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6

Algorithms Development of the Attitude
Determination and Control of the Low-Orbit Small
Satellites

In many cases for the execution of different problems which are assigned within the
mission of small satellite, it is necessary to provide the required accuracy of its
orientation although the small satellite is more influenced by the external disturbances
due to its small mass. The main sources of the disturbances for the attitude of small
satellites are the torques of external forces, however there are no less impact of the
disturbances caused by the faults of sensors and actuators of small satellite and
disturbances caused by the various uncertainties. In this connection for the solution of
the assigned to the small satellite tasks, it is necessary to develop the algorithms of
high-accuracy attitude determination and algorithms of attitude control that are stable
to different disturbances. There are many different theories and techniques of attitude
determination and control for small satellites that are developed by many authors [1-
7]. However, not all these techniques can be used with respect to any satellite due to
the fact that the all satellites are unique by its content of components of control
system. In this connection, this theme of research is relevant during the last few

decades.
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6.1. INTRODUCTION

The purpose of work is the development of algorithms for precise attitude

determination of the small satellite in conditions of inaccessibility of full vector of

measurements and development of algorithms of attitude control of small satellite
taking into account the external disturbances, disturbances caused by the faults of
actuators and uncertainties of the inertia moments of the small satellite.

The work is dedicated to the development of algorithms of attitude determination
and control of small satellite during orbital orientation mode in case of incomplete
vector of measurements and existence of faults and uncertainties:

e the non-linear control for the maintenance of orbital orientation of small satellite in
case of incomplete vector of measurements is developed;

« the robust linear control for the maintenance of orbital orientation of small satellite
taking into account the parametric uncertainties of inertia moments of small
satellite and faults of actuators (reaction wheels) is developed;

« the linear attitude control that is tolerant to the faults of actuators (reaction wheels)
of small satellite is developed.

Orbital orientation mode here is considered as the control mode of a small satellite

when the axes of the body coordinate system superposed with the axes of the orbital

coordinate system.

For the development of non-linear attitude control law for small satellite and
determination of its feedback coefficients the Lyapunov function method is used.
Tuning of input data of Kalman filter algorithm is conducted during the numerical

analysis of convergence and accuracy of Kalman filter using the different input data.
The development of linear robust control is conducted on the basis of H_-

control theory taking into account additional conditions on the pole placement.
Small satellite the prototype of which is nanosatellite on the basis of CubeSat3U

platform with the mass of 4.2 kg and inertia moments
J =10.04088; 0.04088; 0.1116] kg-m’ is considered in this work. The orbit of

considered satellite is sun-synchronous with the height of 560 km.
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The three-axis gyro sensor, three-axis magnetic sensor, two-axis sun sensors
and three reaction wheels are the main components of attitude determination and

control system of the considered small satellite.

6.2. MATHEMATICAL MODEL OF ROTATIONAL MOTION OF SATELLITE

For the description of satellite motion there are used several coordinate systems: fixed

inertial coordinate system OX,y,z, with the origin at the Earth center of mass; body

coordinate system Cx,y,z, with the origin at the satellite center of mass, axes of
given coordinate system coincides with the principal central axes of inertia of satellite;

orbital coordinate system Cx_y_ z  with the origin at the satellite center of mass, the
direction of Cx_ axis coincides with the direction of satellite motion, Cz axis is

directed to the Earth center from the satellite center of mass, Cy, axis complements

the system to right-handed system. The description of orientation of the axes of the
body coordinate system related to the axes of other coordinate systems is performed
using quaternions.

