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Abstract. Secular perturbations in the three-bodies problem with masses, changing isotropically by di�erent
speci�c rates are investigated. As initial unperturbed intermediate motion is used individual aperiodic motion at
the quasiconic section. Eccentricities and inclinations of the orbits of bodies considered to be small quantities,
masses of bodies comparable to each other. Under these assumptions, using a computer algebra systemMathema-

tica are evaluated the expressions of secular perturbing function in the analogues of the second system variables
Poincare with accuracy up to the second degree inclusive of small quantities. In symbolically are calculated
secular perturbations of the three-bodies problem with variable masses.
Keywords: three-bodies problem, secular perturbations, variable masses, aperiodic motion, a computer algebra
system Mathematica.

À­äàòïà. Ìàññàëàðû èçîòðîïòû ò³ðäå °çãåðåòií ³ø äåíå ìºñåëåñiíi­ ¡àñûðëû© ´éûò©óëàðû çåðòòåëäi.
Áàñòàï©û ´éûò©ûìà¡àí àðàëû© ©îç¡àëûñ ðåòiíäå °çiíäiê êâàçèêîíóñòû© ©èìà áîéûìåí àïåðèîäòû© ©îç¡à-
ëûñ ©àðàñòûðûëäû. Îðáèòàëàðäû­ ýêñöåíòðèñèòåòòåði ìåí ê°ëáåóëåði êiøi øàìàëàð áîëûï ñàíàëàäû, àë
äåíåëåðäi­ ìàññàëàðû °çàðà øàìàëàñ. Îñû øàðòòàðäû åñêåðå îòûðûï, Mathematica êîìïüþòåðëiê àëãåáðà
æ³éåñiíi­ ê°ìåãiìåí êiøi øàìàëàðäû­ åêiíøi äºðåæåñiíå äåéií Ïóàíêàðå àéíûìàëûëàðû àíàëîãòàðûíû­
åêiíøi æ³éåñiíäå ´éûò©óøû ôóíêöèÿíû­ ¡àñûðëû© ´éûò©óëàðû àëûíäû. Ñèìâîëäû© ò³ðäå ìàññàëàðû
àéíûìàëû ³ø äåíå ìºñåëåñiíi­ ¡àûðëû© ´éûò©óëàðû åñåïòåëäi.
Êiëòòiê ñ°çäåð: ³ø äåíå åñåái, ¡àñûðëû© ´éûò©óëàð, àéíûìàëû ìàññà, àïåðèîäòû© ©îç¡àëûñ,Mathematica

êîìïüþòåðëiê àëãåáðà æ³éåñi.

Àííîòàöèÿ. Èññëåäîâàíû âåêîâûå âîçìóùåíèÿ çàäà÷è òðåõ òåë ñ ìàññàìè, èçìåíÿþùèìèñÿ èçîòðîïíî â
ðàçëè÷íûõ òåìïàõ. Â êà÷åñòâå èñõîäíîãî íåâîçìóùåííîãî ïðîìåæóòî÷íîãî äâèæåíèÿ èñïîëüçóåòñÿ èíäè-
âèäóàëüíîå àïåðèîäè÷åñêîå äâèæåíèå ïî êâàçèêîíè÷åñêîìó ñå÷åíèþ. Ýêñöåíòðèñèòåòû è íàêëîíû îðáèò
òåë ñ÷èòàþòñÿ ìàëûìè âåëè÷èíàìè, à ìàññû òåë ñðàâíèìûìè ìåæäó ñîáîé. Ïðè ýòèõ ïðåäïîëîæåíèÿõ ïðè-
ìåíÿÿ ñèñòåìó êîìïüþòåðíîé àëãåáðû Mathematica âû÷èñëåíû âûðàæåíèÿ âåêîâîé ÷àñòè âîçìóùàþùåé
ôóíêöèè â àíàëîãàõ âòîðîé ñèñòåìû ïåðåìåííûõ Ïóàíêàðå ñ òî÷íîñòüþ äî âòîðîé ñòåïåíè ìàëûõ âåëè÷èí
âêëþ÷èòåëüíî. Â àíàëèòè÷åñêîì âèäå âû÷èñëåíû âåêîâûå âîçìóùåíèÿ çàäà÷è òðåõ òåë ñ ïåðåìåííûìè
ìàññàìè.
Êëþ÷åâûå ñëîâà: çàäà÷à òðåõ òåë, âåêîâûå âîçìóùåíèÿ, ïåðåìåííàÿ ìàññà, àïåðèîäè÷åñêîå äâèæåíèå,
ñèñòåìà êîìïüþòåðíîé àëãåáðû Mathematica.

