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ABOUT ONE COEFFICIENT INVERSE PROBLEM FOR THE

HEAT EQUATION IN A DEGENERATING DOMAIN WITH

TIME-DEPENDENT BOUNDARIES

M.T. Jenaliyev, M. Yergaliyev

Annotation. In the paper we consider a coe�cient inverse problem for the heat

equation in a degenerating angular domain with time dependent boundaries. It was

shown that with the help of transformations of variables and the desired function,

the inverse problem for the heat equation in a degenerate angular domain with two

time-dependent boundaries can be reduced to the problem for the heat equation in

a degenerate angular domain but with one time-dependent boundary. For the last

problem the criterion of existence of the solution was shown.

Keywords. Coe�cient inverse problem, heat equation, degenerating domain.

1 Introduction

The inverse problems of the kind which we will consider were investigated
in the papers [1], [2]. In that papers it is assumed that the movable boundaries
move according to the law obeying Holder class and the domain does not
degenerate and the time interval is limited. There uniqueness and existence of
the solution of the inverse problem where the required coe�cient is a continuous
function are established and numerical solutions are obtained.

The peculiarity of our study is that we consider the inverse problem for the
heat equation in the degenerating angular domain. For the sake of simplicity
and for the purpose of showing the e�ect of the degeneration of the domain, we
consider the problem, where, �rstly, the moving part of the boundary changes
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About one coe�cient inverse problem for the heat equation... 35

linearly; secondly, the boundary value problem is completely homogeneous;
thirdly, the time interval is semi-bounded. In papers [3], [4] we investigated
the inverse problem for the heat equation in the angular domain. In this work
we consider a coe�cient inverse problem for the heat equation in a degenerating
domain with time-dependent boundaries.

2 Statement of the problem

In the domain GT = {(x, t)| − k1t < x < k2t, 0 < t < T, }, T < +∞, we
consider an inverse problem of �nding a coe�cient λ(t) and a function u(x, t)
for following heat equation:

ut(x, t) = uxx(x, t)− λ(t)u(x, t), (1)

with homogeneous boundary conditions

u(x, t)|x=−k1t = 0, u(x, t)|x=k2t = 0, 0 < t < T, (2)

suspect to the overspeci�cation∫ k2t

−k1t
u(x, t)dx = E(t), |E(t)| ≥ δ > 0, 0 < t < T, (3)

where E(t) ∈ L∞(0, T ) is a given function and k1, k2 > 0.

3 Transformations and auxiliary problems

3.1 Transformations

Using the transformations:

x1 = (k1 + k2)x+ (k1 + k2)k1t, t1 = (k1 + k2)
2t, (4)

the boundary value problem (1)�(3) in the domain GT reduces to the boundary
value problem in the domain G1 = {(x1, t1)| 0 < x1 < t1, 0 < t1 < Tk =
(k1 + k2)

2T}:

u1t1(x1, t1) +
k1

k1 + k2
u1x1(x1, t1) =

= u1x1x1(x1, t1)− λ1(t1)u1(x1, t1), {x1, t1} ∈ G1, (5)

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 3



36 M.T. Jenaliyev, M. Yergaliyev

where λ1(t1) =
1

(k1+k2)2
λ(t1), with homogeneous boundary conditions

u1(x1, t1)|x1=0 = 0, u1(x1, t1)|x1=t1 = 0, 0 < t1 < Tk, (6)

suspect to the overspeci�cation∫ t1

0
u1(x1, t1)dx1 = E1(t1), |E1(t1)| ≥ δ > 0, 0 < t1 < Tk, (7)

where

E1(t1) = (k1 + k2)E

(
t1

(k1 + k2)2

)
,

u(x, t) = u

(
1

k1 + k2
x1 −

k1
(k1 + k2)2

t1,
1

(k1 + k2)2
t1

)
= u1(x1, t1).

