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BBEJIEHUE

JlaHHOC MOCOOMC MOCBAIICHO U3YUCHHUIO AJTOPUTMOB, KOTOPBIC
NO3BONIOT  HGQPEKTHBHO CTPOUTH ONTHMANBHBIE MAaPIUPVTH —
nmoarpadel  3azaHHBIX  rpadoB, oOmajaroIMe  3aTaHHBIMH
IKCTPCMAIbHBIMU  CBOMCTBaMHU. OCTOBHBIC ICPCBBS, KpaTUAHLING
MyTH B rpadaxX, KOMMYHHKALIOHHBIE CETH H TaMUTbTOHOBBI LIMKIIBI
Oyayr B 3TOM nocoOuu B LUCHTPC BHumanud. Hapaay ¢
KNMACCUUCCKUMHU  AJITOPUTMAMHA ,Z[HCerTHOﬁ OTITUMU3ALUHA, MBI
MO3HAKOMHMCH H ¢ HOBBIMHU IOAX04aMU K [TOCTPOCHHUIQ A ITOPUTMOB,
3AUMCTBOBAHHBIMU ¥ TMPUPOIBL: TCHECTHUYCCKHE QITOPHUTMEL,
HMHTALMA OT/KUTA U AP.

Ecnu He OroBopeHO JOTONHUTENBHO, TO Jamee OvVIyT
HCIIOIb30BATECA CICAYIOIIHUE 0003HAUCHHA:

Z ;. — MHOXXECTBO LIENBIX HEOTPULIATEILHBIX THCET,

21— MHOKECTBO N-MEPHBIX HEOTPULATENBHBIX LETOUHCICHHBIX
BEKTOPOB;

N=1{12..,n}cZ,

R - MHOKECTBO BCIICCTBCHHBIX UUCCIT,

R, = {xeR x>0}

R"- MHOXECTBO N-MEPHBIX BCLICCTBEHHBIX BCKTOPOBX =
(X1, .-, Xn), XjER;

1= {xeR"x>0,
B"-  MHOXeCTBO n-MEpPHBIX

(X1, -, Xpn),

j=1.,n}
OVNMEBEIX  BEKTOPOB X =
x;<{0,1};

|M|— MoImHOCTE MHOKECTBa M

lat uenas wacts uucna a;

[a| MurmMaIBHOE €108 9HCITO, KOTOPOE HE MEHBIIE a:

at = max{0,a};

X" = (X3, ..., Xp)— ONTUMAIBHOC PCLICHUC;

B — KOHEIl JOKa3aTeTbCTBA.

Jlas va00CTBA YNTATC/IT HAOMHUM ONPCACACHUS HCKOTOPBIX
6a30BBIX MOHATHH, KOTOPHIC TTOHAIOOATCS B A2 IbHEHIIEM.

Onpepenenne 1. [pahomG = (V, E)HazeiBaeTcs mapa
muoxkeers V uE, rac V = {1, .., n} — MHOKCCTBO BCpLuMH, a

.

D
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E={{])]|ijeV} - wmuoxccrso pcocp rpada. Has
H306pa)KeHH$[ BCPIOWHBI, KAK TIPABHUIIO, UCTIONB3YETCA TOUKA, a A.T4
nso0pakeHus pedpa — OTPEe30K JTHHHH MEXAY ABYMSA TOUKAMH.
YropsoueHHas Tapa BEPIIMH OMPEIeNseT AYTY W M300pakacTes
CTPENKOH, KOTOPAs 3aKaHYMBACTCS B KOHEYHON BEPLUIMHE IVTH.

Onpeaenenne 2. JIBc BOpLIMHBL, CBS3AHHBIC PCOPOM, SBIAIOTCH
cMeKHBIMA. Ecu BepIinHA SABNAETCS OAHUM U3 KOHLOB pebpa, TO
3TH BCPLIMHA M PCOPO MHUMACHTHBL APYT APYry. CTCICHb BCPILIMHBL
paBHa "YHCITY WHIMACHTHHIX ¢if pedep. Crenens rpada coenanaet ¢
MAKCHMAJIBHOM CTCIICHBIO BCPLIWH.

Onpenenenne 3. [1pocToi HENMbKO HAZHIBACTCS ALMKIATCCKHI
cBA3HBIN noarpad creneHu 2. OpUEHTUPOBAHHAA LETb, B KOTOPOH
BCC Ayru OPHUCHTHPOBAHBL OT Ha4YaJa K KOHLY ITYTH, Ha3bIBACTCA
MYIEeM.

Onpegenenne 4. CpsizHblil noarpad, BCC BCPILUHBI KOTOPOro
UMCIOT CTETNEeHb 2, Ha3blBaeTCH Huxioa. LMk, BRmOUarommii Bce
BCPLIUHbL rpada, HA3BIBACTCS cAMILTMONOGLIM,

Onpeaenenne 5. I'pad, xaxaomy pedpy kortoporo(i, j) € E
NpUnucato YuCI0 — ¢6eC», HAIbIBACTCHA G36CULEIIBIM. C)-’Ml\'la BCCOB
pebep, BXOIAUX B TIOArpad), HA3BIBACTCS 6ECOM NOOZPagda.

Onpegenenne 6. KoauuccTBo CUMBONOB B CTAHAAPTHOM
(ABOMUHOM) MPCICTABACHUN AAHHBIX UHAMBUAYANBHOH 3aaa4un Xe P
HA30BCM AAMHOH BX0Ja U 00o3nauuML = L(X).

Onpegenenne 7. Ilvers aaroputm A pewact npodacmyP
uta (X)—k0aMuCCTBO  3ICMCHTAPHBIX  oncpauui  (apudmeTHucCKue
OTICPAIIMH U OMEPALIHH CPABHEHMS), BBITTONHSISMBIX AITOPHTMOM A
Opu  PeleHWH HHAWBHUAYANBHOH 3anaun XeP. Torma ¢yHkoms
Ta(n) = supyep{ta(X): L(X) = n}nasmisaercs MPVOOCMKOCTBIO
ATOPUMMAA.

AdropurM A Ha3HBacTCA TMOMHHOMHATBHBIM, €CIH €rO
Tpyaoemkocts Ta(n) = 0(n?), rae d - wuetoe nozoxurensHOE
YHCIO0.

AJropuT™MBl, TPVIOSMKOCTB  KOTOPBIX HE  OTPAHHYCHA
MOJTHHOMOM OT AJIMHBI BXOAA. HASBIBAKOTCSI 3KCIIOHCHLIHA. TbHBIMH.

B  TeopMM = BBYHCIHTEIBHOM  CIOKHOCTH — IPHHATO
paccMaTpuBaTh 334a4K PACNO3HABAHUS (CBOUCTB), TO CCTh 33,1a4H, B
KOTOPBIX BO3MOM HBIM OTBETOM HBHHCTC?I((H&)) HITH «Her».
4
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Hanpuyvcp, npasaa mu, 4To 333anublii rpad ssmictca acpesom?
Cpean 3amav pacno3HABAHMS TIPUHATO BBHIACTATH Kiaccel P u NP,
Hanomuum, uro kmacce P cocrour u3 3anau pacnosnaBaHus,
paspemrnMeIxX 3a nmouHoMuaTbHOE BpeMs. Kiace NP aensercs 0oee
mupokuM. OH BkmouaeT B ceOs BCe 3aJa4d paclO3HABaHHA, B
KOTOpbIX OTBCT «Jla» MOKCT ObITH MPOBCPCH 33 MOJMHOMMAILHOC
BpeMs. 3ajaua MPUHATICKHT STOMY KIACCY, €CTH, JaKe HE vMes ee
PCLUATb, MOXKHO <JICTKO» MPOBCPUTH OTBCT, MOALISACE Cro WU
Haiings B Muteprere. [lpm 3TOM nOCTaTOwMHO ¥METH TIPOBEPATH
toabko otBeT «Jlan, MHorna nposcpka orecta «Jlan MoxkeT ObITH
Jerde WM CI0KHee TipoBepkH oteeTa «Her». PaccvoTpmv 3azauy o
raMMIbTOHOBOCTH rpada; 3aJaH TNPOCTOH HEOPHEHTHPOBAHHBII
rpad, Tpedvercs Y3HATH, COJACPKHT TH OH TAMHIBTOHOB LIHKI?
IMoxaxkem, yTO 3Ta 3a1aua npuHALICKUT Knaccy NP. Ipeamonosxmm,
uTo rpad ACHCTBUTCILHO raMMIBTOHOB, M KTO-TO [OACKA3A1 HAM
OTBCT. YKazaB OAUH U3 TAKWUX UHKTOB. MoxHO TH MPOBCPUTE 3TV
NOJCKA3KY 32 MHOIMHOMHAIBHOC BpeMu’! [l 3TOro  Hy»KHO
TIPOBEPUTD, YTO VKA3AHHEIA HA0Op pedep oOpaszver npocToi MK, U
OH TIOKPBIBAacT BCE BEPUIMHBI. OYEBHIHO, UTO 3TO «IETKO» CIEIaTh
U, €1eJ0BaTeNbHO, 3a1atua npuHaIexkuT k1accy NP. 3averny, urto
oteeT «Het» mposeputs 33ech KyJa TpyaHee. ['oBopdr, 4ro 3ajaqa
pacnosHasanus opuHaticxkur kiaccy co-NP, ccam oreer «Her»
MOKHO MPOBEPHTD 3a MOTHMHOMHAILHOE BpeMsl. Jlerko nokasars, 4to
cacayoowmas 3anada nopuHaticxkut kaaccy c¢o-NP. 3azan npocroit
HEOPWEHTHPOBAHHBII rpad, TpaBIa JH, 4YTO OH HE SBIICTCS
raMubToHOBBIM? OTBeT «HeT» 0O3HawaeT raMHIBTOHOBOCTB rpada,
a 3TO MOKHO JTETKO TIPOBEPHUTE.

B kmacce P MokHO TNpOBEpHTL ¢ TNOMHHOMHANBHOMH
TPYAOCMKOCTbEO 11000# OTBCT, 1, 3Hauut, P < NP. Jokasary unu
OTIPOBEPTHYTH OOPATHOE BKTIOUEHHE NMOKA HMKOMY He yiaercs. Ha
CCTOTHAIIHUHA JEHb O3TO OJHA M3 LEHTPATBHBIX MPOoOGIeM
MATEMATHKH - «3a1a4a TBICSTUC. TCTHII»
(http:/~vww.claymath.org/millennium/). 3a ee peLeHne
AMCPUKAHCKOC ~MAaTCMATHYCCKOC OOLICCTBO  OOCIIACT NpM3  —
MILTHOH JOMIAPOB.

MHOroICTHUC MHTCHCHUBHBIC HCCJICIOBAHUA [OACKA3bIBAOT,
qro P # NP. KocBeHHBIV [ 10Ka3aTEIBCTBOM 3TOH THMTIOTE3BI CITYIKHT

5
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TOT (akT, uTo B Kkjacce NP oOHapyxeHBl Tak Ha3biBaeMmble NP-
MOJIHBIE 3a/1auu.

Omnpenenenue 8. 3anmaudy u3 kinacca NP HazbiBaroT NP-monHOM,
€CJIM CYIIEeCTBOBAHHME IOJIMHOMHMAJIBHOTO airopuTMa Jjis ee
pelieHus BJEYeT CYLIECTBOBAHWE IOJTMHOMHAJIBHBIX aJIrOPUTMOB
JUIs Bcex 3a7ad u3 kiaacca NP.

K Hacrosmemy BpeMeHM M3BECTHO OTPOMHOE KOJIHWYECTBO NP-
nonHbX 3agad [7, 17]. OgHako HU 10 OAHOW M3 HHUX HE YJIaJocCh
pa3paboTaTh TOUHBIHA NOJMHOMUAIBHBIN aJICOPUTM.

Onpenenenue 9. IlpuOaMKEHHBIM aNTOPUTMOM  PEIICHUS
3aaud P sABnAeTCsS anroputM, CTPOSALIMH NONYyCTUMOE pEeLICHUE.
OueHKOW TOYHOCTH MNPUOIMKEHHOI'O aJIropuTMa Ha30BEM TaKoe
gucno B > 0, yro orHomenune Wa (1)/W * (1) He mpeBocXoauT B Aist
m000# nHAMBUYaNbHOM 3a1auu [ e P Ha MUHUMYM U HE MeHee B I
mo0oil mHaMBHUIAYanbHOW 3amauu “P Ha Makcumym. 3pecsW* (1)-
3HAYCHHE IICNIEBOM (DYHKIMU HAa ONTHMAIBHOM PEIICHHH 33aJa4d , a

- 3HaueHHWe (YHKIUOHANA Ha PEIICHUH, HTOCTPOCHHOM
anroputMoMm A. Ilpu »ToM anroputM A  Ha3blBaeTcsi B -
NPUOTMKEHHBIM.

3anaya u3 kiacca NP mMoxeT ObITh pelieHa 3KCIOHEHIUATbHBIM
QITOPUTMOM, KOTOPBIM MpOCTO mnepedupaeT BceX MOTEHIHUATbHBIX
KaHaAuaatoB. Mpbl mpeamnosiaraeM, 4YTOo HX pa3Mep OrpaHHYeH
MOJIMHOMOM OT pa3Mmepa Bxoaa. Oka3bIBaeTcs, 4TO OBIBAIOT 3aJauH,
KOTOpblE HE pelalwTcs BOOOLle HUKAKUM alrOpuTMOM (HH
MOJIMHOMHANBHBIM, HH SKCIIOHCHIMAIbHBIM, HH emé Ooiee IOJro
paboTalONINM); MX HA3BIBAIOT HepaspemuMbiMu (unsolvable) [38].
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1. METOABbI OIITUMHU3ALINNA
1.1. O61uas 3aga4a JUHEHHOT0 OPOrPAMMHPOBAHHS

Jlunetnoe nporpammuposanue (JIII) - Hayka O HAXOKIACHUH
IKCTPCMYMOB IMHCHHON (PYHKLHH, KO[JA HA HCC HAKIAJbIBAKOTCH
JIUHEHHBIE OTPaHUICHMA.

[Mocranoska obucit 3azaun JIIT. TMox ocuosno#t 3a1aucii JIIT
MIOHHUMAFOT KCTPEMHU3ALIMIO (Max, Min) THHEHHOH (opvier (hyHKImiA
ucau) L(X) opu OrpaHuuCHUAX, SBIMIOLIMXCH VPOBHCHUAMU-
paBeHCTBAMH.

Martemaruueckas  GOpMyIHpPOBKa B OOLIEH IOCTAHOBKE
ocHoBHOH 3anauw JII1. [lansr muHeiHas GyvHKINS

L(x)=cixytCaXat. .. +C, X, —3KCTPEMYM

(L.1)
¥ CHCTEMA JIMHEHHBIX OTPAHUICHHSIX:
nXntanpxpt.. Fanx,=b
a Xy HanXaat. . FaoX,-b. (1.2)
mlxl+am_"xl+ e +a1mxn—bm
x;20,j=1..n (1.3)

TAC @i}, b u €j - 321QHHBIC NOCTOMHHBIC BCAUYMHDL,
Haiity Takuc HCOTPULATCILHBIC 3HAuCHus X (X, X,,., X, ),

KOTOPBIC YAOBIETBOPSIOT CHCTEME orpanudeHuii (1.2) v JocTaBIgoT
auncinoi Gyuxumn (1.1) MUHUMATIPHOC (MAKCUMATIBHOC) 3HAUCHUC.
Kak ormeuaTocs pamee, B cucteme orpanmuecHuii (1.2) Bce
b;(i=1,2,..,m) MOXHO CUHTATh HCOTPHUATECIBHBIMHU. OOmas
3a,4a4a HMCCT HCCKOJIbKO (POPM 3amMCH.
Pasamanrie dopmer 3ammucn.

H
3anuch ¢ NOMOLIBIO 3HAKOB Cy MMBbL: L(X)= Z ¢,x, = IKCTPCMYM
J=1

1
IIPY OrPAHUHUCHHUSX! Z ¢,x, =b, i=l.m,
=l

x,20,j=1.n
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rac X = (x1x, ... Xp).
3anmce B BexTopHOU popme:  L(x) = Cx,C =(¢), ¢, €3)
[Mpu orpanuucHuIX:

x4, +x,4, +x,A =B,

i b
a,, b,
4= " [B=| °
(llﬂl bm (l .4)

CX — CKATIPHOE MPOU3BEICHIC.
3amucek B MatpuuHoi popme: L(x) = CX,C =(¢),c,,...,C,)

AX=B,
o,y 4, b, X,
a,Q,,.. 0 b X
217722 2 2 2
= "L B= X =
amlarnZ " ‘amm bm ‘xn
X >0

Onpeaenenne 1.Bexrop X = (X1 X5 ... Xy ), VAOBICTBOPAIOIMI
vernosusM  (1.2)-(1.3), HaswBaeTCs MIGHOM WIH  OQORVCIMUMbBIM
pewternuet saoavu JI1.

Onpeaenenne 2. IM1an X = (xq x5, ... Xp)
Ha3BIBACTCAONOPHBIM, ec1i BekTopel A, B pasnoxenunn (1.4)

SIBJIMIOTCS. TMHCHUHO HC3aBUCUMbIMU BCKTOPAMH,

Onpepenennie 3.  Omopublii  miagd X HaselBacTCA
neepipodNCoenvIM,  CCAM  OH  UMCCT M IOJONKUTCIbHBIX
KOMTIOHEHTOB, B IIPOTHBHOM CJIVUIAC HAZBIBAETCS GbIPONCOCHHBIM.

Onpeaenenne 4. OnruvaneeeivM miadom 3asaun (1.1)—(1.3)
HA3BIBACTCA IUIAH, AOCTABISIONIMH MHHUMATbHOE (MaKCHMATBHOE)
3HAYCHHC LENCBON QYHKIHIHN.

Boinykible MHOKecTBA
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[TycTe Ha mockocty X, 0x; 3a3aHbl ABC TOUKH: Ay (X ”); :\'ZU )) U
A (% x,7), ompenensromme TPSMONHHEITHBIH HATIPABICHHBI
otpezox A1A, Haklicym koopauHATHl NPOU3BOJBHOH BHYTPCHHCH
TOUKH A (X;; X2) AAHHOTO OTPE3KA USPE3 KOOPAWHATH €10 KOHIIOB,

Bekropbt 414 = (x;- M xom o) A1, = (- 1 x-
x-"") mapaimenbHEl M OAVHAKOBO HAMpABIEHB, MOSTOMY A4 = t
(A14,). tae 0<t<1, mmm x- X, =t - x,1"), 0= x0= t(x.%- x5,
Orcroma x;=(14) ;" + tx,7, x5 =(14) %" + t x,". MMozaras 1- t,=1,.
t=1, noxyaum

X4 A1X§1) + Azxgz), (15)

Xy = /127(9) + /12.\"52),
Al > O,AZ > O,Al +/12 = 1.

VYuuteiag, uto B (1,5) xoopauHaThl TOUKM A ABIIOTCA
CYMMaMU OAHOMMCHHBIX KOOPAHHAT TOUCK A U A, YMHOXKCHHBIMU
COOTBCTCTBCHHO HA 4MC/a A1 U Ay, OKOHYATCILHO NOJIYHACM!

A=A nlA, (1.6)
AHz204,204+1=1 (1.7)

Touka A, a1 xoTopoil BeImoIHsoTea yemosuda (1.6) u (1.7),
HA3bIBACTCH BHIMYKJION IMHCHHON KoMOuHauch Touck A, u A,. [pu
A1 =1 wu A, =0 Touxa A COBMAIACT C KOHIOM OTpe3ka A;, mpwu
A1 =0wu A, =1 —c xonuom orpeska A. Takum oOpaszom, ecam t
npoderaet Bee sHadeHns ot 0 70 1, TO ToUKa A OMUCHIBAET OTPE30K
AA; Touxu A, u A, Ha3BIBAKOTCS YT IOBBIMH H KPAHUMH TOUKAMH
otpeaka A4,

U3 onpeaeneHus AHHSHHOH BBIMYKIOH KOMOWHAIMH TOYEK
OYCBHIHO, UTO VITIOBasg TOYKA HE MOKET OBITh MPEIACTABICHA Kak
BBIMVKJIAS TMHEHHAs KOMOWHAIWs JABYX JAPYTMX TOUECK OTPE3Ka.
Coorrowrenns (1.6) u (1.7) BepHB HE3aBUCHMO OT pazMEpPHOCTH
IPOCTPAHCTBA.

[lycTe umeeTcs n Touek A;, A,,.... A, Touka A aBisercs Hx
BBIIYKJIOH IMHCIHOM KOMONHAUMCH, CC1U BbLIOIHAIOTCS YCAOBUA

A = A«lAl + A«ZAZ + e + AnAn,
n

4>0,0=12.1.> ;=1
=

9
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MHOKECTBO TOUEK HA3ZBIBASTCS BBITIVK.TBIM, €CTH OHO BMCCTEC C
TIOOBIMH ABYMS TOUKAMH COIEPKUT U HX IPOU3BOIBHYIO BBIMYKIYIO
JMHCHHYI0 KOMOMHALMIO.

Feosmempuueckas unmepnpemanus 3aday JIf1

Paccmorpum 3azauy JII, cucreva orpanuucHuii  KOTOpOIi
3a71AHA B BHIEC HEPABEHCTB.

Taxko# Moaxoa v100€H, KOTaa YHC10 HEU3BECTHBIX PABHO 2.

Tpumep: L(X) =¢;x, +C,X, —>dKcTpeMym (1.8)

anX, +dpxy < b
> X] +dX5 < b,y

A1 Xy + ApaXo S bm (19)
x20,j=1.2 (1.10)

Ecam cucrema (1.9) coBMCCTHA, TO OHA A0 DKHA UMCTH XOTs Obl
oxnn mraH. [Ilpn osroM «kaxmoe cootHomenme w3 (1.9)
CCOMCTPUUCCKHM MPCACTABIACT OO0l moaymiockocTs. O0Las 4acThb
BCCX  MOIVILIOCKOCTCH  peuicHmit  3a1aun  (1.9)—(1.10), momxer
OKa3aTbCAd TOYKOH, OTPE3KOM, MHOTOVTOJIBHHKOM OTPAHHYICHHBIM
MM HCOTPAHUYCHHOM MHOTOYTO.1bHOH NIIOCKOCTBIO.

[eoverprueckn 3amaua JIIT mpeacrasaseT coboif OTHICKAHHE
TAKOH TOYKH MHOFOTPAHHUKA PCUICHUH, KOOPAMHATBL KOTOPOH
JOCTABIMIOT DKCTPEMYM LETCBOH (PYHKIWMIL, TpuUdeM BCE TOUKH
MHOTOVTOIbHHKA PEIIEHUN IBIAIOTCA JOMVCTUMBIMH PELICHHUSIMH.

Ceoiictsa peuicHuii 3aaaq JIT.

Teopema 1. MuoxecTBO Beex mL1aHoB 3agaqn JIIT Bemyk10.

Teopema 2. Jlunciinag ¢yukuus 3agauu JIIT jocturact ceocro
IKCTPEMATHRHOTO 3HAUCHHWS B YIIIOBOM TOUKE MHOTOTPAHHHUKA
pewcHuii. Ecau nciaceag (QyvHKUME J0CTUracT 3KCTPCMAIbHOrO
sHaueHUs 0o1ee ueM B | YIITOBOH TOUKE, TO OHA JOCTHTACT TOTO XKe
3HAYCHHA B 110008 TOUKE, SABIAIOUICHCA BBIMVKION JNHHCHHOMN
KOMOWHALIMCH 3THX TOUCK.

10
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Teopema 3. [lycte umcewm 3agauy  (1.1)—(1.3). Eciu cucrema
BCKTOPOB A MMHCIHO HC3aBUCHMA M YIOBICTBOPSCT COOTHOLICHUIO

(1.2) mpw BemoaHeHnn (1.3), TO BekTOp X ABAACTCA YTIOBOH TOUKOH
MHOTQI'PAHHUKA PCLICHUM.

Teopema 4. Ecmn X(x,,X;,.., X, ) yTIOBas  TOYKA

MHOTOTPAHHHKA PEWEHWH, TO BEKTOPHI B pasnoxeHun (1.4)
SIBISIFOTCS. AMHCITHO HC3AaBUCHMBIMU IPU X>0 ¢ MOJI0XKMUTCIbHBIMU
KOMIOHCHTAMHM | 1.

1.2. I'padnuecknii MeToa pelleHHs 3aJa4d  JIHMHeIHOro
NporpaMMHpoOBaHHUS

I'padrmecknii MeTox wenoe3verca ang pewernns sazad JII,
KOrja n=2 uau n=3, U TAKKC MM 3aJa4, CUCTCMA OrPAHUYCHMI
KOTOPBIX COJEPKHUT N HEW3BECTHBIX M M THHEHHO-HE3aBHCHMBIX
VPaBHCHMH, CCAM NI U M CBs3aHbl cooTHOuCHUCM n-m=2. HauGonce
HarBLIHBIM - BIsIcTCs  pemicHue  3amau JIIT B aBymcpHom
npoctpancTse. ChopMynHpyeM 3agauy Ans 3TOTO Cryyas:

Haiitn 3xcTpeMyM QYHKLUHH LICIH

L(x)=c¢x, +c,x, (1.11)

NPH CACAYIOWUX OTPAHUYCHHSX
a X, +a,x, < b,
Ay X, +a,,X, < b,

a.x +da

m

2 <b, (1.12)

(1.13)
x;>04=1.2.

Aizopumm cpauueckozo memooda

CTpouM MHOTOYTOJbHUK AOMYCTUMBIX PCLUCHUM (ObITh MOXKCT
M HCOTPAHHUCHHYH 00JIacTh), BCC TOUKH KOTOPOTO VIOBICTBOPSIIOT
nexogHolt cucteme orpanntdeHud (1.12)—(1.13). Hna »toro mis

11



Kamncanoea A. V., Amannconosa [ H., Epsun A. H., Kovemos [0. A.

cucteM HepaseHeTB (1.12) u (1.13) 3anmuceiBacM COOTBETCTBYIOIIHE
IPAHUYHBIC ITPAMBIC U MPOBOAUM HX HA IVIOCKOCTH.

Ka)KI[aH W3 TPAHWUYHBIX TIPIAMBIX ACITUT TLTOCKOCTE Ha ABC
OOIYIIOCKOCTH. it  ONpCAC/ICHUM —MONYILIOCKOCTH — PCLUCHMA
HEOOXOAMMO KOOPIMHATHI JIFOOOH TOUKH TLTOCKOCTH TOACTABHTE B
COOTBETCTBYIOIIEE HepaBeHcTBO. Ecnu 3Ta TOUKAa VAOBIETBOPSCT
HCPABCHCTBY, TO HCO6XO,E[I/IMO 3a NO.I¥IUIOCKOCTb PCLICHHA B3ATH TY
gacTh IUIOCKOCTH, TAE JEKUT 3Ta TOUKa. [1oIVIIIOCKOCTh perneHust
0003Ha4uacM CTPCIKAMH. AHAIOIHYHO CTPOUTC 00.1acCTh PCLUCHUMN
BCEX HEPABEHCTB W OTIPEACTACTCS HUX OOLIAsT YacTh.

[Mpopoaum  nHauamenyro  nopsamyro L, w3 comciictBa
napauicababix opambix (1.11) u rpagucut V(c, ¢), VKa3blBaOmuil
HAIpaBICHUE BO3pacTaHua IuHeitHo# popyel (1.11).

[Nepeyciacm Haua by O IpsiMyio Ly napaniciasao camoii ccoe
JO TeX MNOp, MOKAa OHA He 3aiMeT ONMOPHOTO TIONOXKEHHS, T.€.
[O.I0KCHUS, KOTAa MHOTOYIO/IbHUK PCUICHHH OYACT JICKATh N0 OAHY
CTOPOHY OT HEE W WUMETB C 3TOH NMPIMOH XOTA OBl OJHY ODIIYIO
TOUKY.

Torma mepeBoe ONOPHOE TOJNIOKEHHE, KOTOpPOE IPHHHMAET
HawanbHas nipsvas Ly no Hampasiennto V(c¢, ¢2), aBaseTcsa L., a
BTOPOC L.

Onpe:[enﬂeM KOOPAHWHATBEI TOUCK 3KCTPCMYMA, AN 4CTO
peImacM COBMECTHO VPABHEHHS TEX TPaHUMHBIX TIPSIMBIX, TIPH
MECPECCUCHUHU KOTOPBIX 06pa?,013a,11/10b 3TH TOYKH, H BBIYUCTICM
sHaueHus Gpyvaxkumn ueaH (1.11) B 3THX TOUKax.

3ameuanue

B tex cavyasx, koraa onopHas npsMas COBMATaeT ¢ OTHOH U3
CTOPOH MHOLOYrO/bHHUKA pclucHui, ¢yuxuus ucan (1.11)
MPUHUMACT 3JKCTPEMAJIBHOC 3HAYMCHUEC OJAHOBPEMCHHO B ABYX
VIIOBBIX TOUKaX X "1 X"

TOT,Ela Ha OCHOBAHHHU TCOPCMBI O MHOMXECTBC ONTUMAJIBHBIX
miaHoB  naHeiHas  Gopma  (1.11) mnpuHMMacT  OIMHAKOBHIC
IKCTPCMAJIBHBIC 3HAYCHUA BO BCCX TOYKAX, AB/SIOIHXCH BBIITYK10H
JHHEHHOH KOMOMHALMEH TOUEK X]O H Xg”, T.€. BO BCEX TOUKaX

0</<l.
x =0 +(1-1)x;-
Pemmenne KOHTPOMBHOTO TIpUMEpA.
12



Memoowr onmumuzayuu u uccieoosanue onepayuil

Haiiti maxcumym n MuHMMYM (PyHKLMH LEIH
L(x)=3x; +2x, = sxcmp.
IPH CJICIYIOMNX OTfaHHYCHHUAX:
% —2x,26:(1)
X +%, <15, ()
x, +2x, 210;(I1]).
2x, —x, 20;(IV)

% 20x20

1. Tloctpoum MHOTOYTOJIBHUK peIICHUIA. 3anuniem
VPaBHCHHUST TPAHWYHBIX TPSAMBIX (1  yaoOCTBA MOCTPOCHHS
YPAaBHCHHSI 3TUX MPAMBIX, I'AC 3TO BO3MOXKHO, NPCACTABHUM B BH/C
VPaBHCHHUH B OTPE3KAX, T.€. Xj/a+x,/b=1):

2.
Xk
\\ IV
Lrnax "
“‘““gl Lmin
0 6 s 1N =I)I<1
34 L 11
X . X
X X, . —+—==1.1
El+_§:l;(]) 10 5 (i
B 2x, —x, = 0;(IV)
% . X
15 15 ;D) x, =0;x, =0,

13
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Iposcacm (/) rpanuunyio npsavyio, kotopas xa ocu 0x,
OTCCKAaCT OTPC30K, paBHbill 6, a HAa ocu Ox; — (-3). Ompcacaum
OOIVIUIOCKOCTh  pewieHmit.  Jas  storo  BoskMem T.0(0.0) u
[OACTAaBUM CC KOOPAHHATHL B COOTBCTCTBYIOLICC HCPABCHCTBO

1. DT0 HepaBeHCTBO CHpABEIATHBO, TOITOMY OepeM TV
mockocTh, rac  aokut  1.0(0,0), orMcuacM CC  CTpCIkaMuy,
AHa,'IO]"H‘IHO ONMpeaACTACM TO.TYTLTOCKOCTH pemeHHﬁ AJIST OCTAThHBIX
HEPaBEHCTB. B pesvIbTaTte MHOTOVTONBHHUK PELICHUI TOIVUAM B
BUAC ucThipexyro.abuuka ABCJ,

[lpoBoanv HavampHvIo npavyio L, Te. 3x+2x,=0. Dro
VPAaBHCHUC MNPSAMOM, MPOXOAAIICH uCpe3 Ha4Yano KoopauHar. [l
MOCTPOSHHST TPaTvieHTa (VHKUMHM IIETH BBIYKCTIIEM €€ YaCTHbIC
[IPOHU3BOAHBIC.

a_ o

=3:
&, ex,

2.

OTtkvaa HanmpaBIeHHE HAWCKOpEHInero Bo3pactanug (VHKLHH
LIE.TH OTIPEE.TAETCS BEKTOpoM V(3,2).

2. Tepevemacy HAYAILHYIO DPAMYIO NAPAVICIbHO CaMOH ccOC
B HanpaeneHun rpaaneHta V(3,2). OnopHbie npsveie U3 CEMEHCTBA
L(X) mpoxoasr uepes Bepwuusl A u C: B Touke C GyvHKUMA HeIH
AOCTUATACT MAKCHMYMA, @ TO4Ka A (YHKUMA LCAM JOCTMracT
MMHHIMYMA.

3. OmpcacaicM  KOOPAMHATBL 3KCTPCMAIbHBIX TO4CK. Jl1a
OTIPEACICHHUS KOOPIMHAT BEPINHHBI A HEOOXOINMO PEIIUTb CHCTEMY
JABVX vpaBHeHUH rpanuaHbIX npamberx (1) u (IV):

x, +2x, =10

zx’f 1:_2“:(3\"2::04

L =3-242-4=14.
C1ea0BaTenbHO, TOUKA A HMEET KoOpauHathl (2.4), a 3HatcHHe
=14. Anaaornuno onpcacascm koopausarsl Touxkd C(12,3) u

min

L

min

14
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3HaueHHe ueIeBoil GyvEkumu L =42 .

1.3.CumnueKcHbIii METOA PpelleHHs] 3a3a4YH  JHHEHOro
NPOrpaAMMHPOBAHHS

IMoctpoenue omopreix miaHoB.JlokasaHo, 4YTO ONTHMAIBLHOE
PCLICHUC 32434  JIMHCHHOTO [POrpaMMUpPOBAHMS CBI3aHO C
VIIOBBIMH TOYKAMH MHOTOTPAHHHKA PELICHHUH, T. €. C ONOPHBIMH
[UIAHAMU, KK IbIH U3 KOTOPBIX OOPCACAACTCH  CUCTCMOM m
JUHEUHO  HE3aBUCHMBIX BEKTOPOB, COIEPKAMMNCS B JAHHOH
CHUCTCMC U3 N BCKTOPOB A1, A,, ..., A, Bepxnisa rpannua koanuccrsa
OTIOPHBIX TLTAHOB, COACPIKAIINXCS B JAHHOH 3a1aue, ONpPeIeNseTCst
yucioM codetanui C,". Ipu GoIpmux m ¥ n HANTH ONTHMATBHBIH
[JIaH, Tiepedupas BCE ONMOPHBIE TLIAHBI 33JAYH, OYEHb TPYIHO.
[Toatomy HEOOX0IUMO HMETh CXEMY, MO3BONSAIOLIVIO
OCYLUCCTBILITD YIOPSAOUCHHBI — [CPCXOA OT OAHOCO OIOPHOIO
maHa K ApyroMy. TakoH CXeMOH SBITETCS CHMILICKCHBIH METOT,
KOTOPBLif NO3BOISMCT MCX0A3 U3 U3BCCTHOIO OMOPHOIO [L1AaHA 33,1aH
34 KOHEYHOE 4YHCIO IMAroB TOIVUNTE €€ ONTHMAThHBIH TITaH.
KaxIsii M3 maroB (H.ITM HTEPALHii) COCTOUT B HAXOKICHUH HOBOTO
MJIaHa, KOTOPOMY COOTBETCTBYET MEHBIIEE 3HAUCHUE JHHECHHOUN
(VHKLHH, YeM 3HAMCHHE 3TOH k¢ (VHKLIMH B MPEIbIIVINEM ILIaHE.
ITpoucce mporo/KAT 0 MOIYYCHUS onTuMansHOro niada. Ecan
3ajadya He 00IaJaeT ILIaHAMH WM ¢ JuHelHas (yvHKOms He
OTrpaHHuCHA HA MHOTOTPAHHHUKC PCLUCHMIL, TO CHMILICKCHBIH MCTOI
MO3BO.TICT VCTAHOBHTE 3TO B MPOTIECCE PEIISHHSI,

1. IlocTpocHuEe ONOPHBIX MIAHOB

[lvcTh mocTaBIIeHA 33,7494 THHEHHOTO MPOTPAMMHPOBAHUS.

Haiitn vunnvaneHoe 3HaucHue ¢yvukuun Z = Cix; + Coxa +
... T CiX, IPH OrpaHUUCHUAX!

Ay Xy Ay oXy o tay X, = b]
< Ay X| T AynXy +. .+ dy X, = b2

X, + Xn +...+ ¢ o=
X1 T 92 %2 Yntn bm
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x; = 0(j=12...n).

rae b2 0 (I=1,2,....m).

[MpcanonokuM  cHauana, YTO CUCTCMA OrPAHUHCHUH 33,a4u
COASPKUT M EIUHWYHBIX  BEKTOPOB, TIPUUEM O€3 OTPaHHWIEHUS
OOLIHOCTH  MOYKHO  TIOJOKHTb, YTO ECAUHMYHBIMH  SBJISIOTCS
OCPBBIC M BCKTOPOB. Torza HCOOXOIMMO — MHHUMH3HPOBATH
TUHEHHYIO (DYHKLIHIO

Z=Cx +Coxr +..+C x, (1.14)

[pu orparnaernsx:

xl + al,m+1xm—l +.t alnxﬂ = bl,
X, +dy, X, o tay,x, =b,
»xm + am.mJlme +...+ anmxn = bm. ( ] . 15)

x; =20 =1.2.....n). (1.16)

JanuieM CHCTEMY B BEKTOPHOMH (hopme

i A +x0 Ay +o o+ x,, A, X, 04,0+ XA (1.17)
rae
0 0
0 0
A4 = 4 = v Ap=| L

16
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A ap, b,
Aml] _ az;nu] . A,, _ aZn A AO — bl :
am.m+1 amu "
Bexropsr A, As .. A, - §uHEHHO HE3ABHCHMEIE

CAMHHUYHBIC BCKTOPbl M-MCPHOro mpocTpancTsa. Onu u 0OpasyioT
Gasuc storo mpocrpadcTea. [lostomy B pasmoskenww  (1.17) 3a
GasFCHBIC HEU3BECTHBIE BBHIOHpaeM  X), X, .., Xy, CBOOOIHBIC

HEHM3BECTHBIE Xoy 1...., X, IPHPABHUBAEM HVJIIO H, VIMTHIBAL, uTO b= 0
(i=1,2,....m), a Bexroper A;, A,... A, — STUHHYHBIC, TOJTYUAEM

MEePBOHAYATbHBIN TIAH:
Xo=x, =bx,=by..x,=b,.x,.,=0..x,=0)
[naHy COOTBETCTBYET PA3TOKEHUE
x Ay + 3., + o+ x, A, = Ay (1.18)
rae BEKTOPHI ALA.. . A, HuHENHHO HE3aBHCHMEBIL,

CICA0BATCIbHO, MOCTPOCHHBIH MCPBOHAYAILHBIM IUIAH ABIACTCH U
OTIOPHBIM.

PaccmoTtpum, Kak, MCXOAsM M3 MCPBOHAYAILHOTO OIOPHOrO
TUTAHA, MOXHO TIOCTPOWTH BTOPOM OMNOPHBIM ITT1aH. BekTops!
ALLA;,.. A, obpasyioT 6asuc B m-MEPHOM IPOCTPAHCTBE, TIO3TOMY

Ka)K,E[I:Iﬁ W3 JAHHBIX BEKTOPOB COOTHOILUCHUA MOXKHO PA3JIOXKHWUTH TIO
BCKTOpaM 62131/1021_., NpuYeM ¢ JUHCTBCHHBIM 06]3&30MI

m
/lj = Zx,-jzf,-\i =12,...n
i=]

[Ipcanonoxkum, 4TO A4j1st HOKOTOPOrO BCKTOPA, HC BXOAAIICTO B
Gaspc, HampuMep XTI BEKTOPa Anq. ABIACTCS TONOKHUTCIBHBIM
x0Tst Obl 02KH U3 KOIPPULIMCHTOB X, ;n- B PA3I0IKCHUU

X AL+ X Ay ot x

A, =4 (1.19)

mm+l m+l-
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3a12aUMCsT  HCKOTOPOM BCAMUMHOMN 0> 0 (moKa HCHU3BCCTHOMN),
YMHOKHM Ha Hee 00¢ gactn paeerctBa (1.19) w BHIUTEM pesyIbTaT
nowicHHo u3 pascHersa (1.18). [Moayuacm
(xl _Oxl,m+l )Al + (XZ _0)62./11—4—] )AZ +..+ (xm - Oxm.m—#I )Am + OAm—H = A(L
Taxnv oBpaszoM, BEKTOp

Xl = ('xl —@Cl.mﬂ;xz - &“2Jn+l;"';‘xm — &

mn+l

&:0;....0)
SIBJISCTCH IUIAHOM, CC/IM CTO KOMMOHCHTB! HCOTPULIATC/IbHBI.

Tax xax ©>0, To Bce xoMmoncHTH BekTopa X), B KOTOPHIC
BXOAAT HEMOTOKHUTENBHBIE Xi.mi), HeOTpHUATENBHBI. [To3TOMY Hazgo
PaccMOTPCTh TOIBKO KOMIOHCHTHI, BKAIOUAIOWMC NO10KUTCAbHBIC
Xiom+1 (1=1, 2, ... )m), T. ¢. HCOOXOAUMO OMPCACAUTL TAKOC 0>0, npu
KOTOPOM ISl BCCX Xis e 120,

M3  wucpascnerBa  x-0,m 120 nonyuacm  O<xi/Ximir.

CICOOBATCTBHO, BEKTOP X; ABTIACTCA TINAHOM 3aIa49H ITST mr00TO 9,
YAOBJICTBOPAKOLUICTO YCJIOBHIO

O<9Sminx—’ (1.20)
iXx iim+l
rae MHUHUMYM OepeTcs 1o i, IS KOTOPBIX Xm0,
OmnopHbiii M1aH HC MOKCT COACPXKATh (11 + 1) MOJOKUTCABHBIX
KOMIOHCHT, MO3TOMY B ILTAHC X; HCOOX0IUMO OOpaTuTh B HYJIb MO
KpaiHeh Mcpe 0aHy U3 KoMNOHCHT. [Tonoxxkum B (1.20), uto

X

(=0, =min
! xr.nu—l

TOTZA KOMTIOHEHTA TLTaHa X, A4 KOTOPOH JOCTHTACTCS

MUHUMYM, oOpawactcs B Hy.1b. IIvCTh 3Ta KOMOOHCHTA CTOUT Ha

NMCPBOM MCCTC, T. C.

0, =min ——=—

X

X

i+l i+l

[Noacrassist 3HallCHldceo B (7), nonyuacM pasiosKCHUC

S " ! N
XAy XA+ XA X A = Ay,

m+ 4 m
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KOTOPOMY, COOTBCTCTBYCT HOBBIM OMOPHbIH MIIAH!

. NN ’, . WA "4 . . .
X, =0 xb; x5 . X5 x5 0 .. 0)

mo m+1?

rac XiI =Xj- e()xumﬂ (1 = 2-, 39 ey m)- X'mﬁ-l = ef_l~
HckaroucHue OJHOTO BCKTOpa H3 0azuca U BKIIOYESHHE

BMECTO HETO JPYIOTO ¢ MOMOLIBI0 Oy COOTBETCTBYIOT MEpexoay OT
oaHOro Dazuca k APYroMy ¢ movormsio Mertoaa XKopraana — INaveca,
OO3TOMY CHCTCMa BCKTOPOB A, A;,.... A, Aps  JMHCHHO
HC3ABUCUMA U SIBIISICTCST HOBBIM 6&3HCOT\4.

H1a onpeacneHus CIeIVIOWEro OMOPHOrO I1aHa HEOOX0IMMO
1:000f BCKTOP, HC BXOAMIMH B 0asuc A», A, ... An An,

Pa3IOKUTh 0 BCKTOPAM 3TOr0 5a3uca, a 3aTeM ONpeac.1uTh Takoc O
o> 0, IpH KOTOPOM HMCK.THOUAJICS OBl OXHH H3 BEKTOPOB 3TOT0 Hasuca.

Taxum 0OpazoM, MPOLECC MOTVUCHHS HOBBIX ONMOPHBIX TUIAHOB
3aKMIOYacTCs B BBHIOOPE BEKTOPA, KOTOPBIH MOIICKUT BKIIOUCHHIO
B Oasuc, u ONpPCACICHUN BCKTOPA, NOAICKALICIO MCKINOUCHHIO U3
Gasuca. Kpurepnii, WCHOIB3veMBIH I OMNpPEIEISHHS BEKTOpA,
KOTOPBLIl BK/IKOUACTCs B 0a3uC, iBIUCTCH OJHMM M3 OCHOBHBIX
3NMEMECHTOB CHMILICKCHOTO METOOA. 33,.\'leTI/]M. YTO €CJTU BEKTOP Am.]

TIOIEXKHUT BK.IFOUSHHIO B 0A3HC, 4 B €10 PA3IOKEHHH BCE X;mn <0, TO,

OUEBH,IHO,HEITh3s1 BRIOPATE TAKOS o> (), koTOpOE HCKIFOUAT0 OBl OAWH
U3 BCKTOPOB pazioxmcHusd. B stom cnyuac mian X coacpaxur m + 1
MOMOKUTENBHEIX  KOMITOHCHT, & CHCTEMa BEKTOPOB A, Ax, Az, ... A,
Ap+1 MBISICTCS JIMHCHHO 3aBUCMMOH M ONPCIACIHCT HC VLIOBYIO, a
BHYTPEHHIOK TOUKY MHOTOTPAaHHHMKA PELISHNH, B KOTOPOH JTHHEHHAS
GYHKUMS HC MOMCT JAOCTMIATH MUHMMAIBHOIO 3HAYCHUH. JTO
VKa3BIBAET HA TO, UTO THIIEPIUIOCKOCTD, COOTBSTCTBYIOIAS JTHHEHHOH
(YHKUHH, HE MOKET CTATh OTMIOPHOM K MHOTOTPAHHHUKY PEIUICHHUI, KaK
OBl TAICKO HH MEPEMEIIATh €€ B HAMPABICHUH, 0DPATHOM BEKTOPY N,
T. ¢. TUHCHHAS QYHKIMA HE OTPaHMI¢HA HA MHOTOTPAHHHIKE PCIICHHUI.

Takum oOpazom, ¢Cad CUCTCMA OrpaHMuCHUIl  333auu
JMHEHHOTO TMPOrPaMMHUPOBAHHS TIPH HEOTPHIIATEIbHBIX CBOOOTHBIX
WICHAX COACPKUT CauHuuHb Oasuc, 10 0C3 A0NOIHUTCIBHBIX
BBIYUCIIEHHH MOXKHO TIOJYYHTB MEPBOHAYAIBHBIM OIMOPHBIH ITIaH,
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a TaKke KO3(PPUUUEHTH  PAsIOKCHHA BCKTOPOB IO BEKTOPAM
Hasuca.

1.4.01bIcKaHHe ONITHMAILHOO ILIAHA. Y CIOBUS ONTHMAJILHOCTH

[IpegnonoxkuM, 4YTO 3aJaua JTUHEHHOTO NPOrPaAMMHPOBAHUS
(1.14)-(1.16) obnamact maaHaMu M KKIbIM CC OMOPHBIE N/aH
HEBBIpOKAEH. B 3TOM cavyae x14 onopHoro mwiaHa (1.18) umeeMm

XA +x, A+ +x A = A,
X0 x50, +o.tx,C, = Z(Xo) ‘
rac e X O, a Z (X0) — 3HauCHUC nuHCIHOM  dyvHKIMMY,
COOTBETCTBYIOMIEE HTOMY TUTAHY.
Pazioschue  11000ro  BekTOpa A; 1O BCKTOpPAaM  JaHHOTO
basuca Ay, As, ..., Ay, CITUHCTBEHHOE!

mj

=12,...,n
(=1, )

!

HO3TOMY PAa3IOKEHHIO BEKTOpa A; B 6a3sHCe COOTBETCTBYET H
CAMHCTBCHHOC 3HAUCHHUC JMHCHHOK (yHKIMN

xlj( 1 + XQ]'(Q + et xmj( m

(j=12,...n)

rAC Z; — 3HAYCHUC IMHCHMHOM (PYHKLUMH, CCIM B HCC BMCCTO
HEU3BECTHBIX  MMOJICTABHTH COOTBETCTBYIOLINE k03 dHuIMeHTH
Pa3IomCHUA |-FO BCKTOPA MO BCKTOpam 0asuca.

Obosznaunv wepes CjxoshduupeHT B IHHEHHOW (VHKLIIM,
COOTBETCTBYIOIIHH BeKkTOpY A;. Torma cmpaseanuea creayromas
TeopeMa;

Ecmu ans HexoToporo BeKTOpa A; BBINOTHACTCA YCIOBHE Zi-
C>0, T0o nman X, HC SBHCTCH ONTUMAIbHBIM, U MOXKHO NOCTPOUTD
TakoH TmIaH X, A1 KOTOPOTO BBIMOITHAETCS HepaBeHCTBO Z(X) <
Z(Xa).

