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Let m ∈ R and 0 ≤ δ, ρ ≤ 1. The Hörmander classes Smρ,δ(R×R) are space of functions a = a(x, λ)
which are smooth on R× R and such that

|∂βx∂γλa(x, λ)| ≤ Cβ,γ(1 + |λ|)m−ργ+δβ,

for all β, γ and for all x, λ ∈ R. Constants Cβ,γ may depend on a, α, β but not on x, λ. The corre-
sponding class OpSmρ,δ(R×R) of pseudo-differential operators is defined on the space S(R) of Schwartz
functions given by

a(X,D)f(x) =
∫
R e

ixλa(x, λ)f̂(λ)dλ,

where f̂ is the Fourier transform of f . In the similar way to the classical settings we can define symbol
classes Smρ,δ(R× R;µα) by

|∆`
(x)Λ

k
αa(x, λ)| ≤ C`,k(1 + |λ|)m−ρ`+δk

and the corresponding pseudo-differential operator to the symbol from Smρ,δ(R× R;µα) by

Opα(a)(f)(x) :=
∫
REα(ixλ)a(x, λ)Fα(f)(λ)dµα(λ), x ∈ R.

The symbolic calculus of pseudo-differential operators generated by a boundary value problem
for a given differential operator was constructed by [1]. We follow that paper and we will use some
methods form that paper. In our work, we are interested in the symbolic calculus of pseudo-differential
operators generated by the Dunkl operator.

Theorem. Let m ∈ R and 0 ≤ δ < ρ ≤ 1. Let A ∈ Opα(Smρ,δ(R× R;µα)). Then the adjoint of A
from Opα(Smρ,δ(R× R;µα)) and its symbol σA∗ ∈ Smρ,δ(R× R;µα) having the asymptotic expansion

σA∗(x, λ) ∼
∑∞

`=0
1

γα(`)∆`
(x)Λ

`
α,xσA(x, λ).

which means that

|σA∗(x, λ)−
∑N−1

`=0
1

γα(`)∆`
(x)Λ

`
α,xσA(x, λ)| ≤ CN (1 + |λ|)m−(ρ−δ)N ,

for all N > 0.
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When we solve boundary value problems for parabolic equations in the Hölder spaces we require the
fulfilment of the compatibility conditions of the initial and boundary data. They are equalities on the
boundary of the domain at the initial moment of time, connecting all given functions and coefficients
of the problems. Such problems describe continuously going on physical processes. However, when
the process is studied from the very beginning or from the moment of discontinuity of the coefficients
or given functions, then the physical process will proceed, and the boundary-value problem describing
this process will have a solution.

There are studied the first and second boundary value problems for parabolic equations with
variable coefficients, when the compatibility conditions of all acceptable orders are not fulfilled. It is
proved that the solution to each of the problems contains a regular solution belonging to the classical
Hölder space, and a singular solution consisting of the sum of singular functions, the number of which
equal to the number of incompatible conditions. Each of the singular functions belongs to a certain
weighted Hölder space [1] with a parabolic weight t+ ρ(x), where ρ(x) is the distance from the point
x of the domain to its boundary, where the compatibility condition is not fulfilled.

References

[1] G. Lieberman, G.M. Second order parabolic differential equations // World Scientific Publishing
Co., Inc., River Edge, NJ, 1996.

— >>> —

This work is financially supported by the Committee of Science of the Ministry of Education and Science of Reparblic
of Kazakhstan, Grant AP 05133898.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020


