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Abstract
The relaxation of temperature, coupling parameters, the excess part of equation of state, and the correlation energy of the non-isothermal hot
dense plasmas are considered on the basis of the method of effective interaction potentials. The electroneion effective interaction potential for
the hot dense plasma is discussed. The accuracy of description of the dense plasma properties by the effective electroneion interaction potential
is demonstrated by the agreement of the derived quantities like stopping power and transport coefficients calculated using our methodology with
the results of the finite-temperature Kohn-Sham density-functional theory molecular dynamics, and orbital-free molecular dynamics results as
well as with the data obtained using other theoretical approaches.
© 2017 Science and Technology Information Center, China Academy of Engineering Physics. Publishing services by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
The dense plasma is a subject of active experimental and
theoretical investigations due to its importance to the inertial
confinement fusion. The dense plasma forms in the experiments on heavy ion driven fusion [1e3], experiments at the
National Ignition Facility [4], and magnetized Z-pinch experiments at Sandia [5]. To obtain a thermonuclear reaction in
the above-mentioned facilities the comprehensive study of
transport properties and relaxation times of the temperature of
dense plasma is required. During compression of a target by
the flow of high-energy particles the non-isothermal plasma
with different temperatures of electrons and ions is created.
* Corresponding author. Institute for Experimental and Theoretical Physics,
Al-Farabi Kazakh National University, 71 Al-Farabi Str., 050040 Almaty,
Kazakhstan.
E-mail address: zhandos@physics.kz (Zh.A. Moldabekov).
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Therefore, it is especially important to study relaxation times
of electrons and ions. The temperature equalizes much faster
within electronic and ionic subsystems than between electrons
and ions. This is due to a large difference between masses of
an ion and an electron. Computer simulation can answer many
questions and, therefore, became the main theoretical method.
Programs for simulation and calculation of inertial
confinement fusion targets are extremely complex and need a
lot of computation time. The complexity of calculations is
caused by a large number of different physical processes:
temperature relaxation; change of thermodynamic properties;
energy absorption; stopping power etc. In fact the description
of one or more of these processes is already quite complicated.
One of the methods which allows fast calculation of the
physical properties of isothermal plasmas is the method of
effective interaction potentials. The method of effective
interaction potentials [8e30] can provide possibility of fast
and accurate calculations of temperature relaxation time,
stopping power, and transport coefficients of dense plasmas.
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In this approach the screening (collective) and quantum
diffraction effects are absorbed into an effective screened
potential F:
Z 3
d k fab ðrÞ ik$r
Fab ðrÞ ¼
e ;
ð1Þ
2p2 eðk; uÞ
where fab ðrÞ is the pair interaction potential, and eðk; uÞ is the
dielectric function. Further, we consider the static case u ¼ 0.
The simplest model describing screened point-like charge
potential is a Yukawa potential:
Q1 Q2 kY r
FY ðr; n; TÞ ¼
e
;
r

ð2Þ

with the familiar inverse Yukawa screening length, kY .
Yukawa potential (2) can be derived using Thomas-Fermi
model [25], or long wavelength limit of the polarization
(response) function in random phase approximation (RPA).
Recently screened ion potential taking into account the
Kirzhnits first order gradient correction to the noninteracting
free energy density functional was obtained by AkbariMoghanjoughi [26] for zero temperature limit on the basis
of the quantum hydrodynamic theory and at the finite temperature by Stanton and Murillo (SM) in the framework of the
orbital-free density functional theory (OFDFT) [25].
Analysis of the available analytical formulas for the
screened ion potential has been performed by Moldabekov
et al. [27]. In Refs [9,16,25e27,32e34], the ion potential
(ioneion interaction potential) in the static limit which takes
into account quantum non-locality (diffraction) effect caused
by electrons was considered. Dynamically screened potentials
in classical, quantum as well as relativistic systems were
analyzed in Refs [17,35e40].
In this paper we present results for stopping power, transport coefficients, and temperature relaxation obtained using
the effective interaction potential between electrons and ions
in dense plasmas. The effective potential is derived using the
long wavelength expansion of the polarization function and
quantum potential which takes into account the finite value of
the interaction potential at close distance.
In Sec. 2 the effective potential of electroneion interaction is
discussed. In Secs. 3 and 4 we present the results of calculation
of the stopping power and transport properties of the dense
isothermal plasma, respectively. In these sections comparisons
with the results of other theoretical approaches (methods) are
given. In Sec. 5 the temperature relaxation and related evaluation of the thermodynamical properties are presented.
2. Effective electroneion interaction potential