Jloxazateberso. Ymuomas na 0>0 u  serumtas peavibTars
COOTBETCTBEHHO, MOMYIHM

(r, 0wy J4, + ey —0xy, )4, +.+(x, —0x, )4, +04, =4, (1.21)
20
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(=6, )+ by =0, )0+, =6, O, 400, = 2(X ) -0z, -C)) (122
B cootromennn (1.22) k 0Oenv wacTsM npubaBieHa BE.THTHHA
eCj g =1, 2, ... n. B (1) X, Xa...., Xpn TIONOKHTETBHBI, TIOITOMY

BCETZA MOXKHO BHIGpaTh Takoe 0> 0, uTobl Bee kOIDPULHMCHTE TpH
BCKTOpax A, A, ..., Ay, A; ObUIH HCOTPHLIATCABHBIMH, T. €. MOJYUHUTD

HOBbIH mjiaH 3agaun; X = (X - exlj. X5 - 9x3j. coos Xipm exmj R 0. 0....,0),
KOTOPOMY COLIACHO COOTBCTCTBYCT 3HAYCHUC IMHCHHON QyvHKLIMN

Z(x)=7Z(x,)-6lz, -C,) (1.23)

Tax xak no ycnosuwo tcopemb Zi-Ci>0 u 6> 0,

10 Z(X)<Z(X,).

C 1e xcTBue. Ecnu ang Hexotoporo miana X,pasIoxKeHHs
BCCX BCKTOPOB A; (j=1, 2, ..., n) B 1aHHOM 6a3UCC YAOBICTBOPAIOT
VCJIOBHIO

7-C<o0, (1.24)

TO mi1aH X, SBISCTCS ONTHUMA.IbHBIM.

Hepasenctea (1.25) aBRSIOTCS  YCTOBHEM  ONITHMABHOCTH
MIaHa 3aJa4H, PCIIACMON HA OTBICKAHHC MHHHUMAJBHOIO 3HAUCHHS
nuHeiinoW (yHKumMuM, a sHaweHns Z;-C; Ha3bIBAOTCA OLEHKAMH
MaaHa.

Taxkpm oOpasoM, 11 TOro 4ToOBl ILTAH 3a0a4H HA OTHICKAHHE
MUHUMAJIBHOTO  3HAUCHMA JMHCHHOI (VHKUMU OblT  ONTUMABLHBIM,
HCOOXOIMMO M JOCTATOYHO, uTOOBI  Cr0  OLCHKH  ObLIH
HCTIO103KUTCIBHBIMM.

Jns  s3azaun nuHckHOro nporpamvuposanus(|l.14)-(1.16).
3AKITFOAIOIIEHCS B OTBICKAHHH MAKCHMANBHOTO  3HAYEHUS
JMHCHHON (pyHKUMY, CIPABCAINBA C1CIYIOWA TCOPCMa.

Ecam ana wekoToporo Bektopa A, BuimoTHAeTCa yenosne Z;-Ci<
0, To mnad X; HC 4BAACTCH ONTUMAMBHBIM W MO)KHO MOCTPOUTD
Takol miad X, [isi KOTOPOTo BeINOTHICTCS yeoBue Z(X) > Z(Xo).

Joka3aTcabCTBO  AHAJOTMYHO A0KA3aTC1bCTBY OPCAbLIYLUCH
TCOPCMBI.
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Cne actsue Ecam ama sekotoporo miana X,pasIoKeHUs
BCCX BCKTOpOB A; (J=1, 2....n) B 1aHHoM 0a3ucc YI0BICTBOPSIOT
YCIIOBHIO

Z-C;> 0, (1.22)

TO TUIAH X“ SIBISICTCS OTITUMA ThHBIM.
Hcpagenerea (1.22) s#BISBOTCH VCIOBUCM  ONTUMAJIBHOCTH
TUTAHA 3aJaY¥ Ha OTBICKAHUC MAKCHUMAIIBHOTO 3HAYUCHHS JTMHEMHOH

(YHKLUH.
TaKHIW 06pa30]\’l, AT TOTO ‘-]T06b1 TUIAH 341a4YH HA OTBICKAHHUEC
MaKCHMAIbHOTO SHAYCHUS  JTHHCHHOM  (QYHKIMH 6bL1

ONTHMAIbHBIM, HCOOXOAUMO U AQCTATOYMHO, YTOObI CrO OLCHKHU
OblTH HEOTpPHUATENBHBIMA [ 1].

1.5.Peluenne  3agau  JIMHEHHOr0  OPOrpaMMHPOBAHHS
CHMILJIEKC-MET0/0M

Paccmotpum sazauy JIII, B koTOpod cucTeMma OrpaHHIeHHH
3a0aHa B BUAC HCPaBCHCTB cMbicaa "<
TpedyeTes HaUTH 3KCTPeMyM PYHKIINH

71
LX)=C, + chxj —> IKCPEMYM (1.23)
J=1
TIPY CIIE TV FOLIHX OTPAHUTICHMSX:
i
Zaﬁ.xj <b,(i=1,m),(2)

J=1
x; 20,(j =1,n).3)

[Ipy wuCNOAbL30BAHMM CHMIVICKC-MCTOJAA MPOLICCC PCLICHHSA
MPOIE BEITIONHAETCA B CUMILICKCHBIX TaOIHIAX.

ANropurM CUMILICKC-MCTOAA.

[NocTpoum nepBOHAYMATBHBIN OTIOPHBIH (MITH Oa3HCHBINM) TUIAH.
OT cHCTCMBL HCPABCHCTB NCPCXOAUM K CHCTCMC YPABHCHMH, BBOAs
JOTIOTHATE TbHbIE HEOTPHLIATE. TbHBIE TIEPEMEHHBIE!

(1.24)
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1
> ayx, 3, = by = Lm),(4) (1.25)
J=1
HOHOHHI/ITCJ]:H])IC HCOTPHULATC.IbHBIC IEPEMCHHBIC

Xp+l =0

OyayT sBISTBCH OQ3UCHBIMH, TaK KaK MOCACAHMC M CTOAOLOB
MaTpuubl  Ko3(pduupeHTOB  cucTeMbl  vpaBHeHuit  (1.25)
NPCACTABIMIOT CTOMOLBI CAUHUYHONM MATPHLIBI, KOTOPBIC SBISIOTCH
TmHelHO-He3aBucHvbivii,  CIIeI0BaTENbHO,  HEOTPHIATEIBHBIC
MCPEMEHHEIE X, (i = . #) COOTBETCTBVIOIIKAE STHM CTOIOLAM, IO
ONpPCACICHHUIO Oy 1y T Oa3HCHBIMU IICPCMCHHBIMH.

CocTaBaseM CHMIUIEKCHYIO TaOJHIY, KOTOpas COCTOWT U3
CTONMOLOB ~ OasHCHBIX ~ MEPEMEHHBIX,  CBODOXHBIX  TICHOB,
KOHTPOJbHbIX cyMM H 0. TMocncanss crpoka cummickce-radnuub,
HA3bIBacMasd UHOCKCHON, 3aTIONHACTCS Kod(hpHLUMEHTaMH THHEITHOMH
dopmbr (1.23), B3ITBIMU ¢ OPOTHBONOJIOXKHBIMH 3HAKAMU (KPOMC
Co).

[TpoBCpsCM  BBINOIHCHUC —[PU3HAKA ONTHMAIbHOCTU  AJd
MOCTPOeHHOTO TaHa. Jjist Toro. uwroder mmaH X=(Xy, Xa, ..., X,) OBLI
ONTHMAITBHBIM, JOCTATOYHO, YTOOBI BCe KOYDDULIHCHTH HHICKCHOI
crporn (kpome C;) OBIIM HEOTPHLATENBHBI TPH PELICHHAH 331a9H
JIIT Ha MaKCHMVM H HE TIONOKUTETBHBI HA MUHAMY M.

Ecnu npusHak ONTUMAILHOCTU BBIIOAHACTCS, TO BHIOMUCHIBACM
pemenne. B cToa0nax 6a3ucHBIX TepeMEHHBIX W CBODOIHBIX YWICHOB
PacroOKCHbl  COOTBCTCTBCHHO — KOMIOHCHTbL M 3HAQYCHUM
MOCTPOSHHOTO ONTHMATBHOIO II1AHA, HA TIEPECEICHUH HHICKCHON
CTPOKH H CcTONOLA CBOOOJHBIX WICHOB — KCTPEMANBHOE 3HAYCHHUE
‘mHettHOH (opmer L{X).

Ecnu mpusHak ONTHMATIBHOCTH HE BBIMOJHACTCS, TO TIPH
PCLUCHUM 33,241 HA MAKCUMYM U3 OTPULATCIbHBIX KOIPPULHCHTOB
WHICKCHOW CTPOKH BHIOHMpacM HauOONbIIMA 1O aOCOMIOTHOI
BCAMMMHC, Q@ 0OPd 324a4¢ HA MHUHUMYM U3  [OJIOKHUTC/IBHBIX
KOOPPULUHEHTOB HMHASKCHOM CTPOKH BeIOMpaeM HaHOONBLIHE,
CronGen,  COOTBETCTBYVIOIIMI  BBLIOPAHHOMY  HAHOOTBLICMY
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ko3 uLuenTy, HasbiBacTcs KToveguld.  Kirouesolh  cronbeu
[OKa3bIBACT, KaKas NCPCMCHHAs BOIICT B Ha3uc.

Brrancngem oTHOIDEHHS cmnﬁua CBO60,Z[HBIX YICHOB TO.TBKO K
[O.I0XKHUTCIIBHBIM 3.ICMCHTAM K.IIOUCBOTO CTOI0LA (CC/IH TAKOBBIX HC
nMeeTes, To 3azaua JII pemenms He wveeT) W 3amChIBAEM WX B
cronben 0. M3 Beex 3meMeHTOB cTonOna § BEIOUpacM HaMMEHbLINT.
CTpoky CUMIUICKCHOH —TalaMLbl, COACPIKALIYI) HAUMCHBLICC
sHaueHue 0, HasoBeM rmoyveeol. KIoueBas CTpoKa MOKA3BIBACT,
KaKas ICPCMCHHA BBLIACT U3 Dasuca.

Ha mepeceuenHur KIIFOUEBOTO CTONOLA W KIFOUEBOH CTPOKH
HAXOIUTCA TCHCPAIbHBIN DJICMCHT.

[lepexoanm K COCTABIEHHIO CIEAVIOUICH CHMIUICKC-TAOIHIIbI,
1 3TOro BHIOIHAEM CISAVIOINE JSHCTBUA:

a) CBOOOTHVIO TEPEMEHHYVIO, COOTBETCTBVIOUIVIO KIFOMEBOMY
CTONOLY, BBOAUM B OA3KCHBIE TIEPEMEHHEIE, a Oa3UCHYIO MEPEMEHHYIO,
COOTBCTCTBYIOLLY IO KJIIOUCBOI CTPOKC, IICPCBOAUM B CBOOOHbBIC,

b) 3amonHAEM HAMPABISIOMYIO CTPOKY HOBOW TabawLpbl,
KOTOpas  COCTABIACTCA M3 DICMCHTOB  KIKOYCBOM  CTPOKM
MPeABLAVIIEH TaO MBI Iy TEM AETICHHS HA TeHEePATBHBIH JIEMEHT;

€) AN MEPeBOIA MEPEMEHHOM, COOTBETCTBYIOLICH KITIOUEBOMY
cTonduy, u3 cBoOOIHON B OA3HMCHBIE HVKHO HCKIIOYHTE €€ M3 BCEX
CTpOK, KpoMe HampaBiomeid. 11 storo metozom XKopmana —
lNaycca naxkamiuBacM HY.IM BO BCCX OCTAIbHBIX KICTKAX CTOJOLQA,
COOTBETCTBYIOIIETO KIIOUECBOMY CTONOLY MPEabIAYINeH TaOMHLIBI.

IMpoucce BLIUMCACHUI MPOA0.DKACM B CUMILICKCHBIX Tab/1MLax
A0 BBITIQJIHCHHS TIPHU3HAKA OTITUMAJIBHOCTH.

Javeuanue

Ecan TIPpHA ONITUMAJIBHOM TILTAHEC B I/IH,«JeKCHOﬁ CTPOKE UMECTCS
HYJb, & CTOI0CL, COOTBETCTBYVIOIINM €MV, COOCPIKUT HE MEHEE IBYX
HCHYJICBBIX 3.1CMCHTOB, U3 KOTOPbIX XOT4 Obl OJMH [O10KUTCAbHBbII,
To 3amaga JIII nMeeT MHOXKECTBO ONTHMANBHEIX TINTAHOB.
JICACTBUTCIIBHO, CTO10CL, COOTBCTCTBYIOLUME HYJII0 B MHACKCHOIL
CTPOKE, BRIOHPASTCS 3a KIIOUSBOH, W CTPOMTCS HOBBIM ONITHMAJIBHBIH
NIaH ¢ APYruM HaOOpoM GasHCHBIX TIEPSMEHHBIX, HO C TeM K
cambiM 3HaueHueM L(X). Torma mo ocuoBHOiT Teopeme JIIN robas
BEIIVKJIAA KOMOWHAUWS STHX IUIAHOB OVIET TOXKE ONTHMANBHOH,
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¢cICA0BaTCIbHO, 3a1aua JIIT MMCCT MHOMKCCTBO  ONTHUMAIBHBIX
TUJIAHOB.
Peuienue konmpoitviiozo npuyepa

Haiitu MAKCUMYM  (DYHKLMH L(X)=2x,+3x,npu
CIeAYFOLAX OTPAHWYCHHSIX:

2x, +3x, <15

x, +2x, <8
x <7
x, 20,x, 20.

1. BBoast A0NOIHUTCABHBIC HCOTPHUATC/bHBIC IICPCMCHHBIC Xa,
X4, Xs, IEPEXOIAM K CUCTEME YPABHEHUH

CocTaBuM  INCPBYIO  CHMILICKC-TA0muUy ¢ Oa3sHCHbIMM
MEPEMEHHBIMA X3, Xu. Xs. [loTvuaeM mnepBOHAYaTBHBIN OTIOPHBIH
IaH

Xi(0,0, 15, 8. 7) m L(X,)=0.

2x,+3x, +x, =15;
X, +2x, +x, =8,

X, +x, =7

2. IIpoBcpumM NOIYUCHHBIN IIAH HA ONTHMAMBHOCTB. Tak Kak
3aJava HA MakKCHMyM, TO NPU ONTHUMAIBHOM TLTIAHE B HHﬂeKCHOﬁ
CTPOKC HC AO/KHO ObiTh OTPULATCIBHBIX uMCCa. B uHIcKcHOMH
CTpOKEe nepBoil cummiekc-tadaunsl  (Tadn.1.1.) wmmewTcs aBa
OTPULATCIBHEIX KO3DPHUIIHEHTOB.

3. BoiGupacs ¢peay OTPHLATCIbHBIX KOIPPHUIIMCHTOB MHACKCHOM
CTPOKHM HaMOOMbIOHI 1O aOCOMOTHOU BemHumHe: max{/-2/, /-3/}=/-3/.
CacaoBaTcbHO, CTOMIOCL, COACKAUIMIT NCPCMCHHYI)  Xp, OyacT
SIBJISITHCS KITHOUCBBIM., OTNIBTI/I.\‘I €ro CTpeJ'IKOI\:[, KOTOPast YKA3bIBACT, UTO
ICPCMCHHAA X, M3 CBODOAHBIX JI0/DKHA NCPCHTU B OA3UCHDIC.

4. lns HAXOXKASHHUS KITFOUEBOH CTPOKH BHIUHCIAEM 3Ha4YeHHs O
3MEMEHTH  CTOI0IA CBOOOIHBIX WIEHOB JEIMM TOTBKO Ha
HO.I0XKUTC/IbHBIC JICMCHTBL KINUCBOrQ croadua x.. Ilomyuacwm
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cronteu 8(35.4,-). Haxoauv min{5.4}=4. CiegoBaTenbHO, KIFOUCBOH
CTPOKOH OVACT CTPOKA, COOTBCTCTBYIOLIAS OA3UCHOH MCPCMCHHOM
Xy. O0OZHAUNM 3TY CTPOKY CTPEITKOH, MOKA3BIBAIOMIEH, YTO Xy
AOJDKHA M3 Oa3UCHBIX ICPCMCHHBIX TICPCHTU B CBOOOIHYIO.

Ha mnepeceuernn «mo9eBOH CTPOKM WM CTOIOLA  CTOHT
TeHEPANBHBIN MEMEHT 2. BhIaeIaeM ero KpyxKKoM.

5(—3) +0 = —j
0(=3)+0 =0,
6(=3)+21=3.

5. Tlocne »TOro mEpPEeXOIUM K COCTABIEHHIO CIEAVIOWICH
CUMILICKC-TA0NMMULIBI,  3A0OMHACM  HAMPABIIOIYIO  CTPOKY Xz,
KOTOpas MOIVYACTCS U3 KIHOUCBOH CTPOKU Xy MPEIBLAYIICH TaOTULIbI
MyTCM JIC.ICHHS HA ICHCPAIBHBLH MCMCHT 2. B 0CTaabHbIX KICTKAX
cronbua Bropod  cumrriekc-rabauier  (tadm.  1.1)  momkHBI
HAKOIUTHCS HYJIM, ONCPUPYS € JJICMCHTAMH HAIIPABISIOWCH CTPOKY.

Tax, HanpUMep, TS TIONYUSHIS HY 1S B 5TOM CTOJIOE B CTPOKE Xs,
VMHOKHM BCE IEMEHTH HANPAB/SIOIIECH CTPOKH BTOPOM CHMILICKC-
tabmuubl (Taba. 1.1) Ha COOTBCTCTBVIOLMI 3JICMCHT KJIHOUCBOIQ
cronOua mepBod  cuMIUIeKc-Tabmuuel  (1ada.  1.1), Bsarmeii ¢
OPOTUBOMOMOMHBIM — 3HAKOM, T.C. Ha (-3), © CaOKUM C
COOTBETCTBYIOIMMM  3JIEMEHTAMHM CTPOKM X3 TIEPBOIl CHMILIEKC-
Tabmuust (tada. 1.1.):

4(-3)+15=3;
1 .
E>
1(-3)+3=0;
0(-3)+1=1.

%(—3)+2=

CyMMa BCCX DJICMCHTOB 3TOH CTPOKM PaBHA 3, CIICA0BATC.1bHO,
BCE STIEMCHTBI CTPOKH X3 BEITHCIICHBI IPABITEHO.

Crpoxky Xs NCPCOUCHIBACM BO BIOPYIO CHMILICKC-Tabauily
(Tabmn. 1.1.) 0e3 H3MeHEHHs, TAK KAK B KJIKDUEBOM CTOJIOLE OHA UMEET
HyTb. g MonyueHHd HyJNA B OCTAaBLICHCA KICTKES CTOIOLA X
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VMHOXUM  HaOpaB/MIOIIYIO CTPOKY Ha 3 U CHOKUM C
COOTBCTCTBYIOIMMHU 3j1cMCHTaMU cTpoku L(X) mepsoii cuvmn.icke-
tabauusl (tada. 1.1.).B pesyapTare 3anonHcHus BTOPOH CUMILICKC-
tabnuust (tadn. 1.1.) nmomyuum BTOpoC Ga3MCHOC PCLICHHC, KOTOPOC
MMEeT VIVUIICHHOE 3HAUCHHE NHHEHHOW (GOpMEI, HO He ABIAETCA
ONTUMANbHbIM, TaK KAK B HUHICKCHOM CTPOKC BTOPOH CHUMILICKC-
tTabnwuer (Tadbn. 1.1) wmeercs oTpuuatensHoe uwncno. Pemrenne
HCOOXO0AUMO MPOAO.LKUTS, BO3BPALLACH K Liary 2.

B tpereeit cuvmicke-tabnuue (taba. 1.1.) B HHICKCHOM
CTPOKC BCC KOPPULUCHTHL HCOTPULATCIbHBL, CIICA0BATCIBHO, X;(6,
1, 0,0, 1) sBasirorest onTumanbHbIM peicHueM v L(X;)-Ly, =15,

X,(0,4,3.0,7 ul (X, =12),

Ho aHanu3 MHACKCHOH CTPOKM MOKA3bIBACT, UTO MO.IYUCHHbIH

x40 14.0)

ONTUMANbHBIH M1aH HC SBACTCH CAUMHCTBCHHbIM.

Ecau 3a karoucsoii cronbeu TpeTheit CHMITICKC-TadnuLb (Tady.
[.1) mpwHATE cTOnMOen X, W TpoAENaTk BCKO HEOOXOANMYIO
CUMILICKC-TIPOLCAYPY, TO MOJAYUUM APYIOi ONTUMAMBHBIN MJIAH, HO
¢ TEM 7K€ CaMBbIM 3HaueHneM L, =14 (tabn. 1.1).

3Hast ABA ONTUMAMbHBIX PCLUCHMS, MOXHO MOCTPOUTH HX
MHOKCCTBO

rac X =fx,+(1-f)x,, 0< /<1,

TToAHOC PCLUCHUC 3TOrO OPUMCPA MPUBOAUTC B CUMILICKCHOM
tadn. 1.1,

Tabnuma 1.1
No | Basucu | Ceoboa | X, X | Xa | Xy | Xs z 0
bIC HbIC
MCPCMC | UNICHBL
HHBLIC

X 15 2 3 1 0 0 21 5

— X, 8 1 2 0 1 0 12 4
L Xs 7 1 () () () 1 9 —

L( 0 -2 31 10 0 0 -5 max

— X, 3 172 |0 1 32 |0 3 6

X 4 12 1 0 12 10 6 8
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2. | X;5 7 1 0 0 0 1 9 7
L(X) 12 -12 |0 0 32 |0 13 max
1
X, 6 1 0 23 -3 0 6 -
X 1 0 1 -1 2 0 3 Yo
30| X 1 0 0 -2 3 1 3 1/3
L(X) 15 0 0 1 01 0 16 max
X, 7 1 0 0 0 1 9
X, 1/3 0 1 1/3 10 =2/3 | 1
4 | X, 1/3 0 0 273 1 173 |
LX) 15 0 0 1 0 0 16 max

1.6. PemeHue 3aga4 JIHHEHHOr0 NPOrpaMMHPOBAHHUS
MeTOJ0M HCKYCCTBEHHOro 6azuca

Mctoa uckycerecHHOro Gaszuca (mam mcroa “M”) moxer ObiTh
npumMereH Qs peteHnst 3anasn JIN, ecom ee cucrema orpaHmueHwHi,
MOMHMO HEPABSHCTB CMBICTA < MMEET HEPaBeHCTBA CMBICTA 27 WIH
crporue paseHcTra. Pacemotprinv 3anayy JII1, saganmyio B camom obrmev
BIIE.

Haiitu sxcrpeyym $ynkimm

L{x)= chxj —> DKCIMPEMYM (1.26)

7=
TIPY CIIEYFOUIHX OTPAaHHIEHHSIX

1 /‘_
Za‘j,\tj <b, (i <L)
=1

ax; 2b,(i Z1+1 p):
; =i <

Za‘jxj =b(i 5| p+1Lm)
= § (1.27)

X, 20(j =1Lm- (1.28)
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Anzopumm memooa «M»
1. OT cucTeMbl HEPABEHCTB MEPEXOJUM K CHCTEME ypaBHEHUH,
BBOJS JIOTIOJIHUTENbHBIE HEOTPHULATEIbHbBIE HEPEMEHHBIE:

Xn+1, Xn+2 ,eee, Xn+1, Yptirl 245 Xntp o

s

2. B  orpaHnyeHus, B  KOTOPbIE  JONOJHUTEIbHbBIE
HEOTPULATEIbHBIE MEPEMEHHBIE BOILIM CO 3HAKOM MHHYC WU
BOOOIIE He BOILUIM, BBOAATCA TaK Ha3bIBa€Mble HCKYCCTBEHHBIE

TEp MO Y] YDeew e

3. B muneitayio ¢opmy (1.26) BBOAUTCS CyMMa MCKYCCTBEHHBIX
nepeMeHHBIXY, (K = 1,m -1) ¢ xoapdumuentom M>0. Jlns Toro,
9TOOBI ~ MCKYCCTBEHHBIE  IIEpEeMEHHBIE HE  COACPKAINCh B
ONTUMaNbHOM IIAaHE HCXOJHOW 3amaun, Kodpoummenty M
MPHUIAETCs TPOM3BONBGHO OONBIIOE 3HAYEHHE 110 CPAaBHEHHUIO C
kox¢pdunmentamu  Cj (j = 1, n) nuneitnoit gopmer (1.26). B stom

cilydae TpH MakcuMmuzanuu QyHKoun nenn (1.26), 6epem (-M), mpu
MuHUMHA3anud - (+M).

4. Ctpoum pacmupennyo M - zapauy JIII:

HalTH SKCTPEMyM JINHEHHOH (HOpMBI

n m-1
LX) = XCiXj +MXVk

j=1 k=1

IpH CAEAYIOMMUX OrPAaHUYEHUSX:
Hailinem nepBoHauanbHbIil ONOpPHBIA InaH M - 3axaum.

X jj 4 X =B 21D
J=1

X, v L oV :h'(l:P+lm;/<:P-I+I/H-li.
Xi >0,V >0;(j=1Ln+tp;xk=1m-1)
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Tak Kak JOMOTHMTEIbHBIE HEOTPHUATENBHBIE TMEPEMEHHBIE
X,,4: (i = 1,1} n ucxycersennsic nepemennsic v, (k =1, m—1) Bxoast

B OrpaHHHMCHUS c I10.103KUTC.IbHBIMH CAUHUYHBIMU
KO>PPUITHEHTAMH, KOTOPbIE COCTABSIFOT  CHCTEMY  JIMHEHHO-
HE3aBUCHUMBIX BEKTOPOB KaK CTOJIOLBl €IUHUYHON MaTpHLBL, TO
YIOMSHYTBIC IICPCMCHHBIC OVAYT MBAATHCH OA3MCHBIMHU, & BCC

OCTAIbHBIC — CBODOAHBIMA, T.C. X, = O(]' =Lnn+l+ln+ p)

Torma nepBoHaYMaNbHBIH ONMOPHEIH TIaH OYAET HMETh BHI

# I p-l m—1
f_/H /_Aﬁ N

X 00 0%, 1, X 2y X, 000, 0, Vo Vi | =

= X,(0,..,0,b,,b,,...5,,0,.,0,b,,.,b, »....b,)

6. JInd oTHICKAHHI ONTHMATBHOrO INAHA PacIUpeHHOH M —
334a4M COCTABJIIOT CHMILICKC-TAOJMIYY, KOTOPas HA OAHY CTPOKY
Gombie, ueM oObuHas. B 3ty (M+2) WHIEKCHYIO CTPOKY
3AMUCHIBAKOTCH  COOTBCTCTBYIOWUC — KO3pduuucHTel mpu M,
BXOIIISM B LENEBYIO (PVHKLIHIO ¢ MPOTHBOMOIOXKHBIM 3HAKOM,

[IpoBepaeTcs npuU3HAK ONMTHMAIBHOCTH Mo (m+2)-H CTpoke u
OTIPEACIACTCS TIEPSMEHHAS, TIO1ISIKAINAsT BK.TFOUSHWIO B OA3MC.

CuMmnekc-npoueaypy no (m+2) HHISKCHOH CTPOKE MPOBOIST
J0 TCX IOpP, MOKA HO STOH CTPOKC HC OVACT BBIIOIHCH OPU3HAK
OMTHMAITBHOCTH. 3aTeM MPOLECC OTHICKAHUS ONTHMAIBHOTO INIaHA
0poI0.0Kka0T N0 (Mm+1) HHACKCHOH CTPOKC.

7. AHaTuzupyev onTHManeHeli m1ad M-zagagu. Ecam B 3TOM
IUIAHE BCE MCKYCCTBEHHBIC INEPEMEHHBIE paBHBI HYIIO, T.C.

Y, =0(j=Lm—-1I),To mian X(xX;. Xo. .., X, SABIAETCA

OINITHMAJIbHBIM ILIAHOM HCXO,Z{HOI\;I 3aﬂa‘II/I.ECﬂl/l JKC B OIITHMAJIBHOM
mane M-3amgadad XoTd OBl OdHa HCKVCCTBCHHAS ICPCMCHHASI HC

pasra Hymo, T.€. y, >0(j =1,m—[), 10 ncxoHas 3a1aua peruerns

HE NMEET.
Ecin B npouecce pemweHms M-3aJavH  VCTaHABIHBACM €€
HEPa3peLINMOCTb, TO HepaspelluMa 1 HCXOoaHas 3a1ada.
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Pewenue konmpoitbnozo npumepa
Haiitu Munumysm QyHKIMN

L(X)=x +2x, +2x, > mn

IPH CJICIYEOLIHX OTPAHHUCHUX

3x 4+ 2x, —4dx; <6

—x;+4x, -2x; 212

xl + 2X2 = 12.
A

x, 200/ =(13).

1. OT cucTeMBl HEPABEHCTB MEPEXOIUM K CHCTEME YPABHEHHIA,
BBOIA{Z B 1-c M BO 2-C OrpaHUuCHUS JOMOJHHTCIILHBIC
HCOTPULATEC.TBHBIC TICPEMEHHBIE X3 H  Xs. TpeTbe YPAaBHCHUC
[CPCIUCHIBACM OC3 U3MCHCHHS!

—X] +4XZ —ZXS —X5 -

2. Bo 2-¢ m 3-¢ ypaBHEHHsS BBOAUM HCKVCCTBCHHBIC
[CPCMCHHDIC V1 U V2!

3x, +2x, —4x =0;

1T MY
—x1+4x2 —2x2 —Xg Y =12:

X +2x2 +¥s =12.

1
3. B mumciinyvio dopmy L(X) BBOAMM CYMMY Vity: €O
MHOXKUTCICM M Tal( KaKk 3aJaqda IoCTapjCHa Ha MHHUMYM, TO

MHOXKHTEIb M OepeM CO 3HAKOM «+».
4. Crpoum M-3azauy. Haiitn MuHumymM AMHCHHOH (opybl

1(X) =X, +2x, +2x, +M(y, + ¥,) > min

IpH CICOYOMHUX OTPAHUICHILIX
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Xp+2x, —4x; +x, =6
— X +4x, —2x5 — x5+ yy =12
X+ 20+ y, =12

5. PcuwiacM a3ty 3agauy cuMnacke-McToaoM. Tak kak Xa, Vi, V2
SIBITSTKOTCH 6a3HCHbIMPI NCPCMCHHBIMU, TO BBIPAKACM HX UCPC3
CBOOOAHBIC U OACTaBI4CM B hyHkumto L(X):

Y =12+x —4x, +2x, + X,
Ya=12-x -2x,;

LX)=x+2x,+2x, +M (24 -4x, + x,).

6. CTpouM CUMILICKC-TabIULY, KOTOPasi UMCCT ABC UHACKCHBIC
CTPOKH: B MCPBYIO, KaK OOBIUHO. 3anuceiBaroTes ko3 duuucHTsl Cj,
B3ATbIE C TIPOTHBOTIONOKHBIM  3HAKOM, a BO BTOPYIO —
COOTBCTCTBYIOIIMC KOAPPUUMCHTBL npu MHOXHuTCAC M (Toke ¢
0OpaTHBIM 3HAKOM, KPOMe CBOOOIHOTO WICHA).

[MpoBcpsicM MmpU3HAK ONTUMANLHOCTH MO (mM+2) HMHACKCHOMH
crpoke. Tak Kak 3a7a4a HA MHHMMYM., TO HPH3HAK HC BBIMOJIHCH,
IIOCKOBKY B CTOIOLC X, HAXOAUTCH MOJOMKUTCABHBIN 3.1CMCHT 4.

OTtmcuacy 3TOT KIIOUCBOH cTondCL CTPC.IKOI 1, Kak 0ObIUHO,
BEIOWpacy KMOUeByO CTpoky. [lpm BBIGOpE KIFOWEBOH CTPOKH
MOIYVYHIM JABA OJMHAKOBBIX HauMCHbIIMX 3HaucHus (). Yrolwi
n30eKaTh 3aUMKITHBAHWS, MPUMEHsTeM npaBi1o Kpeko.

Ctpoxu X; W Yy, ACAUM HA COOTBCTCTBVIOLIMC 3ICMCHTbI
KITIOUCBOTO cTO.10UA 2 W 4. PesyIpTaTel OT JCNCHAS 9HTACM CIieBa
HaIpaso, U Ty CTPOKY, FAC NCPBbIM BCTPCTUTCH MCHBIUCC HHCIO,
BHIOHPACM 3a KITIOUCBYIO, T.C.

33/ 121
4-35329]9 29 290

<y 3,—y,1,—y,0,—%.

OTtMcuacM CTPOKY J; CTPCIKOH M HAXOAUM [CHCPAIbHbIH
MCMCHT 4, 3aTCM BBIMOIHACM OOBIYMHYIO CHMIUICKC-IPOLCAYPY H
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noaydacM BTOpyr Tadmuuy (tada. 1.2.), B KOTOpOH oOmnurh
aranpyeM (M+2)-10 WHISKCHYVIO CTPOKY W BRIOHPASM CTO.TOCI] X3
33 KJIFOHUCBOM.

B pesymerate moctpoeHms TpeTeei  Tabmuimr  (tadm.  1.2)
MOJTYYACM ONTHUMAIBHBIA INIAH PacIIUpeHHON 3a1auu X'(0.6.8.18,0.0,0).
TAK KAaK MO OOCHM HHISKCHBIM CTPOKaM MPH3HAK ONTHMAIBHOCTH
BBITIO.THEH.,

BcneactBue TOro, 9TO BCE MCKYCCTBEHHBIE MEPEMEHHBIC
BBIBCACHBL M3 0a3uca, ONTUMATbHBIM [IAHOM HUCXOAHOH 3a1auu
sesiercs man X (0,6,6)n L(X,)=L ., =24.

Hd1a paccmaTpuBacMOM 3a0a9d MOMKHO IOCTPOUTE BTOPOE
OTITHMANTBHOE PETIEHHE i, (l%_x, 2 %)c TEM K€ CaMBIM 3HAUCHHEM

Ly.=24 (radn.1.2)). CacaoearcisHO, 3a1a4a HMCCT MHOMKCCTBO
OTTHMAIBHBIX T1AHOB X = £X, + (1 — £)x,, tae 0 < £ <1, 2]

Tabmuma 1.2
Ne JBHZ%HCHLIB Csoboxn
rabmummepevenns] Hee | X; [Xo | X5 | X | X5 | T <]
Bl e YIICHEI
Xy 6 3 2 -4 1 0 8 3
1 <Y, 12 -1 4 -2 0 -1 12 3
Y- 12 1 0 2 0 0 15 -
Lo 0 1 2] 2 0] 0 [ -5 [Min
24 o0 (4t 0 [0 ] -1 | 27 | -
X4 0 7/2 0 -3 1 172 2 -
X 3 4010 |14 0| -1/4 3 -
2 Y- 12 1 0 8 0 0 15 6
6 3210 -3 0 [ -172 1 )
O T (o[t oo | |M™
X5 6 172 0 0 1 0 1572 12
3 Xa 6 0 1 0 0 | -1/4 | 27/4 -
«X, 18 5 0 1 0 1/2 | 49/2 | 18/3
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24 0 0 0 0| -122 | 472 .
LX) Min
0 0 0 0 0 0 0
X3 21/5 0 0 [-1/10] 1 [-1/20[101/2(
4 X 6 0 1 0 0 | -14 | 274
X, 18/5 1 0 | 1/5| 0 |-1/10|49/10
LX) 24 0 0 0 0 | -172 | 47/2 | min

1.7. HeoiicreennocTs B JIT1. [longTue ABOHCTBEHHOCTH

C xaxaoii sagaucii JIIT cBaszana gBoiicTBeHHAA (T.¢. 0OpaTHAN)
3agaua. [TepeonauanbHas 3a,3a4a SBIACTCH UCXOAHOM (MU IPsAMOR).
CBa3p HCXOOHOH W JBOWCTBEHHOWM 3a7a¥ COCTOMT B TOM, HTO
ko3dpduLMeHTs ¢ nuHeHHOH dopvel L(X) ucxomHoll 3ajay H
SBIISIETCSL  CBOOOJHBIMH ~ UNEHAMH  CHCTEMBI  OTPAaHHUCHUH
JBocTBeHHOMN 3azaun. CBOGOIHBIC HICHB b; CHCTEMBI OTPaHUICHH
UCXOAHOH 3ajauu cayxar  kod(PuuucHTaMun (YHKIMH  NCIH
JBoifcTBeHHOH 3ajadn. MartpuuamMn  Ko>HLHEHTOB CHCTEMBI
OrpaHUuCHUK JBOHCTBCHHOH 334a4M #BIACTCHA TPAHCIOHUPOBAHHOM
MaTpHLUeH cHCTeMBbl KOd(PPHIHEHTOB MCXOAHOH 3anaum. Pemrenme
JBOVMCTBCHHOM 333aud MOXKCT ObITh MOJIYUCHO U3 MCXOAHOI 3aaauun
H HA00OPOT.

HecuMveTpudHbIE U CHMMETPHIHBIE ABOHCTBEHHBIC 3aJAMH.
ITapa ABOKCTBCHHBIX 3aJau HA3LIBACTCH Hecummempuynon (1), ccmn
cUCTEMa OTPaHUYEeHHH HCXOIHOH 3aIa4H 3aJaeTCA B BHIEC PABEHCTB,
a ABOMCTBCHHOM 33J1auM — B BUAC HCPABCHCTB, NPHUCM BO BTOPOH
VCIIOBHE HE OTPHLIATSIFHOCTH He Hamaraetcs. [lapa JBOHCTBEHHBIX
sagau JIIT waswBactes cumarempuyunon (1), ccau orpannuchHus B
00euX 3a1a9ax 3AMUCHIBASTCS B BHE HEPABEHCTB, W HAKJIAIBIBACTCS
VCIIOBHE HE OTPHLATENBHOCTH.

CuMMeTpHIHYIO TIapy ABoHcTBeHHBIX 333a4 JIIT Bceraa MoxHO
CBECTH K HECHMMETPHIHOHN Mape TMyTeM BBEACHHs IOTIO.THUTEIBHBIX
HC OTPULATC/AbHBIX NCPCMCHHBIX. TcopeMa aBoHCTBCHHOCTU. Ecan
0HA U3 33713 ABOMUCTBEHHOM Mapbl HMEET ONTHUMA IbHBIH TIJIAH, TO U
APYras — TaKKC  WMMCCT  ONTMMAIBHOC — PCLICHUC,  MPUYCM
L= Fmin{ Loin=Fmax).  ECITH  MHOXKECTBO  MOMYCTHMBIX — PELICHUH

34



Memoowt OIUMU AN U uccedosanie ()l?(!p(]l{l(fl

OAHOM M3 32,1a4 HC OTPAHMYCHO, TO PYTas 331a4 HC OPAHUUCHO, TO
APYTas 33124 HEe UMEET PEIICHMSI.

IMpasuia nocTpocHus nap ABOUCTBCHHBIX 33,3a4.

— Ymcno mnepeMeHHBIX JIBOWCTBEHHON 3a1aYH PaBHO YHCIY
OTpaHHYCHUH HCXOIHOH 331291 U Hao00poT.

— CBODOAHBIC WICHBL HCXOAHOIN  3a1aud  CTAHOBSTCS
ko3hdUUHCHTAMH THHEHHONW (GOpMBI TBOWCTBCHHOH 3aJadyd H
HAoO0POT.

— HepasenctBa B cHCTeMax OrpaHHUEHHH TIPSIMOH U
JABOMCTBCHHBIH  33Jauax HMMCIOT NPOTUBOMOIOXKHBIH JIPVI Apyra
CMBICTT.

Tadmuma 1.3
Buael MaTeMaTHUECKHX MOIeIEH JBOHCTBEHHBIX 3a0a4

Tun Ucxonnassagaua JIBOMCBEHHAA3Q 144
] L(X)=CX-min F(Y)=BY-max
AX=b A'y<C
X=0
1I LX)=CX-max F(Y)=BY-min
AX=B A'Y = C
X=0

TIpoaomxenue Tabmuuer 1.3

| L(X)=CX-min F(Y)=BY-max
AX>B A'y<C
X =0 Y >0

11 L(X)=CX-max F(Y)=BY-min
AX=B A'Y =C
X>0 Y >0

— Marpra ko3hGUIMEHTOB IBOHCTBEHHON 33Ja4YM TIOMYHACTCA
IYTCM TPAHCIIOHHPOBAHUA MATPULIbL KOIPPHLMCHTOB HCXOIHOH 3a,1aUM.

— Ecnu uexoaHas 3ajada pemaercs Ha min, TO JBOHCTBEHHAA —
Ha max (1 Hao0OPOT).

— Ha xaxknyio mepeMeHHVIO TBOHCTBEHHOM 32,JaYH HAAraeTcs
VCIOBHE  HE  OTPHLUATENBHOCTH, €CIH  COOTBETCTBYIOIIEE
OTPAHUTICHUE HCXOTHOH 32,JaH SBIAETCS] HEPABEHCTBOM.

[
(]
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Waeq ABOHCTBEHHOrO CUMILIEKC-METOA.

JIBOHCTBCHHBIM CHMILICKC-MCTOIOM MOYKHO PCLIATH 331344
JIM, cucteMBl OTPAHHYEHHH KOTOPEIX TIPH TIOJOXKHUTENBHOM Oaswce
OPOCTPAHCTBA PCLICHHM COACPKHT CBOOOJHBIC *LICHBI .11000r0
3HaKa. JIBOWCTBEHHBIX CHMIUIEKC-METOJ TIO3BONISIET VMEHBITHTH
KONMYECTBO TpeoOpasoBaHUM B CHCTEME  OTPaHHUYCHHH, a,
CICAOBATCIBHO, U PA3MCPBI PACYCTHON CHMILICKC-TA0INLbI,

[Mnan X, cpead OasUCHBIX KOMIIOHEHT KOTOPOTO  €CTh
OTPULATC/ILHBIC, HA3BIBACTCAH VCAOBHO-ON UM bHBIAM
WITHNCEGOONAAHOM, €CITH VCIIOBUE OTITHMATEHOCTH BBITIOJHSISTCS TIO
HUHICKCHOM CTPOKC.

Pemrenme 3a7a4 JTHHEWHOTO TIPOTPAM MHPOBAHHS
JBOMCTBEHHBIM CHMILIEKC-METOIOM.

JIBOWCTBEHHBIH  CHUMIIIEKC-METO OCHOBAaH HA  TEOPHH
JBOMCTBEHHOCTH  3ajay JOII u pemaer 3azaud, CHCTEMa
OrPaHHYCHUH KOTOPbIX NPHU IOJOKUTCILHOM 0a3uCC COACPIKMT
CBOOOJHBIC WIEHBI TIOOBIX 3HAKOB. JTOT METOJM TO3BOISIET
YMCHBLUIUTb KO.IHYCCTBO NPCOOPAZOBAHMM CHCTCMbl OTPAHMUCHMUI, &
TAKKE PA3MEPBI CHMIUIEKCHOH TabITHIIL.

Paccmotpum cieayromyro sagaay JIII malitm akcTpeMyM
TMHEHHOH QopMEl

I(X)= Zc X —> OKCIMPeMyM (1.29)
=l
NPH CJICTYOIHUX OTPAHUYCHUAX
2 ayx; <b, @=Ly (1.30)
=1
Zaﬁx‘i 2b;, (i=1+Lm); (1.31)
71
x; 20 ( =Ln): (1.32)

[man X(x1.Xz.....Xy), Cpear OA3MCHBIX KOMIIOHEHT KOTOPOro
€CTb OTPHULATENBHBIC, HA3BIBACTCS VCIOGHO-ONMUAMATLHBIAI  WITH
nceeOonIHOM, €CIM N0 WHACKCHOH CTPOKE BBIMOJHEHO YCIOBHE
ONTHUMAIBHOCTH.
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Ecnu BCC KOMMOHCHTBL Oa3uCHOrO IMJIaHA HCOTPHULIATCI/IBHBI
(TpM BBITIO.THEHUH VCIIOBHS ONITHMATEHOCTH IO WHASKCHOW CTPOKE),
TO MO.TyHUCHHbBIH [U1AH BJISCTCS ONTUMAJBHBIM,

Aazopumas 0goiicmsesHO20 cUMRIACKC-Memood

1. Cuctemy orpanmucuauit (1.31) yuuoxenuem Ha (-1)
NPUBOAMM K BUTY “<7"

1
Z(—a{/)xj <h, (G =1+1Lm) (1.33)
=

2. CrpownM miepBOHAuATHHBIH OMOpHEIH iaH 3azxaun (1.29)-
(1.32). Jl1s 3T0r0 OT CHCTCMbI HCPABCHCTB NMCPCXOAUM K CHCTCMC
VpaBHSHWH, BBOJS JOTIONHHTEIIBHBIE TIEPEMEHHEIC, KOTOPHIE OYIVT
SBIATbCS Oa3uCHBIMU. 3amoNHACM MEPBYIO CHMILIEKC-TAONHOY H
aHaTM3upyeM KOAGPUIMEHTH WHISKCHOH CTPOKW. a) €CNTH BCE
K03 ULUHEHTH HHICKCHOH CTPOKH HEOTPHLATENBHBI IPU PELICHHH
33,1a4M HA MAKCUMYM, WM HC [1010KUTC/ILHBL NPYU PCLICHUM 33,134 K
HA MHHUMYM, TO TIEPEXOIHUM K CICIVIOIIEMY 1Iary; 0) eCIH vCI0BHE
a) HC BBIIOJHCHO, TO CHMILICKC-MCTOAOM  OOCCICUMBACM
BBIMOMHCHUC 3TOr0 vea0Bus, Ilpu 3tom sacmenTsl cronbua 0
SAMONHAIOTCS TIO TPAaBHIY. HETOMOKHTEIBHBIC 3IEMEHTH CTONIOLA
CBOOO/IHBIX 4JICHOB JCIATCH HA OTPHULATC/bHBIC KOIPPuUMCHTHL
KJTFOUEBOTO CTONOMA, & HEOTPHLIATE.TEHBIE — HA MOT0KHTETBHBIE.

3. IIpocvaTpuBacm 3ACMCHTH CTOI0LA CBOOOHBIX WICHOB:

a) ecan Bce KOMPPHUIMEHTE HEOTPULATENBHBI, TO TLIAH
OTITHMATIBHBIH U 32244 PEIeHa,

0) ecmu cpean ko3pDPUIMEHTOB HMMEETCST XOTs1 OBl OIHMH
OTPULATEIBHBI, TO MONYUIECH NICEBIOILIAH.

4. U3 orpunarcabHbiX k03PHuuuCHTOB cT0101a CBOOOAHBIX
qneHOB  OcpeM HaumOOIbIIHE MO abCOTIOTHOH BENMHYMHE. ITOT
JNCMCHT OOPCACIHACT KIIOYCBYIO CTPOKY, KOTOPAd MOKA3BIBACT,
Kakas MepeMeHHas J0JDKHA BBITH 13 Hasuca.

5. KoadduuneHTsl MHIEKCHOW CTPOKH JENHM TOJBKO Ha
OTPHLATENBHBIE IEMEHTHI KITFOUECBOH CTPOKH W 3AIONHIEM CTPOKY
0. Eciu 3axaua JIIT Ha MakcumMyMm, TO 3leMeHTH CTPOoKHM B OepyTes ¢
OOpaTHbIM 3HAKOM.

6. Cpean Bcex 3HauUeHWi CTpoku O BRIOMpaeM HaWMeEHbLIEES,
KOTOpOE OmpeleTsieT KmoueBoH croadeu. Karowesoii cronben
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NOKA3BIBAET, Kakasd M3 NEPEMEHHBIX JOKHA BOWTH B Oasuc. Ha
[CPCCCUCHUM KIIIOYCBOM CTPOKH H CTOI0LIA HAXOJWUM TCHCPANbHBLI
JIEMEHT.

7. BbINONHACM OOBIMHYIO CHMILICKC-TPOLCAYPY MO NCPCXOIY K
cleayIomeH Tabarie ¥ BO3BpaIaeMes K mary 3.

Pewenue konmpoitbiozo npumepa
Hatitn 7, (X') = 4x, —9x, — nax NPUCITE Y OMUXOrPAHHIEHHSIX:
—d4x, +3x, <12;
2x, +3x, 230;
—x +2x, 2-8;
X, +x, <32
X, <20,
x 20; x, 20.

CuctcMy OrpaHuuCHUE OpuBoAKMM y BHAay " <™
—4x, +3x, <12;

—2x, —3x, £-30;
X, —2x, <8
X, +x, <32,
X, < 20.
OT CHCTCMBI HCPABCHCTB MCPCXOAUM K CUCTCMC YPABHCHHI:
—4x; +3x, + X3 =12;

X +X, +x5 =32,
X+x; =20

3anonHseM TEpPBYKY CHUMILICKC-TaOanuy (tadbm. 14) u
AHATTH3UPYEM HHICKCHYIO CTPOKY.
Tak kak B HHIEKCHOH cTpoke B crondue X;, Hveercs

oTpHLATeIbHbIH Ko duimeHT (-4), TO VCIOBHE a) HE BBITIOMHACTCS
n crondey X BpIOMpacy 3a KIOUCBOM. 3anoamsicy cronodcy O:
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-2717 171

Crpoxa X5 — kmoucsas. I'cHepanbhblii 3acMeHT pascH 1. Mo
OOBITTHOI CHMITIIEKC-TIPOTIE Y PE EPEXO, UM K Tab. 2.

