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Abstract. We consider mixed configurations consisting of a wormhole filled by a strongly
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is allowed by the presence of exotic matter. By comparing these configurations with ordinary
magnetized neutron stars, we clarify the question of how the presence of the nontrivial topology influences the magnetic field distribution inside the fluid. In the case of an anisotropic
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is shifted from the center. A linear stability analysis shows that these mixed configurations
are unstable.
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1

Introduction

It is now widely believed that neutron stars possess strong magnetic fields. These arise
during the creation process of neutron stars, when ordinary heavy stars with burnt-out cores
undergo catastrophic contraction after losing their hydrostatic stability. In this case, since
the magnetic field is “frozen” into the stellar matter, the magnetic flux through the surface of
the star is conserved, and the resultant compact objects have magnetic fields with a strength
of ∼ 108 –1013 gauss. Even stronger magnetic fields on the order of ∼ 1015 gauss are believed
to exist in so-called magnetars [1].
Much research has been devoted to stellar magnetic fields, including those existing in
neutron stars (see, e.g., the book [2] and more recent works [3–8] and references therein).
Studies show that the structure of the interior magnetic fields and their stability depend
crucially on the properties of matter at extreme densities, which are typical for the interior
regions of a neutron star. Such extreme magnetic fields play an important role in the physics
of neutron stars, affecting their interior structure and determining their evolution in time,
such as the magnetic dipole radiation, the deformation due to the magnetic stress, etc. Here
we show that, apart from the properties of the neutron matter, the structure of the interior
magnetic fields may also be substantially influenced by the topology of the spacetime. For
this purpose, we consider mixed configurations with nontrivial topology which consist both
of ordinary and exotic matter. The latter is some special form of matter, which implicates
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1 Introduction

2

Statement of the problem

Here we consider mixed systems consisting of a gravitating ghost scalar field ϕ (taken for
simplicity to be massless) and strongly magnetized neutron matter. The scalar field allows for
the presence of a nontrivial wormhole-like topology of the system. The wormhole is threaded
by magnetized neutron matter.
The Lagrangian for this system can be presented in the form
L=−

c4
1
1
R − ∂µ ϕ∂ µ ϕ + Lfl − Fµν F µν .
16πGN
2
4

(2.1)

Here GN is the gravitational constant, Fµν is the electromagnetic field strength tensor, and
Lfl is the Lagrangian of the neutron fluid.
2.1

Neutron matter equation of state

We assume that the neutron fluid can in general be anisotropic. The latter means that the
radial and tangential components of its pressure are not equal to each other. Such a situation
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the violation of the null energy condition. In the language of hydrodynamics this corresponds
to large negative effective pressures, p < −ε, where ε represents the energy density.
In our previous works we have studied such mixed systems for the case where the nontrivial (wormhole) topology is provided by exotic matter in the form of a ghost scalar field,
and the ordinary matter is chosen in the form of relativistic neutron matter (see refs. [9–
12], where the motivation to consider this type of objects is also discussed). The resulting
neutron-star-plus-wormhole configurations then possess properties of wormholes and of ordinary stars. On the one hand, for a distant observer, they look like ordinary neutron stars
with typical masses and sizes. On the other hand, such mixed systems may have some new
distinctive characteristics which could, in principle, be traced in astrophysical observations
(see refs. [10, 12]).
Here we add to such mixed systems a magnetic field associated with the neutron matter. Our goal is to clarify the question of how the presence of the wormhole influences the
distribution and intensity of the magnetic field inside the neutron matter.
To describe the structure of the magnetic field, we employ a simplified model of a
dipole magnetic field as discussed in ref. [13]. Namely, we consider an axisymmetric, poloidal
magnetic field produced by toroidal electric currents, preserving the circularity property of
spacetime [14]. In the presence of such a field, the matter configurations retain only axial
symmetry. However, since in ordinary neutron stars the energy density of the magnetic field
is much smaller than the energy density of the neutron matter, we follow ref. [13] and make
a perturbative expansion of the field equations, including perturbations up to second order.
We use these perturbed equations to derive an equation for the current which cannot be
arbitrarily chosen but follows from an integrability condition for the perturbation equations.
The paper is organized as follows. In section 2 we present the statement of the problem and derive the corresponding general-relativistic equations for the mixed systems under
consideration. In section 3 we numerically solve these equations for ordinary magnetized
neutron stars and for mixed configurations with different choices for the parameters of the
systems. Comparing the results, we demonstrate the influence of the nontrivial topology on
the structure and strength of the magnetic fields. We perform a linear stability analysis for
these configurations in section 4. Finally, in section 5 we summarize the results obtained.

may arise at high densities of the neutron matter [15–21]. To describe the anisotropy, we
here employ one of the approaches of refs. [22, 23], and obtain the following components of
the fluid energy-momentum tensor (for details, see ref. [12]):
t
Tt(fl)
= ε,

φ
Θ
TΘ(fl)
= Tφ(fl)
= −ptan ,

r
Tr(fl)
= −prad ,

(2.2)

where the radial and the tangential components of the pressure are
prad = (1 − α)p,

ptan = (1 + α/2)p.

