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‘ ﬁw where

A =

B

g3 =
B, =
By =

By =

‘ where ¢, p are complex function, v, w, 7 are real functions, ¢
o parameters. It is the (2+1)-dimensional modified KdV equation. This set of equations (2.1)-(2.5) is
it integrable by IST. The corresponding linear eigenvalue problem can take the form

Myrzakulov R.

Keywords: Darboux transformation, soliton solution, Lax presentation, modified Kortewedge-de Vries equation
j‘ The (2+1)-dimensional modified KdV equation
1 The (2+1)-dimensional modified Korteweg-de Vries equation (KdV) reads as [28]

gt + iqrey — vg + H(wq)z — 2ip = 0,
z = 2i0(qzyq — 9" qay) =

)

0

“74c“25(|‘1|2)y =0
Pr—2iup—2nq = 0
Nz +0(g’p+p*q) = 0O

’

T, = AY,
¥, = 4X*¥, + BY,

U = (¥, ¥)7,

—Z./\O‘;{'{’A(),
i
ABy + By + ——B_;.
1 0 /\+/‘ 1

Here o3, Ag, By, By, B_1 are 2 x 2 matrices have form

1 0 (0 ¢
(0 —1)‘ A"‘(—r 0)’
woq

-r 0/’

"%U —Qzy — W

Try + wr 3V ?

N =P
-k -n)°

Ay —4X?Ay - B, +[A,B] =0.
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Kemelbekova G.M., Esmakhanova K.R., JTapeeva S.K., Tungushbaeva D.I. and

Darboux transformation and one-soliton solution of the (2+1)-dimensional modified
Korteweg-de Vries equation

(Eurasian International Center for Theoretical Physics and Department of General and Theoretical Physics, Eurasian National
University L.N. Gumiliyov)

Darboux transformation, a comprehensive approach to construct the explicit solutions of the nonlinear evolutionary equation,
is applied to construct the solution of the modified Korteweg-de Vries (KdV) equation. In this paper, we construct a Darboux
transformation of the (2-+1)-dimensional modified KdV equation which is integrable by the Inverse Scattering Method. Using
this transformation, the one-soliton solution is obtained from the "seed"solutions.
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(
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is real constant and A, u are spectral

(6)
O]
(8)

9
(10)

(11)
(12)
(13)

(14)

and 7 =4d¢", k= dp*, where § = £1. The integrability condition of (2.6)-(2.7) is still ¥z = Wy, :

(15)

w\‘
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DT for the (241)-dimensional modified KAV equation

It is well-known that the DT has been proved to be an efficient way to find the exact solutions
like solitons, dromions, positons, breathers, rogue wave solutions for integrable equations in 1+1 and
2: 1 dimensions. In this section, considering the particularity of the Lax representation, we construct
the DT of the (241)-dimensional modified KdV equation (2.1)-(2.5). Furthermore, we will find some
solutions of the (2+1)-dimensional modified KAV equation using its DT.

One-fold DT
We consider the following transformation about linear function wl(z,y, ¢, A)
(2, y,t,A) = T(z,y,t,\)¥(z,y,1, \), (16)
where T'(2,y,t, M) is called a Darboux matrix
T(z,y,t,A) = M\ — M(z,y,t,)), 17

here I, M are 2 x 2 matrices have form

(10 _ [Mm1n1 m2
= (0 1) ? i = <m21 77122.) : (18)

The new function ¥(! satisfies the next system

ol = Allgll (19)
3l W = gazell 4 pllgl), (20)
§ 18 3
‘ E whore Al ang Bl depend on ¢lU}, vl P, 91, wll and . Then the matrix T can be
E i)~ g proven to satisfy following equations
) T,+TA = Al (21)

T,+TB = 4XT,+ BT (22)

I'he correspondence between gt | vt | pll) 17[‘1] ,wUand ¢, v, p, 5, w canbe got by (3.6)-(3.7)
‘llecting the different power coefficients of A we obtain from (3.6) the following set of identities

A ilos = iosl, (23)
AU Al = 4+ i(M, 0y), (24)
2 M, =AM - M4, (25)

Pom the above identities, after simplifications (3.9) we get

F (1] .
v = g—2imy, ¢' =q* - 2imy,. (26)
LAfter this system we derive mg; = —mj, for attractive interaction case that is if § = +1. From
£(0.12) we take myy = mi; - Then comparing different power coefficients of Ai of the two sides of
Bbho cquation (3.7) gives us