PRPA ðk; uÞ ¼ 
where

41

k2 c20
½g3 ðu þ zÞ  g3 ðu  zÞ ;
16pe2 z3

u ¼ u=ðkvF Þ,

z ¼ k=ð2kF Þ,

ð4Þ


2
c20 ¼ 3=16 Zup =EF

1=3

¼ 1=ðpkF aB Þ,
kF ¼ ð3p2 ne Þ ,
u2p ¼ 4pne e2 =me ,
aB ¼ Z2 =me e2 is the Bohr radius, vF is Fermi velocity, and


Z
x þ y
y dy
;

ð5Þ
ln
g3 ðxÞ ¼ g3 ðxÞ ¼
expðy2 =q  hÞ þ 1 x  y
where q ¼ kB T=EF is the degeneracy parameter, h ¼ m=kB T is
the chemical potential which depends on the density via
relation 2=3q3=2 ¼ I1=2 ðhÞ, and In is the Fermi integral of
order n.
In Ref. [27] the following formula for the wavenumber
expansion of the inverse polarization function was presented:
1
¼ a~0 þ a~2 k2 þ a~4 k4 þ …
2PðkÞ

ð6Þ

Substituting the second order result of equation (6) into (3)
and using long wavelength limit of the ions' classical polarization function Pion ðkÞ ¼ ni =ðkB Ti Þ, we have:


k2 1 þ a~2 k2
 a~0
e2 ðkÞ1 ¼ 
;
ð7Þ
k2 1 þ a~2 ki2 þ kD2 þ a~2 k4
a~0

a~0

2
2
where kD2 ¼ l2
ki2 ¼ 4pni Zi2 e2 =kB Ti , and
D ¼ kY þ ki ,
2 1=2
kY2 ¼ kTF
q I1=2 ðhÞ=2 is the inverse screening length which
interpolates between Debye and Thomas-Fermi expansions.
The result for a~2 =~
a0 is

I3=2 ðhÞ
a~2
:
¼
2
ðhÞ
a~0 12qkF2 I1=2

ð8Þ

Further the electrons density is characterized by the density
parameter rS ¼ a=aB, where a ¼ ð4=3pne Þ1=3 .
In Ref. [9], a similar inverse dielectric function was obtained on the basis of the classical polarization function of
electrons PðkÞ ¼ ne =ðkB Te Þ, but using the quantum Deutsch
[42] potential for the electroneelectron interaction
fDeutsch
¼ e2 =r½1  expð  r=lee Þ  instead of the Coulomb
ee
interaction. However, Eq. (7) is preferable as it was derived
directly from the fully quantum polarization function in the
RPA.
We neglect the bound state effect and use the Deutsch
quantum potential [42]:
fei ¼

Ze2
½1  expð  r=lei Þ ;
r

ð9Þ

The dielectric function in the RPA reads
which has the finite value at r/0:
4pe2
4pZ 2 e2
eðk; 0Þ ¼ 1  2 PRPA ðkÞ 
Pion ðkÞ:
k
k2

