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Desingularization of leading matrices of systems of linear ordinary
differential equations with polynomial coefficients

Abramov S. A. (Computing Centre of the Russian Academy of Science, Russia)
Khmelnov D. E. (Computing Centre of the Russian Academy of Science, Russia)

We consider systems of linear ordinary differential equations containing m un-
known functions of a single variable x. Coefficients of the systems are polynomials
over a number field. Each of the systems consists of m independent equations.
The equations are of arbitrary orders. We propose an algorithm which, given a
system S of this type, constructs a nonzero polynomial d(x) such that if S pos-
sesses an analytic solution having a singularity at α then the equality d(α) = 0 is
satisfied.

Linear differential equations (scalar or system) with variable coefficients ap-
pear in many areas of mathematics. Solving systems leads however to specific
difficulties which do not appear in the scalar case. Consider the equation

Pr(x)y(r) + Pr−1(x)y(r−1) + · · ·+ P0(x)y = 0. (1)

First suppose that this is a scalar equation. The coefficients
P0(x), P1(x), . . . , Pr(x) are polynomials, and Pr(x) is not identically zero.
If a solution of (1) has a singularity at some point α then Pr(α) = 0.

If (1) is instead a system, y = (y1, y2, . . . , ym)T is a column vector of un-
known functions of x and P0(x), P1(x), . . . , Pr(x) are square m×m matrices with
polynomial entries then the role, which is played by the roots of the polynomial
coefficient of y(r)(x) in the scalar case, can now be played by the roots of the
determinants of the leading matrix Pr(x), provided that this determinant is not
identically zero. We study in this work the situation when detPr(x) is the zero
polynomial. Given a system S of the form (1), our algorithm Singsys finds a
system S′ of the same form (and with the same unknown functions), such that
the determinant d(x) of the leading matrix of S′ is a nonzero polynomial, and
the solutions space of the system S is a subspace of the solutions space of S′.
The polynomial d(x) is the result of the proposed algorithm execution. We have
implemented the algorithm using the computer algebra system Maple ([4]).

Our approach can be used not only in the case of polynomial entries of matri-
ces Pi in (1). However in other cases the equation d(x) = 0 may have an infinite
set of roots.

The algorithm Singsys uses some of basic ideas of the algorithms EG and EG′

([1, 2]) which are applicable to recurrence systems. The details of Singsys are to
be presented in [3].

This work was supported in part by a grant from RFBR, Project No 10-01-
00249.
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Homogenization of Lavrentiev–Bitsadze equation in a random
perforated domain

Akimova E. A.

Let (Ω,F, µ) be a probabilistic space and Tx : Ω → Ω, x = (x1, x2) ∈ R2

a 2-dimensional ergodic dynamical system. A random domain V (ω) = {x ∈
R2 : Txω ∈ V 0}, with fixed V 0 ∈ F is statistically homogeneous because its
characteristic function depends only on Txω. We trasform V (ω) into a small
scaled random porous medium (see [1] and references there) Vε = {x = (x1, x2) :
x
ε
∈ V, x2 > l}, which occupies the domain D1

ε = {x ∈ Vε : (x1 − 1)2 + x2
2 < 1} ∪

{x : (x1 − 1)2 + x2
2 < 1, 0 < x2 ≤ l} with the exception of a thin layer.

The consideration of Lavrentiev–Bitsadze equation naturally brings about
asymptotic analysis as ε→ 0 of the following problem

4uε = −f(x1, x2) in D1
ε , uε = 0 on Γ0, uεx1

= uεx2
on Γ,

∂uε

∂nε
= 0 on Sε (1)

where Γ0 := {(x1, x2) : x2 ≥ 0, (x1 − 1)2 + x2
2 = 1},Γ := {(x1, x2) : x2 =

0, x1 ∈ [0; 2]}, Sε = D1 ∩ ∂Vε and nε(x1, x2,
x1
ε
, x2
ε

) is the unit normal vector to
Sε internal for the pores.

We denote Hε the closure of the linear space of random variables with
bounded realizations in C∞ in the norm given by the formula:

‖u‖ = 〈(∇u(Txω), ∇u(Txω))ρδ1−2
1 ρδ2−2

2 + (u, u)ρδ1−4
1 ρδ2−4

2 〉
1
2 ,

where (·, ·) ”— a scalar product in L2(D1
ε), 〈·〉 is the expectation of r.v. and ρ1(x),

ρ2(x) are equal to the distance from the points (0, 0) and (2, 0) correspondingly.

The function uε ∈
◦
Hε is a solution of problem (1) if∫

D1
ε

∇uε(Txω)∇υ(Txω)dx =

∫
D1
ε

f(Txω)υ(Txω)dx+

∫
Γ

uεx1
υ(Txω)dx1

a.s. for all υ ∈ C∞0 (D1).
The homogenized problem is to find u0 ∈ H1

0 (D1,Γ0), such that
div (K∇u0) = −θf, where θ = µ(D1

ε) characterizes the porosity of the medium
and K is a constant effective matrix. After one important definition we formulate
the main result.

Definition 1. The domain V (ω) is called strictly porous if there exists a

random variable h(ω) > 0 and m > 0 such that
〈
h−(1+m)

〉
< ∞ and for any

u ∈ C∞0 (V (ω))
∫
R2 h(Txω)u2(x)dx ≤

∫
R2 |∇u(x)|2dx.

Theorem 1. Assume that V (ω) is strictly porous and let p = 1 + m
2+m

. Then

for any f ∈ Lq(D1), p−1 + q−1 = 1, uε ⇀ u0 in Lp(D1)

pε
L2(D1)
⇀ K∇u0, lim

ε→0

∫
D1
ε

|uε − u0|2dx = 0,

where pε = χ(x
ε
)∇uε.

This work was planned and implemented in co-authorship with
G. A. Chechkin (Moscow Lomonosov State University), A. L. Pyatnitskii (Narvik
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University College, Lebedev Physical Institute of the Russian Academy of Sci-
ences), K. Routsalainen (University of Oulu).
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The a priori Tan Θ Theorem in perturbation problem for spectral
subspaces

Albeverio S. (Unversitaet Bonn)
Motovilov A. K. (JINR, Dubna)

Let A be a self-adjoint operator on a separable Hilbert space H. Assume that
the spectrum of A consists of two disjoint components σ0 and σ1 such that the set
σ0 lies in a finite gap of the set σ1. Let V be a bounded self-adjoint operator on
H off-diagonal with respect to the partition spec(A) = σ0 ∪ σ1. It is known (see

[1], [2]) that if ‖V ‖ <
√

2d, where d = dist(σ0, σ1), then the perturbation V does
not close the gaps between σ0 and σ1 and the spectrum of the perturbed operator
L = A+ V consists of two disjoint components σ′0 and σ′1 such that

σ′0 ⊂
(
min(σ0)− d,max(σ0) + d

)
and dist

(
σ′1, σ0

)
≥ d.

Previously, it has been proven [3] that if V satisfies the stronger bound ‖V ‖ < d
then the following sharp norm estimate holds:

‖EL(σ′0)− EA(σ0)‖ ≤ sin

(
arctan

‖V ‖
d

)
,

where EA(σ0) and EL(σ′0) are the spectral projections of A and L associated with
the spectral sets σ0 and σ′0, respectively. In [4], we prove that this estimate

remains valid and sharp also for d ≤ ‖V ‖ <
√

2d, which completely settles the
issue. The obtained estimate is equivalently written as

tan Θ ≤ ‖V ‖
d

(
<
√

2
)
,

where Θ denotes the operator angle between the spectral subspaces Ran
(
EA(σ0)

)
and Ran

(
EL(σ′0)

)
.

This research was supported by the Deutsche Forschungsgemeinschaft (DFG),
the Heisenberg-Landau Program, and the Russian Foundation for Basic Research.
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The central elements of the universal enveloping algebra of higher
orders and the construction of Knizhik-Zamolodchikov type equations

for root systems of types A, D, B
Artamonov D. V. (Moscow State University, Russia)

Goloubeva V. A. (Moscow Aviational Institute, Russia)

The talk is devoted to some generalization of the classical Riemann–Hilbert
problem of construction of a Pfaffian system of fuchsian type, whose singular set
is a collection of reflection hyperplanes defined by a system of roots Bn. Also
some new results are obtained for the root systems A and D.

In construction of Knizhnik–Zamolodchikov equations, whose singular set is
associated with the root system An, the Casimir element of the second order is
used. In the case of root system Bn a similar construction war done by A. Leibman
in one parameter case, while the corresponding equations must depend on two
parameters, as the number of orbits of the corresponding root system equals to
two. For other root systems such constructions are not known.

In the talk the case of the root system Bn is considered and the structure
of the one-parametric Pfaffian system of fuchsian type is investigated. In the
construction of this system the central Capelly elements of higher orders are used
instead the Casimir element of the second order used in one-parameter case. As a
consequence we get construction of Pfaffian systems of fuchsian type for the root
systems A and D.

The research was supported by MK grant 4270.2011.1.

Localization of the spectrum of a quadric pensil with a strong
damping operator

Artamonov N. V. (Moscow State Insitute of International Relations, Russia)

In Hilbert space H we consider a quadric pensil

L(λ) = λ2I + λD +A

with self-adjoint positive definite operator A. By Hs denote a collection of Hilbert
spaces generated by operator A1/2, ‖ · ‖s is a norm on Hs. We will assume that
D is a bounded operator acting from H1 to H−1 and

inf
x∈H1,x 6=0

Re(Dx, x)−1,1

‖x‖21
= δ > 0.

(here (·, ·)−1,1 is a duality pairing on H−1 ×H1). We obtain a localization of the
spectrum of L(λ):

σ(L) ⊂ {λ ∈ C | Reλ ≤ −ω, | Imλ| ≤ κ|Reλ|}

for some positive ω, κ > 0.
The research was supported by RFBR grant No. 11–01–00790.
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On inverse problem for system of partial differential equations of
hyperbolic type

Asanova A. T. (Institute of Mathematics MES RK, Kazakhstan)

The inverse problem for system of partial differential equations of hyperbolic
type with functional parameter from two independent variables is considered on
Ω = [0, T ]× [0, ω]

∂2u

∂x∂t
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u+D(t, x)q(x) + f(t, x), (1)

u(t, 0) = ψ(t), t ∈ [0, T ], (2)

P1(x)
∂u(0, x)

∂x
+ P0(x)u(0, x) = ϕ1(x), x ∈ [0, ω], (3)

∂u(T, x)

∂x
+ S(x)u(T, x) = ϕ2(x), x ∈ [0, ω], (4)

where (n× n)-matrices A(t, x), B(t, x), C(t, x), D(t, x), n-vector-function f(t, x)
are continuous on Ω, n-vector-function ψ(t) is continuously differentiable on [0, T ],
(n × n)-matrices P1(x), P0(x), S(x), n-vector-functions ϕ1(x), ϕ2(x) are contin-
uous on [0, ω], n-vector-functions u(t, x), q(x) — unknown functions which it is
necessary to find.

We investigate questions of the existence, uniqueness and finding classical
solutions of the investigating inverse problem. Nonlocal boundary value problems
for systems of hyperbolic equations second order were considered by numerous au-
thors. Sufficient conditions for the existence and uniqueness of a solution of such
problems were obtained by various methods. The nonlocal boundary value prob-
lem with data on characteristics were considered in [1–2] by the method introduc-
tion of functional parameters. This method is a modification of the parametriza-
tion method [3] developed for the solution of two-point boundary value problems
for ordinary differential equations. In the [4–5] the necessary and sufficient coef-
ficient conditions for the well-posed unique solvability of nonlocal boundary value
problem.

In the present communication the sufficient coefficients conditions of the
unique classic solvability of the inverse problem — the nonlocal boundary value
problem for system of hyperbolic type with unknown functional parameter are
obtained and algorithm finding its solution are proposed.
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Optimal endogenous growth model with exhaustible resources
Aseev S. M. (Steklov Mathematical Institute, Russia and International Institute

for Applied Systems Analysis, Austria)
Besov K. O. (Steklov Mathematical Institute, Russia)

Kaniovski S. Yu. (Austrian Institute of Economic Research, Austria)

We specify and solve an endogenous growth model that includes a non-
renewable resource essential both for production of output and generation of
knowledge. The model is formulated as an infinite-horizon optimal control prob-
lem; its specification follows the recent literature on endogenous growth with
non-renewable resources. It is a two-sector model in which the production sector
yields output that is consumed, while the research sector augments the produc-
tivity of the labor and resource used in production. Since the same inputs are
used in both sectors, the economy faces a trade-off. The solution of the model is
a welfare-maximizing dynamic research and extraction policy.

The model is nonstandard in the sense that it is not completely embedded in
the framework of the classical optimal control theory. The infinite time horizon
gives rise to peculiarities in relation to Pontryagin’s maximum principle, while
the nature of constraints imposed on the control variables precludes a direct ap-
plication of the standard existence results. Moreover, a non-concave Hamiltonian
in our problem does not allow one to apply the standard sufficient conditions for
optimality.

The approach adopted in our analysis is based on the recently developed nec-
essary optimality conditions for infinite-horizon optimal control problems (see [2])
and an existence result. We offer a comprehensive and rigorous inquiry into the
existence of an optimal solution and formulate an appropriate version of Pontrya-
gin’s maximum principle. Analyzing the Hamiltonian system of the maximum
principle, we obtain a complete characterization of all optimal processes in our
problem. Thus, we fully characterize the optimal transitional dynamics.

We show that sustainable growth is feasible only if the accumulation of knowl-
edge has constant returns to scale and does not depend on the exhaustible resource
as an input. By sustainable growth we mean an optimal solution with perpet-
ual positive growth, where optimality is understood with respect to a discounted
logarithmic utility function. While the requirement of strong scale effects is well-
known in the literature, the requirement that the research sector be independent
of the exhaustible resource is a novel result.

The results obtained are published in [1].
The research was supported by the Austrian National Bank (Grant: Ju-

biläumsfonds project no. 13585). The work of the first and second authors was also
partly supported by the Russian Foundation for Basic Research (grants nos. 09-
01-00624-a, 11-01-00348-a and 10-01-91004-ASF-a).
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About Uniform Estimates of Solutions to the Nonlinear Differential
Equations with Power Nonlinearity

Astashova I. V. (Moscow Lomonosov State University, Russia)

Uniform estimates are presented for the absolute values of all solutions with
the same domain to the differential nonlinear equation with power nonlinearity.

Uniform estimates for all possible solutions of quasilinear inequalities with
different type of nonlinearity

y(n) +

n−1∑
j=0

aj(x) y(j) ≥ p∗ |y|k (1)

with p∗ > 0, n ≥ 1, k > 1, and continuous functions aj(x) are proved in [2].
In [6] estimates for solutions to this inequality with aj(x) ≡ 0, j = 0, . . . , n − 1,
are obtained and sufficient conditions for nonexistence of global solutions to this
inequality are given.

Uniform estimates for positive solutions of quasilinear equations

y(n) +

n−1∑
j=0

aj(x) y(j) + p(x) |y|k−1y = 0 (2)

with n ≥ 1, k > 1, and continuous functions aj(x) and p(x) such that |p(x)| ≥
p∗ > 0 are obtained in [3]. In [4] uniform estimates are obtained for the absolute
values of solutions to this equation with n = 2, a1(x) ≡ 0, and the complex-valued
potential p(x) whose real part is less than a negative constant.

In [5] for solutions to semi-linear elliptic equations defined in a ball uniform
integral estimates were obtained in a smaller closed ball.

Consider the differential equation

y′′′ + p(x, y, y′, y′′)|y|k−1y = 0, k > 1, (3)

with continious function p(x, y, y′, y′′) such that

0 < p∗ ≤ p(x, y, y′, y′′) ≤ p∗, (4)

p∗, p
∗ are positive constants.
Let β = k−1

3
> 0, C is non-zero constant.

Theorem 1. For any k, p∗ p
∗, h, such that k > 1, 0 < p∗ < p∗, h > 0,

there exist such constant C > 0, that for any p(x, y, y′, y′′) satisfying to (4), any
solution y(x) of (3), satisfying to condition |y(x0)| = h > 0 in some point x0 ∈ R,
cannot be extended to the interval (x0 − C h−β , x0 + C h−β).
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Theorem 2. For any k, p∗ p
∗, a, b, such that k > 1, 0 < p∗ < p∗, a < b,

there exist such constant C > 0, that for any p(x, y, y′, y′′) satisfying to (4) and
any solution y(x) of (3), defined on [a, b], it is hold

|y(x)| ≤ C min(x− a, b− x)−1/β . (5)

The research was supported by RFBR (grant 11-01-00989) and by Special
Program of the Ministery of Education and Science of the Russian Federation
(Project 2.1.1/13250).
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Conditional reducibility of certain unbounded nonnegative
Hamiltonian operator functions

Azizov T. Ya. (Voronezh State University, Russia)

Let H be a Hilbert space and let H` and Hr be two subspaces of H. A closed
densely defined operator A on H is called conditionally (H`,Hr)-reducible, if H is
the orthogonal sum of H` and Hr:

H = H` ⊕Hr (1)

and there exists a bounded and boundedly invertible operator V on H such that
with respect to the decomposition (1) the operator B := V −1AV is a diagonal
2× 2 block matrix:

B =

[
B` 0
0 Br

]
whose diagonal entries B` and Br are closed densely defined operators with
σ(B`) ⊂ C` and σ(Br) ⊂ Cr, where C` and Cr stand for the left and right
open half-planes of C. The operator V will be called the diagonalizing operator.

If A is a closed densely defined operator on a Banach space X a subspace L
of X will be called A-invariant if L∩domA is dense in L and A(L∩domA) ⊂ L.

Let {G, ( · , · )} be a Hilbert space and consider the orthogonal direct sum

H = G ⊕ G, (2)
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which is a Hilbert space whose inner product we also denote by ( · , · ). In H we
consider the 2× 2 block matrices

J =

[
0 I
I 0

]
and J =

[
0 iI
−iI 0

]
A closed densely defined operator A on the Hilbert space H is called Hamiltonian
if iA is J-self-adjoint in H and if in addition iA is J-dissipative in H, then A is
called a nonnegative Hamiltonian operator.

We study an operator function A(t) on [0, 1] of the form A(t) = S + B(t),
t ∈ [0, 1], where S is a closed densely defined Hamiltonian operator with iR ⊂ ρ(S)
and B(t) is a continuous function on [0, 1], whose values are bounded operators.
We assume for t ∈ [0, 1], A(t) is a closed densely defined nonnegative Hamiltonian
operator. In this paper we give sufficient conditions under which A(t) is condi-
tionally reducible. They involve bounds on the resolvent of S and interpolation
of Hilbert spaces.

The talk is based on a joint work with A. Dijksma (Groningen, Netherlands)
and I. V. Gridneva (Voronezh, Russia).

Generalized solution of the Cauchy problem for non-divergence
parabolic equations

Baderko E. A. (Moscow State University, Russia)

We consider a linear uniformly parabolic equation, the coefficients of which
are continuous and bounded in Rn× [0, T ]. Furthermore, the principal coefficients
are Dini-continuous with respect to the “space” variables.

We introduce a notion of generalized solution of the Cauchy problem for
such an equation and prove its existence and uniqueness.We also establish the
corresponding estimate of correctness for the generalized solution in the Zygmund
space H2(Rn × [0, T ]).

On spectrum of the Neumann-Laplacian on infinite cylinder with a
periodic family of small voids

Bakharev F. L. (St. Petersburg State University, Russia)
Ruotsalainen K. (University of Oulu, Finland)

We study spectral properties of the Neumann-Laplacian on the periodic sin-
gularly perturbed quasicylinder Ω(ε):

−∆uε(x) = λεuε(x), x ∈ Ω(ε) (1)

∂nu
ε(x) = 0, x ∈ ∂Ω(ε). (2)

This spectral problem should be interpreted as a singular perturbation of the same
problem in the straight cylinder Ω = ω × R ⊂ R3. The quasicylinder Ω(ε) is a
periodic set which depends on a small parameter ε > 0. It will be obtained from
the straight cylinder Ω by a periodic nucleation of small voids with diameter of
order ε.

In the literature the existence of spectral gaps is mainly investigated for pe-
riodic media which is infinite in all directions while the coefficients of differential
operators, both in scalar and matrix case, are usually assumed to be contrasting
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(see [2], [3] and many others). Much less results are obtained for periodic waveg-
uides, which are infinite in one direction only. In this case spectral gaps ought to
be opened by varying the shape of the periodicity cell only which is in accordance
with the results in the known engineering practice.

We utilizes the asymptotic analysis of the spectrum for the associated model
problem in the periodicity cell. This approach has been realized for the Dirichlet
Laplacian in papers [4], [2], [5] and others. We emphasize that our results for the
Neumann-Laplacian are completely new and require different techniques.

We prove that introducing a periodic family of small voids in straight cylinder
opens a gap in the spectrum of the Neumann-Laplacian in the case that the period
is large enough. We calculate asymptotically the position and the width of the
spectral gap. The mixed boundary value problem is under consideration as well
and a similar result is obtained.

The talk is based on the joint paper with S. A. Nazarov.
The research of first author was supported by the Chebyshev Laboratory

(Department of Mathematics and Mechanics, Saint-Petersburg State University)
under the grant 11.G34.31.0026 of the Government of the Russian Federation.
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On monotonicity of some functionals under rearrangements
Bankevich S. V. (St. Petersburg State University, Russia)

Let u ∈ W 1
1 ([−1, 1]) be a nonnegative function. We define u to be the

monotone rearrangement of u and u∗ to be its Steiner symmetrization. Let F :
R+×R+ → R be a function which is increasing and convex in the second argument.

It is well known that for I(u) =
∫ 1

−1
F (u, |u′|)dx the inequalities I(u∗) ≤ I(u)

and I(u) ≤ I(u) hold.
In the paper [2] the inequality I(u∗) ≤ I(u) is proved for the functional

I(u) =

∫ 1

−1

F (u, |a(x, u)u′|)dx, (1)

where a is even and convex in x. Also a multidimensional analog is studied.
We consider the case of the monotone rearrangement. Let a be even with

respect to the first argument and satisfy

∀u ∈ R,∀s, t ∈ [−1, 1] : 1 + s+ t ∈ [−1, 1]

a(s, u) + a(t, u) ≥ a(1 + s+ t, u). (2)
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We modify the construction from [3] and prove I(u) ≤ I(u) for functions u
lying in the natural functional class.

Note that in the paper [4] the inequality I(u) ≤ I(u) was considered under
the additional restriction u(−1) = min

Ω
u. However, both the class of functions F

and the class of admissible weights in that paper are non-optimal.
Also we extend the class of functions u, for which I(u∗) ≤ I(u) holds.
The talk is based on the joint paper with A. I. Nazarov.
The research was supported by RFBR grant 09-01-00729 and by Federal

Scientific and Innovation Program.
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Geometrization of rings as a device for solving inverse problems
Belishev M. I. (St-Petersburg Department of the Steklov Mathematical Institute,

Russia)

By Gelfand, any commutative Banach algebra can be canonically realized as
a subalgebra of the algebra C(Ω) of continuous functions on a compact Hausdorff
space Ω. By Gelfand–Naimark–Segal, any commutative and cyclic Neumann al-
gebra is isometrically isomorphic to the operator algebra of L∞-multiplicators in
L2,µ(Ω). In both cases, the set Ω appears as a (topologized) spectrum of a respec-
tive algebra, whereas the passage from the algebra to its functional realization is
referred to as a “geometrization”.

In the boundary value inverse problems on manifolds, one needs to recover
a Riemannian manifold Ω from its boundary inverse data (elliptic or hyperbolic
Dirichlet-to-Neumann map, spectral data, etc).

We show that for a class of elliptic and hyperbolic problems, the required
manifold is identical with the spectrum of the certain algebra determined by the
inverse data. By this, to recover the manifold is to represent a relevant algebra in
a canonical form. Such a unified look at so different inverse problems is the main
subject of the talk.

This work was supported by RFBR grants 08-01-00511 and NSh-4210.2010.1.
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Minimizers of Ginzburg-Landau functional with “semi-stiff” boundary
conditions: existence and vorticity

Berlyand L. V. (Penn State University, USA)
Rybalko V. O. (ILT, Kharkiv, Ukraine)

Misiats O. O. (Penn State University, USA)

We study Ginzburg-Landau free energy functional with induced magnetic
field

Fλ[u,A] :=
1

2

∫
G

|(∇u− iAu)|2 +
1

2

∫
Ω

|curl(A)|2 +
λ

8

∫
G

(|u|2 − 1)2 dx (1)

where G ⊂ C is a bounded smooth domain, Ω ⊂ C is the smallest simply connected
domain containing G, u ∈ H1(G,C), A ∈ H1(Ω,R2) and λ ≥ 0. We consider two
cases:

1◦. G is simply connected. Then Ω = G. For fixed d ∈ N define

Jd := {(u,A) ∈ H1(G,C)×H1(G,R2), |u| = 1 on ∂G,deg(u, ∂G) = d} (2)

where deg(u, ∂G) is a winding number of u over ∂G. The condition
|u| = 1 on ∂G is called “semi-stiff” boundary condition, since only the
modulus of u is fixed while the phase of u is free. Our main result in case
(i) is that the infimum of the functional (1) in the class (2) is attained if
and only if λ ≤ 1. Moreover, for λ sufficiently close to 1, the minimizer
of (1) in (2) has precisely d zeros (vortices) in G, and their locations can
be determined through the maximization of a certain finite dimensional
functional.

2◦. G is doubly connected. Then G = Ω \ ω, where ω b Ω. Consider

J01 := {(u,A) ∈ H1(G,C)×H1(Ω,R2),

|u| = 1 on ∂G, deg(u, ∂Ω) = 1, deg(u, ∂ω) = 0} (3)

We show that the necessary and sufficient condition for the existence of
minimizers of (1) in class (3) is λ < 1. For λ sufficiently close to 1, the
minimizer of (1) in (3) has a unique zero (vortex), which converges to
∂Ω as λ → 1 − 0. Moreover, if ξ∗ ∈ ∂Ω is the limiting location of the

vortex, then ξ∗ = argminξ∈∂Ω

∣∣∣ ∂v(ξ)
∂ν

∣∣∣, where v is the unique solution to

the scalar elliptic problem{
∆v = v in G;

v = 1 on ∂ω; v = 0 on ∂Ω.

Basicity of a system of exponents with a piecewise linear phase in
variable spaces

Bilalov B. T. (IMM of NASA, Azerbaijan)
Guseynov Z. G. (Sumgait State University, Azerbaijan)

Consider the following system of exponents{
ei(nt+λn(t))

}
n∈Z

, (1)
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where λn (t) ≡ − sign n [αt+ β sign t], t ∈ [−π, π], α, β ∈ C — complex parame-
ters. In Lp, 1 ≤ p ≤ +∞, (L∞ ≡ C [−π, π]), the basis properties of the system (1)
were completely studied in [1, 2] for β = 0 and in [3] in general case.

Let p : [−π, π] → [1,+∞) be a Lebesgue measurable function. By L0 we
denote a class of all functions measurable on [−π, π] (with respect to Lebesgue
measure). Accept the denotation

Ip (f) ≡
π∫
−π

|f (t)|p(t) dt.

Assume L ≡ {f ∈ L0 : Ip (f) < +∞}. Let p+ = vrai sup
[−π,π]

p (t); p− = vrai inf
[−π,π]

p (t).

For p+ < +∞, with respect to ordinary linear operations, L turns into a linear
space. If we define the norm ‖ · ‖pt as:

‖f‖pt ≡ inf

{
λ > 0 : Ip

(
f

λ

)
≤ 1

}
,

then L is a Banach space (see for instance [4, 5]) and we denote it by Lpt . q (t)

denotes the function
1

p (t)
+

1

q (t)
≡ 1 conjugated to p (t). Assume

H ln
π ≡ {p : p(−π) = p(π), ∃c > 0; ∀t1, t2 ∈ [−π, π] , |t1 − t2| ≤

≤ 1

2
⇒ |p (t1)− p (t2)| ≤ c

− ln |t1 − t2|

}
.

It is valid the following theorem.

Theorem 1. Let p ∈ H ln
π , p− > 1 and − 1

2q (0)
<

β

π
<

1

2p (0)
hold. The

system (1) forms a basis in Lpt iff the inequality − 1

2p(π)
< α +

β

π
<

1

2q(π)
is

fulfilled.
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Collective dynamics in deterministic infinite particle systems
Blank M. L. (RAS Institute for Information Transmission Problems, Russia)

Let (X,B, ρ) be a compact metric space and let let M = M(X) be the set of
probabilistic Borel measures on X. A (discrete time) process on M is defined by
a transfer-operator T ∗ : M→M satisfying the following properties:
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1◦. (T ∗µ)(A) · µ(A) ≥ 0 ∀µ ∈M, A ∈ B (positivity),
2◦. (T ∗µ)(A) ≡ µ(A) (total measure preservation).

If additionally one assumes the linearity of the operator T ∗ the operator T ∗

becomes the standard Markov operator, which describes the dynamics of measures
under the action of a Markov process. Therefore the processes defined above are
often called nonlinear Markov processes.

Denoting by Mδ ⊂M the set of δ-measures on X it is natural to say that the
process T ∗ is deterministic if T ∗ : Mδ →Mδ. Obviously a deterministic process
T ∗ defines uniquely a deterministic map T : X → X according to the formula
Tx := y, where T ∗1x = 1y for each x ∈ X. Here 1x a the δ-measure supported on
the point x.

We shall study a two-parameter collection of deterministic nonlinear Markov
processes defined by the following nonlinear transfer-operators:

T ∗ε,γµ := Q∗ε,γ,T∗µT
∗µ, Qε,γ,µx := (1− γ)x+

γ

µ(Bε(x))

∫
Bε(x)

y dµ(y).

Here 0 < ε, γ � 1 are numeric parameters, and Bε(x) is the ε-neighborhood of
the point x ∈ X.

One can interpret the measure µ a distribution of a collection of particles,
whose local dynamics is governed by the map T and the interaction is local in
space and is defined by the operator Qε,γ,µ. A special case when the measure µ
is equal to a finite sum of δ-measures explicitly corresponds to the dynamics of
a finite Couple Map Lattice and was studied in very different terms and using
different methods in [1].

Theorem 1 (Condensation). Let the map T satisfies Lipschitz condition with
the constant λ < ∞. Then ∃c = c(λ) > 0 such that ∀ε > 0, 1 − γ < c the
condensation takes place: for each initial measure µ ∈ M with the support of
diameter not exceeding ε, the diameter of its image (T ∗)tµ vanishes with time
t→∞.

Assuming certain expanding type conditions on the map T with the constant
λ and the uniqueness of the corresponding Sinai-Bowen-Ruelle measure µT is
absolutely continuous with respect to the reference measure m (say Lebesgue
measure) we get the following opposite statement.

Theorem 2 (Independence). There exists an open set of absolutely contin-
uous measures M0 ⊂ M and c = c(λ) such that ∀ε > 0, γ < c, µ ∈ M0 we
have

(T ∗)tµ
t→∞→ µε,γ

ε,γ→0→ µT .

The research was supported by RFBR grants.
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Numerical simulation of boundary layer correctors and wall laws in a
domain with highly oscillating boundary
Bodart O. (Blaise Pascal University, France)
Amirat Y. (Blaise Pascal University, France)

The general framework of this work is the asymptotic approximation of the
solution of the periodic Laplace and Stokes equations in a domain with a highly
oscillating boundary in R2. The domain is periodic in the first variable, bounded
at the bottom by a smooth plate and at the top with a rugose plate. This rough
boundary is a plane covered with periodic asperities, which size depend on a small
parameter ε > 0. The asperities are sharp, that is their height remains constant
as ε tends to 0. The typical shape of such a domain is as follows. Let 0 < a1 <
b1 < l1, and ηε be the εl1-periodic function defined on (0, εl1) by

ηε(x1) =

{
l′3 if x1 ∈ (εa1,εb1),
l3 if x1 ∈ (0, εl1)\(εa1,εb1).

with l′3 > l3 > 0. The domain under consideration is then

Ωε =
{
x = (x1,x3) ∈ R2 : 0 < x1 < l1, b(x1) < x3 < ηε (x1)

}
.

In such a geometry we consider the solutions of the x1-periodic Laplace and
Stokes equations. From the computational point of view, the approximation of
PDEs in such domains is an issue. When the scale of oscillations becomes small
compared to the size of the domain, a very large number of mesh points is re-
quired, yielding costly computations. Eventually, when meshing the domain, one
can face numerical underflow problems when the size of the oscillations becomes
too small, making the computation impossible to achieve. Therefore, one aims
at approximating the solution through a problem in a smooth domain with an
effective boundary condition.

In previous works, we constructed asymptotic development of the solutions of
order O(ε3/2) in the H1-norm for the Laplace equation. For the Stokes equations,

the approximation is of order O(ε3/2−γ) for the velocity and of order O(ε) for the
pressure, γ > 0 being arbitrarily small. We also built wall laws leading to effective
boundary conditions to compute approximations in the limit smooth domain of
the sequence Ωε.

The aim of the present work is the numerical implementation of the wall laws.
The asymptotic formulas we have developped, as well as the wall laws, involve
boundary layer correctors. These correcting functions are defined in un unbounded
domain. We first present an approximation process for the correctors in a bounded
domain with exponentially small error. The next step of the works consists in the
implementation of the wall law for the solution. We present numerical results with
a comparison with a full computation in the rough domain when the parameter ε
is large enough for the mesh to be performed.
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On a class of reductions of the Manakov–Santini hierarchy and
related multidimensional hierarchies

Bogdanov L. V. (L. D. Landau ITP RAS, Russia)

We construct a class of reductions of the hierarchy associated with the system
recently introduced by Manakov and Santini [1]

uxt = uyy + (uux)x + vxuxy − uxxvy,
vxt = vyy + uvxx + vxvxy − vxxvy, (1)

whose Lax pair is

∂yΨ = ((p− vx)∂x − ux∂p)Ψ,

∂tΨ = ((p2 − vxp+ u− vy)∂x − (uxp+ uy)∂p)Ψ, (2)

where p plays a role of a spectral variable. The Manakov–Santini system is a
generalization of the dispersionless KP (Khohlov–Zabolotskaya) equation to the
case of general (non-Hamiltonian) vector fields in the Lax pair. For v = 0 the
system reduces to the dKP equation. Respectively, the reduction u = 0 gives an
equation [2] (see also [3])

vxt = vyy + vxvxy − vxxvy. (3)

Using Lax–Sato formulation of the hierarchy [4, 5], we introduce a class of
reductions, such that the zero order reduction of this class corresponds to the
dKP hierarchy, and the first order reduction gives a hierarchy associated with
the interpolating system introduced in [6], where it was proved that it is “the
most general symmetry reduction of the second heavenly equation by a conformal
Killing vector with a null self-dual derivative”. In [6] it was also shown that the
interpolating system corresponds to a simple differential reduction cu = bvx of the
Manakov–Santini equation. We present Lax–Sato form of a reduced hierarchy for
the interpolating system and also for the reduction of an arbitrary order. Similar
to the dKP hierarchy, the Lax–Sato equations for L (the Lax function) split from
the Lax–Sato equations for M (the Orlov function) due to the reduction, and
the reduced hierarchy for an arbitrary order of reduction is defined by Lax–Sato
equations for L only. In terms of the Manakov-Santini system this class defines
differential reductions (not changing the dimension). A characterization of the
class of reductions in terms of the dressing data is given.

The construction is also developed for the case corresponding to dispersionless
2DTL hierarchy and for a general multidimensional case (including the hierarchies
related to Plebański heavenly equation).

This research was partially supported by the Russian Foundation for Ba-
sic Research under grant no. 10-01-00787 and by the President of Russia grant
4887.2008.2 (scientific schools).
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On the lower bound for the first spectral gap of a general
second-order differential operator

Borisov D. I. (Bashkir State Pedagogical University, Russia)

Let Ω ⊆ Rn be a domain with C1-boundary, n > 2, Aij : Ω → R, i, j ∈
{1, . . . , n} be bounded functions satisfying the ellipticity condition

Aij(x) = Aji(x), ν|ξ|2 6
n∑

i,j=1

Aij(x)ξiξj 6 µ|ξ|2, 0 < ν < µ.

Given a function V : Ω → R, we set V +(x) := max{V (x), 0},
V −(x) := −min{V (x), 0} and assume that V − ∈ Lq/2(Ω) for some q > n and

V + ∈ Lq/2(Ω′) for each subdomain Ω′ ⊆ Ω. On L2(Ω) we introduce a closed
lower-semibounded symmetric sesquilinear form

h[u, v] :=

n∑
i,j=1

(Ai,juxi , vxj )L2(Ω) + (V u, v)L2(Ω), (1)

D (h) :=

{
u ∈W 1

2 (Ω) :

∫
Ω

|u|2(V + + 1) dx <∞, u|Γ = 0

}
, Γ ⊂ ∂Ω.

By H we denote the self-adjoint operator associated with the form h. Assume that
two lowest spectral values λ0 := inf σ(H), λ := inf σ(H) \ {λ0} of the spectrum of
H are the eigenvalues.

For any Ω0 ⊆ Ω denote by H0 the self-adjoint operator associated with the

same form as in (1), but considered on L2(Ω\Ω0) with the domain W̊ 1
2 (Ω\Ω0, Γ̃)∩

L2(Ω \ Ω0;V +), where Γ̃ := ∂Ω0 ∪ Γ. This domain corresponds to the Dirichlet

condition on Γ̃. We assume that there exist subdomains Ω0 ⊆ Ω̂ of Ω such that
∂Ω0 ∈ C1, dist (Ω0, ∂Ω) = d > 0, λ0 < λ < 0 6 inf spec (H0), V − ≡ 0 on Ω \ Ω0,

dist {Ω̂, ∂Ω} > 3
4
d, Ω̂ is path-connected.

Our main result is an explicit bound for the relative size of the first spectral
gap λ−λ0

|λ| .

Theorem 1. The spectral gap between λ and λ0 obeys the following lower
bound

λ− λ0

|λ| > C,

where the constant C is given explicitly in terms of ν, µ, n, q, d, V and certain

geometric characteristics of Ω, Ω0, Ω̂.

The exact value of C will be presented at the talk. We shall also discuss
the behavior of this constant in various asymptotical regimes, i.e., as various
arguments of this constant tends to zero or to infinity. A series of possible appli-
cations of the main result will be presented. This is a joint work with I. Veselic’
(TU Chemnitz, Germany).
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ing Scientific Schools (NSh-6249.2010.1), and by the Federal Task Program
(02.740.11.0612). Both authors were partially supported by the project “Spektrale
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Stability and limit behavior of a distributed replicator system
Bratus A. S. (Lomonosov Moscow State University, Russia)

Posvyanskii V. P. (MIIT, Russia)
Novozhilov A. S. (MIIT, Russia)

The replicator equation is known to provide a general modeling framework for
several distinct areas in mathematical biology. In particular, it arises as a selection
equation in population genetics, as a dynamic description of the evolutionary
game theory, and as a model for putative chemical reactions describing prebiotic
evolution. In its simplest form, when the fitness of the species is a linear function
of the relative abundances of other species, the replicator equation takes the form

v̇i = vi
[
(Av)i − f loc(t)

]
, i = 1, . . . , n, (1)

where v = v(t) = (v1, . . . , vn), A is an n× n matrix with elements aij describing
the contribution of the j-th species to the fitness of the i-th species, (Av)i =∑n
j=1 aijvj , and the mean fitness f loc(t) = 〈Av, v〉 =

∑n
i=1(Av)ivi is chosen such

that the phase space is simplex v ∈ Sn = {v :
∑n
i=1 vi = 1}.

There are several different approaches to add space to (1). We suggest that
the global regulation represents a natural and convenient approach to consider the
replicator equation with an explicit spatial structure. To be exact, as a counterpart
of the local model (1) we consider the model

∂ui
∂t

= ui [(Au)i − fsp(t)] + di∆ui, i = 1, . . . , n, (2)

where now u = u(x, t), x ∈ Ω ⊂ Rk, k = 1, 2, 3, di > 0 are diffusion coefficients,
and the mean integral fitness is given, assuming Niemann’s boundary conditions,
by fsp(t) =

∫
Ω
〈Au, u〉 dx. This approach allows analytical investigation of (2):

the tool which was mainly missing in the analysis of replicator equations with
explicit space. In particular, it is possible to find the conditions for asymptotically
stable rest points of (1) to be asymptotically stable homogeneous equilibria of (2).
In our work, we show that for some values of the diffusion coefficients spatially
heterogeneous solutions appear. Using a definition for the stability in the mean
integral sense we prove that these heterogeneous solutions can be attracting; in
particular this is the case for Eigen’s hypercycle. Defining in some natural way
evolutionary stable states for the distributed system (2), we provide the conditions
for this distributed state to be an asymptotically stable stationary solution to (2).

Part of the results are presented in [1, 2].
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Inertial manifolds and gap property for dissipative hyperbolic
equations

Chalkina N. A. (Department of Mechanics and Mathematics, Lomonosov
Moscow State University)

Goritsky A. Yu. (Department of Mechanics and Mathematics, Lomonosov
Moscow State University)

Consider the dissipative semilinear hyperbolic equation

utt + 2γ ut = ∆u+ f(u) + g(x), u
∣∣
∂Ω

= 0, (1)

u
∣∣
t=0

= u0(x) ∈ H1
0 (Ω), ut

∣∣
t=0

= p0(x) ∈ L2(Ω). (2)

in a bounded domain Ω. Here γ > 0 is a coefficient of weak dissipation, g(x) ∈
L2(Ω) is an external force, and the nonlinearity f(u) satisfies the global Lipschitz
condition |f(u1)− f(u2)| 6 l |u1 − u2|.

Theorem 1 (see [1]). Let λk, 0 < λ1 < λ2 6 · · · → +∞, be eigenvalues of the
operator −∆ in the domain Ω under the Dirichlet boundary conditions. Suppose

λN+1 − λN > 4l for some N and γ is sufficiently large. (3)

Then, in the phase space H1
0 (Ω) × L2(Ω), there exists an N-dimensional inertial

manifold M that exponentially attracts (as t → +∞) all the solutions of prob-
lem (1), (2).

Gap property (3) will be compared with the same one for parabolic equations.
Additionally it will be discussed how (3) changes when

• f = f(u, ut) depends (Lipschitz continuously) also on ut (see [2]);
• equation is strong dissipative, i. e., contains the term −2γ∆ut instead

of +2γut.

The research was supported by RFBR grant 11-01-00339-à.
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Strong trajectory attractors for general dissipative reaction-diffusion
systems

Chepyzhov V. V. (Institute for Information Transmission Problems RAS, Russia)

The method of trajectory dynamical systems and trajectory attractors helps
to study effectively the long time behaviour of solutions of non-linear partial dif-
ferential equations for which the corresponding initial-boundary value problem
is ill-posed or it well-posedness is not proved yet (see [1, 2, 3]). For example,
for the 3D Navier–Stokes system in a bounded domain, following the classical
works of E. Hopf and J. Leray we know how to construct global weak solutions
but the uniqueness result remains an open problem for years. Nevertheless, the
trajectory attractor was constructed for this system. At the same time, as a role,
for meaningful equations and problems, we were able to establish the attraction
to the corresponding trajectory attractors only in the “maximal” possible local
weak topology of the problem we are dealing with. For instance, in [1], we have
constructed a weak trajectory attractor for a general dissipative reaction-diffusion
system in the corresponding local weak topology.

In the present report, for a general dissipative reaction-diffusion system, we
prove that its trajectory (global solutions) tend to the (weak) trajectory attrac-
tor in the “maximal” local strong topology of the corresponding trajectory phase
space. Moreover, the “weak trajectory attractor” is compact in this local strong
topology. The considered reaction-diffusion systems are ill-posed since they do not
satisfy conditions that provide the unique solvability of the corresponding Cauchy
problem.

To prove the strong attraction result, we use the general method of energy
identities that was applied earlier in [4, 5] and in the works of other authors in the
study of global attractors for well-posed problems in unbounded domains when
the standard compactness embedding theorems in Sobolev spaces do not work.

This report is based on a joint work with M. I. Vishik and S. V. Zelik
(vishik@iitp.ru, S.Zelik@surrey.ac.uk).

The research was supported by RFBR grants 08-01-00784 and 10-01-00293.
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Modern traffic flow models
Chertock A. (North Carolina State University, USA)

Kurganov A. (Tulane University, USA)
Polizzi A. (Tulane University, USA)

We will talk about several models of vehicular traffic. We will first describe
microscopic cellular automata models and show how the vehicle interaction can be
modeled through the look-ahead interaction potential, which leads to slow down
due to heavy traffic conditions. We will then proceed with the derivation of the
semi-discrete mesoscopic and continuous PDE-based macroscopic models. The
resulting (systems of) PDEs are hyperbolic (systems of) PDEs with global fluxes,
which make it very challenging from both analytical and numerical perspectives.
The last part of my talk will be devoted to numerical methods for hyperbolic
systems with global fluxes.
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Steklov problems in periodically perforated domains
Chiado’ Piat V.

We present some results, obtained in a collaboration with S. A. Nazarov and
A. L. Piatnitski, about the asymptotic behaviour of the Steklov problems in pe-
riodically perforated domains, when the boundary condition contains a changing-
sign coefficient.

Global dynamics in quasilinear Kirchhoff wave equation
Chueshov I. D. (Kharkov National University, Ukraine)

We study well-posedness and long-time dynamics of the following quasilinear
problem{

utt + φ(‖A1/2u‖2)Au+ σ(‖A1/2u‖2)Aθut + F (u) = 0, t > 0,

u(0) = u0, ut(0) = u1,
(1)

with θ ∈ [1/2, 1], where A is the minus Dirichlet Laplace operator in a bounded
smooth domain Ω ⊂ Rd, ‖·‖ stands for the L2(Ω)-norm. The damping (σ) and the
stiffness (φ) factors are C1 functions on the semi-axis R+ = [0,+∞). Moreover,
σ(s) > 0 for all s ∈ R+ and there exist ci ≥ 0 and η0 ≥ 0 such that

lim
s→+∞

∫ s

0

[φ(ξ) + η0σ(ξ)] dξ = +∞ and sφ(s) + c1

∫ s

0

σ(ξ)dξ ≥ −c2

for s ∈ R+. We assume that F (u) is a Nemytskij operator generated by a C1-
function f(u) such that

c0|u|p−1 − c1 ≤ f ′(u) ≤ c2
(
1 + |u|p−1) with some 1 ≤ p < d+ 4

(d− 4)+
,
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where ci > 0 are constants. This kind of evolution second order models goes
back to G. Kirchhoff (d = 1, φ(s) = φ0 + φ1s, σ(s) ≡ 0, f(u) ≡ 0) and has
been studied by many authors under different types of hypotheses starting with
pioneering papers [2, 5].

Our first result is the following theorem.

Theorem 1. Let θ = 1. Then problem (1) has a unique weak solution for
every initial data (u0;u1) from the space H = [H1

0 ∩ Lp+1](Ω) × L2(Ω). In the
case 1/2 ≤ θ < 1 the same is true if both σ and φ are positive and p ≤ p∗ ≡ (d+
2θ)(d− 2)−1

+ .

We note that in the case when θ ∈ (0, 1/2) we can also prove the existence of
weak solutions. However the question of their uniqueness is still open.

Our main result deals with long-time dynamics of solutions to (1).

Theorem 2. Let θ = 1. Assume that φ(s) > 0 and φ(s)s→ +∞ as s→ +∞.
Then the dynamical system generated by (1) in H possesses a global attractor of
finite fractal dimension. In the case 1/2 ≤ θ < 1 the same is true if we assume
in addition that p ≤ p∗. This attractor coincides with the unstable set emanating
from the set of equilibria.

To prove this theorem we used a recently developed method based on quasi-
stability estimates (see [3] and [4]). For the definition of a global attractor and
its basic properties we refer to [1].
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On a removability condition of the isolated singularity for solutions of
degenerate higher-order elliptic equations in divergence form

Cianci P. (University of Catania, Italy)
D’Asero S. (University of Catania, Italy)

A weighted Serrin-like condition is found for removability of the isolated
singularity for degenerate high order elliptic equations in divergence form.

We consider an high-order elliptic partial differential equation:∑
|α|≤m

(−1)|α|DαAα(x, u(x),D1u(x), . . . ,Dmu(x)) = 0 in Ω \ {x0} (1)

where Ω is a bounded open set in Rn, x0 ∈ Ω.
We study conditions for the extension of u(x) to whole Ω in order that the

new function ũ(x) satisfies the equation (1) in Ω.
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The coefficient Aα(x, ξ) of (1) satisfy a weighted polynomial growth condition
and a weighted ellipticity conditions in the form:∑

1≤|α|≤m

Aα(x, ξ)ξα ≥ ν1

{ ∑
|α|=1

|ξα|qwq(x) +
∑
|α|=m

|ξα|pwp(x)
}

− ν2

{ ∑
1<|β|<m

|ξβ |pβwβ(x) +
[
|ξ0|q + f1(x)

]
wq(x)

}
(2)

with q > mp and pβ is a positive number satisfying suitable condition and wq(x),
wp(x) and wβ(x) are positive measurable functions of Muckenhoupt kind.

If we assume that u(x) is the solution of the equation (1) in Ω\{x0} and that
for some σ > 0 and K > 0, we have

u(x) ≤ K
[wq(B(|x− x0|)
|x− x0|q

]− 1
q−1

+σ

with q < n, (3)

and if

lim
x→x0

wq(B(|x− x0|)
|x− x0|q

= 0 where wq(B(r)) =

∫
B(r)

wq(x) dx,

then, we obtain a weighted integral estimates of the gradients of solution u(x)
and therefore, by using Moser’s method, we derive the boundedness of u(x) in the
neighbour of the singularity x0, so that the singularity of u(x) at the point x0 is
removable.

On the problem of the absence of singular continuous spectrum
Cojuhari P. A. (AGH University of Science and Technology, Cracow, Poland)

We will present an overview on recent results concerning the problem of the
absence of singular continuous spectrum for self-adjoint operators. Applications
to concrete classes of operators as, for instance, Schrödinger, Dirac and Pauli
operators will be considered.

A classification of embeddings of non-simply connected 4-manifolds
into R7

Crowley D.
Skopenkov A.

Let N be a closed connected orientable 4-manifold without torsion in ho-
mology. The main result is a complete readily calculable classification of em-
beddings N → R7, in the smooth and in the PL categories. Such a clas-
sification was earlier known only for simply-connected N , in the PL case
by Boéchat–Haefilger–Hudson 1970, in the smooth case by the authors 2008
(http://arxiv.org/abs/math/0808.1795). Our result for N = S1 × S3 states
that the set of smooth isotopy classes of smooth embeddings S1 × S3 → R7

is in a (geometrically defined) 1–1 correspondence with the quotient set
Z12 ⊕ Z ⊕ Z

{(a, b, c) ∼ (a, b, c+ 2kb)}k∈Z
. We disprove the Multiple Haefliger–Wu invariant

conjecture.
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Homogenization of a variational problem on a domain with oscillating
boundaries via periodic unfolding

Damlamian A. (Universite Paris-Est, France)
Pettersson K. (Narvik University College, Norway)

The talk will focus on a boundary value problem with rapidly oscillating
boundaries. We show that strong L2 convergence can be obtained by suitable
extension in the oscillating part of the domain. The main technical tool will be
the unfolding method. More precisely, we consider bilinear forms of the type

aε(u, ϕ) =

∫
Ωε

(∑
ij

aεij
∂u

∂xi

∂ϕ

xj
+ uϕ

)
dx,

where Ωε is a domain in R2 that depends on some small positive parameter ε.
For ε−1 a nonnegative integer and with β ∈ (0, 1] fixed, the domain Ωε is defined
by

ΩεA =

ε−1−1⋃
k=0

(kε, kε+ βε)× (0, 1),

together with ΩB = (0, 1)× (−1, 0) and Ωε = Int Cl(ΩεA ∪ ΩB).
For f ∈ L2(Ω), Ωε ⊂ Ω, together with some strong conditions on aεij , the

simplest extension of the sequence uε defined by aε(uε, ϕ) =
∫

Ωε
fϕ dx, for all

ϕ ∈ H1(Ωε), converges weakly to the solution of a limit problem. We give an
extension of uε that converge strongly in L2((0, 1);H1((0, 1))) and H1(ΩB).

On normal forms of linear second order mixed type PDE families in
the plane

Davydov A. A. (Vladimir State University)
Trinh Thi Diep L. (Thai Nguyen University of Education)

For partial differential equation in the plane

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy = F (x, y, u, ux, uy), (1)

where x, y are coordinates, a, b, c are smooth functions, and F is some function,
we consider the smooth deformation of its characteristic equation

A(x, y, ε)dy2 − 2B(x, y, ε)dxdy + C(x, y, ε)dx2 = 0 (2)

with a parameter ε ∈ Rn, where A(., ., 0) = a, B(., ., 0) = b and C(., ., 0) = c.

Theorem 1 ([3])). For any given order of smoothness r ≥ 1 a deformation
(2)of germ of characteristic equation at its nonresonance folded singular point
takes the form of germ at the origin of deformation

dy2 + (k(ε)x2 − y)dx2 = 0 (3)

with some function k, after multiplication of the equation by nonvanishing Cr-
function and an appropriate choice of Cr-coordinates foliated over the parameter
with the origin at the point.
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Nonresonance folded singular point of the characteristic equation is the point
of tangency of characteristic direction field with type change line for which the
corresponding singular point of the lifted direction field on the equation surface
is nonresonance [1]. For the initial PDE equation that implies the following.

Theorem 2 ([3])). For any given order of smoothness r ≥ 2 a finite para-
metric deformation of germ of equation (1) at nonresonance folded singular point
of its characteristic equation takes the form of germ at the origin of deformation

uxx + (k(ε)x2 − y)uyy = F (x, y, u, ux, uy) (4)

with some function k and new function F , after multiplication of the equation
by nonvanishing Cr-function and an appropriate choice of Cr-coordinates foliated
over the parameter with the origin at the point.

Note that class of smoothness could be selected as we prefer. But the increas-
ing of this class could lead to reduction of the interval along the parameter axis
where the formulas work. The function k is defined by the exponent of singular
point as usually [2].

The study was supported by RFBR grant 11-01-00960-à and ADTP HSSPD
2.1.1/12115.
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The dynamical inverse problem for the Maxwell system: time-optimal
determination of scalar electric permittivity and magnetic

permeability
Demchenko M. N. (St. Petersburg Branch of V. A. Steklov Mathematical

Institute, Russia)

We deal with the dynamical inverse problem for the Maxwell system with
smooth scalar coefficients ε, µ > 0. The system considered in a bounded domain
Ω ⊂ R3 with smooth boundary has the form

et = ε−1curlh, ht = −µ−1curl e in Ω× (0, T )

e|t=0 = 0, h|t=0 = 0 in Ω

eθ = f in ∂Ω× [0, T ]

where ( · )θ is a tangent component of a vector at the boundary, e = ef (x, t) and
h = hf (x, t) are the electric and magnetic components of the solution. With the
system one associates the response operator

RT : f 7→ hf |∂Ω×(0,T ).
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Let c = (εµ)−1/2 be the velocity of electromagnetic waves. The time-optimal
setup of the inverse problem is: given {R2T , c |∂Ω,

∂c
∂ν
|∂Ω} to recover ε and µ in

the subdomain ΩT , where

Ωs = {x ∈ Ω | distc (x, ∂Ω) < s}, s > 0

(distc is a distance in the optical metric: ds2 = c−2|dx|2).
In [1], by the use of the boundary control method, the uniqueness of de-

termination of c |ΩT was established for such T , that ΩT is covered by regular
semigeodesic coordinates (hence, T is small enough). It means uniqueness of the
product εµ. Here we show that one can uniquely determine separately ε and µ
in case of arbitrary T > 0, providing that ΩT endowed with optical metric satis-
fies some geometrical condition. The latter concerns possible singularities of the
boundary of Ωs. In order to formulate it we introduce a separation set (cut locus)
ω ⊂ Ω as a closure of points in Ω which have more than one nearest point in
∂Ω. Note that mesω = 0. Our condition reads as follows: for a. a. s ∈ (0, T )
and specifically for s = T the set Ωs is a domain with Lipschitz boundary and
∂Ωs ∩ ω has zero surface measure on ∂Ωs. We suppose that this condition is not
too constraining and it is surely satisfied in the situation considered in [1].
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The inverse problem for the plasma equilibrium in a tokamak
Demidov A. S. (Moscow State University, Russia)

The control over thermonuclear fusion reactions (including suppression of
instabilities of the plasma discharge) depends essentially on how well the informa-
tion about the distribution of electric current in the plasma. Unfortunately it is
very difficult to obtain this information even within the framework of the one-fluid
magnetohydrodynamic model described by the Grad–Shafranov equation. In this
case the required current distribution is given by the mapping

fu : ω 3 (x, y) 7→ f
(
u(x, y)

)
, (1)

where required functions u ∈ C2(ω) and f are as follows:

∂2u(x, y)

∂x2
+
∂2u(x, y)

∂y2
= f

(
u(x, y)

)
≥ 0 in ω, and u = 0 on γ = ∂ω, (2)

sup
P∈γ

∣∣∣∂u
∂ν

(P )− Φ(P )
∣∣∣≤ λ sup

P∈γ

∣∣∣Φ(P )
∣∣∣ . (3)

Here γ = ∂ω is the boundary of the domain ω, which is a cross-section plasma
discharge, ν is the unit normal to the curve γ, and λ > 0 is small parameter.
The function Φ is known only approximately. It is determined by measuring of
the magnetic field component ∇u outside the plasma (at the tokamak chamber)
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with a precision obviously non-zero. Thus, the condition λ > 0 (in contrast to the
condition λ = 0) reflects the physical reality.

Pustovitov [1] was the first who clearly drew attention to possible incon-
sistency between a solution of the Grad–Shafranov equation obtained in some
way or other and the required current distribution. The crux of the question
raised by Pustovitov is whether there are at least two “essentially different” map-
pings (1) which obey to (2)–(3). Note that if λ = 0, then (as shown in [2]) the
problem (2)–(3) has at most one distribution (1) within the class of affine func-
tions f : u 7→ f(u) = au+b for a rather broad class of simply connected domains ω
that are not disks. But (see [3]) for any arbitrarily small λ > 0, the problem (2)–
(3) has an infinite number distributions f ju : (x, y) 7→ f ju(x, y) = ajuj(x, y) + bj
which pairwise essentially different in the sense that∣∣∣‖f j1u ‖ − ‖f j2u ‖∣∣∣≥ 0.15 max{ ‖f j1u ‖ , ‖f j2u ‖ } , where ‖f ju‖

def
= max

(x,y)∈ω

∣∣f ju(x, y)
∣∣ .
(4)

However all these essentially different (in the sense of the condition (4)) distribu-
tions are necessarily [3] members of a sequence that converges to the δ-function
supported on γ. Therefore, these distributions are not essentially different from
the standpoint of physics. Two distributions f1

u and f2
u are essentially different

(and certainly from a physical point of view) if satisfy not only condition (4) but
also are such as follows:

(x̂, ŷ) ∈ absmax f1
u =⇒ (x̂, ŷ) ∈ absmin f2

u . (5)

Two such essentially different distributions fu (for f(u) =
3∑

m=0

amu
m) were found

in [4].
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Asymptotic Analysis of Boundary Value Problem in Domain with
Random Multilevel Oscillating Boundary

De Maio U. (University of Naples, Italy)

Boundary-value problems in domains with singularly perturbed boundary
are models for problems in biology and in industrial applications. Microinho-
mogeneous rough boundaries influence macro behavior of the whole object. An
asymptotic analysis of boundary value problems in such domains gives the possi-
bility to replace the original problem by the corresponding limit problem defined
in a ”simpler” domain.

In this talk we present a result on the rate of convergence of solutions of elliptic
problem in a singularly perturbed domain with multilevel oscillating boundary.
This domain consists of the body, a large number of thin periodically situated
cylinders joining to the body through thin random transmission zone with rapidly
oscillating boundary. The combination of the two effects, oscillation of the exterior
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boundary and the randomness of its geometry, appears naturally in applications
but leads to additional mathematical difficulties. Here we consider a domain
with random multilevel oscillating boundary, the first level is random and has the
height ε; the second one is of the height εα, 0 < α < 1 and is periodic. Here ε is a
small parameter, which also characterizes the distance between neighboring thin
domains and their thickness. Assuming the non-homogeneous Fourier boundary
conditions with perturbed coefficients to be set on the boundaries of the thin cylin-
ders and on the boundary of the oscillating layer, we prove the homogenization
theorems and estimate the rate of convergence. It is shown that there are two
qualitatively different cases in the asymptotic behavior of the solutions. These
results have been obtained in a joint work with G. A. Chechkin, C. D’Apice and
A. L. Piatnitski.

Optimal synthesis in the Reeds and Shepp problem
Dmitruk A. V. (Lomonosov Moscow State University)

Samylovskiy I. A. (Lomonosov Moscow State University)

Consider the following time-optimal control problem [1] for a car in the plane
moving back and forth with bounded linear and angular velocities:

ẋ = u sinϕ, x(t0) = 0, x(T ) = xT ,

ẏ = u cosϕ, y(t0) = 0, y(T ) = yT ,

ϕ̇ = v, ϕ(t0) = 0, ϕ(T ) is free,

|u| ≤ 1, |v| ≤ 1, J = T → min .

(1)

Here ϕ is the angle between velocity (ẋ, ẏ) and the ordinate axis. Analysis of
the Pontryagin Maximum principle gives all the types of trajectories satisfying
necessary optimality conditions. We show that some of them are not globally
optimal, and then construct the optimal synthesis. Since the problem is obviously
symmetric both in x and in y, we can assume that the terminal position of the car
lies in the first (nonnegative) quadrant R2

+ . Define two auxiliary discs: Sright =
{(x − 1)2 + y2 ≤ 1}, and Sbig = {(x + 1)2 + y2 ≤ 5}, and the following subsets
in R2

+:

Z1 = R2
+ ∩ Sbig ∩ (int Sright),

Z2 = (R2
+ ∩ Sbig) \ (int Sright),

Z3 = (R2
+ \ Sbig) ∩ {y ≥ 1},

Z4 = (R2
+ \ Sbig) ∩ {y < 1}.

(2)

We use the following notation for functions of t: f = (c1, c2, ..., cn) means that
f(t) is a piecewise constant (vector-)function taking the corresponding values on
successive intervals (t0, t1), (t1, t2), ..., (tn−1, tn) with tn = T .

The form of optimal synthesis is given by the following

Theorem 1. If (xT , yT ) ∈ Z1 and yT > 0, then the optimal trajectory has one
switching point with u = (−1, 1), v ≡ 1. If yT = 0, there are two time-optimal
trajectories: u = (1,−1), v ≡ −1 and u = (−1, 1), v ≡ 1 that give the same
value of the cost.
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If (xT , yT ) ∈ Z2 ∪ Z3 , xT 6= 0, and (xT − 1)2 + y2
T > 1, then the optimal

trajectory has u ≡ 1, v = (1, 0). If xT = 0 then u ≡ 1, v ≡ 0. If (xT − 1)2 +
y2
T = 1 , then u ≡ 1, v ≡ 1.

If (xT , yT ) ∈ Z4 and yT > 0, the optimal trajectory has
(u, v) = ((−1, 1), (1, 1), (1, 0)) with two switching points. If yT = 0, there
are two time-optimal trajectories: (u, v) = ((1,−1), (−1,−1), (−1, 0)) and
(u, v) = ((−1, 1), (1, 1), (1, 0)) that give the same value of the cost.

The optimal time continuously depends on (xT , yT ).

Remark 1. Note that here we consider problem (1) with a free terminal
direction ϕ(T ). If it is fixed (as in [1]), the construction of optimal synthesis is
expected to be essentially more cumbersome.
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Hydrodynamic equations from Hamiltonian dynamics in phase space
Dostoglou S. (University of Missouri, USA)

We examine how to obtain macroscopic equations from the Hamiltonian dy-
namics in phase space of a particle system when the number of particles becomes
infinite. To avoid Gibbsian ensembles of particle systems we use the Y. L. Klimon-
tovich formalism [2], the work of C. B. Morrey [3], and techniques from [1].

In particular, if the number of particles N →∞ while the total mass MN =

NmN , total energy EN = mN

∑N
1
|pi|2

2
, and 1

N
MN

∑N
1 |qi|

2 stay bounded, the
sequence of measures

1

N

N∑
1

δqi ,
1

N

N∑
1

δ(qi,pi) (1)

converge weakly, up to subsequence, to measures ρ and µ respectively. The macro-
scopic velocity u, defined as the barycentric projection of µ (see [1]), is the rigorous
analogue of the Maxwell–Boltzmann

∫
pf(q, p) dp.

Hydrodynamic equations result from Hamilton’s equations as N → ∞. The
resemblance of these equations to Euler/Navier–Stokes/Reynolds equations de-
pends on the second correlations of (1).
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Hydrodynamical limit for lattice systems
Dudnikova T. V. (Elektrostal Polytechnical Institute, Russia)

The present work concerns the mathematical problems of foundations of sta-
tistical physics and continues the work [3] devoted to the derivation of the limiting
“hydrodynamic” equations from the Hamilton dynamics. As the model we study
the harmonic crystals in Zd, d ≥ 1. In the harmonic approximation, the crystal
is characterized by the displacements u(z, t) ∈ Rn, z ∈ Zd, of the crystal atoms
from their equilibrium positions. The field u(z, t) is governed by a discrete wave
equation. The initial data are supposed to be random function. For such model
the long-time convergence of the distributions of the random solution u(·, t) to an
equilibrium measure was proved in [2].

To derive the hydrodynamic equations we introduce a small scale parameter
ε > 0 and a family of the initial measures {µε0, ε > 0}. We assume that the
measures µε0 are locally homogeneous for space translations of order much less than
1/ε and nonhomogeneous for translations of order 1/ε. Moreover, the covariance
of µε0 decreases with distance uniformly in ε. Given nonzero τ ∈ R and r ∈ Rd,
we study the distributions µετ/εκ,r/ε of the random solution u(z, t) at the lattice

points close to the point [r/ε] ∈ Zd and in the time moments τ/εκ with an κ,
κ > 0. In the case κ < 1, we prove that the measures µετ/εκ,r/ε converge to a limit
measure as ε → 0, which is Gaussian and its covariance matrix does not depend
on τ . For κ = 1, we prove the weak convergence of µετ/ε,r/ε to a limit Gaussian

measure as ε → 0 (see [3]). Moreover, the Fourier transform of the covariance
matrix of the limit measure evolves according to the following equation:

∂τfτ,r(θ) = i C(θ)∇Ω(θ) · ∇rfτ,r(θ), r ∈ Rd, τ > 0, (1)

where C(θ) =

(
0 Ω−1(θ)

−Ω(θ) 0

)
, θ ∈ Td, and, roughly, Ω(θ) is the dispersion

relation of the harmonic crystal. Equation (1) can be considered as the analog of
the Euler equation for our model.

The main result is the derivation of the equation for the “next correction” to
the limiting equation (1). We study the asymptotics (as ε→ 0) of the distributions
of the solution u(·, t) on a longer time scale t = τ/ε2 instead of τ/ε. It allows us
to derive the following (Navier–Stokes type) equation:

∂τf
ε
τ,r(θ) = i C(θ)

(
∇Ω(θ) · ∇rfετ,r(θ) +

iε

2
tr[∇2Ω(θ) · ∇2

rf
ε
τ,r(θ)]

)
, (2)

where r ∈ Rd, τ > 0. In the case d = 1, equations (1) and (2) were derived
by Dobrushin and others, [1]. The similar results are obtained also for lattice
dynamics in the half-space Zd+, [4].

This work was partially supported by RFBR grant 09-01-00288.
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Homogenization of an optimal control problem involving a thick
multi-level junction with alternate type of controls

Durante T. (Department of Electronic and Informatics Engineering, University
of Salerno, Italy)

There are two different approaches to homogenize optimal control problems.
One consists in the passage to the limit in the corresponding adjoint problem and
then recover an optimal control problem which is called the homogenized control
problem to the initial one (see e.g. [1]). The other one (so-called direct method)
is based on the theory of Γ-convergence (see [2]) and is more expedient since it
keeps convergence of the optimal solutions of the initial problem to the similar
characteristics of the corresponding homogenized optimal control problem. The
main difficulty of the second approach consists in the mathematical description of
the homogenized optimal control problem and in the identification of the effective
set of its cost functional. This approach was improved by Z. Denkowski and
S. Mortola in [3] using the Kuratovski convergence of solution sets and applying
the Buttazzo–Dal Maso abstract scheme [2].

The main assumption in the scheme proposed by Z. Denkowski and S. Mor-
tola is G-convergence of the sequence operators, which describe the sequence of
perturbed boundary value problems in concrete case. Therefore,

1◦. the crucial point and the first step in the homogenization of an opti-
mal control problem involving perturbed domains is the proof of the
convergence theorem for the state.

2◦. On the second step, with the help of the convergence theorem we get
Kuratowskii convergence of solution sets which is equivalent to the Γ-
convergence of the corresponding indicator functions.

3◦. Then we deduce the Γ-convergence of cost functionals.
4◦. Finally, applying the Buttazzo–Dal Maso abstract scheme, we obtain

results for the asymptotic behavior of the optimal solutions, thereby we
correctly define the limit optimal control problem, and results for the
convergence of minimal values, thereby we prove the stability result of
this direct method.

In my talk I will present our new results obtained jointly with Prof. Mel’nyk
(see [4]) about the homogenization of an optimal control problem. The optimal
control problem whose state equation and the cost functional are defined in a
plane thick two-level junction, which is the union of some domain and a large
number 2N of thin rods with variable thickness of order ε = O

(
N−1

)
. The thin

rods are divided into two levels depending on the geometrical characteristics and
on the controls given on their bases. In addition, the thin rods from each level
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are ε-periodically alternated and the following inhomogeneous perturbed Fourier
boundary conditions ∂νuε(x)+εkiuε(x) = εβgε(x), i = 1, 2 are given on the lateral
sides on the rods from the corresponding level. We study the asymptotic behavior
of this optimal control problem as ε→ 0.

References

[1] Kesavan S., Saint Jean Paulin J., Optimal control on perforated domains, J. Math.
Anal. Appl. 229 (1999), 563-586.

[2] Buttazzo G., Dal Maso G., Γ-convergence and Optimal Control Problems, J. Optim.
Theory App. 38 (1982), 385-407.

[3] Denkowski Z., Mortola S., Asymptotic behavior of optimal solutions to control problems
for systems described by differential inclusions corresponding to partial differential
equations, J. Optim. Theory App. 78 (1993), no. 2, 365-391.

[4] Durante T., Mel’nyk T. A., Asymptotic analysis of an optimal control problem involving
a thick two-level junction with alternate type of controls, J. Optim. Theory App., 144
(2010), no. 2, 205-225.

Necessary and sufficient conditions for existence of an isolated
solution of a nonlinear two-point boundary value problem for systems

of the integral-differential equations
Dzhumabaev D. S. (Institute of Mathematics, Kazakhstan)

Bakirova E. A. (Institute of Mathematics, Kazakhstan)

The nonlinear two-point boundary value problem for systems of integral-
differential equations is considered

dx

dt
= f0(t, x) +

∫ T

0

f1(t, s, x(s)) ds, x ∈ Rn, t ∈ [0, T ], g(x(0), x(T )) = 0,

(1)
where f0 : [0, T ]×Rn → Rn, f1 : [0, T ]× [0, T ]×Rn → Rn are continuously.

The problem (1) is investigated by a method of parametrization [1, 2]. Di-
viding the interval [0, T ] uniformly into N parts and introducing additional pa-
rameters as values of a solution in partition points, the problem (1) is reduced
to equivalent multipoint boundary problem with parameters. The algorithm for
finding of a solution to the problem with parameters is offered. Each step of
the algorithm consists two points. In the first point of the algorithm a system
of nonlinear equations with respect to introduced parameters is solved. In the
second point at the finding values of parametres the special Cauchy problem for
the nonlinear integro-differential equations is solved.

In the paper it is reduced sufficient conditions of algorithms convergence,
ensuring existence of an isolated solution to nonlinear boundary value problem
for systems of the integral-differential equations (1).

Definition 1. A solution x∗(t) to problem (1) is said to be isolated if there
exists a number ρ0 > 0 such that the functions f0(t, x), f1(t, s, x) and g(v, w) have
the uniformly continuous derivatives f ′0x(t, x), f ′1x(t, s, x), g′v(v, w), g′w(v, w) in

G0(ρ0) = {(t, x) : t ∈ [0, T ], ‖x− x∗(t)‖ < ρ0},
G1(ρ0) = {(t, s, x) : t ∈ [0, T ], s ∈ [0, T ], ‖x− x∗(s)‖ < ρ},

G2(ρ0, ρ0) = {(v, w) ∈ R2n : ‖v − x∗(0)‖ < ρ0, ‖w − x∗(T )‖ < ρ0}
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respectively, and the linear homogeneous two-point boundary value problem

dy

dt
=
∂f ′0x(t, x∗(t))

∂x
y +

∫ T

0

∂f ′1x(t, s, x∗(s))

∂x
y(s) ds, t ∈ [0, T ],

g′v(x∗(0), x∗(T ))y(0) + g′w(x∗(0), x∗(T ))y(T ) = 0,

has only the trivial solution y(t) ≡ 0.

The necessary and sufficient conditions are established for the existence of an
isolated solution to problem (1).
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Integrability of a planar system of ODEs near a degenerate stationary
point

Edneral V. F. Sr. (Lomonosov Moscow State University, Russia)
Romanovski V. G. (University of Maribor, Slovenia)

We consider the system of equations:

ẋ = −y3 − b x3 y + (a0 x
5 + a1 x

2y2) + (a2 x
4 y + a3 x y

3),
ẏ = c x2 y2 + x5 + (b0 x

4y + b1 x y
3) + (b2 x

6 + b3 x
3 y2 + b4 y

4).
(1)

Systems with a nilpotent matrix of the linear part were thoroughly studied by
Lyapunov et. al. In the system (1), there is no linear part, and the first approxi-
mation is not homogeneous. This is the simplest case of a planar system without
linear part and with Newton’s open polygon consisting of a single edge. In general
case such problems have not been studied.

System (1) has a quasi-homogeneous initial approximation:

ẋ = −y3 − b x3 y, ẏ = c x2 y2 + x5. (2)

Theorem 1. In the case D
def
= (3 b+ 2 c)2 − 24 6= 0, the system (2) is locally

integrable if and only if the number Q
def
= (3 b− 2 c)/

√
D is rational.

If Q = 0 then the approximation (2) is Hamiltonian one. The Hamiltonian
case of the full system (1) with the additional assumption that the Hamiltonian
function is expandable into the product of only square-free factors was studied in
[1]. We will investigate the non Hamiltonian case Q = ±1 and a2 = a3 = b2 =
b3 = 0, i. e. we study the system:

dx/dt = −y3−b x3y+a0 x
5 +a1 x

2y2, dy/dt = (1/b)x2y2 +x5 +b0 x
4y+b1 x y

3,
(3)

with arbitrary complex parameters ai, bi and b 6= 0. Note that the limitation
D 6= 0 of Theorem 1 leads in this case to the limitation b2 6= 2/3 also.

In [2] the complete set of necessary conditions on parameters of the system
for which (3) is locally integrable near the degenerate stationary point x = y = 0
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has been found. It consists of the following four two-dimensional subsets in the
parameter space:

a0 = 0, a1 = −b0 b, b1 = 0,

b1 = −2a1, a0 = a1b, b0 = b1b,

b1 = 3a1/2, a0 = a1b, b0 = b1b,

b1 = 8a1/3, a0 = a1b, b0 = b1b.

 (4)

In [3] it was proved that all conditions (4) are also sufficient conditions for
global integrability of the system (3). For each subset above the first integrals
were evaluated by the Darboux method in an explicit form as functions of system
parameters. So (4) is a full set of necessary and sufficient conditions of the global
integrability of the system (3) except of two hyperplanes b2 = 2/3 where additional
subsets of integrability can be.

The talk is based on the joint paper with A. D. Bruno.
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Decay of solutions to an initial-boundary value problem posed on a
half-line for damped Korteweg–de Vries equation

Faminskii A. V. (Peoples’ Friendship University of Russia, Moscow, Russia)

We consider an initial-boundary value problem posed on the half-line R+ for
damped Korteweg–de Vries equation

ut + uxxx + uux + a(x)u = 0

under initial and boundary conditions

u(0, x) = u0(x), x ≥ 0, u(t, 0) = 0, t ≥ 0.

The damping term a(x) is positive, lies in the space W 1
∞(R+) and satisfies the

following inequalities: for certain positive constants M and c0

|a′(x)| ≤Ma(x) a. e. in R+, a(x) ≥ c0
1 + x

∀x ≥ 0.

The initial function is such that u0 ∈ H1(R+), (1 + x)βu0 ∈ L2(R+) for certain
β > 3/4 and is assumed to be small in L2(R+).

It is proved that a mild solution to this problem decays in time, that is

lim
t→+∞

‖u(t, ·)‖L2(R+) = 0.

In the previous results (see [1], [2]) the damping term was assumed to be
strictly positive at +∞.
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On solvability of the Dirichlet problem of m-Hessian equation
Filimonenkova N. V. (Saint-Petersburg State University of Architecture and

Civil Engineering, Russia)

In modern theory of fully nonlinear differential equations m-Hessian equations
are little-studied and present great possibilities for research. The key element in
this area is m-Hessian operator

Fm[u] = (trmuxx)
1
m , u ∈ C2(Ω), Ω ⊂ Rn, 1 6 m 6 n,

where trmuxx is the sum of all principle minors of the Hessian matrix uxx. The
subject of our investigation is the Dirichlet problem for a fully nonlinear second
order equation

Fm[u] = f, u|∂Ω = ϕ. (1)

The case m = 1 corresponds to the Poisson equation, with m = n we have
the Monge-Ampère equation, both are thoroughly studied. Our investigation
deals with the full range of equations “between” the former and the latter. The
operator Fm is not totally elliptic in C2(Ω) but only in the subset of so-called
m-admissible functions. Also ∂Ω is required to be strictly (m−1)-convex surface.
The theory of solvability of (1) uses interesting algebraic facts from L. G̊arding’s
little known paper of 1959. Equations (1) were considered in the papers of 1980s

by N. M. Ivochkina, L. Nirenberg, L. Kaffarelly, J. Spruck with f ∈ C∞(Ω), f > 0.
In 1997 N. Trudinger introduced a notion of approximate solution of m-Hessian
equation with f ∈ Lp(Ω), f > 0. New results in this area have recently been
obtained. The goal of our talk at the Conference is to deliver the analysis of the
smoothness of solution to m-Hessian equation in dependence on regularity of f .
For example the following theorems are true:

Theorem 1. Assume that ∂Ω is strictly (m − 1)-convex surface, ϕ and ∂Ω

are sufficiently smooth, f is convex, f > ν > 0 in Ω. If fx ∈ L∞(∂Ω) then there

exists m-admissible solution u ∈ C2+α′(Ω) of (1) with some α′, 0 < α′ � 1. If

f ∈ C1+α(Ω), 0 < α < 1, then there exists m-admissible solution u ∈ C3+α(Ω)
of (1).

Theorem 2. Assume that ∂Ω ∈ Cl+α is strictly (m − 1)-convex surface,

ϕ ∈ Cl+α(∂Ω), f ∈ Cl−2+α(Ω), f > ν > 0 in Ω, l > 4, 0 < α < 1. Then there

exists m-admissible solution u ∈ Cl+α(Ω) of (1).

The work is supported by the Russian Foundation for Basic Research (grant
No. 09-01-00729) and the grant of “Nauchnye Shkoly” (grant No. NSh-
227.2008.1).
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Asymptotic behavior of the first eigenvalue of the Robin problem
Filinovskiy A. V. (N. E. Bauman Moscow State Technical University, Russia)

We consider the eigenvalue problem with the Robin boundary condition

∆u+ λu = 0 in Ω, (1)(
∂u

∂ν
+ αu

)∣∣∣∣
Γ

= 0, α > 0, (2)

for a bounded domain Ω ⊂ Rn with the smooth boundary Γ, where ν is the outer
unit normal vector to Γ. It follows from the variational principle that the first
eigenvalue λ1(α) of problem (1), (2) increases monotonically with respect to α and

satisfies the inequality λ1 < λ
(d)
1 , where λ

(d)
1 is the first eigenvalue of the Dirichlet

problem for the operator −∆ in Ω.
We are interested in the asymptotic behavior of λ1(α) as α → +∞. In

monograph [1] (see Ch. 6, § 2), it was noticed that lim
α→+∞

λ1 = λ
(d)
1 . For n = 2,

the following estimates were obtained in paper [2]:

λ
(d)
1

(
1 +

λ
(d)
1

αq1

)−1

≤ λ1 ≤ λ(d)
1

(
1 +

4π

α|Γ|n−1

)−1

, α > 0,

where |·|k is the k-dimensional measure and q1 is the first eigenvalue of the Steklov
problem

∆2u = 0 in Ω,

u|Γ = 0,

(
∆u− q ∂u

∂ν

)∣∣∣∣
Γ

= 0.

Theorem 1. Let n ≥ 2, then

λ1(α) = λ
(d)
1 −

∫
Γ

(
∂v
∂ν

)2
ds∫

Ω
v2 dx

α−1 + o
(
α−1) , α→ +∞,

where v is the first eigenfunction of the Dirichlet problem

∆v + λ
(d)
1 v = 0 in Ω,

v|Γ = 0.

This research was supported by RFBR grant no. 11-01-00989 and DSP grant
no. 2.1.1/7161.
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Polynomials of almost-normal arguments in C∗-algebras
Filonov N.

Kachkovskiy I.

Let a be a normal element of a unital C∗-algebra A. The notion of continuous
function f(a) of this element is well known. More precisely, there exists a unique
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C∗-algebra homomorphism

C(σ(a))→ A, f 7→ f(a)

from the algebra of continuous functions on the spectrum σ(a) to A such that the
function f(z) = z maps to a, σ(f(a)) = f(σ(a)), and ‖f(a)‖ = maxz∈σ(a) |f(z)|.
This calculus is widely used in solving various problems in Analysis. We suggest
an analog of the functional calculus for non-normal elements. We restrict the
considered class of functions to the polynomials (in z and z). Assume that a
is close to a normal element in the sense that the norm of its self-commutator
‖[a, a∗]‖ = δ is small. We show that many properties of the functional calculus
hold up to an error of order δ.

On global existence and blow-up for nonlinear hyperbolic systems
Galakhov E. I. (Peoples’ Friendship University of Russia)

We consider the Cauchy problem for a nonlinear wave equation with a po-
tential

utt −∆u− V (x)u = |u|q (1)

or for a nonlinear hyperbolic system{
utt −∆u− V1(x)u = |v|p (x, t) ∈ RN × R+,
vtt −∆v − V2(x)v = |u|q (x, t) ∈ RN × R+

(2)

with compactly supported initial data.
In the case of subcritical (p, q) and/or zero potential, these problems were

treated by many authors, particularly in [1] and [2]. Combining the techniques
of these papers with the method of nonlinear capacity (see [3]), we establish
necessary and sufficient conditions for global solvability of problems (1) and (2)
under appropriate assumptions on the potential V (resp. V1, V2), including the
subtle case of critical values of (p, q).

The research was supported by RFBR grants 08-01-00441, 09-01-12157, grant
of the President of Russia ÍØ-3810.2008.1, and by the Russian Ministry of Ed-
ucation and Science (project 2.1.1/5328).
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Large-scale oceanic motions
Gallagher I. (Inst. Math. Jussieu, France)

In this talk we shall review some recent works of the author with C. Cheverry,
T. Paul, and L. Saint-Raymond. Those works concern shallow water flows, subject
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to strong wind forcing and linearized around a stationary profile ū. The system
reads (writing η and u for the height and velocity fluctuations)

∂tη +
1

ε
∇ · u+ ū · ∇η + ε2∇ · (ηu) = 0 ,

∂tu+
1

ε2
bu⊥ +

1

ε
∇η + ū · ∇u+ u · ∇ū+ ε2u · ∇u = 0 ,

where b stands for the (adimensionalized) rotation of the earth and where ε is a

small parameter (of the order of Fr2, where Fr is the Froude number, and of Ro
1
2

where Ro is the Rossby number). We prove in a rather general framework that
the system may be diagonalized using an abstract semi-classical approach, which
allows to identify Rossby and Poincaré waves. The Poincaré waves are shown to
disperse by use of Mourre estimates — a more explicit, spectral approach is also
proposed in a more restrictive setting. Some partial results regarding the trapping
of Rossby waves are obtained; these are made much more precise, by the study
of the underlying dynamical system, under the additional assumption that the
stationary profile is zonal.

The research was supported by the A.N.R. grant ANR-08-BLAN-0301-01
“Mathocéan”, as well as the Institut Universitaire de France.
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Lebesgue Sets of Value Function in Linear Differential Game with
Two Pursuers and One Evader

Ganebny S. A. (Institute of Mathematics and Mechanics UrB RAS, Russia)
Kumkov S. S. (Institute of Mathematics and Mechanics UrB RAS, Russia)

Le Menec S. (EADS / MBDA France, France)
Patsko V. S. (Institute of Mathematics and Mechanics UrB RAS, Russia)

We study a model differential game with two pursuers and one evader. Three
inertial objects moves in the straight line. The dynamics descriptions for pur-
suers P1 and P2 are

z̈P1 = aP1 , ȧP1 = (u1 − aP1)/lP1 , |u1| ≤ µ1,
z̈P2 = aP2 , ȧP2 = (u2 − aP2)/lP2 , |u2| ≤ µ2.

Here, zP1 and zP2 are the geometric coordinates of the pursuers, aP1 and aP2 are
their accelerations generated by the controls u1 and u2. The time constants lP1

and lP2 define how fast the controls affect the systems.
The dynamics of the evader E is similar:

z̈E = aE , ȧE = (v − aE)/lE , |v| ≤ ν.
Let us fix some instants T1 and T2. At the instant T1, some quasiconvex

function ϕ1 is computed, which depends on the miss of the first pursuer with the
respect to the evader. At the instant T2, some quasiconvex function ϕ2 of the
miss of the second one is computed.
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Assume that the pursuers act in coordination. This means that we can join
them into one player P . This player governs the vector control u = (u1, u2). The
payoff is the minimum of the functions ϕ1 and ϕ2:

ϕ = min

{
ϕ1

(
|zE(T1)− zP1,E(T1)|

)
, ϕ2

(
|zE(T2)− zP2,E(T2)|

)}
.

At any instant t, the players P and E know exact values of all state coordi-
nates zP1 , żP1 , aP1 , zP2 , żP2 , aP2 , zE , żE , aE . The player P choosing its feedback
control minimizes the payoff ϕ, the player E maximizes it. So, we have a standard
antagonistic differential game. One needs to construct the value function of this
game and optimal strategies of the players.

Let us describe a practical problem, whose reasonable simplification gives
this model game. Suppose that two pursuing objects attacks the evading one on
collision courses. They can be rockets or aircrafts in the horizontal plane. A
nominal motion of the first pursuer is chosen such that at the instant T1 the exact
capture occurs. In the same way, a nominal motion of the second pursuer is chosen
(the capture is at the instant T2). But indeed, the real positions of the objects
differ from the nominal ones. Moreover, the evader using its control can change its
trajectory in comparison with the nominal one (but not principally, without sharp
turns). Correcting coordinated efforts of the pursuers are computed during the
process by the feedback method to minimize the result payoff, which is computed
on the basis of absolute values of deviations at the instants T1 and T2 from the
first and second pursuers, respectively, to the evader.

The passage from the original non-linear dynamics to a dynamics, which
is linearized with the respect to the nominal motions, gives the problem under
considerations.

The research was supported by RFBR grant 09-01-00436 and by the Program
“Mathematical control theory” of the Presidium of the RAS (Ural Branch project
09-Ï-1-1015).

Effective boundary conditions for Stokes flow over very rough
boundaries

Gaudiello A. (Universita degli Studi di Cassino, Italy)

We study the asymptotic behaviour of the solution of Stokes equations in a
3-dimensional domain with highly oscillating boundary. Let S = (0, l1) × (0, l2),

S̃ = (a1, b1)×(a2, b2), with 0 < ai < bi < li (i = 1, 2) and let ηε be the εS-periodic
function defined on εS by

ηε
(
x′
)

=

{
l3 if x′ ∈ ε

(
S\S̃

)
,

l′3 if x′ ∈ εS̃,

with l3 < l′3, x′ = (x1, x2), and ε is a small positive parameter. Let

Ωε =
{
x = (x′, x3) ∈ R3 : x′ ∈ S, b(x′) < x3 < ηε(x

′)
}

where b is a smooth function on R2, S-periodic and such that b(x′) < l3 for every
x′ ∈ R2. We assume that 1/ε ∈ N. The domain Ωε is bounded at the bottom by
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the smooth wall P =
{
x = (x′, x3) ∈ R3 : x′ ∈ S, x3 = b(x′)

}
and at the top by

the rough wall Rε = ∂Ωε \ (P ∪ {(x′, x3) ∈ R3 : x′ ∈ ∂S, b(x′) < x3 < l3}).
The velocity uε and the pressure pε of the fluid satisfy the stationary Stokes

system: 
−ν∆uε +∇pε = f in Ωε,
∇ · uε = 0 in Ωε,
uε = 0 on P ∪Rε,
(uε, pε) S-periodic (with respect to x′) ,∫

Ω− pε dx = 0,

where f is a smooth function in Ω, with Ω = {(x′, x3) ∈ R3 : x′ ∈ S, b(x′) <
x3 < l′3}, and Ω− = {x = (x′, x3) ∈ Ωε : x′ ∈ S, x3 < l3} .

We introduce the system

−ν∆Uε +∇Pε = f in Ω−,
∇ · Uε = 0 in Ω−,

νŨε − εM̃ ∂Ũε
∂x3

= 0 on Σ,

Uε3 = 0 on Σ,
Uε = 0 on P,
(Uε, Pε) S-periodic (with respect to x′) ,∫

Ω− P
−
ε dx = 0.

Here M̃ is a 2 × 2-matrix with constant coefficients, symmetric and negative
definite, whose definition involves the solution (Ψ,Π) of a Stokes system in an

infinite domain in the x3-direction, and Ũε denotes the vector formed by the
first two components of Uε. Using asymptotic expansions and boundary layer
correctors we show that the pair (Uε, Pε) is an approximate solution in Ω− of the

solution (uε, pε) of order O(ε3/2−γ) (γ > 0 being arbitrary small) in the H1 norm
for the velocity, and of order O(ε) in the L2 norm for the pressure. Moreover, in
the rugose region Ωε\Ω−, (uε, pε) is approximated by an explicit formula via the
functions (Ψ,Π) and the trace of Uε on Σ.

The talk is based on the joint paper with Y. Amirat, O. Bodart and
U. De Maio.

Blow-up of solutions of nonlocal initial boundary value problem for
diffusion-absorption equation

Gladkov A. L. (Vitebsk State University, Belarus)

We consider the following nonlocal initial boundary value problem:

ut = ∆u− c(x, t)up for x ∈ Ω, t > 0,

u(x, t) =

∫
Ω

k(x, y, t)ul(y, t) dy for x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) for x ∈ Ω,

 (1)

where Ω is a bounded domain in Rn for n ≥ 1 with smooth boundary ∂Ω, p > 0
and l > 0. Here c(x, t) is a nonnegative locally Hölder continuous function defined

for x ∈ Ω and t ≥ 0 and k(x, y, t) is a nonnegative continuous function defined
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for x ∈ ∂Ω, y ∈ Ω and t ≥ 0. The initial data u0(x) is a nonnegative continuous
function satisfying the boundary condition at t = 0.

We prove uniqueness of solutions with trivial initial datum for (p + 1)/2 <
l < 1, with nonnegative initial data for l ≥ 1, with positive initial data under
the conditions l < 1, p ≥ 1 as well as positive in QT solutions if max(p, l) < 1,
nonuniqueness of solution with trivial initial datum for l < min{1, (p+ 1)/2}.

We give some criteria for existence of global solutions as well as for blow-up
of solutions in finite time. We point out growth conditions for the coefficient
k(x, y, t) which guarantee blow-up of all nontrivial solutions of (1). In particular,
we prove the following results. Let λ1 is the first eigenvalue of problem given by

∆ϕ+ λϕ = 0 in Ω with ϕ|∂Ω = 0.

Suppose that either∫
Ω

k(x, y, t) dy ≤ A exp(σt), A > 0, σ < λ1(l − 1), (2)

for x ∈ ∂Ω and t > 0, or

c(x, t) ≤ C exp(γt), C > 0, γ < λ1(p− 1), (3)

for x ∈ Ω, t > 0, and

k(x, y, t) ≥ B exp[λ1(l − 1)t], B > 0, (4)

for x ∈ ∂Ω, y ∈ Ω and large values of t.

Theorem 1. Let min(p, l) > 1. If (2) hold then there exist global solutions of
(1) with initial data small enough. If l ≥ p, (3) and (4) hold then any nontrivial
solution of (1) blows up in finite time.

The resolvent of elliptic operators with distant perturbations
Golovina A. M. (Bashkir State Pedagogical University, Russia)

We consider the operator

H0 := (−1)m
∑

β,γ∈Zd
+

|β|=|γ|=m

∂β

∂xβ
Aβγ

∂γ

∂xγ
+

∑
β∈Zd

+
|β|62m−1

Aβ
∂β

∂xβ

in the space L2(Rd) with the domain W 2m
2 (Rd). Here Aβγ ∈ Cm(Rd),

Aβ ∈ Cm−1(Rd) are matrix-valued functions. We assume that the operator H0 is
elliptic,

ν
∑
β∈Zd

+
|β|=m

|ξβ |2 6 Re
∑

β,γ∈Zd
+

|β|=|γ|=m

(Aβγξβ , ξγ)Cd , ξβ ∈ Cd,

where the constant ν is independent of x and ξβ .
Let L0

i be arbitrary bounded operators from W 2m
2 (Rd) into L2(Rd), ςi = ςi(r),

ηi = ηi(r) ∈ C2m(R+), i = 1, . . . , k be nonnegative functions equalling one in a
fixed neighborhood of zero. Functions ηi, ςi are supposed to satisfy the following
conditions
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1◦. There exists a function a ∈ C2m−1[0,+∞] such that the estimate

|ςi(r)| 6 Ci exp

(
r∫
0

a(t) dt

)
, i = 1, . . . , k, holds true, where Ci are con-

stants.
2◦. The function a and all its derivatives of the order up to 2m − 1 are

uniformly bounded in Rd, a(t) ≡ 0 as t ∈ [0, t0], where t0 > 0, and the

identity
+∞∫
0

a(t)dt = −∞ is valid.

3◦. The functions ηi and all their derivatives of the order up to 2m decay
at infinity.

We introduce a perturbed operator as HX := H0 +
k∑
i=1

S(−Xi)ςiL0
i ηiS(Xi)

in L2(Rd) with the domain W 2m
2 (Rd). Here S(Xi) is the shift operator:

(S(Xi)u)(·) := u(· − Xi) and Xi ∈ Rd are discrete parameters tending to in-
finity.

We consider the family of the operators Hi := H0 + ςiL0
i ηi in L2(Rd) with

the domains W 2m
2 (Rd). We assume that the operators L0

i are so that operators
Hi are closed.

The main result is as follows.

Theorem 1. For sufficiently large X the operator HX is closed. For any

λ ∈ C \
k⋂
i=1

σ(Hi) and sufficiently large X one has

(HX − λ)−1 =

[
k∑
i=1

S(−Xi)(Hi − λ)−1S(Xi)− (k − 1)(H0 − λ)−1

]
(I + PX)−1,

where

PX =

k∑
i,j=1
i6=j

S(−Xi)LiS(Xi)
[
S(−Xj)(Hj − λ)−1S(Xj)− (H0 − λ)−1]

and ∥∥PX∥∥L2(Rd)→L2(Rd)
→ 0, X → +∞.

The work partially supported by RFBR (10-01-00118), by the Grants for the
President of Russia for young scientist-doctors of sciences (MD–453.2010.1) and
Federal Task Program (02.740.110612).

On periodic trajectories in some models of gene networks
Golubyatnikov V. P. (Sobolev institute of mathematics, Russia)

We consider odd-dimensional nonlinear dynamical system of chemical kinetics
in dimensionless form:

dx1

dt
= f1(x2k+1)−x1;

dx2

dt
= f2(x1)−x2; . . .

dx2k+1

dt
= f2k+1(x2k)−x2k+1. (1)
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Here fi are positive monotone decreasing functions, and xi ≥ 0. These vari-
ables denote concentrations of substances in gene networks. Usually, in biological
interpretations, the monotone decreasing of these functions simulates negative
feedbacks in gene network, and the monotone increasing of such summands cor-
responds to positive feedbacks.

Lemma 1. The dynamical system (1) has exactly one stationary point.

We denote this stationary point by M∗ and construct some non-convex poly-
hedral invariant domain P of the system (1). This P is a union of 4k+2 triangle
prisms. Linearization of the system (1) at M∗ has one negative eigenvalue λ1 and
k pairs of complex conjugate eigenvalues λ2,3, . . . λ2k,2k+1.

Theorem 1. If linearization of the system (1) at the point M∗ has eigenvalues
with positive real parts and does not have imaginary eigenvalues then the invariant
domain P contains at least one cycle of this system.

The stationary points satisfying the conditions of the theorem 1 are called
hyperbolic.

Theorem 2. If the conditions of the theorem 1 are satisfied and for some
η > 0 and for all i, 1 ≤ i ≤ 2k + 1, the inequalities∣∣∣f ′i(xi−1) + η

∣∣∣< η · sin 2π

2k + 1
· sin π

2k + 1

hold in the invariant domain P then P contains a stable cycle of the system (1).

It is well-known, that any nonlinear dynamical system is topologically equiva-
lent to its linearization in some small neighborhood W of its hyperbolic stationary
point. Consider as an example dynamical system of the type (1) in the symmetric
case fi(u) = a · (1 + un)−1 for all i = 1, 2 . . . , 11. If n and a are sufficiently large,
then

Reλ4, 5 < 0 < Reλ6, 7 < Reλ8, 9 < Reλ10, 11,

and hence, the 2-dimensional planes P10,11, P8,9 etc. corresponding to λ10,11 and
other eigenvalues with positive real parts, are covered by unwinding trajectories
of this linear dynamical system. Hence, the neighborhood W contains two invari-
ant 2-dimensional manifolds of the system (1), which are covered by unwinding
trajectories of this nonlinear dynamical system. We have seen in numerical ex-
periments, that trajectories of the symmetric system (1) as above with starting
points “near” these two planes P10,11 and P8,9, respectively, have different limit
cycles. So, no uniqueness of cycles can be expected here.

The same approach can be used in considerations of models of gene networks
with more complicated regulations. For example, we have studied the systems
of the type (1) where some of the functions fi are unimodal, such as the Glass–
Mackey function fi(u) = a·u·(1+un)−1. This corresponds to simple combinations
of negative and positive feedbacks in the gene networks.

The author is indebted to A. A. Akinshin and I. V. Golubyatnikov for assis-
tance.

The research was supported by RFBR grant 09-01-00070.
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On extensions and restrictions of an analytic C0-semigroup in a
Banach space

Gorbachuk M. L. (Institute of Mathematics of NASU, Ukraine)
Gorbachuk V. I. (Institute of Mathematics of NASU, Ukraine)

Let
{
etA
}
t≥0

be an infinitely differentiable C0-semigroup with a generating

operator A in a Banach space B. It is established the existence of a locally
convex space B− ⊇ B (the embedding B ⊆ B− is dense and continuous) and an
equicontinuous C0-semigroup {U(t)}t≥0 in B− with the following properties:

1◦. U(t)B− ⊂ B for all t > 0;
2◦. ∀x ∈ B : U(t)x = etAx;
3◦. ∀x ∈ B−,∀t, s > 0 : U(t+ s)x = etAU(s)x = esAU(t)x;
4◦. the semigroup {U(t)}t≥0 is continuous in the B−-topology, and its gen-

erating operator Ã is the closure of the operator A.

Denote by B+ the space of entire vectors of the operator A:

B+ = {x ∈
∞⋂
n=1

D(An) : ∀α > 0, ∃c = c(α) > 0, ∀n ∈ N
⋃
{0} : ‖Anx‖ ≤ cαnn!}

(D(·) is the domain of an operator). If the C0-semigroup
{
etA
}
t≥0

generated by

the operator A is bouded analytic, then the following assertions hold:

1◦. B+ =
⋂
t>0

R(etA) (R(·) denotes the range of an operator);

2◦. B+ = B (the closure is taken i the B-topology);
3◦. the operator valued function

exp(zA) =

∞∑
k=0

zkAk

k!
, z ∈ C,

is entire in the space B+ and forms an equicontinuous C0-group there;
4◦. for any x ∈ B+,

exp(tA)x =

{
etAx , t ≥ 0,

(e−tA)−1x , t < 0,

that is, {exp(tA)}t≥0 is the restriction of the semigroup
{
etA
}
t≥0

to the

space B+.

The results mentioned above are applied to the description of all weak solu-
tions on (0,∞) of parabolic and elliptic equations in a Banach space and the inves-
tigation of their boundary values at 0. It is solved also the problem of smoothness
increase inside the interval (0,∞) of weak solutions and the problem of extension
of such solutions to the whole axis (−∞,∞).
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A relative version of the Titchmarsh convolution theorem
Gorin E. A. (Moscow Pedagogical State University, Russia)
Treschev D. V. (Steklov Institute of Mathematics, Russia)

We consider the algebra Cu = Cu(R) of all uniformly continuous complex
functions on R with pointwise operations and sup-norm. Let I ⊂ Cu be a trans-
lation invariant closed ideal. A typical example is the ideal of functions vanishing
at +∞ (or −∞).

Consider a function f ∈ Cu with the Fourier transform f̂ supported on some
left half-axis. A point x on the Fourier dual real line is called I-regular (for f) if

in a neighborhood of x the distribution f̂ coincides with Fourier transform of a
function from I. The complement to the set of I-regular points is called a relative
harmonic support of f . The right end of the relative harmonic support is called
the relative harmonic abscissa ahI(f).

The classical Titchmarsh convolution theorem is equivalent to the equation

ahI(f1f2) = ahI(f1) + ahI(f2)

for I = {0}. It is more or less obvious that ahI(f1f2) ≤ ahI(f1) + ahI(f2) for
any I. However in general it is not possible to replace ≤ by = in this relation.
We show that the Titchmarsh convolution theorem remains valid provided I is a
maximal invariant ideal. Moreover, in a weak form (f1 = f2) the theorem holds
for any I.

The main motivation for us were applications of this result in the problem of
final dynamics of infinite-dimensional Hamiltonian systems.

A detailed text is presented in “Functional Analysis and its applications”.

Stabilization of 2-D Navier–Stokes system in exterior of a bounded
domain by means of boundary control

Gorshkov A. V. (Moscow State University, Russia)

Let B ⊂ R2 be a bounded simply connected domain with C∞-smooth bound-
ary. In the domain Ω = R2\B we consider exterior Dirichlet problem for 2-d
Navier–Stokes equation

∂tv(t, x)−∆v + (v,∇)v = ∇p,
div v(t, x) = 0, (1)

with initial and boundary conditions

v(0, x) = v0(x), x ∈ Ω (2)

v(t, x′) = u(t, x′), x′ ∈ ∂Ω

Here x = (x1, x2), v(t, x) = (v1, v2) ∈ Ω is the velocity field, ∇p — pressure
gradient, and u(t, x′) — is an unknown control function.

Consider Lamb–Oseen vortex which will be target object of stabilization:

v̂(t, x) =
a

2π

x⊥

|x|2
(
1− e−

|x|2
4t)
)

(3)

49



The problem is for given k > 0 to find such u(t, x′) that the solution (u,∇p)
of the problem (1)-(2) for some q > 0 satisfies

‖v(t, ·)− v̂(t, ·)‖Lq(Ω) ≤
Cq
tk
. (4)

Stabilizability of Navier–Stokes system when the solution goes to given sta-
tionary solution in bounded domain was investigated in paper of A. V. Fursikov
[1]. But in current paper we consider stabilizability to one kind of nonstationary
solutions in unbounded domain. We use method of invariant manifolds developed
by Th. Gallay and C. E. Wayne [2].

We will use the following spaces

L2(Ω, eα|x|) =
{
f |‖f‖L2(Ω,eα|x|) <∞

}
, α > 0,

Vq(Ω) =
{
v(t, x) = (v1, v2) ∈

(
L∞
(
0,∞;W 1

q (Ω)
))2

, div v(t, x) = 0
}
,

V 0
q (Ω) = {v0(x) = (v0

1 , v
0
2) ∈

(
Lq(Ω)

)2

, rotv0 ∈ L2(Ω, eα|x|), div v0(x) = 0},

where q > 2. For control function u we will use Besov space Bsp. The main result
is the following

Theorem 1. Let v̂(t, x) be Lamb–Oseen vortex, defined by (3). Then for some
ε > 0 and any initial data v0 ∈ V 0

q (Ω) such that ‖rot(v0(·)− v̂(0, ·)‖L2(Ω,eα|x|) < ε

there exist such control u ∈
(
L∞(R+;B

1−1/q
q (∂Ω))

)2
that the solution of (1)–(2)

(v,∇p) ∈ Vq(Ω)× Lq(Ω) satisfies (4).
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Energy functions for Morse–Smale diffeomorphisms on 3-manifolds
Grines V. Z. (Nizhny Novgorod State University, Russia)

We give exposition of results obtained in collaboration with F. Laudenbach
and O. Pochinka in [1], [2], [3].

Let M be a closed 3-manifold and f : M →M be a Morse–Smale diffeomor-
phism, that is: its nonwandering set is finite and coincides with the set Perf of
hyperbolic periodic points; the stable and unstable manifolds of periodic points
have transverse intersections. A function ϕ : M → R is said to be a Lyapunov
function for f if:

1◦. ϕ
(
f(x)

)
< ϕ(x) for every x 6∈ Perf ;

2◦. ϕ
(
f(x)

)
= ϕ(x) for every x ∈ Perf .

It is easy to construct smooth Lyapunov functions for f . The periodic points
of f must be critical points of ϕ but in general a Lyapunov function may have
critical points which are not periodic points of f . So we say that a Lyapunov
function ϕ is an energy function for a Morse–Smale diffeomorphism f if the set
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of critical points of ϕ coincides with Perf . D. Pixton was the first to prove that
there is a Morse–Smale diffeomorphism on S3 which has no an energy function.

We introduce a notion of dynamically ordered energy function and find con-
ditions to the existence of one for a Morse–Smale diffeomorphisms f on M . We
show that the existence of such an energy function depends on how attractors
consisting of the union of one-dimensional unstable manifolds of saddles and sinks
are embed into the ambient manifold.

The research was supported by RFBR grant 11-01-00730 and grant of gov-
ernment of Russian Federation 11.G34.31.0039.
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On classification of Morse–Smale diffeomorphisms with trivially
embedded frames of separatices

Gurevich E. Ya. (Nizhny Novgorod State University, Russia)

This report is devoted to an exposition of results obtained by the author in
collaboration with V. Z. Grines, V. S. Medvedev and O. V. Pochinka.

We consider a class G(S3) of Morse–Smale diffeomorphisms on 3-dimensional
sphere S3 such that any f ∈ G(S3) satisfies to conditions below:

1◦. non-wandering set Ω(f) consists of fixed points;
2◦. unstable manifolds W s(σ) of any saddle point σ ∈ Ω(f) has dimension

2;
3◦. W s(σi) ∩W s(σj) = ∅ for any different saddle points σi, σj ∈ Ω(f).

We associate with each diffeomorphism f ∈ G(S3) a graph Γ(f) similar to
scheme of A. A. Andronov, E. A. Leontovich, A. G. Mayer and M. Peixoto graph.

It follows from [1] that the graph is a complete topological invariant for
G(S2). Thus from this point of view Morse–Smale diffeomorphisms on S2 are
like flows. However in the case n = 3 there are countable set of non-conjugated
diffeomorphisms from G(S3) whose graphs are isomorphic. First examples of such
diffeomorphisms given by D. Pixton, V. Z. Grines and C. Bonatti was connected
with possibility of wild embedding of separatices and leaded to finding of new
topological invariants (see [2]).

In the case of n > 3 the separatrices of diffeomotphisms from G(Sn) are
cannot be wildly embedded and, according to [3], [4], the graph defines the dif-
feomorphism up to topological conjugacy.

We present a surprising construction giving countable set of non-conjugated
diffeomorphisms from G(S3) whose graphs are isomorphic and all frames of sep-
aratrices are tame. Then we define a condition of trivially embedded frames of
separatrices and prove that this condition is sufficient for graph of diffeomorphisms
from G(S3) to be the complete invariant.
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The research was supported by RFBR grant 11-01-00730 and grant of gov-
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Random Iterative Algorithm in IFS with condensation
Gutu V. (Moldova State University, Republic of Moldova)

The term fractal usually is associated with the attractor of a hyperbolic
Iterated Function System (IFS). The construction of such fractals may be realized
using the Random Iterative Algorithm, proposed by M. Barnsley [1]. Applying
this algorithm one can simulate on the computer a generic random orbit of a
hyperbolic IFS with probabilities, which is dense on the attractor. This result
justifies many Chaos games.

M. Barnsley [1] introduced also the notion of IFS with condensation. Apply-
ing Shadowing theory we show that the Random Iterative Algorithm may be used
also to construct the attractors for such IFS. This allows to extend the idea of
Chaos game for the construction of others fractals, such as the Pythagoras tree.

Let X denote a complete metric space, and let Pcp(X) denote the space of
nonempty compact subsets of X, endowed with the Hausdorff–Pompeiu metrics
H.

Consider a (weakly) hyperbolic IFS with condensation {X; f0, f1, . . . , fm},
consisting of (weak) contractions fi : X → X (i = 1,m) [2] and a constant multi-
function (called as condensation) f0 : X → Pcp(X), f0(x) ≡ K for any x ∈ X
and some K ∈ Pcp(X) (called as condensation set). Denote by F∗ its Nadler–

Hutchinson operator F∗ : Pcp(X)→ Pcp(X), defined by F∗(C) =
m⋃
j=0

fj [C], where

fj [C] =
⋃
x∈C

fj(x), C ∈ Pcp(X).

A nonempty compact subset A ⊂ X is called an attractor for an IFS, if
F∗(A) ⊃ A, and there is a closed neighborhood V of A such that

⋂
n≥0

Fn∗ (V ) ⊂ A,

where F∗ is the respective Nadler–Hutchinson operator.
In [2, 3] it is shown that a compact nonempty subset A ⊂ X is an attractor

for a weakly hyperbolic IFS with condensation if and only if A is a (necessarily
unique) fixed point of the respective Nadler–Hutchinson operator.

We associate with every weakly hyperbolic IFS with condensation
{X; f0, f1, . . . , fm} and every tuple of positive numbers (p0, p1, . . . , pm) with
p0 + p1 + · · · + pm = 1, a random dynamical system xn+1 := fξn(xn), where
ξn are independent random variables with values in {0, 1, 2, . . . ,m}, and which
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are governed by the same law P(ξn = j) = pj . Let O(x0) = (xn)n∈N denote a
random orbit of the initial point x0 in this dynamical system.

Theorem 1. Let {X; f0, f1, . . . , fm} be a weakly hyperbolic IFS with con-
densation and let A stand for its unique attractor. Then for any random orbit
O(x0) = (xn)n∈N with probability one we have H(Xn, A)→ 0, as n→ +∞, where
Xn = cls{xn, xn+1, . . .}.

This idea may be extended also to relations with eventual condensation [3].
We show that the construction of the attractor of a hyperbolic IFS with

condensation sometimes (e.g., when the condensation set is a segment) may be
reduced to the construction of the attractor of an adequate hyperbolic IFS. We
don’t know if it is possible to do the same in general case.

The work is partially supported by HCSTD ASM grant 06411.411.029F.
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Semiclassical spectral asymptotics for a two-dimensional magnetic
Schrödinger operator

Helffer B. (University Paris-Sud, France)
Kordyukov Y. A. (Institute of Mathematics, Russian Academy of Sciences, Ufa,

Russia)

Let M be a two-dimensional compact oriented manifold (possibly with bound-
ary). Let g be a Riemannian metric and B a real-valued closed 2-form on M . As-
sume that B is exact and choose a real-valued 1-form A on M such that dA = B.
Thus, one has a natural mapping u 7→ ih du + Au from C∞c (M) to the space
Ω1
c(M) of smooth, compactly supported one-forms on M . The Riemannian metric

allows to define scalar products in these spaces and consider the adjoint operator
(ih d+ A)∗ : Ω1

c(M)→ C∞c (M). A Schrödinger operator with magnetic potential
A is defined by the formula

Hh = (ih d+ A)∗(ih d+ A).

Here h > 0 is a semiclassical parameter, which is assumed to be small. If M has
non-empty boundary, we will assume that the operator Hh satisfies the Dirichlet
boundary conditions.

We can write B = bdxg, where b ∈ C∞(M) and dxg is the Riemannian volume
form. Assume that

b0 = min
x∈M
|b(x)| > 0.

We consider two cases:

1◦. The case of discrete wells: assume that the set {x ∈M : |b(x)| = b0} is
a single point x0, which belongs to the interior of M , and there is a con-
stant C > 0 such that |b(x0)| = b0 and, for all x in some neighborhood
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of x0 the estimates hold:

C−1 d(x, x0)2 ≤ |b(x)| − b0 ≤ C d(x, x0)2 .

2◦. The case of degenerate wells: assume that the set {x ∈M : |b(x)| = b0}
is a smooth curve γ, which is contained in the interior of M , and there
is a constant C > 0 such that for all x in some neighborhood of γ the
estimates hold:

C−1d(x, γ)2 ≤ |b(x)| − b0 ≤ Cd(x, γ)2 .

In both cases, we study the asymptotic behavior of the low-lying eigenvalues
of the operator Hh as h→ 0. We also consider the corresponding periodic setting
and study the problem of existence of gaps in the spectrum of Hh as h→ 0.

The second author was partially supported by the Russian Foundation of
Basic Research (grant 09-01-00389).
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Bony and thick attractors
Ilyashenko Yu. S. (Moscow State and Independent Universities, Steklov Math.

Institute, Moscow; Cornell University, US)

Understanding of the structure of attractors of generic dynamical systems is
one of the major goals of the theory of these systems. A vast general program
suggested by Palis presents numerous conjectures about this structure. Various
particular cases of these conjectures are proved in numerous papers that we do
not quote here. Main part of these investigations is related to diffeomorphisms of
closed manifolds.

Our investigation is in a sense parallel to this direction of research. In the
first part of the talk, attractors of manifolds with boundary onto themselves are
studied. At present, locally generic properties of attractors of such maps are
established, that are not yet observed (and plausibly do not hold) for the case of
closed manifolds. For instance, an open set of diffeomorphisms of manifolds with
boundary onto themselves may have attractors with intermingled basins [3], [1],
[2]. The strongest result of this kind is obtained by Kleptsyn and Saltykov in a
paper accepted to the Proceedings of the MMS.

Another property of this kind is having thick attractors. It is a general belief
that attractors of typical smooth dynamical systems (diffeomorphisms and flows)
on closed manifolds, either coincide with the whole phase space, or have Lebesgue
measure zero. In this talk we show that this is not the fact for diffeomorphisms
of manifolds with boundary onto themselves. Namely, in the space of diffeomor-
phisms of a product T 2× I, I = [0, 1], there exists an open set such that any map
from a complement of this set to a countable number of hypersurfaces, has a thick
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attractor: a transitive attractor that has positive Lebesgue measure together with
its complement.

The problem, whether or not thick attractors exist for locally generic diffeo-
morphisms of a closed manifold, remains widely open.

In the second part we study so called bony attractors. These are attractors
of skew products over a Bernoulli shift with the following unexpected property:
the map has an invariant manifold, and the intersection of the attractor with that
manifold, called a bone, is much larger than the attractor of the restriction of the
map to the invariant manifold. Bony attractors with one-dimensional bones were
discovered in [4]. We construct bones of arbitrary dimension.

It is expected that bony attractors are in a sense locally generic in the space
of diffeomorphisms of a closed manifold.

The research was supported by part by the grants NSF 0700973, RFBR 10-
01-00739-à, RFFI-CNRS 10-01-93115-NTSNIL-a.
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Spectral volume of coverings of spectral triples
Ivankov P. R. (OAO RPKB www.rpkb.ru, Russia)

The Gelfand–Naimark theorem [2] can be thought of as the construction
of two contravariant functors (cofunctors for short) from the category of locally
compact Hausdorff spaces to the category of C∗-algebras. The first cofunctor
C takes a compact space X to the C∗-algebra C(X) of continuous complex-
valued functions on X, and takes a continuous map f : X → Y to its transpose
Cf : h → hf : C(Y ) → C(X). If X is only a locally compact space, the corre-
sponding C∗-algebra is C0(X) whose elements are continuous functions vanishing
at infinity, and we require that the continuous maps f : X → Y be proper (the
preimage of a compact set is compact) in order that h 7→ h ◦ f take C0(Y ) into
C0(X). So can be considered (noncommutative) C∗-algebra as noncommutative
generalization of locally compact Hausdorff space. Otherwise there exists inverse
functor M that sets to any commutative C∗-algebra A of its characters M(A)
many topological results related to locally compact spaces has its (noncommuta-
tive) algebraic analogues. Noncommutative analogue of Riemannian manifold is
spectral triple [3]. This work is devoted to analogue of following problem. If W
is Riemannian manifold and V →W is n-listed covering [4] than we have

vol(V ) = n× vol(W ) (1)

where vol(V ) and vol(W ) are volumes of V and V respectively.
Definition of volume of Riemannian manifold is well known. But this defini-

tion does not work in case of spectral triples. However spectral definition can be
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used. This definition is based on following Weil formula [1]:

lim
λ→∞

N(λ)

λ
n
2

=
vol(V )

(4π)
n
2 Γ(n

2
+ 1)

. (2)

where vol(V ), N(λ) are volume of Riemannian manifold and the number of eigen-
values of Laplace operator (multiplicities counted) less than λ. Formula (2) could
be applied for spectral triples as noncommutative analogue of volume. Analogues
of coverings for spectral triples had been developed in [5]. This work is devoted
to proof of analogue of (1) in several particular cases.
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On m-admissibility of functions and p-convexity of hypersurfaces
Ivochkina N. M. (S-Pb SUACE, Russia)

The notions of m-admissibility of functions and p-convexity of hypersurfaces
emerged in frames of modern theory of fully nonlinear second-order partial differ-
ential equations. Thus a C2-function u is m-admissible in Ω ⊂ Rn, 1 ≤ m ≤ n, if
for all x ∈ Ω, t > 0 the following inequality holds

trm(uxx + tId) > 0, x ∈ Ω. (1)

Here uxx is the Hessian matrix, trmS is the sum of all m-th order principal minors
of symmetric n×n matrix S, 1 ≤ m ≤ n. The m-admissible functions enjoy some
fine properties. For instance, theirs standard mollification is also m-admissible,
what opens way to extending of this property to non smooth functions.

The m-admissibility of functions is closely connected with strict (m − 1)-
convexity of hypersurfaces. Namely, the latter are the level sets of m-admissible
functions and only they. Notice, that the graph of m-admissible function is strictly
(m− 1)-convex but not m-convex in general for m < n.

The research was supported by RFFI grant 09-01-00729.

On Sharp Constants in Lq(dµ)-Estimates for Sobolev Spaces
◦
Wn

2 (−1, 1)
Kalyabin G. A. (Peoples’ Friendship University of Russia)

Let 0 < q < ∞, µ 6≡ 0 — measure on (−1, 1), a quasi-norm (a norm for
q ≥ 1) in Lq(dµ) is defined as usually:

‖f‖Lq(dµ) :=
(∫ 1

−1

|f(t)|q dµ(t)
)1/q

. (1)
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For n ∈ N consider a Sobolev space
◦
Wn

2 (−1, 1), consisting of functions
f : [−1, 1] → R which are absolutely continuous with all their derivatives of
the order < n and such that

‖f‖ ◦
Wn

2 (−1,1)
:= ‖f (n)‖L2(dx) <∞; f (s)(±1) = 0, s ∈ {0, 1, . . . , n− 1}. (2)

For u ∈ R denote by G(u; q, dµ) := ‖(1−x2)u‖Lq(dµ). This is a positive, non-
decreasing and convex function of the parameter u. It is clear that the condition

G(n; q, dµ) < ∞ is necessary for the embedding
◦
Wn

2 (−1, 1) ⊂ Lq(dµ). On the
other hand, from [1] it follows that G(n − 0.5; q, dµ) < ∞ is sufficient for this
embedding.

More precisely, the following assertion holds.

Theorem 1. Let us introduce a quantity

C(n; q, dµ) := ‖ id :
◦
Wn

2 (−1, 1)→ Lq(dµ) ‖ = sup{‖f‖Lq(dµ) : ‖f‖ ◦
Wn

2 (−1,1)
≤ 1},

(3)
and suppose that G(u∗; q, dµ) < ∞ for some u∗; then for every positive integer
n ≥ u∗ + 0.5 one has

(2n+ 1)0.5

2nn!
G(n; q, dµ) ≤ C(n; q, dµ) ≤ (2n+ 1)0.5

2nn!

( 4n2

4n2 − 1

)0.5

G(n−0.5; q, dµ).

(4)

Remark 1. In the case when an additional restriction upon a measure µ in
the Theorem is posed, namely: µ(−2δ, 2δ) ≤ c0µ(−δ, δ), c0 > 0, 0 < δ < δ0, one
may guarantee the ratio of the upper and the lower estimates in (4) to be 1+o(1),
n→ +∞.

The work was supported by grants of RFBR No 08-01-00443, 06-01-00341,
06-01-04006 and DFG-Projekt, GZ: 436 RUS113/90/0-1.
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Continuous solutions and global attractors for 3D Bénard problem
Kapustyan A. V. (Taras Shevchenko National University of Kyiv, Ukraine)

Pankov A. V. (Taras Shevchenko National University of Kyiv, Ukraine)
Valero J. (Universidad Miguel Hernandez de Elche, Spain)

We study the properties and asymptotic behavior of solutions of the 3D
Bénard problem 

∂u

∂t
− ν∆u+ (u∇)u+ ξω = f −∇p,

div u = 0,
u|∂Ω = 0,

(1)
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{
∂ω

∂t
−∆ω + (u∇)ω = g,

ω|∂Ω = 0,
(2)

where Ω ⊂ R3 is bounded domain with smooth boundary, ν > 0, ξ ∈ R3 are

constants, f , g are given functions, u∇ =
3∑
i=1

ui
∂

∂xi
. We shall use standard func-

tion spaces Υ = {u ∈ (C∞0 (Ω))3 | div u = 0}, H = cl(L2(Ω))3Υ, V = cl(H1
0 (Ω))3Υ

[1] and consider weak solutions of the problem (1), (2) in the dissipative ball B0

from the natural phase space H ×L2(Ω) [4]. The main difficulties are the lack of
continuity of the weak solutions in the strong topology and the lack of uniqueness
of the Cauchy problem. We prove existence of continuous solutions in Hw×L2(Ω)
and using the theory of m-semiflow [3] as a generalization of classical global at-
tractors theory [1], [2], we prove existence of global attractor, which is attracting
set in Hw × L2(Ω).

Theorem 1. Let f ∈ H, g ∈ L4(Ω). Then there exists a class K of globally
defined weak solutions of the problem (1), (2) such that for every {u0, ω0} ∈ B0

there exists at least one (but not necessary unique) weak solution {u, ω} such,
that u(0) = u0, ω(0) = ω0 and for every weak solution {u, ω} ∈ K we have
{u(t), ω(t)} ∈ B0 ∀t ≥ 0 and ∀T > 0 {u,w} ∈ C([0, T ];Hw)× C((0, T ];L2(Ω)).

Let X be the set B0 endowed with the topology from Hw × L2(Ω).

Definition 1. The map G : R+ × X 7→ 2X is called m-semiflow, if ∀x ∈
X G(0, x) = x and ∀t, s ≥ 0 G(t+ s, x) ⊂ G(t, G(s, x)).

Definition 2. The compact set A ⊂ X is called global attractor of the
m-semiflow G, if

1◦. for every bounded B ⊂ X distX(G(t, B), A)→ 0, t→∞;
2◦. A ⊂ G(t, A) ∀t ≥ 0.

Theorem 2. If we put

G(t, {u0, ω0}) = {{u(t), ω(t)} | {u, ω} ∈ K, u(0) = u0, ω(0) = ω0},
then G is m-semiflow on X, which has global attractor.
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On attractors for equations describing viscoelastic flows with infinite
number of relaxation and retardation times

Karazeeva N. A. (Math. Inst., S-Peterburg Dep., S-Peterburg, Russia)

We consider system of equations describing motion of Kelvin–Voight fluid

∂

∂t
v + v∇v − µ1∆v − µ2

∂

∂t
∆v −

∫ t

0

K(t− τ)∆v(x, τ)dτ +∇p = f(x, t), (1)
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div v = 0. (2)

Here the kernel K(τ) is represented as exponential series

K(τ) =

∞∑
s=1

βse
−αsτ , αs, βs > 0. (3)

The system is considered in a bounded domain Ω ⊂ R3, ∂Ω ⊂ C. Let S = ∂Ω×
[0, T ], T ≤ ∞. The theorem of solvability and of uniqueness of solution for initial
boundary value problem with slipping boundary condition

v(0) = v0, v|S = 0 (4)

is proved.

Theorem 1. Let f ∈ L∞(0, T ;L2(Ω)) and ft ∈ L1(0, T ;L2(Ω)). The initial
data v0 ∈W 2

2 (Ω) ∩ J0(Ω). Let the coefficients αs, βs satisfy conditions

∞∑
s=1

βs <∞,
∞∑
s=1

βs
αs

<∞. (5)

Then initial boundary value problem (1), (2), (4) has unique generalized solution
v such that vx, vxt ∈ L2(QT ) ∩ L∞(0, T ;L2(Ω)) and v, vt ∈ L∞(0, T ;L2(Ω)).

By J0(Ω) we denote the supplement of the space of finite solenoidal infinite
differentiable functions in Ω in L2-norm.

Furthermore it is proved that the solution operator Vt for initial boundary
value problem (1), (2), (4) may be presented in the form Vt = Wt + Ut, where
the operators Wt form exponentially contracting semigroup and the operators
Ut are compact. For such semigroups the existence of compact connected global
B-attractor is proved. This attractor has finite Hausdorff dimension.

Some estimates of the first eigenvalue for the Sturm–Liouville
problem with third-type boundary conditions and integral condition

Karulina E. S. (MESI, Moscow)

Consider the Sturm–Liouville problem:

y′′(x)− q(x)y(x) + λy(x) = 0, (1){
y′(0)− k2y(0) = 0,
y′(1) + k2y(1) = 0,

(2)

where q(x) belongs to the set Aγ (γ 6= 0) of non-negative bounded summable

functions on [0, 1] such that
∫ 1

0
qγ(x)dx = 1.

We estimate the first eigenvalue λ1 of this problem for different values of γ
and k. Put Mγ = sup

q∈Aγ
λ1(q), mγ = inf

q∈Aγ
λ1(q).

Theorem 1. The following assertions are valid:

1◦. If γ ∈ (−∞, 0)∪ (0, 1), then Mγ = +∞, and there exists the minimizing
sequence qε(x) ∈ Aγ such that Mγ = lim

ε→0
λ1(qε).

2◦. If γ ≥ 1 and k = 0, then Mγ = 1, and this estimate is attained as
q(x) ≡ 1.
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3◦. If γ = 1 and k 6= 0, then M1 = ξ∗, where ξ∗ is the solution to the

equation arctan k2
√
ξ

= ξ−1
2
√
ξ

, and this estimate is attained as

q(x) = q∗(x) =


0, 0 ≤ x < τ,
ξ∗, τ ≤ x < 1− τ,
0, 1− τ ≤ x < 1,

where τ =
1√
ξ∗

arctan
k2

√
ξ∗
.

4◦. If γ > 1, then for k = 0 we have mγ = 0, and for k 6= 0 we have
mγ = λ0

1, where λ0
1 is the minimal positive solution to the equation

(k4 − λ) sin
√
λ + 2k2

√
λ cos

√
λ = 0; and there exists the minimizing

sequence qε(x) ∈ Aγ such that mγ = lim
ε→0

λ1(qε).

5◦. If γ > 0, then mγ → π2 as k →∞.

Remark 1. Dirichlet problem for the equation (1), q(x) ∈ Aγ was considered
in [3], [4]. Different problems for the equation y′′ + λq(x)y = 0, q(x) ∈ Aγ was
considered in [1], [2].

This work was partially supported by the Russian Foundation for Basic Re-
searches (Grant no. 11-01-00989).
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Drag minimisation for compressible Navier–Stokes equations
Kazmierczak A. (University of Lodz, Poland)
Sokolowski J. (Institut Elie Cartan, France)

Zochowski A. (Systems Research Institute, Poland)

In the series of papers [3]–[5] the mathematical theory of shape optimization
for compressible Navier–Stokes inhomogeneous boundary value problems is devel-
oped. The key part of the theory include the new results on the existence [3], [4],
and shape differentiability [5] of the weak solutions to compressible Navier–Stokes
equations. In particular, our results lead to the rigorous mathematical framework
for the drag minimization of an obstacle in the flow of gas with small adiabatic
constant. The numerical results are presented for the following model problem.

A viscous gas occupies the triple-connected domain Ω = B\S, where B ⊂ R2,
is a double connected hold-all domain with the smooth boundary Σ = ∂B , and
S ⊂ B is a compact obstacle. The boundary of the computational flow domain
Ω is divided into the three subsets, inlet Σin, outgoing set Σout and the obstacle
boundary Γ = ∂S.
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The boundary value problem for compressible gas is to find the velocity field
u and the gas density % satisfying the following equations along with the boundary
conditions

∆u + λ∇ div u = R%u · ∇u , div(%u) = 0 in Ω, (1)

u = U on Σ, u = 0 on Γ, % = %0 on Σin, (2)

where the pressure p = p(%) is a smooth, strictly monotone function of the density,
we take p = p0( %

%0
)θ, ε is the Mach number, R is the Reynolds number, λ is the

viscosity ratio, and %0 is a positive constant.

One of the main applications of the theory of compressible viscous flows is
the optimal shape design in aerodynamics. Recall that in our framework the
aero-dynamical force acting on the body S is defined by the formula,

J(S) = −
∫

Γ

(∇u + (∇u)T + (λ− 1) div uI− R

ε2
pI) · n dS.

As in the classical optimization example of the airfoil moving in the direction uh,
drag is the component of J parallel to the direction, JD(S) = uh · J(S).

The talk is based on the joint paper with P. I. Plotnikov.
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Weak solutions to lubrication equations in the presence of strong
slippage

Kitavtsev G. (Max Planck Institute for Mathematics in the Sciences, Germany)
Laurencot P. (University of Toulouse, France)
Niethammer B. (University of Oxford, UK)

In this talk we consider a one-dimensional lubrication model that describe
the dewetting process of nanoscopic thin polymer liquid films on hydrophobyzed
substrates. This model takes account of intermolecular interactions of the film
with the solid substrate due to attractive van der Waals and repulsive Born forces,
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as well of the effect of large slippage at the polymer-substrate interface. It is
represented by a coupled system of differential equations

Re (∂t(hu) + ∂x(hu2)) = 4∂x(νh∂xu) + h∂x(σ∂xxh−Π(h))− u

β
(1a)

∂th = − ∂x (hu) , (1b)

describing evolution in time of the free surface and the averaged lateral velocity of
the film given by the functions h(x, t) and u(x, t), respectively. Coefficients Re, ν,
σ, β in (1a)–(1b) denote Reynolds number, viscosity, capillarity and slip-length,
respectively. The system (1a)–(1b) is considered on a bounded domain (0, 1) with
the boundary conditions

u = 0 and ∂xh = 0 at x = 0, 1. (2)

We prove existence of global weak solutions for the system (1a)–(1b) with (2) and
investigate the convergence of these solutions as either the Reynolds number or
the capillarity goes to zero, as well as their limiting behaviour as the slip length
goes to zero or infinity. In particularly, we show that after an appropriate rescaling
they converge to the smooth classical solutions of the lubrication model

∂th = −∂x
(
h2∂x (σ∂xxh−Π(h))

)
which corresponds to the case of the Navier slip condition imposed at the polymer-
substrate interface.

GK acknowledges the support from the Weierstrass Institute and Max–
Planck–Institute for Mathematics in the Natural Sciences. PhL and BN were
partially supported by the CNRS/RSE project JP090230 and the EPSRC Science
and Innovation award to the Oxford Centre for Nonlinear PDE (EP/E035027/1).
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Fractional-Parabolic Systems
Kochubei A. N. (Institute of Mathematics, National Academy of Sciences of

Ukraine)

We develop a theory of the Cauchy problem for linear evolution systems of
partial differential equations with the Caputo–Dzrbashyan fractional derivative in
the time variable t. The class of systems considered in this work is a fractional
extension of the class of systems of the first order in t satisfying the uniform
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strong parabolicity condition. We construct and investigate the Green matrix of
the Cauchy problem. While similar results for the fractional diffusion equations
[1] were based on the H-function representation of the Green matrix for equations
with constant coefficients (not available in the general situation), here we use, as
a basic tool, the subordination identity for a model homogeneous system. We
also prove a uniqueness result based on the reduction to an operator-differential
equation.
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Multiplicity of solutions to the Dirichlet problem for an supercritical
equation with p-laplacian

Kolonitskii S. B. (Saint-Petersburg State Electrotechnical University, Russia)

Consider a boundary problem

−∆pu = uq−1 in ΩR; u > 0 in ΩR; u = 0 on ∂ΩR, (1)

where ΩR = {x ∈ Rn|R < |x| < R+ 1}, ∆pu = div
(
|∇u|p−2∇u

)
is a p-laplacian.

Let p∗n be a critical Sobolev embedding exponent, i. e. 1
p∗n

=
(

1
p
− 1

n

)
+

.

Multiplicity effect for solution of problem (1) was considered in many articles,
starting with [1]. The most complete results are obtained in case p = 2. It was
proved in [3, 2, 4] that for arbitrary 1 < p < ∞ and p < q < p∗n for any natural
K there exists R0 = R0(n, p, q,K) such that for all R > R0 problem (1) has at
least K solutions that are nonequivalent up to rotations.

We prove the multiplicity of solutions to problem (1) for n > 4, n 6= 5 ,
1 < p <∞ and p∗n 6 q < p∗n−1.

Work is supported by grants RFBR 11-01-00825 and NSh 4210.2010.1.
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On Global Attractors of Nonlinear Hyperbolic PDEs
Komech A. I. (IITP RAS, Russia)

We consider Klein–Gordon and Dirac equations coupled to U(1)-invariant
nonlinear oscillators. The solitary waves of the coupled nonlinear system form
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two-dimensional submanifold in the Hilbert phase space of finite energy solutions.
Our main results read as follows:

Theorem 1. Let all the oscillators be strictly nonlinear. Then any finite
energy solution converges, in the long time limit, to the solitary manifold in the
local energy seminorms.

The investigation is inspired by Bohr’s postulates on transitions to quantum
stationary states. The results are obtained for:

• 1D KGE coupled to one oscillator [1, 2, 3], and to finite number of
oscillators [4];

• nD KGE and Dirac eqns coupled to one oscillator via mean field inter-
action [5, 6].

Supported partly by the Alexander von Humboldt Research Award, and
grants of FWF and RFBR.
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On blow-up conditions for solutions of quasilinear elliptic inequalities
containing terms with lower-order derivatives

Kon’kov A. A. (Moscow Lomonosov State University, Russia)

Let Ω be an open unbounded subset of Rn, n ≥ 2. Consider the inequality

div a(x,Du) + b(x)|Du|p−1 ≥ f(x)g(u) in Ω, (1)

where D = (∂/∂x1, . . . , ∂/∂xn) is the gradient operator, b ∈ L∞,loc(Ω) and, more-
over, a : Ω× Rn → Rn is a locally Caratheodory function such that

C1|ξ|p ≤ ξa(x, ξ), |a(x, ξ)| ≤ C2|ξ|p−1

with some constants C1 > 0, C2 > 0, and p > 1 for almost all x ∈ Ω and for all
ξ ∈ Rn.

We assume that Sr ∩ Ω 6= ∅ for all r > r0, where r0 > 0 is some real number
and Sr is the sphere in Rn of radius r and center at zero. Also let f ∈ L∞,loc(Ω)
and g ∈ C([0,∞)) be non-negative functions and g(t) > 0 for all t > 0. We
denote:

gθ(t) = inf
(t/θ,θt)

g, t > 0, θ > 1
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and

fσ(r) =
ess infΩr,σ f

1 + r ess supΩr,σ
|b| , r > r0, σ > 1,

where Ωr,σ = {x ∈ Ω : r/σ < |x| < σr}.
A non-negative function u ∈ W 1

p,loc(Ω) ∩ L∞,loc(Ω) is a solution of inequal-
ity (1) if

−
∫

Ω

a(x,Du)Dϕdx+

∫
Ω

b(x)|Du|p−1ϕdx ≥
∫

Ω

f(x)g(u)ϕdx

for any non-negative function ϕ ∈ C∞0 (Ω). As is customary, the condition

u|∂Ω = 0 (2)

means that ψu ∈
o

W
1
p(Ω) for any ψ ∈ C∞0 (Rn). If Ω = Rn, then (2) is obviously

fulfilled for all u ∈W 1
p,loc(Rn).

Particular cases of inequality (1) were studied in papers [1–4].

Theorem 1. Let ∫ ∞
1

(gθ(t)t)
−1/p dt <∞

and ∫ ∞
r0

(rfσ(r))1/(p−1) dr =∞

for some real numbers θ > 1 and σ > 1, then every non-negative solution of (1),
(2) is equal to zero.

The research was supported by RFBR grant 11-01-00989.
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On asymptotic stability of kinks for relativistic Ginzburg-Landau
equation

Kopylova E. A. (Institute for Information Transmission Problems RAS)

We consider nonlinear relativistic wave equation in one space dimension

ψ̈(x, t) = ψ′′(x, t) + F (ψ(x, t)), x ∈ R, F (ψ) = −U ′(ψ) (1)

We assume that U(ψ) is similar to the Ginzburg-Landau potential

U(ψ) ∼ (ψ2 − 1)2/4

There exist a “kink” — nonconstant finite energy solution of stationary equation

s(x) ∼ tanhx/
√

2
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Then the moving kinks or solitary waves

sq,v(t) = s(x− vt− q), q, v ∈ R, |v| < 1, γ = 1/
√

1− v2

are the solutions to equation (1). Our main results are the following asymptotics

(ψ(x, t), ψ̇(x, t)) ∼ (sq±,v±(x− v±t− q±), ṡq±,v±(x− v±t− q±)) +W0(t)Φ±,

where t → ±∞, for solutions to (1) with initial states close to solitary wave.
Here W0(t) is the dynamical group of the free Klein–Gordon equation, Φ± are the

corresponding asymptotic states, and the remainder converges to zero as t−1/2 in
the “global energy norm” of the Sobolev space H1(R)⊕ L2(R).

Crucial role in the proof play our recent results on weighted energy decay for
the Klein–Gordon equations.

The research was supported by DFG, FWF and RFBR grants.
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Bernoulli law under minimal smoothness assumptions and
applications

Korobkov M. V. (Sobolev Institute of Mathematics, Novosibirsk, Russia)

Consider the Euler system{ (
w · ∇

)
w +∇p = 0,

div w = 0.
(1)

Let Ω ⊂ R2 be a bounded domain with Lipschitz boundary. Assume that
w = (w1, w2) ∈ W 1,2(Ω,R2) and p ∈ W 1,s(Ω), s ∈ [1, 2), satisfy the Euler equa-
tions (1) for almost all x ∈ Ω and let

∫
Γi

w · n dS = 0, i = 1, 2, . . . , N , where Γi
are connected components of the boundary ∂Ω. Then there exists a stream func-
tion ψ ∈ W 2,2(Ω) such that ∇ψ = (−w2, w1) (note that by Sobolev Embedding

Theorem ψ is continuous in Ω) . Denote by Φ = p+
|w|2

2
the total head pressure

corresponding to the solution (w, p).

Theorem 1. Under above conditions, for any connected set K ⊂ Ω such that

ψ
∣∣
K

= const (2)

the assertion

∃C = C(K) Φ(x) = C for H1-almost all x ∈ K (3)

holds.
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Theorem 1 was obtained in [1]. Here we denote by H1 the one-dimensional
Hausdorff measure, i. e., H1(F ) = lim

t→0+
H1
t (F ), where

H1
t (F ) = inf

{
∞∑
i=1

diamFi : diamFi ≤ t, F ⊂
∞⋃
i=1

Fi

}
.

Using Theorem 1 we prove the existence of the solutions to steady Navier–
Stokes equations for some plane cases (see [2]) and for the spatial case when the
flow has an axis of symmetry.

The proof of Theorem 1 relies upon some new analog of Morse–Sard Theorem
for Sobolev spaces (see [3]).

This research was supported by Federal Target Grant “Scientific and ed-
ucational personnel of innovation Russia” for 2009–2013 (government contract
No 02.740.11.0457).
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On Friedrichs-type estimates in domains with rapidly vanishing
perforation along the boundary

Koroleva Yu. O. (Lule̊a University of Technology, Sweden)
Persson L.-E. (Lule̊a University of Technology, Sweden)

Wall P. (Lule̊a University of Technology, Sweden)

Let Ω ⊂ R2 be a bounded domain rarely and periodically perforated along
boundary ∂Ω. Assume that small parameters ε and µ(ε), µ(ε) → 0 as ε → 0,
describe the length of periodicity and the shape of small sets, respectively. De-
fine ηµ(ε) as the smallest eigenvalue of Steklov problem in the cell of peri-
odicity. We consider the situation when the perforation shrinks so fast that
ηµ(ε) → p ε, 0 < p < ∞, as ε → 0. By using the technique developed in [1],
one can prove the following Friedrichs-type inequality for functions u belonging
to H1(Ω) and vanishing on the boundary of perforation:∫

Ω

u2 dx ≤ Kε

∫
Ω

|∇u|2 dx. (1)

Proposition 1. There exists a constant K0 > 0 such that∫
Ω

u2 dx ≤ K0

∫
Ω

|∇u|2 dx+ p

∫
∂Ω

u2 dS

 , (2)

for any u ∈ H1(Ω). Moreover, the best constant is K0 = 1/λ1
0, where λ1

0 is the
smallest eigenvalue for Laplace operator with Robin condition ∂u/∂n+ pu = 0 on
∂Ω.
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It can be noted that an inequality of the form∫
Ω

u2 dx ≤ K0

∫
Ω

|∇u|2 dx,

can not be valid for functions from H1(Ω) and satisfying Robin condition on the
boundary. It can be proved by the following counter example: Define the function
um such that um = m + p on {x ∈ Ω : dist(x, ∂Ω) ≥ 1/m, m ∈ N} and um = m
on ∂Ω. If we let m → ∞ we see that K0 = ∞. An estimate for the difference
between Kε and K0 is given in the following Theorem.

Theorem 1. Let Kε and K0 be the best constants in (1) and (2). There
exists a constant C, independent of ε, such that

|Kε −K0| ≤ C
(√

ηµ(ε) +
∣∣∣ηµ(ε)

ε
− p
∣∣∣+
√
εηµ(ε)

)
. (3)

For the full version of this work see [2].
Acknowledgements: The work was completed during the stay of Yu. Koroleva
as Post Doc in Lule̊a in 2010–2011 and partially supported by RFBR (project
09-01-00353).
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Weyl–Titchmarsh theory for Schrödinger operators with strongly
singular potentials

Kostenko A. S. (Institute of Applied Mathematics and Mechanics, NAS of
Ukraine)

Our main aim is to develop Weyl–Titchmarsh theory for Schrödinger oper-
ators with strongly singular potentials such as perturbed spherical Schrödinger
operators (also known as Bessel operators). It is known that in such situations
one can still define a corresponding singular Weyl m-function and it was recently
shown that there is also an associated spectral transformation. In this talk we
will give a general criterion when the singular Weyl function can be analytically
extended to the upper half plane. We will derive an integral representation for
this singular Weyl function and give a criterion when it is a generalized Nevan-
linna function. Our criteria will in particular cover the aforementioned case of
perturbed spherical Schrödinger operators. Moreover, we will show how essential
supports for the Lebesgue decomposition of the spectral measure can be obtained
from the boundary behavior of the singular Weyl function. Finally, we will present
a local Borg–Marchenko type uniqueness result.

The talk is based on joint works with A. Sakhnovich and G. Teschl [1, 2, 3, 4].
The research was supported by IRCSET PostDoctoral Fellowship Program.
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Variational inequalities with sets of constraints in a functional class
not lying in Sobolev spaces

Kovalevsky A. A. (Institute of Applied Mathematics and Mechanics, Donetsk,
Ukraine)

In [1, 2] the existence and properties of solutions were established for

variational inequalities with an elliptic operator acting from
◦
W 1,q(ν,Ω) into

(
◦
W 1,q(ν,Ω))∗, a set of constraints in

◦
W 1,q(ν,Ω) and a right-hand side in L1(Ω).

Here Ω is a bounded open set of Rn and
◦
W 1,q(ν,Ω) is an anisotropic weighted

Sobolev space with the set of exponents q = {q1, . . . , qn} and the set of weighted
functions ν = {ν1, . . . , νn} such that qi ∈ (1, n), νi > 0 a. e. in Ω, νi ∈ L1

loc(Ω)

and (1/νi)
1/(qi−1) ∈ L1(Ω), i = 1, . . . , n.

In the talk we discuss the main results of [1, 2] as well as some new results on
the solvability of analogous variational inequalities with sets of constraints lying

in the class
◦
T 1,q(ν,Ω) of all functions u : Ω → R such that Tk(u) ∈

◦
W 1,q(ν,Ω)

for every k > 0, where Tk is the standard truncated function of the level k. We

observe that the class
◦
T 1,q(ν,Ω) is larger than the space

◦
W 1,q(ν,Ω) and is not

contained in L1
loc(Ω).
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On the topology of the spaces of Morse functions on surfaces
Kudryavtseva E. A. (Moscow State University, Russia)

Let M be a smooth connected orientable closed surface. Let F = Fp,q,r;p̂,q̂,r̂
be the space of Morse functions f : M → R having p critical points of local
minima, q saddle points, and r points of local maxima, where p̂, q̂, r̂ points are
labeled. Denote by F 1 = F 1

p,q,r;p̂,q̂,r̂ ⊂ F the set of functions whose local minima

and maxima equal −1, 1. Let D0 be the group of diffeomorphisms of M homotopic
to idM . Endow F,D0 with C∞-topology (see [1]).
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Definition 1. Two functions f, g ∈ F are called isotopic (f ∼ g) if f = h2 ◦
g ◦ h1 for some h1 ∈ D0 and h2 ∈ Diff+(R) where h1 preserves enumeration of
labeled critical points.

Theorem 1. Suppose that p̂+ q̂ + r̂ > χ(M) (i. e. at least χ(M) + 1 critical
points are labeled). There exists a countable (and finite for M = S2) connected

(3q− 2)-dimensional polyhedron K̃ = K̃p,q,r;p̂,q̂,r̂ such that the following homotopy
equivalences take place:

F ∼ F 1 ∼ D0 × K̃ ∼ R× K̃,

where R is either RP 3, (S1)2 or a point in dependence on genus of M being 0, 1
or higher.

The polyhedron K̃ is the union of subpolyhedra D[f ] ⊂ K̃ (called skew cylindri-
cal handles) which are in one-to-one correspondence with the isotopy classes [f ]
of Morse functions f ∈ F 1 and have the following form (described in more detail
in [2]):

D[f ] ≈ (P[f ] × Rc × (S1)d)/Γ[f ], c = c([f ]), d = d([f ]),

where P[f ] is a convex polytope, Γ[f ] is a finite group acting freely on

P[f ] ×Rc × (S1)d. The polyhedron K̃ endowed with this handle decomposition is a
skew cylindric-polyhedral complex (see [2]). A homotopy equivalence [f ] ∼ R×D[f ]

holds for each function f ∈ F 1.

Corollary 1. One has Hj(F ) = 0 for j > 3q+ 1, Hj(K̃) = 0 for j > 3q−2.

If M = S2 then (−1)q−1χ(K̃) =
∣∣{[f ] ∈ F 1/ ∼ | s(f) = 1

}∣∣ where s(f) is the

number of saddle critical values of f ; moreover the Poincaré polynomial of K̃
satisfies the relations

P (K̃, t) =
∑

[f ]∈F1/∼

tq−s(f)P (D[f ], t)− (1 + t)R1(t) =

=
∑

[f ]∈F1/∼

tq−s(f)(1 + t)d([f ]) −R2(t)

where R1, R2 are polynomials with non-negative integer coefficients.

Example 1. If the number of saddle critical points is q = 1, 2 and q̂ = 0 (i. e.
the saddle points are non-labeled) then F ∼ R× Γ where Γ = Γp,q,r = Γp,q,r;p,0,r
is a graph such that

Γ1,1,2 = Γ2,1,1 = point, Γ1,2,3 = Γ3,2,1 ∼
∨
4

S1,

Γ2,2,2 ∼
∨
6

S1, Γ1,2,1 ∼
∨
N

S1.

The research was supported by RFBR grant 10-01-00748, the Programme
for the Support of Leading Scientific Schools of RF (grant NSh-3224.2010.1), and
the programmes “Development of Scientific Potential in Higher Education” (grant
2.1.1.3704) and “Scientific and Scientific-Pedagogical Personnel of Innovative Rus-
sia” (grant 14.740.11.0794).

70



References

[1] Kudryavtseva E. A., Permyakov D. A., Framed Morse functions on surfaces, Matem.
Sbornik 201 (2010), no. 4, 33–98 (in Russian). Transl. Sbornik Mathematics 201 (2010),
no. 4, 501–567.

[2] Kudryavtseva E. A., On the homotopy type of the spaces of Morse functions on sur-
faces, http://arxiv.org/abs/1104.4796.

Damped-driven Hamiltonian PDE
Kuksin S. B. (Ecole Polytechnique, France, and Steklov Institute, Mosow,

Russia)

I will discuss the following class of nonlinear PDE:

〈Hamiltonian PDE〉 = ε · 〈damping〉+ κε · 〈force〉. (1)

The equations are considered in finite volume, ε > 0 is a small parameter and the
scaling constant κε is chosen in such a way that the solutions stay of order one
as ε → 0. I will be mostly interested in equations with random forces, and will
discuss two groups of them:

1◦. Navier–Stokes equations in dimension 2 and 3;
2◦. equations (1), where the Hamiltonian PDE is a non-linear Schrödinger

equation (NLS).

Navier–Stokes equations with small viscosity ε describe water turbulence in
dimensions 2 and 3. If (1) is the 3D Navier–Stokes equations, we know about solu-
tions with small ε almost nothing (e. g., the right scaling constant κε is unknown).
In the 2d case we know about the limit some nontrivial results. In particular, now
for the case of random forces κε =

√
ε, the set of stationary measures µε for equa-

tions (1) is tight and all limiting measures limεj→0 µεj are invariant measures for
the 2d Euler equation and are genuinely infinite-dimensional; see in [1].

Equations from the second group, among other things, describe the optical
turbulence. Now again κε =

√
ε. Interesting results about these equations are

available when the Hamiltonian PDE is the integrable 1d NLS (see [2, 3] for the
case when it is not the 1d NLS, but the KdV equation), or when it is a linear
Shrödinger equation with a generic potential, while the damping is nonlinear. In
these cases the limiting dynamics is described by a well-posed infinite system of
dissipative stochastic equations. I will discuss this results in details.
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High Frequency Scattering by a Classically Invisible Body
Lakshtanov E. (Aveiro University, Portugal)

Vainberg B. (University of North Carolina at Charlotte, USA)

An interesting geometrical object was studied in a recent publication by
Alexenko and Plakhov [1]. This object O has the following property. Geometri-
cal optical rays, coming from a particular direction and reflected twice from the
boundary of O by the law of geometrical optics, continue to propagate parallel
to each other in the same way as if the obstacle was absent. The object appears
invisible to an observer on the basis of the theory of geometrical optical rays. Note
that a phase shift may influence the “invisibility” of the obstacle. One should also
note that optical ray considerations provide an approximation to the expected
properties of the corresponding optical problem, when the obstacle is smooth and
convex. These conditions do not hold for the object under consideration. A rigor-
ous treatment of the problem has to be based on an investigation of the solutions
of the wave equation.

The first part of the talk concerns the study of the associated scattering prob-
lem for the reduced wave (i. e., Helmholtz) equation. High frequency asymptotics
will be obtained for the scattering of plane wave by the Alexenko-Plakhov obstacle
O. It will be shown that the total momentum transmitted to the obstacle vanishes
when the frequency k goes to infinity, and that the total cross section oscillates
at high frequencies. The obstacle is practically invisible for some sequence of fre-
quencies kn → ∞ and the total cross section approaches to the four geometrical
cross section of the obstacle for an intermediate sequence k′n →∞.

In the case of a smooth strictly convex obstacle, it is well known that the total
cross section σ(k) at high frequencies coincides with the doubled geometrical cross
section Θ, i.e., σ(k) → 2Θ as k → ∞. So, it was a big surprise for us to find an
obstacle with a total cross section being four times larger than the geometrical
cross section in the limit of k = kn → ∞. The next natural question arises
immediately: is there an obstacle for which lim supk→∞ σ(k) is larger than 4Θ?
One could expect a positive answer based on the fact that the resonances (poles
of the analytical continuation of the resolvent in the half plane Im k < 0) can
approach the real axis at infinity. In fact, the answer to this question is negative,
and this will be justified in the second part of the talk. The justification is based on
high frequency estimates for the Dirichlet-to-Neumann and Neumann-to-Dirichlet
operators which are obtained for the Helmholtz equation in the exterior of bounded
obstacles with arbitrary shapes (in particular, for so-called trapping obstacles).

Results of the first part of the talk are obtained in collaboration with B. Slee-
man and will be published in [2], the second part will be published in [3].
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Self-propelling at low Reynolds number, case of a deformable sphere
Loheac J. (University Henri Poincare, Nancy, France)

Scheid J.-F. (University Henri Poincare, Nancy, France)
Tucsnak M. (University Henri Poincare, Nancy, France)

The aim of this work is to tackle the self-propelling of a nearly spherical
swimmer at low Reynolds number by using tools coming from control theory. More
precisely we address the controllability problem: “Given two arbitrary positions,
does it exist “controls” such that the body can swim from one position to another,
with null initial and final deformations?”