1. Bo Bropoii cummiackc-tadauue (tada. 1.4) B uHacKCHOU
CTpoke Bce KOIPOHUIIMEHTH HEOTPHULIATENBHEL, T.€. VCIOBHE Q)
BBIMOJIHEHO, HO CPeAH CBOOOIHBIX MICHOB €CTh OTPHLATE/IBHBIN (-
14), T.e. MOTVINTH TICEBIOTLIAH.

2. Crpoky X, BLIOHPAEM 32 KITIOYCBYIO.

3. 3anoamsicm cTpoky O.

4. B naHHOM clTyuae MveeM e THHCTBEHHOE OTHOIICHHE, PABHOS
1/7. Cronbeu, comepokammii X, NOpHHUMacM 3a KIoucBoi. Ha
MIEPECSUCHNN HAXOAUM TeHEePaTbHBIH 3eMeHT (-7).

5.Mlo ofpMHOMY TpaBHIY MEPEXOJUM K  3allOJHEHHIO
cacayroucH Tabauus 1 k mwary 3,

B tpeteeii cummiexc-rabanne (tabn.1.4) Bce ko3ddrimeHTE
crondua CBOOOAHBIX UICHOB HCOTPHLATC/bHBI, CICIOBATCIBHO,
3aJaua pemeHa U noayvueH onrnvaneasril mmax X(12,2,5,4,0,0,18,8).
Lmax=30.

6 = min {_30 8 32 20]_ o {15,8,32,20}=8.

Tabauua 1.4

Ne  |Basuc.
Tab- |Ilepe-
JTHUB | MEH.

CB0bO,1.

AICHEL X X 01X X (XX K2 0

X3 12 -4 3 L {0 O |0 [0]12 -

X 30 |2 |30 0 34 |15
| «Xs 8 1 2 |o |o 0 [0] 8 8
X 32 1 1|0 [o o |1 |o]35 |32
X 20 1 o [0 |0 [0 |0 |L |22 |20
LX) 0 4T 9 o |0 [o |0 [0]| 5 [Max
2 Xs 14 0 S ol o |4 o |o]4a | -
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X, -14 0 | -7 [0 |1 |2 ]0 [o]-18 | -
X 8 1 -2 0 0 | 0 [0 8 —
X, 24 0 300 |0 |-L |1 fo|27 | -
X- 12 0 2 10 [0 |- {o [t |14 |-
L(X) 32 0 1 0 0 4 0 (0| 37 -
0 Max 177 |- |- |- |- |- ] - [Max
X; 54 0 0 |1 F5/708/7[0 [0 B96/7| -
Xz 2 0 1 o [z k7|0 (o |18/7 | -
X 12 | 0 |0 7370 o927 | -
3 X5 18 0 0 o 377 F1/7| 1 |0 1357 -
X 8 0 0 |0 (277 }3/7(0 |1 |62/7 | -
LX) | 30 0 0 |0 |1/7 Ro/7] 0 |0 R41/7 |Max
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1.8. TpancnopTHasa 3aaaya JHHEHHOr0 NPOrpaMMHPOBAHUSA

TpancnoprHas 33,1a4a JUHCHHOrO NPOrPaAMMHPOBAHUSI UMCCT
CICAVIOYI0 POPMY.IUPOBKY.

MMceTest HOKOTOPbIH 0JHOPOAHBIHM MPOAYKT, COCPCIOTOUCHHBLH v
m OOCTAaBWMKOB A; B koamucctse a; (=1, 2, ...m) ¢auHuu
COOTBCTCTBCHHO, HCOOXOAMMO JOCTaBuTh 1 moTpcOuTcasM B, B
koanuccTse bi(=1. 2. ... n) caunny, Mspcctha croumocts Cj nepeBosku
CAMHMLIBI TPY3a OT 1-T0 NOCTABLUMKA K j-My noTpeOuteio. Heobxoauvo
COCTABHTH TUIAH TICPCBO30K, TO3BOTMIOIONI BBIBE3TH BCE TPY3HL.
TIO-THOCTBIO VIOBICTBOPHTE MOTPEOHOCTH W MIMEIOLINH MHHUMATBHYIO
CTONMOCTb.

MaTeMaTHIeCKVIO MOTETh STOH 3aJaTH MOKHO MPEICTABUTH B
CIEAVIOWEM BHIE.

Haiith  HaMMCHbIICC  3HAQUCHMC  JIMHCHHOM  (DYHKLHM

" "

L=y Yc,un,
-

-1

" -
NP OTPARMIERNAN Y ¢ = ¢ (i = Lm)
il

x, 206 =1,m,j=1n)

¥
OGosHauuM  4epe3  Xjj  KOIMUCCTBO — CAMHULL  TpY3a,
34M1AHUPOBAHHBIX K TMCPCBO3KC OT 1-T0 MNOCTABLUMKA K )-MY
OOTPCOMUTCIIO: TOrAA VCIOBUC 33,]aYM MOXHO 3anucaTth B BMAC
Tabn.1.5, xoTopyvio B AalbHCHIICM OVACM HA3bIBATL MATPULCH
[LIAHUPOBAHMUS!.
Tabauua 1.3

[MocTaBmuKH TMoTtpeduTe
B, B- N B, 3anacwl
A Ch G- Cin q
Xl 1 Xl 2 Xln
A Cy Caz e Ca, a:
Xa X Xan
Am le Cm’.‘ se- Cmn Ay
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Xm1 Xn12 an

IMoTpcOHOCTH b, bs . b, Sa Db,

CocTapuM MaTeMaTHYECKYIO MOJENb 33Jadd. Tak Kak oT i-ro
MOCTABILMKA K J-MY MNOTPCOMTCIIO 3aMIAHHPOBAHO K MCPCBO3KC X
€IMHALL TPY3a, TO CTOMMOCTE TepeBo3kr cocTasuT C; X CronmocTs
BCCIO I1aHA BhIPA3UM JBONHON CYMMOM!

L i
Z=3>CX,
il gl

CymMMy OIpaHMYEHMH MOIYYaeM M3 CICIVIOWHX YCIOBHIA

3aJaum:

i
a) BCE IPY3BI JIOJUKHBI OBITH BBIBEACHEI, T.C. ZX i =4 (13
/=1
CTPOK TabIHULBI);
0) BCC MOTPCOHOCTU A0/DKHBL OBITH YIOBICTBOPCHBI, T.C.
s
ZX ;== 1, #) (YpaBHEHHS MOMYYAIOTCA U3 CTONOLOB Tabm. 6);
i=1
Taknum 00pazoM, MaTeMaTHUIeCKas MOASTb TPAHCIOPTHOM
33248 UMEET CNEeIYIOIUH BU.
HatiTin HanmeHbIIee 3HAUEHHE JTHHEHHOW (PYHKLIHH

m i
z=3 2 6%, (134)
=l j=1
TIpHA OrPaHUYICHHAX

7

>y =a 0 =1.m) (1.35)
Jj 1
>y =b, (=L (136)
i=l

x,; =20. (1.37)

y
B paccMOTpeHHOH MOXETH TPEIATNOIAracTesl, 4To CYMMAapHBIS
3anackl PABHBEI CYMMApHBIM TIOTPEOHOCTIM, T.8.3 g =% b, . Takas

MOJE:Th HA3bIBACTCS 3aKPBITOM.
Teopera:
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JoGas TpaHCIOPTHAN 31a4d, ¥ KOTOPOH CyMMAapHbIi 00BbCM
2aMACOB COBMAIAST ¢ CYMMAPHEIM OOBEMOM MOTPEOHOCTEH, WMEET
PCLICHUC.

ANTOPHUTM METOAA TIOTEHLIHATOB.

1. TIposepgeM yCIOBHE Pa3speLIMMOCTH TPAHCTIOPTHOH 3a,1auH, T.€.

m n (138)

Za, =ij .
il j1

Ecau sto YCJIOBUC HC BbITOIHACTCHA, BO3MOKHDI ABA CJIy4as:
L 123

a) za, ~ z b, -BBOTUM ¢uxktuBHOrO MoTpedutens By, =B,, ¢
-1 -1

NOTPCOHOCTAMMU b(_p:i a, - i b,
-1 i

m

n
0) zal <be .BBOIUM (DUKTHBHOTOMOCTABLIHKAA , =Any 1.
i—1

-

cpecypcamnaq)—z;bj — z] a,
= -

B pacnpcacnutcabHyio TaOmuily B OCPBOM CIY4aC BBOJIMTCH
JOTIOTHUTE TbHbIH CTONOELL, a BO BTOPOM CIIviae— JOTIONHHUTETbHAS
cTpoka.  OObIMHO  CTOMMOCTB(UKTUBHBIX ~ MOTPCOMTCICH M
MOCTABUIHKOB OEPeTCsT PABHOH HY.TIO.

2. CrpouM nepBOHAYaNbHBIM OMOPHBIH mmaH. CYINECTBYET
PSIA METOIOB JUIST €10 TOCTPOSHHMS, METOI «CEBEPO-3aNaTHOrO YTIay,
METOA «HAWIVUIIMH D2JI€MEHT MATPHUBI», METOA «HAHUTYHUIIHH
JNCMCHT CTPOKIY, «AMMNPOKCUMALMA» U AP.

PaceMOTprM METO HAWITYUIIETO 37IEMEHTA MATPHLIbI:

a) cpean BCex crommMocTeM (', (i =1,m,j=1,n) BHOHpacM
HAWUIYYIIHA 3IeMEHT (eCTH 3aJada OBbINMA MOCTABNCHA HA MUHHMYM,
TOrAa BBIOMPACTCS HAWMEHBIIMH, a eciiy 33Java Obl1a MoCTaBieHa
HA MaKCHMYM, TOTJa HaHnOOMBIIHI 3 I€MEHT),

0) B KICTKY pacnopcaCAMTCIbHON Tabauubl C HAWMIVMLIEM
IMEMEHTOM  3alUCHIBACM MAKCHMATBPHO BO3MOXKHYIO TIEPEBO3KY
(noctasky) ¢ yuCTOM OrpaHuHcHui no ¢rpoxe u croadbuy. Ilpu stom
OTPaHHYCHHUE MO CTPOKES UHITH CTOJT6L[y HCUCPTIBIBACTCS, TOTAA
COOTBETCTBYIOIIHI P41 B HATIPABICHUH HCUEPIIAHHOTO OTPaHHUICHUS
B JAJIBHEHILIEM PEIISHUH HE paccMaTPUBASTCS (T.€. BBICPKHBACTCH);
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B) mepexoauM k mary a) [Ipouecc mpogomkaeTcs 30 TeX mop,
MOKA BCC PCCYPChI HC OYAYT PacmpeIC/CHbL H BCCh CIIPOC HC OyACT
V/IOBIIETBOPEH.

3ameuanue 1:

Ecmm pH pactipeacneHun TTOCTABOK,0AHOBPEMEHHO
BEIUCPKHUBACTCA CTPOKA U CTOIOEL, TO MOIVYUM BBHIPOXKICHHBIH
I13H.,

[TosToMy B omHY U3 CBOOOAHBIX KJIETOK (HE OTHOCSINUXCA K
¢duxTuBHbIM), ¢ HauIyumUMCiB OJHOBPCMCHHO BbIUCPKMBACMBIX
CTPOKE U CTONOLE CTABMM HYJIb TMOCTABKY, T.€. VBETHUHBAEM UHCIO
3AHATHIX KICTOK A0 (m+n-1).

3. IlpoeepsieM yCIOBHE HEBBIPOKISHHOCTH ILTAHA. KOJUIECTBO
3AMONHEHHBIX KICTOK IOKHO ObITh paBHo mtn-1. Ecnm mman
BBIPOACHHBIH, VCTpaHIeM BRIpOXKISHHE (3aveuanns | u 2).

4. TloacuutsiBacM sHAYEHUE TUHEHHOM hopMel L(X).

5. IIpoBcpsicM YC10BUC ONTUMAIBHOCTH IL1AHA:

a) Ans BeeX 3aHATRIXKIETOK (T.e.X;>0 ) cTpomv cucremy
ypasHcHuii ¢ (m+n) HeussecTbivMu Ui(1=1,m u V;(j=1.n).

-U,"*‘VJ:C,'J.

Tak Kak 3Ta cHUCTEMa SBIETCA HEONPEIEICHHON, TOMOXKHO
OHOH MEepeMSHHOH 33,1aTh MPOU3BO.TFHOE 3HAUEHHE. [i1st TpoCTOTH!
pacueta monaracM BeraucneHusd npeanonoxkuM U,=0. [lomyuennasie
Ui 1 V; BBOAUM B JOMOIHUTC/IBHBIC CTOIOCIL U CTPOKY,

6) ama Bcex cBOOOAHBIX KneTok (T.e. X;=0) mpoms3BoIMM
OLICHKY 1O (opMy.IC

A, =-U,+V, -C,.

Ecau Bee A, < Oppu poicHum 3a7aud Ha MUHMMYM (BCC

A; =20 npu pelICHUMM 331a4d HA MAKCUMYM), TOLAQ MOIYHCHHbIN

TUIaH O¥JET ONTHMATbHBIM.
Brinuceisacm maanncpeso3ok X=(Xj) u snaucuunc L(X).
Ecnu mmecetes xotst Obl 0ana oucHka A, >0 npu peucHum

3a4aun Ha MuHuMyM (A, < 0 mpu pCLICHMM 33344 HA MAKCUMYM),

TO TUTAH HEOTITUMATbHBIH, H TIEPEXOIUM K CISAVIOMIEMY LIary.
6. Cpeau BceX MOTOKUTETBHBIX OLCHOK (33JaWa HA MEHUMYM)
BeIOMpaeM Hanbonbuyio. [lpupemeHnn 3aJauu HA MakCHMYM, U3
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BCEX OTPHLATENBHEIX OUEHOK A;;‘;‘ BEIOWpacM HaHOONBIIVIO TIO

abcoaoTHOMY 3HAucHU0. O0O3HAUMM BBHIOPAHHYIO OLCHKY HCPC3
A

injo

7. i gactku ¢ BbIOPAHHOMOUCHKOH A, . CTpoUM

OPSIMOYTOJIBHBIM  KOHTYP,  COCTOSIUMH  TOPH3OHTAIBHBIX M
BEPTHKAIBHBIX OTPE3KOB, KOTOPBIE MEPECEKAFOTCS MO, MPAMBIM YTIIOM.
OaHa BopLIMHA KOHTYpPA JOKHA HAXOAMTBCS B CBOOOAHOM KIICTKC C
HOMCPOM (/. /, ). @ BCC OCTAIbHBIC B 3aHATBIX KJICTKaX.

8. Haunnas ¢ (/,, /,) BCPIINHAM KOHTYpPA NMPUCBAMBACM 3HAKH

CRAIOCH U CMUNYC ».

9. Cpenow BepIWIMH KOHTYPA €O 3HAKOM «MUHVC» BHIOWpacM
HAUMEHBIIEE 3HATCHHE B 0003HaTHM eeb.

10. Tlcpcasuracm BeauuuHy OnokoHTYpy, npubaBmsisi ¢ K
MOCTABKAM, HAXOAAIIMMCS B BEPIIWHAX CO 3HAKOM «HIIOCH, W
BBIUMTACM M3 NOCTABOK, CTOALIMX B BCPLIMHAX, MMCIOLIMX 3HAK
CMUNVC »,

[Monyuaem HOBBIH OTTOpPHBIH MTaH. Bosepammaemcs k mary 3.

3ameuanue 2:

Ecnmw B BepmmHAX KOHTYpA CO 3HAKOM «MUHVC»AMEETCS JBE
(W1 HCCKOMBKO) OAMHAKOBBIX HAMMCHBLIMX MOCTABOK 0.T0 mpu
NCPCPACHPCICICHHE TIOCTABOK MO KOHTYPY (UTOOBI  H30CKATh
BEIPOKICHHOCTH TLTaHA) HEOOXOIMMO B OJHY WIH HECKOIBKO W3
3TUX BCPLUIMH 3aIMCaTh HY.Ib—TMOCTABKY (MPCANOUTCHUC OTAACTCs

TOM BCPLUIUHC, KOTOPasd COOTBCTCTBYCT KJICTKC € HAWIYHILIUM C i )

3ameuanue 3:
[Moacuutas 3HAUCHUC JUHCHHON (GOPMBL A1 NCPBOHAUAILHOTO
OMOPHOTro M1aHa no GopMyIIc

il i
163 36,
-1 -1
nocacayiowue sHaucHus LX) MoxHO BbluMCAIT N0 PopMyc
I(X,)=T(X)£ AL AL = Aij, -6 -
rae«naocy (€CA 3aJava PemaeTes HA MAKCUMYM), W CAMUHYC»
(ccnn 3agada peLIACTCS HA MUHUMYM).
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3aveuanue 4:

Ecan nppu noaviucHHOM ONTUMAILHOM [1AHC UMCIOTCH
HY.ICBBIC OLICHKH CBOOOJHBIX KICTOK, TO 331a4a UMCCT MHOKCCTBO
ONTUMAbHBEIX M1aHOB, Jai KICTKM € HV.ICBOMOLCHKOM HYVKHO
MOCTPOUTb KOHTYP U CACJaTh MNCPCPACHPCICICHHC MOCTABOK,BHOBb
TIO.TVUCHHBIH TLTAH TaKkke OVACT SIBISTHCS OMTHMATBHBIM. Torma mo

OCHOBHOI1 TCOPCMC JIIT 1000t n1ad
X =aX,+(1+a)X,(0 £ <1)byact onTuvanbHbIv.
Ilpumep:

HaiitTu nian ncpcposok. 4ro0bl  o0wias CTOMMOCTb Oblla
f\']P[HPlMZl,'leOﬁ, npy CJICAYHLHX JAHHBIX!
+ 2 1

2 3 3124. a3=8, 3328; b1:7, b3=3. b_:.:(), b4=6.
6

(98]

5
|4
=
1

(8
(8

1. [NposepseM ¥CIoBUE pa3pe IIMOCTH:
2 1
Za, =20 ZZb_, =22.
il i1

Beo.anm (ukTHBHOrO noctasimka Agc pecypcaviv ag=22 — 20=2.

2. CrtponM TEPBOHAYANBHBIH  OTOPHBIH TUIAH  METOIOM
HAWIVULICTO 2ACMCHTa MaTpulbl (Taba. 1.6.). HanveHbLias CTOMMOCTD
Cy=0.Hampas1sem B knetky (4.1) moctaBkyx,=min(2.7)=2. Bce
pecypebl A UCUCphaHbl, MOITOMY ITV CTPOKY 3aucpkupacy. M3
OCTABLIMXCH cTOMMOCTCH HaumcHewas Coy=1, Toraax,;=min(8.4)=4
n 1.7 [llpomecc mpomomkaeTcs A0 TIOTHOTO PACTIPENEICHUS
peeypeoe. [Toayunv cacayowmii niasx:

0 0 0 4

v 0260
b 1 0 2
2000

3. TToayucHHbIH MIAH HCBBIPOXKICHHEIN, Tak kak m+n — 1=7 n
YHCIO 3aHATHIX KICTOK B Tad:1. 1.6. pasHo 7.
4. L(x)=14+3-2+2:-6+4-5+3:1+6-2=57.

th
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5. TIpoBepsicM YCIOBUC ONTHMATIBHOIO IiiaHa. Jl1s 3aHSThIX
KACTOK cTpoum cuctemy — U, +1 =

(1.4) U, +V, =1
(2.2): =U,+V,=3:
(2.3 -U,+V, =2;
G.1): —U,+V, =4,
(3.2 ~U, +V, =3;
(3.4 -U,+V,=6;
@.1). -U,+V, =0,
Momaraem{/, = 0. raxoanv BCe 3HATECHNMS:
U =0U,=-5U,=-5U,=-1
Vi=-LV,=-2,V,=3,V, =1,
3anoausicm B Tabn. 1.6, cronbeu U/, u ctpoxy V', . Haxoaum
OLICHKHCBOOOJHBIX KIETOK:
Ay=-U+V,-C,=0-1-5=-6<0,
p="U+V,-C,=0-2-4=-6<0,
s ="U +V,-C,=0-3-2=-5<0,
5y =—U,+V,-C, =5-1-4=0,
s =—U,+V,=C,, =5+1-3=3>0,
s =—U,+V, -C,;=5-3-3=-1<0,
s="U,+V,-C,,=1-3-0=-2<0,
w="U,+V,-C,,=1+1-0=2>0.

a
B

A
A
A
A
A
A
A

6. [Mman X|—HEONTHUMAJIbHBI, TaK KaK HMEFOTCA
NOJIOMKHUTC/IBHBIC OLCHKM CBOOOAHBIX KICTOK. Bnibupacym n3 Hux
~
naubonbuyo A, =3,

7. Ana knetku ¢ HOMepoMm (2,4) ctponM KOHTYP. Bepiumnbr
xoHTypa: (2.4), (3.4). (3.2). (2.2).
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8. PaccTaBigeM 3HAKU MO BEPIIMHAM, HauuHas ¢ (2.4).
9. Cpeau nocraBok, crosuyux B knerkax (2.2) u (3.4),

BHIOWpacV HAaNMeHbIIYIO: = min {2,2} =2.

10. Tlepemewmaem & = 2o KOHTY]PY, npubasnggece K
nmocTaBKkaM B KIeTKax (2,4) u (3,2), 1 OTHUMASIOTIIOCTABOK B KJIETKAX
(2,2) u (3.4).

[Monyunm HOBBIE TIOCTaBKU: 3 — B KIeTke (3,2), 2 — B KISTKE
24), a xactku (2, 2) u (3.4) craHoBitcs ¢BoOOAHbIMU, Mmcem
cayuait BeipokaeHus (3ameuanne 2). B k1eTky ¢ HomMepowm (2.2) (Tak
kak (,<C3;) BCTABHUM HYIb-TIOCTABKY. HOBBIH OMOpHBIA M1aH
3amucbiBaeM B Tabn. 1.7, mepexoauM x mary 3.

3. Hopwiit mnan:

0 0

=
=
s o O
N R

2.0 0 0
4.1(X,)=I(X)—A, ,-0=5T-3.2=5].

5. IlpoBepsieM ONTHMANBHOCTD ILIAHA.
JLiist 3aHATHIX KICTOK:

(1.4). =U,+V, =1

(2.4). -U,+V, =3

(2.3 —U, +V, =2:

(2.2): =U, +V, =3

(Bl U, +V, =4:

(3.2): U, +V, =3:

@n: -Uu,+V, =0.

Otcrona
U, =0U,=2U,=-2U,=2
Vi=2,V,=1,V,=0,V, =1.

J1s1 cBOOOAHBIX KIIETOK:

A, =2-0-5=-3<0,

i j0
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Ap=1-0-4=-3<0,

Ay =-2<0,

A, =2+2-4=0,

Ay =0+2-3=-1<0,
A,=1+2-6=-3<0,
A,=1-2-0=-1<0,
Ay, =-2<0,
A,=1-2-0=-1<0.

CnemoBarensHo, TAH X. ONTHMAThHBIH. BbeimuceiBaeMm ero
(DocTaBKka MO JOMOIHUTC/AbHON CTPOKC HC 3aHOCHUTCA) U 3HAUCHUC
TMHEHHOH QopMEL

00 0 4
|00 62 pxyost
715 300 ”

Tak kak AZI =0 . TO 3adada HMCCT MHOXKECTBO ONTHMANBHBIX

nnadoB. Jag xiactku (2,1) MOXKHO MOCTPOMTL KOHTYP M CACIATh
nepepacnpeneaennenoctagok. [loavunm  X;, KOTOpBIH Tak ke

sBsicTes  omrumaneaby M L(X;) =51 Toraa no ocHOBHON
tcopeme JIT noboii nan X =aX, + (1 —a)X,,rac (0<a <1),
SIBJISETCSA TAKKE ONTHMATIBHBIM ITAaHOM 3a7adu [3].

Tabanua 1.6

h Pec-
A, B, B- Bs B, YPCBI

V; V=-1 Vo=-2 V;=-3 V=1

U;
Aq U;=0 5 4 2 1 4

4

Az U-=-3 4 - 3 2 + 3 8
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A; Us=>5 |4 + 3 |3 - 6 |8

5 1 2
Ay Us=-1 0 0 0 0 2

2
ITorpeduoc 12
TH 7 3 6 6 22

Tadnmuma 1.7
; B, B- B; B, Pecypent
A
\1\3/]\ Vi=2 | V=1 V=0 | V=1
A U=0 |3 4 2 1 4
4
A, U==2 | 4 3 2 3 8
0 6 2

Ay Us;=-2 | 4 3 3 6 8

b 3
Ay U~2 |0 0 0 0 2

2
[MoTpebHoCTH

7 3 6 6 22
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2. IOCTPOEHUE OCTOBHBIX JEPEBLEB

[Tycte 3a71aH mPOCTOH HCOPUCHTHPOBAHHBIH CBA3HBIH rpad
G = (V, E)c muoxcersom Bepnn V = {1, .., n} u MHOXCCTBOM
pcoep E, |[E| = m.

Onpepenenne  2.1.0croBubiv  moarpadgom  rpapa G
HazwiBaeTesceasHoili noozpahO = (V,Eg), EgcE, T.e. cBa3Hbi
noarpad, coxepskamuii Bce BepmHet Tpada G.

Onpepenenne 2.2.0ctoBHBIM nepesoM B rpade G HazsiBaeTcH
QYURTUMECKUT OCTHOBHBIT NOOZpad).

OuceuaHO, B OCTOBHOM ACPCBC .r00as mapa BCpuuH u3 V
CBSI3QHA €IWHCTBEHHOH MPOCTOH LENBI0, U OCTOBHOE ASPEBO MMEET
MHEHUMAaTBHOE YHCIO pedep Cpeau BCeX OCTOBHBIX moArpados.

Yucno Pa3IU4UHbIX OCTOBHbIX JACPCBbCB rpaja
3KCTIOHCHUHATEHO 3ABUCHT OT KO.THYCCTBA BCPIIUH n.Haan.\-lep, B

noIHoM rpade HHCTO PAsTHYHBIX OCTOBHBIX AepeBber N ~2. DtoTr
dakT 10kazaH AccATKAMH pasnuuHblx cnocobos. Ecnu xputcpuit
BBIOOPA OCTOBHOTO JepeBa TPYIHO (hOopMaTH3yeM WIH CYOBEKTHBEH,
TO A7 BBIOOpA MyYIIETO AepeBa MOTpeOyeTcs mepedpaTk MX BCe.
Aaroputv OSCHOBTOPHOTO TPOCMOTPA BCEX OCTOBHBIX AEPEBHEB
rpada OpeIcTaBIcH, HanpuMep, B [4].

2.1. MunumanbHoe ocToBHOE Aepeso. Anropurmbl Ilpuma,
Kpackana, Bopysku

Onpenenenne 2.3.0cTOBHOE 1€peBO, ¥ KOTOPOTO CYMMa BECOB
pedep  MHHHMATbHA,  HA30BEM  MUHUMAAbHBIM — OCHHOGHLIM
Oepecos(MO]]).

MHoruc npakTUuCCKUC 3aaa4u ¢BOANTCH K noctpocuuio MO/,
Hampuvep., mycts  TpebyeTcd CBA3aTh  3aJaHHOE  MHOMKECTBO
HACCIACHHBIX IYHKTOB CCTBIO JOPOr TakuM oOpasoM, 4TOObI
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MHHHUMUIHPOBATE CBA3AHHBIC C OJTHM 3aTPAaThl. ECJ'H/I H3BCCTHA
CTOWMOCTB CO3NAHNS JOPOTH MEKIY KKIAOH Tapo¥ NMYHKTOB — BeC
COOTBETCTBYIOIIETO pedpa, To, Haiins MOJ B momHoM rpade,
BEPIIMHAM KOTOPOTO COOTBETCTBYVIOT HACENEHHBIC TYHKTBI, PEIIHM
sagady. M3BecTHO HeCKONMbKO 3(DMEKTHBHBEIX (MOJTMHOMHATBHEIX)
aaropurvos HaxoxacHus MOJL. TTpuscacm Han0o0.1¢C NOMYIPHBIC,

Aazopumm Hpuna

Hacs amroputma opusazackur Ilpumy.  Dddekrusayio
TEXHUKY peanusanmu npeamoxu Hdeitkerpa |4]. Anroput™ cOCTOUT
u3 N - lwurepaumit. Ha kaxzoit wWrTepaumm K  TaCTHIHO
MOCTPOCHHOMY ACPEBY X00ABILACTCS OIHA BEPIIMHA U OTHO Pedpo.
Cuavana crposmeecs  acpesoT = (Vr, Ep)coaepikur  oany
MPOM3BOJIBHYIO BEpPIIMHY M He cojepxur pedep. Ha xaxol
UTEPAIMH HIIETCS peOpo MHHEMANBHOTO BeCa, CBA3BIBAIOLICE
BepmmuHY i, npuHagnexkamyro Vg, ¢ BEepmHHOW j, He
NPHHATICKACH Vi (i,)) = argming, q).pevy,qevy Cpgr u
JoGaenserca B acpeso: Vr = Vp U {j}. ET = ET U {i,j}..

Koraa Vg = n, anropurm ocranasausactes, MO/ noctpocHo.

DddekrrBras pecaauzanus airopurva |4| 3aKIrouacTes B TOM,
UTO KANAOH HC MPUHAICKAWCH Vr BCPIIHHC] MPHIUCHIBACTCS
veTka (a, Bi)’ FAC O — HOMCP Oawkaici kj Bepumbbl w3 Vr, a
Bi — Bec pedpa (@, j). Torma mocne nmprcoeIMHEHNS OUEPEIHOTO
pedpa, MeTka KaxI0H BEpPIIWHEI OOHOBISETCS € TPYIOSMKOCTHIO
0(1). Ywmcno wrepaumii paBHO h - 1, TPYIOEMKOCTh KAKIOH
urepatmn — O(n). CnegoBarenbHo, 00wWAs  TPYAOSMKOCTb
a¢ddexTuBHOI peannsanuu anropurma Ilpuma passa 0(n?).

Aneopumast Kpackaia [4]

Anropurm HauuHact padoty C TpuBuaabHOro rpaga T =
(V, ©). Ynopsaounm pedpa B Mopsaake HEYOBIBAHHSA WX BECOB U
Ovaem gobasiste pedpa B T mno mopsaky. OuepenHoe pebpo
qobasnsiercs B T ¥ UCKITIOMASTCS M3 CITACKA, €CTH 3TO HE TPHBOANT
K 0Opa30BaHHUIO LHKIA.

B mpotuBHOM cavuae OHO TMPOCTO YIASETCA M3 CIHCKA H
paccMaTpuBacTea Creaviomee pebpo CIHCKa. ITO TIOBTOPACTCS 10
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TeX TOop, MOKa YHCIOo pedep B He ctaHer - . [locTpoeHHoe
nepeBo - MOJI.
TpynoeMKoOCTh YIOPSIOYHBAHUS pebep -

OueBUAHO, YTO TPHU NOCTPOSHUU JepeBa B XYyALIEM
ciyyae OyIyT paccMOTpEHBl Bce pebep rpada. Iloxa He
noctpoeHo MO/, 4YacTMYHO TOCTPOEHHBI rpad  sABIASETCA
HECBSI3HBIM, U A00aBiisieMoe pedpo CBA3BIBAET BEPIIMHBI U3 Pa3HBIX
KOMIIOHEHT CBSI3HOCTM. B mpouecce paccMmoTpeHus  pebep
YHOPANOYEHHOTO CIHHMCKAa HYXXHO CIEIUTh, YTOOBl HE BO3HHKAJIO
LUKIJIOB, T. €. YTOOBI HE CBS3bIBAJUCH BEPLIMHBI OJHON KOMIIOHEHTHI
ceasHocTH. [Ipouenypa, onucanHas B [4] (pasmenst 2.2.1 u 2.2.2),
MO3BOJIIET ATO  CcAeJaTh C  KOHCTAHTHOH  TPYyAOEMKOCTBIO.
KoMmoHeHThl CBS3HOCTH yAOOHO XpaHUTh B BHUAE CHCTEMBI
HelepeceKalouuxcss MHOXECTB. Bce omepanum B TakoM ciyyae

BBITIOJIHAIOTCA C TPYIJOEMKOCTBIO rae - GyHKUus,
obparHas k ¢yHkuumn Axkepmana [5]. I[Tockompky miast JrOOBIX
MpaKkTHYECKUX 3a]ad , TO MOXHO NOpPHUHITH €€ 3a

KOHCTaHTy, TakuM o0pa3oMm, oOmas TpyZOEMKOCTh aIrOPUTMa
Kpackana paBHa . CrnenoBarenbHO, 3TOT alTOPUTM
bonee moaxomut s moctpoenus MOJ B rpade ¢ HeOompIIHM
KOJIMYEeCTBOM pebep.

Anzopumm Bopyexu

AnropuT™m BrepBble Obl1 onmyoOnukoBad B 1926 r. O. bopyskoit
B KAa4eCTBE METOJla HaXOXXJAEHUS ONTUMAJIbHOHN 3JIEKTPUUECKON CEeTH.
PabGora anropurMa COCTOMT W3 HTEpalUMid, Kaxaas U3 KOTOPBIX
3aKJII0YaeTCcsl B MOCIEN0BaTeIbHOM A00aBlIeHUH pedep K OCTOBHOMY
necy rpada 10 Tex mop, moka He OyaeT MOCTPOSHO OAHO AepeBo. B
aIropuTMe NpearnoiaraeTcs, 4To Beca pedep paznudHbl, WU pedpa
KaK-TO YHOPSAOYEHBI, YTOOBI BBIOMPAIOCH €IMHCTBEHHOE Pedpo ¢
MUHHMMaJbHBIM BeCOM (B Cily4yae HECKOJIbKMX pebep, HMEIoUunx
MHUHHMMaJbHBINA Bec, BbIOMpaeTcs, HanpuMep, pedpo ¢ MUHUMAaJIbHBIM
HOMEPOM).

Ilycts cHauana 0 - ocroBHbII
Jec, B KOTOPOM KaxkJas BepliMHa sBisercs nepeBoM. [loka

, BBITIOJTHUTD:
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— And KaXKIO0H KOMIIOHEHTBl CBAZHOCTH (ZepeBa OCTOBHOIQ
acca) Hailith pceOpPO MHHMMAIIBHOTO BCCA, CBI3BIBAIOLICC TV
KOMITOHEHTY ¢ HEKOTOPOH APYTOI KOMIIOHEHTOHN CBA3HOCTH;

— 100aBUTb BCC HAWACHHBIC pcOpa B MHOKCCTBO ET.

[Monyuennoe aepeso T geasiercs MO,

Ha xaxaoii utepanyu 4UCIO AEPEBbEB B OCTOBHOM JIECY
YMCHPLIACTCY HC MCHCC 4CM B JABa pa3sa, M[MO3TOMY ajirOpUTM
spmonusct O(logn) wmrcpauwmit. TpyaocMkocTs 0aHOH uTCpaLuu
pasHaO(m), nostomy oOmwaid TPYJIOCMKOCTb — QITOPUTMA  —
O(m logn).

2.2. OcTOBHBIE JepPeBbs H HX NMPHIIOKEHHS

B mpakTHueckuX sajadax dacTo TPeOveTcs IMOCTPOMTDb
OCTOBHOC JCPCBO, V/JOB/ICTBOPAIOIICC DA3MUYHBIM CBOlicTBaM, B
3TOM pasle1e NPUBEICHBI HEKOTOPHIE MOI0OHBIE 3aJa4H.

MO/I orpaHuuCHHOI CTCOCHM — 3TO MHHHUMAIILHOC OCTOBHOC
JCPCBO, B KOTOPOM KaKIasi BCPIUMHA CBi3aHa ¢ HC 0oace ucm d
APYTUMHU BepIInHAMHE, rae d — 3ananHoe e1oe unc1o. Ecmnd = 2,
TO 9TO 3ajaya MOCTPOSHHA MMHHMMAalbHOH TaMHIBTOHOBOH LIETIH,
OTKYJa CAcAyCcT, uro 3azaua noctpochuss MOJL orpanuucHHOM
crenieHu NP-tpyana B obmem ciyvuae. Eciu BepmuHe! rpada — 310
TOYKH HA ILIOCKOCTH, @ BCCA PCOCP paBHbI CBKIMAOBY PACCTOAHUIO
MCaucay HuMu, u TpeOyerces moctpoutrs MOJI crencuu K, To mpu
k = 5 sasa4a noauHoMuaIbHO paspciuuva [6].

B HEKOTOPBIX TPHIOKESHUAX TpeOyeTcs MOCTPOMUTE TaKoe
OCTOBHOC JACPCBO, B  KOTOPOM MakcumaueHbii  BCC  pebpa
MHUHUMAICH. O‘ICBI/I}_’[HO, B 3TOM CIyuae MOH SIBISIETCST OAHUM H3
HCKOMBIX JEPEBbEB.

[lpu ommcanmm anropurmoB [lpmma u Kpackama Mber He
HalaraTd OrPaHMYECHHMH Ha 3HaK BECOB pelep, MOITOMY 3ajada
MNOCTPOCHUA OCTOBHOTO ACPCBA MAKCHMA.1bHOIO BCCA MOMKCT 6blTb
pemena atroput™mamu [lpuva mm Kpackama mocne yMHOMXKEHHS
BccoB pebep Ha —1 n noctpocHuss MOJI B rpadc ¢ HOBbiMU BeCavu,

PaccvoTpum nozpoOHee (B KauecTBe NpuUMepa) 3aIady
nocTpoCHU:A CCTH CBA3KW € O4dHHM HUCTOYHHKOM MHHUMA.1bHOH
CTOUMOCTH € OTPAHUYCHHUEM Ha YHCI0 Y3JIOB KOMMYTALHUHU B LICITAX,
4

th



Memaooe: OIRUMIU3ayLL 1 uccaeoosante 0/‘1epm;uﬁ

CBAZBIBAIOIIMX TMVHKTHL €  HCTOYHHKOM. JTa 337ada B
MATCMATHYCCKOH MOCTAHOBKC HBJACTCH 3a1a4CH nocrpocHus MO/
OrpaHHYEHHOTO pajuyvca Ha B3BCIICHHOM rpade ¢ BBIICICHHOM
BCPLIMHOM, KOTOPAasi MOXKCT ObITh MOCTAB,ICHA C.ICAYI0LUM 00pa3oM.
3anaH  TONMHEIN  HEOPHUEHTHPOBAHHBIM B3BELICHHBIH Tpad
G=(V,E).v={01,..., n},c weotpmuaremsHbivu Becavu pebep
ajj = 0. Ob6oznauuvF = F(G)~ MHOMXCCTBO OCTOBHBIX JICPCBBCB
rpada G, a C(T) — ucnos, ceasbiBaromas BCpuiuHy K ¢ kopHCM
nepesa (0 — wucrounwkoM curHama B aepeee TeF. Tpedvercs
noctponts aepeso T* € F, spasrouieecs permenney 3a1aun

> min; ;
Z i) = P (2.1
i)
IC(T) <R,k = 1,..,1n, (2.2)
rie R<n - 33a71aHHOE MOJIOKHTEIBHOE [E€I0€ YHCIO0, a

yepes|Cy(T)|obosnauerno womumuectso pebep B wemm Cp(T).
Uucaomaxyey |Cr(T)| asnsercs pagnveom aepesa T.

3amaua (2.1)-(2.2) mpu R > 2 ssasetcs NP-tpyawHoii, uro
CCTCCTBCHHO BhITcKacT U3 NP-Tpyanoctu 3azauu noctpocHus MOJL
orpaHuueHHoro aumavetpa |7|. B pabore |8]| mokazana NP-
TPVAHOCTb PACCMATPHBACMON 331aYd HA MAKCUMYM, KOTOPAd TECHO
ceaszana ¢ sajadeit (2.1)-(2.2). HeictButearno, ecmajje(a, Al, To
sJadavua Z(i.j)ET b” — MaXref;C OTPAHHYCHHEM (22) ric bll = A—aij,
SKBUBATEHTHA 3a1a4e (2.1)—(2.2).

B paborc [8] n14 3anaun Ha MakCHUMYM M[PCIIONKCHA CCpUd
OOJIMHOMHANBHBIX ~ AICOPUTMOB  TNMOCTPOCHHS — PELICHHS ¢
FAPAHTUPOBAHHOM OLCHKOH OTHOCHMTCJBHOM NOrPCLIHOCTH, B
HauxyameM civaae pasaoi 1/2. Ecmm ke 11 BecoB pebep
BBIMOJIHACTCST  HCPABCHCTBO  TPCYTOJBHUKA,  TO  OLCHKA

OTHOCHUTE.TbHOU TOTPELITHOCTH VIVULTASTCS 10
BCIMUMHBI min{é, = ﬁ}

Has 3zamaam (2.1)-(2.2) monyteHHBIE aNMpPHOPHBIE OLEHKH
TOYHOCTH 3aBHCAT OT MNAapaMETPOB 32Jatdl MU HE  SBIAIOTCH
rapaHTuposBaHHsimMu [8].

i
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[IpuBeneM eme oauH TpUMEP MPAKTUMECKOW 3aJadu BHIOOpa
JANBHOCTH MICPCIAYH 3JICMCHTOB PaTHOCCTH, B KOTOPOM CTPOMTCH
OCTOBHOE JEPeBO. JTa 3a7aua W3BECTHA B juTeparype kax Min-
PowcerSymmctricConncctivityProblem u 3AKITIOHACTCH B
CICIYTOLIEM.

3amaH MpocTOli HEOPHEHTHPOBAHHEIM B3BEIICHHBbIH Tpadh G =
(V,E)c wiHOx)ecTBOM Bepuua V, |[V| = n, u mMuOkecTBOM pedep E.
[lycte cjj = 0- Bec pebpa (i,j)eE. Tpebyerca waiTh OCTOBHOE
aepeso T™ rpadaG, aBusromeecs peUICHHEM 32 1aH:

iev.

rac Ni(T)— MHOXKCCTBO BCPLUMH, CMC)KHBIX C BCPIIHHON I B
qepese T. Jlroboe momyvernvoe pemenwe 3anaun (2.3) — ocmosHoe
Oepeeo— HA30BEM TAKIKE KOMMYHUKAYUOHHBIA OCPeGOM.

3amaua (2.3) NP-pyaHa B CHIIBHOM CMBICTIE ViKE B CIVYae,
KOr,1a BCPIIMHBI — 3TO TOUKM B R?, a Bec pebpa PaBCH CBKIMAOBY
PACCTOSHUIO MEXKTY COOTBETCTBYIOMIHMH Toukamu. B obumem ciyuae
NP-TpyZHOCTE €CTECTBEHHO CIEAVET M3 CBOAUMOCTH 3aJaud O
viraumansHoM okpeituk (MI1) k 3axaue (2.3).

Has modoro ocroBHOorogepesa T crnpaBexIMBBI OUSBHIHEIS
HepaseHCTBA  Y(ij)er Cij = W(T) < 2 X jjerCij, OTKYAa  ClEAyeT,
aro MOJ] siBaaseTest 2-npubTiKeHHBIM peineHueM 3a1a4u (2.3), T.e.
ot < 5,

W

racWyor— ssauchue  dynknmonalza xa MOJ, a W'-

OMTHMAITBHOE 3HAYCHHE LENCBOI QDVHKIHH.

CrpaseutiBa
Teopema 2.1. Ilvcte Beca pebep, Bomeamux B MO/,
Whion 2a
! $ 3KV ) 1a < — T
MPUHATICKAT otpesky|[a, b].Toraa W 2 P TIL
W\ﬂ":?'[ 2b
— 0 ———— L )
npuh — + <10

Teopema 2.2. Ecau 3asaua nocrpocuus k-npnOiamkcHHOrO
pemenus sazaun MIT B rpade, cTemeHH BepIIHH KOTOPOTO HE
R-1
opceocxoaar R NP-tpvasa, 1o 3azaua nocrpochus| 1 +m -
npub.IILKEHHOTO peuneHud sagadn (1.3) takke NP-tpyana.
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1
Caeacreue 2.1. W3ssectHo, uTo 3a1aua HOCTpOGHHH(l +§)-

npubmKeHHOTo permeHust ans npodmemer MIT nmpum k = 4NP-

TpyaHa. Torma u3 Teopembl 1.2, B wactHOcTH, cacayer NP-
1

TPYAHOCTb IOCTPOCHUA (1 + %)-HPI/IGTH)I&HHOFO peLICHMA 33,1a4H

(1.3).

2.3. IlpumepsnI 1 ynpaKHeHHSsI

Ilpumep 2.1:

IToctpours MOJI B rpade, usoOpakeHHoM Ha puc. 2.la
(psimoMm ¢ peOpaMu YKazaHBl HX BECa), ¢ TOMOINBIO AITOPHTMA
ITpuma.

Peuenue:

Monoxum T = ({1}, ). Toraa metku Bepumn(ay, Bp.oj =1,
j=2,..,7, B,=B; =2, B, =4, octanbHbIE |3]. = +o0. Bepmmabt
2 u 3, omwxatimmue x T, 1o0aBuM, HaNpUMep, BEPIIHHY 2, TIOJIYIHB
T = ({1, 2}, {(1, 2)}). u nepecunTacM MCTKU A7 BEpLIHH 3, ..., 7.
Monyamy (03, B5) = (L, 2). (04 B,) = 21, (s, Bg) = (2 3).
(o6, Bg) = (1,+), (a7, B,) = (1,+x) Teneps Smwraitmas x T
sepmuHa 4, podasum ce: T = ({1, 2, 4}, {(1, 2), (2, 9)}).
IIponomxkas npouecc, A00aBHM MOCIEA0BATEIBHO BEPITHHEI 5, 3, 7 1
6 Bmecte ¢ pebpamu (4 ,5), (1, 3), (5, 7) u (3, 6). MOJ1 u300paskecHO
Ha puc. 1.1b, u ero Bec pasen 14.

a) b)

Puc. 2.1:
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a) epagh; b) MOJ]

Ilpumep 2.2:

HaiiTi KOMM4IecTBO OCTOBHBIX AePeBbeB rpada, n300pake HHOTO
Ha puc. 2.1a, cTeneHu KOTOPBIX HE MPEBOCXOMST 2.

Peuienue:

Iepenymepyem pedpa. OueBuano, pedpo 1= (5, 7) BoiiaeT BO
BCE OCTOBHBIC JepeBbi. MOXKHO TIOCTPOWTH JABOMYHOE JEPEBO
pelieHui, HaunHas ¢ pebpa 1, Bkmarouas (ecau 3TO HEC MPUBOAMUT K
LUUKTy HIXA MPCBBILICHUIO AOMYCTUMOH CTCICHM BCPIUUH) MU HC
BKJIIOYAss odepegHoe pebpo. B pesymprare moayvamm  TpH
raMuIbTOHOBBIX myTH. OnuH U3 HUX H300paxeH Ha puc. 2.1h, asa
JPYTHUX — Ha puc. 2.2.

a) b)

Puc. 2.2. JIBa OCTOBHBIX AepeBa CTCHICHH 2

Ynpaxuenne 2.1. J[lokaszare, uto amroputmsl [Ipuwma,
Kpackana u bopysku crpost MO/L.

Ynpaxuenue 2.2. [Tokazats, 4to B ACPCBE, UMCIOLICM ABC U
fonee BEPIIHHBI, CYIIECTBYET KAK MHHHMYM [JIBE BEPIIHUHBI CTCTICHH
L.

Ynpaxuenne 2.3. Haiitu Takoe ocroBHOS aepeBo rpada,
MOKa3aHHOTO Ha puc. 2.1a, B KOTOPOM MaKCHMATbHBIH Bec pedpa
MHHHUMAJICH.

Ynpaxunenne 2.4. Haiitru MO/] rpacda, mokazaHHOTO Ha pHLC.
2.1a, ucnoas3ys aaropurMel Kpackana u bopysku.

Yupaxuenne 2.5. Haitru Bce MO/] rpada, okasanHoro Ha puc. 2.3.
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Puc.2.3. B3gewenHsiii rpag
(ps1AoOM € KaxapIM peOpoM YKa3aH €ro Bec) .
3. 3AJAYA ITOCTPOEHUSA KPATYHAUIINX ITYTEU

Ilycte 3amaH OpUCHTUPOBAHHBIA (UMM HEOPUCHTUPOBAHHBIMH)
rpap G = (V,A), B xotopom V {1, ..., n} — MHOXCCTBO BepiuuH, a A
— MHOXkeCTBO Ayr. Mpunmiem xaxaoi ayre (i, j) € Acomunyrdy; =
0.

Onpeaenenne 1. Ilyte  Pyus Bepumuel i B BCpMHY
ONpPEACIUM KaK IOCICAOBATCIbHOCTD AYT, KOTOPAas HAYMHACTCA B i U
3aKaHYMBACTCS B j, B KOTOPOH KOHCL MpPEALICCTBYIOIICH AYTrH
SBIgeTCS HadanoMm craeayiomed. CyMMy IUTHH YT, BXOASIIHX B
IYTh, HA30BEM ONUHOU NYMU.