ð3Þ

where Pion ðkÞ is the polarization function of ions, and
PRPA ðkÞ is the polarization function of quantum electrons at
finite temperature [41]:

lim fðrÞ ¼

r/0

Ze2
;
lei

ð10Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where lei ¼ Z= pmei kB Tei is the thermal wavelength characterizing the manifestation of the electron wave nature in the
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pair interaction potential, mei is the reduced mass of the
considered pair of particles, and Z is the ion charge number.
In order to describe the nonisothermal two-temperature
plasma not only temperatures of electrons and ions but also
the electroneion temperature Tei is required [43,44]. Using the
OrnsteineZernike equation, it was suggested that the electroneion temperature should be expressed in terms of electron
and ion temperatures as following [44]:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Tei ¼ Te Ti :
ð11Þ
Substituting Eq. (7) into Eq. (1), for the electroneion
effective interaction potential Fei we find:

Fei ðrÞ ¼ 

Ze2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ﬃ

rl2ee g2 1  2kD =lee g2

l2ee ¼ b1 =4kF2

(here

One of the most important characteristics which describes
the interaction of ions with matter is the stopping power (see
e.g. Ref. [47] and references therein). The stopping power
describes the rate of loss of the kinetic energy of directed
motion of a projectile in matter.
We calculate the stopping power in the binary collision
approximation [12,13]:
dE
mei
¼ 8pn
$Ec $r2⊥ $Lei ;
dx
mi

1  l2ee B2
1  l2ee A2
Ze2 expð  r=lei Þ
;
expð

rBÞ

expð

rAÞ
þ
rð1 þ Cei Þ
1  l2ei B2
1  l2ei A2

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where
A2 ¼ g2 =2½1 þ 1  ð2kD =lee g2 Þ2 ,
B2 ¼ g2 =2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



½1  1  ð2kD =lee g2 Þ2 , Cei ¼ kD2 l2ei ki2 l2ee
l2ee =l2ei 1 ,
g2 ¼ ki2 þ1=l2ee ,
h
i
2
3I1=2
ðhÞ ).

3. Stopping power

b1 ¼ q1 I3=2 ðhÞ=

The electroneion effective interaction potential (12) has
the same form as the screened potential in Ref. [9] which
obtained on the basis of a semi-classical dielectric function.
Potential (12) differs from the screened potential of Ref. [9] in
definition of the coefficient lee as the fully quantum expression
for the polarization function is used.
If the electron is considered as a point-like charged particle
lei /0, potential (12) agrees with the SM potential [25] (note
that the SM potential is for the ioneion interaction). If the
quantum non-locality is neglected lee /0, potential (12) reproduces the Yukawa (Debye) potential (2) with
Q1 Q2 ¼ Ze2 .
Recently, analyzing Baimbetov's method of pseudo potenpﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tials W. Ebeling suggested using lEb ¼ Z p=ð4 mei kB Tei Þ as
the parameter characterizing the thermal wavelength in the
Deutsch potential [45]. This choice results in the exact
reproduction of the first quantum corrections to classical
thermodynamics and improvements of the overall plasma
thermodynamics for the higher orders. However, better performance in the description of the thermodynamical properties
does not guarantee better description of the dynamical properties such as stopping power and transport coefficients. In
fact, the Deutsch choice of the lei , which hereafter is referred
explicitly as lDe , is appears to provide a rather better
description of the mentioned dynamical properties as it is
demonstrated below.

ð13Þ

ð12Þ

here Ec ¼ 1=2mei y2 is the energy of the center of mass of the
colliding particles, mei is the reduced mass of ions or electrons,
y is the relative velocity of the scattered test particle,
r⊥ ¼ Ze2 =2Ec , and Lei is the Coulomb logarithm.
The Coulomb logarithm is determined by the scattering
angle [46]:
1
Lei ¼ 2
r⊥

Z∞
sin2

hcðrÞ i
2

r dr:

ð14Þ

0

The classical scattering angle for two particles with masses
m1 ; m2 and with the interparticle interaction potential Fei ðrÞ
for a given impact parameter r reads
cðrÞ ¼ jp  24ðrÞj;
where

