ISSN 1563-0285 « ViHpekc 75872; 25872 n——

SJI-OAPABWV aTbiHfarbl KA3AXCKMW HALIMOHATTBHbI AL-FARABI KAZAKH
KASAK YITTbIK YHUBEPCUTETI  YHUBEPCUTET nmenu ATb-OAPABEM  NATIONAL UNIVERSITY

ABAP WD

MATEMATUKA, MEXAHUKA, UHODOPMATUKA CEPUACHI

BSECTHNK

CEPNA MATEMATUKA, MEXAHUKA, UHDOPMATUKA

MATHEMATICS, MECHANICS, COMPUTER SCIENCE SERIES

2(89) 2016




ISSN 1563 — 0285
Nunekec  75872; 25872

OJI-®PAPABU areiparst KASAK YJITTHIK YHUBEPCUTETI

Ka3zYy XABAPIIBICHI

Maremaruka, MexaHuKa, nHGOPMATHKA CEPUSICHI

KA3BAXCKUU HATMOHAJIBHBIN YHUBEPCUTET umenn AJTh-PAPABI

BECTHUK KazHY

Cepust MmaTeMaTHKa, MEXaHUKa, THPOPMATHKA

AL-FARABI KAZAKH NATIONAL UNIVERSITY

KazNU BULLETIN

Mathematics, Mechanics, Computer Science Series

Ne 2 (89)

AsvaTer
«Kazak ynusepcureri»
2016




Sapeeucmpuposan 6 Munucmepemse KyAbmYpol, UHGOPMaUUY U 06ULLCTNEEHH020
coznacusa Pecnybauxu Kasaxcman, ceudemenvcmeo N 956-2K om 25.11.1999 e.
(Bpema u nomep nepsurnol nocmanosku na yuem N 766 om 22.04.1992 e. )
Buwizodum 4 pasa 6 200

PeﬂaKI_[I/IOHHaSI KoJujierms:

naywnoiti pedaxmop: M.A. Bexmemecos - 0.¢.-m.n., npogpeccop, KasHY um. arv-Papabdu
samecmumens naywnozo pedaxmopa: A.B. Kudvpbexyav, — 0. m. n., npopeccop, KasHY um. anrv-Papadbu

omeememaenmuiti cexpemapn: I.M. Haupbaeea — %. ¢h.-m. 1., doyenm, KasHY um. arv-Dapabu

YneHsbl peaxkoJijierumm:

Aticazanues C.A. — 0.m.n., npopeccop, KasHY
um.anrv-Papabu, Kasarcman

Anuves @.A. — 0.¢p.-m.n., npodeccop, axademur Ha-
yuonarvnoll axademuu nayx Asepbatioscana, Hn-
cmumym npuKraaonot  mamemamury Baxunckozo
20cydapcmeeniozo yrueepcumema, Asepoalioocan
Azmed-Baxu .2K. — d.m.n., KazHY um.anro-
Dapabu, Kasaxrcman

Badaes C.A. — 0.p.-m.n., mnpogeccop, KasHY
um.anv-Papadbu, Kasaxrcman

Katinaxos A.2K. — 0.¢p.-m. 1., npodeccop, arademur
HAH Kupewsckoti Pecnybauku, Kvpauidckut 2ocy-
dapcmeennblill MeTHUNECKUT, YHUBEDPCUTEM, UM.
HU.Paszaxosa, Kvipevidcmar

Kabaruzun C.H. — 0.¢p.-m. 1., npodeccop, “a.-Kopp.
PAH, Hncmumym ebyqucaumenbiot Mamemamury
u mamemamuneckoti 2eopusury CO PAH, Poccus
Kanmaes A. K. — 0.p.-m.n., npogpeccop, KasHY
um.anrv-Papabu, Kasaxcman

Kaneysicun B.E. — 0.¢p.-m.n., npogeccop, KasHY
um.anv-Dapabu, Kaszaxcman

Matinke M. — npogeccop, Jlenapmamenm Boruucau-
meavnoti 2udpodunamury Mrnemumyma Aspoduna-
muru, Iepmarus