3amaun  TOCTPOCHUSI  KparT4alIIUX  TMyTCH  CCTCCTBCHHO
BO3HHMKAIOT BO MHOXeCTBEe mpunoxkeHud. Hampumep, eciu B cetu
CBsI3M MH(pOPMALHs U3 UCTOUHMKA JOJDKHA AOCTUYb MOJIyHATeICH 3a
MHHHAMATBHOE BPEMs, TO, MOCTPOMB rpad, B KOTOPOM MIHHA AYTH
COBMAJACT CO BPEMEHEM MPOXOXKACHHMs CHMrHAJA IO 3TOM JAyTe,
CBEEM TMPOOIIEMY K 3aJade IMOCTPOCHHS ACPEeBa KpaTUaWIINX Iy TEH
(AKII) u3 ucTouHuka K NPUEMHUKAM CUTHAJIA.

Ecan  TpeOyercss mOCTPOUTH CETh AOPOT, CBSI3BIBAROLINX
3aJaHHOC MHOXKECTBO TIOpPOJOB TakuUM 00pa3oM, uTOOBI BpeMi
MOE3AKH W3 OJHOTO TOpoAa B JAPYrod ObUIO MHMHHUMAIBHBIM, TO
HY’KHO HAHTH KPaTYaHIIAE My TH MEKAY BCEMH NMapaMH TOPOIOB.

3.1. Anroputm JlefikcTpbI

W
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Aaropur™ u300peTeH HUAEpNaHICKUM yueHbIM 3. JlefikcTpoi
B 1959 r. [4] u ctpour JIKI1 u3 HauaabHol Bepuimtel (kopHs) rpada
BO BCC OCTAIbHBIC BCPIIUHBI TIPW HCOTPHUATCIBHBIX JITHHAX VT
(peep).

[IveTs § — HauwanbHas BCPIIMHA (MCTOYHHK). AJIropuTr™ Ha
KQKIOM warc 100aBIUCT K YaCTMUHO HOCTPOCHHOMY AcpeBy T ¢
KOPHCM B S OHY O/>Kaiilnyo K § BCPLUIUHY, HC NpUHAuIcxkamyio T.
Ecam tpebverca Haitti kpaTdafunii ovTh 40 HEKOTOPOH BEPIUHHEL
t. TO anropUTM OCTaHABMHBACTCS NOCIE JOOABICHHA 3TOH BEPIIHHBI.
Hnauc, crpoMTcs OCTOBHOC ACPCBO, CBA3BIBAIOIICC BCC BCPLIMHBL
rpada kpaTuaiimnyvm myTamMu ¢ S, T. €. JAIKTLL

O6o3nauum ucpes Nj = {ieV|(i,j)€A} — MHOMKCCTBO BOpLIMH,
W3 KOTOPHIX €CTh IyTH B BepwwHy j B rpade G. [No10:kx1nv HavwaBHOE
crposimeecs  aepesoT = (8, QD). INpunmmev kaxno¥ sepmuHe ieV
MeTKyd;, COOTBETCTBYVIOMYIO (TEKVIICH) MHHIMAIBHOH ATHHE TIVTH
u3 s B i. MeTtka ucroynuka dg = 0 He MEHSETCA B mpoLiecce padoThl
anroput™a. Crawana dj = +oo maa Beex i#s8. Ha kaxkaow mare
amropurMa  nueres ayra  (i,j) = arg minpeNq; peT, quT{dp +
dpq, xotopas 1o00aB1serca B T, 1 0OHOBNACTCS METKA |-if BEPLIHHEBI
d; =d; +dj;. Tlocie Toro (¢ KOHCTAHTHOH TPYIOEMKOCTBIO)
OOHOBIETCA METKa KaKIoN He BKmoucHHOH B T Bepummbidy =
min{dy, d; + dj}, k € T.

AIroput™M OCTaHABIMBAETCS, KOTJda BCE BepUHHBL rpada
BKIIOUCHBL B Aacpceo T (nmocnc  BHINOJHCHMA N LIArOB).
Tpy10CMKOCTb 0aHOrO mara (BpIOOP BCPUIMHBL 4181 BKIOUCHUS B T)
pasHa O(n). Cacaosarcnbho, o0wmas TPYIOCMKOCTb
anroputma/leiikeTpei- O(n?).

3.2. Anroputm Besuimana — ®@opaa

Ecau  aauMbbl HCKOTOpBIX  pcOcp  (A¥r)  NPUHMMAKOT
OTPULATEIbHBIC 3HAYUECHMS, TO B CHYYae OTCYVTCTBHS IIHKIIOB
OTPUUATCIbHOM JMMHBL KPAaTHAMIINC NYTH U3 OJHOH BCPLIMHBI BO
BCE OCTAThHBIE CTPOUT aTropury bermviana — @opra |4].

Beenem p(V) — HOMEp BEpPUIMHBL, HEMOCPEICTBEHHO
npeawecTeyomed BepmuHe VB mvTH Pg,. Torga airopurm
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bennmana - ®oppa MOXHO 3amMcaTh IO ILIaraM  CJIeAYHOIIHM
obpazom.

[ar 1. [Ins kaxaod BEpIIMHBI Ve V: €ClIH V = S, TO TOJIOKHUTh
dy, = 0; unaue monoxuth dy = +gaump(v) =null.

Mlar 2. Jlnsg xaxmoW BepmwHBI i = 1,..,,n-1 ¥ IIs KaXKIOTO
pebpa (u,v)eA: ecmu d, + dyy < d,, To momoxuts d, = d, + dy,
" .

[ar 3. Jins kaxmoro peopa (u,v)eA: ecau dy + dyy < d,, TO
rpad COAEpIKUT OTPHULATEIHHBIN UKII.

KoppekTHOCTh NMPUBENEHHOTO alropuTMa MOXHO J0Ka3aTh IO
WHIYKIUH.

Jdemma 2.1:

[Tocne BBITIOJIHEHUS 1-UTEPALIHIA:

l)ecmu d, < +na,to d, - IIMHA HEKOTOPOTO MYTH U3 S B U ;

2)ecnu cywlecTBYeT MyThb M3 S BH, colaepxamuil He Ooisee i
pebep, To d, HEe MPEBOCXOAUT AJUHBI KpaTdyadliero myTH W3 S B H,
cojepikaiero He Ooiee i pedep.

Jlokazamenvcmeo:
Ha nyneso#i ureparuu JUTMHA TYyTH, HE COJIepIKaIIEro
pebep, . Jnsg  npyrux BepIIuH na TaK Kak He

CyLIECTBYeT NMyTeH M3 HMCTOYHHUKA B U C HYJIEBBIM YHUCIOM pebdep.
Jokaxxem mepBoe yTBepxkAceHUE. PaccMOTpuM ciydyaid, Koraa JjuMHa
MyTH B BEPIIMHY MEHAETCS, T. €. BBINOJHAETCA IMPUCBAaWBaHHE

Ilo MHAYKTHBHOMY MpPEANOJIOKEHHUIO, - 3TO
JUIMHA HEKOTOpOro MyTH M3 HCTOYHMKA B . 3HAYMUT, BEJIUYHMHA
d, + dyypaBHa qnune nyta Pgu { (1, v) }.

Jns  fokaszaTenbcTBa BTOPOrO  YTBEPKICHHS PacCMOTPUM
KpaT4ailiuii myTh U3 S BHU, colepkamuii He Oonee i-pebep. [Iycts v
- IpeAnocieaHss BEpIIMHA 3TOro MyTH. Toraa 4acTe MYTH M3 S BH
SIBIIIETCSl KpaT4alllMM MyTEM W3 UCTOYHHMKA B , COJEpIKaILEro He
bonee - pebep. [lo HHAYKTHBHOMY IPEIIOIOKEHUIO, rnociue
1 uTepauuu He MPEBOCXOAUT MJIMHBI 3TOro nyTu. CrenoBaTeibHO,
d,y + d, He mpeBoCXOAWT NNWHBI MyTH U3 S B M. Ha i-ii uTepanuu
BEJIMYUHA CpaBHUBAETCS C 1 €l MPHUCBAaWBAETCs HOBOE
sHauenune, eciad d,, + d, Menpme. CrnemoBaTenpHO, TMOCIE i-
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Hurepaumn d, HE TPEBOCXOIUT TIWHBI KpaTJyalero myTH W3
HCTOYHUKA B U, COASPKAIETO He 0o.1ee i-pedep.

Ecnu B rpade HET OTPHUIATEIBHBIX LMKIOB, TO B KAKIVIO
Bepmvmy CTpOI/I’I‘CH e,Z[HHCTBeHHbIﬁ myTh MI’IHHMa.]'IbHOﬁ J.TUHBI, 1 HA
mare 3 He MOXKET MPOU30HUTH YMEHBIICHUS ATHHEL HU OJHOTO MYTH.
B npoTHBHOM CTyyac OTPULIATCIbHBIM LUK/ CYLICCTBYCT.

3.3. Anroputm Puioiina — Yopienia

Anropurm ®rnoiina — Yopmena (Floyd-Warshall) paspaGoran
B 1962 r. |4] w wmcnoae3veTcs T HAXOKICHHS KPATIAHITHX
PacCTOSHUH  MEXKAY BCEMHM TNAapaMH  BEPIIUH  B3BELIEHHOTO
OPUCHTUPOBAHHOTO rpada.

Beeaem obozHaucHme d% A7 JUTHHBI KPATYAHIIETO MyTH M3 i
Bj, KOTOpbIH, KPOMC CaMuX BCPIUMH I,j, IPOXOAUT TONBKO uCPC3
BepmwHbl MHONkecTBa {1,2, ..., Kk}. Torza d?]- = djj — xmEa ayTH
(i, j). ecau ona cyIIECTBYET, MHAYE dﬂ- = +o0,

Ecnu xparuaiimmii nyTe 13 I Bj He mpoxoauT uepes sepmnHy K,

TOT 4 d{}

= d{‘i_1. Ecan cymecTByeT O0iee KOPOTKHH MyTh W3 | Bj,

npoxoasuii  uepes K, Torma d% = d%i(_l + dﬁ; 1. PexyppenrHas

dopMynaa 414 BBUUCICHMSL d% HUMCCT BUI d?i = d; d% =
k-1 gk-1 k-1

min{di™, dii7" + di "},

Anropurm ®noiina — Yopuucnia nociacaoBarc.1bHO BbIYUCICT

j’

BCE 3HAUCHMS d{‘} aas Beex i, j, k =1, ..., n. 3naueHus d{} SBISIOTCS
AIMHAMH KPATHAKIINX MyTCH MCxAy Bepiiuuamu i u j. Heeaoxno
MOHATb, 4YTO TPYAOCMKOCTh atroputma - O(n®).  Ecau
JOTIONTHUTEIBHO A1 K&KJIOH TMaphl BEPIINH XPAHHTb HH(POPMALIHIO O
NMEPBOM BEPIIMHE IYTH, TO, MOMHMO PACCTOSHHA MEKAY IBYMA
Y3IaMM, NOMYYUM BO3MOXKHOCTb BOCCTAHOBUTH CaMM KpaTdainuc
Iy TH.

He cvimecteyer kpaTiaiimero mvTH MeE:KIY napod BepnuH i,j,
KOTOPbIH #BIACTCA YaCThH) OTPULIATCIBHOIO LIMKIA, TAK KAK A1MHY
myTH U3 | B j MOeT ObITh CKOTb YTOIHO Maya (otpuuareisHa). [lo
YMOTIAHHIO, NPUMEHCHHE ANTOpHTMA IMOJAPa3yMEBacT OTCYTCTBHE
OTPULETC/IbHBIX IUKIOB B rpade. OaHaKko ¢cu OTPULATCIbHbIN LKK]
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ectb, anmropurm Daoiga — Yopiueaia MOKHO HCHOIb30BaTh IS €TI0
TIOMCKA:

— QJIrOpuT™M HUTCPATUBHO MNCPCCUUTHIBACT AJIMHBI KpaTllaﬁMHX
MyTeH MEKAY KKA0M MapoH BEPIIUH i, j, B TOM unciae ui = j;

— CHA4a/1a BCC JUIMHBI MYTHU U3 i Bl paBHBI HYJIIO;

— naunHa oyt Pi UPkiMoxeT ObITh MCHBIIE B CIy4ac, CCJIH OHA
OTPHULATENIBHA, T. €. 9TO OTPULATEIbHBIN LMK,

— 3HAYUT, MOCJAC OCTAHOBKM aAropuT™Ma JNHMHA MyTH u3 i Bi
OyACT OTPULIATCIbHOM, CCIIH CYIIESCTBYCT LMK OTPHLATCIBHOMN JTHHBI
u3iBi.

CneoBarenbHO, A1 ONPEICICHUS OTPULIATETIBHOIO LMKIA C
noMoupio amropurva ®nokiza — Yopuieaia A0CTaTOuHO MPOCMOTPETh
auaroHatb matpuipl d. [lpucyTcTBHe Ha AMAroHaTH OTPULIATCIBHBIX
YHCETT FOBOPUT O HATIMYMHU B rpade Kak MHUHUMYM OJJHOTO OTPHLATEIIBHOTO
k. OueBHIHO, B HCOPHUCHTHPOBAHHOM rpade peOpo OTpULIATCIIBHOIM
[UTMHBI BMECTC C HHIMICHTHBIMA €My BEPIIMHHAMH  OOpasyer
OTPULIATCIbHBIHM LIMKJL.

3.4. [Ipumepsbl H ynpaxHeHHs

Ilpumep 3.1:

[TocTpouTs AepeBO KpaTUYAHIINX PACCTOSHUI U3 BEPIIUHBI S BO
BCC BCPLIMHBI OPUCHTUPOBAHHOrO rpada, M300pakKCHHOrO HA PHC.
3.1a (psaoM ¢ Ayramu yKa3aHsel UX JAJIHHBI), C TIOMOLIBIO aArOPUTMA
Jelxerpsl.

@) B)

Puc.3.1. Unmoctpauus paboTs! aaropur™a JICHKCTPbI

Pewenue:
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[Tonoskwm ITMHBL KpaTHalimuX TYTeH B BEPIIWHBI (METKH
pepunH)  pasHeivH dg =0, d; =+, i#S, ¥®  UacTHYHO
MOCTPOCHHOE AepeBo Kpatwadimux myteH T = (s, ). Haiinem
arg minpe,; per; qet{dp + dpq} = arg mingey,; qet{ds +
dsq=(s,4)u nonoxnm T=s,4, 5,4, dy=1. MeTkn IpyrHX BEPIOHH He
UBMCHSITCS, TaK KaK U3 BCPLUMHBL 4 HC UCXOAUT HU OaHA AYTA.

Haiizem arg minpeNq,. PET: qe‘T{dp + dpq} = (8, 2)1 TONOKHIM

T = ({s, 2,4}, {(s,4), (5,2)}), dy = 3. OGHOBUM METKY BEPIUINUHBI
I: dy =min{dy,d; + dz;} = min{+00,3 +2} =5  Mctku
APYIMX BCPIUMH HC MaMcHsTes. [lpoosmkas mpoucce, 100aBHM
MOCNE I0BATETHHO B cTposImEeCs JAEPEBO pedpa
(s, 5),(2,1),(1, 3),(3, 6) u epmuns 5, 1, 3, 6. B pesymprare
OyaCT MOCTPOCHO ACPCBO, MOKA3AHHOC Ha puc. 2.1~, B KoTOpoM
METKH DPSIOM C BEPITMHAMM — JNWHBI KpaTHaIIMX TyTeH W3
HUCTOUHHKA S.

IIpumep 3.2:

Haiitu anuHbl kpatualimux OyTCH MC)KIy BCCMH Napamu
BCpwuH rpada, u3o0paxCHHOro Ha puc. 3.la, ¢ NOMOLIBIO
aaropurvia Gnoiaa — Yopuenia.

Pewienue:

3313 MM HAYaQIbHBIC AJMHBI [VTCH MCXKAY BCPLIMHAMH
MATPULEH € SIEMESHTAMH d?j = djj, monmarass = 7 (puc. 3.2a, Ha
KOTOPOM  CHMBOJN  «-»  COOTBETCTBYET  OCCKOHEUHOCTH).
Bocnoabzycmes PCKYPPCHTHBIMH COOTHOLICHHSIMH dili =

min{d?j,

utcpauuu (puc. 2.2b).

d?k + dﬁj} A7 BBIUMCICHHS AJIMH MYTCH MOCIC NCPBOH

o]-T2T-T-T87]4 072578874
2lo-11]-1-7- 2(ol4]1]-T1]6
-1-Tol-1-157- 0

S R I I -1-Tol-T1-1s5 (1)
[ [-ToT- - — T
-1-T-1-1T-To5 o To o T
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- [3]-|1[3]-]0] -8 ]-]68|0]5
s{3[-11[3]-1o
a) dl b) d;

Puc. 3.2. MaTpuua HayanbHbIX PACCTOSIHUA (&) M NOCIC NCPBOi uTcpaumn (H)

4
6

[m)
~J
[\
M
[~
o0

o
<
IS
—_
©

O —

—
)
—_—
tn
—

“T-T1-Tol-1-7-

-1-T-T-Tol-T-
1181|6803
0 2

S1317(113(1]0

3

Puc. 3.3. Marpunia KparJaifling pacCTOSHHI MEXKTY BCEMH IMAPAMH BEPILFH

OueBunHo, uto U3 BepwHH 4 u 5 HeT nyTedl B Apyrue
BCPUIMHDL, [TO3TOMY 6CCI(OHC‘-[HOCTH B 3THUX CTPOKAX COXPAHATCH KaK
IIOCTE MEPBOH UTEPALINY, TAK U B IATBHCHIIEM.

[ocne 4-x urcpauumil mOMIyuMM OKOHYATCIBHBIC 3HAUCHMH A14
MHHUMQTBHBIX JJTHH TTYTEH, CBSI3bIBAIOLIINX BCE TIAPBI BEPIUHH (puc. 3.3).

Ynpaxuenue 3.1. Hokasate, uT0o anroput™ HeHKCTPH CTPOUT
JePEeBO KPaTUaAWIINX PacCTOSHHH,

Vnpaxuenne 3.2. Halitu xpardaiiiipe myTH MEXIY BCEMHU
napamu BCpLIMH rpada, u300paKCHHOrO Ha puc. 2. 1a.

Vrpaxnenue 3.3. CyIIECTBYET MU OTPHUATCIBHBIN LHUKI B
rpadc, uzobparkcuHom na puc. 2.4

YnpaxHenue 3.4. Bocroawaviitecs anropurvom bemrvana —
dopaa a1 MOCTPOCHUs KpaTHaiilinX MyTeH U3 BEpIUIUHLL $ B rpade,
H300pa’KeHHOM Ha pHC. 2.4, YIa.THB BXOIAIINE B SIVTH.

Ynpaxnenue 3.5. Jlokazarb KOPPCKTHOCTS anropurva Dioiisa
— Yopuenia.
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Puc. 3.4. OpucHTHPOBAHHBIN B3BCLICHHBIH rpad)
(pAoOM C OyraMH yKa3aHbl MX JUIHHBI)

Yupasxuenne 3.6. [Ipodeccop O. Il. PomeTunserii npeamaraet
CTEAYIOIMH CHoco0 HAXOXKACHHUS KpaTdaiero MyTH W3 SBB
JAaHHOM  OpUCHTHpoBaHHOM  rpade,  cogepxamem  pébpa
oTpuuaTtensHoro Beca. [IpndaBum noCTaTOUHO OOMBINYIO KOHCTAHTY
K BECaM BCEX pEOep U caeaacM BCE BECA MOJOKUTEIBHBIMH, IOCIC
4ero Bocmosb3yemcst anroputmom Jletiikerpst. Koppexten au takoit
noaxoa? Ecau nma, TO JOKaKHTE 3TO, €CAH HET YKAXKHUTC
KOHTPIIPUMED.

Ynpaxkaenne 3.7. PaccMoTpuM opueHTHpOBaHHBIM rpad, B
KOTOPOM p&EOpa OTPHULIATEIBHOTO BECA BBIXOIST TOJMBKO M3 BEPIIHHEI
S, HO LHKJIOB OTPHULATEIBHOrO Beca NMPH 3TOM HET. Moker au
amroput™  JIeHKCTpBI, BBI3BAHHBIH [JIsI BCPUIMHBI S, BBLIAATH
HETIPABUIIBHBIN OTBET B JAHHOM city4ac?

VYnpaxuenne 3.8. Ilycte HeopueHTupoBaHHbIH rpadp G =
(V,E) 3azaét MHOXKECTBO rOpoaOB U JOPOr Mexay Humu. s
kakaoi goporu e € EumseectHa ¢ anuna B kuiaomeTtpax le.
IIpeanonoxkuM, uTO BaM HEOOXOAUMO A00paTbCs M3 ropoja SB
ropoa t, HO Bama MamIMHA MOXET MpPOeXaTh O€3 J03AMPABKH HE
Oomnbiie LknnomeTpos. 3ampaBku ¢CTh BO BCEX rOPOAax, HO HE BAOJb
JOpor (Tak YTO TOAATCS TOJBKO MAapIIpyThl, rae Bce pédpa He
amuHHee L),

(a) IMoctpoiite anropuT™, OMPEACISIOMINN 3a THHCHHOC BPEMSI,
MO>KHO JIH TIPH TAKUX OTPAHHUCHMSIX 100paThest u3 SBL.

(b) HomycTum Tenepsb, YTO BB XOTUTE KYIHTh HOBYIO MALIHHY.
Kakoi muHMManbHbIM 00bEM Oaka MALIMHbI MO3BOJIUT A00PATHCS U3
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set? Tloctpoiite amroput™, Jarouiit otBeT 3a BpeMsa O((|V]+
|E[) log| V).

Yopaxuenne 3.9. Ilvers rpap G = (V,E) npcacrasBmict
CoOOH MHOXCCTBO rOpoa0BVEH MHOXKCCTBO dopor Emcacay numu. Y
KKA0M Joporu e € Ecctb amna  lg. PeuicHO nmocTpoute HOBVIO
aopory, u cnucok E' coacpaxut mapel BCPLIKH, MCHKIY KOTOPBIMU
HOBAsl J0POTra MOXKET OBITh MOCTPOeHA. [ BCEX BO3MOXKHBIX HOBBIX
aopor €' € E'ussectna amuHa lo. Hamo waiitu aopory us E,
CTPOUTC/ILCTBO KOTOPOi MPUBCACT K MAKCUMAIBHOMY YMCHBIICHHIO
JIMHbL KPATHAMIICTO MYTH MCKAY 331aHHbIMU ABYM:A IOPOJAAMH SH
te G. lNocrpo¥ite 3P GeKTHBHBII ATTOPUTM AT TAKOH 3a1ATH.

Ynpaxuenune 3.10. [IpuMeHeHus 3210240 0 Kpatqalux MyTIX
MOXKHO HAlTH J2KC B BATOTHBIX oncpauusix. Ilyete wucpes
€4, Cy, ..., C,0003HAUCHBI pa3IiaHble BaTIOTH. Hanpumep, c; mMoxer
00o3Hauare pyomu, ¢, —— po.mapel, ¢; — ¢yHTH. [lyeTs uepes
r;,;0003HaEH KYPC KOHBEPTALMK BATKOTEL C{B Cj. HA OAHY €AWHHILY
BATIOTHl C{MOXHO KYIHTb Ii;eAMHALl BATIOTHl C;. JlaHHBIE KYPCHI
VAOB/ICTBOPAIOT CCTCCTBCHHOMY  YCIOBHIO T - Ij; < 1, KoTopoc
FOBOPUT, 4TO 0OMEH Ty Ia-00paTHO HEBBITOICH.

(a) Tloctpoiitc 3(p(PCKTUBHBIA AIrOPUTM, KOTOPBIH, 3HAs BCC
Ijj, HAXOAMT HauOOICC BBIFOAHYK) MOCICAOBATCILHOCTH OOMCHOB
A1 KOHECPTALMH 33JAHHOM BallOThl SE 33J3aHHYIO BalOTY L
(TTogckaska: 11 peLICHHUA 3aJa41 MPEICTABBTE BXOJHBIC TAHHBIC B
BUIC rpad)a ¢ BCUICCTBCHHBIMU BCCAMH.)

nO,l'I BJIMSTHUEM  CTIpOCa W TIPCITOKEHHUA KYPCBI  BATOT
McHstoTes. [lpcacTaBum, 4TO B KAKOM-TO MOMCHT HAUUIACh BAIKOTbI
Ciy s Ciy s s Gy AT KOTOPBIX 15 5, " Ty i, " ee ™ Uiy i Vigdy > 1. 910
03HAYaeT, 9TO OOMEHAB KaKOe-TO KOMMYECTBO BANIOTEL Cj, B
COOTBETCTBHH C ,ElaHHO]’I noCICTOBATCIIBHOCTRK), MBI B  HTOTC
NOTVYIMM OONblIe MCXOJHOTO. (Bpsa mu 310 mMpoanuTes I07ro, HO
OOWIHO YITYCTHTb TaKVIO BO3MOXKHOCTB!)

(b) Tloctpoiire >(peKTHBHBIE AIrOpUTM, MPOBEPSIOLIHI
Ha1uuMe Takof aHomainbhoi curvauuu. (I[loackaska: ucmome3yure
rpacd NpeapAyIIEro MyHKTA. )

Ynpaxnenne 3.11. 3anaua O MYTCLICCTBYIOLICM NAPOXOJC.
[lpeacraBeTe, UTO ¥V BaC €CTh MAPOXOA, KOTOPBIM MOXKET COBEpIIATH
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PCiChI MCIKTY TTIOPTOBBIMH TOpoaaMu u3 vHmkectsa V. Toccwas ropoa
i, BeI 3apadaTeiBacTC PipyOICH, 2 CTOMMOCTB NMCPCMCLICHHS M3 roposa iB
ropoa jeoctaBscT Cjj > 0 py6scid. Bel XOTUTC HAlTH LMKIMMCCKHH
MapIpPyT, MAKCHMH3APYFOLLIFIT OTHOIIEHHE MPHOBITH K 3aTpaTaM.

H1s »roro pacemoTtpum opueHTHpoBaHHbIH rpad G = (V,E),
FAC BCPLIMHAMH SBISIFOTCS IOpPOJA U KKIBIC JBC BCPLUHHBI
coennHeHB pebpoM. Onpene.TM OTHOCHTETBHYIO MpUGHInb upukna C
cacayoumm obpasom: 1(C) = ZipecPi

Zijrec Cij

Yepes 1" 0003HATHM MAKCHMAITBHYIO OTHOCHTENBHYIO MPHOBLTE
MPOCTOTO MKIA. 3HAUCHHE I" MOYKHO HANTH JBOIMHEIM TIOFICKOM,
€CTH MBI YMEEM TIPOBEPSTH MO JAHHOMY I, BEPHO NN HEPABEHCTBO
r>1"  Hrak, paccmotpuM npoussombHoc I > 0. TIpuceoum
kaxgomy pebpy (i,j) Becwj; = 1cij-pj.

(a) Tlokakutc, uto c¢cau B 3ToM rpac CCThb LUK
OTPULATCABHOTO BCCA, TO T < T,

(b) Tllokaxwure, WTO €CIM BCE UWKIB WMEKOT CTPOTO
MTOTOKUTENBHBIN BEC, TO T > I,

(¢) Ilocrpoiitc 3PdeKkTUBHBIN anropuT™, KOTOpBIA  And
3a4aHHO# TouHocTH € > 0 Haxoaut uuka C, a1 kotoporo 1(C) =
", JIOKQKHTC KOPPCKTHOCTb AITOPHUTMA H OLICHHTC CrO BPCMSI
pa6OTbl B TCPMHHAX |V|.l/1 R= max(:i,j)eg(pj/cij).

4. 3AJJAUA WUTEUHEPA
n}"CTb HAa ILI0OCKOCTU paCHO.'l())KCHbI l‘pM TOUKU, paCCTO}lHld}I
MCIKIY KOTOPBIMH ONPCAC.ISIFOTCS CBKJIMAOBOH MCTPUKOH, M TPCOYCTCS

cBa3aTh 3TH TOUKHK ¢ nomowbio MO/, [octpoeHHOE aepeBo MoKaszaHo
Ha puc. 4.1a, w ero anmma (cymva 17wH pebep) passa V5 + V10,
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N N
b Vv
3 [smssemsemsanar 4
20—
l —
X | X
0 1 2 3
a) b)
a) MOJ{ b) Jepeno IlIretinepa

Puc. 4.1 MunumanbsHoe ocToBHOE AcpeBo(a)u acpeso Lreitnepa(h)

BeeaeM momONMHUTENBHYIO  (MPOMEXYTOYHYIO) TOUKY H
COCOAMHHMM HCXOAHBIC TOUKH C TPOMEKYTOUHOH TOUKoH. B
pe3yIbTaTe TOMYYHM CBSA3BIBAIOLICE JEPEBO MEHBIICH IIIHHEI
V5 + 3 (no cpasuermo ¢ MOJI) (puc. 4.1b). D10 aepeBo sBASICTCS
reoMeTpHIeCKUM (HITH MeTpudeckuM) aepesoMm LlTeliHepa, u B Hero
BOIIJIA OJHA JOMOJHHUTES/IbHAA Touka (2, 2) — BepmmHa llreiinepa.
[Ipn moctpoenmn  meTtpudeckoro aepesa LlredHepa  ams
VMCHBIICHUS JIMHBL JACPCBA MOMKHO HCHOIb30BaTh  JIHOOBIC
JIOTIOJTHUTEIbHBIC TOUKH HA TIOcKocTH.  Jlanee Oyaem
paccmarpuBare 3agauy Illreiinepa nHa rpadax, ¢dopMyaupoBka
KOTOPOH MPHBOAWTCS B CJACAYIOLIEM pasacic. B mocneanei 3agauc
touku LlTelHepa BEIOMpAIOTCS M3 3aAaHHOTO MHOKECTBA BEPIIHH
rpaga.

4.1. IloctanoBku 3agaun Llteiinepa u ee cJI0’KHOCTH

[lycTh 3amaH HEOPHEHTHPOBAHHBIH NPOCTOM B3BEIICHHBIH rpad
G = (V,E), B KOTOpOM MHOKECTBO BEPIIHH  SIBISICTCS

0o0BeIMHEHHEM ABYX MHOecTB V = S |. BepmwuHer MHOXeCTBa S
OyneM Ha3bIBATh MEPMUHANGMU, A BEPIIHHB H3 MHOXKeCTBa | —
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npoxescymosnsia eeputunamiy. Koxiomy pcbpy (i, j)eE, ijeV,
npunucana «ammHa» Cjj = 0. TpebyeTcs cBsI3aTh BCE BEPUIMHBI
MHOJKECTBA S AePEBOM MUHUMAIBHOH AMHHBI, KOTOPOE HA3BIBACTCH
munumansasiv acpesoM Ilreiinepa (ML), [pu 3tovm B HckoMoc
ACPCBO MOTYT BONTHU MPOMCIKYTOUHBIC BCPLIMHbL U3 MHOMKCCTBA |.

Puc. 4.2. TIpumep aepera Lllreitnepa Ha rpade

Ha puc. 4.2 nyHKTHPHBIMU TUHUAMH H300paKCHb peOpa rpada
G, KOTOpBIC COCAMHAHIOT TCPMMHA/IbI — 3AKPALICHHLIC BCPILMHBI U
MPOMCKYTOHBIC (He 3aKan_IEHHI>Ie) BCPUIWHBI. C]'I.]'IOHJHBIMH
auHusmu nokasano acpeso Ilrciincpa, B xoTOpOC BOLLIM TPU
TTPOMENKYTOUHBIE BEPIIHHBI.

s MOl ©Ba 0IOCKOCTH € €BKIWAOBOH  METPUKOM
CTIPaBEATHBRI C1E Y FOLIHE CBOMCTBA.

Ceoiicteo 4.1. Touka [ITe#Hepa UMEET CTECHD 3.

Ceoiicteo 4.2. Ecam Bepmnsa i nveet crenens 3 8 ML to
VION MEKAy TIOOBIMH IBYMA peOpaMi, MHUMACHTHBIMH i, paBeH
120°,

Ceoiicteo 4.3. Uwncmo Ttouex Ilretimepa B MU pasno
k € [0,|S|-2].

Hseectno, uro samaua Llrteiinepa nHa rtpadax (a Tarke
reoMeTprueckas 3ajgaua Llreitnepa) NP-tpyiHa B cHimbHOM CMBICTES
[4], Tmo3TOMY Ha  TPaKTHKE  HWCTOTB3VIOTCA  Pa3HIHEIC
NpUOIMKCHHBIC a1ropuTMbl A4t noctpocHus M.

70



AMemoowt oMUz ayUY U Heciedosarie onepauuz}(

4.2. IpubnnxKkeHHbIE AJITOPHTMBI

Ouernauo, MO/ sBIMETCS TPUONMAKEHHBIM PELICHHIEM 33,0aH
Ilretinepa. [lpun 3ToM Ansg METPUYECKOrO CAy4as, KOrJa TOUKH
(BEPIIMHEI) PacMOIOKEHB! HA MIOCKOCTH, oTHOMmEHHE Wyon/W™ <
2:
rac Wymoq — BCC MHHHMMAIBHOTO OCTOBHOro acpesa, a W' —
vMuHumManesas aauHa  acpeea  [rcitncpa.  Asroputm  Ilpuma
(Kpackana) ctpour 2-nmpubmiwkeHuoe perende 3ajzaum Helinepa ¢
NOIMHOMUAIbHOH TPY A0CMKOCTbIO.

Uspecten Oonee cunpHbli pesvibtar: Wyon/W™ < 2/ V3, n1a
METPUIECKO 3a1auu ¢ €BKIMIOBOM MeTpukoi. [IpeanoxeHo taxke
HCCKOIBKO — QIrOPUTMOB, KOTOPBIC  CTPOST  2-mPHOIIDKCHHOC
pemenne 3azauu LIteiinepa Ha nponsBonbHbIX rpadax. Hanpumep,
JOCTATOUHO HAMTH KPaTHAHIIMC OYTH MCHKAY KAKIOH Hapon
BepmuH rpada, mepedTH K BCnomoratenbHOMY rpady  Oes
MPOMEKVTOYHBIX BEPUIMH € ATHHAMM pedep, PABHBIMU IIHHAM
kpardaimmx nyred, u mocrpours MOJ. Oto u Ovaer 2-
NPUOTIKEHHOE peLleHue A HexoaHo# saxaun [lteiinepa.

Ony6auxoBan psa padoT, B KOTOPHIX NPCAIOKCHBL AJITOPUTMbI
C MEHbLIECH OLUEHKOW TOYHOCTH, HANPHMEDP, ATITOPHTM CTPOSLINIA
1.55 — npuOaMKCHHOC PCLICHMC 114 TOUCK, PACHOIOKCHHBIX HA
TUIOCKOCTH, pacCTOSTHHA MEXKAY KOTOPBIMH 3aaK0TCA
TIPSTMOYTONMBHOH  (MAHXITTEHOBCKOH) MeTpukoit Ly |9]. B »Tom
cavuac acpeso HITeiiHepa cOCTOUT M3 MHOMKCCTBA BCPTUKAIbHBIX U
TOPU30OHTATBHBIX OTPE3KOB, COC AUHSIKOLIHX TCPMHUHATBI nu
MPOMEKVTOUHEIE TOUKH. OTHO3HAYHO OMPEICSACTCS MUHHUMATBHBII
MPAMOYTOJIBHHK, B KOTOPOM HAXOIATCSA BCC TEPMHUHAIBI, U €TI0
CTOPOHBI mapanne. buel ocaM (mpsamoyronsauk ABCD Ha puc. 3.3).
OucBuano, see pedpa MJII He BbIXOAST 32 OPCACABL 3TOrO
npsMoyroneHuka. B 1966 r. Xanau nmokasan [10], uro cymecTsyeT
MJIII, B KOTOPOC BXOAST TOJBKO Y3/bl PCIUCTKH, NOJIYYCHHOM OT
MCPECCUCHUA FOPHU30HTA. IbHBIX u BECPTHKA. TbHBIX TIPSIMBIX,
MPOXOAAIINX UEPE3 TEPMHUHANEL, — pemeTka Xanana (puc. 3.3).
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Puc. 4.3. Munumambroe aepeBo LTeliHepa (KUpHbIC THHHH)
Ha pemeTke XaHaHa

B 1976 r. Xsaur |[11] mokazan, uro MOJ sBasercs 3/2-
NpUOIMIKCHHBIM — petueHreM. B 1992 r. 3emukosckuii  [12]
paspaboTanm  adrOpuT™M MOCTPOCHMS MPSIMOYTOIBHOTO  ACpPCBa
reiirepa ¢ oueHkod TouHOCTH 11/8, mepBBIH SBpPHUCTHYESCKHH
aIropuTM™, KOTOPBIH cTpout perucHue ayume MO/,

4.3. Hexotopbie 3amauu CHHTE3a CeTeil, HCMOJb3YHOLIHE
aepesbsillITeiinepa

3agauu moctpocHust acpeBbeB Llreiinepa, o0aagaromux TeMu
WM WHBIMH CBOHCTBAaMH, BO3HHKAIOT IPH CHHTE3E CETCH MepeaatH
JAHHBIX, OPH  NPOCKTHPOBAHMM  KOMMYHHMKALHMH,  J0pOT,
TpyOONPOBOAOB, NPH TPACCHPOBKE CBCPXOOJIBIIMX HMHTETPATBHBIX
cxem (CBUC) u . m.

PaccmoTpuM ans mpumMepa CEAyIOMIYIO 333ady HOCTPOCHUSI
MAII ¢ orpaHHYEHUSIMH HA JIHHBI MyTEH M3 3aJaHHOW BEPIIHHBI
(XOpEeHP WM MCTOYHHMK CHTHANA), KOTOPas BO3HUKACT B CBI3H C
tpaccuposkoit CBUC. B [10] 3amaua mocTaBmeHa CIEAVIOIIAM
obpazom.

3azan B3BeweHHbIH rpad G = (V, E), V={0,1, ., n}, rae
BBIIENEHHYIO BepmuHy () Haz0BeM KopHEM. s KakIoro TepMUHaIa
keScV zazana MakCHUMaabHO AOMYCTHMAs AJMHA IYTH U3 KOPHS
dy =2 0. Kaxaomy peOpy rpadpa (1,j) € E  npunucasst
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ueTouncIeHnbie «Becy Cjj€[c, C] m «amna» djjeld, D],c = 0,d =
0. TpebyeTca pewnTs 3a1a9y

w(T) = Z Cij = min; .1
(L)ET
dij <d,, SES, (4.2)
(LDEP(T)
rae F - w™MHOX)ecTBO JepepbeB LUTeliHepa, CBA3BIBAFOIINX

BeplunHbl MHOXKCCTBA S, a Pg(T) — nyTh U3 KOpHA B BCPLIMHY S B
acpese T.

3anaua (4.1) — (4.2) octactest NP-tpyaHoii ke B caydac S = V.

B | 10| npca10ikeH ¢IcAYIOWMNA 3BPUCTHUCCKHH AITOPUTM TSI
peuicHud 3aaauu (4.1)—-(4.2).

Crauama CcTpOSIICCCs] ACPCBO  COCTOMT U3 OJHOTO  KOPHSI
To = ({0},F). Ha xaxaoi wrcpaumuairopurva K x acpesy,
MOCTPOCHHOMY Ha TPEAbIIYINHUX warax Ti_q. AOOABIAFOTCS OXHA
BepunHa j¢ Ty 1 oxHO pedpo (i, j)E:

(ij) = arg, ekanhingk_l{Cij +q(dij +Ri)},

rae Ry — anmura mytw Pi(Ty—(), R;j = dij + Ry, mapavmetp q = 0,
B PC3Y.1bTATC YCTO MoayuacM acpeso Ty.

BapbupoBanuc  3HaucHUM  mapamcTpa  (  [O3BOJSCT
KOHTPOJMPOBATh «kawecmgo» peiucHusi. B uactHocTn, aokasaHo,
YTO B C1VYAC LCIOYUCACHHBIX BCCOB M AMMH PCOCP MPUBCACHHBLI
aIrOpUTM CTPOUT ACPCBO Kparuadiuux nyTed npu ¢ = Cnllpu
q = 0 aaropurt™, oucBHAHO, CTPOUT Hckoc Acpeso IMTciincpa Ocs
yUeTa OTPaHWICHUH Ha IHHB yTel. MeHss 3HaTeHns mapameTpa,
MOXHO NO0IyuaTh Pa3HbIC ACPCBbS U 3alOMHMUTH B  KauyCCTBC
NPUOIMKCHHOTO PCLICHHMSI JTYULICC A0mycTUMoc Acpeso. [Nokasano,
9TO AN TIOCTPOCHHS PasHBIX JEPEBBEB JIOCTATOTHO 3aryCTHTH
AICOPUTM C KOHCYHBIM HHCAOM 3HAYCHUII ¢, YTO MNPUBOAUT K
MO TUHOMMATIBHOM TPYAOCMKOCTH BCCTO aIropuT™Ma
0(n? log(CDn)).

[lpuBeneHABIN aTTOPUTM HE WMEET TapaHTHPOBAHHOM OLECHKH
TOUHOCTH, U A/ CrO aHAIU3a NPOBCICH UMCICHHBIM IKCICPUMCHT,
MIOKA3aBIIHH BBICOKYEO 3G PCKTHBHOCTS.
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OGparumcs x cneaviomeMmy npumepy. OJHHM H3 3TanoB
NPOCKTHPOBAHMS  CBCPXOOJIbLIMX  MHTCIPAIbHBIX  CXCM  (MOCIC
pasmemenus osnementop Ha CBUC) sgBagercs  TpaccupoBka
COCAMHCHHH HMIH MaplupyTu3auus. JTOT 3Tan pasOuBacTCi Ha
TI00ANTBHYIO U JETANBHYIO MAPIIPYTH3ALMIO.

I'moGanbHas TpaccHUpPOBKa SBIAETCS OJHUM H3 BAXKHEHIINX
sranoe npockruposanus CBUC, Ha kotopom Anms kamaoi ucmu
ompeae1aeTCs MHOKECTBO UCIIOIb3VEMBIX obnacteii
MAPUIPYTU3ALUMM B YCIOBHSX OLPAHUYMCHUH HA TPACCHPOBOUHBIC
pecypcel U BpeMsT TPOXOXKIEHWS curHata. B aureparyvpe
BCTPCUACTCH  HCCKOJbKO  (POPMYIMPOBOK 33734 [JIOOANBHON
TpaccupoBkH (3I'T) ¢ pazTHIHBIME KPUTEPHIMH H OTPAHHYSHHIMH.
OcHOBHOM ~ LeIbl0  TI100aTbHOH — TPACCHPOBKH  SIBIAETCS
vapupyruzanus Beex nened CBUC 6e3 HapvimeHHs orpaHHtTISHHH.
Ilpu aToM Jaxe mpocTeluas MOCTAHOBKA, B KOTOpOH TpebyeTcs
OCYLUCCTBUTh  MAPLUPYTHU3ALMIO JIBYXTCPMHHAIBHBIX LUCNCH B
VCIIOBUSAX OTPAHHUYISHHOCTH TPACCHPOBOTHEIX pecypcoe (Oe3 yuera
BPCMCHHBIX 33,1CPKCK), siB1sscTes NP-Tpyanoii 3a3aucii,

Hoas pewenus 31T uccneoBaTeNnsvid MPeIOKEHB! PA3INIHER
MOAXOABI, B KOTOPHIX TPAcCHPOBKA, KaK IMPaBH.10, OCYIIECTBIACTCA
THIOE HA ABYX COsX. B OCHOBE 3THX NOAXO0IOB JIEXKAT AJITOPUTMBI
MOCNEI0BATEIPHON  MapIIPYTH3ALMHA, ATTOPUTMBl TPACCUPOBKH C
paspbBOM CBSI3CH M HOHMCKOM HOBBIX COCAUHCHMWH, QICOPUTMBI,
OCHOBaHHBIC Ha PEIICHHH 33aJad O MHOTONMPOIYKTOBOM IIOTOKE,
HCPAPXHUUCCKUC MCTObI, @ TAIOKC PA31MUHBIC MCTA3BPUCTHKHU.

[lpu mpoexruposanmn coepemenHerx CBUC wna orane
rI100abHOH MapmIPyTH3AUHH, Hapiay € YYETOM TPACCHPOBOUHBIX
pecypcoB, BCe  Oosbilee  BHHUMAHHE  VIAEISETCS  BPEMEHH
pacmpocTpaneHus curHana. [Ipu 3ToM ILTOTHOCTE COSAMHEHUH H
BPCMCHHAS 3Q,CPIXKKA SBJISIOTCS, KAK HPABUIO, KOHKYPUPYIOIIAMU
KPUTEPHAMH, H B IHTEpaType MPakKTHYECKH  OTCYTCTBYIOT
nyOMuKaluuy, B KOTOPbIX OTU KPUTCPUU  PaACCMATPUBAOTCA
COBMCCTHO.

Jormaeckags cxema CBHUC wmoxer OblTh NpeIcTaBIcHA
ALMKITHICCKUM rpad)oM ¢ HECKOJIBKMMH OCHOBHBIMH BXOAaviH H
OCHOBHBIMH BBIXOJaMH. OHa BKmiouaeT B ceOA PasHOTHIHEIC
JJCMCHTBI, CB43AaHHBIC YACTUYHO  YHOPHAQUCHHBIMU  LCILMH.
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Kaxapiit  37eMEHT CXEMBI  pPealu3yeT ONPCACICHHYIO Oy/IeBY
(YHKIHIO U HMEET HECKOJIBKO BXOJOB U OAWH BBIXOA, KOTOPBIC
Hapsay C OCHOBHBIMH BXOJAaMH W BbIXOJAMH  HA3bIBAIOTCS
TepMuHaTaMu. Llens 3amaeTcss OMHEM TEPMHHATOM-HCTOYHHKOM H
HECKOJIBKMMM TCPMUHAIAMHM — MOJAvYaTe/sMu curaana. Hampumep,
Ha puc. 4.4 uens, BBIJCIACHHAS JKUPHBIMH JIUHHSAMH, UMCCT OJMH
HUCTOYHHK — BBIXOJ 3ICMCHTA 5 — M 4YCTHIPC TCPMHUHAIA, KOTOPBIC
SIBJISIFOTCST BXOAaMu 91eMeHTOB 7, 8, 9 m 11,

BX0[ anemMeHTa BbIX04 3NnemMeHTa

OcHoBHOI1 BX0OA, Jlornyeckunin anemeHT OCHOBHOM BbIXOA

Puc. 4.4. [IpumMep JOTHUECKOH CETH

J14 Kaxaoro OCHOBHOIO BXOJA CXCMBI 33JaHO BpeMs
nocrymicHust curHana u3sHe (AT — arrivaltime), a mis kaxaoro
OCHOBHOTO BBIXOJAAa — HAWOOIEee TMO3JHEE MONMYCTHMOE BPEMs
HNOIYYCHHUS CHTHala, KOTOpoe Ha3oBeM JaupekTuBHbIM (RT —
requiredtime).

OGnacTe pasMEILICHHMA ICMCHTOB M TPACCUPOBKU COCTOMT H3
OJMHAKOBBIX IMPSIMOYTOJIbHUKOB, PACIIONIOKECHHBIX APYT HAL APYTOM,
KOTOPBIC  HA3bIBAIOTCH  Cl1OSAMH.  PasMeIGHHE — 3ICMCHTOB
MHTCTPAIBHONH CXEMBI OCYIIECCTBIISICTCS A0 TPACCUPOBKH, MO3TOMY
KOOPAMHATHI BCEX TEPMHHAIOB TPEATONIArAFOTCSI H3BECTHBIMH.

TepMuHaIbl COCEIHUX CIIOEB CBSI3BIBAIOTCS MEXKC/IOMHBIMHU
COETMHEHUAMH (32 MEKCIOWHBIM COCIMHEHHEM B AHTIOS3BIYHON
JAUTCPATYPE 3aKPEIMICA TCPMHH «via»), KOTOpPbIC OVAEM CUHTATh
napamaeababivu - ocu 0z, TpaccmpoBka Ha  KakaoM  ClIoe
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ocyuecTBIsieTCa MO0 napaxieabHo ocu 0x, mudo mapaniensHo ocu
Oy. Ilpu 3TOM HEKOTOPBIC CIOM MOTYT HCIMOIb30BATHCS TOIBKO AJIS
Pa3MEINEHHST TEMEHTOB CXEMBI.

