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We investigate the general approach to finding exact cosmological solutions in f(R)
Hofava-Lifshitz gravity, based on Noethers theorem. A feature of this approach is that
it uses the behavior of an effective Lagrangian under infinitesimal transformations of
the desired symmetry, explicitly determining the form f(R) for which such symmetries
exist. It is shown that the dynamics of the scale factor changes according to either a
exponential function of time.
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1. Introduction

At the end of the past millennium, it became clear from the observation of type Ia
supernovae and the cosmic microwave background that our universe expands with
acceleration [1, 2]. The explanation of this phenomenon within the framework of the
general theory of relativity led to the formulation of a large number of models, one
of which consists in introducing a mysterious substance, the so-called dark energy
(see for example Ref. [3] and references therein for some reviews). The nature of
dark energy is still not clear, but mathematically it fits well with the ACDM model
a wide range of data [4]. Nevertheless, this model has strong theoretical flaws [5],
which motivated the search for alternative models [6, 7]. One of the alternatives is
the modification of the Einstein-Hilbert term, replacing the Ricci scalar R in the
action with some common functions f(R) of the Ricci scalar (see for example Ref.
8).

In parallel, some models for quantum gravity were developed. In 2009, Hotava
[9], based on an idea proposed by Lifshitz [10], formulated a model for a theory of
quantum gravity, which takes into account ultraviolet mode renormalizability, due to
an anisotropic scaling between space and time, so that Lorentz invariance is violated
on ultraviolet scales. However, when choosing the parameter A\ = 1, the infrared
limit of the theory reproduces the general theory of relativity. This modification
of the general theory of relativity consists in introducing high-order terms into the
Einstein-Hilbert action, which lead to different scalings and divide the coordinates
into space and time. In theory, there are no ghosts, since there are only second-order
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time derivatives in the action, but a clear violation of general covariance introduces
a new scalar degree of freedom, due to which pathologies appear [11]. This model
developed further and is known as the Hofava-Lifshitz theory (see for example Ref.
[12]). From the above considerations, it is clear that the quantum theory of Horava-
Lifshitz, combined with the alternative theory f(R), is a promising candidate for
completing the general theory of relativity in the ultraviolet range [13, 14].

In this paper, we consider the Friedman-Lemaitre-Robertson-Walker (FLRW)
flat spacetime in the framework of the metric formalism f(R) of gravity. We
consider a general approach to constructing modified gravity, which is invariant
with respect to diffeomorphisms and preserve foliation. The approach was pro-
posed in [14], where special attention was paid to the formulation of modified f(R)
HoravaLifshitz gravity and its Hamiltonian structure. Following [15], we calculated
an effective Lagrangian in which the scale factor a and the Ricci scalar R play the
role of independent dynamic variables. This Lagrangian is constructed in such a
way that its variation with respect to a and R gives the equations of motion of
the HoravaLifshitz theory. The form of the function f(R), appearing in the mod-
ified action, is then determined by the requirement that the Lagrangian admits
the required Noether symmetry [16]. Under Noether symmetry of this cosmologi-
cal model, we understand that there is a vector field X, which is an infinitesimal
generator of a symmetry in the tangent space of the configuration space, such that
the derivative of the Lagrangian along this vector field vanishes. We will see that,
by requiring the Noether symmetry as a feature of the Lagrangian of the model
under consideration, we can obtain the explicit form of the function f(R). Since
the existence of symmetry leads to constants of motion, we can integrate the field
equations, which then lead to a exponential expansion for the universe.

2. Modified f(R) Hofava-Lifshitz Gravity

In this work, we consider a more general model of the Hofava-Lifshitz gravity pro-
posed in [14]. The action of such a model has the form

St(Rons) = /d417\/ 9¥Nf(Rauw)- (1)

Here ¢® is determinant of the three-dimensional metric tensor gg) for the ADM
metric given in the following form

ds® = —N?dt® + g (da’ + Nidt) (da? + Nidt) (2)

where 7,7 = 1,2,3, N is the so-called lapse variable and N? is the shift 3-vector. In
the action, we use the function f(Rggr), which denotes the generalized curvature
of the Horava-Lifshitz gravity Rgpy and is defined as

Reur = KVEK;; — AK? +2uV, (n#V,n" —n"V,n") — B9G; ;i E* . (3)
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where K;; is the extrinsic curvature
1 7.3 3 3 i
Kz-:ﬁ(gfj)—VE )Nj_v§)Ni)a K =K', (4)

n* is a unit vector perpendicular to the three-dimensional hypersurface 3; defined
by t = constant, and Vz(-?’) expresses the covariant derivative on the hypersurface ;.
In the last term of Eq. (3), Gijw is the inverse of the generalized De Witt metric

1

ijkl _
g 2

(@ gl 4 g@)L Bk _ 3 g(3)is g(3hL 5)

Here it is important to note that G7*! is singular for A = 1 /3 and Gyji; exist
if A # 1/3. The expression for E;; is constructed to satisfy the “detailed balance
principle” [17] and is defined as

y SW 9(3)
\/9(3)E'J = 75 [(3k)l ]7 (6)
9ij

where the form of W[g]i:;’)] is given in [18] for z = 2 and z = 3.
Consider a spatially flat FLRW universe
ds? = ~N%dt? +a(t)* Y (da?)?, (7)
i=1,2,3
where N can be considered as time-independent and we will fix as N = 1. The
scalar curvature (3) can be written as
Romr = 3(1— 37+ 40 4 68 (8)
GHL = D> e