Z∞

4ðrÞ ¼ r
rmin

r2

dr
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
1  Ueff ðr; rÞ

ð15Þ

ð16Þ

and Ueff is the effective interaction energy taking into account
centrifugal force due to momentum conservation law has the
following form
Ueff ðr; rÞ ¼

r2 2Fei ðrÞ
þ
;
mv2
r2

ð17Þ

where Ueff is given in the units of kinetic energy of the
projectile.
In Eq. (16), rmin is the distance of the closest approach at
the given impact parameter. cðrÞ is obtained from the equation
Ueff ðrmin ; rÞ ¼ 1.
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The effect of dynamic screening is taken into account by
the following expression, which was recently suggested on the
basis of highly accurate molecular dynamics data obtained by
Grabowski et al. [48]. Consequently, the screening length was
rescaled as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

1=4
lD /lD 1 þ ðv=vth Þ2 1 þ G3
;
ð18Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
here vth ¼ kB T=me , and G ¼ e2 =akB T is the plasma nonideality parameter.
Hereafter, the effective electroneion interaction potential
with the rescaled screening length lD will be referred to as the
dynamic screened potential.
More accurately, to include the dynamic screening effects
in the weakly non-ideal plasma the following scheme suggested by Gould and DeWitt can be used [49,60]:
v〈E〉 v〈E〉static
v〈E〉dynamic
v〈E〉static
T matrix
Born
Born
¼
þ

:
ð19Þ
vx
vx
vx
vx
Further, the ansatz (19) is referred to as a combined model.
In the combined model the stopping power is calculated as the
sum of the T-matrix and the dynamic random phase approximation (RPA) subtracting the static first Born term to avoid
double counting. The main idea of the combined approach is
inclusion of the dynamic screening in the RPA taking into account strong coupling (non-ideality) by the T-matrix method.
The quality of the description of the dynamic properties on
the basis of the effective potential (12) is checked by the
comparison of the stopping power calculated using the combined model, T-matrix method and the first order Born
approximation with the data obtained using the effective
electroneion potential (12).
The stopping power obtained using the effective potential
(12) and the results of calculations using the combined model,
the first Born approximation, T-matrix model, dynamic RPA,

Fig. 1. Stopping power obtained on the basis of the effective interaction potential (12) with and without rescaling of the screening length in comparison
with the results of different theoretical approaches [60] for Z ¼ 1. Data
calculated using the Deutsch thermal wavelength are denoted as lDe . The
results obtained using the thermal wavelength proposed by Ebeling are
denoted as lEb . The result obtained taking into account the dynamic screening
by rescaling the screening length is denoted as lD .
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and particle in cell (PIC) simulation are shown in Figs. 1e3.
Without rescaling of the screening length the effective potential
(12) correctly describes the stopping power at v(vth . Rescaling
of the screening length extends the applicability range of the
potential (12) up to v(1:5 vth . The data obtained from the
combined model have a agreement with the simulation data at
velocities v(3 vth . In cases Z ¼ 5 and Z ¼ 10, at high velocities the effective potential (12) gives the results closer to the
Born approximation. Additionally, from Figs. 1e3 it can be
concluded that the thermal wavelength proposed by Ebeling
fails to provide correct description of the stopping power.

Fig. 2. Stopping power obtained on the basis of the effective interaction potential (12) with and without rescaling of the screening length in comparison
with the results of different theoretical approaches [60] for Z ¼ 5. Data
calculated using the Deutsch thermal wavelength are denoted as lDe . The
results obtained using the thermal wavelength proposed by Ebeling are
denoted as lEb . The result obtained taking into account the dynamic screening
by rescaling the screening length is denoted as lD . The stopping power is given
in units of 3kB T=lD .