Manvowrun B.O. — d.m.m., npogeccop, Hosocu-
bupckuti 20cydapemeennull, mernuveckull Yyrueep-

cumem, Poccus

Metipmarnos A.M. — 0.¢p.-m.n., npogpeccop, Benzo-
podckuli 2ocydapcmeenmvili yrusepcumem, Poccus
Myzambemorcarnos C.T. — 0.¢p.-m.n., npogeccop,
KasHY um.anrv-Papabu, Kaszaxrcman

Omenbaes M.O. — 0.p.-m.1., npogeccop, arxademur
Havuonaavroti axademuu wayx PK, FEepasutickud
HAYUOHANHBLT Yyrusepcumema um. JI.H. I'ymunesa,
Kasaxcman

Hangunroe M. — 0.¢p.-m.1., npopeccop, Havyuonano-
ol noaumexrnuveckul uncmumym Jlomapuneuu,
Dparvyus

Pyorcancruti M. — 0.¢p.-m.n., npogeccop, Umnepcrui
xoanedoic Jlondona, Beaurxobpumarus

Tatimaros U.A. — 0.¢p.-m. 1., npogeccop, akxademur
Poccutickoti axademuu nayx, Mncmumym mamema-
muxu um. C.JI. Cobosesa CO PAH, Poccus
Tyxees Y.A. — 0.m.n., npopeccop, KasHY um.anv-
Dapabu, Kasaxcman

Hloxun IO.M. — 0.¢p.-m.1., npogdeccop, axademur
Poccutickoti axademuu Hayx, Uncmumym eviucau-
meavioir mexnoaozuti CO PAH, Poccus

IOndawes 3.X. — 0.¢p.-m.1., npopeccop, Hayuornanv-
noull ynusepcumem Yabexucmana um. M. Yayebexa,

Vsbexucman

Hayunoe usdanue

Becrauk KazsHY

Cepus MaTeMaTUKa, MEXaHUKA, HH(POPMATHKA
Ne 2(89) 2016
Penakrop: I"M. Jlaupbaera

KowmmnsioTepHas BepcTka: B.A. Aerosa

B N 9910

Ionmucano B meyars 27.06.2016 . @opmar 60 X 84 1/8. Bymara odcernas.
ITeuars nudposasa. O6bem 9.9 m.r. Tupax 500 sk3. Sakas N 3092.
Wsnarensckuii jgom “Kazak yHuBepcureTi”

Ka3axcKoro HaIlMOHAJLHOIO YHUBEPCUTETa MM. ajib-Papabdu.

050040, r. Anmarsr, np.anb-Papabu, 71, KazHY.
Orneuarano B Tunorpadun usgaTeabckoro noma “Kazak yausepcureri”.

© KasHY um. ans-Papabu, 2016

UDC

N

O e d = D OO O O O

b ANd el WO MM A WP M O S M o Bl A ey



About gauge equivalent . .. 35

UDC 517.968.2
Zhunussova Zh.Kh.'* Nugmanova G.N.?** Moldanazarova U.2

L Al-Farabi Kazakh National University, Republic of Kazakhstan, Almaty
2Furasian National University named after L.N.Gumilev, Republic of Kazakhstan, Astana
E-mail: *zhzhkh@mail.ru, **nugmanovagn@gmail.com