(2.3)

While at the moment the EOS of neutron matter at high densities is still unknown,
the literature in the field offers numerous proposals for the EOS, derived from a variety of
physical assumptions [24–27]. For our purpose, we restrict ourselves to a simplified variant
of the EOS, where a more or less realistic neutron matter EOS is approximated in the form
of a polytropic EOS. This EOS can be taken in the following form:
1+1/n

p = Kρb

,

ε = ρb c2 + np,

(2.5)

(ch)

with the constant K = kc2 (nb mb )1−γ , the polytropic index n = 1/(γ − 1), and ρb = nb mb
denotes the rest-mass density of the neutron fluid. Here ε is the energy density of the fluid,
(ch)
nb is the baryon number density, nb is a characteristic value of nb , mb is the baryon mass,
and k and γ are parameters whose values depend on the properties of the neutron matter.
As in our previous investigations concerning mixed star-plus-wormhole systems [10–12],
we here, for simplicity, take only one set of parameters for the neutron fluid. Namely, we
(ch)
choose mb = 1.66 × 10−24 g, nb = 0.1 fm−3 , k = 0.1, and γ = 2 [28]. We employ these
values for the parameters in the numerical calculations of section 3.
2.2

Field equations

Let us now consider the field equations for the mixed neutron-star-plus-wormhole systems
with a dipole magnetic field. Strongly magnetized relativistic stars would, in general, possess
a nonspherical shape because of a substantial magnetic pressure. However, for values of
the magnetic field strength on the order of 1012 –1013 gauss, deviations from the spherical
shape are negligible, since the energy of the magnetic field is considerably smaller than the
gravitational energy [29], and only for much higher values of the magnetic field strength the
deformation of the star will become substantial.
Therefore, at first sight it seems appropriate to evaluate the metric only to lowest
order, i.e., in the spherically symmetric approximation, where the deformation of the star
is neglected. Since we here neither consider the rotation of the star, we may thus take the
following static spherically symmetric line element in polar Gaussian coordinates

ds2 = eν (dx0 )2 − dr2 − R2 dΘ2 + sin2 Θ dφ2 ,
–3–
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Here α is a parameter determining the anisotropy of the fluid, i.e., the anisotropy parameter,
and p is the pressure appearing in the equation of state (EOS) [see eq. (2.5) below]. Using
these expressions, one can eliminate p, and obtain the following relation between the pressure
components:
3 α
.
(2.4)
ptan = (1 + β)prad with β =
21−α

2.2.1

Background equations

To obtain the background equations, we use the metric (2.6) and take into account the
energy-momentum tensor (without an electromagnetic field)
1
Tνµ = (ε + p)uν uµ − (δνµ − ∆µν ) p − ∂ν ϕ∂ µ ϕ + δνµ ∂i ϕ∂ i ϕ,
2

(2.7)

where ∆µν = {0, α, −α/2, −α/2}.
Then the Einstein equations can be written in the form
"



 ′ 2 #
R′′
1 ′2
8πGN t 8πGN
1
R
− 2
ε− ϕ
,
+
Tt =
+ 2 =
R
R
R
c4
c4
2




1 ′2
1
8πGN r
8πGN
R′ R′
′
−(1 − α)p + ϕ ,
+ν + 2 =
Tr =
−
R R
R
c4
c4
2



′
′′
α
R
1 R ′ 1 ′′ 1 ′2
8πGN Θ 8πGN
1 ′2
1+
+
ν + ν + ν = − 4 TΘ =
p+ ϕ ,
R
2R
2
4
c
c4
2
2

(2.8)
(2.9)
(2.10)

where the prime denotes differentiation with respect to r.
Using these expressions, the µ = r component of the conservation law of the total
ν = 0, yields
energy-momentum tensor, Tµ;ν
(1 − α)

dν
R′
dp 1
+ [ε + (1 − α)p ]
− 3α p = 0.
dr 2
dr
R

(2.11)

The field equation for the massless scalar field can be easily integrated to give
ϕ′2 =

D2 −ν
e ,
R4

(2.12)

where D is an integration constant.
Thus we have four unknown functions — R, ν, p, and ϕ — for which there are five
equations, (2.8)–(2.12), only four of which are independent.
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where ν and R are functions of the radial coordinate r only, and x0 = c t is the time coordinate. With this line element we then obtain a set of ordinary differential equations
for the metric functions, the fluid and the scalar field. We refer to these equations as the
background equations.
Having solved the background equations, and restricting to a dipole field, we would like
to evaluate the magnetic field in this spherically symmetric background, requiring a certain
strength at the boundary of the star. The Maxwell equation then involves a current as source
term. However, this current cannot be chosen arbitrarily. It must satisfy an integrability
condition [13, 14]. In the case of isotropic neutron matter, the current equation is easily
integrated. But in the case of anisotropic neutron matter a consistent solution of the current
equation requires the determination of the second order perturbations of the metric.
In the following we first give the set of background equations. Next we discuss the
equation for the magnetic field and the second order perturbations for the metric, necessary
for obtaining the integrability condition of the current.

2.2.2

Equation for the magnetic field

Following [13], we choose an axisymmetric, poloidal magnetic field, which is created by a
4-current
jµ = (0, 0, 0, jφ ).
(2.13)
For such a current the electromagnetic 4-potential Aµ has only a φ-component
Aµ = (0, 0, 0, Aφ ).

(2.14)

∂ 2 Aφ 1 ∂ν ∂Aφ
∂Aφ
1 ∂ 2 Aφ
1
1
+
+
− 2 cot Θ
= − jφ .
2
2
2
∂r
2 ∂r ∂r
R ∂Θ
R
∂Θ
c

(2.15)

The solution of this equation is sought as an expansion of the potential Aφ and the
current jφ as follows [13, 30]:
Aφ =

∞
X
l=1

jφ =

∞
X

dPl (cos Θ)
,
dΘ

(2.16)

dPl (cos Θ)
,
dΘ

(2.17)

al (r) sin Θ
jl (r) sin Θ

l=1

where Pl is the Legendre polynomial of degree l. Substituting these expansions into eq. (2.15),
we obtain
1
l(l + 1)
1
a′′l + ν ′ a′l −
al = − jl .
(2.18)
2
2
R
c
The solution of this equation can be found once the current jl is specified.
In the present paper we only consider a dipole magnetic field, i.e., l = 1. (For convenience, we hereafter drop the index 1 replacing a1 and j1 by a and j, respectively.) As
discussed above, the current j cannot be chosen arbitrarily, since it must satisfy an integrability condition derived below.
2.2.3