Following [16], in order to investigate Noether’s symmetry of the model, it is neces-
sary to determine the effective Lagrangian of the action (1) of the minisuperspace
under consideration, in which the scale factor a and the scalar curvature Rg g play
the role of independent dynamical variables

S = /dtﬁ(a,d,RGHL7RGHL) =
/ (o f(Rane) — v{ Rou — (30 =30 +-4) 5 + o)},

a

where v = a3df(RGHL)/dRGHL is a Lagrange multiplier. Then, the effective La-
grangian will have the form

£(a, a, R, RGHL) = (9)\ — 3)('12af’ + 6,udRGHLa2f" + a3(f’RGHL — f) (10)
The equations of motion will have then the following form

2 1

3AN—1f

+(3\ — 1)f”HRGHL + % (f — Raurf’) } (11)

3H? +2H = — [;UfmeQGHL +uf" Romr +
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Also, we have the zero energy condition associated with the above Lagrangian as
9 1 1

= mf, |:f/RGHL -f- 6HRGHLHJC” : (12)

Knowing the Lagrangian of the generalized Hotava-Lifshitz gravity, it is possible to
determine the Noether symmetry.

3. The Noether symmetries in f(Rgpgr) theory of gravity

Here, our aim is to find the function f(Rgpmyr) such that the corresponding La-
grangian exhibits the desired symmetry. Following [16], we define the Noether
symmetry induced on the model by a vector field X on the tangent space TQ =
(a, a, R, RGHL) of the configuration space @ = (a, Rgyyr) of the Lagrangian (10)
through

0 0 dae 0 dB 0

X=aZ do 9 4B
90 P oRany At 9a " dt 9Fyy

(13)

such that the Lie derivative of the Lagrangian with respect to this vector field
vanishes

LxL =0. (14)

In Eq.(13), o and § are functions of a and Rg gy, and % represents the Lie derivative
along the dynamical vector field, that is,

d

= (15)

1— + Ragr——.
a8a+ GHLaRGHL

Here we substitute the expressions for the effective Lagrangian (10) and com-
bine the coefficients in front of a?, R%};,aRcur. Equating to zero the resulting
expression, we obtain the following equations

33X\ — 1) (o + 2aq,) f' + [3(3X — 1)Ba + 6pa®B,] f =0, (16)
6ﬂa2aRcHL f// =0, (17)
0

6p (200 + a’ag) [ + 6(3X — Daage,,, f' + 6pa® (Bf" + Breu, f”) = 0. (18)
Then, we collect the remaining free member
3aa®(f'R — f)+ Ba*Rf" = 0. (19)

Now, our task is to solve the system of equations (16) - (19) in order to find the
cosmological parameters that describe the dynamics of the universe in the frame-
work of the f(Rgpr) Hofava-Lifshitz gravity. From Eq.(17), it is clear that two

cases must be considered: f” = 0 and dRCéaHL = 0, but the solution for f” = 0 has

no physical meaning; therefore, we consider only - RdGO‘HL =0, then

B 3
ala) = aoa'Tgﬂ, B(a, R) = ﬁoa‘% R, (20)
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and
f=foR*%, (21)

where oy = 3)\_26%50, fo, Bo are integral constants.

4. Cosmological solutions

In this section, to describe the dynamics of the universe, we solve analytically the
field equations (11) - (12). To this end, we need to find the explicit dependence of
the scale factor @ in terms of the time t. We rewrite Eqs.(11) - (12) as follows

: Ap(3\ — 3 — 1) R%py, 20 Renur
3H? +2H = —
+ BA— 61— 1)2 Ry, 3\ 64— 1 Roms
203\ —1) Raur 1
H+—R 22
B\ — 6y — 1 Rapy | G GHL (22)
, .
g2 _ Benr Iz RGHL ¢ (23)

18 1-3X+6p Rour

To solve this system we obtain

C
H = /=L tanh(\/C1Cat), (24)
Co
where C7 = Em +§/\—1’ Cy = (3/;;(13)lﬁ# 37\3314)'1), or, equivalently,

1
a = ag (e\/clcgt + e—x/Clczt) Co ) (25)

Thus, we have found a general solution to the modified f(R) Hofava-Lifshitz
gravity theory. In general, it represents an expanding cosmological model with a
scale factor with grows exponentially.

5. Conclusion

In this work, we analyzed the f(R) Horava-Lifhitz gravity model, which is a modi-
fication of the original Hofava-Lifhitz model for quantum gravity. We consider the
spatially flat FLRW line element to find out what kind of cosmological scenarios
are allowed in this modified gravity. Since usually it is very difficult to find analytic
solutions to the field equations, we use here the alternative method, which is based
on the analysis of the Noether symmetries of a particular effective Lagrangian. In
this work, we derive the effective Lagrangian, from the corresponding field equations
for the f(R) Hofava-Lifhitz theory in the presence of spatially flat, isotropic and
homogeneous line element.

It turns out that the field equations can be represented as a set of two second-
order ordinary differential equations, which can be expressed as one differential
equation for different variables so that it can be solved by using the standard method
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of separation of variables. This simple representation allows us to integrate explicitly
the scale factor as well as the Ricci scalar. Both quantities are then explicit functions
of time.

The results presented in this work show that the method of Noether symmetries
can be applied also in the case of the modified f(R) Hofava-Lifhitz gravity model to
derive cosmological solutions. The resulting functions for the scale factor show that
the corresponding universe expands either exponentially. This scenario is possible
in relativistic cosmology so that, in principle, we could compare our results with
observational data from different epochs of the universe evolution. This could be
used to set limits on the values of the parameters that enter the Hofava-Lifhitz
action.
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