METPUYHBIMH ONEPATOPAME M CBECTH WX PEIIEHHe K MUHHUMHU3AIUU KBAIPATHIHBIX
dbyuximonanos sneprun [1]. Ha 570i ocHOBe CO37aH MHOTOCETOUYHBIN BAPUAIMOHHO-
Pa3HOCTHBIH MeTOI [2], KOTOpBIl B HACTOsAIIEEe BpeMs 1opaboTaH [Jid PelleHns 3a1a1
Teopuu ra00aTbHOM ITEKTPUIECKOH 1ierun. Mbl HCOIb3yeM OJI0IHO-CTPYKTY DPUPOBAH-
HbIE CETKU U KyCOYHO-JINHENHBIE AMMTPOKCUMUPYIOITNe PyHKITUU. YCIOBUI MUHUMYMA,
dyuknonana sHeprun GOPMUPYIOT CUCTEMY JIMHEHHBIX aJredpanvecKux ypaBHeHHd
JIJIST Y3JIOBBIX 3HAUEHUI MCKOMBIX MOTEHIINAIOB. MaTpuiia 9Toi CUCTEMBI CHMMETPUY-
Ha U TIOJIOKUTEJIBHO onpeesera. s pelnenns CUuCcTeMbI HCIIOIb3YeM MHOTOCETOUHBII
METOI.

Co3manHblil MaTeMaTHIeCKUd annapar MO3BOJUI OMUCATH MPOBOIMMOCTH HOHO-
cdepbl Gomee aIeKBATHO, MMOCKOJIBKY HE TPeOYIOTCA CYIECTBEHHBIE YIIPOINEHMU, MC-
LI0JIb30BaHHbIE, HALIPUMED, B u3BecTHOMN Moaeu [4]. Ilepsbie pe3ysibrarbl MOLEIUPOBa-
HUSI TIPEJICTABJIEHB! B cTaThe [3]. B Hammel Monenn noHochepHble 3JIeKTPHIecKHe MoJIst
MTOJIY9aI0TCA HA MOPSIIOK MEHBITAMU, YEM ITO TOJATAIOCH JI0 HACTOSIIEr0 BPEMEHH C
MOMEHTa CO3ZaHus Mozenn [4].

Pabora BeimotHena mpu nmomaep:xkke Poccuiickoro doumga dyHmamMeHTaIbHBIX HCCIEI0BA-

uuit (npoext Ne 18-05-00195).
JINTEPATYPA

1. Jenncenko B. B. KpaeBas 3ama4da 1y ABYMEPHOT0 SJUIMITAYECKOTO YPABHEHUS C HECUM-
MeTpPUYHBIMA TeH30pHBIME Kodbburmentamn // Cub. mar. xypr. 1994. T. 35, Ne 3.

C. 554-565.
2. /Ienmcenko B. B. DHepreTuvyeckue MeTO/Ibl ISl JUIUITUIECKAX YPABHEHUN C HECHMMET-

puusbivMu Kod3ddunuenramu. HoBocubupck: Uznarenscrso CO PAH, 1995.
3. Denisenko V.V., Rycroft M.J., Harrison R.(G. Mathematical simulation of the iono-
spheric electric field as a part of the global electric circuit // Surv. Geophys. 2019. V. 40,

No. 1. P. 1-35.
4. Roble R. G., Hays P. B. A quasi-static model of global atmospheric electricity. 2. Electric

coupling between the upper and lower atmosphere // J. Geophys. Res. 1979. V. 84,
No. A12. P. 7247-7256.

125



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

NMHTEI'PAJIBHBIE OIIEPATOPBHI
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Wnrerpanbabie OMepaTopbl UIPAIOT OCHOBOIIOJIATAMOINLYO POJIb B TOCTAHOBKAX, UC-
CJIEZIOBAHUYU W METO/IaX PELIeHHs 33189 UHTErpajbHOil reomerpun u Tomorpaduu. B
ITUX OTMEPATOPAX OTPAYKEHA CYTh METOIOB TOMOrpaUH, 3aKI0YAINIAICST B HEPA3PY-
MIAOMIEM O0BEKTHI IOy YeHnr HHMOPMAIWY, HAKATLIMBAIOMIEHCS BIOAL Jaydeii. Un-
TerpajbHbIE OITEPATOPHI MOXKHO OXaPAKTEPU30BATH M KAK WHCTPYMEHTHI MATEMAaTHAIe-
CKHUX MOJIesell, TOCTPOEHHBIX Ha OCHOBE PEATbHBIX (PU3NIECKUX IIPUHITUIIOB cOOpa TO-
mMorpadriecknx JaHHBIX. XOPOUIuii MPUMEDP TAKOrO OMePaTOPa — HINPOKO U3BECTHOE
npeobpasosanne Pamona. B macrosimee BpeMsi CTMCOK WHTErPABHBIX OMEPATOPOB,
OTMCHIBAIOIINX MCXOMHBIE JTAHHBIE B 33/1a9aX WHTErPAJIbHON INeOMETPUH W TOMOIDa-
dbun, Becbma obmmpen [1]. Dro omeparopsl 0600IIEHHBIX Tpeobpasosannii PasoHa,
BECOBBIX JIYIEBBIX MMPE0OPa30BaHui BIOJIb TEOAC3UICCKAX PUMAHOBON METPUKH, -
CTBYIOIIMX HA TEH30PHbIE moJs [2—4].

Bropasi rpymnna WHTErpaJIbHBIX OMEPATOPOB MPEIHAZHAYEHA JJIsT UCCJIEIOBAHNN U
pellleHns 33039 HHTErPAJIBHOM TeOMETPUN U TECHO CBSI3AHHBIX C HUMU 331349 pedpak-
[MOHHOMN TeH30pHO# ToMorpadwuu [2]. Ilpu perennn 3a/1a9n onpejereHns GyHKIMNT
110 ee mpeodpazoBanmio Pamona Ha ocHoBe GOpMYys 0OpAITeHNA HCIOIb3YIOTCS, B 1aCT-
HOCTH, OTIEPATOPBI 00paTHO# mpoeKinn, morennnan Pucca, mpeobpasosannsa Oypbe u
Tunbbepra. O6o6IIEHHE OLIEPATOPA OOPATHON HTPOEKIMY [TPUBEJIO K MOHATHIO yTJIOBBIX
MOMEHTOB SKCITOHEHITMATBHBIX JIyYEBBIX TTPeodpa30BaHuil GyHKINN U CHMMETPUIHBIX
TEH30PHbBIX MOJIEN.

YcraHOBIEHBI CBONCTBA IKCIIOHEHIIMAIBHBIX JIY9YEBBIX TPEOOPA30OBAHUN C BECOM U
YIJIOBBIX MOMEHTOB JIyY€BBIX IIPE0OPA30BAHNI TEH30PHBIX 1moseit. JIokazampr TeopeMbl
€/IMHCTBEHHOCTY KPAaEeBbIX 33434 u 33134 Ko, mocTaBieHHbIX B CTAIMOHAPHOM U
HeCTaIMOHAPHOM ciyuasix [4]. OTMeueHb TeCHBIe CBSI3M IKCITOHEHITHATIBHBIX JIYIeBhIX
npeobpa3oBanmii ¢ 331a9aMU WHTEIPAJIBHON MeOMeTPUN TEH30PHBIX MOJell ¢ BeCOM U
3a/a9aMy TOMOTpaMUN B PA3TUIHBIX TOCTAHOBKAX.

Pabora BoimosiHena npu gacTuaHOU dbuHAHCOBON mommepxke Poccuiickoro donma dbyn-
JIAMEHTAJIbHBIX uccyenoBannii m Hemenkoro nayaHO-uCCI€10BATENBCKOTO 00mECTBa (IIPOEKT

Ne 19-51-12008).
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B obractu G = {(x, y,t) 2 +2 <t 0<t < T} MBI MU3ydaeM ypaBHEHHE Tel-
JIOTIPOBOTHOCTH
Ou u  F*u
= (s (1)
ot ox Oy

C TPAHUYHBIM YCJIOBHEM Ha ITOBEPXHOCTU KOHYCA

u(z,y,t) = uc(z,y,t), Va2 +y? =t 0<t<T, (2)

rae ue(x,y,t) — 3amanaas QyHKIAA.
B cayuae ocesoil cummerpuu gy BeIpoaatoweiica obnacru G penrenue 3a1a4u
(1)—(2) cBOIMM K H3YUYEHHIO CJIEAYIOIIEr0 HHTErPAIBLHOTO YPABHEHHUS:

ott) - = [ SR
0

=f{t), 0<t<T < oo, (3)

rje A — 3aJaHHAS TOJOXKHUTENbHAA NOCTogHHAs BermamHa, { f(t), t € (0,7)} — 3a-
nannast GyHKIus.
JIIsT OCECMMMETPHIHOTO CJIyYasi HMeeT MeCTO CIEIYIOIHHA Pe3yIbTar.
—1/2 — 4—1/2
Teopema 1. Ilycrs t~/2uy(t) = t /uc(x,y,t)|m:t € Lo(0,T). Torza

rpaHndHas 3a4a4a (1)—(2) umeer obiree perierue
u($7 Y, t) = Cuhom(xv Y, t) + Upm“t(xa Y, t) S LOC(G7 (x2 + y2)71/4)7

. e. (2% + y?) "V 4u(x,y,t) € Loo(G), C = const,

e Upom (T, Y, ) H Upart(T, Y, t) ABAAIOTCA PEHICHHAMH COOTBETCTBEHHO OJHOPOJHOTO
(mpu uc(z,y,t) = 0) u HEOTHOPOTHOTO rpaHHYHBIX 33784 (1)—(2).

JI0Ka3aTeILCTBO TeOpeMbl 1 OCHOBAHO HA CIEYIONIEH TeopeMe 2 0 pa3permnMOCTH
UHTErpaJIbHOrO ypasHeHus (3).

Teopema 2. ITycrn t=1/2f(t) € Lo (0,T). Torna unrerpamsuoe ypasuenmne (3)
mveer obmee permerte P(t) = CPnom (1) +@part(t) € Loo(0,T);t71/2), 1. e. t=1/20(t) €
L (0,T), C = const, rae Phom(t) 1 @part(t) ABJIAIOTCA pereHUAMH COOTBETCTBEHHO
oxuopozuoro (mpu f(t) = 0) u HEOIHOPOAHOrO HHTErPAJLHBIX YpaBHeHuii (3).

Pabotra BeImOIHEHA TIpH moep:xkke rpanTos AP05130928, AP(05132262 u BR05236693
KH MOH PK.
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Eropmmun A. O.

HUnemumym mamemamuxy um. C. JI. Coboresa CO PAH, Hoeocubupcx, Poccus;
egorshin@math.nsc.ru

1. PaccmarpuBaioTcs BAPUAIMOHHBIE 33/1a4M ONTUMU3auuy npubinkenuil (cria-
JKEHHBIX TIOCJIEOBATENbHOCTER) ¥ K nexomabiv (L + 1)-nociegoBarenbHOCTAM y OT-
CcYeTOB (DYHKITHIT HA 33JaHHON CETKE PEIeHuSMU OOBIKHOBEHHBIX JIMHEHHBIX mudde-
PEHIMANBHBIX WU PA3HOCTHBLIX ypapHeHuil. Koadduimentsl ypaBHeHni canTaoTcs
nocTossHHbIME. OHM MOTYT OBITH HEM3BECTHBI. TOTIa OCYIIECTBASIETCS WX ONTHMU3A-
rms. OHa BBIOMHIETCS HA OCHOBE KPUTEPHEB HAMIYYIIEH allPOKCHMAIIAN 33 JaHHBIX
nocJieioBaTesIbHOCTEH 0TCcueToB MYHKIUI Wi HAOIIOMAEMBIX CUTHAJIOB PElIeHUAMU
YKA3aHHBIX ypaBHEHUl B KOHeuHbIx nHTepBanax: J = |y —¥||%. Buecs > Girnaf =0,
k=1,N, N=L—n.

WNnenrudukanus nuddepeHImanbHbiX ypaBHEHWH I0 UCXOIHBIM JTaHHBIM B BUJE
YIIOPSIOYEHHOMN [I0CJIEI0BATENBHOCTH Y OTCYETOB UX PelleHuil Ha ceTKaX (C BO3MOXK-
HBIMU OIMOKAMHU PErUCTPALIMH TUX OTCYETOB) COCTOUT U3 ABYX dranoB. Ilepsbiit sran
€CTh BAPUAITMOHHAST UICHTU(DUKAINS YKA3AHHOMN MOCIEI0BATEIBHOCTH Y OTCIETOB Pe-
menus /Y. PesynpraroMm pemrenus 3amaum UASHTH(DUKAINE SBASETCS TOKA3AHHOE
Pa3HOCTHOE ypaBHEHHE (BEKTOP ero KO3(hMUIMEHTOB () U OTHO U3 €0 PENIeHu y.

Baseprrarontuii aran uaearndukanuu 1Y ecrsb Berancienne kodddunmentos 1Y
110 K03 DHUIeHTaM oSy IeHHOr0 B Pe3yIbTare yKazanuoi unentudukammu PY. 9ror
sran nHasbiBaercs guddepenuunanpuoit annpokcumanueir PY. Huddepeniuanbaas
anmpokcuManus PY Takxke ucciemyercs B TOKIAJIE.

2. BOJIBIMMHCTBO U3BECTHBIX U MPUMEHSIEMBIX HA MPAKTUKE METOIOB OIEHUBAHUST
(nnenrudukanumn) Ko3HGUIMEHTOB OOBIKHOBEHHBIX JIMHEHHBIX PA3HOCTHBIX CTAIMO-
HAPHBIX yPABHEHWH MO/IETIel yKa3aHHOTO KJIACCA OTHOCATCS K YUCTY TaK HA3BIBAEMBIX
asnrebpanvdecKux UM PA30MKHYTBIX METOM0B. Asrebpandeckue MeTo/Ibl OCHOBAHBI HA,
MUHUMHU3AIUA HEBA30K (OIMMUOOK) ypaBHEHW MOIesell TpU MOJACTAHOBKE HCXOIHBIX

JIAHHBIX Y = {y,}g B ypaBueHud. [Ipocrora u JuHEAHOCTD aJrebpanviecKux MeTOI0B
uneHTUUKAIIY 15 TPECTABIEHHOIO BB KIacca Mofereil 00ecmedniz ux mupo-
KOE pacrpoCTpaHeHHe U M3BECTHOCTD.

[IpakTuKa NpUMEHEHHs] TAKUX METO/IOB, IKCIIEPUMEHTAJIbHbIE UX HCCJIEIOBAHUA
MOJITBEPKIAIOT, 9TO aJrebpanvdecKue MeTOIbl UAEHTU(MDUKANUNA, MUHUMAZUPYIONE
HEB:A3KHU [0 He3aBucdleill or ux Ko3HdOUIMEHTOB Mepe, B HEIIPOCTLIX YCIOBUAX (3Ha-
YuTeNbHbIE OLMOKU U HE3HAYUTE/IbHBIA 00beM JIAHHbBIX) HEPAOOTOCLOCOOHBL.

Obmbscusiercs 9T0 TeM, 9TO B ajrebpandeckux (PasOMKHYTBHIX) METOIAX WACHTH-
dukaimm, pa3HoOCTHOE ypaBHEHHE PACCMATPUBAETCH KaK COBOKYMHOCTH N He3aBUCH-
MBIX JIreOpanvdecKnx COOTHOIIeHni. Takum 06pa30M, B 9TUX METOMAX HE yIUTHIBA-
I0TCs, BO-TIEPBBIX, 3aPaHee W3BECTHHIE B3AUMHBIE 3aBUCUMOCTH MEXKTy STUMH COOTHO-
HIEHUAMU. Y2Ke npenedpexkeHue 310 anpuopnoit nudopMalmeil yMeHbIIAeT yCTOMH-
YUBOCTH PE3YIHTATOB OIEHUBAHNS K ONTUOKAM B MCXOHBLIX TAHHBIX.

Bo-BTOpLIX, B pA30OMKHYTBIX METO/IAaX HE YIUTHIBAIOTCA 0DPATHBIE CBS3U, 3aAMKHY-
TOCTb JuHaMu4eckux Mozeseit. OHY MOKa3aHbl B IIPEJCTABIEHHOM BBIIIE YPaBHEHUN
¥ YyYTEHBI B M3yYaeMOil MOCTAHOBKE BAPUAIMOHHOMN 33a9i. 3aMKHYTOCTh, ODpaTHBIE
CBS3U B JUHAMWYECKUX MOJIEJISX MOBBIIIAIT yCTONIHBOCTD 33/1a9 OIIEHUBAHUST BEKTO-
PoB ux KO3(pPHUUUEHTOB @ K OLUMOKAM B MCXOJHbIX JAHHbBIX Y = {y,}é

Pa6oTra BeImoTHEHA TP TTOIIEep:kKe Poccuiickoro ¢ouma dyHmaMmeHTaIbHBIX UCCIEI0BA
mwii (mpoext Ne 19-01-00754).
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HOBBII ITPUHIIUII IIOCTPOEHI YA CEMCMUNYECKIX
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Meron Reverse Time Holography (RTH) ocroBbiBaerca Ha uuesx “ceficMOroso-
rpacdun”’, pazBuaemMbix B 80-X rojax IPONLIOrO CTOJIETHS B IIKOJIAX BBIIAIOIINX CO-
BeTcKuX yueHnx akagemukos A. C. Anekceera, M. M. Jlaspeurbera u C. B. Tonbau-
wa. Meron RTH ofecreunBaer mepecyer MCXOIHBIX CEHCMUYECKMX ITAHHBIX (hopma-
ra Common Depth Point (CDP) B BekTopHbIe natubie “obimeil Touky n3obpazxkenus’”
(CIG — Common Image Gathers) ¢ coxpanennem neranbroii undopmanuu 06 amnm-
Tymax, (azax m 4acToTax KpPyroBoro BPAIEHUd JIBYX B3aHMOCBI3aHHBIX BEKTOPOB:
BEKTOpa TMAIaloIeil BOJHBI M BEKTOpa OOpaIleHHON BO BpeMeHn “00paTHON” BOJIHBI
(mammpte VDCIG — Vector Domain Common Image Gathers) [1-3]. Ilepecuunran-
ubie BekTopHbie Janube VDCIG umeror cymecTBeHHO OOIBINTUN, YeM WCXOMHDBIE TAH-
ubie, CDP o6bem (B cpefmem Ha TpU HOPSIKA), HO MO3BOJISAIOT JAEJIATh OJIHOMOMEHT-
HbI€ [IOCTPOEHUS € [IOMOIIBIO CleNUaabHOro suia “Yenosuilt zobpaxkenuns” (Imaging
Condition), BEICOKOTOUHBIX ATPHOYTOR, KOTOPHIE BKIIOYAIOT, KAK YACTHBIA Caydaii,
BCe m3BecTHble arpubyrbl raybunnoil murpanuu, Amplitude Versus Offset (AVO):
pediekTOpbI, TUGPAKTOPHI, N300paKeHNs Ha, AYILJIEKCHBIX BOJHAX, YIJIbI HAKJIOHOB,
AHUBOTPOTINIO PACCeSHUSA, A3UMYTAIbHY0 ann3orporuio, AVO arpubyThbl, CKOPOCTHOM
paspe3 u np. OIHOBPEMEHHO ¢ HUMH €CTECTBEHHBIM 0DPA30M BO3HHKAIOT COBEPIIIEH-
HO HOBBIE aTPUOYyTHI CEHCMUYIECKUX PA3PE30B, CBI3aHHBIE CO CTATUCTUIECKON OITeHKO#
MHOTOMEDHBIX PACIPEAeIeHu (Iucnepcus, ACHMMETPHS, SKCIECC, KOBAPUAIMS U TIp. ).

Pabota BeImostHeHA TpHU oAAepkKe Poccuiickoro ¢horma dyHmaMeHTaIbHBIX HCCIETI0BA
muit (mpoext Ne 16-29-15090).
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Geophysicists. P. 4438-4442.

3. Erokhin G., Danilin A., Kozlov M. Visualization of Ultra-Weak Diffractors based on
Vector Pair RTM // 80th EAGE Conference and Exhibition 2018.
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CPABHEHIE YMCJIEHHBIX MOJIEJIEN C PASHBIMU
I'PAHNYHBIMMU YCJIOBNAMUN JdJIA 3AJAYN
IFEHEPAIINN SJIEKTPOMATHNTHOI'O N3JIVHEHN A
B IIJTASME C IBYMA BCTPEYHBIMMU IIYYKAMU

Edumosa A. A.', Bepengees E. A.?

Huemumym surucasumenbroti MOmememuky t MamemMamu1eckot
2eofpusuxu CO PAH, Hosocubupck, Poccus;
lefimova@ssd.sscc. ru, ’berendeev@ssd.sscc.ru

B macrosiiee Bpemsi OBICTPOPA3BUBAIOIINMCS HAIIpaBIeHNEeM B (DHU3MUKE sIBIIET-
cs1 pa3paboOTKa, HOBBIX MCTOYHUKOB TEPATEPIIOBOTO M3JIYUEHUs, KOTOPHIE MOTYT OLITH
WCIOIB30BAHBI B (QYHIAMEHTATBHBIX UCCIETOBAHUIX U TPAKTHIECKUX MTPUIOKEHUIX
B objacTv MeauIuHbl, nHMpOpMaTuKu, Tomorpadun. OIHUM U3 METOIOB MOy UeHUS
MOIITHOTO JIEKTPOMATHUTHOTO U3JIYYEHUST TEPArePIIOBOTO TUAMTA30HA, YACTOT SIBJISIETCS
€ro TeHEePAIs B MPOIECCe B3ANMOIEHCTBIS SJIEKTPOHHOIO Ty4dKa ¢ mra3moii. Onaako,
BBIXOJI, PEHEPUPYEMOTO U3JIy YEHHs1, 9aCTOTa KOTOPOro OJIM3Ka K IJIA3MEHHOM, OrpaHu-
ueH 3(hHEeKTOM TIa3MEHHON IKPAHUDPOBKY, YTO KpaliHe CYIIECTBEHHO I CUCTEM C
MONEPEYHBIM PA3MEPOM MJIA3MBI, CYIIECTBEHHO MPEBBIMIAIONIUM JIJIHHY U3JIYIaeMbIX
SMEKTPOMATHUTHBIX BOJH. ¥YBEIUMYUThH YACTOTY TEHEPUPYEMOTO W3JIyUYeHUs 0 JIBOM-
HO¥ TLTA3MEHHON YacTOTHI MOXKHO B PEKUME WHIKEKIUMH JBYX BCTPEYHBIX MYYKOB B
OJTHOPOJTHYTO TIIIA3MYy.

TpyaHOCTH ONpENeNeHns B PAMKAX TOYHON KUHETHYECKONH TEOPUYM HAMOOJee Mo~
XOJSAIIUX JJIs TeHEPAIMY U3JTY Y€HUsT MaPAMETPOB MJIA3Mbl U HHIKEKTHPYEMBIX TTYIKOB
CBSI3aHbBI C HEJIMHEHHBIM TYyPOYJIEHTHBIM XapaKTepOM MTPOTEKAOIIUX MPOIIeccoB. Men-
HO TIOSTOMY BasKHBIM IIATOM Ha MYTH PEIIeHUs STOM TPOBIEMBI SBISIETCS YUCTIEHHOE
MojienpoBanne. B maHHON paboTe pelnenure 337a4i MeHePalyi BbICOKOYACTOTHOTO
SJIEKTPOMATHUTHOTO W3JIYUYEHUST B PE3YAbTATE B3AUMOIECHCTBUS BCTPEUHBIX DPEIISTH-
BUCTCKHUX 3JIEKTPOHHBLIX MYYKOB B OJHOPOMHOM Mmia3Me noydeno ua ocaose 2D3V ku-
HETUYIECKON YHCJIEHHOU MOJe . PaccMaTpuBaioTCs MOJEIN ¢ TMEPUOIUIECKUMHI TPa-
HUYHBIMU YCJIOBUSME ¥ C OTKPBITBIMU TPAHUTIAME, OOECIEIUBAIOIITUME HENPEPBIBHBIH
BBOJ] Iy YKOB B MOJTHOCTHIO HOHU30BAHHYIO TIJIA3MY U MTO3BOJISAIONTHE UCCIEIOBATH PO~
[IECCHL TEHEPAIUE U BBIXO/IA JIEKTPOMATHUTHOIO M3JydeHus. Vcrosnb3yemble mapa-
METPBI TIJIA3MbI U PEISTTUBHCTCKOTO 3JIEKTPOHHOTO TMYYKa COOTBETCTBYIOT YCIOBUSIM
nabopaTopHbIX 3kcrepuMenTor Ha ycranoske ['OJI3 (AP CO PAH). Paspaboran-
Has MOJENb C OTKPBITHIMU TPAHUTAME TAaK>KE€ MOXKET ObITh HCIOJB30BAHA JIJIsI MO-
JIeJTAPOBAHMS TE€PATEPIIOBOTO M3JLYUEHUSA MTPH B3AUMOICHCTBHE C MIA3MON JIA3ePHBIX
WUMITYJIbCOB.

Pa6ora BeImotHeHA TTpHU TTOIIEepkKe Poccuiickoro ¢orga hyHIaMeHTAIFHBIX UCCIEI0BA
muii (mpoext Ne 19-07-00446).
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MO/JEJIMPOBAHIE TEYEHU S
MHOT'OKOMIIOHEHTHOI'O PEATUPVYIOIIIET'O TA3A
C YYETOM BO3IENCTBUS
JIABEPHOTI'O N3JIYUEHUSI

YKamauna P.B.', Macarura B. ®@.2, Ileckosa E. E.3

Mopdoscxuii 2ocydapcmeennni ynusepcumem um. H. IT. Ozapésa, Capanck, Poccus;
lzhrvemrsu.ru, 2masyaginvf@mrsu .ru, Je.e .peskova@mail.ru

B nmacrosmee BpeMsi 9uCii€EHHOE MOAENMPOBAHUE TEYEHUI MHOTOKOMIIOHEHTHOTO
pearupyroIiero ra3a sBJaseTcsa aKTyaJIbHON 3aa4eil, OHO [MO3BOJIUT UCCJIEI0BATDH JaH-
HbIe SIBJIEHUsI MPU PA3JIMYHBIX YCJIOBUAX MPOTEKaHWsT peakiwii. Takyke mpu wccie-
JOBaHUU OOIBITUHCTBA XUMUKO-TEXHOJTOTHIECKUX TTPOIECCOB HEOOXOIUMO YIUTHIBATE
BJIMSHUE JOIMOJIHUTEIHLHBIX UCTOYHUKOB 9Hepruu (IOABOJ, TEIia, U3/1ydeHue), KOTO-
pbl€ BIULIOT HA XaPAKTEP W CKOPOCTH MPOTEKAHUST XUMUIECKUX TPEBPAITEHUT.

UccaenoBanne moCBAIIEHO MOCTPOEHAIO MATEMATHIECKON MOJIESN U BBIYUCIUTE b=
HOTO aJTOPUTMA JJIs UCCAENOBAHUS TUHAMUKN MHOTOKOMIIOHEHTHOTO PEATUPYIOIIETO
raza ¢ y9eTOM TeIJIOBOrO M JIa3epHoro naayuenuii. Jlannas paboTa siBiasieTcst mpozo-
sKeHrneM paboThl [1], B KOTOPOH aBTOPHI pa3paboTaiu W YCIeNHO BepudUIMPOBAIN
YUCTEHHBIN anroput™m Ha ocHoBe cxeMbl WENQ mist MomenmupoBanusi Te4eHUS MHO-
TOKOMIIOHEHTHOT'O PEAruPYIOMIErO Ta3a C YIETOM TEIJIOBOTO M3JIyI€HHUs.

B pabore ucciemyiorcst ra30Bble TEUEHMs ¢ MaJabIMu ducaaMu Maxa, 9To obycias-
JIMBAeT UCIOJb30BaHne Momudukanuu ypapaennit Hasre — CTOKCA, TpeACTaBIEHHON
B paborax [2, 3]. Mcnonbayercs mporeypa paciieniieHusi Mo GU3HIeCKIM MPOIECCaM.
CHauaJia IPOBOIUTCSA PACYET yPABHEHWH XUMUYECKON KUHETVKU ¢ TOMOIIBI0 9KOHO-
MHTHOH CXEMBI BTOPOTO TOPSIAKa TOIHOCTH, npeaioxkentnoit H. H. KanutkuabiM B pa-
6ore [4]. Barem MHTErPUDPYIOTCHA 3aKOHBI COXPAHEHUs C UCIIOJb30BAHUEM HAYAJIBHOIO
oyt maBjenusi. Ha ocHOBe HalieHHBIX 3HAYEHWI KOHIEHTPAIWH, TIJIOTHOCTH, TEMITe-
PaTyphl ¥ TPEIBAPUTETLHOTO OIS CKOPOCTH PACCIUTHIBAIOTCS MIOMPABKY K TABJIEHIIO
M CKOPOCTH ra30BOro moToka. ¥Y4eT 3¢(deKkToB OT MOIJIONIeHUS JA3ePHOT0 U3y YeHUA
MIPOBOJINTCS TIPU PEIIEHNN YPABHEHUH HEPA3ZPBIBHOCTH I KAXKIOH KOMIIOHEHTBI I'a-
30BOIt cmecu. [IpoBeiena cepus TECTOBBIX PACUETOB.

PaGora Boiosnnena upu nogaepzxke Munobpuayku PO (npoext Ne 1.6958.2017/8.9), Poc-
cuiickoro dbonma dbyHIaMeHTaTbHBIX nccaemoanuii (mpoekt Ne 18-31-00102), pernonaspaoro
rpaata PO®U (nmpoext Ne 18-41-130001) m rpanTa IIpesmaenta P® mys MOIOABIX poCCHii-
cKux yueHblx — Kanaunaros Hayk (MK-2007.2018.1).

JUTEPATYPA

1. 2Kasaun P. B., IleckoBa E. E., Craganyernko O. A., Tumkun B. @. MogenupoBanue Teve-
HUsI MHOIOKOMIIOHEHTHOT'O PearupyIouiero rasa ¢ UCI0Ib30BAHUEM AJITOPUTMOB BBICOKOTO
mopsinka Tounoctu // Becrn. Yamyprck. yH-Ta. Matem. Mex. Kommbior. nayku. 2017.
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2. Almgren A.S., Bell J. B., Colella P., Howell L. H., Welcome M. L. A conservative adaptive
projection method for the variable density incompressible Navier—Stokes equations //
J. Comput. Phys. 1998. V. 142, No 1. P. 1-46.

3. Day M.S., Bell J.B. Numerical simulation of laminar reacting flows with complex
chemistry // Combust. Theory Model. 2000. V. 4, No. 4. P. 535-556.

4. Besos A. A., Kasmrkua H. H., Kyszpmuna JI. B. MogempoBanue XuMUYeCKON KMHETUKYU
B ra3zax // Mar. moneimmposanue. 2016. T. 28, Ne 8. C. 46-64.
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OBPATHAZ{ CITEKTPAJIbHAA 3AJAYA

2Kanarayos C. V.

Kasazcrkut noyuonarvmorl azpaphotli yrusepcumen,
Aamamui, Pecnybaurxa Kasaxcman; sapagtu@mail.ru

Perena noBast cnexktpasnpHas 3agaua — OC3 6, odparuas k [Ipsamoit CnekTpasisb-
woit 3agaue. [1C3: R, = (Cphn, Anyn) UMeET €IMHCTBEHHOE DEIIEHUE ¢ TOYHOCTHIO
J0 opToroHaabHoro mpeobpasosanus. xs IIC3 pazpabdoramsr Heckoabko OC3. Pac-
cvorpum OC3 6 [1]: st u3BecTHBIX 3HAYEHUH COBCTBEHHBIX YUCEI A1, . . ., Ap, App =
diag(\1,...,\p), TaKUX, 9T0 A\ > ... > A, > 0, U3BECTHBIX W 33JAHHBIX 3HAYE-
HUP HEKOTOPBIX KOMIIOHEHT 7 COOCTBEHHBIX BEKTOPOB Ci, . .., Cn U3 MaTpunpl Cp, =
[c1] ... |cn] HAMTH: 1) HOBBIE MO/IE/TEHBIE 3HAYEHNS W3BECTHBIX KOMITOHEHT 7 [ICEBI0CO0-
CTBEHHBIX BEKTOPOB €7 , . .., ¢, cj+ = (cfj, ceey c::j)T, j=1,...,n, u3 HOBOW MATPUIIHI
C™ = Gt = [cf|...|ct] ncemmocobeTrennbIx BeKTOPOB; 2) MOTyYEHHAS MATPHITA
cobCTBeHHBIX ancen A nomKHa nMerh 3Hauennd, pasubie 1: A = diag(1,...,1) =
Ip; 3) TosydeHHbe MoJIHBIe MAaTpHIa cobcTBeHHbrx yncen AL, u marpuna ncesmo-
coberBeHHbIX BeKTOpos O™ JOJKHBI YAOBJIETBOPATL coorHomenusm: CHTCH £

T T + T + T
I’mlw Cr.CHl = Inn: CLALCHE = Inm Cj A C-’*_ = 17 Cj A C-‘*_ = 7";; = 07

nn=nn nnTTnn-—nn nn nn

r;; = rj'i =0,7i=1...,n, 7 = 1,...,n, i # j, a KOPPEJAIUOHHASI MATPUIIA
RS, = CH AL O = I, nomKHa IMeTh HOBBIE MATPHIIL CEBI0COOCTBEHHBIX BeK-

topos C,} # I, u cobersennbrx umucen A, = I,,. Ykazanst ormuansg OC3 1 [2] n
OC3 6 [1] apyr or apyra.

JINTEPATYPA

1. Zhanatauov S. U. A matrix of values the coefficients of combinational proportionality //
Theor. Appl. Sci. 2019. V. 71, No. 3. P. 401-419.

2. Chalmers C. P. Generation of correlation matrices with a given eigen-structure // J. Stat.
Comput. Simulation. 1975. V. 4, No. 2. P. 133-139.
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ABHO-UTEPAIIMOHHA4A CXEMA
AJId NTHTEI'PYNPOBAHINS 110 BPEMEHU
CUCTEMbBbI YPABHEHINN HABBE - CTOKCA

Kykos B.T.!, ®eomopurosa O.B.?

HUnemumym npukaadnold mamemamury um. M. B. Keadviwa PAH,
Mocxsa, Poccus; 'zhukov@kiam.ru, 2feodor@kiam.ru

IIpensioxkena HOBasi ABHO-UTEPAIMOHHAA CXEMAa WHTEIDUPOBAHUSA II0 BPEMEHH
TpexMepHbIX ypasuenuii HaBre — CTOKCA, OMUCHIBAIOIINX TEUEHUS CKUMAEMOTO Tell-
JIOPOBOIHOrO Ta3a. CxeMa OCHOBAaHA HA PACIIEIIEHUN PACYeTa OIHOrO Iara mo Bpe-
MEHU Ha KOHBEKTUBHBIN U muddy3nOHHBIHN STanbl. KOHBEKTUBHBIN 3TAIl PEATU3YETCS
mo cxeme C.K. Tonyuosa, muddy3uonusii — 1o sBHO-urepainontoii cxeme JIN-M
[1], ocobernOCTH KOTOPO# — OTCYTCTBHE OIDAHUYEHMH HA IIAD 110 BPEMEHU. DTa, CXe-
Ma TIOCTPOEHA KaK MOoAmMdUKaIns CXeMbl [2] pereHnst KpaeBbIX 3a1ad I ypaBHe-
HUl 1apaboMvecKoro Tuma. PacdeTHas cxema IS UCXOTHOM CUCTEMBI 0DECIIeTnBAET
BBINOJTHEHNE OCHOBHBIX 3aKOHOB cOxpaneHwus. [loaxom, coueTaromuii MpUHIMIT Pac-
nieruienust u ceoiicrsa cxembt JIV-M, uznoxken B [3]. AnropurMudeckas peasnusanus
[IPOBEJICHA HA HECTPYKTYDPUPOBAHHBIX CETKAX B PaMKaX KOMILIEKca IporpaMu [4].

B ynopormentnoM usnoxennn mudy3noHHBINH 9TAl COCTOUT B MHTETPAPOBAHUN HA
orpeske [t, ¢+ 7] aByx nogcucrem auddepeHIuatbHO-PA3HOCTHBIX YPABHEHUH

ou _ LY U, 9F _ LY E

ot ot
C IIArOM T, ONIPE/IeJIEHHBIM HA KOHBEKTHBHOM 3Tare. IlepBasg momcucreMa OMUCHIBAET
BA3KHMe MPOTIecChl, BTopast — Teryonposognbre, LY | LE — mumeiinbre camocompsken-
HbIE HEOTPHUIATETHLHO-OIIPEIEIEHHBIE JJTUIITUIECKHE OMepaTopbl. VX Bo3MOXKHAS 3a-
BucuMocTh 0T U, E y9urblBaeTcst ¢ HUXKHETO CJIog 110 Bpemenu. 3neck U = (u, v, w),
E — BexTop ckopoctu u temneparypa (Mjiu BHYTPEeHHsds Heprus). AJILOPUTM CXEMbI
JIN-M nocrpoen Ha ocHoBe MHOTOWIeHOB UeOnimiesa I pona cremenu p. Takoit maoro-
“JIEH HA TEKYyIIUi MOMEHT JUCKPETHOIO BPEMEHHU OIIPEeJIAeTCsl OJHO3HAYHO [AaroM
IO BPEeMEHUW T U BEPXHEU TPAHUIEH Ap,qp PAZHOCTHOTO IJLIUNTHYECKOTO OMEPATOPA,
Ly = [LY, L¥]. Crenens p muorousnena onpenensercsa mapaboiudeckum uciom Ky-
paaTa K = TApmaz, P = 0.257VK. Kaxkaprit mar cxemst JIM-M cocrout u3z ¢ = 2p — 1
WTepaIuii, aJrOPUTMUYECKN YKBUBAJIEHTHBIX SBHON CxeMe cueTa. Pe3ymapTarhl pacde-
TOB JIEMOHCTPUPYIOT XOPOITYI0 3 (DEKTUBHOCTD 10 TOYHOCTH U 0O HEMY BBITUCIUTE b~
HBIX 3aTpar. JABHBIN XapakTep BbIUuc/eHuil rapanTupyer 3¢hHEeKTUBHOCTD UCIOIb30-
BAHHUs CXEMbI B MAPAJIIETbHBIX TEXHOIOTUIX.

Pabora Beimosnena npu nogpep:xke Poccuiickoro douga dymnmamenTaapHbIX HCCIEI0BA-

Huit (mpoekt Ne 17-71-30014).
JINTEPATYPA

1. 2KykoB B.T. O sBHBIX MeTOJaX YUCJEHHOIO WHTEIPUPOBAHUIA [JIs HAPADOIUIECKUX
ypasrenwuii // Mar. momenuposanue. 2010. T. 22, Ne 10. C. 127-158.

2. Jlokyuuesckuii B. O., Jlokyuuesckuii O. B. O yucjieHHOM penieHuy KPaeBbIX 3aJad JJIs
ypasHeHuii mapabosmaeckoro tumna // Toka. AH CCCP. 1986. T. 291, Ne 3. C. 540-544.

3. 2Kykos B. T., @®eonopuroBa O. B., Iybens A.Il., Hopukosa H. /. {IBHOe MHTErpupoOBa-
Hue 1o Bpemenu ypasaenuii Hasbe — CToKCa ¢ HIOMOIIBIO METOIA JIOKAIBHBIX UTE€parmil //
penpuatst UIIM wv. M. B. Kengsima PAH. 2019. Ne 12.

4. Abanakun U. B., Baxsasos II. A., T'opo6er; A.B., Ty6eun A.II., Kosy6ckaa T. K. Ila-
pasutesibubiil iporpammubtii komiuieke NOISEtte mis kpynrnomacinrabHubix pacyeToB 3a-
Jlad a9POIMHAMUKY U a39POaKyCcTUKH // BeraucmresbHble METOIBL ¥ IPOrPAMMUPOBAHUE.
2012. T. 13, Bom. 3. C. 110-125.
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O PABPEIIMMOCTU OAHON JIPOBHON
AJIB®A-MOIEJIN BIA3KOVYIIPYI'OI CPE/IBI

3BaruH A.B.

Boponestcerxuti 2ocydapemsennvil yrusepcumem, Boponeore, Poccus;
zvyagin.a@mail.ru

IIycte Q@ C R™, n = 2,3, ¢ gocraTodHo riagkoi rpanuneii 0). Mccuexyerca
caejyomas Ha4aJbHO-KpaeBas 3a/1a4a, gaBJsoas anbda-monenbto [1] as qpobuoit
BSI3KOYTIpyToit Kuakoctu Doiirra [2]:

M~ O 1 . ! a
8t+;ui8xi_MOAv_mF(1—/\)Dw/0(t_s) EW)(s,z(s;t,x))ds + Vp = f;

z2(t;t,x) = —|—/ v(s,z(s;t,x))ds, t,7€[0,T], z€Q;
t

u=(I—-a?A)t, t€[0,T], ze
divo(t,z) =0, te€l0,T], z¢€Q; v|aq =0, V|t=0 = vo.

3mech, v — BEKTOP-(DYHKIMS CKOPOCTU JBUKEHUS YACTHUIILI CPENbl, % — BEKTOP-
dbyHRIMST MOAUGMUIUPOBAHHON CKOPOCTH JBUXKEHWST YACTUIIBI CPEIbl, P — (QYHKIWS
nasijenns, f — QYHKIUA IJIOTHOCTH BHEIIHUX CUJI, 2(7T;t, L) — TPAeKTOpUs YaCTHUIILL
cpemer, £ — Ter30p ckopocreit nedbopmarnnm, I'(\) — ramva-dyaxmma Jitnepa, a > 0,
o >0, 1 20,0 < A <1— HEKOTOpbIE KOHCTAHTBI.

Teopema. Iycrs f € Lo(0,T;V 1), vg € VO. Torma uccnenyemas navasbao-
KpaeBas 3aJ/lada HMeeT XoTs 661 oH0 caaboe penrerme v € W = {v € Lo(0,T; V) N
Lo(0,T5V9), v" € Ly3(0,T;V~1)}. Kpome T0ro, ecmr paccMOTPETh ceMelicTBo u3y-
YaeMbIX aJabpa-Mojeneil, 3aBUCIIUX OT MapaMeTPa Cly,, TO IPH A, — O cymecTByer
MIOCJIEIOBATEILHOCTD DEIeHHIT Uy, KOTOPasi CXOAUTCS K caaboMy pemenuto v € W
KJIACCHIECKOH HAIaIbHO-KPAEBOIT 334840 A JPOOHOH MOACTH BSI3KOYIPYTOH CPEIbl
Doiirra.

JlokazaTeabCTBO JAHHON TeOpeMbl OCHOBAHO HA, AllTPOKCUMAIMOHHO-TOMOIOTHIeC-
KOM TIOZIXO/Ie K MCCIIEIOBAHUIO 3389 THIPOANHAMUKY [3].

Pabora BeImosHeHa pHU puHAHCOBOM T0/1IepkKe MuHncrepcTBa HayKW W BBICIIETO 00-

paszosanua P® (mpoexr Ne 14.750.31.0037).
JINTEPATYPA
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3. Zvyagin V. G. Topological approximation approach to study of mathematical problems
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ANHAMUIKA IIJIACTUHBI C YIIPYT'O
IMTPNCOEAVMHEHHOUN MACCOU

3earun A.B.!, Cagsirosa H. .2

Mockosckuil 2ocydapemeennnii ynusepcumem um. M. B. Jlomonocosa,
Mocxea, Poccus;

lzvyagin.aleksandr2012@yandex.ru, “nigu_s@hotmail.com

B pabore paccmarpuBaercs 331a49a 0 TUHAMUYIECKON HATPY3Ke OATIKY yIAPSIOMIAM
TEJIOM B TMPUCYTCTBUHU MPOMEXKYTOUHOTO JIeMIidepa — MPYKUHBI 33JaHHON JKECTKO-
cru. HeobxomumMo onpeneinTh COBMECTHOE IBUKEHNE MEXAHUIECKON CUCTEMBI: HATKa, —
MPYKUHA — TEJIO, MpeHedperas Maccoil MpyKuHbL. /IBukeHne OaJKu MOIEIUPYETCS
YPABHEHUAMU NWIHHAPWYECKUX Kojebauuil mracrunbl. [lonydyena cucrema ypaBHe-
HUH 7719 COBMECTHOTO JBUKEHHUS CUCTEMBI Oajika — MPYKWHA — TEJIO, COCTOIIAS U3
ypaBHeHu# i nporuba Oajku U ypaBHEHUs JIBUXKEHUS TeJIa, ¢ yIETOM KECTKOCTH
npykuibl. CUCTEMa YPABHEHUU, MOAETUPYIOMAs IBUKEHUE, COCTOUT U3 YPABHEHUN
B YACTHBIX ITPOMU3BOMHBIX UETBEPTOrO MOPSAKA IO KOOPAWHATE W BTOPOTO MOPSIKA
0 BPEMEHH, OJHUM M3 TPAHUYHBIX YCIOBUI ABJIs€TCs OOBIKHOBEHHOE nudpepeHiin-
aJlbHOE yPABHEHHE BTOPOIO MOPA/IKA 1O BpeMeHu (ypaBHEHHE JIBUXKEHUs Teja). 3a-
Jlava PEIlaeTcs MeTOAOM MHTerpaibHOro upeobpasoanus Jlamaca 1o spemenu [1].
Haiineno ananntuueckoe perrerue st 06pa3os. [1j1s 0bpalieHust oIy YeHHOTO perre-
HUSL MCTIOJIb3YeTCs IHMCyIeHHblil Meron (Meron Jdypbuna [2, 3]). Meros mporectupoBan
CBEPKOI C TOYHBIM PEIIeHNeM JIJTsi MAJIbIX HAYa bHbIX BpeMmén. IIpoBenen ananu3 mo-
BEJIEHKS BO BPEMEHU OCHOBHBIX HUCKOMBIX (yHKIHIL. [1oCTPOEHBI MILTIOCTPUPYIONITEe
rpadukn. TakKe MOKa3aHa 3aBUCUMOCTb HCKOMBIX (DYHKIIMI OT OCHOBHBIX IapaMeT-
POB 3aJa4n: KECTKOCTU MPYKUHBI M U3THOHON KECTKOCTH DAJIKH.
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HEJIOKAJIbHAA 3AJAYA OJI14 YPABHEHN A
B YACTHBIX ITPON3BO/JHBIX TPETBEI'O ITOPAJIKA

3ukupos O. C., CaragymsmaeBa M. M.
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Tawxenm, Pecnybauke Y3bexucman,; zikirov@yandex.ru

B pabore uzyvaercsa HenoKabHAsS HAYAIbHO-KpaeBasd 337a49a /i ypPaBHEHUS B
YACTHBIX TTPOU3BOJTHBIX TPETHETO TMOPAIKA C OTEPATOPOM TETJIOTPOBOJHOCTHU B TJIaB-
HOIl YacTu

0 (0 9?
4 (- ) s o

rae c(z,t), f(z,t) — 3anaunbie dyHkuu B 061acTy.
VpaBHEHHS B 9ACTHBLIX MPOM3BOIHLIX TPETHETO MOPAIKA JIEXKAT B OCHOBE MaTeMa-

THYECKUX MOZAeedl pa3muIHbiX HU3NICCKUX SBJIEHUN U TPOIECCOB.
Hamnpumep, ypaBuemne

03u 0%u L 0%u Fb)
Vo—F0— — —5 — = f(x
o2z0t o2 | ' oa2 ’
OIIUCHIBAET PACHPOCTPAHEHNE IIJIOCKOH BOJIHBL B BA3KOYHPYT'OM TBEPAOM TeJle WU B
CXKUMaeMON BA3KOHM KUIKOCTU ¢ HE3HAUUTEIbHON yIEJIbHOI TEIIONPOBOTHOCTHIO [1]
Hnst ypasrenus (1) B obmactn D = {(z,t) : 0 < z < I, 0 < t < T} paccmoTpum

HEJIOKAJIbHYIO 3aJa4y B CJIe/yIOoleil 1oCTaHOBKe: HalTH peryispHoe B objactu D
permenne u(x,t) ypasuenus (1), HenpepbiBHOE B D W yIOBIETBOPSAIOIIEE YCIOBUAM

u(z,0) = p1(x), w(x,0) = pa(x), 0<z <, (2)

! t
u(0,t) = A(t) /u(m,t)da: + /,O(t, Tu(l, T)dT + pa(t), 0<t<T, (3)
0

o

(1, t) = pa(t), 0<t<T, (4)
smeck p;(x), pi(t), (i =1,2), At ) p(t,7) — 3amamnbe Tnankue QYHKIWHA, TPTIEM

l

Ai(l) = 13(0), £1(0) = A(0) / o1 (2 + 11 (0),

0

B nocrasnenHoit 3amate B KPAEBBIX YCIOBUAX COMEPKUTCS HETOKATBHOCTD 110 Bpe-
MEeHWU, 4TO BIepBbie paccMorpero B pabore A.I. Koxanosa [2].

IIpn onpemeneHHBIX YyCIOBUAX TMIAJAKOCTH HA 33JaHHBIE (DYHKIAH JIOKA3BIBAETCS
peryisipHas pa3peiuMoCcThb OCTaBJIeHHON HeJloKaIbHOH 3auaqu (1)—(4).

Pabora BbimosiHena mpu mozzepskke Meskrocymapcrsernnoro Poccmiicko — Y36ekCKoro
mpoexkta MRU-OT-1/2017.
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MVYJIBTU-IIPEJOBYCJIOBJIEHHBIE NTEPAIINOHHDBIE
METO/JbI B ITIOAITPOCTPAHCTBAX KPBIJIOBA

Wasuu B.I1.12

L Mnemumym evuucaumenbnoti Mamemamury, U Mamemamuieckot
2eofpusuxu CO PAH, Hosocubupck, Poccus;
2 Hosocubupckudi 2ocydapemeennnd ynusepcumem, Hosocubupcek, Poccus;
ilin@sscc.ru

PaccmarpuBaroTcs nreparmonsbie METOIbI B oanpocTpancreax Kpouiosa ais pe-
nrenns 6OJIbIIUX cucTeM JuHelnbix anrebpaudeckux ypasuenuii (CJIAY) ¢ paspexen-
HBIMH ILIOXO ODYCJIOBJIEHHBIMU MATPHUIIAMU, CUMMETPUYHBIMU U HECUMMETDHYHBIMHA,
BEIECTBEHHBIMU U KOMILIEKCHBIMY, BO3HUKAIOIIUMHU [TPU AMMMTPOKCAMAITUSX MHOTOMED-
HBIX KPaeBbIX 33/1a9 HA HECTPYKTYPUPOBAHHBIX ceTKax. Vccaenyrwores cemeiicTBa Ba-
PUAITMOHHBIX CXeM C PA3HBIMHU CBOWCTBAMM OPTOTOHAJIBHOCTH, OMOPTOTOHAJILHCTU U
[TOJTYCOTIPSI?’KEHHOCTH, B TOM YHCJIE C HECKOJIBKUMU TIPEI0OYCIaBINBAIONUMA MATPHU-
[IAMU HA KAXKJIOM IIare, JTMHAMAYECKN MEHSIONMMUCH OT UTepanuu K urepamnun. IIpo-
BOIUTCS AHAIN3 ANreOpandecKux METO0B TEKOMIIO3UITNN 0OIACTEN U MHOTOCETOUHBIX
AJITOPUTMOB, & TAKKe IPYTUX MOIXOJ0B K YCKOPEHWIO UTEPAITMOHHBIX MPOIECCOB, OC-
HOBaHHBIX HA IPyOOCETOYHON KOPPEKINH, AedD I, arperaiui 1 MaJOpaHTOBBIX all-
MIPOKCUMAITUAX UCXOIHBIX MATPHUIl, OCHOBAHHBIX HA MOMOJHEHUHAX nmpocTpancts Kpor-
JoBa. PaccmarpuBamoTcs MHONOYPOBHEBBIE KPBIJIOBCKHE AJITOPATMBI C PECTAPTAME U
MPUMEHEHNEM METOJ0B HAUMEHBINTNX KBAIPATOB BO M30eXKaHMe Nerpa allii CKOPOCTH
cxopumocTu ureparuii. O0CYKIAI0TCS BOIMPOCHI MACIITAONPYEMOTO PaciapalienBa-
HUSI aJTOPUTMOB HA MHOTOITPOIIECCOPHBIX BBIUUC/IATENHHBIX CHCTEMAX C PACIPE/Ie-
JIEHHOH ¥ mepapxmdeckoi obimeli mamsarbio. QopMyIupyoTcs OCHOBHBIE TEOPEMBI O
CBOMICTBAX IIPEJIAra€MbIX UTEPAIMOHHBIX MIPOIECCOB, & X P HEKTUBHOCTD U MPOU3-
BOJUTEJBHOCTD JIEMOHCTPUPYIOTCS PE3YJIbTATAMU INUCJEHHBIX IKCIIEPUMEHTOB.
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METO/bl PEINNTEHNA OBPATHBIX 3AJTAY
AJId SAKOHOB COXPAHEHUS
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B noksage mpeacTaBiaeHbl METOABL onpenencans GyHKIMA IOToKa k() u f(u) B
CKAJIAPHOM IUIEePOOJIMIECKOM 3aKoHe coxpaHenus [1-3]

wp + (k‘(z)f(u)) =0
xr
[0 HEKOTOPOI JOIMOJIHUTEIBHON uHdOpMalmy o pemenun u(z, t) 3aaaun Komm ¢ Ha-
JaJIbHBIMU JAHHBIMUT
u(z,0) = ug.

OO6Ccy ) IarTest alrOpUTMBT BoccTaHorternst dbyrkunii k(x) w f(u). B cayvae Mo-
JIeJI TPAHCIIOPTHBIX TIOTOKOB HA aBTOMArUCTPAIIsAX u(x,t) 0003HAIaeT TIIOTHOCTh aB-
TOMOGHJIEl B MOMEHT BpeMeHHn ¢ B Touke x, npoussenenue k(z)f(u(z,t)) mpencras-
JISIET TTOTOK aBTOMOOHIIEH, KOTOPbIE TIEPECEKAI0T KaXKAYI0 TOYKY & B MOMEHT BPEMEHU
t 3a eqmamiy Bpemenw, a dyHKIWA k(T) ONMCBIBAET KOHKDPETHBIE XaPAKTEPUCTUKH
Joporu B Touke . B arom ciydae obparHas 3aada 3aKJIOYAETCA B OIPEIe/eHHN
HEH3BECTHBIX CBOWCTB k ¥ f paccMaTpuBaeMoiil TOPOTH MO Pe3yJIbTaTaM MOHUTOPHHTA
PEe3YIBTUPYIONIEN TIJIOTHOCTHU JIBUMKEHUS aBTOMOOUIEH.

Hapsaxy ¢ onrmMmmsanmeil pacCMaTpHBAIOTCS METa’BPHUCTHYECKNE AJITOPHTMBI.
IIpoBenen cpaBHUTENBHBIN AHAIN3 YHCIEHHBIX METOIOB.
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TEIIJIOBASA BOJIHA [1JId HEJIMHENHOTI O
YPABHEHNS TEIIJIOITPOBO/JHOCTIN: TEOPEMDBI
CYIIIECTBOBAHNUA 11 TOYHBIE PEINTEHN A

Kazakos A.JI., Ky3uenos II. A., Jlemmept A. A.

Huemumym dunamury cucmem u Meopuu ynpasrerus
um. B. M. Mampocosa CO PAH, Upxymck, Poccus; kazakov@icc.ru

PaccmaTpuBaercs HETWHEHHOE ypaBHEHNE TETIIIOMPOBOAHOCTH CO CTETTEHHON HeIn-
HelHOCThIO [1] MpH HAJMYMKM WCTOYHWMKA [2], KOTOPOE B Ciydae TPOCTPAHCTBEHHBIX
CHMMETPHIT MOXKeT OBITh 3aIMCAH0 B CIEAYIOIIEM BHIE:

1 v
U = U, + ;ui + ;uup + F(u). (1)

3aech u — uckomas dyHKImA (KO3(DOUIHEHT TEmIONPOBOTHOCTH); T — BpeMsd; p —
MPOCTPAHCTBEHHAA KoopauHaTa; o > ( — KOHCTaHTa, XapaKTepU3yIoIas CBOMCTBA
Cpenbl; ¥ — KOHCTaHTa, MpuHUMaomasd 3Hadennsd 0, 1,2 B caydaax II0CKOH, 1HInH-
IpuUecKoii u cdepudeckoil cuMmmerpun coorsercrienno; F(u), F(0) = 0 — dynkuus
UCTOYHUKA WU CTPOKa (B 3aBUCUMOCTH OT 3Haka (dyHKiuu). YpasHenue (1) Takwke
MHOT/Ia HA3BIBAIOT ypaBHEHHEM HeJnHeiHoi duibrpanmu [3].

CozepzkaTesbHBIM KJIACCOM pellienuii ypaBaenus (1) aBJsgiOTCA TEIIOBbIE BOJIHBI,
JBUXKYIIMECs 110 abCOJIOTHO X0aoaHOMY (OHY ¢ KOHe4HOH ckopocrbio [2, 3|. Pac-
MPOCTpAaHEeHNe BO3MYINEHUH ¢ KOHEYHON CKOPOCTHIO, KAK M3BECTHO, HETUTTUTHO JJIs
mapabosmyeckux ypaBHenuii. [lpuanboit Bo3HUKHOBeHUs MOM00HOTO 3dhexrTa, mMo-
BUJIMMOMY, sIBJISETCS BLIPOXKeHue Tuna ypapuenus (1) npu v = 0, 1. e. ua dponTe
rermmoBoil BomHbl. K Takoro poma pernenusiM TPUBOAWT, B 9aCTHOCTH, 33JaHUE I
ypasuenusg (1) cieayomero rpaHu4HOrO yCJI0BUS:

ult, p)lmny = £(1). B(E) >0, F(0) =0, £(0) >0, [fOF +[ROF#£0. (2)

Panee aBropamm paccmarpupasachk 3anada (1), (2) npu F(u) = 0, 1. e. Korjga wnc-
TOYHUMK OTCYTCTBYET. BbLIM J0KA3aHLI TEOPEMbI CYIIECTBOBAHUS U €IUHCTBEHHOCTH
AHAJIMTUYECKUX Dernenuii [4], a Tak:Ke MOCTPOEHb! CHENUaIbHbIE KJIACChl TOYHBIX De-
menwnit mua cayyas f(t) =0 [5].

B paMkax HACTOSINErO HMCCJIEAOBAHUSA ITU PE3YJIBTATHI MEPEHOCATCA HA CJrydail
F # 0: n0Ka3bplBaeTCA TEOpEMa CyNIECTBOBAHUS U €IHHCTBEHHOCTH AHATUTHYECKOrO
pemtenus 3amaun (1), (2) ¢ mocTpoeHreM pelleHusi B BUJIE CTEIEHHOrO Psijia, ¢ PEKYpP-
PEHTHO orpe/iesigeMbiMu KO3 dunnenTamu, a TakyKe UIIyTCA HOBbIE TOYHBIE PEIIEHUs
samaan (1), (2) mpm f(t) = 0, oTHOCSAIECH K KiaccaM 0GOOMERHO-ABTOMOIETBHBIX
n 0600mEeHHbIX GEryInmux BOJIH, ITOCTPOEHHE KOTOPBIX CBOJUTCS K WHTErPUPOBAHHIO
OOBIKHOBEHHBIX AUddHepeHInaIbHbIX YPABHEHUN BTOPOTO MOPSIKA.
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IIOCTPOEHUE IIOJINMHOMMAJIbBHBIX BA311COB
JAJId ITPOCTPAHCTB COBOJIEBA C PA3JIMYHBIMUA
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B pabote mpeayoxKeH MeTO, MOCTPOEHNST DA3UCHBIX MOJUHOMOB B MPOCTPAHCTBAX
CoBonesa Ha orpeske [—1, 1]. PaccMOTpUM HECKOJIBKO BADUAHTOB IPAHUYHBIX YCIOBU

1

P:u(1)=u)(-1),j=0,1,...,m—1, / u(x) dz = 0 (ycmoBre nepHOIuIHOCTH );
—1

AP Y1) = —u(=1), j=0,1,...,m — 1 (ycI0BHe AHTHIEPUOIAIHOCTH);

, , -1
D:u®(1)=u®)(-1)=0, j=0,1,..., [mQ} (ycaoBue Jlnpuxie);

. ) —9 1
N a0 (1) = &+ (C1) =0, j=0,1,..., [mQ] / u(z)de =0
—1

(ycnosue Heiimana);

(2j)(,1) =0. 7=0.1 [m—l}
. u i y J s Ly 2 o .
DN { W@ (1) =0, G=0.1,.... 2] (ycnosme Oupuxse — Heiivana).

BBesieM COOTBETCTBYOIINE STUM yCIoBusiM npocTpancTsa Cobosepa (em. [1]).
H(X,m) = {u(z) : u™ € Ly(—1,1),u(x) yaosrersopsier rpanuasomy ycaosuio X }.
3aeck yeaopre X MOMKET ObITh, HAIIPUMED, OJHAM K3 BBIIIE PACCMOTPEHHBIX IPAHAY-
HbIX yeaosuii. H (X, m) 6yaer ranp0epTOBbIM IIPOCTPAHCTBOM CO CKAJIAPHBIM IIPOH3-
BegenneM (U, V), = f_ll u™ (z)v™ () da.

IIycrs Py — mommaom Jlexkauapa crenenun N. Ionmaomuanabiit 6asuc 8 H (X, m)
cTpomTCcsa depes permenme Kpaesoit 3amauan ul™) (t) = Py(t), t € (—1,1), ¢ coorser-

CTBYIOIUMH KpaeBbiMu yciaoBusamu X. Jlmga 6asucHoro mosmHOMa U cremenu m + N
OIIPEIEISIOTCS BCE 3HAUCHUsI IPOU3BOAHBIX Ha, KOHIAX oTpeska [—1, 1] u3 cucrembr

m— 1 (k) 1 1
21N (JN ) —I—Z k_’_:_)u (= ):/ u(s)ds,

-1

m_l *)(1 £q,(k)(_
man [(In(2) UM (1) + (=DM (1) _
2i (zm ) ‘—l—kg 1 =0+ 1) =0,¢=1,...,m,

in(2) iy

e j y(z) — cdepuueckas dbynkunst Beccenst n (ZT) . k03 dunuent mpwm (iz)

B [JIABHON YacTw pasnoxkenns Jlopaxa ’;’7 =30 . (7))@ (iz)*. TIocae ompe-
nenenus mpoussoaubx uF) (£1) momuHoM MoHO 3ammcaTs B Buge cymMmmbr Teiiopa
m+N (k)( m+N (k) (_
ul®) (1) u®(=1)
u(z) =Y G N — @t k.
k=0 k=0
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K oCHOBHBIM KBa3MCTAIMOHAPHBIM TPUOJVIKEHUAM [Ji CHCTEMbl yDABHEHUA
MakcBesiia OTHOCATCS MATHUTHOE HEPEIATUBUCTCKOE TTPUOIIHKEHIE U 3JIEKTPUIECKOe
HepesgTuBucTckoe npubsnxkenue [1]. O6a srux npubiukenus oOyCHOBIEHBL JIOCTa-
TOYHON MEIJIEHHOCTHIO HPOIECCOB, HO BBIOOP TOrO0 WJIM MHOTO U3 HHUX 3aBUCUT OT
dusnIecKuX CBONCTB Cpebl U, B YACTHOCTHU, OT €8 MPOBOIAUMOCTH.

MarsuTHOe HEpeJlaTHBHCTCKOe TpHOJIKeHne [2-4] 3akiouaercs B mpeHebpexe-
HUW TOKOM CMEITIEHUsT U TPUMEHSIETCS JIJIs OMUCAHUS MEIJIEHHBIX TTPOIECCOB B Cpeiax
€ JIOCTATOYHO BBICOKOHN MPOBOAUMOCTBIO. DIEKTPUIECKOE HEPETIATUBUCTCKOE TTPUOIIH-
JKEHUE IPUMEHSAETCS JJIs OIMCAHUS MEJJIEHHBIX IPOIECCOB B CPEIAX € MAJION TIPOBO/IU-
MOCTBIO, B YACTHOCTH, TPU MOJEIUPOBAHUY JIEKTPOMATHUTHBIX TTPOIECCOB B HUKHUX
caosx arMocdepsl. B 3TOM mpubNMKeHUN TOK CMEINIEeHUsT COXPAHSIETCs, HO JJIEeKTPH-
9eCKOE T0JIe CIUTACTCH TOTEHIMAIbHBIM.

B peanbHbIX 33maax BeCbMa PACIPOCTPAHEHHBIM CIIy9aeM SBJISIOTCS CYIECTBEH-
HO HEOIHOPOJHBIE CPEJIbl: PACCMATpPUBaeMas ODJIACTH MOXKET COJEepPKATHb ITPOBOJId-
IIIHe, HEMTPOBOISIINE U CIADOMPOBOIasIue nomodbaactu. [Ipumepom ciayxur armocde-
pa 3eMn, TPOBOIUMOCTh KOTOPOH IKCITOHEHIMAIBLHO BO3PACTAET B 3aBUCHUMOCTH OT
BBICOTHI [5, 6].

B macrogameit pabore npuBoauTca GOPMYIUPOBKA KBA3UCTAIIMOHAPHOTO MPHOIIN-
JKeHUs JIJIs CUCTeMbI ypaBHennit Makcsesia, obyCIOBICHHOTO JIUINb MEITeHHOCTHIO
[IPOIIECCOB U MPUTOHOIO JIJIsl OMKUCAHUST HEOMHOPOIAHBIX Cpejl, BKIIOYAIOIINX B cebs
00JIACTH C BBICOKOH U MaJIOi MPOBOIUMOCTBIO. MCClIenyoTest TTOCTAHOBKY 38039 JJIst
BO3HUKAFOIIEH cucTeMbl qud hepeHnnaabHbIX YPABHEHUH, YCTAHABIUBAETCS OJIN30CTh
KBA3UCTAIIMOHAPHBIX PEIIEHUN K PEIEHNAM COOTBETCTBYIOIMINX HECTAIMOHAPHDBIX 3a-
Jlad MPU yCJIOBUE MEJJIEHHOCTH MpoIeccoB. B KadecTBe mpuMepa MpUMEHEHUsT TAHHO-
0 TPUOIHKEHUsT 00CY K TACTCS BOIIPOC O MOIETUPOBAHUY T/TOOATHHON JTEKTPHUIECKOT
menu B armocdepe 3eMiin.

JINTEPATYPA

1. Tosmmauges B. B., I'osioun A. M., Iloranos B. C. TepmogunaMuka U 3JI€KTDOAMHAMUKA,
crutomHou cpeant. M.: U3a-sBo MI'Y, 1988.

2. Jlaggay JI. /1., JIupuiuny E. M. Teoperuueckas dusuka. T. 8. DiiekrponuaamMmuka CIiiomi-
HBIX cpen. M.: Hayka, 1982.

3. Tamm U. E. Ocuosbl Teopun snexkrpudecrsa. M.: Hayka, 1989.

4. Alonso Rodriguez A., Valli A. Eddy current approximation of Maxwell equations. Theory,
algorithms and applications. Milan: Spriner-Verlag, 2010.

5. Mapees E. A. TocTuxkeHusa U MEPCHEKTUBLI UCCJIEI0BAHUN TJIO0AIBHON SIEKTPUIECKOM
uenu // Yenexu dus. nayk. 2010. T. 180, Ne 5. C. 527-534.

6. Kalinin A. V., Slyunyaev N. N. Initial-boundary value problems for the equations of the
global atmospheric electric circuit // J. Math. Anal. Appl. 2017. V. 450, No. 1. P. 112—
136.
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OBPATHDBIE 3AJTAYY OITPEAEJIEHNA IBYX
KOPPNIIMEHTOB B HEJIUBEPITEHTHOM
ITAPABOJIMYECKOM YPABHEHINN

Kampianu B. JI.

Havuonarvrhuiii uccaedosamennvcruti sdeproiti ynusepcumem “MHOH,
Mocxkea, Poccusa; vlkamynin2008@yandex.ru

B noknane paccmarpuBaioTcd ape oOpaTHbE 33Ja9U OJHOBPEMEHHOTO OIpeIesie-
Hua KO3 OUIUEHTOB Hepe U U U, B MapabOJTHIECKOM YPAaBHEHUN C JABYMsI HE3aBU-
CUMBIMHU TIEPEMEHHBIMHU.

O6parnas 3amada 1.

Onpeneants Tpoiiky dyukumit {u(t,z),b(x),c(x)}, yaosaersopsionmx B @ =
[0,T] x [-1,]] ypasrerUO

PUt — Ugy + D(X)uy + c(z)u = f(t,2), (t,x) € Q;
KPaeBBIM YCIOBUAM
u(0,2) = uo(z), x € [-1,1];  u(t,—1) = p1(t), u(t,l) = pa(t), t € 0,T];

1 yCIIOBHAM HMHTErPAJIbHOTO Ha,6.HIO,ZLeHI/IH

T T

/u(t,w)w(t) dt = ¢(z), /u(t,m)x(t)dt =y(t), =xel-11].
0 0

O6parHag 3aga4da 2.
Oupenenurs Tpoiiky byuxkumit {u(t, x),b(t),d(t)}, yaosrersopsaomux B () ypas-
HEeHUIO

ug — a(t, T)uge + b()uy + c()u+ d(t, z)u = f(t,z), (t,x) € Q;
KPAEBBIM YCJIOBUSAM
U(Ov‘L) = 'UO(:E)v T € [7la ”a u(t7 7Z> = u(tv l) =0,te [O,T};

¥ YCIOBHSM WHTErPATBHOTO HADIIOIEHUS

l l

/u(t,x)w(w) dx = (1), /ugg(t,x)w(x) dx =(t), te][0,T)].

-1 -

B ofonx ciyuasx paccMarpuBaiorcs oboGmennbie pemerus: u(t, z) € Wy 2 (Q),
dbyHRIIET b U ¢ OTPAHUYEHBI, COOTBETCTBEHHO, Ha [—[, [] B cryuae obpaTHoi 3amaqwm 1
n Ha [0,T] B cryuae obparHoii 3ama4m 2.

JlokazaHbl TEOPEMBI CYIIECTBOBAHNA W €IMHCTBEHHOCTHU PEIIEHNs JAHHBIX 0OpaT-
HBIX 33/1a4.

st KazkI0i 13 paccMaTPUBAEMbBIX OOPATHBIX 337a9 MBI TAK¥Ke MTOJIyJaeM OIleH-
KJ MaKCHMYMOB MOJYJIeil HEM3BECTHBIX KO3(D(DUIMEHTOB ypABHEHUS C KOHCTAHTAMMU,
sIBHO BBIIUCAHHBIMHU Yepe3 BXOIHBbIE TAHHbIE OOPATHBIX 337a4.