We will consider a spherical object surrounded by a viscous incompressible
fluid filling the remaining part of the three dimensional space. We assume that
the object undergoes small and axially-symmetric deformations. Since we assume
that the motion takes place at low Reynolds number, we model the fluid with
Stokes equations. It is well known, that the governing equations reduce to a
finite dimensional control system. By combining perturbation arguments and Lie
brackets computations, we establish the controllability property.
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Numerical scheme for Laplacian grows models
Loheac J.-P. (Ecole centrale de Lyon, France)

This work is common with A. S. Demidov (Moscow State University), it
concerns a numerical scheme involved by the Helmholtz–Kirchhoff method applied
in the case of Hele–Shaw flows.

This method allows to transform a free boundary bi-dimensional problem in
a fixed boundary problem by introducing a convenient parameterization. It also
leads to build numerical schemes.

For instance, a model of Hele–Shaw flows with punctual source is the Stokes–
Leibenson problem: let Ω0 be a bi-dimensional bounded simply connected domain
such that its boundary Γ0 is smooth enough. This domain will be deformed
according to the following law: at time t, we obtain a domain Ωt = Ω of boundary
Γt = Γ such that the normal velocity of each point s ∈ Γ is given by the following
kinetic condition,

ṡ.ν = ∂νu , (1)

where u is the solution of the following Laplace problem,

∆u = q δ in Ω , and u = 0 on Γ . (2)
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The Helmholtz–Kirchhoff method leads us to write the problem in the form of a
Cauchy problem for some integro-differential. This can give existence and unique-
ness results, which are global in time when q > 0.

Furthermore, by introducing an approximate Stokes–Leibenson problem con-
cerning polygonal domains, this integro-differential can be expressed in the form
of a non-linear differential equation in a finite-dimension space.

Numerical simulations will be presented and discussed.
Especially some numerical experiments show some critical manifold which

can explain some phemonenon of instabilities.
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Order of singular extremals in problems with multi-dimensional input
Lokutsievskiy L. V. (Moscow State University, Russia)

Zelikin M. I. (Moscow State University, Russia)

Theory of order of singular extremals for optimal control problems with multi
dimensional input is constructed. This theory generalizes classical theory for prob-
lems with one-dimensional input. Necessary conditions of junctions of a singular
extremal with non-singular one is obtained. Also we will discuss some examples
where the optimal control is a whole irrational winding on a torus and it is run
at a finite time.

Horseshoe and linear horseshoe for continuous maps of dendrites
Makhrova E. N. (N. Novgorod State University, Russia)

Let X be a compact metric space, f : X → X be a continuous map. One
says that f has a horseshoe if there are disjoint compact sets A,B ⊂ X such that

f(A) ∩ f(B) ⊃ A ∪B.

We shall denote this horseshoe by (A,B).
It is well-known that if fn has a horseshoe then f has a positive topological

entropy (see, for example, [1]).
Let X be a dendrite (locally connected continuum without subsets homeo-

morphic to the circle) or a graph (continuum which can be written as the union
of finitely many arcs any two of which can be intersect only in their end points)
and f : X → X has a horseshoe (A,B).

If A and B are sets homeomorphic to the closed interval [0, 1] on the real line
than we say that f has a liner horseshoe.

When X is a graph than the positive topological entropy of f is equivalent
to the existence of liner horseshoe for some iteration fn [2].
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In [3] it is constructed the example of a dendrite X and a continuous map
f : X → X such that f has a positive topological entropy, f has a horseshoe and
any iteration fn does not have a liner horseshoe.

In the report the structure of sets A and B of a horseshoe (A,B) on dendrites
is investigated under which some iteration fn has a liner horseshoe.
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On a class of hybrid systems with ordinary derivatives
Maksimov V. P. (Perm State University, Russia)
Tchadov A. L. (Perm State University, Russia)

The abstract functional differential system [1]

δx = Θx+ f (1)

is considered, where x = col(y, z), y : [0, T ] → Rn, z : {0, t1, ..., tN , T} → R ν ,

δx = col(ẏ,∆z), (∆z)(ti) = z(ti) − z(0), Θ =

(
Θ11 Θ12

Θ21 Θ22

)
; Θ11 : DS n → Ln,

Θ12 : M ν → Ln, Θ21 : DS n → M ν , Θ22 : M ν → M ν are linear operators.
Given sets I = {0, t1, ..., tN , T}, 0 < t1 < ... < tN < T ; J = {0, τ1, ..., τm, T},
0 < τ1 < ... < τm < T , the spaces DS n and M ν are defined as follows. Let us
denote the characteristic function of the set A by χA. DS n (see [2]) is the space

of functions y : [0, T ] → Rn representable in the form y(t) = y(0) +
∫ t

0
ẏ(s) ds +∑m

1 χ[τi,T ](t)[y(τi)− y(τi − 0)]; M ν is the space of functions z : I → R ν . All the
spaces are equipped with natural norms and are Banach spaces. It is suggested
that operator Θ : DS n ×M ν → Ln ×M ν is bounded and Volterra.

System (1) is a typical one met with in mathematical modeling economic
dynamics processes and covers many kinds of dymamic models with aftereffect
(integro-differential, delayed differential, differential difference, difference) and im-
pulsive perturbations. The equations of (1) include simultaneously terms depend-
ing on continuous time, t ∈ [0, T ], and discrete time t ∈ I, that is why the term
“hybrid” seems to be suitable.

In the talk, the following problems for system (1) and approaches to solve
them are described.

The general boundary value problem (BVP)

δx = Θx+ f, Λx = γ, (2)

where Λ : DS n ×M ν → R η is a linear bounded vector-functional. For BVP (2),
necessary and sufficient conditions for the unique solvability are formulated and
some principal questions of computer-assisted study of BVP (2) are discussed.

The abstract control problem (CP)

δx = Θx+ Fu+ f, x(0) = α, Λx = γ, (3)
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where F : H → Ln×M ν is a linear bounded operator defined on a Hilbert space
H of control actions. For CP (3), conditions for solvability are formulated and a
computational technique of constructing the solutions to (3) is presented.

The results are obtained in the context of the theory of functional differential
equations [2].

This work was supported by RFBR grant 10-01-96054.
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Symbolic models for multidimensional perturbations of
one-dimensional chaotic difference equations

Malkin M. I. (Nizhny Novgorod State University, Russia)

We construct symbolic models for difference equations which are multidimen-
sional perturbations of generalized one-dimensional maps. Let

Φλ(yn, yn+1, . . . , yn+m) = 0, n ∈ Z (1)

be a difference equation of order m with parameter λ from some metric space. It
is assumed that the non-perturbed operator Φλ0 depends on two variables:

Φλ0(y0, . . . , ym) = ψ(yN , yM ), (2)

where 0 ≤ N < M ≤ m and ψ is a piecewise monotone piecewise C2-function.
It is also assumed that for the equation ψ(x, y) = 0, there is a branch y = ϕ(x)
with positive topological entropy: htop(ϕ) > 0, and hence, ϕ possesses at least one
measure µ∗ which maximizes the measure theoretic entropy: htop(ϕ) = hµ∗(ϕ)
(note that in the case when ϕ has two monotonicity intervals, the maximal measure
is unique).

In this setting we construct countable topological Markov chains as symbolic
models for ϕ(x) and then for closed invariant subsystems of σ|Λλ with topological
entropy arbitrarily close to htop(ϕ)/(M − N), where σ is the shift map and Λλ
is the space of bounded bi-infinite solutions of the difference equation (1) with
parameter λ close enough to λ0. From this construction it follows how the maximal
measure µ∗ can be continued to an invariant measure µλ of σ|Λλ with measure
theoretic entropy hµλ(σ|Λλ) arbitrarily close to the value htop(ϕ)/(M −N) for λ
close enough to λ0.

In particular case of Lorenz type maps we consider also the problem on be-
havior of the rotation set under multidimensional perturbations, and we show
approximation results for rotation sets in this case. Our technique is based on ap-
proximations of measures of maximal entropy represented by countable topological
Markov chains [1] and also, on continuation of chaotic orbits for perturbations of
singular difference equations [2].

The research was supported by RFBR grant 11-01-00001.

76



References

[1] Malkin M. I., Countable Topological Markov Chains with Meromorphic Zeta-Functions,
Random & Computational Dynamics 2 (1994), no. 3-4, 247–259.

[2] Juang J., Li M.-C., Malkin M. I., Chaotic difference equations in two variables and
their multidimensional perturbations, Nonlinearity, 21 (2008), 1019–1040.

Homogenization of a diffusion–convection equation in poroelastic
media

Meirmanov A. M. (Belgorod State University, Russia)
Zimin R. N. (Belgorod State University, Russia)

In the present talk we consider a diffusion–convection of an admixture from
some reservoir (underground storage) into a soil. The basic mathematical model,
describing the process on the microscopic level, consists of the Stokes system

ατ
∂v

∂t
= ∇ ·

(
αµ µ(c)D(v) + (αν∇ · v − pf )I

)
,
∂p

∂t
+ αp,f∇ · v = 0 (1)

for the velocity v and pressure pf of the liquid component in the reservoir and a
pore space, and Lame’s equations

ατ
∂2w

∂t2
= ∇ ·

(
αλ µ(c)D(w)− psI

)
, ps + αp,s∇ ·w = 0 (2)

for the displacements w and pressure ps of the solid skeleton of the soil. The
concentration c of the admixture in the pore space is governed by the diffusion–
convection equation

∂c

∂t
+ v · ∇ c = ∇ · (αD∇ c). (3)

In (1)–(3) dimensionless criteria ατ , αµ, αν , αλ, αp,f , αp,s depend on the given
data and the dimensionless size ε of the pore, and the dimensionless viscosity µ(c)
depends on the concentration c of the admixture.

The system is completed with corresponding boundary conditions on the
common boundary “pore space – solid skeleton” and on the outward boundary,
and with initial conditions for the displacements, velocity and concentration.

We discuss all possible limiting regimes (homogenized equations) of the sys-
tem in consideration as ε→ 0. In particular, for the absolutely rigid solid skeleton:
αµ → 0,

αµ
ε2
→ µ1, 0 < µ1 < ∞, αλ → ∞, for the slightly viscous liquid in an

elastic solid skeleton:
αµ
ε2
→ µ1, 0 < µ1 6 ∞, αλ → λ0, 0 < λ0 < ∞, and for

the viscous liquid in the elastic solid skeleton; αµ → µ0, 0 < µ0 < ∞, αλ → λ0,
0 < λ0 <∞.

To derive correctly the diffusion–convection equation we had to prove a new
compactness lemma, which generalize for periodic structures the well-known Lions
compactness lemma [1].

Lemma 1. Let the sequence {c ε} be bounded in L∞
(
(0, T );L2(Ω)

)
∩W 1,0

2 (ΩT ),

and the sequence {∂/∂t(χε(x)c ε} be bounded in L2

(
(0, T ); W−1

2 (Ω)
)
, where

χε(x) = χ(x/ε), χ(y) is 1-periodic in the variable y bounded function and
〈χ〉Y 6= 0. Then the sequence {c ε} is relatively compact in L2(ΩT ).
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Asymptotic behavior of eigenvalues and eigenfunctions of a spectral
problem in a thick cascade junction with concentrated masses
Mel’nyk T. A. (Taras Shevchenko National University of Kyiv, Ukraine)

A thick junction is the union of some domain in Rn, which is called the
junction’s body, and a large number of ε-periodically situated thin domains along
some manifold on the boundary of the junction’s body. This manifold is called the
joint zone. Here ε is a small parameter, which characterizes the distance between
neighboring thin domains and their thickness.

Various constructions of thick junction type are successfully used in nanotech-
nologies, microtechnique, modern engineering constructions (microstrip radiator,
ferrite-filled rod radiator), as well as many physical and biological systems such as,
for example, the structure of the intestine lining with different levels of absorption
of nutrients on different part of the tissues.

Therefore boundary-value problems in thick junctions of different types are
very extensively investigated at present. The aim of these researches is to de-
velop rigorous methods to study the asymptotic behavior of solutions as ε → 0,
i. e., when the number of the attached thin domains of a thick junction infinitely
increases and their thickness vanishes.

In the talk I am going to present our new results, which where obtained jointly
with Prof. G. A. Chechkin, concerning spectral boundary-value problems in a new
kind of thick junctions, namely thick cascade junctions. This is the continuation
of our investigation of boundary-value problems in thick cascade junctions, which
we have begun in [1, 2].

A model plane thick cascade junction consists of the junction’s body and
great number O(ε−1) of ε-alternating thin rods belonging to two classes. One
class consists of rods of finite length and the second one consists of rods of small
length of order O(ε). The density of the junction is order O(ε−α) on the rods from
the second class (the concentrated masses if α > 0), and O(1) outside of them.

The asymptotic behavior (as ε → 0) of eigenvalues and eigenfunctions of a
boundary-value problem for the Laplace operator in a thick cascade junction with
concentrated masses is investigated. In addition, we study the influence of the
concentrated masses on the asymptotic behavior of these magnitudes.
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Regularization and R-semigroups for Petrovskii well-posed systems
Melnikova I. V. (Ural State University, Russia)

The Cauchy problem for systems of differential equations is considered as a
particular case of the abstract Cauchy problem in a Hilbert space H : u′(t) =
Au(t), t ≥ 0, u(0) = ξ, where A = P (i ∂

∂x
), ξ = ξ(x), x ∈ R, ξ ∈ H = L2(R).

In this context, generally, operator A is not the generator of a semigroup of
class C0 and the problem is not uniformly well-posed even in the case of Petro-
vskii well-posed systems (see, for example, [1], [2]). For such problems regularizing
operators are constructed. There are shown connections of the regularizing op-
erators with R-semigroups (some type of modern regularized semigroups) in H
and with Green functions of the problem constructed in spaces of Gelfand–Shilov
distributions.

The research was supported by RFBR (grant 10-01-96003 r) and by the Min-
istry of Education and Sciences RF (grant 2.1.1/2000).
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On the scattering of plane waves by a wedge
Merzon A. E. (Universidad Michoacana, Mexico)

We consider a nonstationary scattering of plane waves by a wedge

W := {y = (y1, y2) : y1 = ρ cos θ, y2 = ρ sin θ, ρ > 0, 0 < θ < φ < π}.

Let uin(y, t) := ei(k0·y−ω0t)f(t− n · y), t ∈ R, y ∈ Q := R2 \W ; ω0 > 0, k0 ∈ R2,
|ω0| = |k0|, be the incident plane wave. We assume k0 = (ω0 cosα, ω0 sinα),
where max(0, φ − π/2) < α < min(π/2, φ). In this case uin(y, 0) = 0, y ∈ ∂Q.
The profile f ∈ C∞(R), f(s) = 0, s < 0, and f(s) = 1, s > µ, for some µ > 0. Let
Q1, Q2 be the sides of Q. The scattering is described by means of the following
mixed wave problems in Q (depending on the properties of the wedge){

�u(y, t) = 0, y ∈ Q
Plu(y, t) = 0, y ∈ Ql

∣∣∣∣ t > 0,

{
u(y, 0) = uin(y, 0),
u̇(y, 0) = u̇(y, 0),

∣∣∣∣ y ∈ Q, (1)

where l = 1, 2, Pl = 1 or Pl = ∂nl for the exterior normals nl to Ql (DD, NN
or DN-problems). Denote by C the Sommerfeld contour in the following (turned)
form C = C1 ∪ C2, where

C1 = {w1−iπ/2 |w1 ≥ 1}∪{1+iw2 | −5/2π ≤ w2 ≤ −π/2}∪{w1−5/2iπ | w1 ≥ 1}.

The contour C2 is a reflection of C1 with respect to the point −3π/2 and C has

the clock-wise orientation. Denote by Q̇ := Q \ {0}, {y} := |y|/(1 + |y|), y ∈ R2.
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Definition 1. For ε,N ≥ 0, Eε,N is the space of functions u(t, y) ∈ C(Q×R+)

with the finite norm ‖u‖ε,N := sup
t≥0

[
sup
y∈Q
|u(y, t)|+sup

y∈Q̇
(1+t)−N{y}ε|∇yu(y, t)|

]
<

∞, N ≥ 0.

Let Φ := 2π − φ, q := π/(2Φ) µ1 := −iπ/2 + iα, H1(µ, α,Φ) :=
1/sinh[(µ− µ1)q] + 1/ sinh[(µ+ µ1 − iπ)q].

Theorem 1. 1◦. There exists a unique solution to the DN-problem (1)
u(y, t) ∈ E1− π

Φ
,1− π

Φ
which is expressed by the inverse Fourier transform

u(y, t) = F−1
ω→t[û(y, ω)], t ≥ 0, y ∈ Q, where û(y, ω) admits the Som-

merfeld type representation

û(y, ω) =
if̂(ω)

4Φ
·
∫
C

e−ρω sinhµH1(µ+ iθ, α,Φ) dµ,

where ρ ≥ 0, y = (ρ, θ) ∈ Q, ω ∈ C+.
2◦. The Limiting Amplitude Principle holds: u(y, t)−e−iω0tA(y)→ 0, t→
∞, uniformly for |y| ≤ ρ0, where A(y) := i

4Φ

∫
C
eiω0ρ cos(θ−α)H(β +

iθ)dβ, y ∈ Q. The limiting amplitude A is a solution to the clas-
sic DN-diffraction stationary problem of the plane wave by a wedge of
the Sommerfeld–Maljuzhinetz type [4].

Similar theorems hold for DD and NN-problems [1, 2, 3]. The Method of
Complex Characteristics was used. The research was supported by CONACYT ,
CIC (UMSNH) and PROMEP (red) (México).
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Recursion operators and conservation laws for partial difference
equations

Mikhailov A. V. (University of Leeds, UK)

We adapt a concept of recursion operator to difference equations and show
that it generates an infinite sequence of symmetries and canonical conservation
laws for a difference equation [1]. Similar to the case of partial differential equa-
tions these canonical densities can serve as integrability conditions for difference
equations. We have found two recursion operators for the Viallet equation satis-
fying to the elliptic curve equation associated with the Viallet equation.

We discuss the concept of cosymmetries and co–recursion operators for dif-
ference equations and present a co–recursion operator for the Viallet equation
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[2]. We also discover a new type of factorisation for the recursion operators of
difference equations. This recursion operators and its factorisation into Hamil-
tonian and symplectic operators can be applied for Yamilov’s discretisation of the
Krichever–Novikov equation.

For Lax integrable equations we show that the sequence of conservation laws
can be obtained recursively using formal diagonalisation of the Darboux transfor-
mations.
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On the negative spectrum of low dimensional Schrödinger operators
Molchanov S. (UNC Charlotte, USA)

We will discuss estimates for the number of negative eigenvalues for
Schrödinger type operators on Riemannian manifolds, graphs and quantum graphs
with the spectral dimension d ≤ 2. The main example: the Schrödinger operator
in R2 with a potential decaying at infinity.

The talk is based on the joint work with B. Vainberg.

Homogenization of the Dirichlet eigenvalue problems for elliptic
operators with non-standard grow conditions in perforated domains

with non-periodical structure
Namlyeyeva Yu. V. (Institute of Applied Mathematics and Mechanics of NAS of

Ukraine, Ukraine)

We investigate the asymptotic behavior of solutions to the Dirichlet eigenvalue
problem for elliptic quasilinear equations with nonstandard grow in a sequence of
domains with a complex geometry. We study the homogenization of the following
nonlinear eigenvalue problems:

n∑
i=1

d

dxi
ai

(
x, uε,

∂uε

∂x

)
= λεa0

(
x, uε,

∂uε

∂x

)
∀ x ∈ Ωε, (1)

uε(x) = 0 on ∂Ωε, (2)

where ε > 0 is a small positive parameter characterizing the scale of the mi-
crostructure; Ωε = Ω\Fε is a perforated domain with Ω being a bounded domain
in Rn (n ≥ 3) and Fε being an open connected subset in Ω. We consider the op-
erators with nonstandard growth conditions for instance the pε(x)-Laplacian and
the anisotropic p-Laplacian. In the study of this problem the following question
arises: to establish a possibility of approximation of problem (1), (2) by a simpler
problem of the same type in a fixed domain. We derive the homogenized problem
in the simple domain, describing the leading term of asymptotic of the solution
in perforated domain. The homogenization of variational eigenvalue problems for
the quasilinear elliptic operators p-Laplacian type was shown in [1]–[4].
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The research was partially supported by RFBR grant 10-01-90900.
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Qualitative properties for solutions to elliptic and parabolic equations
with divergence-free lower-order coefficients
Nazarov A. I. (Saint-Petersburg University, Russia)

Ural’tseva N. N. (Saint-Petersburg University, Russia)

We consider uniformly elliptic and uniformly parabolic equations of divergence
type:

Lu ≡ −Di
(
aij(x)Dju

)
+ bi(x)Diu = 0;

Mu ≡ ∂tu−Di
(
aij(x; t)Dju

)
+ bi(x; t)Diu = 0

with additional structure condition

div (bi) ≤ 0 in the sense of distributions. (1)

The equations with the lower-order coefficients satisfying this structure condition
arise in some applications, in particular, in hydrodynamics.

We deal with classical properties of solutions, namely, strong maximum prin-
ciple, Hölder estimates, the Harnack inequality and the Liouville Theorem. We
show that under condition (1) the assumptions on (bi) which ensure these prop-
erties can be considerably weakened in the scale of Morrey spaces.

The research was partially supported by grant NSh.4210.2010.1 and by RFBR
grant 09-01-00729.
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Asymptotics of eigenvalues embedded into the continuous spectrum
of a waveguide

Nazarov S. A. (Institute of Problems in Mechanical Engineering, Russian
Academy of Sciences, St-Petersburg, Russia)

A new method will be described to construct asymptotics of eigenvalues and
the corresponding trapped modes in a waveguide with an obstacle (acoustic and
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quantum waveguides, water-waves in channels). Since eigenvalues in the discrete
spectrum are stable, there exist many approaches to construct and justify their
asymptotics with respect to small perturbation parameters. On th other hand,
if an eigenvalue is embedded into the continuous spectrum, it is no longer stable
and a small perturbation may turn it into a point of complex resonance. This
phenomenon crucially restricts variety of methods applicable to embedded eigen-
values and only a few results exist in this direction. On the base of notion of the
augmented scattering matrix (Nazarov, Plamenevsky and Kamotskii), which im-
plies an indicator of trapped modes, a new asymptotic method is developed to find
out perturbations which still allow for an embedded eigenvalue. The description
of these perturbations provides the enforced stability of embedded eigenvalues.
The Wood anomalies are also interpreted in the framework of this approach.

References

[1] Nazarov S. A., Eigenvalues of the Laplace operator with the Neumann conditions at
regular perturbed walls of a waveguide, Probl. mat. analiz. 2011, no. 53, 104–119. Novosi-
birsk. (English transl.: Journal of Math. Sci. (172) 2011, no. 4, 555–588).

[2] Nazarov S. A. Asymptotics of eigenvalues embedded into the continuous spectrum of a
regularly perturbed quantum waveguide, TMPh. 2011.

Positivity and general scheme of asymptotic method of differential
inequalities for contrast structures in reaction-diffusion-advection

problems
Nefedov N. N. (Lomonosov Moscow State University, Russia)

For some cases of initial boundary value problem for the equation

ε2∆u− ∂u

∂t
= f(u,∇u, x, ε), x ∈ D ⊂ RN , t > 0, (1)

which plays important role in many applications and is called reaction-diffusion-
advection equation we state the conditions which imply the existence of contrast
structures — solutions with internal layers. Particularly the cases when equation
(1) is semilinear or quasylinear are considered. Among others we discuss the
following problems:

1◦. Existence and Lyapunov stability of stationary solutions.
2◦. The analysis of local and global domain of stability of the stationary

contrast structures.
3◦. The problem of stabilization of the solution of initial boundary value

problem.

Our investigations are based on asymptotic method of differential inequalities
and general scheme of this method (see also [1]) will be presented. This scheme
uses so-called positivity property of the operators producing formal asymptotics
and is based on some recent extensions of Krein–Ruthman theorem (see, for ex-
ample, [2, 3]).

The research was supported by RFBR grant No 10-01-00319.
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Nonexistence of W-solutions for nonlinear high-order equations with
L1-data

Nicolosi F. (Department of Mathematics, University of Catania, ITALY)

We study conditions of nonexistence of weak solutions for nonlinear equations
in divergence form of arbitrary order with L1-data. We use the known principle
of uniformly boundedness as a common functional tool.

Normal forms of generic transversal systems of infinite index
Ortiz-Bobadilla L. (National Autonomous University of Mexico)

Paziy N. (Chelyabinsk State University, Russia)
Rosales-Gonzalez E. (National Autonomous University of Mexico)

The purpose of this work is to study local analytic implicit, with respect to
the first derivative, systems

A(x)ẋ = f(x), x ∈ (Cn, 0) (1)

Definition 1. If the kernel of the matrix A(0) is one dimensional and the
vector f(0) doesn’t belong to the image of A(0), then we say that the system (1)
is a transversal one.

Definition 2. Let us denote α = detA, Γ = {α = 0}, and let e be a vector
field, generating the kernel of the matrix A in the points of Γ. Let α′(0) 6= 0, and
assume that the order of tangency, at the origin of coordinates, of the vector field
e and the surface of degeneracies Γ is infinite (i. e, the derivatives ∂kα/∂ek(0) are
zero for every k). We say that a transversal system satisfying such properties has
infinite index.

Definition 3. Two transversal systems are called (locally) analytically equiv-
alent, if there exists a (local) analytic diffeomorphism transforming the solutions
of one of them into the solutions of the other.

In the present work analytic normal forms of generic transversal systems of
infinite index are obtained. The normal forms of transversal systems of finite index
were obtained before in [1]–[3]. In [4] their orbital classification was studied.

Theorem 1. A generic transversal system (1) of infinite index is locally an-
alytically equivalent to the system

1◦. vu̇ = 1, v̇ = 0, if n = 2;
2◦. (w + uv)u̇ = 1, v̇ = 0, ẇ = 0, if n = 3;
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3◦. (v1 + v2u+ · · ·+ vn−1 u
n−2 + un−1 ϕ(u, ′v)) u̇ = 1, v̇ = 0, where (u, v) ∈

(C×Cn−1, 0), ′v = (v2, . . . , vn−1) and ϕ is a germ of analytic function,
ϕ(u, 0) ≡ 0, if n ≥ 4.

Using this theorem normal forms of generic systems with one constraint are
obtained as well.

The work was supported by CONACyT 80065, PAPIIT IN103010.
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New optimal interpolation theorem for operators, mapping couples of
Lp spaces

Ovchinnikov V. I. (Voronezh State University, Russia)

We find an optimal interpolation theorem for the family of spaces of mea-
surable function which includes classical Lorentz and Orlicz spaces. This family
contains also some quasi-Banach spaces.

Definition 1. (see [1]) Suppose that {X0, X1} is a Banach couple, ϕ is non-
degenerate interpolation function, and 0 < p0, p1 ≤ ∞. The space ϕ(X0, X1)p0,p1

is defined to be the space of x ∈ X0 +X1 such that

{K(wm, x, {X0, X1})} ∈ ϕ(lp0 , lp1(w−1
m )),

where {wm} is a balanced sequence of K(t, x, {X0, X1}).

Recall that if x ∈ X0 +X1, t > 0, then

K(t, x; {X0, X1}) = inf
x=x0+x1

‖x0‖X0 + t‖x1‖X1 ,

where the infimum is taken over all representations of x as a sum of x0 ∈ X0 and
x1 ∈ X1. This function is call the K-functional of x ∈ X0 +X1.

Theorem 1. Let T be a linear operator which sends a couple of
weighted Lp spaces {Lp0(U0), Lp1(U1)} to a couple {Lq0(V0), Lq1(V1)}, where
1 ≤ p0, p1, q0, q1 ≤ ∞, then

T : ϕ(Lp0(U0), Lp1(U1))s0,s1 → ϕ(Lq0(V0), Lq1(V1))t0,t1 ,

where 0 < s0, s1, t0, t1 ≤ ∞ such that

1

t0
=

1

s0
+

(
1

q0
− 1

p0

)
+

,
1

t1
=

1

s1
+

(
1

q1
− 1

p1

)
+

,

and ϕ(u, v) is an arbitrary nondegenerate interpolation function.

This theorem is optimal in the following sense.
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Theorem 2. If the couple {Lp0(U0), Lp1(U1)} is K0-abundant (see [2]), then
for any y ∈ ϕ(Lq0(V0), Lq1(V1))t0,t1 there exist x ∈ ϕ(Lp0(U0), Lp1(U1))s0,s1 and

T : {Lp0(U0), Lp1(U1)} → {Lq0(V0), Lq1(V1)}

such that y = Tx.

For the proofs we study the structure of the sets of K-functionals corre-
sponding to the interpolation spaces ϕ(X0, X1)p0,p1 and apply the description of
interpolation orbits in couples of Lp spaces (see [3]).

The research was supported by RFBR grant no. 10-01-00276.
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Nonlinear Steklov eigenvalue problems in corrosion modeling
Pagani C. D. (Dipartimento di Matematica Politecnico di Milano, Italia)
Pierotti D. (Dipartimento di Matematica Politecnico di Milano, Italia)

We consider the problem of finding a harmonic function u in a bounded
domain Ω ⊂ RN , N ≥ 2, satisfying a nonlinear boundary condition of the form
∂νu(x) = λµ(x)h(u(x)), x ∈ ∂Ω where µ changes sign and h is an increasing
function with superlinear, subcritical growth at infinity. We study the solvability
of the problem depending on the parameter λ by using min-max methods. In
dimension 2 the special case h(u) = eαu − e−(1−α)u, α ∈ (0, 1) is of interest in
problems of corrosion and is specifically considered, paying particular attention
to the symmetric case α = 1/2.

Asymptotic analysis for the steady Stokes equation with On
properties of solutions of nonlinear ordinary differential equations

variable viscosity in a two-dimensional tube structure
Panasenko G. P. (University of Lyon, France)

The result is obtained in collaboration with R. Fares and G. Cardone. Let
e1, e2, . . . , en be n closed segments in R2, which have a single common point O
(i. e. the origin of the coordinate system), and let it be the common end point
of all these segments. Let β1, β2, . . . , βn be n bounded segments in R2 containing
the point O, the middle point of all segments, and such that βj is orthogonal to ej
(for simplicity assume that the lenght |βj | of each βj is equal to 1). Let βεj be the

image of βj obtained by a homothetic contraction in 1
ε

times with the center O.
Denote Bεj the open rectangles with the bases βεj and with the heights ej , denote

also β̂εj the second base of each rectangle Bεj and let Oj be the end of the segment

ej which belongs to the base β̂εj . Define the bundle of segments ej centered in

O as B =
⋃n
j=1 ej . Denote below O0 = O. Let γεj , j = 0, 1, . . . , n, be the images
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of the bounded domains γj (such that γ̄j contains the end of the segment Oj
and is independent of ε) obtained by a homothetic contraction in 1

ε
times with

the center Oj . Define the tube structure ([1]) associated with the bundle B as

a bounded domain: Bε =
(⋃n

j=1 B̄
ε
j

)⋃(⋃n
j=1 γ̄

ε
j

)′
. Assume that ∂Bε ∈ C2 (the

result may be generalized for the case of the piecewise smooth boundary ∂Bε with

no reentrant corners). Assume that the bases β̂εj of Bεj , j = 1, . . . , n, are some
parts of ∂Bε. Consider the problem:

−div(ν(x)Duε) +∇pε = f(x), div uε = 0, x ∈ Bε, uε = g, x ∈ ∂Bε.

Here g = 0 on the lateral boundary of the rectangles composing Bε; moreover

g = 0 anywhere with the exception of the bases β̂εj of the cylinders Bεj (these

bases are assumed to belong to the boundary of the tube structure); g ∈ C2(β̂εj ),

and for each j, g = ε2gj(
x−Oj
ε

) on β̂εj , the vector valued functions gj ∈ C2 do not

depend on ε and let
∫
∂Bε g.n ds = 0. Introduce the local system of coordinates

Ox
ej
1 x

ej
2 associated with the segment ej such that the direction of the axis Ox

ej
1

coincides with the direction of the segment OOj , i. e. x
ej
1 is the longitudinal

coordinate. The axes Ox
ej
1 x

ej
2 form a cartesian coordinate system. We denote

d0ε the infimum of radiuses of all spheres with the center O such that every point
of it belongs only to not more than one of the rectangles Bεj , j = 0, 1, . . . , n and
d1 is the maximal diameter of the domains γ0, γ1, . . . , γn. We finally introduce

the notation d̂0ε = max{d0ε, d1ε}. Consider the right hand side vector valued
function f “concentrated” in some neighborhoods of the nodes Oj and diffused

in the cylinders, i. e. f = Φj
(
x−Oj
ε

)
, if |x − Oj | < d̂0ε, j = 0, . . . , n, and

f = fj(x
ej
1 )ej , if not. Here fj ∈ C∞0 ([0, |ej |]), Φj ∈ C1(Q), (j = 0, 1, . . . , n),

where Q is a ball |ξ| < d̂0. Assume that ν(x) = ν0 +νj(x
ej
1 ) such that νj(x

ej
1 ) = 0

for all x
ej
1 ∈ [0, β]∪ [|ej |−β; |ej |], where β is a positive constant; ν ∈ C2 such that

there exist κ0 ∈ R+ such that ν(x) > κ0 for all x ∈ Bε. The complete asymptotic
expansion of the solution to this problem is constructed and the error estimates
are proved. The research was supported by the grants: MODMAD, Modeling
blood diseases (CNRS).
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Noncommutative dynamical systems with two generators and their
applications in analysis

Paneah B. (Technion, Israel)

In this talk we consider some new dynamical systems which are determined
by a semigroup Φ of maps in a closed interval I. The main peculiarity of these
systems is that Φ is generated by two noncommuting maps. Introducing certain
closed subsets T1 and T2 in I makes it possible to determine some specific orbits
and attractors in I corresponding to Φ. These orbits play a crucial role in solving a
wide variety problems in such diverse fields of analysis as general linear functional
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operators, integral geometry, boundary problems for hyperbolic partial differential
operators of higher (> 2) order. We first describe some conditions ensuring the
existence of the required attractors. In the second part we formulate some new
problems from the above-mentioned list and trace how our dynamic approach
works when solving these problems.

On the Aharonov-Bohm operators
Pankrashkin K. (University Paris-Sud 11, France)

We review the spectral and the scattering theory for the Aharonov–Bohm
model on R2, i. e. for the Schrödinger operator with a δ-type magnetic field. New
formulae for the wave operators and for the scattering operator are presented. The
asymptotics at high and at low energy of the scattering operator are computed and
a relationship between the number of the bound states and some characteristics
of the wave operators are obtained (Levinson-type theorem).

Based on joint work with Serge Richard and Johannes Kellendonk.
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Homogenization and concentration for a diffusion equation with large
convection in a bounded domain

Pankratova I. (Narvik University College, Norway, and Ecole Polytechnique,
France)

The talk will focus on the homogenization of a convection-diffusion equation
with rapidly oscillating coefficients defined in a bounded domain. Namely, we
consider the following initial boundary problem:

∂tu
ε − div

(
a
(x
ε

)
∇uε

)
+

1

ε
b
(x
ε

)
· ∇uε = 0, in (0, T )× Ω,

uε(t, x) = 0, on (0, T )× ∂Ω,

uε(0, x) = u0(x), x ∈ Ω,

(1)

where Ω ⊂ Rd is a bounded domain with a Lipschitz boundary ∂Ω. We show that,
in contrast with the equation stated in the whole space, uε vanishes exponentially
for any t ≥ t0 with an arbitrary t0 > 0. More precisely, for t = O(ε) the initial
profile of uε moves with the velocity ε−1 b̄ in the direction of the effective convec-
tion b̄, reaches the boundary of Ω and then dissipates rapidly. Hence, any finite
number of terms in the asymptotic expansion vanish for t ≥ t0 with an arbitrary
t0 > 0. Our goal is to determine the rate of vanishing of uε, as ε → 0, and to
characterize the asymptotic profile of the properly rescaled solution.

This is a joint work with G. Allaire and A. Piatnitski.
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On weak completeness of the set of entropy solutions to degenerate
nonlinear parabolic equations

Panov E. Yu. (Novgorod State University, Russia)

In a strip ΠT = (0, T ) × R, T > 0, we consider the nonlinear parabolic
equation

ut + ϕ(u)x − g(u)xx = 0, (1)

u = u(t, x), (t, x) ∈ ΠT . We assume that ϕ(u), g(u) ∈ C(R) and the function g(u)
non-strictly increases.

Definition 1. A function u = u(t, x) ∈ L∞(ΠT ) is called an entropy solution
(ES for short) of (1) if g(u)x ∈ L2

loc(ΠT ), and for each k ∈ R

|u− k|t + [sign(u− k)(ϕ(u)− ϕ(k))]x − |g(u)− g(k)|xx ≤ 0

in the sense of distributions on ΠT (in D′(ΠT )).

In the case g(u) ≡ 0 Definition 1 reduces to the Kruzhkov’s definition (see
[1]) of ES to the conservation law

ut + ϕ(u)x = 0. (2)

One of well-known applications of the Tartar–Murat compensated compactness
method is the statement that a weak limit of a bounded sequence of ES of (2) is a
weak solution of this equation (i. e., it satisfies (2) in D′(ΠT )), see [4]. Recently, in
[2], it was established that actually this weak limit is an ES of equation (2). Now,
using the new compensated compactness theory developed in [3] and adapting
the methods of [2], we extend the result of [2] to the case of parabolic equation
(1). More precisely, assume that un = un(t, x), n ∈ N, is a bounded in L∞(ΠT )
sequence consisting of ES of approximate equations

ut + ϕn(u)x − gn(u)xx = 0, (3)

where ϕn(u) → ϕ(u), gn(u) → g(u) in C(R) as n → ∞. Assume that un ⇀ u =
u(t, x) as n→∞ weakly-∗ in L∞(ΠT ).

Theorem 1. The function u(t, x) is an ES of equation (1). Moreover, this
ES admits a strong trace u0(x) on the line t = 0 in the sense of relation

ess lim
t→0

u(t, ·) = u0 in L1
loc(R).

Remark that in the case of several spatial variables the statement of Theo-
rem 1 is no longer valid (cf. [2]).

This work was supported by RFBR grant 09-01-00490.
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Extremal spectral properties of Lawson τ-surfaces and the Lamé
equation

Penskoi A. V. (Moscow State University, Independent University of Moscow,
Bauman Moscow State Technical University, Russia)

Let M be a closed surface and g be a Riemannian metric on M. Let us consider

the associated Laplace–Beltrami operator ∆f = − 1√
|g|

∂
∂xi

(√
|g|gij ∂f

∂xj

)
and its

eigenvalues

0 = λ0(M, g) < λ1(M, g) 6 λ2(M, g) 6 λ3(M, g) 6 . . .

It turns out that the question about the supremum of the functional Λi(M, g) =
λi(M, g)Area(M, g) over the space of Riemannian metrics g on a fixed surface M
is very difficult and only few results are known. The functional Λi(M, g) depends
continuously on the metric g, but this functional is not differentiable. However,
it was shown by Berger in the paper [1] that for analytic deformations gt the left
and right derivatives of Λi(M, gt) with respect to t exist.

Definition 1 (Nadirashvili [2], El Soufi and Ilias [3]). A Riemannian metric
g on a closed surface M is called extremal for the functional Λi(M, g) if for any
analytic deformation gt such that g0 = g the following inequality holds,

d

dt
Λi(M, gt)

∣∣∣
t=0+

6 0 6
d

dt
Λi(M, gt)

∣∣∣
t=0−

.

The list of surfaces M and values of index i such that the maximal or at
least extremal metrics for the functional Λi(M, g) are known is quite short (see
the paper [4] for detailed references): Λ1(S2, g), Λ1(RP 2, g), Λ1(T2, g), Λ1(K, g),
Λ2(S2, g) and Λi(T2, g), Λi(K, g) for some particular values of i.

Definition 2 (Lawson [5]). A Lawson tau-surface τm,k ⊂ S3 is defined by the
doubly-periodic immersion Ψm,k : R2 → S3 ⊂ R4 given by the following explicit
formula,

Ψm,k(x, y) = (cosmx cos y, sinmx cos y, cos kx sin y, sin kx sin y).

Lawson proved that for each unordered pair of positive integers (m, k) with
(m, k) = 1 the surface τm,k is a distinct compact minimal surface in S3. Let us
impose the condition (m, k) = 1. If both integers m and k are odd then τm,k is a
torus. If one of integers m and k is even then τm,k is a Klein bottle. The torus
τ1,1 is the Clifford torus.

Our main result is the following theorem from the paper [4]. The proof is
based on the theory of periodic Sturm–Liouville problems and the theory of the
Lamé equation.

Theorem 1. Let τm,k be a Lawson torus. Then the induced met-
ric on τm,k is an extremal metric for the functional Λj(T2, g), where

j = 2
([√

m2 + k2
]

+m+ k
)
− 1. Let τm,k be a Lawson Klein bottle. Then the
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induced metric on τm,k is an extremal metric for the functional Λj(K, g), where

j = 2

[√
m2+k2

2

]
+m+ k− 1. The corresponding values of Λj(T2, g), Λj(K, g) are

given in the paper [4].
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On the large-time behaviour of solutions to fractional diffusion
equations

Piatnitski A. (Lebedev Physical Institute RAS, Moscow, Russia, Narvik
University College, Norway)

The talk will focus on the asymptotic behaviour of solutions to a time-
fractional diffusion equation of the form

∂αt uε = div
(
(a(x)∇u

)
, (x, t) ∈ Q× R+,

∂u

∂na
= 0 x ∈ ∂Q,

u(x, 0) = f(x), ∂tu(x, 0) = g(x) x ∈ Q,

stated in a smooth bounded domain Q ⊂ Rn; by ∂αt we denote the fractional
Caputo derivative in time variable of order α with α ∈ (1, 2).

We show that under natural uniform ellipticity assumptions on the matrix a,
a solution u of the studied problem approaches a linear function u0(t) = At+B.
Moreover, the convergence is power-law, that is

‖u(·, t)− u0(t)‖L2(Q) ≤ Ct
1−α, t ∈ (1,+∞),

for some C > 0.

This is a joint work with K. Ruotsalainen (Oulu, Finland).

The dichotomy in approximations of abstract parabolic equations
Piskarev S. I. (Lomonosov Moscow State University, Russia)

This talk is devoted to the numerical analysis of abstract semilinear parabolic
problem in some general Banach space E

u′(t) = Au(t) + f(u(t)), u(0) = u0,

where the operator A generates analytic C0-semigroup and f(·) : Eα ⊆ E → E,
0 ≤ α < 1, is assumed to be continuous, bounded and continuously Fréchet
differentiable function. More precisely we assume that the following condition
holds: for any ε > 0 there is δ > 0 such that ‖f ′(w) − f ′(z)‖B(Eα,E) ≤ ε as
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‖w − z‖Eα ≤ δ for all w, z ∈ UEα(u∗; ρ), where u∗ is a hyperbolic equilibrium
point of the main problem.

We are developing a general approach to establish a discrete dichotomy in
a very general setting and prove shadowing Theorems that compare solutions of
the continuous problem with those of discrete approximation in time and space
variables. It is well-known fact (see [1], [2], [3], [5]) that the phase space in the
neighborhood of the hyperbolic equilibrium can be split in a such way that the
original initial value problem is reduced to initial value problems with exponential
decaying solutions in opposite time direction.

We use the theory of compact approximation principle and collectively con-
densing approximation to show that such a decomposition of the flow persists
under rather general approximation schemes. The considerations are based on
Baskakov’s approach.

In [4] a general framework was developed that allows to analyze convergence
properties of numerical discretizations in a unifying way. We consider discretiza-
tions on a general approximation scheme following G. Vainikko. The main as-
sumption of our results are naturally satisfied, in particular, for operators with
compact resolvents and condensing semigroups and can be verified for finite ele-
ment as well as finite difference methods.

The research was supported by RFBR grant 11-01-90401.
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On a method for computing waveguide scattering matrices in the
presence of discrete spectrum

Plamenevskii B. A. (St. Petersburg State University, Russia)

Let G be a domain in R2 that coincides outside a large circle with the union
of finitely many non-overlapping semi-strips (“cylindrical ends”). A waveguide is
modeled by the Dirichlet problem for the Helmholtz equation in G with spectral
parameter µ. As approximation to a row of the scattering matrix S(µ), we choose
the minimizer a(R,µ) of a quadratic functional a 7→ JR(a, µ). To define such a
functional, we solve a certain auxiliary boundary value problem in the bounded
domain GR obtained by cutting off the cylindrical ends at distance R. We prove
that, as R → ∞, the minimizer a(R,µ) tends to the corresponding row of S(µ)
with exponential rate uniformly with respect to µ in any finite closed interval
[µ1, µ2] of the continuous spectrum not containing thresholds; in doing so, we
do not exclude the presence of eigenvalues of the waveguide in [µ1, µ2] (to the
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eigenvalues there correspond eigenfunctions exponentially decaying at infinity).
The applicability of the method goes far beyond the above simplest model.

The method for computing scattering matrices was suggested in [1]. The
outline of the proof given there is valid under the restriction that the interval
[µ1, µ2] contains no eigenvalues of the waveguide. The justification of the method
without such a restriction was given for the first time in [2].

The talk is based on the joint work with O. V. Sarafanov.
The research was supported by grant RFBR-09-01-00191-a.

References
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Modelling Nonlinear Hydroelastic Waves
Plotnikov P. I. (Lavryentyev Institute of Hydrodynamics, Russia)

We use the special Cosserat theory of shells satisfying Kirchoff’s hypothesis
and incompressible flow theory to model the interaction between an elastic sheet
and an infinite ocean for which it forms the top surface. From a general discussion
of three-dimensional motions, involving an Eulerian description of the flow and a
Lagrangian description of the elastic sheet, a special case of two-dimensional trav-
elling waves which propagate without changing shape on the surface of a fluid that
moves under gravity, bounded above by a heavy, frictionless, thin (unshearable)
elastic sheet. The sheet stays in contact with the zero streamline of the flow and
is deformed by internal elastic forces and couples, and inertial forces and gravity,
according to the laws of elasticity. The flow, which is supposed irrotational, is
at rest at infinite depth and its velocity is stationary relative to a frame moving
with the wave. Therefore the pressure exerted by the fluid at a steady streamline
depends on its height and the fluid velocity. This work studies the balancing of
these elastic and hydrodynamic effects to produce a steady hydroelastic wave.

To do so, it is supposed that the surface membrane is hyperelastic, with a
stored energy function that depends on the stretch, the stretch-gradient, and the
curvature of the membrane. The problem is then formulated as one for critical
points of a Lagrangian. It is notable that the stored energy for travelling waves
may be non-convex in the stretch even when the stored energy of the material at
rest is convex. The existence of waves is proved by maximizing the Lagrangian in
the presence of strain-gradient effects. An understanding of the limiting process,
as the coefficient of the strain-gradient term in the elastic energy tends to zero,
is the purpose of this investigation. Our main result is a detailed description
of the Young measure that arises as a limit of a sequence of maximizers as the
strain-gradient coefficient tends to zero.
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Classification of Morse–Smale diffeomorphisms on 3-manifolds
Pochinka O. V. (Nizhny Novgorod State University, Russia)

This report is devoted to an exposition of results obtained by the author in
collaboration with C. Bonatti, and V. Z. Grines.

Morse–Smale diffeomorphisms have a finite hyperbolic nonwandering set and
transversal intersection of stable and unstable manifolds of periodic points (sim-
ilar to structural stable flow on surfaces). They are structurally stable, have
zero topological entropy, exist on any manifolds and their dynamic properties are
closely related to the topology of the ambient manifold. To date, due to results
of A. Bezdenezhnyh, C. Bonatti, V. Grines, R. Langevin, considerable progress
has been made in the classification of Morse–Smale diffeomorphisms on surfaces.
In the simplest case, when diffeomorphism is gradient-like (without heteroclinic
intersections) the complete topological invariant given by a distinguishing graph
(similar to Leontovich–Mayer scheme and Peixoto graph for flows). Obstruction
for such combinatorial invariants in dimension 3 is a possibility of wild embedded
separatrices of saddle periodic points even for diffeomorphisms with one saddle
point, found by D. Pixton.

Thus it is necessary to use other approaches, catching a topology of embedding
of separatrices. Then the dynamics of arbitrary Morse–Smale diffeomorphism f on
3-manifold M is represented as a “source-sink”, where the roles of the source and
sink are played by one-dimensional attractor A and repeller R, all points different
from A ∪ R are wandering points and move under the diffeomorphism from the

source to the sink. Topological structure of the orbit space V̂ of the wandering set
V = M \ (A∪R) together with the embedded images of the invariant manifolds of
saddle periodic points is complete topological invariants. Moreover, this approach
allows to realize diffeomorphisms within the class under consideration. This report
generalizes papers [1]–[3], where classification of Morse–Smale diffeomorphisms of
3-manifolds under various generality assumptions was obtained.

The research was supported by RFBR grant 11-01-00730 and grant of gov-
ernment of Russian Federation 11.G34.31.0039.
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On location of spectrum and absence of the basis property in the
system of root functions of a variable slope derivative problem

Polosin A. A. (Moscow State University, Russia)

A spectral slope derivative problem for the Laplace operator in a unit disk
D:

∆u+ µ2u = 0, (r, ϕ) ∈ D, (1)
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(rur + kuϕ)∂D = 0, (2)

where k is a real nonzero number, was studied in [1]; it was proved that the
spectrum does not lie in the Carleman parabola and the root functions do not
form a basis in any Lp(D), p > 1.

Theorem 1. The results of [1] remain true in the case of a variable non-
degenerating angle of the slope, i. e. when k = k(ϕ) is a continuous 2π-periodic
sign-preserving function.

This work was supported by the Federal Task Program “Scientific and Peda-
gogical Staff of Innovational Russia”’ for 2009–2013 and the Program for Support
of Leading Scientific Schools (project no. NSh-7332.2010.9).
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Operator extension theory model for EM field-electron interaction
Popov I. Yu. (St.-Petersburg State University of Information Technologies,

Mechanics and Optics, Russia)

The self-adjoint Maxwell operator in the space L2(R3) is as follows [1]. Let
E and B be, correspondingly, the electric and magnetic fields. These vector fields
should satisfy the conditions

∇ · (εE) = 0, ∇ ·B = 0. (1)

Then, the Maxwell operator acts on six-dimensional vector field as

H1

(
E
B

)
= −i

(
0 ε−1µ−1ε · p

−ε · p 0

)(
E
B

)
. (2)

Here electric and magnetic susceptibilities, ε(x), µ(x) are smooth, strictly positive,
bounded functions of x (ε, µ ∈ C1(R3), the bounded continuous functions with
bounded continuous derivatives), ε is the Levi–Chivita tensor density (ε123 = 1
and ε is antisymmetric in all indices), p = −i∇ is the momentum operator. In
the present paper we consider the vacuum case and normalize values of ε and µ
to unity. The operator H1 defined on smooth functions is essentially self-adjoint.
We denote its closure by the same letter (H1). To construct generalized point
interaction for the Maxwell operator it is necessary to extend the initial state L2

to the Pontryagin space Π.
Consider also quantum electron, i. e. let H2 = −∆ + V be the Schrodinger

operator in L2(R3). To switch on an interaction between the EM field and the
electron we use the “restriction-extension” procedure for the operator H1 ⊕ H2.
As a result, we construct a model operator H with point-like interaction between
quantum electron and classical EM field.

Theorem 1. The dispersion equation for the model operator takes the form

(Γ11 −D1(z))(Γ12 −D2(z))− |Γ12| = 0,
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D1(z) =

(
I + zH1

H1 − zI
ϕ1, ϕ1

)
, D2(z) = lim

x→0
(R2(x, 0, z)− (4π|x|)−1),

H∗1ϕ1 = iϕ1,

Γij, i = 1, 2, are model parameters related with the strength of interaction...

Let H2 have non-empty point spectrum. The model allows one to find the
electron spectrum shift due to the EM field influence.

The research was partially supported by RFBR grant 11-08-00267.
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Stabilization to a non-stationary solution for the 3D Navier–Stokes
equations by initial control

Pribyl’ M. A. (Scientific Research Institute for System Studies of RAS, Russia)

Let Ω ⊂ R3 be a connected bounded domain with a smooth boundary ∂Ω ∈
C∞. Consider the Navier–Stokes equations:

∂tv(t, x)−∆v(t, x) + (v,∇)v +∇p(t, x) = f(t, x), div v(t, x) = 0, (1)

v(t, x)|∂Ω = 0, (2)

with the initial condition

v(t, x)|t=0 = v0(x) + u(x), x ∈ Ω. (3)

Here v(t, x) = (v1, v2, v3) is a velocity of fluid flow, p(t, x) is a pressure, f(t, x) =
(f1, f2, f3) is a given right side, and u(x) is a control supported in a given fixed
subdomain ω ⊂ Ω. All functions in the equations (1), (2) are periodic in t with a
period T .

We will use the following spaces of solenoidal vector fields:

V k(Ω) = {v(x) ∈ (Hk(Ω))3 : div = 0}, k = 0, 1, 2, . . .

V 1
0 (Ω) = V 1(Ω) ∩ (H1

0 (Ω))3,

V 1
00(ω) = {w ∈ V 1

0 (Ω) : w(x) = 0 ∀x ∈ Ω \ ω}.

Let (v̂(t, x), p̂(t, x)) be a smooth solution of the Navier–Stokes system (1), (2). The
problem of stabilization a solution of (1)–(3) with the rate σ0 > 0 is to construct
a control u(x) with suppu ⊂ ω such that the solution v(t, x) of boundary value
problem (1)–(3) satisfies:

‖v(t, ·)− v̂(t, ·)‖V 1
0 (Ω) ≤ Ce

−σ0t‖v0 − v̂(0)‖V 1
0 (Ω), t ≥ 0. (4)

Theorem 1. There exists a control u ∈ V 1
00(ω) that v(t, x) satisfies the esti-

mate (4).

The stabilization for the Navier–Stokes equations by feedback boundary con-
trol was well studied in [1], [2]. In these papers the solution v̂ was stationary.
The aim of this work is to establish a similar result in the case when the solution
v̂ depends on time.

The research was supported by RFBR grant 10-01-00136.
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Maximal semidefinite invariant subspaces for J-dissipative operators
Pyatkov S. G. (Yugra State University, Sobolev Institute of Mathematics,

Russia)

We consider the question of existence of invariant semidefinite invariant sub-
spaces for J-dissipative operators defined in a Krein space. Recall that a Krein
space is a Hilbert space H with an inner product (·, ·) in addition endowed with
an indefinite inner product of the form [x, y] = (Jx, y), where J = P+ − P− (P±

are orthoprojections in H, P+ + P− = I). A subspace M in H is said to be
nonnegative (positive, uniformly positive) if the inequality [x, x] ≥ 0 ([x, x] > 0,
[x, x] ≥ δ‖x‖2 (δ > 0)) holds for all x ∈ M . Nonpositive, negative, uniformly
negative subspaces in H are defined in a similar way. The main question un-
der consideration here is the question on existence of semidefinite (i. e. of a
definite sign) invariant subspaces for a given J-dissipative operator in a Krein
space (by a J-dissipative operator we mean an operator dissipative with respect
to the indefinite inner product [·, ·]). We describe some sufficient conditions for
a J-dissipative operator in a Krein space to have maximal semidefinite invariant
subspaces. The semigroup properties of the restrictions of an operator to these
subspaces are studied. Applications are given to the case when an operator ad-
mits matrix representation with respect to the canonical decomposition of the
space. The main conditions are given in the terms of the interpolation theory of
Banach spaces. Given a J-dissipative operator L : H → H (H is a Krein space),
the main conditions look like (H1, H−1)1/2,2 = H, where H1 = D(L), H−1 is a

completion of H with respect to the norm ‖(L − λI)−1u‖, where λ ∈ ρ(L). We
present also sufficient conditions ensuring interpolation equalities of this type and
some applications to the study of some singular differential operators of the form

Lu =
sgnx

ω(x)
(uxx − q(x)u), x ∈ R.

Assuming that

1◦. ω, q ∈ L1,loc(R), ω > 0 and q ≥ 0 almost everywhere on R and ω /∈
L1(R),

2◦. there exists a constant δ > 0 such that q + ω ≥ δ/(1 + x2),
3◦. µ({x ∈ R : q(x) 6= 0}) > 0,

and some regularity of the weight function ω near zero, we prove that the operator
L (which is J-selfadjoint J-nonpositive in a Krein space L2,ω(R) with the norm
‖u‖ = ‖

√
ωu‖L2(R) and Ju = signu) has maximal nonnegative and nonpositive

invariant subspaces and is similar to a selfadjoint operator in L2,ω(R).
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Reduction principle in the theory of stability of impulsive equations
Reinfelds A. (Institute of Mathematics and Computer Science of University of

Latvia, Latvia)

Consider the following system of impulsive differential equations in Banach
space X×Y:

dx/dt = A(t)x+ f(t, x, y),

dy/dt = B(t)y + g(t, x, y),

∆x
∣∣
t=τi

= x(τi + 0)− x(τi − 0) = Cix(τi − 0) + pi(x(τi − 0), y(τi − 0)),

∆y
∣∣
t=τi

= y(τi + 0)− y(τi − 0) = Diy(τi − 0) + qi(x(τi − 0), y(τi − 0)),

(1)

satisfying the conditions of separation

ν = max

sup
s

∫ s

−∞
|Y (s, t)||X(t, s)| dt+

∑
τi≤s

|Y (s, τi)||X(τi − 0, s)|

 ,

sup
s

(∫ +∞

s

|X(s, t)||Y (t, s)| dt+
∑
s<τi

|X(s, τi)||Y (τi − 0, s)|

))
< +∞,

and f(t, ·), g(t, ·), pi, qi are ε-Lipshitz, f(t, 0, 0) = pi(0, 0) = 0,
g(t, 0, 0) = qi(0, 0) = 0.

Theorem 1. If 4εν < 1, then there exists a unique piecewise continuous
map with respect to t satisfying the following properties: u(t, x(t, s, x, u(s, x))) =
y(t, s, x, u(s, x)) for t ≥ s, |u(s, x)− u(s, x′)| ≤ k|x− x′| and u(t, 0) = 0.

Theorem 2. Let 4εν < 1. Then for every solution (x(·), y(·)) : [s,+∞) →
X × Y of the impulsive system (1) there is such solution ζ(·) : [s,+∞) → X of
the impulsive system{

dx/dt = A(t)x+ f(t, x, u(t, x)),

∆x
∣∣
t=τi

= Cix(τi − 0) + pi(x(τi − 0), u(τi − 0, y(τi − 0))),
(2)

that for all t ≥ s fulfils the estimate |ζ(t)− x(t)| ≤ k1|y(t)− u(t, x(t))|.

We assume in addition that

µ = sup
s

(∫ +∞

s

|Y (t, s)| dt+
∑
τi>s

|Y (τi − 0, s)|

)
< +∞.

Theorem 3 (Reduction principle). Let 4νε < 1 and 2εµ < 1+
√

1− 4εν. The
trivial solution of impulsive system (1) is integrable stable, integrable asymptoti-
cally stable or integrable nonstable if and only if the trivial solution of impulsive
system (2) is integrable stable, integrable asymptotically stable or integrable non-
stable.

The research was supported by the grant 09.1220 of the Latvian Council of
Science and by the grant 2009/0223/1DP/1.1.1.2.0/09/APIA/VIAA/008 of the
European Social Fund.
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On nonlinear heat conduction in doubly periodic 2D composite
materials

Rogosin S. V. (Belarusian State University, Minsk, Belarus)

It is given an analytic solution to heat conduction problem in 2D unbounded
doubly periodic composite materials with temperature dependent conductivities
of its components (matrix and inclusions). Linear boundary value problem for
a quasi-linear differential equation is reduced to the non-linear boundary value
problem for Laplace equation. By introducing complex potentials, the later is
reduced to a nonlinear boundary value problem for doubly periodic analytic func-
tions. This problem is investigated via application of a combination of the method
of functional equations and the method of the successive approximation. Detailed
description of a new algorithm for the construction of any level approximate so-
lution to the starting problem is given.

The report is based on the joint work with G. Mishuris (Aberystwyth Univer-
sity, UK) and E. Pesetskaya (A. Razmadze Institute of Mathematics, Georgia).
The work is partially supported by Royal Society 2010/R2 Travel for Collabora-
tion grant 45239 and Belarusian Fund for Fundamental Scientific Research.

Estimates of solutions of linear neutron transport equation at large
time and spectral singularities

Romanov R. (St. Petersburg State University, Russia)

We analyze the large time asymptotics for the linear neutron transport equa-
tion,

∂

∂t
ut(x, µ) = −µ ∂

∂x
ut(x, µ) + c(x)

∫ 1

−1

K(µ, µ′)ut(x, µ
′) dµ′, (1)

x ∈ R, µ ∈ [−1, 1]. Our main result is that the contribution of the essential
spectrum of the corresponding generator in the asymptotics of ut at t → ∞ is
polynomially bounded in the L2-norm if the kernel K is polynomial in µ, µ′, and
admits a sharp linear bound if the kernel K is constant (isotropic scattering).
In the process we prove finiteness of the discrete spectrum and of the set of
spectral singularities, thus generalizing earlier results by Lehner and Wing [1, 2]
and ourself [3] to the non-isotropic case. The proofs are based on analysis of the
Szökefalvi-Nagy–Foiaş functional model of the generator.

The research was supported by RFBR grant 09-01-00515-à.
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On the G̊arding inequality for a class of functional differential
equations

Rossovskii L. E. (Peoples’ Friendship University of Russia, Russia)
Tasevich A. L. (Peoples’ Friendship University of Russia, Russia)

Let q > 1 and Ω be a smooth bounded domain in Rn such that Ω ⊂ qΩ. We
consider the following functional differential operator in Ω:

Au(x) =
∑

|α|,|β|6m

Dα
[
aαβ0(x)Dβu(x)+

+aαβ1(x)Dβu(q−1x) + aαβ,−1(x)Dβu(qx)
]
, (1)

where the coefficients aαβj(x) are smooth functions in Ω, and establish some
necessary conditions and sufficient conditions for the G̊arding-type inequality

Re(Au, u)L2(Ω) > c1‖u‖2Hm(Ω) − c2‖u‖2L2(Ω) (u ∈ C∞0 (Ω)). (2)

If A is a differential operator (e. g., aαβ1 = aαβ,−1 = 0 in (1)), then (2) is a
synonym of strong ellipticity [1]. For a broader class of operators, inequality (2)
guarantees the Fredholm solvability as well as discreteness and sectorial structure
of the spectrum of the Dirichlét problem for the equation Au = f in L2(Ω).
Fulfilment of (2) in the case of differential-difference equations was studied in [2].

Theorem 1. Let inequality (2) hold for the operator A given by formula (1).
Then the self-adjoint part of the operator

v(x) 7→
∑

|α|,|β|=m

ξα+β [aαβ0(x)v(x) + aαβ1(x)v(q−1x) + aαβ,−1(x)v(qx)
]

is positive definite in L2(Ω) for all ξ ∈ Sn−1.

Introduce the notations aαβ(x) = Re aαβ0(x), bαβ(x) = (aαβ1(x) +
q−nāαβ,−1(q−1x))/2,

a(x, ξ) =
∑

aαβ(x)ξα+β , b(x, ξ) =
∑

bαβ(x)ξα+β ,

r(x, ξ) =
qnb(x, ξ)√

a(x, ξ)a(q−1x, ξ)

(the summation is over all |α|, |β| = m). It is a simple consequence of Theorem 1

that a(x, ξ) is positive in Ω.

Theorem 2. If there exists a smooth function δ(x, ξ) such that 0 < δ(x, ξ) < 1
and

r(x, ξ) < δ(x, ξ)
(
1− δ(q−1x, ξ)

)
(x ∈ Ω, ξ ∈ Sn−1),

then inequality (2) holds for the operator A given by (1).

Corollary 1. If r(x, ξ) < 1/4 for x ∈ Ω, ξ ∈ Sn−1, then A satisfies (2).
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It should be noted that the condition r(ξ) < 1/4 coincides with the necessary
condition from Theorem 1 in the case where the coefficients aαβj(x) are constants
[3].

The research was supported by RFBR grant 10-01-00395-a.
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On formation of singularity from smooth initial data for the
pressureless gas dynamics

Rozanova O. S. (Moscow State University, Russia)

As is known, smooth solutions to the pressureless gas dynamics system

∂tρ+ div
x

(ρu) = 0, ∂t(ρu) +∇x(ρu⊗ u) = 0, (1)

for the density ρ(t, x) and velocity u(t, x), x ∈ Rn, t ≥ 0, can be obtained as limits
as σ → 0 of solutions to the regularized system

∂ρσ
∂t

+ div
x

(ρσuσ) =
1

2
σ2

n∑
k=1

∂2ρσ
∂x2

k

,

∂(ρσuσ,i)

∂t
+ div

x
(ρσ uσ,i uσ) =

1

2
σ2

n∑
k=1

∂2(ρσuσ,i)

∂x2
k

,

i = 1, . . . , n. The formulae, obtained in [1], allow to study the process of formation
of delta-singularity from smooth initial data. For example, in 1D case we get the
following result.

Theorem 1. Let the initial data (ρ0, u0) for the system (1) be at least
Cm-smooth and bounded, m ≥ 2. Assume that there is an instant 0 < t∗ < ∞,
such that t∗ = inf

x∈R

(
− 1
u′0(x)

)
and u(k)(s∗) = 0, k = 1, ...,m− 1, however u(m)(s∗)

does not vanish at the point s∗(t∗, x∗), where s∗ is a solution to the equation
u0(s) t∗ = x∗ − s. Here x∗ is such that the line y = x∗−s

t∗
intersects the graph

of the initial velocity y = u0(s) at a unique point and it is tangent to the graph.
Then

ρσ(t∗, x∗) ∼ B(x∗, t∗) ρ0(s∗)σ
−m−1

m , σ → 0,

where

B(x∗, t∗) = Km
|u′0(s∗)|

m−1
2m

|u(m)
0 (s∗)|

1
m

,

Km =
1

2
m−1
2m m

√
π

(m!)
1
m Γ

(
1

2m

)
=

√
2

e
m+O(lnm), m→∞.
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Theorem 2 (Amplitude of the δ-function). Assume that the C1-smooth initial
datum u0(x) is linear on the segment Ω = (x1, x2), moreover, the second left-
hand derivative u′′0 (x1 − 0) at the point x1 and the second right-hand derivative
u′′0 (x2 + 0) at the point x2 do not vanish. Let x∗ be the unique point such that the
line y = x∗−s

t∗
and the graph of the initial velocity y = u0(s) have a common linear

segment Ω̄ = [s1, s2]. Then at the moment t = t∗ at the point x = x∗ the component

of the density develops a δ-singularity of amplitude A(x∗) =
s2∫
s1

ρ0(s) ds.

Under the assumptions of Theorem 1

ρσ(t∗, x∗) ∼ σ
1
m M(x∗, t∗,m) ρ0(s∗)Rσ(t∗, x∗), σ → 0,

where M(x∗, t∗,m) is a constant depending only on the properties of u0 and
Rσ(t∗, x∗) tends to δ(x − x∗) as σ → 0 in D′(R). Thus, the δ-function, arising
from smooth initial data without linear segments in the velocity component, has
initially a zero amplitude.

Supported by the project DFG 436 RUS 113/823/0-1 and the special program
of the Ministry of Education of the Russian Federation, project 2.1.1/1399.
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Computer simulation of the confluence of the free boundaries in the
spherically symmetric model of the phase field system

Rudnev V. Yu. (Moscow Technical University of Communications and
Informatics, Russia)

We numerically research the solutions of the phase field system for the spher-
ically symmetric Stefan–Gibbs–Thomson problem in the case of interaction of the
free boundaries.

We consider the phase field system

∂σ

∂t
− ∂2σ

∂r2
= −r ∂u

∂t
, εLu =

u− u3

ε
+ κσ

r
, (1)

where L = ∂
∂t
− 1

r2
∂
∂r

(
r2 ∂
∂r

)
, the function σ has the meaning of the temperature,

u is the order function. Passing to the limit as ε → 0 in (1) we obtain the
Stefan–Gibbs–Thomson problem for the each free boundary r̂i(t):

∂σ

∂t
=
∂2σ

∂r2
, r ∈ [R1, R2], r 6= r̂i(t), i = 1, 2,

σ

r

∣∣∣∣
r=r̂i(t)

= (−1)i+1

(
r̂′i(t) +

2

r̂i(t)

)
,[

∂σ

∂r

]∣∣∣∣
r=r̂i(t)

= (−1)i+12r̂i(t)r̂
′
i(t).

We construct the difference scheme for system (1) and we numerically simu-
late the confluence of the free boundaries.
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The main result of our research is that we reveal the effect of the soliton type
(negative) disturbance of the temperature σ in the point of the contact of the free
boundaries. This disturbance is localized in the coordinate and at the time.

We obtain and numerically verify the analytical formula for the amplitude of
the disturbance of the temperature. Namely, the jump of the temperature in the
point and at the moment of time of the contact is determined by formula

[σ̄]|r=r∗, t=t∗ = − lim
t→t∗−0

lim
ε→0

r1(t, ε)r′1(t, ε)− r2(t, ε)r′2(t, ε)

2
,

where ri(t, ε), i = 1, 2 are the asymptotic form of the positions of the free bound-
aries.
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Geometry of separation of variables and topology of the Liouville
foliation in the D. N. Goryachev case
Ryabov P. E. (Finance University, Russia)

D. N. Goryachev [1] generalized the Chaplygin case [2] of rigid body motion
in fluid to the problem with the potential that has a singularity in the equato-
rial plane of the inertia ellipsoid. Further generalizations to the case of a gyrostat
were obtained by H. Yehia [3]. However, until now the Goryachev case [1] was not
expressed in terms of quadratures explicitly. In [4], on the basis of the bihamil-
tonian approach a version of constructing separation variables for the Goryachev
case was suggested and the Abel–Jacobi type equations for these variables were
written down.

In this talk we give the explicit real separation of variables in the Goryachev
case which is different from [4]. The solution obtained does not use any far-going
mathematical theories and is based on the pure obvious calculation (see [2]) and
geometrical approach to separation of variables suggested by M. P. Kharlamov [5].
We find the standard form of the Kowalevski-type separated equations and alge-
braically express all phase variables via the variables of separation. The obtained
formulas make it possible to fulfil the complete investigation of the topology of
the Liouville foliation in the Goryachev case with the Boolean functions method
[6] including construction of the bifurcation sets, description of the admissible re-
gions in the integral constants plane, calculation of the Liouville tori bifurcations
along all basic paths and classification of singular leaves structure.

This work is supported by the RFBR grant No 10-01-00043.
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New Method for Solving General Singular Equations and Its
Application

Sadik N. (Istanbul University, TURKEY)
Koca B. B. (Istanbul University, TURKEY)

General singular equations were first given by Z. I. Halilov [1]. He considered
general singular operator of normal type, proved that these operators are Noether
operators, and constructed regularizator of these operators. Yu. I. Cherskii [2]
gave a solution for general singular equation of normal type by using similar
Riemann boundary value problem.

In this study, we present a new method for solving normal type general sin-
gular equations. This method is easier and more simple than Cherskii’s method.
Finally, as an application for our method, we concern with the solution for a class
of convolution type integral equation on a larger class.
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On properties of solutions of quasi-linear boundary value problems for
ordinary differential equations

Sadyrbaev F. (University of Latvia, Latvia)

The classical results say that the boundary value problem (BVP)

x′′ + p(t)x′ + q(t)x = f(t, x, x′), t ∈ [0, 1] (1)

x(0) = 0, x(1) = 0 (2)

is solvable if p, q and f are continuous functions, f is bounded and the homoge-
neous problem

x′′ + p(t)x′ + q(t)x = 0, x(0) = 0, x(1) = 0 (3)

has only the trivial solution.
It was shown in [1] that more can be said about the expected solution.
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Theorem 1. Quasi-linear BVP (1), (2) with an i-nonresonant linear part
has an i-type solution.

This means that a solution ξ(t) exists which has the same type as the linear
part x′′+p(t)x′+q(t)x does. The type of the linear part is defined by the number
of zeros of a solution to the Cauchy problem

x′′ + p(t)x′ + q(t)x = 0, x(0) = 0, x′(0) = 1 (4)

in the interval (0, 1). The type of a solution ξ(t) is defined in [1] and roughly
coincides with the oscillatory type of the respective equation of variations

y′′ + p(t) y′ + q(t) y = fx(t, ξ(t), ξ′(t)) y + fx′(t, ξ(t), ξ
′(t)) y′, (5)

provided that f is a C1-function.
This observation have resulted ([2]) in the multiplicity results for nonlinear

the second order BVPs of the type

x′′ = F (t, x, x′), x(0) = 0, x(1) = 0. (6)

Indeed, if multiple quasi-linear equations (of the form (1)) can be constructed
which are identical with the equation in (6) in some domains, then multiple solu-
tions of different type exist for the problem (6).

Due to continuous interest to asymmetric equations of the form

x′′ + λx+ − µx− = f(t, x, x′), t ∈ [0, 1] (7)

we study the problem (7), (2). Here λ and µ are non-negative parameters, x+ =
max{x, 0}, x− = max{−x, 0}, the right side f is a bounded nonlinearity. We
provide the analogue of Theorem 1 for this case.
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Asymptotic description of resonant tunneling in 3D quantum
waveguides of variable cross-section

Sarafanov O. V. (St. Petersburg State University, Russia)

Resonant tunneling can occur as an electron propagates in a quantum waveg-
uide of variable cross-section. The waveguide narrows play the role of effective
potential barriers for the longitudinal electron motion. The part of the waveguide
between two narrows becomes a “resonator”, and there can arise conditions for
electron resonant tunneling. This phenomenon consists of the fact that, for an
electron with energy E, the probability T (E) to pass from one part of the waveg-
uide to the other through the resonator has a sharp peak at E = Eres, where
Eres denotes a “resonant” energy. Such reentrant quantum resonators can find
applications as elements of nanoelectronics devices and provide some advantages
in regard to operation properties and production technology. To analyze their
operation, it is important to know Eres, the behavior of T (E) for E close to Eres,
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the height of the resonant peak, and its width at the half-height (the so-called
resonant quality factor). We consider electron propagation in an infinite waveg-
uide with two cylindric outlets to infinity and two narrows of small diameters ε1

and ε2. The electron motion is described by the Helmholtz equation. We derive
asymptotic formulas (and estimate the remainders) for the resonant energy, the
shape of the resonant peak, and the transition and reflection coefficients as ε1 and
ε2 tend to zero. Such formulas depend on the limiting shape of the narrows; we
assume that the limiting waveguide in a neighborhood of each narrow coincides
with two cones intersecting only at their common vertex. Our approach (based
on the compound asymptotics method) can be employed for sound resonators and
super-high-frequency resonators.

The talk is based on the joint work [1] with L. M. Baskin, P. Neittaanmäki,
and B. A. Plamenevsky.

The research was supported by grant RFBR-09-01-00191-a.
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Spectral properties of Dirac operators on (0, 1) with summable
potentials

Savchuk A. M. (Moscow State University, Russia)

We consider the Dirac operator L generated in the space (L2[0, 1])2 by the
differential expression

B
d

dx
+Q, B =

(
0 1
−1 0

)
, Q =

(
q1 q2
q3 q4

)
,

and some regular boundary conditions. We assume, that Q belongs to Lp[0, 1],
for some p ∈ [1,∞), or to the Sobolev space W θ

2 [0, 1] with some θ ∈ [0, 1/2).
For such kind potentials we establish an asymptotic behavior of eigenvalues and
eigenfunctions of operator L. In the case when the entries of Q belong to Lp(0, 1)
with some p > 1 we prove that the system of eigen and associated functions form
a Riesz basis in (L2[0, 1])2.

The talk is based on joint works with A. Shkalikov.

Homogenization of a 3D model of viscous barotropic gas provided
with rapidly oscillating initial data

Sazhenkov S. A. (Lavrentiev Institute of Hydrodynamics, Novosibirsk, Russia)

We consider the classical three-dimensional Navier–Stokes equations of vis-
cous compressible gas [1] in a bounded domain supplemented with the no-slip
condition on the boundary, an initial distribution of the velocity field, and rapidly
oscillating initial distributions of density. Rapid oscillations of initial density are
modeled by means of weak limiting relations arising as frequencies go to infinity.
The state equation is the equation of barotropic gas. The adiabatic exponent is
supposed to be greater than 3.
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We work out the homogenization procedure on the strict mathematical level,
as frequencies of rapid oscillations tend to infinity, and derive the limiting effective
dynamical model for a viscous compressible gas with rapidly oscillating initial
data, as a result.

The limiting model consists of the momentum and balance of mass equations
of the same forms, as in the original formulation; the state law that differs from
the state law of barotropic gas and contains an additional sought function, which
is called a distribution function; and the kinetic equation for the distribution
function that describes evolution of rapid oscillatory regimes in time and space.

We emphasize that any kind of structure like, for example, periodicity, quasi-
periodicity, or random homogeneity, is not imposed on the medium under consid-
eration.

The proofs in the work are based on the classical methods in the existence
theory of solutions of viscous compressible gas equations [1] and on a version of
kinetic equation, proposed by P. I. Plotnikov and J. Sokolowski [2].

The work was partially supported by the RFBR grant 10-01-00447 and by the
Federal special-purpose program “Scientific and scientific-pedagogical personnel
of innovative Russia” for the years 2009–2013 (contract no. 02.740.11.0617).
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A Feynman–Kac–Duhamel Formula
Shamarov N. N. (Moscow State University, Russia)

A Feynman–Kac type formula is proved for Cauchy problems with non-
homogeneous linear heat type equations.

In the following elements T ∈ R 3 a are fixed, T > 0 < a, [0;T ] = {r : r ∈
R, 0 ≤ r ≤ T}, n and k are natural numbers, Rn is the n-dimensional Euclidean
real coordinate space, t ∈ [0;T ] and x ∈ Rn are variables, C[0;T ] is the space of
all continuous Rn-valued functions on the segment [0;T ] with its standard max-
norm; C(Rn) is the space of all continuous C-valued functions on Rn , Cb(Rn) ={
f : f ∈ C(Rn), sup

x∈Rn
|f(x)| <∞

}
is the standard Banach space with the sup

norm, C
(k)
b (Rn) is the Banach space of all k times continuously differentiable C-

valued functions having bounded derivatives up to kth order, ∆x is the ordinary

Laplacian regarded as the operator C
(3)
b (Rn) → Cb(Rn), C

(1)
b ([0;T ] × Rn) is the

space of all bounded jointly continuously differentiable C-valued functions of n+1

real variables; u ∈ Cb(Rn) (“potential”, or “source”), f ∈ C
(1)
b ([0;T ] × Rn)

(“controlling function”, or “outer force”; for any such function we sometimes

write ft(x) instead of f(t, x)) and ψ0 ∈ C(3)
b (Rn). If ψ ∈ C(1)

b ([0;T ] × Rn) then
Ψ : [0;T ] → C(Rn) is defined by Ψ(t) ≡ Ψt and Ψt(x) = ψ(t, x) (t ∈ [0;T ], x ∈
Rn).
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Definition 1. By CP(T, u, f, a, ψ0) we understand the (Cauchy) problem to

find such a function ψ ∈ C(1)([0;T ]×Rn) that the corresponding function Ψ maps

the segment [0;T ] into C
(3)
b (Rn) and

{
∂tψ(t, x) = (a

2
·∆x − u)ψ(t, x) + f(t, x),

ψ(0, x) = ψ0(x) , t ∈ [0; t], x ∈ Rn .
In this case the function ψ is referred to as the solution of the Cauchy problem.

Theorem 1. Let a problem CP(T, u, f, a, ψ0) is posed. Then there exists a
solution ψ to the problem; the solution is unique and satisfy the equality

ψ(t, x) =

∫
z∈C[0;T ]

{e
−
T∫
0
u(x+z(s))ds

ψ0(x+ z(t))+

+

T∫
0

e
− t
T

T∫
0
u(x+

√
T
t
z(s))ds

fT−t(x+
√

T
t
z(t))}W a

T (dz)

(called the Feynman–Kac–Duhamel formula) where W a
T is the central (Wiener

type) Gaussian Borel measure on the Banach space C[0;T ] defined by independent
increments space- and time-homogeneous transition probabilities having dispersion
a · τ during the time τ .

Corollary 1. If the coefficients u, f and the initial datum ψ0 are real valued
then the solution ψ is also real valued. In this case, if f and ψ0 are non-negative
then the solution has the same property.

Corollary 2. For the case when f ≡ 0 we return to the classical Feynman–
Kac type formula.

The research was supported by RFBR grant 06-01-00724.
The author thanks O. G. Smolyanov and I. V. Volovich for fruitful discussions.
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Control of the canard explosion in a semiconductor optical amplifier
Shchepakina E. (Samara State Aerospace University, Russia)

Korotkova O. (University of Miami, USA)

On the basis of the geometric theory for the singularly perturbed systems of
the ordinary differential equations [1, 2] we analyze the thermo-optical dynamics
in the semiconductor optical amplifiers [SOA]. Our main focus is on the critical
regime which the solution exhibits, which is understood as the separation between
the domains of self-accelerating and slow regimes. The dynamical model of the
SOA in the presence of the noise exhibits the critical regime which is similar to
that appearing in systems with the classic supercritical Hopf bifurcation. We
analytically investigate the recently experimentally discovered occurrence of the
optical canard explosion [3, 4] and determine the range of the control parameter,
relating to the input power, for which the extremely fast transition of the solution
from a small amplitude quasi-harmonic limit cycle to relaxation oscillations takes
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place. The importance of the controllable transition from the limit cycle to the
relaxation oscillations in SOA may play a crucial role for understanding of the
optical system synchronization in general and, in particular, for the development
of the photonic clocks [5]. It is also of importance for the optical signal threshold
detection in situations when the low-level signal is embedded into noise [6].

The research was supported by RFBR grant 10-08-00154a, the US AFOSR
(grant FA 95500810102) and US ONR (grant N6883610P2842).
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A new class of systems of conservation laws admitting δ-shocks
Shelkovich V. M. (St.-Petersburg State Architecture and Civil Engineering

University, Russia)

There are “nonclassical” situations where, in contrast to Lax’s and Glimm’s
classical results, the Riemann problem for a system of conservation laws either
does not possess a weak L∞-solution or possesses it for some particular initial
data. In order to solve the Riemann problem in these situations, it is necessary
to seek solutions in the form of δ-shocks (which are solutions whose components
contain Dirac delta functions). Problems related to δ-shocks have been intensively
studied in the last 12 years (see [2], [4], and the references therein). Systems
of conservation laws admitting δ-shocks arise in the models of the formation of
large-scale structures of universe, of the formation and evolution of traffic jams,
of media which can be considered as having no pressure (for example, dusty gases,
two-phase flows with solid particles or droplets), of non-classical shallow water
flows, of granular gases.

Here we study a new type of systems of conservation laws

(uj)t +
(
uj fj(µ1u1 + · · ·+ µnun)

)
x

= 0, x ∈ R, t ≥ 0, (1)

admitting a δ-shock wave type solution, where fj(·) is a smooth function, µj
is a constant, j = 1, 2, . . . , n. This class includes some Temple type system. If
fj(w) = 1 +

aj
1+w

, then (1) is the system of nonlinear chromatography, where

µj = 1, uj ≥ 0 and
ajuj

1+
∑n
s=1 us

are the jth components of fluid and adsorbed (solid)

phase concentrations, respectively, aj is Henry’s constant, j = 1, 2, . . . , n (see [3]).
If fj(w) = I

µj
w

and
∑n
k=1 uj = 0 then (1) is the system of isotachophoresis, where

I is current, uj is the charge density of anions of the jth type (j = 2, 3, . . . , n)
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and u1 is the corresponding value for cations, µ1, . . . , µn are the electrophoretic
mobilities of the corresponding ions (see [1]).

We introduce integral identities which give the definition of δ-shocks for (1)
and derive the corresponding Rankine–Hugoniot conditions. It is proved that the
“area” transport processes between the moving singular one-dimensional δ-shock
wave front and the region outside the front are going on. Balance relations de-
scribing these processes are derived. To solve these problems, we use our own
technique [2], [4].

This work was partially supported by the Analytical departmental special
program “The development of scientific potential of the Higher School”, project
2.1.1/10617 and by DFG Project 436 RUS 113/895.

References

[1] T. V. Alekseyevskaya, Study of the system of quasilinear equations for isotachophoresis,
Advances in Applied Mathematics 11 (1990), 63–107.

[2] Danilov V. G., Shelkovich V. M., Delta-shock wave type solution of hyperbolic systems
of conservation laws, Quarterly of Applied Mathematics 63 (2005), no. 3, 401–427.

[3] M. Mazzotti, Nonclassical composition fronts in nonlinear chromatography: delta-
shock, Ind. Eng. Chem. Res. 48 (2009), 7733–7752.

[4] Shelkovich V. M., δ- and δ′-shock types of singular solutions to systems of conserva-
tion laws and the transport and concentration processes, Uspekhi Mat. Nauk 63:3(381)
(2008), 73–146. English transl. in Russian Math. Surveys, 63:3 (2008), 473–546.

On the Stokes problem with non-zero divergence
Shilkin T. N. (V. A. Steklov Mathematical Institute, St.-Petersburg, Russia)

We study the strong solvability of the nonstationary Stokes problem with
non-zero divergence in a bounded domain.
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Exponential stabilisation to a non-stationary solution for 2D
Navier–Stokes equations and applications

Shirikyan A. R. (Cergy–Pontoise University, France)

The problem of controllability and stabilisation for Navier–Stokes equations in
a bounded domain was intensively studied in the last twenty years. In particular,
it was proved that the Navier–Stokes system is exactly controllable in any finite
time by an external force localised in space, and any stationary point of the
flow can be stabilised by a finite-dimensional feedback control; see [3, 2]. We
discuss the problem of stabilisation to a non-stationary solution of Navier–Stokes
equations. Our main theorem states that any such solution can be stabilised by
means of a finite-dimensional force localised in space and time. We also discuss
an application of this result to the problem of exponential mixing for 2D Navier–
Stokes equations perturbed by a space-time localised noise. The results presented
in this talk are obtained in collaboration with V. Barbu and S. Rodrigues.
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Let us describe the main result in more detail. Consider the 2D Navier–Stokes
system in a bounded domain D ⊂ R2 with smooth boundary ∂D:

u̇+ 〈u,∇〉u− ν∆u+∇p = f(t, x), div u = 0, u
∣∣
∂D

= 0. (1)

Here u = (u1, u2) and p are unknown velocity and pressure of the fluid, ν > 0 is
the viscosity, and f is an external force represented as the sum of two functions h
and η, the first of which is a given H1-smooth function 1-periodic in time, while
the second is a control: f = h + η. We assume that η is sufficiently smooth and
the support of its restriction to the cylinder [k, k+1]×D is contained in (k, 0)+Q,
where Q is an open subset of (0, 1)×D. Let us introduce the phase space

H = {u ∈ L2(D,R2) : div u = 0 in D, 〈u,n〉 = 0 on ∂D},

where n is the outward unit normal to ∂D, and endow it with the L2-norm ‖ · ‖.
The proof of the following result can be found in [1].

Theorem 1. For any R > 0 and α > 0 there is a finite-dimensional subspace
E ⊂ H1

0 (Q,R2) and positive constants C and δ such that the following property
holds: given û0, u0 ∈ H with ‖û0‖ ≤ R and ‖u0− û0‖ ≤ δ one can find a control η
such that the restriction of η(t+k, x) to (0, 1)×D belongs to E for any integer k ≥ 0
and

‖u(t;u0, h+ η)− u(t; û0, h)‖ ≤ Ce−αt‖u0 − û0‖ for t ≥ 0, (2)

where u(t, v, f) stands for the solution of (1) issued from v ∈ H.

In the case when η is a non-degenerate random force, we prove that the
Markov dynamics generated by (1) has a unique stationary measure and possesses
a property of exponential mixing in the Kantorovich–Wasserstein distance.
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Boundary regimes with peaking for arbitrary order quasilinear
parabolic equations

Shishkov A. E. (Institute of Applied Mathematics and Mechanics of NASU,
Donetsk, Ukraine)

We study Cauchy–Dirichlet problem for general divergent higher order quasi-
linear parabolic equations in unbounded multidimensional domains with boundary
data, which has singular peaking near to some finite time (blow-up time) on some
bounded part of the domain’s boundary. We describe localized and nonlocalized
regimes, the size and geometry of the blow-up zone of arbitrary energy solution.
For nonlocalized regimes we obtain sharp upper estimates of propagation of sin-
gular wave.
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Asymptotic behavior of the solution of a parabolic problem with
different boundary multi-phase interactions in a perforated domain

Sivak O. A. (Swansea University, UK)

Let Ωε be a domain that is ε-periodically perforated by small holes with di-
ameter of order O(ε). The holes are divided into three ε-periodical sets depending
on the boundary interaction at their surfaces.

We consider the following initial/boundary-value problem

∂tuε − Lε(uε) + h0uε = f0 in Ωε × (0, T ),

σε(uε) = εαg(1) on Ξ(1)
ε × (0, T ),

σε(uε) = εγg(2) on Ξ(2)
ε × (0, T ),

uε = 0 on (Ξ(3)
ε ∪ Γε)× (0, T ),

uε(x, 0) = 0 in Ωε.

(1)

Here Lε(uε) :=
∑N
i,j=1 ∂xi

(
aij(

x
ε
)∂xjuε(x)

)
, σε(uε) :=

∑N
i,j=1 a

ε
ij(x)∂xjuε(x)νi

is the conormal derivative, h0 is a constant, α and γ are arbitrary fixed real
parameters.

We study the influence of the boundary conditions and the parameters α and
γ on the asymptotic behavior of the solution. For the solution to problem (1) we
construct and justify the complete asymptotic expansion for the solution using
two-scale asymptotic expansion method.

These results were obtained together with T. A. Mel’nyk.

Solvability of the Vlasov equations in a half-space
Skubachevskii A. L. (People’s Friendship University of Russia, Russia)

We consider the Vlasov–Poisson system of equations describing evolution of
distribution functions of the density for the charged particles in rarefied plasma.
We study the Vlasov–Poisson system in R3

+ × R3 with initial conditions for dis-

tribution functions fβ
∣∣
t=0

= fβ0 (x, p), β = ±1, and Dirichlet boundary condition

for potential of electric field for x1 = 0, where fβ0 (x, p) is the initial distribution
function (for positively charged ions if β = +1 and for electrons if β = −1) at the
point x with impulse p, R3

+ = {x ∈ R3 : x1 > 0}. Assume that initial distribution

functions are sufficiently smooth and supp fβ0 ⊂ (R3
δ ∩Bλ(0))×Bρ(0), δ, λ, ρ > 0,

and magnetic field H(x) is also sufficiently smooth and has a special structure
near the boundary x1 = 0, where R3

δ = {x ∈ R3 : x1 > δ}. Then we prove that
for any T > 0 there is a unique classical solution of the Vlasov–Poisson system in
R3

+ × R3 for 0 < t < T if ‖fβ0 ‖ < ε, where ε = ε(T, δ, ρ, ‖H‖) is sufficiently small.

This work was supported by the RFBR (grants No. 10-01-00395 and No. 09-
01-00586) and the analytical departmental special-purpose program “Development
of Scientific Potential of Higher Education” (No. 2.1.1/5328).
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On a Solvability of the Dirichlet Problem with the p-Laplacian
Perturbed by a Difference Operator

Solonukha O. V. (Centlal Economical-Mathematical Institute of the Russian
Academy of Sciences, Russia)

We consider the essentially nonlinear Dirichlet problem

∆pRQu(x) = f0(x) (x ∈ Q), (1)

u(x) = 0 (x ∈ ∂Q). (2)

Here Q ⊂ Rn is a bounded domain with smooth boundary ∂Q, p ∈ (2,∞),
1/p+ 1/q = 1, f0 ∈ Lq(Q), ∆p is the p-Laplacian given by the formula

∆pu(x) = −
∑

1≤i≤n

∂i
(
|∂iu|p−2 ∂iu

)
.

A bounded operator RQ : Lp(Q)→ Lp(Q) is given by the formula RQ = PQRIQ,
where

Ru(x) =
∑
h∈M

ahu(x+ h),

ah ∈ R, M⊂ Zn is finite set of vectors, IQ is the extension operator of functions
from Lp(Q) by zero in Rn \ Q, PQ is the restriction operator of functions from
Lp(Rn) to Q.

It is well known that problem (1), (2) without perturbation (i. e. for R ≡ I)
has a unique solution. In a linear case (i. e. for p = 2) the existence and uniqueness
of a generalized solution of strongly elliptic differential-difference equation (1) with
boundary condition (2) was proved in [1]. We formulate the sufficient conditions
for existence of a generalized solution to nonlinear problem (1), (2) for any p ∈
(2,∞) and f0 ∈ Lq(Q). We also construct examples when such solution is not
unique.

The research was supported by RFBR grant 09-01-00586.
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On the existence problem of closed locally minimal networks on
convex polyhedra

Strelkova N. P. (Moscow State University, Russia)

A network is a geometric realization of a connected graph. The length of a
closed locally minimal network on a convex polyhedron cannot be decreased by
small deformations of the network unless the network is broken apart.

Definition 1. A network on a convex polyhedron is called closed locally
minimal if all the edges of the network are geodesics and at each node of the
network precisely three edges meet at angles of 120◦.
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Theorem 1. [1] Suppose there exists a closed locally minimal network on
polyhedron P . Then there exists a partition of the vertex set of P into several
subsets such that in each subset the total Gaussian curvature of the vertices equals
kπ
3

for some k = 1, . . . , 5, where k may be different for different subsets.

Remark 1. In the (degenerate) case of polyhedra with only three vertices
(the double-covered triangles) the necessary condition of theorem 1 is sufficient.
But it is not sufficient for polyhedra with at least four vertices, see the next
theorem.

Theorem 2. [2] There exists a tetrahedron ABCD with no closed locally
minimal networks, though the curvatures are KA = 5π

3
, KB = 2π

3
, KC+KD = 5π

3
.

Consider a tetrahedron with curvature π at each vertex. It is easy to show
that all the four triangular faces of the tetrahedron are equal. Such tetrahedra are
called quasiregular. Closed locally minimal networks on quasiregular tetrahedra
had been well studied, see [1]. It turns out that for each quasiregular tetrahe-
dron there are infinitely many plane graphs that can be realized as closed locally
minimal networks on it. In particular,

Theorem 3. [1] The complete graph on four vertices can be realized as a
closed locally minimal network on any quasiregular tetrahedra.

Thus for polyhedra with curvatures π, π, π, π the existence problem dissolves.
Our conjecture is that for each family of polyhedra with given vertex curva-

tures, all divisible by π
3

, there exists a plane graph that can be realized as a closed
locally minimal network on any polyhedron from the family. The situation seems
to be complicated even in the case of non-quasiregular tetrahedra. For example,
let G be the plane graph with four vertices, all of degree 3, and four faces: two
2-gons and two 4-gons.

Theorem 4. There exists a tetrahedron ABCD on which graph G cannot
be realized as a closed locally minimal network, though the curvatures are KA =
KB = 2π

3
, KC = KD = 4π

3
.

The research was supported by RFBR grant 10-01-00748, the Programme
for Support of Leading Scientific Schools (grant ÍØ-3224.2010.1), the Pro-
gramme for Development of the Scientific Potential of Higher Education
(grant ÐÍÏ-2.1.1.3704), and the federal target programme “Scientific and
Scientific-Pedagogical Personnel of Innovative Russia” (grant nos. 02.740.11.5213,
14.740.11.0794).
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Homogenization of parabolic and elliptic periodic operators in L2(Rd)
with the first and second correctors taken into account

Suslina T. A. (St. Petersburg State University, Russia)
Vasilevskaya E. S. (St. Petersburg State University, Russia)

In L2(Rd;Cn), we consider a matrix elliptic operator Aε = b(D)∗g(x/ε)b(D),
ε > 0. Here g(x) is an (m ×m)-matrix-valued function periodic with respect to
some lattice, bounded and positive definite. Assume that m ≥ n. Next, b(D) is
an (m × n)-matrix homogeneous first order differential operator. It is assumed
that rank b(ξ) = n, ξ 6= 0.

We study the behavior of the resolvent (Aε + I)−1 and the exponential
exp(−Aετ) (with a fixed τ > 0) for small ε. There exists the effective opera-
tor A0 = b(D)∗g0b(D) (where g0 is a constant effective matrix) such that

‖(Aε + I)−1 − (A0 + I)−1‖L2→L2 ≤ Cε, (1)

‖ exp(−Aετ)− exp(−A0τ)‖L2→L2 ≤ Cτ
−1/2ε. (2)

Estimate (1) was obtained in [1], estimate (2) in [3].
More accurate approximations with the first order correctors taken into ac-

count have been found in [2] for the resolvent and in [6] for the exponential:

‖(Aε + I)−1 − (A0 + I)−1 − εK1(ε)‖L2→L2 ≤ Cε
2, (3)

‖ exp(−Aετ)− exp(−A0τ)− εK1(τ, ε)‖L2→L2 ≤ Cτ
−1ε2. (4)

Our main results are more accurate approximations with the sum of the first
and second correctors taken into account. For the exponential we find approxi-
mation in the L2-operator norm with the following error estimate:

‖ exp(−Aετ)− exp(−A0τ)− εK1(τ, ε)− ε2K2(τ, ε)‖L2→L2 ≤ Cτ
−3/2ε3. (5)

For the resolvent we obtain approximation in the norm of operators acting
from the Sobolev space H1(Rd;Cn) to L2(Rd;Cn) with the following error esti-
mate:

‖(Aε + I)−1 − (A0 + I)−1 − εK1(ε)− ε2K2(ε)‖H1→L2
≤ Cε3. (6)

Approximations (5), (6) are proved in [4], [5]. The method is development of the
operator-theoretic approach to homogenization suggested by M. Sh. Birman and
T. A. Suslina.
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A parametrization method for solving nonlinear nonlocal boundary
value problem for the system of hyperbolic equations

Temesheva S. M. (Institute of Mathematics, Almaty, Kazakhstan)

Consider the nonlinear boundary value problem

∂2u

∂x∂t
= f

(
x, t, u,

∂u

∂x

)
, (x, t) ∈ Ω = (0, ω)× (0, T ), u ∈ Rn, (1)

u(0, t) = 0, t ∈ [0, ω], (2)

g
(
x, u(x, 0),

∂u

∂x

∣∣∣∣
t=0

, u(x, T ),
∂u

∂x

∣∣∣∣
t=T

)
= 0, x ∈ [0, ω], (3)

where f : Ω̄×R2n → Rn and g : [0, ω]×R4n → Rn are continuous functions.
In the report an algorithm of finding solution to problem (1)–(3) is proposed.

Denote by v(x, t) an unknown function ux(x, t), (x, t) ∈ Ω̄. The problem (1)–(3) is
reduced to equivalent nonlinear boundary value problem for the system of integral-
differential equations with partial derivatives. This problem is investigated by a
parametrization method [1].

For the chosen step size h > 0, where Nh = T and N = 1, 2, . . ., we perform
the partition

[0, ω]× [0, T ) =

N⋃
r=1

[0, ω]× [(r − 1)h, rh).

The functional parameters is introduced as values unknown function v(x, t) on the
lines t = (r − 1)h, r = 1 : N . Then the nonlinear value problem for the system
of integral-differential equations with partial derivatives is reduced to equivalent
multicharacteristics boundary value problem.

An algorithm for solving the problem with functional parameters is proposed.
Each step of this algorithm consists of two stages:

1◦. Implicit system of the nonlinear Volterra integral equations with respect
to introducing functional parameters is solved.

2◦. Cauchy problems for the system of integral-differential equations with
partial derivatives are solved using the components of computed func-
tional parameters at stage 1.

We find conditions on the functions f and g and the domain Ω̄ ensuring the
existence of an isolated solution to problem (1)–(3) and the convergence of the
parametrization method algorithm to this solution.

The definition of an “isolated” solution to nonlinear nonlocal boundary value
problem (1)–(3) with continuously differentiable data is introduced. Necessary
and sufficient conditions for the existence of “isolated” solution are derived in
terms of the initial data of problem (1)–(3).

The talk is based on the joint paper with D. S. Dzhumabaev.
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Frequency locking of modulated waves in system with symmetry
Tkachenko V. I. (Institute of Mathematics, Kiev, Ukraine)

We consider the following system which arises as mathematical model of
optical laser

dx

dt
= f(x) + εg(x, αt, βt), (1)

where x ∈ Rn, vector field f : Rn → Rn is smooth and equivariant with respect
to an S1-representation eγA on Rn, i. e.,

eγAf(x) = f(eγAx) for all γ ∈ R and x ∈ Rn,

where A 6= 0 is a skew-symmetric real n× n-matrix such that e2πA = I. Smooth
function g is 2π-periodic in βt and αt and equivariant in some sense, α and β are
positive parameters.

By ε = 0, unperturbed system ẋ = f(x) has an exponentially orbitally stable
quasi-periodic solution of modulated wave type

x(t) = eAα0tx0(β0t), (2)

where x0(.) is smooth 2π-periodic function, α0 and β0 are positive constants.
Using methods of perturbation theory we investigate the behavior of per-

turbed system (1) in the neighborhood of (2). By assumption β ≈ β0 and α� α0,
we obtain the parameter domain (with respect to parameters α, β and ε) where
stable frequency locking occurs.

Special case of system (1) was investigated in [1].
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Singularities of the Manakov top integrable system
Tonkonog D. I. (Moscow State University, Russia)

An integrable Hamiltonian system (M,ω, h1, . . . , hn) is a symplec-
tic 2n-manifold (M,ω) with functionally independent commuting functions
h1, . . . , hn : M → R traditionally called integrals. The momentum map
F : M → Rn is given by F(x) := (h1(x), . . . , hn(x)). Level sets of F define
singular Liouville foliation on M . A point x ∈ M is called a singular (critical)
point of rank r, 0 ≤ r < n, if rk dF(x) = r.

We study singularities of the Manakov top system (with two degrees of free-
dom), previously explored in [11, 2]. We describe topology of the Liouville fo-
liation on preimages F−1(U) where U ⊂ R2 is a neighborhood of the F-image
of a zero-rank singular saddle-saddle point. This is done with the help of theory
developed by Fomenko and his collaborators [4, 3, 9].
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The study is inspired by [12] where the authors heuristically investigate the
Manakov top from the aspect of quantum monodromy and express their belief that
further analysis of the singularities will be of interest. There are several recent gen-
eralizations of Hamiltonian monodromy [5] mostly coming from quantum physics,
see [10, 7, 6, 1]. However, up to now there is no definition general enough to
include saddle-saddle singularities. Having in mind a thoroughly studied example
like the Manakov top could help to develop general theory.

The author is grateful to A. V. Bolsinov and A. T. Fomenko for fruitful dis-
cussions and constant support. The research was supported by Euler-Program
at DAAD (German Academic Exchange Service) in 2009/10, Dobrushin Scholar-
ship at the Independent University of Moscow in 2011 and by a Federal Target
Program grant 02.740.115213 “Bi-Hamiltonian structures and singularities of in-
tegrable systems” in 2010/11.
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[1] Assémat E., Efstathiou K., Joyeux M., Sugny D., Fractional Bidromy in the Vibrational
Spectrum of HOCl, Physical Review Letters, 104 113002 (2010). arXiv:1003.4832v1
[quant-ph].

[2] Audin M., Hamiltonian Monodromy via Picard–Lefschetz Theory, Comm. Math. Phys.
229:3 (2002), 459–489.

[3] Bolsinov A. V., Methods of calculation of Fomenko—Zieschang topological invariant,
Adv. in Soviet Math., 6 (1991), 147–183.

[4] Bolsinov A. V., Fomenko A. T., Integrable Hamiltonian systems. Geometry, topology,
classification, Chapman and Hall/CRC, Boca Raton, Florida, 2004.

[5] Duistermaat J. J., On global action angle coordinates, Comm. Pure Appl. Math. 33
(1980), 687–706.

[6] Giacobbe A., Fractional monodromy: parallel transport of homology cycles, Diff. Geom.
Appl. 26 (2008), 140—50.

[7] Hansen M. S., Faure F., Zhilinskii B. I., Fractional monodromy in systems with coupled
angular momenta, J. Phys. A: Math. Theor. 40 13075 (2007).

[8] Manakov S. V., Note on the integration of Euler’s equation of the dynamics of an N
dimensional rigid body, Funct. Anal. Appl. 11 (1976), 328–329.

[9] Matveev V. S., Computation of values of the Fomenko invariant for a point of the type
“saddle-saddle” of an integrable Hamiltonian system, Tr. Semin. Vektorn. Tenzorn. Anal,
25 (1993), 75–105 (in Russian).

[10] Ne�khoroshev N. N., Sadovskii D., Zhilinskii B., Fractional Hamiltonian monodromy, Ann.
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Spectral properties of the period-doubling operator
Varin V. P. (Keldysh Institute of Applied Mathematics, Russia)

We compute the spectrum of the Feigenbaum period-doubling or universality
operator

T (g)(x) = g(g(g(1)x))/g(1), x ∈ [−1, 1] (1)

on the solution g(x) to the universality equation g = T (g) in the Banach space F
of bounded analytical functions in an ellipse with the focal points ±1, with the
supremum norm, continuous on the closure of the ellipse. The spectral properties
of the operator T in F are not the same as in the subspace of even functions. In
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particular, it was found that the dimension of the unstable manifold is not one
(Feigenbaum’s conjecture [1]), but three.

Lemma 1. The formal Gâteaux derivative of the operator T (1) is given by
the formula

dT (g)h(x) = L(g)h(x) + α
(
g′(g(x/α))g′(x/α)x− αg(g(x/α))

)
h(1), (2)

where

L(g)h(x) = α(g′(g(x/α))h(x/α) + h(g(x/α))), (3)

and α = 1/g(1).

The operator L(g) (3) is frequently mistaken for the derivative of the operator
T (2) (see [2, Chap. 7]). The spectra of these operators are different.

Lemma 2. The operator T is compact [3] in the space F , and the operator
dT (g) has the following spectrum

S = [λ1, λ2, . . . ] = [α2, δ, α,
1

α
,

1

α2
, λ6,

1

α3
, λ8,

1

α4
,

1

α5
, . . . ], (4)

where |λi| > |λj |, i < j. Let k be any complex number except 1. Then λ = α1−k is
an eigenvalue of the formal spectral problem dT (g)h = λh with the eigenfunction

h(x) = g(x)− xg′(x)− gk(x) + xkg′(x). (5)

In addition, α2 is the eigenvalue with the eigenfunction

h(x) = g(x)− xg′(x). (6)

Here α ≈ −2.5 and δ ≈ 4.6 are the universal constants. Thus, in the spectrum
S, 7 out of the first 10 eigenvalues and eigenfunctions are found explicitly.

In many papers (including [1]), the spectrum of the operator T is computed
with the Lanford’s expansion g(x) = 1 − x2f(x2) [4], which isolates a subset of
even functions in F . We analyze several articles devoted to this problem and
compare different approaches and algorithms.
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On asymptotic behavior of the solutions of an abstract
integro-differential equations

Vlasov V. V. (Moscow Lomonosov State University, Russia)
Shamaev A. S. (Moscow Lomonosov State University, Russia)

Rautian N. A. (Plekhanov Russian University of Economics, Russia)

We study integro-differential equations with unbounded operator coefficients
in a Hilbert space

d2u(t)

dt2
+K(0)A2u(t) +

∫ t

0

K′(t− s)A2u(s)ds = f(t), t ∈ R+, (1)

u(+0) = ϕ0, u(1)(+0) = ϕ1, (2)

where A is a self-adjoint positive operator with compact inverse acting on a Hilbert
space H, kernel K(t) is a scalar convex downwards decreasing function. Moreover
K(t) belongs to the space W 1

1 (R+).
The equation (1) is an abstract form of Gurtin–Pipkin integro-differential

equation, which describes heat propagation in media with memory and sound
propagation in viscoelastic media; it also arises in homogenization problems in
porous media (Darcy law).

We obtain the results on correct solvability of the problem (1), (2) in weighted
Sobolev spaces on a positive semiaxis R+. Additionally assuming that kernel K(t)
has the form

K(t) =

∞∑
j=1

cj
γj
e−γjt, (3)

where cj > 0, γj+1 > γj > 0, j ∈ N, γj → +∞ (j → +∞) we provide the spectral
analysis of the operator-function L(λ) which is a symbol of the equation (1). Let
ej denote the orthonormal basis composed of the eigenvectors of the operator
A corresponding to eigenvalues ej , i. e., such that Aej = ajej for j ∈ N. The
eigenvalues aj are numbered in increasing order: 0 < a1 < a2 < ...; an an → +∞
as n → +∞. The spectrum of the operator-function L(λ) can be represented in
the form

σ(L) := (∪∞n=1∪∞k=1λkn) ∪
(
∪∞n=1λ

±
n

)
, (4)

where {λk,n | k ∈ N} — a countable series of real zeros lying on the negative
semiaxis and λ±n — a pair of complex conjugate zeros lying in the left half-plane

such that λ+
n = λ−n of the meromorphic function ln(λ) := (L(λ)en, en). On the

base of spectral analysis we obtain the representation of the solution of the problem
(1), (2) as a series of exponents correspond the eigenvalues of the operator-function
L(λ).

The detailed statements of the problems, formulations and proofs of the re-
sults one can find in [1]–[3].
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Local expansions for solutions of Schlesinger equation
Vyugin I. V. (Institute for Information Transmission Problems, Russia)

We study local behavior of solutions of Schlesinger equation in a neighbor-
hood of a singular point. This equation defines a condition of isomonodromy
of some family of Fuchsian systems. In the other hand solutions of Painlevé VI
equation and Garnier systems can be represented in a rational form of solutions
of Schlesinger equation.

We prove that each component of any solution of Schlesinger equation

dBi = −
n∑

j=1,j 6=i

[Bi, Bj ]

ai − aj
d(ai − aj), z ∈ C, i = 1, . . . , n, (1)

where

Bi(t) =

(
bi11(a) bi12(a)
bi21(a) bi22(a)

)
, a = (a1, . . . , an) (2)

can be represented in some neighborhood D of the singular point
a0 = (a0

1, . . . , a
0
n) ∈ Ω,

Ωs,r = {a | as = ar} \
⋃
k

{a | as = ar = ak, s 6= k 6= r}, s 6= r (3)

in one of two following forms:

bikl(t) = F1(a) + (as − ar)ϕF2(a) + (as − ar)−ϕF3(a), ϕ ∈ C

or

bikl(t) = F1(a) + F2(a) ln(as − ar) + F3(a) ln2(as − ar),

where F1(a), F2(a), F3(a) are meromorphic in D functions.

In the case n = 4 and a1 = 0, a2 = 1, a3 =∞, t = a4 the following holds

w(t) =
tb112

(t+ 1)b112 + tb212 + b412

, (4)

where w(t) is the solution of Painlevé VI equation. It gives us the local expansions
for solutions of Painlevé VI equation. The solution of Painlevé VI equation can
be represented in one of two forms

w(t) = P (t, tϕ, t−ϕ)

or

w(t) = R(t, ln t),

where P (·, ·, ·) and R(·, ·) are power series with integer powers.
This work supported by RFBR 11-01-00339.
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New Models of Chemotaxis: Analysis and Numerics
Wang X. (Tulane University, USA)

Wu Y. (Capital Normal University, P.R. China)

Patlak-Keller-Segel (PKS) system is a classical PDE model of the chemotaxis.
In its simplest form, this model is described by a system of nonlinear PDEs: a
convection-diffusion equation for the cell density coupled with a reaction-diffusion
equation for the chemoattractant concentration. The PKS system admits solu-
tions that develop delta-type singularities within a finite time. Even though such
blowing up solutions model a concentration phenomenon, they are not realistic
since biological cells do not converge to one point (while the cell density grows
sharply, it must remain bounded at all times).

We will present a new chemotaxis model, which can be viewed as a regularized
PKS system. The proposed regularization is based on a basic physical principle:
boundedness of the chemotactic convective flux, which should depend on the gradi-
ent of the chemoattractant concentration in a nonlinear way. Solutions of the new
system may develop spiky structures that model the concentration phenomenon.
However, both cell density and chemotattractant concentration remain bounded.

The proposed model is studied both analytically and numerically. We will first
prove a global existence result and then use the bifurcation theory to investigate
existence of nontrivial steady states and their stability properties. Finally, we will
persent one- and two-dimensional numerical examples that support the analytical
findings and demonstrate the formation and stability of the spiky solutions.

The talk is based on the joint paper with A. Chertock and A. Kurganov.
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Periodic Solutions of Abel Nonautomomous ODEs
Wilczynski P. (Jagiellonian Uniwersity, Poland)

In the case of Riccati equation (in complex number notation)

ż = a(t)z2 + b(t)z + c(t), (1)

where z ∈ C and a, b, c : R → C are continuous and T -periodic, a complete
description of dynamics may be obtained (see [1], [2]). Generically there are two
periodic solutions, an asymptotically stable and asymptotically unstable one, and
every other solution tends to one of them for big and small times.
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The case of Abel equation is much more complicated. The method from [3]
allows us to obtain one or two periodic solutions. In the case of equation

ż = z3 + f(t), (2)

where f is continuous and T -periodic, we extend it and try to give the full
description of dynamics. Namely, we seek when there are two asymptotically
stable periodic solutions, one asymptotically unstable one and every other solution
tends to them for big or small times or blows up.

The research was supported by Polish Ministry of Science and Higher Edu-
cation grant No. N N201 549038.
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Homogenization of Navier–Stokes Systems for Electro-rheological
Fluid

Zhikov V. V.

Some fluids sharply change their rheological properties in the presence of
electromagnetic field. The viscous stress tensor of such fluids becomes not just a
nonlinear function of the strain rate tensor D but acquires a strong dependence
on the spatial argument x. An example is provided by the tensor |D|p(x)−2D,
where the exponent is determined by the applied electromagnetic field. But, in
general, the viscous stress tensor has a more complex anisotropic structure. A
mathematical theory of electrorheological fluids is described in the book of Ruz-
icka, where references to experimental data can also be found. It can be assumed
that the electromagnetic field is periodic in x and its period is specified by a small
parameter. In this situation, one has to deal with a homogenization problem, and
the main task of homogenization is to find the effective (homogenized) viscous
stress tensor that does not depend on the spatial variable.

On an Exponential Stability of Control Systems’ Program Manifold
Zhumatov S. S. (Institute of Mathematics, Almaty, Kazakhstan)

The problem of construction of all the set of differential equations possessing
by given integral manifold has been formulated and a method of solving this
problem is given in the work [1]. Later on Erugin’s method was developed for
construction of stable system of differential equations and nonlinear automatic
control systems under given program manifold in [2], [3]. The problem of finding
of exponential stability’s conditions of indirect control systems’ program manifold
is investigated with respect to the given vector-function.

Let us consider the material system, possessing by (n− s)-dimensional in-
tegral manifold Ω(t) ≡ ω(t, x) = 0, where the motion of which described by
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equations

ẋ = f(t, x)−Bξ, ξ̇ = ϕ(σ), σ = PTω −Rξ. (1)

Here B ∈ Rn×r, P ∈ Rs×r, R > 0 ∈ Rr×r are matrices, x ∈ Rn is vector of
objects state, f ∈ Rn is vector-function, ω ∈ Rs is vector, ξ ∈ Rr is vector of
control on deflection from given program, satisfying of local quadratic connection’s
conditions. Taking into account that Ω(t) is integral manifold for the system (1)
we will have

ω̇ =
∂ω

∂t
+Hf(t, x, ω) = F (t, x, ω), H =

∂ω

∂x
, F (t, x, 0) ≡ 0

is Erugin’s s-vector-function. Let F = −Aω, −A ∈ Rs×s is Hurwitz matrix. Then
differentiating the manifold Ω(t) with respect to time t in view of (1), we derive
that

ω̇ = −Aω −HBξ, ξ̇ = ϕ(σ), σ = PTω −Rξ. (2)

Theorem 1. Let the nonlinearity ϕ(σ) satisfies of local quadratic con-
nection’s conditions, exists positive defined function V (ω, ξ), which deriv-

ative −V̇ = W (ω, ξ) in view of (2) is negative defined and is valid
‖z(t)‖ ≤ N‖z(t0)‖ exp[−α(t − t0)] for any ω(t0, x0) and N > 0, α > 0,
‖z‖2 = ‖ω‖2 +‖ξ‖2. Then program manifold Ω(t) is exponential stable with respect
to vector-function ω.
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Çàäà÷è ñ èíòåãðîäèôôåðåíöèàëüíûì ãðàíè÷íûì óñëîâèåì äëÿ
íåêîòîðûõ êëàññîâ óðàâíåíèé âûñîêîãî ïîðÿäêà

Àáäðàõìàíîâ À. Ì. (Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé
óíèâåðñèòåò, Ðîññèÿ)

Â äîêëàäå èçëàãàþòñÿ íåêîòîðûå ðåçóëüòàòû î ðàçðåøèìîñòè êðàåâûõ çà-
äà÷ äëÿ óðàâíåíèé ñîñòàâíîãî òèïà ñ óñëîâèåì íà ÷àñòè ãðàíèöû, ñî÷åòàþùèì
óñëîâèÿ çàäà÷è ñ êîñîé ïðîèçâîäíîé è íåëîêàëüíîé çàäà÷è ñ èíòåãðàëüíûì
ãðàíè÷íûì óñëîâèåì. Â ÷àñòíîñòè, èçëàãàþòñÿ ðåçóëüòàòû î ðàçðåøèìîñòè
çàäà÷

1◦. äëÿ óðàâíåíèÿ

ρ(t)Autt −Bu = f(x, t), 0 < t < T, u ∈ Ω ⊂ Rn,
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ñ ýëëèïòè÷åñêèìè îïåðàòîðàìè A è B âòîðîãî ïîðÿäêà, äåéñòâóþ-
ùèìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ñ ãðàíè÷íûì óñëîâèåì

αk(x)uxk + α0(x)u−
∫
Ω

K(x, y)u(y, t) dy

∣∣∣∣∣∣ x∈∂Ω

t∈(0,T )

= 0,

ïðè÷åì ðàññìàòðèâàåòñÿ êàê ñëó÷àé áåç âûðîæäåíèÿ � ρ(t) ≥ ρ0 > 0
ïðè t ∈ [0, T ], òàê è ñëó÷àé ñ âûðîæäåíèåì � ρ(t) > 0 ïðè t ∈ (0, T ],
ρ(0) = 0;

2◦. äëÿ óðàâíåíèé

ρ(t)D2m+1
t Au+ (−1)mBu = f(x, t)

âíîâü ñ ýëëèïòè÷åñêèìè îïåðàòîðàìè A è B âòîðîãî ïîðÿäêà, äåé-
ñòâóþùèìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ðàññìàòðèâàþòñÿ çà-
äà÷è ñ òåì æå ãðàíè÷íûì óñëîâèåì è âíîâü êàê íåâûðîæäàþùåìñÿ
ñëó÷àå, òàê è â âûðîæäàþùåìñÿ.

Ñïåêòðû è ñèíãóëÿðíûå çíà÷åíèÿ ìíîãîìåðíûõ èíòåãðàëüíûõ
îïåðàòîðîâ ñ áèîäíîðîäíûìè ÿäðàìè

Àâñÿíêèí Î. Ã. (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü Bn � åäèíè÷íûé øàð â Rn. Â ïðîñòðàíñòâå L2(Bn) ðàññìîòðèì
îïåðàòîð

(Kϕ)(x) =

∫
Bn

k(x, y)ϕ(y) dy, x ∈ Bn, (1)

ãäå ôóíêöèÿ k(x, y), çàäàííàÿ íà Rn × Rn, óäîâëåòâîðÿåò óñëîâèÿì:
1◦. k(αx, αy) = α−nk(x, y), ∀α > 0;
2◦. k(ω(x), ω(y)) = k(x, y), ∀ω ∈ SO(n);
3◦. k(e1, y)|y|−n/2 ∈ L1(Rn), ãäå e1 = (1, 0, . . . , 0).

Äàëåå, îïðåäåëèì â L2(Bn) ïðîåêòîð Pτ (0 < τ < 1) ôîðìóëîé

(Pτϕ)(x) =

{
ϕ(x), τ < |x| < 1,

0, |x| < τ,
(2)

Ðàññìîòðèì â ïðîñòðàíñòâå L2(Bn1 × Bn2) îïåðàòîð

A = λ(I1 ⊗ I2) + (K1 ⊗ I2) + (I1 ⊗K2) + (K3 ⊗K4), (3)

ãäå λ ∈ C, Kj (j = 1, 2, 3, 4) � îïåðàòîð âèäà (1). Îïåðàòîðû âèäà (3) áóäåì
íàçûâàòü îïåðàòîðàìè ñ áèîäíîðîäíûìè ÿäðàìè. Ïîëîæèì

Aτ1,τ2 = (Pτ1 ⊗ Pτ2)A(Pτ1 ⊗ Pτ2),

ãäå Pτj � ïðîåêòîð âèäà (2), äåéñòâóþùèé â L2(Bnj ).
Îïèñûâàåòñÿ ïðåäåëüíîå ïîâåäåíèå ñïåêòðîâ, ïñåâäîñïåêòðîâ è ñèíãóëÿð-

íûõ çíà÷åíèé óñå÷åííûõ îïåðàòîðîâ Aτ1,τ2 ïðè τ1 → 0, τ2 → 0.
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Òåîðåìà 1. Ïóñòü îïåðàòîð A âèäà (3) ÿâëÿåòñÿ ñàìîñîïðÿæåííûì.
Òîãäà

lim
τ1→0
τ2→0

Sp(Aτ1,τ2) = Sp(A) ∪ Sp(A1) = Sp(A) ∪ Sp(A2),

ãäå A1 è A2 � îïåðàòîðû, òðàíñïîíèðîâàííûå ê îïåðàòîðó A ïî ïåðâîé è
âòîðîé ïåðåìåííîé ñîîòâåòñòâåííî.

Áåç ïðåäïîëîæåíèÿ ñàìîñîïðÿæåííîñòè îïåðàòîðà A àíàëîãè÷íûé ðå-
çóëüòàò èìååò ìåñòî äëÿ ε-ïñåâäîñïåêòðîâ.

Íàïîìíèì, ÷òî åñëè H � ãèëüáåðòîâî ïðîñòðàíñòâî è D ∈ L(H), òî ìíî-
æåñòâî

Σ(D) = {s ∈ [0;∞) : s2 ∈ Sp(D∗D)}
íàçûâàåòñÿ ìíîæåñòâîì ñèíãóëÿðíûõ çíà÷åíèé îïåðàòîðà D.

Äîêàçûâàåòñÿ, ÷òî ïðåäåë ïðè τ1 → 0, τ2 → 0 ìíîæåñòâà Σ(Aτ1,τ2) ìî-
æåò îòëè÷àòüñÿ îò ìíîæåñòâà Σ(A) ∪ Σ(Ai), ãäå i = 1 èëè i = 2, ðàçâå ÷òî
ýëåìåíòîì s = 0.

Ñïèñîê ëèòåðàòóðû

[1] Àâñÿíêèí Î. Ã. Î ñïåêòðàõ è ñèíãóëÿðíûõ çíà÷åíèÿõ ìíîãîìåðíûõ èíòåãðàëüíûõ
îïåðàòîðîâ ñ áèîäíîðîäíûìè ÿäðàìè // Ñèá. ìàò. æóðí. 2008. Ò. 49. � 3. Ñ. 490�496.

Î ñóùåñòâîâàíèè óíèâåðñàëüíûõ áàçèñîâ Øàóäåðà â áàíàõîâûõ
ïðîñòðàíñòâàõ

Àãàäæàíîâ À. Í. (Èíñòèòóò ïðîáëåì óïðàâëåíèÿ ÐÀÍ, Ðîññèÿ)

Âîïðîñ, ñâÿçàííûé ñ ñóùåñòâîâàíèåì áàçèñà Øàóäåðà â êîíêðåòíîì áà-
íàõîâîì ïðîñòðàíñòâå, ìîæåò îêàçàòüñÿ äîñòàòî÷íî ñëîæíûì. Èç ðåçóëüòà-
òîâ [1] ñëåäóåò, ÷òî â ñåïàðàáåëüíûõ ðåôëåêñèâíûõ áàíàõîâûõ ïðîñòðàíñòâàõ
áàçèñ Øàóäåðà ìîæåò îòñóòñòâîâàòü. Áîëåå òîãî, äàæå ñåïàðàáåëüíûå ñóïåð-
ðåôëåêñèâíûå áàíàõîâû ïðîñòðàíñòâà (òî åñòü, ïðîñòðàíñòâà, â êîòîðûõ ìî-
æåò áûòü ââåäåíà ýêâèâàëåíòíàÿ ðàâíîìåðíî âûïóêëàÿ íîðìà) ìîãóò è íå
èìåòü áàçèñà Øàóäåðà [2].

Èìååò ìåñòî

Òåîðåìà 1. Ïóñòü çàäàíà ïîñëåäîâàòåëüíîñòü áàíàõîâûõ ïðîñòðàíñòâ
{Xm}m>1, ñâÿçàííûõ íåïðåðûâíûìè âëîæåíèÿìè

X1 ⊃ X2 ⊃ . . . ⊃ Xm ⊃ . . . (1)

Ïðåäïîëîæèì, ÷òî ìîíîòîííûé ïðåäåë ïîñëåäîâàòåëüíîñòè (1)

Xmon =

{
u ∈

⋂
m>1

Xm : ‖u‖Xmon = lim
m→∞

‖u‖Xm < +∞

}
(2)

ÿâëÿåòñÿ íåòðèâèàëüíûì, òî åñòü, ñóùåñòâóåò ïî êðàéíåé ìåðå îäíà ôóíê-
öèÿ, îòëè÷íàÿ îò òîæäåñòâåííîãî íóëÿ, äëÿ êîòîðîé âûïîëíÿåòñÿ óñëî-
âèå (2).
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Åñëè ïðîåêòèâíûé ïðåäåë ïîñëåäîâàòåëüíîñòè

Xpr =

{
u ∈

⋂
m>1

Xm : ‖u‖1 ≤ ‖u‖2 6 . . .

}
ÿâëÿåòñÿ ÿäåðíûì ïðîñòðàíñòâîì Ôðåøå [3], òî ñóùåñòâóåò ïîñëåäîâà-
òåëüíîñòü ôóíêöèé {ϕk}k=1,∞ ∈ Xmon, êîòîðàÿ ÿâëÿåòñÿ áåçóñëîâíûì áà-
çèñîì Øàóäåðà â êàæäîì èç áàíàõîâûõ ïðîñòðàíñòâ Xm.

Ñëåäñòâèå 1. Äëÿ ëþáîãî âûáðàííîãî m ñóùåñòâóåò íîìåð k(m) > m
òàêîé, ÷òî äëÿ âñåõ íîìåðîâ r > k(m) îïåðàòîðû âëîæåíèÿ Xr ⊂ Xm ÿâëÿ-
þòñÿ ÿäåðíûìè (à ñëåäîâàòåëüíî, è êîìïàêòíûìè). Ïðè ýòîì ëþáîé ýëå-
ìåíò u ∈ Xr ïðåäñòàâëÿåòñÿ â âèäå u =

∑∞
j=1 fj,r(u)ϕj , ãäå {ϕj} � óíèâåð-

ñàëüíûé áåçóñëîâíûé áàçèñ, fj,r(u) ∈ X∗r ,
∑∞
j=1 ‖fj,r‖X∗r ‖ϕj‖Xm < +∞.

Â êà÷åñòâå ïîñëåäîâàòåëüíîñòåé Xm ìîãóò áûòü âûáðàíû, íàïðèìåð,

Xm =
◦
Wm
p (G) (1 < p < ∞; G ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ äîñòàòî÷íî

ãëàäêîé ãðàíèöåé) [4], Xm = Bsmp,q (G) (1 < p < q < ∞, sm � ëþáàÿ âîçðàñòà-
þùàÿ ïîñëåäîâàòåëüíîñòü).

Ñïèñîê ëèòåðàòóðû

[1] En�o P. A counterexample to the approximation problem in Banach spaces // Acta
Math. 1973. � 3�4, 309�317.

[2] Szarek S. J. A Banach space without a basis which has the bounded approximation
properties // Acta Math. 1987. � 1, 81�98.

[3] Ïè÷ À. ßäåðíûå ëîêàëüíî-âûïóêëûå ïðîñòðàíñòâà. Ì.: Ìèð, 1969.
[4] Àãàäæàíîâ À. Í. Î ðàâíîìåðíîé âûïóêëîñòè è ðàâíîìåðíîé ãëàäêîñòè ïðîñòðàíñòâ

Ñîáîëåâà áåñêîíå÷íîãî ïîðÿäêà // ÄÀÍ. 2007. Ò. 413. � 5 ñ. 583�586.

Îáîáùåííàÿ ïîñòàíîâêà îäíîé çàäà÷è ãåîôèçè÷åñêîé
ãèäðîäèíàìèêè è òåîðåìà åäèíñòâåííîñòè

Àãîøêîâ Â. È. (Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè ÐÀÍ, Ðîññèÿ)

Ïóñòü λ, θ, r� ñôåðè÷åñêèå êîîðäèíàòû, SR � ñôåðà ðàäèóñà R, z ≡ r−R,
Ω�÷àñòü ñôåðû SR, H = H(λ, θ)� ñòðîãî ïîëîæèòåëüíàÿ îãðàíè÷åííàÿ
ôóíêöèÿ, ïðè÷åì H � R. ×åðåç D îáîçíà÷èì îáëàñòü èç R3: D ≡ {(λ, θ, z) :
(λ, θ,R) ∈ Ω ; −H(λ, θ) < z < 0}. Ïðåäïîëàãàåòñÿ, ÷òî ∂D ÿâëÿåòñÿ êóñî÷íî-
ãëàäêîé êëàññà C(2) è ∂Ω ðàñïîëîæåíà íà ñòðîãî ïîëîæèòåëüíîì ðàññòîÿíèè
îò

”
ïîëþñíûõ òî÷åê“ (θ = 0 èëè θ = π), U ≡ (u, w)� âåêòîð ñêîðîñòè äâèæå-

íèÿ æèäêîñòè, u ≡ (u, v), w� âåðòèêàëüíûé êîìïîíåíò ñêîðîñòè.
Ðàññìîòðèì â D ïðè t > 0 îäíó èç îñíîâíûõ ñèñòåì óðàâíåíèé ãåîôèçè-

÷åñêîé ãèäðîäèíàìèêè� ïîëíóþ íåëèíåéíóþ
”
ñèñòåìó ïðèìèòèâíûõ óðàâíå-

íèé“ äèíàìèêè îêåàíà ñ èñïîëüçîâàíèåì ôóíêöèé u è ôóíêöèè
”
ñâîáîäíîé

ïîâåðõíîñòè îêåàíà“ ξ ≡ ξ(λ, θ, t) äëÿ âåêòîð-ôóíêöèè φ ≡ (u, ξ) ≡ (u, v, ξ):

du

dt
+Au +

[
0 −f(u)

f(u) 0

]
u + g grad ξ = f â D, t > 0,

∂ξ

∂t
+ div

( 0∫
−H

Θ(z)u dz
)

= f3 íà Ω, t > 0,
(1)
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ãäå Θ(z) ≡ r(z)/R, g = const > 0, f = (f1, f2), f3 � çàäàííûå ôóíêöèè,
f(u) = = −(l + u(ctg θ))/r, l = 2ω cos θ�Êîðèîëèñîâ ïàðàìåòð, ω� óãëî-
âàÿ ñêîðîñòü Çåìëè, d/dt�íåëèíåéíûé îïåðàòîð �ïîëíîé ïðîèçâîäíîé�, A�
äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà, âêëþ÷àþùèé îïåðàòîð Ëà-
ïëàñà íà âåêòîð-ôóíêöèÿõ â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò. Ñèñòåìà (1)
ðàññìàòðèâàåòñÿ ïðè ãðàíè÷íûõ óñëîâèÿõ, èñïîëüçóåìûõ â ïðèêëàäíûõ çà-
äà÷àõ. Ôóíêöèÿ w ≡ w(u, v) îïðåäåëÿåòñÿ ïî u, v èç óðàâíåíèÿ íåðàçðûâíîñòè
äëÿ íåñæèìàåìîé âÿçêîé æèäêîñòè.

Ñ öåëüþ èçó÷åíèÿ çàäà÷ äëÿ ñèñòåìû óðàâíåíèé òèïà (1), çàïèñàííûõ â
ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò, â 2008�2010 ãã. áûëè ââåäåíû ãèëüáåðòîâû
ïðîñòðàíñòâà AN , AS , ANS âåêòîð-ôóíêöèé u = (u, v), ïîä÷èíåííûõ îñîáûì
óñëîâèÿì â �ïîëþñíûõ òî÷êàõ�, è èññëåäîâàí ðÿä èõ ñâîéñòâ, â ÷àñòíîñòè,
äîêàçàíû òåîðåìû î ñóùåñòâîâàíèè ñëåäîâ è òåîðåìû âëîæåíèÿ ýòèõ ïðî-
ñòðàíñòâ â ïðîñòðàíñòâà Lp(D).

Â íàñòîÿùåé ðàáîòå ââîäèòñÿ íîâàÿ îáîáùåííàÿ ïîñòàíîâêà çàäà÷è äëÿ
(1) ïðè ñïåöèàëüíîé ðåãóëÿðèçàöèè ôóíêöèè w ≡ w(α), îïðåäåëÿåìîé êàê
ðåøåíèå âàðèàöèîííîé çàäà÷è ñ ïàðàìåòðîì ðåãóëÿðèçàöèè α ≥ 0. Äëÿ îïðå-
äåëåííîñòè çàäà÷à ðàññìàòðèâàåòñÿ äëÿ ñëó÷àÿ, êîãäà îäíà �ïîëþñíàÿ òî÷-
êà� ïðèíàäëåæèò SR è èñïîëüçóåòñÿ òîëüêî A ≡ AN . Äëÿ èçó÷åíèÿ çàäà÷è
ââîäÿòñÿ ïðîñòðàíñòâà ôóíêöèé ñî çíà÷åíèÿìè â A, ...,Lq(D) ≡ (Lq(D))2:
Y ≡ L2(0, T ; A), ..., Lr(0, T ; Lq(D)) è W � ãèëüáåðòîâî ïðîñòðàíñòâî âåêòîð-
ôóíêöèé φ ≡ (u, ξ) ≡ (u, v, ξ) ñ íîðìîé âèäà: ‖φ‖W = (‖ut‖2Y ∗ + ‖u‖2Y +

‖ξt‖2L2(Ω) + ‖ξ‖2L2(Ω))
1/2. Ââîäÿòñÿ îïðåäåëåíèÿ îáîáùåííîé ïîñòàíîâêè çàäà-

÷è è îáîáùåííîãî ðåøåíèÿ è äîêàçûâàåòñÿ òåîðåìà åäèíñòâåííîñòè ðåøåíèé
çàäà÷è äëÿ (1) â êëàññå ôóíêöèé W

⋂
(Lr(0, T ; Lq(D)) × L2(0, T ;L2,0)), ãäå

1/r + 3/(2q) = 1/2, r ∈ [2,∞), q ∈ (3,∞].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû ÔÖÏ ¾Íàó÷íûå è íàó÷íî-

ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè¿ è ÐÔÔÈ (ïðîåêò 10-01-00806).

Ñìåøàííûå çàäà÷è äëÿ ñèëüíî ýëëèïòè÷åñêèõ ñèñòåì 2-ãî
ïîðÿäêà â ëèïøèöåâîé îáëàñòè

Àãðàíîâè÷ Ì. C. (Ìîñêîâñêèé èíñòèòóò ýëåêòðîíèêè è ìàòåìàòèêè, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ ñìåøàííûå çàäà÷è äëÿ ñèëüíî ýëëèïòè÷åñêèõ ñèñòåì 2-
ãî ïîðÿäêà â îãðàíè÷åííîé n-ìåðíîé îáëàñòè, n ≥ 2, ñ ëèïøèöåâîé ãðàíèöåé.
Âûâîäÿòñÿ óðàâíåíèÿ íà ãðàíèöå, ýêâèâàëåíòíûå çàäà÷å, â ïðîñòåéøèõ L2-
ïðîñòðàíñòâàõ Hs òèïà Ñîáîëåâà, ÷òî ïîçâîëÿåò ïðåäñòàâèòü ðåøåíèÿ ÷åðåç
ïîâåðõíîñòíûå ïîòåíöèàëû. Äîêàçûâàåòñÿ ðåçóëüòàò î ðåãóëÿðíîñòè ðåøåíèé
ñ âûõîäîì â íåìíîãî áîëåå îáùèå ïðîñòðàíñòâà Hs

p áåññåëåâûõ ïîòåíöèàëîâ
è Bsp Áåñîâà. Ðàññìàòðèâàþòñÿ çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì

1◦. â ñèñòåìå èëè
2◦. íà ÷àñòè ãðàíèöû (çàäà÷è Ïóàíêàðå�Ñòåêëîâà),

îáñóæäàþòñÿ ñïåêòðàëüíûå ñâîéñòâà ñîîòâåòñòâóþùèõ îïåðàòîðîâ, âêëþ÷àÿ
àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé.
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Î äèñêðåòèçàöèè óðàâíåíèÿ Öèöåéêè
Àäëåð Â. Ý. (Èíñòèòóò òåîðåòè÷åñêîé ôèçèêè èì. Ë. Ä. Ëàíäàó ÐÀÍ,

Ðîññèÿ)

Èçó÷àþòñÿ ñâîéñòâà èíòåãðèðóåìîãî äèñêðåòíîãî óðàâíåíèÿ íà êâàäðàò-
íîé ðåøåòêå (hij = h(n+ i,m+ j))

h00h11(c−1h10h01 − h10 − h01) + h11 + h00 − c = 0. (1)

Â íåïðåðûâíîì ïðåäåëå îíî ïåðåõîäèò â èçâåñòíîå óðàâíåíèå Öèöåéêè [1, 2]

Hxy = eH − e−2H ,

âîçíèêàþùåå êàê óñëîâèå ñîâìåñòíîñòè äëÿ óðàâíåíèé Ãàóññà, îïèñûâàþùèõ
òàê íàçûâàåìûå èíäåôèíèòíûå àôôèííûå ñôåðû. Óðàâíåíèå (1) âîçíèêàåò
ïðè äèñêðåòèçàöèè ýòîãî ïîíÿòèÿ (èãðàþùåãî ðîëü ïðåäñòàâëåíèÿ íóëåâîé
êðèâèçíû). Ñõîäíàÿ äèñêðåòèçàöèÿ áûëà ïðåäëîæåíà ðàíåå â ðàáîòå [3], íî
îíà âåäåò ê áîëåå ñëîæíîìó íåëèíåéíîìó óðàâíåíèþ, õîòÿ è ïðîùå ãåîìåò-
ðè÷åñêè.

Íåïðåðûâíûå âûñøèå ñèììåòðèè óðàâíåíèÿ (1) îïèñûâàþòñÿ
äèôôåðåíöèàëüíî-ðàçíîñòíûìè óðàâíåíèÿìè òèïà öåïî÷åê Âîëüòåððà.
Ïðîñòåéøàÿ òàêàÿ ñèììåòðèÿ îïèñûâàåòñÿ ñëåäóþùèì óòâåðæäåíèåì.

Óòâåðæäåíèå 1. Óðàâíåíèå Q = 0 âèäà (1) ñîâìåñòíî ñ öåïî÷êîé (çäåñü
hk = hk,0)

ht =
h(c− h)

h1hh−1 − c

(
h(c− h1)(c− h−1)(h2h1 − h−1h−2)

(h2h1h− c)(hh−1h−2 − c)
− h1 + h−1

)
, (2)

òî åñòü, íà åãî ðåøåíèÿõ âûïîëíÿåòñÿ òîæäåñòâî Dt(Q)|Q=0 = 0.

Öåïî÷êà (2) ñâÿçàíà ïîäñòàíîâêàìè òèïà Ìèóðû ñ öåïî÷êîé

ut = u2(u2u1 − u−1u−2)− u(u1 − u−1),

çàäàþùåé äèñêðåòèçàöèþ óðàâíåíèÿ Ñàâàäû�Êîòåðû [4]

Uτ = Uxxxxx + 5UUxxx + 5UxUxx + 5U2Ux.

Ýòà öåïî÷êà ïðåäñòàâëÿåò ñîáîé ëþáîïûòíóþ ñìåñü öåïî÷êè Âîëüòåððà è
ìîäèôèöèðîâàííîé ñèñòåìû Íàðèòû�Áîãîÿâëåíñêîãî

ut′ = u(u1 − u−1) è ut′′ = u2(u2u1 − u−1u−2).

Òî, ÷òî ñóììà ýòè ïîòîêîâ îñòàåòñÿ èíòåãðèðóåìîé, íåî÷åâèäíî, òàê êàê ñàìè
îíè íå êîììóòèðóþò.

Ðàáîòà ïîääåðæàíà ãðàíòîì äëÿ âåäóùèõ íàó÷íûõ øêîë ÍØ-6501.2010.2.
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Ñèììåòðèè ôóíäàìåíòàëüíûõ ðåøåíèé è ôóíêöèÿ Ðèìàíà
Àêñåíîâ À. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.

Ì.Â. Ëîìîíîñîâà, Ðîññèÿ)

Â ðàáîòå [1], ïðèìåíèòåëüíî ê ÷àñòíîìó ãèïåðáîëè÷åñêîìó óðàâíåíèþ
âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè, Á. Ðèìàí ïðåäëîæèë
�ìåòîä èíòåãðèðîâàíèÿ Ðèìàíà�. Îáùåãî ìåòîäà ïîñòðîåíèÿ ôóíêöèè Ðèìàíà
íå ñóùåñòâóåò. Â ðàáîòå [2] äàí ïîäðîáíûé àíàëèç øåñòè èçâåñòíûõ ñïîñîáîâ
ïîñòðîåíèÿ ôóíêöèè Ðèìàíà äëÿ ÷àñòíûõ òèïîâ óðàâíåíèé. Í. Õ. Èáðàãè-
ìîâûì [3], íà îñíîâå èñïîëüçîâàíèÿ ðåçóëüòàòîâ Ë. Â. Îâñÿííèêîâà [4], áûëî
ïðåäëîæåíî íàõîäèòü ôóíêöèþ Ðèìàíà ñ ïîìîùüþ ñèììåòðèé óðàâíåíèÿ.
Â íàñòîÿùåé ðàáîòå ïîêàçàíà èíâàðèàíòíîñòü ôóíêöèè Ðèìàíà îòíîñèòåëü-
íî ñèììåòðèé ôóíäàìåíòàëüíûõ ðåøåíèé, ïðåäëîæåí ìåòîä åå ïîñòðîåíèÿ è
îïèñàíû óðàâíåíèÿ, äëÿ êîòîðûõ ïðèìåíèì ïðåäëîæåííûé ìåòîä.

Ïóñòü äàíî ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñò-
íûìè ïðîèçâîäíûìè p-ãî ïîðÿäêà Lu = 0, x ∈ Rm. Ôóíäàìåíòàëüíûå
ðåøåíèÿ ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ðåøåíèÿìè íåîäíîðîäíîãî óðàâíåíèÿ
Lu = δ(x − x0). Îïåðàòîðû ñèììåòðèè îäíîðîäíîãî óðàâíåíèÿ, îáðàçóþ-
ùèå êîíå÷íîìåðíóþ ÷àñòü àëãåáðû Ëè îïåðàòîðîâ ñèììåòðèè, èìåþò âèä
X = ξi(x) ∂/∂xi + ζ(x)u ∂/∂u. Îáîçíà÷èì ÷åðåç X

p
ïðîäîëæåíèå ïîðÿäêà p

îïåðàòîðà X.
Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò ðàáîòû [5].

Òåîðåìà 1. Àëãåáðà Ëè îïåðàòîðîâ ñèììåòðèè íåîäíîðîäíîãî óðàâíå-
íèÿ ÿâëÿåòñÿ ïîäàëãåáðîé àëãåáðû Ëè îïåðàòîðîâ ñèììåòðèè îäíîðîäíîãî
óðàâíåíèÿ, âûäåëÿåìîé ñîîòíîøåíèÿìè

ξi(x0) = 0, λ(x0) +

m∑
i=1

∂ξi(x0)

∂xi0
= 0, i = 1, . . . ,m . (1)

Çäåñü ôóíêöèÿ λ = λ(x) óäîâëåòâîðÿåò òîæäåñòâó X
p

(Lu) ≡ λ(x)Lu.

Îïðåäåëåíèå 1. Ñèììåòðèÿìè ôóíäàìåíòàëüíûõ ðåøåíèé (èëè ñèì-
ìåòðèÿìè íåîäíîðîäíîãî óðàâíåíèÿ) áóäåì íàçûâàòü ñèììåòðèè îäíîðîäíîãî
óðàâíåíèÿ, óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì (1).

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû.

Òåîðåìà 2. Ñèììåòðèè ôóíäàìåíòàëüíûõ ðåøåíèé ëèíåéíîãî ãèïåð-
áîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè
îñòàâëÿþò èíâàðèàíòíîé ôóíêöèþ Ðèìàíà ñîïðÿæåííîãî óðàâíåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû 09-01-00610 è 11-01-
00188).
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Óñðåäíåíèå ôîðìóëû Ôåéíìàíà-Êàöà è àñèìïòîòèêà
ðàñïðåäåëåíèÿ ðàçìåðà d-ìåðíîé ìîäåëè îòêðûòîé ñòðóíû
Àëõèìîâ Â. È. (Ìîñêîâñêèé ãîðîäñêîé ïñèõîëîãî-ïåäàãîãè÷åñêèé

óíèâåðñèòåò)

Ïóñòü íåêîòîðàÿ
”
ïëîòíîñòü“ ñèñòåìû ρ(q, t; q0), ãäå q ∈ Rd, t ∈ R+,

óäîâëåòâîðÿåò ýâîëþöèîííîìó óðàâíåíèþ

∂ρ/∂t = ∆dρ− V ρ

ñ íà÷àëüíûì óñëîâèåì ρ(q, 0; q0) = δ(q− q0), ãäå δ(q)�äåëüòà-ôóíêöèÿ Äè-
ðàêà, ∆d åñòü d-ìåðíûé îïåðàòîð Ëàïëàñà, V (q, t)�íåïðåðûâíàÿ è îãðàíè-
÷åííàÿ ñíèçó ôóíêöèÿ â Rd ⊗ R+, ïîä÷èíåíà ãàóññîâñêîìó ðàñïðåäåëåíèþ,
òàê ÷òî EV = 0, E[V (q, t)V (q′, t′)] = W (q − q′, t − t′). Ðåøåíèå óêàçàííîãî
óðàâíåíèÿ ìîæíî ïðåäñòàâèòü â êîíòèíóàëüíîé ôîðìå ñ ïîìîùüþ ôîðìóëû
Ôåéíìàíà�Êàöà

ρ(q, t; q0) = lim
N→∞

∫
RNd

exp(−
∑

1≤n≤N

τV (qn, tn))dNµ,

ãäå τ = t/N , τn = nτ , n = 1, 2, ...N ; qn = q(tn); q0 = q(0); q = q(t); dNµ�
âèíåðîâñêàÿ ìåðà. Íàñ áóäåò èíòåðåñîâàòü

”
óñðåäíåííàÿ“ ïëîòíîñòü, îïðåäå-

ëÿåìàÿ ðàâåíñòâîì

G(r, t) =

∫
Rd
dqδ(q− q0 − r)Eρ(q, t; q0),

òî÷íåå, åå àñèìïòîòèêà ïðè áîëüøèõ r è t. Îòìåòèì, ÷òî çäåñü âûïîëíÿþòñÿ
äâà íåçàâèñèìûõ ôóíêöèîíàëüíûõ èíòåãðèðîâàíèÿ: îäíî � ïî ïðîñòðàíñòâó
òðàåêòîðèé q : R+ → Rd, à äðóãîå � ïî âñåì ðåàëèçàöèÿì ñëó÷àéíîãî ïîëÿ
V . Äëÿ ôóíêöèè ϕ, ïîëó÷åííîé â ðåçóëüòàòå äâóêðàòíîãî èíòåãðàëüíîãî ïðå-
îáðàçîâàíèÿ

”
óñðåäíåííîé“ ïëîòíîñòè G, óñòàíîâëåíî çàìêíóòîå óðàâíåíèå,

àíàëîãè÷íîå èçâåñòíîìó óðàâíåíèþ Äàéñîíà. Ïîñëåäíåå îêàçàëîñü èíâàðè-
àíòíûì îòíîñèòåëüíî íåïðåðûâíîé ãðóïïû ò. í. ðåíîðìèðîâî÷íûõ (ÐÃ) ïðå-
îáðàçîâàíèé, ÷òî èíèöèèðîâàëî ââåäåíèå èíâàðèàíòíîãî ñïåêòðàëüíîãî ïàðà-
ìåòðà B, íåïîñðåäñòâåííî ñâÿçàííîãî ñ ôóíêöèåé ϕ. Âñëåäñòâèå ÐÃ-èíâàðè-
àíòíîñòè âåëè÷èíà B, óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ Ëè, ñ
ïîìîùüþ êîòîðîãî äëÿ 1 < d < 4 íàéäåíà óêàçàííàÿ àñèìïòîòèêà ôóíêöèè
G(r, t) ïðè îïðåäëåííîé ôàêòîðèçàöèè ôóíêöèè W (r, t) [1]. Åñëè òåïåðü â
îïèñàííîé âûøå çàäà÷å ôîðìàëüíî ïåðåéòè ê ìíèìîìó ïîëþ V , â ðåçóëüòàòå
÷åãîW = −U , ãäå U îáîçíà÷àåò íåîòðèöàòåëüíóþ âåëè÷èíó, òî ïðåäëîæåííàÿ
ñõåìà ìîæåò áûòü èñïîëüçîâàíà äëÿ îòûñêàíèÿ àñèìïòîòèêè ðàñïðåäåëåíèÿ
P (r, t) ðàññòîÿíèÿ r ìåæäó êîíöàìè d-ìåðíîé ìîäåëè îòêðûòîé ñòðóíû ñ êîí-
òóðíîé äëèíîé L, êîãäà r →∞ è L→∞, íî îòíîøåíèå (r/L) ôèêñèðîâàíî è

131



ìàëî. Â ïðåäëîæåííîé ìîäåëè ñòðóíà ÿâëÿåòñÿ ãèáêîé, ðàñòÿæèìîé è èçáå-
ãàþùåé ñàìîïåðåñå÷åíèÿ â Rd, 2 ≤ d < 4.

Íàéäåííàÿ àñèìïòîòèêà ôóíêöèè P (r, L) ñóùåñòâåííî îòëè÷àåòñÿ îò íîð-
ìàëüíîãî ðàñïðåäåëåíèÿ, êîãäà 2 ≤ d < 4 [2]. Îäíàêî, ýôôåêò çàïðåòà íà ñà-
ìîïåðåñå÷åíèÿ ñòðóíû óáûâàåò, êîãäà ðàçìåðíîñòü d ðàñòåò, ïðèáëèæàÿñü ê
çíà÷åíèþ d = 4. Ïîëó÷åííûé ðåçóëüòàò ïîçâîëÿåò ïðåäïîëîæèòü, ÷òî â ñëó-
÷àå d > 4 àñèìïòîòèêà ðàñïðåäåëåíèÿ P (r, L) áóäåò èìåòü âèä íîðìàëüíîãî
ðàñïðåäåëåíèÿ.
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Ñâîéñòâà ðåøåíèé ïàðàáîëè÷åñêèõ óðàâíåíèé, ðàâíîìåðíî
âûðîæäàþùèõñÿ ïî ìàëîìó ïàðàìåòðó â ïîëóïðîñòðàíñòâå
Àëõóòîâ Þ. À. (Âëàäèìèðñêèé ãîñóäàðñòâåííûé ãóìàíèòàðíûé

óíèâåðñèòåò, Ðîññèÿ)
Ëèñêåâè÷ Â. À. (Swansea University, UK)

Â íàñòîÿùåì ñîîáùåíèè èññëåäóåòñÿ ñåìåéñòâî ïàðàáîëè÷åñêèõ óðàâíå-
íèé âèäà

Lεu = (ωε(x)u)t −
n∑

i,j=1

(aij(x, t)ωε(x)uxi)xj = 0, x ∈ Rn, n ≥ 1 (1)

ñ èçìåðèìîé, ðàâíîìåðíî ýëëèïòè÷åñêîé è îãðàíè÷åííîé ìàòðèöåé {aij(x, t)}
è ïîëîæèòåëüíûì âåñîì ωε(x), îïðåäåëÿåìûì ðàâåíñòâîì

ωε(x) =

{
ε, xn > 0
1, xn < 0

, ε ∈ (0, 1].

Ïåðâàÿ ÷àñòü ðàáîòû ïîñâÿùåíà ðàâíîìåðíîé ïî ε îöåíêå ôóíäàìåíòàëüíîãî
ðåøåíèÿ Kε(x, y, t), t > 0, îïåðàòîðà Lε. Åñëè ε = 1, òî õîðîøî èçâåñòíà
îöåíêà Íýøà-Àðîíñîíà [1], [2] âèäà

K(x, y, t) ≤ c1t−n/2e−c2
|x−y|2

t . (2)

Çäåñü íàøåé öåëüþ ÿâëÿåòñÿ ïîëó÷åíèå àíàëîãè÷íîé îöåíêè äëÿ Kε(x, y, t) ñ
ïîñòîÿííûìè c1, c2, íå çàâèñÿùèìè îò ε.

Òåîðåìà 1. Ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå c1, c2, çàâèñÿ-
ùèå òîëüêî îò ðàçìåðíîñòè ïðîñòðàíñòâà n è êîýôôèöèåíòîâ aij, òàêèå,
÷òî äëÿ ëþáîãî ε ∈ (0, 1] ôóíäàìåíòàëüíîå ðåøåíèå Kε(x, y, t) îïåðàòîðà Lε
óäîâëåòâîðÿåò îöåíêå (2).