1 Ââåäåíèå

Â ðåàëüíûõ ïðîòîïëàíåòíûõ è ïëàíåòíûõ ãðàâèòèðóþùèõ ñèñòåìàõ íà ñåãîäíÿøíèé äåíü îñíîâíûìè äèññèïàòèâíûìè
ôàêòîðàìè ñ÷èòàþòñÿ ïðèëèâíàÿ ýâîëþöèÿ, òðåíèÿ ÿäðî - ìàíòèÿ è òðåíèå àòìîñôåðà - íåáåñíîå òåëî [1]�[3]. Îäíàêî,
íà îïðåäåëåííûõ ýòàïàõ ýâîëþöèè ãðàâèòèðóþùèõ ñèñòåì äèññèïàöèÿ ìàññû çà ïðåäåëû ñèñòåìû è îáìåí ìàññ ìîãóò
áûòü âåäóùèìè ôàêòîðàìè äèíàìè÷åñêîé ýâîëþöèè [4]�[9]. Èññëåäîâàíèå ýâîëþöèîííûõ ýôôåêòîâ ïåðåìåííîñòè ìàññ
â ãðàâèòèðóþùèõ ñèñòåìàõ � èíòåðåñíàÿ çàäà÷à.
Ïðîñòåéøàÿ ìîäåëü ðåàëüíûõ íåáåñíûõ òåë � ýòî ñôåðè÷åñêîå òåëî, ãðàâèòàöèîííàÿ ñèëà êîòîðîãî íà âíåøíåé îáëà-
ñòè ìîäåëèðóåòñÿ ãðàâèòàöèîííîé ñèëîé ìàòåðèàëüíîé òî÷êè, íàõîäÿùåéñÿ â öåíòðå ýòîé ñôåðû ñ ñîîòâåòñòâóþùåé

∗Ðàáîòà ÷àñòè÷íî ôèíàíñèðîâàíà ãðàíòîì 0688/ÃÔ íàó÷íî-òåõíè÷åñêèõ ïðîãðàìì è ïðîåêòîâ Êîìèòåòà íàóêè ÌÎÍ ÐÊ, 2012ã.-2014ã.
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ìàññîé. Ðàññìîòðèì òðè ñôåðè÷åñêèõ òåëà ñ ìàññàìè, èçìåíÿþùèìèñÿ èçîòðîïíî, â ðàçëè÷íûõ òåìïàõ âçàèìîãðàâè-
òóðóþùèå ïî çàêîíó Íüþòîíà, ÷òî ïðèâîäèò ê çàäà÷å òðåõ òî÷åê ñ ïåðåìåííûìè ìàññàìè. Â ýòîé ïðîáëåìå ýôôåêòû
äèññèïàöèè ìàññ íå èññëåäîâàíû, ïî-âèäèìîìó, èç-çà ñëîæíîñòè çàäà÷è è îòñóòñòâèåì ìàòåìàòè÷åñêèõ ðàçðàáîòîê.
Â òàêîé ïîñòàíîâêå îòñóòñòâóþò äåñÿòü êëàññè÷åñêèõ ïåðâûõ èíòåãðàëîâ [7], ò.å. èíòåãðàë ýíåðãèè, øåñòü èíòåãðàëîâ
äâèæåíèÿ öåíòðà ìàññ è òðè èíòåãðàëà ñîõðàíåíèÿ ìîìåíòà êîëè÷åñòâà äâèæåíèÿ. Â íàøåì ñëó÷àå èç-çà èçìåíåíèÿ
ìàññû â ðàçëè÷íûõ òåìïàõ ïðîèñõîäèò äèññèïàöèÿ ýíåðãèè ñèñòåìû â öåëîì. Òàê êàê çàêîíû èçìåíåíèÿ ìàññ èçâåñòíû
è çàäàíû, òî äèôôåðåíöèàëüíûå óðàâíåíèÿ ñèñòåìû çàìêíóòûå è íå ïîÿâëÿþòñÿ äîïîëíèòåëüíûå ñòåïåíè ñâîáîäû.
Îäíàêî, â ñâÿçè ñ äèññèïàöèåé êîëè÷åñòâà äâèæåíèÿ, ìîìåíòà êîëè÷åñòâà äâèæåíèÿ è ýíåðãèè íå ñîõðàíÿþòñÿ êëàñ-
ñè÷åñêèå èíòåãðàëû.
Â íàñòîÿùåé ðàáîòå èñïîëüçóÿ íàøè ðàçðàáîòêè [7], ìîäèôèöèðóÿ êëàññè÷åñêóþ ñõåìó [10], ïîëó÷åíî íîâîå ðàçëîæå-
íèå â ðÿä âîçìóùàþùåé ôóíêöèè â çàäà÷å òðåõ òåë ñ ìàññàìè, èçìåíÿþùèìèñÿ èçîòðîïíî, â ðàçëè÷íûõ òåìïàõ, â
ïðèíöèïå. Âîçìóùàþùàÿ ôóíêöèÿ âûðàæåíà ÷åðåç àíàëîãè âòîðîé ñèñòåìû ýëåìåíòîâ Ïóàíêàðå ñ òî÷íîñòüþ äî âòî-
ðîé ñòåïåíè âêëþ÷èòåëüíî ìàëûõ âåëè÷èí ei, ii. Ýòà ãðîìîçäêàÿ è òðóäîåìêàÿ çàäà÷à àëãåáðû, êîíêðåòíîå âûïîëíåíèå
êîòîðîé âîçìîæíî òîëüêî ñ èñïîëüçîâàíèåì êîìïüþòåðíîé ñèñòåìû ñèìâîëüíûõ âû÷èñëåíèé.
Ñ ïîìîùüþ ñèñòåìû àíàëèòè÷åñêîãî âû÷èñëåíèÿ Mathematica, ôàêòè÷åñêè íàìè ïîëó÷åíî ïîëíîå âûðàæåíèå âîçìó-
ùàþùåé ôóíêöèè, â êîòîðîì òîëüêî âûðàæåíèå m1m2/r12 ñîñòîèò èç 684 ñëàãàåìûõ. Íà îñíîâå ïîëó÷åííîé âîçìóùà-
þùåé ôóíêöèè âïåðâûå ïîëó÷åíû ýâîëþöèîííûå óðàâíåíèÿ ðàññìàòðèâàåìîé çàäà÷è - êàíîíè÷åñêèå íåàâòîíîìíûå
óðàâíåíèÿ âåêîâûõ âîçìóùåíèé è ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå ýòèõ óðàâíåíèé.