Integrability condition

To obtain the integrability condition, we make use of the fact that the magnetic field induces
only small deformations in the shape of the geometry of the configuration. To describe these
small deviations from spherical symmetry, we follow the approach adopted in ref. [13] and
expand the metric in multipoles around the spherically symmetric spacetime.
The deformations of the metric, the fluid and the scalar field of the configuration represent second order perturbations, whereas the electromagnetic potential and the current
correspond to first order perturbations [13]. Then to second order the metric can be taken
in the form



2
2
ν(r)
0 2
ds = e
{1 + 2 [h0 (r) + h2 (r)P2 (cos Θ)]} dx
− 1 + [m0 (r) + m2 (r)P2 (cos Θ)] dr2
r

2
2
2
2
−R(r) [1 + 2k2 (r)P2 (cos Θ)] dΘ + sin Θdφ ,
(2.19)
–5–
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Taking into account the nonvanishing components of the electromagnetic field tensor
Frφ = ∂Aφ /∂r and FΘφ = ∂Aφ /∂Θ, the Maxwell equations yield in the background metric (2.6) the following elliptic equation for Aφ

where h0 , h2 , m0 , m2 , and k2 are the second order corrections of the metric, and P2 denotes
the Legendre polynomial of order 2.
Now we need to consider the total energy-momentum tensor of the mixed system with
the electromagnetic field included

ϕ(r, Θ) = ϕ0 + δϕ0 + δϕ2 P2 ,

(2.23)

with the background solutions now denoted by ε0 , p0 , ϕ0 and the perturbations δp0 , δp2 ,
δϕ0 , δϕ2 . Note that all perturbations depend on r only.
Substituting the above expressions into the conservation law of the energy-momentum
µ
tensor, Tν;µ
= 0, and using the metric (2.19), we obtain the following ν = r and ν = Θ
components



R ′ p0
R′ (1 − α)p′0 + ε′0
′
− (1 − α) δp2
3α
(1 − α)δp2 = 3α −
R
(1 − α)p0 + ε0
R p′0
2 a′ j
,
(2.24)
− [(1 − α)p0 + ε0 ] h′2 + 3αp0 k2′ −
3 R2 c
m2 p0 4 a j
(2 + α)δp2 = − [(2 + α)p0 + 2ε0 ] h2 − 3α
−
.
(2.25)
r
3 R2 c
It is clear that in order to find a consistent solution to these equations, the current
j cannot be chosen arbitrarily but should be obtained from the condition of their joint
integrability. To do this, we differentiate eq. (2.25) and subtract the expression obtained
from (2.24). The resulting equation for the current then is [for the EOS (2.5) with γ = 2]:
j′ + F j + N = 0

(2.26)

with

and


 ′
 ′
1
2 R
2 ρb
−
4
1
+
2Kρ
/c
−
2
1
+
4Kρ
/c
F =
b
b
2(1 − α) [1 + (2 − α)Kρb /c2 ]
R
ρb


 ′
′
′
′
a
 R′
ρ
R
ρb
3a
−
− b K 2 + α − 3 1 + 2Kρb /c2
+ 1 + 12Kρb /c2
+ 4α2
4a
R
ρb
c
a
R
′ 

ρ
+ 2 1 + 6Kρb /c2 b
(2.27)
ρb
9c3 R2 ρb
N =α
4(1 − α)a




Kρb
Kρb m′2
− 1 + Kρb /c2 h′2 + (2 + α) 2 k2′ + (1 − α) 2
c
c
r


′
2
′
3αrR /R + 2(1 − α) 1 + (2 − α)Kρb /c − rρb /ρb Kρb m2
−
2 [1 + (2 − α)Kρb /c2 ]
c2 r 2

 ′

2
′
2
2 + (4 + α)Kρb /c R /R − 2(1 − α)Kρb /c
h2 .
(2.28)
−
2 [1 + (2 − α)Kρb /c2 ]
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1
1
Tνµ = (ε + p)uν uµ − (δνµ − ∆µν ) p − ∂ν ϕ∂ µ ϕ + δνµ ∂α ϕ∂ α ϕ − Fαµ Fνα + δνµ Fαβ F αβ . (2.20)
2
4
Here the fluid energy density and pressure and the scalar field are also expanded in
second order
ε′
(2.21)
ε(r, Θ) = ε0 + 0′ (δp0 + δp2 P2 ) ,
p0
p(r, Θ) = p0 + δp0 + δp2 P2 ,
(2.22)

We note that all terms in eq. (2.26) should be of first order. Since j itself is of first
order, the function F must be of zeroth order. On the other hand, the function N must be
of first order. Since the potential a, which is of first order, enters in the denominator, we
must keep terms up to second order in the numerator for consistency.
Now we must consider a distinction of cases:
• isotropic case: α = 0
Here N = 0, and eq. (2.26) can be integrated to give
(2.29)

where c0 is an integration constant. This expression corresponds to the one obtained
in ref. [13] [see their eq. (25)], written for our EOS (2.5).
Here the second order perturbations of the metric and the fluid as well as the scalar
field are not needed to obtain a consistent solution in first order.
• anisotropic case: α 6= 0
Now N 6= 0, and a consistent treatment in first order needs the second order perturbations. The functions h2 , k2 , and m2 appearing in (2.28) are determined by the following
set of equations deduced from the Einstein equations




2
3
1 R
R′ m2
+
k2 +
h2
h′2 + 1+ ν ′ ′ k2′ = ν ′ +
2 R
R
r
RR′
RR′




R
4πGN
1
4 2
′2
′
′
′2 m2
+ 4
,
(1−α)δp2 − 2 a + 2 a −ϕ0 δϕ2 +ϕ0
c
3R
R
r
R′
(2.30)



 ′

 ′
′
R
1 ′
1 ′ m2 8πGN 2 aa
R
′
′
′
− ν h2 +
+ ν
+
+ ϕ0 δϕ2 ,
h2 + k2 =
R
2
R
2
r
c4
3 R2
(2.31)
h2 +

8πGN a′2
m2
=
,
(2.32)
r
c4 3
#
"
 ′ 2
R
R′′
2
R′  m2 ′
3 m2
R′ ′
′′
+
− 2 k2 −
+ 2
k2 + 3 k2 − 2
R
R
R
R
r
R
R
r
 ′