Âî âòîðîé ÷àñòü ðàáîòû óðàâíåíèå (1) ðàññìàòðèâàåòñÿ â öèëèíäðå
QT = D × (0, T ), îãðàíè÷åííîå îñíîâàíèå D êîòîðîãî èìååò íåïóñòîå ïåðå-
ñå÷åíèå ñ ãèïåðïëîñêîñòüþ xn = 0. Ðåøåíèå ïîíèìàåòñÿ ëîêàëüíî â QT áåç
êàêèõ-ëèáî êðàåâûõ è íà÷àëüíûõ óñëîâèé. Çäåñü èçó÷àåòñÿ âîïðîñ î ãåëü-
äåðîâñêîé íåïðåðûâíîñòè ðåøåíèé. Èç ðåçóëüòàòîâ ðàáîò [2], [3] õîðîøî èç-
âåñòíî, ÷òî ïðè êàæäîì ôèêñèðîâàííîì ε ∈ (0, 1] ëþáîå ðåøåíèå óðàâíåíèÿ
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(1) â ïðîèçâîëüíîì öèëèíäðå Q′ b QT ïðèíàäëåæèò ïðîñòðàíñòâó Cα(Q′)
ãåëüäåðîâûõ â Q′ ôóíêöèé ñ ïîêàçàòåëåì α ∈ (0, 1). Íàñ èíòåðåñóåò âîïðîñ î
íåçàâèñèìîñòè ïîêàçàòåëÿ α îò ε. Ðàññìîòðèì ñåìåéñòâî {uε(x, t)} ðåøåíèé
óðàâíåíèé Lεuε = 0, îãðàíè÷åííîå â L∞ ðàâíîìåðíî ïî ε íà êîìïàêòíûõ
ïîäìíîæåñòâàõ QT . Äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ñóùåñòâóåò ïîñòîÿííàÿ α ∈ (0, 1), çàâèñÿùàÿ òîëüêî îò
ðàçìåðíîñòè ïðîñòðàíñòâà n è êîýôôèöèåíòîâ aij, òàêàÿ, ÷òî ñåìåéñòâî
{uε(x, t)} êîìïàêòíî â Cα(Q′) äëÿ ëþáîãî öèëèíäðà Q′ b QT .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00446.
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Î ðàçðåøèìîñòè ñòàöèîíàðíîé è íåñòàöèîíàðíîé íåëèíåéíûõ
íåëîêàëüíûõ çàäà÷ ðàäèàöèîííî-êîíäóêòèâíîãî òåïëîîáìåíà â
ñèñòåìå òåë ñî ñâîéñòâàìè, çàâèñÿùèìè îò ÷àñòîòû èçëó÷åíèÿ

Àìîñîâ À. À. (Ìîñêîâñêèé ýíåðãåòè÷åñêèé èíñòèòóò, Ðîññèÿ)

Íåñòàöèîíàðíûé ïðîöåññ ðàäèàöèîííî-êîíäóêòèâíîãî òåïëîîáìåíà â ñè-
ñòåìå G = ∪nj=1Gj íåïðîçðà÷íûõ òåë ñî ñâîéñòâàìè ïîâåðõíîñòåé, çàâèñÿùè-
ìè îò ÷àñòîòû èçëó÷åíèÿ ν, îïèñûâàåòñÿ íà÷àëüíî-êðàåâîé çàäà÷åé

cp
∂u

∂t
− div(A(x, t, u)∇u) = f, (x, t) ∈ G× (0, T ), (1)

(A(x, t, u)∇u, n) +

∞∫
0

εν [hν(u)− Lν(ενhν(u))] dν + g, (x, t) ∈ S, (2)

(Ai(x, t, u)∇ui, ni) +

∞∫
0

κν [hν(ui)− hν(uj)] dν, (x, t) ∈ Sij , i 6= j, (3)

u(x, 0) = u0(x), x ∈ G. (4)

Çäåñü S = (∂G \∪i 6=jΓij)× (0, T ), Sij = Γij × (0, T ), Γij = ∂Gi ∩ ∂Gj . Ôóíêöèÿ
hν îòâå÷àåò ñïåêòðàëüíîìó ðàñïðåäåëåíèþ Ïëàíêà, èíòåãðàëüíûé îïåðàòîð
Lν �ïëîòíîñòè ïàäàþùåãî èçëó÷åíèÿ.

Â [1] óñòàíîâëåíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü îáîáùåííîãî ðåøå-
íèÿ çàäà÷è (1)�(4). Äîêàçàíà òåîðåìà ñðàâíåíèÿ. Ïîëó÷åíû ðåçóëüòàòû îá
ýêñïîíåíöèàëüíîé ñóììèðóåìîñòè è îãðàíè÷åííîñòè ðåøåíèé.

Àíàëîãè÷íûå ðåçóëüòàòû î ñâîéñòâàõ ñòàöèîíàðíîé íåëèíåéíîé íåëî-
êàëüíîé çàäà÷è ðàäèàöèîííî-êîíäóêòèâíîãî òåïëîîáìåíà â ñèñòåìå òåë ñî
ñâîéñòâàìè, çàâèñÿùèìè îò ÷àñòîòû èçëó÷åíèÿ, îïóáëèêîâàíû â [2].

133



Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà ÐÔ ïî îá-
ðàçîâàíèþ è íàóêå (ãîñóäàðñòâåííûé êîíòðàêò Ï690 îò 20.05.2010) è Ñîâåòà
ïî ãðàíòàì Ïðåçèäåíòà ÐÔ (ãðàíò ÍØ-3439.2010.1).
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Ñâîéñòâà îïåðàòîðîâ äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ
ìàòðè÷íîãî ïîðÿäêà è èõ ïðèìåíåíèå

Àíäðååâ À. À. (Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Èñìàãèëîâà Ð. Ð. (Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñèñòåìà îáîáùåííûõ èíòåãðàëüíûõ óðàâíåíèé Àáåëÿ íà
îòðåçêå ñ âíåøíèìè êîýôôèöèåíòàìè:

u(x)IGa+ψ + v(x)IGb−ψ =
1

Γ(λ)
g(x), x ∈ (a, b),

ãäå u(x), v(x)�ìàòðèöû ïîðÿäêà n × n; g(x)� âåêòîð-ôóíêöèÿ; G�ïî-
ñòîÿííàÿ ìàòðèöà; u(x), v(x), G�ôóíêöèîíàëüíî êîììóòàòèâíû. Äåé-
ñòâèå ìàòðè÷íîãî ëåâîñòîðîííåãî è ïðàâîñòîðîííåãî îïåðàòîðîâ äðîá-
íîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ Ðèìàíà�Ëèóâèëëÿ íà âåêòîð-ôóíêöèþ
ψ(x) = (ψ1, ψ2, . . . , ψn)> çàäàåòñÿ ðàâåíñòâîì

IGα ψ ≡ D−Gα =

s∑
k=1

νk(G)

mk−1∑
n=0

(G− λkE)n

n!

dk

dλk

( Iλαψ

νk(λ)

)
λ=λk

,

ãäå IGα ïðè α = a+�ëåâîñòîðîííèé èíòåãðàë, α = b−�ïðàâîñòîðîííèé èí-
òåãðàë; νk(λ) = (λ− λk)−mk

∏s
k=1(λ− λk)mk , λk ∈ Λ(G).

Ñ ïîìîùüþ èçó÷åííûõ ðàíåå â [1] ñâîéñòâ îïåðàòîðîâ äðîáíîãî èíòåãðî-
äèôôåðåíöèðîâàíèÿ ìàòðè÷íîãî ïîðÿäêà äàííàÿ ñèñòåìà ñâîäèòñÿ ê ñèñòåìå
ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé îòíîñèòåëüíî âåêòîð-ôóíêöèè

ϕ(x) = (b− x)GIGa+ψ.

Èçâåñòíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ñèñòåìû

A(x)ϕ(x) +
B(x)

πi

∫ b

a

ϕ(t)dt

t− x = f(x),

ãäå A(x) = u(x) + v(x) cosGπ, B(x) = v(x) sinGπ, f(x) = Γ−1(G)g(x)r−Gb .
Ïðè èõ ñîáëþäåíèè îáùåå ðåøåíèå ñèñòåìû çàïèñûâàåòñÿ â ÿâíîé ôîðìå, ñ
ïîìîùüþ êîòîðîé ìîæíî ïîëó÷èòü, ðåøàÿ ìàòðè÷íîå óðàâíåíèå Àáåëÿ [2],
èñêîìóþ âåêòîð-ôóíêöèþ ψ(x).
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Áèôóðêàöèîííûå ìíîæåñòâà â çàäà÷å Êîâàëåâñêîé�ßõüè
Àíäðåÿíîâ Ï. Ï. (ÌÃÓ èì. Ëîìîíîñîâà, Ðîññèÿ)
Äóøèí Ê. Þ. (ÌÃÓ èì. Ëîìîíîñîâà, Ðîññèÿ)

Â ðàáîòå èçó÷àåòñÿ çàäà÷à î äâèæåíèè òÿæåëîãî ãèðîñòàòà, ðàñïðåäåëå-
íèå ìàññ êîòîðîãî ïîä÷èíåíî óñëîâèÿì Êîâàëåâñêîé, à ãèðîñòàòè÷åñêèé ìî-
ìåíò ~λ = (0, 0, λ) ïîñòîÿíåí è íàïðàâëåí âäîëü îñè äèíàìè÷åñêîé ñèììåòðèè.
Ýòîé çàäà÷å ñîîòâåòñòâóåò äèíàìè÷åñêàÿ ñèñòåìà ñ ãàìèëüòîíèàíîì H è ïåð-
âûìè èíòåãðàëàìè G, Γ â êîíôèãóðàöèîííîì ïðîñòðàíñòâå R6(ω, ν):

H =
1

2
〈Aω, ω〉+ ν × ~a, G = 〈Aω + ~λ, ν〉, Γ = 〈ν, ν〉,

ãäå ÷åðåç 〈, 〉 îáîçíà÷åíî ñòàíäàðòíîå åâêëèäîâî ïðîèçâåäåíèå â R3. Â ðàáîòå
[4] Õ. Ì. ßõüè áûë óêàçàí äîïîëíèòåëüíûé èíòåãðàë K ÷åòâåðòîé ñòåïåíè.
Ðàññìîòðèì ÷åòûðåõìåðíóþ ñîâìåñòíóþ ïîâåðõíîñòü óðîâíÿ èíòåãðàëîâ G̃,
Γ:

M4
g,λ = {(ω, ν) | G = g, Γ = 1}.

Íà íåé ñèñòåìà ñòàíîâèòñÿ âïîëíå èíòåãðèðóåìîé è èìååò äâà íåïðåðûâíûõ
ïàðàìåòðà: g�ïîñòîÿííóþ ïëîùàäåé è λ� ãèðîñòàòè÷åñêèé ìîìåíò. Ýòà ñè-
ñòåìà áûëà õîðîøî èçó÷åíà äëÿ ñëó÷àåâ g = 0 è λ = 0. Âûÿñíèëîñü, ÷òî
íåêîòîðûå âàæíûå òîïîëîãè÷åñêèå ñâîéñòâà ñèñòåìû, îáíàðóæåííûå â ãðà-
íè÷íûõ ñëó÷àÿõ, ïðîäîëæàþòñÿ íà ñèñòåìû ñ ïàðàìåòðàìè g > 0, λ > 0, â òî
æå âðåìÿ â íèõ ïðèñóòñòâóþò ïðèíöèïèàëüíî íîâûå ýôôåêòû, à òîïîëîãè÷å-
ñêèå èíâàðèàíòû óñòðîåíû ãîðàçäî ñëîæíåå.

Ðàññìîòðèì òî÷êó (g, µ) â îáëàñòè U , è îòîáðàæåíèå ìîìåíòà K×H, ãäå

U = {(g, λ) | g > 0, µ > 0}, K ×H : M4
g,λ → R2(k, h).

Ìíîæåñòâî åãî êðèòè÷åñêèõ çíà÷åíèé Σg,λ íàçûâàåòñÿ áèôóðêàöèîííîé äèà-
ãðàììîé. Â ðàáîòå [1] Ï. Å. Ðÿáîâà áûëî äîêàçàíî, ÷òî ìíîæåñòâî Σg,λ ïðè-
íàäëåæèò äèñêðèìèíàíòíîìó ìíîæåñòâó Dg,λ, êîòîðîå çàäàåòñÿ îáúåäèíåíè-
åì äâóõ àëãåáðàè÷åñêèõ êðèâûõ γ1, γ2, è ïîêàçàíî, êàêóþ ÷àñòü D íåîáõîäèìî
îòáðîñèòü, ÷òîáû ïîëó÷èòü Σg,λ.

Áèôóðêàöèîííûå äèàãðàììû Σg,λ â çàäà÷å Êîâàëåâñêîé�ßõüè è èõ ïåðå-
ñòðîéêè ïðåäñòàâëÿþò áîëüøîé èíòåðåñ äëÿ èññëåäîâàíèÿ òîïîëîãèè ñëîåíèÿ
Ëèóâèëëÿ. Öåëü íàñòîÿùåé ðàáîòû� ïðîâåñòè áîëåå ïîäðîáíûé àíàëèç ñåìåé-
ñòâà áèôóðêàöèîííûõ äèàãðàìì Σg,λ è îïèñàòü, êàê îíè ïåðåñòðàèâàþòñÿ ïðè
èçìåíåíèè g, λ.

Ñïèñîê ëèòåðàòóðû

[1] Ðÿáîâ Ï. Å. Áèôóðêàöèîííîå ìíîæåñòâî çàäà÷è î äâèæåíèè òâåðäîãî òåëà âîêðóã
íåïîäâèæíîé òî÷êè â ñëó÷àå Êîâàëåâñêîé�ßõüè. Äèññ. Âîëãîãðàä, 1997.

[2] Ìîðîçîâ Ï. Â. Ëèóâèëëåâà êëàññèôèêàöèÿ íåêîòîðûõ èíòåãðèðóåìûõ ñèñòåì ìåõà-
íèêè òâåðäîãî òåëà. Ìîñêâà, 2006.

135



[3] Áîëñèíîâ À. Â., Ðèõòåð Ï., Ôîìåíêî À. Ò. Ìåòîä êðóãîâûõ ìîëåêóë è òîïîëîãèÿ
âîë÷êà Êîâàëåâñêîé// Maòeì. ñáîðíèê, 2000, Ò. 191, � 2, Ñ. 3�42.

[4] ßõüÿ Õ. Ì. Íîâûå èíòåãðèðóåìûå ñëó÷àè çàäà÷è î äâèæåíèè ãèðîñòàòà// Becòíèê
ÌÃÓ ñåð. ìaòeì., ìåõàí., 1987, � 4, ñ. 88�90.

[5] Îøåìêîâ À. À. Òðóäû Ñåìèíàðà ïî âåêòîðíîìó è òåíçîðíîìó àíàëèçó âûï. 25 ÷àñòü
2. Èçäàòåëüñòâî Ìîñêîâñêîãî Óí-òà, 1993.

[6] Õàðëàìîâ Ì. Ï., Ðÿáîâ Ï. Å. Áèôóðêàöèè ïåðâûõ èíòåãðàëîâ â ñëó÷àå Êîâàëåâñêîé�
ßõüè// Ðåãóëÿðíàÿ è õàîòè÷åñêàÿ äèíàìèêà, 1997, Ò. 2, � 2.

Î ñóùåñòâîâàíèè ðåøåíèé ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ äâîéíîé
íåëèíåéíîñòüþ â íåîãðàíè÷åííûõ îáëàñòÿõ

Àíäðèÿíîâà Ý. À. (ÓÃÀÒÓ, Ðîññèÿ)
Ìóêìèíîâ Ô. Õ. (Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü Ω � íåîãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn = {x =
(x1, x2, . . . , xn)}, n ≥ 2. Â öèëèíäðè÷åñêîé îáëàñòè D = {t > 0} × Ω äëÿ ïà-
ðàáîëè÷åñêîãî óðàâíåíèÿ ñ äâîéíîé íåëèíåéíîñòüþ ðàññìàòðèâàåòñÿ ïåðâàÿ
ñìåøàííàÿ çàäà÷à

(|u|k−2u)t =

n∑
i=1

(|uxi |
p−2uxi)xi , k, p > 1, (t,x) ∈ D; (1)

u(t,x)
∣∣∣
S

= 0, S = {t > 0} × ∂Ω; u(0,x) = ϕ(x), ϕ(x) ∈ Lk(Ω). (2)

Âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è ðàññìàòðèâà-
ëèñü â ðàáîòàõ Raviart P. A. (1970), Lions J. L. (1969), Bamberger A. (1977),
Grange O., Mignot F. (1972), Bernis F. (1988). Â îñíîâíîì ðàññìàòðèâàëèñü
çàäà÷è â îãðàíè÷åííûõ îáëàñòÿõ. Ñèëüíîå ðåøåíèå çàäà÷è â îãðàíè÷åííîé
îáëàñòè áûëî óñòàíîâëåíî Raviart P. A. ïóòåì çàìåíû ýâîëþöèîííîé ïðîèç-
âîäíîé ðàçíîñòíûì îòíîøåíèåì. Bernis F. äîêàçàë ñóùåñòâîâàíèå ñëàáîãî ðå-
øåíèÿ çàäà÷è â íåîãðàíè÷åííîé îáëàñòè ïðåäåëüíûì ïåðåõîäîì îò ðåøåíèé,
ïîñòðîåííûõ â îãðàíè÷åííûõ îáëàñòÿõ Grange O., Mignot F. Îäíàêî ðàáîòà ñî
ñëàáûì ðåøåíèåì âûçûâàåò çàòðóäíåíèå ïðè èçó÷åíèè, íàïðèìåð, óáûâàíèÿ
ðåøåíèÿ ïðè t→∞.

Ìû ïðåäëàãàåì îáû÷íûé ñïîñîá ïîñòðîåíèÿ ñèëüíîãî ðåøåíèÿ çàäà÷è
ñðàçó â íåîãðàíè÷åííîé îáëàñòè íà îñíîâå ãàëåðêèíñêèõ ïðèáëèæåíèé. Èõ
ïîñòðîåíèå ìàëî ÷åì îòëè÷àåòñÿ îò ïðåäëîæåííîãî Æ. Ë. Ëèîíñîì â êíèãå
�Íåêîòîðûå ìåòîäû ðåøåíèÿ íåëèíåéíûõ êðàåâûõ çàäà÷� äëÿ ñëó÷àÿ k = 2.
Ïðåäëàãàåìûé ìåòîä ìîæåò áûòü àäàïòèðîâàí íà ñóùåñòâåííî áîëåå øèðîêèé
êëàññ óðàâíåíèé. Ïîñòðîåííîå ðåøåíèå ïðè ϕ ∈ Lk(Ω), ∇ϕ ∈ Lp(Ω) îáëàäàåò
ñëåäóþùèìè ñâîéñòâàìè:

u ∈ C([0, T ];Lk(Ω)), ∇u ∈ L∞((0, T );Lp(Ω)),
∂

∂t
|u|k/2−1u ∈ L2(DT ).

Íåòðóäíî òàêæå ïîëó÷èòü îöåíêó ‖∇u(t)‖Lp ≤ Ct−1/p. Ãàëåðêèíñêèå ïðè-
áëèæåíèÿ ÿâëÿþòñÿ ãëàäêèìè ôóíêöèÿìè, ÷òî îáëåã÷àåò äîêàçàòåëüñòâî äëÿ
íèõ ðàçíûõ îöåíîê, êîòîðûå çàòåì ïðåäåëüíûì ïåðåõîäîì ðàñïðîñòðàíÿþòñÿ
íà ðåøåíèå çàäà÷è (1), (2). Â ÷àñòíîñòè, â ñëó÷àå îãðàíè÷åííîé îáëàñòè ïðè
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p > k ñïðàâåäëèâû îöåíêè

c(1 + t)−1/(p−k) ≤ ‖u(t)‖Lk(Ω) ≤Mt−1/(p−k), t > 0. (3)

Ïðè p = k óáûâàíèå ýêñïîíåíöèàëüíîå

c exp(−Λt) ≤ ‖u(t)‖Lk(Ω) ≤ C exp(−λt).

Îöåíêè (3) ïðè k = 2 ïîëó÷åíû À. Ô. Òåäååâûì (1992) è Alikakos N., Rostma-
nian R. (1982) äëÿ çàäà÷è Êîøè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00118-a.

Îá óñòîé÷èâîñòè ðåøåíèé îäíîãî êëàññà
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

Àíêèëîâ À. Â. (Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Âåëüìèñîâ Ï. À. (Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Â ðàáîòå, ïðåäñòàâëåííîé äàííûì ñîîáùåíèåì, íà îñíîâå ïîñòðîåííûõ
ìàòåìàòè÷åñêèõ ìîäåëåé èññëåäóåòñÿ äèíàìè÷åñêàÿ óñòîé÷èâîñòü äåôîðìè-
ðóåìûõ (âÿçêîóïðóãèõ, óïðóãèõ) ýëåìåíòîâ (ïëàñòèí, ñòåðæíåé) êîíñòðóêöèé
ñ ó÷åòîì âçàèìîäåéñòâèÿ ñ äîçâóêîâûì èëè ñâåðõçâóêîâûì ïîòîêîì æèäêîñòè
èëè ãàçà. Èññëåäîâàíèÿ ïðîâîäÿòñÿ äëÿ ýëåìåíòîâ ëåòàòåëüíûõ è ïîäâîäíûõ
àïïàðàòîâ, òðóáîïðîâîäíûõ ñèñòåì. Îïðåäåëåíèå óñòîé÷èâîñòè äåôîðìèðóå-
ìûõ ýëåìåíòîâ ñîîòâåòñòâóåò êîíöåïöèè óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì
ïî Ëÿïóíîâó.

Â ðàáîòå äëÿ ðåøåíèÿ ñâÿçàííûõ çàäà÷ àýðîãèäðîóïðóãîñòè èñïîëüçóåòñÿ
äâà ïîäõîäà. Ïåðâûé ïîäõîä îñíîâàí íà ïîñòðîåíèè ðåøåíèÿ àýðîãèäðîäèíà-
ìè÷åñêîé ÷àñòè çàäà÷ ìåòîäàìè òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî,
ïðè âòîðîì ïîäõîäå èñïîëüçóåòñÿ ìåòîä Ôóðüå. Ïðè ýòîì àýðîãèäðîäèíàìè-
÷åñêàÿ íàãðóçêà (äàâëåíèå æèäêîñòè èëè ãàçà) îïðåäåëÿåòñÿ ÷åðåç ôóíêöèè,
îïèñûâàþùèå íåèçâåñòíûå ïðîãèáû ýëåìåíòîâ êîíñòðóêöèé. Ïðè ïîäñòàíîâ-
êå âûðàæåíèÿ äëÿ äàâëåíèÿ â óðàâíåíèÿ êîëåáàíèé ýëåìåíòîâ ðåøåíèå çà-
äà÷ ñâîäèòñÿ ê èññëåäîâàíèþ ñèñòåì ñâÿçàííûõ èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè äëÿ ôóíêöèé ïðîãèáîâ.

Íàïðèìåð, äëÿ ïëîñêîé çàäà÷è àýðîãèäðîóïðóãîñòè î ìàëûõ êîëåáàíèÿõ,
âîçíèêàþùèõ ïðè áåñöèðêóëÿöèîííîì îáòåêàíèè äîçâóêîâûì ïîòîêîì èäå-
àëüíîãî ãàçà òîíêîñòåííîé êîíñòðóêöèè�ìîäåëè êðûëà, ñîñòàâíûìè ÷àñòÿ-
ìè êîòîðîãî ÿâëÿþòñÿ n óïðóãèõ ýëåìåíòîâ, ïîëó÷åíà ñèñòåìà íåëèíåéíûõ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé:

−EkFk
(
uk
′ +

1

2
wk
′2
)′

+Mkük = 0,

− EkFk
[
wk
′
(
uk
′ +

1

2
wk
′2
)]′

+Mkẅk +Dkwk
′′′′ +Nkw

′′
k + β0kwk+
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+ β1kẇk + β2kẇ
′′′′
k = − ρ

π

n∑
i=1

a2i∫
a2i−1

(
ẅi(τ, t) + V ẇ′i(τ, t)

)
K(τ, x) dτ−

− V ρ

π

n∑
k=1

a2i∫
a2i−1

(
ẇi(τ, t) + V w′i(τ, t)

)
× ∂K(τ, x)

∂x
dτ+

+
V 2ρ

2π

n−1∑
i=1

a2i+1∫
a2i

(
f+
i

′
(τ) + f−i

′
(τ)
)
G(τ, x) dτ,

x ∈ (a2k−1, a2k), k = 1 ÷ n, ãäå øòðèõ îáîçíà÷àåò ïðîèçâîäíóþ ïî x è τ , à
òî÷êà � ïðîèçâîäíóþ ïî t; wk (x, t) è uk (x, t) (k = 1÷ n) � ïîïåðå÷íûå è ïðî-
äîëüíûå äåôîðìàöèè ýëåìåíòîâ â íàïðàâëåíèè îñåé Oy è Ox ñîîòâåòñòâåííî;
f±k (x) (k = 1÷ (n− 1)) �ôóíêöèè, îïðåäåëÿþùèå ôîðìó íåäåôîðìèðóåìûõ
÷àñòåé ïðîôèëÿ; V , Ek, Fk, Mk, Dk, Nk, β0k, β1k, β2k (k = 1÷ n) � íåêîòîðûå
ïîñòîÿííûå; K(τ, x), G(τ, x)�íåêîòîðûå ôóíêöèè.

Ðàçðàáîòàíû àíàëèòè÷åñêèå ìåòîäèêè èññëåäîâàíèÿ äèíàìè÷åñêîé
óñòîé÷èâîñòè â çàäà÷àõ àýðîãèäðîóïðóãîñòè, îñíîâàííûå íà ïîñòðîåíèè
ôóíêöèîíàëîâ äëÿ ïîäîáíûõ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè. Èçó÷àåòñÿ óñòîé÷èâîñòü ýëåìåíòîâ ïðè ðàçëè÷íûõ
ñïîñîáàõ èõ çàêðåïëåíèÿ è ðàñïîëîæåíèÿ íà êîíñòðóêöèÿõ.

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ÔÖÏ
”
Íàó÷íûå è íàó÷íî-

ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè“ (2009�2013 ãã.), ÃÊ � Ï1122.

Ëîêàëüíàÿ ïðåäìàêñèìàëüíîñòü è ãèïåðáîëè÷íîñòü
Àíîñîâ Ä. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè

Ì. Â. Ëîìîíîñîâà, Ìàòåìàòè÷åñêèé èíñòèòóò ÐÀÍ èìåíè Â. À. Ñòåêëîâà,
Ðîññèÿ)

Ñâîéñòâî ëîêàëüíîé ïðåäìàêñèìàëüíîñòè èíâàðèàíòíîãî ìíîæåñòâà F
(èíâàðèàíòíûå ìíîæåñòâà ïîäðàçóìåâàþòñÿ êîìïàêòíûìè) òîïîëîãè÷åñêîé
äèíàìè÷åñêîé ñèñòåìû ñîñòîèò â òîì, ÷òî â ëþáîé åãî îêðåñòíîñòè èìååò-
ñÿ ëîêàëüíî ìàêñèìàëüíîå èíâàðèàíòíîå ìíîæåñòâî, ñîäåðæàùåå F . Â ýòîì
îïðåäåëåíèè ãîâîðèòñÿ î ïîâåäåíèè òðàåêòîðèé, ðàñïîëîæåííûõ âíå F (õîòÿ
è áëèçêèõ ê F ). Íî îêàçûâàåòñÿ, ÷òî â êëàññå ãèïåðáîëè÷åñêèõ ìíîæåñòâ íà-
ëè÷èå èëè îòñóòñòâèå ó F äàííîãî ñâîéñòâà âñåöåëî îïðåäåëÿåòñÿ äèíàìèêîé
íà ñàìîì F .

Àñèìïòîòèêè ñäâèíóòûõ ðåøåíèé óðàâíåíèé Í. Êîâàëåâñêîãî
Àðàíñîí À. Á. (ÍÈÈ Äàëüíåé Ðàäèîñâÿçè, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ äâèæåíèå òâåðäîãî òåëà âîêðóã íåïîäâèæíîé òî÷êè.
Â îáùåì ñëó÷àå ýòî äâèæåíèå îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé Ýéëåðà�
Ïóàññîíà [1].

Îäèí èç ÷àñòíûõ ñëó÷àåâ ýòîãî äâèæåíèÿ îïèñûâàåòñÿ óðàâíåíèÿìè
Í. Êîâàëåâñêîãî [2]. Äëÿ ñëó÷àÿ, êîãäà íåçàâèñèìàÿ ïåðåìåííàÿ ñòðåìèò-
ñÿ ê íóëþ èëè áåñêîíå÷íîñòè, ñ ïîìîùüþ àëãîðèòìîâ ñòåïåííîé ãåîìåòðèè
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À. Áðþíî, Â. Ëóíåâ è È. Ãàøåíåíêî [3] âû÷èñëèëè âñå ëîêàëüíûå è àñèìïòî-
òè÷åñêèå ðàçëîæåíèÿ ðåøåíèé óðàâíåíèé Í. Êîâàëåâñêîãî è ñ èõ ïîìîùüþ�
âñå ïîëèíîìèàëüíûå ðåøåíèÿ ýòèõ óðàâíåíèé.

Òåïåðü ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà â óðàâíåíèÿõ Í. Êîâàëåâñêîãî
íåçàâèñèìàÿ ïåðåìåííàÿ ñòðåìèòñÿ ê îòëè÷íîé îò íóëÿ è áåñêîíå÷íîñòè êîí-
ñòàíòå. Äëÿ ýòîãî â íåçàâèñèìîé ïåðåìåííîé p âûäåëåíà ïîñòîÿííàÿ ÷àñòü
p0, ÿâëÿþùàÿñÿ íîâûì ïàðàìåòðîì, à óðàâíåíèÿ Í. Êîâàëåâñêîãî ïðèíèìà-
þò âèä [4]

d2σ

dp̃2
τ +

1

2

dσ

dp̃

dτ

dp̃
+ a3

dτ

dp̃
p̃+ a4τ + a2σ + a3p0

dτ

dp̃
+

+ a5p̃
2 + 2a5p0p̃+

(
a5p

2
0 + a1

)
= 0,

σ
d2τ

dp̃2
+

1

2

dσ

dp̃

dτ

dp̃
+ b2

dσ

dp̃
p̃+ b3σ + b2p0

dσ

dp̃
+ b4τ+

+ b5p̃
2 + 2b5p0p̃+

(
b5p

2
0 + b1

)
= 0,


(1)

ãäå p̃ = p − p0 ∈ C�íåçàâèñèìàÿ ïåðåìåííàÿ, p0 = const ∈ C, 0 < |p0| < ∞,
σ, τ ∈ C�íåçàâèñèìûå ïåðåìåííûå, êîýôôèöèåíòû a1, . . . , a5, b1, . . . , b5,
c1, . . . , c5, d1, . . . , d13 �ðàöèîíàëüíûå âûðàæåíèÿ îò ïàðàìåòðîâ óðàâíåíèé
Ýéëåðà�Ïóàññîíà.

Äëÿ ñèñòåìû óðàâíåíèé (1) ïðè p̃→ 0 âû÷èñëÿþòñÿ ñòåïåííûå ðàçëîæå-
íèÿ åå ðåøåíèé âèäà

σ = p̃α
(
σ0 +

∞∑
j=1

σj p̃
j∆

)
, τ = p̃β

(
τ0 +

∞∑
j=1

τj p̃
j∆

)
, (2)

ãäå σ0, σj , τ0, τj ∈ C, σ0, τ0 6= 0, α, β,∆ ∈ Q, ∆ > 0. Ñëàãàåìûå σ0p̃
α, τ0p̃β

íàçûâàþòñÿ ïåðâûìè ïðèáëèæåíèÿìè ðåøåíèé óðàâíåíèé (1).
Ñ ïîìîùüþ àëãîðèòìîâ ñòåïåííîé ãåîìåòðèè, ðåàëèçîâàííûõ â âèäå

êîìïüþòåðíûõ ïðîãðàìì è ñêðèïòîâ äëÿ ñèñòåìû ñèìâîëüíûõ âû÷èñëåíèé
Maxima [4], âû÷èñëåíî ñåìü ðàçëîæåíèé âèäà (2). Ïàðû ïîêàçàòåëåé ñòåïå-
íåé (α, β) ïåðâûõ ïðèáëèæåíèé ðåøåíèé ðàâíû: (0, 3), (0, 3/2), (0, 4/3), (0, 1),
(1/2, 1), (3/2, 3/2), (0, 0). Äëÿ ïÿòè ðàçëîæåíèé çàìåíîé ïåðåìåííûõ è êîýô-
ôèöèåíòîâ ïîëó÷àþòñÿ åùå ïÿòü ðàçëîæåíèé ðåøåíèé ñ ïîêàçàòåëÿìè (β, α)
ïåðâûõ ïðèáëèæåíèé ðåøåíèé.

Ñïèñîê ëèòåðàòóðû

[1] Ãîëóáåâ Â. Â. Ëåêöèè ïî èíòåãðèðîâàíèþ óðàâíåíèé äâèæåíèÿ òÿæåëîãî òâåðäîãî
òåëà îêîëî íåïîäâèæíîé òî÷êè. Ì.: ÃÈÒÒË, 1953.

[2] Kowalevski N. Eine neue partikulare Losung der Di�erenzialgleichungen der Bewegung
eines schweren starren Korpers um einen festen Punkt// Math. Ann. 1908, B. 65, S. 528�
537.

[3] Áðþíî À. Ä. Àíàëèç óðàâíåíèé Ýéëåðà�Ïóàññîíà ìåòîäàìè ñòåïåííîé ãåîìåòðèè è
íîðìàëüíîé ôîðìû// ÏÌÌ. 2007. Ò. 71. � 2. Ñ. 192�226.

[4] Àðàíñîí À. Á. Âû÷èñëåíèå ñòåïåííûõ ðàçëîæåíèé ðåøåíèé ìîäèôèöèðîâàííîé ñè-
ñòåìû ÎÄÓ Í. Êîâàëåâñêîãî àëãîðèòìàìè ñòåïåííîé ãåîìåòðèè// Ïðîãðàììèðîâàíèå.
2011. � 2. Ñ. 39�52.
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Îá èññëåäîâàíèè äèôôåðåíöèàëüíûõ óðàâíåíèé, íå ðàçðåøåííûõ
îòíîñèòåëüíî ïðîèçâîäíîé, ìåòîäàìè òåîðèè íàêðûâàþùèõ

îòîáðàæåíèé
Àðóòþíîâ À. Â. (Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ðîññèÿ)

Æóêîâñêèé Å. Ñ. (Òàìáîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èìåíè Ã. Ð. Äåðæàâèíà, Ðîññèÿ)

Æóêîâñêèé Ñ. Å. (Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ðîññèÿ)

Ðàáîòà ïîñâÿùåíà ïðèìåíåíèþ òåîðèè α-íàêðûâàþùèõ îòîáðàæåíèé [1-
3] ê èññëåäîâàíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé, íå ðàçðåøåííûõ îòíîñè-
òåëüíî ïðîèçâîäíîé. Íàéäåíû óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé è èõ íåïðå-
ðûâíîé çàâèñèìîñòè îò íà÷àëüíûõ óñëîâèé è ïàðàìåòðîâ óðàâíåíèé. Â ïî-
ëó÷åííûõ óòâåðæäåíèÿõ íå èñïîëüçóåòñÿ ãëàäêîñòü âõîäÿùèõ â óðàâíåíèÿ
ôóíêöèé.

Ïóñòü (X, ρX), (Y, ρY )�ìåòðè÷åñêèå ïðîñòðàíñòâà. Îáîçíà÷èì ÷åðåç
BX(u, r) çàìêíóòûé øàð ïðîñòðàíñòâà X ñ öåíòðîì â u ðàäèóñà r ≥ 0. Ïóñòü
çàäàíî ÷èñëî α > 0, ìíîæåñòâà W ⊆ Y , A ⊆ X × R+.

Îïðåäåëåíèå 1. Îòîáðàæåíèå F : X → Y íàçîâåì α-íàêðûâàþùèì
ìíîæåñòâî W íà ñîâîêóïíîñòè A, åñëè äëÿ ëþáûõ (u, r) ∈ A èìååò ìåñòî
âêëþ÷åíèå

BY (F (u), αr)
⋂
W ⊆ F

(
BX(u, r)

)
.

Ïóñòü çàäàíû: çàìêíóòîå ìíîæåñòâî Ω ⊆ Rn; {Ai} ⊂ Rn è ïîñëåäîâàòåëü-
íîñòü ôóíêöèé fi : [a, b]×Rn×Ω→ Rm, óäîâëåòâîðÿþùèõ óñëîâèþ Êàðàòåî-
äîðè. Ðàññìîòðèì ïðè êàæäîì i = 1, 2, . . . çàäà÷ó Êîøè äëÿ íå ðàçðåøåííîãî
îòíîñèòåëüíî ïðîèçâîäíîé äèôôåðåíöèàëüíîãî óðàâíåíèÿ

fi(t, x, ẋ) = 0, ẋ ∈ Ω, t ∈ [a, b], x(a) = Ai. (1)

Ðåøåíèå çàäà÷è (1) áóäåì èñêàòü â êëàññå AC∞ àáñîëþòíî íåïðåðûâíûõ
ôóíêöèé x : [a, b]→ Ω ñ ñóùåñòâåííî îãðàíè÷åííîé ïðîèçâîäíîé.

Ïóñòü çàäàíà ôóíêöèÿ u0 ∈ AC∞. Ïîëîæèì wi(t) = fi(t, u0(t), u̇0(t)),
t ∈ [a, b]. Ïóñòü èìååò ìåñòî ñõîäèìîñòü vrai supt∈[a,b] |wi(t)| → 0, Ai → u0(a).
Â ðàáîòå ïîëó÷åíû óñëîâèÿ ðàçðåøèìîñòè ïðè êàæäîì i çàäà÷è (1) è ñó-
ùåñòâîâàíèÿ òàêîãî ðåøåíèÿ xi ∈ AC∞, ÷òî vrai supt∈[a,b] |ẋi(t) − u̇0(t)| → 0.
Îñíîâíûì ÿâëÿåòñÿ ïðåäïîëîæåíèå, ÷òî ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå α,
R, ν, ÷òî äëÿ ëþáîãî i = 1, 2, . . . ïðè ï. â. t ∈ [a, b] ïðè ëþáîì x ∈ BRn(u0(t), ν)
îòîáðàæåíèå fi(t, x, ·) : Ω → Rm ÿâëÿåòñÿ α-íàêðûâàþùèì ìíîæåñòâî
BRm(fi(t, x, u̇0(t)), αR) íà ñîâîêóïíîñòè

A(t) = { (v, r) : v ∈ BΩ(u̇0(t), R), 0 ≤ r ≤ R− |v − u̇0(t)| }.
Ðàáîòà âûïîëíåíà â ðàìêàõ ÔÖÏ �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå

êàäðû èííîâàöèîííîé Ðîññèè íà 2009�2013 ãîäû� (êîíòðàêò � 16.740.11.0426
îò 26 íîÿáðÿ 2010 ãîäà), ïîääåðæàíà ÐÔÔÈ, ãðàíò 09-01-97503.
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Îãðàíè÷åíèÿ íà ñêîðîñòü óáûâàíèÿ íà áåñêîíå÷íîñòè â
íåîãðàíè÷åííîé îáëàñòè ðåøåíèÿ ëèíåéíîãî ýëëèïòè÷åñêîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà, ãëàâíàÿ ÷àñòü êîòîðîãî èìååò

äèâåðãåíòíóþ ôîðìó
Àñòàõîâ À. Ò. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Òåîðåìà 1. Ïóñòü u(x) = u(x1, . . . , xn), n > 1 � ðåøåíèå ýëëèïòè÷å-
ñêîãî óðàâíåíèÿ

n∑
i=1

n∑
j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+ f2(x)u(x) = 0,

îïðåäåëåííîå ïðè |x| > R0 > 0. Ïóñòü òàêæå âûïîëíÿþòñÿ óñëîâèÿ:

1◦. aij(x) > 0, ∀i, j = 1, . . . , n, f2(x) ∈ C∞(|x| > R0);

2◦. f2(x)
ajj(x)

− 1 = o
(

1
|x|

)
ïðè |x| → ∞;

3◦. aij(x) = o
(
ajj(x)

|x|

)
, ∀i, j = 1, ..., n, i 6= j;

4◦. ∂aij(x)

∂xi
= o

(
ajj(x)

|x|

)
, ïðè |x| → ∞, ∀i, j = 1, ..., n;

5◦. lim
R→∞

∫
R6|x|6R+ε

|u(x)|2 dx = 0, ãäå ε 6= 0 � ôèêñèðîâàííîå ÷èñëî.

Òîãäà u(x) ≡ 0.

Ñëåäñòâèå 1. Ïóñòü u(x) = u(x1, . . . , xn), n > 1 � ðåøåíèå ýëëèïòè÷å-
ñêîãî óðàâíåíèÿ

n∑
j=1

∂

∂xj

(
aj(x)

∂u

∂xj

)
+ f2(x)u(x) = 0,

îïðåäåëåííîå ïðè |x| > R0 > 0. Ïóñòü òàêæå âûïîëíÿþòñÿ óñëîâèÿ:

1◦. aj(x) > 0, ∀j = 1, . . . , n, f2(x) ∈ C∞(|x| > R0); f2(x)
aj(x)

− 1 = o
(

1
|x|

)
ïðè |x| → ∞;

2◦. ∂aj(x)

∂xj
= o

(
aj(x)

|x|

)
∀j = 1, . . . , n ïðè |x| → ∞;

3◦. lim
R→∞

∫
R6|x|6R+ε

|u(x)|2 dx = 0, ãäå ε 6= 0 � ôèêñèðîâàííîå ÷èñëî.

Òîãäà u(x) ≡ 0.

Çàìå÷àíèå 1. Â ñëó÷àå aij(x) = aj(x), ∀i, j = 1, . . . , n òåîðåìà 1 íå èìååò
ìåñòà.

Çàìå÷àíèå 2. Â ñëó÷àå aj(x) = a(x), ∀j = 1, . . . , n ñëåäñòâèå 1 îñòàåòñÿ
ñïðàâåäëèâûì.
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Äâà ìåòîäà âû÷èñëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèé ïî
ïðîèçâîäíûì öåïî÷êàì Êåëäûøà

Àõòÿìîâ À. Ì. (Èíñòèòóò ìåõàíèêè ÓÍÖ ÐÀÍ, Ðîññèÿ)

Ðàññìîòðèì íåñàìîñîïðÿæåííóþ ñïåêòðàëüíóþ çàäà÷ó

a∆u(x) + b λ
∂u

∂x
+ λ2 u(x) = 0 â Ω, (1)

α
∂u

∂n
+ λu(x) = 0 íà Γ. (2)

Çäåñü a, b, α ∈ R; ∂u
∂x

=
∑n
i=1

∂u
∂xi

; ∂u
∂n

� ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè, à
Ω � îãðàíè÷åííàÿ îáëàñòü ñ áåñêîíå÷íî ãëàäêîé ãðàíèöåé Γ = ∂Ω, êîòîðóþ
ìîæíî ëîêàëüíî âûïðÿìèòü ãëàäêèìè ïðåîáðàçîâàíèÿìè êîîðäèíàò.

Íå îãðàíè÷èâàÿ îáùíîñòè, â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî âñå ñîáñòâåí-
íûå çíà÷åíèÿ çàäà÷è (1)�(2) ïðîñòûå.

Ñîãëàñíî ìåòîäó, ïðåäëîæåííîìó â ðàáîòàõ [1] è [2], ðàññìàòðèâàåìàÿ
çàäà÷à äîïóñêàåò ëèíåàðèçàöèþ â ïðîñòðàíñòâå H = H1(Ω)×H0(Ω).

Áîëåå òî÷íî, â ïðîñòðàíñòâåH ðàññìîòðèì ëèíåéíûé îïåðàòîð L, îïðåäå-
ëåííûé ðàâåíñòâîì L(f0, f1) =

(
f1, −a∆f0 − b ∂f1∂x

)
ñ îáëàñòüþ îïðåäåëåíèÿ

D(L) =

{
f̃ = (f0, f1) : f0 ∈ H2(Ω), f1 ∈ H1(Ω), α

∂f0

∂n
+ f1 = 0

}
.

Òîãäà ëèíåéíàÿ ñïåêòðàëüíàÿ çàäà÷à Lf̃ = λf̃ èìååò òå æå ñîáñòâåííûå çíà-
÷åíèÿ, ÷òî è çàäà÷à (1)�(2), à ñîáñòâåííûé ýëåìåíò îïåðàòîðà L, ñîîòâåò-
ñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ λk, èìååò âèä f̃k = (uk, λk uk), ãäå uk �
ñîáñòâåííàÿ ôóíêöèÿ çàäà÷è (1)�(2), îòâå÷àþùàÿ òîìó æå ñîáñòâåííîìó çíà-
÷åíèþ λk. Èç [2] ñëåäóåò, ÷òî ñîáñòâåííûå ýëåìåíòû îáðàçóþò ïîëíóþ è ìè-
íèìàëüíóþ ñèñòåìó â ïðîñòðàíñòâå H.

Âû÷èñëèì êîýôôèöèåíòû {ck} ðàçëîæåíèÿ ýëåìåíòà f̃ ∈ H â ðÿä ïî
ñèñòåìå {f̃k}.

Òåîðåìà 1. Åñëè f̃ =
∑
ck f̃k � ðàçëîæåíèå ýëåìåíòà f̃ ïî ñîáñòâåí-

íûì ôóíêöèÿì îïåðàòîðà L, òî êîýôôèöèåíòû ck íàõîäÿòñÿ ïî ôîðìóëàì
ck = pk/qk, ãäå

pk = −αa
∫

Ω

f0 ∆vk dx+ αλk

∫
Ω

f1 vk dx+

∫
Γ

(α bK − aλk) f0 vk ds,

qk = −αa
∫

Ω

uk ∆vk dx+ αλk
2

∫
Ω

uk vk dx+

∫
Γ

(α bK − aλk)uk vk ds.

Çäåñü K =
∑n
i=1 ni (ni � i-ÿ êîîðäèíàòà åäèíè÷íîãî âåêòîðà âíåøíåé íîð-

ìàëè); vk � ñîáñòâåííûå ôóíêöèè ñîïðÿæåííîé ê (1)�(2) çàäà÷è.

Êîýôôèöèåíòû âû÷èñëåíû äâóìÿ ìåòîäàìè:

1◦. ñ ïîìîùüþ ñîïðÿæåííîãî îïåðàòîðà L∗;
2◦. ñ ïîìîùüþ ñîïðÿæåííîãî ïó÷êà îïåðàòîðîâ, äåéñòâóþùåãî â ïðî-

ñòðàíñòâå L2(Ω)× L2(Γ).
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Ãðàâèòàöèîííûå âîëíû êâàçèôîòîííîãî òèïà íà ïîâåðõíîñòè
æèäêîñòè

Áàáè÷ Â. Ì. (Ñ.-Ïåòåðáóðãñêîå îòäåëåíèå Ìàòåìàòè÷åñêîãî èíñòèòóòà
èì. Â. À. Ñòåêëîâà ÐÀÍ, Ðîññèÿ)

Ïîïîâ À. È. (Ñ.-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Èçó÷àþòñÿ êâàçèôîòîíû (îñîáîãî êëàññà âîëíîâûå ïàêåòû) äëÿ âîëí íà
ïîâåðõíîñòè òÿæåëîé æèäêîñòè. Ýòà çàäà÷à àêòóàëüíà â ñâÿçè ñ èçó÷åíèåì
ðàñïðîñòðàíåíèÿ è ðàçâèòèÿ âîëí â îêåàíå. Êâàçèôîòîí� ýòî ðàçëîæåíèå
âèäà:

Φ ∼ e
iθ(τ,ξ1,ξ2)

ε

∞∑
j=0

Φj(τ, ξ
1, ξ2, z)(iε)j , τ = εt, ξ1 = εx1, ξ2 = εx2. (1)

ãäå â ñâîþ î÷åðåäü θ è Φj �ôîðìàëüíûå ñòåïåííûå ðÿäû:

θ = θ(0) + θ(1) + θ(2) + ....., Φj = Φ
(0)
j + Φ

(1)
j + Φ

(2)
j + ..... (2)

Çäåñü θ(r) = θi1.....ir (τ)ηi1 · ..... · ηir , Φrl = Φi1.....irl (τ, z)ηi1 · ..... · ηir . ηi =

ξi − ξi(τ), i = 1, 2, ãäå ξi = ξi(τ)� ýòî íåêîòîðûé ôèêñèðîâàííûé ÏÂ-ëó÷.
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå óêàçàííîãî àñèìïòîòè÷åñêî-

ãî ïðîñòðàíñòâåííî-âðåìåííîãî ëó÷åâîãî ðÿäà (ÏÂË-ðÿäà). Ðàññìàòðèâàþòñÿ
ëó÷åâûå è ñîñðåäîòî÷åííûå â îêðåñòíîñòè ÏÂ-ëó÷à ðåøåíèÿ (êâàçèôîòîíû)
äëÿ óðàâíåíèé äèíàìèêè âîëí òÿæåëîé æèäêîñòè. Ïðè ïîñòðîåíèè êàê ëó÷å-
âûõ ðåøåíèé, òàê è êâàçèôîòîíîâ, çàäà÷à ñâîäèòñÿ ê óðàâíåíèÿì ýéêîíàëà
è ïåðåíîñà íà ïîâåðõíîñòè æèäêîñòè. Äëÿ èññëåäîâàíèÿ óðàâíåíèé ïåðåíîñà
ïðèìåíÿþòñÿ ýíåðãåòè÷åñêèå ñîîáðàæåíèÿ, ÷òî òðåáóåò âûðàæåíèé äëÿ ñòàð-
øèõ ÷ëåíîâ ýíåðãèè è ïîòîêà ýíåðãèè ëó÷åâûõ ðåøåíèé è ñîîòâåòñòâóþùå-
ãî çàêîíà ñîõðàíåíèÿ óñðåäíåííîé ýíåðãèè. Èç óñëîâèé ðàçðåøèìîñòè çàäà÷è
ïåðâîãî ïðèáëèæåíèÿ ïîëó÷àåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå ïåðåíîñà äëÿ
àìïëèòóäíîé ôóíêöèè íóëåâîãî ïðèáëèæåíèÿ. Èñïîëüçîâàíèå ïîëó÷åííîãî
ðàíåå çàêîíà ñîõðàíåíèÿ ýíåðãèè äàåò âîçìîæíîñòü ïðåäñòàâèòü óðàâíåíèå
ïåðåíîñà â äèâåðãåíòíîé ôîðìå, ÷òî ïîçâîëÿåò ðåøèòü óðàâíåíèÿ ïåðåíîñà â
ëó÷åâûõ êîîðäèíàòàõ. Ïîñòðîåíèå ðåøåíèé äëÿ âûñøèõ ïðèáëèæåíèé ïðîâî-
äèòñÿ óæå ýëåìåíòàðíî.

Íàéäåíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ θ è Φj . Â ÷àñòíîñòè, îêîí-
÷àòåëüíîå âûðàæåíèå äëÿ êâàçèôîòîíà â ïåðâîì ïðèáëèæåíèè:

Φ ∼ e
i
ε

(θ0+θjη
j+ 1

2
(Γη,η)) · ψ0(0, 0)√

J
· cosh(k(z + H ))

cosh(kH )
. (3)
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Çäåñü

J =

∣∣∣∣∣∣∣
∂τ
∂s

∂η1

∂s
∂η2

∂s

0 ∂η1

∂a1
∂η2

∂a1

0 ∂η1

∂a2
∂η2

∂a2

∣∣∣∣∣∣∣ =

∣∣∣∣∣ ∂η1

∂a1
∂η2

∂a1

∂η1

∂a2
∂η2

∂a2

∣∣∣∣∣ , (4)

ãäå a1, a2 �êîîðäèíàòû íà÷àëà ÏÂ-ëó÷à íà ïëîñêîñòè τ = 0. Ìû âîñïîëüçîâà-
ëèñü òåì, ÷òî ïî óñëîâèþ

”
îïîðíûé ëó÷“ êâàçèôîòîíà ïðîõîäèò ÷åðåç íà÷àëî

êîîðäèíàò è ÷òî a1, a2 �ìàëû, òîãäà â ïåðâîì ïðèáëèæåíèè

ψ0(a1, a2) = ψ0(0, 0) +O(
√

(a1)2 + (a2)2). (5)
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Ýêâèâàëåíòíîñòü ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé âòîðîãî ïîðÿäêà

Áàãäåðèíà Þ. Þ. (Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì ÓÍÖ
ÐÀÍ, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ ñèñòåìû äâóõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé âòîðîãî ïîðÿäêà. Äëÿ íåêîòîðûõ êëàññîâ òàêèõ ñèñòåì, çàìêíóòûõ îò-
íîñèòåëüíî ïðîèçâîëüíûõ íåâûðîæäåííûõ çàìåí ïåðåìåííûõ, ðåøàåòñÿ ïðî-
áëåìà ýêâèâàëåíòíîñòè. Ò. å. ñòðîèòñÿ áàçèñ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ
ñîîòâåòñòâóþùåé ãðóïïû ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè, à òàêæå îïåðà-
òîðû èíâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ. Ïîëó÷åííûå ðåçóëüòàòû èñïîëü-
çóþòñÿ äëÿ óñòàíîâëåíèÿ ýêâèâàëåíòíîñòè íåêîòîðûõ êîíêðåòíûõ ñèñòåì è
íàõîæäåíèÿ ñâÿçûâàþùåãî èõ ïðåîáðàçîâàíèÿ.

Ïðèáëèæåíèå ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ íà êëàññàõ
ïåðèîäè÷åñêèõ ôóíêöèé ìíîãèõ ïåðåìåííûõ
Áàçàðõàíîâ Ä. Á. (Èíñòèòóò ìàòåìàòèêè, Êàçàõñòàí)

Ïóñòü k, l, n ∈ N, k ≥ n; zl = {1, . . . , l}; N0 = N ∪ {0}, R+ = (0,+∞);
Tl = (R/Z)l � l-ìåðíûé òîð. Äëÿ a, b ∈ Rl ïóñòü ab = a1b1 + ... + albl, |a| =
|a1| + · · · + |al|. Ôèêñèðóåì m = (m1, ...,mn) ∈ Nn : |m| = k. Ïðåäñòàâèì
x = (x1, . . . , xk) ∈ Rk â âèäå x = (x1, . . . , xn), ãäå xν = (xκν−1+1, ..., xκν ) ∈
Rmν ; κ0 = 0, κν = m1 + ... + mν , kν = {κν−1 + 1, ..., κν}, ν ∈ zn. Åñëè z =
{ν1, ..., νl} ⊂ zn (1 ≤ ν1 < ... < νl ≤ n), òî xz = (xν1 , ..., xνl), yz = (yν1 , ..., yνl)

äëÿ x ∈ Rk, y ∈ Rn, Tmz ≡ Tmν1+...+mνl .
Ïóñòü

ã(x,D) : f(x)→ ã(x,D)f(x) =
∑
ξ∈Zk

f̂(ξ)ã(x, ξ)e2πiξx

� ïåðèîäè÷åñêèé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð (ÏÄÎ) ñ ñèìâîëîì
ã : Tk × Zk → C, ã(·, ξ) ∈ C∞(Tk) ∀ ξ ∈ Zk (f̂(ξ) =

∫
Tk f(x)e−2πξxdx � êî-

ýôôèöèåíòû Ôóðüå f).
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Â äîêëàäå ðàññìîòðèì ïðèáëèæåíèå ÏÄÎ èç êëàññà Ψ̃t υ Km
1 0 ε ϑ (ñì. îïðå-

äåëåíèå íèæå) íà ôóíêöèîíàëüíîì êëàññå F̃ smp q â ìåòðèêå Lr(Tk) ëè-
íåéíûì ìåòîäîì, èñïîëüçóþùèì êîíå÷íóþ ñïåêòðàëüíóþ èíôîðìàöèþ î
ñèìâîëå ã è ôóíêöèè f (1 ≤ p, q, r, ϑ ≤ ∞; s, υ ∈ Rn+, t ∈ Rn,
K ∈ Nn : 0 < sν−tν < υν , mν < Kν , ν ∈ zn; ε ∈ [0, 1]n). Çäåñü F̃ smp q � êëàññ òè-
ïà Íèêîëüñêîãî�Áåñîâà B̃smp q èëè Ëèçîðêèíà�Òðèáåëÿ L̃smp q (ñì. îïðåäåëåíèå
â [1]). Êîíñòðóêöèÿ ýòîãî ëèíåéíîãî ìåòîäà èñïîëüçóåò ïðåäñòàâëåíèå F̃ smp q ñ
ïîìîùüþ âñïëåñêîâ, ïîëó÷åííîå â [1]. Ïðè îöåíêå ïîãðåøíîñòè ïðèáëèæåíèÿ
ïðèâëåêàþòñÿ ïîëó÷åííûå ðàíåå îöåíêè ïîïåðå÷íèêîâ Ôóðüå êëàññà F̃ smp q â
Lr(Tk), ÷àñòè÷íî àíîíñèðîâàííûå â [2].

Îïðåäåëåíèå 1. Ïóñòü t ∈ Rn, υ ∈ Rn+; ε ∈ [0, 1]n; K ∈ Nn; 1 ≤ ϑ ≤ ∞.
Êëàññ Ψ̃t υ Km

1 0 ε ϑ ñîñòîèò èç ÏÄÎ ñ ñèìâîëàìè ã, óäîâëåòâîðÿþùèìè óñëîâèÿì

∀z ⊂ zn ∀α, β ∈ Nk0 : ακ ≤ Kν , κ ∈ kν , ν ∈ zn∃ cαβ(z) = cαβ(ã, z) > 0 :

|∆α
(ξ)∂

β
(x)ã(x, ξ)| ≤ cαβ(∅)

∏
ν∈zn

(1 +
√
ξνξν)tν−|α

ν |, x ∈ Tk, ξ ∈ Zk;

‖∆α
(ξ)∂

β
(x)ã(x, ξ) | B̃υz mz

∞ϑ ‖ ≤ cαβ(z)
∏
ν∈z

(1 +
√
ξνξν)tν−|α

ν |+υνεν×

×
∏
ν∈ż

(1 +
√
ξνξν)tν−|α

ν |, xż ∈ Tmż , ξ ∈ Zk (z 6= ∅)

(çäåñü ∆α
(ξ) (∂α(x)) � ñìåøàííàÿ ðàçíîñòü (ïðîèçâîäíàÿ) ïîðÿäêà α ïî ξ (ïî x),

íîðìà ‖ · | B̃υz mz
∞ϑ ‖ âû÷èñëÿåòñÿ ïî x

z; ż = zn \ z).
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Ñèìâîëè÷åñêàÿ äèíàìèêà îðáèò âòîðîãî âèäà çàäà÷è Õèëëà
Áàòõèí À. Á. (Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì. Â. Êåëäûøà ÐÀÍ,

Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ïëîñêàÿ êðóãîâàÿ çàäà÷à Õèëëà è åå ïðåäåëüíûé èíòå-
ãðèðóåìûé âàðèàíò, íàçûâàåìûé ïðîìåæóòî÷íîé çàäà÷è Ýíîíà, äëÿ êîòîðãî
èñõîäíàÿ çàäà÷à Õèëëà ÿâëÿåòñÿ ñèíãóëÿðíûì âîçìóùåíèåì. Çàäà÷à Õèëëà
èìååò ìíîãî÷èñëåííûå ïðèìåíåíèÿ â íåáåñíîé ìåõàíèêå è çâåçäíîé äèíàìèêå
(ñì., íàïðèìåð, [1]). Äèíàìèêà çàäà÷è îïðåäåëÿåòñÿ ãàìèëüòîíèàíîì âèäà

H =
1

2

(
y2

1 + y2
2

)
+ x2y1 − x1y2 − x2

1 +
1

2
x2

2 −
1

r
, (1)

ãäå r =
√
x2

1 + x2
2, xi � êàíîíè÷åñêèå êîîðäèíàòû, yi � ñîïðÿæåííûå èìïóëü-

ñû. Ãàìèëüòîíèàí çàäà÷è Õèëëà ìîæíî ïðåäñòàâèòü êàê ñèíãóëÿðíîå âîçìó-
ùåíèå ôóíêöèè Ãàìèëüòîíà èíòåãðèðóåìîé ïðîìåæóòî÷íîé çàäà÷è Ýíîíà:
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H = H0 + ε/r. Òîãäà ñåìåéñòâà ïåðèîäè÷åñêèõ ðåøåíèé çàäà÷è Õèëëà ìîæíî
èññëåäîâàòü ñ ïîìîùüþ ïîðîæäàþùèõ ðåøåíèé íåâîçìóùåííîé çàäà÷è.

Ñðåäè ðåøåíèé ïðîìåæóòî÷íîé çàäà÷è Ýíîíà âûäåëÿåòñÿ ñ÷åòíîå ÷èñëî
ïîðîæäàþùèõ ðåøåíèé-äóã, îäíîçíà÷íî îïðåäåëÿåìûõ óñëîâèåì ïîñëåäîâà-
òåëüíîãî ïðîõîæäåíèÿ ÷åðåç íà÷àëî êîîðäèíàò � îñîáóþ òî÷êó óðàâíåíèé
äâèæåíèÿ çàäà÷è Õèëëà. Êàæäîå èç ýòèõ ðåøåíèé-äóã ðåàëèçóåòñÿ íà íåêîòî-
ðîì èíâàðèàíòíîì ìíîãîîáðàçèè, çàäàâàåìîì äîïîëíèòåëüíûì ïåðâûì èíòå-
ãðàëîì óðàâíåíèé äâèæåíèÿ ïðîìåæóòî÷íîé çàäà÷è Ýíîíà. Èç ïîðîæäàþùèõ
ðåøåíèé-äóã, êàê èç ¾áóêâ¿ íåêîòîðîãî ¾àëôàâèòà¿, ñîñòàâëÿþòñÿ ïî îïðå-
äåëåííûì ïðàâèëàì ¾ñëîâà¿ � ïîðîæäàþùèå ðåøåíèÿ ñåìåéñòâ ïåðèîäè÷å-
ñêèõ îðáèò çàäà÷è Õèëëà. Ïîñëåäîâàòåëüíîñòü ¾áóêâ¿ â ¾ñëîâå¿ îïðåäåëÿåò
ïîðÿäîê ïåðåõîäà îðáèòû ñ îäíîãî èíâàðèàíòíîãî ìíîãîîáðàçèÿ íà äðóãîå, à
ìíîæåñòâî âñåõ ïðàâèëüíî çàäàííûõ ¾ñëîâ¿ îïðåäåëÿåò ñèìâîëè÷åñêóþ äè-
íàìèêó îðáèò âòîðîãî âèäà ïî Ïóàíêàðå çàäà÷è Õèëëà. Ñðåäè ðåøåíèé-äóã
âûäåëÿþòñÿ ýïèöèêëîèäàëüíûå äóãè, ñîâåðøàþùèõ j îáîðîòîâ âîêðóã íà÷àëà
êîîðäèíàò (îáîçíà÷àåìûå ±j, j ∈ N) è äâà ýëëèïñà ñ öåíòðîì íà îñè îðäèíàò
(îáîçíà÷àåìûå i è e). Â [2] ïîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü, ñîñòàâëåííàÿ èç
äóã ±j, i, e, â êîòîðîé íåò äâóõ èäóùèõ ïîäðÿä äóã i èëè e áóäåò ïîðîæäàþ-
ùèì ðåøåíèåì ñåìåéñòâà ïåðèîäè÷åñêèõ îðáèò çàäà÷è Õèëëà. Ïîðîæäàþùèå
ðåøåíèÿ-äóãè ìîãóò áûòü ¾ñøèòû¿ ìåæäó ñîáîé ñ ïîìîùüþ ãèïåðáîëè÷åñêèõ
òðàåêòîðèé, ÿâëÿþùèõñÿ ðåøåíèåì êëàññè÷åñêîé çàäà÷è Êåïëåðà.

Ïîâåäåíèå ñåìåéñòâ ïåðèîäè÷åñêèõ ðåøåíèé çàäà÷è Õèëëà ïðè ïðîäîë-
æåíèè ïî ïàðàìåòðó îïðåäåëÿåòñÿ ïîðÿäêîì ñëåäîâàíèÿ ðåøåíèé-äóã â ïî-
ðîæäàþùåì ðåøåíèè. Òàêæå óäàåòñÿ ïðåäñêàçàòü íåêîòîðûå ñâîéñòâà îðáèò
ïîðîæäåííîãî ñåìåéñòâà ïî ñòðóêòóðå åãî ïîðîæäàþùåãî ðåøåíèÿ. Â òåðìè-
íàõ ïîðîæäàþùèõ ¾ñëîâ¿�ðåøåíèé äàåòñÿ êëàññèôèêàöèÿ êâàçèñïóòíèêîâûõ
îðáèò ñ ðàçëè÷íîé ãëîáàëüíîé êðàòíîñòüþ è ðàçëè÷íûìè ñèììåòðèÿìè.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00023.
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Ìåòîä ìóëüòèïîëåé äëÿ ðåøåíèÿ íåêîòîðûõ ñìåøàííûõ êðàåâûõ
çàäà÷ â äâóñâÿçíûõ îáëàñòÿõ

Áåçðîäíûõ Ñ. È. (ÂÖ ÐÀÍ, ÃÀÈØ ÌÃÓ, Ðîññèÿ)
Âëàñîâ Â. È. (ÂÖ ÐÀÍ, Ðîññèÿ)

Ïóñòü G � îäíîñâÿçíàÿ îáëàñòü íà êîìïëåêñíîé ïëîñêîñòè z, ñîäåðæàùàÿ
z =∞ â êà÷åñòâå ñâîåé âíóòðåííåé òî÷êè. Åå ãðàíèöà ∂G =: γ (íå îáÿçàòåëüíî
æîðäàíîâà) ñîñòîèò èç êîíå÷íîãî ÷èñëà ëÿïóíîâñêèõ çâåíüåâ, γ = ∪q∈Q γq,
γq ∈ C1,α, α ∈ (0, 1). Çäåñü Q := {1, 2, . . . , Q} � ìíîæåñòâî èíäåêñîâ, êîòîðîå
óäîáíî ïðåäñòàâèòü â âèäå îáúåäèíåíèÿ äâóõ ìíîæåñòâ èíäåêñîâ Q = D ∪K.
Ïóñòü g � äâóñâÿçíàÿ ïîäîáëàñòü G, îäíîé êîìïîíåíòîé ãðàíèöû ∂g êîòîðîé
ÿâëÿåòñÿ γ, à âòîðîé � æîðäàíîâ êîíòóð Γ, ñîñòîÿùèé èç êîíå÷íîãî ÷èñëà

146



ãëàäêèõ çâåíüåâ Γm, ñîåäèíÿþùèõñÿ ïîä (âíóòðåííèìè) óãëàìè παm, αm ∈
(0, p), p ∈ (1,+∞).

Îáîçíà÷èì ÷åðåç ∂q êîñóþ ïðîèçâîäíóþ íà γq, q ∈ K, ïî íàïðàâëåíèþ,
ñîñòàâëÿþùåìó óãîë πκq ñ êàñàòåëüíûì âåêòîðîì ê γq, ãäå κq èçìåíÿåòñÿ
â èíòåðâàëå (0, 1). Â îáëàñòè g ðàññìîòðèì ñìåøàííóþ êðàåâóþ çàäà÷ó äëÿ
óðàâíåíèÿ Ëàïëàñà

∆u(z) = 0, z ∈ g; u(z′) = h(z′) ∈ Lp(Γ), z′ ∈ Γ; (1)

u(z) = 0, z ∈ γq, q ∈ D; ∂q u(z) = 0, z ∈ γq, q ∈ K. (2)

Çäåñü u(z′) â (1) � íåêàñàòåëüíûå ïðåäåëüíûå çíà÷åíèÿ ðåøåíèÿ u(z), ïðè-
íàäëåæàùåãî êëàññó òèïà Õàðäè ep(g; γ) ôóíêöèé, ãàðìîíè÷åñêèõ â g, íåïðå-
ðûâíûõ âìåñòå ñ òðåáóåìûìè ïðîèçâîäíûìè íà g∪γ, óäîâëåòâîðÿþùèõ óñëî-
âèÿì (2) è èìåþùèõ â ñîâîêóïíîñòè îãðàíè÷åííûå Lp-íîðìû íà êîíòóðàõ,
�ïàðàëëåëüíûõ� Γ (îá àíàëîãè÷íûõ êëàññàõ ñì. [1]�[3]). Äîêàçàí èçîìåòðè÷å-
ñêèé èçîìîðôèçì ïðîñòðàíñòâà ep(g; γ) ôóíêöèé u(z) è ïðîñòðàíñòâà Lp(Γ)
ñëåäîâ u(z′) ýòèõ ôóíêöèé íà Γ, ïîíèìàåìûõ êàê (îïðåäåëåííûå ïî÷òè âñþäó
íà Γ) íåêàñàòåëüíûå ïðåäåëüíûå çíà÷åíèÿ.

Ìåòîä ðåøåíèÿ çàäà÷è (1), (2) îñíîâàí íà òîì, ÷òî â êà÷åñòâå àïïðîêñè-
ìàòèâíîé èñïîëüçóåòñÿ ñèñòåìà {Ωk}k∈Z+ (ãäå Z+ � íåîòðèöàòåëüíûå öåëûå
÷èñëà) ãðàíè÷íûõ ìóëüòèïîëåé â G (ñ ñèíãóëÿðíîñòüþ â z = ∞) äëÿ óðàâ-
íåíèÿ Ëàïëàñà, óäîâëåòâîðÿþùèõ óñëîâèþ (2) è îïðåäåëÿåìûõ ñ ïîìîùüþ
ÿâíûõ ôîðìóë â òåðìèíàõ êîíôîðìíîãî îòîáðàæåíèÿ îáëàñòè G íà âíåø-
íîñòü êðóãà U è ðåøåíèÿ çàäà÷è Ðèìàíà�Ãèëüáåðòà â U. Óñòàíîâëåíî, ÷òî
ñèñòåìà {Ωk}k∈Z+ ÿâëÿåòñÿ ïîëíîé è ìèíèìàëüíîé â ep(g; γ). Ðåøåíèå çàäà-
÷è (1), (2) íàõîäèòñÿ êàê ïðåäåë ïîñëåäîâàòåëüíîñòè ïðèáëèæåííûõ ðåøåíèé
uN (z), ïðåäñòàâëÿåìûõ â âèäå ëèíåéíîé êîìáèíàöèè ôóíêöèé Ωk(z), êîýôôè-
öèåíòû êîòîðîé íàõîäÿòñÿ èç ïðîåêöèîííîãî ïðèíöèïà. Äîêàçàíà ñõîäèìîñòü
uN (z) ê u(z) ðàâíîìåðíî âíóòðè g∪γ è ñõîäèìîñòü ïðîèçâîäíûõ âíóòðè g∪ γ̃
ïðè äîñòàòî÷íîé ãëàäêîñòè äóãè γ̃ ⊂ γ. Ìåòîä åñòåñòâåííî îáîáùàåòñÿ íà
ìíîãîñâÿçíûå îáëàñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò � 10-01-00837), Ïðî-
ãðàììû ÎÌÍ ÐÀÍ �Ñîâðåìåííûå ïðîáëåìû òåîðåòè÷åñêîé ìàòåìàòèêè�, ïðî-
åêò �Îïòèìàëüíûå àëãîðèòìû ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè� è Ïðî-
ãðàììû � 3 ôóíäàìåíòàëüíûõ èññëåäîâàíèé ÎÌÍ ÐÀÍ.
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Êâàçèáåãóùèå âîëíû, êàê
”
ïðàâèëüíûå“ ðàñøèðåíèÿ áåãóùèõ
âîëí

Áåêëàðÿí Ë. À. (Öåíòðàëüíûé Ýêîíîìèêî-Ìàòåìàòè÷åñêèé Èíñòèòóò ÐÀÍ,
Ðîññèÿ)

Èññëåäóåòñÿ êîíå÷íî-ðàçíîñòíûé àíàëîã âîëíîâîãî óðàâíåíèÿ ñ ïîòåíöè-
àëüíûì âîçìóùåíèåì, ìîäåëèðóþùèé ïîâåäåíèå áåñêîíå÷íîãî ñòåðæíÿ ïîä
äåéñòâèåì âíåøíåãî ïðîäîëüíîãî ñèëîâîãî ïîëÿ. Äëÿ îäíîðîäíîãî ñòåðæíÿ
îïèñàíèå ðåøåíèé òèïà áåãóùåé âîëíû îêàçûâàåòñÿ ýêâèâàëåíòíûì îïèñàíèþ
âñåãî ïðîñòðàíñòâà êëàññè÷åñêèõ ðåøåíèé èíäóöèðîâàííîãî îäíîïàðàìåòðè-
÷åñêîãî ñåìåéñòâà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ÔÄÓ) òî-
÷å÷íîãî òèïà ñ ïàðàìåòðîì â âèäå õàðàêòåðèñòèêè áåãóùåé âîëíû. Äëÿ íåîä-
íîðîäíîãî ñòåðæíÿ, â ñèëó òðèâèàëüíîñòè ïðîñòðàíñòâà ðåøåíèé òèïà áå-
ãóùåé âîëíû, îïðåäåëÿåòñÿ èõ

”
ïðàâèëüíîå“ ðàñøèðåíèå â ôîðìå ðåøåíèé

òèïà
”
êâàçèáåãóùåé“ âîëíû. Â îòëè÷èå îò îäíîðîäíîãî ñòåðæíÿ, îïèñàíèå ðå-

øåíèé òèïà êâàçèáåãóùåé âîëíû îêàçûâàåòñÿ ýêâèâàëåíòíûì îïèñàíèþ óæå
âñåãî ïðîñòðàíñòâà èìïóëüñíûõ ðåøåíèé èíäóöèðîâàííîãî îäíîïàðàìåòðè÷å-
ñêîãî ñåìåéñòâà ÔÄÓ òî÷å÷íîãî òèïà, ôàêòîðèçîâàííîãî ïî îòíîøåíèþ ýêâè-
âàëåíòíîñòè, ñâÿçàííîãî ñ îïðåäåëåíèåì ðåøåíèÿ òèïà êâàçèáåãóùåé âîëíû.
Ñòàöèîíàðíûå ðåøåíèÿ èññëåäóþòñÿ íà óñòîé÷èâîñòü.

Ðàáîòà ïîääåðæàíà Ðîññèéñêèì Ôîíäîì Ôóíäàìåíòàëüíûõ Èññëåäîâà-
íèé (ãðàíò � 09-01-90200, ãðàíò � 09-01-00324-a) è ïðîãðàììîé ïîääåðæêè
âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-3038.2008.1).
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[4] Ëàòóøêèí Þ. Ä., Ñòåïèí À. Ì. Îïåðàòîðû âçâåøåííîãî ñäâèãà è ëèíåéíûå ðàñ-
øèðåíèÿ äèíàìè÷åñêèõ ñèñòåì // Æ.Óñïåõè Ìàòåì. Íàóê, (1991), 46:2, 85�137.

[5] Antonevich A., Lebedev A. Functional-Di�erential Equations. I. C∗-theory. // Harlow:
Longman, (1994).

[6] Áåêëàðÿí Ë. À. Î êâàçèáåãóùèõ âîëíàõ // Ìàòåìàòè÷åñêèé Ñáîðíèê (2010), Ò. 201,
� 12, Ñ.21�68.

Àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèé äèôôåðåíöèàëüíûõ

óðàâíåíèé âèäà y(n) = α0p(t)
n−1∏
i=0

ϕi(y
(i))

Áåëîçåðîâà Ì. À. (Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè
È. È. Ìå÷íèêîâà, Óêðàèíà)

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

y(n) = α0p(t)

n−1∏
i=0

ϕi(y
(i)), (1)

â êîòîðîì α0 ∈ {−1, 1}, p : [a, ω[ 1) →]0,+∞[ (−∞ < a < ω ≤ +∞), ϕi : ∆Yi →
]0,+∞[ (i = 0, ..., n) � íåïðåðûâíûå ôóíêöèè, Yi ∈ {0,±∞}, ∆Yi � ëèáî
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ïðîìåæóòîê [y0
i , Yi[ 2) ëèáî � ]Yi, y

0
i ]. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî êàæäàÿ

èç ôóíêöèé ϕi ÿâëÿåòñÿ ïðàâèëüíî ìåíÿþùåéñÿ (ñì. [3]) ïðè z → Yi (z ∈ ∆Yi)

ïîðÿäêà σi, ïðè÷åì
n−1∑
i=0

σi 6= 1.

Îïðåäåëåíèå 1. Ðåøåíèå y óðàâíåíèÿ (1) áóäåì íàçûâàòü Pω(λ0
n−1)-

ðåøåíèåì, ãäå −∞ ≤ λ0
n−1 ≤ +∞, åñëè

y(i) : [t0, ω[→ ∆Yi , lim
t↑ω

y(i)(t) = Yi (i = 0, ..., n− 1),

lim
t↑ω

(y(n−1)(t))2

y(n)(t) y(n−2)(t)
= λ0

n−1.

Âñå ïðàâèëüíî ìåíÿþùèåñÿ ïðè t ↑ ω ðåøåíèÿ óðàâíåíèÿ (1) ÿâëÿþòñÿ
Pω(λ0

n−1)-ðåøåíèÿìè. Áîëåå òîãî, Pω(1)-ðåøåíèÿ (1) ÿâëÿþòñÿ áûñòðî ìåíÿ-
þùèìèñÿ (ñì. [3]) ïðè t ↑ ω ôóíêöèÿìè.

Ñ ó÷åòîì âèäà ôóíêöèé ϕ0, ..., ϕn−1 ÿñíî, ÷òî äëÿ ëþáîãî Pω(λ0
n−1)-

ðåøåíèÿ óðàâíåíèÿ (1) èìåþò ìåñòî ïðåäñòàâëåíèÿ ϕi(y(i)(t)) = |y(i)(t)|σi+o(1)

ïðè t ↑ ω. Òàêèì îáðàçîì, óðàâíåíèå (1) ÿâëÿåòñÿ â íåêîòîðîì ñìûñëå áëèç-
êèì ê óðàâíåíèþ

y(n) = α0p(t)

n−1∏
i=0

|y(i)|σi , (2)

êîòîðîå âîçíèêàåò âî ìíîãèõ îáëàñòÿõ åñòåñòâîçíàíèÿ.
Äëÿ óðàâíåíèÿ (2) âñå Pω(λ0

n−1)-ðåøåíèÿ áûëè ðàíåå äåòàëüíî èññëå-
äîâàíû â [1, 2]. Â äàííîé ðàáîòå ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ Pω(λ0

n−1)-ðåøåíèé óðàâíåíèÿ (1) â îñîáûõ ñëó÷àÿõ

λ0
n−1 ∈

{
0, 1

2
, 2

3
, ..., n−2

n−1

}
. Òàêæå óñòàíîâëåíû íåÿâíûå àñèìïòîòè÷åñêèå ôîð-

ìóëû ïðè t ↑ ω äëÿ òàêèõ ðåøåíèé è èõ ïðîèçâîäíûõ äî ïîðÿäêà n− 1 âêëþ-
÷èòåëüíî.
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Ñïåêòðàëüíûå ñâîéñòâà îáîáùåííûõ ôóíêöèé è àñèìïòîòè÷åñêèå
ìåòîäû òåîðèè âîçìóùåíèé

Áåëîíîñîâ Â. Ñ. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ âîïðîñ î ïðèìåíåíèè àñèìïòîòè÷åñêîãî ìåòîäà
Í. Ì. Êðûëîâà�Í. Í. Áîãîëþáîâà [1] ê èçó÷åíèþ óðàâíåíèÿ ut = εf(t, u),

1) Ïðè ω > 0 ñ÷èòàåì, ÷òî a > 0.
2) Ïðè Yi = +∞ (Yi = −∞) ñ÷èòàåì y0

i > 0 (y0
i < 0) ñîîòâåòñòâåííî.
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ãäå u(t) � ôóíêöèÿ ñî çíà÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå, f � íåïðå-
ðûâíûé ïî (t, u) íåëèíåéíûé îïåðàòîð, ε � ìàëûé ïàðàìåòð. Íàïîìíèì,
÷òî â îñíîâå ìåòîäà ëåæèò èäåÿ î ðàçëîæåíèè ðåøåíèé íà ïëàâíûé ìåä-
ëåííûé äðåéô è ìàëûå áûñòðûå îñöèëëÿöèè: èùåòñÿ òàêàÿ çàìåíà ïåðåìåí-
íûõ u = Φ(t, v; ε) ≡ v +

∑n
k=1 ε

kϕk(t, v), ÷òîáû ϕk(t, v) áûëè îãðàíè÷åíû ïðè
t→∞, à èñõîäíîå óðàâíåíèå ñ òî÷íîñòüþ äî ñëàãàåìûõ ïîðÿäêà εn ïðèîáðå-
ëî âèä vt = ε

∑n−1
k=0 ε

kfk(v). Ôóíêöèÿ v ïðèáëèæåííî îïèñûâàåò ìåäëåííûé
äðåéô, íà êîòîðûé ¾íàêëàäûâàþòñÿ¿ áûñòðûå îñöèëëÿöèè, çàäàâàåìûå îòîá-
ðàæåíèåì Φ.

Ñóùåñòâóþùèå îáîñíîâàíèÿ äàííîãî ìåòîäà îáóñëîâëåíû âåñüìà æåñò-
êèìè îãðàíè÷åíèÿìè [2]. Îïåðàòîð f îáû÷íî ñ÷èòàåòñÿ ïåðèîäè÷åñêèì èëè
ïî÷òè ïåðèîäè÷åñêèì ïî t, à ðÿä äîïîëíèòåëüíûõ òðåáîâàíèé ñâÿçàí ñ ïðå-
îäîëåíèåì èçâåñòíîé ïðîáëåìû ¾ìàëûõ çíàìåíàòåëåé¿ [3]. Â äîêëàäå ïðåä-
ëàãàåòñÿ äðóãàÿ èíòåðïðåòàöèÿ: â óðàâíåíèè äëÿ v äîïóñêàþòñÿ íå òîëüêî
àâòîíîìíûå, íî òàêæå ìåäëåííî îñöèëëèðóþùèå ôóíêöèè fk(t, v). Ñòåïåíü
îñöèëëÿöèé ëþáîé (â òîì ÷èñëå îáîáùåííîé) ôóíêöèè g(t) õàðàêòåðèçóåòñÿ
åå ñïåêòðîì σ(g), òî åñòü íîñèòåëåì ïðåîáðàçîâàíèÿ Ôóðüå F [g], ïîíèìàåìî-
ãî â ñìûñëå òåîðèè ðàñïðåäåëåíèé. Êðîìå òîãî, â ôîðìóëå äëÿ Φ âìåñòî ε
âûáèðàåòñÿ äðóãîé ïðîèçâîëüíûé ìàëûé ïàðàìåòð δ, õàðàêòåðèçóþùèé ìàñ-
øòàá ïðîñòðàíñòâåííûõ èñêàæåíèé ïðè çàìåíå ïåðåìåííûõ. Òàêîé ïîäõîä
ïîçâîëÿåò âîîáùå îñâîáîäèòüñÿ îò êàêèõ-ëèáî îãðàíè÷åíèé, çà èñêëþ÷åíèåì
òðåáîâàíèé ê ãëàäêîñòè ôóíêöèè f .

Óñòàíîâëåíî, ÷òî åñëè f(t, u) èìååò íåïðåðûâíûå è îãðàíè÷åííûå ïðî-
èçâîäíûå Dm

u f ïîðÿäêîâ m 6 n + 1, òî äëÿ ëþáîãî ω > 0 íàéäåòñÿ çàìåíà
ïåðåìåííûõ

u = v +

n∑
k=1

δkϕk(t, v; ε, δ),

ïðèâîäÿùàÿ èñõîäíîå óðàâíåíèå ê âèäó vt = ε
∑n−1
k=0 δ

kfk(t, v; ε, δ) ñ òî÷íîñòüþ
äî ñëàãàåìûõ ïîðÿäêà δn. Âñå ôóíêöèè fk è ϕk, à òàêæå èõ ïðîèçâîäíûå
Dvfk è Dvϕk íåïðåðûâíû è îãðàíè÷åíû, ïðè÷åì σ(fk) ⊂ {λ : |λ| < 2ωε/δ},
σ(ϕk) ⊂ {λ : |λ| > ωε/δ}. Íà ëþáîì ïðîìåæóòêå 0 6 t 6 T/ε íîðìà ðàçíîñòè
ìåæäó òî÷íûì è ïðèáëèæåííûì ðåøåíèÿìè îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé
C(T )δn. Àáñòðàêòíûå ðåçóëüòàòû èëëþñòðèðóþòñÿ ïðèëîæåíèÿìè ê òåîðèè
ïàðàìåòðè÷åñêîãî ðåçîíàíñà äëÿ íåëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (êîä ïðîåêòà 09-01-
00221), Ïðåçèäèóìà ÐÀÍ (ïðîãðàììà ôóíäàìåíòàëüíûõ èññëåäîâàíèé � 2,
ïðîåêò � 121) è ÀÂÖÏ Ðîñîáðàçîâàíèÿ (ïðîåêò 2.1.1.4918).
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Îá àñèìïòîòè÷åñêîì ïîâåäåíèè òðàåêòîðèé íåêîòîðûõ
êâàäðàòè÷íûõ îòîáðàæåíèé ïëîñêîñòè

Áåëüìåñîâà Ñ. Ñ. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. È. Ëîáà÷åâñêîãî, Ðîññèÿ)

Åôðåìîâà Ë. Ñ. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. È. Ëîáà÷åâñêîãî, Ðîññèÿ)

Äëÿ îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà êâàäðàòè÷íûõ îòîáðàæåíèé ïëîñ-
êîñòè R2:

Fµ(x, y) = (xy, (x− µ)2)

ïðè êàæäîì µ ∈ (0, 1] óñòàíîâëåíî ñóùåñòâîâàíèå åäèíñòâåííîé èíâàðèàíòíîé
êðèâîé, ïðîõîäÿùåé ÷åðåç íåïîäâèæíóþ òî÷êó (µ+ 1; 1).

Íàéäåííàÿ íåîãðàíè÷åííàÿ èíâàðèàíòíàÿ êðèâàÿ ÿâëÿåòñÿ ãðàôèêîì
ñòðîãî óáûâàþùåé íà èíòåðâàëå (µ,+∞) ôóíêöèè. Ñ èñïîëüçîâàíèåì óêàçàí-
íîé êðèâîé îïèñàíî àñèìïòîòè÷åñêîå ïîâåäåíèå òðàåêòîðèé òî÷åê íåêîòîðûõ
íåîãðàíè÷åííûõ îáëàñòåé ïåðâîãî êâàäðàíòà ïëîñêîñòè.

Äàíî ïîëíîå îïèñàíèå äèíàìèêè íåâîçìóùåííîãî îòîáðàæåíèÿ F0. Â
÷àñòíîñòè, äîêàçàíî, ÷òî â êàæäîì èç îòêðûòûõ êâàäðàíòîâ Ki (i = 1, 2, 3, 4)
ñóùåñòâóþò ñëîåíèÿ L+

k è L−j (k = 1, 2, j = 3, 4) ñ àíàëèòè÷åñêèìè ñëîÿìè

l+c =
{

(x; y) : y =
c

x2
, c > 0

}
â K1, K2,

l−c =
{

(x; y) : y =
c

x2
, c < 0

}
â K3, K4;

ïðè÷åì ñëîåíèÿ L+
1 è L+

2 èíâàðèàíòíû; ñëîé l+1 ÿâëÿåòñÿ èíâàðèàíòíûì,
ïðè÷åì ëþáàÿ åãî òî÷êà, çà èñêëþ÷åíèåì íåïîäâèæíîé òî÷êè (1; 1), ÿâ-
ëÿåòñÿ ïåðèîäè÷åñêîé ïåðèîäà äâà. Óñòàíîâëåíî òàêæå, ÷òî ÷åðåç ëþ-
áóþ òî÷êó (x; y) ∈ Ki (i = 1, 2, 3, 4) ïðîõîäèò åäèíñòâåííàÿ ïðÿìàÿ
γk =

{
(x; y) ∈ R2 : y = kx, k ∈ R1

}
òàê, ÷òî äëÿ ëþáîãî k 6= 0 ñïðàâåäëèâû

ñîîòíîøåíèÿ F0(γk) = γ 1
k
, F0(γ 1

k
) = γk, è ïðÿìàÿ γ1 ÿâëÿåòñÿ èíâàðèàíòíîé

îòíîñòåëüíî F0.
Óêàçàííûå âûøå ñâîéñòâà îòîáðàæåíèÿ F0 ïîçâîëÿþò ïåðåéòè îò F0 ê

ïðÿìîìó ïðîèçâåäåíèþ îòîáðàæåíèé ïðÿìîé è ñ åãî ïîìîùüþ ïîëíîñòüþ îïè-
ñàòü àñèìïòîòè÷åñêîå ïîâåäåíèå òðàåêòîðèé F0, ïðè ýòîì

1◦. äëÿ ëþáîé òî÷êè (x; y) ∈
{

(x; y) : |y| < 1
x2

}
èìåþò ìåñòî ðàâåíñòâà

lim
n→+∞

f0,n(x, y) = 0, lim
n→+∞

g0,n(x, y) = 0;

2◦. äëÿ ëþáîé òî÷êè (x; y) ∈
{

(x; y) : |y| > 1
x2

}
, èìåþò ìåñòî ðàâåíñòâà

lim
n→+∞

|f0,n(x, y)| = +∞, lim
n→+∞

g0,n(x, y) = +∞,

ãäå f0,n è g0,n �ïåðâàÿ è âòîðàÿ êîîðäèíàòíûå ôóíêöèè n-îé (n ≥ 1)
èòåðàöèè îòîáðàæåíèÿ F0.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÔÀ Ðîñîáðàçî-
âàíèå, ÔÖÏ �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîñ-
ñèè�, 2009�2011 ãã., ãðàíò ÍÊ-13/9.
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[1] Ñ. C. Áåëüìåñîâà, Ë. Ñ. Åôðåìîâà. Î êâàäðàòè÷íûõ îòîáðàæåíèÿõ íåêîòîðîãî îä-
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Ñèíãóëÿðíûå âîçìóùåíèÿ ñòåïåíåé îïåðàòîðà Ëàïëàñà íà òîðå
Áåëÿåâ À. À. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ïóñòü Td � òîð â d-ìåðíîì ïðîñòðàíñòâå, è Hs, p(Td) � ïðîñòðàíñòâà
Ñîáîëåâà íà Td, ãäå −∞ 6 s 6 ∞, p > 1. Â ïðîñòðàíñòâå L2(Td) ðàññìîòðèì
îïåðàòîð Ëàïëàñà L0u = ∆u. Èìååì L0 > 0, ïîýòîìó êîððåêòíî îïðåäåëåíû
ïîëîæèòåëüíûå ñòåïåíè îïåðàòîðà L0.

Ìû èçó÷àåì îïåðàòîð

Lu = −∆αu+ q(x)u,

äåéñòâóþùèé â ïðîñòðàíñòâå L2(Td), ãäå q(x) � ñèíãóëÿðíàÿ ôóíêöèÿ èç
Hs, p(Td) ñ íåãàòèâíûì èíäåêñîì ãëàäêîñòè s < 0.

Òåîðåìà 1. Ôèêñèðóåì ïðîèçâîëüíîå ìàëîå ε > 0 è îáîçíà÷èì

Mα =

{
H−α, 2(Td), åñëè α > d/2,

H−α+ε, n/α, åñëè α 6 d/2.

Òîãäà îïåðàòîð L ìîæåò áûòü êîððåêòíî îïðåäåëåí ìåòîäîì ñóìì êâàäðà-
òè÷íûõ ôîðì. Áîëåå òîãî, åñëè qk(x) � ãëàäêèå ôóíêöèè íà òîðå Td, òàêèå,
÷òî

‖qk − q‖Mα → 0,

à Lk = ∆α+qk, òî Lk → L â ñìûñëå ðàâíîìåðíîé ðåçîëüâåíòíîé ñõîäèìîñòè.

Òåîðåìà 2. Ñïåêòð îïåðàòîðà L äèñêðåòíûé, à äëÿ ñîáñòâåííûõ çíà-
÷åíèé λk(L) ñïðàâåäëèâû àñèìïòîòè÷åñêèå ôîðìóëû

λk(L) = λk(L0) · [1 + o(1)].

Ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L ïîëíà â ïðî-
ñòðàíñòâå L2(Td).

Â äîêàçàòåëüñòâàõ èñïîëüçóþòñÿ ìåòîäû ðàáîò [1, 2, 3].
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Îá óñòîé÷èâîñòè â ãàìèëüòîíîâûõ ñèñòåìàõ ñ äâóìÿ ñòåïåíÿìè
ñâîáîäû

Áèáèêîâ Þ. Í. (Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ âåùåñòâåííî-àíàëèòè÷åñêàÿ ãàìèëüòîíîâà ñèñòåìà ñ
äâóìÿ ñòåïåíÿìè ñâîáîäû â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ â íà÷àëå êî-
îðäèíàò.

Ïóñòü ãàìèëüòîíèàí èìååò âèä H = H0 +H1 ñ íåâîçìóùåííîé ÷àñòüþ

H0 =
λ1

2m
(p2m

1 +mq2
1)− λ2

2n
(p2n

2 + nq2
2),

ãäå λ1 > 0, λ2 > 0, à m > 1, n > 1�íàòóðàëüíûå ÷èñëà. Ðàçëîæåíèå âîç-
ìóùåíèÿ H1 ïî ñòåïåíÿì p1, q1, p2, q2 íå ñîäåðæèò ÷ëåíîâ ïîðÿäêà íèæå
2N+|k−`|+1, ãäå N �íàèìåíüøåå îáùåå êðàòíîå ÷èñåëm è n, N = m` = nk,
åñëè, ðàññìàòðèâàÿ p1 êàê âåëè÷èíó `-ãî èçìåðåíèÿ, à ïåðåìåííóþ p2 êàê âå-
ëè÷èíó k-ãî èçìåðåíèÿ, ïðèïèñàòü ïåðåìåííûì q1, q2 èçìåðåíèå, ðàâíîå N .

Ñëó÷àè, êîãäà õîòÿ áû îäíî èç ÷èñåë m èëè n ðàâíî 1, ðàññìîòðåíû â
ðàáîòàõ Â. È. Àðíîëüäà�Þ. Ìîçåðà (ñì. [1]) è À. Ã. Ñîêîëüñêîãî [2].

Äîêàçàíû äâå òåîðåìû:

Òåîðåìà 1. Åñëè n 6= m, òî ïîëîæåíèå ðàâíîâåñèÿ óñòîé÷èâî ïî Ëÿ-
ïóíîâó.

Òåîðåìà 2. Åñëè n = m, òî ïîëîæåíèå ðàâíîâåñèÿ óñëîâíî óñòîé÷èâî
ïî Ëÿïóíîâó äëÿ íà÷àëüíûõ äàííûõ, óäîâëåòâîðÿþùèõ óñëîâèþ H 6= 0.

Èññëåäîâàíà òàêæå óñòîé÷èâîñòü íà ïîâåðõíîñòè óðîâíÿ H = 0.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00734(à).
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Èçîìîíîäðîìíûå äåôîðìàöèè Ìàëüãðàíæà
Áèáèëî Þ. Ï. (ÂØÝ, Ðîññèÿ)

Ðàññìîòðèâàåòñÿ ñåìåéñòâî ñèñòåì ëèíåéíûõ ä. ó., êîòîðîå ãîëîìîðôíî
çàâèñèò îò íàáîðà ïàðàìåòðîâ t ∈ D(t0),

dy

dz
= A(z, t)y, A(z, t) =

n∑
j=1

rj+1∑
k=1

Aj−k(t)

(z − aj(t))k
,

n∑
j=1

Aj−1(t) = 0. (1)

Ïðè ýòîì äîïóñêàåòñÿ, ÷òî (1) èìååò èððåãóëÿðíûå ðåçîíàíñíûå îñîáåííîñòè,
òî åñòü (1) íå ÿâëÿåòñÿ ñèñòåìîé îáùåãî ïîëîæåíèÿ.
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Îïðåäåëåíèå 1. Ñåìåéñòâî (1) áóäåì íàçûâàòü äîïóñòèìîé äåôîðìàöè-
åé ñèñòåìû dy/dz = A(z, t0)y, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ.

1◦. a1(t), ..., an(t) ãîëîìîðôíû, è ai(t) 6= aj(t),∀t ∈ D(t0).
2◦. Âñå ðàíãè Ïóàíêàðå (1) ìèíèìàëüíû è ïîñòîÿííû ïî t.
3◦. Ïðè äåôîðìàöèè ñåêòîðà Ñòîêñà ïåðåõîäÿò äðóã â äðóãà ïàðàëëåëü-

íûì ïåðåíîñîì.

Îïðåäåëåíèå 2. Äîïóñòèìàÿ äåôîðìàöèÿ (1) ñèñòåìû dy/dz = A(z, t0)y
íàçûâàåòñÿ èçîìîíîäðîìíîé, åñëè äëÿ êàæäîãî çíà÷åíèÿ t ∈ D(t0) íàéäåòñÿ
ôóíäàìåíòàëüíîå ðåøåíèå Y (z, t) ñèñòåìû (1) òàêîå, ÷òî âûïîëíåíû ñëåäóþ-
ùèå óñëîâèÿ.

1◦. Ïðåäñòàâëåíèåì ìîíîäðîìèè, îïðåäåëåííîå ïðè ïîìîùè Y (z, t), ñîâ-
ïàäàåò ñ ïðåäñòàâëåíèåì ìîíîäðîìèè ñèñòåìû dy/dz = A(z, t0)y.

2◦. Äëÿ âñÿêîé èððåãóëÿðíîé îñîáåííîñòè ai(t) íàéäåòñÿ íàáîð ôóíäà-
ìåíòàëüíûõ ðåøåíèé Y i1 = Y, ..., Y iNi , òàêîé ÷òî ñîîòâåòñòâóþùèé
íàáîð ìàòðèö Ñòîêñà íå çàâèñèò îò t.

Â ñëó÷àå èçîìîíîäðîìíûõ äåôîðìàöèé ñèñòåì ñ èððåãóëÿðíûìè ðåçî-
íàíñíûìè îñîáåííîñòÿìè ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà, õîðîøî èçâåñòíàÿ
äëÿ ôóêñîâûõ ñèñòåì è èððåãóëÿðíûõ ñèñòåì îáùåãî ïîëîæåíèÿ.

Òåîðåìà 1. Äîïóñòèìàÿ äåôîðìàöèÿ (1), t = (a1, ..., an), ÿâëÿåòñÿ èçî-
ìîíîäðîìíîé òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ãîëîìîðôíàÿ 1-ôîðìà
ω, òàêàÿ, ÷òî

1◦. ω = A(z, t)dz, ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè ïàðàìåòðà t ∈
D(t0);

2◦. dω = ω ∧ ω.

Â äîêëàäå îïèñûâàåòñÿ îáùèé âèä òàêîé äèôôåðåíöèàëüíîé ôîðìû ω è
íåêîòîðûå ÷àñòíûå ñëó÷àè.

Îáùèé âèä äèôôåðåíöèàëüíîé ôîðìû ω èñïîëüçóåòñÿ äëÿ èçó÷åíèÿ ðå-
çóëüòàòîâ èçîìîíîäðîìíîãî ñëèÿíèÿ èððåãóëÿðíûõ îñîáûõ òî÷åê. Äîêàçàíà
òåîðåìà î òîì, ÷òî ðåçóëüòàòîì íîðìàëèçîâàííîãî èçîìîíîäðîìíîãî ñëèÿíèÿ
íåðåçîíàíñíûõ èððåãóëÿðíûõ òî÷åê ñèñòåìû 2 × 2 íå ìîæåò áûòü ñèñòåìà ñ
ðàçâåòâëåííûìè îñîáåííîñòÿìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäå-
ðàöèè äëÿ ãîñóäàðñòâåííîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ (ÌÊ-
4270.2011.1).
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Î ïàðàìåòðè÷åñêîì îïèñàíèè ìíîæåñòâà äîñòèæèìîñòè
òðåõìåðíîé íåëèíåéíîé óïðàâëÿåìîé ñèñòåìû

Áîíäàðåíêî Í. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ãðèãîðüåâà Ý. Â. (Texas Woman's University, ÑØÀ)

Õàéëîâ Å. Í. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â ðàáîòå ðàññìàòðèâàåòñÿ óïðàâëÿåìûé ïðîöåññ áèîëîãè÷åñêîé î÷èñòêè
ñòî÷íûõ âîä, êîòîðûé íà çàäàííîì îòðåçêå âðåìåíè îïèñûâàåòñÿ íåëèíåéíîé
ñèñòåìîé òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñî ñêàëÿðíûì óïðàâëåíèåì. Íà
ýòî óïðàâëåíèå íàêëàäûâàåòñÿ îãðàíè÷åíèå â âèäå îòðåçêà. Âñåâîçìîæíûå
èçìåðèìûå ïî Ëåáåãó ôóíêöèè, ïðèíèìàþùèå ñâîè çíà÷åíèÿ èç ýòîãî îãðà-
íè÷èâàþùåãî îòðåçêà, îáðàçóþò äîïóñòèìûå óïðàâëåíèÿ.

Ïåðâîå óðàâíåíèå èñõîäíîé ñèñòåìû îïèñûâàåò èçìåíåíèå êîíöåíòðàöèè
êèñëîðîäà â î÷èñòíîì óñòðîéñòâå, âòîðîå � èçìåíåíèå êîíöåíòðàöèè çàãðÿç-
íÿþùèõ âåùåñòâ, òðåòüå � èçìåíåíèå êîíöåíòðàöèè àýðîáíûõ ìèêðîîðãàíèç-
ìîâ.

Ñíà÷àëà óñòàíàâëèâàåòñÿ ïðîäîëæèìîñòü íà çàäàííûé âðåìåííîé îòðå-
çîê ðåøåíèé ðàññìàòðèâàåìîé ñèñòåìû, îòâå÷àþùèõ ïðîèçâîëüíîìó äîïó-
ñòèìîìó óïðàâëåíèþ. Îáîñíîâûâàåòñÿ èõ ïîëîæèòåëüíîñòü è îãðàíè÷åííîñòü
âñþäó íà ýòîì îòðåçêå.

Çàòåì äëÿ èñõîäíîé ñèñòåìû ââîäèòñÿ ìíîæåñòâî äîñòèæèìîñòè. Îíî
îêàçûâàåòñÿ êîìïàêòíûì ìíîæåñòâîì, ðàñïîëîæåííûì â ïîëîæèòåëüíîì îð-
òàíòå. Äëÿ èññëåäîâàíèÿ ãðàíèöû òàêîãî ìíîæåñòâà ïðèâëåêàåòñÿ ïðèíöèï
ìàêñèìóìà Ïîíòðÿãèíà. Ñ åãî ïîìîùüþ ïîêàçûâàåòñÿ, ÷òî êàæäîé òî÷êå
ãðàíèöû ìíîæåñòâà äîñòèæèìîñòè îòâå÷àåò êóñî÷íî-ïîñòîÿííîå óïðàâëåíèå,
ïðèíèìàþùåå êðàéíèå çíà÷åíèÿ èç îãðàíè÷èâàþùåãî îòðåçêà è èìåþùåå íå
áîëåå äâóõ ïåðåêëþ÷åíèé.

Ïîñëå ÷åãî ââîäÿòñÿ íåêîòîðûå âñïîìîãàòåëüíûå êîíñòðóêöèè è èçó÷à-
þòñÿ èõ ñâîéñòâà. Îíè ïîâîëÿþò çàòåì ïîñòðîèòü ïàðàìåòðè÷åñêîå îïèñàíèå
ìíîæåñòâà äîñòèæèìîñòè (åãî âíóòðåííîñòè è ãðàíèöû) ñ ïîìîùüþ ïåðåêëþ-
÷åíèé êóñî÷íî-ïîñòîÿííûõ óïðàâëåíèé, ïðèíèìàþùèõ êðàéíèå çíà÷åíèÿ èç
îãðàíè÷èâàþùåãî îòðåçêà. Îêàçûâàåòñÿ, ÷òî êàæäîé âíóòðåííåé òî÷êå ýòîãî
ìíîæåñòâà ñîîòâåòñòâóåò óêàçàííîå óïðàâëåíèå ðîâíî ñ òðåìÿ ïåðåêëþ÷åíè-
ÿìè, à êàæäîé ãðàíè÷íîé òî÷êå îòâå÷àåò òàêîå óïðàâëåíèå ñ íå áîëåå äâóìÿ
ïåðåêëþ÷åíèÿìè.

Óñòàíîâëåííîå ïàðàìåòðè÷åñêîå îïèñàíèå ìíîæåñòâà äîñòèæèìîñòè ïðè-
ìåíÿåòñÿ â ïðèáëèæåííûõ ðåøåíèÿõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ðàñ-
ñìàòðèâàåìîé ñèñòåìû.

Î áåñêîíå÷íîìåðíûõ ãðóïïàõ Ëè â ãèäðîäèíàìèêå âðàùàþùåéñÿ
æèäêîñòè
Áîñûõ Í. Þ.

×óïàõèí À. Ï. (Èíñòèòóò ãèäðîäèíàìèêè èì. Ì. À. Ëàâðåíòüåâà ÑÎ ÐÀÍ
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò)

Óðàâíåíèÿ äâèæåíèÿ íåñæèìàåìîé íåîäíîðîäíîé æèäêîñòè â ïðèáëè-
æåíèè β-ïëîñêîñòè îïèñûâàþò ìíîãîìåðíûå êðóïíîìàñøòàáíûå äâèæåíèÿ
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ñïëîøíîé ñðåäû â àòìîñôåðå è Ìèðîâîì îêåàíå òèïà êðóïíûõ âèõðåé, ðèí-
ãîâ, ãëîáàëüíûõ òå÷åíèé [1, 2]. Ýòè óðàâíåíèÿ äîïóñêàþò â ñìûñëå Ëè î÷åíü
øèðîêóþ áåñêîíå÷íîìåðíóþ ãðóïïó Ëè íåïðåðûâíûõ ïðåîáðàçîâàíèé [2].
Çíàíèå ýòîé ãðóïïû ïîçâîëÿåò ñòðîèòü øèðîêèå êëàññû òî÷íûõ ðåøåíèé ìî-
äåëèðóþùèå âèõðåâûå çàêðó÷åííûå òå÷åíèÿ òèïà ñìåð÷åé è òîðíàäî [3].

Äëÿ ïîñòðîåíèÿ ðàçëè÷íûõ êëàññîâ òî÷íûõ èíâàðèàíòíûõ è ÷àñòè÷íî-
èíâàðèàíòíûõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé íåîáõîäèìî ïåðå÷èñ-
ëåíèå âñåõ ïîäàëãåáð àëãåáðû Ëè äîïóñêàåìîé óðàâíåíèÿìè ãðóïïû Ëè ïðå-
îáðàçîâàíèé ñ òî÷íîñòüþ äî âíóòðåííèõ àâòîìîðôèçìîâ [4].

Â ðàáîòå äîêàçàíî, ÷òî ãðóïïà Ëè, äîïóñêàåìàÿ óðàâíåíèÿìè âðàùàþ-
ùåéñÿ æèäêîñòè â ïðèáëèæåíèè β-ïëîñêîñòè, ñîäåðæèò â êà÷åñòâå ïîäãðóïïû
ãðóïïó äèôôåîìîðôèçìîâ îêðóæíîñòè. Ñòðîèòñÿ íàáîð ïîäàëãåáð ñîîòâåò-
ñòâóþùåé áåñêîíå÷íîìåðíîé àëãåáðû Ëè ñ òî÷íîñòüþ äî âíóòðåííèõ àâòîìîð-
ôèçìîâ. Èññëåäóåòñÿ ñâÿçü áåñêîíå÷íîìåðíîé ãðóïïû ñ ïðîèçâîäíîé Øâàð-
öà è îïåðàòîðàìè Øòóðìà-Ëèóâèëëÿ [5]. Ïîñòðîåíû íîâûå òî÷íûå ðåøåíèÿ
óðàâíåíèé ãèäðîäèíàìèêè β-ïëîñêîñòè, ñîäåðæàùèå ôóíêöèîíàëüíûé ïðî-
èçâîë. Ñîîòâåòñòâóþùèå ôàêòîð-óðàâíåíèÿ ñâîäÿòñÿ ê íåîäíîðîäíûì óðàâ-
íåíèÿì Õîïôà, èññëåäóåòñÿ ïðèðîäà îáðàçîâàíèÿ ñèíãóëÿðíîñòåé â ðåøåíèè.
Ýòè ðåøåíèÿ îïèñûâàþò âîñõîäÿùèå âèõðåâûå ïîòîêè è èìåþò ïðèëîæåíèÿ
â ôèçèêå àòìîñôåðû è îêåàíà.

Ðàáîòà âûïîëíåíèÿ ïðè ôèíàíñîâîé ïîääåðæêå Ïðîãðàììû 14 ÎÝÌÌ-
ÏÓ, èíòåãðàöèîííîãî ïðîåêòà ÑÎ ÐÀÍ � 65, ÐÔÔÈ (ïðîåêò � 08-01-00047),
ÌÎÍ ÐÔ (ãðàíò � 2.1.1/3543).

Ñïèñîê ëèòåðàòóðû

[1] Ëå Áëîí Ï., Ìàéñåê Ë. Âîëíû â îêåàíå // Ì.: Ìèð, 1981.
[2] Îâñÿííèêîâ Ë. Â. Óðàâíåíèÿ äèíàìè÷åñêîé êîíâåêöèè ìîðÿ // Ïðåïðèíò Èí-òà

ãèäðîäèíàìèêè, Íîâîñèáèðñê, 1967.
[3] Áîñûõ Í. Þ., ×óïàõèí À. Ï. Îá îäíîì ÷àñòè÷íî èíâàðèàíòíîì ðåøåíèè óðàâíåíèé

ãèäðîäèíàìèêè àòìîñôåðû // Âåñòíèê ÍÃÓ. Ñåð. Ìàòåìàòèêà, 2010, Âûï. 4, ò. 20,
ñ. 3�11.

[4] Îâñÿííèêîâ Ë. Â. Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé // Ì.: Íàóêà,
1978.

[5] Îâñèåíêî Â., Òàáà÷íèêîâ Ñ. Ïðîåêòèâíàÿ äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ. Ñòàðîå è
íîâîå. // ÓÐÑÑ, 2008.

Óíèâåðñàëüíûé íåëèíåéíûé àíàëèç
Áðþíî À. Ä. (Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì. Â. Êåëäûøà,

Ðîññèÿ)

Ðàçðàáîòàí íîâûé íåëèíåéíûé àíàëèç, îñíîâàííûé íà ñòåïåííîé ãåîìåò-
ðèè [1, 2, 3]. Îí ïîçâîëÿåò âû÷èñëÿòü ëîêàëüíûå è àñèìïòîòè÷åñêèå ðàçëî-
æåíèÿ ðåøåíèé óðàâíåíèé òðåõ êëàññîâ:

(A) àëãåáðàè÷åñêèõ,
(B) îáûêíîâåííûõ äèôôåðåíöèàëüíûõ,
(C) â ÷àñòíûõ ïðîèçâîäíûõ,

à òàêæå ñèñòåì òàêèõ óðàâíåíèé. Îñíîâíûå êîíöåïöèè è àëãîðèòìû � îá-
ùèå äëÿ âñåõ êëàññîâ óðàâíåíèé. Êðîìå òîãî, äëÿ êàæäîãî êëàññà óðàâíåíèé

156



èñïîëüçóþòñÿ ñâîè, äîïîëíèòåëüíûå àëãîðèòìû, èáî ñëîæíîñòü ðåøåíèé âîç-
ðàñòàåò ïðè ïåðåõîäå ê óðàâíåíèÿì ñëåäóþùèõ êëàññîâ. Òàê, äëÿ àëãåáðàè-
÷åñêîãî óðàâíåíèÿ f(x, y) = 0 âáëèçè îñîáîé òî÷êè x = y = 0 âñå ðåøåíèÿ
ðàçëàãàþòñÿ â ðÿäû

y =
∑

csx
s, (1)

ãäå ïîêàçàòåëè s > 0 ðàöèîíàëüíû, à êîýôôèöèåíòû cs ïîñòîÿí-
íû. Äëÿ ðåøåíèé y(x) îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
f(x, y, y′ . . . , y(n)) = 0, ãäå f � ìíîãî÷ëåí ñâîèõ àðãóìåíòîâ, èìåþòñÿ ñëå-
äóþùèå ÷åòûðå òèïà ðàçëîæåíèé âèäà (1):

1◦. Ñòåïåííûå, ñ êîìïëåêñíûìè s, | Im s/Re s| < const è ïîñòîÿííûìè
cs.

2◦. Ñòåïåííî-ëîãàðèôìè÷åñêèå, ãäå s � òå æå, à cs � ìíîãî÷ëåíû îò
lnx.

3◦. Ñëîæíûå, ãäå s � òå æå, à cs � ðÿäû ïî óáûâàþùèì ñòåïåíÿì lnx.
4◦. Ýêçîòè÷åñêèå, ãäå s � âåùåñòâåííûå, à cs � ðÿäû ïî ñòåïåíÿì xi.

Êðîìå òîãî, èìåþòñÿ ýêñïîíåíöèàëüíûå ðàçëîæåíèÿ (òèï 5)

y =

∞∑
k=0

bk(x)ckekϕ(x),

ãäå bk(x) è ϕ(x) � ñòåïåííûå ðÿäû, à C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ; è äðóãèå
òèïû.

Ïðèëîæåíèÿ. Êëàññ A. 1. Ìíîæåñòâà óñòîé÷èâîñòè ìíîãîïàðàìåòðè-
÷åñêèõ çàäà÷. Êëàññ B. 2. Àñèìïòîòèêè è ðàçëîæåíèÿ ðåøåíèé óðàâíåíèé
Ïåíëåâå [3]. 3. Ïåðèîäè÷åñêèå äâèæåíèÿ ñïóòíèêà âîêðóã åãî öåíòðà ìàññ,
äâèæóùåãîñÿ ïî ýëëèïòè÷åñêîé îðáèòå [4]. 4. Íîâûå ñâîéñòâà äâèæåíèé âîë÷-
êà [5]. 5. Ñåìåéñòâà ïåðèîäè÷åñêèõ ðåøåíèé îãðàíè÷åííîé çàäà÷è òðåõ òåë è
ðàñïðåäåëåíèå àñòåðîèäîâ [6, 7]. 6. Èíòåãðèðóåìîñòü ñèñòåìû ÎÄÓ [8]. Êëàññ
C. 7. Ïîãðàíè÷íûé ñëîé íà èãëå [9]. 8. Ýâîëþöèÿ òóðáóëåíòíîãî òå÷åíèÿ [10,
11].

Ñïèñîê ëèòåðàòóðû

[1] Áðþíî À. Ä. Ëîêàëüíûé ìåòîä íåëèíåéíîãî àíàëèçà äèôôåðåíöèàëüíûõ óðàâíåíèé.
Ì.: Íàóêà, 1979.

[2] Áðþíî À. Ä. Ñòåïåííàÿ ãåîìåòðèÿ â àëãåáðàè÷åñêèõ è äèôôåðåíöèàëüíûõ óðàâíå-
íèÿõ. Ì.: Ôèçìàòëèò, 1998.

[3] Áðþíî À. Ä., Ãîðþ÷êèíà È. Â. // Òðóäû ÌÌÎ. 2010. Ò. 71. Ñ. 6�118.
[4] Áðþíî À. Ä. // Êîñìè÷åñêèå èññëåäîâàíèÿ. 2002. Ò. 40. � 3. Ñ. 295�316.
[5] Áðþíî À. Ä. // ÏÌÌ. 2007. Ò. 71. � 2. Ñ. 192�227.
[6] Áðþíî À. Ä., Âàðèí Â. Ï. // ÏÌÌ. 2007. Ò. 71. � 6. Ñ. 1034�1066.
[7] Áðþíî À. Ä., Âàðèí Â. Ï. // Àñòðîíîìè÷åñêèé âåñòíèê. 2011. Ò. 45. � 4. Ñ. 451�457.
[8] Áðþíî À. Ä., Åäíåðàë Â. Ô. // ÄÀÍ. 2009. Ò. 424. � 3. Ñ. 299�303.
[9] Áðþíî À. Ä., Øàäðèíà Ò. Â. // Òðóäû ÌÌÎ. 2007. Ò. 68. Ñ. 224�287.
[10] Bruno A. D. // Ukrainean Mathematical Bulletin. 2008. Vol. 5. � 1. P. 32�45.
[11] Áðþíî À. Ä. // Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè è ìåõàíèêè. Ìàòåìàòèêà. Äè-

íàìè÷åñêèå ñèñòåìû. ÌÃÓ. 2009. Ò. 4. � 2. Ñ. 24�54.

157



Îá àñèìïòîòè÷åñêîì ðàçëîæåíèè êîíòðàñòíîé ñòðóêòóðû
ïåðåìåííîãî òèïà äëÿ îäíîãî êâàçèñòàöèîíàðíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

Áóêæàëåâ Å. Å. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ðàññìîòðèì êðàåâóþ çàäà÷ó ïåðâîãî ðîäà äëÿ ñëåäóþùåãî ñèíãóëÿðíî
âîçìóùåííîãî (ïî ïàðàìåòðó ε) êâàçèëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ:

ε yxx = yx (− 2 y − x+ 1
2

sin t), (x, t) ∈ (0, 1)× R,
y(0, t, ε) = −1, y(1, t, ε) = +1, t ∈ R.

(1)

Äëÿ ðåøåíèÿ çàäà÷è (1), èìåþùåãî âèä êîíòðàñòíîé ñòðóêòóðû ïåðåìåííîãî
òèïà, ïîëó÷åíà àñèìïòîòè÷åñêàÿ ôîðìóëà:

y0(x, t, ε) = − ∆x0

2
+
(

1 +
∆x0

2

)
th
[(

1 +
∆x0

2

)
η0 +

1

2
ln(1 + ∆x0)

]
, (2)

â êîòîðîé ∆x0 = ∆x0(t, ε) � êîðåíü óðàâíåíèÿ:

∆x0 =
ε

2 + ∆x0
W
[ 2

ε
(2 + ∆x0) (1 + ∆x0) exp

{
− 2 + ∆x0

ε

1

2
sin t

}]
≡

≡ F (∆x0, t, ε), (3)

ãäå W (x) � ôóíêöèÿ Ëàìáåðòà, îïðåäåëÿåìàÿ ñîîòíîøåíèÿìè:

WeW = x, x > −1/e, W > −1;

âåëè÷èíà η0 = η0(x, t, ε) ðàâíà

η0(x, t, ε) = 1
ε

(x− x0(t, ε)− ε x1(t, ε)),

ãäå

x0(t, ε) =
1

2
sin t+ ∆x0, x1(t, ε) = − ε∆x0

ε+ 2 ∆x0

[(x0

ε

)2
+

1

2

x0

ε

]
.

Ìåòîäîì ïðîñòûõ èòåðàöèé äëÿ ðåøåíèÿ óðàâíåíèÿ (3) ïîñòðîåíà èòåðà-
öèîííàÿ ïîñëåäîâàòåëüíîñòü:

∆x
(0)
0 =

{
− 1

2
sin t, sin t 6 0,

0, sin t > 0,
∆x

(n+1)
0 = F (∆x

(n)
0 , t, ε), n = 0,∞,

ïðè ýòîì ∆x0(t, ε) = ∆x
(n)
0 (t, ε) +O(εn+1 lnn+1 ε).

Òî÷íîñòü ôîðìóëû (2) ñîñòàâëÿåò O(ε):

y(x, t, ε) = y0(x, t, ε) +O(ε),

ïðè÷åì äëÿ ñîõðàíåíèÿ ýòîé òî÷íîñòè â âûðàæåíèè äëÿ y0(x, t, ε) âìåñòî ∆x0

ìîæíî èñïîëüçîâàòü ∆x
(2)
0 .

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00319.
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Íåïðåðûâíàÿ çàâèñèìîñòü îò ïàðàìåòðîâ ìíîæåñòâà ôàçîâûõ
òðàåêòîðèé óïðàâëÿåìîé èìïóëüñíîé ñèñòåìû ñ ôàçîâûìè

îãðàíè÷åíèÿìè ïî óïðàâëåíèþ
Áóëãàêîâ À. È. (Òàìáîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè Ã. Ð. Äåðæàâèíà, Ðîññèÿ)
Ìàëþòèíà Å. Â. (Òàìáîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè Ã. Ð. Äåðæàâèíà, Ðîññèÿ)
Ôèëèïïîâà Î. Â. (Òàìáîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè Ã. Ð. Äåðæàâèíà, Ðîññèÿ)

Äëÿ ôîðìóëèðîâêè çàäà÷è ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ. Ïóñòü Rn �
n-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî ñ íîðìîé | |, comp[Rn]�ìíîæåñòâî âñåõ
íåïóñòûõ êîìïàêòîâ ïðîñòðàíñòâà Rn; K �ìåòðè÷åñêîå ïðîñòðàíñòâî.

Ïóñòü çàäàíû íåïðåðûâíàÿ ôóíêöèÿ f : [a, b] × Rn × Rm × K → Rn è
íåïðåðûâíîå ïî Õàóñäîðôó ìíîãîçíà÷íîå îòîáðàæåíèå U : [a, b] × Rn ×K →
comp[Rm]. Ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó ñ èìïóëüñíûìè âîçäåéñòâèÿìè

ẋ(t) = f(t, x(t), ξ, u(t)), t ∈ [a, b], ξ ∈ K,
u(t) ∈ U(t, x(t), ξ), t ∈ [a, b],

∆(x(tk)) = Ik(x(tk), ξ), k = 1, . . . , p,

x(a) = x0 (x0 ∈ Rn),

(1)

ãäå îòîáðàæåíèÿ Ik : Rn × K → Rn, k = 1, 2, ..., p, íåïðåðûâíû, ∆(x(tk)) =
x(tk + 0)−
− x(tk), tk ∈ (a, b], k = 1, 2, ..., p.

Äëÿ äàííîé çàäà÷è íàéäåíû óñëîâèÿ íåïðåðûâíîé çàâèñèìîñòè ìíîæå-
ñòâà ôàçîâûõ òðàåêòîðèé óïðàâëÿåìîé ñèñòåìû (1) îò ïàðàìåòðîâ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî Ôîíäà Ôóí-
äàìåíòàëüíûõ Èññëåäîâàíèé (ãðàíò � 09-01-97503), Ìèíèñòåðñòâà îáðàçîâà-
íèÿ è íàóêè ÐÔ (ÀÂÖÏ �Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû�,
ïðîåêò � 2.1.1/9359; ÔÖÏ �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííî-
âàöèîííîé Ðîññèè íà 2009�2013 ã.�, ãîñêîíòðàêòû Ï688, � 14.740.11.0349,
� 14.740.11.0682; òåìïëàí 1.8.11).

Ñïèñîê ëèòåðàòóðû

[1] Áëàãîäàòñêèõ Â. È., Ôèëèïïîâ À. Ô. Äèôôåðåíöèàëüíûå âêëþ÷åíèÿ è îïòèìàëü-
íîå óïðàâëåíèå // Òð. ÌÈÀÍ ÑÑÑÐ. 1985. Ò. 169. Ñ. 194�252.

[2] Áóëãàêîâ À. È., Êîð÷àãèíà Å. Â., Ôèëèïïîâà Î. Â. Ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûå âêëþ÷åíèÿ ñ èìïóëüñíûìè âîçäåéñòâèÿìè. ×àñòè I�VI // Âåñò-
íèê Òàìá. óí-òà. 2009. Ò. 14. Âûï. 6. Ñ. 1275�1313.

159



[3] Áóëãàêîâ À. È., Ïàíàñåíêî Å. À., Ñåðãååâà À. Î. Ïðîäîëæàåìîñòü äîïóñòèìûõ ïàð
óïðàâëÿåìîé ñèñòåìû ñ ôàçîâûìè îãðàíè÷åíèÿìè ïî óïðàâëåíèþ è çàïàçäûâàíèåì
// Âåñòíèê ÒÃÓ. 2010. Ò. 15. Âûï. 6. Ñ. 1645�1647.

[4] Èîôôå À. Ä., Òèõîìèðîâ Â. Ì. Òåîðèÿ ýêñòðåìàëüíûõ çàäà÷. Ì.: Íàóêà, 1974.
[5] Ôèëèïïîâ À. Ô. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçðûâíîé ïðàâîé ÷àñòüþ. Ì.: Íà-

óêà. 1985.

Îáðàòíàÿ çàäà÷à äëÿ ñèììåòðè÷íîãî ïîòåíöèàëà íà ãðàôå-çâåçäå
Áóòåðèí Ñ. À. (Ñàðàòîâñêèé ãîñóíèâåðñèòåò, Ðîññèÿ)

Ïóñòü â êîíå÷íîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå çàäàí êîìïàêòíûé
ãðàô òèïà çâåçäû Γ, ñîñòîÿùèé èç m ðåáåð äëèíû π/2. Êàæäîå ðåáðî ïà-
ðàìåòðèçîâàíî ïåðåìåííîé x ∈ [0, π/2], ïðè÷åì x = 0 âñåãäà ñîîòâåòñòâóåò
âíóòðåííåé âåðøèíå.

Ðàññìîòðèì íà Γ êðàåâóþ çàäà÷ó Øòóðìà�Ëèóâèëëÿ L = L(q(x), h) ñ îä-
íèì è òåì æå íà âñåõ ðåáðàõ âåùåñòâåííûì ïîòåíöèàëîì q(x), ñòàíäàðòíûìè
óñëîâèÿìè ñêëåéêè âî âíóòðåííåé âåðøèíå è îäèíàêîâûì êðàåâûì óñëîâèåì
âî âñåõ ãðàíè÷íûõ âåðøèíàõ:

−y′′j + q(x)yj = λyj , 0 < x <
π

2
, j = 1,m, q(x) ∈ L2

(
0,
π

2

)
, (1)

y1(0) = y2(0) = . . . = ym(0), y′1(0) + y′2(0) + . . .+ y′m(0) = 0, (2)

y′j

(π
2

)
+ hyj

(π
2

)
= 0, j = 1,m, h ∈ R. (3)

Òåîðåìà 1. Ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è L âåùåñòâåííû
è (áåç ó÷åòà êðàòíîñòè) îáðàçóþò âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü
{λn}n≥0, ïðè÷åì √

λn = n+
ω

πn
+
κn
n
, {κn} ∈ l2, (4)

ãäå

ω = 2h+

∫ π
2

0

q(x) dx.

Ïðè ýòîì âñå ñîáñòâåííûå çíà÷åíèÿ λ2n ïðîñòûå, à λ2n+1 èìåþò êðàòíîñòü
m− 1.

Ðàññìîòðèì îáðàòíóþ çàäà÷ó: ïî ñïåêòðó {λn}n≥0 êðàåâîé çàäà÷è
L(q(x), h) íàéòè ïîòåíöèàë q(x) è êîýôôèöèåíò h ãðàíè÷íûõ óñëîâèé.

Òåîðåìà 2. Çàäàíèå ñïåêòðà {λn}n≥0 îäíîçíà÷íî îïðåäåëÿåò ïîòåíöè-
àë q(x) è êîýôôèöèåíò h ãðàíè÷íûõ óñëîâèé.

Ñëåäóþùàÿ òåîðåìà äàåò êðèòåðèé ðàçðåøèìîñòè îáðàòíîé çàäà÷è.

Òåîðåìà 3. Äëÿ òîãî, ÷òîáû ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü ïîïàð-
íî ðàçëè÷íûõ âåùåñòâåííûõ ÷èñåë {λn}n≥0 ÿâëÿëàñü ñïåêòðîì (áåç ó÷åòà
êðàòíîñòè) íåêîòîðîé êðàåâîé çàäà÷è âèäà (1)�(3), íåîáõîäèìî è äîñòàòî÷-
íî âûïîëíåíèå óñëîâèÿ (4).

Ïðè m = 2 ðàññìàòðèâàåìûé ñëó÷àé ñèììåòðè÷íîãî ïîòåíöèàëà ñîâïà-
äàåò ñ êëàññè÷åñêèì ñëó÷àåì ñèììåòðè÷íîãî ïîòåíöèàëà íà îòðåçêå [1], [2]. Â

160



îáùåì ñëó÷àå îáðàòíûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ïðî-
èçâîëüíûõ êîìïàêòíûõ äåðåâüÿõ è ãðàôàõ ñ öèêëàìè èçó÷àëèñü â [1], [3] (ñì.
òàêæå ëèòåðàòóðó òàì).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ è ÍÍÑ, ãðàíòû
10-01-00099, 10-01-92001-ÍÍÑ-à.
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Îá îñîáåííîñòÿõ àñèìïòîòèê ïîãðàíñëîéíûõ ðåøåíèé â
ñèíãóëÿðíî âîçìóùåííûõ çàäà÷àõ ñ êðàòíûì êîðíåì

âûðîæäåííîãî óðàâíåíèÿ
Áóòóçîâ Â. Ô. (Ôèçè÷åñêèé ôàêóëüòåò ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Èññëåäîâàíèå ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ â ñëó÷àå êðàòíîãî êîðíÿ
âûðîæäåííîãî óðàâíåíèÿ íà÷àëîñü â ïîñëåäíèå 3�4 ãîäà. Îáíàðóæèëîñü, ÷òî
àñèìïòîòèêè ïîãðàíñëîéíûõ ðåøåíèé â ýòîì ñëó÷àå îáëàäàþò ðÿäîì îñîáåí-
íîñòåé ïî ñðàâíåíèþ ñî ñëó÷àåì ïðîñòîãî (îäíîêðàòíîãî) êîðíÿ âûðîæäåí-
íîãî óðàâíåíèÿ.

Ðàññìîòðèì â êà÷åñòâå ïðèìåðà ñèíãóëÿðíî âîçìóùåííóþ êðàåâóþ çàäà-
÷ó

ε2 d
2u

dx2
+ εA(x)

du

dx
+ f(u, x, ε) = 0, 0 < x < 1, (1)

du

dx
(0, ε) =

du

dx
(1, ε) = 0, (2)

ãäå f(u, x, ε) = −h(u, x)(u−ϕ(x))2+εf1(u, x, ε), è, ñëåäîâàòåëüíî, âûðîæäåííîå
óðàâíåíèå èìååò äâóêðàòíûé êîðåíü u = ϕ(x). Â îòëè÷èå îò ñëó÷àÿ ïðîñòîãî
êîðíÿ âûðîæäåííîãî óðàâíåíèÿ, êîãäà àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ
ïðåäñòàâëÿåò ñîáîé ðÿä ïî öåëûì ñòåïåíÿì ε, à ïîãðàíñëîéíûå ïåðåìåííûå
èìåþò âèä

ξ0 =
x

ε
, ξ1 =

1− x
ε

, (3)

â äàííîì ñëó÷àå ðàçëîæåíèå ðåøåíèÿ çàäà÷è (1), (2) âåäåòñÿ ïî äðîáíûì
ñòåïåíÿì ε, âèä ïîãðàíñëîéíûõ ïåðåìåííûõ îòëè÷àåòñÿ îò (3) è çàâèñèò îò
êîýôôèöèåíòà A(x) è ôóíêöèè f1(ϕ(x), x, 0). Åñëè A(x) ≡ 0 è f1(ϕ(x), x, 0) >

0, òî ξ0 =
x

ε3/4
, ξ1 =

1− x
ε3/4

, à åñëè A(x) > 0, òî ξ0 =
x

ε
, ξ1 =

1− x√
ε
.

Â äîêëàäå áóäóò ðàññìîòðåíû îñîáåííîñòè àñèìïòîòèê ïîãðàíñëîéíûõ
ðåøåíèé çàäà÷è (1), (2) äëÿ ñëó÷àåâ äâóêðàòíîãî è òðåõêðàòíîãî êîðíÿ âû-
ðîæäåííîãî óðàâíåíèÿ, à òàêæå â íåêîòîðûõ çàäà÷àõ äëÿ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè.
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Ïîêàçàòåëè Áîëÿ è êëàññû ôóíêöèé Áýðà
Áûêîâ Â. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïîêàçàòåëè Áîëÿ (ãåíåðàëüíûå, îñîáûå ïîêàçàòåëè) ëèíåéíîé n-ìåðíîé
ñèñòåìû ẋ = A(t)x ñ íåïðåðûâíûìè (íå îáÿçàòåëüíî îãðàíè÷åííûìè) íà R+

êîýôôèöèåíòàìè îïðåäåëÿþòñÿ ôîðìóëîé

Λk(A) = inf{λ ∈ R | sup
t≥τ≥0

‖XA(t, τ)|Lτ
k

(A)
‖ exp(λ(τ − t)) < +∞}, k = 1, . . . , n,

ãäå Lτk(A) � ìíîæåñòâî çíà÷åíèé â òî÷êå τ òåõ ðåøåíèé ðàññìàòðèâàåìîé ñè-
ñòåìû, ïîêàçàòåëè Ëÿïóíîâà êîòîðûõ íå ïðåâîñõîäÿò k-ãî (â ïîðÿäêå íåñòðî-
ãîãî óáûâàíèÿ) ïîêàçàòåëÿ Ëÿïóíîâà ýòîé ñèñòåìû, à XA(·, ·)|L � ñóæåíèå
îïåðàòîðà Êîøè ñèñòåìû A íà ïîäïðîñòðàíñòâî L; ñ÷èòàåì inf ∅ = +∞. Â
ñëó÷àå ñèñòåìû ñ îãðàíè÷åííûìè êîýôôèöèåíòàìè ââåäåííûå âåëè÷èíû ñîâ-
ïàäàþò ñ îïðåäåëåííûìè â [1].

Òåîðåìà 1. Ïóñòü M � òîïîëîãè÷åñêîå ïðîñòðàíñòâî, à A : R+×M →
EndRn � íåïðåðûâíîå îòîáðàæåíèå. Òîãäà äëÿ âñÿêîãî k = 2, . . . , n ôóíêöèÿ
µ 7→ Λk(A(·, µ)) ïðèíàäëåæèò ÷åòâåðòîìó êëàññó Áýðà.

Çàìå÷àíèå 1. Â ñëó÷àå k = 1 ðàññìàòðèâàåìàÿ ôóíêöèÿ ïðèíàäëåæèò
âòîðîìó êëàññó Áýðà [2].

Ñëåäñòâèå 1. Åñëè M ìåòðèçóåìî ïîëíîé ìåòðèêîé, òî ñóæåíèÿ âñåõ
ôóíêöèé µ 7→ Λk(A(·, µ)), k = 1, . . . , n, íà íåêîòîðîå âñþäó ïëîòíîå ìíîæå-
ñòâî òèïà Gδ íåïðåðûâíû.

Òåîðåìà 2. Äëÿ ëþáîãî n ≥ 2 cóùåñòâóåò òàêîå íåïðåðûâíîå îòîá-
ðàæåíèå A : R+ × [0, 1] → EndRn, ÷òî äëÿ âñÿêîãî k = 2, . . . , n ôóíêöèÿ
µ 7→ Λk(A(·, µ)) íå ïðèíàäëåæèò âòîðîìó êëàññó Áýðà.
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Î ïîëèíîìèàëüíûõ èíòåãðàëàõ ãåîäåçè÷åñêîãî ïîòîêà íà
äâóìåðíîì òîðå

Áÿëûé Ì. Ë. (Óíèâåðñèòåò Òåëü-Àâèâà, Èçðàèëü)
Ìèðîíîâ À. Å. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà, Ðîññèÿ)

Íàìè ïîêàçàíî, ÷òî ñóùåñòâîâàíèå ïîëèíîìèàëüíîãî èíòåãðàëà ïî èì-
ïóëüñàì ãåîäåçè÷åñêîãî ïîòîêà íà äâóìåðíîì òîðå ýêâèâàëåíòíî ñóùåñòâîâà-
íèþ ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé. Ýòà ñèñòåìà
ÿâëÿåòñÿ ïîëóãàìèëüòîíîâîé. Ýòî îçíà÷àåò, ÷òî â ãèïåðáîëè÷åñêîé îáëàñòè
îíà ìîæåò áûòü çàïèñàíà â âèäå èíâàðèàíòîâ Ðèìàíà è â âèäå çàêîíîâ ñîõðà-
íåíèÿ. Òàêèì îáðàçîì â ãèïåðáîëè÷åñêîé îáëàñòè ê ýòîé ñèñòåìå ìîæåò áûòü
ïðèìåíåí îáîáùåííûé ìåòîä ãîäîãðàôà Ñ. Ï. Öàðåâà.
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Â ñëó÷àå èíòåãðàëîâ òðåòüåé è ÷åòâåðòîé ñòåïåíè ïî èìïóëüñàì ïîêàçàíî,
÷òî â ýëëèïòè÷åñêèõ îáëàñòÿõ ýòè èíòåãðàëû ñâîäÿòñÿ è èíòåãðàëàì ïåðâîé
èëè âòîðîé ñòåïåíè.

Ñïèñîê ëèòåðàòóðû

[1] Bialy M., Mironov A. Rich quasi-linear system for integrable geodesic �ows on 2-torus//
Discrete and Continuous Dynamical Systems � Series A. 2011. V. 29. � 1. P. 81�90.

[2] Bialy M., Mironov A. Cubic and Quartic integrals for geodesic �ow on 2-torus via system
of Hydrodynamic type // arxiv: 1101.3449.

Î âûðîæäåíèè ãàðìîíè÷åñêèõ êâàçèïîëèíîìîâ, ñâÿçàííûõ ñ
óðàâíåíèåì Øðåäèíãåðà

Âàêóëåíêî À. Ô. (ÏÎÌÈ ÐÀÍ, Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå Øðåäèíãåðà ñ íóëåâîé ýíåðãèåé

−∆f(x) + q(x)f(x) = 0 (1)

ãäå ïîòåíöèàë q� âåùåñòâåííàÿ, ãëàäêàÿ ôóíêöèÿ ñ êîìïàêòíûì íîñèòåëåì.
Äîïîëíèòåëüíî ïðåäïîëîæèì, ÷òî óðàâíåíèå íå èìååò óáûâàþùèõ ðåøåíèé.
Ïóñòü n = 0, 1, . . . . Îáîçíà÷èì ÷åðåç Hn ïðîñòðàíñòâî ðåøåíèé óðàâíåíèÿ (1),
ðàñòóùèõ íà áåñêîíå÷íîñòè íå áûñòðåå, ÷åì |x|n. Ðàçìåðíîñòü ïðîñòðàíñòâHn
íå çàâèñèò îò q, ïðè q ≡ 0 ýòî õîðîøî èçâåñòíûå ãàðìîíè÷åñêèå ïîëèíîìû.
Ôèêñèðóåì íåêîòîðóþ òî÷êó a è îïðåäåëèì ëèíåéíîå îòîáðàæåíèå Fn(a), ñî-
ïîñòàâëÿÿ ôóíêöèè f ∈ Hn åå ñòðóþ ïîðÿäêà n â òî÷êå a.

Îïðåäåëåíèå 1. Òî÷êà a íàçûâàåòñÿ s-òî÷êîé ïîðÿäêà n, åñëè ÿäðî îòîá-
ðàæåíèÿ Fn(a) íåòðèâèàëüíî.

Ïåðâîíà÷àëüíî ýòè òî÷êè âîçíèêëè â ñâÿçè ñ ýôôåêòîì ïîòåðè óïðàâëÿ-
åìîñòè ïðè àíàëèçå îáðàòíîé çàäà÷è BC-ìåòîäîì. Âïîñëåäñòâèè âûÿñíèëîñü
[1], ÷òî ìàòðèöà ðàññåÿíèÿ îïåðàòîðà Øðåäèíãåðà, âû÷èñëåííàÿ â ñèñòåìå
êîîðäèíàò ñ íà÷àëîì â s-òî÷êå, íå äîïóñêàåò ñòàíäàðòíîé (â ñìûñëå Ð. Íüþ-
òîíà [2]) ôàêòîðèçàöèè.

Ïîäðîáíîå îïèñàíèå ìíîæñòâà s-òî÷åê ïîëó÷åíî äëÿ ðàäèàëüíî-
ñèììåòðè÷íîãî ïîòåíöèàëà.

Òåîðåìà 1. Ìíîæñòâî s-òî÷åê íåïóñòî òîãäà è òîëüêî òîãäà, êîãäà
äèñêðåòíûé ñïåêòð îïåðàòîðà Øðåäèíãåðà íå ïóñò, â ïîñëåäíåì ñëó÷àå îíî
ïðåäñòàâëÿåò ñîáîé áåñêîíå÷íûé íàáîð êîíöåíòðè÷åñêèõ ñôåð.

Ïåðâóþ ÷àñòü òåîðåìû â îáùåì ñëó÷àå óäàëîñü îáîáùèòü òîëüêî íà s-
òî÷êè íóëåâîãî ïîðÿäêà. Â íàñòîÿùåì ñîîáùåíèè ìû ïðåäïîëàãàåì îïèñàòü
âîçìîæíóþ ñòðóêòóðó ìíîæåñòâà s-òî÷åê è åå ïðîÿâëåíèå â ñïåêòðàëüíîé
òåîðèè îïåðàòîðà Øðåäèíãåðà.

Ñïèñîê ëèòåðàòóðû

[1] Belishev M. I., Vakulenko A. F. s-Points in Three-Dimensional Acoustical Scattering //
SIAM J. Math. Analysis. 2010. V. 42. � 6. P. 2703�2720.

[2] Newton R. G. Inverse Schr�odinger scattering in three dimensions. Texts and Monographs
in Physics. Springer-Verlag, Berlin, 1989.
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Ìíîãîïàðàìåòðè÷åñêèå îáðàòíûå ñïåêòðàëüíûå çàäà÷è äëÿ
îïåðàòîðîâ ñ ðàñòóùèì ñîáñòâåííûì çíà÷åíèåì

Âàëååâ Í. Ô. (Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ)

Â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H ðàññìàòðèâàåòñÿ m-ïà-
ðàìåòðè÷åñêîå ñåìåéñòâî êîìïàêòíûõ è ñàìîñîïðÿæåííûõ îïåðàòîðîâ âèäà:

B(~p) = B0 + p1B1 + ...+ pmBm, ~p ∈ Rm.

Ïóñòü λ+
1 ≥ λ+

2 ≥ ... ≥ λ+
j ≥ ... ≥ 0�ïîëîæèòåëüíûå ñîáñòâåííûå

çíà÷åíèÿ, çàíóìåðîâàííûå ñ ó÷åòîì êðàòíîñòåé â ïîðÿäêå óáûâàíèÿ, à
λ−1 ≤ λ−2 ≤ ... ≤ λ−k ≤ ... ≤ 0� îòðèöàòåëüíûå ñîáñòâåííûå çíà÷åíèÿ îïå-
ðàòîðà B(~p), çàíóìåðîâàííûå ñ ó÷åòîì êðàòíîñòåé â ïîðÿäêå âîçðàñòàíèÿ.

Äëÿ îïåðàòîðà B(~p) èçó÷àåòñÿ ñëåäóþùàÿ ïîñòàíîâêà îáðàòíîé ñïåê-
òðàëüíîé çàäà÷è.

Çàäà÷à 1. Òðåáóåòñÿ íàéòè ~p ∈ Rm òàêîé, ÷òîáû íàïåðåä çàäàííûå ÷èñ-
ëà

µ−1 < µ−2 < µ−3 < ... < µ−k1
< 0, µ+

1 > µ+
2 > µ+

3 > ... > µ+
k2
> 0

áûëè áû ðàâíû ñîîòâåòñòâóþùèì ñîáñòâåííûì çíà÷åíèÿì

λ−1 < λ−2 < λ−3 < ... < λ−k1
< 0, λ+

1 > λ+
2 > λ+

3 > ... > λ+
k2
> 0, k1 + k2 = m,

(1)
îïåðàòîðà B(~p).

Äëÿ ýòîé çàäà÷è ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü õîòÿ áû äëÿ îäíîãî ñîáñòâåííîãî çíà÷åíèÿ λ±j èç (1)
âûïîëíåíî óñëîâèå

lim
~p→∞

λk(~p) =∞. (2)

Òîãäà îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò ðåøåíèå.

Íàìè òàêæå ïîëó÷åíû íîâûå ðåçóëüòàòû î ñóùåñòâîâàíèè ðåøåíèé ìíî-
ãîïàðàìåòðè÷åñêîé îáðàòíîé ñïåêòðàëüíîé çàäà÷è äëÿ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00440-à.

Ñïèñîê ëèòåðàòóðû
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Êîððåêòíîñòü ãðàíè÷íîé çàäà÷è äëÿ ïîëíîãî
äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ

ïåðåìåííûìè îáëàñòÿìè îïðåäåëåíèÿ
Âàñèëåâñêèé Ê. Â. (Áåëîðóññêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Áåëàðóñü)

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H ñî ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·) è íîð-
ìîé | · | äîêàçûâàåòñÿ êîððåêòíîñòü âî ìíîæåñòâå ñëàáûõ ðåøåíèé ãðàíè÷íîé
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çàäà÷è

−u(3)(t) +
(
A2(t)u′(t)

)′
+A1(t)u′(t) + λA0(t)u = f(t), t ∈]0, T [, λ > 0, (1)

u(0) = u′(0) = u(T ) = 0, (2)

ãäå u è f �íåèçâåñòíàÿ è çàäàííàÿ ôóíêöèè ïåðåìåííîé t ñî çíà÷åíèÿìè â H,
Ai(t)�ëèíåéíûå íåîãðàíè÷åííûå çàìêíóòûå îïåðàòîðû â H ñ çàâèñÿùèìè îò
t è ïëîòíûìè â H îáëàñòÿìè îïðåäåëåíèÿ D(Ai(t)), i = 0, 2.

Ïðîñòðàíñòâîì ñëàáûõ ðåøåíèé ÿâëÿåòñÿ ãèëüáåðòîâî ïðîñòðàíñòâî
H(1) =

{
u ∈ H: u′ ∈ H = L2(]0, T [, H), u(0) = u(T ) = 0

}
ñ íîðìîé

||u|| =
( ∫ T

0
[ |u|2 + |u′|2] dt

)1/2
.

Îïðåäåëåíèå 1. Ôóíêöèÿ u ∈ H(1) íàçûâàåòñÿ ñëàáûì ðåøåíèåì ãðà-
íè÷íîé çàäà÷è (1), (2) äëÿ ïðàâîé ÷àñòè f ∈ H∗− = L2

(
]0, T [, H∗−t

)
, åñëè îíà

óäîâëåòâîðÿåò èíòåãðàëüíîìó óðàâíåíèþ
T∫

0

{(
u, ϕ(3))+

(
u′, A∗1(t)ϕ−A∗2(t)ϕ′

)
+ λ

(
u, A∗0(t)ϕ

)}
dt =

T∫
0

〈
f, ϕ

〉
(t)
dt

äëÿ âñåõ

ϕ ∈ Φ =
{
ϕ ∈ H : ϕ(t) ∈ D(A∗0(t)) ∩D(A∗1(t)), ϕ ′(t) ∈ D(A∗2(t)), t ∈ [0, T ];

ϕ(i) ∈ H, i = 1, 3; A∗j (t)ϕ, A
∗
2(t)ϕ ′ ∈ H, j = 0, 1; ϕ(0) = ϕ(T ) = ϕ ′(T ) = 0

}
,

ãäå H∗−t � àíòèäâîéñòâåííûå ïðîñòðàíñòâà ê ãèëüáåðòîâûì ïðîñòðàíñòâàì
H∗+t � çàìûêàíèÿì ìíîæåñòâ D(A∗0(t)) ïî íîðìàì 〈v〉(t) =

√
Re(A∗0(t)v, v),

〈·, ·〉(t) �ïîëóòîðàëèíåéíàÿ ôîðìà àíòèäâîéñòâåííîñòè ìåæäó H∗+t è H∗−t ,
A∗i (t) : H ⊃ D(A∗i (t)) → H � ñîïðÿæåííûå îïåðàòîðû ê îïåðàòîðàì Ai(t) :
H ⊃ D(Ai(t))→ H, i = 0, 2.

Ñóùåñòâîâàíèå ñëàáûõ ðåøåíèé çàäà÷è (1), (2) äîêàçûâàåòñÿ ñ ïîìîùüþ
ïðîåêöèîííîé òåîðåìû Æ.-Ë. Ëèîíñà, åäèíñòâåííîñòü � îáîáùåíèåì ìåòîäà
ðàáîòû [1].

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ô. Å. Ëîìîâöåâûì.

Ñïèñîê ëèòåðàòóðû
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òîâ// Äîêëàäû Àêàäåìèè Íàóê ÐÔ. 2008. Ò. 423. � 5. c. 583�587.

Èññëåäîâàíèå íà óñòîé÷èâîñòü ñîñòîÿíèÿ ðàâíîâåñèÿ îäíîé
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðàìè

Âàñèëüåâ Ì. Ä. (Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

ẋ1 = x1(1− x1 − bx2 − ax3),
ẋ2 = x2(1− bx1 − x2 − ax3),
ẋ3 = −x3(k − ax1 − ax2 − x3),

(1)

ãäå a, b, k�ïîëîæèòåëüíûå ïîñòîÿííûå.
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Äàííóþ ñèñòåìó óðàâíåíèé, ïðè îïðåäåëåííûõ óïðîùåíèÿõ, ìîæíî ðàñ-
ñìàòðèâàòü êàê ìàòåìàòè÷åñêóþ ìîäåëü âçàèìîäåéñòâèÿ íåêîòîðûõ ïîïóëÿ-
öèé [1].

Ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ñîñòîÿíèÿ ðàâíîâåñèÿ M ñ
ïîëîæèòåëüíûìè êîîðäèíàòàìè íà óñòîé÷èâîñòü ïî Ëÿïóíîâó [2, 3].

Ñîñòîÿíèå ðàâíîâåñèÿ M èìååò êîîðäèíàòû

x∗1 = x∗2 =
41

4 , x∗3 =
43

4 ,

ãäå4 = (1−b)(1+b−2a2),41 = 42 = (1−b)(1−ak),43 = (1−b)[(1+b)k−2a].
Â ñèñòåìó óðàâíåíèé (1) ââåäåì ñëåäóþùóþ çàìåíó ïåðåìåííûõ:

x1 = x∗1 + y1, x2 = x∗2 + y2, x3 = x∗3 + y3.

Òîãäà ïîëó÷èì ñèñòåìó óðàâíåíèé

ẏ1 = (x∗1 + y1)(−y1 − by2 − ay3),
ẏ2 = (x∗2 + y2)(−by1 − y2 − ay3),
ẏ3 = (x∗3 + y3)(ay1 + ay2 + y3).

(2)

Òàê êàê ñîñòîÿíèå ðàâíîâåñèÿ M èññëåäóåì ñ ïîëîæèòåëüíûìè êîîðäè-
íàòàìè, òî äîëæíû áûòü âûïîëíåíû íåðàâåíñòâà:

(1− ak)(1 + b− 2a2) > 0, [(1 + b)k − 2a](1 + b− 2a2) > 0. (3)

Òåîðåìà 1. Ïóñòü b < 1, b < 2a2 − 1 è k > 1+2a+b
(1+a)(1+b)

. Òîãäà ñóùå-

ñòâóåò ñîñòîÿíèå ðàâíîâåñèÿ M ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè, è îíî
àñèìïòîòè÷åñêè óñòîé÷èâî.

Òåîðåìà 2. Ïóñòü b < 1, b < 2a2 − 1 è k = 1+2a+b
(1+a)(1+b)

. Òîãäà ñóùå-

ñòâóåò ñîñòîÿíèå ðàâíîâåñèÿ M ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè, è îíî
óñòîé÷èâî.

Òåîðåìà 3. Ïóñòü b = 1, a > 1 è k > 1+2a+b
(1+a)(1+b)

= 1. Òîãäà ñóùåñòâóåò

ñîñòîÿíèå ðàâíîâåñèÿ M ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè, è îíî óñòîé÷è-
âî.

Òåîðåìà 4. Ïóñòü b = 1, a > 1, k = 1. Òîãäà ñóùåñòâóåò ñîñòîÿíèå
ðàâíîâåñèÿ M ñ ïîëîæèòåëüíûìè êîîðäèíàòàìè, è îíî óñòîé÷èâî.

Ñïèñîê ëèòåðàòóðû

[1] May R. M., Leonard W. J. Nonlinear aspects of competition between three species //
SIAM J. Appl. Math. 1975. vol. 29. P. 243�252.

[2] Ëÿïóíîâ À. Ì. Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ, Ì.; Ë.: Ãîñòåõèçäàò, 1947.
[3] Ñîôðîíîâ Å. Ò. Óñòîé÷èâîñòü àâòîíîìíûõ ñèñòåì â êðèòè÷åñêèõ ñëó÷àÿõ, Íîâîñè-

áèðñê: Íàóêà, 2000.

Êîëìîãîðîâñêèå ïîïåðå÷íèêè âåñîâûõ êëàññîâ Ñîáîëåâà íà
îáëàñòè ñ óñëîâèåì ãèáêîãî êîíóñà

Âàñèëüåâà À. À. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

×åðåç dn(M, X) áóäåì îáîçíà÷àòü êîëìîãîðîâñêèé ïîïåðå÷íèê ìíîæå-
ñòâà M â ïðîñòðàíñòâå X (ñì. [1]).
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Îïðåäåëåíèå 1. Ïóñòü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü, a > 0. Áóäåì
ãîâîðèòü, ÷òî Ω ∈ FC(a), åñëè íàéäåòñÿ òî÷êà x∗ ∈ Ω òàêàÿ, ÷òî äëÿ ëþáîãî
x ∈ Ω ñóùåñòâóåò êðèâàÿ γx : [0, T (x)]→ Ω ñî ñëåäóþùèìè ñâîéñòâàìè: γx ∈
AC[0, T (x)], |γ̇x| = 1 ï. â., γx(0) = x, γx(T (x)) = x∗, äëÿ ëþáîãî t ∈ [0, T (x)]
çàìêíóòûé øàð ðàäèóñà at ñ öåíòðîì â òî÷êå γx(t) ñîäåðæèòñÿ â Ω.

Åñëè Ω ∈ FC(a) äëÿ íåêîòîðîãî a > 0, òî Ω óäîâëåòâîðÿåò óñëîâèþ
ãèáêîãî êîíóñà. Ýêâèâàëåíòíîå îïðåäåëåíèå äàíî â êíèãå [2].

Ïóñòü X, Y � ìíîæåñòâà, f1, f2 : X × Y → R+. Ìû ïèøåì f1(x, y) .
y

f2(x, y), åñëè

∀y ∈ Y ∃c(y) > 0 : ∀x ∈ X f1(x, y) ≤ c(y)f2(x, y);

f1(x, y) �
y
f2(x, y)� åñëè f1(x, y) .

y

f2(x, y) è f2(x, y) .
y

f1(x, y). Ïóñòü g,

v : Ω→ R+ � èçìåðèìûå ôóíêöèè, r ∈ N. Ïîëîæèì

W r
p,g(Ω) = {f : Ω→ R, ‖∇rf/g‖p ≤ 1},

Lq,v(Ω) = {f : ‖f‖q,v := ‖vf‖q <∞}, κ =

(
r

d
+

1

q
− 1

p

)−1

.