Fig. 3. Stopping power obtained on the basis of the effective interaction potential
(12) with and without rescaling of the screening length in comparison with the
results of different theoretical approaches [60] for Z ¼ 10. Data calculated using
the Deutsch thermal wavelength are denoted as lDe . The results obtained using
the thermal wavelength proposed by Ebeling are denoted as lEb . The result obtained taking into account the dynamic screening by rescaling the screening
length is denoted as lD . The stopping power is given in units of 3kB T=lD .
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10 10

Investigation of transport properties is important for ICF,
physics of warm dense matter, etc. [51]. In particular, realization of the inertial confinement fusion requires reliable information about transport coefficients, i.e. coefficients of thermal
conductivity, and diffusion. We consider the dense DT plasma.
The plasma diffusion coefficient, and thermal conductivity
are connected with the effective collision frequency:

10

9

10

8

kB T
;
me neff

ð20Þ

5ne kB2 T
;
me neff

ð21Þ

D¼
k¼

where
neff

pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
3=2
¼ ð4=3Þ 2pe4 Lei = me ðkB TÞ

ð22Þ

is the effective collision frequency determining by the
Coulomb logarithm. The dimensionless diffusion and thermal
conductivity coefficients are D ¼ D=up a2 , and k ¼ k=


me up =a , respectively (here up ¼ ð4p ni =MÞ1=2 Ze is the
plasma frequency for ions mass M ). For the DT mixture
considered in this work we use M ¼ ð2 þ 3Þ=2 ¼ 2:5 amu
[52].
In Figs. 4 and 5 the results for thermal conductivity of the
dense plasma as a function of temperature are presented. The red
solid lines represent the thermal conductivity obtained using the
effective interaction potential (12), the blue solid lines are the
result obtained using lEb as a thermal wavelength. The black
solid triangles represent the QMD results [53]. The blue dashdotted lines represent the common Coulomb logarithm L:
L ¼ ln

bmax
;
bmin

ð23Þ

10 9

k ( W · m –1· K –1)

ρ=43.105 g/cm
10

8

10

7

10

6

10

5

10

3

lnΛ
QMD
λ De
λ Eb
2

T (eV)

10 3

Fig. 4. Thermal conductivity of the DT plasma obtained using the effective
interaction potential (12) and from QMD simulations as a function of temperature at r ¼ 43:105 g=cm3 . The results obtained using the thermal wavelength proposed by Ebeling are denoted as lEb .

k ( W · m –1· K –1)

4. Transport properties

ρ=199.561 g/cm 3

10 7

QMD

10 6

lnΛ
λ De

10 5

λ Eb

10

4
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2

10 3
T (eV)

Fig. 5. Thermal conductivity of the DT plasma obtained using the effective
interaction potential (12) and from QMD simulations as a function of temperature at r ¼ 199:561 g=cm3 . The results obtained using the thermal
wavelength proposed by Ebeling are denoted as lEb .

where bmax , bmin are maximal and minimal impact parameters.
As the minimal impact parameter the closest approach distance Ze2 =kB T or de Broglie thermal wavelength lei is taken
depending which of them has a larger value.
In [53] QMD simulations, the results for the deuterium
thermal conductivity were provided for a wide range of densities and temperatures. Hu et al. [53] presented the following
function to fit the results of the QMD calculations:


7=2
20ð2=pÞ3=2 kB T 5=2 0:095 Zeff þ 0:24
1
kQMD ¼

; ð24Þ
pﬃﬃﬃﬃﬃﬃ
1 þ 0:24Zeff
LQMD
me Zeff e4
From Figs. 4 and 5 one can see that the thermal conductivity
of deuterium plasma increases as the temperature increases.
Note that at high densities and relatively low temperatures the
results obtained using the effective potential are close to the
result obtained using quantum molecular dynamics.
We calculated the diffusion coefficient of the deuteriumetritium plasma for density r ¼ 5 g=cm3 and temperatures ranging from 2 to 10 eV using the Coulomb logarithm
based on the effective potential (12). Fig. 6 shows a comparison of the calculated data on diffusion in a DT plasma with
the theoretical results from Refs. [54e57]. The comparison
with the data obtained on the basis of the finite-temperature
Kohn-Sham density-functional theory molecular dynamics
(QMD) and orbital-free molecular dynamics (OFMD) are
given. OFMD simulations consider the free energy of electrons semiclassically, and are able to reach higher temperatures. The obtained results are in good agreement with the
results of QMD and OFMD simulations at higher temperatures, and therefore we conclude that our method can be used
in this regime. The reason for this is that the effective interaction potential using our calculations takes into account the
first order gradient correction as it has been mentioned. At
temperatures below 3 eV, the correlations (non-ideality)
become important and the effective potential (12) does not

