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Anre6pnsr Porel — BakcTepa u npeanreGpbt

B. IO. I'YBAPEB

Anre6per Porer — Bakcrepa u npeaire6pbl TPUMEHSIOTCS B PA3IMIHBIX O0IACTSIX: YHU-
BepCAIIbHON ajrebpe, KOMOMHATOPUKE, MaTeMaTudeckonn gusuke u np. M3ydenue anrebpan-
YeCKUX CBONCTB TaKUX ajiredp mpenacTaBiseT coOol caMocTosTenbHbI nmHTEpec. B 2000 r.
M. Arymap moka3zaj, 4To Ha acconmatuBHOu anrebpe Porer — Bakcrepa MoxHO Tak 3a-
IaTh HOBBIE OIEpAINU, YTO IOJIYUYUTCs MIpeacconmaTuBHas ajirebpa. Ilo3xke sToT daxT
6b11 0000IIIEH Ha TTPON3BOJIbHBIE MHOTOOOpasus npeaiaredp. B 2013 r. II. KomecaukoBbeim 1
B. I'ybapeBbiM ObI7T0 MOKa3aHO, YTO TPOM3BOJIbHAS IIpeajirebpa NHHEKTUBHO BKJIAIBIBAETCS
B CBOIO YHUBEPCAJIBbHYIO 00EpTHIBaOIIYIO ajrebpy PoTer — BakcTepa 6e3 mocTpoeHus caMoit
0o6épThIBatOIIel ajareOpbl. ABTOPOM HMOCTPOEHBI YHUBEPCAJIbHBIE OOEPTHIBAIOIINE AJITeOPDI
Porer — baxkcrepa miis accommaTuBHBIX, KOMMYTATUBHBIX U JIMEBBIX mpearebp. M3yuga-
IOTCSI CBOMCTBA 3TUX YHUBEPCAIIBHBIX 00€pTHIBafoInX. VccmemyeTcs Bompoc o MpuMeHeHnn
IIOCTPOEHHBIX YHUBEPCAIBHBIX OOEPTHIBAIOIINX MJIs TOKA3aTeIbCTBA aHAJIora TeopeMsbr [ly-
ankape — bupkrodpa — BuTTa nis mapsl acconmaTUBHBIX U JIMEBBIX MIPeareop.

[ToMuMO yka3aHHBIX BBIIIIE BOIIPOCOB M3yYalOTCs CBONCTBA onepaTopoB Porwel — bak-
cTepa Kak HYJIeBOrO, TaK U HEHYJIEBOI'O Beca.

HAnemumym mamemamury um. C.JI. Cob6oaesa CO PAH, Hosocubupck
E-mail: vsevolodgu@math.nsc.ru
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Meton nap Xapuin — Yauapsl B Teopuu ajire6panyecKux r'pyHnoBbIX
cymepcxem

A. H. 3yBKOB

B moxnanme GymeT pacckazaHO 00 ommcaHUU aarebpamvdecKuX T'PYNIOBBIX CyIEPCXEM Ha
s3bIKe map Xapuinl — Yauapel. bosee TouHO, mMeeT MecTO ciemyrolas TeopeMa.

Teopema. Kareropus anrebpamvyecKux rDYIIIOBBIX CYIEPCXEM 3KBHUBAJEHTHA KaTero-
pun nap Xapuir — YaHApPEL

BynyT obcyxnaTecs cynepanasor Teopembl bapcortu — lleBasnne, cTpykTypa mceBno-
abeseBbIX U abeseBbIX (TPYIIOBBIX) CYHNePMHOT000OPA3Uil, CTPYKTYPaA Pa3PEIINMbIX, HUITb-
MOTEHTHBIX U YHUIOTEHTHLIX (ahduHHBLIX) cymeprpynn. Bee pesymbrarsl, KOTOpBIE OymyT
chOpMyYIUPOBAHBI B MOKJIAME, MOYUYEHBI TIPK ITOMOIIN TEXHUKU Map Xapuil — YaHIpHL.

Byner npusenen npumep pemnyKTUBHON pa3perumoil (abdUHHO) CyneprpyIIibl, He sSBIs-
IOITIENICSI TEOMEeTPUIECKN PENYKTUBHON. [IpmMep Takke CTPOUTCS MPU ITOMOIIN TEXHUKY I1ap
Xapuinr — Yauapsr.

Hnemumym mamemamuru um. Coboaesa, Omckutl puauan, Omck
E-mail: a.zubkov@yahoo.com
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O ci10kHOCTU penIeToK KBa3sMMHOrooGpas3uil

A. B. KPABUEHKO, A. M. HYyPAKYHOB, M. B. IIIBUOE®CKU

Haiimensr noctTaTouHbIe yCIOBUS OJIsl TOTO, YTOOBI KBa3uMHOTrooOpasue M koHeuHOl cur-
HATYPBI CONEPKAJI0 KOHTUHYYM HONKBA3NMHOT000pa3uil, He MMEIOIINX ITOKPLITUN B PelIeTKe
kBasumuoroo6pasuii Lq(M) u, crenoBaTenbHO, He MMEIOIIMX HE3ABUCUMOTO 6a3uca KBa3U-
ToxmecTB oTHOCUTEenbHO M. IlomyueHHBIC YCIIOBUS SIBIISIOTCS TaKXKe MOCTATOUYHBIMU IIJTS
Q-yuuBepcastbHOCTU KBaszuMuoroobpasus M. Kpome Toro, HaiimeHbBI HOCTATOYHBIE YCIIO-
BUS IJIsI TOTO, YTOOBI KBa3MMHOTroobpas3ue IV KOHEUHON CUTHATYPHI COOEPKAIIO KOHTUHYYM
nonkBa3zuMHoroobpasuiit K C M, Takux uro K mMeeT He3aBUCHMBIN Oa3uc KBa3UTOXKIECTB
oTHOcuTenbHO M, omHako, kBasukBanmoHasbHas Teopuss K um mpobiema Bxoxnenus B K
IIJIsT KOHEYHO OIPENEJICHHBIX CUCTEM Hepa3pelmMbl. B KadecTBe CICACTBUIN TMOIYyYEH Pl
U3BECTHBIX, a TaKKe PsIIl HOBBIX Pe3yJIbTaTOB.

Pa6ora Brmonuena npu ¢unancoson monmep:xkke Cosera mo rpantam [Ipesumenta PP
IS TOCYIaPCTBEHHOI TONIEPXKKN BemyImx HayuHbIX Ko (mpoekt HIM-6848.2016.1).
CHY — Duavan PAHXul'C, Hosocubupck
HAnemumym mamemamury um. C. JI. Coboaeea CO PAH, Hosocubupck
E-mail: a.v.kravchenko®@mail.ru
Hnemumym mamemamuruy HAH KP, Buwxex (Keipevizcman)

E-mail: a.nurakunov@gmail. com

Hosocubupcrut, 2ocydapcmeennbiti ynusepcumem, Hosocubupck
E-mail: udavi7@gmail.com
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HOK&HBHO-HPOCTBIG MoOOeJ I U peaJibHasl 2XKNU3Hb

A. B. MAHIIUBOIA

B noknane paccMaTpuBaeTCsl IOOXOI K JIOTMYIECKOMY OMUCAHUIO TPEIMETHBIX 00IacTell,
KOTODPBINT 6a3upyeTcss Ha MOHSTHHU JIOKAIIBHO-TIPOCTHIX Momesell. KoHIenTyaabHOW OCHOBOMI
IIONIXOMa SIBIISIETCSI ceMaHTUYecKoe IporpaMmupoBanne. Ha mpumepe mocTpoeHus u BHeIpe-
HUS YIIPABIEHYECKUX JIOTUUECKUX MOAeNeN Ha KPYIHBIX MPENNPUITISIX OIEHNBAETCS TOTEH-
IMAJI UCIOTB30BAHNS JIOTMUECKOT0 MOIEINPOBAHUS B 3a/IaUaX PEeaTbHOU CIIOXKHOCTH.

HAprymeruid 2ocynusepcumem, Uprymck
E-mail: andrei@baikal.ru
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(Dpal"MeHTbI CI)yHKI_II/IOHa.TII:HbIX KJIOHOB KaK MeTOoa MCCJIeJOBaHUs IMOCJICAHMUX

A. T". ITuayc

Ha ocroBe BBOmMMMOTro moHsATHs PparMeHTOB QYHKIINOHATBHBIX KIIOHOB OITPENEIIeTCs PSII
HOBBIX IIapaMeTPOB KJIOHOB 3(G(DEKTUBHBEIX B BOIPOCAX KiacCUPUKAINU MOCIeONHNX. B ToMm
YHCJIe HEKOTOpPas METPHUKA Ha COBOKYIIHOCTH BCEX KJIOHOB Ha (PMKCHPOBAHHOM MHOXKECTBE,
MIPEBPAIIIAOIIAS PEIIETKY BCEX KJIOHOB B TOIOJIOTMYECKYIO PEIeTKy. BBomuTcs moHsTHE
OIrPAHUYEHHO IIOPOXKIEHHBIX KJIOHOB pelleTKa KOTOPBIX HAaCJedyeT DSl CBONCTB PELIeTKU
BCeX KJIOHOB.

Hosocubupcrut, 2ocydapcmeennbiti mexnuueckut yrusepcumem, Hosocubupck
E-mail: ag.pinus@gmail.com
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YacTuuyHo KoOMMyTaTuBHBbIE ajire6por JIu

E. H. IIOPOIIEHKO

Yactuuyno kommyTaruBHas aire6pa Jlu, onpenenennas rpapom G = (A; E) (koHeUHBIM
i 6eCKOHEUHBIM) — 5T0 anrebpa ¢ MEHOX)ecTBOM nopoxnawommx A = {ag,ay, ...} n MHO-
KECTBOM OIPENeJIIOINX COOTHOMIeHui [a;,a;] = 0, rme {a;,a;} € E. Takum o6pasom,
orpenesiecHne JaCTUYHO KOMMYTATHUBHON aareOpbl JIu aHATIOTUYHO ONpENesieHusSM IPYTUX
YACTUIHO KOMMYTATUBHBIX CTPYKTYD (IPYI, MOHOMIOB ¥ T.I.). B oTiamume oT 4acTUIHO
KOMMYTaTUBHBIX I'DYIII, YACTUIHO KOMMYTaTHUBHBIE ajrebpsl JIu ocTaBamuch magon3ydeH-
HBIMI IO HeOaBHETrO BpeMeHU. HacTosimmii mokian MOCBSIIEH pe3ylIbTaTaM, MOIyJIeHHBIM
TTOKJTQTINKOM B IAHHON O0JIACTH 3a IOCJEMHIE HECKOJIBKO JIeT: OT SIBHOTO OINUCAaHUs Oasu-
COB YACTUYHO KOMMYTATHUBHBIX U MeTabeIeBbIX YaCTUIHO KOMMYTaTUBHBIX ajareOp JIu mo
BOIIPOCOB YHUBEPCAJBHOU U 3JIEMEHTAPHON dKBUBAJIEHTHOCTHU TaKUX ajredp.

Hosocubupcrut, 2ocydapcmeennbiti mexnuueckut yrusepcumem, Hosocubupck
E-mail: auto_stoper@ngs.ru
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Cy6MakcuMasibHbIe X-HOATPYIIbI KAK NYTh K N3YYEHUIO MAKCUMAJIbBHBIX
X-moorpymn

II. O. PEBUH

[IycTs m-dpukcmpoBaHHOE MHOXKECTBO IPOCTHIX uncesr. HamoMHuIM, UTO KOHEUHAs TPYyIIIa
Ha3bIBAETCS T-TPYIIION, eCIn JTI0O0N TTPOCTON METUTENhb €€ MOPSIIKa TPUHAMIEXKUT . Teo-
pema JI. Cunosa u Teopema @. Xomma COOTBETCTBEHHO JAIOT SICHOE ONMMCAHNE MAKCUMAIBHBIX
T-TIOATPYII TAHHOW KOHEYHOU rpynmbl (G B CIIydasx, KOTOA 7 OQHOIEMEHTHO WJIM T'PYIIa
G paspemuma. B sTux ciyuasx MaxcmMasbHBIE T-TIOATPYIIBI 0OIAIal0T TAKXKe CIIEIyIo-
IIIIM CBOWCTBOM: MJIs HOpMaJibHOU monrpynmnbl N < u 1000f MaKCUMAJTBHOW TT-TIOAT PYIITHI
H < G moprpynnet HN/N < G/N u HN N < N 6yayT MakCUMAIbLHBIMUA 7T-TIOAIPYIIIIAMHA.

N3yuenne MakCUMaIbHBIX 7T-TIOATPYII IIPOU3BOIBHON KOHEUYHON T'PYIIIBI B OOIIIEM CJTy-
Yae CONPSIXKEHO € OONBUINMU TPYIOHOCTSIMU, IIOCKOJIBKY HU IOMOMOpPGDHBIN 00pa3, HU Iiepe-
cedyeHUe ¢ HOPMAJbHON MOATPYNNON yKe He SBJISIOTCS, BOOOIEe TOBOPS, MaKCUMAaJIbHBIMUI
T-TIOATPYIIIAMI B COOTBETCTBYIOIINX Ipynmnax. DB To ke BpeMs, TeopeMa, IOKa3aHHAs
HezaBucuMo X.Bumannom m b.Xaptau, rapanTupyeT, 4TO IepecedeHrne MaKCUMAJITBHOU TT-
monrpynnsl H rpynnst G u monrpynnsl N < (G HETPUBHUAJIBLHO, €CJIU MOPSIOK MOATPYIIIIHI
N penurcst XoTst 6bI HA OIHO MIPOCTOE YUCIIO 3 7. B ¢Bsa3u ¢ sTum Bumann mpenimoxmit m3-
y9aTh T. H. CyOMaKCHUMaJIbHbIE TT-TIOATPYMIEI — 060Jiee o0l OOBEKT, UeM MaKCIMaJIbHbIE
T-IIOAT PYIIIEL.

Omnpenenienue. Ilycts X — KJTacc KOHEUHBIX TPYII, 3aMKHYTBII OTHOCUTEIBHO B3s-
TUsI TOATPYII, TOMOMOPGHBIX 00pa3oB u pacinupenuii. [logrpynmna H komeunon rpymnnet G
HA3BIBACTCSI CYOMAKCUMAAbHOU X-nodepynnot, ecau cyiecTByeT MoHOMOpdu3Mm ¢ : G — G*
rpymmsl G B HEKOTOPYIO KOHeUHYyIO rpymmy G* Takoit, uTo monrpymnma G cyGHOpMaIbHA B
G* u H? = K NG nns mexoTopoit MakcuMasbHoit X-noarpynmnst K rpymmst G

9lcHO, UTO MakcuMalTbHBIE X-TIOATPYIIBL SIBIISIOTCS CyOMaKCUMaJIbHBIMU X-TIOATPYIITa-
mu. Kpowme Toro, ecrmm X — Kijtacc Bcex T-TpyHI, cyOMakCHMajbHbIE X-TIOATPYIIBI Ha-
3BIBAIOT CyOMaKCHUMaJIbHBIMU T-TOArPpyHnaMu. B oTimyme 0T MakCHUMAaJIbHBIX 7T-TIOATPYIIIL,
nepecevenne cyoMakcuMaIbHON noarpynnsl H rpymmnsl G ¢ HopmastbHoi noarpymnmoin N < G
O6ymeT cyOMaKCUMaJIbHOW T-TIOATPYIION B [V.

B cBoem nmokname Ha 3HAMEHUTON KOH(DEpeHInY 110 KOHeYHbIM rpynmnaM B T. Canta-Kpy3
(Kamudopuus, CIIA) B 1979 rony, Bumann npemioxkut nporpaMMy U3y9eHUs COCTABHBIX
TPYIIIL, BaXKHOM YacTbI0 KOTOPOII OBLIIO M3yUeHne cyOMakcuMaIbHbIX X-nioarpymni. B nokiame
IJITAHUPYETCs OOCYIUTh HEKOTOPBIE BOIIPOCHI, CBI3aHHBIE C PeAIN3aIlnell 3TON IPOTPAMMEIL.

HAnemumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupck
E-mail: revin@math.nsc.ru
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PeﬁepHO CAMMETPpHUYHBbIEC aHTUIIOOAJIbHbIE NUCTAHIINMOHHO peEryJjisipHbIe l"pa(bbl
MaJIoro gumamMeTpa

JI. FO. IInOBKUHA

AnTUnODATEHBIE MUCTAHIIMOHHO PEryJIsSpPHBIE MPadbl MAJIOTO QUAMETPA COCTABIISIOT -
POKUI Kiacc rpadoB, TOCPENCTBOM KOTOPHIX BhIPA3UMa CTPYKTYPa HEKOTOPHIX BaXKHBIX 00b-
eKTOB anrebpnl n kKoMOuHaTopuku. [lokmam mocssineH mpobieMme kiaccudukannum pebepHo
CUMMETPHUYHBIX aHTUIOOAJIBHBIX OUCTAHIMOHHO DPEryJIApPHBIX FpanOB ounaMeTpa He ooJsiee
naTu. Bymer mpuBenmen 0630p M3BECTHBIX U HOBBIX PE3Y/IbTATOB IJIs ITAHHOTO Kjacca T'pa-
doB. B wacTHOCTHU, OymyT TIpemcTaBileHbl Knaccupukaims pebepHO CUMMETPUYHBIX aHTUIIO-
IAIBHBIX MUCTAHIIMOHHO PETYIISIPHBIX I'padoB nuamMeTpa TPHU, a TaKXKe MOy YeHHbIE aBTOPOM
0000ITIEHHBIN METO HAXO0XKIEHNSI TaKNX I'PadoOB B IIOYTHU IIPOCTOM CJIydae U UX KOHCTPYKIIUMN.

UMM YpO PAH, Examepunbype
E-mail: tsiovkina@imm.uran.ru
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On a problem of Malcev: the Poincare—Birkhoff—Witt Theorem fails for
Malcev algebras

A. A. BuchnNev, V. T. Fiuippov, I. P. SHESTAKOV, S. R. SVERCHKOV

Malcev algebras were introduced in 1955 by A. I. Malcev as tangent algebras for analytic
Moufang loops. They are related to alternative algebras in the same way that Lie algebras
are related to associative algebras: if A is an alternative algebra then the algebra A(~), with
the multiplication [a, b] = ab — ba, is a Malcev algebra, i.e., it satisfies the identities [z, y] =
[y, 2], T (2,9, 2),2] = J_(2,y, [z, 2]), where J_(z,y,2) = [[&, ], 2] + [y 2}, 2] + [z, 2], 9] is
the commutator Jacobian of x,y, 2. A Malcev algebra M is called special if it is isomorphic
to a subalgebra of A(7) for an alternative algebra A. In this case, the alternative algebra A
is called an alternative enveloping algebra for the Malcev algebra M.

The famous Poincare—Birkhoff—Witt theorem establishes the existence of an associa-
tive enveloping algebra for every Lie algebra. The Malcev problem for speciality of Malcev
algebras is the question whether any Malcev algebra have an alternative enveloping algebra.
We construct a nonspecial Malcev quotient algebra M|[X]/I of free Malcev algebra M[X] on
generators X = {x1,...,Z,,...} and an ideal I < M[X], as a counterexample to the Malcev
problem.

The principal tool in our construction is an example of Malcev analog of tetrad-eating
Jordan polynomials introduced by E. Zelmanov. They play a central role in the structure
theory Jordan algebras [4]. Moreover, any tetrad-eater defines a nonspecial Jordan alge-
bra [3].

A Malcev polynomial m(X) of free alternative algebra Alt[X] is a commutator eater if
m(X) o ([a,b]?) is a Malcev polynomial for any Malcev polynomials a,b € Alt[X], where
xr oy = xy + yxr. The straightforward construction of commutator eaters is the following
criterion.

Lemma. If Malcev polynomial f = f(x,...,y) satisfies the identities

f@P o y) = fla,. oy oz, f(lzyl?,...,2) =0,

then f = f(x,...,y) is a commutator eater, and

f,...;y) o ([a, b)) = f(D([a, ], [a,b],x) — D(a, [z, b], [a,b]), . ..,y),
where D(x,y, z) = J(z,y, z) + 3|z, [y, 2]].
The Filippov G-polynomial
G(a,a,x,y,z,t) = J(D([z,y], z,a),a,t) + J(D([z,al,y,a), z,t)

satisfies the identities of Lemma (see [1] for more details), hence G(a,a,z,y, z,t) is a com-
mutator eater, and

G(a,a,z,y,2,t) o ([b,c]?) = G(a,a, D([b,c], [b,c],x) — D(b,[z,c], [b,c]),y, 2,1).

Let G be a preimage of G in free Malcev algebra obtained by replacing the commutators
with Malcev multiplication, i.e.,

G(a7 a7 -Z', y7 Z? t) = J(D(xy7 Z? a)’ a? t) + J(D(xa7 y7 a>7 z’ t)’
where J(2,1,2) = (v9)2 + (y2)2 + (22)y, D(z,9,2) = J (2, 2) + 3a(y2). We will denote
by I the ideal of M[X] generated by G. Set
S(a,b,c,z,y,z,t) = Z (G(a,a, D(bc,be, x) — D(b,zc,be),y, z,t)).
alt(z,y,z,t)
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Let super(S) = G(a,a,D(bc,be,x) — D(b, xzc,bc),x,z,x) be a superization of S on
x,y,z,t in free Malcev superalgebra SuperMalla,b,c,x] on a,b,c even and x odd gen-
erators. It is easily seen that S = 0 in Mla,b, ¢, z,y, 2 t] if and only if super(S) = 0
in SuperMalla,b,c,x] (see [2] for details). We use the MALCEV computer algebra system
developed by authors to verify that super(S) # 0 in SuperMalla,b,c,z]. Consequently,
S(a,b,c,z,y, z,t) is not trivial polynomial in free Malcev algebra. We use this to prove our
main result.

Theorem. Malcev quotient algebra M[X]/I is not special.
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On locally finite groups with bounded centralizer chains

A. A. BUTURLAKIN

The class groups with uniform bound on the length of the centralizer chain is a classical
object of research (see, for example, [1]). Following [2], we call the length of the centralizer
lattice of a group G the c-dimension of GG, that is the c-dimension of G is the maximal length
of the chain of nested centralizers.

We discuss the structure of locally finite groups of finite c-dimension. In particular,
we prove that the number of nonabelian composition factors of such a group is bounded
in terms of c-dimension. Our work was inspired by the paper [3] in which periodic locally
soluble group of finite c-dimension was considered.

The talk is bases on joint papers with A.V. Vasil’ev and D.O. Revin [4, 5].

The research is supported by RSF (project No. 14-21-00065).
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Dynamic contact algebras and quantifier-free logics for space and time

P. DiMiTROV, D. VAKARELOV

The paper is in the field of Region Based Theory of Space (RBTS), sometimes called
mereotopology. RBTS is a kind of point-free theory of space based on the notion of region.
Its origin goes back to some ideas of Whitehead, De Laguna and Tarski to build the theory of
space without the use of the notion of point. More information on RBTS and mereotopology
can be found, for instance in [3]. Contact algebras present an algebraic formulation of RBTS
and in fact give axiomatizations of the Boolean algebras of regular closed sets of some classes
of topological spaces with an additional relation of contact. An exhaustive study of this
theory is given in [2]. Dynamic contact algebras (DCA), introduced by the second author
in [4], are generalizations of contact algebras studying regions changing in time and present
formal explications of Whitehead’s ideas of integrated point-free theory of space and time.

In the present paper we propose several new types of dynamic contact algebras and
quantifier-free logics based on them in the style of [1]. The logics are finitary, based on Modus
Ponens and some nonstandard inference rules which replace the non-universal axioms of the
corresponding DCA. In fact these logics can be considered as axiomatizations of the universal
fragment of the first-order theory of the corresponding DCA. They can be treated as kinds
of non-standard temporal logics for spatial regions changing in time. The difference with
standard temporal logic is that we do not use temporal operators but temporal predicates.
We present also a Kripke style semantics for some of these logics, based on relational models
for the corresponding DCA. This semantics helps to use some techniques adapted from
modal logic to study some metalogical properties of the studied systems.
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Computational commutative and noncommutative invariant theory of classical
groups

V. S. DRENSKY

One of the main branches of noncommutative invariant theory studies algebras of in-
variants of linear groups acting on finitely generated relatively free algebras of varieties of
linear algebras over a field of characteristic 0. In this talk we survey some recent results
mainly in the case of associative and Lie algebras.

From many points of view associative algebras satisfying a polynomial identity are con-
sidered to be very close to commutative algebras. But it has turned out that many results
in classical commutative invariant theory sound completely different in the noncommutative
setup.

Let W be a finite dimensional vector space over a field K of characteristic 0 and let
K (W) be the free algebra associative algebra on W. For a variety U of associative K-
algebras with T-ideal of polynomial identities T'(0) C K (W) we consider the relatively free
algebra

Fyw () = K(W)/T(D).
Let K X4 be a d-dimensional K-vector space with basis Xg = {z1,..., x4} with the canonical
action of the general linear group GL4; = GL4(K) and let W () be the irreducible polynomial
G Lg-module indexed with the partition A = (A1,..., Ag). Assume that W has the structure
of a polynomial G Ls-module

W =EPmAW().
A

Then the action of GLg4 on W is extended diagonally on Fyy () and for a subgroup G of GLg4
we study the algebra of G-invariants FV(‘;/ (20). Assuming that we have sufficient quantitative
information for Fyy (0) (e.g., the cocharacter sequence of U or the Hilbert series of Fyy (*J)
as a multigraded vector space) we present efficient algorithms to compute the Hilbert series
of FV(‘;, (20) when G is a classical subgroup of GL4 or a unipotent subgroup of such classical
subgroup. In many cases we are able to answer the question whether the algebra FVC{;(‘II) is
finitely generated and to find explicit generating sets even when the algebra of invariants is
not finitely generated. Similar results are obtained for varieties of Lie, right-symmetric and
Novikov algebras, and for absolutely free algebras with several multilinear multiplication
operations.

Many of the results presented in the talk are obtained jointly with the late C. K. Gupta
(Winnipeg, Canada) and with S. Boumova, G. K. Genov, E. Hristova, B. Kostadinov (Sofia),
P. Koev (San José, California, USA), M. Domokos (Budapest, Hungary), F. Benanti and
A. Valenti (Palermo, Italy), R. La Scala (Bari, Italy), R. Dangovski (Sofia, now in MIT,
USA), S. Findik (Adana, Turkey), L. Bedratyuk (Khmelnitsky, Ukraine), and R. Holtkamp
(Bochum, now in Hamburg, Germany).
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The countable spectrum, almost w-categoricity, and smallness in quite
o-minimal theories

B. SH. KULPESHOV

The present lecture is concerned the notion of weak o-minimality, originally studied
by D. Macpherson, D. Marker and C. Steinhorn in [1]. A subset A of a linearly ordered
structure M is conver if for any a,b € A and ¢ € M whenever a < ¢ < b we have c € A. A
weakly o-minimal structure is a linearly ordered structure M = (M;=, <,...) such that any
parametrically definable subset of M is a finite union of convex sets in M.

Let M be a weakly o-minimal structure, A C M, p,q € S1(A) be non-algebraic. We
say [2] that p is not weakly orthogonal to q (p L™ q), if there exist an A-definable formula
H(z,y), a € p(M) and (1,52 € q(M) such that p; € H(M,«) and By ¢ H(M,«). We
say [3] that p is not quite orthogonal to q (p L7 q), if there exists an A-definable bijection
fip(M)— q(M). We say that a weakly o-minimal theory is quite o-minimal if the notions
of weak and quite orthogonality of 1-types coincide.

Here we present and discuss the following results:

Theorem 1. [4] Let T' be a quite o-minimal theory in a countable language. Then
either T has 2“ countable models or T has exactly 6*3" countable models, where a and b
are natural numbers. Moreover, for any a,b € w there is a quite o-minimal theory T" with
exactly 63" countable models.

Theorem 1 is a solution of the Vaught problem for quite o-minimal theories.

Theorem 2. [5] Any Ehrenfeucht quite o-minimal theory is almost w-categorical.

Proposition 1. [5] Let T' be an almost w-categorical quite o-minimal theory. Then the
Exchange Principle for algebraic closure holds in every model of T'.

Theorem 3. Let T' be an almost w-categorical quite o-minimal theory, p1, ..., pm €
S1(0) be non-algebraic weakly orthogonal types. Then {p1,...,pm} is orthogonal over ).

Theorem 4. Any almost w-categorical quite o-minimal theory is binary.

Proposition 2. There exists a small quite o-minimal theory which is not binary.
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Computable categoricity, index sets, and classification of structures

A. G. MEL'NIKOV

We will discuss several recent developments in the theory of computably categorical
algebraic structures with applications to the classification problem for compact connected
and profinite abelian groups.

The Institute of Natural and Mathematical Sciences, Auckland (New Zealand)
E-mail: alexander.g.melnikov@gmail.com
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Semi-Heyting algebras, their expansions, and associated logics

H. P. SANKAPPANAVAR

The variety SH of semi-Heyting algebras was introduced in 1985 in resolving a conjecture
and as a natural generalization of Heyting algebras. However, the results on SH only
appeared in 2008 (see [6]). These algebras share some important properties with Heyting
algebras, such as distributivity and pseudocomplementedness, arithmeticity, etc., and differ
from Heyting algebras in some important ways, as well; for example, there are algebras in
SH in which the identities 0 -+ 1 ~ 0 and * — y ~ y — x hold, which might be of some
philosophical interest.

In 2011, a new propositional logic called “semi-intuitionistic logic” was introduced by
Cornejo, which has the variety of semi-Heyting algebras as its algebraic semantics and of
which the intuitionistic logic is an extension. Recently, in [2], Cornejo and Viglizzo have
given a much “simpler” axiomatization for the semi-intuitionistic logic.

Also, in 2011, several expansions of semi-Heyting algebras were studied in [7] that
included dually pseudocomplemented semi-Heyting algebras, De Morgan semi-Heyting al-
gebras and double semi-Heyting algebras, among others. These expansions of semi-Heyting
algebras have recently led to the discovery of new non-classical logics (see [3]) and [1]), to
a new variety of algebras called semi-Nelson algebras (see [4]), and to the associated logic,
semi-intuitionistic logic with strong negation ([5]).

In this lecture I will attempt to survey some (hopefully all) of the above-mentioned
developments.
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On some modal extensions of the Lambek calculus

A. SCEDROV

The Lambek calculus (1958, 1961) is a well-known logical formalism for modelling nat-
ural language syntax. The calculus can also be considered as a version of non-commutative
intuitionistic linear logic. The Lambek calculus is a logical foundation of categorial gram-
mar, a linguistic paradigm of grammar as logic and parsing as deduction. The original
calculus covered a substantial number of intricate natural language phenomena. In order
to address more subtle linguistic issues, the Lambek calculus has been extended in various
ways.

For instance, an extension with so-called bracket modalities introduced by Morrill (1992)
and Moortgat (1995) is capable of representing controlled non-associativity and is suitable
for the modeling of islands. The syntax is more involved than the syntax of a standard
sequent calculus. Derivable objects are sequents of the form I' — A, where the antecedent
I' is a structure called meta-formula and the succedent A is a formula. Meta-formulae are
built from formulae (types) using two metasyntactic operators: comma and brackets. In
joint work with Max Kanovich, Stepan Kuznetsov, and Glyn Morrill we give an algorithm
for provability in the Lambek calculus with bracket modalities allowing empty antecedents.
Pentus (2010) gave a polynomial-time algorithm for determining provability of bounded
depth formulas in the original Lambek calculus with empty antecedents allowed. Pentus’
algorithm is based on tabularisation of proof nets. Our algorithm for the extension with
bracket modalities runs in polynomial time when both the formula depth and the bracket
nesting depth are bounded. The algorithm combines a Pentus-style tabularisation of proof
nets with an automata-theoretic treatment of bracketing.

Morrill and Valentin (2015) introduce a further extension with so-called exponential
modality, suitable for the modeling of medial and parasitic extraction. Their extension
is based on a non-standard contraction rule for the exponential, which interacts with the
bracket structure in an intricate way. The standard contraction rule for exponentials is not
admissible in this calculus. In joint work with Max Kanovich and Stepan Kuznetsov we
show that provability in this calculus is undecidable and we investigate restricted decidable
fragments considered by Morrill and Valentin. We show that these fragments belong to NP.
University of Pennsylvania, Philadelphia (USA);
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AJ’II‘OpHTM IJ_II/I(I)pOBaHI/ISI ABTOMATOM C IIJIAaBAIOIIIMIM OKHOM

A. A. Acrortukos, B. II. Jospuna, II. M. 3APYBUH

Knerounsle aBTOMaTHI BriepBbIe OBLTN BBEOEHBI KAK MHCTPYMEHT MATEMaTUIECKOTO MO-
nemuposanus B koute 40-x ronos Ix. dou Heitmanom u K. Ilyce [1]. Braromapst csoeit ru6ko-
CTH W YHUBEPCAIIBHOCTN KJIETOUHbIE aBTOMATHI HAIIIJIN IPU3HAHNIE B TEOPUH NCKYCCTBEHHOTO
MHTEJJIEKTA, B CAMOBOCIIPOM3BOMSIINXCS MOOEISIX MUKPO- U MaKpOOMOJIOT WY, BEIYUCIIEHUSIX
B Cpelle ¢ BO3MOXKHOCTBIO CO0EB, B CHCTEMAaX PACIO3HABAHUS sI3bIKa U M300pakeHuit [2].

B 1983 rony matemarux C. Bonbdpam n3nait cBoo mepByio paboTy IO CTATUCTUIECKIM
mapaMeTpaM KJIeTOYHBIX aBTOMATOB. B manbreiimem Bonbdpam pasBuBail 5Ty Teopwuio,
9TO TO3BOJIMJIO €My W JIPYTUM WCCIENOBATENSIM IOMPOOHO KIacCu(pUIMpOBATHL U U3YyUUTh
MIPAKTUYECKN BCE MHOXKECTBO KJIETOYHBIX aBTOMATOB.

17151 MOBBIIIIEHNST CTOMKOCTHU KJIETOYHOTO I POBAHUS MIPEJIAraeTCsl HOBask MOMIEIThb KJTe-
TOYHBIX aBTOMATOB — KJIETOYHBLIN aBTOMAT C ILTABAOIINM OKHOM. OTindme MaHHOTO aBTO-
MaTa OT BBIIIE ONUCAHHOIO KJIETOYHOTO aBTOMAaTa Ha pa3OWeHm: B TOM, UTO OTCyTCTBYyeT
paszneneHue Ha OJ0KU IIN(POBAHUS Y€THOU U HEUETHOU pelleTKaMy, IPUIeM B 3TOM CiIydae
HEJIb3sl IPUMEHUTD apasiyieJIbHOe MPOrPAMMUPOBAHIE. DTOT MOMXON 3aHUMAEeT HEKOTOPOe
CpemHee TOJIOXKEeHNe MEXKIy TOTOYHBIM 1 6sounbIM mudposanueM [3]. B kmerounom asTo-
MaTe C IUIABAIOIIMM OKHOM OJIOK IM(POBAHUS IIEPENBUTAETCS MTOCTIENOBATEIHLHO IO TEKCTY,
repeMeniasch Ha OOWH CTONOEIl BIEPEN, TeM CaMBIM KaXKIBIN 3JIEMEHT TeKCTa ImdpyeTcs
OIpeeIeHHOe KOJIMYEeCTBO pa3 (B 3aBUCUMOCTH OT pa3Mepa 6JioKa MudPOBAHUSA), UTO yBe-
JIMYNBAET CTOMKOCTH KJIETOYHOTO IMIN(PPOBAHUS.

Onpenenenne. KiaeTouynbiM aBTOMATOM C IIABAIOIINM OKHOM Haz0BeM 6-Ky

CA, =(Z",(N1,...,Np), A, (my,...,my), ¥, L),

rue: Z™ — pa3MepHOCTh KileTounoro asromara (n = 1,2,3); (Ny,...,N,) — pasmep Ta-
6muubl; A — andasut BHyTpenHux cocrosuuit (wacro {0,1}); (mq,...,m,) — pasmep Gioka
mndpoBanus; W — rtabnuna GyHKInR mepexonos; L — mMapiipyT ooxona 6710ka mudpoBaHms
KJIETOYHOTO aBTOMATA C IJIABAIOIIIIM OKHOM.

[Ipuaem, BomonHsoTCA paBencTBa Ny = my,..., N,y = mmn — 1), a N,, = gm,, + 1,
re ¢ — HeINoJIHOe JYacTHoe B paBeHcTBe 1 = kg + 7, 0 < r < k, kK = mq...m, — ducio
KJIeTOK B Oiioke 1mdpoBanus, T — MJIHA UCXOMHOTO TEKCTa, & 7" — OCTATOK OT NEJICHUS.
Wcxonubiil TEKCT 3aIUCBIBAETCS MOCTIENOBATEIHLHO MO CJIOSM B TaOIUILy MCXOOHOTO TEKCTA.
B mocnennem crmoe GymeT 3amoTHEHO TOJBKO 7 KeTOK. (OcTaBImecs KIIETKU 3aIOJTHSIFOTCS
OO0 HyJISAMH, JTUOO0 eqUHUIIAMU.

[Iporecc mmmdpoBanus cocTout B ciaenyorieM. biok mubpoBaHns HAXOMUTCS B HAYAIIE
TabIuIBEl ¢ nCXOOHBIM TekcToM. ComepiKaHue 3TOro OJ0Ka BBIMUCHIBACTCS B CTPOKY B COOT-
BETCTBUU C MapIIPyTOM obxoma L. DTa MOCIeNOBATETHFHOCTE 3aMEHSIETCSI B COOTBETCTBUAM C
dyuxuuei nepexonoB V. Ilomyuennas mmdp — mocireqoBaTeIbHOCTD CBOPAUNBAETCS B OJIOK B
cooTBeTCTBUU ¢ MapiipyToM L. VMcxomubrii 610K 3aMEHSIETCs Ha Oy YeHHbI. Biiok mmdpo-
BAHUS CIBUTAETCS HA OIHY MO3UIINIO 1O TabJIUIEe MaHHBIX U Mpolecc nmoBTopsercs. [Iporecc
mnpoBaHUs 3aBEPIIACTCS, KOTaa OJI0K IndpoBaHus He IMEET BO3MOXKHOCTH CIBUHYTHCS B
HOBOE TIOJIOXKEHUE.

[Tpu mmdpoBanny KII€TOYHBIM ABTOMATOM C ILJIABAIOIIIM OKHOM ITU(POBAHUE KaXKIIOTO
6JI0Ka 3aBUCHUT OT PE3yJIbTATOB IU(PPOBAHUS HA TPEOLIIYIINX IIATaX.

[Tpu pacmmmdpoBanun mIaBaIilee OKHO MIEPEIBUTACTCS B IPOTUBOMOIOKHYI CTOPOHY,
HaUYWHAs ¢ mociteqHero ctosiona. CTombiel B GyHKIINN IEPEXONIOB MEHSIIOTCS MECTAMMU.
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KinacTepubie ancamMbiin B 3aadax MAIIMHHOTO O0y4YeHU s

B. B. BEPUKOB

B xmacrepHOM aHaim3e MaHHBIX AKTUBHO Pa3BUBAETCS IIOIXON, OCHOBAHHBIN Ha KOJI-
JMeKTUBHOM mpuHATuuU pemtenuii [1]. VHTepec kK 3TOMY HAIPABIEHUIO OCOGEHHO BO3DOC B
CBeTe MOCTUMXKEHUN B 00JIACTU KOJUIEKTUBHBIX METOIOB PACIIO3HABAHUS W MPOTHOZUPOBAHUIS
(2, 3, 4]. na uccrenoBanus CBONCTB KJIACTEPHOIo aHcaMmOiist B paborax [5, 6] npumenseTcs
METONIMKA, TTO3BOJISIONIAS CBECTH 3a/1aTy aHCAMOJIEBON KIacTepU3aIny K 3aaade Kiaccupuka-
MW C JIATEeHTHBIMU Kjlaccamu. [Ipm 5ToM paszBuBaeTcs: OOXoN, OCHOBAHHBIN Ha HAXOXIEHUN
XapaKTEePUCTUK MapXKUHAIBHOI GyHKumuu (oTcTyma, margin), npemmoxenusii JI. Bpeiima-
HOM IIJIsL CITyUJailHOTO Jleca perenuit [4]. B mpemmaraemom mokiane GymeT cresiad KPaTKUi
0030p TIOJIyYEHHBIX B 3TOM HAIIPABJIEHUN PE3YILTATOB, PACCKA3aHO O MPUMEHEHUHW pas3pa-
OOTAHHBIX AJIFOPUTMOB B 3aladax aHaJIN3a M300pakKeHuil, a TakxKe O HOBOM HallpaBJIeHUN,
CBSI3aHHOM C MCIIOTb30BAHUEM KOMOWHAIIMY KJIACTEPHBIX aHCAMOJIEN W JIOTMYECKUX PeIrato-
X TIPABUJT B MAIITMHHOM OOyYJeHUN.
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Pa3paboTka MmeTOmOB reHepalym OHTOJIOTMYECKNX 3HAHUN, OCHOBAHHBIX HA
IPEeanoYTEeHNAX IMO0JIL30BaTeIell MOOUIIHBHOM CBSI31U

A. . KATTYCTUHA

B macrosiee BpeMs mosb3oBaTen MOOWIBHON CBSI3U OYeHb MHOTO BPEMEHU YIEISIOT
BeIOOPY Tapuda. Kaxnwiii omepaTop COTOBOHW CBS3M MPENCTABIISIET OOIBIIIOE KOIUIECTBO
TapudoB. Bce oHEM pasznumuaroTcs M0 MHOTUM mapaMeTpaM. HTOOBI OIEHUTH BCE 3TU Hapa-
METPBI 1 TONoOpaTh HYKHBIA Tapud, MOIB30BATEIIO HYKHO 3aTPATUTDH OOJIBIIIOE KOJTUIECTBO
BPEMEHU.

s TOorO, 9TOOBI MTOIBL30BATENIS YIOBIETBOPSII €ro Tapud, HyKHO UTOOBI OH COOTBET-
cTBOBaJ ero TpeboBanmsM. K TpeboBaHuUsM, B IEPBYIO OUepenb, OTHOCUTCS IIeHa 33 IIPENo-
CTaBJIEHHBIE YCJIYTH, KOJIMIECTBO TUX YCIYT, a TaKXKe BO3MOXKHOCTB MOOABISITH U OTKJTIO-
qaTh YCIYTHU, TaM CAMBIM PACIINPssS BO3MOXKHOCTU MCIIOJIB30BAHUS CBOETO Tapuda.

s dpopmanm3anuu mpeqMeTHON 00JIACTH OIlepaToOpa COTOBOH CBsI3U OBIIa CO3IaHa OH-
TOJIOTMYECKasl MOIETb TapudOB U YCIyT, MPENOCTABISIEMbIX orepaTopoM. OHTOIOTIUIecKas
MOMesb OBIIa TOCTPOEHA MO TIPUHITAITY IeTHIPEXYPOBHEBOW MOJIENTN TIPENCTABICHNS 3HAHUI.

Nudopmarnus, momydeHHAs OT MOJIb30BATENEN TOCPEACTBOM (DOPMBI B3AMMOIEICTBUS, OT-
HOCUTCS K TPeTheMy YPOBHIO MOJENIN IIPEACTABIIEHNs 3HAHUN - YPOBHIO IIPEIENEHTOB.

g ompemeneHns KeJaHuil MOJIL30BATEIeH IO OTHOIIEHNIO K MOOMILHON CBA3U OBIIN
OIpeniesIeHbl HEKOTOPbIe BO3MOXKHBIE THUIBI IIPDENIIOYTCHUIN TakKue KakK: TOYHBbIEe, HETOUYHBIC
1 KOMOMHUpOBaHHBbIE. [0 BBIIEJIEHHBIM TUMAM MPEOIOYTEHUSM IOIb30BATEIEN ObLIN pas-
paboTaHbl MIAOJIOHBI U1 TeHEePAIl HOBBIX 3HAHUN C IIOMOIIIBIO ITPABUJI BBIBOMA, MAIIUHBI
JIOTMYIECKOTO BbIBOOA U s3bika 3ampocoB SQWRL.

[IpaBuna BBIBOOA MCHOIB3YIOTCS MJIs TIOJIYYE€HNST HOBBIX 3HAHUN O MIPEIMETHON 001acTu,
a TakXke O MPEOIMOUYTEHUIX Moib3oBaTes ss. OHU MO3BOMISIOT MOYYaTh Te 3HAHUS, KOTOPBIE
He ObLIM SIBHO YKa3aHBL Y OllepaToOpa COTOBOM CBSI3U U B IPENIOYTEHSIX abOHEHTA.

MarnmHa JIOruIecKoro BBIBOAA IMO3BOJISIET IIPOBEPSTH BBENEHLIE MTOJIL30BATEIEM TAHHBIE
O CBOUX IIPEAIIOYTEHUSX, & TaKxXKe IIPOBePSATH BCE IOJIYUYEHHYIO MOIeIb Ha HEIPOTUBOPEYN-
BOCTb.

C momorsio si3eika 3ampocoB SQWRL Mbr mostyuaem BO3MOXKHOCTEH U3BJIEKATH WHPOP-
MAaIIO U3 OHTOJIOTMUECKON MOIEJIN, YTOOBI JaBaTh OTBETHI HA 3aIIPOCHI IIOIH30BATEIEH.

[Io mosmyYeHHBIM HOBBIM 3HAHUSIM, ITOJIH30BATEITIO NEIAETCS TPENIIOKEHNE O TTOMXOMSIIINX
emy Tapubax u ycayrax. Cromcok momxomsinux TapudoB BMecTe ¢ HaGOPOM MOMOTHUTETHHO
MONKJTIOUYaeMbIX yciayr. Ilomb3oBaTesb MOXKET caM OIEHUTH MOJIYUYEeHHBIN Pe3yIbTaT U CIe-
JIaTh IPABUJILHBIN BBIOOD.
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MeTOIIbI MN3BJIEHEHNA "N (bOpMaJII:HOFO IIpencraBJI€HNsA OHTOJIOTNYEeCKNUX 3HaAHUN
N3 TEKCTOB €CTECTBEHHOI'O sA3BbIKA

. A. KoprcyH, II. E. ITAIbYYHOB

BrrcTperrit pocT cetu UaTEpHET 11 yBemmueHne 06bEMOB 3JIEKTPOHHOTO TOKYMEHTO0O0pOTA e~
JTAIOT TEXHOJIOT MY ABTOMATIIECKO 0OPabOTKM TEKCTOB Bee 60stee BocTpeboBanubiMu. Cpemnn
HIX 3HAYNTEJILHBIN nHTepeC nNpeaCcTaB/IdI0OT METOOBI U3BJICUYCHU A I/IHq)OpMaHI/II/I, B 9aCTHOCTU
U3BIIEUEHUS] 3HAHUN O CMbIcie NMOHATHH. (OCOOEHHBIN MHTEPEC B CBSI3U C PA3BUTUEM CEMAaH-
TrYecKoro Beba mpencTaBiiseT perreHne >Toro Bompoca B KouTekcte OWL-onTOMOT I,

B macTosimee Bpems cyIecTByeT GOIBITIOE KOJIUIECTBO CUCTEM aBTOMATUIECKOTO M3BIIe-
YCHUA KJIFOUYEBBIX (ppa,3, OHpGJIeJIeHI/Iﬁ 3 TEKCTa Ha €CTEeCTBEHHOM A3BbIKC, OCHOBaHHBLIX Ha
IIPUMEHEHNN T'€HETUYICCKUX aJIrOpuTMOB, METOOOB MAIINHHOT'O O6y‘I€HI/ISI 1 NCIIOJIB30BaHUN
CeMaHTUYIECKUX ceTell. B kKauecTBe aJbTEPHATUBHOIO TOOXOMA K PEIIEHUIO STON 3aIaun
MBI pacCMaTpPUBAEM UCIIOJIHL30BAHIE OHTOJIOTUIECKUX MOMEJIEN, paccMaTpUBas mpodsemMy Io-
TIOJTHEHUST OHTOJIOTUU C TOYKU 3PEHUS TEOPETUKO-MONEITBHOTO MOaXoma K (GOpMaIn3aIinn
€CTECTBEHHOI'O A3BbIKA. HpI/I 9TOM MBI O6’beIII/IHSIeM CUHTAKCUYECKIII I CEMaHTUYECKUN II0II-
xomel 1], paccMaTpuBast Kak MOIEIIH U KJIACChl MOIEJIel, TaK U MHOXKECTBA (OPMyYJI, B 4acCT-
HOCTHU, MHOXKECTBa aTOMAPHBIX MPEMJIOKEHNN, SIBIISIONTAECS (PparMeHTaM aTOMapPHBIX Tra-
I'paMM MOMETIEN.

[IpoGsemMbl, CBsI3aHHBIE C MMOMCKOM, W3BJICUYCHUEM U MPENCTABIIEHUEM 3HAHUMN, MIPEICTa-
BJIEHHBIX B TEKCTAX €CTECTBEHHOTO SI3bIKA, OBLIN TTONPOOHO PACCMOTPEHBI B TIPENBIAYIIINX WC-
crenoBaausx [2]. OTMeruM, 9To U3 HAMGOIIEE CYIIIECTBEHHBIX TPOOIIEM SBIISIETCS MIPENCTABIIe-
HIe 3HAHUH O BpeMeHHM U 00 M3MEHEHUIX 3HAHUHN ¢ ero TedeHmeM. JleficTBUTENTHHO, 6OIb-
IIMHCTBO MPUMEHACMBIX Ha IIPAKTUKE A3BIKOB OIIMCaHUA 3HAHUU OCHOBBIBAIOTCS Ha JIOTUKE
OpeanKaTOB IIEPBOI'O IMOPAOKa U MUCIOJIB3YIOT YHapPHBIC MJIN 61/1HaprIe OTHOIIICHUI A (K Ta-
kuM s3eikaM oTHocuTess OWL). B srom ciayuae onucanue GUHAPHBIX OTHOIIEHUI C yIETOM
Bpe-MeHU TpeOyeT BBOMA B OTHOIIEHWS NOMOJHUTEIHHOIO MTapaMeTpa, COOTBETCTBYIOIIIETO
Bpe-MeHU, TpeBpallias X n3 OMHAPHBIX B TepHAPHBIE U BBIBOIS UX 38 PAMKU ONMMCATETbHBIX
BO3-MOXKHOCTEH S3bIKA.

B pamkax mpoIibix mccienoBaHuUil ObIJT pa3paboTaH W IPOrPAMMHO pPEaIM30BaH TEO-
PETUKO-MOMETLHBIN MOAXON K M3BICUEHUIO 3HAHUN U3 TEKCTOB €CTECTBEHHOTO SI3bIKA. JTOT
IIONXON OCHOBAH HA IIPENCTABIEHNN 3HAHUU, M3BJIEKAEMBIX M3 TEKCTOB, B BUIE KOHEUHBIX
dbparMeHTOB ATOMapPHBIX AUarpaMM ajrebpamdeckux cucreM (Mmomeseit). B macrosiueit pa-
00Te MPenyIoKeHbl aJIrOPUTMbI OTOOpaXKeHUsT KOHEUHBIX (parMeHTOB aTOMAaPHBIX OUAlDaMM
B sioruky onucanuit (Description Logic, DL) u manbreiiiiee oTo6paKeHne MHOXKECTB TaKIX
MIPEJIOKEHUN B sI3bIK mpencTapienns onTosoruit OWL. Takxke mpoBomsiTCs UCCIEIOBAHUTS TIO
PACIIIMPEHNIO AJITOPUTMAa IPU MTOMOIIN OTHOTO M3 BO3MOYXKHBIX MTOAXONOB K PEIeHUIO 3a1a9n
IpencTaBleHns 3HaHuil 0 Bpemern B pamkax OWL-onTomnoruit [3].
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ABTOMaTI/IBI/IpOBaHHOE PacCIiIO3HaBaHMUE pedeBbIX ,HEﬁCTBPIﬁ B TeKCTax
€CTECTBEHHOI'O sA3BbIKA

E. II. MAXUHA

B nannbIT MOMEHT pa3zpaboTKa OHTOJIOTMYECKUX MOJETIEN, a TaKXKe UX MOIOTHEHNE STBIIS-
I0OTCSI aKTyaJIbHBIMU 3amadaMu. Peamm3anms maHHBIX 3aad TPUMEHSETCS B PA3IMIHBIX
IpenMeTHBIX obnacTsax. [IpenmMeTrHas o61acTh, OMUCHIBAOIIAS 0O6eCTIeUeHe KOMMYHUKAIUT
MEXIy YeJIOBEKOM U KOMIIBIOTEPOM, MOXKeT OBITh IIpefcTaBileHa IIOCPENCTBOM IIOCTPOEHUS
OHTOJIOTMYECKON MOIIEJIN C UCIOJIb30BAHNEM pedeBbIX nericTBuil. llenabio HacTOsIIET PAOOTH
SIBIISIETCSI OCYIIIECTBJIEHNE MUAJIOTa ¢ KOMIBIOTEPOM IIPU IIOMOIIIN 3aIIPOCOB Ha €CTECTBEHHOM
s3bike. 1 mocTUXKeHUs MaHHOW e HeoOXoauMO pa3paboTaTh U pean30BaTh ajJrOPUTM
pacIo3HaBaHUs U MOCJIENYIONIETO N3BJIeUEeHNSI PEUEBbIX NENCTBUN U3 TEKCTOB €CTECTBEHHOIO
s3pika.  COryIacHO KJIACCUYECKOW TEOPUU PEUEBBIX MENCTBUI, TEKCT PACCMATPUBACTCS KaK
COBOKYITHOCTB PEUEBHIX NeNCTBUI. B cBOIO 0uepens, peueBoe NefcTBUE TPENCTABIISIET U3 cebs
IPOMO3UIMOHAIILHYO COCTABIISIONIYIO U WIOKyTUBHYI0 cuiny [1]. CylecTByeT HECKOIBKO
KJIaccu(UKaIil pevueBbIX NENCTBUM, OOHA U3 KOTOPBIX BBINIEISIET CIEAyIOIne KJIACChI: e-
KJIapATUBLI, PENPE3eHTATUBBI, MUPEKTUBLI, KOMUCCUBLI, SKCIIPECCUBBI. AJITOPUTM aBTOMA-
THU3UPOBAHHOI'O PACIIO3HABAHUSI PEUEBLIX NEeICTBUI B TEKCTaX €CTECTBEHHOI'O S3bIKA COCTOUT
13 CIIEOYIOIINX I1aroB:

e Pacno3naBaHve pedyeBOro MENCTBUS B IMIPENJIOKEHIN.

e ll3Bieuenue ero mpoMO3UIMOHAIILHOM YACTU € TIOMOIIBIO TporpaMMbl LogicText [2].
e CocraBiieHre aTOMapHON AUArpPaMMbl ¢ HAMIEHHBIM PeYeBLIM MENCTBUEM.

e l3BjcueHMe MIJIOKY TUBHON CUJIBI PEUYEBOTO JIEHCTBUS.
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Pa3pab6oTrka MmeTOmoOB aBTOMAaTU3MPOBAHHON ITPOBEPKU BHYTPEHHEN U BHEIITHEN
HEIIPOTUBOPEYNBOCTI OCHOBHOI O00pa3oBaTeILHON NporpamMMbl 6akajiaBpuaTa

H. C. MAMEEB

Ha ceromusmmmuit neus B BY 3ax cyiecTByer mpobiieMa ¢ COOTHECEHUEM M3y IaeMbIX [TUC-
[UATTAH CO CIENUAIBHOCTBIO, MOIyJaeMOll CTyIeHToM mocie okondanus BY 3a. Ilpuuwmsoit
TOMY MOXKET OBITH OTCYTCTBUE 0053aTETHHBIX HOPM, KOHTPOJIUPYIOMINX CIUCKHU MUCITATIIITH
7 TIO3BOJISIOIINX PA3MIEIsiTh BBITYCKHUKOB Ha KOHKPETHBIE KATETOPUU, UCXON U3 IOy IeH-
HBIX 3HAHUN. DTO HEYIOOHO, KAK C TOUKU 3PEHUs CTYIEeHTAa, KOTOPbI IIBITAETCS BHIOUPATH
OUCIIATITAHBI TaK, YTOOBI B UTOTe 00/TafaTh HABBIKAMU U YMEHUSIMU, KOTOPHBIE TTIO3BOISIT eMy
paboTaTh B OMpenesieHHON obmacTu. T'ak u ¢ TOUKU 3peHus paboTonaTesis, KOTOPpOMY HeOOXO-
MO NOTOJTHUTEIHHO MPOBEPITH 3HAHUS YeJI0BEKa, KOTOPOTO OH IPUHUMAET Ha HOJIKHOCTh.

DTy mpobiieMy MOXHO PEIINTH C IOMOIIIBIO IOCTPOSHNUsT YIeOHOTO TJIaHa ¢ OPUEHTAIINeH
Ha TTpodeCcCuOHAIbHBIE CTAHOAPTHI, T.€. YUNTBHIBATH TPU MOCTPOEHNN y4IeOHOTO IIJIaHa TOT
daxT, 9TO CTYHEeHT, IIOCETUB HEKOTOPBIN HAOOD OUCIIUIIINH, CYMMAapPHO JOJIXKeH OyneT pa3Bu-
BaTh IPO(ECCUOHAIIbHBIE HABBIKY, KOTOPBIE COOTBETCTBYIOT KOHKPETHOM CrenuaibaocTn [1].
Ho, BBumy 6omnbiioro yncia yueOHBIX OUCIUILIINH, 3aBUCAMOCTEN B TOPSIKE UX U3YUEHUs, a
TaKKe HAIIPABIEHHOCTU OUCIUNINH Ha Pa3BUTHUE PA3INUYHBIX TPOMECCUOHATIBHBIX HaBBIKOB
MTOSIBIISIETCS TTOTPEOHOCTH KOHTPOJIMPOBATE KOPPEKTHOCTH COCTABIIEHHON OOpPa30BATETHHON
ITPOTrPaMMBI.