Òåîðåìà 1. Ïóñòü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü, Ω ∈ FC(a), r ∈ N,
1 < p ≤ ∞, 1 ≤ q < ∞, r

d
+ 1

q
− 1

p
> 0. Ïðåäïîëîæèì òàêæå, ÷òî åñëè

1 < p < 2 < q < +∞, òî r
d
6= 1

p
, à åñëè 2 ≤ p < q < +∞, òî r

d
6= 1

2
·

1
p
− 1
q

1
2
− 1
q

.

Ïóñòü g ∈ Lα(Ω, R+), v ∈ Lβ(Ω, R+) óäîâëåòâîðÿþò îäíîìó èç ñëåäóþùèõ
óñëîâèé:

1◦. 1
p

+ 1
α

= 1, r
d
≥ 1 è q = β,

2◦. q = β è 1
p

+ 1
α
< min{ω, 1},

3◦. β > q, r
d
< 1

p
+ 1

α
≤ 1 è 1

α
+ 1

β
≤ r

d
+ 1

q
− 1

p
,

4◦. β > q, r
d

= 1
α

+ 1
p
< 1.

Òîãäà

lim
n→∞

dn(W r
p,g(Ω), Lq,v(Ω))

dn(W r
p [0, 1]d, Lq[0, 1]d)

.
r,d,q,p,a,α,β

‖gv‖κ ;

åñëè g, v ∈ L+(Ω) (ñì. [3]), òî

lim
n→∞

dn(W r
p,g(Ω), Lq,v(Ω))

dn(W r
p [0, 1]d, Lq[0, 1]d)

&
r,d,q,p

‖gv‖κ .

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû 09-01-00093 è 10-
01-00442.
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Ýêñòðåìàëüíûå ôóíêöèè êóáàòóðíûõ ôîðìóë â ïðîñòðàíñòâàõ
Ñîáîëåâà íà ìíîãîìåðíîé ñôåðå

Âàñêåâè÷ Â. Ë. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Ðîññèÿ)

Íà åäèíè÷íîé ñôåðå S ⊂ Rn, n ≥ 2, ðàññìàòðèâàþòñÿ êóáàòóðíûå ôîð-
ìóëû, ôóíêöèîíàëû ïîãðåøíîñòè êîòîðûõ èìåþò ñëåäóþùèé âèä

(lN , ϕ) ≡ 1

σn−1

∫
S

ϕ(θ) dS −
N∑
j=1

cjϕ(θ(j)), θ(j) ∈ S,
N∑
j=1

cj = 1,

ãäå σn−1 � ïëîùàäü S. Ïðåäïîëàãàåòñÿ, ÷òî ïîäûíòåãðàëüíûå ôóíêöèè
ϕ = ϕ(θ), ãäå θ = x/r, x ∈ Rn, r = |x|, ïðèíàäëåæàò ïðîñòðàíñòâó Xr

2 (S)
ñîáîëåâñêîãî òèïà íà ñôåðå S [1]. Ïðîñòðàíñòâî Xr

2 (S) � ýòî ïîïîëíåíèå ñî-
âîêóïíîñòè âñåõ ñôåðè÷åñêèõ ïîëèíîìîâ ïî íîðìå

‖ϕ | Xr
2 (S)‖ =

∣∣∣ 1

σn−1

∫
ϕ(θ) dθ

∣∣∣2 +

∞∑
k=1

λ2r
n,k

σ(k)∑
l=1

|ak,l(ϕ)|2


1/2

.

Çäåñü λn,k = k(n + k − 2), σ(k) = (n + 2k − 2) (n+k−3)!
k!(n−2)!

. ×èñëî r ìîæåò áûòü
è äðîáíûì, r > (n − 1)/4. Âåëè÷èíû ak,l(ϕ) � ýòî êîýôôèöèåíòû Ôóðüå â
ðàçëîæåíèè ϕ ïî îðòîãîíàëüíîìó áàçèñó èç ñôåðè÷åñêèõ ãàðìîíèê. Ýêñòðå-
ìàëüíàÿ ôóíêöèÿ uN (θ) ôóíêöèîíàëà lN â Xr

2 (S) îäíîçíà÷íî îïðåäåëÿåòñÿ
ñîîòíîøåíèÿìè [2]

‖lN | Xr
2 (S)∗‖2 = (lN , uN ) = ‖uN | Xr

2 (S)‖2.

Óñòàíîâëåíà ôîðìóëà îáùåãî âèäà ýêñòðåìàëüíûõ ôóíêöèé òèïà uN (θ), à
òàêæå ñâÿçü ýòèõ ôóíêöèé ñî ñôåðè÷åñêèìè íàòóðàëüíûìè ñïëàéíàìè.

Òåîðåìà 1. Ïðè r > (n − 1)/4 ýêñòðåìàëüíàÿ â Xr
2 (S) ôóíêöèÿ uN (θ)

êóáàòóðíîé ôîðìóëû
1

σn−1

∫
S

ϕdS ∼=
N∑
j=1

cjϕ(θ(j)) ïðåäñòàâèìà â âèäå ñëåäó-

þùåé ëèíåéíîé êîìáèíàöèè: uN (θ) = u(θ | θ(1), . . . , θ(N)) =
N∑
j=1

cju(θ | θ(j)),

ãäå êàæäàÿ ôóíêöèÿ u(θ | θ(j)) ýêñòðåìàëüíà äëÿ êóáàòóðíîé ôîðìóëû ñ

åäèíñòâåííûì óçëîì
1

σn−1

∫
S

ϕdS ∼= ϕ(θ(j)) è ïðåäñòàâèìà â âèäå ñëåäóþ-

ùåãî àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà:

u(θ | θ(j)) = − 1

σn−1

∞∑
k=1

σ(k)

λ2r
n,k

G
(n)
k (θ · θ(j)).

Ïîëèíîì Ãåãåíáàóýðà G
(n)
k (t) çäåñü íîðìàëèçîâàí óñëîâèåì G

(n)
k (+1) = 1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00147.
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Î íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ íåéòðàëüíîãî òèïà
ñ îáîáùåííûì âîçäåéñòâèåì â ïðàâîé ÷àñòè

Âåøêóðîâà ß. À. (Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
Ñåñåêèí À. Í. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè

ẋ(t) = f(t, x(t), x(t− τ), v(t)) +G(t, x(t− τ))ẋ(t− τ)+

+Q(t, x(t))ẋ(t− τ) +B(t, x(t))v̇(t), x(t) = ϕ(t), t ∈ [t0 − τ, t0]. (1)

Çäåñü t ∈ [t0, ϑ], x(t) è v(t) ñîîòâåòñòâåííî n- è m-âåêòîð ôóíêöèè âðåìå-
íè, f(t, x, y, v) � n-âåêòîð ôóíêöèÿ è G(t, x), Q(t, x), B(t, x) ñîîòâåòñòâåííî
n × n-, n × n- è n × m-ìàòðèöû-ôóíêöèè, v(·) ∈ BVm[t0, ϑ], ãäå BVm[t0, ϑ]
îáîçíà÷àåò áàíàõîâî ïðîñòðàíñòâî m-ìåðíûõ âåêòîð-ôóíêöèé îãðàíè÷åííîé
âàðèàöèè, τ > 0 � ïîñòîÿííîå çàïàçäûâàíèå, ϕ(t) � íà÷àëüíàÿ n-âåêòîð-
ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè.

Îñîáåííîñòüþ óðàâíåíèÿ (1) ÿâëÿåòñÿ òî, ÷òî âî âòîðîì, òðåòüåì è ÷åò-
âåðòîì ñëàãàåìûõ, íàõîäÿùèõñÿ â ïðàâîé ÷àñòè óðàâíåíèÿ (1), ñîäåðæàòñÿ
íåêîððåêòíûå îïåðàöèè óìíîæåíèÿ ðàçðûâíûõ ôóíêöèé íà îáîáùåííûå.

Ïîä ðåøåíèåì óðàâíåíèÿ (1) áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ îãðàíè-
÷åííîé âàðèàöèè, ÿâëÿþùóþñÿ ïîòî÷å÷íûì ïðåäåëîì ïîñëåäîâàòåëüíîñòè
ãëàäêèõ ðåøåíèé óðàâíåíèÿ (1), ïîðîæäåííîé ïîñëåäîâàòåëüíîñòüþ ïàð àá-
ñîëþòíî íåïðåðûâíûõ ôóíêöèé, àïïðîêñèìèðóþùèõ ôóíêöèþ îãðàíè÷åííîé
âàðèàöèè v(t) è íà÷àëüíóþ ôóíêöèþ ϕ(t), åñëè ïðåäåë ïîñëåäîâàòåëüíîñòè
ðåøåíèé xk(t) íå çàâèñèò îò ñïîñîáà àïïðîêñèìàöèè ôóíêöèé v(t) è ϕ(t).
Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå òàê îïðå-
äåëåííîãî ðåøåíèÿ è ïîëó÷åíî èíòåãðàëüíîå óðàâíåíèå, îïèñûâàþùåå òàêîå
ðåøåíèå. Àíàëîãè÷íûå âîïðîñû äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ðàññìàòðèâàëèñü â [1], à äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé â [2].
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Î ñïåêòðàëüíûõ ñâîéñòâàõ çàäà÷è Øòóðìà�Ëèóâèëëÿ ñ
ñàìîïîäîáíûì âåñîì êàíòîðîâñêîãî òèïà

Âëàäèìèðîâ À. À. (ÂÖ èì. À. À. Äîðîäíèöûíà ÐÀÍ, Ðîññèÿ)
Øåéïàê È. À. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Èçâåñòåí [1], [2] ñëåäóþùèé ôàêò:

Òåîðåìà 1. Â ñëó÷àå ïîëîæèòåëüíîñòè ñïåêòðàëüíîãî ïîðÿäêà
D ∈ [0, 1) ñàìîïîäîáíîé îáîáù¼ííîé ïåðâîîáðàçíîé P ∈ L2[0, 1] âåñîâîé ôóíê-
öèè ρ = P ′ ∈ W−1

2 [0, 1] ñ÷èòàþùàÿ ôóíêöèÿ N : (0,+∞) → N ñîáñòâåííûõ
çíà÷åíèé ãðàíè÷íîé çàäà÷è

−y′′ − λρy = 0,

y(0) = y(1) = 0

èìååò ïðè λ→ +∞ àñèìïòîòèêó

N(λ) = λD · [s(lnλ) + o(1)],

ãäå s�íåêîòîðàÿ çàâèñÿùàÿ îò âûáîðà âåñà íåïðåðûâíàÿ ïåðèîäè÷åñêàÿ
ôóíêöèÿ.

Îñíîâíîé öåëüþ äîêëàäà ÿâëÿåòñÿ óñòàíîâëåíèå â ñëó÷àå âåñîâîé ôóíê-
öèè êàíòîðîâñêîãî òèïà ñëåäóþùåé õàðàêòåðèçàöèè êîýôôèöèåíòà s:

Òåîðåìà 2. Íà ñâî¼ì ïåðèîäå [0, ν] ôóíêöèÿ s äîïóñêàåò ïðåäñòàâëåíèå

s(t) ≡ e−Dtσ(t),

ãäå D� âûøåóêàçàííûé ñïåêòðàëüíûé ïîðÿäîê ôóíêöèè P , à σ�íåêîòîðàÿ
÷èñòî ñèíãóëÿðíàÿ íåóáûâàþùàÿ ôóíêöèÿ.

Â ÷àñòíîñòè, ýòî àâòîìàòè÷åñêè îçíà÷àåò ñïðàâåäëèâîñòü äëÿ âåñîâ ðàñ-
ñìàòðèâàåìîãî êëàññà âûñêàçàííîé â [3] ãèïîòåçû î íåïîñòîÿííîñòè ôóíêöèè
s.
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Àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé öèêëè÷åñêèõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðàâèëüíî è ìåäëåííî

ìåíÿþùèìèñÿ íåëèíåéíîñòÿìè
Âëàäîâà Å. Ñ. (Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò, Óêðàèíà)

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé{
y′i = αipi(t)ϕi+1(yi+1) (i = 1, n− 1),

y′n = αnpn(t)ϕ1(y1),
(1)

â êîòîðîé αi ∈ {−1, 1} (i = 1, n), pi : [a, ω[→]0,+∞[ (i = 1, n)�íåïðåðûâíûå
ôóíêöèè, −∞ < a < ω ≤ +∞, ϕi : ∆(Y 0

i ) →]0; +∞[ (i = 1, n)�íåïðåðûâíî
äèôôåðåíöèðóåìûå è ïðàâèëüíî ìåíÿþùèåñÿ (ñì. [1]) ïðè yi → Y 0

i ôóíêöèè
ïîðÿäêîâ σi òàêèõ, ÷òî

∏n
i=1 σi 6= 1, ãäå ∆(Y 0

i )�íåêîòîðàÿ îäíîñòîðîííÿÿ
îêðåñòíîñòü òî÷êè Y 0

i , Y
0
i ðàâíî ëèáî 0, ëèáî ±∞.

Ïðè n = 2 àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ íåêîòîðûõ êëàññîâ ðåøåíèé
òàêîé ñèñòåìû èññëåäîâàíû â [2].

Ðåøåíèå (yi)
n
i=1 ñèñòåìû (1), çàäàííîå íà ïðîìåæóòêå [t0, ω[⊂ [a, ω[, áóäåì

íàçûâàòü Pω(Λ1, . . . ,Λn−1)-ðåøåíèåì, åñëè äëÿ íåãî ñîáëþäàþòñÿ óñëîâèÿ:

yi(t) ∈ ∆(Y 0
i ) ïðè t ∈ [t0, ω[, lim

t↑ω
yi(t) = Y 0

i , lim
t↑ω

yi(t)y
′
i+1(t)

y′i(t)yi+1(t)
= Λi,

ãäå i = 1, n− 1.
Äëÿ ñèñòåìû (1) â ñëó÷àå, êîãäà Λi 6= 0, i = 1, n− 1, ïîëó÷åíû íåîáõîäè-

ìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ Pω(Λ1, . . . ,Λn−1)-ðåøåíèé. Òàêæå,
ïðè t ↑ ω, ïîëó÷åíû àñèìïòîòè÷åêèå ïðåäñòàâëåíèÿ âèäà:

yi(t)

ϕi+1(yi+1(t))
= αiβi

t∫
Ai

pi(τ) dτ [1 + o(1)], åñëè i ∈ I,

yi(t)

ϕi+1(yi+1(t))
= αiβi

t∫
Ai

pi(τ)
τ∫
Al

pl(s) ds dτ

t∫
Al

pl(τ) dτ

[1 + o(1)], åñëè i ∈ Ī,

ãäå I = {i ∈ {1, . . . , n} : 1 − Λiσi+1 6= 0}, Ī = {1, ..., n}\I, l = min I, à βi �
íåêîòîðûå òî÷íî îïðåäåëÿåìûå îòëè÷íûå îò íóëÿ ïîñòîÿííûå.

Â ñëó÷àÿõ, êîãäà ñðåäè Λi èìåþòñÿ ðàâíûå íóëþ, àíàëîãè÷íîãî òèïà ðå-
çóëüòàòû ïîëó÷åíû ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ.
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Ãðàíèöà óñòîé÷èâîñòè ïî Ëÿïóíîâó â íåêîòîðûõ êëàññàõ
ìîíîäðîìíûõ ðîñòêîâ

Âîðîíèí À. Ñ. (×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ìåäâåäåâà Í. Á. (×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â ðàáîòå èñïîëüçóåòñÿ òåðìèíîëîãèÿ [1]. Îïpåäåëåíèÿ, ñâÿçàííûå ñ äèà-
ãpàììîé Íüþòîíà, äàíû â [2]. Ïîñòðîåíû äâà ÷ëåíà àñèìïòîòèêè ïðåîáðàçî-
âàíèÿ ìîíîäðîìèè âåêòîpíîãî ïîëÿ ñ ìîíîäpîìíîé îñîáîé òî÷êîé, èìåþùåé
äèàãpàììó Íüþòîíà, ñîñòîÿùóþ èç îäíîãî èëè äâóõ ÷åòíûõ påáåp ïðè óñëî-
âèè Γ-íåâûðîæäåííîñòè [3], à òàêæå ïðè íàëè÷èè íåêîòîðûõ âûðîæäåíèé.
Ïðèâåäåì çäåñü îäèí èç ïîñëåäíèõ ðåçóëüòàòîâ.

Òåîðåìà 1. Ïóñòü V � âåêòîðíîå ïîëå ñ ìîíîäðîìíîé îñîáîé òî÷êîé è

ñ äèàãðàììîé Íüþòîíà, ñîñòîÿùåé èç äâóõ ÷åòíûõ ðåáåð ` è ˜̀ñ ïîêàçàòåëÿ-
ìè α = m/n è α̃ = m̃/ñ (íåñîêðàòèìûå äðîáè), α < α̃, ïðè÷åì m íå÷åòíî, n

÷åòíî. Ïóñòü ìíîãî÷ëåíû F `0 (x, y) è F
˜̀
0 (x, y), ñîîòâåòñòâóþùèå ðåáðàì äèà-

ãðàììû Íüþòîíà, íå èìåþò âåùåñòâåííûõ ïðîñòûõ ìíîæèòåëåé. È ïóñòü
âûïîëíÿåòñÿ óñëîâèå ñb − m̃a = 0, ãäå (a, b)� âåêòîðíûé êîýôôèöèåíò âåð-

øèíû, ñîåäèíÿþùåé ðåáðà ` è ˜̀ äèàãðàììû Íüþòîíà. Òîãäà ïðåîáðàçîâàíèå
ìîíîäðîìèè îñîáîé òî÷êè (0, 0) âåêòîðíîãî ïîëÿ V èìååò ïðè ïîäõîäÿùåì
âûáîðå òðàíñâåðñàëè è, áûòü ìîæåò ïîñëå îáðàùåíèÿ âðåìåíè, àñèìïòî-
òèêó âèäà ∆(ρ) = ρ(1 + Cρ+ o(ρ)), ρ→ 0, ãäå

C = 2α

+∞∫
−∞

Φ`1(ξ, 1)

nξ
exp

 ξ∫
0

Ψ`
0(τ, 1)

nτ
dτ

 dξ. (1)

Óñëîâèå ñb − m̃a = 0 îçíà÷àåò, ÷òî â ðåçóëüòàòå ðàçäóòèÿ îñîáåííîñòè,
ñâÿçàííîãî ñ äèàãðàììîé Íüþòîíà, íà âêëååííîé êðèâîé ïîÿâëÿåòñÿ îñîáàÿ
òî÷êà òèïà �âûðîæäåííîå ñåäëî�. Ìíîæåñòâî {C = 0} ÿâëÿåòñÿ ãðàíèöåé
óñòîé÷èâîñòè â ðàññìàòðèâàåìîì êëàññå âåêòîðíûõ ïîëåé (ðîñòêîâ).

Èç ïîñòðîåííûõ ôîðìóë ïîëó÷åíû íåêîòîðûå ñëåäñòâèÿ, èìåþùèå îò-
íîøåíèå ê âîïðîñó îá àíàëèòè÷åñêîé ðàçðåøèìîñòè ïðîáëåìû óñòîé÷èâîñòè
îñîáûõ òî÷åê âåêòîðíûõ ïîëåé íà ïëîñêîñòè. À èìåííî, ïðèâåäåíû ïðèìåðû,
êîòîðûå ïîêàçûâàþò, ÷òî êîýôôèöèåíòû ïðåîáðàçîâàíèÿ ìîíîäðîìèè, çàäà-
þùèå ãðàíèöû óñòîé÷èâîñòè â êëàññàõ ìîíîäðîìíûõ ðîñòêîâ è ÿâëÿþùèåñÿ
àíàëèòè÷åñêèìè ôóíêöèÿìè îò êîýôôèöèåíòîâ ñòðóè âíóòðè êëàññà, âîîáùå
ãîâîðÿ íå ïðîäîëæàþòñÿ àíàëèòè÷åñêè íà ãðàíèöû êëàññîâ (è äàæå ìîãóò
èìåòü ðàçðûâû), íî ïðè ýòîì ìîãóò ñóùåñòâîâàòü òî÷êè ïåðåñå÷åíèÿ çàìûêà-
íèÿ ãðàíèöû óñòîé÷èâîñòè è ãðàíèöû ìîíîäðîìíîãî êëàññà. Â òàêèõ òî÷êàõ
âîçìîæíû ïàòîëîãèè ãðàíèöû óñòîé÷èâîñòè, õàðàêòåð êîòîðûõ äî ñèõ ïîð íå
èññëåäîâàí.

×àñòè÷íî ïîääåðæàíî ïî ãðàíòàì ÐÔÔÈ 10-01-00587-à è ÔÖÏ
02.740.110612.
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Ôóíêöèîíàëüíûå èíâàðèàíòû ðîñòêîâ ïîëóãèïåðáîëè÷åñêèõ
îòîáðàæåíèé

Âîðîíèí Ñ. Ì. (×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ôîìèíà Ï. À. (×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ðîñòîê ãîëîìîðôíîãî îòîáðàæåíèÿ F : (C2, 0) → C2, 0) áóäåì íàçû-
âàòü ïîëóãèïåðáîëè÷åñêèì, åñëè îäèí èç åãî ìóëüòèïëèêàòîðîâ � åäèíè÷íûé,
à äðóãîé� ãèïåðáîëè÷åñêèé. Íàïðèìåð, ñäâèã F0 = g1

v çà åäèíè÷íîå âðåìÿ
âäîëü ïîëÿ v = xp+1 ∂

∂x
+ y ∂

∂y
�ïîëóãèïåðáîëè÷åñêèé.

Îêàçûâàåòñÿ, àíàëèòè÷åñêàÿ êëàññèôèêàöèÿ ïîëóãèïåðáîëè÷åñêèõ ðîñò-
êîâ èìååò ôóíêöèîíàëüíûå ìîäóëè. Ñ öåëüþ óïðîùåíèÿ ôîðìóëèðîâîê, ìû
îïèøåì èõ äëÿ ÷àñòíîãî ñëó÷àÿ (à èìåííî, äëÿ êëàññà F ôîðìàëüíîé ýêâè-
âàëåíòíîñòè ðîñòêà F0).

Íåñëîæíî ïðîâåðèòü, ÷òî êàæäûé ðîñòîê èç F ãîëîìîðôíîé çàìåíîé ïðè-
âîäèòñÿ ê âèäó

F : (x, y) 7→ F0(x, y) + (o(xp+1), o(xp)), x→ 0. (1)

Ïóñòü F0 �êëàññ ðîñòêîâ âèäà (1). Äâà ðîñòêà èç F0 áóäåì íàçûâàòü ñòðî-
ãî ýêâèâàëåíòíûìè, åñëè îäèí èç íèõ ìîæíî ïåðåâåñòè â äðóãîé ëîêàëüíîé
çàìåíîé êîîðäèíàò âèäà (x, y)→ (x+ o(xp+1), y + o(xp)), x→ 0.

Ðàññìîòðèì êëàññ M, ñîñòîÿùèé èç íàáîðîâ (C,Φ±,Ψ±,Φ,Ψ), ãäå C ∈
Cp, Φ± è Ψ± (Φ è Ψ) � íàáîðû, êàæäûé èç êîòîðûõ ñîñòîèò èç p ôóíêöèé,
ãîëîìîðôíûõ â (C2, 0) (ñîîòâåòñòâåííî, â (C, 0)).

Òåîðåìà 1. Ïðîñòðàíñòâî M ÿâëÿåòñÿ ïðîñòðàíñòâîì ìîäóëåé â çà-
äà÷å î ñòðîãîé àíàëèòè÷åñêîé êëàññèôèêàöèè ðîñòêîâ èç F0.

Îòìåòèì, ÷òî:

1◦. Ðîñòîê F èìååò ãîëîìîðôíîå öåíòðàëüíîå ìíîãîîáðàçèå åñëè è
òîëüêî åñëè C-êîìïîíåíòà åãî ìîäóëÿ� íóëåâàÿ. Ïðè ýòîì ïàðà
(Φ±(t, 0),Ψ±(t, 0)) ÿâëÿåòñÿ ìîäóëåì [1] ñóæåíèÿ ðîñòêà F íà åãî
öåíòðàëüíîå ìíîãîîáðàçèå.

2◦. Ðîñòîê F âêëþ÷àåì (ò. å. ÿâëÿåòñÿ ñäâèãîì çà åäèíè÷íîå âðåìÿ
âäîëü íåêîòîðîãî ïîëÿ v) åñëè è òîëüêî åñëè êîìïîíåíòû Φ±, Ψ±
åãî ìîäóëÿ� íóëåâûå. Ïðè ýòîì ïàðà (C,Φ) åñòü ìîäóëü Ìàðòèíå�
Ðàìèñà [2] ñîîòâåòñòâóþùåãî ïîëÿ v (à Ψ�ìîäóëü Ìåùåðÿêîâîé�
Òåññüå [3, 4] ýòîãî ïîëÿ).

Ðàáîòà ïîääåðæàíà ãðàíòàìè ÔÖÏ 02.740.110612 è ÐÔÔÈ 10-01-00587-à.

Ñïèñîê ëèòåðàòóðû

[1] Âîðîíèí Ñ. M. Àíàëèòè÷åñêàÿ êëàññèôèêàöèÿ ðîñòêîâ êîíôîðìíûõ îòîáðàæå-
íèé (C, 0) → (C, 0) ñ òîæäåñòâåííîé ëèíåéíîé ÷àñòüþ. Ôóíêö. àíàëèç, 1981, ò.
15, âûï. 1, ñ. 1�17.

173



[2] J. Martinet and J. P. Ramis, Probl�eme de modules pour des �equations di��erentielles

non lin�eaires du premier ordre, Inst. Hautes �Etudes Sci. Publ. Math. 55 (1982), pp. 63�
164.

[3] Âîðîíèí Ñ. Ì., Ìåùåðÿêîâà Þ. È. Àíàëèòè÷åñêàÿ êëàññèôèêàöèÿ ñåäëîóçëîâ.
Òð. ÌÌÎ, 66 (2005), c. 93�113.

[4] L. Teyssier, Analytical classi�cation of singular saddle-node vector �elds. Journal of
Dynamical and Control Systems. 2004, Vol.10, � 4, P. 577�605.

Êâàçèêëàññè÷åñêàÿ áèëîêàëèçàöèÿ è òðàíñïîðòàöèÿ â
íåñèììåòðè÷íîé äâîéíîé ÿìå

Âûáîðíûé Å. Â. (Ìîñêîâñêèé èíñòèòóò ýëåêòðîíèêè è ìàòåìàòèêè, Ðîññèÿ)

Èçó÷àåòñÿ àñèìïòîòèêà âîëíîâûõ ôóíêöèé îïåðàòîðà H~ = −(~d/dx)2 +
V (x) ïðè ~ → 0 íà îñè ñ ãëàäêèì âåùåñòâåííûì ïîòåíöèàëîì V , èìåþùèì
âèä äâîéíîé ÿìû. Ïóñòü íà óðîâíå ýíåðãèè E êëàññè÷åñêàÿ îáëàñòü äâèæå-
íèÿ ÷àñòèöû ñîñòîèò èç äâóõ êîíå÷íûõ èíòåðâàëîâ. Â ~2-îêðåñòíîñòè äàííîãî
óðîâíÿ ýíåðãèè èññëåäóåòñÿ ýôôåêò ìåæúÿìíîé òðàíñïîðòàöèè: ïåðåìåùå-
íèå ÷àñòèöû ñ âåðîÿòíîñòüþ, áëèçêîé ê åäèíèöå, èç îäíîé ÿìû â äðóãóþ
÷åðåç ðàçäåëÿþùèé èõ áàðüåð. Äëÿ åãî ðåàëèçàöèè íåîáõîäèìî, ÷òîáû ñî-
îòâåòñòâóþùèå ñîáñòâåííûå ñîñòîÿíèÿ îïåðàòîðà H~ áûëè áèëîêàëèçîâàíû
(ñîñðåäîòî÷åíû ñ íåíóëåâîé âåðîÿòíîñòüþ ñðàçó â äâóõ ÿìàõ ïðè ~→ 0).

Èçâåñòíî [1], ÷òî äëÿ çåðêàëüíîé ñèììåòðè÷íûõ äâóÿìíûõ ïîòåíöèàëîâ
áèëîêàëèçàöèÿ è òðàíñïîðòàöèÿ äåéñòâèòåëüíî èìåþò ìåñòî. Íî ôèçè÷åñêè
èíòåðåñíû è íåñèììåòðè÷íûå ïîòåíöèàëû (ñì., íàïðèìåð, â [2]). Äëÿ íåêîòî-
ðûõ ñïåöèàëüíûõ ïðèìåðîâ íåñèììåòðè÷íàÿ áèëîêàëèçàöèÿ íàáëþäàëàñü â
÷èñëåííîì ýêñïåðèìåíòå [3]. Â íàøåé ðàáîòå, ñ èñïîëüçîâàíèåì èäåé [4], äàí
êðèòåðèé áèëîêàëèçàöèè è òðàíñïîðòàöèè äëÿ îáùèõ äâóÿìíûõ ïîòåíöèàëîâ,
à òàêæå ðàññìîòðåíû íîâûå êëàññû ïðèìåðîâ.

Çàäàäèì ∆~ = 2~√
T1T2

exp
(
− 1

~
∫ √

V (x)− Edx
)
ñ ïîìîùüþ ïîäáàðüåð-

íîãî èíòåãðàëà è ïåðèîäîâ T 1, T 2 êëàññè÷åñêîãî äâèæåíèÿ â äâóõ ÿìàõ íà
óðîâíå E.

Òåîðåìà 1. 1◦. Ñëåäóþùèå òðè óñëîâèÿ ýêâèâàëåíòíû:
• âáëèçè ýíåðãèè E ñóùåñòâóåò áèëîêàëèçîâàííîå ñîáñòâåííîå
ñîñòîÿíèå îïåðàòîðà H~,

• â ñïåêòðå îïåðàòîðà H~ âáëèçè ýíåðãèè E èìååòñÿ
”
èíñòàí-

òîííàÿ“ ïàðà òî÷åê, ðàññòîÿíèå ìåæäó êîòîðûìè èìååò ïî-
ðÿäîê ∆~,

• â ñïåêòðàõ äâóõ îïåðàòîðîâ Øðåäèíãåðà ñ îäíîÿìíûìè ïîòåí-
öèàëàìè, ñîñòàâëÿþùèìè V (x), âáëèçè ýíåðãèè E èìåþòñÿ
òî÷êè E1

~ è E2
~ , ðàññòîÿíèå ìåæäó êîòîðûìè èìååò ïîðÿäîê

∆~.
2◦. Â óñëîâèÿõ 1 ðàññòîÿíèå ìåæäó òî÷êàìè èíñòàíòîííîé ïàðû äà-

åòñÿ ôîðìóëîé ∆~
√

1 + (E2
~ − E1

~)2/∆2
~ (1 +O(~)) .

3◦. Åñëè |E2
~ − E1

~ |/∆~ = O(~), òî âáëèçè E ñ òî÷íîñòüþ O(~) ïðîèñ-
õîäèò ìåæúÿìíàÿ òðàíñïîðòàöèÿ ñ ÷àñòîòîé 2∆~/~.

Àâòîð áëàãîäàðåí Ì. Â. Êàðàñåâó çà ïîñòàíîâêó çàäà÷è è îáñóæäåíèÿ.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00606.
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Ëîêàëüíàÿ ðåãóëÿðíîñòü ðåøåíèé ñèñòåìû ìàãíèòíîé
ãèäðîäèíàìèêè âáëèçè ïëîñêîãî ó÷àñòêà ãðàíèöû

Âÿëîâ Â. À. (Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Øèëêèí Ò. Í. (Ñàíêò-Ïåòåðáóðãñêîå îòäåëåíèå ìàòåìàòè÷åñêîãî èíñòèòóòà

èì. Â. À. Ñòåêëîâà, Ðîññèÿ)

Äîêëàä ïîñâÿùåí èññëåäîâàíèþ êðèòåðèåâ ëîêàëüíîé ðåãóëÿðíîñòè ðå-
øåíèé ñèñòåìû óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè âáëèçè ïëîñêîãî ó÷àñò-
êà ãðàíèöû. Äàííàÿ ñèñòåìà îïèñûâàåò äâèæåíèå ïðîâîäÿùåé âÿçêîé íåñæè-
ìàåìîé æèäêîñòè â ìàãíèòíîì ïîëå â îáëàñòè îãðàíè÷åííîé èäåàëüíûì ïðî-
âîäíèêîì è ìîæåò áûòü èíòåðïðåòèðîâàíà êàê ñèñòåìà óðàâíåíèé Íàâüå�
Ñòîêñà, âîçìóùåííàÿ âíåøíåé ñèëîé.

Â äîêëàäå îáñóæäàþòñÿ ðàçëè÷íûå óñëîâèÿ, äîñòàòî÷íûå äëÿ íåïðåðûâ-
íîñòè ïî Ãåëüäåðó ïîäõîäÿùèõ ñëàáûõ ðåøåíèé ñèñòåìû â îêðåñòíîñòè òî÷-
êè, ïðèíàäëåæàùåé ïëîñêîìó ó÷àñòêó ãðàíèöû, è ïîçâîëÿþùèå îöåíèòü Õà-
óñäîðôîâó ðàçìåðíîñòü ìíîæåñòâà ñèíãóëÿðíûõ òî÷åê.

Áëàãîäàðíîñòè: Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ëàáîðàòî-
ðèè èì Ï. Ë. ×åáûøåâà (Ìàòåìàòèêî-ìåõàíè÷åñêèé ôàêóëüòåò, Ñàíêò-
Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò), ãðàíò 11.G34.31.0026 ïðàâè-
òåëüñòâà Ðîññèéñêîé Ôåäåðàöèè.

Ðàçáèåíèå ñàìîïîäîáíîé ôóíêöèè íà àáñîëþòíî íåïðåðûâíóþ è
ñèíãóëÿðíóþ ÷àñòè

Ãàãàíîâ Í. Â. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ ñàìîïîäîáíûå íåïðåðûâíûå ôóíêöèè íà îòðåçêå [0, 1],
íîðìèðîâàííûå óñëîâèÿìè f(0) = 0 è f(1) = 1. ×åðåç H îáîçíà÷èì ìíîæå-
ñòâî ñàìîïîäîáíûõ ôóíêöèé, ïðåäñòàâèìûõ â âèäå ñóììû äâóõ ôóíêöèé �
ñèíãóëÿðíîé è àáñîëþòíî íåïðåðûâíîé: f = fabs + fsing.

Óñòàíîâëåíû ñëåäóþùèå ñâîéñòâà ñàìîïîäîáíûõ ôóíêöèé êëàññà H.

Òåîðåìà 1. Åñëè f ∈ H ñàìîïîäîáíà, òî å¼ àáñîëþòíî íåïðåðûâíàÿ è
ñèíãóëÿðíàÿ ÷àñòè fabs è fsing òîæå ñàìîïîäîáíû. Ïàðàìåòðû ñàìîïîäîáèÿ
ýòèõ ôóíêöèé òàêîâû:

1◦. äëÿ fabs: ak, dk, ck òå æå, ÷òî è ó f ; ÷èñëà βk ïåðåñ÷èòûâàþòñÿ
ïî çíà÷åíèþ fabs(1) è ïî óñëîâèÿì íåïðåðûâíîñòè;

2◦. äëÿ fsing: ak, dk òå æå, òî è ó f ; ck = 0; ÷èñëà βk ïåðåñ÷èòûâàþòñÿ
ïî çíà÷åíèþ fsing(1) è ïî óñëîâèÿì íåïðåðûâíîñòè.
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Òåîðåìà 2. Êëàññ H ìîæíî îïèñàòü ñëåäóþùèì îáðàçîì:

H = B
⊔
{f | f = t0x+ f1, f1 ∈ A},

ãäå B�ìíîæåñòâî ñàìîïîäîáíûõ íåïðåðûâíûõ ôóíêöèé îãðàíè÷åííîé âàðè-
àöèè, à A�ìíîæåñòâî íåâûðîæäåííûõ ñàìîïîäîáíûõ ñèíãóëÿðíûõ ôóíê-

öèé, òàêèõ, ÷òî
n∑
k=1

|dk| > 1.

Òåîðåìà 3. Ïóñòü f �íåâûðîæäåííàÿ íåïðåðûâíàÿ ñàìîïîäîáíàÿ
ôóíêöèÿ. Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1◦. åñëè
n∑
k=1

|dk| < 1, òî f àáñîëþòíî íåïðåðûâíà;

2◦. åñëè
n∑
k=1

|dk| > 1 è f ∈ H, òî àáñîëþòíî íåïðåðûâíàÿ ÷àñòü ôóíê-

öèè âûðîæäåíà, ò. å. f = t0x+fsing, ãäå fsing � ñèíãóëÿðíàÿ ôóíê-
öèÿ;

3◦. åñëè
n∑
k=1

|dk| = 1, òî óñëîâèå f ∈ H ýêâèâàëåíòíî òîìó, ÷òî âñå

ïðåîáðàçîâàíèÿ θk(t) = dkt+ck
ak

èìåþò îáùóþ íåïîäâèæíóþ òî÷êó

t0, è âñå dk ≥ 0;

4◦. åñëè
n∑
k=1

|dk| > 1, òî óñëîâèå f ∈ H ýêâèâàëåíòíî òîìó, ÷òî âñå θk

èìåþò îáùóþ íåïîäâèæíóþ òî÷êó t0,
n∑
k=1

dk = 1, è
n∑
k=1

ak ln | dk
ak
| <

0.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 10-01-00423.

Î âîçìóùåíèè îïåðàòîðà Øðåäèíãåðà óçêèì ïîòåíöèàëîì
Ãàäûëüøèí Ð. Ð. (Áàøêèðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)
Õóñíóëëèí È. Õ. (Áàøêèðñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)

Èññëåäóåòñÿ âîçìóùåíèå äèñêðåòíîãî ñïåêòðà îïåðàòîðà Øðåäèíãåðà íà
îñè, îñóùåñòâëÿåìîå ïîòåíöèàëîì, çàâèñÿùèì îò äâóõ ìàëûõ ïàðàìåòðîâ,
îäèí èç êîòîðûõ îïèñûâàåò äëèíó íîñèòåëÿ ïîòåíöèàëà, à îáðàòíîå çíà÷å-
íèå âòîðîãî ñîîòâåòñòâóþò âåëè÷èíå ïîòåíöèàëà. Óñòàíîâëåíî ñîîòíîøåíèå
íà ìàëûå ïàðàìåòðû, ïðè êîòîðîì èìååò ìåñòî îáîáùåííàÿ ñõîäèìîñòü âîç-
ìóùåííîãî îïåðàòîðà ê îïåðàòîðó áåç âîçìóùàþùåãî óçêîãî ïîòåíöèàëà. Ïî-
ñòðîåíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ñîáñòâåííûõ çíà÷åíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ (09-01-00530), Ïðå-
çèäåíòà Ðîññèè äëÿ Âåäóùèõ íàó÷íûõ øêîë (ÍØ-6249.2010.1) è ÔÖÏ
(02.740.110612). Ðàáîòà âòîðîãî àâòîðà ïîääåðæàíà òàêæå ãðàíòîì Ïðåçèäåí-
òà Ðîññèè äëÿ ìîëîäûõ ó÷åíûõ�äîêòîðîâ íàóê (ÌÄ-453.2010.1).
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×èñëåííîå óñðåäíåíèå â çàäà÷àõ ôèëüòðàöèè ñî ñâîáîäíûìè
ãðàíèöàìè

Ãàëüöåâ Î. Â. (Áåëãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ìåéðìàíîâ À. Ì. (Áåëãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Íàñòîÿùèé äîêëàä ïîñâÿùåí èññëåäîâàíèþ íåóñòîé÷èâîñòè Ðåëåÿ�
Òåéëîðà ïðè äâèæåíèè äâóõ âÿçêèõ íåñæèìàåìûõ íåñìåøèâàþùèõñÿ æèäêî-
ñòåé ðàçëè÷íîé ïëîòíîñòè, ðàçäåëåííûõ ñâîáîäíîé ïîâåðõíîñòüþ. Ýòà çàäà÷à
èìååò âàæíîå òåîðåòè÷åñêîå è ïðàêòè÷åñêîå çíà÷åíèå [1], êàê â êëàññè÷åñêîé,
òàê è â ïîäçåìíîé ãèäðîäèíàìèêå. Åñëè äèíàìèêà æèäêîñòåé îïèñûâàåòñÿ
ñèñòåìîé óðàâíåíèé Ñòîêñà, òî ñóùåñòâîâàíèå åäèíñòâåííîãî êëàññè÷åñêîãî
ðåøåíèÿ (ò. å. ðåøåíèÿ ñ ãëàäêîé ïîâåðõíîñòüþ ðàçäåëà) â öåëîì ïî âðåìåíè
áûëî óñòàíîâëåíî â [2]. Â òåîðèè ôèëüòðàöèè àíàëîãè÷íàÿ çàäà÷à íàçûâàåò-
ñÿ çàäà÷åé Ìàñêåòà è â ñâîåé êëàññè÷åñêîé ïîñòàíîâêå ñîñòîèò èç óðàâíåíèé
ôèëüòðàöèè Äàðñè â êàæäîé èç îáëàñòåé, çàíÿòûõ îäíîðîäíîé æèäêîñòüþ,
è ñòàíäàðòíûõ óñëîâèé íà ïîâåðõíîñòè êîíòàêòíîãî ðàçðûâà. Åñòåñòâåííûì
îáðàçîì îïðåäåëÿåòñÿ îáîáùåííîå ðåøåíèå çàäà÷è Ìàñêåòà. Âîïðîñ î ñóùå-
ñòâîâàíèè êëàññè÷åñêîãî ëèáî îáîáùåííîãî ðåøåíèÿ (â öåëîì ïî âðåìåíè)
îñòàåòñÿ îòêðûòûì äî íàñòîÿùåãî âðåìåíè. Ìû ïðåäëàãàåì ñòðîãîå îïèñàíèå
äâèæåíèÿ äâóõ íåñìåøèâàþùèõñÿ æèäêîñòåé â ïîðèñòûõ ñðåäàõ êàê ðåçóëü-
òàò óñðåäíåíèÿ òî÷íîé ìèêðîñêîïè÷åñêîé ìîäåëè. Â ýòîé ìîäåëè äèíàìèêà
æèäêîñòåé îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé Ñòîêñà, à äèíàìèêà óïðóãîãî
ñêåëåòà � ñèñòåìîé óðàâíåíèé Ëàìå. Ôîðìàëüíîå óñðåäíåíèå ìîäåëè äëÿ àá-
ñîëþòíî òâåðäîãî ñêåëåòà ïðèâîäèò ê çàäà÷å Ìàñêåòà. Íåôîðìàëüíîå óñðåä-
íåíèå ýòîé ìîäåëè âûçûâàåò íåïðåîäîëèìûå (äî íàñòîÿùåãî âðåìåíè) òðóäíî-
ñòè, â òî âðåìÿ êàê ó÷åò óïðóãèõ ñâîéñòâ òâåðäîãî ñêåëåòà ïîçâîëÿåò ñòðîãî
âûâåñòè íîâóþ êîððåêòíóþ ôåíîìåíîëîãè÷åñêóþ ìîäåëü, êîòîðóþ íàçîâåì
çàäà÷åé Ìàñêåòà äëÿ âÿçêî-óïðóãîé ôèëüòðàöèè [3]. ×èñëåííîå ìîäåëèðî-
âàíèå òî÷íîé ìèêðîñêîïè÷åñêîé ìîäåëè äëÿ ðàçëè÷íûõ ñòðóêòóð ïîðîâîãî
ïðîñòðàíñòâà ïîêàçûâàåò, ÷òî â óñðåäíåííîé ìîäåëè äëÿ àáñîëþòíî òâåðäîãî
ñêåëåòà ïðîèñõîäèò ïåðåìåùåíèå áîëåå òÿæåëîé æèäêîñòè âíèç â ðåçóëüòàòå
ïåðåìåøèâàíèÿ æèäêîñòåé. Òî åñòü âìåñòî ñâîáîäíîé ãðàíèöû íàáëþäàåòñÿ
çîíà ïåðåìåøèâàíèÿ (mushy region). Åñëè æå ó÷èòûâàòü óïðóãèå ñâîéñòâà
òâåðäîãî ñêåëåòà, òî ïåðåìåùåíèå áîëåå òÿæåëîé æèäêîñòè âíèç ïðîèñõîäèò
ïðè íàëè÷èè ñâîáîäíîé ïîâåðõíîñòè (êëàññè÷åñêîå ðåøåíèå), ÷òî îáóñëîâëåíî
ñóùåñòâåííûì âëèÿíèåì êîýôôèöèåíòà óïðóãîñòè òâåðäîãî ñêåëåòà. Ïîñëå-
äóþùèå ÷èñëåííûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî ïðè ìàëûõ çíà÷åíèÿõ êîýô-
ôèöèåíòà óïðóãîñòè è áîëüøèõ çíà÷åíèÿõ îòíîøåíèÿ òÿæåëîé æèäêîñòè ê
ëåãêîé ïåðåõîäíîé ôàçû íå íàáëþäàåòñÿ (ïðè çàäàííîì ðàçìåðå ïîð), è ñàì
ïðîöåññ ôèëüòðàöèè ñóùåñòâåííî çàìåäëÿåòñÿ. À ïðè óâåëè÷åíèè ðàçìåðà
ïîð ïåðåìåøèâàíèå æèäêîñòåé áóäåò ïðîèñõîäèòü áûñòðåå.

Ðàáîòà âûïîëíåíà â ðàìêàõ ÔÖÏ �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå
êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013 ãîäû (ãîñêîíòðàêò
� 02.740.11.0613).
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Îöåíêè äëÿ îòðèöàòåëüíûx ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà
Øðåäèíãåðà ñ áûñòðîóáûâàþùèì ïîòåíöèàëîì
Ãåéíö Â. Ë. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ïóñòü L � îïåðàòîð Øðåäèíãåðà â ïðîñòðàíñòâå L2(0,∞):

l(y) = −y′′(x) + q(x)y(x), x ∈ [0,∞), (1)

ñ îáëàñòüþ

Dom(L) = {y ∈ L2(R+) : y(0) = 0, y, y′ ∈ AC[0,∞], Ly ∈ L2(R+)}.

Ñ÷èòàåì, ÷òî ïîòåíöèàë q� áûñòðîóáûâàþùèé, ò. å.
∞∫
0

(1 + x)|q(x)|dx < ∞.

Èçâåñòíî [1], ÷òî îïåðàòîð L ñàìîñîïðÿæ¼í, åãî ñïåêòð ñîñòîèò èç R+ è êî-
íå÷íîãî (áûòü ìîæåò, ïóñòîãî) ìíîæåñòâà îòðèöàòåëüíûõ ñîáñòâåííûõ çíà-
÷åíèé.

Ðàññìîòðèì òàêæå çàäà÷ó Ðåäæå [2]:{
−y′′ + q(x)y = λ2y,

y(0) = 0, y′(a)− iλy(a) = 0.
(2)

×åðåç qa(x) îáîçíà÷èì ôóíêöèþ, êîòîðàÿ ñîâïàäàåò ñ q(x) ïðè x ∈ [0, a], à
ïðè x > a ïðîäîëæåíà íóëåì.

Òåîðåìà 1. Ïóñòü ïîòåíöèàë q ïðèíàäëåæèò L∞(R+), ïðè÷åì (â íîð-
ìå L∞) âûïîëíåíî ‖q − qa‖∞ → 0 ïðè a → ∞. Ïóñòü îïåðàòîð L èìååò
n îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé {µk}nk=1, çàíóìåðîâàííûõ â ïîðÿä-
êå âîçðàñòàíèÿ ñ ó÷åòîì êðàòíîñòè. Ïóñòü {λ2

k(a)}mk=1 � îòðèöàòåëüíûå
ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Ðåäæå, çàíóìåðîâàííûå òàêèì æå îáðàçîì.
Òîãäà ïðè âñåõ äîñòàòî÷íî áîëüøèõ a èìååì m > n, è ñïðàâåäëèâû îöåíêè

|µk − λ2
k(a)| 6 ‖q − qa‖∞, k = 1, 2, . . . , n.

Òåîðåìà 2. Ïóñòü ïîòåíöèàë q ïðèíàäëåæèò L2(R+) è îïåðàòîð L
èìååò n îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé {µk}nk=1, çàíóìåðîâàííûõ
â ïîðÿäêå âîçðàñòàíèÿ ñ ó÷åòîì êðàòíîñòè. Ïóñòü {λ2

k(a)}mk=1 � îòðèöà-
òåëüíûå ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Ðåäæå, çàíóìåðîâàííûå òàêèì æå
îáðàçîì. Òîãäà ïðè âñåõ äîñòàòî÷íî áîëüøèõ a èìååì m > n, è ñïðàâåäëèâû
îöåíêè

|µk − λ2
k(a)| 6 C‖q − qa‖2, k = 1, 2, . . . , n,

ãäå ïîñòîÿííàÿ C çàâèñèò òîëüêî îò ïîòåíöèàëà q.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ ïðîô. À. À. Øêàëèêîâûì.
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Î ôóêñîâîé ðåäóêöèè íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
Ãîëóáåâà Â. À. (Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò, Ðîññèÿ)

Â ïîñëåäíèå äåñÿòèëåòèÿ ïðîøëîãî ñòîëåòèÿ â òåîðèè óðàâíåíèé â ÷àñò-
íûõ ïðèëîæåíèÿõ âîçíèê íîâûé ìåòîä èññëåäîâàíèÿ îñîáåííîñòåé è ïîñòðî-
åíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé íåëèíåéíûõ óðàâíåíèé, íàçâàí-
íûé ìåòîäîì ôóêñîâîé ðåäóêöèè. Ýòîò ìåòîä íàøåë ìíîãî÷èñëåííûå ïðèëî-
æåíèÿ â ðàçëè÷íûõ ðàçäåëàõ ìàòåìàòèêè, êàê, íàïðèìåð, â òåîðèè ôóêñîâûõ
íà÷àëüíûõ è ãðàíè÷íûõ çàäà÷ â ïðîñòðàíñòâàõ Ñîáîëåâà, ýëëèïòè÷åñêèõ ãðà-
íè÷íûõ çàäà÷, à òàêæå â ìíîãî÷èñëåííûõ ïðèëîæåíèÿõ: àñòðîíîìèè, îáùåé
òåîðèè îòíîñèòåëüíîñòè, òåîðèè íåëèíåéíûõ âîëí, â ÷àñòíîñòè, â òåîðèè ñî-
ëèòîíîâ è äð.

Ìåòîä ôóêñîâîé ðåäóêöèè ïîçâîëÿåò ïîëó÷àòü ôîðìàëüíûå è àñìïòîòè-
÷åñêèå ðåøåíèÿ èíòåãðèðóåìûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Âêðàòöå
ýòîò ìåòîä ñîñòîèò â ïðåäñòàâëåíèè ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ â âèäå
u = s+Tmv, ãäå s çàäàíà â ÿâíîì âèäå è ñèíãóëÿðíà ïðè T = 0 (T èãðàåò ðîëü
ôóêñîâîé ïåðåìåííîé), ôóíêöèÿ v îïðåäåëÿåò ðåãóëÿðíóþ ÷àñòü u. Ðåäóêöèÿ
ñîñòîèò â ïðåîáðàçîâàíèè óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ F (u) = 0 ñ ïî-
ìîùüþ çàìåíû íåèçâåñòíîé ôóíêöèè è ïåðåìåííûõ ê âèäó Lv = f(v), ïðè÷åì
äîëæíû áûòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1◦. ìîæíî ââåñòè ïåðåìåííûå (T, x1, ...) òàê, ÷òî T = 0 åñòü ñèíãóëÿðíîå
ìíîæåñòâî;

2◦. îïåðàòîð L ìàñøòàáíî èíâàðèàíòåí â íàïðàâëåíèè T ;
3◦. ôóíêöèÿ f

”
ìàëà“ ïðè T , ñòðåìÿùåìñÿ ê íóëþ;

4◦. îãðàíè÷åííûå ðåøåíèÿ v ðåäóöèðîâàííîãî óðàâíåíèÿ îïðåäåëÿþò
ñèíãóëÿðíóþ ôóíêöèþ u ñ îñîáåííîñòÿìè ïðè T = 0.

Ïðàâàÿ ÷àñòü ìîæåò ñîäåðæàòü ïðîèçâîäíûå v. Ïîñëå ðåäóêöèè ê ñèñòåìå ïåð-
âîãî ïîðÿäêà óðàâíåíèå ìîæåò áûòü çàïèñàíî â âèäå (T d

dT
+ A)w = f(T,w),

ãäå ïðàâàÿ ÷àñòü îáðàùàåòñÿ â íóëü ïðè T = 0. Óðàâíåíèå òàêîãî âèäà íàçû-
âàåòñÿ

”
ôóêñîâûì“. Ôóêñîâ êëàññ èíâàðèàíòåí îòíîñèòåëüíî ðåäóêöèè ïðè

äîâîëüíî îáùèõ óñëîâèÿõ äëÿ f è A.
Â äîêëàäå ðàññìàòðèâàþòñÿ ïðèìåðû ôóêñîâûõ ðåäóêöèé, ïîçâîëÿþùèå

çàìåíèòü ïîèñê ïðèáëèæåííûõ ðåøåíèé çàäàííîãî ìîäåëüíîãî óðàâíåíèÿ ïî-
èñêîì òî÷íîãî ðåøåíèÿ ïðèáëèæåííîé ìîäåëè.

Ê îïòèìèçàöèè óñêîðåíèÿ âÿçêîóïðóãîãî òåëà
Ãîëóáÿòíèêîâ À. Í. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïðîáëåìà óñêîðåíèÿ ìÿãêèõ îáîëî÷åê, â ÷àñòíîñòè ñ îáðàçîâàíèåì êóìó-
ëÿòèâíûõ ñòðóé, èññëåäîâàëàñü ìíîãèìè àâòîðàìè. Â ïîñëåäíåå âðåìÿ áûë
äîñòèãíóò ïðîãðåññ â îáåñïå÷åíèè óñòîé÷èâîñòè äâèæåíèÿ òîíêîé îáîëî÷êè
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çà ñ÷åò ó÷åòà îñòàòî÷íîé (ïîñëå äåéñòâèÿ óäàðíîé íàãðóçêè) óïðóãîñòè ìà-
òåðèàëà [1]. Ïðåäñòàâëÿåò èíòåðåñ ïðîâåäåíèå ýíåðãåòè÷åñêîé îïòèìèçàöèè
óñêîðåíèÿ òåëà êîíå÷íûõ ðàçìåðîâ ïîäõîäÿùèì ðàñïðåäåëåíèåì ïîâåðõíîñò-
íûõ ñèë, à òàêæå èññëåäîâàíèå óñòîé÷èâîñòè îïòèìàëüíîãî ðåøåíèÿ òàêîé
çàäà÷è. Èñïîëüçóåòñÿ ìîäåëü íåñæèìàåìîãî îäíîðîäíîãî âÿçêîóïðóãîãî òå-
ëà Ôîéãòà. Çàäàíû ìàññà òåëà, ïëîòíîñòü, âðåìÿ äâèæåíèÿ, êîýôôèöèåíò
ïîïåðå÷íîãî îáæàòèÿ k è ïðèîáðåòàåìûé èìïóëüñ. Ïëîòíîñòü äèññèïàöèè �
êâàäðàòè÷íàÿ ôîðìà îò êîìïîíåò ñêîðîñòè äåôîðìàöèè (èëè ëþáàÿ ãëàäêàÿ
âûïóêëàÿ ôóíêöèÿ), à ÷àñòü óäåëüíîé âíóòðåííåé ýíåðãèè, âõîäÿùàÿ â óðàâ-
íåíèå æèâûõ ñèë, � ïðîèçâîëüíàÿ ôóíêöèÿ ëàãðàíæåâûõ êîìïîíåíò ìåòðè-
÷åñêîãî òåíçîðà, âûïóêëàÿ ïî äèñòîðñèè. Òðåáóåòñÿ ìèíèìèçèðîâàòü ñóììó
ðàáîòû ïîâåðõíîñòíûõ ñèë è ýíåðãèè âîçìîæíîãî íà÷àëüíîãî óäàðà.

Â èíòåãðàëüíîå óðàâíåíèå êèíåòè÷åñêîé ýíåðãèè, çàïèñàííîå â êîíå÷íûé
ìîìåíò, âõîäèò èíòåãðàë ïî âðåìåíè îò äèññèïàöèè, êîòîðûé ìèíèìèçèðóåòñÿ
íåçàâèñèìî. Ýòî ïðèâîäèò ê äâèæåíèþ ñ îäíîðîäíîé äåôîðìàöèåé, ïðè÷åì
îñåñèììåòðè÷íîìó, ñòàöèîíàðíîìó è ïîòåíöèàëüíîìó ïî ñêîðîñòè, ÷òî ñîâ-
ìåñòíî ñ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè äâèæåíèÿ, êîòîðûå, â äàííîì
ñëó÷àå, ñâîäÿòñÿ ê óðàâíåíèÿì èäåàëüíîé æèäêîñòè è îïðåäåëÿþò òîëüêî ðàñ-
ïðåäåëåíèå äàâëåíèÿ. Êðîìå ýòîãî, îñòàåòñÿ åùå îäíà ïðîèçâîëüíàÿ ôóíêöèÿ
îò âðåìåíè, âûáîð êîòîðîé ïîçâîëÿåò ïîëíîñòüþ îïðåäåëèòü äâèæåíèå ìàòå-
ðèàëà è âû÷èñëèòü ýíåðèþ íà÷àëüíîãî óäàðà, îáÿçàòåëüíî íåíóëåâóþ. Äàëåå
ìèíèìèçèðóåòñÿ êîíå÷íàÿ êèíåòè÷åñêàÿ ýíåðãèÿ, ÷òî ïðèâîäèò ê íà÷àëüíîé
ôîðìå òåëà â âèäå ñïëþùåííîãî ýëëèïñîèäà âðàùåíèÿ ñ ñîîòíîøåíèåì ïðî-
äîëüíîé è ïîïåðå÷íîé îñåé k3/2 (îáû÷íî k ∼ 1/2), ò. å. äåéñòâèòåëüíî îòíî-
ñèòåëüíî òîíêîãî.

Ïîëó÷åííûé ðåçóëüòàò ïîçâîëÿåò ïðîâîäèòü ñðàâíåíèå ñ äâèæåíèåì òåë
äðóãèõ ôîðì. Î÷åíü áëèçêèé ðåçóëüòàò äàåò îïòèìèçàöèÿ â êëàññå ïðÿìûõ
êðóãîâûõ öèëèíäðîâ, óñêîðåíèå êîòîðûõ ìîæåò áûòü îáåñïå÷åíî äåéñòâèåì
íîðìàëüíîé íàãðóçêè. Â ðàìêàõ ìîäåëè èäåàëüíîé æèäêîñòè èññëåäîâàíà
â ëèíåéíîì ïðèáëèæåíèè óñòîé÷èâîñòü äâèæåíèÿ îïòèìàëüíîãî öèëèíäðà,
÷òî óêàçûâàåò íà óæå íà÷àëüíóþ íåóñòîé÷èâîñòü â âèäå âûáðîñà êóìóëÿòèâ-
íûõ ñòðóé, çà ñ÷åò íàëè÷èÿ ìàëîãî çíàìåíàòåëÿ, ñâÿçàííîãî ñ êóáîì îòíîøå-
íèÿ ðàçìåðîâ. Îáñóæäàåòñÿ òàêæå âîçìîæíîå íåîäíîðîäíîå (êâàäðàòè÷íîå
ïî ëàãðàíæåâûì ïåðåìåííûì) ðàñïðåäåëåíèå óïðóãèõ ñâîéñòâ ñðåäû è èõ
âëèÿíèå íà óñòîé÷èâîñòü. Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷àþòñÿ è â òåîðèè
âÿçêîóïðóãîñòè Ìàêñâåëëà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 11-01-
00051, 11-01-00188).
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Îá àíàëèòè÷åñêèõ ðåøåíèÿõ äèôôåðåíöèàëüíûõ óðàâíåíèé â
áàíàõîâîì ïðîñòðàíñòâå íàä íåàðõèìåäîâûì ïîëåì

Ãîðáà÷óê Â. Ì. (Íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò ÊÏÈ, Óêðàèíà)

Ðàññìàòðèâàåòñÿ óðàâíåíèå âèäà

y(m)(λ)−Ay(λ) = f(λ), (1)

ãäå A� çàìêíóòûé ëèíåéíûé îïåðàòîð â áàíàõîâîì ïðîñòðàíñòâå B íàä
ïîëåì Ω êîìïëåêñíûõ p-àäè÷åñêèõ ÷èñåë, f(λ)�ëîêàëüíî àíàëèòè÷åñêàÿ â
îêðåñòíîñòè íóëÿ B-çíà÷íàÿ âåêòîð-ôóíêöèÿ.

Ïîêàçûâàåòñÿ, ÷òî åñëè îïåðàòîð A èìååò îáðàòíûé, îïðåäåëåííûé íà
âñåì B, à âåêòîð-ôóíêöèÿ

f(λ) =

∞∑
n=0

bnλ
n, bn ∈ B,

ÿâëÿåòñÿ àíàëèòè÷åñêîé â îòêðûòîì êðóãå D(0, r−) = {λ ∈ Ω : |λ|p < r} ñ

r > s1/m(A−1), s(A−1) = lim
n→∞

n
√
‖A−n‖,

(| · |p �íîðìà â Ω), òî ñóùåñòâóåò ëîêàëüíî àíàëèòè÷åñêîå â îêðåñòíîñòè íóëÿ
ðåøåíèå óðàâíåíèÿ (1); äàåòñÿ îïèñàíèå âñåõ òàêèõ ðåøåíèé. Â ñëó÷àå, êîãäà
âåêòîð-ôóíêöèÿ f(λ) öåëàÿ, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (1)
â êëàññå öåëûõ B-çíà÷íûõ âåêòîð-ôóíêöèé. Ýòî ðåøåíèå äàåòñÿ ôîðìóëîé

y(λ) = −
∞∑
n=0

A−(n+1)f (nm)(λ) =
∞∑
n=0

cnλ
n,

ãäå

ñn = −
∞∑
k=0

(mk + n)!

n!
A−(k+1)bmk+n.

Äîêàçûâàåòñÿ òàêæå, ÷òî çàäà÷à Êîøè

y(k)(0) = yk ∈ B, k = 0, 1, . . . ,m− 1, (2)

èìååò åäèíñòâåííîå ðåøåíèå â êëàññå ëîêàëüíî àíàëèòè÷åñêèõ â íóëå âåêòîð-
ôóíêöèé òîãäà è òîëüêî òîãäà, êîãäà

ak = yk −
∞∑
n=0

A−(n+1)f (nm+k), k = 0, 1, . . . ,m− 1,

�öåëûå âåêòîðû ýêñïîíåíöèàëüíîãî òèïà îïåðàòîðà A, ò. å. äëÿ êàæäîãî
k = 0, 1, . . . ,m− 1

∃α = α(k), ∃c = c(k, α), ∀n ∈ N
⋃
{0} : ‖Anak‖ ≤ cαn.

Áîëåå òîãî, åñëè îïåðàòîð A íåïðåðûâåí, òî çàäà÷à Êîøè (1)�(2) îäíîçíà÷íî
ðàçðåøèìà â êëàññå ëîêàëüíî àíàëèòè÷åñêèõ âåêòîð-ôóíêöèé ïðè ëþáûõ yk ∈
B, k = 0, 1, . . . ,m− 1.
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Íåôîðìàëüíûå ðåøåíèÿ ÎÄÓ
Ãîðþ÷êèíà È. Â. (Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì. Â. Êåëäûøà

ÐÀÍ, Ðîññèÿ)

Ðàññìîòðèì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

f(x, y, y′, . . . , y(n)) = 0, (1)

ãäå f(x, y, y′, . . . , y(n))�ìíîãî÷ëåí ñâîèõ ïåðåìåííûõ. Ïóñòü ïðè |x| → 0
(arg(x) îãðàíè÷åí ñ äâóõ ñòîðîí) óðàâíåíèå (1) èìååò ôîðìàëüíîå ðåøåíèå

y =
∑

csx
s, s ∈ K ⊂ C, (2)

ãäå

K = {s0 +m1r1 +m2r2, m1,m2 ∈ Z, m1 +m2 ≥ 0, m1,m2 ≥ 0},
s0 ∈ C \ Q, r1 = 〈R1, (1, s0)〉, r2 = 〈R2, (1, s0)〉, R1 = (α1, β1), R2 = (α2, β2),
R1, R2 ∈ Z2, Re s > Re s0, ïîêàçàòåëè ñòåïåíè s óïîðÿäî÷åíû ïî ðîñòó âå-
ùåñòâåííûõ ÷àñòåé, cs �êîìïëåêñíûå ïîñòîÿííûå. Ñäåëàåì â óðàâíåíèè (1)
çàìåíó çàâèñèìîé ïåðåìåííîé

y =

sm∑
s=s0

csx
s + u, (3)

ãäå m ∈ Z+, Re(sm−s0) ≥ n, s è cs èç ôîðìóëû (2); ïîñëå êîòîðîé îíî ïðèìåò
âèä

f0
def
= L(x)u+ g(x, u, u′, . . . , u(n)) = 0, (4)

ãäå L(x)�ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð âèäà

L(x) = xv
n∑
l=1

alx
l d

lu

dxl
,

L(x) 6≡ 0, v ∈ C, al �êîìïëåêñíûå ïîñòîÿííûå; ôóíêöèÿ g ìîæåò ñîäåðæàòü

ëèíåéíûå ïî u, u′, . . . , u(n) ÷ëåíû âèäà b01x
v1+m dmu

dxm
ñ Re v1 > Re v, v1 ∈ C,

0 ≤ m ≤ n, b01 = const ∈ C, íåëèíåéíûå ïî u, u′, . . . , u(n) è çàâèñÿùèå òîëüêî îò
x ÷ëåíû. Ïóñòü â çàìåíå (3) Re sm ≥ Reλi, ãäå λi, i = 1, . . . , n, ýòî ñîáñòâåííûå
çíà÷åíèÿ îïåðàòîðà L(x), òîãäà óðàâíåíèå (4) èìååò ôîðìàëüíîå ðåøåíèå

u =
∑
s

csx
s, (5)

ãäå Re s ≥ Re sm+1 > n, Re sm+1 > Reλn, s ∈ K, cs � îäíîçíà÷íî îïðåäåëåí-
íûå êîìïëåêñíûå ïîñòîÿííûå.

Òåîðåìà 1. Åñëè â óðàâíåíèè (4), êîòîðîå ïîëó÷àåòñÿ èç óðàâíåíèÿ (1)
ïîñëå çàìåíû ïåðåìåííîé (3), ïîðÿäîê ñòàðøåé ïðîèçâîäíîé â L(x)u ðàâåí
ïîðÿäêó ñòàðøåé ïðîèçâîäíîé â ñóììå f0, òîãäà ðÿä (5) ñõîäèòñÿ äëÿ äî-
ñòàòî÷íî ìàëûõ |x|.

Òåîðåìà 1 � ÷àñòíûé ñëó÷àé òåîðåìû 3.4 [1], ñôîðìóëèðîâàííîé áåç äî-
êàçàòåëüñòâà. Äîêàçàòåëüñòâî â ñëó÷àå ðàöèîíàëüíûõ ïîêàçàòåëåé ñòåïåíè
îïóáëèêîâàíî â [2]. Äîêàçàòåëüñòâî òåîðåìû 1 ìîæíî îáîáùèòü äëÿ òåîðåìû
3.4 [1].
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Î òîïîëîãè÷åñêîé êëàññèôèêàöèè äèôôåîìîðôèçìîâ íà
3-ìíîãîîáðàçèÿõ ñ ïîâåðõíîñòíûìè äâóìåðíûìè àòòðàêòîðàìè è

ðåïåëëåðàìè
Ãðèíåñ Â. Ç. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.È.

Ëîáà÷åâñêîãî, Ðîññèÿ)
Ëåâ÷åíêî Þ. À. (Íèæåãîðîäñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ

àêàäåìèÿ, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ äèôôåîìîðôèçìû, óäîâëåòâîðÿþùèå àêñèîìå A
Ñ. Ñìåéëà (A-äèôôåîìîðôèçìû), òðåõìåðíîãî ìíîãîîáðàçèÿ M3 â ïðåäïî-
ëîæåíèè, ÷òî íåáëóæäàþùåå ìíîæåñòâî äèôôåîìîðôèçìîâ ñîñòîèò èç îáú-
åäèíåíèÿ ïîâåðõíîñòíûõ äâóìåðíûõ áàçèñíûõ ìíîæåñòâ. Åñëè B ÿâëÿåòñÿ
äâóìåðíûì áàçèñíûì ìíîæåñòâîì A-äèôôåîìîðôèçìà f , çàäàííîãî íà çà-
ìêíóòîì 3-ìíîãîáðàçèè M3, òî ñîãëàñíî [1] (òåîðåìà 3), B ÿâëÿåòñÿ ëèáî
àòòðàêòîðîì, ëèáî ðåïåëëåðîì. Â [2] óñòàíîâëåíî, ÷òî ëþáîå ïîâåðõíîñòíîå
äâóìåðíîå áàçèñíîå ìíîæåñòâî ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà ìíî-
ãîîáðàçèé, êàæäîå èç êîòîðûõ ãîìåîìîðôíî äâóìåðíîìó òîðó, ðó÷íî âëîæåí-
íîìó â M3, à îãðàíè÷åíèå íåêîòîðîé ñòåïåíè äèôôåîìîðôèçìà f íà íåñóùåå
ìíîãîîáðàçèå ñîïðÿæåíî ñ ãèïåðáîëè÷åñêèì àâòîìîðôèçìîì òîðà. Â [3] äîêà-
çàíî, ÷òî åñëè íåáëóæäàþùåå ìíîæåñòâî A-äèôôåîìîðôèçìà f : M3 → M3

ñîñòîèò èç äâóìåðíûõ ïîâåðõíîñòíûõ áàçèñíûõ ìíîæåñòâ, òîM3 ÿâëÿåòñÿ ëî-
êàëüíî òðèâèàëüíûì ðàññëîåíèåì íàä îêðóæíîñòüþ ñî ñëîåì ãîìåîìîðôíûì
äâóìåðíîìó òîðó.

Ïîëîæèì A =
k⋃
i=1

Ai, R =
k⋃
i=1

Ri. Èç [1] ñëåäóåò, ÷òî äëÿ ëþáîé òî÷êè

z ∈ A (z ∈ R) îäíîìåðíîå íåóñòîé÷èâîå (óñòîé÷èâîå) ìíîãîîáðàçèå Wu(z)
(W s(z)) ïðèíàäëåæèò A (R). Ñ äðóãîé ñòîðîíû, óñòîé÷èâûå ìíîãîîáðàçèÿ
W s(z), z ∈ A çàäàþò äâóìåðíîå ñëîåíèå Ns =

⋃
z∈A

W s(z) íàM3 \R, à íåóñòîé-

÷èâûå äâóìåðíûå ìíîãîîáðàçèÿ Wu(z), z ∈ R çàäàþò äâóìåðíîå ñëîåíèå
Nu =

⋃
z∈R

Wu(z) íà M3 \A.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êëàññ G A-äèôôåîìîðôèçìîâ íà
M3, óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

1◦. íåáëóæäàþùåå ìíîæåñòâî äèôôåîìîðôèçìà f ∈ G ñîñòîèò èç îáú-
åäèíåíèÿ ñâÿçíûõ ïîâåðõíîñòíûõ äâóìåðíûõ àòòðàêòîðîâ è ðåïåë-
ëåðîâ;

2◦. äâóìåðíûå ñëîåíèÿ Ns è Nu ïåðåñåêàþòñÿ òðàíñâåðñàëüíî ïî îäíî-
ìåðíîìó ñëîåíèþ Nsu = Ns ∩ Nu, îïðåäåëåííîìó íà M3 \ (A ∪ R),
òàêîìó, ÷òî êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ëþáîãî ñëîÿ èç Nsu åñòü
îòêðûòàÿ äóãà, èìåþùàÿ ðîâíî äâå ãðàíè÷íûå òî÷êè îäíà èç êîòî-
ðûõ ïðèíàäëåæèò A, à äðóãàÿ R.
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Â äîêëàäå ïîëó÷åíà ïîëíàÿ òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ äèôôåîìîð-
ôèçìîâ èç êëàññà G.
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Î ìåðàõ ñêîðîñòè äåôîðìàöèè ãðàíèö ïîä äåéñòâèåì
äèíàìè÷åñêèõ ñèñòåì

Ãóðåâè÷ Á. Ì. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èíñòèòóò
ïðîáëåì ïåðåäà÷è èíôîðìàöèè ÐÀÍ, Ðîññèÿ)

Êîìå÷ Ñ. À. (Èíñòèòóò ïðîáëåì ïåðåäà÷è èíôîðìàöèè ÐÀÍ, Ðîññèÿ)

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó (X, f, µ), ãäå f � ãîìåîìîðôèçì êîì-
ïàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà X, ñîõðàíÿþùèé áîðåëåâñêóþ âåðîÿò-
íîñòíóþ ìåðó µ. Äëÿ âñÿêîãî ìíîæåñòâà Y ⊂ X îáîçíà÷èì ÷åðåç U ε(Y ) åãî
ε-îêðåñòíîñòü. Ïóñòü B(x, r) ⊂ X � øàð ðàäèóñà r ñ öåíòðîì â òî÷êå x.
Àñèìïòîòèêó ïðè n→∞ è ε→ 0 îòíîøåíèÿ

1

n
ln
µ(Uε(f

nB(x, ε)))

µ(fnB(x, ε))
=

1

n
ln
µ(Uε(f

nB(x, ε)))

µ(B(x, ε))
(1)

ìîæíî ðàññìàòðèâàòü êàê ëîêàëüíóþ ëîãàðèôìè÷åñêóþ ñêîðîñòü äåôîðìà-
öèè ãðàíèöû îáëàñòè â ôàçîâîì ïðîñòðàíñòâå ñèñòåìû (X, f, µ). Íåòðèâè-
àëüíàÿ àñèìïòîòèêà âîçìîæíà, îäíàêî, ëèøü â ñëó÷àå, êîãäà n è ε ñâÿçàíû
ñîîòíîøåíèåì

n = n(ε) = o(ln(ε)). (2)

Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ óäàåòñÿ äîêàçàòü, ÷òî äëÿ íåêîòîðûõ ñèìâî-
ëè÷åñêèõ äèíàìè÷åñêèõ ñèñòåì (ñäâèãîâ íà èíâàðèàíòíûõ êîìïàêòíûõ ïîä-
ìíîæåñòâàõ ïðîñòðàíñòâ ïîñëåäîâàòåëüíîñòåé) è ïðîèçâîëüíûõ ýðãîäè÷åñêèõ
ìåð µ âûðàæåíèå (1) ñõîäèòñÿ (ïðè ε → 0) ê ýíòðîïèè h(f, µ). Ïåðâûé ðå-
çóëüòàò òàêîãî ðîäà, ïîëó÷åííûé â [1] äëÿ òîïîëîãè÷åñêèõ ñäâèãîâ Ìàðêîâà,
äîïóñêàåò îáîáùåíèå íà êëàññ ñèíõðîíèçîâàííûõ ñèñòåì, ââåäåííûé â ðàáîòå
[2]. Ýòîò êëàññ ñîäåðæèò íå òîëüêî òîïîëîãè÷åñêèå ñäâèãè Ìàðêîâà, íî è òàê
íàçûâàåìûå ñîôè÷åñêèå ñèñòåìû (ñì. [3]).

Äëÿ ãëàäêèõ ñèñòåì (äèôôåîìîðôèçìîâ ðèìàíîâûõ ìíîãîîáðàçèé) ïîä
µ â (1) åñòåñòâåííî ïîíèìàòü òàêæå ðèìàíîâ îáúåì vol. Äëÿ àâòîìîðôèçìîâ
n-ìåðíîãî òîðà (êîãäà vol � èíâàðèàíòíàÿ ìåðà) â [4] áûëà óñòàíîâëåíà ñõî-
äèìîñòü (1) ê ýíòðîïèè âî âñåõ òî÷êàõ ìíîãîîáðàçèÿ. Õîòÿ â îáùåé ñèòóàöèè
ðèìàíîâ îáúåì íå èíâàðèàíòåí îòíîñèòåëüíî f , îêàçûâàåòñÿ, ÷òî, ïî êðàéíåé
ìåðå äëÿ äèôôåîìîðôèçìîâ Àíîñîâà, îòíîøåíèå â ïðàâîé ÷àñòè (1) ñõîäèòñÿ
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(ïðè âûïîëíåíèè óñëîâèÿ (2)) ê ñóììå ïîëîæèòåëüíûõ ïîêàçàòåëåé Ëÿïóíî-
âà, îòâå÷àþùèõ ïðîèçâîëüíîé èíâàðèàíòíîé ýðãîäè÷åñêîé ìåðå, ïî÷òè âñþäó
ïî ýòîé ìåðå.
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Àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé ëèíåàðèçîâàííûõ óðàâíåíèé
äâèæåíèÿ ñëàáî ñæèìàåìîé áàðîòðîïíîé ñðåäû

Ãóñåâ Í. À. (Ìîñêîâñêèé ôèçèêî�òåõíè÷åñêèé èíñòèòóò, Ðîññèÿ)

Ðàññìîòðèì ñëàáî ñæèìàåìóþ áàðîòðîïíóþ ñïëîøíóþ ñðåäó ñ óðàâíåíè-
åì ñîñòîÿíèÿ % = %0 + α(p− pref), ãäå % � ïëîòíîñòü, p � äàâëåíèå, α > 0 �
êîýôôèöèåíò (ôàêòîð) ñæèìàåìîñòè [1], %0 > 0, pref = const. Ïóñòü D ⊂ Rd
� îãðàíè÷åííàÿ îáëàñòü ñ êóñî÷íî�ãëàäêîé ãðàíèöåé, d ∈ N, d ≥ 2, T > 0.
Ëèíåàðèçàöèÿ óðàâíåíèé Íàâüå�Ñòîêñà â öèëèíäðå D × (0, T ) âáëèçè ïðîèç-
âîëüíîãî ñîñòîÿíèÿ ñ ïîñòîÿííîé ïëîòíîñòüþ (% = %0) äëÿ òàêîé ñðåäû èìååò
âèä

ρt − (b,∇)ρ+ cρ+ div u = σ,

ut +∇p = −Au + ρf + s,

ρ = αp,

(1)

ãäå
−Au ≡ ν∆u + κ∇ div u− (a,∇)u +Mu,

b,u, f , s,a : D × (0, T ) → Rd � âåêòîðíûå ïîëÿ, ρ, c, σ, p : D × (0, T ) → R �
ñêàëÿðíûå ïîëÿ, M = M(x, t) � êâàäðàòíàÿ ìàòðèöà ðàçìåðà d × d, x ∈ D,
t ∈ [0, T ]; ν > 0, κ ≥ 0 � êîýôôèöèåíòû âÿçêîñòè. Íåèçâåñòíûìè â ñèñòåìå
(1) ÿâëÿþòñÿ ïîëÿ ρ,u è p.

Ïóñòü b|∂D = 0. Ïîñòàâèì äëÿ (1) ñëåäóþùèå íà÷àëüíûå è êðàåâûå óñëî-
âèÿ:

u|t=0 = u◦, p|t=0 = p◦, u|∂D = 0, (2)

ãäå u◦ : D → Rd, p◦ : D → R.
Â äîêëàäå ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåí-

íîñòè ñëàáûõ ðåøåíèé íà÷àëüíî�êðàåâîé çàäà÷è (1), (2). Èññëåäóåòñÿ ñõî-
äèìîñòü ýòèõ ðåøåíèé ïðè α → 0 ê ðåøåíèþ ñîîòâåòñòâóþùåé íà÷àëüíî�
êðàåâîé çàäà÷è äëÿ ëèíåàðèçîâàííûõ óðàâíåíèé äâèæåíèÿ íåñæèìàåìîé
æèäêîñòè. Äëÿ óðàâíåíèé Íàâüå�Ñòîêñà ïîäîáíûå âîïðîñû ðàññìàòðèâàëèñü
â [1, 2, 3] è äðóãèõ ðàáîòàõ. Â äîêëàäå ïðèâîäÿòñÿ àíàëîãè ðåçóëüòàòîâ [2, 3]
î ñëàáîé ñõîäèìîñòè ïîëÿ ñêîðîñòè, à òàêæå äîñòàòî÷íûå óñëîâèÿ ñèëüíîé
ñõîäèìîñòè ïîëåé ñêîðîñòè è äàâëåíèÿ. Îñíîâíûå èç ýòèõ ðåçóëüòàòîâ ñîñòî-
ÿò â ñëåäóþùåì:

1◦. Â îáùåì ñëó÷àå ïîëå ñêîðîñòè u = uα ñõîäèòñÿ ñëàáî;
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2◦. Åñëè íà÷àëüíîå óñëîâèå u◦ äëÿ ïîëÿ ñêîðîñòè ñîëåíîèäàëüíî, òî uα
ñõîäèòñÿ ñèëüíî, à ïîëå äàâëåíèÿ p = pα ñõîäèòñÿ ∗-ñëàáî.

3◦. Åñëè, êðîìå òîãî, íà÷àëüíîå óñëîâèå äëÿ äàâëåíèÿ ñîâïàäàåò ñî çíà-
÷åíèåì q◦ äàâëåíèÿ q â íåñæèìàåìîé æèäêîñòè â íà÷àëüíûé ìîìåíò
âðåìåíè, ïðè÷åì ∂t

∫
D
q dx = 0, òî ñõîäèìîñòü ïîëÿ äàâëåíèÿ ÿâëÿ-

åòñÿ ñèëüíîé.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-12157-îôè_ì.
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Î ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà

Ãóùèí À. Ê. (Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà ÐÀÍ)

Â îãðàíè÷åííîé îáëàñòè Q ⊂ Rn ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ
ðàâíîìåðíî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â ñàìîñîïðÿæåííîé
ôîðìå áåç ìëàäøèõ ÷ëåíîâ. Öåëüþ ðàáîòû ÿâëÿåòñÿ îòûñêàíèå óñëîâèé íà
êîýôôèöèåíòû, îáåñïå÷èâàþùèõ îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è, â êîòî-
ðîé ãðàíè÷íîå çíà÷åíèå u0 ∈ Lp(∂Q), p > 1, ïîíèìàåòñÿ êàê ïðåäåë â Lp
ñëåäîâ ðåøåíèÿ íà

”
ïàðàëëåëüíûõ ãðàíèöå ïîâåðõíîñòÿõ“.

Â ñëó÷àå p = 2 ýòîò âîïðîñ äîñòàòî÷íî ïîäðîáíî èçó÷åí. Äëÿ ñïðàâåä-
ëèâîñòè òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ èç W 1

2,loc(Q)
(îïðåäåëåíèå òàêîãî ðåøåíèÿ ïðåäëîæåíî â [1]) íóæíû óñëîâèÿ íà ãëàäêîñòü
êîýôôèöèåíòîâ íà ãðàíèöå îáëàñòè. Äîñòàòî÷íî, ñì. [2], ÷òîáû êîýôôèöèåí-
òû óðàâíåíèÿ (èçìåðèìûå è îãðàíè÷åííûå â Q) áûëè íåïðåðûâíû ïî Äèíè
íà ãðàíèöå ∂Q. Ïðè÷åì îòêàçàòüñÿ îò ýòîãî óñëîâèÿ íåëüçÿ. Îò ãðàíèöû îá-
ëàñòè òðåáîâàëîñü, ÷òîáû íîðìàëü ê íåé áûëà íåïðåðûâíà ïî Äèíè. Äàëåå
ýòè óñëîâèÿ ìû áóäåì ñ÷èòàòü âûïîëíåííûìè.

Â ñëó÷àå p 6= 2 ñèòóàöèÿ áîëåå ñëîæíàÿ. Äëÿ îïðåäåëåíèÿ ãðàíè÷íîãî
óñëîâèÿ íåîáõîäèìî, ÷òîáû ñëåäû ðåøåíèÿ ïðèíàäëåæàëè Lp. Åñòåñòâåííîå
îáåñïå÷èâàþùåå ýòî ñâîéñòâî òðåáîâàíèå � ïðèíàäëåæíîñòü ðåøåíèÿ ïðî-
ñòðàíñòâó W 1

p,loc(Q) � ïðèâîäèò ê óñëîâèÿì ãëàäêîñòè êîýôôèöèåíòîâ âíóò-
ðè Q: áåç íèõ ïðè p > 2 ðåøåíèå íå ñóùåñòâóåò, à ïðè p ∈ (1, 2) îíî íå
åäèíñòâåííî.

Òàêèì îáðàçîì, äëÿ ñïðàâåäëèâîñòè òåîðåìû îá îäíîçíà÷íîé ðàçðåøèìî-
ñòè çàäà÷è Äèðèõëå áåç óñëîâèé ãëàäêîñòè êîýôôèöèåíòîâ âíóòðè îáëàñòè
â îïðåäåëåíèè ðåøåíèÿ íåîáõîäèìî îòêàçàòüñÿ îò ñîãëàñîâàííîãî ñ ãðàíè÷-
íûì óñëîâèåì òðåáîâàíèÿ ïðèíàäëåæíîñòè ðåøåíèÿ ïðîñòðàíñòâó W 1

p,loc(Q).
Ðåøåíèåì áóäåì íàçûâàòü ôóíêöèþ u ∈ W 1

2,loc(Q), óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ â ñìûñëå ðàâåíñòâà îáîáùåííûõ ôóíêöèé, ñëåäû êîòîðîé íà ãëàäêèõ
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(n − 1)-ìåðíûõ ïîâåðõíîñòÿõ ïðèíàäëåæàò ïðîñòðàíñòâó Lp è êîòîðàÿ ïðè-
íèìàåò ãðàíè÷íîå çíà÷åíèå u0.

Òåîðåìà 1. Äëÿ ëþáîé u0 èç Lp(∂Q) è ëþáîé ïðàâîé ÷àñòè óðàâíåíèÿ f
èç ïåðåñå÷åíèÿ Lp(Q) è L2,loc(Q) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u çàäà-

÷è Äèðèõëå. Ïðè ýòîì ôóíêöèÿ |u|p/2 ïðèíàäëåæèò ïðîñòðàíñòâóW 1
2,loc(Q)

è ñïðàâåäëèâà îöåíêà

∫
Q

dist(x, ∂Q)|u(x)|p−2|∇u(x)|2dx ≤ const

∫
∂Q

|u0(x)|pdS +

∫
Q

|f(x)|pdx

 . (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóí-
äàìåíòàëüíûõ èññëåäîâàíèé (ãðàíò 10-01-00178-à) è ãðàíòà ïðåçèäåíòà ÐÔ
äëÿ ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ÍØ-7675.2010.1).
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Î âèäå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ âûïóêëîãî òåðìèíàëüíîãî
ôóíêöèîíàëà êà÷åñòâà â ëèíåéíîé ñèíãóëÿðíîé çàäà÷å

îïòèìàëüíîãî óïðàâëåíèÿ
Äàíèëèí À. Ð. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)
Ïàðûøåâà Þ. Â. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)

Ðàññìîòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ [1], [2] ñ
áûñòðûìè è ìåäëåííûìè ïåðåìåííûìè [3]:

ẋε = A11xε +A12yε +B1u, t ∈ [0, T ], ‖u‖ ≤ 1,

εẏε = A21xε +A22yε +B2u, xε(0) = x0, yε(0) = y0,

σ(xε(T ), yε(T ))→ inf
‖u‖≤1

σ(xε(T ), yε(T )) =: ωε(T, x
0, y0),

ãäå x ∈ Rn, y ∈ Rm, u ∈ Rr; Aij , Bi, i, j = 1, 2 � ïîñòîÿííûå ìàòðèöû
ñîîòâåòñòâóþùåé ðàçìåðíîñòè;

Re sp(A22) 6 −α < 0 (sp(A22) � ñïåêòð ìàòðèöû A22),

σ(·) � áåñêîíå÷íî äèôôåðåíöèðóåìàÿ íà Rn, ñòðîãî âûïóêëàÿ è êîôèíèòíàÿ
(ò. å. ∀x ∈ Rn lim

λ→+∞
λ−1σ(λx) = +∞ [4]) ôóíêöèÿ, à ‖ · ‖ � åâêëèäîâà íîðìà

â Rr.
Äëÿ ýòîé çàäà÷è íàéäåíû óñëîâèÿ, ïðè êîòîðûõ àñèìïòîòè÷åñêîå ðàçëî-

æåíèå îïòèìàëüíîãî çíà÷åíèÿ ôóíêöèîíàëà êà÷åñòâà ωε(T, x0, y0) èìååò âèä
ñòåïåííîãî ïî ε ðÿäà, è ïîêàçàíî, ÷òî ïðè íàðóøåíèè ýòèõ óñëîâèé àñèìïòî-
òè÷åñêîå ðàçëîæåíèå áóäåò èìåòü áîëåå ñëîæíûé âèä.

Ýòà ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ïðîãðàììû �Íàó÷íûå
øêîëû� ÍØ-6249.2010.01 è Ôåäåðàëüíîé öåëåâîé ïðîãðàììû (� ãîñêîíòðàê-
òà 02.740.11.0612).

187



Ñïèñîê ëèòåðàòóðû

[1] Ïîíòðÿãèí Ë. Ñ., Áîëòÿíñêèé Â. Ã., Ãàìêðåëèäçå Ð. Â., Ìèùåíêî Å. Ô. Ìàòå-
ìàòè÷åñêàÿ òåîðèÿ îïòèìàëüíûõ ïðîöåññîâ. Ì.: Íàóêà, 1983.

[2] Êðàñîâñêèé Í. Í. Òåîðèÿ óïðàâëåíèÿ äâèæåíèåì. Ì.: Íàóêà, 1968.
[3] Òèõîíîâ À. Í. // Ìàò. ñá. 1952. Ò. 31(73), � 3. Ñ. 575�586.
[4] Ðîêàôåëëàð Ð. Âûïóêëûé àíàëèç. Ì.: Ìèð, 1973. 472 ñ.

Ñïåêòðàëüíûå ñâîéñòâà îäíîãî êëàññà çàäà÷ äëÿ îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî îïåðàòîðà ñ èíòåãðàëüíûìè óñëîâèÿìè
Äàðîâñêàÿ Ê. À. (Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ îáûêíîâåííûé äèôôåðåíöèàëüíûé îïåðàòîð

Au+λ2u = −a0(t)u′′(t)+a1(t)u′(t)+a2(t)u(t)+λ2u(t) = f0(t) (t ∈ (0, 1)) (1)

ñ èíòåãðàëüíûìè óñëîâèÿìè

Bjρu =

1∫
0

hρ(t)u
(j)(t)dt = fρ (ρ = 1, 2). (2)

Çäåñü j = 0, 1, 2 ôèêñèðîâàíî, ai (i = 0, 1, 2) � âåùåñòâåííîçíà÷íûå ôóíêöèè,
òàêèå, ÷òî a0 ≥ k > 0 (t ∈ [0, 1]), è a1, a2 ∈ C[0, 1]; f0 ∈ L2(0, 1), fρ ∈ C
(ρ = 1, 2); λ ∈ C� ñïåêòðàëüíûé ïàðàìåòð, hρ �ëèíåéíî íåçàâèñèìûå âåùå-
ñòâåííîçíà÷íûå ôóíêöèè.

Çàìå÷àíèå 1. Âîîáùå ãîâîðÿ, ôóíêöèè hρ ìîãóò áûòü ðàçëè÷íû äëÿ
ðàçëè÷íûõ j. Äîïîëíèòåëüíûé èíäåêñ â íèõ íå ââîäèòñÿ, ïîñêîëüêó çàäà-
÷à (1), (2) ðàññìàòðèâàåòñÿ äëÿ ôèêñèðîâàííîãî j.

Äîêàçàíà àïðèîðíàÿ îöåíêà ðåøåíèé çàäà÷è (1), (2) ïðè äîñòàòî÷íî áîëü-
øèõ çíà÷åíèÿõ ïàðàìåòðà è, ñ åå ïîìîùüþ, ïîëó÷åíû óòâåðæäåíèÿ î ñòðóê-
òóðå ñïåêòðà ñîîòâåòñòâóþùåãî îïåðàòîðà.

Íàñòîÿùàÿ ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00395-à,
è ÀÂÖÏ ¾Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû¿, ïðîåêò 2.1.1/5328.
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Áûñòðûå âîçäåéñòâèÿ â çàäà÷å ñèíòåçà óïðàâëåíèé ïðè
íåîïðåäåëåííîñòè

Äàðüèí À. Í. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Êóðæàíñêèé À. Á. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Öåíòðàëüíûì âîïðîñîì ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ â óñëîâèÿõ
íåèçâåñòíûõ âîçìóùåíèé ÿâëÿåòñÿ ïîñòðîåíèå ñèíòåçèðóþùèõ óïðàâëÿþùèõ
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ñòðàòåãèé, ðåàëèçóþùèõ ñîîòâåòñòâóþùèå âîçäåéñòâèÿ â âèäå îáðàòíîé ñâÿ-
çè. Âû÷èñëåíèå ïîäîáíûõ ñòðàòåãèé ìîæåò òðåáîâàòü ñóùåñòâåííûõ âû÷èñ-
ëèòåëüíûõ çàòðàò.

Èçâåñòíî [1, 2], ÷òî â ëèíåéíî-âûïóêëîé çàäà÷å óïðàâëåíèÿ ïðè íåîïðå-
äåëåííîñòè

ẋ(t) = A(t)x(t) +B(t)u(t) + C(t)v(t), t ∈ [t0, t1],

ïðè âûïîëíåíèè óñëîâèÿ îäíîòèïíîñòè èçâåñòíûõ ãåîìåòðè÷åñêèõ (ìãíîâåí-
íûõ) îãðàíè÷åíèé u ∈ P(t), v(t) ∈ Q(t) íà óïðàâëåíèå è íåîïðåäåëåííîå
âîçìóùåíèå (âèäà B(t)P(t) = αC(t)Q(t), |α| ≥ 1) ðåøåíèÿ çàäà÷ ìèíèìàê-
ñèìèçàöèè, ïîëó÷åííûõ â êëàññå ïðîãðàììíûõ è â êëàññå ñèíòåçèðîâàííûõ
óïðàâëåíèé, ñîâïàäàþò. Ïîñëåäíåå ïîçâîëÿåò íàõîäèòü óïðàâëåíèÿ áîëåå ýô-
ôåêòèâíî.

Â äîêëàäå óêàçàí èíîé êëàññ óïðàâëåíèé, îáåñïå÷èâàþùèé ýôôåêò, àíà-
ëîãè÷íûé ïîðîæäåííîìó óñëîâèåì îäíîòèïíîñòè, íî äëÿ áîëåå øèðîêîãî êðó-
ãà ñèñòåì, ÷åì â çàäà÷àõ ñ îäíîòèïíûìè ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè íà
óïðàâëåíèÿ è âîçìóùåíèÿ. Ýòî êëàññ êóñî÷íî-ïîñòîÿííûõ ôóíêöèé ñ ïåðå-
ìåííûìè àìïëèòóäàìè, ïîðîæäåííûé àïïðîêñèìàöèÿìè ¾èäåàëüíûõ óïðàâ-
ëåíèé¿ � ëèíåéíûõ êîìáèíàöèé äåëüòà-ôóíêöèé è èõ âûñøèõ ïðîèçâîäíûõ
[3]. Èñïîëüçîâàíèå òàêîãî êëàññà óïðàâëåíèé òàêæå ïîçâîëÿåò ñâîäèòü íà-
õîæäåíèå ðåøåíèÿ çàäà÷è ñèíòåçà ê áîëåå ïðîñòîé çàäà÷å âû÷èñëåíèÿ ïðî-
ãðàììíûõ óïðàâëåíèé.

Ðàññìîòðåíû âñå ýòàïû ðåøåíèÿ çàäà÷è: èñïîëüçîâàíèå îáîáùåííûõ
óïðàâëÿþùèõ âîçäåéñòâèé, àïïðîêñèìàöèÿ ïîñëåäíèõ îãðàíè÷åííûìè ôóíê-
öèÿìè, ñîîòâåòñòâóþùèå ïðåîáðàçîâàíèÿ èñõîäíîé ñèñòåìû, óòî÷íåíèå îãðà-
íè÷åíèé íà óïðàâëåíèå è ïîìåõó, âû÷èñëåíèå óïðàâëÿþùèõ âîçäåéñòâèé äëÿ
èñõîäíîé ñèñòåìû. Ïðèâîäÿòñÿ ïðèìåðû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 09-01-00589-
à), ÔÖÏ �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè íà
2009�2013 ãîäû� (êîíòðàêò � 16.740.11.0426 îò 26 íîÿáðÿ 2010 ãîäà) è ãðàíòà
ÌÊ-1111.2011.1.

Ñïèñîê ëèòåðàòóðû

[1] Êðàñîâñêèé Í. Í., Ñóááîòèí À. È. Ïîçèöèîííûå äèôôåðåíöèàëüíûå èãðû. Ì.: Íà-
óêà, 1974.

[2] Êóðæàíñêèé À. Á. Àëüòåðíèðîâàííûé èíòåãðàë Ïîíòðÿãèíà â òåîðèè ñèíòåçà óïðàâ-
ëåíèé// Òðóäû ÌÈÀÍ. 1999. Ò. 224. Ñ. 234�248.

[3] Kurzhanski A. B., Daryin A. N. Dynamic programming for impulse controls// Annual
Reviews in Control. 2008. V. 32. � 2. P. 213�227.

Òðåõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ìàëûì ïàðàìåòðîì

Äàóûëáàåâ Ì. Ê. (Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè,
Êàçàõñòàí)

Ðàññìàòðèâàåòñÿ íà îòðåçêå [0, 1] ëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå
óðàâíåíèå òðåòüåãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì ε > 0 ïðè ñòàðøåé ïðîèç-
âîäíîé:
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Lεy(t, ε) ≡ εy′′′ +A(t)y′′ +B(t)y′ + C(t)y =

= F (t) +

1∫
0

(
H0(t, x)y(x, ε) +H1(t, x)y′(x, ε)

)
dx (1)

ñ êðàåâûìè óñëîâèÿìè

H1y(t, ε) ≡ y (0, ε) = α, H2y(t, ε) ≡ y (t0, ε) = β, H3y(t, ε) ≡ y(1, ε) = γ,
(2)

ãäå A1(t) > 0, 0 ≤ t ≤ 1, α, β, γ �íåêîòîðûå èçâåñòíûå ïîñòîÿííûå, íå çàâè-
ñÿùèå îò ε, à 0 < t0 < 1.

Íàðÿäó ñ óðàâíåíèåì (1) ðàññìîòðèì èçìåíåííîå íåâîçìóùåííîå ëèíåé-
íîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

L0ȳ(t) ≡ A(t)ȳ′′ +B(t)ȳ′ + C(t)ȳ =

= F (t) +

1∫
0

(H0(t, x)ȳ(x) +H1(t, x)ȳ′(x)) dx+ ∆(t) (3)

ñ èçìåíåííûìè êðàåâûìè óñëîâèÿìè:

H1ȳ(t) ≡ ȳ (0) = α+ ∆0, H2ȳ(t) ≡ ȳ (t0) = β, H3ȳ(t) ≡ ȳ(1) = γ. (4)

Çäåñü ∆(t), ∆0 � òàê íàçûâàåìûå íà÷àëüíûå ñêà÷êè èíòåãðàëüíîãî ÷ëåíà è
ðåøåíèÿ çàäà÷è (1), (2) ñîîòâåòñòâåííî.

Â íàñòîÿùåé ðàáîòå íà îñíîâå êîíñòðóêòèâíîé ôîðìóëû ïîëó÷åíû àñèìï-
òîòè÷åñêèå îöåíêè ðåøåíèÿ òðåõòî÷å÷íîé êðàåâîé çàäà÷è (1), (2). Ñ ïîìîùüþ
ýòèõ îöåíîê äîêàçûâàåòñÿ, ÷òî ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çà-
äà÷è (1), (2) ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ â òî÷êå t = 0 îáëàäàåò
ÿâëåíèåì íà÷àëüíîãî ñêà÷êà íóëåâîãî ïîðÿäêà

y(0, ε) = O(1), y′(0, ε) = O

(
1

ε

)
, y′′(0, ε) = O

(
1

ε2

)
.

Ïîëó÷åíû îöåíêè ðàçíîñòè ìåæäó ðåøåíèÿìè ñèíãóëÿðíî âîçìóùåííîé
êðàåâîé çàäà÷è (1), (2) è ñîîòâåòñòâóþùåé èçìåíåííîé íåâîçìóùåííîé çàäà-
÷è (3), (4), ñ ïîìîùüþ êîòîðûõ ïîëó÷åíû ïðåäåëüíûå ðàâåíñòâà:

lim
ε→0

y(j)(t, ε) = ȳ(j)(t), 0 < t ≤ 1, j = 0, 1, 2.

Îïðåäåëåíû âåëè÷èíû íà÷àëüíûõ ñêà÷êîâ èíòåãðàëüíîãî ÷ëåíà è ðåøå-
íèÿ.

Î ñïîñîáàõ àïïðîêñèìàöèè ðåøåíèé äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì

Äåìèäåíêî Ã. Â. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ)

Â íàñòîÿùåå âðåìÿ èìååòñÿ ðÿä ñïîñîáîâ àïïðîêñèìàöèè ðåøåíèé äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì

d

dt
y(t) = f(t, y(t), y(t− τ)), t > τ, (1)
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ñ ïîìîùüþ ðåøåíèé ñïåöèàëüíûõ êëàññîâ ñèñòåì îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé áîëüøîé ðàçìåðíîñòè

dx

dt
= Ax+ F (t, x) (2)

(ñì., íàïðèìåð, [1]�[8]). Â íàøåé ðàáîòå ïðåäëàãàåòñÿ åùå îäèí ñïîñîá àïïðîê-
ñèìàöèè ðåøåíèé (1), îñíîâàííûé íà òåõíèêå âåéâëåò-àíàëèçà è ñâîéñòâàõ
ðåøåíèé íåêîòîðûõ êëàññîâ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé (2).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013 ãã. (ãîñó-
äàðñòâåííûå êîíòðàêòû � 02.740.11.0429, � 16.740.11.0127), Ðîññèéñêîãî
ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 10-01-00035) è Ñèáèðñêîãî
îòäåëåíèÿ Ðîññèéñêîé àêàäåìèè íàóê (ïðîåêò � 85, ìåæäèñöèïëèíàðíûé
ïðîåêò � 107).

Ñïèñîê ëèòåðàòóðû
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Åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ
äèôôóçèè ñ ïåðåîïðåäåëåíèåì â âèäå âíåøíåãî îáúåìíîãî

ïîòåíöèàëà
Äåíèñîâ À. Ì. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.

Ëîìîíîñîâà, Ðîññèÿ)

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ ôóíêöèè u(x, y, z, t)

ut = ∆u− u, (x, y, z) ∈ Ω, t ∈ (0, T ],

αu+ β
∂u

∂n
= 0, (x, y, z) ∈ ∂Ω, t ∈ [0, T ],

u(x, y, z, 0) = γ(x, y, z), x ∈ Ω̄,

ãäå Ω� îãðàíè÷åííàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂Ω, ∂u
∂n

�ïðîèç-
âîäíàÿ ïî âíåøíåé íîðìàëè, α è β �íåîòðèöàòåëüíûå ïîñòîÿííûå, α+β > 0.

Îáîçíà÷èì ÷åðåç Σ äîñòàòî÷íî ãëàäêóþ çàìêíóòóþ ïîâåðõíîñòü, ñîäåð-
æàùóþ âíóòðè ñåáÿ Ω̄.
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Ñôîðìóëèðóåì îáðàòíóþ çàäà÷ó. Ïóñòü â ïîñòîÿííûå α è β çàäàíû, à
ôóíêöèÿ γ(x, y, z) íåèçâåñòíà. Òðåáóåòñÿ îïðåäåëèòü γ(x, y, z) è u(x, y, z, t),
åñëè äëÿ (x, y, z) ∈ Σ, t ∈ [t1, t2] ⊆ [0, T ] çàäàí âíåøíèé îáúåìíûé ïîòåíöèàë

V (x, y, z, t) =

∫ ∫
Ω

∫
∆u(ξ, η, ζ, t)dξdηdζ√

(x− ξ)2 + (y − η)2 + (z − ζ)2
.

Òàêóþ îáðàòíóþ çàäà÷ó ìîæíî ðàññìàòðèâàòü êàê ëèíåàðèçîâàííóþ ïîñòà-
íîâêó îáðàòíîé çàäà÷è, âîçíèêàþùåé ïðè èññëåäîâàíèè ìàòåìàòè÷åñêèõ ìî-
äåëåé âîçáóæäåíèÿ ñåðäöà.

Äîêëàä ïîñâÿùåí èññëåäîâàíèþ åäèíñòâåííîñòè ðåøåíèÿ ñôîðìóëèðî-
âàííîé îáðàòíîé çàäà÷è äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ îáëàñòè Ω.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî Ôîíäà Ôóíäà-
ìåíòàëüíûõ Èññëåäîâàíèé, ïðîåêò 11-01-00259.

Î äîñòàòî÷íûõ óñëîâèÿõ ñòàáèëèçàöèè ðåøåíèÿ çàäà÷è Äèðèõëå
äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ

Äåíèñîâ Â. Í. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â öèëèíäðå D = Q×(0,∞), ãäå Q � îáëàñòü (âîçìîæíî, íåîãðàíè÷åííàÿ)
â RN , N ≥ 3, ðàññìîòðèì çàäà÷ó Äèðèõëå

Lu =

N∑
i,k=1

(aik(x, t)uxk )xi − ut = 0 â D,

u|t=0 = u0(x), x ∈ Q, u|S = 0,

(1)

äëÿ ðàâíîìåðíî ïàðàáîëè÷åñêîãî îïåðàòîðà L ñ èçìåðèìûìè, îãðàíè÷åííûìè
êîýôôèöèåíòàìè. Çäåñü S = ∂Q× (0,∞) � áîêîâàÿ ïîâåðõíîñòü öèëèíäðà D,
u0(x) � îãðàíè÷åííàÿ íåïðåðûâíàÿ â Q ôóíêöèÿ, ðåøåíèå îãðàíè÷åííîå è
ïîíèìàåòñÿ â îáîáùåííîì ñìûñëå [1].

Òåîðåìà 1. Åñëè ðàñõîäèòñÿ èíòåãðàë∫ ∞
cap

(
Bτ \Q

)
· τ1−N dτ =∞, (2)

òî ðåøåíèå çàäà÷è (1) èìååò ïðåäåë

lim
t→∞

u(x, t) = 0 (3)

ðàâíîìåðíî ïî x íà êàæäîì êîìïàêòå K â RN .

Çäåñü Bτ = {|x − x0| ≤ τ} � çàìêíóòûé øàð ñ öåíòðîì â ïðîèçâîëüíîé
òî÷êå x0 ðàäèóñà τ , cap(E) � âèíåðîâñêàÿ åìêîñòü êîìïàêòà E ⊂ Q.

Ñëó÷àé, êîãäà êîýôôèöèåíòû â (1) íå çàâèñÿò îò âðåìåíè t, èçó÷åí â
ðàáîòå [2].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò 09-01-00446
è ÔÖÏ �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè íà
2009�2013�.
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Cïåêòðàëüíûå ñâîéñòâà ïðîèçâåäåíèÿ ñàìîñîïðÿæåííûõ
îïåðàòîðîâ

Äåíèñîâ Ì. Ñ. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü 〈H, (·, ·)〉 � ãèëüáåðòîâî ïðîñòðàíñòâî. Áèëèíåéíóþ ôîðìó [G·, ·],
ïîðîæäåííóþ äåéñòâóþùèì â 〈H, (·, ·)〉 íåïðåðûâíûì ñàìîñîïðÿæåííûì îïå-
ðàòîðîì G,

[·, ·] := (G·, ·), (1)

áóäåì íàçûâàòü G-ìåòðèêîé. Ãèëüáåðòîâî ïðîñòðàíñòâî 〈H, (·, ·)〉 c çàäàííîé
íà íåì G-ìåòðèêîé (1) áóäåì íàçûâàòü G-ïðîñòðàíñòâîì.

Âñþäó äàëåå ïðåäïîëàãàåòñÿ, ÷òî âñå ðàññìàòðèâàåìûå îïåðàòîðû ïëîòíî
îïðåäåëåíû â 〈H, (·, ·)〉, åñëè íå îãîâîðåíî èíîå. Cèìâîëîì ρ(T ) îáîçíà÷èì
ðåçîëüâåíòíîå ìíîæåñòâî îïåðàòîðà T . Ëèíåéíûé îïåðàòîð T , äåéñòâóþùèé
â ïðîñòðàíñòâå 〈H, (·, ·)〉, íàçûâàþò G-ñèììåòðè÷åñêèì, åñëè [Tx, y] = [x, Ty]
äëÿ ëþáûõ x, y ∈ dom(T ).

Îïðåäåëåíèå 1. Çàìêíóòûé G-ñèììåòðè÷åñêèé îïåðàòîð T : dom(T )→
H íàçûâàåòñÿ äåôèíèçèðóåìûì â G-ïðîñòðàíñòâå H, åñëè ρ(T ) 6= ∅ è ñóùå-
ñòâóåò ìíîãî÷ëåí p(t) òàêîé, ÷òî [p(t)x, x] ≥ 0 äëÿ ëþáîãî x ∈ dom(T k), ãäå
k = deg(p(t)).

Îäíèì èç îñíîâíûõ ðåçóëüòàòîâ äîêëàäà ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1◦. Îïåðàòîðû G è A ñàìîñîïðÿæåíû â ãèëüáåðòîâîì ïðîñòðàíñòâå
〈H, (·, ·)〉.

2◦. ρ(AG) 6= ∅ è ρ(GA) 6= ∅.
3◦. Îïåðàòîð G îãðàíè÷åí, à îïåðàòîð AG äåôèíèçèðóåì â G-

ïðîñòðàíñòâå.

Òîãäà ñïåêòð îïåðàòîðà AG� âåùåñòâåííûé, çà èñêëþ÷åíèåì êîíå÷íîãî
÷èñëà èçîëèðîâàííûõ êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèé, ðàñïîëîæåííûõ
ñèììåòðè÷íî îòíîñèòåëüíî âåùåñòâåííîé îñè, è ó AG ñóùåñòâóåò ñïåê-
òðàëüíàÿ ôóíêöèÿ.

Çàìå÷àíèå 1. Óòâåðæäåíèå òåîðåìû 1 îñòàåòñÿ âåðíûì, åñëè çàìåíèòü
óñëîâèå 3 òåîðåìû 1 íà ñëåäóþùåå:

3a◦. Îïåðàòîð A íåïðåðûâíî îáðàòèì, è AG äåôèíèçèðóåì â A−1-
ïðîñòðàíñòâå.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ò. ß. Àçèçîâûì è F. Philipp. Ýòà
ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 08-01-00566-a.
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Ãëîáàëüíàÿ ðàçðåøèìîñòü çàäà÷è î äâèæåíèè äâóõ íåñæèìàåìûõ
êàïèëëÿðíûõ æèäêîñòåé

Äåíèñîâà È. Â. (Èíñòèòóò ïðîáëåì ìàøèíîâåäåíèÿ ÐÀÍ,
ã. Ñàíêò-Ïåòåðáóðã, Ðîññèÿ)

Ñîëîííèêîâ Â. À. (Ñàíêò-Ïåòåðáóðãñêîå îòäåëåíèå ìàòåìàòè÷åñêîãî
èíñòèòóòà èì. Â. À. Ñòåêëîâà ÐÀÍ, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ çàäà÷à î äâèæåíèè äâóõ íåñæèìàåìûõ æèäêîñòåé â êîí-
òåéíåðå, îäíà èç êîòîðûõ íàõîäèòñÿ âíóòðè äðóãîé. Âíóòðåííÿÿ æèäêîñòü
çàíèìàåò îáëàñòü Ω+

t ⊂ R3, à âíåøíÿÿ � Ω−t ⊂ R3 \ Ω+
t . Èõ ðàçäåëÿåò íåèç-

âåñòíàÿ çàìêíóòàÿ ïîâåðõíîñòü Γt ≡ ∂Ω+
t , ïðè÷åì â íà÷àëüíûé ìîìåíò t = 0

ïîâåðõíîñòü Γ0 çàäàíà. Âíåøíÿÿ ãðàíèöà S ≡ ∂(Ω+
t ∪Γt∪Ω−t ) � çàäàííàÿ ïî-

ñòîÿííàÿ ïîâåðõíîñòü, ïðè ýòîì S∩Γ0 = ∅. Òðåáóåòñÿ íàéòè ãðàíèöó ðàçäåëà
Γt, à òàêæå ïîëå ñêîðîñòåé v = (v1, v2, v3) è ôóíêöèþ äàâëåíèÿ p âíåøíåé è
âíóòðåííåé æèäêîñòåé, óäîâëåòâîðÿþùèõ íà÷àëüíî-êðàåâîé çàäà÷å äëÿ óðàâ-
íåíèé Íàâüå�Ñòîêñà

∂v

∂t
− ν±∇2v + (v · ∇)v +

1

ρ±
∇p = 0, ∇ · v = 0 â Ω±t , t > 0,

v|t=0 = v0, [v]|Γt = 0, [Tn]|Γt = σHn, v|S = 0,

ãäå ν±, ρ± � ñòóïåí÷àòûå ôóíêöèè âÿçêîñòåé è ïëîòíîñòåé æèäêîñòåé, ñîîò-
âåòñòâåííî, v0 � íà÷àëüíîå ðàñïðåäåëåíèå ñêîðîñòåé, T � òåíçîð íàïðÿæåíèé
ñ ýëåìåíòàìè

{T(v, p)}ik = −pδik + µ±(∂vi/∂xk + ∂vk/∂xi), i, k = 1, 2, 3;

µ± = ν±ρ± � äèíàìè÷åñêèå âÿçêîñòè, n � âåêòîð âíåøíåé íîðìàëè ê Ω+
t ;

[w]|Γt � ñêà÷îê âåêòîðà w ïðè ïåðåõîäå ÷åðåç Γt èç Ω+
t â Ω−t ; σ > 0 � êî-

ýôôèöèåíò ïîâåðõíîñòíîãî íàòÿæåíèÿ, H � óäâîåííàÿ ñðåäíÿÿ êðèâèçíà Γt
(H < 0 â òî÷êàõ âûïóêëîñòè Γt â ñòîðîíó Ω−t ).

Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî ÷àñòèöû æèäêîñòè íå ïîêèäàþò Γt ñ
òå÷åíèåì âðåìåíè: Vn = v · n|Γt , ò. å. ñêîðîñòü äâèæåíèÿ ïîâåðõíîñòè â íîð-
ìàëüíîì íàïðàâëåíèè ñîâïàäàåò ñ ïðîåêöèåé ñêîðîñòè æèäêîñòè íà íîðìàëü.

Äëÿ ýòîé çàäà÷è ïðè äîñòàòî÷íî ìàëûõ ãëàäêèõ íà÷àëüíûõ äàííûõ äîêà-
çûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ (v, p) â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ãåëü-
äåðà ïðè âñåõ t > 0. Äîêàçàòåëüñòâî ýòîãî ôàêòà îïèðàåòñÿ íà ñóùåñòâîâàíèå
ëîêàëüíîãî ïî âðåìåíè ðåøåíèÿ è åãî ãåëüäåðîâñêèå îöåíêè [1]. Ïðè ýòîì ìû
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ñëåäóåì ñõåìå, ïðåäëîæåííîé îäíèì èç àâòîðîâ äëÿ äîêàçàòåëüñòâà ñóùåñòâî-
âàíèÿ ãëîáàëüíîãî ðåøåíèÿ äëÿ îäíîé æèäêîñòè îãðàíè÷åííîãî îáúåìà [2].
Îïèðàÿñü íà ðàâíîìåðíóþ ýêñïîíåíöèàëüíóþ îöåíêó ëîêàëüíûõ ðåøåíèé, ìû
ïîêàçûâàåì, ÷òî ïðè äîñòàòî÷íî ìàëîé íà÷àëüíîé ñêîðîñòè è ìàëîì îòëè÷èè
íà÷àëüíîé ïîâåðõíîñòè îò ñôåðû äâèæåíèå êàïëè â æèäêîñòè çàòóõàåò, à åå
ôîðìà ñòðåìèòñÿ ê øàðó ñîîòâåòñòâóþùåãî ðàäèóñà.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò � 08-01-00372à.
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Òåîðåìû âëîæåíèÿ è îñöèëëÿöèÿ ðåøåíèé óðàâíåíèé
ñîáîëåâñêîãî òèïà

Äåíèñîâà Ò. Å. (Ìîñêîâñêèé ãîðîäñêîé ïñèõîëîãî-ïåäàãîãè÷åñêèé
óíèâåðñèòåò, Ðîññèÿ)

Â äîêëàäå áóäåò èçëîæåíî ïðîäîëæåíèå èññëåäîâàíèé, íà÷àòûõ â ðà-
áîòàõ [1]�[3]. Ðàññìàòðèâàåìûå âîïðîñû èìåþò â êà÷åñòâå �îòïðàâíîé òî÷-
êè� ñëåäóþùóþ çàäà÷ó. Â ðàáîòàõ Ñ. Ë. Ñîáîëåâà è åãî ó÷åíèêîâ ñïåêòðàëü-
íûìè ìåòîäàìè áûëî, â ÷àñòíîñòè, ïîêàçàíî, ÷òî ðåøåíèå ïåðâîé íà÷àëüíî-
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ñîáîëåâà ïî÷òè ïåðèîäè÷íî â êðóãå (ïðè
n = 2), à òàêæå â ýëëèïñîèäå è â öèëèíäðå ñ îáðàçóþùåé, îðèåíòèðîâàííîé
îïðåäåëåííûì îáðàçîì (ïðè n = 3). Îñîáåííîñòü çàäà÷è çàêëþ÷àåòñÿ â òîì,
÷òî ðåøåíèå óðàâíåíèÿ Ñîáîëåâà íå çàâèñèò íåïðåðûâíî îò ãðàíèöû îáëàñòè
(íàïðèìåð, â êðóãå r < 1 ðåøåíèå èìååò äèñêðåòíûé, à â îáëàñòè ñ ãðàíèöåé
r = 1 + ε sin4 ϕ � íåïðåðûâíûé ñïåêòð (∀ε > 0)). Ïîýòîìó âîçíèêàåò âîïðîñ:
�Êàê âåäåò ñåáÿ ðåøåíèå â çàâèñèìîñòè îò ïðîñòðàíñòâåííîé îáëàñòè?� Ðàñ-
ñìàòðèâàåìûé ïîäõîä ê ðåøåíèþ ýòîé çàäà÷è áàçèðóåòñÿ íà èñïîëüçîâàíèè
ñîîòâåòñòâóþùèõ òåîðåì âëîæåíèÿ è ñâîäèòñÿ ê ñëåäóþùèì ýòàïàì.

1◦. Íà îñíîâå âåñîâûõ ïðîñòðàíñòâ Ñîáîëåâà WN
p,α(R+) ñòðîÿòñÿ ïðî-

ñòðàíñòâà QWN
p,α(R+) ôóíêöèé îäíîé ïåðåìåííîé. Ïðè îïðåäåëåíèè

íîðìû∥∥∥f,QWN
p,α(R+)

∥∥∥ =
∥∥∥f,WN

p,α(R+)
∥∥∥+

N∑
k=0

sup
(0,1]

∣∣∣D̂kf(γ)
∣∣∣

â òàêèõ ïðîñòðàíñòâàõ èñïîëüçóåòñÿ òåîðåìà, àíàëîãè÷íàÿ òåîðåìå
Ïýëè-Âèíåðà.

2◦. Äîêàçûâàåòñÿ, ÷òî ïðîñòðàíñòâó QWN
p,α(R+) ïðèíàäëåæàò ñóììèðó-

åìûå è îñöèëëèðóþùèå ôóíêöèè.
3◦. Ââîäèòñÿ â ðàññìîòðåíèå ïðîñòðàíñòâî WN

p,α(R+,Wm
r (g)) ôóíêöèé,

îïðåäåëåííûõ íà R+ × g è òàêèõ, ÷òî ‖f,Wm
r (g)‖ ∈WN

p,α(R+).

4◦. Äëÿ ëþáîãî k ∈ {[α], ..., N−1} ïðè 1 < 1
p
−α 6 N+1 óñòàíàâëèâàåòñÿ

âëîæåíèå Dρ
xD

k
tW

N
p,α(R+,Wm

r (g))
∣∣∣R+×(x0

1,...,x
0
n) ⊆ QWN−k

p,α (R+), ãäå
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n∑
i=1

ρi < m− n
2
, ïðè÷åì óñëîâèÿ íà îáëàñòü g òàêèå æå, êàê â òåîðåìå

âëîæåíèÿ Ñîáîëåâà.

Èç ýòîãî âëîæåíèÿ, ñóùåñòâîâàíèÿ ïåðâûõ èíòåãðàëîâ è îöåíêè∥∥Dku, Wm
2 (g′)

∥∥ = O(tm−1 + 1) ñëåäóåò, ÷òî ïðè íà÷àëüíûõ äàííûõ èç

êëàññà
◦
Wm

2 (g) ðåøåíèå ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ
Ñîáîëåâà ÿâëÿåòñÿ ëèáî ñóììèðóåìûì, ëèáî îñöèëëèðóþùèì.

Îáñóæäàþòñÿ äîñòîèíñòâà (ïðîñòðàíñòâåííàÿ îáëàñòü îïðåäåëÿåòñÿ
ëèøü ñîòâåòñòâóþùèìè òåîðåìàìè âëîæåíèÿ) è íåäîñòàòêè (îñöèëëÿöèÿ ðå-
øåíèÿ íå îòäåëÿåòñÿ îò ñóììèðóåìîñòè) èçëîæåííîãî ìåòîäà.

Ïðèâîäèòñÿ èëëþñòðàöèÿ ïðèìåíåíèÿ äàííîãî ïîäõîäà ê èññëåäîâàíèþ
àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ
óðàâíåíèé ñîáîëåâñêîãî òèïà ñ ïîñòîÿííûìè è ñ ïåðåìåííûìè êîýôôèöèåí-
òàìè, à òàêæå ê èññëåäîâàíèþ ðåøåíèÿ çàäà÷è Êîøè ñ ðîñòîì âðåìåíè.
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Êâàäðàòè÷íûå óñëîâèÿ îïòèìàëüíîñòè äëÿ ðåëåéíî-îñîáûõ
óïðàâëåíèé

Äìèòðóê À. Â. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà)

Íà ôèêñèðîâàííîì îòðåçêå [0, T ] ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî
óïðàâëåíèÿ: 

ẋ = f(t, x) + u g(t, x), |u| ≤ 1,

ηj(x(0), x(T )) = 0, j = 1, . . . , µ,

ϕi(x(0), x(T )) ≤ 0, i = 1, . . . , ν,

J = ϕ0(x(0), x(T ))→ min,

ëèíåéíàÿ ïî ñêàëÿðíîìó óïðàâëåíèþ. Çäåñü x ∈ Rn. Ïóñòü ïðîöåññ
(x0(t), u0(t)) óäîâëåòâîðÿåò ïðèíöèïó ìàêñèìóìà ñ åäèíñòâåííûì íàáîðîì
ìíîæèòåëåé Ëàãðàíæà, ïðè÷åì ôóíêöèÿ ïåðåêëþ÷åíèÿ ψ(t) g(t, x0(t)) > 0 íà
(0, θ), è ðàâíà íóëþ íà (θ, T ), òàê ÷òî íà ïåðâîì èíòåðâàëå óïðàâëåíèå ãðà-
íè÷íîå: u0(t) = 1, à íà âòîðîì îñîáîå: |u0(t)| < 1. Ñ÷èòàåì, ÷òî âñå êîíöåâûå
íåðàâåíñòâà àêòèâíû.

Ïóñòü Ω åñòü âòîðàÿ âàðèàöèÿ ôóíêöèè Ëàãðàíæà, à K åñòü êîíóñ êðèòè-
÷åñêèõ âàðèàöèé, çàäàííûé ëèíåàðèçàöèåé âñåõ îãðàíè÷åíèé çàäà÷è. Â ÷àñò-
íîñòè, ëèíåàðèçàöèÿ óïðàâëÿåìîé ñèñòåìû èìååò âèä ˙̄x = Ax̄ + Bū. Ââåäåì
êâàäðàòè÷íûé ïîðÿäîê

γ(x̄, ū)) = |x̄(0)|2 +

∫ T

0

|ȳ|2 dt+ |ȳ(T )|2, ãäå ˙̄y = ū, ȳ(0) = 0.

196



Ïåðåïèñàâ Ω ñ ïîìîùüþ çàìåíû x̄ = ξ̄ +Bȳ, ïîëó÷àåì êâàäðàòè÷íóþ ôîðìó
âèäà

Ω = q(ξ̄(0), ξ̄(T ), ȳ(T )) +

∫ T

0

((Gξ̄, ξ̄) + (P ξ̄, ȳ) + (Qȳ, ȳ)) dt.

Îñâîáîæäàÿñü îò ñâÿçè ˙̄y = ū, ïåðåõîäèì îò òðîåê (ξ̄, ȳ, ȳ(T )), ïîðîæäåííûõ
êîíóñîì K, ê òðîéêàì (ξ̄, ȳ, h̄), ãäå ȳ ∈ L2[0, T ], h̄ ∈ R, îáðàçóþùèì êîíóñ
H(K), çàäàþùèéñÿ ñîîòíîøåíèÿìè:

˙̄ξ = Aξ̄ + (AB − Ḃ) ȳ, ȳ = 0 íà (0, θ),

η′x0
ξ̄(0) + η′xT (ξ̄(T ) +B(T ) h̄) = 0,

ϕ′x0
ξ̄(0) + ϕ′xT (ξ̄(T ) +B(T ) h̄) ≤ 0.

Òåîðåìà 1. 1◦. Åñëè ïðîöåññ (x0(t), u0(t)) äîñòàâëÿåò ñëàáûé ìè-
íèìóì, òî Ω ≥ 0 íà H(K).

2◦. Åñëè ∃ a > 0, òàêîå ÷òî Ω ≥ a γ íà H(K), òî (x0(t), u0(t)) äîñòàâ-
ëÿåò ñòðîãèé ñèëüíûé ìèíèìóì.

Àíàëîãè÷íûå ðåçóëüòàòû ñïðàâåäëèâû è äëÿ áîëåå îáùåãî ñëó÷àÿ, êî-
ãäà êîíå÷íîå ÷èñëî ó÷àñòêîâ ðåëåéíîãî óïðàâëåíèÿ ÷åðåäóþòñÿ ñ ó÷àñòêàìè
îñîáîãî.

Ðàáîòà âûïîëíåíà ñîâìåñòíî ñ Ñ. Àðîííîé, Ô. Áîííàíñîì è Ï. Ëîòèòî.
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in a general optimal control problem // Proc. of Symposia in Pure Mathematics, v. 64
�Di�. Geometry and Control� (G. Ferreyra et al., eds.), American Math. Society, 1999,
p. 163�198.

Íåêîìïàêòíûå ëàãðàíæåâû ìíîãîîáðàçèÿ è ëîêàëèçîâàííûå
àñèìïòîòè÷åñêèå ðåøåíèÿ ìíîãîìåðíîãî âîëíîâîãî óðàâíåíèÿ ñ

âûðîæäàþùåé ñêîðîñòüþ
Äîáðîõîòîâ Ñ. Þ. (Èíñòèòóò ïðîáëåì ìåõàíèêè èì. À. Þ. Èøëèíñêîãî

ÐÀÍ è Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò)

Ïîä íåêîìïàêòíûìè ëàãðàíæåâûìè ìíîãîîáðàçèÿìè ìû â îñíîâíîì ïî-
íèìàåì ìíîãîîáðàçèÿ, êîòîðûå èìåþò íåîãðàíè÷åííûå èìïóëüñíûå êîìïî-
íåíòû. Òàêèå ìíîãîîáðàçèÿ ïîÿâëÿþòñÿ ïðè ïîñòðîåíèè àñèìïòîòè÷åñêèõ
áûñòðîóáûâàþùèõ è áûñòðîîñöèëëèðóþùèõ ðåøåíèé óðàâíåíèé ñ îñîáûìè
êîýôôèöèåíòàìè. Ìû ðàññìàòðèâàåì çàäà÷ó Êîøè äëÿ äâóìåðíîãî âîëíîâî-
ãî óðàâíåíèÿ

utt = ∇ · (c2(x1, x2)∇u) (1)

íà ïîëóïëîñêîñòè x1 ≥ 0 ñî cêîðîñòüþ c2(x1, x2), îáðàùàþùåéñÿ â íîëü (òîëü-
êî) íà ïðÿìîé x1 = 0 è â îêðåñòíîñòè ýòîé ïðÿìîé èìåþùåé ïîâåäåíèå
c2(x1, x2) = γ(x2)x1 + O(x2

1), è ñ íà÷àëüíûìè äàííûìè ëîêàëèçîâàííûìè â
îêðåñòíîñòè òî÷êè x = (a, 0)

u|t=0 = V (
x1 − a
µ

,
x2

µ
), ut|t=0 = 0. (2)
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Çäåñü V (y1, y2)� ãëàäêàÿ ôèíèòíàÿ ôóíêöèÿ, µ > 0�ìàëûé ïàðàìåòð. Ñ òå-
÷åíèåì âðåìåíè ðåøåíèå ýòîé çàäà÷è ñòàíîâèòñÿ ëîêàëèçîâàííûì â îêðåñòíî-
ñòè ôðîíòà � êîòîðûé ñíà÷àëà èìååò âèä ãëàäêîé êðèâîé, à çàòåì íå ãëàäêîé
êðèâîé ñ òî÷êàìè ïîâîðîòà è ñàìîïåðåñå÷åíèÿìè. Ýòà êðèâàÿ ïîëó÷àåòñÿ êàê
ïðîåêöèÿ íà ïîëóïëîñêîñòü x1 ≥ 0 âîëíîâûõ ôðîíòîâ-êîíöîâ îäíîïàðàìåò-
ðè÷åñêîãî ñåìåéñòâà òðàåêòîðèé ãàìèëüòîíîâîé ñèñòåìû â ÷åòûðåõìåðíîì
ôàçîâîì ïðîñòðàíñòâå ñ êîîðäèíàòàìè (p1, p2, x1, x2). Ïîñëå ìîìåíòà êàñàíèÿ
ôðîíòà ïðèÿìîé x1 = 0 èìïóëüñíàÿ êîìïîíåíòà íà âîëíîâîì ôðîíòå ïðèíè-
ìàåò â íåêîòîðûõ òî÷êàõ áåñêîíå÷íûå çíà÷åíèÿ, ÷òî è ïðèâîäèò ê íåîáõîäè-
ìîñòè ðàññìîòðåíèÿ íåêîìïàêòíûõ ëàãðàíæåâûõ ìíîãîîáðàçèé, ìîäèôèöè-
ðîâàííîãî êàíîíè÷åñêîãî îïåðàòîðà Ìàñëîâà è ò. ä. Â äîêëàäå ïîéäåò ðå÷ü
îá àñèìïòîòèêàõ ïðè µ > 0 è äðóãèõ îáúåêòàõ, ñâÿçàííûõ ñ òàêèìè ìíîãîîá-
ðàçèÿìè è ëåãêî ðåàëèçóåìûõ íà ïåðñîíàëüíîì êîìïüþòåðå, à òàêæå è íîâûõ
çàäà÷àõ, âîçíèêàþùèõ ïðè èõ ðàññìîòðåíèè.

Ýòà ðàáîòà âûïîëíåíà ñîâìåñòíî ñ Á. Òèðîööè è Â. Íàçàéêèíñêèì è ïðè
ïîääåðæêå ãðàíòà ÐÔÔÈ 11-01-00973 è ñîãëàøåíèÿ ìåæäó Ôèçè÷åñêèì äå-
ïàðòàìåíòîì Óíèâåðñèòåòà �La Sapienza� (Ðèì) è Èíñòèòóòà ïðîáëåì ìåõà-
íèêè èì. À. Þ. Èøëèíñêîãî ÐÀÍ.

Ñïèñîê ëèòåðàòóðû

[1] Ñ. Þ. Äîáðîõîòîâ, Â. Å. Íàçàéêèíñêèé, Á. Òèðîööè, Àñèìïòîòè÷åñêèå ðåøåíèÿ
äâóìåðíîãî ìîäåëüíîãî âîëíîâîãî óðàâíåíèÿ ñ âûðîæäàþùåéñÿ ñêîðîñòüþ è ëîêà-
ëèçîâàííûìè íà÷àëüíûìè äàííûìè// Àëãåáðà è àíàëèç, 2010, Ò. 22, � 6, Ñ. 67�90.

Àñèìïòîòè÷åñêè îäíîðîäíûå îáîáùåííûå ôóíêöèè
Äðîææèíîâ Þ. Í. (ÌÈÀÍ, Ðîññèÿ)
Çàâüÿëîâ Á. È. (ÌÈÀÍ, Ðîññèÿ)

Îáîáùåííûå ôóíêöèè, îáëàäàþùèå êâàçèàñèìïòîòèêîé (àñèìïòîòèêîé â
ñëàáîì ñìûñëå) ïî òðàåêòîðèÿì, îïðåäåëÿåìûì îäíîïàðàìåòðè÷åñêèìè ãðóï-
ïàìè ëèíåéíûõ ïðåîáðàçîâàíèé â àñèìïòîòè÷åñêîé øêàëå ïðàâèëüíî ìåíÿþ-
ùèõñÿ ôóíêöèé, íàçûâàþòñÿ àñèìïòîòè÷åñêè îäíîðîäíûìè ïî ýòèì ãðóïïàì
ïðåîáðàçîâàíèé. Ïðåäåëüíûå îáîáùåííûå ôóíêöèè îäíîðîäíû ïî ýòèì ãðóï-
ïàì. Â äîêëàäå áóäåò äàíî îïèñàíèå àñèìïòîòè÷åñêè îäíîðîäíûõ îáîáùåí-
íûõ ôóíêöèé âäîëü òðàåêòîðèé, îïðåäåëÿåìûõ íåïðåðûâíûìè ìóëüòèïëèêà-
òèâíûìè îäíîïàðàìåòðè÷åñêèìè ãðóïïàìè ïðåîáðàçîâàíèé, ó êîòîðûõ âåùå-
ñòâåííûå ÷àñòè âñåõ ñîáñòâåííûõ çíà÷åíèé ãåíåðàòîðà ãðóïïû ïîëîæèòåëü-
íû, â òîì ÷èñëå è äëÿ êðèòè÷åñêèõ ïîðÿäêîâ àñèìïòîòè÷åñêîé øêàëû. Êðîìå
òîãî áóäåò ïðèâåäåíî ïîëíîå îïèñàíèå îáîáùåííûõ ôóíêöèé, îäíîðîäíûõ ïî
òàêèì ãðóïïàì. Áóäåò ðàññêàçàíî î ïðèìåíåíèè ïîëó÷åííûõ ðåçóëüòàòîâ äëÿ
ïîñòðîåíèÿ àñèìïòîòè÷åñêè êâàçèîäíîðîäíûõ ðåøåíèé äèôôåðåíöèàëüíûõ
óðàâíåíèé, ñèìâîëàìè êîòîðûõ ÿâëÿþòñÿ êâàçèîäíîðîäíûå ìíîãî÷ëåíû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00178,
è ãðàíò ÐÔ ÍØ-7675.2010.1.
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ôóíêöèè ïî ñïåöèàëüíûì ãðóïïàì ïðåîáðàçîâàíèé // Ìàòåì. Ñáîðíèê. 2009. ò. 200.
� 6. ñ. 23�66.

[2] Äðîææèíîâ Þ. Í., Çàâüÿëîâ Á. È. Àñèìïòîòè÷åñêè êâàçèîäíîðîäíûå îáîáùåí-
íûå ôóíêöèè â íóëå è óðàâíåíèÿ â ñâåðòêàõ ñ ÿäðàìè, ñèìâîëû êîòîðûõ êâàçèîä-
íîðîäíûå ìíîãî÷ëåíû // Äîêëàäû ÐÀÍ. 2009. ò. 426. � 3. ñ. 300�303.

Ñòðóêòóðà êèíåìàòè÷åñêèõ ðàçðûâîâ â ïîòîêàõ â íàêëîííûõ
êàíàëàõ

Äðîçäîâà Þ. À. (Ðîññèéñêèé Ãîñóäàðñòâåííûé óíèâåðñèòåò íåôòè è ãàçà
èìåíè È. Ì. Ãóáêèíà, Ðîññèÿ)

Òåîðèÿ êèíåìàòè÷åñêèõ âîëí èñïîëüçóåòñÿ äëÿ îïèñàíèÿ îòêðûòûõ ïî-
òîêîâ â íàêëîííûõ êàíàëàõ ïðè óñëîâèè, ÷òî âðåìåííûå è ïðîñòðàíñòâåííûå
(âäîëü äíà) ìàñøòàáû òå÷åíèÿ íàñòîëüêî âåëèêè, ÷òî â óðàâíåíèÿõ äâèæåíèÿ
ìîæíî ïðåíåáðå÷ü äèôôåðåíöèàëüíûìè ÷ëåíàìè ïî ñðàâíåíèþ ñ ÷ëåíàìè, íå
ñîäåðæàùèìè ïðîèçâîäíûõ ïî âðåìåíè è êîîðäèíàòàì [1]. Îáëàñòè ñ îòíîñè-
òåëüíî ìàëûì ïðîäîëüíûì ìàñøòàáîì çàìåíÿþòñÿ ïðè ýòîì ðàçðûâàìè. Â
ðàáîòå èññëåäóþòñÿ êèíåìàòè÷åñêèå ðàçðûâû â ïîòîêàõ â êàíàëàõ ñëîæíîãî
ïîïåðå÷íîãî ñå÷åíèÿ. Ïîêàçàíî, ÷òî äëÿ êàíàëîâ ñïåöèàëüíîãî âèäà óñëîâèÿ
ñîõðàíåíèÿ ìàññû è èìïóëüñà ïðè çàäàííûõ ñêîðîñòè âîëíû è ïëîùàäè æè-
âîãî ñå÷åíèÿ ïîòîêà ïåðåä ñêà÷êîì íå îïðåäåëÿþò çíà÷åíèÿ ïàðàìåòðîâ çà
ñêà÷êîì åäèíñòâåííûì îáðàçîì: çà ñêà÷êîì ìîãóò áûòü òðè ðàçëè÷íûõ çíà-
÷åíèÿ ïëîùàäè ñå÷åíèÿ. Â ýòèõ ñëó÷àÿõ åäèíñòâåííîå ðåøåíèå ìîæåò áûòü
âûäåëåíî ñ ïîìîùüþ èññëåäîâàíèÿ ñòðóêòóðû ñêà÷êà [2].

Ñòðóêòóðà êèíåìàòè÷åñêîãî ðàçðûâà èññëåäóåòñÿ â ýòîé ðàáîòå ñ ïîìî-
ùüþ óðàâíåíèé Áóññèíåñêà. Çàäà÷à ñâîäèòñÿ ê èññëåäîâàíèþ îñîáûõ òî÷åê
ñèñòåìû óðàâíåíèé, ïîëó÷åííîé èç óðàâíåíèé Áóññèíåñêà â ïðåäïîëîæåíèè,
÷òî ðåøåíèå èìååò âèä áåãóùåé âîëíû. Îïðåäåëåíû âñå âîçìîæíûå òèïû îñî-
áûõ òî÷åê. Âûïèñàíû óñëîâèÿ íà ïàðàìåòðû ïîòîêà, ïðè êîòîðûõ ñòðóêòóðà
íå èìååò êîëåáàíèé. Ïðîâåäåíî ÷èñëåííîå èññëåäîâàíèå ñòðóêòóðû êèíåìàòè-
÷åñêèõ âîëí â ðóñëå ñ ñå÷åíèåì â âèäå èçëîìàííîãî òðåóãîëüíèêà. Ïîêàçàíî,
÷òî èíòåãðàëüíûå êðèâûå, ñîîòâåòñòâóþùèå ñòðóêòóðå êèíåìàòè÷åñêèõ ðàç-
ðûâîâ, ñîåäèíÿþò äâå áëèæàéøèå îñîáûå òî÷êè.

Ñïèñîê ëèòåðàòóðû
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Îá îäíîì íåðàâåíñòâå òèïà Õàðäè è åãî ïðèëîæåíèÿõ ê çàäà÷àì
ìàòåìàòè÷åñêîé ôèçèêè â ïîëíîì åâêëèäîâîì ïðîñòðàíñòâå
Äóáèíñêèé Þ. À. (Ìîñêîâñêèé ýíåðãåòè÷åñêèé èíñòèòóò, Ðîññèÿ)

1◦. Êîíñòðóêòèâíîå îïèñàíèå âåñîâûõ ìíîæèòåëåé â íåðàâåíñòâàõ òèïà
Õàðäè.

2◦. Ôàêòîðèçàöèîííûå íåðàâåíñòâà òèïà Ôðèäðèõñà è Ïóàíêàðå â ïîë-
íîì åâêëèäîâîì ïðîñòðàíñòâå.
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3◦. Óðàâíåíèå Ïóàññîíà â ïðîñòðàíñòâàõ ôóíêöèé ñ íóëåâûì ñôåðè÷å-
ñêèì ñðåäíèì.

4◦. Ðàçëîæåíèå ñîáîëåâñêîé øêàëû â ñóììó ñîëåíîèäàëüíûõ è ïîòåí-
öèàëüíûõ ïîäøêàë.

5◦. Ñîëåíîèäàëüíàÿ è ïîòåíöèàëüíàÿ ñèñòåìû Ñòîêñà â ïîëíîì åâêëè-
äîâîì ïðîñòðàíñòâå.

6◦. Ñòàöèîíàðíîå óðàâíåíèå Êîëìîãîðîâà�Ôîêêåðà�Ïëàíêà.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 09-01-00366) è Ìè-
íîáðíàóêè (ãîñ. êîíòðàêò Ï690 îò 20.05.10).

Î ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ îáùåãî ýëëèïòè÷åñêîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà

Äóìàíÿí Â. Æ. (Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Àðìåíèÿ)

Â îãðàíè÷åííîé îáëàñòè Q ⊂ Rn, n ≥ 2, c ãëàäêîé ãðàíèöåé ∂Q ∈ C1, èçó-
÷àåòñÿ ðàçðåøèìîñòü çàäà÷è Äèðèõëå â W 1

2, loc (Q)-ïîñòàíîâêå äëÿ ëèíåéíîãî
ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

−div (A(x)∇u) + (b̄(x),∇u)− div(c̄(x)u) + d(x)u = f(x)− divF (x), x ∈ Q,

u|∂Q = u0,

ñ ãðàíè÷íîé ôóíêöèåé u0 èç L2(∂Q). Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè f è F =
(f1, . . . , fn) ïðèíàäëåæàò L2, loc(Q), ñèììåòðè÷åñêàÿ ìàòðèöà A(x) = (ai j(x)),
ýëåìåíòû êîòîðîé ÿâëÿþòñÿ âåùåñòâåííîçíà÷íûìè èçìåðèìûìè ôóíêöèÿìè,
óäîâëåòâîðÿåò óñëîâèþ

γ|ξ|2 ≤
n∑

i, j=1

ai j(x)ξiξj = (ξ, A(x)ξ) ≤ γ−1|ξ|2

äëÿ âñåõ ξ = (ξ1, . . . , ξn) ∈ Rn è ï. â. x ∈ Q ñ ïîëîæèòåëüíîé ïîñòîÿííîé
γ, à êîýôôèöèåíòû b̄(x) = (b1(x), . . . , bn(x)), c̄(x) = (c1(x), . . . , cn(x)) è d(x)
ÿâëÿþòñÿ èçìåðèìûìè è îãðàíè÷åííûìè â êàæäîé ñòðîãî âíóòðåííåé ïîäîá-
ëàñòè îáëàñòè Q ôóíêöèÿìè.

Ïðè åñòåñòâåííûõ îãðàíè÷åíèÿõ íà ðîñò âáëèçè ãðàíèöû êîýôôèöèåíòîâ
ïðè ìëàäøèõ ÷ëåíàõ è ïðàâîé ÷àñòè óðàâíåíèÿ óñòàíîâëåíî, ÷òî óñëîâèå ðàç-
ðåøèìîñòè èññëåäóåìîé çàäà÷è èìååò âèä, àíàëîãè÷íûé óñëîâèþ ðàçðåøèìî-
ñòè â îáû÷íîé îáîáùåííîé ïîñòàíîâêå (â W 1

2 (Q)). Â ÷àñòíîñòè, åñëè îäíîðîä-
íàÿ çàäà÷à (ñ ðàâíûìè íóëþ ãðàíè÷íîé ôóíêöèåé è ïðàâîé ÷àñòüþ) íå èìååò
íåòðèâèàëüíûõ ðåøåíèé èç ïðîñòðàíñòâà W 1

2 (Q), òî äëÿ âñåõ u0 ∈ L2(∂Q) è
âñåõ f è F èç ñîîòâåòñòâóþùèõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ ñóùåñòâóåò ðå-
øåíèå íåîäíîðîäíîé çàäà÷è (âW 1

2, loc (Q)-ïîñòàíîâêå); ýòî ðåøåíèå ïðèíàäëå-
æèò ïðîñòðàíñòâó Ãóùèíà Cn−1(Q̄)� (n−1)-ìåðíî íåïðåðûâíûõ ôóíêöèé�
è äëÿ íåãî ñïðàâåäëèâà îöåíêà

‖u‖2Cn−1(Q̄) +

∫
Q

r |∇u|2 dx ≤ C (‖u0‖2L2(∂Q) +

∫
Q

r3 (1 + | ln r|)
3
2 f2 dx+
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+

∫
Q

r (1 + | ln r|)
3
2 |F |2dx),

ãäå r(x)�ðàññòîÿíèå òî÷êè x ∈ Q äî ãðàíèöû ∂Q, à C íå çàâèñèò îò u0, f ,
F .
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Ïîçèöèîííûå ðåøåíèÿ íåðàâåíñòâ Ãàìèëüòîíà�ßêîáè â çàäà÷àõ
óïðàâëåíèÿ íåëèíåéíûìè îáûêíîâåííûìè è èìïóëüñíûìè

äèíàìè÷åñêèìè ñèñòåìàìè
Äûõòà Â. À. (Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ,

Ðîññèÿ)
Ñîðîêèí Ñ. Ï. (Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ,

Ðîññèÿ)

Äîêëàä ïîñâÿùåí íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèÿì ãëîáàëüíîé îï-
òèìàëüíîñòè â íåâûïóêëûõ çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ ñ îáùèìè (íå
ðàçäåëåííûìè) êîíöåâûìè è ìíîãîòî÷å÷íûìè îãðàíè÷åíèÿìè íà òðàåêòîðèþ.
Ðàçâèâàåìûé ïîäõîä áàçèðóåòñÿ íà èñïîëüçîâàíèè íåãëàäêèõ ñëàáî è ñèëüíî
ìîíîòîííûõ ôóíêöèé òèïà Ëÿïóíîâà [1, 2, 3, 4], óäîâëåòâîðÿþùèõ ñîîòâåò-
ñòâóþùèì äèôôåðåíöèàëüíûì íåðàâåíñòâàì Ãàìèëüòîíà�ßêîáè (ò. å. ÿâëÿ-
þùèõñÿ ñóïåð- è ñóáðåøåíèÿìè îäíîèìåííîãî óðàâíåíèÿ [5, 6]). Ñ ïîìîùüþ
òàêèõ ôóíêöèé è èõ ñåìåéñòâ ïîëó÷àþòñÿ âíóòðåííèå è âíåøíèå îöåíêè ìíî-
æåñòâà òî÷åê â ðàñøèðåííîì ôàçîâîì ïðîñòðàíñòâå, ñîåäèíèìûõ òðàåêòîðè-
ÿìè äàííîé óïðàâëÿåìîé ñèñòåìû. Ýòè îöåíêè è ñëóæàò èñòî÷íèêîì âûâîäà
óñëîâèé ãëîáàëüíîé îïòèìàëüíîñòè â ðàññìàòðèâàåìûõ êëàññàõ óïðàâëÿåìûõ
ñèñòåì (îáûêíîâåííûõ, ãèáðèäíûõ è èìïóëüñíûõ � ñ óïðàâëåíèåì â âèäå âåê-
òîðíîé ìåðû).

Îñíîâíîå âíèìàíèå óäåëåíî òàê íàçûâàåìûì ïîçèöèîííûì ðåøåíèÿì
íåðàâåíñòâ Ãàìèëüòîíà�ßêîáè, êîòîðûå ïàðàìåòðè÷åñêè çàâèñÿò îò íà÷àëü-
íîé èëè êîíå÷íîé ïîçèöèè è îêàçûâàþòñÿ åñòåñòâåííûìè ïðè íàëè÷èè îáùèõ
êîíöåâûõ è ìíîãîòî÷å÷íûõ ôàçîîãðàíè÷åíèé. Êðîìå òîãî, ñ èñïîëüçîâàíèåì
ëèíåéíûõ ñóá- è ñóïåððåøåíèé óðàâíåíèé Ãàìèëüòîíà�ßêîáè ïîëó÷àþòñÿ äî-
ñòàòî÷íûå è íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè â ôîðìå óñèëåííîãî ïðèí-
öèïà ìàêñèìóìà Ïîíòðÿãèíà äëÿ íåëèíåéíûõ çàäà÷ îïòèìèçàöèè óêàçàííûõ
òèïîâ äèíàìè÷åñêèõ ñèñòåì.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ñèáèðñêîãî îòäåëåíèÿ ÐÀÍ, èíòå-
ãðàöèîííûé ïðîåêò ÑÎ-ÓðÎ ÐÀÍ � 85.
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Îá àñèìïòîòèêå ðåøåíèé íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé n-ãî ïîðÿäêà

Åâòóõîâ Â. Ì.
Êëîïîò À. Ì. (Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò

èìåíè È. È. Ìå÷íèêîâà, Óêðàèíà)

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

y(n) =

m∑
k=1

αkpk(t)[1 + rk(t)]ϕk(y), (1)

ãäå αk ∈ {−1; 1} (k = 1, . . . ,m), pk : [a, ω[→]0,+∞[ (k = 1, . . . ,m)�íåïðåðûâ-
íî äèôôåðåíöèðóåìûå ôóíêöèè, rk : [a, ω[→ R (k = 1, . . . ,m)�íåïðåðûâíûå
ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì

lim
t↑ω

rk(t) = 0 (k = 1, . . . ,m),

ϕk : 4Y0 →]0,+∞[ (k = 1, . . . ,m)�ïðàâèëüíî ìåíÿþùèåñÿ ïðè y→ Y0 ôóíê-
öèè ïîðÿäêîâ σk, (k = 1, ...,m), −∞ < a < ω ≤ +∞, 4Y0 � îäíîñòîðîíÿÿ
îêðåñòíîñòü Y0, Y0 ðàâíî ëèáî 0, ëèáî ±∞.

Ïîëîæèì

πω(t) =

{
t, åñëè ω = +∞,

t− ω, åñëè ω < +∞.
Ðåøåíèå y : [t0, ω[→ 4Y0 óðàâíåíèÿ (1) áóäåì íàçûâàòü Ïω(Y0, µ0)-

ðåøåíèåì, ãäå −∞ ≤ µ0 ≤ +∞, åñëè îíî óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

y : [t0, ω[→4Y0 , lim
t↑ω

y(t) = Y0,

y(n−1)(t) 6= 0 ïðè t ∈ [t0, ω[,

lim
t↑ω

y(k)(t) =

{
ëèáî 0,
ëèáî ±∞ (k = 1, . . . , n− 1),

lim
t↑ω

πω(t)y(n)(t)

y(n−1)(t)
= µ0, ïðè÷åì lim

t↑ω

y(n)(t)y(n−2)(t)

[y(n−1)(t)]2
= 1, åñëè µ0 = ±∞.
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Ïðè m = 1, ò. å. â ñëó÷àå äâó÷ëåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, àñèìï-
òîòè÷åñêîå ïîâåäåíèå Pω(Y0, µ0)-ðåøåíèé äîñòàòî÷íî ïîëíî èññëåäîâàíî â [1].

Äëÿ m ≥ 1 ïîëó÷åíû óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ ïðàâàÿ ÷àñòü
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) íà êàæäîì Pω(Y0, µ0)-ðåøåíèè àñèìïòî-
òè÷åñêè ýêâèâàëåíòíà ïðè t ↑ ω ôèêñèðîâàííîìó i-ìó (i ∈ {1, . . . ,m}) ñëà-
ãàåìîìó. Â ñëó÷àå èõ âûïîëíåíèÿ óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ íàëè÷èÿ ó óðàâíåíèÿ Pω(Y0, µ0)-ðåøåíèé, à òàêæå ïîëó÷åíû àñèìï-
òîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ òàêèõ ðåøåíèé è èõ ïðîèçâîäíûõ äî ïîðÿäêà
n−1 âêëþ÷èòåëüíî. Â ñèëó ïðîèçâîëüíîñòè âûáîðà ω ≤ +∞ ðåçóëüòàòû ïîç-
âîëÿþò îïèñûâàòü àñèìïòîòèêó íå òîëüêî ïðàâèëüíûõ, íî è ðàçëè÷íîãî òèïà
ñèíãóëÿðíûõ ðåøåíèé óðàâíåíèÿ (1).
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Ñâîéñòâà ðåøåíèé äèôôåðåíöèàëüíûõ íåðàâåíñòâ ñ
íóëü-ëàãðàíæèàíîì

Åãîðîâ À. À. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â ðàáîòå èññëåäóþòñÿ ñâîéñòâà ðåøåíèé v : V ⊂ Rn → Rm íåëèíåéíûõ
äèôôåðåöèàëüíûõ íåðàâåíñòâ

F (v′(x)) ≤ KG(v′(x)) äëÿ ï. â. x ∈ V. (1)

Çäåñü G : Rm×n → R � íóëü-ëàãðàíæèàí, F : Rm×n → R � íåîòðèöàòåëüíàÿ
ôóíêöèÿ, v′ =

( ∂vµ
∂xν

)
� ìàòðèöà ßêîáè îòîáðàæåíèÿ v, Rm×n � ïðîñòðàíñòâî

âåùåñòâåííûõ m×n-ìàòðèö. Ïîëó÷åí ðÿä òåîðåì î ðåãóëÿðíîñòè, çàòèðàíèè
îñîáåííîñòåé, çàìêíóòîñòè è ïðåäêîìïàêòíîñòè ñåìåéñòâ ðåøåíèé. Èñïîëü-
çóÿ ýòè òåîðåìû, óäàëîñü óñèëèòü ðÿä ðåçóëüòàòîâ ñòàòüè [1] ïî óñòîé÷èâî-
ñòè êëàññîâ ðåøåíèé u : V ⊂ Rn → Rm óðàâíåíèÿ F (u′(x)) = G(u′(x)) äëÿ
ï. â. x ∈ V . Â ÷àñòíîñòè, ïîëó÷åíû íîâûå îöåíêè óñòîé÷èâîñòè è òåîðåìû îá
óñòîé÷èâîñòè â öåëûõ îáëàñòÿõ. Íåêîòîðûå èç ïðåäñòàâëÿåìûõ ðåçóëüòàòîâ
îïóáëèêîâàíû â ïðåïðèíòå [2].