A aM, =Bl -, (27)
At ¢ Bl = By - MB, + BUM, (28)
A M, =iB"Y —- BUM —iB_, + MB,, (29)
A+ —iuBY —iBYM v iuB_, +iMB_, =0. (30)
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Subsequently we get the DT
BY =By~ MB, + (B, + AM,)M, (31)
aM, = B _ B, (32)
BY = (M + uI)B_(M + u1)~. (33)

Then one-fold Darboux transformation of Kortweg-de Vries equation is expressed as

ol =y 4 4(mazgy + miygy, + 2imymayy — 2imiamyg,), (34)
witl = - dimpy =w+ dimag,. (35)
So the matix M has the form

mi mypp ~1 1 my, —my _
M= p . ) , M7 = (o ey ( i ) (35)
—mi; my, [m11]? + [mia|2 \mj,  myy

my+p mya ) ~1 i (m;l +u —myy >

M+ pul = . « |y (M+pl)™ == s : 35
* ( —mi, p+mi ( w0 O mi, K+myy ()

Here 3
O = det(M + pI) = p* + p(myy +miy) + fmu? + [myaf?. (35)

The equation (3.19)) gives
ot = (I + mu|? ~ fmao|®)n — pmiy(u +myy) — P'maa(p +my)) (36)
D b
ol p(u+my)? - p’m% + 2nmyp(p + mu)‘ (37)
p,m _ P (u+mi)? — pmid + 2nmiy (1 +m3)) (38)
G :

Suppose M matrix

M = HAH™!,

¥1(\ist,,y) ¢1(A2;t,z,y)) 3
H'= .
(1112(/\1;5,97,2/) Y2(A2;t, 7, 9) (40)
We consider
(M0
- (5 0) o

and det H # 0, where A\; and )y are complex constants. Using equation (21), it is easy to give

Hy = —io3HA + AgH. (42)
While from (22)

H, = 4H,A’+ B\HA+ BoH + B_,HY, (43)
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1

1\ ratisfy the restriction of M and BZ; as mentioned above, we first note that if § =1 then

Ut =07t Al = —A,, (45)
" P1(Ai;t,2,9) —'llli()q;t,x,y)) _
A 3 /\ H E—; 2 # 16
2 = ('(}12(/\],15,13,3/) w](/\l;tvx7y) ( )
1 L 9iOustey) 3t a,y)
H 1 ey B ( 1 y by Ly 2 3 by dy i 47
A \-t(istz,y) 1Mt z,y) 4
Mo lor the matrix M we have
L (Ml + Aalvl? (1 = A)endl )
M = — i1 . 5 48
H R =)
where
A = [+l (49)
Mere we mention that mgp = m}, and mo; = —mj, if Ay = A}. So far, we found construction of
'Y of the (241)-dimensional modified KdV equation:
g = gq—2im, (50)
= w4 4(ma2gy + miaqy + 20mumily — 2imiymiay), (51)
wll = w—dimyyy = w+ 4imi,,, (52)
m _ (s+mul = imo)y — pmiye +mu) - prmu(p +my,) 53
n - D ’ ( )
n _ P+t myy)? — p*miy + 2ymiz(p + mu) r
pt = 0 - (54)
9) One-soliton solutions
As far as we got Darboux transformation, our next aim is to construct the one-soliton solution of
KdV equation. In order to obtain soliton solution, the seed solution we take ¢ =0, v = 0,p=0,
) : w=0, n=1.Let \; =a+ bi.Hence the corresponding associated linear system takes the form
s ¥, = —id¥,, (55)
Uy = AUy, (56)
1 g i
= E=oo— 7
) Py, Ay, + H#wl, (57)
Uy = D il 58
2t %" 3¥a 2 (58)
) k From the above system, we take take eigenfunctions in the form
: v, = e—i/\lz+ipxy+i(4A'fu1+ Yl‘+—“)t+¢s,+i527 (59)
) ; ¥, = eiAlz—ipxy—i(4)\%p1+ ,\,]-ﬂ‘)t—dl_i&'l Héo‘ (60)
or
) ~ ¥, = i, (61)
] v, = et (62)
89
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where p) =n+iv, \j =a+ i3 and §; are real constants.