Kpowme toro, mpuBoasTCa HETPUBUAIBHBIE TIPUMEPHI OOPATHBIX 33129, K KOTOPBIM
NIPUMEHNMBI JIOKA3aHHBIE TEOPEMBI CYIIECTBOBAHNS U €IUHCTBEHHOCTH.

Pabora Beimosimena npu nopzepxke IIporpamMmbl HOBBIIEHHS KOHKYDPEHTHOCIOCOOHO-
ctn HanmmonamHOTO MCC/IeI0BaTEIbCKOTO ameproro yausepcurera “MUDI” (MockoBCKOTo
MHKEHEPHO-(DU3UIECKOT0 MHCTUTYTA), mpoekT Ne 02.203.21.0005 ot 27.08.2013.
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NIEHTUO®UKAIINS TPAHUYHBIX YCJIOBUI
JANPOPEPEHIINNAJIBHOI'O OIIEPATOPA

Kanryxun B.E.!'2, 2Kancap6aesa JI. K.!?

! Kasazcxuti nayuonasvrot ynusepcumem um. arv-Papabu,
Aamamut, Pecnybaura Kasaxcman;
2 Hucmumym mMamemamusy U Mamemamuueckozo MooeAuposamLa,
Aamame, Pecnybaurxa Kasaxcman;
kanbalta@mail.ru, leylazhk67@gmail.com

B nmammoii pabore m3ydaercs BOIPOC BOCCTAHOBIEHWS TPAHWUIHBIX YCIOBHUI mud-
depeHnraIbHOro OnepaTopa 1o 3aJaHHBIM CIEKTPAIbHBIM JTAHHBIM. 3a/a4K BOCCTA-
HOBJIEHHUsT KO3 PUIMEeHTOB AU HepeHIINATLHOTO BHIPAXKEHNS, TIOPOXK IAIOMIETO Ole-
paTop, JOCTATOYHO XOpOINo nccyienoBansl [1-4]. Tpanndnble o6paTHBE 331891 B OTIIH-
gre 0T Ko3hUIMEHTHBIX 00PATHBIX MaIo u3ydensl [3]. B ganHoii paGore paccMarpu-
BAIOTCA ODpaTHBIE 33Ja49H CIEKTPATHHOTO aHAIN3a, Aud depeHInaabHbIX OIepaTopoOB
BBICIIIUX MOPAIKOB ¢ HHTErpoand dbepeHnraIbHbIME YCIOBAIMHE.

ITycth b < co. PaccmarpuBaeTcst criekTpasibHast 3a7a9a

I(y) = y™( +Zpk y®)(z) = Ay(x), pe € C¥[0,0], k=0,1,....n—1, (1)

b
U,(y) =y~ Y(0) — /0 W(y)oy(z)de =0, v=1,...,n. (2)

Tpebyercsi BOCCTAHOBUTD I'PaHUYHbBIE yCI0BUsd (2) 110 HABOpy criekTpa 1 Kod(duimen-
tam pi(z),k = 0,1,...,n — 1. Bagaua nnerrndukanum rparnaHbx byHKIHH 0, (1),
v = 1,...,n, 5KBUBAJIEHTHA BOCCTAHOBJIEHWI) MATPHUIBI, COCTABJIEHHON M3 IpaHWY-
HbIX yciosuil 3aga4u (1), (2). B [6] oupeaenenst a) HeBbipokaensbie 1o B. A. Map-
YEHKO KDaeBble YCIOBHUs, a TakyKe B MoHorpaduu [7] BeIIeneHbl b) perynspHble 1Mo
Bupkrody kpaesbie yciaous. Takum 06pa3oM, NoIyYeHHe TEPEIUCIEHHBIX YCUIEHHO-
PEryJIsIPHBIX PAHUYHBIX yCJI0BHiA &), b) mig paccMarpusaemoro auddbepeHiuanbHoro
oIIepaTopa [03BOJIAET BOCCTAHOBUTH I'DAHUYHBIE yCIOBHs (2).

Pabora BeInosHEHA [IpU TTOAAEPKKE TPAHTOBOrO (DUHAHCUPOBAHUS HAYIHO-TEXHIUIECKUX
mporpamm u mpoektoB KH MOH PK (mpoektsr Ne AP05131845 u Ne AP05131292).

JINTEPATYPA

1. I'enbpang H. M., Jlepuran B. M. O6 oupenesienun qud depeHiuaibHOr0 ypaBHeHUs 110
ero cuektpasbroil pynkimu // M3s. AH CCCP. Cep. mar. 1951. T. 15, Bem. 4. C. 309—
360.

2. Jlepuran B. M. O6parubie 3agaqn [typma — Jluysmirsa. M.: Hayka, 1984.

3. Jlesibenzon 3.J1. Ob6parHas 3ama4da CIEKTPAJIHHOIO aHAIM3A it AuddepeHmaIbHbIX
oneparopos Beicmux nopankos // Tp. Mock. mar. o-Ba. 1966. T. 15. C. 70-144.

4. FOpko B. A. Bseuenue B Teopuio o0parHbix cuekrpaibabix 3aga4. M.: Qusmariaut, 2006.

5. Axrsmos A. M. Teopus unenTudukanmm KpaeBblX yCIOBUH 1 ee mipuiokenus. M.: Ous-
matiaut, 2009.

6. Mapuernko B. A. Oneparopst IItypma — JInysusis u wx npuiokenns. Kues: HaykoBa
ayMmka, 1977.

7. Haiimapk M. A. Jluneiinbie quddepennmanbubie oneparopsl. M.: Hayka, 1969.
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KJIACC 3AJIAY TUIIA HEIMAHA J1JI5
TTOJINTAPMOHUNYECKOTO YPABHEHUY B ITIAPE

Kapauuk B. B.

IOoscno- Ypaascruti 2ocydapemeennviti yrusepcumem, HYeasbunck, Poccusa;
karachik@susu.ru

IMycre S = {& € R" : || < 1} — enuanuneii map B R, a 95 = {& € R" :
|z| = 1} — epunmunas cdepa, e |v| = /27 + 23 + ...+ 22. B S paccmorpum kiace
Kpaerbix 3aaa4 Tana Helimana Ny 119 OIHOPOTHOTO MOJIATAPMOHIIECKOTO YPABHEHHS

Ay =0, x€S85,

oFu oFtly oFtm=ly,
—| =i(s 7‘ =pa(8),.e., ———| = s s €08
8I/k s ()O ( )7 al/k+1 98 %0 ( )7 781/k+m71 9 99771( )7 I

TAle o~ — BHEIIHAA HOPMAJbHAs MPOM3BOIHAT K enuaUYHON cdepe, hyuKIMYU ©;(S)
v

opu i = 1,...,m onpenenensl Ha 0S. Knacc 3amag N}, ABiasgeTcs JacTHLIM CIIydaeM

KPaeBbIX 3a4a4 AJA IIOJIUTaPMOHHYIECKOro YpaBHEHNA C HOPMaJIbHBIMU IIPOU3BOAHbI-
MU BbBICOKOI'O [OPslJIKA B I'DAHUYHbBIX YCJOBMsX, paccmorpennbix B [1]. Sagada Np
aBngerca samaqeii JTupwxie [2], koropas 6e3ycaoBHO paspemmMa, a 3amaga Nj coB-
nazaer ¢ 3anadeil Heiimana [3]. VimetoTcst u gpyrue nocranoBky 33724 Tuna Heiivana
[4]. Caeayromiee yTBep:KA€HNE OCHOBAHO Ha pe3yJsbrartax paborsr [5].

Teopema. Ilycrs dyaxnun ¢;(s) mpm i = 1,2,...,m rakme, 9ro pemenne u(x)
sagauan Ny 1jd OJHOPOIHOrO IOJHTaPMOHHYIECKOIO yDaBHEHHS CYIHECTBYeT H OHO
rakoe, uro u € C**™=1(S). Torma npn Beaxom | € Ny Taxom, wro | < k, JomKHBI
6bITb BBITIOJIHCHBI CJIeYIoIue yCJ/I0BUA OPTOIOHAJIBHOCTH

/as Hi(x) (p:(tm*)‘)gogxﬂ(s)—&—. . .+p£,T:;‘)<pm,m(s)) ds, =0, A = Mg, min{k —I,m} — 1,

Hi(x)pi(s)dsy =0, i=max{2m+1—k,0} +1,...,m,
as
e Ao = [(k —1)/2], Hi(x) — npou3BoIbHbII OAHOPOIHBIH FAPMOHHIECKHL TOJTHHOM

crerenu |, ko3guimeHTH pjl HMEIOT BT

; (20— — 1\ (20 — 25 + 1)!
P = (- (7 (2i-2j+ L
7j—1 2t —-25+1

)

or=2A\—k+1+1,0y =k—1—X—1. Yucsro nomyvdenusrx yciaoBuii npu | < k paBrO
min{[(k — 1+ 1)/2],m}.

JINTEPATYPA

1. Kapauux B. B. O6 ogmoii 3ama4e aJ1s momrapMOHUIecKoro ypasaenus B mape // Cub.
mat. xypH. 1991. T. 32, Ne 5. C. 51-58.

2. Kapaunk B. B. Pemenue 3agaun Jlupuxiie fjst HOIUrapMOHIYECKOrO YDABHEHUS B IIAPe
IIpY IOJMHOMUAJBHBIX JaHHbX // Juddepenm. ypasrenus. 2015. T. 51, Ne 8. C. 1038-
1047.

3. Kapauynk B. B. YcnoBus paspemnmoctu 3ama4u Helimana mj1s 0fHOPOIHOTO IOIUTAPMO-
Huueckoro ypasuenust // Tuddepenn. ypasaernns. 2014. T. 50, Ne 11. C. 1455-1461.

4. Kapaunk B. B. O6 onnoit 3ama4e tuna HefiMana /st GUrapMOHUYECKOrO ypaBHeHus |/
Mar. Tp. 2016. T. 19, Ne 2. C. 86-108.

5. Kapaunk B. B. Interpasbubie TOX/1eCTBa Ha cdepe st HOPMATHHBIX IIPOM3BOIHBIX TTO-
surapmorndeckux ¢yuknuii // Cub. saekrpon. mat. uss. 2017. T. 14. C. 533-551.
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PEIITEHN A 3AJAYY KON AJI4 SJIJIUIITUYECKOTI'O
YPABHEHUA 1 YPABHEHN A TEIIJIOIIPOBO/IHOCTN
C JAHHBbIMU HA BPEMEHUNIIOJIOBHON TPAHUILE

Kapuesckmii A. JI.

Hnemumym mamemamury um. C. JI. Coboaesa CO PAH, Hosocubupcx, Poccus;
karchevs@math.nsc.ru

B pabore mipescTaBieHO yCOBEPIIIEHCTBOBAHUE METOIA HAIPEBAEMON TOHKOM (DOIh-
U, KOTOPBIA TIO3BOJISIET W3y4YaTh CTAIMOHAPHBIE W HECTAIIMOHAPHBIE TTPOIIECCH TTEpe-
HOCA B 0OJIACTH KOHTAKTHOM JTMHUH “TBEPI0E TEJIO — BO3AyX — KUIKOCTh . Maremaru-
YECKU 33/1a9¥ CBOIATCS K PEIeHUI0 3a0a49u KOOI 118 3/ TMOTHIeCKOrO YPABHEHUS 1
PeIeHnio YPABHEHUS TEIJIONPOBOIHOCTH C TAHHBIMU HA BPEMEHUITIOMOOHOM TpaHUIIE.
[IpepsoxkeHHbBIE METOBI PEIIEHNH ATPOOMPOBAHBI HA, PEATBHBIX TAHHBIX, TTOJIY IEHHBIX
B x0s1€ J1ab0paTOpHBIX KCIepuMenToB. Pesysbrars: onybiaukosanbt [1-7].

PaGora BoImOSTHEHA TIpW TIOZIEpKKe Poccmiickoro maywroro domma (mpoekt Ne 18-19-
00538).

JIUTEPATYPA
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6. Cheverda V.V., Karchevsky A.L., Marchuk 1.V., Kabov O.A. Heat flux density in
the region of droplet contact line on a horizontal surface of a thin heated foil //
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7. Karchevsky A.L. Development of the heated thin foil technique for investigating
nonstationary transfer processes // Interfacial Phenomena and Heat Transfer. 2018. V. 6,
No. 3. P. 179-185.

145



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

MOAEJINPOBAHUNE KOCOI'O COYAJAPEHUA
METAJIJINMYECKUNX IIJIACTUH

Kucenes C.I1.', Mayu B. 1.2

L Hnemumym meopemuneckoti v npukaaoHoti MeTaHURY
um. C. A. Xpucmuanosuwa CO PAH, Hosocubupck, Poccus;
kiselev@itam.nsc.ru
2 Mnemumym zudpodunamuru um. M. A. Jlaspenmovesa CO PAH,
Hosocubupck, Poccusa; mali@hydro.nsc.ru

B nokitaie mpeacTaBieHbl Pe3yIbTaThl S9KCIEPUMEHTOB U YUCIEHHOTO MOJIETHPOBA-
HUs MeTOJIOM MOJIeKyJspHoil punamuku (M) Kkocoro coyaapenust MeIHbIX U AJH0MU-
HUEBBIX TJIACTUH MPU PA3JIMIHBIX YIJIaX W CKOPOCTH coyuapeHusi. B skcrnepumenTax
CTPYKTYpa TEUYEHHS ONPEJLNIAIACh C MCIOJb30BAHNEM DEHTIEeHO-MMITYJILCHBIX yCTa-
HOBOK. HHCIEHHOE MOJIETUPOBAHUE BHITOIHSIOCH METOIOM MOJIEKYISIPHON THHAMUKA
(M) ¢ ucnionbzopanuem Muorodacrudabix EAM norennuanos B3auMoeiicTBus aTo-
MOB. Jlerasu 4ucjaeHHoro MogeupoBatud onucanbl B pabore [1]. B pesyabrare npose-
JIEHHOTO YIHCJIEHHOTO MOJIEIMPOBAHUS NAHO OObSICHEHNE SIBJICHUST BOJTHOOODA30BAHUS
IIPU KOCOM COYIapeHuu MeTajuindyeckux riactud. [lokasano, 4To obpa3oBaHue BOJIH
Ha TOBEPXHOCTU KOHTAKTA I[JIACTHH OOYCJIOBJIEHO HEYCTOMYMBOCTHIO KOCOIO CHMMET-
PUYHOTrO COyJIapeHus MmiacTui. B 061acTn KOHTAKTa MJIACTUH PAa3BUBAETCS HEYCTOH-
YUBOCTH, TPHUBOJAIIAA K O0PA30BAHUI0 MOMEHTa CHJI, KOJeGaHus KOTOPOTO IPUBO-
JAT K KOJIeOaHWIo KOHTAKTHOM TTOBepXHOCTH. Bo3HuKINMe aBTOKOMEOAHNS IO IePIKHU-
BAIOTCSl 33 CUET KHHETHYECKOH SHEPTUN COYJAPSIONIUXCS MJIACTHUH, a JJINHA BOJIHBI
OTIPEJIEJISETCS BA3KUM B3aUMOJIEHCTBIEM CTPYH B objacTu KoHTakTa njactud. llpn
MaJIbIX 3HAYEHUSIX CKOpOoCcTH coyrapenuss U MeTassibl TPOSBIILAIOT YIIPYTHE CBOWCTBA
6e3 ocTaToYHBIX aedopMauil U KyMyasTuBHON crpyu. [loarBepkaeHo CyImecTBOBa-
HUE KPUTUYECKOrO 3HAUEHUs 4ucja PeliHosbica mopsika 2, npu KOTOPOM IIPOUCXO-
JIAT 3apOXK/IeHNe KyMyadaTuBHOM cTpyu. IIpu Gosnbinx ancnax PeiiHosnbica 3navenus
CKOPOCTH KyMYJIATUBHOM CTPYH, paccunTanubie 1o monenu MJI, 6sm3ku K 3Ha4MeH#-
sIM CKODPOCTH CTPYH, OIPEIEJEHHBIM [0 MOJEJN HIAJbHON YKUIKOCTH. Pe3yibrars
PacYeToB, BBIOIHEHHbBIE TP OJIU3KUX 3HAUeHUaX Ge3pa3MepHBIX MapaMeTpoB COyIa-
pEHHMsI, KAYECTBEHHO BEPHO ONMKCHIBAIOT OCHOBHBIE 3aKOHOMEPHOCTH, HAOIIOIaEMbIE B
IKCIIEPUMEHTE.

PaboTa BeImoTHEHA TIpU TOAAEepkKe Poccuiickoro ¢oumga dyHmaMeHTaIbHBIX UCCIEI0BA
muit (mpoext Ne 19-01-00292-a).

JUTEPATYPA

1. I'ogyaos C. K., Kucenes C.II., Kynukos H. M., Mamu B.I. MonenupoBanue yIapHO-
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AJITOPUTMBbBI PACHIEIIJIEHI 1
B METOJE KOHEYHbBIX OB'bEMOB
ITP PEIMIEHVN YPABHEHNUUN HABBE — CTOKCA

Kosensi B. M., Ba6unmes II. B.?

Hrnemumym suvucaumenvhnr mexnoaoeutt CO PAH, Hosocubupck, Poccus;
1kovenya@ict .nsc.ru, ’maskot. glgmail.com

Jljisi 4MCJIeHHOIO pellleHnsl ypapHeHunii Jitinepa u Hasbe — Crokca cxKuMaeMoro
TETJIOTPOBOAHOTO Ta3a, TPEIJIOKEH KJIACC HEABHBIX KOHEUHO-00HEMHBIX aJINOPUTMOB
PEIRKTOP-KOPPEKTOD, OCHOBAHHBIX HA PaCIeIJieHnn ypasHenuii [1, 2]. Ha srame nipe-
JIUKTOPA BBOASTCS PA3IUIHbIe (DOPMBI PACIIEIJICHNs] YPABHEHWI, 9TO TIO3BOJISIET CBE-
CTH PENIeHNE NCXOTHON CHCTEMBI yPABHEHHI HA, TPOOHBIX MAraX K HEABHOMY PEIICHUIO
OTIEIbHBIX YPABHEHUI, a HA 3Talle KOPPEKTOPa, AIIPOKCAMUAPOBATH MCXOTHBIE YPaB-
HEHHUsI B KOHCEPBATUBHON (pOpMe U Peain30BbIBATH UX 110 ABHBIM (popmysam. Cpeau
PACCMOTPEHHLIX (POPM PACIICIUICHHS] BLIOPAHLI T€ U3 HUX, KOTOPBIE 00ECIICUMBAIOT
MaKCUMAJIbHYIO YCTOWIHUBOCTE CX€M MPH MUHUMAJIBHOM BIHSHUM PACIIEIICHNS HA ee
cBoiicTBa. B oTimume OT KIACCUYECKUX HESABHBLIX CXEM PACLICIICHHS 110 HAIlPABJICHN-
am (ADI meronoB, peanu3yeMbIX BEKTOPHBIMH IIPOIOHKAMHM) ITOT HOIXOJ, [IO3BOJSIET
IIOCTPOXTH 00JIee SKOHOMUYHBIE AJITOPATMBI ITO YMCIY ONEPAIMA Ha OTACIbHYIO AIei-
KY, CBEJIsl UX PEeaM3alnio K CKAJISTPHBIM TTPOTOHKAM WJIH CXeMaM Oeryimero cuera, a mo
CKOPOCTH CXOAMMOCTH K CTAIMOHAPHOMY perennio on mpubamxkaerca K ADI cxemam.
[Monyuaembie cXeMbl KOHCEPBATUBHBI, 9TO MTO3BOJISET UCIOIH30BATh WX MPU PEIIEHUH
KaK CTAlMOHAPHBIX, TAK M HECTAIMOHAPHBIX 33124, U 00/1a1ai0T BropbiM (uiu 6osiee
BBICOKHMM) IIOPSIKOM anupokcumanuu. VceaenoBanbl cBORCTBA aJIrOPUTMOB, IOJTy Y€~
HBI OIIEHKH II0 MX TOYHOCTH M CKOPOCTH CXOAMMOCTH IIPH HAXOXKICHHUU CTAIMOHAP-
HOTO PeIeHrs METOJOM yCTaHOBJeHUsT. HalileHbI YHCIeHHbIE PelIeHnsT TBYMEPHBIX
U IPOCTPAHCTBEHHBIX 33349 a3pOAMHAMUKA M IPOBEICHO TECTUPOBAHHE AJITOPUTMA,
B 3aJadax: B3aMMONEHCTBHsS YIAPHBIX BOJH OOJBIION MHTEHCHABHOCTH, CBEPX3BYKO-
BBIX TEYEHWII Ta3a B Cy2KaIOMEMCH KAHAJE IIPH PEryIAPHOM M HEPEryIapPHOM OTDPa-
JKEHNM CKAYKa, YILIOTHEHHs OT INIOCKOCTH CHMMETPHH; T€YCHHH B KAHAJIE C yCTYIIOM
B mpubanykeHnn ypasHennii Diisepa [2]. TIpopeseHHbBIE PACcUeThl WILTIOCTPUPYIOT BO3-
MOXKHOCTH PACCMOTPEHHLIX AJICOPHTMOB M IIO3BOJISIOT CHENATHL 3aK/II0UeHue 00 ux
3P PEKTUBHOCTH.

JINTEPATYPA
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O MOHOTOHHOCTU 11 TOYHOCTUN PASHOCTHBIX
CXEM CKBO3HOI'O CHETA
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Ipenmoxen MeTOI MOCTPOEHUST KOMOMHUPOBAHHBIX PA3HOCTHBIX CXEM CKBO3HOTO
cYera, KOTOPBIE C MOBBIMIEHHON TOYHOCTHIO JIOKATU3YIOT (DPOHTHI YIAPHBIX BOJH U
OJIHOBPEMEHHO COXPAHSAIOT IMOBBIMIEHHBIH MOPSAIOK CXOJAMMOCTH B 00JIACTAX BJIUSHUS
VIapHBIX BOJTH. B 9THX cxeMax WCIONB3YIOTCA HEMOHOTOHHAsT OA3MCHAS CXe€Ma, KOTO-
past ¢ TMOBBIMEHHOW TOYHOCTHIO MEepenaeT ycaoBus ['HOroHmo depes GppoHT yIapHOI
BOJIHBI, U BHYTPEHHsIS MOHOTOHHAST CXEMa, MOBBIIIEHHOrO TIOPAIKA, KOTOPAs CrIaXKHu-
BaeT HePU3NIECKNE OCIULIANNY, BOSHUKAIONME B 6a3ucHoi cxeme. IlpuBemennr e
KOHKDETHbIe KOMOMHUPOBAHHBIE CXEMbL, B LIEPBOil U3 KOTOPbIX [1] B Kauecrse Gaszuc-
HOM MCMO/IB3YeTCs HEesTBHAS KOMIAKTHAST CXEMa, TPETHEro MOPSIKa CIab0H armmpoOKCH-
Maluu, a BO BTOpPOil [2] — siBHast cxema PycaHOBa TpeThero mopsijaka KJACCHYECKOH
anmpokcuMaryu. B KadecTBe BHYTpEHHEH CXeMbl B 000X CIyYasX MCIOJb3yeTCs MO-
uvoronnasd moaudukanus cxembl CABARET sroporo nopska [3]. Tecrossie pacuerst
MOKA3aJId, 9TO KOMOMHUPOBAaHHBIE cxeMbl, B owindne ot cxem tuia TVD u WENO,
HE TOJIBKO 00ECTIeUNBAIOT MOHOTOHHOCTE TPOMUIIS JTOKAJTUIOBAHHON YIAPHON BOJHEI,
HO TaK3Ke COXPAHSIOT TOBBIIIEHHYI0 TOYHOCTh B O0JACTH €6 BIUSHUS.
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PABHOMEPHAA IIOJIHAA YVIIPABJIAEMOCTDb
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Paccvorpum amHeitHoe auddepeHnnanbHoe ynpapisieMoe ypaBHeHre
t=At)r+ B(t)v, z€H, vENy, t=0, (1)

B rup0epTOBOM IpocTpaHcTse 1. JIuHelinyio oneparop-dyukmuio A(-) : 91 — $H1
GyeM CHMTATh MHTEIPAILHO OIPAHMYEHHOMN, T. €. J/id Hee BbIIOJHACTCH HePaBeHCTBO

Sl>113 :H |A(T)| dr < a, (mom mopmoit onepatopa C : 1 — Ha NOAPAZYMEBAETCA Be-
!

muunna ||C| = sup{||Cy||2/||y||1, yEN, yF# 0}, rze |- ||x — HopMa B rusEGepTOBOM
npocTpancTee Ny, k = 1,2). Jlunelinyto oneparop-dyukimo B(-) : H2 — H1 Oyaem
[0JIATaTh HEIPEPHIBHON U OrpaHuYeHHOH. B KauecTBe MOMyCTUMBIX yIpaBjeHuii v(-)
B ypasuenuu (1) OGyjgeM paccMaTpuBaTh U3MepuMble 10 Jlebery u orpaHuyeHHble HA
BCeil cBoeit obytacTu onpeaerenna PyHKINAN.

Onpenenenne 1. Onepamopom ynpasasemocmu (onepamopom Kaamana) ypas-
nenws (1) Ha oTpeske [to, t1] HAazoBem oneparop W(to,t1) : H1 — H1 BUAA

W(to, 11) = / Ulto, 7 B(r) B (1)U (to, 7) dr,

to

roe U(t,7), t,7 > 0, — spomonnonHbil (paspemaromuii) omeparop [1, ¢. 147] an-
Heiinoro ypasaerus (1) ¢ HyJeBbIM yrnpasjeHueM v(-); CUMBOJI * O3HAYAET ONEPAIIIIO
COTIPSIIKEHMSI.

Ounpenenenune 2. [1, c. 50] Oneparop H : $1 — $)1 HA3BIBAIOT PAGHOMEPHO NO-
Aoorcumendrvim, ecam ero dpopma (Hx, ) paBHOMEPHO ITOJOKUTENbHA, HA, €THHAIHON
chepe S = {z, ||z|| =1} B H:1.

Onpenenenne 3. [2, c. 90]. Ypapuenne (1) HA3BIBAETCS PAGHOMEPHO ENOAHE
YNPABAAEMDIM, €CITH CYITECTBYIOT Takue uucaa o > 0 uw v > 0, 9To mpu JOOBIX
to = 0 m xp € ) HAlAETCA AOMYCTUMOE YIPABJEHUE U : [to, o + 0] — $Ha, IpH BCex
t € [to, to+ 0] ynonerBopaiomee nepaserctsy ||u(t)]| < v||xo|| m mepesonsee BexTOp
HAYAIBHOTO cocTostHus Z(tg) = o ypasHenus (1) B HOJBb HA ITOM OTPE3Ke.

Teopema. Ypasuenne (1) o-paBHOMEPHO BIIOJIHE YIPABIAEMO B TOM H TOJBKO B
TOM CJIydae, Korna s gioboro ty > 0 oneparop Kaavana paBHOMEDHO HOJIOKHTETCH
Ha orpeske [to,to + o).

PaboTra BeimmoHeHa B pamkax ['ocymapcTBeHHON TPOrpaMMbl HAYIHBIX HCCIemoBanuil Pec-
ny6sinku Benapycs “Konseprennma—2020" (momnporpamma 1, 3amanme Ne 1.2.01).
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MOJAEJINPOBAHUE OCECUIMMETPUYHBIX TEYEHUN
PA3SPBIBHBIM METOJ0M T'AJIEPKNHA
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B OpOMBINLIEHHBIX TPUIOKEHUSIX ([IPOEKTUPOBAHKE DAKET M CTAPTOBBIX CTOJIOB,
ABTOMOOUIECTPOEHHE | TIP.) YACTO BCTPEYAIOTCH 33,1291, KOTOPBIE PELIAIOT B OCECUM-
METPUYHON MOCTAHOBKE It GBICTPOrO TOIY Y€HUS EPBAIHBIX OIIEHOK XaPaKTEPUCTUK
reuennit. K npumepy, K TakuMm 33a9aM OTHOCHUTCS MOJIETUPOBAHUE CBEPX3BYKOBBIX
TypOYJI€HTHBIX TA30BBIX CTPYii: O€3yCIOBHO, JIs MOIYUYEHUS TTOJTHON KAPTUHBI ATOMHU-
3ayUy CTPYX HEOOXOIUMO MPOBOAUTE TPEXMEPHOE MOIEIUPOBAHUE MPOIECCa, HO s
[EPBAYHOrO aHAJIM3a NAPAMETPOB CTPYH (HANPUMED, JABJEHUSA CTPYU HA MPErpajiy ),
MOZKHO PEIUTD 33739y B OCECHMMETPHIHOM MOCTAHOBKE.

Kpowme Toro, B 1omo6HBIX 331a9aX BAYKHBIM dBJISIETCS TIOIY9€HUE TOCTATOYHO TOU-
HOTO PEIIEeHUsT HA OTHOCUTEILHO TPpy00oii ceTke. s 3TOTO UCTOIB3YIOT METOIBI BBICO-
KOT'O TMOPSIIKA, TOYHOCTH, HO MIPU WX UCIOIB30BAHUN BO3HUKAET MPODeMa BBIMTPHIIIA,
BO BPEMEHM: PACYeT OJHOTrO I1ara 10 BPEMEHU MOMKeT ObITh BEChMA, JJIUTETBHBIM, YTO
B KOHEYHOM MTOTe MOXKET MPUBECTH K OOJIee MEIJIEHHOMY PEIIeHUIO TIOTHON 331291 10
CPABHEHHIO C UCIOIB30BAHUEM METOJA MEPBOTO-BTOPOrO MOPSIKa TOYHOCTH HA Bosee
IopoOHO# ceTke.

Jlannas pabora mocBsIeHa pa3paborke 3(HPEKTUBHON YUCTEHHON CXEMBI HA, OC-
HOBe paspbiHOro Merona Lamépruna (DG) ais MOIEIUPOBAHUS OCECHMMETPUYIHBIX
3ana4d. Panee asropamu ObLau npoBenenbl ucciaenopanns cxem RKDG ays ogaoMmep-
HBIX ¥ JIByMEPHbIX 33724 [1, 2], meMoHCTpUpYyIoNnHe CriocOGHOCTH METOA K PELIeHUIO
33/1a4 KK C TJIAJIKUM PEIIeHreM, TaK U C PEIICHUEM, COIEPIKAIIEM CUIIbHBIE PA3PBIBBL.
B pamkax mccaenoBanuii ObLI CO3MaH MPOTOTHUI MPOIPAMMHOTO KOMILIEKCA, HA, SI3bIKE
C++, B KOTOpOM ObLI PeaiM30BaH MOJIYJIb JIJIsl DEIIeHUsT OCECUMMETPUYHBIX 3a/a.

Peanm3oBannast uncienHas cxeMa ObLa TPOTECTHPOBAHA HA PsIe TECTOBBIX 3a-
Jlad, OCHOBAHHBIX HA OCHOBE 3KcrepuMeHToB NASA 10 nccie10BaHUI0 CBEPX3BYKOBBIX
crpyii [3]. [lokazaHo xopoliee COOTBETCTBUE € HKCIEPUMEHTOM B YaCTH MOJEJIUPOBA-
HUsT MepBbIX “00tuek” crpyit. Takske OBITIO TTPOBEEHO COMOCTABJIEHNE BPEMEHHN pacye-
TOB, TPOBEIEHHBIX ¢ UCnob3oBanreM nakera OpenFOAM u paspaborTaHHON CXeMbI,
¥ TOYHOCTh KAKJIOTO PACIETA.
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IIpoussonuTcss MOZEIMPOBAHUE PACIPOCTPAHEHUs] BOJIH B OUPAHMYEHHOHN cpeme C
YCJIOBHEM HM3JIy4eHUsl Ha OECKOHEYHOCTH. PaciupocTpaneHne BOJIH ONUCHLIBAETCS ypPaB-
HenueM LejibMIosibug

2

Lu=A -7 u= sy Ysy ~s
v= At g ey E)

B mapaJjuiesenuiese (pukcupoBaHHoro pasmepa L, X Ly x L,. 3gecs A — omneparop
Jlamnaca, w — yrmosag qactoTa, ¢(,y, z) — CKOPOCTh 3BYKa B cpene, [ — GyHKIms
nCTOYHUKa. Ha rpanure ob/JacTH MOCTAaBAECHO HYyJIEeBOe Kpaepoe ycimoBme mpwuxie.
[IpeanpunsThl ClieUATBHBIE MEPBI JJIsi YMEHBIIEHUs OTPAXKEHHH BOJIH OT IPAHMII.

JIJIst 9UCIEHHOTO PeIeHust KPAeBOil 3a,1a9Un TPOU3BOAUTCS €€ ATITPOKCUMAIINST PA3-
HOCTHOM cxemoii. B pesyabrare nomyuaercsa CJIAY Au = F ¢ pazpexeHHol MaTpuiiei
K03 DUIUEHTOB, [IJIsT PEIeHNsT KOTOPOM MCIIOIb3yeTCsl TEXHOJOTUS MPe 100y CIIaBIn-
Banwus. IIpemobyciaBanBaTesab BO3bMEM B BHIE

w2

3aecy dyurmusa co(x, z) Beibupaerca 6imskoil K ucxomnoil dyukmmm ¢(z,y, z). Ome-
parop L npexcrasisercsa Kak Bo3myluenue oneparopa Lo, . e. L = Ly — 6 L. Toraa
UCXOTHAS 3a7a4a CBOAUTCA K PEIIeHIO IBYyX ypaBHEHMIt

(I —SLLyYu = f,u= Ly'w,

epBOe W3 KOTOPBIX Oymer permarbcs ureparuonabiM merogom GMRES.

ITpumenenne oneparopa L ! K 1pou3BOIBHOMY BEKTODY U BBIIOJIHSETCS IIyTEM
[IOHM2KEHMsI PA3MEPHOCTH C IIOMOLILI0 1peobpasoBanusa Pypbe, KOTOPOE HPUMEHSET-
cd BJIOJIb HAIIPABJICHUS Y K (PYHKIIHUSAM PEIIeHNs CUCTEeMBI u U mpaBoil wactu f. dia
9KOHOMUH BEIYUCIUTETLHBIX PECYPCOB U TIOBBINIEHUS CKOPOCTH ODOPAIIEHNS OTEPATOPA,
Ly mpemyiaraercst almpoOKCHMAPOBATEH BHEINATOHAJILHBIE OJIOKY Pa3perKeHHON MaTpy-
IBI CUCTEMBI C ITOMOIIBIO TexHonorun cxkarusg nanaerx HODLR.

Nnesa anropurma Gblia 3aumcrBoBana B crarbe [1]. Orinang 3akiodanoTcsd B npu-
MEHEHHUH OJIHOMEPHOIo Iipeobpaszopatus @ypbe BMECTO [BYMEPHOIO AJ1s JaJIbHEAIIero
pemenus cepur CJIAY Gosbineii pasMepHOCTH ¢ HCIOIL30BAHNEM TEXHOIOTUN CAKATUS
JAHHBIX C IEJIBI0 MOIYyYeHUs Jydiieil TPOn3BOAUTETLHOCTH.
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IIycth €2 — orpannyenHas o6aacTb npocrpancTBa R mepeMeHHBIX X1, T2, - - ., Ty C
I8 JKoi KoMImakTHOH rpaanueii I' = 0. B nummuapudeckoii obmacta Q = Q x (0,7T),
S=Tx(0,T),0<T < +o00, paccmorpum aucbdepeHInaabHbIi onepaTop

Lu= (—1)’DPu+ Au—Iu = f(z,t), €, te(0,T), (1)

roe D, = %, A — oneparop Jlammaca, A — nelicrBurenbublii napamerp, f(z,t) —
3agaHHas PYHKIASI.

Kpaesas samaua I, . TpeGyerca najitu pewenue u(z,t) ypasuenns (1) B 06na-
ctu () Takoe, UTO

u(z,t)[s =0, (2)
DFu(z,t)|i—0 =0, k=m,....,m+p, z€Q, (3)
DFu(z,t)|=r =0, k=m+1,....m+p—1, z€Q. (4)

ITocranoBka KpaeBbix 3a/a4 jild Takux oneparopos (1) Buepsbie Gbuia MPeJIO-
xkena B. H. Bparoseim [1, 2. Jasnbueiiuue uccseaoBanus s 110400HbIX OLIEPATOPOB
cBsizaHbl ¢ paboramu [3-6]. OmMHUM M3 OCHOBHBIX YCJOBHN KOPPEKTHOCTHM B 3THX Da-
6oTax OBLIO YCJIOBHE HEOTPUIIATETBHOCTH TAPAMETPA .

B nannoit pabore OyayT mpoaHaIU3UPOBAHBI CIy9Yand HEOTPUTIATEIBHOCTH W TIOJIO-
JKUTEIBHOCTH napaMeTpoB A. Byner rakxke s0ka3ano, 4ro ogHopoatas 3auaqa (1)—(4)
UMeeT JIMHeHHO He3aBucuMble pernennsd. OODBIYHO ITO HE MMEeT MeCTa i runepbo-
JITIECKOTO OTIEPATOPA.

PaboTa BeImostHeHA TIpU TOAAEep:kKe Poccuiickoro ¢ouma dyHmaMmeHTaIbHBIX UCCIEI0BA
muit (mpoext Ne 18-51-41009) u rpanra AP 05135319 MOH PK.
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152



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

OB OTHOI MOJNP®UKAITNN
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OpauM u3 Hawbosee yIOOHBIX W YHUBEPCAJIbHBIX YHCJIEHHBIX METOMIOB PEIIeHUsT
33,189 ra30BOil NMHAMUKH sBJsSeTcs Merof, KpynHbix udactur [1] (MKY), ucnoassy-
TOIIWH TIPUHIINI paciieriennsa mo ¢pusndeckum nporeccam. MKY umeer mocraroano
MPOCTOM aJrOPUTM, UTO ONPEIENUJIO €ro MHUPOKoe pachpocTpanenue. QOnHaKO mpu
MAaTEMATUYIECKOM MOJIEJIUPOBAHUK TEeYeHHH C OOJbIINMH PAJUEHTAMU [1APAMETPOB
[PUXOAUTCST BBOAUTL “HCKYCCTBEHHYIO” BA3KOCTD [1, 2] M CHEIKATH CETOUHOE TUHCIO
Kypanra. B mocsemane rofpt nosisuuchk Hosble Mogudukanmn MKY, vampumep [3],
MPU3BAHHBIE TIOBBICHTH YCTOWYHUBOCTH PACYETOB 3329 BOJMHOBON auHamMuku. OTHAKO
9TH MOAU(DUKAIINN HE TIO3BOIAIOT YCTPAHUTH OCHOBHOM Hemoctatok MKY — Heycroii-
YUBBIH CYET YAAPHBIX BOJIH B O0JIACTAX HYJIEBBIX CKOPOCTEN.

Hnst moswrmenus ycroitunsoctu cueta MKY B 30Hax HysmeBoit CKOpOCTH B JAHHOM
paboTe ObLIA TPENIOKEHa, CIenyomas Moqudukanus Merona. Ha siiseposom 3tarme
JJIsT OIpeIIeIeHNs JABJIEHNs U CKOPOCTH Ha, IPAHUIAX S9€eK B 30HAX CXKATHUS CJIEAYEeT
MCIIOJB30BATh COOTHOINEHUsT Ha YAAPHON BoOsHE, Mo aHajorun ¢ meromoMm B. ®. Ky-
ponaresko [4]. OcranbHble 3HAYEHUA SIIEPOBONO ITANA ONPEIEIAIOTCH COMIACHO [3].
JlarpamxkeB 1 3aKTIOYUTENBHBIN 3TAIbl TPOBOAATCA aHasorndHo 6azosomy MKY.

st BepudbuKaIuy IpeIIoKEeHHON MOMMPUKAIINN OBLIN PEIeHbl CIeIYOIINe MO-
JeJTbHBbIE 331a9M: PAcUeT PACHa/ia MPOU3BOJIBHOIO PA3phiBa, & TAKYKe PACIPOCTPAHEe-
HHE CTAIMOHAPHON yIapHON BOJIHBI C OTPAYKEHUEM OT KECTKO# cTeHKH. IlomydeHHbIe
pe3ysnbrarhl cpaBHUBAJIUCH ¢ paboramu [2, 3]. Ilpu pemenun 3azauu o6 orpazkeHun
CTAlMOHAPHOM yAAPHOI BOJIHBL OT KeCTKON crenku moxuduiupoBanabim MK [3]
BO3HUKAOT CHJIbHBIE octmuianuu 3a ¢ppoutom Y B. Ilpu ucnonb3oBannu nceBnoBsas-
KOCTH, TpeJioxKeHHON B pafore [2], ocrmsisdnum racstes. OmHAKO, HCIOIB30BAHIE
MICEBIOBA3KOCTY TPebyeT moad0pa SMIUPUIECKNX KOHCTAHT JJTsi KAXK/I0M KOHKPETHOMN
pemraemoit 3amagu. Ha srom ¢done 6osiee yHHBEPCATBLHON SIBIAIETCA MPEIJIOKEHHAS B
JaHHON pabore MOmuMUKAINA C PACIETOM NMPEIBAPUTEIbHBIX 3HAUEHUH YMIEPOBOTO
STana Ha yIZapHO# BosiHe m3 coorHomienuii [toronno [4]. B stom ciayuae Her HeoO-
XOAUMOCTH TIOAOUPATH IMIUPUIECKHE KOHCTAHTHI. OTMETHM, UTO TPEJIOKEHHAS B
mauHOi pabore momubukaimsas MKY mo3Boisger mogydars yCTONYIWBBIE PACUETHI IPU
bompmux unciaax Kypanra: mo K = 2 g1 pemreHHbIX 33Jad, 9TO ABIAETCA OO0Nb-
UM TIPEUMYIITECTBOM JAHHON MOAMMUKAIINN TIPU PeleHnn OoJiee CIO0KHBIX 3334,
Tpedyromux OONBINX BPEMEHHBIX 3aTPAT II0 BPEMEHH.
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Cornpsi>KeHHBIE 331a91 THIPOYIPYTOCTH BO3SHUKAKT BO MHOTMX WHXKEHEPHBIX TIPU-
JIOXKEHUSX, IPU ITOM He BCET/Ia MOXKHO OIPAHUYUTHLCS YIIPOIEHHBIMY MOJIETSIMU, Ha-
MpUMEP, PACIETOM MPUCOEIUHEHHBIX MACC MU UCHOIB30BATH CTAIIMOHAPHBIE A3PO/TH-
HaMHAIEeCKHEe KOI(POUIMEHTHI 00TeKaeMbIX Tes. 1Ipr CyIecTBeHHO HECTAIIMOHAPHBIX
PERUMAX TEYEHHUsI, COIPOBOK IAIOMINXCS HHTEHCUBHBIM BUXPEOOPA30BAHUEM, HEODXO-
JIMO TIPSIMOE MOJIEJTUPOBAHNE TEeYEHHsT U pacdeT JefCTBYIONINX HA 00TeKaeMyio To-
BEPXHOCTh THAPOAMHAMAIECKUX HATPY30K.

3aa4n BEIYUCTATETBHOM THAPOJINHAMUKHI CJIOKHBI C BBIYUCTUTETHHON TOYKY 3pe-
HUs, TOITOMY MOUCK S9KOHOMUYHBIX METOIOB PACUYeTa MUAPOAUHAMUYIECKUX HATPY30K U
pa3paboTka WX HMPOrPAMMHBIX PEAUBAINN ABJSIIOTCA AKTYAJIbHBIMUA HAIPABICHUAMU
uccaenoBanuii. B psme ciydaes mMoryT ObITh 3h@dEKTUBHBIMU OECCETOUHBIE JIATPAH-
JKEBBI BUXPEBbIe METOAbL. Biarojaps mepexony OT NepeMeHHBIX CKOPOCTb-IaBIEHUE
K 3aBUXPEHHOCTH, BHIYUCIUTEbHBIE PECYPCHI B BUXPEBBIX METOIAX ‘COCPEIOTOUYEHb!
B CPaBHUTEIBHO HEOOMBINOH obIacTn TedeHnsi — BOJM3H 00TeKaeMoro mpoduiad U B
00JIACTH BUXPEBOTO CJIEIA.

Apropamu paspaboran nmporpamMHBIi Kommiieke VM2D [1] ¢ oTKpBITBIM HCXOZI-
HBIM KOJIOM, TIO3BOJISIONINI PEIATh PA3IUIHBIE 33Ia91 THIDOIUHAMUKI, B TOM YUCTIE
3a/1a9¥ THAPOYIPYTOCTH BUXPEBBIME METONaMU. B OCHOBE KOMIIJIEKCA JIEXKUT METO
BSI3KMX BUXPEBBIX JOMEHOB [2] u coberBentbie pazpaborku aBropos. IIporpammubiii
KOMILTEKC HAMUCaH HA s13biKe C++, UMeeT MOAYIbHYIO CTPYKTYDY U ABISIETCI KPOCC-
wiardopmerabiM. B VM2D peasnnzoBanbl ajaropurMbl 1apasljIEIbHBIX BbIYUCIEHUE
masg 9BM ¢ obmeit namsarsio (OpenMP), kinacrepos (MPI), rpadudeckux yckopu-
reneit (CUDA), a Tak:Ke MMeercs BO3MOXKHOCTH WX COBMECTHOIO UCIO/Ib30BAHHUS.
Bo3moxkHO MOmenupoBaHrE BHENMTHErO OOTEKAHWS HEMOABUMKHBIX WJIW IBUXKYITUXCS
(Bpammaroruuxcsi, kosebiomuxcs) npodusieil, HEKOTOPBIX BHYTPEHHUX TeYeHuii, pac-
YeT TUAPOUHAMUYIECKUX HATPY3O0K, MEHCTBYIONINX HA 00TeKaeMble MPOoMuIn, a TAKKe
pacueT JaBJeHus U CKOPOCTel B 00JIaCTH TEeUeHUs.

DKOHOMUYHOCTb DECCETOUHBIX BUXPEBBIX METOJIOB B COBOKYITHOCTH C DEATTHM30BAH-
HBIMH BBIYHCUTEHHBIME AJTOPUTMAMHU JIEA€T UCIOJIb30BaAHUE MPOIPAMMHOIO KOM-
wrekca VM2D nyia HeKOTOphIX KaccoB 331a4 3¢hDEKTUBHON aIbTEPHATHBOMN IMTUPOKO
HCIOJIB3YEMBIM MTPOTPAMMHBIM MMTAKETAM, PEAJTU3YIONUM CETOUHBIE METO/IBI.

Pa6oTra BeImoTHEHA TP TTOIEep:kKe Poccuiickoro ¢ouma dyHmaMeHTaIbHBIX UCCIEI0BA
muit (mpoext Ne 18-31-00245).
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O CYIIECTBOBAHNN I'NIOBAJIbHO OIIPEJIEJIEHHBIX
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Pa3rooOpasHbie TEXHOIOrHIeCKHUE TPOIECCH TPOTEKAKT C YIYACTHEM MHOTOKOMIIO-
HEHTHBIX XUMUYIECKU AKTUBHBIX TIOTOKOB, U TIOTOMY CYIIIECTBYET TOTPEOHOCTh UCCIIe-
JOBaHUSA MATEMATUYECKOH CTPYKTYPBI U CBOMCTB DeIeHN COOTBETCTBYIOIIUX yDaB-
HEHU.

i1 onucanus ABUXKEHUS MHOTOKOMIIOHEHTHON XMMHUYECKHM PEarupyromeil CMecu
CKMMAEMbIX BA3KUX KuUJKocTell (ra3oB) B OOIIEM CIOydae UCIOJB3YeTCs IOJHAs CH-
crema ypapuenuit HaBbe — CToKca, A0ONOMHEHHAST ypaBHEHUAMU peaknun-auddysnn
[1-3]. Dra cucrema ypaBHeHWH BhIpaxkaeT (U3NYECKHUE 3AKOHBI COXPAHEHUS MACCHI,
MMITYJIBCA, TIOJTHON IHEPTUU CMECH, & TakxKe OaIaHCa MACC KOMIOHEHTOB.

Pezynbrarsr 0 cBOiCTBAX MATEMaTUIeCKUX MOJE/EH TAKWX CMeECeil B HACTOSIIEe
BpeMsd CHJIBHO HE JIOTATHBAIOT A0 PE3yAbTaTOB, HOJYYEeHHBIX I KJIaCCUYECKOH MO-
nesin Hapbe—CToKCa BA3KON C2KUMAEMOM 2KUAKOCTH U MOJEeH MHOIOCKOPOCTHOI cMe-
cu [4]. Paborst [5, 6] comepKaT oTaesbHBIE PE3YIBTATHL HA ITY TEMY.

B mokname npemamosiaraeTcs mpeICcTaBUTh PE3YABTATH O CYIIECTBOBAHUN TI00AB-
HO OIIPEIeJIEHHBIX ODODIIEHHBIX DEeHNi HAYAIHHO-KPAEBON 33Ja9u IJIs CHUCTEMBbI
ypaBHEHHH OMHAPHON XUMUYIECKH PEArHPYIOMe CMECH BSI3KUX CXKUMAEMBIX KU KO-
creil B ciiydae JIBYMEPHOI'O JIBUKEHUA.
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Ha skcnepumenransioMm crerge Beam of Electrons for materials Test Applications
(BETA), coznannoro 8 USA® CO PAH, nosydeHbl HOBbIE PE3YJILTATHI HAIPEBA BOJIb-
dbpamopoii TacTHHBL TOJ, mEficTBEEM Ha Hee 3JeKTpoHHOro myuka [1]. HarypHsrii
9KCIIEPUMEHT [TOCTOSHHO COIIPOBOXK/IAETCS YUCIeHHBIM [2]. Momenb ncnapeHust BOJIb-
dpama ocHoBaHa Ha pemreHuE B obmacTu obpasia aByxdasznoii 3agaun Credana misa
TEMIIEPATYPHI U YPABHEHUI JIEKTPOAMHAMUKK, HA DeIleHnn B obsactu Has obpas-
IIOM ypaBHEHHI ra3oBoil nuHaMuUKU. B mamHON paboTe paccMaTpHBAETCS YaCTHBIA
caydail, KOrma ypaBHEHWsS Ha MOJsS W TOKM BBIMUCAHBI IJid 00pa3rna Boibdpama B
AJIMHIPUYECKOi crucTeMe KoopawHar. [lpennogaraercs, 9To XapakTepHOe BpeMs h3-
MEHEHHUS BEJUKO MO CPABHEHUIO CO BPEMEHEM YCTAHOBJIEHWS PABHOBECHS ypPAaBHEHWUIA
JEKTPOAMHAMUKHN. Y YUTHIBAETCs, 9TO B METAJJIAX 3aPs HE HAKAILUIMBAETCS B O0b-
éMe ¥ BBIIIOJIHEHO yCJIOBUE KBa3uHeHTpasibHOCTU. DOsIbioe BiinsiHNEe HA PElleHne 3a-
Jadu OKA3BIBAIOT PA3PBIBHBIE HEJTUHEHHBIE IO BPEMEHU U MPOCTPAHCTBY I'PAHUYHBIE
VCJIOBUSI, OMUCHIBAIOINIAE HATPEB U UCIApPEHNe MATEPUAJIA. JKCIEPUMEHTATLHOE 00HA-
pPy?KeHHe [apaJliesbHbIX ITOBEPXHOCTH TPEIIMH Ha cpe3ax 00pasIoB [1ocJie 00y YeHHs
MIPUBENIO K TPEIIOJOXKEHUIO, 9TO PAJTOM C TPENMHAMHK ITPOUCXOINT MEPETPEB MaTe-
prasa u3-3a 0C/IabJIEHHOrO HAJUYUEM [APAJIIESBHBIX MTOBEPXHOCTH TPEIIWH OTBOIA
Temna. JIj1s mpoBepKM 3TOH TUMOTE3HI MPOBEAEH PACUET PACITPOCTPAHEHUs TETLIa OT
HarpeBaeMoil MOBEPXHOCTH B MaTepUAJe ¢ MPEmsaTCTBUSME i TEIIOOTBOIA B BU-
Jie rpemiyd [3]. [eapio necrenoBaHust SBISETCS MOJEIUPOBAHNE SPO3HN [TOBEPXHOCTH
obpasna B pe3yabTaTe NCIAPEHUs U MPOHUKHOBEHHUS TEIJIOBOI0 MOTOKA BIIIyOb MaTe-
puasia ¢ y4eroM HeonHopoaHocreil (Mmukporpemun). IIpakTudeckasd HanpaBiIeHHOCTD
paboThl TpedyeT, YTOOBI MOCTAHOBKA MOIEJNBHOM 331349l KAK MOXKHO TOYHO COOTBET-
CTBOBAaJIa YCJOBUSAM IKCIEpUMEHTA. V3BeCTHBIE PE3YIBTATHI U MAKETHI MPOTPAMM He
MOrYT ObITh HCIOJIb30BAHBI M3-38, CIEIU(MUIHOCTY IOCTAHOBKY 331291 (JIMANA30H TEM-
[epaTyp ¥ JABJIEHHH, IPOCTPAHCTBEHHAS U BDEMEHHAs [KaJja). Pe3yjbrarsl pacueros
KODPPEUPYIOT C SKCIIEPUMEHTAIbHBIMY JTAHHBIMHE, IOy YEHHBIMHI HA SKCIIEPUMEHTAb-
nom creage BETA s NA® CO PAH.

Pafora BBITIONTHEHA, B paMKax rocyaapcrsenroro samaana UBMuMID' CO PAH (mpoekt
Ne 0315-2016-0009).
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B nmammoit paboTe paccMaTPUBAETCS MATEMATHYECKAS MOJIE/Ib, OTMCHIBAOIIAS -
HAMUKY DeaKINU OKMCJIeHNs MOHOOKCHUIA YIJIEPOa Ha MAJJIaIUeBbIX KaTaJIu3aTopax
B KacKaJe pPeaKTOPOB HAECAJLHOTO cMernrennsa. PaccmaTrpuBaeMas MOJETD SIBJSETCS
CUCTEMOH HeJMHEHHBIX 0ObIKHOBEHHBIX Jud dbepeHnnanibubix ypapaenuit [1]:

dxm dpP™ 7\ !
&2 R(X™, P K(T)), 7:(7) PPl Py aG(X™, PP T, (1
= @), = (%) ) — aG( ) ()
rme n =1,..., N — HOMep peKTOpa B KACKAJIE.

B pabote npoBouTCS aHAIN3 CTAIMOHAPHBIX U OCHMJIIUPYIONIUX PEIIeHni cucTe-
mbl (1). Tlpu 3rom yuurbiBaeTcd, 9To ecid 1 > 1, TO COOTBETCTBYIOIIAS CUCTEMA
He SBJISIETCH ABTOHOMHON M CONEDYKUT BHEIHEEe BO3/EHCTBHE, BBIPAXKEHHOE CIIarae-
mpiv P~ 1(t). B wacrHOCTH, paccMaTpuBaercs CIy4ail, KOIaa 1Py HEKOTOPOM 1 = n*
dbyHKIHS P"*’l(t) SABIAETCS TIEPUOIUIECKON, TOT/Ia TIPU YBEJIWYEHUN N > n* B CH-
creme (1) Opu HEKOTOPHIX 3HAYECHUAX [APAMETPOB 3aPOXKIAIOTCS HEPETy/ISPHBIE KO-
JiebaHus.

Kpowme toro, paccmarpuBaerca caydail, KOTJa MOBEPXHOCTh KATAINA3ATOPA, MOXKET
PEKOHCTPYHUPOBATHCS B YCIOBUAX XUMUYECKONW DPEAKIIUU. DTO BBIPAKAETCS B CKad-
KooOpasHoMm mamenennn mapamerpos k(T). Torma cucrema (1) siBIsieTcst AUCKPETHO-
HEMPEPBLIBHOM, U OMUCHIBAET OOPATHBIN TMCTEPE3UC HA KPUBBIX 3aBUCUMOCTY CTEIEHU
MIPEBPAIeHNs MOHOOKCH A, yTiepoaa or Temmeparypst 1. [lpu aTom Temmeparypa ka-
TAJIU3aTOPA KAK TapaMerp yIPAaBJIEHUs W3MEHSETCH B ITOCTATOYHO ITUPOKOM HHTEP-
Basie. IIpu obparnom rucrepesuce (rucrepesuc “HpoOTHB 4acOBOH CTPENKH”) CKOPOCThb
peakuuu [IpU HAPEBE Bblllle CKOPOCTU Peaklyu 1Py oxJjazxjeHuu [2, 3].

Pabora BbImosiHeHa B paMkax roc. 3amauus uacruryra karammsa nM. . K. Bopeckosa
CO PAH (mpoextot AAAA-A17-117041710084-2, AAAA-A17-117041710076-7) m acturyTa
maremaruku uM. C.JI. Co6onesa CO PAH (mpoekt 1.1.5.3).
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st pacdera BUXPEBOTO BJIUSHUS TPU MOJETUPOBAHWY JIBYMEDHBIX TEUEHUI He-
CKMMAEMOI CPeJibl, & TAKKE BHIYUCIEHNS THAPOIMHAMUIECKUX HATPY30K, TeHCTBYIO-
muX Ha oOTeKaeMble TpoduiIn, MOTYT 3P (MEKTUBHO MPUMEHITHCS JArPAHKEBbI BUX-
peBbie MeTobl. OHE MO3BOIAI0T N30EKATH HEOOXOIMMOCTH MEPECTPOEHUs CETKHU Ha
KaXKJIOM IIIare 0 BPEMEHH IIPU MOJEJMPOBAHUN OOTEKAHUS MOIBUKHBIX Hid Jedop-
MHUPYeMbIX MTpodueil, He TPeOYIOT UCKYCCTBEHHOTO OrPAHUYEHUST PACUETHOIN 00IacTh
MIPY MOJEJTUPOBAHUN BHEITHUX TEYEHUH, 8 TAKXKE UMEIOT MAJIYI0 CXeMHYI0 BSI3KOCTH U
TTO3BOJISIIOT PEIIATh aKTYAJbHBIE /IS MTPAKTUYECKUX TPUIOKEHUN 33a91 C MEHBIIIH-
MU 3aTPATAMU BBIYUCIUTEIBHBIX PECYPCOB 110 CPABHEHHUIO C CETOYHBIMU METOIAMHU.
[MepBuuHoit pacueTHON BEJMYUHON B BHUXPEBBIX METOIAX SIBJILAETCHI 3aBUXPEHHOCTH
Q(F), 3HAHWE DACIPeIesIeHNsT KOTOPOi MO3BOJISIET BOCCTAHOBUTH IOJIE CKOPOCTEH C
TIOMOIILI0 3aKkoHa bruo — Casapa

—

x (F=¢§)
————=dS
V= / 27| — €2 et

Pacnipeesienue 3aBUXPEHHOCTH MOJEMUPYETCS TOYEYHBIMU BHUXDSMU (BUXPEBBIMU
JIEMEHTAMU ), BBIYKUCJIEHUE UX CKOPOCTEH TpebyeT yvera B3aUMHBIX BJIUSHUA MeEXK-
JIy BCEMU MapaMH BUXPEBBIX HJIEMEHTOB, UTO 0 BBIYUCIUTEIHHON CI0KHOCTH aHAJIO-
TUYHO PEIIeHUI0 IPpaBUTAMOHHON 3amadu N Ten. B nanHoit pabore mpeacTaBiaeHbl 1
pean30BaHbl ABA OBICTPBIX METOA, NMEIIINX JIOTAPUMMUIECKY IO BIUUCIATENHHYIO
caoxuoctb O(N log N), rme N — 49uC/I0 BUXPEBBIX 3JIEMEHTOB.

ITepBbrit MeTo/ mpe/icTaBisieT cobOi aalTAINIO K BUXPEBbIM MeTonaM [1] n3sect-
Horo merona bapmca — Xara. Ij1a HEro mocTpoeHb! OIEHKN BBIYUCAUTEILHON CI0XK-
HOCTH, UCCJIEJOBAHBI TOYHOCTh W BPEMs BBIYHUCICHUI B 3aBUCHMOCTH OT [IAPAMETPOB
METO/Ia, & TAKYKe MPEeIOKEHbI TTapaJIeTbHbIe PeaTn3alui.

Bropoit Meronm ocHoBaH Ha pereHuu BCIOMOTaTeabHON 3agaquu [lyaccona mus
dbyHKIME TOKA ¢ TOMOIIIBIO GbIcTPOro mpeobpasopanus Oypoe [2]. Lyist HErO TakKe 1m0~
CTPOEHBI OIEHKH BBIYUCIUTETBHON CIOXKHOCTH, UCCIEIOBAHBI 3aBUCAMOCTH TOYHOCTH
¥ MPOW3BOIUTEIBHOCTH OT YHCIIA BUXPEBBIX JIEMEHTOB U PA3MeEpa CeTKU, MPUBEIEHBI
PE3YJIBTATHI BPEMEHU PACYETOB JIJIs1 APAJIETbHBIX PEATU3AIUI METOIA, B TOM TUCJIE
AIaNTUPOBAHHON /i pAcYeTa HA rpadUIECKUX KAPTAX.

ObGa MeToma TpU ONTUMAJBHBIX MapaMerpax O0eCIeYHBAIOT MPUEMJIEMYIO JJIsi
IpaKTUHeCKUX Iesieil morpemHocth nopsaka 6 = 0.2%, npu 3ToM MeTOoZ, Ha OCHO-
Be BII® obecrneunBaer cyiecTBeHHO 00Jiee BHICOKYIO ITPON3BOINTEILHOCTD.

Pafora Beinonnena npu noguaepxkke rpanra POOU (npoexrt Ne 18-31-20051).
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PaccMaTpuBaercs 3a1a4a annpokcuManuy ceTounoi ¢yukimuu € RY permenns-

MHE 2 = [215...;2n5] € RY 0aHOPOIHOrO PasHOCTHOTO ypaBHEHHA C BEIIeCTBEHHBIMM
KO3 dumenTaMm: MOAOUPAIOTCA HAYATIBHBIE YCIOBHA 21, ...,%, U KOIDDHUIMEHTHI
Y05 -+ - Yn—1 C HEAbI0 MUHUMH3aIMA GyHKUHOHAA J = (x — 2)  (z — 2) npu ycnosun

Yozk +Y12k+1 + -+ - + YnZk4n = 0, k = 1, N — n. K 370i1 3a1a9e CBOAUTCST M3BECTHBIN
B JATEpAType MOAMMDUIMPOBAHHLIA MeTos [IpoHn 171 BBIIEICHUS 3KCIOHEHT W 3a-
TYXaIOIUX CHHYCOM/T 13 Habmoaenuit [1, 3, 4]. ®yHkImoHaT J OTINIAETCS CIOKHBIM
XapakTepoM U30moBepxHocTel [4].

Munumusamus J 10 21, . . ., 2, OPUBOIMT K BbIpazkenuto [2, 5] J = v VI CVx,

Yo v1 ... 1 0 L1 ... Tpgl
. . —1 .
Y= Do meri 1], €= (GT6) vGT:[ e S ]
0 Yo v1 ... 1 TN-n -« TN

Iycrs A (Q) m p1(Q) — MUHIMATBEHOE COOCTBEHHOE YMCIIO W COOTBETCTBYIOMU COB-
crBenHbiii BekTop Marpuupl Q = V' CV. Ilpesnonaraerca, uro umcno A;(Q) —
Hekparnoe (ycmosue monHOTH Habmozenus x). Aaropurm [1]: Ypt1) = P1(Q(Vk))),

k = 0. Anropurwm [2]: Ygqy = T/lI7Il, T = (Q(’y[k]))flfy[k}], k > 0. Iycrs po(B) —

V=

COOCTBEHHBIN BEeKTOp Marpunbl B(y) = (Q—LTL), COOTBETCTRYIOIINH COOCTBEH-
I IN—n 0

HOMy 9HCIy ¢ HamMeHbimmM moxyiaeM, J' = B(y)y, LT = [ .. .. 1,
0 i .. IN—n

(l1;...;lN—n] = CVvy — Bexrop muoxureneii Jlarpamxa. Amroputm [3]: Y1) =
po(B(vw)), k = 0.

B noknaze B NpeAnooKeHu MajIoCcTi omubok Hab/oaenuii v min J < ||z|| npex-
CTaBJIEHBI YCJIOBHS TI00aJIBHON CXOANMOCTH aJTOPUTMOB [1, 2] B MaJIyt0 OKPECTHOCTH
106aJIbHOr0 MUHEMYMa J ¥ yCJIOBHA HOJIYJIOKAJIBHON CXOAMMOCTH ajaropurMa [3] K
TOYKAM JIOKAABHOrO MuHMMYyMa. [lojydeHbl OlEHKU TOYHOCTH ajropurmos [1, 2| B
3aBUCHAMOCTHU OT YPOBHs BO3MyIeHuil v/ min J. TIpuBeseHn 9KCIIEpUMEHTAIBHBIE De-
3y/IbLTATH [0 CXOOUMOCTH AIrOpuTMOB [1-3] B ycnoBusax TeopeM [5] u mpu Gosbmimx
BO3MYIIEHUSIX.

Pa6ora BeimoHena mpu moaaep:xkke Poccuiickoro douma dyHmaMeHTaIbHBIX HNCCIET0BA
uuit (npoext Ne 19-01-00754).
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HEKOTOPBIE SKCTPEMAJIbHBIE 3AJTAY,
CBOJAIIINECH K 3AIAYE TUITA KAPJIEMAHA
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YpasHeHWe IITABHOTO TIepexo/ia, Brepeble Beeaernoe FO. 1. Yepckum [1], comurest
K Kpaesoii 3aade Kapmemana teopun anamurndeckux GyHkiuii. Merom kordopmHO-
IO CKJIEMBAHUSI TMO3BOJSIET CBECTH €€ K IKBUBAJIEHTHON 3amade Pumana u TeM cambiM
MOy YUTh PelieHne B KBaaparypax. [Ipu HEKOTOPHIX JTOMOJTHUTETBHBIX MPEAIOIOMKE-
HusgX pemierue 3ajaau Kapiemana /i og0chl HAXOAUTCS METOIOM (haKTOPU3AIHH.
MuoroanemenTHble 3ana4dn Kapsemana momyckaiT pelenne B KBaApaTypax TOJbKO
B YACTHBIX caydasx [1-3].

B pabore paccMaTpuBAOTCA HEKOTOPBIE 33Ia49U HA YCJIOBHBIH IKCTPEMYM, CBOJIdA-
muecd K KpaeBbiM 3a7adam Tuma Kapiaemana. Hanpuwmep, 3ajaqu Buga

B
/|(I)(:L‘ +iy)|?dy — inf, A®(z) - G(xr) =0, xR,

st uckombix dyakmmit D(z), aramurnaecknx B nomoce o < Imz < S.

C nowmomisio anasoros ¢opmyn 0. B. Coxonkoro ycraHaBIMBaeTcsi CBA3b WHTE-
IPATbHBIX ypaBHeHWil Tna cBepTKH n 3ama4 tuna Kapaemana [4, 5]. DrcrpemanbHbie
38/Ia9U UCTIOIB3YIOTCS TaK¥Ke JJis TPUOIMKEHHOIO pereHus 3a1ad (haKTOPU3AIIN,
npubJIHKEHHOTO perenns: 000DIEeHHBIX 3a0ad Tuia KapemaHa u COOTBETCTBYIONTUX
UM HHTErpaJbHBIX yPABHEHUH TUIA TIJIABHOTO MEPEX0/Ia.
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Ne 19. C. 129-144.

4. Jlykpsaaeako B. A. lurerpajbHble ypaBHEHUS U KPaeBble 339U i (DYHKIWIA OT IBYX
nepemennsix // Junammdeckue cucremsr. 2014. T. 4 (32), N 1-2. C. 143-152.

5. JIykpanenko B. A. Anpanorun dopmyn Coxouxoro m mx npunoxenus // Maremarnka,
nadOpMaATHKA, KOMIBIOTEPHBIE HAYKY, MOJEINPOBAHNE, 00pa30BaHue: COOPHNK HAYTHBIX
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Cunmdeporonn: UTT Kopramenko A. A.; 2017. C. 75-80.
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O INMPPEPEHIIMAJIbBHBIX OITEPATOPAX,
ITOPO2K AKX I'MITEPBOJINMYECKUNE CUCTEMBI
C KOHEYHBIM BPEMEHEM CTABUJIN3AIINN

JIrvonpko H. A.12
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Jljist TuHEeiHOM aBTOHOMHON TUTTEPOOTNIECKON CHCTEMBI PACCMOTPUM B MTOJIYITION0-
cell = {(z,t): 0 <z <1,t>0} cMemanuyo 3amady

d

Eu(t) = Au(t), u(0) € L*(0,1) (0 <t < c0), (1)
rae u = (uq,...,U,) — N-MepHas BeKTOP-QyHKIud, 1 > 2, u
A:L*0,1) — L*(0,1) : (Au) (z) = —a(z)uy + b(x)u,

D(A) = {u € L*(0,1) : u, € L*(0,1), tin = Py}

3nech a, b € C1[0, 1] — amaronasbHBIE MATPHIILI PA3MEPHOCTH 7 X 10, TPH 3TOM HepBbIe
M 3JIEMEHTOB MATPUIIBL @ TIOJIOKUTEIbHBL, 8 OCTaIbHbIE — OTpunaTebHbl, 0 < m < n.
IMocrosinnas marpuna P 3agaer s 3aga4qu (1) rpaHUYHBIE YCJIOBUS OTPAXKEHMUS, TJ1€
Uin, = (u1(0), ..+, Um(0), U1 (1), ..., un (1)), Uour = (u1(1), ... Um (1), Ume1(0), ...,
un(0)).

Nzgecrro [1], uro 3amada (1) KOPPEKTHA W ITPHU HEKOTOPBIX TPAHHIHBIX YCIOBUAX
ABJISIETCS C6EPTYCmMotuu6ol, T. €. BCe pelleHus IToi 3a1auu yObIBalOT ObICTpee IKC-
noHeHTh! B J060it crenenu [2]. UccnenoBanue cnekTpa u pe3obBeHTHI oneparopa A
MO3BOJISET JOKA3ATH CJIEIYIONIAE TEOPEMBI.

Teopema 1. 3azaqa (1) cBepxycrofiynBa < Korga oHa 00/1a1a€T KOHEYHBIM BPE-
MeHeM CTaOHAN3AIUH BCeX DPEINeHUit K HyIo (OpHYeM 9TO BpEMs He 3aBHCHT OT Ha-
gaababIX JaHHbX u(0)).

Teopema 2. 3azaua (1) cBepxycroiiunba < Koria crexkTp oneparopa A mycroii.

Teopema 3. 3azada (1) ceepxycrofiympa ajas oObIX MaTpui o O b < Korza
MaTPHIEA, COCTABJIEHHAS H3 aOCOMIOTHBIX 3HA4E€HHil Marpunpl P, apasercs Hmibno-
TEHTHOI.