4πGN
4 a2
1 a′2
ε0
′
′
′2 m2
=
δp
+
ϕ
δϕ
−
ϕ
−
+
−
.
(2.33)
2
0
2
0
c4
p′0
r
3 R4 3 R2

In turn, the scalar field equation gives the perturbation equation
δϕ′′2

+



1 ′
R′
ν +2
2
R



δϕ′2


 m ′ 
6
2
′
′
− 2 δϕ2 + h2 + 2k2 −
ϕ′0 = 0.
R
r

(2.34)

These equations are then solved, in order to determine the current in a consistent way.
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j = c0 R2 ρb 1 + 2Kρb /c2 ,

2.2.4

Scheme

To obtain the solutions in first order, we must therefore consider the isotropic and anisotropic
cases separately.
• In the isotropic case we have five unknown functions — R, ν, p0 , ϕ0 , and a — for
which there are six equations, (2.8)–(2.12), (2.18), only five of which are independent.
These equations are supplemented by the EOS (2.5), and also by the expression for the
current j, eq. (2.29).

3

Numerical results

We now discuss our results, obtained by numerically integrating the equations for magnetized
neutron stars and for magnetized mixed systems with isotropic (β = 0) as well as anisotropic
(β 6= 0) fluids.
3.1

Neutron stars with magnetic field

Since we want to compare the magnetic field distributions of mixed systems with a nontrivial
spacetime topology with those of ordinary neutron stars, we begin with the simple case of
magnetized ordinary neutron stars, where no scalar field is present and the neutron fluid is
isotropic.
We follow ref. [13], but employ the EOS (2.5) for the neutron matter (instead of the
one used in [13]). Working in first order, and considering the isotropic case, there is no need
to evaluate second order contributions to the metric and the fluid.
It is convenient to rewrite the general set of equations (2.8)–(2.11) and (2.18) in terms
of the following dimensionless variables
√
8πGN ρbc
r
R
c
ξ = , Σ = , ā(ξ) =
a(r), where L = √
.
(3.1)
3
L
L
c
8πGN ρbc
Moreover, we parametrize the fluid density as follows [31]:
ρb = ρbc θn ,
where ρbc is the rest-mass density of the neutron fluid at the center of the star.
The dimensionless equations then take the form
"
 ′ 2 #
Σ′′
1
Σ
− 2
+ 2 = (1 + σnθ)θn ,
+
Σ
Σ
Σ


1
Σ′ Σ′
+ ν ′ + 2 = −σθn+1 ,
−
Σ Σ
Σ
Σ′′ 1 Σ′ ′ 1 ′′ 1 ′2
+
ν + ν + ν = σθn+1 ,
Σ
2Σ
2
4
1
σ(n + 1)θ′ + [1 + σ(n + 1)θ] ν ′ = 0,
2
1
2
ā′′ + ν ′ ā′ − 2 ā = −j̄ ≡ −A0 Σ2 (1 + 2σθ) θ.
2
Σ

–8–
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• In the anisotropic case we must solve in addition eq. (2.26) together with the equations
for the second order perturbations, eqs. (2.30)–(2.34) and eq. (2.25).

1/n

Here σ = Kρbc /c2 = pc /(ρbc c2 ) is a constant related to the pressure pc of the fluid at the
center. The values of the fluid parameters appearing here are taken from the end of section 2.1
(including the value γ = 2 corresponding to n = 1). The expression for the dimensionless
√
√
current j̄ = j/(c2 ρbc ), used in eq. (3.7), is derived from (2.29), and A0 = c0 /(8πGN ρbc )
[with c0 the integration constant of j, eq. (2.29)] is an arbitrary dimensionless constant.
The boundary conditions at the center are given by
Σ≈ξ+

1
Σ3 ξ 3 ,
6

ν ≈ νc +

1
ν2 ξ 2 ,
2

θ ≈ θc +

1
θ2 ξ 2 ,
2

ā ≈ ac ξ 2 ,

(3.8)

1
Σ3 = − (1 + σnθc ) θcn ,
3

ν2 = σθcn+1 − Σ3 ,

θ2 = −

1 + σ(n + 1)θc
ν2 .
2σ(n + 1)

(3.9)

Using these boundary conditions, we numerically solved the set of eqs. (3.3)–(3.7).
Starting the integration near the origin (i.e., ξ ≈ 0) we integrated outwards up to the point
ξ = ξb , where the function θ became zero, corresponding to the boundary of the fluid. (Note
that the boundary of the fluid ξb is defined by p(ξb ) = 0.)
At the boundary of the fluid these interior solutions were then matched with the exterior
solutions by equating the corresponding values of the functions Σ, ν, ā and their derivatives.
The exterior solutions in turn were obtained by requiring asymptotic flatness. Knowledge of
the asymptotic solutions then allowed to determine the value of the integration constant νc
at the center.
The free parameters ac and A0 of the electromagnetic potential were chosen such that the
magnetic field (3.10) has a surface value typical for magnetic neutron stars, i.e., ∼ 1012 gauss,
while asymptotically the field is vanishing.
In order to get a better understanding of the magnetic field, we consider its tetrad
components
ā
√
Br̂ = −FΘ̂φ̂ = 2c ρbc 2 cos Θ,
Σ

√ ā′
BΘ̂ = Fr̂φ̂ = −c ρbc sin Θ.
Σ

(3.10)

Figure 1 exhibits these tetrad components together with the current distribution for a neutron
star with central rest-mass density ρbc = 5.37 × 1014 g cm−3 . The component Br̂ is calculated
on the symmetry axis (Θ = 0), and the component BΘ̂ — in the equatorial plane (Θ = π/2).
We note that an ordinary magnetized (isotropic) neutron star has a nonvanishing magnetic field at the center. In contrast, its current vanishes at the center. The corresponding
magnetic field lines are exhibited in figure 2. Finally, the corresponding energy density
0
= ε of the neutron fluid [see eqs. (2.2) and (2.5)] is shown in figure 3.
T0(fl)
3.2
3.2.1