: B
6 = Br—vy- [BaBn + 4v(a?® - B% - m]t + 4y, (63)
T 2 _ g2y _ e SO :
X1 = —ar+ny+ [dn(a® - B%) — 8afy + (a+,u)2+ﬂ2]t+62’ (64)
and
O = =01, xo=-x1+dp (65)

Finally we have one-soliton solution of the (2+1)-dimensional modified KAV equation:

A = _2.%&’ (66)
ol = mi’%ﬂsc-f%, (67)
ol o _C_:%l, (68)
o 27"12(#D+mu), (69)
2 2
1]{11 = |/t+7'lnllj—lml2l, (70)
where
mu = a+ifth20,, mu:%. D=u2+2a,u+a2+52=(;L+a)2+[)'2 (71)

Using the above presented n -fold DT, in the same way we can construct the

n-soliton solution of
the (2+1)-dimensional modified KdV equation.

Conclusion

In this paper, we have constructed the DT for the (2+1)-dimensional modified KdV equation.
Using the derived DT, some exact solutions like, one-soliton solution is obtained. The determinant
representations of the obtained solutions of the (2+1)-dimensional modified KdV equation are given.
Using the above presented results, one can also construct the n-solitons, breathers and rogue wave
solutions of the (2 +1)-dimensional modified KdV equation. It is interesting to note that rogue
wave solutions of nonlinear equations is currently one of the h
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KemenbGexopa I'M., Ecmaxanosa K.P., Taneepa C.K. Tyuryw
Jap6y TypaeHaipyi xoHe(2-+1)-enmemai MOANDUKALHAIAHFAH

wewsimi

Hapby Ttypuesaipyi OeHCH3HKTHl IBOMOUMSIBIK  TCRACYJIEPAIH a1 p]emiw;epin Kypy Yuwin KeieHal
monuduxauusianran Kopreer e Dpus TeraeyiHiK mewiMiH Kypy Yid nafaanaHbiiais. Bi3 och MaKajaja Kepi mambipiy
ecefi apKblJIBl KHTErpajiiaHaThiH (2+1)-enmemai monudukauusnanran Kopreer ne ®pu3 Tenpeyinin JapOy TYPJACHAIP,
Kypabik. Ocut TYpeHAIpYAl KONAanH, IPHBHAIABI meutiMepaes 6ipCONHTOH N HemiM aJanK.

Tvyikin ceapep: Hapby TYpJEHAIPYi, CONMTOHABIK urewim, JTakc xynTaphi, MOARGDUKALKATAHFAH
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1\ ratisfy the restriction of M and BZ; as mentioned above, we first note that if § =1 then

Ut =07t Al = —A,, (45)
" P1(Ai;t,2,9) —'llli()q;t,x,y)) _
A 3 /\ H E—; 2 # 16
2 = ('(}12(/\],15,13,3/) w](/\l;tvx7y) ( )
1 L 9iOustey) 3t a,y)
H 1 ey B ( 1 y by Ly 2 3 by dy i 47
A \-t(istz,y) 1Mt z,y) 4
Mo lor the matrix M we have
L (Ml + Aalvl? (1 = A)endl )
M = — i1 . 5 48
H R =)
where
A = [+l (49)
Mere we mention that mgp = m}, and mo; = —mj, if Ay = A}. So far, we found construction of
'Y of the (241)-dimensional modified KdV equation:
g = gq—2im, (50)
= w4 4(ma2gy + miaqy + 20mumily — 2imiymiay), (51)
wll = w—dimyyy = w+ 4imi,,, (52)
m _ (s+mul = imo)y — pmiye +mu) - prmu(p +my,) 53
n - D ’ ( )
n _ P+t myy)? — p*miy + 2ymiz(p + mu) r
pt = 0 - (54)
9) One-soliton solutions
As far as we got Darboux transformation, our next aim is to construct the one-soliton solution of
KdV equation. In order to obtain soliton solution, the seed solution we take ¢ =0, v = 0,p=0,
) : w=0, n=1.Let \; =a+ bi.Hence the corresponding associated linear system takes the form
s ¥, = —id¥,, (55)
Uy = AUy, (56)
1 g i
= E=oo— 7
) Py, Ay, + H#wl, (57)
Uy = D il 58
2t %" 3¥a 2 (58)
) k From the above system, we take take eigenfunctions in the form
: v, = e—i/\lz+ipxy+i(4A'fu1+ Yl‘+—“)t+¢s,+i527 (59)
) ; ¥, = eiAlz—ipxy—i(4)\%p1+ ,\,]-ﬂ‘)t—dl_i&'l Héo‘ (60)
or
) ~ ¥, = i, (61)
] v, = et (62)
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