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ABOUT ONE COEFFICIENT INVERSE PROBLEM FOR THE
HEAT EQUATION IN A DEGENERATING DOMAIN WITH
TIME-DEPENDENT BOUNDARIES

M.T. JENALIYEV, M. YERGALIYEV

Annotation. In the paper we consider a coefficient inverse problem for the heat
equation in a degenerating angular domain with time dependent boundaries. It was
shown that with the help of transformations of variables and the desired function,
the inverse problem for the heat equation in a degenerate angular domain with two
time-dependent boundaries can be reduced to the problem for the heat equation in
a degenerate angular domain but with one time-dependent boundary. For the last
problem the criterion of existence of the solution was shown.

Keywords. Coefficient inverse problem, heat equation, degenerating domain.

1 INTRODUCTION

The inverse problems of the kind which we will consider were investigated
in the papers [1], [2]. In that papers it is assumed that the movable boundaries
move according to the law obeying Holder class and the domain does not
degenerate and the time interval is limited. There uniqueness and existence of
the solution of the inverse problem where the required coefficient is a continuous
function are established and numerical solutions are obtained.

The peculiarity of our study is that we consider the inverse problem for the
heat equation in the degenerating angular domain. For the sake of simplicity
and for the purpose of showing the effect of the degeneration of the domain, we
consider the problem, where, firstly, the moving part of the boundary changes
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About one coefficient inverse problem for the heat equation... 35

linearly; secondly, the boundary value problem is completely homogeneous;
thirdly, the time interval is semi-bounded. In papers [3|, [4] we investigated
the inverse problem for the heat equation in the angular domain. In this work
we consider a coefficient inverse problem for the heat equation in a degenerating
domain with time-dependent boundaries.

2 STATEMENT OF THE PROBLEM

In the domain Gr = {(z,t)] — kit <x <kat, 0<t<T,}, T < +o0, we
consider an inverse problem of finding a coefficient A(t) and a function u(z,t)
for following heat equation:

ug(,t) = ugy(z,t) — At)u(x, t), (1)
with homogeneous boundary conditions
Wz, )| pm—yt =0, w(@,t)]|pmpyt =0, 0<t < T, (2)
suspect to the overspecification
kot
/ u(z, t)dz = B(t), |E@#)] >8>0, 0<t<T, (3)
—kqt
where E(t) € Loo(0,T) is a given function and ki, ke > 0.

3 TRANSFORMATIONS AND AUXILIARY PROBLEMS
3.1 TRANSFORMATIONS

Using the transformations:
xr = (kl + kg)x + (kl + kg)klt, t1 = (kl + k2)2t, (4)

the boundary value problem (1)-(3) in the domain G reduces to the boundary
value problem in the domain G; = {(z1,t1)|0 < 1 < t1, 0 < t; < T} =
(k‘l + k‘g)QT}i

ultl(xlatl) u1z1<$17t1) =

1
_"_ R

k1 + ko
= Ulgy 2 (@1, t1) — M (E)uwi (21, t1), {z1, 01} € Gy, (5)
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36 M.T. JENALIYEV, M. YERGALIYEV

where A\i(t1) = m)\(tl), with homogeneous boundary conditions
ur (1, t)]zy=0 = 0,  wi(z1,t1)|ay=t, =0, 0 <ty < T, (6)

suspect to the overspecification
t1
/ ul(xl,tl)dml = El(tl), |E1(t1)’ > o> 0, 0<t; < Tk, (7)
0

where

E\(t1) = (k1 + ko)E (M) :

(2,t) = L ok ! t1) =y (21, 1)
ulr,t) =u k1 + ko 1 (k:1+k:2)2 1’(k1+k2)21 = ui\T1,01)-

To transform the equation (5) we introduce new function

2 ki
t . t1).
Tt ) 1+ 2(k1+k2)x1} us(1,t1) (8)

ul(:vl,tl) = exXp {—4(

Then we obtain a linear homogeneous boundary value problem for the heat
equation in the angular domain Gj :

g, (21, 11) = Uog 2, (21, 1) — M (t1)ua(z1, t1), {21, t1} € Gy, 9)
with homogeneous boundary conditions
u2(1,t1)|z=0 = 0,  u2(x1,t1)|z=t, =0, 0 <ty < Ty, (10)

suspect to the overspecification

t1
/ UQ($1,t1)d$1 = El(tl), |E1(t1)| >6>0, 0<ty <Tp. (11)
0

3.2 THE AUXILIARY PROBLEM

In accordance to the problem (9)-(11) we will set an auxiliary inverse
problem of finding a coefficient A2(¢1) and a function v(z1,¢1) in the domain
GOO = {($17t1)| 0<x < t1, t1 > 0}:

U (T1,11) = Vo (71, 81) — A2(t1)v (1, 1), (12)
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About one coefficient inverse problem for the heat equation... 37
with homogeneous boundary conditions
’U(xlatl)‘xlzo — 07 U(x17t1)|x1=t1 - 07 tl > 07 (13)
suspect to the overspecification
11 _
/ fu(xl,tl)da:l = E(tl), t1 > O, (14)
0
N El(tl), 0<t1 <Tk,
E(t) = (15)

Eg(tl), T. <t < 0,

where |Es(t1)| > 6 > 0 is an arbitrary bounded function.

