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Abstract We present systematic calculations of the leading order relativistic corrections
including the hyperfine splitting (HFS) for a wide range of rotational and vibrational states
of the HT+ molecular ion. We also calculate the DC and AC Stark effects for the molec-
ular hydrogen ions H+

2 and HD+ in the non-relativistic approximation. The influence of
the DC Stark polarizability effect on the hyperfine substates of a ro-vibrational state is
carefully analyzed. Our results enable the detailed evaluation of certain systematic shifts
of the transition frequencies for the purpose of ultra-high-precision optical, microwave, or
radio-frequency spectroscopy of the hydrogen molecular ions in a trap.

Keywords Molecular hydrogen ions · Fine and hyperfine splitting · Relativistic
correction · Breit-Pauli Hamiltonian

1 Introduction

The ro-vibrational spectroscopy of the hydrogen molecular ions has been proposed to
improve the determination of mp/me, the proton-to-electron mass ratio [1, 2].
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We present results for a wide range of states of the total orbital angular momentum
L = 0 − 5 and vibrational quantum number v = 0 − 5

We carry out extended calculations of the leading order relativistic corrections for HT+
ro-vibrational states. It includes as well calculations of the hyperfine structure (HFS), which
to our knowledge have never been published before for this isotopomer of the hydrogen
molecular ion. The HFS may be of great importance for studies of the finite size properties
of a triton, such as form factors, Zemach radius, etc.

For numerical three-body calculations we use the variational expansion [3]. Namely, the
wave function for a state with a total orbital angular momentum L and of a total spatial
parity π = (−1)L is expanded as

ψπ
LM =

∑

l1+l2=L

Y
l1l2
LM(R̂, r̂1)G

l1l2
LM(R, r1, r2)

GLπ
l1l2

(R, r1, r2) =
N∑

n=1

CnRe
[
eαnR−βnr1−γnr2

]
+ DnIm

[
eαnR−βnr1−γnr2

]
(1)

2 Fine and hyperfine splitting of the levels in HT+

The leading correction to the nonrelativistic energy is the relativistic correction of order
mα4 determined by the Breit-Pauli Hamiltonian [4, 5].

The spin-dependent part of the Breit-Pauli Hamiltonian for a system of particles of spin
1/2 has the following form:

HHFS = − e2

c2

∑

j �=i

ZiZj c
(j)
S

[
rij × pj

]
sj

2m2
j r

3
ij

− e2

c2

∑

j>i

ZiZj c
(i)
F

[
rij × pj

]
si − c

(j)
F

[
rij × pj

]
sj

mimj r
3
ij

+
∑

i>j

[
μiμj

r3ij

− 3
(μirij )(μj rij )

r5ij

]
− 8π

3
μiμj δ(rij ) (2)

Here μi =
(
c
(i)
F Zi/2mic

)
σ i is an operator of magnetic moment, coefficients cF and cS

are defined

c
(i)
F = 1 + ki, c

(i)
S = 1 + 2ki (3)

where ki is an anomalous magnetic moment of a particle. We adopt the following coupling
scheme:

F = Ip + It S = F + se J = S + L (4)

Averaging over spatial degrees of freedom we obtain the effective Hamiltonian, which
depends on the spin and orbital angular momentum variables (see [5] for numerical results):

Heff = E1
(
se · Ip

) + E2 (se · It ) + E3(se · L) + E4
(
Ip · L) + E5 (It · L)

+ E6
{
2L(L + 1)

(
se · Ip

) − 3
[
(L · se)

(
L · Ip

) + (
L · Ip

)
(L · se)

]}

+ E7 {2L(L + 1) (se · It ) − 3 [(L · se) (L · It ) + (L · It ) (L · se)]}
+ E8

{
2L(L + 1)

(
Ip · It

) − 3
[(
L · Ip

)
(L · It ) + (L · It )

(
L · Ip

)]}
(5)
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3 Spin-independent relativistic corrections

The leading order relativistic corrections are described by the Breit-Pauli Ha-mil-to-nian.
The complete spin-independent contribution at this order is

Eα2 = E(2)
rc + E

(2)
kin + E

(2)
tr−ph + E

(2)
Darwin + E(2)

nuc, (6)

where E
(2)
rc — relativistic correction for the bound electron, E

(2)
kin — relativistic kinetic

energy correction for heavy particles, E
(2)
tr−phs — recoil corrections, E

(2)
Darwin — for

the proton (triton), spin 1/2 point-like particle, E
(2)
nuc — nuclear spin-dependent recoil

corrections.
Detailed calculations of the relativistic corrections to the ro-vibrational energies of the

HT+ ion at this order are given in [5].

4 Polarizability

The static dipole polarizability tensor is reduced to scalar αs and tensor αt terms, which
may be expressed in terms of three contributions corresponding to the possible values of
the rotational angular momentum quantum number of the intermediate state: L′ = L ± 1 or
L′ = L

a+ = 2

2L + 1

∑

p

〈vL‖d‖p(L + 1)〉〈p(L + 1)‖d‖vL〉
E0 − Ep

,

a0 = − 2

2L + 1

∑

p

〈vL‖d‖pL〉〈pL‖d‖vL〉
E0 − Ep

,

a− = 2

2L + 1

∑

p

〈vL‖d‖p(L − 1)〉〈p(L − 1)‖d‖vL〉
E0 − Ep

, (7)

and

αs = α0 + L(L + 1)

3
α1 = 1

3

[
a+ + a0 + a−

]
,

αt = α1/2 = − a+
2(L + 1)(2L + 3)

+ a0

2L(L + 1)
− a−

2L(2L − 1)
. (8)

Our results are presented in Tables 1-3, details may be found in [5].
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