Kaxk nokasano B [1], runep6oauyeckie CUCTEMBI, KOTODBIE SBJISIOTCS BO3MYITEH-
HBIMH K pachasimmcs cucreMam (1) U MMeroT BUJ

du + a(x)dpu = (b(x) + b(x,t))u, (z,t) €I,

e b — MaTpuIa pasMepHOCTH 1. X 11, 00IaIAI0T PAIOM BaJKHBIX CBOHCTB, €C/I 3a/1a-
qa (1) ceepxycroitumBa. JIoKa3aHO, 9TO €CJM BO3MYIIEHHe b Majo, TO BO3MYIIEHHAs
3asaa OyzeT sKcroHentmabao yerotansa B L2(0,1) (Teopema 2.3); ecnm ke BO3My-
I[IEHNE UMeET ONPeENeHHYI0 CTPYKTYPY, TO PAcCMaTpUBaeMad BO3MYIIEHHAS 3aa4a
obmagaer cBoiicTBoM nosbimenns raaaxocry u3 L2(0,1) B C10, 1] (Teopema 2.5). B [1]
MOKA3AHO, KAK TOJyIeHHBIe PE3YJIbTATHI UCIOIL3YIOTCS 71T AHAJN3a ACUMIITOTHYIE-
CKOH yCTOMYMBOCTH MATEMATHYECKUX MOJEJCH M3 XUMWYECKOH KMHETUKU U TEOpUU
YIIPABJICHUS.
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KNHETNYECKOE OIINCAHUE ITPOLIECCOB
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B macrosimee Bpemsi byuKINA pazpyuennii Kauanosa — PaborHoBa MuUpoOKo mc-
TOIB3YeTCs B 33/1a9aX MATEeMaTUIeCKOr0 MOAENUPOBAHNS (DOPMUPOBAHUS W PACIPO-
CTPaHEHW TPEIUH MJId PA3INIHOr0 poma Marepuanos. [losesenne xe camoro mapa-
METPAa B XOJIE MPOIECCA 9ACTO KOHTPOIUPYETC SMIUPUIECKUM COOTHOIIIEHUEM.

B paborax [1-3] 6bui npoBesen anaau3 ycjaoBuii (hOpMUDPOBAHUS DA3PYLIEHUS B
Cpelle Ha OCHOBe ypaBHEHHUN OAJaHCA MACChl U YHEPTUM, d TAKIKE TMOHATHSA (DYHKIUN
paspyienus. B kagecTBe KpuTepus pa3pyieHust ObLT HCIOJIb30BAH MPEIJI0KEHHBIA B
paborax FO.B. IlerpoBa u H. ®. Mopo3oBa CTpyKTYpPHO-BPEMEHHOM KpUTepuit Ha 0C-
HOBE MOHATUs UHKYGanuonHoro Bpemenu [4-7]. B pesysnbrare dero yaaioch nosyduThb
wesmHeiinoe nuddepeHnnaIbHOe yPaBHEHNE, KOHTPOJUPYIOIIEE TIPOLECCHl BOZHIUKHO-
BEHWSI W PA3BUTHSI PA3PYIIEHUS B OMHOPOIHOM MAaTepUaJie.

Perienne manuaOoro ypaBHEHHsT OBLIO TOJYYEHO YHCIEHHO C MPUMEHEHUEM MeTOIA
l'opynosa. IIpoBepena yCcTOMYMBOCTD M CXOAWMOCTEL 3TOHM cxeMbl. s ogHOMEPHO-
r'0 CJIydas, COOTBETCTBYIOIIErO PACIPOCTPAHEHUIO MAKPOTPEIIUHBI B TPEIIOI0KEHUN
“He3aBUCUMON’ PEIAKCAINE MUKPOPA3PYIIEHHs, YPaBHEHNEe perneHo dnciaenno. [Ipo-
1Iecc 3apOXKIeHusT MUHAMUYECKOH MaKPOTPEIIUHLI ObLT CMOJENUPOBAH € HCIONB30-
BAHUEM IKCIEPUMEHTATBHBIX TAHHBIX, CBSI33aHHBIX CO BPEMEHEM HAYaja TPEIWHBL U
HAYaJIbHOM CKOPOCTHIO TperuHbl. Mo/e b TakKe OMUCHIBAET PACIPOCTPAHEHUE TPE-
IIIAHBI TIOCJE CTAJAUNA 3APOXKICHUS.

Pazpaborannas uncmeHHad MOJETb ObLIA MCIOIB30BAHA JJIsT aHAIN3a OCODEHHO-
cTefl PACIPOCTPAHEHUS TPEIIUH B 00Pa3Iax N3BECTHIKA.

Pa6ora BrImostHEeHA TipU oAAepxkKe PemepaabHoi meaeBoit mporpammbl “VcciaenoBanmst
nu pa3pa6OTKI/I 10 IPUOPUTETHBIM HaIIPABJIECHUAM DPA3BUTUA HAYYITHO-TE€XHOJIOTUIECKOTO KOM-
minekca Poccun ma 2014-2020 roawr” mo Coramenuo Ne 14.578.21.0246
(ya. mmear. RFMEFI57817X0246).
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MO/JEJIMPOBAHUE ITIPOCTPAHCTBEHHOTO
OBTEKAHUS TEJI BUXPEBBIMU METO/JAMMU
1 PACYET JEVICTBYIOIINX HA HUX
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Paccmorpena 3amada 06 OnpeeieHuu THAPOAMHAMAYECKUX HATPY30K, AefCTBYIO-
IAX HA, TEJIO MPU €ro MPOCTPAHCTBEHHOM OOTEKAHUHU MOTOKOM HECXKUMAEMOU CPEIbI.
Beeneno momyienne 0 Mol BAZKOCTH CPEJIb, BIUSHIE KOTOPON MPOABIISETCS TOb-
KO KaK MPUYMHA BOZHUKHOBEHUS 3aBUXPEHHOCTH BOIM3H 0OTEKAEMOM MOBEPXHOCTH U
MPUYMHA, EPE3AMbBIKAHUST BUXPEBBIX HUTEHN B 00acTH TedueHus. /1jist MOIeInpoOBaHust
TeYeHHUs IPUMEHSAETCS JIArpaHKeB OecceTovHbI Buxpesoil Meros [1, 2] B KoTopoM B
KaveCcTBe MEePBUYHON PACUYETHON BEJIMYWHBI PACCMATPUBAETCS 3aBUXPEHHOCTH. 110 ee
pacmpesiesieHnio B cOOTBETCTBHE ¢ 3akoHOM Buo — CaBapa BOCCTaHABIUBAETCS TO-
Je ckopocreil, a npu moMoinu axasora unrerpasia Komm — Jlarpanxka [3] — none
maBienus. ['paHUYHOE yCJIOBUE HA TeJe yIOBJIETBOPSETCs PeHepaIuell 3aBUXPEHHOCTH
Ha 00TeKaeMoll MOBEPXHOCTH. JBOJIIONNS 3aBUXPEHHOCTH B 0DJIACTH TEUEHUST ONUCHI-
BAETCs TIPU MTOMOIIU BUXPEBBIX METelh — 3aMKHYTBIX BUXPEBBIX HUTEH OIMHAKOBOM
MUPKYIANAN, MOJETUPYEMBIX JJOMAHBIMHU JIMHUAME U3 BUXPEBBIX OTPE3KOB.

Paccmorpenst aBa ciocoba BOCCTAHOBIEHHUST PACTIPEIETIEHUS IUIOTHOCTH TOTEHITHA-
J1a IBORHOTO CJI08I, OIIPEJIEIISIONIErO MOJOKEHNsI TeHEPUPYEMbIX HA TOBEPXHOCTH TEJIA
BUXPEBBIX TETENIb: U3 YCAOBUS PABEHCTBA HYJII0 HOPMAJILHOM JTUO0 KACATETHHOM KOM-
TTOHEHTHI CKOPOCTH Ha MOBEPXHOCTH Teja. BTopoil myTh npencrasisieTrcs bosee mep-
CIIEKTUBHBIM, TIOCKOJIBKY 0DECIIEYNBAET 3HAYUTEIHHO OOJIBIINYI0 TOYHOCTh. VIHTeHCHB-
HOCTH BUXPEBOTO CJIOSI TTPEJNOIATaeTCs KYCOTHO-TIOCTOSHHOM, COOTBETCTBYIOIIEE IPa-
HUYIHOE MHTErPaJIbHOE ypaBHeHne peraerca MerogoM Lanépkuna. Pazpaborana momy-
aHAJMMTHYeCKas MPOIEIypa Bbranciaenusi Kosbdnunentor pozunkatonieit CJIAY [4].
Ucnonk3oBanme MeTOIa HANMEHBITUX KBAIPATOB TIO3BOISET BOCCTAHOBUTL PACIIPEIE-
JIeHUE TOTEHITNAJIA TBOWHOTO CJI0s U 00ecnednTh Oe3MMBePTreHTHOCTD BUXPEBOTO CJIOS.

Pazpaboranublit MeTOs, peain30BaH B BUIE TPOTOTHUIIA TPOIPAMMHOTO KOMILIEKCA,
peACTaBIAIONIEro cobol mapauteIbHY 0 MIPOTPAMMY-PEIIaTelNb; B KAIeCTBE TTOCTIPO-
[IECCOPa UCIOIB30BAH OTKPBITHIA 1maker Paraview.

Pa6oTa BeImoTHEHA TP TTOIIEep:kKe Poccuiickoro ¢oumga dyHIaMeHTaIbHBIX UCCIEI0BA
mwii (mpoext Ne 17-08-01468).

JINTEPATYPA

1. Besonepkosckuii C. M. (pes.) TpexmepHoe oTpbiBHOE 06 TEKaHUE TEJI IPOM3BOJILHON (POop-
mbt. M.: ITAT1, 2000.

2. Cottet G.-H., Koumoutsakos P. Vortex methods: theory and practice. Cambridge:
Cambridge University Press, 2000.

3. Dynnikova G. Ya. The integral formula for pressure field in the nonstationary barotropic
flows of viscous fluid // J. Math. Fluid Mech. 2014. V. 16, No. 1. P. 145-162.

4. Marchevsky I K., Shcheglov G.A. Semi-analytical influence computation for vortex
sheet with piecewise constant intensity distribution in 3D vortex methods // Proc. of
6th European Conference on Computational Mechanics (ECCM 6) and 7th European
Conference on Computational Fluid Dynamics (ECFD 7), June 11-15, 2018, Glasgow,
UK. 12 p.
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YN CJIEHHOE MOJEJINPOBAHUNE IIOJABJIEHUSA
BOJIHBI IIVHAMMA ITIOJIBOJHBIM BAPBEPOM

Mapuyk An.I.!, Baxkennn A.IL.?2, Xagmu K.?

L Mnemumym evivucaumentnoti Mamemamury, U Mamemamuieckot
zeopusuxy CO PAH, Hosocubupcrk, Poccus; mag@omzg.sscc.ru
2 University of Aizu, Aizu-Wakamatsu, Japan; apvazhenin@gmail.com

B nacrositiiee BpeMs MpaKTUYeCKU e UHCTBEHHBIM CIIOCOOOM 3aIMUTUTHCST OT ATAKH
BOJIHBL TiyHAMU (MU XOTsi 6bI €€ 0CIabuTh) ABJISIIOTCH MACCUBHBIE 3AIIUTHBIE CTEHBI
pYU BXO/E€ B HMOPTHI UM OYXTHI WM OTIEJSIONINE TEPPUTOPHUIO TOPTA OT TOPOJICKUX
kBapTanoB. OJHAKO, TAKKE CTEHbI, BO3BBIIIAIONIUECS HAJI BOJIOW, 9aCTO ONPOKUIbIBA~
IOTCA TOJT AeficTBUEM HaIopa BOIbLI BO BpeMs CUJIBHBIX IIYHAMU, HE BBITIOJIHUB CBOEL
zamuTHON dyukimu. Harpyska Ha monBomgHb Oapbep B TAKUX CIyYasix 3HAYUTEIBHO
MEHBIIE, YTO CYIIECTBEHHO TIOBBINIAET €r0 YCTOMYMBOCTDH K OMpOKuIbBarmio. Ha oc-
HOBE COOTHOIIICHUI MEKAy NapaMeTPaMU T€YeHUd B PACIHPOCTPAHAIONIECHCA JIUHHON
BOJIHE IIPEJJIO?KEH IIPOCTON MeTOo/1 YUCJIEHHOI'O MOJIC/IMPOBAHUA YaCTUYHOIO OTpaKe-
HUST BOJIHBI IIyHAMH OT 3aTOIJIEHHOTO BEPTUKAJILHOTO Oapbepa. OH 3aKJIOYAETCS B
TTOCTAHOBKE IMTPOCTHIX BHYTPEHHUX TDAHUYHBIX YCJIOBUH HEOCPEACTBEHHO 3a Dapbe-
poMm. TectupoBanme MeTOma Ha OTHOMEPHBIX PACUETAX TTOKA3AJH XOPOITEe COOTBET-
CTBUE PE3YJIBTATOB C M3MEPEHUAMU BBICOTHI BOJH IIPU JAO0OPATOPHOM MOIEINPOBAHUN
B THAPOAuHAMIYECKOM JIOTKe. IIpoBeeHo uncieHHoe MOIenpOBaHue PAcIpOCTPaHe-
HUST BOJIHBI I[yHAMW H3J MOABOIHBIM DAPHEPOM B IBYMEpPHON 00JacTH C peajbHOMN
6arumerpueil. [Ipy TOMOIIM TAKOTO YHUCIEHHOTO MOIEIUPOBAHUS TPOBEJIEHA OIEHKA,
BAIUTHBIX CBONCTB (B OTHONIEHUM BOJIH IIyHAMH) 3ATOILIEHHLIX BEPTUKAJIBHLIX Oa-
PbepOB, YCTAHOBJIEHHBIX Y BXOJa B OyXTHI U MOPCKHE MOPTHI. Pe3ysibrarsl mokasanm,
9TO TTOABOMHBIA BEPTUKAIBHBIN Oapbhep BBHICOTOM, COCTABIAIONIEH TTOJOBUHY TJTYOMHBI
B M€CT€ ero IIOCTAHOBKH, CIIOCOOEH CHU3UTD BbICOTY LiyHaMu y Oepera Ha 20-30 nporien-
TOB, UTO KPUTUYIECKU BAXKHO B Cy4ae KaracTpodudeckux IyHamu. [Ipu aTom Takue
Gapbepbl 00IATAI0T 3HATUTETLHO OOJBINEH YCTONIUBOCTHIO K OMPOKUIBIBAHUIO.
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HOBBII B3IJId/d HA YPABHEHU A TEOPUU I10JI4

Mapuyk H.T.

Mamemamuueckuds uncmumym um. B. A. Cmexaosa PAH, Mocxea, Poccus;
nmarchuk@mi-ras.ru

Heckonbko coB 0 pabore B mepuon 1974-1980 r. MaTeMaTHYecKOrO CEMUHAPA, B
Hosocubupckom rocymapcTBeHHOM YHUBEPCHTETE, KOTOPhiM pykoBomua Cepreit Kon-
cranTuHOBWY l'omyHoB. TaMm ObLiu BHIPAOOTAHBI MATEMATHYIECKUE WIEU, KOTOPHIE, B
KOHEYHOM CYeTe, HO3BOJUIN C(DOPMUPOBATH HEKOTOPBIN HOBBIN B3TUIA] HA yPABHEHWS
reopuu noss [1].

Mpb! ucrosb3yeM MaTeMaTudecKuii anmapar readopm, KOTopblit BoOpas B cebs oc-
HOBHBIE YepTHI anmnapara guddepennuaabibix dopm 1 aarebpor Kanddopaa. Muo-
3KecTBO TeHdOpPM IICEBI0EBKIINI0BA IpocTpancTsa R obozuauaem gepes Al (RP-9).
s rerdopM onpenesieHbl OMEPANNY BHENTHEr0 YMHOKeHns U KiaudOopaoBa yMHO-
xeung. Takxke mia rerdopm ompeaenenbl nuddepeHimaababIe OepaToOphbl TEPBOro
nopsazka d, 0,0 = d + 0.

Bromurcst KIacc CHMMMETPUYECKUX WHBAPUAHTHBIX CHCTEM YpPaBHEHUN

oU +Q(U) =W, (1)

re U = U(z) — nenssecrnas remndopma uz APM(RP9) a W = W (z) — ussecrnas
rerndopMa npasoil wactu; muamue wienbl umeor Bug Q(U) = 22;1 AU By,. Joxa-
3aHO, 9TO B CJIy9ae MCeBI0eBKIRI0BBIX mpocTpancTs R~ cucremsr ypasremnmit (1)
MOXKHO 3aIUCATH B BUJE CUMMETPUYECKUX rurnepbosmaeckux mo @puapuxcy cucrem
YPaBHEHUI IIEPBOTO MOPAIKA.

Hoxkazano, 4ro 3amga4a Komm mrsa cucrembr ypaBHenunii MakcBesaa CBOAUTCA K
(cummerpusoBannoil) 3amade Ko mjisg CMMMETPUIECKOH WHBAPUAHTHON CUCTEMbI
ypasHenuii suja (1).

Jokazano, 49ro cucrema ypapuenuii Jlupaka — Xecreneca MOXKeT ObITh 3aMKACAHA,
B BHJIe CUMMETPUYECKON MHBAPUAHTHON CUCTEMbl yPABHEHUM.

C 9r0fi e TOYKH 3peHHs MOXKHO PAaCcCMOTPETh cucreMy ypapaenuit upaka —
Xecrerneca — Maxcsemna.

JINTEPATYPA

1. Mapuyx H. I Ypasuenus reopun nosa u aare6pot Kimbddopaa. M.: IEHAH/T (URSS),
2018.
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THUIIOBBIE OIIEPAIIVINI C MATPUITAMMUI
B KJIETOYHO-ABTOMATHOM ®OPMAJIN3ME

Mariomkua 1. B.!, Koxesuukos B. C.?
9

YHUHA monexyraproti asexmpornuxy, Mocksea, Poccus; imatyushkin@niime.ru
2 Mocxoscruti pusuro-mesnureckuti UnCumym (HauuonasoHol
uceaedosamenvekuli yrusepcumem), Hoazonpydnund, Poccus;
vladislavkozhevnikov@gmail.com

B cBsa3u ¢ BO3pociiuM B 1OCIEHEE BPEMST HHTEPECOM K BBIYUCIATETHHBIM CHCTE-
MaM € [apaJjulesibHON apxuTekTypoil [1-3] npemnaraerca pgaji KJIeTOYHO-aBTOMATHBIX
(KA) asuropurmos, peajusyoumx 6a30Bble BEKTOPHbIE U MATPUYHbIE onepaluu. Boi-
60p MMEHHO OIMepanuii HaJ MATPUIAME ODYCJIOBJIEH MOBCEMECTHOCTBIO WX KCIOJIB30-
BAHUsI B KA9€CTBE OCHOBBI Ijid OoJiee CI0XKHOM 00paboTKu MHMOPMAITHH.

B anropurmax ucnonb3yiorcs KA wa xKBagparHO# pemiérke paszmepa m X n ¢ 3a-
MKHYTBIMH [PAHULIAMHU (TOPOUJAJIBbHAA CTPYKTYPA) MM €CTeCTBEHHBIMH ['DAHUIIAMUI
u okpecrHocrbio Gon Heiimana (H) win Mypa (M). Ocranos aBromara 1poucXomauT
JBYMsl CIIOCODAME: €CTECTBEHHBIM (6y1eM HA3LIBATH €r0 KOJIOBBIM CJIOBOM idem), T.e.
IO YCTAHOBUBINEHCsT TI00aTBbHON KOH(MUTYPAIUH, U 110 CTON-3HAYEHU0, BOSHUKAIOIIIE-
My B HEKOTODO# BbLIeeHHON KJeTKe. COCTOSHME KJIETKH B aBTOMATE ONPEIEISeTCs
HADOPOM KOMIIOHEHT, MOPAa3e/IsieMbIX Ha MaMATh W YIpaBiadoniue pJaar.

B npuenénnoii Tabsmiie mpeICTABICHb OCHOBHBIE XaPAKTEPUCTUKHU HAMIEHHBIX
KA anaropur™os.

’ Ne \ Onepauus ®rarn Caoxuocrs OcranoB  I'panunpr [labion
1 | Orpaxenne 2 buta n mo 3ua4. ecrectB. H
2 | Orpaxenue 2 burta 2n —4 idem 3amkHyT. H
3 | Orpaxenne 6ur + TpUT [%n — % idem zamkayT. H
4 | Tlosnementnas 1 6ur 2 [%}, [51] idem zamkayT. H, M
5 | Tpancnon-e 1 Tput n idem ectectB. M
6 | Tpancrnon-e 2 6ura, 2n —1 idem zamHyT. H
7 | YMHOXeHUE 1 Tpur 2n —2 idem 3amkayT. H
Ha croJber
8 | Yvmuoxkenue 4 cocr. 2n —1 idem zamMkHyT. H
Ha, MaTPUILY
9 | Onpenenurens 5 COCT. 3n —4 idem zamkHyT. H
10 | Onpenenurens 11 coct. n? idem zamMkuyT. H
11 | TlopaspsngnHoe 2 6ura, 2n — 2 idem ecrectB. H
YMHOXKEHHUE
12 | epmyramus 4 cocr. HOK(3,...,2n—1) — ecrectre. H
JINTEPATYPA

1. Thakur C. et al. Large-scale neuromorphic spiking array processors: a quest to mimic
the brain // Frontiers in Neuroscience. 2018. V. 12, No. 891.

2. Marowkuna H. B., Bamieruna M. A. OrpaxeHue u TPAHCIOHUPOBAHUE [AHHBIX B MaT-
pHUIle KJIETOYHO-aBTOMATHOrO Bhrumcsuress // I3B. By3oB. Mukposnaekrporuxa. 2019.
T. 24, Ne 1. C. 51-63.

3. Maromixkuna H. B., Koxesaukos B. C. KyieTo4HO-aBTOMATHBIE QJITOPATMBI IIEPMY TAIII
marpur // Tpymer MOTIU. 2019. T. 11, Ne 1.
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MO/IEJIb ®YHKIINY HAJEXKHOCTU U3 IEJINI
B ®U3UNKO-CTATUCTUYECKOM ITOJIXOIE

Mariomkun 1. B.!, Yepuses H.B.!, Koxxepuukos B. C.?

YHUH monexyraprot asexmpornuxy, Mocksa, Poccus; imatyushkin@niime.ru
2 Mocxosckuti pusuro-mesnureckuti UnCmumym (HauuonasoHol
uceaedosamenvexuli yrusepcumemn), doszonpydusd, Poccus;
vladislavkozhevnikov@gmail.com

Bormpoch! HAJIEKHOCTH U OTKA30B KaK OTIEJbHBIX 3JIEMEHTOB, TaK (DYHKIIHOHAb-
ubix 6;10k0B CBUC Bcerga 3aHuManu MEHTPATBHOE MECTO TPU MX MTPOEKTUPOBAHUM.
o nacrosiero Bpemenu goMunupyer moaxos dhusuku orka3os (physics-of-failure ap-
proach), noapazyMeBaroUil HAXOXKJeHUE KOHKPeTHbIX dbusudeckux upuuun. OpHa-
KO M abCTPaKTHBIH B3TJS HA HAJEKHOCTH MOPOAUI P OOIIUX MOHSTHH: WHTEH-
CUBHOCTb OTKA30B, JMErpajalis, BpeMsa HapabOTKW JI0 OTKA3a U, HAKOHEI, (hyHKIMH
PHUCKa M HAJEKHOCTH. By/eM HCIOIb30BATH (GDUBUKO-CTATHCTHYECKWH AHAJIOT YpaB-
HEHHsS HEMPEPHIBHOCTH B Teopun HajexkuocTu, npemmoxennbiit 1. T. Anekcansaom u
H. B. Yepusgesbim [1]:

% +div (f(x,1) - e(x,1) = —q(t) f(x, 1), (1)

rae ¢(x,t) — CKOpOCTh Jerpajaiuu (M3MEHEHHs) BEKTOPA XapAKTEPUCTUK W3/IeJIUs
X, ¢(t) — MHTEHCUBHOCTH CJIyYalHbIX OTKA30B, T.€. HE CBA3aHHBIX C Jerpajanueii. B
JanbHedmeM Oymem camraTh, uTo ¢(t) = 0, Tak Kak mpasasg 9acth (1) mCKIOUAETCS

zamenoil f(x,t) = z(x,t)exp <—£q(7)d7).

VYpasuenwne (1) ceoauresa k cucreme OI1Y:

dt/d¢ =1, dx/d¢ = c(x,t), df /d§ = —fVe(x,1). (2)

Yepes nepseie maTErpasbl v1(X,t, f), ..., Unr1(X,t, f) cucremsr (2) BBIpazKaeTCa pe-
mwenne f = f(x,t) AV (1) us ypapuenus (3) mpu mpou3BoIbHON riaakoit dbyukimu P:
(I)(Ul(x7taf)7~-~7’Un+1(xatvf>):0' (3)

YpaBHeHNe HENPEPBIBHOCTH YIAETCS PEIIUTh aHATUTHYECKH B OJHOMEDHOM CTa-
mroHapHOM (c(X,t) = ¢(z)) caydae /s HOCTOSIHHOMN, JIMHEHHON M KBaAPATHIHON CKO-
pocrn merpananun c(x). Huxke mpeacTaBiIeHbl Pe3yslbTATHI I 3THX CIYy9aeB MPU
HadaabHOM yeaosud f(x,0) = fo(x).

1. ¢(z) = ¢ = const = f(x,t) = folx —c-t).

2. c(z) =az+b,a# 0= f(z,t) =e %fy (e + L (e79t — 1)).

2 . p 2ax+b

3. c(z) = az? + bz + ¢, b — dac < 0 = f(z,1) = F“‘Zjﬁi;‘i&%”, e
D = V4dac — b2, F — npoussonbHas riaikad yHKmA. 3agada Komum B 3TOM Ciry-
qae paspemmma OTHO3HAIHO Jumb mpu 0 < ¢ < % arctan (2“%;'}’) + 5. B ocranbhoit
0bsIacTH pellleHre He OmpeneseHo; pU3MYecKuil CMbICA B Hell UMEET JIUIib DellleHne

flz,t)=0.

JINTEPATYPA

1. Anexcansan U.T., Yepusaes H.B. Brpipakeaus i OCHOBHBIX KOJMYECTBEHHBIX IOKa-
3aresneil HamexHOCTH B (usMKo-crarncrndeckoM moaxone // IlerepOyprckmit skypHAI
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“YNCJIEHHBIE AJI'OPUTMbI
AJId ITPAMON CITEKTPAJIBHOU 3AJAYN
CUCTEMBI 3AXAPOBA - ITITABATA

Megpenes C.B."?, Bacesa H. A.!, Yexosckoii 1. C.}2, ®enopyk M. IL.12

L Mnemumym evwvucaumensmox mexnorozuti CO PAH, Hosocubupcrk, Poccus;
2 Hosocubupcrudi ocydapemeennund yrusepcumem, Hosocubupcek, Poccus;
medvedev@ict.nsc.ru

PaccmarpuBaerca cucrema 3axaposa — [Tlabara
() = Q) ¥(t), (1)

rae Touka oznadaer auddepentnuposanue 1o ¢, V(f) — koMIIeKcHasd BEKTOP-PYHK-
IUsT OT BEMIECTBEHHOTO aprymenTa t, (Q(t) — KOMIUIEKCHAS MaTPUIA:

U(t) = ( 528 ) Qt) = ( _;Ii*ﬁ(t) qi(é) )

3aecw ¢(t) — 3amanHas KOMILUIEKCHAs BYHKIMsA, ( — CIEKTPAJbHBIN IapaMerp, o =
+1 u * o3HavaeT KOMILIEKCHOE CONPSKEHNE.

s cucrembr 3axaposa — [ITa6ara (1) crpodrest pa3sHOCTHBIE OAHOIIATOBbIE CXEMbI
[1-2

v, 1 =TV, (2)

rne ¥, = ¥(t,), t, = n7T, T — mar paBHOMepHON ceTku. Paszmaras (2) B TOuUKe
t, makoit uro t, = t — (1 — 8)7, tp41 = t + ST, HETPYJAHO IIOJYYUTH YCJAOBHUA, LIPH
KOTOPBIX MaTpuiia 1’ annpoKCuMUpyeT perierre ypasuenusa (1) ¢ 33JaHHbIM TTOPSIKOM
TOYHOCTH.

Teopema. Jliwbast oxHomiaroBast pazHocTHas cxema (2) allpoOKCHMUPYET ypaB-
merne (1) ¢ 9eTBEPTHIM MOPSAKOM TOYHOCTH TIO T, CIH B TOJBKO €CJH DA3T0XKEHHE
mepexomaaoro omeparopa 1 mist (pHKCHPOBAHHOTO S HMEET BHIT

T =FE+71Q+ 12Ty + 7°T3 + 7Ty + O(7%),

e

T, = 20— (s - 1)@,
2 _ —1)2 — —
O (s 2!” QQs - WQQQJNS- 1)2Q°,
_ 2 13 12
R e

1 Ko3¢hpuimenTsl Qf BhIpAXKaTC 4epe3 Marpuiy () H ee IpOH3BOIHBIE;
Q:=QW+@* Q:=0%+20WQ+QQ"M +¢’,
Qi=Q" +30%Q+QQ® +3(QM)* +3QMQ* +20QMQ + Q" + Q*.

PaGora BoIIOSTHEHA TIpW TIOZUIEpIKKe Poccmiickoro maywroro domma (mpoekt Ne 17-72-
30006).
JINTEPATYPA
1. Medvedev S., Vaseva I., Chekhovskoy I., Fedoruk M. Novel numerical algorithm with
fourth-order accuracy for the direct Zakharov-Shabat problem // arXiv:1902.09736
(2019).
2. Medvedev S., Vaseva I., Chekhovskoy I., Fedoruk M. Numerical algorithm with fourth-
order accuracy for the direct Zakharov—Shabat problem // Optics Letters. 2019. V. 44,
No. 10.
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O ®OPME CBOBOJ/IHOM ITIOBEPXHOCTIU TEYEHI I
NAEAJIBHON 2KNJKOCTU C CUHI'YJIAPHBIM
CTOKOM HA BEPHIVHE BBICTVIIA HA JHE

MecTrHukosa A. A.

Hrnemumym eudpodunamury um. M. A. Jlaspenmvesa CO PAH,
Hosocubupck, Poccua; mestnikova@hydro.nsc.ru

PaccmarpuBaerca aByMepHAasi CTAIMOHAPHAS 33712498 O TEYEHUN UIEATBHON HECIKH-
MaeMO#l KHUIKOCTH, OIPAHHIEHHON CBOOOTHOM MOBEPXHOCTHIO CBepxy. TedeHue BbI-
3BAHO CUHTYJISIPHBIM CTOKOM, PACIOJIOXKEHHBIM Ha, BEPITHHE TPEYTOJBHOTO BBICTYTIA.
Huxusasa rpanniia mpeamnoiaraeTcst HETPOHUTIAEMOH BCIOTY KPpOMe OTHOM TOYKHU, B KO-
TOPO# PACIOJIOKEH CTOK 33JAHHON MHTEeHCHBHOCTH. lIpeanonaraercs, 9To 1moJje CKo-
pocTu noreHnnaabHO. BepxHssd rpanuiia ABI4eTCS HEM3BECTHOM U JOJKHA OBITH OIpe-
JIeJIeHa B [IPOIIECCE PEeIeHns 3a/1a4u.

B paborax [1, 2] B cay4yae TOpU3OHTAIBHOTO JHA OBII MPUMeEHEH Merof| JIepu-
YuBuThl, KOTOPBIH YIAJI0Ch MOAUMUIMPOBATH IJjIs CJIydas ¢ BbicTymoM. llomyuero
ypaBHeHUe TUTa ypaBHeHus HekpacoBa Ha e IMHUIHON OKPYZKHOCTH, KOTOPOE TOYTHO
onuchiBaeT (Gopmy cBoboaHoi moBepxHOCcTH. Ilokazano, uro maa uncen Ppyna, mpe-
BBIIMTAOMIAX HEKOTOPOE KOHKPETHOE 3HAYeHUe, CYIIeCTBYeT €IMHCTBEHHOE DEIIeHUe
3a,Ja%H.

PaGora BeimostHEeHa TipH GUHAHCOBOIH moepkke Poccuiickoro mayanoro ¢houga (rpoexT
Ne 19-11-00069).

JUTEPATYPA

1. Mestnikova A. A., Starovoitov V. N. Free-surface potential flow of an ideal fluid due to a
singular sink // J. Phys., Conf. Ser. 2016. V. 722, Article ID 012035.

2. Mestnikova A. A., Starovoitov V. N. Steady free surface potential flow of an ideal fluid
due to a singular sink on the flat bottom // Nonlinear Anal., Real World Appl. 2019.
V. 49. P. 111-136.
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MOHOTOHHBIE CXEMDbI KYBUYECKON
CIIJIANH-KOJIJIOKAIINN
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L Bnemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupcx, Poccus;
2 Hosocubupckuti 2ocydapemeennnd ynusepcumem, Hosocubupck, Poccus;
miroshn@math.nsc.ru

[Iycth TpebyeTcs HallTu pelienne ypaBHEHUs

Lly(x)] = y"(x) + p(2)y (z) + q(z)y(z) = r(z), z € [a,D], (1)
ary(a) + fry'(a) =11, aoy(b) + B2y’ (b) = 2. (2)
Beemem ma [a,b] cetky A @ a = 29 < 1 < ... < x, = b. Cormacao meromy

caiin-gosutokanuu [1, 2] 6yaem uckars npubnuxkenHoe pemenue 3azaqu (1), (2) B
BHUIe Kybmdeckoro crmaitia S(z) xmacca C? wa cetke A, K0abHHUIMEHTH KOTOPOTO
OIIPENIENISIIOTCS U3 YCJIOBHH KOJIOKAIHH

L[S(&)] =r(&), & €lab], k=0,....n, 3)

7 KPaeBbIX YCJIOBUI
(115(&) + 515’(0,) =71, O/QS(b) + ﬁgs/(b) = 2. (4)

Konkperubiit Buj cucremsl (3), (4), a Takke eé pa3pernMOCTh 3aBUCAT OT BbIOpaH-
HOTO crocofa TpeacTaBIeAns criaiaa S(z) m OT PACTIONOKEHNS Y3JI0B KOJLUTOKAITAN
&k

Merton crtaiia-Koamokanyu mpu £ = T, k = 0,...,n, MOXeT OBITh UCTOJIB30BAH
B KaUecTBe OJHOTO M3 CHOCODOB MOCTPOEHHsT PA3HOCTHBIX cxeM [1]. Takue cxembl 00-
JIAZIAIOT PS/IOM [OJIE3HBIX CBONCTB, B 4aCTHOCTH, OHM MMEIOT OJWHAKOBBINA MOPSIIOK
TOYHOCTH HA PABHOMEPHBLIX U HEPABHOMEPHBIX (1pou3BosbHbIX!) cerkax. [Ipu srom
sra, rounocts O(H?), H = max; h;, hy = 241 — x4, i = 0,...,n, JOCTUraeTCA IPH
MeHbLIuX TPeOOBaHUAX K LVIAJAKOCTH TOYHOIO peiueHusd 3aja4du (1), (2) no cpasue-
HUIO C KJIACCHYECKUMM TPEXTOYEUHBIMHU DPA3HOCTHBIMEU cxeMamu. Kpome Toro, B Me-
TOJE CILIAH-KOJIOKAIIMU OTCYTCTBYET HPOOIeMa AIPOKCUMAIINN KPAEBBIX YCIOBUI
(2) mo6oro Bua, TAK Kak MOPAJOK ANNPOKCUMAIMK TI€PBOI IPOU3BOJHON HA IIPO-
M3BOJBHOM CeTKE 11 KyOMIeCKrX CILTARHOB BBIIIE TTOPSIKA ANMIPOKCUMAITAA BTOPOH
npon3BoaHoi. OMHAKO MOAXOM K PEATM3anuu CXEM METO/A CIIANH-KOJTOKAIMHA CBE-
JIEHHEeM UX K PA3HOCTHBIM CXEMaM He HCYEPIIHIBAET BCEX BO3ZMOKHOCTEH, 3aI0KEHHBIX
B 3TOM Meroze. Haubosiee moMHO OHU MOTYT OBITh PEAM30BAHBL TOJLKO IIPU UCIIOJb-
30BaHUM amnapara B-cruaitros [1]. B yacrHOCTH, MOKHO ONTHMH3HPOBATEH PACIIOIO-
JKEHHe Y3708 KOIOKAINA 1 IOCTPOUTH, Hapsady co cxemamu Tounoctr O(H?), cxembr
MOBBIIICHHON TOYHOCTH.

K memocTaTrkam MeTOa CILTANH-KOJTOKAIME MOXKHO OTHECTM BO3MOXKHOE HApY-
IIeHHe CBOHCTBA MOHOTOHHOCTH CXeM TpH oObraHOM Tpebosannu ¢(z) < 0 B (1) most
rpyOBIX CETOK. A MMEHHO, JIJIsi MOHOTOHHOCTH cXeMbl Tpebyercs, urobbl H GbLIO 10-
craroano Maso. Cnocobbl yerpaHenust 3Toro “nedexra”’ MeTona CrIalH-KOJLIOKAINN
0OCYKIAIOTCA B JAHHOM JTOKJIAJIE.

W3n0xxeHne CONpOBOXKIAETCS YUCTEHHBIMEI [TPUMEPAMHE.

JNTEPATYPA

1. 3aspsioB O. C., Kpacos B. ., Mupomundenko B.JI. Meroas crmaita-gyukmmit. M.:
Hayxka, 1980.
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O METOJIE PETVJISIPU3AILINY B OTHOI 3AJTAYE
OIITUMAJIBHOTO YIIPABJIEHU S

Mycabekos K. C.

Koxwemayckutt 2ocydapecmeennnii ynusepcumem um. . Yaruzranosa,
Koxwemay, Pecnybauxa Kazaxcman; it.kgulmail.ru

Paccemorpum 3amady onTUMabHOTO YIIPABIEHUS MTPOIECCOM B HEaIuabaTuIecKOM
TpyOYaTOM peaKkTope:

ovy(z,t)  d*vui(x,t)  Ovi(x,t)
o = g~ o e f(w),
V2 (X 2ug(z Vo (X
’ 2ét7t) =b- i 32;2’0 - 0 28(337” + kv flue)+g- (vs(t) — va(z, 1)), (1)
dvgt(t) =D /vz(x,t)dx—vg(t) +u(t) - (B — vs(t)),
0
a- w —01(0,4) = —1, w o,
(2)
b.wilb(oat):*la W:()a
7)1(1',0) = 'Ul()(l'), 1)2(1',0) = vgo(x), 1)3(0) = V30, (3)

rae f(ve) = exp(I'—T'/va(x,t)); a, b, ¢, ', k, g, p, E, v30 — KOHCTAHTBI, NOJIOKHUTE b~

HBIE TApaMeTpbl cucTembr; u(t) — ympasnstomas Gynkmus (ynpasaenue); vy (z,t),

va(x, 1), v3(t) — DYHKINE KOHIIEHTPALMH PEATMPYIOIEH CMECH, TEMIIEPATYPBI PEAK-

TOpA, TeMIEPATYPbI OXJIaUTeIs COOTBETCTBeHHO, (T,1) € Qr, Qr = (0,1) x (0,7).
Paccmarpusaercs 3a7aua MuHuMu3auu QyHKIIMOHATA,

T
J(u) = / v (1, 8)dt, (4)
0

T. €. CyMMapHOT0 32 BpeM# 1’ KOJIMYeCcTBa HelPOPEaruPOBABIIETO BEMIECTBA HA BHIXOE
peakTopa mpu ycaosuax (1)—(3) u cremyomux orpaHWYeHUsSX HA yupasierne u(t) n
dbyukmuro ve(x,t):
0 < u(t) < ug = const, (5)
vo(z,t) < vy = const. (6)

Jlia Kaxk0ro u3aMepumMoro ymnpassienus u(t), yAOBIETBODPSIOMEro ycaosuio (5),
cucrema (1)—(3) umeer [1] equHCTBEHHOE Kiaccmdeckoe pereHve. B mawvoit patore
ocymecTBsgerca perynapusanus dbyuakmumonana (4). Takas perynsapusanus mo3BOJIs-
€T OCYIIECTBIATH IONCK ONTHMAJBHOIO yIpaBieHusd B 3amade (1)—(6) c 3amammOit
TOYHOCTBIO.

JINTEPATYPA

1. Mycabekos K. C. CyiiecTBOBaHHE ONTHMAJILHOTO YIIPAB/ICHUS B OJHON Derysispu30BaH-
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YNCJIEHHBIN AHAJIN3 OJHOI'O KJIACCA
NMHTETPONP®PEPEHIINAJIbHBIX YPABHEHUU
B SAJAYAX BOJIHOBOU TYPBYJIEHTHOCTU

Hasapenko C.B.!, Cemucanos B.B.?3, I'pe6enes B. H.2, Measenes C.B.?

Y University of Warwick, Coventry, United Kingdom;
S.V.Nazarenko@warwick.ac.uk
2 Hnemumym svvucaumenvnoz mexnoaozuti CO PAH, Hosocubupcex, Poccus;
vibis@ngs.ru, vngrebenev@gmail.com, serbormed@gmail.com
3 Hosocubupcxuti 2ocydapemeennniil ynusepcumem, Hosocubupex, Poccus

B nonuManuu npupoabl KoHaeHcara Bosze — DUHINITEIHA BAXKHYIO DPOJIb UIPAET
OIIMCAHKE CIIYYaAHBIX B3aUMONEHCTBUI HEJIMHEHHBIX BOJIH (BOJHOBAs TYPOYIEHTHOCTD
603e-raza). Ananus ypasaenus ['pocca — [Turaesckoro B npubiuzkenuu csiaboii Hesu-
HeiffHOCTH B cooTBeTcTBHE ¢ [1] mo3ossier cdopmMyanporars 3amady Korm nyst waTe-
rpoanddepeHITnaIbHOrO yPABHEHNS, OMUCHIBAIONIETO IBOJIONNAIO CIIEKTPA BOJIHOBOTO
neiicteusa n(k,t) cucreMbl 6030HOB. 31ech kK — mepeMeHHas IpocTpaHcTBa Pypbe,

t — mpems (¢t < t*); t* — MOMEHT BpEMEHH, B KOTOPOM BO30YyXKJIAIOTCS BCE MO-
et n(k,t). Ins aBromomensHOTO pemenust Buna n(k,t) = f(n)/7% ¢ nepemenuoit
n==k/T">0,tneT=1t"—t a>0,b=a—0.5>0, nonryuaem ypasBHeHue

Fin) = 550+ 0G0 = e [ min i i = V)
A"]

(1)
x f(’])f(m-l—ns—n)f(rh)f(ns)(i + 1 1

1
f(m) fm2+n3—mn) f(m2) - f(ng)>d772d7737

e Vn f(n) > 0,0 < %li% f(n) <oo; Ay ={(n2,m3) : m2 >0, m3 >0, m2+n3—n > 0}.

Hns f(n) craBuTca cmekTpanbHasg 3amada: Haditn Bee © € [1,1.5], mms KoTOpBIX
cymecrsytor pemennst (1) ¢ acummrorukoit f(n) ~ Cn~® npu n — oo, C = const. Ilpn
a = 2(%_1) (r = §) sro papmocmabno ycopmio lim F(n) = 0, koropoe 3ameneHo B

n—00

pacuérax paserncrsamu F(ny) =0, f(n) = Cn~% upu 1 > nar, Ny — OONBLIOE YHCIO.
B mpenmosnoxKeHnuun, YTO HMET MECTO TaK Ha3bIBaeMble HEJIOKAJIBHBLIC B3aIMO-

JIeHCTBUSA, TTOKA3AHO, ITO TIPU MAJILIX 1) PEIeHne (€M OHO CYIIECTBYET) UMEET BUI
_ A ~,,(B/b)—x )

f= be=B7) T CnB/D)=% rne A, B — wHTerpasbHbIE BBHIPAXKEHNS OIPEIIEHHOTO

Buna, A > 0, x— B/b > 0, C = const. Ycnosue orpanmaennocrn f B Hyne gaér C' = 0.

Hnst noncka permennit (1) mocTpoeHa packpoiika obmactu A, 1m0 0COBEHHOCTIM

[OJIBIHTETPAJILHON (DYHKIMK; [IPEJJIOKEHA HOBasd KBaapaTypHas (opmysia, anmpok-
1

cumupytomast uaTerpanst Buna | (1£y)Pg(y)dy ¢ SKCIOHEHIMATBEHBIM TIOPSIIKOM CXO-
S1

mmmocT, tae p > —1, g(y) € C*°[—1, 1]; ma ocroBe 0TOOpazkerus u3 [2] pazpaboTansr
CBEPXCXOISAIIHECsT KybaTypHbie (DOPMYJIbI B TPEYTOJbHUKE; TTPEIJIOKEHBI 0000IeH s
MeTosa u3 [3] 1Jis HHTErpUpOBaHNs B HEOTDAHWYEHHBIX OOIACTSX.

Pemenue cnekrpasibhoil 3agauu jia (1) uimercd ¢ NpUMEHEHUEeM METOJOB MOC/Ie-
JTOBATEIBHBIX NPUOJIMKEHWH W yCTAHOBJIEHHS, 4 TAKIKE CIEKTPAJBbHBIX PA3JIOKEHWIA,
YYUTBHIBAOMKX ocobeHrocTH f (7)) B MOOBIHTErpatbHON (BhyHKIHH.

JINTEPATYPA

1. Nazarenko S. V. Wave turbulence. Heidelberg: Springer, 2011.

2. Hossain M. A., Islam Md. Sh. Generalized composite numerical integration rule over a
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ITPEOBPA3OBAHNA BOKJIVHIIA
AJId YPABHEHUS INTPE/INHTEPA

Heumragnum M. B.

HUnemumym mamemamuxy um. C. JI. Coboaresa CO PAH, Hogocubupcx, Poccus;
neshch@math.nsc.ru

Paccvarpusaerca onqaomepHoe ypasuenne [lpeaunrepa
o h? 0%y

th—

5t = amosz TUV

3aeck t — BpeMs, & — OJHOMEPHAs INPOCTPAHCTBEHHAA II€PeMeHHas, i — MOCTOAH-
wast [lmamka, m — Macca, i — MHAMas eIuHuNa, i2 = —1, 1) = (t,2) — BoaHOBaAS
dyukuus, U = U(t,z) — norenuuman. Bonnosas Gyukuus (L, x) npeacrapiserca B
BHJIE

P(t,x) = R(t, af)e’s(t’x),

rae R(t,x) m S(t,z) — BemecrBenHO3HauHbIE QyHKIMK (ammaTyna u (asa, cooT-
BETCTBEHHO). B paboTre, Ha OCHOBE T€OpuH cOBMecTHOCTH |1, 2| mpuBeneHnsa B WHBO-
JIFOLIUIO TIEPEOPEe/IeHHON CHCTEeMBI, MToaydYennl nud depenmanbape COOTHOIEHUS
C41[U, R, comepxamme Toabko byuxmmu U, R, u coorromenus Cs[U, S, conepxamme
tompko dyukmun U, S. Tepexox or coorromennst C1[U, R] x coorromenuto Cs[U, S]
OCyIIeCTBIIAeTCA BBeAeHreM And PepeHnrantbHbIX COOTHOMEHHH Ny byHknun S u,
daxTuueckn, npencrasisier coboli mpeobpasosanust Bakaynia [3]. O6parHsrii mepe-
xon, o1 coorHomenus Co[U, S| k coornomenuto Cy[U, R] ocyriecrBisiercs: BBeieHAEM
mbdepeHImaIBHBIX COOTHOIIeHNH 11 (hyHKimn R v npeacrasiser coboii obpaTHoe
npeobpaszoBanne Bakmaymraa.

JINTEPATYPA
1. @urankos C. II. Meton Baemuanx dopm Kaprama. M.—J1.: TUTTJI, 1948.

2. INommape 2K. Cucrembl ypaBHEHUN C YACTHBIMU ITPOMU3BOHBIMU U IICEBIOTPYIIIbL J1u.
M.: Mup, 1983.
3. A6mosury M., Curyp X. Cosuronsl u MeTo[ o6paTHOM 3amaun. M.: Mup, 1987.
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OB ACUMIITOTUYECKHNX CBOMCTBAX PEIIIEHUI
HEOTHOPOTHOI'O YPABHEHU S
BHYTPEHHIX BOJIH

Huknrenko E. B.

Pybuoscruil undycmpuaavmsil uncmumym (Puauanr) Aamaiickozo
2ocydapcmeennoz2o mexrnuveckozo yrusepcumema um. M. H. IToasynosa,
Pyb6yosck, Poccus; evnikit@mail.ru

B pabore paccmarpuBaercs 1epsas Kpaesad 337a4a JJisi HEOJHOPO/HOIO yPaBHE-
HUST BHYTPEHHUX BOJIH

2 . .
Ay + ;“mq,m1, =eMf(z), t>0, x=(2',23) € Rj_,

7

U|t:0 = 801(53)7 (1)
Ut\t:o = 902(1‘),
U|py—0 = 0,

rae f(z),¢1(x), 2(z) € C3°(RY), A > 0 — napamerp.

Omnupasick Ha PE3yIBTATH, TOAy9IeHHBE B pabore [1], 6bIIH yCTAHOBIEHBI CIleTy-
OIe aCUMITOTHYECKHE OIECHKH IpH ¢ — 00 pemeHuid u(t,x, \) B 3aBECUMOCTH OT
3HAYEHUI TapaMeTpa A.

Teopema 1. Ilycre A > 1, Torma wa Jobom kommakte K C Ri JUIST pDerTeHu s
3agaqu (1) umeer MecTo OlLEHKA

u(t,z,\) + e /e”f(g(@dg < C(K’A), t>1,

1
(Vam)* ) [E17 = A%[€[?) Vi

2
rae |2 = Z:lff, g(x) — meuwernoe npomomxenne f(z) na R, ¢(K,\) — Koncranra,
=

s3apucsamas or K o \.
Teopema 2. IIycts 0 < A < 1, Torga va g0b6om kommakTe K C Ri CIPAaBEIHBA
ACAMITOTHYIECKAS OIEHKA
2 (K, A
<Z D2 — )\2A> u(t, z, ) — e f(z) 2 ),
= Vi

< t> 1.
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(Ou)"- 1 YPABHEHUE MOH2>KA — AMIIEPA
HA ITOJIO>KNTEJIbBHBIX IIOTOKAX
BBLICIIIEN BUCTEIIEHU

Hwuknuruna T. H.

Cubupcruti gedeparvrunti ynusepcumem, Kpacnoapek, Poccusa; AANick@yandex.ru

Nzygatoress muaynmuposannbie (Ou)f- u ypasnerne Momxka — Ammepa Ha TOTOKe
Ha KOMILIEKCHOM MHOroo6pasmu. IlokasbiBaercs, 9To L2-OleHKH BLITOMHAIOTCA I
(Ou)*- u ypabmenns Momxka — Amnepa na 3amKHyTOM moToke Gucremenn (1,1) B
[ICEBIOBBINY K0 obmactu u3 C,

Paspeummocrs (Ou)k- u ypasnennit Monzka — Amnepa usyuasach B paborax [1-4].

IIycts M — roMmIIekcHOe MHOTOOOpasue u 1 — MOJoKUTENbHBIM TOTOK Ha M.
Iycrs v u f — rnagkue guddepennunanbubie popmbl Ha M. Tosopsr, aTo

(Ou)* = fua T, ecmun (Qu)* AT = fAT.

OcHOBHOI TeXHUYECKHUI pe3ysbrar — chaeayollee obobiienne ToxkaecTsa Konau-
pet — Hakamo — Xepmanaepa.

Teopema 1. IIycts T > 0 — (1,1)-notox B obmactn D m3 C™ 1 rakoif, uro
i00T nmeer m3mepnmere kospguunenter. Ilycrs w — kanepoBa ¢opma B D. Iycrs,
HaKoHell, § — ocHOBHasI popMa bucrenenu (pk, gk) ¢ Hocurenem B D, u npearomoxmm,
gro p € C%(D). Torna, ecin i09T — crporo orpumarensusii n i00¢ > w, n, 6oaee
toro, dT' =0, 1o

(n—p —q)kllg|]”

—C(p+q)k+1 /(a—tpg)Pk-‘rl A (8—90/g\)pk+1 A Win—p—q)k—1 NTe¥

—Cp+q)k—1 /ﬁ,waA 197&,09 A Win—p—q)k+1 NTe? < (59755)

Teopema 2. Iycrs T > 0 — zamkuyroii (1,1)-noroxk 8 C™* 1 u nyers w =
i00|z|*> — xamepopa popma esxmunosoit merpuxn B C™**1. IIycrs ¢ — mmopucy6-
rapmonmdeckas pyuxmus B C 1 yrosrersopstomas i100p > w. Torma ams mo60ii
Ow-3amrryTO# (nk — pk, qk)-cpopmnr f ma T ¢ (¢ —p)k > 1 cymectsyer (n —p,q— 1)-

opuya u wa T Taxas, aro (D,u)* = f ma T u
— B 1 B
[ 1un @ rore e < s [ aore.

3AMEYAHUE. [IpuBeennl IpuMephl Pa3pelmMocTy 1 nepaspenmmoctu (Ou)k- u
ypasaenusa Momzka — AMIepa Ha IOIOKHTENbLHBIX TOTOKAX BBICIIEH GHCTeIeHN.
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PEAYKIINU 11 CEMEVICTBA CIIEIIMAJIBHBIX
TOYHBIX PEIITEHUN HEJIUHENHOI'O YPABHEHU A
KOHBEKIINN-TN®PY3IUN

OpaoB Cs. C.

Huemumym dunamury cucmem u Meopuu Yynpasrenus
um. B. M. Mampocosa CO PAH, Upxymck, Poccus;

s.orlov@icc.ru

PaccMorpuM KBasuinHeiHOe ypaBHeHWe THIa KoHBeKIMA—nuddysun [1]

% => 8% (k(u)?j) -3 8?5- (l(u)u) +m(u), (1)
K3 (2 i=1 K3

i=1

B KOTOpOM mckomas dbyaxkmusa u = u(t, z):  — [0;+00) onpemeneHa u HeMpephIBHA
Ha MHOXKecTBe {) C [0;4+00) X R™, n € N. B macrosmeii pabore m3yduaercs ciaydaii,
korma k(u) € C?O;-‘roo) N Cloo0) 1 U(u), m(u) € C%O;JFOO) N Clo;400)- Kpome Toro,
6ynem npexanonararb, aro k(0) = 1(0) = m(0) = 0 uw k = k(u) — MOHOTOHHAsT HEOT-
punaTenbHas QyHKIUsa. Beead¢Hnbe orpanudenus mo3BoaaoT oraectr (1) K Kmaccy
HESIBHO BBIPOXKJAIOIAXCS MAPAbOJUIeCKUX YPABHEHUI.

Ucnonb3ysa 3ameny u = p(v), rae ¢ = k~! (obparnas dynknus k~1 cymecrsyer
B CUJIy MOHOTOHHOCTH k), npusenéM (1) K 9KBUBAJIEHTHOMY YDaBHEHUIO

ov " 9% "o\ "L v
g =g X (gr) a0 X g A )
rme

mip(v)

70) =2 1 g0) = — () () + L)), h(v) = ST

B macrogieit pabore mosydeHbl CIeAYIONINE Pe3yIbTAThI:

1. Ilpu nomowmu Tak HazpiBaemoro upsimoro meroga Kiapkcona — Kpyckana [2]
HaliIeHbl PeAYKIMN ypaBHeHus (2) K 0OhIKHOBeHHBIM T depeHnnaIbHbIM ypaBHe-
HUSIM BTOPOTO nopsiaka tuna Jlbenapa. [lpu atom amsar

v="V(tz,w(s)), x=2(x1,...,2,)

PACCMATPUBAETCS OTAENBHO B KiaaccmaeckoM (s = s(t,x)) u messaOM (s = (¢, 2,v))
BapHaHTax [3].

2. C ncronb30BanmeM HalJeHHBIX PEIYKIINIT TTOCTPOEHBI CeMefCTBA TOUHBIX periie-
uuii ypasHerus (2), yIOBIETBOPSIONUX KPACBOMY YCJIOBUIO

v(t,a:)‘agz 0

¢ memssecTHON (cBOGOmHOMN) rpanumeit ) = {(¢,z): s(t,z) = 0}. Bun ypasHeHus
cBoBomuoil rpanuipl S(t,x) = 0 onpemenseTca B MPOIECCe HAXOKJECHNS TOYHBIX De-
LICHUI.

JUTEPATYPA

1. Camapckuii A. A., Babumesuy I1. H. Yucjiennbie METOABI PENICHUS 33129 KOHBEKIUN—
muddysun. M: Kamxusiit gom “JIMBPOKOM”, 2015.

2. Clarkson P. A., Kruskal M.D. New similarity reductions of the Boussinesq equation //
J. Math. Phys. 1989. V. 30, No. 10. P. 2201-2213.

3. Hood S. On direct, implicit reductions of a nonlinear diffusion equation with an arbitrary
function — generalizations of Clarkson’s and Kruskal’s method // IMA J. Appl. Math.
2000. V. 64, No. 3. P. 223-244.

176



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

O TEOMETPNIYECKOM METOJE IIOCTPOEHIA
PEIITEHNN 3AJAY PUMAHA JJI4d OJHOTI'O KJIACCA
CUCTEM 3AKOHOB COXPAHEHUA

ITaauna B. B.

Mocxosckuil 2ocydapemeennuii ynusepcumem um. M. B. Jlomonocosa,
Mocxkea, Poccus; grey_stranger84@mail.ru

PaCCManI/IBaeTCH 3aJda4va PI/IMaHa OJIA CUCTEMBI 3aKOHOB COXPaHEHNA
U+ (F(U))e =0, Ul=o =U- + (U = U-)f(2),

rae U(t, z) — neussectras Bekrop-byukius, U_ u UL — 3aJaHHbIE TIOCTOSHHBIE BEK-
OF;
aUu;
[TOJTHBIN 0a3uC U3 BEIIECTBEHHBIX COOCTBEHHBIX BEKTOPOB, a JIEBOE U IIPABOE HAYAJIb-
HBIE COCTOSTHUSI JIOCTATOYHO OIM3KY, n3BecTeH [1] MeTon mocrpoenus pemenuit. B g1o0-
KJIaJIe PACCMaTPUBACTCA CIIydail, Koriaa Bce cobcrBennblie 3uavenus marpunsl DF(U)
BEIIECTBEHHbBI, HO HA HEKOTOPOM KPUTUIECKOM MHOroo0pasuu X B (pa30BOM MPOCTPAH-
cree y marpuiel DF(U) BO3HUKAET TPUCOeTMHEHHBIN BeKTOD. K 331a9aM TAKOTro THIIA
OTHOCHTCsI, HAIIPUMED, ABYXKOMIIOHEHTHAS MOAMMDUKAIMS CUCTEMbl YPABHEHUN MeJ-
KO# BOJBI:

ropsr, 6(x) — dynkuua Xepucaiina. B caygae, korna marpuna DF(U) = ( ) uMmeer

¢t +u, =0,

ugp + (§1u2 +¢)e =0,

wi + (30° + -¢)z =0,
e cop — 33JaHHAA KOHCTAHTA.

ONPEAEJEHUE. CucTeMbl 3aKOHOB COXPaHEHUs, st KoTopbix marpuna DF(U)
VMeeT IMOJIHBIH 6a31C U3 BeIeCTBEeHHBIX CODCTBEHHBIX BEKTOPOB, Oy/IeM HA3bIBATH I'U-
nepbosimidecknmu 1o Ppupuxcy, a Te CUCTEMbI 3AKOHOB COXPAaHEHUs, JJIsi KOTOPBIX
BCe cobcTBeHHbIe 3HaUeHns MaTpunbl DF (U) BemecTBeHAB — runepOoNTnIecKuME 10
ITerpoBckoMmy.

Bynem paccmarpuBaTh Kiacc 3amat, runepbonnydecknx 1o IleTpoBckomy, HO He
runepboanueckux 10 Ppuapuxcy, ans koropeix Marpuna DF(U) umeer Gaounbii
BUJ, T. €.

OF;(U)
j .
———= =0, j<n, F,(U)=GU,...,Uy_1) + 2(U,).
aU,
Torma 3agava PuMana 11 cucTeMbl 3aKOHOB COXPAHEHUS TOMYCKAST PACIIEIICHHE 1
B CJIyuae OJM3KUX JIEBOTO U MPABOTO HAYAJIBHBIX COCTOSTHUEN CBOIUTCS K 33a9€ JJIsT

dbyuxnun U,:
ou, 0

St o (U + £(5)) = 0, Unlimo = Uy + (U = U7)(),

rae f (%) — pa3pbiBHAS (DYHKIUS, €CJIU HATAJIBHBIM COCTOSHUSIM COOTBETCTBYET XOTSI
OBl O/THA, yAapHAs BOJHA WJIM KOHTAKTHBIN pa3psiB. Jlad mocTpoenus 000OIMIEHHOTO
KYCOYHO-TJIQ/IKOTO PEIeHns MOocJaeJHed 3aJa9u IPeIIaraeTcs HOBBINT MeTO/I.

JINTEPATYPA

1. Jlakc I1. /T. Tunep6onnaeckue quddepeHimaabHble ypaBHEHUS B YACTHBIX TPOU3BO/THBIX.

Wsxesck: HIATL “PX 17, 2010.
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PEOJIOTUNA MATEPNAJIA CTEHKU HEPEBPAJIBHBIX
AHEBPU3M — SKCIIEPUMEHTbBI, MOJIEJINPOBAHUNE

1 CTATUCTUYECKUNN AHAJIN3

Hapmms d.B."?, JIunmopka A.H."2, IOnomies A. C.12,
Hy6opoit A.B.3, Uynaxun A.IL.'?

L Hnemumym eudpodunamury um. M. A. JTaepenmvesa CO PAH,
Hoesocubupck, Poccus; parshin@hydro.nsc.ru
2 Hosocubupcrudi 2ocydapcmeennviti ynusepcumem, Hoeocubuper, Poccus;
3 Qedepasvronti yenmp nedpoxupypeuu, Hosocubupex, Poccua

Ha mporsxkeHNN NOCTIETHETO AECATHIETHS MATOJIOTUU CEPAEYHO-COCYAUCTON CH-
CTEMbI OCTAIOTCS CAMOM PACIPOCTPAHEHHON MpUYHHON cMeprTHOCTH Hacenenus. Q-
HOH M3 TAKWX MATOJIOTHI SBJILAETCH AHEBPU3MA TOJIOBHOTO MO3Ta WM IepebpasibHas
anespusma (ITA) — BbluguuBanue creHku cocyua. Ee paspbis Biedér 3a coboil Kpaiine
TSKE/IBIE TOCTECTBUS — JIETAILHBIN nexon B 30% Ciiydaes Wid TsKelble HEBPOJIOTH-
geckue Hapyinerus. 1o craructuke B cpeauem v 1 u3 50 geoBeK ecThb 1epedpasibHast
aHEeBPU3Ma, OJHAKO PUCK e paspbiBa JocrarodHo Hu3ok (1 u3 200) u comocraBum
C PHCKOM DAa3BUTHSA MMOCTOMEPAIMOHHBIX Ocsoxkuenuii. [losTomy msi xupypra Bax-
HO IIOHUMATh BEPOATHOCTb Pa3pbIBA AHEBPU3MBI JJIs KAXKJ0r0 KOHKPETHOTO CJIydas,
9TOOBI CyMeTh HA3HAUUTEH HAUOOJIEe MOAXOISINee JeTeHUE.

Ha mammbIii MOMEHT, HECMOTDST Ha, MHOXKECTBO MCCJIEIOBAHUI B 3TOM 001aCTH, Me-
XAHU3M BO3HUKHOBEHUS U PA3PHIBA aHEBPU3MbI OCTAETCs HesiceH. O THUM U3 MOIX0I0B,
JAIOMIIM BO3MOYKHOCTD MOJTYIUTH TIPEACTABIEHNE O XapaKTepe MPOTEKAIONTNX U3Me-
HeHMil B TKAHAX, SIBJISETCS IUCIIEHHOE W MATEMATHIECKOe MOJIETMPOBAHNE CTEHOK CO-
cyoB 1 aHeBpW3MbI. Takoe MoAeMWpOBaHWE MOXKET B TIEPCTIEKTHBE JTaTh XUPypraMm
WHCTPYMEHT 1ijisi POPMUPOBAHUST TAKTUKY JIETEHUS.

Crpoenue cTeHKy 11epebpaTbHON aHeBPU3MbI CHJIBHO OTJIMYAETCs OT 37J0POBOI0 CO-
CyIla M sIBJIsT€TC DOJIEe CIOXKHBIM, TAK KAaK 9aCTh CJIO0EB TKAHU AErPAIUPYET, & OCTAB-
IIIHeCd UMEIOT HEYMOPII0UEeHHY) MHOTOCIOMHYIO ¢TPYKTYPY. C 3TUM CBA3aHBI CIIOK-
HOCTH B MOJIEJHUPOBAHUM IOMOOHON MATOJOrMYIecKoi cocymucToit Tkanu. 3BecTHO,
9TO TIPU PACTSIKEHUW TKaHel OCHOBHAs HArPy3Ka MPUXOAUTCS HA 3JACTHH W KOJLIA-
TeHOBBIE BOJIOKHA CTEHKHU KYTOJIa AHEBPU3MBI.

JIjisi TOCTPOeHUsT MOIETN HAMU TIPEIBAPUTEIHLHO ObLIM MPOBEIEHBI YKCIEPUMEH-
THI IO OJHOOCHOMY HATDY?KEHHUIO 00PAa3IioB 8-MU AHEBPU3M, & TAKXKE TKAHU 3I0POBOI
nepebpanabHoll aprepun Ha paspbiBroi Mamube Zwick&Roell Z10. Ha ocHoBe momy-
YEHHBIX IKCIIEPUMEHTATBHBIX JAHHBIX ObLIT MPOBEIEH AHAJIN3 BOSHUKAIOIINX BO3MYIIIE-
HUE — CKaYKOB Ha stress-strain amarpaMMax, U U3y4eHO MPenoNOKeHe, YTO BO3HU-
KaIoIIre CKAdKU ABJIAIOTCS CAEACTBIEM IOCIEI0BATENHHOIO PA3PhIBA CIOEB 3IACTHHA.
IIposenén ananu3 pacupeeseHns aMILUIATY CKAYKOB B 3aBUCHMOCTHU OT CTATYCA aHe-
BPHU3MbI, KOTOPBIN MOATBEPKIAET TUIOTE3Y O PU3NIECKU 0OYCIOBIEHHOM XapaKTePe
CKaYIKOB.

Kpowme Toro, miist KazkJ0ro rarna sKcrnepuMenTa ObUIH TTOCTPOeHBL 3 1 5 mapamer-
puaeckue Monenn Myuu — Pusimna, Moness Vo n momesns Heo-Tyka. IIposenén cra-
TUCTUIECKUN aHaIu3 KO3MDPUINEHTOB MOAeAeH W 3HAYCHHUH TPEIebHOTO HaIpIKe-
Hud u gedOPMAINH 15 IBYX KOTOPT AaHEBPU3M: PA30PBABIINAXCS M HEPA3OPBABIITUXCS.
0603Ha4€HbL IPEUMYIIECTBA KaXKJI0M U3 PACCMOTPEHHBIX MOJEJEH J1Jisi MOJIEITUPOBa-
HUSI TKAHW aHEBPU3MBI OMIPEJETIEHHOrO CTATYCA B CIyYae CHen(puIecKuX BO3MOXKHBIX
nedopmanmii Tkaueil (MaJsble, cpeaHue, GoJbINTe).

Pa6ora BbinosiHena pu nogaepxkke Ilpasurenscrsa PO (mpoexr N 14.W03.31.0002).
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PEIITEHNE OBPATHbBIX 3AJAY AJITOPUTMAMMN
HA OCHOBE AHCAMBJIEN PEINIEHNUN
COIIPAKEHHBIX YPABHEHUNN

Ilenenko A.B.!?2

L Hnemumym evvucaumenboti Mamemamury, t Mamemamuieckot
2eofpusuxu CO PAH, Hosocubupck, Poccus;
2 Hosocubupcrudi zocydapcmeennviti ynusepcumem, Hoeocubuper, Poccus;
aleks@ommgp.sscc.ru

B pabore wm3ygaercs mOmXom K pEIEHWIO OOPATHBIX 3334, MPeIJI0KeHHBI
I 1. Mapuykoum [1] u cocTosmuii B TOM, 9TO I KaXKIOTO SJIEMEHTa JAHHBIX H3Me-
peHuit pemaercs: CONPsAKEHHAA 337244, U 3aTEM U3 IOy IEeHHOro ancaMmbiis pereHuit
COTIPS’KEHHBIX YPABHEHUH CTPOUTCS OMEepaTop 4yBCTBHTENbHOCTH. Omeparopbl 4yB-
CTBUTEIBHOCTH ITO3BOJIAIOT IIPeodpa3oBaTh 0OpATHYIO 33131y, COPMYINPOBAHHYIO B
BUJE CUCTEMBI HEJIMHEHHBIX mu(DepeHITuATbHBIX YPABHEHNH, K KBA3UIHHEHHOMY OITe-
paTopHOMY ypaBHeHHUI0. Jist ero pernenns npuMeHsieTcs ajaroputM tuna HeoTona —
KanropoBuya ¢ ucmosib30BaHueM r-o0paTHBIX Omeparopos. s paboThl ¢ JaHHBIMA
THna n300pPaKEHUN PEIeHre CONMPSKEHHBIX 33/a4 /Ui KaXKJI0r0o NUKCeId nu300pa-
JKEHUs MOKeT ObITh 3aTPYIHUTE]bHBIM C BBIYUCIUTEIbHON TOYKHM 3penusd. [losromy
CHAYAJIa, HEOOXOIMMO MPOBECTH WX PEIYKIWI K OTHOCUTEIBLHO HEOOJBIIOMY YHUCITY
TapaMeTpoB.

Paccmarpusatorcss obpaTHble 3aaa9u Ay Mojeseil anBeknun—auddy3nn—peak-
MY C MIPUJIOKEHWEeM K 337a49aM xuMun armocdepst u buosorun pazsurusd. VIcKoMbiMu
ABJIAIOTCA [IPaBble YacT ypapuenuii [2, 3| u koaddurmenrsr moaeneii [4]. B kauecrse
JIAHHBIX M3MEpEeHU MBI PACCMATPUBAEM KAaK TOUYEUHBIE M3MepeHus 3HadeHuidl (HyHK-
[[H COCTOSTHUST MOJIENH [5], Tak M JaHHBIE TUITA W300paskeHnil: BpeMeHHbIe pspl [3, 4]
u “cumMmKy’ 3HadeHnl GYHKIUE COCTOSHUS MOmenn [2, 4].

Pafora sBhimosmaena mpu mogzepxkke Poccmiickoro maywroro domma (mpoekt Ne 17-71-
10184) B wacTu pa3paboTKu anrOpuTMOB s PabOTHl ¢ JAHHBIME THIIA H300pakeHuil u
Poccuiickoro donna dynnamenranbubix ucciaenosanmii (mpoext Ne 19-07-01135) B wactu
Ppa3paboOTKH AJArOPUTMOB [JIsT KOIDDUIIMEHTHBIX 3312 C JAHHBIMU TOYETHBIX M3MEDPEHMUI.
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1. Mapuyx I I. O nocranoske nekoropsix obparubix 3anaa // Hdoxa. AH CCCP. 1964.
T. 156, Ne 3. C. 503-506.