Gravity-gradient torque and residual magnetic torque are considered as the main
external disturbances acting on the satellite. Sun pressure and aerodynamic
disturbances are not considered because of the small middle cross-section of satellite.
Dynamic Euler equations are used as the equations of dynamics of the satellite and

kinematic equations in quaternions are used as the equations of kinematics [8], [9]:

i

a')f,’i=J‘1[—a);’ix(Ja),fi+hj)+Mf+M:] (6.1)

PR

where J = {Jx,Jy,JZ} - diagonal (3x3) matrix of small satellite inertia tensor; @, -

_—

angular velocity of small satellite in the body coordinate system; hf - angular moment
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i

of reaction wheels; M: - moment of external forces in the projections to the body

ity

coordinate system; M f - control moment of reaction wheels.
@y, =20,, ® O, (6.2)

where O, - quaternion that sets the current angular position of the small satellite in

e

the orbital coordinate system; Qbo* - quaternion that is inverse to O, ,

_— —
*

0,, =q:° —q" ; ® -the operation of multiplication of quaternions.

R e R — — — I o=~

b _ b b 2 oab o _o
Wy = Wy, + W, =Wy, + R0, (6.3)

where R, is the direction cosine matrix represents the rotation between the orbital

and body coordinate system; w;, = [O -, O]T is the angular velocity of the orbital

coordinate system relative to an inertial coordinate system.

6.3. THE NON-LINEAR CONTROL FOR THE MAINTENANCE OF ORBITAL
ORIENTATION OF SMALL SATELLITE IN CASE OF INCOMPLETE VECTOR
OF MEASUREMENTS
In this chapter let us consider the problem of development of the algorithm for
determination of the angular position and angular velocity of the small satellite on the
basis of measurements of sun and magnetic sensors and develop attitude control law
providing the stability of its orbital orientation.
Nonlinear control law is derived in this work with feedback on the angular position

and angular velocity of the satellite:

M’ =—K,0-K,q-a,a,xh (6.4)
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where o =w;,, h=h", Q,, =0, and

a, =P(a,a: +a0a)  ai-ai @i -4} 2a:a,-4909)] -

Stability investigation of attitude determination and control system with the control
law in the form (6.4) is carried out using the Lyapunov functions method.

According to Lyapunov's theorem for the asymptotic stability of the attitude
determination and control system of the small satellite it is sufficient that the time

derivative of the Lyapunov function V(_aN;, (~)) (703 =[00 O],Q =[0 0 0 1]) be the

negative definite function, i.e. forall @,Q =0 V(@, Q) <0 [10].
In our case the Lyapunov function is derived in the form:

|~

gy — —T —
V(w,Q):Ea) Ja)—%a)gaz Ja, +2(1-q,). (6.5)

It is apparent that Lyapunov function V(®,Q) >0 and becomes zero only at the

—_—

given angular position: @ =[0 0 0],Q=[0 0 0 1].
The time derivative of the Lyapunov function (6.5) with account of the equations
of motion (6.1), (6.2) and (6.4) has the form:

V(@,Q)=-0'K, 0-0"K,g+0" =K, 0" 0~ o’ ¢(K,~1). (66)
Assuming that K, =1 (6.6) will has the form:

V(o,Q)=—K, o' o (6.7)
The obtained function will be negative at K, >0.

Thus, in result of stability investigation of small satellite attitude determination and
control system it is found that at K, =1 and K, >0 control law (6.4) provides the
stability of satellite orbital orientation.

The value of the coefficient K, is determined using the theory of optimal

synthesis of linear-quadratic regulator.
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The simulation results of small satellite angular motion under the action of non-
linear control are given in the pictures below. Initial angular position and angular

velocity of the small satellite are accepted as:

PESIEEE

6;: =[0.9169;0.1179;-0.2339;0.301] °, a),l)’,. =[0.09;-0.01;0.03] rad/sec. The

required angular position and angular velocity of small satellite are accepted as:

—p

0., =[1.0;0.0;0.0]° , w!, =[0.0;0.0;0.0] rad/sec.

Quaternion

1,2

1
0,8 |
o5 | -
04 —2
o2 ‘“ P

o - P—
02 ?/;52 503 754 10051256150717582009226025112762
- time , dt=0.01 cex

Fig. 6.1. Angular position obtained as a result of using the non-linear control with state feedback

Source: own elaboration
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time , dt=0.01 cex

Fig. 6.2. Angular position obtained as a result of using the non-linear control with state feedback

Source: own elaboration
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Fig. 6.1 — 6.2 shows the variation of the angular position and angular velocity of

satellite with time. Here the feedback coefficient K, is determined as result of using

the theory of synthesis of linear H, - control, K, = 0.4347 .