2 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì â êîîðäèíàòàõ ßêîáè ñèñòåìó âçàèìîãðàâèòèðóþùèõ òðåõ òåë T0, T1 è T2 ñ ïåðåìåííûìè ìàññàìè m0 =
m0(t), m1 = m1(t), m2 = m2(t), èçìåíÿþùèìèñÿ èçîòðîïíî â ðàçëè÷íûõ òåìïàõ

ṁ0

m0
6= ṁ1

m1
,

ṁ0

m0
6= ṁ2

m2
,

ṁ1

m1
6= ṁ2

m2
. (1)

Èññëåäóåì óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ â àíàëîãàõ âòîðîé ñèñòåìû ýëåìåíòîâ Ïóàíêàðå Λi, λi, ξi, ηi, pi, qi,
êîòîðûå îïðåäåëÿþòñÿ ñëåäóþùèìè ôîðìóëàìè [7]

Λi = β̃i
√
ai, λi = ni[φi(t)− φi(τ)] + πi = li + Ωi + ωi,

ξi =

√
2Λi(1−

√
1− e2i ) cosπi, ηi = −

√
2Λi(1−

√
1− e2i ) sinπi,

pi =

√
2Λi
√

1− e2i (1− cos ii) cos Ωi, qi = −
√

2Λi
√

1− e2i (1− cos ii) sin Ωi,

(2)

β̃2
1 = f · µ1(t0)m1(t0)m0(t0), β̃2

2 = f · µ2(t0)m2(t0)[m0(t0) +m1(t0)], ni = β̃i/µi0a
3/2
i ,

µ1(t) =
m1m0

m0 +m1
6= const, µ2(t) =

m2(m1 +m0)

m0 +m1 +m2
6= const, µi0 = µi(t0),

ãäå φi(t) ïåðâîîáðàçíûå ôóíêöèè γ
−2
i (t), ïðè÷åì

γ1 = γ1(t) =
m0(t0) +m1(t0)

m0(t) +m1(t)
, γ2 = γ2(t) =

m0(t0) +m1(t0) +m2(t0)

m0(t) +m1(t) +m2(t)
.