S.K. Kodanova et al. / Matter and Radiation at Extremes 3 (2018) 40e49

Fig. 6. The diffusion coefficient for the DT plasma a function of temperature at
density r ¼ 5 g=cm3. The results obtained using the thermal wavelength
proposed by Ebeling are denoted as lEb . Comparisons with the results of
QMD, OFMD [54], and OCP classical simulation [55] are given.
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presented. The equilibration rate increases with increasing
density, which is caused by the increase in the frequency of
collisions. The larger the temperature difference between
electrons and ions, the more time is needed to come to an
equilibrium state. According to the data from Figs. 8 and 9, the
change of the ioneion coupling parameter Gi ¼ e2 =akB Ti and
of the electroneelectron coupling parameter Ge ¼ e2 =akB Te
are presented in Figs. 10 and 11. The ioneion coupling
parameter Gi decreases due to heating of the ions, whereas the
electroneelectron coupling parameter Ge increases due to
cooling of the electrons.
Now it is interesting to consider the changes in the thermodynamical properties of the dense plasma in the course the
temperature equilibration. For this reason, further it is assumed
that the plasma is always in the local thermodynamic equilibrium state.

work as it was derived on the basis of the RPA. Additionally,
from the presented data for the transport coefficients it is clear
that the change of the thermal wavelength, lei /lEb , to
improve the description of the thermodynamic properties of
the plasma leads to the incorrect description of the diffusion
and thermal conductivity.
5. Temperature relaxation
The results on the stopping power and transport properties for
the isothermal case show that the effective potential (12) provides correctly qualitative and quantitative description of hot
dense plasmas. Assuming that this holds for the non-isothermal
plasma, in this section temperature relaxation and related change
in the thermodynamical properties are considered.
The relaxation rate of the electroneion temperature (the
rate of energy exchange) is determined by the difference of the
average temperatures:
dTe Ti  Te dTi Te  Ti
¼
¼
;
;
dt
tei
dt
tie

Fig. 7. Comparison of the values of temperature relaxation calculated on the
basis of the effective potential with other theoretical BPS [58], LS [59], GMS
[60] and MD results [61].

ð25Þ
80

T e, T i ( e V )

3=2

3me mi
kB Te kB Ti
þ
:
ð26Þ
tei ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
mi
8 2pne Lei me
The relaxation times of the temperature in the plasma are
calculated for different density values on the basis of the
Coulomb logarithm using the effective potential (12). Fig. 7
shows the values of temperatures of ions and electrons at n ¼
1024 cm3 in comparison with MD data and the results of
other theoretical methods. When the time given in the logarithm scale, the relaxation can be divided into two stages. The
first one, at the beginning of the relaxation process, is characterized by the slow equilibration of temperatures. The second stage, at large times, is characterized by the exponential
decrease of the temperature difference of components. In Figs.
8 and 9 the relaxation of the temperature at two different
values of the initial ion temperature and plasma density are

60
40
20
0

On the basis of effective potentials
On the basis of Debye potentials
Landau-Spitzer

T e0=91.47 eV
T i0=6 eV
22
–3
n =10 cm

10

2

Te

Ti

10

3

10

4

Time (fs)
Fig. 8. The relaxation of temperature calculated on the basis of the effective
potential, the Yukawa (Debye) potential, and using Landau-Spitzer theory at
n ¼ 1022 cm3 .
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To study the thermodynamic properties of the plasma we
used a method using particle pair correlation function in the
following approximation:
gab ðrÞx1 þ