As it can be seen from Fig. 6.1 — 6.2, the developed nonlinear attitude control
provides the stability of small satellite orbital orientation and sufficiently high quality of
transient characteristics of the considered attitude determination and control system.

For accurate determination of angular velocity and the angular position of the
small satellite in the absence of measurements of the angular velocity sensor there is
developed an algorithm on the basis of Kalman filter which operates by the principle
prediction-correction.

Predicted values of angular velocity and angular position of small satellite are
determined at the first stage of algorithm in the process of solving the linearized
equations of motion with the initial conditions determined as the output parameters of

the Kalman filter, obtained at the previous time step:

x=F5, 6.8)

where

X =[6;.1.-0ru].
[J ox]—[ox1J +[ix]-K, K, 2K, [a}x]+2[hx][@X]
- % y - [Z; x]
At the first stage it is also determined the current deviation of the estimated state

vector from its true value which is characterized by a covariance matrix P :
P =0 @ +N, (6.9)
where @, =e"™" =1+ FAT +(FAT)? /2+..., N - matrix of system noise.

For obtaining the predicted values of orientation parameters of satellite and
covariance matrix it is required their corrected values be known at the current step.
This fact is one of the main problems of implementation of the Kalman filter. The

choice of initial orientation parameters of small satellite and the covariance matrix
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affects the convergence and accuracy of the Kalman filter. For the solution of this
problem in each case, there are used different techniques of determination of initial
input parameters of Kalman filter — parameters of orientation and covariance matrix.

In this work for determination of initial values of the orientation parameters there
is proposed the algorithm of rough estimate of the small satellite orientation
parameters on the basis of sun sensor measurements: suppose that on the basis of

measurements of sun sensors we can obtain the angular position of satellite relative to
the sun, given by the matrix R} . Also on board of the satellite there is a model of the
motion of the sun, which allows to determine the position of the sun relative to the

orbital coordinate system defined by the matrix R:. Then, the angular position of

satellite relative to the orbital coordinate system, characterized by a matrix Rg, we

can determine on the basis of matrix expression:

R°=R-R: . (6.10)

The obtained matrix R can be converted into a quaternion Q,, . After conducting

the rough estimate of the angular position of the satellite, its angular velocity is

P

determined with help of kinematic equations (6.2), where Qbo is calculated on the

——y

basis of the difference of measurements Q_, ontimestep t, and t, .

As it is seen from (9), the predicted value of the covariance matrix depends on its
corrected value obtained in the previous time step and the matrix of system noise. The
determination of initial covariance matrix P and matrix of system noise N, that
contributes the obtaining of the least time of convergence of Kalman filter and higher
accuracy of determination of satellite orientation parameters, is conducted as a result
of several "runs" of Kalman filter at the different initial values of matrices P, N and

analysis of the obtained results.

At the second stage of the algorithm after receiving the measurement vector z,

from magnetic and sun sensors it is calculated the corrected values of satellite
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—_—

orientation parameters @,,,,0,,, and error covariance matrix P, by formulas that

are known from Kalman filter algorithm.

The simulation results of the algorithm of determining the satellite orientation
parameters are given in the figures below.

Initial angular position and angular velocity of the small satellite are obtained as a

result of rough estimation based on the sun sensor readings:

Q,(t,) =[0.9109;0.1578;-0.2678;0.2712]° o

w,, =[0.0899;0.01003;0.03005] rad/sec

The initial error covariance matrix is defined in the course of several numerical
experiments of determination of satellite orientation parameters, as a matrix, at which

there is achieved the highest accuracy of determination of orientation parameters:
(0.001 0 0 0 0 O]
0 0.001 0 0 0O
0 0 0.001 0 0 O

Pt )= L 6.12
(t) 00 0 1 00 Bile
0 0 0 01 0
0 0 0 g L B

Results of comparison of the estimated orientation parameters (red dot line) of satellite
with their true values (blue bold line) are given in Fig. 6.3 — 6.4. It can be seen from
the figures that angular velocity and angular position of small satellite estimated by
means of a Kalman filter have a small deviation from their true values.