Mixed neutron-star-plus-wormhole systems
Background equations

Following ref. [12], we rewrite the equations (2.8)–(2.12) in terms of another set of dimensionless variables. For that purpose we consider the massless scalar field ϕ. Without loss of
generality, its value at the center of the configuration, i.e., at r = 0, can be taken equal to
zero, while its derivative at r = 0 is nonzero. In the neighborhood of the center the scalar
field can be expanded as
1
ϕ0 ≈ ϕ1 r + ϕ3 r 3 ,
(3.11)
6
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where νc and θc = 1 are the central values of the corresponding functions, and the coefficients
Σ3 , ν2 , and θ2 are

JCAP04(2015)005
Figure 1. The tetrad component Br̂ and BΘ̂ of the magnetic field, evaluated on the symmetry axis
(Θ = 0) and in the equatorial plane (Θ = π/2), respectively, (in units of the surface strength of
the magnetic field Bs = 1012 gauss), and the dimensionless current j̄ are shown versus the radial
coordinate ξ (in units of the boundary value of the neutron fluid, ξb ). Configurations with the
following parameters are exhibited: for the neutron star we assume a central mass-density of the
neutron matter ρbc = 5.37 × 1014 g cm−3 , a length scale L = 10 km, and β = 0 (isotropic fluid). For
the mixed systems we take: for mix 1 — ρbc = 2.75 × 1014 g cm−3 , L = 10 km, and β = 0; for mix 2
— ρbc = 3.25 × 1014 g cm−3 , L = 10 km, and β = 0.4; for mix 3 — ρbc = 2.75 × 1014 g cm−3 , L = 1 km,
and β = 0.4; for mix 4 — ρbc = 0.0258 × 1014 g cm−3 , L = 1 km, and β = 2. The systems mix 3 and
mix 4 have a shifted maximum of the neutron matter density. All configurations have approximately
the same total mass, M ≈ 3.17M⊙ .
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where ϕ1 is the derivative at the center. Its square is a measure for the “kinetic” energy of
the scalar field.
It is now convenient to employ the following dimensionless variables expressed in
terms of ϕ1 :
r
ξ= ,
L

R
Σ= ,
L

φ0 (ξ) =

√

8πGN
ϕ0 (r),
c2

where

L= √

c2
.
8πGN ϕ1

(3.12)

We then rewrite
 ′ 2 #
Σ
1
Σ′′
+
+ 2
− 2
Σ
Σ
Σ


Σ′ Σ′
1
′
−
+ν + 2
Σ Σ
Σ
′
′′
1 Σ ′ 1 ′′ 1 ′2
Σ
+
ν + ν + ν
Σ
2Σ
2
4
1
Σ′
σ(n + 1)(1 − α)θ′ + [1 + σ(n + 1 − α)θ] ν ′ − 3ασθ
2
Σ
"

1
= B(1 + σnθ)θn − φ′2
,
2 0

1
= −Bσ(1 − α)θn+1 + φ′2
, (3.14)
2 0

α  n+1 1 ′2
θ
+ φ0 , (3.15)
= Bσ 1 +
2
2
= 0,

φ′2
0 =
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(3.13)

eνc −ν
.
(Σ/Σc )4

(3.16)

(3.17)

JCAP04(2015)005

Figure 2. Magnetic field lines in the x-z plane are shown for the configurations of figure 1. The
circles denote the boundary of the neutron fluid, possessing radius R.

Here B = (ρbc c2 )/ϕ21 is a dimensionless quantity, providing a measure of the ratio of the
rest-energy density of the fluid to the energy density of the scalar field at the center; Σc
and νc are the central values of the corresponding functions [see eq. (3.18) below]; and the
2
integration constant D from eq. (2.12) is chosen as D2 = c4 /8πGN ϕ1 Σ4c eνc to provide
φ′0 = 1 at the center.
Let us now address the boundary conditions for the mixed systems. We consider asymptotically flat configurations, that are symmetric under ξ → −ξ. As discussed in [12], the
metric function Σ(ξ) can possess either a minimum at ξ = 0, corresponding to a singlethroat configuration, or it can possess a local maximum, corresponding to a double-throat
configuration. In any case, in the neighborhood of the center the following expansion is
appropriate
1
1
1
(3.18)
Σ ≈ Σc + Σ2 ξ 2 , ν ≈ νc + ν2 ξ 2 , θ ≈ θc + θ2 ξ 2 ,
2
2
2
where θc is chosen to be 1 in subsequent numerical calculations. Inserting this expansion in
eqs. (3.13)–(3.17), we find the coefficients


Σc 1
1
n
Σc = q
, Σ2 =
+
− B (1 + σnθc ) θc ,
2 2 Σ2c
1/2 − Bσ(1 − α)θcn+1



1
α  n+1 Σ2
ν2 = 2
+ Bσ 1 +
,
θc −
2
2
Σc


Σ2 1
1
3ασθc
θ2 =
− [1 + σ(n + 1 − α)θc ] ν2 .
σ(n + 1)(1 − α)
Σc
2
1

(3.19)

The conditions (3.18) are supplemented by the conditions for the scalar field at the center,
φ0 (0) = 0, φ′0 (0) = 1.
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t
Figure 3. Energy density Tt(fl)
of the neutron fluid (in units of ρbc c2 for the neutron star and ϕ21 for
the mixed systems) for the configurations of figure 1. For the systems mix 3 and mix 4 the energy
density has been multiplied by a factor of 100 to make the scales of the graphs comparable. The
energy density of the scalar field (in units of ϕ21 ) is shown in the inset for the system mix 4.