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíòû 11-01-00819, 11-01-
92609), ÔÖÏ ¾Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîñ-
ñèè¿ íà 2009�13 ãîäû (ãîñ. êîíòðàêò 02.740.11.0457) è Ñîâåòà ïî ãðàíòàì Ïðå-
çèäåíòà ÐÔ äëÿ ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-6613.2010.1).
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Îá îäíîé çàäà÷å ïîâåäåíèÿ òîíêîãî íåîäíîðîäíîãî ñòåðæíÿ èç
ìàòåðèàëà Êåëüâèíà-Ôîéãõòà ïðè íàëè÷èè ñîñðåäîòî÷åííûõ è

ðàñïðåäåëåííûõ ñèë è ìîìåíòîâ
Åãîðîâà À. À. (Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ïðè
ßêóòñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå èì. Ì. Ê. Àììîñîâà, Ðîññèÿ)

Â ðàáîòå ñòðîèòñÿ ïîëíîå àñèìïòîòè÷åñêîå ðàçëîæåíèå òðåõìåðíîé çàäà-
÷è òåîðèè ëèíåéíîé âÿçêîóïðóãîñòè, çàäàííîé â òîíêîì íåîäíîðîäíîì ïåðèî-
äè÷åñêè íåîäíîðîäíîì ñòåðæíå, çàêðåïëåííîì ñ îäíîãî êîíöà, è èñïûòûâàþ-
ùåì äåéñòâèå ðàñïðåäåëåííûõ ïî òîðöó ñèë íà äðóãîì êîíöå. Óðàâíåíèÿ ýòîé
çàäà÷è ñîîòâåòñòâóþò òåîðèè ëèíåéíîé âÿçêîóïðóãîñòè â ñëó÷àå ìàòåðèàëà
Êåëüâèíà�Ôîéãõòà.

Ñ ïîìîùüþ ìåòîäà óñðåäíåíèÿ, ðàçðàáîòàííîãî Í. Ñ. Áàõâàëîâûì, âû-
âîäÿòñÿ óñðåäíåííûå óðàâíåíèÿ äëÿ ïðîäîëüíûõ, ïîïåðå÷íûõ è êðóòèëüíûõ
êîëåáàíèé ñòåðæíÿ. Èññëåäóþòñÿ çàäà÷è äëÿ ïîãðàíè÷íûõ ñëîåâ ïðè óñëîâèè
ïðîïîðöèîíàëüíîñòè òåíçîðîâ óïðóãîñòè è âÿçêîñòè. Äîêàçûâàþòñÿ ñîîòâåò-
ñòâóþùèå òåîðåìû î ðàçðåøèìîñòè çàäà÷ òèïà Ñîáîëåâà, òåîðåìà îá îöåíêå
ðàçíîñòè òî÷íîãî è àñèìïòîòè÷åñêîãî ðåøåíèé.

Ôîðìóëà âåñà ìèíèìàëüíîãî çàïîëíåíèÿ êîíå÷íîãî ìåòðè÷åñêîãî
ïðîñòðàíñòâà

Åðåìèí À. Þ. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Çàäà÷à î ìèíèìàëüíîì çàïîëíåíèè êîíå÷íîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà
âïåðâûå áûëà ïîñòàâëåíà Èâàíîâûì è Òóæèëèíûì â ñòàòüå [1]. Îíà âîçíèêëà
íà ñòûêå äâóõ êëàññè÷åñêèõ ïðîáëåì: ïðîáëåìûØòåéíåðà î êðàò÷àéøåé ñåòè
è ïðîáëåìû Ãðîìîâà î ìèíèìàëüíîì çàïîëíåíèè ãëàäêîãî ìíîãîîáðàçèÿ.

Ïóñòü äàíî êîíå÷íîå ìåòðè÷åñêîå ïðîñòðàíñòâîM . Ðàññìàòðèâàþòñÿ âñå-
âîçìîæíûå ñâÿçíûå âçâåøåííûå ãðàôû, òàêèå ÷òî ìíîæåñòâî èõ âåðøèí ñî-
äåðæèò M è äëÿ ëþáûõ äâóõ òî÷åê èç M âåñ ëþáîãî ïóòè, ñîåäèíÿþùåãî
èõ â ãðàôå, íå ìåíüøå ðàññòîÿíèÿ ìåæäó íèìè â ìåòðè÷åñêîì ïðîñòðàíñòâå
(òàêèå âçâåøåííûå ãðàôû íàçûâàþòñÿ çàïîëíåíèÿìè äàííîãî ìåòðè÷åñêîãî
ïðîñòðàíñòâà). Çàäà÷à ñîñòîèò â ïîèñêå ìèíèìàëüíîãî çàïîëíåíèÿ, òî åñòü
çàïîëíåíèÿ íàèìåíüøåãî âåñà. Âåñ ìèíèìàëüíîãî çàïîëíåíèÿ ïðîñòðàíñòâà
M îáîçíà÷àåòñÿ mf(M).

Â [1] äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ìèíèìàëüíîå çàïîëíåíèå ìåòðè÷åñêîãî ïðîñòðàíñòâà âñå-
ãäà ñóùåñòâóåò, áîëåå òîãî, ñóùåñòâóåò ìèíèìàëüíîå çàïîëíåíèå, ÿâëÿþ-
ùååñÿ áèíàðíûì äåðåâîì (òî åñòü äåðåâîì, ó êîòîðîãî âåðøèíû, ëåæàùèå
â M , èìåþò ñòåïåíü 1, îñòàëüíûå âåðøèíû èìåþò ñòåïåíü 3).

Òàêèì îáðàçîì, äëÿ ïîèñêà âåñà ìèíèìàëüíîãî çàïîëíåíèÿ äîñòàòî÷íî
ðàññìîòðåíèÿ çàïîëíåíèé, ÿâëÿþùèõñÿ áèíàðíûìè äåðåâüÿìè.

Îïðåäåëåíèå 1. Íàçîâåì ìóëüòèîáõîäîì êðàòíîñòè k áèíàðíîãî äåðå-
âà G = (V, E) çàìêíóòûé ïóòü, ïðîõîäÿùèé 2k ðàç ïî êàæäîìó ðåáðó ãðàôà
G.

204



Ïóñòü òåïåðü áèíàðíîå äåðåâî G çàòÿãèâàåò ìåòðè÷åñêîå ïðîñòðàíñòâî
M . Òîãäà êàæäîìó ìóëüòèîáõîäó π ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå ÷èñëî
p(M, π) � ïåðèìåòð ýòîãî îáõîäà.

Òåîðåìà 2. Âåñ ìèíèìàëüíîãî çàïîëíåíèÿ êîíå÷íîãî ìåòðè÷åñêîãî ïðî-
ñòðàíñòâà M ìîæåò áûòü íàéäåí ïî ôîðìóëå

mf(M) = min
G

max
π

p(M, π),

ãäå G� âñåâîçìîæíûå áèíàðíûå äåðåâüÿ, çàòÿãèâàþùèåM, π�èõ ìóëüòè-
îáõîäû, p(M, π)� ñîîòâåòñòâóþùèå ïåðèìåòðû.

Äàííàÿ ôîðìóëà ïîëåçíà êàê è ñàìà ïî ñåáå, òàê è ïðè äîêàçàòåëüñòâå
ðàçëè÷íûõ ñâîéñòâ ìèíèìàëüíûõ çàïîëíåíèé ìåòðè÷åñêèõ ïðîñòðàíñòâ.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò � 10-01-00748-
à), Ãðàíòà ïðåçèäåíòà ÐÔ ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ïðîåêò ÍØ-
3224.2010.1) è Ïðîãðàììû �Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêî-
ëû� (ïðîåêò ÐÍÏ 2.1.1.3704).

Ñïèñîê ëèòåðàòóðû

[1] Èâàíîâ À. Î., Òóæèëèí À. À. Îäíîìåðíàÿ ïðîáëåìà Ãðîìîâà î ìèíèìàëüíîì çà-
ïîëíåíèè // Ìàòåìàòè÷åñêèé ñáîðíèê, â ïå÷àòè.

[2] Åðåìèí À. Þ. Îäíîìåðíàÿ ïðîáëåìà Ãðîìîâà î ìèíèìàëüíîì çàïîëíåíèè. Ôîðìóëà
âåñà ìèíèìàëüíîãî çàïîëíåíèÿ êîíå÷íîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà // Ìàòåìàòè-
÷åñêèé ñáîðíèê, â ïå÷àòè.

Ñïåêòð è ñîáñòâåííûå ôóíêöèè îïåðàòîðà èíäóêöèè ìàãíèòíîãî
ïîëÿ íà äâóìåðíîé êîìïàêòíîé ïîâåðõíîñòè âðàùåíèÿ

Åñèíà A. È. (Èíñòèòóò ïðîáëåì ìåõàíèêè ÐÀÍ, Ðîññèÿ)

Ìàãíèòíîå ïîëå â ïðîâîäÿùåé æèäêîñòè (â ÷àñòíîñòè, íåêîòîðûå ìàã-
íèòíûå ïîëÿ ãàëàêòèê è ïëàíåò) îïèñûâàåòñÿ îïåðàòîðîì èíäóêöèè:

LB = ε∆B + {V,B} = ε∆B + (V,∇)B − (B,∇)V,

ãäå B �ìàãíèòíîå ïîëå, V �ïîëå ñêîðîñòåé è ε�ìàëûé ïàðàìåòð (ñîïðîòèâ-
ëåíèå). Ìû èçó÷àåì ñïåêòð è ñîáñòâåííûå ôóíêöèè ýòîãî îïåðàòîðà íà ïðî-
èçâîëüíîé äâóìåðíîé ïîâåðõíîñòè âðàùåíèÿ. Â ñòàòüå îïèñàíà àñèìïòîòèêà
ñïåêòðà ïðè áîëüøèõ ìàãíèòíûõ ÷èñëàõ Ðåéíîëüäñà, à òàêæå ïðîñòðàíñòâåí-
íàÿ ñòðóêòóðà ìàãíèòíîãî ïîëÿ.
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Î êëàññèôèêàöèè íàêðûòèé îêðóæíîñòè
Æóæîìà Å. Â. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)
Èñàåíêîâà Í. Â. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)

Ïîëó÷åíà êëàññèôèêàöèÿ d-íàêðûòèé ñòåïåíè d ≥ 2 îêðóæíîñòè S1 ñ
òî÷íîñòüþ äî ñîïðÿæåííîñòè ñ ïîìîùüþ ñîõðàíÿþùèõ îðèåíòàöèþ ãîìåî-
ìîðôèçìîâ. Ïîêàçàíî, ÷òî ïîëíûì êëàññèôèêàöèîííûì èíâàðèàíòîì ñ òî÷-
íîñòüþ äî d-ýêâèâàëåíòíîñòè ÿâëÿåòñÿ íàäåëåííîå ñõåìîé èíâàðèàíòíîå ñ÷åò-
íîå ìíîæåñòâî (îòìå÷åííîå ìíîæåñòâî) ëèíåéíîãî ðàñòÿãèâàþùåãî ýíäîìîð-
ôèçìà ñòåïåíè d.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòà Ïðàâèòåëüñòâà Ðîññèéñêîé Ôåäåðà-
öèè äëÿ ãîñóäàðñòâåííîé ïîääåðæêè íàó÷íûõ èññëåäîâàíèé, ïðîâîäèìûõ ïîä
ðóêîâîäñòâîì âåäóùèõ ó÷åíûõ â ðîññèéñêèõ îáðàçîâàòåëüíûõ ó÷ðåæäåíèÿõ
âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ, äîãîâîð � 11.G34.31.0039.

Ñòðóêòóðà ìíîæåñòâà îáîáùåííûõ ñèñòåì Êîøè-Ðèìàíà â
òðåõìåðíîì ïðîñòðàíñòâå è èõ ïðèëîæåíèÿ

Æóðà Í. À. (Ôèçè÷åñêèé èíñòèòóò èì. Ï. Í. Ëåáåäåâà ÐÀÍ, Ðîññèÿ)

Ïîä îáîáùåííûì îïåðàòîðîì Êîøè�Ðèìàíà ïîíèìàåì òàêîé äèôôåðåí-
öèàëüíûé îïåðàòîð ïåðâîãî ïîðÿäêà

L = a1
∂

∂x1
+ a2

∂

∂x2
+ a3

∂

∂x3

ñ ïîñòîÿííûìè ìàòðè÷íûìè êîýôôèöèåíòàìè, ÷òî ðåøåíèÿ u îäíîðîäíîãî
óðàâíåíèÿ Lu = 0 ÿâëÿþòñÿ ãàðìîíè÷åñêèìè âåêòîðàìè. Êëàññèôèêàöèÿ è
ñâîéñòâà ìíîãîìåðíûõ îïåðàòîðîâ Êîøè�Ðèìàíà áûëè ïðåäìåòîì ðàññìîòðå-
íèÿ ìíîãèõ ñïåöèàëèñòîâ [1, 2, 3], â îñíîâíîì ñ òî÷êè çðåíèÿ òåîðèè ïðåäñòàâ-
ëåíèé ãðóïï. Â íàñòîÿùåé ðàáîòå âîïðîñ î ñòðóêòóðå èõ ìíîæåñòâà ðåøàåòñÿ
ýëåìåíòàðíûì ìåòîäîì, íå èñïîëüçóþùèì òåîðèè ïðåäñòàâëåíèé ãðóïï. Îí
ìîæåò îêàçàòüñÿ ïîëåçíûì ïðè ðåøåíèè èçâåñòíîé ïðîáëåìû, ïîñòàâëåííîé
åùå â 1956 ãîäó È. Ì. Ãåëüôàíäîì, È. Ã. Ïåòðîâñêèì è Ã. Å. Øèëîâûì [4] î
÷èñëå ñâÿçíûõ êîìïîíåíò ìíîæåñòâà ýëëèïòè÷åñêèõ ñèñòåì ïåðâîãî ïîðÿäêà;
èñ÷åðïûâàþùåå ðåøåíèå ýòîãî âîïðîñà, ïî-âèäèìîìó, åùå îòêðûòî. Â ðàáî-
òå ðàññìàòðèâàåì òîëüêî îïåðàòîðû L ñ êîýôôèöèåíòàìè ak ∈ C4×4. Â èõ
ðàçëîæåíèÿõ ïî îáðàçóþùèì e0 = 1, e1, . . . , e15 àëãåáðû Êëèôôîðäà êîýôôè-
öèåíò ïðè e0 ðàâåí íóëþ. Îñòàëüíûå æå êîýôôèöèåíòû (èõ ìîæíî ñ÷èòàòü
âåùåñòâåííûìè) ïðåäñòàâèì â âèäå ìàòðèöû S ∈ R15×3, êîòîðóþ ðàçîáüåì
íà ïÿòü êâàäðàòíûõ ìàòðèö S1, . . . , S5 òðåòüåãî ïîðÿäêà. Ïðè ýòîì ñîîòâåò-
ñòâèå ìåæäó L è S âçàèìíî îäíîçíà÷íî ñ òî÷íîñòüþ äî îáðàçóþùèõ àëãåáðû
Êëèôôîðäà. Â ýòèõ îáîçíà÷åíèÿõ îñíîâíîé ðåçóëüòàò ñëåäóþùèé.

Òåîðåìà 1. Îïåðàòîð L ÿâëÿåòñÿ îáîáùåííûì îïåðàòîðîì Êîøè�
Ðèìàíà òîãäà è òîëüêî òîãäà, êîãäà ëèáî S4 ∈ O(3,R), Sk = 0, k 6= 4,
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ëèáî S5 ∈ O(3,R), Sk = 0, k 6= 5, ëèáî âïîëíå îïðåäåëåííàÿ ëèíåéíàÿ êîìáè-
íàöèÿ ìàòðèö S1, S2, S3 ïðèíàäëåæèò O(3,R), à S4 = S5 = 0. Â ÷àñòíî-
ñòè, ìíîæåñòâî ðàññìàòðèâàåìûõ îïåðàòîðîâ èìååò øåñòü ñâÿçíûõ êîì-
ïîíåíò. Ñîîòâåòñòâóþùèå L îïåðàòîðû H = id/dt− L ãèïåðáîëè÷íû.

Âîçìîæíû òðè ñëó÷àÿ, êîãäà óêàçàííûå ìàòðèöû èç O(3,R) åäèíè÷íûå;
îòâå÷àþùèå èì îïåðàòîðû L íàçîâåì êàíîíè÷åñêèìè. Ïîêàçàíî, ÷òî îäèí èç
íèõ åñòü îïåðàòîð Ìîèñèëà�Òåîäîðåñêó, à äðóãîé � îïåðàòîð Äèðàêà (ñòàöè-
îíàðíûé, áåç ìëàäøèõ ÷ëåíîâ).

Åñëè L ÿâëÿåòñÿ îïåðàòîðîì Ìîèñèëà�Òåîäîðåñêó, òî êîìïîíåíòû ðåøå-
íèÿ óðàâíåíèÿ Hu = 0 äîïóñêàþò ôèçè÷åñêóþ èíòåðïðåòàöèþ (â ïðîòèâîïî-
ëîæíîñòü îïåðàòîðó Äèðàêà è òðåòüåìó èç ýòèõ êàíîíè÷åñêèõ îïåðàòîðîâ).
Â äîêëàäå ïðèâîäèòñÿ òàêæå ðÿä äðóãèõ ðåçóëüòàòîâ äëÿ ýòèõ îïåðàòîðîâ.

Ñïèñîê ëèòåðàòóðû
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[4] Ïåòðîâñêèé È.Ã. Èçáðàííûå òðóäû. Ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.
Àëãåáðàè÷åñêàÿ ãåîìåòðèÿ. Ì., Íàóêà, 1986, 504 ñ.

Íîðìàëüíî ðàçðåøèìûå êðàåâûå çàäà÷è äëÿ îïåðàòîðíûõ
óðàâíåíèé â áàíàõîâîì ïðîñòðàíñòâå

Æóðàâëåâ Â. Ô. (Æèòîìèðñêèé íàöèîíàëüíûé àãðîýêîëîãè÷åñêèé
óíèâåðñèòåò, Óêðàèíà)

Ïóñòü l∞(I,B1)� áàíàõîâî ïðîñòðàíñòâî îãðàíè÷åííûõ âåêòîð-ôóíêöèé
z(t), îïðåäåëåííûõ íà êîíå÷íîì ïðîìåæóòêå I ñî çíà÷åíèÿìè â áàíàõî-
âîì ïðîñòðàíñòâå B1, z(·) : I → B1 ñ íîðìîé |||f ||| = supt∈I ‖f(t)‖B1 , à
l∞(I,B2)� áàíàõîâî ïðîñòðàíñòâî îãðàíè÷åííûõ âåêòîð-ôóíêöèé ϕ(t), îïðå-
äåëåííûõ íà òîì æå ïðîìåæóòêå I ñî çíà÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå
B2 ñ íîðìîé |||ϕ||| = supt∈I ‖ϕ(t)‖B2 , B� áàíàõîâî ïðîñòðàíñòâî ÷èñëîâûõ
ïîñëåäîâàòåëüíîñòåé.

Ðàññìîòðèì çàäà÷ó îá óñëîâèÿõ ðàçðåøèìîñòè è ïðåäñòàâëåíèè ðåøåíèé
êðàåâîé çàäà÷è äëÿ îïåðàòîðíîãî óðàâíåíèÿ

(Λz)(t) =

([
L
`

]
z

)
(t) =

[
ϕ(t)
α

]
, (1)

ãäå L : l∞(I,B1) → l∞(I,B2)�ëèíåéíûé îãðàíè÷åííûé îáîáùåííî îáðàòè-
ìûé îïåðàòîð [1]; ` = col(l1, l2, l3, . . .) : l∞(I,B1)→ B�ëèíåéíûé îãðàíè÷åí-
íûé âåêòîð-ôóíêöèîíàë; α ∈ B.

Îáîáùåííàÿ îáðàòèìîñòü îïåðàòîðà L îçíà÷àåò, ÷òî íóëü-ïðîñòðàíñòâî
N(L) è ÿäðî R(L) äîïîëíÿåìû â áàíàõîâûõ ïðîñòðàíñòâàõ l∞(I,B1)
è l∞(I,B2), ñîîòâåòñòâåííî, è îí íîðìàëüíî ðàçðåøèì. Ïðè ýòîì ñó-
ùåñòâóþò [2] îãðàíè÷åííûå ïðîåêòîðû PN(L) : l∞(I,B1) → N(L) è
PYL : l∞(I,B2)→ YL, êîòîðûå ðàçáèâàþò ïðîñòðàíñòâà l∞(I,B1) è l∞(I,B2)
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â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ l∞(I,B1) = N(L) ⊕ XL, l∞(I,B2) =
YL ⊕R(L).

Òåîðåìà 1. Ïóñòü L è L� îáîáùåííî îáðàòèìûå îïåðàòîðû. Òîãäà ñî-
îòâåòñòâóþùàÿ (1) îäíîðîäíàÿ (ϕ(t) = 0, α = 0) êðàåâàÿ çàäà÷à èìååò
ëèíåéíî íåçàâèñèìûå ðåøåíèÿ âèäà

z(t) = (PN(Λ)ž0)(t),

ãäå PN(Λ) = PN(L)PN(L) �ïðîåêòîð áàíàõîâà ïðîñòðàíñòâà l∞(I,B1) íà
íóëü-ïðîñòðàíñòâî N(Λ) îïåðàòîðà Λ, ž0(t)�ïðîèçâîëüíûé ýëåìåíò áàíà-
õîâà ïðîñòðàíñòâà l∞(I,B1). Íåîäíîðîäíàÿ êðàåâàÿ çàäà÷à (1) ðàçðåøèìà
äëÿ òåõ è òîëüêî òåõ ϕ(t) ∈ l∞(I,B2) è α ∈ B, êîòîðûå óäîâëåòâîðÿþò
óñëîâèÿì

(PYLϕ)(t) = 0,

PYL{α− `(L
−ϕ)(·)} = 0,

è ïðè ýòîì åå îáùåå ðåøåíèå èìååò âèä

z(t) = (PN(Λ)ž0)(t) + (Gϕ)(t) + (PN(L)(L−α))(t),

ãäå L = `PN(L) : l∞(I,B1) → B; PYL : B → YL � îãðàíè÷åííûé ïðîåêòîð;

(Gϕ)(t) = (L−ϕ)(t)− (PN(L)L−`(L−ϕ)(·))(t)� îáîáùåííûé îïåðàòîð Ãðèíà.
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ãðàëüíûõ îïåðàòîðîâ. Êèøèíåâ: Øòèèíöà, 1973. 426 ñ.

[2] Êàäåö Ì. È., Ìèòÿãèí Á. Ñ. Äîïîëíÿåìûå ïîäïðîñòðàíñòâà â áàíàõîâûõ ïðîñòðàí-
ñòâàõ // ÓÌÍ. 1973. Ò. 28, âûï. 6. Ñ. 77�94.

Îá îöåíêå ñâåðõó äëÿ ïîêàçàòåëåé Ëÿïóíîâà âîçìóùåííîé
àáñòðàêòíîé ëèíåéíîé ñèñòåìû

Çàãðåáèíà È. Ñ. (Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü Ω � ìåòðè÷åñêîå ïðîñòðàíñòâî ñ ìåòðèêîé ρ; F , V � âåùåñòâåííûå
ëèíåéíûå íîðìèðîâàííûå ïðîñòðàíñòâà; L(F, V ) � íîðìèðîâàííîå ïðîñòðàí-
ñòâî îãðàíè÷åííûõ ëèíåéíûõ îòîáðàæåíèé èç F â V ñ íîðìîé, ñîãëàñîâàííîé
ñ íîðìàìè â F è V , ò. å. óäîâëåòâîðÿþùåé óñëîâèþ ‖Ax‖ ≤ ‖A‖‖x‖ ïðè âñåõ
A ∈ L(F, V ), x ∈ F ; GL(F ) � ãðóïïà âñåõ îáðàòèìûõ ýëåìåíòîâ èç L(F, F ).
Íåéòðàëüíûé ýëåìåíò ãðóïïû GL(F ) áóäåì îáîçíà÷àòü ÷åðåç E.

Îïðåäåëåíèå 1. Àáñòðàêòíîé ëèíåéíîé ñèñòåìîé (ÀËÑ) íà ïðîñòðàí-
ñòâå Ω ñ ôàçîâûì ïðîñòðàíñòâîì F áóäåì íàçûâàòü òðîéêó (Ω, F,X), ãäå
X : Ω× Ω→ GL(F ) ïðåäñòàâëÿåò ñîáîé íåïðåðûâíîå ïî êàæäîìó àðãóìåíòó
îòîáðàæåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì X(t, t) = E è X(t, s)X(s, t) = E äëÿ
ëþáûõ t, s ∈ Ω. Îòîáðàæåíèå X, à òàêæå è âñÿêîå åãî çíà÷åíèå X(t, s) ïðè
ôèêñèðîâàííûõ t, s ∈ Ω, áóäåì íàçûâàòü îïåðàòîðîì Êîøè ÀËÑ (Ω, F,X).

Îïðåäåëåíèå 2. ÀËÑ (Ω, F,X) áóäåì íàçûâàòü âïîëíå ðàçðåøèìîé, åñ-
ëè ïðè ëþáûõ t1, t2, t3 ∈ Ω âûïîëíåíî ðàâåíñòâî X(t3, t2)X(t2, t1) = X(t3, t1).
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Îïðåäåëåíèå 3. Ðåøåíèåì ÀËÑ (Ω, F,X) áóäåì íàçûâàòü îòîáðàæåíèå
x : Ω → F , óäîâëåòâîðÿþùåå óñëîâèþ x(t) = X(t, s)x(s) ïðè ëþáûõ t, s ∈ Ω.
Ïîêàçàòåëåì Ëÿïóíîâà ðåøåíèÿ x(·) ÀËÑ (Ω, F,X) áóäåì íàçûâàòü λ[x]

.
=

lim
FΩ

1

ρ(t, t0)
ln ‖x(t)‖, ãäå FΩ � ôèëüòð äîïîëíåíèé äî îãðàíè÷åííûõ ìíîæåñòâ

â Ω.

Ðàññìîòðèì äâå âïîëíå ðàçðåøèìûå ÀËÑ � èñõîäíóþ (Rn, F,X) è
âîçìóùåííóþ (Rn, F,X(E + H)) ñ âîçìóùåíèåì H è îïåðàòîðîì Êîøè
Y (t, s) = X(t, s)(E +H(t, s)).

Òåîðåìà 1. Ïóñòü çàäàíà ïîëîæèòåëüíàÿ ôóíêöèÿ β, îïðåäåëåííàÿ íà
Zn, òàêàÿ, ÷òî ñïðàâåäëèâî ðàâåíñòâî

lim
m→∞

1

‖tm − t0‖

m−1∑
k=0

β−1(tk)‖H(tk+1, tk)‖ = 0,

ãäå {tm} � ïîñëåäîâàòåëüíîñòü èç Zn, tm → ∞ ïðè m → ∞. Òîãäà äëÿ ïî-
êàçàòåëÿ Ëÿïóíîâà ïðîèçâîëüíîãî íåòðèâèàëüíîãî ðåøåíèÿ y(·) âîçìóùåí-
íîé ñèñòåìû âûïîëíÿåòñÿ îöåíêà λ[y] ≤ lim

m→∞

1

‖tm − t0‖
ln ηm, ãäå ïîñëåäî-

âàòåëüíîñòü ηm ïðè m > 1 óäîâëåòâîðÿåò ðåêóððåíòíîìó ñîîòíîøåíèþ
ηm = max

k<m
(‖X(tm, tk)‖β(tk)ηk), k ∈ N, ñ ïðîèçâîëüíûì íà÷àëüíûì óñëîâèåì

η1 > 0, ïðè÷åì âåëè÷èíà lim
m→∞

1

‖tm − t0‖
ln ηm íå çàâèñèò îò âûáîðà η1.
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[2] Ìàêàðîâ Å. Ê., Ìàð÷åíêî È. Â., Ñåìåðèêîâà Í. Â. Îá îöåíêå ñâåðõó äëÿ ñòàðøå-
ãî ïîêàçàòåëÿ ëèíåéíîé äèôôåðåíöèàëüíîé ñèñòåìû ñ èíòåãðèðóåìûìè íà ïîëóîñè
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Àñèìïòîòèêà ìàãíèòîãèäðîäèíàìè÷åñêîé çàäà÷è Ëàìáà ñ ó÷åòîì
ìîëåêóëÿðíîé è ìàãíèòíîé âÿçêîñòåé

Çàäîðîæíûé À. È. (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)

Êëàññè÷åñêàÿ çàäà÷à Ëàìáà ïðåäñòàâëÿåò ñîáîé ëèíåàðèçîâàííóþ çàäà-
÷ó î ñâîáîäíûõ ãðàâèòàöèîííûõ âîëíàõ â îäíîðîäíîé âÿçêîé íåñæèìàåìîé
æèäêîñòè, ãðàíè÷àùåé ñ âàêóóìîì è çàïîëíÿþùåé íèæíþþ ïîëóïëîñêîñòü.
Îòìåòèì, ÷òî Í. Í. Ìîèñååâ ïîñòðîèë àñèìïòîòèêó óêàçàííîé çàäà÷è äëÿ
ìàëîé âÿçêîñòè, ïðèìåíèâ ìåòîä Âèøèêà�Ëþñòåðíèêà. ÌÃÄ àíàëîãè çàäà÷è
Ëàìáà ïðè íàëîæåíèè íà ñèñòåìó ñòàöèîíàðíîãî îäíîðîäíîãî ãîðèçîíòàëü-
íîãî ìàãíèòíîãî ïîëÿ ðàññìîòðåíû íàìè äëÿ ñëó÷àåâ Rm = ∞, Rg �ïðîèç-
âîëüíî (1996), à òàêæå ïðè Rg =∞, Rm �ïðîèçâîëüíî (2000), ãäå Rg, Rm �
ãèäðîäèíàìè÷åñêîå è ìàãíèòíîå ÷èñëà Ðåéíîëüäñà.

Â íàñòîÿùåì äîêëàäå ðàññìàòðèâàåòñÿ ìîäåëüíàÿ çàäà÷à äëÿ îáùåãî ñëó-
÷àÿ íàëè÷èÿ êàê ãèäðîäèíàìè÷åñêîãî, òàê è ìàãíèòíîãî ÷èñåë Ðåéíîëüäñà.
Ïðåäñòàâëÿÿ âåðòèêàëüíóþ êîìïîíåíòó âåêòîðà íàïðÿæåííîñòè, èíäóöèðî-
âàííîãî äâèæåíèåì æèäêîñòè, â âèäå hz(x, z, t) = Z(z) exp(ix+σt), ðàâíî êàê
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è àíàëîãè÷íûì îáðàçîì, îñòàëüíûå èñêîìûå âåëè÷èíû, ïðèäåì ê ñëåäóþùåé
êðàåâîé çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ÎÄÓ

(Rg ·Rm)−1M3[Z(z)]− σ
(
Rg
−1 +Rm

−1)M2[Z(z)] + (σ2 +A)M [Z(z)] = 0

ãäå σ�èñêîìûé ñïåêòðàëüíûé ïàðàìåòð, A�÷èñëî Àëüôâåíà, M = d2

dz2 − 1.
Ñôîðìóëèðóåì ãðàíè÷íûå óñëîâèÿ:

(Rg ·Rm)−1
[
ZV (0)− 4Z′′′(0) + 3Z′(0)

]
−Rg−1σ

[
Z′′′(0)− 3Z′(0)

]
−

−Rm−1{
[
Z′′′(0)− Z′(0)

]
+

1

σ

[
Z′′(0)− Z(0)

]
}+

+ σ2Z′(0) + Z(0) +A
[
Z′(0) + Z

]
= 0

� óñëîâèå íåïðåðûâíîñòè íîðìàëüíîé êîìïîíåíòû òåíçîðà ïîëíûõ, ò. å.
ãèäðîäèíàìè÷åñêèõ è ìàãíèòíûõ, íàïðÿæåíèé ïðè ïåðåõîäå ÷åðåç ãðàíèöó
ðàçäåëà

”
æèäêîñòü-âàêóóì“;

Rm
−1
[
ZIV (0)− Z(0)

]
− σ

[
Z′′(0) + Z(0)

]
= 0

� óñëîâèå îòñóòñòâèÿ âÿçêèõ êàñàòåëüíûõ íàïðÿæåíèé íà ñâîáîäíîé ïîâåðõ-
íîñòè (ÑÏ). Óñëîâèå íåïðåðûâíîñòè êàñàòåëüíîé ñîñòàâëÿþùåé òåíçîðà ìàã-
íèòíûõ íàïðÿæåíèé ïðè ïåðåõîäå ÷åðåç ÑÏ íîñèò äâîéñòâåííûé õàðàêòåð, à
èìåííî:

1◦. Z′′(0)− Z(0) = 0�ïðè íàëè÷èè ïîâåðõíîñòíûõ òîêîâ,
2◦. Z′(0) + Z(0) = 0�ïðè èõ îòñóòñòâèè.

Ïðè z → −∞ ñòàâèì óñëîâèå |Z(z)| → −∞, ò. å. çàòóõàíèÿ âñåõ âîçìóùåíèé
ñ ãëóáèíîé.

Äàëüíåéøåå èññëåäîâàíèå ïðîâîäèòñÿ äëÿ ÷àñòíîãî ñëó÷àÿ Rg = Rm = R.
Äëÿ ìàëûõ âÿçêîñòåé R−1 = ε2, 0 < ε � 1, â ñîîòâåòñòâèè ñ ïðîöåäóðîé ìå-
òîäà Âèøèêà�Ëþñòåðíèêà, ñòðîèòñÿ ðàçëîæåíèå ïåðâîãî èòåðàöèîííîãî ïðî-
öåññà è òðè ÷ëåíà òèïà ïîãðàíè÷íîãî ñëîÿ. Â ðåçóëüòàòå îïðåäåëÿåòñÿ àñèìï-
òîòè÷åñêîå âûðàæåíèå äëÿ ñîáñòâåííîãî ÷èñëà, õàðàêòåðèçóþùåãî ÷àñòîòó
è äåêðåìåíò çàòóõàíèÿ êîëåáàíèé. Ïîìèìî ýòîãî íàéäåíî

”
òî÷íîå“ èððàöèî-

íàëüíîå óðàâíåíèå ÷àñòîò, ÷òî ïîçâîëÿåò ñðàâíèòü àñèìïòîòè÷åñêèå ôîðìóëû
ñ ðåçóëüòàòàìè ÷èñëåííûõ ðàñ÷åòîâ.

Ðàâíîìåðíàÿ ýêñïîíåíöèàëüíàÿ ñòàáèëèçàöèÿ ñåìåéñòâà
íåëèíåéíûõ óïðàâëÿåìûõ ñèñòåì

Çàéöåâ Â. À. (Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Òîíêîâ Å. Ë. (Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü (Σ, ht) � òîïîëîãè÷åñêàÿ äèíàìè÷åñêàÿ ñèñòåìà ñ êîìïàêòíûì ôà-
çîâûì ïðîñòðàíñòâîì Σ. Ïóñòü çàäàíà ôóíêöèÿ (σ, x, u) → F (σ, x, u) ∈ Rn,
ðàâíîìåðíî íåïðåðûâíàÿ âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè F ′x, F

′
u

íà ìíîæåñòâå Σ× Rn × Rm.
Ðàññìàòðèâàåòñÿ ñåìåéñòâî óïðàâëÿåìûõ ñèñòåì

ẋ = F (htσ, x, u), (t, x, u) ∈ R× Rn × Rm, (1)
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çàâèñÿùèõ îò ïàðàìåòðà σ ∈ Σ. Äîïóñòèìûì óïðàâëÿåìûì ïðîöåññîì ñèñòå-
ìû (1) íàçûâàåòñÿ âñÿêàÿ ôóíêöèÿ t→ ϕ̂(htσ) :=

(
x̂(htσ), û(htσ)

)
, ðàâíîìåð-

íî íåïðåðûâíàÿ è îãðàíè÷åííàÿ íà R, òàêàÿ ÷òî x̂(htσ), t ∈ R ÿâëÿåòñÿ ðåøå-
íèåì ñèñòåìû (1) ïðè u = û(htσ). Ðàññìîòðèì äîïóñòèìûé ïðîöåññ t→ ϕ̂(htσ)
äëÿ êàæäîãî σ ∈ Σ. Ïîëó÷èì ñåìåéñòâî (ϕ̂,Σ) := {t → ϕ̂(htσ), σ ∈ Σ} äîïó-
ñòèìûõ ïðîöåññîâ. Áóäåì ãîâîðèòü [1], ÷òî ñåìåéñòâî äîïóñòèìûõ ïðîöåññîâ
(ϕ̂,Σ) ðàâíîìåðíî ýêñïîíåíöèàëüíî ñòàáèëèçèðóåìî ñ ïîêàçàòåëåì α > 0, åñ-
ëè íàéäóòñÿ ÷èñëà N > 0, κ > 0, δ > 0 òàêèå, ÷òî äëÿ ëþáîãî σ ∈ Σ íàéäåòñÿ
íåïðåðûâíîå óïðàâëåíèå (t, x) → u(t, x, σ) ∈ Rm, (t, x) ∈ R+ × Oδ

(
x̂(htσ)

)
,

óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

1◦. âûïîëíåíî íåðàâåíñòâî |u(t, x, σ)− û(htσ)| 6 κ;
2◦. u(t, x̂(htσ), σ) ≡ û(htσ);
3◦. ëþáîå ðåøåíèå t → x(t, σ), t ∈ R+ ñèñòåìû (1) ñ âûáðàííûì óïðàâ-

ëåíèåì u = u(t, x, σ) è íà÷àëüíûì óñëîâèåì x(0, σ) ∈ Oδ(x̂(σ)) óäî-
âëåòâîðÿåò ïðè âñåõ t > 0 íåðàâåíñòâó

|x(t, σ)− x̂(htσ)| 6 N |x(0, σ)− x̂(σ)| exp(−αt).

Ïîñòðîèì ñèñòåìó ëèíåéíîãî ïðèáëèæåíèÿ â îêðåñòíîñòè äîïóñòèìîãî ïðî-
öåññà

ẏ = A(htσ)y +B(htσ)v, (y, v) ∈ Rn × Rm, (2)

ãäå A(htσ) := ∂F (htσ,x,u)
∂x

∣∣∣
ϕ̂(htσ)

, B(htσ) := ∂F (htσ,x,u)
∂u

∣∣∣
ϕ̂(htσ)

. Ñåìåéñòâî ëè-

íåéíûõ óïðàâëÿåìûõ ñèñòåì (2) (çàâèñÿùåå îò ïàðàìåòðà σ ∈ Σ) íàçûâàåòñÿ
ðàâíîìåðíî âïîëíå óïðàâëÿåìûì [2], åñëè ñóùåñòâóþò êîíñòàíòû ϑ > 0 è
` > 0 òàêèå, ÷òî äëÿ ëþáîãî σ ∈ Σ è äëÿ ëþáîãî y0 ∈ Rn íàéäåòñÿ èçìåðèìîå
óïðàâëåíèå t → v(t, y0, σ), t ∈ [0, ϑ] òàêîå, ÷òî ðåøåíèå y(t, σ) óðàâíåíèÿ (2)
ñ óïðàâëåíèåì v = v(t, y0, σ) ñ íà÷àëüíûì óñëîâèåì y(0, σ) = y0 óäîâëåòâîðÿ-
åò óñëîâèþ y(ϑ, σ) = 0, ïðè ýòîì âûïîëíåíî íåðàâåíñòâî |v(t, y0, σ)| 6 `|y0|,
t ∈ [0, ϑ].

Òåîðåìà 1. Ïóñòü ñåìåéñòâî ñèñòåì (2) ðàâíîìåðíî âïîëíå óïðàâëÿ-
åìî. Òîãäà äëÿ ëþáîãî α > 0 ñåìåéñòâî äîïóñòèìûõ ïðîöåññîâ (ϕ̂,Σ) ðàâíî-
ìåðíî ýêñïîíåíöèàëüíî ñòàáèëèçèðóåìî ñ ïîêàçàòåëåì α.

Ðàáîòà ïîääåðæàíà ãðàíòîì íàó÷íûõ èññëåäîâàíèé Ïðàâèòåëüñòâà ÐÔ
(ïðîãðàììà � 11.G34.31.0039) è ãðàíòîì ÐÔÔÈ (ïðîãðàììà 11-01-00380-à).
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Îá àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè ñèñòåì ñ íåîãðàíè÷åííûìè
êîýôôèöèåíòàìè

Çàëûãèíà Â. È. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò
èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Äëÿ çàäàííîãî n ∈ N îáîçíà÷èì ÷åðåç Mn ìíîæåñòâî ëèíåéíûõ ñèñòåì
âèäà

ẋ = A(t)x, x ∈ Rn, t ∈ R+, (1)

ñ êóñî÷íî-íåïðåðûâíûìè (íå îáÿçàòåëüíî îãðàíè÷åííûìè) ìàòðè÷íûìè
ôóíêöèÿìè A, êîòîðûå áóäåì îòîæäåñòâëÿòü ñ ñîîòâåòñòâóþùèìè ñèñòåìàìè.

Îïðåäåëåíèå 1. Ñëåäóÿ [1], áóäåì íàçûâàòü ñèñòåìû A, B ∈Mn àñèìï-
òîòè÷åñêè ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò ïðåîáðàçîâàíèå Ëÿïóíîâà, ïåðå-
âîäÿùåå îäíó èç ñèñòåì â äðóãóþ. Ïðè ýòîì ïîä ïðåîáðàçîâàíèåì Ëÿïóíîâà
ïîíèìàåòñÿ íåïðåðûâíàÿ êóñî÷íî-äèôôåðåíöèðóåìàÿ ìàòðè÷íàÿ ôóíêöèÿ L,
óäîâëåòâîðÿþùàÿ óñëîâèþ

sup
t∈R+

(
|L(t)|+

∣∣L−1(t)
∣∣) < +∞,

ãäå íîðìà ìàòðèöû îïðåäåëÿåòñÿ ôîðìóëîé |X| := max
1≤i,j≤n

|xij |.

Äëÿ çàäàííîé ôóíêöèè f : R+ → (0,+∞) îáîçíà÷èì ÷åðåçMn
f ìíîæåñòâî

ñèñòåì A ∈Mn, óäîâëåòâîðÿþùèõ äëÿ âñÿêîãî t ∈ R+ íåðàâåíñòâó

|A(t)| ≤ f(t). (2)

Òåîðåìà 1 (ñð. [2]). Äëÿ âñÿêèõ íåïðåðûâíîé ôóíêöèè f : R+ → (0,+∞)
è ε > 0 íàéäåòñÿ òàêàÿ ïîñëåäîâàòåëüíîñòü (tk), tk ↑ +∞, ÷òî äëÿ ëþáîé
ñèñòåìû A ∈ Mn

f ñóùåñòâóåò àñèìïòîòè÷åñêè ýêâèâàëåíòíàÿ åé ñèñòåìà
B ∈ Mn

f+ε, ïîñòîÿííàÿ íà êàæäîì èíòåðâàëå (tk, tk+1), k ∈ N.

Òåîðåìà 2. Äëÿ âñÿêîé ïîñëåäîâàòåëüíîñòè (tk), tk ↑ +∞, ñóùåñòâóåò
òàêàÿ ñèñòåìà A ∈ Mn, ÷òî íèêàêàÿ ñèñòåìà ñ ïîñòîÿííûìè íà êàæäîì
èíòåðâàëå (tk, tk+1), k ∈ N, êîýôôèöèåíòàìè íå ÿâëÿåòñÿ àñèìïòîòè÷åñêè
ýêâèâàëåíòíîé ñèñòåìå A.

Òåîðåìà 3. Äëÿ âñÿêîé íåïðåðûâíîé ôóíêöèè f : R+ → (0,+∞) íàé-
äåòñÿ òàêàÿ ïîñëåäîâàòåëüíîñòü (tk), tk ↑ +∞, ÷òî äëÿ ëþáîé ñèñòåìû
A ∈ Mn

f è ëþáîé ñèñòåìû B ∈Mn ñ îãðàíè÷åííûìè êîýôôèöèåíòàìè ñóùå-

ñòâóåò òàêàÿ ñèñòåìà B̃ ñ ïîñòîÿííûìè íà êàæäîì èíòåðâàëå (tk, tk+1),

k ∈ N, êîýôôèöèåíòàìè, ÷òî supt≥0 |B̃(t)| ≤ supt≥0 |B(t)| è ñèñòåìû A + B

è A+ B̃ àñèìïòîòè÷åñêè ýêâèâàëåíòíû.

Â äîêàçàòåëüñòâå òåîðåì 1 è 3 èñïîëüçîâàíà òåîðåìà 1 èç [3].
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Îá îäíîì ñïîñîáå îáðàùåíèÿ îïåðàòîðà Âàëëå-Ïóññåíà
Çàëÿïèí Â. È. (Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü x̂(t)�íàáëþäàåìûé â ýêñïåðèìåíòå ñèãíàë, u(t) � ñèãíàë, ïîäëå-
æàùèé îïðåäåëåíèþ. Ïðåäïîëàãàåòñÿ, ÷òî x è u ñâÿçàíû óðàâíåíèåì

L[x] = x(n) + an−1(t)x(n−1) + · · ·+ a1(t)x′ + a0(t)x = u(t), t ∈ [a, b], (1)

è x óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì ([1])

x(ti) = li, a ≤ t1 < t2 < . . . < tn ≤ b. (2)

Åñëè çàäà÷à (1)�(2) îäíîçíà÷íî ðàçðåøèìà, òî, êàê èçâåñòíî ([2]), ñó-
ùåñòâóåò îäíîçíà÷íî îïðåäåëÿåìàÿ ôóíêöèÿ Ãðèíà G(t, s) òàêàÿ, ÷òî èìååò
ìåñòî ðàâåíñòâî

b∫
a

G(t, s)u(s) ds = xint(t). (3)

Çäåñü

xint(t) = x(t)−Ψ(t)−
b∫
a

G(t, s)L[Ψ] ds,

Ψ(t)�èíòåðïîëÿöèîííûé ìíîãî÷ëåí, àññîöèèðîâàííûé ñ ãðàíè÷íûìè óñëî-
âèÿìè ðàññìàòðèâàåìîé êðàåâîé çàäà÷è.

Ñîîòíîøåíèå (3) è ÿâëÿåòñÿ èñêîìûì îáðàùåíèåì îïåðàòîðà Âàëëå�
Ïóññåíà (1)�(2).

Òåîðåìà 1. Ïóñòü îäíîðîäíàÿ çàäà÷à (1)�(2) îáëàäàåò íåòðèâèàëüíûì
ðåøåíèåì äëÿ íåêîòîðîãî íàáîðà èíòåðïîëÿöèîííûõ óçëîâ a ≤ t1 < t2 <
. . . < tn ≤ b. Òîãäà ìîæíî òàê ñëåãêà

”
ïîøåâåëèòü“ ýòîò íàáîð:

∀ δ > 0 ∃ a ≤ t∗1 < t∗2 < . . . < t∗n ≤ b : |ti − t∗i | < δ,

÷òî ìíîãîòî÷å÷íàÿ çàäà÷à Âàëëå�Ïóññåíà áóäåò îäíîçíà÷íî ðàçðåøèìîé äëÿ
ëþáûõ ïðàâûõ ÷àñòåé u(t).

Òåîðåìà 2. Ïóñòü óçëû èíòåðïîëÿöèè çàäà÷è (1)�(2) âûáðàíû òàê,
÷òî ýòà çàäà÷à îäíîçíà÷íî ðàçðåøèìà. Òîãäà ôóíêöèÿ Ãðèíà G(t, s) ÿâëÿåò-
ñÿ åäèíñòâåííûì ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

G(t, s)− G̃(t, s) =

b∫
a

G(t, τ)V (τ, s) dτ, (4)

ÿäðî êîòîðîãî V (τ, s) è ôóíêöèÿ G̃(t, s) âûïèñûâàþòñÿ ÿâíûì îáðàçîì.
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Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà ñ
íåëîêàëüíûì èíòåãðàëüíûì óñëîâèåì

Çàðóáèíà Ë. Â. (Ïîâîëæñêàÿ ãîñóäàðñòâåííàÿ ñîöèàëüíî-ãóìàíèòàðíàÿ
àêàäåìèÿ, Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå Ëàâðåíòüåâà�Áèöàäçå

Lu ≡ uxx + sign t · utt = 0

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t) | 0 < x < 1, −α < t < β}, ãäå α,
β � çàäàííûå ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà, è ïîñòàâèì ñëåäóþùóþ
çàäà÷ó.

Çàäà÷à 1. Íàéòè â îáëàñòè D ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ óñëî-
âèÿì:

u ∈ C1(D) ∩ C2(D− ∪D+); (1)

Lu ≡ 0, (x, t) ∈ D− ∪D+; (2)

u(x, β) = ϕ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ 1; (3)

u(0, t) = 0, −α ≤ t ≤ β; (4)∫ 1

0

u(x, t) dx = A = const, −α ≤ t ≤ β, (5)

ãäå ψ(x), ϕ(x)� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ϕ(0) = ψ(0) = 0,∫ 1

0
ϕ(x)dx =

∫ 1

0
ψ(x) dx = A = const, D+ = D ∩ {t > 0}, D− = D ∩ {t < 0}.

Îòìåòèì, ÷òî èíòåãðàëüíîå óñëîâèå (5) ÿâëÿåòñÿ íåëîêàëüíûì, ôèçè÷å-
ñêè îíî îçíà÷àåò ïîñòîÿíñòâî âíóòðåííåé ýíåðãèè ñèñòåìû. Êðàåâàÿ çàäà÷à
äëÿ óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà ñ òàêèì íåëî-
êàëüíûì èíòåãðàëüíûì óñëîâèåì ðàññìîòðåíà â ðàáîòå [1].

Â äàííîé ðàáîòå, ñëåäóÿ [1], óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøå-
íèÿ ïîñòàâëåííîé çàäà÷è (1)�(5).

Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è (1)�(5), òî îíî åäèí-
ñòâåííî òîëüêî òîãäà, êîãäà ïðè âñåõ k ∈ N âûïîëíåíî íåðàâåíñòâî

cosλkα · shλkβ + sinλkα · chλkβ 6= 0, λk = 2πk.
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Î ôîðìóëå äëÿ ðåãóëÿðèçîâàííûõ ñëåäîâ
Çàòèöêèé Ï. Á. (Ñàíêò-Ïåòåðáóðãñêèé ãîñóíèâåðñèòåò, ÐÔ)
Ñòîëÿðîâ Ä. Ì. (Ñàíêò-Ïåòåðáóðãñêèé ãîñóíèâåðñèòåò, ÐÔ)

Ðàññìîòðèì îïåðàòîð L, ïîðîæäàåìûé äèôôåðåíöèàëüíûì âûðàæåíèåì

ly ≡ (−1)mD2my +

2m−2∑
k=0

pk(x)Dky

(çäåñü pk ∈ L1,loc(R+) � âåùåñòâåííûå ôóíêöèè) è ãðàíè÷íûìè óñëîâèÿìè

Pj(D)y(0) = 0, j = 1, . . . ,m

(çäåñü Pj � ïîëèíîì ñòåïåíè kj , ïðè÷åì ãðàíè÷íûå óñëîâèÿ ñ÷èòàþòñÿ ïðè-
âåäåííûìè, ò. å. 0 ≤ k1 < k2 < ... < km ≤ 2m − 1). Äîïóñòèì, ÷òî ýòîò
îïåðàòîð ñàìîñîïðÿæåí â ïðîñòðàíñòâå L2(R+), ïîëóîãðàíè÷åí ñíèçó è èìå-
åò ÷èñòî äèñêðåòíûé ñïåêòð {λn}+∞n=1 (íóìåðàöèÿ ïî âîçðàñòàíèþ ñ ó÷åòîì
êðàòíîñòè).

Ïóñòü Q � îïåðàòîð óìíîæåíèÿ íà âåùåñòâåííóþ ôóíêöèþ q ∈ L∞(R+).
Òîãäà îïåðàòîð L + Q òàêæå èìååò ÷èñòî äèñêðåòíûé ñïåêòð {µn}+∞n=1.

Òåîðåìà 1. Ïóñòü q èìååò îãðàíè÷åííûé íîñèòåëü, à ôóíêöèÿ

ψ(x) = 1
x

x∫
0

q(t) dt èìååò îãðàíè÷åííóþ âàðèàöèþ â íóëå. Òîãäà ñïðàâåäëèâî

ðàâåíñòâî

S1 ≡
∞∑
n=1

[
µn − λn −

cn
π

∞∫
0

q(t) dt
]

= −ψ(0+) ·
(m

2
− 1

4
− κ

2m

)
, (1)

ãäå

c1 = λ
1

2m
1 ; cn = λ

1
2m
n − λ

1
2m
n−1, n > 1; κ =

m∑
j=1

kj .

Çàìå÷àíèå 1. Äëÿ îäíî÷ëåííûõ êðàåâûõ óñëîâèé Pj(D) = Dkj ôîðìóëà
(1) áûëà äîêàçàíà â ïðåïðèíòå [2] (òðè ÷àñòíûõ ñëó÷àÿ: kj = 2j−2; kj = 2j−1
è kj = j−1 áûëè ðàíåå ðàññìîòðåíû â ðàáîòàõ [3], [4]). Ïîëíîå äîêàçàòåëüñòâî
ñîäåðæèòñÿ â [1].

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À. È. Íàçàðîâûì.
Ðàáîòà ïîääåðæàíà ãðàíòîì 11.G34.31.0026 Ïðàâèòåëüñòâà ÐÔ (ëàáîðà-

òîðèÿ èìåíè Ï. Ë. ×åáûøåâà ïðè ÑÏáÃÓ).

Ñïèñîê ëèòåðàòóðû

[1] Çàòèöêèé Ï. Á., Íàçàðîâ À. È., Ñòîëÿðîâ Ä. Ì., Î ôîðìóëå äëÿ ðåãóëÿðèçîâàííûõ
ñëåäîâ, Ïðåïðèíò ÑÏáÌÎ � 2011-01. 6 ñ.

[2] Çàòèöêèé Ï. Á., Íàçàðîâ À. È., Ñòîëÿðîâ Ä. Ì., Ïî ñëåäàì Â. À. Ñàäîâíè÷åãî,
Ïðåïðèíò ÑÏáÌÎ � 2010-04. 5 ñ.

[3] Êîçêî À. È., Ïå÷åíöîâ À. Ñ., Ñïåêòðàëüíàÿ ôóíêöèÿ è ðåãóëÿðèçîâàííûå ñëåäû
ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ âûñøèõ ïîðÿäêîâ, Ìàò. çàìåòêè, 83
(2008), � 1, 39�49.

[4] Ñàäîâíè÷èé Â. À., Ïå÷åíöîâ À. Ñ., Êîçêî À. È., Ðåãóëÿðèçîâàííûå ñëåäû ñèíãó-
ëÿðíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, Äîêëàäû ÐÀÍ, 427 (2009), � 4, 461�465.

215



Îöåíêè óñòîé÷èâîñòè äëÿ íåêîòîðûõ ëèíåéíûõ ñèñòåì
Çåéôìàí À. È. (Âîëîãîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,

ÈÑÝÐÒ ÐÀÍ è ÈÏÈ ÐÀÍ, Ðîññèÿ)
Êîðîòûøåâà À. Â. (Âîëîãîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)
Ïàíôèëîâà Ò. À. (Âîëîãîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñèñòåìà ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïè-
ñûâàþùàÿ íåñòàöèîíàðíóþ ìàðêîâñêóþ öåïü X(t) ñ íåïðåðûâíûì âðåìåíåì
è ïðîñòðàíñòâîì ñîñòîÿíèé EN = {0, 1, · · · , N}. Ìàòðèöà A(t) = (aij(t))

N
i,j=0

ïðÿìîé ñèñòåìû Êîëìîãîðîâà äëÿ öåïè X(t) îáëàäàåò íåêîòîðûìè ñïåöèàëü-
íûìè ñâîéñòâàìè, à èìåííî, ñóììà ýëåìåíòîâ êàæäîãî ñòîëáöà òàêîé ìàòðè-
öû ïðè âñåõ t ðàâíà íóëþ, âíåäèàãîíàëüíûå ýëåìåíòû íåîòðèöàòåëüíû ïðè
âñåõ t ≥ 0, à âñå aij(t) ëîêàëüíî èíòåãðèðóåìû íà [0,∞). Ïðåäïîëàãàåòñÿ, ÷òî
X(t) îïèñûâàåò ÷èñëî òðåáîâàíèé â ñèñòåìå îáñëóæèâàíèÿ ñ êàòàñòðîôàìè
(ñì., íàïðèìåð, [1]). Â ýòîì ñëó÷àå âñå a0j(t) ≥ ξ(t) ïðè j ≥ 1. Ðàññìàòðèâàþò-
ñÿ îöåíêè óñòîé÷èâîñòè ñèñòåìû ïî îòíîøåíèþ ê âîçìóùåíèÿì ìàòðèöû A(t)
â ïðåäïîëîæåíèè

”
ñóùåñòâåííîñòè“ êàòàñòðîô. Â ýòîì ñëó÷àå óäàåòñÿ ïðèìå-

íèòü ìåòîä, èñïîëüçîâàííûé äëÿ áîëåå óçêîãî êëàññà ìîäåëåé â [2], äîáèâøèñü
ñóùåñòâåííîãî óëó÷øåíèÿ êîíñòàíò ñ ïîìîùüþ ïðèåìà, ïðèìåíåííîãî âïåð-
âûå â [3]. Ïóñòü ïðÿìàÿ ñèñòåìà Êîëìîãîðîâà äëÿ èñõîäíîé è âîçìóùåííîé
ìàðêîâñêîé öåïåé èìååò ñîîòâåòñòâåííî âèä

dp

dt
= A(t)p,

dp̄

dt
= Ā(t)p̄. (1)

Òåîðåìà 1. Ïóñòü ξ(t) ≥ b > 0, à ‖A(t) − Ā(t)‖ ≤ ε ïî÷òè ïðè âñåõ
t ≥ 0. Òîãäà äëÿ ëþáûõ íà÷àëüíûõ óñëîâèé p(0) è p̄(0) ñïðàâåäëèâà îöåíêà

lim sup
t→∞

‖p(t)− p̄(t)‖ ≤ ε

b
. (2)

Òåîðåìà 2. Ïóñòü ìàòðèöà A(t) 1-ïåðèîäè÷íà,
∫ 1

0
ξ(t) dt = θ > 0 è

‖A(t)− Ā(t)‖ ≤ ε ïî÷òè ïðè âñåõ t ≥ 0.
Òîãäà äëÿ ëþáûõ íà÷àëüíûõ óñëîâèé p(0) è p̄(0) ñïðàâåäëèâî íåðàâåíñòâî

lim sup
t→∞

‖p(t)− p̄(t)‖ ≤ ε (1 + θ)

θ
. (3)

Òå æå îöåíêè óäàåòñÿ ïîëó÷èòü è â ñëó÷àå ñ÷åòíîãî ïðîñòðàíñòâà ñîñòîÿ-
íèé. Îöåíêè óñòîé÷èâîñòè äðóãèõ õàðàêòåðèñòèê öåïè X(t) óäàåòñÿ ïîëó÷èòü
ñ ïîìîùüþ ñïåöèàëüíûõ ïðåîáðàçîâàíèé, îïèñàííûõ â [4].

Ñïèñîê ëèòåðàòóðû

[1] Zeifman A., Satin Ya., Shorgin S., Bening V. On Mn(t)/Mn(t)/S queues with
catastrophes // Proceedings of the 4th International Conference on Performance
Evaluation Methodologies and Tools. Pisa, Italy October 19�23, 2009.

[2] Çåéôìàí À. È., Êîðîòûøåâà À. Â., Ñàòèí ß. À., Øîðãèí Ñ. ß. Îá óñòîé÷è-
âîñòè íåñòàöèîíàðíûõ ñèñòåì îáñëóæèâàíèÿ ñ êàòàñòðîôàìè // Èíôîðìàòèêà è åå
ïðèìåíåíèÿ, 2010, Ò. 4, � 3, Ñ. 9�15.

[3] Mitrophanov A. Yu. Stability and exponential convergence of continuous-time Markov
chains // J. Appl. Prob. 2003. V. 40. P. 970�979.

216



[4] Çåéôìàí À. È., Áåíèíã Â. Å., Ñîêîëîâ È. À. Ìàðêîâñêèå öåïè è ìîäåëè ñ íåïðå-
ðûâíûì âðåìåíåì. Ì.: Ýëåêñ-ÊÌ, 2008.

Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ ñ ïîëóôðåäãîëüìîâûì
îïåðàòîðîì ïðè ïðîèçâîäíîé

Çóáîâà Ñ. Ï. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Èññëåäóåòñÿ óðàâíåíèå

A(t)
dx(t)

dt
= D(t)u(t), (1)

ãäå A(t) � çàìêíóòûé ëèíåéíûé íåòåðîâ ïðè êàæäîì t îïåðàòîð
(îí æå ïîëóôðåäãîëüìîâ, îí æå ôðåäãîëüìîâ ñ íåíóëåâûì èíäåêñîì
κ = dim kerA(t) − dim cokerA(t)), äåéñòâóþùèé èç áàíàõîâà ïðîñòðàí-
ñòâà E1 â áàíàõîâî ïðîñòðàíñòâî E2, D(A(t)) = E1, dim kerA(t) = const,
dim cokerA(t) = const, B(t) ∈ L(E1, E2); t ∈ [0, T ].

Îïðåäåëåíèå 1. Óðàâíåíèå (1) íàçûâàþò ðåãóëÿðíûì, åñëè ∃(A(t) −
λB(t))−1, äëÿ ëþáûõ λ ∈ C ∩ U̇(0), ∀t ∈ [0, T ].

Îïðåäåëåíèå 2. Óðàâíåíèå (1) íàçîâåì ïñåâäîðåãóëÿðíûì, åñëè

ker(A(t)− λB(t)) = {0} ∀λ ∈ C ∩ U̇(0), ∀t ∈ [0, T ].

1. Ñëó÷àé ïîñòîÿííûõ A, B. Ïðè ðåøåíèè ðåãóëÿðíîãî óðàâíåíèÿ (1) c
óñëîâèåì x(0) = x0 ∈ E1 áîëüøóþ ðîëü èãðàåò îïåðàòîð Aλ = (A− λB)−1A.

Â ïñåâäîðåãóëÿðíîì ñëó÷àå ñòðîèòñÿ îïåðàòîð Aλ äðóãèì îáðàçîì.

Òåîðåìà 1. Â E1 âëîæåíû ïîäïðîñòðàíñòâàM è N , èíâàðèàíòíûå îò-
íîñèòåëüíî Aλ. Â M îïåðàòîð Aλ îáðàòèì, N � êîðíåâîå ïîäïðîñòðàíñòâî
äëÿ Aλ.

Â ðåãóëÿðíîì ñëó÷àå

E1 = M+̇N, (2)

òî åñòü ÷èñëî 0 ÿâëÿåòñÿ äëÿ Aλ íîðìàëüíûì ñîáñòâåííûì ÷èñëîì.
Â ïñåâäîðåãóëÿðíîì ñëó÷àå ðàçëîæåíèå (2) èìååò ìåñòî ëèøü äëÿ îïðå-

äåëåííûõ A, B.

Òåîðåìà 2. Ðåøåíèå çàäà÷è Êîøè äëÿ (1) ñóùåñòâóåò â òîì, è òîëüêî
òîì ñëó÷àå, êîãäà x0 ∈M . Ïðè ýòîì x(t) ∈M è åäèíñòâåííî.

Òåîðåìà 3. Ïðè ∃λ ∈ C ∩ U̇(0) òàêîãî, ÷òî ker(A − λB) 6= {0}, â E1

âëîæåíî èíâàðèàíòíîå îòíîñèòåëüíî Aλ ïîäïðîñòðàíñòâî M∞. Ðåøåíèå
çàäà÷è Êîøè ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà x0 ∈M∞. Ïðè ýòîì
x(t) ∈M∞ è íååäèíñòâåííî.

2. Ñëó÷àé ïåðåìåííûõ A(t), B(t). Âûÿâëÿþòñÿ ñâîéñòâà A(t), B(t), äî-
ñòàòî÷íûå äëÿ âûïîëíåíèÿ òåîðåì (1)�(3).

Âî âñåõ ñëó÷àÿõ âûâîäÿòñÿ ôîðìóëû äëÿ ðåøåíèÿ x(t).
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Ðåãóëÿðèçîâàííûé ñëåä âîçìóùåíèÿ îïåðàòîðà
Ëàïëàñà�Áåëüòðàìè

Çûêîâà Ò. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ íàõîæäåíèå ðåãóëÿðèçîâàííîãî
ñëåäà îïåðàòîðà Ëàïëàñà�Áåëüòðàìè ñ ïîòåíöèàëîì íà ìíîãîîáðàçèè, çàäàí-
íîì íåêîòîðûì ôóíêöèîíàëüíûì ñåìåéñòâîì ãëàäêèõ ïî÷òè ëèóâèëëåâûõ
ìåòðèê íà ñôåðå (ïðè ýòîì âñå ãåîäåçè÷åñêèå ýòèõ ìåòðèê çàìêíóòû è èìåþò
îäèíàêîâóþ äëèíó) [1]. Äëÿ ïîñòðîåíèÿ ýòîãî ñåìåéñòâà, ìåòðèêà ïîñòîÿííîé
êðèâèçíû íà ñôåðå ïðåäñòàâëÿåòñÿ â ëèóâèëëåâîì âèäå ñ ïîìîùüþ ñôåðî-
êîíè÷åñêèõ êîîðäèíàò (v1, v2, v3).

ds2
0 =

1

4
(v2 − v3)

(
− dv2

2

P (v2)
+

dv2
3

P (v3)

)
, ãäå P (v) = (a+ v)(b+ v)(c+ v). (1)

Çàòåì ïðîñòðàíñòâî R3 ðàçáèâàåòñÿ íà ÷åòûðå îáëàñòè, è ïîêàçûâàåòñÿ, ÷òî
íà êàæäîé èç íèõ ôóíêöèè P (v2) è P (v3) ìîæíî çàäàòü íåçàâèñèìî äðóã
îò äðóãà è âíóòðè êàæäîé îáëàñòè, âìåñòî ôóíêöèé P (v2) è P (v3), çàäàâà-
åìûõ îäíîé ôóíêöèåé P , ìîæíî âçÿòü äâå ðàçíûå. Òàê, íàïðèìåð, íà 1-îé
îáëàñòè ìåòðèêà áóäåò çàâèñåòü îò ôóíêöèé Q+(v2) è R+(v3), íà 2-îé � îò
Q+(v2) è R−(v3), íà 3-åé � îò Q−(v2) è R+(v3), íà 4-îé � îò Q−(v2) è R−(v3).
Îïðåäåëåííûì îáðàçîì ìåíÿÿ ôóíêöèè Q+, Q−, R+, R−, ïîëó÷àåì áîãàòîå
ôóíêöèîíàëüíîå ñåìåéñòâî ãëàäêèõ ìåòðèê ds2(Q+, Q−, R+, R−) íà ñôåðå,
ãåîäåçè÷åñêèå êîòîðûõ çàìêíóòû è èìåþò îäèíàêîâóþ äëèíó.

Òåîðåìà 1. Ïóñòü ML�ìíîãîîáðàçèå, îïèñàííîå âûøå. Åñëè q�
áåñêîíå÷íî-äèôôåðåíöèðóåìàÿ âåùåñòâåííîçíà÷íàÿ ôóíêöèÿ íà ML, òî äëÿ
ñîáñòâåííûõ ÷èñåë îïåðàòîðà A = ∆ + q âåðíî ðàâåíñòâî:

∞∑
k=0

2k∑
i=0

λki − k(k + 1)− 1

4π

∫∫
ML

q(v2, v3)
√

det g dv2dv3

 =

=
1

16π2

∫
S∗ML

(qav)2dv − 1

60π

∫∫
ML

(∆γ(ML) + γ2(ML)− γ(ML))
√

det g dv2dv3−

− 1

24π

∫∫
ML

(
∆q(v2, v3) + 3q2(v2, v3)− 2q(v2, v3)(γ(ML)− 1)

)√
det g dv2dv3,

ãäå γ(ML)� ãàóññîâà êðèâèçíàML, è
√

det g� êîðåíü èç îïðåäåëèòåëÿ ìàò-
ðèöû ìåòðè÷åñêîãî òåíçîðà, S∗ML� ðàññëîåíèå åäèíè÷íûõ ñôåð â êîêàñà-
òåëüíîì ïðîñòðàíñòâå, dv� êàíîíè÷åñêàÿ ôîðìà îáúåìà íà S∗ML, à qav �

ñèìâîë óñðåäíåíèÿ íà ML (qav =
1

2π

2π∫
0

(exp tΞ)∗(q)dt, ãäå Ξ� ãàìèëüòîíî-

âî âåêòîðíîå ïîëå íà êîêàñàòåëüíîì ðàññëîåíèè T ∗ML \ {0}, îïðåäåëÿåìîå
ðèìàíîâîé ñòðóêòóðîé íà ML).
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Î íåðàâåíñòâàõ Ëèáà�Òèððèíãà íà íåêîòîðûõ ìíîãîáðàçèÿõ
Èëüèí À. À. (ÈÏÌ èì. Ì. Â. Êåëäûøà, Ðîññèÿ)

Îáîçíà÷èì ÷åðåç M äâóìåðíóþ ñôåðó S2 èëè äâóìåðíûé òîð T2. Äëÿ
äîñòàòî÷íî ãëàäêîãî ïîòåíöèàëà V ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

QV (h) =

∫
M

|∇h(x)|2 dM +

∫
M

V (x)h(x)2 dx,

h ∈ Ḣ1(M),

∫
M

h(x) dM = 0,

êîòîðàÿ îãðàíè÷åíà ñíèçó è îïðåäåëÿåò ñàìîñîïðÿæåííûé îïåðàòîð ñ äèñ-
êðåòíûì ñïåêòðîì ν1 ≤ ν2 ≤ · · · → ∞.

Òåîðåìà 1. Äëÿ îòðèöàòåëüíîãî ñïåêòðà ýòîãî îïåðàòîðà ñïðàâåäëèâà
îöåíêà ∑

νj≤0

|νj | ≤ L1(M)

∫
M

V−(x)2 dM, V−(x) = (|V (x)| − V (x))/2.

Ïðè ýòîì

L1(T2) <
3

8
, L1(S2) <

3

8
.

Â îäíîìåðíîì ñëó÷àå ñïðàâåäëèâà îöåíêà ñ äîáàâî÷íûì ÷ëåíîì. Äëÿ
L-ïåðèîäè÷åñêèõ ôóíêöèé ñ íóëåâûì ñðåäíèì ðàññìîòðèì îïåðàòîð, ñîîò-
âåòñòâóþùèé êâàäðàòè÷íîé ôîðìå

QV (h) =

∫ L

0

h′(x)2 dx+

∫ L

0

V (x)h(x)2 dx.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò N îòðèöàòåëüíûõ ñîá-
ñòâåííûõ çíà÷åíèé νj ≤ 0 ýòîãî îïåðàòîðà. Òîãäà

N∑
j=1

|νj |+N
4

L2
≤ 2

3
√

3

∫ L

0

V−(x)
3
2 dx.
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Òîæäåñòâî Ïîõîæàåâà è âû÷èñëåíèå êðèòè÷åñêèõ íåëèíåéíîñòåé
äëÿ çàäà÷ ñî ñâîáîäíîé ãðàíèöåé

Èëüÿñîâ ß. Ø. (Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ)

Â 1999 ãîäó Äèàñ è Ýðíàíäåñ [1], â îäíîìåðíîì ñëó÷àå (n = 1) ïîêàçàëè,
÷òî óðàâíåíèå

−∆u = λ|u|β−1u− |u|α−1u â Rn, (1)

ãäå 0 < α < β < 1, èìååò ïðè äîñòàòî÷íî áîëüøèõ λ íåîòðèöàòåëüíîå ðåøåíèå
ñ êîìïàêòíûì íîñèòåëåì â Rn. Â ëèòåðàòóðå òàêèå ðåøåíèÿ èíîãäà íàçûâàþò
êîìïàêòîíàìè èëè ðåøåíèÿìè çàäà÷ ñî ñâîáîäíîé ãðàíèöåé (ñì. [3]). Âîïðîñ
î òîì, ñóùåñòâóþò ëè êîìïàêòîíû ó çàäà÷è (1) ïðè n > 1, äî íåäàâíåãî
âðåìåíè îñòàâàëñÿ îòêðûòûì. Âïåðâûå îòâåò íà ýòîò ïðîáëåìó áûë íàéäåí â
ñîâìåñòíîé ðàáîòå àâòîðà ñ Þ. Â. Åãîðîâûì [2], ãäå áûëî äîêàçàíî, ÷òî åñëè

n > n∗ :=
2(1 + α)(1 + β)

(1− α)(1− β)
, (2)

òî óðàâíåíèå (1) îáëàäàåò íåîòðèöàòåëüíûì êîìïàêòîíàìè ïðè âñåõ λ > λ∗,
äëÿ íåêîòîðîãî λ∗ > 0.

Îñíîâíîé öåëüþ ïðåäñòàâëåííîãî äîêëàäà ÿâëÿåòñÿ îáîñíîâàíèå òîãî, ÷òî
ðàçìåðíîñòü n∗, çàäàâàåìàÿ ïî ôîðìóëå (2), äåéñòâèòåëüíî îáëàäàåò ñâîé-
ñòâàìè êðèòè÷åñêîãî ïîêàçàòåëÿ äëÿ (1). Â îñíîâå íàøåãî ïîäõîäà ëåæèò
èñïîëüçîâàíèå òîæäåñòâà Ïîõîæàåâà [4], ïðèìåíÿåìîãî â íîâîì êà÷åñòâå.
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Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è äëÿ
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ñ èíòåãðàëüíûì

âîçìóùåíèåì êðàåâîãî óñëîâèÿ
Èìàíáàåâ Í. Ñ. (Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò

èì. À. ßñàâè, Êàçàõñòàí)

Â ïðîñòðàíñòâå L2(0, 1) ðàññìîòðèì îïåðàòîð L0, ïîðîæäåííûé îáûêíî-
âåííûì äèôôåðåíöèàëüíûì âûðàæåíèåì

l(u) = u(n)(x) + q2(x)u(n−2)(x) + . . .+ qn(x)u(x), 0 < x < 1, (1)

è êðàåâûìè óñëîâèÿìè

Uj(u) ≡
n−1∑
k=0

[αjku
(k)(0) + βjku

(k)(1)] = 0, j = 1, n. (2)
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Ïðåäïîëàãàåì, ÷òî êîýôôèöèåíòû óðàâíåíèÿ qk(x) ∈ Cn−k[0, 1], k = 2, n,
à ôîðìû Uj(u)�ëèíåéíî íåçàâèñèìûå, ñ êîìïëåêñíîçíà÷íûìè ïîñòîÿííûìè
êîýôôèöèåíòàìè.

Ïóñòü L1 � îïåðàòîð â L2(0, 1), çàäàííûé âûðàæåíèåì (1) è
”
âîçìóùåí-

íûìè“ êðàåâûìè óñëîâèÿìè:

Uj(u) = 0, j = 1, n, j 6= m,

Um(u) =

∫ 1

0

pm(x)u(x)dx, pm(x) ∈ L2(0, 1).
(3)

Âîïðîñ î áàçèñíîñòè ÑèÏÔ îïåðàòîðà L1 ñ áîëåå îáùèìè èíòåãðàëüíû-
ìè êðàåâûìè óñëîâèÿìè ïîëîæèòåëüíî ðåøåí â [1], ãäå äîêàçàíà áàçèñíîñòü
Ðèññà ñî ñêîáêàìè ïðè óñëîâèè ðåãóëÿðíîñòè ïî Áèðêãîôó êðàåâûõ óñëîâèé
(2); à ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè óñèëåííîé ðåãóëÿðíîñòè � áàçèñ-
íîñòü Ðèññà ÑèÏÔ.

Â íàñòîÿùåì äîêëàäå â ïðåäïîëîæåíèè, ÷òî íåâîçìóùåííûé îïåðàòîð L0

îáëàäàåò ñèñòåìîé ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé (ÑèÏÔ), îáðàçó-
þùåé áàçèñ Ðèññà â L2(0, 1), ìû ïîñòðîèì õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü
ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà L1.

Òåîðåìà 1. Ïóñòü çàäà÷à (1), (2) îáëàäàåò ñîáñòâåííûìè çíà÷åíèÿìè
λ0
k è ÑèÏÔ, îáðàçóþùèìè áàçèñ Ðèññà. Òîãäà õàðàêòåðèñòè÷åñêèé îïðåäå-
ëèòåëü çàäà÷è (1), (3) ñ âîçìóùåííûìè êðàåâûìè óñëîâèÿìè ïðåäñòàâèì â
âèäå

∆1(λ) = ∆0(λ)

1−
∞∑
k=1

m0
k∑

j=0

akj

m0
k−j∑
r=0

(λ0
k)

n−1
n

r

[λ− λ0
k]r+1

V2n−m+1(v0
kj+r)

 , (4)

ãäå ∆0(λ)�õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü çàäà÷è (1), (2); V2n−m+1 �
ëèíåéíûå îäíîðîäíûå ôîðìû, âîçíèêàþùèå ïðè ïîñòðîåíèè êðàåâûõ óñëîâèé
ñîïðÿæåííîé íåâîçìóùåííîé çàäà÷è; {v0

kj}�ÑèÏÔ ñîïðÿæåííîé íåâîçìó-
ùåííîé çàäà÷è; akj � êîýôôèöèåíòû Ôóðüå áèîðòîãîíàëüíîãî ðàçëîæåíèÿ
ôóíêöèè pm(x) ïî ýòîé ñèñòåìå.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ì. À. Ñàäûáåêîâûì.

Ñïèñîê ëèòåðàòóðû

[1] Øêàëèêîâ À. À. Î áàçèñíîñòè ñîáñòâåííûõ ôóíêöèé îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ ñ èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè // Âåñòíèê ÌÃÓ. 1982.
� 6. Ñ. 12�21.

Îáîáùåíèå òåîðåìû î ðàâíîìåðíûõ àòòðàêòîðàõ ïîëóïðîöåññîâ
Èïàòîâà Â. Ì. (Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò, Ðîññèÿ)

Äèíàìè÷åñêèå ñèñòåìû, ïîðîæäàåìûå äèññèïàòèâíûìè ýâîëþöèîííûìè
óðàâíåíèÿìè, è èõ àòòðàêòîðû ïðèâëåêàþò âíèìàíèå èññëåäîâàòåëåé â ðàç-
ëè÷íûõ îáëàñòÿõ çíàíèé. Ïåðâîíà÷àëüíî àòòðàêòîðû ðàññìàòðèâàëèñü òîëü-
êî äëÿ àâòîíîìíûõ óðàâíåíèé, çàòåì ýòî ïîíÿòèå áûëî îáîáùåíî [1] íà ñëó÷àé
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íåàâòîíîìíûõ ýâîëþöèîííûõ ñèñòåì. Âàæíûì äëÿ ïðèëîæåíèé ÿâëÿåòñÿ âî-
ïðîñ î òîì, íàñêîëüêî áëèçêè àòòðàêòîðû äèñêðåòíûõ àïïðîêñèìàöèé ìàòå-
ìàòè÷åñêèõ ìîäåëåé ê èõ èñòèííûì àòòðàêòîðàì. Äëÿ àâòîíîìíûõ óðàâíåíèé
ýòîò âîïðîñ áûë èçó÷åí â [2], ãäå áûëà äîêàçàíà òåîðåìà î ïîëóíåïðåðûâíîé
çàâèñèìîñòè îò ïàðàìåòðà àòòðàêòîðîâ ñåìåéñòâ ïîëóäèíàìè÷åñêèõ ñèñòåì.
Â ðàáîòå [3] àíàëîãè÷íûé ðåçóëüòàò áûë ïîëó÷åí äëÿ ðàâíîìåðíûõ àòòðàêòî-
ðîâ ñåìåéñòâ ïîëóïðîöåññîâ, ñîîòâåòñòâóþùèõ íåàâòîíîìíûì ýâîëþöèîííûì
óðàâíåíèÿì. Â [2, 3] ïðåäïîëàãàëîñü, ÷òî ðàññìàòðèâàåìûå ñåìåéñòâà èìåþò
îáùóþ ïîëóãðóïïó âðåìåíè, ïîýòîìó ïðè èññëåäîâàíèè ñõîäèìîñòè àòòðàê-
òîðîâ êîíå÷íî-ðàçíîñòíûõ ñõåì ïðèõîäèëîñü ñ÷èòàòü, ÷òî øàã ñåòêè ïðåä-
ñòàâëÿåòñÿ â âèäå τ = τn = T0/n, ãäå T0 �íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî,
n ∈ N.

Â íàñòîÿùåé ðàáîòå äîêàçàíà áîëåå îáùàÿ òåîðåìà î ïîëóíåïðåðûâíîé
ñâåðõó çàâèñèìîñòè îò ïàðàìåòðà ðàâíîìåðíûõ àòòðàêòîðîâ ñåìåéñòâ ïîëó-
ïðîöåññîâ äëÿ ñëó÷àÿ, êîãäà ðàññìàòðèâàåìûå ñåìåéñòâà ìîãóò íå èìåòü îá-
ùåé ïîëóãðóïïû âðåìåíè.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013 ãîäû è ÀÂÖÏ
�Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû�, ãðàíò 2.1.1/11133.
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Íåðàâåíñòâî Âèðòèíãåðà äëÿ îïåðàòîðà âíóòðåííåé ñóïåðïîçèöèè
Èñëàìîâ Ã. Ã. (Óäìóðòñêèé ãîñóíèâåðñèòåò, Ðîññèÿ)

Íà ãëàäêèõ 2π-ïåðèîäè÷åñêèõ ôóíêöèÿõ x(t) ðàññìîòðèì ïðè

t ∈ [0, 2π] îïåðàòîð âíóòðåííåé ñóïåðïîçèöèè (Sx)(t) =

m∑
j=1

pj(t)x(qj(t)),

ãäå pj(t) è qj(t), ñîîòâåòñòâåííî, êâàäðàòè÷íî ñóììèðóåìûå è èçìåðè-
ìûå ïî Ëåáåãó ôóíêöèè. Îïðåäåëèì ïðè t ∈ [0, 2π] îòêëîíåíèÿ
hj(t) = qj(t) − 2πk, åñëè qj(t) ∈ [2πk, 2π(k + 1)), k = 0,±1,±2, . . . Î÷åâèä-
íî, ÷òî (Sx)(t) =

∑m
j=1 pj(t)x(hj(t)), ïðè÷åì hj(t) ∈ [0, 2π) ïðè t ∈ [0, 2π].

Èçâåñòíîå íåðàâåíñòâî Âèðòèíãåðà [1] äàåò ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1. Ïóñòü ôóíêöèè mesh−1
j (0, t] àáñîëþòíî íåïðåðûâíû íà îò-

ðåçêå [0, 2π],

α = vrai sup
t∈[0,2π]

m∑
j=1

d

dt

∫
h−1
j (0,t]

|pj(s)|2 ds <∞.
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Ïóñòü, äàëåå, z(t) = (Sy)(t), ãäå y(t) åñòü 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ íóëå-

âûì ñðåäíèì íà ïåðèîäå

(∫ 2π

0

y(s) ds = 0

)
è êâàäðàòè÷íî ñóììèðóåìîé íà

[0, 2π] ïðîèçâîäíîé y′(t). Òîãäà ‖z‖L2[0,2π] ≤ α‖y′‖L2[0,2π].

Óòî÷íåíèå êîíñòàíòû α â ïîñëåäíåì íåðàâåíñòâå áûëî ïîëó÷åíî íà îñíîâå
ñëåäóþùåãî èíòåãðàëüíîãî ïðåäñòàâëåíèÿ

y(t) = (Ky′)(t) ≡ 1

2π

∫ 2π

0

k(t− s)y′(s) ds

ãëàäêèõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé y(t) ñ íóëåâûì ñðåäíèì íà ïåðèîäå è
ïîñëåäóþùåãî ïðèìåíåíèÿ

”
òåñòà Øóðà“ [2] ê èíòåãðàëüíîìó îïåðàòîðó |SK|

ñ ÿäðîì |G(t, s)|, ãäå G(t, s) =
1

2π

m∑
j=1

pj(t)k(hj(t) − s). Çäåñü k(t) åñòü 2π-

ïåðèîäè÷åñêàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà [−π, π] ðàâåíñòâîì

k(t) =


−t+ π, åñëè t ∈ (0, π],
0, åñëè t = 0,
−t− π, åñëè t ∈ [−π, 0).

Òî÷íîå çíà÷åíèå êîíñòàíòû α ðàâíî min
c

íàèáîëüøåãî çíà÷åíèÿ ïàðàìåòðà

ω = ω(c) â ñïåêòðàëüíîé çàäà÷å ñ ôèêñèðîâàííîé êîíñòàíòîé c

ω2u(t) =

∫ 2π

0

(G(t, s)− c)v(s) ds, v(s) =

∫ 2π

0

(G(t, s)− c)u(t) dt.
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Î êðèòåðèè ëîêàëèçàöèè ñïåêòðà ìîäåëüíîé çàäà÷è, ñâÿçàííîé ñ
îïåðàòîðîì Îððà�Çîììåðôåëüäà

Èøêèí Õ. Ê. (Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ñ èçâåñòíûì â ãèäðîäèíàìèêå îïåðàòîðîì Îððà�Çîììåðôåëüäà [1] àññî-
öèèðóåòñÿ ìîäåëüíàÿ çàäà÷à âèäà

iε2y′′ + q(x)y = λy, (1)

y(−1) = y(1) = 0. (2)

Çäåñü ε > 0 � ìàëûé ïàðàìåòð, ôóíêöèÿ q âîçðàñòàåò íà [−1, 1]. Åñëè q
ñóììèðóåìà íà èíòåðâàëå (0, 1), òî ñïåêòð çàäà÷è (1)�(2) äèñêðåòåí è ëåæèò
â ïîëóïîëîñå Π = {a < Re z < b, Im z < 0}, ãäå a = q(−1), b = q(1). Â ðàáîòå
[2] ïîêàçàíî, ÷òî åñëè q ïðèíàäëåæèò êëàññó AM ôóíêöèé, äîïóñêàþùèõ
àíàëèòè÷åñêîå ïðîäîëæåíèå ñ îòðåçêà [−1, 1] â íåêîòîðóþ îáëàñòü G ⊂ C
òàê, ÷òî îòîáðàæåíèå q : G → Π íåïðåðûâíî è áèåêòèâíî, òî ïðåäåëüíûé
ñïåêòðàëüíûé ãðàô Γ çàäà÷è (1)�(2) èìååò ôîðìó

”
ñïåêòðàëüíîãî ãàëñòóêà“:

Γ = γ− ∪ γ+ ∪ γ∞, (3)
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ãäå êðèâûå γ±, γ∞ èìåþò åäèíñòâåííóþ îáùóþ òî÷êó λ0 è ñîåäèíÿþò åå ñ ±1
è −i∞ ñîîòâåòñòâåííî.

Â ïðåäëàãàåìîì äîêëàäå îáñóæäàåòñÿ âîïðîñ: íàñêîëüêî óñëîâèå q ∈ AM
íåîáõîäèìî äëÿ ðåàëèçàöèè Γ â âèäå (3)?

Ìû äîêàçûâàåì, ÷òî ïðè ëþáîì l < Imλ0 ïðåäïîëîæåíèå î òîì, ÷òî
äëÿ σl(ε)�÷àñòè ñïåêòðà çàäà÷è (1)�(2) â ïîëóïîëîñå Πl = Π ∩ {Imλ < l}�
ïðåäåëüíûì ñïåêòðàëüíûì ãðàôîì ñëóæèò êðèâàÿ γl∞ = γ∞∩{λ ∈ C : Imλ <
l}, âëå÷åò çà ñîáîé âîçìîæíîñòü àíàëèòè÷åñêîãî ïðîäîëæåíèÿ q â íåêîòîðóþ
îêðåñòíîñòü îòðåçêà [−1, 1].

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû �� 09-01-00440-à,
08-01-97020.
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Î ñïåêòðå è ÷àñòÿõ ñïåêòðà îäíîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå

Êàëèòâèí À. Ñ. (Ëèïåöêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Â áàíàõîâîì ïðîñòðàíñòâå X = X(S) ðàññìàòðèâàåòñÿ çàäà÷à Êîøè

λ
dx

dt
= M(t)

dx

dt
+N(t)x+ f(t), x(t0) = ϕ(s), (1)

ãäå λ � ÷èñëîâîé ïàðàìåòð, S � ìíîæåñòâî êîíå÷íîé ëåáåãîâîé ìåðû â Rn,
t ∈ [a, b], f(t) � íåïðåðûâíàÿ íà [a, b] âåêòîð-ôóíêöèÿ ñî çíà÷åíèÿìè â ïðî-
ñòðàíñòâå X, ϕ ∈ X, M(t) è N(t) � îïåðàòîð-ôóíêöèè

(M(t)u)(s) =

∫
S

m(t, s, σ)u(σ) dσ, (N(t)u)(s) =

∫
S

n(t, s, σ)u(σ) dσ,

à dx/dt � ïðîèçâîäíàÿ Ôðåøå. Ïîä ðåøåíèåì çàäà÷è (1) ïîíèìàåòñÿ íåïðå-
ðûâíî äèôôåðåíöèðóåìàÿ íà îòðåçêå [a, b] âåêòîð-ôóíêöèÿ x(t) ñî çíà÷å-
íèìè â ïðîñòðàíñòâå X. Ñ çàäà÷åé (1) ñâÿçàíà çàäà÷à Êîøè äëÿ èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ Áàðáàøèíà:

λ
∂x(t, s)

∂t
=

∫
S

m(t, s, σ)
∂x(t, σ)

∂t
dσ +

∫
S

n(t, s, σ)x(t, σ)dσ + f(t, s),

x(t0, s) = ϕ(s).

(2)

Ïóñòü S � êîìïàêò, è X = X(S) � ïðîñòðàíñòâî íåïðåðûâíûõ íà
S ôóíêöèé ñ ñóïðåìóì-íîðìîé. Àíàëîãè÷íî [1] äîêàçûâàåòñÿ, ÷òî ðåøå-
íèå x(t)(s) çàäà÷è (1) îïðåäåëÿåò íåïðåðûâíîå íà D = [a, b] × S âìåñòå ñ
∂x(t, s)/∂t ðåøåíèå x(t, s) := x(t)(s) çàäà÷è (2), ïðè ýòîì âåðíî è îáðàòíîå
óòâåðæäåíèå. Ïðåäïîëîæèì, ÷òî îïåðàòîðû (My)(t, s) =

∫
S
m(t, s, σ)y(t, σ) dσ
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è (Ny)(t, s) =
∫ t
t0

∫
S
n(t, s, σ)y(τ, σ) dτdσ äåéñòâóþò â ïðîñòðàíñòâå C(D)-

íåïðåðûâíûõ íà D ôóíêöèé. Â ýòîì ñëó÷àå M(t) è N(t) � ñèëüíî íåïðåðûâ-
íûå îïåðàòîð-ôóíêöèè, à çàäà÷à (1) ðàâíîñèëüíà ðàññìàòðèâàåìîìó â C(D)
èíòåãðàëüíîìó óðàâíåíèþ

λy(t, s) = ((M +N)y)(t, s) + g(t, s) ≡ (Ky)(t, s) + g(t, s), (3)

ãäå g(t, s) = f(t, s) +
∫
S
m(t, s, σ)ϕ(σ) dσ, â òîì ñìûñëå, ÷òî èõ ðåøåíèÿ ñâÿçà-

íû ðàâåíñòâîì x(t)(s) = x(t, s) =
∫ t
t0
y(τ, s)dτ + ϕ(s). Ïîýòîìó ïîä ñïåêòðîì

è ÷àñòÿìè ñïåêòðà çàäà÷è (1) áóäåì ïîíèìàòü ñïåêòð è ÷àñòè ñïåêòðà äåé-
ñòâóþùåãî â C(D) îïåðàòîðà K èç óðàâíåíèÿ (3). ×åðåç C(L1) îáîçíà÷èì
ìíîæåñòâî èçìåðèìûõ íà D × S ôóíêöèé, êàæäàÿ èç êîòîðûõ íåïðåðûâíà
ïî (t, s) ∈ D êàê âåêòîð-ôóíêöèÿ ñî çíà÷åíèÿìè â L1(S), ÷åðåç σ(A), σew(A)
è σes(A) � ñïåêòð, ñóùåñòâåííûé ñïåêòð â ñìûñëå Âîëüôà è Øåõòåðà ëè-
íåéíîãî â C(D) îïåðàòîðà A [1], à ÷åðåç σ(M(t)) � ñïåêòð äåéñòâóþùåãî â
ïðîñòðàíñòâå X îïåðàòîðà M(t) (t ∈ [a, b]).

Òàê æå, êàê â [2], äîêàçûâàåòñÿ, ÷òî åñëè m,n ∈ C(L1), òî

σ(K) = σew(K) = σes(K) = σ(M) = σew(M) = σes(M) = ∪tσ(M(t)).
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Îá îäíîé çàäà÷å äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
â áàíàõîâîì ïðîñòðàíñòâå

Êàëèòâèí Â. À. (Ëèïåöêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Â âåùåñòâåííîì áàíàõîâîì ïðîñòðàíñòâå X ðàññìàòðèâàåòñÿ çàäà÷à Êî-
øè

dx

dt
= M(t)

dx

dt
+ C(t)x+N(t)x+ f(t), x(t0) = ϕ, (1)

ãäå t ∈ [a, b], f(t) è x(t) � îïðåäåëåííûå íà [a, b] âåêòîð-ôóíêöèè ñî çíà÷å-
íèÿìè â ïðîñòðàíñòâå X, ϕ ∈ X, C(t), M(t) è N(t) � îïåðàòîð-ôóíêöèè:
(C(t)u)(s) := c(t, s)u(s),

(M(t)u)(s) :=

∫
S

m(t, s, σ)u(σ)dσ, (N(t)u)(s) :=

∫
S

n(t, s, σ, u(σ)) dσ,

dx/dt � ïðîèçâîäíàÿ Ôðåøå, S � êîìïàêòíîå ìíîæåñòâî â Rn, èíòåãðàëû ïî-
íèìàþòñÿ â ñìûñëå Ëåáåãà, à ïîä ðåøåíèåì çàäà÷è ïîíèìàåòñÿ íåïðåðûâíî
äèôôåðåíöèðóåìàÿ íà îòðåçêå [a, b] âåêòîð-ôóíêöèÿ ñî çíà÷åíèÿìè â ïðî-
ñòðàíñòâå X.

Ïðè åñòåñòâåííûõ óñëîâèÿõ çàäà÷à (1) ìîæåò áûòü èíòåðïðåòèðîâàíà êàê
çàäà÷à Êîøè äëÿ íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Áàð-
áàøèíà:

∂x(t, s)

∂t
=

∫
S

m(t, s, σ)
∂x(t, σ)

∂t
dσ +

∫
S

n(t, s, σ, x(t, σ)) dσ+
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+ c(t, s)x(t, s) + f(t, s), x(t0, s) = ϕ(s). (2)

Ïóñòü D = [a, b] × S, C(D) è X = C(S) � ïðîñòðàíñòâà íåïðåðûâíûõ
íà D è S ñîîòâåòñòâåííî ôóíêöèé ñ ñóïðåìóì-íîðìîé, à Ct(D) � ìíîæåñòâî
íåïðåðûâíûõ íà D âìåñòå ñ ÷àñòíîé ïðîèçâîäíîé ïî t ôóíêöèé. Àíàëîãè÷íî
[1], íåïðåðûâíî äèôôåðåíöèðóåìîå íà îòðåçêå [a, b] ðåøåíèå x(t)(s) çàäà÷è (1)
îïðåäåëÿåò ðåøåíèå x(t, s) := x(t)(s) çàäà÷è (2), ïðèíàäëåæàùåå Ct(D); âåðíî
è îáðàòíîå óòâåðæäåíèå.

×åðåç C(L1) îáîçíà÷èì ìíîæåñòâî èçìåðèìûõ íà D×S ôóíêöèé, êàæäàÿ
èç êîòîðûõ íåïðåðûâíà ïî (t, s) ∈ D êàê âåêòîð-ôóíêöèÿ ñî çíà÷åíèÿìè â
L1(S).

Ñëåäóþùàÿ òåîðåìà äîêàçûâàåòñÿ ñ ïðèìåíåíèåì îáîáùåííîãî ïðèíöèïà
ñæèìàþùèõ îòîáðàæåíèé [2].

Òåîðåìà 1. Åñëè c, f ∈ C(D), m ∈ C(L1), ϕ ∈ C(S), íåïðåðûâíàÿ íà
D × S × (−∞,+∞) ôóíêöèÿ n óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

|n(t, s, σ, u)− n(t, s, σ, v)| ≤ n1(t, s, σ)|u− v|,

ãäå n1 ∈ C(L1), à îïåðàòîð I −M(t) îáðàòèì â C(S) ïðè êàæäîì t ∈ [a, b],
òî çàäà÷à (2) èìååò â Ct(D) åäèíñòâåííîå ðåøåíèå.

Â óñëîâèè òåîðåìû çàäà÷à (1) èìååò íà îòðåçêå [a, b] åäèíñòâåííîå íåïðå-
ðûâíî äèôôåðåíöèðóåìîå ðåøåíèå.
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Î äâóñòîðîííèõ îöåíêàõ ñîáñòâåííûõ çíà÷åíèè îáúåìíîãî
ïîòåíöèàëà äëÿ óðàâíåíèÿ Ëàïëàñà

Êàëüìåíîâ Ò. Ø. (Èíñòèòóò ìàòåìàòèêè, èíôîðìàòèêè è ìåõàíèêè ÌÎÍ
ÐÊ, Êàçàõñòàí)

Ñóðàãàí Ä. (Èíñòèòóò ìàòåìàòèêè, èíôîðìàòèêè è ìåõàíèêè ÌÎÍ ÐÊ,
Êàçàõñòàí)

Â ðàáîòå [3] âïåðâûå âûïèñàíî ãðàíè÷íîå óñëîâèå îáúåìíîãî ïîòåíöèàëà
äëÿ óðàâ-íåíèÿ Ëàïëàñà â ïðîèçâîëüíîé îáëàñòè è íàéäåíû ñîáñòâåííûå çíà-
÷åíèÿ è ñîáñòâåí-íûå ôóíêöèè îáúåìíîãî ïîòåíöèàëà â ñëó÷àå äâóõìåðíîãî
êðóãà è òðåõìåðíîãî øàðà. Íèæå óñòàíîâèì äâóñòîðîííþþ îöåíêó ñîáñòâåí-
íîãî çíà÷åíèÿ îáúåìíîãî ïîòåíöèàëà ÷åðåç ñîáñòâåííûå çíà÷åíèÿ êëàññè÷å-
ñêèõ çàäà÷ Äèðèõëå è Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà.

Èìååò ìåñòî

Òåîðåìà 1. Ïóñòü Ω ⊂ Rd, d ≥ 2� îãðàíè÷åííàÿ îáëàñòü ñ äîñòàòî÷íî
ãëàäêîé ãðàíèöåé ∂Ω. Òîãäà

λNn+1 ≤ λNPn+1 < λDn , (1)
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äëÿ âñåõ n ∈ N ãäå λDn , λ
N
n � ñîáñòâåííûå çíà÷åíèÿ çàäà÷ Äèðèõëå è Íåéìà-

íà äëÿ óðàâíåíèÿ Ëàïëàñà, ñîîòâåòñòâåííî, à λNPn � ñîáñòâåííûå çíà÷åíèÿ
îáúåìíîãî ïîòåíöèàëà∫

Ω

εd(x− y)un(y)dy = λNPn un(x). (2)

ε2(x− y) = − 1

2π
ln |x− y|, εd(x− y) =

1

(d− 2)σd
|x− y|2−d, d > 2. (3)

Çäåñü εd(x)�ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà, à σd �ïëîùàäü

ïîâåðõíîñòè åäèíè÷íîé ñôåðû â Rd.
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Àñèìïòîòè÷åñêèé àíàëèç ìîäåëè Áëîõà â òåîðèè ÿäåðíîãî
ìàãíèòíîãî àâòîðåçîíàíñà

Êàëÿêèí Ë. À. (Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÐÀÍ, Ðîññèÿ)

Èññëåäîâàíà ñèñòåìà òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿä-
êà, êîòîðàÿ âîçíèêàåò ïðè óñðåäíåíèè óðàâíåíèé Áëîõà â òåîðèè ÿäåðíî-
ãî ìàãíèòíîãî ðåçîíàíñà. Äëÿ óñðåäíåííîé ñèñòåìû ïîñòðîåíà àñèìïòîòèêà
óñòîé÷èâîãî ðåøåíèÿ ñ íåîãðàíè÷åííî ðàñòóùåé àìïëèòóäîé. Ýòîò ðåçóëüòàò
äàåò êëþ÷ ê ïîíèìàíèþ àâòîðåçîíàíñà â ñëàáî äèññèïàòèâíûõ ìàãíèòíûõ ñè-
ñòåìàõ, êàê ÿâëåíèÿ çíà÷èòåëüíîãî ðîñòà íàìàãíè÷åííîñòè, èíèöèèðîâàííîãî
ìàëîé âíåøíåé íàêà÷êîé.

Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ñèñòåìà òðåõ óðàâíåíèé

dr

dτ
= A(τ) sinψ − β2r,

dz

dτ
= B(τ) r sinψ − β1z,

r
[dψ
dτ

+ Λ(τ)− z
]

= C(τ) cosψ; (β1, β2 = const > 0).

(1)

Ýòà ñèñòåìà ïðåäñòàâëÿþò ñîáîé àñèìïòîòè÷åñêîå ïðèáëèæåíèå äëÿ óðàâíå-
íèé Áëîõà [1], îïèñûâàþùèõ äèíàìèêó âåêòîðà íàìàãíè÷åííîñòè. Ñïåöèôèêà
çàäà÷è çàëîæåíà â íåîãðàíè÷åííî ðàñòóùèõ ïî âðåìåíè êîýôôèöèåíòàõ:

Λ(τ) = λ τ+O(1), A(τ) = a τ+O(1), B(τ) = b τ+O(1), C(τ) = c τ+O(1), (2)

ãäå λ, a, b, c = const 6= 0. Ñ÷èòàåòñÿ, ÷òî îñòàòêè â ýòèõ ôîðìóëàõ ïðåäñòàâ-
ëÿþò ñîáîé ãëàäêèå îãðàíè÷åííûå ôóíêöèè, êîòîðûå ðàçëàãàþòñÿ â àñèìï-
òîòè÷åñêèå ðÿäû ïî öåëûì íåïîëîæèòåëüíûì ñòåïåíÿì ïðè τ → ∞. Â ïðè-
ëîæåíèÿõ êîýôôèöèåíòû îáû÷íî ñîâïàäàþò: A(τ) ≡ B(τ) ≡ C(τ) ≡ −τ . Áåç
îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî λ > 0, a = b = −1.
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Öåíòðàëüíûì ðåçóëüòàòîì ÿâëÿåòñÿ âûÿâëåíèå ðåøåíèÿ ñ ðàñòóùåé àì-
ïëèòóäîé r2(τ), z(τ) ≈ O(τ), τ → ∞, äëÿ êîòîðîãî äîêàçûâàåòñÿ óñòîé-
÷èâîñòü ïî Ëÿïóíîâó. Äëÿ óðàâíåíèé (1) ñ óñëîâèÿìè (2) ïîñòðîåíèå ôîð-
ìàëüíîãî àñèìïòîòè÷åñêîãî ðåøåíèÿ â âèäå ðÿäîâ ïî îáðàòíûì ñòåïåíÿì
τ−n/2, n ≥ −2 íå âûçûâàåò çàòðóäíåíèé. Íà ýòîì ïóòè ñòðîÿòñÿ äâà ðåøåíèÿ,
îòëè÷èÿ â êîòîðûõ èíèöèèðóþòñÿ äâóìÿ êîðíÿìè òðèãîíîìåòðè÷åñêîãî óðàâ-
íåíèÿ sinψ0 = 0. Óñòîé÷èâûì îêàçûâàåòñÿ îäíî èç ðåøåíèé, êîòîðîå ñîîòâåò-
ñòâóåò ψ0 = 0. Îáîçíà÷èì êîìïîíåíòû ýòîãî ðåøåíèÿ R0(τ), Z0(τ), Ψ0(τ). Äëÿ
îáñóæäàåìîãî ðåøåíèÿ àñèìïòîòèêà ïðè τ →∞ îïèñûâàåòñÿ ôîðìóëàìè

R0(τ) = ν2√τ + r0 +O(τ−1/2), Z0(τ) = λτ +O(
√
τ),

Ψ0(τ) = τ−1/2ψ1 +O(τ−1);

ν2 =
√
λβ1/β2, r0 = −c/2λ, ψ1 = −ν2β2.

Òåîðåìà 1. Åñëè β1 > (1 + c)β2, β2 > 0, òî ðåøåíèå R0(τ), Z0(τ), Ψ0(τ)
àñèìïòîòè÷åñêè óñòîé÷èâî ïðè τ →∞.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Î. À. Ñóëòàíîâûì.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00186.
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Ïîëóãðóïïîâîå ñâîéñòâî îïåðàòîðà ïðîãðàììíîãî ïîãëîùåíèÿ â
èãðàõ ñ ïðîñòûìè äâèæåíèÿìè íà ïëîñêîñòè

Êàìíåâà Ë. Â. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)
Ïàöêî Â. Ñ. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ êîíôëèêòíî-óïðàâëÿåìàÿ ñèñòåìà ñ ïðîñòûìè äâèæå-
íèÿìè [1]:

ẋ = u+ v, u ∈ P, v ∈ Q, x ∈ R2, t ∈ [0, ϑ], (1)

ãäå P , Q ⊂ R2 � âûïóêëûå êîìïàêòû.
Îïåðàòîð ïðîãðàììíîãî ïîãëîùåíèÿ [2, 3, 4]

Tε(M) = (M − εP )
∗
− εQ, ε > 0, M ⊂ R2

ñòàâèò â ñîîòâåòñòâèå çàìêíóòîìó îãðàíè÷åííîìó ìíîæåñòâó M è âðå-
ìåíí�îìó ïðîìåæóòêó äëèíû ε ìíîæåñòâî Tε(M). Çäåñü èñïîëüçóþòñÿ îïå-
ðàöèè àëãåáðàè÷åñêîé ñóììû

A+B = {d : d = a+ b, a ∈ A, b ∈ B}

è ãåîìåòðè÷åñêîé ðàçíîñòè

A
∗
−B = {d : d+B ⊆ A}.

Ïîëóãðóïïîâîå ñâîéñòâî îçíà÷àåò, ÷òî

Tε1+ε2(M) = Tε1(Tε2(M)). (2)
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Èçâåñòíî, ÷òî â ñëó÷àå âûïóêëîãî ìíîæåñòâà M ïîëóãðóïïîâîå ñâîéñòâî
èìååò ìåñòî [4].

Â ðàáîòå äëÿ çàäà÷ íà ïëîñêîñòè ôîðìóëèðóþòñÿ äîñòàòî÷íûå óñëîâèÿ
(íàêëàäûâàåìûå íà ìíîæåñòâà M , P , Q è îáëàñòü èçìåíåíèÿ âåëè÷èí ε1, ε2),
êîòîðûå îáåñïå÷èâàþò ðàâåíñòâî (2) è â íåâûïóêëîì ñëó÷àå. Ïðèâîäÿòñÿ
êîíòðïðèìåðû, ïîêàçûâàþùèå ñóùåñòâåííîñòü êàæäîãî èç îãîâàðèâàåìûõ
ïðåäïîëîæåíèé.

Â èãðîâûõ çàäà÷àõ ñ äèíàìèêîé (1), ôèêñèðîâàííûì ìîìåíòîì îêîí÷à-
íèÿ ϑ è òåðìèíàëüíîé íåïðåðûâíîé ôóíêöèåé ïëàòû íàëè÷èå ïîëóãðóïïîâî-
ãî ñâîéñòâà (ïðîâåðÿåìîãî äëÿ ìíîæåñòâ óðîâíÿ ôóíêöèè ïëàòû) âëå÷åò çà
ñîáîé ñîâïàäåíèå öåíû èãðû ñ ôóíêöèåé ïðîãðàììíîãî ìàêñèìèíà.

Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîãðàììû Ïðåçèäèóìà ÐÀÍ
”
Ôóíäàìåí-

òàëüíûå ïðîáëåìû íåëèíåéíîé äèíàìèêè“, ïðè ôèíàíñîâîé ïîääåðæêå ÓðÎ
ÐÀÍ (ïðîåêò � 09-Ï-1-1006), à òàêæå ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-
00436.
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Êîýôôèöåíòíûå îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé
Êàìûíèí Â. Ë. (ÍÈßÓ �ÌÈÔÈ�, Ðîññèÿ)

Â äîêëàäå ðàññìàòðèâàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèé îáðàòíûõ çàäà÷ îïðåäåëåíèÿ îäíîãî èç íåèçâåñòíûõ êîýôôèöèåíòîâ
â ïàðàáîëè÷åñêîì óðàâíåíèè

ρ(t, x)ut − a(t, x)uxx + b(t, x)ux + d(t, x)u = f(t, x), (t, x) ∈ Q ≡ [0, T ]× [0, l].
(1)

Ïðåäïîëàãàåòñÿ, ÷òî çàäàíû êðàåâûå óñëîâèÿ

u(0, x) = u0(x), x ∈ [0, l], u(t, 0) = β1(t), u(t, l) = β2(t), t ∈ [0, T ], (2)

à òàêæå äîïîëíèòåëüíîå óñëîâèå èíòåãðàëüíîãî íàáëþäåíèÿ∫ T

0

u(t, x)χ(t)dt = ϕ(x). (3)

Â çàäà÷àõ (1)�(3) íåèçâåñòíûìè ÿâëÿþòñÿ ôóíêöèÿ u(t, x), à òàêæå îäèí èç
êîýôôèöèåíòîâ a(t, x) ≡ p(x), b(t, x) ≡ p(x) èëè d(t, x) ≡ p(x), çàâèñÿùèé
òîëüêî îò x.
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Èññëåäîâàíèå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé ðàññìàòðèâàå-
ìûõ çàäà÷ â äîêëàäå ïðîâîäèòñÿ â êëàññàõ Ñîáîëåâà ïðè ìèíèìàëüíûõ òðå-
áîâàíèÿõ ãëàäêîñòè íà èçâåñòíûå âõîäíûå äàííûå ýòèõ çàäà÷. Êàê îêàçàëîñü,
îïðåäåëÿþùóþ ðîëü â òàêèõ èññëåäîâàíèÿõ ìîãóò ñûãðàòü àïðèîðíûå îöåí-
êè íîðì ðåøåíèé ïðÿìîé çàäà÷è (1)�(2) â ïðîñòðàíñòâàõ Ñîáîëåâà ñ ÿâíî
âû÷èñëåííûìè êîíñòàíòàìè.

Íàïðèìåð, âîïðîñ î ñóùåñòâîâàíèè ðåøåíèÿ îáðàòíîé çàäà÷è ìîæåò áûòü
ñâåäåí ê âîïðîñó î ðàçðåøèìîñòè íåêîòîðîãî îïåðàòîðíîãî óðàâíåíèÿ

p = A(p) (4)

â îïðåäåëåííîì áàíàõîâîì ïðîñòðàíñòâå, è çíàíèå òàêèõ êîíñòàíò ïîçâîëÿ-
åò óêàçàòü óñëîâèÿ íà âõîäíûå äàííûå îáðàòíûõ çàäà÷ (1)�(3), ïðè êîòîðûõ
îïåðàòîð A â óðàâíåíèè (4) îáëàäàåò òðåáóåìûìè ñâîéñòâàìè, íàïðèìåð, ÿâ-
ëÿåòñÿ êîìïàêòíûì èëè ñæèìàþùèì.

Âñå óñëîâèÿ äîêàçûâàåìûõ òåîðåì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðå-
øåíèé îáðàòíûõ çàäà÷ (1)�(3) âûïèñûâàþòñÿ â âèäå ëåãêî ïðîâåðÿåìûõ íåðà-
âåíñòâ. Ïðèâîäÿòñÿ íåòðèâèàëüíûå ïðèìåðû êîíêðåòíûõ îáðàòíûõ çàäà÷,
äëÿ êîòîðûõ òàêèå óñëîâèÿ âûïîëíåíû, à ñëåäîâàòåëüíî, äëÿ íèõ ñïðàâåä-
ëèâû äîêàçàííûå òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.

Íåêîòîðûå èç ðåçóëüòàòîâ äàííûõ èññëåäîâàíèé îïóáëèêîâàíû â [1, 2].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÀÂÖÏ �Ðàçâèòèå íàó÷íîãî ïîòåí-

öèàëà âûñøåé øêîëû� (ïðîåêò 2.1.1/6827) è ÔÖÏ �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013 ãã. (ïðîåêò
Ï268).
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Î òîæäåñòâàõ äëÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà Ëàïëàñà â
ïðîêîëîòîé îáëàñòè

Êàíãóæèí Á. Å. (Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè,
Êàçàõñòàí)

Ðàññìîòðèì [1, 2] çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â ïðîêîëîòîé
îáëàñòè Ω0 = Ω\M0, ãäå M0(x0, y0)�íåêîòîðàÿ âíóòðåííÿÿ òî÷êà îáëàñòè
Ω = {x2 + y2 < 1}.

∆u(x, y) = f(x, t), (x, y) ∈ Ω0, (1)

u(x, y) |∂Ω= 0, (2)

lim
δ→+0

{∫ y0+δ

y0−δ
[
∂

∂ξ
u(x0 − δ, η)− ∂

∂ξ
u(x0 + δ, η)] dη+

+

∫ x0+δ

x0−δ
[
∂

∂η
u(ξ, y0 − δ)−

∂

∂η
u(ξ, y0 + δ)] dξ

}
=

∫ ∫
Ω

α(ξ, η)f(ξ, η) dξdη, (3)
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lim
δ→+0

∫ y0+δ

y0−δ
[u(x0 − δ, η)− u(x0 + δ, η)] dη = 0, (4)

lim
δ→+0

∫ x0+δ

x0−δ
[u(ξ, y0 − δ)− u(ξ, y0 + δ)] dξ = 0, (5)

ãäå α(x, y) ∈ L2(Ω).
Îïåðàòîð, ñîîòâåòñòâóþùèé çàäà÷å (1)�(5), îáîçíà÷èì ÷åðåç Lα. Òîãäà

îïåðàòîð L0 ñîîòâåòñòâóåò çàäà÷å Äèðèõëå â îäíîñâÿçíîé îáëàñòè Ω.

Òåîðåìà 1. Ïóñòü {λk}∞k=1, {µk}∞k=1 � ñîáñòâåííûå çíà÷åíèÿ îïåðàòî-
ðîâ L0 è Lα, ñîîòâåòñòâåííî, ïðîíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ ïî
ìîäóëþ ñ ó÷åòîì èõ êðàòíîñòåé, òîãäà âåðíî ñëåäóþùåå ðàâåíñòâî

∞∑
k=1

(
1

λk
− 1

µk
) = −

∫ ∫
Ω

α(ξ, η)G(ξ, η, x0, y0) dξdη, (6)

ãäå

G(x, y, ξ, η) =
1

4π
[ln((x− ξ)2 + (y − η)2)−

− ln((ξ2 + η2)((x− ξ

ξ2 + η2
)2 + (y − η

ξ2 + η2
)2))]

�ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå [3], è äëÿ
ëþáîãî íàòóðàëüíîãî l ñïðàâåäëèâî
∞∑
k=1

[
1

(λk)l+1
− 1

(µk)l+1
] = −

∑
i+j=l

∫ ∫
Ω

α(ξ, η)(L0)−i(Lα)jG(ξ, η, x0, y0) dξdη.

(7)

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Í. Å. Òîêìàãàìáåòîâûì.
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Öåëî÷èñëåííûå ðåøåòêè ïåðåìåííûõ äåéñòâèÿ íåêîòîðûõ
èíòåãðèðóåìûõ ãàìèëüòîíîâûõ ñèñòåì

Êàíòîíèñòîâà Å. Î. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò)

Â ïîñëåäíèå ãîäû èçó÷åíèå ãàìèëüòîíîâûõ ñèñòåì ñòàíîâèòñÿ âñå áîëåå
àêòóàëüíûì, îäíàêî ñóùåñòâóåò ìàññà íåðåøåííûõ çàäà÷ â ýòîé âåòâè ìàòåìà-
òèêè, ïîýòîìó èññëåäîâàíèÿ â äàííîé îáëàñòè âïîëíå îáîñíîâàííû. Â äàííîé
ðàáîòå ïðèìåíåíû âû÷èñëåíèÿ íà êîìïüþòåðå, ñ ïîìîùüþ êîòîðûõ ïîëó÷åíû
êàðòèíêè ðåøåòîê ïåðåìåííûõ äåéñòâèÿ íåêîòîðûõ èíòåãðèðóåìûõ ãàìèëü-
òîíîâûõ ñèñòåì.

Ðàññìîòðèì èíòåãðèðóåìóþ ãàìèëüòîíîâó ñèñòåìó (M2n, ω,H) ñ n ñòå-
ïåíÿìè ñâîáîäû. Ïóñòü F1, ..., Fn � åå ïåðâûå èíòåãðàëû, F1 = H. Ïóñòü
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Φ = (F1, . . . , Fn): M2n → Rn � îòîáðàæåíèå ìîìåíòà, Σ� áèôóðêàöèîí-
íàÿ äèàãðàììà îòîáðàæåíèÿ ìîìåíòà. Ñîãëàñíî òåîðåìå Ëèóâèëëÿ, â îêðåñò-
íîñòè êîìïàêòíîãî ñâÿçíîãî ðåãóëÿðíîãî ìíîæåñòâà óðîâíÿ Tξ = Φ−1(ξ),
ξ ∈ Rn, ñóùåñòâóþò êàíîíè÷åñêèå ïåðåìåííûå, íàçûâàåìûå ïåðåìåííûìè
äåéñòâèå-óãîë (I1, . . . , In, ϕ1 mod 2π, . . . , ϕn mod 2π), ïðè÷åì ïåðåìåííûå äåé-
ñòâèÿ I1, ..., In ÿâëÿþòñÿ ôóíêöèÿìè îò ïåðâûõ èíòåãðàëîâ.

Ïåðâûì ýòàïîì äàííîé ðàáîòû ñòàë ïîèñê è âû÷èñëåíèå ÿâíûõ ôîðìóë
ïåðåìåííûõ äåéñòâèÿ äëÿ îáîáùåííîãî ñëó÷àÿ Ëàãðàíæà â äâèæåíèè òâåð-
äîãî òåëà, à òàêæå äëÿ êîìïëåêñíîé ãàìèëüòîíîâîé ñèñòåìû, çàäàííîé ïîëè-
íîìîì f(z, w) = z2 + w3.

Îïðåäåëåíèå 1. Ìíîæåñòâî òî÷åê â Φ(M2n)\Σ ⊂ Rn, îáðàçîâàííûõ ïå-
ðåñå÷åíèåì n ãèïåðïîâåðõíîñòåé óðîâíÿ ôóíêöèé I1 = I1(ξ), ..., In = In(ξ)
ñ öåëûìè çíà÷åíèÿìè, íàçîâåì öåëî÷èñëåííîé ðåøåòêîé R ïåðåìåííûõ äåé-
ñòâèÿ (äàëåå ïðîñòî ðåøåòêîé).

Íà âòîðîì ýòàïå, çíàÿ ÿâíûå ôîðìóëû äëÿ ïåðåìåííûõ äåéñòâèÿ, ñòðîè-
ëèñü ðåøåòêè äëÿ èññëåäóåìûõ ñëó÷àåâ.

Îïðåäåëåíèå 2. Îñóùåñòâèì îäíîêðàòíûé îáõîä ïî çàìêíóòîìó ïóòè
âîêðóã âíóòðåííåé îñîáîé òî÷êè. Íà÷àëüíûé áàçèñ ðåøåòêè e1, e2 è êîíå÷íûé
áàçèñ e′1, e

′
2 ñâÿçàíû íåâûðîæäåííûì ëèíåéíûì ïðåîáðàçîâàíèåì ñ ìàòðèöåé

M . Ýòà ìàòðèöà íàçûâàåòñÿ ìàòðèöåé ìîíîäðîìèè ñèñòåìû.

Â ðåçóëüòàòå òðåòüåãî ýòàïà ðàáîòû áûë ñîçäàí àëãîðèòì îáõîäà âîêðóã
âíóòðåííèõ îñîáûõ òî÷åê èññëåäóåìûõ ñèñòåì è ïîäñ÷èòàíû ñîîòâåòñòâóþùèå
ìàòðèöû ìîíîäðîìèè.
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Êâàíòîâàÿ ãåîìåòðèÿ èíòåãðèðóåìûõ ñèñòåì
Êàðàñåâ Ì. Â. (Ìîñêîâñêèé èíñòèòóò ýëåêòðîíèêè è ìàòåìàòèêè, Ðîññèÿ)

Èíòóèòèâíàÿ ãèïîòåçà Ïëàíêà, ñôîðìóëèðîâàííàÿ â 1911 ã., äåêëàðè-
ðîâàëà, ÷òî îáùåå ôèçè÷åñêîå ÿâëåíèå êâàíòîâàíèÿ ìîæåò áûòü ìàòåìàòè-
÷åñêè îïèñàíî â òåðìèíàõ äèñêðåòèçàöèè êîîðäèíàò

”
äåéñòâèÿ“ â ôàçîâîé
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ãåîìåòðèè. Äëÿ îäíîìåðíûõ ñèñòåì Ï. Àðãèðåñ (1965) ðåàëèçîâàë ïëàíêîâ-
ñêóþ èäåþ è ïðåäñòàâèë ïðàâèëà äèñêðåòèçàöèè ÷åðåç èíòåãðàë ïî óðîâíÿì
ýíåðãèè ãàìèëüòîíèàíà. Äëÿ ìíîãîìåðíûõ ñèñòåì ãèïîòåçà êâàíòîâàíèÿ áûëà
ìàòåìàòè÷åñêè ïðîÿñíåíà Â. Ìàñëîâûì (1965) â ïåðâûõ äâóõ ÷ëåíàõ àñèìï-
òîòèêè ïî ïàðàìåòðó êâàíòîâàíèÿ. Îäíàêî, ïðîáëåìà âûñøèõ ïðèáëèæåíèé
â ñïåêòðàëüíîé àñèìïòîòèêå â ñëó÷àå ìíîãèõ ñòåïåíåé ñâîáîäû îñòàâàëàñü
îòêðûòîé.

Â ðàáîòàõ [1, 2], áûë óñòàíîâëåí ñëåäóþùèé ôàêò: ðàññëîåíèå ôàçîâîãî
ïðîñòðàíñòâà òîðàìè Ëèóâèëëÿ�Àðíîëüäà è êëàññè÷åñêàÿ ñèìïëåêòè÷åñêàÿ
2-ôîðìà ìîãóò áûòü äåôîðìèðîâàíû ïî ïàðàìåòðó êâàíòîâàíèÿ (ñ ñîõðàíå-
íèåì ñâîéñòâà òîðîâ áûòü ëàãðàíæåâûìè) òàêèì îáðàçîì, ÷òî îáû÷íîå
ãåîìåòðè÷åñêîå ïðàâèëî äèñêðåòèçàöèè, çàïèñàííîå äëÿ äåôîðìèðîâàííûõ
òîðîâ è äåôîðìèðîâàííîé 2-ôîðìû, ïðåäñòàâëÿåò ñïåêòð, ïëîòíîñòü ñî-
ñòîÿíèé è ñëåä îïåðàòîðà ýâîëþöèè êâàíòîâîé èíòåãðèðóåìîé ñèñòåìû ñ
ïðîèçâîëüíîé ñòåïåííîé òî÷íîñòüþ ïî ïàðàìåòðó êâàíòîâàíèÿ.

Òàêèì îáðàçîì, ìû ïîëó÷àåì óíèâåðñàëüíûé àëãîðèòì äëÿ âû÷èñëåíèÿ
ñïåêòðàëüíûõ àñèìïòîòèê ìíîãîìåðíûõ êâàíòîâûõ èíòåãðèðóåìûõ ñèñòåì.
Îäíîâðåìåííî ýòîò ïîäõîä óñòðàíÿåò ÿâëåíèå ðàçâàëà (äèôôóçèè) ïðè êâàí-
òîâîé ýâîëþöèè äëÿ êëàññè÷åñêîãî ðàññëîåíèÿ ôàçîâîãî ïðîñòðàíñòâà íà òî-
ðû Ëèóâèëëÿ�Àðíîëüäà. À èìåííî, åñëè ïðàâèëüíî äåôîðìèðîâàòü ðàññëîå-
íèå è ðàññìîòðåòü ñëîè, óäîâëåòâîðÿþùèå äåôîðìèðîâàííîìó ïðàâèëó äèñ-
êðåòèçàöèè, â êîòîðîì ó÷àñòâóåò äåôîðìèðîâàííûé êëàññ Ìàñëîâà, òî ýòîò
íîâûé ãåîìåòðè÷åñêèé îáúåêò íå áóäåò ðàçðóøàòüñÿ ïðè êâàíòîâîé ýâîëþ-
öèè íà áîëüøèõ âðåìåíàõ, à áóäåò ïðîèñõîäèòü òîëüêî äèôôóçèÿ ïëîòíîñòè
ñîñòîÿíèé âäîëü ñëîåâ.

Ìîæíî çàêëþ÷èòü, ÷òî äëÿ ìíîãîìåðíûõ èíòåãðèðóåìûõ ñèñòåì ãèïîòå-
çà Ïëàíêà ìîæåò ðàáîòàòü íå òîëüêî â äâóõ ãëàâíûõ ÷ëåíàõ àñèìïòîòèêè,
íî òàêæå è âî âñåõ âûñøèõ ÷ëåíàõ êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ, åñëè
çàìåíèòü êëàññè÷åñêóþ ãåîìåòðèþ ôàçîâîãî ïðîñòðàíñòâà ïîäõîäÿùåé êâàí-
òîâîé ãåîìåòðèåé. Ýòî äåôîðìèðîâàííàÿ ãåîìåòðèÿ ñòðîèòñÿ ïî èñõîäíîìó
ëàãðàíæåâó ðàññëîåíèþ è çàâèñèò îò âñåõ âûñøèõ ïðîèçâîäíûõ êëàññè÷åñêèõ
ïåðåìåííûõ äåéñòâèå�óãîë. Ñ ïðîèçâîëüíîé òî÷íîñòüþ ïî ïàðàìåòðó êâàíòî-
âàíèÿ ýòî ïîçâîëÿåò âûäåëèòü èç äàííîé êâàíòîâîé ñèñòåìû êîìïîíåíòó

”
�a la

êëàññè÷åñêàÿ ìåõàíèêà“ â äóõå áîðîâñêèõ ïðèíöèïîâ ñîîòâåòñòâèÿ è äîïîëíè-
òåëüíîñòè, îòäåëèâ ýòó êîìïîíåíòó îò òîé, ãäå äîìèíèðóåò ãåéçåíáåðãîâñêàÿ
äèñïåðñèÿ è íåîïðåäåëåííîñòü.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 00-01-00606.
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Ïîëèíîìèàëüíûå ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ áèãàðìîíè÷åñêîãî
óðàâíåíèÿ â øàðå

Êàðà÷èê Â. Â. (Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Àíòðîïîâà Í. À. (Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â íàñòîÿùåì äîêëàäå èçâåñòíîå ïðåäñòàâëåíèå Àëüìàíñè [1] äëÿ ïîëèãàð-
ìîíè÷åñêèõ ôóíêöèé Q(x) = H0(x) + |x|2H1(x) + · · ·+ |x|2sHs(x), ãäå Hk(x)�
íåêîòîðûå ãàðìîíè÷åñêèå ôóíêöèè, ïðèìåíÿåòñÿ äëÿ ïîñòðîåíèÿ ðåøåíèÿ îä-
íîðîäíîé çàäà÷è Äèðèõëå äëÿ íåîäíîðîäíîãî áèãàðìîíè÷åñêîãî óðàâíåíèÿ, à
çàòåì è äëÿ ïîñòðîåíèÿ ðåøåíèÿ îáùåé çàäà÷è Äèðèõëå äëÿ íåîäíîðîäíîãî
áèãàðìîíè÷åñêîãî óðàâíåíèÿ â åäèíè÷íîì øàðå ñ ïîëèíîìèàëüíûìè äàííû-
ìè. Â [2] ïðåäñòàâëåíèå Àëüìàíñè ïðèìåíÿëîñü äëÿ ïîñòðîåíèÿ ïîëèíîìèàëü-
íîãî ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà. Â [3] ñ ïîìîùüþ ôîð-
ìóëû Àëüìàíñè áûëè ïîñòðîåíû ïîëèíîìèàëüíûå ðåøåíèÿ óðàâíåíèÿ Ïóàñ-
ñîíà ∆u(x) = Q(x) è ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ ∆mu(x) = Q(x), ãäå
Q(x)�ïðîèçâîëüíûé ïîëèíîì.

Ðàññìîòðèì îïåðàòîð Λu =
∑n
k=1 xkuxk , è ïóñòü Q(x), P (x) è R(x)�

íåêîòîðûå ïîëèíîìû îò x ∈ Rn.

Òåîðåìà 1. Ðåøåíèå çàäà÷è Äèðèõëå

∆2u(x) = Q(x), x ∈ Ω;

u|∂Ω = P (x)|∂Ω,
∂u

∂n |∂Ω
= R(x)|∂Ω

â åäèíè÷íîì øàðå Ω ⊂ Rn ñ ïîëèíîìèàëüíûìè äàííûìè Q(x), P (x) è R(x)
èìååò âèä

u(x) = P (x) +
|x|2 − 1

2
(R(x)− ΛP (x)) +

(|x|2 − 1)2

4
×

×
∫ 1

0

∞∑
s=0

(1− α|x|2)s(1− α)s

(2s)!!(2s+ 2)!!
∆s
(

∆(ΛP −R)+

+
1− α
2s+ 4

(Q−∆2P )
)

(αx)αn/2−1 dα.

Ê ñîæàëåíèþ, ïîëó÷åííûå ïîëèíîìèàëüíûå ðåøåíèÿ äëÿ çàïèñè èõ â
îáû÷íîì âèäå òðåáóþò âû÷èñëåíèÿ ñòåïåíåé îïåðàòîðà Ëàïëàñà îò íåêîòî-
ðûõ ìíîãî÷ëåíîâ, îïðåäåëÿåìûõ äàííûìè êðàåâîé çàäà÷è. Ýòîò íåäîñòàòîê
ëåãêî óñòðàíÿåòñÿ ñ ïîìîùüþ ïðèìåíåíèÿ ïàêåòà �Mathematica�. Íàïðèìåð,
ðåøåíèå çàäà÷è Äèðèõëå ïðè n = 3, Q(x) = x3

1x2x
2
3, P (x) = 0 è R(x) = 0 ëåãêî

âû÷èñëÿåòñÿ è èìååò âèä

u(x1, x2, x3) = −x1x2(x2
1 + x2

2 + x2
3 − 1)2

12252240

(
− 255 + 245x4

1 − 63x4
2−

− 1190x2
3 + 861x4

3 + 14x2
1(−17 + 13x2

2 − 350x2
3) + 14x2

2(17 + 57x2
3)
)
.
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[2] Èëüèí À. Ì. Ñîãëàñîâàíèå àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé êðàåâûõ çàäà÷.
Ì.: Íàóêà, 1989, 336 ñ.

[3] Êàðà÷èê Â. Â., Àíòðîïîâà Í. À. Î ðåøåíèè íåîäíîðîäíîãî ïîëèãàðìîíè÷åñêîãî
óðàâíåíèÿ è íåîäíîðîäíîãî óðàâíåíèÿ Ãåëüìãîëüöà // Äèôôåðåíöèàëüíûå óðàâíå-
íèÿ 2010. Ò. 46. � 3. C. 384�395.

Ýðãîäè÷åñêèå òåîðåìû äëÿ ñîõðàíÿþùèõ ìåðó äåéñòâèé
ìàðêîâñêèõ ïîëóãðóïï

Êëèìåíêî À. Â.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå [1] ñ À. È. Áóôåòîâûì è Ì.Þ. Õðè-
ñòîôîðîâûì.

Ïóñòü çàäàíà êîíå÷íî-ïîðîæäåííàÿ ïîëóãðóïïà Γ ñ êîíå÷íûì íàáîðîì
îáðàçóþùèõ O. Íà Γ èìååòñÿ íîðìà | · |O, ðàâíàÿ äëÿ ýëåìåíòà g ∈ Γ äëèíå
ñàìîãî êîðîòêîãî ñëîâà â àëôàâèòå O, ïðåäñòàâëÿþùåãî g. Ïîëîæèì SO(n) =
{g : |g|O = n}.

Íàïîìíèì îïðåäåëåíèå ìàðêîâñêîé ïîëóãðóïïû. Ïóñòü G � êîíå÷íûé
îðèåíòèðîâàííûé ãðàô ñ ìíîæåñòâîì ðåáåð E(G), è êàæäîìó åãî ðåáðó
e ∈ E(G) ïîñòàâëåí â ñîîòâåòñòâèå íåêîòîðûé ýëåìåíò ξ(e) ∈ O. Çàôèêñè-
ðóåì íåêîòîðóþ âåðøèíó v0 ãðàôà G è ðàññìîòðèì ìíîæåñòâî P(G, v0) âñåõ
êîíå÷íûõ ïóòåé â ãðàôå G, íà÷èíàþùèõñÿ â âåðøèíå v0. Îïðåäåëèì îòîáðà-
æåíèå ξ̄ : P(G, v0) → Γ ñëåäóþùèì îáðàçîì: åñëè p = e1 . . . en ∈ P(G, v0), òî
ξ̄(p) = ξ(e1) . . . ξ(en).

Ïîëóãðóïïà Γ íàçûâàåòñÿ ìàðêîâñêîé îòíîñèòåëüíî íàáîðà îáðàçóþ-
ùèõ O, åñëè ìîæíî çàäàòü êîíå÷íûé îðèåíòèðîâàííûé ãðàô G, åãî âåðøè-
íó v0 è îòîáðàæåíèå ξ : E(G) → O òàê, ÷òîáû îïðåäåëåííîå âûøå îòîáðà-
æåíèå ξ̄ : P(G, v0) → Γ áûëî áèåêòèâíî, ïðè÷åì ìíîæåñòâî ïóòåé äëèíû n
îòîáðàæàåòñÿ íà ìíîæåñòâî SO(n).

Ïóñòü Γ äåéñòâóåò ñîõðàíÿþùèìè ìåðó ïðåîáðàçîâàíèÿìè Tg, g ∈ Γ, íà
âåðîÿòíîñòíîì ïðîñòðàíñòâå (X, ν). Äëÿ ôóíêöèè ϕ ∈ L1(X, ν) ðàññìîòðèì
ïîñëåäîâàòåëüíîñòü åå ñôåðè÷åñêèõ ñðåäíèõ

sn(ϕ) =
1

#SO(n)

∑
g∈SO(n)

ϕ ◦ Tg;

åñëè SO(n) = ∅, ïîëîæèì sn(ϕ) = 0. Äàëåå, ðàññìîòðèì ñðåäíèå ïî ×åçàðî
ñôåðè÷åñêèõ ñðåäíèõ:

cN (ϕ) =
1

N

N−1∑
n=0

sn(ϕ).

Òåîðåìà 1. Ïóñòü Γ � ìàðêîâñêàÿ ïîëóãðóïïà îòíîñèòåëüíî êîíå÷-
íîãî íàáîðà îáðàçóþùèõ O. Ïðåäïîëîæèì, ÷òî Γ äåéñòâóåò ñîõðàíÿþùèìè
ìåðó ïðåîáðàçîâàíèÿìè Tg, g ∈ Γ, íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (X, ν).
Òîãäà äëÿ ëþáîé ôóíêöèè ϕ ∈ Lp(X, ν), p ∈ [1,∞), ïîñëåäîâàòåëüíîñòü
cN (ϕ) ñðåäíèõ ïî ×åçàðî åå ñôåðè÷åñêèõ ñðåäíèõ ñõîäèòñÿ â Lp(X, ν). Åñ-
ëè ϕ ∈ L∞(X, ν), òî ïîñëåäîâàòåëüíîñòü cN (ϕ) ñõîäèòñÿ òàêæå ν-ïî÷òè
âñþäó.
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Íåëîêàëüíûå êðàåâûå çàäà÷è è äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ
íåèçâåñòíûìè êîýôôèöèåíòàìè

Êîæàíîâ À. È. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Ðîññèÿ)

Òåîðèÿ íåëîêàëüíûõ êðàåâûõ çàäà÷ ïðåäñòàâëÿåò ñîáîé àêòèâíî ðàçâè-
âàþùååñÿ íàïðàâëåíèå ñîâðåìåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè. Íî, ïîìèìî ñàìîñòîÿòåëüíîãî çíà÷åíèÿ, ýòà òåîðèÿ
ïðåäñòàâëÿåò ñîáîé áîëüøîé èíòåðåñ ñ òî÷êè çðåíèÿ òåîðèè êîýôôèöèåíòíûõ
îáðàòíûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíû-
ìè.

Â íàñòîÿùåì äîêëàäå ïðåäñòàâëåíû íåêîòîðûå ðåçóëüòàòû î ðàçðåøèìî-
ñòè íîâûõ íåëîêàëüíûõ êðàåâûõ çàäà÷ è íîâûõ æå êîýôôèöèåíòíûõ îáðàò-
íûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñâÿçàííûõ ñ ñîîòâåòñòâóþùè-
ìè íåëîêàëüíûìè çàäà÷àìè.

Â ÷àñòíîñòè, ïðåäñòàâëåíû ðåçóëüòàòû î ðàçðåøèìîñòè

• àíàëîãîâ çàäà÷è Áèöàäçå�Ñàìàðñêîãî äëÿ ïàðàáîëè÷åñêèõ è ãèïåð-
áîëè÷åñêèõ óðàâíåíèé;

• îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ
íåèçâåñòíûìè êîýôôèöèåíòàìè, çàâèñÿùèìè îò âðåìåíè, ïðè çàäà-
íèè èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ ïî îáëàñòè èëè æå ïî ãðàíèöå;

• êðàåâûõ çàäà÷ ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ ïàðàáîëè÷åñêèõ è
ãèïåðáîëè÷åñêèõ óðàâíåíèé.

Èññëåäîâàíèÿ ïî ïðåäñòàâëåííîé â äîêëàäå òåìàòèêå âåäóòñÿ ïðè ïîä-
äåðæêå ÐÔÔÈ, ïðîåêò 09-01-00422a, Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ,
ïðîåêò 02.740.11.0609, ÔÖÏ ¾Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííî-
âàöèîííîé Ðîññèè¿, ãîñóäàðñòâåííûé êîíòðàêò 16.740.11.0127, è ÀÂÖÏ ¾Ðàç-
âèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû¿, ïðîåêò 2.1.1/13607.

Óáûâàíèå ðåøåíèé àíèçîòðîïíîãî êâàçèëèíåéíîãî
ïàðàáîëè÷åñêîãî óðàâíåíèÿ â íåîãðàíè÷åííûõ îáëàñòÿõ

Êîæåâíèêîâà Ë. Ì. (Ñòåðëèòàìàêñêàÿ ÃÏÀ, Ðîññèÿ)
Ëåîíòüåâ À. À. (Ñòåðëèòàìàêñêàÿ ÃÏÀ, Ðîññèÿ)

Ïóñòü Ω � íåîãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn = {x =
(x1, x2, . . . , xn)}, n ≥ 2. Â öèëèíäðè÷åñêîé îáëàñòè D = {t > 0} × Ω äëÿ
àíèçîòðîïíîãî êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
ðàññìàòðèâàåòñÿ ïåðâàÿ ñìåøàííàÿ çàäà÷à

(|u|k−2u)t =

n∑
α=1

(aα(t,x,∇u))xα , k ≥ 2, (t,x) ∈ D; (1)

u(t,x)
∣∣∣
S

= 0, S = {t > 0} × ∂Ω; u(0,x) = ϕ(x), ϕ(x) ∈ Lk(Ω). (2)
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Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè aα(t,x, ξ), α = 1, n, èçìåðèìû ïî (t,x) ∈ D äëÿ
ξ ∈ Rn, íåïðåðûâíû ïî ξ ∈ Rn äëÿ (t,x) ∈ D è ïîä÷èíÿþòñÿ óñëîâèÿì:

n∑
α=1

|aα(t,x, ξ)|pα/(pα−1) ≤ â
n∑
α=1

|ξα|pα ,
n∑
α=1

aα(t,x, ξ)ξα ≥ a
n∑
α=1

|ξα|pα

ñ ïîëîæèòåëüíûìè êîíñòàíòàìè â, a è ÷èñëàìè pα > k, α = 1, n (p1 ≤ p2 ≤
. . . ≤ pn).

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ çàâèñèìîñòè ñêîðîñòè ñòàáèëèçàöèè ðå-
øåíèÿ çàäà÷è (1), (2) ïðè t → ∞ îò ãåîìåòðèè íåîãðàíè÷åííîé îáëàñòè Ω
â ïðåäïîëîæåíèè ôèíèòíîñòè ôóíêöèè ϕ(x). Ïðèâåäåì ðåçóëüòàò äëÿ îá-
ëàñòåé, ðàñïîëîæåííûõ âäîëü âûäåëåííîé îñè Oxs, s ∈ 2, n− 1 (îáëàñòü Ω
ëåæèò â ïîëóïðîñòðàíñòâå xs > 0, ñå÷åíèå γr = {x ∈ Ω | xs = r} íå ïóñòî è
îãðàíè÷åíî ïðè ëþáîì r > 0).

Äëÿ r > 0 ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ν(r) = min{ν1(r), νn(r)},

να(r) = inf
{
‖gxα‖Lpα (γr)

∣∣∣ g(x) ∈ C∞0 (Ω), ‖g‖Lpα (γr) = 1
}
,

µ1(r) = inf
{
‖gx1‖Lp1 (Ωr)

∣∣∣ g(x) ∈ C∞0 (Ω), ‖g‖L2(Ωr) = 1
}
,

Ωr = {x ∈ Ω |xs < r}.

Ïðåäïîëàãàåòñÿ, ÷òî äëÿ îáëàñòè Ω âûïîëíåíû óñëîâèÿ:∫ ∞
1

ν(r)dr =∞, lim
r→∞

µ1(r) = 0.

Èíà÷å äîñòèãàåòñÿ ìàêñèìàëüíàÿ ñêîðîñòü óáûâàíèÿ ðåøåíèÿ, ò. å. ñïðàâåä-
ëèâà îöåíêà

‖u(t)‖Lk(Ω) ≤Mt−1/(p1−k), t > 0.

Òåîðåìà 1. Ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà κ(k, ps),
M(k, ps, p1, ‖ϕ‖Lk(Ω)) òàêèå, ÷òî äëÿ ðåøåíèÿ u(t, x) çàäà÷è (1), (2)
ñïðàâåäëèâà îöåíêà

‖u(t)‖Lk(Ω) ≤M (tµp1
1 (r(t)))−1/(p1−k) , t > 0,

ñ ïðîèçâîëüíîé ïîëîæèòåëüíîé ôóíêöèåé r(t), óäîâëåòâîðÿþùåé íåðàâåí-
ñòâó

(µp1
1 (r(t))t)−1/(p1−k) exp

(
κ

∫ r(t)

1

ν(ρ)dρ

)
≥ 1, t > 0.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00440-a.

Ïî÷òè òîðè÷åñêèå ðàññëîåíèÿ íàä äâóìåðíûìè ïîâåðõíîñòÿìè
Êîçëîâ È. Ê. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â äîêëàäå áóäóò ðàññìîòðåíû ëàãðàíæåâû ðàññëîåíèÿ ñ îñîáåííîñòÿìè
ñïåöèàëüíîãî âèäà.
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Îïðåäåëåíèå 1. Ëîêàëüíî-òðèâèàëüíîå ðàññëîåíèå π : (M2n, ω) → Bn

íàçûâàåòñÿ ëàãðàíæåâûì ðàññëîåíèåì, åñëè òîòàëüíîå ïðîñòðàíñòâî (M2n, ω)
ÿâëÿåòñÿ ñèìïëåêòè÷åñêèì ìíîãîîáðàçèåì, è îãðàíè÷åíèå ôîðìû íà êàæäûé
ñëîé òîæäåñòâåííî ðàâíî íóëþ ω|Fn ≡ 0.

Ìû ðàññìàòðèâàåì ëàãðàíæåâû ðàññëîåíèÿ ñ îñîáåííîñòÿìè ýëëèïòè÷å-
ñêîãî è ôîêóñíîãî òèïà. À èìåííî, ðàññëîåíèå π : (M2n, ω) → B ÿâëÿåò-
ñÿ ëàãðàíæåâûì ðàññëîåíèåì íàä îòêðûòûì âñþäó ïëîòíûì ïîäìíîæåñòâîì
Bn0 ⊂ B, è â îêðåñòíîñòè ëþáîé îñîáîé òî÷êè x ∈ (M2n, ω) â íåêîòîðûõ ëî-
êàëüíûõ êîîðäèíàòàõ ïðîåêöèÿ π = (π1, . . . , πn) èìååò âèä

• πj(p, q) = p2
j + q2

j (ýëëèïòè÷åñêèé òèï) j = 1, . . . , ke,
• πj(p, q) = pjqj + pj+1qj+1, πj+1(p, q) = pjqj+1 − pj+1qj (ôîêóñ-
ôîêóñ) j = ke + 1, ke + 3, . . . , ke + 2kf − 1,

• πj(p, q) = pj (ðåãóëÿðíàÿ ÷àñòü) j = ke + 2kf + 1, . . . , n,

Îïðåäåëåíèå 2. Ëàãðàíæåâû ðàññëîåíèÿ ñ òàêèìè îñîáåííîñòÿìè íà-
çûâàþòñÿ ïî÷òè òîðè÷åñêèìè ðàññëîåíèÿìè.

Ïîäðîáíåå î ïî÷òè òîðè÷åñêèõ ðàññëîåíèÿ ñì. [1], ïðî íåâûðîæäåííûå
îñîáåííîñòè èíòåãðèðóåìûõ ãàìèëüòîíîâûõ ñèñòåì ñì. [2].

Â äîêëàäå áóäåò ðàññêàçàíî î íåêîòîðûõ ñâîéñòâàõ ïî÷òè òîðè÷åñêèõ
ðàññëîåíèé íàä äâóìåðíûìè ïîâåðõíîñòÿìè. Áóäóò îïèñàíû òîïîëîãè÷åñêèå
è ñèìïëåêòè÷åñêèå èíâàðèàíòû òàêèõ ðàññëîåíèé, à òàêæå ïðîâåäåíà èõ êëàñ-
ñèôèêàöèÿ â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ (î êëàññèôèêàöèè ðàññëîåíèé áåç
îñîáåííîñòåé ñì. [3]).

Ñïèñîê ëèòåðàòóðû

[1] Leung N. C., Symington M. Almost toric symplectic four-manifolds // J. Symplectic
Geom. 2010. V. 8 � 2 P. 143�187.

[2] Bolsinov A. V., Oshemkov A. A. Singularities of integrable Hamiltonian systems // in
book: Topological methods in the theory of integrable systems. Cambridge: Cambridge
Sci. Publ. 2006. P. 1�67.

[3] Êîçëîâ È. Ê. Êëàññèôèêàöèÿ ëàãðàíæåâûõ ðàññëîåíèé // Ìàòåì. ñá. 2010 Ò. 201
� 11 C. 89�136.

Ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü è îöåíêè êâàçèìîíîòîííûõ
ñèñòåì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé

Êîçëîâà Î. Ð. (ÈÄÑÒÓ ÑÎ ÐÀÍ, Ðîññèÿ)

Ïóñòü C+ �ìíîæåñòâî íåïðåðûâíûõ íà T = [−h, 0] ôóíêöèé ñî çíà÷åíè-
ÿìè â Rn+ ≡ {x ∈ Rn : x ≥ 0} è íîðìîé ‖ϕ‖ ≡ max

i=1,n
(max
τ∈T
|ϕi(τ)|), X � îáëàñòü

â Rn+ × C+.
Ñèñòåìà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâè-

åì
ẋ(t) = f(t, x(t), xt), f : R+ ×X → Rn,

xt0 = ϕ0 ∈ C+, x(t0) = ϕ0(0) (xt(τ) ≡ x(t+ τ), τ ∈ T );
(1)

íàçûâàåòñÿ êâàçèìîíîòîííîé [1], åñëè f(t, x, ϕ) íå óáûâàåò ïî ϕ:
f(t, x, ϕ) ≤f(t, x, ψ) ïðè ϕ ≤ ψ, è êâàçèìîíîòîííà ïî x : ∀i = 1, n fi(t, x, ϕ) ≤
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fi(t, y, ϕ) ïðè x ≤ y, xi = yi. Ïðåäïîëàãàåòñÿ, ÷òî f óäîâëåòâîðÿ-
åò â R+ × X óñëîâèÿì Êàðàòåîäîðè è îäíîñòîðîííåìó ëîêàëüíîìó óñëî-
âèþ Ëèïøèöà ïî x, ϕ: â ëþáîé îãðàíè÷åííîé îêðåñòíîñòè U ⊂ R+ × X
f(t, y, ψ) − f(t, x, ϕ) ≤Ku(t)(‖(y, ψ) − (x, ϕ)‖) ïðè x ≤ y, ϕ ≤ ψ ñ ñóììè-
ðóåìîé âåêòîð-ôóíêöèåé Ku. Ýòî îáåñïå÷èâàåò ëîêàëüíîå ñóùåñòâîâàíèå è
ïðàâîñòîðîííþþ åäèíñòâåííîñòü K -ðåøåíèé êâàçèìîíîòîííîé ñèñòåìû (1).

Òåîðåìà 1. Ïóñòü ñóùåñòâóþò òî÷êà z ∈ Rn, z > 0 è ÷èñëî α < 0
òàêèå, ÷òî

∀̇t ∈ R+ ∀c ∈ [0, 1] f(t, cz, czeα) ≤ αcz, ãäå zeα(τ) ≡ z · exp(ατ). (2)

Òîãäà ñèñòåìà (1) ýêñïîíåíöèàëüíî óñòîé÷èâà â êîíóñå Rn+ × C+, è ïðè
|xt0 |C ≤ z åå ðåøåíèÿ ∀t ≥ t0 óäîâëåòâîðÿþò ýêñïîíåíöèàëüíîé îöåíêå

x(t, t0, xt0) ≤M‖xt0‖eα(t−t0), ãäå M ≡ z · max
i=1,N

((zi)
−1).

Òåîðåìà 2. Åñëè f íå çàâèñèò îò t (àâòîíîìíà) è äèôôåðåíöèðóåìà
â òî÷êå 0 (â ñìûñëå Ãàòî), òî óñëîâèå (2) íåîáõîäèìî è äîñòàòî÷íî äëÿ
ñâîéñòâà ÝÓ êâàçèìîíîòîííîé ñèñòåìû (1). Ïðè ýòîì ñòåïåíü çàòóõàíèÿ
α ìîæåò áûòü âûáðàíà ñêîëü óãîäíî áëèçêîé ê ìàêñèìàëüíîìó (ïåððîíîâó)
êîðíþ λm (íåîáõîäèìî âåùåñòâåííîìó) õàðàêòåðèñòè÷åñêîãî êâàçèïîëèíî-
ìà det(λ−A(λ)), ãäå A(λ) ≡ line

j=1,n
{∂f(0)(1j)

eλ}, 1j � j-òûé îðò â Rn.

Çàìå÷àíèå 1. Äëÿ îòðèöàòåëüíîñòè êîðíÿ λm íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû ìàòðèöà A(0) (ìàòðèöà ëèíåàðèçîâàííîé ñèñòåìû áåç ïîñëåäåéñòâèÿ)
áûëà ãóðâèöåâîé.

Ñ èñïîëüçîâàíèåì òåîðåì ïîëó÷àþòñÿ ÿâíûå óñëîâèÿ ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòè è ñîîòâåòñòâóþùèå îöåíêè äëÿ íåêîòîðûõ ëèíåéíûõ àâòîíîì-
íûõ ñèñòåì ñ çàïàçäûâàíèåì.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00672, Ïðåçè-
äèóìà ÑÎ ÐÀÍ, ïðîåêò 107.

Ñïèñîê ëèòåðàòóðû

[1] Smith H. L. Monotone dynamical systems: an introduction to the theory of competitive
and cooperative systems. AMS Publ., Providence, 1995, 182 p.

Ðåëàêñàöèîííûå êîëåáàíèÿ è äèôôóçèîííûé õàîñ â ðåàêöèè
Áåëîóñîâà

Êîëåñîâ À. Þ. (ßðîñëàâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ï. Ã. Äåìèäîâà, Ðîññèÿ)

Ðîçîâ Í. Õ. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ðåàêöèÿ, îòêðûòàÿ Á. Ï. Áåëîóñîâûì â 1951 ã., ÿâëÿåò ñîáîé ïîó÷èòåëü-
íûé ýïèçîä â èñòîðèè îòå÷åñòâåííîãî åñòåñòâîçíàíèÿ. Åå ìàòåìàòè÷åñêàÿ ìî-
äåëü äîñòîéíà âîéòè â îáÿçàòåëüíûé êóðñ äèôôåðåíöèàëüíûõ óðàâíåíèé è
ìîæåò ïðåäâàðÿòüñÿ äîâîëüíî ïðîñòî îðãàíèçóåìûì íàãëÿäíåéøèì ýêñïåðè-
ìåíòîì.
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Ðàññìîòðèì ìîäèôèêàöèþ ìàòåìàòè÷åñêîé ìîäåëè ðåàêöèè Áåëîóñîâà

ẋ = r1[1 + a(1− z)− x]x, ẏ = r2[x− y]y, ż = r3[αx+ (1− α)y − z]z, (1)

ãäå ïàðàìåòðû r1, r2, r3 è a ïîëîæèòåëüíû, α ∈ (0, 1); ïàðàìåòð a ÿâëÿåòñÿ

”
î÷åíü áîëüøèì“, à îñòàëüíûå èìåþò ïîðÿäîê 1.