OBSERVATION 1. Solving in G the problem (12) (15) and restricting down its
solution to the domain Gy, we can find a solution {us(x1,t1), A\1(t1); (z1,61) €

G1} of the inverse problem (9)—(11).

3.3 EQUIVALENT PROBLEM

In the problem (12)—(15) we replace the required function by the following

transformation

w(zy,t1) = Aa(t1)v(z1,t1), where Aa(t1) = exp {/ /\g(s)ds} :
0

(16)

Then the inverse problem (12)—(15) reduces to a problem for a homogeneous

heat equation:
Wy (T1,11) = Wy (21,t1), {21,161} € G,
with homogeneous boundary conditions
w(z1,t1)|e=0 =0, w(x1,t1)|z;=¢;, =0, t1 >0,

subject to the overspecification

t1 R B B
/ w(l‘l,tl)dl‘l = )\2(t1)E(t]_), |E(t1)| >6>0, t1 >0.
0

(17)

(18)
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4 MAIN RESULT
4.1 THE SOLUTION OF THE INVERSE PROBLEM (17)-(19)

It follows from our previous results [5], [6], [7], [8] that a homogeneous
boundary value problem (17)—(18) along with a trivial solution has a nontrivial
solution up to a constant factor defined by formulas:

w(xl,tl) = w+(m1,t1) + ’U)_(Cb'l,tl), (20)

where

oy T x 7)2
wy(r1,t1) = 4f/ t 1_f_ 373 €XP {—El(;i_j)} e(r)dr,  (21)

where function ¢(t1) is defined according to the formulas:

o(t1) = Ceo(t1), C = const # 0, (22)
soo(t1>=\/%exp{ Z}Jr{[wef(‘/fﬂ, (23)

moreover, the function ¢(t1) belongs to the following class:

0(t1)p(t1) € Loo(R4),1e. p(t1) € Lo (R 60(11)), (24)
where

frexp {81, if 0<t; <Ty,
e(t]_):{ﬁ P{4} 1 k (25)

1, if T <ty < 4o0,
and T}, does not necessarily coincide with 7.

From (20)—(22) we obtain for the solution w(x1,t1) = Cwo(z1,t1) of the
homogeneous boundary value problem (17)-(18) the following representation:

wo(1,t1) = wo (1, 1) + wo— (71,11), (26)
where
t I + T (xl :i:T)2
t —_ dr. 2
wot(1,t1) 4f/ =) Xp{ 4(“_7)}@0(7) T (27)
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About one coefficient inverse problem for the heat equation... 39

Further using the representation (26)-(27) for the integral condition (19),
we get:

t1 t1
/ wo(azl,tl)dx = / w0+(x1,t1)da:1+
0 0

+ /Otl wo— (:Cl,tl)dxl = j\go(tl)E(tl). (28)

It’s obvious that Aa(t;) = CAgo(t1). By a commutativity property in the
integrals of the formula (28), in the sense of the Dirichlet formula, we have

/OtilUO:I:(-%'l,tl dm1—4\f/ /t1 tf_i);ﬂ exp{—ﬂ}dxl_ (29)

Let’s calculate the interior integrals from (29). We get
/tl 1‘1:|:7’ (1‘1:|:7‘)2 (56'1:&7)2
expy ———~ cdr1 = ||y = —F—=
4y (ty — 7)3/2 4(t1 — ) Aty —7)

Then from (19), (28)-(30) we obtain

h J | 72
wo(x1,t1)dx = 2expy ——— ¢ —
 wtetnin =gz [ s pon {15 )

—op {0 g [T i = St ). (31

From ratios (16), (19), (31) and w(zx1,t1) = Cwo(z1, t1) we find the required
coefficient

dln(As(t1)  (Ma(t))  (Chao(t))
) = T T ) Cw) @) (32

where we have used the equality

t]_ / tl tl / tl
fw(xl,tl)dxl fw(iﬁl,tl)dl'l fwo(l'l,tl)d.%'l fwo(xl,tl)dxl
0 .0 0 .0

E(t1) ' E(t1) E(t1) ' E(t1)
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Thus, from (26)—(27), (31)—(33) we obtain the following theorems.

THEOREM 1. The inverse problem (17)-(19) has a solution {w(z1,t1), A2(t1)}
if and only if the following condition is satisfied

sign{E(t1)} = sign{I[po(t1),t1]}, Vt1 € (0,00), (34)

where

_exp{—“;T} <exp{—t1t1_TT} + 1)] wo(T)dr, t € (0,00),  (35)

colt1) = \;Eexp {—11} + \f {1 b erf (\/QEH te(0,00).  (36)

THEOREM 2. Let satisfied conditions of theorem 1. Then the inverse problem
(9)—(11) has the following solution {us(x1,t1), A1(t1)}: the coefficient \i(t1) =
Xo(t1) is determined uniquely by the formula (32)—(33) by restricting it down
to a finite interval (0,T}) and the solution ug(x1,t1) is found by means of the
restriction of the function:

’U(iL‘l, tl):CUO($1, tl), Wherevo(:vl, tl):[j\lo(tl)]_lwo(aj‘l, tl), C = const, (37)
on the bounded triangle G1 where wo(x1,t1) is defined by formulas (26)—(27).