The asymptotic behavior of the background solutions is given by
φ 0 → C1 −

C2
,
ξ

Σ → ξ,

Σ′ → 1 −

C3
,
ξ

eν → 1 − 2

C3
,
ξ

(3.20)

B = 8πGN ρbc (L/c)2 ,

(3.21)

shows that the value of B is determined by fixing L and ρbc .
Second, the presence of an anisotropic pressure of the neutron fluid permits us to obtain
solutions describing configurations with a maximum value of the density of the fluid ρmax
that is not located at the center but at some ξ 6= 0. Indeed, as seen from the expression for
θ2 in eq. (3.19), in the presence of anisotropy, i.e., for α 6= 0, θ2 can become positive. Thus
the function θ can possess a local minimum at the center.
This situation is similar to the one encountered for ordinary neutron stars supported
by an anisotropic fluid [22, 23]. In this case the central density of the neutron fluid ρbc
represents a characteristic parameter, which affects the value of the parameter B as well [see
eq. (3.21)]. As shown in ref. [12], this parameter in effect determines the structure of the
resulting solutions and physical parameters (masses and sizes) of the configurations under
consideration.
In this case there is some value Bp at which θ2 passes through 0 and becomes negative.
This then returns us to ordinary configurations where the maximum density of the neutron
fluid resides at the center. Only for 0 < B < Bp θ2 is positive, lying within the bounds
3αθc
& θ2 > 0
2(n + 1)(1 − α)

(3.22)

(where the left restriction is obtained in the limit B → 0). Note that we here consider only
positive values of α, for which the above inequality is valid. As the anisotropy increases,
i.e., as β increases, α → 1 from below, resulting in an increase of θ2 and correspondingly an
increase of the maximum density ρmax . This leads to changes in the masses and sizes of the
resulting configurations, as discussed below.
3.2.2

Magnetic field equations

We now turn to the set of perturbative equations involving the determination of the electromagnetic potential and the current. Analogous to the background equations, we here
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where the Ci are integration constants.
With all this at hand, eqs. (3.13)–(3.17) can be solved numerically. But before discussing
the results, let us address two features of the mixed systems.
First, we note that depending on the parameters of the system the coefficient Σ2 can be
either positive or negative [see eq. (3.19)]. This determines whether the mixed configurations
possess a single throat at the center or an equator surrounded by a double throat (cf. ref. [12]).
We previously showed [12] that the behavior of the metric function Σ(ξ) in the neighborhood of the center of the system, ξ = 0, depends strongly on the value of the parameter
B. For small values of B, there is a single throat, located at the center of the configuration.
But for increasing values of B the center of the configuration no longer represents a throat
but instead corresponds to an equator. On each side of the equator a minimal area surface
and thus a throat is located. The resulting configurations represent double-throat systems,
where the throats can be or not be filled by the fluid. The expression for B,

introduce appropriate dimensionless variables
ā(ξ) =

8πGN ϕ1
a(r),
c4

j̄(ξ) =

j(r)
.
cϕ1

(3.23)

Then we rewrite eqs. (2.18) and (2.26) in dimensionless form
1
2
ā′′ + ν ′ ā′ − 2 ā = −j̄,
2
Σ
j̄ ′ + F̄ j̄ + N̄ = 0,

(3.24)
(3.25)

Note that unlike for the neutron star, which has ā, j̄ = 0 at the center [see eq. (3.8)], we here
must allow for nonzero central values of these variables at ξ = 0, to obtain asymptotically
flat solutions.
Inserting these conditions in eq. (3.24), we find
a2 = 2

ac
− jc .
Σ2c

• In the isotropic case N̄ = 0, and eq. (3.25) can be solved to give
j̄ = A1 B Σ2 [1 + 2σθ] θ,

(3.27)

where A1 = c0 c/(8πGN ϕ1 ) is an arbitrary dimensionless constant.
eq. (3.24) can be solved.

Subsequently

• When an anisotropy is present, together with eqs. (3.24) and (3.25) the Einstein equations (2.30)–(2.33) and the scalar-field equation (2.34) for the second order perturbations need to be solved. Here we choose the boundary conditions for them in the form
1
h2 ≈ h2c + h22 ξ 2 ,
2

1
k2 ≈ k2c + k22 ξ 2 ,
2

δφ2 ≈ δφ21 ξ.

(3.28)

The parameters ac , jc , h2c , k2c , δφ21 appearing in (3.26) and (3.28) are chosen in such a
way as to provide regularity of the perturbed solutions at the center, ξ = 0, and to obtain asymptotically decaying solutions for ξ → ∞. Taking into account the asymptotic
behavior of the background solutions, eq. (3.20), we find for the second order functions
the asymptotic behavior δφ2 ∼ ξ −3 , h2 , k2 ∼ ξ −4 .
Finally, we take the tetrad components of the magnetic field in the form
Br̂ = 2c

r

ρbc ā
cos Θ,
B Σ2

BΘ̂ = −c
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ρbc ā′
sin Θ.
B Σ

(3.29)
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where F̄ , N̄ are the dimensionless expressions obtained from F and N , eqs. (2.27) and (2.28).
To determine the boundary conditions, we again make an expansion in the neighborhood
of the center
1
1
ā ≈ ac + a2 ξ 2 , j̄ ≈ jc + j2 ξ 2 .
(3.26)
2
2

3.2.3

Results for isotropic and anisotropic fluids

• Isotropic fluid (β = 0)