Henpro mamHOU pabOTHI SIBASETCS pa3pabOTKa MPOTPAMMHONI CHCTEMBI, TTOMOTAIOIIEH
dopMupoBaTh 06paszoBaTenbHy0 IporpaMMy [2]. B mporecce dopmupoBaHus o6pa3oBaTesib-
HOU TTPOTPAMMBI CUCTEMA OTCIIEXKMBAET HEOOXOMUMOCTH M3MEHEHUS CIIMCKA MUCITUTIIINH WITH
TOpSIIKa UX CIIEMOBAHUS U NOCTUKUMOCTDH BCEX 3a0aHHBIX MPOMECCUOHATBHBIX CTaHIAPTOB,
TeM CaMBIM ITPOBEPSIET BHYTPEHHIOK HEITPOTUBOPEUYMBOCTH O0OPA30BATEIHHON ITPOTPAMMBI.
Kpowme Toro, cuctema mpoBepsieT 00pa3zoBaTeIbHYIO TPOTPAMMY Ha MPEIMET COOTBETCTBUS
akTyasgbaomy PI'OCy, T.e. BHEIIHIOI HEIPOTUBOPEYUBOCTHIPOrpaMMbl. Taxum obGpasoM,
MOXKHO OyIeT B aBTOMATHYECKOM PeXWMME BBISBIATL OIMMOKA M HETOYHOCTU B CTPYKTYPE
00pa3oBaTeTbHON MPOTPAMMBI €IT1¢ Ha dTalle €€ cOCTaBIIEHUS.
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HOCTpOeHI/Ie MeEpPbI CXOOCTBaA MeX Ny HOBOCTHBIMMA TEKCTaMM B PACCYXOECHUAX
Ha OCHOBe€ IIpeneaceHToB

II. B. MBI3HUKOB

B [1] onucbiBaeTcst mocTaHOBKA 3a/1aUU MOMEIMPOBAHUS PACCY KICHUN O HOBOCTHOI WH-
dopmaruu B InTepreTe Ha ocHOBe mpereneHToB. OmMHUM U3 BayKHENIINX IyHKTOB PEITeHUS
ATON 3a0a9’ SIBISETCS MOCTPOEHUE MEPHI CXONCTBA MEXIIY TpereneHTaMu.

PaccmaTpuBaioTcss HECKOTBKO BapUAHTOB MOCTPOEHUS TAKON MepHI.

K pacnmpocTpanéHHBIM MeTOOAM BBIUKUCIEHUS KOJIUYECTBEHHBIX ITOKA3aTEel TEKCTOBBIX
ncrtounukoB oTHocaT TF-IDF, word2vec, Bag of words.

Kpome Toro, paccmarpmBaeTcss BO3MOXKHOCTH MPENCTABUTH TEKCT B BUIE IOCIEOOBA-
TEeTbHOCTU 3apaHee 3aJaHHBIX 3JIEMEHTOB, & 3aTE€M ONpENelsaTh OIM30CTh MEXOY TaKIMHI
MTOCJIENOBATENBHOCT MU C TIOMOITTBIO M3BECTHBIX aJITOPUTMOB, HAITPUMED BBHIYUCIEHUE MTUHBI
HaurOOJIBIIEN OOIIIEN MTOMIIOCTIENOBATETEHOCTH WIIN PACCTOSHUS JIeBeHIIITenHA.

Haxomner, anaau3upyeTcss TIpUMEHIMOCTD TEXHOJIOTUHI YaIll pa3dopa M Y30PHBIX CTPYK-
Typ OJIsI onpenesieHus 6;m30cTu TeKCToB. MccimenoBanust, TOCBSIIIEHHBIE TAaHHBIM METOMAM,
OINCBIBAIOTCS B [2].

Ha ocuoBe ananm3a 3TUX MOOXOMOB MIPENIAraeTCs MOCTPOUTH Mepy OJIM30CTHU MIPEIeneH-
TOB, OMUCHIBAIOIIINX HOBOCTHBIE TEKCTHI, TM€ TJIABHBIM PEe3yIbTaTOM SIBIISIETCSI HETPOTUBO-
peurnBOe MOMETMPOBAHNE PACCYXKIeHUA O TekcTe. (CXeMbl MOCTPOEHUS TaKUX PACCYKICHU
CTPOSITCST HA OCHOBE OIMCAHHBIX B [3] Momernell apryMeHTaIn.

Takum o6pa3oM, TOCTPOEHUE MEPHI CXOACTBA MEXKIIY TEKCTAaMU HOBOCTEH TO3BOJIUT Pa3-
PEIITH Psi BaKHBIX BOIPOCOB B KOHTEKCTE IJIO0ATBHON 3a0a4ul MOIEIUPOBAHUS PACCY XK Ie-
HIW O HOBOCTHOU MHMOPMAIINW Ha OCHOBE IPEIENeHTOB.
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Pa3pa60TKa ABTOMATU3NPOBAHHBIX METOAOB MHTEr panmumn 3HaHHﬁ, MN3BJIEYEHHDBIX
N3 TEKCTOB €CTECTBEHHOI'O sA3BbIKA

E. O. HEHAIIIEBA

Kaxnwrit meub oO0beMbl OnupOBaHHON WHMOPMAIINU, KOTOPYIO0 HEOOXOmMMO 0OpabaThl-
BaTh, pacTyT. Celluac UeIOBEK HE B COCTOSHUU CIPABUTHLCS C MAHHOW 3aIadveil BPYUHYIO.
Bcenencrsue sToro nosiBiasiercss moTpe6HOCTD B IIPOTPAMMHOM O00eCIevYeHn, CIIOCOOHOM aHa-
JIN3UPOBATh TEKCTHI €CTECTBEHHOI'O SI3bIKa, M3BJIEKATh U3 HUX HEOOXONMMYI0 MH(MOPMAIIUIO
U WHTETPUPOBATDH BBISBJIEHHbIE 3HAHUSA. [ KOPPEKTHON pabOThI TAKOH IMPOTrPAMMHON CH-
CTeMbl KpallHe BaXXHO YUUTBHIBATH CEMaHTHUKY 00pabaThIBAeMOTO TEKCTA.

B cBoeir pabore s mpomomxkaio uccienosanus llamsuynosa . E. m Maxacoeson O. T'.
110 IpobJsieMe M3BIeYeHUsI 1 (HGOPMAIIBHOTO IPENCTABIIEHNS 3HAHNU, 3aKII0UEHHBIX B TEKCTax
€CTEeCTBEHHOIO s3bIKa [1].

515 TpaBUIBHOTO MOHMMAHUSI KOHTEKCTa HeOOXOMMMO PAacCMAaTPUBATH HECKOIIBKO IIPEIl-
JIOXKEHUI eCTeCTBEHHOIO sI3bIKa OmHOBpeMeHHO. [losToMmy mokmam mocssiieH pa3paboTke aB-
TOMATU3MPOBAHHBIX METONOB MHTETDAIINN 3HAHUN, CONEPKAIINKCS B PA3HBIX NPEMJIOKEHTSIX
TekcTa. B kadecTBe 6a30BOM KOHCTPYKINU TOCTPOEHUS MONEIN 3HAHUN, M3BJICUYCHHBIX W3
TEKCTOB, UCHOJIb3YIOTCSI aTOMapHbIE IIPEIJIOKEHUS.

Hannas 3amada BKITIOUaeT B ce0Osl BO3MOXKHOCTH OOBEOUHEHUs HECKOJIBKUX IIPEIoXKe-
HUII TEKCTa €CTEeCTBEHHOIO f3blKa U IOCTPOEHMs IJIs HUX o0IIero ¢gparMeHTa aTOMapHOR
nuarpaMMbl. B mporecce pab0oThl OB TPEMIIOKEH TOAXON K (DOPMATN3AIINT 3HAHUN, TTO3BO-
JISFOLIINAN IIPENCTABISITh U3BJIeUeHHbIE 3HAHNUS B Bue O€CKBAHTOPHBIX (POPMYJI C CUTHATYPOI,
COmepKAaIlenl TOIBKO IBYXMECTHBIE IPENUKATHL U KOHCTAHTHL [2]. B Gymyiem 510 mo3sonut
UCTIOB30BaTh TexHojornu Semantic Web um mpuMeHsThH aBTOMATHYECKUE CPENCTBA JIOTU-
YEeCKOTO BBIBOIA IIJIsI BBISBJIEHNUS IPOTUBOpEUNil, 0OOpabOTKM 3HAHUN M MOPOXKIEHUS HOBBIX
3HaHUil. Pa3paboTaH MeTOI BBHISBIIEHUS U MOMOTHEHUS HEIOCTAIOIINX 3HAHUN ITyTEM 3aII0JI-
HEHUsI 'TYCTHIX  MECT HIPEOUKATOB, a TAaKXKe METOMbl MHTErDAINN 3HAHUN, CONEPKAIITUXCS
B HECKOJIBKUX INPENJIOKEHUSIX TEeKCTa €CTECTBEHHOIO SI3bIKA.

PaspaboTanHble METONBI TO3BOJISIOT U3BIIEKATH U OOBENUHITH 3HAHNUS CPA3y U3 HECKOIIh-
KX NPEeJIOXKEeHN, He Hapyllas CEMaHTUKU MCXOOHOTO TEKCTA.
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O AJEeAYKTUBHOM CHMHTE3€ NTEPAIMOHHBIX IIPDOTrpaMM

A. B. HUKOJAEHKO

B pabore pazBuBaeTcs mooxon K IeOyKTUBHOMY CUHTE3Y IPOTPAMM C IUKJIAMU, IPEIJIO-
xenuwt B [1]. B ocHoBe ucnombsyemoro popmanusma sexxkut cucrema G N7, nmBa mpasuia
BBIBOMIA KOTOPOM SIBIISIOTCST OOOOMIEHNWSIMU TTPABUI TPAMUIIMOHHON CUCTEMBI HATYPAILHOTO
BeiBOma. (OOBEKTHI paccMaTpPUBAEMON IMPEIMETHON 00IacTU — IeJIble UMCia, U MACCHUBBI
LIEJIBIX Yncesl. Bce pe3ynbTaThl ¢ HEKOTOPBIMU MOOU(DUKAIUSIMU TEPEHOCSTCS Ha IPYyTue
CTPYKTYPHI TAHHBIX.

[lom BRIpakeHWEM «<«3alavda pelleHa»» MOHUMAETCI, UTO IO ONUCAHUIO 3a0a4ll B BUIE
(hOpPMYJIBI JIOTUKN TPENUKATOB IIOCTPOEH €€ JIOTMUYECKUI BBIBOII, U3 KOTOPOTO M3BJI€YUEHA ITPO-
rpaMMa C IUKJIAMUI, PEIafoias UCXOMHYO 3a0ady. 3amadn o0pabOTKM MACCUBOB MEJISITCS
Ha OBa KJjacca.

1. 3amaua momcka B MacCHBE 3JIEMEHTOB C 3aIaHHBIM CBOHCTBOM PeIIeHa MJIs CBOWCTBA,
UMEIOITIEr0 BUJI MU3BIOHKIINN KOHBIOHKIINN aTOMHBIX WM WX OTPUIIAHUM.

2. 3apgaun m3MeHEeHHUs COCTOSHUSI MaCCHBA. 3IECh PEIeHbI CJIEMYIONTIe 3aan:

1) Iycts k > 1, a p1,p2, . .., Pk — ONHOMECTHBIE NIPEIUKATHI TAKUE, ITO:

(1) p;i & m&... & pi1&pi1& ... & pi mna xkaxnoro i or 1 o k;
(2) dopmyna Va(uen(a) — p1(a) V...V py(a)) nctunna; tq,ty ...t — TEPMBL.

B maccuBe menprx qucesr 3aMEeHUTD BCe 3JIEMEHTHI, YAOBJIETBOPSIOIIIIE CBOUCTBY P — Ha
TepM 11, YAOBJIETBOPSIOIIE CBOHCTBY P2 — HA TepM to, ... , VIOBJIETBOPSIIOIINE CBOHCTBY
Px — Ha TepM Tj.

2) IlepecTaHOBKa 571€MEHTOB U HEKOTOPBIE BUIBI COPTUPOBKH.

7151 perteHHBIX TUIOB 3a1a4 CHOPMYINPOBAHBI U MOKA3aHbI TEOPEMBI O TDAHUIIAX ITapa-
MeTpa IUKJIA, KOHCTPYKTUBHON MCTUHHOCTU MNOKA3BIBAEMON (POPMYIIBI, TTOJTHON KOPPEKTHO-
CTHU CHHTE3UPYEMOHN IIPOTrPAMMBL.
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Pa3pa6oTrka aBTOMaAaTHU3NPOBAHHBIX METOOB IMOPOXKIEHUS IIIaGJIOHOB
CIIy2k€e0HBIX NOKYMEHTOB

A. A. duHK

Kaxnbrit u3 HAC XOTH pa3 B KU3HU CTAIKUBAJICS C 3aII0JTHEHIEM (COCTABIIEHIEM ) KAKIX-
60 ciyKeOHbIX HOKyMeHTOB. C KaXKIbIM THEM KOJIUYECTBO TaKWX MOKYMEHTOB PacTeT, a
BpeMsl, KOTOPO€e YeJIOBEK MOJIKEH TPATUTh HA M3yUeHUe [MPABUII 3AI0HEHUs (COCTABIICHNUE )
CIIUIIIKOM BEJINKO.

B mame Bpems Takme mpo6eMbl YACTUYHO PEMIAIOTCS Pa3HOOOPa3HBIMU OJlaHKAMU 1
bopmamu, Ha 3aII0IHEHNE KOTOPBIX YXOMUT 3HAUNTEIHHO MEHbIIIEe BpDEeMEeHH, YeM COCTaBJICHIE
MOKyMeHTOB ¢ Hyss1. OmHaxo, Takue GOPMBI He PEIIAiOT MPOOIIEMBbI TOTHOCTHIO, BEIb UX TOXKE
MPUXOMUTCS TepeneabiBaTh. OcoGeHHO OCTPO 3Ta TPobsIeMa OIIyIIAeTCS B TOCYIaPCTBEHHBIX
VUIPEXIOEHUAX, T1e HOPMATUBHbIE MOKYMEHTHI 9aCTO MEHSIIOTCS.

s perteHnst 5ToN MPOOIIEMBI TIPEIIAraeTCsl pacCMaTPUBATh MOKYMEHTHI KaK ITapaMe-
Tpudeckue IIabJIOHBI, I'le B KadeCTBE ITapaMeTPOB BBICTYIIAIOT TaHHbIE, U3BJIEKaeMble U3
HOPMAaTUBHBIX MOKyMeHTOB. lloacTaBiisis m3BIeUYEéHHBIE MaHHBIE B MapaMeTPUUECKUE IIa-
GIIOHBI, MBI TIOJIy9aeM BCEM 3HaKOMbIe GOpMBI (BIaHKn]).

s m3BIIeUeHNsT MaHHBIX W3 HOPMATUBHBIX TOKYMEHTOB MBI MOYXKEM HCIIOJIB30BATH IIIa-
6noubl. Koneuno m1aGrioHBI He perraloT IpoOseMy aBTOMATH3UPOBAHHOTO M3BJIEUYEHUS 3HA-
HUT 13 HOPMATHUBHBIX NOKyMeHTOB. OTHAKO MOXKHO 3aMETUTh, UTO Pa3HBIE BEPCUU OITHOTO
IOKYMEHTA 3a9aCTYI0 OTJINYAIOTCS CONEPXKAHIEM, HO PEIKO OTINIAIOTCS CBOEN CTPYKTYPOI.
Takum obpazoM, mosrarasch Ha HEM3MEHIEMOCTb CTPYKTYPBI HODMATUBHBIX NOKYMEHTOB, MBI
MOKEM OIIPENeTNTh Pl I1abJI0HOB, II0 KOTOPBIM aBTOMATUYECKU OyIeT U3BJIeKAThC Hy KHAs
HaM HHQOpMallus U IOACTABIATHCSA B ITapaMeTPUUeCKUl M1a0JI0H.
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Pa3pa60TKa MEeTOOOB oIIpenesjieHns coueTaeMoCTn CJIoB AHIJIMIACKOrO sA3bIKa Ha
OCHOB€ aHaJ/IN3a KOHTEKCTOB HNX ynOTpeﬁJ'IeHI/ISI

B. B. IIaMmoBA

AHDIUACKUT S3BIK SBIISIETCS OMHUM U3 CAMBIX TOMYJISIPHBIX U PACITPOCTPAHEHHBIX SI3BIKOB
Mupa, ae-hakTo mMesT CTATyC UWHTEPHAINOHAIBLHOTO. OH MCIOMB3yeTCsT KAk B TEXHIIECKON
MOKYMEHTAIINN, TaK U B Hay4IHOU chepe. MHOTUM TH0msM TpeOyeTcs IepeBOOUTEH CBOU Pa-
00THI HA AHTJIMNCKAN SI3BIK, HE BiIaAes UM Ha JOCTATOYHOM YPOBHE, 3-3a YETO B MOy Y€HHOM
TEKCTe TOSBIIsIeTCsl OOJIBIIOe KOJIMIECTBO CMBICIIOBBIX, OPMPOTpaduiecKnx, CTUINCTIIECKIX
7 TpaMMaTHYeCKNX OIMOOK. [l perreHus BBIIIENEpeUnCIeHHBIX TPpoOIeM pa3padaThiBa-
€TCs IPOTPAMMHBIN IPOAYKT, KOTOPBII IOMOXKET II0JI530BATENII0 IIPHU IIePEBOE C PYCCKOI0 Ha
AHTJIMICKUI, & TaK¥XKe IMPOBENET KOHTEKCTHBIN aHAIIN3, UYTOOBI yIeCTh MOJIUCEMUIO CJIOB. Ta-
KM 00pa3oM, I1e/IbI0 JaHHOU pabOTHL SIBJISIETCs CO30aHue IO/ IyaBTOMaTUIEeCKON CUCTEMBL 151
IepeBola TEKCTOB C PYCCKOTO S3blKa Ha aHTVIMUCKWN, KOTOopas OyneT yYuThIBATbh KOHTEKCT
BBEIIEHHOTO TeKCTa M OyneT NPeNoCTaBIATH IBa PEXUMa MCIOJIB30BAHUS: II0Ib30BATEIIb-
CKUI W penakTopckuili. B momb3oBaTeIbcKoM pexxuMe mHTepdeic mpemiaraeT Bce HaloeH-
HBbIE TIEPEBOABI /IS BXOMHOTO CJIOBOCOYETAHWS WU MPEMJIOKEHUs, YINTHIBas OO0Illee JmCiio
pe3yIbTATOB IO HAHHOMY 3aIIPOCY B IOWCKOBOW CHUCTEMe U KOHTeKCT ynoTpebirenums. Ha
OCHOBE IIOJIYYEHHOI'O Pe3yJIbTaTa I0JIb30BaTe/lb MOXeT 1100 BEIOpATh MOAXOMSIINN IIepeBOL
13 IPENJIOXKEHHBIX BAapUAHTOB, JI100 NOOABUTH HOBBIU IIEPEBO B CJIOBAPb, IEPEKIIOUNBIINCH
B penakTopckuit pexxuM. COOTBETCTBEHHO, B PEMAKTOPCKOM PEKUME eCTh BO3MOXHOCTDH MH-
TEePaAKTUBHOI'O IOIOJIHEHUS CJIOBAps, a MMEHHO N00OaBJIEHNE HOBBIX BapUMAHTOB IEpeBOOA U
IIPUIMEPOB UCIOJIB30BAaHUs coBocodeTaHus. Popmanmianus u KiaccuduKaius IpencTaBiie-
HIUSI CUTYAIUil OCYIIECTBIISETCS TOCPencTBOM Teopun «CMBICI - TEKCT» U aBTOMATU3UPO-
BAHHBIX METONOB ITOCTPOeHMs auarpaMm [1].

CIIMCOK JIMTEPATYPBI

[1] Maxacoesa O.T"., ITansuynos II.E. ABromMarusupoBaHHble METONBI IOCTPOEHUsT ATOMAPHON AUATDAMMBL
MOZENN IO TEKCTY ecTeCcTBeHHOro s3bIka. Bectr. HoBocub. roc. yu-ta. Cepus: UndopMannoHHbIE TeX-
mostoruu. 2014. T. 12, sem. 2. C. 64-73.

Hosocubupcrut, 2ocydapcmeennuiti ynusepcumem, Hosocubupck
E-mail: nikashamova@gmail.com

40


mailto:nikashamova@gmail.com

MamnbneBckue urerus 2017 Anrebpo-oruyeckmue MeTOmbI

Development of an information training system as methodological support for
the for the discipline of Discrete mathematics

R. K. SERIKKAZHIYEVA, V. O. MAsLovA, M. T. ABDRAZAKOVA, V. K. KozLov

After successful admission to the University, the program at the university provides
at first the basic knowledge that is based on the selected profession, in this case, Discrete
Mathematics. The basis of each profession has a great role for the formation of specialist.
In the special related computer science it is relevant such important course as the discipline
of Discrete Mathematics. The project is intended to create an information training portal
for the discipline.

Thus, the aim of this work is to create an Internet portal for discipline, «Discrete
mathematics», which is designed for the effective use of students and teachers by enabling
the organization of learning process.

Actuality of work:

- with the help of the system the students can obtain educational materials for the
discipline of Discrete mathematics

- has the access to all theoretical material

- can pass the tests, practical assignments on the website

- It does not require submission of the home works on paper
convenient preparation for website
staged mastering of the subject

- distance learning.

The system is implemented as a website. The site is planned to be simple and under-
standable for both students and teachers. The system has 2 entry systems, for the teachers
and students, accordingly. The site is intended only for the discipline of Discrete Mathe-
matics. For illustrating their actions there has use case diagram been drafted. Moreover,
there has diagrams such as ER and UML been exemplified describing the database design
and the design of the system.
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Polynomial completeness of quasigroups specified by proper families of
Boolean functions

A. V. GALATENKO, A. E. PANKRATIEV, N. A. PIVEN’

Given a finite set A we denote by O, (A) the ensemble of all n-ary operations on A

(n>0) and let O(A) = |J O,(A). For an arbitrary subset ' C O(A) we denote by [F] the

closure of F' under superposition.

Definition. A quasigroup @ is said to be polynomially (functionally) complete if [{ fo }U
Oo(Q)] = 0(Q).

In this work we are interested in polynomially complete quasigroups constructed with
the use of proper families of functions. Recall that a family F' = {fi, fa ..., fn} of n Boolean
functions in n variables is said to be proper [1] if for any distinct

n-tuples o’ = (z},25,...,2,) and 2" = («f,24,...,x!!) one can find an index « such that
2ty £ 27 and fo(a') = fulz™).
An immediate example of a proper family is a triangular family F' = {f1, fa,..., fn} in

which every function essentially depends only on the variables with smaller indices.

Define a matrix of size 2" x 2" by the rule z; = z; + y; + fi(p1(z1,91), -+, Pr(Tn, Yn)),
where z, y, and z denote the binary representations of the row number, the column number,
and the entry, p1,po, ..., p, are some binary Boolean functions. It is known that the matrix
defined by  these formulas is a  Latin  square  (multiplication  table
of a quasigroup) for any choice of py,ps,...,p, if and only if the family F' is proper.

Theorem 1. No quasigroup specified by a triangular family of Boolean functions is
polynomially complete.

In the case n = 2 a family of Boolean functions is proper if and only if one of the
functions is constant and the other one does not depend on the same-name variable [2].

Corollary 1. No quasigroup of order four specified by a proper family of Boolean
functions is polynomially complete.

We suggest generalizing the above construction of quasigroups by applying arbitrary per-
mutations to x, y, and =z. It can be shown that this modification gives
a Latin square isotopic to the original one. At the same time such generalization allows
us to obtain a wider class of Latin squares.

Theorem 2. Forn = 2 proper families generate 60 distinct Latin squares, which all cor-
respond to polynomially incomplete quasigroups; Applying further permutations produces
240 squares of which 112 correspond to polynomially complete quasigroups.

REFERENCES
[1] Nosov V. A., Pankratiev A. E., Latin squares over Abelian groups, J. Math. Sci., 2008, 149 (3), 1230—
1234.
[2] Nosov V. A., Pankratiev A. E., A generalization of the Feistel cipher, in: International Conference MalTt-
sev meeting dedicated to 75th anniversary of Yuri L. Ershov, May 3—7, 2015, Collection of Abstracts,
p- 59.
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IIpyuMUTHUBHO PEKYPCUBHO KATErOpMYHbIE JIMHENHBIE MOPSIKN

K. B. BiiuHoB

[Iycts M — mpuMuTuBHO pekypcuBHas cTpykTypa, u $(T,y) — GeckBanTopHas (op-
myia. ['oBopum, uro dopmyna Iy O(Z,y) paspemmmva B M ¢ NPUMUTUBHO PEKYPCUBHBIMIE
CBUIIETEIISIMU, €CJTH CYIIeCTBYeT MPUMUTUBHO PEKypCUBHas (yHKus g(n), KOTOpas 10 HO-
Mepy Habopa X u3 M, miis KoToporo sta GopMysia ICTUHHA, HAXOMUT HOMeD Habopa Z TaKoro,
uro ucruuna P (7, 2).

Cxaxewm, uto J-nmuarpamma M pasperinMa ¢ TPUMATUBHO PEKYPCUBHBIMU CBUICTEISIMI,
ecau Bce 3-GopMyIbl pa3penuMel B M ¢ TPUMUTUBHO PEKYPCUBHBIME CBUIOETENISIMI PABHO-
MepHO 10 HOMeDPY dopmyibl. Omnpenenum Kiacce amrebpamdeckux CTPYKTYp Ky Kak Kiaacc
NPUMUTUBHO PEKYPCUBHBIX CTPYKTYpP, J-AuarpaMma KOTOPBIX Pa3peIinMa C IPUMUATUBHO
PEKYPCUBHBIMU CBUIIETEIISIMU.

CxaxeM, 9TO IB€ CTPYKTYPhI IPUMUTUBHO PEKYPCUBHO U30MOP(HBI, €CIIN MEXTY HUMU
CyIecTByeT m30MOpMMU3M f, TAKOH YTO U OH, U f ! ABIAIOTCA HIPUMUTHUBHO PEKYDPCUBHBIMI
QyHKIUAMMA.

Bynem roBoputsk, uTo anrebpamueckasi CTpykTypa M TPUMUTUBHO PEKYPCUBHO KATETO-
pUYHA OTHOCUTEIBHO Kitacca K, eciu cyiecTByeT m3oMopdras M crpykrypa M; u3 knacca
K, n mobas npyras ctpykTypa Mo u3 knacca K, nuzomopduas M, TpuUMUTUBHO PEKYPCUBHO
n3omopdua M.

B nuneiinoMm mopsimke mBa 3JIeMeHTa HA3BIBAIOTCS COCEMHEN Tapoii, €Ccjii OHU HE PaBHBI
IPYT OPYTY, U MEXIY HUMUI HET OPYTHUX JIEMEHTOB.

Teopema. Ilyctp £ — npuMUTHBHO DEKYPCUBHBIH JIMHEHHBIN NHOpnoK. Torma oH
JIeXKUT B Kiacce Ky, Torma m TOIbKO TOraa, KOraa B HEM Pa3peEIINMBbI C IPIMATHBHO DEKYD-
CUBHBIMU CBHUAETEISIMU CJIEAYIOIIIIE (hOPMYJIBL:

U(z,y) =32 (x <z <y)
Up(zr)=32 (z < 2)
Up(x) =3z (x> 2)

Teopema. Ilyctp £ — OpuMUTHBHO DEKYPCUBHBIH JIMHEHHBIN NHOpnoK. Torma oH
MIPUMUTHBHO PEKYPCHUBHO KaTeropudeH Han Ky, Torma m TOIBKO TOrna, KOraa B HEM UMeeTCs
JINIIIb KOHEYHOE YHCJIO COCENHUX IIap.

Hosocubupcrut, 2ocydapcmeennuiti ynusepcumem, Hosocubupck
E-mail: kvblinov@gmail . com
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OTHOILIIEHNST 3KBUBAJICHTHOCTHU U nepapxms EmeBa

B. C. KAIMYP3AEB, H. A. BAXKEHOB

Muoxectso R C N? naswisaerca X, '-orwomenmem sxsusamentroctu (I1,,'-orHorme-

HEEeM 5KBUBAJICHTHOCTH), eci R — 5To oTHomenme skeupasentroctu u R € X1 (R €
IT1;1). ToBopsaT, 9TO OTHONIEHNE SKBUBAEHTHOCTH R BBIYHCINMO CBOTUTCS K OTHOIICHUIO
skBuBasienTHOCTH S (0603HAUAeTCs Yepe3 R <. S), eciu cymecTByeT BeaucauMast QyHKIHSE
f, makas uro * Ry < f(x) S f(y). Bymem paccmarpuBarh CTPYKTYPY OTHOIIEHUI
SKBUBAJIEHTHOCTH B Mepapxuu EpIimoBa OTHOCHTEIBLHO BBIUUCIUMON cBonuMocTu. OTmeTnm,
aT0 Y| '-OTHOIICHIE SKBUBATICHTHOCTH TIPHHATO HA3KIBATD O3 THBHON SKBUBAJICHTHOCTHIO.

B [1] mokasano, uro unrtepsasn B.11. 1-cremeneit ([01,0)]; <1) m30MOpGhHO BIOKUM B Ua-
CTUYHBIN TOPSAAOK (OTHOCUTENBHO <) TO3UTUBHBIX SKBUBaJleHTHOCTE. OTCIoma BBITEKAET,
YTO TIO3UTUBHBIE DKBUBAJIEHTHOCTU He 0OPAa3yIOT MOJYPEIISTKY.

B namsoit pabore cTPOATCS M30MOPQHBIE BIOXKEHUs IMOTYPEHIETOK M-CTEeHel B da-
CTUYHBIE TIOPSAIKN OTHOMIEHUN S5KBUBAJIEHTHOCTY B MepapXuu EpIioBa OTHOCUTEIHLHO BbIUU-
CIIMMOI CBOOMMOCT.

Teopema. [lmsa mo6oro n > 0 nomypemrérka (3,15 <,,,) m30MopdHO BIOKIMA B CTPYK-
Typy (I1,, -OTHOIMICHNS SKBUBATICHTHOCTH; <. ).

Cnenctsue. Ilomypemérka B.1. m-crenereit m3omopgro Baoxmva B crpyktypy (11, -
OTHOIIEHUS DKBUBATIEHTHOCTI; <.).
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HOCTaTO‘-IHbIe ycCJjioBUAs OJIA HOHHpﬂMOﬁ Pa3JIOKNIMOCTHN HyMepaqu/'I

. B. JIATKuH

[Ipu u3yueHUN CII0XKHOCTHU yCTPONCTBA UJIEHOB HIDKHETO U BEPXHErO IEHTPAIbHBIX Pi-
IIOB B BBIUUCIIUMBIX IPYIIIAX HEOMHOKPATHO UCIIOIB30BAJIOCH Cilemyloriee Habmonenue [1,2,3],
KOTOPOE M3JIaraeTcs 30ech cpasy B obobmiéanom Bume. Ilycts G = Gy X ... X G, — cuéTHas
anre6pa (anreGpamdeckas cucreMa ¢ QyHKIMOHAIBHON CUTHATYPO o), H — eé momupsmMo
pasiox)uMasi mogajarebpa OTHOCUTEIIBHO 3TOTO PA3JIOXKEHUs, T.€. B KAXKIOM ITPSIMOM COMHO-
xuteite G; umeeTcss Takas nomanirebpa H;, auro H = Hy X ... X H,; u BuIuuciuMas Hy-
Mepanus (i anare6pbl G — TOXe NoonNpAMO PA3A0HCUMAT OTHOCUTEIBHO STOTO PA3IIOKEHII,
T.e. BCe HOMepHBIe MHOXecTBa G cyThb Beraumcsmmere. Torma T(G, H,p) — ThiopuH-
roBa CTEIICHb MHOXKECTBAa N*IH (crmoX)HOCTB IPOGIIEMBI BXOXKIEHUs B ionaiare6py H) pasHa
Sup(T(GivHihui))? Lne fy = f (ILL_IGZ)

[TockombKy paccMaTpuBaeTCs CIIydIail KOHETHOTO PA3JIOKEHNsI, TO MJIsI IIOOIIPSIMON Pasio-
JKUMOCTH BBIYHUCINMON HYMePAIuU ¥, NOCTATOYHO JOONTHCS BBIYUCIUMON IIEPEINCITMMOCTA
Kaxk1oro MHOxkecTBa v~ 'G,. IlocienHee CTAHOBUTCS BEPHBIM, €CJIM MBI CMOMKEM IICPEU-
CIATH B KaXXIIOM TPsSMOM comMHOX)uTene (G; ero ncegdo-6a3uc, T.e. TaKOe MHOXKECTBO €rO
3JIEMEHTOB, KOTOPOE COMEPKUT Bce mopoxnatoriue st G;.

TeopeMa. HpeﬂHOJIO)KI/IM UTO UMeEeTCAd TaKO€ BBIYUC/INMO IIE€PEYUC/INMOE MHO2KECTBO

aTOMapHBIX (HOPMYI ©g, Y1, ... CATHATYPBI O OT MEPEMEHHBIX X, ...,Tk,Y, U B KaXIOM
npsivoM coMHOkuTene (G; CyILLIeCTBYIOT Takde 9JeMeHTEI 4; ), . - . , 4; f, ITO BCAKHI SJIEMEHT
g anrebper G npuHAAIEKUT HceBHo-6asucy comuoxureas (G; Torma m TOJBKO TOTIa, KO-
raa s HeKOTOpoH ¢opMyisl @, BepHO, 4T0 G = @i(ai, ..., 0k, g), HO npu srom G =
(a0, .55k, g) 41T j # i. Ilpm oTux ycaoBHSIX Kaxkaas BHITUCIHMAs HyMepPaLHs aJre-
6pbl G CTAHOBUTCS HOAIIPSIMO PA3JIOKUMOH.

OTOT WpU3HAK OYEBUIHBIM O0OPaA30M HE SIBIIAETCS HEOOXOMNMMBIM — IOCTATOYHO PAaC-

CMOTPETH MIPSIMOE MPOM3BENEHNE NBYX BBIUMCIMMBIX M30MODP(PHBIX ajredp ¢ KAHOHMIECKON
HyMepaIuel mpsMoro Ipou3BeneHus. B ciaydae rpynn TaKuMU Pa3THYIAONIIME Y CIOBUSIMUI
OOBITHO CIIYXKAT «KUMETb IPOCTON MOPSOOK U3 3aaHHOTO BBIUUCIUMO IEPEUNCINMOr0 MHO-
JKECTBa»» U ««OBITH IIePECTAHOBOUHBIM C DTAJOHHBIMU JJIEMEHTAMII>S.
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O cioxuHocTHI HpOﬁJ’IGMBI pa3penimMoCT CuCcTeM ypaBHeHI/If;I Hald KOHEYHBbIMMUI
YaCTUYHBIMU IIOPAOKaAMHI

A. 1O. Hukutnu

C Touknu 3peHus anrebpandeckol TeOMETPUN, YACTNUYHO YNOPAOOUEHHBIM MHOHNCECTLEOM
(wacmuunbim nopgokom) seisercs amrebpamdeckas cTpykTypa P = (P| <), A) ¢ mocu-
TeneM P, MpenmKaTHBIM CHMBOJIOM MOPANKA < W MHOXKECTBOM KOHCTAHTHBIX CHMBOJIOB A.
Y paBHEHUSIME HAIl YACTUIHBIM HOPIKoM P oT nepemeHHbX X = {z1,..., T, } HaA3BIBAIOTCS
aToMapHble (GopMmysbl Ham P or mepeMeHHbIX X. Jlerko BumeTh, 9TO TakuxX ypaBHEHU 7
TUTIOB.

Cucremoit ypasaeruit S(X ) HaI YACTUIHBIM TOPSIKOM P OT TIEPEMEHHBIX X HA3bIBAETCSI
m060€e MHOXKECTBO ypaBHeHuil Han P or mepemenabix X. Touka p = (p1,...,pn) € P"
HA3BIBAETCS PEULEHUEM CUCTEMBI YPABHEHUN S, el yIst JIF060r0 YpaBHEHUs CUCTEMBI S IIPK
MIOIICTAHOBKE BMECTO TEPEMEHHBIX COOTBETCTBYIOIINX 3HAUCHUN IOJTy9aeTCs NCTUHHOE HAall
‘P BBIpaKeHue.

IIpobaema paspewumocmuy cucmem YpasHenut Had KOHEUHBIMU YACTNUYHBIMY NOPIO-
KaMU 3aKIIIOUaeTCs B CIemytomeM. [lycTh 3amaHbl KOHEUHBIN YaCTUYHBIA MOPSIOK P 1 KO-
HeuHas cucrteMa ypasuenuit S(X) man P. Tpebyercs oTBETUTDH Ha BONPOC: CYIIECTBYET JIN
petrerne p = (p1,...,py) cucremsl ypasHenuit S(X ) Ham P, y KOTOPOro MOMAPHO PA3JIIMIHbI
pi,t=1,...,n.

OcHOBHOII pe3ynbTaT PaboThl MOXKHO CHOPMYIINPOBATEL B BUAE CIIEMYIOIIEC TEOPEMBI.

Teopema. I[Ipobrema pa3pelInmMOCTH CUCTEM YPABHEHUN HAL KOHEUHBIMU YACTUIHBIMI
nopsakamu NP-moJHa.

Owmcruti I'ocydapcmeennviti Texnuueckuts Ynusepcumem, Omck
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O r‘eHequeCKoﬁ aMnnmanaumn PEKYPCHUBHO II€epe4YuC/JINMMBbIX MHO2XE€CTB

A. H. PLIBAJIOB

[enepuyeckas ammnduKams — 5TO METOI, MPEIJIOKEHHBI B padoTe 1], KOTOpHIi 1mo-
3BOJISIET W3 AJITOPUTMHUYECKN HEPA3PENTNMBIX WM TPYOHOPA3PEITNMBIX ITPOOIEM TOIyIaTh
npoGIIEMBI, HEpaspeluMble (TPYIHOPA3PEIIMble) Ha JIOO0M Pa3peInMOM TeHEePUIeCKOM
MHOXKECTBE BXOIOB, YCHINBAs TaAKUM 00pa30M UX HEPA3PEIINMOCTh (TPYIHOPA3PEIINMOCTS ).
C ero momoripio ObIIa HOKa3aHA TEHEPUYECKas HEPA3PEIINMOCTh U TPYIHOPA3PEIINMOCTD
MHOTHUX KJIACCUYECKUX AJITOPUTMUYECKUX TPOOIIeM: pobieMa OCTAHOBKU OISl MAIINH 1'bIO-
pUHTa, HEpa3pEIMMble TEOPUU TIEPBOTO TOPSOKa, ITPOoOeMa PaBeHCTBa CJIOB B HEKOTOPBIX
nonyrpynnax, apudmeruka [IpecOyprepa, mecstas mpobiema ['unsbepra, mpobiiema BBITION-
HUMOCTH OyJIeBBIX (hOpMyJI, TpobiieMa PacIO3HABAHUS KBAAPATUUHBIX BHIUETOB B T'DYIIIax
BBIUETOB IO COCTABHOMY MOIYJIIO, IIpobJieMa MUCKPETHOTo Jorapudma, mpobsieMa IIONCKa
n3oMopdu3Ma rpados.

BosnukaeT ecTecTBEHHBIN BOIPOC: JTOOYIO JII TEHEPUYECKU HEPA3PEIInMyIo IpobaemMy
MOXKHO TIOJIyYUTh U3 TOMXOMSINEN IPOOIeMbl, Hepa3peImMol B KITaCCUIecKoM cMbicie?! B
TIEPBOI CJIEMYIOIIEN MOKA3BIBAETCS, UTO JII000E MPOCTOE TPEHEOPEKNMOEe MHOXKECTBO SBIISA-
eTCsl HEpa3pelUINMbIM /IS IIOYTH BCEX BXOIOB, HO HE MOXKeT OBITH IOJIYUYEeHO C IOMOIIIBIO
aMIITIPUKAIIT 13 KaKOTO-I100 HEPa3peImMOro MHOXKECTBA.

Teopema 1. IIycte W C N — mpoctoe npenebpexxunvoe MHOX)ecTBO. Torma

(1) MuoxectBo W remepmyecku Hepa3perImMO.
(2) He cymecrByer Hemperebpexumoro kmorupoBaaus C : N — P(N) rakoro, uro
W = C(S) amsa mHexkoroporo muOXKecTBa S C N.

C mpyroit CTOPOHBI, MOKA3BIBAETCS, UTO JTI000€ PEKYPCUBHO TEPEUNCINMOE MHOXKECTBO C
HEHYJIEBOI ACUMITOTUYIECKON IJIOTHOCTHIO MOXKET OBITH ITOJIyYEeHO ¢ IOMOIIBI0 aMITIUKa-
MU U3 MHOXKECTBa HATYPAIIBHBIX UHCE.

Teopema 2. Ilycte W C N — jgr060e peKypCHBHO IepEYUCIIMOE MHOXKECTBO C HEHY-
JIEBOI aCUMIITOTHIECKOH IIOTHOCTHIO. Torna cyiecTByeT 3¢¢ekTUBHOE HETPeHeOPeKIMOe
ksormposaame C : N — P(N) raxoe, uro W = C(N).
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O c/10>)XHOCTY BBIUUCIIEHUS] PEIIEeHUI CUMMETPUYECKNX IUrnepboimyecKnx
cucteM nuddepeHINATIbLHBIX YPABHEHN C YaCTHBIME IIPON3BOOHBIMU

C. B. CEnmuBAHOBA, B. JI. CEJIUBAHOB

PaCCManI/IBaeTCSI 3agada Komn n AOUCCUIIATUBHAA KpPaeBasd 3ada4a IJIsL ypaBHeHI/Iﬁ

ou 7 ou
A% gy
a1 +; oz, 0

rne A = A" >0, B; = B, i = 1,2,...,m — paIlluOHAJIbHbIE N X N MAaTpuubl. B ciydae
samaun Komm, 3amaHbl HaYabHBIE YCIOBHUSI HA HEM3BECTHYIO BEKTOP-QYHKIUIO: U|i—g =
o(x1,. .., Ty). s OPOCTOTHI CYMTAEM, UTO ( COCTOUT U3 MOJIMHOMOB C PAIMOHAIILHBIMIU

kooGhdunreHTaMu. BbrancamMocTs (B CTPOroM CMBICIIE BEIYUCIIIMOTO AHAIIN3A) OepPaTopa
petienus B 6osiee 0011eil TOCTAHOBKe MOKa3aHa B [1, 2.

B mammoit pabote, mpu GUKCUPOBAHHBIX HATYPAJIBLHBIX M U P YCTAHOBJIEHA MOIMHOMU-
anmpHas (OT §,Mm) BEPXHsIA OLEHKA CJIOKHOCTH HAXOXKIEHUs peleHus 3amadn Kommwm ¢ Tou-
HOCTBIO 1/p, Tme s — pasmep GUTOBOI KOMUPOBKU BXOMHBIX NaHHBIX A, By, B, ..., By, ¢.
[TonmmHOMUAIBHOCTE OIEHKU BBIBOMUTCS U3 MOJINHOMUAIBHON BBIUUCINMOCTH CIEKTPAIbLHON
3aauyl U1 CUMMETPUYECKO MATPUIbI WX IIyYKa CUMMETPUIHBIX MaTpuil (KOoTopas Cie-
IyeT U3 M3BECTHBIX OIEHOK CJIOKHOCTU BBIYUCIICHUIT ¢ ajarebpandeckumMu Juciaamu [3]) u u3
aHanm3a amropuT™a cxeMbl ['omynosa [4,5].
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(@) KaTeropudHOCTHU pa3pekKeHHDbIX JIMHEMHbBIX IIOPAOKOB KOHCTPYKTHBHOI'O paHTra

A. H. ®prosioB, M. B. 3YBKOB

Brraucimuas anrebpamdeckas CTPYKTypa HasbiBaeTcs AU -KaTeropudHoit eciim Mexy JTio-
OBIME IBYMsI €8 BBIYUCIUMBIMEI Kormmsmu cytecTyeT AY-m3omopdusM u cTpyKTypa HazbI-
BaeTca oTHOCHTEeTbHO AU -KaTeropmaHoit ecim MexXmIy TIOOLIME ABYMS € T-BbIMHCTIMBIMI
KOTmAMH cyTiecTByeT AZ-m30oMopdusm (HamMeHbITIi OpIMHAT (v TaKoi, 9To cTPyKTypa AL -
KaTeropuyIHOil HazoBeM ypoBHeM kKareropmanoctu cTpykTypsr). C.C. ['omuapos u B.I. II3-
roes [1| mosyumin xapakTepusamuio BEIYUCINMO KATETOPUYHBIX JIMHENHBIX TOPSAKoB. OHu
TIOKA3aJIi, UTO JINHENHBIN TOPSIOK BBIYUCINMO KATeTOPUYeH TOTIa U TOJIBKO TOr[a, KOrIa
OH WMeeT KoHewgHOe umcno cocemeir. Y. MaxKoit [2] momyunn ommcanme orHOCHTembHO A
KATETOPUYIHBIX JIMHENHBIX MOPSIKOB U MOKA3aJI, UTO €CJIU JIMHEHHBIN MOPSIIOK NMeeT BBIUU-
CIUMYIO KOIHUIO C BBIUUCIUMBIMI OTHOIIEHUSIMY COCENCTBA U IPENEILHOCTH CJIeBa U CIIPaBa,
To »TOT TopaAnok AY kaTeropmuHbIil TOrma W TOTBKO TOTMA, KOT/a OH OTHOCHTETbHO AY
KaTeropuunbiii. B To ke Bpems pesynbrarhl k. Haiit (Teopema 2.1. [3]) u3 mokassi-
BAIOT, UTO OMUCAHWNE OTHOCUTETbHO AJ-KATEroprIHBIX JTUHEHHBIX TOPSITKOB TOTKHO ObITh,
KaK MIHIMYM, IPE3BBIYANHO CIIOXKHBIM.

Y. O [4] momyunst onucanue ypoBHEN KATETOPUYHOCTY [JIsi KOHCTPYKTUBHBIX OPIMHA-
708, a H. BaxeHnos [5] momyuwst onucanue cTeneHeil KATETOPUIHOCTH [JIs KOHCTPYK TUBHBIX
opaomaaoB. A mvenno Y. D mokasas, uTo m060it opamHAT o Takoi, uro w’t"? < a <
WO+ gpngeTcs AY 49, KATETOPUIHBIM, HO HE A% KaTETOPUIHBIM HU 7151 KAKOTO 3 < J+2n.

Mb1 paccMaTpuBaeM pa3pekeHHbIE JIMHEeNHbIe MOPSIKE (IOPSAIKA B KOTOPbIe HE BKIIA-
IBIBAETCS 7)) PAHTU KOTOPBIX CYTh KOHCTPYKTUBHBIE OPINHAJIBL.

Teopema.FEciu pa3pekeHHBIN JTUHEHHBIH IOPSAOK UMEET PAHT 0 + N, Iae 0 KOHCTPYK-
TUBHBII IPENETbHBIN OPAUHAI, & N — KOHEUYHBIN OPAUHAJ, TO OH SIBJISE€TCS SIBJISIE€TCS OTHO-
curensro AY 9, KATETODIYHBIM.

Kpowme Toro, 6ymyT mpuBeneHbl I HIXKHIE OIEHKH YPOBHEN KATETOPUIHOCTH IJIsT Pa3pe-
JKEHHBIX JIMHENHBIX MTOPSIIKOB KOHCTPYKTUBHOTO PAHTa.
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Fields of algebraic numbers computable in polynomial time

P. E. ALAEV, V. L. SELIVANOV

A structure 21 = (A,...) for a finite language is said to be computable in polynomial
time (shortly, p-computable) if there is a finite alphabet ¥ such that A C ¥*, and A and all
operations and predicates are computable in polynomial time.

A number « € C is algebraic if it is a root of a nonzero polynomial in Z[x]. The degree
of a, deg[a], is the minimal degree of such a polynomial. Let 8 denote the field (B, +,-) of
all algebraic numbers, and 2 denote the ordered field (A, +, -, <) of real algebraic numbers.

Theorem 1. The fields 2 and B are isomorphic to some p-computable fields 21; and
B, where the operations —z and 1/x (for  # 0) are also p-computable.

The structure 2A; is based on coding a number « by its minimal polynomial p(z) and
a number of its root. The structure B, is based on coding a number « by its real and
imaginary parts, which are real algebraic numbers. Theorem 1 is not really new. Theorems
2 and 3 suggest new algorithms for important operations in these fields.

Theorem 2. There exists an algorithm that, given k > 1, aq,...,a € B, and
t(z1,...,2x) € Qz1,..., 2], finds f = t(aq,...,ax) € B.

Let n; = degloy| for i < k, and n = max;<x{n;}. The computing time of the algorithm
can be estimated as (nins ...ny)°L%, or n°®* L, where c,d are fixed constants, and L is the
length of input. The algorithm is polynomial for fixed k.

Theorem 3. There exists an algorithm that, given k > 1, aq,...,a € By, and terms
to(Z), ..., te(Z) € Qlz1,..., x|, finds a list (y,...,0n € By of all complex roots of the
equation

te(al,...,ak)xe +te_1(a1,...,ak):ve_1 —}—...—}—to(al,...,ak) = 0.

Let n; = degloy] for i < k, n = max;<x{n;}, and L is the length of input. The computing
time of the algorithm can be estimated as (nins. .. nk)CLd, or n°* L% where ¢,d are fixed
constants. The algorithm is polynomial for fixed k.

In addition, we show that all widely known presentations of algebraic numbers are p-
computably isomorphic to 2; or B; (in some sense). We also propose a simple description
of p-computable fields that are p-computably isomorphic to 2.
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Computable bi-embeddable categoricity

N. A. Bazaenov, E. B. FOKINA, D. ROSSEGGER, L. SAN MAURO

We say that L-structures A and B are bi-embeddable (denoted by A ~ B) if there are
isomorphic embeddings f: A < Band g: B <— A. Such a pair (f, g) is called a bi-embedding
from A into B.

Let d be a Turing degree. A computable structure A is d-computably bi-embeddably
categorical if for any computable structure B ~ A, there is a d-computable bi-embedding
from A into B. If a is the least degree such that A is a-computably bi-embeddably categor-
ical, then a is called the degree of bi-embeddable categoricity of A.

Theorem 1. Any computable equivalence structure has degree of bi-embeddable cate-
goricity d € {0,0’,0"}.

Theorem 2. A computable Boolean algebra B is computably bi-embeddably categorical
if and only if B is finite.

Theorem 3. A computable linear order L is computably bi-embeddably categorical if
and only if L is finite.

An undirected graph is strongly locally finite if all of its components are finite.

Proposition. There exists a computable, strongly locally finite graph which is not
hyperarithmetically bi-embeddably categorical.

Theorem 4. The index set of 0'-computably bi-embeddably categorical, strongly lo-
cally finite graphs is 111 complete.
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Degrees of categoricity of rigid structures

N. A. BAzHENOV, M. M. YAMALEEV

The study of effective categoricity for computable structures goes back to the works of
Frohlich and Shepherdson (1956), and Mal'tsev (1961,1962). In recent years, the focus of
the research in the area is on computable categoricity relative to Turing degrees.

Let d be a Turing degree. We say that a computable structure A is d-computably categor-
ical if for every computable copy B of A, there is a d-computable isomorphism from A onto B.
The categoricity spectrum of A is the set CatSpec(A) = {d : A is d-computably categorical}.
A Turing degree d is the degree of categoricity of A if d is the least degree in the spectrum
CatSpec(A).

Categoricity spectra and degrees of categoricity were introduced by Fokina, Kalimullin,
and Miller [1]. In particular, they proved that each 2-c.e. Turing degree d is the degree of
categoricity of a computable structure and that each c.e. degree is the degree of categoricity
of a rigid computable structure.

Assume that A is a computable structure. A Turing degree d is the strong degree of
categoricity of A if d is the degree of categoricity for A, and there exist computable copies
B and C of A such that for each isomorphism f from B onto C, we have deg,(f) > d.

Fokina, Frolov, and Kalimullin [2] proved that for each non-zero c.e. Turing degree d,
there is a d-computably categorical rigid structure with no degree of categoricity. They also
posed the following question.

Problem|2, Problem 3.2|. Can a properly 2-c.e. degree be a degree of categoricity of a
rigid structure?

In our work, we make the first step towards the solution of this problem and obtain the
following result.

Theorem. There exists a properly 2-c.e. degree d which cannot be a degree of cate-
goricity of a rigid structure.

The second author is supported by RFBR project No. 16-31-50048, by Federal Contract
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HeHTpaJ'IbeIe paclinpeHmnsa CBOOOMHBIX nmepnmoanvYeCKuXx rpyIiin

C. . AngH, B. C. ATABEKSH

Hamu moxaszamo, uto mobas cueTHas abeneBa rpyima [) Mox)eT ObITh BepOAIbHO BIIO-
’KeHa, B KQUeCTBe IIeHTPa B HEKOTOPYIO M-IIOPOXKAEHHYIO rpymnny A Tak, 4To ¢paxTop rpyIa
A/D 6yner uzomopdua cBoGomHON GepHcaitnosoil rpymme B(m,n), tone m > 1, a n > 665 —
HeueTHOe uncyo. [loka3aTesbCcTBO OCHOBAHO HA HEKOTOPON MOMUMUKAIIMN METOIA, KOTOPBIT
6bu1 ucnonb3oBad C.M.Ansguom B ero monorpaduu 1975 roma s MOIOXKUTETHHOTO pPerlie-
Hust m3BecTHON mpobitembl [1.IN. KonTOopoBmYa 13 KOYPOBCKON TeTpamud O CYIIeCTBOBAHUN
HEKOMMYTATUBHBIX aHAJIOTOB AIMTUBHON T'PYNIHEI PAIIMOHAJIBHBIX UMCEN C JTIOOBIM KOHEU-
HBIM YUCIIOM TOpoXknatrmx m > 1. Tounee, nm OBITIO MOKa3aHO, UYTO MCKOMBIE QHAJIOTH, B
KOTOPBIX TepecedeHne JTI00bIX MBYX HEEMMHUIHBIX MOATPYNIH OECKOHEYHO, MOTYT OBITH IIO-
CTPOEHBI B BUIE IIEHTPAIILHOTO PACIIIMPEHIs CBOOGOMHOI GepHcaiinoBoil rpynnsl B(m,n), rue
m > 1, an > 665 — HeUeTHOE YUCIIO0, UCIOIb3Ys B KaUeCcTBe IeHTPpa OECKOHETHYIO ITUKITIIe-
ckyto rpymmny. [lomydeHsr Takxke Opyrue MPUIOXKEHUS TPEIaraeMoro o600IeHnsT TeEXHUKN
Angua. B wactHOCTH, M1t HeYeTHBIX N > 665 OMUCBIBAIOTCS CBOOOMHBIE TPYIIITEI MHOTOOOPA-
3ust onpenessieMoro ToxknectsoM [z, y|] = 1 u Beraucisercs mynrumukarop [lypa rpynmer
B(m,n).
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CpaBHEMOCTH II0 MOOYJIIO 2 B I'PYIIIaX KPYTOBBIX €IWHUIL

P. 2K. Anees, O. B. Mutusaa

[Iycte G = (x) — nmkamdeckas rpynna nopsaka 8m = 2™ > 16 (mis mopsmgkos 2
u 4 TpuBManbHO, a mid 8 Bed m3BecTHO) U V(ZG) — HOpMAIM30BAHHAS TPYIIA €IUHUILL
eJTIOYNCIIEHHOTO TPYNIoBoro kosbia ZG rpymnsr G. Ilycrs ( — NpUMUTUBHBIN KOPEHb
crenenu 2" m3 1; xo = lg, X1,---, Xon—1 — HEIPUBOOUMBIE KOMILIEKCHBIE XapaKTephl
rpymnet G, rae x;(z%) = ¢7F nna 4,k € {0,1,...,2" — 1}; e; — MUHEMATILHBI HEHTDAITb-
HBIIl NIEMIIOTEHT KOMIIJIEKCHOI I'pynnoBoit anre6psr CG, COOTBETCTBYIOINI XapaKkTepy X ;-
Torma rpynmoBeIM roMoMopdu3MoM sBisieTcss otobpaxkenue ¢ : V(ZG) — U(Z[(]), rme

@(Zilgl ﬁkek) = p1. Honoxuwm ker p = Vp, o) — aBromopdusm kpyrosoro mois Q((),

nponosmkarormit orobpaxenne ¢ — (2L IlycTs Takxe
Am—1

Vi = {1 NG 1)e2k+1\x € U(Z[C])} NV(ZGQ).

k=0
Torma (z) X Vy x V; — moarpynna koreunoro uanekca B rpymnmne V(ZG) ([1]). B paGore [2]
MOKA3aHO, ITO B CUJLY JIOKAJIBHOIO COOTBETCTBUS XUrMaHa V) m30MOpPQHA MONrPYIIIe

U = U(Z[¢]) n (1 + 2Z[¢]) < U(Z[¢))-

Teopema. Iycts t; =1+ (7 + (77 + (¥ + (% gma moboro mHarypanbaoro j. Ilpu
BBENSHHBIX BEIIIE OO03HATCHUAX HMEEM

—3 f[2k"1_1

m—1 n
_ ok ok
U > (™) x H <t§ﬁ11t4m—2l—1> x H <t§ﬁ12 tox _o1—1)
=1 k=1 =0

I'unoresa. g kpyroseix equnumil (3] BMeCTo 3HaKa > B TeopeMe HOJIKHO ObITh DABEH-
CTBO.