To transform the equation (5) we introduce new function

u1(x1, t1) = exp

{
− k21
4(k1 + k2)2

t1 +
k1

2(k1 + k2)
x1

}
· u2(x1, t1). (8)

Then we obtain a linear homogeneous boundary value problem for the heat
equation in the angular domain G1 :

u2t1(x1, t1) = u2x1x1(x1, t1)− λ1(t1)u2(x1, t1), {x1, t1} ∈ G1, (9)

with homogeneous boundary conditions

u2(x1, t1)|x1=0 = 0, u2(x1, t1)|x1=t1 = 0, 0 < t1 < Tk, (10)

suspect to the overspeci�cation∫ t1

0
u2(x1, t1)dx1 = E1(t1), |E1(t1)| ≥ δ > 0, 0 < t1 < Tk. (11)

3.2 The auxiliary problem

In accordance to the problem (9)�(11) we will set an auxiliary inverse
problem of �nding a coe�cient λ2(t1) and a function v(x1, t1) in the domain
G∞ = {(x1, t1)| 0 < x1 < t1, t1 > 0}:

vt1(x1, t1) = vx1x1(x1, t1)− λ2(t1)v(x1, t1), (12)

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 3



About one coe�cient inverse problem for the heat equation... 37

with homogeneous boundary conditions

v(x1, t1)|x1=0 = 0, v(x1, t1)|x1=t1 = 0, t1 > 0, (13)

suspect to the overspeci�cation∫ t1

0
v(x1, t1)dx1 = Ẽ(t1), t1 > 0, (14)

Ẽ(t1) =

{
E1(t1), 0 < t1 < Tk,

E2(t1), Tk ≤ t1 < ∞,
(15)

where |E2(t1)| ≥ δ > 0 is an arbitrary bounded function.

Observation 1. Solving in G∞ the problem (12)�(15) and restricting down its

solution to the domain G1, we can �nd a solution {u2(x1, t1), λ1(t1); (x1, t1) ∈
G1} of the inverse problem (9)�(11).

3.3 Equivalent problem

In the problem (12)�(15) we replace the required function by the following
transformation

w(x1, t1) = λ̂2(t1)v(x1, t1), where λ̂2(t1) = exp

{∫ t1

0
λ2(s)ds

}
. (16)

Then the inverse problem (12)�(15) reduces to a problem for a homogeneous
heat equation:

wt1(x1, t1) = wx1x1(x1, t1), {x1, t1} ∈ G∞, (17)

with homogeneous boundary conditions

w(x1, t1)|x=0 = 0, w(x1, t1)|x1=t1 = 0, t1 > 0, (18)

subject to the overspeci�cation∫ t1

0
w(x1, t1)dx1 = λ̂2(t1)Ẽ(t1), |Ẽ(t1)| ≥ δ > 0, t1 > 0. (19)

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 3



38 M.T. Jenaliyev, M. Yergaliyev

4 Main result

4.1 The solution of the inverse problem (17)�(19)

It follows from our previous results [5], [6], [7], [8] that a homogeneous
boundary value problem (17)�(18) along with a trivial solution has a nontrivial
solution up to a constant factor de�ned by formulas:

w(x1, t1) = w+(x1, t1) + w−(x1, t1), (20)

where

w±(x1, t1) =
1

4
√
π

∫ t1

0

x1 ± τ

(t1 − τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
φ(τ)dτ, (21)

where function φ(t1) is de�ned according to the formulas:

φ(t1) = Cφ0(t1), C = const ̸= 0, (22)

φ0(t1) =
1√
t1

exp

{
− t1

4

}
+

√
π

2

[
1 + erf

(√
t1
2

)]
, (23)

moreover, the function φ(t1) belongs to the following class:

θ(t1)φ(t1) ∈ L∞(R+), i.e. φ(t1) ∈ L∞(R+; θ(t1)), (24)

where

θ(t1) =

{ √
t1 exp

{
t1
4

}
, if 0 < t1 ≤ Tk,

1, if Tk < t1 < +∞,
(25)

and Tk does not necessarily coincide with T .
From (20)�(22) we obtain for the solution w(x1, t1) = Cw0(x1, t1) of the

homogeneous boundary value problem (17)�(18) the following representation:

w0(x1, t1) = w0+(x1, t1) + w0−(x1, t1), (26)

where

w0±(x1, t1) =
1

4
√
π

∫ t1

0

x1 ± τ

(t1 − τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
φ0(τ)dτ. (27)

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 3



About one coe�cient inverse problem for the heat equation... 39

Further using the representation (26)�(27) for the integral condition (19),
we get: ∫ t1

0
w0(x1, t1)dx =

∫ t1

0
w0+(x1, t1)dx1+

+

∫ t1

0
w0−(x1, t1)dx1 = λ̂20(t1)Ẽ(t1). (28)

It's obvious that λ̂2(t1) = Cλ̂20(t1). By a commutativity property in the
integrals of the formula (28), in the sense of the Dirichlet formula, we have∫ t1