For the first mixed system, mix 1, we follow ref. [12], and take a characteristic length
L = 10 km. To obtain a total mass of M ≈ 3.17M⊙ , we choose ρbc = 2.75×1014 g cm−3 .
The free parameters ac and A1 associated with the magnetic field are chosen such as to
provide a surface magnetic field of strength Bs ≈ 1012 gauss. (In particular, the surface
value of the magnetic field strength on the symmetry axis (Θ = 0) is chosen to have this
value.) The results of the calculations are shown in figures 1–3 by the curves labeled
by mix 1.
In figure 1 the value of the component Br̂ on the symmetry axis (Θ = 0), the value
of the component BΘ̂ in the equatorial plane (Θ = π/2), and the current j̄ are shown.
While the component Br̂ is monotonic for the neutron star as well as for the mixed
configuration, it is much smaller in the interior for the system mix 1. The component
BΘ̂ , on the other hand, is equal to zero at the center of the mixed configuration. This
is in contrast to its large absolute value at the center of an ordinary neutron star. For
the mixed configuration the vanishing of BΘ̂ at the center results from the boundary
conditions (3.18) and (3.26), necessary for asymptotically flat solutions.
The currents j̄ differ also considerably for the mixed configuration and an ordinary
neutron star, as seen in figure 1. The current of the neutron star has its maximum
roughly in the middle of the star, ξ ≈ ξb /2, tending to zero at the center and at the
boundary. In contrast, for the mixed system mix 1 the current rises monotonically,
reaching its maximum at the center, ξ = 0.
The magnetic field lines are exhibited in figure 2, where the spatial coordinates are
given in units of the radius of the fluid, R. The radius of the mixed system mix 1 is
given by R ≈ 16 km as compared to R ≈ 26 km for the neutron star. But apart from
the different sizes, there is a profound distinction in the field lines, since in the mixed
system all field lines penetrate the center, i.e., the wormhole throat.
t
In figure 3 we exhibit the energy density Tt(fl)
of the neutron fluid. The energy density
is monotonic for both the ordinary neutron star and the mixed system. We note that
the energy densities are given in different units here, ρbc c2 for the neutron star and ϕ21
for the mixed system.

• Anisotropic fluid (β 6= 0)

As discussed above, in the presence of an anisotropy there are two different types of
solutions. For B > Bp the density of the neutron fluid has its maximum ρmax at the
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We now discuss the numerical results for the mixed systems for isotropic and anisotropic
neutron fluids. We here consider only configurations with a single throat. In particular,
we illustrate the magnetic field and the current for 4 systems, denoted mix 1–mix 4, all
possessing approximately the same total mass M ≈ 3.17M⊙ . While this mass is somewhat
on the large side for ordinary neutron stars, the properties of the magnetic field obtained for
these compact objects appear to be generic. Moreover, all configurations are chosen such as
to possess approximately the same surface magnetic field Bs ≈ 1012 gauss.
Consequently, a distant observer would measure the same mass and surface magnetic
field for each of the four mixed configurations as well as for the ordinary neutron star,
exhibited in figures 1–3. While similar in these respects, the neutron star and the mixed
systems will differ, however, strongly in other respects, as for instance in their sizes.

center. For B < Bp , on the other hand, the maximum of the neutron fluid density is
located away from the center.

This holds also for the magnetic field lines shown in figure 2, where the neutron
0
of the neutron
fluid has a radius R ≈ 13 km. Likewise, the energy density T0(fl)
fluid shown in figure 3 is similar for mix 1 and mix 2. Typical distributions of
the total energy density (with the energy density of the scalar field also taken into
account) can be found in ref. [12].
(ii) B < Bp :
One can obtain configurations with a shifted maximum, resulting from a sufficiently small value of the parameter B, for example, by reducing the value of the
characteristic length L, e.g., for the choice L = 1 km, selected here. In order to
obtain configurations with a total mass of M ≈ 3.17M⊙ , we here consider two
values of the anisotropy parameter β: β = 0.4 with ρbc = 2.75 × 1014 g cm−3 and
β = 2 with ρbc = 0.0258 × 1014 g cm−3 . The resulting mixed configurations are
labeled by mix 3 and mix 4 in the figures.
Figure 1 shows that Br̂ now assumes its maximum also away from the center of
the configuration. For mix 3 its maximum is roughly at ξb /2, while for mix 4 it
is still further outwards. Likewise, BΘ̂ assumes a minimum away from the center,
roughly at ξb /4 for mix 3, while again further outwards for mix 4.
Also the current is no longer maximal at the center, but it assumes its maximum
values close to those of Br̂ for mix 3 and mix 4. Moreover, it is interesting to
note that for the systems mix 3 and mix 4 the current can take negative values
in the inner regions. Getting close to zero at the center, the current of these
configurations is thus more akin to the current of a neutron star than to the
current of the mixed configurations mix 1 and mix 2, where the current becomes
maximum at the center.
This is reflected in figure 2, where the magnetic field lines of the configurations
mix 3 and mix 4 resemble more those of the neutron star. Thus only little magnetic
flux penetrates the throat. The neutron fluids of these configurations have radii
t
R ≈ 24 km for mix 3 and R ≈ 27 km for mix 4. Finally, the energy density Tt(fl)
of the neutron fluid shown in figure 3 exhibits a local minimum at the center, i.e.,
at the throat, while its maximum is shifted away from the center, as required.
Finally we note that for the systems mix 3 and mix 4 the energy density of the
neutron fluid in the central region is small as compared to the energy density of
the scalar field, shown in the inset in figure 3. For larger values of ξ, however, it
becomes dominant, providing most of the total mass of the system.
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(i) B > Bp :
To obtain a total mass of M ≈ 3.17M⊙ , we may choose, for example, the anisotropy
parameter β = 0.4 together with the central rest-mass density ρbc = 3.25 ×
1014 g cm−3 . We refer to the resulting system as mix 2. The curves labeled by
mix 2 in figure 1 show the magnetic field components and the current for this
mixed system. In spite of the anisotropy, the magnetic field and the current are
similar to those of the isotropic case, i.e., mix 1.