Tem caMbIM B 5T0i1 paboTe cTporTcst monrpymnna rpynst V(ZG) 3HaUnTEeTHHO MEHBIIIErO
MHIIEKCA, YeM MOATPYIa, MOCTpoeHHas B [1].
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I'pynna enmHUII EIOYNCIIEHHOTO I'PYHIIOBOTO KOJIbIIA ITUKJIMYECKON I'PYyHIIBI
nopsinka 16

P. 2K. Anees, O. B. Mutusa, T. A. XAHEHKO

B o0l paboTe IOy 9€HO TIOITHOE OMUCAHIE TPYIIIIBI IUHNAILL IEJIOUNCIEHHOTO IPYIIIOBOTO
KOJIbIla IUK/IN4IecKoil rpynnsl G = (x) nopsanka 16, magaroe B [1, 2]. Onucanue naércs B
TEPMUHAX JIOKAJIBHBIX EIUHUII, BBEIEHHBIX COrJIAcHO onpenenenuio 1 u3 [3]. Bosee Touno,
IIyCTb )\ — eOdMHNIa KOJIbIIa HEeJIbIX KPYTOBOT'O IIOJIA Q16, IIOJIYYCHHOI'O IPUCOCONHECHUEM K
IOJTI0 PALMOHAIILHBIX uncest QQ mpuMuTUBHOTO KOpHs v crenenu 16 u3 1. O6osnaumM, yepes
u1(A) — JOKaIIBHYIO IUHUILY, ONPENeIIeMy0 eIUHULE A U XapaKTePOM X1, I KOTOPOTO
X1(x) = a. Amamoruuno onpenenseTcs JITOKaIbHAS eIUHUIA Us((t), OMpenessieMas equHUTIel
{t KOJIbIIA LEJILIX KPYroBoro moisi Qg KPyroBoe Imojie, HOJLyYeHHOe IPUCOSIUHEHNEM K IIOJIIO

parmoHaTbHEIX uncesnn Q KopHsA a2, m xapakTepoMm Yz, miis koTtoporo Yo(z) = o?. Taxxe
nonoxuM st k € {0, 1,2}

topi1 = Q2(k+1)  (2k+1 4 g 4 = (2kH1) 4 —2(2k+1)

Teopema. I'pynna emquann U(ZG) uenouncnennoro rpynmosoro konbna ZG nukmmde-
ckont rpynmnbl G opsiaka 16 B onpeneéHHBIX paHee 0003HAYCHUSX DaBHA:

(=1) x G x (uz((1+V2)") x {ua (1)) x (ua(3ts)) x (ur(tits)uz(—(1 +v2)?)).
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JlokasibHBIE KPYTOBBIE €IUHUIBI II€JIOUNCIJIEHHBIX I'PYIIOBBIX KOJIEI]
OUKJINYECKUX 2-TPYyNIl

P. 2K. Anees, O. B. Mutusa, T. A. XAHEHKO

O6o3naunm uepes Qon KPyropoe Mojie, MOJIYYEHHOE MPUCOSMUHEHNEM IPUMUATUBHOIO
kopHa « m3 1 crenmenn 2". Ilycts P = <1 —af|kedl,...,2" ~ 1}> < Q5. — monrpymnma
II0 YMHOXKEHUIO MyJbTUINAKATUBHON rpynnsl Q5. momst Qaon. I'pynnot kpy2o6bir edunuy
nosst Qon HazoséM rpynny K = PNU (Z]a]), roe U (Z[a]) — rpynna equHuin KOIbIia, Hebix
Z[a] nons Qan. Ilo Teopeme Cunnora (1] |U (Z[a]) : K| = h(n), rome h(n) — uucio kraccos
TTOJIsI Q;n = Q2» N R. IIpobnema Bebepa o uucse KI1accoB yTBEPKOAET, UTO IJIsl JTFOOOTO
HATYpaIBLHOTO N uucio kiaaccoB h(n) = 1. Ha mammoe Bpems mssectHo, uto h(n) = 1 mpn
n < 8 [2].

s 1:060T0 IEesI0ro j MOIOXKNAM b, = 1+ad+a 7 +a? +a~% . Hebonbias MonuduKams
pesynbraTta u3 [3] maér, uro rpynna K = (a) X H?lOZ_Q (tar41)-

[Iycts Z(z) — IeIouncaeHHoe TPYIIoBOe KOIbIO TUKIMIECKON 2-TPYIIbL (X) MOPIKa
2", TI'pynnsr enuunn koseny Z(x) tpusnanbuel upu n € {1,2}, a npu n = 3 rpymnma Xo-
poro m3BecTHa. IlosTomy mosmoxum n > 4. Ocobyio posib B ONMCAHUEA €IWHUI] TPYIIIOBOTO
KOJbIa Z () UrparoT BBEIEHHBIE COTJIACHO ONpeneieHnio | u3 [4] mokambHbie equHnuIbn u(fL),
onpenensiemble enuaunamu i € U(Z]a]) u xapakTepom Y, mis kotoporo x(z) = a. Ilycrs

L={peK|up)cU(Zx))},
roe U(Z(x)) — rpynna enuann konbia Z(x) u mis moboro k € {0,1,...,n —4}
2n737k_1
ok ok
My = H <t21+1t2nf27<k71>—(2z+1)>'
=0
Teopema. [Ipu BBenéHHBIX 0003HAUYEHUSIX

n—4
L=y x 728" x [ M.
k=0
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Crenennnsie M R-rpynmbl: TouHOe R-momosiHeHUe

M. I". AMATJIOBEIA

[MousTue crenennon R-rpynmst (R — IPOM3BOIBLHOE ACCOIMATUBHOE KOJIBIIO C eIUHUIIEH )
BeeneHo P. JTunnonom B [1]. B [2] A.T'. Macuukos u B.H. PemecineHHUKOB yTOUHMIIN TOHATHE
R-rpymnmnsl, BBeOsT OOMOTHUTEIBHYIO aKCHOMY. OJTO yTOUYHEHHE NPENCTABIISIET eCTECTBEHHOEe
obo011IeHre TOHATHS R-MOmysIs Ha ciydail HEKOMMYTaTUBHBIX T'PYIIL. B UecTh aBTOPOB 3TOM
CTATBU IPYINLL ¢ 5TOi akcuoMmoil B crarbe (3] M.I'. Amarmobermun Hazsauer M R-rpynmamu
(R — KOIIBIIO).

XOopoIIo M3BECTHA POJIb TEH30PHOTO IIPOM3BENEHNUs B KaTeropuu R-momyreil, B 4acTHO-
CTHU, TEH30PHOTO PACIINPEHUs KOJIblla CKAJSIPOB. B [2] ompemesieH TOUHBIN aHAJIOD MOCIIEN-
Hell KOHCTDPYKIIHI IIs Ipom3BosbHON M R-rpymmsr G — Temsoproe monomrenume G5H, rue
i R — S — romomopdusMm kosen. B mpuiioxkeHWSX ji dallie BCErO BJIOXKEHUE KOJIell, HO
u B TakoMm ciaydae \ : G — G5 me Bcerma spiseTcs BuoxeHmeM. B [2] ykazaHO omHO
IIOCTATOYHOE yCJIOBUE, KOTIa A €CThb BIIOXKEHIE.

B [4] BBonuTCs Kareropus PY wacTuanbix M R-rpynn U ycTaHABINBAETCS DSl MHTEPEC-
HBIX CBOICTB 3TOU KaTEropuu.

Teopema. Ilycts 7 — nomkonsno xomena R u rpynna G € P%, npuuem B G u RT
(ammuruBHAs rpynma Koabna) HeT sjaeMeHToB nopsaka 2. Torma rpymma G Touna, T.e.
kaHOHIYeckoe oTobpaxkerue )\ : G — G spagercs Baoxenmen.
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I'pacder Hlumnna ¢ by = sco

1. H. BEnoycoB, A. A. MAXHEB
I'padpom Hlunna HasbIBaeTCS OUCTAHIIMOHHO PETYJSPHBIA rpad OAuaMeTpa 3 CO BTOPBIM
COOCTBEHHBIM 3HaueHueM 01, paBabiM a3. s rpada [Mumia nonoxum a = az u b = k/a.
Panee usyuamuce rpadsr Hlunna ¢ by = ¢y [1, 2]. B mannoii paboTe HAYATO MCCIENOBAHUE
rpados [lunna ¢ by = sco, s — 1enoe uucyao, 6omabittee 1. Ilokaszano, uro B rpade [lumaa
¢ 65 = —1 u ncesmoreomerpuueckuM rpadom I's umeem by = sco. Halimenbl Tak:ke HOBbIE
OeCKOHEUHBIE CepUN IOIYCTUMBIX MacCuBOB Iepecedenuit rpados [umma.

Teopema. Ilycts I' sBusercsa rpadom [Hunna ¢ #; = —1. Torma by = a+ 1 u 03 =
—b — c3. Ecau I's aBnsercs nceBnoreomeTpuyeckuM rpacdoM, TO BBITOITHSIOTCS CIEIYIOIINE
Y TBEPKICHUS:

(1) by = scq, T mmeeT maccus nepecedenuit {b(sco — 1), sco(b—1), sco; 1, ¢a, (sco —1)(b—
1)}, xpaTHOCcTH COGCTBEHHBIX 3Ha4YeHul paBHbL (bs + 1)(cas — 1)bea/(b+ co — 1), (beas — b+
1)(bs+1)b/(cas+b+ca—1) u (beas—b+1)(cas—1)(b—1)bs/((cas+b+ca—1)(b+c2—1)), B
ciayuaae b = (s — 1)y uMeeM s = 2¢o 1 Maceus nepecedenuii {(2co — 1)co(2¢3 — 1), 2¢3((2¢o —
L)ea — 1),2¢3; 1, ¢2, (2¢3 — 1)((2¢co — 1)cg — 1)} sBASETCS MOMY CTUMBIM;

(2) ecmu ¢ = 1, To I's sBnsiercs ncesmoreomerpuueckuM rpadom mis pGg(bs, s — 1),
s — b nemur (b, s)(s — 1,b — 1) u BO3HUKAIOT cJiemytole GECKOHEUHbIE CEPUE MOy CTUMBIX
MaCCHUBOB IlepecevueHnil:

(i) B cygae s = b? mmeem maccus {b(b* — 1),b%(b—1),b% 1,1, (0> — 1)(b—1)};

(i1) B cmygae s = b+ 2 mmeem maccus {b(b+ 1), (b+2)(b—1),b+2;1,1,b% — 1};

(131) B cmyuae s = 2b— 1, b = =£1 (mod 3) mmeem maccus {2b(b — 1), (2b — 1)(b —
1)7 20— 1; 17 17 2<b - 1)2};

(3) ecm ¢ = (b—1)s, b = s+ 1, 1o rpad ' umeer momycTUMBIN MACCUB [IEPECEUCHIIT
{(s+1)(s3—1),5% 831,52 s(s3—1)} n aBageTca Q-momuHOMEATBEHEM, a Tpad I3 seasercs
nicepnoreomerpudeckmm s pGs(s2+s, s°—1) (B cmydae s = 2 rpad ¢ MACCHBOM TIepecedeHmi
{21,16,8;1, 4,14} me cymectsyet 1o [3]).

Hatinensr momyctumbie MmaccuBsl nepeceuenunii rpados Hlunna B coyvasx b =4 u b = 5.
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O AJOMMHMNOHAX PAIlMOHAJIBHBIX YHCE€JI B HUWIBIIOTEHTHBIX I'DYIIIIax

A. 1. Bynkun

B nmaunoit pabore 3aBepiiaeTcs UCCIEIOBAHUE BOIIPOCA O 2-3aMKHYTOCTHU aIIUTUBHON
TPYIIIBI PAIMOHAIBHBIX Unces () B KBA3UMHOTOOOPa3usIX HUJIBIOTEHTHBIX TPy 6e3 KpyJe-
HUsI KJTACCA HE BBIIIE TPEX.

[Tycts M — mpousBosbHOE KBa3mMHOroobpasme rpymm. B sToMm ciayuae mis Jro6om
rpynnsl G u3 M u eé monrpynnsl H TOMUHIOH domé\/l (H) monrpynnet H 8 G (B M) ompe-

OeJIAeTCs TaK:

domM(H)={a e G|YM e MVf,g:G— M, ecmu f |g=g|g, 10 a’ =a?}.

3mech, kak 06braHO, uepe3 f,g : G — M obo3znaueHbl TOMOMOPU3MBL ITPYHIbl (G B TPYIITY
M, uepes f | — orpannuenue f ua H.

I'pynmma H wasbiBaeTcst n-3aMKHYTON B Kiacce M, ecmu mist jobont rpynmel G =
gr(H,aq,...,a,) n3 M, conepxkatueit H u mopoxaeHHOM 110 MO0 H MOAXOMSIIIIMU 7 HI1e-
MEHTaMU, CIIPABEIJINBO PABEHCTBO: doméA(H ) = H. VccnenoBaHuio n-3aMKHYTHIX TPYIII B
KBa3UMHOI0O6pa3NsAX HUIBIOTEHTHBIX TPYIII MOCBSIIEHB! cTarsu [1,2,3].

Teopema. IIycts M — mob6oe kBasumuoroobpasue rpymi, G = gr(xy, x2,()) — rpymnmna
6e3 kpydeHns uz M cTymeHu HUIBIOTEHTHOCTHU He Oojiee TPEX, MOPOXKIEHHAS 10 MOLYIIIO ()

nsyms smemertavu. Toraa dom(Q) = Q.
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O uncie CUIOBCKUX IIOATPYIIII B ITIOYTH IIPOCTBHIX I'PYIIIIaX CO 3HAKOIIEepEMEHHBbIM
NJIN CIiopagm4veCKM IIOKOJIeM

A. C. BACUJBLEB

Berony uepes p obo3HadaeTcs HEKOTOpoe mpocToe dncio. Ilyers G — rpymma. Cumso-
10M Vp(G) 0603HAUNM KOJIMIECTBO CUIIOBCKUX p-TIoArpymn rpynnst G. Bymem roBoputs, 4To
rpynna G ydosaemeopgem ycaosuio DivSyl(p), ecnu mis mo6oit nonrpynnsr H rpynner G
vp(H) menur v, (G).

E. II. Boosun u B. I'o B [1] mokasanu ciemyoliyio Teopemy:

ITycmp epynna G obaadaem caedyrowum ceoticmeom. Laig awbo2o neabesesa Komno-
suyuonnozo garxmopa S epynnet G, ydosaemsopaowezo ycaosuio DivSyl(p), smomy e
yeaosuro ydosaemsopiem arwobag nodepynna A < Aut(S), codepacawaz S u marag, wmo
A/S — p-epynna. Tozda G ydosaemeopsem ycaosuio DivSyl(p)

B sroit xe pabore choOpMyInpOBAHA TUIIOTE3a:

T'unoresa. Ecau S — mpocras rpynma, ynosimeTsopsiomias yeaosuio DivSyl(p), To
mobast rpynmna A takas, uro S < A < Aut(S) u unnekc S B A — 5TO cTeneHb uucIa p,
Takke ynoBieTsopsier yciosuo DivSyl(p).

Teopema. Ecau S — npocmad 3HaKONEPEMEHHAT UAU CNOPAIUNECKAT 2pynna, YJo-
saemeopaowad ycaosuro DivSyl(p), mo awbasz epynna A maxasg, wumo S < A < Aut(S) u
undexc S 6 A — amo cmenenv wucaa p, maxsce ydosaemeopsem ycaosuio DivSyl(p).

CnencrBue. FEcau xaxcoviii neabeaes KoMNOUYUOHHBIL Harkmop Koneunotl 2pynnbl
uzomopden 3narxonepemennoti uau cnopaduueckol epynne u Ydosaemeopaem Yca08u0
DivSyl(p), mo u cama epynna ydosiemsopsem ycaosuo DivSyl(p).

CIIUCOK JIMTEPATYPBI
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O mocTpoeHun apudpmermdeckux rpadoB KOHEUHBIX I'PYIIII

A. ®. BAcunbEB, B. 1. MYPAIIKO

Bce paccmarpuBaembie rpynnbl KoHeuHbl. Ilycts G — mekorTopas rpymma, w(G) —
MHOXKECTBO BCEX MPOCThIX meiurenein mopsanka G. B 1968 T. Xoyke [1] pacemorpen opu-
entupoBanublil rpad 'y (G) rpynnst G, MHOXKECTBO BepIiuH KOTOPOro conanaer ¢ m(G) u
(p, q) sBastercs pebpom, ecan q € (G /Oy ,(G)). Cormacuo [2] cumoBckum rpadom I's(G)
HA3BIBAETCS OPUEHTUPOBAHHBIN rpad ¢ MHO)ecTBOM BepiuuH 7(G) u (p, ) sBisiercst pe6pom
I's(G), ecmu q € 7(Ng(P)/PCq(P)) mis HEKOTOPOI CUIOBCKOM p-TIOATPYNIbI P CpymbI
G. Opuentuposanusiii rpad I'n.(G) ¢ muOX)ecTBOM Bepiins 7(G) u pebep (p,q), ecnu 8 G
umeercs (p, q)-nmonrpynna [Imunra, saseiBaercs N-kpurtuueckuMm rpadom rpynmet G [3].

Mg npemtaraeM O6IIYI0 KOHCTPYKIIIIO MOCTPOEHUsST TaKUX IPadoB.

Onpenenenne 1. dyuxnuio f HA30BEM CEKIIMOHHBIM (QYHKTOPOM, eciu f CTAaBUT B
cooTBeTCcTBHE Kaxnoil rpymnmne G (Bo3MOxkHO mycToe) MHOXkecTBO f(G) cexnuit rpynmbr G,
ynosnersopsitoriee o f(G)) = f(a(G)) mns moboro msomopdusma « : G — G*.

Omnpenenenune 2. [lycts § — GyHKIUMA, KOTOpas KaxXIOMy IIPOCTOMY YHUCIY P CTABUT
B COOTBETCTBHE CEKIIMOHHBIA QYHKTOD 6,,.

(1) T'yp mazsoBem f-yokampHOI apudmeTnueckoit rpadosoit yukuueit, eciiu V (Iy(G)) =
m(G) u (p,q) € E(Lg(G)), ecm q € T({Na(P)/Ca(P)|P € 6,(G)}).

(2) I'z masoBem f—mokampHOH apudbmeTmaeckoil rpadosott byrkmmeit, ecmu V(I'z(G)) =
7(G) 1 (p.4) € E(T5(C)), ccmn g # p u g € 7({Ne(P)/Ce(P)|P € 6,(G))).

Ilpenmoxenune 1. Ilycts 0 — ¢QyHKIUS, KOTOpas KaXKAOMY IIPOCTOMY UHCJIY P CTABUT
B COOTBETCTBHUE CEKLUOHHBI ¢yHKTOp 0,. Torna:

(1) Ecnm ,(G) — mHOX)eECTBO BCex ritaBHBIX p-hakTopoB G, To I'o(G) = T'y(G).

(2) Ecmu 0,(G) — muOXKecTBO BCex cumoBckux p-moarpymnn G, o I'y(G) = I's(G).

(3) Ecmm 0,(G) — muOxecTBO BCex p-moarpymn G, o I'y(G) = I'y.(G).

Teopema 2. Ilycts § — ¢opmanus, m = 7(§) u o(p) = {q|(p,q) € E(I'nc(3))} U {p}.
Torma cremyrorue yTBEPXKIEHUS S9KBUBAJICHTHBI.

(1) § — HacmencTBeHHas paspemmMo HacbleHHas dopmanus [IlemeTkoBa.

(2) m-rpynna G npuHagnexnt § rorga u Toabko roraa, korga Ng(P)/Cq(P) npuuan-
aexut &, () A1 mobout p-noarpynnbl P rpynner G u g ao60ro p € .
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O6 omHOM cBoOUICTBE OGOGIIIEHHBIX ITPOEKTOPOB KOHEUYHBLIX T'PYIIII

T. 1. BACUJIILEBA

PaccvarpuBatoTcst TOIbKO KOHEUHBIE TpyIbl. VICHONB3y0TCs onpeneeHus u 0603Hade-
aust u3 [1]. Xoporo ussectro, uro eciiu H — cuoBckas moarpytmna rpynnsl G uiim XoJioBa
MONTPYIIa pas3perruMoil Tpynmsl (G, TO OHa 00JIaIaeT CIeMYIOMIIM CBONCTBOM:

(1) HONNM = (HNN)(H N M) pis mobbix Hopmanbabix B G monrpynn N u M.

B 1969 romy XynmepT mokasasi, 4To [jIs HACHIeHHON dopManuu § cBoitcTBoM (1) obita-
maeT BCKUE §-mipoekTop H paspermmoit rpynmnst G.

B pa6ore [2] pesynbrarot [ammona, [lynka, Dpukcona o CylecTBOBAHUN F-ITPOEKTO-
POB U X CBOMCTBaX B KOHEYHBLIX I'DYIIAX MOJIYYUIN PA3BUTHUE IIyTEeM BBENEHUS U U3y UIEHUS
cremytoiriero nmoHsATus. IlycTh w — HEKOTOpOe HemycToe MOMMHOXKECTBO MHOXKECTBA BCEX
MPOCTBIX dmCeN, § — HemycTon kiacc rpymnm. [lonrpynma H rpynmer G HasbiBaeTcs §%-
npoexmopom B G, ecmu HN/N sBisgercs §-makcumaiabHOR nonrpynmnoi B G /N miist mo6oi
HOpMaJIbHOI w-Tionrpynmel N rpynnsr G.

Hawm morpe6yrorcs HekoTopsie cBenenus u3 [2]. IlycTs § comepxurces B kiacce rpymnm X,
§ Ha3BIBaeTCS W-HAcblUweHHbim 6 X, ecau mjst jaoboi rpynnsl G € X u 110600 HOpMaJILHON
nonrpynnsl N rpynoer G takoir, uro N < ®(G) N O,(G), uz3 G/N € § cremyer, 4ro
G € §. OrmeruMm, UTO HJis HACIENCTBEHHOrO romoMopda X U HemyCcTOH w-HACHIIIEHHOMN
dopmaruu § B X Bcsgkas X-rpymma, y KOTOPOR §-KOPaaWKail eCTh w-TOATPYIna, obamaeT
§“-mpoekTOpOM.

B macTostiieM coolIIieHnn yCTAaHOBIIEHBI HOBBIE CBOICTBA §*-TIPOEKTOPOB, B YACTHOCTH,
TIOJTY IYeHA

Teopema. Ilycte X — HacaeacTBEHHBINH TOMOMOP, § — HEIMYCTas w-HACBIILIeHHAS
¢popmanus B X u G € X. Ecin §-xopanukay rpymnmnel G sBisercs w-noarpymmon, o H N
NM = (HNN)(H N M) gns moboro §-npoexropa H n3 G u m06b1x HOpMaiIbHbIX B G
nonrpyrnon N u M.

Ecnu w — MHOXecTBa Bcex MPOCTHIX YHCEN, TO B ClIydae coBmameHus X ¢ KJIacCOM BCEX
pa3pelIMMbIX TPYIII OTCIONa IMOIyYaeTCss OTMeUYeHHBIN pe3ysIbTaT XYIIepTa, a B CiIydae
coBmaneHus: X ¢ KJIacCOM BCEX T'PYIII HOJIy9aeTCsl COOTBETCTBYIOMINI pe3ynbTaT ux [3).
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O KOHEUHBIX 2-rpynmnax, HOPOXKJIEHHBLIX TPEeMs WHBOJIIONUSIMMU,
C TOMOIIUKJINYECKNM KOMMYTaHTOM

B. M. BEPETEHHUKOB

Onucansl KoHEUHBIE 2-TPYTbL (G, TOPOXKIEHHBIE TPEMS WHBOJOIUSAME, ¢ TOMOIUKITAIE-
ckuM koMMmyTanToM G skcmonentsr 2™. Chucok Takux rpynm npu m = 1 momyumia A. 1.
YerioxannHoB [1] (mokasaTenbcTBO OIMyOIMKOBAHO He OBIIO).

[Tpyu TpPOM3BOIBLHOM 11 KJTACCU(DUKAIINS YKA3AHHBIX TPYII pa3buBaeTcs Ha 5 CIIydaes:
1 <d(G") <5 (rme d(G') — MuHUMAIBHOE YUCIIO MOPOXKIANWX rpynnsl G'), mpuuem mpu
d(G") = 5 rpynna G onpenessieTcst OMHO3HAYHO ¢ TOYHOCTHIO 110 N30MOP(U3MA.

[TokasaTenbHBIM ABISETCS CIIydail, KOTIa

G = (a1,a2,a3), G' = (f12, f13, f23), fij = ai,a;], 1 <i<j <3.
Torna

—1 —1
?21 :f12 ’ {131 :f13 ’ 2asl :f23ffé212f1a:313 %237
—1 —1
0 = ft 15 = Fis SR it for®, fe3 = fah

115 = Ffi3* F8° £330 113 = fis' £33 = fas-

[MokazaTemu a3, 313, Y12 HE3ABUCHMO IPYT OT OPYTa MOTYT OLITH paBHEI 0, 271 —2,
—2+4-2"~! 510 Momymo 2. M3ydeHne Bcex STUX BAPUAHTOB IMOKA3BIBAET, YTO CYIIIECTBYET HE
Gomee 128 + 2mF3 + 2m~1 paxux rpymm, ¢ TOYHOCTHIO 10 m3oMopdusma. OCTaTbHBIE CIIydan
paccMaTpPUBAIOTCST AHAJIOTUIHO.
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NHaBeKkTOpH! T-pa3pernMbIX CPYIIT

H. T. BorobbEB, T. b. BACUIEBUY

B pabore paccMaTpmBaloTCsS TOIBKO KOHEUHBIE I'pyNNBL. B 0003HAUYEHWSX MBI Cile-
nyem [1, 2]. B reopun kiaccoB PuTTHHra KOHEUHBIX PA3PEIIUMBIX T'DYII, U3BECTEH pe-
synbTatr [3], KoTopsIil 0600maeT dyunamenTanbabe TeopeMbl CuoBa u Xoiwia: Teopema
lamrorta, @urepa n XapTiau o CyIIIeCTBOBAHUU U COMPSKEHHOCTH §-UHBEKTOPOB B pas3pe-
IIMMBIX TPYIIax sl KaXOIoro kiacca PuTTuHra §.

Krnacc rpynn § HaspBaeTcs kiaaccoM PUTTHUHTA, €CIU OH 3aMKHYT OTHOCHUTEIHLHO HOD-
MaJIbHBIX TMOATPYIII U TPOU3BENEHUN HOPMAaIbHBIX §-onrpynn. [Ipomssenennem nByx kKiac-
coB @urtunra § u $H HaswBaioT kiacc rpynn §9) = (G: G/Gz € $). Xoporio u3BecTHO,
UTO TMPOU3BENCHUE JTIOOBIX NBYX KiaccoB PUTTUHTA SIBIsETCS Takxke KiaccoM durTurra.

Hamomuum, uto ecimm § — HemycToin kitace PurTunra, To B jaoboi rpymme G cyie-
CcTByeT HambOJIbIas HOpMaJIbHAs §-monrpynna. Eé maspBaioT §-pamukaiom G u 0603HA-
galoT Gg. Ilonrpynma V rpynnel G HasbiBaeTcs eé §-HHBEKTOPOM, eciau V N N saBiseTcs
$-MakCcIMaIbHON OArPYIHon rpynnsl N miis 51060 cyOHOPMAaIbHON NOArpy sl N IPyIIbI
G.

ycts € — kmace Beex 7 -rpym u Char(X) = {p | p € Pu Z, € X} — xapakrepu-
CTHUKa Kjacca rpynmn X.

Teopema. Ilycrs § = € X, rne X — memycroit knacc Purruura u Char(X) =n. Torna
Jrobast m-paspernmas rpynmna G UMeeT equHCTBEHHBIH KIACC CONPSXKEHHBIX §-UHBEKTOPOB I
KaKIbli §-nHBeKTOp G ABIIETCS Ipon3BeneHneM T -paaukata G 1 X-HHBEKTOpa HEKOTOPOIT
xosmoBoit m-moarpynmnsl G.

CnencrBue 1. Kaxrnas m-pasperumas rpynna uMeeT eIUHCTBEHHBIN KIaCC T -HUJIBIO-
TEHTHBIX UHBEKTOPOB.

CnencrBue 2. Kaxnas m-paspeninmas Tpynia IMEeT €IUHCTBEHHBIN KJIACC T-3aMKHY-
TBHIX HHBEKTOPOB.

CnencrBue 3. Kaxxnas m-pasperinMmas TpyIia IMeeT €QUHCTBEHHBIH KJIACC T -CIIEIH-
aJIbHBIX UHBEKTOPOB.

Pabora Bemonaena npu ¢unancosoit nonnepxkke ['TTHU ” Koueeprennus-2020”. Pabora
BTOPOT'O aBTOpA BBIMOJIHEHA pu (uHaHCOBON nonnepxkke BPODU (rpant ®17M-064).
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O m-pa3peuimMbIX Irpynnax ¢ OrPAHUYEHHBIMHU 2-MaKCUMAaJIbHBIMU
OOATrPYHIIaMU TT-XOJIJIOBBIX HOATPYIIII

II. B. I'runyk, A. A. TPOOUMYK

PaccvaTpuBatoTcst TOIBKO KOHeUHBIE TPyIIbL. Bee 0603HaUEHNs U UCTIOIB3YyeMbIe OIpe-
nenenust cooTBeTcTBYIOT [1]. IlycTs ™ — HEKOTOPOE MHOXKECTBO TPOCTHIX uncesn. CpoiicTBa
HUJIBIIOTEHTHON 7-IJINHBI U TPOU3BOMHON T-IIJIMHBI 7T-Pa3pPEIInMON T'PYIIbl MTPUBEICHBI B
paborax [2, 3]. Hamomumm, urto momrpynma H rpynnel G HasbIBaeTCs 2-MAKCHMAJIBHOI
nonrpynmnon rpynnsl G, eciu H sgBaseTcss MaKCUMAaIBHON MOATPYIIION B HEKOTOPOU MAKCHU-
MasbHOI noarpymmne M rpynmnst G.

Penen [4] onucan Hepaspemmmble TPYIIbL ¢ A6€7I€BLIMEI BTOPBIME MAKCUMATBLHBIME TIOJI-
rpynmnamu, Xymnnepr [5] yCTaHOBIII CBEPXPA3pEeIINMOCTb IPYIIIBL, B KOTOPOI BCE BTOPHIE
MaKCUMaJIbHbIe OATPYNILl HOpMasbHbl. B paborax Cymsyku [6] u Suko [7] comepxkurcs
OMICAHMEe KOHEUHBIX HEPA3PEIIMMBIX T'DYIII, B KOTOPBHIX BCE 2-MaKCHUMAJIbHbBIE TOATPYIIILI
HUIBIOTeHTHBI. OTmHcaHme pa3pelmMbIX TPYI, B KOTOPBIX BCe BTOPBIE MaKCHMaJIbHBIE
HOATPYIIIBL SIBISIFOTCS. HIJIBIIOTEHTHBIMIE, ObII0 mostydyeno B.A. Bemonorosbiv B paGore [8].

Teopema. Ilyctes G — m-paspemmmas rpymnmna, G, — m-xosuioBa mnoarpymma u M —
2-makcumastbHas noarpynmna B G. Torna:

(1) ecnu moprpymnna M mwmnsnorentHa, 1o [2(G) < 1 + max,erl, (G) n I4(G) <
max,er d (Gr) (1 + max,eq b (G));
(2) ecnu momgrpynmna M abenesa, To I2(G) < 3 u l%(G) < 4.

Pa6ora Beimonaena npu duxaxcosoil nonnepxke BPOPU (rpant ®17M-063).
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O TpyIimax aABa-paHra OovH

B. E. IlypakoOB, E. B. IIyPAkOB, A. 1. CO3YTOB

Kax nokazan Beprcaiin, B KOHEUHOI T'PYIIE C IMUKIUIECKON CHUJIOBCKOW 2-TIOATPYIIIION
BCE BJIEMEHTHI HEUETHOIO MOPSIKA COCTABIAIOT HOpMajbHYIO monrpymmy. Iis Geckoneu-
HBIX TIEPUOAMYECKUX TPYII 3TO YTBEPKICHUE HEBEPHO MAaXKe B CIIydae, KOTIa CHUJIOBCKAs
2-TIOATpYyIIIa UMEET TOPSIIOK 2 u sBiseTcs neHTpoM rpymnel. B 1973 r. B.II. IllyakoB B
[1] mocrasun Bompoc 4.75: nycme G — nepuoduueckad 2pynna, coOEPHCOUAT UHBOAOUUIO
i, U nycmv cuaosckue 2-nodepynnwvt 2pynnvt G A64AT0OMCT AUOO AOKAALHO YUKAUYECKUMU
epynnamu, 4ubo 0006w eHHbIMY 2pYNNamy Keamepnuornos. Bbydem au unsoaroyusg iOy (G)
yenmpaavnoim daemenmom 6 G/02(G)? 3nece Oy (G) = O(G) — MakcuMaIbHas HOpMaJIlb-
Has B (G moarpymma, He comepkKarias WHBOoNui. JlpyruMmu ciioBamu, BepHa i Teopema
Bepucaitna-bpyspa-Cysyku B kimacce nepuonudaeckux rpymmn! OTBeT Ha HETO HEU3BECTEH
Iake TIPU yCIIOBUN KBa3uIukImaHocTy tenTpatusaropa Cg (i) (Bompoc B.I1. Masyposa 15.54
[1]). Otrser momoxwureneH korga G HeficTByeT (TOYHO) ABaXKIbl TPAH3UTUBHO HA MHOXKE-
crBe G/Cq(i) [3], m korma Cg (i) — KBasUIUKINYIeCKas TPyIna, He MakcuMmasbHas B G [2].
Bompoc 4.75 tecuo csszan ¢ Bonpocamu 10.62 u 11.13 u3 [1], mpuuem Ha Bompoc 11.13 yxke
HOJIyYeH OTPUIATEIBHLIN OTBET B [4].

Teopema 1. I'pynna G ¢ ob6ocobaennoti, ne maxcumaronot 6 G 2-nodepynnot C u
KOHEUHOT UHB0AOYUET AOKAADHO KOHEUHa U A8agemcd 2pynnot Ppobenuyca ¢ abesesvim
gdpom [i,G] u aokawwro yuriuueckum, Ul (0600WeHHO) KEAMEPHUOHHBIM OONOAHEHUEM

C.

CraTbs ¢ 5TUM pe3yIbTaTOM OTHpaBiieHa B medaThb. l1lo 6osee obiiemy Bompocy 4.75
IIOJIyYEeHBI CIIEAYIOIIe Pe3yIbTATHI.

Teopema 2. ITycmv epynna G ydosaemsopsem ycaosuim eonpoca 4.75 [1] u uneo-
AOYUL T NOPOHCIGEM C KANCIDIM IAEMEHMOM KOHEUHO20 NOPAIKG, He Odeagw,e20Ca Ha 4,

Koneunyo nodepynny. Tozda iO(G) € Z(G/O(Q)).

B wacrrocTH, Bonpoc 4.75 [1] pemiaercs MOIOKUTEIBHO B KJIACCE COMPSIKEHHO GIHAPHO
KOHEUHBIX Tpymnn. OmHAKO maxke I KJIACCA COMPSIKEHHO OUIPUMUTUBHO KOHEUHBIX T'PYIII
Borpoc 4.75 moKa OTKPHIT.

Teopema 3. IIycmwv epynna G ydosaemsopaem ycaosuim sonpoca 4.75 [1] u arobas
mpotixa unsomoyut ud G nopoxcdaem 6 G nod2pynny oOMAUUHYIO 0M C60€20 KOMMYMAHIMG.

Toeda iO(G) € Z(G/O(G)).

Pabora monnepxana POPDPU, npoekt 15-01-04897-a.
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O nepeceyeHnn ABYX HWIBIOTEHTHLIX MOArpymn B rpynie Er(2)

B. 1. 3EHKOB

B mammoit paboTe mMpOmOTKAETCS W3yUEHUE MEPECeUYeHUN NBYX HUIBIOTEHTHBIX IOI-
TPYIO B KOHEYHOU HEPA3PEIIUMON T'PYHIE, ITOKOJIb KOTOPOU SBISETCS TPOCTOU T'PYIION U3
[1]. Pamee, B [2] 6GbuIM UCCIENOBAHBI TPYIIBI, IIOKOIb KOTOPBIX SBISETCS KIIACCUIECKON
rpynmoi, a B [3] HAYATO M3yUeHUE MEpPECeUeHUl NBYX HUIBIOTEHTHBIX HOAIPYII B PYII-
ax, MOKOJIb KOTOPBIX SIBJISIETCSI TPYIIION UCK/TIOUNTEIHLHOTO JTNeBa TUla. B manHOoi paboTe
TIOKa3aHa CJIeIYIoIast

Teopema. Ilycmv G = FE7(2), A u B — nuavnomenmuvie nodepynnut uz G. Toeda
AN BY =1 dag nekomopozo ssemernma g u3 G.

Pa6ora Beimonaena 3a cuer rpanTa Poccuiickoro nayunoro douna (mpoekt 15-11-10025).
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O KOHEUYHBLIX MPOCTHIX JIMHENHBIX U YHUTAPHBIX I'PyNNaX MAaJIbIX pPa3MepHOCTEN
HaJ MOJISIMHU Pa3HbIX XapaKTEPUCTUK, rpadbl IPOCTHIX YMCEJI KOTOPHIX
COBHANAIOT

M. P. 3UHOBLEBA

[Iycts G — koueunas rpynma, 7m((G) — MHOXKECTBO MPOCTBIX IETUTENEll ee MOpsIKa,
w(G) — cnexmp rpynnst G, T. €. MHOXeCTBO IOPSANOKOB ee siemeHToB. Ha 7(G) ompemne-
aseTcs rpad €O CIEMYIONIUM OTHOIIEHNEM CMEXKHOCTU: PAa3JIMuHble BePIIUHLL 1 1 § B 7(G)
CMEXHBI TOT[a U TOJILKO Torma, korga s € w(G). Oror rpad HasweiBaeTcs epagom I'pron-
bepea — Keeeas nwnu epagom npocmuir uucesa rpynnsl G u obosuauaercs uepes GK(G).
IIycts t(G) manbonbiee umcso BepiinH B Koknukax rpada GK(G).

B "Koypogckoit Terpanu” A. B. Bacunmwes mocrasusi Bompoc 16.26 06 onucanum Bcex
map Hem30MOPGHBIX KOHEUHBIX MPOCTHIX HeabelleBhIX I'PYII C ONMHAKOBBIM rpadom ['pron-
6epra — Kerems. Xaru, 2003 u M. A. 3Be3nuna, 2013 momyuuian Takoe OMUCAHUE B CIydae,
KOT[Ia OOHA M3 TPYIN COBMAMAAeT CO CIOPAINYECKON M 3HAKOIEPEMEHHOW T'PYIIION COOTBET-
crBerHO. ABTOp, 2014 MCCaemoBasl 3TOT BOMPOC MJI KOHEYHBIX MPOCTHIX T'PYIIN JINeBa TUIIa,
HA[ TOJISIMU OMHOW XapakTepucTuku. ABtop, 2016 paccMoTpesn nBe KOHEUHBIE MTPOCTHIE
TPYIIBL JIneBa TUIA HA MOJSIMU PA3HBIX XapakTepucTuk. l[lomyuena Teopema pemyKITUN.
Asrop, 2017 uccnemoBas mBe KOHEUHBIE TTPOCTHIE TPYMIEI neBa Tuna G u (G HAI TOISIMUI
pasubix xapaktepuctuk ¢ t(G) = t(G1) > 5, mpuuem omHA W3 TPYII SBIISETCS JTUHETHON
rpynmnoi. Tem caMbIM yTOYHEH IEPBBIM IIYHKT TeopeMbl penykimu. B mamnoi paboTe pac-
CMOTPEHBI IB€ KOHEUHbBIE TIPOCTHIC TpynIbl jueBa Tuna G u (G HAL MOJISIMU PA3HBIX XapakK-
tepuctuk ¢ t(G) = t(G1) < 4, npuyeMm omHA W3 TPYII SIBJISETCS JIMHENHON WM YHUTAPHO
T PYIIION.

Hnst e € {4+, —} uepes A5_,(q) obozuauaercs A, _1(q) = L,(q) = PSL,(q) npu ¢ = +
u?A,_1(q) = U,(q) = PSU,(q) mpu & = —

Teopema. IIycts G = AS5_,(q), rme n < 8, u G1 — HemzomopdHas rpynme G KOHeUHAS
IpocTas rpymila JIHEBa THIA Haz IIoJeM HOpSaka qi, rae ¢ = pl, q p{l, pup —
pasImIHbIe IPOCTHIE YA, €,1 € {+, —}. Ecan rpadpet GK(G) u GK (G1) coBnanaror, To
BBIIIOJTHEHO OIHO U3 CJIEAYIOLINX Y TBEDXKICHIH:

(1) {G,G1} — omma m3 map {A1(9), A1(4)}, {A1(9), Ai(5)}, {A1(7), A1 (8)},

{?A45(3), A1(49)}, {A1(13),G2(3)}, {A5(3), 2 Fu(2)'};

(2) {G,G1} = {45(q), Ca(a1) };

(3) {G Gl} = {4} _1(a), 4.1 (1)}, rme n € {3,5} m qq1 meweTHo;
(4) G = A5(q), G1 € {Bs(q1), Cs(q1), Da(q1)}, rae qq1 mewerso;
(5) {G, G} = {45 (a), A5, (1)}, ze n € {7,8};

(6) G € {A5(0), A3(a)}, G1 = *Da(ay).

PaGora Beimomnsena 3a cuer rpanta Poccuiickoro nayunoro gourna (mpoext 15-11-10025).
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K Teopewme IllemeTkoBa O NOMOJIHSIEMOCTY KOPAANKAJIa KOHEYHON I'PYHIIBI

C. Nu, C. ®. KAMOPHUKOB

PaccvarpuBatoTcst TOIBKO KOHEUIHBIE TPYIIIHL.

[TousTue §-xKopamnukasia, XapakKTePU3YIOIIee CTeeHb BXOXK ICHNUs TPYIIIIBI B (DOPMAIIIIO 5,
€CTEeCTBEHHBIM 00Pa30M WHUIIMHPOBAJIO UCCIIEIOBAHUE TPOOIEMbI PACIIEIIIEMOCTH TPYIIIbI
Hal §-KopaaukajgoM. lleHTpabHOe MeCTO B pelieHnn 3TON TPoOIeMbl 3aHIMAEeT CIICMY FOITTUI
pesyinbrar JI.A. lemeTkosa:

Hycre § — mokanbaas popmarus, G — koHeuHas rpymnmna. Eciu mis jgro60ro mpocToro
wncia p, mensmero |G @ GS|, cumosckas p-moarpymmer m3 G abemesa, To momrpymma G
gomoJtaszeMa B G.

Kak moka3seiBaloT mpumepsl, yciioBume abeleBOCTA COOTBETCTBYIOIINX CUJIOBCKUX ITOII-
rpynn §-kopamukaia B npuseneruoit Teopeme JILA. [MlemerkoBa cyrectsenno. IlosTomy
OMHUM U3 IIOIXOMIOB, HAIIPABIIEHHBIM Ha OCIa0JIeHNe 3TOTO YCIIOBUS, MOXKET ObIThH BBEIEHUE
MOTTOJTHUTEILHBIX OrpaHudeHuin ubo Ha rpymmy (G, aubo Ha dopmanmio §. Takoil mom-
XOIl pa3BUBaEeTCs B HaHHOI pabore. B el mis mpoumssBonbHoin GW P-dhopManun § uccie-
IyeTCsI CYIIeCTBOBAHUE IMOMOJIHEHUN K §-KOPALUKAJLY TPYIIIbI, MOPOXKICHHON CUCTEMON ee
K-§-cybHOpMAIBbHBIX TOATPYII. TakuM obpa3oM, ycioBre abeaeBOCTH COOTBETCTBYIOIIIX
CUJTIOBCKUX TOATPYII §-Kopamaukaja Bcell rpynnsl G B ormedennoit Teopeme JILA. [lemer-
KOBa OCJIA0JISIeTCsT MO YCJIOBUS abeIeBOCTU CUJIOBCKUX TMOATPYIN U3 §-KOPamuKajioB K-§-
cyOHOPMAJTBHBIX TOATPYIII, TOPOXK AafoImX rpyuny G.

Teopema 1. Ilycte § — GW P-¢opmarius u G — koHedHas rpymma, 06/1a1aroIras
CJIEAYIOILIUMU CBOICTBAM:

1) G =< A,B >, rne A u B — K-§-cy6ropmasbHbIe noarpynnsl rpynus! G

2) M1 HEKOTOPOTO TMPOCTOrO YUCIa P CHIOBCKHe p-monrpymnsl n3 AS n BS abemessr.

Torna F-xopamuxan GS rpymmsr G He comep:xut G-IiaBHBIX F-NEHTPAIBHBIX pd-hax-
TOPOB.

Teopema 2. Ilycts § — GW P-¢opmanus u G — KoHeUHasI TpyIia, MPEacTaBaMAast
B Bume G =< A,B >, rme A u B — K-§-cybHopmasisable moarpymnsl rpynnel G. Ecin
nonrpymmer AS u BS 7(F)-paspemmmver m mas moboro mpocroro umciaa p € m(F) cmmos-
cxue p-monrpymmnsr u3 AS u BS aberneBnl, To kKaxmslii §-HopMamu3aTop rpymasl G aBseTcs
nonosHeHIeM §-kopaankamna GS B rpymme G.

Zhejiang Sci-Tech University, Zhejiang (China)
E-mail: yixiaolan20050126. com
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O nepeceueHU MaKCHMAaJIbHBIX MOATPYIIII KOHEYHON pPa3pelInMoOil I'PyHibl

C. ®. KAMOPHUKOB

PaccmaTpuBaioTcst TOIBKO KOHEUHBIE TDYIIIIHL.

Kak ussectno, nonrpynna @partunu ®(G) rpynnst G onpenensieTcss Kak IepecedeHne
BCEX ee MaKCUMAJIbLHBIX mOnrpymnm. V3 ocHOBHOTO pesynbraTta pabors [1] cremyer, uro s
nostyuenus noarpynnsl $(G) paspermmoit rpynnsl G MOXKHO OMPAHUYIUTHCS TEPECEUCHIEM
JIUITH HEKOTOPBIX 37 €€ MAKCUMAJIBHBIX MMOAIPYIII, TAe 1 — UHUCIIO [OMOHIEMBIX (haKTOPOB
HEKOTOPOTO TJIABHOTO psima rpynmnst G.

Hpyroii momxom, HAIPABICHHBI HA COKPAIIEHUE YKUCITa MAKCAMAJIbHBIX TOATPYIII, ITe-
peceuenre KOTOpBIX maer nonrpymnmny Ppartuau, npemmoxen B.C. MonaxoseiM B [2], THe
YCTAHOBJIEHO, UTO s 1000l paspermumoit rpynnsl G ee nonrpynna Pparrunun $(G) co-
BIIAJIAET C MePeceueHreM BCeX TAaKUX MakcuMaabHbIX nonrpynn M u3 G, uto MF(G) = G
(3mecy F(G) — moprpynma ®urrunra rpynmer G, T.e. HaubOIBIIAS HOPMAIbHAS HUJIBIIO-
TEHTHas MOATPyYMa rpynnsl (7).

B crnemytoreit Teopeme oTMEUEHHBIE TTOMXOMBI OMPEIETIEHHBIM 06Pa30M OObEMUHAIOTCS.

Teopema 1. Ilycte G — pa3spermnmas rpymmna, n — giauHa (G-rJaIaBHOTO psaa TPYIIIEI
F(G)/®(G), a k — umcno nenrpanbabix G-riaaBHBIX (axTopoB sroro psga. Torma B G
cymecTByOT 4n — 3k MakcHMaJsIbHBIE TIOATPYIIIEL, IepecedeHne KoTopbix paBHo $(G).

Ornenka gncia MakKCUMAIBHBIX TTOATPYII, TPUBEOCHHAS B TeopeMe 1, sBIIIeTCss TOUHOM,
HO B HEKOTOPBIX CIIyYasx OHA MOXKET OBITH CYIIIECTBEHHO YIIydUIIIeHa.

Teopema 2. Ilycrs G — rpynmna HeYeTHOro mopsnka, n — aiauHa (G-TJIaBHOTO Dsaa
rpynnst F(G)/®(G), a k — uunciao nerrpanbabix G-riiaBHbIX pakTopoB sToro psna. Torma
B G cymectByior 3n — 2k MakcuMasbHBIE HOATPYIIIBI, Iepecedenne KoTopbix pasao P(G).

CIIMCOK JIMTEPATYPBI

[1] Kamornikov S. F. Intersections of prefrattini subgroups in finite soluble groups // Int. J. Group Theory.
2017. Vol. 6, N 2. P. 1-5.

[2] Monaxos B. C. Bameuanune 0 MakCuMaibHBIX Hoarpynnax xoHeunsix rpynn // Hoxa. HAH Benapycu.
2003. T. 47, N 4. C. 31-33.
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O KOHEUYHBLIX Hepa3pPelUINMbIX IPyNnax, rpadbl IPOCTHIX YKUCEJI KOTOPBLIX HE
cozepKaT TPEYroJIbHUKOB

A. C. KOHOPATHEB

[Iycts G — koneunas rpynmna. O6osmaunm gepes 7((G) MHOXKECTBO BCEX TPOCTHIX IIe-
murenei mopsaka rpynnsl G. I'pad npoctbix uncen (unm rpad I'pronbepra—Keremns) I'(G)
rpynnsl G ects rpad ¢ MHOX)ecTBOM BepiinH 7((G), B KOTOPOM IBe PA3INYHbIE BEPIIUHLI P
U ¢ CMEXHBI TOT[Ia U TOJILKO TOraa, Koraa (G COmepXKUT DIEMEHT TOPSIKa P(.

Hamu uccnemyercs 3amadya OmucaHus CTPOEHUsI KOHEUHOR rpynnbl (G, rpad TpOCTBIX
YUCEJT KOTOPOU HE COMEPKUT TPEYTOIBHUKOB (3-1uKioB). JIerko BumeThb, 9To haxkTop-rpymnma
G/S(G) rpynner G no ee pasperumomy pamukaity S(G) mouru mpocra.

B [1] 6butn Haiinens: nuzomopduble Tunsl rpados I'(G) u onenkn muabl PurTHHTA 17151
paspermmMbIx rpyni G U ONpenesieHbl OUTH IPOCThIe rpynnbl G.

B [2] 6But0 nmokaszauno, uro |7(G)| < 8 u |7(S(G))| < 3 mns mepaspemnmbx rpymn G.
Kpome Toro, mosmyueno netajgbHOe ONMUCaHWe CTPOEHUs Hepasperumoil rpynnsl G B ciiyuae,
korpa m(S(G)) comepxut uncino, we nemnsiee nopsnok rpynmst G/S(G) (ecnm |7(S(G))| = 3,
TO 5TO BCEra TaK).

B mamrOM mokame o6CyKIAIOTCS PE3yIbTATHI, Oy YeHHBIE B OCTABIIEMCS CITydae, KO-
roa ) # 7 (5(G)) € 7(G/S(G)).

Pa6ora Beimonaena 3a cuer rpanTa Poccutickoro nayunoro dbouna (mpoekt 15-11-10025).

CHUCOK JIMTEPATYPBI

[1] Konnparwes A. C., Anekceesa O.A. Koneunble rpynmnsl, rpadbl IPOCTHIX YUCET KOTOPBIX HE CONEPXKAT
Tpeyronsuukos. 1 // Tp. lu-Ta matemaruku n mexanuku YpO PAH. 2015. T. 21, 3. C. 3-12.

[2] Konnparses A. C., Anekceesa O.A. Koneunble rpynmnsl, rpadbl IPOCTHIX YICE]I KOTOPHIX HE CONEPXKAT
TpeyronbuHukoB. 11 // Tp. Un-ta marematuku n mexanuku Y pO PAH. 2016. T. 22, 1. C. 3-13.
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O conpsxenHocTu Alts-noarpynn noarpynnsl Boposuka rpynnsr Fg(q)

A. B. KoHnIrua

IIyctb p > 7 — mpocToe uucio, k — anrebpamdecku 3aMKHYTOE I0JIe XapaKTePUCTUKI
p. Kpome toro, mycts G = Eg(k) — mpocras UCKIIIOUnTeIbHAS JINHENHAS ajre0paniecKast
CpyIIa MPUCOMUHEHHOTO Tuma Ham moieM k, o : G — G — sunomopdusm CreitnGepra
nuHeltHON anrebpandeckont rpynmnsl G, G, = Fg(q), rne ¢ = p™, u M = (Alts x Symg).2 —
MaKCUMaJlbHas noarpymnmna rpynnsl G, (monrpynma Boposuka rpynnet G, cm. [1]). Torma
¢*> = 1(mod 5) u ¢ MEHEMAILHO ¢ TAKUM CBOHCTBOM.

B 1998 romy B pabore [2] 6buin ommcaHbl BCE KIIACCHI COMPkKEHHBIX Alts-momrpymm
rpynnst Fg(C), 3a uckiarouennem aByx ciaydaes. B 9acTHOCTH, Ha TOT MOMEHT OCTAJICSI OT-
KPBITBIM BOITPOC O KOJIMIECTBE KJTACCOB COMPSKEHHBIX Alts-monrpynm nonrpymnmnsr boposuka
rpynnsr Eg(C).

B 2003 romy B patore [3] 6buT mOKa3aH HEKOTOPBINA GoJiee OOIIMI Pe3yIbTaT, U3 KOTO-
pOro, B UaCTHOCTH, CJIENOBAJIO, UTO B oArpymme boposuka rpymmst Fg(k) poBHO mBa Kiiacca
COTPSIKEHHBIX MOATPYIIT, 30MOPpGHBIX Alts.

B macTosiieit paboTe NOKa3bIBa€TCs CIEMYIOIAs TeopeMa.

Teopema. Ilycte A — HOpMmasbHas Alts-monrpynma rpynmer M, B — HOpMajbHas
Altg-monrpynma rpymmer M, D — Hekoropas muaronanbHas Alts-monrpymma moarpymnmsr
A X B rpymmer M. Tornma monrpymmer A mw D rpynmer G, conpsixkenbl B rpymme Gom, rae
m < 6.

CIMCOK JIMTEPATYPBHI

[1] Borovik A. V. A maximal subgroup in the simple finite group Eg(q) // Contemporary Mathematics 131
(1992). Pt. 1, 67-79.

[2] Frey D. D. Conjugacy of Alts and SL(2,5) Subgroups of Es(C) // Mem. Amer. Math. Soc. 1998.
Vol. 133. No. 634. viii4+-162 p.

[3] Lusztig G. Homomorphisms of the alternating group As into reductive groups // J. Algebra. 2003.
Vol. 260. P. 298-322.
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Heo6xonuMbie yciioBUs HUJIBIIOTEHTHON aNIPOKCUMUPY€EMOCTH
HNN-pacmupeHus rpynrsbl, yoOBJI€TBOPSIOIIEN HETPUBUAIILHOMY TOXKIECTBY

A. E. KYBAEB

I'pynmy X 6ymem Ha3bIBaTh JOKAJIBHO VAOBJIETBOPSIOIICH HETPUBUAIBLHOMY TOXKIECTBY,
eCi KaXKIasi KOHEUHO TTOPOXKIEHHAS TOATPYIIA TPyl X yIOBIETBOPSIET HEKOTOPOMY He-
TPUBHUAIBHOMY TOXKIECTBY. bymem roBopuTh Takxke, 4TO rpymmna X JIOKAJIbHO AIIIPOKCH-
MUPYeTCS HUJIBIIOTEHTHBIMU T'DYIIIaMH, €CITU JTI00as €€ KOHEUYHO TOPOXKIEHHAs MOATPYIIIa
HIJIBIIOTEHTHO almpokcuMmupyeMa. Hamomuuwm eré, uro monrpynma Y rpynmbl X Ha3bIBa-
ercs p’-M30/IMPOBAHHOI B 5TOI TPYIIIE I HEKOTOPOTO IPOCTOrO YUCIIA P, €CIN IJIS KAXKIOTO
MIPOCTOTO YNCIIa ¢ 7 P U IJIS KaXKO0oro sjaemenTa x € X u3 Brimouenus x? € Y crmemyer, 9To
reY.

Ilycts J — memycroe MHOX)ecTBO, A — mekoropas rpymma u {K;, K_; | j € J} —
cemericTBo moarpymmn rpynnsl A. IlycTs Takxke miis moboro j € J CyliecTByeT n3oMophu3m
Y+ Kj — K_j. Torma HNN-pacmmupenmem rpynnsl A ¢ ceMeiicTBOM IPOXOOHBIX OYKB t;
(j € J) masbBaeTcs rpymnmna

G = (At t7 Kty = K_j, ¢ (j € 7)),

00pa3yIoIIMI KOTOPOIL SIBIIIIOTCS Bee obpasytomue rpymnsl A u 6yksel ¢ (j € J), a ompe-
OEJIAIOININMUY COOTHOLIECHUAMM —— COOTHOIIECHUSI TI'DYIIIIBI A I BCEBO3MOXKHBIE€C COOTHOIIICHI A
BUIA tj_lkitj =k, roe j € J, k € K;. Cupasennusa ciemyomnias

Teopema. Ilycrs Bce monrpymmsr Kj, K_; (j € J) comepxarcs B rpymme A cob-
cTBeHHBIM obpasoM. IlycTh Takzke rpymma A JOKaabHO YIOOBACTBOPAET HETPUBHUAJILHOMY
roxnectBy, (G JIOKaJbHO ANIPOKCUMHUDPYETCS HUIBIOTEHTHBIME rpymmamu. Torma cyie-
CTByeT IIPOCTOEe 4HCJIO P Takoe, 4ro moarpymmnbl K; m K_; p'-m3ommpoBaner B rpymme A
pu jrobom j € 7.