About gauge equivalent of the generalized Landau-Lifshitz equation

In mathematics an inverse scattering transformation is a method for solving some nonlinear
equations with partial derivatives. Discovering of the method became one of the crucial events
in mathematical physics in the last 40 years [1]-[6]. The method presents a nonlinear analogue, in
a sense generalized Fourier transformation, which is applied to solve a lot of linear equations with
particular derivatives. Title "inverse scattering problem"is originated from key idea of recovery
time evolution of the potential from time evolution its scattering data: inverse scattering is related
to the problem about recovery of the potential from its scattering matrix, in difference from
direct scattering the problem of finding a scattering matrix of potential. The inverse scattering
transformation can be applied to many co-called exactly decided models, i.e. completely integrable
infinite systems. Firstly it was presented by Clifford S. Gardner, John M. Greene and Martin D.
Kruskal and others (1967, 1974) for Korteweg de Vries equation, and soon spread to nonlinear
Scrodinger equation, sine-Gordon equation and Toda. chain equation. Later the method was used
to solve many another equations, such that Kadomtsev-Petviashvili equation, Ishimori equation,
Dime equation etc. Characteristic property of solutions obtained by inverse scattering method is
existence of solitons, solutions reminding as particles as waves, which do not have any analogues
for linear equations with particular derivatives and are applied to nonlinear optics and plasma
physics, and its quantum version describes many-particle system with 6-shaped interaction.

Key words: spin system, soliton, inverse scattering transformation, integrable systems,
compatibility condition, Lax pair.

Kynycosa 2K.X., Hyrmanosa I"H., Monnanazaposa V.
O xa;m6poBOYHOM SKBHUBaJIeHTe 06061eHHOr0 ypasHenus Jlannay-JIndimuna

B maremarmke mpeobpasoBanneM oOPATHOTO PaCCesiHUs ABJISETCS METOJ PeIleHHs] HEKOTOPBIX
HEJIMHEHHBIX ypaBHEHWHA € YaCTHBIMU IPOU3BOAHBIMU. OTKPHITHE TAHHOTO METOHa CTAJIO OJHUM
U3 CaMbIX BarKHBIX COOBITHII B MaTeMaTH4YecKoil ¢usnke B mociennue 40 ser [1]-[6]. Meron npe-
craBJigieT coboi HeMHeiHbIi aHaJIOT, a B KAKOM-TO CMbICJIe 06001menust npeobpasoanuss Oypbe,
KOTOPOE caMO 1O cebe MPUMEHSETCS JJIsl PEIIeHNs MHOTUX JINHEHHBIX yPaBHEHU B IaCTHBIX MPO-
u3BonHLIX. HazBanme "meron o6parHOil 3aja4u paccessHus "IIPORCKXOIAT OT KJIIOUYEBONH HIEH BOC-
CTAHOBJIEHUS BPEMEHHO 9BO/IIONUHI IOTCHINAJIA OT BPEMEHHOM IBOJIIONUN €0 JAHHBIX DACCESHHUS:
obpaTHoe paccesgHIe OTHOCUTCS K 33/1a€ 0 BOCCTAHOBJICHUM MOTEHIINAA OT €r0 MATPHUIIBI PACCesi-
HUsl, B OTJIMYKE OT IPAMOI'O PACCEesHUsI 33/1a4a HAXO0XKJIEHUsI MATPUIIBI PACCEIHU OT ITOTEHIIHAIA.
Obparnoe 1peobpasoBaHme PACCESTHAS MOXKeT OLITH IIPHMEHEHO KO MHOTHM W3 TAK HA3BIBAEMBIX
TOYHO PeNIaeMbIX MOJEJ/ICH, TO €CTh BIIOJIHE HHTEIPUDYEMbIX OECKOHEYHOMEPHBIX chcTeM. Briepshie
on 6p11 npegcrasien Kimbdopaa C. Tapauep, Jxxon M. I'punom, u Maprur 1. Kpyckana n ap.
(1967, 1974) nnst ypasaenms Kopresera-ne ®pusa, 1 BCKOpe PACIPOCTPAHSIETCS HA HEJIUHEHHOE
ypasaenue IIpenunrepa, ypasrenue cunyc-l'oppona u ypasaenus nernoaku Tona. Ilosgree nam-
HBI MeTOoJ| ObLI MCHOJIL30BAH JIIs PENIeHNs MHOIUX JPYTHX ypaBHEHWH, TAKUX KaK yDaBHEHHE
Kayomnesa-Ilersnamsuin, ypasaenue Mimmmopu, ypasaenue Jlum, n Tax gamee. XapaKTepHBIM
CBOHCTBOM peIleHuil, MOJIyYeHHBIX METOIOM OOPATHOIO PACCEsIHUS ABJAETCS CYIIEeCTBOBAHWE CO-
JINTOHOB, PelleHnit, HAIIOMUHAIOMUX KaK JaCTUII U BOJHBI, KOTOpPbIe HE MMEIOT AHAJIOTOB JJIf
JINHEHHBIX ypaBHEHHUI C YaCTHBIMHU IIPOU3BOJHBIMH W MPUMEHSIOTCI B HEJUHEHHOH ONTHKe W B
dusmMKe MIa3MBI, 8 €ro KBAHTOBLIH BAPUAHT OMKMCHIBACT MHOI'OYACTHIHYIO CUCTEMY ¢ 6-00pasHbIM
B3aUMOJIeICTBHEM.