4

Stability

Let us now address the stability of the mixed configurations, focussing on the aspect of
anisotropy, and compare with the stability of ordinary neutron stars. We here do not consider
the influence of the magnetic field, since its contribution to the energy balance of these
configurations is negligible, as long as we consider values of the surface field strength on
the order of Bs = 1012 gauss. Consequently, also the deformation of the configurations is
negligible, and we address in the following only the stability of the spherically symmetric
background configurations.
Neutron stars

For a given EOS, neutrons stars form a family of configurations, characterized by the value
of their central density. As the central density of ordinary neutron stars increases, their mass
first increases, reaches a maximum value Mmax , and then decreases again. The maximum
value of the mass is crucial from the stability point of view, since at Mmax the stability of
the neutron stars changes. Denoting the central density associated with Mmax as the critical
density, a linear stability analysis reveals that at the critical density the eigenvalue of the
radial mode changes sign, making neutron stars with a larger central density unstable.
Neutron stars with a shifted maximum of the neutron fluid density, as caused by
anisotropy, were investigated in ref. [23]. Here the dependence of the mass on the maximum value of the fluid density was considered (instead of the central value as in the isotropic
case). By studying linear radial oscillations of these stars, the authors of [23] showed that
the square of the lowest eigenfrequency of these oscillations changes sign at the maximum
value of the mass Mmax , completely analogous to the isotropic case. Thus the well-known
criterion for stability, according to which configurations with a central density below (above)
a critical value are stable (unstable), generalizes to the anisotropic case, when the central
density is replaced by the maximum density.
4.2

Mixed configurations

For the mixed configurations a linear stability analysis has been performed in ref. [12] for
isotropic and anisotropic neutron fluids. In the latter case, however, the maximum value of
the density was not shifted away from the center. Thus only families of configurations of the
type mix 1 and mix 2 were considered. Here the square of the lowest eigenfrequency of the
radial modes was calculated and all of these configurations were shown to be unstable. In
fact, the unstable mode of the wormhole [32, 33] is inherited by the mixed neutron-star-pluswormhole configurations [12].
Let us now consider the stability of mixed configurations with an anisotropic neutron
fluid and a maximum fluid density shifted away from the center, i.e., configurations of the
type mix 3 or mix 4. Performing a mode analysis of these systems reveals, however, that the
location of the maximum fluid density is not relevant for the stability. The eigenvalue of the
set of equations is always negative. Thus the wormhole with its negative mode dominates the
stability properties. The negative mode is inherited, independent of the particular properties
of the fluid.
We illustrate the instability of this type of configurations in table 1, where we show a
set of relevant properties for solutions associated with the mix 4 parameter set, i.e., for a
family of configurations with length scale L = 1 km and anisotropy parameter β = 2. In
particular, we exhibit the central rest-mass density ρbc , the maximum density ρmax , the mass
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4.1

ρmax

M/M⊙

R

ω02

0.01

0.713

2.205

29.992

-0.45

0.0258

1.529

3.172

27.105

-0.32

0.06

2.772

3.572

23.876

-0.20

0.09

3.588

3.582

22.245

-0.16

0.15

4.855

3.462

20.218

-0.12

0.30

7.062

3.150

17.631

-0.082

2.75

18.837

1.937

11.485

-0.028

Table 1. Characteristics of configurations of the type mix 4 with β = 2 with a shifted maximum of
the density of the neutron fluid (see figure 3). Here the central rest-mass density ρbc , the maximum
density ρmax of the neutron fluid (both in units of 1014 g cm−3 ), the total mass M (in solar mass
units), the radius of the neutron fluid R (in kilometers), and the square of the lowest eigenfrequency
ω02 are shown.

M , the radius R and the eigenvalue of the stability equations, i.e., the square of the lowest
eigenfrequency ω02 .
As seen in the table, while both densities increase the total mass of the system approaches a maximum Mmax at a critical value of ρbc with an associated ρmax . However, the
eigenvalues are always negative, and thus the systems under consideration are all linearly
unstable. Consequently, the criterion for stability based on the dependence of the mass M
on the rest-mass density (central ρbc or shifted ρmax ) cannot be applied for mixed neutronstar-plus-wormhole systems.

5

Conclusion

In the present paper we studied equilibrium magnetized mixed configurations consisting of a
wormhole threaded by a neutron fluid with an isotropic or anisotropic pressure. The fluid is
described by the simplest relativistic polytropic EOS (2.5). In contrast to ordinary neutron
stars, such mixed configurations possess a nontrivial topology of the spacetime permitted by
the presence of exotic matter in the form of a massless ghost scalar field.
Our goal was to investigate the influence of the nontrivial topology on the structure of
the magnetic field, which was modeled here in the form of an axisymmetric, poloidal magnetic
field produced by a toroidal electric current. For the sake of comparison, we considered also
an ordinary magnetized neutron star (with trivial topology), described by the same EOS,
with the same form of the magnetic field, created by the same type of electric current.
For both types of configurations, the ordinary neutron star and the mixed systems, the
physical parameters were chosen in such a way that they would look similar from the point
of view of a distant observer, i.e., they should possess the same masses and surface strengths
of the magnetic field.
The results can be summarized as follows:
(i) In the case of an isotropic fluid, there are substantial differences in the magnetic field
and the current of a mixed system as compared to an ordinary neutron star: the mixed
system has a considerably smaller central value of the radial component Br̂ , as seen in
figure 1. At the same time, the component BΘ̂ tends to zero at the center, in contrast to
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ρbc

an ordinary neutron star, where |BΘ̂ | becomes maximum at the center. The magnetic
field lines of this system differ strongly from those of ordinary neutron stars, with all
of the magnetic flux penetrating the throat.

(iii) A linear stability analysis of the mixed systems revealed their instability, independently
of the location of the maximum of the neutron fluid density. This pervasive instability
is in contrast to ordinary neutron stars, which always possess a stable branch, also in
the case of anisotropic neutron fluids [23]. Clearly, the instability of the wormhole is
inherited by the mixed neutron-star-plus-wormhole systems, and the various properties
of the neutron matter cannot overturn this instability.
Thus the studies showed that the structure of the interior magnetic field may depend
substantially not only on the form of the electric currents in the interior and the physical properties of the neutron matter (given by the choice of the equation of state, as demonstrated,
for example, in refs. [8, 14]) but also on the topology of the spacetime. On the other hand,
the parameters of the mixed neutron-star-plus-wormhole systems can be selected such that
from the point of view of a distant observer there will be no substantial external differences
between ordinary magnetized neutron stars and mixed systems with nontrivial topology.
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