2. Penenko A., Zubairova U., Mukatova Z., Nikolaev S. Numerical algorithm for morphogen
synthesis region identification with indirect image-type measurement data // J. Bio-
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3. Ilemenko A. B. Meron Hpiorona — KarTopoBnya nyia pemenns o6paTHBIX 33029 WICHTH-
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panos // Cub. xypH. Berauci. maremaruku. 2019. T. 22, Ne 1. C. 57-79.

4. ITenenko A. B., Hukosaes C. B., I'oxymko C. K., Pomamenko A. B., Kupuaosa H. A. Yuc-
JIEHHBIE aJITOPUTMBI uaeHTHdUKAIN Kodbdunmenta muddy3nn B 3a7a9ax TKAHEBOM
nrxkenepun // Maremarnaeckas 6uostorua u 6monndopmaruka. 2016. T. 11. C. 426-444.

5. Ilenenko A. B. CorslacoBaHHBIE YNCJIEHHBIE CXEMbI JIJIsi PEIIeHNsT HeJIMHEHHBIX 00PATHBIX
3a7a4 UIeHTH(DUKAINN UCTOYHUKOB I'DAJMEHTHBIMA aJIFOPUTMaMu U Meronamu Hproro-
nma — Kanroposuua // Cub. xypu. Berauca. maremaruxu. 2018. T. 21, Ne 1. C. 99-116.
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BAPNAINIMOHHBIE METO/IbIl B PEAJIN3AIINN
MATEMATUIYECKNX MOJEJIEIT OXPAHBI
OKPVY2KAIOITIEN CPE/1bI

ITenenko B.B., IIBeroBa E. A.

Huemumym eunucaumesbrolh Mamemamuky & Mamemamuseckoti
zeofpusuxu CO PAH, Hosocubupck, Poccus; penenko@sscc.ru

KawecrBo Bo3myxa B HoBocubupcke, KpacHosipcke, KaK ¥ BO MHOTHUX JIPYTHUX CH-
OUPCKUX U YPATbCKUX TOPOJAX, OCTABIISIET YKEJIATh MHOTO Jiydriero. [losromy mpobire-
MBI KAYeCTBa, aTMOC(EPhl PACCMATPUBAITCA KAK CAMbBIE AKTYAJbHBIE B COIUAIHHOM
TJTaHe 33/1a9M OXPAHBI OKPYIKAOIIEN CPE/IbI.

Hammwm ucciemoBanns mOCBAIIEHBI CO3MAHNI0 MATEMATHIECKUX MOJIEIEN, MEeTOIO0B
¥ aJrOPUTMOB JJI WX PEATU3allNid, & TAKXKE TEXHOJOTHIl MAaTEMATHYECKOTO MOJIe-
JINPOBAHUSL, 9TO0BI C IIOMOIIBI0 BUPTYAJbHBIX YUCIEHHBIX IKCIIEPUMEHTOB C HCIIOJIb-
zoBanueM cymepdBM mosyuuTh OTBETHI HA IMUPOKUI CIEKTD BOIIPOCOB, KACAIOIAXCS
OXPAHBI OKPYZKAIOIIEH CPEIbl, TAKAX KAK OIEHKA KAYeCTBEHHOTO COCTABA aTMOChepHI,
€ro M3MEHYHUBOCTD MPU PABIUYHBIX COYETAHUSX TTOTOIHBIX (DAKTOPOB, ECTECTBEHHBIX
W TEXHOI'€HHBIX BO3JENCTBUIT, JEMCTBEHHOCTh NIPUPOJOOXPAHHBIX CTPATETui U T. 1.

151 TOCTHXKEHNS ITUX IIeJIefl MbI PA3BHBAEM MATEMATHYIECKY IO KOHIIEIITUIO IIPUPO-
JOOXPAHHOTO TTPOTHO3UPOBAHNS ¥ MPOEKTUPOBaHNsI, pazpabareiBaemyo B UBMuMT
CO PAH, B TOM 4ucje U ¢ OpUeHTALCH Ha pelleHre IpodeM, BO3HUKAIOUIUX B TOPOL-
ckux arymomeparusx. KoHIenmusa oCHOBaHA HA TPUMEHEHUN BAPUAIMOHHOTO TOIX0IA
¥ COBMECTHOM HCIIOJIB30BAHUN MOJIEJEN THIPDOTEPMOIUHAMUKN, XUMUAN ATMOCKhEPh U
nanabix Haburogenuii [1]. OCHOBHOE NHPEMMYIIECTBO HAINIErO OAXO0AA — HOCTPOEHUE
COTJTACOBAHHBIX AMMTPOKCUMAIHH TPSIMBIX U COMPSIKEHHBIX 33729 PA3HOMACIITAOHBIX
MIPOTIECCOB M Pa3pabOTKa YMCIEHHBIX AJATOPUTMOB, ODJIAIAIONIMX CBOUCTBAMYM MOHO-
TOHHOCTH, TPAHCIIOPTUBHOCTH, YCTONYUBOCTH U JTOCTATOIHOM [ITst TAKUX 33789 TOTHO-
cru. B gacTtHOCTH, 17151 OIEpaTOPOB KOHBEKIMH—IU(DPY3UN—PEAKIINH, KOTOPBIE SIBJIS-
FOTCSI OCHOBHBIMH B 33/I1a93X PACCMATPUBAEMOrO KJACCA, C MOMOIIBI0 BAPUAITMOHHOMN
MeTOuKY U DYHIAMEHTAIBPHON KOHIIENIUK COIPsI?KEHHBIX NWHTErPUPYIONMX MHOXKM-
Tesiell MBI OCTPOMIIN JUCKPETHO-aHATUTHIECKIE YMCIIeHHBIE CXeMbI [2]. DTH cxembl,
KpOoMe “QHATMTUIECKOW TOYHOCTH B KJIACCe 33/a9 ¢ KYCOYHO-TIOCTOSTHHBIMU KO3 hu-
[IMEHTAMHU B TPEIEIAX OJHOrO IMara CeTOYHOU 00JaCTH, 0DECIIEINBAIOT TOYHBIN yder
KPAaeBBbIX YCIOBUH MMEPBOrO, BTOPOTO M TPETHETO POIA, 8 TAKIKE YCIOBHUIl MEPUOINY-
woctu. Kpome camoro pernenus, airopuT™ MO3BOJISET OAHOBPEMEHHO BBIYUCIHUTD €r0
MTPOM3BO/IHBIE HA TPAHUIAX WHTEPBAJIOB JEKOMITO3UPOBaHHON obsacTtu. Hamm momxo-
Jbl TOCTATOYHO YHHUBEPCAJIbHBI, MOITOMY pPa3pabaThbiBaeMble METOIbI U AJTOPUTMBbI
MOTYT HCIOJIB30BATHCS I IMIIUPOKOTO CIIEKTPA 33139 MATEeMaTHIeCKON (PU3UKH.

Pa6OTa B 9aCTU Pa3BUTHUA 6a3OBbIX MaTeMaTHUYeCKUX MO,Z[e.T[efI BBIIIOJIHAETCA B PaMKaX
Tembl rocyaapcrsennoro 3ananud UBMuMI' CO PAH Ne 0315-2016-0004, a nposenenue uc-
CJIEJOBAHUN I TOPOJCKUX arJIOMEpaluil OCYIIeCTB/IAeTCd 1IpU Hojiepxke Poccuiickoro
dborma bynnamentaapubrx ncememposanmii (mpoexkt Ne 17-01-00137).
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P. 2240-2256.
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PaccmarpuBatorcs ouenku Marpudnoii (oneparoproil) skcnonenTot. Jlorapudmu-

Jeckast HopMma MaTpuipbl A: ||A||iog = limo<i—o ([T + tA|| — [|I]])/t (oHa MoxKeT GBITH
orpunarenbHa). 13 Hee mosydaeM OIEHKY MAaTPHUYHON 3KCIOHEHTHI ||exp(tA)|| <
exp(ta) (0 <t < +00), a = ||Al|log — Hammy A" KOHCTAHTa. OIEHKA CHEKTPAJIBHOM

abcuucest MaTpunpsl A: spa A < ||Allioq, eciu ||Alliog < 0, To A — rypsunesa. Crex-
TpanbHasg abcumeca marpuner A spa A = max{ReA: A € g(A)}, 0(A) — cmekTp
marpuupl A (cm. [1-3]). Dopmyiibl 63 u3MeHeHus IEPEHOCATCsL Ha CJLy Yail JIMHEHHOrO
OrPAaHWYEHHOrO omeparopa A B GaHAXOBOM TIpOCTpaHCTBe [4].

Hycrs Lo — GaHAXOBO TPOCTPAHCTBO TOCHENOBaTENbHOCTEH C ||z[lo = sup; |z;]
(a=0); [[z|la = (3 |z;[1/*)* (0 < a < 1). B [3, 4] npusenensr bopmy s 17151 J10Ta-
pudvuaeckoit HOpMBL ||Al|jog maa o = 0;1;1/2. B [5, 6] naHbI OUEHKH CHEKTPAIBHOI
abenmcent [|Allatog < sup;{Re aj;+(1—a) 324 lajul+ad 2y lar;[} nna 0 <o < 1.
Abcomornas norapudmudeckas HopMa: |Alipe = limocio (T4 tA| — |I])/t (em. [7]).
Ecmu C = |Aliog, 10 ¢j; = Re aj; (1 < j < n)ucjr = |aji| (§ # k). Torma |Alig —
BeIl[eCTBEHHAs BHEAUATOHAJIBLHO HEOTPUIATEIbHAT MATPUIIA, TEOPUs UX MOXKET OBbIThb
BbIBeeHa u3 Teopun Ileppona — ®pobenuyca, [8]. Crupaseniusbr bopmyist [ef4| < etC
(0 <t < +00) (Buepsbie nossuaack B [9]) u spa A < spa C < [|Al|iog-

[ycts B =B, & ... B,, — 6anaxoso npocrpaucreo; I =P ®...6P, u P? =Py,
P;P, =0 (j # k). JluneHtHolit orpaHHTeHHLIH OmepaTop A, COINIACHO Pa3JIOKEHHIO,
OpPUBOAUT K omeparopuoit Marpuume A = (Ajy), toe Aj,: By — B; — snunefinsrii
orpanudennsii oneparop: A, = B;|P;AP|By (1 < j,k < n). Oupenennm [|A|| =
(J]A k) uw 1Al = |JA[[; 1Al = limgciso(lL+ tAl =) /t. Ecim C = 1Al,,,, To
cji = ||Ajillog (1 < j < n); cir = ||Ajk]| (§ # k). Cupasenymusbr onenxu letAl < etC
(0 <t < +o00) mwspa A <sgpa C < ||Alieg (cM. [10]).

Pa6oTa BhinosHena mpu nogaepxke Poccuiickoro donga dyHIaMeHTAIBHBIX UCCIIEI0BA-
muit (mpoext Ne 19-01-00732).
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O9KCIIOHEHIIMAJIbHO YBBIBAIOIIIVE OLNEHKN
I10 9YACTU ITEPEMEHHBIX HEKOTOPBIX CNICTEM
JINO®PEPEHIINAJIBHBIX YPABHEHUI
C BAITASABIBAHVIEM

Ilepmer H. B.

Hremumym mamemamury um. C. JI. Coboaesa CO PAH, Omcxui duauan,
Owmcx, Poccus; homlab@ya.ru

B pabore paccmarpuBaerca 3amada Komm gna cucrembl guddepeHnuantbHbIX
YPaBHEHUII C 3aNa3dbIBAHUEM
dz(t)
dt

= f(tvxt) - (M +g(t>xt))x(t)7 t = 0’ (1)

xz(t) =), tel, = [-w,0]. (2)
B ypaBuenusax cucrembl (1) u HaYaIbHBIX yCIOBHsAX (2) IPUHATO, YTO
2(t) = (@1(t), - @m(0)T, (1) = (W1(8), -, ¥m (D)7,
f(t xt) (fl(t th) "afm(tth))Ta
g(tvxt) = diag(gl(tvxt)v cee 7gm(ta xt))a n= diag(;ula s 7/J/m)7

rae x(t) — uckomasa dyukuus, z; : I, — R™ — 3ana3apiBaroias nepeMeHHast, Ornpe-
nmenenras o npaswmy: x4(0) = x(t+0), 6 € I, t > 0, ¥(t) — HenpepHIBHAA HATAIB-
Hag QYHKIHA ¢ HEOTPHIATEJbHBIMA KOMIIOHeHTaMH, f;(t, z¢), gi(t, x;) — HEKOTOpDIE
orobpaxenns, (; = const > 0, 1 < i < m. B ypapuenusix cucremsr (1) mox dx(t)/dt
MOHUMAETCS TIPABOCTOPOHHSISI IPOU3BOIHAS (MO-KOMIOHeHTHO). Samxada Komm (1), (2)
BO3HMKAET 1IPH Pa3paboTKe MATeMaTHYeCKUX MOJEJel JKUBbIX CUCTEM.

Permmennem 3amaum Komm (1), (2) ma mpomexytke [0,00) Gymem HazpBaTh GyHK-
o 2 (t), HEMPEPBIBHYO Ha nmpoMmerkyTke I, U [0, 00), NMEIIy 0 HEMPEPBIBHYO MPO-
U3BOAHYK Ha mpoMmexkyTke [0,00), yIOBIETBOPSIOIY HAYAIBHOMY yCIOBUIO (2) n
ypasHeHusM cucteMmbl (1) mist Beex t € [0, 00).

B pabore npusenennbl 6a30Bbie U JIONOJIHATEILHBIE YCIOBUs OTHOCUTE/IHLHO 0TOOpa-
xerus f(t,x;) n quaroHanbHOH MaTpurpl ¢(t, 1), 06eCTeINBAIOIINX CYIECTEOBAHNE,
€IMHCTBEHHOCTD W HEOTPUIATENBHOCTE (TTO-KOMIOHEHTHO) pemenus () 3amaqam Ko-
mm (1), (2) BHa mpomexyTke [0, 00).

Ha ocHoBe mpeInonoKeHust OTHOCUTEIBHO JTUHEHHON Mazkopupyemoctu f (¢, x4) no
OJTHOM YaCTU KOMIIOHEHT U OrpaHudeHHocTy f (L, 24) no ocTaBuIeics 9acTi KOMIIOHEHT
HOJIyYeHbl YCJIOBHUSA, TIPH KOTOPBIX st pemrenns x(t) 3amaun Komm (1), (2) umeror
MECTO OHEHKH

0<2i(t) <cie™™ 1 <i <k, (3)
25(6) < pi/igs k+1<j<m, te[o %), (4)
rme r > 0, ¢; > 0, p7 > 0 — nekoropsie KoHCTaHTh, 1 <@ < k, k+ 1 < j < m. Kon-

CTAHTBI T, ¢;, 1 < i < k, HAXONATCA KAK PEIICHUE HEJTMHERHON CHCTEMBI HepaBeHCTB
MOCTPOEHHOIN HA OCHOBE MPEINOIOKEHUsST OTHOCUTENBHO JIUHEAHONH MasKOPUPYEMOCTH
f(t, ;) Mo YaCTH KOMITOHEHT.

ITpencrasiienbl NpUMepPbl MATEMATHIECKUX MOJEJIEH JKUBbIX cucTeM B (opMe 3a-
naan Komn (1), (2), ana perennii KOTOPBIX COpaBeaanBbl oneHku (3), (4): pacnpo-
CTpaHEHHE SINUIEMHUN B U30JUPOBAHHOM pernone, quHamuka BNY-1 undekun B op-
raHu3Me JeOBEKa, MPOIECC KPOBETBOPEHHS B YCIOBUSIX AILIA3HU KOCTHOTO MO3TA.

Pabora BeimostHena npu nomaepxkke Poccuiickoro ¢gouma GpyHIaMeHTa IbHBIX UCCIEI0BA-
mwii (mpoext Ne 18-29-10086).

182



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

K BOIIPOCY O POBACTHOU
VIIPABJISEMOCTU HECTAIITMOHAPHBIMU
NMNP®PEPEHIIVNAJIBHO-AJITEBPANTYECKIMU
YPABHEHUAMUA

ITerpenko II. C.

Huemumym dunamuky cucmem v meopus YynpasieHus
um. B. M. Mampocosa CO PAH, Hpxymcx, Poccus; petrenko_p@mail.ru

PaccvarpuBaercsa cucrema qudepeHnnaabHbIX YPABHEHU IEPBOIO ITOPSI KA,
At)2'(t) + B(t)z(t) + Ut)u(t) =0, t €I =10,+00), (1)

rue A(t) € R B(t) € R™*" U(t) € R™*! — sanannbie marpumbt, npudem det A(t)
=0; 2(t) € R — menmspectnas dbyHKIus cocToanus cucteMbr, u(t) € R! — ynpasmisa-
toiee Bozaeiicreue. Takue cUCTEMBI IPUHATO HA3BIBATH AuddepeHmaIbHo-aarebpa-
uaeckumu ypasaenuamu (JIAY). Mepoii uepaspemennoctu JAY (1) orHocHTEIbHO
NPOU3BOAHBIX CIIYXKUT TEJIOYMCTCHHAS BEJININHA, HA3BIBAEMAsA WHIEKCOM (HEpaspe-
[IEHHOCTH) CUCTEMBL.

Uccnenyercs pobacrHas ynpasasemocts JAY [1]. IIycrs cucrema (1) HOMHOCTBIO
(R- win muddepennuansho (cM. [1-3])) ynpasisiema wa HekoropoMm orpeske 1T' C I.
3agaua pobacTHON yIPaBISEMOCTH 3aK/II0UAETCsT B HAXOXKAEHUM YCJIOBUI, DU KOTO-
PBIX BO3MYIIEHHAS CHCTEMA

A2’ (t) + (B(t) + Ap(t)z(t) + (U(t) + Ap(t))u(t) =0

OCTAHETCsl TO-IPEKHEMY TOJHOCThIO (R- uau auddepeHimanibio) yiupasageMoi Ha
sToM orpeske. 3nech Ap(t) m Ay (t) — Hen3BeCTHBIE MATPHUILT (MATPHITET BO3MYITIE-
HU), KOTOPbIE YAOBJIETBOPSIOT HEKOTOPBIM YCJIOBUSAM MajocTu Ha 1.

AHamu3 TPOBOAUTCS B TIPEITTOJOKEHUN CYIIECTBOBAHUST TUHEHHOTO nuddepeHIim-
AJIBHOTO OMEepaTOpPa BUIA

R = Bolt) + Ra(t) &+ ..+ Ri(t) (jt) , @)

KOTODBIil 06sanaeT jieBbiM obparHbiM Ha I (3meck 7 — ungekc JTAY). Onepatop (2)
npeobpasyer JAY (1) x crpykryproii dhopme ¢ pazzeneHubiMu “anredpandeckoil” u
“mudpdepeHnaabHON’ MOACUCTEMAMH, KOTOpas 00JIaIaeT TeMH »Ke PeIeHusMy Ha, [,
aro u JAY (1) [3].

IMonygensr qocraToumble yCaoBusa PobacTHOi yipasasemoctu (monoit, R- u mud-
depentmansuoit) JTAY (1) ungexkca HepaspenieHHOCTH 1 1 2 ¢ HECTPYKTYPUPOBAHHBIM
BO3MYIIEHHEM (OrPAHMYEHHBIMU 110 HOPME MATPUIAME BO3MYIIEHNU ).

Pabora BeimoHena mpu nmomaep:xkke Poccuiickoro doumga dyHmaMeHTaIbHBIX HNCCIEI0BA

uuit (npoext Ne 18-31-20030).
JINTEPATYPA
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K 3AJJAYE BOCCTAHOBJIEHIIA MOJIEJIBHBIX
YCJIOBUN B BAPNAIIMOHHO-CETOYHOM
METOJAE '’EOKAPTNPOBAHU A
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um. A. A. Tpogumyxa CO PAH, Tromens, Poccus;
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Pernenue BOTIPOCOB OMpPeNEIeHUsT MOTEJbHBIX YCIOBUHM Ha OCHOBE HAOIIONAEMBIX
JIAHHBIX BO MHOTOM 3aBUCHT OT PEAIM3yEeMbIX TOIX00B K OMUCAHUIO TPOCTPAHCTBEH-
HBIX 3aKOHOMEpPHOCTEH. B BapHaImoOHHO-CEeTOTHOM METOJIE TEOKAPTUPOBAHUS MOJIETh-
HBIE YCI0BUS (POPMYIMPYETCSA B JOCTATOYHO OOIMIEH MOCTAHOBKE — B BHJIE YPABHEHWIH
B Y9aCTHBIX TPOM3BOJIHBIX JI0 BTOPOTrO MOPAIKA BKIIOYUTENbHO. C OJHON CTOPOHBI 9TO
JIA€T BO3MOXKHOCTb PELIEHUsI MUPOKOrO KPyra I'€O0JIOTMYECKHX 337184, CBI3aHHBIX C
kapronocrpoerneM ([1, 2] u ap.). Ho, ¢ Apyroii, cyIecTBeHHO 3aTpy/IHAET DElleHue
obpaTHOl 331291 — YCTAHOBJIEHUE AaHAJUTHIECKOrO BUJIA 3AKOHOMEDHOCTEH, COOTBET-
CTBYIOIIAX MMEIOIIMCS JAHHBIM.

B pmanHO#i pabore BOCCTAHOBJIEHHE MOJENBLHBIX YCJIOBHH B PAMKAX BAPHAIMOHHO-
CETOYHOIr0 METOA T€OKAPTUPOBAHMSI IIPE/TTArAETCA OCYNECTBIATH HA OCHOBE OIIPEe-
JIEHUST IBYX WU OOJIee COTJIACOBAHHBIX C JAHHBIMUA OPTOTOHAJBHBIX TUMIEPILIIOCKOCTEH
B MPOCTPAHCTBE 3HAYEHUH KapTUPYeMOH (hbyHKIMH U ee YaCTHBIX TPOU3BOAHBIX. O1-
HAKO, HETIOCPEICTBEHHAS PEAJIUBAIINST TAKOTO PEIIEHUs MPAKTHIECKU HE OCYIIECTBUMA
BCJIEICTBAE OTCYTCTBHA HEOOXOMUMO mHMOPMAITAN O 3HAYEHUAX MPOU3BOAHBIX B TOU-
KaxX HabJIIOIeHns].

B 3TUX yCIOBUSAX TMPEIJIOKEHO UCTOIH30BAHNE MUTEPAIMOHHOTO TIOAX0A, Ha Ha-
YAJILHOM TIIAre KOTOPOTrO OCYIIECTBISIETCS] KAPTUPOBAHNE C MTPUMEHEHHEM ATPHOPHBIX
MOJIEILHBIX YCJIOBUI M ONpEJIENICHHE M0 MOCTPOSHHON MOBEPXHOCTH NEPBOro Mpubiu-
JKEHUST 3HAYEHWH TPOM3BOIHBIX. lOCTEAYIONINE MTEPATUOHHBIE UKLl BKIIOYAKOT:
pacger HOBOTO NMPHUOIMKEHUS MOJENbHBIX YCJIOBHIL, PEIIEHAE 331a491 M€OKAPTHPOBA-
HUSL C 3THMHU yCJIOBUSMH; ONPEJIEIEHNE HOBbIX NMPUO/IMIKEHUI /151 3HAYEHUIA [1POn3-
BOJIHBIX, UCTIOIB3YEMbIX B KAYECTBE BXOIHBIX JAHHBIX HA CJICAYIONIEM TIAre UTePAIUN.

Meron anpobupoBaH Ha MPUMEpaX BOCCTAHOBJICHUS MOJEIbHBIX YCJIOBUM, COOT-
BETCTBYIONIAX CEPUM NEPUOMNYIECKUX peliennii. Pacdersr oKa3aan, 9T 3a HECKOJb-
KO UTEPAINI TOYHOCTH BOCCTAHOBIEHUS MOJIENBbHBIX YCJIOBUN YBEJMIABAECTCA B COTHA
pas, a pe3yIbTHPYIONIE KAPTHI ¢ UCIIOJIb30BAHUEM IOy IE€HHBIX YPABHEHUH 110 CBOE-
My BUIY TPAKTUYECKH COOTBETCTBYIOT TOYHBIM Y¥Ke Ha BTOPOH UTepalnuu B 00IaCTAX
PACITIOJIOKEHUST TOUEK € (DAKTHICCKUMHU JAHHLIMY W HA Y€TBEPTON UTepanuu Jjs Beeil
00J1aCTH KapTUPOBAHUS.

Pabora Beimosrena npu noggepxke mpoexkta OHIUL Ne 0331-2019-0024.
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OB OJHOM IOJXOJE K PEIIEHIO
3AJTAYT TUHAMUNYECKOII TOMOI'PA®NI
10 BOCCTAHOBJIEHUIO 2D BEKTOPHOTI'O I10JISI
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3agaun ToMOrpadpuH CTAHOBATCS TUHAMHYECKUME, €CIU ONHON M3 Ieseil BoccTa-
HOBJIEHUS M3Y9aeMOr0o OOBbEKTa SIBJISIOTCS €r0 XapaKTEePUCTUKU, CYIIECTBEHHO U3Me-
HAOIMAECST CO BpeMeneM. [1omobHbIe MOCTAHOBKY BO3HUKAIOT, HAIIPUMED, B MEIUITITHE
MIPY UCCACTOBAHUN CEPAIA HIN JIerKuX. MeToapl pemrennusa 334a9 TPAIUIIMOHHON TO-
Morpadun pa3paboTaHbl B IPEAIOJ0KEHNH, 9TO O0bEKT HEIOIBUKEH, IIOITOMY B JIH-
HAMHAYIECKOM CJIy9Iae HAMPSAMYIO OHU HE TPUMEHUMBI, HO TpeOYIOT, ITO MEHBINEH Mepe,
CYIIECTBEHHON MOIU(DUKAIIIN.

B patore npemyiaraercsa ajropuTM BOCCTAHOBJIEHNS IBY MEPHOTO BEKTOPHOIO MOJIHA,
KOTOPOE BMECTE C HOCUTEIEM M3MEHSETCsS BO BpEeMEHH 110 H3BECTHOMY 3aKOHy. B Kate-
CTBE MCXOIHBIX JAHHBIX HCIOJB3YIOTCSI 3HAYCHHS MIPOAOJIBHOIO JIYIE€BOrO Mpeodpas3o-
BaHUSsI, U3MEPEHHBIE BIOJIb MPIMbIX, TAPAJIEIBHBIX HATpaBIeHNIo 6 = (cos ¢t, sin ¢t ),
rJIe () — MOCTOSTHHAS YTJI0Basi CKOPOCTh MCTOYHWKA u3nydenus, ¢t € [0, T] — spems [1].

B ocHoBe mpenjaraeMoro ajropuTMa, JIEKUT METOI CHHLYASPHOTO PA3JIOKEHUS
omnepaTopa IUMHAMHUTECKOTO JIyIe€BOr0 MPeodpa30oBaHusi, ACHCTBYIOIETO Ha BEKTOPHOE
nome. Kak u B CTaliMOHAPHOM CJIydae, s MOCTPOEHNMs Oa3MCHBIX BEKTOPHBIX MMOJEl B
HUCXOHOM IPOCTPAHCTBE UCIONB3YIOTCA TAPMOHUIECKHE TTIOTHHOMBI U TOJTMHOMBI Z1KO-
6u. B mpocTpancTBe 06pa30B 1yueBoro npeobpasoBanus 6a3ucHbie (DYHKIIUNA CTPOSITCS
C WCTIOJIB30BAHMEM MAPMOHNYECKHUX TOJHMHOMOB U TTIOJMHOMOB Lerenfayspa [2-3].

YcranoBaeHa CBA3b MEXKIY ANHAMUYECKMM IpeobpaszopanmeM Pamomna moTeHIma-
JI3, COJIEHOU JAJTHHOTO BEKTOPHOIO TIOJIA U JUHAMUIECKUM IIPOIOILHBIM JIYIEBbIM IIpe-
00pa3oBaHUEM COJIEHOHUIAJTBHOTO BEKTOPHOTO IOJIsI, MOCTPOEHHOTO HA OCHOBE TOIO
noreHmuaia. Ilokazamno, 9To mpu OIMHAKOBOM BHIDOpE OA3MUCHBIX BEKTOPHBIX TMOJEH B
WCXOIHOM MPOCTPAHCTBE CUHTYISPHBIE YHC/IA OMEPATOPA TPOIOJBHOIO JIYIE€BOTO IMpe-
00pa30BaHus B CTAIMOHAPHOM M JIUHAMUYECKOM CJIyUasiX COBIIAIAIOT.

Pabora BeimosHena mpu mogaep:xkke Poccuiickoro doumga dyHmaMeHTaIbHBIX HCCIEI0BA
mnit 1 Hemenkoro nayuno-uccienosarensckoro obmecrsa (npoekt Ne 19-51-12008).
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PaccvarpuBaeTcda mMOCTAHOBKA M peIieHue [-mpobaeMbl MOMEHTOB /IS WHTETPO-
nuddepeHIaIbHbIX YPABHEHNH, MOJEIUPYIONNX JUHAMUKY JTUHEHHBIX CHCTEM JIpOG-
HOTO TIOPSIIKA C yIpapjeHueMm. M3BecTHO, 4TO K JAHHON mpobieMe MOXKET OBbITh CBe-
JleHa 33/1a49a TOMCKA ONTHMAJIBHOTO YIIPaBJIeHUs, 00/IaJAI0IIero MUHUMAJIbLHON HOP-
MO#1 IpY 33JAHHOM BPEMeHU YIIPABJIEHUs, Wi 0DECTIeInBAIOIIEM MUHUMAIBHOE Bpe-
Msl YIPABJIEHUs [IPY 33JAHHOM OIPAHUYEHUH Ha HOpMY yupassenus [1]. Mccaenyorcs
CHCTEMBI KaK C COCPEJOTOYEHHBIMU, TAK U C PACIPETEIEHHBIMU TapaMerpaMu. AHa-
JIUBUPYIOTCS OCODEHHOCTH MOCTAHOBKHU W CBOUCTBA, perieHuii [-ipobiaeMbl MOMEHTOB,
00yC/IOB/IEHHBIE TUTIOM OMEPATOPOB IPOOHOTO WHTErpO-audhepeHImpoBaHus.

CucTeMbl ¢ COCPEIOTOYEHHBIMY MTAPAMETPAMY 33IaHbI YDABHEHUSIMUA BUJIA!

onqu(t):a”q](t)—i—b”uj(t)—i—fl(t), i,jzl,...,N, t e (O,T], T>O,

rae dyukuuu g;(t), u;(t) u f;(t) onpenensor cocrogHUe, YIPABICHHE U BO3MYIICHUE
COOTBETCTBEHHO; G;; U b;; — koadbdunueHTsl (BOOOIIE rOBOPS, 3aBHCSIIME OT Bpe-
MEeHHU); 110 HOBTOPSIIONIMMCs MHJIEKCAM HOjpa3yMeBaeTcs cyMmuposanue. Queparop
npobroro muddepentuposanua oDf’ 31eck nonumaercsa B cmbicie Xumbdepa [2],
Opueiin — Kobepa [3] wiu Caiiro [3], upu 3T0M MHAEKC p; ABJISETCH COCTABHBIM U
BKJIIOYAET HAOOp MapaMeTpPOB COOTBETCTBYIOIIETO ONEPATOpa. Y Ipasaenus u;(t) cau-
Tarorcs dneMentaMu npocrpamctsa L,(0,7], 1 < p < oo. s paccMaTpUBaeMBIX
CHCTEM TIOJYYEHbBI YCIOBUs, OMPEIEISIONIHe BOZMOKHOCTD TIOCTAHOBKY U Pa3PEIu-
MOCTH [-TTpoDeMbl MOMEHTOB. B pszie cIy4daeB MOCTPOEHBI TOYHBIE AHATUTHIECKHE
pelrennsa JaHHON TPOOIEeMbl M UCCAETOBAHBI MX CBOHMCTBA.

PaccmarpuBatoTCst TaKyKe CHCTEMBI C PACTIPEAETEHHBIMU TAPAMETPAME, OTTUCHIBA~
embie 1P y3UOHHO-BOTHOBBIM YPaBHEHUEM C IPOOHOM MPOW3BOIHON O BPEMEHH:

0 0Q(z,t)

(o) oD£ Qw0 = - [ “HED] - garate.

+f(z,t) +u(z,t), ¢t>0, ze€][0,L],

rae Q(z,t) — coctostaMe cucremsr, f(x,t) — Bo3mymenne, u(xz,t) — pacnpemenéHHoe
yupasneraune. Oyaxuun () > 0, w(x) > 0 u ¢(T) cIUTAOTCSA HENPEPBIBHBIME HA OT-
peske [0, L]. Oneparop apoGuoro muddepeHnnpoBanns 31eCh TOHUMAETCS B CMBICTIE
Xunbdepa [2]. Jns rakux cucreM chOpMyIHpoBaHa GecKOHedHOMepHasi [-nipofiema
MOMEHTOB, MOJYYEHBI YCIOBUS €6 MOCTAHOBKU W PA3PEITUMOCTH, 8 TAKIKE TIOCTPOCHBI
IPUOIMZKEHHBIE AHAJIATHYECKAE PEIIeHUs MOCTABICHHON MPOOIEeMBI H HCCIEIOBAHBI
WX CBOHUCTBA.
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PEIITEHNE 3AJAYU I1I0JIBN2KHOTI'O YVIIPABJIEHUA
AJId CUCTEM APOBHOTI'O ITOPAJIKA

ITocTuosa E. A.

HUnemumym npobaem ynpasaenus um. B. A. Tpanesnuxosa PAH, Mockea, Poccus;
postnova@ipu.ru

B pabore mpoBeneHO YMCIEHHOE PeIeHre 33139 MOJBUKHOIO YIIPABJIEHUS JJist
cucTeM JApOOHOTO MOPSIIKA, 8 UMEHHO HCCJIEIOBAJIOCH TOBEJEHUE CUCTEM, ONMUCHIBAE-
MBIX YPaBHEHUSMU THUNA ypaBuenus muddy3un:

P00

OD?Q(xvt) o2

+ f(z,t) +ulz,t), t>0, 0<z<L,

rae bynxumn Q(z,t) € AC((0,7] % (0, L)) m u(z,t) € L,(0,T], p > 1, onpenengior co-
CTOSIHHE M yIIPABJICHHE CHCTEMbI COOTBETCTBEHHO; [ (X, t) — Bo3Mymaomasn pyHKIUs;
K — koadbdumnment nuddysun; ¢Dff — omneparop apobruoro anddepeHInpoBanns
Kamyro [1] nopsaaka a, 0 < a < 1. IIpu 370M Ha4aJbHOE W KOHEUHOE YCIOBHS 33,1~
BaJIACH CJIEIYIONTHM 00pPa30M:

Qz,0) = Qo(z), Qz,T)=Q"(x), T>0.
B cnyuae nmogsmkHOro yupasaeand u(x,t) Oyaer IMeTh CIeAyIOUMi BHI:
u(z,t) = I(t)plz — zo(t), o (1)),

rae dyukmus [(t) € L,[0,T] ompemenseT MHTEHCHBHOCTDL YIPABIISIONUIETO BO3ZIEl-
creus; GyHruus Ylr — xo(t), o(t)] orsevaer 3a HopMy NPOCTPAHCTBEHHOTO PaCIpe-
JIEJICHUST YIPABJSAIONIEro BO3IeHCTBAS, pu 3TOM 0 (t) aBngeTcsa mapaMerpoM GOPMBL
pacupeaenenus, a To(t) € L,[0,T], 1 < p < 00, 3a188T 3aKOH JBUZKEHUA YIIPABIIAIO-
MIero BO3IeNCTBUA.

3amaua ONTUMANBLHOTO YIPABJCHASA CTABATCA AHAJIOTHYHO CIYYAK) CUCTEM C CO-
CPEJOTOYECHHBIMA TIAPAMETDAMHE |2], T/Ie OTIMYIme 3aKAI09AETCS JIUITh B ONPEIeTCHIH
YIPAaBJIAIOMIEr0 BO3ACHCTBASA.

3aada MOABUKHOTO YIIPABIEHU CBEIEHA K HEJIMHEWHOM GECKOHETHOMEPHOI Mpo-
6J1eMe MOMEHTOB CJIeYIOIIEro BHIA:

T
/%@TNWXJ%@Whﬂﬁ—QmEJﬂmTW
0

rie gn(t,T) = —pinEoo|—pn(T — )N T — )15 X, [z0(t)] u pn — cobeTmenmbie
byHRIIE U1 COGCTBEHHBIE 3HAUEHUS COOTBETCTBYIOIMIEH Kpaesoi 3a1aun, Q, 1 Qo, —
K03(ODUIMEHTET PA3IOXKEHNsT COOTBETCTBYIOIIAX BEJUYAH TIO0 CHCTEME COOCTBEHHBIX
byHKImIL.

JInst mocTaBaeHHON TPOGIEMBI MOMEHTOB HCCICAOBAHO MPUOINKEHHOE PEITICHNE.
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NTEPAIIMNOHHBIE METO/IbI PEITIIEHN A OBPATHBIX
SAIJAY IJI4 ITAPABOJINMYECKUNX YPABHEHUU

Ipuaenxko A.N.', Koctun A.B.?

L Mockoscruti 2ocydapemeenmuti ynusepcumem um. M. B. Jlomonocosa,
Mocxkea, Poccus; prilepko.ai@yandex.ru
2 Hayuonarvroil uccaedosamervcruts adepnots yrusepcumem “MHDH”,
Mocxksa, Poccus; abkostin@yandex.ru

IIycrs 2 C R — orpanuuenHas ob1acts ¢ rparuneit 00 € C2. PaccmarpuBaercs
obparHas 3ana41a HaxokaeHua mapbl dyakmmii {u(z,t); f(z)} 3 yeaosmii:

p(@)uy — Au—c(z)u = h(z,t)f(z) + g(z,1), (2,t)€Q:=0x(0,T), (1)
u(z,0) =up(z), =€, u(zt)="V(zt), (x,t)€S:=d0x][0,T], (2)

lu) :=u(z,T) = x(z), =z (3)

Bce ocranpubie dbyakunm, sxogsmnme B (1)—(3), cauraiorcs 3aJaHHBIME U JOCTATOYHO

2,1

rmaaxkuMu, a A — 370 oneparop Jlamnaca. Pemenne umercs B kiacce v € W5 (Q),
f € La(R). B kmaccax Témpaepa 3agaua mccremopanack B paborax B. M. Hcakosa
(1982, 1991) u A.U. Ipusenko, B. B. Cososbésa (1987). OGOOLIEHHBIM DEIICHUSIM B

kraccax C.JI. Cobosnesa mocsamensr padorst A. . Tlpunenko, A. B. Kocruna (1992,
1993, 2013), rae yCTAHOBJIEHO, YTO IIPU BHIIOJHEHUH HEPABEHCTB
h(z,t) < he(z,t)
1(h)(z) = 7 1(h)(2)
0000IIIEHHOE perrenre 0OpPaTHON 3a0a4N CYIIECTBYET U €IUHCTBEHHO. 3BEeCTHO, ITO
zagada (1)—(3) sKBuUBaJEHTHA OLEPATOPHOMY YDPABHEHUIO BTOPOIO DOJA C BIIOJIHE
HenpepblBHBIM B Lo () oneparopom B. B patorax IMpunenko, Kocruna (1993, 2013)
YCTAHOBJIEHO, YTO CIEKTPAJbHBIA paguyc oneparopa B MEeHbIIe eIUHUIIBL. DTO 18T
BO3MOXKHOCTb 0BOCHOBATH CXOAUMOCTb METOJA MTEPAluil MOCTPOEHUs pelneHus 00-
patmoit 3agaun. O6oznaunm wepes u’(z,t) pemenme npavoii samam (1)—(2) ¢ f = 0.
Hapa {u; f} asnserca pemennem (1)—(3) Tombko Torma, korma mapa {u — u’; f} —
pemenue 3anaun suga (1)—(3), B koropoit ¢ = ug = ¥ = 0, a BMecro dyukuun x(z)
B yenosun (3) crout dynkmus x(z) — u’(x, T). IT0 TMO3BOIAET CBECTH HCCIIENOBAHNE
samaan (1)—(3) x cayuaio g = up = ¥ = 0. Kpowme roro, mpu ycaosuu |1(h)(z)| = § > 0
B €, 6e3 orpanuyuenHus OOMHOCTH MOKeM camuTarb, 9o 1(h)(z) =1 B 2. Beeném 06o-
suagenne u(z,t; f) mua pemenns npsamoit samaam (1)—(2), B koropoit g = ug = ¥ = 0,
a Gyukmua f € Lo(Q) ussecrHa.

IIpu Boimonsennu ycuosuil (4) mociemoBaTenbHOCTDL { f}70 ), MOCTPOEHHAS IO
IPaBUILY

c(x) <0, [(h)(z)] =6 >0, z € 20, (x,t) €@, (4)

fo=0, fir1=-Ax(z) —c(@) x(@) + p(z) ue(z, T; fr)
cxomntes B L2 () k dyakuum f(z). Ipn arom napa {u(zx,t; f); f(x)} asasercs peme-
uuem obparuoii 3anauu (1)—(3), B koropoit g = ug = ¥ = 0. Anajiorudsble pe3yJabTa-
THI O CXOAUMOCTH METOJIA HTEPAIM MMEIOT MECTO AJid HeMMHEHHBIX 0OpaTHBIX 33149
BoccTaHoBIeHNA KO3dbduuuentos ¢(x) u p(r) no ycaosuo GUHAILHOTO HAOJIIOICHHU,
a Tak¥Ke s 33Ja49 ¢ YCAOBUEeM HabI0AeHus O0IIero BuiIa

T
1) = [ uw)du(t) = x(@). ze®
0
¢ dynkmmeit p € BV ([0,T]) (em. Koctur 2013 —-2017).

PaboTa BTOpOTO aBTOpa BHITIOIHEHA TPY YACTUIHO MOIePyKKe TTPOTPAMMBI TOBBITITEHIS
KOHKypeHTocnocobHoctn HUIAY MIUOU (npoekt Ne 02.203.21.0005 or 27.08.2013).
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IFASOJIMTHAMNYECKHNE AHAJIOT'IN1 B MEXAHUKE
HEC2KNIMAEMBIX BA3KOVIIPYI'IX CPE/L
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L Hnuemumym eudpodunamury um. M. A. Jlaepenmveea CO PAH,
Hoeocubupck, Poccus;
2 Hosocubupckuti zocydapemeennnd ynusepcumem, Hosocubupcek, Poccus;
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Paccmorpenbl ogHOMEpPHDBIE 33291 ¢ MIOCKUME W [AJIHHIPUIECKIMEI BOJTHAMHU B
MOJEIAX HECKHMAEMBbIX BA3KOyHpyrux cpen Maxkceemna, KenpBuna — @oiixta u B
MOJIEJIN JIBU2KEHHsI BOJHBIX PACTBOPOB mojumepos Bofitkynckoro — Amdunoxuesa —
[MasmoBckoro. B aByx mocjienHux cayvuasx ypaBHEHUS JBUKEHUsT COBIAJAIOT C YPAB-
HEHUSIMH aKyCTUKWM BSI3KOrO Ta3a. YCTAHABIMBAETCS COOTBETCTBUE MEXKIY MapaMeT-
pamu raza u BA3KOYOPYTO#M Cpembl. Y PABHEHUS OJHOMEDHOTO JBUKEHUS HECKUMAe-
MO#i cpenbl MakcBesta TOKIECTBEHHDI YPABHEHUAM HEBSI3KOTO Ta3a € HEBBIMYKJIBIM
YPABHEHHEM COCTOSIHHSA. DTO IPUBOAUT K OTJUYUSM B PEIICHUH 33J1a9d O PacIajie
MTPOU3BOJILHOTO Pa3pbhIBa OT KJIACCUYECKOTO DEIeHus .
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OBPATHDBIE 3AJTAYY TEIIJIOMACCOIIEPEHOCA
C TOYHEYHBIMU NCTOYHNKAMMUN

IIarkos C.T.12

L FOzopexuti 2ocydapecmeennmti yrusepcumem, Xanmoi-Mancutick, Poccus;
2 Unemumym mamemamuru um. C.JI. Coboresa CO PAH, Hosocubupcx, Poccua;
pyatkov@math.nsc.ru

Mpb! paccMaTpuBaeM BOIIPOC 00 ONpeejeHUH BMECTe C DeIIeHneM MPaBoil dacTu
CIEIUATBHOrO BUIA B MapabOIUIECKOM YPaBHEHUN

wr — Lou = i Ni(D)8(z — 23) + f(2,8), (2,8) € Q x (0,T), (1)

rae Lou = Au—b(z) - Vu—a(x)u, Q) — orpanuvennas wjin HeOrpaHuIeHHas 061aCTh B
R™ (n=1,2,3) ¢ rpanuneii I' uw § — menbra-dynxnus JIupaka. 31€Ch HEU3BECTHBIMA
apnanTca GyHkuma u(r,t) — KOHUEHTPAIUSA 3arps3HSIONEr0 BEMECTBA B BOIOEME
WK BO3AYXe, TOYKH ; € ) — To4ednbie ucrodHukd u N;(t) — WX MHTEHCHBHOCTH.
YT00bI ONPEIeuTh HEN3BECTHBIE HCTOYHWKY, ypaBHeHue (1) JOMoIHIeTCs KPaeBbIMU
¥ HAYAJBHBIMU YCJIOBUSIMHI

BU|F = @(t)7 U(JZ‘, O) = Uo(ﬂf), (2)
rme Bu = v nwnmn Bu = g—g + ou, ¥ YCIOBUSAMU TIEPEOTIPpEIeIeHUs BAIA

u(ijt):’l/)j(t)a j:172a"'75' (3)

ObparHas 3aJa9a COCTOUT B HAXOXKJICHHU HeM3BeCTHbIX GyHKumil N;(t), yucina m u
HEU3BECTHBIX UCTOYHUKOB {x;}. VIMeercs GOMBIIOE KOJIUIECTBO PABOT, TTOCBSIIEHHBIX
3a7a9aM TaKOro BUJA KaK B OJHOMEDHOM, TaK U B MHOMOMEDHOM ciydae. B ciayuae
HECKOJIbKUX 3arpsA3HSIONIMX KOMIOHEHT NOJ00HBIE 3318491 BOBHUKAIOT U JJI CUCTEM.
Onnako, mogapastomee GOMBIIAHCTBO PAOOT TOCBAMIEHO TUCIEHHOMY PEIMIEHHO 3TOM
3871997, O9€Hb YacTO 6€3 Hy’>KHOr0 OOOCHOBAaHMS YHCJIEHHBIX Iponeayp. OCHOBHBIM
UCTIOIB3YEMBIM METOJOM SBJISETCS METOJ HAUMEHBIINX KBAIAPATOB, T. €. 33J1a9a CBO-
JIUTCsI K HEKOTOPOI 33/1a4€ YIIpABJICHUs 1 MUHUMH3AIUKA HEKOTOPOr0 KBAIPATUIHOIO
dynknmonasa.

Banaga (1)—(3) asisierca HEKOPPEKTHOIT B cMbicie Anamapa. Mbl npuBoauM yciio-
BUA paspemmmocTd 330391 (1)—(3), yCaoBHs € HHCTBEHHOCTH M HEEeMHCTBEHHOCTH
pemtennii. JIoka3aTeabCTBA OCHOBAHBI Ha IPUMEHEHHH Ipeobpasopanus Jlammaca u
3aTeM Ha MCCJAEJOBAHUM ACUMITOTHKY PEIICHUI 3JUIUITUIECKON 3a1a4u

i — Lot = Zﬁz(tﬁ(x —x;), Bilr=0

i=1

oo
o KOMIJIeKcHOMY mapamerpy A. 3aecs @ = [ e Mu(t) dt — mpeobpazosanme Jlan-
0

Jraca.
PaGora BeimosHena mpn noepkke Poccriickoro donrma GyHIaMeHTaTbHBIX UCCIET0BA~
muit (mpoext Ne 18-01-00620).
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T'PAHUIIBI I TEOMETPNYECKUE CBOICTBA
MHOYKECTB PEIIIEHUI B 3AJTAYAX
VCTONMUYUBOCTU

Porajes A. H.

HUnemumym evuuciumenvhozo modesuposanus CO PAH, Kpacnoapex, Poccus;
rogalyov@icm.krasn.ru

B joksiazne paccMaTpuBalOTCH XapaKTepucTUKU obJiacTeil U rpanuil obsacreil pe-
menniit quddepeHnuaabHbIX YpaBHEHUNH. DTU 00JACTH PEIEeHuil TOSBIISAIOTCS TOTA,
KOTJ[a B IIapaMeTpPax NOCTABJIEHHOH 3312491 IIPUCY TCTBYET HEOIIPEIEJIEHHOCTD (U3BeCT-
HbI JIMIIb HEPABEHCTBA JJid JIAHHOIO mapamerpa). Bo3amoxen rakxke ciaydail, Koraa
mpaBast YaCTh 3aBUCUT OT YIPABJSIONIErO BO3meiicTBusI. [Ipr 9TOM BaykKHO OIEHUBATH
¥ AHAJIW3WPOBATH MOBEJEHME 00JACTell TOUYHBIX PEIeHWi W WX TPAHUIl B 330a9aX
NPAKTUYECKON (TEXHUYECKOH) yCTORYMBOCTH, YTO O3HAYAET PABHOMEPHYIO OIDAHU-
YEeHHOCTD PEIIeHUl OTHOCUTEILHO MHOXKECTBA HAYAIBHBIX 3HAYEHUH U COBOKYITHOCTH
BO3MYIIAIOINX BO3JEHCTBHH HA KOHEYHOM HMHTEpPBaJe BpeMeHu. Bompoc 06 ycToirin-
BOCTH HA KOHEYHOM MHTEDPBAJIE BDEMEHU BO3HUKAET JJIsi CHCTEM, HE HMMEIOIINUX yCTaHO-
BUBINIETOCS PEKUMAa — PEKIMA, TEOPETUIECKH PeaTH3yeMOoro Ha HECKOHETTHOM MHTEP-
BaJle BpEMEHN, HAIPHMeD, PaKeTa U ee cucreMa yupasienus [1]. B noknaze mpeacrae-
JIEHBI HOBBIE PE3YJIbTATHI IPUMEHEHNS FapaHTHPOBAHHBIX METOMOB [2-6], OCHOBAHHBIX
Ha CHMBOJIBHOM MpecTaBieHnyu (GOPMYJ PeIeHuil, B TUIUYHBIX 33a49aX HAKOILIe-
HUs BO3MYIIEHUH, P ITOM YYUTHIBAIOTCHA CBOMCTBA I'DAHUYHBIX JIEMEHTOB TOYEK
MHOXKECTB B KasKIbIil MOMEHT BpeMmenn. Ilokazana CBsi3b 3HAUEHUH TPAHUTHON TPAEK-
TOPUHU B MPOU3BOJILHBI MOMEHT BPEMEHU CO 3HAYEHWSIMU TDAHUI] MHOXKECTB HAYAh-
HBIX JAHHBIX. TeM CaMbIM MOBBIMAETCS TOYHOCTH MOCTPOEHUS CUMBOJBHBIX (DOPMYJI
npubmkennbx pemennii S*(YC) 0 27 1(Y%) o... 0 S1(Y"), rue Bektop YO — Bekrop
HA4YaJIbHBIX 3HAYEHWI, PACCMATPUBAEMBIX KAaK CHMBOJIbHBIE BEJIUYUHBI. Dojee TO9HO
BBIUNCJISAIOTCS TPAHUIIBL OOJIACTH 3HAYEHNH S, CHMBOJBHBIX (GOPMYI.
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OBPATHBIE 3AJTAYN
AJI1dd YPABHEHNUNV CMEIITAHHOTI'O TUITA
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PaCCMOTpI/IM ypaBHEHUE CMCHIaAHHOI'O TUIIA

Lu = K (y)tgs + 1ty — b (y)u = F(z,y) = {fl(l')gl(y)v y >0,

fa(@)g2(y), vy <0, W
B mpaMoyrosbhoit obactu D = {(z,y)|0 < z < I, —a < y < B}, tne K(y) =
(signy)|y|™, n, I, @ u f — 3amaHHbIe TONOKUTEIbHBIE YUCIa, & b — 060 3a7aHHOe
JefiCTBUTEIbHOE YUCI0, U CIIEyIOIne 3a)1aq1/1

Bamaua 1. Haiitn Gymkmmm u(x,y) u f1(z) = fo(x) = f(x), ynonersopsiromue
yerosuam: u(x,y) € CHD) N C?*(Dy U D_), fi(x) € C(0,1) N Ly[0,1], Lu(z,y) =
F(x,y), (Tvy) € D+UD—’ U(O7y) _u(l y) :07 —a < yS/B7 ( Z, ) ( )
wl(z, —a) = B{e), wy(z,—a) = g(x), 0 < & < L, t1e g1(y), 92(y), @), V(x), g(z) —
3a/IaHHbIe JOCTATOYHO riajakue ¢yHkmn, npudeM ¢(0) = o(1) =0, ¥(0) = ¢(1) =
D.=Dn{y>0}, D_=Dn{y <0}

Banaua 2. Hatitu byrkunm u(x, y) u fi(x), i = 1,2, yI0BIETBOPSIOMHAE YCAOBAIM
sagaan 1 u uy(z, ) = f(x), 0 <z <1, tne g1(y), 92(y), o(x), ¥(x), f(x), g(x) —
n3BeCTHBIE (DYHKITNH.

B crarbsix [1-5] nccnenosanbt obparHble 3amaun 1 u 2 nas ypasHerus (1) npu
n =0, T. e. IjIg9 ypaBHEHUI CMEIAHHOrO THUIIA, ¢ onepaTopoM JlaBpenTheBa — bura-
3e. B sTnx paGorax ycTaHOBJIEH KPUTEPHIl €IMHCTBEHHOCTH PEIeHns 337034 1 u 2, n
pEIeHnsi MOCTPOEHBI B BUJE CYMMBI PSIJIOB 110 CHCTEME KOPHEBBIX (DYHKIIAH COOTBET-
CTBYIOIMIAX OJHOMEPHBIX CMEKTPATBLHBIX 3aIa4.

B nannOM mOKIa1e TPUBOMATCS PE3YABTATHI TI0 UCCISNIOBAHMIO 3amad 1 m 2, T. e.
paccMaTpUBAETC yPABHEHHE CMENIaHHOro Tuna (1) co CTeIeHHbIM BBIPOXKIEHHEM HA
MEPEXOJHON JIMHAN, KOTOPOE MMEET TAKIKE BAKHBIE MPUJIOKEHNSA B TA30BOH JIUHAMU-
K€ B TEOPHH OKOJIO3BYKOBBIX TEYEHHUIl KUAKOCTEH W ra30B. 3/€Ch TAKXKE YCTAHOBJIEH
KpuTepuil € JMHCTBEHHOCTH Pentenus 33124 1 u 2 npu Beex n > 0. Pemrenune nocrpoeno
B BHJZIE CYMMBI Dsifia TIO cHCTeMe cobCTBeHHBIX (byHKIimil. Jlano obocHoBaHue cxomu-
MOCTH PsiJIa B KJIACCE PEryJspHBIX pelnenuil ypasuenus (1).

Pa6oTa BeImotHeHA TIpHU oAepkKe Poccuiickoro dorma dyHmaMeHTaIbHBIX UCCIET0BA

uuit (npoext Ne 17-41-020516).

0,
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MapKOBCKO# HA3BIBACTCSA MOCTCIOBATEILHOCTL CIYIANHBIX MEPEMEHHBIX, ¥ KOTO-
PBIX TIPH M3BECTHOM HACTOAIIEM MPOILIOE W OyAyIIee CTOXACTHIECKH HE3aBMCHMBI.
Korma MHOKECTBO 3HAYEHWH CIy9aiiHBIX NEPEMEHHBIX KOHETHO, TO COBMECTHBIE Pac-
[IPeIEIeHISA UX KOHEYIHBIX CEMENCTE 33a10TCsl TPON3BEIEHNSIMHA MATPHIL HAYAIbHBIX 1
TIEPEXOIHBIX BEPOATHOCTEH. SHAYCHNST, KAK W apTyMEHTHI, YA0OHO HyMepoBaTh. Bia-
rofapsi MpOU3BOJILHOMY BLIOOPY 3HAYEHMH TTEPEMEHHBIX W HyMEPAIlluh ApryMEHTOB,
MapKOBCKHUE MOJIEJIM MOTYT JIOCTATOYHO AJEKBATHO ONMCHLIBATDL IMUPOKHWHA KPYT sBJIC-
HUH B IPOIECCOB 000 NpUpoasl. B 9aCTHOCTH, CIIOXKHBIX CHCTEM TPEIIAH B PA3IAY-
HBIX CPEJax.

Kpowme onmcanusi COCTOSIHUS CUCTEMbBI B KaXK/Iblli MOMEHT, MAPKOBCKAS MOJIEJNb
MO3BOJISIET ONMMCHIBATH AUHAMHUKY MPOIECCa W MTPOTHO3UPOBATDH ¢e. BO3MOXKHOCTE TIPO-
FHO3HPOBATH TIPONECC ABJACTCH OJHUM K3 CAMBIX BAYKHBIX CBOMCTB MAapKOBCKHX MO-
geneii. Boibop HEGOIBITIOro YuCaa 3HAYEHWH JAET BO3MOXKHOCTH MMETh HAJEXKHYIO
CTATHCTHAKY W MOJYYATh TOYHBIE (DOPMYJBI HY>KHBIX BEPOATHOCTEM.

B nokmane paccMarpuBaercs MPOCTEHAIINi, HO OYEHDb BAaXKHDBIH CIydail JBOMIHOMN
MapKOBCKOI Tocsenorarenbroctn co suadennavu 0 u 1. Oma mossossieT Momeanpo-
BaTh OBJIATAIONINI MAPKOBCKUM CBOHCTBOM IIPOLECC, COCTOSTHAST KOTOPOTO PA30OUTHI HA
Z1Ba Kjacca (HampuMep, cyniecrBeHtbie u Her). OIUChIBAIOTCs COBMECTHBIE PACIPEIe-
JIEHUs XaPAKTEPUCTHUK Cepuil B peanm3anudgx nporecca (QyHKIMOHAIOB HA ero TPaeK-
rTopusx). Boigensiorcsa uccaenopasimecs B [1-2] qucio eaqunun, 4ucio cepuil equHuIL
W MakCUMyM WX JauH. K HAM mo6aBiasieTcsa HOBBIA (PpyHKIMOHA: AJIAHA, TTOCTCTHEH
cepun. OH UTpaer CyMECTBEHHY0 TEXHUICCKYIO POJIb M BMECTE C MAKCUMYMOM JJIAH
cepuil TIO3BOJIAET ONMUCHIBATH SKCTPEMANBHBIE CBOMCTBA TIPONECCa PA3BUTUS PACCMAT-
pUBAIOIIECcsS cuCTeMbl TpemuH. MOXKHO OIEHUTh KPUTUIECKHE MOMEHTBHI PA3BUTHS
uporiecca (HanpuMmep, pa3pyllieHre TPelUHAME JAHHOH KOHCTDYKIUH).

ITycTh cucrema MOAEIMPYETCsl ABOMIHON MAPKOBCKOMN 1IOC/I€10BATEIbHOCTBIO CIIy-
vaiinbrx nepemennbix £(k), k > 0, ¢ muoxkecrsoM suauenuit C = {1,0}, Bekropom
A = {a,1 — a} vavanpubix u marpuneir Q@ = {{p,1 — p}, {1 — ¢,q}} nepexomubIx
BepogTHocTedt (0 < p,g < 1). Kpome Toro, d = p+q—1, b = (1 — ¢q)/(1 — d),
c=(a=b)/(1-d), -1 < d < 1. KmoueBbiME ABIAIIOTCA PABEHCTBA /TSI BEPOATHO-
creit snadennii 1 u 0 B moment k: pr, = b+ (a — b)d* u g, =1 —b— (a — b)d*.

Tax kax |d| < 1, TO poo = lim px = b u ¢oo = lim g = 1 — b. TorpemnocTs

k—o0 k—o0

npubsmKkenus onenmpaerca |d|F. Byzer cocrabiena M pereHa MeTOIOM IIPOM3BOIs-
mux (GyHKIHH crucTeMa PeKypPPEHTHBIX YPABHEHHUH [ COBMECTHOTO PACIIPEIETICHST
JAUHBI TOCTAeAHENl Cepur eAWHHUIl U MAKCHMyMa [JNH Takux cepuii. duddepenin-
poBaHue Mpou3BOAAIUX (DYHKIIUN TaeT HYKHbIe cpenuue 3HadeHus u aucnepcuu. C
TOMOIIBIO TIOJIYI€HHBIX PEKYPPEHTHBIX YPABHEHUH yI0OHO TPOU3BOAUTE KOHKPETHBIE
Bhruncyienus. HaliieHnbie BEpOATHOCTH MO3BOJISIOT BLISABIATH KPUTHIECKUE MOMEHTHI
PacCMaTPUBAEMOrO MPOIIECCa.

JIUTEPATYPA

1. Casespes JI. 5. Ilpocreie croxacruueckue mogeaun tpemut // Cub. xKypH. uamgycrp. Ma-
remaruku. 2014. T. 17, Ne 2. C. 97-106.

2. CaBesbeB JI. 5. Pacmpenesienme 4ncia COCTOSTHAN B TBOMIHBIX MaPKOBCKUX CTOXACTUIE-
ckux Mozensix // Cub. xypH. Boranci. maremaruku. 2015. T. 18, Ne 2. C. 191-200.

193



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

OBOCHOBAHVE MAKPOCKOIIMYECKUX |
I'PAHNYHBIX YCJIOBUN /JdJI14d OJHOMEPHOU

HEJIMHENHON HECTAIITMOHAPHOI1I CUCTEMBI
MOMEHTHBIX YPABHEHUI BOJIBIIMAHA

Cakabekop A.C.!, Ayxxanu E. A.?

Satbayev University, Aamamo, Pecnybauxa Kazaxcman;
1auzhani@gmail .com, 2erkawww@gmail .com

Msmuorwre 331249 fUHAMUKA PA3PEKEHHOTO ra3a TPeOyIOT PeIleHns TON W WHOM
3amadu JJsd ypaBuenusi Bosbivana. [IporHosmpoBanve a’dpopmHAMUYECKUX Xapak-
TEPUCTHUK JIETATEJHHBIX AIMAPATOB MPU OYEHb BBICOKUX CKOPOCTSAX M HA OOJIBITHX
BBICOTAX SIBJISETCS BAXKHOU MpODHIEMOil a3pOKOCMUYIECKOH TexHuku. B ciaydae Tede-
HUS 7233 OKOJIO TBEPIOTO TeJa, WK BHYTPHU 00JaCTH, OTPAHWYEHHON TBEPIOH MOBEPX-
HOCTBIO, TPAHUYHBIE YCJIOBUA ONMCHIBAIOT B3aMMOJEHCTBUE MOJIEKYJ ra3a ¢ TBEPJbI-
mu crenkamu. K coxagenno, TEOPETHIECKAX U IKCIIEPUMEHTAIBHBIX HCCIIEI0BAHUN O
B3aMMOJIEHCTBUSIX Ta3a € TIOBEPXHOCTHIO TIPOBEIAEHO MAJIO. ASPOINHAMUYECKITE XapaK-
TEPUCTUKY JIETATEILHBIX AIlapaToB MPW OYE€Hb BHICOKUX CKOPOCTSX W HA OOJIBITHX
BBICOTAX MOTYT OBIThH OIPEJEIEHbl MEeTOJAMU TeOPUH paspekenHoro rasa [1]. dist
aHaIN3a a3POJANHAMUYECKNX XapPaKTEePUCTHUK JIeTATeIbHbIX allllapaToB B IIEPEXOIHOM
pexRmMe HCIONIB3yeTCsA MOIHOe nHTerpoauddpepeHnaabioe ypapHeHne boabiyana ¢
COOTBETCTBYIOIINMHU I'PDAHUIHBIME yCJIOBUSAMU. | DAHUYHBIE YCIIOBUS, KOTOPBIM JIOJI2K-
Ha, yIOBJIETBOPATH (DYHKINS pACIpEIeeHns JACTHUI] HA TPAHUIE 00JACTH, TAe TPO-
UCXOJIUT JBUKEHHUE PACCMATPUBAEMbBIX YaCTHIL, 3aBUCAT OT COCTOSAHUHA I'DAHUYHON 110-
BEPXHOCTH, €e TEMIIEPATyPhl ¥ OT CTEMEHU IMEePOXOBATOCTH U dnucToThl. Ompeeenne
TPAHUYHBIX YCJIOBUN HA MOBEPXHOCTAX, OOTEKAEMBIX PA3PEKEHHBIM Ta30M, SIBJISETCS
OJHUM W3 BaXKHEHAIINX BOMPOCOB KHHETHUIECKOH Teopuu Ta30B. B BbICOTHOI aspoanHa-
MHKE BayKHYIO POJIb UTPAET B3AUMOJIEHCTBHE Ta3a ¢ MOBEPXHOCTHIO ODTEKAEMOrO Te-
na [2]. T'parmanoe yeaoerne MakcBesia Jist pellieHns] KOHKPeTHBIX 33/1a49 6ojiee TOTHO
OIIMCHIBAET B3aWMOJIEHCTBIE MOJIEKYJI ra3a ¢ MOoBepxXHOCTHIO [1, 3]. OnHuM U3 mpubIIH-
JKEHHBIX METOOB DEIIeHnd HAYaJIbHO-KPAEBON 33/a49n /i ypaBHeHus Dosbiivana
ABIIAETCS MOMEHTHBIH Meron. C MOMOIIBI0 MOMEHTHOTO METOa MOYKHO OIPEIETHTD
a3PO/IMHAMUYECKHIE XaPAKTEPUCTUKH JIETATEJIbHBIX AIIIAPATOB, TAKNE KaK arMocdep-
HBIE TTAPAMETPbI, CKOPOCTH MOJIETa, TeOMETPUYECKHE TapaMeTPhl U TOMY noaobHoe. B
[4] npuBeneHa anNpPOKCUMAIHS MHKPOCKOITHMYECKOTO TPAHUYHOTO yCsioBus Makcpes-
Jla, KOT/Ia 9aCTh MOJIEKYJI OTPAYKAETCH OT MOBEPXHOCTH 3€PKAJBHO, & YacTh — maud-
¢dy3HO ¢ MAKCBEJJIOBCKUM pacipenenenreM. MakpoCKOMnIecKne TPaHnIHbIE YCIOBU
J1JIs1 MOMEHTHOI CUCTeMBbI ypaBHeHu# BosibliMana 1oy 4a0Tcs u3 MUKPOCKOITMIECKHUX
rpaHnYHbIX yeaosuit Makcsemma. [Ipn 9ToM MBI MOTyYnM HAYATLHO-KPAEBYIO 33189y
T HeJTUHEHON runepboimaeckoii cucTeMbl ypasuenuit. B nannoii pabore nano oboc-
HOBaHNE KOPPEKTHOCTH HAYAJIBLHO-KPAEBOH 3aJa49M JIJIsl CUCTEMBI MOMEHTHBIX YpaBHe-
uuii BoabnMana n Joka3aHo CyIecTBOBAHNE €MHCTBEHHOTO PEIIEHUS B TIPOCTPAHCTBE
dyHKIINI, HETPEPHIBHBIX 10 BDEMEHN U CYMMUPYEMBIX B KBA/IPATE M0 IPOCTPAHCTBEH-
HBIM TTepeMeHHBIM.
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B nocnennne rofpl uAeT aKTUBHOE PA3BUTHE YHCIEHHBIX CXEM Ha OCHOBE Pa3pbIB-
uoro merona lanépkuna (Discontinuous Galerkin, DG). D9Tor noaxos 4acTo ucnoab3y-
€TCs TIPY PEIIeHNH 33124 a9POAKYCTUKY U Ta30BON NUHAMUKHI, TAK KAK OH MO3BOJISIET
obecrneynTh BBICOKUN MOPSIIOK TOYHOCTYH YHCJIEHHOTO PEIeHUs Ha, JOCTATOYHO KOM-
NAKTHOM I11abJIOHE ANNPOKCUMAIINU 1 MMEeT XOPOIIYIO Pa3pPEeHIAIoNIyI0 ClIOCOOHOCTD
Ha yYacTKaX, T PEIIeHUe MPeTeprieBaeT Pa3phiB.

s monapiennsa HeDU3UIHBIX OCIUIISINAN PerieHrsd, BO3HUKAOIINX B OKPECT-
HOCTSIX PA3PBIBOB, Pa3pabOTaHO MHOXKECTBO PA3JIMYHBIX MOXO0/0B K MOHOTOHU3AINN
DEITEeHHUsT — TaK HA3BIBAEMBIX JIUMUTEPOB. M jies TpUMEHEHUST IMMUTEPA 3aKII0YACTCS
B AHAJIN3E BUJIA PEIIEHUS Ha COCEIISIX PACCMATPUBAEMO TIEHKH U TTPU HEOOXOIUMOCTH
YMEHBIIEHHE HAKJIOHA PEIeHUs.

715t GOBITHHCTBA OTPAHUYIUTEEH JI0 HeJJABHUX [TOP UCTIOIH30BAJICS CTAHIAPTHBIN
KOMITAKTHBIN abIIOH, COCTOAIIMI U3 coceiell TeKyIel siueitku depes pedbpa. OpHaxo
B TIOCJIEHUE TOMBI TIOSTBJIAIOTCS JIUMUTEPHI C PACIHTUPEHHBIM TMa0JIOHOM, BKJIIOUAI0-
muM B cebst TakzKe cocesieil siueiiku depes ee pepruasbl [1]. Takue TUMATEPHI HAXOIAT
VCIIEITHOE IPUMEHEHNE TTPU PEIEHUH 33189 HA JIBYMEDPHBIX TPEYTOJIbHBIX U TPEXMep-
HBIX TETPAIIPATBHBIX CETKAX.