Kuirouesbie ciioBa: CIMHOBasI CHCTEMa, COJIUTOH, MpeobpasoBaHue 06PATHOTO PACCESHUS, HHTe-
rpuUpyeMble CUCTEMbI, YCIOBHE COBMECTHOCTH, Hapa Jlakca.
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Kymuicosa 2K.X., Hyrmanosa I'H., Moananasaposa Y.
YKammeiama Jlannay-JIndmmi Tenaeyiniy kanubpoii SKBUBAJICHTTITi TypaJibl

Keitbip CBHIBBIKTBI €MeC JepOec TybIHIbIIbL TeHJIeyIIepIi TTeNTy i o/ici MaTeMaTHKa/a Kepi ceiiry
TypiIeHAipyi jgen arasajpl. Ochl 9CTIH AMIBLIYHI COHFBI 40 KbULTAFBl MATEMATUKAJIBIK, (DU3HKa-
JIArBI eJley Tl OKuFaIapAbIH, 0ipi [1]—[6]. By oj1ic ©3iriHeH ChI3BIKTHI eMeC aHaJsor, aJl Kell MaFblHa-
na 1ep6ec TYBIHIBIIBI ChI3BIKTHI TEHJIeyIep/il IIerTy VIIH KOIIaHbLIaThie Pyphe TyprenIipyiHin
JKaJbLIay sl Gosbim Tabbutassl. "Kepi ceftiny eceblnin oziciaTaynl cefiiay Geplirenaepiniy yakpiT
SBOJIONUSACHIHAH YAKBIT SBOJIONUACHIHBIH MOTEHIMAJIBIHBIH KalTa KYPbI/Ly bIHBIH Herisri mesachin
Kypaiijpl: Tikesell ceifiiyre Kaparania, IOTEeHIMAITAH CeifiTy MaTPUITACHIHBIH, TAObLILY ecebi kepi
celilmy i, ceflily MaTpHUIaChIHAH ITOTEHIAIIbI KaliTa Kypy ecebiHe KaThICThI KOJIIAHbLIAIbL. Keoem-
TereH HAKTHI IIEMILIeTIH MOJeIepre HeMece MHTerPaJIIaHAThIH aKbIPChI3 »Kyilesrepre Kepi cedtiry
TeH/IeyIepi KoIaHyFa 6oiaipl. AJirar per ot Kimddopn C. Tapuuep, Jxon M. I'pun, Maprun
J1. Kpyckan »xone 6ackanapbiven (1967, 1974) Kopreser ge ®@pus Teneyl yIid yCHHbLIDL, KeiliH
IIpenuarepIiH CHI3LIKTHI €MEC Teneyine, cuayc-I'opJoHHBIH TeHeyiHe ykoHe 10/1a MBIHAKBIPbIHA
rapayabl. Keifin ocbl a1ic Kanowmnes-Ilersuamsuim tenaeyi, Ammmopn rengeyi, Jdum Tenpeyi,
T.c.c KONTEreH TeHJeyJiep i Menty YIIH KONJaHbIIIbL. Kepi ceiiijy omici apKblLJIbl aJIbIHFAH II6-
IiMIepIiH XapaKTePUCTHKAJIBIK, KACHETTePi OOJIBIIL CONMUTOHIAD/IbIH, nepbec TYBIH/IBLIBI CHISBIKTHI
TeHJIeyJIepre aHAJIOTBI YKOK, OOJIIEeKTep MEH TOJIKLIH cekisi nrenmiMepin 6ap GOIyBl caHasa bl
JKOHE ChI3BIKTBI €MeC OINTHKa MeH IIIa3Ma (PU3NKACHIHJ/IA KOJJAHBLIA/bI, a1 OHBIH KBAHTTHIK TYpi
G-TypJii ©3apa dcepJli KOO IIeKTi XKy #HeH] cuiaTTai bl