Iaunas TeopeMa sSBIseTCst 0600IIIEHNEM OCHOBHBIX Pe3yiabTaToB craTeir [1] u [2].

CIMCOK JIMTEPATYPBI
[1] Sokolov E. V. A necessary condition for the residual nilpotence of HNN-extensions // IIpunsTo x negaru
B Lobachevskii J. Math.
[2] Casensuuesa H. C., Cokomos E. B. Onuo HEo6x0nuMoe yCIOBIe HUIIBLIIOTEHTHON ANIPOKCHMUPYEMOCTH
HNN-pacmnpenust HunsnorenTHoll rpynnsl // Bectu. Usan. roc. yu-Ta. Cep. «Ecrecrsennsre, obie-
cTBennble HayKms». 2015. Bom. 1 C. 64-68.
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O cBoiicTBe ki1acca JleBu, nopoxxaneHHOro KBa3uMHoroo6pasuem qHo

B. B. JIOOENIINKOBA

st mpowsBobHOTO Kitacca rpymnn M o6osnaunm uepes L(M) kmace Beex rpynn G, B Ko-
TOPBIX HOpMasbHOE 3aMbrkanme ()¢ mo6oro smementa r w3 G mpuHamtexut M. Kmace
L(M) naseiBaercs knaccoMm JleBu, mopoxmenHsiM M.

[Tycts Ny — MHOTOOGpasue HIWIBLIOTEHTHLIX TPYIIN CTyIeHn He Bhime 2, Fo(N3) — cBo-
6omuas rpynma panra 2 B Ny, PaccMoTpuM rpynnbl, IMeOIIne CJIeMy OIIne TPeacTaBICHI

BNQI

Hy = gr(z,y || [z,y]? = 1), Hps = gr(z,y || [z,y]P =2 =y?" =1),
rme S — HaTypajbHOE, p — MPOCTOE UUCIIO.

Habop ¢H s (uckmtovast ¢Ho ), ¢Hp, ¢F>(N2) (p — mpocroe 1ucio), mpencrasiser coboit
TOJTHBIN CIIUCOK TIOUTH a0eSIeBbIX KBA3UMHOT0OOpa3nuil HUJILIIOTEHTHLIX TPy (T. €. Heabee-
BBIX KBa3WMHOT00Opa3nili HUJIBIIOTEHTHRIX I'PYIII, BCE COOCTBEHHBIE TIOMKBA3ZMMHOTO0O0OPA3MS
KOTOPBIX abeJIeBbl).

B paGorax [1, 2, 3| Hailimenbl onucanus KiaccoB JleBu, MOPOXKIEHHBIX MOUTH abesie-
BBIMI KBa3MMHOTOOODA3MSIMI HUIBIOTEHTHBIX Ipynn (uckimovas L(qHs)). B [4] mocTtpoena
HIJIBIIOTEHTHAsI CTYIEeHN 3 TPYIIa, KoTopas npuHaniexut kiaccy L(qHs). HansHeiine uc-
CIIEOBAHUS TTOKA3BIBAIOT, YTO M Kiacca JleBu, mopoxkmeHHOTo KBa3zuMHOrooopasueMm qHo,
CIPABEIINBA CIIEMYIOIIAs TEOPEMA.

Teopema. Kmnacc L(qH>) comnepxkurcs B MHOr006pa3uy HUJIBIIOTEHTHBIX TPYIII CTYIICHH
He BBIIIIE 3.

CIINCOK JIMTEPATYPBI

[1] Jlomeimmumkosa B. B. O xBasumuaoroobpasusx JleBu, mopoxKIeHHBIX HUIBLIOTEHTHEIMU rpynnamu // Usse-
cTus Anraiickoro rocynmapcrsenHoro yuusepcurera. — 2009. T. 61. N 1. C. 26-29.

[2] Jlomemmmkosa B. B. O knaccax JleBu, mOpoXneHHBIX HIIBIOTeHTHEIME Ipynmavu // Cubupckuii maTe-
maTtmuecknit xypuasi. 2010. T. 51. N 6. C. 1359-1366.

[3] Jlomeinukosa B. B. O xBasumuoroo6pasusx JleBu skcnouenTsl p° // Anrebpa u smoruka. 2011. T. 50.
N 1. C. 26-41.

[4] JTomeimmkosa B. B. O knacce JleBu, TOpOXKIEHHOM TIOUTH abeIEBBIM KBA3UMHOTOOOpa3neM HUJIBIIOTEHT-
Hbix Tpynn // Useectuss Anraiickoro rocynapcteennoro yausepcurera. 2016. T. 89. N 1. C. 148-151.
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I'pynmnel, n3ocnekTpasnbable rpynmnam Sa(q)

1O. B. JIbITKUH

B nmokname paccMaTpuBatoTCs TOIBKO KOHeuHbIe Tpymnnel. [Iycts G — rpymma. O6o3Ha-
qnm yepe3 w(G) cnexmp rpynnet G, T. €. MHOXKECTBO BCEX MOPSAIKOB 57ieMeHTOB (G. ['pymmbr
C ONWHAKOBBIM CIEKTPOM OymeM Ha3bIBaTh u3ocnexkmpaavubimu. llom cexnmeint rpymmsl G
6ynem nornmarh dakroprpyuny H/N, rne N,H < G u N < H. Cxkaxem, uro rpymmna G
nepacnosnasaema (IO CHEKTPY B KJlacCe KOHEUHBIX PYII), €CIIM CYILIECTBYET OECKOHETHOEe
KOJIMYIECTBO IIONapHO He M30MOP(MHBLIX IPYIII, N30CHeKTPaIbHbIX G.

[IycTb w — HEKOTOPOE MOMMHOKECTBO MHOKECTBA HATYpalbHbX uncen. Crenys [1], na-
30BéM rpymy G kpumuueckoti omuocumespbro w (I w-Kpumuueckot), eciin w COBIANAET
co crekTpoM rpynnbl G U HE COBIAMAET CO CIEKTPOM JIIO00N COOCTBEHHON CEKIIUN T'PYIIIBI
G (1.e. cexuum, ornmaaon oT G).

st pertrenust pobIeMbI PACIIO3HABAHUS IPOCTHIX TPYIII 10 CIEKTPY aKTYAJIbLHOM SBIIsI-
eTCs 3a/1aua OMUCAHUS TPYI (B YACTHOCTH, KDUTUUIECKUX ), M30CIIEK TPAIBHBIX HEPACIO3HA~
BaeMBIM IPOCTHIM rpynnaM. Panee aBTopoM (2, 3, 4] GbIIN OMUCAHBI TPYIIIILI, KDUTUIECKUE
OTHOCUTEJILHO CIIEKTPOB 3HAKOIEPEMEHHBIX Tpymnn Ag um Ajg, cropammdeckoin rpymmsl Jo,
UCKITIoUnTeTbHON rpynmet °Dy(2) n kinaccwaeckux rpynm L3 (3) u Us(3). B wactrOCTH, TIO
MOIIYJTIO YK€ M3BECTHBIX PE3YJILTATOB 3TO 03HAYAET, YTO BCE I'PYIIbI, KDUTUUIECKIE OTHOCHU-
TeJIbHO CIEKTPOB HeabeseBbIX IMPOCTHIX 3HAKOIEPEMEHHBIX CIOPAIUYECKNX 1 UCKITIOUNTE b
HBIX T'PYIII, N3BECTHHIL.

B macToseir paboTe UCCIeny0TCs TPYIIIBL, N30CIEKTPaIbHbIe HEPACIO3HABAEMBIM IIPO-
cTeIM cuMIuiekTrdeckuM rpymnmnam Sy(q) = PSp(4,q), roe g > 3.

Teopema. Ilycrs G — rpynna, msocmektpasibHas rpymme Sy(q), rae ¢ — CTemeHb
npocroro nciaap u q > 3. Torma B G cyiiecTByeT HUIBIOTEHTHAS HOPMAaJIbHAS MOATPYIIIA
K, taxasg, uro P < G/K < Aut(P), rae rpynma P mzomopra Sy(q) mwmm Ly (q?). I'pymma K
SBAETCA p-rpynnon, npuaéM ecau p = 2 u P ~ Sy(q), To K = 1. CyiuecTByfoT npuMepsr,
B kotoperx G/K = Sy(q) u K # 1.

Wccnenopanue BuimosHeHo ipu uHaHcoBon noamepxke PODU B pamkax HAyIHOTO TIPO-
ekta N 16-31-00147 mom_a.
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O nmepuoamuyeckux rpymnmnax 2-paHra JABa, HACBIIIEHHbIX KOHEUYHBIMU MPOCTHLIMU
rpynnamMu

II. B. JIbITKUHA, A. . Co3yTOoB, A. A. IIINENKUH

[Iycts X — HEKOTOpOE MHOXECTBO Trpymi. [ 'pynna (G HACBIIEHA T'PYIIAMEA U3 MHO-
x)ectBa X, eciau J06as KOHeUHas MoArpynna u3 G comep:KUTCs B momarpymme rpynnst (7,
n30MOpGdHOI HeKoTOpoi rpymmne u3 X [1].

Kax mokaszamu Anbnepun, Bpaysp n ['opeHcTellH KOHEUHBIMU MPOCTHLIMEU T'PYIIIIAMUA 2-
panra 2 ABJIAOTCS, ¢ TOYHOCTBIO 10 M30MOPOU3MOB, CIIEAYIONINE TPYIIIbL:

{LQ(q)v Az, L3(p), U3(T)7 My, U3(4)}7

rzme ¢,p,r — HeYeTHble u q > 3 [2].
Hokazana TeopeMa ’TepeHOCSINas” 3TOT KJIACCUYECKUN pPe3yIbTAaT Ha IEePUONMIECKUe
TPYIIIBI 2-paHTa [OBa, HACHIIIEHHBIE KOHEUHBIME IPOCTHIMU I'PYIIIAMA.

Teopema. Munoxcecmeo nepuoduueckur 2pynn 2-pan2a 2, HACLIUEHHBIT KOHEUHbLMU
NPOCMBIMU 2PYNNAMU, C MOUHOCTILIO 00 U3OMOPPUIMOE, COBNAAAEM C MHOHCECTNBOM 2PYNN

{L2<Q)7 A77 L3(P)7 U3(R)7 M117 U3(4)}7
2de Q, P, R — 10Ka4bH0 KOHEUHbIE NOAT HEYETHBIT TAPAKMEPUCTIUK, U |Q| > 3.
CIIUCOK JIMTEPATYPBI
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AsToMopdu3mel rpada ¢ maccuBoMm nepeceuenunt {63,60,1;1,4,63}

A. A. MAXHEB, M. II. I'ONYBITHUKOB

B pa6ore [1]| HailmeHb MACCUBBI IEPECEUCHNI MUCTAHIIMOHHO PEryJISIPHBIX IpadoB ¢ A =
2 m umcsiom BepiuH, He Oonbium 4096. IIpomomxkaeTcs umccirlemoBaHre aHTUMIOOATIBHBIX
rpadoB ¢ MacCUBaMU TepecedeHuil 13 TOJYUEHHOTO CIUCKa. B ciiydae 4 = 2 BEPINIUHHO
cuMMeTpraHble rpadbl HaineHs! B [2]. Ecim g > 3, To rpad mmeeT MaccuB mepecedyeHuin
{15,12,1;1,4,15}, {18,15,1;1,5,18}, {27,24,1;1,8,27}, {35,32,1;1,4,35}, {42,39,1;1,3,42},
{45,42,1;1,6,45}, {63,60,1;1,4,63}, {75,72,1;

1,12,75}, {99,96,1;1,4,99}, {108,105,1;1,5,108}, {147,144,1;1, 16,147}, {171, 168,
151,12, 171}, {243,240, 1; 1, 4, 243} o {243,240, 1; 1, 20, 243}.

Panee 6b1m pacemorpenst maccusst {15,12,1;1,4,15} (Bypuuenko B. I1., Maxues A. A.),
{18,15,1;1,5,18} (Edummor K. C., Maxues A. A.), {27,24,1;1,8,27} (Iuoskuna JI. FO.),
{35,32,1;1,4,35} (Burkuna B. B., Maxues A. A.), {42,39,1;1, 3,42} (Maxues A. A., ITuos-
kuna JI. 10.), {45,42,1;1,6,45} (Benoycosa B. U., Maxmes A. A.), {75,72,1;1,12,75} (Max-
ueB A. A., Uykcuna H. B.).

B naunoit paboTe onpeneseHo cTpoeHne Hepa3permMon rpynnsl G aBTOMOPGU3MOB Bep-
[IMHHO CUMMETPUIHOTO rpada ¢ MaccuBoM nepeceuennit {63, 60, 1;1,4,63}.

Teopema. Ilycts I' — nuCTAaHIMOHHO PEryJISPHBLIN rpad ¢ MACCHBOM IepecedeHuin
{63,60,1;1,4,63} u mepaspemmnmas rpynna G = Aut(I') meiicrByeT TpaH3UTHBHO HA MHO-
xectBe BepinH rpada I. Ecnun F — anTunonansreit kiaacce rpada I, T — HOKOIb TPYIIEL
G = G/S(G), o T crabumusmpyeT F I BBINOTHACTCA OTHO U3 yTBEPIKICHII:

(1) T = Us(3), rpad ' cymectByer u sBisercs pebepHO cUMMeTPUUYHBIM, rpymna G
ABJISETCS PACIIIPEHIEM dJIeMEHTAPHOI abernesoit 2-rpymmsl Q nopsnka 20 ¢ momomsio Gy (2)
u () comepxut moarpymnmy K mopsmka 2%, peryaspHyo Ha KaxIOM aHTHIONATILHOM KIIacce,
b0

(2) T = Ly(7), rpynma G aBAsgeTcs PacIIIpeHueM 37IeMeHTAPHOH abeseBoil 2-TPyIITsl
Q c momorbio Lo(7) umua PG Ly(7), nmaasr T-op6ut Ha F paBsr (8, 8), Qiry : Qa| = 2,
Calf) N Qry = (9), [Qry. f] = Qu, monrpacy © = Fix(g) mumrercs mycrsn, as(g) = 128,
ai(g) = 112(1 + 2n), n < 3, g GuxcupyeT TOYHO 8 AHTUNONATLHBLIX KIAacCOB I |Q(m| €
{24,273,
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O mucTaHIIMOHHO peryJssipHbIX rpagax c O, = —1

A. A. MAXHEB, M. C. HurpoBA

B nmaumoit paboTe mccinenyoTcss TUCTAHIIMOHHO peryispHble rpadsl ' nuamerpa 3, mirsa
koTOpbIX rpad ['s cunmbHO peryisipen (paBHOCHIBHO O = —1).

Teopema 1 [1]. Ilycts I' sBisiercs NUCTAHIMOHHO PEryJSIpHBIM rpadoM muameTpa
3, mrs KoToporo rpad I's cumbaO perymspen. Torma by = az + 1 u rpad I's sBisercs
ncesporeomerpudeckuM st pGe, (k,b/cs).

CnencrBue 1. JlucTanumoHHO peryispHbie Tpadbl ¢ MACCHBAMUI IIEPECEUCHUN
{44,35,3;1,5,42} u {48,35,9;1,7,40} He CylecTBYIOT.

Teopema 2. [Iycts " aBisteTcst [UCTaHIIMOHHO PETYIISIPHBIM TpadoM nuameTpa 3 ¢ a1 =
Omfy = —1. Torma mrs rpada A = I's mveem pazéuenne monrpada A (u) kmukavm wr—{u},
w € I'(u). Ecmu cymecTtByer cuiibHO peryispubiil rpad ¢ mapamerpamu (176,49,12,14), B
KOTOPOM OKPECTHOCTHU BEPIIUH SIBIIAIOTCS 7 X 7-peIeTKaMu, TO CYIIIeCTBYET U OUCTAHIIHNOHHO
peryisapHbIi rpad ¢ MaccuBoM mepeceuenuti {7,7,6;1,1,2}.

CnenctBue 2. Ilycte [' gBasgercss cuiabHO peryisipHbIM TpadoM ¢ TapamMeTpaMm
(176,49,12,14), rpynna G = Aut(I') meificTBeT TpPaH3UTUBHO Ha MHOXKECTBE €rO BEPIINH
u T — nokoms rpymmsl G = G/O9(G). Torma mu6o T = My, |T : T,| = 11,22, mu6o
T = Mys, rpymma T, msomopdra L3(4) u mueet mamekc 22 B T.

CyiiecTBoBaHIe CUIIBLHO Peryssipaoro rpada ¢ napamerpamu (176,49,12,14), B koTopom
OKPECTHOCTH BEPIINH SIBIITIOTCS 7 X T-PEIeTKaMI, OCTAETCS HEM3BECTHBIM.

IIycts I’ gBseTcs OUCTAHIMOHHO PEryJIsspHBIM rpadoM aumameTpa 3 ¢ 3 = —1 u rpad
I's comepxut n-xknuxy {u, us, ..., u, . Torma I's(u) —UM ,I'(u;) conepxur ks —(n—1)(ag+1)
BepLInH 1 115 rpada ¢ MaccuBoM nepecedenuit {27,20,7;1, 4,21} umeem n < 3, ¢ MaccuBoM
{31,24,8;1,4,24} mmeem n < 7, ¢ maccuBom {35,28,6;1,2,30} umeem n < 15, ¢ MmaccuBom
{35,30,8;1, 3,28} mveem n < 12, ¢ maccuBom {39,30,4;1,5,36} umeem n < 6, ¢ MaccuBoM
{39,32,10;1,4,30} mmeem n < 9, ¢ maccusom {43,36,11;1,4,33} umeem n < 3, ¢ MaccuBoM
{44,30,9;1,5,36} umeem n < 7, ¢ maccusom {44, 36,5;1,9,40} nmeem n < 3, ¢ MaccuBoM
{44,40,12;1, 5,33} umeem n < 9, ¢ maccuBom {44,42,5;1,7,40}, umeem n < 6, ¢ MacCuBOM
{49,36,5;1,4,45} mmeem n < 10, ¢ maccusom {51,44,13;1,4,39} nmeem n < 12, ¢ MmaccuBoM
{54,42,11;1, 3,44} umeem n < 12.

Teopema 3. JlucTaHINOHHO PETyISIPHBIL rpad ¢ MaccuBoM nepecevennit {27,20,7;1,4,21}
HE CyIIECTBYeT.

CIIICOK JIUTEPATYPHI
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MaxkcumanbHble 1-KOmbl B AUCTAHIIMOHHO PEryJisipHbIX rpadax muamerpa 3
1 0600IIIEHHBIE YeThIPEXYTOJIbHUKN

A. A. MAXHEB, II. B. ITAOy4ux

ITycts I' — rpad muamerpa d u e — HaTypaabHoe uucio. IlomvuoxecTso C' BepiinH
rpada [" HasLIBaeTCs e-KOmoM, eCili MUHIMAJILHOE PACCTOSHUN MEXKIY IBYMs BEPIITTHAME 13
C me menbire 2e + 1. Il e-koma B DUCTAHIIMOHHO peryssipHoM rpade muamerpa d = 2e + 1
somonasgercs rparmia |C| < pd, + 2. B ciyuae paBeHCTBa KON HA3BIBACTCS MAKCHMAITb-
HbIM. [ MaKCUMAaIBHOTO e-Koma B MUCTAHIIMOHHO PerysspHoM rpade nuamerpa d = 2e + 1
BLITIOMTHACTCS TPAHUTIA Cg > agpl,. B CIiyuae paBeHCTBa KON HA3BIBACTCS JOKATBHO Dery-
napubiM. Hakowmer, mis e-koma B OUCTAHIIMOHHO PeryispHoM rpade muamerpa d = 2e + 1
srimossercs rpannna |C| < kq/ > 7o pd, + 1. B ciryuae paBeHCTBa KON Ha3bIBAETCS COBEP-
IIIEHHBIM OTHOCUTEIBLHO MOCTIENHEl OKPECTHOCTH.

Ecnu nucrannmnonno perymsapueiil rpad [N muamerpa 3 comepKuT MakCUMAaIbLHBIN 1-KOI
C, ABAAIOMIMIICA JIOKAJIBHO PETYJIAPHLIM U COBEPIIEHHBIM OTHOCUTE/IBHO TOCIEIHEN OKPECT-
HocTH, TO 1o 1o [1] I' mmeer maccus nepeceuennit {a(p + 1),¢cp,a + 1;1,¢,ap} nmm {a(p +
1),(a+ 1)p,c;1,¢c,ap}, rme a = as,c = ca,p = p33. B mepsom ciaygae I' mveeT cobeTBernoe
suauenue 0y = —1 u I's aBnsercs ncesmoreomerpuueckum rpadom mist GQ(p + 1,a), a Bo
BTOM ciydae |'s aBisercsa rpadom Hlunmma.

[Iycrs I' mmeer maccus nepecevennit {a(p+1),¢cp,a+1;1,¢,ap}. B rpade I' mobbie nse
BEPIINHBLI HA PACCTOSIHAN 3 JIeKAT B MAKCUMAJILHOM 1-KOme TOrma W TOJBKO TOTda, KOra
I's sBasercst ToueursiM rpadom 06061eHHOrO YeThipexyroibauka GQ(p + 1, a).

Eciu T' umeer maccus mepeceuenuit {a(p + 1),cp,a + 1;1,¢,ap} u ¢ = a — 1, 1O Iy
ABIIAETCS TIceBmoreoMerpuyueckuM rpadom mas pGa(p + 1,2a). B mamsoit paGore mepedn-
CJIEHBI JIOIIyCTUMBbIE MACCUBBI MIEPECEUEHNI B 9TOM CJIydae, IP! YCIOBUU, ITO OOOOIIIEHHBIN
yeThIpexyroinbHuk GQ(p + 1,a) mMeeT KBa3UKIACCHUECKIE TAPAMETPHI.

Teopema. Ilycrs I' — mucTanmmoHHO peryispHbIl Tpad ¢ MacCUBOM IepecedeHuit
{a(p+1),cp,a+1;1,¢c,ap}. Ecimu a — 1 = ¢ u I's sBisercs nceBnoreoMeTpuaeckuM rpadom
mng GQ(p + 1, a) ¢ xBasumkmaccmaeckmvu mapametpavu {p + 1,a} = {q,q},{¢% q}, {¢%, ¢*},
{g—1,q+1}, To I' — mmeer maccus nepecedernnii {¢2 —1,¢> —2q,q+2;1,q, (¢+1)(¢—2)},
{15,8,4;1,2,12}, {27,16,4;1,2,24} wm {195, 168, 14; 1,12, 182}.

B nmanpmeiliieM IpenmnoaraeTcs HANTH BO3MOXKHBLIE aBTOMOP(OU3MBLI IpadoB ¢ Maccu-
BaMU TIEPECEUEHUN U3 3aK/IFOYEHUS TEOPEMbI.

CIIUCOK JINTEPATYPBI
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KpuTepuir cymiecTBoBaHUS OPTOTOHAJILHON K JAHHOW KOHEYHOU KBa3UTPyHIIe

. II. Muiny TYIIKnH

Ksasurpymnmer < A; f >, < A; g > OpTOTOHAIBHBI, €CJIN TIPH Beex 3HaueHusx (r,y) € A?
vuoxkecTso {(f(z,y),g9(z,y))} cosmamaer ¢ A2

OCHOBHBIM PE3yILTATOM SIBIAETCS KPUTEPHIL, TO3BOJIAIONINN YCTAHOBUTD, CYIIIECTBYET
T 1IJ1sl MAHHOW KOHEYHOW KBA3UTPYIIILI OPTOTOHAJIbHAS K HE.

O6osmaunv G(A) = {f | f : A2 — A} mHO)ecTBO GuHAPHBIX omeparmit Ha A. Drie-
MeHTHl G(A) GymeM Ha3BIBATH PYIIIONIAMI.

Onpenenenne 1. Yumpepcamsnyro amrebpy C(A) =< G(A); A, p, T, ex, €, > THIa
<2,2,1,0,0>, omeparuu KOTOPOH OIpPENe/IeHBI PaABEHCTBAMU

ViVgVeVy (f € G(A), g€ G(A), z € A,y e A):
Frg(z,y) = 9(f(@.y)y),
frg(x,y) = f(z, g(z,y)).
fT (@, y) djff(y,x),
e,\(m,y) dff Zz,
(@) = v,
HAa30BeM K3/IMAHOM HaJ MHOXECTBOM A.
Omnpenentenue 2. I'pymmoun f* € G(A), mmra xkoroporo fANf = ey, HazoBem \- (mwam
JIeBO-) 06paTHBIM K f.
Onpenenenne 3. I'pynmonn fP € G(A), ans xoroporo fPpf = e,, HazoBeM p- (mn
IpaBo-) 06paTHBIM K f.

['pynmonn, mias KOTOPOTO CYIIECTBYIOT A- WU p- OOpPATHBIE TPYIIONILI, HA30BEM, COOT-
BETCTBEHHO, \- WK p- OOPATUMBIM.

Teopema. s Toro, kBasurpymnna < A; f > mMmesia OpTOroHAJIBHYIO K HEH, HEOOXOMUMO
¥ JOCTATOYHO, YTOOBI HAIIJIACH TakKas KBasurpymmna < A; g >, uro rpynmonn < A;h >, rme
h = fA\g 6bL1 GBI KBA3UTPYIIIIOH.

CnencrBue. [lng Toro, 4Tobbl CyIleCcTBOBaJIa KBA3UIDYIIIA, OPTOTOHAJLHAA K HAH-
HOI KOHe4HOU kBasurpymme < A;f >, mocrarouno, urobbr omepanus h = fAf™ 6bria p-
obparuMma.
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I'pynnsl ¢ @opManimoHHBIMEU OTPAHUYEHUSIMI HA CUJIOBCKUE MOATPYIIIBI

B. C. MoHAxoB, . JI. Coxop

PaCCManI/IBaIOTCﬂ TOJIBKO KOHCYHBIC I'DYIIIIEL. MCHOHBByeMaﬂ TEPpMUHOJIOT A COOTBET-
creyer [1].

[Iycts § — dopmarust, G — rpynna. Hamomuaum, noarpynna H HasbsBaeTcCs §-CyOHOD-
MaJIbHOW, €CJIN CYHIIeCTByeT TaKas IeNOYKa IMOATPYIIII

H=Hy< -H <-...<-H,=G,

uro H;/(H;—1)y, € § I Bcex i, YTO PABHOCUIIBLHO TOMY, U4TO Hf < H;_,. Honrpynma H
rpynnsl G Ha3bIBaeTCs §-abHOpManbHOi, ecin L/ K, ¢ § mis Beex monrpynn K u L takux,
uro H < K < - L < G. lloustHo, uto mis dopmaruit X u § takux, uro X C §, kaxmas X-
cyObHOpMAaTbHAS OATPYIIa OyIeT §-cyOHOpMasIbHA, a KaXnas §-aOHOpMAaJibHAs OO PYIIIa
6ynet X-abHOpMaJIBHA.

Ecmu rpynna G ¢ § u xaxnas HerpuBnaibHas moarpynna n3 G §-cyGHOpMaIbHA, WIIn
§-abHopMmasbHa, To G HaszbBaeTcs Ez-rpynnoi. CBOHCTBAa TAKUX T'PYMII OIS Pa3IMYHBIX
dopmaruit § n3yuanuck B paborax Parraxu, D6epra u baymana, ®épcrepa, B. H. Cemen-
ayka, A. H. Ckubbl u qpyrux aBTopos, cM. juTepaTypy B [2]. T'pynmer ¢ §-cy6HOpMATIBHBIME
i §-abHOPMAJIBHBIMEI ITPUMAaPHBIME TOATPYIIaMu onucanbl B padorax Parraxu, A. D. Ba-
cunbeBa, T.U. Bacunsesonr, B. H. Tiorsuosa, B. C. Monaxosa, B. H. Kusirunoit u npyrux
aABTOPOB, CM. JmTeparypy B [3]. DTu umccrenoBaHus MOIYyYNIM PA3BUTUE B CIEMYIOIIEH
TeopeMe.

Teopema. Ilycts § — macmencrBennas ¢opmanus, A;2A C F C NA. B rpynme G ka-
KJ1as CUJIOBCKas MOATPYINa §-CyOHOPMAJIbHA HIH §-aO0HOPMAJIbHA KJIaCCa HUJIBIIOTEHTHOCTH
He 6oJbIIie 2 TOrZa U TOIBKO Torma, xorda aumbo G € NA, mbo G = G N\ P, rme P —
HeabeseBa §-abHOpMaJIbHAS CUJIOBCKas p-moarpynna rpynnsl G mus Hekoroporo p € w(G),
aprsromasacsa nonrpynmnoii Kaprepa n ammrona rpymmer G, P! < Z(P) n G = G* € MA.

Smecs A, N u U — dopmaruu Bcex abeeBbIX, HUIBIOTEHTHBIX U CBEPXPA3PEITMMbIX
TPYIII COOTBETCTBEHHO; 21 — dopManus Bcex abeieBbIX I'PYII ¢ BJIeMeHTapHbIMU abere-
BBIME CUJIOBCKUME Tonrpymmnamu; A — dopMarius BceX pa3permMbiX TPYIN ¢ abeIeBbIMI
CUJIOBCKMMU TIOATPYIIIIAMH.

CHUCOK JIMTEPATYPHI
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ckuil maremarudeckuil xxypaaia. 2016. T. 57, N 2. C. 447-462.
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O koHeuHBIX rpymmnax, N-KpuTudecKuili rpad KOTOPBIX SIBJISIETCS IENbIO

B. I. MyPAIIIKO

Bee paccmarpuBaeMble IpyIbl KOHEUHBLI. VICIONMB3yIOTCS CcTaHDAPTHBIE OOGO3HAYEHUS
u tepmunoiorus (cm. [1]). HamomumMm, uto uepes E(T) obo3HauaeTcs MHOXKECTBO PEGEP
rpada I', uepes 7((G) 0603HATAETCS MHOKECTBO BCEX MPOCTHIX NEUTENEN MOPSIIKA TPYIIIbL
G, rpynmnon [IIMmunra Ha3bIBAGTCS HEHIJIBIOTEHTHAS T'PYIIA BCE COOCTBEHHBIEC MONIPYIIIIHI
KOTOPOI HWIBLIIOTEHTHBI, (p, q)-rpynnon Imunra naseiBaercs rpynna [munra G s ko-
topoit 7(G) = {p, ¢} u KoTOpas UMeeT HOPMAIILHYIO CUJIOBCKYIO P-IIOATPYIIILY.
Onpenenenne (Onpenenenue 1.4 [2]). N-xpuruueckum rpadom I'n.(G) rpynner G
HA3LIBAETCS OPUEHTUPOBAHHLI rpad ¢ MHO)kecTBOM BepiuH 7(G) u (p, q) sBisiercst pe6pom
I'ne(G), ecnin B G umeercs (p, q)-nonrpymnma HIvuara.
W3 ceoitcts N-kputndeckuM rpada rpynnbl G MOXKHO U3BJI€UYb CONEPKATETBLHYIO WH-
dbopmaruio o crpoennu camoit rpynnsl G. Hampumep:
(1) Ecu 71, . . ., T, — MHOXKECTBA BEPIINH KOMIOHEHT CBsi3HOCTE Tpada ['n.(G), 1o G =
O, (G)x-+-x 0Oy, (G) mo no Teopeme 5.14 u3 [2]. B wacTHOCTH, €Cm BCe T; OMHOIIIEMEHTHBI,
10 G HUJIBIIOTEHTHA.
(2) Ecnu I'y.(G) He nmeer mukios, To G nucnepcusHa 1o Teopeme 5.12 u3 [2].
(3) Ecnmu E(I'ne(G)) € {(pi,pj) |p; € m(p; — 1)}, T0 Bce monrpynust [Ivunra rpymnmer
G cBepxpaspermmbl. Jlaasbiil rpymnnsl ucciaenosainucs B. C. Monaxoseim [3].
B mammoit paboTe MbI IOy YM/IN OMUCAHNE TPYII, N-KPUTHIECKAN Ipad KOTOPLIX SBJIs-
eTCsl IETbIO:
Teopema. IIycmvy G — epynna u ©(G) = {p1,p2,...,pn}. Tozda caedyrowue ymeep-
HCOENUA IKBUBANEHTIHDL:
(@) E(Tne(G)) € {(pirprisn) [i =1, ...n— 1},
(b) Buinoansiomesa ymeepacoenus:
(1) Ecau |i — j| > 2, mo ecaruii p;-aaemenm epynnvt G nepecmano8ouer, co
scAKUM Dj-daemenmon pynnvt G.
(2) Ecau j —i=1, mo scarut pj-aaemenm epynnvt G nepecmanosouen co
8CAKOMU CuUA06CKOU p;-nodepynnot 2pynnel G.
Pabora Buimonuena npu nopnep:xkke rpanta bPOPDON O17PM-063.
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MyJ’IbTI/IHJ'II/IKaTI/IBHaSI T'pYyIIIIa II0JIsA IIO MOAYJIKO I'PDYIIIIBI €AMHWIT

K. H. IIOHOMAPEB

Paccmorpum moste anre6panueckux uncen K, o6ozaaunm W (K) — MHOXKECTBO apXume-
MOBBIX HOPMUPOBAHUN 3TOTO TOJISL. YHUMapHot nod2pynnoti MysbmuniukamueHrot 2pynnl
noat, U(K) < K*, HaszbiBaeM TOAIPYIILY 5JIEMEHTOB Ha KOTOPLIX BCe APXUMEIOBLI HOPMIU-
pOBaHUS TPUHUMAIOT TPUBUAJIBHOE 3HAUEHUE!

UK)={xe K*|w(z)=0,weW(K)}.

Teopema. Ilycte K — mose anrebpamyeckux dmces, K* — ero MyJbTHIITHKATABHAS
rpymna, a U(K) — ee yHuTapHas HOarpynmna.

YrBepxknaercs, uro ¢pakrop — rpymna K* /U(K) saBasercs cBOGOLHON I'DYHIIION CUET-
HOT'O paHTa.

Hosocubupcrut, 2ocydapcmeennbiti mexnuueckut yrusepcumem, Hosocubupck
E-mail: ponomaryov@ngs.ru
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O cyiiecTBoBaHUU A-NONMyCTUMBIX O-mOATpPyIIn

M. B. CenbkuHd, P. B. boronuy, E. H. Boronny

B Teopun KOHEUHBIX TPYIII MEHTPAIBLHOE MECTO 3aHUMAIOT OOBEKTHI, SKCTPEMAJILHO Pac-
MOJIOKEHHBIE B Tpynme. K Takum o60BeKTaM B MEPBYIO OYePElb OTHOCSITCS MaKCHMaJIbHBIE
MOATPYNIbI. 3HAHUE WX CTPOEHWUsI, CIIOCO0a BIIOXKEHUS B TPYIIIY, & TAKXKe B3aMMOIENCTBU
MEXIy COOON W C OPYTUMU HOATPYIIIAME MO3BOJISIOT PACKPLITH MHOTHUE CBONCTBA CAMUX
rpynn (cM. mMonorpaduio [1]).

[Iycres mamwr rpynma G, muoxectBo A u orobpaxkenue f : A — End(G), roe End(G)
— romoMopdHOoe oTobpaxkenue rpynnbl G B cebs mwin sanomopdusm rpynnsl G. [logrpymnmna
M wnasvBaetcs A-momyctumorit, eciiu M BBIIEPXKUBAET HENCTBUE BCEX OMEPATOPOB u3 A, TO
ectb M® C M nns mroboro omeparopa « € A.

Hecnoxuo 3aMeTUTH, 9TO TaK KakK ONepaToOpbl MNENCTBYIOT KAK COOTBETCTBYIOIIINE UM
SHIOMOPGU3MBI, TO KaXKIas XapaKTepUCTUIECKas MOATPYIIa SBISETCS A-HOMyCTUMOM [T
MIPOU3BOJILHON T'PYTIIHI OEPATOPOB.

[Tycts X — mpomsBosbHBIN HemycTon Kjace rpymma. ComocTaBUM €O BCSKOW TPYIIION
G € X mekoropyio cucremy nonrpynn 7(G). Cormacho [2] GymeM roBOpUTh, YTO T — IIOI-
rpynmnoBoit X-dyHkTop (momrpynmnoBoit GyHkTOp Ha X), eciaum s BCAKOTO SmuMopdusMa
¢: A B, rme A, B € X, sumomensr skmouerns (7(A))? C 7(B), (T(B))¢_1 C 7(A), n,
Kpome Toro, mis 6ol rpynnst G € X umeer mecto G € 7(G).

Ecou X = & — kJjacc Bcex rpyImm, TO TMOATPYHIoBOH X-GYHKTOP HA3BIBAIOT IIPOCTO
MOATPYIIIOBBIM (DYHKTOPOM.

dyukTOp 0 OymeM Ha3pIBATH aOHOPMAJIBEHO TIOJTHBIM, €CJIU IJIst JTI00on rpynnel G cpemnu
mHO)kecTBa (G) comepxkarcs Bce aGHOPMaJIbHBIE TOATPYIIILL TPyHbl ()

[Monrpymnma H rpynner G HA3BIBAETCS MaKCAMAaIbHON A-momycTuMoi moarpynmoi B (G,
ecu H sBrsercs A-pmomyctumont u mrobas cobcTBeHHass A-momyctumast nonrpymnma u3 G,
comepxkarias H, comamaer ¢ H.

Teopema. Ilycrs rpynna G mmeer rpymmy omeparopoB A rakyro, uro (|G|, |A|) = 1,
© — abHOpMaJILHO MOJIHBIH MOATPYNIOBOH GyHKTOp. Torma B IMPOM3BOJILHON HEPA3PEIIIH-
MOII TpyIIITe CyIIeCTBYIOT HeHIIBIIOTEHTHbIE A-IOMyCcTHMbIE MaKCUMAaJIbHbIe ©O-IOArPYIIIIHL,
nmpudeM, ImepecedeHne aaep BCeX TAKUX MOATPYIII HUIBIOTEHTHO.

CrnencrBue. B npon3BOIbHON HEPA3PEIIMMON I'DYIIIE CYIIECTBYIOT HEHUJIBIOTEHTHBIE
abHOpMaJIbHBIE MAKCHUMAJIbHBIE MOATPYIIIBI, MPUYEM, MEPECeYeHue BCEX TAKUX ITOATPYIIIT
HIJIBIIOTEHTHO.

CIMCOK JIMTEPATYPBI
[1] Cenbkua M.B. MakcumanbHbIe TOATPYTIIBI B TEOpUH KJ1accoB KoHewnbrx rpynn / M.B. Cenpkumn. —

Msu.: Benapyckas HaByka, 1997. — 144 c.
[2] Ckuba A.H. Anrebpa gopmaruit / A.H. Ckuba. — Mu.: Benapyckas nasyka, 1997. — 240 c.

Yupeocdenue obpazosanug "Iomeavckuti 2ocydapecmeennviti ynusepcumem umeny D.Crxopumnsvt”, INomend
(Beaapycy)
E-mail: Borodich@gsu.by
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O6 ammnpokcumupyemocTu KopHeBbIiMu KJjiaccamu HNN-paciiupeuwnin
C HEeHTPAJIIbHBIMU IMAKJINYECKUMU CBA3aHHBIMU IIOATPYHIIaMM

E. B. CokojsioB, E. A. TYMAHOBA

HamoMumM, 9TO Kjacc TPYNN sABIseTCs KOpHeBbIM B cmbicse K. I'proonbepra [1] To-
rga U TOJIBKO TOrMa, KOrAa OH 3aMKHYT OTHOCUTEIBHO B3STHUsS HOATPYII U IeKapTOBBIX
cuetennii [2]. B macTosuein pabore nzydaercs BOIPOC 00 alIPOKCUMUPYEMOCTH 3aMKHY-
TBIM OTHOCHUTENBHO (hakTopm3anun (T. . B3ATHUs (HAKTOP-IPYIIT) KOPHEBBIM KJIACCOM I'DYIII
HNN-pacmmpesus: ¢ 6eCKOHEUHBIMY TUKINYECKIME CBSI3aHHBIMU MOATPYIIIAME, JIEXKAIIIITMI
B IleHTpe 6a30Bol rpynnbl. B ciydae, korma 6a30Bas rpynma SBISETCS MUKITMIECKON, COOT-
BETCTBYIOIMI Kputepuil moimyuen B [3]. IIpuBomumas masiee Teopema IOITHOCTBIO PEIIAET
YKa3aHHBIN BOIIPOC B OCTAIIBHBIX CITyYasX.

Teopema. Ilycte C — 3aMKHYTBIH OTHOCHTEIbHO (PAKTOPHU3AIUUA KODHEBOH KJIAcC
TPy, comepKalluil X0Ts Obl OOHY HEeQUHUIHYIO TPYHIy; B — Hexoropas Henmkimdeckas
C-annpokcumupyemast rpynna; H n K — 6eckoHeYHbBIe MUKINIECKHe TOATPY LI TPyl B,
sgexarue B ee nearpe; G — HNN-pacmmpernne rpynner B co cBszamabivu mogrpymmavu H
u K.

1. Ecuau cyiecrByer romomopgusmM rpynnsl B Ha rpynmy u3 knacca C, HHBEKTUBHBIN
va nogrpynmnax H u K, To rpynna G C-annpokcuMupyeMa.

2. Ecmm romomopgusma ykaszamHoro Buma He cyrmnectByer u H N K # 1, To rpynna G
C-anmpokcuMupyeMma Torga M TOJIBKO TOTAa, KOTOa

a) [H: HNK|=[K: HNK],

6) daxrop-rpynner B/H u B/K C-anmpokcuMupyeMsr,

B) kmacc C comepXuT IpyHIy mopsanka 2, ecau Toabko moarpymma H N K we se-
&UT B ieHTpe rpynmbl G.

3. Ecmm romomoppusma ykazamHoro Buna He cyrectByer u H N K = 1, To rpynna G
C-anmpokcuMupyeMma TOraa u TOJBKO Torma, korma moarpynnel H m K ormesmmbr cemeri-
CTBOM HOATDYIIII

Q={N<B|B/NeC A IneZ" NNHK = (HK)"},
T. e yeg HN = H u(\yeq KN = K.

COUCOK JIMTEPATYPBI
[1] Gruenberg K. W., Residual properties of infinite soluble groups // Proc. Lond. Math. Soc. 1957. Vol. 7.
P. 29-62.
[2] Sokolov E. V., A characterization of root classes of groups // Comm. Algebra. 2015. Vol. 43, N 2.
P. 856-860.

[3] Tymanosa E. A., O6 anupokcuMupyemMocTn KOpHEBBIMU Kiaccamu rpynn Baymcinara—Conurspa // Cub.
matreM. XkypH. 2017. T. 58, N 3. C. 700-709.

Heanosckut 2ocydapcmaeennbili ynusepcumem, Heanoso
E-mail: ev-sokolov@yandex.ru, helenfog@bk.ru

87


mailto:ev-sokolov@yandex.ru, helenfog@bk.ru

MamnbneBckue urerus 2017 Teopus rpymnit

K Teopeme Pumana 06 yCJIOBHO CXOOSAIIIAXCS psiaax

H. M. CyukoOB

PaccmoTpuM mpon3BOIBHBIN OEHCTBUTETBHBIN YNCIIOBOM PSiIT
oo
u1+u2+...+uk+...:E U (1)
k=1

Psn, koropsriit mosmyuaercs u3 (1) HEKOTOPOIl MEPECTAHOBKOI €r0 WIEHOB, MOXKHO 3alll-
caThb B BUNE

o)
U19+U29+...+ng—f—...:Zng, (2)
k=1

roe g € G = Sym(N) — rpynma Bcex moncTaHOBOK MHOXKeCTBa HaTypasibHbIX uncen N. Ilo
teopeme Kot npu mo6oM g € G 13 abComoTHOI cxonumocTu psna (1) ciaemyeT abcomoTHAsE
cxonuMOoCTh psaa (2) u paBercTBO ux cymM. Ho eciu psin (1) cXonuTcest yCeimoBHO, TO COMTIACHO
Teopeme Pumana miist HEKOTOPBIX mOACTAHOBOK ¢ € G psm (2) pacxomuTces W I KAXKIOIO
NeNCTBUTEIHLHOTO YUCIIA 7y HallmeTcs Takas moucTtaHoBka g = g(y) rpynmst G, arto psam (2)
CXOMUTCS K 7.

Ompenesntenue 1. Bynem roBopuTs, 9T0 HOACTAHOBKA ¢ rpynibl G 06/1a0a€eT S-CBOICTBOM,
ecs U3 cxoquMocTH Jioboro psna (1) caemyer cxomuMocTsb psiga (2) m pABEHCTBO CyMM 3THX
DSLOOB.

MHox)ecTBO

P = {z|x € G,z obnanaer s-cBOICTBOM }

sBIIsIeTCsT oJryrpymnnon ¢ enuautei. as g € G, n € N nmomaraem

My(g) ={B|B €N, <n,B9 >n}, L,(9)={B|F€N,B>n,p <n}.

[Iycts a,b € N u a < b. Muaoxkectso {yly € N;a < y < b} Gymem HasbBaTH OTpPE3-
KOM HATypaJbHbIX umces. (QueBUIHO, UTO IS JTIO60T0 KOHEYHOTO HEITyCTOrO MOMMHOXKE-
crBa X m3 N cymiectByer enuucTBeHHOE paszomenue X = A U...UA,, Ha Takue OTpe3Kn
A_l s+ -y Ay HATYpaIbHEIX unces, 9To A;UA He sBigeTcs oTpe3koM npu ¢ # j. O6o3HaunM

X ={A,...,A,}, 9=o. Hazuee, mycTtsb

m(g) = max [Mn(9)l, 1(g) = max Ly (9)]-

Omnpenenenue 2. O60061IeHHBIM TapaMeTPOM PAaCCEUBAHUS MOACTAHOBKHU ¢ rpynnbl GG
mazoseM \(g) = max(m(g),(g)).

Teopema. Iloncranoska g mHO)KecTBa N TOrma u TopKO TOrga 061a0aeT S-CBOHCTBOM,
xorma \(g~!) < oo,

Pabora Bwimosuena npu ¢uHaHCOBOU nommep:xkke Poccuiickoro douma GyHIaMEHTAITb-
HBIX uccaenoBanuil (rpant 15-01-04897 A).
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O paciiernyieHusx, TOATPyNNaX U TEOPUAX YACTUIHO KOMMYTATUBHBIX
MeTabeJIeBbIX I'PYIIN

E. 1. TUMOIIEHKO

[Iyctb I' KOHEUHBITT HEOPUEHTUPOBAHHBIN rpad 6e3 meTenb 1 KpaTHBIX pebep, X — MHO-
x)ecTBO BepimH rpada. Ilo rpady I' ompemennm wacTmaHO KOMMYyTaTHUBHYIO MeTabeseBy
rpynny Mp kak dakrop-rpynny M, /Rr, roe M, — cBobonHas meraberneBa rpynmna ¢ 6a-
sucom X, a Rp mopoxneHa Kak HOpMasbHas moarpymma M, TeMum KOMMyTaTOpaMu [T, Z;],
171 KOTOPBLIX BEPLIMHEI T; U T; cMexHEI B rpade I'. I'pad I' HaspiBaeTcs ompenesnsromum
rpacdom misg rpynnel Mp. Ecau mHOX)ecTBO pebep rpada mycto, To Mr = M,,.

O.IMlamro B 1995 romy mokasaji, 4TO yHUBepcajbHas Teopus rpymmbl M, paspermma.
[Ipu sTOM 0OH MCTOIB30BaI TOT (PAKT, YTO yHUBEpPCAIbHAs Teopus rpynnbl M, u eé cBOoOOMI-
HOTO PACIIEIIeHNsT HAO KOMMyTanToM W, coBmamaior. Bompoc o pa3pemmMocTu yHUBEp-
CaJIbHON TEOPUU YaCTUIHO KOMMYTATHUBHBIX MeTaleleBhIX I'pynn Mp OTKPBIT U BKIIIOUEH
B “Koyposckyio Terpans’. He m3BecTHO HEM omHOrO mpuMmepa rpymnnbl My ¢ Hepasperu-
MOl yHUBepCaJIbHOI Teopuen. OmHAKO MOKA3aHO, YTO CBOOOMHOE paciierienne rpymmnsl Mp
HaJl €€ KOMMYTAHTOM UMeeT Pa3PeIInMyI0 YHUBEPCAIbHYIO Teoputo miis jroboro I'. [losTomy
BO3HUKAET BOIIPOC O COBHAIEHUN YHUBEPCAJIBLHOW Teopuu rpynbl Mp u eé cBOOOIHOTO pac-
utertenuss Wr Hanm xommyTanToM. CyIlecTBYIOT HETPUBHUAJIIbLHBIE TPUMEDHI, KOT/Ia YHUBED-
canpHble Teopun rpynn Mpr u Wi coBnamaior. OmHAKO MOKa3aHO, UTO IJIs IIXPOKOTO KITacca,
ompenernsomux rpadgos [ yauBepcanbabie Teopunu rpynn M u Wr pa3nudasb.

[Monrpynmna ®urtunra Fit(G) rpynnst G — 5T0 TPOU3BENEHNE BCEX HIIBIIOTEHTHLIX HOP-
MasbHBIX noarpynn (. Ilokazano, 4To mobas HUIBIIOTEHTHAS MOATPYIINa MeTabeIeBol Ja-
CTUYIHO KOMMYTATUBHOU rpymnmsl Mp sBisiercs abesesoit, a noarpynna Purrtunra Fit(Mr)
SBIIAETCS IPAMBIM TIPOU3BENeHNeM eé 1eHTpa Z u kommyTanTa [Mp, My].

Pa6ora Beimonaena npu dunancosoil nonnepxkke POPU (mpoekt 15-01-01485).

Hosocubupcrut, 2ocydapcmeennbiti mexnuueckut yrusepcumem, Hosocubupck
E-mail: eitim450gmail . com
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KoMmno3unuonHble (pakTOpbl KOHEYHON (HaKTOPU3yEMOUN I'PYIIIbI
¢ P-cy6HOpMAJILHBIMU COMHOXKUTEJISIMU

B. H. TrorgH0B, B. H. KHATUHA

Yepes U(X) o6o3HAUMM MHOXKECTBO BCEX KOMIIO3WUIIMOHHBIX (DAKTOpOB Tpymmbl X, a
Uy (X) — mHOKECTBO Beex HeabeneBbix rpymm u3 W(X).

A.®. Bacunbes, T. . Bacunsesa u B. H. TrorsHoB [1] npemmoxunu criemyoree omnpe-
nenenne. [lycts P — mHOX)KecTBO Beex mpocThix uncesnn. [loagrpynna H masbiBaeTcs P-cy6-
HOpMastbHON B rpymme G, eciu mu6o H = G, 1ubo CyIiecTByeT MENOYKa MOATPYIIT

H=HycH,Cc..CH,=G

Takast, uto |H;11 : H;| € P mms Beex i. [Ipussaku paspemmmocT KOHEIHON Gak ToOpu3yeMort
rpynnsl ¢ P-cyGHOpMATBHBIMI COMHOXKUTEIISIME Oy YeHbl B [2]-[3].
Ioka3zaHbl CJIEMYIOINE TEOPEMBI.

Teopema 1. Ilycte G = AB — koneunas rpynna, A u B — P-cybHOpMaibHBIE TTO1I-
rpynmsr rpyoner G. Torma:

1) Uy (G) = W1 (A) U (B);

2) eciu A paspemmmva, o V(G) = U(A) U W (B).

Teopema 2. Ilycte G = AB — koHeunas rpymma, rae A — P-cybHOpMaIbHAS 1101d-
rpyIima HedeTHOro mopsnka, a B pasperuma, To G pasperiuMa.

TpeboBanme HEUETHOCTH MOPSAKA MOArPYHIbl A B Teopeme 2 0TOPOCUTH HEJb3sI, MPU-
MepoM ciryxut PSL(2,7).
CIIMCOK JIMTEPATYPBI

[1] Bacunwer A @., Bacuibesa T. U., ToTsaos B. H. O KoHeuHBIX Ipynmax cBepxXpa3permMoro tumna //
Cubupckuit maremaTwyecknit )xypuasi. 2010. Tom 51, N 6. C. 1270-1281.

[2] Bacunves A. @., Bacunbesa T. U., Torsaos B. H. O npoussenenusx P-cyGHOPMAIBHBIX HOATDYII B
koHeuHbIX rpynnax // Cubupckuit maremaruueckuii xypHasia. 2012. Tom 53, N 1. C. 59-67.

[3] Monakhov V., Kniahina V. Finite factorised groups with partially solvable P-subnormal subgroups //
Lobachevskii Journal of Mathematics. 2015. Vol. 36, N 4. P. 441-445.
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Kpurepuit yauBepcanbuoctu marpunsl B rpynmne UT, (R) Han
KOMMYTATUBHBIM U aCCOIMATUBHBLIM KOJILIIOM C €IUHUIIEN

H. I'. XucamugeB, C. II. TEIHBIBEKOBA, A. A. KOHBIPXAHOBA

Yepes UT),(R) - rpynmna yHUTPEYTOIBHBIX MATPUI] PA3MEPHOCTEN 7 X 1 HAI KOMMY Ta-
TUBHBIM aCCOLUATUBHLIM KOIBIOM R ¢ enuHuneit. Omement g rpyunst UT), (K) HazbBaeTCs
YHUBEPCAIILHBIM, €C/I ypaBHeHue (¢, x| = f paspermmo mis mo6oro siaementa [ € G'. Do
nouaTue Beeneno B.A.PomanbkoBbiM. JlokazaHa ciemyrorias

Teopema. Marpuna g rpymner UT, (R) pasmeprocTn n > 3 Haa KOMMYTATHBHBIM
acconquaTUBHBIM KOJBIIOM R ¢ enuHUIlerr yHUBEpCAIbHA TOIAA U TOJIBKO TOra, KOTAa CIPa-
BENJIUBEI CJIEAYIOIIHE VCIIOBHSI:

1. DnementTs! g i+1, 1 < i < n — 1, mepBoil MOGOYHOI AUArOHAIN MATPULEL § (KpoMe
KkpaiHnx) obparuMsl B R;

2. D/1eMeHTHI §1,2 U §y—1,n, B3aHMHO IIPOCTEI, T.€. CIPaBENINBO DABEHCTBO

g1,2u + In—-1,nU = 17

IJIST HEKOTOPBIX U,V € R.

CnenctBue 1. Eciau (F,v) — xoHCTpykTHBHOE IOJI€, TO MHOXECTBO YHUBEPCAIHHBIX
snemerToB HyMmepoBauuon rpymnsl (UT, (F),v*) Beraucammo, T.e. mo joboMy 4ucioy n € w
MOXHO 5((hEeKTUBHO OIPENeUTh SBIAECTCS JIM YHUBEPCAJILHOH MaTPHLA VN WM HET, Ihe
HyMepanus v* Takas, 4TO II0 ZAHHOMY YHUCJIIY N MOXKHO 3(h(eKTUBHO OIpEneInTh UVHOMEPA
3JIEMEHTOB MaTpPUIIbBI HOMEPAa 1.

Cnencrsue 2. Eciu (R, v) — KOHCTDYKTUBHOE KOJIBLO, TO MHOXKECTBO YHUBEPCAJIBHBIX
ssremernToB napel (UT), (R),v*) Beramcaumo nepedncimmo.

CanencrBue 3. Ilycrth mis KOHCTPYKTHUBHOIO eBKammoro kosbna (E,v) ¢ eqununert e
CIIPABEI/IUBEI CJICAYIOLIHE yCIIOBUSL:

1. ¢pyuxuus HOpMEL g : E — W BBIYHCIAMA;

2. maOXecTBO R(FE) 00paTHMbIX 571eMEHTOB KOJIbIa E BBIYHCIHMO.

Torma MHOXKeCTBO yHHBEpCcaabHBIX seMerToB napel (UT,, (E),v*) Beraucanmo.

CIIMCOK JIMTEPATYPBI

[1] Roman’kov V.A., Equations over groups // Groups Complexity Cryptology.— 2012.— Vol.4.— N2.—
P.191-240.

[2] Men’shov A.V., Roman’kov V.A., On p-solvability of some regular equations over a Heisenberg p-
group // Herald of Omsk University. — 2014. — N 3. — P.11-14.
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06 anTuaBTOMOpdU3IMax U GMaHTUABTOMOPPU3IMAX B HEKOTOPHBIX KJIACCAX T'PYIIII

II. I". XPAMIIOB

B pa6ore [1] BBOmsITCS mOHATHSI aHTHABTOMOPdU3Ma 1 GMaHTHABTOMOP(U3Ma I'DYIIIH,
PaCIHINPSIOITIE OMHOUMEHHBIE TIOHSATUS M1 KOHEYHBIX ITUK/INYECKUX TPYIII, OIMpEIeIEHHBIE
panee I'.Koncrantuuocom B [2]. Tak, 6uexrust f rpynnbt G Ha cebs HA3BIBAETCS AHMU-
asmomopPuzmon, ecma f(x)f(y) ! # xy~! mna moOLIX PasTEIHBEIX 37EeMEHTOB T,y € G.
AnTuasromopdusm f rpynmbl G Ha3BIBAETCI OUAHMUABTMOMOPPUIMOM, €CITI TP STOM f -
apToMopdusmM rpymnnsl (. buanTuaBToMopdusM rpynmer - 310 €é aBroMopdusM 6e3 HeTpu-
BUAJIbHBIX HEMTONBUXKHBIX TOUEK.