Fab ðrÞ
;
kB Tab

ð27Þ

where Tee ¼ Te , Tii ¼ Ti are the temperatures of the electron
and ion subsystems, and Tei ¼ Tie is the electroneion temperature (see Eq. (11)).
The approximation (27) is justified as in the considered
cases the coupling (non-ideality) parameters have values less
than one (see Figs. 10 and 11).
The correlation energy in terms of the pair correlation
function reads:
Z X
UN ¼ 2pV
na nb fab ðrÞgab ðrÞr 2 dr:
ð28Þ
a;b

Fig. 11. Relaxation of the coupling (non-ideality) parameters Ge , and Gi
at n ¼ 1024 cm3 .

The plasma equation of state is determined by the equation:
Z
dfab ðrÞ
2p X
P ¼ Pideal þ
gab ðrÞr 3 dr;
na nb
ð29Þ
3
dr
a;b
where Pideal is the pressure of ideal plasma. In this approximation, for the correlation energy it was obtained [9,62]:
X

na nb e2a e2b
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a;b kB Tab g2
1  ð2kD =lee g2 Þ2
" 
#

1 l2ee  B2
1 l2ee  A2
 
 þ Ul ;
 
B 1  B2 l2ab
A 1  A2 l2ab

UN ¼ 2pV

Fig. 9. The relaxation of temperature calculated on the basis of the effective
potential, the Yukawa (Debye) potential, and using Landau-Spitzer theory at
n ¼ 1024 cm3 .

here
the
second
term
Ul ¼ 2pVe2 2Zi ni ne l2ei

n2e l2ee þ Zi ni ne lei e2 =½kB Tei ð1 þ Cei Þ  is due to the quantum
diffraction effect at small distances.
For the equation of state we found [9,62]:

On the basis of effective potentials
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Fig. 10. The relaxation of the coupling (non-ideality) parameters Ge , and Gi at
n ¼ 1022 cm3 .

here the second term Pl ¼ 2pe2 2Zi ni ne l2ei  n2e l2ee þ Zi ni ne

lei e2 =½12kB Tei ð1 þ Cei Þ  .
Equations for the correlation energy (30) and for the
equation of state (31) are consistent with the effective potential
(12) used for the calculation of the temperature relaxation.
The relaxation of the correlation energy and the excess part
of the equation of state at n ¼ 1022 cm3 and at
n ¼ 1024 cm3 are presented in Figs. 12 and 13, respectively.
In the case n ¼ 1022 cm3 (with initial value of the ion
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temperature 6 eV), at the first stage the heating of the ions
leads to the decrease of the correlation energy and the excess
part of the equation of state (by absolute values). In contrast, in
the case n ¼ 1024 cm3 (with initial value of the ion temperature 31 eV), cooling of electrons overcomes the effect of
ionic heating and, therefore, the absolute values of both the
correlation energy and the excess part of the equation of state
increase. At the second stage, for both mentioned cases,
stronger electron correlations caused by cooling of electrons
leads to the increase in the correlation energy and the excess
part of the equation of state (by absolute values).
In general, in the experiments on production of hot dense
plasmas, initially the ionic subsystem can be heated first, i.e.

Fig. 12. Relaxation of the correlation energy of the non-isothermal hydrogen
plasma. The values of temperatures of electrons and ions are given in Figs. 8
and 9. Corresponding relaxation of the coupling parameters is presented in
Figs. 10 and 11. The values of the correlation energy in the case
n ¼ 1022 cm3 are multiplied by the factor 10.