B pabore mipoBesieH CpaBHUTENbHBIA aHATM3 TEXHOJOTHH MOHOTOHW3AIWU Derie-
HUs, OCHOBAHHBIX HA JIOKAJLHOM MpHUHIHIE MakcuMyMa. [lomydenbl pe3yapTaThl Npu
WCTIOJTG30BAHUY PA3JIUYHBIX TMIAGJOHOB HA JBYMEDPHBIX CETKAX € sSYeMKAMM CMEIaH-
HOro TUNa (TPeyroJbHBIME U 9eThIPEXyTrOAbHbBIMY). PaccMaTpUBaEMble CXEMbl JIUMU-
TUPOBAHUS PEATN30BAHBI B PAMKaX MPOTOTHUIIA MPOTPAMMHOTO KOMILIEKCA, UCIOb-
3yeMOro JJId MOJETUPOBAHUS JBYMEPHBIX TAa30HHAMUIECKUX 33739 HA HECTPYKTY-
pupoBanubix cerkax [2]. Uccnenosanue mokazasno, 410 J0n0/HEHUE NIAOJIOHA JIUMU-
TUPOBAHUSI COCEISIMU STUYEHKU Uepe3 BEPIIUHBI JAeT BO3MOXKHOCTD JIyUIle pa3periaTh
KOHTaKTHBIN pa3pbIB.
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B nmanmoit pabote 3amava TpexMepHOW TeH30pHOH TomMorpadun paccMaTphuBaeT-
cs B caemyiomeil nocranoBke. [lycTh HEKOTOpOe BEKTOPHOE WM CHMMETPUYHOE 2-
TEH30PHOE TI0JIe ¥ 33JaH0 B €IMHUIHOM miape. Tpebyercss BOCCTAHOBUTE 3TO MOJIE 1O
€ro M3BECTHBIM 3HAYEHUAM JIy4eBOTO mpeobpaszoannsd L. JIydesoe npeobpazoBanne L
B R3 mpeobpasyer mose v B dbynkimmio [Zv], ompeieqeRHyI0 Ha MHOKECTBE OPHEHTH-
POBAHHBIX MPAMbBIX.

3a1auM BOCCTAHOB/IEHUS] BEKTOPHBIX ¥ CUMMETDPUYHBIX 2-T€H30PHBIX MOJIEH 10 JTy-
YeBOMY MPEeOOPA30BAHMIO €JUHCTBEHHOTO PeIlleHnsd He uMeioT. VIMeHHo, nmoTeHnuatb-
HBbIE TI0JIs1, TOTEHIINAJ KOTOPBIX 00paInaercs B Hy/lb Ha IPAHUIlE 00J1aCTH — eIMHUYHON
cdepe, sexar B gape jydesoro npeobpasosanus [1]. IlosTomy TosBKO coeHOMIATB-
HAs 9aCTh *V TOJIA ¥ MOXKET ObITh BOCCTaHOBIeHA 1o [Zv]. 3anaua mepeonpeenena mo
Pa3MEpHOCTH, TaK KakK HEOOXONMMO BOCCTAHOBHUTEL (byHKuuu *v;(z) mwim *v;;(z), rme
r € R?, no dynxumu [Zv], onpeieeHHOl Ha YeTHIPeXMEepPHOM MHOKECTBE OPHEeHTHPO-
BaHHBIX HPsAMbIX. [l09TOMY ecTecTBEHHO paccMarpuBaTh 3a/1a4y BOCCTAHOBJIEHHUS v
TI0 HeMOTHBIM JaHHBM [Zv]| 58, Tae M3 — HeKOTOpoe TpexMepHOe MHOKECTBO OpHeH-
TUPOBAHHBIX TPIMBIX.

B pa6ore [2] mpemmoxenst (HopMysbl oOpalieHusi s BOCCTAHOBJIEHUs COJEHOU-
JATBHON YaCTH BEKTOPHOTO U CHMMETPUYHOTO 2-T€H30PHOTO MOJIeH M0 WX W3BECTHBIM
JIYIEBBIM TTPEOOPA30OBAHUSIM, BHIYUCIEHHBIM BIOJb BCEX MPAMbIX, TAPAJIEIHHBIX OI-
HOI U3 KOOPAUHATHBIX miiockocteit. Ha ocroBe a1ux hbopMys A1 BEKTOPHOTO CIIy4ast
6bL1 pazpaboTaH ¥ PeasM30BaH YUCJIEHHbIH ajaropurM [3].

B mamuOfl pabore mpemraralorcs ajJrOpUTMbI BOCCTAHOBJIEHUST COJEHOUIATBHON
YACTH BEKTOPHBIX U CUMMETPUYHBLIX 2-TE€H30PHBIX MOJIEH 10 UX M3BECTHBIM JIyUIEBHIM
peobpa30BAHNSM, BRIYUCIEHHBIM BIOIb BCEX MPSAMBIX, MAPAJIETHHBIX OMHON U3 KO-
OPJMHATHBIX TJTOCKOCTEH. AJTTOPATM OCHOBAaH HA METOJE TPUOIUKEHHOTO OOPAIIEHNS,
KOTOPBIN paHee ObLT YCIEITHO MPUMEHEH TIPU PEIeHUH IBYMEPHBIX 33,149 BEKTOPHOMN
u Ter30pHoi Tomorpacduu [4].

Pa6ora BrimosiHena nipu nogzgepskke PODU u HHUO (npoext Ne 19-51-12008).
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IIporakeHHYIO pacIeTHYIO 00IaCTh MOXKHO Pa3buTh HA ABE MOI00IACTH: B IEPBOit
u3 HUX POPMUPYETCSI HHTEHCUBHBIHN 90K, BO BTOPOH — IIPOUCXOAUT €ro JI0yCKOpe-
HU€ ¥ TPAHCIOPTUPOBKA. [Ipoao/ibHbIE pa3Mephl TEPBOil TOA00IACTH HAMHOTO MEHBITIE
pa3MepoB BTOPOii. B meioMm pacdernas 00aCTh XapaKTepPU3yeTcs 3HAUUTEIbHON pas-
HOMACIITAOHOCTHIO, ITO MOPOXKIAET OCOOEHHOCTH B PEIIEHUN CIEAYIONINX ITpobIeM:
MMOCTPOEHNE KOHEYHO-PA3HOCTHOM CEeTKM, HAa KOTOPO# MPOBOIATCH PACYETHI, BbIJAEIe-
HHUE CHHI'YJIAPHOCTH HA KATOJIE IIPU PEIIEHUH CAMOCOIJIACOBAHHBIX 3a/1a4, Pacyer Mpo-
TSKEHHBIX TPACKTOPUH TBUKEHNS 3P KeHHBIX YacTuIl. B 1ok maae paccMaTpuBaeTcs
KaXKJasd U3 HUX MPUMEHUTENHHO K PACUeTy MPOTIKEHHBIX cucTeM. /laloTes mpuMepsl
MPaKTUYECKUX PACUETOB.

Pabora BermosiHena mpu momzep:kke MuHMCTEpCTBa HAyKW W BHICIIEro 00pa30BaHUA U
IIpesugmyma CO PAH (Mexmucommmuapusiit narerpanuonnsii npoexr CO PAH Ne 10).
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B OKPECTHOCT!U HEYCTOMNYNBOI'O
IIOJIOXKEHISI PABHOBECUSA

Cemunkos A. A.

HUnemumym mamemamuxy um. C. JI. Coboresa CO PAH, Hoeocubupcx, Poccus;
sedipkov@gmail.com

Hacrosmas pabora cBsizana ¢ nu3ydeHreM BO3MOKHOCTH yYIPABJICHUSA PEIIEHUAMA
MaTEMATUYECKUX MOZE/eN SBOJIIOUMUOHHBIX IIPOIECCOB, NMEOIIUX PEKUMBI, COOTBET-
CTBYIOIIHE HEYCTOMYMBBIM CTAIMOHAPHBIM perreHusiM. Hepeako Takuwe peXuMbl sB-
JISIOTCsT Hanbosiee BBITOMHBIMU C TOYKHU 3peHus npuaoxkenuii. [loaTomy BO3HMKaeT
BOIIPOC, KAKUMHU TTAPAMETPAME W KAaK HYKHO YIIPABIATH, YTOOBI PEIIEHNE HECTAIHO-
HAPHOM 3aJ1a4M CKOJIb YTOJHO JIOJIrO OCTABAJIOCH B MaJIOH OKPECTHOCTU HEYCTOMYUBOTO
CTAIMOHAPHOTO pexkuMa. B pabore mpeiozKeH CrIoco0 yIpaB/IeHusa CTAIMOHAPHBIMA
PEIeHNsIME, 3aBUCSIINME OT TIapaMeTpa, Ha YPOBHE MOAEIbHON 3a1a9u MJis JIMHEH-
HOTO OIepaTopa B KOHEYHOMEDPHOM MPOCTPAHCTBE. JTa Wies OCHOBaHA Ha ddhderTe
“yrajienuss’ pEIeHnsl C T€YEHWEM BPEMEHHU OT HEYCTONYMBOIO CTAIMOHAPHOTO PEITie-
HUL.

PaccvarpuBercst ympaBisgeMblil IIPOIECC, OMUCHIBAEMBbIN OOBIKHOBEHHBIM audde-
PEHIHABHBIM YDABHEHUEM

Y () = Aly(t) —v), (1)
rae y(t) — dasosag nepemennas co 3HaueHusiMu B R™, XapakTepu3syiomias COCTOSHUE
poTiecca B MOMEHT BPEMEHW t; v — YIPABISAIONNI mapaMerp co 3Hadenusvu B R™
A:R" - R" — jmHelHbIA onepaTop.

IIycts uMmeeTcs ympaBagromnuii cyObeKT — OmepaTop, KOTOPBIA B 000 MOMEHT
BPEMEHM MOYKET MTHOBEHHO MEPEK/IIOYNThH MapaMerp v, MPUIAB €My MPOU3BOJbHOE
HOBOE 3HAYEHWE, MPUYEM WHTEPBAJIbI BDEMEHU MEXKIY COCeTHVMU MEPEKTIOUEHUSIMU
JOJIKHBI OBITH HE MEHbIIEe HAIEPE 33JaHHOTO TOJOKUATEIBHOIO YUCIA T, T. €. KJIACC
JOMYCTUMBIX YIIPABJIEHUN COCTOUT U3 KYCOYHO MOCTOSHHBIX (DYHKITUN BUIA

v(t) =v° upu ts < t < tgq1, rpe inf{ts41 —ts | s €N} >7>0, to =0.

Henpepoisuas dbyukimsa y(t) cauraerca pemenueMm ypasuenus (1) ¢ momycTuMbiM
yupasyeruem v(t), eciu Ha KayKIOM U3 UHTePBAJIOB (Lg, ts41) CYHNIECTBYET IPOU3BOI-
uas y'(t) m Bemosuserca pasenctso Y (t) = A(y(t) — v®). Ussectno, aro posrO k
COBCTBEHHBIX YHCE Oneparopa A IONOKHUTENbHBI M PA3JNYHBL, 8 OCTAIbHBIE 7 — K
PACIIONOXKEHB B MOTYIIOCKOCTH ReA < 0.

B pabore mokazano, 9To s j000it okpectHOCTH V' (PUKCHPOBAHHON TOYKHA U
HANIETCS TAKOE OTKPBITOE TIOAMHOXKECTBO W, 9T0 1151 BCAKOrO HAYAIBHOTO COCTOSHUS
y? € W cymecTsyer momycTmMoe ympasienne v(t), IpH KOTOPOM peIleHHe 3aJa4n
Ko

0

y/(t) = A(y(t) - ’U(t)), te (ts>ts+1)7 s € N7
lim y(t)= lim y(¢),

t—ts411—0 t—=tsy140
0
y(0) =y
He BBINJET U3 OKPeCcTHOCTH V B TEYEHWE CKOIb YIOJHO JI0JTOr0 BPEMEHH.
Pabora Bbionnena B pamxax 6asosoro npoexra IM CO PAH (Ne 0314-2016-0012) u

Ipy 9aCTUYHON mogaep:kke Poccmiickoro dborma dynmamentanbabrx ncceaemosanmii (Ne 18-
01-00649).
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NCIIOJIb3OBAHUE METOIA
NTEKOMIIO3UILINN U JINMHEVHOI OIITUMU3AITNN
B AHAJIN3E KAYECTBEHHOI'O [IOBEJIEHI A
MHOTOMEPHBIX CCTEM C 3AITIA3IBbIBAHUEM

Cepora H. O.

Vavanosckuil 20cydapemeenuniii ynusepcumem, Yavanosck, Poccus;
sedovano@ulsu.ru

B pabore paspuBaroTCa METOIbI AHAIN33 MHOTOMEDHBIX HEIPEPBIBHBIX CHCTEM C
3aI1a3bIBAHNEM C HEKOTOPBIMH JOIOJHUTE/IbHBIMA MPEIINOOXKEHUAMI OTHOCHTEIb-
HO XapakTepa CBsa3ell Mex Ty moacucteMamu. [lpu 3ToMm crenmanbHOe TIpeIcTaBIeHne
GYHKIIMOHAIOB, ONPEIeNSIONIAX JUHAMAKY CACTEMbI, TO3BOJISIET TPUMEHSTH METOIbI
JEKOMIIO3UIUHY U TUHEHHON ONTUMHU3AINNT JIJI8 aHAJIN3a aCUMITOTHYECKOTO TIOBEIEHU A
pelIeHnii CuCTEMBI.

B uacrHOCTH, B TEpMUHAX CHUCTEMBI JIMHEHHBIX MATPUYHBIX HEPABEHCTB II0JIyde-
HBI JIOCTATOYHBIE YCJIOBUA 3KCIIOHEHIINAJIBHONU YCTOWYNBOCTU HYJIEBOTO DEIIeHUd ISt
CHCTEMBI, IIPEJICTABUMON B BHUIE:

() =Y ui(t 2,90 (AT=() + Af2(t = 7u(1)) + g(t, 20, 90),
k=1

P
() =D ps(t, 2, m0) (ASy(t) + A5 y(t — 7a(1))).
k=1

Bmecb z € D, € R™, y € D, C R"™, n; + ny = n; byskuum 2z, € C(z) =
C([-r1,0],D;) u yr € C(y) := C([—r2,0],D,) onpeaensiorca paBeHCTBAMU 2¢(S) =
z(t +8), s € [=r1,0], ye(s) = y(t + 8), s € [—re,0], [Ipeamonaraercss Takxe, YT0 ¢
HenpepblBHa Ha MHOKecTBe RT = [0, +00) x C(2) x C(y), gr(2:,0) =0, 7(t) : Rt —
[0,7;] — Kycouno-menpepsiBHbIe dynKmEE, A¥ A¥ — mocrosmmbie MaTpumEr MOTXO-
e passeprocti, (11, 20, ) € C(RT % C(2) x C(y), [0,1]), S0_, b (t, 20, ) = 1
nna Beex (t,2,y:) € RY x C(2) x C(y) (k=1,...,p, i = 1,2). ObocHOBaHbI TaKKe
JIOCTATOYHBIE YCJIOBUs PABHOMEPHON aCUMIITOTUYECKON yCTORYUMBOCTH JIJIsi CUCTEM C
BO3MYIICHUSIME, VAOBJICTEOPSIONIAMYA HEKOTOPBIM YCIOBHSM.

PaccMOTpeHHasT CTPYKTYPa OXBATBIBAET JOCTATOYHO TMHUPOKOH KIACC CUCTEM C 3a-
Na3/IbIBAHUEM, PACCMATPUBAEMBIX B OrpaHuveHHoil obiactu. CBOHCTBO ke roGaiib-
HOI'O IPUTSKEHHs HAYAJIA KOOP/MHAT MPEJIJIOKEHHBIM METO/IOM YaeTca 060CHOBAT
JIULLD TIPU JOHOJHUTENbHBIX JOBOJIbHO XKECTKUX OIPAHUYEHUSX HA [IPABYIO 4aCTh CH-
crembl. B Gonee ofmieM ciydae B BUIE 3aJa9M MOJYOTPENENEHHOTO TTPOrPAMMHUPO-
BaHWS yAAeTCa C(OPMYIUPOBATE 3AJaTy MOCTPOCHUS TAPAHTUPOBAHHON 3JIHATICOH-
JATBHON OMEHKN 00JIACTH NPUTSIKEHWsI, 3 TAKXKE JTOCTATOIHBIE YCIOBUS TIPEIeTBHON
OrPAHUYEHHOCTH PELICHUI CUCTEMBI, B TOM YMCJE IPU MOCTOAHHO JIEACTBYIONINX BO3-
MY IEHUSAX.

PesyanTarhl oMy Yens! ¢ mpuMenernem Gynkmii JIanyHosa ¢ yenorusyu Pazyvu-
xuHa [1]. Momudnkarys 3THX yeI0Bril B HCIONB30BAHKE TIPOCTPAHCTE € HCUIE3A0IIei
NAMSATBIO TO3BOJSIET MOJIYYATh HEKOTOPBIE PE3YIBTATHI [Tl CHCTEMBI AHAJOTHIHON
CTPYKTYPbI, HO 6€3 yC/IOBHS OIPAHUYEHHOCTH 3alla3/IblBanuii. PaccMOTPEHbl MPUIO-
JKEeHUs [OJIyYeHHBIX PE3YJIbTATOB K AHAIN3Y HEJIUHEHHBIX yPABHEHUH JIMHAMUKY DA/
MEXAHUYECKUX CUCTEM.

JINTEPATYPA

1. Pazymuxura B. C. YcroitauBocTs 3pemutapubix cuctem. M.: Hayka, 1988.
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MOAEJINPOBAHNE I'MIPABJINYECKOI'O CKAYKA
B CABUT'OBOUM TEOPUUN MEJIKOIN BOJbI
C YUYETOM B43KOCTU

Cemenko E.B.!, Cemenko T. 1.2

Hosocubupckuti 20cydapemeenmvili merHuneckud yrnusepcumen,
Hoesocubupcx, Poccus;

! semenkob4@gmail.com, 2semenko_ti€mail.ru

CasuroBasi TEOpUs MEJKON BOABI aHAJIOTMYHA Kjaccudeckoi (ypashenus Cem-
Benana), HO ¢ 100aBICHUEM JOMOJHUTEIBHBIX Y4JIEHOB, YUATHIBAIOIINX 3aBUXPEHHOCTh
TedeHus1. JTa TeopHsi Gbliia BIEpBbIe Mpeiokena B crarbe B. M. Temykosa [1] u 3a-
TEM Pa3BUTA BO MHOIMX paborax, cM., Hanpumep [2, 3.

B nacrosimeit pabore /st MOAETUPOBAHUS THAPABINYECKOIO CKAYKA B CABUTOBYIO
MOJIESTb MEJIKOM BOJIBI JOOABJISIOTCS BSI3KUE UJIEHBI, T. €. B KAUECTBE UCXOTHON CUCTEMBI
ypaBHeHU# paccmarpupatorcst ypasuenusi Hapbe — Crokca. ['mapasanueckuii ckavok
paccMaTpUBAETC KaK OYEHD Y3KUU IMePEXOMHBIH CI0H ¢ OOMBIIUMU I'DATUEHTAMY KC-
KOMBIX BEJIMYUH B [IEPIEHINKYIIPHOM K CJIOI0 Hampasaenun. VI3ydaerca MOIEAbHBIN
OJITHOMEPHBIN CITy4aii.

Uccaenosanve npon3BoauTcs KAACCUYECKUM METOO0M, IIOIPOOHO U3JI02KEHHBIM, B
9aCcTHOCTH, B KHUTE [4]. B pesynbrare 3a7ada B IePEXOIHOM CJIOE CBOJUTCS K CHCTEME
OOBIKHOBEHHBIX TudhdepeHnnaabHbX ypaBaenuii. Ha 9T0it 0cHOBe ymaercss cMOmesu-
POBATH MPOIECCHI BHYTPU THAPABINIECKOrO CKAYKA, B 9aCTHOCTH, ODOCHOBATH ITOCTA-
HOBKY ycJioBuii conpsizkenus (ycsopuil ['toronno), o6bacHUTL OCOGEHHOCTH MEPexoia
U yCTAHOBHUTD JUHAMUKY MCKOMBIX BEJIMYMH BHYTPH [IEPEXOIHON 30HBI.

OcHOBHBIE BBIBOJIBI:

1. Ucrounuxom THAPABINYECKOI'O CKaYKa ABJACTCA BA3ZKOCTDL, JOCTATOYHO MaJlad,
HO TIOJIOXKUTEJIbHAA: HET BA3KOCTU — HET 'HAPABJINYECKOrO CKavKa.

2. Ckauok BCerga repeBOJUT CBEPXKPHUTHYICCKOE COCTOAHNE TeUeHUA B JOKPpUTHYE-
CKoOe€.

3. ®u3nyecKku MpoIect MeEPEXoia COCTOUT B TOM, UTO BA3KOE TOPMOYKEHUE TTPUBO-
JUT K YMEHBIIEHUIO CPeTHENl CKOPOCTHU, YTO IIPU COXPAHEHUH IOTOKA BEJET K
TOIbEMY VPOBHS KU TKOCTH.

4. B rmapaBindecKoM CKadKe 3aBHXPEHHOCTDL BHAYAJE OBICTPO BO3PACTAET M 0-
CTUTAeT MAKCUMYMa B TOYKE, B KOTOPOI COCTOSHNE XKUJIKOCTH CTAHOBUTCS KPH-
THUYIECKHM, JAJIee 33aBHXPEHHOCTH yOBIBAET BILIOTH M0 JOCTUKEHHS KOHETHOTO
JOKPUTHYIECKOTO COCTOSTHUS, HO UTOTOBAsl 3aBUXPEHHOCTH B KOHEYHOM COCTOSI-
HHAW OCTACTCsT OOMBITEI, YeM B MePBOHAYATHLHOM CBEPXKPUTHIECKOM.

JINTEPATYPA

1. Temykos B. M. T'azogumnamutveckasi aHAJIOTU [IJIsT BUXPEBBIX TEYEHUI CO CBOOOIHOM Trpa-
muneil // Ilpukn. mexanuka u texu. dpusuka. 2007. T. 48, Ne 3. C. 8-15.

2. Richard G. L., Gavrilyuk S. L. The classical hydraulic jump in a model of shear shallow-
water flows // J. Fluid Mech. 2013. V. 725. P. 492-521.

3. Semenko E.V. The analytic description of hydraulic jump in the linear theory of the
shear shallow-water flows // Phys. Fluids. 2019. V. 31. P. 016101-016123.

4. Beapgouy 5. B., Paiizep FO. II. ®usuka yaapHbIX BOJIH U BBICOKOTEMIIEDATYPHBIX LU/l
pomumHaMmdecKux aBjeHuii. M: Hayka, 1966.
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QOP®EKT ITPEMMYIIECTBEHHO
OJHOHAIIPABJIEHHOI'O BPAIIIEHN £1 .
BA3SKON 2KNJIKOCTHU CO CBOBOHOMN I'PAHUITEN

Cennnnkuii B. JI.12

L Hnemumym 2udpodunamuru um. M. A. Jaspenmvesa CO PAH,
Hoeocubupcx, Poccus;
2 Hosocubupcruti 2ocydapemeennnd yrusepcumem, Hosocubupck, Poccus;
sennitskii@yandex.ru

Teoperudeckue u HKCIEPUMEHTAIbHBIE UCCISIOBAHNS TUHAMUKHU MHIPOMEXaHTIe-
CKUX CHCTEM MPHU KOJIeOATETHHBIX BO3IEHCTBUAX MPUBEIU K ODHAPYKEHUIO Psia, 3¢-
dbekTOB cpenHero nBmxKeHus (cM., HanpuMep, [1-3] u mpeacTABIEHHYIO TaM JHUTEPa-
Typy). Pa3Burne uccienoBanuil B JaHHON 00/1aCTH HAILIO OTPAYKEHUE, B YACTHOCTH,
B HacCTOAIEH padore.

[Mocrapnena u perneHa HOBas 3aJa49a O IMEPUOIUIECKOM TI0 BPEMEHW IBUXKEHUU
BSI3KOM HECKUMAEMON YKUJIKOCTH B TPUCYTCTBUM TBEPIOTO T W UIEAJHHOTO Ta3a.
Teepnoe Teno OrpaHUYEHO W3HYTPU KPYTOBOH IMUIUHIPUIECKON MOBEPXHOCTHIO 'y
pamuycom Rj. 'a3z orpanmyen m3BHe KpyroBO# IMUJIMHIPUIECKONH MOBEPXHOCTHIO ['o
pamnycom Ro. B kakaprit momenT Bpemenu ocu moBepxmocteit 'y, 'y Haxomarca ma
ocH 7 IMIMHAPUYECKOH cucTeMbl KoopauHaT R, 0, Z; XKUAKOCTh 3aHHMAET 00JIaCTh
Ry <R <Ry (0<6<2m, —00<Z < 00). TBepioe Te0 BPAlIACTCA U IIyJIbCUPYET;
yIJIOBast CKOPOCTH () BpaIlleHUs TBEPIOrO Tea BOKPYT ocu Z u pamuyc Ry 3amamabiv
00pa30M MEPUOANYECKU M3MEHSIOTCs CO BpeMeHeM (cpelHee 3Hadenue ckopoctu §)
PABHO HYJIIO).

IMocranoBka 3ama49u BKIIO4YaeT B cebs ypasuenusa Hasbe — CToKca U HEPA3PBIBHO-
CTH, YCJIOBHS HA CBOBOIHON M TBEPIOH IPAHUIIAX KUJKOCTH, & TAKZKE YCIOBUE MOCTO-
aucTBa pasHoctu R — R3.

Yeranorseno Hasmane caenyomero agpderra. [maporMexannaeckas cucrema, moi-
BEpraIascs Koe0aTeJbHbIM BO3IEHCTBUIM, HE MMEIOIINM BbIIEJIEHHOTO HAIPABJIE-
HHUs B IPOCTPAHCTBE, TPOU3BOANT OJHOHANPABICHHbBIE OTKJINKHU, PEAKIINN HA BO3MIEH-
CTBUs, BBIPAXKAIOIITHECS B TOM, YTO CBOOOIHBIE YACTH CHCTEMbI — CJIOU YKHUJIKOCTH — Ha,
done KoIebAHMIT COBEPITIAIOT OJHOHATPABIEHHOE CTAIMOHAPHOE BPAIATEIHHOE TBU-
xeHne. B gacTHOCTH, TPEeNMYIIECTBEHHO OTHOHAIPABJIEHHOE BPAIIATEIBHOE TBUKE-
HUE COBEPIIAET KUAKHUI CJIOHU, FPAHNYAIINA C Ta30M.

Pesynbrarst paboThl MOTYT HANTH TPUMEHEHWE B UCCAEJOBAHUSIX HEOOBIYHOW JTH-
HAMWKH THIPOMEXAHUIECKUX CHCTEM, & TaKyKe HCIOJIB30BATHCA MPHU CO3TAHUU YCT-
POWCTB, IMAPOMEXAHUIECKUX CUCTEM, ODIAJAIONINX 33/ IAHHBIMU CBOACTBAMH.

JINTEPATYPA

1. Cennunnxuii B. JI. [IpenMyiiecTBeHHO OJHOHAIIPABICHHOE [ABUKEHUE I'a30BOr0 IIy3bIPsd B
Bubpupytomeit xunxocru // Jokn. AH CCCP. 1991. T. 319, Ne 1. C. 117-119.

2. Cennnuxuii B. JI. O 3a8aHHOl OpHEHTAIMU TBEPIOrO BKJIIOYEHUs B BA3KOI )unkocra //
Cub. xkypH. ungycrp. maremaruku. 2015. T. 18 Ne 1. C. 123-128.

3. Cennunxkuii B. JI. TIpenmy1miecTBEHHO 0THOHAIIPABJIEHHOE BPAILIEHUE TBEPIOTO TEIa U BA3-
koit xuakoctu // Cub. xypu. magycrp. maremaruku. 2017. T. 20, Ne 2. C. 93-97.
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YN CJIEHHOE NCCJIEJOBAHUE
MATEMATUYECKOM MOJEJIN
TEIIJIOMACCOIIEPEHOCA
B TAIOIIIEM CHETE

Cubun A.H.!, ITanua A.A.?

Aamadickut eocydapemeennud ynusepcumem, Bapnaya, Poccus;
lsibin_anton@mail.ru, 2papin@math .asu.ru

Bonprmoit knace 3aga huabrpanun ¢ Ga3oBbIMHA IEPEXOIAMU COCTABILIIOT 33,IaH
TEIJIOMACCOIIEPEHOCA, B TAIOMIEM CHEXKHO-JIEIOBOM MOKPOBE. JTH 3a/a4u BocTpeboBa-
HBI JIJIST PACYETOB W TPOTHO3a THAPOrpadOB BECEHHETO MOJOBOhS W KaMeCTBA BOIHI
B BOjoeMax-nprueMHuKax. OCHOBBI TEOPUHU M30TEPMUYECKOrO JIBUXKEHUS BOJIBI U BO3-
Jnyxa B cHere 3asoxkenbl B paborax S.C. Colbeck [1] u ero mocmenosaresneii [2, 3.
Mogenu Taromero cHera Kak MHOroMa3HOM cpembl B ¢ yIeToM (a30BBIX MEPEXOIOB
paccmarpuBanuch B [4, 5.

B noknane paccMaTpuBaeTcs MareMaTHUecKas MOJENb CHEKHOTO MOKPOBA Kak
TpexdazHoit cpebl, cocTosel U3 BOIBL, BO3/LyXa U JIbJA, COCTABJISIONIErO TBEPIbIH
nopucThiii ckeseT. B OCHOBY MOJIeIM TOJIOXKEHBI YPaBHEHUsT COXPAHEHUsI MACChl JJIs
KaXK 01 3 a3 ¢ yaeToM (Pa30BbIX MEPEXOI0B, YPABHEHNA ABYX(MA3HON PUILTPAIIT
JIIg BOIBI U BO3ayxa [6], ypaBHenua rerutooro Gasanca [4]. IIpennoxen anropurm
YUCJIEHHOTO PEIeHUs HA9aIbHO-KPAEBO 33/Ia1H TEILJIOMACCOIIEPEHOCA, B TAIOIIEM CHE-
re M TPOBEeJEHbI TECTOBbIE YHC/IEHHBIE pacdyeThl. PaccMaTpuBaeMast MoJesb OTKAIHO-
pOBaHa MMyTeM CPABHEHUS PACUETOB C YKCIEPHMEHTATbHBIMY TAHHBIME [7].

JINTEPATYPA
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5. Papin A. A. Solvabilitity of a model problem of heat and mass transfer in thawing snow //
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HBIX Xuakocreit. HoBocubupck, 1983.
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KPAEBBIE 3AJIAYN [1J1d YPABHEHUN
CMEIITAHHOT O ITAPABOJIO-TUITEPBOJIMYECKOI'O
THUIIA CO CTEITEHHBIM BbIPO2K/IEHVEM

Cunopos C. H.?

L Cmepaumamarcruti duivar Unemumyma cmpamezuveckur uccaedosaruti PB,
Cmepaumanmax, Poccus;
2 Cmeprumamarcruts urvanr Bawkupckozo 20cydapemeeniozo yrnueepcumend,
Cmepaumamax, Poccus; stsid@mail.ru

Paccvorpum ypaBHeHNHE CMEIIAHHOTO MapadboI0-runepboInIecKoro THIIA,
Lu = F(x,t 1
s (2,1), M)

Lu — t"Uyy — Up — bt”u, F(x’ﬁ) _ f1 (.T)gl (1’), t> O,
(*t)murz — Ut — b(ft)mua fQ(x)QQ(t), t < Oa
B mpsiMoyrosbHOi obnactn D = {(z,8)|0 <z <, —a <t < B}, tme n > 0, m > 0,
Il >0, a>0,8 >0 — 3azanHble gefcTBUTEIbLHBIE YKCIa U b — 3amaHHOe JH000E
JECTBATENBLHOE YUCII0, M TIOCTABAM CJIEAYIOIINE 331a4M7.

Bagaua 1. Haiitu dbyuximmio u(x,t), yIOBIETBOPSIONIYIO CIEAYIONHMM YCIOBUAM:
u(z,t) € C(D)NCHD)NCLD)N C3Dy) N C*(D-); Lu(x,t) = F(x,t), (z,t) €
D, UD_; u(0,t) =u(l,t) =0, —a <t < f;ulr,—a) =0,0 <z <[, rue F(x,t) —
3aJaHHAsd DOCTATOYHO Tnankasa Gyukuua, D = DN {t >0}, D_ = DN {t < 0}.

Bamaua 2. Haiitn byskmawm u(z,t), g1(t), g2(t), ymonersopsmomue ycaoBusm
samaan 1 ¢1(t) € C[0, 5], g2(t) € C[—a, 0], u(xo, t) = h(t), 0 < xg < I, —a <t < j,
snech fi(x), i = 1,2, h(t) — ussecTable QyHKIUY, To — 38JaHHAS TOYKA U3 UHTEPBAJIA
(0,1).

OTmernM, 9TO HAYAJIbHO-TPaHUYHAs 3a0a4a 1 mis ypashenus (1) usydena B pa-
6orax [1, 2] upu n > 0 u m > 0. B crarbax [3, 4] paccmorpena obparnas 3aia4da 2
nag ypasaenus (1), korgan >0, m =0 un =0, m > 0 cOOTBETCTBEHHO.

B mamnoii paboTe n3ydena obpaTHasa 3a1a9a 2, NCCIEIOBAHUE KOTOPOH MPOBOINT-
Csl Ha, OCHOBE pelleHus MPsMoil HauaabHO-TpaHuvHOM 3a1aun 1. Pemmenne 3Toit 3a1aqu
MTOCTPOEHO B BUJE CYMMBbI OPTOTOHAJBHOTO PSAJA, MPU OOOCHOBAHUM CXOIUMOCTH KO-
TOPOrO BO3HUKAET MPOGIeMa Manblx 3HAMEHaTenel. B CBA3M ¢ 3TUM yCTAHOBJIEHBI
OneHKM 06 OTAENEHHOCTH OT HyJs MAaJjblX 3HAMEHATEEH C COOTBETCTBYIOMIEH aCHMII-
TOTWKOi, KOTOPHIE TTO3ROJIAIOT OBOCHOBATHL CXOANMOCTH PAJA B KJIACCE PETYJIsIPHBIX
pemtenuii ypasaenus (1). Ha ocHose dbopmynbl pemenns 3agagu 1 pernenune o6paTHoOi
387097 2 SKBUBAJICHTHO PEAYIMPOBAHO K PA3PEIIMMOCTH HATPYKEHHBIX MHTEIPAJb-
HBIX ypaBHEHMi. Mcmonb3ys TeOpUIo MHTErPaNTbHBIX yPABHEHWI, JOKA3AHBI COOTBET-
CTBYIOIIME TEOPEMBI EMHCTBEHHOCTH M CyIIECTBOBAHHUS PEIEHUil MOCTABIEHHBIX 00-
PATHBIX 33,1849 U YKa3aHbI ABHBIE (DOPMYJ/IbI PENICHHS.

JNTEPATYPA

1. Caburos K.B. Ilpsivble u obpaTHble 3aJa4u [l YPABHEHHUs CMENIAHHOIO IapaboJio-
runepbosmmdeckoro tuma. M.: Hayka, 2016.

2. Sabitov K. B., Sidorov S.N. Initial-boundary-value problem for inhomogeneous dege-
nerate equations of mixed parabolic-hyperbolic type // J. Math. Sci., New York. 2019.
V. 236, No. 6. P. 603-640.

3. Cugopos C.H. ObparHble 3a729u g ypaBHEHUS CMENIAHHOTO HapabosIo-rurepbo.Iu-
9EeCKOr0 THIA C BbIPOXKAatomeiica napabommaeckoi gactoio // Cub. 3j1eKTpoH. MaT. u3B.

2019. T. 16. C. 144-157.
4. Cuzopos C. H. Obparnble 3a/1a4u /1J1si BBIPOXK AAIOLIEr0Cs CMEIIAHHOIO 11apaboio-rutep-

OOIMYIECKOr0 YPABHEHMUSI I10 HAX0XK IEHUIO COMHOXKUTEIeH MPABbIX YacTeil, 3aBUCSIIIUX OT

Bpemenn // Ydumck. mar. xypr. 2019. T. 11, Ne 1. C. 72-86.
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OB YCTOIYNBBIX BO3SMVYIIIEHIAX
JANHAMUYECKIX YPABHEHU
C HEOTPAHNYEHHBIM OIIEPATOPOM,
NMEIOIIINM ABCOJIFOTHO HEIIPEPLIBHEIN CIIEKTP

Ckaska B.B.12

L nemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupcx, Poccus;
2 Hosocubupcruti eocydapemeennnd yrusepcumem, Hosocubupcek, Poccus;
skazka@math.nsc.ru

B kommiekcHom ruabbepToBOM mpocTpaHcTBe H €O CKaIIpHBIM ITPON3BEICHHEM
(+,) paccMarpuBaeTcs ciaeaylomasn 3agada Komm:

BZ—? = iAu + ecos(wt)Pu, ul,_, = uo. (1)
3necs A — camMoCOnpszKeHHBIN onepaTop, B — orpanuyeHHbIN TOI0KUTETHHO OIpe-
JIeIEHHBIH omeparTop, T. e. (Bu,u) > §(u,u), § > 0, P — orpaHU9eHHBIIA.

Pabora asngerca mpomoKeHuEM HCCJIEI0BAHKI, HAYATHIX B paboTax, oryOIuKo-
BAHHBIX paHee B xkypHase “Maremarndeckuii COOPHUK’ U MOCBSIIEHHBIX BOIPOCAM O
BAWSTHUY HEIIPEPHIBHOIO CIIEKTPA HA SIBJIEHUE MMaPaMeTPUYECKOr0 PE30HAHCA B M-
depeHInAIBHBIX YPABHEHUAX.

ITox pernenuem ypashenusa (1) mbr 6yseM NOHUMATH PEIIEHUE CIIEAYIONIErO UHTE-
IPAJIBHOTO yPABHEHMUSI:

t
u(t) = up + 5/ B A7) B cos(wr) Pu(T) dr. (2)
0

Baegem ciepyiomnee 6aHAXOBO MPOCTPAHCTBO AHAIUTHYECKUX B IPABOII IOJIYILIOCKO-
cru byskunit GH ¢ nopwmoii [¢] 5 = bupf lp(z + zy)||H dy.

IIycTh BBIMOIHEHBI CJIEIYIOMIIE npeﬂnonoxeﬂnﬂ A=z+1y, x> 0):
1. Jnst moboit ¢ € H cupasesuso: [P(AB — iA)’lw]]H <K ||Y| -

2. Jlna mroboit ¢ € GH CHpaBe,EL.HI/IBO
[POB —id) Loy dy < K [, e V)3 dy.

3. Jlna moboit p € GH crnpaBeinBo:
2
|12 e oB =i e dy| < Ke2t 72 eI, dy.

Teopewma. IIpu BpimenepedncaeHHBIX YCAOBHAX CyIECTBYIOT €9 > 0, C > 0 Taxme,
910 s JF00kIX €, w, |e| < €9, w € R, mus pemennst ypasrerns (2) cnpapesiuBo:

[l < C lluoll 4-
B kagecTBe nmpuMepa MOXKHO PACCMOTPETH MOJENbHOE JJisl JIUHEHHBIX ypaBHEHUI
AKYCTHKY U TE€OPHH YIPyrocTH ypasHenne B Lo(R3)

d t
% i/ 23 + 23 4+ 23 u+ e cos(wt) // K(z,y)u(y,t) dy.
RJ

Pabora BeImO/IHEHA TP TI0/1/IEPKKE TPOTrPAaMMbl (DYHIAMEHTAIbHBIX HAYIHBIX UCCIIEI0-

Bauuiit CO PAH Ne 1.1.5.; upoexr Ne 0314-2016-0012.
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VCTONMYNBOCTD ITOJIOYXKEHNUN PABHOBECU S
CUCTEMBI IN®PEPEHIINAJIBHBIX YPABHEHUI
C IBYMS 3AIIA3IBIBAHUSIMU

Cksoprosa M. A.2

L nemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupcx, Poccus;
2 Hosocubupcruti 2ocydapemeennnd yrusepcumem, Hosocubupck, Poccus;
sm-18-nsu@yandex.ru

B pabore paccmarpuBaercsi MOIENb AMHAMUKHA KJIETOYHOU IOILYJISIIUY, [IPEJJIO-
xennasi H. B. Ilepuessiv. Momens onucbiBaeTcs cuctemMoil auddeperuaabHbIX ypaB-
HEeHW ¢ IBYyMS TOJOKUTETbHBIMU 3aMa3 IbIBAHUIMUI

() = flu(t — ), w(t — 7)) — pa(t),

—u(t) = aqz(t) — prul(t), (1)

%w(t) = agx(t) - ;U’Qw(t)’

rae x(t) — 9INCAEHHOCTh MOMYJsAWH, u(t) — CTUMYAATOp pocTa nmomyssiuuu, w(t) —
uaruburop pocra nonyssnun. @yukuus f(u,w) HEIpepbIBHA, HEOTPUIATEIbHA, He
yOBIBaET 1O U U He BO3pacTaer mo w. Bee KO3 GUIMEHTHI CHCTEMBI TPEITOIATAI0TCS
TOJIOYKUTETHHBIMHA.

B pa6ore uzyuaercsa ycroiiuubocTs nosoxKenui pasnosecus cucremst (1). Tlomyue-
HbI YCJIOBHS HA IAPAMETPBI CUCTEMbI, [IPU KOTOPBIX [IOJIOKEHIST PABHOBECHS SABJIAIOTCS
ACHMITOTUYECKN YCTOWYMBLIMU. YCTAHOBJIEHBI OIEHKY DEIEHUH, XapaKTepU3yOIe
CKOPOCTh cTabuan3aiuu Ha OECKOHETHOCTH, M YKA3AHBI OIEHKU HA ODJIACTU MPUTSKE-
Hust. Pe3yibTarsl IOy YeHbl ¢ UCITOIB30BAHNEM MOINMUIMPOBAHHBIX (DYHKIINOHAIOB
Jlamyrosa — Kpacosckoro [1].

Pabora Beimosnena npu nogpepxke Poccuiickoro douga dymnmamenTaapHbIX HCCIEI0BA-

Huii (mpoekt Ne 18-29-10086).
JINTEPATYPA

1. Jlemunenko I'. B., Marseesa . II. Acumnroruyeckue cpoiicrBa pemenuii auddepennm-
aJbHBIX ypaBHEHUH ¢ 3ana3apiBaiomum aprymentom // Becrr. HI'Y. Cepusi: maremaTu-
ka, mexanuka, nadopmaruka. 2005. T. 5, Ne 3. C. 20-28.
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BOCCTAHOBJIEHNE COJEP2KAHIA
TA2KEJION BOAbI B ATMOC®EPE 11O CIIEKTPAM
ITPOITYCKAHUNA COJTHEHHOI'O CBETA

Ckopuk I.T.}'2, Bacun B.B.!?

L Mnemumym mamemamuru u mexanuru um. H. H. Kpacosckozo YpO PAH,
Examepunbype, Poccus;
2 Vpaaveruti dedeparvnndi yrusepcumem umenu nepeozo Ipesudenma Poccuu
b. H. Eavyuna, Examepunbype, Poccusa;
skorik@imm.uran.ru, vasin@imm.uran.ru

B mammOM m0KITage paccMaTpUBAETCS OOpaTHAsT 3a7a4Ya BOCCTAHOBJIEHWS BBICOT-
HBIX TpouUIeil OTHOCUTENbHON KoHIeHTparmu mojsekys HDO B BomgHoM mape mo
NK-cnekTpaM MponNyCcKaHUs COJTHETHOTO cBeTa. Mccmemyemas 3amada CBOIUTCS K pe-
MIEHUI0 HETMHEITHOTO OMEePaTOPHOTO YPABHEHUST

P(z) = P, (1)

rae P — NK-cuekrp conuednoro cseta, n3Mepennsiii ®ypoe-unarepdepomerpom FTIR
(Fourier Transform InfraRed “Bruker” IFS 125M) HasemHOro 6a3upoBaHust, z — CO-
CTAaBHOU BEKTOD, OCHOBAHHBIN HA 3HadeHusX KoHIeHTpammiit HoO u HDO ma 3amammoii
CeTKe BBICOT, P — HeuHEeNHBIN 0neparop, BEIYUCIAIONIANE MOIEIBHBIN CIEKTP 110 3a-
marromy z. Omeparop P cTpouTcd Ha OCHOBE JAHHBIX, MOJIYYEHHBIX B PE3yJbTaTe
paborsr mporpammbl FIRE-ARMS, pematoriieit mpamMyro 3829y BbIYUCTEHUT MOIETb-
HOI'O CIIEKTDPA 0 U3BECTHBIM HPOMUIAM KOHIEHTPALUHA 'A30B, JNABJIEHUS U TEMIEPa-
TYPBI, TIOJYIYEHHBIX U3 PEAHATN3a METEOMTAHHBIX HA MOMEHT W3MEDPEHUs CIEKTPA.

Pemenue 3amauu (1) CUIBHO YyBCTBUTEIBHO K OIIMOKAM U3MEPEHUS CIIEKTPA, 0~
9TOMY BHAYAJIE TPUMEHAETCH TUXOHOBCKAs perysspusanusd B popme

min{||P(z)prera(B(zfzo),zsz): z € R"}, (2)

rme B = (K+el)™!, K — KoBapHaImOHHAasA MATPHIIA, € — MATbII MOMOKATETLHBIE Ta-
pamerp. s alnpoKcuManuy PeleHus 2, 3a4a49u (2) UCoJib3yercs UurepanuoHHbIi
TpOIIece, MPeIIoKeHHbIH B [1]:

AL = 2k (@ (2%) + aB + BII7H(®(2F) + aB(2* - 20)),

rie ®(z) = P'(2)T(P(z) — P), 3 — mapamerp prox-meroma s (2).

Teopema. IIycrs &' (2) — cummerpuanas MATPHANA ¢ COOCTBEHHBIMH 3HATCHUAMH,
HE MeHbmmME, 9eM —, ¥ > 0, u —v > [ > 0, p = o/(||K|| + €), u Bemonasercs
yeaosne ||z —2°|| <7, r = ji/N, rme N — koncranta B Hepasernctse ||®(z1)—®(22)|| <
N||z1 — 22||. Toraa cupapesmpa oneHka

12" = zall < ¢"r, a=(B+0/2)/(B+R) <1

Pabora BbImosHEHA TIpW TIOZIEpIKKe Poccmiickoro maywroro domma (mpoekt Ne 18-11-
00024).

JNTEPATYPA

1. Skorik G. G. Reconstruction of vertical profiles of heavy water in atmosphere by IR-
spectra of the solar light transmission // Eurasian J. Math. Comput. Appl. 2018. V. 6,
No. 1. P. 56-64.
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ITPOEKTNNPOBAHUE OIITUMAJIBHBIX ®OPM
SQJIEMEHTOB ITPOTOYHOI'O TPAKTA TNJPOTYPBUH

Ckopocrenos B. A.!, Typyk II. A.2, Yupkos /. B.3, IIlep6akos IT. K.*

L Unemumym mamemamuru um. C.JI. Coboaresa CO PAH, Hosocubupcx, Poccus;
vskrsp@math.nsc.ru
2 Muemumym mamemamuru um. C.JI. Cobosesa CO PAH, Hosocubupck, Poccus;
turuk@math.nsc.ru
3 Hnemumym, svvucaumenvnoz mexnoaozuti CO PAH, Hosocubupcex, Poccus;
chirkov@ict.nsc.ru
4 Unemumym svvucaumenvnox mexnonrozuti CO PAH, Hosocubupcex, Poccua;
ldoffys@gmail.com

B nacrositiiee BpeMst BeCbMa aKTUBHO PA3BUBAKTCS METOIbI ITPOEKTUPOBAHUS OII-
TUMATLHBIX (DOPM JEMEHTOB MPOTOYHOrO TPAKTA THAPOTYPOWH HA OCHOBE UHCJICH-
HOTO MOJEJUPOBAHUSA TEYEHUH M MPOYHOCTHBIX XAPAKTEPUCTUK C HCIOJIb30BAHUEM
METO/IOB MHOMOKPUTEPUAIBLHON OINTHMUBAIUH.

Paboree komeco n orcacbiaomias Tpyba ruapoTypOUMHBI — OCHOBHBIE 3JIEMEHTHI ee
MIPOTOYHON YACTH, ONMPEIEISIONINe MPON3BOIUTEIBHOCTh TYPOUHBI, €6 MPOYHOCTHBIE,
KaBUTAIMOHHBIE U BECOBbIE XapakTepucTuku. [109TOMy mpOeKTMpOBaHUE OMTHUMAJh-
HBIX OPM ITUX FTEMEHTOB — BECbMa aKTyaJbHAs 3amada. BayKHbIM aceKToM 3TOMH
pobIEeMBI SIBISETCS METOIMKA TEHEPAIUHU JIOIMYCTAMOTO MHOYKECTBa (DOPM TTPOEKTH-
PYEMOTO 3JIEMEHTa, B KAUeCTBe OOJIACTH [JIsT TIOMCKa, ONTUMAJIBHOrO. llpeamaraercs
TTO/IXOM, OCHOBAHHBIN Ha Bapuanmu (GOPMBI UCXOMHOTO IJIEMEHTa — MpoToTuna. Ba-
puanms MOBEPXHOCTH JIONACTH pabodero Kojeca OCyIecTBISeTCs [IyTeM BapHalii ee
CPEIMHHON TIOBEPXHOCTH M MMOBEPXHOCTH TOIMIUH. [I0BEPXHOCTH OTCACHIBAIOIIEH TPY-
OBl TIPEJICTABILAETCS B BHIE MOBEPXHOCTH, 3aBUCAIIEH OT ONMPEIENEHHOr0 YUCIa Mapa-
METPOB, U Bapualius ee hOPMbL OCYIIECTBISETCS [IyTEM BAPUAILINE €€ [apaMeTpPOB.

IIpenyaraercs MeToaUKa TeHEPAIIUH KOHEYHO-OOBEMHBIX CETOK JIsi UHUCJIEHHOTO
MOJIEJTUPOBAHUS TEYEHUsT B OOACTH KAXKJIOT0 W3 PACCMATPUBAEMBIX JIEMEHTOB MPO-
TOYHOTO TPaKTa ruApoTypbunsbt. g pacdera MPOYHOCTHBIX XapPAKTEPUCTUK pabode-
T'0 KOJIECA TPE/ITIOKEHBI METOIBI MOCTPOEHUST KOHETHO-IJIEMEHTHBIX CETOK.

Yucnaernnoe MOJICIUPOBAHUE TEYEHUS OCYIIECTBIISAETCA MyTEM DEIIeHUs CHCTEMbI
ocpenHeHHBIX 0 PefiHombacy Tpexmepubix ypasuenunii Hasbe — CToKca, 3aMKHYTBIX
JBYXMapaMeTpUIeCKUMU MOJEIIMHA TypOyIeHTHOCTH. Pacuer MpOYHOCTHBIX XapaKTe-
PUCTHK DPEATM3yeTCss METOIOM KOHETHBIX IJIEMEHTOB.

st perieHnsa MHOTOKPUTEPUATIBHOM ONTUMHU3AIMOHHOM 38,Ja91 UCIOIb3YIOTCS Te-
HETHYECKUE AJTOPUTMBbI OnTuMu3anuu. Ilpemiokennas METONUKA MTPOEKTUPOBAHMS
ONTUMATBHBIX (DOPM TEMEHTOB IPOTOYHOTO TPAKTA THAPOTYPOHH peaTn30BaHA B
nporpamMMuoM komiiekce CADRUN. Ero mpakTudeckoe HCIONb30BAHUE TTO3BOJIUIIO
VIIYUIUTD IHEPTETUIECKHE TOKA3ATE] N U TPOIHOCTHBIE XaPAKTEPUCTUKY PSIJIa, Peah-
ubix I'9C.

Yacrs pesynbraros omybiaukoBana B [1].

JINTEPATYPA
1. Yupkos B. B., Illep6axos II. K., Yepnsiii C. I, Ckopocnenos B. A., Typyk II. A. Huc-

JIEHHOE KMCCJIE/IOBAHUE BJIMAHUA B/lyBa BO3/lyXa HA KaBUTAlMOHHOE TEYEHUE B PaUa/IbHO-
ocesoii runporypbure // Terodusuka u aspomexanuka. 2017. T. 24, Ne 5. C. 711-723.
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YN CJIEHHBIE METO/Ibl PEIITEHN A
CTOXACTUYECKNX YPABHEHUN
MATEMATUYECKOM ®U3NKIU
HA CYIIEPKOMIIBIOTEPE

Cwmupnos . /1.

Hnemumym eunucaumesbroti Mamemamuky & Mamemamuseckot
eeofpusuxu CO PAH, Hosocubupck, Poccus; smirnovdd@mail . ru

Croxacruueckue auddepeHnmuaibHble YPABHEHUA € YACTHBIMEA MPOW3BOIHBIMHA
(COAYYII) siBnsitorcsi OYeHb XOPOLIMM MHCTPYMEHTOM JIjIsl OLMCAHMA MHOIMX IIPO-
IIECCOB U SIBJIEHUI, TPOUCXOISIIIX B (PU3MIECKuX cucremax, Tak kKak B CHYUII yun-
THIBAETCS BJIMSAHHE CIydailHbIX GakTopoB Ha (dusndeckyro cucremy [1]. Permennem
CIAYUII asasercsa caydaiinoe moJie, Ijisd ONUCAHUS KOTOPOTO MPUMEHSIOTCS Pa3INd-
HbI€ BEPOSTHOCTHBIE XaPAKTEPUCTUKHU. TaK KaK B OOJBIMIUHCTBE CIIy4IaeB HE yIa&TCd
naiitu ananurudeckoe perenre CIYUII, to mig onucanus CaydaiHOTO MOJs, sBIIs-
torerocs pemenreM CJIYYII, mpuMeHSIIOTCS OIEHKH PA3JUYHBIX BEPOATHOCTHBIX Xa-
PAKTEPUCTUK, KOTOPBIE MOJIYUEHBI ¢ TIOMOIIBI0 METOIa TUCJIEHHOTO CTATUCTUIECKOTO
MofenupoBanust [2]. JIas HAXOXKIEHUS ONEHOK BEPOSTHOCTHBIX XapaKTEPUCTHK CJIy-
qaiinoro nosid, seiastomerocs: pemerreM CIYUYII, ¢ BBICOKON TOYHOCTBIO TpebyeTcsa
MOJIESTNPOBATEH OOIBINIOE KOJIMYECTBO PEATUIAIMI ITOrO CILYIaiHOrO OIS U KAaXKIYI0
peajn3aIyio MOIEINPOBATE C OYE€Hb MAJIBIMU IAraMy JUCKPETU3AlNU B 33JaHHOM
MTPOCTPAHCTBEHHO-BpEeMeEHHOM obacTtu. OOBMHBIN KOMIBIOTEDP C TAKOH 3agadeil He
CIPABJISETCH 33 TPUEMJIEMOE BPeMsi, MOITOMY Tpebyercsi MCIOIb30BATh CYIEPKOM-
HIOTED, HA, KOTOPOM PEaN3yI0TCA NaPaJsIe bHbIe AJITOPUTMBL IS PEIeHU JAHHON
3agaqun. PacmapasmesnBaHue Mo peaan3amuaM IPOBOANIOCH C TOMOIIBI0 ODHOIMOTEKH
PARMONC [3]. B nannoii pabore Bce pacuérbl nposoguiuch na kiaacrepax HKC-
30T u HKC-1IT ¢ ucronezosanuem pecypcos HHKIT Cubupckuii CymepKOMIbIOTEPHBIH
Henrp UBMuMI' CO PAH.

PaboTa BeImosTHEHA TP TOAAEepKKe Poccuiickoro ¢horma dyHmaMeHTaIbHBIX HCCIET0BA
muii (mpoextsr Ne 17-01-00698 u Ne 18-01-00599).

JUTEPATYPA

1. Aprembes C. C., Mapuenko M. A., Kopuees B. /I., Slkyuun M. A., Usanos A. A., Cymup-
uwos /1. JI. Ananus croxacrudeckux kosebanuit merogom Mounre-Kapiio na cynepkomibio-
repax. Hosocubupck: Usmarenscreo CO PAH, 2016.

2. Muxaiinos I A., Bofirnuiex A. B. Huciiennoe crarucrudeckoe mogeaunposanue. Meroupt
MomnTe-KapJio. M.: zmarensckuit nentp Axamemus, 2006.

3. Mapueako M. A. Bubmmoreka PARMONC mis pemenus “Gosbiux” 3a71a9 10 METOLY
Monre-Kapno // Becramk Hwuskeropomckoro yumsepcurera nm. H.U. Jlo6GaueBckoro.
2012. C. 392-397.
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O IIOBLIIITEHUNU TITIOPAJIKA TOYHOCTU
YN CJIEHHOTI'O PEINIEHUA 'PAHNYHOTI'O
NMHTETIPAJIBHOT'O YPABHEHUA
B IBYMEPHBIX BUXPEBBIX METOJJAX
BBIUICJINTEJIBLHOI I'MIPOANHAMUKN

Coagarosa . A.', Mapuesckmuii 1. K.!»?

! Mockoscxudi 20cydapemeenmvnii meznuveckuti ynueepcumem um. H. 3. Baymana,
Mocxksa, Poccus; i-soldatova@bk.ru
2 Ouemumym cucmemiozo npoepammuposaus um. B. II. Heannurosa PAH,
Mocxea, Poccua; iliamarchevsky@mail.ru

IIpoGsema HOBBIIIEHNS] TOYHOCTH PACUY€TOB TEUEHHI C UCIIOJIb30BAHUEM BUXPEBBIX
METO/IOB SABJISETCHA AKTYAJIbHOI; Hanbosee CyIeCTBeHHBIM (DAKTOPOM SIBJISIETCS TOY-
HOCTBb MOJIEJTUPOBAHUS MIPOIECCA TEeHEPAIINY 3aBUXPEHHOCTH HA TPAHUIE 0DTEKAEMOTO
npoduisa. MaremaTtntdeckast MOIEIh TPEICTABISET cO0O TPAHWYHOE WHTErpabHOe
ypaBHEHHe, TIPU 3TOM HCXOJHAs 3a7a4a MOXKeT ObITh CBeJeHA KaK K CHHIYJISPHOMY
yPpaBHEHUIO 1-T0 poja, TaK U K YPABHEHHIO 2-TO POJA ¢ OrPAHUYEHHBIM AIDOM BHIA

—

(=6 AE) o 1)
e e TP =), Fek (1)

Bropoit myTh 03B0OIgET CTPOUTH YUCIEHHBIE CXeMbI 60JIee BBICOKO TOUHOCTH; B YPAB-
uenwn (1) 7(7) — opt BHemHeH HOpMAau K mpoduitio, () — HCKOMAas MHTEHCUBHOCTh
BUXPEBOTO ¢J10s1; f () — mpaBast 4acTh, 3aBUCAIIAs OT (POPMBI OO6TEKAEMOTr0O MPODUIIS,
HabEraroIero mOTOKa, U PACIPEIeIeHNsT 3ABUXPEHHOCTH B ODJIACTH TEUEHUS.

B pabore [1] moapobHO onmcaHa MpOIEAypa TOCTPOCHNS YHCJIEHHBIX CXeM 1-TO u
2-ro NopsiiKa TOYHOCTHU JJid YUCIEHHOrO pelieHus ypasHenus (1) Ha ocHOBe moaxoaa
lFanépkuna ¢ KyCOIHO-TIOCTOSTHHBIMHA B KYCOYHO-JIMHEHHBIMU OA3UCHBIMU (DY HKIIASIMHU.
[Tpu 5TOM yCTAHOBIEHO, YTO JJIsT ODECTTEUEHHUsT 2-T0 TIOPSIKA TPEOYETCsT yIeT KPUBOJIH-
HelfHocTu rpaHutlsl npoduis. Kpome Toro, oH HEOOXOAMM B ClIydae, KOTJAA COCETHUE
naHe u (y9acTKu JUCKPETU3AIMU) TPOdUIsl CYIIECTBEHHO PA3JINYaIOTCs 110 JIJTHHE.

B macrosimeit pabore maHHadg MeTOAWKA ODOOINEHA HA CAydall HCIOIH30BAHUS
KYCOYHO-KB,IPATHIHBIX 0a3uCHbIX (PyHKIHH. [Tomydensr npubimKeHHbIe aHAJIATH-
geckue Bbipaxkenus st kKoaddurmenros CJIAY, npejcrasisiomeii coboit auckper-
HbIil axasor ypasuenus (1); obecnedenue 3-ro moOpsaaKa TOUHOCTH MOTPEOOBAIO MPU
BBIUMCJ/IEHUN WHTEIPAJIOB BUIA

[, o [ =00 e

yHdeTa claraeMbIx, TpONOpIUOHAmbHeX LY, rie L; — nmuaer nameneit; {p!}N, —
ceMeliCTBa OPTOrOHAJIbHBIX KYCOYHO-MOCTOAHHbBIX (p = 0), KycouHo-nuHelinbix (p = 1)
U KyCOYHO-KBaIpaTu4HbX (p = 2) 6azucHbix GyHKUUA HA HaHe X TPODUILs.

Pabora BbImosIHEHA MpU YacTUYIHOM noaaep:kke Poccuiickoro douma dyHmamMeHTaIBHBIX
nccnemopanuii (mpoekt Ne 18-31-00245).
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B mokname paccMmorpena 3aata
A(t)'(t) + B(t)z(t) = f(t), (0) = zo, t € [0,1],

) — 3aJaHHAs W MCKOMasi N-MepHbIE

rae A(t), B(t) — (n x n)-marpuiwt, f(t) u x(t
t) u f(t) mocrarovHo rIAAKHMe, U

BeKTOP-GYHKIMHY, 31eMeHThl Marpul A(t), B
det A = 0.

Takme 3372498 IPUHITO HA3BIBATL AU PEpeHIINATLHO-ANTeOpanIeCKUMHA YPaBHEHH-
amu (JAY). IIpeguonaraercs, 4ro HaYaIbHOE YCJIOBUE 3a/aHO KOPPEKTHO, a U3 KUC-
XOMHOU 3a7a9u U T ee MPOU3BOMHBIX ITyTEM JIEMEHTAPHBIX MPEOOPA3OBAHUI MOXKHO
BBIJIEJIATH KJIACCUIECKYI0 CUCTEMY ODOBIKHOBEHHBIX MH(D(hEpPEHITNATBHBIX YPABHEHUH
7'(t) + B(t)z(t) = f(t). 3nadenne r TPUHATO HA3LIBATH HHIEKCOM PACCMATPHBACMOLL
3amaqn. MHOrre n3BecTHbIE HESBHBIE METOIBI MOTYT TOPOXK/IATH HEYCTONYIUBBINA ITPO-
1IECC WM TPUHIUIHAIBHO HempuMeHuMbl 71 JTAY. ABTOPBI Jj1g TakKuxX 3a/atd Mpe-
JIAraroT KOJIJIOKAIMOHHO-BAPUAIIMOHHBIE PA3HOCTHBIE CXEMbI, KOTOPhIE UMEIOT TTPUHITH-
MAAIBHOE OTJIMYNE OT KJIACCUYEeCKUX aaroputmoB. Omucanbl oOmuil moaxom K co3aa-
HUIO KOJJIOKAIMOHHO-BAPUAIIMOHHBIX PA3HOCTHBIX CXEM M KOHKPETHBIE AJITOPUTMBI C
OHOH M ABYyMd TOYKAMH KOJUIOKanuu. IIpuBeieHbl pe3yibTaThl YNCIEHHBIX PACIETOR.
Hannoe ucciienopanue npogoszkaer paborsr [1-2].

Pabora BbinosiHena pu gactuaHoi nojuepxkke Poccutickoro donga dyHiaMeHTaIbHBIX

nccnemosanuii (mpoekTsr Nt 18-51-54001, Ne 18-29-10019, Ne 18-01-00643).
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B TEeYEeHHNE TTOCJTIeIHNX HECKOJIbKHUX JIET MHTEHCUBHO PA3BUBAIOTCA U IIpEAJIaratoTCa
3 PHEKTUBHBIE METO/IbI U TEXHOJOIMH Iu3aitHa (hyHKIMOHATBHBIX YCTPOHCTB (Hampu-
Mep, MACKUPOBOYHBIX 0B0JIOUEK ), 00ECIICUNBAIONIMX HEBUIUMOCTD MATEPUAJILHBIX TeJT
OT X OOHAPYIKEHUST PA3THIHBIMA CPEICTBAMU JOKAINH. B XpOHOIOTMIeCKOM MOPSIIKe
rnepBbie paboThl B YKA3AHHONH 00JIACTH OBLIM MOCBSIIEHDBI 9JIEKTPOMATrHATHON MaCKH-
poBke [1], nanee — axycruueckoil [2], a MO3Ke MOIYUEHHLIE PE3YJIBTATHI OBLIH PaC-
OPOCTPAaHEHbI Ha (:.Hytlaﬁ MACKHPOBKH OT CTAaTHYECCKHUX MAaI'HUTHBIX, JJIEKTPHUYICCKUX U
TENIOBbIX moJeii [3-5].

Crieyer, 0JHAKO, OTMETUTD, YTO TEXHUYECKAS PeaT3aliys PEIeHnH, Oy Y€ HHBIX
B LUTUPYEMbIX paboTax, CBA3aHA C CYIIECTBEHHBIMU TPYAHOCTsMU [1-5], mMOCKOMBKY
TaKWe PEIIeHUs IIPEJIIOJIAraloT UCIOJIb30BAHUE HECYIIECTBYIOIIUX B IIPUPOAE MeTa-
marepuasos. CylecTByeT HECKOIBLKO CIOCOBOB MPEOIOIEHUs YKA3AHHBIX TPYIHOCTEH
peanu3aniy perneHnii, cpejii KOTOPhIX OTMETHM OITHMH3AIHOHHBIN MeToz, [6-8].

B macrosmeit pabore paccmarpuBaercs obpaTHas 3a7a4Ua MArHATOCTATHUKHU, BO3-
HUKAIOMIAA TIPH MPOEKTHPOBAHUK MHOTOCTONHBIX IBYMEPHBIX MACKHPOBOYHBIX 000-
JIOUEK, CAyKAIUX JJis YIIPABICHWS MArHUTHBIMEU HOJAMH. B obmeMm ciydae Taxme
000JIOYKN COCTOSAT M3 KOHEUHOTO YUCJIA CI0EB, KAXKIbIH M3 KOTOPBIX 3alOJHEH Ofl-
HOPOJHOM M30TPONHOIH GO aHU30TPOIHON ¢penoii. C MOMOIIBIO ONTUMHUBAIMOHHOTO
MeTO/Ia paccMaTpuBaeMas obpaTHast 3a/ada CBOAATCA K 3aJade ynpasieHus [7, 8).
11 9UCIIeHHOrO PeIeHns MOCTABACHHON 33Ja91 IPeIIaraeTcs aJrOpuTM, OCHOBAH-
HBIH HA UCITOTB30BAHUN METO/1A NT0OATbHON ONTHMHU3AIMH — METO/IA POsI IaCTHUIl. BbI-
MIOJTHSIETCST TIUKJT BBIYUCIUTENBHBIX SKCIIEPUMEHTOB B IIUPOKOM JTUAIIA30HE H3MEHEHHST
NapaMeTpoB 3a0a49u, OOCYKIAIOTCS U AHAJIU3UPYIOTCS Oy Y€HHBIE PE3YJIBTATHL.

Pabora BbImTosIHEHA IIPH [TO/11epKKe TporpaMMbl “IIpropureTHble HayIHBIE NCCTIETOBAHIS
B mHTEpecax KomrekcHoro passurusa JIBO PAH” (mpoext Ne 18-5-064).

JIUTEPATYPA

1. Pendry J. B., Shurig D., Smith D. R. Controlling electromagnetic fields // Science. 2006.
V. 312. P. 1780-1782.

2. Cummer S. A., Shurig D. One path to acoustic cloaking // New J. Phys. 2007. V. 9,
Article ID 45. P. 1-8.

3. Wood B., Pendry J. B. Metamaterials at zero frequency // J. Phys.: Condens. Matter.
2007. V. 19. Article ID 076208.

4. Géméry F., Solovyov M., Souc J. et al. Experimental realization of a magnetic cloak //

Science. 2012. V. 335. P. 1466-1468.
5. Guenneau S., Amra C., Veynante D. Transformation thermodynamics: cloaking and

concentrating heat flux // Opt. Express. 2012. V. 20. P. 8207-8218.

6. Asexcees I. B. IIpo6iiema HEBHAMMOCTH B aKyCTHKE, OITUKE W TeIJIonepeHoce. Biamu-
Bocrok: Jlampaayka, 2016.

7. Aunexceesn I B., JIobanos A. B., Crnusax FO. 3. OuTuMu3aInOHHBI METO B 321a49aX aKy-
CTUYECKOIl MaCKUPOBKYU MaTe€pUAJbHBIX Tesl // 2K ypH. BBUUCI. MaTeMaTUKu U MaT. (u-
3uku. 2017. T. 57, Ne 9. C. 1477-1493.

8. Aunekcees I. B., Crnubak FO. 3. Teoperndeckuil anaau3 3a/1a9u MarHUTHONR MaCKUPOBKU
Ha ocHOBe onrmMmu3anuonuoro meropa // Huddepenn. ypasuenma. 2018. T. 54, Ne 9.
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HEJIMHENHAS TEOPIL IT'IPOYIAPA
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TepmuHn ruapoyaap MMUPOKO PACIPOCTPAHEH U BIEPBBIE HCIOJIb30BAH B KIACCHUE-
ckoii padore H. E. ZKykosckoro [1] mjst omucamusi TuIpoynpyrux BOJH B TPyGOIpO-
BOIHBIX cHcTeMax. B HacTosiie#l padoTe TEpMUHOJOTHS THIPOYIAP U MPOIOILHBIE
THIPOYIIPYTHE BOJHBI UCIOJIB3YIOTCS KaK CHHOHMMBI. B Gosee obmieM Buae mpomoib-
HbIE BOJIHBI B KAHAJIAX C YIPYTWMHU CTEHKAMU, 3aIIOJHEHHBIX KUIKONH CPemoi, omuca-
HbI [IPY TIOMOIIY KBA3UIMHEHHBIX TUiepOoIMIecKux cucreM ypaBuenuil B pabore [2].
CyIeCcTBEHHBIM JIJisi OLMUCAHUS PEAJIbHBIX sIBJEHUH SBJISIETCS TO, YTO CKOPOCTH BOJIH
BCErJa MEHBIE CKOPOCTH BOJH, PACTPOCTPAHSIONINXCS MO Ta3y. DTO O3HAUAET, UTO
B PAMKaX ITUX IPEIIOJOKEHUN B MEXAHUIECKUX CHCTEMAX BO3MOXKHO ONUCAHWE 00-
DPa30BaHUS CUJIBHBIX PA3PBIBOB s C/1A00-CKMMAEMOM YKUIKONH Cpeibl B KaHAJE C
YIPYTUMU CTEHKAMHU.

Hacrosmas pabora mocssieHa MaTEMATUYIECKUM BOIPOCAM, CBS3aHHBIM C OIIH-
CAHWEM PACIPOCTPAHEHUs] HEJIMHEHHBIX W PA3PBIBHBIX BOJIH B KAHAJIAX C YIPYTHMU
CTEHKAMHU, 3AI0JTHEHHBIX HEBI3KOM C2KUMAaeMO XKuaKoi cpenoit. /s ynobersa usiio-
JKEHUs 9TU BOJHBI OyIyT HA3BIBATHCA IHAPOYIPYTUMHU BOJHaMu. B pamMkax miawHHO-
BOJIHOBOTO IPUOJIVMXKEHNSA TIPE/IJIOKEHA CHCTEMAa YPABHEHUH JJIs OITUCAHUS STUX BOJIH.