Tyiiin ce3aep: CImMHAIK XKYiie, COIUTOH, Kepi ceitliry TypJeH lipyl, HHTeTpaIJaHaThIH XKYiie, yii-
sreciMIimik nrapThl, JIake sKyObl.

1 Derivative nonlinear Schrodinger equation

Derivative nonlinear Schrodinger equation-I;

by + iz + (|)> B)e =0

compatibility condition of the linear differential equations

O, =U®P

(I)t = V(I),

where U, V can be expressed in the form

U:—i>\203+>\< —?b* ﬁ)

s g5 pugl EMES 0 ¢ 0 ida — 9I° ¢
L s AZ)"?’”A?’(—& 0>“<z¢;+|¢|2¢* 0 )

Derivative nonlinear Schrodinger equation-II;

G =1 g0

compatibility condition of the linear differential equations;

QxZWQ

ISSN 1563-0285 KazNU Bulletin. Mathematics, Mechanics, Computer Science Series Ne2(89)2016

wh

hes
wh

In
S5¢

De

or

ar
R

g4
€en

18




About gauge equivalent . . . 3k

Qt == ZQa (5b)
where W and Z the following matrixes
, 7 0
W= ix+ oA (S ) (60
2= =200 +i1aP X + 2(aat — ¢'a) — ol os+ 22 0, T )+
0 ige — lg1* q/2 >
9 2 . . 6b
(%qx+|q|2q/2 0 i)

*

here ¢(t, z) and q(t, z) is a complex function (classic charged field), and |¢|* = ¢¢*, |q|* = qq*,
where * mens complex conjugation.

2 Spin system which is gauge equivalent the derivative nonlinear Schrodinger
equation

In the chapter we propose a new spin model which is gauge equivalent the derivative nonlinear
Schrodinger equation.

We present, the notion of gauge equivalent introduced by L.Takhtadzhyan and V.Zakharov
as the following definitions [1]:

Definition 1. Equations allowed the Lax pair

or
b, = U;®
q)t = ‘/}(b
(2) are called by integrable.
Definition 2. Integrable equations are called gauge equivalent, if they are connected by
(3) transformation ®; = g 1@y, U; = gUsg ! + g,97 %, Vi = gVag™' + g:g~" with matrix function

g, not dependents on symbols pseudo-characters by other nondependable values operators
entering to U u V.

(3) We formulate the theorem.

Theorem 1. Spin system

1
32

S; — 188, — %w(sﬁ) — 4X2 <1 tr(S§)> £ =i (7)

with boundary condition

(4) S2=1 I:(é?)

is gage equivalent the derivative nonlinear Schrodinger equation-I (1).
(5a) Proof. We consider gauge transformation

Becrauk KasHY. Cepust MaTemarnka, MexaHuKa, nHdopmaruka No2(89)2016
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P =g"'®, (8)
where ®(z,1) is a solution of the system equation (2), and t(z,t) is a function of a
class continuous functions which is solution of origin Lax pair corresponding equivalent spin
system. Let g(z,t) be a solution of the system (2) at A = Ay, Ao = const: g = 1P
Derivatives by « from (8) give the following

Yo =—9 'gsg ' ® + g71®,, (9)

where ® = gy u @, is taken from system (2).
We introduce the notation [1]
S =g losg (10)

e g
03 = 0_1 .