Â ðåàêöèè Áåëîóñîâà íàáëþäàþòñÿ ðåëàêñàöèîííûå êîëåáàíèÿ�
”
÷ðåç-

âû÷àéíî áûñòðî“ ïðîòåêàþùèå ýòàïû ÷åðåäóþòñÿ ñ
”
äîñòàòî÷íî ìåäëåííû-

ìè“. Èçó÷åíû òàêèå ðåæèìû â ñèñòåìå (1), ãäå îò a ïåðåéäåì ê ìàëîìó ïà-
ðàìåòðó ε = 1/a.

Ôèêñèðóåì ïðîèçâîëüíîå êîìïàêòíîå ìíîæå-
ñòâî Ω0 èç ïîëóïîëîñû π = {(u0, v0) :
u0 > 0, 0 < v0 < 1} è îáîçíà÷èì ÷åðåç

Lε(u0, v0) =
(
x(t, u0, v0, ε), y(t, u0, v0, ε), z(t, u0, v0, ε)

)
: t ≥ 0, (u0, v0) ∈ Ω0

(2)
òðàåêòîðèþ ñèñòåìû

εẋ = r1[1− z + ε(1− x)]x, ẏ = r2[x− y]y, ż = r3[αx+ (1− α)y − z]z, (3)

âûïóùåííóþ ïðè t = 0 èç òî÷êè (x, y, z) = (1, u0, v0). Ðàññìîòðèì âòîðîé
ïîëîæèòåëüíûé êîðåíü t = T (u0, v0, ε) óðàâíåíèÿ x(t, u0, v0, ε) = 1 (åñëè îí
ñóùåñòâóåò), è íà ñåêóùåé ïëîñêîñòè {(x, y, z) : x = 1} îïðåäåëèì îïåðàòîð
ïîñëåäîâàíèÿ Ïóàíêàðå

Π ε(u0, v0) =
(
y(t, u0, v0, ε), z(t, u0, v0, ε)

)∣∣
t=T (u0,v0,ε)

. (4)

Òåîðåìà 1. Íà ìíîæåñòâå Ω0 â ìåòðèêå ïðîñòðàíñòâà C
1(Ω0;R2) ñó-

ùåñòâóåò ïðåäåëüíûé îïåðàòîð limε→0 Π ε(u0, v0) = Π0(u0, v0).

Òåîðåìà 2. Ïðè α < r2/(r1 + r2 + r3) ó îïåðàòîðà Π0 â ïîëóïîëîñå
π ñóùåñòâóåò õîòÿ áû îäíà óñòîé÷èâàÿ íåïîäâèæíàÿ òî÷êà. Ïðè âñåõ äî-
ñòàòî÷íî ìàëûõ ε > 0 îïåðàòîð Π ε èìååò óñòîé÷èâóþ íåïîäâèæíóþ òî÷êó
(uε, vε) ñ àñèìïòîòè÷åñêè áëèçêèìè ê (u0, v0) êîìïîíåíòàìè. Â ñèñòåìå (3)
åé îòâå÷àåò óñòîé÷èâûé ðåëàêñàöèîííûé öèêë L ε.

Òåîðåìà 3. Âðåìÿ äâèæåíèÿ ôàçîâîé òî÷êè ñèñòåìû (3) ïî
”
áûñò-

ðûì ó÷àñòêàì“ òðàåêòîðèè L ε èìååò ïîðÿäîê ε ln(1/ε), à ïî
”
ìåäëåííûì

ó÷àñòêàì“ � äîïóñêàåò ïðè ε→ 0 êîíå÷íûé ïîëîæèòåëüíûé ïðåäåë.

Â îòâå÷àþùåé ñèñòåìå (1) ðàñïðåäåëåííîé ìîäåëè� ïàðàáîëè÷åñêîé
êðàåâîé çàäà÷å � ÷èñëåííûìè ýêñïåðèìåíòàìè ïðîäåìîíñòðèðîâàí ôåíîìåí
äèôôóçèîííîãî õàîñà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû 08-01-00342à è 09-01-
00614, è Öåëåâîé ïðîãðàììû �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èí-
íîâàöèîííîé Ðîññèè�, ãîñêîíòðàêò 02.740.11.0197.
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Ñïåêòðàëüíàÿ óñòîé÷èâîñòü íåëèíåéíîãî óðàâíåíèÿ Äèðàêà
Êîìå÷ À. À. (ÈÏÏÈ ÐÀÍ, Ðîññèÿ)

Íåëèíåéíîå óðàâíåíèå Äèðàêà [5], òàêæå èçâåñòíîå êàê �Soler model�,
àêòèâíî èçó÷àåòñÿ â òåîðåòè÷åñêîé ôèçèêå ñ 1970 ãîäà:

i
∂

∂t
ψ = −i

n∑
j=1

αj
∂

∂xj
ψ+g(ψ∗βψ)βψ, ψ(x, t) ∈ C2N , x ∈ Rn, g ∈ C∞(R).

(1)
Ñàìîñîïðÿæåííûå ìàòðèöû Äèðàêà αj è β óäîâëåòâîðÿþò ñîîòíîøåíèÿì

α2
j = β2 = I2N , αjαk + αkαj = 2δjkI2N , αjβ + βαj = 0.

Ñîãëàñíî ðàáîòå [3], äëÿ øèðîêîãî êëàññà íåëèíåéíîñòåé óðàâíåíèå (1) äî-
ïóñêàåò ðåøåíèÿ òèïà óåäèíåííûõ âîëí:

ψ(x, t) = φ(x)e−iωt, φ ∈ L2(Rn,C2N ), ω ∈ R.

Ìû èññëåäóåì, â êàêèõ ñëó÷àÿõ òàêèå ðåøåíèÿ áóäóò ñïåêòðàëüíî óñòîé÷è-
âûìè, òî åñòü êîãäà ëèíåàðèçàöèÿ îêîëî òàêîãî ðåøåíèÿ íå ñîäåðæèò ñîá-
ñòâåííûõ çíà÷åíèé ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ. Ïîäîáíûé âî-
ïðîñ ïîäðîáíî èññëåäîâàí äëÿ íåëèíåéíûõ óðàâíåíèé Øðåäèíãåðà è Êëåéíà�
Ãîðäîíà (è íåêîòîðûõ äðóãèõ). Ïîìèìî õîðîøî èññëåäîâàííîé ëèíåéíîé
óñòîé÷èâîñòè [7], äëÿ ýòèõ ìîäåëåé èìåþòñÿ äîñòàòî÷íî îáùèå ðåçóëüòàòû
ïî îðáèòàëüíîé óñòîé÷èâîñòè óåäèíåííûõ âîëí [6, 4] è � â íåêîòîðûõ ñëó-
÷àÿõ � ïî àñèìïòîòè÷åñêîé óñòîé÷èâîñòè [2]. Âìåñòå ñ òåì, âîïðîñ î ñïåê-
òðàëüíîé óñòîé÷èâîñòè íåëèíåéíîãî óðàâíåíèÿ Äèðàêà îñòàâàëñÿ ïîëíîñòüþ
îòêðûòûì; íåò äàæå äîñòàòî÷íî îáùèõ ÷èñëåííûõ ðåçóëüòàòîâ [1].

Íàø îñíîâíîé ðåçóëüòàò äàåò ÷àñòè÷íûé îòâåò íà ýòîò âîïðîñ:

Òåîðåìà 1. Â ðàçìåðíîñòè n = 1 äëÿ øèðîêîãî êëàññà íåëèíåéíîñòåé
(íàïðèìåð, g(s) = 1 + ks + o(s), k 6= 0) óåäèíåííûå âîëíû óðàâíåíèÿ (1) äî-
ñòàòî÷íî ìàëîé àìïëèòóäû ÿâëÿþòñÿ ñïåêòðàëüíî óñòîé÷èâûìè. Tî åñòü,
ñïåêòð îïåðàòîðà ëèíåàðèçàöèè îêîëî ýòèõ óåäèíåííûõ âîëí ðàñïîëîæåí
ñòðîãî íà ìíèìîé îñè.

Ìíîãèå èç íàøèõ ðåçóëüòàòîâ îáîáùàþòñÿ íà ìíîãîìåðíûé ñëó÷àé.

Ñïèñîê ëèòåðàòóðû

[1] Gregory Berkolaiko and Andrew Comech. On spectral stability of solitary waves of nonlinear
Dirac equation on a line. ArXiv e-prints, 2009. arXiv: math-ph/0910.0917.

[2] Vladimir S. Buslaev and Galina S. Perel′man. Scattering for the nonlinear Schr�odinger
equation: states that are close to a soliton. St. Petersburg Math. J., 4(6), 1111�1142, 1993.

[3] Maria J. Esteban and �Eric S�er�e. Stationary states of the nonlinear Dirac equation: a
variational approach. Comm. Math. Phys., 171(2), 323�350, 1995.

[4] Manoussos Grillakis, Jalal Shatah, and Walter Strauss. Stability theory of solitary waves
in the presence of symmetry. I. J. Funct. Anal., 74(1), 160�197, 1987.

[5] Mario Soler. Classical, stable, nonlinear spinor �eld with positive rest energy. Phys. Rev.
D, 1(10), 2766�2769, May 1970.

[6] Michael I. Weinstein. Lyapunov stability of ground states of nonlinear dispersive evolution
equations. Comm. Pure Appl. Math., 39(1), 51�67, 1986.

[7] Í. Ã. Âàõèòîâ and Àëåêñàíäð Àëåêñàíäðîâè÷ Êîëîêîëîâ. Ñòàöèîíàðíûå ðåøåíèÿ âîë-
íîâîãî óðàâíåíèÿ â ñðåäå ñ íàñûùåíèåì íåëèíåéíîñòè. Èçâåñòèÿ âûñøèõ ó÷åáíûõ
çàâåäåíèé. Ðàäèîôèçèêà, 16(7), 1020�1028, 1973.

241



Îá îäíîì îáîáùåíèè óñëîâèé Êîøè-Ðèìàíà äëÿ ìíîãîîáðàçèé
ïðîèçâîëüíîé ðàçìåðíîñòè

Êîíåíêîâ À. Í. (Ðÿçàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò)

Íà ãëàäêîì ðèìàíîâîì ìíîãîîáðàçèè ðàçìåðíîñòè n ≥ 3 ââîäÿòñÿ íåêî-
òîðûå íåëèíåéíûå óðàâíåíèÿ, êîòîðûå ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèÿ
óðàâíåíèé Êîøè�Ðèìàíà ïðè n = 2. Èññëåäóþòñÿ ëîêàëüíûå ñâîéñòâà ðåøå-
íèé, äëÿ îäíîãî ÷àñòíîãî ñëó÷àÿ óñòàíàâëèâàåòñÿ èõ ëîêàëüíîå ñóùåñòâîâà-
íèå äëÿ ïðîèçâîëüíîé ãëàäêîé ìåòðèêè. Äëÿ ðåøåíèé äîêàçûâàþòñÿ ðàâåí-
ñòâà, àíàëîãè÷íûå óñëîâèÿì Êîøè�Ðèìàíà. Ïîêàçàíî, ÷òî âûïîëíåíèå ýòèõ
ðàâåíñòâ ÿâëÿåòñÿ â íåêîòîðîì ñìûñëå íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì
äëÿ òîãî, ÷òîáû óäîâëåòâîðÿþùèå èì ôóíêöèè áûëè ðåøåíèÿìè ðàññìàòðè-
âàåìûõ óðàâíåíèé. Ïîëó÷åííûå óñëîâèÿ íå ñîäåðæàò â ÿâíîì âèäå ìåòðèêè
(òàê æå êàê è ôîðìóëû äëÿ óñëîâèé Êîøè�Ðèìàíà â êîíôîðìíûõ êîîðäèíà-
òàõ).

Êàñêàäû óòîê â áèîëîãè÷åñêèõ ìîäåëÿõ
Êîíêèíà À. À. (Ñàìàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ñîáîëåâ Â. À. (Ñàìàðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñèíãóëÿðíî âîçìóùåííûõ äèôôåðåíöè-
àëüíûõ ñèñòåì íà ïëîñêîñòè. Ðàññìàòðèâàåòñÿ àâòîíîìíàÿ ñèñòåìà âèäà

ẋ = f(x, y, α), (1)

εẏ = g(x, y, α), (2)

ãäå x, y � ñêàëÿðíûå ïåðåìåííûå, ε � ìàëûé ïîëîæèòåëüíûé ïàðàìåòð, α �
äîïîëíèòåëüíûé ñêàëÿðíûé ïàðàìåòð, òî÷êîé îáîçíà÷åíî äèôôåðåíöèðîâà-
íèå ïî íåçàâèñèìîé ïåðåìåííîé t, f , g � äîñòàòî÷íî ãëàäêèå ôóíêöèè. Óðàâ-
íåíèå g(x, y, α) = 0 çàäàåò ìåäëåííóþ êðèâóþ ñèñòåìû (1)�(2), ïàðàìåòð α
ïðè ýòîì ñ÷èòàåòñÿ ôèêñèðîâàííûì.

Ó÷àñòîê ìåäëåííîé íàçûâàåòñÿ óñòîé÷èâûì (íåóñòîé÷èâûì), åñëè
äëÿ âñåõ òî÷åê ýòîãî ó÷àñòêà âûïîëíÿåòñÿ íåðàâåíñòâî gy(x, y, α) <
0
(
gy(x, y, α) > 0

)
. Íàëè÷èå äîïîëíèòåëüíîãî ñêàëÿðíîãî ïàðàìåòðà α îáåñïå-

÷èâàåò óñëîâèÿ äëÿ òîãî, ÷òîáû òðàåêòîðèè, ïðîõîäÿùèå âáëèçè óñòîé÷èâîãî
è íåóñòîé÷èâîãî ó÷àñòêîâ ìåäëåííîé êðèâîé, ìîæíî áûëî

”
ñêëåèòü“ â òî÷-

êå ñìåíû óñòîé÷èâîñòè (òî÷êå ñðûâà). ×åðåç ýòó òî÷êó ïðîõîäèò òðàåêòîðèÿ,
êîòîðàÿ íàçûâàåòñÿ óòêîé. Ïîä òðàåêòîðèåé�óòêîé îáû÷íî ïîíèìàåòñÿ òðà-
åêòîðèÿ ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû, êîòîðàÿ ïðîõîäèò âíà÷àëå âäîëü
óñòîé÷èâîãî ó÷àñòêà ìåäëåííîé êðèâîé, à çàòåì âäîëü íåóñòîé÷èâîãî, ïðè÷åì
îáà ðàçà ðàññòîÿíèÿ ïîðÿäêà åäèíèöû [1, 2].

Åñëè ìåäëåííàÿ êðèâàÿ èìååò íåñêîëüêî ÷åðåäóþùèõñÿ óñòîé÷èâûõ è
íåóñòîé÷èâûõ ó÷àñòêîâ, òî íàëè÷èå äîïîëíèòåëüíîãî âåêòîðíîãî ïàðàìåòðà
α îáåñïå÷èâàåò óñëîâèÿ äëÿ òîãî, ÷òîáû òðàåêòîðèè , ïðîõîäÿùèå âáëèçè
óñòîé÷èâûõ è íåóñòîé÷èâûõ ó÷àñòêîâ ìåäëåííîé êðèâîé, ìîæíî áûëî

”
ñêëå-

èòü“ â òî÷êàõ ñðûâà. Ïîëó÷åííóþ â ðåçóëüòàòå ñêëåèâàíèÿ òðàåêòîðèþ áóäåì
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íàçûâàòü êàñêàäîì óòîê. Â ðàáîòå ïðåäëîæåí àñèìïòîòè÷åñêèé ìåòîä ïðè-
áëèæåííîãî âû÷èñëåíèÿ

”
óòî÷íîãî“ çíà÷åíèÿ ïàðàìåòðà è êàñêàäà óòîê.

Â ïîñëåäíèå ãîäû ïîÿâèëîñü çíà÷èòåëüíîå ÷èñëî ïóáëèêàöèé, ïîñâÿùåí-
íûõ ïðèìåíåíèþ òðàåêòîðèé�óòîê â ðàçëè÷íûõ çàäà÷àõ áèîëîãèè, ìåõàíèêè,
õèìèè, ýêîíîìèêè è ýëåêòðîíèêè [3]. Â êà÷åñòâå ïðèëîæåíèé ïîëó÷åííûõ
ìàòåìàòè÷åñêèõ ðåçóëüòàòîâ ðàññìîòðåíû íåêîòîðûå áèîëîãè÷åñêèå ìîäåëè,
õàðàêòåðèçóþùèåñÿ ýôôåêòîì ìíèìîãî èñ÷åçíîâåíèÿ [4, 5, 6].

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-08-00154.
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Àñèìïòîòèêè ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âûñøèìè
âûðîæäåíèÿìè â íåðåçîíàíñíîì ñëó÷àå

Êîðîâèíà Ì. Â. (ÌÃÓ, Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå

Ĥ

(
r,− 1

k
rk+1 d

dr

)
u = f, (1)

ãäå u ∈ E (SR,ε, B1) , f ∈ E (SR,ε, B2), B1 è B2 �íåêîòî-
ðûå áàíàõîâû ïðîñòðàíñòâà (íàïðèìåð, ïðîñòðàíñòâà Hs (Ω)),
SR,ε = {r |−ε < arg r < ε, |r| < R}, à ÷åðåç E (SR,ε, B) îáîçíà÷åíî ïðîñòðàí-
ñòâî ôóíêöèé ñî çíà÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå B, ãîëîìîðôíûõ â
îáëàñòè SR,ε è ýêñïîíåíöèàëüíî ðàñòóùèõ â íóëå.

Ïðåäñòàâèì îïåðàòîðîçíà÷íûé ñèìâîë Ĥ (r, p) â âèäå

Ĥ(r, p) = Ĥ0(p) + rH1(p) + r2Ĥ2(p) + ... + rk−1Ĥk−1(p) + rkĤk(r, p),

ãäå Hi(p)� ñîîòâåòñòâóþùèå ïîëèíîìû.

Òåîðåìà 1. Ïóñòü îïåðàòîðíîå ñåìåéñòâî Ĥ0 (p) = Ĥ (0, p) ÿâëÿåòñÿ
ôðåäãîëüìîâûì. Òîãäà:

1◦. Åñëè u� ðåøåíèå óðàâíåíèÿ (1) äëÿ k-ðåñóðãåíòîé ïðàâîé ÷àñòè f ,
òî u òàêæå ÿâëÿåòñÿ k-ðåñóðãåíòîé ôóíêöèåé.

2◦. Äëÿ ëþáîé k-ðåñóðãåíòîé ïðàâîé ÷àñòè f ñóùåñòâóåò k-
ðåñóðãåíòîå ðåøåíèå óðàâíåíèÿ (1).

Áóäåì ãîâîðèòü, ÷òî òî÷êà p1 ∈ spec Ĥ0 (p) ÿâëÿåòñÿ ïðîñòîé åñëè

1◦. Îïåðàòîðîçíà÷íàÿ ôóíêöèÿ Ĥ−1
0 (p) èìååò â òî÷êå p1 ïðîñòîé ïîëþñ.
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2◦. Ðàçìåðíîñòü ÿäðà ker Ĥ0 (p1) ðàâíà åäèíèöå.

Òåîðåìà 2. Ïóñòü ôóíêöèÿ u ñî çíà÷åíèÿìè â áàíàõîâîì ïðîñòðàíñòâå

B1 ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ (1), à òî÷êè pj ∈ spec Ĥ0 (p),
j = 1, 2, ... ÿâëÿþòñÿ ïðîñòûìè, òîãäà äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà A
ôóíêöèÿ u ïðåäñòàâèìà â âèäå

u (r) =
∑
j

uj (r) +O
(
e−

A
r

)
,

ïðè÷åì ñóììà ñîäåðæèò êîíå÷íîå ÷èñëî ñëàãàåìûõ, êàæäîå èç êîòîðûõ îò-

âå÷àåò òî÷êå pj ñïåêòðà îïåðàòîðíîãî ñåìåéñòâà Ĥ0 (p), ðàñïîëîæåííîé â
ïîëóïëîñêîñòè Re p > −A, ïðè ýòîì ôóíêöèè uj (r) ÿâëÿþòñÿ îáðàòíûìè
ïðåîáðàçîâàíèÿìè Ëàïëàñà�Áîðåëÿ ôóíêöèé ũj (p), èìåþùèõ îñîáåííîñòè â
òî÷êàõ pj, è èìåþò àñèìïòîòè÷åñêèå ðàçëîæåíèÿ

uj (r) = e
pj

rk
+
∑k−1
i=1

α
j
k−i
rk−i rσj

∞∑
i=0

bjir
i, (2)

ãäå bji � ýëåìåíòû ïðîñòðàíñòâà B1.

Ïóñòü f ÿâëÿåòñÿ k-ðåñóðãåíòíîé ôóíêöèåé. Ðàññìîòðèì íåðåçîíàíñ-
íûé ñëó÷àé. Ýòî îçíà÷àåò, ÷òî îñîáåííîñòè ïðåîáðàçîâàíèÿ Ëàïëàñà�Áîðåëÿ
ôóíêöèè f íå ñîâïàäàþò ñ ïðîñòûìè òî÷êàìè îïåðàòîðíîãî ñåìåéñòâà. Åñëè
ïðàâàÿ ÷àñòü óðàâíåíèÿ èìååò îñîáåííîñòè òèïà (2), òî àñèìïòîòèêà ðåøåíèÿ
áóäåò èìåòü òàêîé æå âèä, ÷òî è â îäíîðîäíîì ñëó÷àå, ïðè÷åì ñóììèðîâàíèå
áóäåò áðàòüñÿ ïî îáúåäèíåíèþ {pj} è îñîáåííîñòåé ïðåîáðàçîâàíèÿ Ëàïëàñà�
Áîðåëÿ ôóíêöèè f .

Î íåêîòîðûõ ëèóâèëëåâûõ òåîðåìàõ äëÿ ðåøåíèé ýëëèïòè÷åñêèõ
óðàâíåíèé íà ìíîãîîáðàçèÿõ ñ êîíöàìè

Êîðîëüêîâ Ñ. À. (Âîëãîãðàäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ëîñåâ À. Ã. (Âîëãîãðàäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ñ÷èòàþùàÿñÿ êëàññè÷åñêîé ôîðìóëèðîâêà òåîðåìû Ëèóâèëëÿ óòâåðæäà-
åò, ÷òî âñÿêàÿ îãðàíè÷åííàÿ ãàðìîíè÷åñêàÿ â Rn ôóíêöèÿ ÿâëÿåòñÿ òîæäå-
ñòâåííîé ïîñòîÿííîé. Â ðàáîòàõ ðÿäà àâòîðîâ ïðèâîäÿòñÿ óñëîâèÿ âûïîëíå-
íèÿ òåîðåìû Ëèóâèëëÿ íà íåêîìïàêòíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ â òåð-
ìèíàõ ðîñòà îáúåìà, âûïîëíåíèÿ èçîïåðèìåòðè÷åñêèõ íåðàâåíñòâ, óñëîâèé
íà êðèâèçíó è ò. ä. Â òî æå âðåìÿ êëàññ ðèìàíîâûõ ìíîãîîáðàçèé, íà êîòî-
ðûõ ñóùåñòâóþò íåòðèâèàëüíûå îãðàíè÷åííûå ãàðìîíè÷åñêèå ôóíêöèè, äî-
ñòàòî÷íî îáøèðåí. Áîëåå òîãî, îáíàðóæåíû ìíîæåñòâà ìíîãîîáðàçèé, íà êî-
òîðûõ ðàçðåøèìà çàäà÷à Äèðèõëå î âîññòàíîâëåíèè ãàðìîíè÷åñêîé ôóíêöèè
ïî íåïðåðûâíûì ãðàíè÷íûì äàííûì íà

”
áåñêîíå÷íîñòè“.

Â ïîñëåäíåå âðåìÿ îñóùåñòâëÿåòñÿ ñëåäóþùèé ïîäõîä ê òåîðåìàì òèïà
Ëèóâèëëÿ. Ïóñòü íà ïîëíîì ðèìàíîâîì ìíîãîîáðàçèè M çàäàí êëàññ ôóíê-
öèé A è ýëëèïòè÷åñêèé îïåðàòîð L. Ãîâîðÿò, ÷òî íàM âûïîëíåíî îáîáùåííîå
(A,L)-ëèóâèëëåâî ñâîéñòâî, åñëè ïðîñòðàíñòâî ðåøåíèé óðàâíåíèÿ Lu = 0,
ïðèíàäëåæàùèõ ôóíêöèîíàëüíîìó êëàññó A, èìååò êîíå÷íóþ ðàçìåðíîñòü.
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Ðÿä ðàáîò áûë ïîñâÿùåí èçó÷åíèþ ðåøåíèé ýëëèïòè÷åñêèõ óðàâíåíèé
íà ìíîãîîáðàçèÿõ ñ êîíöàìè. Îòêðûòîå ìíîæåñòâî Ω ⊂M íàçûâàþò êîíöîì,
åñëè îíî ÿâëÿåòñÿ ñâÿçíûì, íåîãðàíè÷åííûì è åãî ãðàíèöà ∂Ω�êîìïàêò. Ãî-
âîðÿò, ÷òîM ÿâëÿåòñÿ ìíîãîîáðàçèåì ñ êîíöàìè, åñëè îíî ïðåäñòàâèìî â âèäå
îáúåäèíåíèÿ êîìïàêòíîãî ìíîæåñòâà B è êîíå÷íîãî ÷èñëà íåïåðåñåêàþùèõñÿ
êîíöîâ.

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ïîâåäåíèÿ L-ãàðìîíè÷åñêèõ ôóíê-
öèé, ò. å. ðåøåíèé óðàâíåíèÿ

Lu(x) ≡ ∆u(x)− c(x)u = 0,

ãäå c(x)�íåîòðèöàòåëüíàÿ íà M ôóíêöèÿ, íà ìíîãîîáðàçèÿõ ñ êîíöàìè.
Ïðåäïîëîæèì, ÷òî íà êîíöå Ω ñóùåñòâóåò L-ãàðìîíè÷åñêàÿ ôóíêöèÿ uΩ

òàêàÿ, ÷òî 0 ≤ uΩ ≤ 1, uΩ = 0 íà ∂Ω è supΩ uΩ = 1. Áóäåì ãîâîðèòü
â ýòîì ñëó÷àå, ÷òî Ω ÿâëÿåòñÿ L-ìàññèâíûì, à ôóíêöèþ uΩ íàçûâàòü L-
ãàðìîíè÷åñêîé ìåðîé êîíöà Ω. Åñëè L-ãàðìîíè÷åñêàÿ ìåðà óäîâëåòâîðÿåò
óñëîâèþ

D(u) =

∫
Ω

|∇uΩ(x)|2 + c(x)u2
Ω(x)dx <∞,

òî êîíåö Ω áóäåì íàçûâàòü LD-ìàññèâíûì.

Òåîðåìà 1. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

1◦. Ðàçìåðíîñòü ïðîñòðàíñòâà îãðàíè÷åííûõ L-ãàðìîíè÷åñêèõ íà M
ôóíêöèé� íå ìåíüøå êîëè÷åñòâà L-ìàññèâíûõ êîíöîâ M .

2◦. Ðàçìåðíîñòü ïðîñòðàíñòâà îãðàíè÷åííûõ L-ãàðìîíè÷åñêèõ íà M
ôóíêöèé ñ êîíå÷íûì èíòåãðàëîì ýíåðãèè� íå ìåíüøå êîëè÷åñòâà
LD-ìàññèâíûõ êîíöîâ M .

Òàêæå â ðàáîòå íàéäåíû ðàçìåðíîñòè äðóãèõ ïðîñòðàíñòâ L-
ãàðìîíè÷åñêèõ ôóíêöèé (ïîëîæèòåëüíûõ, îãðàíè÷åííûõ ñ îäíîé ñòîðîíû íà
êàæäîì êîíöå è ò. ä).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-97004-
ð_ïîâîëæüå_à.

Áàçèñíîñòü îäíîé ñèñòåìû ôóíêöèé ñâÿçàííîé ñ îáðàòíîé çàäà÷åé
äëÿ ýâîëþöèîííûõ óðàâíåíèé
Êîñòèí À. Á. (ÍÈßÓ ÌÈÔÈ)

Ïóñòü H �êîìïëåêñíîå ãèëüáåðòîâî ïðîñòðàíñòâî, A : H → H � ëè-
íåéíûé, çàìêíóòûé îïåðàòîð ñ îáëàñòüþ îïðåäåëåíèÿ D(A), ïëîòíîé â H,
à îïåðàòîð (−A) ÿâëÿåòñÿ ãåíåðàòîðîì ïîëóãðóïïû êëàññà C0. Ðàññìîòðèì
îáðàòíóþ çàäà÷ó íàõîæäåíèÿ ïàðû {u(t); f)} èç óñëîâèé:

u′(t) +Au(t) = Φ(t)f t ∈ [0, T ] , u(0) = 0, (1)

u(T ) = χ , χ ∈ D(A), (2)

ãäå îïåðàòîð-ôóíêöèÿ Φ(t) ∈ C1([0, T ];L(H)) è ïåðåîïðåäåëåíèå χ çàäàíû,
à íåèçâåñòíûìè ÿâëÿþòñÿ ôóíêöèÿ u(t) è ýëåìåíò f ∈ H. Ïîä ðåøåíèåì
îáðàòíîé çàäà÷è (1), (2) ïîíèìàåòñÿ ýëåìåíò f ∈ H, òàêîé, ÷òî ðåøåíèå çàäà-
÷è Êîøè (1) óäîâëåòâîðÿåò óñëîâèþ ïåðåîïðåäåëåíèÿ (2). Îòìåòèì, ÷òî ïðè
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ñäåëàííûõ ïðåäïîëîæåíèÿõ íà îïåðàòîð A è îïåðàòîð-ôóíêöèþ Φ(t) ðåøå-
íèå ïðÿìîé çàäà÷è (1) ñóùåñòâóåò è åäèíñòâåííî ïðè ëþáîì f ∈ H, ïðè÷åì
u(t) ∈ C1([0, T ];H) ∩ C([0, T ];D(A)). Äàëåå äëÿ óäîáñòâà áóäåì ñ÷èòàòü, ÷òî
Φ(T ) = I, à 0 ∈ %(A).

Îïðåäåëåíèå 1. Îáðàòíóþ çàäà÷ó (1), (2) áóäåì íàçûâàòü êîððåêò-
íîé, åñëè äëÿ ëþáîãî χ ∈ D(A) ñóùåñòâóåò åäèíñòâåííûé ýëåìåíò
f ∈ H �ðåøåíèå îáðàòíîé çàäà÷è� è ñïðàâåäëèâà îöåíêà óñòîé÷èâîñòè:
‖f‖ ≤ C (‖χ‖+ ‖Aχ‖), ãäå ‖f‖�íîðìà f â H.

Â ðàáîòå [1] äîêàçàíî, ÷òî åñëè ñîáñòâåííûå âåêòîðû {ek} îïåðà-
òîðà A îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â H, à {λk} ⊂ C� ñî-
îòâåòñòâóþùèå èì ñîáñòâåííûå çíà÷åíèÿ, òî äëÿ ñèñòåìû {Ψk}, ãäå

Ψk = λk
T∫
0

exp[−λk (T − τ)]Φ∗(τ) dτek, k = 1, 2, . . ., ñïðàâåäëèâû ñëåäóþùèå

óòâåðæäåíèÿ.

Òåîðåìà 1. Ñèñòåìà ýëåìåíòîâ {Ψk} ïîëíà â H òîëüêî òîãäà, êîãäà
ðåøåíèå îáðàòíîé çàäà÷è (1), (2) åäèíñòâåííî.

Òåîðåìà 2. Îáðàòíàÿ çàäà÷à (1), (2) êîððåêòíà òîëüêî òîãäà, êîãäà
ñèñòåìà {Ψk}� áàçèñ Ðèññà â H.

Â íàñòîÿùåé ðàáîòå ðåçóëüòàòû [1] îáîáùàþòñÿ íà ñëó÷àé, êîãäà A èìååò
ïîëíóþ â H (ñîîòâåòñòâóþùèé áàçèñ â H) ñèñòåìó èç ñîáñòâåííûõ è ïðèñî-
åäèíåííûõ ýëåìåíòîâ ñ öåïî÷êàìè êîíå÷íîé äëèíû. Â ýòîì ñëó÷àå äëÿ ñèñòå-
ìû àíàëîãè÷íîé {Ψk} (åå îïðåäåëåíèå áîëåå ñëîæíîå) óñòàíîâëåíû òåîðåìû,
áëèçêèå ê òåîðåìàì 1 è 2 . Èñïîëüçóÿ ðåçóëüòàòû [2] è [3], ìîæíî ïîëó÷èòü
áàçèñíîñòü íîâûõ êëàññîâ ñèñòåì ôóíêöèé.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ �Êàäðû� (ïðîåêò Ï268) è
ÀÂÖÏ �Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû� (ïðîåêò 2.1.1/6827).

Ñïèñîê ëèòåðàòóðû

[1] Êîñòèí À. Á. Áàçèñíîñòü îäíîé ñèñòåìû ôóíêöèé, ñâÿçàííîé ñ îáðàòíîé çàäà÷åé
íàõîæäåíèÿ èñòî÷íèêà // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 2008. Ò. 44. � 2. Ñ. 246�
256.

[2] Ïðèëåïêî À. È., Òèõîíîâ È.Â. Îáðàòíàÿ çàäà÷à ñ ôèíàëüíûì ïåðåîïðåäåëåíèåì
äëÿ àáñòðàêòíîãî ýâîëþöèîííîãî óðàâíåíèÿ â óïîðÿäî÷åííîì áàíàõîâîì ïðîñòðàí-
ñòâå // Ôóíêö. àíàëèç è åãî ïðèëîæåíèÿ. 1993. Ò. 27. Âûï. 1. Ñ. 81�83.

[3] Ïðèëåïêî À. È., Êîñòèí À.Á. Îöåíêà ñïåêòðàëüíîãî ðàäèóñà îäíîãî îïåðàòîðà
è ðàçðåøèìîñòü îáðàòíûõ çàäà÷ äëÿ ýâîëþöèîííûõ óðàâíåíèé // Ìàòåì. çàìåòêè.
1993. Ò. 53. Âûï. 1. Ñ. 89�94.

×åòíîñòü è îòíîñèòåëüíàÿ ÷åòíîñòü â òåîðèè óçëîâ
Êðûëîâ Ä. Þ. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Îïðåäåëåíèå 1. Äèàãðàììîé âèðòóàëüíîãî çàöåïëåíèÿ èç k êîìïîíåíò
íàçûâàåòñÿ îáðàç ïîãðóæåíèÿ k îêðóæíîñòåé â R2, ò. ÷. êàæäàÿ òî÷êà ñàìî-
ïåðåñå÷åíèÿ äâîéíàÿ, òðàíñâåðñàëüíàÿ è îñíàùåíà ñòðóêòóðîé êëàññè÷åñêîãî
(ïðîõîä/ïåðåõîä) èëè âèðòóàëüíîãî ïåðåêðåñòêà. Ïðè k = 1 îáðàç íàçûâàåòñÿ
äèàãðàììîé âèðòóàëüíîãî óçëà.
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Îïðåäåëåíèå 2. Äèàãðàììû íàçûâàþòñÿ ýêâèâàëåíòíûìè, åñëè îäíó
ìîæíî ïåðåâåñòè â äðóãóþ ïîñëåäîâàòåëüíîñòüþ èçîòîïèé ïëîñêîñòè è âèð-
òóàëüíûõ äâèæåíèé Ðåéäåìåéñòåðà.

Ïî äèàãðàììå âèðòóàëüíîãî çàöåïëåíèÿ ìîæíî ïîñòðîèòü ñåìåéñòâî àòî-
ìîâ � çàìêíóòûõ êîìïàêòíûõ ïîâåðõíîñòåé, ïðè ýòîì âñå àòîìû áóäóò îäíî-
âðåìåííî îðèåíòèðóåìû èëè íåîðèåíòèðóåìû.

Òåîðåìà 1 (Î. ß. Âèðî, Â. O. Ìàíòóðîâ, 2005, [1]). Ïóñòü äèàãðàììû
âèðòóàëüíûõ óçëîâ K è L ýêâèâàëåíòíû è èìåþò îðèåíòèðóåìûå àòîìû.
Òîãäà îíè ýêâèâàëåíòíû â êëàññå äèàãðàìì ñ îðèåíòèðóåìûìè àòîìàìè.

Â äîêëàäå áóäåò ðàññêàçàíî îá îáîáùåíèè ýòîãî ðåçóëüòàòà íà ñëó÷àé
äèàãðàìì âèðòóàëüíûõ çàöåïëåíèé, ïîëó÷åííîì äîêëàä÷èêîì è Â. Î. Ìàí-
òóðîâûì â 2010 ãîäó (ñì. [2]). Äîêàçàòåëüñòâî îñíîâàíî íà ïîíÿòèè ÷åòíîñòè.

Îïðåäåëåíèå 3. ×åòíîñòüþ íàçûâàåòñÿ îñíàùåíèå âñåõ êëàññè÷åñêèõ
ïåðåêðåñòêîâ âñåõ äèàãðàìì âèðòóàëüíûõ çàöåïëåíèé ýëåìåíòàìè èç Z2, óäî-
âëåòâîðÿþùåå íåêîòîðûì îïðåäåëåííûì ñîîòíîøåíèÿì íà îñíàùåíèÿ äèà-
ãðàìì, îòëè÷àþùèõñÿ îäíèì îáîáùåííûì äâèæåíèåì Ðåéäåìåéñòåðà.

Ñïèñîê ëèòåðàòóðû

[1] D. P. Ilyutko, V. O. Manturov, Introduction to graph-link theory //
ArXiv:Math.GT/0810.5522v1.

[2] D. Y. Krylov, V. O. Manturov, Parity and relative parity in knot theory //
ArXiv:Math.GT/1101.0128v1.

Ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû â âåñîâûõ ïðîñòðàíñòâàõ
Ãåëüäåðà-Çèãìóíäà íà Rn: ðàçðåøèìîñòü è õàðàêòåðèçàöèÿ

Êðÿêâèí Â. Ä. (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)

Â äîêëàäå ðàññìàòðèâàþòñÿ ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû èç
êëàññà Ë. Õåðìàíäåðà Ψm

1,δ, 0 ≤ δ < 1, îïðåäåëåííûå ïî ôîðìóëå

Au(x) = (2π)−n
∫
a(x, ξ)

∫
u(y)ei(x−y,ξ) dydξ, u ∈ S(Rn),

ñ ñèìâîëàìè a(x, ξ), óäîâëåòâîðÿþùèìè óñëîâèÿì

|a|mp,q := max
|β|≤p,|α|≤q

sup
(x,ξ)∈Rn

|∂βx∂αξ a(x, ξ)|(1 + |ξ|)|α|−δ|β|−m <∞.

Îïåðàòîðû A äåéñòâóþò â øêàëå ïðîñòðàíñòâ Ãåëüäåðà�Çèãìóíäà Λs,ω(Rn) ñ
ãëàäêèì âåñîì ω, èìåþùèì ñòåïåííîå ïîâåäåíèå íà áåñêîíå÷íîñòè.

Òåîðåìà 1. Ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð A ∈ Ψm
1,δ ÿâëÿåòñÿ

âïîëíå íåïðåðûâíûì èç Λt,ω(Rn) â Λt−m,ω(Rn) òîãäà è òîëüêî òîãäà, êîãäà

lim
|x|+|ξ|→∞

a(x, ξ)(1 + |ξ|)−m = 0.

Òåîðåìà 2. Ïóñòü äëÿ ëþáûõ ìóëüòèèíäåêñîâ α è β, β 6= 0,

lim
|x|→∞

sup
ξ∈Rn

|∂βx∂αξ a(x, ξ)|(1 + |ξ|)|α|−m = 0.
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Ïcåâäîäèôôåðåíöèàëüíûé îïåðàòîð A ∈ Ψm
1,0, äåéñòâóþùèé èç Λt,ω(Rn) â

Λt−m,ω(Rn), íåòåðîâ òîãäà è òîëüêî òîãäà, êîãäà

lim
R→∞

inf
|x|+|ξ|>R

|a(x, ξ)|(1 + |ξ|)−m > 0.

Ïóñòü LjB = [ixj , B] = ixjB − iBxj è MjB = [∂xj , B] = ∂xjB − B∂xj
äëÿ îïåðàòîðà B : S(Rn) → S′(Rn). Äëÿ α, β ∈ (Z+)n �B

(α)

(β) =

Lα1
1 . . . Lαnn Mα1

1 . . .Mαn
n B è B(0)

(0) = B.

Òåîðåìà 3. Ïóñòü 0 < s ≤ 1 − δ. Ëèíåéíîå îòîáðàæåíèå
B : S(Rn)→ S′(Rn) ïðèíàäëåæèò Ψm

1,δ òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþ-

áûõ ìóëüòèèíäåêñîâ α, β ∈ (Z+)n ëèíåéíûé îïåðàòîð B
(α)

(β) ïðîäîëæàåòñÿ äî

îãðàíè÷åííîãî îïåðàòîðà èç ïðîñòðàíñòâà Λs+m−|α|+δ|β|,ω(Rn) â Λs,ω(Rn).

Òåîðåìà 4. Ïóñòü ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð A ïðèíàäëåæèò
Ψm

1,δ è îáðàòèì èç Λs,ω(Rn) â Λs−m,ω(Rn) ïðè íåêîòîðîì s. Òîãäà îáðàòíûé

îïåðàòîð ïðèíàäëåæèò Ψ−m1,δ .
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Íåêîòîðûå ñìåøàííûå çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèé ñòåðæíÿ,
ñîñòîÿùåãî èç äâóõ ðàçíîðîäíûõ ó÷àñòêîâ

Êóëåøîâ À. À. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.
Ì.Â.Ëîìîíîñîâà, ôàêóëüòåò ÂÌèÊ, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ ñìåøàííûå çàäà÷è äëÿ ðàçðûâíîãî âîëíîâîãî óðàâíå-
íèÿ

utt(x, t) =

{
a2

1uxx(x, t) ïðè 0 6 x 6 x0, 0 6 t 6 T,

a2
2uxx(x, t) ïðè x0 6 x 6 l, 0 6 t 6 T,

(1)

ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = 0, ut(x, 0) = 0 (2)

è ñ îäíîé èç ñëåäóþùèõ ñîâîêóïíîñòåé ãðàíè÷íûõ óñëîâèé:{
u(0, t) = µ(t)

u(l, t) = ν(t),
(3)

{
u(0, t) = µ(t)

ux(l, t) = ν(t),
(4)
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{
ux(0, t) = µ(t)

u(l, t) = ν(t),
(5){

ux(0, t) = µ(t)

ux(l, t) = ν(t),
(6)

Â äîêëàäå ïðåäñòàâëåí ÿâíûé âèä îáîáùåííîãî ðåøåíèÿ óêàçàííûõ ñìåøàí-
íûõ çàäà÷, à òàêæå ðåêóððåíòíûé àëãîðèòì âû÷èñëåíèÿ âõîäÿùèõ â ðåøåíèå
ïîñòîÿííûõ êîýôôèöèåíòîâ.

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü àêàäåìèêó Â. À. Èëüèíó çà
ïîñòàíîâêó çàäà÷è è ïîñòîÿííîå âíèìàíèå ê ðàáîòå.
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Ìåõàíèçì äîêðèòè÷åñêîãî âîçáóæäåíèÿ àâòîêîëåáàíèé, ñâÿçàííûõ
ñ ðåçîíàíñîì 1 : 3

Êóëèêîâ À. Í. (ßðîñëàâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ï. Ã. Äåìèäîâà, Ðîññèÿ)

Êóëèêîâ Ä. À. (ßðîñëàâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ï. Ã. Äåìèäîâà, Ðîññèÿ)

Â Rn ðàññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé

ẍ+ 2εẋ+A(ε)x = F (x, ẋ, ε), (1)

ãäå ε�ìàëûé íåîòðèöàòåëüíûé ïàðàìåòð, x(t) = colon(x1(t), . . . , xn(t)),
A(ε)�êâàäðàòíàÿ ìàòðèöà, ýëåìåíòû êîòîðîé ãëàäêî çàâèñÿò îò ïàðàìåò-
ðà ε. Ãëàäêàÿ âåêòîð- ôóíêöèÿ F (x, y, ε) èìååò ïî ïåðåìåííûì x, y â íóëå
ïîðÿäîê ìàëîñòè âûøå ïåðâîãî.

Ïóñòü ìàòðèöà A(0) èìååò ïðîñòûå ñîáñòâåííûå çíà÷åíèÿ σj ∈ R, σj 6=
0, j = 1, . . . , n è ïðè ýòîì σ1 : σ2 = 1 : 3. Ñ÷èòàåì, ÷òî èíûå ìëàäøèå ðåçîíàí-
ñû îòñóòñòâóþò.

Îãðàíè÷èìñÿ ðàññìîòðåíèåì âîïðîñà î ñóùåñòâîâàíèè ó ñèñòåìû (1) ïå-
ðèîäè÷åñêèõ ðåøåíèé ñ ïåðèîäîì áëèçêèì ê 2π/σ1 èëè 2π/σ2. Èñïîëüçóÿ
àëãîðèòìû ïîñòðîåíèÿ íîðìàëüíûõ ôîðì èç ìîíîãðàôèè [1] ìîæíî ïîêà-
çàòü, ÷òî âîïðîñ î ñóùåñòâîâàíèè è óñòîé÷èâîñòè òàêèõ ïåðèîäè÷åñêèõ ðåøå-
íèé ìîæåò áûòü ñâåäåí ê èçó÷åíèþ ñèñòåìû óðàâíåíèé� íîðìàëüíîé ôîðìû,
ãëàâíàÿ ÷àñòü êîòîðîé èìååò âèä{

ż1 = ε
[
(−1 + iα1) + c11z1|z1|2 + c12z1|z2|2 + c23z

2
1z2

]
,

ż2 = ε
[
(−1 + iα2) + c21z2|z1|2 + c22z2|z2|2 + c23z

3
2

]
,

(2)
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żk = εzk
[
(−1 + iαk) + ck1|z1|2 + ck2|z2|2

]
, (3)

ãäå k = 3, . . . , n, zj(t) = xj(t) + iyj(t), αj ∈ R, cjm ∈ C.

Òåîðåìà 1. Ñèñòåìà (2), (3) äîïóñêàåò àâòîìîäåëüíûå ïåðèîäè÷åñêèå
ðåøåíèÿ âèäà zj = ρj exp(iωjt), j = 1, 2, ρj ≥ 0, ωj ∈ R, à îñòàëüíûå zk = 0.
Ýòè ðåøåíèÿ â ñèòóàöèè îáùåãî ïîëîæåíèÿ ïîëîæåíèÿ ïîðîæäàþò ïåðè-
îäè÷åñêèå ðåøåíèÿ ñèñòåìû (1) ñ ïåðèîäîì áëèçêèì ê 2π/σ1 èëè 2π/σ2 ñ
íàñëåäîâàíèåì èõ ñâîéñòâ óñòîé÷èâîñòè.

Â ðàáîòàõ [2, 3] áûëè ðàññìîòðåíû âàæíûå, ñ òî÷êè çðåíèÿ ïðèëîæåíèé,
çàäà÷è, àíàëîãè÷íûå äàííîé. Â ðàáîòå [2] áûë ðàññìîòðåí âîïðîñ îá èññëå-
äîâàíèè íåëèíåéíîãî ïàíåëüíîãî ôëàòòåðà, à â ðàáîòå [3] � îäíà èç çàäà÷ î
ñèíõðîíèçàöèè êîëåáàíèé â ñèñòåìå ñâÿçàííûõ îñöèëëÿòîðîâ. Çàäà÷à î æåñò-
êîì âîçáóæäåíèè àâòîêîëåáàíèé, â ñëó÷àå, áëèçêîì ê ðåçîíàíñó ñîáñòâåííûõ
÷àñòîò 1 : 2, áûëà ðàññìîòðåíà â ðàçëè÷íûõ ïîñòàíîâêàõ â ñòàòüÿõ [4�5].
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Íåîäíîðîäíûå óðàâíåíèÿ Õèëëà è Ìàòüå
Êóðèí À. Ô. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Òóëåíêî Å. Á. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Íåîäíîðîäíûå óðàâíåíèÿ Õèëëà è Ìàòüå èíòåðåñíû äëÿ ïðèëîæå-
íèé. Ñ èñïîëüçîâàíèåì àñèìïòîòè÷åñêîãî ìåòîäà óñðåäíåíèÿ âî âòîðîì
ïðèáëèæåíèè ìåòîäà ðåøàåòñÿ çàäà÷à Êîøè (ñ íà÷àëüíûìè óñëîâèÿìè
z(0) = z0, ż(0) = ż0) äëÿ óðàâíåíèÿ

z̈ + [p0 +
∑
m

pm cos(mt)]z = F (t), m = 1, 2, ... (1)

ïðè ðåçîíàíñàõ p0 ≈ 0, 1/2, 1 â îäíîðîäíîì óðàâíåíèè (ñì. [1],[2]).

1. Áóäåì ñ÷èòàòü p0 ∼ ε2, pm ∼ ε, F = ε2f(τ), τ = εt, ãäå ε > 0�ìàëûé
ïàðàìåòð. Ñ ïîìîùüþ çàìåíû, êîòîðàÿ ÿâëÿåòñÿ îáîáùåíèåì çàìåíû Áîãîëþ-
áîâà â çàäà÷å î ìàÿòíèêå ñ âèáðèðóþùåé òî÷êîé ïîäâåñà [3] íà ñëó÷àé, êîãäà
êîýôôèöèåíò â (1) ñîäåðæèò áîëåå îäíîãî ïåðèîäè÷åñêîãî êîëåáàíèÿ, äëÿ
íîâûõ ïåðåìåííûõ ϕ,Ω ïîëó÷àåì ñèñòåìó óðàâíåíèé â ñòàíäàðòíîé ôîðìå
[3]. Äëÿ óñðåäíåííîé ïî ôàçàì áûñòðûõ êîëåáàíèé ôóíêöèè ϕ̄(t) ïðèõîäèì ê
óðàâíåíèþ îñöèëëÿòîðà ¨̄ϕ+ λ0ϕ̄ = F , ãäå λ0 è íà÷àëüíûå óñëîâèÿ ϕ̄(0), ˙̄ϕ(0)
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îïðåäåëÿþòñÿ ñîîòâåòñòâåííî ôîðìóëàìè (2.11) è (2.14), (2.15) ðàáîòû [1].
Ðåøåíèå z(t) óðàâíåíèÿ (1) èìååò âèä

z(t) = [1 +
∑
m

pm
m2

cos(mt)]ϕ̄(t).

Â ÷àñòíîñòè, åñëè F = F0 cos[Mf cos(νf t)], ãäå ïîñòîÿííàÿ àìïëèòóäà F0 ∼
ε2, à ÷àñòîòà νf ∼ ε, ïðè λ0 > 0 â óðàâíåíèè (1) èìåþòñÿ ðåçîíàíñû νf =√
λ0/(2k), k = 1, 2... .

2. Ïóñòü òåïåðü â (1) a ≈ 1/4; 1 è F = F0(εt) cos[ω1t+ h(εt)]. Ïîñòîÿííàÿ
÷àñòîòà ω1 ≈ 1/2; 1 ïðè a ≈ 1/4; 1 ñîîòâåòñòâåííî. Óðàâíåíèå (1) ñâîäèòñÿ ê
ñèñòåìå ñ ìíîãèìè áûñòðûìè ôàçàìè. Äëÿ óñðåäíåííûõ ïî ôàçàì áûñòðûõ
êîëåáàíèé àìïëèòóäû b è ìåäëåííîé ôàçû θ (ôóíêöèé b̄ è θ̄) ïóòåì ïðåîáðàçî-
âàíèÿ P = b̄ sin(θ̄/2), R = b̄ cos(θ̄/2) (ïðè ýòîì b̄ =

√
P 2 +R2, tg(θ̄/2) = P/R)

ïîëó÷àåòñÿ ëèíåéíàÿ ñèñòåìà

Ṗ = 0.5(r + s)R+ 0.5(r+ + r−) cosα, Ṙ = 0.5(r − s)P + 0.5(r+ − r−) sinα.

Çäåñü ïðè a ≈ 1/4 ôàçà α = (ω1−1/2)t+h, êîýôôèöèåíòû r è s îïðåäåëÿþòñÿ
ôîðìóëàìè (3.7) ðàáîòû [1], r− = −F0/

√
p0, r

+ = p1F0/(4p0). Åñëè a ≈ 1, òî
α = (ω1 − 1)t + h, r è s� ýòî (3.10) â [1], à r− = −F0/

√
p0, r

+ = p2F0/8p0.
Ðåøåíèå z ðàâíî

z(t) = z(0)(t) +
F

2
√
p0(
√
p0 + ω1)

,

ãäå z(0)(t) îïðåäåëÿåòñÿ ôîðìóëîé (6.1) â [1]. Àíàëèçèðóþòñÿ íå ïàðàìåòðè-
÷åñêèå ðåçîíàíñû ïðè àìïëèòóäíî è ÷àñòîòíî ìîäóëèðîâàííîé ôóíêöèè F .

Ïîëàãàÿ âåçäå m = 1, ïîëó÷àåì ôîðìóëû äëÿ óðàâíåíèÿ Ìàòüå.
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Àñèìïòîòè÷åñêèé àíàëèç ñèíãóëÿðíî âîçìóùåííûõ
ëèíåéíî-êâàäðàòè÷íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ

ðàçðûâíûìè êîýôôèöèåíòàìè
Êóðèíà Ã. À. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Íãóåí Ò. Õ. (Âüåòíàìñêèé íàöèîíàëüíûé óíèâåðñèòåò, Âüåòíàì)

Ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè êâàäðàòè÷íîãî ôóíêöèîíàëà íà
òðàåêòîðèÿõ ñèíãóëÿðíî âîçìóùåííîé ëèíåéíîé ñèñòåìû ñ çàêðåïëåííûì ëå-
âûì êîíöîì. Êîýôôèöèåíòû èìåþò ðàçðûâ ïåðâîãî ðîäà â îäíîé ïðîìåæó-
òî÷íîé òî÷êå, â îñòàëüíûõ òî÷êàõ îíè íåïðåðûâíû. Äëÿ ïîñòðîåíèÿ àñèìï-
òîòèêè ðåøåíèÿ èñïîëüçóåòñÿ íåïîñðåäñòâåííàÿ ïîäñòàíîâêà â óñëîâèÿ çà-
äà÷è ïîñòóëèðóåìîãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ. Òàêîé ïîäõîä
ê ïîñòðîåíèþ àñèìïòîòèêè ðåøåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ íàçâàí
Ì. Ã. Äìèòðèåâûì è Ñ. Â. Áåëîêîïûòîâûì ïðÿìîé ñõåìîé.
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Ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è, ïîñòðîåííîå ïðè ïîìîùè ïðÿìîé ñõå-
ìû, ñîäåðæèò ôóíêöèè ïîãðàíñëîÿ ÷åòûðåõ òèïîâ. Íàéäåíû çàäà÷è îïòè-
ìàëüíîãî óïðàâëåíèÿ, êîòîðûì óäîâëåòâîðÿþò êîýôôèöèåíòû àñèìïòîòè÷å-
ñêîãî ðàçëîæåíèÿ ðåøåíèÿ. Äëÿ ýòèõ çàäà÷ ïîëó÷åíû íåîáõîäèìûå è äîñòà-
òî÷íûå óñëîâèÿ îïòèìàëüíîñòè óïðàâëåíèÿ è äîêàçàíà îäíîçíà÷íàÿ ðàçðåøè-
ìîñòü. Óñòàíîâëåíî íåâîçðàñòàíèå çíà÷åíèé ìèíèìèçèðóåìîãî ôóíêöèîíàëà
ïðè èñïîëüçîâàíèè ñëåäóþùåãî àñèìïòîòè÷åñêîãî ïðèáëèæåíèÿ îïòèìàëüíî-
ãî óïðàâëåíèÿ.

Ïîëó÷åí âèä îïòèìàëüíîãî óïðàâëåíèÿ â ôîðìå îáðàòíîé ñâÿçè äëÿ
ëèíåéíî-êâàäðàòè÷íûõ çàäà÷ ñ ðàçðûâíûìè êîýôôèöèåíòàìè. Ïîñòðîåíà
àñèìïòîòèêà íåïðåðûâíîãî ðåøåíèÿ âîçíèêàþùåé ïðè ýòîì çàäà÷è äëÿ ñèí-
ãóëÿðíî âîçìóùåííîãî ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ðèêêàòè ñ
ðàçðûâíûìè â ïðîìåæóòî÷íîé òî÷êå êîýôôèöèåíòàìè. Èñïîëüçóÿ ýòó àñèìï-
òîòèêó, ïîñòðîåíà àñèìïòîòèêà îïòèìàëüíîãî óïðàâëåíèÿ â ôîðìå îáðàòíîé
ñâÿçè.

Ìåòîäîì ïðÿìîé ñõåìû ïîñòðîåíî òàêæå àñèìïòîòè÷åñêîå ðåøåíèå ñèíãó-
ëÿðíî âîçìóùåííîé ëèíåéíî-êâàäðàòè÷íîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
ñ ðàçðûâíûìè â ïðîìåæóòî÷íîé òî÷êå êîýôôèöèåíòàìè è äåøåâûì óïðàâëå-
íèåì.

Ïîëó÷åíû îöåíêè áëèçîñòè ïðèáëèæåííîãî àñèìïòîòè÷åñêîãî ðåøåíèÿ ê
òî÷íîìó ðåøåíèþ âîçìóùåííîé çàäà÷è ïî óïðàâëåíèþ, òðàåêòîðèè è ôóíê-
öèîíàëó.

Ïðåäëàãàåìûå ìåòîäû ïîñòðîåíèÿ àñèìïòîòèêè èëëþñòðèðóþòñÿ ÷èñëåí-
íûìè ïðèìåðàìè.

Îñíîâíûå ðåçóëüòàòû äîêëàäà îïóáëèêîâàíû â [1�3].

Ñïèñîê ëèòåðàòóðû

[1] Êóðèíà Ã. À., Íãóåí Ò. Õ. Ïðèáëèæåíèå íóëåâîãî ïîðÿäêà àñèìïòîòèêè ðåøåíèÿ
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íîé ñâÿçè äëÿ ñèíãóëÿðíî âîçìóùåííîé ëèíåéíî-êâàäðàòè÷íîé çàäà÷è ñ ðàçðûâíû-
ìè êîýôôèöèåíòàìè // Âåñòíèê Âîðîíåæñêîãî ãîñ. óíèâåðñèòåòà. Ñåðèÿ: Ôèçèêà.
Ìàòåìàòèêà. 2010. � 2. Ñ. 103�117.

[3] Íãóåí Ò. Õ. Àñèìïòîòè÷åñêîå ðåøåíèå ñèíãóëÿðíî âîçìóùåííûõ ëèíåéíî-
êâàäðàòè÷íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñ ðàçðûâíûìè êîýôôèöèåíòàìè. Àâ-
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Ãðóïïîâîé àíàëèç íåëèíåéíîãî óðàâíåíèÿ êîëìîãîðîâñêîãî òèïà è
èíâàðèàíòíûå ðåøåíèÿ çàäà÷è Êîøè

Ëàãíî Â. È. (Ïîëòàâñêèé íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Óêðàèíà)

Ñòîãíèé Â. È. (Íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò Óêðàèíû �ÊÏÈ�,
Óêðàèíà)

Ìàðêèòàíîâ Þ. Í. (Íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò Óêðàèíû
�ÊÏÈ�, Óêðàèíà)

Íåëèíåéíîå óðàâíåíèå

ut − uxx − uuy = F (u), (1)

ãäå F �íåêîòîðàÿ íåïðåðûâíàÿ ôóíêöèÿ ïåðåìåííîé u = u(t, x, y), âñòðå÷à-
åòñÿ â ðàçëè÷íûõ ïðîáëåìàõ ôèíàíñîâîé ìàòåìàòèêè [1]. Íàáëþäàåòñÿ [2, 3]
è îïðåäåëåííûé èíòåðåñ ê èññëåäîâàíèþ ñâîéñòâ ðåøåíèé çàäà÷è Êîøè äëÿ
óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì

u(0, x, y) = g(x, y). (2)

Íàìè, ñ èñïîëüçîâàíèåì ìåòîäîâ ãðóïïîâîãî àíàëèçà äèôôåðåíöèàëüíûõ
óðàâíåíèé [4], èññëåäîâàíû ñëåäóþùèå ïðîáëåìû:

1◦. Ïðîâåäåíà ãðóïïîâàÿ êëàññèôèêàöèÿ óðàâíåíèÿ (1), âñëåäñòâèå ÷åãî
ïîëó÷åíû âñå ñïåöèôèêàöèè ôóíêöèè F , äëÿ êîòîðûõ óðàâíåíèå (1)
èìååò íåòðèâèàëüíûå ñèììåòðèéíûå ñâîéñòâà.

2◦. Ïðîâåäåíà ñèììåòðèéíàÿ ðåäóêöèÿ è ïîñòðîåíû òî÷íûå (èíâàðè-
àíòíûå) ðåøåíèÿ äëÿ ïîëó÷åííûõ â êëàññèôèêàöèè óðàâíåíèé.

3◦. Äëÿ óðàâíåíèÿ (1) ñ íàèâûñøèìè ñèììåòðèéíûìè ñâîéñòâàìè
(F = 0) ïðè íåêîòîðûõ çíà÷åíèÿõ ôóíêöèè g â óñëîâèè (2) ïîëó-
÷åíû èíâàðèàíòíûå ðåøåíèÿ çàäà÷è Êîøè.

Ñïèñîê ëèòåðàòóðû

[1] Citti G., Pascucci A., Polidoro S. On the regularity of solutions to a nonlinear
ultraparabolic equation arising in mathematical �nance // Di�erential and Integral
Equations. 2001. V. 14. � 6. P. 701�738.

[2] Escobedo M., Vasquez J. L., Zuazua E. Entropy solutions for di�usion-convection
equations with partial di�usivity // Trans. Am. Math. Soc. 1994. V. 343. � 2. P. 829�842.

[3] Vol'pert A. I., Hudjaev S. I. Cauchy's problem for degenerate second order quasilinear
parabolic equations // Math. USSR. Sb. 1957. V. 3. � 3. P. 365�387.

[4] Îâñÿííèêîâ Ë. Â. Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì.: Íàóêà,
1978.

Ìèíèìóì îòíîøåíèÿ âåñà ìèíèìàëüíîãî çàïîëíåíèÿ ê âåñó
ìèíèìàëüíîãî îñòîâíîãî äåðåâà äëÿ âûïóêëûõ ÷åòûðåõóãîëüíèêîâ

íà åâêëèäîâîé ïëîñêîñòè
Ëàóò È. Ë. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò)

Îïðåäåëåíèå 1. Ìèíèìàëüíûì çàïîëíåíèåì êîíå÷íîãî ìåòðè÷åñêîãî
ïðîñòðàíñòâà íàçîâåì âçâåøåííûé ãðàô íàèìåíüøåãî âåñà, çàòÿãèâàþùèé
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äàííîå ìåòðè÷åñêîå ïðîñòðàíñòâî òàê, ÷òî äëÿ ëþáûõ äâóõ òî÷åê ìåòðè÷å-
ñêîãî ïðîñòðàíñòâà âåñ ëþáîãî ïóòè, ñîåäèíÿþùåãî èõ â ãðàôå, íå ìåíüøå
ðàññòîÿíèÿ ìåæäó íèìè â ìåòðè÷åñêîì ïðîñòðàíñòâå.

Îïðåäåëåíèå 2. Ìèíèìàëüíûì îñòîâíûì äåðåâîì êîíå÷íîãî ìåòðè÷å-
ñêîãî ïðîñòðàíñòâà íàçîâåì âçâåøåííûé ãðàô íàèìåíüøåãî âåñà, çàòÿãèâà-
þùèé äàííîå ìåòðè÷åñêîå ïðîñòðàíñòâî òàê, ÷òî ðåáðà ãðàôà èíöèäåíòíû
òîëüêî òî÷êàì ìåòðè÷åñêîãî ïðîñòðàíñòâà è âåñ ðåáðà ðàâåí ðàññòîÿíèþ ìåæ-
äó òî÷êàìè ìåòðè÷åñêîãî ïðîñòðàíñòâà, èíöèäåíòíûìè åìó.

Â äàííîé ðàáîòå äîêàçàíà òî÷íàÿ îöåíêà îòíîøåíèÿ âåñà ìèíèìàëüíîãî
çàïîëíåíèÿ ê âåñó ìèíèìàëüíîãî îñòîâíîãî äåðåâà âûïóêëûõ ÷åòûðåõòî÷å÷-
íûõ ïîäìíîæåñòâ åâêëèäîâîé ïëîñêîñòè.

Òåîðåìà 1. Ïóñòü M = {A,B,C,D} ⊂ E2, ãäå A, B, C, D� âåðøèíû
âûïóêëîãî ÷åòûðåõóãîëüíèêà. Ïóñòü ω(M)� âåñ ìèíèìàëüíîãî çàïîëíåíèÿ
M , µ(M)� âåñ ìèíèìàëüíîãî îñòîâíîãî äåðåâà M . Òîãäà âåðíà îöåíêà:

ω(M)

µ(M)
≥ 3

4
.

Ñïèñîê ëèòåðàòóðû

[1] Èâàíîâ À. Î., Òóæèëèí À. À. Îäíîìåðíàÿ ïðîáëåìà Ãðîìîâà î ìèíèìàëüíîì çà-
ïîëíåíèè, Ìàòåìàòè÷åñêèé ñáîðíèê, â ïå÷àòè.

Àñèìïòîòè÷åñêèé àíàëèç ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ áîëüøèì ïàðàìåòðîì. Ðåçîíàíñíûé ñëó÷àé
Ëåâåíøòàì Â. Á. (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Þæíûé

ìàòåìàòè÷åñêèé èíñòèòóò, Ðîññèÿ)

Ïóñòü n, p�íàòóðàëüíûå ÷èñëà, A, Bk(t), |k| 6 n, t ∈ [0, T ], �êâàäðàòíûå
ìàòðèöû ïîðÿäêà p, ïðè÷åì ýëåìåíòû ìàòðèö Bk(t) èìåþò íà èíòåðâàëå
t ∈ (0, T ) íåïðåðûâíûå ïðîèçâîäíûå ëþáîãî ïîðÿäêà, êîòîðûå ïðîäîëæèìû
ïî íåïðåðûâíîñòè íà âåñü îòðåçîê t ∈ [0, T ]. Îáîçíà÷èì ÷åðåç λj , j = 1, p,
ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A, à ÷åðåç Φ(m), ãäå m�öåëîå ÷èñëî, � ìíî-
æåñòâî ïàð (k, j), òàêèõ ÷òî λk − λj = im. Áóäåì ïðåäïîëàãàòü, ÷òî ïðè
íåêîòîðûõ m ñïðàâåäëèâî Φ(m) 6= ∅, ò. å. âûïîëíåíî óñëîâèå ðåçîíàíñà. Äëÿ
ïðîñòîòû áóäåì ñ÷èòàòü, ÷òî Φ(0) = ∅, ò. å. ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû
A ðàçëè÷íû.

Íà ó÷àñòêå t ∈ [0, T ] ðàññìîòðèì íîðìàëüíóþ ñèñòåìó

ẋ =

[
ωA0 +

∑
|k|6n

Bk(t)eikωt
]
x, (1)

ãäå ω � áîëüøîé ïàðàìåòð. Àñèìïòîòè÷åñêîå ðàçëîæåíèå ôóíäàìåíòàëüíîé
ìàòðèöû ðåøåíèé X(t) ýòîé ñèñòåìû íàõîäèì â âèäå

X(t) =

∞∑
s=0

ω−s
∞∑

m=−∞

Usm(t)eimωteQ(t,ω), (2)

ãäå Q(t, ω) = ωtQ−1 +Q0(t), è ìàòðèöû Q−1, Q0 � äèàãîíàëüíûå.
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Äëÿ ëþáîãî öåëîãî íåîòðèöàòåëüíîãî l ðàññìîòðèì l-óþ ÷àñòè÷íóþ ñóì-
ìó Xl(t) ðÿäà (1):

Xl(t) =

l∑
s=0

ω−s
∑
m

Usm(t)eimωteQ(t,ω).

×åðåç xkl (t) è qk(t, ω), k ∈ 1, p, îáîçíà÷èì k-ûé ñòîëáåö ìàòðèöû Xl(t) è,
ñîîòâåòñòâåííî, k-ûé äèàãîíàëüíûé ýëåìåíò ìàòðèöû Q(t, ω).

Òåîðåìà 1. Ñóùåñòâóåò ω0 > 0 òàêîå, ÷òî ïðè ω > ω0 äëÿ êàæäîãî
k ∈ 1, p íàéäåòñÿ ðåøåíèå ϕk(t) ñèñòåìû (1), óäîâëåòâîðÿþùåå ñëåäóþùå-
ìó óñëîâèþ. Äëÿ êàæäîãî öåëîãî íåîòðèöàòåëüíîãî l ñóùåñòâóþò ïîëîæè-
òåëüíûå ÷èñëà cl è ωl, òàêèå ÷òî ïðè ω > ωl ýôôåêòèâíî ñòðîèòñÿ l-îå
ïðèáëèæåíèå xkl (t) ðåøåíèÿ ϕk(t) è ïðè âñåõ t ∈ [0, T ] ñïðàâåäëèâà îöåíêà∣∣[ϕk(t)− xkl (t)]e−qk(t,ω)

∣∣ 6 cl
ω(l+1).

Î ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ
Æîðäàíà�Ïîõãàììåðà

Ëåêñèí Â. Ï. (Ìîñêîâñêèé ãîñóäàðñòâåííûé îáëàñòíîé
ñîöèàëüíî-ãóìàíèòàðíûé èíñòèòóò, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ ñïåöèàëüíûå ôóêñîâû óðàâíåíèÿ íà ñôåðå Ðèìàíà

Q(z)y(n) − µQ′(z)y(n−1) +
µ(µ+ 1)

2
µQ′′(z)y(n−2) − . . .

− µR(z)y(n−1) + (µ+ 1)R′(z)y(n−2) − . . . = 0 (1)

è êëàññ ôóêñîâûõ ñèñòåì íà ìíîãîìåðíûõ êîìïëåêñíûõ ëèíåéíûõ (èëè ïðî-
åêòèâíûõ) ïðîñòðàíñòâàõ Cn (èëè CPn), íàçûâàåìûé ñèñòåìàìè Æîðäàíà�
Ïîõãàììåðà

d y(z) =

 ∑
1≤i<j≤n

Jij(λ)
d(zi − zj)
zi − zj

 y(z). (2)

Êàæäàÿ ìàòðèöà Jij èìååò ðàçìåð n×n, è íåíóëåâûå ýëåìåíòû ìîãóò ñòîÿòü
òîëüêî íà ïåðåñå÷åíèè i-òîé è j-òîé ñòðîêè c òàêèìè æå ñòîëáöàìè. Â i-òîì
ñòîëáöå ñòîÿò ÷èñëà λj è −λj , à â j-òîì ñòîëáöå ñòîÿò ÷èñëà λi è −λi, âçÿòûå
èç óïîðÿäî÷åííîãî íàáîðà êîìïëåêñíûõ ÷èñåë λ = (λ1, λ2, . . . , λn).

Óðàâíåíèÿ è ñèñòåìû (1) è (2) èìåþò áàçèñ ðåøåíèé, ïðåäñòàâëåííûé
èíòåãðàëàìè ïî öèêëàì îò ïðîèçâåäåíèÿ ñòåïåíåé ëèíåéíûõ ôîðì, óìíîæåí-
íîãî íà ïîäõîäÿùóþ äèôôåðåíöèàëüíóþ ôîðìó. Ñóùåñòâîâàíèå òàêîãî áà-
çèñà ïîçâîëÿåò íàéòè àñèìïòîòèêè ðåøåíèé â îñîáûõ òî÷êàõ è îïèñàòü ïðåä-
ñòàâëåíèÿ ìîíîäðîìèè óðàâíåíèé è ñèñòåì. Íàçâàíèå îïèñàííûõ óðàâíåíèé è
ñèñòåì âîñõîäèò ê êíèãå Àéíñà ([1], ãëàâà 18, � 4), ãäå, ïî-âèäèìîìó, âïåðâûå
ðàññìàòðèâàëèñü óðàâíåíèÿ (1). Îíè áûëè íàçâàíû óðàâíåíèÿìè Æîðäàíà�
Ïîõãàììåðà è ñèñòåìàìè Æîðäàíà�Ïîõãàììåðà â ñèëó òîãî, ÷òî äëÿ ïî-
ëó÷åíèÿ ðåøåíèé òàêèõ óðàâíåíèé èñïîëüçîâàëèñü ðåçóëüòàòû Æîðäàíà è
Ïîõãàììåðà î íåêîòîðûõ èíòåãðàëàõ ïî öèêëàì è ñîîòíîøåíèÿ äëÿ òàêèõ
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èíòåãðàëîâ. Â ðàáîòàõ [1, 3, 4, 6] ïðåäúÿâëåíû ïîðîæäàþùèå ìàòðèöû ìî-
íîäðîìèè èëè äàíà õàðàêòåðèçàöèÿ ïðåäñòàâëåíèé ìîíîäðîìèè óðàâíåíèé è
ñèñòåì (1) è (2).

Ìû áóäåì ðàññìàòðèâàòü ïðèëîæåíèÿ óðàâíåíèé è ñèñòåì (1) è (2) ê èçó-
÷åíèþ óðàâíåíèé Øëåçèíãåðà èçîìîíîäðîìíûõ äåôîðìàöèé ôóêñîâûõ óðàâ-
íåíèé è ñèñòåì âòîðîãî ïîðÿäêà ñ ïðèâîäèìûìè ïðåäñòàâëåíèÿìè ìîíîäðî-
ìèè. Äëÿ òàêèõ óðàâíåíèé Øëåçèíãåðà, ñ èñïîëüçîâàíèåì ñâîéñòâ ðåøåíèé
óðàâíåíèé è ñèñòåì (1) è (2), áóäóò ðàññìîòðåíû ñâîéñòâà âåòâëåíèé ðåøåíèé
è ñâîéñòâà òåòà-äèâèçîðà Ìàëüãðàíæà.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû �Âåäóùèå íàó÷íûå
øêîëû� (ãðàíò ÍØ-8508.2010.1).
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Îá àñèìïòîòè÷åñêîì ïîâåäåíèè ðåøåíèé ñèñòåìû óðàâíåíèé
Ïðàíäòëÿ äëÿ ñòðàòèôèöèðîâàííîé ìàãíèòíîé æèäêîñòè
Ëèíêåâè÷ À. Þ. (Óíèâåðñèòåòñêèé êîëëåäæ Íàðâèêà, Íîðâåãèÿ)

Ñïèðèäîíîâ Ñ. Â. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà)
×å÷êèí Ã. À. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Óíèâåðñèòåòñêèé êîëëåäæ

Íàðâèêà, Íîðâåãèÿ)

Èçó÷àåòñÿ ïîâåäåíèå ñèëüíî ñòðàòèôèöèðîâàííîé ìàãíèòíîé æèäêîñòè,
ïðîõîäÿùåé ñêâîçü ìåëêîÿ÷åèñòóþ ïîðèñòóþ ïðåãðàäó. Ìàëûé ïàðàìåòð ε >
0 îïðåäåëÿåò õàðàêòåðíûé ðàçìåð ÿ÷ååê ïðåãðàäû è, ñîîòâåòñòâåííî, òîëùèíó
ñëîåâ æèäêîñòè. Ñîãëàñíî òåîðèè Ïðàíäòëÿ, æèäêîñòü ìîæíî ñ÷èòàòü âÿçêîé
òîëüêî â îêðåñòíîñòè îáòåêàåìîãî òåëà, ãäå ñèñòåìó óðàâíåíèé Íàâüå�Ñòîêñà
ìîæíî çàìåíèòü áîëåå ïðîñòîé:

ν
∂2uε
∂y2

− uε
∂uε
∂x
− vε

∂uε
∂y

= −dε(x, y)(U∞(x)− uε)− U∞
dU∞

dx
,

∂uε
∂x

+
∂vε
∂y

= 0,

(1)

â îáëàñòè D = {0 < x < X0, 0 < y <∞} ñ ãðàíè÷íûìè óñëîâèÿìè
uε(0, y) = Uε(y),

uε(x, 0) = 0, vε(x, 0) = Vε(x),

uε(x, y)→ U∞(x) ïðè y →∞.
(2)
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Çäåñü dε(x, y) =
σε(x, y)B2(x)

ρ
> 0, σε � ìàãíèòíàÿ ïðîâîäèìîñòü æèäêîñòè,

B � îðòîãîíàëüíàÿ ê ïîâåðõíîñòè îáòåêàåìîé ïëàñòèíû êîìïîíåíòà âåêòîðà
ìàãíèòíîé èíäóêöèè, ρ = 1 � ïëîòíîñòü æèäêîñòè, (uε(x, y), vε(x, y)) � ïîëå
ñêîðîñòåé ïîòîêà æèäêîñòè (ïàðàëëåëüíàÿ è îðòîãîíàëüíàÿ ïëàñòèíå, ñîîò-
âåòñòâåííî), (Uε(y), 0) � íà÷àëüíàÿ ñêîðîñòü ïîòîêà, (0, Vε(x)) � ñêîðîñòü íà
íèæíåé ãðàíèöå ðàññìàòðèâàåìîé îáëàñòè, (U∞(x), 0) � ñêîðîñòü íà âåðõíåé
ãðàíèöå.

Äîêàçàíî, ÷òî ïðåäåëüíîå ïîâåäåíèå ðåøåíèé çàäà÷è (1) ïðè ε→ 0 îïðå-
äåëÿåòñÿ ñëåäóþùåé óñðåäíåííîé çàäà÷åé:

ν
∂2u

∂y2
− u∂u

∂x
− v ∂u

∂y
= −d(x, y)(U∞(x)− u)− U∞ dU

∞

dx
,

∂u

∂x
+
∂v

∂y
= 0,

(3)

â îáëàñòè D ñ ãðàíè÷íûìè óñëîâèÿìè

u(0, y) = U(y),

u(x, 0) = 0, v(x, 0) = V (x),

u(x, y)→ U∞(x) ïðè y →∞,
(4)

ãäå

Uε(y)→ U(y), Vε(x)→ V (x), dε(x, y)→ d(x, y), (5)

à òàêæå ïîëó÷åíû îöåíêè ñêîðîñòè ñõîäèìîñòè ðåøåíèé èñõîäíîé çàäà÷è ê
ðåøåíèÿì óñðåäíåííîé.

Ðàáîòà íàïèñàíà ïðè ÷àñòè÷íîé ïîääåðæêå ãðàíòà ÐÔÔÈ (ïðîåêò 09-01-
00353).

Àñèìïòîòèêà íàèìåíüøåãî ñîáñòâåííîãî çíà÷åíèÿ äåëüòà
âîçìóùåíèÿ íà ïó÷êå ïðÿìûõ

Ëîáàíîâ È. Ñ. (Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èíôîðìàöèîííûõ òåõíîëîãèé, ìåõàíèêè è îïòèêè, Ðîññèÿ)

Ïîïîâ È. Þ. (Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èíôîðìàöèîííûõ òåõíîëîãèé, ìåõàíèêè è îïòèêè, Ðîññèÿ)

Ìû ðàññìàòðèâàåì îïåðàòîð H, ôîðìàëüíî çàäàííûé íà L2(R2) âûðàæå-
íèåì

H = −∆ + αδ(· − γ1) + αδ(· − γ2) (1)

äëÿ íåêîòîðîé êîíñòàíòû α ∈ R è ïàðû ïðÿìûõ γ1, γ2, îáðàçóþùèõ óãîë
θ, 0 < θ ≤ π

2
. Îïåðàòîð H ìîæåò ðàññìàòðèâàòüñÿ êàê ãàìèëüòîíèàí òàê

íàçûâàåìîãî �çâåçäîîáðàçíîãî ëèïêîãî ãðàôà� [1], [2], ñëóæàùåãî ìîäåëüþ
áåññïèíîâîé çàðÿæåííîé ÷àñòèöû íà ïó÷êå âîëíîâîäîâ ñ ðàçðåøåííûìè ïå-
ðåñêîêàìè ñ âîëíîâîäà íà âîëíîâîä. Â ðàáîòàõ [1], [2] ïîêàçàíî, ÷òî íåïðå-
ðûâíûé ñïåêòð îïåðàòîðà H ñîâïàäàåò ñ èíòåðâàëîì [−α

2

4
,∞), à òî÷å÷íûé

ñïåêòð îïåðàòîðà H íå ïóñò, è äàíû îöåíêè äëÿ ÷èñëà ñîáñòâåííûõ çíà÷åíèé
è íèæíåãî ñîáñòâåííîãî çíà÷åíèÿ îïåðàòîðà H ïðè θ → 0. Â íàñòîÿùåé ðàáî-
òå îöåíèâàåòñÿ ïîâåäåíèå íèæíåãî ñîáñòâåííîãî ÷èñëà ïðè θ ≈ π

2
, èñïîëüçóÿ
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îòëè÷íûé îò ñòàòåé [1], [2] ïîäõîä, îñíîâàííûé íà ðåçóëüòàòàõ [3]. Çàïèñûâàÿ
àíàëîã ðåçîëüâåíòíîé ôîðìóëû Ì. Ã. Êðåéíà â èìïóëüñíîì ïðåäñòàâëåíèè è
èñïîëüçóÿ ñïåêòðàëüíîå óðàâíåíèå À. Ïîñèëèêàíî, ìû äîêàçûâàåì ñëåäóþ-
ùèé ðåçóëüòàò:

Òåîðåìà 1. Âñÿêîå ÷èñëî E ÿâëÿåòñÿ íåïîãðóæåííûì â íåïðåðûâíûé
ñïåêòð ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà H, åñëè è òîëüêî åñëè äëÿ íåêî-

òîðîé ïàðû ôóíêöèé f0, f1 ∈ L2(R, (1 + x2)
3
2 ) è âñåõ n = 0, 1 âûïîëíÿåòñÿ

α sin θ

2π

∫ ∞
−∞

fn+1mod2(t) dt

q2 + t2 − 2qt cos θ − (−1)nE sin θ
=

(
1− α

2
√
q2 − E

)
fn(q).

Ñëåäñòâèå 1. Íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà H íå ïðå-
âîñõîäèò âåëè÷èíû −α2T (sin θ − 1)2, ãäå

T (t) =
1

2
− t3π − 8

3π
+ t2

120π
√

2− 388− 45π

15π
−

− t3−3255π − 15884 + 5880π
√

2

105π
+O(t4).

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-08-00267.
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Êëàññèôèêàöèÿ íåâûðîæäåííûõ ïîëîæåíèé ðàâíîâåñèÿ è
âûðîæäåííûõ îäíîìåðíûõ îðáèò èíòåãðèðóåìîé ñèñòåìû

Êîâàëåâñêîé-ßõüè
Ëîãà÷åâà Í. Ñ. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ñëó÷àé èíòåãðèðóåìîñòè Êîâàëåâñêîé�ßõüè ÿâëÿåòñÿ îáîáùåíèåì êëàñ-
ñè÷åñêîãî âîë÷êà Êîâàëåâñêîé íà ñëó÷àé çàäà÷è î äâèæåíèè òÿæåëîãî ãèðî-
ñòàòà.

Óðàâíåíèÿ äâèæåíèÿ è ïåðâûå èíòåãðàëû ýòîé ñèñòåìû èìåþò ñëåäóþ-
ùèé âèä: {

Aω̇ = (Aω +
−→
λ )× ω −−→a × ν,

ν̇ = ν × ω.

f1 ≡ ν1
2 + ν2

2 + ν3
2 = 1,

f2 ≡ ω1ν1 + ω2ν2 +
(ω3 + λ)ν3

2
= g,

H ≡ ω1
2 + ω2

2 +
ω3

2

2
− ν1 = h,

K ≡ (ω1
2 − ω2

2 + ν1)2 + (2ω1ω2 + ν2)2 + 2λ(ω3 − λ)(ω1
2 + ω2

2) + 4λω1ν3 = k.
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Çäåñü ω� âåêòîð óãëîâîé ñêîðîñòè òåëà-íîñèòåëÿ, ν � åäèíè÷íûé âåðòèêàëü-
íûé âåêòîð, A�äèàãîíàëüíàÿ ìàòðèöà òåíçîðà èíåðöèè, −→a � âåêòîð, íà-
ïðàâëåííûé èç íåïîäâèæíîé òî÷êè ê öåíòðó ìàññ, äëèíà êîòîðîãî ðàâíà ïðî-
èçâåäåíèþ âåñà òåëà íà ðàññòîÿíèå îò åãî öåíòðà ìàññ äî íåïîäâèæíîé òî÷êè,−→
λ � ãèðîñòàòè÷åñêèé ìîìåíò.

Èòàê, M4
g = {f1 = ν2

1 + ν2
2 + ν2

3 = 1, f2 = 2(ω1ν1 +ω2ν2) + (ω3 +λ)ν3 = 2g},
ãäå f1 è f2 �ôóíêöèè, ëåæàùèå â ÿäðå ñêîáêè Ëè�Ïóàññîíà è ÿâëÿþùèåñÿ
ïåðâûìè èíòåãðàëàìè óðàâíåíèé.

Îïðåäåëåíèå 1. Òî÷êà x ∈ M4
g íàçûâàåòñÿ òî÷êîé ïîëîæåíèÿ ðàâíîâå-

ñèÿ, åñëè dH(x) = dK(x) = 0.

Àâòîðîì íàéäåíû âñå òî÷êè ïîëîæåíèÿ ðàâíîâåñèÿ, èõ êîîðäèíàòû óêà-
çàíû â ñëåäóþùåé òåîðåìå:

Òåîðåìà 1 (Í. Ñ. Ëîãà÷åâà). Â ñëó÷àå Êîâàëåâñêîé�ßõüè òî÷êè ïî-
ëîæåíèÿ ðàâíîâåñèÿ íà ôàçîâîì ïðîñòðàíñòâå ñèñòåìû èìåþò ñëåäóþùèå
êîîðäèíàòû:

ω1 = ±
√
z2 − 1

2gz − λ
2z2 − 1

, ω2 = 0, ω3 =
2gz − λ
2z2 − 1

,

ν1 = ±
√
z2 − 1

z
, ν2 = 0, ν3 =

1

z
,

ãäå z� äåéñòâèòåëüíûé êîðåíü óðàâíåíèÿ

z(z2 − 1)
(2gz − λ)2

(2z2 − 1)2
− λz(z2 − 1)

2gz − λ
2z2 − 1

±
√
z2 − 1 = 0.

Äðóãèõ êðèòè÷åñêèõ òî÷åê ó ãàìèëüòîíèàíîâ Hgλ íà M
4
g íåò.

Ñòàöèîíàðíûå áèôóðêàöèîííûå çàäà÷è ñî ñïåêòðîì Øìèäòà â
ëèíåàðèçàöèè â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè

Ëîãèíîâ Á. Â. (ÓëÃÒÓ, Ðîññèÿ)
Êîíîïëåâà È. Â. (ÓëÃÒÓ, Ðîññèÿ)
Ìèðîíîâà Ë. Â. (ÓÂÀÓÃÀ, Ðîññèÿ)

Â âåùåñòâåííûõ áàíàõîâûõ ïðîñòðàíñòâàõ E1 è E2 â ïðåäïîëîæåíèè
ïëîòíîñòè âëîæåíèé E1 ⊂ E2 ⊂ H â ãèëüáåðòîâî ïðîñòðàíñòâî H ñ îöåí-
êàìè ‖u‖H ≤ α2‖u‖E2 ≤ α1‖u‖E1 ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé

F1(x, y, λ) = 0, F2(x, y, λ) = 0, Fk(x0, y0, λ) ≡ 0, k = 1, 2, λ = λ0 + ε,
(1)

äîïóñêàþùàÿ ëîêàëüíóþ çàïèñü

B0X − λ0A0Y = A(ε)Y −B(ε)X +R1(x0, y0, X, Y, ε),

B∗0X − λ0A
∗
0Y = A∗(ε)Y −B∗(ε)X +R2(x0, y0, X, Y, ε),

(2)

ãäå X = x− x0, Y = y− y0, A0 è B0 �ïëîòíî çàäàííûå çàìêíóòûå ôðåäãîëü-
ìîâû îïåðàòîðû, DA(ε) ⊂ DA0 , DB(ε) ⊂ DB0 , Rj(x0, y0, 0, 0, ε) ≡ 0, j = 1, 2.
Ïóñòü n-êðàòíîå ñîáñòâåííîå çíà÷åíèå Øìèäòà λ0 ÿâëÿåòñÿ ôðåäãîëüìîâîé
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òî÷êîé ñïåêòðà ñîîòâåòñòâóþùåãî ëåâîé ÷àñòè ìàòðè÷íîãî îïåðàòîðà â ïðÿ-
ìîé ñóììå H ãèëüáåðòîâûõ ïðîñòðàíñòâ H. Îïåðàòîðû Fj , j = 1, 2 äîïóñêàþò
íåïðåðûâíóþ ãðóïïó G, ò. å. ñóùåñòâóþò åå ïðåäñòàâëåíèÿ Lg â E1 è Kg â
E2, ñïëåòàþùèå Fj , ò. å. KgFj(x, y, λ) = Fj(Lgx, Lgy, λ), ïðè÷åì ãðóïïà Ëè
G = Gl = Gl(a) (a = (a1, ..., al)� åå ñóùåñòâåííûå ïàðàìåòðû) ïðåäïîëàãàåòñÿ
l-ìåðíûì äèôôåðåíöèðóåìûì ìíîãîîáðàçèåì, óäîâëåòâîðÿþùèì óñëîâèÿì:

1◦. ïðåäñòàâëåíèå a 7→ Lg(a)x0, äåéñòâóþùåå èç îêðåñòíîñòè åäè-
íè÷íîãî ýëåìåíòà Gl(a) â ïðîñòðàíñòâî E1 ïðèíàäëåæèò êëàññó
C1, òàê ÷òî Xx0,Xy0 ∈ E1 äëÿ âñåõ ïðîèçâîäÿùèõ îïåðàòîðîâ
Xx = lim

t→0
t−1

[
Lg(a(t))x− x

]
â êàñàòåëüíîì ê Lg(a) ìíîãîîáðàçèè

T lg(a);
2◦. ñòàöèîíàðíàÿ ïîäãðóïïà ýëåìåíòîâ (x0, y0) îïðåäåëÿåò ïðåäñòàâ-

ëåíèå L(Gs) ëîêàëüíîé ãðóïïû Ëè Gs ⊂ Gl, s < l, ñ s-
ìåðíîé ïîäàëãåáðîé T sg(a) ïðîèçâîäÿùèõ îïåðàòîðîâ, ò. å. ýëå-
ìåíòû (Xkx0,Xky0),Xk ∈ T lg(a) îáðàçóþò â ïîäïðîñòðàíñòâå íó-
ëåé ìàòðè÷íîãî îïåðàòîðà κ = (l − s)-ìåðíîå ïîäïðîñòðàíñòâî
è áàçèñû â íåì è â àëãåáðå T lg(a) ìîæíî óïîðÿäî÷èòü òàê, ÷òî

(Xkx0,Xky0) = Φk = (u
(1)
k , v

(1)
k )T , 1 ≤ k ≤ κ, è (Xjx0,Xjy0) = (0, 0)

äëÿ j ≥ κ+ 1.

Â ýòèõ óñëîâèÿõ íà îñíîâå íàøèõ ðàáîò [1�3] äîêàçàíû òåîðåìû î íàñëå-
äîâàíèè ãðóïïîâîé ñèììåòðèè ñîîòâåòñòâóþùèìè óðàâíåíèÿìè ðàçâåòâëåíèÿ
(ÓÐ) è óðàâíåíèÿìè ðàçâåòâëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ (ÓÐÊ) ñî
ñëåäñòâèÿìè:

1◦. òåîðåìîé î íåÿâíûõ îïåðàòîðàõ ïðè κ = n;
2◦. òåîðåìîé î ðåäóêöèè ÓÐ è ÓÐÊ äëÿ íåèíâàðèàíòíîãî ÿäðà.

Óêàçàíû ïðèëîæåíèÿ â òåîðèè ýëåêòðîìàãíèòíûõ êîëåáàíèé. Ðàáîòà ïîääåð-
æàíà ÐÏÖ ÃÊ Ï1112 è ïðîåêòîì 2.1.1/6194 ÐÍÏÂØ Ìèíîáðíàóêè ÐÔ.
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Êðàåâàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà ïðè íåëîêàëüíûõ óñëîâèÿõ ïî

âðåìåíè è íåñòàöèîíàðíûõ ãðàíè÷íûõ óñëîâèÿõ
Ëîìîâöåâ Ô. Å. (Áåëîðóññêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Áåëàðóñü)
Õàòèìöîâ Í. À. (Áåëîðóññêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Áåëàðóñü)

Äîêàçàíà êîððåêòíàÿ âåçäå ðàçðåøèìîñòü äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ

−utttt+(a(x)uxx)xx+b1(x, t)utt+b2(x, t)uxx = f(x, t), {x, t} ∈ G =]0, l[×]0, T0[,
(1)

ñ çàâèñÿùèìè îò âðåìåíè ãðàíè÷íûìè óñëîâèÿìè

(a(x)uxx)x|x=0 + α1(t)u(0, t) = 0, a(0)uxx(0, t)− α2(t)ux(0, t) = 0,

(a(x)uxx)x|x=l−α3(t)u(l, t) = 0, a(l)uxx(l, t)+α4(t)ux(l, t) = 0, t ∈ [0, T0], (2)

è äëÿ âñåõ x ∈ [0, l] ñ íåëîêàëüíûìè óñëîâèÿìè ïî âðåìåíè

u(x, 0)−µu(x, T0) = ϕ(x), ut(x, 0) = ut(x, T0) = 0, utt(x, 0)−µutt(x, T0) = ψ(x).
(3)

Òåîðåìà 1. Ïóñòü a ∈ C(2)[0, l], a(x) ≥ a0 > 0, b1, b2 ∈ C(G), 0 ≤
αi ∈ C(3)[0, T0], αi(0) = αi(T0), i = 1, 4, αi(t) + αi+1(t) 6= 0, i = 1, 3. Òîãäà
ñóùåñòâóþò òàêèå T0 > 0, 0 < µ0 < 1, ÷òî ïðè âñåõ t ∈ [0, T0], |µ| < µ0,

f ∈ F(G), ϕ ∈ W̃ 2
2 (0, l) è ψ ∈ L2(0, l) ñèëüíûå ðåøåíèÿ u ∈ E(G) êðàåâîé

çàäà÷è (1)�(3) ñóùåñòâóþò, åäèíñòâåííû è

‖u(x, t)‖2E ≤ c0
(
‖f(x, t)‖2F + ‖A1/2(0)ϕ(x)‖2 +

∫ l

0

|ψ(x)|2 dx
)
, c0 > 0,

ãäå ‖A1/2(t)u‖2 =
∫ l

0
|u′′(x)|2 dx + α1(t)|u(0)|2 + α2(t)|u′(0)|2 + α3(t)|u(l)|2 +

α4(t)|u′(l)|2.

Çäåñü ãèëüáåðòîâî ïðîñòðàíñòâî ñèëüíûõ ðåøåíèé E(G)� çà-
ìûêàíèå ìíîæåñòâà ôóíêöèé C(4)(G), óäîâëåòâîðÿþùèõ óñëî-
âèÿì (2) è ut(x, 0) = ut(x, T0) = 0, ïî ýðìèòîâîé íîðìå

‖u‖E =
( ∫

G
|utt|2 dxdt+

∫ T0

0
‖A1/2(t)u‖2 dt

)1/2
, áàíàõîâî ïðîñòðàíñòâî äàííûõ

F(G) = W
(0,−1)
2 (G) × W̃ 2

2 (0, l) × L2(0, l), ãäå W (0,−1)
2 (G)� çàìûêàíèå L2(G)

ïî íîðìå ‖f‖F = supv |
∫
G
fv dxdt|/(

∫
G
|vt|2dxdt)1/2, v(x, 0) = v(x, T0) = 0,

W̃ 2
2 (0, l)� çàìûêàíèå ìíîæåñòâà ôóíêöèé u ∈ C(4)[0, l], óäîâëåòâîðÿþùèõ

(2) ïðè t = 0, ïî íîðìå ‖A1/2(0)u‖.
Êîððåêòíîñòü íåëîêàëüíîé çàäà÷è äëÿ ãèïåðáîëè÷åñêèõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè îáëàñòÿìè îïðåäåëåíèÿ îïå-
ðàòîðîâ èçó÷åíà â [1].
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Ðåøåíèå çàäà÷è áûñòðîäåéñòâèÿ äëÿ ëèíåéíîé íåñòàöèîíàðíîé
óïðàâëÿåìîé äîêðèòè÷åñêîé ñèñòåìû ñ ìíîãîìåðíûì óïðàâëåíèåì

Ëóêüÿíîâ Â. Â. (Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ çàäà÷ó áûñòðîäåéñòâèÿ â íóëü

ẋ = A(t)x+B(t)u, (1)

x(t0) = x0, x(t0 + T ) = 0, T → inf, (2)

ãäå ôóíêöèè A : R→ L(Rn,Rn) è B : R→ L(Rr,Rn) íåïðåðûâíû. Ìíîæåñòâî
äîïóñòèìûõ óïðàâëåíèé U � ñîâîêóïíîñòü âñåõ èçìåðèìûõ ôóíêöèé u : R→
U = [−1, 1]r.

Çàôèêñèðóåì íåêîòîðóþ ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé
ψ1(t), . . . , ψn(t) ñîïðÿæåííîé ñèñòåìû ψ̇ = −ψA(t) è îïðåäåëèì ñåìåé-
ñòâî íåïðåðûâíûõ ôóíêöèé

ξji (t) = ψi(t)b
j(t), i = 1, . . . , n, j = 1, . . . , r,

ãäå bj(t) � ñòîëáåö ìàòðèöû B(t) ñ íîìåðîì j. Äëÿ ôèêñèðîâàííûõ ÷è-
ñåë t0 ∈ R, σ > 0 è íåíóëåâîãî âåêòîðà c = (c1, . . . , cn) ∈ Rn îáîçíà-
÷èì nj = nj(c) � êîëè÷åñòâî ãåîìåòðè÷åñêè ðàçëè÷íûõ êîðíåé ôóíêöèè
ξj(t; c) = c1ξ

j
1(t) + · · · + cnξ

j
n(t) íà èíòåðâàëå It0 = (t0, t0 + σ). Îáîçíà÷èì

σ(t0) � òî÷íóþ âåðõíþþ ãðàíü òàêèõ σ > 0, ÷òî íà èíòåðâàëå It0 ïðè ëþáîì
íåíóëåâîì c ∈ Rn âûïîëíåíî íåðàâåíñòâî n1(c) + · · ·+ nr(c) 6 n− 1.

Îïðåäåëåíèå 1. Ñèñòåìó (1) áóäåì íàçûâàòü äîêðèòè÷åñêîé â òî÷êå
t0 ∈ R, åñëè âûïîëíåíî íåðàâåíñòâî σ(t0) > 0.

Äàëåå ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà (1) äîêðèòè÷åñêàÿ â òî÷êå t0. Îïðå-
äåëèì äîêðèòè÷åñêîå ìíîæåñòâî óïðàâëÿåìîñòè

Dt0 =
⋃
u∈U

∫ t0+σ(t0)

t0

X(t0, s)B(s)u(s) ds.

Ïîëîæèì N = {(n1, . . . , nr) ∈ Zr+ : n1 + . . .+nr 6 n−1}. Äëÿ êàæäîãî âåê-
òîðà n = (n1, . . . , nr) ∈ N îáîçíà÷èì c(n) = {c ∈ Rn \ {0} : n1 = n1(c), . . . , nr =
nr(c)} è îïðåäåëèì ìíîæåñòâî

Λn
t0 =

⋃
c∈c(n)

{(
δ1(c), . . . , δr(c)

)}
, ãäå δj(c) = lim

t→t0+0
sign ξj(t; c).

Äëÿ êàæäîãî âåêòîðà n = (n1, . . . , nr) ∈ N, êàæäîãî âåêòîðà
δ = (δ1, . . . , δr) ∈ Λn

t0 è ëþáîãî θ > 0 îáîçíà÷èì ÷åðåç Un
δ(θ) ñîâîêóïíîñòü

âñåâîçìîæíûõ êóñî÷íî-ïîñòîÿííûõ ôóíêöèé u : R → U , òîæäåñòâåííî ðàâ-
íûõ íóëþ âíå èíòåðâàëà (t0, t0 + θ); êàæäàÿ êîîðäèíàòíàÿ ôóíêöèÿ uj(·) íà
èíòåðâàëå (t0, t0 +θ) ïðèíèìàåò çíà÷åíèÿ ±1 è èìååò ðîâíî nj ïåðåêëþ÷åíèé,
à δj � çíà÷åíèå ôóíêöèè uj(·) â ïðàâîé îêðåñòíîñòè òî÷êè t0. Ïîñòðîèì ìíî-
æåñòâî Ut0 =

⋃
06θ6σ(t0)

⋃
n∈N

⋃
δ∈Λn

t0

Un
δ(θ) (U

n
δ(0) ñîñòîèò èç òîæäåñòâåííî ðàâíîé

íóëþ ôóíêöèè) è îïðåäåëèì îòîáðàæåíèå Ft0 : Ut0 → Rn ñ ïîìîùüþ ðàâåí-
ñòâà

Ft0(u) = −
∫ t0+σ(t0)

t0

X(t0, s)B(s)u(s) ds.
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Òåîðåìà 1. Åñëè óïðàâëÿåìàÿ ñèñòåìà (1) äîêðèòè÷åñêàÿ â òî÷êå t0,
òî îòîáðàæåíèå Ft0 : Ut0 → Dt0 ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì îòîáðàæå-
íèåì ìíîæåñòâà óïðàâëåíèé Ut0 ⊂ U íà äîêðèòè÷åñêîå ìíîæåñòâî óïðàâ-
ëÿåìîñòè Dt0 è äëÿ ëþáîé òî÷êè x0 ∈ Dt0 óïðàâëåíèå û(·) = F−1

t0
(x0) ÿâëÿ-

åòñÿ ðåøåíèåì çàäà÷è (1)�(2).

Î íåóñòîé÷èâîñòè ãåíåðàëüíûõ ïîêàçàòåëåé îòíîñèòåëüíî
ñëó÷àéíûõ âîçìóùåíèé

Ëóíî÷êèí Ì. À. (Êîñòðîìñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. À. Íåêðàñîâà, Ðîññèÿ)

Äàíî îãðàíè÷åííîå ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà

ẋ = a(t)x, x ∈ R1, t ≥ 0, (1)

à òàêæå åãî äîïóñòèìîå ñëó÷àéíîå âîçìóùåíèå [2]

ẏ = (a(t) + cσ(t, ω))y, (2)

ãäå σ ∈ (0, 1), à ω� ýëåìåíò âåðîÿòíîñòíîãî ïðîñòðàíñòâà.
Â ðàáîòàõ [2], [3] èññëåäîâàí âîïðîñ ñòîõàñòè÷åñêîé óñòîé÷èâîñòè ïîêà-

çàòåëåé Ëÿïóíîâà ñèñòåì ëþáîãî ïîðÿäêà. Â ÷àñòíîñòè äîêàçàíî, ÷òî â ðàñ-
ñìàòðèâàåìîì ñëó÷àå óðàâíåíèÿ è åãî äîïóñòèìîãî ñëó÷àéíîãî âîçìóùåíèÿ
ïîêàçàòåëü Ëÿïóíîâà ñòîõàñòè÷åñêè óñòîé÷èâ, ò. å. äëÿ ëþáîãî ε > 0 íàéäåòñÿ
òàêîå σ′ > 0, ÷òî äëÿ âñåõ σ ∈ (0, σ′) ïî÷òè íàâåðíîå âûïîëíÿåòñÿ íåðàâåíñòâî
|λ(ω;σ)− λ| < ε.

Ðàññìîòðèì âåðõíèé è íèæíèé ãåíåðàëüíûå ïîêàçàòåëè [1] κg, κ′g äëÿ
óðàâíåíèÿ (1) è κg(ω;σ), κ′g(ω;σ) äëÿ óðàâíåíèÿ (2). Áóäåì ñ÷èòàòü, ÷òî ãå-
íåðàëüíûå ïîêàçàòåëè óðàâíåíèÿ (1) êîíå÷íû.

Òåîðåìà 1. Ïî÷òè íàâåðíîå äëÿ ëþáîãî σ ∈ (0, 1) âûïîëíÿþòñÿ ðàâåí-
ñòâà

κg(ω;σ) =∞, κ′g(ω;σ) = −∞.

Êàê âèäèì, â ñëó÷àå ãåíåðàëüíûõ ïîêàçàòåëåé ñòîõàñòè÷åñêàÿ óñòîé÷è-
âîñòü íå íàáëþäàåòñÿ.
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Êëàññû ôóíêöèé Ëèóâèëëÿ-Êèïðèÿíîâà
Ëÿõîâ Ë. Í. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ôåîêòèñòîâà À. À. (Ëèïåöêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Ïóñòü R+
N = R+

n × R+
N−n è 1 ≤ k ≤ n ≤ m ≤ N . Ââåäåì îáîçíà÷å-

íèÿ u=(x, y)∈R+
N , x=(u1, . . . , un)∈R+

n , y=(un+1, . . . , uN )∈R+
N−n. Êàæäàÿ èç
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ïåðåìåííûõ x è y â ñâîþ î÷åðåäü ðàçáèòà íà ÷àñòè x=(x′, x′′), y = (y′, y′′),
x′=(u1, . . . , uk), x′′=(uk+1, . . . , un), y′=(un+1, . . . , un+m), y′′=(un+m+1, . . . , uN ).
×åðåç Sev = Sev(R+

N ) îáîçíà÷èì ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Øâàðöà îñ-
íîâíûõ ôóíêöèé S(RN ), ñîñòîÿùåå èç ôóíêöèé, ÷åòíûõ ïî êàæäîé èç âåñîâûõ
ïåðåìåííûõ ui è uj , i = 1, . . . , k è j = n+ 1, . . . , n+m. Ïðîñòðàíñòâî âåñîâûõ
îáîáùåííûõ ôóíêöèé S′ev = S′ev(R+

N ) îïðåäåëÿåòñÿ íà îñíîâå âåñîâîé ëèíåé-

íîé ôîðìû (f , ϕ)γ =
∫
R+
N
f(u)ϕ(u)uγ du. Ïóñòü Bui = Bγi = ∂2

∂u2
i

+ γi
ui

∂
∂ui

� îïåðàòîð Áåññåëÿ è l = (l1; l2) = (l′1, l
′′
1 ; l′2, l

′′
2 ), ãäå l′1, l

′′
1 , l

′
2, l
′′
2 � ìóëü-

òèèíäåêñû, ñîñòîÿùèå èç öåëûõ ïîëîæèòåëüíûõ ÷èñåë ðàçìåðíîñòè ñîîò-

âåòñòâåííî k, n − k, m, N − n − m. È ïóñòü (BD)l = (B
l′1
x′D

l′′1
x′′B

l′2
y′D

l′′2
y′′),

ãäå Bx′ = (Bu1 , . . . , Buk ), Dx′′ = ( ∂
∂uk+1

, . . . , ∂
∂un

), By′ = (Bun+1 , . . . , Bum),

Dy′′ = ( ∂
∂um+1

, . . . , ∂
∂uN

).

Ñìåøàííîå ïðåîáðàçîâàíèå Ôóðüå�Áåññåëÿ ïî ÷àñòè ïåðåìåííûõ x îáî-
çíà÷èì (FB)x[ϕ](ξ) (ñì. [1]). Îïåðàöèÿ

F = Iγ(k),xrf = (F−1
B )ξ

[
(1 + |ξ|2)−

r
2 (FB)x[f ]

]
(1)

ñîîòâåòñòâóåò äåéñòâèòåëüíîìó ÷èñëó r, îòîáðàæàåò S ′ev íà S
′
ev âçàèìíî îä-

íîçíà÷íî. Ìû òàêæå ðàññìîòðèì ïîäîáíûå îïåðàöèè íà êîîðäèíàòíûõ îñÿõ.
Åñëè âûáðàíà îñü uj , òî îïåðàöèþ (1) îáîçíà÷èì ÷åðåç Iγj ,ujr.

Äëÿ ëþáîãî 1 ≤ p ≤ ∞ ÷åðåç Lγp îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî, ñî-
ñòîÿùåå èç èçìåðèìûõ ôóíêöèé, äëÿ êîòîðûõ

∫
R+
N
|f(x)|pxγdx <∞.

Ïóñòü f ∈ Lγp . Ìíîæåñòâà ôóíêöèé F = Iγ(k),xrf , F = Iγj ,ujrf , f ∈ Lγp áó-
äåì íàçûâàòü êëàññàìè Ëèóâèëëÿ�Êèïðèÿíîâà è îáîçíà÷àòü Lr,γxp = Lr,γxp (R+

N ),
Lr,γujp = Lr,γujp(R

+
N ), 1 ≤ p ≤ ∞, −∞ < r < +∞.

Ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàíñòâó Ñîáîëåâà�ÊèïðèÿíîâàW r,γ
p , åñëè

f ∈ Lγp è (BD)jf ∈ Lγp , j = 1, . . . , r. ×åðåç W r,γ
xp îáîçíà÷àåì ïðîñòðàíñòâî

Ñîáîëåâà�Êèïðèÿíîâà, â êîòîðîì ïðîèçâîäíàÿ (BD)r äåéñòâóåò òîëüêî ïî
÷àñòè ïåðåìåííûõ x.

Òåîðåìà 1. Ïðè 1 < p <∞ ïðîñòðàíñòâà Lr,γxp è Lr,...,r,γxp , Lr,γxp è W r,γ
xp =

W r,...,r,γ
xp (r = 1, 2, . . .), Lr̄,γxp è W r̄,γ

xp ñîâïàäàþò.

Lr,γxp = Lr,...,r,γxp , Lr,γxp = W r,γ
xp = W r,...,r,γ

xp (r = 1, 2, . . .),

Lr̄,γxp = W r̄,γ
xp (r̄ = (r1, . . . , rn), ri > 0).

Ñïèñîê ëèòåðàòóðû

[1] Ëÿõîâ Ë. Í. B-ãèïåðñèíãóëÿðíûå èíòåãðàëû è èõ ïðèëîæåíèÿ ê îïèñàíèþ ôóíêöè-
îíàëüíûõ êëàññîâ Êèïðèÿíîâà è ê èíòåãðàëüíûì óðàâíåíèÿì ñ B-ïîòåíöèàëüíûìè
ÿäðàìè. Ëèïåöê: ËÃÏÓ, 2007.
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Ëèóâèëëåâî ñâîéñòâî è êðàåâûå çàäà÷è äëÿ ïîëóëèíåéíûõ
ýëëèïòè÷åñêèõ óðàâíåíèé íà íåêîìïàêòíûõ ðèìàíîâûõ

ìíîãîîáðàçèÿõ
Ìàçåïà Å. À. (Âîëãîãðàäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â ðàáîòå èññëåäóåòñÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé ïîëóëèíåéíûõ
ýëëèïòè÷åñêèõ óðàâíåíèé âèäà

Lu ≡ ∆u+ 〈b(x),∇u〉 = gi(x, u), (1)

ãäå b(x) ∈ Cαloc(M), 0 < α < 1, gi(x, 0) ≡ 0, gi(x, u1) ≥ gi(x, u2) > 0 ïðè u1 > u2

íà íåêîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè M .
Áóäåì ãîâîðèòü, ÷òî íà íåêîìïàêòíîì ìíîãîîáðàçèèM âûïîíåíî ëèóâèë-

ëåâî ñâîéñòâî äëÿ îãðàíè÷åííûõ ðåøåíèé óðàâíåíèÿ (1), åñëè ëþáîå òàêîå
ðåøåíèå åñòü òîæäåñòâåííûé íóëü.

Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ (1) óäîâëåòâîðÿåò ñëåäóþùèì ñòðóêòóð-
íûì óñëîâèÿì:

1◦. g(x, ξ) ∈ Lip(M × R);
2◦. g(x,−ξ) = −g(x, ξ);
3◦. g(x, ξ1) ≥ g(x, ξ2) äëÿ âñåõ ξ1 > ξ2;
4◦. ñóùåñòâóåò ïîñòîÿííàÿ A > 0 òàêàÿ, ÷òî Ag(x, ξ) ≥ ξ äëÿ âñåõ ξ ≥ 0.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Íà ïîëíîì íåêîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè M äëÿ
îãðàíè÷åííûõ ðåøåíèé óðàâíåíèÿ (1) ñïðàâåäëèâî ëèóâèëëåâî ñâîéñòâî òîãäà
è òîëüêî òîãäà, êîãäà íà M âûïîëíåíî ëèóâèëëåâî ñâîéñòâî äëÿ îãðàíè÷åí-
íûõ ðåøåíèé óðàâíåíèÿ ∆u = u.

Äàëåå â ðàáîòå èçó÷àåòñÿ âçàèìîñâÿçü ðàçðåøèìîñòè íåêîòîðûõ êðàåâûõ
è âíåøíèõ êðàåâûõ çàäà÷ (â ÷àñòíîñòè, çàäà÷è Äèðèõëå) äëÿ óðàâíåíèÿ (1).

Ïóñòü {Bk}∞k=1 � èñ÷åðïàíèå ìíîãîîáðàçèÿ M ñ ãëàäêèìè ãðàíèöàìè
∂Bk. Áóäåì ãîâîðèòü, ÷òî íåïðåðûâíûå îãðàíè÷åííûå íà M ôóíêöèè f1(x) è
f2(x) ýêâèâàëåíòíû (f1(x) ∼ f2(x)), åñëè äëÿ íåêîòîðîãî èñ÷åðïàíèÿ {Bk}∞k=1

lim
k→∞

||f1(x)− f2(x)||C0(M\Bk) = 0.

Îáîçíà÷èì êëàññ ýêâèâàëåíòíûõ f ôóíêöèé ÷åðåç [f ]. Áóäåì ãîâîðèòü, ÷òî
íà M ðàçðåøèìà êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ñ ãðàíè÷íûìè óñëîâèÿìè
èç êëàññà [f ], åñëè íà M ñóùåñòâóåò ðåøåíèå u ∈ [f ] óðàâíåíèÿ (1).

Ïóñòü B ⊂M � ïðîèçâîëüíîå ñâÿçíîå êîìïàêòíîå ïîäìíîæåñòâî ñ ãëàä-
êîé ãðàíèöåé. Áóäåì ãîâîðèòü, ÷òî äëÿ íåïðåðûâíîé íà ∂B ôóíêöèè Φ(x) íà
M \ B ðàçðåøèìà âíåøíÿÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ñ ãðàíè÷íûìè
óñëîâèÿìè èç êëàññà [f ], åñëè íà M \ B ñóùåñòâóåò ðåøåíèå u(x) óðàâíåíèÿ
(1) òàêîå, ÷òî u ∈ [f ] è u|∂B = Φ|∂B .

Äàëåå âìåñòî ñòðóêòóðíûõ óñëîâèé 1�4 áóäåì ðàññìàòðèâàòü ñëåäóþùèå
óñëîâèÿ:

1a◦. g(x, ξ) ∈ Cγ(G× R) äëÿ ëþáîé ïîäîáëàñòè G bM , 0 < γ < 1;
2a◦. g(x, 0) ≡ 0;
3a◦. g(x, ξ1) ≥ g(x, ξ2) äëÿ âñåõ ξ1 > ξ2.
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Òîãäà ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü íàM \B äëÿ óðàâíåíèÿ (1) äëÿ ëþáîé ïîñòîÿííîé íà
∂B ôóíêöèè Φ ðàçðåøèìà âíåøíÿÿ êðàåâàÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè
èç êëàññà [f ]. Òîãäà íà M äëÿ óðàâíåíèÿ (1) ðàçðåøèìà êðàåâàÿ çàäà÷à ñ
ãðàíè÷íûìè óñëîâèÿìè èç òîãî æå êëàññà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-97004-
ð_ïîâîëæüå_à.

Îáðàòíàÿ íåëîêàëüíàÿ çàäà÷à äëÿ óðàâíåíèÿ ñ îïåðàòîðîì
Ëàâðåíòüåâà-Áèöàäçå â ïðÿìîóãîëüíîé îáëàñòè

Ìàðòåìüÿíîâà Í. Â. (Ïîâîëæñêàÿ ãîñóäàðñòâåííàÿ ñîöèàëüíî-ãóìàíèòàðíàÿ
àêàäåìèÿ, Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå Ëàâðåíòüåâà�Áèöàäçå ñ íåèçâåñòíîé ïðàâîé ÷à-
ñòüþ

Lu ≡ uxx + sign y · uyy − b2u = f(x, y) =

{
f1(x), y > 0,

f2(x), y < 0,

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y) | 0 < x < 1, −α < y < β}, ãäå α, β è b�
çàäàííûå ïîëîæèòåëüíûå ïîñòîÿííûå, è ïîñòàâèì ñëåäóþùóþ çàäà÷ó.

Çàäà÷à 1 (Îáðàòíàÿ çàäà÷à). Íàéòè â îáëàñòè D ôóíêöèè u(x, y) è
f(x, y), óäîâëåòâîðÿþùèå óñëîâèÿì:

u ∈ C1(D) ∩ C2(D− ∪D+); fi(x) ∈ C(0, 1) ∩ L[0, 1], i = 1, 2; (1)

Lu = f(x, y), (x, y) ∈ D− ∪D+; (2)

ux(0, y) = ux(1, y), u(1, y) = 0, −α ≤ y ≤ β; (3)

u(x, β) = ϕ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ 1; (4)

uy(x, β) = χ(x), uy(x,−α) = g(x), 0 ≤ x ≤ 1, (5)

ãäå ϕ(x), ψ(x), χ(x) è g(x)� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ϕ(1) =
ψ(1) = 0, ϕ′(0) = ϕ′(1), ψ′(0) = ψ′(1), D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}.

Ñëåäóÿ [1], [2], ïîñòàâëåííàÿ çàäà÷à èññëåäóåòñÿ ñïåêòðàëüíûì ìåòîäîì.
Ñëó÷àé f1(x) = f2(x) = f(x) ðàññìîòðåí â [3].

Îòìåòèì, ÷òî ê íåëîêàëüíîìó óñëîâèþ ux(0, y) = ux(1, y), −α ≤ y ≤ β,
âûðàæàþùåìó ðàâåíñòâî ïîòîêîâ ÷åðåç ñòîðîíû x = 0 è x = 1 ïðÿìîóãîëü-
íèêà D, ñâîäèòñÿ íåëîêàëüíîå èíòåãðàëüíîå óñëîâèå∫ 1

0

u(x, y) dx = A = const, −α ≤ y ≤ β. (6)

Ïîñëåäíåå âîçíèêàåò, íàïðèìåð, ïðè èçó÷åíèè âîïðîñà îá óñòîé÷èâî-
ñòè ðàçðåæåííîé ïëàçìû [4]. Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ïàðàáîëî-
ãèïåðáîëè÷åñêîãî òèïà ñ óñëîâèåì (6) èçó÷åíà â ðàáîòå [2].

Â äàííîé ðàáîòå ðåøåíèå çàäà÷è (1)�(5) ïîñòðîåíî â âèäå ñóìì áèîðòî-
ãîíàëüíûõ ðÿäîâ. Óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè è äîêàçàíà óñòîé÷è-
âîñòü ðåøåíèÿ îáðàòíîé çàäà÷è ïî ãðàíè÷íûì äàííûì (4) è (5).
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[1] Ñàáèòîâ Ê. Á. Îá îäíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà òðåòüåãî
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Îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì
Ìàòâååâà È. È. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ ñèñòåìû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
çàïàçäûâàþùèì àðãóìåíòîì

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > τ, (1)

ãäå A(t), B(t) � ìàòðèöû ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè,
ò. å.

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t), T > τ,

F (t, u, v) � âåùåñòâåííîçíà÷íàÿ íåïðåðûâíàÿ âåêòîð-ôóíêöèÿ, óäîâëåòâîðÿ-
þùàÿ óñëîâèþ Ëèïøèöà ïî u, ïðè ýòîì

‖F (t, u, v)‖ ≤ q1‖u‖1+ω1 + q2‖v‖1+ω2 , q1, q2, ω1, ω2 ≥ 0.

Èñïîëüçóÿ ìîäèôèöèðîâàííûé ôóíêöèîíàë Ëÿïóíîâà�Êðàñîâñêîãî,
ïðåäëîæåííûé â [1], è îïèðàÿñü íà ðåçóëüòàòû èç ðàáîò [2, 3], ìû óêàçû-
âàåì äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ
ñèñòåìû (1), ïîëó÷àåì îöåíêè ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé ñèñòå-
ìû (1) ïðè t→∞ è íàõîäèì îáëàñòè ïðèòÿæåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013 ãã. (ãîñó-
äàðñòâåííûå êîíòðàêòû � 02.740.11.0429, � 16.740.11.0127), Ðîññèéñêîãî
ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 10-01-00035) è Ñèáèðñêîãî
îòäåëåíèÿ Ðîññèéñêîé àêàäåìèè íàóê (ïðîåêò � 85, ìåæäèñöèïëèíàðíûé
ïðîåêò � 107).
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Îá îäíîé çàäà÷å óïðàâëåíèÿ ïðîòÿæåííûì îáúåêòîì â ìîìåíò
Ìàòâèé÷óê À. Ð. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à óïðàâëåíèÿ òî÷å÷íûì èëè ïðîòÿæåí-
íûì îáúåêòîì ñ ôèêñèðîâàííûì öåíòðîì â n-ìåðíîì åâêëèäîâîì ïðîñòðàí-
ñòâå ïðè íàëè÷èè ôàçîâûõ îãðàíè÷åíèé. Çàäà÷à ðàññìàòðèâàåòñÿ íà êîíå÷íîì
ïðîìåæóòêå âðåìåíè [t0, ϑ], ãäå æåñòêèìè óñëîâèÿìè ÿâëÿþòñÿ ìîìåíò ñòàðòà
t0 è ìîìåíò ïðèáûòèÿ íà öåëåâîå ìíîæåñòâî ϑ. Äèíàìèêà îáúåêòà îïèñûâàåò-
ñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì çàäàííîãî âèäà. Íà ñèñòåìó íàêëàäûâà-
þòñÿ ñòàíäàðòíûå óñëîâèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå, åäèíñòâåííîñòü
è ïðîäîëæèìîñòü ðåøåíèé íà âåñü ïðîìåæóòîê âðåìåíè [t0, ϑ]. Òàêæå çàäàíû
ñòàðòîâîå è öåëåâîå ìíîæåñòâà è ôàçîâîå îãðàíè÷åíèå ñ íåïóñòûìè ñå÷åíè-
ÿìè. Äîïóñêàåòñÿ íåïðåðûâíîå èçìåíåíèå ôàçîâîãî îãðàíè÷åíèÿ ñ òå÷åíèåì
âðåìåíè ïî èçâåñòíîìó íàì ïðîãðàììíîìó çàêîíó.

Íåîáõîäèìî ïðèâåñòè óïðàâëÿåìûé îáúåêò ñâîèì öåíòðîì èç ñòàðòîâîãî
ìíîæåñòâà íà öåëåâîå ìíîæåñòâî â ìîìåíò âðåìåíè òàêèì îáðàçîì, ÷òîáû
óïðàâëÿåìûé îáúåêò âî âðåìÿ ñâîåãî äâèæåíèÿ íå âûõîäèë çà ïðåäåëû ôà-
çîâîãî îãðàíè÷åíèÿ.

Ïîäîáíûå çàäà÷è âîçíèêàþò â òàêèõ îáëàñòÿõ, êàê äîñòàâêà ïàññàæèðîâ
è ãðóçîâ ïî ðàñïèñàíèþ èç îäíîãî ìåñòà â äðóãîå ïðè íàëè÷èè èçâåñòíûõ
ïîäâèæíûõ ïðåïÿòñòâèé.

Òî÷íî àíàëèòè÷åñêè ðåøèòü ïîñòàâëåííóþ çàäà÷ó íå ïðåäñòàâëÿåòñÿ âîç-
ìîæíûì, ïîýòîìó ðåøàòü çàäà÷ó ïðåäëàãàåòñÿ ïðèáëèæåííî â äèñêðåòíîé
ìîäåëè âðåìåíè ïóòåì âûáîðà ðàçáèåíèÿ èíòåðâàëà [t0, ϑ] ñ äîñòàòî÷íî ìà-
ëûì øàãîì. Äëÿ ìîìåíòîâ âðåìåíè èç âûáðàííîãî ðàçáèåíèÿ ïîñëåäîâàòåëü-
íî, íà÷èíàÿ ñ ìîìåíòà âðåìåíè ϑ, ñòðîÿòñÿ ìíîæåñòâà óïðàâëÿåìîñòè âïëîòü
äî ìîìåíòà âðåìåíè t0. Åñëè ïåðåñå÷åíèå ïîñëåäíåãî ïîñòðîåííîãî ìíîæåñòâà
óïðàâëÿåìîñòè è ñòàðòîâîãî ìíîæåñòâà íå ïóñòî, òî âûáèðàåòñÿ ëþáàÿ òî÷êà
èç ïåðåñå÷åíèÿ è ñòðîèòñÿ óïðàâëåíèå, ïðèâîäÿùåå ñèñòåìó íà öåëåâîå ìíîæå-
ñòâî. Ïîñòðîåíèå óïðàâëåíèÿ îñóùåñòâëÿåòñÿ ïîñëåäîâàòåëüíî ïî øàãàì, íà
êàæäîì øàãå èç óñëîâèÿ ïðèöåëèâàíèÿ íà î÷åðåäíîå ìíîæåñòâî óïðàâëÿåìî-
ñòè äî òåõ ïîð, ïîêà â êà÷åñòâå öåëè íå áóäåò ðàññìîòðåíî öåëåâîå ìíîæåñòâî.
Òàêîé ìåòîä ïîçâîëÿåò ïðèâåñòè óïðàâëÿåìûé îáúåêò â ìîìåíò âðåìåíè ϑ â
çàäàííóþ îêðåñòíîñòü öåëåâîãî ìíîæåñòâà, íåçíà÷èòåëüíî íàðóøàÿ ôàçîâîå
îãðàíè÷åíèå.

Ïðåäñòàâëåííàÿ ñõåìà ïîñòðîåíèÿ ðàçðåøàþùåãî óïðàâëåíèÿ èñïîëüçóåò
äâóõýòàïíûé ìåòîä, ãäå, â îòëè÷èå îò ìåòîäà ðåøåíèÿ çàäà÷è îïòèìàëüíîãî
óïðàâëåíèÿ èç [2], íåò íåîáõîäèìîñòè â ïîñòðîåíèè ïîâîäûðÿ.

Â êà÷åñòâå èëëþñòðàöèè ïðèâîäÿòñÿ ïðèìåðû, ðàññ÷èòàííûå äâóìÿ ÷èñ-
ëåííûìè ìåòîäàìè, ìåòîäîì ìíîãîóãîëüíèêîâ è ñåòî÷íûì ìåòîäîì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 10-01-96006-
ð_óðàë_à, ïðîãðàììû Ïðåçèäèóìà ÐÀÍ �Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðàâëå-
íèÿ� è ïðîãðàììû ñîâìåñòíûõ èññëåäîâàíèé ÓðÎ è ÑÎ ÐÀÍ �Ðàçðàáîòêà âî-
ïðîñîâ è òåîðèè, îáúåäèíÿþùåé çàäà÷è ðåêîíñòðóêöèè, îáðàùåíèÿ è óïðàâ-
ëåíèÿ�.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À. Ã. Ìàëååâûì.
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Î ðåøåíèÿõ ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ â îáëàñòÿõ ñ íåãëàäêîé
ãðàíèöåé

Ìàòåâîñÿí Î. À.

Èçó÷åíû ñâîéñòâà îáîáùåííûõ ðåøåíèé îñíîâíûõ êðàåâûõ çàäà÷ äëÿ ýë-
ëèïòè÷åñêèõ óðàâíåíèé è ñèñòåì (ñèñòåìà óðàâíåíèé Ñòîêñà, ñèñòåìà òåîðèè
óïðóãîñòè) â îáëàñòÿõ ñ íåãëàäêîé ãðàíèöåé. Ïðåäïîëàãàåòñÿ, ÷òî îáîáùåí-
íûå ðåøåíèÿ îáëàäàþò êîíå÷íûì âåñîâûì èíòåãðàëîì Äèðèõëå (ýíåðãèè) ñî
ñòåïåííûì âåñîì. Â çàâèñèìîñòè îò ïîêàçàòåëÿ ñòåïåííîãî âåñà ïîëó÷åí êðè-
òåðèé åäèíñòâåííîñòè, à òàêæå íàéäåíû òî÷íûå ôîðìóëû äëÿ âû÷èñëåíèÿ
ðàçìåðíîñòè ïðîñòðàíñòâà ðåøåíèé îñíîâíûõ êðàåâûõ çàäà÷. Êðîìå òîãî,
ïðèâåäåíû ôîðìóëû àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ èçó÷àåìûõ çàäà÷.

Î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ñïðàâà ðåøåíèé ñèñòåì
àëãåáðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâàìè

Ìàòðîñîâ È. Â. (Öåíòð èññëåäîâàíèÿ óñòîé÷èâîñòè è íåëèíåéíîé äèíàìèêè
ïðè ÈÌÀØ ÐÀÍ, Ðîññèÿ)

Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ êîíå÷íîìåðíàÿ ñèñòåìà àëãåáðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâàìè â âåêòîðíîé ôóíêöèè f ∈ Rn

è ïðîèçâîäíûõ G ∈ Rm:
dx

dt
= f(x, y, t), G(x, y, t) = 0. (1)

Ðàññìàòðèâàåòñÿ çàäà÷à àïïðîêñèìàöèè åå ðåøåíèé ïðè ïîìîùè ðåøåíèé ñè-
ñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùåé ñòàáèëèçèðóþùåå ñëàãàå-
ìîå −M G/‖G‖:

dx

dt
= f(x, y, t),

dy

dt
= L−1

(x,y,t)

(
−M G

‖G‖ −
∂G

∂x
f − ∂G

∂t

)
. (2)

Ëåììà 1. Ïóñòü ïàðà ôóíêöèé x(t) ∈ Rn, y(t) ∈ Rm ÿâëÿåòñÿ ðåøå-
íèåì ñèñòåìû (1) è â îãðàíè÷åííîé îáëàñòè U ⊆ Rn+m+1 óäîâëåòâîðÿåò
ñëåäóþùèì óñëîâèÿì:

1◦. ôóíêöèÿ y(t) àáñîëþòíî íåïðåðûâíà, à åå ïðîèçâîäíàÿ dy
dt

îãðàíè÷å-
íà;

2◦. f îãðàíè÷åíà, íåïðåðûâíà ïî ïåðåìåííîé y, èçìåðèìà ïî Ëåáåãó ïî
ïåðåìåíîé t è β-íåïðåðûâíà â ñìûñëå À. Ô. Ôèëèïïîâà ïî ïåðåìåí-
íîé x;

3◦. äëÿ âñåõ çíà÷åíèé ïåðåìåííûõ (x, y, t) ∈ U ôóíêöèÿ G îãðàíè÷å-
íà è ÿâëÿåòñÿ ñòðîãî êóñî÷íî-ãëàäêîé ïî ïåðåìåííîé y, ïðè÷åì â
êàæäîé òî÷êå (x∗, y∗, z∗) ∈ U ñîîòâåòñòâóþùåå êóñî÷íî-ëèíåéíîå
ïðèáëèæåíèå L(x∗,y∗,t∗)(y) îáðàòèìî;
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4◦. âíå íåêîòîðîãî êîíå÷íîãî îáúåäèíåíèÿ ãèïåðïîâåðõíîñòåé S ôóíê-

öèÿ G íåïðåðûâíî äèôôåðåíöèðóåìà ïî x, y è t, ïðè÷åì ∂G(x,y,t)
∂x

è
∂G(x,y,t)

∂t
îãðàíè÷åíû â U\S.

Tîãäà ñóùåñòâóåò M > 0 òàêàÿ, ÷òî ðåøåíèå x(t), y(t) ñèñòåìû (1)
ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (2) â ñìûñëå
À. Ô. Ôèëèïïîâà.

Ëåììà 2. Ïóñòü â îáëàñòè U ñèñòåìà (1) óäîâëåòâîðÿåò óñëîâèÿì 2-
4 ëåììû 1. Òîãäà äëÿ ðåøåíèÿ x, y ñèñòåìû (2) ñ íà÷àëüíûìè óñëîâèÿìè
x(t0) = x0, y(t0) = y0:

• ëèáî ïðè t∗ < t0 + G(x0,y0,t0)
M

âûïîëíåíî ïðåäåëüíîå ñîîòíîøåíèå

lim
t→t∗

ρ((x(t), y(t), t), ∂U) = 0, (3)

• ëèáî ∀t ≥ t0+G(x0,y0,t0)
M

, ïàðà x(t), y(t) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû
(1).

Îäíîêðàòíîå èëè, â âûðîæäåííûõ ñëó÷àÿõ, ìíîãîêðàòíîå ïðèìåíåíèå
ëåìì 1 è 2 ïîçâîëÿåò äàòü àëãîðèòì èññëåäîâàíèÿ ñâîéñòâ ñóùåñòâîâàíèÿ è
ïðàâîñòîðîííåé åäèíñòâåííîñòè ðåøåíèÿ ñèñòåìû (1) ïóòåì ïðèìåíåíèÿ ê (2)
òåîðèè À. Ô. Ôèëèïïîâà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâíîé ïðàâîé
÷àñòüþ.

Ýòîò ïîäõîä òàêæå ïîçâîëèë ïîñòðîèòü ìåòîä ÷èñëåííîãî ðåøåíèÿ ñèñòåì
ðàññìàòðèâàåìîãî âèäà è äàòü óñëîâèÿ åãî ñõîäèìîñòè ê èñòèííîìó ðåøåíèþ.
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äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâàìè // Àâòîìàòèêà è òåëåìåõàíèêà, 2007.

Î âëîæåíèè ñåïàðàòðèñ äèôôåîìîðôèçìîâ, çàäàííûõ íà
çàìêíóòûõ ìíîãîîáðàçèÿõ

Ìåäâåäåâ Â. Ñ. (ÍÈÈ Ïðèêëàäíîé ìàòåìàòèêè è êèáåðíåòèêè ïðè
Íèæåãîðîäñêîì ãîñóíèâåðñèòåòå èì. Í. È. Ëîáà÷åâñêîãî, Ðîññèÿ)

Â äîêëàäå ðàññìàòðèâàþòñÿ èíâàðèàíòû òîïîëîãè÷åñêè ñîïðÿæåííûõ
äèôôåîìîðôèçìîâ íà n-ìåðíûõ ãëàäêèõ çàìêíóòûõ ìíîãîîáðàçèÿõ Mn,
n > 2.

Ãîìåîìîðôèçì f : Mn → Mn, óñòàíàâëèâàþùèé òîïîëîãè÷åñêóþ ñîïðÿ-
æåííîñòü äèôôåîìîðôèçìîâ, îòîáðàæàåò ñåïàðàòðèñû â ñåïàðàòðèñû ñåäëî-
âûõ ïåðèîäè÷åñêèõ òî÷åê ñîïðÿãàåìûõ äèôôåîìîðôèçìîâ íà Mn. Ïîýòîìó
òîïîëîãè÷åñêèå èíâàðèàíòû ïîãðóæåíèÿ k-ìåðíûõ ñåïàðàòðèñ wk, k > 0, â
ìíîãîîáðàçèåMn ÿâëÿþòñÿ òàêæå òîïîëîãè÷åñêèìè èíâàðèàíòàìè ñîïðÿæåí-
íûõ äèôôåîìîðôèçìîâ.
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Â äîêëàäå äàåòñÿ îïèñàíèå ïîãðóæåíèé k-ìåðíûõ ñåïàðàòðèñ ñåäëîâûõ
ïåðèîäè÷åñêèõ òî÷åê áåç ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèé äèôôåîìîðôèçìîâ
è ãëàäêèõ ïîòîêîâ íà n-ìåðíîì ìíîãîîáðàçèè Mn.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòà Ïðàâèòåëüñòâà Ðîññèéñêîé Ôåäåðà-
öèè äëÿ ãîñóäàðñòâåííîé ïîääåðæêè íàó÷íûõ èññëåäîâàíèé, ïðîâîäèìûõ ïîä
ðóêîâîäñòâîì âåäóùèõ ó÷åíûõ â ðîññèéñêèõ îáðàçîâàòåëüíûõ ó÷ðåæäåíèÿõ
âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ, äîãîâîð 11.G34.31.0039.

Îòîáðàæåíèÿ ×åððè îêðóæíîñòè è ïîòîêè ×åððè íà çàìêíóòûõ
ïîâåðõíîñòÿõ

Ìåäâåäåâ Ò. Â. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ñîîáùåíèå ïîñâÿùåíî òîïîëîãè÷åñêîé êëàññèôèêàöèè ïîòîêîâ ×åððè íà
äâóìåðíîì òîðå è çàìêíóòîé íåîðèåíòèðóåìîé ïîâåðõíîñòè ðîäà 3, à òàêæå
òîïîëîãè÷åñêîé êëàññèôèêàöèè èíäóöèðóåìûõ èìè îòîáðàæåíèé íà çàìêíó-
òîé òðàíñâåðñàëè.

Ïîòîêè ×åððè ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì àðàöèîíàëüíûõ ïîòîêîâ, òî
åñòü ïîòîêîâ áåç ïåðèîäè÷åñêèõ òðàåêòîðèé è ñåïàðàòðèñíûõ ñâÿçåé. Äèíà-
ìèêà àðàöèîíàëüíûõ ïîòîêîâ íàèáîëåå òåñíî ñâÿçàíà ñ òîïîëîãèåé íåñóùåé
ïîâåðõíîñòè. Îñîáûé èíòåðåñ ïðåäñòàâëÿþò ïîòîêè, èìåþùèå íåòðèâèàëü-
íûå ðåêóððåíòíûå òðàåêòîðèè, òî åñòü íåçàìêíóòûå òðàåêòîðèè ïðèíàäëåæà-
ùèå ñîáñòâåííîìó ïðåäåëüíîìó ìíîæåñòâó. Òîïîëîãè÷åñêîå çàìûêàíèå íåòðè-
âèàëüíîé ðåêóððåíòíîé òðàåêòîðèè íàçûâàåòñÿ êâàçèìèíèìàëüíûì ìíîæå-
ñòâîì.

Àðàöèîíàëüíûé C1 ïîòîê f t íàçûâàåòñÿ ïîòîêîì ×åððè, åñëè âûïîëíÿ-
þòñÿ ñëåäóþùèå óñëîâèÿ:

1◦. f t èìååò îäíî êâàçèìèíèìàëüíîå ìíîæåñòâî Ω(f t);
2◦. ñîñòîÿíèÿ ðàâíîâåñèÿ f t ÿâëÿþòñÿ òîïîëîãè÷åñêèìè óçëàìè è ñåä-

ëàìè ñ ÷åòûðüìÿ ñåïàðàòðèñàìè;
3◦. â êàæäûé óçåë ïîòîêà f t èäåò ðîâíî ïî îäíîé ñåïàðàòðèñå ñåäëà;
4◦. åñëè ñåäëî èìååò ñåïàðàòðèñó, èäóùóþ â óçåë, îíî ëåæèò â Ω(f t).

Ïîñòðîåíèå òîïîëîãè÷åñêîé êëàññèôèêàöèè ïîòîêîâ ×åððè îñíîâûâàåò-
ñÿ íà èäåå Ïóàíêàðå èçó÷åíèÿ îòîáðàæåíèÿ ïîñëåäîâàíèÿ, èíäóöèðîâàííîãî
ïîòîêîì íà íåãîìîòîïíîé íóëþ çàìêíóòîé òðàíñâåðñàëè, êîòîðîå ìû íàçû-
âàåì îòîáðàæåíèåì ×åððè. Â ñëó÷àå ïîòîêà íà çàìêíóòîé íåîðèåíòèðóåìîé
ïîâåðõíîñòè ðîäà 3 ýòî îòîáðàæåíèå èìååò òàê íàçûâàåìûé ôëèï. Âíà÷àëå ðå-
øàåòñÿ çàäà÷à òîïîëîãè÷åñêîé êëàññèôèêàöèè òàêèõ îòîáðàæåíèé ñ ïîìîùüþ
ïîëíîé ñèñòåìû òîïîëîãè÷åñêèõ èíâàðèàíòîâ, íàçûâàåìûõ ñõåìîé. Ââîäèòñÿ
ïîíÿòèå àáñòðàêòíîé äîïóñòèìîé ñõåìû è ïîêàçûâàåòñÿ, ÷òî äëÿ êàæäîé àá-
ñòðàêòíîé äîïóñòèìîé ñõåìû ñóùåñòâóåò îòîáðàæåíèå ×åððè îêðóæíîñòè ñî
ñõåìîé, èçîìîðôíîé äàííîé.

Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ ïîñòðîåíèÿ ñõåìû ïîòîêà ×åð-
ðè íà äâóìåðíîì òîðå è çàìêíóòîé íåîðèåíòèðóåìîé ïîâåðõíîñòè ðîäà 3. Ïî-
êàçûâàåòñÿ, ÷òî ñõåìà ïîòîêà ×åððè òàêæå ÿâëÿåòñÿ ïîëíûì òîïîëîãè÷åñêèì
èíâàðèàíòîì è äëÿ êàæäîé àáñòðàêòíîé äîïóñòèìîé ñõåìû ñóùåñòâóåò ïîòîê
×åððè ñ äàííîé ñõåìîé.
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Çàäà÷à Äèðèõëå äëÿ íàãðóæåííîãî óðàâíåíèÿ ñìåøàííîãî
ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà

Ìåëèøåâà Å. Ï. (Ïîâîëæñêàÿ ãîñóäàðñòâåííàÿ ñîöèàëüíî-ãóìàíèòàðíàÿ
àêàäåìèÿ, Ðîññèÿ)

Ðàññìîòðèì íàãðóæåííîå óðàâíåíèå ñìåøàííîãî òèïà

Lu = sign y · uxx + uyy + C(y)u(x, 0) = 0 (1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y) : 0 < x < 1, −α < y < β}, α, β � çàäàí-
íûå ïîëîæèòåëüíûå ïîñòîÿííûå, C(y) = C1(y) ïðè y ≥ 0, C(y) = C2(y) ïðè
y ≤ 0, Ci(y), i = 1, 2, � çàäàííûå íåïðåðûâíûå ôóíêöèè.

Çàäà÷à 1 (Çàäà÷à Äèðèõëå). Íàéòè â îáëàñòè D ôóíêöèþ u(x, y), óäî-
âëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

u(x, y) ∈ C1 (D ) ∩ C2 (D+ ∪D−) ; (2)

Lu(x, y) ≡ 0, (x, y) ∈ D+ ∪D−; (3)

u(0, y) = u(1, y) = 0, −α ≤ y ≤ β; (4)

u(x, β) = ϕ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ 1, (5)

ãäå ϕ(x), ψ(x)� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè ýòîì ϕ(0) =
ϕ(1) = ψ(0) = ψ(1) = 0, D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}.

Îòìåòèì, ÷òî êðàåâûå çàäà÷è äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ðàññìîòðåíû â ðàáîòàõ [1, 2]. Â ðàáîòå
[2] äëÿ íàãðóæåííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ â ïðÿìîóãîëü-
íîé îáëàñòè D èçó÷åíà íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à, â êîòîðîé ìåòîäîì ñïåê-
òðàëüíûõ ðàçëîæåíèé [3] óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ ýòîé
çàäà÷è è ñàìî ðåøåíèå ïîñòðîåíî â âèäå ñóììû ðÿäà ïî ñîáñòâåííûì ôóíê-
öèÿì ñîîòâåòñòâóþùåé îäíîìåðíîé çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ.

Â ðàáîòå [4], ñëåäóÿ [2, 3], óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ
çàäà÷è (2)�(5), è ðåøåíèå çàäà÷è ïðåäñòàâëåíî â âèäå ðÿäà Ôóðüå, ñõîäèìîñòü
êîòîðîãî â êëàññå ôóíêöèé (2) óñòàíîâëåíà, êîãäà α ÿâëÿåòñÿ ïîëîæèòåëüíûì
ðàöèîíàëüíûì ÷èñëîì.

Â äàííîé ðàáîòå ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (2)�(5) äîêàçàíî â ñëó-
÷àå, êîãäà α ÿâëÿåòñÿ êâàäðàòè÷íûì èððàöèîíàëüíûì ÷èñëîì.
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Óñëîâèÿ ðåãóëÿðèçóåìîñòè è íóëü-ïðîñòðàíñòâà èíòåãðàëüíûõ
îïåðàòîðîâ

Ìåíèõåñ Ë. Ä. (Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

ÏóñòüX è Y � áàíàõîâû ïðîñòðàíñòâà, A : X → Y �ëèíåéíûé íåïðåðûâ-
íûé èíúåêòèâíûé îïåðàòîð. Îòîáðàæåíèå A−1 íàçûâàåòñÿ ðåãóëÿðèçóåìûì,
åñëè ñóùåñòâóåò ñåìåéñòâî îòîáðàæåíèé Rδ : Y → X, δ ∈ (0, δ0) òàêîå, ÷òî
äëÿ ëþáîãî x ∈ X

lim
δ→0

sup
‖y−Ax‖≤δ

‖Rδy − x‖ = 0. (1)

Â ýòîì ñëó÷àå ñåìåéñòâî {Rδ} íàçûâàåòñÿ ðåãóëÿðèçàòîðîì äëÿ îòîáðàæå-
íèÿ A−1.

Âî ìíîãèõ ñëó÷àÿõ (â ÷àñòíîñòè, åñëè X = C(a, b)) ðåãóëÿðèçóåìîñòü
A−1 ýêâèâàëåíòíà ñóùåñòâîâàíèþ ïîñëåäîâàòåëüíîñòè ëèíåéíûõ íåïðåðûâ-
íûõ îïåðàòîðîâ Rn : Y → X òàêîé, ÷òî äëÿ ëþáîãî x ∈ X

lim
n→∞

RnAx = x. (2)

Ýòî îçíà÷àåò, ÷òî îáðàòíûé îïåðàòîð A−1 ïîòî÷å÷íî ïðèáëèæàåòñÿ íåïðå-
ðûâíûìè.

Ðàññìîòðèì êëàññè÷åñêóþ ñèòóàöèþ X = C(a, b), Y = L2(a, b). Áóäåì
ïðåäïîëàãàòü, ÷òî îïåðàòîð A íåïðåðûâåí òàêæå è â L2-íîðìå. Ýòî âûïîë-
íåíî, íàïðèìåð, äëÿ èíòåãðàëüíûõ îïåðàòîðîâ ñ íåïðåðûâíûìè ÿäðàìè. Òî-
ãäà A ìîæåò áûòü ïðîäîëæåí ïî íåïðåðûâíîñòè íà ðàçëè÷íûå ïîäïðîñòðàí-
ñòâàM , C(a, b) ⊂M ⊂ L2(a, b). Â [1] áûëî äîêàçàíî, ÷òî åñëè ïðîäîëæåíèå A
íà íåêîòîðîå Lp(a, b), p ≥ 2 èìååò êîíå÷íîìåðíîå ÿäðî, òî A−1 ðåãóëÿðèçó-
åìî, â [2] ïîêàçàíî, ÷òî ðåãóëÿðèçóåìîñòü A−1 ñëåäóåò èç êîíå÷íîìåðíîñòè
ÿäðà ïðîäîëæåíèÿ A íà L∞(a, b).

Ñëåäóþùèå äâà óòâåðæäåíèÿ ïîêàçûâàþò, ÷òî âñå ýòè óñëîâèÿ ðàçëè÷íû.

Òåîðåìà 1. Ïóñòü p1 > p2 ≥ 2. Òîãäà ñóùåñòâóåò èíúåêòèâ-
íûé èíòåãðàëüíûé îïåðàòîð èç C(a, b) â L2(a, b) ñ ãëàäêèì ñèììåò-
ðè÷íûì ÿäðîì, ïðîäîëæåíèå êîòîðîãî íà Lp2(a, b) èìååò áåñêîíå÷íîìåð-
íîå íóëü-ïðîñòðàíñòâî, à ïðîäîëæåíèå íà Lp1(a, b)� êîíå÷íîìåðíîå íóëü-
ïðîñòðàíñòâî.

Òåîðåìà 2. Ñóùåñòâóåò èíúåêòèâíûé èíòåãðàëüíûé îïåðàòîð èç
C(a, b) â L2(a, b) ñ ãëàäêèì ñèììåòðè÷íûì ÿäðîì, ïðîäîëæåíèå êîòîðîãî
íà ëþáîå Lp(a, b), p ≥ 2 èìååò áåñêîíå÷íîìåðíîå íóëü-ïðîñòðàíñòâî, à íà
L∞(a, b)� êîíå÷íîìåðíîå íóëü-ïðîñòðàíñòâî.

Èìååò ìåñòî òàêæå ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3. Ïóñòü (pn)� ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü
âåùåñòâåííûõ ÷èñåë ≥ 2 è lim

n→∞
pn = p. Òîãäà ñóùåñòâóåò èíúåêòèâíûé èí-

òåãðàëüíûé îïåðàòîð ñ ãëàäêèì ñèììåòðè÷íûì ÿäðîì èç C(a, b) â L2(a, b)
òàêîé, ÷òî íóëü-ïðîñòðàíñòâî åãî ïðîäîëæåíèÿ íà ëþáîå Lpn(a, b) áåñêîíå÷-
íîìåðíî, à íóëü-ïðîñòðàíñòâî åãî ïðîäîëæåíèÿ íà Lp(a, b) êîíå÷íîìåðíî.
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Ñèìâîëè÷åñêèé ïîäõîä ê ñâîéñòâàì ñðåäíèõ çíà÷åíèé ðåøåíèé
ëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

Ìåøêîâ Â. Ç.
Ïîëîâèíêèí È. Ï. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

×åðåç f̂ áóäåì îáîçíà÷àòü ïðåîáðàçîâàíèå Ôóðüå ðàñïðåäåëåíèÿ f ∈ S.
Äàëåå, ïóñòü Dj = −i ∂

∂xj
, j = 1, . . . , n, D = (D1, . . . , Dn), P (w) � îäíîðîäíûé

ìíîãî÷ëåí ïîðÿäêà m.

Îïðåäåëåíèå 1. Ðàñïðåäåëåíèå Φ c êîìïàêòíûì íîñèòåëåì íàçîâåì ñî-
ïðîâîæäàþùèì (ñîïðîâîæäåíèåì) óðàâíåíèå P (D)u = 0 (îïåðàòîð P (D)),
åñëè äëÿ ëþáîãî ðåøåíèÿ u(x) ∈ C∞(Rn) èìååò ìåñòî ðàâåíñòâî 〈Φ, u〉 = 0.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ðàñïðåäåëåíèå Φ ñ êîìïàêòíûì íîñèòå-
ëåì ÿâëÿëîñü ñîïðîâîæäåíèåì îïåðàòîðà P (D) â Rn, íåîáõîäèìî è äîñòà-

òî÷íî, ÷òîáû ñóùåñòâîâàëà íåêîòîðàÿ öåëàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ ψ̂(ω),
äëÿ êîòîðîé

Φ̂(w) = P (w)ψ̂(ω), w ∈ Cn.

Òåîðåìà 2. Ïóñòü P (D) = P1(D)P2(D), ãäå P1 è P2 ñóòü îäíîðîäíûå
ìíîãî÷ëåíû. Ïóñòü Φl � ðàñïðåäåëåíèå ñ êîìïàêòíûì íîñèòåëåì, ñîïðî-
âîæäàþùåå îïåðàòîð Pl(D), l = 1, 2. Ðàñïðåäåëåíèå Φ = Φ1 ∗ Φ2 ÿâëÿåòñÿ
ñîïðîâîæäàþùèì îïåðàòîð P (D) = P1(D)P2(D).

Íà îñíîâàíèè òåîðåìû 2 ïîêàçàíî, ÷òî â ñëó÷àå äèôôåðåíöèàëüíîãî îïå-
ðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè
ñ îäíîðîäíûì ñèìâîëîì òåîðåìû î ñðåäíåì çíà÷åíèè ìîãóò áûòü ïîëó÷åíû èç
ïðîñòåéøèõ ôîðìóë ñðåäíåãî äëÿ îïåðàòîðîâ ïåðâîãî ïîðÿäêà è äëÿ ýëëèïòè-
÷åñêèõ îïåðàòîðîâ âòîðîãî ïîðÿäêà. Â ÷àñòíîñòè, òàêîìó îïåðàòîðó P (D) ñî-
îòâåòñòâóåò íåêîòîðîå ñåìåéñòâî ðàçíîñòíûõ îïåðàòîðîâ Ph (â îáùåì ñëó÷àå
ïîñòðîåííûõ íà êîìïëåêñíûõ òî÷êàõ è ñ êîìïëåêñíûìè êîýôôèöèåíòàìè),
òàêèõ, ÷òî èìååò ìåñòî èìïëèêàöèÿ

P (D)u = 0 =⇒ Phu = 0, u ∈ C∞(Rn).