B pa6ore [2] 6B chOpMYIMPOBAH BOIPOC: KaKhe KOHEUHBIE IUKINIECKUE TPYIIIBL H0-
myckaoT aHTuaBroMopdusMbl? B [1] aBTopel 0OTBeUaoT Ha HEro, MOKA3aB, YTO 5TO B TOU-
HOCTU KOHEYHBIEC HNUKJINYCCKUE TI'DYIIIIBI HEUYETHOTO nopsdanka. KpOMe TOro, TaM IIPpUBEOCHDBI
IPUMEPbI AaHTUABTOMOPOU3MOB 1 OMaHTUABTOMOP(MOU3MOB KOHEUHBIX HEITUKJIMIECKUX abee-
BBIX TPYIII U TTOCTaBJIEH CIIEYIOIITNIA

Bompoc ([1] Question 2). Kakmue xoHeunble abeeBbl 2-rpyIIbl AOLYCKAIOT aHTUABTO-
moppusmbr? Kakme n3 HUX [OIMYCKAarOT AaHTHABTOMOP(GU3MBI, HO HE OMAHTHABTOMOD(GU3MBI!

B cBs3u ¢ 5TuM aBTOPOM NOKa3aHBI CIIEOYIOITNE YTBEPKICHU.

IIpensioxxenne 1. (1) Koneunas abeneBa 2-rpymnna JOIMyCKaeT aHTHABTOMOP(MU3M TO-
roa u TOIBKO TOTAa, KOorAa He sBjdercs mukamdeckodn. (2) Komeunas abGemeBa 2-rpymma
nonyckaeT OmaHTHaBTOMOP(GHU3M TOrAa W TOJBKO TOrAa, KOrma B e€ pa3jloXkKeHNHU Ha IIDU-
MapHBIE€ ITUKJINYIYECKEC MHOXKUTEJIN Ka)K,lIbH;I MHOXKHUTEJIb HE €IHCTBCHCH.

CnencrBue. (1) Koneunas abeseBa rpymnma HOIMYyCKAeT aHTHABTOMOP(QU3M TOrHa U
TOJIBKO TOT'Ia, KOTZAa €€ pasyIoXKeHHe Ha MPUMAPHBIE IUKINIECKTEe MHOXKUTETIN CONEPXKUAT
6osbIe ogHOTO 2-coMHOXKuTeNA. (2) Koneunas abeseBa rpynma nomyckaeT OHaHTHABTOMOD-
(pI/IBM TOorga u TOJIBKO TOorzaa, Koraga B Pa3JIO2ZKECHUU €€ 2—‘1&CTH Ha INPpHUMapHBIC HUKJ/JINICCKUEe
MHOXKUTEIU KaXKIbII MHOXUTETH HE €IUHCTBEHEH.

Kpome sToro, mokazanbl criemyrolnme, OTHOCSIIIECS K JaHHOU TeMe TPeNIOXKEeHMs.

IIpensnoxenune 2. Jlrobas 6eckoHeUHAs] CUETHAS TPYIIIA AOIMYCKAET AaHTUABTOMOP(DU3M.

IIpennoxenune 3. (1) Jlobas koHeUHAS IDYyIIIa HEYETHOTO IOPAAKA HOIMYCKAET aHTHU-
aBromopdusm. (2) Jlrobas koHedHas rpymma mopsaka n = 4k + 2 He HOIMycKaeT aHTHABTO-
MopousMma.

MoxHO no6aBuTh, YTO OUIAPAIbHAS TPYIINa MOPAKa 8 U TPYIIa KBATEPHUOHOB HOITYC-
KaI0T aHTHUaBTOMOP(PU3MEI.

CIIMCOK JIMTEPATYPBI
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O cay4yaiiHOM BBIGOpE 3JLIIANITUYECKUX U TUIMIEPOOINUYECKIX BUHTOBBIX
OBVDKEHUN a@@PUHHBIX JIOPEHIIEBLIX ITPOCTPAHCTB

B. A. UyPKuH

OnmunTryeckue u runepOoTnIecKrie BUHTOBbIE NBIXKeHUs ah(PUHHBIX JJOPEHIIEBBIX MPO-
crparcts RY™ npencrasumsr B dopme f(z) = Az +b, x € R" ! rme maTpuna A coxpanser
CTaHIAPTHYIO HEBBIPOKICHHYIO CUMMETPUIHYIO OrinHenHyo dopMy tuna (1,n), nmeer He-
BBIPOXKIEHHOE MOMMPOCTPAHCTBO W HENMONBIMKHBIX TOUEK KOPA3ZMEPHOCTHU 2 U 3a[1aeT COOT-
BETCTBEHHO SIJIMITUYECKAI WM TumepboIntdecKii IOBOPOT Ha IyIockocTu WL, BexTop b
npuHanimexxuT W u cunraercs HeHyNIeBbIM. Takume MBMXKeHUs comepxkatcs B rpymme [lyan-
Kape IPOCTPAHCTBa — MOIynpsMoM mpomnssenernn rpynmst Jlu SO(1,n) u rpynmst T'(n+ 1)
TpaHCISIIU npocTpancTBa. B pabore [1] cpaBHUBAJICS CITyYailHbIA BHIOOD SILIUITAYECKUAX
uIn TUIEepOOTMIECKUX TOBOPOTOB U OBIJIO TOKa3aHO, UTO B OKPECTHOCTHU EOUHUIILI BUOA
exp (B(r)), rome B(r) — eBKINOOB Imap MaTpuil HOpMbI < 7 u3 anare6psr Jlu so(1,n), moms
runepOOIMIecKX MMOBOPOTOB B 00beMe OOBENWHEHUS DJUITUITUYIECKNX U TUIEPOOTNIECKIX
6mmska x 1/(1/2)"~! mpu manerx r. B wacteOCTH, B mpocTpancTBe Munkosckoro R cre-
MaJILHON TEOPUN OTHOCUTEILHOCTH TAKOW CIIyUANHBIN BRIOOp paBHOBeposTeH. (OKa3aiioch,
qTO MPU 3aMEHEe ITOBOPOTOB Ha BUHTOBBIE NBUKEHUS CITPABEIJINBLI AHAJIOTMYHBIC YTBEPKIE-
HUS.

Teopema. B anre6pe Jlu rpymmsr Ilyankape adguaHOrO TopeHIeBa mpocTpancTsa R ™
OTHOIIIeHE 0O0bEMOB MHOXKECTB MAaTPHUIl €BKJIMAOBON HOPMBI < T, SKCIIOHEHTa KOTOPBIX 3a-
OaeT COOTBETCTBEHHO JJITHITUYECKOE WM THIEPOOIMIECKOe BHHTOBOE IBHUXKEHHE, DAaBHO
(v2)"~' — 1 mpm Bcex > 0.

CaenctBue 1. B mpocrparcTBe MUHKOBCKOIO CIEIIHAJIBHOH TEOPHUH OTHOCHTETIHHO-
CTH CIIYIaHHBII BHIOOD SJIIUNTHIECKUX WUJIN TUIepOOTNIeCKNX BUHTOBBIX OBUXKEHUI BOII3U
TOXKIECTBEHHOIO MPEeobPa30BaHUS MPU PABHOMEDPHOM DACIPENETIEHUN PABHOBEDPOSTEH.

CnencrtBue 2. /o runepboandecKux BUHTOBBIX OBIKEHUH B 00IIIeM 00beMe 00beni-
HEHUS 3JUINIITHIECCKAX U TUIIepOOTMIeCKIX BUHTOBBIX ABUXKEHHUI B MAJIOH IIAPOBOH OKPECT-
HocTH emmHUNE 6mmska K 1/(v/2)" ™! # ¢ pocToM N yMeHBIIAETCS SKCIOHEHITHAIBHO.

CIIUCOK JIMNTEPATYPBI
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06 akcmomaTumueckoM panre kijacca JleBu kBasmMHOroo6pasus, IOpPOXIAEHHOTO
KOHEYHOU p-T'PYIINon

C. A. ITIIaAxoBA

Inst mpousBosbHOTO Kiacca rpynn M obosnauum uepes L(M) kmace Bcex rpynn G, B
KOTOPBIX HOpMasIbHoe 3aMbiKanue (a)® kaxmoro smementa a € G npumammexut M. Kmace
L(M) nmassiBaercs kiaccoM JleBu, mopoxknéHHBIM KitaccoM rpymn M.

A M. Bynkun ycranosui B [1], ato ecniu M — kBasumuoroo6pasue, 1o L(M ) Takxke sBiis-
ercst kBasuMHOroobpasueM. M3yuenuio kiaccoB JleBu KBa3suMHOTOO6Gpa3uil HUIBIIOTEH THBIX
I'PYII HOCBAIIeHB! paboTsl [2-7]. B wactaOCTH, B padore [7] BosHukiu kiaacce! JleBu kBas3u-
MHOT000pa3Nil, TOPOXKAEHHBIX KOHEUYHBLIMU TPYIIIAMI, 3a0aHHbIE OECKOHETHBIMI CHCTEMAMI
KBA3UTOXKICCTB.

COBOKYITHOCTBH KBa3UTOXKIECTB, 3a[AlOIMX KBa3UMMHOTOOOpas3me, Ha3bIBAETCs 6a3MCOM
5TOr0 KBa3UMHOrooOpasusa. ['0BOPAT, 4TO KBA3MMHOIOOOpa3ue MMeeT OECKOHEUHBIN aKCHO-
MATHYECKNIII PAHT, €CIIM €ro Heb3s 3a0aTh 06a3MCOM OT KOHEYHOIO YHCIIA IMePEMEHHBIX.

SadukcupyemM mpocToe duciio p, p # 2, u 0603HaunM depe3 Fy ¢BOOOMHYIO B MHOTOOOpa-
3UM HWJIBLIOTEHTHBLIX CTYIEeHH < 2 T'PYIN 5KCIOHEHTHI p TPYMIy paHra 2, a uepe3 Fy ! G
npsiMoe citeTenne rpynnsl Fo ¢ rpynmoit G. Jlokasana ciemyrorias TeopeMa.

Teopema. [lng npoussBonsHol koneuHou p-rpynmbl G kmnacc Jlesu L(qF> ! G) umeer
OEeCKOHEUHBIN aKCHOMATHIECKII PaHT.
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O rpynnax cozmepkaiiux rpynnbl JU3OPa

A. K. IIINENKUH

[Myctes X — mekoTropoe MHOXecTBO rpymnm. ['pynna G HACBIIIEHA T'PYNIAMI U3 MHO-
x)ecTBa X, ecnu jobast KOHeuHas nonrpynmna u3 (G comepkuTcs B noarpymmne rpynnsl G,
u30MOpGhHOI HeKoTOpon rpymne u3 X [1].

B nmpuBomuMbix HmXKe OBYX TeopeMax mojryueHo onucanme rpymmn lllyrkoBa u mepuomnnu-
YeCKUX T'PYII, HACBIIEHHBIX TPYIIIaMU U3 MHOXKECTBA KOHEUHBIX TPYII IUIPA

Teopema (A.K. llnenkun, A.I'. Py6amkun, 2007). I'pynna [lynkosa, nacviuen-
HAT KOHEUHbIMU 2PYNnamu dusdpa obaadaem nepuoduueckot wacmpio KOmMopad udompPhua
AOKAALHO QUu30PaAbHOT 2pynne .

Teopema (JI.C.Kazapunu, A. AMm6epr, 2010). Ilepuoduueckad epynna, Hacoiu,er-
HAT KOHEUHBIMU 2DYNNAMYU OU30Pa U30MPPHA A0KAALHO QUIOPAALHOT 2PYNNe.

Ecnm oTkazaThcs OT orpaHnYeHn Ha TPYIILY, TO UMEIOT MECTO CIeMYIOIINI pe3yIbTaT.

Teopema 1. I'pynna, macblueHHas KOHEUHbIMU 2PYNNAMU JUIOPA He ABATEMCT NPO-
cmotl.

B HpI/IBO,HI/IMOfI HIKE TeopeMe MBI I3MEHAEM YCJIOBUE HACBIIIICHHOCTHU Ha 0oJiee cUIBLHOE.

Teopema 2. I'pynna G 8 kKomopot awbad cobcmMBEHHAT NOJPYNNG AEHCUM 6 6 NO0-
epynne epynnvt G asagowetica 2pynnoti duadpa, umeem caedyuyo cmpyxmypy
G = (Cx L)X (v),
rme C' — numkimyeckas rpyimmna 6e3 KpydeHus, L — JOKaJIbHO IUKINYECKas TPYHa, v —
WHBOJTIONNS, 11 mo6oro ¢ € C' ¢’ = ¢!, nns moboro [ € L 1V =171,
CIUCOK JINTEPATYPHI
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On free Burnside groups of period 3

H. T. ASLANYAN, V. S. ATABEKYAN, A. E. GRIGORYAN

An automorphism ¢ of a group G is called a normal automorphism, if any normal
subgroup of G is invariant under ¢. Obviously, every inner automorphism is a normal
automorphism. The converse is not true, in general. However, for some well known classes
of groups it is proved that all their normal automorphisms are inner. This concerns, in
particular, the non-cyclic absolutely free groups (A. Lubotzky), the free product of nontrivial
groups (M.V. Neshchadim), the non-cyclic relatively hyperbolic group without non-trivial
finite normal subgroups (A. Minasyan, D. Osin), the free Burnside groups B(m,n) of any
rank m > 1 and odd n > 1003 (V. Atabekyan).

Theorem. Any normal automorphism of free Burnside group B(m,3) of period 3 is
inner for all rank m > 3.

Interesting contrast of this result with the mentioned result on B(m,n) for odd n > 1003
is that B(m,3) is a finite group.

The well known Magnus’s theorem state that if in a free group F' the normal closures
of r € F and s € F coincide, then 7 is conjugate to s or s~!. We will say that a group
G possesses the Magnus property, if for any two elements r,s of G with the same normal
closures we have that r is conjugate to s or s1. In [1], [2], [3] proved that the fundamental
group of any compact surface, except of the nonorientable surface of genus 3, possesses the
Magnus property.

Theorem. A free Burnside group B(m,3) of any rank m has Magnus’s property.

REFERENCES
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On finite 4 M-groups

V. A. BELONOGOV

A finite group having exactly n classes of conjugate maximal subgroups (where n is a
natural number) is called nM-group.

Finite nM-groups for n < 3 are known. Finite 1M-groups are evidently primary cyclic.
Finite 2M-groups were described in 1964 by G. Pazderski [1]; in particular, these groups are
biprimary. The detailed description of finite 3M-groups (solvable and nonsolvable) obtained
by the author [2] in 1986. In particular, a nonsolvable group G have exactly three classes
of conjugate maximal subgroups if and only if G/®(G) is a simple group, isomorphic to
PSLy(T) or PSLy(2") for a prime r.

The following theorems give description of the finite 4M-groups which coincide with
their commutant.

Theorem 1. A finite simple group G is 4M-group if and only if one of the following
conditions holds:

(1) G = PSLy(11);

(2) G = PSLs(p), where p is a prime, p > 3 and p = £3,+£13 (mod 40);

(3) G =2 PSLy(p™™), where p,r are primes, r > 2 for p > 2, m € N and pm > 2;
(4) G = PSLy(3);

(5) G =2 PSUs(q), where g = 3 or ¢ = 2*" with m € N;

(6) G = Sz(2"), where r is an odd prime.

Theorem 2. Let G be a finite nonsimple group which has not a normal maximal
subgroups. Then the following conditions are equivalent:

(1) G is 4M-group and ®(G) = 1;

(2) G = PN\ M, where P is a minimal normal p-subgroup in G for some prime p,
M /®(M) is isomorphic to PSLo(7) or PSLs(2") for some prime r, Mg = 1 and any com-
plement to P in G is conjugate with M in G.

Note that a variant of the theorem 1 was formulated in [3], but there one superfluous
group is indicated.
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A criterion of k-closedness for quasiregular permutation groups

D. V. CHURIKOV

Let G be a permutation group on a finite set {2. Denote the set of orbits of the compo-
nentwise action of G' on QF by Orb(G,Q%). Wielandt [1] defined the k-closure of G to be
the group

G™ = Aut(Orb(G, Q%)) = {g € Sym(Q) | 09 = 0,0 € Orb(G, Q")}.

A group is called k-closed if G = G(®). A permutation group is quasiregular if all its transitive
components are regular. The goal of this talk is to introduce a criterion of k-closedness for
quasiregular permutation groups (in particular, for abelian groups). This criterion improves
a criterion of 2-closedness for some abelian permutation groups obtained in [2] as a corollary
of the main result.
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On subgroups of a finitary linear group with the minimal condition on
subgroups

O. Yu. DasukovAa, M. A. SaLiM, O. A. SHPYRKO

Let FL,(K) be a finitary linear group where K is a ring with the unit, v is a linearly
ordered set. F'L,(K) is investigated in [1, 2]. In particular a finitary unitriangular group
UT,(K) is studied in [2].

A group G satisfies the minimal condition on subgroups if there are no infinite strictly-
descending chains of subgroups of G ( § 1.4 [3]). In this paper we investigated subgroups of
FL,(K) satisfying the minimal condition on subgroups.

Let A= @;_, 4;, if v is a nonlimited order, and A = @,_, A, if v is a limited order,
A; is isomorphic to the additive group of K for any i. We consider A as an F'L, (K )-module.
We believe that G # Cg(A).

The main results of this paper are the theorems.

Theorem 1. Let G be a subgroup of FL,(K), K be an integral ring. If G satisfies the
minimal condition on subgroups, then G is a locally (abelian-by-finite) group.

Theorem 2. Let G be a subgroup of FL,(K), K be a commutative Noetherian ring. If
G satisfies the minimal condition on subgroups, then G is a locally (abelian-by-finite) group.
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On finite groups isospectral to symplectic and orthogonal groups of small
dimensions

M. A. GRECHKOSEEVA

We write w(G) for the set of orders of elements of a finite group G. Groups G and G,
are said to be isospectral if w(G1) = w(G2). Recently it was proved that a finite group G
satisfying w(G) = w(L), where L is a finite nonabelian simple classical group of dimension
at least 38, must be an almost simple group with socle isomorphic to L (see [1] for details).
The bound 38 is certainly not strict, and we conjecture that the implication holds for all
classical groups of dimension at least 5 except PSU5(2), PSps(q) and Q9(q).

This talk is concerned with finite groups isospectral to PSpg(q), Q7(q), PQd (q) or
PSps(q). If L is one of the fist three groups with ¢ > 3 and G is a finite group isospectral to L,
then by earlier results, either GG is an almost simple group with socle L, or G has a nonabelian
composition factor isomorphic to a group of Lie type in characteristic coprime to ¢g. Our first
aim is to discuss how to eliminate the latter possibility (joint work with A. V. Vasil’ev and
M. A. Zvezdina). Also it was known that a finite group G with w(G) = w(PSps(q)) either
is an almost simple group with socle PSps(q), or has P (¢) as a composition factor. Our
second aim is to show that for all ¢ # 7™, finite groups isospectral to PSps(q) and having
PQyg (q) as a composition factor do exist.
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Recent progress in the classification of finite simple groups in which the
subgroups of odd index are pronormal

A. S. KONDRAT’EV, N. V. MaAsLovAa, D. O. REVIN

According to Ph. Hall, a subgroup H of a group G is said to be pronormal in G if H
and HY are conjugate in (H, H9) for every g € G. Some problems in combinatorics and
permutation group theory were solved in terms of the pronormality. Obvious examples of
pronormal subgroups are normal subgroups, maximal subgroups, and Sylow subgroups of
finite groups; Sylow subgroups of proper normal subgroups of finite groups; Hall subgroups
of finite solvable groups.

In [1] Vdovin and Revin proved that the Hall subgroups are pronormal in all finite
simple groups and, basing on the analysis of the proof, they conjectured that the subgroups
of odd index are pronormal in finite simple groups. The conjecture was verified for many
families of finite simple groups in [2]. Namely, it was proved that the subgroups of odd
index are pronormal in the following finite simple groups: A,, where n > 5; sporadic
groups; groups of Lie type over fields of characteristic 2; PSLan(q); PSUan(q); PSpan(q),
where ¢ # £3 (mod 8); PQoy,11(q); PQ5,,(q), where ¢ € {4, —}; exceptional groups of
Lie type not isomorphic to Eg(q) or 2Eg(q). In [3, 4] it was proved that the conjecture
fails. Precisely, if ¢ = +3 (mod 8) and n ¢ {2™,2™(2%% + 1) | m,k € NU {0}}, then the
finite simple symplectic group PSpa,(q) contains a non-pronormal subgroup of odd index.
Moreover, in [4] it was proved that the subgroups of odd index are pronormal in groups
G = PSpan(q) with n > 2 and ¢ = £3 (mod 8).

In this talk we discuss a recent progress in the classification of finite simple groups in
which the subgroups of odd index are pronormal.

The second author was partially supported by the grant of the President of Russian
Federation for young scientists (grant no. MK-6118.2016.1). The third author was partially
supported by CAS PIFI (grant no. 2016VMAQ78).
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Retracts of group of unitriangular matrices over a ring

A. A. KONYRKHANOVA, M. K. NuriziNov, R. K. TYULYUBERGENEV,
N. G. KHISAMIEV

A retract of a group G is a subgroup H, for which there exists an endomorphism p : G —
H, which the identity on H.Such an endomorphism is called a retractive endomorphism. Any
idempotent endomorphism p : G — G, p? = p, provides a retraction of the group G on the
subgroup p(G).

Theorem 1. An Abelian subgroup H of the group G = UT,(Z), n > 3 is a retract of
the group G if and only if there exist matrices ¢ € G,i < n — 1 and a number s < (5]
such that theOdetermilllant

(n—2)
912 912 - G19
(0) (1) (n—2)
A=| 92 Jo3 92—l and H= (¢0) @ ..o ().
9 9, e g

Theorem 2. Let K — be a commutative and associative unit ring with identity such
that its additive group K™ is locally cyclic and torsion-free. Then any retract H of the
group G = UT3(K) is isomorphic to K.

Corollary 1. Any retract of the group UT5(Z) is a pure cyclic subgroup of it.

Corollary 2. A subgroup H of the group UT5(Z) is a retract of it if and only if there
exists a matrix h € UT5(Z) such that H = (h) and the numbers hjs and hag are coprime.

Corollary 3. There is an algorithm that for any subgroup A of the group UT5(Z)
determines whether or not A is a retract of it.

Theorem 3. A subgroup H of the group G = UT5(Z) is a transvectional retract if and
only if either H = (t12) or H = (t23),where the each ¢;; — is a transvection.

Theorem 4. A subgroup H of the group G = UT3(Z) is an essentially standard retract
if and only if H = (h) and it holds either hyjs =1 or hog = 1.

Corollary 4. A subgroup H of the group UT3(Z) is not an essentially standard retract
of the group G if and only if there is an element h € UT3(Z) such that numbers his and hog
are different from 1 and greatest common factor of these numbers are equal to 1.

Corollary 5. There is an algorithm that for any subgroup H of the group UT5(Z)
determines whether H is transvectional retract or essential retract of the group UT5(Z).
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Cameron—TLiebler line classes in PG(n,5)

I. A. MATKIN

Let PG(n,q) denote the n-dimensional projective space over the finite field F, with
q elements. Let A be the point-line incidence matrix of PG(n,q), i.e., the rows of A are
indexed by the set of points of PG(n,q), its columns are indexed by the set of lines, and
(A)pe =1if p € ¢, and (A),, = 0 otherwise. We consider A as a matrix over Q, and let
row(A) denote the row space of A.

A set L of lines of PG(n, q) is called a Cameron-Liebler line class [4], [9] if its charac-
teristic vector x . satisfies xz € row(A). In their study of collineation groups of PG(n,q),
n > 3, that have equally many orbits on lines and on points, Cameron and Liebler [3] showed
that a line orbit of such a group should enjoy this property.

An empty set of lines, the set Line(H) of all lines in a hyperplane H or, dually, the set
Star(P) of all lines through a point P, and Star(P)ULine(H ) provided that P ¢ H are exam-
ples of Cameron-Liebler line classes. It was conjectured in [3] that, up to their complements,
these are the only Cameron-Liebler line classes. (This would imply two stronger conjectures
from [3] regarding the structure of symmetric tactical decompositions of PG(n, q), see [2],
and the collineation groups of PG(n, ¢) with the same number of point and line orbits, see
[1].)

The conjecture turned out to be wrong (at least) in PG(3,¢): the first counterexample
was found by Drudge [5], and many more examples have been found during the last decade
[2], [6]. It, however, remains open in PG(n,q) with n > 3.

For given ¢, one can verify the conjecture in PG(n,q) for all n > 3 provided that a
complete list of Cameron-Liebler line classes in PG(3, ¢) is known, see [4], [8] for ¢ € {3,4}.
Recently we [7] determined a complete list of Cameron-Liebler line classes in PG(3,5).
Building on this result, we verify the conjecture in PG(n,5) for n > 3.
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Special and general linear groups over some fields do not possess the
R .-property

T. NASYBULLOV

Let G be a group and ¢ be an endomorphism of G. Elements x, y from G are called
@-conjugated if there exists an element z € G such that x = zyp(z)~!. The relation of
p-conjugation is an equivalence relation and it divides G into -conjugacy classes. The
number R(y) of these classes is called the Reidemeister number of the endomorphism .
The Reidemeister number is either a positive integer or infinity and we do not distin-
guish different infinite cardinal numbers denoting all of them by the symbol co. The set
{R(¢p) | ¢ is an automorphism of G} is called the Reidemeister spectrum of G and is denoted
by Specr(G). If Specr(G) = {oo}, then G is said to possess the Ro-property.

The problem of determining groups which possess the R..-property was formulated
by A. Fel’shtyn and R. Hill [1]. Some aspects of the R..-property, namely, relation with
nonabelian cohomology, relation with isogredience classes and relation with representation
theory can be found in [3].

The author studied conditions which imply the R..-property for different linear groups.
In particular, it was proved that special linear group SL,, (IF) and general linear group GL,, (F)
over a field F of zero characteristic possess the R..-property if F is an algebraically closed
field of zero characteristic which has finite transcendence degree over Q [2, 5], or if the
auromorphism group of F is periodic [2, 4]. Some fields of zero characteristic with infinite
transcendence degree over Q have periodic groups of automorphisms, however, if F is an
algebraically closed field of zero characteristic which has infinite transcendence degree over
@, then it always has an automorphism of infinite order. So, the case of linear groups
over algebraically closed fields of zero characteristic with infinite transcendence over Q is
absolutely not studied.

In the talk we are going to discuss twisted conjugacy classes and the Reidemeister spec-
trum for special linear group SL, (IF) and general linear group GL,, (IF) over an algebraically
closed field I of zero characteristic which has infinite transcendence degree over the field of
rational numbers Q.
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Commutant of Sylow 2-subgroups of alternating group and minimal generating
sets of Syl; A,

R. V. SKURATOVSKII

The aim of this investigation is to research the structure of a commutant and a centralizer
of Sylow 2-subgroups from Syls A, and Syl,S,, and find numbers of minimal generating sets
for SylySor and SylyA,,. Let us denote by X ¥l a regular truncated binary rooted tree with
number of levels from 0 to k, where X = {0,1}. The set X™ C X* is called the n-th level of
the tree X* and X° = {vo}. The vertex of X7 having the number i we denote by v;; also
we denote by vj,iX[k_j] the subtree of X!¥! with a root in v; 4. Let n = 2ko ok 4 Okm
where 0 < kg < k1 < ... < k;, and m > 0. Recall that Syls.S,, = SylaSore X ... X SylaSoky, .

Theorem. The centralizer of Syls Aqr, with k; > 2, in Syls A,, is isomorphic Syls Ay, X
oo X SylgA2ki,1 X SylgAQki_,,_l X ... X SylgAka X Z(SylgAzki).

Lemma. For arbitrary g € SylaAqr, the following inclusion holds g2 € (SylaAgk,; ).

Theorem. The set of commutators K of Sylow 2-subgroup Syls Aor of the alternating
group Ak is the commutant of Syly Agr .

We will call diagonal base [1, 2] (Sy) for SylaSor ~ AutX[F a generating set that has
the on each level only one non trivial v.p. [1]. A number of no trivial v.p. that can be on

X7 is odd and equal to 277!, Thus, general cardinality of Sy for SylsSok is 92" —k=1_ There
is minimum one permutation of type T [1] in Sy for SylaAsx. It can be chosen in (2772)2

ways. Thus, general cardinality of Sy for SyloAgr is 22° ~F=2(27=2)2. The cardinality of
all bases for SylySqx is equal to 282" —k=1) . (2k _ 1)(2k — 2)(2k — 22)._ (2% — 2¢—1). Hence
this bases can be applied in cryptography [2].

Theorem. Any minimal set of generators for Syl A,, has >, k; —1 generators, if m > 0,
i=0
and it has ko generators, if m = 0.
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IlepuBanuu B rpynnoBbIX ajire6pax

A. APyTIOHOB

Hokmam OCHOBAH Ha COBMECTHBIX pe3syiibraTax ¢ mpodeccopom A. C. MuiileHko u
A. . IlrepuoMm.

Byner paccmoTen mocTaTOYHO M3BECTHBIN BOIIPOC, BOCXOMSIINN K TaKUM MaTeMaTHKaM
kak b. Ilxxoncon u B. Jlo3ep, a nmeHHO onucanue ajareOpbl IEPUBAIUT B HEKOMMY TATUBHON
anrebpe, HampuMmep B TPYIIIOBON ajrebpe, MOPOXKIEHHON HEKOTOPOUN OECKOHEYTHOW HEKOM-
MmyTartuBHON nuckpetnoit rpynmonn . Ilom mepuBamnumeir mompa3yMeBaeTCs JIMHEWHOE OTO-
6paxenne C[G] — C|G], ynosnaersopsiomee npasmty Jleibauna d(uv) = d(u)v + ud(v).
dakTUUeCcKn, 5TOT BOIPOC PABHOCHUJIEH OIMUCAHUIO ITEPBBIX KOTOMOJIOTMH XOXIIMIbaa. bosee
TOYHO, NHTEPECYET ONUCAHUE NEPUBAIMI II0 MOMYJII0 BHYTPEHHUX, TO €CTh 3aJAIOMINXCS 10
dopmyne x — [a, x].

B noknane OyneT mpeniokeH KaTerOPHLIN TOAXOMN K TaHHON 3anmade. Vmes cocTouT B pac-
cMoTpeHnn rpynnonfa ', accoruupoBaHHOTO ¢ meficTBueM compsikeHusMu. OKas3bIBaeTCs,
YTO AEePUBALUU 3aaI0TCSI XapaKTepaMi Ha NaHHOM Ipynnoufe (T.e. KOMIUIEKCHO3HAUHBIMU
orobpaxenusymu y : Mor(I') — C, ynosnerBopstormm ycmouio X (1o ¢) = x (1) + x(¢) st
nap MOpGU3MOB, MEXKIY KOTOPBIMU BO3MOYXKHA KOMIIO3UIINS ).

JaHHBI TONXO TO3BOJISET MOIYUUTH CIemyoline pe3yrbTarsl. Ouucanue OepuBaIui
B KOMOMHATOPHBIX TepMUHAX rpynnsl (G, YTO TO3BOISIET MPUMEHSITH HHCTPYMEHTAPUN KOM-
6wmHATOpPHON Teopuu rpymi. [locTaTodHbIE YCIOBUS HETPUBUAIBHOCTU AJITeOpBhI BHEITHUX
nepuBanuii. Y maeTcs OeTajabHO ONucaThb ajirebpy nubdepeHImpoBaHuil Oj1si HEKOTOPHIX He-
TPUBHUAJILHBIX IPUMEPOB, HAIIPUMED IJIsl TPYIIOBON anreOpsl rpynnsl ['eiizenbepra.

Kpome Toro, mpm momoriy DaHHOTO MOOXONa YIPOIIAIOTCS MOKA3aTeIbCTBA HEKOTOPBIX
XOPOITIO U3BECTHBIX (haKTOB, HAIIPUMED TPUBUAIBHOCTH ajreOpbl BHEITHUX OuddepeHITnpo-
BaHUN HA KOHEUHBIX ajireOpax.

Taxoxe, mpu nCCITIENIOBAHNT JaHHOTO BOIIPOCA, BO3HUKAIOT HEKOTOPHIE €CTECTBEHHbIE ITPU-
MepHBI 2-KaTeropuil 1 HEKOTOPhIe NOMOTHUTEIBHBIE CBSI3U C KATETOPHBIMI CTPYKTYpPaMHU.

M>PTU, Mocksea
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TepHaprIe KOMIIO3MIITMOHHBIE aJIre 6pr

A. T. 'ATHOB

B pabore BBOIUTCS B paCCMOTpEHNE HOBBIN KJIacC ajarebp.

Omnpenentenue. Anre6py A mam nonem F', char # 2, HA30BEM MepHapHot KOMNO3UYU-
onnoti anzebpoti (kparko, TK-amre6poit), ecin Ha Hell 3aaHA HEBBLIPOKIEHHAS CUMMETDPU-
vyeckast OuinHenHas hopma n(x,y), Takas dTo

n(zy, zt) = n(x,y) - n(z,t)
IS BCexX T, v, 2,1 € A.

Komnozunmonsble anrebpbl 1 MOHOKOMITO3UIIMOHHBIE AJIT€OPBI SBIISIIOTCS TePHAPHBIMEI
KOMITO3UIMOHHBIME anrebpamu. TK-aare6ps! cymecTByOT 100011 KOHEYHON pa3MepPHOCTH 1
OEeCKOHEYHOI pa3MepPHOCTH.

Teopema. CyrecTBytoT juilb ciaenytoriue asyMmepasie TK-aareb6per Han nomem F = C
KOMIIJIEKCHBIX YHCeJI:

Cayuait 1. bas A = {e1;ea}; n(er;ez) = 1; n(er;er) = 0 =n(eg;ez);

ere1 = 0; eges = 0; ege; = e1e9 = €1 + €.

(Dro anre6pa AW).)
Cayuait 2. bas A = {e1;ea}; n(er;er) = 1; n(ea;e2) = 1; nleg;ez) = 0;

€12 = O; €a€1 = 0; €o9€oy = €1€7.

(910 — BO Beex anrebpax Coyuas 2.)
Cemeiictso A?): eje; = +ey.

Cemeiticteo A®): e1e1 = —ey.
Cemeiicteo AW: eje; = +ey.
Cemeiicteo A®): eje; = —ey.

Cenmeiicto A©): e1e; = aqre1 + Sries.
2 2
O<ar <1; 0< ’511| < 1; (ﬂll) =1- (0511)
IBe anre6Gpnl, TPUHALIEKAIINE PA3INIHBIM CeMeicTBaM, OYIyT HEM30MOP(MHLIMIA.
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CuMMeTpUYHBIE CE€UYEeHUsI HEKOTOPBIX BEIIIECTBEHHO 3aMKHYTBIX IIOAIIOJIEN II0JIsI
dopManbHBIX CTENEHHBIX PAIOB

H. IO. T"ATAHOBA

[Iycte G — nuneliHo yropsimovueHHas AeuMas abeseBa Ipymma, 3 — PeryIspHbBIT KapaIuHal,

Ng < B8 < BT = c¢f(G) = |G|, R[[G, B8]] — mone orpann4eHHLIX (OPMATBHBIX CTEMEHHBIX
pSmoB & = Y 7.9, Toe vy € R, supp(z) = {g € G|ry # 0} — BOOIHE aHTUYIOPSIIOUEHHOE
geG

nonMHOkecTBO Tpymnsl G, |supp(x)| < B. Tak xak 7 = c¢f(G), naiinércsa I' = {g, }ep+ —
IOMMHOXKeCTBO Ipynnel (G Takoe, UYTO OTOOpazKeHWe 7y — ¢, 3amaéT WHBEPCHOe Iomobue
kapmuaana (1 u muOxkecrBa I. Bamamum psn zg+ = . lg, 25+ € R[[G]\R][[G, 87]].

gel

Insa xaxmoro v, B < v < BT ob6ozmaumm uepes Ty = > 1gs yceuenume psana Tg+.
gs €T, 6>

[Momaraem H = |J R[[G, f]](z,) — oObenuneHne BeIeCTBEHHBIX 3aMBIKAHUIA IPOCTHIX

B<y<pt
TPaHCIEHIEHTHBIX pacuiupenuil mons R[[G, 5]].

Ceuenne (A, B) ynopsinouenHoro mosst F' HaseiBaercs cuMmMerpudsbiM (o Ilectosy),
ecu it Kaxnoro a € A cyrmectsyet Takoe a1 € A, uro (a1 + (a1 —a)) € B u my1sa Kaxkmoro
b € B cymectByeT Taxoe b; € B, uro (b — (b—b1)) € A.

C ucnonb3oBarueM pesynbTaTos [1, 2, 3|, B mauuol paboTe MPOMOIIKAETCS UCCIIENOBAHNE
CUMMETPUYHBIX CEYEHUN BEIIECTBEHHO 3aMKHYTHIX MOJIEN.

Teopema. H(rz+) \ H # 0 n xaxnapmi smement pasaoctu H(xg+) \ H nmopoxmaer B
mone H cummMerpmdroe cedenne KoHpuHAIbHOCTH (.
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O npoeKTUpOoBaHUAX IOJIYNIPOCTHIX airebp JIu

A. T'. T'Enu

Bompoc o ToMm, kakre abcTpakTHBIE CBONCTBA ajareOphbl ONMPENesiioTCs €€ PEeIéTKON MOoI-
arebp, OTHOCUTCS K UHNCIY KJIACCHUECKNX BOIMPOCOB COBpeMeHHOU ajrebpwl. s xomeu-
HOMEPHBIX ayirebp JIu BOIPOCHI O PEIIETOYHON ONPENeIIeMOCTI CBOUCTB Pa3pEIInMOCTA 1
MTOJTyTIPOCTOTHI AIreOpbI cHAYaIa OBIIIN PEIIeHBI 15 ajrebp Hall ajareOpandecKn 3aMKHY ThIM
nostem xapakrepuctuku 0 (II. Bapuc, 1964), nan nomem neticrBurensabix ducesn (M. Noro,
1969) u, Hakorer, Hax npou3BoabHEIM nosieM xapakTepuctuku 0 (A. I'. Teitn, 1978). B gact-
HOCTH, B [1] mOoKa3aHo, UTO B KJ1acce KOHEUHOMEPHBIX anre6p JIu Ham TosieM Xapak TepUCTUKN
0 cpenm Bcex MOIYIPOCTHIX anreOp TPEXMepHBIE IPOCThIE HEPACIIEILIIEMbIE U TOJIBKO OHUI
IOy CKAIOT IIPOEKTUPOBaHUE (Pl TOIHbII 130MOpGhI3M) Ha paspermmMyo aare6py Jlu. s
MOJIEN MIPOCTON XapaKTEPUCTUKU BOIIPOC OKA3aJICsS HAMHOTO CJIOXKHEe U3-3a OTCYTCTBUS IO-
CTaTOYHO PA3BUTON CTPYKTYPHOH TEOPUU IMPOCTHIX U MOJIYIPOCTHIX ajnrebp. Hamu momyuen
CIIeNyIOINi Pe3yiTbTaT.

Teopema. Ilycts L — Jj0KaJbHO KOHEYHOMEDHAs MOJIyIpocTas ajarebpa Jlu Ham co-
BepIreHHbIM moJjieM F' mpocToit xapakTepucTuku p,p > 3. Ecau L ornudra oT TpEXMEpPHOI
IIPOCTOH HepacCILIEIVIIEMOH, TO ajarebpa, pelréToYHO m3oMopgHas ajarebpe L, Takxke mosy-
IpocTa.
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O KOHEUHBIX ACCOINATHNBHO-KOMMYTATHUBHBIX KOJIbBIIax C MO,HyJIprHOfI pemeTKoﬁ
IIoOgKoJIiern

A. T'. I'enn, E. A. HAKA

XOpoIIIo U3BECTHO OMUCAHNE KOHEUHBIX T'PYII ¢ MOMYJIAPHON peréTkon monrpymm [1].
OmHaxo aHAJOTUIHBIN BOITPOC IJTsl KOHEUHBIX ACCOMMATUBHBIX KOJIEI] TaXKe B KOMMY TATUBHOM
cllydae MpaKTUIeCcKn He uccienoBad. OTMETHM TOJBKO, 4TO B [2] GBIIO MOIyUeHO UCUep-
IBIBAOIIEe ONMUCAHME KOJIel| ¢ QUCTPUOYTUBHON perréTkoil monkonen. Hike wepes GF(p™)
oboszuaueno mnosie [amya, comepxkariiee p” 5JIEMEHTOB, TI€ P — MPOCTOR UUCIIO, & N HATY-
pasibHOe; Yepe3 Z, 0603HAUYEHO KOJIBIIO BHIYETOB IO MOMIYITIO 7.

Teopema 1. Pemérku mogkoer GF(pqn_l) X GF(p) u Zyn X Ly, rne p 1 ¢ — OPOCTHIE
qymucia, a N HaTypaJabHOE, MOLYJISAPHBI, HO HEe AUCTPUOY TUBHEL.

B o6o3nauenusix Teopembl 1 mmeeT MecTo

Teopema 2. Pemérku mogkomnern GF (pqnil) X GF(p) u Zyn X Ly ByaabHBL ADYT ODYLY.

OrmeruMm, uTo corsnacuo [2] pemerka nmonkosen konbna GF(p") x GF(¢™) mna p # q
MUCTUPUOY TUBHA TIPU JTIOOBIX HATYPAIBHBIX 1 1 M. [I0CKOIBKY IS B3AUMHO MPOCTHIX N 1
M KONBIO Zy X Ly M30MOPDOHO KOIBIY Zpm, PEUIETKA MOMKOIEI KOIbIA Z, X L., TaKke
OUCTPUOy TUBHA.

CIIUCOK JIMTEPATYPBI

[1] Iwasawa K., Uber die endlichen Gruppen und die Verband ihrer Untergruppen. J. Univ. Tokio, v. 4, 3
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@) Mepe€e BKJIIOYEHUA I'PpadyvupOBaHHBIX IIOOIIPOCTPAHCTB

A. B. I'pumnu

Iycts V=V P...PV,P... — Geckoneunas mpsiMasi CyMMa KOHEIHOMEDHBIX BEK-
TOPHBIX MPOCTPAHCTB, npuyeM dim V11 > dimV; > 0,i=1,...,n,.... JItoboe oguoponHoe
nonnpocTpancTBo B V', umerottiee sun U = U1 P ... P U; P ..., rme 0 # U; C V;, Hazosem
rpagyupoBaabiM. [lycte W = Wi @ ... W, P ... — apyroe rpagyupoBaHHOE MOAIPO-
crpanctBo u W; C U;. Hazosem mepoit Brmrogerns W B U npenen (eciu OH CyIecTByeT)

w(W,U) = lim dim W,,/dimU,.
n— oo

[Iycts V = M(F) — nmonminHerHas 4acTh OTHOCATEIHFHO CBOOOMHON CUETHOMOPOXK ICH-

HOIl acconnaTuBHON anrebper F' =k < x1,...,%;,... > HEKOTOPOro MHOrooOpasus Ham Gec-
o.@]

KOHEUIHBIM T071eM k xapakTepuctuku # 2,3, T.e. V =, | F,,, roe F,, — m0oOmpocTpaHcTBO

B I monmunuHeNHBIX MHOTOYIEHOB CTEIIEHU N OT IePeMEeHHBIX X1, ..., T,. PaccMOTpuM rpa-

myuposaHuble nopupocrparctsa Dy, = @ - ([F,F]™ N F,) u M(Z(F)) = @,_, Zn, rze
[F, F] — T-mpocTpaHcTBO, MOPOKIEHHOE KOMMYTATOPOM (21, x|, Z(F) — nentp amre6pot
F,a Z, = Z(F)N F,.

Berony mmxe F = F() — orsocuTensHO cBOGOMHAS anre6pa MHOrOOGPA3Hs, 3a0aHHOTO
IUTMHHBIM KOMMYTaTOPOM [Z1, ..., Z].

B [1, 2] nmano monsoe onucanue neutpa Z(F) mpu | = 3 u 4 ¢ nomonwio [F, F] u [F, F]?.
B [3, 4] mauaTo uccaenosanue meatpa F mpm [ > 5.

Teopema. Ecmn F = F®), 1o pu(D,,,, M(F)) = p(M(Z(F)), M(F)) = 1/2.

Ecnu F = F® u k — noie HyseBoil XapakTepUCTHKH, TO
u(Dy. M(F)) = p(M(Z(F)), M(F)) = 1/2.

HyneBas xapakTepuctuka B cityuae | = 4 HyXKHA B TOKA3aTEILCTBE, TAK KK IIJIs OIIEHKN
pa3MepHOCTEeN WMCHOb3yoTces nuarpaMmmbl FOura. Becbma BeposiTHO, 9TO HaHHBIN (HaKT
“MeeT MeCTO U Ipu 6osiee MIUPOKUX MPEOITOIOKEHUSIX.

Omuenka Mepsl BKIIOUeHUs m-ii crenenn T-upoctpancrsa [F, F| u uenrpa anre6pol F' B
npocrparcTBo M (F') npu | > 5 — uHTepecHas HepellleHHas 3a0ada. AHAIOMMYHBIE BOIPOCH
MOXHO CTABUTDb U MJI IPYTUX OTHOCUTEIHFHO CBOOOMHBIX aareop.

CIIUCOK JIMTEPATYPBI

[1] Tpumns A. B. O cTpoeHnn neHTpa OTHOCATENBHO CBOOONHON anrebpsl I'paccmana. Ycmexu MaT. Hayk,
65:4 (2010), 191-192.

[2] Tpummn A. B. O nenTpe OTHOCUTENTBHO CBOGOMHON JTMEBCKY HUIILIIOTEHTHON anre6pbl mHnekca 4. Martem
samerku, 91:1 (2012), 42-45.

[3] Tpumna A. B., ITuenuunes C. B. O menTpax OTHOCUTENBHO CBOGOMHBIX ACCOLNUATUBHBIX airebp ¢ To-
XKIIECTBOM JIMeBOll HubnoTenTHOCTH. Matem. ¢6., 206:11 (2015), 113-130.

[4] T'pumna A. B., ITuenunaues C. B. CoGcTBeHHBIE LIEHTPAIIBHBIE U SOEPHBIE MHOTOUJIEHBI OTHOCUTEIEHO
CBOBOMHBIX alire6p ¢ TOXKIECTBOM JINEBOIl HUJILIIOTEHTHOCTH cTenenu 5 u 6. Matewm. ¢6., 207:12 (2016),
3-21.
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Pyunble n nukue aBTOMOpdU3MBbI ajire6pbl nuddepeHInaILHBIX MHOTOUJIEHOB
paura 2

B. A. IyuCEHrANMEBA, A. C. HAYPA3BEKOBA, Y. Y. YMUPBAEB

Konbno R masbiBaeTcs muddepeHimanbabiM KoubioMm [1] win A-xosmbiom, eciau Ha
R onpeneneno MHOXkeCTBO KomMmyTupytommx nubdepernuposaruit A = {d1,d2,...,0m}.
[Iycrs k — nuddepennmansuoe nose xapakrepuctuku 0 u k{z,y} — anre6pa nudbdeperun-
AJIbHBIX MHOTOWIEHOB Hal K 0T nByX mepeMeHHbIX 2, y. Eciau |A] = 0, To k{z, y} cranoBurcs
anre6poit MuorowieHos k[x,y| u Bce aBromopdusmer k|z, y|] — pyunsie [2, 3]. Bomee Toro,
rpymnma aBToMopbu3MoB anre6per K[z, y| mmeeT XOpoIIo M3BECTHOE MPENCTABIICHNUE B BUIE
aMaIbIaMIPOBAHHOTO CBOOOMHOTO mpom3BeneHus [3, 4].

B manzoil paGoTe MBI MOKaXKeM, YTO I'PYIIa PYUYHBIX aBToMOphu3MoB anre6pst k{z, y}
MOy CKAeT CTPYKTYPY aMaJiblaMIPOBAHHOIO CBOOOMHOTO IPOU3BENECHNUS IJTsl JTFOO0T0 MHOMXKE-
crBa nuddepenmuposanuii A. Kpome TOro, ncmonbsys 3Ty CTPYKTYPY, MbI JaeM IPUMED
mukoro asromopdusma anre6per k{x,y} nmpu |A| > 2. DroT mpumep sBIISIETCS AHATIOTOM
u3BecTHOro aBroMopdusma Anuka [5, ctp. 398].

Bomnpoc o pyunsix n nukux asromopdusmax anrebpst k{z,y} ocraercs oTKpeITHIM Ipn
|A| = 1.

CHUCOK JIMTEPATYPBHI

[1] Kolchin E.R., Differential Algebra and Algebraic Groups. Pure and Applied Mathematics. 54. Academic
Press, New York-London (1973).

[2] Jung H-W.E., Uber ganze birationale Transformationen der Ebene. J. reine angew. Math. 184 (1942),
161-174.

[3] Van der Kulk W., On Polynomial Rings in Two Variables. Nieuw Archief voor Wiskunde (3)1 (1953),
33-41.
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O koucTpyknuu XepcTenHa MJisd MOYTU KOHEUYHOMEPHLIX cylepajireGp

B. H. 2KEngsuH, A. C. IIAHACEHKO

s cynepanrebpbl B cTanmapTHBIM 00pa3oM omnpenensercs cynepaiarebpa B (H)s ¢ cy-
IIepCUMMETPU30BaHHBIM ITpou3BeneHueM. [Ipu mepexone oT accommaTuBHON cymepareOpsr B
K MOpoaHOBON cymepasireOpe B (+)s COXpaHsSIeTCs PsII CBOMCTB UCXOMHOU cymepasreOpsr. Ha-
npuMep, COXpaHseTcs nmpoctoTa [1] (3To yTBepkKIeHne n3BeCTHO MO HA3BAHUEM KOHCTDYK-
uu Xepcreina). s momynepBuyHbIX Cynepaire6p HaMU MOy YeH CIIEMYOIINN Pe3yIbTaT:

Teopema 1. Ilycte B = A + M — mnosynepBudHas acCOMUATHUBHAS Cymepasrebpa,
npuyeM B He saBiIseTcs KOMMyTaTUBHOI ajrebpoit, I — HeHyJ/eBol mmeasi cymepaJireOpbl
B | comepxarumiics B M. Torna cIpaBemInBBI CJAELYIOLIAE Y TBEPAKACHIA:

1. I[M, M| =[M,M]I =0

2. M1+ M?I — cobcTBeHHBII HeHYIeBOI naeas cymepaarebpsr B w M1+ M?I C Z(B),

3. [B,B|(MI + M?I)?> = 0.

Onpenenenne. Cymnepanrebpa HA3LIBACTCS MOUMU KOHEUHOMEPHOT, €CIIU OHA MMeeT
OeCKOHEUYHYIO Pa3MEPHOCTh, HO KaXKIbIN ee HEHYyJeBOW uaeasl MMeeT KOHEUHYI0 Kopa3Mep-
HOCTbD.

[TouTn KOHEUHOMEPHBIE aCCOIUATUBHBIE AJITeOPHI N3y YaINCh BO MHOT X pabOTax, HAIIPU-
mep, B [2]. Coxpanenue CBONCTBA MOYTH KOHEYHOMEPHOCTU MIPU MEPEXOle OT acCOIUaTUBHON
anreGpel K ajrebpe ¢ CUMMETPU30BAHHBIM Ipou3BeneHneM orMedeHo B [3]. Hamu mokasan
aHAJIOT ATOTO pe3ylbTaTa IJIs cyrnepareop.

Teopema 2. Ilycts B = A + M — moyru KOHEYHOMEPHAS ACCOMHMATHUBHAS CyIepaJl-
rebpa, He SIBJIAIOIIAsICI KOMMYTaTHBHON ajarebpoi. Torma BH)s MOYTU KOHEYHOMEPHAas
ropaHoBa cynepaJrebpa.

Pa6ora mognep:xana PH® (mpoekt 14-21-00065).
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O rpynmne oGpaTUMBbIX 3JIEMEHTOB KOHEYHBIX KOMMYTATUBHBIX JIOKAJIBHBIX
KOJIell XapaKTEePUCTUKU P

E. B. 2KyPABIIEB

Bce kombIia, paccMaTpuBaeMble B TAHHON paboOTe, SIBIISIOTCS KOHEUHBIMU, aCCOIMATUB-
HBIME ¥ comepxkaT enuuuiy. Ilycrs J = J(R) u R* coorBercTBenHO pamukan JlxxexoGcoHa
U MyJbTUILUINKATUBHAS TPYNIa 06paTUMbIX 57eMeHTOB Komblia R, F' = GF(p”) — KoHeuHoe
noste (p — npocroe uncio, r € N) u Z, — KOJIbLIO KJIACCOB BBIUETOB II0 MOMYJIIO n. BbIpaxke-
HueM (Zy)™ 0603HAUNM TPSIMOe POU3BENEHUE Ly, X Ly X . .. X Ly U3 M MUKIXIECKAX TPYIII
nopsinka n (m,n € N).

Konbuo R zasbiBaeTcst MOKaabHbIM, eciu R/ J = F' — nose. Bee menurernu Hyst oKaib-
HOTO KOJIbIIa 00pa3yloT pammkas J 1 BCAKUH 3JIEMEHT KOJIbIla SBJISE€TCs MO0 OOpaTHMBIM,
OO0 HUJIBIIOTEHTHBIM.

Teopema 1. IIycts R — KOMMyTaTUBHOE JIOKAJIFHOE KOJIBIIO XapPAKTEPUCTUKHI D,
dimp J/J* =3, dimp J?/J? =1, dimp J®> =1, J* = 0.
Torma
(1) ecmm p =2, 10 R* = Zgr_y x (Z4) X Z mmm R* & Zge_y x T x (Z5)° ;
(2) ecmmp =3, To R* = Zgr_1 X Zg X (Zg)g;
(3) ecmmp >3, To R* = Zpr_1 X (Z;)S.

Teopema 2. IIycts R — KOMMyTaTUBHOE JIOKAJIHFHOE KOJIBIO XapPAKTEPUCTUKHI D,
dimp J/J? =2, dimp J?/J? =2, dimp J®> =1, J* =0.
Torna
(1) ecmr p =2, 10 R* = Zgr_y x (Z4)° X Z mmm R* = Ty _y x T x (Z5)°;
(2) ecmrp =3, T0 R* & Zgr_y x 7 x (Z5)° mmm R* = Zgr_y x (Z5)°;
(3) ecmmp >3, To R* = Zpr_1 X (Z;)5.

CIIMCOK JIMTEPATYPBI
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O KPUTUYECKNX BEKTOPHBIX IIPOCTPpAaHCTBaAxX

. M. UcaEB, A. B. Kucnunuux

FO. I1. PasmbiciioB BBeIT TOHATHE acCOMUATUBHO JmeBoit mapsl (A, L), roe L — anre6pa
JIu, A — acconmaruBHas obGepThIBaroOmas g L, a Takxke MOHATUE MHOTOOOpa3us map u
M3YYUII CBOICTBA TaKuX MHOrooGpasuit [1].

[Iycts F' = GF(q) — xoneunoe none, F'(X) — cBobomuas accormaTuBHas anrebpa, A —
accormaTuBHas ajarebpa nojem F, E — monmpocTpaHcTBO anrebpsr A, mopoxmatoriee A Kak
anre6py. Ilom moacdecmeom napv (A, E') norumaercst muorounes f(zq,To,...,x,) € F(X),
gro f(e1,e€2,...,6,) = 0 mpu Bcex e1,e€s,...,6, € E. B srom ciyuae mapy (A, E) HazoBem
MYADMUNAUKAMUBHOT 8eKMOPHOU Napoi.

[Iycts G C F(X) — MHOXECTBO MHOTOWIEHOB. Kitacc Bcex map, B KOTOPBIX BBIOJIHS-
1oTcs Bece ToxnectBa g = 0, rme g € (G, HA3LIBAETCS MHO2000pA3UEM MYALMUNAUKATMUEHDLL
BEKMOPHLIT NGP WU TPOCTO L-mHo2000pasuem, 3adannbim muoxrcecmeom moaxcdecms G.
Ecmu G — mHOX)ecTBO Beex ToxmecTs napsl (A, E), To L-mHOroo6pasue, 3aqaHHOE MHOXKe-
crBoM TOXOecTB (7, GymeMm Ha3bIBATL L-mHno2000pazuem, nopoxcdennvim napot (A, E).

Ha MHOX)eCTBe MyJIbTUIIIMKATUBHBIX BEKTOPHBIX ITaP MOXKHO BBECTHU MOHSTUSI TIOMIAPHI,
roMoMOpdHOTro o6pasa maphl, a TakXKe MPSMOro mpou3BeneHus mnap. JIroboe L-mHOTOOOpa3me
3aMKHYTO OTHOCUTE/ILHO B3TUsI MOMAIAp, TOMOMOP(MHBIX 06Pa30B U MEKAPTOBBIX ITPOU3BEIe-
Hull map. BepHo n o6paTHOe: 1106001 KJIace MyJIbTUINIMKATUBHBIX BEKTOPHBIX TIap, 3aMKHY-
TBI OTHOCUTEILHO HTUX TpeX omeparuii, obpasyeTr L-muOrOOOpasme. L-MmHOrOOOpasue I
HA30BEM A40KAAbHO KOHeuHblM, ecin s mioboit mapsl (A, E) € 9, roe E — koHEUHOMEpPHOE
BEKTOPHOE TIPOCTPAHCTBO, ajarebpa A KoHeuHA.

Teopema JIbBoBa—Kpyse [2, 3] yTBepxkmaer, 4To MHOr00Opa3me, MOPOKIEHHOE KOHEU-
HBIM KOJIBIIOM (KOHEUHOU JIMHENHOW aJIre6Gpoit ), SIBISETCS KPOCCOBBIM, T. €. TOXKIECTBA 5TOrO
MHOT000pa3usi KOHEYHO 0a3mpyeMbl, I OHO MMeeT KOHEUHOE YUCIIO MOAMHOrooOpasmi. [l
TOXIECTB L-MHOTOOOpa3uil MOPOKIEHHBIX KOHEYHBIMY MYJ/IbTAIIINKATUBHBIMU BEKTOPHBIMI
napamu, cuTyamms apyras [5]. B wactrOocTH, mapa (My(F), M2(F)) He mMeeT KOHEWHOTO
Gasuca TOxIecTB. B To ke Bpemst L-MHOro0Gpasue, mopoxnentoe mapoit (Ms(F), Ma(F)),
COMEPKUT KOHEUHOE YuCiao L-nomMuoroobpasuit [5]. s mpoussosbuoil mapsl (A, E), raoe
A— KoHeuHas acconuaTuBHAas ajrebpa, BOIPOC O KOHEUHOCTH YKCHIa L-TIOMMHOTOOOpa3uii
MHOroo6pasust, mopoxkneHuoro (A, E') ocTaeTcs OTKPBITHIM.