Âåëè÷èíû
ai, ei, ωi, Ωi, ii, φi(τi) (3)

ýëåìåíòû îðáèòû � àíàëîãè ñîîòâåòñòâóþùèõ êåïëåðîâñêèõ ýëåìåíòîâ, f � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ.
Óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ èìåþò âèä

Λ̇i =
∂R∗i
∂λi

, ξ̇i =
∂R∗i
∂ηi

, ṗi =
∂R∗i
∂qi

,

λ̇i = −∂R
∗
i

∂Λi
, η̇i = −∂R

∗
i

∂ξi
, q̇i = −∂R

∗
i

∂pi
i = 1, 2.

Ðàññìîòðèì íåðåçîíàíñíûé ñëó÷àé è îñðåäíÿÿ âîçìóùàþùèå ôóíêöèè ïî λi, ïîëó÷èì óðàâíåíèÿ âåêîâûõ âîçìóùåíèé

Λ̇i = 0, ξ̇i =
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∂ηi
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,
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∗
iâåê

∂Λi
, η̇i = −∂R

∗
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∗
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,

(4)
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ãäå R∗1âåê, R
∗
2âåê ñîîòâåòñòâóþùèå âåêîâûå ÷àñòè ñëåäóþùèõ âûðàæåíèé

R∗1 =
1

γ2
1(t)
· β̃4

1

2µ10L2
1

+
1

ψ1

[
− b1r

2
1

2
+ f

(
m0m2

r02
+
m1m2

r12
− m2(m0 +m1)

r2

)]
,

R∗2 =
1

γ2
2(t)
· β̃4

2

2µ20L2
2

+
1

ψ2

[
− b2r

2
2

2
+ f

(
m0m2

r02
+
m1m2

r12
− m2(m0 +m1)

r2

)]
−

− µ2

ψ2
[2ν̇1(ẋ1x2 + ẏ1y2 + ż1z2) + ν̈1(x1x2 + y1y2 + z1z2)] ,

(5)

ãäå
ψi = ψi(t) = µi(t)/µi(t0), b1 = b1(t) = µ1(t)γ̈1(t)/γ1(t), b2 = b2(t) = µ2(t)γ̈2(t)/γ2(t),

ν1 = ν1(t) =
m1

m0 +m1
6= const, ν0 = ν0(t) =

m0

m0 +m1
6= const.

Ðåøåíèå óðàâíåíèé âåêîâûõ âîçìóùåíèé (4) â àíàëèòè÷åñêîì âèäå ÿâëÿåòñÿ îñíîâíîé öåëüþ íàñòîÿùåé ðàáîòû.

3 Ðàçëîæåíèå âîçìóùàþùåé ôóíêöèè

Äëÿ âû÷èñëåíèÿ âåêîâûõ ÷àñòåé âîçìóùàþùèõ ôóíêöèé íåîáõîäèìî âû÷èñëèòü âåêîâûå ÷àñòè ñëåäóþùèõ âåëè÷èí

Fâåê = f

[
m0m2

r02
+
m1m2

r12
− m2(m0 +m1)

r2

]
âåê

, Fρâåê = −
[
b1r

2
1

2ψ1
+
b2r

2
2

2ψ2

]
âåê

,

Vâåê =
µ2

ψ2
[2ν̇1(ẋ1x2 + ẏ1y2 + ż1z2) + ν̈1(x1x2 + y1y2 + z1z2)]âåê .

Ïðåäïîëîæèì, ÷òî ýëåìåíòû ei, ii äîñòàòî÷íî ìàëûå. Òîãäà, ìîæíî ðàçëîæèòü âîçìóùàþùóþ ôóíêöèþ â ðÿä ïî
ìàëûì ïàðàìåòðàì ei, ii è ó÷èòûâàòü òîëüêî ÷ëåíû âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî. Â îòëè÷èå îò äâóõïëàíåòíîé
çàäà÷è òðåõ òåë ìàññû m1(t), m2(t) íå ïðåäïîëàãàþòñÿ ìàëûìè.
Â àíàëîãàõ âòîðîé ñèñòåìû ýëåìåíòîâ Ïóàíêàðå âåêîâûå âûðàæåíèÿ äëÿ R1âåê, R2âåê èìåþò âèä

R∗1âåê =
1

γ2
1(t)
· β̃4

1

2µ10Λ2
1

+ F01 + F12âåê1 + F1âåê + Fρ1âåê,

R∗2âåê =
1

γ2
2(t)
· β̃4

2

2µ20Λ2
2

+ F02 + F12âåê2 + F2âåê + Fρ2âåê + Vâåê,

(6)
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2
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2ψ1
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+
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2
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3
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,
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+
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2a32γ
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)
,