Äâó÷ëåííûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ñèíãóëÿðíûì
êîýôôèöèåíòîì

Ìèðçîåâ Ê. À. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)
Øêàëèêîâ À. À. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Íàøà öåëü � ïîñòðîåíèå ñïåêòðàëüíîé òåîðèè îïåðàòîðîâ, ïîðîæäåííûõ
â L2(a, b) êâàçèäèôôåðåíöèàëüíûìè âûðàæåíèÿìè âèäà

`[y] := (−1)ny(2n) + σ(k)y, (1)
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ãäå σ(k) � ïðîèçâîäíàÿ ïîðÿäêà k îò ðåãóëÿðíîé ôóíêöèè σ. Çäåñü k 6 n, à
σ ∈ L1

loc(a, b), åñëè k < n, è σ ∈ L2
loc(a, b), åñëè k = n. Èíòåðâàë (a, b) ⊂ R

ìîæåò áûòü êàê êîíå÷íûì, òàê è áåñêîíå÷íûì.
Îïðåäåëèì êâàäðàòíóþ ìàòðèöó ðàçìåðíîñòè 2n, ïîëàãàÿ

fj,j+1 = 1, j = 1, 2, . . . , 2n− 1;

f2n−1+j−k,j = (−1)n+jCjkσ, j = 1, 2, . . . , k + 1;

f2n,1 = (−1)nσ2δnk;

fij = 0 ïðè âñåõ îñòàëüíûõ çíà÷åíèÿõ i è j,

ãäå Cjk � áèíîìèàëüíûå êîýôôèöèåíòû, à δnk � ñèìâîë Êðîíåêåðà. Îïðåäå-
ëèì êâàçèïðîèçâîäíûå y[j] (j = 0, 1, . . . , 2n − 1) ôóíêöèè y (=: y[0]) è êâàçè-
äèôôåðåíöèàëüíîå âûðàæåíèå τ [y], ïîðîæä¼ííûå ìàòðèöåé F , ïîëàãàÿ

y[j+1] := (y[j])′, j = 0, 1, . . . , 2n− 2− k,

y[2n−k+j] := (y[2n−1−k+j])′ − f2n−k+,j+1y
[j], j = 0, 1, . . . , k − 1,

τ [y] = (y[2n−1])′ − f2n,k+1y
[k] − f2n,1y.

Ëåììà 1. Êâàçèäèôôåðåíöèàëüíîå âûðàæåíèå (−1)nτ [y] ñîâïàäàåò ñ

âûðàæåíèåì (1), ãäå σ(k) îçíà÷àåò ïðîèçâîäíóþ ïîðÿäêà k ôóíêöèè σ â ñìûñ-
ëå òåîðèè ðàñïðåäåëåíèé.

Ýòà ëåììà ïîçâîëÿåò âêëþ÷èòü ìèíèìàëüíûé îïåðàòîð L0, ïîðîæä¼í-
íûé âûðàæåíèåì (1) â ïðîñòðàíñòâå L2(a, b), â êëàññ îïåðàòîðîâ, ïîðîæä¼í-
íûõ ñèììåòðè÷åñêèìè êâàçèäèôôåðåíöèàëüíûìè âûðàæåíèÿìè ñ ëîêàëüíî
ñóììèðóåìûìè êîýôôèöèåíòàìè, è òàêèì îáðàçîì ïîçâîëÿåò ñòðîèòü ñïåê-
òðàëüíóþ òåîðèþ îïåðàòîðà L0.

Â äîêëàäå ðå÷ü ïîéä¼ò îá óñëîâèÿõ íà σ(x), x ∈ (0,+∞), êîòîðûå îáåñïå-
÷èâàþò ñëó÷àè íåìàêñèìàëüíîñòè (â ÷àñòíîñòè, ìèíèìàëüíîñòè) äåôåêòíûõ
÷èñåë îïåðàòîðà L0. Êðîìå òîãî, ìû ïîêàæåì, ÷òî â ñëó÷àå, êîãäà σ ÿâëÿ-
åòñÿ ñòóïåí÷àòîé ôóíêöèåé ñ áåñêîíå÷íûì ÷èñëîì ñêà÷êîâ, òî óñëîâèå ìàê-
ñèìàëüíîñòè äåôåêòíûõ ÷èñåë ýòîãî îïåðàòîðà ðàâíîñèëüíî óñëîâèþ ìàêñè-
ìàëüíîñòè äåôåêòíûõ ÷èñåë îïåðàòîðà, ïîðîæä¼ííîãî íåêîòîðîé îáîáù¼ííîé
ÿêîáèåâîé ìàòðèöåé â ïðîñòðàíñòâå l2.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò � 11-01-
00790, è Àíàëèòè÷åñêîé âåäîìñòâåííîé öåëåâîé ïðîãðàììû Ìèíîáðíàóêè,
ïðîåêò � 2.1.1/10641.

Î íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ îäíîãî êëàññà
îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà
Ìèðçîåâ Ñ. Ñ. (Áàêèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Àçåðáàéäæàí)
Àëèåâ À. Ð. (Áàêèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Àçåðáàéäæàí)

Ìíîãèå çàäà÷è òåîðèè óïðóãîñòè, â ÷àñòíîñòè çàäà÷è äëÿ ìíîãîñëîéíûõ
òåë, ìîäåëèðóþòñÿ óðàâíåíèÿìè ñ êóñî÷íî-ïîñòîÿííûìè êîýôôèöèåíòàìè â
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ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Ðàññìàòðèâàåìûé íèæåñëåäó-
þùèé êëàññ îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ òàêîâûì:

(−1)k u(2k) (t) + ρ (t)A2ku (t) +

2k∑
j=1

Aj (t)u(2k−j) (t) = f (t) , t ∈ R+ = [0,+∞) ,

(1)
ãäå f (t) ∈ L2 (R+;H), u (t) ∈ W 2k

2 (R+;H) (ñì.[1]), ρ (t) = α, åñëè 0 ≤ t ≤ T
è ρ (t) = β, åñëè T < t < +∞, ïðè÷åì α, β �ïîëîæèòåëüíûå, âîîáùå ãî-
âîðÿ, íå ðàâíûå äðóã äðóãó ÷èñëà, à A� ñàìîñîïðÿæåííûé ïîëîæèòåëüíî-
îïðåäåëåííûé îïåðàòîð, Aj (t), j = 1, 2k�ëèíåéíûå, âîîáùå ãîâîðÿ, íåîãðà-
íè÷åííûå îïåðàòîðû, îïðåäåëåííûå ïî÷òè ïðè âñåõ t ∈ R+.

Â ðàáîòå [2] íàìè áûëè óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ðåøåíèÿ èç ïðîñòðàíñòâà W 2k

2 (R+;H) äëÿ óðàâíåíèÿ (1) â
ñëó÷àå, êîãäà ê íåìó â íóëå ïðèñîåäèíåíû ñàìîñîïðÿæåííûå êðàåâûå óñëîâèÿ:

u(si) (0) = 0, i = 0, k − 1, (2)

ãäå si �íàòóðàëüíûå ÷èñëà òàêèå, ÷òî 0 ≤ s0 < s1 < ... < sk−1 ≤ 2k − 1 è
si + sj 6= 2k − 1, 0 ≤ i, j ≤ 2k − 1.

Ñëó÷àé íåñàìîñîïðÿæåííûõ êðàåâûõ óñëîâèé (si + sj = 2k − 1) òðåáó-
åò îòäåëüíîãî ñâîåãî íåçàâèñèìîãî ðàññìîòðåíèÿ. Â ýòîì ñëó÷àå âîçíèêàþò,
íàïðèìåð, òàêèå âîïðîñû:

1◦. Íå ìîæåò ëè ñëó÷èòüñÿ, ÷òî äëÿ íåêîòîðûõ çíà÷åíèé α, β, T çàäà÷à

(−1)k u(2k) (t) + ρ (t)A2ku (t) = 0,

u(si) (0) = 0, i = 0, k − 1,

èìååò íåíóëåâîå ðåøåíèå èç ïðîñòðàíñòâà W 2k
2 (R+;H)?

2◦. Ïðè êàêèõ óñëîâèÿõ íà îïåðàòîðíûå êîýôôèöèåíòû Aj (t), j = 1, 2k
çàäà÷à (1), (2) èìååò åäèíñòâåííîå ðåøåíèå èç ïðîñòðàíñòâà
W 2k

2 (R+;H)?

Â äàííîì äîêëàäå ìû îòâå÷àåì íà ýòè âîïðîñû. Îòìåòèì, ÷òî ñîîòâåò-
ñòâóþùèå òåîðåìû èç ðàáîòû [2] îñòàþòñÿ â ñèëå è â ñëó÷àå íåñàìîñîïðÿæåí-
íûõ êðàåâûõ óñëîâèé.

Ñïèñîê ëèòåðàòóðû

[1] Ëèîíñ Æ.-Ë., Ìàäæåíåñ Ý. Íåîäíîðîäíûå ãðàíè÷íûå çàäà÷è è èõ ïðèëîæåíèÿ. Ì.:
Ìèð, 1971.

[2] Àëèåâ À. Ð., Ìèðçîåâ Ñ. Ñ. Ê òåîðèè ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ îäíîãî
êëàññà îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà // Ôóíêöèî-
íàëüíûé àíàëèç è åãî ïðèëîæåíèÿ. 2010. Ò. 44. � 3. Ñ. 63�65.

Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ äèôôåîìîðôèçìîâ ïîâåðõíîñòåé
ñ êîíå÷íûì ÷èñëîì ìîäóëåé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè

Ìèòðÿêîâà Ò. Ì. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Äîêëàä ïîñâÿùåí ýêñïîçèöèè ðåçóëüòàòîâ, ïîëó÷åííûõ ñîâìåñòíî ñ Î. Â.
Ïî÷èíêîé.
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Ðàññìàòðèâàåòñÿ êëàññ Ψ äèôôåîìîðôèçìîâ, çàäàííûõ íà ãëàäêîì äâó-
ìåðíîì çàìêíóòîì îðèåíòèðóåìîì ìíîãîîáðàçèèM2 è óäîâëåòâîðÿþùèõ ñëå-
äóþùèì óñëîâèÿì: íåáëóæäàþùåå ìíîæåñòâî äèôôåîìîðôèçìà f ∈ Ψ ñîñòî-
èò èç êîíå÷íîãî ÷èñëà ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê, à åãî áëóæäà-
þùåå ìíîæåñòâî äîïóñêàåò êîíå÷íîå ÷èñëî ãåòåðîêëèíè÷åñêèõ îðáèò òðàíñ-
âåðñàëüíîãî ïåðåñå÷åíèÿ è êàñàíèÿ.

Íàðóøåíèå óñëîâèÿ òðàíñâåðñàëüíîñòè ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèé
ñåäëîâûõ òî÷åê äèôôåîìîðôèçìà ïðèâîäèò ê åãî íåãðóáîñòè è, êàê îáíàðó-
æèë Æ. Ïàëèñ â 1978 ãîäó, ê âîçíèêíîâåíèþ íåïðåðûâíûõ òîïîëîãè÷åñêèõ
èíâàðèàíòîâ � ìîäóëåé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè. Îòñþäà, â ÷àñòíî-
ñòè, ñëåäóåò, ÷òî â ëþáîé C1-îêðåñòíîñòè äèôôåîìîðôèçìà ïîâåðõíîñòè, äî-
ïóñêàþùåãî ãåòåðîêëèíè÷åñêîå êàñàíèå, èìååòñÿ êîíòèíóóì òîïîëîãè÷åñêè
íåñîïðÿæåííûõ äèôôåîìîðôèçìîâ.

Â ðàáîòå Â. äè Ìåëó, Ñ. Æ. âàí Ñòðèíà 1987 ãîäà íàéäåíû íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî ìíîæåñòâî êëàññîâ òîïîëîãè÷åñêîé ñîïðÿæåí-
íîñòè â îêðåñòíîñòè äèôôåîìîðôèçìà îðèåíòèðóåìîé ïîâåðõíîñòè îïèñûâà-
åòñÿ ñ ïîìîùüþ êîíå÷íîãî ÷èñëà ïàðàìåòðîâ (ìîäóëåé òîïîëîãè÷åñêîé ñîïðÿ-
æåííîñòè). Èñïîëüçóÿ ýòè ðåçóëüòàòû, â ðàáîòàõ [1] è [2] äëÿ äèôôåîìîðôèç-
ìîâ èç êëàññà Ψ íàéäåí ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò, êîòîðûé ÿâëÿåòñÿ
êîìáèíàöèåé ãåîìåòðè÷åñêèõ èíâàðèàíòîâ, ââåäåííûõ â ðàáîòàõ Õ. Áîíàò-
òè, Â. Ç. Ãðèíåñà è Ð. Ëàíæåâåíà äëÿ êëàññèôèêàöèè äèôôåîìîðôèçìîâ
Ìîðñà�Ñìåéëà, à òàêæå àíàëèòè÷åñêèõ èíâàðèàíòîâ (ìîäóëåé), ñâÿçàííûõ ñ
ãåòåðîêëèíè÷åñêèìè îäíîñòîðîííèìè êàñàíèÿìè. Â äîêëàäå ðåøàåòñÿ òàêæå
ïðîáëåìà ðåàëèçàöèè êàæäîãî êëàññà òîïîëîãè÷åñêè ñîïðÿæåííûõ äèôôåî-
ìîðôèçìîâ, ïðèíàäëåæàùèõ Ψ.

Ðàáîòà ïîääåðæàíà ãðàíòîì 11-01-00730 ÐÔÔÈ, ãðàíòîì ïðàâèòåëüñòâà
Ðîññèéñêîé Ôåäåðàöèè 11.G34.31.0039 è ãðàíòîì Ôåäåðàëüíîé öåëåâîé ïðî-
ãðàììû �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà
2009�2013 ãîäû (ïðîåêò ÍÊ-13Ï-13).
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Îäíîìåðíûå îïåðàòîðû Øðåäèíãåðà ñ ïîòåíöèàëàìè-ìåðàìè
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Ìîëèáîãà Â. Í. (Èíñòèòóò Ìàòåìàòèêè ÍÀÍ Óêðàèíû)

Â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(R) èññëåäóþòñÿ ñïåêòðàëüíûå ñâîéñòâà
îïåðàòîðîâ Øðåäèíãåðà S(q′), ó êîòîðûõ ïîòåíöèàë ÿâëÿåòñÿ âåùåñòâåííîé
ìåðîé Ðàäîíà:

S(q′)u := −u′′ + q′(x)u, q ∈ BVloc(R).
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Ñëåäóÿ [1], îïðåäåëèì îïåðàòîðû S(q′) êàê êâàçè-äèôôåðåíöèàëüíûå:

S(q′)u := lq[u], lq[u] := −(u′ − qu)′ − q(u′ − qu)− q2u,

Dom(S(q′)) :=
{
u ∈ L2(R)

∣∣u, u′ − qu ∈ ACloc(R), lq[u] ∈ L2(R)
}
.

Òåîðåìà 1. Ïóñòü C ∈ R+ è∫
J

d q(x) ≥ −C (1)

äëÿ âñåõ èíòåðâàëîâ J âåùåñòâåííîé îñè R äëèíû |J | ≤ 1. Òîãäà îïåðàòîð
S(q′) ïîëóîãðàíè÷åí ñíèçó è ñàìîñîïðÿæåí.

Òåîðåìà 2. Ïóñòü âûïîëíåíî óñëîâèå (1). Îïåðàòîð S(q′) èìååò äèñ-
êðåòíûé ñïåêòð òîãäà è òîëüêî òîãäà, êîãäà

lim inf
|a|→∞

∫ a+h

a

d q(x) = +∞ ∀h ∈ (0, 1].

Òåîðåìû 1 è 2 îáîáùàþò ðåçóëüòàòû [2] íà ñëó÷àé ñèíãóëÿðíûõ ïîòåíöè-
àëîâ.

Åñëè ìåðà q′ ÿâëÿåòñÿ 1-ïåðèîäè÷åñêîé, òî ñïåêòð îïåðàòîðà S(q′) àáñî-
ëþòíî íåïðåðûâåí è èìååò çîííóþ ñòðóêòóðó: ñïåêòðàëüíûå çîíû ïåðåìå-
æàþòñÿ ñî ñïåêòðàëüíûìè ëàêóíàìè, ñì. [3] è ññûëêè òàì. Îáîçíà÷èì ÷åðåç
{γq′(n)}n∈N ïîñëåäîâàòåëüíîñòü äëèí åãî ñïåêòðàëüíûõ ëàêóí. Äëÿ ëîêàëüíî
àáñîëþòíî íåïðåðûâíûõ ìåð γq′(n) → 0. Ïðèìåðû àâòîðîâ ïîêàçûâàþò, ÷òî
ñóùåñòâóþò ïåðèîäè÷åñêèå ðàñïðåäåëåíèÿ q′ ∈ H−εloc(R) ïðè âñåõ ε > 0, äëÿ
êîòîðûõ {γq′(n)}n∈N /∈ l∞.

Òåîðåìà 3. Ïóñòü ïîòåíöèàë q′ ÿâëÿåòñÿ 1-ïåðèîäè÷åñêîé ìåðîé. Òî-
ãäà ïîñëåäîâàòåëüíîñòü {γq′(n)}n∈N ∈ l∞, è ïðè n > 8ω/π âåðíà îöåíêà

γq′(n) ≤ 24ω + 2

(
6ω

nπ

)2

,

ãäå ω � ïîëíàÿ âàðèàöèÿ ìåðû q′ íà îòðåçêå [0, 1].
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Çàäà÷à îïòèìàëüíîãî ãðàíè÷íîãî óïðàâëåíèÿ ñèëîé íà îäíîì
êîíöå ñòðóíû ïðè çàäàííîì ðåæèìå ñèëû íà äðóãîì êîíöå

Ìîèñååâ Å. È. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)
Õîëîìååâà À. À. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Â äàííîé ðàáîòå â òåðìèíàõ îáîáùåííîãî ðåøåíèÿ èç êëàññà W 1
2 îäíî-

ìåðíîãî âîëíîâîãî óðàâíåíèÿ

utt(x, t)− uxx(x, t) = 0 â îáëàñòè QT = [0 ≤ x ≤ l]× [0 ≤ t ≤ T ] (1)
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ðåøåíà çàäà÷à îá îòûñêàíèè â ÿâíîì àíàëèòè÷åñêîì âèäå îïòèìàëüíîãî ãðà-
íè÷íîãî óïðàâëåíèÿ êîëåáàíèÿìè ñòðóíû äëèíû l. Óïðàâëåíèå ïðîèçâîäèòñÿ
íà îäíîì êîíöå ñòðóíû

ux(0, t) = µ(t), (2)

à íà ëåâîì êîíöå çàäàí íåêîòîðûé èçâåñòíûé çàðàíåå ðåæèì äåéñòâèÿ ñèëû

ux(l, t) = ν(t). (3)

Çàäà÷à ñîñòîèò â íàõîæäåíèè òàêîãî óïðàâëåíèÿ µ(t), êîòîðîå çà âðåìÿ T
ïåðåâîäèò ñòðóíó èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) (4)

â çàäàííîå ôèíàëüíîå ñîñòîÿíèå

u(x, T ) = ϕ̂(x), ut(x, T ) = ψ̂(x), (5)

ó÷èòûâàÿ çàäàííûé ãðàíè÷íûé ðåæèì.
Â ðàáîòå äîêàçàíà

Òåîðåìà 1. Îáîáùåííîå èç W 1
2 (QT ) ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

äëÿ óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè (4) è ãðàíè÷íûìè (2), (3) ñóùå-
ñòâóåò è åäèíñòâåííî.

Ïðè ýòîì â äîêàçàòåëüñòâå óêàçàí ñïîñîá ïîñòðîåíèÿ ðåøåíèÿ.
Äàëåå ïðè áîëüøèõ ïðîìåæóòêàõ âðåìåíè T ïðîâåäåíà îïòèìèçàöèÿ, ò. å.

ñðåäè âñåõ ãðàíè÷íûõ óïðàâëåíèé âûáèðàåòñÿ òî, êîòîðîå äîñòàâëÿåò ìèíè-
ìóì èíòåãðàëó

inf

∫ T

0

(µ(t))2 dt. (6)

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013 ãîäû è
ïðîãðàììû ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ïðîåêò ÍØ-7332.2010.9).
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Ôîðìóëà ñðåäíåãî çíà÷åíèÿ äëÿ ãàðìîíè÷åñêîé ôóíêöèè â
êðóãîâîì ñåêòîðå

Ìîèñååâ Ò. Å. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Â ðàáîòå èñ÷åðïûâàþùèì îáðàçîì ðåøåí âîïðîñ î ñïðàâåäëèâîñòè ôîð-
ìóëû ñðåäíåãî çíà÷åíèÿ äëÿ ãàðìîíè÷åñêîé â êðóãîâîì ñåêòîðå ôóíêöèè,
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óäîâëåòâîðÿþùåé íà ïðÿìîëèíåéíûõ ó÷àñòêàõ ãðàíèöû ýòîãî ñåêòîðà îäíî-
ðîäíûì êðàåâûì óñëîâèÿì òèïà íàêëîííîé ïðîèçâîäíîé ñ êîýôôèöèåíòàìè
k è κ, ñîîòâåòñòâåííî. Äîêàçàíà ñïðàâåäëèâîñòü ýòîé ôîðìóëû ïðè k+ κ ≥ 0
è óñòàíîâëåíî, ÷òî ïðè k+κ < 0 ýòà ôîðìóëà, âîîáùå ãîâîðÿ, íå ñïðàâåäëèâà.
Äîêàçàííàÿ ôîðìóëà îáîáùàåò ðàíåå ïîëó÷åííûå ôîðìóëû [1�3].

Ââåäåì îáëàñòü

D = [{r, θ} : 0 < r < r0, 0 < θ < α0, ãäå α0 ∈ (0, 2π)], (1)

ïðåäñòàâëÿþùóþ ñîáîé êðóãîâîé ñåêòîð. Çäåñü r0 � ðàäèóñ îêðóæíîñòè, α0

� ôèêñèðîâàííîå ÷èñëî. Â ñåêòîðå çàäàíà ãàðìîíè÷åñêàÿ ôóíêöèÿ u(r, θ),
ò. å. â D

∆u = 0, (2)

à íà ãðàíèöå ñåêòîðà çàäàíû ãðàíè÷íûå óñëîâèÿ

1

r

∂u

∂θ
+ k

∂u

∂r

∣∣∣∣
θ=0

= 0, 0 < r < r0, (3)

1

r

∂u

∂θ
− κ∂u

∂r

∣∣∣∣
θ=α0

= 0, 0 < r < r0. (4)

Â ðàáîòå äëÿ ãàðìîíè÷åñêîé ôóíêöèè u(r, θ) (ôóíêöèÿ äâàæäû íåïðå-
ðûâíî äèôôåðåíöèðóåìà â îáëàñòè D è íåïðåðûâíà â çàìûêàíèè îáëàñòè D)
óñòàíîâëåíà ôîðìóëà ñðåäíåãî çíà÷åíèÿ

α0∫
0

u(r, θ) dθ[
sin
(
πθ
2α0

)] 2θ0
π
[
cos
(
πθ
2α0

)] 2θ1
π

=
u(0, 0)

π
α0

Γ
(

1
2
− θ1

π

)
Γ
(

1
2
− θ0

π

)
Γ
(
1− θ1+θ0

π

) . (5)

Â ôîðìóëå (5) θ0 = arctg k, θ1 = arctg κ, ïîýòîìó èíòåãðàëû â ëåâîé ÷àñòè
ñóùåñòâóþò; Γ(x) � ãàììà-ôóíêöèÿ Ýéëåðà.

Òåîðåìà 1. Ôîðìóëà ñðåäíåãî çíà÷åíèÿ (5) ñïðàâåäëèâà ïðè k + κ ≥ 0
è, âîîáùå ãîâîðÿ, íåñïðàâåäëèâà ïðè k + κ < 0.

Ïîäðîáíîå äîêàçàòåëüñòâî ôîðìóëû ñðåäíåãî çíà÷åíèÿ (5) ñîäåðæèòñÿ â
[5].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00411, ïðîãðàììû
ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ïðîåêò ÍØ-3514.2010.1) è ÔÖÏ �Íà-
ó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013
ãîäû.
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Êðàåâàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ â
÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè îáëàñòÿìè

îïðåäåëåíèÿ
Ìîòåâè÷ À. Â. (Áåëîðóññêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Áåëàðóñü)

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H ñî ñêàëÿðíûì ïðîèçâåäåíèåì (·, ·) è íîð-
ìîé | · | äîêàçàíà êîððåêòíàÿ âåçäå ðàçðåøèìîñòü êðàåâîé çàäà÷è òèïà Ãóðñà

L(t)u ≡ ut1t2(t) + ut2t3(t) + ut1t3(t) +A(t)u(t) = f(t), T =

3∏
i=1

]0, Ti[, (1)

l1u ≡ u|t1=0 = ϕ1(t2, t3), l2u ≡ u|t2=0 = ϕ2(t1, t3), l3u ≡ u|t3=0 = ϕ3(t1, t2),
(2)

ãäå A(t)� ñàìîñîïðÿæåííûå ïîëîæèòåëüíûå íåîãðàíè÷åííûå îïåðàòîðû â H
ñ çàâèñÿùèìè îò t = {t1, t2, t3} îáëàñòÿìè îïðåäåëåíèÿ D(A(t)). Íèæíèìè
èíäåêñàìè ôóíêöèè u îáîçíà÷åíû åå ÷àñòíûå ïðîèçâîäíûå ïî óêàçàííûì â
èíäåêñå ïåðåìåííûì.

Îïðåäåëåíèå 1. Ñèëüíûì ðåøåíèåì êðàåâîé çàäà÷è (1), (2) íàçûâàåòñÿ
ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ Lu = Φ, Φ ∈ F , ãäå L� ñèëüíîå çàìûêàíèå
îïåðàòîðà L = {L(t), l1, l2, l3} : E ⊃ D(L) → F â ïðîèçâåäåíèè ïðîñòðàíñòâ
E × F ñ ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ D(L) = {u ∈ H = L2(T , H) : L(t)u ∈
H}.

Òåîðåìà 1. Ïóñòü ïðè âñåõ t ∈ T îáðàòíûå îïåðàòîðû A−1(t) ê îïåðà-
òîðàì A(t) ñèëüíî íåïðåðûâíû ïî t â H è èìåþò â H òàêèå îãðàíè÷åííûå
ñèëüíûå ïðîèçâîäíûå ∂A−1(t)/∂ti, ∂

2A−1(t)/∂ti∂tj = ∂2A−1(t)/∂tj∂ti, ÷òî
âûïîëíÿþòñÿ íåðàâåíñòâà

|((∂A−1(t)/∂ti)g, g)| ≤ c1(A−1(t)g, g) ∀g ∈ H, c1 ≥ 0, i = 1, 3,

|((∂A−1(t)/∂ti)g, h)| ≤ c2|g|(A−1(t)h, h) ∀g, h ∈ H, 3 > c2 ≥ 0, i = 1, 3,

|((∂2A−1(t)/∂ti∂tj)g, v)| ≤ c3|g|(A−1(t)v, v) ∀g, v ∈ H, c3 ≥ 0,

ãäå i < j, i, j = 1, 3. Òîãäà äëÿ êàæäîãî Φ = {f, ϕ1, ϕ2, ϕ3} ∈ F = H×H1×H2×
H3 ñèëüíîå ðåøåíèå u ∈ E êðàåâîé çàäà÷è (1), (2) ñóùåñòâóåò, åäèíñòâåííî
è óäîâëåòâîðÿåò àïðèîðíîé îöåíêå

‖u‖2E ≤ c4
(∫
T
|f(t)|2 dt+

3∑
i=1

‖ϕi‖2(i)
)
, c4 =

3

2
exp{(T1 +T2 +T3) max{c1, 3}}.

Çäåñü áàíàõîâî ïðîñòðàíñòâî ñèëüíûõ ðåøåíèé E � çàìûêàíèå ìíî-
æåñòâà D(L) ïî íîðìå ‖u‖E =

(
supt∈T

∑3
i,j=1,i<j

∫ Tj
0

∫ Ti
0

[
1
2
|uti |2 +

1
2
|utj |2 + |A1/2(t)u|2

]
dtidtj

)1/2
, ãèëüáåðòîâû ïðîñòðàíñòâà Hi � çàìûêà-

íèÿ ñëåäîâ ôóíêöèé u èç D(L) ïðè ti = 0 ïî ýðìèòîâûì íîðìàì

‖u‖(i) =
( ∫ Tj

0

∫ Tk
0

[
1
2
|utj |2 + 1

2
|utk |

2 + |A1/2(t)u|2
]∣∣
ti=0

dtkdtj
)1/2

, i 6= j, i 6= k,

k < j, i, j, k = 1, 3.
Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ô. Å. Ëîìîâöåâûì.
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Êîììóòèðóþùèå îáûêíîâåííûå äèôôåðåíöèàëüíûå îïåðàòîðû
ðàíãà 4, îòâå÷àþùèå ýëëèïòè÷åñêîé êðèâîé: ðàçðåøèìîñòü

ñèñòåìû óðàâíåíèé Êðè÷åâåðà�Íîâèêîâà äåôîðìàöèè ïàðàìåòðîâ
Òþðèíà

Ìîõîâ Î. È. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Äîêàçûâàåòñÿ, ÷òî ïîñòðîåíèå êîììóòèðóþùèõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ, êîòîðûì îòâå÷àåò ÷åòûðåõìåðíîå ðàññëîåíèå îá-
ùèõ ñîáñòâåííûõ ôóíêöèé íàä ýëëèïòè÷åñêîé êðèâîé, ò. å. êîììóòèðóþùèõ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ðàíãà 4 è ðîäà 1, ñâîäèòñÿ ê
ðåøåíèþ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé. Ñîîòâåòñòâóþùèå êîììóòèðóþ-
ùèå îáûêíîâåííûå äèôôåðåíöèàëüíûå îïåðàòîðû (ïîðÿäêîâ 8 è 12) ñâÿçà-
íû ýëëèïòè÷åñêèì ñîîòíîøåíèåì è çàâèñÿò îò òðåõ ïðîèçâîëüíûõ ôóíêöèé
(ôóíêöèîíàëüíûõ ïàðàìåòðîâ).

Îáùàÿ êëàññèôèêàöèÿ ñêàëÿðíûõ îáûêíîâåííûõ êîììóòèðóþùèõ äèô-
ôåðåíöèàëüíûõ îïåðàòîðîâ ðàíãà l > 1 áûëà ïîëó÷åíà Êðè÷åâåðîì [1]. Êðè-
÷åâåðîì è Íîâèêîâûì [2] çàäà÷à ïîñòðîåíèÿ êîììóòèðóþùèõ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ðàíãà l > 1 ñâåäåíà ê ðåøåíèþ ñèñòå-
ìû óðàâíåíèé äåôîðìàöèè ïàðàìåòðîâ Òþðèíà ðàññëîåíèÿ îáùèõ ñîáñòâåí-
íûõ ôóíêöèé íàä ñîîòâåòñòâóþùåé àëãåáðàè÷åñêîé êðèâîé. Ïîëíîñòüþ ñèñòå-
ìà Êðè÷åâåðà�Íîâèêîâà äåôîðìàöèè ïàðàìåòðîâ Òþðèíà ðåøåíà äëÿ ðàíãà
2, ðîäà 1 (Êðè÷åâåð, Íîâèêîâ, ñì. [2]) è äëÿ ðàíãà 3, ðîäà 1 (Ìîõîâ, [3],
[4]). Íåäàâíî Ìèðîíîâûì [5], [6] ïîñòðîåíû ÿâíûå ïðèìåðû êîììóòèðóþùèõ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ðàíãà 2 è ðîäîâ 2 è 4.

Â äàííîé ðàáîòå äîêàçàíà ðàçðåøèìîñòü ñèñòåìû óðàâíåíèé Êðè÷åâåðà�
Íîâèêîâà äåôîðìàöèè ïàðàìåòðîâ Òþðèíà äëÿ ðàíãà 4 è ðîäà 1 è òàêèì
îáðàçîì ðåøåíà çàäà÷à ïîñòðîåíèÿ êîììóòèðóþùèõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ ðàíãà 4 è ðîäà 1.

Òåîðåìà 1. Ïîëíîå ðåøåíèå ñèñòåìû óðàâíåíèé Êðè÷åâåðà�Íîâèêîâà
äåôîðìàöèè ïàðàìåòðîâ Òþðèíà äëÿ ðàíãà 4 è ðîäà 1 è ïîñòðîåíèå êîì-
ìóòèðóþùèõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ðàíãà 4 è ðîäà 1
ñâîäÿòñÿ ê ðåøåíèþ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00197.
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Çàäà÷à êëàññèôèêàöèè ïàðû q-êîììóòèðóþùèõ íèëüïîòåíòíûõ
îïåðàòîðîâ

Ìóðàòîâ Ì. À. (Òàâðè÷åñêèé íàöèîíàëüíûé óíèâåðñèòåò, Óêðàèíà)

Ïóñòü (A,B) � ïàðà ëèíåéíûõ îïåðàòîðîâ, äåéñòâóþùèõ â êîíå÷íîìåð-
íîì âåêòîðíîì ïðîñòðàíñòâå V, ñâÿçàííûõ ñîîòíîøåíèÿìè:

A2 = B3 = AB2 = 0,

AB = qBA, q 6= 0.

Äîêàçûâàåòñÿ, ÷òîò çàäà÷à êëàññèôèêàöèè òàêîé ïàðû îïåðàòîðîâ, ñ òî÷íî-
ñòüþ äî ïðåîáðàçîâàíèÿ ïîäîáèÿ, ÿâëÿåòñÿ

”
äèêîé“, ò. å. ñîäåðæèò â êà÷åñòâå

ïîäçàäà÷è çàäà÷ó êëàññèôèêàöèè ïàðû îïåðàòîðîâ áåç ñâÿçåé.

Ïðîñòðàíñòâà Õåðìàíäåðà è èõ ïðèëîæåíèÿ
Ìóðà÷ À. À. (Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Óêðàèíà)

Äîêëàä ïîñâÿùåí ãèëüáåðòîâûì ïðîñòðàíñòâàì Õåðìàíäåðà Hµ := B2,µ,
ïàðàìåòðèçîâàííûì âåñîâîé ôóíêöèåé µ, è èõ ðàçëè÷íûì ïðèëîæåíèÿì. Ýòè
ïðîñòðàíñòâà ââåäåíû Ë. Õåðìàíäåðîì â Rn è â åâêëèäîâûõ îáëàñòÿõ. Ïðî-
ñòðàíñòâî Hµ(Rn) ñîñòîèò èç âñåõ ðàñïðåäåëåíèé w ∈ S ′(Rn) òàêèõ, ÷òî
µFw ∈ L2(Rn), ãäå Fw � ïðåîáðàçîâàíèå Ôóðüå ðàñïðåäåëåíèÿ w.

Ââåäåíû ïðîñòðàíñòâà Õåðìàíäåðà íà ãëàäêîì çàìêíóòîì (êîìïàêòíîì)
ìíîãîîáðàçèè äëÿ øèðîêîãî êëàññà ðàäèàëüíûõ ôóíêöèîíàëüíûõ ïàðàìåò-
ðîâ µ. Ïîñëåäíèå ÿâëÿþòñÿ ïðàâèëüíî ìåíÿþùèìèñÿ íà +∞ (ïî É. Êàðàìà-
òà) ôóíêöèÿìè àðãóìåíòà |ξ|. Äàíû ðàçëè÷íûå ýêâèâàëåíòíûå îïðåäåëåíèÿ
ýòèõ ïðîñòðàíñòâ, ïîäîáíûå òåì, êîòîðûå èñïîëüçóþòñÿ äëÿ ñîáîëåâñêèõ ïðî-
ñòðàíñòâ.

Óêàçàíû ïðèëîæåíèÿ ïðîñòðàíñòâ Õåðìàíäåðà ê ýëëèïòè÷åñêèì îïåðà-
òîðàì íà ìíîãîîáðàçèÿõ è ýëëèïòè÷åñêèì êðàåâûì çàäà÷àì, à òàêæå ê èñ-
ñëåäîâàíèþ ðàçëè÷íûõ òèïîâ ñõîäèìîñòè ðÿäîâ ïî ñîáñòâåííûì ôóíêöèÿì
ñàìîñîïðÿæåííûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ.

Îïèñàíû âñå ãèëüáåðòîâû ïðîñòðàíñòâà, èíòåðïîëÿöèîííûå äëÿ ïðîèç-
âîëüíîé ïàðû ñîáîëåâñêèõ ãèëüáåðòîâûõ ïðîñòðàíñòâ. Äîêàçàíî, ÷òî ïåðâûå
îáðàçóþò êëàññ èçîòðîïíûõ ïðîñòðàíñòâ Õåðìàíäåðà Hµ, ãäå ïàðàìåòð µ ÿâ-
ëÿåòñÿ RO-ìåíÿþùåéñÿ íà +∞ (ïî Â. Àâàêóìîâè÷ó) ôóíêöèåé àðãóìåíòà |ξ|.

Ðåçóëüòàòû ïîëó÷åíû ñîâìåñòíî ñ Â. À. Ìèõàéëåöîì [1�2].
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Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ ñ
âûðîæäàþùåéñÿ ñêîðîñòüþ è ëîêàëèçîâàííûìè íà÷àëüíûìè

äàííûìè
Íàçàéêèíñêèé Â. Å. (Èíñòèòóò ïðîáëåì ìåõàíèêè ÐÀÍ, Ìîñêâà)

Èçó÷àåòñÿ àñèìïòîòèêà ïðè µ→ 0 ðåøåíèÿ âûðîæäàþùåãîñÿ âîëíîâîãî
óðàâíåíèÿ

ηtt − (c2(x)ηx)x = 0
[
c(x) > 0, c(x)

x→∞−−−−→ c∞ > 0, c(x) ∼
√
x ïðè x→ 0

]
(1)

äëÿ ôóíêöèè η(x, t) â îáëàñòè {(x, t) : x ∈ (0,∞), t ∈ [0, T ]} ñ íà÷àëüíûìè
óñëîâèÿìè

η(x, 0) = V ((x−1)/µ), ηt(x, 0) = 0
[
V ∈ C∞0 (R) � âåùåñòâåííàÿ ôóíêöèÿ

]
.

(2)
Çàäà÷à (1), (2) âîçíèêàåò ïðè ëèíåàðèçàöèè îäíîìåðíûõ óðàâíåíèé ìåë-
êîé âîäû è õîðîøî èçâåñòíà â ò. í. òåîðèè íàêàòà (ñì., íàïð., [1]). Åå
ñòðîãàÿ ïîñòàíîâêà ïîäðàçóìåâàåò çàäàíèå îáëàñòè îïðåäåëåíèÿ âûðàæå-
íèÿ ` = −∂xc2(x)∂x. Ïóñòü Lθ, θ ∈ [0, π) � ñàìîñîïðÿæåííûé îïåðàòîð â
L2((0,∞)), ïîëó÷àåìûé èç ` çàìûêàíèåì ñî ìíîæåñòâà

{u ∈ C∞((0,∞)) : u(x) = 0, x > r = r(u);

u(x) = a lnx+ b(x), b ∈ C∞([0,∞)), a cos θ + b(0) sin θ = 0}.

Ñîîòâåòñòâóþùóþ çàäà÷ó îáîçíà÷èì ÷åðåç (1θ), (2). Äëÿ θ = 0 àñèìïòîòèêè
åå ðåøåíèé áûëè èññëåäîâàíû â [2] (ñì. òàêæå áèáëèîãðàôèþ â [2]).

Â äàëüíåéøåì äëÿ óïðîùåíèÿ ôîðìóë ñ÷èòàåì, ÷òî c(1) = 1.
Íà êðèâîé Λ = Λ+ ∪ Λ−, Λ± = {(x, p) ∈ R2 : x > 0, p = ±c−1(x)}, ââå-

äåì êîîðäèíàòó τ = ±
∫ x

0
c(ξ)−1 dξ. Íà ïðîñòðàíñòâå Ĉ∞0 (Λ) ãëàäêèõ ïðè τ 6= 0

êóñî÷íî-ãëàäêèõ ôóíêöèé îò τ ñ êîìïàêòíûì íîñèòåëåì îïðåäåëèì êàíîíè÷å-
ñêèé îïåðàòîð Ìàñëîâà Kh

Λ ñ ìàëûì ïàðàìåòðîì h, äëÿ ÷åãî ïîêðîåì êðèâóþ
Λ äâóìÿ ¾íåîñîáûìè¿ êàðòàìè {±τ > 1} ñ êîîðäèíàòîé x è ¾îñîáîé¿ êàðòîé
{|τ | < 2} ñ êîîðäèíàòîé p, çàôèêñèðóåì â ýòèõ êàðòàõ àðãóìåíòû ÿêîáèàíîâ,
ïîëàãàÿ arg ∂x/∂τ = 0, arg ∂p/∂τ = π ïðè τ > 0 è arg ∂x/∂τ = arg ∂p/∂τ = −π
ïðè τ < 0, è âîñïîëüçóåìñÿ ñòàíäàðòíûìè ôîðìóëàìè èç [3] (ïðè ýòîì â
îñîáîé êàðòå âîçíèêàþò íåñîáñòâåííûå èíòåãðàëû ïî ïåðåìåííîé p, êîòîðûå
êîððåêòíî îïðåäåëåíû êàê îñöèëëèðóþùèå èíòåãðàëû).

Ïóñòü ϕ0 ∈ Ĉ∞0 (Λ) � ôóíêöèÿ ñ íîñèòåëåì â îêðåñòíîñòè òî÷êè τ0 =∫ 1

0
c(ξ)−1 dξ, òàêàÿ ÷òî ϕ0(τ) = 1 âáëèçè τ0. Äëÿ t ∈ R ïîëîæèì ϕt(τ) =

ϕ0(τ − t) ïðè τ > 0 è

ϕt(τ) =
cos θ + (2γ − πi− 2 lnh) sin θ

cos θ + (2γ + πi− 2 lnh) sin θ
ϕ0(τ − t),

ãäå γ � ïîñòîÿííàÿ Ýéëåðà, ïðè τ < 0.

Òåîðåìà 1. Àñèìïòîòèêà ðåøåíèÿ çàäà÷è Êîøè (1θ), (2) ñ òî÷íîñòüþ
äî O(µ) â îòâå÷àþùåé îïåðàòîðó Lθ ýíåðãåòè÷åñêîé íîðìå äàåòñÿ ôîðìóëîé

η(x, µ) = 2 Re

∫ ∞
µ

(
Ṽ (ρ) + µṼ1(ρ)

) (
e−itρ/µ[K

ρ/µ
Λ ϕt](x)+
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+ eitρ/µ[K
ρ/µ
Λ ϕ−t](x)

)
dρ,

ãäå V1(y) = c′(1)V ′(y)y2/2, à Ṽ (ρ) = 1
2π

∫∞
−∞ e

−iρyV (y) dy � ïðåîáðàçîâàíèå

Ôóðüå ôóíêöèè V (y).

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû 08-01-00726-à è 11-
01-00973-à. Àâòîð ïðèçíàòåëåí Ñ. Þ. Äîáðîõîòîâó çà ïîëåçíûå îáñóæäåíèÿ.
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Êðàåâûå çàäà÷è äëÿ íàãðóæåííûõ óðàâíåíèé ñìåøàííîãî òèïà
Íàõóøåâ À. Ì.

Íàõóøåâà Â. À. (Ó÷ðåæäåíèå Ðîññèéñêîé àêàäåìèè íàóê
Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è

àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ)

Äîêëàä ñîñòîèò èç ñëåäóþùèõ ðàçäåëîâ:

1◦. Êðàåâûå çàäà÷è äëÿ íàãðóæåííîãî óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-
ãèïåðáîëè÷åñêîãî òèïà ñ âûðîæäåíèåì ïîðÿäêà â îáëàñòè åãî ãèïåð-
áîëè÷íîñòè.

2◦. Âíóòðåííåêðàåâûå çàäà÷è äëÿ óðàâíåíèé ñìåøàííîãî ïàðàáîëî-
ãèïåðáîëè÷åñêîãî òèïà ñ õàðàêòåðèñòè÷åñêîé è íåõàðàêòåðèñòè÷å-
ñêîé íàãðóçêàìè è èõ ñâÿçü ñ çàäà÷åé Òðèêîìè.

3◦. Êðàåâàÿ çàäà÷à äëÿ íàãðóæåííîãî óðàâíåíèÿ ñìåøàííîãî
ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà ñ âûðîæäåíèåì ïîðÿäêà â
îáëàñòè åãî ãèïåðáîëè÷íîñòè.

4◦. Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñìåøàííîãî òèïà.
5◦. Çàäà÷à ãðàíè÷íîãî óïðàâëåíèÿ äëÿ óðàâíåíèÿ ñ âûðîæäåíèåì ïî-

ðÿäêà ïî âðåìåííîé ïåðåìåííîé.
6◦. Êðàåâûå çàäà÷è ñ íåëîêàëüíûì óñëîâèåì Ôðàíêëÿ.

Àêöåíò äåëàåòñÿ íà îñíîâíûå ðåçóëüòàòû òðåõ ïîñëåäíèõ ðàçäåëîâ, ãäå
èññëåäóþòñÿ êðàåâûå çàäà÷è äëÿ ñëåäóþùèõ íàãðóæåííûõ óðàâíåíèé âòîðîãî
ïîðÿäêà ñìåøàííîãî òèïà:

D
αH(x)+2H(−x)
0y u(x+ iη) =

∂2u(z)

∂x2
, y > 0, (1)

D
2−H(y)
0y u(x+ iη) = [H(y) + c2H(−y)]

∂2u(z)

∂x2
, (2)

ãäå Dµ
0y � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà

µ ∈ ∈ {0, 1, α} ñ íà÷àëîì â òî÷êå 0 [1]; 0 < α = const ≤ 1; H(t) � ôóíêöèÿ
Õåâèñàéäà; x, y ∈ R, z = x+ iy � êîìïëåêñíàÿ ïåðåìåííàÿ; u(z) = u(x, y).

Óðàâíåíèå (1) ðàññìàòðèâàåòñÿ â îáëàñòè Ω = Ω+ ∪ Ω− ∪A0B0, ãäå

Ω+ = {z : 0 < x < r, 0 < y < T};
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Ω− = {z : −x < y < x+ T, −T/2 < x < 0};
A0B0 = {(0, y) : 0 < y < T}.

Â ðàçäåëå 5 çàäà÷è ãðàíè÷íîãî óïðàâëåíèÿ äëÿ óðàâíåíèÿ (2) ñòàâÿòñÿ â
ñìåøàííîé ïðÿìîóãîëüíîé îáëàñòè Ω+ ∪ Ω− ∪ {iy : 0 < y < T}, ãäå

Ω+ = {z : 0 < x < r; 0 < y < T},

Ω− = {z : l < x < 0; 0 < y < T},

à â ðàçäåëå 6 â ñëó÷àå çàäà÷è Ôðàíêëÿ äëÿ óðàâíåíèÿ (2) � â îáëàñòè, îãðà-
íè÷åííîé îòðåçêàìè

B0B
′
0 = {iy : −T ≤ y ≤ T = const > 0},

B′0B
′
p = {z : y = −T ; 0 ≤ x ≤ p = cT},

B′pAp = {z : x = p; −T ≤ y ≤ 0},
ApAr = {z = x : p ≤ x ≤ r},
ArBr = {z : x = r, 0 ≤ y ≤ T},
BrB0 = {z : y = T, 0 ≤ x ≤ r}.

Ïðîáëåìå îïòèìèçàöèè ãðàíè÷íîãî óïðàâëåíèÿ êîëåáàíèÿìè ñòðóíû ïîñâÿ-
ùåí öèêë ôóíäàìåíòàëüíûõ èññëåäîâàíèé Â. À. Èëüèíà è Å. È. Ìîèñååâà [2].
Çàäà÷à Ôðàíêëÿ îòíîñèòñÿ ê êëàññó êðàåâûõ çàäà÷ ñî ñìåùåíèåì íà ÷àñòè
ãðàíèöû [3]. Îñíîâíûå ðåçóëüòàòû ðàçäåëà 4 îïóáëèêîâàíû â ðàáîòå [4].
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Ðàçðåøèìîñòü â ïðîñòðàíñòâàõ Ãåëüäåðà êðàåâûõ çàäà÷ äëÿ
ñèëüíî ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé

ñî ñäâèãàìè àðãóìåíòîâ â ìëàäøèõ ÷ëåíàõ
Íåâåðîâà Ä. À. (Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ðîññèÿ)

Ïóñòü Q ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Q êëàññà C∞. Ïóñòü
òàêæå îïåðàòîð RQ = PQRIQ, ãäå IQ ïðåäñòàëÿåò ñîáîé îïåðàòîð ïðîäîëæå-
íèÿ íóëåì íà Rn \Q, PQ � îïåðàòîð ñóæåíèÿ íà Q, îïåðàòîð R îïðåäåëåí ïî
ôîðìóëå

Ru(x) =
∑
h∈M

ahu(x+ h).

Çäåñü M � ìíîæåñòâî, ñîñòîÿùåå èç êîíå÷íîãî ÷èñëà âåêòîðîâ h ∈ Rn ñ
öåëî÷èñëåííûìè êîîðäèíàòàìè, ah � âåùåñòâåííûå ÷èñëà.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à:

−∆u(x) +RQu(x) = f(x) (x ∈ Q) (1)
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ñ îäíîðîäíûì óñëîâèåì Äèðèõëå

u
∣∣
∂Q

= 0, (2)

ãäå f(x) ∈ Cσ(Q), (0 < σ < 1).
Ïðè ïðåäïîëîæåíèè ïîëîæèòåëüíîé îïðåäåëåííîñòè îïåðàòîðà RQ +R∗Q

äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ u ∈
C2+σ(Q) çàäà÷è (1), (2).
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Ïîãðàíè÷íûå è âíóòðåííèå ñëîè â íåëîêàëüíîé çàäà÷å
àêòèâàòîð-èíãèáèòîð

Íåôåäîâ Í. Í. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Íèêèòèí À. Ã. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ èíòåãðîïàðàáîëè÷åñêàÿ çàäà÷à, âîçíè-
êàþùàÿ ïðè ìîäåëèðîâàíèè äèíàìèêè ïðîöåññîâ â ñèñòåìàõ àêòèâàòîð-
èíãèáèòîð. Íà îñíîâàíèè ðàçâèòîé ðàíåå â ðàáîòàõ àâòîðîâ òåîðèè àñèìï-
òîòè÷åñêîãî èññëåäîâàíèÿ çàäà÷ òàêîãî êëàññà óñòàíîâëåíî ñóùåñòâîâàíèå è
ïîëó÷åíà àñèìïòîòèêà ðåøåíèé ñ ïîãðàíè÷íûìè è âíóòðåííèìè ñëîÿìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00319.
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Nr. 2007-22. Humboldt University of Berlin, Institute of Mathematic, pp. 1�17.

Îá àñèìïòîòèêå ðåøåíèé êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ ∆u− ku = f
â ñëîå

Íèêèøêèí Â. À. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ýêîíîìèêè,
ñòàòèñòèêè è èíôîðìàòèêè, Ðîññèÿ)

Ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ∆u − ku = f â ñëîå,
ïîëó÷åí ïåðâûé ÷ëåí àñèìïòîòèêè ðåøåíèé íà áåñêîíå÷íîñòè.

Ââåäåì îáîçíà÷åíèÿ:

Π = {(x′, xn) ∈ Rn | x′ ∈ Rn−1, xn ∈ (a, b)}, −∞ < a < b < +∞, n ≥ 3,

x′ = (x1, x2, ...xn−1), x = (x′, xn), r′ =
∣∣x′∣∣ , r = |x| ,

Γ+ = {x ∈ Rn|x′ ∈ Rn−1, xn = a)}, Γ− = {x ∈ Rn|x′ ∈ Rn−1, xn = b)}.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à

∆u− ku = f x ∈ Π,

−a+
∂u

∂xn
+ u = 0 x ∈ Γ+,

a−
∂u

∂xn
+ u = 0 x ∈ Γ−,

 (1)
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ãäå ïîñòîÿííûå a+ ≥ 0, a− ≥ 0.
Ïóñòü λ1 � ïåðâîå ïîëîæèòåëüíîå ñîáñòâåííîå çíà÷åíèå çàäà÷è

y′′(t) + λ2y(t) = 0 t ∈ (a, b),

−a+y
′(a) + y(a) = 0,

a−y
′(b) + y(b) = 0.

(2)

Òåîðåìà 1. Ïóñòü â çàäà÷å (1) ïîñòîÿííûå a+ ≥ 0, a− ≥ 0, à ôóíêöèÿ
f(x) ∈ C∞(Π̄) è ôèíèòíà. Ïîñòîÿííàÿ k óäîâëåòâîðÿåò óñëîâèþ k + λ2

1 >
0, ãäå λ1 � ïåðâîå ïîëîæèòåëüíîå ñîáñòâåííîå ÷èñëî çàäà÷è (2), à ϕ1 �
ñîîòâåòñòâóþùàÿ ñîáñòâåííàÿ ôóíêöèÿ. Òîãäà äëÿ ðåøåíèÿ u(x) çàäà÷è (1)
ñïðàâåäëèâî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå

u(x) =
e−
√
k+λ2

1r
′

(r′)
n−2

2

Φ(θ1, . . . , θn−2)ϕ1(xn) +O

(
e−
√
k+λ2

1r
′

(r′)
n
2

)
,

ãäå Φ(θ1, . . . , θn−2) � äèôôåðåíöèðóåìàÿ ôóíêöèÿ.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàó-
êè, ãðàíò ÀÂÏ ÐÍÏ 2.1.1/7161.
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Ðàçäåëåíèå ïåðåìåííûõ è òîïîëîãèÿ ñëîåíèÿ Ëèóâèëëÿ
ãåîäåçè÷åñêîãî ïîòîêà íà ýëëèïñîèäå îáùåãî ïîëîæåíèÿ

Íèêîëàåíêî Ñ. Ñ. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Êàê èçâåñòíî, ãåîäåçè÷åñêèé ïîòîê íà ýëëèïñîèäå ÿâëÿåòñÿ èíòåãðèðóå-
ìîé ãàìèëüòîíîâîé ñèñòåìîé. Â ðàáîòå [1] Ò. Ç. Íãóåí ðàññìàòðèâàåò ñëîåíèå
Ëèóâèëëÿ ãåîäåçè÷åñêîãî ïîòîêà íà n-ìåðíîì ýëëèïñîèäå Sn îáùåãî ïîëîæå-
íèÿ. Îñíîâíîé èäååé ÿâëÿåòñÿ ââåäåíèå íà ýëëèïñîèäå ýëëèïòè÷åñêèõ êîîð-
äèíàò è íàêðûòèå åãî òîðîì Tn, ÷òî â êîíå÷íîì ñ÷¼òå ïðèâîäèò ê ðàçäåëåíèþ
ïåðåìåííûõ.

Ïóñòü íà n-ìåðíîì ýëëèïñîèäå {
∑n
i=0

x2
i
ai

= 1} ñ a0 < a1 < . . . < an
ââåäåíû ýëëèïòè÷åñêèå êîîðäèíàòû (λ1, . . . , λn) (λi îïðåäåëÿåòñÿ êàê ðå-

øåíèå óðàâíåíèÿ
∑n
i=0

x2
i

ai−λ
= 1 íà îòðåçêå [ai−1, ai]). Â ðåçóëüòàòå ðàç-

âåòâë¼ííîãî íàêðûòèÿ Tn = T 1
1 × . . . × T 1

n → Sn êîîðäèíàòà λi ñòàíîâèò-
ñÿ ôóíêöèåé Ìîðñà íà T 1

i , à ïîäíÿòûé ãåîäåçè÷åñêèé ïîòîê íà T ∗Kn (ãäå
Kn = Tn\{îáðàç òî÷åê âåòâëåíèÿ}) èíòåãðèðóåòñÿ ñ ïîìîùüþ èíòåãðàëîâ
F1, . . . , Fn, êîòîðûå íàõîäÿòñÿ èç ñèñòåìû óðàâíåíèé

n−1∑
j=0

λji · Fj = (−1)n−ip2
i , i = 1, n, (1)
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ãäå pi, i = 1, n, � êîîðäèíàòû â ñëîå êîêàñàòåëüíîãî ðàññëîåíèÿ T ∗Kn. Ýòî
òàê íàçûâàåìûé øòåêêåëåâ âèä èíòåãðèðóåìîé ñèñòåìû.

Ñèñòåìà (1) äîñòàâëÿåò èñêîìîå ðàçäåëåíèå ïåðåìåííûõ, ò. ê. êàæäîå
óðàâíåíèå çàâèñèò òîëüêî îò ïåðåìåííûõ íà T ∗T 1

i . Îòñþäà äîñòàòî÷íî ïðîñòî
èçâëåêàþòñÿ íåêîòîðûå ñëåäñòâèÿ, êàñàþùèåñÿ òîïîëîãèè ëèóâèëëåâà ñëîå-
íèÿ. Â ÷àñòíîñòè, êàê ïîêàçàë Ò. Ç. Íãóåí, âñå îñîáåííîñòè ïåðâîãî ïîðÿäêà
ãåîäåçè÷åñêîãî ïîòîêà íà n-ìåðíîì ýëëèïñîèäå îáùåãî ïîëîæåíèÿ èìåþò òèï
àòîìîâ A,C2 ïðè n = 2; A,B,C2 ïðè n = 3; A,A∗, B,C2 ïðè n ≥ 4 (ñì. [2]).

Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. ×èñëî ðåãóëÿðíûõ òîðîâ Ëèóâèëëÿ â ïðîîáðàçå îòîáðàæå-
íèÿ ìîìåíòà ðåãóëÿðíîãî çíà÷åíèÿ ðàâíî 21+N . Çäåñü N � ÷èñëî èíäåêñîâ
i ñ óñëîâèåì Ii > ai, Ii+1 < ai+1, ãäå I1, . . . , In−1 � ïîñëåäîâàòåëüíûå âåùå-
ñòâåííûå êîðíè ìíîãî÷ëåíà

F1 + F2λ+ . . .+ Fn−1λ
n−2 + λn−1.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 10-01-00748), ïðîãðàì-
ìû �Âåäóùèå íàó÷íûå øêîëû ÐÔ� (ãðàíò ÍØ-3224.2010.1), ÀÂÖÏ �Ðàç-
âèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû� (ïðîåêò ÐÍÏ-2.1.1.3704), ÔÖÏ
�Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� (êîíòðàê-
òû 02.740.11.5213 è 14.740.11.0794).
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Ñõîäèìîñòü íåêîòîðûõ êðûëîâñêèõ ìåòîäîâ ñ
ïðåäîáóñëàâëèâàòåëåì ILU íà ìàòðèöàõ ñ çàäàííûì ñïåêòðîì
Íèêîëüñêèé È. Ì. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïðè ÷èñëåííîì èíòåãðèðîâàíèè óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âîç-
íèêàåò íåîáõîäèìîñòü ðåøåíèÿ ÑËÀÓ âèäà

Ax = b (1)

ñ êâàäðàòíîé íåâûðîæäåííîé ìàòðèöåé A ∈ RN×N . Ìàòðèöà A îáû÷íî èìå-
åò íåêîòîðóþ ñòðóêòóðó è ÿâëÿåòñÿ ðàçðåæåííîé, ò. å. êîëè÷åñòâî íåíóëåâûõ
ýëåìåíòîâ â íåé ìíîãî ìåíüøå N2. Ðàçìåðû ìàòðèöû ìîãóò áûòü î÷åíü âåëè-
êè. Äëÿ ðåøåíèÿ òàêèõ ñèñòåì îáû÷íî ïðèìåíÿþò èòåðàöèîííûå ìåòîäû. Íà
ÑËÀÓ ñ áîëüøèìè ðàçðåæåííûìè ìàòðèöàìè îíè îêàçûâàþòñÿ ýôôåêòèâíåå
ïðÿìûõ.

Ñêîðîñòü ñõîäèìîñòè ìåòîäà çà÷àñòóþ îêàçûâàåòñÿ íåäîñòàòî÷íîé. Ýòà
ïðîáëåìà ðåøàåòñÿ ñ ïîìîùüþ ïðåäîáóñëàâëèâàòåëåé. Âìåñòî èñõîäíîé ñè-
ñòåìû (1) ðåøàþò ÑËÀÓ

MAx = Mb. (2)

Èòåðàöèè áóäóò ñõîäèòüñÿ áûñòðåå, åñëè ìàòðèöà M ∈ RN×N (ïðåäîáóñëàâ-
ëèâàòåëü) â íåêîòîðîì ñìûñëå áëèçêà ê A−1.
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Â ïðåäëàãàåìîé ðàáîòå ïðîâåäåíî èññëåäîâàíèå çàâèñèìîñòè ñõîäèìîñòè
íåêîòîðûõ ìåòîäîâ êðûëîâñêîãî òèïà (à èìåííî BiCGStab, BiCG, QMR, CGS
è GMRes, ñì. [1]) â ñî÷åòàíèè ñ ïðåäîáóñëàâëèâàòåëåì ILU îò ðàñïðåäåëåíèÿ
ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ÑËÀÓ. Äëÿ òåñòîâ èñïîëüçîâàëèñü ìàòðèöû,
ñãåíåðèðîâàííûå ñ ïîìîùüþ ñïåöèàëüíîãî àâòîðñêîãî àëãîðèòìà è èìåâøèå
çàðàíåå çàäàííûé ñïåêòð (âåùåñòâåííûé ëèáî êîìïëåêñíûé).

Ðàíåå (ñì. [2]) áûëî ïîêàçàíî, ÷òî ìåòîä BiCGStab äàåò õîðîøèå ðåçóëü-
òàòû ïðè ÷èñëåííîì ðåøåíèè íåêîòîðûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ýë-
ëèïòè÷åñêîãî òèïà íà ïëîñêîñòè. Ðåçóëüòàòû íàñòîÿùåé ðàáîòû ïîêàçûâàþò,
÷òî ïðè íåêîòîðûõ ðàñïðåäåëåíèÿõ ñîáñòâåííûõ çíà÷åíèé ìåòîä BiCGStab
ìîæåò çíà÷èòåëüíî ïðîèãðûâàòü ìåòîäàì BiCG, QMR, CGS è GMRes.

Ñïèñîê ëèòåðàòóðû

[1] Saad Y. Iterative methods for sparse linear systems// SIAM, 2003.
[2] Íèêîëüñêèé È. Ì. Ñðàâíèòåëüíûé àíàëèç ýôôåêòèâíîñòè íåêîòîðûõ ïðåäîáóñëàâ-

ëèâàòåëåé// Òåçèñû êîíôåðåíöèè �Ëîìîíîñîâ-2010�. Ò. 4. Ñ. 147�148.

Î ðåëåéíîñòè îïòèìàëüíûõ ïî áûñòðîäåéñòâèþ óïðàâëåíèé äëÿ
íåêîòîðûõ äâóìåðíûõ è òðåõìåðíûõ íåëèíåéíûõ óïðàâëÿåìûõ

îáúåêòîâ
Íèêîëüñêèé Ì. Ñ. (Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà ÐÀÍ,

Ðîññèÿ)

Ñâîéñòâî ðåëåéíîñòè îïòèìàëüíûõ ïî áûñòðîäåéñòâèþ óïðàâëåíèé ïðåä-
ñòàâëÿåò áîëüøîé èíòåðåñ äëÿ ïðèëîæåíèé â ñèëó ïðîñòîòû èõ òåõíè÷åñêîé
ðåàëèçàöèè. Áîëåå òîãî, ýòî ñâîéñòâî ñóùåñòâåííî óïðîùàåò ïðàêòè÷åñêîå íà-
õîæäåíèå ñîîòâåòñòâóþùèõ îïòèìàëüíûõ óïðàâëåíèé. Âàæíûå êðèòåðèè ðå-
ëåéíîñòè îïòèìàëüíûõ ïî áûñòðîäåéñòâèþ óïðàâëåíèé äëÿ ëèíåéíûõ óïðàâ-
ëÿåìûõ ñèñòåì èìåþòñÿ â ãë. 3 [1]. Â ðàáîòå [2] äëÿ ëèíåéíîãî ñëó÷àÿ áûëè
ïîëó÷åíû îöåíêè ñâåðõó äëÿ ÷èñëà òî÷åê ïåðåêëþ÷åíèÿ ðåëåéíûõ îïòèìàëü-
íûõ ïî áûñòðîäåéñòâèþ óïðàâëåíèé. Äëÿ íåëèíåéíûõ óïðàâëÿåìûõ îáúåêòîâ
ïîëó÷åíèå îáùèõ ðåçóëüòàòîâ î ðåëåéíîñòè îïòèìàëüíûõ ïî áûñòðîäåéñòâèþ
óïðàâëåíèé íàòàëêèâàåòñÿ íà áîëüøèå òðóäíîñòè è òðåáóåò ðàçâèòèÿ íîâîãî
àïïàðàòà (ñì., íàïðèìåð, [3]). Äîêëàä ïîñâÿùåí èçëîæåíèþ íåäàâíèõ ðåçóëü-
òàòîâ àâòîðà ïî ðåëåéíîñòè îïòèìàëüíûõ ïî áûñòðîäåéñòâèþ óïðàâëåíèé äëÿ
íåëèíåéíûõ äâóìåðíûõ è òðåõìåðíûõ óïðàâëÿåìûõ ñèñòåì, ÷àñòè÷íî îïóá-
ëèêîâàííûõ â [4, 5] è èñïîëüçóþùèõ òðàäèöèîííûå ìåòîäû òåîðèè îïòèìàëü-
íîãî óïðàâëåíèÿ.

Â ðàáîòå òàêæå ïîëó÷åíû ýôôåêòèâíûå îöåíêè ñâåðõó äëÿ ÷èñëà òî÷åê
ïåðåêëþ÷åíèÿ ðåëåéíûõ îïòèìàëüíûõ ïî áûñòðîäåéñòâèþ óïðàâëåíèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 09-01-
00633, 09-01-00378).
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Ñëîæíîñòü çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ ìàÿòíèêà
Îâñååâè÷ À. È. (ÈÏÌåõ ÐÀÍ, Ðîññèÿ)

Ôèçè÷åñêèé ìàÿòíèê, óïðàâëÿåìûé ïðèëîæåííûì ê øàðíèðó ìîìåíòîì,
îïèñûâàåòñÿ óðàâíåíèåì ẍ+ sinx = εu, |u| ≤ 1, ãäå x � óãîë îòêëîíåíèÿ ìà-
ÿòíèêà îò âåðòèêàëè, à ε � ìàêñèìàëüíàÿ àìïëèòóäà óïðàâëÿþùåãî ìîìåí-
òà. Ðàññìàòðèâàåòñÿ çàäà÷à áûñòðåéøåãî ïðèâåäåíèÿ ìàÿòíèêà â ñîñòîÿíèå
óñòîé÷èâîãî ðàâíîâåñèÿ. Îïòèìàëüíîå óïðàâëåíèå ðåëåéíî, ò. å. ïðèíèìàåò
çíà÷åíèÿ u = ±1. Â àíàëîãè÷íîé çàäà÷å äëÿ ëèíåéíîãî ìàÿòíèêà íà êàæäîé
îïòèìàëüíîé òðàåêòîðèè èìååòñÿ êîíå÷íîå ÷èñëî ïåðåêëþ÷åíèé óïðàâëåíèÿ,
åñëè æå ðàññìàòðèâàòü âñå îïòèìàëüíûå òðàåêòîðèè ñ ïðîèçâîëüíûì íà÷àëü-
íûì ñîñòîÿíèåì, òî ñîîòâåòñòâóþùåå êîëè÷åñòâî ïåðåêëþ÷åíèé ìîæåò áûòü
ñêîëü óãîäíî âåëèêî. Ìû ïîêàçûâàåì, ÷òî äëÿ íåëèíåéíîãî ìàÿòíèêà èìååòñÿ
îáùàÿ âåðõíÿÿ ãðàíèöà äëÿ êîëè÷åñòâà ïåðåêëþ÷åíèé íà âñåõ îïòèìàëüíûõ
òðàåêòîðèÿõ. Íàéäåíû òî÷íûå ïî ïîðÿäêó âåëè÷èíû îöåíêè ñâåðõó è ñíèçó
äëÿ ýòîãî ÷èñëà â ñèòóàöèè, êîãäà âîçìîæíîñòè óïðàâëåíèÿ ìàëû.

Òåîðåìà 1. Ïóñòü Nε(x, ẋ)� êîëè÷åñòâî ïåðåêëþ÷åíèé óïðàâëåíèÿ
íà îïòèìàëüíîé òðàåêòîðèè, ñîåäèíÿþùåé (x, ẋ) ñ (0, 0). Òîãäà âåëè÷èíà
Nε = supNε(x, ẋ), ãäå sup áåðåòñÿ ïî âñåìó ôàçîâîìó ïðîñòðàíñòâó S1 ×R,
êîíå÷íà.

Òåîðåìà 2. Èìåþòñÿ ïîëîæèòåëüíûå êîíñòàíòû c1, c2, òàêèå ÷òî
c1
ε
≤ Nε ≤

c2
ε

ïðè äîñòàòî÷íî ìàëîì ïîëîæèòåëüíîì ε.

Ìû ïðåäïîëàãàåì, ÷òî âûïîëíåíû íå òîëüêî íåðàâåíñòâà, íî è àñèìïòî-
òè÷åñêîå ðàâåíñòâî:

Ãèïîòåçà 1. Ïðè ε→ 0 èìååòñÿ àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü

Nε ∼
D

ε
, ãäå D =

1

2
Si(π) =

π∫
0

sinx

2x
dx = 0.925968526 . . . (1)

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-08-00435.
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Ýíòðîïèÿ, ñîôè÷åñêèå ñèñòåìû è õàóñäîðôîâà ðàçìåðíîñòü
Îñåëåäåö Â. È. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, è ÀÁÈÊ, Ðîññèÿ)

Ïóñòü D�êîíå÷íîå ìíîæåñòâî íåîòðèöàòåëüíûõ öåëûõ ÷èñåë. Ïóñòü

ζ = ζ1ρ+ ζ2ρ
2 + ...,

ãäå ζ1, ζ2, ...�íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû,
ïðèíèìàþùèå çíà÷åíèÿ â D, è P (ζi = d) = 1

|D| , (0 < ρ < 1). Ìû áóäåì íàçû-
âàòü ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû ζ ìåðîé Ýðäåøà. Îáîçíà÷èì ÷åðåç
Λ íîñèòåëü ìåðû Ýðäåøà. Çàäà÷à î âû÷èñëåíèè õàóñäîðôîâîé ðàçìåðíîñòè
ìíîæåñòâà Λ ðàññìàòðèâàëàñü â ðàáîòàõ [2], [3], [4].

Ïóñòü β = 1
ρ
�÷èñëî Ïèçî. Ìû äîêàçûâàåì, ñëåäóÿ [1], ÷òî õàóñäîðôîâà

ðàçìåðíîñòü ìíîæåñòâà Λ ðàâíà õàóñäîðôîâîé ðàçìåðíîñòè íåêîòîðîãî ñèì-
âîëè÷åñêîãî ñîôè÷åñêîãî ìåòðè÷åñêîãî êîìïàêòà. Ýòà ïîñëåäíÿÿ ðàçìåðíîñòü
åñòü îòíîøåíèå òîïîëîãè÷åñêîé ýíòðîïèè è ln(β). Îòñþäà ìû ïîëó÷àåì äëÿ
íåå ôîðìóëó ln(λ)

ln(β)
, ãäå λ� ñïåêòðàëüíûé ðàäèóñ 0−1 ìàòðèöû, ñâÿçàííîé ñ

ñîôè÷åñêèì êîìïàêòîì. Ýòà ôîðìóëà àíàëîãè÷íà ôîðìóëå Ëàëëè [4].
Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà β = 1 +

√
3, D = {0, 1, 3}. Ñîãëàñíî [4],

ýòî íàèáîëåå òðóäíûé ñëó÷àé, ðàññìîòðåííûé â [3]. Â [4] áûëî ïîêàçàíî, ÷òî
õàóñäîðôîâà ðàçìåðíîñòü ìíîæåñòâà Λ ≈ 0.971847 è ìåíüøå ýòîãî ÷èñëà. Ìû
äîêàçàëè, ÷òî õàóñäîðôîâà ðàçìåðíîñòü ðàâíà 0.97181524363298 . . .

Äëÿ
”
ñâåõòðóäíîãî“ ñëó÷àÿ, óêàçàííîãî Ëàëëè â [4], äëÿ êîòîðîãî ôîð-

ìóëà Ëàëëè áåñïîëåçíà, ìû âû÷èñëÿåì õàóñäîðôîâó ðàçìåðíîñòü ìíîæåñòâà
Λ ñ áîëüøèì ÷èñëîì çíàêîâ.

Ýòî ñîâìåñòíàÿ ðàáîòà ñ Ç. È. Áåæàåâîé.
Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00982.
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Î íåêîòîðûõ òîæäåñòâàõ äëÿ ðàöèîíàëüíûõ ôóíêöèé è ôîðìóëàõ
ñëåäîâ

Îñèïîâ À. Ñ. (ÍÈÈ Ñèñòåìíûõ Èññëåäîâàíèé ÐÀÍ)

Â 1857 ãîäó Äæ. Áóëåì, äëÿ ðàöèîíàëüíûõ ôóíêöèé âèäà

F (λ) =

N∑
k=1

Ak
λk − λ

− C,

áûëî ïîëó÷åíî ñëåäóþùåå òîæäåñòâî:

C

N∑
k=1

(λk − µk) =

N∑
k=1

Ak, (1)

ãäå µk �íóëè F (λ) [1]. Êàê áûëî îòìå÷åíî â [2], ôîðìóëà (1) ÿâëÿåòñÿ ïåð-
âîé â áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòè òîæäåñòâ, ñâÿçûâàþùèõ íóëè è ïîëþñà
F (λ). Â ðàáîòàõ [2]�[3] ðàññìàòðèâàëàñü ñâÿçü ìåæäó àíàëîãîì ôîðìóëû (1)
äëÿ ôóíêöèé êëàññà Íåâàíëèííû è áåñêîíå÷íîìåðíûìè ýëëèïòè÷åñêèìè êî-
îðäèíàòàìè. Â ñâîþ î÷åðåäü, ýòè êîîðäèíàòû òåñíî ñâÿçàíû ñî ñïåêòðàìè
ðàçíîñòíûõ îïåðàòîðîâ, ïîðîæäàåìûõ áåñêîíå÷íûìè ìàòðèöàìè ßêîáè. Èñ-
ïîëüçóÿ ýòè íàáëþäåíèÿ, óñòàíàâëèâàþòñÿ íîâûå ôîðìóëû ñëåäîâ äàííûõ
îïåðàòîðîâ. Êðîìå òîãî, ðàññìàòðèâàåòñÿ ñâÿçü òîæäåñòâà Áóëÿ ñî ñëåäàìè
äèôôåðåíöèàëüíûõ îïåðàòîðîâ [4].

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00790.
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Àëãåáðà îòíîñèòåëüíûõ èíòåãðàëüíûõ îïåðàòîðîâ íà
ìíîãîîáðàçèè ñ âûäåëåííûì ïîäìíîãîîáðàçèåì

Ïàâëåíêî Â. À. (Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì
Óôèìñêîãî íàó÷íîãî öåíòðà ÐÀÍ, Ðîññèÿ)

Îñíîâíîé öåëüþ ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå àëãåáðû îòíîñèòåëüíûõ èí-
òåãðàëüíûõ îïåðàòîðîâ íà ìíîãîîáðàçèè ñ âûäåëåííûì ïîäìíîãîîáðàçèåì.

Ïóñòü X � êîìïàêòíîå ìíîãîîáðàçèå (áåç êðàÿ) ðàçìåðíîñòè N , â êîòî-
ðîì âûäåëåíî ãëàäêîå ïîäìíîãîîáðàçèå Y êîðàçìåðíîñòè 1. Íàçîâåì êîíîð-
ìàëüíîé ôóíêöèåé íà X ëþáóþ ãëàäêóþ ôóíêöèþ u íà X \Y, äîïóñêàþùóþ
àñèìïòîòè÷åñêîå ðàçëîæåíèå îïðåäåëåííîãî âèäà âáëèçè Y. Òî÷íåå, â ëþáîé
ëîêàëüíîé ñèñòåìå êîîðäèíàò ñ êîîðäèíàòàìè (x, y) ∈ R × RN−1, îïðåäåëåí-
íîé â îêðåñòíîñòè òî÷êè p ∈ Y è òàêîé, ÷òî Y çàäàåòñÿ óðàâíåíèåì x = 0,
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ñïðàâåäëèâî ðàçëîæåíèå:

u(x, y) ∼
∑

(z,k)∈E

az,k(y)xz lnk |x| x→ 0,

ãäå az,k(y) � ãëàäêèå ôóíêöèè íà Y, E � íåêîòîðîå ïîäìíîæåñòâî â N0 ×N0

(èíäåêñíîå ìíîæåñòâî ôóíêöèè u). Ìîæíî òàêæå ââåñòè ïîíÿòèå êîíîðìàëü-
íîé ôóíêöèè â ñëó÷àå, êîãäà Y ÿâëÿåòñÿ êîíå÷íûì îáúåäèíåíèåì ãëàäêèõ
ïîäìíîãîîáðàçèé, ïåðåñåêàþùèõñÿ òðàíñâåðñàëüíî.

Ïóñòü X � ãëàäêîå êîìïàêòíîå ìíîãîîáðàçèå (áåç êðàÿ). Ïðåä-
ïîëîæèì, ÷òî X0 � ãëàäêîå ïîäìíîãîîáðàçèå X êîðàçìåðíîñòè 1.
Îòíîñèòåëüíûì èíòåãðàëüíûì îïåðàòîðîì íà X íàçûâàåòñÿ îïåðàòîð
A : C∞0 (X \X0)→ C∞(X \X0):

Af(x) =

∫
Y

KA(x, y)f(y) dµ(y), f ∈ C∞0 (X \X0),

ÿäðî KA ∈ C∞((X × X) \ ({X0 × X} ∪ {X × X0})) êîòîðîãî ÿâëÿåòñÿ êî-
íîðìàëüíîé ôóíêöèåé íà X×X îòíîñèòåëüíî âûäåëåííîãî ïîäìíîãîîáðàçèÿ
{X0 ×X} ∪ {X ×X0}.

Ëþáîé îòíîñèòåëüíûé èíòåãðàëüíûé îïåðàòîð ïåðåâîäèò êîíîðìàëüíóþ
ôóíêöèþ (ïðè íåêîòîðîì óñëîâèè íà åå èíäåêñíîå ñåìåéñòâî) â êîíîðìàëü-
íóþ. Ïðè îïðåäåëåííûõ óñëîâèÿõ íà èíäåêñíûå ñåìåéñòâà ÿäåð îòíîñèòåëü-
íûõ èíòåãðàëüíûõ îïåðàòîðîâ A è B èõ êîìïîçèöèÿ A ◦ B ÿâëÿåòñÿ îòíîñè-
òåëüíûì èíòåãðàëüíûì îïåðàòîðîì.

Îòíîñèòåëüíûé èíòåãðàëüíûé îïåðàòîð A íà X, âîîáùå ãîâîðÿ, íå ÿâ-
ëÿåòñÿ ÿäåðíûì îïåðàòîðîì, íî äëÿ íåãî ìîæíî îïðåäåëèòü íåêîòîðóþ ðå-
ãóëÿðèçàöèþ ñëåäà r-Tr(A), îòíîñèòåëüíûé ñëåä îïåðàòîðà A. Îïðåäåëåíî
ñåìåéñòâî {Iν(A, λ) : λ ∈ C} èíòåãðàëüíûõ îïåðàòîðîâ ñ ãëàäêèì ÿäðîì â
ïðîñòðàíñòâå C∞(X0), íàçûâàåìîå èíäèöèàëüíûì ñåìåéñòâîì îïåðàòîðà A.
Äîêàçàíà ôîðìóëà äëÿ îòíîñèòåëüíîãî ñëåäà êîììóòàòîðà îòíîñèòåëüíûõ èí-
òåãðàëüíûõ îïåðàòîðîâ A è B:

r-Tr([A,B]) = − 1

πi

+∞∫
−∞

tr(∂λIν(A, λ) ◦ Iν(B, λ)) dλ.

Äàííûå ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ èññëåäîâàíèÿ íåêîòîðûõ ãåîìåòðè-
÷åñêèõ è àíàëèòè÷åñêèõ çàäà÷ íà ìíîãîîáðàçèÿõ ñî ñëîåíèåì.

Àâòîð âûðàæàåò áëàãîäàðíîñòü Þ. À. Êîðäþêîâó çà ïîñòàíîâêó çàäà÷è
è ïîëåçíûå çàìå÷àíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00389-à.
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Îïòèìàëüíîå óïðàâëåíèå äèñêðåòíî-íåïðåðûâíîé äèíàìè÷åñêîé
ñèñòåìîé

Ïàâëåíîê Í. Ñ. (Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðåñïóáëèêà
Áåëàðóñü)

Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìîé, îïèñûâàå-
ìîé íåïðåðûâíûìè è äèñêðåòíûìè óðàâíåíèÿìè [1]:

J(u, v) = c′xx(t∗) + c′yy(t∗)→ max; (1)

ẋ = Ax(t)x+Axy(t)y +Bx(t)u; y = y(t) = y(s), t ∈ [s, s+ hv[; (2)

y(s+ hv) = Ay(s)y(s) +Ayx(s)x(s) +By(s)v(s);

x(t∗) = x0, y(t∗) = y0; g∗ ≤ Hxx(t∗) +Hyy(t∗) ≤ g∗; (3)

u∗ ≤ u(t) ≤ u∗, t ∈ T = [t∗, t
∗]; v∗ ≤ v(s) ≤ v∗, s ∈ Tv, (4)

ãäå x = x(t) ∈ Rnx � ñîñòîÿíèå íåïðåðûâíîé ÷àñòè ñèñòåìû â ìîìåíò âðåìåíè
t, y(s) ∈ Rny � ñîñòîÿíèå äèñêðåòíîé ÷àñòè â ìîìåíò s; u = u(t) � çíà÷åíèå
óïðàâëÿþùåãî âîçäåéñòâèÿ íåïðåðûâíîé ÷àñòè ñèñòåìû, v(s) � äèñêðåòíîé
÷àñòè; hu = hv/M , hv = (t∗ − t∗)/N , M , N � íàòóðàëüíûå ÷èñëà; cx ∈ Rnx ,
cy ∈ Rny ; Hx ∈ Rm×nx , Hy ∈ Rm×ny ; g∗, g

∗ ∈ Rm; x0 ∈ Rnx , y0 ∈ Rny ;
u∗, u

∗ ∈ Rru , v∗, v∗ ∈ Rrv � çàäàííûå âåêòîðû è ìàòðèöû; Tu = {t∗, t∗ +
hu, ..., t

∗−hu}, Tv = {t∗, t∗+hv, ..., t
∗−hv}; Ax(t) ∈ Rnx×nx , Axy(t) ∈ Rnx×ny ,

Bx(t) ∈ Rnx×ru , t ∈ T � êóñî÷íî-íåïðåðûâíûå ìàòðè÷íûå ôóíêöèè; Ayx(s) ∈
Rny×nx , Ay(s) ∈ Rny×ny , By(s) ∈ Rny×rv , s ∈ Tv � ìàòðèöû. Ôóíêöèè u(·) =
(u(t) ∈ Rru , t ∈ T ), v(·) = (v(s) ∈ Rrv , s ∈ Tv) íàçûâàþòñÿ äèñêðåòíûìè ñ
ïåðèîäàìè êâàíòîâàíèÿ hu, hv, åñëè u(t) = u(s), t ∈ [s, s + hu[, s ∈ Tu, v(·)
îïðåäåëåíà â ìîìåíòû s ∈ Tv.

Óïðàâëÿþùèå âîçäåéñòâèÿ u(·), v(·) íàçûâàþòñÿ ïðîãðàììàìè, åñëè íà
íèõ âûïîëíÿþòñÿ îãðàíè÷åíèÿ (4), è ñîîòâåòñòâóþùàÿ èì òðàåêòîðèÿ ñè-
ñòåìû (2) óäîâëåòâîðÿåò óñëîâèÿì (3). Îïòèìàëüíûå ïðîãðàììû, â îòëè÷èå
îò ïîçèöèîííîãî ðåøåíèÿ, ôîðìèðóþòñÿ äî íà÷àëà ïðîöåññà óïðàâëåíèÿ ïî
àïðèîðíîé èíôîðìàöèè è íå ìîãóò ó÷èòûâàòü äîïîëíèòåëüíóþ èíôîðìàöèþ,
äîñòóïíóþ â ïðîöåññå óïðàâëåíèÿ.

Öåëü äàííîãî äîêëàäà � îïèñàòü ìåòîä ñèíòåçà (ïîñòðîåíèÿ ïîçèöèîí-
íîãî ðåøåíèÿ) îïòèìàëüíûõ äèñêðåòíî-íåïðåðûâíûõ ñèñòåì óïðàâëåíèÿ, ðå-
àëèçóþùèõ ñîâðåìåííûé ïðèíöèï óïðàâëåíèÿ ïî çàìêíóòîìó êîíòóðó, íà-
çûâàåìûé ïðèíöèïîì óïðàâëåíèÿ â ðåàëüíîì âðåìåíè [2]. Ïðè åãî èñïîëü-
çîâàíèè îïòèìàëüíûå îáðàòíûå ñâÿçè íå ñèíòåçèðóþòñÿ. Âìåñòî ýòîãî îáú-
åêò óïðàâëåíèÿ çàìûêàåòñÿ ñ ïîìîùüþ âû÷èñëèòåëüíûõ, èçìåðèòåëüíûõ è
èñïîëíèòåëüíûõ óñòðîéñòâ , êîòîðûå ïî õîäó óïðàâëåíèÿ ñîçäàþò â ðåæè-
ìå ðåàëüíîãî âðåìåíè òåêóùèå çíà÷åíèÿ îïòèìàëüíûõ îáðàòíûõ ñâÿçåé, ò. å.
ôîðìèðóþò òåêóùèå çíà÷åíèÿ ðåàëèçàöèé îïòèìàëüíîé îáðàòíîé ñâÿçè äî
ïîñòóïëåíèÿ èíôîðìàöèè î ïîñëåäóþùèõ ñîñòîÿíèÿõ îáúåêòà.

Ðåçóëüòàòû èëëþñòðèðóþòñÿ íà ïðèìåðå îïòèìàëüíîãî óïðàâëåíèÿ ãè-
áðèäíîé êîëåáàòåëüíîé ñèñòåìîé ÷åòâåðòîãî ïîðÿäêà.

295



Ñïèñîê ëèòåðàòóðû

[1] Borelli F. Constrained Optimal Control of Linear and Hybrid Systems. Lecture Notes
in Control and Information Sciences. Vol. 290. Springer, 2003. 293 p.

[2] Áàëàøåâè÷ Í. Â., Ãàáàñîâ Ð., Êèðèëëîâà Ô. Ì. ×èñëåííûå ìåòîäû ïðîãðàììíîé è
ïîçèöèîííîé îïòèìèçàöèè ëèíåéíûõ ñèñòåì óïðàâëåíèÿ // Æóðíàë âû÷èñë. ìàòåì.
è ìàòåì. ôèç. 2000. Ò. 40. � 6. Ñ. 838�859.

Ïîòåðÿ ñèììåòðèè è ïîäàòòðàêòîðû êèíåòè÷åñêèõ óðàâíåíèé
Ïàëèí Â. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)
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Äëÿ òðåõ ñèñòåì òèïà Áðîäóýëëà (äèñêðåòíûõ óðàâíåíèé Áîëüöìàíà) [3]
ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ â îêðåñòíîñòè ðàâíîâåñíûõ ñîñòîÿíèé ïî-
äàòòðàêòîðîâ � ïðèòÿãèâàþùèõ èíâàðèàíòíûõ ìíîãîîáðàçèé.
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Ðàñïðîñòðàíåíèå òåîðåìû Í. Í. Êðàñîâñêîãî î ñëàáîé
íåóñòîé÷èâîñòè äëÿ ñåìåéñòâà äèôôåðåíöèàëüíûõ âêëþ÷åíèé

Ïàíàñåíêî Å. À. (Òàìáîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èìåíè Ã. Ð. Äåðæàâèíà, Ðîññèÿ)

Çäåñü ñôîðìóëèðîâàíû óñëîâèÿ íåóñòîé÷èâîñòè äèíàìè÷åñêîé ñèñòåìû,
ðàñïðîñòðàíÿþùèå òåîðåìó Í. Í. Êðàñîâñêîãî (ñì. [1]) íà äèôôåðåíöèàëü-
íûå âêëþ÷åíèÿ. Â ñâîèõ èññëåäîâàíèÿõ ÿ îïèðàþñü íà èññëåäîâàíèÿ ðàáîò
[2, 3].

Ïóñòü (Σ, ht) � òîïîëîãè÷åñêàÿ äèíàìè÷åñêàÿ ñèñòåìà ñ êîìïàêòíûì ôà-
çîâûì ïðîñòðàíñòâîì Σ. Ðàññìîòðèì äèôôåðåíöèàëüíîå âêëþ÷åíèå

ẋ ∈ F (htσ, x), (1)

çàâèñÿùåå îò ïàðàìåòðà σ ∈ Σ. Çäåñü F : Σ × Rn → clcv(Rn), clcv(Rn) �
ïðîñòðàíñòâî âñåõ íåïóñòûõ, çàìêíóòûõ, âûïóêëûõ ïîäìíîæåñòâ ïðîñòðàí-
ñòâà Rn ñ ìåòðèêîé Õàóñäîðôà�Áåáóòîâà Dist [2]. Ïóñòü, êðîìå òîãî, çàäàíà
ôóíêöèÿ M : Σ → comp(Rn), ãäå comp(Rn) � ïðîñòðàíñòâî âñåõ íåïóñòûõ
êîìïàêòíûõ ïîäìíîæåñòâ Rn ñ ìåòðèêîé Õàóñäîðôà dist. Äëÿ êàæäîãî ïî-
ëîæèòåëüíîãî r îáîçíà÷èì Or

.
=
{
x ∈ Rn : |x| 6 r

}
, Mr(σ)

.
= M(σ) + Or,

Nr
+(σ)

.
= Mr(σ)\M(σ).

Îïðåäåëåíèå 1. Ìíîæåñòâî M(σ) íàçûâàåòñÿ ñëàáî íåóñòîé÷èâûì îò-
íîñèòåëüíî âêëþ÷åíèÿ (1), åñëè ñóùåñòâóåò òàêîå ÷èñëî ε ∈ (0, r), ÷òî
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äëÿ êàæäîãî ïîëîæèòåëüíîãî δ íàéäóòñÿ òî÷êà (σ, x0) ∈ Σ × Nδ
+(σ), ìî-

ìåíò âðåìåíè t∗ > 0 è ðåøåíèå t → x(t;σ, x0) âêëþ÷åíèÿ (1) òàêèå, ÷òî
x(t∗;σ, x0) /∈Mε(ht

∗
σ).

Ïóñòü r > 0, à ôóíêöèÿ V : Σ×Mr(σ)→ R ëîêàëüíî ëèïøèöåâà è
ðàâíà íóëþ ïðè (σ, x) ∈ Σ×M(σ). Äàëåå, V o(σ, x; q) � îáîáùåííàÿ ïðîèç-
âîäíàÿ Êëàðêà [4] ôóíêöèè V ïî íàïðàâëåíèþ q ∈ Rn â òî÷êå (σ, x) è
Lα(V )

.
=
{

(σ, x) ∈ Σ × Nr
+(σ) : V (σ, x) = α

}
� ïîâåðõíîñòü óðîâíÿ ôóíê-

öèè V, ãäå α íåîòðèöàòåëüíî è áëèçêî ê íóëþ.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ F : Σ×Rn → clcv(Rn) ïîëóíåïðåðûâíà ñâåð-
õó (â ìåòðèêå Õàóñäîðôà�Áåáóòîâà) à ôóíêöèÿ M : Σ → comp(Rn) íåïðå-
ðûâíà (â ìåòðèêå Õàóñäîðôà), è íàéäåòñÿ òàêîå r > 0, ÷òî ñóùåñòâóåò
ëîêàëüíî ëèïøèöåâà ïî x ôóíêöèÿ V : Σ × Mr(σ) → R, íå ÿâëÿþùàÿñÿ
â ïðîèçâîëüíîé îêðåñòíîñòè ìíîæåñòâà M(σ) çíàêîîòðèöàòåëüíîé. Åñëè
V o(σ, x; q) > 0 äëÿ âñåõ (σ, x) ∈ Σ×Nr

+(σ), q ∈ F (σ, x), è äëÿ êàæäîãî α ∈ (0, r)
ìíîæåñòâî Lα(V ) íå ñîäåðæèò ïîëîæèòåëüíûõ ïîëóòðàåêòîðèé, òî ìíî-
æåñòâî M(σ) íåóñòîé÷èâî îòíîñèòåëüíî âêëþ÷åíèÿ (1).

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-97503; ÀÂÖÏ
�Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà ÂØ�, ïðîåêò 2.1.1/9359; ÔÖÏ �Íàó÷íûå è
íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè íà 2009�2013 ãîäû�.
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[3] Ïàíàñåíêî Å. À., Ðîäèíà Ë. È., Òîíêîâ Å. Ë. Àñèìïòîòè÷åñêè óñòîé÷èâûå ñòà-
òèñòè÷åñêè ñëàáî èíâàðèàíòíûå ìíîæåñòâà óïðàâëÿåìûõ ñèñòåì // Òðóäû Èí-òà
Ìàòåì. è Ìåõàí. ÓðÎ ÐÀÍ. 2010. Ò. 16. � 5. C. 135�142.
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Î ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèÿõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè ïåðâîãî è âòîðîãî ïîðÿäêà

Ïàïøåâà Å. À. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â íåêîòîðûõ ðàáîòàõ èññëåäóåòñÿ çàäà÷à î ñóùåñòâîâàíèè ïî÷òè ïåðè-
îäè÷åñêèõ (ï. ï.) ðåøåíèé ðàçëè÷íûõ âèäîâ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ ÷àñòíûìè ïðîèçâîäíûìè (ÄÓñ×Ï) (èìååòñÿ â âèäó ïî÷òè ïåðèîäè÷íîñòü
ïî íåñêîëüêèì ïåðåìåííûì), íàïðèìåð, [1], [2], [3] è ò. ä. Âàæíûì ÿâëÿåòñÿ
âîïðîñ îá óñëîâèÿõ ñóùåñòâîâàíèÿ èëè îòñóòñòâèÿ òàêèõ ðåøåíèé (à òàêæå
îöåíêå èõ ÷èñëà) � â çàâèñèìîñòè îò êëàññà ãëàäêîñòè, ïðè ýòîì èìåþòñÿ ñó-
ùåñòâåííûå îòëè÷èÿ îò ñëó÷àÿ ïåðèîäè÷åñêèõ (ïî íåñêîëüêèì ïåðåìåííûì)
ðåøåíèé. Ïðè îïðåäåëåííûõ óñëîâèÿõ ïðåäñòàâëÿåò èíòåðåñ çàäà÷à â êëàññå
àíàëèòè÷åñêèõ ï. ï. ðåøåíèé.

Ñíà÷àëà ðàññìàòðèâàåòñÿ âîïðîñ î ñóùåñòâîâàíèè èëè îòñóòñòâèè íåòðè-
âèàëüíîãî ï. ï. ðåøåíèÿ êëàññà C1(R2) äëÿ óðàâíåíèé ïåðâîãî ïîðÿäêà

a(x, y)ux + b(x, y)uy = γ(x, y)u, (1)
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ãäå

1◦. a, b, γ �ï. ï. ïî x, y, a > m > 0, γ > 0.

Íåòðóäíî óñòàíîâèòü îòñóòñòâèå íåòðèâèàëüíûõ ïåðèîäè÷åñêèõ ðåøåíèé.
Êðîìå òîãî, åñëè a, b, γ �ôóíêöèè áîëåå îáùåãî òèïà, òî âîçìîæíî ñóùå-
ñòâîâàíèå íåòðèâèàëüíîãî, äàæå àíàëèòè÷åñêîãî, ðåøåíèÿ u = ϕ(x, y) óðàâ-
íåíèÿ (1), êîòîðîå èìååò ìàêñèìóìû è ìèíèìóìû òîëüêî íóëåâûå.

Òåîðåìà 1. Ïðè óñëîâèè 1 íå ñóùåñòâóåò íåòðèâèàëüíûõ çíàêîïåðå-
ìåííûõ ï. ï. ðåøåíèé óðàâíåíèÿ (1).

Ýòîò ôàêò ñëåäóåò èç òîãî, ÷òî èç ïðåäïîëîæåíèÿ ñóùåñòâîâàíèÿ çíàêî-
ïåðåìåííûõ ï. ï. ðåøåíèé ïîÿâëÿþòñÿ ïðîòèâîðå÷èâûå óñëîâèÿ â îòíîøåíèè
ïîâåäåíèÿ õàðàêòåðèñòèê óðàâíåíèÿ (1).

Äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà ñïåöèàëüíîãî âèäà ìîæíî ïîëó÷èòü ðå-
çóëüòàò î ñóùåñòâîâàíèè áîëåå îäíîãî ï. ï. ðåøåíèÿ.

Òåîðåìà 2. Ïóñòü óðàâíåíèå ∆u = |u| + p(x, y) èìååò ï. ï. ðåøåíèå
u = ϕ(x, y), ïðè÷åì |ϕ| è ∆ϕ ïðåäñòàâëÿþòñÿ àáñîëþòíî ñõîäÿùèìèñÿ ðÿ-
äàìè Ôóðüå è ϕ íå ÿâëÿåòñÿ ïîëîæèòåëüíûì, è |ϕ(x, y)| ≥ ∆ϕ(x, y). Òîãäà
óðàâíåíèå ∆u = u + p(x, y), ãäå p(x, y) = −|ϕ(x, y)| + ∆ϕ(x, y), èìååò ï. ï.
ðåøåíèå ψ(x, y), êîòîðîå áóäåò íåîòðèöàòåëüíûì, åñëè îíî ïðèíèìàåò íàè-
ìåíüøåå çíà÷åíèå, è òåì ñàìûì ψ(x, y) áóäåò ÿâëÿòüñÿ ï. ï. ðåøåíèåì èñ-
õîäíîãî óðàâíåíèÿ.

Çàìå÷àíèå 1. Âîçìîæåí ñëó÷àé, êîãäà ϕ(x, y)� çíàêîïåðåìåííîå, òàê
÷òî ïðè óñëîâèÿõ òåîðåìû òàêîâûì áóäåò îäíî èç äâóõ ï. ï. ðåøåíèé. Â êà÷å-
ñòâå ïðèìåðà ìîæíî âçÿòü ϕ(x, y) = sin(ω1x+ω2y)+sin(ω2x+ω1y), ãäå ω1, ω2

íåñîèçìåðèìû, è ω2
1 + ω2

2 < 1.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Å. À. Ñèäîðîâûì.
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Àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ðåøåíèé ïÿòîãî óðàâíåíèÿ Ïåíëåâå
Ïàðóñíèêîâà À. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ðàññìîòðèì ïÿòîå óðàâíåíèÿ Ïåíëåâå, êîòîðîå èìååò âèä

w′′ =

(
1

2w
+

1

w − 1

)(
w′
)2− w′

z
+

(w − 1)2

z2

(
αw +

β

w

)
+
γw

z
+
δw(w + 1)

w − 1
, (1)

ãäå α, β, γ, δ�êîìïëåêñíûå ïàðàìåòðû, z �íåçàâèñèìàÿ, w� çàâèñèìàÿ êîì-
ïëåêñíûå ïåðåìåííûå. Óðàâíåíèå (1) èìååò äâå îñîáûå òî÷êè z = 0 è z =∞.
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Â ýòîé ðàáîòå ìåòîäàìè ñòåïåííîé ãåîìåòðèè [1], [2] èùåì âñå àñèìïòî-
òè÷åñêèå ðàçëîæåíèÿ ðåøåíèé óðàâíåíèÿ (1) ïðè z → 0 è ïðè z →∞ âèäà

w = cr(z)z
r +

∑
s∈K

cs(z)z
s, (2)

ãäå cr(z), cs(z), r, s ∈ C, K ⊂ { s | Re s > Re r} äëÿ ðàçëîæåíèé ïðè z → 0 è
K ⊂ { s | Re s < Re r} äëÿ ðàçëîæåíèé ïðè z →∞; ìíîæåñòâî K ñ÷åòíî.

Ðàçëè÷àåì 5 òèïîâ ðàçëîæåíèé (2):

1◦. cr(z) è cs(z)�ïîñòîÿííûå.
2◦. cr(z)�ïîñòîÿííûé êîýôôèöèåíò, cs(z)�ìíîãî÷ëåíû îò ln z.
3◦. cr(z) è cs(z)�ðÿäû ïî óáûâàþùèì ñòåïåíÿì ln z.
4◦. cr(z) è cs(z)�ðÿäû ïî ñòåïåíÿì zi, â cr ñîäåðæèòñÿ ñ÷åòíîå ÷èñëî

ñëàãàåìûõ è ïîêàçàòåëè ñòåïåíåé zi îãðàíè÷åíû ëèáî ñâåðõó, ëèáî
ñíèçó.

5◦. cr(z)�êîíå÷íàÿ ñóììà ñòåïåíåé zi ñ êîìïëåêñíûìè êîýôôèöèåíòà-
ìè è cs(z)�ðÿäû ïî ñòåïåíÿì zi.

Ïðè z → 0 ïîëó÷åíî 30 ñåìåéñòâ ðàçëîæåíèé ðåøåíèé óðàâíåíèÿ (1):
22 èç íèõ ïîëó÷åíû èç îïóáëèêîâàííûõ ðàçëîæåíèé ðåøåíèé øåñòîãî óðàâ-
íåíèÿ Ïåíëåâå [2], ñðåäè îñòàëüíûõ 8 ñåìåéñòâ îäíî áûëî èçâåñòíî [3], åùå
äâà ìîãóò áûòü ïîëó÷åíû èç ðàçëîæåíèé ðåøåíèé òðåòüåãî óðàâíåíèÿ Ïåí-
ëåâå [4]. Íîâûìè ÿâëÿþòñÿ 3 ñåìåéñòâà ðàçëîæåíèé òèïà 5 è 2 ñåìåéñòâà ðàç-
ëîæåíèé òèïà 3. Ïðè z → ∞ íàéäåíî 10 ðàçëîæåíèé ðåøåíèé óðàâíåíèÿ (1)
â ñòåïåííûå ðÿäû (ðàçëîæåíèÿ òèïà 1): 6 èç íèõ (ïî öåëûì ñòåïåíÿì z) áû-
ëè èçâåñòíû [3], [7], ÷åòûðå (ïî ïîëóöåëûì) � íîâûå. Ïîäðîáíûå âûêëàäêè è
äîêàçàòåëüñòâà ïî ýòîé ðàáîòå ñì. â ïðåïðèíòàõ [5], [6].

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû 08-01-00082 è 11-
01-00023.
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Ïðèíöèï êîìïåíñèðîâàííîé êîìïàêòíîñòè è ðàçðåøèìîñòü
îáîáùåííûõ óðàâíåíèé Íàâüå�Ñòîêñà

Ïàñòóõîâà Ñ. Å. (Ìîñêîâñêèé èíñòèòóò ðàäèîòåõíèêè, ýëåêòðîíèêè è
àâòîìàòèêè, Ðîññèÿ)

Â íåäàâíèõ ðàáîòàõ [1-5] áûëè óñòàíîâëåíû âàðèàíòû ïðèíöèïà êîìïåí-
ñèðîâàííîé êîìïàêòíîñòè, êîòîðûå îáîáùàþò êëàññè÷åñêóþ div-curl ëåììó
Òàðòàðà�Ìþðà â ðàçëè÷íûõ íàïðàâëåíèÿõ. Â òîì ÷èñëå, áûëè äîêàçàíû ãèä-
ðîìåõàíè÷åñêèå âàðèàíòû, îáñëóæèâàþùèå ñòàöèîíàðíûå è íåñòàöèîíàðíûå
óðàâíåíèÿ Íàâüå�Ñòîêñà äëÿ íåñæèìàåìîé íåíüþòîíîâîé æèäêîñòè. Â ýòîì
ñëó÷àå òåíçîð âÿçêèõ íàïðÿæåíèé A = A(·, D) åñòü íåëèíåéíàÿ ôóíêöèÿ îò
òåíçîðà ñêîðîñòåé äåôîðìàöèè D ñ ïîêàçàòåëåì ðîñòà p 6= 2. Íàïðèìåð, â ìî-
äåëüíîé ñèñòåìå èìååì A = |D|p−2D, p> 2d

d+2
, (d�ðàçìåðíîñòü ïðîñòðàíñòâà),

è ïðè p = 2 ïîëó÷àåì êëàññè÷åñêîå óðàâíåíèå Íàâüå�Ñòîêñà. Íàèáîëåå èíòå-
ðåñåí ñëó÷àé ïñåâäîïëàñòè÷íûõ òå÷åíèé, êîãäà p < 2. Ïîêàçàòåëü íåëèíåé-
íîñòè p ìîæåò áûòü ïåðåìåííûì, è òîãäà ñèñòåìà îïèñûâàåò òàê íàçûâàåìûå
ýëåêòðîðåîëîãè÷åñêèå æèäêîñòè [6].

Íà îñíîâå ïðèíöèïà êîìïåíñèðîâàííîé êîìïàêòíîñòè ïîëó÷åíû íîâûå
ðåçóëüòàòû î ðàçðåøèìîñòè îáîáùåííûõ óðàâíåíèé Íàâüå�Ñòîêñà [4, 5]. Êàê
îáû÷íî, ðåøåíèå ñòðîèòñÿ êàê ïðåäåë ðåøåíèé ðåãóëÿðèçîâàííîé çàäà÷è.
Êîìïåíñèðîâàííàÿ êîìïàêòíîñòü ïîçâîëÿåò îáîñíîâàòü ïðåäåëüíûé ïåðåõîä
ïî ïàðàìåòðó ðåãóëÿðèçàöèè â ñàìîì ñëîæíîì ìåñòå, êîãäà óñòàíàâëèâàåòñÿ
ñëàáàÿ ñõîäèìîñòü ïîòîêîâ ê ïîòîêó, An ⇀ A. Çäåñü òðóäíîñòü çàêëþ÷àåòñÿ
â òîì, ÷òî ïîòîê (èëè òåíçîð âÿçêèõ íàïðÿæåíèé) An = An(·, Dn) äëÿ ðå-
ãóëÿðèçîâàííîé çàäà÷è ÿâëÿåòñÿ íåëèíåéíîé ôóíêöèåé íà ñëàáî ñõîäÿùåéñÿ
ïîñëåäîâàòåëüíîñòè Dn ⇀ D, è ïðîáëåìó ñîñòàâëÿåò èäåíòèôèêàöèÿ ïðåäåëà
ïîñëåäîâàòåëüíîñòè An.

Â ðàçìåðíîñòè d = 3 íà÷àëüíî-êðàåâàÿ çàäà÷à â îãðàíè÷åííîé îáëàñòè
äëÿ ìîäåëüíîé ñèñòåìû ðàçðåøèìà, åñëè p = p(x, t)�èçìåðèìàÿ ôóíêöèÿ,
òàêàÿ ÷òî α ≤ p(x, t) ≤ γ, à êîíñòàíòû α è γ ïîä÷èíåíû íåðàâåíñòâó

9

5
< α ≤ γ < α0,

ãäå α0= 5
3
α ïðè α<3 è α0=∞ ïðè α≥3.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû 08-01-00616, 09-01-
12157.
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Ïîðÿäêîâàÿ ñõîäèìîñòü ×åçàðîâñêèõ ñðåäíèõ â ñèììåòðè÷íûõ
ïðîñòðàíñòâàõ

Ïàøêîâà Þ. C. (Òàâðè÷åñêèé íàöèîíàëüíûé óíèâåðñèòåò, Óêðàèíà)
Ðóáøòåéí Á. À. (Óíèâåðñèòåò Áåí-Ãóðèîíà, Èçðàèëü)

Ïóñòü (Ω, µ)�ïðîñòðàíñòâî ñ áåñêîíå÷íîé σ-êîíå÷íîé íåàòîìè÷åñêîé
ìåðîé, L0 = L0(Ω, µ)�ïðîñòðàíñòâî âñåõ µ-èçìåðèìûõ ïî÷òè âñþäó êî-
íå÷íûõ ôóíêöèé f íà Ω, è Lp = Lp(Ω, µ), 1 ≤ p ≤ +∞. Â ñëó÷àå, êî-
ãäà Ω = R+ = [0,∞) è µ = m � ìåðà Ëåáåãà íà [0,+∞), áóäåì ïèñàòü:
L0 = L0(R+,m).

Ëèíåéíûé îïåðàòîð T : L1 + L∞ → L1 + L∞ íàçûâàåòñÿ àáñîëþòíûì
ñæàòèåì èëè (L1,L∞)-ñæàòèåì, åñëè T ÿâëÿåòñÿ ñæàòèåì êàê â L1, òàê
è â L∞. Îáîçíà÷èì ÷åðåç PAC ìíîæåñòâî âñåõ ïîëîæèòåëüíûõ àáñîëþòíûõ
ñæàòèé.

Äëÿ ëþáûõ T ∈ PAC è f ∈ L1 + L∞ ðàññìîòðèì ïîñëåäîâàòåëüíîñòü

÷åçàðîâñêèõ ñðåäíèõ An,T f = 1
n

n−1∑
k=0

T kf .

Áàíàõîâî ïðîñòðàíñòâî (E, ‖ · ‖E) èçìåðèìûõ ôóíêöèé èç L0(Ω, µ) íà-
çûâàåòñÿ ñèììåòðè÷íûì (ñ. ï.), åñëè èç f ∈ L0, g ∈ E è f∗ ≤ g∗ ñëåäóåò,
÷òî f ∈ E è ‖f‖E ≤ ‖g‖E (f∗ � íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f |).
Ïîñëåäîâàòåëüíîñòü {fn}∞n=1 ⊂ E íàçûâàåòñÿ ïîðÿäêîâî ñõîäÿùåéñÿ ê f ∈ E

(fn
(o)→ f), åñëè ñóùåñòâóþò òàêèå 0 ≤ gn ∈ E, ÷òî |fn−f | ≤ gn ↓ 0 ïðè n→∞.
Åñëè (Ω, µ) = (R+,m), òî ñ. ï. E = E(R+,m) íàçûâàåòñÿ ñòàí-

äàðòíûì. Äëÿ ñ. ï. E(Ω, µ) íà ïðîèçâîëüíîì ïðîñòðàíñòâå ñ ìåðîé (Ω, µ)
ñóùåñòâóåò åäèíñòâåííîå ñòàíäàðòíîå ñ. ï. E(R+,m) íà (R+,m) òàêîå, ÷òî
f ∈ E(Ω, µ) òîãäà è òîëüêî òîãäà, êîãäà f∗ ∈ E(R+,m).

Îáîçíà÷èì

EH = EH(Ω, µ) = {f ∈ (L1 + L∞)(Ω, µ) : f∗∗ ∈ E(R+,m)},
ãäå

f∗∗(x) =
1

x

x∫
0

f∗(s) ds, f ∈ (L1 + L∞)(Ω, µ), x ∈ (0, +∞),

è ïîëîæèì ‖f‖EH = ‖f∗∗‖E. Ïóñòü R0 = {f ∈ L1 + L∞ : f∗(+∞) :=
lim

x→+∞
f∗(x) = 0}.

Òåîðåìà 1. Ïóñòü E � ñ. ï. Òîãäà äëÿ âñåõ f ∈ EH ∩ R0 è T ∈ PAC
ïîñëåäîâàòåëüíîñòü ñðåäíèõ An,T f ïîðÿäêîâî ñõîäèòñÿ â E.

Îáðàòíî, ïóñòü E � òàêîå ñ. ï., ÷òî E 6= EH ∩ R0. Òîãäà ñóùåñòâó-
þò f ∈ E è T ∈ PAC òàêèå, ÷òî ïîñëåäîâàòåëüíîñòü An,T f íå ÿâëÿåòñÿ
ïîðÿäêîâî ñõîäÿùåéñÿ â E.

Òåîðåìà 2. Ïóñòü E � ñ. ï. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1◦. Ïîñëåäîâàòåëüíîñòü ÷åçàðîâñêèõ ñðåäíèõ An,T f (o)-ñõîäèòñÿ â E
äëÿ âñåõ f ∈ E è T ∈ PAC;
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2◦. E = EH è E ⊆ R0.

Àñèìïòîòèêà âáëèçè ãðàíèö ñïåêòðàëüíûõ êëàñòåðîâ
Ïåðåñêîêîâ À. Â. (Ìîñêîâñêèé ýíåðãåòè÷åñêèé èíñòèòóò)

Ðàññìàòðèâàåòñÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ â L2(R2)(
−~2((∂/∂q1)2+(∂/∂q2)2)+q2

1 +q2
2 +εV (q1, q2)

)
ψ = λψ, ‖ψ‖L2(R2) = 1, (1)

ãäå V � ïðîèçâîëüíûé ìíîãî÷ëåí 4 ñòåïåíè, ~, ε � ìàëûå ïàðàìåòðû, ïðè÷åì
ε� ~.

Ëó÷åâîé ìåòîä [1] è îáùàÿ òåîðèÿ êîìïëåêñíîãî ðîñòêà Ìàñëîâà [2] ïîç-
âîëÿþò ñòðîèòü àñèìïòîòè÷åñêèå ðåøåíèÿ, ëîêàëèçîâàííûå âáëèçè ìàëîìåð-
íûõ èíâàðèàíòíûõ ïîäìíîãîîáðàçèé â ôàçîâîì ïðîñòðàíñòâå. Îäíàêî óêà-
çàííûå ìåòîäû íåïðèìåíèìû â ñëó÷àå ðåçîíàíñà ÷àñòîò, êîòîðûé èìååòñÿ â
çàäà÷å (1). Ìåòîä ïîñòðîåíèÿ êâàçèêëàññè÷åñêèõ àñèìïòîòèê äëÿ óðàâíåíèé
ñ ÷àñòîòíûìè ðåçîíàíñàìè áûë ðàçðàáîòàí â ñåðèè ðàáîò Ì. Â. Êàðàñåâà,
íà÷èíàÿ ñ [3]. Îí îñíîâàí íà îïåðàòîðíîì óñðåäíåíèè âîçìóùåíèÿ, ïåðåõî-
äå íà àëãåáðó ñèììåòðèé è êîãåðåíòíîì ïðåîáðàçîâàíèè îò èñõîäíîãî ïðåä-
ñòàâëåíèÿ ýòîé àëãåáðû ê åå íåïðèâîäèìîìó ïðåäñòàâëåíèþ â ïðîñòðàíñòâå
ôóíêöèé íàä ëàãðàíæåâûì ïîäìíîãîîáðàçèåì â ñèìïëåêòè÷åñêîì ëèñòå.

Îñîáûé èíòåðåñ ïðåäñòàâëÿþò ðåøåíèÿ óðàâíåíèé òèïà (1), îòâå÷àþùèå
ãðàíèöàì ñïåêòðàëüíûõ êëàñòåðîâ âáëèçè ñîáñòâåííûõ çíà÷åíèé íåâîçìóùåí-
íîãî óðàâíåíèÿ, ãäå óïîìÿíóòûå ëàãðàíæåâû ïîäìíîãîîáðàçèÿ ïî÷òè ñõëîïû-
âàþòñÿ è èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ íàä íèìè ñòàíîâèòüñÿ íåâîç-
ìîæíûì. Ïîäõîä ê ïîñòðîåíèþ àñèìïòîòèêè îêîëî ãðàíèö êëàñòåðîâ ñ ïîìî-
ùüþ

”
äåôîðìèðîâàííûõ“ êîãåðåíòíûõ ñîñòîÿíèé áûë íàìå÷åí â [4], íî åãî

îáîñíîâàíèå ïîêà íå îñóùåñòâëåíî.
Â äàííîé ðàáîòå íà ïðèìåðå çàäà÷è (1) ïðåäëîæåí ìåòîä ïîñòðîåíèÿ

àñèìïòîòè÷åñêèõ ðåøåíèé âáëèçè âåðõíåé è íèæíåé ãðàíèö ñïåêòðàëüíûõ
êëàñòåðîâ ñ ïîìîùüþ íîâîãî èíòåãðàëüíîãî ïðåäñòàâëåíèÿ. Ïîñëå ïðèìåíå-
íèÿ [3, 4] îïåðàòîðíîãî óñðåäíåíèÿ è êîãåðåíòíîãî ïðåîáðàçîâàíèÿ ê çàäà-
÷å (1) íà l-îì íåïðèâîäèìîì ïðåäñòàâëåíèè àëãåáðû ñèììåòðèé íåâîçìóùåí-
íîãî îïåðàòîðà ìû ïðèõîäèì ê çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ â ïðîñòðàí-
ñòâå P` ïîëèíîìîâ ñòåïåíè íå âûøå ` ∼ 1/~. Èñêîìûé ïîëèíîì óäîâëåòâîðÿåò
äèôôåðåíöèàëüíîìó óðàâíåíèþ 2-îãî ïîðÿäêà êëàññà Ôóêñà ñ 4-ìÿ êîíå÷íû-
ìè îñîáûìè òî÷êàìè. Âíà÷àëå èçó÷àåòñÿ âñïîìîãàòåëüíàÿ ñïåêòðàëüíàÿ çà-
äà÷à â êëàññå ãîëîìîðôíûõ ôóíêöèé ñ ðàâíûìè íóëþ õàðàêòåðèñòè÷åñêèìè
ïîêàçàòåëÿìè â êîíå÷íûõ îñîáûõ òî÷êàõ. Äàëåå, àñèìïòîòèêà èñêîìîãî ïî-
ëèíîìà ïîëó÷àåòñÿ ñ ïîìîùüþ îïåðàöèè ïðîåêòèðîâàíèÿ íà ïîäïðîñòðàíñòâî
P`, îáîáùàþùåé èíòåãðàëüíîå ïðåäñòàâëåíèå Äèðàêà.

Èçó÷åíà òàêæå çàäà÷à âû÷èñëåíèÿ ñðåäíèõ çíà÷åíèé äèôôåðåíöèàëüíûõ
îïåðàòîðîâ íà ðåøåíèÿõ (1) âáëèçè ãðàíèö ñïåêòðàëüíûõ êëàñòåðîâ. Îêàçà-
ëîñü, ÷òî àñèìïòîòèêà ñðåäíèõ â ÷ëåíå ïîðÿäêà ~ âûãëÿäèò íåòðèâèàëüíî.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 09-01-00606) è Ñî-
âåòà ïî ãðàíòàì ïðè Ïðåçèäåíòå ÐÔ (ïðîåêò ÍØ-3439.2010.1).
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Î ðåøåíèÿõ êðàåâûõ çàäà÷ äëÿ âûðîæäåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ èìïóëüñíûì âîçäåéñòâèåì

Ïåðåñòþê Í. À. (Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Òàðàñà
Øåâ÷åíêî, Óêðàèíà)

Êîðîëü È. È. (Óæãîðîäñêèé íàöèîíàëüíûé óíèâåðñèòåò, Óêðàèíà)

Ðàññìàòðèâàþòñÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âûðîæäåííîé
ìàòðèöåé ïðè ïðîèçâîäíîé è èìïóëüñíûì âîçäåéñòâèåì

B(t)
dx

dt
= A(t)x(t) + f(t), t 6= τi, x ∈ Rn, t, τi ∈ [a, b], (1)

∆(Bx)|t=τi = SiB(τi)x(τi) + si, det(En + Si) 6= 0. (2)

ãäå rankB(t) = n− r = const ∀t ∈ [a, b], r > 0; âåêòîð-ôóíêöèÿ f(t) è (n× n)-
ìàòðèöû A(t), B(t) äîñòàòî÷íî ãëàäêèå, a ≤ τ1 < . . . < τp < b, p <∞.

Ïîä ðåøåíèåì ñèñòåìû (1), (2) ìû ïîäðàçóìåâàåì êóñî÷íî íåïðåðûâíî
äèôôåðåíöèðóåìóþ íà [a, b]\{τi}, i = 1, p ñ ðàçðûâàìè ïåðâîãî ðîäà â òî÷êàõ
t = τi ôóíêöèþ x(t) ∈ C1

loc([a, b],Rn):

x(t) =


x0(t), t ∈ [a, τ1],

xj(t), t ∈ (τj , τj+1], j = 1, p− 1,

xp(t), t ∈ (τp, b],

êîòîðàÿ óäîâëåòâîðÿåò ñèñòåìå (1) è èìïóëüñíûì óñëîâèÿì (2). Ñ÷èòàåì
ôóíêöèè xi(t) îïðåäåëåííûìè è íåïðåðûâíî äèôôåðåíöèðóåìûìè íà ñîîò-
âåòñòâóþùèõ çàìêíóòûõ èíòåðâàëàõ:

xi(t) ∈ C1[τi, τi+1], xi(τi) = xi(τi + 0) = lim
t→τi+0

xi(t),

è ÷òî ðåøåíèå íåïðåðûâíî ñëåâà, ò. å

x(τi) = x(τi − 0) = xi−1(τi) = lim
t→τi−0

xi−1(t).

Äëÿ âûðîæäåííûõ äèôôåðåíöèàëüíûõ ñèñòåì ñ èìïóëüñíûì âîçäåéñòâè-
åì (1), (2) ïîñòðîåíî îáùåå ðåøåíèå, íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè.

Êðîìå òîãî, êàê â íåêðèòè÷åñêîì, òàê è â êðèòè÷åñêîì ñëó÷àÿõ íàéäå-
íû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è ïîñòðîåíû ïåðèî-
äè÷åñêèå ðåøåíèÿ ñèñòåìû (1), (2) è ðåøåíèÿ, óäîâëåòâîðÿþùèå ëèíåéíûì
ôóíêöèîíàëüíûì óñëîâèÿì îáùåãî âèäà

lx(·) = α, α ∈ Rm, (3)
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ãäå l � ëèíåéíûé m-ìåðíûé âåêòîð-ôóíêöèîíàë íàä ïðîñòðàíñòâîì íåïðå-
ðûâíûõ íà [a, b] âåêòîð-ôóíêöèé: ` : C([a, b],Rn)→ Rm, α ∈ Rm � ïîñòîÿííûé
âåêòîð.
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×àñòîòíûå ìåòîäû â òåîðèè îãðàíè÷åííûõ ðåøåíèé íåëèíåéíûõ
âåêòîðíî-ìàòðè÷íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé n-ãî ïîðÿäêà

Ïåðîâ À. È.
Êîñòðóá È. Ä. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â åâêëèäîâîì ïðîñòðàíñòâå Rd ðàññìàòðèâàåòñÿ óðàâíåíèå n-ãî ïîðÿäêà
ñëåäóþùåãî âèäà:A0x

(n)+A1x
(n−1)+...+Anx = f(t, x, ẋ, ..., x(n−1)), êîýôôèöè-

åíòû êîòîðîãî � ïîñòîÿííûå d× d-ìàòðèöû. Ïðåäïîëàãàåòñÿ, ÷òî ìàòðè÷íûé
õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí Ln(λ) ≡ λnA0 + λn−1A1 + ... + An ÿâëÿåòñÿ
íåðåçîíàíñíûì, ò. å. det L−1

n [(iθ)] 6= 0 ïðè −∞ < θ < +∞. ×àñòîòíûå ïî-
ñòîÿííûå ââîäÿòñÿ ñëåäóþùèì îáðàçîì: σj = max−∞<θ<+∞ |(iθ)jL−1

n [(iθ)]|,
j = 0, 1, ..., n− 1. Íåëèíåéíàÿ ôóíêöèÿ

f(t, x0, x1, ..., xn−1) : R× Rd × . . .× Rd︸ ︷︷ ︸
n ðàç

→ Rd

ïðåäïîëàãàåòñÿ íåïðåðûâíîé ïî t è óäîâëåòâîðÿþùåé óñëîâèþ Ëèïøèöà

|f(t, x0, x1, ..., xn−1)− f(t, y0, y1, ..., yn−1)| ≤
n−1∑
j=0

lj |xj − yj |.

Íåïðåðûâíàÿ ôóíêöèÿ f0(t) ≡ f(t, 0, 0, ..., 0) ïðåäïîëàãàåòñÿ îãðàíè÷åííîé.
Ïðè âûïîëíåíèè ÷àñòîòíîãî óñëîâèÿ qσ ≡

∑n−1
j=0 σj lj < 1 äîêàçàíû ÷åòû-

ðå òåîðåìû:

1◦. ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îãðàíè÷åííîãî ðåøåíèÿ è îöåíêè;
2◦. ñõîäèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ê îãðàíè÷åííî-

ìó ðåøåíèþ;
3◦. åñëè f(t, x0, x1, ..., xn−1) ïî÷òè ïåðèîäè÷íà ïî t, òî îãðàíè÷åííîå ðå-

øåíèå òàêæå ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêèì è åãî ÷àñòîòû âêëþ÷å-
íû â ãðóïïó ÷àñòîò íåëèíåéíîñòè;

4◦. åñëè ìàòðè÷íûé õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí Ln(λ) ÿâëÿåòñÿ ãóð-
âèöåâûì, òî îãðàíè÷åííîå ðåøåíèå ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé-
÷èâûì â öåëîì (ïðèçíàê êîíâåðãåíòíîñòè).
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Îäèí ìåòîä èññëåäîâàíèÿ êðàåâûõ çàäà÷ äëÿ íå ðàçðåøåííûõ
îòíîñèòåëüíî ïðîèçâîäíîé äèôôåðåíöèàëüíûõ óðàâíåíèé
Ïëóæíèêîâà Å. À. (Òàìáîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè Ã. Ð. Äåðæàâèíà, Ðîññèÿ)

Â ðàáîòå ïðåäëàãàåòñÿ ìåòîä èññëåäîâàíèÿ êðàåâûõ çàäà÷ äëÿ íå ðàçðå-
øåííûõ îòíîñèòåëüíî ïðîèçâîäíîé äèôôåðåíöèàëüíûõ óðàâíåíèé, èñïîëüçó-
þùèé òåîðèþ íàêðûâàþùèõ îòîáðàæåíèé. Ìåòîä ïîçâîëÿåò ïîëó÷èòü óñëî-
âèÿ ñóùåñòâîâàíèÿ ðåøåíèé è èõ îöåíêè, äîêàçàòü óòâåðæäåíèÿ î íåïðåðûâ-
íîé çàâèñèìîñòè ðåøåíèé îò êðàåâûõ óñëîâèé è ïàðàìåòðîâ äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ. Â îñíîâå ìåòîäà ëåæèò ñëåäóþùåå óòâåðæäåíèå î âîçìóùå-
íèÿõ íàêðûâàþùèõ îòîáðàæåíèé, äåéñòâóþùèõ â ïðîèçâåäåíèè ìåòðè÷åñêèõ
ïðîñòðàíñòâ.

Ïóñòü (X, ρX), (Y, ρY )�ìåòðè÷åñêèå ïðîñòðàíñòâà. Îáîçíà÷èì ÷åðåç
BX(u, r) çàìêíóòûé øàð ïðîñòðàíñòâà X ñ öåíòðîì â òî÷êå u ðàäèóñà r.

Îïðåäåëåíèå 1. Ïóñòü çàäàíî α > 0. Îòîáðàæåíèå Ψ : X → Y íàçûâàþò
α-íàêðûâàþùèì (íàêðûâàþùèì), åñëè äëÿ âñåõ r > 0, u ∈ X èìååò ìåñòî
âêëþ÷åíèå Ψ(BX(u, r)) ⊇ BY (Ψ(u), αr).

Ïóñòü çàäàíû ìåòðè÷åñêèå ïðîñòðàíñòâà (Xi, ρXi), (Yi, ρYi), i = 1, n.
Îïðåäåëèì â ïðîñòðàíñòâàõ X = X1×X2× ...×Xn, Y = Y1×Y2× ...×Yn ìåò-
ðèêè ðàâåíñòâàìè ρX = |(ρX1 , ρX2 , ..., ρXn)|, ρY = |(ρY1 , ρY2 , ..., ρYn)|. Ïóñòü,
äàëåå, çàäàíû îòîáðàæåíèÿ Fi : Xi×X → Yi, i = 1, n. Îïðåäåëèì îòîáðàæåíèå
Φ : X ×X → Y , Φ(v, x) =

(
Fi(vi, x)

)
i=1,n

.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ïðîñòðàíñòâà Xi, i = 1, n, ÿâëÿþòñÿ
ïîëíûìè. Ïóñòü äëÿ êàæäîãî i, j = 1, n, ñóùåñòâóþò òàêèå αi > 0, βij ≥ 0,
÷òî:

1◦. îòîáðàæåíèå Fi(·, x1, x2, ..., xn) : Xi → Yi ÿâëÿåòñÿ çàìêíóòûì è
αi-íàêðûâàþùèì äëÿ âñåõ x ∈ X;

2◦. îòîáðàæåíèå Fi(vi, x1, ..., xj−1, ·, xj+1, ..., xn) : Xj → Yi ÿâëÿåòñÿ
βij-ëèïøèöåâûì ïðè ëþáûõ vi ∈ Xi, x1 ∈ X1, ..., xj−1 ∈ Xj−1,
xj+1 ∈ Xj+1, ..., xn ∈ Xn.

Òîãäà, åñëè äëÿ ñïåêòðàëüíîãî ðàäèóñà % ìàòðèöû (α−1
i βij)n×n âûïîëíåíî

% < 1, òî îòîáðàæåíèå Φ : X ×X → Y áóäåò íàêðûâàþùèì.

Ïóñòü çàäàíû l,m ∈ R, q ∈ Rn, à òàêæå èçìåðèìàÿ ïî ïåðâîìó
è íåïðåðûâíàÿ ïî ñîâîêóïíîñòè âòîðîãî è òðåòüåãî àðãóìåíòîâ ôóíêöèÿ
f : [a, b]× Rn × Rn → Rm. Ïðèìåíåíèå òåîðåìû 1 ê êðàåâîé çàäà÷å

f(t, x(t), ẋ(t)) = 0, t ∈ [a, b], lx(a) +mx(b) = q,

ïîçâîëÿåò ñôîðìóëèðîâàòü ñëåäóþùèé ïðèçíàê åå ðàçðåøèìîñòè:

1◦. îòîáðàæåíèå f(t, x, ·) : Rn → Rm ÿâëÿåòñÿ α-íàêðûâàþùèì ïðè ëþ-
áîì x ∈ Rn;

2◦. îòîáðàæåíèå f(t, ·, y) : Rn → Rm ÿâëÿåòñÿ β-ëèïøèöåâûì ïðè ëþáûõ
y ∈ Rn;

3◦. èìååò ìåñòî íåðàâåíñòâî α|l +m| − β(b− a)(|l +m|+ |m|) > 0.
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Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Å. Ñ. Æóêîâñêèì.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-97503; ÔÖÏ �Íà-

ó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè íà 2009�2013
ãîäû�, ãîñóäàðñòâåííûé êîíòðàêò � 14.740.11.0349.

Ñóùåñòâîâàíèå ðåøåíèé â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ äëÿ
ñèñòåìû ãèïåðáîëè÷åñêèõ çàêîíîâ ñîõðàíåíèÿ

Ïîãîäàåâ Í. È. (Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ,
Ðîññèÿ)

Â äîêëàäå ðàññìàòðèâàåòñÿ óïðàâëÿåìàÿ ñèñòåìà

∂tu+ ∂xf(u) = 0, (t, x) ∈ [0, T ]× R+,

b(u(t, 0+)) = B(t, w(t)), t ∈ [0, T ],

ẇ(t) = F (t, u(t, 0+), w(t))α(t) +G(t, u(t, 0+), w(t)), t ∈ [0, T ],

w(0) = w0, u(0, x) = u0(x), x ∈ R+,

α(t) ∈ A, t ∈ [0, T ],

(1)
ãäå u ∈ Rn, w ∈ Rm, α ∈ Rp, f : Rn → Rn, b : Rn → Rn−l, B : [0, T ]×Rn → Rn−l,
F : [0, T ]×Rn×Rm → L(Rp;Rm), G : [0, T ]×Rn×Rm → Rm, A ⊂ Rp � âûïóêëîå
êîìïàêòíîå ìíîæåñòâî. Óïðàâëÿþùèì ïàðàìåòðîì çäåñü ÿâëÿåòñÿ α.

Îïðåäåëåíèå 1. Ðåøåíèåì ñèñòåìû (1) íàçîâåì òðîéêó ôóíêöèé
(u,w, α) òàêóþ, ÷òî

1◦. u ∈ C
(
[0, T ];L1(R;Rn)

)
è TV (u(t)) < ∞ äëÿ ï. â. t ∈ [0, T ],

w : [0, T ]→ Rm � àáñîëþòíî íåïðåðûâíà, α : [0, T ]→ A � èçìåðèìà;
2◦. u(0, x) = u0(x) äëÿ ï. â. x > 0 è lim

x→0+
b(u(t, x)) = B(t, w(t)) äëÿ ï. â.

t ≥ 0;
3◦. äëÿ âñåõ x > 0 ôóíêöèÿ u ÿâëÿåòñÿ ñëàáûì ýíòðîïèéíûì ðåøåíèåì

óðàâíåíèÿ ∂tu+ ∂xf(u) = 0;
4◦. äëÿ ï. â. t ∈ [0, T ]

w(t) = w0 +

∫ t

0

[F (τ, u(τ, 0+), w(τ))α(τ) +G(τ, u(τ, 0+), w(τ))] dτ.

Ìíîæåñòâî âñåõ ðåøåíèé ñèñòåìû (1) îáîçíà÷èì ÷åðåç S.

Ïóñòü g : [0, T ]×L1(R+;Rn)×Rm×Rp → R � íåêîòîðàÿ èçìåðèìàÿ ôóíê-
öèÿ. Ïðè îïðåäåëåííûõ, äîñòàòî÷íî ñòàíäàðòíûõ, ïðåäïîëîæåíèÿõ îòíîñè-
òåëüíî ôóíêöèé g, f , b, B, F è G ìû äîêàçûâàåì ñóùåñòâîâàíèå ðåøåíèÿ â
çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ∫ T

0

g(t, u(t), w(t), α(t)) dt→ min, (u,w, α) ∈ S.

Ñèñòåìû âèäà (1) ìîäåëèðóþò ïðîöåññû, â êîòîðûõ æèäêîñòü âçàèìîäåé-
ñòâóåò ñ òâåðäûì òåëîì. Äâèæåíèå òâåðäîãî òåëà îïèñûâàåòñÿ ñèñòåìîé îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, â òî âðåìÿ êàê äâèæåíèå æèäêîñòè
ïîä÷èíåíî ñèñòåìå óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Êîíêðåòíûå ïðèìåðû
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òàêèõ ìîäåëåé ìîæíî íàéòè â ðàáîòå [1]. Ïîä÷åðêíåì, ÷òî äàííàÿ ïîñòàíîâêà
íå èñêëþ÷àåò âîçìîæíîñòè âîçíèêíîâåíèÿ óäàðíûõ âîëí.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 10-01-00132-à) è ÑÎ ÐÀÍ
(èíòåãðàöèîííûé ïðîåêò ÑÎ ÐÀÍ�ÓðÎ ÐÀÍ � 85).

Ñïèñîê ëèòåðàòóðû

[1] Borsche R., Colombo R. M., Garavello M. On the coupling of systems of hyperbolic
conservation laws with ordinary di�erential equations // Nonlinearity. 2010. V. 23. � 11.
P. 2749�2770.

Îá óñðåäíåíèè íà÷àëüíî-êðàåâîé çàäà÷è â ïåðôîðèðîâàííîé
îáëàñòè ñ íåëèíåéíûì êðàåâûì óñëîâèåì òðåòüåãî òèïà íà

ãðàíèöå ïîëîñòåé äëÿ íåëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ
Ïîäîëüñêèé À. Â. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)
Øàïîøíèêîâà Ò. À. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Â ðàáîòå èçó÷åíî àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè ε→ 0 ðåøåíèÿ uε êðàå-
âîé çàäà÷è äëÿ óðàâíåíèÿ ∂tuε−∆puε ≡ − div(|∇uε|p−2∇uε) = f , ãäå p ∈ [2, n),
â ε-ïåðèîäè÷åñêè ïåðôîðèðîâàííîé îáëàñòè Ωε ⊂ Rn, n ≥ 3, ñ íåëèíåéíûì
òðåòüèì êðàåâûì óñëîâèåì âèäà ∂νpuε+ ε−γσ(x, uε) = ε−γg(x) íà ãðàíèöå ïî-
ëîñòåé, ãäå ∂νpuε ≡ |∇uε|p−2(∇uε, ν), ν � âåêòîð âíåøíåé åäèíè÷íîé íîðìàëè
ê ãðàíèöå ïîëîñòåé. Ïðåäïîëàãàåòñÿ, ÷òî äèàìåòð ïîëîñòåé ðàâåí C0ε

α, ãäå
C0 > 0, α = n/(n − p); γ = α(p − 1). Ïðè òàêèõ óñëîâèÿõ ïîñòðîåíà óñðåä-
íåííàÿ çàäà÷à, ñîäåðæàùàÿ íîâîå íåëèíåéíîå ñëàãàåìîå, è äîêàçàíà òåîðåìà
î ñõîäèìîñòè ïðè ε→ 0 ðåøåíèÿ èñõîäíîé çàäà÷è ê ðåøåíèþ óñðåäíåííîé.

Ïîëîæèì Ωε = Ω \Gε, Sε = ∂Gε, ∂Ωε = ∂Ω ∪ Sε. Â öèëèíäðå QTε = Ωε ×
(0, T ) ðàññìîòðèì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó

∂tuε −∆puε = f(x, t), (x, t) ∈ QTε ,

∂νpuε + ε−γσ(x, uε) = ε−γg(x), (x, t) ∈ SεT = Sε × (0, T ),

uε = 0, (x, t) ∈ ∂Ω× (0, T ),

uε(x, 0) = 0, x ∈ Ωε,

(1)

ãäå ∆pu ≡ div(|∇u|p−2∇u), p ∈ [2, n), ∂νpu ≡ |∇u|p−2(∇u, ν), ν � âíåøíÿÿ
åäèíè÷íàÿ íîðìàëü ê SεT , γ = α(p − 1), è ïðåäïîëàãàåòñÿ, ÷òî f ∈ Lq(Q

ε
T ),

q = p/(p− 1) è g ∈ C(Ω). Ïðåäïîëîæèì, ÷òî σ(x, u)�íåïðåðûâíî äèôôåðåí-
öèðóåìàÿ ïî ïåðåìåííûì x ∈ Ω è u ∈ R ôóíêöèÿ, òàêàÿ, ÷òî σ(x, 0) = 0 è
ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå k1 è k2, ÷òî âûïîëíåíû íåðà-
âåíñòâà (σ(x, u)− σ(x, v))(u− v) ≥ k1|u− v|p, |σ(x, u)| ≤ k2|u|p−1.

Ïîä ðåøåíèåì ïîíèìàåì uε ∈ Lp(0, T ;W 1,p(Ωε, ∂Ω)), ∂tuε ∈
L2(0, T ;W−1,p′(Ωε, ∂Ω)). Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà îá óñðåäíåèè çà-
äà÷è (1).

Òåîðåìà 1. Ïóñòü n ≥ 3, 2 ≤ p < n, α = n/(n− p), γ = α(p− 1) è uε �

îáîáùåííîå ðåøåíèå çàäà÷è (1). Ââåäåì ôóíêöèþ u ∈W 1,p
0 (Ω) êàê îáîáùåííîå
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ðåøåíèå çàäà÷è
∂tu−∆pu+A|H(x, u)|p−2H(x, u) = f(x) â Ω,

u = 0 íà ∂Ω× (0, T ),

u(x, 0) = 0 ïðè x ∈ Ω,

ãäå A =
(
n−p
p−1

)p−1

Cn−p0 ωn, ωn �ïëîùàäü ïîâåðõíîñòè åäèíè÷íîé ñôåðû â Rn,
H(x, u)� ðåøåíèå óðàâíåíèÿ

B0|H|p−2H = σ(x, u−H)− g(x),

ãäå B0 =
(
n−p
p−1

)p−1

C1−p
0 . Òîãäà ũε ⇀ u â Lp(0, T ;Lp(Ω)) ïðè ε→ 0.

Îá èíòåãðàëüíîì ïðåäñòàâëåíèè ðåøåíèé ñèñòåìû
Ìîèñèëà�Òåîäîðåñêó

Ïîëóíèí Â. À. (Áåëãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ñîëäàòîâ À. Ï. (Áåëãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü ãëàäêàÿ ïîâåðõíîñòü S ⊆ R3 ñëóæèò ãðàíèöåé êîíå÷íîé îäíîñâÿç-
íîé îáëàñòè D, è n åñòü åäèíè÷íàÿ âíåøíÿÿ íîðìàëü íà S. Õîðîøî èçâåñòíî
[1], ÷òî òðåõìåðíûé àíàëîã èíòåãðàëà òèïà Êîøè

(Iψ)(x) =
1

2π

∫
S

M>(y − x)

|y − x|3 M [n(y)]ψ(y) d2y, x ∈ D, (1)

ñëóæèò ðåøåíèåì ñèñòåìû Ìîèñèëà�Òåîäîðåñêó [1]

M

(
∂

∂x1
,
∂

∂x2
,
∂

∂x3

)
u(x) = 0, M(ζ) =


0 ζ1 ζ2 ζ3
ζ1 0 −ζ3 ζ2
ζ2 ζ3 0 −ζ1
ζ3 −ζ2 ζ1 0

 . (2)

Åñëè ψ ∈ Cµ(S), òî ãðàíè÷íîå çíà÷åíèå

u+(y0) = lim
x→y0,x∈D

u(x), y0 ∈ S,

ôóíêöèè u = Iψ ñóùåñòâóåò è ñâÿçàíî ñ ñîîòâåòñòâóþùèì ñèíãóëÿðíûì èí-
òåãðàëîì u∗ = I∗ψ ôîðìóëîé òèïà Ñîõîöêîãî�Ïëåìåëÿ u+ = ψ + u∗. Â äåé-
ñòâèòåëüíîñòè [2] â ïðåäïîëîæåíèè S ∈ C1,µ+0 (ò. å. S ∈ C1,µ+ε ñ íåêîòîðûì
ìàëûì ε > 0) îïåðàòîð ψ 7→ Iψ îãðàíè÷åí Cµ(S)→ Cµ(D). Ñïåöèàëüíûé âû-
áîð ïëîòíîñòè â èíòåãðàëå (1) îáåñïå÷èâàåò ñïðàâåäëèâîñòü ôîðìóëû Êîøè
2u = Iu+ äëÿ ðåøåíèÿ u ∈ Cµ(D) ñèñòåìû (2).

Îñíîâíîé ðåçóëüòàò äàííîé ðàáîòû ñîñòîèò â ñëåäóþùåì.

Òåîðåìà 1. Ïóñòü S ∈ C2,+0. Òîãäà äëÿ ëþáîãî ðåøåíèÿ u ∈ Cµ(D)
ñèñòåìû (2) ñóùåñòâóåò åäèíñòâåííàÿ 2-âåêòîð-ôóíêöèÿ ϕ = (ϕ1, ϕ2) ∈
Cµ(S), òàêàÿ, ÷òî

u = Iψ, ψi =

{
ϕ1, i = 1,

ϕ2ni−1 i = 2, 3, 4.
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Ñ ïîìîùüþ ýòîãî ïðåäñòàâëåíèÿ è ôîðìóëû Ñîõîöêîãî�Ïëåìåëÿ ëþáóþ
êðàåâóþ çàäà÷ó äëÿ ñèñòåìû Ìîèñèëà�Òåîäîðåñêó â îáëàñòè D ìîæíî ëåãêî
ðåäóöèðîâàòü ê ýêâèâàëåíòíîé ñèñòåìå äâóìåðíûõ ñèíãóëÿðíûõ èíòåãðàëü-
íûõ óðàâíåíèé íà ïîâåðõíîñòè S.

Ðàáîòà âûïîëíåíà â ðàìêàõ ÔÖÏ ¾Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå
êàäðû èííîâàöèîííîé Ðîññèè¿ íà 2009�2013 ãîäû (ãîñêîíòðàêòû Ï, Ï693,
� 02.740.11.0613).

Ñïèñîê ëèòåðàòóðû

[1] Áèöàäçå À. Â. Êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ì.,
1966.

[2] Ïîëóíèí Â. À., Ñîëäàòîâ À. Ï. Òðåõìåðíûé àíàëîã èíòåãðàëà òèïà Êîøè // Äèô-
ôåðåíö. óðàâíåíèÿ, 2011, ò. 47.

Î âíóòðåííåé ãëàäêîñòè îáîáùåííûõ ðåøåíèé íåêîòîðûõ
ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé ñ

âûðîæäåíèåì
Ïîïîâ Â. À. (Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêîå äèôôåðåíöèàëüíî�ðàçíîñòíîå óðàâíå-
íèå ñ âûðîæäåíèåì

ARu = −
n∑

i,j=1

∂2

∂xi∂xj
Riju = f(x) (x ∈ Q) (1)

ñ êðàåâûì óñëîâèåì
u(x) = 0 (x ∈ Rn \Q), (2)

ãäå Q ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂Q, Rij �
ðàçíîñòíûå îïåðàòîðû,

Riju(x) =
∑
h∈M

aijhu(x+ h), (3)

M⊂ Z � êîíå÷íîå ìíîæåñòâî âåêòîðîâ, aijh ∈ C.
Ïðåäïîëàãàåòñÿ, ÷òî ðàçíîñòíûå îïåðàòîðû ÿâëÿþòñÿ íåîòðèöàòåëüíûìè

è âûïîëíÿåòñÿ óñëîâèå ïîä÷èíåííîñòè ÿäåð ðàçíîñòíûõ îïåðàòîðîâ. Â îòëè-
÷èå îò ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âûðîæäåíèåì, âûðîæ-
äåíèå â çàäà÷å (1), (2) íîñèò íåëîêàëüíûé õàðàêòåð. Â [2], [3] ïîêàçàíî, ÷òî
íåêîòîðûå êëàññû íåëîêàëüíûõ ýëëèïòè÷åñêèõ çàäà÷, âîçíèêàþùèõ â òåîðèè
ïëàçìû [1], ñâîäÿòñÿ ê ýëëèïòè÷åñêèì äèôôåðåíöèàëüíî-ðàçíîñòíûì óðàâ-
íåíèÿì ñ âûðîæäåíèåì.

Ââåäåì îïåðàòîð AR ïî ôîðìóëå (1) ñ îáëàñòüþ îïðåäåëåíèÿ
D(AR) = C∞0 (Q). Äëÿ îïåðàòîðà AR ïîëó÷åíû àïðèîðíûå îöåíêè, ïîçâîëÿþ-
ùèå ïîñòðîèòü ôðèäðèõñîâî ðàñøèðåíèå AR îïåðàòîðà AR [4].

Îïðåäåëåíèå 1. Îáîáùåííûì ðåøåíèåì çàäà÷è (1), (2) ñ f ∈ L2(Q)
íàçûâàåòñÿ ôóíêöèÿ u ∈ D(AR) òàêàÿ, ÷òî ARu = f .

Â ðàáîòå ïîêàçàíî, ÷òî äëÿ ëþáîé ôóíêöèè f ∈ L2(Q) îðòîãîíàëüíàÿ
ïðîåêöèÿ P11u îáîáùåííîãî ðåøåíèÿ u ∈ D(AR) íà îáðàç ðàçíîñòíîãî îïå-
ðàòîðà R11 îáëàäàåò ñëåäóþùèì ñâîéñòâîì: P11u ∈ W 2

2,loc(Qr) (r = 1, 2, . . .).
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Çäåñü Qr � îòêðûòûå ñâÿçíûå êîìïîíåíòû ìíîæåñòâà Q \
⋃
h∈M

(∂Q+ h), M �

àääèòèâíàÿ ãðóïïà, ïîðîæäåííàÿ ìíîæåñòâîìM.
Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò � 10-01-00395, ïðî-

åêò � 09-01-00586), àíàëèòè÷åñêîé âåäîìñòâåííîé ïðîãðàììû
”
Ðàçâèòèå íà-

ó÷íîãî ïîòåíöèàëà âûñøåé øêîëû“ (ïðîåêò � 2.1.1/5328), è â ðàìêàõ ôåäå-
ðàëüíîé öåëåâîé ïðîãðàììû

”
Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííî-

âàöèîííîé Ðîññèè 2009�2013 ãã.“

Ñïèñîê ëèòåðàòóðû

[1] Áèöàäçå À. Â., Ñàìàðñêèé À. À. Î íåêîòîðûõ ïðîñòåéøèõ îáîáùåíèÿõ ëèíåéíûõ
ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ // ÄÀÍ ÑÑÑÐ. 1969. Ò. 185. � 4. Ñ. 739�740.

[2] Skubachevskii A. Elliptic Functional Di�erential Equations and Applications. Basel-
Boston-Berlin, Birkh�auser, 1997.

[3] Ñêóáà÷åâñêèé À. Ë. Ýëëèïòè÷åñêèå äèôôåðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ ñ âû-
ðîæäåíèåì // Òðóäû ÌÌÎ. 1997. Ò. 59. Ñ. 240�285.

[4] Ïîïîâ Â. À., Ñêóáà÷åâñêèé À. Ë. Ñåêòîðèàëüíûå äèôôåðåíöèàëüíî-ðàçíîñòíûå
îïåðàòîðû ñ âûðîæäåíèåì // ÄÀÍ. 2009. Ò. 428. � 4. Ñ. 450�453.

Ãëîáàëüíàÿ äîñòèæèìîñòü è ãëîáàëüíàÿ ëÿïóíîâñêàÿ
ïðèâîäèìîñòü ëèíåéíûõ óïðàâëÿåìûõ ñèñòåì

Ïîïîâà Ñ. Í. (Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = A(t)x+B(t)u, x ∈ Rn, u ∈ Rm, t ∈ R, (1)

ñ êóñî÷íî-íåïðåðûâíûìè è îãðàíè÷åííûìè íà R ìàòðè÷íûìè êîýôôèöèåíòà-
ìè A(·) è B(·). Óïðàâëåíèå u(·) â ñèñòåìå (1) âûáèðàåòñÿ ëèíåéíûì ïî ôàçî-
âûì êîîðäèíàòàì, u = U(t)x. Êóñî÷íî-íåïðåðûâíàÿ è îãðàíè÷åííàÿ ôóíêöèÿ
U : R→ Mmn èãðàåò ðîëü ìàòðè÷íîãî óïðàâëåíèÿ â çàìêíóòîé ñèñòåìå

ẋ =
(
A(t) +B(t)U

)
x. (2)

Îïðåäåëåíèå 1. Ïóñòü U ⊂ Mmn � íåîãðàíè÷åííîå ìíîæåñòâî. Áóäåì
ãîâîðèòü, ÷òî ñèñòåìà (2) îáëàäàåò ñâîéñòâîì ðàâíîìåðíîé ãëîáàëüíîé äî-
ñòèæèìîñòè îòíîñèòåëüíî ìíîæåñòâà U, åñëè ïðè íåêîòîðîì ϑ > 0 äëÿ
ïðîèçâîëüíûõ α > 0 è β > 0 íàéäåòñÿ òàêîå l > 0, ÷òî äëÿ ëþáîé ìàòðèöû
H ∈ Mnn, óäîâëåòâîðÿþùåé íåðàâåíñòâàì ‖H‖ ≤ α è detH ≥ β, è äëÿ ëþ-
áîãî t0 ∈ R ñóùåñòâóåò êóñî÷íî-íåïðåðûâíîå óïðàâëåíèå U : [t0, t0 + ϑ]→ U,
‖U‖C ≤ l, ãàðàíòèðóþùåå âûïîëíåíèå ðàâåíñòâà

XU (t0 + ϑ, t0) = X0(t0 + ϑ, t0)H,

ãäå XU (t, s) � ìàòðèöà Êîøè ñèñòåìû (2).

Îïðåäåëåíèå 2. Ïóñòü U ⊂ Mmn � íåîãðàíè÷åííîå ìíîæåñòâî. Áóäåì
ãîâîðèòü, ÷òî ñèñòåìà (2) îáëàäàåò ñâîéñòâîì ãëîáàëüíîé ëÿïóíîâñêîé ïðè-
âîäèìîñòè îòíîñèòåëüíî ìíîæåñòâà U, åñëè äëÿ ëþáîé êóñî÷íî íåïðåðûâ-
íîé è îãðàíè÷åííîé ìàòðèöû D : R → Mnn íàéäåòñÿ êóñî÷íî íåïðåðûâíîå
îãðàíè÷åííîå óïðàâëåíèå U : R → U, îáåñïå÷èâàþùåå àñèìïòîòè÷åñêóþ ýê-
âèâàëåíòíîñòü ñèñòåìû

ż = D(t)z, z ∈ Rn,
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è ñèñòåìû (2) ïðè U = U(·), ò. å. ñóùåñòâóåò ïðåîáðàçîâàíèå Ëÿïóíîâà, ñâÿ-
çûâàþùåå ýòè ñèñòåìû.

Îïðåäåëåíèå 3. Ñèñòåìà (1) íàçûâàåòñÿ ðàâíîìåðíî âïîëíå óïðàâëÿå-
ìîé (â ñìûñëå Ð. Êàëìàíà), åñëè ñóùåñòâóþò òàêèå ϑ > 0 è γ > 0, ÷òî ïðè
âñåõ t0 ∈ R è ξ ∈ Rn âûïîëíåíî íåðàâåíñòâî∫ t0+ϑ

t0

‖ξ∗X0(t0, s)B(s)‖2 ds ≥ γ‖ξ‖2.

Òåîðåìà 1. Ïóñòü U ⊂ Mmn � íåîãðàíè÷åííîå ìíîæåñòâî. Åñëè ñè-
ñòåìà (2) ðàâíîìåðíî ãëîáàëüíî äîñòèæèìà îòíîñèòåëüíî ìíîæåñòâà U,
òî ñîîòâåòñòâóþùàÿ ñèñòåìà (1) ðàâíîìåðíî âïîëíå óïðàâëÿåìà (â ñìûñëå
Ð. Êàëìàíà).

Òåîðåìà 2. Ïóñòü U ⊂ Mmn � íåîãðàíè÷åííîå ìíîæåñòâî. Åñëè ñè-
ñòåìà (2) ðàâíîìåðíî ãëîáàëüíî äîñòèæèìà îòíîñèòåëüíî ìíîæåñòâà U,
òî (2) îáëàäàåò ñâîéñòâîì ãëîáàëüíîé ëÿïóíîâñêîé ïðèâîäèìîñòè îòíîñè-
òåëüíî U.

Ïîêàçàíî, ÷òî â îáùåì ñëó÷àå óòâåðæäåíèÿ, îáðàòíûå òåîðåìàì 1 è 2,
íåâåðíû.

Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîãðàììû Ïðåçèäèóìà ÐÀÍ �Ìàòåìàòè÷å-
ñêàÿ òåîðèÿ óïðàâëåíèÿ�.