Ha sranc rnobanbhoii mapmpytusammu Bce ciaou CBUC
pazOMBAIOTCS HA OJMHAKOBBIC TJIOOANBHBIC SUCHKH, HWMEIOLIHES
(dopMy IpSIMOYIOIbHUKOB.
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Puc. 4.5. TIpumep mocTpoeHust riodaasHOro rpaga

B pesyabrate Kakablii TCPMHUHAT MOMNAAACT B OAHY M3 TAKHX
SYCCK. 3aTeM CTpouTcs cacayoumi riodansHeiii rpad. Kaxzoit
r100aTbHOH SMEHKE CTABUTCS B COOTBETCTBHE IITOOATBHAS BEPIIHHA.
[Mapa rnoGanbHBIX BCPUIMH COCAUHACTCS INIOOAIbHBIM PCOpPOM B
creayromux cyyasx (puc. 4.5):

— CCJIM OHH PACTIONOKCHbBI HA OJHOM CJIOC, U COOTBCTCTBYIOLINC
UM TJ00QNbHBIC SMCHKH HMCIOT OOLIYKO CTOPOHY, KOTOpasi
NCPICHANKY TIPHA HANPABICHUIO MAPIIPYTU3ALMH HA JAHHOM CJI0C;

— €CJIM 3TU BCPIIHUHBI PACTIOJIOXKCHBI HA COCCAHUX CJIOAX, U UX
(X, ¥)-KOOpIHHATHI COBMAIAIOT.
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Il:lﬂ COCAUHCHHA TCPMUHAJIOB HpOHBBOJ’[bHOi/Jl ocru
ucnoTe3vercs aepeso Llrteinepa B rmodateHOM rpade. Kaxkaowy
r100albHOMY PCOPY MNPUNMCAH TPACCHPOBOUHBIH PCCYPC  MIIH
TIPOTIVCKHAS CIIOCOOHOCTE — MAKCHMAITEHOE THCIIO BXOKISHHH 3TOTO
pedpa B cOBOKYNHOCTh aepeBbeB LlTelinepa.

Wrax, mvery 3agan  rnobameueiit rpap G = (V, E) ¢
MHOKECTBOM BepuinH V U MHOkecTBoM pebep E. Kakaomy pedpy
(i, j)eE mpuwrmcana nomma lj; > 0, €MKOCTHOE CONPOTHBICHHE
(eMKOCTB) Cjj> 0, 2TEKTPUIECKOE COTPOTHBIEHHE (COTIPOTHBICHHE)

rjj > 0 1 nponyckHas ¢cnocodHocTs ;> 0.

Llens s (6yaem obo3Hauate ee mpocTo HOomMepow s =1,..,5)
3Q0aHA MHOXKECTBOM TepvuHanos VSc V. J[lng  TepMHHATIOB,
SBIAIOIMUXCS OCHOBHBIMH Bxojamu CBHC, 3aganbn  BpeveHa
MOCTYTLICHUST CHTHATOB m3eHE (ATS). st KaKA0TO M3 OCHOBHBIX
BEIXOJOB 33JaHO HAHOOJee MO3IHEE JOMYCTHMOE BPEMs MONYICHUS
curHana (RT). Tepwmuuan ie V¥ ofiamaeT eMKOCTBIO cis =0,
KOTOpas ONpeAeNAeTCA TUIIOM 3IEMEHTa.

V kaxaol ucnu § uMceTes 0AuH uctounuk 0°5e€VS umcrommuii
COTPOTHBICHHE T = 0.

JI11  aHATMTHYECKOrO BHIYHMCIICHHS BPEMEH IPOXOMKIACHUS
curHata B coBpeMeHHBIX CBHMC 00BMHO HCmomb3yeTcss MOIeTb
Onemopa. Ilyere 3amaHo aepeBo Tc¢ kopHeM B Bepmmue 0.
ObozHATHM yepes;

- Px(T)— myTe u3 kopHs B Bepmuay k B 3T70M nepese T,

- Cj — emxocTs nonaepesa Tj ¢ KOPHEM B BEPIINHE J, TO €CTh

Cj = Z Cij+zci.
(LDET; i€

Torma Bpemsa mnpoxoxaeHua curHama mo avre (i, j)e T

BBIMUCIACTCA IO hopMy.Ie

C.-
dij = dij(T) = Ijj (%-i' Cj), (4.3)

a BpeMs NPOXOKICHHUA CUTHANA W3 KOPHSA B INPOU3BOIBHYIO
BepmuHy K nepeeal Borancasercs no hopMyme:
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(4.4)
tk = tk(T) = l'ocD + Z dl]
(L)EPK(T)

[IvcTe BpEMEHHBIE 3aJEPHKKH BBIMMCIAIOTCS 1O  (hopMynam
Dasmopa  (4.3)-(44). B 3a3aHHOM N-BCPLIMHHOM  ACPCEC
TPYAOCMKOCTb STHX BBIUUCICHUM orpanuucHa senuuuHor O(n).

B 3I'T tpebyercst cBa3aTh BEPUIHHBI KaxIOTO MHOKESCTBA
VS, s =1, ..., S, aepesom Llteiinepa Takum oOpasoM, 4TOO KaxI0€
pedpo rmodanenoro rpada (i, j)eE Bomno me Gomee wem B ()
pasnuuHBIX JCPCBBCB, W BPCMH MOPUX0JAa CUCHAIA B  KAXKIbIA
ocHoeHO#H BEIX0 CBHC He npesrimano gupexrisaoe (RT).

Ha npaxrukc  gonmycTumasi  TPacCHpPOBKA  MOMKCT — HC
CYIIECTBOBATH, ;THOO €€ CI0KHO HANTH H3-32 OOJTBIIOH Pa3sMepHOCTH
sagaun v ee NP-tpyanoctn. Ilostomy paccMarpuBaetcs mpoOiemMa
NOCTPOCHHUS TPACCUPOBKH, O.IM3KOM K A0MYCTUMOM, U B JATBHCHIICM
HUMEHHO TaKyIO 3aJady Mbl OyJIeM HaselBaTh sajgauecii ri1oGaIbHOI
Tpaccuposku. Jpyvruvn cnosamu, 3I'T coctour B OTbhICKaHUM
TPACCHPOBKH, SBISIOMEHCS KOMIPOMHCCOM MEXKAY TMPEBBIIICHHEM
TPACCHPOBOYHBIX PCCYPCOB U BPCMCHCM MPOXOXKICHUS CUIHANA.

Has pewenna 3I'T npextaraercs crneayrowas HMTEpaTHBHAS
nporeaypa. CHauala OCVINECTBIACTCA  COPTHPOBKA  LEMEH,
OCHOBAHHASI HA OJHOM H3 SMITHPHUECKHX KPUTCPHEB, B KAUICCTBE
KOTOPBIX MOTYT HCIONb30BaThCA KOIHMYECTBO TEPMHHANOB LCTIH,
OCPUMCTP MHUHUMAILHOTO MPIMOVIOJNBHUKA, COACPIKALUCIO BCC
TCPMMHAIbL LCHM, M APYruc., 3arcM Ad KKA0H UCoM S 3
VIOPSJOUEHHOTO CIHCKA, € VYETOM BPEMEHHBIX 3aIEPiKeK M
OCTATOUHbIX MPOMYCKHBIX CNOCOOHOCTCH pehep rnodanbuoro rpada,
crpoutcs MHOkCCTBO Q°acpeBbeB-kanauaatos. Jlaace Bubupactes
MO OTHOMY JepeBy 3 Kakaoro wHoxkecrsa Q5,s=1,..,S. Jus
3TOTO pacCMaTPHBACTCA MPoOIeMa MHHUMU3AUHH CYMMBI IITpadoB
32  OPCBBUUCHUC  TPACCUPOBOYMHBIX  PCCYPCOB,  KOTOpas
chopmyuposana B Gopve 32,141 KBAAPATHIHOTO LETOMHCIEHHOTO
OPOrpaMMuUpoBanud. AJaNTHUPOBAHHBIA CPAAUCHTHBIA AIrOPUTM
HAXOJMT PELICHHE HEMPEPBIBHON PEIAKCALMK MOCIEAHEH 331a4H, U
3aTEM C MTOMOLIBIO PA3THUHBIX 3BPHCTUK CTPOATCS LETOUHCICHHBIC
pPELICHMs,  JIydIIee M3  KOTOPBIX  BBIOHPAEGTCST B KA4YECTBE
npubmnkeHdoro peurernsa 31T
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H11 MOCTPOCHUs JACPEBBEB € YUETOM BPEMEHHM MPOXOKICHUS
curnaina npcanoxcH anroputm MAJL PaccMoTpuy mpou3BOIBHYIO
[ENb $ ¢ HCTOUHUKOM curHata B Bepumue 0€ V3. Anropurm MAJ]
ctpour aepeso LlreifHepa 11 menmM S B HEKOTOPOM CBSIZHOM
noarpage G' = (V',E") rpada G, rae V'oV®. U3 G'vaaastores pedpa.
MPOTYCKHAS CITOCOOHOCTE KOTOPBIX MEHBIIE HEKOTOPOTO LIENOTO (.
SBJLMEOILCIOCS MAPAMCTPOM airopurMa. s KaKIoro OCTaBLICTOCH
peopa (i,j)€ E'mo dopmyac (4.3) sbrumucasctes saacpxkadij, A1s
YEeT0 MOKET HUCMO.TB30BAThCS IEPEBO, IOCTPOSHHOE HA TPEABIAYINEH
uTepanuy (BHaYaIe 3TO JEPEBO HE COACPKUT pebep). Pasmudnsie
crmocoObl moacueTa dij 00CYKIAOTCA HIKE.

OnucaHHBIH ANTOPUTM  SBIAETCS MOAN(PHKALMEH aIropuTva
HelikcTppl, HO HE  TapaHTHPYET MOCTPOCHMA  JepeBa C
MUHHMMAIbHBIMH 33ICPIKKaMU B CUIY crncuupuiu Moacau Iabpmopa.
3aMeTHM, UTO TMOCTPOSHHE JEPeBa ¢ MHHHUMATBHEIMH BPEMEHAMH
OPOXOXKICHUH CUTHANA M3 KOPH4 B TCPMUHAIbL sBaacTes NP-
TPYIHOW  MpoONEMOM, Tak KaK  4YacTHBIH  CIvuad, Korja
COTIPOTHBICHHS BCeX pedep Hynesble, ecTh 3aJaua Llteitrepa Ha
rpadax.

Tononorust MOCTPOCHHOrG acpesa 3aBucHT OT noarpada G'.
napavcrpa ¢ v Beaumuun dij. B xaucerse G'MOKHO MCMOaB30BATH
sceh rpady G, rpad Xanana, MUHUMAIbHYIO PCIICTKY, COACPIKALIY O
MHOXKECTBO  TePMHHATOB ©menH, Iudo  japyrue  moarpader
rnodansHoro rpada.

J1s TIOCTPOEHHsST Pa3THUHBIX AECPEBbEB C VUETOM 3aIePiKEK
3npMopa mpeaiaracTcs MPUMEHATh anroputM MAJL urtepatuBHO.
HCTIOTb3YA paHee MOCTPOCHHEIE JepeBbA A1 BhiuucIcHus djj. Kak
BuIHO U3 (opmyanl (4.3), Beamumna dj; 3aBHCHT OT eMKOCTH (;
noaiepesa Tj. Ilockonbky emkocts moxzepesa Cj B mpouecce
MOCTPOCHHMA O€PEeBa HEHM3BECTHA, TO AT8 BBIMHCIEHMS djj MOKHO
MCMO1b30BaTh 3HAYCHUH OTOH BCAMUMHBI B MOCTPOCHHBIX PAHCC
acpeebax. Hanmpuwep, Cj momer Obith cMrocThio noaicpesa T,
MOCTPOGHHOTO  HA  TNPEIplAvVINEH WTepamui, WIH  CPeIHHM
apupveTnyecknM  evkocTeli moatepesbes Tj  BO BCEX panee
[OCTPOCHHBIX CPCBBIIX.
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PaszHooOpasus JAepeBbeB, CTposwuxca amroputMoM MAJL,
MOXKHO JOOMTbCS M3MEHEHMEM 3HadeHH mapamerpa (. Kpome
3TOrO, MOMKHO HCMOIB30BATh JICPCBBS, IOCTPOCHHBIC APYTHMH
atroputMamu. Hampuwmep, ecau  CONpOTHBICHHE M E€MKOCTb
COCAUHCHMHA NPONOPLHUOHAIBHBI AJTHUHC COCAHUHCHUA, MO2KHO
CTPOUTE B KAYCCTBC ACPCBBCB-KAHIMIATOB MHHUMAJIBHBIC ACPCBBA
Ilreiinepa. a Takke ACPEBbs, COACPIKAINUE KpaTuyalllpe ITVTH U3
KOpPHS B TCPMHWHAJBI. Tak kax 3amava TMOCTPOCHUST MUHWUMATbHOTO
aepea Llrtefinepa npuHaniexkur knaccy NP-TpvaHbIX npoGieM, To
CICAYCT IPUMCHATH PANIUUHBIC NPUOIIDKCHHBIC —QITOPMTMBI,
KOTOpBIE OVAYT CTPOUTh pasHBIE JEPEBbs. ITO  PACIIHPHUT
MHOXKCCTBA ACPCBLCB-KAHAUIATOB, 4YTQ MOXKCT II03BOJIMTDH HAUTH
IVUIIee  PEMIEHHe ¢ YUETOM  TPACCHPOBOYHBIX  PECVPCOB
r10%anbHoro rpaga.

[Tycte ans KKIOH LCHU S HAKWICHO MHOIKCCTBO ACPCBbCB-
kanauaaros Q5. Ecau aas uexoroporo s muoxceetsoQ® cocrout us
e IMHCTBEHHOTO JEPEeBA, TO OHO BKJIFOMASTCS B PEIIECHHE, TTOCIE UEeTO
NCPCCUMTBIBAIOTCS MPONYCKHBIC CIIOCOOHOCTU Ii10daibHbIX pedep, a
LCIb S UCKIKOIACTCH U3 CIIUCKA.

Pacemotpum 3amavy  ONMTHMATBHOTO  PACTIPeIe/ICHHS
TPaCCHPOBOYHBIX PCCYPCOB, TO CCTh 33Jady BHIOOPA JICPCBLCB U3
muoxkeetB QS rtakux, uro QS| > 1. Jlas xparkoctu zanucu B
JaneHcHuicM uHacke ecE mcmoassverca aas pebep rpada G, a
unzexc t € | = US_; Q°~ ana aepesbes. [MomoxuM aer = 1. econ
pcOpo € mpUHANICHKHUT ACPCBY t, U Agy = 0 B MPOTHBHOM Cayuac.
TlepemvcHHas Xy OPUHMMACT 3HAUCHUC Xy = 1, ccau acpeso t
BBIOpPAHO, U Xy = 0 B MPOTUBHOM C1y4ac.

B npunATHIX 0003HAYECHIAX PACCMOTPHM 3aJady:

2
0 =) {maxjo, D awse—aef |~ min “3)
e€E te]
Xt == 1, S = 1) "'JS'
teQ®

(4.6)
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Lcaceas  dynknua  (3.5) passa  cymmc wrpados  3a
NPCBBILLICHUC TPACCHPOBOUHBIX PCCYPCOB (e, € € E. Tpaccuposxe
0¢3 MPEBHILICHHS MPOIVCKHBIX CHOCOOHOCTEH r1o0aTbHEIX pebep
COOTBCTCTBYCT HYJICBOC 3HAUCHUC LIC.ICBOU (PyHKLIMMU,

3aMeHAI YCIOBHE LICNOUHCICHHOCTH TEPEMEHHBIX VCIOBHEM
X HEOTPHULATEIPHOCTH., MOIVYAEM HEMPEPBIBHYIO PEIAKCALHIO
3agaun (4.5)-(4.6). I'1aakocTh M BBINVKIOCTE LENEBOH (QYHKIMH
MO3BOMACT MNPHUMEHHUTh 119 PEIIEHHA MOCHEIHEH  3aJaud
rpaaucHTHeI QIroput™. [IpcanolKcH rpajMCHTHBIA aIropuT™M, B
KOTOPOM TPYVIOEMKOCTh kKaxxod wrepatmn pasha O(|E[-|]]), a
O0IICC UMCIO MTCPALMH HC NPCBOCXOAMT O(s"!'lne™1). B
OTTHCAHHOM MCTOIC Ha Ka'}KIIOﬁ UTCPALUHA MBI HC CTPCMHMCS HAUTH
HANPABJICHUC  HAMCKOPCHLICIO  CHYCKA, 4YTO  VBCIMYMIO Obl
TPYAOEMKOCTE QTTOPHUTMA, a BHIOMPAEM HAMNPABICHHE CIIVCKA H3
TEKVIIEH TOYKH B LETYIO TOUKY.

BriGop ognoro Jepeea tg u3 kaxzoro MHoxectea Q° Jaer
MHOXKECTBO nepeBbeB Llteiitnepa, koTopoe sB1seTCS NPHOIMKEHHBIM
pewenneM sazadn (4.5)—(4.6). 3T0 MHOKECTBO JEPEBLEB 3ABHCHT OT
TCK}"UJ,CFI TO4YKH U NO3TOMY MOXKCT MCHATHCA OT HUTICpaALUH K
urepanun. B npouecce crmycka 6vIeM XpaHUTh Jyvamee (HanmpuMep, B
CMbICIC KpuTcpusi (4.5), 1M MIOTHOCTU COCAMHCHUI) M3 HAMICHHBIX
peLeHuit.

IlpuBeaeM eme 0IMH NpUMEP NOCTPOCHHA CUTHATBHOTO JePeBa
B BBIYHCIHATEIBHONH CHCTEME. CHFHaﬂbHaﬂ CEThb OTBCUACT 3a
CHHXPOHH3ALHIO PabOThl BBIYMCIUTEIBHOH cHcTeMBl. CHrHabl-
KOMAaH,Ibl FTCHCPUPYIOTCHA BHC CUCTCMBbI M NOAAK0TCA B HCC UCPC3 BXO
(xopenp). Kaxaplii ¢yHKUHOHANBHBIA TEMEHT CBA3AH € KOPHEM
HOCPCIACTBOM  CHUFCHAIBHONH CCTH. DJICMCHT BBINOJIHACT COPUM
Toruueckux omnepauni (PVHKIMI) U KIeT CHrHana s nepejadu
PC3VIBTATOB APVIUM JJACMCHTAM, NOKA HC HAYHCTCH C.ICAYIOLMH
UHAKT  BeIYHCTCHWH, TakuM 00pazoM, MPOUCXOINT KOHTPO.TH
HUH(GOPMALHOHHEIX [MOTOKOB BHYTPH BBIYHCIHTENBHOM CHCTEMBL.
Bpemeundi nepexoc (uau clockskew B anra043pvHON IUTCPaTYpC)
— 3TO MAKCHMaNbHAA pasHHOA MEXKIY MOMEHTAMH MOIVYCHHA
CHIrHa10B  pas3Iu4vHbIMH  KOMIIOHCHTAMH CHCTCMBL. VBCJ'[I/I"{CHI/IC
BPEMCHHOIO TIEPCKOCA B  BBIYMHCTHTCIIBHBIX CHCTEMAX BEACT K
VMCHBLUICHHIO CKOPOCTH BBIYHCIACHUH. B COBPCMCHHBIX CHMCTCMAX,
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KOIda pasMephl SIEMEHTOB CVIIECTBEHHO MEHBLIC MHKPOHA,
BPCMCHHOM INCPCKOC SBISCTCH OJHMM H3 OCHOBHBIX (PaKTOPOB,
onpeneIsiommx GYHKIHOHUPOBAHNE CUCTEMBI. BpemeHHOM nepekoc
VMCHBIIACT TAKTOBYIO UYACTOTY, TaK KAaK IICPUOJL MCAKIY ABYMA
MOCIHCIAOBATC.TBHEIMHY CUTHANTAMH JOJIZKCH 6I:ITI: YBCITUYCH, II"I‘O6I:>I
BCE KOMITOHEHTBI CXEMBI YCIENH NMOMY4YHTh cHrHal. CuutaeTcs, 4To
AT BBICOKOCKOPOCTHBIX CXCM BpCMCHHOﬁ NCPCKOC HC JO.1KCH
NPeBHIATh 5 % OT MAKCUMANbHOTO BPEMEHHU IepeJadyl CHrHAMA.

PaccvarpusacMyio  mpoOiCcMy — CHHXPOHHM3ALMHM  [0.1YUCHUA
CUTHAJIOB-KOMaHI 3TICMCHTAMHA BBITUCITUTEIBHOH CHCTEMBI MOYKHO
copmyauposars  cacayiommm  odpazod.  Kakaplii  Tcpmunban
(37eMeHT CXEMBbI) BHITIONHIET ONpeJelIcHHbe onepaunn. Bee
TEPMHHAIBL BBITONHAIOT 4acTh OOLICH @porpaMMbl M JO.TKHBI
pabotats cormacoBaHro. TpeboBaHWE TOTYUSHHS CHTHAIOB BCEMH
TEPMHUHATAMHM ~ OJHOBPEMEHHO  MOXKHO  VAOBIETBOPHMTb,  €CIH
noCTPOUTE ACPCBO, B KOTOPOM BCC NYTH U3 HUCTOUHHKA B TCPMUHAJbL
UMEFOT O AMHAKOBBIC 3adCPKKH. Takoe AepPeBO HA30BEM O0NVCHIUAIBIM.
Kpomc Toro, cpcan JOMyCTHMBIX ACPCBLCB CICAYCT BbIOpaTh ACPCBO
MUHHUMAJIBHOTO BC€CA, YUTO [MO3BOJIMT MHUHUMH3HPOBATH 3aHSITOC
JEPEBOM MPOCTPAHCTBO.

[lpn 3roM wmapmpyTHzamus pedep nAepeBa TPOBOJMTCS HA
PABHOMEPHOI NMPSIMOYTOTBHOH TLTOCKOH PEIleTKe (B YACTHOCTH, HMEEM,
YTO CICMCHb KKIOH BCPIUMHBL B TAkOM rpadc HC MPCBOCXOAUT
geteipex). (CremoBaTenpHO, HE BCETIa BO3MOKHO — ITOCTPOECHHE
JOIYCTUMOrO ACPCBA.

C mMarteMaTHUECKOH TOUKH 3peHMs1 NpodiiemMa 3aKiIIuacTes B
MOCTPOCHHU MHHHMAaNBHOTO mpsaMoyromeHoro aepepa Llreiinepa, B
KOTOPOM PACCTOSHUA (IO IEPEBY) M3 KOPHS A0 KaKIOTO TePMHHANA
paBHBl pagmHycy rpada-pemerku. M3BecTHO, dWTO Takas 3azada
apjsctest NP-tpy anoi. TTpubnmkCHHBIA aaropuT™ pCLICHUA 33,144
MPeaNOKEH, HanpuMep, B [14].

4.4, IIpumepnb1 v ynpaskHeHHs!

Ipuvep 4.1;
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IMycte  TpcOveres  ceasare  MJII  wuetbipc  TOukm
PACTIONIOXKCHHBIC Ha TITOCKOCTH TOTIapHO CUMMCTPHYTHO
OTHOCUTC/IBHO FOPH3OHTAIbHOH NpPsMOii (puc. 4.6).

20° 1205

Puc. 4.6. Bepruumst creneru 3 — Touxn Llreiirepa

Pewenue:

U3 cpoticts rcometpuucckoro MM ciacayer, 4o 4uuc1o Touck
LreitHepa HE TPEBOCXOANT 2, ¥ WHILMICHTHBIE M pedpa oOpasvioT
yron B 120°. IIpoBeacM rOpU3OHTANBHYIO MPAMYI0 Ha OJUHAKOBOM
PACCTOAHHUU MCKAY JICBbIMH U ITPABbIMH TOUKAMU. I/I3 Ka)l(,ElOI\;l TOUKH
MPOBEACM MPSMYIO, TIEPECEKAIOMIYIOCS ¢ TOPHU3OHTATPHOH TMPSMOH
moa vrioMm 120°. Touku mepecedyenns — touxku Ilrernepa. ML
MOCTPOEHO, B HeTo BouLh 2 Toukw LlTeitrepa (cm. puc. 4.6).

Ipusep 4.2:

[Tyvcre BepmiuHbL rpada paclooKCHbl B Y3JIAX CAMHUYHON
pemetkan  Ha puc. 4.7. Tpebyercs cBg3aTh  TEPMHHAIBI
2-npubmmwkcHubiM - acpesom  IIITciiHcpa ¢ MCHOJIB30BAHUCM
MIPSIMOYTOMBHOW METPUKH L.

Pewenue:

[MocTpoum CHavai1a pemeTKy XanaHa, TIPOBE S
TOPHU30HTATPHEIE W BEPTUKANBHEIC HHHH, NPOXOIAINHE dYepes
tepmuHaisl (puc. 4.7a). Hafinem anunbl kpaTuaiiyx nyTch MOXAY
KKToM mapoil TepvmuHanoB u moctpouMm MO/ (puc. 3.75). Ha
PCLICTKC MPCACTABICHUC NOCTPOCHHOIQ JACPCBA HC OJHO3HAYHO, HO
T000¢e mpeacTaBiIeHHe OvaeT 2-NPHOTIKEHHBIM PELISHHEM 3a1auH
ITrettnepa. Ha puc. 3.7a mpeacTaBneHO AEPEBO, KOTOPOE ABNACTCS
ML
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O

(0]

a) Pewérka Xawnana u MJTII h)y MOJT

Puc. 4.7 Pcuicrka XaHana () ¥ MUHMMAJIBHOC OCTOBHOC ACPCBO ()

Ipumep 4.3:

Has mnmoctpauuu pabotel Metoaa pewchus 3T npuscacm
npuvep. Ilvers mveercs 11 cereit, 3 cnmos m pemeTtka 5x2. Bee
ancvcuTel CBUC  pacmonosxchbpl Ha ncpeoM  (HIDKHCM)  CJIOC,
MEKCIOHHBIE  COSIHHEHHS  MMEIOT  BBICOKYIO  NPOIYCKHYIO
CIOCOGHOCTD, HYIEBVIO €MKOCTD U conpotusichue (0.00937. Bropoii
CTOW  WCIIONB3VETCS AN OCYHIECTBICHHS]  «BEPTHKATBHBIX»
coeauHeHHH (T. €. mapamtenbHelX och  0y), IHHHA CBA3H
(coorBeTcTBYIOLICC PCOPO r100anbHOro rpada) UMCCT MPOIYCKHYIO
criocobHocTh 16,  vaensHVIO evkocte  0.470431,  yaensHOe
conpotusicHuc 0.016209. MCKCIOHHBIC COCAMHCHMA — MCXKAY
CIOSMH 2 ¥ 3 MMEIOT BBICOKYIO MPOTNYCKHYIO CIIOCOOHOCTD, HYJICBYIO
eMkocTh U compotuBneHue 0.00781. TpeTuit ypoBeHb HCTIONB3YETCA
SIS COSOUHEHHWH, MapawienabHeIX ocku OX, HMeeT TPONyCKHYIO
cocoOHOCTE — 12, yvaeTsHvVIO eMkocTh 0456122 m yaeasHoe
conporusacuuc 0.010763.

Ha puc. 4.8 mpuseaeH pesvabtar paboThl METOJA. KOTOPBIH
OOCTPOM1  TPACCUPOBKY € IUIOTHOCTBIO  (MAKCUMATbHBIM
KOJIMUECTBOM COEeAMHEeHHIT Ha oaHOM pedpe rpada) 5. Bpems
npuxona curHaia (AT) B ocHoBHOM BhIXOZ 12 — 310 34 ps
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(muxocexyHaet), 1 AT B ocHoBrO# BbIXOA 13-36 ps. Ha puc. 3.9
MPHBEACHA TPOCKIMS JEPEBbEB HA IIIOCKOCTS (X, V).

1 W
4
*'l ] ] —
. 10 T 112]
' ()
[ Ch |
L]
‘- 7 8
[ 11
1 U
L 5 R l [
i 6 1~ |
5] == i
D D — OCHOBHbIE BXOAbl U BbIXOAbI
Bxop enemexTa: [ Buixon anemenTa: @

Puc. 4.9. Ilpoekuun aepeBbeB
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Puc. 4.10. 5-cnoitHas MapmpyTu3auus (IJIOTHOCTh PaBHA 3)

ITOT K¢ MpHUMEP ObLT PELICH MOCIC A0OABICHUS ABYX CIOCB
(yaeapHOE COMPOTHBICHHUE CIOEB 4 1 5 MbI yMeHbIH B 10 pas mo
CPABHEHHIO CO CIOSMH 2 U 3, yAETbHAS €MKOCTh H XapaKTECPHCTHKH
via OCTaBUIH OC3 U3MCHCHHS, KaK HA CI0IX 2 ¥ 3, COOTBECTCTBCHHO).
Anroput™M moOCTpoMJ peleHHE, mokazaHHoe Ha puc. 4.10, ¢
IIOTHOCTBIO MAPIIPYTU3aLUH 3. 3ACCh HC YUUTHIBAIACH IIIOTHOCTD
Via-COCAMHCHHH, TaK Kak MPOMYCKHBIE COCOOHOCTH Takux pedep B
OPUMEPE HE OrpaHuucHb. BpeMcHa mpuxoja CHrHana B OCHOBHBIC
BBIXOABI CXeMbI 12 1 13 comsmepumsbl ¢ aHAIOTMYHBIMH BPEMEHAMHU
75 3-CITOMHOM MapIIpy TH3ALHH.

Ynpaxuenue 4.1. IToctpours MJILI B rpade, uzobparkeHHOM
Ha puc. 4.7a, Ans ciay4das €BKIMAOBON METPHKH.

Vnpaxuenue 4.2. [Toctpours M/ B rpade, uzoOpaxkcHHOM
Ha puc. 4.7a, B KOTOpPOM ANUHBI TYyTCH M3 JICBOTO HIKHETO
TCPMUHAIA MUHUMAIbHBL (I715 C1y4Uas CBKINAOBON MCTPUKH).

Yupasxkuenue 4.3. [Toctpours MJIUI 8 rpade, nzobpakeHHOM
Ha puc. 4.7a, B KOTOpPOM ANMWHBI MNYyTEH W3 IIEBOTO HIKHETO
TCPMHHAJIAa MUHUMA/IbHBI (JUIs CTy4as IPSIMOYTOJIbHOM METPHUKH).
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5. 3JAJAYA KOMMMUBOSKEPA

B 3agauc xoMMuBOsIKCpa 3ajaHa  MaTpHLA NONAPHBIX
paccTostHui Meacay N ropozavu. TpeOyeres HaiiTh TakoH MOpsAOK
TOCCINCHIST TOPOIOB, UYTOOBl TPOWIACHHOE PACCTOSTHHE OBITO
MHHHUMAJIEHbIM, I(a)[(,f[blﬁ ropoa noccuiicss pPOBHO OJUH pPas, 4
KOMMHBOSKED BEPHYIICS B TOT TOPOJ. C KOTOPOTO HAYAJ CBOW
MapupyvT.  JpyvruMe  cIOBaMH, BO  B3BCIICHHOM  NOTHOM
HEOPUEHTHPOBAHHOM Tpade TpedyveTrcs HaHTH TaMHIBTOHOB LIFKI
MUHUMAaTbHOrO Beca. Ecmu rpady opueHTHpOBaHHBIN U BeC MPSIMOit
JYLCH MOJMKCT HC COBIAAATbh ¢ BCCOM OOPATHON Ayru, TO TPCOYCTCH
HAWTH TAMH.ThTOHOB KOHTYP MHHHMA.TbHOTQ BCCA.

3a7a4a KOMMUBOMKCpPA — 3aHUMACT  0CODOC — MCCTO B
KOMOWHATOPHOI  ONTHMH3ALMH W HCCISIOBAHHH  ONEpalvii.
Hctopudecky oHa ObIna OXHOM W3 TEX 3a1ad, KOTOPBIEC MOCTY:KHIH
TONMKOM I pa3BuThst  9TUX  Hampasiewwii.  Tlpocrora
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(GOpMY.IMPOBKH, KOHCUHOCTE MHOMKCCTBA JOMYCTHMbIX PCLICHHH,
HACSIOIHOCTE U B TOXKEC BPEMS KOJIOCCATBHBIC 3aTPATHI HA TOTHBIA
nepeGop A0 CUX MOp NMOATAIKHBAIOT MaTeMAaTHKOB K paspaboTke Bce
HOBBIX B HOBBIX YHC.ITCHHBIX MCTOI0B. (ba,K’TWIECKH, BCC CBCKHC
HICH CHaJalma TECTUPYIOTCA Ha 3Tol 3ajade. C TOUKM 3peHHS
OPUIOKCHUIT OHA HC npcacrasmsict uHrcpec. Kvaa Baxuce cc
0DoOIWeHHs I 337ad TPAHCTTOPTHPOBKHM TPY30B W JIOTHCTHKH,
KOLJa  HCCKOMbKO — TPAHCHOPTHBIX  CPCACTB  OrPaHUMUCHHOM
rPpy30TmIoABEMHOCTH 0. T:KHEI 06CJ'Iy}KI/]BaTb KJTUCHTOB, NNOCCIIAST UX B
3aJaHHBIC ~ BPEMCHHBIE OKHa. B Kmaccuwueckoif  3ajade
KOMMHBOSKEPA BCC ACTAIH PCAJTBHBIX HpHJO)KeHHf/i OTCYTCTBYIOT.
OctaB1eHa TOIPKO KOMOWHATOpPHASA CYTh, UHCTO MaTeMaTHYECKas
npodncMa, ¢ KOTOPOIl HC YAACTCs CIPABUTHCA YIKC NM0aBcKa. FIMCHHO
3TOH MIMPOKO U3BECTHOM 3aJave NMOCBALMICHA JAHHAS T1aBa.

5.1. BorubcauTeabHas CJI02KHOCTD

HM3BeeTHO, uTO 33,3aua 0 raMuiIbTOHOBOCTH rpada sissictess NP-
nonHoO#. B 3amawe koMwmBOsSkepa TpeOVeTCs HaWTH raMHITBTOHOB
LUK MUHUMAIbHOM AIMHBL. ITO HC 33Jaua pacnosHaBanus. Oua He
nexur B kmacce NP, WO He mpome TPOBEPKH TaMHTBTOHOBOCTH
rpada. HelicTBUTENBHO, ecnu CYIIECTBYET TOYHBIH
[OJMHOMMAIBHBEIH aIrOPUTM 118 33Ja4H KOMMMBOSIKCPA, TO MOXKHO
JETKO MOCTPOUTH TOYHBIA NOJIWHOMHANBHBIH AIrOPUTM H A1
OPOBCPKU TaMUIBTOHOBOCTH rpada. JI1s 3TOro A0CTaTouHO o
rpapy G =(V,E), 4bl0 raMUJIBTOHOBOCTb Mbl HMCCIACAYCM,
NOCTPOUTL MATPHULLY PACcCTOAHUM (Cjj) 3a1a4H KOMMMBOMKCPA NO
1,ecnu(i,j) € E
2,ecmn (i,j)) € E’

Ecv Ha peureHun 331298 KOMMHBOSDKEPA (PYHKLIMOHAN PaBEH
n, To rpap G ABISETCI TaMHIBTOHOBBIM. OOpaTHOE TOXKE BEPHO.
3agaun BHC ki1acca NP, xoropeic He npouc NP-noaneix saaad,
HA3BIBAOT N/-mpvousivu. 3ajava KOMMHBOSDKEPA TPHHALISKHT
9TOMY Knaccy. DakTHICCKH MOIVICHO TOKa3aTeNbCTBO Jaxke Oomee
CHITBHOTO YTBEPKIEHHS,

CACAYIOMICMY NPABUTY: Cjj = { i,jeV.

Teopema 5.1:
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3aJaua kOMMHUBOsUKEpa sBisercs NP-TpyvaHo#, Jake korJa
MarpHua (Cjj) ABIAETCS CAMMETPHIHOH H cocTonT 13 | 1 2.

Jlerxo npoBepuTE, UTO HEPABEHCTBO TPEYTO.TEHHKA Cij <cCyt
Ckj, 1 <1i,j,k<n, B 3TOM caywae Taxke BRIMOTHsIETCS. ['OBOpST,
470 3a1a4a ABIIeTCANP-TPYAHON B CUNIBHOM CMBICIIE, ECIH OCTAETCA
NP-tpyaHoii JaKC Opu VHAPHOH KOAMPOBKC HCXOJHBIX JAHHBIX.
[pu aBowuHo# koaMpoBKe nenoe uucao B rpedver[log, B] sueex
navari. [lpu yHaprO# koxmpoBke TpedOyercs B sueex mavsrw.
Ilepexoa x VHapHOH KOIUPOBKE BIEUET POCT TPEOVEMOH MaMsITH H,
KaK CIIeJCTBHE, POCT [TWHBI 3aliCH WCXOJHBIX JaHHHIX. [pydo
ropop4, 3aiayda sAp1sgetrca NP-TpyIHOH B CHIBHOM CMBICIE, €CIM OHA
ocractca NP-Tpy1HOH, Korja BCC 4uCIa B HCXOAHBIX JAHHBIX
OTPAHUICHBI HEKOTOPOIT KOHCTAHTOI.

M3 opuBc1CHHOTO BBILIC 10KA3ATCILCTBA CICAYCT, 4TO 33,134a
KOMMUBOsKEPA sBIsIeTes NP-Tpv1HO B CH:TBHOM CMEICTE.

IloavdyeHHOE YTBEPKICHHE TOBOPUT O TOM, YTO TOYHBIH
MO TWHOMHUATHHBII &TTOPHUTM TS 301aYH KOMMHBOSIKEPA TIOCTPOUTB,
ckopee Bcero, He vaactces. [lo-BmamMoMy, TakwxX TNpocTO HE
cvincersver.  CacjoearcipHo. Hano w0 BHIATH 32 paMKu
NOJIMHOMHAIbHBIX  ATTOPHTMOB, MO0 MCKAaTh NPHOJIHIKCHHBIC
peweHus 3ajaqu. Cieayiowas TeopeMa roBOPUT O TOM, UTO BTOPOH
NOAX0J MOXKCT OKa3aTbCi HC IPOIUC TOYHOIO PCLICHUS 33Ja4H.
IMycrs ana nmpuvepa I 3ajauu xommusospkepa Beaumuuna Opt(l)
3aJacT IIMHY KpaTdalllero raMHIbTOHOBA LIMKIA, 4 HEKOTOPBIH
aaroput™ A Ha 3toM mpuMepe gaetT oteeT A(l).

Teopesa 5.2:

Ecnm  cyvimectByeT  MPUOIMKECHHBIH — TO.TWHOMHATBHBIH
aTIropuT™M A U Takas MO:I0’KHTETbHAsd KOHCTAHTA I, 4TO 118 TI000T0
npuMepa | 3anatun KOMMHBOSIKEPa CIIPABE 1 THBO HEPABEHCTBO

A() < r- Opt(D), To kaaccel P u NP coBnazaioT.

Hoxazame1bcmeo:

PaccmoTpuM  cHOBa 3a3ady O T[aMHIBTOHOBOM LHKIE H
noctpouM Matpuuy (Cjj) 0O ClEAVIOWEeMy MPaBUy:  Cjj =

1, ecau(i,j) € E
nr,ecau (i,j) € E
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[Mpuvennm npudamaxennasii atroput™ A, EcnwA(l) = n, To
rpad COACPXKUT FraMIIBTOHOB LIHKT.

Ipeamonoxum, uto A(I) > n.Torma A(I) = nr+ (n— 1), Tax
KaK TYTh KOMMHBOSKEPA NPOXOIHUT KAK MHPHHMYM d€epe3 OIHO
«msxceroey pebpo. Ho B aTOoM chmyuae rpad HE MOXKET HMETh
raMUIbTOHOB LUK, TAK KAaK alrOPHTM OWIMOAETCA He 601ee YeM B T
pas. CrnejoBaTenbHO, NOIMHOMHANBHBIA —amropurM A Jaer
npaBUTBHBIN 0TBeT A1st NP-1o1rH0MH 3azaum u P = NP.

M3 mokazaTeTscTBA TEOPEMBI CIEAVET, YTO KOHCTAHTY I' MOKHO
3aMEHUTh Ha JIO0VIO, HANPHUMEP, 3KCIIOHEHLUHAIBHO PACTYLIVIO
byukmmo ot n. [loBTopas paccy:aCHMs, MONYYAcM, YTO
OTHOCHTENBHAST TOTHOCTh TMONTHHOMHATBHBIX AITOPUTMOB B XYALIEM
CTyuac He MOXKET BbITh OTPAHHUEHA, B YACTHOCTH, BemumHoH 2P(M)
rre p(n) — MPOHU3BOJIbHBIN MOJIMHOM OT PA3MEPHOCTH 3a1a4H, eciu P
# NP.

3aMCcTUM, 4TO, B OTJIMUMC OT AOKA3ATCIALCTBA TCOpcMbL 3.1,
HOBasl KOHCTPYKLHMA VK¢ HE TapaHTHPYET BBIMOIHEHUE HEPABCHCTBA
TPCYTO/MIBHUKA, ITO HABOAUT HA MbIC/b, YTO HPHU JOMOJHUTCIbHBIX
OrpaHu¥CHMsX — Ha  Mmatpuuy  (Cjj) MOXKHO  NO.JY4HUTh
MO TMHOMHAJTBHBIE ATTOPUTMbI € TAPAHTHPOBAHHOH TOMHOCTBIO. ITO
JCHCTBUTCIbHO TaK, U HIDKC OYAYT NPCICTABACHB! TAKUC AJICOPUTMbI
A1 MATPHLL,  YIOBICTBOPSIIOIIMX HEPABEHCTBY TPEYTOJIBHHKA.
IToapoGHbIi 0630p TAKUX aNTrOPUTMOB MOMKHO HAMTH, HAIpHMEp, B
[14].

PaccmMotpuM  Temepp  Apyroit  KIlacc  anmrOpUTMOB  —
WUTCPALMOHHBIC ~ QICOPUTMBL  10KATIbHOrO yiyuwicHus. Kakaas
urepanys OyAST HMETh TONHHOMHATEHYIO TPYAOEMKOCTh, HO YHCIIO
UTCPALME MOXCT OKA3aThCsl B XV,IUCM C/IYYaC IKCIOHCHLUMAILHOI
geauuuHoi. Ilvers C — ramunsronos nukia, a N(C) — oxpecTHoCT
uuk1a C, TO CCTb BCC LIMKIIBL, KOTOPBIC MOXKHO NOIYUMTb U3 Lukiaa C
HCKOTOPOM  sokampHOH — nepcerpoiikor.  Hampumep, N(C) -
OKpPeCTHOCTh 2-3aMeHa: BhIOMpaem B CaBa HECMEXHBIX pebpa M
MEHSE€M HX Ha JBa IPYTHX, 4TOOBI CHOBA MOIYYUTH T'AMHIBTOHOB
uuka (puc. 5.1).
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Puc. 5.1. OxpecTHOCTD 2-3aMeHa

MOIIHOCTh TakOW OKpecTHOCTH — n(n— 3)/2. AHaTOTHIHO
MO>KHO TIOJIy4HTh OKPECCTHOCTb 3-3aMCHA, 4-3aMCHA H T. A.

Anzopumm 10KaIbHO20 YAy HEeHUS

1. BwiGpars Hauanbubiil muka C v BbIauCauTs ero gmuHy f(C).

2. Haittu nHamaydmero cocena C'ans wekma C: f(C) =
min {f(T)|T € N(C)}.

3. Ecmaf(C") < f(C), To monoxuts C = C' 1 BepHyTbCS Ha 2,
uHaue STOP, C — mokaTbHBIH MUHAMYM.

Teopema 5.3:1lycte A — anroput™ 1OKAIBHOTO VIVUIICHUS U
okpectHocTh N(C) HMEET MOTMHOMHUATIBHYIO MOIDHOCTE. Ecim
CYLIECTBYET Takas MOJOXKHUTECIPHASKOHCTAHTA I, 4TO AN JIH000ro
npuMepa | 3azauM  KOMMHBOSDKEpA CIPaBETHBO HEPABEHCTBO
A(I) < r- Opt(l), To knaccet P u NP cosmagaror.

Hokazamenvcmeo: (AHanoru4HO TIPEABI AYIIEMY)
[IpeanmonokuM, 4YTO Takas KOHCTAHTa CYINECTBYET. PaccmoTpum
3agady O TaMMIBTOHOBOM LHMKIAC W MOAYYHM  TOUHBIH
NOJMHOMHMAIbHBIM anroput™ e¢ peueHus. CHoBa mo rpady G =
1,ecmu(i,j) €E
nr,ccau (i,j) € E’

BriGupaem mnpousBonbHBI HawanpHbelH Uk Ero anuHa B
XyameMm ciayuac pasHa h°r. Ha kaxaom mare JOKaibHOTO
VIYUIICHHS YaCTh TSDKEIBIX PeOep 3aMEHSETCS JTETKHUMH peOpaMu.
3HAUUT, YUCTIO UTepalMii He peBbimaeT n. Kaxaas urepaus nmeet
MOJMHOMHAIBHYIO TPYAOCMKOCTb, TaK Kak YHCIO COCEIHHUX
peweHu# noauHoMuanbHO. ClieA0BaTEABHO, ANTOPUTM A SIBIISICTCS
MOTHMHOMHMATBHBIM TS 33JaHHOTO Kiacca MPUMEPOB U, KaK CIEIYET
U3 JOKA3aTeNbCTBA MPEABIAYIOEH TEOPEMBI, A — TOUHBIN aIrOpHUTM.
3uauut, P = NP.

(V, E) noctponm marpuuy: cjj = { i,jEV.

5.2. KoHCTpPYKTHBHBIE AJrOPHTMBI
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KOHCTPYKTHBHBIMH anTOPUTMAMH TPHHSATO HA3BIBATE TAKHE
aIrOpUTMbl, KOTOPBIC MOCTCICHHO, wIar 3a  1l1aroM, CTPOsT
JAOIYCTHMOC PCIICHHC 33,JauH, Hanpuvep, 106asiss 01H0 pedpo 3a
ApyruM. PaccMOTpUM OAUH M3 KOHCTPYKTUBHBIX QITOPUTMOB 114
33Ja4d  KOMMHBOSDKCpPA. M3BCCTHBIH mnoa Haspanucm «Mam B
Omokalfwnii W3 HEMpPOWACHHBIX  ToOpogoB». MHamee Oyaem
npeanonarate, 9T0 Matpuua (Cjj) VAOBNETBOPSET HEPABEHCTBY
TPCYTOAbHUKA.

Aneopumm Ay

|. Bribupacm NpoM3BOJBHBINH TOPOA, CKLKCM, 1y, U MOMCUACM
ero.

2. Huka k:==1,...,n—1

Haxoaum Onmxaiiunii ropoa K iy U3 HCIOMCUCHHBIX [OPOAOB,
0003HAYACM CTO iy q: Cj, = Minj., i, Cijj1 0OMCHACM FOPOA .

Teopema 5.4:

Has moboro r>1 wHakacres Ttakoii mnpumep | 3amaum
KOMMHBOSKEpA, 9YTO JaKe TIPH  BBITIOTHEHWH  HEPABEHCTBA
TpeyroNbHUKA cripaBeanBo HepaseHeTBO Ap(1) > r- Opt(D).

PaccmoTpum mnpumcp 333aud  KOMMHBOSDKCPA, B KOTOPOM
ropoaa PacToNoKEeHsl Ha OKPY’KHOCTH Ha OJWHAKOBOM PACCTOSHUH
Apyr OT apyra. J[1uHa OKpPY»KHOCTH 3ACCH 4B.IUCTCH ONTUMANbHBIM
3HA4YCHHCM, HO aIropUTM Aj; MOKCT cHilbHO omubarees. Ha puc. 5.2
NOKa3aH NpUMCP A1 N = 15 Beauduna Cjj onpeac/IscTCs Kak A1MHa
KpaTualcro myTH MCKAY | M j, MOIy4acMOTO ¢ HCNONb30BAHUCM
pebep,  M200paKeHHBIX  HA  PHCYHKE. OTH  PacCTOSHHS
VAOBJICTBOPAIOT HCPABCHCTBY TPCyrodbHuka. Jlamna OKpyKHOCTH
JACT ONTUMANBHBIA MapmpyT 13, aaroputv Ay 1acT MapupyT
JTHHBI 27.

i+t
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C1s

Puc. 5.2. Pesynbrar paboTs! axropurMa Ag

Paccmotpum TEIEPh aJIrOPUTM, KOTOPBIH HMMCET
rapaHTUPOBAHHYIO TOYHOCTH I' = 2. OH OCHOBaH Ha CICAYIOLICH
uzce [17]. Ans monHOro B3BEMICHHOrO rpada 3aaauu KOMMHUBOSIKEpa
NOCTPOMM, Hampumep, anroputMoMm Kpackana AgocToBHOE AEpeBO
MuHHManbHOro Beca. 3avetum, uto Ap(l) < Opt(l) ans moGoro
npuMmepa |, Tak kKak ygancHue pebpa M3 ONTHMAIBHOTO PEIICHHS
3a4a9u KOMMMBOsIKEPa AACT OCTOBHOC ACPCBO. Bal\'IeHI/INI KaXX10¢€
pedpo Ha xBa pebpa. IMomywmm siinepoB rpad, kakaas BepIIuHA
KOTOPOrO HMEET 4CTHYIO cTerncHb. [locTpoum siicpoBuuka (puc.
5.3).

r=(>¥'

Puc. 5.3. JIBoiiHO#M 00X01 OCTOBHOTO AepeBa

I"lepGCTpou.w €ro Tak, 4TOOBI MOJYUUJICA TaMHUJIbTOHOB ITHUKJI.
Hauunas ¢ IIpOPlSBO.J'IbHOﬁ BCPILIHHBI, ABHUracMCiA BAOJb 3171:1ep03a
OUKIA W TIOMCYACM BCPIUIWHBI. Ecin OoucCpcaHass BCPIIMHA YK

TOMCYCHA, TO MPOIMYCKACM €€ H ABUracMCs JaJIbIIC, NMOKa HE HanaeM
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HENOMCUCHHYIO BCPLIMHY MIM HE BCPHEMCS B NCPBYIO BCPLUHHY.
Llenouxy ayr st MOMECUCHHBIX BEPIIUH 3aMCHICM MPsIMOIT Ayroi B
HEMIOMEUYCHHYIO WM TIEPBYIO BepuHy (puc. 5.4). O603HATHM 3TOT
aaroputM Agr.