IMokazano, 94TO Ta CHUCTEMa SIBJISETCA KBA3UIUHEHHONW U runepbomndeckoit. Ormu-
CaHBbI CKOPOCTH PACIPOCTPAHEHUd BOJH B KaHajdaxX ¢ ynpyruMmu creakamu. CKOpoOCThb
PaCIpPOCTPAHEHNST THIPOYIPYTUX BOJH MEHBINE CKOPOCTU PACIIPOCTPAHEHUST BOJH MO
CKMMAEMOM KUIKOU Cpejie, 3AMOJHSAOMENH KaHaal ¢ yupyruMmu crenkavu. Haiiaersr
naBapuanTsl Pumvana. [lomydensr ycioBust HA CHJIBHBIX PAa3pPbIBAX M OIMUCAHBI Pa3-
DBIBHBIE PelleHusl — AHAJOT YJAAPHBIX BOJH B raze. llokazaHo, 9T0 BO3MOXKHBI Pas-
DBbIBHbBIE DEIIEHU C IOBBINIEHUEM W [IOHM2KEHUEM JIaBJIeHnsd 33 pa3psiBoM. [lonydeno
ypaBHeHUe PUKKaTh, ONUCHIBAIOINIEE PACTIPOCTPAHEHNE CJIa0BIX PA3PHIBOB IHAPOYIIPY-
WX BOJH 10 KaHasy [3—4]. YpasHeHune PUKKaTH MO3BOJISET OIMCATH BO3HUKHOBEHHE
IPAJMEHTHBIX KATacTPOd TUAPOynpyrux BOIH. IIpoBeaeHbI 9NC/IEHHO-AHATUTAIECKUE
HCCIe0BaHNs 00PA30BAHUS U PACIPOCTPAHEHUS CUIBHBIX PA3PBHIBOB C IOBBIIIEHUEM
U TIOHW2KEHUEM JIABJIEHUS 33 PA3PBIBOM.

[penyioxennasi Teopusi pacHpOCTPAHEHUST THAPOYIPYTUX BOJIH MOXKET OBITH UC-
TTOTb30BAHA, JIJTs OMPEIEIEHUs MECTa, PACIIOIOKEHNS TeUYd B TPYOOIIPOBOIHBIX CHCTE-
Max. B HacTosime#t pabore 3Ta TEOpUsS MCMOIL30BAHA, IJIs IPOTHO3UPOBAHUS Pa3py-
menng PITT pa3pbiBHOM THAPOYIPYTOH BOJHON Ha CTAINK 3aIlycKa. Llpw momormu
METOJIOB TEOPUH PACIIPOCTPaHeHus caabbiX pa3pbiBoB [3, 4] n obpa3oBanug rpaueHT-
HBIX KaTacTpod ompenesnens! ycaosusi camonoapeisa PJITT ma crapre.

Ha ocHoBe mMpoBeIeHHBIX UCCASTOBAHTI pa3zpaboTaHbl METOALI HOPHOLI ¢ CaMOIIOI-
peiBoM coBpemenubix PJITT nma crapre.
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IMocsamaerca akagemuky LogyuoBy Cepreo Koncrantunosuay B rof ero 90-nerus
¢ rayBOKO# BJIArOIapHOCTHIO 34 MOJJIEPKKY U MOJE€3HbIe HAYYHbIE YPOKHU, HAYUHAS C
1961 roma B NucTuTyTe Kenmpimal

I'nobanpuniit Bozos “Ilopectku XXI-ro Beka’ — 3T0 HE HMEOIIAS AHAJIOIOB II0
macirrabaM B UCTOPUU NuBun3aIuu Becemuphas nayaaaa [IPOCPAMMA “Bynyiiee
Beman” (Future Earth) [1, 2], cospannas s KOOPAMHAIMU MEXK/YHAPOJHBIX HCCJIe-
JOBAHMI IO YCTONYINBOMY Pa3BUTHIO OKPY2KAIOIIEH Cpeibl 1 OOIIEeCTBA, 10 COBMECTHOI
uanimaTuee Mex aynapoaaoro cosera 1o Hayke (ICSU) u MexmyHapomaHoro HayYHO-
ro cosera 110 obmecrsenubiM Haykam (ISSC) npu mogpep:kke OHECKO, IporpaMmbr
O6benunennbix Hanuit mo okpyxatomieii cpene (FOHEIT), MexiyHapoaHOro yHuBep-
curera OOH u Mexaynaponuoit mereoposiornyueckoii opraausanuu (WMO).

Oynnamentanbubie ocHOBbI [IPOT'PAMMBI 3amoxkens B XX-M Beke Guraromaps
M300PETEHUI0 KOMIIBIOTEPA M BBIXO/A YeioBeka B KocMmoc. CrioKHeHIne 3a1a49u 3B0-
JTEOTIAM, KJIMMATA, IKOJIOTWH, TJIOOAJTBHOTO MOHUTOPHUHTA, W AUCTAHITHOHHOTO 30HIU-
poBaHMS 3eMJIU C THUIEPCIEKTPATBHBIMU MOAXOJaMU U HAHOIUATHOCTUKON TPUPOI-
HOU Cpelbl U OOBEKTOB PACCMATPUBAIOTCS KAK CONPSKEHHBIE. DJIEKTPOMATHUTHOE
uzaydeHne — eannoe hU3NYECKoe Moje, O0beINHAIONEe PAAUAIMOHHOE [T0JI€ 3eMJTH
€ PAJIMAIMOHHO-aKTUBHBIMU KOMITOHeHTaMu. Henpeojaomumas CI0KHOCTb MpobIeMbl
B TOM, YTO JJIs UCCIAEIOBAHUI TJIAHETHI He MOMYCTUMBI HATYDPAJbHBIE IKCIEPUMEH-
ThI U BO3MOXKHBI TOJIBKO HADJIOIEHUS PAa3HBIMEU CpefcTBaMu. lIpu 3TOM HA MOMEHT
M3MEepPEHnil HEBO3MOXKHO BOCCTAHOBUTH BECHh HAOOP ONTUKO-re0(MU3NIECKUX U OITUKO-
METEOPOJIOTHIECKUX MapaMeTPOB 3eMJIM, OT KOTOPBIX 3aBUCHT PaJWAIHsd, U HEBO3-
MOKHO MOBTOPHUTH YCJIOBUs HADMIOJEHU, TaK KaK Cpeja HEempepbIBHO W3MEHSIeTCs
¥ HUKOTJA HE TOBTOPsieTCsI. M TOIBKO MaTeMaTHYIECKOe MOAETUpOBaHME ‘OOJbINX’
MPSMBIX ¥ ODPATHBIX 33129 TEOPUH HEPEHOCA U3y IeHNS C MaPAJIIETbHBIM CYIEePKOM-
MBIOTHHTOM ITO3BOJISIET ITPOBECTH TEOPETUKO-PACIETHBIE MCCIEIOBAHUS CTOJb CJIOXK-
HBIX MPOOJIEM U MOJIYYUTHh KAYECTBEHHBIE W KOJUYECTBEHHbBIE OIEHKHU JJId AHAIN3a U
MMPOTHO30B, & TAKXKEe JJId PA3HBIX TEMATHIECKUX TPUJIOXKEHWN Ha OCHOBE “ClIeHApH-
esB”. B monorpaduu [3] couepxurca okono 400 ccbuiok Ha paboTbl aBTOPA, & lepBas
CTaThs TI0 TEOPUH TIEPEHOCA U3JIYUEHHs BbINIA 55 JeT Hasaz, [4].

Pabora BbImosiHEHA IpH YacTUYIHOM noaaep:kke Poccuiickoro douma dyHmaMenTaIBHBIX
uccenosanuii (mpoektst Ne 18-01-00609, Ne 17-01-00220).
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[Tpu ocTpoernn Mojeelt, THBAPUAHTHLIX OTHOCUTEHHO HEKOTOPOH IPYIITILL Tpe-
obpa3oBaHuii, BLIOMPAIOTCST TPOCTPAHCTBA 3aBUCUMBIX U HE3ABUCHMBIX MEPEMEHHBIX,
MpeCTaBIEHNE TPYIIBI B JEKAPTOBOM MPOU3BEIEHUN ITUX MPOCTPAHCTB, TPOIOIAKE-
HE€e TPYIIIBL B IIPOCTPAHCTBO MOJUINHERHbIX 0TOOpazKeHuil (Ha IPOU3BOIHbBIE 3aBUCH-
MbIX OT HE3ABUCUMBbIX [IEDEMEHHbIX) A0 33JaHHOIO LOPAIAKA, U, HAKOHEL,, CTPOUTCS CU-
crema ypaBHEeHHH — WHBAPHAHTHOE MHOTOOOpa3He B IPO/I0JIKEHHOM ITpocTpaHcTse [1].

Onucanubiii crocod pereHus 3a1a9u JJIsT MO JUHAMUKYA MaTePUATBHBIX TOUEK
B ciydae mpeobpaszoBanuii JIOpeHa He MPOXOINT, TOTOMY YTO B KAYECTBE 3aBUCHMBIX
MMEPEMEHHBIX 371eCh CJIEJYET B34Th MPOCTPAHCTBEHHBIE KOOPJAMHATHI MATEPHATBHBIX
TOYEK, & B KAYECTBE HE3ABUCUMON — BPEeMeHHYIO nepemennyio. Ho B paMkax Toued-
HBIX MPEOOPA30OBAHUN Tapa PA3HOMECTHBIX U OJHOBPEMEHHDBIX COOBITUH OTHOCUTETHHO
MOJBUKHON CHCTEMBI OTCUETa OyIeT HEOTHOBPEMEHHOI, T. €. 37IeCh HE YIaeTcs MOCTPO-
UTh TIPeJICTABJIEHNE IPYTIBL B BRIGPAHHOM IpocTpaHcTBe. B pabore [2] 31y npobiemy
YAAJIOCh [IPeooJIeTh B paMkax rpeobpasosanuil Jlu-Bekiynna. B pabore [3] npen-
MPUHATA, MONBITKA TPUOJIMKEHHOTO PEIIeHUsT ONPEIEIISIONeH CHCTeMBbI, TOCTPOEHHON
B [2].

B pabore [4] pacemaTpuBanach 3a1ada PACIIUPEHHs IpecTaBieHus rpymbl [Ty-
aHKape ¢ MPOCTPAHCTBA HE3aBUCUMBIX II€PEMEHHbIX (¢, T, Y, Z) HA BEKTODHbBIE 3aBU-
cuMble iepeMenHbie (1osesbie nepementbie). [TokazaHo, 4To BEKTOPHBIX [EPEMEHHBIX
JOJIZKHO OBITH YeTHOEe 9ucjo. IIpm 3TOM mpM MOAXOIsIeM BbIOOpe Ga3mca mepemMeH-
HbIE MOI'YT ObITH Pa3OUThL HA HE3ABUCUMbIE IAPHI M KaXK/1asl napa mpeodpas3yercs: Kak
SJIEKTPOMATHUTHOE TIOJIE.

B macrosimeit pabore paccMaTpHBACTCA 33a9a MOCTPOeHUs MU depeHIInaIbHo-
WHBAPWAHTHBIX PEIIeHUi OTHOCHTEILHO Tpynbl [Tyamkape.
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O HEIIPEPBIBHbBIX I1O JIAIIITIWITY PEIMIEHMNAX
AHMN3OTPOITHBIX ITAPABOJINMYECKUNX YPABHEHIUU
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2 Mnemumym mamemamusu um. C.JI. Cobosesa CO PAH,
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B nmokmame Oymer paccMoTpeHa mepBasi KpaeBas 3ajada, a TakxkKe 331ada Korrum
JIJIST AHU3OTPOIHBIX TAPAOOJIMIEeCKUX YPABHEHUH BUIA

n

Ut — Z i (8) (|t

i=1

Pil)=2y N = flt,z,u,Vu) B Qp =Qx(0,7), (1)

rae 2 — orpanmyenHas obsactb. YpaBHeHus Buja (1) upunHajjIex)ar K LIUPOKOMY
KJIaCCy YPaBHEHHUH, YacTO HA3BIBAEMBIX YPABHEHUSIMU C HECTAHJIAPTHLIMH YCJIOBUSI-
Mu pocrta. Kak W3BeCTHO, MPU MCCAETOBAHUN 3TUX YPABHEHW TITMPOKO TTPUMEHSTIOTCS
METO/IbI BAPUAIMOHHOTO WMCYUC/IEHNUs, KOTOPbIEe BCTPEYAIOT CEPHhEe3HBIE TPYAHOCTH B
caydae, KOTIa MpaBas 9acTh 3aBUCUT OT PaAueHTa penrennsa. KaaccuaecKuMm MeTo-
JIaMU UCCJIeJIOBAHUS SBJSIOTC PA3JIUYHbIE AIIPOKCHMAIMOHHBIE MeToab [1].

Mpb1 paccMarpuBaeM ypaBHEHHE, B KOTOPOM Hokasaresu p;(t) > 1 3aBucar or Bpe-
menu. B caydae, korma ) — Beimyksas obiactb U OyHKIWS f 3aBUCUT JUHEHHO OT
TPAJIMEHTA, MbI JOKA3AIU CyIIECTBOBAHNE HEMPEPBIBHOTO O JIUMIIHUILY O MPOCTPAH-
CTBEHHBIM IEPEMEHHBIM U HENPEPBIBHOrO 10 [€abaepy mo BpeMeHu Caadoro pere-
HUd, yAOBJIETBOpsOIIero ypasuenuto (1) B unrerpasbuom cMbicie. JJokasarenberBo
CYTIIECTBOBAHUSA PEIEHNs YKA3aHHON IVIATKOCTH SBIAETCA HOBBIM PE3YJIbTATOM JIJId
ypasuenuit suga (1). CyiiecTBoBaHIEe PEIICHNI JOKA3BIBACTCA TYTEM PETYJIAPU3AIUN
WCXOMHOTO YPABHEHUsT U TIOCTPOEHUHN PEIEeHNsT KaK MPeJesia KIACCUIeCKUX DEeIeHui
peryiasapu30BaHHON 3a0a49N.

B cnydyae cHWIbHBIX TPAAMEHTHBIX HEIWNHEHHOCTEH OOHON M3 TMPHHIIHIHAILHBIX
CJIOZKHOCTEMN SABJSETCA [I€PEX0J, K Ipeaesy B HeJMHeHHbIX dieHax. C IOMOIIBIO Teo-
pun BaA3KUX 1o JIMOHCY pelieHuii HaM YIAJI0Ch JOKa3aTh CYIIECTBOBAHUE PEIIeHUS B
BBIMYKJIBIX O0JACTSIX B CIy4Yae IPAJMEHTHBIX HEJUHEHHOCTeH, He YIOBIETBOPSIONINX
ycioBui0 BepHITEiiHA, KOTOPOE SIBJISIeTCS HEMPEPBIBHBIM M0 L éyibaepy 1o ¢ u jimriiu-
IEBBIM II0 MPOCTPAHCTBEHHBIM TIEPEMEHHBIM.

B cayuyae, korma f He 3aBUCHT OT I'PAAMEHTa U IOKA3ATEIU P; SBISIOTCS IO-
CTOSTHHBIMY, HAM Y/IAJIOCh ITOKA3aTh JIMIIIAIEBOCTD PEIIEHUil 10 BCEM IT€PEMEHHBIM,
BKJIIOUAsT TEPEMEHHYIO ¢, B BBIMYKJIBIX 00jacTsX. [IpuuemM JUMIIUIEBOCTH O BpeMe-
HU MOXKHO TIOJIYYHTH B OGJIACTSX, YIOBIETBOPSIOIINX YCJIOBHIO BHeNHeH cdepsl [2].
Bosee Toro, perenns yka3zaHHON IIaJIKOCTH MOXKHO THOJYyYaTh W MPU HAJIAYUUA TPa-
JUAEHTHBIX HEJTUHEHHOCTEH B CIydae HEBBIMTYKJIBIX 00JIACTEH, HO IIPHU JOMOTHAUTEIHHOM
OrpaHMYeHnn Ha Pa3bpOoC moxasareseil AaHU30TPOITHOCTH.

JINTEPATYPA
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HEJIOKAJIbHAZA 110 BPEMEHU KPAEBA{ 3A/TAYA
AJI1dd YPABHEHN S CMEIITAHHOTI'O TUITA
BTOPOI'O IIOPAOKA
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Cesepo-Bocmounni dedepanvuniti yrnusepcumem um. M. K. Ammocosa,
Hrymex, Poccusa; Irinamikh3007@mail.ru

JIOKaNbHBIE W HEJIOKAJBHBIE KPAEeBble 330341 I PA3IMYHBIX yPABHEHHI ¢ 4acT-
HBEIMW TIPOM3BOIHBIMA JOCTATOYHO XOPOIIO UCCASIOBAHLL. B HACTOAIIEe BpeMsT aKTHR-
HO W3Y9aeTCs PA3PENMMOCTh HEJIOKAJBHEIX TT0 BPEMEHH KPACBBIX 34744 JJIA mapado-
JIAIECKUX, THIePOOTMYECKAX, 3JUTUNTTAYECKAX ypapHennii. B macrosmeit padore Gymer
PACCMOTPEHA, HETOKAIBHAA [0 BPEMEHH KPaeBas 3a1a4a I yPABHEHUS CMEIIAHHOTO
TUIIA BTOPOro nopsiika [1].

B mmmmaapudeckoit obmacrn @ = Q x (0,7T) paccmaTpuBaercsa Kpaepas 3a7a4a
JITSl yPABHCHUS CMEIIAHHOTO THUIE, BTOPOTO MOPSIKA

Lu = k(t)uy — Au+ a(z, t)ug + c(z)u = f(x,t), (z,t) € Q, (1)

C IOCTATOYHO TJIAIKUMU KOI(DDUIMEHTAMHA.
KPAEBAA 3A71AYA. Haiitu peienue ypasuenus (1) B obnacru @ Takoe, 4ro

u‘p = 0,

T
(e 0) = [ N@uter, wlgy =0, wly, =0,
0

—+ =+
rae Py, Pp — MHOXKeCTBa Ha OCHOBAHUSX IWJIMHJPA, [Je crapiiuii Ko3dgdunueHT
k(x,t) menser 3HaK.

Jst naHbOM 3312491 JOKA3BIBAIOTCSA TEOPEMbI €IMHCTBEHHOCTH U CYIIeCTBOBAHUS
PEryAspHOTO PerieHwns.

Pafora BBITIOSIHEHA B pAMKaX TOCYIapCTBEHHOTO 3aarms Murno6prayku Poccun (mpoexT
Ne 1.6069.2017/8.9).
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PEINTEHVNE HEKOTOPBIX ITPAMbBIX 1 OBPATHBIX
SAJAY TEOPUU ITEPEHOCA N3JIVHEHUN
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B nanHOM HOKJIA/i€e ONUCHIBAETCS PsJi 9UCIEHHBIX CTATHCTUYECKUX METOJIOB, I10-
CTPOEHHBIX ABTOPAMHU JIJIsI PENTEHNsS] HEKOTOPBIX TPSIMBIX U O0PATHBIX 3339 TEOPUU
IEPEHOCA U3JIydeHus: B aTMOC(hepe ¢ YIeTOM TOJSTPU3AIINAHN.

st perteHus 337291 BOCCTAHOBJIEHUS MATPHUIIBI a9PO30JILHOIO PACCESTHUST ATMO-
cdepsnl 10 HAZEMHBIM HADJIIOIEHUSIM TTOIAPU3ANUOHHBIX XaPAKTEPUCTUK U3y ICHUS B
ambmykaHTapare COHIA TPEIJIAralOTCs AJITOPATMbI, OCHOBAHHBIE HA aJAITHBHOM U
KOMOHHHPOBAHHOM CIIOCODAX MOMJEJMPOBAHUS pacCesHus B arMocdepe npu GOIbIINX
ONTUYIECKUX TOIMAX a3po30sisa. C MOMOIIbI YUCIEHHOTO CTATHCTAYECKOTO MOIEITH-
poBanus ObLTa HCcaenOBaHA 3PHEKTUBHOCTD ITUX CIOCODOB B METONE “TIPEIUKTOD-
KOPPEKTOP” BOCCTAHOBJIEHUS TIEPBBIX JABYX KOMIIOHEHT MaTPUIbl paccesuus [1].

W3yuenne BpeMeHHBIX XaPAKTEPUCTHUK TOISPA3OBAHHOIO U3IyYeHUS TAKKE SABJIIs-
eTCst BayKHOM 3a4a4eii 1iist arMocdepHoil onTuku (HAIPpUMED, JJisi PA3BUTHUS IIPUIIOZKE-
HUP JUCTAHIIMOHHOTO 30HIUPOBaHus). [I/s OLEHKU apaMeTpoB BPEMEHHBIX XapaK-
TEPUCTHUK MTOTOKA MOJISIPU30OBAHHOTO U3IYUIEHUS TPEJIAraeTcs NCIOIb30BATh BECOBOM
anroputMm merona Monrte-Kapsio Ha OCHOBE OPTOHOPMHUPOBAHHOTO MOJIUHOMUAIBLHO-
IO PA3JIOXKEHHUS] BPEMEHHOH IJIOTHOCTH PACIIPEeIeHNs TTOTOKA U3JIydeHus o basucy
dbyHKumii, nosyUeHHbIX U3 noauHoMOB Jlareppa [2].

JIJIsT OIEHKHU IBYHANPABIEHHBIX MTOJISIPU3AIMOHHBIX XAPAKTEPUCTUK MTPOXOISIIE-
0 ¥ OTPAXKEHHOTO TJIOTHBIMY CJIOSMH BENIEeCTBA PACCESTHHOTO W3JYUEHUs] aBTOPAMU
6putn paspaboranbl anroputMbl Meroga Monre-Kapio, ocHoOBaHHBIE HA JBYMEDHOM
MIPOEKIIMOHHOM PAa3JI0KEHNN COOTBETCTBYIOIIET0 TOBEPXHOCTHOTO YIJIOBOTO PAacIipe-
pesieand 110 Gazucy mnosycdepruueckux FapMOHUK CIENMAIBLHOrO Buaa [3], a rakxke
pa3paboTanbl BEKTOPHBIE aaropuTMbl MeToma MonrTe-Kapsio Ha ocHoBe 2-MepHBIX CTa-
TUCTUYECKUX SIAEPHBIX OIEHOK ¢ MPSIMOYTOJIBHBIM sapoM. C IMOMOIIBIO YMCIEHHOTO
CTATUCTUIECKOTO MOIETNPOBAHUS TPOBEIEHO UCCJIEIOBAHNE BIUSHNUS ONMTHIECKUX Ta-
PaMeTPOB Cpeibl U MOJSIPU3AINY HA JIBYMEDPHBIE YIJIOBbIE PACIPEIeTeHns WHTEHCHB-
HOCTHU ¥ CTENEHU TOJSIPU3ANNAN B HE OCECHMMETPUYHOM CITy9ae.

Pabora Beimosnena upu nogpepxke Poccuiickoro douna dynmamenTaapbHbIX HCCIEI0BA-

muit (mpoextst Ne 17-01-00823, Ne 18-01-00356, Ne 18-31-00213).
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HEJIOKAJIBHAA 3AJJAYA ©JIOPTHA JIJ151
KBABNJIMHEVHOI'O YPABHEHUN A JU®PY3NN
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B macrosmeii pabore paccMarpuBaeTcss HeJIOKaabHAad 3agada PaopuHa Ij1d KBa-
3UIMHEAHOTO ypaBHeHus AudPy3un ¢ yIeToM HeJIuHEHHON KOHBEKITHHN.

ITocranoBka 3amaun. Tpedyerca HaiiTn Ha HEKOTOPOM OoTpeske 0 < t < T Herpe-
peiBHO mudepennupyemyio dbyukimio s(t) takyio, uro s(0) = sg >0, 0 < $(¢t) < N,
s(t) ynosaersopger ycnosuio [énpnepa, a dynrkmua u(t, ) B obmactn D = {(¢,z) :
0<t<T,0<2a<s(t)} yIoBmeTBOPAET YPABHEHUIO

Uy = a(tvxvua:)uxz + buiv (ta ‘L) €D, (1)
U CAEAYIOIMM HAMAABHBIM U IPAHUYHBIM YCIOBHAM:
u(0,2) = p(x), 0<z< s,

ug(t,0) =), 0<¢<T,
au(t,xg) = u(t,s(t)), 0<t<T,
ug(t,s(t)) =w(t), 0<t<T.

B onroMepHOM mpocTpaHcTBe ypasHeHue quhdy3un—peakImi—KOHBEKITHH C HEJTU-
HeHHBIM YJEHOM MOYKET ObITh 3alHCAHO B cleayromeM obmeM Buie [1]: u; = aug, +
(b(u))z + c(u). B aroii dbopmynuposke npezacrasied kodddunuent muddysuu a,
b(u) — menwmHeliHas GHYHKIUS KOHBEKTHBHOTO TIOTOKA, U’ (1) MOKET PACCMATPUBATH-
cd KaK HeJIMHeHasA CKOpOCTh, c(u) obo3Havaer 4ieH peakiun. HenuHelHbe 330391
mubdy3un ¢ yeaoBUsSIME Ha CBODOIHON TDAaHUIE OOBIYHO WCIONB3YIOTCA IS OMUCA-
HUS PACIPOCTPAHEHUST OMOJOTMIECKUX BUIOB WK XUMHUIECKUX BEIIECTH, & CBODOTHAS
IPAHWIA UCIIOIb3YeTcs /7Sl TPeJICTaBIeHNs] TPAHUIIbI 9TOTO pacnpoctpanenus [1]. B
HameMm ciayuae B ypasHernn (1) kosadbdunment mubdysun a(t, z, u,) 33580 B HEIH-
HeltHol (hopMe, a TaKyKe MPHCYTCTBYeT HeJWHeHHbI moToK u2(t, ).

UccnenoBamue mpoBoauTcss mo ciexayiomieit cxeme. CHavama 3a7ada CBOTUTCS K
zasade tuna Credana u J0Ka3bIBALTCH UX SKBHBAJEHTHOCTD. Jlanee ycTaHaBINBAIOT-
Csl allpUOPHBIE ONEHKW PeIeHnil W WX MPOM3BOAHBIX B HOpMe [€nbnepa. Ha ocHoBe
YCTAHOBJIEHHBIX OIEHOK UCCIEYETCs MOBEJIEHUE CBODOIHON MPAHUIBI B PACCMATPUBA-
€MOM TPOMEKYTKE BPEMEHH, MOKA3bIBACTCS €IUHCTBEHHOCTD PEITICHHUsT IePBOHAY A b
Ho#t 3a7auu. CyIlIecTBOBAHKE PENIeHrsT BCIOMOTATEIbHON U MEPBOHAYAJIBHON 3a1a4
JIOKa3bIBAETCS TIPH TIOMOIIHN MeTona HeronsuxkHo# Toukn [Taynepa [2].
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Momenuposatue TypOyJIEHTHBIX TEYEHUN OKOJIO CTEHKHU SBJISIETCS OJHUM U3 HAHOO0-
Jlee aKTyaJbHbIX HAMPABIEHUI COBPEMEHHON BBIUMCIUTENBHON MEXAHUKU JKUIKOCTH
m raza. JlocTaTo9HO TOYHOE pa3pemieHne pUCTeHHOH obmactn Tpebyer okono 90 %
BCEr0 BBIYUCIUTEIBHOTO BPEMEHNM HECMOTPS HA TO, YTO Pa3Mep TAKOH objactu Ha
JBA TOPSIKA MEeHbIe pa3Mmepa Bcei 3amaqdn. o cux mop 310 TpeboBaHme sBIAETCH
3HAYNUTENbHBIM IPENATCTBUEM JIJIsI IPUMEHEHN s BBICOKOTOYHOT'O MOJIETMPOBAHUS TYP-
OYyJIeHTHBIX TEYEHUN B MPOMBIIIJIEHHBIX 33Ja9aX, B OCOOEHHOCTU TPHU ONTHMATHLHOM
MTPOEKTUPOBAHNH, KOTIa TPeOyeTCs MPOBOAUTE CepuitHbie pacderhl. CTaHIAPTHBIN WH-
JKEHEePHBIH [MOIX0, OCHOBAHHBIA HA MPUCTEHHBIX (DYHKIUAX, MIPEICTABIAET CODOM
npocTeiiiuii BU, AEKOMIIO3UINU, B KOTOPOM BJIMSHME CTEHKN 3aMeHseTCs Ipubiin-
ZKEHHBIM IIOJyIMIIMPUYIECKUM YCJIOBHEM COLps2keHus 1-ro poga. Xord Takoi moaxo/,
TO3BOJISIET 3HAYUTEIBHO COKPATUTH 3aTPATHI BEITUCIAUTEIBLHBIX PECYPCOB, OH MMEeT
JIOBOJTBHO OTPAHUYEHHYIO 00JIACTH TPUMEHUMOCTH WM3-33 HEBBICOKOU TOYHOCTH, 00Y-
CJIOBJIGHHOM, B TOM YHCJeE, HEOIPEIeTIEHHOCTHIO B BHIOOPE CBOOOMHBIX KO huImen-
TOB.

Meron nexkomnosunuu 6e3 nepecedenus obaacreil, pazpaboranubiii B [1, 2] u apy-
rux paboTax, mpemocTaBiser coboit 6osee YHUBEPCATBHYIO BO3MOXKHOCTE Il Pellre-
HUs paccMarpuBaeMoil 3agadu. OH OCHOBAH Ha IEPEHOCEe T'PAHUYHOTO YCJIOBUS CO
CTEHKN HA TPAHUILy compsizkerus. llpum 3TOM B mpucTeHHOH 00/TACTH pacCMaTpPUBa-
IOTCS YPABHEHWs IBUKEHUS B NMPUOJIMIKEHWH TOHKOrO Cjiosg. B pe3ysibrare yciaoBus
COIIPS’KEHWs B TOJIHOHM IIOCTAHOBKE MOJIYYAIOTCH HEJIOKAJIBHBIMA 110 IIPOCTPAHCTBY H
BpeMent [2, 3|. JIaHHBIN MOIXOM HE COMEPKUT CBOGOTHBIX MAPAMETPOB, & TPAHUIHBIE
VCIIOBUSI COTPSI?)KEHNS HE 3ABUCST OT CETKU, B OTJIMYNE OT NPUCTeHHbIX QyuKIimit. Kak
nokasaHo B [4], anropurm mospossger abdeKTUBHO pean30BaTh ONTHMH3AIMOHHBIH
6aslanc MeXIy 3aTPAaTaMM BPEMEHW W TOYHOCTHIO ITOCPEICTBOM BBIOOPA MOIOXKEHUS
TPAHUIIBL CONPsXKeHnA. [Ipu 3TOM IOMyIIeHne MOTPENTHOCTH B HECKOJIBKO TTPOIEHTOB
[I03BOJISIET COKPATUTH 3aTPATHI MAIIMHHOIO BPEMEHH HA MOP/I0K.

B noxsane maercs 0030p PEIEHHBIX ¢ MMOMOIIMBIO OMUCAHHOTO METOMA 33134, a
TaKKe HAIPABJIEHUIN PA3BUTHUS HA HACTOSIIEE U 0D03PUMOE BPEMSI.

Pafora BoimosmHena mpu mogzepxkke Poccmiickoro maywaoro domma (mpoekt Ne 18-19-
00098).
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JTPOBHO-IN®PEPEHIINAJJLHBIE MOJEIN
B TITPOINHAMUKE

VYyuaiikuu B. B.

Yavanosckull 2ocydapecmeennvili yrusepcumem, Yavanosck, Poccua;
vuchaikin@gmail.com

JlBa mOC/IeTHUX TECATUIETHST OTMEUEHBI MTUPOKUM PACTPOCTPAHEHUEM B TEOPETHU-
YECKOM ONMCAHUHU €CTECTBEHHBIX MPOIECCOB IPOOHO-AudhdEPEHIMAIBHOTO AlTapaTa.
3aMeHa 1eJI0UUCIEHHOrO NOPSIKa IPOU3BOIHON BEIECTBEHHBIM (a TO M KOMILIEKC-
HBIM) YHCJOM OTKPBIBAET MIMPOKOE 110Jie HOBBIX quddepeHinaibibX ypaBHeHuil (a,
crajo ObiThb, U LPOLECCOB), B KOTOPOM CTaHJAPTHbIH HAOOp ypasHenuil (BOJHOBOE,
nupHy3UOHHOE U IIP.) MPECTABIECH OTAEIbHBIMH KOJOCKAMU B TOYKAX C [EJTOYNC/ICH-
HBIMH KOOPIWHATAMHU — 3HAUEHHUSIMU TOPSIKOB MPOCTPAHCTBEHHO-BPEMEHHBIX TTPO-
n3BonHbIX. Ho 4ro (usuyeckn 3HaYAT NPOM3BOLHBIE APOOHBIX HOPAIKOB?! KakoBbI
ofImpe TPUYUHBI MOABJICHUS JPOOHBIX MPOU3BOIHBIX B ypaBHeHnusx! MoxKHO Ju 3a-
paHee MpeJCcKa3aTh MOsBJIEHUE APOOHBIX ONEPATOPOB B TOH wim uHON 3anade? Bo-
MIPOCHI STU TTOKA, HE CHSATHI C TIOBECTKM JTHS U OCTAIOTCSA B IEHTPE BHUMAHUS KaXKIOH
73 KOH(DEpeHIWil, MOCBAIMEHHBIX TEOPUH U MPUMEHEHHWI) ITOTO ANNAPATA. IJTA, TEMA,
pa3BUBAETCA W B HACTOAIIEM JoKJane. 1leapio ero siBisgercs AeMOHCTpAIUs IPOOHO-
auddepeHnInaIbHOrO anmapara B Hanboaee, ecian MOXKHO TaK BBIPA3UTHCI, KJIACCH-
qeckoil obmacTu Teopermueckoi pusmkm — rumpommHamuke. B ob63ope paccmarpu-
BAIOTCST THAPOMEXAHWMYECKIE 33a9l, B KOTOPBIX ECTECTBEHHBIM 00OPA30M BO3HUKAET
MOTPEOHOCTH B MTPOM3BOIHBIX AIPOOHOTO MOPSIKA: ABUXKEHUE TET B BA3KON XKUJIKOCTH,
THIPOMEXaHUKa TypOysieHTHOCTH, TypOymenTHaa quddysus. Ilokazano, kak 1pobHO-
nuddepeHImaITbHOe UCIUCTEHNE POXKIAETCS HA KIACCUIECKOM MOJIE THAPOIAHAMUYE-
ckux 3aa4 nof nepom leiizenbepra, Baitpekkepa, Kommoroposa, Obyxosa, Momu-
HA — TEOPETUKOB, KOTOPBHIX HEBO3MOXKHO 3AI0J03PUTh B HEKPUTHIECKOM OTHOIIEHUN
K Maremarudeckomy ammapary. CobcTBeHHO, BECh 0030p SBJISIETCS HEMPEPBIBHBIM 00~
CyKAeHneM “Hen30e?KHOCTH CTpaHHOro Mupa” ApofHOro ucuucsienus [1-2], u To, 4ro
9TO ODHAPYKUBAETCS y2Ke “B CTEHAX KJIACCUYECKON TMAPOAMHAMUKY, TOJIBKO YCUJIU-
BaeT yOeauTeIbHOCTh 9TOM Hen36e:KHOCTH.

JINTEPATYPA

1. Vyaiikua B. B. Meron npo0HBIX TPOU3BOIHBIX. YJIbAHOBCK: Aprumox, 2008.

2. Uchaikin V. V. Fractional derivatives for physicists and engineers. Vol. I-II. Heidelberg:
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NCCJIEJJOBAHUE HEJIMHEVHBIX KOJIEBAHUN
B MUKPOTEHEPATOPE TAKTOBOW YACTOTHBI
C PA3JINYHBIMU BAPUAHTAMU UMITYJIBCHOI'O
DJIEKTPOCTATNYECKOI'O BO3IENICTBUSI

®Danees C.N.12

L nemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupcx, Poccus;
2 Hnemumym asmomamuru u saexmpomempuu CO PAH, Hosocubupcs, Poccus;
fadeev@math.nsc.ru

PaccmarpuBaerca maremMaTuyueckasi MOIENIb MHKPOIE€HEPATOPA TAKTOBOH YacTo-
ThI, B KOTOPOM BO30Y:KIeHUEe KOJIeOAHUI MOIBUKHOTO 3JEMEHTa TTPOUCKOINT B CPEIe
C COTPOTUBJEHUEM TIOJ BO3IEUCTBUEM MOCAETOBATEIHHOCTH TEKTPOCTATHICCKUX UM-
MyIbCOB TOCTOSTHHON AAuTenbHOCTH. [IpW 3TOM MOMEHTBHI BO3AEMCTBUSA WMIYJIHLCOB
COracyioTcs ¢ Komebanuamu. Mogens npeacrasiena 3amaqdeit Komm gia muddepen-
OUAJAbHOI'O YPABHEHUA BTOPOr'O NOPAJKA C PA3PBIBHON NIPABOil 4aCThIO, OIIMCBIBAIONIEH
AMILYJIbCHOE BO3/EHCTBUE C PA3JIMYHBIMU BAPUAHTAME COIJIACOBAHUA.

ITpu wccmenoBanny TEPUOINIECKUX KOMTEDAHUI MCIIOIB3yeTCsT TPEICTABIEHUE TIe-
PUOIMYECKOTO pelrenns 3a7a4un Ko B Bue peleHus KpaeBoi 3aadu JIIs ypaB-
HEHUs C Pa3pbIBHON npasoil gacThio. CormacoBaHue UMITYILCHOTO BO3AEHCTBUS C KO-
snebaHugaMu TOTPeOOBAJIO TIPEeodPa3OBAHNsI, MTOCTE KOTOPOro KpaeBasd 3aaada (hopmy-
JINPYeTCs AJis CUCTEMBI n3 nATH JudDepeHnaabHbIX YPABHEHU [I€PBOIO MOPSAIKA C
HEMPEPHIBHBIMY MPABLIMU YACTSIMU, YTO TTO3BOJSIET MTPUMEHUTD TIPU IUCTIEHHOM UCCTIe-
JOBAHUU METOJ TTPOJIOJIKEHNS PEIIEHNs 110 TaPaMEeTPy. DTUM CITOCODOM OIpeIeseHa
006J1aCTh B IIPOCTPAHCTBE MAPAMETPOB MOJIEIN C YCTOWYUBBIMU K BHENTHUM BO3MYIIIE-
HUSAM TPEAENbHBIMU NHUKJIaMu. 1losyueHHbIe Pe3yIbTAThI MOTYT OBITH TOJE3HBI I
OIIEHOK AapaMETPOB IPUOOPOB IPH PA3PaAbOTKE MUKPOreHEPATOPOB YKA3AHHOIO THUIIA.

Aprop BeIpazkaer GmaromaprocTh J.T. Kocuoy [1], KoTopsrii mpengoni pac-
CMOTPETb MOJETh MUKPOTEHEPATOPA TI0 AHAJIOTHH ¢ MOJETBIO TPOCTefTIefi CXeMbl 1a-
COB CO CIIYCKOBBIM YIapHBIM MeXaHu3MoM [2], a Takke B.B. Korato, npuanMasemy
y4acTue B IPOBEJEHUN YUCICHHBIX IKCIEPUMEHTOB C UCIOJB30BAHMEM METOIA IIPO-
JIOJIKEHUS PeIlenus 1o napamerpy [3].

Pafora Bbionnena B pamkax MeK IuCHUIIMHAPHOrO HHTErPAMOHHOro poekTa (Ne 273)
“Pazpaborka (pU3NKO-TEXHUUECKNX IIPUHIUIOB CO3JaHUS T'eHepaTOpa TAKTOBON YaCTOTHI,
YCTOHYINBOTO K CBEPXBBICOKUM MHEPIMAIbHBIM Ieperpy3kam’.
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HI'Y, 2018.
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3AJIAYA O PABHOBECHU JABYCJIOMHOM YIIPYI'ON
KOHCTPYKIINU [IPU HAJINYUNUN JE®EKTA

Pankuna M. B.

Hnemumym 2udpodunamury um. M. A. Jlaspenmovesa CO PAH,
Hogocubupcr, Poccus; fankina.iv@gmail.com

Wccnenyercs 3amada, ONMCHIBAOIIAS PABHOBECHE NBYCIOMHON KOHCTpYyKImu. Ciio-
SIMUA KOHCTPYKITUU SIBJISIOTCS YIIPYTHUe MJIACTUHBL, TOBEIEHNE KOTOPHIX MOIETUPYETCS
B pPaMKax ILUIOCKOH 33/a9u Teopuu yupyroctu. IIIacTuHbl KOHTAKTUPYIOT TO 33/aH-
HOI JIMHWK, HA KOTOPOH 337aeTCA YCJIOBHE PABEHCTBA MEPEMEIIeHn IacTuH. Baoab
JIMHAW KOHTAKTa B OJHOM U3 cyioeB mMmeercs nedexT. Ha Oeperax medekra 3a71a10T-
csl HeJIMHENHBbIE KPaeBble YCIOBUS, MCKJIOYAIINE B3aANMHOE TPOHUKAHWE MPOTHUBO-
MTOJIOKHBIX Heperos medekTa aApyr B apyra. [Ipu 3ToM KpaeBble YCJIOBHUS COAEPIKAT
mapaMerp MOBPEXKIAEMOCTH, XapaKTepu3yoIuil 1edeKT: 9eM OOIbINe ero 3HaYeHue,
TeM caabee ciernierne oeperop medexTa.

151 3a7a4u paBHOBECHsI YCTAHOBJIEHO CYIIECTBOBAHWE pelreHus. B 3amade ocy-
IIIECTBJIEH TPEETBHBIN MEPEXO/ TIPYU CTPEMJIEHUN TTAPAMETPA MOBPEXKIAEMOCTH K HY-
0 u K Geckonegnoctu. Kpome TOro, mosiyueHa W NMPOAHATU3MPOBAHA TPEIETbHAS
33,1392 PABHOBECHUS MPU CTPEMJIEHUN YKECTKOCTH OJHOTO U3 CJIOEB K OECKOHEYHOCTH.
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METO/I PACUETA IMNJINHIPMYECKNX ®YHKIIAN
BE3 HNCIIOJIL30BAHUA ACUMIITOTUKN

Parbauos A.T.

Huemumym swnucaumesvroth MamemMamuky u MAMmemMamuseckot
2eofpusuxu CO PAH, Hoeocubupck, Poccus; fat@nmsf.ssce.ru

Crenuanbabie QYHKINYE UMEIOT (DYyHIAMEHTAILHOE 3HAYEHNE B MATEMATHIECKON
dusure. OgHako, HATIpUMED, CyirecTBywOmas 6ubauoreka B Intel Fortran mozsosis-
eT BBIYUCAATh QPyHKIN Beccenas TOMBKO Ajis CPABHUTEIBHO HEOOJBINNX 3HAYEHUN
apryMeHTOB W MHJEKCOB IuiuHapudeckux ynkuuit [1]. das pacuera ke BOJIHOBBIX
nosieil i Tesl KOCMUYeCKUX pa3MepoB, Hamnpumep 3emusid u Jlynsl, Tpebyercs eau-
HBII METOT BBIYUCIEHUS IMINHAPUIECKUX (DYHKIWIA It TPOU3BOIBHBIX apryMEeHTOB
¥ UHAEKCOB. TaKoro MeTo/ia B HACTOAIIEe BpeMs He CYIECTBYeT.

B pabore momydeno moBoe mudpdepeHuanibHOe U COOTBETCTBYIONIEE €My PEKyp-
PEHTHOe COOTHOIIEHUE JIJIs BCIIOMOTATENbHBIX MUInHApudecKux Gyukimii. [Toxyaen-
HOE PEeKypPPEHTHOE COOTHOLIEHHE MMEeT BHJ PAa3HOCTHOIO yDaBHEHUs (sl PA3HBIX
3HAYEHUH WHIEKCOB MUMUHAPUIECKUX (DYHKIHI). DTO MO3BOIUIO [JIA €r0 UCCAET0BA-
HUSL HCIIOTb30BATh TEOPHIO PA3HOCTHBIX ypasHeHuii. Ha ocHose [2] nokasana ycroiiau-
BOCTH HOBOI'O PEKYPPEHTHOTO COOTHONIEHUS I MUANHApuIecKnX pyHknuii. B urore
C Y9eTOM KJIACCHYECKOTO PEKYPPEHTHOrO COOTHOINEHNUS TOJyYeH HOBBIA €IWHBIN BbI-
9UCAUTENHBHO YCTOWIUBBIR METO, MOJYIeHNA 3HAYUCHUN NHINHIPUIECKUX OyHKIMI
JJIS MITPOKOrO THATIa30Ha 3HAYEHNH MX WHIEKCOB U apT'yMEHTOB.

B pabore mpoBeneHO TECTUPOBAHNE HOBOTO PEKYPPEHTHOTO METONA BBEIUUCJIEHUS
MWIMHAPAYeCKUX (GYHKINN 0€3 HCIOMb30BAHNS ACHMITOTHYECKUX MPEICTABIEHWH.
TecrupoBatue OCYIIECTBIEHO B HECKOMBKO dTanoB. CHAYATIA TPOBEJIEHO CPABHEHHE C
W3BECTHBIMHM METOMAMH JIJIsi CPABHUTENBHO HEOOJBININX 3HAYEHUH apryMeHTOB W WH-
nexcos [1]. Iockonbky B pabore 3HadeHUs] UMIMHAPUYECKUX (DYHKUUI HACUUTHIBA-
I0TCS PEKYPPEHTHO, He OymerT MCIONb30BaThCH 3HAUEHWe BpoHCKuaHa. [loaToMy Te-
CTUpOBaHME B ODJIACTH, IJI€ U3BECTHBIE METOJbl He PabOTAIOT, IPOBEIEHO HA OCHO-
Be AHAJTUTUIECKOTO BHIPAYKEHUS JJIs BPOHCKUAHA. Jlajee mpoBeIeHO KOJIMIeCTBEHHOE
CpPaBHEHME BOJIHOBBIX IIOJIEN JTsl mapa HeDOJIBIMX Pa3MePOB B CIyYae MCIIOJIb30Ba-
HUs CTAHJAPTHBIX W HOBBIX AJITOPUTMOB BBIMHCJIEHUS IUINHAPUYECKuX dyHKiui. B
caydae HeGOJBIMUX PA3MEPOB Mapa (B IIMHAX BOJH) OymyT HEGOBINNE 3HATCHUS ap-
TYMEHTOB W WHIEKCOB U MOXKHO MCTIOJB30BATH CTAHIAPTHDIE TIPOIETYPhI BHITHCIEHUS
AJIMHAPAYECKUX (DYHKITHH.

B wurore mosyveH m mpoTeCTHPOBAH HOBBIH BBIYUCIUTEIHHO YCTOWYUBBIA METOI
[TOJTy 9eHUs 3HAYEHUH TUIUHIPUIECKUX (PYHKITUH /18 ITHPOKOT0 TUATA30HA 3SHAYEHU I
X MHJIEKCOB U apPryMeHTOB 0€3 MCIIOIb30BAHUS ACUMIITOTHKH.

JINTEPATYPA

1. Zhang Sh., Jin J. Computation of special functions: with over 100 computer programs in
FORTRAN. New York: John Wiley & Sons, 1996.
2. I'onynos C. K., Psa6ensknii B. C. Paznoctabie cxembl. M.: Hayxka, 1977.

223



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

METO/ 9KBUBAJIEHTHOI'O VIIPABJIEHN A
AJ1Ad JNPPEPEHIINAJIBHBIX BKJIFOYEHUU
C PASPBIBHBIMU OBPATHBIMUN CBA34dMNU

®Punorenko M. A.

Huemumym dunamury cucmem u Meopuu ynpasierus
um. B. M. Mampocosa CO PAH, Upxymcx, Poccus; £in@icc.ru

Meton 5KBUBANEHTHOTO yIPABIEHNUs, W3BECTHBIH 1751 qudepeHInaNTbHBIX YPaB-
HeHWH ¢ pa3phIBHON MpaBoil dacThio (cM. [1, crp. 64]), pacnpocrpansiercst Ha mndde-
PEHIMAJILHBIE BKJIIOYEHUSI

& € F(t,z)+ B(t, z)u, (1)

rae v = (ug,...,Uy) — YIPABJIAIIEE BO3JEHCTENE HA CHCTEMY CUTHATYPHOTO THIIA,
F: RxR" - R" — nonyHemnpepblBHOE CBEPXY MHOTO3HATHOE OTOOPAXKEHHE C BBITYK-
JIBIMU KOMTIAKTHBIMU 3HadeHusiMu, B(t, ) — n X m HenpepbiBHas Marpura. Jlamiee
OIMCBIBAIOTCS YPABHEHUsI CKOJIb3SAIIMUX PEXKUMOB cucTeMmbl (1) B Buje

& € F(t,z) + G(t, z)a,
{ @e Ut z), @)

rae G(t,x) — mekoropada n X m marpuna u U (t, ) — nmomjexkainee onpeaeneHuo
MHOTO3HAYHOE IKBUBAJCHTHOE yTpaBICHUE. YCTAHABIMUBAIOTCA B3AMMOCBSI3U CKOJh-
BAMAX PEKUMOB (2) ¢ UMITYIIbCHO-CKOIB3ANAMEA PEKUMAMUA TIPH YCJIOBUH, UTO U PAC-
CMATPHBAETCs, KAK MMITYJILCHOE TIO3UIMOHHOE yrpasaenue |2, 3. [locaennee mo3so-
JigeT ACIO0Jb30BaTh KOMOUHAIMK OOBIYHBIX Pa3PBIBHLIX OOPATHLIX CBA3eil ¢ OrpaHu-
YeHHLIMH pecypcaMu M MMIIYJILCHBIX BO3/eHCTBHI Ha CUCTeMy, KOIJla 3TUX PecypcoB
HEJIOCTATOYHO, /ISl PENeHnsT 337129 yIpaBaeHus cucremamu suaa (1).

PaBoTa BHITIOIHEHA, TIpH TIoIep:kke Poccuiickoro dhorma GyHIaMeHTaTbHBIX HCCIEI0BA-
mwii (mpoext Ne 19-01-00371).
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BAPUAIINOHHBIN [TOAXO0 K 3AJAYE

OBb OTCJIOEHNUN TOHKOTI'O ITPEIIATCTBUA
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Dypue A. .
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PaccmarpuBaercd 3amada 0 paBHOBECHH TLIACTUHBI THUMOIIEHKO, B3aAMMOIEHCTBY-
IOTIeH ¢ TOHKUM YIIPYTHM TPENsSTCTBUEM BIOhL MpamMoit muann. [Ipenmonaraercs, 9To
Ha OAHOW YaCTH JIMHUW IJIACTHHA CIEIUJIEHA C NPENATCTBUEM, & Ha APYrod 4acTu —
orcnanBaercd. Ha wacTu cuernsienns 3a7ai0TCs yCIOBUSA PABEHCTBA COOTBETCTBYIO-
X TpPOorubOoB, 8 HA YACTH OTCIIOEHWsI — yCJIOBUS HEIPOHWKAHWSA BUA HEPABEHCTE.
[Ipu momormy BapHAIMOHHOTO METOJA JOKA3aHO CYIIECTBOBAHUE DEIIEeHUs] PACCMAT-
puBaeMoil 3aJ1a9M, UCCAETOBAHBI ee KadeCTBEHHBIE CBOMCTBa. B wacTHOCTH, M3ydeH
MIPEIEIbHBIN TePexo K OECKOHEYHOCTH IO TapaMeTpy, OMUCHIBAIOIIEMY >KECTKOCTh
NPenAaTCTBUA, U HallJeHa ITIOCTAHOBKA 334a49H, IIOJYYeHHONH B Pe3ysIbTaTe YKA3aHHOTI'O
MIPEAEeSIBHOrO epexona.

Pabora Bbinosnena upu nouepxke Cosera 1o rpanram upu IIpesugenre PO s rocy-
JMapCTBEHHON TIOMIEPKKU MOJIOABIX POCCHHCKUX y4ueHbrx (mpoekt Ne MK-52.2019.1).
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TEOPEMA O CYHIECTBOBAHUNU PEINIEHN A
ITAPABOJIMYECKOI'O YPABHEHUN A

Xaszosa [O. A.

Kpvumcrui gpedeparvroiti ynusepcumem um. B. U. Bepradcrozo,
Cumeponoan, Poccusa; hazova.yuliya@hotmail.com

PaccmarpuBaercs cMENIaHHAs KPaeBas 3aa49a Jjis HeJUHEHHOro napaboauaecko-
ro ypaBHeHUs B Kpyre [1]

v +v—DAv+ Kysinw Qv = Ky((cosw(cos Qu — 1) — sinw(sin Qu — Qv))

o — ov(ri,pt) _

¢ ycnosuamn Hefimana na rpamume mpu r = rq, ~——5--—= = 0, yCIOBAAMNI TIepHOIAY-
uvocru v(r, @, t) = v(r, 2w + @,t), YCAOBUSMEH OrPDAHMYEHHOCTH B HAYAJIE KOODIMHAT
[v(0, ¢, t)] < ¢ < oo u HavasbHBIM yeaoBueM v(r, ¢, 0) = v (r, ).

Jlemma. Jlunernsni oneparop L = 1 — DA + K~ysinw @) umeer cobcTBeHHbIE
bynaxmun Buga Xim (1, ¢) = {Jk(A,,r) cos ke, Jp(AL,,7)sinke}, koroppm coorser-

CTBYIOT COGCTBeHHDBIC 3HA9eHHA N, = D (“:—lm) + (-D)*Kysinw + 1, A3, =

2
D (“7’:—1”‘) + (=DM Kysinw+1,k=0,1,2,...,m=1,2,..., rge Jp(v) — pynxmnus
Beccesnst, pgym — Kopau ypasuerus J; (ugm) =0, k=0,1,2,..., m=1,2,....
st aHanw3a CTPYKTYPhI PEIIEHUs B 3aBUCUMOCTHU OT mapamerpa D Heobxoammo
OIEHUTDH COOCTBEHHbIE 3HAUEHUS.
Tepeobosaaanm A = — K sinw. Beibepem A = A(K,v) < —1.
IIpn Dy = (’l}%;‘z, A, MOXKET MeHsATh 3HAK TP yMeHbineHnu D. 3HAUUT OT
Z11
1
HYJIEBOT'O pellleHust B pe3y/abrare dudypkamun Tuna “BUjiKa” OTBETBIAETCH Iapa Ipo-
CTPAHCTBEHHO HEOTHOPOIHBIX CTAIMOHAPHBIX PEIeHUH.
Teopema. CymecrByer 69 > 0 takoe, 9yro ecaim 0 < D — D1 < §g, TO HCXOTHOE
VDaBHEHHE HMEET ABA ACHMITOTHYECKH YCTONIHBBIX IPOCTPAHCTBEHHO HEOJHOPOIHBIX
CTAIHOHAPHBIX PEIICHHS:

D_ D\ /2
vE(r, ¢, D) ~ & (cl(D1)1> J1(A§yr) cos @

1 /D-D A c ¢ \— ¢ c \— c
+§ <01(D1)1> 50159“(()\10 —2X§1) 7 4 (Ay — 2A5)) " cos 20) JF (ASy )

1 D-Dl 3/2 . o \— A 3 c o\ o
ig (cl(D1)> (Afs = 3A5) ™ Vi 11\26759260()\1‘2 —2X{) 7!

X JIQ()\‘jlr)Jg()\ilr) cos 3,

e
D) = éflAt 2 A — 2)¢ —1 1 c._9)¢ —1 J2 c 0
c1(D) = 3 4( ctgw)® | (Ao 1) +2( 12 1) 1(Af;r) <0.
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Paspaboran HOBBIM TIOIXOM K WHTEPIPETAIIUN BOJHOBBIX IOJMEH s OIpeesie-
HUSI KOHTYPOB WJIM TIOBEPXHOCTEH COCTABHBIX JIOKAJIbHBIX MEPAPXUIECKUX OOBEKTOB.
Pazpaboran uTepalmoHHBIN IPOIECC PEIICHU TEOPETUIeCKOH 0OpaTHOM 3a0a49u 1715
ciaygas onpenenerns KoHdurypanuit 2D umepapxudeckux BKIIOYeHUI [-T0, M-10 U S-
'O PAHI'OB, PACIIOJIOKEHHBIX JAPYT HAJI JPYIOM B Pa3HbIX CJi0AX N-CII0WHON cpenbl, u
PA3IMYHBIX (DU3UKO-MEXAHUIECKUX CBOMCTB I aKyCTUIECKOrOo MOHUTOpHUHTA. lpu
MHTEPIPETAINH PE3YIbTATOB MOHUTOPUHTA HEOOXOIUMO UCIOIb30BATEH TAHHBIE TAKUX
cucTeM HAOIIOIEHNS, KOTOPBIE MOTYT OBITH HACTPOEHBI HA WMCCIEIOBAHUE HUEPAPXU-
4yeckoil crpykTypbl cpenst [1]. K rakum cucremam orHOcarca akycrudeckue (B au-
HAMMYECKOM BAPUAHTE) U JIEKTPOMAIHUTHBIE MOHUTOPUHIOBbIE cucreMsl [2]. Hepap-
XUIHOCTH CTPYKTYPBI TE€OJIOTHYECKON CPEIbl OTUYETINBO BUIHA MTPU aHAIN3e 00PA3IOB
FOPHBIX MOPOJ, OTOOPAHHBIX B PYAHBIX maxTax [3]. C npyroit CTOpOHBI, YeM CJIOXK-
Hee cpejia, TeM Kazk/I0e BOJHOBOE II0JIe NPUBHOCUT CBOI0O MHGOPMAIUIO O ee BHYT-
peHHell CTPYKTYype, TOTOMY HWHTEPIPETAINI0 CEHCMUYIECKOTO U IJIEKTPOMATHUTHOTO
oJist HEODXOMMO BECTH PA3JesbHO, He CMEIuBad 3T 0a3bl TAHHBIX. JTOT PE3Yilb-
TaT COAEPYKUTCST B SIBHOM BHJI€ YPABHEHUH TEOPETHUYECKOM 0OpaTHOi 3amaun mis 2D
seKTpOMarHuTHOro nojisa (E u H nongpusanus), a TakKe i PACHPOCTPAHEHUS
JITHEHHO TIOJISPU30BAHHON yIpPYyToil BOJHBI pu BO30yxKaenuu N-CIIOMHON TPOBOIs-
el WM yupyroi CPeIbl ¢ NEPAPXUIECKUM TPOBOISAIIMM WJIN YIPYTUM BKIIOYCHUEM,
PACIIOIOXKEHHBIM B V-OM cjioe. B HacTosimeit pabore paccMoTpena obpaTHasd 3a7ada
JJ1d YCJAOXKHEHHOW HepapXudeCcKod MOJeId BKJIIOYEHUI: IIacTU4ecKas uepapxude-
CKas HEOMHOPOIHOCTh [-ro paHra OyIeT pacrnojioXkeHa B cjaoe V — 1, MaKCUMAaJIbHOe
3HauveHune [-ro panra paBHo L, HadaabHOe 3HavYeHue [-ro panra pasuo [l = 1; ynpyras
nepapxudecKasi HeOJIHOPOJIHOCTh 1M-I'0 PAHTa PACIIOJIOKEHA B CJI0€ UV, MAKCHMAJIbHOE
3HAYEHNE M-T0 paHra paBHo M, HaYaIbHOE 3HAYEHHE M-TO PAHra PaBHO Mm = 1 u
AHOMAJIBHO HAIIPsIZKEHHAS MEPAPXUIeCKasi HEOTHOPOIHOCTD S-TO PAHIA PACIIOJIOKEHA
B cyioe v + 1, MakCUMaIbHOE 3HAYEHNe S-TO PaHTa paBHO S, HAYAIbHOE 3HAYEHHNE S-TO
panra paBHO ss = 1. MBI paccMOTpyUM anropuT™ BoccTaHoBAeHusa 2D moBepxHOCTEH
MEPAPXUIECKUX HEOTHOPOIHOCTEH Ny ciayuasi, korda L < M < S.

JINTEPATYPA

1. Kosbipes A. A., Casuyenko C. H., Ilanun B. ., Masabues B. A. Ocobennocru 1poruosa u
IpoUTAKTUKA MOIIHBIX AUHAMAYECKUX SIBJIEHUH B IPUPOIHO-TEXHUIECKUX CUCTEMAX //
Mex nynaponnas koudepennusa “l'eoimHaMuka u HanpsizKEHHOE COCTOSIHUE Henp 3emuin’”
(2—4 oxTabps, 2001). HoBocubupck: CO PAH, 2001. C. 326-334.

2. Kovapsau I. I., CnuBak A. A. Tunamuka nedopmupoBanust 6;109HbIX MaccuBoB. M.: TKIT
“Akanemkaura”; 2003.

3. ITannn B. E. (pexn.) Pusnveckas ME30MEXaHUKA U KOMIIBIOTEPHOE KOHCTPYUPOBAHUE Ma-
tepuasios. T. 1. HoBocubupck: Hayka, 1995.

227



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

BJINAHUE OBJIACTU B3ANMO/JIENCTBUN
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B nokname paccMaTpuBaeTcst CHCTEMA JaCTHIl, MOJENVDYIONMAs pa3pesKeHHbIH Ta3
B COOTBETCTBUU C HEJIMHEHHBIM CIJIAYKEHHBIM ypaBHEHWEeM DOJIbIIMaHa; PACCMATPHU-
BAIOTCA CACTEMAa YIPABJIAIOIINX YPABHEHUN MAapKOBCKON 3BOJIOIHAHN 3TOH CUCTEMBI U
coorercTByIomue MeToasl Monre-Kapiio. AHanu3upyooTed U 9uCIeHHO CPaBHUBAIOT-
€ METOJBI /18 CTAIMOHAPHBIX MHOTOMEDHBIX IpobseM ypashuenus Dombnvana, ais
CTAIMOHAPHBIX TEYEHHH B 00IACTIAX JOCTATOIHO Oonbmux pa3mepon. Paccvarpusa-
eM, BO-TiepBbIX, MuTanuonusiii ¢ pacierieauem Meron (MPM), ocHoBbIBaomuiics
Ha, PACIIEIIEHUU OIePATOPa CUCTEMBI YIIPABJISIONINX YPABHEHUIA MPOIECca ‘o TpyIi-
maM gacTun’ unn “no momobmactam” [1, 2|. BBemeHHBIH THI PaCINeNIeHHs OTIHYCH
OT XOPOIIIO W3BECTHOIO THIA ‘TI0 COYTAPEHHSAM W CIOBUTAM , SBJSIIOIIErOCs aTpuby-
ToM u3BecTHbIX MeTouoB “IIpsamoro crarucruyeckoro monesauposanug” (IICM), pas-
BuThIX [. BepmoM. BTopbiM aTpubyTOM TOCHETHUX SIBISETCS ‘CeTKA STIeEK B3anMOIeii-
CTBUIT’, COBEPIIEHHO OTCYTCTBYIONAS B UMUTAIMOHHBIX METOAAX; B MOCTETHUX B3au-
MOJIEHiCTBIE TPOU3BOJBHON TIApbl 3aBHCUT OT PA3HOCTEH KOODAWHAT YACTHUIL TTapPhI.
Bo-Bropsix, momumo merona [ICM paccmarpuBaem takxke “Om3kuil” K HEMY METO/,
B KOTOPOM COXPaHEH MAapKOBCKHN XapaKTep 3BOJIIOIMUA CKOPOCTEH B A4YelKax U KO-
TOpPBI peanu3oBaH B KoMmiuiekce mporpamM [3]. Ocoboe BHUMaHNE yaesseTcs 3a1a9e
O TIPOJIOJIBHOM OOTEKAHUH ILJIOCKOM TIJIACTUHBI TUMTEP3BYKOBBIM TTOTOKOM; UMEHHO Ha,
Hell, KaK Ha, MpUMepe, MPOU3BOIWINCH CPABHEHWS MPEICTABISIEMbIX YHCJIEHHBIX De-
3yJBTATOB, MOJYYEHHBIX mocpeacTBoM kak VIPM, tak w mocpemcTBOM JIBYX APYTHX
BBIITEYKA3AHHBIX METOJIOB.

B merome IPM ucmonb3yioTcest TpaHUYHbBIE YCJIOBHUS T€ K€, UTO M JJIsT UCXOIHOIT
CUCTEMBI YIIPABIAIOIINX ypaBHeHn#. Bo3MokeH MeTom, B KOTOPOM MCXOIHBIE TDAHIY-
HbBIE YCJIOBHUsI JOMOJHSAIOTCH (NEPEMEHHBIMHA) TPAHUYHBIMU YCIOBUSIMU MEXKIY 07100~
gactamu UPM. U, takum obpa3om, TPUXOIUM K TOIXOAY, B KOTOPOM MTPOM3BOIUTCS
“urepupoBanne 1Mo mogobaacTaM’ Tedenus raza. [locmennuit HCHIONB3YIOT, HAIPUMEDP,
JJIs 33/1a9 yPABHEHMH 1IEPEHOCA; U 9TOT 10AX0/ Obll HaMedeH eme B [4].
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Perienne 3a1a1 Mmarematuaeckoit hu3nKy NPeCTABISIETCS CyMMOR TOJIOMOPMHOI
u nerosomopduoii (¢ nomocamu) dyukuuii. Heronomopduas wacrb cauraercs uz-
BECTHOI, [TO9TOMY B I'PDAHUYHBIX YCJIOBUAX 3aJA9M JJid OLpPEAeSeHus roJoMopdHOro
CJIATAE€MOTO BBIYUTAETCS BCE TO, YTO OTHOCUTCS K HerojgoMopdHuoit yactu. ns ompe-
JIeJTEHUST AHATUTAYECKOTO CJIATaeMOT0 CTABATCH KIACCHIECKUe TOCTaHoBKu: Jupuxiie,
Heitmana, Pobena. Pemmenne ka0 u3 9TUX 33429 1T QHAJHTAIECKOTO CIAraeMOro
CYIECTBYET ¥ B U3BECTHOM CTEIEHU €IHHCTBEHHO.

Heromomopdnast 1actb coorBeTcTByeT medeKTaM, HO B 33,0a1aX TOPHOTO /16713, OHI
HeM3BeCTHBI. Iy UX OmpenesieHus, TO €CTh JJis OTHLICKAHUS TOJTOMOP(MHOrO U HEro-
JIOMOD(HOTO CJIAraeMoro MpeJyiaraeTcst HeKJaccHieckas nocraHoska [1-3] (3amaga
Komn), Korma Ha ofHO# U TOIl Ke U3BECTHON TrpaHulile Tesa (IPU HEM3BECTHBIX JPY-
MX TPAHUNAX) 33JAI0TCd OJHOBpeMeHHO u ycsobue lupuxie, u ycnosue Heitmana.
Kak mokaszbiBaercs B pabore, pellieHrne Takofl 33Ja4d CYIIECTBYeT W €IHHCTBEHHO.
st numocTpanyn paccMaTpUBAETCs BOJTHOBOE ypaBHeHue. B onHoMepHoM ciryvae

0%u 103
Tu_lou 0
0z?2  a Ot?
Ha rpanune momy6eckoneanoro crep:kas ¢ > 0 CTaBUTCA yCIOBUE
ou

= 250, 2)

=0

Torpa pererne (1) npu ycaoenu (2) 3ammucbiBaercs Kak

T (o IR 1R 1 T RO | P

Kaxk cnenyer u3 (3), nis uccienoBanus TOro, 9T0 HPOUCXOIUT B CEUEHUU T = const
BO BpEMEHH ¢ HeOOXOOMMO OT BPEMEHH ¢ OTCTYIUTH HA3a U BIIEPE], Ha BeJHIUHY X/a
(Bpems 1pUx0/a BOJIHbL ¢ 1oBepxHOCcTU T = () B ceuenue T = const) u BBILYCTUTH JBE
XapaKTEePUCTUKH, Jajee cocTaBuTh cymmy (3). [Ipu 9T0M BO3HUKAET mpeayOerK IeHue,
9TO BOJIHA JBHKETCA B “orpunarenbaoe’ Bpems. Ha camom mene, 3To He Tak. B pabore
perraloTcda IBYyMEPHbIE U TPEXMEPHBIE BOJHOBBLIC YPDaBHCHUA (,ZLJ'IEI TIOTYIIJIOCKOCTU 1
[OJIYIPOCTPAHCTBA), CTPOATCS ABHBIE YMCIEHHbIE CXEMbI 2-T0 IIOPSAIKA TOYHOCTH, Pe-
IIIeHre CPABHUBAETCS C TECTOBbIME pereHuaMu. OQOCYKIaI0TCsa BOIPOCHI, CBA3AHHBIE
C TIOUCKOM J1e(DEKTOB.

Pabora BhimosiHeHa B pamkax mpoekta @HIT Ne AAAA-A17-117122090002-5.
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Ananus Mozeneil CI0XKHOrO TEII000MEHa B PACCEABAIOIIAX CPEIAX C OTPaAXKAIOIIH-
MH I'PAHULAMH [IPEACTABIIET UHTEPEC B CHILY CBOEH NPUKJIAIHON 3HaumMocTH. me-
€rCsl 3HAYMTEIbHOE YUCJI0 paboT 110 YMCAEHHOMY MOJEJMPOBAHUIO IIPOLECCOB Aud-
bY3UOHHOTO ¥ PAJAMAIIMOHHOIO MEPEHOCA, TEILTa B CILIONIHBIX Cpelax. B To ke BpeMs
MPOOIEMbl TEOPETUIECKOTO ¥ UHCJACHHOTO aHAJIM3a OOPATHBLIX 3aJad [JI MOIEJeiH,
BK/IIOYAOMIUX B cebsd ypaBHEHUE IEPEHOCA TEILIa U yPABHEHHE, OIMCHIBAIOIIEE IIepe-
HOC TEILJIOBOTO M3JIyYEHHS, ABJIAITCA B OCHOBHOM OTKPBITHIMH.

PaccvarpuBaercsa KBa3ucTanmuoHapHas MOJIEIb PAIHAIIMOHHOTO TEII000MEHA B 00-
nactu ) C R3 ¢ orpakaroreit rpanumeii:

00/0t — aAd + bra(1016° — ©) =0, —alp + kq(p —10]6%) =0, (1)

0li=0 = 0o, a0nl+ B0 —0,) =0, adpp+v(p—0;)=0 mal =0Q. (2)

3mech § — Temmeparypa, @ — WHTEHCHBHOCTbH M3JIy9€HWs, YCPEIHEHHASA TI0 BCEM Ha-
npapjieanaM. PU3MYECKHe NAapPaAMETPBL G, b, Kg U (' OINHMCBIBAIOT TEPMUYECKHE U Pa-
JIMAIMOHHBIe CBoMcTBa cpenbl [1]. ®yukimn 6y, 6, 3ama0T HAYAIBHOE W IDAHWYIHBIE
SHAYCHWS TEMIEPATYPhL.