Results of small satellite angular motion modeling under the action of nonlinear
control (6.4) with the feedback angular velocity and angular position obtained by using

algorithm on the base of Kalman filter are shown at the Fig. 6.5 - 6.6.
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Fig. 6.3. The results of comparison of estimated angular position of sateliite with its true value
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Source: own elaboration
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Fig. 6.4. The results of comparison of estimated angular velocity of satellite with its true value

Source: own elaboration
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Quaternion
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Fig. 6.5. Angular position obtained as a result of using the non-linear control with output
feedback

Source: own elaboration

Angular Velocity
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Fig. 6.6. Angular velocity obtained as a result of using the non-linear control with output
feedback

Source: own elaboration

Comparing Fig. 6.2 and 6.6 it can be seen a slight deviation of the final angular

velocity of the satellite, the value of which is of order 107°. But in general we can
conclude that using of developed non-linear control and algorithm for determination of
satellite orientation parameters solves the problem of maintaining the orbital

orientation of satellite in condition of unavailability of angular velocity measurements.
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6.4. ROBUST LINEAR CONTROL FOR THE MAINTENANCE OF ORBITAL
ORIENTATION OF SMALL SATELLITE TAKING INTO ACCOUNT THE
PARAMETRIC UNCERTAINTIES OF INERTIA MOMENTS OF SMALL
SATELLITE AND FAULTS OF ACTUATORS

In this chapter it is given the methodology of synthesis of satellite robust attitude

control to solve the problem of maintaining the satellite orbital orientation in the

conditions of actuator faults, inertia moments uncertainties and external disturbances.

The linearized equation of angular motion with account of external gravitational and

magnetic disturbances for the considered problem can be written as:
Fp+Hp+Qp=G,w+G,u, (6.13)
where p= [ql,c]2 ,q3] Cu= [~ @yer =y @,,,—J,,@,.] - vector of controlling

torques of the reaction wheels; w=[m_, m,, m_ ] - vector of external disturbances.

[J, 0 0] 0 0 —w,(J,+J,-J,)
F: 0 Jy 0 ’ = 0 O O )
0 0 JZJ w,(J,+J,-J,) 0 0
- Lo o
4oy (J, -J.) 0 2 1
= 0 30, (J,-J,) 0 LG =0 5 0l
i 0 0 3w, (J, —J,) o g d
L 2
0 lB; -lBoT
2 3R
G, = —lB; 0 lB; i
2 2
1po —lB;; 0
[ 25 2 | (6.14)

where B° =[B;, B}, B_] - the magnetic induction vector of the magnetic field of the

Earth in the orbital coordinate system.
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To simulate the uncertainties of satellite moments of inertia we assume that the

finite value of satellite moments of inertia can be considered as the sum of their

nominal values J,, J,, J. and disturbances:

J,o=J +AN 5., T, =T, +A,8,, J, =T, +M.S,, (6.15)

XX VT e

where AJ , AJ, AJ, - the value of deviations of the satellite moment of inertia;
5x,5),,5: - normalized parametric uncertainties of the satellite moments of inertia,

8,:0,:0, Bl
Then in the right side of (6.13) includes the additional term representing the
disturbances due to the uncertainty of the moment of inertia of satellite:
FE+H;+Q;=Gd;+5d%+GIl;, (6.16)
where F=F, +L, APy, H=H; +L;AsPp, O=0, + L APy

G, =[Ly Ly Ly]. Z =[Py P, Py p, Py pl, W=—Z.

To simulate the faults of actuators caused by changes of their effectiveness or
various other types of faults in this thesis it is proposed to consider the equation of
angular motion in the form:

Fp+Hp+Qp=G,w+G,L,(I+PA, )u (6.17)
where L, - matrix of parameters characterizing the change in the efficiency of

actuators, A, - matrix representing normalized parametric uncertainties, P - matrix

giving restrictions on A .