THEOREM 3. For the solution {ua(z1,t1), \1(t1)} of the inverse problem (9)—
(11) using the substitutions (4) and (8) back we get the solution of the inverse
problem (1)—(3).

OBSERVATION 2. According to formulas (23), (26)—(27), the solution wo(x1,t1)
is a nonnegative function. It should be noted that according to the criterium
(34) the function E(t1) from (19) is a variable sign function, since the integral
(28) is variable sign function and the coefficient \y(t1) = Chao(t1) (16), (32)

is a positive function.

In work |3] we have showed that the solution of the equivalent problem and
additional condition is bounded. Also it have been showed that the solution of
the inverse problem (9)—(11) and required function A;(¢;) have singularity at
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About one coefficient inverse problem for the heat equation... 41

small values of the variable ¢. Therefore it should be noted that the solution of
the inverse problem {u(x,t),\(¢)} also have singularity at small values of the
variable t.

6 CONCLUSION

In the paper we consider an inverse problem for the heat equation in a
degenerating angular domain with time-dependent boundaries. We have shown
that the inverse problem for the homogeneous heat equation with homogeneous
boundary conditions has a nontrivial solution {u(z,t), A\(t)} consistent with
the integral condition.
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Kuenonues M.T., Eprasues M.T. [ITEKAPAJTAPBI YAKBITKA TOV-
EJIZII A3BIHFAH OBJIBICTAYBI 2KBIJIVOTKI3I'IIITIK TEH/IEYI
YIIIH KOMBIJIFAH KOY®OUIINEHTTI KEPI ECEIT TYPAJIBI

2Kympicta 6i3 1mekapaJiapbl yaKbITKA TOYeJIJIi a3bIHFAH OOJIBICTAFbI KbI-
JIYOTKIBTImMTIK TeHzeyl yimiH kohbumran KoddduimenTTi Kepi ecenrti kapac-
ThipaMbI3. 2K yMbIcTa ToyesIci3 affHbIMAJIBLIAP/IbI KoHE 13e/MiHl (PyHKITUIHBI
TYPJIEH/IPY aPKbLIbl €Ki IIeKAPaChl Ja YaKbITKA TOYeJIJIl a3bIHFAH 00JIbICTAFbI
JKBLIYOTKIZTIMNTIK TEHIEyl YIIiH KOWBIIFAH Kepi ecer MeKapachliHbiH Oipeyi ra-
Ha YaKBITKA TOYesdi O0JATHIH a3bIHFAH OOJIBICTAFBI JKBIIYOTKIBTIIITIK TeHIeyi
VIITH KOUBIIFaH ecerke Kearipyre 60aaThHABIFb KopceTiaai. COHFBI ecer VIH
MIETTMILTIK KPUTEPUitl aIbIHIbI.

Kinrrix ceznep. Koadpdbunmentrik Kepi ecer, KbLIyOTKI3TIIMITIK TEHIEY,
a3bIHFAH 00JIBIC.

Txenamues M.T., Epramues M.I. OB OJHOI KO®PUIINEHTHOII
OBPATHOI1 3AJIAYE JI/Is1 YPABHEHUS TEILJIOIIPOBOJHOCTHU B
BBEIPOYKJJAIOMIENCSA OBJIACTU C I'PAHUIIAMU, 3ABUCANINIMU
OT BPEMEHU

B pabore mbr paccmarpuBaem k03hDuImeHTHYI0 0OpATHYIO 33Ja9y s
yPaBHEHWS TEILIOMPOBOJIHOCTH B BBIPOKJAIOIIEHCA 06/IaCTH C TPAHUIIAMUT, 3a-
BUCSIIIUMI OT BpPEMEHHU. BBLIO MOKAa3aHO, YTO MPU MOMOIIHU MPeobpa3oBaHus
HE3ABUCUMBIX TIEPEMEHHBIX W UCKOMOI (DyHKIMKU 0OpaTHAsd 3a1ad9a I ypaB-
HEHUs TEIJIONPOBOIHOCTH B BBIPOXKIAIOIMIEHCS 00JIACTH C JABYMsI TPAHUIAMH,
BaBUCAIIIMA OT BPEMEHU, MOYKET ObITh CBEJIEHA K 3a/1a9e /I YPABHEHUS Terl-
JIOIIPOBOJTHOCTY B BBIPOYK/IAOIIENCS YIJIOBOI 06/1acTH, HO yXKe C OJHOU TIpa-
Hurei, 3apucdieit or Bpemenu. s mocsenneit 3a/a9u 1OJy9eH KPUTEPUit
Pa3PENTIMOCTH.

Kirouesnre cioBa. Koadbdunuenrtaas: odbparHas 3aja4ua, ypaBHEHUE TEILI0-
[IPOBOJIHOCTH, BBIPOXK/IAIOIIASICST 00/IaCTb.
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