0
w0±(x1, t1)dx1=

1

4
√
π

∫ t1

0
φ0(τ)dτ

∫ t1

0

x1 ± τ

(t1−τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
dx1. (29)

Let's calculate the interior integrals from (29). We get

1

4
√
π

∫ t1

0

x1 ± τ

(t1 − τ)3/2
exp

{
−(x1 ± τ)2

4(t1 − τ)

}
dx1 =

∥∥∥∥y =
(x1 ± τ)2

4(t1 − τ)

∥∥∥∥ =

=
1

2
√

π(t1 − τ)

(
exp

{
− τ2

4(t1 − τ)

}
− exp

{
− (t1 ± τ)2

4(t1 − τ)

})
. (30)

Then from (19), (28)�(30) we obtain∫ t1

0
w0(x1, t1)dx1 =

1

2
√
π

∫ t1

0

1√
t1 − τ

[
2 exp

{
− τ2

4(t1 − τ)

}
−

− exp

{
− (t1 + τ)2

4(t1 − τ)

}
− exp

{
− t1 − τ

4

}]
φ0(τ)dτ = λ̂20(t1)Ẽ(t1). (31)

From ratios (16), (19), (31) and w(x1, t1) = Cw0(x1, t1) we �nd the required
coe�cient

λ2(t1) =
d ln (λ̂2(t1))

d t1
=

(λ̂2(t1))
′

λ̂2(t1)
=

(Cλ̂20(t1))
′

Cλ̂20(t1)
= λ20(t1), (32)

where we have used the equality
t1∫
0

w(x1, t1)d x1

Ẽ(t1)


′

:

t1∫
0

w(x1, t1)d x1

Ẽ(t1)
=


t1∫
0

w0(x1, t1)d x1

Ẽ(t1)


′

:

t1∫
0

w0(x1, t1)d x1

Ẽ(t1)
.

(33)
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Thus, from (26)�(27), (31)�(33) we obtain the following theorems.

Theorem 1. The inverse problem (17)�(19) has a solution {w(x1, t1), λ2(t1)}
if and only if the following condition is satis�ed

sign{E(t1)} = sign{I[φ0(t1), t1]}, ∀t1 ∈ (0,∞), (34)

where

I[φ0(t1), t1] =
1

2
√
π

∫ t1

0

1√
t1 − τ

[
2 exp

{
− τ2

4(t1 − τ)

}
−

− exp

{
− t1 − τ

4

}(
exp

{
− t1τ

t1 − τ

}
+ 1

)]
φ0(τ)dτ, t1 ∈ (0,∞), (35)

φ0(t1) =
1√
t1

exp

{
− t1

4

}
+

√
π

2

[
1 + erf

(√
t1
2

)]
, t1 ∈ (0,∞). (36)

Theorem 2. Let satis�ed conditions of theorem 1. Then the inverse problem

(9)�(11) has the following solution {u2(x1, t1), λ1(t1)}: the coe�cient λ1(t1) =
λ0(t1) is determined uniquely by the formula (32)�(33) by restricting it down

to a �nite interval (0, Tk) and the solution u2(x1, t1) is found by means of the

restriction of the function:

v(x1, t1)=Cv0(x1, t1), wherev0(x1, t1)=[λ̂10(t1)]
−1w0(x1, t1), C = const, (37)

on the bounded triangle G1 where w0(x1, t1) is de�ned by formulas (26)�(27).

Theorem 3. For the solution {u2(x1, t1), λ1(t1)} of the inverse problem (9)�

(11) using the substitutions (4) and (8) back we get the solution of the inverse

problem (1)�(3).

Observation 2. According to formulas (23), (26)�(27), the solution w0(x1, t1)
is a nonnegative function. It should be noted that according to the criterium

(34) the function Ẽ(t1) from (19) is a variable sign function, since the integral

(28) is variable sign function and the coe�cient λ̂2(t1) = Cλ̂20(t1) (16), (32)
is a positive function.

In work [3] we have showed that the solution of the equivalent problem and
additional condition is bounded. Also it have been showed that the solution of
the inverse problem (9)�(11) and required function λ1(t1) have singularity at

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 3



About one coe�cient inverse problem for the heat equation... 41

small values of the variable t. Therefore it should be noted that the solution of
the inverse problem {u(x, t), λ(t)} also have singularity at small values of the
variable t.