F12âåê1 =
f
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[
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]
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, F12âåê2 =
f
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[
m1m2

r12

]
âåê

,

F1âåê = −f 3a21γ
2
1m0m2ν

2
1

4a32γ
3
2Λ1

(ξ21 + η21), Fρ1âåê = −3b1γ
2
1a

2
1

4Λ1ψ1
(ξ21 + η21),

F2âåê = −f 3a21γ
2
1m0m2ν

2
1

4a32γ
3
2Λ2

(ξ22 + η22), Fρ2âåê = −3b2γ
2
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2
2

4Λ2ψ2
(ξ22 + η22),

Vâåê = −9a1a2µ2γ2(2γ̇1ν̇1 + γ1ν̈1)

14
√

Λ1

√
Λ2ψ2

(ξ1ξ2 + η1η2).

Âû÷èñëåíèå m1m2/r12 òðåáóåò ìíîãî âðåìåíè è áîëüøîé ðàáîòû. Ôîðìóëû (6) ïîëó÷åíû ñ ïîìîùüþ ñèñòåìû àíàëè-
òè÷åñêèõ âû÷èñëåíèé Mathematica [12]. Ïîëó÷åííîå ïîëíîå íåîñðåäíåííîå âûðàæåíèå m1m2/r12 î÷åíü ãðîìîçäêîå è
òðóäíîîáîçðèìîå, åãî çàïèøåì â ñëåäóþùåì êîìïàêòíîì âèäå

F12 =

680∑
i=1

Π∗i (t)Pi(εk) +

4∑
j=1

Π̃j(Λ1,Λ2, t), (7)

ãäå εk = εk(λ1, Λ1, ξ1, η1, p1, q1, λ2, Λ2, ξ2, η2, p2, q2). Îñðåäíÿÿ âûðàæåíèå (7) ïî áûñòðûì ïåðåìåííûì λ1, λ2, ïîëó-
÷èì [m1m2/r12]âåê . Àíàëèç ôîðìóë (6) ïîêàçûâàåò, ÷òî óðàâíåíèÿ âåêîâûõ âîçìóùåíèé ðàñùåïëÿþòñÿ íà äâå ñèñòåìû
îòíîñèòåëüíî ýëåìåíòîâ ξi, ηi è pi, qi. Ïîýòîìó óäîáíî îáîçíà÷èòü

R∗1âåê =
1

γ2
1(t)
· β̃4

1

2µ10Λ2
1

+ F ∗1âåê, R∗2âåê =
1

γ2
2(t)
· β̃4

2

2µ20Λ2
2

+ F ∗2âåê

F ∗1âåê = F ∗1âåê(ξi, ηi, t) + F ∗1âåê(pi, qi, t), F ∗2âåê = F ∗2âåê(ξi, ηi, t) + F ∗2âåê(pi, qi, t).
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4 Ðåøåíèå óðàâíåíèé âåêîâûõ âîçìóùåíèé äëÿ ýëåìåíòîâ ξi, ηi
Ðàññìîòðèì îòäåëüíî óðàâíåíèÿ âåêîâûõ âîçìóùåíèé äëÿ (ξi, ηi)

ξ̇1 =
∂F ∗1âåê
∂η1

, η̇1 = −∂F
∗
1âåê

∂ξ1
,

ξ̇2 =
∂F ∗2âåê
∂η2

, η̇2 = −∂F
∗
2âåê

∂ξ2
,

(8)

F ∗1âåê(ξi, ηi, t) = K0 +K1(ξ21 + η21) +K2(ξ22 + η22) +K3(ξ1ξ2 + η1η2), (9)

F ∗2âåê(ξi, ηi, t) = K′0 +K′1(ξ21 + η21) +K′2(ξ22 + η22) +K′3(ξ1ξ2 + η1η2), (10)