¥'=>

Puc. 5.4. [lepecTpoiika OCTOBHOTO AepeEBa

Teopema 5.5:

Has  groboro mpumepa | 3amaun  komMMHBOsDKEpa €
CUMMETPUYHOH Matpuuei (Cjj), YAOBICTBOPAIOUICH HCPABCHCTBY
TPCYTONBHHUKA, QAJITOPHUTM As'[' noay4JacT TaMHJIIBTOHOB LUK HC
fonee UeM B ABa paza JIHMHHEE ONTHMAIBHOTO, TO ecTh  Agr(l) <
20pt(D).

Jokazameinvcmeso:

Hnsa neoitHoro obxoga octoBHoro acpesa mveeMm 2Ag (1) <
20pt(D). Ilycts HOBOE pebpo (i,j), HE comeprkaleecs B ABOHHOM
oboxoxe, samensier wemnouky pedep (i, k), (ki k), ..., (K, j). U3
HCPABCHCTBA TPCYTONBHUKA CICAYCT, YTO  Cjj < Cjk, + ** + Cy .
CaeposarenbHo, Agt(l) < 2Ak(D) < 20pt(D).

Teopema 5.6:

OuneHka TOYHOCTH I = 2 MBISCTCS HCYJIY4YLIAacMOHM  Aad
aaropurMa Agr.

Joxazamenvcmeo:

[lpuBeneM  ceMCHCTBO ~ HMCXOJHBIX  JAAHHBIX  33Ja4u
KOMMHBOSDKEPA, Ha  KOTOPOM  OLEHKa 2 JOCTHraeTcs
acuMnToTH4CCKU. PaccMoTpuM creayromuii mpuMep Ha €BKIUIOBOM
mnockocty ¢ 3(n + 1) Bepummnamu (puc. 5.5).
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Prc. 5.5. TIpuMep HA €BRIMIOBOM IUIOCKOCTH

J1s1 3TOr0 npuMcpa MUHUMAIBHOC OCTOBHOC ACPCBO UMCCT BUA,
(puc. 5.6):

¢

Puc. 5.6. MHHHMA.ILHOC OCTOBHOC ACPCBO

Hauna ocrosHoroacpcea Ag = n + (n + 1)(1-¢) + Zs.
AIroputM nepecTporKH IBOIHOTO 00X0Ja MONYUMT peieHue (puc.
4.7):

Puc. 5.7. PesyabTar aaroputva Agt

Hauna 310ro ramMupToHOBa HMKIAAgT~ 2N + 2n (1 -g) (puc.
4.8). Ontumansuoc peuicnuc 3aaauu Opt(1)~2, + 2.

Puc. 5.8. OnTHEMaIbHOE pEIICHHE
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Takum obpazom, mpu n—oc us—> 0 noavaaem Agt (1) /
Opt(I) — 2. Teopemsr 4.5 u 4.6 roBopsAT HE TOMBKO O TOYHOCTH
aaropurva Agy B xyamcM ciayuac. OHM VTBCPIKIAIOT TAKIKC, 4TO
OLIEHKA CIIPABEATTHBA 1T IIOOOTO 3HIEPOBA LHKIA, KOTOPBIH OvIeT
MepecTpauBaThcs B raMWIbTOHOB LUK1. Ho sinepoBeIX LHKIOB
MOXKCT ObITh SKCIOHCHUMATPHO MHOTO. BriGupas u3z BcCcx BAPUAHTOB
HAUITYHIIHHA, MOYKHO CYIIECTBEHHO MOHU3UTh omuOKy. B. JleliHeko n
A. Tuckun [18] Hawmnu TOUHBIA [TOIMHOMHUAIBHBIA AITOPUTM AJIH
BBIOOpA HAWIYIWIETO 3H:TepoBa twKI1a. OIEHKAa TOUHOCTH B XVILIEM
CIyyac HC M3MCHUIACh, HO MOBCACHHC QITOPUTMA B CPCAHCM
MOKA3BIBACT, UTO OTKJIIOHEHHWE OT HMKHEH OLEHKH ONTHMYMA HE
npepbimaet 10 %. Ha cerogHsmHuii JeHp 5TO OAMH H3 TVYIIHX
NOJIMHOMMAJIBHBIX ~ QIFOPUTMOB €  TOYUKHM  3PCHU  CPCAHCH
MOTPELIHOCTH.

B sakmoucHuu 3TOrO  pazicia  NOPUBCACM  CLIC  OJMH
MO.TMHOMHAIBHBIN  &TTOPUTM, TIPEITOKESHHbIIT Hesasucumo H.
Kpuctopuaccom u A. CcparoxoBbiM, IJTa YJIYUILICHHAH BCPCH
MPEIBIIVIIETO AITOPUTMA WMEST OLEHKY TouHocTH 3/2. Kak u
paHBIIE, CHaYaIa CTPOHTCS OCTOBHOE AEPEBO MHHHMAIBHOIO BECa,
3aTEM K HEMY J00aBIMHOTCS pedpa Tak, UTOOBI MOMYUMICS SHIEPOB
rpad. a MOTOM CTPOUTCS JHMCPOB LHKT, KOTOPBIH NEpecTpauBacTCS B
raMu1sToHOB umiol. HoBuceTeo cocrour B aodasiacHuu pedcp A
noIvaeHus 3u1eposa rpada. Bmecto avbamposanus pebep ocTosa B
JepeBe BHLICTACTCS MHOKECTBO BEPIIMH V' HEUETHOMN CTENeHH (pHC.
5.9).

Puc. 5.9. ITocTpoexue MHOKECTBA V'
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Hx uucio uetno, V| = 2K, Tak kKak cyMMa BCEX CTEMEHEH
BepluH rpada 10TkHA ObITh ueTHOM. Ha MHOxkecTBe V' HaxoauMTCS
COBCPLICHHOC MAPOCOYCTAHUC MHHUMAJBHOrO Bcca: K pedep,
UMCHOLIHUEC MUHWUMaTbHBIH C_V]\/{T\’Iapﬂbiﬁ BEC W TIOKPBIBAKOIIHAC BCEC
BCPLIMHBL. DTa 33JaYya HONMHOMHATIbHO paspewmma [20]. Boaee
TOrO, BCC TAKOTO MAPOCOYCTAHUA HC MPCBOCXOIUT MO TOBUHbI JJIHHb
T11000T0 raMUIbTOHOBA LHKNA. J[eHCTBUTEIBHO, FAMUIBTOHOB LUK
B UCXOAHOM rpadic JICTKO NCPCACHATh B TAMUIBTOHOB LMK1 AJIs
noarpada Ha BepumHax u3 V', ITOro MOKHO A00UTHCH, UCKIIIOUUB
BepWIMHBL, He mnpuHaUiexammue V. B cuny  HepaBeHCTBA
TPEYTONBHUKA MOJIVIMM TAMHUJTBTOHOB LMK He OOJBIICH ITHHBL,
gem  ucxoaHbil mukl. OH  3amaeT Ha MHOkecTBe V' aBa
napocouctanust, Quu moayuarores, cenu Opate peOpa uepes 0aHo.
Hauvenpnmmii U3 BECOB STUX NAPOCOUYETAHHH HE NPEBOCXOIUT
OOJOBUHBL  AJIMHBI  FAMUIBTOHOBA  1Mkaa.  JloGaBum 310
MapoCcoOUETAHNE K OCTOBHOMY AepeBy (puc. 5.10).

Puc. 5.10. OcToBHOE AepEBO BMECTE C MAPOCOYETAHHEM

[Momyamm siinepos rpad. Ero sec we npesocxoant 3/2 anmvHb!
MUHFIMATBHOTO TaMHIBTOHOBA IWKMA. CTpomM 3inepoB LWKI1 (pHC.
5.11).

Puc. 5.11. Dit1epoB ki
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IepectpauBacy  2UACPOB  LUK1 B [AMWILTOHOB LUK
OTIHCAHHBIM BBILIIE CTIOCO00M (puc. 5.12). MokHO TIOKazaTh, ITO TV
OLCHKY HCIb3s YIVYIIUTh, T. C. CYIUCCTBYIOT OPUMCPBL, HA KOTOPBIX
3TOT ANTOPUTM JIEHCTBUTETEHO OLTHOaeTcs B 3/2 pasa.

Puc. 5.12. 'aMHIbTOHOB LMK.T

3aveTuM, ITO HOBBIH MOIXO0M CHOBA MOPOXKAAET IH:IepoB rpad,
B KOTOPOM MOKCT OKA3aTbCH DKCIOHCHLMAIBHO MHOIO 3IICPOBBIX
MKI0B. BreiOupas Hammydammii U3 HUX, MOXKHO CVIIECTBEHHO
HOHU3UTH MOTPEIIHOCTb MOIVIAEMBIX NMPHOMIDKEHHBIX permeHnil. K
COXKATCHHUIO, BHIOOP HAWIVUILIETO 3IIEpOBa MKIA B JAHHOM CIVUIae
oxaseiBactcd NP-Tpyanon sanaueii. Tem He MeHee, peanusanudg >ToH
MACH, N¥CTb JKC B BUAC OPUOMKCHHOIO PCLICHMS!, OPUBOAMT, KaK
W B TIPSTECTBYIOIIEM CIv4ae, K PEIEHHIM ¢ Ma’IoH
[OCPCUIHOCTBIO,

5.3. HuxxHue oueHKH

ITonyueHne HWKHUX OLCHOK ONTHMYMA SBISCTCA BAKHOMU
3a0a4Ci. Bo-mepBbiX, OHM MO3BOIAIOT OLCHUTb MOTIPCLUHOCTD
KOHCTPVKTHBHBIX QITOPUTMOB M BOOOIIE THOOBIX TIPHUOTHKECHHBIX
aaroput™oB. Bo-BTOpbIX, 3TH OLCHKM HCNOJB3VIOTCH B TOYHBIX
METOJAX, HAMpUMeEp, MeToIe BeTeei u rpanud |16, 20|. Mx xauectso
HACTO OKA3BIBACTCA KPHUTHYECKHUM (PAKTOPOM TpH  TOIYICHHH
rmodaMRHOTO  onTHMyMa. Hike OVIAYT TNPEeICTaBACHBI  UETHIPE
Croco0a MOCTPOCHUS HIDKHUX OLCHOK, KAKIBIH H3 KOTOPBIX HMECT
CBOH CHIbHBIC U CJ1A0BIC CTOPOHBDI.
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5.3. LIIpunmumuesnas nudicisis oyenra

[lvete  BeTwuwmHBI a5 = minjii Cij, i=1,..,n, 3aIAF0T
MHHUMAIIBHYIO ILIATY 32 BBIC3A M3 ropoja. Tax kak KOMMHBOKCP
AOMKCH BBICXaThb M3 KKAOrO ropoja, TO Dij=qd  MBJIACTCSL,
OUCBHMHO, HIDKHCH OLCHKOH ontumyma. Pacecmorpum  Teneps
varpuly €'y = Cjj—aj MM KKIOrO Tropoja  NOCUMTAcM
MHHUMQJIBHYIO TUIATY 32 BBC3A. by = minjyc/y,j=1,..,n
Toraa senmumna H(cj) = XiL;a; + Xjoy by Gyact Taioke HinkHCH
OLICHKOM.

Teopema 5.7:

Bemmunra H(cjj) sBnseTcs HokHEH OUECHKON OMTHMYMA.

Hoxazameinvcmeo:

OnTumanbhbic peicHus A1 maTpuu (Cjj) u(c’,-j) CBsI3aHbI
cooTHoucHucm Opt(c;j) = Opt(c’y) + XL, a;.

Honoxum ¢’y =c'jj —bj, 1 <1i,j < n Toraa
Opt(cy) = Opt(c”ij) + Xizsa; + Xj=y by = iz a; + Xj= by m

OCHOBHBIM JOCTOMHCTBOM 3TOH HIKHCH OLCHKU SBISCTCs CC
npocToTa W HarmaaHocTh. Ee Beramicnenne Tpebyer 0(n?) onepatmit,
TO CCTb IMHCHHON TPYAOCMKOCTH OT YMC1A INCMCHTOB MaTPHLbL
paceTosiHuiL,

5.3.2. Ouenxa uneitnozo npozpammuposantis

MpeacTaBum 331a49y KOMMHBOSIKCPA B TCPMMHAX
LETOUACTEHHOTO THHEHHOTO IPOrpaMMupoBaHws. Beeaem
ICPCMCHHBIC

_ {1, ccanmsropoaaicacMBropoj
Xij = { 0 BMPOTHBHOMCIYHAE

3a1aua KOMMHBOSKCPA MOMKCT ObITh 3aIHCAHA CIICAYHOLIMM
oGpasom: min  Xit; Ml CijX;j

Tpw oTpaHmMeHuaX: Y X =1, 1 <j<n¥i;x;=1 1<
i<n, ZiESZjES Xij >1, S+0, Sc {1, ...,n},xij € {0,1}, 1<
Lj<n
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enepas ¢hyHKuMA 3a1aeT ATHHY FAMUIBTOHOBA LuKIa. [lepBoe
U BTOPOC PABCHCTBO TPCOVIOT BBHCXATh M BHICXATh M3 KAKIOTO
ropora cootBeTcTBeHHO. OnaHako 3toro HexocrarouHo. Habdop
MOALUKIOB, MOKPbIBAIOLIMH BCC ropoaa, OVACT Y0BICTBOPAT 3THM
paBCHCTBAM, HO HC 6}’/:[6T TAMHUIIBTOHOBBIM  ITUKJIOM. nO?T‘O.\‘I'_V
HY’KHO JOMO.IHUTEIBHOE HEPABEHCTBO 111 UCKITIOUEHUS MOILHK I0B.
JTO HEPaBEHCTBO TPEOYET 14 JIOOOTO MOAMHOXKECTBA TOPOIOB S
CYIIECTBOBAHHE XOTS OBl OXHOW AYTH, BEIVIIEH B OCTAIBHEIS

ropoza.
3&\’]0]-1]/1.\’] }"CJ'IOBHC HCJIOYUCJICHHOCTHU HCpCMCHHle Ha )-’CJ'[OBI/IC
0=x;<1 1<ij<n [Moayuuv 3anauy JIMHCHHOrO

nporpamMmvupoBanns. OnTHMaNeHOE 3HAUCHHE B OTOH 3amade OvVIET
HIKHCH OLCHKOH, [MOTOMY HTO TaKasd 3aMCHA PacLIMPACT OOJacTh
JOTYCTUMEIX pemeHnit. Hetpyaro moxazaTte, UTO 3Ta OLEHKA HE
XVIKE MPUMUATUBHOH OLIEHKH.

3agaua JIHHGHHOrO  TIPOTPAMMHPOBAHMS  TIOJIMHOMHATBHO
paspeunva [21]. OgHako HE CTOMT TOPOMHTLCA C BBIBOZaMH. g
33a4M  JIMHCIHOrO  MOPOrpaMMHpPOBAHMA ACHCTBUTC.IBHO  CCThb
TOYHBIH ATrOPUTM, TPYAOEMKOCTE KOTOPOro IONHHOMHAIHHO
3ABUCHUT OT JJIHHbI 3alIMCH HMCXOJdHbIX JAaHHbIX. HO B 3aaa4c
KOMMHBOSKEPAa  TOmbKO n’umcen. EcIM  OHM  OrpaHHYEHEH!
KOHCTAHTOH, TO AmvHa Bxoda — O(n?). B wawreii sanavue THHEHHOTO
NPOrpaMMUPOBAHMSL  BXOJ  3HAYMICIBHO  [UIMHHCC.  TOIbKO
OrpaHHdCHUH A1t MCKIOUCHUA noAnuKnoB— 0(2"). dakTuuccku mbl
HEC MOXKECM JaXKE BBITTUCATH 3'1'}" BMa‘Iy Hn3-2a OFPOI\’IHOFO Yyuc1a
orpanuucHuii, CuTvauus KaKeTced TYIUKoBoi. TeM HC MCHCC, U3 HCC
€CTh KaK MHUHHMYM JBa BBIXOAA. nepB]ﬂﬁ COCTOHUT B 3aMCHC yC.'lOBHﬁ
Ha MOALUKIIBEL APYTHM VCIOBHEM, HMEIOMNM MONMHHOMHATEHOE YHCTIO
OrPaHUMCHUH, DTO MOKHO CAC1AaTh HCCKOILKUMHU crocodamu (CM.,
HanpuMep, [22]). Toraa HIWKHAS OLEHKA CTAHOBUTCS TOTMHOMUAIIBLHO
BBIUHC/IMMOM, HO CC KAucCCTBO 3aMCTHO najsact. Bropoi cnocod
COCTOHT B TOCICIOBATE.IbHOM HAPAIMBAHMKA OrPAHINCHHH Ha
OOAUMKIBL N0 MCPC HCoOxOoaumocTu, Yaanum cHauasa BCC TAKUC
OTPaHHUECHHUS W PEeIInM 33Jauy. Haligem no 3a1aHHOMY PELICHHEO
MOAMHOXKECCTBO S AJIs1 KO’T‘OpOFO Hapymae"rcsl }"CJ'IOBI/Ie HA NMOAHK.TBI,
H 300aBUM CrQ B CUCTCMY orpanuucHuil. JICHCTBY: Takum cnocobom,
MOXKHO TIOC.ICA0BATCIIBHO ynyqula:rb HHUKHHOHK) Ol_IeHKy A0 TEX l'IOp,
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noka JUOO HE TOMVIWM TOYHOTO pPEMIEHHS HCXOJHOH 331a9M
JIUHEHHOTO NPOrPaMMHPOBAHKS, JHOO 33Ja4a HE CTAHET CIIHIUKOM
fomemod 1 pacueToB. B mobov civuae monydaeM  HIDKHIOK
OLICHKY ONTHMYMA.

5.3.3. 1-0epesos 0151 cumMMempUHbIX MAMPULY

Bec MHHMMAIBHOrO OCTOBHOTO AEPEBA, KAK MBI V/KE 3HACM,
JAaeT OLUCHKY CHM3Y, HO €€ MOXHO yaydmuTe. OcTOBHOE AepeBO
cocTout u3 (N — 1) pebpa, a raMuIbTOHOB LMK COACPIKUT N peodep.
HobasieHHe omHOTO pedpa K OCTOBHOMY JIEPEBY IMOPOKIACT TaK
Ha3BIBACMBIE
I-depeews. OHM TOKe TalOT HWKHWAE OLEHKH. MTak, MBI XOTHM HaWTH
TaMHJIBTOHOB LIAKIT MMHAMATBHOTO BECA, T. €. POBHO N pedep, KOTOpLIE:

—  TIOKPHIBAIOT BCE BEPIIMHBI U 00pa3yIOT CBA3HEIN rpad;

—  HMMCIOT MMHMMA/IbHbIN CYMMAPHBIH BCC;

—  K&KJas BEpIINHA HHLHICHTHA POBHO JBYM pedpawm.

Ocnabuv mocIeIHee YCTOBHE, 3aMEHHB €TO CIEAVIOMNM!

—  OAHA 33JaHHAs BCPLIMHA MHLMACHTHA POBHO ABYM pcOpam.

Tak Kak MbI OCITAOMIN OJHO M3 YCIOBHH, TO MOJYYHM HUKHEIOHO
OLICHKY. AJNrOpUTM MOCTPOCHMS MHHUMANBHOrO HO Becy l-acpeea
A5 BBIACJICHHOH BCPHIMHBI COCTOMT B CICIVIOLICM. Y JQNACM 3TY
BEPIIMHY W CMEXHBIE ¢ Hel pedpa. Ha moayumsmewica rpade
CTPOUM OCTOBHOE ACPeBO MMHHMaIbHOro Beca. [loavuaem n — 2
pcdep. Hodasnacy apa peOpa, MHIMICHTHBIX BbLACICHHON BCPLIMHC,
WMEFOIINX MUWHMMATbHBIH CyMMapHsbIil Bec. [lomyaennoe 1-aepeso
JaeT HIKHIOK oOLEHKY. OHa 3aBHCHT OT BBIOOpAa BEPLIHHHL.
[Moctpows 1-mepeBbs A1 BCEX BEPUIMH W BHIOPAB M3 HIKHHX
OLICHOK HAaUOOMBIIVIO, MOMYINM TpebveMoe.

3.3.4. 3aoaua o naznauenusx
PaccMoTtpuM crieayromyo 3aJady O HAZHAYCHWH pabounx Ha
cranku |16, 21|. Jlano: n pabouux, n craHkoB u matpuia (Cjj).

331AF0IIAs1 BPEMST BRITIOMHEHHST PabOTHI HA j-M CTAHKE i-M padounmw.
TpeOyercsa HalTH paccTaHOBKY pado4MX MO CTaHKaM, KOTOpas JacT
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HAUMCHBLICC CYMMAPHOC padouce BpcMi. BBCICM NCPCMCHHBIC

1, ecaupabounitipaboTaeTHacTaHKej
3a1a494 Xjj = .
0 BNpOTHUBHOMC/YYae

3aJaua O HA3HAYCHHAX MOXKET OBITh 3aMHCAHA B CIECIVIOLIEM
Buge: min YL, Z}l:l CijXjj. PH OrpaHMueHnsx Y- Xjj =1, 1 <
j= n,Z}lzlxij =1,1<i 1, Xjj (S {0,1}, 1<i,j<n

CpaBHHBag 3TV 3alMCh C AHATOTHTHON 3aNHCBIO 1T9 3aJa4H
KOMMMBO:KCPA, JICIKO 3aMCTUTb, YTO OHU OTIMYAKOTCH TOIBKO
OXHOW TpPYNTIOW OTpPaHWUICHWH 19 WCKTIOUCHHUS TIOAHKIOB.
CacaoBarcibHO, ONTUMAILHOC PCIUICHUC 33Ja4M O HA3HAYCHUIX
JAET HIDKHIOKO OLICHKY LTS 33141 KOMMHBOSDKEPA.

IlpuBeaeM TOYHBIH IMOJIMHOMHAIBHBIA aNrOPHTM PELICHHA
3adaud 0 HazHaucHusx. Ilvers A = (44, ..,A;) — HCKOTOpbBIA
BEKTOP. JIEMEHT Cjj HA3BIBACTCAA-MUHHMAIBHBIM II CTPOKH i,
ecmu Cjj — Aj < ¢ — Ag ama Beexk = 1,..,n.

Teopesia 5.8:

IlvcTs anst HekOTOpOro BCKTOpa A cvuICCTBYCT Hadop A-
MHMHHMAJBHBIX 3ICMCHTOB (Cyj(1), -, Chj(n)) MO OAHOMY B Kak10H
crpoke W kaxkaoM croaoue. Toraa stor Habop sBaseTcs
ONTUMA.1bHbIM PCLICHHCM 33Ja4YH O HA3HAYCHUIX.

Hokazamerecmeo:

) PCLuCHnCn (C1j(1)s -+ » Cnj(m)) ) SBIICTCH  JOMYCTHMBIM, U
Yita Gijy = iz (Cijy — Bjy) + Xyt 4.

B npaBoii 4acTu PpaBCHCTBA [MCPBAs CyMMa  BIUCTCH
MUHHUMAITBHOH Cpean BCeX JOMYCTUMBIX Ha3HaueHUH. Bropas cyvma
SBISIE€TCA KOHCTAHTOM. 3HAYUT. MOIVUCHHOE PEUICHHE SBIACTCA
OTITUMA.TEHbIM.

Onpenenenne 5.1./11g BekTopa A BRIICTHM B KaKIO0H CTPOKE 1O
OTHOMY A-MHHHUMANBHOMY 3MEMEHTY H HA30BEM €ro A-OCHOBOI.
Hpyrue A-NUHUMATBHBIE 3TCMEHTBI ovaem
HA3bIBATbAA LM PHANUGHBIMY
A-ocnosavu. Yucao ¢1016u08 matpuust (Cjj) 6¢3 A-OCHOB HA30BCM
decherxmont.

Haes airopurva cocrour B cneaviomeM. Haumuaem ¢
Hyaceoro Bekropa A u cuuracm acdexr. Ha xamaowm srtanc
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aaropur™a JedeKT YMEHbIIACTCA Ha 1, To ecTh He Oonee ueM 3a n
3TAIoOB HO.'I}_""IP[.\l OITHMAJIBHOC pCLLlCHP[C.

Onucanue 0ono2o ymana

1. Bribepen cronben 6e3 A-0CHOBBEI M 0003HAMHM €10 S;.

2. Veequunv Ag Ha MakCHMAIbHOE & Tak, 4YTOOBI BCe
A-MUHUIMATBHBIEC SNEMEHTBL OCTATHCH A-MHHUMAIbHBIMH ( BO3MOYXKHO
& = 0). IToayunum 215 HCKOTOPOH CTPOKM iy HOBBIHA-MHHHMAJIBHbIH
DIEMEHT Cj g . HA30BEM €TO GIbIMEPHAMUGHUT OCHOEOU 0I5 CIPORU
i1(puc. 5.13).

X
X

Sy

X
X

Rl |

Puc. 5.13. TMOSBICHHC ANbTCPHATHBHOKN OCHOBbI

3. Haa crpoxu iy cronbeuj(iy) ¢ A-0CHOBOM MOMCTUM MCTKOH
S,(prc. 5.14),

S: Sy

X
X

X
X

Rl |-

Puc. 5.14. Beibop Broporo cronoua
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4. VeenmunmAg u Ag, Ha MAKCUMAIBHOS O Tak, 4T0OObI BCe A-
OCHOBBI OCTATHCh A-MUHHMATBHBIMH 31eMeHTaMHu. Haiinem HOBYVIO
aTbTCPHATHBHYIO OCHOBY B OJHOM M3 CTONOHOB SqumuS; . Ilycte
OHa oKa3anack B CTPOKE i,. [Tometum cronben j(i,) MeTkoitSs (puc.
5.15) u OyaeM mpoao/mKaTh 3TOT MPOLECC A0 TEX MOp, MOKA HE
BCTPETHUM CTOJIOCI C ABYMSI HTH 00IE€ OCHOBAMH.

S Sy S

Q| g
X

Y
X

Q|

Puc. 5.15. TlonyueHue HOBOH OCHOBBI

5. Crpoum HOBBIl HA0OP A-O0CHOB. 3aMCHOI OCHOBBI B CTPOKE
HA30BEM CICAYIOIIYIO OMNEPALMIO.  AJbTCPHATHBHAS  OCHOBA
CTAaHOBUTCS OCHOBOW, a CTapas TmepectacT OBITh OCHOBOH.
[IpousseaeM 3aMCHY OCHOB B CTPOKE, TAC JCKHUT MOCICTHS
anbTepHaTHBHAsS OCHOBA (cTpokaiy). Toraa B cromdue j(iy) umcno
OCHOB VMCHBLIMTCS HA 1, HO OCTaHETCS TOJOKHUTEIbHBIM (pPHUC.
5.16).

S3 Sz 51

-1 034 s
X

X
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Puc. 5.16. 3aMeHa OCHOBBI

B cronfue, rae mosBUIAch HOBas OCHOBA, BO3BMEM CTapylo
OCHOBY H B 3TOH CTPOKE TOXE MPOBEAEM 3aMEeHY OCHOB M Tak Oyaem
MEPEXOIUTh OT OIHOTrO CTOAOIA K APYroMy, MOoKa He Jodepemcs a0
cronbua S;. B urore, croaden S, mony4uT OCHOBY, A YUCIO OCHOB B
ctoabucj(iy) ymcHbumtes Ha 1 (puc. 3.17).

S, s, S

® [ |
®

%Y
X

Q-

Puc. 5.17. HoBoc pacmpcaciICHHC OCHOB

[Mocuutaem TPYIOEMKOCTD OJHOTO JTana. Mu
NOCTEIOBATEIPHO PACCMATPUBASM CHaYANA OAUH cTOI0el S, 3aTeM
aea cronbua Sq,S; u T. 3. Beero maros MokeT ObITh He OOBIIE N.
Ha xaxxaoM mare Hao BHIOpaTh 8, uto Tpebver O(n?) omepaumii.
3naunt, Beero Tpedyercs O(n®) omepaumii Ans OZHOTO JTanma W
0(n*) oncpauuii A7 BCCro aIropUTVA.

5.4. JlokaJabHbIH NOHCK

HMaen mokalbHOTO MOMCKA TIPH PELICHUH 3a1a4 JUCKPETHOM
ONITHMH3AUKH SIBIISTFOTCS, TIO-BHIHMOMY, HaHOOJICE €CTECTBCHHBIMH
U HarIsaaeiMe. [lepBrie MIard MX peaTHzalid OTHOCATCS K Havdaly
50-x, naqgaay 60-x roaos XX cronctud. OHu CBsi3aHbl, B OCHOBHOM,
C 3aJadei koMMHBOsDKepa. [losgHee 3TH MOEH HUCTIOIB30BATHCE AJIA
33,Ja4 Pa3MCLICHHU, NOCTPOCHHU CCTCH, pacnucanuid n ap. Ognaxo,
JOBOJNIBHO  OBICTPO  BBUSICHWIOCH, YTO  METOABl  JIOKATHHOTO
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VIVUIICHUS HE FAPaHTUPYIOT HAXMKICHUS rIOOATBHOTO ONTHMYMAa,
U OTCYTCTBHC KOHLCOTYAJIBHOTO MPOrpecca OCIadWiIO UHTCPCC K
JAHHOMY HampaeneHnw. B mocmearane 20 mer HabmromaeTes
BOJPOXKACHHC 3TOro mnoaxoja. OHO CBi3aHO Kak € HOBBIMH
a.TI"OpI/IT.\'lPI‘IeCKI/IN{H cXeMamu, HOCTpOCHHbIT\/IH Ha aQHAIOTHAX ¢
JKUBOIT M HEKUBOH MPUPOAOI, TAK M ¢ HOBBIMHU TEOPETHYCCKHMH
pesyvabTatamyd B 001aCTH 10KANbHOrO noucka. Mamchuuncs oduwimii
B3I HA [MOCTPOCHUE JIOKATIbHBIX AIrOpPUTMOB. IpeGoBaHne
MOHOTOHHOIQ YIYYLICHHS IO LCJACBOH (yHKIMHM OOJbLIC HC
SABIISICTCS IIO]WHHHP}’I’O[HH’M. Han6onee MOIOHBIC EUIFOPWI‘I\/IBI
;JOH}"CKEIIOT HpOHSBOJbHOC }"X)",ELUJCHHC, H MHOIHMC M3 HHUX MOF}'T
paccMaTpuBaTecs KaK CIIoco0 TTOPOXKICHHS KOHEUHBIX
HEPasMOXKUMBIX Leneli MapkoBa Ha NOAXOAAIIEM MHOXKECTBE
cocTOsTHUH. B 1aHHOM pa3zzere mpHBOAWTCS KPATKOE BBEJASHHE B 3TV
O6yPHO pa3BHBAIOIIVIOCA 001ACTh AUCKPETHOM ONTUMU3ALUH.

5.4.1. OcuoeHbte onpedenenus

[Iycrs  Tpoiika  (J,Solf)  sazact 3azauy  auckperHoii
ONTHMHU3ALUKMH € MHOMKCCTBOM BXOJA0B 3 (MCXOIHBIX JAQHHBIX),
KOHSUHBIM MHOMKECTBOM Jomyctumbix  pemennit  Sol(1),] € 3, u
ue1eBoi pyukumei f: s — R, s € Sol(l). dna onpexesennocTn Ovaem
CUUTATb, YTO TPeOVETCA HAMTH MUHMMYM pvHKUNH f Ha MHOXKeCTBe
Sol(I) u camo pemenne s* € Sol(I). HA KOTOPOM 3TOT MHHHMYM
gocruractesi.  Peumicnue  s* Oyacm  HasbiBath  r100anbHbIM
MHHHMYMOM M MHOXECTBO TI00QTbHBIX MHHHUMYMOB OyIem
oboszHauare uepes S*. s xaxaoro s € Sol(l) onpeneanv pyHKIMIO
OKPECTHOCTH N: Sol(Il) —» 250ld), KOTOpast TS KQKI0TO
JOMVCTHMOTO PELICHUS 3aJacT MHOJKECTBO COCEIHUX PCLICHHMH, B
HEKOTOPOM CMBICTe OMH3KHX K 1aHHoMY. MHoxecTBO N(S) Gvaem
Ha3blBATh OKPCCTHOCTHIO peuucHus SB MuokccTBe SOl(I), dyhHruums
OKPECTHOCTH MOXKET OBITh JOCTATOUHO CITOKHOH, M OTHOLUCHHS
COCEICTBA HE BCETAA CUMMETPHYHO.

Onpegenenne 5.2.Pcuichuc s € Sol(l) nassiBactesiioxaibiibim
anayaon o oTHOWCHMK K Gynxuuu N, ceau f(s) < f(s") aaa
Bcex s’ € N(s).
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MHOKCCTBO TOKAIbHBIX MUHHMYMOB ODO3HAUUM HCPC3 S. Do
MHOKCCTBO, OUCBHIHO, 3aBUCHT OT BhIOOpa dyHkiu N.

Onpepenenne 5.3.dyHkuus OKPCCTHOCTH N
HA3BIBACTCIMOYHON, ecnn S © S*.

CTaHnapTHBIM anropuTM JOKAIBHOTO VIVHIICHHMS HAYHHACT
padoTy ¢ HCKOTOPOrO HAYaJBHOLO  PCIUCHUSL, BbIOPAHHOTO
CTyyalHbBIM  00pazoM  WIM ¢ TOMOMmMBK  KaKOro-imdo
BCIOMOrarcieHoro anroputva. Ha kaimaom wmare noxaisnoro
YIOYUIICHUST TPOUCXOAUT TEPEXOA OT TEKYIIETO DPEMEHUS K
COCEAHEMY PEIICHHIO ¢ MCHBIIMM 3HAYCHHEM LIEIeBOH (YHKIMHK J0
TEX TOp, MOKA He OVAET TOCTHTHYT JIOKAITBHBIH MHHHMYM.

ANrOopuUTMEL JTOKANBHOTO VIVUIIEHHUS IUHPOKO HPHMEHSIOTCS
A1t peumcHus  NP-tpyasbix  333ad. MHOrMC NOJIMHOMHAILHO
paspelInMble 33Ja4d MOTYT PACCMATPHBATBCS KaK 3aJau, JErkKo
pcmacmbic  Takum  cmocobom.  Tlpu  noaxoasmem  BeIOOpPC
MO THHOMHUATBHOM OKPECTHOCTHU COOTBETCTBYIOILIAA TCOPEMA MOXKCT
ObITH cOPMYTHPOBAHA B CHCIAYIOLIEM BHIE: JOMYCTHMOE PELICHHE
HE SBIAETCS TIO0ANBHBIM OMITUMYMOM, €CJIM W TOJIBKO €CJTU OHO
MOXKET OBITH VIVHIIEHO HEKOTOPBIM IOKambHBIM oOpasoM. Hwoke
NPUBOAUTCH HCCKOJIBKO NPHMCPOB TaKHUX 33,4a4. OHH YKa3blBalOT Ha
BA’KHOCTD JIOKATBHOTO MOUCKA TIPH NMOCTPOSHUH ONTHMU3ALHOHHEIX
AIrOPUTMOB M 1OCTATOUHO OOIMH XapPAKTCP 3TOrO MOAX01A.

L/luneitnoe npozpavmuposanie. ['€OMETPHUSCKA QITOPUTM
CUMILIEKC METOJa MOXKHO HHTEPIPETHPOBATE KAaK IBHKCHHE IO
BEPLIMHAM MHOTOTPAHHHKA JOMYCTHMOH oOJactu. BepmmHa He
SBISETCA ONTHMAIBHOM, €C.TH 1 TONBKO €CIH CYIIECTBYET CMEXKHAas €
HCH BCPIIMHA ¢ MCHBIIMM 3HAQUCHUCM LCACBOH  (yHKUMU.
AreGpandecky, NpeanoIarasd HeBHIPOKICHHOCT 3a1aH, OasHcHOe
JOMYCTUMOC PCLUCHMC HC ABJIACTCA ONTHMAIbHBIM, CCIM U TOJBKO
€CITH OHO MOXKET OBITh VIVULICHO JIOKAJIBHBIM U3MCHECHUCM 63,3]’1(33,
T.C. 3aMCHOH OaHOH ©a3uCHOIl NCPCMCHHON Ha HCOA3UCHYIO.
[Nonyuaronasicss TakuM 00pa3oM OKPECTHOCTh SBISIETCS TOUHOH H
UMEET HOAUHOMUATHHYIO MOUIHOCTD.

2. Munumaaoroe ocmostoe 0epe6o.OCTOBHOC ACPCBO HC
SBIACTCA ONTHMANBHBIM, €CIH M TOIBKO €CIH  JIOKaIbHOH
NCPCCTPOHKOM, 100aB/1ss 0100 PCOPO M vaa.144 n3 00pa3oBaBLICIOCsH
IUKIa APYyToe pedpo, MOKHO MOITYYHTh HOBOE OCTOBHOE JEPEBO C
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MEHBLIMM CYMMapHBIM BecoM. Omepauus J0KadbHOH nepecTpoiiku
334aCT OTHOLICHHC COCCICTBA HQ MHOMKCCTBC OCTOBHBIX JCPCBbCB.
OxpecTHOCTB MOOOT0 ACPEeBa MMEET MOJTHHOMHATEHYIO MOITHOCTD,
(GVHKLMS OKPCCTHOCTH SIBISICTCS. TOUHOI.

3.  Maxkcumaibnoe napocouemanue.llapocoueranne He
SBIAETCA MAaKCUMAIBHBIM, €CIM H TOJIbKO €CITH CYIUECTBYET
VBCIMUMBAIOWMI myTh. /IBa NMapocoUCTaHus HA3BIBAIOT COCCIHMMH,
€CTTH UX CHMMETPHYECKas Pa3sHOCTh oOpasyeT mvTh. OmpenelcHHas
TakuM  00pa3’oM  OKPCCTHOCTb  SIBJCTCH TOUHOM M MMCCT
MO.TMHOMHAJIBHYK) ~ MOIIHOCTB.  AHATOTHMYHBIE  YTBEPIKIACHUS
CIPABCAMUBBL A/ B3BCLICHHBIX MAPOCOUCTAHMH, COBCPIICHHBIX
MApPOCOYETAHHI MHHAMATBHOTO BECa, 3331a4 O MaKCHMAIbHOM
MOTOKE U MOTOKE MHHUMATIBHOH CTOMMOCTH.

Ha xasxnoM ware oKaTeHOTO YIVUIIEeHHsT (DYHKINS OKPECTHOCTH
38JaeT MHOKECTBO BO3MOKHBIX HANpaBNeHHi IBMKeHHI. Yacto 31O
MHOMKCCTBO ~ COCTOMT M3 HCCKOJIBKHX — DJICMCHTOB M MMCCTCH
ornpeacicHHas ¢BoOOIa B BhIOOpe craeayromero pemeHus. [lpasumo
BbIOOPa MOXCT OKA3aTh CYLICCTBCHHOC B/IMSHHUC HA TPYIOCMKOCTb
anmropuT™Ma M peavieTar ero padorsl. Hampumep., B 3amave o
MakcHMansHOM ToToKe atroputM Popaa — dankepcoHa (KOTOPHI
TOXKE MOMKHO PACCMATPHBATH KAaK BAPHAHT JIOKATEHOTO VITYULISHHS)
HUMEET MONHHOMHANBHVIO BPEMEHHVIO CIIOJKHOCTb TIPH  BHIOOpE
KpaTJyamicro myTd AT YBCAMYCHHUY IOTOKA M 3KCIOHCHLMATBHYIO
BPEMEHHYIO CIIOKHOCTE 073 FapaHTHH MONIYYHTE I100aTbHBII ONTHMYM
npu Mpou3BOAbHOM BbIOOPS myTu. Takum oOpasoM, npu paspadborke
ANTOPUTMOB  JIOKATBHOTO TIOMCKA BRKHO HE TONBKO MPABHIBHO
ONPeJEeTATh OKPECTHOCTb, HO M BEPHO 33JaTh NpPaBWIO BEIOOpa
HAIPABICHHS CITVCKA.

WMHTYHTHBHO Ka)KeTCA, UTO B OKPECTHOCTH HAJI0 OpaTh SNMEMEHT
C HAUMCHBIIMM 3HAYCHUCM LCACBOH (pyHkimn. OaHAKO, Kak Mbl
VBHANM HIDKE, PA3YMHBIM OKA3BIBACTCS HE TONBKO TaKOH BEIOOP, HO
U ABIDKCHMC B «a0CypPAHOM» HAIPABICHUHY, KOLJA HCCKOJIBKO LLATOB
C YXYIIIEHWEM MOTYT TIPHBECTH (M YACTO MPHBOAAT) K JIYUIIEMY
JOKaNbHOMY MHHEMYMY. [IpH BHIOOpE OKpECTHOCTH XOWETCS MMETh
KAK MOXHO MEHbLIE COCeAeH, 4TOObl COKPATHTb TPYI0€MKOCTh
oanoro mwara. C Ipyroil CTOPOHBI, 00Tee LIMPOKas OKPECTHOCTB,
BOOOIUC rOBOPA, MPUBOJAMT K JIYYLUCMY JOKAJIBHOMY ONTHMYMY,
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[TosToMy TIpH CO3MAHHWH ANTOPHTMOB KAKABIH pa3 TPHXOIUTCS
UCKATh ONTUMAIBHBIH OamaHC MEXKIY STHUMM HPOTHBOPCUUBBIMH
dhaxTopavu. SICHEIX TPUHIMIIOB Pa3pEIIeHNS ITHX MPOTHBOPEUHH Ha
CCTONHAIIHUKM JEHb HET, W AIM KOKIOH 3aJaud 3TOT BOIPOC
PCLUACTCS UHAMBHYAIbHO,

Onpenenenne 54. I'padom coccacrea Gy = (Sol(D),E) Gyacm
Ha3blBaThb  B3BCLICHHBIH  OPHCHTHPOBAaHHBIA rpad, BepIIMHAMH
KOTOPOIQ SBJIMIOTCH JONYCTUMBIC PCLICHUS 33Ja4d, a Ayravup —
ynopsiaoucHusic mapbl (S,s"), ccan s’ € N(s). Beca B atom rpade
NPUITHCAHBl BEPIIMHAM M PaBHBI COOTBETCTBVIOLIHM 3HAUCHMAM
LCICBOH QYHKLMY,

I'pad coccacrea Gy (ncighborhood graph) uxoraa naspiBarot
AGHOUADmMOM yeaeeol PyHRI LU MU npocTo
aanowagpmon(landscape.  fitnesslandscape). Tlpu onpcacacauu
(YHKIMH ~ OKPECTHOCTM  BWKHO  CINEIWTh 33 TEM, HUTOOBI
MOIVYAOIHiica rpad GBI CTPOTO CBA3CH, T. €. ANA KAKIOH mapsi
BCPIMH S, S’ CYLICCTBOBAL NyTh U3 SB S'. DTO CBOMCTBO SBIACTCA
BQKHBIM NPH AHATH3C aCHMITOTHUCCKOTO MOBCACHUS AJITOPHTMOB,
HaMpUMeEp, BEPOATHOCTHBIX META3BPHCTHK, O KOTOPBIX MOHAECT pedb
HWkC. Ecrmu 2KC 3TO CBOHCTBO HC BBIMOJHACTCH, TO CTAPAKOTC
MOTYYHUTE XOTSA OBl CBOWCTBO BNOTHE CBS3HOCTH, KOTAA W3 THOOOIH
BEPIIMHBI CYIIECTBYET NMyTh B BepwriHy s° € S™. Ecam *&e u 31010
CBOHCTBA HET, TO TEpAeTCd VBEPEHHOCTh B JOCTIDKCHHUH
rJI00ATBHOTO  ONTHMYMA TOKATBHEIMH  Metonavu. [lpuxoaurcs
OTPaHUMMBATECS JOKATBHBIMUA ONTHMYMaMH, MO0 MEpeonpeaeasiTh
(DVHKLUIO OKPCCTHOCTH.,

Ananns 3hGheKTHBHOCTH JOKATBHOTO ITOUCKA YCIOBHO MOKHO
Pa3ICIUTh HA ABA HANPABJICHUS IMIMPUUCCKUC U TCOPCTHUCCKHMC
uccaenoBanns. Kak 3T0 HU CTPAHHO. HO OHH JQKOT PA3HBIE OLCHKH
BO3MOJKHOCTAM 3TOro moaxoaa [19, 20].

Iunupuueckue pesyaomamot. s Maornx NP-Tpyanbix 3a1au
TOKaNbHEIH TOHNCK TO3BOLICT HAXOIUTh MPUONMKEHHBIEC PELICHUS,
Oam3kuc 1o UCICBOR  (QyHKIMM K rI00aIbHOMY ONTUMYMY.
Tpya0eMKOCTE aIrOPUTMOB YACTO OKA3BIBACTCS MOTUHOMUATBHOH,
NPHYCM CTCICHb [IOJIMHOMA JOCTATOYHO Mana. Tak, Aad 3aia4u o
pasOMeHHH MHOKECTBA BepwMH rpada HA JBE pABHBIC YACTH
paspaboTanbl AIrOPUTMbl JIOKAIPHOrO MNOMCKA MMHHMU3ALMN
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paspesa co cpeaneH TpygoevrocTeio O(nlogn), xotopseie maror
BCETO HECKOJIBKO NMPOLIEHTOB MOIPELIHOCTH.

Il.'lﬂ 3aJa4YH KOMMMHMBOSDKCDA QITOPHUTMBL JIOKAIPHOIO MNOHCKA
SBJISIIOTCS. HAMIVYIIMME C TPaKTHYCCKON TOUKM 3peHus. OauH u3
TaKUX QICOPUTMOB ¢ OKPCCTHOCTHIO Jluna — Kepuurana B cpcancy
HMEET TIOTPELTHOCTh OKO10 2 %, W MakCHMAaNbHAsS Pa3MEePHOCTD
pewaemeix 3agaa  gocturaet 1 000 000 ropomor. Ha crmyuaiino
CTCHEPHPOBAHHBIX 327aYaX TaKOW KOJOCCATBHOH PasMEepPHOCTH
UTEpALHOHHAA npoueavpa J)KOHCOHA MO3BONET HAXOIUTE PELICHUS
C OTKJIOHCHUCM 0K0so 0,5 % 33 HCCKOIBKO MHUHYT HQ COBPCMCHHBIX
KOMITBIOTEPAX.

Jas 3azau TCOpUHM PACIHCAHMI, PA3MCLICHHUS, NOKPBITHS,
packpacku rpadhoB ¥ MHOTHX Apyrux NP-TpyIHBIX 331249 anropHTMBb!
JOKANBHOIO MOUCKA NOKA3BIBAKOT [IPCBOCXOHBIC pC3yibTathl, boace
TOTO, HX ]"I/I6KOCTI: pu  U3MEHCHUN MATEMATHYECKOH MOACIIN,
MPOCTOTA PeaIu3allMd U HATMAIHOCTh IIPEBPALIAIOT JOKATIbHBIN
MMOUCK B MOLUHOC CPCACTBO A/ PCLUCHUA MPAKTUYCCKHUX 3a1a4.

Teopemuueckue pesyivmamul. lVccneioBaHue ITOKATbHOTO
noucKka ¢ TOYKH 3pPpCHUM TrapaHTUPOBAHHBIX OHCHOK Ka4dCCTBa
MOKA3bIBAKT TPAHULIBI €TO BO3MOKHOCTEH. nOCTpOGH]:] TPYAHBIC OJI5
JOKAJILHOIQ MOKMCKA NPUMCPBI, U3 KOTOPBIX CICAYCT, UTO!

1 ) MHHHUMAJIbHAST TOYHAsA OKPECTHOCTB MOXKECT HUMETh
3KCTIOHEHUMATPHYIO MOIIHOCTD:

2) uuCI0 wWaroB A1 JOCTHKCHHUY JIOKAIPHOIO ONTHUMYMA
MOMET OKA3aThCA SKCIMIOHCHIIHATEHBIM,

3) 3HAUCHUC JOKAILHOTO ONTUMYMA MOXKCT CKOJb YTLOIHO
CHIBHO OTJIUYATHCS OT l"J'[O6.';l.]'IbHO]"0 ONTUMYMA.

OTd  Ppe3yabTaThl MNOATANKMBAT K OOICC NPUCTAILHOMY
PACCMOTPEHHIO 334aUH  HAXOXKICHHSA JIOKAJBHOTO ONTHMYMA, €€
TPVIOEMKOCTH B CpPeJHEM M XyAmIeM chyuasx. AGcTpakTHasg
(maccoBas) 3a1a4a NOKAJBHOIO NOMCKA L 3a2aCTCs MHOIKCCTBOM CC
HHINBUAVYAIBHBIX TMPHUMEPOB, K&)K,Ell:vlf/i U3 KOTOPBIX OIHO3HAYHO
ompeleTIE€T LENeBYIO (PVHKIMIO, (YHKUMIO OKPECTHOCTH H
MHO2KCCTBO A0OYCTHMbIX PCLUCHUM.