In this work for the synthesis of robust linear control taking into account the

uncertainties of satellite moment of inertia and external disturbances it is proposed to
use the theory of synthesis of H_ -control. For the application of this theory equations

(6.13), (6.16), (6.17) are reduced to:
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i=Ax+Bw+B,u,
7= G5 Dy i Dogh (6.18)
; =C, X+ DZI-v;.

And robust control is obtained as a function # = Kw(s); that minimizes H_ - norm

of transfer function HTWZ”D0 from w to z, or provides the following:

IT..

o (6.19)

—

Z|

P

2

1. (K)=|T,, w0y, (6.20)

L, =sup

2

where y >1, y = const.
According to the theory of synthesis of H_ - control for the system (6.18) with
the conditions (6.19) the H_ - controller can be determined in the form:
K, (s)=D, +C,(s[-A4,)"'B,. (6.21)
if the following matrix inequality is satisfied for some X >0:

AX +X_A, X B, CT
BLX, -A D! |<0, (6.22)
C, Dy -A
where
_[A+B2DkC2 BZC,C} _(BI+BZDkD21j
e Bkcz Ak o 1o BkDZI )
c,=(C, +D,D,C,,D,C)D, =D, +D,D,D,,.

(6.23)

Thus, synthesis problem of robust control in the form of (6.21) is concentrated in

determination of X and K _(s) that satisfies to the inequality (6.22). To solve this
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problem, one can apply the known techniques, for example, offered by P. Ghainet and
P. Apkarian [11].
The results of simulation of satellite angular motion under the action of robust

H , -control taking into account external disturbances and uncertainties of moments of

inertia are given in the figures below. To evaluate the effectiveness of the developed

robust control there is conducted a comparison of the results of its work with results
obtained for the linear-quadratic regulator ( /7, - control).

Fig. 6.7 shows the graphs of changes of some components of quaternion with
time under the action of H ,- control (green line) and robust / _ - control (red line),

that is used for compensation of external gravitational and magnetic disturbances
caused by the influence of constant residual magnetic moment of the value

m=[0.2;-0.06;0.01] A-m?.

q0-component of quaternion qli-component of quaternion

——qQ_hinf |

s Q0 _h2

time, de=0.01 sec

Fig. 6.7. Change of components of quaternion in case of using H ,-and H - control

Source: own elaboration

It is seen from Fig. 6.7 that the effectiveness of H_ - control relative to the
compensation of external disturbances is higher in comparison with H,- control.

Furthermore, the use of / - control allows to achieve the required orientation of
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satellite with the accuracy of order 10™* during 12 seconds, while using of H,-

control for this 17 seconds are required.
Fig. 6.8 shows the graphs of changes of some components of quaternion with

time under the action of H,- control and robust H - control taking into account

external gravitational, magnetic disturbances and disturbances caused by the inertia

moments uncertainties of satellite (red line) and graphs of changes of some
components of quaternion with time under the action of H , - control and robust /-

control without account of the disturbances caused by the inertia moments
uncertainties of satellite (blue line). For the numerical calculations there is accepted

that the value of variations of moments of inertia from its nominal values is

AJ =[-10%],;10%J ,;-10%J,] . The Fig. 6.8 show that inertia moments

uncertainties does not affect the efficiency of the of H _ - control in comparison with

H , - control.
Variation of q2-component of Variation of g2-component of
quaternion under action of Hec-control quaternion under action of Hz-control
0,09 0
0,08 *WU\NO\@MD'\QHAm o O
! -0.002 HANMe o~ o N m g o
0,07 FAN s 5§ - -
X 0,004
0,06 Eg \-\ 0,006 /y
0,05 ! / \ //
\ ) -0,008
004 ———q2_hinfiMVar {r~NZ m g2_h2IMvaT
0,01
0,03 f ‘A s G2_hinf e 42 _h2
o | AN 0,012 g
e / Y 0,014
5 / i 0,016 LI
00l HEDIMBE® A 4N g 0,018
% AP S i S N )
= = 0,02
time, dt=0.01 sec time, dt=0.01 sec