K0 = − b1
2ψ1

γ2
1a

2
1 + f

m1m2A0

2ψ1
− f

ψ1

(
m1m2

a2γ2
+

a21γ
2
1m0m2ν

2
1

2a32γ
3
2

)
,

K1 =
1

ψ1

{
−3b1γ

2
1a

2
1

4Λ1
− f 3a21γ

2
1m0m2ν

2
1

4a32γ
3
2

+ f
m1m2ν0

16a21a
2
2γ

2
1γ

2
2Λ1Λ2

(
6ν30a

4
1C0γ

4
1Λ2 −

−6ν0a
3
1a2γ

3
1γ2Λ2(B0 + 2ν0C1)− 3a21a

2
2γ

2
1γ

2
2ν0Λ2(3C2 − 5C0)− 4B1Λ2

)}
,

K2 =
f

ψ1

{
−3a21γ

2
1m0m2ν

2
1

4a32γ
3
2

+
m1m2

16a21a
2
2γ

2
1γ

2
2Λ1Λ2

(
6a42C0γ

4
2Λ1−

−6a1a
3
2γ1γ

3
2Λ1(B0 + 2ν0C1)− 3a21a

2
2γ

2
1γ

2
2ν

2
0Λ1(3C2 − 5C0)− 4ν0B1Λ1

)}
,

K3 = −f m1m2ν0

16a1a2γ1γ2
√

Λ1Λ2ψ1

{
6ν20a

2
1γ

2
1(3C0 − C2) +

+6a22γ
2
2(3C0 − C2)− a1a2γ1γ2(18B0 + 2B2 + 3ν0(7C1 + C3))

}
,

K′0 = − b2
2ψ2

γ2
2a

2
2 + f

m1m2A0

2ψ2
− f

ψ2

(
m1m2

a2γ2
+
a21γ

2
1m0m2ν

2
1

2a32γ
3
2

)
,

K′1 =
1

ψ2

{
−f 3a21γ

2
1m0m2ν

2
1

4a32γ
3
2

+ f
m1m2ν0

16a21a
2
2γ

2
1γ

2
2Λ1Λ2

(
6ν30a

4
1C0γ

4
1Λ2−

− 6ν0a
3
1a2γ

3
1γ2Λ2(B0 + 2ν0C1)− 3a21a

2
2γ

2
1γ

2
2ν0Λ2(3C2 − 5C0)− 4B1Λ2

)}
,

K′2 =
1

ψ2

{
−3b2γ

2
2a

2
2

4Λ2
− f 3a21γ

2
1m0m2ν

2
1

4a32γ
3
2

+ f
m1m2

16a21a
2
2γ

2
1γ

2
2Λ1Λ2

(
6a42C0γ

4
2Λ1−

−6a1a
3
2γ1γ

3
2Λ1(B0 + 2ν0C1)− 3a21a

2
2γ

2
1γ

2
2ν

2
0Λ1(3C2 − 5C0)− 4ν0B1Λ1

)}
,

K′3 = − 1

ψ2

{
f

m1m2ν0

16a1a2γ1γ2
√

Λ1Λ2

(
6ν2a21γ

2
1(3C0 − C2) + 6a22γ

2
2(3C0 − C2)−

−a1a2γ1γ2(18B0 + 2B2 + 3ν0(7C1 + C3))) +
9a1a2µ2γ2(2γ̇1ν̇1 + γ1ν̈1)

14
√

Λ1

√
Λ2

}
,

ãäå
A0, A1, A2, A3, B0, B1, B2, B3, C0, C1, C2, C3

� êîýôôèöèåíòû Ëàïëàñà [10].
Àíàëèòè÷åñêîå ðåøåíèÿ óðàâíåíèé (8) ìîæíî ïîëó÷èòü ìåòîäîì Ïèêàðà. Â ïåðâîì ïðèáëèæåíèè çàïèøåì

ξi = ξi(t) = ξi(t0) +

∫ t

t0

(
∂Fi
∂ηi

)
0

dt,

ηi = ηi(t) = ηi(t0) +

∫ t

t0

(
∂Fi
∂ξi

)
0

dt,

(11)

ãäå èíäåêñ íîëü â âûðàæåíèÿõ (∂Fi/∂ξi)0, (∂Fi/∂ηi)0 çàêëþ÷åííûõ â ñêîáêè îçíà÷àåò, ÷òî îñêóëèðóþùèå ýëåìåíòû â
íèõ çàìåíåíû íà÷àëüíûìè çíà÷åíèÿìè.

5 Ðåøåíèå óðàâíåíèé âåêîâûõ âîçìóùåíèé äëÿ ýëåìåíòîâ pi, qi
Òåïåðü ðàññìîòðèì îòäåëüíî óðàâíåíèÿ âåêîâûõ âîçìóùåíèé äëÿ (pi, qi)

ṗ1 =
∂F ∗1âåê
∂q1

, q̇1 = −∂F
∗
1âåê

∂p1
,

ṗ2 =
∂F ∗2âåê
∂q2

, q̇2 = −∂F
∗
2âåê

∂p2
,

(12)
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ãäå
F ∗1âåê(pi, qi, t) = ψ∗1(t)F (pi, qi), F ∗2âåê(pi, qi, t) = ψ∗2(t)F (pi, qi),

ψ∗1(t) = −fm1m2ν0B1

8ψ1
, ψ∗2(t) = −fm1m2ν0B1

8ψ2
, (13)

F (pi, qi) = K∗1 (p21 + q21) +K∗2 (p22 + q22) +K∗3 (p1p2 + q1q2), (14)

K∗1 =
1

Λ1
, K∗2 =

1

Λ2
, K∗3 = − 2√

Λ1Λ2

.