@axmopom napul (A, E') Gymem HasbBaThH ToMOMOpGbHBI 06pa3 mapsl (Aj, E7) npu ro-
momopdusme ¢, e (A, F1) — monmapa napet (A, E). Eciau ¢ He sBnsercs n3oMopdu3MoM,
nubo Fn ; E, Tto dakTop HaszbBaeTcs coocmeennvim. llapy (A, E) HazoBeMm xpumuueckot,
eciu anrebpa A xoneuna, u napa (A, E) ue nexut B L-MHOroo6pasuu, IOPOKIEHHOM ee CO0-
cTBeHHBIME GakTopamMu. Beskoe JOKaIbHO KOHEYHOE L-MHOrooOpasue mopoXKIaeTCss CBOUMM
KPUTUYECKAMIU TTAPAMIE.

FO.H. Masbues mokasaj, 4TO KOJBIO MaTPUIl HAL KPUTUYECKUM KOJIBIIOM SIBIISIETCS
KPpUTHUYECKUM, B 4yacTHOCTH, anrebpa Ma(F') smusercs xkputudeckoi [4]. B macrosmei
paboTe MOKA3aHO CIIEMYIOIee YTBEPKICHIE.

Teopema. Ilapa (My(F), M>(F)), roe My(F) — anare6pa MaTpun BTOPOIo IOPIAKA
HaJ 1 koHeYHBIM nosieM F' = GF(q), AB/IgeTCs KpUTUIECKOIL.

WcenenoBarme BTOPOro aBTopa IMONIEPXKAHO I'PAHTOM POCCHICKOrO HaydHOTO (HOHIA
(mpoexT 16-11-10002).
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O moutn KOMMY TaTHNBHBIX L-MHOFOOﬁpaBI/ISIX BEKTOPHBIX IIPDOCTPAHCTB

A. B. Kucaouuug

[Iycts F = GF(q) — xoneuHoe mose, ' — BexkTOpHOE MPOCTPAHCTBO Ham mosieM F
SIBJISIIOIIIEECS TOMMPOCTPAHCTBOM acconuaTuBHON F-aarebper A, mpuueM A mopoxmaercs
npoctparcTBoM E kak anre6pa (B 5ToM citydae OyIeM TOBOPUTH O BEKTOPHOM IIPOCTPAH-
cTBe F, BIIOXXEHHOM B aCCOIUATUBHYIO ajirebpy A). ToxmecTBOM BEKTOPHOTO ITPOCTPAHCTBA
F HazoBeM accOUATUBHBIA MHOTOYJIEH, KOTOPBIN oOpalliaeTcst B HyJ/Ib B ajarebpe A Ha Hiie-
MEHTaX MMPOCTpaHCTBa k.

Kiacc Bcex BEKTOPHBIX MTPOCTPAHCTB, BIIOXKEHHBIX B aCCOIMATUBHBIE ajreOpbl W yOo-
BJIETBOPSIIOIINX BCEM TOXKIECTBaAM TpoCcTpaHcTBa F, O6ymeMm Ha3biBaTh [L-MHOrooOpasmeM,
MTOPOXKIEHHBIM IpOCcTpancTBOM F u obo3Hadyats Vary /. L-muOroobpasue 91 Ha30BEM MOUTH
KOMMYTAaTUBHBIM, €CJIX BCAKOE €0 CcOOCTBEHHOE L—HO,HMHOI‘OO6paBI/Ie ABJIACTCA KOMMYTaTUB-
HBIM.

FO. H. MabeBbIM OMUCcaHbl IOYTH KOMMYTaTUBHBIE MHOTOOOpA3Us acCONMMATUBHBIX KO-
ner [1], a Takke HOUTH KOMMYTATUBHBIE MHOTOOOPA3Us ACCOMUATUBHBIX ajrebp HAIl HeTepPO-
BBIM aCCOLUATHBHO-KOMMYTaTUBHBIM KobIoM Jlzkeko6cona [2]. B macrosieit pa6ore maHo
JacTUYIHOE ONMUCAHUE MTOYTU KOMMYTATUBHBIX L-MHOTOOOpa3nii HAIlI KOHEYHBIM IIOJIEM.

Teopema. Ilyctes F' = GF(q) — xoneunoe mose, A — anrebpa Haxg moaem F u M =
Vary A — HeHmismoTeHTHOE L-MHOroO6pasue, mopoxaeHHoe aarebporn A, paccMaTpUBaeMOR
KaK BEKTOPHOE MPOoCTpaHCTBO. Torma mpocTrpaHcTBo A coBmamaeT ¢ OQHUM U3 CJIELYIOIIIX
IIPOCTPAHCTB:

Teopema. Ilycts F' = GF(q) — xoneunoe mose, A — airebpa Haxg moaem F' u M =
Var; A — HeHmisrmoTeHTHOE L-MHOroO6pasue, mopoxaeHHoe aarebpor A, paccMaTpUBaeMOR
KaK BEKTOPHOE€ IIPOCTPaHCTBO. TOF,ZI& M ABJIAE€TCA IIOYTU KOMMYTaTUBHBIM TOrga M TOJIBKO
TOrza, KOraa OHO IOPOXKIEHO ONHUM U3 CIAEAYIOIINX IPOCTPAHCTB:

a0 Dlaserh a2 Oaser)

B uactmOCTH, TOKa3zaHO, YTO L-MHOroo6pasme, MOPOXKICHHOE BEKTOPHBIM MTPOCTPAH-

CTBOM
a b
= {(2 2 aver).

rme 0 € AutP, o # 1 u none uaBapuanToB F = P gBIsgeTCs MaKCUMAaJIbHBIM TOAMOJEM B
P, conepx)ut cobcTBEHHOE HEKOMMYTATUBHOE L-TIOIMHOTOOOpAa3Ne.

WccenenoBanue BBITIONIHEHO 3a c4eT rpaHTa Poccuiickoro HayusHoro ¢ouma (mpoext 16-
11-10002).
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[2] Maltsev Yu. N. Just non commutative varieties of operator algebras and rings with some conditions on
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Teopembl pakTOpu3anum 0600ITIEHHBIX CTENEHHBLIX PSAIOB

B. K. KosjnoB, B. O. MAcnoBa, P. K. CEPUKKAXKUEBA, M. T. ABIPA3ZAKOBA

[Tons 06OOIIEHHBIX CTENEHHBIX PSIOB (WK MO XaHa) ¢ KOdDUIMeHTaMu B OJe U
MIOKA3aTeIsIMI B OEJIUMON YHOPSOOUEHHON abesleBOil T'PYIIIE SBISIOTCS DyHIaMEHTATbHBIM
MHCTPYMEHTOM IIPU N3yUEeHUN 3HAYHBIX U YIOPSIOYEHHBIX TTOJIEN M aCUMIITOTIYIECKIAX PAa3JIo-
xkeruii. [lomcTpoka psma ¢ HEMOIOKUTETBHBIMEI TOKA3aTEISIMIA €CTECTBEHHO BO3ZHUKACT IPU
00CYXKIEeHNN BO3BENEHUS B CTEINEHb, KAK ATO HENAETCSI B TPAHCCEPUSAX MU IEJIBIX JACTSIX.
[IpuMegaTeTbHBIM PUMEPOM SIBISIETCSI KOJIBIIO IIEJIBIX YHCE B TOJIE CIOPPeATUCTUIEeCKUX
qncen Konsest.

B obmiem ciydae smeMeHTHI TaKUX IIOMKOJEN He MMEIOT (haKTOPU3AlWil B HEIPUBOIU-
Mble. B xoHTekcTe nenbrx yucenn Konseir mpenmonoxus B 1976 romy, 9TO HEKOTOPBIE cepun
HenpuBoauMbl (Hokaszano bepapmyuun B8 2000 romy) u 9TO /106bIE ABE (PAKTOPUIAIINY TAHHOL
cepum MMeT OO0IIYI0 MOpabOTKY.

B pabore moxazama Teopema haKTOpPU3AINM IS KOJIBIIA PSIOB C HETIOJIOXUTETbHBIMI
MENCTBUTEIbHBIMI ITOKA3ATENIMN: KAXKIIBIN PSIT IPENCTaBIEH KaK TPON3BENeHNEe HETTPUBOIN-
MBIX PSIOB C OECKOHEYHBIM HOCHATEIEM U (PAKTOPOM C KOHEUHBIM HOCUTENIEM, eNMHCTBEHHBIM
€ TOYHOCTBIO M0 KoHCTAHT. OTciona BEIBOOUTCS 00IIast TeopeMa 0 GaKTOPU3ANY I PSIOB
C TIOKa3aTeISIMI B TIPOM3BOJIBHON METMMON YIOPSIOYEeHHON abeleBOl I'PyIIle, BKIOYas Iie-
JIble YNCIIa B BHUIE YaCTHOTO CiIydas. 1akke IOydUeHbI HOBbIE KPUTEPUU HEIPUBOIMMOCTU
7 TPUMUTUBHOCT.

Hoka3biBaeTcs, YTO HOBask OPANHAIILHO3ZHAUHAS (DYHKIINS, HA3bIBAEMasl CTEIEHBIO, SIBIIsI-
€TCsl HOpPMUPOBAHIEM Ha KOJIbIlE OOOOIIIEHHBIX CTENEHHBIX PSIOB C BEIIECTBEHHBIMU ITOKa-
3aTensaMu, 1 GopMyIUPYIOTCS HEKOTOPBIE CTPYKTYPHBIE PE3yIbTAaThl Ha aCCOIMMIPOBAHHOM
RV-mononme.

Ynuusepcumem UTMO, Canwxm-Ilemepbype
E-mail: 172652@niuitmo.ru
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KOJ'II:I_Ia Ha IIPpAMBbIX IIPOMU3BEACHUAX abeJieBbIX T'pyIInn 6e3 Kpy4deHusia

E. 1. KOMIIAHIIEBA

YMHOKeHUEeM Ha abeseBoit rpymnme G HassiBaoT romoMopdusMm i: G ® G — G. AGenesa
rpynna G ¢ 3aJaHHBIM Ha HEW YMHOXKEHUEM /i OIpeNessseT HEKOTOPOe KOJIbII0, KOTOPOe Ha-
3BIBAETCS KOIBIIOM Ha rpymme G u oboznavaercs (G, p) nmm (G, X), ecnu (g1 @ga2) = g1 X g2
TS TI00BIX g1, g2 € G.

[Iponosmkeno u3ydyeHue Kojel| Ha OPSIMBIX IpousBeneHusx || A; y3kux abeseBbIX rpyIi

icl
A;(i € I), magaroe B [1]. OTmMeTnMm, 9TO KJacc y3KuX abeIeBLIX T'DYII, ONPENEJICHHBIX B
[2], mocTATOUHO MIMPOK, B YaCTHOCTH J0bas CUeTHas pelylupoBaHHas aberieBa rpymmna 6es
Kpy4eHUs y3Ka.

Bce onpenenenus u o6o3nauenus coorBeTcTByOT [3]. Yepes 7, Gymem 0603HAYATH IPO-
exmuio Tpynnbl G = [[ A; wa rpynmy Ag(k € I). YMHOXeHHE X Ha IPIMOM TIPOU3BENEHUN

icl
G = [] A; abenesbix rpynn A;(i € I) HA3BIBAETCS MOKOMIIOHEHTHO KOHEUHBIM, €CJIM IJIs
i€l
moboro k € I cymiectByeT Takoe KoHewHoe MHOXKeCTBO Fj, C I, uro (G x [ Ai) =
1€I\Fy,
7Tk( H AiXG):O.
ieI\Fk
Teopema 1. Ilycts (G, x) — kombno Ha rpynme G = [[ A;, roe A;(i € 1) — y3kue
icl
abesnesbl rpynnbl. Ilycts Takxke MHOXKecTBO | Hemsmepumo u S = @ A;. Torma uz Toro,

icl

gro S x S =0, caenyer, uro G x G = 0. )

ITokasano, 9TO pe3yabTAT TEOPEMBI 1 HEb3s YIydIINTh B TOM CMBICIIE, UTO €CJIM XOTS
6b1 omaa u3 rpynn A, (i € I) He sBisieTcst y3Koil uin MHOXKecTBO | m3mepumo, To u3 S X .S = 0
yxke He cienyeT, 9to G X G = 0.

Crienyrortiasi TeopeMa Mmo3BOJISIET CTPOUTH YMHOXKEHUsS Ha, HEM3MEPUMBIX MPSIMBIX TPOU3-
BEIIEHUAX PEIyIUPOBAHHBIX abeIeBbIX IPYII 663 KPYUeHUs KOHETHOTO PAHTa.

Teopema 2. Ilycte G = [[ A;, rme A;(i € I) — penyuupoBaHHBIE aGEJIEBBI TDYIIIBI

il

6e3 Kpy4eHUus KOHEUHOIO paHra,eM mHOX)€ecTBO I Hemsmepumo. Torma ro6oe yMHOXKeHUE Ha
(G IOKOMITOHEHTHO KOHEYJHO.

[IpuBenen mpumMep, MOKA3BIBAIOIINI, YTO TeOpeMa 2 HEBEpHA, €C/IM XOTS Obl OIHA W3

rpyun A;(i € I) nmeer GeckoneuHslit panr (maxe eciau Bee A;(i € I) y3km).

CIIUCOK JIMTEPATYPBI
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Pemerounnie I/I3OMOpq)I/I3MbI KOHEYHBbIX HEHNJIBIIOTEHTHBIX KOJIEI]

C. C. KOPOBKOB

[Mon pemérounbiv nzoMopdu3mMoM (UHAUE, IPOEKTUPOBAHUEM) KOJIbIla R Ha KOIbIo RY
HOHUMAETCs n30Mopdu3M ¢ pernéTku momkosen L(R) konbia R Ha peméTky nonkoser L(R¥)
konbra R?. IlpomomxaeTcs m3ydeHne PEIéTOIHBIX N30MOPGU3MOB KOHEUHBIX aCCOIUNATIB-
HBIX Kojiell. B paborax [1] — [4] usyuanuck pemérodnbie m30MOPGU3MBI KOMMY TATUBHBIX
HEHUJTBLIIOTEHTHBIX KOJell. [lepexom oT KOMMYTATUBHOTO CJIydas K OOIIIeMy CBsI3aH C M3y Ue-
HIIEM TIPOEKTHUBHBIX 00PA30B MATPUUHBIX KOJIEI, PACCMATPUBAEMBIX HAIl KojbllaMmu ['amya.
B pa6ore [5] nokasana peméTouHas ONpenesnsieMOCTb KOIbIla KBAAPATHBIX MATPUI] TIOPSIKa
n > 2, paccMaTpmBaeMoro Han kombliom Lamya GR(pF, 1), roe k € N. Cremyroras Teopenma
0000111aeT TOT pe3yabTaT:

Teopema 1. IIycts R = M, (K), rne K = GR(p*,m), n > 1,k > 1, m > 1. Ilycts
— npoekTupoBaHUe Koybna R Ha komerno R?. Torma R = R¥.

CrencrBuem 5Toil TeopeMsbl u TeopeMsl 2.1 [1] sBisgercs

Teopema 2. Ilycrts R — komeunoe npocroe kosbno, L(R) — me uens u |L(R)| > 5.
Ilyctp ¢ — mpoexktupoBaHme konbna R Ha xonbro RY. Torma RY — mpocToe KOJIBIO.

Teopema 3. IlycTs kKoHEUHOE KOIBIOO0 R pasmoxumo B IpsaMmyio cyMMy koaern: R = Ry -+
4+ Ry, rmel > 1, Ry = M,,(K;), n; > 1, K; =2 GR(p*,m;) (i = 1,1). IIpeanonoxum, aro
B ciydae, korga | = 2, konsno R He nzomopgpuo konbsnam GF (p)+GF(p) u GF(p?)+GF(p)
(¢ — mpocroe). Ilycts ¢ — pewérounsni nzomoppusm koabna R va xomsno RY. Torma
CIOPaBEIUBEI CJICAYIOIINE Y TBEPKICHUS:

1) koo R¥ pasmoxumo B mpamyio cymmy: R? = RY @ -+ ® R[;

2) (Vi = 1,1)(R; — mpocroe xombmo = RY — mpocroe xombIo);

3) R* =R{ +---+ R, ecmm nym; > 1 mma peex i = 1,1;

4) R;-D ~R; (j =1,1), ecmm n;k; > 1 s Beex i = 1,1;

5) R? = R, ecm nym; > 1 wn;k; > 1 mng Beex i = 1,1,
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N3o0TonHO mpocThie aare6pbl ¢ HUIb-6a311COM

A. A. KpwuioB, C. B. IIYEJIMHIEB

B 1942 r. A. A. AnGepr [1] BBent noustue msorona. Cormacuo P.X. Bpaky [2], amre-
O6pa Ha3BIBAETCS U30MONHO NPOCMOT, €CTTA BCIKIUN €€ M30TOI SBJISIETCS IPOCTON ajIrebpoii.
WssectHo [1], [2], uTo mpocTas yHUTaIBHAS anreGpa U30TOMHO MPOCTA; BCAKAs KOHETHOMED-
Has ajirebpa o0s1amaeT U30TOMOM, B KOTOPOM CYIIIECTBYET KOMIIO3UIIMOHHBIN PSIT ¢ W30 TOITHO
IPOCTBHIMU (PAaKTOpaAMU; HAUMEHBIIAs Pa3MEePHOCTH M30TOIHO MPOCTOH aJireObphbl HAI aJire-
Opamvyecky 3aMKHYTBIM TIOJIEM DaBHA 3.

Bynem roBoputh, uTo anmrebpa obiamaeT Hu.b-0a3UCOM, €CIU OHA JIMHEWHO TOPOXKIIa-
eTCsl JIeMeHTaMu, KBaJIPaThl KOTOPBIX PaBHBI HYITI0. V3ydaroTcs npocThie aare6phl ¢ HIITh-
06a3mcoM Hal aarebpamdecKn 3aMKHYTBIM IIOJIEM XapaKTEPUCTUKN He 2.

Teopema 1. IIpocTas aHTHUKOMMYTaTUBHAs 3-MepHas aarebpa sIBIsIeTCs N30 TOIHO IIPO-
cTOu ajrebpon.

Teopema 2. IIpocras koMMyTaTuBHas 3-MepHas ajarebpa ¢ HHUIb-0A3UCOM SBJITETCS
H30TOMHO IPOCTOH aJIreOpor, obanarones KOMMYTaTUBHBIM YHATAJIBHBIM N30TOIOM C HUJIb-
6a3ucomM.

Teopema 3. IIpocTbre KOMMYTaTHUBHBIE 3-MEPHBIE aJreOpbI C HUJIB-0a3UCOM U30TOIIHEL.

Kpowme Toro, onmcanbl M30TONBL B KJIaCCe IPOCTHIX KOMMYTATUBHBIX 3-MEPHBIX ajareop
C HIITb-0a31COM.

[Iycts C%; (e = £1) — anrebpa ¢ 6a3UCOM €1, . .., €y,; (n > 4) u Tabauueil yMHOXKEHUS:

eieit1 = ceip1e; = eiyo (1 <1 <n—2), €n—1€n = E€n€n_1 = €1;
Enptl1 = €1y = €.

Bamermm, uro C,, — anTukomMmyTaTueHa, C;7 — KOMMyTaTHBHA ¢ HIIb-GA3MCOM.
Hokazano, uto anre6per CiF mpu n > 4 W30TOMHO TPOCTHL.
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Koneunble Koy1bI1a, HUWJIBIIOTEHTHBIE I'Padbl KOTOPHIX yYIOOBJIETBOPSIOT YCJIOBUIO
Iupaka

FO. H. MAnbuEB, A. C. MOHACTBIPEBA

B namHoit paboTe pacCMaTPUBAIOTCS aCCOMUATUBHBIE KOIbIA (HE 005132 TEIEHO KOMMY Ta-
TUBHBIE U He 0053aTeILHO NMEOIINe eIUHNILY ), €CIIN He OTOBAPUBAETCS CIEIUATIBLHO IPYTOe.

Chopmynupyem MOHATHE HUIIBIOTEHTHOTO rpada kombiia. Utak, mycts R — mpou3BoIihb-
HOe accouuaTuBHOe KObLo U N (R) — MHOXECTBO HUIBIIOTEHTHBIX SJIEMEHTOB KOJibla R.
Beprmmaamu msuibnorerTaoro rpada 'y (R) kombiia R ABISIFOTCS 57IEMEHTHI MHOXKECTBa,

Zn(R)" ={z € R\{0} | (Jy € R\ {0})(zy € N(R))},

IpU 5TOM [BE PasiMvHble BepIIUHLL &,y € Zn(R)* coenuueHbl peGpoM TOrIa U TOIBKO TO-
rna, xorna ry € N(R). Jlerko Bunets, uto ecmu (zy)” = 0, To (yz)" ! = y(xy)"z = 0.
Kpowme toro, us onpenenenunit ciemyet, 9To rpad genureneit uysst ['(R) ssiasercs mogrpadom
uuasnoTerTHoro rpada I'y(R). Hanmomunm, uro epagom deaumeaeti nyas I'(R) xombua R
Ha3bIBaeTCs I'pad, BEPIINHAMEI KOTOPOTO SIBIISIOTCS BCE HEHYJIEBBLIE NEJTUTENN HYJsS KOJIbIA
(OOHOCTOPOHHME U IBYCTOPOHHIE), IPUYEM ABE PA3JIMIHbIE BEPIINHBI X,y COCNUHIIOTCS Pe-
OpoMm Torma u TOJBLKO Torna, korna xy = 0 nnum yxr = 0.

Henb macTosier paboThl — OMUCATH KOHEUHBIE ACCONUATUBHBIE KOJIbIA, HUIBIIOTEHT-
HBII Tpad KOTOPBIX yIoBieTBopseT ycinosuio Hupaka. Pamee, B paborax [1, 2], onucbisa-
FOTCsI CBOMCTBA KOHEUHBIX KOJIEIl, ¥ KOTOPBIX Ipad Oe/TuTeseil Hy s yIOBIeTBOPSIET YCIOBIIO
Hupaxa. OmHAKO MTOTHOTO OMUCAHUS TAKUX KOJIEI[ ITOKA MOy YN Th HE YIAJI0Ch. B HacTosIIen
paboTe MOTHOCTHIO OMKUCAHBI KOHEUHbBIE KOJIBIIA, HIIBIIOTEHTHBIE I'PaA(bl KOTOPHIX yIOBIETBO-
psroT yenoBuio Hupaka. A uMeHHO, mOKa3aHa CIEMYIONIAas TeopeMa.

Teopewma. IIycts R — xoneunoe xombno. I'pad I' N (R) yaosaersopser ycnaouio upaka
B TOM U TOJIBKO B TOM CJIy4ae, KO Q& BBIIOJHIETCS ONHO U3 OBYX YCIOBUIL:

(1) R — HHUJIBIIOTEHTHOE KOJIBIO IIOPAAKA N > 3;

(2) R=GF(q) & GF(q).

CHUCOK JIMTEPATYPBHI
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Crnora IllITypMa u 1ouTy HUIBIOTEHTHBLIE MHOT00O0Opa3us JIMHEMHBIX ajire6p

C. II. MumeHsko, H. II. ITAHOB

Nccnenyrores MEHOTOOOpa3nsl HEACCOMATUBHBIX aarebp Hal IOJIeM HYJIEeBOH XapaKTepu-
cTuku. B paccmaTpuBaeMoM ciIydae OTHOCATEIBHO cBOOOMHAs aiarebpa

F(X,V) = F(X)/Id(V)

MHOTr006pasust V MOJTHOCTBIO ONPENESSIeTCs MOCIeN0BATEILHOCTBIO TOnIpocTpancTs P, (V),
n=1,2,..., TOMUIMHENHBLIX 3JIEMEHTOB. ['0BOPAT, 4TO MHOrooOpasue V mMeeT KBaapaTud-
HBII POCT, €CIM CYIIeCTBYeT Takas KoHCcTaHTa «, uto dim P, (V) < an?, n > 1. Anre6pam
C TOXKIIECTBAMU TOCBsIIeHa MoHOTpadwust [1].

Cnosom IlITypMa Ha3BIBAIOT GECKOHETHOE NBOMYIHOE HEIIEPUOOMIECKOE CIIOBO, B KOTOPOM
st jroboro n > 0 cyiiecTByeT POBHO 71 + 1 pa3mUYHBIX TONCIOB JIWHBI N. KoOHEYHBbIE
IIBOMYHBIE CJIOBA, MOJIE3HBI TE€M, YTO MO3BOJIAIOT MPENCTABIATH CKOOOUHBIE CTPYKTYPBI B MO-
HOMAax caemyrommmM oopasom. O6osHaunm gepes L, R, omepaTopbl J1eBOro, COOTBETCTBEHHO
TPaBOTO YMHOKEHMS Ha CBOOOMHYTO o6pasyromtyio x, HampuMep r2L, R, = (z(xx))z. B an-
dasure {0, 1} cumBomy 0 comocrasum onepatop L,, cumBoiy 1 — omepaTop R, Torma us
JT060T0 JBOMYHOIO CJIOBA U = U1V2 ...V, k > 1, v; € {0,1}, momyunm KOMIO3UIIO Omepa-
TopoB v(x) = v1(x)va(x) ... v(x) B pe3ynbTaTe 3aMeHBI CUMBOJIOB U; HA COOTBETCTBYIOIINE
omepaTopsl v; () € {L;, Ry}, v(z) € End(F(X)). Msr paccmarpusaem ciosa [ltypuma B an-
dasure {0, 1}, cooTBeTCTBYOIIME PA3IMYHBIM UPPAIMOHAIILHBIM YuciaaM 13 orpeska [0; 1].
Nudopmarmio o cnosax [ltypma Mox#O HaifiTu B MoHOrpadun [2].

B pab6ore [3] npencrasiena omHOmopoxnenHas anrebpa A, B KOTOPOU BBITOIHIETCS TO-
xnectBo (xy)(zt) = 0, U Bce HeHyJeBBIE SJIEMEHTHI CTEIEHN HE MEHbIIEe TPEX UMEIOT BUI
a*v(a), v — HexoTopoe mBomdHOE c0BO. IlycTh w — cnoso lITypma, I, — mmean B A, mo-
POXKICHHBIN 37leMeHTaMu Buma a’u(a), The CIoBO U He sBiseTcs monciosoM w. O6ozHadmM
uepe3 V,, MHOrooGpasue, nopoxmnaemoe anrebpoit A,, = A/I,,.

Teopema. Mmnoroobpasue V,,, roe w — caoBo llITypma, sSBIsgeTCsS TOYTH HUIBIOTEHT-
HBEIM KBagpaTmaHOro pocta, dim P, (V) =n? —1, n > 3.

Tak kax paznmuunbiv cyiosaM HITypMa w cOOTBETCTBYIOT pa3IMUHbIE MHOTOOOpa3us V ,,
TO TIOJIyUYEeHHOE MHOXKECTBO MHOTOOOPA3Uil ABJISETCS HECUETHBIM.

CIMCOK JIMTEPATYPBHI
[1] Giambruno A., Zaicev M. Polynomial Identities and Asymptotic Methods. Mathematical Surveys and
Monographs, 122. Amer. Math. Soc., Providence, RI: 2005. xiv+352 pp.
[2] Lothaire M. Algebraic Combinatorics on Words. Cambridge University Press. 2002. 520 p.
[3] Muenko C. I1., Bepéekun A. B. O MHOroo6pasusx ¢ TOXKIECTBAMU OLHOIIOPOXKIEHHON CBOOOIHON MeTa-
6enesoit anrebper // Yebbimesckuii cbopuuk. 2016. T. 17. 2(58). C. 21-55.
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dopmasibHbIE MOAYJIM B KOHCTPYKTUBHOU TEOPHUHU IIOJIEU KJIACCOB

. . HEkpAcoOB, C. B. BOCTOKOB

BaxxubiM HampaBieHEeM OJjIsi KOHCTYKTUBHOW TEOPUU TIOJIEH KJIACCOB SIBIISIETCS U3YUe-
Hue (OpMaNIbHBIX MOmyJeit F(m) [y MaKCHMAJIBHBIX UOEAJIOB KOJIEI[ IIEIbIX U MPOM3BOIIb-
HBIX (DOPMAIIBHBIX I'PYIIOBBIX 3aKOHOB. [laHHBIE MOIYIN SBIISIOTCS OOJIACTSIMU ONPENeHUS
SIBHBIX crtapuBaHuil ['unbbepTa, HaXoXIeH!e SBHBIX (DOPMYJT 1T KOTOPBIX SIBISETCS TIEPBO-
CTENEHHON 3a0avell NJId COBPEMEHHON TEOPUU TOJIEN KJIaCCOB.

B nmoknane 6ymyT maHHBI Pe3y/IbTATHI KACATEILHO OMUCAHUS JaHHBIX MOIYJIEN KaK MOLIY-
neii ['asrya ¢ cooTBeTCTBYIOIIEH (DOPMAIBHON CTPYKTYPOU, B TOM YHUCITe OyIeT NaHO HETaBHO
IOy YeHHOE

e ONUCAaHWE IaHHBIX MOMyJIell gepes rpymy xKoromosoruit H (Gal(L/K), F(my)) nus
[IPOU3BOJIBHOIO PACIIMPEHNS JIOKAJILHBIX moseit L/ K

e omucanue nocsenneit rpynmnet xkoromonoruitt H(Gal(L/K), F(my)) B ciayuasx He-
pasBerBieHHOr0 pacumpenust L /K, a Takxke B ClIydasx KIaCCHIeCKUX (GOpMaiib-
HBIX TPYHONOBBIX 3akOHOB F, = X +Y u F,,, = X +Y + XY.

Comep:kanue HOK/Iana OCHOBAHO Ha paborax [1, 2, 3|. Pabora mommep:kana IpaHTOM
PH® 16-11-10200.

CIINCOK JINTEPATYPBI

[1] Boctokor C. B., Hekpacos U. U., ®opmanbubii Monyib Jlrobuna — TeliTa B NUKIMYECKOM HEPA3BET-
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B II€YATh.
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O cTeneHu CTAaHOAPTHOTIO TOXIOECTBA B 2-IIOPOXKOEHHOU HUJIHIIOTEHTHON
anre6pe R Hanm mosieM XapakTepUCTUKU, HE PABHOU 2, C yCJIOBUEM
dim RY /RN*+1 =2 nmpu N > 2.

E. II. IIETPOB

B pa6ote [1] 6bu10 mOKA3aHO, UTO BCSAKAs aCCOLMUATUBHAS HUIBIIOTEHTHAS KOHETHOMED-
Has anre6pa R Hall TPOM3BOIBLHBIM HoJeM ¢ yeaosueM dimR?/R3 = 2 ymosieTBopseT cTaH-
MAapTHOMY TOXKIIECTBY CTEIEHN YeThIpe

Si(z1,22,23,24) = Y (—1)706(1)T0(2)To(3)To(a) = 0.
ogeSy
[Ipuuem sTa omeHKa ABISIETCS TOUYHOM.

B mporiecce 0606111eHIST yKA3aHHOTO PE3yIbTaTa BBISICHUIIOCH, UTO aCCOIUATUBHAS HIITh-
MOTEHTHAas 2-TOPOXKIeHHAs ajrebpa R, Hall ojileM XapaKTePUCTUKU, He PABHOU 2, C yCIOBIEM
dimRN / RN+l =2 nmpu N > 2, yIOBIETBOPAT HPU JOCTATOYHO GONBIINX 3HAUEHUAX UNCIIA
N cTaHIDapTHOMY TOXKIECTBY 3HAUUTEILHO MEHBIIEH cTeneHu, dem N.

Teopema. IIpousBosibHas 2-OpPOXIOEeHHas HUIBIOTEHTHas ajarebpa R Ham momem xa-
paxTepucTukm, He paBHOi aByM, ¢ ycaosmem dimRYN /RNTY = 2 N > 3, ynosrersopser
CTaHZapTHOMY TOXHeCTBY Str(T1,T2, , TT)
BBIYHUCIIIETCA 110 (hOopMYyJTe:

=0,rme T = [M} — 2, mapameTp m

m

logy —V N < [logy - N 2% i ¥,
m — |. 082 log, % Jv ecu < |_ 082 21log, %J 23
- log 2N
2N N L 2 lo N
|log, g, T |, ecmu N > |log, Tiog, ¥ %J2 82 5

3mech |x| obo3HAUAET OKPYIJIEHUE YHCIa T B MEHBIIYIO CTOPOHY (Ieas 4acTh Juca,
noin), [z] obo3HAUAET OKpYyTIICHNE YHUCIa T B GONIBIIYIO CTOPOHY (IOTOJIOK).

Inst sryumero Bocnpustus B3auMocssa3n N u T IpuBeneM HEKOTOPbIE HAYAJLHLIE 3HA-
yenus pyuxmuu T = T(N):

N {3,456 |78]9,10,11 | 12,13,14 30,31,32 | 33,34, 35, 36

T | 4 5 6 7 8 14 15

N | ... 193,94,95,96 | 97,98,99,100, 101 252,253, 254,255, 256
T|... 30 31 62 .

3ameuanue. Ecanm > 3, to gng N = (m — 2)2™ + mr, roe 1 < r < 2™, Hanzgercs
Takas 2-IIOpOXKIOeHHas HUJIBIIOTeHTHAas ajiarebpa R Ham mojieM xapakKTepUCTHKHU, HE DaBHOM
aByM, ¢ yeaosuem dimRYN /RNt = 2, koropas He ynoBiaeTBOpseT HIKAKOMY HOJIMIHHETHOMY
toxknectBy cremenu (T — 1).

CHUCOK JIMTEPATYPBHI
[1] Petrov E.P., Defining relations and identities of finite-dimensional nilpotent algebra R with condition

dimR?/R? = 2 // Siberian Electronic Mathematical Reports, 13 (2016), 1052-1066.
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HepBI/I‘IHbIe aJ'Il"eﬁpr, CBsi3aHHBbIE€ C MOHCTpaMmM

C. B. IIYEJIVHUIEB

Cnenys K. MaxKpummony [1], mepBuuHbIe BBIPOXKIEHHBIE aireGpbl OyIeM Ha3bIBATH
monempamu. B mannoil paboTe, TPUMBIKAIOIEN HETIOCPEACTBEHHO K [2, 3], mpomomxkaeTcs
n3yuenure MOHCTPOB. [lomydensr ciemyrorme pe3yabTaTh.

Teopema 1. Ilycte A — mepsuunas crporo (—1,1)-anrebpa, J — momanrebpa mop-
nmaHoBoit anre6per AT. Ecmm A aBngercsa obépreiBatortert nis J, T.e. A mopoxkmaercs
MHO)KecTBoM J, To anrebpa J Takke mepBUYHA.

OTcroma HEMENJIEHHO BBITEKAET CIIEACTBUE O Hagaarebpax MopoaHoBa MOHCTPA.

Cnencrue. Ilycts A[X| u J[X] — cBobonubie (—1,1) n HopoaHOB MOHCTDBI COOT-
BercrBeHHO. Torna riopnanoBa anrebpa .J, pacmonoxenHas mMexay mMoacrpavu J[X| C J C
(A[X])", aBagercs nepsuaHON AIT€6pOILL.

Vopnanosy anre6py .J HasoBeM St-cneyuaabrot, ecin cyiecTByer Bioxenue J — AT
s monxomsieit crporo (—1,1)—anre6psr A.

Teopema 2. Ecim nepBuyHas ajiarebpa St—cmemuajbHa, TO OHa 00J/1amaeT IIEPBHYIHON
St—obépThIBaroIIIen.

Teopema 3. Uneas nmepBudHON St—CHOEHUATIBHON AJIreOphI SBISETCS EPBUYHON aJjire-
bpori.

CnencrBue. Bceskuit meranneas iiopnaHoBa MoHcTpa J[X| sBiigercs mepBUYHON aJire-
bpori.

CHUCOK JIMTEPATYPBHI

[1] McCrimmon K., A Taste of Jordan Algebras, Universitext, Springer-Verlag. New York, 2004.

[2] Tuenunnes C.B., Ilepeuunsie anre6psr u abcontoTHble nenurenu Hyius, Uze. AH CCCP, cep. mamen.
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[3] Pchelintsev S.V., Shestakov I.P., Prime (—1, 1) and Jordan monsters and superalgebras vector type, J.
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IIpocThie KOHEUHOMEPHBIE YHUTAJIbBHBIE IPABOAJILTEPHATUBHBIE CyHepaireGpol
Hana ajrebGpou MaTpuil MOpAAKa 2

C. B. ITuenuHUEB, O. B. IIIAMIKOB

B pa6ore [1] 6buIM OMUCAHBI TPOCTHIE YHUTAJIBHBIE TIPABOAILTEPHATUBHBIE CyTIEPAJITe-
6pbl HAI anrebpamvyecku 3aMKHYTHIM mojieM P, ueTHass 9acTh KOTOpBIX — anrebpa Mo (P)
MaTPHUIl 2-TO TIOPAOKA, & HEUYEeTHAS JaCTh SBIISIETCS HEMIPUBOOMMBIM OMMOMYJIEM HAJIl YeTHON
JacThIO pa3MepHOCTu He Gosbireit 6. Bosee Touno, 6BLIO MOKA3aHO, YTO HEATbLTEPHATUB-
Has cymnepajrebpa Takoro Tuia m3oMopdHa OIHOW n3 8-MepHBIX cymnepajrebp: B (0, 1, %, 1),
B(0,0,0,1), 0 # 0 € ®.

Hoka3zana cremyroras

Teopema. Bcskas mpoctas KOHEIHOMEDHAS MPaBoaJIbTePHATUBHAS cymnepaJarebpa B =
A ® M wan monem ® xapakTepUCTHKU, OTJIUYHOH OT 2, ¥ KOTOPOH YSTHAS JACTH COBIIALAET
¢ anrebpon marpur A = My (®P) mopsaka 2, muzomopgra 1160 accoquaTUBHOU Cymepaarebpe
Yomma Wyjy (w), mmbo amsrepraTusHOi cymepamrebpe Illecraxosa Sy (A) (char (@) = 3),
b0 acuMMeTPHIHOMY AyOIr0: 8-MepHOH cyrepanarebpe, 3aBUCAIIIER OT MATPUIHOIO IIapa-
MeTpa.

Ecmm ocHOBHOE TIOTIE anreGpamieckn 3aMKHY TO, TO aCcConuaTHBHas cymepanrebpa Waja(w)

n3oMmopdHa cymepanrebpe ¥Yoria MQ[\/T], sBIstioLeiicss yaBoerueM anre6per Mo (P) (.
[2]); cymepanre6pa Sy (A) m3omopdra Byjp (cM. [3]); acumMeTpudHbIil 1y6as n3oMopden
cynepanre6pe Cunsa-Mypakamu-Illecrakosa (cum. [1]).

COuCOK JIMTEPATYPHI
[1] Picango da Silva J., Murakami L. S. I., Shestakov I., On right alternative syperalgebras, Comm. Algebra,
44:1 (2016), 240-252.
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[3] Ilecrakos U.II., Ilepudnble anbTepHATUBHLIE CylepaareGpbl IPOU3BOIBHON XapakTepucTuku, Aqazebpa
u ao2uka, 36:6 (1997), 675-716.
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Tomosoruyeckoe YIIOPpsAOOYEHHOE I10JI€e CEKBEHIINAJIbHBIX YHCeEJI

JI. 9I. CABEJILEB

OnucerBaeTcs: paciImpesne moJisi BEIIeCTBEHHBIX JHUCeIT, Oy YeHHOe N0OABIEHNEM MIPO-
cTefIeln MKalbl 6ECKOHEUHO MAJIbIX U OOPATHBIX UM GECKOHEYHO OONIBINNX ducesl. Paccmo-
TpuM 6a30ByI0 My/IbTUILINKATHBHYIO Tpymmy B = ¢ ¢ emmmmmeit ¢© = 1, o6pa3oBaHHYIO
eIBIMU CTENeHsAME nocienoBaTenbaocTn € = (1/n). JIopaHOBCKME MOTMHOMBL C BEIlleCTBEH-
HBIME KOY(DPUIImEHTAME U TIEPEMEHHON € 00Pa3yI0T KOIbIO Z MEJIbIX CEKBEHITNATBHBIX UNCE.
OHo He comep:KUT meauTesel HyJIs U OJIsl Hero ompenesieHo noje yacTueix S. HazoBewm aite-
MEHTHI TIOJIsE S CEeKBEHIMATBHBIME YuciaaMu (s-umnciaamn). C KaxKIbIM S-UHCIIOM eCTECTBEHHO
CBSI3BIBAETCS] PAIMOHAIbHAS (DYHKIUS BEIIECTBEHHON MEPEMEHHOHN, a S-4uciia OefsITCS Ha,
[MOCTOSIHHBIE U TIepeMeHHbIe. [loCTOSHHBIE S-UMCIIa OTOXKIECTBIISIOTCS C BEIeCTBEHHBIMU:
R CS.

[Toste S u3omopdHO MO0 POPMATBHBIX CTEMEHHBIX PAOOB. HauMeHbIUi HOMEp m =
ord(z) HeHyneBOro KO>QPUINEHTA S-auCIa T = Y .o ;€' HA3BIBAETCS MOPAIKOM 9TOTO H-
cna. Coornomeruss © > 0 < a,, >0z >y & v —y > 0 onpenensitoT COTIaCOBAHHBIN
C omepanusiMi TOPSIOK M 1ojst s-uncel. OH Tak»ke COrlacoBaH C MOBENCHUEM B OKPECT-
HOCTU HYJIsI IIPEICTABIISIONINX S-UUCIa PAIMOHAIBHBIX QyHKuui. Bepen anamor cBomcTBa
Apxumena: mis KaXmoro s-94mciia CyIecTBYeT CTPOro 6osbiree 6a3oBoe s-uncio. Vpparmo-
HAJIBHBIM PACIINPEHNEM 0 S MOTYT CIIYKUTH JIOPAHOBCKUE PSIBI GECKOHETHOTO TTOPSIIKA.

Bce s-uncna menmsarces vHa Geckoneuno massie (ord (x) » 0 u Homb), koHeunsle (ord (x) =
0 u HOMIB), Geckoneuno Gompinue (ord (x) « 0). O6G0O3HAYNM UX MHOXKECTBA COOTBETCTBEHHO
O,F,G . MuoxectBo O cocTaBiseT MakKCUMAJIbHBIN umeasl B Koibile F + O=R + O u
nostomy (F + O)/O msomopduo R . Kaxmoe KOHEUHOE S-UMCIIO €CTh CyMMa HEKOTOPBIX
KOHKPETHBIX BEIIIECTBEHHOTO U GeCKOHEeYHO MaJjioro. He Bce orpaHmdyeHHbIe MHOXECTBa B S
nveroT rpanu, B dactHocTu (O. Ilpum momosHeHUn BO3HUKAIOT TPOOIIEMBI C ONMpEIeTICHIEM
omepaui.

[Mopsimox ompenernsieT miist S WHTEPBAIBHYIO TOMOJOTUI0 . BbIOemsroTcss mHTEpBAIBI
OECKOHEYHO MAJION, KOHEUHOU 1 OecKOHewHO Oosbinon miauabl. C Tomosoruein T moie S
CTAHOBUTCS HE JIOKAJIbHO KOMIIAKTHBIM HECBSI3HBIM TOMOJOrTYecKUM mojiem. Tomosorust T
MHOyIUPYeT Ha mosie R cTanmapTHyio Tornojoruo. Kombia R+ O, Z ¢ uHAyIupOBAHHBIMUI
T TomosorusiMu cpaBHUBaeTCs ¢ pocThiMu ciekTpamu Spec(R + O), Spec(Z).

Cy1recTBoBaHmMEe 6ECKOHETHO MAJIBIX S-UUCETT TIO3BOJISIET MaTh IPOCTHIE ajarebpamdecKne
OIIpeNesIeHNsT OCHOBHBIX OMEPAINI MAaTEMATHIECKOTO aHAJIN3a, PACCMATPUBATE S-QYHKIIAN C
0eCKOHEYHO MaJIbIMU 1 OOJBINMUME 3HAYEHUSIMU Ha OECKOHEUHO MAaJIbIX 1 OOIBIIINX MHTEPBa-
JIaX, CrJIaXKUBATh pa3pbIBHBIE (DYHKIINU U MPOU3BOMUTH MOCIEIOBATEIbHBIE BHIYUCICHUS IO
MOCTATOYHO TMPOCTHIM anroputMmaM. ['mamgkue s-pyukiun Hupaka, XeBucaiina n 3HaAK MOXKHO
5D HEKTUBHO NCHOIB30BATH IIPU 3aM€EHE PA3PBIBHBIX KOA(PGUIINEHTOB B NuddepeHITnaIbHbIX
YPABHEHUSIX PA3JINIHBIX TUIOB.

HI'Y, UM CO PAH, Hosocubupck
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N3oMmopdu3Mbl penieTok mnonajarebp mosrynosiell HeIIpePhIBHBIX ITOJIOXKNTEIbLHBIX
dyHKIIAN

B. B. CunoroB

Kombno C(X) HempepbIBHBIX NENCTBATETLHO3HAUHBIX (DYHKIUN SBIISETCS anrebpoil Hal
R. Homvuoxectso A C C(X) 6ymer momanrebpoir, eciiu f + g, fg,rf € A mus mobbix
fig € C(X) ur e R. Ilo aranornn monmuoxkecTBo A mosynosns U(X) HepepeIBHBEIX IOJIO-
KUTEIbHBIX GQYHKIUNA Ha30BeM momajrebpoi, ecimu f + g, fg,rf € A nisa mobbix QyHKIURT
frg € U(X) u ancna r > 0. O6ozuaunm uepe3 A(U (X)) perterky momaiare6p MOITymosis
U(X) orHOocuTenbHO BKitodeHus, a depe3 Aq (U(X))— ee monpemterky nonanre6p ¢ 1. Tou-
Has HIDKHSISL TDaHb NONAIre0p paBHA WX IMEepecevdeHuio, KoTopoe mis mommymnois U(X) mo-
KET OKa3aThCsA IMyCThIM. [[o3TOMYy GyZeM CunTaTh IyCTOE MHOXKECTBO DJIEMEHTOM DPEIeTKN
A(U(X))— ee mynem.

ITpocTpancTBo X HA3BIBAETCA XLIOUTTOBCKIM, €CJIM OHO TOMEOMOP(MHO 3aMKHY TOMY IOI-
IPOCTPAHCTBY HEKOTOPOU TUXOHOBCKOU cTemenn R. Baxno, uTo mis mo60ro mpocTpascTBa
X HalmyTCs TUXOHOBCKOE MPOCTPAHCTBO TX W XBIOUTTOBCKOE MPOCTPAHCTBO VT X, MJIS KO-
Topbix KanoHmuecku m3oMopdubl koibia C'(X), C(7X) u C(v7X), a 3HAYUT, U TOILYIOIIS
U(X), U(rX) u U(vtX). Kpome Toro, mist mo6eix npocrpanctB X u Y jr060it m30MOp-
dusm komer; C'(X) u C(Y), a saaunt, u noxynosneir U(X) u U(Y') nopoxnaeTcs HEKOTOPHIM
roMmeoMopdu3MOM IpocTpancTB vTX u vTY.

Harmra paGora sBIIseTCsI €CTECTBEHHBIM IIPOHOIKEHNEeM paboTh [1], meHTpaIbHBIMU pe-
3yJIbTaTaMU KOTOPOM SIBIISIOTCS CJIEAYIOIINE IBE TEOPEMBL: TOIMOJIOTUS JIO60r0 XBIOUTTOB-
ckoro mpocrpancTBa X ompenensercs kak pemretkoit A(U(X)), Tak u ee mOmpemeTkor
A1(U(X)); mmst mrobbix npocrpancts X u Y msomopdusm pemerox A(U (X)) u A(U(Y))
wim A (U(X)) u A (U(Y)) Breuer mzomopdusm nosynosneir U(X) u U(Y). Iockoneky npn
n3oMopdu3Me MoITyTosielt 06pa3oM MonaIre6psl (¢ eNMHUIEl) CIIYKUT mofaiarebpa (¢ enuHu-
nen), Bepuo u obpatuoe. CyIecTBYIOT 1 n30MOPMU3MBL PEIIETOK MOnaare6p (¢ enuHues)
nonymoseir U(X) u U(Y'), koTopble He TOPOXKIAIOTCSI N30MOPGU3MAMI CAMUX IIOJIYIOJIEH !
OTBeTuM Ha MAHHBI BOIPOC.

Teopema. /s 1r06bIX TOHMOJIOrTYECKUX IpOCTpaHCTB X um Y mMeeM:

1) kaxnbri nzomopdusm pererox A1 (U(X)) u A1(U(Y')) mopoxnaercs HEKOTOPBIM OZ-
HO3HAYHO onpeneeHHsM n3oMop@usvom mnoxymorneir U(X) u U(Y);

2) ecru |7 X | # 2, To kaxnpui nzomopgusm pererox A(U (X)) u A(U(Y')) mopoxnaercs
HekoTOpbIM m3oMoppusmom nosynoen U(X) u U(Y);

3) ecnm |TX| = 2, To msomopgusmbr pemerox A(U(X)) u A(U(Y)) nopoxmarorcs ma-
pavu aBromopdusmos nenu (0, 1] n ayms 6uexnusavu mexay 7X u TY.

PaGora Beimonaena B pamkax rocsamanus Muuo6prayku, mpoekT 1.5879.2017/8.9.
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I'pynnsl Touek CynepcHMHIYJISIPHBIX KPUBBIX OaBaphca Han Fj» U UX CBOMCTBA

FO. B. CkpyHKOBUY, P. B. CKYPATOBCKUM

HanmomanmumM, uTo ckpyuenHoil kpusoil Onsapnca [1] Epg, q Hax F,n Ha3bIBaeTCSI
az® +y* =1+ dx*y?, a,d € F) Jad(a-d) # 0, d# 1, p # 2. (1)

Mer obuapyx)uiu omubky B pabore [2], B yC/IOBUN CyNEPCUHTYIISPHOCTH IJIs KPUBOIL
E,4. HeiictButenbro, ecau p = —3(mod8), TO MBI He UMeeM BBIPOKICHHON Mapbl KPUBBIX,
HECMOTDs HA TO, 9TO 3TO yTBepxKIaeTcs B TeopeMme 3 u3 [2]. Kpome Toro, eciu p = +7( mod
8), TO MOPSIKM Tap CKPYHYeHHBIX KPUBBIX cremyiomme: Ng, = Ng,_, = p — 3, 9TO He
COBIAIIAIAET C P + 1, 3asBIIEHHBIM B TeopeMe 3 u3 [2].

Teopema. Ecmu p = 3 (mod 4) u p — npoctoe, To ang d = 2 u d = 27! xkomaaecTso
rouex kpuoii x° + y? = 1 + dx?y? u xpusoit x> + y?> = 1 + d~'2?y? man F, coBmanaror
u paBael Np = p+ 1, eciim p = 3(mod8) u Np = p — 3, ecan p = 7(mod8). Takxke
CBOHCTBOM CYIEPCHHTYIAPHOCTH 00JIamaloT U KpUBbIe ¢ Kodppuruenravu d = 17 + 12v2 n
d =17 — 12v/2 mpu p = 7(mod8).

Han nomem Fyn, rme n = 1(mod2), mOpsnkym yka3aHHBIX BBIIIE KPHBBIX COCTABIIAIOT
Ng =p"+1, ectu p = 3(mod8) u Ng = p" — 3, eciim p = 7(mod8).

Teopema. HeobxonumbiM u nocrarodnsiM ycaoueM penumocty Toukn G = (X,Y) Ha
2 [2]| ckpyuernon kpusoi Oasapaca (1), He sBIgOLIecs TOYKOH 2-ro min 4-ro mopsngxa,

_ 2
SABJIAETCS yCJIOBHE (% %+ —1.
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BnosiHe noneMnoTeHTHOCTE IPyHnnbl ToMOMOPGU3MOB abesieBbIX I'PyHIl

A. P. YEXJI0OB
HYCTI) f € Hom (AvB) n Hr(f) = {Zngsz |gz € Hom (B,A),SZ' € Hom (AaA)}v

(2
I'pynna Hom (A, B) masbiBaeTcs:

1) énoane udemnomenmmnoti cnpasa (caesa), ecmu f € fH.(f) (f € H/(f)f);

2) enoane udemnomenmuot, ecnu f € Hom (B, B) fH,(f)
npu Beex f € Hom (A, B).

Brnonre npemnorentaocts rpynnet Hom (A, B) B cityuae, kormna A u B — Ipon3BOJIbHBIE
Momyiu Oblta onpenesiera n usydanacs B [1] u [2]. Tomomoppusm f € Hom (A, B) nasbisa-
eTCSl Pe2yAIPHbLM, €CIT CYILIeCTBYeT Takoi romomopdusm g € Hom (B, A), uro f = fgf.

PaccmarpuBaercst Bnonse unemnorenTHocTh rpynnel Hom (A, B) B ciayuae, korna A n
B — abeneBwl rpynnbl. Tak, cupaBenmBo

IIpennoxenune. Ilycte D u K — nenumere, a C' u G — penynupoBaHHBIE YaCTHU TDYIIIT
A u B coorBercrBerno. Torma mias mepuonumyeckoil rpymibl A 5KBUBAJIEHTHBI CJICIYIOIIIE
VCJIOBUSL:

Hi(f) = {Zsifgi | g; € Hom (B, A), 5; € Hom (B,B)}.

1) rpynna Hom (A, B) BoosHe maeMmoreHTHa (COOTBETCTBEHHO CIPABA, CIIEBA);

2) rpynna Hom (A, B) peryispHa;

3) ecrm II = {p € P|Cy, B, # 0}, 1o rpymmet A" = @,c; Cp u B' = @,y By
syteMeHTapHEL, a ecit Dy, # 0, o K, = 0.

Ecan ke xoTs 661 ogHa n3 rpynn A mwim B ecTh penynupoBaHHas CpyIia 6e3 KpydJeHns,
a X CpyIIa TOMOMOP(MU3MOB OTANYHA OT HyJIs, TO OHA HE ABJISETCS BIIOJIHE UIEMIOTEHTHOI.
st rpynner Hom (A, A) nokasana

Teopema. Ecmau rpynma Hom (A, A), rme A # 0, Boonaxe mmemmoreHTHA (COOTBETCT-
BEHHO CIIPaBa, CJeBa), TO0 A 6ymeT OmHON U3 CIemyIOIUX TPYIIIL:

1) A — menmmvas rpynna 6e3 KpydJeHUs;

2) A — sjeMeHTApHAs IDYNIIa;

3) A — HepenyuupoBaHHas IDyHIa, y KOTOPOI AeIUMas 9aCTh €CTh rpymmna 6e3 Kpyde-
HUS, & PEAyLHUPOBAHHASL YACTH SABJIAETCI SJIEMEHTAPHOH IDYIIIOL;

4) A — pemynumpoBaHHas CMelIaHHAas rpynmna ¢ geaumon gakroprpynmoii A/T(A) u
¢ syIeMeHTapHOI nepuonmieckon dacteio T(A).
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The Malcev computer algebra system for nonassociative identities in algebras
and superalgerbas

A. A. BuchnNev, V. T. Fiuippov, 1. P. SHESTAKOV, S. R. SVERCHKOV

A characteristic feature of the theory of nonassociative rings is that the solution of many
problems of this theory reduces to the proof of certain nonassociative identities. For most
varieties of algebras, there are no effective algorithms for checking identities in a "manual”
way, until now the main tool of their proof is authors’ intuition. At the same time, the
capabilities of modern computers, including personal computers, allow implementing various
algorithms for verifying identities of a sufficiently large degree.

One of the first programs to prove a number of new interesting identities was the Albert
program [4], developed at Clemson University (USA) on the basis of the algorithm proposed
by I. R. Henzel and D. P. Jacobs [3]. This program is UNIX-based and it is designed rather
for workstations.

We have developed a series of special algorithms for Jordan, alternative, Malcev alge-
bras and superalgebras, which can be run on IBM personal computers. The corresponding
program is developed in C++4 in the Microsoft Visual Studio system and has a window user
interface in Windows-Vista / Windows-10. The special algorithms of parallel programming
OpenMP under Windows OS are included in the program for accelerating calculations. The
program possesses a number of extra functions to analyze the solutions obtained.

The next two examples demonstrate the application of the program for solving problems
in Malcev algebras.

Let us recall that a Jordan polynomial f is called s-identity if it is identity in all special
Jordan algebras but not in all Jordan algebras. The classical example is Glennie’s identity
of degree 8 [1].

I. Hentzel [2] used computational linear algebra based on the representation theory of
the symmetric group to prove that there are no s-identities of degree less than 8. We prove
analogue Hentzel theorem for Malcev algebras by using MALCEV program.

Theorem 1. There are no Malcev -identities of degree less than 9.

A Malcev polynomial m(X) of free alternative algebra Alt[X] is called a Malcev commu-
tator eaterif m(X)o([a,b]?) is a Malcev polynomial for any Malcev polynomials a, b € Alt[X],
where x oy = xy + yx.

Theorem 2. If Malcev commutator eater m(X) has degree less than 6, then m(X) = 0.

REFERENCES

[1] Glennie C.M., Some identities valid in special Jordan algebras but not in all Jordan algebras, Pacific
Journal of Mathematics, (1966) 16(1): 47-59.

[2] Hentzel I.R., Special Jordan identities, Communications in Algebra, (1979) 7(16): 1759-1793.