Fig. 6.8. Change of the component g, of quaternion in case of using the H2 - and Hoo -
control

Source: own elaboration
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6.5. THE LINEAR ATTITUDE CONTROL THAT IS TOLERANT TO THE FAULTS OF
ACTUATORS

For the development of control that is tolerant to the actuators faults of the satellite it is
proposed to use H _ - control, the reliability of which will be provided by keeping the

poles in a particular regions of the complex half-plane.
The basis for this assumption is the fact that the condition (6.19) can be regarded
as a condition of providing stability of control system to various disturbances. Imposing

in the synthesis of control the additional conditions on the pole placement of the
closed-loop control system will limit the value of / _ -norm of system and the amount
of control in a certain range.

In this work the region of complex half-plane in the form of a disc f,(g,7) with
the origin in the point q and radius r is used as the constraints on the pole
placement for closed loop system. Conditions on the pole placement within the area

f,(g,r) are determined in the form of inequality:

-rX gX+AX
. <0, X>0. (6.24)
gX+XA -rX

Based on the conditions of the existence of robust H_ -control for the system
described by equations (6.13), (6.16) we define the conditions of the existence of

robust H_ -control system described by equation (6.17):
H _ -controller in the form (6.21) which provides stability of the system (6.17) to the

faults of actuators in the conditions of pole placement within the region fD (g,r) may

be determined in case of existence of matrices satisfying the inequalities (6.24) and

(6.22) respectively.
For the determination of matrices X ,X_ and H_ -controller in the form of (6.21)

it can be used one of the known methods, offered for example by M. Chilali and P.
Ghainet [12].
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The simulation results of satellite angular motion under the action of H , - control

with account of actuator faults are given in the figures below. To evaluate the

effectiveness of the developed robust control there is conducted a comparison of the
results of its work with results of work of H - control synthesized without account of

actuator faults.

Fig. 6.9 shows the graphs of change of one component of quaternion with time
under the action of H - control (red line) and H  -control synthesized with account

of actuator faults and pole placement constraints (violet line) that is used for the

compensation of actuators effectiveness degradation on 30%.
As it is seen from Fig. 6.9 H - control (red line) and H , - control synthesized

with account of actuator faults and pole placement constraints (violet line) allow to

compensate the change of effectiveness of actuators successively. However, from the
characters of the given graphs it can be noted that /7, - control with pole placement
constraints provides better dynamical characteristics of the control system such as the

overshoot, in comparison with /_ - control.

g2-component of guaternion

——qg2_hinf

——q2_pp

Fig. 6.9. Change of (, - component of the quaternion in case of using the HO0 - control and

H _ - control with pole placement constraints

0

Source: own elaboration
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6.6.

CONCLUSIONS

In this work the following main results was obtained:

1.

Non-linear control with the feedback on the angular velocity and angular
position of small satellite for the maintaining of its orbital orientation in
conditions of unavailability of full measurement vector (unavailability of the
measurement of the gyro sensor) is developed. For precise determination of
satellite angular velocity and angular position it is developed the algorithm on
the basis of Kalman filter that uses the measurements of the angular position
sensors (sun sensors and magnetic sensor). For the improvement of accuracy
of given algorithm it is performed the tuning of matrix of system noise and
covariance matrix, as well as the initial rough estimate of the angular velocity
and the angular position of satellite on the basis of the angular position

sensor.
Robust linear H - control for the maintenance of small satellite orbital

orientation in the conditions of influencing of external gravitational, magnetic
disturbances and disturbances caused by the uncertainties of satellite inertia
moments and actuator faults is developed.

Small satellite attitude control that is tolerant to the faults of actuators

(reaction wheels) is developed on the basis of H _ -control theory with the

restriction on the placement of poles in the specified region of complex plane.
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