Ââåäåì íîâûå ïåðåìåííûå
p1 = γ∗11z

∗
1 + γ∗12z

∗
2 , q1 = γ∗11y

∗
1 + γ∗12y

∗
2 ,

p2 = γ∗21z
∗
1 + γ∗22z

∗
2 , q2 = γ∗21y

∗
1 + γ∗22y

∗
2 ,

èñïîëüçóÿ îðòîãîíàëüíûå ïðåîáðàçîâàíèÿ

γ∗12γ
∗
11 + γ∗22γ

∗
21 = 0, (γ∗11)2 + (γ∗21)2 = 1, (γ∗12)2 + (γ∗22)2 = 1,

2K∗1γ
∗
11γ
∗
12 + 2K∗2γ

∗
21γ
∗
22 +K∗3 (γ∗11γ

∗
22 + γ∗12γ

∗
21) = 0.

(15)

Îòêóäà ñëåäóåò

γ∗11 =

√
Λ1√

Λ1 + Λ2

= const, γ∗21 =

√
Λ2√

Λ1 + Λ2

= const,

γ∗12 = −
√

Λ2√
Λ1 + Λ2

= const, γ∗22 =

√
Λ1√

Λ1 + Λ2

= const.

Òîãäà êâàäðàòè÷íàÿ ôîðìà (14) ïðèâîäèòñÿ ê âèäó

F (pi, qi) = F ∗(z∗i , y
∗
i ) = E∗1

[
(z∗1)2 + (y∗1)2

]
+ E∗2

[
(z∗2)2 + (y∗2)

]
,

ãäå
E∗1 = K∗1 (γ∗11)2 +K∗2 (γ∗21)2 +K∗3γ

∗
11γ
∗
21 = 0,

E∗2 = K∗1 (γ∗12)2 +K∗2 (γ∗22)2 +K∗3γ
∗
12γ
∗
22 =

Λ1 + Λ2

Λ1Λ2
= const 6= 0.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ âåêîâûõ âîçìóùåíèé (12) â íîâûõ ïåðåìåííûõ ñîõðàíÿþò ñâîé êàíîíè÷åñêèé âèä

dz∗1
dt

=
∂F ∗1âåê
∂y∗1

= 0,
dy∗1
dt

= −∂F
∗
1âåê

∂z∗1
= 0,

dz∗2
dt

=
∂F ∗2âåê
∂y∗2

= −ψ∗2(t)E∗22y∗2 ,
dy∗2
dt

= −∂F
∗
2âåê

∂z∗2
= − [−ψ∗2(t)E∗22z∗2 ] .

Ðåøåíèÿ ïîñëåäíåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé íàïèøåì â âèäå

z∗1 = z∗10 = M∗1 cosβ∗1 = const, y∗1 = y∗10 = M∗1 sinβ∗1 = const,

z∗2 = M∗2 cos
(
σ2

∫
ψ∗2(t)dt+ β∗2

)
, y∗2 = M∗2 sin

(
σ2

∫
ψ∗2(t)dt+ β∗2

)
,

ãäå M∗1 , M
∗
2 , β

∗
1 , β

∗
2 , � ïîñòîÿííûå èíòåãðèðîâàíèÿ, σ2 = 2E∗2 = 2(Λ1 + Λ2)/Λ1Λ2.

Òàêèì îáðàçîì, ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé âåêîâûõ âîçìóùåíèé (12) èìååò âèä

p1 = γ∗11M
∗
1 cosβ∗1 + γ∗12M

∗
2 cos

(
σ2

∫
ψ∗2(t)dt+ β∗2

)
,

q1 = γ∗11M
∗
1 sinβ∗1 + γ∗12M

∗
2 sin

(
σ2

∫
ψ∗2(t)dt+ β∗2

)
,

p2 = γ∗21M
∗
1 cosβ∗1 + γ∗22M

∗
2 cos

(
σ2

∫
ψ∗2(t)dt+ β∗2

)
,

q2 = γ∗21M
∗
1 sinβ∗1 + γ∗22M

∗
2 sin

(
σ2

∫
ψ∗2(t)dt+ β∗2

)
.