[3] Hentzel I.R., Jacobs D.P. A Dynamic Programming Method for Building Free Algebras, Computers &
Mathematics with Applications, (1991) 22(12): 61-66.

[4] Jacobs D.P., Muddana S.V., Offutt A.J., A Computer Algebra System for Nonassociative Identities,
Hadronic Mechanics and Nonpotential Interactions, Proceedings of the Fifth International Conference.
Cedar Falls, Myung, H.C. (Ed.), Nova Science Publishers, Inc., New York: 185-195.

Russian Presidential Academy of National Economy and Public Administration, Novosibirsk
Sobolev Institute of Mathematics, Novosibirsk

133



MamnbneBckue urerus 2017 Teopus koJterr

On connection between solution of the classical Yang—Baxter equation and
Rota—Baxter operators on simple Lie and Malcev algebras

M. E. GONCHAROV
Given an algebra A over a field F' and scalar A € F, a linear operator R : A — A is
called a Rota—Baxter of the weight A if for all a,b € A the following identity holds:
R(z)R(y) = R(R(z)y + zR(y) + Azy).

Let L be a simple finite-dimensional Lie or Malcev algebra over a field of characteristic
Zero.
For an element r = ) a; ® b; € L ® L an equation

CL(T’) = [ai,aj] ® bz ® bj —a; ® [CLj, bl] ® bj +a; X Qj ® [bz,bj] =0 (1)
is called the classical Yang—Baxter equation on L. A solution is called skew-symmetric if
7(r) = —r where 7 is a switch morphism.

There is a standard method for constructing Rota-Baxter operations of zero weight on a
simple Lie algebra L from skew-symmetric solutions of the classical Yang—Baxter equations
(CYBE): if r = Y a; ® b; is a skew-symmetric solution of CYBE, then one can define an
operator R on L by R(a) = > (a;,a)b;, where (-,-) is a Killing form on L. It turns out that
R is a Rota—DBaxter operator of weight 0. In this work we consider the case when r is not
a skew-symmetric solution of CYBE (1).

Theorem. Let r =) a; ® b; is a non skew-symmetric solution of CYBE (1) such that

r+ 7(r) is L invariant. Then an operator R : L — L defined as

R(a) =) (a;,a)b;
K3

is a Rota—Baxter operator of a non-zero weight.

Note that if r 4+ 7(r) is not L-invariant then the statement of the theorem is false.

Malcev algebras were introduced by A.I. Malcev as tangent algebras for local analytic
Moufang loops.

Definition. An anticommutative algebra is called a Malcev algebra if for all x,y,z € M
the following equation holds:

J(x,y,xz) = J(x,y, z)z, (2)

where J(z,y,2) = (xy)z + (yz)x + (zz)y is the jacobian of elements z,y, 2.

The class of Malcev algebras generalizes the class of Lie algebras and has a well developed
theory.

We prove that the statement of theorem 1 is also true for simple Malcev algebras.
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The geometric classification of Leibniz algebras

N. IsmaiLov, I. KAYGORODOV, YU. VOLKOV

The general linear group GL,(F') acts naturally on the set of all algebras of fixed
dimension n in a given variety M over a field F' (whcih is an algebraic variety). Given A
and B in M, we say that B degenerates to A if A belongs to the closure of GL,,(F')-orbit of
B (in the Zariski topology on M). The notion of degeneration is closely connected with the
notion of deformation of algebras, and it has connections with filtrations and gradings as
well. There are many results concerning degenerations of algebras of low dimensions from
some variety defined by a set of identities. An important problem in this direction is the
description of so-called rigid algebras. These algebras are of big interest, since the closures
of their orbits under the action of general linear group form irreducible components of a
variety under consideration. For example, rigid algebras were classified in the varieties of
low dimensional associative [5] and Lie [1] algebras.

Several conjectures state that nilpotent Lie algebras form a very small subvariety in
the variety of Lie algebras. Grunewald and O’Halloran conjectured in [2] that for any n-
dimensional nilpotent Lie algebra A there exists an n-dimensional non-nilpotent Lie algebra
B that degenerates to A. At the same time, Vergne conjectured in [6] that a nilpotent Lie
algebra cannot be rigid in the variety of all Lie algebras. In the paper [3] the Grunewald—
O’Halloran Conjecture was proved for nilpotent Lie algebras of rank > 1.

Leibniz algebras were introduced by Bloh as a non-anticommutative generalization of Lie
algebras. In our paper [4] we study the varitey £eiby of variety of four dimensional Leibniz
algebras over C. In particular, we describe all rigid algebras and irreducible components in
that variety. As a consequence, we show that the Grunewald—O’Halloran conjecture does
not hold and the Vergne conjecture holds for Leiby.

The work was supported by the President’s Program ”Support of Young Russian Sci-
entists” (grant MK-1378.2017.1).
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Combinatorial rank of quantum groups of infinite series

V. K. KHARCHENKO

In general, an intersection of two Hopf ideals of a Hopf algebra is not a Hopf ideal.
By this reason, one may not define a Hopf ideal generated by a set of elements, and the
Hopf algebras do not admit a usual combinatorial representation by generators and rela-
tions. Nevertheless, Heyneman—Radford theorem implies that each nonzero Hopf ideal of a
pointed Hopf algebra has a nonzero skew primitive element. Each ideal generated by skew
primitive elements is a Hopf ideal. Therefore, the Heyneman—Radford theorem allows one to
define a combinatorial representation step-by step by means of skew primitive relations. By
definition the combinatorial rank is the minimal number of steps in that representation. We
find the combinatorial ranks of the multiparameter versions of the small Lusztig quantum
groups (Frobenius-Lusztig kernels) of infinite series A,,, B;,, Cy,, D,,. This is a joint work
with M. L. Diaz Sosa (Universidad Nacional Auténoma de México, FESC-Acatlan)
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Self-dual binary quadratic operads

P. S. KOLESNIKOV

Varieties of linear algebras defined by polylinear identities of degree 3 (e.g., associative,
alternative, Novikov, Poisson, et al.) give rise to corresponding binary quadratic operads
[1]. The most common case in practice is related with varieties of algebras with one binary
operation. The corresponding operads P are generated by 1- or 2-dimensional S3-module
V(2) = P(2). In this paper, we solve the following natural question: which binary quadratic
operads P governing varieties of algebras with one binary operation are isomorphic to their
Koszul dual operads P'?

For example, it is well known that the operads of associative algebras As coincides with
As', the same holds for the operad of Poisson algebras Pois. For the operad of (left) Novikov
algebras Nov, it is known that Nov' = Nov°P , the opposite operad of right Novikov algebras
[2].

For dim V(2) = 1,2, the isomorphism between P and P' is possible only if Sy-module
V(2) is isomorphic to its skew transpose dual V(2)Y, i.e., the decomposition of V(2) into
irreducible Se-modules is M, & M_, where M1 = kuy are l-dimensional spaces with
(12)ui == :I:ui.

We explicitly describe self-dual operads P, i.e., those isomorphic to P'. First, we split the
operads that include self-dual ones into two disjoint classes. Operads of the first and second
class are in one-to-one correspondence with the points of the Grassmannian G(2,4) C P°
and of G(2,4) x S(1,1), respectively. Here S(1,1) C P? is the Segre variety representing
P! x P!, Next, we determine equations defining explicitly those points in these varieties that
correspond to self-dual operads. These relations turn to be linear with respect to Pliicker
coordinates in G(2,4) http://front.math.ucdavis.edu/1711.03696.

The work was supported by RSF (project 14-21-00065).
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On representations of symmetric groups on free anticommutative n-ary
algebras

B. K. ZHAKHAYEV

Let (A,-,) be a n-ary algebra. Algebra A is called anti-commutative n-ary, if for any
ap,az,...,a, € Aand o € S, (symmetric group) the following condition is valid,

a1z . ..an = 8gN(0)0y(1)0x(2) - - - Go(n)-
Let P* be a space of multilinear identities of anti-commutative n-algebras of w-degree
k. Let X = {a1,az,...,ap,—(k—1)} be a set of generators. Then basis of P% consists all
multilinear anti-commutative n-ary monomials of degree kn — (k — 1). We define left action
Skn—(k—1) on the space P¥ in a natural way, that is, by permuting kn — (k — 1) letters. We

study space P2 as a module over symmetric group.
Theorem. As Ss,,_o-module

n
3~ A A
Pn = @ <Z C(2n_i’12i—1)(1n—1) + Z C(n+k,nk)’(n2)> S 5
AF3n—2 \i=1 k=odd
where cﬁy is Littlewood—Richardson coefficient of shape \/u with content v, and S* is
Specht module for partition \ - n.
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O6 omHOM KpUTEpPUU IMOJTHOTHI MHOXKECTBA MYJIbTUQYHKIIUAN

C. A. BAOMAEB, 1. K. [IIAPAHXAEB
Mycts A ={0,1} u ' = {@, {0}, {1}, {0, 1}}. Onpenenum crenyrormue MHOXKeCTBa DyHKIHIL:
Py, ={fIf: A" = F}, Py =UP;,,
P, ={f|If € P;n u |f(&)=1nmnsBcex & € A"}, Py = J Pan-

CD HKIINM N3 P2 HAa3BbIBAOT 6 JIEBBIMU HKIIWsAIMU, N3 F* — MVYJIbTN HKIIWSIMU HA A
’ 2
HJISI TOro, LITO6I>I CYIIEPIIO3UITN A

flfix, .. ovxm), oy fu(r, oo Tm)),

rne f, f1,-.., fn € Py, onpenesnsiaa MyabTubyHKIUO §(Z1, ..., Ty), cienys [1], onpenemmv
3HAueHNs MyIbLTUQYHKINN [ Ha HaOOpax U3 MOOMHOXKECTB MHOXKECTBa A caemyrommm obpa-
soM: ecn (g, ..., Q) € A™,) TO

N f(B1,...,Bn), ecnu He mycTO;
_ Bi€filar,...,aem)
gla, -, om) = U f(B1,...,Bn), B OPOTUBHOM CiIydae.

Bi€ fi(ar,...,0em)

Ha mabopax, comepxkarmx &, MyIbTUDYHKINS TPUHIMAET 3HAUYEHNE . DTO OIpeneeHne
[O3BOJISI€T BLIUUCIUTE 3HadeHue f(xq,...,x,) Ha m060M HAGOpE (071,...,0,) € F.

O6o3uaunm uepe3 K kiacc MyabTudyHKIWIT, PACCMATPUBAEMbIil B pabore [2].

Teopema. /lig Toro, 9Tobbl MHOXECTBO MYJIbTU(DYHKIIUE B, comepxkaliiee Bce yHap-
Hble OymeBbI (YHKINH, OBLIO MOJHBIM OTHOCHUTETHHO MAHHOI CYIEePIO3UINN, HeOOXOOUMO 1
AOOCTaTOYHO, YTOOBI B B comepkajnuch ClAemyromue MyJIbTU(YHKIIIH:

1) me npunannexaras kaaccy K;

2) npuaumaroras 3uaagenue {0, 1} xors 661 Ha omHOM HAbOPE;

3) npuHEMaloIIas 3HaYeHue &, HO He Ha BCeX Habopax.

Pabora BeImONTHEHA TTpK OO IEPKKE TPAHTOM BypsSTCKOro rocyqapCcTBEHHOTO YHUBEPCH-
TeTa.
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O6oraiiieHue Momesieli CYeTHO KATETOPUYHBIX CJIa060 O-MUHUMAJIBHBIX TE€OPUI
OMHapHBLIMU IIpeAuKaTaMQ

C. C. bAimxkAHOB, b. III. KyJnnemos

Hacrostiiuit noxsman KkacaeTcs IOHITUSL CAGO0T 0-MUHUMAALHOCU, TIEPBOHAYAIBLHO TITY-
6oko uccienosanuoro B [1]. TlomMHOXKECTBO A NUHENHO yHOpPSIOUeHHON CTPYKTYphl M Ha-
3BIBACTCS 6bINYKAbLM, €CITA IIIs JT0BIX a,b € A u ¢ € M Beskuit pa3 xorna a < ¢ < b Mbr
nveeM ¢ € A. Caabo 0-MUHUMAALHOT CMPYKMYPOT HA3BIBACTCS JIUHENHO YIIOPSIIOUCHHAS
crpykrypa M = (M,=,<,...) Takasl, 4TO JI060€ OIPEIeTUMOE IOAMHOKECTBO CTPYKTYPhI
M sBnsgercs obbenuHEHNEM KOHEYHOTO YNCIIa BBIMTYKJIBIX MHOXKeCTB B M.

B pa6ore [2] 6b1710 mOKa3aHO, YTO MpU O0OTAIIEHUN MOMETH CIab0 O-MUHUMAIILHON Te-
Opuu YHAPHBIM IIDEAUKATOM, BBLOC/IAIOIIINM KOHEYHOE YHNCJ/IO BBIITYKJIBIX MHOXKECTB, obora-
IIIEHHAST TEOPUsST OCTAETCSI CIa00 O-MUHUMAJIBHOW. 37eCh MBI UCCIEIYEM BOIPOC COXPAHe-
HISI CBOMCTB IIpu OOOTAaIlleHUSIX MoIesell 1-Hepa3InmunMbIX CYETHO KATETOPUYHBIX CIIab0 O-
MUHAMAJIBHBIX TEOPUI KOHEYHOT'O PaHTa BBITYKJIOCTU OTHOIIEHUEM SKBUBAJIEHTHOCTH, Pa3-
OUBAIOIINM OCHOBHOE MHOXKECTBO MOMIEIN Ha OECKOHEUHOE YUHCIO0 OECKOHEUYHBIX BBIMYKJIBIX
kjaccoB. PaccmoTpuM crienyroriuii mpumMep:

IIpumep 1. ycts M = (Q, <) — JuHENHO yHOPAOOYEHHAS CTPYKTYPa Ha MHOXKECTBE
pamuonaabHEIX grces Q. OueBumuo yro M — cueTHO KaTeropuwdHas O-MUHUMAJIbHAS CTPYK-
typa. O6orarum Monenb M HOBbIM 6uHApHBIM OTHOIIeHHeM E(x,y) cremyrommm o6pasom:
oycte M' = (Q, <, E?) Tax uro ang mobbrx a,b € Q

E(a,b) < (2n — 1)V2 < a,b < (2n+ 1)v2

IJIS HEKOTOPOro n. € 7.

Torma HETPYMHO TOHATH, UTO F(,Yy) — OTHOIIEHNE SKBUBAJIEHTHOCTH, Pa3bUBaroIee
Q na GeckoHEUHOE UMCITO GECKOHEUHBIX BBIMYKJIIBIX KJIACCOB, IPUYeM F-KIIacChl yIIOPSIIOIeHbI
o Tuny w* + w. Moxer 6bITh HOKazano, aro M’ — cnabo o-MuHEMABHAS CTPYKTYpa, HO
Th(M') ue sBRseTCA CUETHO KATETOPUYHOIL.

3mech MBI 00CYy kK TaeM HeOOXOMMMBIE U TIOCTATOUYHbBIE YCIIOBUS TOTO, YTOOBI TP o0orarie-
Huu 1-HEepa3InInMON CUYeTHO KATETOPUIHON ¢/1ab0 O-MIHIMAJILHON TEOPUN KOHEUHOTO PAHTa,
BBIITYKJIOCTU OTHOIIIEHWEM SKBUBAJIEHTHOCTU C OECKOHEYHBIM YHNCJIOM OECKOHEUHBIX BBITY-
KJIBIX KJIaCCOB OOOTAaIlleHHasl TeOPUsl OCTABaJIaCh KakK caab0 O-MUHUMAJILHOW, TaK M CIETHO
KaTEerOpUYIHON.

COuCOK JIMTEPATYPBI
[1] Macpherson H. D., Marker D., Steinhorn C. Weakly o-minimal structures and real closed fields //
Transactions of the American Mathematical Society, 2000, V. 352, 5435-5483.

[2] Baizhanov B. S. Expansion of a model of a weakly o-minimal theory by a family of unary predicates //
J. of Symb. Logic, 2001, V. 66, 1382—-1414.
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O 6Ga3ucax KBa3MTOXKIECTB KAHTOPOBBLIX ajire6op

A. O. BAEEBA, M. B. IIBUOE®CKU

[Mycts Ky — ximacc anrebpandeckux CUCTEM MIPOU3BOIBLHON (GUKCUPOBAHHON CUTHATY PHI
0. Kmacc K C Ky massBaercs Kg-x6a3ummno2006pasuem, eciam CylecTByeT MHOXKECTBO
KBa3sUTOXIECTB Y. CUTHATYPHI 0, Takoe 4To kiacc K coBmamaeT ¢ MHOXKECTBOM BCEX CH-
crem u3 Kg, Ha KOTOPBIX MCTUHHBI Bee KBasuToxknecTsa u3 1, T.e. K = Mod(X) N Ky =
{A e Ky| A= X} B oroMm ciiyuae MHOXKECTBO KBAa3UTOXKIECTB Y HAa3bIBACTCI 6a3U-
com reaszumomncdecms knacca K omuocumeavno Ky. Basuc xBasuroxmects Y kitacca K
OTHOCUTENBHO Ki1acca K SBISeTCS He3a8ucumbim, eciiu [Ijis JTIF000To ¢ € Y CYIIEeCTBYeT all-
re6pantveckas cucrema A € Ko raxas, uto A = X\{¢} n A = —¢. Basuc kBasuToxmecTs
> knacca K orHOcuTenbHO Kiacca Ky Ha3bIBaeTCs w-HE3a8UCUMbBIM, €CITU CYIIIECTBYET Pa3-
6uerne ¥ = J,, _,, ¥, Takoe uro K # Mod(E\En) N Ko nms moboro n < w.

[Mycts 0 < m < n < w. Mmuoroobpasue C,,, anrebpandecKkux CUCTEM CUTHATYPHI
Omn = {A1, ey A,y Q14 ooy Qi b, COCTOSIIIEN W3 M N-MECTHBIX (DYHKIIMOHAIILHBIX CHMBOJIOB
Aly ey Ayy T M M-MECTHBIX (PYHKIIMOHAJIBHBIX CUMBOJIOB (X1, ..., (;, OIPENOENISIeTCS CIIEMyIO-
MU TOXKIECTBAME:

Vay..Zm Ni(a1(T1...@m)y ooy O (T1..20)) = 24, 1 <0 <y
Vo1 xn aj( A (T1..2p), o A (@1.02p)) = 25, 1 < j <mn.

Kanmoposoti aseebpoti HaspiBaeTcst npousBoiibHast cuctema u3 C,y,y,. (IIpu sTom 06br9m0
[PEATNOIIATAETCS, UTO M 1 N (PUKCUPOBAHBL 1 JIETKO OMPEHEISIOTCI U3 KOHTEKCTA. )

Teopema. /s 1r066ix 0 < m < n < w CyILIeCTByeT KOHTHHYYM ITOAKBa3UMHOT000Opa-
3Ui MHOroo6pasus KaHTOpoBbIx aireop C,,,, He HMEIMX He3aBUCAMOrO 06a3uca KBa3UTO-
JKIECTB, HO UMEFOIIINX W-He3aBUCUMBIN 0a31c KBa3uToXaecTB. IlepecedeHne sTux KBa3UMHO-

roobpasuii UMeeT He3aBUCHMBIN 6a31C KBa3UTOXIIECTB.
OTmeTuM, UTO mepBas 9acTh HTOIl TEOPEMBI CIIEyeT TakikKe U3 pe3yabTaTos [1].

CIIMCOK JIUTEPATYPHI

[1] Kravchenko A., Nurakunov A., Schwidefsky M. On quasi-equational bases for differential groupoids and
unary algebras // Submitted for publicaion in 2017.
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CsoricTBa ypaBHeHI/Iﬁ HaIO CBOOOMHBLIMUI ImoJrypemieTKkaMm

M. A. BAXPAMEEB

C nomorripio pabor [1, 2] noHsITHE ypaBHEHNS MOXKHO OIPENENINTH [1JIsl IIPOU3BOJILHOI aJl-
reOpamvecKoil CuCTeMBI (PYyHKIIMOHAIBHOTO s3bIKa. 1'akuM oOpa3zoM, MOXKHO pacCMaTpPUBATH
U 13y4aTh XapaKTePUCTUKN YPaBHEHUU HAIl MHOTMMU KJacCcaMU ajreOpamdecKux CUCTEeM, B
YAaCTHOCTHU HAJ TOJIyPENIeTKAMU.

YpaBreHneM Han mosrypereTkoil F'osBisercs Boipaxkenue Bunpa t(X)c = s(X)d, rmoe
t(X),s(X) — mpousseneHus: mepeMeHHbIX, a ¢ U d — BJeMeHTHI moiyperneTtku F (KoH-
CTaHTHI).

B pa6orax asropa [3, 4] u3yvanuck CBOMCTBA ypABHEHUI HAIl CBOGOIHBIMIE MIOJTYPEIIIET-
KaMI KOHEYHBIX I OECKOHEUHBIX PaHTOB. BBIJII/I IIOJIYYE€HBI CJIEAYIOIINE PE3yJ/IbTaThI:

Teopema 1. AcuMmoroTudeckas IJIOTHOCTH MHOXKECTBA COBMECTHBIX VPABHEHUII DOBHO
OT M IepeMeHHbIX Hal CBOOOMHON IMOJIyPEIIeTKON CIYeTHOrO paHra paBHa 1 — 3%

Teopema 2. CpenHee 4ucao pereHUN ypaBHEHUH OT ONHON IMEPEMEHHOH HaJ ITOJIy-
PEILTKON KOHEYHOI'O PaHra N PABHO %

Teopema 3. CpenHee 4mc/I0 HEOIPUBOAUMBIX KOMIIOHEHT AJIreOpamdecKux MHOXKECTB,
OIIpeneJIIeMbIX Y DABHEHUAMU HALL CBOGO,Z[HOI;'I HOJIypGLH@TKOﬁ CYETHOI'O paHra C KOHCTaHTaMNU

U3 CBOOOIHOMN IOJIYPEIIeTKH KOHEYHOI'O paHT'a, PaBHO 1.

CIMCOK JIMTEPATYPBHI

[1] Daniyarova E., Miasnikov A., Remeslennikov V. Unification theorems in algebraic geometry // Algebra
and Discrete Mathematics, 1, 2008, 80-112.

[2] Hamusposa O. 0., Mscuaukoe A. I'., Pemecnennukors B. H. Anre6panueckas reomerpust Han anrebpan-
veckumu cucremamu. 11. Ocuosanus // @ynnament. n npuki. marem, 17:1, 2012, 65-106.

[3] Baxpamees M. A. Acumnroruueckasl IJIOTHOCTH MHOMXKECTBA COBMECTHBIX YDAaBHEHUI HAIl CBOOOMHOIL
nostypertieTkoi cuetHoro panra // Bectuuk OmIY, 2017. Ilpunsra x myGrukamun.

[4] Baxpamees M. A. Criyuaiinbie ypaBHeHms Han cBoGomHbIME nosypemérkavu // TIIM, 36, 2017, 5-12.
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O GoraThbIX TUIAX B MHOTO3HAYHBIX M MHOTOCOPTHBIX CHACTEMax
M KOJUIEKTUBHBIE KJIACTEPU3allui MHOTO3HAYHBIX BBICKA3bIBAHUMN JIOTUUYECKUX
NCUYNCJICHUN 0a3 3HaHun

A. A. BUKEHTBLEB

Hoksam mOCBSIIEH 0000UWEeHUIO U YMOUHEHUIO PE3YAbMAMOE U MEOPEM O 602AMbIT MHO-
Jcecmear munoe, NOKa3aHHBIX paHee B CTAaOMIBHOM CjIydae WA C YCIIOBUSIMHU CTaOMIIBHO-
cru® ma cayuati 6o2amblr cemeticms Munos Had NaApaMEmpam, MOOEAU MHO203HAUHOT U
MHO20COPMHOT MEOPUL € H—KOMNAKMHLIMY (HACOIUEHHBIMU, 0OHOPOOHBIMY) UBMEPUMBLMU
U BLIYUCAUMBIMY MOOEATMU CO CBOUCMBOM X —0MIEAUMOCTNY HOBLIL IACMENMOE, PEAAUIYIO-
WUT BLIUUCAUMBLE MUNBL (KGO MAABIMU NOOMHONCECTNEAMU MOODEAU) COBMECTNHLIL C IMUMU
MHOHCECTNEAMU, OM, IAEMEHTNOE BAOHCEHHOU MOOJEAU U HAAUNUIL Peaiudayull 6 Goavwet (c
602ambim cemeticmeom) MoOeat 6NOAHE ONPEIEAUMBIT, BLIUUCAUMBIE(CMAOUALHBIT) MUNOE
UAU HEPABAUUUMBIT daemenmo8. CmabuibHocmb meoputi e NPednoaa2aemcs, o HeKOmo-
PblE UBBECTNHBIE MEOPEMbL NOAYUAIOMCA KAK CACICMEUL.

OCHOBHBIMEU UHCTPYMEHTAMU NOKA3aTEILCTB SIBJISIOTCS TEOPEMbI TUIA KOMITAKTHOCTH,
pa3BUTas TEXHUKA COBPEMEHHON TEOPUM MOIEJIEN,BBIUNCINMOCTH, B YaCTHOCTHU, NI JIOTH-
YECKUX MCUYUCIICHUN, JIOKAIBHON CTAOUILHOCTI U HAIUYMs (IaKe JIOKAJIBHO) MOMXOMSIIINX
KOMIIAKTHBIX U3MEPUMBIX (HYKHBIX MAaJIbIX MOIIHOCTEHN ) MOMENell TeOPUN CO CBONCTBAMU
»#—OTHENMMOCTY HAI[ PEan3alisiIMi CeMENCTB CTabMIbHBIX (OMPEeIeIMMbIX, PDEKYDPCUBHBIX )
TunoB. [IpomomkeHo n3yuenne mpenebHBIX U ABYKAPINHAILHBIX MOJIEJIEN B KJIacCe TEOPUii C
MOKPBITUSIME. PaccMOTPEHBI BOIIPOCH OIIPENETMMOCTH CUCTEM C METPUKON B HACJIENCTBEHHO
KOHEYHBIX HAIACTPOUKAX, U O MOIIHOCTSX THUIIOBO OIPENEIMMBIX ITOIMHOXKECTB U UX CBOUCTB
IBYKapaIUHAIBLHOCTH. VHTepec K 5TUM BOIpOCAM U TAKUM MOMEJISIM MMeeT U IPUKJIATHON
XapakKTep B MOKCKe Hauboiee nHGOPMATUBHBIX (HETPUBUAIBHBIX) TUIOB IPUKIIAIHON Teo-
pUH, JIOTUYECKUX 3aKOHOMEPHOCTEN MJIs KJIaCTEPU3aIlly U YIOPSOOYEHUsT TAaKUX 3HAHUN C
IIOMOIIIBIO NIPUBJIEUEHUST METPUYECKAX MIIN M3MEPUMBIX CHCTEM U PACCTOSHUAN MEXIy MHO-
JKecTBaMU Mopeneit. Bce 5To CityXUT U1 BBEOEHNST HOBBIX METPUK Ha KJIacCaX SKBUBAJIEHT-
HBIX (DOPMYJI U THUIIOB HA M3MEPUMBIX TOIKIIACCAX M3MEPUMbIX, BHIUACIAMBIX (METPUYIECKUX )
Momesiell, HeOOXOMMMBIX /I pa3pabOTKU aJrOPUTMOB PacClo3HaBaHUSA OOpa3oB, MOUCKA 3a-
KOHOMEPHOCTEeN, OOHAPYKEHUs PeNKNX COOBITUI U KJIaCTePU3alllyl MHOTO3HAUYHBIX (DOPMYII—
3HaHU B joruke JlykaceBmua. PaccMOTpeHBI MOmenm peleBaHTHBIX JIOTUK IJIS BBEIIEHUS
II0 HIM PACCTOSHUN C yIETOM YIOPSIOUYEHUs ITePEMEHHBIX MHOTMMU sKcriepTamu. Havimenbr
pa3IUIHbIE KOJUIEKTUBHBIE METPUKN, METOIIBI KJIACTEPU3AINN TT0 BBENEHHBIM METPUKAM I
KOHEYHBIX MHOXKECTB (POPMYJI B PA3JIMIHBIX JIOTUKAX, HAUATO U3yUYEHUE PA3IMIHBIX WHIEK-
COB KadeCcTBa IS CPABHEHUN U CIOCOOOB BBENEHUs HOBBLIX KOJIJIEKTUBHBIX MeTpuk. I[IpoBe-
neHbI cCoBMecTHO ¢ PedenoBont B.B. MonenbHBIE 5KCIIEPUIMEHTEI C TIOMOIITHIO TPOT'PAMMBI, TTO/I-
TEePKUBAIOIIEN Bce HEOOXOMMMBIE aJITOPUTMBI U IOJIyUeHNe 10 KOJITEK TUBHBIM PACCTOSHUSIM
kiaacTepusanuil. [loka3aHo, 9YTO KOJNIEKTUBHBIE PACCTOSHUS NMEIOT 60jlee BHICOKIE MHIEKCHI
KJIaCTepU3alnil 10 CPABHEHUIO C APYTUMHU BBEOEHHBIMU METPUKAMU U OINUCAHBI MOIEIHLHBIE
MeTPUKI B MHOTO3HAUYHBIX JIOTMKaX. Pa3zpaboTaHO MCIOIb30BaHME JIYUIINX KJIACTEePU3aIni

1Hexoropbie us Hux BomLM B muccepramuio apropa “Teopun ¢ MOKPHITHEM U bopMyIIbHBIE TTOIMHO-
xkectBa”, UM CO PAH, Hosocubupck, 1992 r., 134 c. mus cemeiicTB $HOpPMyJI, a TAKkKe OMyOIMKOBAHBI B
cbopHuuke, mocesamensomy 90—teruio akanemuka A.Jl. Tanimanosa — “T'wo cardinal theorems for sets of types
in stable theory”, Kasaxcran, Anma—ATra, 2007, c. 67—69, 6butn monoxensl Anva—ATe u HoBocubupcke —
Ha exxeronubix Manbuesckux urenusx ¢ 2006 r., B Tom uncite k 100—teruio akan. A.W. Mansuesa u op.
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B JIOKQJILHOI CTPYKTypu3amuu 6a3 3uanuii. Pabora BhIToIHEHA TTPU (PUHAHCOBON O IEPIKKE
P®®U, npoextrr No. 14-07-00851a, 14-07-00249a, xadenper 1MW MMD HI'Y.
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Hef/'[TpaanbIe N KOCTaHOApPTHBIE 3JIEMEHTbI pEIlleTKN MHOFOOGpaBI/Iﬁ MOHONIOOB

C. B. I'yCEB

Onement x pemerku (L;V, \) HA3BIBAIOT HEUMPALbHbIM, €CIIU L BCEeX Y, 2 € L mompe-
meTKa B L, IOPOXKICHHAS T, Y U 2, JUCTPUOYTUBHA;

KOCMandapmmubim, eciim Vy,z€L: (xAy)Vz=(xVz)A(yVz2);
MOOYAAPHBIM, €CITN VyzeL: y<z—(xVyAz=(xAz)Vy;
6EPTHEMOYAIPHBIM, €CIII Vy,z€L: y<zx—zA(yVz)=yV(rxAz).

Huscnemodyagaprvle 37eMeHTHI OMPENeIsSioTCs TBOMCTBEHHO K BEPXHEMOMYJIISIPHBIM.

CrermuasibabiM ssiemerTaM perterkun SEM Bcex MHOrooGpasmil MOTYTPYIIT HOCBSIIIEHO
3HAUUTENbHOE YUCI0 paboT (cM. 0630p [1]). OmHako B perierke BCcex MHOMOOOGDA3UIl MO-
HOUIIOB, KOTOPYIO Oymem o6o3uauaTsh uepe3 MON, creruaiibHbIe 97IEMEHTHI [0 HACTOSIIIETO
BpeMeHu He m3ydasiuchb. llamuas paboTa MOCBAIIEHA MOJTHOMY OMUCAHUIO HEHATPAIBHBIX U
KocTaHIapTHBIX 351eMeHTOB perreTku MON.

Yepes T obo3naumM TpuBHaJIbHOE MHOroobpasme mMoHOMOOB, a uepes MON — muOTrO-
obpasume Bcex MOHOUIOB. MHOTOOOpa3me Bcex MOJIypenieTok OymeM ob6o3HadaTh depes SL.
[IepBBIM OCHOBHBIM pPE3yIbTATOM PAOOTHI SIBIISETCS

Teopema 1. /[1s mHOroob6pas3us MOHOUIOB V CJIELYIOIINE yCIOBUS SKBUBAJIEHTHEI:

(i) 'V sBisercs MOmy/IApHBIM, HUXKHEMOLYJISPHBIM U BEPXHEMOLY/IADHBIM
smemenToM permerkun MON;
(ii) V sBisgercs meiirpaapabeiM saemeHToM pernerku MON;
(ili) V coBmagaer ¢ ogamm u3 muoroobpasus T, SL mmm MON.

Yepes C 0603HaUMM MHOTOO6PA3ME MOHOUIOB, 3aJaHHOE TOXKICCTBAMU T2 ~ T° U XY ~

yz. BTOpBIM OCHOBHBIM PE3y/IbTATOM PAGOTHI SBIISETCS CIICMAYIOIIAs
Teopema 2. /lisg mHOrO06pasus MoHOUAOB V CIAEAYIOIINE YCJIOBUS SKBUBAJICHTHBL:
(i) V sBisercs MOLyIApHBIM U BepXHeMOLyIApHBIM daeMeHToM pernerkn MON;
(ii) V sBisgercs xocrapgaptabiM siemerToM perrerkn MON;
(iii) V coBmagaer ¢ ogamm u3 muoroobpasus T, SL, C umz MON.
OrmernMm, uro B SEM cBoiicTBa GbITH HENTPAIBLHBIM U KOCTAHIAPTHBIM 3JIEMEHTOM
pasHOocuabHEL (M. [1, Teopema 3.4]). Teopemser 1 u 2 mokaseiBator, uTo B perrerke MON
5THU CBOICTBA HE SKBUBAJICHTHHL.

Pa6ora Beimonaena npu nonnep:xkke PODU (rpant 17-01-00551) u Munucrepcrsa o6pasoBanus
u Hayku PP (mpoekt 1.6018.2017/8.9).

CHUCOK NUTEPATYPBI

[1] Vernikov B. M. Special elements in lattices of semigroup varieties // Acta Sci. Math. (Szeged), 81, 2015,
79-109.

Ypaavcrutl gedepasvrbiti ynusepcumem, Examepunbype
E-mail: sergey.gusb@gmail.com

146


mailto:sergey.gusb@gmail.com

MamnbneBckue urerus 2017 Teopust Moneseit 1 yHUBEDPCAJIbHAS ajarebpa

O6 anre6pax GUHAPHBIX U3OJIUPYIOIUX QPOPMYJI NJisI TEOPUN CUMIIJIEKCOB

II. FO. EMEIBbSIHOB

Ounpenenenne [1]. Cumnaekxc umu n-meprvii mempasdp (ot mar. simplex mpocToit) —
reoMeTpuueckas GUrypa, sBISIOMIAACS N-MEePHBIM 0000IICHIEeM TPEYTOIbLHIKA.

B cnyuae, KoTOpBII MBI paccMaTpUBaeM, CUMILIEKC — 9TO TPEeyroiabHuK. M3-3a pa3HbIxX
Bapualuil KOMIIOHOBKY OMMHAKOBOE KOJIMIECTBO CUMIIJIEKCOB MOXKET NUMEeTh Pa3HbIN AUaMeT].
Mger 6ymeM paccMAaTpUBATDL aareOpbl MJIST TEOPUHU CUMIIJIEKCOB ¢ YUYETOM IUAMETpa. J3IecCh
oM, AUaMEeTPOM TOHUMAETCs MuaMeTp s rpada.

Asre6pbr GuHAPHBIX M30MUPYIONMX HOPMYIT [2] MIst Teopun CUMILIEKCOB Oymem 0603Ha-
qaTh uepe3 G,,, Tme n — aoumameTp.

s nuamerpos 1, 2, 3, 5 mpencrasiensl Tabaunbl Komu anrebp &1, Gy, 63, &5 coot-
BeTCTBeHHO. Ha OCHOBe 5TUX MAaHHBIX MOJIYUEHO OmucaHume aarebp G,,.

Teopema. s cuUMIIEKCOB C AUAMETPOM, PABHBIM N, ajarebpa OMHAPHBIX HU30JIHPYIO-
umx ¢popmysa umeeT Bug S, .

Pab6ora Boeimonuena npu ¢purancoBon monaepxkke Cosera mo rpanTam IIpesumenTa Poc-
cuitckoit Penmepanun s TOCYAAPCTBEHHON MOMNEPKKN BEIYIINX HAYIHBIX IIKOJ (IIPOEKT
HIII-6848.2016.1) u Komurera maykm MunucrepcrBa obpaszoBaHus u Hayku PecrmyGnuku
Kasaxcran (rpaat 0830/T'®4).

CIIMCOK JIUTEPATYPHI
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[2] Cymonnaros C. B. Knaccubukauus cuernsix monenent nonusix teopuii. Hopocubupck: Wsn-so HI'TY,
2014.
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CTabuIbHOCTD KJIacca IJIaBHO CJjI1a00 MHBEKTUBHBIX IOJIMTOHOB

E. JI. EePEMOB

B pabore ommcaHbl MOHOMIBI, HAL KOTOPBIMU KJIACC BCEX TJIABHO CJIA00 MHBEKTUBHBIX
MOJINTOHOB cTabuiieH u cymnepcrabusien. [lorsTue riaaBHO €71a00 MHBEKTUBHOTO ITOJIUTOHA,
SIBIIIETCsT OOOOIIIEHNEM TIOHSITUS NHBEKTUBHOTO TOMUTOHA. KITacChl MHBEKTUBHBIX U TJIABHO
11200 UHBEKTUBHBIX TIOJINTOHOB C TOUKW 3DEHNUS UX aKCHOMATU3UPYEeMOCTH n3ydeHsl B [1, 2].

Bompochl ¢TaGmiIbHOCTH TEOPUN MOJIMIOHOB paccMoTpeHel B [3, 4, 5|. B uacrtHOCTH,
B [3]| mokasano, uTO Teopus JO6GOTO MOMUroHA Hamd S cTabuibHa (CynepcTabuiibHA) TOrma
U TOJILKO TOrMA, KOrma S — JIMHENHO YIOPSIOYEHHBIN MOHOUI (BIIOJHE YIOPSIOYEHHBIN
MOHOHI).

HanmomawmM HEKOTOpBIE MOHSTUSI W3 TEOPUH IMOJIUTOHOB U Teopuu momeneir. Ilycts S
— wvououn. Ilon (aesvim) noauzonom sA nad monwoudom S moHMMAeTCS MHOXKeCTBO A, Ha
KOTOPOM OIIPEIeJIEHO MNENCTBUE DJIEMEHTOB 13 S, MpudeM e[nHUIa IeicTByeT Ha A TOXmIe-
crBenHo. [lomuron gA Ham S HA3BIBAETCS 2446HO CAAGOO UHDEKMUBHbIM, €CITT OH NHBEKTU-
BeH OTHOCHUTEJIbHO BJIOXKEHUI BCEX TIJIABHBIX JIEBHIX umeasioB S. Yepes S-PWInj o6o3ua-
UM KJIACC BCEX TJVIABHO €j1a00 MHBEKTUBHBIX IOJMIOHOB Han S. Monoun S HasbiBaeTcs S-
PWInj-cmabuauzamopom (S-PWInj-cynepcmabuauzamopom), eciau Teopust 1060T0 TOIIH-
rona gA € S-PWInj nan S crabunbha (cynepcrabunsaa). Monoun S HasbIBaeTCSI AuHeno
(6noane) ynopgdouenmnvim, eciu MHOXKeCTBO {Ss | s € S} nuHeltHO (BIOSIHE) YIOPSIOYEHO
OTHOCUTEJILHO .

Teopema 1. Monoun S sasasercs S-PWInj-crabuiunzaropom Torma m TOJIBKO TOrAA,
Korga S — JIMHEHHO YIOPSOYEeHHBIH MOHOUL.

Teopema 2. Monoun S ssiasercs S-PWInj-cynepcrabumuzaTopoM Torma m TOIBKO
Toraa, korga S — BIIOJIHE YIOPSOOYEHHBIN MOHOHI.

Pa6ora nmognepxkana PODPU (rpant 17-01-00531).

CIIUCOK JIMTEPATYPBI
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peryssapHbix nomuronos // dyranamenTtanbras n npukiaanHas matemaruka, 2004, T. 10, N 4, 107-157.

[5] Toynn B., Muxanes A. B., [lamorun E. A., Crenanosa A. A. TeopeTuko-MonenbHbIE CBOICTBA CBOOOM-
HBIX, IPOEKTUBHBIX U IJIOCKUX S-mosuroHos // dyHmameHTanbHas U OpukianHas marteMmaruka, 2008,
T. 14, N 7, 63-110.
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MusanMajIbHO ITOJIHEIE SIINT PYIIIIbI

O. B. KHYI3EB

B 0630pe [1] craBuTcs 3amava (nmpobiaema 3.10) xapakTepu3anuu MIHIMAIBHO ITOTHBIX
anrebp MAHHOTO MHOrooOpasus anare6p. Mbl u3ydaeM MUHUMAJIBLHO IIOJHBIE SIUTPYIIIHL.
HamomuuMm, uTto mosyrpynmna A Ha3bIBaeTCs SIUTPYIINON, €CJIM HEKOTOpas CTEMeHb JIF060ro
sreMenTa A COMEepXKUTCS B HEKOTOPOR ee moarpymme. Mbl paccMaTpuBaeM SMUTPYIIILL KAk
yHapHble nomyrpynnsl (cm. [2]). Hamomuaum mexoropsie onpenenenus. [Iycrs V — mHOrO-
obpasue Bcex smurpym, L(V) — pemerka nommuoroo6pasuit muaoroobpasus V, X € L(V),
A € V. IlpousBosbHOE MU3BIOHKTHOE CEMENCTBO MOMSMUTPYII SIUTPYIIEl A HA3BIBAIOT
POCCHINGIO STUTPYIILL A, & SIUTPYIIBI, KOTOPBIE €€ COCTABISIOT, — KOMNOHKEHMAMU POC-
commu. [lycrs X(A) ects X-Bep6ast snurpynnsl A T.e. POCCHINb, KOMIIOHEHTHI KOTOPOIl B
TOUYHOCTH BCE KJIACCHI X-BepOaJIbHON KOHTPYSHIUE SIurpynnsl A. Dnurpynmy A Ha3bIBAIOT
noanot, eciiu paBeHcTBO X(A) = A umeer mecto mis mo6oro aroma X u3 pemerku L(V).
Dnurpynmna Ha3bIBAETCI MUHUMAALHO NOAKOT, €CIIU OHA CONEPKUT OOjIee OMHOTO IEMEHTA 1
ABIISIETCS TIOJTHOM, HO JTI00as ee HeOMHOYIEMEHTHAs: COOCTBEHHAS TIOMDIUTPYIINA HE ABIISIETCS
nonHol.  Huabnoayepynna — SUUCPYINA C HyJIEM, HEKOTOPas CTENEeHb KaXKIOrO DJIEMEHTa
KOTOpO#l paBHa Hym0. Yepes A, u B, j, 0603HATNM IOIYIPYIILI, KOTOPEIE B KJIACCE IOILY-
IPYIIIL ¢ HYJIEM MOXKHO 3a[1aTh CIEMYIOIIIMI KOIPEICTABICHUSIMIE:

Ay, = {a,b | aba = a,bab = b,a* = a,b™ = 0), roe m > 2;
B, = (a,b| aba = a,bab = b,a" = V¥ =0), tme n, k > 2.
Teopema. Ecin snurpynma A aphagercd MUHEMAJILHO IOJIHON SIUTPYHIION, To A ecThb

60 MEHIMAJBHO MOJHAS TPYHIa, Jr60 MEHIMAIBHO MOJHAS HUIBIOIYTDYIIa, aubo A,
JI60 roMoMOpHEI 06pa3 Hoayrpynnsl I, i;.

CIIUCOK JIMTEPATYPBI

[1] MapteHos JI. M. IlonHOTA, PEnylUPOBAHHOCTD, IPUMAPHOCTE U YACTOTA A ailrebp: pesyibTaThl U
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[2] Uleepun JI. H. K Teopun snurpynm I, IT // Marem. c6., 185, 1994, N 8, 129-160; N 9, 153-176.
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HpIIIMI/ITI/IBHaSI HOPMAaAJIBHOCTB KJIaCCa OeJIMMBbIX IIOJINTOHOB

A. . KPACUIIKASY

[IprMuTHBHO HOPMAJIBHBIE TEOPHUX S-IIOJIMTOHOB U3y YaloTcs B paborax [1, 2|. B [1] naxa
XapakTepu3anus MOHOUIOB S TAKUX, UTO KJIACC BCEX S-TIOJMTOHOB TPUMUTUBHO HOPMAJIEH.
B [2] onuceiBaeTcst cTpoeHue S-TIONMUIOHOB ¢ IPUMUTUBHO HOPMAJIBHON Teopueil. B manHOI
paboTe MCCIEMYIOTCS MOHOUIbLI, HAH KOTOPBLIMU KJIACC IEIUMBIX S-TIOIMTOHOB ITPUMUTHABHO
HOPMAJIEH.

Hanomunm sHekoTopbie onpenernenus (cm. [2, 3]). Ilycts S monoum, T.e. momyrpynma c
enuuautein. Mououn S HasbIBaeTCS AuKelno ynopadouennvim, eciu MaOKeCTBO {Sa | a € S}
JINHENHO YTIOPSIOYEHO OTHOCUTENBHO C. DJeMeHT ¢ € S HA3bIBACTCS COKPAMUMbIM CNPABa,
eciIu M3 PaBEHCTBA ac = be CiemyeT paBeHCTBO a = b 1y mobbix a,b € S. Ilon (n1eBbiM) no-
Au20noM g A HAL MOHOUIOM S TIOHUMAETCsI MHOXKECTBO A, HA KOTOPOM OIPENEJIEHO NefCTBIe
SJIEMEHTOB U3 S, IpUUIeM eIUHUIA IeHCcTByeT Ha A ToxkmecTBeHHO. Kiacce Bcex S-mOTUroHOB
oboszuauaercs S— Act. Jleaumwviti S-noaueon — 310 S-TOTUTOH g A, YIOBIETBOPSIOIIIH Y CITO-
Buio cA = A mis 1:060ro COKpaTUMOro crpasa diiemenTa ¢ € S. Uepes S — Div 0o603HaUMM
KJIACC BCEX MEJIMMBIX S-TIOJIUTOHOB. 3aMeTuM, 9To Kiacc S — Div akcuomaTusupyem. Akcu-
OMATU3UPYEMBIN KJIAaCC ajareOp HA3bIBAETCS MPUMUTUBHO HOPMAJIBLHBIM, €CJIU TEOPUS STOTO
KJIaCCa TIPUMUTUBHO HOPMAJTHHA.

Teopema. /[ns moHOHIA S CremyroIne yCcJIOBUS SKBUBAJICHTHBL:

1) knacc S — Div OpuMUTHBHO HOpMAJIEH;

2) kimacc S — Act IpUMHUTUBHO HOPMAJIEH;

3) S — JIuHENHO yHnopsmOYeHHBIN MOHOUL.

CHUCOK JIMTEPATYPBHI
[1] Crenanosa A. A. [IpuMUTHBHO CBSI3HBIE AIAUTHUBHBIE Teopuu TOMUroHoB // Anre6pa m moruka, 2006,
T. 45, N 3, 300-313.
[2] Crenanosa A. A. ITonuroHsl ¢ HIPUMUTUBHO HOPMAaJILHBIMU U afQUTUBHLIMU TeopusiMu // AnreGpa u
soruka, 2008, T. 47, N 4, 491-508.
[3] Muxanes A. B., Opunnnauxosa E. B., ITamrorun E. A., Crenanosa A. A. TeopeTuko-MonenbHBIE CBORCTBA
perynsapHbix nonuronos // dyunaMenTanbHas u IpukiagHas Mmatemaruka, 2004, T. 10, N 4, 107-157.
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KiacTepubie asire6pbl n1 MHOTOowWIeH Jl>koHca

B. O. MAcnoBaA, B. K. KozinoB, P. K. CEPUKKAXKUEBA, M. T. ABIPA3ZAKOBA

Knacrepusre anre6psr 6bn BBeneHbl PoMuubiM 1 3eteBuHcKuM B 2002 romy B KOHTEK-
cTe OCHOBHBIX mojioxkeHuit Teopunu JIu. C Tex mop kjacTepHble ajareOpbl MPEeBPATUINCH B
COOCTBEHHYIO TEOPUIO CO CBSI3SIMU B PANEe MCCIENOBATENLCKIX 00JIacTel, BKIIOUas anreopy
JIu, Teoputo Uncen, IUHAMIYIECKIX CUCTEM, reoMeTpuio JIo6atueBcKoro, anrebpamdeckyro reo-
METPUIO U T...

B nammoit paboTe mccriemoBaHa CBsI3b MEXIY KIIACTEPHBIME ajirebpaMu U Teopuen y3-
70B. OCHOBOIOJTATAIOIIIM B DTOW CBS3U SBJISETCS UCIOIB30BAHIE HEIPEPBIBHBIX OpOOEN B
obenx obmacTsax. C KaxXION HEMPepPBIBHON MPOOBI0 MOXKHO CBS3aTh y3€T WM IBYXKOMIIO-
HEHTHYIO CBS3b, KOTOPas CTPOUTCS M3 IMOCJIENOBATEIHLHOCTH, COOTBETCTBYIOIIEN OITHOU 3a-
MICA HETPEPBIBHON ApoOu. 3HAUYUTENIbHAS YaCTh TEOPUU Y3JI0B CBS3aHA C WHBAPUAHTAMEI
y3710B u MHOTOuseHoM [[xkomca. KiacTepuble mepeMeHHBIE OCHOBBIBAIOTCS Ha MHOTOUJIEHAX
I>xoHCa MBYXMOCTOBBIX Y3JI0B.

JByXMOCTOBOM y3€7T OMHO3HAYHO OIPENeNIseTCs HENMpepPBhIBHON MOpobhioo. MuOTOUIEH
I>x0HCa TIOTHOCTHIO OMPENeIsIeMOll KJIACTEPHON IIEPEMEHHON, 1 9TO YCTAHABINBACT IPSIMYIO
CBSI3b MEXKITY TeOopHuell y37I0B U KJIaCcTepHBIMU ajrebpamu.

Takxe paccmoTpen npumep mHOrousneHa [lxonca ¢ 10 mepeceueHUsIMU, COOTBETCTBYIO-
I HETPEPBIBHOW Npobu 1 mpsMble (DOPMYIIBI IJIS TEPBBIX TPEX U MOCIEOHUX TPexX K03d-
PUIMEHTOB MHOTOYJIEHOB.

Ynusepcumem UTMO, Cawrkm-Ilemepbype
E-mail: victoria_95m@mail.ru
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CueTHO-HACHIIIIEHHbIE CyIEPpATOMHBIE OYyJIeBbI aJireOphl ¢ BbIOEJIEHHON IIJIOTHON
nogaJire6pol KOHEYHON IMPUHBI

1. E. ITAnbuyHOB, A. B. TPO®UMOB

B pabote mnccrenyercs knacc cynepaTOMHBIX OyJIeBBIX aareOp ¢ BBLIEIEHHON IJIOTHOM IIOII-
anre6poit koHeuHonl mmpunbl 1 (mamee K,). Hma n > 3 kmacc K, CONEPKUT KOHTHU-
HyYM Da3/IMIHBIX 57eMeHTapHBIX Teopuil [1]. B [1] mano onmcanue jOKanbHBIX U KOHETHO-
AKCIOMAaTU3UPYEMBIX aiareOp u3 kinacca K, 1, Kak CJIeNCTBUE, IOy YeHa 3JIeMEHTapHasl KJIac-
cudukarus anrebp u3 kiaacca K,.

M3BecTHO [2], uTO dreMeHTapHAs TEOPUS ATOMHOI OyJIEBOi aIre6phl UMeeT KaK IPOCTYIO,
TaK W CUYETHO-HACBHIIIEHHYIO Momeiau. B [3]| mokasaHo, 4TO mMeeTcs POBHO CUETHOE UHUCIIO
Pa3IUYIHBIX 3JIEMEHTAPHBIX TEOPUN CYIEPATOMHBIX OyJIEBBIX ajirebp ¢ OMHUM BBIIEIEHHBIM
uneasoM; B [4] mokasaHO, YTO SIIEMEHTapPHAs TeOPHs IGO0 CyIepaTOMHOIL GyJIeBO areOGphl
C OIIHUM BBIZIEJIEHHBIM UIEAJIOM UMeeT CUeTHO-HACBIIIIEHHYIO MOJIEIb 1, KaK CJIeICTBUE, IMeeT
IPOCTYIO Momesb. It Kiacca cymepaTOMHBIX Oy/IeBBIX ajareOp ¢ BBINETIEHHON MOMAITeOpoit
BOIIPOC CYIIIECTBOBAHUS TTPOCTHIX U CUETHO-HACHIIIIEHHBIX MOJIEJIEH SBIISETCS OTKPBITHIM.

Ounpenenenne 1 [1]. Ilomanre6pa B Gynepoit anre6psr 2 Ha3bIBAETCS N00a.A2e0pot
WUPUHBL N, €CTTA TIOM JTIOOBIM aTOMOM Tonare6pst B HalmeTcs He 6ojiee N aTOMOB AJIre6phbI
20, JexxaImx Mo HuM, 1 JII0001 aToM aareOpsl 2 JIeXKUT MO HEKOTOPBIM aTOMOM TOAIIreOpbI
B.

Ounpenenenne 2 [1]. ITonanre6pa B Gynesoit anreGpbl A HA3BIBACTCS NAOMHOU, €CIII
A = subgy (B, F(A)) — manmenbinas nopairebpa anre6psr 2, comepkarias B cebe momasire-
6py B u unean Ppeme F(A).

Teopema 1. /lmg xaxkmoro n > 3 cyliecTByeT KOHTHHYYM CyIIePATOMHBIX OyIEBBIX
ayreOp ¢ BBIOEJIEHHOH IJIOTHOH HOAAJreOpOI IIMUPHUHEBI 1, 3JIEMEHTAapHBIE TeOPUN KOTOPBIX
PAa3JIMYHBI U UMEIOT CUETHO-HACHIIIIEHHBIE MOMEJIH.

Teopema 2. /I jgrob6oro n > 3 cyIiecTByeT KOHTHHYYM CYIEePATOMHBIX OYJIEBBIX aJl-
rebp ¢ BBIOEJIEHHBIMY IIJIOTHBIMH HomaareOpaMyu KOHEUHOH HIMPUHBI, 3JIeMEeHTapHBIE TEOPUH
KOTOPBIX PAa3INIHBI I HE UMEIOT CUYeTHO-HACBIIIIEHHBIX MOIEIEH.

CIINCOK JIUTEPATYPHI

[1] HMambuyros . E. Tpopumor A. B. Komeuno-akcrmoMaTmsupyemble CylepaTOMHBIE OyJEBBI AJreGphl C
BBIIEJIEHHON INIOTHOI mopanre6poit koneunon mmpuusl // Cub. mareM. xKypH., 57:6, 2016, 1361-1375.

[2] Toruapos C. C. Cuernsle GyseBsl anrebpsr u paspemunmocts, Hosocubupcek, Hayka, 1996, 373 c.

[3] Hampuynos . E. O mepaspemmmocT Teopuii 6yieBbIX aiare6p ¢ BblAeleHHbIMEU uneanavmu // Anre6pa u
noruka, 25:3, 1986, 326—-346.

[4] Tanbuynos H.E. Teopun OyseBnix anre6p ¢ BBIIEIEHHBIME UAEAIIAME, HE NMEIOIINE IPOCTON Monenn [/
Tpyner Uacturyra Maremaruku, Tom 25, 1993, 104-132.
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O6oraiiieHus KaTeropuYHbLIX KBa3MMHOTroo6pa3uni

E. A. ITanroTud

Teopema. CyirecTByeT kaTeropudHoe KBa3uMHOr000pasne, KOTOPOe HeJIb3s 000raTUTh
[0 KaTerOpumIHON XOPHOBOH TEOpHUH, B KOTOPOU ObI ObLiIa onpenenMa OeCKOHedHas TPYIIIIA.

Pabora BoimosHeHna mpu duHAHCOBOU Tommep:xkkKe Poccuiickoro donna GyHIaMEHTAITb-
HBIX uccienoBanuit (mpoekt 17-01-00531-a), Komurera nHayku Mununcrepcrsa o6pa3oBaHust
n wayku Pecny6mukun Kasaxcran (rpant 0830/I'®4) u Cosera mo rpantam IIpesunenTta
Poccuiickoit Pemepariuy i1 roCyIapCTBEHHON TOMNEPIKKN BEMYIIMX HAYUHBIX IIIKOJI (IIPO-
ext HIII-6848.2016.1).

CIINCOK JIMNTEPATYPBI
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[2] Hamorun E. A. KaTeropuusble XopHOBBL Kiaccel, 1 // Anre6pa u soruka, 1980, T. 19, N 5, 582-614.