6 Conclusion

In the paper we consider an inverse problem for the heat equation in a
degenerating angular domain with time-dependent boundaries. We have shown
that the inverse problem for the homogeneous heat equation with homogeneous
boundary conditions has a nontrivial solution {u(x, t), λ(t)} consistent with
the integral condition.
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Æèåíºëèåâ Ì.Ò., Åð¡àëèåâ Ì.�. ØÅÊÀÐÀËÀÐÛ ÓÀ�ÛÒ�À Ò�Ó-
ÅËÄI ÀÇÛÍ�ÀÍ ÎÁËÛÑÒÀ�Û ÆÛËÓ�ÒÊIÇÃIØÒIÊ ÒÅ�ÄÅÓI
�ØIÍ �ÎÉÛË�ÀÍ ÊÎÝÔÔÈÖÈÅÍÒÒI ÊÅÐI ÅÑÅÏ ÒÓÐÀËÛ

Æ´ìûñòà áiç øåêàðàëàðû óà©ûò©à òºóåëäi àçûí¡àí îáëûñòà¡û æû-
ëó°òêiçãiøòiê òåäåói ³øií ©îéûë¡àí êîýôôèöèåíòòi êåði åñåïòi ©àðàñ-
òûðàìûç. Æ´ìûñòà òºóåëñiç àéíûìàëûëàðäû æºíå içäåëiíäi ôóíêöèÿíû
ò³ðëåíäiðó àð©ûëû åêi øåêàðàñû äà óà©ûò©à òºóåëäi àçûí¡àí îáëûñòà¡û
æûëó°òêiçãiøòiê òåäåói ³øií ©îéûë¡àí êåði åñåï øåêàðàñûíû áiðåói ¡à-
íà óà©ûò©à òºóåëäi áîëàòûí àçûí¡àí îáëûñòà¡û æûëó°òêiçãiøòiê òåäåói
³øií ©îéûë¡àí åñåïêå êåëòiðóãå áîëàòûíäû¡û ê°ðñåòiëäi. Ñî¡û åñåï ³øií
øåøiìäiëiê êðèòåðèéi àëûíäû.

Êiëòòiê ñ°çäåð. Êîýôôèöèåíòòiê êåði åñåï, æûëó°òêiçãiøòiê òåäåói,
àçûí¡àí îáëûñ.

Äæåíàëèåâ Ì.Ò., Åðãàëèåâ Ì.Ã. ÎÁ ÎÄÍÎÉ ÊÎÝÔÔÈÖÈÅÍÒÍÎÉ
ÎÁÐÀÒÍÎÉ ÇÀÄÀ×Å ÄËß ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ Â
ÂÛÐÎÆÄÀÞÙÅÉÑß ÎÁËÀÑÒÈ Ñ ÃÐÀÍÈÖÀÌÈ, ÇÀÂÈÑßÙÈÌÈ
ÎÒ ÂÐÅÌÅÍÈ

Â ðàáîòå ìû ðàññìàòðèâàåì êîýôôèöèåíòíóþ îáðàòíóþ çàäà÷ó äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè â âûðîæäàþùåéñÿ îáëàñòè ñ ãðàíèöàìè, çà-
âèñÿùèìè îò âðåìåíè. Áûëî ïîêàçàíî, ÷òî ïðè ïîìîùè ïðåîáðàçîâàíèÿ
íåçàâèñèìûõ ïåðåìåííûõ è èñêîìîé ôóíêöèè îáðàòíàÿ çàäà÷à äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè â âûðîæäàþùåéñÿ îáëàñòè ñ äâóìÿ ãðàíèöàìè,
çàâèñÿùèìè îò âðåìåíè, ìîæåò áûòü ñâåäåíà ê çàäà÷å äëÿ óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè â âûðîæäàþùåéñÿ óãëîâîé îáëàñòè, íî óæå ñ îäíîé ãðà-
íèöåé, çàâèñÿùåé îò âðåìåíè. Äëÿ ïîñëåäíåé çàäà÷è ïîëó÷åí êðèòåðèé
ðàçðåøèìîñòè.

Êëþ÷åâûå ñëîâà. Êîýôôèöèåíòíàÿ îáðàòíàÿ çàäà÷à, óðàâíåíèå òåïëî-
ïðîâîäíîñòè, âûðîæäàþùàÿñÿ îáëàñòü.
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