B noksae Gpopmynupyrorcs o6paTHble 3a0a4u it HenHeiinoi cucrembr (1), (2),
COCTOAIE B ONPEACICHAH HEM3BECTHON MPaBOM 9aCTH B yPABHEHWH TEILIOIPOBOJI-
HOCTH, JH00 HEM3BeCTHONH (YHKIMHU Y B KPAeBOM yCJIOBHH, II0 JOHNOJHUTENLHON HH-
dopManum o perennu, 3aJaHHOH B BUIEC WHTETPAILHOTO MEPEONTpeNeIcHust, b0 B
BHJIE JIOMOJIHUTEIBHOTO KPAEBOTO YCIOBUA JJisi Temmeparypst [2, 3]. TIpeacrasienst
HOBBIE AITPHOPHBIC OICHKH PENICHUH 0OPATHBIX 3884, HA, OCHOBE KOTOPBIX JTOKA3AHBI
HEJIOKAJIBHBIE TEOPEMBL PA3peNIMMOCTH. HaliIeHbl yCIOBUSA e IMHCTBeHHOCTH PEIICHHIA.
ITpeIoXKeHpl aJrOPATMBL PEMICHNA OOPATHBIX 3aJa4, MPORJITIOCTPHPOBAHHbBIE IHC-
JICHHBIME IPUMEPAMH.
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B mpakrtmke mMareMarndeckoro MOIEIMPOBAHUSA PACIPEIETIEHUS B MPUKOPHEBOM
MIOYBEHHON 30HE PACTEHWI 3JEMEHTOB WX NMUTAHUA B KA9eCTBE TAKOBBIX PACCMAaTPH-
BAIOTCsI, KaK TPABWJIO, a30T M KUCIOpOA. B MenbIneil cremenu 3710 Kacaercss poc-
¢dopa, KOTOPBI BXOAUT B COCTAB PA3JIUYHBIX OPTAHOUIOB U sSep KJIETOK, a TaKyKe
CrIocOOCTBYET PA3BUTHI0 KOPHEBOH CHUCTEMBI pacTeHuii. B cymecTByomux Momeasx
HEMPOMOPIIHOHATBHO MAJIO YAETIeTCd BHIMAHUA IMHAMUKE 3J€MEHTOB MUTAHUS U UX
YCBOEHHWE PACTEHUSIMHU, MEXaHM3MaM BO3/IEICTBUSA TeMIEPATyPhl U BJAAXKHOCTH B PH-
3ocdepe Ha poct pacrenuii. lespb npejaraemoii 31eCb MOIEIN COCTOUT B 9aCTUYHOM
PEIeHNH 3TUX BOITPOCOB.

YpaBHeHUs TpearacMoil MOJeI TUHAMAKY MTATAHAS PACTEHUN TPUHUMAIOT Ta-
KYIO 3aIUCh:

9B — fp(T,W)[upo + Fps(Ms) + Fpp(Mp) — BpB — dp]|B

& = (T, W)[uyo + pyoB — ByY]Y + V- (DypY - VB) + V- (DyVY)
2s = fs(T,W)[QsdBY — 7sFps(Ms)|B + Fs(Ms)

e = fp(T,W)[QpdpY — vpFpp(Mp)|B + Fp(Mp)

9L = DpV2T

OF = Dw VAW
7-VB=1i-VMs=i-VMp

- VI =7-VW = 0nadfd

B(0,X) = By(X),Y(0,X) = Yo(X), Ms(0,X) = Mso(X), Mp(0,X) = Mpo(X)
T(0,X) =To(X), W(0,X) = Wy(X)
X:(‘T’y’z)’VZ(%’%’%)HVQZ%"‘"%"" ('?,22;

rne B — buomacca pacrennit; Mp — macca docdopa; P — nasienne; T — temmepary-
pa; W — snaroconepxanue; fg(T, W), fy (T, W), fs(T,W)u fp(T,W) — dbyuxiuu,
3a/1a101Me TeKyIee cocTosnue pusocdepnr; Mg — Macca oCHOBHBIX, Kpome docdopa,
OCTATBHBIX JIEMEHTOB IUTAHNS PACTEHUI; (tpo — KOIPPUIIMEHT TPHUPOCTa OmoMac-
CBI IIPU OTCYTCTBHH MHHepaabHOro muranund; Fps(Mg) — MHTEHCHBHOCTH yCBOCHHSA
pacTeHueM MUHEPAJbHOrO muranusa, kpome dochopa; Fpp(Mp) — UHTEHCHBHOCTH
ycBoeHust pacrenueMm docdopa; Sp — KOIDPUIUEHT OTPAXKEHUT KOHKYPEHIIHH Pac-
Tennit; dp — KO3(DGUIMEHT MHTEHCUBHOCTH OTMUpaHus buomaccer; Y — Omomacca
MHKPOOPraHu3MoB B pu3ocdepe; (s U (Qp — KOHCTAHTHI, KOTOPBIE XapaKTEPU3YIOT
COIEPKAHAA MUHEPAJIOB B KJI€TKaX orMeprinx pacrennii; Fs(Mg) n Fp(Mp) xapak-
TEPU3YIOT MACCY /KOHIEHTPAIINI0 MUHEPATIBHBIX YI0OPEHuit, KOTOPble BHOCATCS B PH-
zocepy; Dr, Dy — xoaduiimentsr TeMneparypornpoBogaocT u audyy3uu Biraru
B pusocdepe; pyo, pys, By, Dyp, Dy, dp, vs, Qp, dp, 7p — kospunuents,
KOTOPbIE OCHOBBIBAIOTCS HA BBIYUCIUTEIBHBIX YKCIEPUMEHTAX.
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B pafore paccMarpuBaeTcs HECTAIMOHAPHAS 331898 CO CBOOOIHON IIOBEPXHOCTHIO
JIIS CHCTEMBI YPABHEHWI ra3oBOl JMHAMUKM, ONHCBHIBAIOIICH IBUKEHHE M33HTPOIIH-
YECKOr0, CAMOTPABATUPYIONIEr0 M M30JMPOBAHHOIO KOHEYHOrO O6bEMA HIEATBHOTO
raza. [Iycrs B moment t = 0 B mpocrpancree R? 3amana obsacrs )y, 3am0aHEHHAL
MICANbHBIM PA3PEKEHHBIM M33HTPONHYIECKUM Ta30M, YACTHIIBI KOTOPOTO TIPATATABA-
IOTCA JPYT K APYTY 10 3akoHy Herorona. 3amada o NBUKEHHM Ta3a B CUIOBOM TIOJIE
cBoIUTCA K onpejenenuto obnactu 2y € R*, 3anmMaemoil ra3oM B MOMEHT BpeMenH t,
a TaKKe BEKTOPa CKOPOCTH U(X,t) n mioTHOCTH p(X, t), YAOBIETEOPAIONIAX B 0OIACTH
x € Y, t €(0,T), cucreme ypaprenuit razopoit muaamuku B dopme JI. Ditnepa [1]:

du(x,t)
dt

W = —p(x,t) divu(x,t), (1)
npu yeorusx, uto npwu ¢ = 0 B KaxkI0# Touke X = {z,y, 2z} obmactu )y U3BECTHBI
PACTIPEJIENICHNST: BEKTOPa CKOPOCTH Ug = {ug, Vg, Wo} TACTHI] ra3a, MIOTHOCTH p =
po(x), a Takxke p(x) = 0 nasg x € I'y mpu t > 0, tne I'y — rpanuna obnacru £y Tedenus
raza.

Oyrknuu 19(X), po(X) B 3aMKHyTad rpanuma o0aactu [y 33Ja10TCA B IIPOCTPAH-
crBe C™(Q) Geckomeuno-muddepennupyeMbrx GyHKIHMi B ob1acTy (.
Cusia, HEFOTOHOBCKOTO NPUTSIZKEHWS] B ITPABOH YACTH BEKTOPHOTO YPABHEHHS CH-

cremsl (1) pasma [2-3]
F(x,t) = VG /// de/.
Q

ITpumensis narpanxkeBbl KoOpauHATEL &, 1), ¢, B paboTe MOKa3aHa JIeMMa, 00 IKBU-
BasienTHOCTH cucrembl (1) cucreme B dopme Jlarpanxa.

3arem sTa cucreMa mpeobpasyercs K IKBUBAJEHTHOH CHCTEME WHTErpATbHBIX
ypaBHeHuit Tuma Boabreppa:

=F(x,t),

't

x(€.1) = € + uo(€)t + / (t — 1)F(x(€.7),7)dr. 2)

0
JlokazaHa TeopeMa CyIecTBOBAHUA U €TUHCTBEHHOCTH perenust 3aadau Kommu miis
MHTErPAJILHOIO ypaBHeHus Tuna Bosbreppa (2) MeT010M [OCIe10BATeIbHBIX TPUOJIU-
xkenuii. IIpeobpazosanue (2) 103B0J1s€T OLPEILNUTH LIEPEMEHHY IO o0sacTb {2 Kak 00-
pas Qo, ampu &€ € Iy dopmyna (2) upu t > 0 onpegesnser 3aK0H JBUKEHUST CBOOOTHOM
rpanawutpr [y
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O PEIITEHN 3AJJAYY KOIIN JJI4
PASHOCTHO-AJITEBPANNYECKUNX CUCTEM
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Uccnenosana 3aia4ya 0 OCTPOEHUM OrPAHUYEHHBIX pernenuii [1-3]
z(k)eR™, k=0,1,2, ...,
CHCTeMBI JIMHEHHBIX PA3HOCTHO-ANTe0panJecKux ypapHeHui [4]
A(K)z(k+1) = B(k)z(k) + f(k), keN; (2)

smech A(k), B(k) € R™*™ — orpannvennnlie marpunpl u f(k) — gelicTBATEIbHDIE
OTpaHUYEHHbIE BEKTOP-CTo6mbI. Matpuny A(k) npeamnonaraem, BooOIIE TOBODST, Psi-
MOYTOJBHOM, TUOO KBAAPATHOMN, HO BBIPOKIEHHOIA.

Wurepec K M3yYeHUI0 Pa3HOCTHO-a/redpandeckux cucreM Buja (1) cBa3ad ¢ MHO-
TOYMCJIEHHBIMY TPUMEHEHUSAMY MOAODHBIX CHCTEM B IKOHOMHUKE, MEXaHWKE, TeOPUHu
yIpaBJIEHUA, & TAKKE IPU U3YIeHUN IUHAMUKHU MOMYIdIuil. XapaKTepHO# 0COOeHHO-
crbio 3aia4u Kown s subelinoit paznocrHo-anrebpaunyeckoii cucremst (1), cyue-
CTBEHHO OTJIMYAOIIEH ee OT TpaaulnoHHoi 3amaun Kommm mis muHeiHOM pa3HOCTHON
cucrembl [1, 2, 5|, sgBnsercs, BooOIIe TOBOPS, ee HEPA3PEINIMMOCTb IS TTPOU3BOIIb-
uoit dyukiyu f(k) ¥ IPOU3BOIBHOIO HAYAJIBLHOIO 3HAYEHHUST;, B CIIy4ae PA3PEHIMMOCTH
zagaun Ko nng smueiinoii paznocrHo-anrebpandeckoii cucremb (1) ee perienue B
obIieM ciryvdae 3aBUCHAT OT IIPOXU3BOJIBHOM OIPAHUYEHHOH BEKTOP-QyHKINH.

Haiinensl ycioBust pa3permmMocTy, a Tak»Ke KOHCTPYKIMsS ODO0DIEHHOTO orepa-
ropa I'puna 3amaun Komm st mHeitHO# pasHocTHO-anrebpamdeckoil cucreMbr (1).
IIpennoxkena opuruHaabHas KiaccudUKalus, a TaKKe eJMHast CXeMa [IOCTPOeHUs pe-
nienuii pasHocTHO-anrebpanyeckoii cucrembl (1). Halinennbie yciaosus paspemmmoctu
pasHocTHO-arebpanyeckoil cucreMbl (1) He IPeANoIaralT UCIOIb30BAHNS IEHTPAI b
HOM KaHOHWUECKOH (hOPMBI [6], & STBISTIOTCS TepeHeceHneM Pe3yIbTATOB NCCIeI0BAHMS
mudbdepernmpanbHO-aIrebpandeckux cucreM [7].

Pabora Beimosrena npu ¢unancosoit mognepxke l'ocymapcrsentoro @onma dbynmamen-
TAIBHBIX UCCIEA0BaHUN YKpauHbl (HOMEP TocyaapcTBennoii perucrpamuu 0109U000381).
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ACUMIITOTUNYECKOE PA3JIO2KEHWE PEITTEHIN
CHUHI'VJIAPHO BOSMVYIIIEHHOU 3AJIAYN
OIITUMAJIBHOTI'O VIIPABJIEHUA C I'VIAJAKIVIMUA
OI'PAHNYEHUAMMN HA VIIPABJIEHUE U C
NMHTETPAJIBHBIM BHIIIYKJIBIM KPUTEPVEM
KAYECTBA, TEPMNHAJIbHAA YACTb KOTOPOTI'O
3ABUCUT TOJIBKO OT ME/IJIEHHBIX ITEPEMEHHBIX

ITTa6ypoB A. A.

Yparvckuti Pedeparvuniti yrnusepcumem umeny nepsozo Ipesudenma Poccuu
B. H. Eavyuna, Examepunbype, Poccus; alexandershaburov@mail.ru

PaccmarpuBaercss 3amada ONTHMAIBHOTO yTipapjeHusi [1] ¢ WHTErpajJbHBIM BbI-
MYKJIBIM KPHTEPUEM KauecTBa [2], 3aBUCAIINM TONBKO OT MeJJIEHHBIX [eDEMEHHbIX,
JIUTsL JIMHEIHOM CHCTeMBL ¢ OBICTPBIMM U MeJJIEHHBIMHU TIlepeMeHHbIMHE [3, 4] B Kiacce
KYCOYHO-HEIIPEPLIBHBIX YIIPABIeHUH € IVIaJKUMU OI'DAHUYEHUAMH Ha YIIPaBJICHUE:

Te = Anxe =+ A12ye =+ Blu, te [O,T], HU” < 17
5% = A21(£5 + A22y5 + B2u7 1'5(0) = :EO; ys(o) = y[)’

T
Je(u) == p(z(T)) + { |lu(t)]|? dt — min,

rme . € R", y. € R"™, uw € R"; A;j, By, 4, = 1,2, — nocTOsSIHEBIE MATPUIIBI COOTBET-
cTByIOWE pasMepHocTH, a ¢(-) — HempepbiBHO guddepennupyemMasa Ha R™ crporo
BBINMYKJIASA ¥ KOPUHUTHAST (DYHKIMSA B CMBICJIE BBIMTYKJIOro aHaysn3a. [lonydeno mos-
HOE aCUMIITOTHUYECKOE PA3JIOKEHHE BEKTOPA CONPSIZKEHHON CHCTEMBbI, OIIPEIeIsIOIIero
onTMMasbHOe ynpasnenue [5-7]. IaBHO# oramauTenbHOM 0COGEHHOCTHIO 33189l OT
3a71a4, pacCMOTPEHHbIX B [8, 9], aBusierca Gosee obiuil BUL yIPaBISeMOl CUCTEMBL.
Aprop BhIpaxkaer 6J1aroapHOCTb CBOEMY HAyYHOMY PyKOBOJUTEJIIO, JOKTOPY (us.-mMar.
HayK, mpodeccopy Jaumanny Asexcero PydbuMosndy 3a mocTosiHHOE BHUMaHME K paboTe.
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TIMHAMUIYECKUNE CUCTEMBI C JUCCUIIAITNEN:
AHAJIN3 1 UTHTETPUPYEMOCTD

Tamoanua M. B.

Mocxosckuti eocydapemeennnti yrusepcumem um. M. B. Jlomonocosa,
Mockea, Poccusa; shamolin@rambler.ru, shamolin@imec.msu.ru

Pabora npencrasisier coboit KaueCTBEHHOE W YUCJEHHOE UCCIEIOBAHNE B IMHAMU-
Ke TBEPIOrO TeJia, B3auMOIEHCTBYIOMEro co cpeaoit. Mccaenyemblie 3a1a9m OMUCHIBA-
IOTCsl IMHAMUYECKUME CUCTEMaMU CO 3HAKOIIEPEMEHHOH nuccunanueii (1. e. B cucreme
IPUCYTCTBYET Kak MOAKAYKa, TAK U paccesduue suepruu) [1, 2].

[Ipu 9TOM U3y4alOTCd HEKOHCEPBATUBHBIE CHCTEMBL, JIJIs KOTOPBIX KJIACCUYECKas
METOIVMKA, UCCIIEIOBAHNS, BOODIE rOBOPs, HempuMeHuMa. TakuM 00pa3oM, [IJist TAKUX
cucTeM HEOOXOIUMO B HEKOTOPOM CMBICE “B J100” MCCIeI0BATh YPABHEHUST THHAMUKHA.

Koneuno, B obmem ciaydae mocTpouTh KaKy0-mTuO0 TEOPUIO MCCIIETOBAHUA HEKOH-
CEPBATUBHBIX CUCTEM (XOTs Obl U HEBLICOKOH PA3MEPHOCTH) JAOBOJILHO 3aTPYIHUTE b
vo. Ho B pame ciayuaeB, Korja MCCIeAyeMble CHCTEMbI ODJIAJAIOT JOMOJIHATETbHbI-
MU CUMMETDHUSIMU, YIAETCS He TOJBKO YMUCIEHHO, HO W KAYeCTBEHHO HANUTY, HAIIPU-
Méep, TOJTHBIN HAOOP MEPBBIX MHTEIPAJIOB 9epe3 KOHETHbIe KOMOMHAITNHN 3JIEMEHTAPHBIX
dbyuxumii [3, 4].

B pabore moigydeHO MHOKECTBO PE3YJIBTATOB KaK 10 KAYECTBEHHOMY W UHUCIICH-
HOMY HMCCJIEIOBAHUIO, TAK U 110 WHTEIPUPYEMOCTH HEKOHCEPBATUBHBIX JAMHAMUIECKUX
cucTeM, 00MATAOIINX HeTPUBHATIBHBIME CUMMeTpHusiMu. [1pu 9TOM BO MHOXKECTBE CITy-
YaeB MHTErPUPYEMOCTH KAXKIBIH W3 MEPBLIX WHTEIPAJIOB BHIPAYKAETCS Uepe3 KOHEU-
HYI0 KOMOWHAIIMIO 3JIEMEHTAPHBIX (DYHKIWH, ABJISIACh OJHOBPEMEHHO TPAHCIEHIEHT-
HO¥ (DYHKIHEH CBOWX TIepeMeHHbBIX. TPaHCIEeHIEHTHOCTD B JJAHHOM CJIydae MOHNMAeT-
Csl B CMBICIIE KOMIIJIEKCHOTO aHAJIN3a, KOT/A [TOCe TTPOIOIKEHUs JaHHBIX (DYHKIHI B
KOMILTEKCHYTO OOJTACTh Y HUX HMEIOTCA CYIIECTBEHHO ocobbie Touku. [locneamuit ¢pakt
00ycraBIuBaeTCS HAJTUYIHEM B CHCTEME TTPUTATUBAIIINX U OTTAJTKUBAIOIIAX MTPEIeTh-
HBIX MHOXKECTB (HAIpPHMED, IPUTSATHBAONIINX 1/ HJIH OTTAJKHBAIONHX (HBOKYCOB).
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PA3PEIINMOCTDb U I[IOCTPOEHUE
PEIIIEHUI B KJIACCE PACIIPEJIEJIEHUI
MNP®PEPEHIIVAJIBHBIX YVPABHEHU
C OTKJIOHSIOIINIMCY APTYMEHTOM
B BAHAXOBBIX [TPOCTPAHCTBAX

IITemeroBa B.B.!, Opaos C.C.?

Hprymerul eocydapecmeennviti ynusepcumem, Hpxymex, Poccus,
lyalentina501@mail.ru, 2orlov_sergey@inbox.ru

IIycts £ u Ey — BemecTBeHHble OAHAXOBBI MPOCTPAHCTBA, U — HEU3BECTHAS, &
f — Bamannas GyHKIUY TeHCTBUTENBHOrO apryMenTa ¢ U co 3HadeHusiMu B K1 u Fo
coorBercTBeHHO. PaccMmorpum byHKIMOHAIBHO-TUh b EpeHIna bHOe yPABHEHNE

Bu'(t) = Aju(t) + Aou(t — h) + f(t), t>0, (1)

rae B, Ay u Ay — 3aMKHyThIe JHHeHHbIe omepaTopbl n3 E B Ey, npuueM omeparop
B nenpepsiBHO 00paTuM, u crupasepaneo riaouenne D(B) C D(Ay) N D(Ap). s
ypasuenusg (1) 3aiaauM HaYaIbHOE YCIOBUE BUIA

u(t) = (t), —h<t<0; u(0)=up. (2)

3aeck p(t) € C([—h;0], E1) n up € E1 NpeanonaraoTcs W3BeCTHbIMH, U Uy 7 ¢(0).
HauanbHble 33/a9n B TMOJOOHBIX MOCTAHOBKAX JJisi YDABHEHMIT ¢ 3ala3blBAHHEM B
abCTPaKTHBIX IIPOCTPAHCTBAX PACCMATPUBAINCH, Hanpumep, B [1].

ONPEJENEHUE. Kaaccuveckum pewenuem HadaabHON 3amaun (1), (2) nHazoBem
bynxuuio u(t) € C ([—h;0) U (0;+00), B1) N C ((0; +00), E1), koropas obpamaer B
TOXKIECTBO ypasHenue (1) u ynoBieTBOpseT HAYAIbHBIM YCJIOBUAM (2).

Nccnenosanve mpobaeMbl OTHO3HAYHON PA3PEITHMOCTH HadaabHO! 3a1aqwn (1), (2)
BBIIIOJIHAETCsT MeTofaMu Teopun pacupezenennii Cobosesa — IIsapia co 3naueHusamMu
B GaHaxoBbIX npocrpancrsax [2]. Pyndamenmanvroe pewerue nuddepeHInaIbLHOro
olieparopa, COOTBETCTBYIOIEro ypaBHeHuo (1), HOCTPOeHO ¢ HOMOILIBIO CIENUAIBHOM
onepaTop-GpYHKITNH, KOTOPAA COTEPKAT KOMMYTaTOPEI omepaTopos A1 B~ u AgB~ 1,
9TO MO3BOJIHJIO OTKA3ATHCS OT YCJIOBHS KOMMYTATHBHOCTH WX KoMOozunun. JlokazaHa
TeopeMa CyIIeCTBOBAHNS 1 €IMHCTBEHHOCTH 0600wennozo pewenus (B kaacce K (Eq)
pacrpe/iesieHuil ¢ OrpaHUYeHHBIM CJIeBa HOcuTeseM) HadaabHoil 3ama4u (1), (2), u
nostyyena asHas dopmy.ia pemenus. [lokazano, uro npu f(t) € C ([0; +00), E2) 310
DeITieH e SIBIISIETCST PEryJISIPHBIM PACTIPEIeSIEHNEM W TTOPOXKIEHO 00BIUHOM byHKIMe
u = u(t), KoTOpas 3aJaHa KycouHo Ha moayuHTepBatax [(k — 1)h;kh), rme k € N,
uMeer paspblB B ToYKe ¢ = 0, CHJIBHO HENpEepbIBHA B TOUKe { = h, a B OCTAIBHBIX
Toukax maTEepBana (0;+00) cuIpHO HeMpephBHO nuddepermpyema.

Teopema. Ilycrs f(t) € C ([0; +00), F2), Torga s Toro 4r06bl HAYaIbHAS 331~
qa (1), (2) umes1a eHHCTBEHHOE KJIACCHYECKOe PEIIeHHe, HEOOXOQUMO U JOCTATOYHO,
arober (ug —¢(0)) € N(Ag), rae N(Ag) — Hyas-npoctpaHcTso (34po) oneparopa Ag.

Pabora BbimosHeHna mpu dbuHAHCOBOI momuepxke Poccuiickoro dbouma dyHmamMeHTaIb-
HbIX uccaenoBanuii (npoektsr Ne 18-01-00643 A u Ne 18-51-54001 Boer_a).
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O ITIPOCTPAHCTBEHHOM KOHTAKTHOM
B3ANMOJENCTBUU I10 JIBYCBA3HBIM OBJIACTAM
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CoBpeMeHHBIIl yPOBEHh TEXHUKH XapaKTepu3yercs pasHoobOpasmem (HOpM KOH-
TAKTHOI'O B3aHMO,ELefICTBHH, KOTOpPOE COIIPOBOXKIAETCA UJIH BO3SMOZKHO TOJIBKO IIPpH Ha-
guauu Tpennsda. Harpyska, TpuBOAdIas K pa3pylleHnio, B 3HAYUTETHHON CTEmeHn
3aBHCHUT OT TPEHHA. B CBA3H C BOSHHUKAIOMIUMHU MaTEMaTHUICeCKUMH TPYOAHOCTAMHM Ya-
CTO PacCMaTPUBAIOT YIIPOINIEHHBIE MMOCTAHOBKH TAKWX 337184, TJe MUCIOIb3yeTCd yIeT
TpeHus B JIUHEHHOMH dopMe, 0HAKO HeJTHHEHHbIE 3aKOHBI TPEHUS SIBIAIOTCI AKTYaJIb-
HBIME JI7Is1 PEAJBHBIX 3a1a4 [1]. MareMaTuIeckofl MOLEIBIO KOHTAKTA TeTaleldl CIoXK-
HOM KOH(MUTYPAIMH MOXKET ObITh KOHTAKT ¢ YIPYTUM MOIYIPOCTPAHCTBOM IITAMIIOB,
UMEIOIIUX JBYCBA3HbIE OcHOBaHud [1, 2].

PaCCManI/IBaGTCH 3aJa49a O IBUZKEHHUHN KECTKOI'O HITaMIla C ABYCBA3HBIM OCHOBA-
HUEM II0 TPAHUIlE YIIPYTOro MOJYIPOCTPAHCTBA C YIETOM HEJTWHEHNHOTO 3aKOHA TPEHN .
Ha IITAaMII ,HQIL/'ICTByIOT BEePpTUKaJbHasA U TOPU3OHTAJIbHAA CUJIbI, TTOCJACIHAS yPaBHO-
BEIUBAETCS CUJION Tperus. leficTByOmMe Ha, MIITAMIT CUThI 00ECIIEIUBAIOT COCTOSTHIE
paBHOBeCHS WJIM PAaBHOMEpHOTro IBuKeHud. llom feficTBreM Harpy3Ku IITaMIT Hepe-
MECTHUTCsI TOCTYIIATEIHHO M COBEPIITNT HOBOPOT. /laHHad 330398 CBOAUTCA K PEIIEHUTO
CHCTEMBI YPaBHEHUU PABHOBECWA W OCHOBHOT'O WHTETIPAJIBHOTO YPaBHEHHS KPAaeBOTO
ycnosus 1ist mepemertennii [1]. Peryaspusanus OCHOBHOTO ypaBHEHHUSI TPUBOIUT K
DEIeHnIo ypaBHEeHHs BTOPOTo poja. B KadecTse mapaMeTpa peryasipu3aliiy Tpeia-
raeTcs pacCMaTpUBaTh KODDUIMEHT MepOXOBATOCTH, IIPKU ITOM MbI TIpeHebperaem
BEPTUKATbHBIMI IIEPEMEIEHNIMNI MAKPOBBICTYIIOB, OOYCIOBIEHHBIX AeHCTBHEM Kaca-
TEJbHON CHJIBI.

C noMOIIBIO PUMEHEHHsT PA3JIOKEHUS [10 MAJOMY [IapPAMETPY [IBYMEPHBIX HHTE-
TpajIoB €O CIab0H 0COOEHHOCTHIO pa3paboTaH METO, PEITeHNsT KOHTAKTHBIX 3aa4 115
HeJIMHEeWHBIX 3aKOHOB Tpewwusi. llpeqnaraercs pasioxkeHWe B Psifi TOTEHIIHATA TTPO-
CTOTO CJIOST, PACIPEIETIEHHOTO TI0 ABYCBSA3HON 007aCTH, HA BHYTPEHHIOW TOYKY ITOMN
o6JIaCTH € WCTOJIB30BAHUEM MPeoOPA30BaHM TOTIOCA A/IPA HHTEPATIBLHOTO OMEPATO-
pa. Hcnonb30BaHO pa3soKeHNWe MOTEHITHAIA MIPOCTOr0 CJ0d st obsactu B dopme
KPYTOBOTO KOJIbITA, KOTJ/IA MJIOTHOCTh He obaagaer cumMmerpueti. OTaeapHble cydan
TAKOTO PA3JIOKEHUsT IPEIIOMKEHBL B [2].

Omnpenenennbl GYHKINKA PACIpeeeHns HOPMAJbHOTO TABJICHUs, BEJIUYUHBI 3a-
TIyOJIeHHS IITAMIIA ¥ YIJIOB IOBOPOTA. PereHbl KOHKPETHBIE MPUMEPDI, 3 KOTOPHIX
BUOHO, YTO HaJH4YHUE TPEHHA, COOTHOIICHHE KOOPAMHAT TOYEK IIPDHUJIOZKEHHA CHJII B
pa3MepoB IMTaMIIA BAUSIET HA HECHMMETPHUIHOCTb PACIpeeSeHUs JTABJIeHUs, KOTO-
Ppad Ipu OUPEACJCHHbIX YCIOBUAX MOXKET IPUBECTU K OTPLIBY WUJIW OIIPOKUABLIBAHUIO
mramia. HaliieHsl mpesesibHble 3HAYEHNS YKA3AHHBIX BewdwH. Jas Maabx Koad-
hUIIEHTOB TPEHUA TIOJTYIEHBI MEPBbIE ABA TMPUOINKEHNT aHATATHIECKOTO PEITeHNA
3aJa491 C yIY€TOM CTEIICHHOI'O 3aKOHAa TPEHMWA AJIA ,D;ByCBHBHOI‘/JI O6ﬂaCTI/I KOHTaKTa.
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MOAEJINPOBAHUNE SJIEKTPOMATHUTHOTI'O I1OJIA
AVYAJIbBHBIM METO0M KOHEYHDBIX 9JIEMEHTOB
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Annapar mudpdepeHnuagbubx (GOpM ONTUMAILHO OTBEYAET 33jiaUaM aHAJINU3a U
HOCTPOEHMsI BBIYHCIUTEIBHBIX CXeM B 3J€KTpoMarteTusme [1]. Diekrpudeckoe mose
onmchiBaeTcsd auddepenimanbabiMu hOPMAMEU TEPBOTO MOPSIKA BHYTPEHHEH OpUeH-
Tanpn. 19 MAarHHTHOTO [TOJIsT HEODXOIMMO HCIIOIb30BATh Auddepenuanabibe Gop-
MBI [IEPBOTO MOPSIAKA BHEIIHEH opueHTarun. i moCTpOeHusT BBIYUCIAUTEIbHON CXe-
MBI JIJIST MOJIETUPOBAHUST MATHUTHOTO MOJIsST HEODXOIUMO TIOCTPOUTH CETOYHOE pasbue-
HU€, OTBEYAOINee MPUHIUITY JABoicTBeHHOCTH [lyanKape mo OTHOIMEHWIO K CUMILIUIH-
ajbHOMY pasbuenuio. Takoe cerouHoe pasdbueHre HA30BEM JIYaJbHOM CETKOI, COCTOs-
et U3 TyaJdbHBIX JIEMEHTOB.

BapuaruoHHbiii METO, UCIOAb3YIOMINUN METOIOIOTUI0 METOIA, KOHEYHBIX JJIEMEH-
TOB U TIOCTPOEHHLIN Ha TyaabHON CeTKe, HA30BEM METOIOM /TyaIbHBIX 3jeMeHToB. [l
TOCTPOEHUST BEITUCIUTETHHON CXEMBI JIJIsT MATHUTHOTO TTOJI HEOOXOAUMO ONPEIETUTh
reoMeTpudecKuil Hocuresnb (moguaap) u 6asucHble GYHKIUU Ha 9TOM HOocuTese. [lou-
dpaabHOE pa3dbueHne CTPOUTCA depe3 HAPUIIEHTPHI TETPAIAPOB 110 TPUHITUITY Tyajh-
HOCTH K CHUMIUTHIMAJIBHON CeTKe, Ha KOTOPOH ANMPOKCHMHUPOBAHHO 3JIEKTPUYECKOe
nose. Takol MOAXO/ MMO3BOJSIET IOJYYHTh Hambosee OOIuil ajaropuTM, CIOCODHBIH
paboTtaThb ¢ 060 CHMILNIMIUATLHON ceTKol [2].

[MocTpoenne Gasuca HA MONMW3APAX OCHOBAHO HA ONpeneseHuu (DYHKIUU (HOPMBI
IIyTEeM PEIeHus P13 JOKAJBHBIX 337349 B MHOroMacmrabuo# uiaeomoruu. Jas Toro
9T00BI ONMpEeneuTh (PYHKINIO (POPMBI (0 Ha AyaabHOM pedpe HeOOXOIMMO PEeInTh
CJIEJLYIOULY IO 3384y Ha noaudipe [3]:

B BeKTOpHOM Buje rotrot ¢ = 0, uinu B guddepenunansubix ¢popmax d x de = 0,

<)5|l'i = 17 <)5|lj = 07 .7 7é 7:7

rie ¢ — uckoMasi pyukus (HopMbl, [; — pebpo, acCOUUPOBaHHOE ¢ J. Bhrauciie-
HU€ JIOKAJbHBIX OA3MCHBIX (DYHKINH HA, KAXKIOM TOJUIIPE ITPOUCXOINT HE3ABUCHUMO
¥ MOYKET BBITOTHATHCS TAPAIIIETBHO.

B pabore mocrpoena u peajnM30BaHa BBIYUCINTEIbHAS CXeMa Ha 6a3e IyaabHOTO
METO/Ia KOHEYHBIX 3JIEMEHTOB JIJIsT MOJEIMPOBAHNS MarHUTHOTO TIOJIST B 001acTsAX Oe3
JIOKAJIbHOTO MCTOYHUKA. [IpOBEIeHBI pacUeThl HA PAde MOJETBHBIX 331a1.

PaboTa BeImostHEHA TP TOAAEepKKe Poccuiickoro ¢horma dyHmaMmeHTaIbHBIX UCCIET0BA
uuit (npoext opum Ne 16-29-15094).
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HOBBII ITOAXO0/d K PACUETY 9KCIIEPTU3HI .
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AKTyasbHOCTB ITPo6seMbl. J[0pOKHO-TPAHCIOPTHBIE IPOUCIIIECTBHUS SIBIIAIOTCS
OIHON M3 CaMbIX PACIPOCTPAHEHHBIX MPUYUH CMEPTHOCTH B Mupe. ExkeromHo moru-
Gaer Gosmee 1,35 MUINIMOHA YeJIOBEK, 9TO OPHUBOIUT K HOTEPE OKOJO 3% BAIOBOrO
BHyTpenHero npoaykra (BBII) [1]. B mMupoBoii mpakTHKe 9KCIEpTH3a ITHX aBapwHit
BBIIIOJIHSAETCS C [IOMOIIbIO METOZOB dHepreTuydeckoro 6ananca [2]. OcHOBHBIM HCTOY-
HUKOM OMIUOOK TIPU ITOM SIBJISIIOTCS TPATUIUOHHBIE METOAbI CHOpa JAHHBIX, KOTOPHIE
OCHOBAHBI HA U3MEPEHUSX, MPOBOINMBIX BPYUYHYIO B MOJEBBIX YCIOBUSIX.

ITenn paborsi. [Ipencrasien HOBBIM MOIXOM K SHEPTETHYECKOMY AHATIUIY TOPOK-
HO-TPAHCIOPTHBIX IIPOUCIIECTBUI ¢ Henonb3oBanueM dbororpammerpu [3]. OcHoBHOE
MPEUMYINECTBO Pa3zpabOTAHHOIO TOAXOIA CBSI3aHO ¢ KAYECTBOM TPeXMepHBIX (oro-
rPaMMETPUYIECKUX MOIENEH, KOTOPbIE TO3BOJSIOT MPOBOAUTH O0bEKTUBHBIE U TOYHBIE
u3Mepenus. Pe3yabraThl 9TUX M3MepEHuil majiee TOACTABIAIOTCA B MATEMATUIECKUE
VPaBHEHUS IJIs BHIYUCIEHUS CKOPOCTH CTOJKHOBEHUS [0 HEPIUH, MOTJIOMEHHON BO
BpeMs aBapuu. B pesyabrare OpraHbl JOPOXKHON MHCIIEKITAN MOT'YT PEKOHCTPYHPOBAThH
ABAPUIO MPOCTBIM U HAJEKHBIM CIIOCOOOM, He TPeOYOIUM TPUMEHEHUST SJIEKTPOHHBIX
TAOIAIL WM YIAJEHHBIX BEIYHUCIECHNH, M TAKUM 00pa3oM m3bekaTh CyObeKTUBHOCTH 1
HETOYHOCTEH TPAJUIMOHHOTO TPOTOKOJIA. [loydeHHbIe PE3yIbTaThl HA KAXKJIOM ITAlle
9KCIEPTU3BI APXUBUPYIOTCS, U B AAJBLHEUIIIEM MOTYT MPEICTABISATD HAMEKHYIO TOKa-
3aresibHYI0 6a3y s CY/IEeOHBIX JIeJl, KOTOPhble YyCTAHABIMBAIOT OTBETCTBEHHOCTH 3a
MIPEBBIIIIEHNE CKOPOCTU HA, TOPOJACKUX U MATUCTPAIBHBIX TOPOrax.

B mamboMm coobiennn aHATIN3UPYETCsT peaTbHasd aBaAPHUs ABTOMOOHIIS, ABUBIIAIC
Pe3yJIbTaTOM HAae31a HA CTALMOHAPHBIHA dj1eMeHT Joporu (GerOHHOe OrpaXk/ieHue), B
pe3yabTaTe dero OOHAPYKUBAKTCS 3HAYUTENBHBIE PACXOKIEHUS C TPAIAITAOHHBIM
MTPOTOKOJIOM KACATEIFHO TOTJIONEHHON SHEPTUH U CKOPOCTH CTOJKHOBEHHSI.

PaboTa BeImostHEHA TIpHU TOAIEepKKe Poccuiickoro ¢horma dyHmaMeHTaIbHBIX HCCIET0BA
uuit u Anvusncrpanun Tomckoit obactu (mpoekt Ne 16-41-700400 p_a).
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CoBpeMeHHbIe TIPUKJIATHBIE 330491 XapaKTepusyloTcs: 1) MHOrohUu3nIHOCTbIO; 2)
reOMEeTPUIECKON MHOMOMACIITAOHOCTELIO OBIACTH MOIEIMPOBAHUSI; 3) MHOrOOOPA3HbI-
MH CJIOXKHBIMU MATEMaTUIECKUMU MOAENAME; 4) CHelUaNbHbIMKU YCJIOBUSMHU COTJIa-
COBAaHUS DA3JIUYHBIX (DUIMYECKUX IIPOIECCOB; 5) BPEMEHHOH Da3HOMACIITAGHOCTHIO
du3mIecKux mporeccoB. Takme 0COOEHHOCTH OPOXKIAIOT ONPeaeIeHHbIE TPeOOBAHNA
K YMCJAEHHBIM METOJAM PelIeHrsT MHOTO(MU3NIHBIX Mpobdsiem. OOIenpu3HanHbIM (ak-
TOM CTaJIa WAesi NCIIOIB30BAHNUS CIEIUATBHON IPYIIBI METOIOB, 00ECIEYNBAIOIINX HA,
dyukunoHasbHOM (MaTEMATUYECKOM) YpOoBHE (BDU3UYECKYIO PEJEBAHTHOCTD JMCKPET-
HOTO aHAJIOTA NCXOMHOM HenpepbIBHOM Moaenn. Koneuno-anemMenTHBIE MEOTOMACHITA0-
Hble HEKOH(OPMHBIE METO/IbI MO3BOJILAIOT HA 0a3e eNMHON NPONEIyPhl T€OMETPUYE-
CKO¥1 ammpOKCUMAITAN ODJIACTH MOJIETNPOBAHUS peann3oBaTh 3P PeKTUBHBIE UNCIeH-
HBIE AJTOPUTMBI, ACCOIMUPOBAHHBIE C B3ANMOCBSI3aHHBIMU (DU3HIECKUMY ITPOIIECCAMMT,
a UMEHHO: JBVKeHue (DJIIon1a B MOPUCTOI TPEMIUHOBATON TOPOIE, TEIIO-MACCO0DOMeEH
B MHOrO(a3HbIX CPEIAX, PA3BUTHE TPEIIMHOBATOCTH, reoMexannka. Ilpeanaraerca mc-
nosnb3oanne XFEM (paciupeHHblii METO/| KOHEYHBIX 9JEMEHTOB) I DEIIeHUs 3a-
paun yupyroil qedopmanun; DGFEM (paspsisubtit meron [asiepkuna) miis peruenust
3a1a9¥ TPOCAYNBAHUS (DITIIOUIA B TIOPUCTOH Cpejie U NBUKEHUS (DIIIONIa B TPEITHAX
U KaBepHaX, MOJENUPOBAHUS HIMEKTPOMArHUTHBIX nponeccos; HFEM (rereporennbiii
MeTOJ], KOHEUHBIX JIEMEHTOB) JJIs OlleHuBaHusA (DPEKTUBHBIX XapPAKTEPUCTHUK CJIOK-
HOTIOCTPOEHHON Cpenbl. UHNCIEHHBIE SKCIEPUMEHTHI MOKA3AIHN BBICOKYIO TOYHOCTH U
3¢ddeKTUBHOCTL pa3paboTaHHBIX cxeM. Bepudukalms mpoBegeHa Ha KJIaCCe MOIE/Tb-
HBIX 3329 ¥ 33734, “TPUOINKEHHBIX K DEAJTHHBIM .

Pabora Boimosinena mpu dbuHAHCOBO moaaepxkke Poccuiickoro domma dysmaMeHTa b
HBIX uccaenoBammii (Tema 615, ODU-M, kox npoekTa 16-29-15094), Kommiekcroit mporpam-
bl dyrmamentanbabix uccrenosanmii CO PAH (tema KII-32.3); IIporpaMmer npesumnyma
PAH Ne 27; ITpoexros @HU (Ne 0331-2019-0015 u 0266-2019-0007).
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B pannoit pabore paccMarpuBaercs C/EAYIONIAs CUCTEMA HEHTPAJIBHOIO THIIA C
pacTpeIe/IeHHBIM 3aMa3 bIBaHuEM

%(y(t) + D(t)y(t— 7)) = A(t)y(t) + / B(t,t — s)y(s)ds, t>0, (1)

rme T > 0 — xomcranTa, A(t), D(t) — KBampaTHBIE MATPUIIBI TOPSAKA N C HETpe-
PBIBHBIME T-TIepHOANYECKAME 31eMeHTaMu, B(t, ) — KBagpaTHad MaTPUIA MOPAIKA
7 € HENPEPLIBHBIMHU JIEMEHTaMU, 1-TepUOAUIeCKUME [0 IePBOil MePeMEeHHOMH, T. e.
B(t,€) = B(t +T,€).

B pabore mosmydeHbl TOCTATOYHBIE YCIOBUS ACHAMITOTHYIECKON YCTOHIUBOCTH HY-
JIEBOTO DEIeHns] W YKA3aHbI OIEHKH DEIIeHWH MCCIeIyeMOil CHCTEMBI, KOTOPBIE Xa-
PaKTEpU3YIOT CKOPOCTh yObiBauua npu t — oo. [Ipu nccnenoBamum acCHMITOTHYIECKON
YCTONYMBOCTH HYJIEBOT'O PEIIEeHNs UCIOIb30BaHa Mogudukanus dbyHKIHOHATa JIgmy-
HOBa — Kpacosckoro, Begentas B [1, 2]:

V(t,y) = (H®)(y(t) + D)yt — 7)), (y(t) + D()y(t — 7)))

T / / (K (t — 5, 8)y(s), y(s)) dsdn + / (M (t — s)y(s), y(s)) ds.

0 t—n t—1

B paborax [1, 2] uccaenoran caydait auddbepeHmansyHOTO ypaBHeHNsT HeiTpasib-
HOIO THIA C COCPENOTOYEHHBIM 3ama3nbiBanneM. B [3] paccmorpena cucrema (1) B
cayaae D = 0.

Pa6ora BeimoHena mpu mogaep:xkke Poccuiickoro douma dyHmaMeHTaIbHBIX HCCIET0BA

uuit (npoext Ne 18-29-10086).
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YN CJIEHHOE MOJAEJIMPOBAHUE
TEYEHNA C2ZKIMAEMOU 2KNJIKOCTU
CKBO3b VIIPYI'UU ITOPUCTBIN CKEJIET
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2 Unemumym mamemamusu um. C.JI. Cobosesa CO PAH,
Hoesocubupck, Poccus; evrom@math.nsc.ru

PaccmarpuBaerca Mozienp TedeHns CZKUMAEMON KUIKOCTHA CKBO3b YIPYTHH OPH-
cThIfl cKesier, pa3paboTaHHas C MPUMEHEHUEM MeTOAa runepboImIecKux TEPMOINHA-
MHUYECKH COTJIACOBAHHBIX CHCTEM 3aKOHOB coxpaHeHus [1]. JaHHBIH MOIXOM yCIEITHO
TIPUMEHSJICA [IJIsT TIOCTPOEHUs MOjesieil Tedenus AByxda3ubix xuaxkocreit. [Ipu wc-
TTOTb30BAHUH 3TOTO MOAX0/IA BCE YPABHEHUSI CHCTEMBI UMEIOT JTUBEPreHTHBIN BUI, OHA
MOXKET OBITH MPHUBEAECHA K CUMMETPHIHON (POpMe U sIBIASIETCS THIEPOOSIHIECcKOit pn
YCJIOBHY BBIILYKJ/IOCTH IIOPOXKJIAIONIErO IIOTEHIMANA, [2], 4TO 103BOJILET IIPUMEHSHTD CO-
BPEMEHHbBIE BBICOKOTOUHBIE METOIBI JJIs UCCIEI0BAHUS W MOIEIMPOBAHUS OMUCHIBAEC-
MOT'0O 3TOU CHCTEMOI TPOIECCA.

Paspaboranublil (1ByMepHDIH) YUCIEHHBI METOJ OCHOBAH HA METOIE KOHEYHBIX
obbemos. g nuckperusanuu no npocrpaucrsy npumensiercs WENO/THINC (Tan-
gent of Hyperbola for Interface Capturing)-anropurmbl, s JUCKPETH3AIMUU 110 Bpe-
menu — meto, Pyure-Kyrrer. ['panuusbie yeaoBrs peaqn30BaHbI P TOMOIIH METOIA
XapaKTepUCTHIECKON JeKOMTIO3HITHN [3].

Oco0eHHOCTBIO MOMIENIN SBJISETCS HAJIUYNe KOHTAKTHBIX PA3pbIBoB. Ktaccudaeckue
shock-capturing cxembr, npuMeHEHHBIE K KOHTAKTHBIM PA3PHIBAM, IIPUBOIAT K U3JTUIII-
meit nuddysun, BIOOABOK K ITOMY OCIUIIANNE B CKOPOCTH W JABJICHUHN, BOZHUKAIO-
1ye u3-3a IO0TEPH MEXAHUYIECKOI'O PABHOBECUs HA KOHTAKTHOM Pa3pbIBE, MOI'YT IPU-
BOJUTH K pacxoauMmoctd pacuera [4]. Jlust pemenust nanuON npoGiaeMbl ypaBHEHHe
IS OOBEMHOM KOHIEHTPAIMK 3aIUCHIBAETCS B HEKOHCEPBATUBHOM BHJE, & PA3HOCT-
Has CXeMa, ANMPOKCHMUPYIONAsA ITO yPABHEHUE, CTPOUTCA TAKUM 00pa3oM, 4TOObI
OTHOPOIHBIN (POH B HAYAIBHBIX JAHHBIX COXPAHAJICS IIPU HAJIUINHN CKAYKA O0BEMHBIX
xounenTparuii. Kpome Toro, B 061acT KOHTAKTHOTO Pa3PbIBA UCIOJIB3YETCH CIIEIH-
asbHast peKoHCTpyKIus nepeMenabrx THINC, koTopast CyIecTBeHHO yMEHBIAET Pa3-
Ma3blBaHUE paspbiBa. PaspaboranHas cxema orHocuTcs K kjaccy Volume-Of-Fluid
METOJIOB.

IIpuBenensr pe3yabTATh TECTOBBIX PACIETOB.

Pa3spaborka maremaruaeckoit mogesu (E. 1. Pomenckuit) nonnepzxana Poccutickum dbon-
noMm byHIaMeHTaIbHBIX uccaeaoBanmii (mpoekT Ne 19-01-00347), pa3paboTka YuCJIEHHOTO
AJTOPUTMA, ¥ TIPOBEJICHAE IHUCICHHBIX SKcepuMenTos (A. A. dmvenko, A. I1. Yynmaxwun) noa-
nepxkana Poccmiickum HayaabiM Gormom (mpoekT Ne 17-11-01156).
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3D METHOD AND CODES FOR SIMULATION DYNAMIC
FSI PROBLEMS IN EULER VARIABLES USING MULTI
MESH ALGORITHMS BASED ON A UNIFIED HIGH
ORDER MODIFICATION OF GODUNOV SCHEME
ON COMPACT STENCIL FOR CFD AND CSD

Abuziarov K. M., Abuziarov M. H., Glazova E. G.,
Kochetkov A.V., Krylov S.V.

Scientific Research Institute of Mechanics, Lobachevsky State Universily
of Nizhny Nouvgorod, Nizhny Novgorod, Russia; abouziar@mech.unn.ru

To model both the dynamics of media and deformable solids, the Godunov scheme
of high-order accuracy in Euler—Lagrange variables is used, which is the same for
both the Euler equations and the Euler—Cauchy equations describing the deformation
of solids. The improving of the accuracy of the scheme is achieved by using the
3D and time-dependent Riemann solver. The same solution is used to calculate the
interaction between the fluids and the solids (FSI problem). In the calculation process,
three types of difference grids are used. The first is a mobile surface grid in the
form of a continuous set of triangles (STL file), which defines and accompanies the
computational bodies and two kinds of three-dimensional 3D grids. This is the basic
Cartesian fixed grid embeded in each body, and the movable local Euler-Lagrangian
grid associated with the surface grid, which also accompanies the contact boundaries.
The physical quantities in these grids are connected by mutual interpolation. A
detailed description of the procedure was given in [1]. The codes does not require
complex 3D mesh generators, only the surfaces of the calculating objects as the STL
files created by means of engineering graphics are given by the user, which greatly
simplifies the preparing of the task and makes it convenient to use by the user or
even directly by the designer at the design stage. The method and codes are used to
simulate shock wave and explosive loading and deep penetration problems of FSI. The
processes of propagation of detonation waves from the initiation zones of explosives
and the effect of nonlinear behaviour of the material and the deforming of bodies on
contact forces and the interaction process are taken into account. Three-dimensional
processes of interaction of detonations with elastic plastic bodies located near the
charges are considered. The bodies (cylinders, cubes, tetrahedrons) are strongly and
irreversibly deformed, the streams of detonation products move much faster, and gas
jets are formed around the cubes. The strong influence of geometry and density of
the bodies is demonstrated. Three-dimensional processes of deep penetration of solid
to solid and solid to fluid of cylinder impactors are simulated. The strong influence of
the angle and velocity of penetration is demonstrated.

The authors were supported by the RFBR and NSFC according to the research project
no. 19-58-53005 and goszadaniya Minobrnauki RF 9.7057.2017/BCh.
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MODELING THE EVOLUTION OF
A RANDOM TURBULENT FIELD BY USING
THE RANDOMIZED SPECTRAL METHOD

Alexandrov A.V.!, Dorodnicyn L. W.%2, Duben A.P.!

L Keldysh Institute of Applied Mathematics RAS, Moscow, Russia;
alexandrov@imamod.ru, alexey.duben@gmail.com
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Presently, in numerical simulations of complex turbulent flows the use of synthetic
turbulent fields is permanently growing. Typically such fields are needed when an
inflow boundary condition is specified for the LES zone. The history of synthetic
turbulence models starts from the 1970s work [1]. However, their practical implemen-
tation is troublesome due to high computational cost and strong requirements to the
artificial fields in the view of physical relevance.

In this study a stochastic spectral method of homogeneous isotropic turbulent
velocity fields generation, designed previously [2] for aeroacoustics, is generalized for
the 3D case. The technique is based on Randomized Spectral Method stated in [3].

The initial turbulent fields generated by this method are shown, both analytically
and numerically, to match the statistical and spectral properties of physical sources.
In order to account time dependence, we consider various ways to specify the evolution
of random fields and analyze if they maintain the form of autocorrelation function.

As a validation of the technique developed here, LES-based computations have
been conducted. In particular, the generated turbulent fields are specified as initial
conditions for the numerical simulation of homogeneous turbulence decay. The results
exhibit a good agreement with the experimental data from [4].

The authors were supported by the Russian Foundation for Basic Research (project
no. 18-01-00726).
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A NONLINEAR VISCOELASTIC PLATE EQUATION
WITH 7 (z,t)-LAPLACE OPERATOR:
BLOW UP OF SOLUTIONS
WITH NEGATIVE INITIAL ENERGY

Antontsev S.N.12

! Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russia;
2 University of Lisbon, Lisbon, Portugal;
antontsevsn@mail.ru

Let Q@ C R™, n > 2, be a bounded domain with Lipschitz-continuous boundary
=00, Qr =2 x(0,T), 'y = 9Q x (0,T). This talk concerns about the following
initial-boundary value problem

¢
gy + Au — A e+ /g(t — 8)Au(s)ds — eAur + f(u) =0 in Qr,
0

u=0u/dv =0, I'p =00 x(0,T),

u(z,0) = up(x), u(z,0) =ui(z), x € Q,

ou
Gxi

called the ?(x, t)-Laplace operator, g > 0 is a memory kernel that decays exponen-
tially and f(u) is a nonlinear function. Here € > 0 is a constant and du/0v denotes
the normal derivative directed outside of Q2. Under suitable conditions on g, f(u) and
the variable exponent of ?(% t)-Laplace operator, it is proved that any weak solution
with negative initial energy blows up in finite time, assuming a strong damping eAu;
(e > 0) acting in the domain Q. The detailed proofs can be found in [1-3].

This is the joint work with J. Ferreira, Fluminense Federal University, Brazil.

The author was supported by the Russian Science Foundation (project no. 19-11-00069).
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where

Pi($at)—2 au

dz;

"9
A?(m’t)u = Z 317
i=1 "

> T (1) = (P1, D2, -, D),
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ERROR STRUCTURE ANALYSIS FOR LINEAR
NUMERICAL SCHEMES WITH SEVERAL DEGREES
OF FREEDOM FOR THE TRANSPORT EQUATION

Bakhvalov P. A.!, Surnachev M. D.?
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pahvalo@mail.ru, 2peitsc:he@yandex .ru

Consider the model problem Ou/dt + du/0x =0, t > 0, u(t,x) = u(t,z + 1), with
smooth initial conditions (0, z) = ug(z). It is well known that the solution error by
finite-difference schemes on uniform meshes grows linearly in time until it reaches the
magnitude of the solution itself. On the other hand, for the DG scheme the solution
error has the following estimate [1]:

llen(t, uo)ll2 < CLhFTY 4+ Cyn® 1t

Consider numerical schemes of the form

M

du 1 M
n+¢ _
Y Z pralUh s ) ’Lcun+<(t)—0a
(=—M (=—M

where 7 € Z — cell index and u, — finite set of values at one cell. I assume that
the scheme is Lo-stable and the operator in front of the time derivative has bounded
inverse. Initial conditions are prescribed by u,(0) = (IIug), where IIj, is of the form

(I f)e = / F(h(r + ) due (@), / dpie(a) = 1.

Here ¢ is the index of a variable in cell and p¢ is a measure with finite support and
finite total variation.

Theorem. The following two statements are equivalent.
1. In the sense of I1;, the estimate

llen(t,uo)ll2 < C1h” |V u| oo + Coth?(| Ve g o (1)

is valid for all initial conditions ug and t,h > 0.
2. There exist (’:ém) € R such that the scheme possesses truncation error of order
in the sense of IZI;L defined as

Q m
(th)m§ = (af)y e+ D e <Hh dam >M

m=P

This theorem reduces the problem of obtaining estimates (1) to checking the
consistency of a system of linear algebraic equations.
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THE METHOD OF THE POLYNOMIALS
OF PRINCIPAL MINORS IN THE CALCULATIONS
OF THE ACOUSTIC STRESSES OF LAYERED MEDIA

Belyayev Yu. N.
Syktyvkar State University, Syktyvkar, Russia; ybelyayev@mail.ru

Acoustic stresses in a solid medium depend on the type of elastic waves. As
a result of an elastic wave action on an anisotropic layered structure (the density
and elastic parameters of the medium depend only on one coordinate zs along the
normal to the layers) in every layer six waves are formed. The stress-strain state of
an anisotropic layered medium is described by the system of equations of motion and
Hooke’s law, which is reduced to the matrix differential equation d¥/dxs = WU¥. Here
U =||lug o023 w1 wus 013 023]; u1, uz, uz are projections of displacement vector
on the Cartesian axis x1, x2, x3 and 013, 023, 033 are components of stress tensor;
the elements of the matrix W depend on the thickness d, density, and components
of the elastic compliance tensor of the layer, as well as on the angles of incidence.
The solution of the above equation for the structure of N homogeneous layers is
U(d) = H;:N T;9(0), where transfer matrices T, = exp(W,d;) are calculated by
means of polynomials of principal minors of the matrices W;d; [1] and does not require
finding the eigenvalues of the matrices W;. This method provides a more accurate and
reliable calculation of the transfer matrix of the N-layer medium in comparison with
other known algorithms.

The amplitudes of the waves scattered by the anisotropic layer are expressed in
terms of the elements of the transfer matrix 7'(d). The distribution of acoustic stresses
0i3, © = 1,2, 3, along the thickness x3 of an anisotropic layer is determined by the
amplitudes of the scattered waves and the elements of the corresponding transfer
matrices T'(x3). This method of calculating acoustic stresses is demonstrated for the
incident SH-, SV- and P-type waves on the three-layer model: isotropic layer-a crystal
layer-isotropic layer.
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PARALLEL-IN-TIME EXPONENTIAL TIME
INTEGRATION BASED ON KRYLOV SUBSPACES

Botchev M. A.!, Geurts B. J.2?, Kooij G.L.2
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Exponential time integration (i.e., time integration involving the matrix exponen-
tial) has gained a lot of interest recently. Often, actions of the matrix exponential
on vectors are computed by Krylov subspace techniques. In this talk we discuss
how a parallelism in time can be achieved within the exponential Krylov subspace
time integration framework. Some advances reviewed include a time-parallel method
PARAEXP [1] and an exponential block Krylov (EBK) subspace scheme [2]. One
disadvantage of the PARAEXP method is that it requires an employment of a regular
time integration scheme which restricts its parallelism in time. We explain how these
the two approaches (PARAEXP and EBK) can be combined into a time parallel
scheme [3] which does not involve regular time integration and, hence, possesses
an enhanced time parallelism. Furthermore, a recent time-parallel extension of the
PARAEXP-EBK scheme to the incompressible Navier—-Stokes equation [4] is discussed.
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AN ORDER-ADAPTIVE COMPACT
APPROXIMATION TAYLOR METHOD
FOR SYSTEMS OF CONSERVATION LAWS

Carrillo H.!, Parés C.!, Zorio D.?

Y University of Mdlaga, Mdlaga, Spain; hugo.carrillo@uma.es, pares@uma.es
2 University of Concepcion, Concepcidn, Chile; dzorio@ci2ma.udec.cl

We present an order-adaptive finite difference numerical method for systems of
conservation laws. The method, called Adaptive Compact Approximation Taylor
method (ACAT), uses centered (2p + 1)-point stencils, where p may take values in
{1,2,...,Pmaz} according to a family of smoothness indicators in the stencils. The
method is a combination between a robust first order scheme and 2p-order generalized
Lax-Wendroff methods, so that it is first order near shocks and of order 2p in smooth
regions, where (2p + 1) is the size of the biggest stencil in which large gradients are
not detected. A new class of smooth indicators and the stability analysis (based on
[1]) will be presented.

For nonlinear problems, the original LW procedure requires the conversion of the
time derivatives to spatial derivatives through the so-called Cauchy-Kovalevskaya
process, what may increase dramatically the computational cost (see [2]). To avoid
this, we adapt the Compact Approximate Taylor Method (CAT) introduced in [3], by
including an adaptive formulation in the numerical differentiation formulas plus a new
class of smoothness indicators. In comparison with the Approximate Taylor methods
presented in [4], WENO flux reconstructions are not needed and values of the CFL
parameter close to 1 can be used, which reduces significantly the computational cost.
The general structure of the method and a number of numerical tests will be shown,
in which the results are compared with those provided by standard WENO methods
(see [5]) and the Approximate Taylor methods introduced in [3] and [4].
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HYPERBOLIC MODEL FOR FREE SURFACE SHALLOW
WATER FLOWS WITH EFFECTS OF DISPERSION,
VORTICITY AND TOPOGRAPHY

Chesnokov A.A."2, Nguyen T.H.?
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We derive a hyperbolic system of equations approximating the two-layer disper-
sive shallow water model for shear flows recently proposed in [1]. The use of this
system for modelling the evolution of surface waves makes it possible to avoid the
major numerical challenges in solving dispersive shallow water equations, which are
connected with the resolution of an elliptic problem at each time instant and realiza-
tion of non-reflecting conditions at the boundary of the calculation domain. It also
allows one to reduce the computation time. We compare the numerical solutions of
the derived hyperbolic system with the dispersive model solutions and show that they
almost coincide for large time intervals. The system obtained is applied to study of
non-hydrostatic shear flows over a local obstacle and non-stationary undular bores
produced after interaction of a uniform flow with an immobile wall. Note that the
proposed approach can be used to obtain hyperbolic approximations of various disper-
sive models, in particular, non-hydrostatic equations of the shear flow of a two-layer
stratified fluid [2].

The authors were supported by the Russian Foundation for Basic Research (project
no. 19-01-00498).
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THERMAL MOTION OF GAS IN A RAREFIED SPACE

Chirkunov Yu. A.

Nowosibirsk State University of Architecture and Civil Engineering,
Novosibirsk, Russia; e-mail chr101@mail.ru

The main models of the motion of the gas in three-dimensional space were obtained
in [1]. The model describing motion of the gas in the rarefied space got unlucky
number 13 in the list of these models. This model can be used, in particular, in the
study of the processes taking place inside of tornado. For a given initial pressure
distribution, a special choice of mass Lagrangian variables leads to the system descri-
bing this motion for which the number of independent variables is less by one [2].
Consequently, there is foliation of gas in the rarefied space with respect to the pressure.
In the rarefied space for any given initial distribution of the pressure, all the gas
particles are localized on the two-dimensional surface. This surface over time moves
in this space. At each point of the surface, the vector of acceleration is collinear to
the vector of normal to this surface. We found some exact solutions of the obtained
system that describe the processes taking place inside of the tornado [3, 4]. For this
system we found all nontrivial conservation laws of the first order. In addition to the
classical conservation laws the system has else one conservation law, which generalizes
the energy conservation law. With the additional condition we found another one
generalized energy conservation law.
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NONLINEAR MODEL OF HYDROACOUSTICS OF
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We study three-dimensional Khokhlov—Zabolotskaya—Kuznetsov (KZK) model of
the nonlinear hydroacoustics with dissipation. This model is described by third order
quasilinear partial differential equation of the (KZK). We obtained that the (KZK)
equation admits an infinite Lie group of the transformations, depending on the three
arbitrary functions. The submodels of the (KZK) model are described by the invariant
solutions of the (KZK) equation. The invariant solutions of rank 0 and 1 are found
either explicitly, or their search is reduced to the solution of the nonlinear integro-
differential equations. For example, we obtained the invariant solutions that we called
“Ultrasonic knife” and “Ultrasonic destroyer”. The submodel “Ultrasonic knife” have
the following property: at each fixed moment of time near a some plane the pressure
increases indefinitely and becomes infinite on this plane. The submodel “Ultrasonic
destroyer” contains a countable number of “Ultrasonic knives”. The presence of the
arbitrary constants in the integro-differential equations that determine invariant solu-
tions of rank 1 provides a new opportunities for analytical and numerical study of
the boundary value problems for the received submodels, and, thus, for the original
(KZK) model. With a help of these invariant solutions we researched a propagation of
the intensive acoustic waves (one-dimensional, axisymmetric and planar) for which the
acoustic pressure, speed and acceleration of its change, or the acoustic pressure, speed
and acceleration of its change in the radial direction, or the acoustic pressure, speed
and acceleration of its change in the direction of one of the axes are specified at the
initial moment of the time at a fixed point. Under the certain additional conditions,
we established the existence and the uniqueness of the solutions of boundary value
problems describing these wave processes. Mechanical relevance of the obtained solu-
tions is as follows: 1) these solutions describe nonlinear and diffraction effects in
ultrasonic fields of a special kind, 2) these solutions can be used as a test solutions
in the numerical calculations performed in studies of ultrasonic fields generated by
powerful emitters. Application of the obtained formula generating the new solutions
for the found solutions gives families of the solutions containing three arbitrary
functions.
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We study a general three-dimensional nonlinear diffusion model of porous medium
with non-stationary source or absorption. We found nine basic models of the original
model of the porous medium with non-stationary source or absorption, having diffe-
rent symmetry properties. For the model, admitting the widest group Lie of the
transformations we found all invariant submodels. We found explicitly all essentially
distinct invariant solutions describing invariant submodels of rank 0 of this model.
In particular, we obtained the solutions, which we called “a layered circular pie”,
“a layered spiral pie”, “a layered plane pie” and “a layered spherical pie”. The solution
“a layered circular pie” describes a motion of the liquid or gas in a porous medium,
for which at each fixed moment of a time at all points of each circle from the family of
concentric circles a pressure is the same. The solution “a layered spiral pie” describes
a motion of the liquid or gas in a porous medium, for which at each fixed moment of
a time at all points of each logarithmic spiral, from the obtained family of logarithmic
spirals a pressure is the same. The solution “a layered spherical pie” describes a motion
of the liquid or gas in a porous medium, for which at each fixed moment of a time at
all points of each sphere, from the family of concentric spheres a pressure is the same.
A set of the solutions “a layered circular pie”, “a layered spiral pie” and “a layered
spherical pie” contains the solutions describing a distribution of the pressure in a
porous medium after a point blast or a point hydraulic shock. Also this set contains
the solutions describing a stratified with respect to the pressure a motion of liquid or
gas in a porous medium, with a very high pressure at infinity in a presence of a very
strong absorption at a point. The solution “a layered plane pie” describes a motion of
the liquid or gas in a porous medium, for which at each fixed moment of a time at
all points of each plane, from the family of parallel planes a pressure is the same. A
set of the solutions “a layered plane pie” contains the solutions describing a motion of
the liquid or gas in a porous medium with a very high pressure near a fixed plane in
a presence of a very strong absorption at infinity. Also this set contains the solutions
describing a motion of the liquid or gas in a porous medium with a very high pressure
at infinity in a presence of a very strong absorption on a fixed plane. The obtained
results can be used to study the processes associated with a underground fluid or gas
flow, with water filtration, with the engineering surveys in the construction of the
buildings, and also with shale o0il and gas production.
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In this talk, we consider higher order differential algebraic equations of the form

k
Az =Y Ai(aD() = F(1), t €T = [ 8], (1)
=0

where A;(t) are n x n-matrices, z(t) and f(t) are the desirable and the given n-
dimensional vector-functions, correspondingly; 2 = d®z(t)/dt®, o, B € R, and it
is assumed that

det Ak(t) =0VteT,

A set of boundary value conditions is given

Oy(a) + Dy(B) =a, yO)= | . |. 2)

where a is a given constant vector from R™, C and D are given constant matrices
from R™*"k,

We perform a qualitative analysis of the boundary value problem (1), (2), prove
the existence theorem and propose a numerical solution on the basis of the least
squares method.

The authors were supported by the Russian Foundation for Basic Research (projects
no. 18-29-10019, 18-01-00643).
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We consider an exploited population with dynamic described by the equation

2t D)+lg( B D)a(t D]y = —[u(, B D)+u(D]a(, 1),

Here xz(t,1) is the density of individuals of size [ at the moment t; g and u are
growth and death rates, respectively, and u stands for exploitation intensity. The
competition level E could have symmetric or asymmetric form. In the asymmetric
case, for example, it could be defined as

L
B(t,1) = / Xz (¢, 1)dl
l

with some non-negative function x being integrable on interval [0, L], L > 0, where
we manage and exploit the population. It is also assumed that the inflow of new
generation (of individuals of size 0) is defined by equation

L
2(1,0) = /r(z,E(t,Z))xﬁ(t,z)dz +po.
0

with some § € (0,1), birth rate » > 0 and industrial population renewal py > 0.
Under the natural assumptions on the model parameters we prove the existence
of a positive stationary solution and optimal among them, providing the maximum
benefit from the exploitation for different objective functionals.
The authors were supported by the Russian Science Foundation (project mo. 19-11-
00223).
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In the present paper we consider systems of ordinary differential equations

dxy n—1 n—1

E:_ - (1’/‘1"_ p $2+g(t>$n)v
1 2
dz; n—1 n—1 n-1 n—1 .
ﬁle'jfl— - + u l'j“r - Tj41, Jj=2,...,n—2
1 1 2 2
drp,—1 mn-—1 n—1 n-—1 (1)
dt = 7—71‘n_2 — - + . Tn—1,
1 1 2
dr, n-—1 0
W:7—7:%,1—935”, Zl=o =2, 0<m <M <00, 6>0.
1

Systems of such type arise in many biological and chemical problems [1, 2|. In
particular, such systems are used when modeling multistage substance synthesis [2],
where n is the number of stages, x;(t) is the substance concentration on the jth stage.

If the number n of the stages is very large, then we are faced with a “problem of
high dimension” of finding solutions to (1). In the case of 79 = oo this problem was
discussed in [3]. Developing the approach [3], we can solve this problem in the case
71 < T2 < 00. In the beginning we prove the limit theorem (see |3, 4]): @, (t) — y(t),
n — 0o, where y(t) is the solution to the problem for delay differential equation

{ WO — —gy(t) + gt~ Tyt 7)), t>7=(t -7 @)

y(t) =o(t), 0<t<7, ¢(r+0)=a.
Then we solve the boundary value problem for partial differential equation
e+ (7t =1 Due — (/20— 1) u., =0, t>0, z€(0,1),
uly—o = u’(2), Biul.—o = 1(t), Baul.—0 = @a(t),

(3)

where function u° is defined by initial conditions in (1), boundary operators B; and
functions ¢; are defined by equations in (1) and the solution to (2). Using the solutions
to (2), (3) we obtain xi(t) = u(t,z;), zr =(k—1)/(n—1),k=1,...,n,n> 1.