Onpenenenne 5.5. 3amaga Lnpunamziexur wmaccy PLS
(polynomial time local scarch), ccan 3a noIMHOMMAIBHOC BPCMA OT
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AJAHBL 3aITMCH HCXOAHBIX JAHHBIX MOZKHO BBIIIOJHHTE CJIICAYIOUHC
TPH OTIEPALIHH:

1. Ana mpousBoIbHOTO mpumepa | mpoeeputs  ero
KOPPEKTHOCTh M, ecad | €J, HalTH HEKOTOpoe JOMYCTHMOE
pCLICHUC.

2. lna  nr0DOTO PEImEHMST TPOBEPUTH, SBISCTCA JIH OHO
JOMYCTHMBIM U, CC/IM JQ, BbIUUCIHTh 3HAUCHUC LCJACBOH (pyHKLMM
AT HETO.

3. VsHate, sdABIgE€TCA M JAHHOE PELICHUE JIOKATBHBIM
ONTUMYMOM W, €C.TM HET, HAWTH B €Tr0 OKPECTHOCTH pPEIISHHE ¢
IVHIINM 3HAUCHUEM LeneBol GpvaKIMn.

I'pyGo rosopsi, B wmaccc PLS coacpxkarcs Bcc 3anaum
JOKANBHOTO  TIOWICKA, AT KOTOPHIX  TIPOBEPKA  TOKAJIBHOMU
OIITHMAJBbHOCTH MOZKCT 6bITb OCYIICCTRIICHA 3a MMO.IMHOMHAJILHOC
BpEMII. :‘)TOT KjlacC HE TIYCT, TaK Kak 3aJava KOMMHBOSDKEPA C©
OKPECTHOCTBIO 2-3aMeHa codepkutcs B HeM. Creayvioumas Teopeva
TOBOPHUT O TOM, UTO, CKOPEE BCETO, B 3TOM Kiacce HeT NP-rpyaHbIx
3a7ad.

Teopema 5.9:

Ecnu 3agaua L u3 kmacca PLS sensierca NP-tpyasoit, To NP =
co-NP.

B xmacce PLS coacpikarcd mOAMHOMMAIBHO PaspCLIMMBIC
32Ja9M, TO €CTh 3aJauM, X1 KOTOPBIX MOKHO HAWTH JIOKATBHBIH
ONTHMYM 33 MOJUHOMHUAILHOC BpeMs, Muorue NP-tpyansic 3aaaun
6e3 BecOBHIX (YHKUHWI ¢ JOOOH INONMHOMHATHHO IPOBEPSIEMOH
OKPECTHOCTBIO OTHOCATCA K TAKOBBIM: 33Ja4d O KIHUKE, O MTOKPBITHH,
0 HC3aBUCHMOM MHOXKCCTBE U AP. 33,,[[8,‘13, KOMMHBOSIXKEPA C
Matpuuci (Cjj), coctosuwcii u3 1 u 2, Oyact takoBoil npu modoH
MOTMHOMHABLHO TPOBEPAEMOil OkpecTHOCTH. OaHako, B 0OLEM
cIyuac BOHIpoOC O BBIYMCIMTCIbHON  CIOKHOCTH HaXOKJCHUA
JOKAJIBHOTO ONMTUMYMA MTOKA OCTACTCS OTKPBITBIM. Tax KE. KAK 1 1JId
3ada4 pacnosHasanusi, B knacce PLS moxHO ompeacauts ¢BCACHUC
OJHOHM 3a7a4yM K APYroH W J0Ka3aTbh TEOPEMY O CYIIECTBOBAHHH
PLS-monHbIX 3a3ad. 10 Haubonee TPYAHBIC 3aJa9H B 3TOM KIacce.
Cy].ueCTBOBaHHE NO.IMHOMHAJIBHOTO QJITOPHUTMA XOTS 6])1 AT O,Z[HOI‘/i
W3 HAX BIEYET MOTHHOMUATEHYIO paspeIMOCTDb IS BCEX 3aJat U3
kaacca PLS. 3azaua xoMmuBOsmKCpa ¢ OKPCCTHOCTBIO k-3amvchHa
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ssictest PLS-noawo# npu K = 8. Bosice Toro. yaacrest nokasarts.,
YTO CTAHJAPTHBIH ATTOPUTM JTOKANBHOTO YNVUIIEHWS ATA 3TOH
3ajaun TPCOYCT B XYALICM CAy4yac 3KCIOHCHLMAILHOLO 4ucl1a
ATEpauMH HE3aBUICHMO OT TOTO, KaKOoe TIPABHIIO 3aMELICHHS OyIEeT
npuMcHATbCs. Boace noapodHo ¢ Tteopucit PLS-noauwbix 3azau
MOKHO MO3HAKOMUTKCS B |23, 25|,

5.4.2. Orpecmuocmu Ha nepecmanocrax

Kak yxc oTmcuanoce BBILIC, BBIOOP OKPCCTHOCTH HIPACT
BAXKHYIO PO.1b NPU NOCTPOCHUM AITOPUTMOB 10KaNbHOro noucka. Ot
HCTO CYLICCTBCHHO 3aBHCHT TPYJIOCMKOCTh OJHOrO IIAra a.IropuTma,
o0Imee YHCIO WIArOB W, B KOHETHOM CUETE, KAueCTBO MOMYIAEMOTO
JokansHOro ontumyma. Ha ccroassiiHuii AcHb HCT (M, BO3MOXKHO,
HUKOTAA He OvaeT) eaInHOro mpasuna BeiOopa okpecTHocTH. ns
KakmoW sazagn pyvekmuo N MPUXOINTCA OMPEenendaTh 3aHOBO,
yuuTeiBas cncuupuky Jansoil sazauu. boace Toro, no-suaumomy
OIS KOKIOW 3a7add MOKHO TPEINOKHTE HECKOTBKO (DYHKLINI
OKPCCTHOCTH C PasHbIMM N0 MOLIHOCTH MHOXKCCTBAMU COCCACH U,
KaK CJICACTBUC, PA3HBIMH MHOMKCCTBAMHU JIOKAJbHBIX ONTHMYMOB.
Hwxke OyayT mpuBedeHBI TPH MPHUMEpa BEIOOpPA OKPECTHOCTEH g
33,4a4M KOMMHBOSKCPA, KOTOPBIC H.UIKCTPHPYIOT BO3MOKHBIC MYTH
TTOCTPOECHHUS OKPECTHOCTEH W MIX CBOHCTBA.

Byacm no-npeaHeMy paceMaTpuBaTrh 333auy KOMMHBOsDKCPA €
CHMMETPUYHOI MaTpHLEH pacCTOSIHMH W TaMWIBTOHOB  LIHAKI
MPEeACTABIATE B BHAE TNEPECTAHOBKH T = {iy,...,i,}. Onpeneanv
okpecTHOCTE  N(T) KAk  MHOXKECTBO BCEX  MEPECTAHOBOK,
OTIHYAROIIAXCSA OT T TONMBKO B JBYX MO3WmusX (city-swap).
MuoxkeetBo N(TM) coacpkut poBHo n{(n—1)/2 31CMCHTOB, u
BBIUMC/UTC/IBHAN CI0XHOCTh OAHOTO [HAra JIOKAJbHOIO MOMCKA €
YUCTOM BBLIMUCICHHMS LCACBOM (yHkuuum ne npesocxoaut O(n?)
oncpaumii.
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OGosHauum ucpes f(TM) aauMHY raMunbTOHOBA LUKIA U
OTIpeIeINM Pa3HOCTHEIH omeparop V2 ams f(T) creayiommm

oGpazom [26]: V(M) = s Svengm £(T) — f(10).

IJTOT ONCPATOP 3a4aCT CPCAHCC OTKAOHCHUC LICICBOM (yHKLMM
B OKPCCTHOCTHM JQHHOH MCPCCTAHOBKH. J151 JIOKATBHOTO ONTHMYMA
T cnpascanmMBo HepascHeTBO V() = 0.Myers f,, — cpcamsi
A TAHA OUKIA HAa MHOMXKCCTBE BCEX IJOMYCTHUMBIX pemeHI/Iﬁ 3a0a49H.
Toraa cOpaBcaIMBbL CICAYIOLMC VTBCPKACHHSL,

Teopema 5.10:

®vukuus ' = f— f,, yA0BICTBOPACT YPABHCHHIO

V2 = —Zf

n

Caeocmeue 5.1:

JTroGo# NoKaTBHBIH MUHHMYM T uMeeT anuny f() < fjy.

Cieocmeue 5.2:

ANTOPHUTM JOKATBHOTO TIOWCKA, HAUWHAA € TPOW3BOTBHOH
MEPECTAHOBKH, JOCTUIHET MOKATRHOTO ontuMyMa 3a O(nk) twaros,
CCAM ATMHA MAKCUMANBHOTO Typa HNPCBOCXOAUT CPCAHCC 3HAUCHUC
f,v HC 60aCC ucM B 2K pas.

AHAJIOTHUHBIC YTBCPXKACHUS CIPABCAHBBL M AJISl C.ICIYFOLIHX
3a7ad:

1) o pasbucnuu Zn-ecpuinHoro rpaa Ha ABC 4acTd 0O N
BCPIIHMH ¢ MHHUMA.TbHBIM CYMMApPHbIVM BCCOM PCOCP, COCAMHSIFOLIMX
3TH YacTH,

2) 0 packpackc BepwiuH rpada B N LUBCTOB Tak, UTOObI
CMCIKHBIC BCPLIMHBI HMCITH PA3HBIC LIBCTA,

3) 0 paz0ueHWH  N-3NMEMEHTHOTO  MHOMKECTBA HA  IBa
NOAMHOXCCTBA TakK, YTOObl CYMMAPHEIH BCC OAHOTO MOAMHOKCCTBA
COBIIAN C CYMMAPHBIM BECOM APYTOTO MOIMHOKECTBA,

4) 0 3-BHITIONMHWMOCTH B CICIYVIOLICH TIOCTAHOBKE: AT N
OY/ICBBIX NCPCMCHHBIX 33JdaH HabOp TPOCK. Kaxaad MCPCMCHHAs
MOXeT BXOZWTB B Halop ¢ oTpuuanneM wnn 06e3 Hero, Hadop
CUMTACTC BBIMOJHCHHBIM, CC/IM OH COACPXKUT PA3HBIC 3HAYCHUSL, T.
C. XOTs OBl OJHO HCTHHHOC W XOTd Obl OJHO IOXKHOC. TPCOVCTCS
V3HaTh, CYLICCTBYET TH HA3HAUCHHE TICPEMEHHBIX, TIPH KOTOPOM BCE
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HaOOpbl OVAYT BBIMOMHEHEL. Pa3BUTHE STUX MACH MOXHO HAiiTH B
[27].

5.4.3. Oxpecmnocmu JTuna — Kepuuzana

PaccMOTpUM raMHIPTOHOB LUK KaK MOCICAOBATEILHOCTD pedep.
Hanomuum, 410 OKPCCTHOCTHIO 2-3aMCHA HA3BIBAKOT MHOMKCCTBO BCCX
raMUIBTOHOBBIX LIUKIIOB, MOMYYAIOIIXCS M3 32JaHHOTO 3aMEHOH JBYX
HecMeKHBIX  pebep.  Takag  okpectHocTs  cogepskur n(n — 3)/2
3/CMCHTOB, YTO HCCKOJIBKO MCHBILC, YCM B OKPCCTHOCTH City-Swap.

Ha puc. 5.18 nmokaszaHo pasimtue ME:KIY YTUMH OKPECTHOCTSIMH.
Mg oxpectHocTH 2-3aMeHa vaadeHue pedep (a, b) u(e, f) mpusogur k
MOABICHUIO ABVX HOBBIX pebep (a, e) u (b, f) u oGpatHOMY 00xX0Ay AYT
ot d 30 c. Ecnu B OKpPECTHOCTH City-SWap B MEPECTAHOBKE MOMEHATD
MCCTaMH b ue, To nossaTcs ucCThIpC HOBBIX pebpa (a, e), (e, ¢), (d,b) u
(b, f), HO 06x01 Ayr 0T d 10 C OCTAHCTCS IPCIKHUM.

Ecnu BepmmHBl pacrionoKeHbl HAa TUIOCKOCTH, a Beca pebep
BBIYMUC/BIHOTCH KAK CBKJIIHNJOBbL paC-C-TOHHI/IH, TO HCPCCC‘ICHHC pC6Cp
(a,b) u(e, f) cBUACTCABCTBYCT O BO3MOMKHOCTHU V.IYUILCHUS JAHHOTO
TYPa B CHIIY HEPAaBEHCTBA TPEyrobHUKA. OJHAKO 3TO VCIIOBHE HE
SBISETCA HEOOXOAUMBIM, M VIVUIICHHE BO3MOXKHO Jake 0e3
niepeceueHus pedep.

a e d

ST N
: | e: id : Caj
f b ¢ f b ¢
city-swap 2-3aMeHa

Puc. 5.18. Pasmuus MeKTY OKPECTHOCT MU
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Ha ocHoBe oxpectHocTH 2-3aveHa JlmromM w Kepruranom
NPCAJIOKCHA OpUrHHANBHAN 3BpUCTHKA. OHA MO3BOICT 3aMCHITH
MPOM3BONBHOE HHCTO pedep W MEepPeXOauTh OT OXHOTO Typa K
APYTOMY, UCMO1b3Vsl MPUHLUIMBL 2KAAHBIX aaroputMoB. OcHoOBHas
UICS 3BPUCTHKM  3aK/IOUACTCS B CIACIVIOWICM. YjanmuMm  u3
raMUIBTOHOBA LWKIA TPOM3BOIBHOE pebpo, Hampumep (a,b). B
MOJTYVHEHHOM MNyTH OJWH KoHen (BepmnHy a) OvaeM CUYHTATh
(UKCUPOBAHHBIM, & APVFOH KOHCL OVACM MCHITb, NCPCCTPAUBas
ravuIbTOHOB nyTh. JloGaBum pcOpo M3 BCpLIMHBL b, Hampumcp
(b,c). u pasopecM 00pa3OBaBLUMICS CAMHCTBCHHBIH LUK Tak,
qTOOBl CHOBA TMONYYHTB TAMHIBTOHOB TMyTh. 15 3TOrO TpHIeTcs
yvaanuTte pebpo, nHumMacHTHoe BepmmuHe C. O6oszHaquM ero (c, d).
HoBblii raMunbTOHOB MyTh UMCCT KOHLCBbIC BCPLUMHBI @ ud (puc.
5.19). Oty mpoucaypy OyacM HasweiBaTh potaumci. s moayucHus
HOBOTO FaMH.IbTOHOBA LIMK.1Aa J0CTATO4HO A00aBuUTh pedpo (a, d).
Coraacuo aaroputmy Jlunwa — Kepuurasa, nepexoa OT 04HOTO Tvpa
K JPYTOMY COCTOMT M3 VIQJICHHUS HCKOTOPOro pPcOpa. BHIMOJIHCHUSI
CepUH TIOCTCIOBATENBHBIX POTAUWH W, HAKOHEL, 3aMBIKAHWS
KOHLICBBIX BCPLUMH NMOIVUCHHOTO FaMU1bTOHOBA MyTU. CyLICCTBVIOT
PasTUIHEIE BAPHUAHTHl 3TOH OCHOBHOW CXEMBI, KOTOPHIE OTITHYAKOTCS
npasuiaMu BbIOOpPA poTAuMi U OPPaHMYCHUSMM HA MHOMCCTBA
vAQULICMBIX U 100aBsicMeIx pedep. B aaropurme Jlnna — Kepuurana
poTauuu BBLIOUPAOTCH Tak, 4TOObl MUHUMM3UPOBATL Pa3HOCTb
Che — Ceq- 11pu 3TOM MHOKCCTBA VIATACMBIX U A00aBIUCMBIX peOCp
B CCPUH pOTaUWii HC J0.KHel nepecckarbest.  [locnenHee
OPPaHMUCHUC FAPAHTHPYCT, UTO YUCIO POTALME HC MPCBLICMT N%
TPYIOEMKOCTh OJHOTO Imara (mepexoja OT OJHOTO UHMKIa K
APYrOMY) OCTaHCTCs MNoauMHoMuanbHoH. OOlce 4ucno 1aros
aIropuT™Ma,  MO-BUAMMOMY, HC  MOXKCT  OBITb  OTPAHHUCHO
NO.IMHOMOM, M U3BCCTCH BapHaHT okpecTHOCTH Jluna — Kepuurana,
J181 KOTOPOTO 33,3a4a KOMMHBOsKCpa ctaHoBUTC PLS-nonHot |23 ).
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Puc. 5.19. Ipoucaypa poraunu
5.4.4. DxcnoHenyuaionvie okpecmuocmu

OaHVM W3 HOBBIX TIEPCTIEKTHBHBEIX HAMPABICHUH B 00NACTH
JOKANBHOTO MOUCKA SBIIETCS HCCICIOBAHUE CBOMCTB OKPECTHOCTEH
3KCMOHCHLUMAIBHON MOWHOCTH, EcaIM jydiice pellcHUC B TakoH
OKPECTHOCTH MOXXHO HaWTH 3a TONHHOMHATBHOE BPEMS, TO
AICOPUTM JIOKAIBHOIO IIOHMCKA € TAKOM OKPCCTHOCTBIO MOJIYYACT
OTIPENISTEHHOE TIPEHMYINECTBO Ieped OCTANBHBIMHU. [lng 3anaum
KOMMUBOSUKEpa HEPBBIC TPHMEPBl TAKHX OKPECTHOCTEH OBLIH
npeaaokensl B padore |28]. M3n0xuM B KAYECTBE HILTIOCTPALIN
HICI0 OJHOTO H3 TAaKHUX MNOAXOIOB. JTOT MPUMEP HATIAIHO
NOKa3plBACT  TCCHYKO  CB#3b  MOKAY  IKCIOHCHLMAJIbHBIMH
OKPECTHOCTAMH H NOIMHOMHATBHO Pa3pELIMMBIMU CIYUIAAMH 323U
komMuBOspkCpa. Hamuuuce Takofi ¢Bsisu, no-suaumomy, Ovact
CTUMY.THPOBaTh TIOWCK HOBBIX MOJHHOMHATBHO  Pa3peLIUVbIX
CIYYaeB AN TPYAHBIX KOMOMHATOPHBIX 33Ja4, UTO B CBOKO OUEPEIb
MOXET MPUBECTH K AATBHEHIIEMY MPOTPeccy B 0OIACTH JTIOKAIBHOTO
MOUCKA.

OcHoBHAs uACH MONKCT OBITH MPCACTABICHA CACAYIOLIMM
oOpazom. [lpeano10xuv, 4TO MHOXKECTBO H3 N TOPOJOB pazdHUTO Ha
JBE YACTH Xq, ..., X U Y1, ., ¥k TAK, uTO K+ m=num < k. Jlas
vA0DCTBA M MPOCTOTH H3I0XKEHNS T00ABUM B TIEPBYIO rpynmy K — m
(UKTUBHBIX TOPOIOB Xm4q, ..., Xk H PACCMOTPHM  OKPECTHOCTD
N1, s Yk X1s - » Xm ), COCTOSIIVIO U3 BCEX ITMKITIOB BHA

Y1Xq, Y2Xe, 0 YiZy Y1

rae(Tq,.... Tg)— MNPOM3BOIBHAS TEPSCTAHOBKA K 3I1CMEHTOB.
CozepKaTeTbHO, KLKIBIH TAKOH LIHKT MOTYYACTCs BCTABKOH TOPOJIOB X;
MEXKY TIAPaMH TOPOIOB Yj, Yj+1. MHOKeCTBO N(¥1, ..o, Y X1, - s Xm)

n+1
MMCCT IKCMOHCHUMAIbHYI) MOILIHOCTD [T] Popu Zm< n< 2m+
1. OnrumameHBIH TYP B 3TOM MHOKECTBE MOXKET OBITh HaIeH C
TMIOMOILBIO PELICHS 33,3a4H O HASHAYCHHSX CISAYIOLIMM 00pasoM.
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Mpuj=1,..,k nonoxum

d: = { C(iji) + C(xinH): i=1,.,m
U e(yie), i=m+1,..k

BBeaem mepeMeHHBIE
{1, eC/IUX; pacnoaraeTCAMENAYY;, Y41
Zii =
)

0 BNPOTHBHOMCJIyYae
U pacCMOTPHM 33,1a4y

k k
miHZZdijiJ‘
i=1j=1

k

Zzi]’ = 1,] = 1,...,1'{,
=

k
Zij = 1, 1= 1, ...,k,
=1

z; €01}, ij=1,.k

OnTuMaTbHOE PEWICHHE 3aJA4H  OMPEIersdeT HANTYILIEE
pasMelerHne  TOpoaoB X =1,..,m, wMexay roporavw yj,j =
1,...k, TO €CTh ONTHMAITBHBIH VP B MHOKECTBE

N1 s Yio Xas s X))
3aMeTHM, YTO  MAKCHMAQJbHAI  MOLIHOCTh  OKPCCTHOCTH

N(y1, o, Yo X1, oo, Xm)  AOCTMFACTCH MPU M <§. Touncc, myvers
m= %— p.p= 0. meaoe, n=5 u o(n) =n(mod 2). Hus
JEeHCTBUTETBHOTO |ncna I 0003Hauny uepes [r]y (cOOTBETCTBEHHO
[1]1) makcumaneHoC LCHOC (MONYUCNOC, TO CCTh YUCIO BUAA % iR Pl
HCUCTHBIX (), HC mpcBocxoaswmee 1. Torga MakcHMalbHast
MOWHOCTD Ny ax(N) OKPECTHOCTH MPEBOCXOANT [%]' W, COTTIACHO

Lipo)
[29]. pasta Ny ax(n) = M
2py!

1 9 3
l‘,Lle0=|: §n+§+§] .

a(n)
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IMpumcHeHue  »ToH  popMy¥IBL  NO3BOUCT  HOMYUMTh
ACHMINTOTHUCCKOC BbIPAXKCHUC A1 MOILIHOCTH OKPCCTHOCTH.

e[t
Niax = O | 55— |-
max n1/4+[1/z]a(n)

Mepeiinem  TCncpe Kk HaMOOJCC MHTPHIYIOLICMY  CBOKCTBY
JAHHOW OKPECTHOCTH, CBSI3AHHOMY K PACCTOSHHEM MeXKIY TyPaMW B
rpade okpectHocTcH. OKasbIBACTCS, UTO € IMOMOLIBKD MHOKCCTBA
N(Y1, ) Yo X1, -e» Xin) MOJKHO Tak OMPCAC.IUTH HOBYIO OKPCCTHOCT,
YTO PAacCTOSHWE MeXKIy TOOBMH JBYMS Typavu He Oyaer
npeseocxoauts 4 |30]. Cav daxr, uTO0 MaKCHMAIBHOC PACCTOSIHHC
MEXKIY TYPAMH HE 3AaBUCHT OT Pa3MEpPHOCTH 33Ja4W, TPEICTABIICTCS
yAUBUTCIbHBIM. Bosice Toro, sta koHcTaHTa OucHb Mama, Bcero 4
wara JOCTATOYHO CAETaTh, UTOOBI J00paTeCs W3 3aIJaHHOTO PEIUCHUS
A0 mo0Oro Apyroro M, B YACTHOCTH, A0 ontuMansHoro. K
COXKAJICHHIO, MBI HC 3HACM, B KaAKYI0 HMCHHO CTOPOHY HYXKHO CAC/IaTh
3TH 4YeTbIpe Imara, WHave 3ajgaua crama Obl  TOTHMHOMHWAIBHO
paspcinvoit, Kpoyvc Toro, Mbl HC 3HAcM, Kak MHOTO JIOKQNbHBIX
ONITHUMYMOB THMa 2-3aMeHAa WIH CIty-Swap COAEPKWTCA B TaKOH
IKCIOHCHLUMAMLHOM  okpecTHocTH.  TeM  HC  McHee,  dakt
OTPAHWHEHHOCTH  IWaMeTpa  CBHACTENBCTBYET O  OOTBIINX
MNOTCHUMATBHBIX BO3MOKHOCTIX TAKOH OKPCCTHOCTHU.

IMycte T — npousBoabHbIA raMunbTOHOB L1, O003HAUUM UuCpes
FimCCMCHUCTBO BCCX MOAMHOKCCTB MOLLHOCTH 1M, COCTOALUMX U3
HCeMCxkHBIX  BepuinH  mukna T, Kakabid  3I¢MCHT — comclicTBa
(X1, s Xp) € Fyy  OJHO3ZHAYHO OMPCACTCT MHOMCCTBO  LIMKIIOB
N1, o Yoems X1 o Xm)- OOBCAHMHCHUC  TAKHX  MHOJKCCTB
obosHaunmM uepes Ny, (T). MoxHO mokasaTs, ato npu GUKCHPOBAHHOM

Teoperma 5.12:

., n—m
m  MowHOCTL ceMedeTBa  Fyy,  pasHa |Fyy| = ( m )+
(n -m-1
m-—1
onTHManbHbIT UHMKT B MHOKecTBe Np,(T) MoxHO Haiith 3a
MOTHHOMUANBHOE BpeMms. Byaem rosoputs, uTo umkT R asnsetcs
coccaHuM Kk uukay T, ¢ccan B uukac T HAWAYTCH M HCCMCOKHBIX

),T. €. BBIPAXKACTC MOJTUHOMOM OT N, U, CICIOBATEIIBHO,
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BEPIIVH (X1, oo X )s TaKHX,
at0 R € N(¥1, .., Yn-m, X1, o) Xm)-

Teopera 5.13:

Mpu m= [(n—1)/2] Anst awbbix  wmkioB Ty uTg
CyIICCTBYIOT TakuC HHKIbL T, Tz 1 Ty, uro Ty sBISICTCS COCCAHUM
k Ti_y, i=2,3,4,5.

B ofuem caydae mpH MPOH3BOTBHBIX M ITHHA TYTH B rpade
OKpecTHOCTeH Gy MeXIy JABYMS TIPOW3BOIBHBIMH  LHKIIAMH
orpanuveHa cBepxy Bemmunnaoi 4[[(n — 1)/2]/m].

5.5. MeTtasBpucTHKH

Macu 10KambHOrO MOWCKA MMOJIYYHIA CBOC JQIBHCHLICC
PasBUTUC B TaK HA3bIBACMBIX MCTA3BPUCTHUKAX, TO CCTb B OOLIMX
CXCMaX NOCTPOCHHS AJITOPUTMOB, KOTOPBIC MOTYT ObITh MPHMCHCHEI
MPAKTHHECKH K MIOOOH 3amarie JUCKPETHOW onTuMmmsaunn. Bcee
MCTA3BPUCTHKH SIBJSIKOTCS UTCPAUMOHHBIMU TIPOLCIAYPAMHU, W AT
MHOTHX W3 HHX VCTaHOBICHA ACHMIMTOTHHECKAS CXOANMOCTD
HAWIy4IICTO HAMACHHOTQ PCLUICHUA K r1o0aibHOMY onTuMymy. B
OTIHYHC OT QJIrOpuUTMOB € OLUCHKAMH, MCTA3BPUCTHKHU HC
NPUBA3BIBAIOTCI K COCLU(UKC peliacMoii 3aJaun. 310 A0CTATOUHO
OOLIMC UTCPALIMOHHBIC NPOLCAYPBI. HCIOIL3YIOIIMC PAHIOMHALMIO
H JICMEHTH CaMOOOYIeHNS, HHTCHCHPHKALINIO ¥ ANBSPCHMKALIHIO
NMOUCKA, ATANTUBHBIC MCXAHHU3MbI YIIPABICHHA, KOHCTPYKTHBHBIC
IBPUCTUKM W METOABI JOKanbHOro mowucka. K metasBpucThraM
NPUHATO OTHOCUTb MCTOAbL UMUTaLMK oTxkura (SimulatcdAnncaling
(SA)). nouck ¢ 3ampcramu (TabuScarch(TS)). rcHcTuucckue
aaroputvmbl (GengeticAlgorithms (GA)) U 3BOMIOUMOHHBIC MCTOAbI
{(EvolutionaryComputation (EC)). a Tak¢ NnoHCK ¢ YCPCAYHOLIMMHCSI
okpectHocTaMH (VariableNeighborhoodSearch (VNS)), mypasbunbIe
xonounu (AntColonyOptimization (ACQO)), BCPOsSITHOCTHBIC >Ka,1HBIC
ATTOPUTMBI (GreedyRandomizedAdaptiveSearchProcedure
(GRASP)) u ap. [31].

Maes >THX METOJOB OCHOBAHA HA TPEITOTOKCHHH, HUTO
ucacead (YVHKUMS MMCCT MHOTO JOKAJIbHBIX OKCTPCMYMOB, a
NPOCMOTP BCCX JOMYCTHUMBIX PCLICHUH HCBO3MOIKCH, HCCMOTPS Ha
KOHEUHOCTh WX uncrma. B Taxoil cuTvaumn HYKHO COCPEIOTOYNTH
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NOUCK B HauOOMee MEPCIEKTHBHBIX YACTAX AOMYCTHMON 00IAcTH.
Taxuv 00pazom, 33,1a4a CBOAUTCA K BbIABJICHUIO Takux 00/1acTCH U
OBIcTpOMY KX TIpocMOTpY. Kaskias W3 METasBPHUCTHK pewaeT STy
podICMY [O-CBOCMY.

MeTaBBpHCTHKH TPUHATO JOCTUTh HA TPACKTOPHBIC MCTOIBI,
KOTrAa HA KKIJOH UTEPALUH UMEETCS OJHO JOMVCTUMOE PELICHHE U
OCYLUCCTB/MCTCS INCPCXOA K CHCAYIOIICMY, M HAa  MCTOAbI,
pabotarompe ¢ cemeiictBoM (momv.isuueit) pemenuit. K mepoit
rpynnc otHocsTes TS, SA, VNS, TpackTOpHBIC MCTOIbI OCTABISAIOT
B TPOCTPAHCTBE TIOWCKA TPACKTOPHIO,  TMOCHEIOBATE.ThHOCTh
PCLICHUH, T©AC KOKAOC PCIUCHUC ABJACTCA  COCCAHUM 114
MPEABIAYINETO OTHOCUTCIBHO HeKOTOpOﬁ OKPECTHOCTH. B METOAax
TS, SA OKpecTHOCTh OMpeIeIAeTCA 3apaHee U HE MEHSAETCA B XOJe
paboter. LlemeBas ¢yHKuUMS BJIOIb  TPACKTOPHHU  MEHACTCS
HCMOHOTOHHO, YTO TIO3BOIAET «BBIOMPATbCA» M3  JIOKATbHBIX
IKCTPCMYMOB M HAXOAMTb BCC JIVYIIMC U JIYYIIHC MPUOIMIKCHHbBIC
peCHU. aﬂeI\’IeHTbI caMogaanTanuu MO3BOTSIFOT MCHSTb
VIPABSIONAC MAPAMCTPbL AITOPUTMOB, MCHOIb3YsL MPCIbICTOPUIO
noucka. Boxee caoxubie meroas, Hanpumep, VNS, ucnons3yior
HECKOTBKO OKPECTHOCTEM W MEHAKOT HMX CHCTEMATHYECKH B LICNAX
gusepcudukaupy.  @DakTHUSCKH., TNPH  CMEHE  OKPECTHOCTH
npoucxoaut cmeHa naHamadgra.  CoszHATENPHOE  M3MEHCHHE
JapjmadTa, KAk, HAOPUMCP, 3TO OPOUCXOIMT B MCTOAC LIyMa
(Noisingmethod, [32]). 6G1aroTBOpHO CKa3BIBACTCS HA Pe3ylbTaTax
noucka., HM3yucnuc nmanawadToB, KX CBOKWCTB, HAampumcp,
H3pe3aHHOCTH (ruggedness), MO3BOIET AaBaTh PEKOMEHAALMH TIO
BEIOOPY OKPECTHOCTEH.

Ko Bropoi#i rpyine metonos otrocarcs GA, EC, ACO u ap. Ha
KKIOH MTEPaLMU STHX METOAOB CTPOUTCS HOBOS PCHICHHE 3a1adH,
KOTOPOC OCHOBBIBACTCA ¥3KC HC HA OJHOM, & HA HCCKOJAbKUX
PCLICHUSX M3 MONMYIALNM. B T¢HETHYSCKUX U IBOTIOLHMOHHBIX
aIropuTMax A8 OTUX  LCACH — MCHOAB3YIOTCH — IPOLCAYPSHI
CKPEIMBAHUST (Crossover) M [EIeHANPABICHHBIX MyTauud. B
vetogax ACO mpumenseTcs Apyras mies, OCHOBaHHas Ha cOope
CTATHCTHYECKOH HH(pOpPMALMH 0 HambOJIee VIAYHBIX HAHICHHBIX
pemeHusX. T1a UHGOPMALMSA VUHTBIBACTCA B BEPOSTHOCTHBIX
KAIHBIX QAITOPHUTMAX H NNOACKA3BIBACT, KAKHMC MMCHHO KOMIIOHCHTHI
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peuicHuii  (pcOpa  rpada, npCIAOPUATUH, NICMCHTBL  CUCTCMBL
TCXHUUICCKUX Cpe,Z[CTB) Tame BCCro TIPHUBOAMUIIU PAHCE K MATOH
NOrPCLIHOCTH. MCTOABI 3TOH IpyImbl, KaK NPaBH.IO0, OCHOBAHBI HA
aHaTornsx B skuBol mpupoxe. Maea ACQO saBIgeTCS TOMBITKOH
UMUTALUU NOBEICHUS MYPABLEB, KOTOPHIC MOUTH HE UMEIOT 3PEHUS
U OPUCHTHPYIOTCA MO 3anaxy, OCTABICHHOMY IPCALICCTBCHHUKAMM.
CuIpHO maxHymee BeINECTBO. (EPOMOH, SBIACTCS I HHX
UHHIUKATOPOM ACATCIBHOCTH npcaCCTBCHHUKORB, OHO
AKKYMYIHPYET B CeOE TPEABICTOPHUIO MOWCKA W TOACKA3BIBAST
Jopory Kk mypasciinuky. [TonsiTkn 0oArIsaCcTh ¥ NPHPOAbL CIIOCOOBL
PEemCHUST TPYAHBIX KONIGHH&TOPHI)IX 3a0a49 HAXOoOsT BCE HOBBIC H
HOBBIC BOILIOIIEHMS B YHCICHHBIX MeTodax. Hampumep, npu
HHpEKIIMH  OpPraHm3M  CTapaercs  MmoaodpaTs (opoaNTD,
CKOHCTpYHpOBaTh) Haubonee >hbextupnyvio 3amuty. Habmoaenue
332 OTHM MPOLCCCOM MPHUBCIIO K POXKICHUK HOBOLO MCTOJA —
HCKYCCTBCHHBIM UMMYHHBIM CHCTCMAM. HCCJ’[G,HOBQHHQ
JKMBHCACATCILHOCTH  IUCAMHOIO V.1bd, TAC TOJBKO OJHA MATKa
OCTaBJIISIET TTOTOMCTBO. TIOCTTY KU TO OCHOBOM AT HOBBIX
FeHeTHUECKHX ~ MeTomoB.  OnaHako — HauOOIbWIMEL  Iporpecc
HAOIIOMAETCS HA NVTH THOPMIM3ALMH, HANPHUMEpP, TOCTPOCHHS
THTIEP3BPHCTHK,  ABTOMATHHECKH  MOAOHPAIOINHX  Haubonee
3QPCKTUBHLIC IBPUCTUKH 118 AAHHOTO IPUMCpPA M CUMOMO3 €
KITACCHIESCKUMHI METOAAMH MaTeMaTHYECKOTO TIPOrPaMMHPOBAHUS.

OctanoBuMCs MOAPOOHCC HA MOCIHCIHCM HANPABICHUM. 3ACChH
Ha0.TH0,1ASTCS AOCTATOMHO IITHPOKHH CTIKTP UCCICAOBAHUI |24

— MIOCTPOCHHE 3KCIIOHCHIIHA.TbHBIX o MOIIHOCTH
OKPECTHOCTEH, B  KOTOPBIX TMOWCK  HAWIVUIIErO  PEHICHHs
OCVIIECTBIACTCA 32 TOMHMHOMHAIBHOE BpeMsS IIYTEM pPEIICHHs
BCIIOMOraTCAbHON ONTHMH3ALMOHHON 3a1a4uU;

— HUCCTICIOBAHHE OTIEPATOPOB CKPCIIUBAHUSA, Oa3UPYIOIMKXCS Ha
TOY-HOM MM NPUOAMKCHHOM PCLICHMM HMCXOJHOM 334a4d  Ha
MOAMHOMECTBEC, 3aJaHHOM PDOIAUTCIIBCKUMHU PDEIICHUIIMHU

— THOpHAM3AIMI  META3BPUCTHK C  TOYHBIMH  METOIAMH,
HarnpuMep, C METOIAMH BETBEH H TPAHNL] u MCTOA0M
JUHAMHYIECKOTO IPOTPaMMHPOBAHHIL;

— pa3paboTKa HOBBIX TOYHbIX MCTOAO0B, HCIOMB3YIOLIMX HACH
JTOKaMbHOTO MOMCKA,
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— OPUMEHEHME  PasHBIX  MaTeMaTHYECKUX  (OPMYIUPOBOK
PCLIACMOM 33,1a4H M HCTIONB30BAHUC PA3IUYHbIX KOJIUPOBOK PCLICHHEH
u ap.

00630p JOCTWKCHHUI B JAHHOM HAMPABJACHUM MOXKHO HAWTH B
[31]. Hmke OyayT mpeacTaBieHBl NMATE METAIBPUCTHK, UETHIPE W3
KOTOPHIX B.IAIOTCS TPAacKTOPHEIMU alroput™Mamu. Kaxnas us HuX
UMCCT CBOIO M/ICIO U MCXAHU3M ¢¢ peanusauuu. Heevmotpa na to, uto
3Ta INIaBa MOCBALIEHA 3aJauye KOMMHBOSDKEDA, UMTATeIb JETKO
VBUANUT CHOOCOObL QJanTaldd JAHHBIX QITOPUTMOB K APYTHUM
3aJauaM.

5.5. 1. Aneopumm umumaruu onvicuza

DK30THUCCKOS HA3BAHWE JAHHOTO AaNTOPHTMAa CBSI3aHO C
METOJAMH HMHUTALMOHHOTO MOJACIHPOBAHHS B CTATUCTHUYCCKOM
duszuke, ocHopanHbiMu Ha TexHuke Monte-Kapno. Hccncaosanne
KPUCTAIUTHYECCKON PEIISTKH W TTOBSICHNS ATOMOB TPH MEIICHHOM
OCTBIBAHHMHU TCJA MPUBC/IO K MOMBJCHHIO HA CBCT CTOXACTHUCCKHX
ATTOPUTMOB, KOTOPbIE OKa3aTHCh YPE3BHYANWHO >(PQPEKTHBHEIMH B
KOMOHMHATOPHOH onTumusapy. BrepBeie 310 OBLTO 3aMeueHO B
1983 r. |32|. B mwacTosmee BpeMs ITOT TOAXOT SBIAETCS
MNOMYMAPHBIM KaK CPeId TPaKTHKOB, Omarojaps CBOeil MpocToTe,
rudkocTu U 3PPCKTUBHOCTY, TaK U CPCAU TCOPCTUKOB, MOCKOIBKY
OI1 HEro VAaeTcs OOKa3aTh ACHMITOTHHECCKYIO CXOJUMOCTB K
LJ00AIbHOMY OTHMYMY .

AJITOPUTM WMHTALMH OTXKHTA OTHOCHTCS K KIAacCy MOPOTOBBIX
aTTOPUTMOB JIOKATBHOTO MOWCKA. Ha KakIoM Imare B OKpPEeCTHOCTH
TEKYILETO PEeLICHHs BeIOHpaeTcs HoBoe pemenue. Ecim pasHocTs 1o
LeIeBOH (GYHKINM MEKIY HUMH HE MPEBOCXOIUT 33JaHHOTO TIOPOTa
tx. TO HOBOEC DPCIICHHE 3aMCHACT TeKyliee. B NMpOTHBHOM ciyuae
BBIOHpAETCs ApPyroe coceaHee pewrenue. O0mas cxema mopPOroBbIX
ATTOPUTMOB MOKET OBITE MPEICTABICHA CACAYIOIINM 00pa3oM.

Iopocoswiit a.izopumm

1. BuiGparb Haua1bHOC peLicHue S n noaoxuts f* = f(s),k = 0.

2. Tloxa He BBINOTHEH KPUTEPHIT OCTAHOBKH, ACNATh CIEAVIOIIEE:

2.1. Buibpatse s’ € N(s) cnyualibiM 00pasoM.

2.2 Ecmuf(s’) — f(s) < ty, Tos =5,
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23.Ecmu f* > f(s), To " := f(s).

2.4 Tloaoxwuts k :== k + 1.

3. [lpexbsBUTh HAWMTYUIIEE HAHASHHOS PEIICHHE.

B saBucumocTH OT crmocofa 3aJaHus MOCNIEIOBATEIHHOCTH
{t}}pasnuyaloT TPU TUIA ATTOPHTMOB

1. TlocmemopateapHoe vavumeHue: t =0 ang Beex k-
BAPUAHT KJTACCHUCCKOrO OKATRHOTO CIyCka € MOHOTOHHBIM
VIVUIICHUEM 110 HETCBOH (PVHKIINHL.

2. Tloporosoe yavumenve: ty =cg, k=0,1,2,...,cx = Cpqq =
0 limg,,cp >0 - BapuanT 10KAIBHOrO  IIOMCKA, KOrAa
JOTTVCKASTCST VXVILIEHHE M0 LEI1eBOM (PYHKIMH J0 HEKOTOPOTo
MOPOra, ¥ 3TOT MOPOT NMOCICI0BATENPHO CHIKASTCS 10 HYIS.

3. WMvurtamma omxkura: ty— HEOTpUUATENbHAd —CIviaiHas
BCIMYMHA C MarcMaruucckum  oxuaanucsm E(ty) = cp— Bapuant
TOKQITBHOTO TTOMCKA. KOTIA AOIMYCKASTCS MPOH3BOTBHOS VXV IICHHES
MO LENEBOH (PYHKLUM, HO BEPOATHOCTH TAKOTO MEpexoda oOpaTHO
MPOTIOPIIHOHATPHA BETHYHMHE ¥XVILICHHS, TOYHEEe I JIF000Tro

1, ecauf(s") < f(s),
p (f(s);—kf(s')) ecauf(s’) > f(s).

[Mocae10BATENBHOCTD {Cy} UrPacT BasKHYHO POJIb MPH AHATH3E
CXOIMUMOCTH U BeIOMpaeTcs: tak, utodsl ¢ — 0 mpuk — oo, MHorma
HmapaMeTp C Ha3bIBAIOT TEMIEPATYPOM, MMeS B BHAY VKA3aHHBIC
BBILIC UCTOKA. J181 aHanM3a JAHHOrO M NOCICAVIOUIMX QIrOPUTMOB
MOTPEOVIOTCS HEKOTOPBIC OTIPEACICHUS H3 TEOPHH KOHSUHBIX LETeH
Mapxosa [32, 33].

Onpegenenne  S.6IIycte O 00o3HauUacT  MHOMKCCTBO
BO3MOKHBIX HCXOJ0B HEKOTOPOTO CIvuaiHoro mnpouecca. Llems
MapkoBa €CTh 1OC.Te10BATE.IbHOCTE HCIBITAHUH, KOTJA BEPOSITHOCTB
HCXO0Ta B KOKAOM HCTBITAHUH 3aBHCHT TO.IBKO OT pPeE3v.IbTara
MPeIMECTBYIOMETO UCIBITAHNS.

[Ivete x(K) - cnyualimag mnepeMeHHas, 0o0O3HAUAIOINAS
pesyvabtar k-ro ucnbitanms. Toraa aas kaxaod napbl i,j € O
BCPOATHOCTE mCpexoda or 1 k j npu k-oM ucnpiTaHun 333acTes
seipaskcnucu Py (K) = P{x(k) =j | x(k— 1) = i}.

Marpuua (P;j) nassiBactess  nepexoanoit  matpuucii.  Uens
MapkoBa Ha3bIBaeTCSI KOHEUHOI, €CIM MHOMKECTBO HCXOJ0B

s' € N(s)P,, =
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KOHCYHO, M OJHOPOAHOW, CCIHM MCPCXOAHBIC BCPOSATHOCTH HE
3aBUCAT OT HOMepa 1ara K.

I[:l}l AIropuT™Ma HUMHUTALUU OTKUIA HCIIBITAHHC COCTOUT B
BeiOOpe oucpeaHoro peumeHus Ha k-v mare.  BepostHOoCTb
[CPCXOAA3ABUCUT OT TCKYINCTO PCLICHHS Sk, TaK KAk ICPEXOn
BO3MOJKCH TONIBKO B coceaHee perucHue.OHa HE 3aBHCHUT OT TOTO,
KakuM IyTeM J00paiuch [0 3TOr0 peicHusi. Takum oOpasom,
MOCJIEI0BATETFHOCTh PelIeHui {S) JoOpazyer nemp Mapkosa. Jta
LCIb KOHCYHA, T.K. MHOXCCTBO JONYCTHMBIX PCLICHUMKOHCYHO.
s xaxaoit mapel s,s' € Sol BeposiTHOCTH mepexoga oT S K S
3a4acTCsI BBIPAXKCHUCM
P (k) = DiserAss(Ci); ecius # s/,

s (1) = {1 — YixsDg1Agi(cy),  ecans =5,

rae Dg, ecte BeposTHOCTE BbIOOpa pemeHus S u3
okpectHOCTH N(S), Ags/(Ck) — BEPOSTHOCTH TIPHHSTHSI PELIECHHUS S’ .
Eciu B OKPECTHOCTHPCLICHUS BHIOMPAKOTCS PABHOBEPOSATHO, TO

1 ’
——, ecau s’ € N(s),
D= { IN(s)| ) a BEPOSATHOCTb IPHUHATHS
0

B NPOTHUBHOM CJyyae,
max{0,f(s)—f(s)}
ck '

Ecnmun ¢ =c, To mens MapkoBa siBasieTcsi oaHopogHou. B
o0ImeM CiIyyae aJrOpuTM MMHTALMU OT/KHTA TOPOXKIACT KOHEUHYIO
HCOIHOPOIHYIO LIeTIb Mapxosa.llpu HCCIICIOBAHUN
ACHMITOTHUYECKOTO TIOBEACHHS AITOPHTMOB BAKHYIO POIb HMIPACT
TaK  HA3plBACMOC  CTALHOHAPHOC  PACOPCACICHHC,  BEKTOP
gjpasMepHocTH ||, KOMIOHCHTBI KOTOPOTO OMPCACISIOTCS Kak
q; = lim,,P{x(k) =i|x(0) =j},i€ D,ecin  Takoi  mpeaen
CYINECTBYET W HE 3aBUCHUT OTj. Benuumna (; paBHa BEPOSITHOCTH
OKa3aThCs B COCTOSHUM | MOCJIE AOCTATOYHO OOJBLIOTO HHCIA
IIaroB..

s’ onpeaensercs kak Agg, (cx) = exp

Teopema 5.14:
[Mycte ¢ =c ans Bcex k u ans ma0boi maper  s,s" €
SolHaliayTcst MOMONKHUTCABHOS LCJIOC UHCIOPH TAKHE PCIICHHS
—_ P
lo, 1y, ...l €S0l uro lg =5, I, =smDy,;, ., >0 a0 <k<p-—
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1. Torga ans uenu MapkoBa, NOPOKAEHHON AITOPUTMOM HUMHUTALIUU
OTIKUIa, CYLICCTBYCT CAMHCTBCHHOC CTALMOHAPHOC PACHPCIC.ICHHE,
KOMITOHEHTHI KOTOPOToO 3aJaroTcs hopmynoit
exp(=f(s)/c)
’
Yiesol exp(—f(D)/c)

qs(c) = s € Sol,

li _{1/|S*|, ecaus € S%,
o as(©) = 0 B IPOTUBHOM CJIyYae.

[TocacaHCe PABCHCTBO, MO CYTH, 03HAYACT, YTO ¢ POCTOM HMCIA
HTepaHHﬁ BCPOSITHOCTD OKA3aThCAd B TOYKEC FJOG&.TI:HO]"O ONMTUMYMAa
CTPeMHUTCS K |, €CTM 3HAYEHWE TIOpora Cp CTPEMHTCA K HYVIIIO, T.
e limg o limy_q P{sx € $*} = 1.

Ha NpaKTuKC, KOHCHHO, HCT BO3MOXKHOCTH  BbIIIOJIHHUTDH
OeckoHeuHoe uHCIO Hrepandi. [losToMy mnpHBeIeHHAs TeopeMa
SBJIACTCH  TOMbKO HCTOUHHKOM BJAOXHOBCHMS mpu  paspaborke
aropurvoB. CYIIECTBYET MHOTO 3BPHCTHUECKHX CIOcOO0B BHIOOpA
KOHEUHOW  MOCIENOBATETRHOCTH{CL}C  TIENBK  TIOBBIICHHS
BEPOATHOCTH OOHAPYIKEHMS I 100NBHOTO ONTHMYMA.

