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INTRODUCTION

Experimental studies of diffuse mixing of multi�
component gas mixtures show that instability of
mechanical equilibrium of the mixture followed by the
emergence of gravitational concentration convection
may take place in systems under certain conditions
[1–6]. Such problems associated with the formation of
convective flows can be described using the stability
theory [7, 8]. The main regularities in such an
approach were obtained for the cases describing ther�
mal convection of incompressible one�component
[7, 9] or two�component liquids [10]. In the present
paper, the formalism developed in [7–11] is extended
to the case of diffuse mixing of isothermal three�com�
ponent gas systems in a cylindrical channel with a cir�
cular cross section and with the walls impermeable for
the mass flux.

1. BASIC EQUATIONS

The macroscopic motion of an isothermal three�
component gas mixture can be described by the gen�
eral system of equations including the Navier–Stokes
equation as well as the equation of the conservation of
the number of particles in the mixture and its compo�
nents. Taking into account the conditions indepen�

dent diffusion during which  = 0 and  = 1 for

an isothermal gas mixture, this system of equations has
the form [7, 12]

ji

i 1=
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∑ ci

i 1=

3

∑

(1)

Here, u is the average mass velocity vector, v is the vec�
tor of numerical average velocity, ρ is the density, p is
the pressure, η and ξ are the shear and bulk viscosity
coefficients, g is the free�fall acceleration vector, n is
the number density, t is the time, ci is the concentra�
tion of the ith component, ji is the diffusion flux den�

sity vector for the ith component, and  are the
actual diffusion coefficients determined in terms of
the mutual diffusion coefficient (MDCs) [13].

Equations (1) should be supplemented with the
equation of state for the medium:

In the solution of system (1), we used the small�
perturbation method [7], which presumed that the
concentration ci of the ith component and pressure p
can be presented in the form

where 〈ci〉 and 〈p〉 are the constant mean values taken
as the origin.

Considering that for L � r (L and r are the length
and the radius of the diffusion channel, respectively),
the difference between the perturbations in numerical
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average velocity v and average mass velocity u in the
Navier–Stokes equation is insignificant [12], assum�
ing that nonstationary perturbations of mechanical
equilibrium are small, disregarding the terms qua�
dratic in perturbations, and choosing appropriate
scales for the units of measurements (distance d, time
d2/νv, velocity /d, concentration Aid of the ith

component, and pressure ρ0ν /d2), we obtain the
following system of equations describing gravitational
convection for perturbed values in dimensionless units
(primes are omitted):

(2)

where ez is the unit vector in the direction of the z axis,

pii = ν/  is the diffusion Prandtl number, Ri =

gβiAid4/ν  is the partial Rayleigh number, τij =

/  are the parameters determining the ratio of

the actual diffusion coefficients, βi = – ,

and Aiez = –∇ci0 (subscript “0” corresponds to mean
values).

2. MONOTONIC INSTABILITY NEUTRAL 
LINE FOR A VERTICAL CYLINDER 

WITH A CIRCULAR CROSS SECTION

Let us consider a three�component gas mixture fill�
ing an infinitely long vertical channel of a circular
cross section shown in Fig. 1. We will analyze the crit�
ical motion parallel to the channel axis, assuming that
perturbations of the concentration are independent of
z: ux = uy = 0, uz = u(x, y), and ci = ci(x, y). Then, we
can write system of equations (2) in the form

(3)

Passing to this system of equations, we disregard
possible perturbations of pressure because the pressure
relaxation time is shorter than the concentration
relaxation time.

We introduce cylindrical coordinates (r, ϕ, z) and
direct the z axis upwards along the axis of the cylinder.
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The problem under consideration has particular solu�
tions, in which velocity u and concentration ci of the
components depend on angle ϕ in accordance with the
harmonic law:

(4)

where n assumes integer values n = 0, 1, 2, … .
Substituting relations (4) into (3), we obtain the

following equations for radial functions u0 and :

(5)

Eliminating the radial functions of the concentrations
of the component from Eqs. (5), we obtain the equa�
tion containing only the velocity,

(6)
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Fig. 1. Infinitely long vertical cylinder (coordinate sys�
tem).
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The general solution to Eq. (6) has the form

(7)

Here, Jn and In are the Bessel functions of the fist kind,
a1 and a2 are arbitrary constants, and

where dimensionless parameter γ] can be treated as an
analog of the generalized Rayleigh number.

The concentrations of the components can be
determined from the equations

(8)

When calculating the concentrations, we must take
into account only the solution to the inhomogeneous
equation obtained as a result of substitution of expres�
sion (7) into (8). This gives

(9)

At the boundary of the horizontal cross section of
the channel, the velocity perturbations and the mass
flux normal to the boundary vanish:

(10)

These boundary conditions lead to the following
homogeneous system of equations for determining two
integration constants:

(11)

The condition for the existence of a nontrivial solu�
tion to this system implies that its determinant van�
ishes. Expanding the determinant, we obtain the char�
acteristic relation determining the spectrum of the
critical values of the Rayleigh number:
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(12)

Having determined constants a1 and a2 from sys�
tem (11), we can find the velocity and concentration
profiles corresponding to critical motion:

(13)

(14)

Critical Rayleigh numbers R = γ4 are defined as the
roots of transcendental equation (12). For a fixed
number n (azimuthal component of the structure of
motion) in Eq. (12), we have an infinite set of roots