The author was supported by the Russian Foundation for Basic Research (project no. 18-
29-10086).
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Under study it is the stability of the inverted pendulum motion whose suspension
point oscillates sinusoidally along a straight line having a small angle a with the
vertical. The equation of motion of the pendulum has the form

g — aw?sin(wt) cosar aw? sin(wt) sin a¢

; sin p — ;

O +eg + cosp = 0,

where ¢ = @(t) is the angle of deviation of the pendulum from the lower vertical
position of equilibrium, ¢ is the friction coefficient, [ is the length of the pendulum, g
is the acceleration of gravity, a is the amplitude of the suspension point oscillations
and w is its oscillation frequency.

In case when a = 0 it is well known, that if the amplitude of the suspension
point oscillations is small enough ¢ < 1, then at a sufficiently high frequency w the
upper equilibrium position of the pendulum becomes stable. For the first time such
a result was predicted in 1908 by A. Stephenson [1]. The rigorous proof of this fact
was obtained by N.N. Bogolyobov [2]. Currently, there are different approaches to
the proof of this fact (see, for example, [3]).

In papers [4, 5] the problem of stability of the inverted pendulum motion in case
when o« > 0 is solved with the use of a special boundary value problem for the
Lyapunov differential equation, and the principle of contracting mapping, wherein it
is possible to obtain the estimate of the stabilization rate at ¢ — co. Developing the
approach [4, 5] and using the technique described in [6], we also obtain results on the
robust stability of the inverted pendulum motion with a vibrating suspension point.

The authors were supported by the Russian Foundation for Basic Research (project
no. 18-29-10086).
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A NONLINEAR CONSERVATIVE SYSTEM FOR
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A new system of hyperbolic PDEs capable of describing the nonlinear nature
of acoustic fluctuations that propagate over inhomogeneous and heterogeneous fluid
media is formulated. This novel system model is initially derived by using the tradi-
tional principles of nonlinear acoustics [1], i.e. the finite-amplitude methodology, to
yield a general system for describing acoustic fluctuations from the Navier—-Stokes—
Fourier equations. Here, by incorporating the special substitution technique of [2],
it is found that the classical result can be closed into a conservative system of
nonlinear PDEs. However, the resulting system is then found to be in a general
form of the conservation laws, namely the capacitive-conservative differential form
[3]. A closer look at the Rankine-Hugoniot relations that result from the system’s
associated flux function indicates that the system model is consistent with physical
the expectations inside the acoustic regime. As a result, we extend the high-order
shock-capturing numerical approach used in [4, 5] so that the nonlinear nature of the
acoustic propagation in heterogeneous fluid media (including shocks) can be captured
without numerical artifacts while keeping any numerical dissipation to a minimum.
To verify and illustrate the capabilities of the proposed nonlinear system model, one-
and two-dimensional benchmark problems of the linear acoustic literature [3, 6] are
revisited under our new formulation.
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SIMULATION OF NON-NEWTONIAN FLUID FLOWS
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Many processes in polymer composites, textiles, food and pharmaceutical indust-
ries involve the flow of non-Newtonian fluids in porous media. The paper proposes a
physical and mathematical model of local transport for non-Newtonian incompressible
fluid in a porous composite structure. The model is based on the asymptotic homo-
genization method of the three-dimensional Navier—Stokes equations with the non-
Newtonian Carreau—Yasuda viscosity. A numerical algorithm for solving local prob-
lems of non-Newtonian fluid flow in periodic cells of a composite structure, and
the distribution of single hole velocity, pressure and non-Newtonian viscosity was
obtained. The algorithm for calculating the permeability tensor is developed. The
simulation results of the distribution relationship between the norm of the macroscopic
pressure gradient and the average velocity are obtained.
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This paper deals with output stabilization for a class of nonlinear time-delay
systems described as

{ &t =Ax+ A;xz; + Bu+ ¢(z,x,),

y = Cu, (1)

where x € R” is the state vector, y € RP is the output vector, u € R™ is the control
input vector, A, A, € R"*™ and C' € RP*™ are the constant matrices of appropriate
dimensions, x; = x(t — 7) and 7 is the positive constant time-delay. ¢(z,z,) is a
nonlinear function with respect to x, x,.

Consider an observer of the following form

{ &= Ai + Arz, + Bu+ ¢(&,&,) + Ly — Ci) + L. (y — Cii), @)

y=C1,

where L, L, € R™*P are observer gain matrices to be determined later.

Firstly, the sufficient condition that observer (2) yields an asymptotic estimate for
nonlinear time-delay systems (1) is proposed. We emphasize the fact that an observer
can be designed by meaning of the quasi-one-sided Lipschitz condition even though
the linear part of nonlinear time-delay systems is not detectable. Furthermore, the
result is as follows: the quasi-one-sided Lipschitz condition is less conservative than
the Lipschitz condition [1] and the one-sided Lipschitz condition [2].

For systems (1), let a state feedback controller be of the form

u=—Kz—K;z,, (3)

where the gain matrices K, K, € R™*™. From (1) and (3), we obtain the closed-loop
systems
t=(A—BK)x+ (A, — BK;)z: + ¢(x,2,)
{ y = Cux.

Then, a state feedback controller is designed to stabilize the nonlinear time-delay
systems (1) by LMI approach. The sufficient condition of controller design for systems
(1) remain valid even though the linear part of systems is not stabilizable.

Subsequently, a separation principle is derived for stabilization of nonlinear time-
delay systems. That is to say, the observer and controller can be designed separately.

Finally, an illustrative numerical example is given to show the feasibility and
superiority of the proposed methods.

REFERENCES

1. Zemouche A., Boutayeb M., “Observer synthesis method for Lipschitz nonlinear discrete-
time systems with time-delay: an LMI approach,” Appl. Math. Comput., 218, No. 2,
419-429 (2011).

2. Dong Y., Liu W., Liang S., “Nonlinear observer design for one-sided Lipschitz systems
with time-varying delay and uncertainties,” Int. J. Robust Nonlinear Control, 27, No. 11,
1974-1998 (2017).

260



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

ON THE GENERALIZATION OF THE GAUSS-JORDAN
METHOD FOR SOLVING THE INFINITE SYSTEMS
OF LINEAR ALGEBRAIC EQUATIONS

Fedorov F.M.!, Pavlov N.N.2, Ivanova O.F.?, Potapova S.V.*

M. K. Ammosov North-Eastern Federal University, Yakutsk, Russia;
lfoma_46@mail.ru, 2pnnlO@mail.ru, 30_buskarova@mail.ru, 4sargyp@mail.ru

It is known that for solving various problems of natural science and technology,
a class of infinite systems of linear algebraic equations has received an extensive
application. For example, from the beginning of the last century to the present, infinite
systems are used to solve various problems of the static theory of elasticity. Various
problems of the theory of diffraction, the theory of electrical circuits, the theory
of waveguides, the variety of problems in the theory of cybernetic systems, in the
theory of mass service, in quantum chemistry, etc. have been solved and are solved
using infinite systems. But, for mathematical modeling of these problems only special
infinite systems are used, such as regular systems and systems with difference indexes.

The further wide practical application of the infinite systems is greatly limited by
the insufficient development of the theory of these systems and methods for solving
general systems.

In the proposed report, the classical Gauss—Jordan method for solving finite sys-
tems of linear algebraic equations is generalized to infinite systems. The generalization
is based on a new theory of general infinite systems, proposed by us, which gives an
exact analytical solution of infinite systems in the form of a series. Moreover, the
algorithm for the numerical implementation of a new approach to solving infinite
systems can be used to generalize to the infinite case not only the Gauss—Jordan
method, but any converging numerical methods for solving finite systems. A numerical
comparison with an exact solution is given, which shows acceptable accuracy.

The authors were supported by the Grant of the Ministry of Education and Science of
the Russian Federation (no. 1.6069.2017/8.9).
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Equations of ideal magnetohydrodynamics that describe stationary flows of an
inviscid ideally electrically conducting fluid are considered. Classes of exact solution
of these equations are described. With the use of the natural curvilinear coordinate
system, where the streamlines and magnetic force lines play the role of the coordinate
curves, the model equations are partially integrated and converted to the form that is
more convenient for the description of the magnetic lines and streamlines of particles.
As the coordinate system used is related to the initial coordinate system by a nonlocal
transformation, the group admitted by the system can change. An infinite-dimensional
(containing three arbitrary functions of time) group of symmetries is calculated for
the system in the natural coordinates. An optimal system of subgroups of dimensions
1 and 2 is constructed for this group. For one of the optimal system subgroups, an
invariant exact solution is found, which describes the electrically conducting fluid flow
of the vortex source type with swirling magnetic lines and streamlines.
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We consider 5-dimensional block-linear dynamical systems of the type

dx dx;
! _ L(.’Es) — X1 d7tj

similarly other-dimensional systems can be studied, see [1, 2]; L is a step function:
Lz)=a>1 for 0<z<1; L(z)=0 for 1 <x.

Hyperplanes z; = 1 decompose the domain @ := [0, a] x [0,a] x [0,a] x [0, a] x [0, a]
to 32 blocks. As in [2, 3], we denote them by multi-indices {e162e3¢465} :={X € Q|
gj =0, for 0<z; <1; ¢;=1, for 1 <x;}. Consider the following unions of the
blocks in Q:

Wi = {11110} U {11100} U {11101} U {11001} U {11011} U {10011}

U{10111} U {00111} U {01111} U {01110};

W = {11100} U {11000} U {11001} U {10001} U {10011} U {00011}
U{00111} U {00110} U {01110} U {01100};

W9 := {10000} U {10001} U {00001} U {00011} U {00010} U {00110}
U{00100} U {01100} U {01000} U {11000}.

Theorem 1. For 2 < 2a < 5—+/5, the domain WY contains exactly one Piece-wise
Linear cycle Cy of the system (1), such that Co is symmetric with respect to the cyclic
permutation o of the variables: t1 — o — T3 — T4 — T5 — Z7.

Theorem 2. For 5 + /5 < 2a, the domain W4 contains exactly one PL cycle C3
of the system (1), such that C3 is symmetric with respect to the permutation o.

REMARK 1. For all values of the parameter a, the domain W3 does not contain
cycles of the system (1) which are symmetric with respect to o.

REMARK 2. It was shown in [2] that the system (1) has one more cycle contained
in the union of 10 blocks {10101} U {00101} U {01101} U {01001} U {01011} U {01010}
U{11010} U {10010} U {10110} U {10100} which is disjoint with W3 U W2,

Analogous results hold for other odd-dimensional dynamical systems (smooth and
block-linear) similar to (1), see [2, 3].

The authors were supported by the Russian Foundation for Basic Research (project
no. 18-01-00057) and SB RAS (project no. 0314-2018-0011).
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The Pell-Padovan sequence { Py, } >0 is the sequence of integers defined by a third-
order recurrence equation
Pn:2pn—2+Pn—33

for n > 3, where Py = P = P, = 1. The first few values of Pell-Padovan numbers
are 1,1,1,3,3,7,9,17,25,43,67,111,177,289, ... (see, for example, [1]).

We investigate some families of Toeplitz—Hessenberg determinants the entries of
which are Pell-Padovan numbers. As a result, we obtain new identities involving sums
of products of these numbers and multinomial coefficients. In particular we obtain
some connection formulas between Pell-Padovan and Fibonacci numbers.

Our approach is similar in spirit to [2—4].

Recall that the Fibonacci sequence {F), },,>0 is defined by the initial values Fy = 0,
F} = 1 and the recurrence relation

F,=F, 1+ F, 2 n>2
Theorem. Let n > 2, except when noted otherwise. Then

3 (D) Elmg ()P B Py = 2(—1)"F, s,

S (—1) g (s) Py Py PO, = (L) el
D ()l ()P P2 - Py = 2(=1)" Fon,
Z (_1)‘S|mn(s)P;1P582P2g;Z+l :_2Fn*47 n >4,
S (Pl () B Py Pipy = 2P0 =27 mz
o y L(n=1)/3] N
~1)¥lm, ()P P2 - - Py =2 —1)7 ,
X0t pe =2 3 00
Z (,1)\s|mn(s)pzlpgz Py, =(—1) 2 | + PQL%J,

where |-| is the floor function, o, = s1+ 282+ -+ + nSp, || = s1+ 82+ -+ + S,
mpy(s) = (51:;'7??1)' is the multinomial coefficient, and the summation is over integers

s; > 0 satisfying s; + 2s9 + - - - + ns, = n.
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Two phase flows including phase transition, especially phase creation, with a sharp
interface remain a challenging task for numerics. We consider the isothermal Euler
equations with phase transition between a liquid and a vapor phase. The phase
interface is modeled as a sharp interface and the mass transfer across the phase
boundary is modeled by a kinetic relation [1, 2]. Existence and uniqueness results were
proven in [2-4]. We present a method to obtain the numerical solution for associated
Riemann problems. In particular we show how the cases of nucleation and cavitation
may be treated. The calculated results will be compared to the exact solutions.
Therefore we will highlight the major difficulties and propose possible strategies to
overcome these problems.
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We consider the problem of numerical expansion of an infinitesimal univariate
function into a generalized Taylor series in the form

f(@) =3 Caa? + ofa?),
=1

where C; € R and p; € Ry are coefficients and exponents of monomials. The
generalized Taylor series expansion is more difficult than ordinary Taylor series expan-
sion. The main problem is a necessity of finding out the unknown fractional monomial
exponents. A similar problem is the expansion of a function in a Puiseux series, in
which the sequence of exponents is a known arithmetic progression.

The necessity of using generalized Taylor series arises in such problems as fractional
polynomial regression [1-2], finding {ractional multiplicity of the root [3], analysis of
optimization programs with a nonzero duality gap [4].

We develop and study three automated algorithms based on estimation of parame-
ters of a logarithmic slope, which obtained after the transition to the logarithmic image
of the function. Finally, we report several numerical examples of the expansion of the
infinitesimal functions with fractional monomials.

The algorithms are applied to the expansion of multivariate functions. We find
posynomials with fractional and integer orders and the coefficients. The algorithm
allows to find several posynomials of different orders. Quadratic form defined by
Hessian has view of convex drop-liked figures that touch at the origin. This approach
allows to visualize posynomial of high orders of the two- or three-variable functions.
Coeflicients of proportionality are represented in polar coordinate system. Polar sur-
face of the coefficients can be obtained using Discrete Fourier Transform. It leads to
new approaches for computing Hessians and other high-order Gateaux derivatives.
Finding of these characteristics with using finite-difference formulas lead to numerical
errors. The proposed approach makes it easy to verify the optimal properties of
stationary points.
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Wind power is considered among the most promising sustainable energy sources.
There has been a considerable growth in the installed electricity generation capacity
worldwide in the last decades. For the successful exploitation of this technology,
however, accurate forecasts of wind speed and other quantities, describing the atmo-
spheric conditions, are needed.

If one needs to obtain reliable long-term forecasts, then physically-based models
are used in order to predict the behaviour of the atmosphere. In mathematical terms,
those models comprise of PDE systems, based on conservation laws as well as empirical
evidence, that are solved numerically. They, however, are known to exhibit systematic
over- or underestimation of the wind, because of sub-grid atmospheric processes that
cannot, be resolved in the numerical model.

Therefore, further improvement of the forecast should be searched for. For this
purpose, local measurements can be used and based on them post-processing of the
numerical results from the physically-based models can be carried.

In the present work, we shall give a broad overview of the mathematical modelling
of meteorological processes. Then, we shall focus on proposing an ensemble of post-
processing techniques, based on appropriately constructed Kalman filters, various
fitting techniques, etc. Numerical experiments will be presented in order to validate
the applicability of the proposed methods. Based on them, conclusions will be made
for the accuracy of the obtained wind speed forecasts.
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In this paper, we expand the class of nondegenerate two-point boundary value
problems for the Sturm—Liouville equation, which have a complete system of eigen-
functions and associated functions in special function spaces. Such spaces depend on
the length of support of the potential of the Sturm—Liouville equation. The formulated
results clarify well-known results of V. A. Marchenko [1]. Two-point boundary value
problems for the Sturm-Liouville equation are divided into degenerate and non-
degenerate boundary conditions in the sense of V. A. Marchenko. The main result
of V. A. Marchenko asserts that systems of eigenfunctions and associated functions
of nondegenerate boundary value problems for the Sturm—Liouville equation form a
complete system of functions in the space of square-summable functions. In this paper,
the result of V.A. Marchenko is clarified in the following direction [2—4]. There are
operators with a complete system of eigenfunctions and associated functions in the
space of square-summable functions among the degenerate boundary value problems
in the sense of V.A. Marchenko. The presence of the completeness property depends
on the length of support of the measure which is antisymmetry to the potential of the
Sturm—Liouville equation.

This research is financially supported by the grant no. AP05131292 from the Ministry of
Science and Education of the Republic of Kazakhstan.
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In the paper, applying the special integral representation of functions obtained
in [1], the correct solvability of the Dirichlet problem for regular equations in R} is
studied in special weighted spaces. In particular, as in the quasi-elliptic case (see [2]),
a scale of such weighted spaces is constructed.

Consider the differential operator P(D,, D, ) in R} with constant real coefficients
aj (jz 1,...,M)

M ‘
P(Dy,D,,) = D"+ a;D. (1)
j=1

The operator (1) is a regular operator, i.e. P(£,&,) # 0, when | + &,| # 0.

In R?} consider the following Dirichlet problem:

P(D.,D, U = f(z,2,), x€R" x,>0, (2)
oo
, =0, j=0,1,...,m—1. (3)
81‘% x,=0

For 1 < p < oo denote by x = |u°| (1 — zl))’ where 1% = (uf,..., 00 1, p0) =

(1/lh,y ..., 1/l—1,1/(2m)) and ¢p := min (nllinué/mlexxué).
J

In this paper we study the solvability of problem (2), (3), namely, the following
theorems will be proved.

Theorem 1. Let [°| > 1, 1 — x < 0 < min{2c, |°|/p}. Then for any function
f € Lp(RT) N Ly _,(R?) the problem (2), (3) has a unique solution U € W% (R™),
moreover, with some constant C' > 0 the following inequality holds:

1Ullwae gy < CUSI L, @ny + 111z, @)

Theorem 2. Let o < min{2co, [u°[/p}, 1 > |p®| > 1= Ly i, pyi i= min  p,

J=1,m
L is a positive integer such that 1 —x — (L — )b, >0 >1—x—Lud ... Then for
any function f € £, (R") ther is a unique solution U € W% (R") to the Dirichlet
problem (2), (3), and with some constant C' > 0 the following estimate holds:

L1 (RY) ) .
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We consider the following dynamical system as a model of circular gene network:
i’j :Lj($j,1)—kj$j, j:1,5,8, i’j :F]‘((L'jfl)—kjl'j, j:2,3,4,677,9‘ (1)

Here, monotonically decreasing functions L; and monotonically increasing functions
I'; are smooth and describe negative, respectively, positive feedbacks in the gene
network, z;(t) are concentrations of the proteins and corresponding mRNAs, the
positive constants k; characterize the rates of degradation and synthesis of proteins
and mRNAs, see [1, 2]. We assume that j —1 =9 for j = 1. Similarly, one can study
n-dimensional systems of the type (1) with an arbitrary order of the equations with
the functions Lj, I';, we denote these systems by {LI'}.

For the system (1), let A; = 2% if j =1,5,8;and A; == - A;_4,if j # 1,5,8;

Q°:=TI2V[0, 45] C R,
Lemma 1. Q° is a positively invariant domain of the system (1).

Lemma 2. The system (1) has a unique equilibrium point Sy € Q°.

The hyperplanes parallel to the coordinate ones and containing Sp = {z9,..., 23}
subdivide Q° to 2% blocks; as in [1,3], we enumerate them by binary multi-indices:
e={e1,...,e9} where g; = 1 if for all points of the block z; > 29, otherwise ; = 0.

For each pair of adjacent blocks €1, €3 the trajectories of the system (1) pass from
block to block only in one direction, either €; — €3, or €5 — ¢1. We say that the
block € has valency V if the number of its adjacent blocks €, such that ¢ — €, equals
V.

Theorem. If Sy is a hyperbolic equilibrium point of the system (1), then the
invariant domain Q° contains at least one cycle which travels from block to block
according to the diagram composed by blocks with valency 1:

{000011101} — {000011100} — {100011100} — {110011100} — {111011100} —
{111111100} — {111101100} — {111100100} — {111100000} — {111100010} —
{111100011} — {011100011} — {001100011} — {000100011} — {000000011} —
{000010011} — {000011011} — {000011111} — {000011101} — ... (2)

The diagram (2) shows location of this cycle in the domain @Q°.

For any n-dimesional system of form {LI'} when the number of decreasing func-
tions L; is odd, we elaborate an algorithm of construction of a diagram composed by
blocks with the valency 1 similar to (2). If the number of the functions L; is even
then the domain Q™ does not contain blocks with odd valency.

The author was supported by the Russian Foundation for Basic Research (project no. 18-
01-00057).
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Recently the difference schemes of interpolation type were applied to simulate
electromagnetic waves propagation both in homogeneous and inhomogeneous media.
These schemes are based on a constrained interpolation profile (CIP) method [1] which
is based on the Hermite interpolation in space. This allows developing the difference
schemes of upwind type of a high order by increasing the order of derivatives taken into
account. The main advantage of CIP approach is increased stability in comparison
with the original finite-difference time domain technique (FDTD). In addition, the
CIP method allows to resolute discontinuous solution more accurate. It has the most
impact in the case of dispersive media or in the case of composite media with different
properties [2].

In the present paper a scope of difference schemes of CIP type has been considered.
These schemes were derived on an extended stencil. It has been shown that the
CIP schemes didn’t produce significant oscillations in simulation of the Maxwell
equations as far as the FDTD method was obtained to generate the oscillations.
A comparison between CIP and FDTD approaches on the example of simulation of
the electromagnetic wave propagation in the dispersive medium has been conducted.
It has been obtained that the CIP calculations of the fifth order approximate a
discontinuity more accurate than the calculations of the third order; at the same time
the difference between CIP calculations of the fifth and nine orders is insignificant.
All considered CIP schemes were shown to give more accurate and less oscillatory
numerical solutions than the FDTD scheme. In addition, the resonant peaks were
approximated with appropriate accuracy in the case of material contrast to back-
ground medium.
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Implementation of a new vectorized high-order accuracy numerical method for
solving gravitational hydrodynamics equations on massive-parallel supercomputers
equipped with Intel Xeon Phi accelerators is presented in the paper. Combination of
the Godunov method, the Harten-Lax—Van Leer method and the piecewise parabolic
method on local stencil is at the basis of the method, that allows achieving high-
order accuracy for smooth solutions and low dissipation on discontinuities. Numerical
experiment results, which describe the mechanism of collision of different types of
galaxies, are shown.

The author was supported by the Russian Foundation for Basic Research (projects no. 18-
01-00166, 18-07-00757 and 18-41-543012).
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I will present a new method of constructing well-balanced schemes for hyperbolic
systems of balance laws. Our approach is based on incorporating the source terms
into the fluxes. This leads to flux globalization as the rewritten system becomes a
system of conservation—not balance—laws, but with a global flux, which makes it quite
complicated to design an upwind scheme. It is not difficult, however, to construct
Riemann-problem-solver-free central-upwind and relaxation schemes for the systems
with global fluxes.

Our new approach will be demonstrated on several shallow water models (including
rotating thermal shallow water equations) and Euler equations with gravitation.

The talk will be based on several recent works [1-4].
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The problem of timely warning about the danger of nearfield tsunami after the
strong offshore earthquake is still unresolved, even if the number of publications is
substantional, see, for example, [1]. For the coast of Japan it takes nearly 20 minutes
for tsunami wave to approach the nearest dry land after offshore seismic event. Robust
evaluation of tsunami wave danger should be based on correct process simulation:
wave generation, propagation, and inundation to a dry land. There are several tools
to calculate the wave propagation over the real digital bathymetry, see [2-3].

In this paper we study the influence of the exact tsunami source location on
maximal wave heights distribution along the nearest shore line. For the typical initial
sea bed displacement at tsunami source the large (say, over 10 m) wave heights are
localized at rather narrow areas along the coastline. So, for the same seismic event
one point at coast could be safe, while the closely located part should be evacuated.

We use Mac-Cormack scheme for numerical treatment of the shallow water system.
Specialized “Calculator”, based on FPGA (Field-Programmable Gate Array), micro-
chip Xilinx Virtex-7 VC709, was used for numerical tests. The Calculator architecture
is described in [4]. The Calculator with a regular modern PC needs 25 sec to simulate
wave propagation over the considered water area. The ‘“real” travel time for the wave
is evaluated as 3200 sec.

Results of numerical test with real bathymetry at southern part of Japan are
presented. Digital bathymetry is based on Japan Oceanographic Data Center (JODC)
500m Gridded Bathymetry Data. Realistic tsunami source approximately 100 x 200
km was used. As was numerically observed, rather small move of tsunami source
(compared to 100 km) change the coastal zone, subject of dangerous tsunami wave
amplitude.

The authors were supported by the Russian Federal Targeted Program Grant 14.574.21.0145.
Unique project ID - REMEFI57417X0145.
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This paper describes new forms of layer-damping functions eliminating singulari-
ties of solutions to singularly-perturbed problems and corresponding layer-resolving

grids. These functions are constructed by using four basic local transformations
k

zi(€,e,b,k), i = 1,2,3,4, having the following form: z1(£,¢,b, k) = —%ln(l — df),
k> 0,b>0; 22(66,bk) = (1 —dé)=Y> —1), k > 0, b > 0; x3(&,¢e,b,k) =
(eFb 4 de) — ek k> 0,1 > b > 0; 24(&,6,b,k) = *((1 + )% 1), k > 0,
b > 0. The transformation z1(§,¢,b,k), for k = 1, was introduced in [1], while the
transformations x;(§,¢,b,k),i = 2, 3,4, were introduced in [2].

The first transformation is aimed at dealing with exponential-type layers only,
typically represented by functions exp(—bz/c*) occurring in problems for which the
solutions of reduced (¢ = 0) problems do not have singularities. The second transfor-
mation is aimed at dealing with both exponential- and power-type of kind 1 layers,
engendered by a function "% /(e + x)", » > 0, for which the solutions of reduced
problems have singularities as well. The third example is aimed at dealing with
power-type of kind 2 layers, represented by functions (¥ + z)", 0 < r < 1, for
which the solutions of reduced problems have singularities. The fourth transformation
is aimed at dealing with logarithmic-type layers, represented by functions In(e* +
x)/Ine®. These transformations are used as reference elements to construct explicitly
global layer-damping coordinate mappings x(, €) generated via standard procedures
of shifting, blending, scaling, inverting, composing, reflecting, and matching them to
each other and to polynomials and corresponding layer-resolving grids by the formula
x; = xz(i/N,e).

It seems that the new layer-resolving grids described in the paper should empower
researchers to solve broader and more important classes of problems having not
only exponential-, but power-, logarithmic-, and mixed-type boundary and interior
layers [3].

The paper also demonstrates applications of such layer-resolving grids and high-
order schemes to numerical solutions for certain boundary-value problems having
diverse types of boundary and interior layers.
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In this work we study the stabilization of the strong solution of the inverse problem
for the pseudoparabolic equation (Problem 1) to the solution of the appropriate
stationary inverse problem (Problem 2) as t — +oc.

Problem 1. For given functions f(¢, ), Up(x), B(t, x), w(t, ), p(t) and a constant
7 find the pair of unknown functions {u(t,z), k(t)} satisfying the equation

(u — ndiv(M(z)Vu) + m(z)u); — div(M(x)Vu) + m(x)u + k(t)u = f,

the initial data
(u = ndiv(M(@)Va) + m(@)u) =0 = Uo(a),
the boundary condition
uloq = B(t, )

and the condition of overdetermination

/39 {7787% T iﬁ}w(t, x)ds = p(t).

ON ON
Here Q@ C R" is a bounded domain with a boundary 09, t € (0,T), M(x) = (m;;(z)) is
a matrix of functions m;;(x), i,j =1,2,...,m; a% = (M(z)V,n), n is the unit vector

of the outward normal to the boundary 9€2. The operator M = —div(M(x)V)+m(x)]
is supposed to be elliptic and selfadjoint (I is the identity operator).

The stationary inverse problem corresponds to Problem 1 in the case of the steady-
state process.

Problem 2. For given functions f*°(x), 5°(z), w™(x) and a constant y> find
the pair of function u®(z) and constant k> satisfying the equation

—div(M(z)Vu™) + m(x)u™ + k<u>® = f°,
the boundary condition
u™ oo = B> ()
and the condition of overdetermination
ou>
o0 ON
Under certain assumptions on the input data for Problems 1 and 2, the stabiliza-

tion of Problem 1 is proved in the sense that [[u —u™|[yzq) — 0 and |k(t) k[ — 0
as t — +oo. Estimates

w™(x)ds = p™.

Ju = u®llwzq) < c1exp™

|k(t) — k| < czexp™ 2!

holds with positive constants ¢;, ¢+ = 1, 2, 3.

Applications of such problems deal with the recovery of unknown parameters
indicating physical properties of a medium. In particular, the lowest coefficient k
specifies, for instance, the catabolism of contaminants due to chemical reactions or
the absorption (also known as potential) in the diffusion and acoustics problems.
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TO THE BRETHERTON PROBLEM FOR THE MOTION
OF LONG BUBBLES IN TUBES
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The problem of motion of axisymmetric long bubble in capillary for small capillary
numbers, Ca, is known as the classical Bretherton problem, which is solved for the
first time by using asymptotic analysis [1]. Extensions of the solutions, accounting
more precisely for the geometry and magnitudes of Ca, are reported in the literature
[2, 3]. The hydrodynamic problem in the case of Taylor bubbles is solved numerically,
using a CFD-generated database [4].

We developed a generalized second-order lubrication approach and solved the
respective hydrodynamic Stokes problems analytically. The solutions give the pressure
distributions along the arbitrary bubble surface for the both cases of free surface and
tangentially immobile interfaces. Subsequently, the boundary value problem for the
shape is solved numerically with initial conditions in the cylindrical part of bubbles,
which correspond to the Landau—Levich type solution of the linearized problem.
Phase diagrams for the regions of the possible solutions are obtained in terms of
system parameters (capillary numbers, flow rates, and Bond numbers). The high
accuracy and efficiency of the modeling is achieved, using the Runge-Kutta method
of 14*™ order. The obtained results from our approach are compared with available
experimental data for Taylor and rising bubbles. The excellent agreement between
theory and experiments and the very fast numerical solution of the boundary value
problem make this approach suitable for data processing of more complex systems.
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COMPUTING DEPTH MAP FROM STEREO IMAGES
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A variational model for depth estimation from a pair of stereo images will be
presented in the talk as well as a numerical method for computation of the depth
map. Depth is inferred by matching the pixels in two images. This is known as
the correspondence problem — that is, to determine for each point in one image
its corresponding point in the other image. Solution of the correspondence problem
is called the disparity map. The depth and disparity maps are related as disparity =
focus x camdistance/depth, where camdistance is the distance between two parallel
stereo cameras both having the same focus.

Our variational model combines intensity based energy functionals with the total
variation regularization. Namely, the model is given by the minimization problem

min /QF(x,u(x))dm—i-oz/Q|uw(x)|dx,

a<u(z)<b

where the unknown function u: Q — [a, b] possesses bounded variation, Q = [0, L] x
[0, La] x - - -x [0, Ly,] is a rectangular domain in R™, o > 0 is a regularization parameter,
|ug(x)| = \/uz, +...+u2 is the length of the gradient u, = [us,,. .., Us,].

Proper choice of function F(z,t) allows one to model solutions to many problems
of image processing. For example, F(x1,29,t) = |L(x1,22) — R(z1 — t,x2)| can be
used as a dissimilarity function in computing the disparity map for rectified stereo
images L(z) and R(x).

In general, the function F(x,t) is not convex for the variable ¢, and the above
formulated initial minimization problem is not convex too. However, it is possible
to prove that its solution u(z) equals ff ¢(z,t)dt, where ¢(z,t) is a solution of the
convex minimization problem

min/ Fi(x,t)p(x, t)dxdt + a/ |p1(z, t)|dxdt
P Ja,b]xQ [a,b] x Q2

with the following convex constraints: po = ¢; < 0, p1 = ¢, ¢(x,a) = 1, ¢(x,b) = 0.
Such a convex minimization problem is referred to as a convex relaxation of the initial
minimization problem.

The convex relaxation problem can be solved by means of the augmented Lagran-
gian method combined with the splitting with respect to the variables ¢ and p =
(po,p1). The most time and memory consuming part of the algorithm is solution of
a three-dimensional Poisson equation for the function ¢(x,t), where © = (x1,x2).
Note that typical lengths of discretized variables 1, 2 and t are 512, 512 and 256 so
that only discretization of ¢ requires computer memory equal to a half of Gigabyte.
Moreover, the Poisson equation must be solved several dozen or hundred times.

The Poisson equation of moderate size is solved by the fast Poisson solvers based
on the fast discrete cosine and sine transforms. The Poisson equation of large size is
solved by the so-called narrow band approach, where the solution is computed on a
sequence of multiple grids within a narrow band in a vicinity of the true solution.
The Poisson equation being discretized in a narrow band is solved by the conjugate
gradient method using preconditioning by the fast Poisson solvers.

The variational models and numerical solution can be extended in order to incor-
porate matching feature points in the images L(z) and R(x).

The author was supported by the Research Executive Agency of the European Commis-
sion (project no. 778035 — PDE-GIR — H2020-MSCA-RISE-2017).
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We consider Riemann problems for a two-phase isothermal flow model of a dis-
persed phase in a compressible carrier phase. It is a weakly hyperbolic system of
conservative partial differential equations. This model is the conservation part of
a more complete physical model proposed by Hantke et al. [1] which involves phase
transitions in case both phases are of the same material. One purpose of this talk is to
better understand the mathematical properties of the simplified model. We investigate
the characteristic structure of the Riemann problems and show their exact solutions
[2]. Solutions may contain delta shocks or vaporless states. We give examples for initial
data corresponding to a system of water bubbles dispersed in liquid water. It turns
out that, due to the equations of state for the carrier phase, droplets or solid particles
in a gas are a mathematically simpler case than gas bubbles or solids in a liquid.

Furthermore, we use Godunov’s scheme and construct a new HLL-type Riemann
solver to perform numerical simulations on the homogeneous part of the model. In
each time step an approximate MUSCL-Hancock finite volume scheme is used in which
intercell Riemann problems are solved using the new GHLL-solver [3]. We would also
like to present some recent results on numerical simulations of the complete model
and different approaches concerning the missing eigenvector of the linearized system.

The authors were supported by the GRK 1554 (Micro-Macro-Interactions of structured
Media and Particle Systems).
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ON EXPONENTIAL STABILITY OF SOLUTIONS TO
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We consider some classes of nonautonomous time-delay systems

S0 = £ (L) pte =) ot =), 0

This paper presents a continuation of our works on stability of solutions to delay
differential equations (for example, see [1-7]). We establish conditions under which
the zero solution to (1) is exponentially stable. We obtain estimates characterizing
exponential decay of solutions to (1) at infinity and estimates for attraction sets of the
zero solution. These results are extended to time-delay systems with one time-varying
delay and several delays. We use Lyapunov—Krasovskii functionals of special forms.

The author was supported by the Russian Foundation for Basic Research (project no. 18-
29-10086).
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The subject of the research is application of the continuous wavelet transform [1]
for localization of the informative points (extrema and inflection points) for signals
of medical nature (pulse wave).

Some assertions which state the connection between extremum /inflection points
and zeros of wavelet coefficients of signals were proven. A numerical algorithm to find
extremum /inflection points based on these assertions was elaborated, realized, tested
on some model signals and then applied to analysis of pulse waves.

The elaborated algorithm showed its efficiency; it possesses certain advantages in
comparison to the existed methods [2, 3].

The algorithm was realized in two ways: with the use of standard functions in
Matlab and with the use of Python. The first variant shows that the Haar wavelet
(respectively, the Gauss wavelet) is more effective for the search of extrema (inflection
points). The second realization has better accuracy of informative points localizaton
due to appropriate choice of algorithm parameters.
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Shallow water type models have been successfully applied to many real life situa-
tions for the simulation of geophysical flows: river floods, sediment transport, tsunami
modelling, etc. Although these models are based on an averaged process on the vertical
direction, recent techniques based on a multilayer approach allows to overcome this
simplification and to better describe the flow and vertical effects therein.

Nevertheless, such models are based on the assumption of hydrostatic pressure. In
recent years there has been an increasing interest on including the so-called dispersive
or non-hydrostatic effects into the model.

We propose here to study non-hydrostatic shallow water type systems. We propose
first to study a one layer depth-integrated non-hydrostatic system [1]. An efficient
numerical scheme will be proposed in order to solve such system. The dispersive
relations of the system can be improved by extending the system to two or several
layers [2], where again we will focus on the efficient algorithms that will allow us to
solve the system for real life applications.

Finally, non-hydrostatic shallow models will be adapted for the simulation of
sediment transport [3], where such effects may have an important impact onto the
sediment layer.

The authors were supported by the by the Spanish Government and FEDER (projects
no. MTM 2015-70490-C2-1-R and MTM 2015-70490-C2-2-R)).
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Consider the problem

Au + %\VUF —a(@ P =0, 2’ :=(21,...,2,) €Q, Tpy1 >0, (1)
ou
UQ% = 0, 37/ S 89, Tn+1 > O, (2)

where € is a bounded domain with a Lipschitz boundary in R™, a is a measurable,

bounded, and nonnegative function, /a(x’)dx’ >0, -1<a#0,and p > 1.

Q
The following assertion is presented.

Theorem. If u(x) is a positive solution of problem (1)—(2), satisfying the limit
2(a+1)
relation  lim u*t(2')dz’ =0, then lim x5 uT (z) exists for each
Tp41—>00 Tpn41 Tp41—+00
Q
2’ from QQ, this limit is uniform with respect to =’ from (), and this limit is equal either

a+1
p—1

2(2ac + p + 1)mesQ2
(a+1)2 / a(y)dy (o + Da(z') — 1
Q

to zero or to

The semilinear case, i.e., the case where a = 0, is investigated in [1].

The considered quasilinear term arises in various applications (see, e.g., [2] and
references therein) and is important from the purely theoretical viewpoint because
the second power of the first derivative of the desired function is the limit case
in a way: this is the greatest power such that Bernstein-type conditions for the
corresponding elliptic problem provide the presence of a priori L,-estimates for first-
order derivatives of the solution via the L.,-norm of the solution itself (see, e.g.,
[3-3])-
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In this work, the Euler equations with chemical reaction is solved in Euler grids,
we illustrate an adaptive multi-resolution method for reactive multifluids with sharp
interface. Pyramid data structure is used in the adaptive multi-resolution technique
for efficiency, a conservative interface method is obtained by updating both reactive
and unreactive fluids individually, and the detonation and the deflagration interface
is captured by the level set method and the ghost fluid method, small cut cells are
treated as that in the previous work of N. A. Adams and X.Y. Hu [2]. To get the
numerical fluxes across the reactive interface, Riemann problems for reactive fluids
are considered [1, 4]. With the help of adaptive multi-resolution algorithms, the
method achieves high accuracy with more details and high computational efficiency.
The adaptive MR method for reacting fluid can be extended to high dimension
conveniently and general equation of states [3, 5]. Numerical examples in two or
three-dimension are carried out to demonstrate the potential and robustness of this
method.
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This paper deals with the initial boundary value problem for a class of fourth
order parabolic equations with the nonlinear strain term and viscous damping term.
Through analyzing the initial space of the proposed equations, the initial data which
belong to three different spaces at the same time are divided into subcritical, critical
and supercritical initial energy levels from potential well method. For the subcritical
and critical initial energy levels, the global existence, asymptotic behavior and blow
up in finite time of solutions are obtained by Galerkin approximation and the concave
method. Furthermore, the global nonexistence solution is revealed at supercritical
initial energy level.

The authors were supported by the National Natural Science Foundation of China
[No. 61572300; No. 81871508; No. 61773246], the Taishan Scholar Program of Shandong
Province of China [No. TSHW201502038] and the Major Program of Shandong Province
Natural Science Foundation [No. ZR2018ZB0419].

285



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

MORPHOLOGY OF GE QUANTUM DOTS ARRAYS
ON PREPATTERNED SI SUBSTRATES —
MOLECULAR DYNAMICS SIMULATIONS

Novikov P.L.}2, Pavsky K. V.2, Baranov A.A.?, Dvurechenskii A. V.2

L Rzhanov Institute of Semiconductor Physics SB RAS, Novosibirsk, Russia;
novikov@isp.nsc.ru, pkv@isp.nsc.ru
2 Novosibirsk State University, Novosibirsk, Russia;
anatolij.baranov.a@gmail.com

Creation of space-arranged arrays of semiconductor quantum dots is a challenge
in the field of material science [1-3]. These arrays can be formed by growth on pre-
patterned substrates. At present time mechanism of atomic surface diffusion and
nucleation of 3D islands in grooves and pits, strain in prepatterned substrates and non-
equilibrium distribution of chemical potential are not studied. The suitable method
to solve such kind of problems is molecular dynamics simulations (MD).

In the present work the arrays of Ge nanoislands on Si prepatterned substrates
are studied by MD simulations. Morphologies with more than one nanoisland per
a pit were considered. In particular, substrates with square-shaped pits, crossing at
their conners, were studied. Conditions are determined, at which thermodynamically
favorable morphology is the one with nanoislands either at pit bottoms or at edges,
respectively.

The search of the nearest neighbors for each atom of Ge/Si heterostructure occu-
pies up to 95 % of computing time in MD simulations. Parallel algorithms of neighbor
search in a mesh of atoms were developed and realized for computing systems (CS)
with shared and distributed memory using Verlet lists [4] in MPI and OpenMP
standards. Efficiency of their performance on CS is shown.

The authors were supported by Presidium of Russian Academy of Science (grant no. 0306-
2018-0012) and by the Russian Foundation for Basic Research (project no. 18-41-540005).
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We study the vibrations of a microelectromechanical resonator of the platform
type made of nonlinear materials. The design of such micro-resonator was proposed
by E.G. Kostsov and S.I. Fadeev [1-3]. In contrast to their works, we consider in
our model the micro-cantilever beam made of a power-law material. The sufficient
conditions for the existence of periodic solutions to the lumped model equation are
proved analytically and verified numerically by ODE solvers.

The authors were supported by the Nazarbayev University ORAU grant “Modeling and
Simulation of Nonlinear Material Structures for Mechanical Pressure Sensing and Actuation
Applications”.
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We study the Cauchy problem for a degenerate parabolic equation
w (il = 9i(Waa) = 0, u(0,2) = up(x) € L (T"), (1)
i=1

where T" = R"/Z" is an n-dimensional torus. The flux functions f;(u) € C(R) are
supposed to have bounded variation in any segment while the diffusion functions
gi(u) are continuous nondecreasing functions. In the case when g;(u) = 0 equation
(1) reduces to a multidimensional conservation law

U + Z filu)z, = 0. (1a)
i=1

We can represent the flux functions f;(u), ¢ = 1,...,n, as the differences f;(u) =
fi7(w) — f7 (u) of nondecreasing functions. For a fixed ¢ > 0 we introduce the
nondecreasing functions h (u) = £ (u) + 19i(u) and define the approximate solution
u=u(t,z;€) of (1) as a solution of ODE

n

1

1=~y [hL(u(t,z —ee;)) + h(u(t, ;
o= 2 Dl (ult = <))+ (alt o+ <)
—h;(u(t,z)) = h(u(t, )], u(0) = uo, (2)
considered in the Banach space L (T"). Here e;, ¢ = 1,...,n, is the standard basis

in R™.

Theorem. There exists a unique solution u(t,z;e) € CY(Ry, L>°(T")) of problem
(2). Moreover, ||u(t,-,€)llco < ||tuollco, and the map ug — u(t,-,€) is monotone and
nonexpansive in L'(T"). As e — 0 the approximate solutions u(t,z;e) — u(t,z) in
C(Ry, LY(T™)), where u(t, ) is a unique entropy solution of problem (1) in the sense
of [1,2].

In the isotropic case g; = g(u), i = 1,...,n, the presented results were established
in [3], for conservation laws (1a) see the earlier paper [4].

The research was supported by the Russian Foundation for Basic Research (grant no. 18-
01-00258-a).
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SHTC EQUATIONS AS HAMILTONIAN MECHANICS
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We discuss Hamiltonian structure of the Symmetric Hyperbolic Thermodynami-
cally Compatible (SHTC) formulation for continuum mechanics [3] which originates
from the work [7] by S.K. Godunov. By transformation to the Eulerian frame, the
Poisson bracket for the reversible part of the unified formulation of continuum fluid
and solid mechanics [1] in the SHTC framework is derived, which expresses kinematics
of the density, momentum density, entropy density and distortion field (inverse defor-
mation gradient). The reversible part of the model is thus Hamiltonian. In particular,
it fulfills Jacobi identity, which expresses self-consistency of the model (geometric,
hyperbolicity, invariance). Finally, we show the Lie-algebraic [2] structure of the
Poisson bracket, which leads to a natural generalization by means of semidirect
product. The geometric and Hamiltonian structure of the reversible part of the model
will be demonstrated.

Moreover, the irreversible part of the SHTC equations is usually constructed as
algebraic dissipation (not involving any spatial gradients). The dissipation can be seen
as a realization of gradient dynamics generated by a dissipation potential [3, 4]. This
paves a way to introducing fluctuations to the model [5].

In summary, the reversible part of the SHTC model is Hamiltonian and the
irreversible part represents gradient dynamics. The model can be thus consistently
incorporated into the framework of General Equation for Non-Equilibrium Reversible-
Irreversible Coupling (GENERIC) [4, 6].

This is a joint work with Miroslav Grmela and Evgeniy Romenski.

The authors were supported by Czech Grant Agency (project no. 17-15498Y), Multiscale
Non-equilibrium Thermodynamics and by ANR-11-LABX-0040-CIMI within the program
ANR-11-IDEX-0002-02.
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MATHEMATICAL MODELING OF HETEROGENEOUS
MEDIA WITH SMALL-SCALE FRACTURING

Perepechko Yu.V.!, Romenski E.I.?, Reshetova G.V.?

LY. S. Sobolev Institute of Geology and Mineralogy SB RAS, Novosibirsk, Russia;
perep@igm.nsc.ru
2Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia;
evrom@math.nsc.ru
3 Institute of Computational Mathematics and Mathematical Geophysics SB RAS,
Novosibirsk, Russia; kgv@nmsf .sscc.ru

This work presents a model of a saturated porous medium in the presence of
small-scale fracturing described in the continual approximation. Petroleum reservoirs
in shale rocks represent a relevant example of systems characterized by the anomalous
properties of media they are composed. Small-scale fracturing is one of the important
features of shale rocks, leading to a strong variation of their rheological properties. An
adequate model of shale reservoirs may be a model of multiphase flow in viscous-plastic
fractured-porous matrices. In this work, the description of the heterogeneous media
is based on the method of thermodynamically compatible systems of conservation
laws [1], ensuring the hyperbolicity and divergence form of the governing equations
of the model and application of effective high accuracy numerical methods developed
for solving systems of hyperbolic equations [2]. The introduction of an additional
parameter of state characterizing the small scale fracturing [3] allows taking into
account the dependence of kinetic and thermodynamic parameters on the pressure
and stress tensor in fractured porous medium and the mutual dependence of the
volume fractions of the multiphase medium and stress field. The proposed model
allows studying the flows of multiphase mixtures in fractured-porous medium and
its influence on the evolution of small-scale fracturing. The work also considers the
propagation of acoustic waves in a rheologically nonlinear saturated porous medium
described by the proposed model.

The authors were supported by the Russian Foundation for Basic Research (project
no. 16-29-15131).
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The new two-phase model for a compressible fluid flow in deforming porous media
is presented. The derivation of the model is based on the symmetric hyperbolic
thermodynamically compatible systems theory, which is developed with the use of
the first principles and fundamental laws of thermodynamics. The proposed model
is an extension of the unified model of continuum mechanics proposed in [1]. The
governing PDEs form the first order hyperbolic system and can be used for studying a
wide variety of processes in saturated porous media, including small amplitude wave
propagation. The theory predicts the three types of waves: fast and slow pressure
waves and a shear wave, as it is in Biot’s model. The material constants of the model
are fully determined by the properties of the solid and the fluid phases, and unlike
Biot’s model do not contain empirical parameters. The governing PDEs for small
amplitude wave propagation in a saturated porous medium are presented, and the
efficient numerical method has been developed for solving these PDEs, based on the
finite difference staggered-grid scheme of fourth order spatial accuracy with modified
coefficients to provide approximation in inhomogeneous media. An application of the
developed computational framework to solving a series of test problems confirms the
robustness and efficiency of the approach presented.

The authors were supported by the Russian Foundation for Basic Research (project
no. 19-01-00347).

REFERENCES

1. Dumbser M., Peshkov I. M., Romenski E.I., Zanotti O., “High order ADER schemes
for a unified first order hyperbolic formulation of continuum mechanics: viscous heat-
conducting fluids and elastic solids,” J. Comput. Phys., 314, 824-862 (2016).

291



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”
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AND COMPUTATIONAL ALGORITHM

Rudoy E.M."2, Furtsev A.I!

! Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russia;
2 Nowosibirsk State University, Novosibirsk, Russia;
rem@hydro.nsc.ru, al.furtsev@mail.ru

In the framework of two-dimensional elasticity, a problem of a bonded structure
of two bodies along a common interface called an adhesive layer is considered. It is
assumed that there exists a delamination crack in the adhesive layer. The bodies are
clamped on parts of their external boundaries. The structure is in equilibrium under
the action of surface forces applied to the rest parts of the external boundaries.

The main objective of the work is to conduct a comprehensive study of the problem
of bonded bodies: to construct a mathematical model that adequately describes the
bonded structure, taking into account the presence of the delamination crack; derive
the boundary conditions and give them a mechanical interpretation; derive the Griffith
formula and obtain an analog of the Cherepanov—Rice integral (J-integral); construct
a numerical algorithm for solving the problem and prove its convergence; conduct
numerical experiments showing the efficiency of the algorithm.

We use a spring type interface model to describe the interaction of bodies. When
simulating such an interaction, undesirable effects may occur, such as the mutual
penetration of bodies. In order to exclude such nonphysical phenomenon, we impose
unilateral conditions on the displacements of bodies in the interaction region. Such
conditions are called non-penetration conditions and are defined as a system of equali-
ties and inequalities. In addition, on the whole gluing interface, including the crack, so-
called the Treska friction law is imposed, which is an approximation of the Coulomb’s
friction law. As a result, the model becomes nonlinear, and the area of possible contact
of bodies is not known in advance.

The authors were supported by the Russian Foundation for Basic Research (project
no. 19-51-50004).
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Here, we study the Cauchy problem for the Landau Hamiltonian wave equation,
with time dependent irregular (distributional) electromagnetic field and similarly
irregular velocity. For such equations, we describe the notion of a ‘very weak solution’
adapted to the type of solutions that exist for regular coefficients. The construction
is based on considering Friedrichs-type mollifier of the coefficients and corresponding
classical solutions, and their quantitative behaviour in the regularising parameter. We
show that even for distributional coefficients, the Cauchy problem does have a very
weak solution, and that this notion leads to classical or distributional type solutions
under conditions when such solutions also exist.

The second author was supported by the Grant of the Ministry of Education and Science
of the Republic of Kazakhstan (no. AP05130994).
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STOCHASTIC SIMULATION METHODS
IN PHYSICS OF SEMICONDUCTORS
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In this talk, stochastic numerical methods we have recently developed for simula-
tion of different processes in semiconductor physics are presented. Here we focus
mainly on the following problems: (1) annihilation of spatially separate electrons and
holes in a disordered semiconductor assuming radiative and nonradiative recombina-
tion by tunneling as well as their diffusional mobility, (2) construction of cathodolu-
minescence maps for a semiconductor with a set of threading dislocations under
the assumption of a piezeoelectric capture field in the vicinity of dislocations, and
(3) solving three-dimensional drift-diffusion-recombination transport equations for
excitons with the flux and electron beam induced current evaluation for the imaging
of defects and dislocations. These fields attracted considerable experimental and
theoretical interest during the past three decades since the optoelectronic properties of
technologically important materials have been found to be controlled by the electron-
hole recombination dynamics. To simulate the electron-hole transport and recombina-
tions, we used stochastic simulation methods developed in [1, 2].

The governing integro-differential equations for the concentration of electrons
n(r,t) and holes p(r,t) have the form [2]

w = D,An(r;t) +v-Vn —n(r;t) /B(\x|)p(r + x;t)dx — an(r,t) p(r,t)
“nfrst) [ b ()N (x4 xit)dx (1)
apgt-, b _ DyAp(r;t) + v - Vp — p(r; ) / B(jx|)n(r + x; t)dx — an(r, t) p(r, t)

() / bp(XNIN(r + %) — N*+(r + x;1)] dx. 2)

The number of recombination centers N waiting for an electron is reduced when

the electron is captured, and increased when the hole is captured:
ON*(r;t
7@&1", ) = —n(r; t)/bn(|x|)N+(r+x;t)dx

+p(r;t)/bp(|x|)[N(r+x) — NT(r +x;t)] dx.

Here D,,, D, are the electron and hole diffusion coefficients, v is a drift velocity
vector caused by an external electric field, and the radiative recombination of spatially
separate electron-hole pairs is due to tunneling with the rate B(r) = Byexp(—r/a),
where 7 is the distance between electron and hole, and a is a mean tunneling capture
distance. The same exponential laws are valid for recombinations with the non-
radiative centers N(r). In the equations (1)—(2), « is the diffusional capture rate.
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Research project “Platform-independent approach to formal specification and veri-
fication of standard mathematical functions” is aimed onto a development of an
incremental combined approach to the specification and verification of the standard
mathematical functions like sqrt, cos, sin, etc. Platform-independence means that
we attempt to design a relatively simple axiomatization of the computer arithmetic
in terms of real, rational, and integer arithmetic (i.e. the fields R and Q of real
and rational numbers, the ring Z of integers) but don’t specify neither base of the
computer arithmetic, nor a format of numbers’ representation. Incrementality means
that we start with the most straightforward specification of the simplest easy to verify
algorithm in real numbers and finish with a realistic specification and a verification
of an algorithm in computer arithmetic. We call our approach combined because we
start with a manual (pen-and-paper) verification of some selected algorithm in real
numbers, then use these algorithm and verification as a draft and proof-outlines for
the algorithm in computer arithmetic and its manual verification, and finish with a
computer-aided validation of our manual proofs with some proof-assistant, system (to
avoid appeals to “obviousness” that are very common in human-carried proofs). In the
talk we present axiomatization of the machine arithmetic (fix-point and floating-point)
with different modes of rounding, proof of its soundness, and how it is used in platform-
independent incremental combined approach for specification and verification of the
standard functions sqrt, cos and sin that implement mathematical functions /7,
cos and sin. (In papers [1-2] axiomatization of the machine arithmetics uses a single
rounding mode — gaussian mode to the nearest representable number.)

The authors were supported by the Russian Foundation for Basic Research (project
no. 17-01-00789).
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We present a new formulation [1] of the hyperbolic singular value decomposition
(HSVD) [2-4] for an arbitrary complex (or real) matrix without using the concept
of hyperexchange matrices and using only the concept of pseudo-unitary (or pseudo-
orthogonal) matrices. The new formulation allows us to present an algorithm for
computing HSVD in the general case. The new formulation is more natural and
useful for some applications. We use it to obtain some new results for the Yang—Mills
equations [5].

The author was supported by the Russian Science Foundation (project no. 18-71-00010).
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We present recent results on the higher regularity of solutions of singular elliptic
and parabolic equations with nonstandard growth conditions. We consider the homo-
geneous Dirichlet problem for the equation

p(z,t)—2

s — div ((e2 + V| *3 )vu) —f inQr=9Qx(0,T], (1)

where Q@ C R" is a bounded domain, ¢ > 0 a constant parameter, p(z,t) : Qr —
(na”2 ,2) is a given function. Equations of the type (1) do not admit classical solutions.
The solution is understood in a weak sense and its time derivative is a distribution
which does not belong to any of the Lebesgue spaces. We find conditions on 9, p(z, t),
u(x,0) and f which guarantee the existence of strong solutions with u; € L?(Qr) and
study their regularity properties. It is shown that under certain conditions on the
data the problem admits solutions with D2, u € LPO(Qr) N L*(Qr N {t > 6}),
uy € L?(Qr) and |Vu| € L*°(0,T; L*(Q)). Moreover, the time derivative may be
Hoélder or Lipschitz-continuous.

Similar regularity properties are estabilshed for solutions of the elliptic counterpart
of equation (1). The results are partly published in [1-3].

REFERENCES

1. Antontsev S., Kuznetsov I., Shmarev S., “Global higher regularity of solutions to singular
p(z, t)-parabolic equations,” J. Math. Anal. Appl., 466, No. 1, 238-263 (2018).

2. Antontsev S., Shmarev S., “Higher regularity of solutions of singular parabolic equations
with variable nonlinearity,” Appl. Anal., 98, No. 1-2, 310-331 (2017).

3. Shmarev S., “On the continuity of solutions of the nonhomogeneous evolution p(z, t)-
Laplace equation,” Nonlinear Anal., 167, 67-84 (2018).

297



Meotwcoynapodnan xongepenyua “Mamemamura 6 npusoocenuss”

MATHEMATICAL MODELING OF PROCESSES
IN THE SYSTEM “BLOOD CAPILLARY -
INTERSTITIUM - LYMPHATIC CAPILLARY”

Shvab I. V.3, Nimaev V. V.23

L Institute of Computational Technologies SB RAS, Novosibirsk, Russia;
Schwab_Irina@mail.ru
2 Research Institute of Clinical and Experimental Lymphology SB RAS,
Nowosibirsk, Russia; nimaev@gmail.com
3 Novosibirsk State University, Novosibirsk, Russia

Metabolic processes are in a constant redistribution of substances between
the blood capillary, interstitium and lymphatic capillaries. It is important to build
complex models that take into account the interconnection of processes occurring all
parts of the microvasculature. It is known that the structure of the wall of the arterial,
venous and lymphatic capillaries, as well as the state of the interstitial intercellular
matrix, has a significant effect on microcirculatory transport. The interaction of
components involved in the system is an important basis for maintaining homeostasis
from the point of view of physiologically occurring processes. Changes in their struc-
tural and functional properties can be a triggering factor for disturbed fluid balance,
the emergence and development of a number of pathological processes, syndromes and
diseases.

The paper presents new approach to construction of mathematical models of
metabolic processes occurring in microcirculation level. It includes the following inter-
related processes: the flow of blood in capillaries and transcapillary exchange, the
movement of fluid in the interstices, the exchange of substances between the interstitial
fluid and tissue cells, drainage into the lymphatic capillaries. We will consider a system
consisting of a blood capillary, tissue surrounding this one and an initial part of
lymphatic system of this area with the following processes [1]: blood flow in the
blood capillary; filtration and reabsorption of fluid through the wall of the arterial
capillary into the surrounding tissue and from this one back to the venous capillary;
movement, of fluid in the tissue; drainage of fluid from tissue into the lymphatic
system. The mathematical model takes into account that microcirculatory processes
are influenced by capillary dimensions (radius and length), hydrostatic pressure in the
blood capillary at the arterial and venous ends, resulting in oncotic pressure, blood
viscosity, hydraulic permeability of the blood capillary wall. The dependence of the
lymph drainage on the pressure of the interstitial fluid and the change in volume and
pressure of the interstitial fluid after pressure sudden change jump in the capillary
were obtained using the proposed model. The presence of lymphatic drainage has
been shown reduces pressure in the tissue and leads to an intensification of metabolic
processes. Consequently, the lymphatic system makes a significant contribution to the
parameters of microcirculation such as the regulation of proteins, the volume and the
pressure of the interstitial fluid.

The authors were partially supported by the Russian Foundation for Basic Research
(project no. 19-01-00422).
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In flows of molecular gases behind strong shock waves, in the nozzles of gas-
turbines engines or in gas-dynamic lasers, relaxation process associated with the
appearance of thermal nonequilibrium of the vibrational degrees of freedom of molecu-
les is observed. If the characteristic time of such a process is commensurable with the
characteristic time of the flow, then relaxation can strongly affect the flow characteris-
tics. In this case gas flows are described by a system of equations of two-temperature
relaxation gas dynamics. In the one-dimensional formulation with the plane symmetry
the system has the next dimensionless form

pr+ (pu)e =0,  pluy +uug) + p T+ Tpp =0,

T +ul,+(y—1)Tuy +v(T-T7,)=0, T,,+ul,,=T-1T,.

In the paper a complete group classification of the equations is provided. The admitted
Lie group of the system is constructed. The corresponding Lie algebra Ls defines by
the basis generators

X1 =0, Xo=0;, X3=10, + 0y, X4 = QTI,QTV 4+ 2T07 + w0y, + 0., X5 = pap.

The optimal system of one-dimensional subalgebras of the Lie algebra L5 consists of
the following subalgebras:

{X1+8Xs}, {X3+8X5}, {Xo+8X5}), {Xs+Xo+6Xs}, {Xut+aXe+5X5}, {X5).

The representation of invariant solutions and reduced (factor) systems are obtained
for each one-dimensional subalgebra. Some invariant solutions are found in explicit
form. All invariant solutions are analyzed and their comparison with the known
invariant solutions of the ideal gas dynamics system is presented. The found exact
solutions can be used as tests for checking numerical schemes.
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The exact geometric method [1] for finding the complex roots of polynomials allows
us to represent all the roots of a polynomial on one plane. Particularly clearly the
method looks like for a cubic polynomial. We briefly describe this method and apply
it to the analysis of the optimality of stationary points of a polynomial.

We consider cubic polynomial f(z) = z3 + a;2? + asz + a3 and show how to
solve a cubic equation f(xz) = A for any A € R and to draw complex and real roots
on the same real plane. Let us define two auxiliary functions: conjugate function
fs(z) = f(—2x — a1), and carrier function fy(z) = £/f(z) = £v/32% + 2a12 + as.
We prove that conjugate function fs(x) passes through extreme points of f(z), if they
exist. Let gluing set Sy is graph of conjugate function fg(x) except of a closed graph
fragment between extreme points of f(x). Algorithm.

1. Find an intersection of graph y = f(z) and line y = A. There are two possible
cases:

(a) The intersection consists of 3 points, of which two or three can coincide
when the function graph and the line are touched. Then the abscissas
21, 22, z3 of these points are obviously real roots (possibly multiples) of the
equation. The algorithm is complete.

(b) The intersection consists of one point. The abscissa z; of this point is the
unique real root of the equation. To find other two complex roots, go to
step 2.

2. Find an intersection point of line y = A and gluing set Sy. This point is unique.
Its abscissa a is real part of complex roots.

3. Find an intersection of vertical line x = a and graph of fxn. This intersection
consists of two different points. Their ordinates are equal to +b and —b, where
b > 0 and are imaginary components of complex roots.

4. Thus, we have obtained two real numbers a and b, which yield complex conjugate
roots of the equation. The algorithm is complete.

This algorithm was obtained with the help of application, which plots graphs
of complex functions of a complex variable. Exact geometric algorithm is valid for
polynomials with order n < 10.

Usually, higher order derivatives are used to verify the optimality of stationary
points. For this we use the complex roots of the first derivative. The geometric method
makes this analysis clear and effective. As a rule, the concept of a local extremum
x* is defined in terms of the values of the function f(x) in the local neighborhood of
the point z*. Instead, we suggest using stationarity property of the point z* and its
behavior under perturbation of the function f(z) by linear functions « -z for small a.
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Equations under study have the form in which the time derivative of an unknown
function is expressed by the linear combination of the function and a double integral
over the space variables from the weighted quadratic expression of the same function:

%(t, k) = b(t)u(t, k) + k“ // W(k, ]{31, kg)u(t, kl)u(t, kg)dkldk’g (RTE)
P(k)

Here k > 0, w > 0, function b(t) is continuous, and domain P(k) is unbounded.
Moreover P(k) does not depend on time, but depends on the spatial variable k. For
example the integration domain P(k) may be written as follows

P(k):{(k17k2)‘k2>k1—k, k2<k1+k, kl-l-kQZk'}

The properties of solutions to the equation (RTE) are determined by the kernel
W (k, k1, ko) of the integral operator in the right-hand side, as well as the behavior of
the solution u(t, k) as k — +0 and k — +oc0.

It is assumed that the kernel W (k, k1, k2) of the equation (RTE) is a continuous
function in the first octant of R® and

sup/ |W(k,k1, kz)‘ dk1dky < M < 4+00.
kZOP(k)

We introduce special functional classes associated with the equation under study and
consider the Cauchy problem with initial data on the positive semi axis £ > 0. In
application to the Cauchy problem, we consider the method of successive approxima-
tions. We found the estimation of the successive approximation quality which depends
on the number of the iterated solution.

In [1] integro-differential equations closed to (RTE) were considered and the exis-
tence and uniqueness theorems were proved in application to the Cauchy problem
with initial data on the positive semi axis.

The authors were partially supported by the Russian Foundation for Basic Research
(project no. 19-01-00422).
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Membrane-adsorption method of enrichment helium from natural gas is a new
approach (patents of RF no. 2161527, 2291740, 2508156) which is based on using
hollow microspherical membranes. The microspheres wall is highly selective for gases
with a small kinetic radius such as helium. The main driving force of the process is a
pressure drop inside and outside of the particle [1].

The main problem of the work is to obtain the adsorbent parameters on the
basis of experimental adsorption dependencies [2]. The main idea of it is to divide
the adsorption volume into subvolumes by the value of the adsorption rate of a
certain subvolume. Each part of adsorption volume has its own unique adsorption
rate and a unique saturation time for helium. The aim of the work is the analysis
of experimental adsorption dependencies of microspheres or composite adsorbent for
obtaining saturation times for each subvolume.

Integrating the equations of the mathematical model [3] analytical solution for the
problem of helium adsorption by microspheres under the condition of microspheres
parameters dispersed distribution using matrix exponent [4] is acquired. It is shown
that time dependency of helium mass in free volume could be decomposed into the
sum of harmonics and a constant. Number of harmonics equals to the number of
microsphere groups. The harmonics decomposition of experimental data for helium
adsorption by microspheres of different type was made. Characteristic times for ad-
sorption process for different microspheres were obtained.

This work was supported by Russian Foundation For Basic Research (project no. 18-41-
540012), Complex Program of Fundamental Research SB RAS “Interdisciplinary integration
studies” on 2018-2020 years (project no. 0323-2018-0023) and Program of Fundamental
Scientific Research of the state academies of sciences in 2013-2020 (project no. AAAA-A17-
117030610134-9).
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Radiation hydrodynamics play an important role in ICF, HDEP. In this paper,
a new cell-centered positivity-preserving pyramid scheme (called P3-scheme) is pro-
posed for anisotropic diffusion problems in radiation hydrodynamics. It can be re-
garded as a development of the O-scheme [1] for general hexahedral meshes with
nonplanar cell-faces. In the P3-scheme, the flux on the nonplanar cell-face is approxi-
mated by the so called effective directional flux. Compared with the O-scheme, the
P3_scheme is much more robust with respect to the distortion of the meshes, and
has lower cost in computation and storage, hence suitable for the computation of
radiation hydrodynamics problems. Being different from the P-scheme [2], the P3-
scheme is positivity-preserving and can be applied to anisotropic diffusion problems
[3]. Numerical results are presented to show the performance of P3-scheme on various
kinds of distorted meshes for problems with continuous and discontinuous diffusion
coefficients.
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Boundary value problems for mixed type equations are one of the most important
topics of the modern theory of partial differential equations. Interest in the degenerate
equations is caused not only by the need to solve applied problems, but also by the
intense development of the theory of mixed type equations. The first boundary value
problem for degenerate partial differential equations of elliptic type with variable
coefficients was initially studied in [1]. The research of equations which contains
the Bessel differential operator holds a special place in this theory. The study of
this class of equations was begun by Euler, Poisson, Darboux. An extensive study
of B-hyperbolic equations or hyperbolic equations with Bessel operator is presented
in [2]. The boundary value problems for parabolic equations with Bessel operator are
studied in the monograph [3], a rather complete review of the papers, devoted to
boundary value problems for elliptic equations with singular coefficients is given in
monograph [4].

Let D = {(x,y)|0 < 2 < l,—a < y < B} be a rectangular domain of coordinate
plane Ozy, where I, o, 8 are given positive real numbers, D, = D N {y > 0},
D_ = Dn{y < 0}. In the domain D we consider the elliptic-hyperbolic equation

Lu(z,y) = Uy + (S8R Y)Uyy + %um =0, (1)

where p > 1 is a given positive real number.
We study the following problem when p > 1 for equation (1) in the domain D: we
need to find function u(x,y) which satisfies the following conditions:

u(z,y) € CY(D)NC*(D,UD_),
L'I.I/(IL',y)EO, ((E,y)GD+UD,,

u(z, B) = p(x), ulr,—a)=1v), 0<z<lI,
l
/xpu(amy) dr = A =const, —a<y<}f,
0
where A is a given real number, ¢(x), ¥ (x) are given smooth enough functions.
We establish the uniqueness criterion and prove the solution existence and stability

theorems. The solution of the problem was constructed explicitly and proof of conver-
gence of the series in the class of regular solutions was built.
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Though Phase-field method is young, it has now emerged as a powerful tool in
theoretical and numerical analyses of various phenomena at the meso-scale. In this
talk, we are interested in its applications to the Materials Genome Initiative (MGI).
Thanks to that advanced materials play an important role in economic and national
security and human well-being, then US President Obama launched in 2011 the MGI
that is a novel and multi-stakeholder effort so that discovery and deployment of
advanced materials can be significantly accelerated while the cost can be considerably
reduced. Integrated computation is a key tool of MGI, thus mathematical models are
crucial to the success of MGI.

Two new types of phase-field models, with an order parameter that is conserved or
not conserved, have been formulated by Alber and the speaker of this talk (see [1-3]),
for solid-solid phase transitions driven by configurational forces. They can be applied
to describe martensitic phase transitions in, e.g. smart materials like shape memory
alloys, and to model sintering which is a process in, for instance, powder metallurgy.
Taking as an example, we state our model in the case that the order parameter is not
conserved, which reads

St = —c (s — vALS) VS|, (1)

here S = S(t,x) is the unknown order parameter. g is the derivative of the free
energy function ¢ with respect to S. S; denotes temporal derivative of S, and A,,V,
are the Laplacian and gradient operators, respectively. |V,.S| = (3°_, |8,,5[%)2. The
parameters ¢, v are assumed to be positive constants.

Equation (1) differs from the famous Allen-Cahn model by the nonlinear gradient
term |V, S|. If the order parameter is conserved, then our model differs, by the term
|V.S], from the Cahn-Hilliard equation. This nonlinear term leads to difficulties of
mathematical and numerical studies of these two models. Mathematical investigations
(including the existence, regularity of weak /special solutions to initial boundary value
problems) and numerical simulations have been carried out by Alber, Fang, Kawa-
shima, Ou, Sheng, Tang, Zhao, Zhu, et al., see, e.g. [1-5]. Some open problems are
listed in [5]. Finally we shall also discuss phase-field crystal method which can be
regarded as an extension of phase-field approach, and has applications to MGI.
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