B OGonpmmucTBE  padoT  CIEAVIOT  PEKOMEHIALMSIM
MEPBONPOXOALCB M HCTMOIB3VIOT — CXEMY — TE€OMETPHYECKON
MPOrPCCCUMU:

1. HauansHoe 3Hauenue: ¢y = Af,,,— MakCHMMaIbHAS PA3HOCTE
MEKIY COCETHUMH PEIICHUAMH.

2. IoHmxeHHe opora: Cygqyq = ACk, k=0,1,...,K—1, rac a -
[0 I0KUTC/IbHAS KOHCTAHTA, A0CTATOYHO Onn3kas K 1.

3. ®uHaneHOE 3HAUEHHE, Ck > 0 ompeneseTcs TUbO Mo YncIy
CAENMAHHBIX M3MEHEHMH, THO0 KaK MaKCHMAaIbHOE Cy, NPH KOTOPOM
aIrOPUTM HE MEHSET TEKYIIEe PeIICHHE B TCUSHHE 3a1aHHOTO YHCIa
waros. [lpuy xaxaom 3HAa4YCHMU Cp  AIrOPUTM  BbIUIOIHICT
nopsaka |[N| waros, HC Mcmss 3naucHuc nopora. OOmas cxcma
HMHTALMH  OTKHATA MOKET ObITh MPEACTABICHA  CJICIVIOLIMM
o0paszoM.

Aazopumam SA
1. BeiGpars HayaTbHOE peleHHe S 1 NoTokuTe ™ = f(s), s* =
S, OMPCACIUTH HAYAIbHYIO TCMOCPATYPY t U KOIPPUUMCHT A
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2. I1oBTOPATH, OKA HE BBINOJIHEH KPUTCPUI OCTAHOBKH.

2.1. HMuxkak:=1,..,|N|.

Buipars peuenue s” € N(S) cnyuaiinbiM oGpazoM.

Boruucauts A = f(s) — f(s').

Ecin A = 0, 10 s :=s', unauc s := s’ ¢ BeposTHOCTBIO eXp(A/
t).

Ecnu £* > f(s), 1o f* i=1(s),s* 1= s

2.2. TloHu3urs Temmeparypy: t := at.

3. IlpexpsBUTH HAWIYYIIEE HAMICHHOE PELICHHE S .

Ha puc. 5.20 nmokaszano tunuvHoe noBcacHue amropurma. Ha
NCPBBIX HWTCPALMSIX @PH BBICOKOW Temmeparype HabmarozacTes
Oonbwol pasdpoc mo uenesor pyaxuuu. [Iponecc mowcka ueM-To
HANOMUHACT OPOYHOBCKOC JABHIKCHHUC.

Urepanuu

Puc. 5.20. [ToseneHue amroputma SA

[To mepe MOHWKEHUsI TeMIEpaTypsl pazdpoc YMEHBLIACTCS, U
Ha6J‘IIO,Z[aCTCH SABHAsA TCHACHUMSA K MAICHHIO CPCAHCTO 3HAYCHUI
ueacBord Qynxiuu. Ilpu Hu3koH Temmepatype HaOmogacTes
cTarHaums mporecca. Bce wame w wame He yaaeTcs TEpeHTH B
COCCAHCC PCIUCHHC, M AITOPUTM OCTAHABIMBACTCS B OJHOM U3
JOKQJIBHBIX ONITUMYMOB.

C]JC,HPI NOPOroBbIX AJITOPUTMOB CJICAVCT BbIACIUTDL CLIC OJHH C
3abaBHbIM HazBanueM Beaukui noron (GreatDeluge). Ilpasaa, nas
3aJa4 HAa MHHHMYM €rO CIeAYET Ha3bIBATh CKOPEE BEITHKAs 3acyXa.
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Ha xaxaoili wWrcpauuu 3TOr0 airOpHTMa UMCCTCS HCKOTOPOC
JOMYCTHMOC PCLICHHC 33Ja4d S, U B Cro OKPCCTHOCTH, KaK W
paHbIme, BHIOMpaeTcs pemenne S cnyuaiiaeiv obpasom. Ecmwm
f(s") < f(s). TO BHIIONHAETCS TEPEXOA B HOBOE pemeHHe. B
npoTUBHOM ciiyuae 3Hadenue f(s') cpasHMBacTCa ¢ ypOBHEM BOIBI
W. Ecnu f(s") < W, 10 BCE PaBHO BHITIOHSIETCS TEPEXOT B HOBOE
pewchuc. Ecam ske mepexoa HC BBIMOJIHCH, TO BbIOMPACTCH HOBOC
coccance  pewicHuc.  [lopor W cHawala  yCTaHABIHMBACTCS
JOCTATOUHO OOTBINNUM, UTOOBI OBITH BO3MOYKHEI .THOOBIE TEPEXOTHI.
3aTeM 9TOT MOPOT YMEHBUIACTCS HA KAKIOW UTEPALIMH HA 32JaHHVIO
Bcuunny AW, TTpoucce ocTaHaBauBacTesi B 10KAIbHOM MUHHMYMC
CO 3HAUCHWEM BbIME YPOBHS BOABI. OOIWAs CXeMa aIropuT™Ma He
CHIPHO OTIHYACTCS OT HMUTALMM OTKUIa, HO TNPHUBOAUT K
KaueCTBEHHO JAPYTOi KapTHHE.

Aazopumm GD

1. BoiGpats HauambHOE peLcHue S ¥ noIokuTh f*: = f(s), s™ =5,
ONPCACINUTh HAUANBHBIH NOpor W u CKOpocTb cro maacHus AW.

2. IloBTOpsITE, TIOKA HE BBITIONHEH KPUTEPHI OCTAHOBKH.

2.1. Buibpars pemenue s’ € N(s) cavaaiHbiM o6pasoM.

2.2. Bermmcmurs A = f(s) — f(s).

23.Ecim A = 0,7105:=35', nHaue ecnu f(s’) < W, 10 5 := 5"

24 Ecnuf* > f(s). 1o f": = f(s),s" :==s.

2.5. Iouuzuts nopor: W := W — AW,

3. ITpcabsiBUTb HAMIYYIICC HAWACHHOC PCIICHHUC S,

Ha pwc. 321 mnokazaHo THUIMHYHOE TIOBEASHWE AQTITrOPUTVA.
[Tagenre mopora Ha KakIOH WTEpaUdHl BHIHYKIACT HCKATh
HarpapIcHus cryeka. Kax peiba. kOTOpas He XOYeT OKa3arhCs Ha
CywIe, Mbl HIOEM Bee 0oTee u Gonmee rIyOoKHe MecTa. 3aMETHM, UTO
AT peaM3aluy QIrOPUTMA A0CTATOUMHO YMCTh BbIUUC/IATH 3HAUCHUC
Le1eBOH (PVHKIMH U ONpeesaTh OKpecTHOCTh. [lapavieTper W nAW
JErKO HACTPAMBAIOTCA TOA CHCUM(PUKY 3aJa9M, YTO OTKPBIBAET
LUIMPOKUH NPOCTOP A4 NPUIOMKCHUE,
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_ Urtepanun
Puc. 5.21. loseacuue anropurma GD

5.5.2. Houck c 3anpemamu

OCHOBOHO:IO)KHI/IKOM AIropruT™Ma NMOUCKa € 3arpCTaMu sIBJISCTCS
@. I'mosep, xotopsrit B 1986 1. mpemoskun NpHHIUITHATIBHO HOBYIO
cxeMy JokanpHOro moucka [34]. OHa mHO3BOMSCT AIrOpUTMy HE
OCTAHABJIUBATBCSI B TOUYKE JOKAJBHOTO ONTHUMyMa, KakK 3TO
NPEANHUCAHO B CTAHAAPTHOM AJITOPUTME JTOKATBHOTO VAVUIICHHS, &
MyTCIIECTBOBATH OT OAHOTO ONITHMYMA K APYIroMy, B HAACKIC HaWTH
cpean HHX rnoOanmbHBId  onTHMyM. OCHOBHBIM MEXaHHU3MOM,
HO3BOJISIIOLIMM ATTOPUTMY BBIOMPATHCS U3 JOKAIBHOTO ONTUMYMA,
SIBIISICTCS CIIUCOK 3anpeToB. OH CTPOUTCS MO MPCABICTOPUY MOUCKA,
TO €CTh MO HECKOJIBKUM MOCICAHUM PEIICHMSIM, Sy, Sk—1, -+, Sk—]+1, U
3aMpeInacT 4acTh OKPecTHOCTH Tekyuiero pemenus N(sy). Tounee,
Ha KaKAOM wmare aiaropurMa HOBOC PCHICHUC Skyq SB/IICTCA
ONTHMATBHBIM  permeHueM moazazadnd  f(spyq) = min{f(s) | s €
N(sk)\ Tabul(sk)}.

Coucok 3ampeToB YUYHTHIBACT CrncUMUKY 3a4a4d M, Kak
MPABUIO, 3AMpPELIACT HCIOIB30BAHUE TEX «(PPAarMCHTOB) PELUCHHUS
(pebep rpada, KOOpAMHAT BEKTOpA, LBCTA BCPLIMH), KOTOPBIC
MEH:IUCh Ha mociaeanux | marax amropurva. Koncranra 1= 0
onpeacaiet ero namats. [pu «xoporkoit namstiy» (1 = 0) nonyuacm
CTaH,Z[apTHbIﬁ AJTOPUTM JIOKAJIBHOTO YIIYUILICHUS.

CyIICCTBYECT MHOrO BApPUAHTOB PCATH3ALUM JITOH HACH.
HpI/IBe,Z[eM OAWH W3 HHUX, AJIg KOTOPOro yaacTtcs YCTaAaHOBUTH
ACHMIITOTHYECKHE CBOWCTBA. Paccmotpiv
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PaHIOMH3HPOBAHHYIOOKPECTHOCTD Np(s), Kaxaerii  snevedT
OKpeCTHOCTH N(S) BKITHOUAETCsT B MHOKECTBO N, (S) ¢ BEPOSTHOCTBIO
P HE3aBUCHUMO OT APYTHX 31eMEHTOB. C HEHVIEBOI BEPOSTHOCTHIO
MHOEeCTBO  Np(s)viokeT comazate ¢ N(s), MOXET OKa3aThes
MyCTHIM MM COACP2ATh POBHO OJMH 3ACMCHT. OOmas cxcva
AIropuT™Ma TIOHMCKA ¢ 3anpeTtaMu MOXKCT 6bITb MpeACTAB.ICHA
cacayoLuM obpazo.

Aazopumm TS

1. BoiGpare HavambHOE pemerue s u notoxuts ;= f(s),s* =
s, Tabu,(s): = 0.

2. T1oBTOPSTH, NOKA HC BBINOJIHCH KPUTCPHH OCTAHOBKH.

2.1. CopyuposaTh okpecTHOCTb N,y (5).

2.2, Ecau Ny (s)\ Tabuy(s) # @, To Halitu Takoc peuicHuc s,
IITOf(S/) = min{f(j) |] € Np(s)\ Taby (s)}.

23.Ecmu f* > f(s"), Tof :=f(s') u s* :=5".

2.4 TTo10KHUTb § = § U OOHOBUTH CIIMCOK 3AMPCTOB.

3. TTpcabsiBUTb HAMITYHULICC HAMICHHOC PCLICHHC S,

[Mapavctper p ul 4BISIOTCH YMPABIMIOWUMH A4 JAAHHOTO
aaropurva. BeIGop UX 3HAUCHMI 3aBHCHUT OT Pa3sMEPHOCTH 33Ja4H U
MOIIHOCTH OKpccTHOCTU. [lpumcpel aaantanmpM 3TOH CXCMBL K
pPa3HBIM 33JauaM KOMOWHATOPHOW ONMTHMH3ALMH MOKHO HaHTH,
HAIpUMep, B [23].

[Mycts 1=0. Torma aaropurm TS nopoxAaCT KOHCUHYIO
OIHOPOAHYVIO 1eTb Mapkosa. MOKHO TOKa3aTh, UTO B 3TOM CIIVYae
MIEPEXOAHBIE BEPOATHOCTH Pjj, 1,j €T, ONpeaenstorcs: paBeHCTEOM
0, ceanj € NQG), )
p(l — p)k'l, ccan ] € N() nf(j) = min L(f(t)),mc mimn

TeEN(i)
o3HauaeTk-H MHHMMANBHBIH 3NeMeHT wHOXkecTsa. Eciam rpad
okpecTHOCTeHGy CTpOro CcBfA3eH, TO AT TakoW uenu Mapkosa
CYWIECTBYET C€IMHCTBEHHOC CTAlMOHAPHOE paclpeleIcHue, H
BEPOSITHOCTE HE HAHTH ri100aibHBIH ONTHMYM CTPEMHUTCS K HYITIO CO
CKOPOCTBIO TE€OMETPHYECKOH TMPOTPECCHH. 3aMETHM, |TO IS
CTALMOHAPHOIO PACMIPCACICHUA HC MOMY4YCHO TOYHOU (GopMy.1bl, KaK
3TO VAANOCh CAEIATh IS QITOPHUTMA HMHTALHH  OT/KHTA.
VIBCPKAACTCH TOABKO CYLICCTBOBAHUC U CAMHCTBCHHOCTH TAKOLO

Pij =
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pacopeacacHus. [Ipu ManbIX pasMEpPHOCTAX €ro MOXKHO HOIYYHUTh
YMCTICHHO U3 COOTHOWICHUH q; = Yieo qiFj, 1€ D, Yjepq; = 1.

AHATUTUYCCKOTO BBIPAXKCHUS /11 PCLICHUS TAKOH CUCTCMBI HE
M3BECTHO. TeM He MeHee, HCCIeA0BAaHHE 3TOTO PaclpeieieHus U, B
YACTHOCTH, €r0 KOMIIOHCHT, COOTBCTCTBYIOLIMX TII0OAIbHOMY
ONITHMYMY, TIPEACTABISIET HECOMHEHHBIH HHTEPEC.

Ilycte | > (0. B 3TOM cayuae MOCIeAOBATEIBPHOCTD PEINCHHH
yJKE HE sBIACTCS Uembio MapkoBa, Tak Kak BHIOOP CICAYIOLIECTO
peleHns 3aBUCHT OT mpeabicTopud. OgHAKO, €CIH PaccCMOTPETh
MHOJKECTBO ~ KOPTEIKEH(Sy, Sk—1, .., Sk—i41) ATHHBIL, TO  Takas
MOCICAOBATEIBHOCTb, MOPOXKAACMAs  AIrOPUTMOM, YiKe Oyaer
KOHEYHON OAHOPOAHOHM wnempio MapkoBa. Martpuma mnepexomHbIX
BCPOSTHOCTCH MMEET TEHEPh 3HAUYUTEIBHO OOMBLIVIO PAa3MEPHOCTD,
HO €€ 3JICMECHTBI OYAYT ONMPCACIATHCS MO CYTH TEMH ke popMmyaamu,
YTO M PaHBIIE.

Coucok 3anmpeToB OKAa3bIBACT CYLICCTBCHHOC BIMSHHC HA
MOBEJCHHUE aNropuT™Ma. B 4acTHOCTH, €ClTH HA HEKOTOPOM Iare BCe
COCCAHME PEIICHUS OKA3BIBAIOTCS MO 3aIPETOM, TO MPOLECC NOUCKA
npekpamaercs. Takum oOpa3oM, Aaxe CBOMCTBO CTPOrOi CBSIZHOCTH
rpapa Gy HE TapaHTHPYET JKEJIaCMOrO ACHMITOTHUECKOTO
MOBEACHUA. TeM He MEHEE, MPH ONPEACICHHBIX YCIOBUIX HA [THHY
STOr0 COHCKA YJAACTCA OOCCICHYHUTh CXOAUMOCTb IO BCPOSTHOCTH
HAWIYYIIETO HAHAESHHOTO PEICHHMS K IIT00ATBHOMY ONTHMYMY.

Ha puc. 522 noxazaHo tunu4yHOC MOBEACHHUC amropurMa TS.
Ha nepBeix urepanmsix oH BEACT ceOsl KaKk CTAHIAPTHBIM aarOpUTM
JokanbHOro yiayuiieHus. [lonyunB nepBbll TOKAIbHBIA MHHUMYM,
QJITOPUTM BBIHY)KJACH BBIIIOJIHUTH HECKOJIBKO LIArOB C YXYALICHHUEM,
MOCTIE€ 4YEero CHOBA OTKPBIBACTCS NYTh K HOBBIM JOKATbHBIM
ontumyMaMm. PanoMusarust OKpeCTHOCTH NPUBHOCHUT OTIPEACICHHOES
pasHoOOpa3ue B MpOLECC MOUCKA M MPEIOTBPAIIACT 3ALUKINBAHUE.
Bonee Toro, oHa MO3BOISLET COKPATHTE TPYAOEMKOCTh OJAHOTO LIara
QIropuTMa M YACTO MOBBIINACT BCPOSITHOCTh  HAXOXKICHHUS
r;100a7TbHOrO ONTHMYMA 32 MPEANHCAHHOEC 4HCIO urcpauuil. Yem
CJIO’KHCE M 3allyTaHHEE MPUMEP, TEM MEHBIIYIO JOJIK0 OKPECTHOCTH
caeayer mpocmarpusath. Kak mpaBuio, 3HaueHusl mapameTpa p B
untepBane ot 0.2 1o 0.3 mpuBOAAT K XOPOLIMM PE3yIbTaTaM AANKE
IpU HEOOIBIIOM YHCIIC UTCPALIIH.
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T

Hrepanun
Puc. 5.22. IToenenue anropurma TS

5.5.3. Jokanvntii nouck c uepeOyroumuMucs
OKpecmuocmimu

Uaest sroro moaxoma mnpeamockeHa H. MnpaacHoBuuem u
I1. Xancenom B 1997 r. [35]. OHa COCTOMT B CHCTEMATHUYCCKOM
U3MCHEHUH (DYHKLIUH OKPECTHOCTH U COOTBETCTBYIOLIEM H3MECHEHUH
JasmmadTa B XoAe JokaimpHOro mnowucka. CymecTByeT MHOTO
BAPHAHTOB €€ pEaTH3alMK, OCOOCHHO IS 3a7ad  OONbLIOH
pasmepHocTd. JlerkocTs ajanTanpu K PasIUUHBIM  MOACISM H
BBICOKast (PEKTHBHOCTb, OCOOCHHO B COYCTAHMH C JPYTHMH
MCTaIBPUCTUKAMH, OOBICHICT €€ KOHKYPCHTOCIOCOOHOCTh MpH
pewennu NP-TpyaHbIX 3a1a4.

O6oznaunm uepe3 Ny, k =1, ..., Kpax, KOHEUHOE MHOMKECTBO
(GYHKUMH ~ OKPCCTHOCTCH, NPECABAPUTCIBHO  BHIOPAHHBIX 14
aokaasHoro mnoucka. [Ipeamaraemsiii aaropurM OmMpaeTcs: Ha
CTIEAYIOLINE TPH TE3UCA.

— JlokanbHBI MHHUMYM Ay OAHOH OKpPECTHOCTH HE
00s3aTETBHO ABIACTCS TOKATbHBIM MHHUMYMOM IS APYTOM.

— T'noGanpHblli MUHUMYM SIBJISCTCS JOKAIBHBIM MUHUMYMOM
OTHOCHTEILHO JTHOOO0M OKPECTHOCTH.
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—  Jlng MHOrHX 33334 AUCKPCTHOH ONTHMU3ALUU JIOKAJIbHBIC
MHHHMYMBI OTHOCHTENIBHO OJHOM H.IM HECKOJBKHX OKPECTHOCTEH
PACHIOI0KEHDBI JOCTATOUHO ONU3KO APYT K APVIY.

IMocacanuii Tc3uc apasgcTes dvnupuucckuM. OH MO3BOIACT
CV3UTh 0031acTb TOHCKa TIJO0ATBHOTO ONTUMYMA, HCHOIb3VS
uupopMauuo 06 yKC OOHAPYIKCHHBIX IOKAJIbHBIX ONTHMYMAX.
MMeHHO 3Ta Maes IeKHT B OCHOBE AITOPHTMOB CBS3BIBAKOIIIHX
MYTEeH, pa3NUUHBIX OMEPATOPOB CKPEIIMBAHHS ANMA DEHETHUECKHX
AMTOPUTMOB M MHOTHX  JPVIUX  MOAXOIOB.  AJITOPUTM
USPEAVIOIUXCS OKPECTHOCTEH HEABHO HCHONB3YET 3TOT TE3HC.
OO0wasi cxcMa aaropuT™Ma MOXKCT ObITh MPCACTABICHA C/ICAYIOLIUM
oOpaszom.

Azreopummn VNS

1. Beibpars oxpcectHoctd Ni, k= 1,..., k., B HauanbHOC
PELIeHHE §.

2. [ToBTOpATH, MOKA HE BHIMOMHEH KPUTEPHIT OCTAHOBKU.

2.1. Tlonoxwute k == 1.

2.2. TloBropsarte, moka k < Ky

(a) Betopats s’ € Ny (s) cavuaiieiv o0pasoMm.

(b) ITpUMCHUTL JOKANBHBIA MOMCK C HAYATILHOLO PCLUCHMS S'.
[MonyucHHBIN JOKATBHBIH onTHMYM o6o3HauuMm s'. (¢) Ecmu
f(s") < f(s),ro s:=s ,unauck ==k + 1.

3. ITpcabpsiBUTH HAMIYULICC HAMICHHOC PCLICHUC S.

B kauecTBe KpWUTEPHS OCTAHOBKM MOKET MHCIONB30BATHCS
MAKCHMAQIBHOC BPCMA CUCTA HIM YHUCIO MUTCpPAuUMi OC3 CMCHBI
ayumero Haligennoro pemenna. Hapsay ¢ mocnegosaTenmbsHEIM
MOPAIKOM CMEHBI OKPECTHOCTEH MOTYT HCTIONB30BATHCS PA3THYHEIE
rpyrmoseie  crparernn.  CavuaiiHerd  Betbop Ha mare 2.2 (a)
mpuMeHdaeTcss Bo M3bexkanwe saumkTuBaHud. Ha mare 2.2 (b)
JIOKAIbHbIH MOHUCK MOXCT UCIOJIb30BAThH PA3IHUHBIC AIFOPUTMBL SA,
TS u op.

Cy1uCCTBYCT MHOIO BApHAHTOB 3TOH cxcmel. Hanpuwcp, Ha
mare 2.2 (¢) nepexo] OCYHMIECTBISETCA TONBKO TPH YMEHBIIEHUH
3HAYCHUS LENeBOH (PVHKIMH. DTO VCIOBHE MOXHO 3aMEHHTH TIO
AHAJIOTHH ¢ ATTOPATMOM MMHTALIMH OTKHTA U PA3PSIIATh IBIKCHHES
B TOYKY C OOJBIIMM 3HAYCHHEM LEICBOH (PVHKUHM ¢ HEKOTOPOI
BCPOSTHOCTBIO,  3aBUCHIUCH OT 3T0r0  yxvawchuy. Macro

132



Memoowt onmumuayiiu u uccnedosanile 0]76p(ll{ll[l

HAWCKOPEHIIErO0 CIyCcKa MOXKHO OCYINECTBUTb IYTEM CIIEAYIOLIUX
n3McHeHuil. BmecTo mara 2.2, Ha KOTOPOM BBIMOJIHSICTCSI ICPEXOA
cornacHo k-i OKpeCTHOCTH, CACAYCT BHIOPATh HAWIYYIIUI MEPEXOA
0 BCEM PacCMAaTpPHUBACMbIM OKPECTHOCTSIM. JIpyroi cnocod cocTout
B Moaupukaruu mara 2.2 (a) 1 BHIOOPE HE CIyYaiiHOTO PEINCHHS, a
Hawnyuiero B k- okpectHoctu. Ilopsimok CMEHBI OKpPECTHOCTEH
TOKE MOXKET BAPbUPOBATHCA.

Ha puc. 5.23 noka3zaHo TunuuHOe noBeacHue anropurmMa VNS.
Bricokue nMKM Ha TOOCICAHHUX HTCPALUSX COOTBETCTBYIOT
nepexoaamM Ha mare 2.2 (a), TA¢ BHIOMPACTCS CIydaiHBIM 00pazoM
coceance peuicHue. HecMoTps Ha 3aMETHOE YXYALICHUE MO LICICBOM
($yHKuMu, noxanpHbIH nouck Ha mare 2.2.(b) OpicTpo BO3BpaInacTcs
K XOpoWHuM peuleHusM. TEHACHLUS K MOCICIOBATCIBHOMY
VIYUIICHHIO PEKOpJa XOPOLIO BUAHA HAa 3TOM puc. 5.23

J~.T £()
1
l
|

4 1§
>
1

| v '7
- Lord
- 0 Sl A gl

Hrepanuu

Puc. 5.23. [Toseacnue anroputma VNS
5.5.4. I'enemuueckue anzopummol

Maess reHETHYECKMX QIrOPUTMOB 3aMMCTBOBAHA Y IKMBOU
MPUPOABI U COCTOMT B OPraHU3aLMH 3BOIIOLMOHHOTO TpoLEecca,
KOHCUHOH LICAbIO KOTOPOrO SIBJSICTCS MOJYYCHHUC ONTHMATIbHOTO
PELICHHST  CIOKHOW  KOMOMHATOpHOW  3agaud.  Pa3spaboTymk
FCHCTUYCCKUX AQJITOPUTMOB BBICTYIACT B JAHHOM CIy4Yac Kak

22
Pe 36 |



Kamncanoea A. V., Asanxconosa f 11, Kpsun A. H., Kowemoe 10. A.

«C030ameaby, KOTOPBIM JO0KEH MPAaBUIBHO YCTAHOBUTbL 3aKOHBI
3BOIOLMM, 4TOOBL  JOCTHUb  3TOH  ucau. Bmepsbic  atH
HCCTAaHJAPTHRIC HiacHu ObIIH MPUMCHCHBI K PEWCHUTO
ONTHMH3ALIMOHHBIX 337a4 B ccpcauHe 70-X rogoB  MOpOLLIOro
cronerns. [lpuvepHo wepes aecsaTh JET TOSBIINCE TIEPBBIC
TeopeTHyeckue oOOCHOBAaHHMA 3TOro mojxoja. Ha ceroaHsurHumil
ACHb TCHCTHYCCKHC AIrOPUTMbI A0Kas3a. 1l CBOIO
KOHKYPEHTOCTIOCOOHOCTD NPH pelIeHHH MHOTUX NP-TpyaHbIX 3a1ad,
0C06CHHO B INPHIQMKCHUAX, TAC MATCMATHUCCKUC MOIC.IH HMCIOT
CITOXKHYVIO CTPYKTYPY, @ NMPUMEHEHHE CTAHAAPTHBIX METOJA0B THIIA
BCTBCH M rpaHul,  AMHAMHUCCKOIO und  JUMHCHHOrO
TIPOTPAMMHPOBAHUS KPAHHE 3aTPY,IHEHO.

CraHnapTHBIH reHETHYECKHUIT ATTOPHTM HAYHHAET CBOIO PafoTy
¢ (QopMupoBaHHS HAYATBHON NOMVIISILHH — KOHEYHOTO Habopa
JOTVCTHMBIX PEIICHUH 3aJaud. ITH PEIICHHS MOTYT OBITh BHIOpaHBI
CIy4aiHbIM OOPa3OM WM MOJIYUCHbBI ¢ MOMOLIBK) KOHCTPYKTHBHBIX
AITOPUTMOB. B]:]60p HAYAJIBHOMH OOV TSIUHHU HE UMCCT SHAYCHHWA I.151
CXOIMMOCTH IMPOLCCCA B ACUMIOTOTHUKC, OJHAKO (HOPMUPOBAHUC
«XOpouteti» HAYATBHON TNOMVIIAUMK (HAIPUMEp, W3 MHOMXKECTBA
JOKANbHEIX ONTHMYMOB) MOJKET 3aMETHO COKPaTHTb  BpeMs
AOCTHKCHH S r100aIBHOTO OnTUMYMa.

Ha xakaoM mare 3BOIIOUHMH € IOMOLIBIO BEPOSTHOCTHOTO
OmepaTopa CENMEKUHH BHIOHPAIOTCS 1BA PELICHHA, POIUTENH Sy, Sy.
OncpaTop CKPCLMBAHNA 1O 3TUM PCLICHUIM CTPOUT HOBOC PCLICHUC
S, KOTOpOE 3aTeM TOABEpraeTcs HEeOONBIIHM  CIVIAHHBIM
MoxuukanmsM. VX  NIpuHATO HA3pIBaTh MVTALAMH.  3aTeM
pCLICHUC A00ABIACTCH B MOMYIALMIO, @ PCLICHUC ¢ HANMCHBIIMM
SHAYCHHEM LeNeBoil QVHKUMM yiamdercs U3 momy.asuuu. OOmas
CXCMa TAKOI0 QAIropuT™Ma MOMKCT 6bITb janucana cCacayrlmHumM
00pazomM.

Anecopumm GA

1. BeiOpate HaYaMBHYIO TOMY . TALIHIO.

2. TloBTOpATE, ITOKA HE BBINOIHEH KPUTEPHIT OCTAHOBKH.

2.1. BuiGpate poaureneH Sq, Sy U3 MOMYIALIHH.

2.2. TTocTpouTb HOBOC PCLICHUC S’ IO PCLUCHUAM Sq, Sp.

2.3. Moauduuuposars s'.

2.4, OOHOBHUTH NOMYJ/IHLIMUIO.
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3. IlpeapsaBUTE HAWIVHINEE PELICHUE B IOMVIISLMML

OctanoBuMCs NOAPOOHCC HA OCHOBHBIX OINCPATOPAX 3TOrO
AIropuTMA:  CEICKUMM, CcKpeluBaHud ©  MyTaquu.  Cpeaun
OICPATOPOB CCICKLUMU HAaHOOICC PacIpPOCTPAHCHHBIMM  ABJIAIOTCH
JBA BEPOSTHOCTHBIX OTEPATOpa: NMPOTIOPLIMOHATBHOW M TYPHHUPHOI
cemekquu.  [Ipm  nmponmopLUHOHATBHON  CEIEKUMH  BEPOATHOCTH
BBIOPATE PEIICHWE B KAUeCTBE OITHOTO M3 POAWTENICH 3aBHCHT OT
KayeCTBa 3TOTO PELICHHUS. YeM MEHbIIE 3HAUCHUE LeNeBOH (YHKLHH,
TCM BBILIC BCPOATHOCTb, & CyMMa BCposTHocTcit pasHa 1. Ilpun
TVPHUPHOH ceIekuun GopMUpyeTes ClydaiiHOe MOIMHOKECTBO H3
JNCMCHTOB HOMYJISILMH, H CPCIU HUX BBIOHMPACTCH OJAMH 3JICMCHT C
HAUMEHBIINM 3HaueHueM ueneBod QpyHkumu. TyvpHHpHas cetexums
UMCCT OMNPCACICHHBIC mnpcumyuiceTsa. OHa HC TCpACT CBOCH
H30HPATETBHOCTH, KOTAA B XOJAE OJBONIOUMH BCE DIIEMEHTHI
MOy ALMH CTAHOBATCS MPHMEPHO PABHBIMH IO 3HAUEHUIO LETEBOI
dbyukmu. OnepaTops! CCICKLMU CTPOATCH TAKUM 00pazoM, utodhl ¢
HEHYJICBOH BEPOATHOCTBIO MIOOOH 3I€MEHT MOMY TALMU MOT OBl OBITH
BHIOPAH B KAUCCTBC OJHOrO M3 poauTCici. bonce Toro, aonyvekactes
CUTYaUMs, KOrJa o0a pOJUTETs] MPEICTABIEHBI OJHHM M TEM XKe
INCMCHTOM  momy/uituu.  Bosspamascs k  aaroput™y VNS,
MIPEACTABIICTCST Pa3yMHBIM OpaTh B KAUECTBE OJHOTO W3 POTUTEIICH
HAUTYHIIHHA 3MEMEHT HOITY JIALIHH.

Kax Tonbko apa pcuicHus BbIOpaHBI, K HHUM IIPUMCHMCTCH
BEPOATHOCTHEIM omepatop ckperuBanus (crossover). CyuecTByeT
MHOTO PasiMuHbIX BCPCHH 3TOr0 ONCPaTopa, CPCAH KOTOPHIX
MPOCTEHIITNM, TIO-BHAMMOMY, SBIIIETCS OTHOPOIHEIN onepartop. [lo
POJIMUTCIBCKUM PCLICHHMSM OH CTPOMT HOBOC PCLUCHHC, NMPUCBAUBANA
KOKIOH KOOPAWHATE 3TOTO BEKTOpa ¢ BeposTHOCTBIO (.5
COOTBETCTBYIOLICE  3HAWCHHE OJHOTO M3 poautelei. Ecmu
POINTETRCKHE BEKTOPA COBMATATH, CKAXKEM, M0 NMEPBOIT KOOPAHHATE,
TO HOBBIA BEKTOpP «YHACIEAVET» 93TO 3HAUCHHE. | COMETPHUECKH,
A1 OyJACBRIX BCKTOPOB, OICPAaTOP CKPCLUMBAHUA  C/Yy4YAMHBIM
00pa30M BHIOUPACT B rUNCPKYOC BCPLIMAY S', KOTOPAs NPHHAAICKHT
MHUHHMAIBHOM TPaHW, CoJepkKameHd BEpIIMHBI Sq,S,. MOKHO
CKa3aTh, YTO OMNEPATOp CKPELIMBAHMA CTapacTcs BBHIOpATH HOBOE
PCLICHUC TAC-TO MCKAY POJAMTCIbCKMMY, MNONAraisch Ha yJady.
bonee akkypaTHas mponeaypa MOra OBl BRITTIAACTE TAKAM 00pasoM.
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HoBoe pemenue BIOHpacTcs Kak ONTHMAIbHOC PELICHUC HCXOAHOH
33Ja4M HA COOTBCTCTBYIOLICH rpanu runepkyda. Ecom paccrosiHue
MCXKAY Sq,S; JAOCTATOYMHO BEIMKO, TO 33Ja¥a ONTHMAIBHOTO
CKPCIIMBAHUS MOXKET COBNAJATh ¢ MCXOAHOH. TeM He MeHee, Jake
NPUOIMKCHHOE PEIICHHUEC 3TOM 33Ja4M BMECTO CIIy4aiHOro BhIOOpA
3aMETHO VIIYYIIAET paboTyY TeHETHIECKOTO aATrOPHTMA.

Omeparop MyTamHu € 3aJaHHOH BEPOSTHOCTBIO Py, MEHSET
3HAYCHHUC KXKIOM KOOPAMHATHI HA MPOTHBOMOJIOKHOS. Hampumep,
BeposiTHOCTB TOro, utosekTop (0,0,0,0,0) B x0a¢ MyTanmu nepenaeT
B Bektop (1,1,1,0,0) pasHa Py PmPm(l — pm)(1 — pm) > 0. Takum
00pazoM, ¢ HEHYJICBOH BEPOSTHOCTHIO HOBOC PEIICHHE S MOMXKET
nepeity B moboe  ApPYroe  pelICHHE, 4YTO M OOBACHSICT
ACUMIITOTHYCCKHUC CBOICTBA IropuT™ma. OTMCTI/IM, 4qTO
MOAU(DUKALUS PCHICHHUSS' MOXKCT COCTOSTh HC TOIBKO B CIy4aiHOM
MYTALUUH, HO ¥ B YaCTUYHOH MEPECTPOMKE PELICHHS AITOPHUTMAMHU
JOKAIBHOTO  TMOWMCKA. [IPUMCHCHHE  JIOKAJIBHOrO  YIIVUIICHHMS
TMO3BOJISICT TCHETUYICCKOMY aJITOPUTMY COCPECAOTOUYUTBECA TOJIBKO Ha
JIOKQJIbHBIX OIITUMYMaX. MHO)KCCTBO JIOKQJIBHBIX ONITUMYMOB MOKCT
OKa3aThCs SKCIIOHCHIHAJIBHO 6OJ'[bH]PINI, U Ha HCpBbIﬁ B3rJIs1Q TaKOH
BApUAHT anropur™Ma He Oyaer umeth mnpeumymects.  Ozxnako
OKCICPUMCHTAJIBHBIC HCCIACAOBAHUA PACHOPCACACHUA JIOKAJIbHBIX
ONTHMYMOB CBHIETECIBCTBYVIOT O BBICOKOW KOHLICHTPALMH HX B
HCTIOCPCACTBCHHOM OIM30CTH OT INIOOAIBPHOrO OOTUMyMa. JTO
HaOTIOICHUE OTYACTH OOBICHSICT PAOOTOCIIOCOOHOCTh ICHETHUYCCKUX
amropurvoB. Ecnmu B momymsumu  COOMPAOTCS  JIOKATbHBIC
ONTHUMYMBI, KOTOPBIC CKOHLCHTPHUPOBAHBI B OJHOM MCCTC, U
ouepeaHoe peuicHue S’ BBIOMPACTCS TAC-TO MEXAY JBYMS
NPOU3BOJBHBIMU JIOKAIbHBIMH ONTHUMYyMaMH, TO TaKOH MpPOLICCC
HMEET MHOTO IIAHCOB HAMTHU l"J'IO6aJTbeII\/’l ONTUMYM.

f(s)
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Puc. 5.24. PacnpcaCaCHHUC NOKAIbHBIX ONTHMYMOB

Ha puc. 524 nmoxazaHel  pe3ysapTaThl  YHCICHHBIX
IKCTIIEPUMEHTOB AJIS 33JaUM KOMMHBOsDKepa npu n = 532. Kaxnas
TOUKA HAa PUCYHKC COOTBCTCTBYCT JIOKAJBHOMY ONTHMYMY @O
oxpccrHocTd 2-3amcHa. OCp ¥ NOKasbiBACT 3HAUCHUC LCICBOH
(YHKUMW TS JOKATBHBIX ONTHMYMOB,

[Io ocm X OTKIaZBIBACTCA PacCTOSHHE OT JIOKAIBHOTO
ONTHMYMA A0 r100a:1bHOro. MakcuMaabHO BO3MOMKHOC PACCTOSHUC
pasHO 332. OxHako cpenHee paccrosiHue He npesbimaer 200. J1o
O3HAYaeT, UTO BCE TOKANBHBIE ONTHMYMbI HMeroT Gonee 300 obmux
pcdep ¢ raodaibHbiM ontumMyMoM. OHH BCC J0CTATOYHO OIM3KH
APYT K ApyTY [36].

B sakatoucHuc 3T0ii riaBbl XOUCTCs CLUC Pa3 NOIUCPKHYTb TOT
dakT, uTo pazpadboTKa HUHCIEHHBIX METOAOB ATsT pemeHus NP-
TPYAHBIX 3a7ad JUCKPETHOH ONTHMU3ALUM JACT MIHPOKUH IPOCTOP
A4 TBOPUCCTBA. YUCT cncuuuKU PClIAacMOil  331aud  MOXKCT
MOACKA3aTh CTPYKTYPY OKPECTHOCTEH, BEIOOP CXEMbI U HIACK) CAMOTO
aIropuTMa, HO CIMHOIO HAWIYHIICTO A4 BCCX 33334 MCTOAA
MOCTPOUTE HE YJIACTCA, W TEOPEMBI O HEOECILTATHBIX 3aBTPAKAX
(NoFreeLunchTheorems) — sicHOe TOMY MOATBEPKICHHUE.

5.6. Ynpaxuenns

Vnpaxuenne 5.1. Ilpy nocTpoeHHH NTPUMHUTHBHOM HIDKHEH
OLICHKM A/ 333a4d KOMMHUBO:LKCPA MOMKHO CHAUAIA BbIUUCIUTH
TUIATY 3a BBE3JA. B MOTOM ILIATY 32 BBIE3d, HO MOXKHO M HaoOOPOT
(cHawanma mnaty 3a BEIE3J, A TIOTOM ILIATY 2a Bee3d). [lokaxwre, uto
3TH JBAa BAPHUAHTA MOTYT JABATh PA3HBIE HHKHHUE OLIEHKH,
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Ynpaxuenue 5.2. Tokaxute, 4TO HUKHSIS OLEHKA ITUHEIHOTO
NPOrpamMMHpOBaHus U3 pazacia 3.3.2 HC XYKC ONTHMAIbHOTO
2HAYCHUSB LE.TOUNCICHHOH 3a0a1¢ O HA3HAUSHUSX.

Ynpaxnenne 5.3. Tlpuscaurc npumcp HCOTPHLATC/IbHOM
MATPHIIEl PACCTOSHUH, I.T KOTOPOH Pas3HWIA MEXIY ONTHMYMOM B
3a7a4¢ KOMMHBOSDKEPA U ONTHMYMOM B 3a7aue O Ha3HAYCHUAX OblIa
Obl CKO.Ib YTOHO BCIMKA,

Ynpaxuaenne S.4. VYCOBEPIICHCTBVHATE TMOJUHOMHAIBHBIH
AICOPUTM AJIH 33]a40 O HA3HAUCHUMX, [IOHHU3UB CrO TPY,J0CMKOCTb
10 O(n’).

Ynpaxnenne 5.5, Tlpuscaurc npumcp HCOTPHUATC/bHOM
MATPHIIEl PACCTOSHHH, I KOTOPOH Pa3HHUIA MEXAY ONTHMYMOM B
3aJaue KOMMHUBOSLKEPa M ITMHOM MUHHUMATBRHOTO |-aepera Obiia Obl
CKO.TB YTOTHO BEJTHKA.

Ynpaxuenue 5.6. Iloxkaxute, Y10 MUHUMAIbHBIC |-TEpeBbs
AQKT HWKHIOK OLCHKY AJId 3adatdd KOMMHBOMMKCPA, KOTOpasd HC
60J'[b[He ONITUMYMA 30aY91 O HAZHAUCHUAX.

Yuopaxunenne 5.7, Jlokaxure, uro oucHKa 3/2 11s aaropurma
Kpucroduneca — Ceparokosa SBISETCS HEVIYULIACMOT.

Vrpaxnenne 5.8. MHseectHO, YTO BBIOOP HAMIYUIIETO
SUNMEpPOBa HUKIA TIPU TIOCTPOCHHUH MPHOIKEHHOTO AJMTOPUTMA €
oueukoit 3/2 mo Kpuctopmaecy u CeparokoBy sBmsercs NP-
TpyaHoi 3aaadch. [locTpoiitc A1 €C PCLICHMS ICHCTHYCCKUIN
aTrOPUTM, alNrOpUTM IMOHCKA C 3aNpPEeTaMH U AITOPUTM HMHTALMH
OTKUIra.

Ynpaxknenue 5.9. Jlng 3anaun koMMHBOsKEpA pazpaboTaliite
THOPHIHVIO CXEMY TEHETHUCSCKOrO AalropHTMAa W TMOHuCKa C
janpertaMy, TICHCTHYCCKOTO QIITopUTMa W HMHTAUHH  OTXKHTA,
JOKaBbHOTO MOUCKA C MePEIVIOMUMHCA OKPECTHOCTAMH U MOUCKA ¢
3AIPCTaMU.

Ynpaxuenne 5.10. Iloctpoiite reHEeTHHUECKHHM anrOpUTM H
AICOPUTM [OUCKA € YCPCAYIOLIMMUCH OKPCCTHOCTAMH I8 33334
Ulretinepa.

Ynpaxnaenune S5.11. B oTkpuiToii 3azmade KOMMHBOSIKEpPaA
TpeOyeTcs MOCETHUTh BCE TOPOJA. HO HE BO3BPAINATHCS B HCXOIHBIN
ropoa. Kak pemure 3Ty 3aiauy ¢ MNOMOINBIO alNroputMa MaIs
KIACCHUYCCKOM 33,1a41 KOMMUBOsDKCpa?
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Yopaxuenne 5.12. Tlokaxwure, uto OTKphiTA® 3a7aua
KOMMHUBOsKEpa sBiseTcst NP-TpyaHOH.

Yopaxuenue 5.13. Chopmyaupyiite 3a1auy 00X0J1a KOHCM
BCEX TIMOJeH  ITAXMAaTHOW JOCKM Kak  OTKPBITYIO 33749y
KOMMUBOSIKEPA.

Ynpaxuenne 5.14. B 3a1auc KOMMHBOSEKCPA HA ¥3KOC MCCTO
TpeOyeTcss MUHUMU3HPOBATh ATUHY MAKCUMATBHOrO pedpa BMECTO
CyMMbl JIMH pcOcp. 3anMmuuTe 3TY 33Ja4y B TCPMHHAX
LE.TOUHCICHHOTO THHEHHOTO POTPaMMHPOBAHHS.

Ynpaxnenue 5,15, [Noxaxure, uTo 3a1a4a KOMMHBOKCPA HA
y3K0e MecTo sBIsIeTes NP-Tpy 1HOM.

VYnpaxuenne 5.6. [Ipeanonoxum, 410 KOMMHBOSKEP AOTDKCH
nOCCTUTh ropod I cpasy (HC 00s3aTC.IbHO cpa3y) mocac ropoja j.
3amumuTe 3TV 337129V B TEPMHHAX LENOTHCICHHOTO JIMHEIHOTrO
MPOTPaMMHUPOBAHUA.

Ynpasxuenue 5.17, I1pcanonoxum, UTo KOMMUBOMKCD A0IHKCH
MOCEINATE TOPOX | He paHbLIE MOMEHTA BPEMEHH a; M He mosxke b,
1 < i < n. Ecnit oH npueskaeT panslIe CPOKa, TO BBIHYIKIEH KIATh.
JamumpTe 3TV 33Ja4V B TEPMHHAX LETOYHCICHHOTO JHHEHHOTO
TIPOTPAMMHUPOBAHUS.

VYnpaxuenne 5.18. IlpeamonoxuM, UYTO KOMMHBOSKEP
MOCEIAECT TOPOJa ¢ LENbIK JOCTABKH TIpy30B. B ropome i=1
HAXO0AUTCH CK.1a1.

B kaicbli ropoaj TpeOYCTC AOCTABUTH () CAMHMIL IPy3a, j >
1. Y  KOMMHBOSIKEpAa  HMMEETCS  TPAHCTIOPTHOE  CPEIACTBO
rpy30n0ab¢MHOCTBIO Q uq; < Q aas Beex j. KoMmuBoskep MoxeT
BO3BpalIaTbCsd HAa CKMAd, OpaTk TPY3 M CHOBA HAMPaBIATBCA B
HCIIOCCIUCHHBIC ropoja. Ero ucnap — MUHMMU3UPOBATh NPOHACHHOC
paccTosIHKE, TTIOCETHTb BCE TOPO,JA H BEPHYTHCI HA CKIa1. 3aIHIINTE
3TV 3aJauy B TCPMMHAX  LUCAQUUCICHHOIO  JIMHCHHOIO
TIPOTPAMMHPOBAHHS.

Ynpaxuenune 5.19. B ycnoBuaAX TpeAImeCTBYIOUICH 3azadun
OyvaeM TMpeInosarate, YTO KOMMHBOSIKED MOXKET TOCCINAThH JIFOOOH
rOpPO MHOTO Pa3 U YCAOBUC () < Q MOXCT HAPYIIATHCA. 3AMUIIMTC
3Ty 3a71ady B TEPMHHAX YACTHYHO-LETOYHCICHHOTO THHEHHOTO
OPOrpaMMuUpOBaAHUIL.
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YnpaxuaenneS.20. Tlokaxute, 4to 3a1aua KOMMHBOSKEPA C
IKCIOHCHLUMATBHOH OKPCCTHOCTBIO U3 pasacia 5.4.4 mpuHaiicKut
kmacey PLS.

Ynpaxnenne  S.21.  Ilpuscaurc NpUMCp  3aJa4M
pacrio3HaBaHM,

KOTOpas He npuHamiae:kut kiaaccy NP (B mpeamonoKeHWH, YTO
P £#NP).

YnpaxHeHue 5.22. [IpuBeaure IpUMeEp 32,1351
pacnosHasaHusi,

KOTOpas He NMPHUHATISKHT K1accy co-NP (B mpeanonosxkeHwn, |ato
P #NP).

YnpasxHeHHe 5.23. [Mpuseaure TIpUMED 3a7a9m
pacros3HaBaHUs, KOTopasd He npuHagiexkut knaccaM NP u co-NP (B
nipeanookeHni, uto P # NP).

Vnpaxuenne 5.24. Tlokaxkute, 4T0 €CIM ONTHUMH3AILIOHHAS
3agaua sBBicTess NP-TpyaHOH, TO CYLICCTBOBAHUC 114 HCC TOYHOM
MO TMHOMHAJIBHO I'[pOBepﬂEMOﬁ OKPECTHOCTH BJICUCT COBNAICHUC
kaaccoB NP u co-NP.

YnpasxHenue 5.25. [lokakure, 9TO €CIM ONTHMH3ALMOHHAS
jagadya  gBnsercda NP-TpyaHolfik B CHIBHOM — CMBICIE, TO
CVIIECTBOBAHWE AN HEE TOYHOW MOIMHOMHMAJIBHO TPOBEPSeMOH
OKPECTHOCTH BIIEUET COBNAAeHUE Knaccos P u NP.
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