(16)

Ôîðìóëû îïðåäåëÿþùèå îðáèòàëüíûå ýëåìåíòû, ñ òî÷íîñòüþ äî âòîðîé ñòåïåíè âêëþ÷èòåëüíî ìàëûõ âåëè÷èí ei, ii
� êàê èñõîäíûå äîïóùåíèÿ, èìåþò âèä

ξi =
√

Λiei cosπi, ηi = −
√

Λiei sinπi, Λie
2
i = ξ2i + η2i , tg πi = −ηi/ξi,

pi =
√

Λi sin ii cos Ωi, qi = −
√

Λi sin ii sin Ωi, Λi sin2 ii = p2i + q2i , tgΩi = −qi/pi.
(17)

Àíàëèòè÷åñêèå ñîîòíîøåíèÿ (17), (16) è (11) ïîëíîñòüþ îïèñûâàþò èçìåíåíèå ñî âðåìåíåì îðáèòàëüíûõ ýëåìåíòîâ
ei(t), πi(t), ii(t), Ωi(t) ïðè ïðîèçâîëüíûõ çàêîíàõ èçìåíåíèé ìàññ (1). Îíè äàþò âîçìîæíîñòü ïîëíîñòüþ àíàëèçèðî-
âàòü äèíàìè÷åñêóþ ýâîëþöèþ ðàññìàòðèâàåìîé çàäà÷è òðåõ òåë ñ ïåðåìåííûìè ìàññàìè. Â ÷àñòíîñòè, èç íèõ ñëåäóåò

Λ1 sin2 i1 + Λ2 sin2 i2 = (M∗1 )2 + (M∗2 )2 = const. (18)

Ýòî ÿâëÿåòñÿ àíàëîãîì òåîðåìû Ëàïëàñà îá óñòîé÷èâîñòè ñèñòåìû â íàøåé çàäà÷å. Â êëàññè÷åñêîé äâóõïëàíåòíîé
çàäà÷å òðåõ òåë (ñ ïîñòîÿííûìè ìàññàìè) òåîðåìà Ëàïëàñà îá óñòîé÷èâîñòè ñèñòåìû øèðîêî èçâåñòíà [10].
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6 Çàêëþ÷åíèå

Ñ ïîìîùüþ ñèñòåìû àíàëèòè÷åñêèõ âû÷èñëåíèé Mathematica, âû÷èñëåíî ïîëíîå âûðàæåíèå âîçìóùàþùåé ôóíêöèè
â çàäà÷å òðåõ òåë ñ ìàññàìè èçìåíÿþùèìèñÿ èçîòðîïíî â ðàçëè÷íûõ òåìïàõ, â êîòîðîì òîëüêî âûðàæåíèå m1m2/r12
ñîñòîèò èç 684 ñëàãàåìûõ. Íà îñíîâå ïîëó÷åííîé âîçìóùàþùåé ôóíêöèè, âïåðâûå ïîëó÷åíû ýâîëþöèîííûå óðàâíå-
íèÿ ðàññìàòðèâàåìîé çàäà÷è � êàíîíè÷åñêèå íåàâòîíîìíûå óðàâíåíèÿ âåêîâûõ âîçìóùåíèé è àíàëèòè÷åñêîå ðåøåíèå
ýòèõ óðàâíåíèé. Ïîëó÷åíû â ñèìâîëüíîì âèäå âåêîâûå âîçìóùåíèÿ çàäà÷è òðåõ òåë ñ ìàññàìè, èçìåíÿþùèìèñÿ èçî-
òðîïíî â ðàçëè÷íûõ òåìïàõ. Ïîäðîáíûé àíàëèç ïîëó÷åííûõ ðåøåíèé áóäåò ðàññìîòðåí â îòäåëüíîé ðàáîòå. Ðåçóëüòà-
òû íàñòîÿùåé ðàáîòû ìîæíî ýôôåêòèâíî èñïîëüçîâàòü â àíàëèçå äèíàìè÷åñêîé ýâîëþöèè íåñòàöèîíàðíûõ òðîéíûõ
ãðàâèòèðóþùèõ èåðàðõè÷åñêèõ ñèñòåì, â ïåðâóþ î÷åðåäü, â äâóõïëàíåòíîé (äâóõïðîòîïëàíåòíîé) çàäà÷å òðåõ òåë ñ
ïåðåìåííûìè ìàññàìè.
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