, , , …, numbered in increasing order. The
corresponding movements differ in the radial struc�
ture; a higher value of the superscript corresponds to a
larger number of nodes of velocity and concentration
[7]. Any critical Rayleigh number for the movements

considered here has two indices:  = [ ]4. The
numerical solution of Eq. (12) for l = 1 gives the fol�
lowing roots:

and, accordingly, the following Rayleigh numbers:

(15)

To determine the line of monotonic perturbations,
we form the scalar product of the first equation in sys�
tem (3) and u and integrate over the cylinder cross sec�
tion:

(16)

Substituting the expressions for the velocity and
concentration distributions into Eq. (16) and per�
forming integration, we obtain

(17)

Figure 2 shows neutral line (17) on the (R1, R2)
plane for system 0.7796He + 0.2204R12(2) – Ar(3)
(here and below, the coefficient of the chemical ele�
ment index indicates the concentration in molar frac�
tions; the numbers in the parentheses following the
element symbols reflect the numeration of gases). The
instability region is located above straight line I, and
the region corresponding to diffusion lies below this
line. The critical concentration of Rayleigh numbers
for the mode most hazardous from the stability point
of view (l = 1, n = 1) have values R1 = 77.7936 and R2 =
50.2471 for γ = 2.8712. Figure 2 also shows line II cor�
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Fig. 2. Boundary monotonic instability (I) and zero den�
sity gradient (II) lines for the three�component system
0.7796He + 0.2204R12 – Ar at T = 298.0 K; points 1 and
2 correspond to experimental data.
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responding to zero density gradient, which is defined
as [12]

(18)

It can be observed that there are regions on the
(R1, R2) plane, in which neutral line I lies below
straight line II. The state of the mixture in such a
region is unstable although the density of the mixture
in the lower part of the channel is higher than in its
upper part. This region corresponds to partial diffu�
sion Rayleigh numbers with opposite signs (R1 < 0 and
R2 > 0). Such a situation is typical of a nonisothermal
binary mixture of liquids [7, 8].

3. COMPARISON WITH THE EXPERIMENT

We will compare the theoretical results with exper�
imental data using the pressure dependence of diffuse
mixing of a binary mixture of helium and Freon�12
with argon as an example. It was shown in [12, 14] that
in such mixtures (e.g., 0.7796He + 0.2204R12(2) –
Ar(3) at T = 298.0 K), an increase in the pressure may
induce a transition from the diffusive state to the con�
vective one. The stability test for such a system per�
formed in [12] under the assumption of a linear distri�
bution of the concentration components over the dif�
fusion channel length (planar vertical layer,
perturbations of the concentration components vanish
at the boundaries) revealed a considerable discrepancy
in the positions of the theoretical and experimental
stability boundaries. The reason for such a discrepancy
is that a substantial difference in the MDCs of the
components leads to the situation in which the partial
flux of the heaviest component is almost zero (i.e., a
diffusion “gate” is formed [14]). In this case, the con�
centration distribution of the components over the
channel length is apparently more intricate than the
linear approximation. The theoretical calculations
represented in Fig. 2 indicate that the allowance for
the concentration component distribution in form
(14), the investigation of the diffusion channel in the
form of a vertical cylinder, and the fulfillment of the
condition of zero mass flux at the channel boundaries
eliminate the above�mentioned contradictions and
lead to a quantitative agreement with experimental
data.

To compare the results of determination of the sta�
bility and instability region, we can represent experi�
mental data on the (R1, R2) plane in the form of partial
Rayleigh numbers. As applied to diffusion channel of
radius r and length L, we can write the partial Rayleigh
numbers, in accordance with relations (2), in the form

(19)

where Δm1 = m1 – m2 and Δm2 = m2 – m3, mi being the
mass of a molecule of the ith species. If the experimen�
tal conditions (pressure, temperature, composition of
the mixture in each flask, and the size of the diffusion
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�����������������
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channel) are known, formulas (19) can be used for
determining R1 and R2 and, hence, for finding the
point on the (R1, R2) plane, which represents the given
experiment. It is well known from experiments that
such a regime (diffusion or convection) is observed for
the given conditions. We will mark the points corre�
sponding to the unstable regime by symbols 2; symbols 1
correspond to diffusion. The aggregate of such points
on the plane of the Rayleigh numbers determines the
transition from the diffusive to the convective region
via the neutral stability line. Figure 2 shows experi�
mental results in terms of the Rayleigh numbers,
which were obtained for system 0.7796He +
0.2204R12 – Ar at T = 298.0 K by varying pressure.
Points 1–5 correspond to the following values of pres�
sure: 0.12 (1), 0.19 (2), 0.29 (3), 0.36 (4), 0.49 (5), and
0.54 MPa (6). Point 1 corresponds to the diffuse
regime. Points 2–5 characterize the unstable regime.
It can easily be seen that a satisfactory agreement
between the theory and experiment is observed in the
location of diffusion and concentration convection
regions.

CONCLUSIONS

Thus, based on the stability theory, the possibility
of instability in mechanical equilibrium is demon�
strated for diffusion in isothermal three�component
mixtures in an infinitely long cylindrical section of a
circular cross section under the boundary conditions
corresponding to zero mass flux though the channel
walls. Comparison with experiment demonstrates a
satisfactory agreement in the positions of the bound�
aries at which diffusion changes to concentration
gravitational convection.
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