Fig. 13. Relaxation of the excess part of equation of state for the nonisothermal hydrogen plasma. The values of temperatures of electrons and
ions are given in Figs. 8 and 9. Corresponding relaxation of the coupling
parameters is presented in Figs. 10 and 11. The values of the excess part of
equation of state in the case n ¼ 1022 cm3 are multiplied by the factor 10.
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Ti0 > Te0 . For example, in the case when matter is compressed
and heated by an ion beam. To provide a simplified analysis of
both cases, i.e. Ti0 > Te0 and Ti0 < Te0 , we present the correlation energy UN and the excess part of the equation of state
DP as a function of the electroneion temperature ratio in
Figs. 14 and 15. The data obtained neglecting the quantum
non-locality effect inscreening of the inter-particle interaction
(i.e. taking lee ¼ 0 in the dielectric function) and the results
determined using the Yukawa (Debye) potential are given for
the comparison. As it is seen from Figs. 14 and 15, the
quantum non-locality leads to the weaker manifestation of the

Fig. 14. Correlation energy of nonisothermal hydrogen plasma at (a)
Te ¼ 250; 000 K ¼ const and (b) Ti ¼ 250; 000 K ¼ const as a function of
electroneion temperature ratio Te =Ti . The density parameter is rs ¼ 3. Solid
line corresponds to Eq. (30), dashed line is obtained neglecting quantum nonlocality effect in the plasma dielectric function (i.e. lee ¼ 0), dashededotted
line presents the results of the Debye theory (i.e. lee ¼ 0 and lei ¼ 0).

Fig. 15. The excess part of the equation of state for the non-isothermal
hydrogen plasma at (a) Te ¼ 250; 000 K ¼ const and (b) Ti ¼ 250; 000 K ¼
const as a function of electroneion temperature ratio Te =Ti . The density
parameter is rs ¼ 3. Solid line corresponds to Eq. (31), dashed line obtained
neglecting the quantum non-locality effect in the plasma dielectric function
(i.e. lee ¼ 0), dashed-dotted line presents the results of the Debye theory (i.e.
lee ¼ 0 and lei ¼ 0).
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non-ideality in two-component plasma thermodynamics.
Heating of ions (or electrons) leads to the decrease in the
absolute values of UN and DP, whereas cooling of ions (or
electrons) gives the opposite result. During relaxation of
temperatures of electrons and ions, the hotter component undergoes cooling while the cooler component heats up until the
equilibration of temperatures.
6. Conclusions
In this work the temperature relaxation and related relaxation
of the thermodynamical properties of the hot dense plasma are
considered on the basis of the effective interaction potential.
The applicability of the proposed effective electroneion interaction potential is justified by the agreement of the calculated
data on the stopping power and transport coefficients with the
results of such computer simulations as PIC, QMD, OFMD and
other theoretical methods.
It is shown that the modification of the thermal wavelength
in the Deutsch potential (9) proposed in Ref. [45] for better
description of thermodynamical properties does not result in
improved description of such dynamical properties as stopping
power, thermal conductivity, and the diffusion coefficient of
plasmas.
Assuming that the condition of the local thermodynamic
equilibrium is satisfied, the relaxation of the coupling parameters, the correlation energy, and the excess part of equation of state of the nonisothermal hot dense plasma are
obtained. Depending on the difference in the initial values of
the temperatures of electrons and ions, thermodynamical
properties can undergo non-monotonic changes in the course
of relaxation to equilibrium. However, first of all, we
neglected possible impact of the ioneelectron recombination
at rs > 2. The second point is that the question of the choice of
electroneion temperature Tei is still open. This parameter is
critical for the description of the non-isothermal plasma in the
framework of theoretical methods.
Finally, the third important issue related to the extension of
the method to non-ideal dense quantum plasmas, is the
consistent inclusion of the effect of non-ideality into the pair
interaction potential between particles taking into account
such collective effects as the ionization energy depression
(reduction) and exchange-correlation effects.
The development of the method of effective interaction
potentials is important as it gives a deeper insight into physics
of dense plasmas [63] and can provide an effective tool for the
fast and accurate calculation of various physical properties for
future technological applications [64]. Therefore, the abovementioned issues need to be addressed in future works.
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