Then from (9a) with take into account (10) we obtain

where o3 is a Pauli matrix

wm:<—mV—A@S+i:ﬁ$SJ¢. (11)
2o
Now we calculate the derivative by ¢ from (8)

Yhe=—9"qg '@+ g 'O, (12)

This equation is transformed with consideration (2) and (10)

Py = (- {22’()(1 — A8 — SL).\?)(/\ = )\o)ztr(Si)} S+

P28 (A=)
An 163 20

= tr(Sﬁ)} S8, + Ms) i (13)

Thus, we solved the problem of finding the Lax pair which is gauge equivalent to linear
system (2), it is Lax pair of the derivative nonlinear Schrodinger equation-1. The next step is
reveal a spin system corresponding to Lax pair. We consider compatibility condition of the

system (11), i.e.40p = 1.

A=y

Yyt = (—z’()\2 — )8, + T(Ssm)t)¢ o <_i()\2 = /\8)5 s
0

A— Xy
20

Yo = (‘ZW — )8 — oo (A = 0)2(Str(52))a+
8A2

(A= Xo)

i(A = No)
1632

20

LN 20408

A
™ (SSz)e —

e ), Sm> P+
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+ (— [27;(x1 — X)) — S%(A = /\0)2t’r’(S§):| S+

3 o33 2 -
{A 28+ XA 0= o), o

A 1672

o M%) . (15)
2o

Equating (14) and (15) to each other with take into account the system (11) and (13), as
well as expansion in powers A we obtain the equation (7). Since the equations at A\*, A%, A3
are equal to zero and we have combined the equations at A\, \°, then the obtained equation
and equation at A\? are the same.

Theorem 1 is proved.

Theorem 2. Spin system which gauge equivalent the derivative nonlinear Schrodinger
equation-II is equation (7).

Proof. We consider the gauge transformation

r=97'Q (16)

where Q(x,t) is a solution of the system equation (5), and r(z,t) is a function of a
class continuous functions which is solution of origin Lax pair corresponding equivalent, spin
system. Let g(z,t) be a solution of the system (5) at A = Ao, \g = const: g = ®|x=,-

Derivative by = of (16) gives the following

Te=—9 '9:9 ' Q+ 9 'Qu, (17)

where () = gr u @), is taken of the system (5).
Then from (17) with consideration (10) we get

T (—‘()\2 — )8 + AQ_AOAOSSSC> . (18)

Now we calculate the derivative by ¢ from (16)

rn=—-9"'99"'Q+g'Q: (19)

This equation is transformed with taking into account (2) and (10)

e ([—zi(x* — X+ 357 (A% = 33 + 2Aho)tr(SD) | S+
0
Xl D), (A = o)
3 { Ao 1673 EhRl| S8t gt L o

We consider the compatibility condition of the system (18) u (20), T.e.75 = 7s.

) mat,
P = <—i(>\2 — A r X O(SSQ;)t) ¥+ (‘i()\2 — A)S + A OSS;[;> T (21)
0

20
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e = | =26 = M)S, + g5 = 3N+ 2Wo)(Str(SD)at
A3 — 203 + A3 (A —Xo) 2 A = M)
E¥ 5 (SS.) o 08 tr(Se))e + 55 i
2B oginte 5 o -87’?(% — 3X2 + 2\ )tr(S2) | S+
0

M3 (A=)
X 1673

(A= o)

9 7
2

By equating (21) and (22) to each other and substituting the expressions 1, 75, €xpansion
by powers A we get equation (7). Since the equations at A5 X4 A3 are equal to zero and we
have composed the equations at A, X9, the the obtained equation and equation at A2 are the
same.

Theorem. 2 is proved.

3 Conclusion

Derivative Heisenberg models which are equivalent two type derivative nonlinear Schrodinger
equation obtained in this work. Estimated results have shown, that two type derivative
nonlinear Schrodinger equation, considered in the work, corresponds the same derivative
spin model.

This work was supported by the grant of the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan (project 0893/GF4 MES RK)
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