[3] Mamtorun E. A. Kareropuunbie XopHOBbI Kitacchl, 2 // Anre6pa u moruka, 2010, T. 49, N 6, 782-802.
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Pemterku orpannyeHHO 6a3upyeMbIX MOAMHOT000pa3uil NUCKPUMNHATOPHBIX
MHOTOoOOpa3un

A. T". ITunyc

[Tommuoroobpasme W muoroo6pasmust V' yHUBEpCATBLHBIX ajirebp HA30BEM 02DAHUUEHHO
basupyemvim B V', ecnmu W mias HEKOTOPOrO HATYPAIBLHOTO N AKCHOMATU3UPYEMO BHYTDPHI
V' HeKOTOpOl CUCTEMON TOXKIECTB 3ABUCSIINX JIUIIL OT IMEPEMEHHBIX T1, - - ,Ty. COBOKYII-

o rb
HOCTb OIPaHMYEHHO OasupyeMblx B V' mommHOroobpasuii obpasyeT pemeTky Lj’ oTHOCH-
TCEJIBHO TE€OPETUKO-MHOXKCCTBCHHOI'O BKJIFOUYCHUA. B O6HI€‘M CJlIy4dae peIIeTKa L"{}) MO22KET HE
SIBIISITHCSI TIOOPELIETKON perreTKn Ly Bcex momMHOroobpasmit MHoroobpasus V. Ims muc-
KPUMUHATOPHBIX Ke MHOroobpas3mit V' pererka L(}’ SIBIISIETCST TIONPEIIeTKON perneTku Ly
3a9aCTYIO MeHbIIIer YeM MOIIHOCTE Ly MorHocTu. [Ipm sToMm mmeer mecTo
rb

Teopema. /[lng moboro nucKpuMuHATOPHOrO MHOroobpasus V pemrerka Ly yHuUBEp-

CaJIbHO 9KBUBAJIEHTHA (B TEOPETUKO-MONEILHOM CMBICJIE) perreTke Ly .
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DJieMeHTHI petieTKN F-3aMKHYThIX KJIAaCCOB runepdyHKIUA paHra 2

JI. B. PaBEI

[ycts By = {0,1} u 252 — mmoxkecTBo Beex momvuoXKecTB Fy. OmpemenmM MHOXKECTBO
Hy; — vuOXecTBO Beex runepdyHKIUEM paHra 2:

H2,n = {f | ng — 22 \{@}}, Hy :UHQ,n-

Onpenesnerus cynepro3uuu runep@yHKIUNT 1 OepaTopa PA3BeTBIICHUSI IO IPEIUKATY
PaBEHCTBA VIS MHOXKECTBA TUNePOYHKINIA MOXHO [IOCMOTPETD, HAIIPIMED, B padoTe [2].

Onpenenum E-3ambikanune MHOXKecTBa () C Hy Kax MHOXECTBO BCeX T'UIepOYHKIUN U3
H,, xoTOpBIE MOXHO MOITYIUTH U3 MHOYKECTBA () C TIOMOIITHIO OIePAIlnil BBeIeHUST (DUK TUBHBIX
MIEPEMEHHBIX, OTOXIECTBIIEHUST IEPEMEHHBIX, CYTEPIIO3UIIAN U PA3BETBIICHUS IO TMPEINKATY
paBeHCTBA.

B [1] onucansr Bece E-3aMKHYTBIE KITACCH YACTUUHBIX OYJIeBBIX (DYHKIIWIL.

Teopema JIrobornt E-3amMkHYTHII Ki1acc runepdyrknuii u3 He FE-mopoxmaeTcs MHOXKe-
CTBOM BCeX CBOHX (DyHKIHII, 3aBUCIIIUX He bojiee 4eM OT ABYX MEePEMEHHBIX.

[Mycts runepdyukum g1, go, b1, ho 3aBucsaT He Gostlee yeM OT OByX mepeMeHHbIX. Ompe-
neauM ODOOIIIeHHBIN OIlepaTop pa3BeTBJIEHUs IO IPEeNUKaTy PaBEeHCTBA.

[Iycts (o, ag) — mBomunsbiit Habop. Ecmu hy(aq, az), he(ar, as) € Ea, 10O

g1(a1,a2), ecmm hy(aq,a2) = he(aq, asz),

flar, a2) =

g2(a1,i2), B IPOTHUBHOM Cirydae.
Ecnu hy (a1, az) = {0,1} wmm he(aq, as) = {0, 1}, o

floa, a2) = gi(a1, a2) U ga(ag, as).

Takxe ompenenmuM omepaTop OTPAHUIEHHON CYTIEPIIO3UITNN:

f(z1,22) = g1(h1(z1,72), ha(w1, 22)).

B oboux ciyuasx B kadecTBe hi, ho MOTYT BBICTYIATH CEJIEKTOPHBIE (DYHKITUN.
Teopema CymectByer He MeHee 78 F-3aMKHYTBIX KJIaCCOB ruriepdyHKIINI pAHTa 2.
Pabora Beimonuena npu gunancopoit nognep:xkke PODU, rpart 16-31-00209 mo_a.
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CokpaTumbie 3JIEMEHTHI PeIlleTK MHOrooOpa3muil SIMUrPyIIn

II. B. CKOKOB

Onuepynnoti Ha3BIBAETCS MOIYTPYIIa S, B KOTOPOU HEKOTOPAas CTEIeHb KaXIIOro HiIe-
MEHTA SIBIISIETCS 2PYNNOBbIM IAEMEHMOM, T.€. IPUHAIEKUT HEKOTOPOU Mmoarpymmie B S.
O6mmmpHyo uaGOpManuio 06 SIUrPYNIaX MOXKHO HAWTH, Hanpumep, B pabore [3]. Omn-
TPYIIIBI €ECTECTBEHHO PACCMATPUBATDB KaK YHAPHbIE NOAY2PYNNbL, T. €. TTOTYTPYIILL C ITOTOJ-
HUTELHON YHAPHOW Omeparueir. DTO MO3BOJISET, B YACTHOCTHU, TOBOPUTH O MHOTOOOpa3UIX
SIUTPYII KaK O MHOTOOOpAa3UsIX YHAPHBIX HOJIYTDYIII.

Mge1 mpomomkaeM u3ydeHUe CIennaibHBIX diteMeHToB B perreTke EPI Bcex MmHOr00Opa-
3uil SIUCPyII, HauaToe B paborax [1, 2, 5].

Omnement x perrerku L Ha3bIBaA€TCs

MOOYAIDHBIM, €CIIH VMy,z€ L) y<z—(xVy)ANz=(xAz)Vy,
COKPAMUMbIM, €CITH (Vy,z€ L) zVy=xzVz&rzANy=zNz—y=2.

JIerko 3aMeTuTh, YTO COKPATUMBIE 3JIEMEHTHI ABIISIOTCS MOnyasspHbiMu. HexoTopyio uudop-
Maluio O COKPaTUMBbIX I MOOYJ/IAPHBIX 3JICMCHTAX B a6CTpaKTHbIX pemeTKax MOXKHO HaﬁTH,
Hampumep, B [4].

Monynspubie snements! pemetku EPI pannee paccmarpusanuces B padore [5]. B uact-
HOCTHU, B HEN OBIJIO MOIyYeHO OMUCAHUE KOMMYTATUBHBIX MHOTOOODA3Ui SMUTPYIII, SIBIISIO-
mxcst MOmyJisipabiME diteMenTaMu B perretke EPI. CokpaTuMmbre s71eMeHTHI 9TOM peIeTKn
paHee He PACCMaTPUBAJIUCE.

Teopema. /l1sg KOMMYyTaTHBHOIO MHOIOOOpasus >murpymnn V Caemayrolue yCJIOBUS
SKBHUBAJIEHTHBI:

a) V — cokpatumsbri snemerT perterkun EPT;
6) V — monymnsapusri snement pemerku EPT;
B) V=MV N, rge M — sm6o TpusBuasbHOEe MHOr00O6pasue, 1u60 MHOroobpasue mo-
ayperrerox, a N — HEIBMHOroo6pasme, yIOBI€TBOPSIIOIIEe TOXAecTBaM 2y ~ 0
u Ty~ yYr.
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HucTtpubyTUBHBIE pEIIeTKN KOHTDY3HIIUN HaH IENbIo

A. A. CtennaHOBA, M. C. KA3AK

W3yyeHnio MOIUIOHOB C 3aJaHHLIMKU YCJIOBUSMU Ha, UX PEIIeTKU KOHIPYDHIINIA IIOCBSI-
IIIEHO 3HAYUTEIbHOE KOJIM4YecTBO pabor. B uwacTtHOCTH, YHApBI ¢ OUCTPUOYTUBHON, MOMY-
JIIPHON PeIIeTKON KOHTPYSHIINI, SBIISIONINECS [ETbI0, MOTHOCTEIO onucanbl B [1]. Pemrerkn
KOHTDYSHIIUIT HECBSI3HBIX MOJIMTOHOB HAI[ TIOJIyrpynnaMu usydensl B [2]. B paGore [3| mana
XapakTePUCTHUKA, IOJIUTIOHOB HAM HOJIYTPYIIIAMU IPABLIX WJIA JIEBLIX HYJIEH, MMEOLIIX IIC-
TpuOYyTUBHYIO PEIIeTKY KOHI'DYIHIINI.

[Iycts S — monoun. JleBeiM S-noauzonom (Wi mpocTo noau2onom) sA HA3BIBACTCSI
HEITyCTOe MHOXECTBO A, Ha KOTOPOM OIPENe/IeHO HeCTBIE MOHOHUIA S, MpUYeM eIuHuIa S
nenictByeT Ha A ToxknecrBenHo. Yepes Con(gA) 0603HAUNM DEIIETKY KOHI'DYSHIIUI [OJIH-
rona gA.

B mpusenennbix Himke teopemax (S; <) — JUHERHO YIOPSAOOYEHHOE MHOXKECTBO C M-
HUMAJIbHBIM 57ieMeHToM 1, (S;:) — MoHOMI oTHOCHTENBHO oneparuu ab = maz{a,b}, rme
a,bes.

Teopema 1. IlycTs S — JIHHEHHO YHIOPSIAOYEHHOE MHOXKECTBO C MUHUMAJIHGHBIM 3JIEMEH-
toM. Pemrerka xourpysuanuit Con(gA) nomurona g A jnuHernHa TOrga U TOJIBKO TOLAA, KOTIA
Al < 2.

Teopema 2. Ilycts S — BHoJiHe ymopsmodeHHOEe MHOXECTBO. Pelerka KOHIDYSHITHIT
Con(gA) momurona gA nuctpubyTUBHA TOrAa U TOJIBKO TOTLA, KOLIA

1) monuron g A He comepXKHUT 3-X KOMIIOHEHT CBS3HOCTH;

2) ecmm Say U Say; C A, s € S uSay NSay = Ssay N Ssay, 10 sa; = ra; mwim sas = ras
1 HekoToporo r € S, r < s.

Pa6ora nonnep:xxana PODU (rpant 17-01-00531).
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O 6eCIIOBTOprIX (I)YHKHI/ISIX aJ’IFeﬁpr JIOTUKHM B IIpensJieMEeHTapHbIX 6a3mcax

. K. ITAPAHXAEB
Bce Heonpenensiemble OHATHS MOYXKHO HANTU B [1, 2]. 3mecsh ymanaoch 06001 Th pe3yIbTaThl

u3 [2]. Oyuxumio f GymeMm HasbIBaThH n-wemeepdot, roe n > 2, ecau aubo rank f « 2, au6o
st 6ot © € p(f) BBIIONHAETCS OMHO U3 yCIIOBUIL:

(1) 6(f) = 6(f2) m o(f) S o(f2); (2) o(f) = 0(fz) m o(f) S o(f2);

(3) o(f) = g(;/”g) = §(fY), f € M, u cymecTBYyOT Y1,...,Yn_1 € p(f.) Takue, aTO
5(fl) < (# ; M KpOMe 3TOTO, €CJIU IJI BCeX CYIIECTBEHHBIX IMEPEMEHHBIX BhI-
8yl . 8yn—l

HOJNTHSETCsT TpeTbe ycsoBue, To rank f # 3(n+1)/2.

Oyuxnuio f 6yneMm Ha3bIBATH HACAEICTNEEHHO N-Hemeepdoti, eciu caMa, f I Bce ee ocTa-
TOYHBIC q)yHKHI/H/I SABJIAIOTCA N-HETBEPABIMNA.

Teopema 1. ®Pyuknus f 6ecnoBropHa B 6asuce By, = {—,V,-,0,1,z1 - ... -z, V Ty -

- Tp}, ome n > 3, TOrga M TOJIBKO TOTLa, KOLga OHA SIBJIAETCI HACHencTBeHHO (n — 1) -
Hemaeepadot.

dyuknuio f OymeMm Ha3bIBATBH N-Henaomuol, roe n > 3, ecau aubo rank f « 2, mubo s
0601t x € p(f) BBIIOIHIETCS OIHO U3 YCJIOBUIL:

(1) a(f) = o(f2) ma(f) S 6(f2); (2) 6(f) = o(fz) m (f) G 6(f2);

(3) 8(f) = 8(f0) = 3(f1) 1 CYMECTBYIOT Y1, yo1 € plfl) Taxme, wr0 6(f1)

< Ofz
0| =— = |; u xpome 3TOro:
82/1 . 8yn—l

— ecqu 11 110601 TiepeMeHHon u3 p( f) BBINOIHAETCS TPEThe yCIOBHUE, TO HEBEPHO, UTO
f € M, nna mobon x € p(f);

— cyuectByeT x1 € p(f) Takas, uro f € M, ;

— ecnm rank f = n + 1 u cymecrsyer nepemennast u3 p(f), mJist KOTOPOI BEPHO TPETHE
YCIIOBHE, TO 5TO yCIOBUE BBIMOJHIETCS IJIs BCeX mepeMeHHbix u3 p( f);

— eciu rank f = n 4 2 u cymecrByer nepemennas u3 p( f), st KOTOPOU BBIMOIHSIETCS
TpeThe ycroBne, To mirsa moboit y € p(f) Taxoit, aro 6(f) C 6(f,), rme a € {0, 1}, BeprO
5(F2) = 18] + 1w 6(F2) = x(f2).

Oyuxnuio f OymeM Ha3BIBATHL HACACICTNEEHHO N-HENAOMHOT, eciiu cama f 1 BCe ee 0CTa-
TOUHBbIE QYHKIUN ABIIAIOTCS N-HEIJIOTHBIMIU.

Teopema 2. @Pymknus f 6ecnoBropra B 6asuce Bs,, = {—,V,-,0,1,z1(z2 V 23 -
Tpn)V ToZ3 ...+ Ty, 0HE N > 4, TOrQA U TOJBKO TOTAA, KOTZA OHA SBIAETCS HACIEACTBEHHO
(n—1) - nensuommoi.
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JIByXxa351eMEeHTHBI YaCTUYHBINA rpynmouns 6e3 KoHeYHOro 6a3mca TOXIOEeCTB

M. C. IIEPEMET

Pacemorpum rpynmoun G u3 [1], B koTopom ymuOXKeHue Ha Maoxectse {0, 1, 2} 3amaercs
o mpaBmwiaMm 2 -x = 2, 1 -2 = 1, a octanbable Tpon3Benenns pasHel (. VI3BecTHO, 9YTO 3TOT
TPYHIION SIBJISIETCS. HAMMEHBIITIM II0 MOIITHOCTH IPIMEPOM aJIreOphl, He MMEIOIIIeN KOHETHOTO
Oa3uca TOXKIECTB.

B cBoem mokname MBI mOIycKaeM, IYTO OCHOBHBIE OMEPAIAU MOTYT OBITH OIMpEeNeseHbl He
BCIOZLY, a PABEHCTBO MHTEPIPETUPYETCs B ceMaHTuke KimHu: yacTuuHble QYHKIINN CUATa-
I0TCSI PABHBIMIE, €CJIM UX IpaduKu COBIANAOT (OYEBUIHO, UTO IJIS BCIOAY OMPENETIEHHBIX
byHKUu Takas WHTepPIPeTAIus PaBHOCUIbHA OOLIYHON). PaccMOTpuM YacTUYHBIN TDYII-
moun H, monmyuenublt u3 G orbpaceBanueMm siemenTa (0. B moxmambiBaemont pabore MbI
TIOKa3bIBaeM, YTO H HEe mMeeT KOHEUHOro 6a3mca TOXIECTB B ceMaHTuke KiauHu.

PaxTUIeCKn, MBI JOKa3bIBaeM, YTO TOXKIECTBa H pa3OMBAIOTCI HA NIBa HEIEPeceKaro-
mmxcst (pparMeHTa, OMWH U3 KOTOPBIX SIBISIETCsI OOMmM ¢ G U, COTJIACHO €r0 OIMCAHUIO,
HEsIBHO coepikalrieMycs B [1], He mMeeT KOHEYHOro Gasuca.

CIIMCOK JIMTEPATYPBI
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KourpysHui-xapaktepu3amnusa cjiabblXx MHOT0OOpa3uil YaCTUYHBIX ajirebp

M. C. IIEPEMET

B nokname paccMaTpuBalOTCs YaCTUUYHBIE ajIreOphl, & PABEHCTBO MHTEPIPETUPYETCS B
caboil ceMaHTUKe, T. €. COOTHOIIIEHNE P RS ¢ CUINTAETCs BBIOJTHEHHBIM TP OAHHOM O3Ha-
YNBAHWUW, €CJIU 3HAYEHUS IS P U ¢ COBIANAIOT, IPU YCIOBUU, ITO OoHHU ompenereHsl. Cra-
ObIM MHOTOOOpa3mneM HAa3BIBAETCS KJIaCcC YaCTUYHBIX aareOp, onpenereHHBIN CIabbIMU TO-
JKIECTBaAMI.

[Ipobnema xapakTepusaruu cabbIX MHOTOOOpa3uii MpUBIIEKAJIa BHIMAaHUE IO MEHBITIEH
Mepe ¢ Haudasia 1970-x romos — oM. [3, 4, 5]. Onzaxko, ommbouHOCTS [3] GbliIa OTMEUeHA
B (2], a B [4] u [5] perenune maBaIOCh IUIIL NPU [OTOIHATETHHBIX YCIOBUIAX HA AKCHOMBI.
CroxHOCTB TPOOIIEMBI 3aKITI0YAETCS B TOM, UTO BCE U3BECTHBIE ajireOpanviecKre OrnepaTopbl
He OTJINYalOT cjIabble TOXIEeCTBA OT UMIIMKAIIUI BUOA

€CJId 3HaYCHUudg TEepMOB U, U, ..., W OIpENeJI€eHbl, TO OJId U 1 U OHU COBIIaOAIOT.

B [1] naiimena anreGpamueckas xapakTepusalus CIabbIX MHOTOOOPA3UIl € MOMOIIBIO
ompenesieHnsl HOBOTO OllepaTopa CMEITaHHBIX IMpou3BeneHuir. T'eM He MeHee, OCTaBaJIOCh He-
SICHBIM, BO3MOYXHO JIM OXapaKTepPU30BaAThH clabble MHOTOOOpa3us B TEPMUHAX KOHTPYIHITAN
UJTH TEOPETUKO-KATETOPHBIX KOHCTPYKIUH (110 AHAJIOTUU CO CIIYYAeM BCIOMY OMPENEIEHHBIX
omeparuit). B mokmameiBaemoit paGoTe MbI IOKA3BIBAEM, UTO ClIabble MHOTOOOPA3Us NMEIOT
€CTECTBEHHYIO XapaKTEePU3AIINIO Yepe3 CBONCTBA PACIINPEHHBIX PEIIeTOK KOHT'DYIHIIIH, BBe-
NEeHHBIX B [6].
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O BJOXXeHuu CBOGOMHOW pelIeTKN paHra 3 B CBOGOAHYIO pPeIleTKY,
HOPOXIEHHYIO TPEMs BIIOJIHE IIPABOMOAYJISPHBIME 3JIEMEHTaMU

M. II. IIYOIIIAHOB

Onpenenenne 1. DyeMeHT a peméTKU L HA3BIBACTCS 4€60MO0YAIPHBIM, €CITI
Ve,yeL:x<y—zV(aAy)=(zVa)Ay.

HGFKO BUOeTb, 94TO CBOWCTBO JIEBOMOOYJ/IAPHOCTU Ca.MOHBOfICTBeHHO.
Omnpenesernne 2. DjIeMeHT a PEIIETKU L HA3BIBACTCI NPGEOMOOYAIPHbIM, €CITI

Ve,yeL:x<a—zV(yAa)=(xVy)Aa.

JBOMCTBEHHO ONPENEISIeTCs KOMTPABOMOMYJIISIPHBIN DJIEMEHT.

s xpaTKOCTU yOOOHO MCIIOJIB30BATH

OnpenesteHue 3. DJieMEHT PEIIETKU HA3BIBAETCS 6N0AHE NPABOMOYAIPHbIM, €CITU OH
IIPaBOMOLYJISIPEH U KOIIPABOMOIYJISIPEH OMHOBPEMEHHO.

B [1] nokazano, uTo cBOGOMHAS PEIIETKA, TTOPOKASHHAS TPEMSI JIEBOMOILYIIAPHBIME HIle-
MeHTaMU U30MOpGhHa CBOGOMHON MOMYJISIPHOM pernéTke panra 3. B [2] naiineHsr Bce TPONKH
MIOPOXKIAIOIINX 3AJIEMEHTOB, O0JIAIAIOIINX ONPENeIEHHBIMI BBIIIE CBOMCTBAMU WM UX KOM-
OMHAIMSIMHU, OJIsI KOTOPBIX CBOOOMHAsS pelIéTKa, MOPOXKAEHHAS TAKONU TPONKOM, TakykKe U30-
MopdHa cBOOOMHON MOMYJISPHON pemIéTke paHra 3. B wacTHOCcTH, moOKa3zaHa HEOOXOOUMOCThH
IUJISE TOTO XOTsI ObI OMHOTO JIEBOMOMYJISIPHOTO 3JIeMeHTa cpenn nopoxmaormx. OmHako Bo-
IIPOC O TOM, HACKOJIBKO CBOOOIHBIE PEIIETKN, TOPOXKIEHHBIE TPOUKON 6e3 JIEBOMY MY ISIPHBIX
9JIEMEHTOB, MOT'YT OKa3aThbCs “HATEKUMU’ OT 3-TOPOXKIEHHBIX MOMYJISIPHBIX PEHIETOK, TaM
He 00CyXKOaeTCs.

Hoka3zana cremyroras

Teopema. Cpobomnas permérka, MOpoXKAEHHAS TPEMs BIIOJIHE MIPABOMOLYIIAPHBIMU JJTE-
MEHTaMU, CONEPXKUT B KaUdeCTBE MOAPENIETKH CBOOOMHYIO PEHIETKY PaHTa 3.
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06 w-HezaBuUCUMBIX 6a3zmcax KBa3uTOXOeCTB

A. B. SIKOBIEB

Kimace K HasbiBaeTcs K6a3ummo02000pa3uem, €eCIu OH SBIISIETCS KJIACCOM MOMENeH I
HEKOTOPOTO MHOXKecTBa KBa3uToxmecTB ®. MuoxectBo ® HasbiBaeTCs 6a3uCOM KBAa3UTO-
xnectB miis K. Basuc ® mHasbiBaeTcs we3asucumbvim, eciau mis jaoboro ¢ € ¢ cyiectByeT
crucTeMa, Ha KOTOPOI NCTUHHBL Bee KBasuToxkaecTsa u3 @\ {¢}, a kBa3suToxnecTBo ¢ JI0KHO.
Basuc ¢ masbiBaeTcCs w-He3a6UCUMBIM, €CITH CylecTByeT pasbmerne ® = | J, . ®, Taxoe,
uTO A8 jroboro n € N cyiecTByeT cucTeMa, Ha KOTOPOU MCTUHHBI BCe KBA3UTOXKIECTBA U3
@\ &, HO JTOKHO HEKOTOPOE KBAZUTOKACCTBO U3 P, .

B nokmame 6ymyT paccMOTpEHBI PEIeTKH KBasuMHOrooOpasmii. [lokazaHo, uTo cpemun
KBasuMHOroo6pasuii 'V (HeopumeHTHpOBaHHBIX) rpadoB (6e3 meresns), He UMEIOIIUX He3a-
BUCUMOTO 6a3mca KBa3UTOXKIECTB, €CTh 2 KBa3WMHOIO0OOPa3nil, MMEIOIINX W-He3aBUCUMbIN
6a3mc KBa3UTOXIECTB. Pe3ynbTaT Tak:Ke YCTAHOBIECH I KBA3MMHOTOOOPa3us OPUEHTUPO-
BaHHBIX I'padoOB, MHOTOOOpA3Wl YHAPOB U TOUYEUHBIX abe/IeBhIX I'DYIIL.
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On groupoids of relations

D. A. BREDIKHIN

A set of binary relations closed with respect to some collection of operations on relations
forms an algebra that is called an algebra of relations. For any set €2 of operations on binary
relations, let R{Q2} denote the class of all algebras isomorphic to ones whose elements are
binary relations and whose operations are members of 2.

One of the most important classes of operations on relations is the class of primitive-
positive operations [1] (in other terminology — Diophantine operations [2, 3]). An operation
on relations is called primitive positive, if it can be defined by a formula containing in its
prenex normal form only existential quantifiers and conjunctions. Equational and quasiequa-
tional theories of algebras of relations with primitive positive operations are described in
[2].

We we will consider algebras of relations with one binary operation, i.e., groupoids of
relations. The motivation of these investigations and some results can be found in [4, 5].

Let as focus our attention on the following * binary primitive-positive operation:

pxo={(u,v) €U xU: (u,v) € pA(v,u) € g},
where p and o are relations on U.
Note that p* 0 = pNo~! where ~! is the operation of relation inverse. It follows that
this type groupoids of this type can be considered as generalized reducts of Tarski’s relation
algebras [6].

Theorem. The class R{x} forms a variety. A groupoid (A,-) belongs to the variety
R{x} if and only if it satisfies the identities:
(1) (zy)(yz) =zy, (2) (zy)z = (zy)(zx), (3) x(yz) = (wy)(y2),
(4) (zy)z = (z2)y, (5)x(yz) ==2(yx), (6) (x(yz))t = x(t(zy)),
(7) (wy)(2t) = (x2)(yt), (8) (wy)(2t) = (t2)(yx).
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Universal equivalence of linear groups

E. I. BunINA, G. A. KALEEVA

A. I. Maltsev was the first to study logical properties of linear groups over fields. In
1961 he proved that the groups G, (K) and G,,(L) (G = GL, SL, PGL, PSL; K, L are fields
of characteristic 0) are elementary equivalent if and only if m = n and the fields K and L
are elementary equivalent.

In the present paper we also consider logical properties of linear groups, namely universal
equivalence.

Definition 1. A formula ¢ of the signature X is called universal if it has the following
normal form

Vay .. Veu(xy, ..., x,),
where ¥(x1,...,z,) does not have quantifiers.

Definition 2. Two algebraical systems 2l and ®B of the signature Y. are called universally
equivalent if for every universal formula ¢ of the signature . the following condition holds:

AFEp =By

The following criteria of universal equivalence for linear groups similar to Maltsev’s one
are true.

Theorem 1. Let K and L be infinite fields. The groups G, (K) and G,,(L) (G =
GL, SL) are universally equivalent iff n = m and the fields K and L are universally equiva-
lent.

Theorem 2. Let Ry and Ry be commutative local rings with 1/2. The groups G,,(R)
and G, (Rz2) (G = GL,SL,n,m > 3) are universally equivalent iff n = m and the rings R,
and Ry are universally equivalent.

Lomomnosov Moscow State University, Moscow
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The complexity of the subsemigroup lattices of elementary theories

S. M. LuTsak, M. V. SCHWIDEFSKY

We study the complexity of the structure of the subsemigroup lattice Sub(7xk) of the
semigroup of elementary theories of the class K of algebraic structures of a signature o. Let
K(o) denote the class of all algebraic structures of a signature o. Let K C K(o) be closed
with respect to direct products and let A = {Apr | F' € Ppin(w)} € K. We consider the
following properties:

(To) Ag is a trivial structure;

(Ty) if Ap = Ag then F = G for any F, G € Pyip(w);

(T2) Ar x Ag = Arpug for any F, G € P (w);

(T5) Ar X Ag = Apng for any F, G € Py (w).

Definition 1. If A = {Ap | F € Pfin(w)} C K satisfies (Ty)-(T1) and (T2) then A is
Tk-class. It A = {Ap | F € Py (w)} C K satisfies (Ty)-(T1) and (T%) then A is Tk-class.

Definition 2. For algebraic structures A, B € K let Th(A) «* Th(B) = Th(A x B). The
algebra Tk = ({Th(A) | A € K}, *) is a commutative semigroup with unit. We name it the
semigroup of elementary theories of the class K.

Theorem. Let K C K(o) be closed with respect to direct products, and A = {Ap |
F € Ppin(w)} € K be Tk-class or Ty -class, then the lattice [[, ., Sub(B,) is embedded
in the lattice Sub(Tk). In particular, the lattice Sub(Tk) contains a sublattice which is
isomorphic to the ideal lattice of a free lattice of countable rank, and it is (Q-universal.

Corollary 1. For a signature o let one of the following cases take place:

(1) o contains at least one functional symbol;

(2) o contains at least one at least binary relation symbol;

(3) o is at least countable.

Then the lattice Sub(Tk (,)) contains a sublattice which is isomorphic to the ideal lattice
of a free lattice of countable rank, and it is (Q-universal.

Corollary 2. Let K is one of the following classes of algebraic structures:

(1) the variety of all unars;

(2) the quasivariety of all [directed] graphs;

(3) the variety of all Abelian groups;

(4) the variety of all differential groupoids;

(5) the variety of all commutative rings with unit;

(6) the variety of MV -algebras;

(7) the variety of modular lattices.

Then the lattice Sub(Tk) contains a sublattice which is isomorphic to the ideal lattice
of a free lattice of countable rank, and it is (Q-universal.
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On generative subclasses of generative classes and their spectra

S. V. SUDOPLATOV

We consider variations for generic structures [1] and their theories generated by gen-
erative subclasses of a generative class (Dg; <) with respect to the following three spectral
characteristics:

1) the cardinality gssg,-Sp(Dg; <) of the set of isomorphism types of all finite (Dg; <')-
generic structures M, where (D{;<’) is a conservative generative subclass of (Dg; <), i.e.,
the cardinality of the set of all theories Th(M) of the structures M;

2) the cardinality gss;,-Sp(Dyg; <) of the set of isomorphism types of all infinite (Dj; <’)-
generic structures M, where (D{; <) is a conservative generative subclass of (Dg; <);

3) the cardinality egss;, ;-Sp(Dy; <) of the set of theories for isomorphism types of infinite
structures above.

We have the following triplet of characteristics for the generative class (Dg; <):

(A1, A2, Az) = (gssq,-Sp(Do; <), egss;-Sp(Do; <), g58i,s-Sp(Do; X))

with A2 < A3 and A3 = 0 if Ao = 0. This triplet is denoted by c3(Dg; <).

Theorem. Assuming the continuum hypothesis, for any self-sufficient generative class
(Dy; <) with countably many generating diagrams, the triplet c3(Dg; <) = (A1, A2, A3) is
exhausted by the following possibilities: (n,0,0), n € w \ {0}; (A1, A2, A3), A1 € w + 1,
A2, A3 € (w\ {0}) U{w,2¥}, Ao < A3. All described triplets are realizable.

Corollary. In the hypothesis of Theorem, if diagrams in (Dg; <) are complete then
c3(Do; <) = (A1, A2, A3) is exhausted by the following possibilities: (1,0,0), (0,1, A3), A\g €
(w\{0}) U{w,2¥}. All described triplets are realizable.

As shown in [2, 3], there are generative classes (Dg; <), in uncountable languages,
without generic structures. It implies the possibility c5(Dg; <) = (0,0, 0).

The research was partially supported by the Grants Council (under RF President) for
State Aid of Leading Scientific Schools (Grant NSh-6848.2016.1), by Russian Foundation for
Basic Researches (Grant No. 17-01-00531), and by Committee of Science in Education and
Science Ministry of the Republic of Kazakhstan (Grant No. 0830/GF4).
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On free commutative n-tuple semigroups

A. V. ZHUCHOK

A nonempty set G equipped with n binary operations ,, ...,, satisfying the
axioms (2] r|y)[s]z = a[r](y[s]z) for all z,y,z € G and r,s € {1,2,...,n}, is called an n-
tuple semigroup [1]. In [2], examples of n-tuple semigroups are given, the independence of
axioms of an n-tuple semigroup is established and free n-tuple semigroups are constructed.
An n-tuple semigroup will be called commutative if every its operation is commutative.
The class of all commutative n-tuple semigroups forms a subvariety of the variety of n-
tuple semigroups. An n-tuple semigroup which is free in the variety of commutative n-tuple
semigroups will be called a free commutative n-tuple semigroup. If p is a congruence on an
n-tuple semigroup G’ such that G’ /p is a commutative n-tuple semigroup, we say that p is
a commutative congruence.

As usual, N denotes the set of all positive integers. Let X be an arbitrary nonempty
set and w an arbitrary word in the alphabet X. The length of w will be denoted by [,. By
definition, the length of the empty word is equal to 0. Fix n € N and let Y = {y1,vy2, ..., Yn}
be an arbitrary set consisting of n elements. Let further F*[X]| be the free commutative
semigroup on X, F?[Y] the free commutative monoid on Y and 6 € F?[Y] the empty word.

Define n binary operations,, wo[n] on XY,y = {(w,u) € F*[X]xF/[Y]|l,—1, =1}

by
(wlaul)(w27u2) = (wiwsa, u1y;us)
for all (w1, u1), (we,us) € XY(,) and i € {1,2,...,n}. The algebra

(X)f(n)aaa'“?)
will be denoted by FC,,S(X).

Theorem 1. F'C,,S(X) is the free commutative n-tuple semigroup.

Proposition 1. For any 1i,j € {1,2,....n} the semigroups (XY(n),) and
(XY, ) are isomorphic.

Denote by 3[X] the symmetric group on X and by Aut G’ the automorphism group of
an n-tuple semigroup G .

Proposition 2. Aut FC,S(X) = J[X].

We also consider separately one-generated free commutative n-tuple semigroups and
describe the least commutative congruence on a free n-tuple semigroup.
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On free idempotent abelian dimonoids

YUu. V. ZHUCHOK

A nonempty set D with two binary associative operations - and  is called a dimonoid
[1] if for all z,y,z € D the following conditions hold:

(xy)Hz = x-(yk2),
(xky)Hz = aH(yHz2),
(xy)Fz = - (yk2).

An idempotent semigroup S is called a left (respectively, right) normal band if axy = ayx
(respectively, zya = yza) for all a,z,y € S. A dimonoid (D, -, ) is called a (In,rn)-diband
[2] if (D, ) is a left normal band and (D, ) is a right normal band.

Let X be a nonempty set and F'S(X) the free semilattice of all nonempty finite subsets
of X with respect to the operation of the set theoretical union. Define two binary operations

4 and F on the set {(a,A) € X x F'S(X)|a € A} as follows:

(z,A) A (y, B) = (z, AU B),
(v,

(z,A) = (y,B) = (y, AU B).
According to [2] this algebra is the free (In,rn)-diband and it is denoted by By, . (X).

A dimonoid (D, ,F) is called abelian if x 4y = y F x for all z,y € D. For example,
any left zero and right zero dimonoid [2] is abelian. Free abelian dimonoids were described
in [3].

The following theorem gives necessary and sufficient conditions under which an arbitrary
dimonoid is an abelian diband.

Theorem 1. A dimonoid (D,,t) is idempotent abelian if and only if (D,H,F) is a
(In, rn)-diband.

From here we immediately obtain

Corollary 1. The variety of idempotent abelian dimonoids coincides with the variety
of (In,rn)-dibands and By, ,.(X) is the free idempotent abelian dimonoid.
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O umxuen onenke uncsa nojHbIX mo II. C. HoBukoBy paciimpeHuil JIOTuKmn
I'a66ass — me Monra B s3bIKe C OMHOU MONOJIHUTEJILHON KOHCTAHTOU

A. K. KOmEEBA, E. B. BOPOHUNXUHA

JTozuxoti Ta66as — de Howea ¢ umdexcom semesenud n HA3BIBACTCS CH-JOTHKA, Xa-

pakTepusyeMasl KJIaCCOM KOHEUHBIX IePEBLEB C BETBJIEHUEM 7, B KaXKIOU HEMAaKCUMAaJIbLHOI
n n

rouke: T, = Int+ A ((pi = V p;j) = Vpj)— Vpi (n>1)][1].
i=0 j#i j#i i=0

[Tycts F'm — MHOXecTBO (HOPMYJI CTAaHOAPTHOIO IIPOMO3UIINOHAIBHOTO st3bika. (Obora-
THUM S3BIK JIOMOTHATETHHON JIOTTIECKON KOHCTAHTOU Q.

P-A02UKOT HA3BIBAETCSI MHOXKEeCTBO L GOPMYJT PACIIIPEHHOTO S3bIKa, BKIIIOUatoree Int
7 3aMKHYTOE OTHOCUTE/IHLHO MpaBuiI modus ponens u MOICTAHOBKU.

p-noruka L HaswBaeTcs noanbim no II.C. Hosuxosy pacwupenuem moruku L, ecrm L
KoHCepBaTUBHA Ham L u mis moboit dopmynst A € Fm(yp) \ L, p-noruka £ + A Hexoncep-
BaTuBHA HaI L.

B pa6ore [2] nano ncuepibiBaroliee onucanue ceMeiicTBa Beex MoHbx 1o HoBukosy pac-
IIUPEHUN KaXIO 13 MPEeTabInIHbIX CU-JIOTUK B SI3bIKE C HECKOJIBKUMU JOIOTHUTEIbHBIMI
koHcTanTamu (s L3 momoGHOe onucaHme MaHO I CIIydas OMHON KOHCTAHTHI).

OcHoBHas 11eJTb 5TOI pabOTHl — M3yUYEHNE CeMENCTBA MAKCUMAJIBHBIX KOHCEPBATUBHBIX
uan 1, @-oruk (st Kaxmoro n > 2).

B kxauecTBe mepBoOTO I1ara K OMUCAHUIO 3TOTO CEMENCTBA MIPENTOIaraeTCs OIEHNTh CHUA3Y
ero MOIITHOCTH 71 Kaxnoro n > 2 (mpu n = 1 nomyuaercs uzsecTHas jgoruka ammera).

Teopema. CymgecTByeT cyeTHOe UHCJIO KOHCEPBATUBHBIX pacIIupeHui joruku I ab-
6ass — ne Honra ¢ BeTBieHIEM 2 B S3bIKE C OQHOI JOIOJHITEILHON KOHCTAHTOLL.

Pacrmupenust cTposiTCst TaK Ha3BIBAEMBIM MEMOJOM HAPOCMOE. DTOT METOM pa3paboTaH
A. 0. dmuaeiM o1t mocTpoeHus MoaHbIX 110 HoBukoBy pacinupenuit Int B s3bIKe C HOMOJI-
HUTEJILHBIMI KOHCTaHTaMu [3].
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0] IIapamMoayJIAIMOHHOM paClIpeHn MeToOda 3JIMMHWHAIINN MOI[GJIEﬁ

A. B. JIINEUKUN

[Ipenmaraercs (KOPPEKTHOE U IOJIHOE) HAPAMOLYJIAIMOHHOE PACIIMDEHNEe METONA DJIN-
MUHAIIN MOEJIeNl B €r0 OPUTMHAIBHON (HOPMYINPOBKe, KOTOpBI 6bu1 npemtoxes J1.B. Jla-
BIEHIOM B [1] mist momcka OMpPOBEPIKEHUS B KIIACCUYECKON JIOTMKE [IEPBOrO IOpsinka 6e3
pasercTBa. HamoMHIM, 9TO METON SIMMUHAIINN MOIEJIE CONEPKUT [Ba MPABIIIA BHIBOIA —
[PABIJIO BXOMHOI Pe30JIIonuy u npasmio penykiun (cM. [1] uiau [2]) u omepupyer ymopsimo-
YEHHBIMU [N3BIOHKTAMI, CONEPKAIINME TaK Ha3bIBA€Mble OODAMIICHHBIE JINTEPHI, KOTOPHIE
HecyT MH(OPMALUIO O TOM, KAKWe JINTePHI OB 3a[eliCTBOBAHBI B IIPUMEHEHUSX IIPABUIIA
BXOJIHOl DPE30JIIOIMN, ¥ KOTOPBIE HE TOJIBKO MOTYT, HO B OOLIEM Cilydae, VI 0OeCIIeUCHII
HOJTHOTHI METOMA SIIMMIHAIINN MOIETIEN, HOJKHBI yIaCTBOBATH B IPUMEHEHUIX [IPABUIIA Pe-
IYKIIUH.

[Ipensaraemoe paciupeHre COOEP:KUT HAPSILY C IPABUIAMUI BXOMHOI PE3OJIIOUUE 1 Pe-
IDYKIUY €I[¢ TPH IPABUIIA ITAPAMOYJIIIOHHOIO THIA: OTHO OCYIIECTBIISIET ITAPAMOILY IO
U3 JINTEPhl PABEHCTBA BBIGPAHHOIO BXOMHOTO NMU3BIOHKTA B KPANHIOK CIPaBa JINTEPY TaK
HA3BIBAEMOTO [IEHTPAJIBHOIO MU3BIOHKTA, BTOPOE — HapaMOIyJIAIII0 13 KpaiHel cipasa (He-
06paMIIEHHOI ) JTUTEPHI PABEHCTBA [EHTPAJIBHOIO QU3BIOHKTA B JIIO0YIO JIUTEPY BHIODAHHOIO
BXOIHOTO IU3BIOHKTA U TPEThe — IapaMOMYJIAIUI0 U3 OOPAMIIEHHOI JINTEPHI PABEHCTBA
[IEHTPAJILHOIO AW3BIOHKTA, IPAaBee KOTOPOl B 5TOM AU3BIOHKTE HEOOPAMIICHHON SIBIISIETCSI
TOJIBKO €r0 KpalHssl CIpaBa JINTepa, B 9Ty KPANHIOK CIpaBa HEOODAMIICHHYIO JINTEDY.

Teopema. Ilycts S — HCXOZHOE KOHEYHOE MHOXKECTBO YIOPSIOYEHHBIX HU3BHIOHKTOB,
T = T — eAUHWYHBIN AU3BIOHKT, IPENCTABIIAIOUNE akcuoMy pediekcuBHocTa, u F(S) —
MHOKECTBO BCEX aKCHOM (QyHKIHOHAIBHON peduekcusHocTy it S. Ecom D € Su S \ {D}
ects E-BBIIOIHIMOE MHOXKECTBO, TO MHOXECTBO S E-HEBBIIOJIHUMO TOrga U TOJIBKO TOTAA,
KOIZja B IIPEAJIOKEHHOM ITAPAMOLYJISALUOHHOM DACIINPEHUN METONa STIHMUHALMH MOIEICH
CyILLeCTBYeT BBIBOZ IIyCTOI'O QU3BIOHKTa 3 MHOXecTtBa S U{x =z} U F(S) ¢ D B xauecrBe
HAYAaJIbHOI'O IEHTPAJIBHOIO JU3BIOHKTA.

3amMeTuM, YTO MOXKHO IIOCTPOUTD IIPUMED, TOKA3BIBAIOLIINI HEOOXOAUMOCTD ICIIOIb30Ba-
HUSI B OOLIIEM CIIydae aKCHOM (DYHKIMOHAIILHON PeIIeKCUBHOCTY 711 O0ECIIEYEHNUS IOTHOTHI
IIPEIJIOKEHHOTO TAPAMOLYIISIIINOHHOTO PACIIINPEHNS.
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O6 ssieMeHTapPHON 3KBUBAJIEHTHOCTU MOMOeJIel MOMAJILHOM JIOTUKU

C. C. MAT'A30B

Bompocsr, kacarormecs: BEIpa3uTeILHON CIIOCOOHOCTH I3bIKa, MOOAILHON JIOTUKU, CTAJIN PAC-
cmaTpuBaThes ¢ 1971. B wacTHOCTH OBITM M3y YeHBI BOIIPOCHI, KACAIOIINECS TPaHChHOpMAIIAI
Momenun Kpumke, coxpaHSOIMe MCTUHHOCTL (GopMmysn. PaccMmoTpum criocob ompemereHus
SJIEMEHTAPHON SKBUBAJICHTHOCTHU MOJIEJIEN ¢ TTOMOIIIBIO CIIEITUAIBHO OMPENeSIEHHON (0-UTPHI.

[Iycts manwr nBe momenu Kpunke @1, o, hopmyia MOOaIbHONW JIOTUKHI (0 U COCTOSIHUS
s1 € ®1u s € Py. B p-uepy urparoT urpok u P-urpok. B mporecce urpbl OHI HOMKUCHIBAIOT K
MeTKaM BePIINHBI CHHTAKCUIECKOTO JIEPEBA ( Mapbl COCTOSHUN S1, So. llom cuHTakcnmaeckmm
TIEPEBOM TIONIPA3yMEBAETCS IEPEBO CHHTAKCUIECKOTO paszbopa dopmynsl. B pesynbraTre urpsr
MIOJTYYUTCSI Pa3MEUEHHOE JIEPEBO.

Jlemma 1. Eciau {)-urpok mmeeT BBIUTDBIIIHYI CTPATErHI0 B p-uUrpe Ha Momeaix P,
Dy, Torna ©1p u Pyp.

Jlemmvma 2. Ecau momenn ®1, ©9 smeMeHTapHO 5KBHBAJICHTHEI, TO {y-UI'POK HMEET BEI-
HUTPBIIIHYIO CTPATEeruio B p-Urpe OJIsd JIF0O0H .
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PacnosnaBaHue cBOIMCTB MCYNUCJIEHUI 110 IIpaBMJIaM BBbIBOOA

JI. JI. MAKcuMOBA, B. ®. FOH

Pabora mocssiiena mpobileMaM CUIBHON Pa3peIrrmMOCTH U CUJTBHOW Y3HABAEMOCTHU HAJT
MIHIMAJIBHO jtorukoit J Moxancona [1]. CemeiicTBO JTOTUK, comep:Kammx J, HA3BIBAETCS
CUABHO PA3PEUWUMBIM Ha0 J, eCITH CYIIIeCTBYEeT aJITOPUTM, TTO3BOJISIOIINN 0 JTIOO0N KOHETHOI
cucteme Rul cxem akCmoM U TPABUJT BBIBOMA YCTAHOBUTD, IPUHAJICIKUAT JI DTOMY CEMEUCTBY
JIOTUKa ¢ akcmoMamu u npasuiamu J + Rul.

Hoka3zaHo, YTO HEKOTOPBIE BaxKHBIE CEMENCTBA JIOTUK CUJIBHO Pa3peInMbl Ham J:

Teopema 1. Crenyrorrue ceMericTBa JOTUK CAIBHO Pa3peIIuaMbl HAT J:

(1) cemericTBO HETPUBHAIBLHBIX JIOTUK,
(2) cemericTBO HEraTUBHBIX JIOTUK,
(3) cemericta pacmmpenusi goruk JK, KC, Gl, LC, NC.

B [2] 6Bu10 mokazano, uro mpobrema Bikiaodenus B LC cuibHO paspemmma Han Int,
T.e. CYIIIECTBYET aJITOPUTM s poBepku cooTHorenus Int + Rul < LC. B sroit pabote
IIOKa3aHa

Teopema 2.

(1) IIpo6mema Brmrouenus B LC cunbHO paspemmva Haz J.
(2) IIpobmema Brmrouenus B NC cumpHO paspemuma Ham Neg.

Koneuno akcuomaTu3upyemyto JTOTuKy L HA30BEM Cu.ibhO yY3Ha8aemolU Had J, ecu mjs
0007 KOHEUHOM cucTeMbl Rul cxem akcmoMm u MpaBWJI BBIBOOA MOXKHO 3()HEKTUBHO IIPOBe-
puTh paBerctBo J + Rul = L.

Popmyna A cuabro passuuuma Had J, €CIu CyIeCTBYeT aJrOpPUTM, KOTOPBIN 110 JTF000M
KOHeUHOI cucTteme Rul cxeM akCHMOM U TPAaBUJI BBIBOMNA yCTAHABIUBAET, sBisieTcs jau A
Teopemoit J + Rul.

HokazaHo, 9TO U3 Pa3penImMOCTH JIOTUKHU IO JOIYCTUMOCTHU TPABUII BBIBONA U CUIILHON
Pa3IMYNMOCTH €e aKCHOMBI CIIeqyeT CUJIbHAs y3HaBaeMOCTb. [lokasaHa CUIbHAs y3HaBae-
MOCTB HaJ J HEKOTOPBIX M3BECTHBIX JIOTUK, a Takxke Bcex pacmmpernit LC u NC:

Teopema 3. Crenyrommme jgoruku cuinbHO y3HaBaembl Han J: For, J, Neg, Gl, KC, LC
u Bce ee paciuupenusd, NC 1 Bce ee pacCIInpeHus.
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(@) HEKOTOPBbIX paClIIPEeHUnAX JIOTUKHA HaMMeTa

A. II. dmnH, A. I'. MAKAPOB

N3yuatorcs pacimpenns CyepuHTYUIUOHUCTKON woeukyu Jammema (= LC [1]) B s3bike,
comepIKarlreM, IOMIMO CTAHOAPTHBIX CBA30K A, V, —, =1, <>, IOMOJTHATEIBLHY IO OMHOMECTHYIO
cBa3Ky (+); moHsiTHE HOPMYIIBI COOTBETCTBEHHO PACIIUPSIETCSL.

p-Jloeuroti HazbIBAETCS MHOKECTBO L (HOPMYJIT PACIITUPEHHOTO A3BIKA, BKIIIOUAOIIEe NH-
TYUIMOHUCTCKYIO MTPOMO3UITNOHAIBHYTO JIOTUKY Int, 3aMKHY TO€ OTHOCUTETHHO TPABHIT MOLYC
TIOHEHC U MIOACTAHOBKY, U comepxkaitiee opmyiy (p <+ q) — (o(p) > ¢(q)) (axcuoma 3amens
dag ¢). p-Jloruka L masbiBaeTcs koncepsamuenot nad LC, ecou ngist moboit hopmynsr B,
He comepxkarreinr ¢, u3 B € L caenyer B € LC.

Cssi3ka ¢ MHTEepHpeTupyeTcs B Momesisax Kpumke kak uppedaexcusnad modaibvHocmuy:

zlkp(A) =Vy > z(y - A).

PaccmaTpuBaeM 6ecKOHEUHBIE e BUOA W+N 1 A+n (306Ch W 1 A — MOPSIIKOBBIE THUIIHI
MHOXKECTBa HATYPAJIBHBIX UNCENI, I MHOXECTBA HEOTPUIATEIbHBIX NeNCTBUTEIbHBIX YNCET
COOTBETCTBEHHO, N — HATYPAIBHOE UUCIIO), CHAGXKEHHBIE NPPEeDIEKCUBHON MOTAIBHOCTHIO,
I HopoXKIaeMble uMu @-jgoruku L(a + n).

Teopema. Kaxmas n3 ykazaHHBIX (p-JIOTHK CONEPXKAT aKCHOMY 3aMeHBI miisi . DBce
YVKa3aHHbIE (-JIOTHKH momapHo HecoBMecTuMbl Han LC', T.e. obbenmHeHme JTOOBIX OBYX M3
HHUX ITOPOXKOAaeT p-JOruKy, HekoHcepBaTtuBHyto Han LC. Ilpm Bcex HarTypaapaeix n > 0
L(w + n) HE HOMyCKaeT MPUCOEOUHEHUS SBHBIX COOTHOIICHWUN I ¢, T.e. (HOPMYJ BHAA
o(p) <> B, rme B ue comepxur ¢. Ilpum Bcex Harypampabeix n > 0 L(\ + n) Takxxke He
IOIMyCKaeT MPUCOENUHEHNUS SBHBIX COOTHOLIEHUH IJIS (p.

Wuage roBopsi, kaxmasi p-JIOTUKA, YKa3aHHAS B TeOpeMe, onpedesiem HO8YW CBI3KY 6
aoeuke Hammema B coorsercTun ¢ noaxonom I1.C. Hoeukosa [2]. Ilomyuennyto Teopemy
MOKHO PAaCCMaTPUBATH KaK HIKHIOK OLEHKY uncia noarbiz no I1.C. Hosurxosy paciimpeHnit
noruku LC' [3].
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Projective unification for linear non-transitive temporal logic with the
operator of universal modality

S. I. BASHMAKOV

We investigate modal logic, based on the novel idea of non-transitive time [1]. Let LZT L
be the linear non-transitive temporal logic characterized by the Kripke frame F' = (N, Next),
where N is the natural line, and Next is the binary relation s.t.

Va,b € N:aNextb<<b=a+ 1.

We extend the language of LZT L by the operator [Jy; called an universal modality and

define the truth values of a formulas containing Oy on the model M = (F,V):
Vo € F,(F,z) IFy Opp < [Vy € F,(F,y) kv ¢] .

The logic LZT L containing [y is called the linear bimodal logic based on non-transitive
time with universal modality. We denote it as ULZT L.

Unification problem can be formulated as the possibility of a formula to become a
theorem after replacing a part of variables [2]. In the study of the unification problem in
ULTTL we used an approach based on the projective formulas first proposed by S. Ghilardi
[3, 4] for intuitionistic, and later efficiently applied for a many others non-standard logics,
including temporal cases (e.g. see [5, 6]).

We proved that all formulas unifiable at ULZT L are projective [7]. This implies that
any such formula has most general unifier (mgu). An algorithm for constructing mgu is
proposed: it suffices to write out the following substitution o(p;) instead of all variables p;
of a given unifiable formula ¢:

o(pi) == (Lo Api) V (=Hue A gu(pi))-
An important consequence of the projective unification in ULZT L is its almost struc-
tural completeness [8]: every admissible non-passive rule is derivable in ULZT L.
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Comparison of some hypersequent calculi for infinite-valued first-order
Lukasiewicz logic

A. S. GERASIMOV

Infinite-valued first-order Lukasiewicz logic LV and its extension by rational truth con-
stants, rational first-order Pavelka logic RPLYV, are among the most important mathematical
fuzzy logics that provide the basis for approximate reasoning.

With the purpose of developing proof search methods for RPLV, we eliminated all
the structural rules from the hypersequent calculus GLV [3, Sec. 8.5.2] for LV and thus
obtained the cumulative hypersequent calculus G 'LV [1] for RPLY. Next we introduced the
noncumulative and invertible hypersequent calculus G*LY [2] for RPLY without structural
rules as well. Each rule of G3LV is repetition-free, i.e., does not have a designation of a
multiset of formulas repeated in any premise. G'LV proves any GLV-provable hypersequent
and G3LY proves any GlLV-provable hypersequent. Now we establish other relationships
between the mentioned calculi.

We formulate an intermediate hypersequent calculus G'LY such that its hypersequents
are defined just as G3LV—hypersequents, it does not contain structural rules, and its logical
rules are cumulative and similar to ones of GLV.

Theorem 1. (a) For any GLV-hypersequent H, tgiy H iff Fqopy H. (b) For any
i = 1,3 and G'LV-hypersequent H, if Faopy H, then Fqipy H.

Some repetition-free rules of G'LY and G3LV are based on the rules:

GILp=A|C=p (0 GIT=qAlg=C
GII,C= A e GIT=C, A
where C' is an RPLV-formula, p (resp., q) is a so-called semi-propositional variable that is
assigned a value from (—o0,1] (resp., [0,+00)) in an interpretation and does not occur in
the conclusion of the corresponding rule. The rules (den;) and (deny) can be characterized
as non-standard variants of the density rule, cf. [3, Sec. 4.5].

Theorem 2. The rules (den;) and (deng) are admissible for GLV.

For each rule (den;) and (deng) our proof of Theorem 2 yields an algorithm that trans-
forms a GLV-proof of a premise to one of the corresponding conclusion.

Theorem 3. For any i = 1,3 and G'LV-hypersequent H, Faipy H It Foopy H.

Corollary 4. (a) For any i =0,1,3 and LV-formula A, Fgiy A iff Fgipy A. (b) For
any RPLV-formula A, Fqopy A iff Foipy A il Fespy A
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Hybrid logics with strong negation

K. A. KAUSHAN

A hybrid version HybBIC of Belnapian modal logic is introduced and studied. The author
defines it semantically, constructs its faithful embedding into the Torben Brauner logic [1],
introduces a Hilbert-style axiomatic system and proves its completeness with respect to the
semantics of HybBK. By modifying a translation presented in [1] the author obtains an
embedding of HybBK into a non-classical first order logic. In the course of work a calculus
of natural deduction N5 is defined and its soundness and completeness are proved.
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Temporal multi-valued logic with lost worlds in past

V. V. RYBAKOV

We study many-valuated temporal multi-agent logics based at non-transitive models.
Semantical bases—relational frames—model computational processes and analysts of knowl-
edge databases with incomplete information, e.g. with forgettable past. That is agents’
accessibility relations may have lacunas; agents may have no access to some potentially
known and stored information. Yet innovative point is that at the relational models we
consider different valuations V; for agents knowledge and a global valuation based on these
valuations. Besides, agents’ logical operations inside formulas may be nested, and so may
interfere, that is we consider not autonomous but cooperating agents. Satisfiability and de-
cidability issues are discussed. We find algorithms solving satisfiability problem and hence
decidability. Open problems are discussed.
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On the consistency problem for probabilistic inference

E. E. ViTyaEv, S. P. ODINTSOV

One of reasons for arising the statistical ambiguity is using in the course of reasoning
laws which have probabilistic, but not logical justification. Carl Hempel supposed that one
can avoid the statistical ambiguity if we will use in the probabilistic reasoning maximal
specific probabilistic laws. The logical reconstruction of the notion of maximal specificity
was investigated in the series of works of the first author. In [1], it was proved that the
inference from a consistent set of premisses with the help of maximal specific rules of the
form a3 A... A, = (B, where a1, ..., qa,, 3 are literals, does not lead to a contradiction. In
the present work we essentailly generalize the system of notions and the results of [1] dealing
with laws of the form ¢ = 1, where ¢ and v are arbitrary propositional formulas. Given a
probability on the set of formulas we define the notion of a maximal specific probabilistic law
of the form ¢ = 1. Further, we define a prediction operator as an inference with the help
of maximal specific laws and prove that applying the prediction operator to some consistent
set of formulas we obtain a consistent set of consequences.
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