Î íåêîòîðîì êëàññå ïðèêëàäíûõ äèíàìè÷åñêèõ ñèñòåì è èõ
áèôóðêàöèÿõ

Ïîòàïîâ Â. È. (Íîðèëüñêèé èíäóñòðèàëüíûé èíñòèòóò, Ðîññèÿ)
Ìîðîçîâ À. Ä. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Í. È. Ëîáà÷åâñêîãî, Ðîññèÿ)

Èçó÷àåòñÿ êëàññ äèññèïàòèâíûõ ïðèêëàäíûõ äèíàìè÷åñêèõ ñèñòåì âèäà

ẋi = Fi(x1, x2, ..., xn;µ1, µ2, ..., µk), i = 1, 2, ..., n, (1)

óäîâëåòâîðÿþùèõ óñëîâèþ ∂F1
∂x1

+ ...+ ∂Fn
∂xn

< 0, ãäå xi �ôàçîâûå ïåðåìåííûå,
à µi �ïàðàìåòðû.

Ê ñèñòåìå òàêîãî òèïà ïðèõîäèì ïðè ìîäåëèðîâàíèè êîëåáàòåëüíûõ ðå-
æèìîâ â ðàáîòå ïàðîâîé ìàøèíû Óàòòà ñ öåíòðîáåæíûì ðåãóëÿòîðîì:

ẋ1 = x2,

ẋ2 = −γx2 + sinx1 + x2
3 sinx1 cosx1,

ẋ3 = k(cosx1 − ρ).

(2)

Åå íàçûâàåì òðåõïàðàìåòðè÷åñêîé äèíàìè÷åñêîé ñèñòåìîé Âûøíåãðàäñêîãî�
Ïîíòðÿãèíà. Â äàííîì äîêëàäå ïîäðîáíåå îñòàíîâèìñÿ íà ñèñòåìå (2).

Îíà èìååò îäíî ñîñòîÿíèå ðàâíîâåñèÿ O1(arccos ρ; 0; 1√
ρ
), è äèâåðãåíöèÿ

åå âåêòîðíîãî ïîëÿ âñþäó îòðèöàòåëüíà.
Ïîêàçàíî, ÷òî â ñèñòåìå (2) ïðè êðèòè÷åñêèõ çíà÷åíèÿõ ïàðàìåòðîâ k =

1, ρ = 0, 815 è γ = 1, 472 ðåàëèçóåòñÿ êëàññè÷åñêàÿ áèôóðêàöèÿ Àíäðîíîâà�
Õîïôà ðîæäåíèÿ åäèíñòâåííîãî ïðåäåëüíîãî öèêëà èç ñåäëî-ôîêóñà. Äàëåå
ïðè γ = 1 è òåõ æå çíà÷åíèÿõ k è ρ ïîÿâëÿþòñÿ äâà ïåðåêðó÷åííûõ öèêëà. Ïðè
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óìåíüøåíèè γ äî 0, 5 èäåò ïðîöåäóðà óäâîåíèÿ ïåðèîäà öèêëà, ïðèâîäÿùàÿ ê
ñëîæíîìó ïðèòÿãèâàþùåìó ìíîæåñòâó ôàçîâûõ òðàåêòîðèé.

Òàêæå â äîêëàäå îáîáùàþòñÿ ñâîéñòâà ðåøåíèé ñèñòåì âèäà (1) íà
áàçå äèíàìè÷åñêèõ ñèñòåì ×óìàêîâà�Ñëèíüêî, Ðèêèòàêè è Ôðàí÷åñêèíè�
Òèáàëüäè.

Î ñèíãóëÿðíûõ ðåøåíèÿõ óðàâíåíèÿ ÊäÔ
Ïîõîæàåâ Ñ. È. (Ìàòåìàòè÷åñêèé èíñòèòóò ÐÀÍ, Ðîññèÿ)

Âî Âñåëåííîé Êîðòåâåãà�äå Ôðèçà, êàê è âî âñÿêîé ðàñøèðÿþùåéñÿ Âñå-
ëåííîé (êàæäûé ãîä ïóáëèêóåòñÿ áîëåå 100 ñòàòåé, è êàæäûå 2�3 ãîäà âûõîäèò
êíèãà, ïîñâÿùåííàÿ óðàâíåíèþ Êîðòåâåãà�äå Ôðèçà), èìåþòñÿ ÷åðíûå äûðû
è ïðîèñõîäÿò âçðûâû Ñâåðõíîâûõ.

Äîêëàä ïîñâÿùåí ïðîáëåìå ÷åðíûõ äûð è âçðûâàì â ýòîé Âñåëåííîé
ÊäÔ, ò. å. ñèíãóëÿðíûì ðåøåíèÿì è èõ ðàçðóøåíèþ çà êîíå÷íîå âðåìÿ. Ðàñ-
ñìàòðèâàþòñÿ íà÷àëüíî-êðàåâûå çàäà÷è íà îãðàíè÷åííîì ïðîñòðàíñòâåííîì
ïðîìåæóòêå, íà ïîëóîãðàíè÷åííîì ïðîìåæóòêå, è çàäà÷à Êîøè.

Óñòàíàâëèâàåòñÿ, ÷òî ïîÿâëåíèå ñèíãóëÿðíûõ ðåøåíèé íà÷àëüíî-êðàåâûõ
çàäà÷, ðàçðóøàþùèõñÿ çà êîíå÷íîå âðåìÿ, çàâèñèò îò òèïà ãðàíè÷íûõ óñëî-
âèé; â ñëó÷àå ïîëóîãðàíè÷åííîãî ïðîìåæóòêà ïîÿâëåíèå ñèíãóëÿðíîãî ðåøå-
íèÿ îáóñëàâëèâàåòñÿ ñîîòâåòñòâóþùèìè �íà÷àëüíûì� ïî x óñëîâèÿìè.

Â ñëó÷àå çàäà÷è Êîøè ïîÿâëåíèå ñèíãóëÿðíîãî ðåøåíèÿ, ðàçðóøàþùåãî-
ñÿ çà êîíå÷íîå âðåìÿ, çàâèñèò îò àñèìïòîòèêè íà÷àëüíûõ äàííûõ, âûâîäÿùèõ
ãëàäêóþ íà÷àëüíóþ ôóíêöèþ èç ïðîñòðàíñòâà òèïà Hs(R) ñ s > −3/4.

Äëÿ çàäà÷è Êîøè ïîñòðîåíî ñåìåéñòâî ãëàäêèõ ðåøåíèé, ðàçðóøàþùèõ-
ñÿ çà êîíå÷íîå âðåìÿ. Íà ýòîì ïðèìåðå îáñóæäàåòñÿ ÿâëåíèå ñàìîôîêóñèðîâ-
êè ïîñòðîåííûõ ðåøåíèé.

Îáðàòíàÿ çàäà÷à äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ íåëîêàëüíûì
óñëîâèåì íàáëþäåíèÿ

Ïðèëåïêî À. È. (ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà)

Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ ∈ C2. Â öèëèíäðå
Q = Ω × (0, T ) ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ ïàðû {u(x, t); f(x)} èç
óñëîâèé:

ρ(x, t)ut(x, t)− Lu(x, t) = h(x, t)f(x) + g(x, t) (x, t) ∈ Q, (1)

u(x, 0) = u0(x) x ∈ Ω, u(x, t) = b(x, t) (x, t) ∈ Γ× [0, T ], (2)

l(u) ≡
∫ T

0

u(x, τ) dµ(τ) = χ(x) x ∈ Ω. (3)

Çäåñü ôóíêöèè ρ, h, g, u0, b, µ, χ çàäàíû, à ðàâíîìåðíî ýëëèïòè÷åñêèé îïå-
ðàòîð L èìååò âèä:

Lu =

n∑
i,j=1

∂

∂xj

(
aij(x)

∂u

∂xj

)
+
(−→
b (x, t),∇u

)
+ d(x, t) · u.
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Ôóíêöèÿ µ(t) â óñëîâèè íåëîêàëüíîãî ïåðåîïðåäåëåíèÿ (3) � ñêàëÿðíàÿ, èìå-
åò îãðàíè÷åííóþ âàðèàöèþ íà [0, T ] è íåïðåðûâíà ïðè t = 0 ñïðàâà. Îáîçíà-
÷èì ÷åðåç u0(x, t) ðåøåíèå ïðÿìîé çàäà÷è (1)�(2) ñ f = 0, è ïóñòü âñþäó íèæå
âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ íà çàäàííûå ôóíêöèè:

aij(x) ∈ C1(Ω); ρ, ρt ∈ C(Q); bi, ∂bi/∂xi, ∂bi/∂t, d, dt ∈ L∞(Q);

g, gt ∈ Lp(Q); u0(x) ∈W 2
p (Ω);

∃Φ,Φt ∈W 2,1
p (Q) : Φ(x, 0) = u0(x) x ∈ Ω, Φ(x, t) = b(x, t) (x, t) ∈ S;

χ(x) ∈W 2
p (Ω); h, ht ∈ L∞,p(Q); p ∈ [2,∞); l(b)(x) = χ(x) x ∈ Γ;

ρ(x, t) ≥ ρ1 > 0, d(x, t) ≤ 0 (x, t) ∈ Q; |l(h)(x)| ≥ δ > 0 x ∈ Ω.

Îïðåäåëåíèå 1. Îáîáùåííûì ðåøåíèåì îáðàòíîé çàäà÷è íàçûâàåòñÿ
ïàðà ôóíêöèé u(x, t) ∈ W 2,1

p (Q), f(x) ∈ Lp(Ω), ãäå p ∈ [2,∞), óäîâëåòâîðÿþ-
ùàÿ óñëîâèÿì (1)�(3).

Òåîðåìà 1. Çàäà÷à (1)�(3) ýêâèâàëåíòíà ëèíåéíîìó îïåðàòîðíîìó
óðàâíåíèþ 2-îãî ðîäà ñ âïîëíå íåïðåðûâíûì â Lp(Ω) îïåðàòîðîì.

Òåîðåìà 2. Åñëè bi ≡ bi(x), à ìåðà dµ(t) = ω(t)dt ñ ôóíêöèåé
ω(t) ∈ W 1

1 (0, T ), ïðè÷åì ñïðàâåäëèâû íåðàâåíñòâà ω(t) ≥ 0 íà [0, T ];
(ωρ)′t ≤ 0, l(h)−1 · h(x, t) ≥ 0 â Q, òî îáîáùåííîå ðåøåíèå îáðàòíîé çàäà-
÷è (1)�(3) ñóùåñòâóåò, åäèíñòâåííî è ñïðàâåäëèâà îöåíêà óñòîé÷èâîñòè:

‖u− u0‖(2,1)
p,Q + ‖f‖p,Ω ≤ C · ‖χ− l(u0)‖(2)

p,Ω.

Â äàííîé ðàáîòå ðåçóëüòàòû, ïîëó÷åííûå â [1] ìåòîäàìè òåîðèè ïîëó-
ãðóïï, ïåðåíåñåíû íà îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé â Lp ñ
íåñòàöèîíàðíûì îïåðàòîðîì. Ñëó÷àé ôèíàëüíîãî è èíòåãðàëüíîãî íàáëþäå-
íèÿ èññëåäîâàëñÿ â [2].

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ À. Á. Êîñòèíûì.
Ðàáîòà ïîääåðæàíà ÔÖÏ �Êàäðû� (ïðîåêò Ï268) è ÀÂÖÏ �Ðàçâèòèå

íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû� (ïðîåêò 2.1.1/6827).
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Ïîëèíîìû Ëèòëâóäà è ñïåêòðàëüíàÿ òåîðèÿ äèíàìè÷åñêèõ ñèñòåì
Ïðèõîäüêî À. À. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ïîëèíîì
P (z) = c0 + c1z + . . .+ cnz

n, cj ∈ C,
íàçûâàåòñÿ óíèìîäóëÿðíûì, åñëè |cj | = 1 äëÿ âñåõ j. Äæ. Ëèòëâóä â 1966 ã.
[7] ïîñòàâèë âîïðîñ î òîì, íàñêîëüêî óíèìîäóëÿðíûé ïîëèíîì ìîæåò áûòü
áëèçîê ê êîíñòàíòå ïî àáñîëþòíîé âåëè÷èíå íà åäèíè÷íîé îêðóæíîñòè

313



S1 = {z ∈ Z : |z| = 1}. Èíûìè ñëîâàìè, ñóùåñòâóåò ëè äëÿ çàäàííîãî ε > 0
óíèìîäóëÿðíûé ïîëèíîì P (z) ñòåïåíè n ≥ 1, óäîâëåòâîðÿþùèé îöåíêå∣∣∣∣ 1√

n+ 1
|P (z)| − 1

∣∣∣∣ < ε

äëÿ ëþáîé òî÷êè z ∈ C, òàêîé, ÷òî |z| = 1? Íàðÿäó ñ êëàññîì óíèìîäóëÿð-
íûõ ïîëèíîìîâ èçó÷àåòñÿ ìíîæåñòâî äðóãèõ êëàññîâ ïîëèíîìîâ è ýêñïîíåí-
öèàëüíûõ ñóìì, ïîñòðîåííûõ íà îñíîâå áîëåå îáùèõ èëè áîëåå ÷àñòíûõ îãðà-
íè÷åíèé íà êîôôèöèåíòû, îáúåäèíåííûõ ïîä îáùèì íàçâàíèåì ïîëèíîìû
Ëèòëâóäà. Èññëåäîâàíèå àíàëèòè÷åñêèõ ñâîéñòâ ïîëèíîìîâ Ëèòëâóäà èìååò
áîëüøîé êðóã ïðèëîæåíèé â òåîðèè ÷èñåë, àíàëèçå è òåîðèè äèíàìè÷åñêèõ
ñèñòåì. Ïîëîæèòåëüíûé îòâåò íà óïîìÿíóòûé âîïðîñ Ëèòëâóäà äàë Æ. Êà-
õàí â 1980 ã. [6] è, â òî æå âðåìÿ, ìíîãèå ïðîáëåìû, ñâÿçàííûå ñî ñâîéñòâàìè
ïîëèíîìîâ Ëèòëâóäà, îòêðûòû è ñåé÷àñ.

Îñíîâíûì îáúåêòîì íàøåãî èññëåäîâàíèÿ ÿâëÿåòñÿ êëàññMR ïîëèíîìîâ
Ëèòëâóäà ñ êîýôôèöèåíòàìè {0, 1} íà ãðóïïå R, âîçíèêàþùèé â çàäà÷àõ ñïåê-
òðàëüíîé òåîðèè äèíàìè÷åñêèõ ñèñòåì ñ èíâàðèàíòíîé ìåðîé. Â íàñòîÿùåé
ðàáîòå óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ïîëèíîìîâ â êëàññå MR, ÿâëÿþùèõ-
ñÿ èíòåãðàëüíî ε-ïëîñêèìè íà ëþáîì çàäàííîì êîìïàêòíîì ïîäìíîæåñòâå
ìíîãîîáðàçèÿ R \ {0}. À èìåííî, äîêàçûâàåòñÿ, ÷òî äëÿ çàäàííûõ 0 < a < b è
ε > 0 ñóùåñòâóåò ïîëèíîì

P(t) =
1
√
q

q−1∑
j=0

e2πi tω(j), ω(j) ∈ R,

ÿâëÿþùèéñÿ ε-ïëîñêèì íà îòðåçêå [a, b] ïî îòíîøåíèþ ê íîðìå ïðîñòðàíñòâà
L1([a, b]). Ïðèìåíåíèå äàííîãî àíàëèòè÷åñêîãî ðåçóëüòàòà ïîçâîëÿåò äàòü ïî-
ëîæèòåëüíûé îòâåò ê ãèïîòåçå Ñòåôàíà Áàíàõà [4, 2] î ñóùåñòâîâàíèè äèíà-
ìè÷åñêîé ñèñòåìû ñ ïðîñòûì ëåáåãîâñêèì ñïåêòðîì â êëàññå äåéñòâèé ãðóï-
ïû R. À èìåííî, äîêàçûâàåòñÿ ñóùåñòâîâàíèå ïîòîêà {T t}, ãäå t ∈ R, äåé-
ñòâóþùåãî ñîõðàíÿþùèìè ìåðó ïðåîáðàçîâàíèÿìè íà ïðîñòðàíñòâå Ëåáåãà
(X,A, µ), òàêîãî, ÷òî àññîöèèðîâàííîå ñ íèì óíèòàðíîå ïðåäñòàâëåíèå èìååò
îäíîêðàòíûé ëåáåãîâñêèé ñïåêòð. Êîíñòðóèðóåìûé ïîòîê ïðèíàäëåæèò êëàñ-
ñó äèíàìè÷åñêèõ ñèñòåì àïïðîêñèìàöèîííîãî ðàíãà 1 (ñì. [1, 3]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00759-à.

Ñïèñîê ëèòåðàòóðû

[1] Ä. Â. Àíîñîâ. Î ñïåêòðàëüíûõ êðàòíîñòÿõ â ýðãîäè÷åñêîé òåîðèè // Ñîâð. ïðîáë.
ìàòåì., ÌÈÀÍ. 2003. Ò. 3, Ñ. 3�85.

[2] À. À. Êèðèëëîâ. Äèíàìè÷åñêèå ñèñòåìû, ôàêòîðû è ïðåäñòàâëåíèÿ ãðóïï // ÓÌÍ.
1967. Ò. 22. � 5(137). Ñ. 67�80.

[3] À. Ì. Ñòåïèí. Ñïåêòðàëüíûå ñâîéñòâà òèïè÷íûõ äèíàìè÷åñêèõ ñèñòåì // Èçâ. ÀÍ
ÑÑÑÐ. Ñåð. Ìàòåì. 1986. Ò. 50. � 4. Ñ. 801�834.

[4] Ñ.Óëàì. Íåðåøåííûå ìàòåìàòè÷åñêèå çàäà÷è. Ì.: Íàóêà, 1964.
[5] J. Bourgain. On the spectral type of Ornstein class one transformations // Isr. J. Math.

1993. V. 84. P. 53�63.
[6] J. P.Kahane. Sur les polyn�omes �a coe�cients unimodulaires // Bull. London Math. Soc.

1980. V. 12. P. 321�342.
[7] J. E. Littlewood. On polynomials,

∑n±zm,
∑n eαnizm, z = eθi // J. London Math.

Soc. 1966. V. 41. P. 367�376.

314



Êðàåâûå çàäà÷è ñ íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ
óðàâíåíèÿ âûñîêîãî ïîðÿäêà ïî âðåìåíè

Ïóëüêèíà Ë. Ñ. (Ñàìàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â äîêëàäå ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ

(−1)m−1D2m
t u− uxx + c(x, t)u = f(x, t) (1)

â ïðÿìîóãîëüíèêå Q = (0, l) × (0, T ), ãäå l, T < ∞, è äîêàçûâàþòñÿ òåîðå-
ìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé, óäîâëåòâîðÿþùèõ íà÷àëüíûì
óñëîâèÿì

Dk
t u|t=0 = 0, k = 0, ...m; Dk

t u|t=T = 0, k = 1, ...m− 1, (2)

ãðàíè÷íîìó óñëîâèþ ux(l, t) = 0, è îäíîìó èç ñëåäóþùèõ íåëîêàëüíûõ óñëî-
âèé:

ux(0, t) =

l∫
0

K(x)u(x, t)dx, (3)

u(0, t) =

l∫
0

K(x)u(x, t)dx, (4)

l∫
0

K(x)u(x, t)dx = 0. (5)

Äîêàçàòåëüñòâî ðàçðåøèìîñòè ïîñòàâëåííûõ çàäà÷ äëÿ m > 1 îñíîâàíî íà
ðåäóêöèè ê îïåðàòîðíûì óðàâíåíèÿì è áàçèðóåòñÿ íà ïîëó÷åííûõ àïðèîðíûõ
îöåíêàõ â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ñ. Ë. Ñîáîëåâà.

Çàìåòèì, ÷òî íåëîêàëüíûå óñëîâèÿ (3)�(5), ïîõîæèå äðóã íà äðóãà ïðè
áåãëîì âçãëÿäå íà íèõ, êà÷åñòâåííî ðàçëè÷íû âåñüìà ñóùåñòâåííî, ÷òî ïðè-
âîäèò ê íåîáõîäèìîñòè èíäèâèäóàëüíîãî ïîäõîäà ê âûáîðó ñïîñîáà ðåäóêöèè
ê îïåðàòîðíîìó óðàâíåíèþ â êàæäîì èç òðåõ ñëó÷àåâ. Ïîäðîáíîå èçëîæåíèå
äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷ ñ íåëîêàëüíûì óñëîâèåì (3) è îäíèì èç
ãðàíè÷íûõ óñëîâèé ux(l, t) = 0, u(l, t) = 0 äëÿ óðàâíåíèÿ (1) ïðèâåäåíî â [1].

Ñïèñîê ëèòåðàòóðû
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Óñëîâèÿ ïðåäñòàâëåíèÿ îñòàòî÷íîãî ÷ëåíà â ôîðìóëå Òåéëîðà äëÿ
ãîëîìîðôíîé â îáëàñòè ôóíêöèè â ôîðìå Ëàãðàíæà

Ðàäçèåâñêàÿ Å. È. (Íàöèîíàëüíûé óíèâåðñèòåò ïèùåâûõ òåõíîëîãèé,
Óêðàèíà)

Èññëåäóåòñÿ âîïðîñ î ïðåäñòàâëåíèè ãîëîìîðôíîé â îáëàñòè D êîìïëåêñ-
íîé ïëîñêîñòè C ôóíêöèè f â âèäå

f(z1) =

n−1∑
k=0

(z1 − z0)k

k!
f (k)(z0) +

(z1 − z0)n

n!
f (n)(ξ) (1)

è âîïðîñ î ëîêàëèçàöèè ξ â (1). Ïîêàçàíî, â ÷àñòíîñòè, ÷òî äëÿ ëþáûõ z0 ∈ D
è θ ∈ (0;π/2] íàéäåòñÿ òàêîå ïîëîæèòåëüíîå r, ÷òî êðóã Ur = {z ∈ C :
|z − z0| < r} öåëèêîì ëåæèò â D è äëÿ âñåõ z1 ∈ Ur è z1 6= z0 ñóùåñòâóåò,
õîòÿ áû îäíî, ξ, óäîâëåòâîðÿþùåå ñîîòíîøåíèÿì |ξ− (z1 +z0)/2| < |z1−z0|/2,
| arg((ξ − z0)/(z1 − z0))| < θ, äëÿ êîòîðîãî ñïðàâåäëèâà ôîðìóëà (1). Äàíû
óñëîâèÿ îòíîñèòåëüíî ôóíêöèè f è ÷èñëà θ, îáåñïå÷èâàþùèå åäèíñòâåííîñòü
óêàçàííîãî ξ, à òàêæå ïðèâåäåíû óñëîâèÿ, êàê ïî ôóíêöèè f âûáèðàòü ýô-
ôåêòèâíûå îöåíêè ðàäèóñà r êðóãà Ur, äëÿ òî÷åê z1 èç êîòîðîãî âûïîëíÿ-
åòñÿ (1). Èç äîêàçàíûõ óòâåðæäåíèé, â ÷àñòíîñòè, ïîëó÷åí ðåçóëüòàò äëÿ
ôóíêöèè ez: åñëè |z1 − z0| < 1, 451 è z1 6= z0, òî ñóùåñòâóåò åäèíñòâåí-
íîå ξ èç êðóãà U((z1 + z0)/2; |z1 − z0|/2), äëÿ êîòîðîãî ñïðàâåäëèâà ôîðìóëà
ez1 − ez0 = (z1 − z0)eξ. Ýòîò ðåçóëüòàò, íî ïðè çíà÷èòåëüíî áîëåå æåñòêîì
òðåáîâàíèè |z1 − z0| < 0, 3, áûë óñòàíîâëåí Äæ. Ðîáåðòñîí â [1].
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Êëàññ ðåøåíèé äëÿ îäíîìåðíûõ ñòîõàñòè÷åñêèõ íåëèíåéíûõ
êðàåâûõ çàäà÷ ðåîëîãèè

Ðàä÷åíêî Â. Ï. (Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Ïîïîâ Í. Í. (Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Ðîññèÿ)

Ïðåäëîæåí ìåòîä ðåøåíèÿ ñòîõàñòè÷åñêèõ íåëèíåéíûõ êðàåâûõ çàäà÷
ðåîëîãèè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò äëÿ ñëó÷àÿ ïëîñêîãî äåôîð-
ìèðîâàííîãî ñîñòîÿíèÿ â ïðåäïîëîæåíèè, ÷òî ñòîõàñòè÷åñêèå ñâîéñòâà ìàòå-
ðèàëà îïèñûâàþòñÿ ïðè ïîìîùè ñëó÷àéíîé ôóíêöèè îäíîé ïåðåìåííîé (ðàäè-
óñà r). Ìåòîä ïðîèëëþñòðèðîâàí íà çàäà÷àõ äëÿ òîëñòîñòåííîé òðóáû âíóò-
ðåííåãî ðàäèóñà a ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ q è âñåñòîðîííåãî
ðàñòÿæåíèÿ óñèëèåì ρ áåñêîíå÷íîé ïëàñòèíû èç ñòîõàñòè÷åñêè íåîäíîðîäíî-
ãî ìàòåðèàëà, îñëàáëåííîé êðóãîâûì îòâåðñòèåì ðàäèóñà a.

Ñèñòåìà ñòîõàñòè÷åñêèõ ðåîëîãè÷åñêèõ óðàâíåíèé çàïèñàíà â áåçðàçìåð-
íûõ êîîðäèíàòàõ ρ = r/a (a� âíóòðåííèé ðàäèóñ òðóáû) è ñîñòîèò èç óðàâ-
íåíèÿ ðàâíîâåñèÿ äëÿ íàïðÿæåíèé

dσr
dρ

+
σr − σθ

ρ
= 0,
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óñëîâèÿ ñîâìåñòèìîñòè äåôîðìàöèé

ρ
dε̇θ
dρ

+ ε̇θ − ε̇r = 0

è îïðåäåëÿþùèõ ñîîòíîøåíèé, ïðèíÿòûõ â ñîîòâåòñòâèè ñ íåëèíåéíîé òåîðè-
åé âÿçêîãî òå÷åíèÿ â ñòîõàñòè÷åñêîé ôîðìå

ε̇r = csn−1σ̄r(1 + αU(ρ)), ε̇θ = csn−1σ̄θ(1 + αU(ρ)),

ãäå σ̄r è σ̄θ �êîìïîíåíòû òåíçîðà äåâèàòîðà íàïðÿæåíèé, s�èíòåíñèâíîñòü
íàïðÿæåíèé, U(ρ)� ñëó÷àéíàÿ ôóíêöèÿ, îïèñûâàþùàÿ ôëóêòóàöèè ðåîëî-
ãè÷åñêèõ ñâîéñòâ ìàòåðèàëà, õàðàêòåðèñòèêè êîòîðîé èçâåñòíû: 〈U〉 = 0,〈
U2
〉

= 1, ÷èñëî α (0 < α < 1) èãðàåò ðîëü êîýôôèöèåíòà âàðèàöèè ýòèõ
ñâîéñòâ, c è n�ïîñòîÿííûå ìàòåðèàëà.

Äëÿ òîëñòîñòåííîé òðóáû ðåøåíèå çàäà÷è ïðîèçâîäèòñÿ ïóòåì ðàçëîæå-
íèÿ ðàäèàëüíîãî íàïðÿæåíèÿ â ðÿä ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà. Ïîëó-
÷åí ðåêóððåíòíûé âèä ñèñòåìû ñòîõàñòè÷åñêè ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, èç êîòîðûõ ìîæíî íàéòè ñîñòàâëÿþùèå ðàäèàëüíîãî íàïðÿæåíèÿ
ñ ëþáîé ñòåïåíüþ òî÷íîñòè. Íà îñíîâå àíàëèòè÷åñêîãî ðåøåíèÿ ïðîâåäåí ñòà-
òèñòè÷åñêèé àíàëèç ñëó÷àéíîãî ïîëÿ íàïðÿæåíèé è ñêîðîñòåé äåôîðìàöèé â
çàâèñèìîñòè îò ïîêàçàòåëÿ íåëèíåéíîñòè n è ñòåïåíè íåîäíîðîäíîñòè ìàòå-
ðèàëà α.

Âûïîëíåí àíàëèç ñõîäèìîñòè ìåòîäà ìàëîãî ïàðàìåòðà äëÿ ïîëåé íàïðÿ-
æåíèé è äåôîðìàöèé.

Äëÿ ðàñòÿãèâàåìîé ïëàñòèíû ïóòåì ââåäåíèÿ íîâûõ ïåðåìåííûõ s è ϕ
ïî ôîðìóëàì σr = 2ρ cosϕ/

√
3, σϕ = 2ρ cos(ϕ − π/3ϕ)/

√
3 êðàåâàÿ çàäà÷à

ñâîäèòñÿ ê ñèñòåìå ñòîõàñòè÷åñêèõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé, êîòîðàÿ ëèíåàðèçóåòñÿ íà îñíîâå ïåðâîãî ïðèáëèæåíèÿ ìåòîäà ìàëîãî
ïàðàìåòðà. Ëèíåéíàÿ çàäà÷à ðåøàåòñÿ ÷èñëåííî ìåòîäîì Ðóíãå�Êóòòà. Ïðè-
âîäÿòñÿ ðåçóëüòàòû ÷èñëåííî-àíàëèòè÷åñêèõ èññëåäîâàíèé ðåøåíèé êðàåâûõ
çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00644-à.

Î B-ïàðàáîëè÷åñêèõ ñèñòåìàõ äèôôåðåíöèàëüíûõ óðàâíåíèé
Ðàéõåëüãàóç Ë. Á. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü x=(x′, x′′)∈R+
N=R+

n×RN−n, x′∈R+
n={x′:x1>0, . . . , xn>0}, è ïóñòü

α=(α′, α′′) � öåëî÷èñëåííûé ìóëüòèèíäåêñ äëèíû |α|=α1 + . . .+αN . Îáîçíà-
÷åíèÿ:

(DB)α
′

x′ =
(
Dα1
B1
, . . . , Dαn

Bn

)
, Dα′′

x′′ = (D
αn+1
xn+1 , . . . , D

αN
xN ), Dxj =

1

i

∂

∂xj
,

D
αj
Bj

=
1

iαj

 B
αj/2

j , αj=2k,

DxjB
(αj−1)

2
j , αj=2k + 1,

k=0, 1, 2, . . . ,

Bj=
∂2

∂x2
j

+
γj
xj

∂

∂xj
, γj > 0.
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Èçó÷àåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè:

∂u(x, t)

∂t
= P ((DB)x′ , (D)x′′) u(x, t); u(x, 0) = u0(x). (1)

Ïðèìåíÿåòñÿ ïîëíîå ñìåøàííîå ïðåîáðàçîâàíèå Ôóðüå�Áåññåëÿ

FB [f ](ξ)=f̂(ξ)=

∞∫
−∞

f(x) Λ+
γ (x ξ) (x2)γ/2 dx, F−1

B [f ](x)=CγFB [f ](−x),

Λ±γ =

n∏
i=1

(
j γi−1

2

(xi ξi)∓ i
xi ξi
γi + 1

j γi+1
2

(xi ξi)

)
e(x′′,ξ′′),

ãäå jν(x) = C(γ)Jν(x)
xν

, à Jν �ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà.
Ýòî ïðåîáðàçîâàíèå ïðèâîäèò ê çàäà÷å Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåííèé

∂v(ξ, t)

∂t
= P (iξ) v(ξ, t), v(xξ) = û(ξ, t); v(ξ, 0) = v0(ξ) = û0(ξ) .

Ìàòðèöó íîðìàëüíîé ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé îáîçíà÷èì
Q(ξ, t0, t), ×åðåç Φ′(R+

N ) îáîçíà÷èì ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé, ïî-
ñòðîåííûõ ïî ñõåìå Ï. È. Ëèçîðêèíà.

Òåîðåìà 1. Åñëè â ïðîñòðàíñòâå Ψγ(R+
N ) = FB [Φγ(R+

N )] îñíîâíûõ
ôóíêöèé ψ(ξ) (ñëåäîâàòåëüíî, è â ïðîñòðàíñòâå âåñîâûõ ðàñïðåäåëåíèé
Ψ′γ(R+

N )) ýëåìåíòû ìàòðèöû Q(ξ, t0, t) ÿâëÿþòñÿ FB-ìóëüòèïëèêàòîðàìè
ïðè ëþáîì t ≥ 0, ïðè÷åì ñîáñòâåííûå çíà÷åíèÿ ÿâëÿþòñÿ ðàçëè÷-
íûìè è îòðèöàòåëüíûìè, òî çàäà÷à (1) èìååò ðåøåíèå ïðè ëþ-

áîé íà÷àëüíîé âåñîâîé îáîáùåííîé âåêòîð-ôóíêöèè v0(ξ) ∈ Ψ′(m)(R+
N ):

v(ξ, t) = û(ξ, t) = Q(ξ, 0, t) v0(ξ), ïðè÷åì ýòî ðåøåíèå íåïðåðûâíî çàâèñèò
îò íà÷àëüíîé âåêòîð-ôóíêöèè v0(ξ) â ñìûñëå íåïðåðûâíîñòè, óñòàíîâëåí-

íîé äëÿ ïðîñòðàíñòâà ðàñïðåäåëåíèé Ψ′(m)(R+
N ).

Òåîðåìà 2. Åñëè â ïðîñòðàíñòâå Ψγ(R+
N ) îñíîâíûõ ôóíêöèé ψ (ñëåäî-

âàòåëüíî, â âåñîâîì ïðîñòðàíñòâå ðàñïðåäåëåíèé Ψ′N ) ýëåìåíòû ìàòðèöû
Q(ξ, t0, t) ÿâëÿþòñÿ ìóëüòèïëèêàòîðàìè ïðè ëþáûõ t, 0 ≤ t < t0, ïðè÷åì
ñîáñòâåííûå çíà÷åíèÿ ÿâëÿþòñÿ ðàçëè÷íûìè è îòðèöàòåëüíûìè, òî çàäà÷à

(1) ìîæåò èìåòü ëèøü åäèíñòâåííîå ðåøåíèå â êëàññå Ψ′
(m)
γ (R+

N ).

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ë. Í. Ëÿõîâûì.

Ñïèñîê ëèòåðàòóðû

[1] Êèïðèÿíîâ È. À., Êàòðàõîâ Â. Â. Îá îäíîì êëàññå îäíîìåðíûõ ñèíãóëÿðíûõ
ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ // Ìàò. ñáîðíèê. 1977. Ò. 104, � 1. Ñ. 49�68.
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Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèé äèôôóçèè äðîáíîãî ïîðÿäêà è
âëàãîïåðåíîñà

Ðåïèí Î. À. (Ñàìàðñêèé ãîñóäàðñòâåííûé ýêîíîìè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå{
uxx −Dα

0+, yu = 0 (y > 0, 0 < α < 1),

y2uxx − uyy + ux = 0 (y < 0),
(1)

ãäå Dα
0+,yu(x, y)�÷àñòíàÿ äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà

α îò ôóíêöèè u(x, y) ïî âòîðîé ïåðåìåííîé.
Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ óðàâíåíèÿ (1) â îáëàñòè D, êî-

òîðàÿ ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå êâàäðàòà D+ = {(x, y) : 0 ≤ x, y ≤ 1}
è îáëàñòè D−, ëåæàùåé â íèæíåé ïîëóïëîñêîñòè (y < 0), îãðàíè÷åííîé õà-

ðàêòåðèñòèêàìè AC : x − y2

2
= 0; BC : x + y2

2
= 1 óðàâíåíèÿ (1) è îòðåçêîì

[0, 1] ïðÿìîé y = 0, ãäå A = (0, 0), B = (1, 0), C = ( 1
2
, −1).

Äëÿ óðàâíåíèÿ (1) ïîñòàâèì è èññëåäóåì çàäà÷ó: íàéòè ðåøåíèå u(x, y)
óðàâíåíèÿ (1) â îáëàñòè D, óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u(0, y) = ϕ0(y), u(1, y) = ϕ1(y), 0 ≤ y ≤ 1,

A1

(
Ia+1, b+1, c
0+ u[θ0(t)]

)
(x) =

= A2

(
Ia+1, b+1, c
0+ u(t, 0)

)
(x) +A3

(
I
a+ 3

2
, b− 3

2
, c

0+ uy(t, 0)

)
(x) +A4x

k

(0 < x < 1, a > −1, b > 1
2
, c > − 3

2
, k > −1 ëèáî a > −1, b > 1

2
, c < −2,

k > − 1
2
), à òàêæå óñëîâèÿì ñîïðÿæåíèÿ

lim
y→0+

y1−αu(x, y) = lim
y→0−

u(x, y) (0 ≤ x ≤ 1),

lim
y→0+

y1−α (y1−αu(x, y)
)
y

= lim
y→0−

uy(x, y) (0 < x < 1).

Çäåñü ϕ0(y), ϕ1(y)� çàäàííûå ôóíêöèè, òàêèå, ÷òî

ϕ0(y), ϕ1(y) ∈ C(I), ϕ1(0) = 0,

Ai, i = 1, 4�äåéñòâèòåëüíûå êîíñòàíòû, òàêèå, ÷òî A1, A3 > 0, A1 > A2

ëèáî A1, A3 < 0, A1 < A2, θ0(x)� òî÷êà ïåðåñå÷åíèÿ õàðàêòåðèñòèê óðàâ-
íåíèÿ (1), âûõîäÿùèõ èç òî÷åê (x, 0) (0 < x < 1), ñ õàðàêòåðèñòèêîé AC,
Iα, β, η0+ f(x)� îïåðàòîð îáîáùåííîãî äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ ñ
ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé Ãàóññà â ÿäðå.

Åäèíñòâåííîñòü ðåøåíèÿ èññëåäóåìîé çàäà÷è äîêàçàíà ñ ïîìîùüþ ïðèí-
öèïà ýêñòðåìóìà, à ñóùåñòâîâàíèå � ñâåäåíî ê ðàçðåøèìîñòè äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ ïîðÿäêà 1/2, êîòîðîå èìååò ïðèëîæåíèÿ â òåîðèè ïîëÿðî-
ãðàôèè, âîëüòìåòðà, ýëåêòðîõèìèè. Ðåøåíèå ýòîãî óðàâíåíèÿ âûïèñûâàåòñÿ
â ÿâíîì âèäå.
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Ôóíêöèè Ëÿïóíîâà è ñòàòèñòè÷åñêè èíâàðèàíòíûå ìíîæåñòâà
óïðàâëÿåìûõ ñèñòåì ñî ñëó÷àéíûìè ïàðàìåòðàìè

Ðîäèíà Ë. È. (Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â ýòîì äîêëàäå ðàññìàòðèâàþòñÿ óñëîâèÿ, ïðè êîòîðûõ çàäàííîå ìíî-
æåñòâî M ñòàòèñòè÷åñêè èíâàðèàíòíî ñ âåðîÿòíîñòüþ åäèíèöà îòíîñèòåëüíî
óïðàâëÿåìîé ñèñòåìû

ẋ = f(htσ, x, u), (t, σ, x, u) ∈ R× Σ× Rn × Rm, (1)

ïàðàìåòðèçîâàííîé ìåòðè÷åñêîé äèíàìè÷åñêîé ñèñòåìîé (Σ,A, ν, ht).
Ïðåäïîëàãàåì, ÷òî ñóùåñòâóåò ìíîæåñòâî Σ0 ⊆ Σ òàêîå, ÷òî ν(Σ0) = 1 è

äëÿ êàæäîãî σ ∈ Σ0 âûïîëíåíû óñëîâèÿ:

1◦. ôóíêöèÿ (x, u)→ f(htσ, x, u) íåïðåðûâíà;
2◦. ôóíêöèÿ t→ f(htσ, x, u) êóñî÷íî-íåïðåðûâíà;
3◦. ôóíêöèÿ (t, x)→ U(htσ, x) ∈ comp(Rm) ïîëóíåïðåðûâíà ñâåðõó äëÿ

âñåõ (t, x) ∈ Rn+1.

Äëÿ íåïðåðûâíîé ôóíêöèè σ → M(σ) ∈ comp(Rn) ïîñòðîèì çàìêíóòóþ
îêðåñòíîñòü Mr(σ) = M(σ) + Or(0) ìíîæåñòâà M(σ) è ìíîæåñòâî Nr

+(σ) =
Mr(σ) \M(σ). Â ïðåäïîëîæåíèè, ÷òî ìíîæåñòâî äîñòèæèìîñòè D

(
t, σ,X

)
ñèñòåìû (1) â ìîìåíò t èç íà÷àëüíîãî ìíîæåñòâà X ñóùåñòâóåò ïðè âñåõ t > 0,
ðàññìîòðèì õàðàêòåðèñòèêó

freq(σ,X)
.
= lim
ϑ→∞

mes {t ∈ [0, ϑ] : D
(
t, σ,X

)
⊆M(htσ)}

ϑ
, (2)

ãäå mes � ìåðà Ëåáåãà íà ÷èñëîâîé ïðÿìîé. Åñëè ïðåäåë (2) ñóùåñòâóåò, òî
freq(σ,X) áóäåì íàçûâàòü îòíîñèòåëüíîé ÷àñòîòîé ïîãëîùåíèÿ ìíîæåñòâà
äîñòèæèìîñòè ñèñòåìû (1) ìíîæåñòâîì M = Σ×M(σ).

Îïðåäåëåíèå 1. ÌíîæåñòâîM íàçûâàåòñÿ ñòàòèñòè÷åñêè èíâàðèàíò-
íûì c âåðîÿòíîñòüþ åäèíèöà îòíîñèòåëüíî óïðàâëÿåìîé ñèñòåìû (1), åñ-
ëè äëÿ ïî÷òè âñåõ σ ∈ Σ âûïîëíåíî ðàâåíñòâî freq

(
σ,M(σ)

)
= 1, òî åñòü

ν
{
σ ∈ Σ : freq

(
σ,M(σ)

)
= 1
}

= 1.

Ñêàëÿðíàÿ ôóíêöèÿ V (σ, x) ïåðåìåííûõ (σ, x) ∈ Σ×Rn íàçûâàåòñÿ ôóíê-
öèåé Ëÿïóíîâà îòíîñèòåëüíî ìíîæåñòâà M, åñëè îíà ëîêàëüíî ëèïøèöåâà ïî
(σ, x) è óäîâëåòâîðÿåò óñëîâèÿì:

1◦. V (σ, x) 6 0 äëÿ âñåõ (σ, x) ∈ Σ×M(σ);
2◦. V (σ, x) > 0 äëÿ âñåõ (σ, x) ∈ Σ×Nr

+(σ).

×åðåç V omax(σ, x) áóäåì îáîçíà÷àòü âåðõíþþ ïðîèçâîäíóþ ôóíêöèè V â ñèëó
äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ, ñîîòâåòñòâóþùåãî ñèñòåìå (1).

Ðàññìîòðèì õàðàêòåðèñòèêó κ(σ)
.
= lim
ϑ→∞

mes{t ∈ [0, ϑ] : z∗(t, σ) 6 0}
ϑ

, ãäå

z∗(t, σ) � âåðõíåå ðåøåíèå ñêàëÿðíîé çàäà÷è Êîøè

ż = w(htσ, z), z(0, σ) = 0, t > 0.

Òåîðåìà 1. Ïóñòü Σ0 ⊆ Σ, ν(Σ0) = 1 è äëÿ âñåõ σ ∈ Σ0 äëÿ êàæäîé
òî÷êè x ∈ M(σ) âñå ðåøåíèÿ ñèñòåìû (1), óäîâëåòâîðÿþùèå íà÷àëüíîìó
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óñëîâèþ ϕ(0, σ, x) = x, ïðîäîëæàåìû íà ïîëóîñü R+. Ïðåäïîëîæèì, ÷òî ñó-
ùåñòâóþò ôóíêöèÿ V (σ, x) ïåðåìåííûõ (σ, x) ∈ Σ × Rn è ôóíêöèÿ w(σ, z)
ïåðåìåííûõ (σ, z) ∈ Σ × R, òàêèå, ÷òî V (σ, x) ÿâëÿåòñÿ ôóíêöèåé Ëÿïó-
íîâà îòíîñèòåëüíî ìíîæåñòâà M è äëÿ âñåõ (σ, x) ∈ Σ0 × Rn âûïîëíåíî
íåðàâåíñòâî

V omax(σ, x) 6 w
(
σ, V (σ, x)

)
.

Òîãäà, åñëè κ(σ) = 1 äëÿ âñåõ σ ∈ Σ0, òî ìíîæåñòâî M ñòàòèñòè÷åñêè
èíâàðèàíòíî c âåðîÿòíîñòüþ åäèíèöà îòíîñèòåëüíî ñèñòåìû (1).

Ðàáîòà ïîääåðæàíà ãðàíòîì Ïðàâèòåëüñòâà ÐÔ ïî ãîñóäàðñòâåííîé ïîä-
äåðæêå íàó÷íûõ èññëåäîâàíèé (�11.G34.31.0039) è ãðàíòîì ÐÔÔÈ (�11-01-
00380-a).

Îá îäíîì àíàëîãå óðàâíåíèÿ Ýéëåðà
Ðîäèîíîâ Â. È. (Óäìóðòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî 〈R, % 〉 ñîñòîèò èç ðàñøèðåííîé ÷èñëî-
âîé îñè R è ìåòðèêè % (ξ, η) =̇ | f(ξ)−f(η) |, ãäå ξ, η ∈ R, f(z) =̇ z

1 + |z| ïðè z ∈ R,
f(−∞) =̇ − 1 è f(∞) =̇ 1. Åñëè I � ýòî îòðåçîê, èíòåðâàë èëè ïîëóèíòåðâàë,
òî ÷åðåç I2

∗ îáîçíà÷èì ìíîæåñòâî { (τ, s) ∈ I2 : τ 6= s }. Âñÿêàÿ ôóíêöèÿ
x : [a, b]→ R ïîðîæäàåò ôóíêöèþ äâóõ ïåðåìåííûõ Φx(τ, s) =̇ x(s)−x(τ)

s−τ , îïðå-
äåëåííóþ íà ìíîæåñòâå [a, b]2∗.

Îïðåäåëåíèå 1. Ôóíêöèÿ x : [a, b] → R íàçûâàåòñÿ RL-ôóíêöèåé, åñëè
ñóùåñòâóþò ÷èñëà Ax(t) ∈ R, t∈(a, b], è Bx(t) ∈ R, t∈ [a, b), òàêèå, ÷òî

∀ t∈(a, b] lim
(τ,s)∈ (a,t ]2∗
(τ,s)→(t,t)

% (Φx(τ, s), Ax(t)) = 0,

∀ t∈ [a, b) lim
(τ,s)∈ [ t,b)2∗
(τ,s)→(t,t)

% (Φx(τ, s), Bx(t)) = 0.

1◦. Âñÿêàÿ êóñî÷íî-ãëàäêàÿ ôóíêöèÿ x : [a, b] → R ÿâëÿåò-
ñÿ RL-ôóíêöèåé, òî åñòü KC1[a, b] ⊂ RL[a, b], â ÷àñòíîñòè,
C1[a, b] ⊂ RL[a, b].

2◦. Ëþáàÿ ôóíêöèÿ x ∈ RL[a, b] èìååò îãðàíè÷åííîå èçìåíåíèå.
3◦. Åñëè x ∈ RL[a, b], òî äëÿ ïî÷òè âñåõ t ∈ [a, b] ñóùåñòâóåò êîíå÷íàÿ

ïðîèçâîäíàÿ ẋ(t). Åñëè ẋ(t) êîíå÷íî äëÿ íåêîòîðîãî t ∈ (a, b), òî
Ax(t) = Bx(t) = ẋ(t) ∈ R. Åñëè ẋ(a) êîíå÷íî, òî Bx(a) = ẋ(a) ∈ R.
Åñëè ẋ(b) êîíå÷íî, òî Ax(b) = ẋ(b) ∈ R.

4◦. Åñëè x ∈ RL[a, b], òî ôóíêöèÿ Ax : (a, b] → R íåïðåðûâíà ñëåâà, à
ôóíêöèÿ Bx : [a, b)→ R íåïðåðûâíà ñïðàâà.

5◦. Ïóñòü x ∈ RL[a, b]. Ôóíêöèÿ Ax íåïðåðûâíà â òî÷êå t ∈ (a, b) òîãäà
è òîëüêî òîãäà, êîãäà â ýòîé òî÷êå íåïðåðûâíà ôóíêöèÿ Bx. Ïðè
ýòîì Ax(t) = Bx(t).

Ïðîñòðàíñòâî âñåõ àáñîëþòíî íåïðåðûâíûõ ôóíêöèé x ∈ RL[a, b] îáîçíà-
÷èì ÷åðåç RC =̇ RC[a, b], à åãî ëèíåéíîå ïîäïðîñòðàíñòâî, ñîñòîÿùåå èç ôóíê-
öèé, ó êîòîðûõ âñå ïðåäåëüíûå ÷èñëà Ax(t) è Bx(t) êîíå÷íû, îáîçíà÷èì ÷åðåç
RS =̇ RS[a, b]. Ôóíêöèè x ∈ RC[a, b] íàçûâàþòñÿ ðåãóëÿðíî íåïðåðûâíûìè, à
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ôóíêöèè x ∈ RS[a, b] � ðåãóëÿðíî ãëàäêèìè. Ïðîñòðàíñòâî RS[a, b] áàíàõî-
âî ïî íîðìå ‖x‖Lip =̇ |x(a)| + sup

(τ,s)∈ [a,b]2∗

|Φx(τ, s)| (îíî ÿâëÿåòñÿ çàìûêàíèåì

ïðîñòðàíñòâà ëîìàíûõ ïî íîðìå ‖ · ‖Lip), à RC[a, b] � ïîëíîå ïðîñòðàíñòâî â
ìåòðèêå d(x, y) =̇ |x(a)−y(a) |+ sup

(τ,s)∈ [a,b]2∗

% (Φx(τ, s),Φy(τ, s)).

Ïóñòü íåïðåðûâíàÿ ïî ñîâîêóïíîñòè ïåðåìåííûõ ôóíêöèÿ L =̇L(t, x, y)
îïðåäåëåíà íà ìíîæåñòâå Ω =̇ [a, b]×R×R è èìååò òàì íåïðåðûâíûå ïî ñîâî-
êóïíîñòè ïåðåìåííûõ ÷àñòíûå ïðîèçâîäíûå Lx(t, x, y) è Ly(t, x, y). Çàôèêñè-
ðóåì ÷èñëà α, β ∈ R, è ïóñòü Pαβ =̇ {x ∈ RS[a, b] : x(a) = α, x(b) = β }.

Òåîðåìà 1. Åñëè ôóíêöèÿ x0 ∈ Pαβ ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî

ýêñòðåìóìà (ïî íîðìå ‖ · ‖Lip) çàäà÷è J(x(·)) =̇

∫ b

a

L(t, x(t), ẋ(t)) dt → inf,

x ∈ Pαβ , òî äëÿ ï. â. t ∈ [a, b]

Lẋ(t, x0(t), ẋ0(t))−
∫ t

a

Lx(s, x0(s), ẋ0(s)) ds = const.

Òåîðåìà 2. Ïóñòü J1, J2, J3 � èíôèìóìû ôóíêöèîíàëîâ x(·)→ J(x(·))
(x(a) =α, x(b) = β) â ïðîñòðàíñòâàõ RS, KC1 è C1 ñîîòâåòñòâåííî. Òîãäà
J1 = J2 = J3.

Ðåøåíèå x(t) = t 1/3 , t ∈ [0, 1], èçâåñòíîãî ïðèìåðà Ãèëüáåðòà, â êîòîðîì
a = 0, b = 1, α = 0, β = 1, L(t, x, y) = t 2/3 y2 , ïðèíàäëåæèò ïðîñòðàíñòâó
RC[0, 1].

Áåãóùèå âîëíû â ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîì óðàâíåíèè
äèôôóçèè ñ ïîâîðîòîì àðãóìåíòà è çàïàçäûâàíèåì

Ðîìàíåíêî Ò. Å. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì. Â.
Ëîìîíîñîâà, Ðîññèÿ)

Öåëüþ äàííîé ðàáîòû áûëî èññëåäîâàíèå ðåøåíèé òèïà áåãóùåé âîë-
íû â ïåðèîäè÷åñêîé êðàåâîé çàäà÷å äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ äèôôóçèè:

∂u

∂t
(ϕ, t) = D

∂2u

∂ϕ2
(ϕ, t)− u(ϕ, t) +K(1 + γ cosu(ϕ+ θ, t− T )), u(0, t) = u(2π, t).

(1)
Ýòî óðàâíåíèå èñïîëüçóåòñÿ ïðè ìîäåëèðîâàíèè âçàèìîäåéñòâèÿ ñâåòîâûõ
ëó÷åé â íåëèíåéíîé îïòè÷åñêîé ñèñòåìå ñ íåëîêàëüíîé îáðàòíîé ñâÿçüþ â
ïðèáëèæåíèè òîíêîãî êîëüöåâîãî ñëîÿ ñ ó÷åòîì çàïàçäûâàíèÿ [1].

Ìîæíî âûäåëèòü íåñêîëüêî ìåòîäîâ, èñïîëüçóåìûõ â íàñòîÿùåå âðåìÿ
ïðè èññëåäîâàíèè ïåðèîäè÷åñêèõ ðåøåíèé íåëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâ-
íåíèé ñ çàïàçäûâàíèåì. Îäèí èç íèõ îñíîâàí íà àíàëèçå èíôèíèòåçèìàëüíîãî
ïðîèçâîäÿùåãî îïåðàòîðà êîìïàêòíîé C0-ïîëóãðóïïû, ïîðîæäåííîé ðåøåíè-
ÿìè ëèíåàðèçîâàííîé çàäà÷è, è ïðèìåíåíèè òåîðåìû î íåÿâíîì îïåðàòîðå [2].
Â îñíîâå äðóãîãî ìåòîäà, ïðåäñòàâëåííîãî, íàïðèìåð, â [3], ëåæèò òåõíèêà,
îñíîâàííàÿ íà òåîðèè èíòåãðàëüíûõ ìíîãîîáðàçèé. Îáà îòìå÷åííûõ ïîäõîäà
â îáùåì ñëó÷àå òðåáóþò ïðèìåíåíèÿ äîâîëüíî ñëîæíîé òåõíèêè.
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Â ðàññìàòðèâàåìîé ìîäåëè, îïèñûâàåìîé çàäà÷åé (1), áëàãîäàðÿ ïðîñò-
ðàíñòâåííîé ñèììåòðèè ïåðèîäè÷åñêèå ðåøåíèÿ íàõîäèëèñü â âèäå îäíîìåð-
íûõ ðîòàöèîííûõ âîëí, ïðîôèëü êîòîðûõ îïðåäåëÿëñÿ èç ñòàöèîíàðíîé çàäà-
÷è ïîñëå ïåðåõîäà â äâèæóùóþñÿ ñèñòåìó êîîðäèíàò. Îòìåòèì, ÷òî ïåðåõîä â
äâèæóùóþñÿ ñèñòåìó êîîðäèíàò ïðèìåíÿëñÿ ðàíåå äëÿ ïàðàáîëè÷åñêèõ óðàâ-
íåíèé áåç çàïàçäûâàíèÿ (ñì., íàïðèìåð, [4, 5]). Äëÿ óðàâíåíèé ñ çàïàçäûâà-
íèåì òàêîé ïðèåì ïðè èññëåäîâàíèè áèôóðêàöèè Õîïôà âïåðâûå ïðåäëîæåí â
äàííîé ðàáîòå. Â õîäå èññëåäîâàíèÿ áûëè äîêàçàíû òåîðåìà ñóùåñòâîâàíèÿ è
òåîðåìà åäèíñòâåííîñòè ïåðèîäè÷åñêèõ ðåøåíèé ïàðàáîëè÷åñêîãî ôóíêöèî-
íàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ çàïàçäûâàíèåì â âèäå áåãóùèõ âîëí,
ïîëó÷åíû ïåðâûå ÷ëåíû ðàçëîæåíèÿ ðåøåíèÿ ïî ìàëîìó ïàðàìåòðó. Áåãóùèå
âîëíû, ïîëó÷åííûå ÷èñëåííî äëÿ ïàðàìåòðîâ, óäîâëåòâîðÿþùèõ óñëîâèÿì
òåîðåì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè, îáëàäàþò âðåìåíí�ûì ïåðèîäîì è
ïðîñòðàíñòâåííîé ÷àñòîòîé, ïðåäñêàçàííûìè òåîðèåé, è óñòîé÷èâû.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� íà 2009�2013 ãã.
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Êðèòåðèé àääèòèâíîñòè êîíå÷íîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà è
ìèíèìàëüíûå çàïîëíåíèÿ

Ðóáëåâà Î. Â. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò èì. Ëîìîíîñîâà,
Ðîññèÿ)

Â äîêëàäå áóäåò ñôîðìóëèðîâàí è äîêàçàí íîâûé êðèòåðèé àääèòèâíîñòè
êîíå÷íûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ, îñíîâàííûé íà ñâîéñòâàõ ìèíèìàëüíûõ
çàïîëíåíèé â ñìûñëå Ì. Ãðîìîâà.

Òåîðåìà 1. Âåñ ìèíèìàëüíîãî çàïîëíåíèÿ ïñåâäîìåòðè÷åñêîãî ïðî-
ñòðàíñòâà ðàâåí ïîëóïåðèìåòðó ýòîãî ïðîñòðàíñòâà òîãäà è òîëüêî òîãäà,
êîãäà ïðîñòðàíñòâî àääèòèâíî.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 10�
01�00748), Ãðàíòà Ïðåçèäåíòà ÐÔ ïîääåðæêè Âåäóùèõ íàó÷íûõ øêîë
(ÍØ�3224.2010.1), Ïðîãðàììû �Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé
øêîëû� (ïðîåêò ÐÍÏ 2.1.1.3704) è Ïðîãðàììû �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� (ãîñêîíòðàêò 02.740.11.5213).
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Àñèìïòîòèêà èíòåãðàëîâ ýíåðãèè äëÿ âàðèàöèîííûõ çàäà÷ òåîðèè
òðåùèí ñ îäíîñòîðîííèìè îãðàíè÷åíèÿìè

Ðóäîé Å. Ì. (Èíñòèòóò ãèäðîäèíàìèêè èì. Ì. À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
Ðîññèÿ)

Ïóñòü Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω, ω0 �ïîäîáëàñòü Ω
ñ ãðàíèöåé ∂ω0 òàêàÿ, ÷òî ω ⊂ Ω. Ïóñòü γ0 ⊂ ∂ω0. Îïðåäåëèì ïðîñòðàíñòâî
æåñòêèõ ïåðåìåùåíèé

R(ω0) = {ρ = (ρ1, ρ2) | ρ(x1, x2) = Bx+ C, x = (x1, x2) ∈ ω0},

ãäå B �êîñîñèììåòðè÷åñêàÿ ìàòðèöà, C �ïîñòîÿííûé âåêòîð.
Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

−σij,j(U0) = fi ï. â. â Ω\ω0, (1)

u01 = u02 = 0 ï. â. íà ∂Ω, (2)

U0 = B0x+ C0 ï. â. â ω0, (3)

[U0]ν0 ≥ 0 ï. â. íà γ0, (4)

στ (U0) = 0, σν0(U0) ≤ 0, (5)

σν0(U0)[U0]ν0 = 0 íà γ0, (6)∫
∂ω0

(σ(U0)ν0) · ρ =

∫
ω0

Fρ dx ∀ρ ∈ R(ω0). (7)

Çäåñü U0 �äâóõêîìïîíåòíûé âåêòîð ïåðåìåùåíèé, εij(U0), σij(U0)�êîìïî-
íåíòû òåíçîðîâ äåôîðìàöèé è íàïðÿæåíèé ñîîòâåòñòâåííî, F = (f1, f2)�
çàäàííûé âåêòîð âíåøíèõ ñèë, ν0 � âåêòîð åäèíè÷íîé íîðìàëè ê γ0,
σν0(U0) = σij(U0)ν0iν0j , στi(U0) = σij(U0)ν0j − σν0(U0)ν0i, i = 1, 2.

Çàäà÷à ïîäîáíîãî ðîäà âîçíèêàåò â äâóìåðíîé òåîðèè óïðóãîñòè äëÿ òå-
ëà, ñîäåðæàùåãî æåñòêîå âêëþ÷åíèå ω0 è òðåùèíó γ0. Ïðè ýòîì íà áåðåãàõ
òðåùèíû çàäàíî óñëîâèå íåïðîíèêàíèÿ� óñëîâèå îäíîñòîðîííåãî îãðàíè÷å-
íèÿ.

Çàäà÷à (1)�(7) ôîðìóëèðóåòñÿ â âèäå ìèíèìèçàöèè ôóíêöèîíàëà ýíåðãèè

Π(Ω0;U) =
1

2

∫
Ω\ω

σij(U)εij(U) dx−
∫
Ω0

FU dx

íà ìíîæåñòâå äîïóñòèìûõ ñìåùåíèé.
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Îñíîâíàÿ öåëü ðàáîòû� íàéòè ïðîèçâîäíóþ ôóíêöèîíàëà ýíåðãèè ïî
ôîðìå îáëàñòè. Äëÿ ýòîãî ðàññìàòðèâàåòñÿ âîçìóùåíèå y = x + δV (x)
(V ∈ {W 2,∞}2) îáëàñòè Ω, çàâèñÿùåå îò ïàðàìåòðà δ. Ñïðàâåäëèâà ñëåäó-
þùàÿ òåîðåìà:

Òåîðåìà 1. Ñóùåñòâóåò ïðîèçâîäíàÿ Π′(U0) ôóíêöèîíàëà ýíåðãèè ïî
ïàðàìåòðó âîçìóùåíèÿ δ ïðè δ = 0, êîòîðàÿ çàäàåòñÿ ôîðìóëîé

Π′(U0) =
1

2

∫
Ω\ω0

div V σij(U0)εij(U0) dx−

−
∫

Ω\ω0

σij(U0)Eij

(
∂V

∂x
;U0

)
dx−

∫
Ω0

div (V fi)u0i dx−
∫
ω0

F · (B0V ) dx−

− 〈σ(U0)ν0, B0V 〉1/2,∂ω0
−
〈
σν0(U0),

(
∂V

∂x
[U0]

)
ν0

〉00

γ0

,

Eij

(
∂V

∂x
;U0

)
=

1

2

(
∂u0i

∂xk
Vk,j +

∂u0j

∂xk
Vk,i

)
.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà ÐÔ, ïðîåêò
ÌÊ-222.2010.1.

Î ïðåäñòàâëåíèè ðåøåíèé êâàçèëèíåéíûõ ãèïåðáîëè÷åñêèõ
ñèñòåì êàê íàáîðà êðèòè÷åñêèõ òî÷åê âåêòîð-ôóíêöèîíàëîâ íà

òðàåêòîðèÿõ
Ðûêîâ Þ. Ã. (Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì. Â. Êåëäûøà ÐÀÍ,

Ðîññèÿ)

Ðàññìîòðèì êâàçèëèíåéíóþ ãèïåðáîëè÷åñêóþ 2× 2 ñèñòåìó óðàâíåíèé

Ut + F (U)x = 0, (1)

ãäå U = (u (t, x) , v (t, x)), (t, x) ∈ R+×R. Ïóñòü âåêòîð-ôóíêöèÿ F (U) ∈ C1, à
âåêòîð-ôóíêöèÿ U (t, x) ìîæåò, âîîáùå ãîâîðÿ, òåðïåòü ðàçðûâû íà íåêîòîðûõ
êðèâûõ.

Èçâåñòíî, ÷òî ïðè èññëåäîâàíèè âîïðîñà î ñóùåñòâîâàíèè îáîáùåííûõ
ðåøåíèé àíàëîãè÷íûõ, n × n, n > 2, ñèñòåì àïðèîðíûõ îöåíîê íåäîñòàòî÷-
íî. Ïðè n = 2 ñèòóàöèþ ÷àñòè÷íî óäàåòñÿ ðàçðåøèòü ñ ïîìîùüþ íåêîòîðûõ
ñïåöèàëüíûõ ìåòîäîâ, íàïðèìåð, ìåòîäà êîìïåíñèðîâàííîé êîìïàêòíîñòè [1].

Â íàñòîÿùåì äîêëàäå ñäåëàíà ïîïûòêà âûðàáîòàòü ñîâåðøåííî èíîé ïîä-
õîä, îñíîâàííûé íà ïîèñêå ïðåäñòàâëåíèÿ ðåøåíèé ÷åðåç âàðèàöèîííóþ ïî-
ñòàíîâêó, äëÿ ñëó÷àÿ îäíîãî óðàâíåíèÿ ýòîò ïîäõîä èñïîëüçîâàëà Î. À. Îëåé-
íèê [2]. Çäåñü îãðàíè÷èìñÿ ñèñòåìîé 2×2, ïîäîáíûé âçãëÿä ìîæåò áûòü ïðî-
âåäåí è äëÿ ñèñòåì n × n. Ðàññìîòðèì ñëåäóþùèé âåêòîð-ôóíêöèîíàë

−→
J ,

îïðåäåëåííûé íà òðàåêòîðèÿõ (x(τ), U(τ)), x (0) = y, x (t) = x, U (0) = U0 (y),

−→
J ≡

y∫
0

U0 (s) ds+

t∫
0

{Uẋ− F (U)} dτ. (2)
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Îïðåäåëåíèå 1. Íàçîâåì íàáîð òðàåêòîðèé x (τ) , U (τ) êðèòè÷åñêèì
äëÿ ôóíêöèîíàëà (2), åñëè åãî ïåðâàÿ âàðèàöèÿ δ

−→
J îáðàùàåòñÿ â íîëü ïðè

óñëîâèè δx = li (U) · δU äëÿ íåêîòîðîãî i ∈ {1, 2}, ãäå li (U)�ëåâûå ñîáñòâåí-
íûå âåêòîðà ìàòðèöû F ′ (U).

Óòâåðæäåíèå 1. Ãëàäêîå ðåøåíèå ñèñòåìû (1) ìîæåò áûòü ïðåäñòàâ-
ëåíî êàê ñîñòîÿùåå èç êðèòè÷åñêîãî íàáîðà òðàåêòîðèé ñîãëàñíî îïðåäåëå-
íèþ 1 è ïðè i = 1, è ïðè i = 2.

Óòâåðæäåíèå 2. Åñëè îáîáùåííîå ðåøåíèå ñèñòåìû (1) èìååò ðàçðû-
âû, òî êðèòè÷åñêèé íàáîð òðàåêòîðèé ôóíêöèîíàëà (2), îêàí÷èâàþùèõñÿ
íà ëèíèÿõ ðàçðûâà, ÿâëÿåòñÿ ðåøåíèåì âàðèàöèîííîé çàäà÷è ñ ïîäâèæíû-

ìè êîíöàìè äëÿ
−→
J (îáëàñòü âàðèàöèè êîíöåâûõ òî÷åê îãðàíè÷åíà ëèíèÿìè

ðàçðûâà). Ïðè ýòîì íà ëèíèÿõ ðàçðûâà ñïðàâåäëèâû ñîîòíîøåíèÿ Ðåíêèíà�
Ãþãîíèî äëÿ ñèñòåìû (1).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò � 09-01-
00288, è ïðîãðàììû � 1 ÎÌÍ ÐÀÍ.

Ñïèñîê ëèòåðàòóðû

[1] Serr D. Systems of conservation laws, 2 vols. Cambridge, Cambridge University Press,
1999, 2000.

[2] Îëåéíèê Î. À. Çàäà÷à Êîøè äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâî-
ãî ïîðÿäêà ñ ðàçðûâíûìè íà÷àëüíûìè óñëîâèÿìè // Òðóäû Ìîñê. ìàò. îá-âà. 1956.
Ò. 5. Ñ. 433�454.

Íåêîòîðûå àíàëîãè òåîðåìû î ïðèíöèïå àðãóìåíòà äëÿ
äîçâóêîâûõ òå÷åíèé è èõ ãåîìåòðè÷åñêàÿ òðàêòîâêà

Ðûëîâ À. È. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê)

Ðàññìàòðèâàþòñÿ äîçâóêîâûå òå÷åíèÿ, äàþùèå, êàê èçâåñòíî, õîðîøèé
ïðèìåð êâàçèêîíôîðìíûõ îòîáðàæåíèé. Ïóñòü G� çàìêíóòàÿ êðèâàÿ, ÿâëÿ-
þùàÿñÿ ãðàíèöåé îáëàñòè D óêàçàííîãî òå÷åíèÿ. Îãðàíè÷èìñÿ èçó÷åíèåì
ïîâåäåíèÿ óãëîâ íàêëîíà âåêòîðîâ ñêîðîñòè θ è óñêîðåíèÿ ω.

Ïîêàçàíî, ÷òî äëÿ θ òî÷êàìè íåîäíîçíà÷íîñòè ÿâëÿþòñÿ òî÷êè òîðìîæå-
íèÿ, ÿâëÿþùèåñÿ àíàëîãàìè íóëåé èç ÒÔÊÏ, à àíàëîãîâ ïîëþñîâ íåò. Ïðè
ïîëîæèòåëüíîì îáõîäå òî÷êè òîðìîæåíèÿ θ ìåíÿåòñÿ ïî çàêîíó θ = −nφ. Â
òî æå âðåìÿ òî÷êè íåîäíîçíà÷íîñòè ôóíêöèè ω èç äîçâóêîâûõ òå÷åíèé äå-
ëÿòñÿ íà äâà òèïà. Ýòî ñòàöèîíàðíûå òî÷êè (òî÷êè îáðàùåíèÿ â íóëü îáåèõ
êîìïîíåíò âåêòîðà óñêîðåíèÿ), äëÿ êîòîðûõ â ÒÔÊÏ àíàëîãîì ÿâëÿþòñÿ íó-
ëè (ω = −nφ), è òî÷êè òîðìîæåíèÿ, àíàëîãîì êîòîðûõ â ÒÔÊÏ ÿâëÿþòñÿ
ïîëþñà (ω = φ). Çäåñü φ�ïîëÿðíûé óãîë, n� ñòåïåíü îñîáåííîñòè.

Óòâåðæäåíèå 1 (Àíàëîã òåîðåìû î ïðèíöèïå àðãóìåíòà). Ïðè ïîëîæè-
òåëüíîì îáõîäå ãðàíèöû G è òî÷åê íåîäíîçíà÷íîñòè ki ñóììàðíîå ïðèðàùå-
íèå óãëà θ (óãëà ω) ðàâíî íóëþ.

Ñàìàÿ ñëîæíàÿ ÷àñòü äîêàçàòåëüñòâà óòâåðæäåíèÿ ñîñòîèò â âûÿâëåíèè
è àíàëèçå òî÷åê íåîäíîçíà÷íîñòè. Ïîñëåäóþùèå äåòàëè âî ìíîãîì ïîâòîðÿþò
èçëîæåííîå â [1].
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Ïðèâåäåííûå âûøå ðåçóëüòàòû ìîãóò áûòü ïîëó÷åíû è ñ ïîìîùüþ ìåòî-
äà ëèíèé óðîâíÿ, ÷òî îäíîâðåìåííî äàåò è ãåîìåòðè÷åñêóþ òðàêòîâêó. Äëÿ
ïðîñòîòû îãðàíè÷èìñÿ äîçâóêîâûì îáòåêàíèåì òåëà ðàâíîìåðíûì è ãîðèçîí-
òàëüíûì íà áåñêîíå÷íîñòè ïîòîêîì ñ òî÷êàìè ðàñòåêàíèÿ è ñõîäà, ðàñïîëî-
æåííûìè íà òåëå. Â ýòîì ñëó÷àå òî÷êàìè íåîäíîçíà÷íîñòè ôóíêöèè ω ÿâ-
ëÿþòñÿ ëèøü ñòàöèîíàðíûå òî÷êè, â òîì ÷èñëå è áåñêîíå÷íîóäàëåííàÿ òî÷êà
(ÁÓÒ). Ðàññìîòðèì íîâóþ îäíîðîäíóþ ñèñòåìó óðàâíåíèé ãàçîâîé äèíàìèêè,
ïîñòðîåííóþ íà îñíîâå ïðåäûäóùèõ ðàáîò àâòîðà [2, 3]:

λψ = k
Uϕ
U
− λUψ

U
, λϕ = −λUϕ

U
− Uψ

U
.

Îòìåòèì ëèøü, ÷òî λ = tan(ω−θ)/ρ. Ñ èñïîëüçîâàíèåì ñâîéñòâ ìîíîòîííîñòè
îäíîðîäíûõ ñèñòåì [4] ïîêàçàíî, ÷òî èç êàæäîé ñòàöèîíàðíîé òî÷êè âûõîäèò
ïó÷åê ëèíèé λ = const, è êàæäàÿ èç ýòèõ ëèíèé âûõîäèò íà îáòåêàåìîå òåëî. Â
òî æå âðåìÿ íå èñêëþ÷åíû ïîäêîâîîáðàçíûå ëèíèè λ = const, íà÷èíàþùèåñÿ
è çàêàí÷èâàþùèåñÿ íà òåëå, è íå ñâÿçàííûå ñî ñòàöèîíàðíûìè òî÷êàìè.

Àâòîð áëàãîäàðèò Â. Ì. Ìèêëþêîâà çà öåííûå ñîâåòû.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå èíòåãðàöèîííîãî ïðåêòà 103 ÑÎ ÐÀÍ.
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Î ïîëíîòå êîðíåâûõ ôóíêöèé äèôôåðåíöèàëüíîãî îïåðàòîðà,
ïîðîæäåííîãî ïðîñòåéøèì äèôôåðåíöèàëüíûì âûðàæåíèåì è

äâó÷ëåííûìè äâóõòî÷å÷íûìè êðàåâûìè óñëîâèÿìè
Ðûõëîâ Â. Ñ. (Ñàðàòîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü L� îïåðàòîð, ïîðîæäåííûé íà îòðåçêå [0, 1] äèôôåðåíöèàëüíûì
âûðàæåíèåì `(y) := y(n) è êðàåâûìè óñëîâèÿìè

Uj(y) = αjy
(j−1)(0) + βjy

(j−1)(1) = 0, j = 1, n,

ãäå n = 2m + 1, m ≥ 2, αj ∈ C äëÿ j = 1, n, αs 6= 0 è βs = 0 äëÿ íåêîòîðîãî
s ∈ {1, . . . , n}, βj = 1 äëÿ j 6= s. Â [1] èññëåäîâàëñÿ ñëó÷àé, êîãäà βj = 1,
j = 1, n.

Îáîçíà÷èì: ωj = exp (2j−1)πi
n

, j = 1, n, êîðíè n-é ñòåïåíè èç −1, Ω :=(
ων−1
j

)n
ν,j=1

, α := (α1, α2, . . . , αn)T . Î÷åâèäíî, det Ω 6= 0. Ââåäåì aν := α̂νω
ν−1
1 ,

ν = 1, n, ãäå α̂ν åñòü êîìïîíåíòû âåêòîðà α̂ :=
(
ΩT
)−1

α. Ïóñòü ãj := aj −
2aj−1

ω
2(s−1)
1

+
aj−2

ω
4(s−1)
1

, ãäå èíäåêñû èçìåíÿþòñÿ öèêëè÷åñêè ïî ìîäóëþ n. Ââåäåì
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îïðåäåëèòåëè

∆̃12...k =

∣∣∣∣∣∣∣∣
ã2 ã1 . . . ãk+5 ãk+4

ã3 ã2 . . . ãk+6 ãk+5

. . . . . . . . . . . . . . .
ãn−k ãn−k−1 . . . ã3 ã2

∣∣∣∣∣∣∣∣ , k = 1, n− 2.

Ëåììà 1. Îïåðàòîð L ðåãóëÿðåí ïî Áèðêãîôó (ñì. [2]) ò. è ò. ò., êîãäà
∆̃12...m 6= 0 è ∆̃12...m+1 6= 0.

Ëåììà 2. Îïåðàòîð L ñëàáî íåðåãóëÿðåí ò. è ò. ò., êîãäà ∆̃12...m 6= 0
è ∆̃12...m+1 = 0 èëè ∆̃12...m = 0 è ∆̃12...m+1 6= 0.

Îïðåäåëåíèå 1. Áóäåì íàçûâàòü îïåðàòîð L ñèëüíî íåðåãóëÿðíûì, åñëè
îí íå ÿâëÿåòñÿ íè ðåãóëÿðíûì, íè ñëàáî íåðåãóëÿðíûì.

Ôóíêöèè Ãðèíà ñèëüíî íåðåãóëÿðíûõ îïåðàòîðîâ èìåþò ýêñïîíåíöèàëü-
íûé ðîñò ïî ñïåêòðàëüíîìó ïàðàìåòðó ïî ëþáîìó íàïðàâëåíèþ.

Ëåììà 3. Îïåðàòîð L ñèëüíî íåðåãóëÿðåí ò. è ò. ò., êîãäà è ∆̃12...m =
∆̃12...m+1 = 0.

Ìíîæåñòâî îïåðàòîðîâ L, äëÿ êîòîðûõ ∆̃12...m = ∆̃12...m+1 = 0 è âûïîë-
íÿåòñÿ:

1◦. ∆̃12...m−1 6= 0 è ∆̃12...m+2 6= 0� îáîçíà÷èì NR1;
2◦. ∆̃12...m−1 6= 0 è ∆̃12...m+2 = 0� îáîçíà÷èì NR0

1;
3◦. ∆̃12...m−1 = 0 è ∆̃12...m+2 6= 0� îáîçíà÷èì NR1

1.

Îïåðàòîðû èç ìíîæåñòâ NR1, NR0
1 è NR

1
1 â ñîîòâåòñòâèè ñ ëåììîé 3 ÿâëÿþòñÿ

ñèëüíî íåðåãóëÿðíûìè.

Òåîðåìà 1. Åñëè îïåðàòîð L ∈ NR1 ∪NR0
1 ∪NR1

1, òî ñèñòåìà êîðíåâûõ
ôóíêöèé ýòîãî îïåðàòîðà ÿâëÿåòñÿ ïîëíîé â ïðîñòðàíñòâå L2[0, 1].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò �10-01-
00270) è ãðàíòà Ïðåçèäåíòà ÐÔ íà ïîääåðæêó âåäóùèõ íàó÷íûõ øêîë (ïðîåêò
ÍØ-4383.2010.1).

Ñïèñîê ëèòåðàòóðû

[1] Ðûõëîâ Â. Ñ. Î ïîëíîòå êîðíåâûõ ôóíêöèé ïðîñòåéøèõ ñèëüíî íåðåãóëÿðíûõ äèô-
ôåðåíöèàëüíûõ îïåðàòîðîâ ñ äâó÷ëåííûìè äâóõòî÷å÷íûìè êðàåâûìè óñëîâèÿìè //
Äîêëàäû Àêàäåìèè Íàóê. 2009. Ò. 428. � 6. Ñ. 740�743.

[2] Íàéìàðê M. A. Ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû. Ì.: Íàóêà, 1969.

Î ðàñïîëîæåíèè ñïåêòðà çàäà÷è Òðèêîìè äëÿ óðàâíåíèé
ñìåøàííîãî òèïà

Ñàáèòîâ Ê. Á. (Ñòåðëèòàìàêñêèé Èíñòèòóò ïðèêëàäíûõ èññëåäîâàíèé,
Ðîññèÿ)

Òóðìûåâà Þ. Ê. (Ñòåðëèòàìàêñêèé Èíñòèòóò ïðèêëàäíûõ èññëåäîâàíèé,
Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå ñ îáîáùåííûì îïåðàòîðîì Òðèêîìè

Tu ≡ sign y · |y|nuxx + uyy − λ|y|nu = 0, (1)
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ãäå n = const > 0, λ = λ1 ïðè y > 0, λ = λ2 ïðè y < 0, λ1 è λ2 � çàäàííûå,
âîîáùå ãîâîðÿ, êîìïëåêñíûå ïàðàìåòðû, â îáëàñòè D, îãðàíè÷åííîé êóñî÷íî-
ãëàäêîé êðèâîé Γ, ëåæàùåé â ïîëóïëîñêîñòè y > 0 ñ êîíöàìè â òî÷êàõ A(0, 0)
è B(l, 0), l > 0, è ïðè y < 0� õàðàêòåðèñòèêàìè AC è CB óðàâíåíèÿ (1).

Ïóñòü D− = D ∩ {y < 0}, D+ = D ∩ {y > 0}.

Çàäà÷à 1 (Çàäà÷à Òðèêîìè). Íàéòè íà ìíîæåñòâå D+ ∪ D− ðåøåíèå
u(x, y) óðàâíåíèÿ (1) èç êëàññà C(D)∩C1(D)∩C2(D+∪D−), óäîâëåòâîðÿþùåå
ãðàíè÷íûì óñëîâèÿì: u(x, y) = ϕ(x, y), (x, y) ∈ Γ, u(x, y) = ψ(x, y), (x, y) ∈
AC, ãäå ϕ è ψ� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ϕ(A) = ψ(A).

Â äîêëàäå ïðèâîäÿòñÿ óñëîâèÿ îòíîñèòåëüíî ïàðàìåòðîâ λ1 è λ2, ïðè êî-
òîðûõ îäíîðîäíàÿ çàäà÷à Òðèêîìè èìååò òîëüêî íóëåâîå ðåøåíèå ïðè ëþáîì
n > 0. Îòñþäà ïîëó÷åíû ìíîæåñòâà íà êîìïëåêñíîé ïëîñêîñòè λ, ãäå íå ëåæàò
òî÷êè ñïåêòðà çàäà÷è Òðèêîìè. Ïîëó÷åí ñëåäóþùèé îñíîâíîé ðåçóëüòàò.

Òåîðåìà 1. Íà ìíîæåñòâå ÷èñåë λ1 è λ2, óäîâëåòâîðÿþùèõ íåðàâåí-
ñòâó

2 Reλ1 + Reλ2 > |λ2| − 2p,

íåò ñïåêòðà çàäà÷è Òðèêîìè, ãäå p�ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿ-
ùàÿ òîëüêî îò ìåðû îáëàñòè D+.

Îòìåòèì, ÷òî â ðàáîòå [1] èçó÷åí ñëó÷àé n = 0.

Ñïèñîê ëèòåðàòóðû

[1] Ñàáèòîâ Ê. Á. Î çàäà÷å Òðèêîìè äëÿ óðàâíåíèÿ Ëàâðåíòüåâà�Áèöàäçå ñî ñïåê-
òðàëüíûì ïàðàìåòðîì // Äèôôåðåíö. óðàâíåíèÿ. 1986. Ò. 22. � 11. Ñ. 1977�1984.

Òåîðåìû ðàâíîñõîäèìîñòè äëÿ îïåðàòîðîâ Øòóðìà�Ëèóâèëëÿ ñ
ïîòåíöèàëàìè�ðàñïðåäåëåíèÿìè

Ñàäîâíè÷àÿ È. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Èçó÷àåòñÿ îïåðàòîð Øòóðìà�Ëèóâèëëÿ

L = − d2

dx2
+ q(x) (1)

â ïðîñòðàíñòâå L2[0, π] ñ ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå. Ïðåäïîëàãàåòñÿ,
÷òî ïîòåíöèàë q(x) ÿâëÿåòñÿ ðàñïðåäåëåíèåì ïåðâîãî ïîðÿäêà ñèíãóëÿðíî-
ñòè, ò. å. q ∈W−1

2 [0, π], à èìåííî, q(x) = u′(x), u ∈ L2[0, π] (ïðîèçâîäíàÿ çäåñü
ïîíèìàåòñÿ â ñìûñëå ðàñïðåäåëåíèé). Ïî ïîâîäó îïðåäåëåíèÿ è ñâîéñòâ îïå-
ðàòîðîâ òàêîãî âèäà ñì. [1]. Èçó÷àåòñÿ âîïðîñ î ðàâíîìåðíîé íà âñåì îòðåçêå
[0, π] ðàâíîñõîäèìîñòè ðàçëîæåíèÿ ôóíêöèè f â ðÿä ïî ñèñòåìå ñîáñòâåííûõ
è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà L ñ åå ðàçëîæåíèåì â ðÿä Ôóðüå ïî
ñèñòåìå ñèíóñîâ � ñîáñòâåííûõ ôóíêöèé îïåðàòîðà L0 = −d2/dx2 ñ òåìè æå
ãðàíè÷íûìè óñëîâèÿìè. Íàéäåíî äîñòàòî÷íîå óñëîâèå (â òåðìèíàõ ïåðâîîá-
ðàçíîé ïîòåíöèàëà) òàêîé ðàâíîñõîäèìîñòè äëÿ ëþáîé ôóíêöèè f èç ïðî-
ñòðàíñòâà L1[0, π].
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Òåîðåìà 1. Ïóñòü Ly = −y′′ + q(x)y � îïåðàòîð Øòóðìà�Ëèóâèëëÿ,
äåéñòâóþùèé â ïðîñòðàíñòâå L2[0, π], ñ ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå
y(0) = y(π) = 0, ãäå q(x) = u′(x), à êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ u ∈ L∞[0, π] è
óäîâëåòâîðÿåò óñëîâèþ (ïîëàãàåì u ïåðèîäè÷åñêè ïðîäîëæåííîé çà îòðåçîê
[0, π]):

sup
0≤x≤π

sup
0<h≤π

∫
h≤|t|≤π

∣∣∣∣u(t+ x+ h)− u(t+ x)

t

∣∣∣∣ dt ≤ C < +∞. (2)

Îáîçíà÷èì ÷åðåç {yn(x)}∞n=1 ñèñòåìó ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíê-
öèé îïåðàòîðà L, à ÷åðåç {wn(x)}∞n=1 � áèîðòîãîíàëüíóþ ê íåé. Òîãäà äëÿ
ëþáîé ôóíêöèè f(x) èç ïðîñòðàíñòâà L1[0, π] èìååò ìåñòî ðàâíîìåðíàÿ ðàâ-
íîñõîäèìîñòü

lim
m→∞

∥∥∥∥∥
m∑
n=1

cnyn(x)−
√

2

π

m∑
n=1

cn,0 sin(nx)

∥∥∥∥∥
C[0,π]

= 0.

Çäåñü cn = (f(x), wn(x)), cn,0 =
√

2/π(f(x), sinnx).

Çàìå÷àíèå 1. Óñëîâèþ (2) óäîâëåòâîðÿþò, íàïðèìåð, íåïðåðûâíûå
ôóíêöèè, ìîäóëü íåïðåðûâíîñòè êîòîðûõ óäîâëåòâîðÿåò îöåíêå ω(u; δ) ≤
C

| ln δ| ; ôóíêöèè ñ èíòåãðàëüíûì ìîäóëåì íåïðåðûâíîñòè ω1 (u; δ) ≤ Cδ, â

÷àñòíîñòè, âñå ôóíêöèè îãðàíè÷åííîé âàðèàöèè.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-90408 è ãðàíòà
âåäóùèõ íàó÷íûõ øêîë ÍØ-3514.2010.1.

Ñïèñîê ëèòåðàòóðû

[1] Ñàâ÷óê À. Ì., Øêàëèêîâ À. À. Îïåðàòîðû Øòóðìà�Ëèóâèëëÿ ñ ïîòåíöèàëàìè�
ðàñïðåäåëåíèÿìè // Òðóäû Ìîñêîâñêîãî Ìàò. Îáùåñòâà. 2003. Ò. 64. Ñ. 159�219.

Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ
íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè

Ñàäûáåêîâ Ì. À. (Èíñòèòóò ìàòåìàòèêè, èíôîðìàòèêè è ìåõàíèêè,
Êàçàõñòàí)

Â äîêëàäå â îáëàñòè Ω = {(x, t) : 0 < x < 1, 0 < t < T} ðàññìàòðèâàåòñÿ
çàäà÷à î íàõîæäåíèè ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut(x, t) = uxx(x, t)− q(x)u(x, t) + f(x, t), (1)

óäîâëåòâîðÿþùåãî íà÷àëüíîìó óñëîâèþ

u(x, 0) = ϕ(x), 0 ≤ x ≤ 1, (2)

è êðàåâûì óñëîâèÿì âèäà{
a1ux(0, t) + b1ux(1, t) + a0u(0, t) + b0u(1, t) = 0,
c1ux(0, t) + d1ux(1, t) + c0u(0, t) + d0u(1, t) = 0,

(3)

ãäå ak, bk, ck, dk, k = 0, 1�êîìïëåêñíûå ÷èñëà.
Çàäà÷è ïàðàáîëè÷åñêîãî òèïà ñ äâóõòî÷å÷íûìè êðàåâûìè óñëîâèÿìè îá-

ùåãî âèäà (3) èçó÷àëèñü ðàíåå â ðàáîòå Í. È. Èîíêèíà è Å. È. Ìîèñååâà
330



[1], ãäå â ïðåäïîëîæåíèè óñèëåííîé ðåãóëÿðíîñòè óñëîâèé (3) ìîäèôèöèðî-
âàííûì ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ ïîñòðîåíî ðåøåíèå çàäà÷è (1)�(3),
äîêàçàíà åãî åäèíñòâåííîñòü è óñòîé÷èâîñòü ïî íà÷àëüíûì äàííûì â ðàçëè÷-
íûõ íîðìàõ.

Â ñëó÷àå æå, êîãäà êðàåâûå óñëîâèÿ ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñè-
ëåííî ðåãóëÿðíûìè, âîïðîñ î áàçèñíîñòè ñèñòåì ñîáñòâåííûõ è ïðèñîåäèíåí-
íûõ ôóíêöèé îáûêíîâåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà äî êîíöà îêîí-
÷àòåëüíî åùå íå ðåøåí. È â òàêîì ñëó÷àå çàäà÷à (1)�(3) íå âñåãäà ìîæåò
áûòü ðåøåíà ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Â [2] áûë îáîñíîâàí ìîäèôè-
öèðîâàííûé ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ïðè ðåøåíèè çàäà÷è (1)�(3) äëÿ
îäíîãî ñëó÷àÿ êðàåâûõ óñëîâèé, íàçûâàåìûõ â íàñòîÿùåå âðåìÿ óñëîâèÿìè
Ñàìàðñêîãî�Èîíêèíà.

Îäíàêî, äàæå â ïðîñòåéøåì ñëó÷àå q(x) ≡ 0 äî ñåãîäíÿøíåãî äíÿ íå áûëî
åäèíîãî ñïîñîáà ðåøåíèÿ è äîêàçàòåëüñòâà êîððåêòíîñòè çàäà÷è, íå çàâèñÿ-
ùåãî îò ñâîéñòâ áàçèñíîñòè ñîîòâåòñòâóþùåãî îáûêíîâåííîãî äèôôåðåíöè-
àëüíîãî îïåðàòîðà.

Â íàñòîÿùåì äîêëàäå ïðåäëàãàåòñÿ íîâûé ìåòîä ðåøåíèÿ çàäà÷è (1)�(3)
äëÿ ñëó÷àÿ, êîãäà êðàåâûå óñëîâèÿ ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî
ðåãóëÿðíûìè. Ïðåäëàãàåìûé ìåòîä ðåøåíèÿ çàäà÷è ìîæåò áûòü ïðèìåíèì
äëÿ ïîñòðîåíèÿ êàê êëàññè÷åñêîãî, òàê è äëÿ ðàçëè÷íûõ òèïîâ îáîáùåííûõ
ðåøåíèé.

Òåîðåìà 1. Ðåøåíèå çàäà÷è (1)�(3) â ñëó÷àå ðåãóëÿðíûõ, íî íå óñèëåííî
ðåãóëÿðíûõ óñëîâèé, ïðè q(x) = q(1 − x) âñåãäà ìîæåò áûòü ýêâèâàëåíòíî
ñâåäåíî ê ïîñëåäîâàòåëüíîìó ðåøåíèþ äâóõ êðàåâûõ çàäà÷ ñ óñèëåííî ðåãó-
ëÿðíûìè êðàåâûìè óñëîâèÿìè òèïà Øòóðìà.

Ñïèñîê ëèòåðàòóðû

[1] Èîíêèí Í. È., Ìîèñååâ Å. È. Î çàäà÷å äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ äâóõòî-
÷å÷íûìè êðàåâûìè óñëîâèÿìè // Äèôôåðåíö. óðàâíåíèÿ. 1979. Ò. 15. � 7. Ñ. 1284�
1295.

[2] Èîíêèí Í. È. Ðåøåíèå îäíîé êðàåâîé çàäà÷è òåîðèè òåïëîïðîâîäíîñòè ñ íåêëàññè-
÷åñêèì êðàåâûì óñëîâèåì // Äèôôåðåíö. óðàâíåíèÿ. 1977. Ò. 13. � 2. Ñ. 294�304.

Î ñâÿçè ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè ïîëóãðóïï ñî
ñõîäèìîñòüþ ñîîòâåòñòâóþùèõ èì ìåð

Ñàêáàåâ Â. Æ. (ÌÔÒÈ, Ðîññèÿ)
Ñìîëÿíîâ Î. Ã. (ÌÃÓ, Ðîññèÿ)

Äëÿ îïèñàíèÿ äèôôóçèè è êâàíòîâîé äèíàìèêè êâàçè÷àñòèöû ñ ýôôåê-
òèâíîé ìàññîé, çàâèñèìîñòü êîòîðîé îò êîîðäèíàòû íîñèò ðàçðûâíûé õàðàê-
òåð, èçó÷àåòñÿ ñåìåéñòâî ãàìèëüòîíèàíîâ (ò. å. ñàìîñîïðÿæåííûõ îïåðàòî-
ðîâ), ÿâëÿþùèõñÿ ñàìîñîïðÿæåííûìè ðàñøèðåíèÿìè ôîðìàëüíîãî äèôôå-
ðåíöèàëüíîãî îïåðàòîðà ñ ðàçðûâíûìè êîýôôèöèåíòàìè. Ïðè ýòîì èññëå-
äóþòñÿ ñõîäèìîñòü ïîëóãðóïï Øðåäèíãåðà, ïîðîæäàåìûõ ñãëàæåííûìè ãà-
ìèëüòîíèàíàìè, ê ïîëóãðóïïå, ïîðîæäàåìîé èñõîäíûì ãàìèëüòîíèàíîì, à
òàêæå ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ïîðîæäåííûõ ïîëóãðóïïàìè ìåð íà
ìíîæåñòâå ôóíêöèé ñî çíà÷åíèÿìè â êîíôèãóðàöèîííîì ïðîñòðàíñòâå.
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Ïóñòü {Ln}�ïîñëåäîâàòåëüíîñòü äåéñòâóþùèõ â ãèëüáåðòîâîì ïðî-
ñòðàíñòâå H = L2(R) ðàâíîìåðíî ýëëèïòè÷åñêèõ îïåðàòîðîâ ñ ãëàäêè-
ìè êîýôôèöèåíòàìè, àïïðîêñèìèðóþùèõ ãàìèëüòîíèàí L. Îáîçíà÷èì ÷åðåç
Cyl àëãåáðó öèëèíäðè÷åñêèõ ïîäìíîæåñòâ â ïðîñòðàíñòâå C(R+, R), êàæ-
äîå èç êîòîðûõ îïðåäåëÿåòñÿ çíà÷åíèÿìè ôóíêöèé â êîíå÷íîì íàáîðå òî÷åê
t1, ..., tm ∈ R+. Ïóñòü êàæäîìó n ∈ N ñîïîñòàâëåí äèôôóçèîííûé ñëó÷àé-
íûé ïðîöåññ ξn, ïðîèçâîäÿùèì îïåðàòîðîì êîòîðîãî ÿâëÿåòñÿ ãàìèëüòîíè-
àí Ln. Ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ ïðîöåññîâ {ξn} ñîîòâåòñòâóåò ïîñëå-
äîâàòåëüíîñòü ìåð {µn} íà ìèíèìàëüíîé σ-àëãåáðå z, ñîäåðæàùåé àëãåáðó
öèëèíäðè÷åñêèõ ôóíêöèé Cyl, òàêèì îáðàçîì, ÷òî ìåðà µn îïðåäåëÿåò ïîëó-
ãðóïïó eLnt ïðè ïîìîùè ðàâåíñòâ

(v, eLntu) =

∫
C(R,R)

v(ξ(0))u(ξ(t))dµn(ξ), ∀ t > 0, u, v ∈W 2
2 (R). (1)

Îáîçíà÷èì ÷åðåç k òîïîëîãèþ íà ëèíåéíîì ïðîñòðàíñòâå ìåð, çàäàííûõ
íà èçìåðèìîì ïðîñòðàíñòâå (C(R+, R),z), ïîðîæäåííóþ ñåìåéñòâîì ôóíê-
öèîíàëîâ {Pv,T , T > 0, v ∈ H}, ãäå ïðè êàæäîì v ∈ H, T > 0 ôóíêöèîíàë
Pv,T çàäàí ðàâåíñòâîì

Pv,T (µ) = sup
t∈[0,T ], ‖w‖H=1

∣∣∣∣∣∣∣
∫

C(R,R)

w(ξ(0))v(ξ(t))dµ(ξ)

∣∣∣∣∣∣∣ .
Òåîðåìà 1. Ïóñòü µn �ïîñëåäîâàòåëüíîñòü ìåð, ñîîòâåòñòâóþùàÿ

íåêîòîðîé ïîñëåäîâàòåëüíîñòè äèôôóçèîííûõ ïðîöåññîâ ξn ñ ïðîèçâîäÿ-
ùèìè îïåðàòîðàìè Ln. Òîãäà ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ïîëóãðóïï
{eLnt} â ñèëüíîé îïåðàòîðíîé òîïîëîãèè, ðàâíîìåðíàÿ íà êàæäîì îòðåçêå
ïîëóîñè R+, ðàâíîñèëüíà ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè ìåð µn â òîïîëî-
ãèè k.

Åñëè îäíî èç ðàâíîñèëüíûõ óñëîâèé âûïîëíåíî, òî òîãäà ïðåäåëüíàÿ
îïåðàòîð-ôóíêöèÿ F ïîñëåäîâàòåëüíîñòè ïîëóãðóïï {eLnt} ÿâëÿåòñÿ ïîëó-
ãðóïïîé, ïðè÷åì ïðåäåëüíàÿ ìåðà ν ïîðîæäàåò ïîëóãðóïïó F ñîãëàñíî ðàâåí-
ñòâó (1) è îïðåäåëÿåòñÿ ïî ïîëóãðóïïå F ñèñòåìîé ðàâåíñòâ

ν(At1,...,tmB1,...,Bm
) = (χBm ,F(tm − tm−1)PBm−1F(tm−1 − tm−2)...PB2F(t2 − t1)χB1),

äëÿ êàæäîãî ìíîæåñòâà At1,...,tmB1,...,Bm
∈ Cyl, çàäàííîãî óñëîâèåì

At1,...,tmB1,...,Bm
= {ξ ∈ C(R+, R) : ξ(tj) ∈ Bj ∀ j ∈ 1,m},

ãäå t1, ..., tm ∈ R+, Bj � áîðåëåâñêèå ïîäìíîæåñòâà R, à PB � îïåðàòîð
óìíîæåíèÿ íà èíäèêàòîðíóþ ôóíêöèþ χB ìíîæåñòâà B.

Äèñêðåòèçàöèÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé Ëèóâèëëåâñêîãî òèïà
Ñàêèåâà À. Ó. (Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì ÓÍÖ

ÐÀÍ, Ðîññèÿ)

Óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ãèïåðáîëè÷åñêîãî òèïà

uxy = f(x, y, u, ux, uy) (1)
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íàçûâàåòñÿ óðàâíåíèåì òèïà Ëèóâèëëÿ, åñëè îíî èìååò èíòåãðàëû
ïî îáîèì õàðàêòåðèñòè÷åñêèì íàïðàâëåíèÿì: ò. å. èìååò x-èíòåãðàë
W (x, y, u, uy, uyy, ...) è y-èíòåãðàë V (x, y, u, ux, uxx, ...).

Àíàëîãè÷íî, äèôôåðåíöèàëüíî-ðàçíîñòíîå óðàâíåíèå âèäà

d

dx
u(n+ 1, x) = f(x, u(n, x), u(n+ 1, x),

d

dx
u(n, x)) (2)

ñ íåèçâåñòíîé ôóíêöèåé u(n, x), çàâèñÿùåé îò íåïðåðûâíîé ïåðåìåííîé x è
äèñêðåòíîé ïåðåìåííîé n, ÿâëÿåòñÿ ïîëóäèñêðåòíûì óðàâíåíèåì Ëèóâèëëåâ-
ñêîãî òèïà, åñëè ñóùåñòâóþò ôóíêöèè F è I, çàâèñÿùèå îò êîíå÷íîãî ÷èñ-

ëà àðãóìåíòîâ x, {u(n + k, x)}∞k=−∞,
{
dk

dxk
u(n, x)

}∞
k=1

, òàêèå, ÷òî DxF = 0 è

DI = I, ãäå Dx � îïåðàòîð ïîëíîãî äèôôåðåíöèðîâàíèÿ ïî x, à D� îïåðàòîð
ñäâèãà: Dp(n) = p(n+ 1) (ñì. [1], [2]).

Óðàâíåíèå (2) íàçûâàåòñÿ äèñêðåòíûì àíàëîãîì óðàâíåíèÿ (1), åñëè â
ïðåäåëå ïðè ñãóùåíèè ñåòêè ïî n = y/ε óðàâíåíèå (2) ïåðåõîäèò â óðàâíå-
íèå(1). Â äîêëàäå ïðåäïîëàãàåòñÿ îáñóæäåíèå ýôôåêòèâíîãî àëãîðèòìà îòûñ-
êàíèÿ äèñêðåòíûõ àíàëîãîâ Ëèóâèëëåâñêîãî òèïà äëÿ óðàâíåíèé âèäà (1),
êîòîðûå ñàìè ÿâëÿþòñÿ óðàâíåíèÿìè Ëèóâèëëåâñêîãî òèïà. Ñóòü àëãîðèòìà
ñîñòîèò â òîì, ÷òî ïðåäïîëàãàåòñÿ, ÷òî óðàâíåíèå (1) è åãî äèñêðåòíûé àíàëîã
èìåþò îáùèé èíòåãðàë. Äëÿ èíòåãðèðóåìûõ ïî Äàðáó óðàâíåíèé (1) ïîñòðîå-
íû èõ ïîëóäèñêðåòíûå àíàëîãè. Äëÿ ýòîãî ìû áåðåì äëÿ êàæäîãî èíòåãðèðóå-
ìîãî óðàâíåíèÿ (1) åãî èíòåãðàë W (x, y, u, uy, uyy) èëè V (x, y, u, ux, uxx), è ïî
ýòîìó èíòåãðàëó ñòðîèì ïîëóäèñêðåòíîå óðàâíåíèå u1x = f(x, u, u1, ux) òàêîå,
÷òî äëÿ ýòîãî èñêîìîãî óðàâíåíèÿ ôóíêöèÿ W èëè V ÿâëÿåòñÿ n-èíòåãðàëîì
(ñì. [3]).

Ïðèìåð 1. Äëÿ óðàâíåíèÿ Ëèóâèëëÿ uxy = eu y-èíòåãðàëîì ÿâëÿåòñÿ
ôóíêöèÿ V = uxx − 0.5ux

2. Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ïîëóäèñêðåòíûé
àíàëîã ýòîãî óðàâíåíèÿ åñòü óðàâíåíèå u1x = ux +Ce0.5(u+u1), C = const, äëÿ
êîòîðîãî ýòà æå ôóíêöèÿ V ÿâëÿåòñÿ n-èíòåãðàëîì.
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Ñïåêòðàëüíîå ðàçëîæåíèå íà âñåé ïðÿìîé ôóíêöèè Ãðèíà äëÿ
äâóõñëîéíîé ñðåäû ïî ôóíäàìåíòàëüíûì ôóíêöèÿì
ñàìîñîïðÿæåííîãî îïåðàòîðà Øòóðìà�Ëèóâèëëÿ
Ñàëòûêîâ Å. Ã. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)
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Òåîðåìà 1. Ðåøåíèå u(z, x) óðàâíåíèÿ

∂2u

∂z2
+
∂2u

∂x2
+ k2(z)u = −2δ(z − z′)δ(x− x′), (x, z) ∈ R2,

k2(z) = ε1 ïðè z < 0, k2(z) = ε2 ïðè z > 0, εi > 0, i = 1, 2, ïî ïåðåìåííîé x
íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé ôóíêöèåé íà âñåé îñè x, óäîâëåòâî-
ðÿåò â òî÷êàõ ðàçðûâà ïåðâîãî ðîäà ôóíêöèè k2(z) óñëîâèÿì ñîïðÿæåíèÿ
(íåïðåðûâíîñòè ôóíêöèè u è åå íîðìàëüíîé ê ãðàíèöå ðàçðûâà ïåðâîãî ðîäà
êîýôôèöèåíòà ïðîèçâîäíîé), ïðåäñòàâèìî ïðè ε1 6= ε2 â âèäå

u(z, x) =
∑
i=1,2

∞∫
0

e−
√
µ2−εi|x−x′|√
µ2 − εi

ui(z, µ)ui(z
′, µ) dpi(µ), x, x′, z, z′ ∈ R1.

(1)
Ôóíêöèè u1 = ψ1 è u2 = ϕ2 ÿâëÿþòñÿ îãðàíè÷åííûìè ôóíêöèÿìè íà âñåé
îñè z, óäîâëåòâîðÿþò óðàâíåíèÿì

−d
2ui
dz2

− k2(z)ui = (µ2 − εi)ui, µ ∈ R1, i = 1, 2, (2)

è óêàçàííûì âûøå óñëîâèÿì ñîïðÿæåíèÿ â òî÷êå z = 0, à pi(µ)� îòëè÷íûå
îò íóëÿ ýëåìåíòû ñïåêòðàëüíîé ìåðû, ïðåäñòàâëÿþùåé ñîáîé äèàãîíàëü-
íóþ ìàòðèöó-ôóíêöèþ,

dp1(µ) = dµ/(a1,2
1 (µ)b1,21 (µ) · 2π), dp2(µ) = dµ/(a2,1

2 (µ)b2,12 (µ) · 2π).

Çäåñü êîýôôèöèåíòû a1,2
1 , a2,1

2 , b1,21 , b2,12 îòëè÷íû îò íóëÿ ïðè ε1 6= ε2 è
îïðåäåëÿþòñÿ èç ðàâåíñòâ

b1,21 (µ)ϕ1(z, µ) + a1,2
1 (µ)ϕ1(z, − µ) = ψ1(z,µ),

b2,12 (µ)ψ2(z, µ) + a2,1
2 (µ)ψ2(z,−µ) = ϕ2(z, µ),

ïðè ýòîì ôóíêöèè ψ2 è ϕ1 ÿâëÿþòñÿ íåîãðàíè÷åííûìè íà âñåé ïðÿìîé z
ðåøåíèÿìè óðàâíåíèé (2).

Ïðåäñòàâëåíèå (1) ïîíèìàåòñÿ â ñìûñëå ïðèíöèïà ïðåäåëüíîãî ïîãëî-
ùåíèÿ, ïðèìåíÿåìîãî ïðè Im k2(z) ≷ 0 [1, 2].

Ïðåäñòàâëåíèå (1) ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ, êîãäà âåðõ-
íèå ïðåäåëû â îáîèõ èíòåãðàëàõ ñòðåìÿòñÿ ê áåñêîíå÷íîñòè îäíîâðåìåííî.
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Î ïîëèíîìèàëüíîé íîðìàëüíîé ôîðìå àâòîíîìíûõ ñèñòåì ñ îäíèì
íóëåâûì èëè äâóìÿ ìíèìûìè ýëåìåíòàìè ñïåêòðà

Ñàìîâîë Â. Ñ. (Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò � Âûñøàÿ
øêîëà ýêîíîìèêè, Ðîññèÿ)

Ðàññìîòðèì âåùåñòâåííóþ àâòîíîìíóþ ñèñòåìó

dx

dt
= Q(x), (1)

ãäå x,Q(x) ∈ Rn+l, n > 0, l = 1 èëè l = 2, Q(x) � ôóíêöèÿ êëàññà C∞ â
íåêîòîðîé îêðåñòíîñòè íà÷àëà êîîðäèíàò, Q(0) = 0, ìàòðèöà Q′(0) èìååò n
ñîáñòâåííûõ ÷èñåë, ëåæàùèõ âíå ìíèìîé îñè, è îäíî íóëåâîå (l = 1), ëèáî
äâà ÷èñòî ìíèìûõ (l = 2) ñîáñòâåííûõ ÷èñëà.

Òåîðåìà 1. Äëÿ ëþáîé ñèñòåìû âèäà (1) çà èñêëþ÷åíèåì ìíîæåñòâà
êîðàçìåðíîñòè áåñêîíå÷íîñòü äëÿ ëþáîãî öåëîãî ÷èñëà k > 0 ñóùåñòâóåò
íåâûðîæäåííîå ïðåîáðàçîâàíèå êëàññà Ck, ïðèâîäÿùåå ñèñòåìó ê ïîëèíîìè-
àëüíîé ðåçîíàíñíîé íîðìàëüíîé ôîðìå â ìàëîé îêðåñòíîñòè íà÷àëà êîîðäè-
íàò.

Òåîðåìà îáîáùàåò òåîðåìó Ñòåðíáåðãà�×åíÿ (òåîðåìà 12.2 èç [1]) íà ñëó-
÷àé ñèñòåì ñ îäíèì íóëåâûì èëè äâóìÿ ÷èñòî ìíèìûìè ñîáñòâåííûìè ÷èñ-
ëàìè.

Ñïèñîê ëèòåðàòóðû
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Àñèìïòîòè÷åñêîå ðåøåíèå çàäà÷è Êîøè äëÿ ñèíãóëÿðíî
âîçìóùåííîãî óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ñ ïåðåìåííûìè

êîýôôèöèåíòàìè
Ñàìîéëåíêî Þ. È. (Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Òàðàñà

Øåâ÷åíêî, Óêðàèíà)

Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ñèíãóëÿðíî âîçìóùåííîãî óðàâíåíèÿ
Êîðòåâåãà�äå Ôðèçà ñ ïåðåìåííûìè êîýôôèöèåíòàìè âèäà

εnuxxx = a(x, ε)ut + b(x, ε)uux, n ∈ N, t ∈ (0;T ], (1)

u(x, 0, ε) = f

(
x

ε
n
2

)
, (2)

ãäå

a(x, ε) =

∞∑
k=0

ak(x)εk, b(x, ε) =

∞∑
k=0

bk(x)εk,

ak(x), bk(x) ∈ C(∞)(R), k ≥ 0; ε > 0�ìàëûé ïàðàìåòð; ôóíêöèÿ f(η) ïðè-
íàäëåæèò ïðîñòðàíñòâó áûñòðî óáûâàþùèõ ôóíêöèé.

Ïðè ïîìîùè ìåòîäà ïîãðàíñëîÿ [1] è ìåòîäà ÂÊÁ [2] ïðåäëîæåí àëãî-
ðèòì ïîñòðîåíèÿ àñèìïòîòè÷åñêîãî ñîëèòîíîïîäîáíîãî ðåøåíèÿ çàäà÷è (1),
(2). Ïîêàçàíî, ÷òî âèä òàêîãî ðåøåíèÿ çàâèñèò îò ïîðÿäêà ñèíãóëÿðíîñòè â
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(1), ò. å. ÷èñëà n. Â ÷àñòíîñòè, ïðè ÷åòíîì n àñèìïòîòè÷åñêîå ïðèáëèæåíèå
äëÿ ðåøåíèÿ çàäà÷è (1), (2) èìååò âèä [3, 4]

uN (x, t, ε) =

N∑
j=0

εj (Vj(t, τ1) +Wj(τ1, τ2)) +O(εN+1),

τ1 =
x− ϕ(t)

ε
n
2

, τ2 =
t

ε
n
2
,

ãäå Vj(t, τ1), Wj(τ1, τ2), j = 1, N , ÿâëÿþòñÿ áûñòðî óáûâàþùèìè îòíîñèòåëü-
íî τ1 ∈ R ôóíêöèÿìè, áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ x = ϕ(t),
t ∈ [0;T ], îïèñûâàþùàÿ ëèíèþ ðàçðûâà ðåøåíèÿ íåâîçìóùåííîãî óðàâíåíèÿ,
îïðåäåëÿåòñÿ â ïðîöåññå ïîñòðîåíèÿ ðåøåíèÿ [5].

Äîêàçàíà òåîðåìà îá àñèìïòîòè÷åñêîé òî÷íîñòè ïîñòðîåííîãî ðåøåíèÿ.
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[5] Ñàìîéëåíêî Â. Ã., Ñàìîéëåíêî Þ. È. Ìåòîä ïîãðàíñëîÿ è óñëîâèå òèïà Ãþãî-
íèî äëÿ óðàâíåíèÿ Êîðòåâåãà�äå Ôðèçà // Âåñòíèê Áðåñòñêîãî óíèâåðñèòåòà. Ñå-
ðèÿ 4. Ôèçèêà. Ìàòåìàòèêà. � 2. Ñ. 111�129.

Ðåøåíèå óðàâíåíèé ñèììåòðè÷íîãî ïîãðàíè÷íîãî ñëîÿ îáîáùåííî
íüþòîíîâñêîé ñðåäû

Ñàìîõèí Â. Í. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïå÷àòè èì. Èâàíà
Ôåäîðîâà, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñòàöèîíàðíàÿ ñèñòåìà óðàâíåíèé ïîãðàíè÷íîãî ñëîÿ
íåíüþòîíîâñêîé ñðåäû, ìîäåëü êîòîðîé ïðåäëîæåíà â [1] ñ öåëüþ ìîäèôèêà-
öèè ñèñòåìû óðàâíåíèé Íàâüå�Ñòîêñà â ñâÿçè ñ ïðîáëåìîé îäíîçíà÷íîé ðàç-
ðåøèìîñòè ýòèõ óðàâíåíèé. Ñîîòâåòñòâóþùèå óðàâíåíèÿ ïîãðàíè÷íîãî ñëîÿ
ÿâëÿþòñÿ îáîáùåíèåì ñèñòåìû óðàâíåíèé Ïðàíäòëÿ è èìåþò âèä

ν(1 + 3k(uy)2)uyy − uux − vuy = −U(x)Ux(x), ux + vy = 0. (1)

Çäåñü (x, y) ∈ D = {0 < x < X, 0 < y < ∞}, ν è k�ïîëîæèòåëüíûå ïîñòîÿí-
íûå, U(x)� çàäàííàÿ ôóíêöèÿ. Çàäà÷à î ïðîäîëæåíèè ïîãðàíè÷íîãî ñëîÿ äëÿ
ñèñòåìû óðàâíåíèé (1) ðàññìîòðåíà â [2], [3] è ðÿäå äðóãèõ ðàáîò. Äîêàçàíà
îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è è èçó÷åíû íåêîòîðûå âîïðîñû êà÷åñòâåí-
íîãî ïîâåäåíèÿ ïîëó÷åííîãî ðåøåíèÿ.

Â äîêëàäå ðàññìàòðèâàåòñÿ ñëó÷àé ñèììåòðè÷íîãî ïîãðàíè÷íîãî ñëîÿ, òî
åñòü ñèñòåìà óðàâíåíèé (1) ðåøàåòñÿ ïðè óñëîâèÿõ

u(0, y) = 0, u(x, 0) = 0, v(x, 0) = 0, u(x, y)→ U(x) ïðè y →∞. (2)
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Ïðè ýòîì ïðåäïîëàãàåòñÿ U(0) = 0, Ux(0) > 0.
Äëÿ ðåøåíèÿ çàäà÷è (1)�(2) ïðèìåíåí ìåòîä ðàáîòû [4].

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ U(x) ÿâëÿåòñÿ ãëàäêîé ïðè
0 < x < X. Òîãäà â îáëàñòè D ñóùåñòâóåò, ïðè÷åì åäèíñòâåííîå, ðåøåíèå
çàäà÷è (1)�(2), îáëàäàþùåå ñëåäóþùèìè ñâîéñòâàìè: u(x, y) > 0 â D, ïðî-
èçâîäíûå ôóíêöèé u(x, y), v(x, y), âõîäÿùèå â ñèñòåìó óðàâíåíèé (1), íåïðå-
ðûâíû è îãðàíè÷åíû â D; u(x, y) → 0, uy(x, y) → 0, uyy(x, y) → 0 ïðè x → 0;
ux(x, y)→ a(y) ïðè x→ 0, ãäå a(y)� ðåøåíèå óðàâíåíèÿ

a2(y)−
y∫

0

a(ζ) dζ · da(y)

dy
− ν d

2a(y)

dy2
= (U ′x(0))2

ñ óñëîâèÿìè

a(0) = 0, a(y)→ U ′x(0) ïðè y →∞.
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Ñèëüíàÿ è ñëàáàÿ èíâàðèàíòíîñòü ìíîæåñòâ îòíîñèòåëüíî
íåëèíåéíîé èìïóëüñíîé óïðàâëÿåìîé ñèñòåìû

Ñàìñîíþê Î. Í. (Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ èìïóëüñíàÿ óïðàâëÿåìàÿ ñèñòåìà (D) ñ òðà-
åêòîðèÿìè îãðàíè÷åííîé âàðèàöèè è óïðàâëåíèÿìè, ÿâëÿþùèìèñÿ îãðàíè-
÷åííûìè áîðåëåâñêèìè âåêòîðíûìè ìåðàìè. Ìíîæåñòâî òðàåêòîðèé ýòîé ñè-
ñòåìû ñîâïàäàåò ñ ìíîæåñòâîì îáîáùåííûõ ðåøåíèé íåëèíåéíîé óïðàâëÿå-
ìîé ñèñòåìû [1, 2]

ẋ(t) = f
(
t, x(t), u(t)

)
+G

(
t, x(t)

)
v(t),

u(t) ∈ U, v(t) ∈ K ∀̇ t ∈ T,

}
(1)

ãäå x(·) � àáñîëþòíî íåïðåðûâíàÿ âåêòîð-ôóíêöèÿ, x(t) ∈ Rn, u(·), v(·) �
èíòåãðèðóåìûå âåêòîð-ôóíêöèè, U ⊂ Rr � êîìïàêòíîå ìíîæåñòâî, K ⊂ Rm
� âûïóêëûé çàìêíóòûé êîíóñ, T = [a, b] � ôèêñèðîâàííûé îòðåçîê. Ôóíê-
öèè (t, x, u) → f(t, x, u) è (t, x) → G(t, x) çàäàíû, íåïðåðûâíû ïî âñåì ïåðå-
ìåííûì, ëîêàëüíî ëèïøèöåâû ïî x è óäîâëåòâîðÿþò óñëîâèþ íå áîëåå ÷åì
ëèíåéíîãî ðîñòà ïî x, ìíîæåñòâî f(t, x, U) âûïóêëî.
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Îïðåäåëåíèå 1. Ôóíêöèÿ x(·) ∈ BV n(T ) íàçûâàåòñÿ òðàåêòîðèåé ñè-
ñòåìû (D), åñëè íàéäåòñÿ òàêàÿ ïîñëåäîâàòåëüíîñòü ïðîöåññîâ ñèñòåìû (1){(
xk(·), uk(·), vk(·)

)}
, ÷òî âûïîëíÿþòñÿ óñëîâèÿ

sup
k
||vk||L1 < +∞,

xk(t)→ x(t) ∀ t ∈ T.

Çäåñü BV n(T ) � áàíàõîâî ïðîñòðàíñòâî n-ìåðíûõ ôóíêöèé îãðàíè÷åííîé
âàðèàöèè íà T.

Ââåäåíû ïîíÿòèÿ ñèëüíî è ñëàáî èíâàðèàíòíûõ îòíîñèòåëüíî èìïóëüñ-
íîé óïðàâëÿåìîé ñèñòåìû (D) ìíîæåñòâ è äîêàçàíû ñîîòâåòñòâóþùèå ïðîê-
ñèìàëüíûå êðèòåðèè. Â îòëè÷èå îò ðàáîòû [3], ãäå ðàññìàòðèâàëàñü àíàëîãè÷-
íàÿ ñèñòåìà, íî ñ íåîòðèöàòåëüíûì èìïóëüñíûì óïðàâëåíèåì (K ⊆ Rm+ ), ââå-
äåííûå îïðåäåëåíèÿ àäàïòèðîâàíû ê íåàâòîíîìíîñòè íåëèíåéíîé èìïóëüñíîé
ñèñòåìû ïî �áûñòðîìó� âðåìåíè, â êîòîðîì îñóùåñòâëÿåòñÿ èìïóëüñíàÿ äè-
íàìèêà è, â ÷àñòíîñòè, ñêà÷êè òðàåêòîðèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÑÎ�ÓðÎ ÐÀÍ, èí-
òåãðàöèîííûé ïðîåêò � 85, à òàêæå ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00672.
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Ïðèçíàê áàçèñíîñòè Ðèññà ýëåìåíòîâ ïðîñòðàíñòâà L2

Ñàðñåíáè À. Ì. (Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ì. Àóåçîâà, Êàçàõñòàí)

Â ñïåêòðàëüíîé òåîðèè ëèíåéíûõ íåñàìîñîïðÿæåííûõ äèôôåðåíöèàëü-
íûõ îïåðàòîðîâ îñîáîå ìåñòî çàíèìàåò âîïðîñ î áàçèñíîñòè èõ êîðíåâûõ âåê-
òîðîâ â òîì èëè èíîì êëàññå ôóíêöèé. Áîëüøèíñòâî øèðîêî èçâåñòíûõ ñè-
ñòåì ôóíêöèé òàê èëè èíà÷å ñâÿçàíû ñ äèôôåðåíöèàëüíûìè îïåðàòîðàìè, è
èõ ãëóáîêîå èçó÷åíèå âûçâàíî îò÷àñòè ïîòðåáíîñòÿìè ñïåêòðàëüíîé òåîðèè.

Íåäàâíî â ðàáîòå [1] àâòîðà íàñòîÿùåé çàìåòêè áûëî óñòàíîâëåíî, ÷òî
ðàâíîìåðíàÿ îãðàíè÷åííîñòü ïî÷òè âñþäó ìîäóëåé êîðíåâûõ âåêòîðîâ ïðÿ-
ìîãî è ñîïðÿæåííîãî äèôôåðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêîâ ÿâ-
ëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì èõ áàçèñíîñòè Ðèññà â êëàññå
L2.

Â ñëó÷àå ïðîèçâîëüíûõ ñèñòåì èç êëàññà L2, íå ñâÿçàííûõ ñ êîíêðåòíûì
äèôôåðåíöèàëüíûì îïåðàòîðîì, ôàêòîâ, ïîäîáíûõ ïåðå÷èñëåííûì âûøå, íå
íàáëþäàåòñÿ. Òàê, ñèñòåìû âèäà [2] {|x|αeinx}, {|x|−αe−inx}, ãäå n�öåëîå
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÷èñëî, 0 < α < 1/2, ÿâëÿþòñÿ áèîðòîãîíàëüíî ñîïðÿæåííûìè, ïî÷òè íîð-
ìèðîâàííûìè. Êàæäàÿ èç íèõ îáðàçóåò áàçèñ ïðîñòðàíñòâà L2(−π, π), íî íå
áàçèñ Ðèññà.

Ïîëèíîìû Ëåæàíäðà (ñì., íàïðèìåð, [3, ñòð. 44]) îáðàçóþò áàçèñ Ðèññà
ïðîñòðàíñòâà L2(−1, 1) (îðòîíîðìèðîâàííûé áàçèñ), íî îíè íå îãðàíè÷åíû.

Òåì íå ìåíåå, ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü êàæäàÿ èç áèîðòîãîíàëüíî ñîïðÿæåííûõ ñèñòåì
{uk}, {vk} èç êëàññà L2(G) ïîëíà, è âûïîëíåíû ñëåäóþùèå ðàâíîìåðíûå îöåí-
êè:

‖uk‖L∞(G) ≤ C1, ‖vk‖L∞(G) ≤ C2.

Òîãäà êàæäàÿ èç ýòèõ ñèñòåì îáðàçóåò áàçèñ Ðèññà â L2(G).
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Ñèíãóëÿðíûå îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ
ïîòåíöèàëîì-ðàñïðåäåëåíèåì â ïðîñòðàíñòâå âåêòîð-ôóíêöèé

Ñàôîíîâà Ò. À. (Ïîìîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ïóñòü ýëåìåíòû ìàòðèöû P := (pij)
n
i,j=1 �äåéñòâèòåëüíîçíà÷íûå, èç-

ìåðèìûå íà ïîëóîñè R+ := [0; +∞) ôóíêöèè, òàêèå, ÷òî pij = pji è
p2
ij ∈ L1

loc(R+) ïðè i, j = 1, 2, . . . , n. Ïðåäïîëàãàÿ, ÷òî âåêòîð-ôóíêöèè y è

y
[1]
P := y′−Py óæå îïðåäåëåíû è ÿâëÿþòñÿ ëîêàëüíî àáñîëþòíî íåïðåðûâíû-
ìè íà R+, ðàññìîòðèì îäíîðîäíîå ñèììåòðè÷åñêîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå âòîðîãî ïîðÿäêà ñ ìàòðè÷íûìè êîýôôèöèåíòàìè

−(y
[1]
P )′ − Py[1]

P − P
2y = 0, x ∈ R+. (1)

Ïóñòü äàëåå ìàòðèöà P (1) := (p
(1)
ij )ni,j=1 îáëàäàåò òåìè æå ñâîéñòâàìè, ÷òî

è ìàòðèöà P , à âåêòîð-ôóíêöèè y, y[1]

P (1) := y′ − P (1)y îïðåäåëåíû, ïðè÷åì

y, y
[1]

P (1) ∈ ACloc(R+). ×åðåç T îáîçíà÷èì ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû
ðåøåíèé óðàâíåíèÿ

−(y
[1]

P (1))
′ − P (1)y

[1]

P (1) − (P (1))2y = 0, x ∈ R+. (2)

Î÷åâèäíî, ÷òî ñòîëáöû ìàòðèöû T èìåþò âèä (uj , (uj)
[1]

P (1))
t (j = 1, 2, . . . , 2n),

ãäå uj �ëèíåéíî íåçàâèñèìûå âåêòîðíûå ðåøåíèÿ óðàâíåíèÿ (2). Äîêëàä ïî-
ñâÿùåí óñòàíîâëåíèþ äîñòàòî÷íûõ óñëîâèé íà êîýôôèöèåíòû ìàòðèö P è
P (1) è ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé óðàâíåíèÿ (2), îáåñïå÷èâàþùèõ
àñèìïòîòè÷åñêóþ áëèçîñòü ðåøåíèé óðàâíåíèé (1) è (2). Â ÷àñòíîñòè, ñïðà-
âåäëèâà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 1. Ïóñòü ìàòðèöû P , P (1) è T òàêîâû, ÷òî

+∞∫
0

∥∥∥∥T−1

(
P − P (1) 0

−P 2 + (P (1))2 −P + P (1)

)
T

∥∥∥∥ < +∞.

Òîãäà äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë α1, α2, . . . , α2n óðàâíåíèå (1) èìååò ðå-
øåíèå φ(x), óäîâëåòâîðÿþùåå óñëîâèÿì:

φ(x) =

2n∑
j=1

[αj + aj(x)]uj(x) è φ
[1]
P (x) =

2n∑
j=1

[αj + aj(x)](uj)
[1]

P (1)(x),

ãäå ai(x) = o(1) (i = 1, 2, . . . , 2n) ïðè x → +∞, à ‖.‖ îçíà÷àåò ñóììó àáñî-
ëþòíûõ âåëè÷èí âñåõ ýëåìåíòîâ ìàòðèöû.

Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ ïîñòðîåíèÿ ïðèìåðîâ ðåàëè-
çàöèè ñëó÷àÿ ìàêñèìàëüíîãî äåôåêòíîãî ÷èñëà äëÿ äèôôåðåíöèàëüíîãî îïå-
ðàòîðà, ïîðîæäåííîãî âûðàæåíèåì âèäà −y′′ + Qy, ãäå Q(x)�êâàäðàòíàÿ
ìàòðèöà âòîðîãî ïîðÿäêà ñ ýëåìåíòàìè, ñîäåðæàùèìè δ-ôóíêöèþ.

Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü ïðîô. Ìèðçîåâó Ê. À. çà ïîñòàíîâêó
çàäà÷è è ïîëåçíûå îáñóæäåíèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ � 11-01-00790-à è ÀÂÖÏ
� 2.1.1/10641.

Òîïîëîãè÷åñêèå èíâàðèàíòû ëèíåéíûõ ðàñøèðåíèé
êâàçèïåðèîäè÷åñêèõ ïîòîêîâ

Ñàõàðîâ À. Í. (Íèæåãîðîäñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ
àêàäåìèÿ, Ðîññèÿ)

Â äîêëàäå îáñóæäàþòñÿ âîïðîñû òîïîëîãè÷åñêîé êëàññèôèêàöèè ëèíåé-
íûõ ïîòîêîâ íà êîñîì ïðîèçâåäåíèè T2 × C2 ñ êâàçèïåðèîäè÷åñêèì ïîòîêîì
íà òîðå T2. Áåç îãðàíè÷åíèÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî òàêèå ïîòîêè
ïîðîæäàþòñÿ âåêòîðíûìè ïîëÿìè âèäà

ϕ̇ = ω, ẋ = A(ϕ)x, (1)

ãäå ϕ = (ϕ1, ϕ2)� óãëîâûå êîîðäèíàòû íà òîðå T2, ω ∈ R2 �ôèêñèðîâàííûé
âåêòîð ñ ðàöèîíàëüíî íåçàâèñèìûìè êîìïîíåíòàìè, x ∈ C2, A(ϕ)�ìàòðèöà-
ôóíêöèÿ íà T2. Òàêèì îáðàçîì, ðàññìàòðèâàåìûå ïîòîêè ÿâëÿþòñÿ ëèíåéíû-
ìè ðàñøèðåíèÿìè êâàçèïåðèîäè÷åñêîãî ïîòîêà íà T2. Òàê êàê âåêòîð ÷àñòîò
ω ôèêñèðîâàí, òî ðàññìàòðèâàåòñÿ çàäà÷à êëàññèôèêàöèè òàêèõ ëèíåéíûõ
ðàñøèðåíèé ñ òî÷íîñòüþ äî ïîñëîéíîé òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè.

Ëèíåéíîå ðàñøèðåíèå èíäóöèðóåò òàê íàçûâàåìîå ïðîåêòèâíîå ðàñøèðå-
íèå � ïîòîê íà êîìïàêòíîì ìíîãîîáðàçèè T2 × S2 [1].

Òåîðåìà 1. Ëèíåéíûå ðàñøèðåíèÿ, ïîðîæäàåìûå âåêòîðíûìè ïîëÿìè
âèäà (1), ïîñëîéíî òîïîëîãè÷åñêè ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà
èíäóöèðóåìûå èìè ïðîåêòèâíûå ðàñøèðåíèÿ òîïîëîãè÷åñêè ýêâèâàëåíòíû.

Âàæíûìè òîïîëîãè÷åñêèìè èíâàðèàíòàìè ïðîåêòèâíûõ ðàñøèðåíèé ÿâ-
ëÿþòñÿ ÷èñëî è òèï ìèíèìàëüíûõ ìíîæåñòâ.
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Òåîðåìà 2. Ïðîåêòèâíîå ðàñøèðåíèå ìîæåò èìåòü îäíî èëè äâà
ìèíèìàëüíûõ ìíîæåñòâà, ëèáî ôàçîâîå ïðîñòðàíñòâî T2 × S2 ÿâëÿåòñÿ
íåñ÷åòíûì îáúåäèíåíèåì ìèíèìàëüíûõ ìíîæåñòâ.

Â çàêëþ÷åíèå îáñóæäàþòñÿ âîïðîñû ñóùåñòâîâàíèÿ �ñðåäíåãî âðàùåíèÿ�
ñëîÿ S2

ϕ = {ϕ}×S2, ïîäîáíîãî ÷èñëó âðàùåíèÿ ñëîÿ âåùåñòâåííûõ ïðîåêòèâ-
íûõ ïîòîêîâ [2]. Äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ äîêàçàíî ñóùåñòâîâàíèå
ïîñòîÿííîé ìàòðèöû âðàùåíèÿ R ∈ SO(3).

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00730.

Ñïèñîê ëèòåðàòóðû

[1] Êîëîìèåö Ì. Ë., Ñàõàðîâ À. Í. Êëàññèôèêàöèÿ ïðîåêòèâíûõ ðàñøèðåíèé êâàçè-
ïåðèîäè÷åñêèõ ïîòîêîâ // �Íåëèíåéíûå êîëåáàíèÿ ìåõàíè÷åñêèõ ñèñòåì�. Í. Íîâ-
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Òåîðåìû òèïà Ìþíöà�Ñàñà äëÿ âåñîâûõ ïðîñòðàíñòâ
Ñåäëåöêèé À. Ì. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ðå÷ü èäåò î ïîëíîòå ñèñòåì ýêñïîíåíò

e(Λ) = (e−λnt)∞n=1, Reλn > 0, Λ = (λn)∞n=1

â âåñîâûõ ïðîñòðàíñòâàõ C0,α = C0,α[0,∞) è Lp,α = Lp,α(R+), îïðåäåëÿåìûõ
ñëåäóþùèì îáðàçîì.

×åðåç C0,α îáîçíà÷àåòñÿ ïðîñòðàíñòâî íåïðåðûâíûõ íà [0,∞) ôóíêöèé,
òàêèõ, ÷òî

lim
t→+∞

f(t)(1 + t)α = 0,

ñ íîðìîé
‖f‖C0,α = max

t≥0
f(t)(1 + t)α, α ∈ R.

×åðåç Lp,α îáîçíà÷àåòñÿ ïðîñòðàíñòâî èçìåðèìûõ íà ïîëóïðÿìîé R+

ôóíêöèé ñ íîðìîé

‖f‖Lp,α =

(∫
R+

|f(t)|p(1 + t)α dt

)1/p

, 1 ≤ p <∞, α ∈ R.

Îñíîâíîé ðåçóëüòàò äîêëàäà ñîñòîèò â ñëåäóþùåì.

Óòâåðæäåíèå 1. Åñëè B� êàêîå-íèáóäü èç ïðîñòðàíñòâ

C0,α, α < 0 èëè Lp,α, 1 ≤ p <∞, α < −1,

òî ïîëíîòà ñèñòåìû e(Λ) â B ðàâíîñèëüíà óñëîâèþ

∞∑
n=1

Reλn
1 + |λn|2

+

∫
R

log(1/dist(iy,Λ))

1 + y2
dy = +∞, (1)

òî åñòü ðàñõîäèìîñòè õîòÿ áû îäíîãî èç ñëàãàåìûõ â ëåâîé ÷àñòè (íàäî
èìåòü â âèäó, ÷òî äàííûé èíòåãðàë ìîæåò ðàñõîäèòüñÿ òîëüêî ê +∞).
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Ðàíüøå [1] áûëà èçâåñòíà íåîáõîäèìîñòü óñëîâèÿ (1) äëÿ ïîëíîòû ñèñòå-
ìû e(Λ) â ïðîñòðàíñòâå C0,0.

Â êà÷åñòâå êîììåíòàðèÿ îòìåòèì, ÷òî ðàñõîäèìîñòü ðÿäà (òàê íàçûâà-
åìîå óñëîâèå Ñàñà) îçíà÷àåò, ÷òî òî÷åê λn ”

äîñòàòî÷íî ìíîãî“, òîãäà êàê
ðàñõîäèìîñòü èíòåãðàëà õàðàêòåðèçóåò

”
äîñòàòî÷íî òåñíîå“ ïðèëåãàíèå ýòèõ

òî÷åê ê ìíèìîé îñè.
Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00225-à, è ïðî-

ãðàììû ÍØ-7322.2010.1.

Ñïèñîê ëèòåðàòóðû

[1] Ñåäëåöêèé À. Ì. Àïïðîêñèìàöèÿ òèïà Ìþíöà�Ñàñà â ïðÿìûõ ïðîèçâåäåíèÿõ ïðî-
ñòðàíñòâ // Èçâåñòèÿ ÐÀÍ. Ñåðèÿ ìàòåì. 2006. Ò. 70, � 5. Ñ. 179�196.

Ðàñïðåäåëåíèå ïîëíûõ ÷àñòîò è ïîêàçàòåëåé áëóæäàåìîñòè â
ïðîñòðàíñòâå ðåøåíèé ëèíåéíîé ñèñòåìû

Ñåðãååâ È. Í. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì ñèñòåìó

ẋ = Ax, x ∈ Rn, t > 0, (1)

ñ ïîñòîÿííûì îïåðàòîðîì A ∈ EndRn. Êàæäîìó åå íåíóëåâîìó ðåøåíèþ x ïî-
ñòàâèì â ñîîòâåòñòâèå ñëåäóþùèå âåëè÷èíû: õàðàêòåðèñòè÷åñêèå ïîêàçàòåëü
è ñòåïåíü [1]

χ(x) ≡ lim
t→∞

1

t
ln |x(t)|, β(x) ≡ lim

t→∞
log t

(
|x(t)| e−χ(x)t

)
,

à òàêæå ïîêàçàòåëü áëóæäàåìîñòè è ïîëíóþ ÷àñòîòó [2]

ρ(x) ≡ inf
L∈AutRn

lim
t→∞

1

t
γ(Lx), σ(x) ≡ inf

m∈Rn
lim
t→∞

π

t
ν(x,m, t),

ãäå

γ(x) ≡
∫ t

0

∣∣∣∣ ddτ
(
x(τ)

|x(τ)|

)∣∣∣∣ dτ,
à ν(x,m, t) � ÷èñëî íóëåé íà ïðîìåæóòêå (0; t] ôóíêöèè

(x(τ),m) ≡ x1(τ)m1 + . . .+xn(τ)mn, x ≡ (x1, . . . , xn), m ≡ (m1, . . . ,mn).

Òåîðåìà 1. Â ïðîñòðàíñòâå ðåøåíèé ëþáîé ñèñòåìû (1) ñóùåñòâóåò
ôëàã

S0 ⊂ S1 ⊂ . . . ⊂ Sn, dimSi = i, i = 0, 1, . . . , n, (2)

óäîâëåòâîðÿþùèé ðàâåíñòâàì

σ(x) = |Imλi| , x ∈ Si \ Si−1, i = 1, . . . , n, (3)

ãäå λ1, . . . , λn � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A, óïîðÿäî÷åííûå ïî
íåñòðîãîìó óáûâàíèþ ÷èñåë |Imλi|.

Åñëè äëÿ êàæäîé æîðäàíîâîé êëåòêè îïåðàòîðà A ïðîíóìåðîâàòü âñå m
(ïîðÿäîê êëåòêè) îòâå÷àþùèõ åé îäèíàêîâûõ ñîáñòâåííûõ çíà÷åíèé ÷èñëàìè
0, 1, . . . ,m− 1, òî êàæäîå èç n ñîáñòâåííûõ çíà÷åíèé λ îïåðàòîðà A ïîëó÷èò
ñâîé íîìåð k(λ).
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Òåîðåìà 2. Â ïðîñòðàíñòâå ðåøåíèé ëþáîé ñèñòåìû (1) ñóùåñòâóåò
ôëàã (2), óäîâëåòâîðÿþùèé ðàâåíñòâàì

(χ(x), β(x), ρ(x)) = (Reλi, k(λi), |Imλi|), x ∈ Si \ Si−1, i = 1, . . . , n, (4)

ãäå λ1, . . . , λn � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A, óïîðÿäî÷åííûå ïî ëåê-
ñèêîãðàôè÷åñêîìó âîçðàñòàíèþ òðîåê (Reλi, k(λi),− |Imλi|).

Çàìå÷àíèå 1. Óïîìèíàåìûå â òåîðåìàõ 1 è 2 ôëàãè (2) â ïðîñòðàíñòâå
ðåøåíèé êàêîé-ëèáî îäíîé ñèñòåìû (1), âîîáùå ãîâîðÿ, íå ñîâïàäàþò äðóã ñ
äðóãîì.

Çàìå÷àíèå 2. Óòâåðæäåíèÿ î ñóùåñòâîâàíèè ôëàãîâ (2), óäîâëåòâîðÿ-
þùèõ ðàâåíñòâàì òèïà (3) èëè (4), íå ðàñïðîñòðàíÿþòñÿ íà ëèíåéíûå íåàâ-
òîíîìíûå ñèñòåìû.

Ñïèñîê ëèòåðàòóðû
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íîé ñèñòåìû // Äèôôåðåíö. óðàâíåíèÿ. 2010. Ò. 46. � 11. Ñ. 1667�1668.

Çàâèñèìîñòü ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ
ẍ = |x|+ p(t) + ε îò ïàðàìåòðà

Ñèäîðîâ Å. À. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. È. Ëîáà÷åâñêîãî, Ðîññèÿ)

Èâàíîâ È. Ô. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. È. Ëîáà÷åâñêîãî, Ðîññèÿ)

Ðàíåå [1] ðàññìàòðèâàëñÿ âîïðîñ î çàâèñèìîñòè çíàêîïîñòîÿííûõ ïî÷òè
ïåðèîäè÷åñêèõ (ï. ï.) ðåøåíèé îò ïàðàìåòðà ε (> 0) äëÿ àíàëîãè÷íîãî óðàâíå-
íèÿ 1-ãî ïîðÿäêà. Â äàííîì ñîîáùåíèè ýòîò âîïðîñ èññëåäóåòñÿ äëÿ óðàâíåíèÿ
2-ãî ïîðÿäêà, ïðè÷åì è äëÿ çíàêîïåðåìåííûõ ï. ï. ðåøåíèé, ñ èñïîëüçîâàíèåì
èòåðàöèé èíîãî òèïà, ÷åì â [1].

Íèæå ïðåäïîëàãàåòñÿ, ÷òî ïðè ε = 0 äëÿ óðàâíåíèÿ ẍ = |x| + p(t) ñó-
ùåñòâóåò ï. ï. (èíîãäà ïåðèîäè÷åñêîå) ðåøåíèå x = ϕ(t) ∈ C2(R), òàê ÷òî
óðàâíåíèå èìååò âèä:

ẍ = |x| − |ϕ(t)|+ ϕ̈(t) (1)

Òåîðåìà 1. Åñëè ï. ï. ôóíêöèÿ ϕ(t) ∈ C2(R) òàêîâà, ÷òî |ϕ(t)| ≥ |ϕ̈(t)|,
è íå ÿâëÿåòñÿ íåîòðèöàòåëüíîé, òî óðàâíåíèå (1) èìååò íåîòðèöàòåëüíîå
ï. ï. ðåøåíèå x = ϕ1(t).

Â ñëó÷àå çàâèñèìîñòè ï. ï. ðåøåíèé îò ïàðàìåòðà ε > 0 ñïðàâåäëèâà

Òåîðåìà 2. Ïóñòü ï. ï. ôóíêöèÿ ϕ(t) êëàññà C2(R) óäîâëåòâîðÿåò óñëî-
âèÿì:

1◦. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïðîìåæóòêîâ (ak, bk), k ∈ Z, òà-
êèõ, ÷òî íà (ak, bk) : ϕ(t) > 0, à íà (bk, ak+1) : ϕ(t) < 0;

2◦. bk+1 − bk > β > 0; ak+1 − bk < α;
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3◦. Ñóùåñòâóåò ε1 > 0 òàêîå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

(α+ 2 · ε1) · eα+2·ε1 · (1− e−β)−1 < 1/3;

4◦. Ôóíêöèÿ ϕ(t) äîëæíà áûòü òàêîé, ÷òî ïðè äîñòàòî÷íî ìàëûõ ε >
0 cóùåñòâóåò ε1(> 0)→ 0 ïðè ε→ 0.

Òîãäà äëÿ ôóíêöèè y = x−ϕ(t) ñîîòâåòñòâóþùåå óðàâíåíèå ÿ = |y+ϕ|−|ϕ|+ε
èìååò ï. ï. ðåøåíèå y = Φ(t, ε)�ïðåäåë èòåðàöèîííîé ïîñëåäîâàòåëüíîñòè
ï. ï. ôóíêöèé {yn(t, ε)}. Ïðè ýòîì y0 ≡ 0, à yn+1 ÿâëÿåòñÿ åäèíñòâåííûì
ï. ï.ðåøåíèåì óðàâíåíèÿ

ÿn+1 = yn+1 + |yn + ϕ| − |ϕ| − yn + ε.

Òàêèì îáðàçîì, äàííîå óðàâíåíèå ẍ = |x|+ p(t) + ε (p(t) = −|ϕ(t)|+ ¨ϕ(t)) ïðè
äîñòàòî÷íî ìàëûõ ε > 0 èìååò ï. ï ðåøåíèå x(t, ε) = ϕ(t, ε) + Φ(t, ε).

Ïðè äîêàçàòåëüñòâå óñòàíàâëèâàåòñÿ: èòåðàöèè yn îïðåäåëÿþòñÿ èíäóê-
òèâíî è ÿâëÿþòñÿ ï. ï. ôóíêöèÿìè, ïðè÷åì −3ε ≤ yn+1 ≤ yn ≤ −ε, è âûïîë-
íÿåòñÿ îöåíêà |yn+1 − yn| ≤ 2/3 · |yn − yn−1| (n ≥ 1).

Çàìå÷àíèå 1. Óòâåðæäåíèå òåîðåìû ñïðàâåäëèâî è â îòíîøåíèè ïåðè-
îäè÷åñêèõ ôóíêöèé, òî åñòü åñëè ϕ(t)�ïåðèîäè÷åñêîå ðåøåíèå (ïðè âûïîë-
íåíèè ñîîòâåòñòâóþùèõ óñëîâèé).

Çàìå÷àíèå 2. Åñëè ϕ(t) íå óäîâëåòâîðÿåò óñëîâèÿì 3, 4, òî èññëåäîâàíèå
çàäà÷è ñòàíîâèòñÿ çíà÷èòåëüíî áîëåå ñëîæíûì.

Ñïèñîê ëèòåðàòóðû
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Ðàçëè÷íûå êëàññû îïåðàòîðîâ ïðåîáðàçîâàíèÿ Áóøìàíà�Ýðäåéè
Ñèòíèê Ñ. Ì. (Âîðîíåæñêèé èíñòèòóò ÌÂÄ Ðîññèè, Ðîññèÿ)

Îïåðàòîðû Áóøìàíà�Ýðäåéè ÿâëÿþòñÿ èíòåãðàëüíûìè îïåðàòîðàìè ñïå-
öèàëüíîãî âèäà ñ ôóíêöèÿìè Ëåæàíäðà â ÿäðàõ. Ïðè îïðåäåëåííîì âûáîðå
ïàðàìåòðîâ îíè ÿâëÿþòñÿ îäíîâðåìåííûì îáîáùåíèåì îïåðàòîðîâ ïðåîáðàçî-
âàíèÿ Ñîíèíà�Ïóàññîíà�Äåëüñàðòà è èõ ñîïðÿæåííûõ, îïåðàòîðîâ äðîáíîãî
èíòåãðèðîâàíèÿ Ðèìàíà�Ëèóâèëëÿ è Ýðäåéè�Êîáåðà, à òàêæå èíòåãðàëüíûõ
ïðåîáðàçîâàíèé Ìåëåðà�Ôîêà.

Èíòåãðàëüíûå îïåðàòîðû óêàçàííîãî âèäà ñ ôóíêöèÿìè Ëåæàíäðà â ÿä-
ðàõ âïåðâûå âñòðåòèëèñü â ðàáîòàõ E. T. Copson ïî óðàâíåíèþ Ýéëåðà�
Ïóàññîíà�Äàðáó â êîíöå 1950-õ ãîäîâ. Âïåðâûå ïîäðîáíîå èçó÷åíèå ðàçðå-
øèìîñòè è îáðàòèìîñòè äàííûõ îïåðàòîðîâ áûëî íà÷àòî â 1960-õ ãîäàõ â ðà-
áîòàõ Ð. Áóøìàíà è À. Ýðäåéè, è ïðîäîëæåíî â ðàáîòàõ Higgins, Ta Li, Love,
Habibullah, K. N. Srivastava, Äèíü Õîàíã Àíü, Â. È. Ñìèðíîâà, Â. Â. Êàòðà-
õîâà, Í. À. Âèð÷åíêî, À. À. Êèëáàñà è Î. Â. Ñêîðîìíèê. Íàçâàíèå äëÿ ýòîãî
êëàññà îïåðàòîðîâ ïðåäëîæåíî àâòîðîì, îíî ñòàëî îáùåïðèíÿòûì.
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Âàæíîñòü îïåðàòîðîâ Áóøìàíà�Ýðäåéè âî ìíîãîì îáóñëîâëåíà èõ ìíî-
ãî÷èñëåííûìè ïðèëîæåíèÿìè. Íàïðèìåð, îíè âñòðå÷àþòñÿ â ñëåäóþùèõ âî-
ïðîñàõ òåîðèè óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè: ïðè ðåøåíèè çàäà÷è
Äèðèõëå äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó â ÷åòâåðòè ïëîñêîñòè è
óñòàíîâëåíèè ñîîòíîøåíèé ìåæäó çíà÷åíèÿìè ðåøåíèé óðàâíåíèÿ Ýéëåðà�
Ïóàññîíà�Äàðáó íà ìíîãîîáðàçèè íà÷àëüíûõ äàííûõ è õàðàêòåðèñòèêå, òåî-
ðèè ïðåîáðàçîâàíèÿ Ðàäîíà, ïðè èññëåäîâàíèè êðàåâûõ çàäà÷ äëÿ ðàçëè÷íûõ
óðàâíåíèé ñ ñóùåñòâåííûìè îñîáåííîñòÿìè âíóòðè îáëàñòè, äîêàçàòåëüñòâó
âëîæåíèÿ ïðîñòðàíñòâ È. À. Êèïðèÿíîâà â âåñîâûå ïðîñòðàíñòâà Ñ. Ë. Ñî-
áîëåâà, óñòàíîâëåíèþ ñâÿçåé ìåæäó îïåðàòîðàìè ïðåîáðàçîâàíèÿ è âîëíîâû-
ìè îïåðàòîðàìè òåîðèè ðàññåÿíèÿ, îáîáùåíèþ êëàññè÷åñêèõ èíòåãðàëüíûõ
ïðåäñòàâëåíèé äëÿ ñïåöèàëüíûõ ôóíêöèé Ñîíèíà è Ïóàññîíà è îïåðàòîðîâ
ïðåîáðàçîâàíèÿ Ñîíèíà�Ïóàññîíà�Äåëüñàðòà.

Îñíîâíûå ðåçóëüòàòû àâòîðà ïî îïåðàòîðàì ïðåîáðàçîâàíèÿ Áóøìàíà�
Ýðäåéè ïîëó÷åíû â [1]�[7], îíè ïîäðîáíî èçëîæåíû â [3]�[4].
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äû 5-îé ìåæäóíàðîäíîé êîíôåðåíöèè �Analytical Methods of Analysis and Di�erential
Equations (AMADE)�, Òîì 1: Ìàòåìàòè÷åñêèé Àíàëèç. Íàöèîíàëüíàÿ Àêàäåìèÿ íà-
óê Áåëîðóñè, èíñòèòóò ìàòåìàòèêè. Ìèíñê, 2010. Ñ. 120�125.

[6] Ñèòíèê Ñ. Ì. Ðåøåíèå çàäà÷è îá óíèòàðíîì îáîáùåíèè îïåðàòîðîâ ïðåîáðàçîâàíèÿ
Ñîíèíà�Ïóàññîíà// Íàó÷íûå Âåäîìîñòè Áåëãîðîäñêîãî ãîñóäàðñòâåííîãî óíèâåðñè-
òåòà. 2010, � 5 (76), Âûïóñê 18, Ñ. 135�153.

[7] Ñèòíèê Ñ. Ì. Ìåòîä ôàêòîðèçàöèè îïåðàòîðîâ ïðåîáðàçîâàíèÿ â òåîðèè äèôôåðåí-
öèàëüíûõ óðàâíåíèé// Âåñòíèê Ñàìàðñêîãî Ãîñóäàðñòâåííîãî Óíèâåðñèòåòà (Ñàì-
ÃÓ). Åñòåñòâåííîíàó÷íàÿ ñåðèÿ. 2008, � 8/1 (67), Ñ. 237�248.

Î ñóùåñòâîâàíèè ðó÷íî âëîæåííîé ñåïàðàòðèñû ó
äèôôåîìîðôèçìà Ìîðñà�Ñìåéëà

Ñêóäíÿêîâà Ä. Ñ. (Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. È. Ëîáà÷åâñêîãî, Ðîññèÿ)

Äîêëàä ïîñâÿùåí îïèñàíèþ ðåçóëüòàòîâ, ïîëó÷åííûõ â ñîàâòîðñòâå ñ
Â. Ç. Ãðèíåñîì è Î. Â. Ïî÷èíêîé.

Èññëåäîâàíèå äèôôåîìîðôèçìîâ Ìîðñà�Ñìåéëà íà ìíîãîîáðàçèÿõ ðàç-
ìåðíîñòè áîëüøåé äâóõ, ïðåäñòàâëÿåò ñîáîé äîñòàòî÷íî ñëîæíóþ çàäà÷ó
ââèäó âîçìîæíîñòè äèêîãî âëîæåíèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé ñåäëîâûõ
ïåðèîäè÷åñêèõ òî÷åê. Ä. Ïèêñòîí [1] ïîñòðîèë ïðèìåð äèôôåîìîðôèçìà
Ìîðñà�Ñìåéëà íà òðåõìåðíîé ñôåðå, íåáëóæäàþùåå ìíîæåñòâî êîòîðîãî ñî-
ñòîèò èç 4 íåïîäâèæíûõ òî÷åê (èñòî÷íèêà, äâóõ ñòîêîâ è ñåäëà), è îäíà èç
îäíîìåðíûõ ñåïàðàòðèñ ÿâëÿåòñÿ äèêî âëîæåííîé. Â ðàáîòå [2] ïîêàçàíî, ÷òî
õîòÿ áû îäíà èç îäíîìåðíûõ ñåïàðàòðèñ äëÿ êàæäîãî èç ðàññìàòðèâàåìûõ
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äèôôåîìîðôèçìîâ ñ òàêèì íåáëóæäàþùèì ìíîæåñòâîì ÿâëÿåòñÿ ðó÷íî âëî-
æåííîé.

Â äîêëàäå ðàññìîòðåí êëàññ äèôôåîìîðôèçìîâ Ìîðñà�Ñìåéëà íà ñôåðå
S3, íåáëóæäàþùåå ìíîæåñòâî êîòîðûõ ñîñòîèò èç øåñòè íåïîäâèæíûõ òî-
÷åê, à áëóæäàþùåå ìíîæåñòâî íå ñîäåðæèò ãåòåðîêëèíè÷åñêèõ êðèâûõ. Â
ñèëó ðàáîòû [3], äèôôåîìîðôèçìû ðàññìàòðèâàåìîãî êëàññà äîïóñêàþò äè-
êèå âëîæåíèÿ ñåïàðàòðèñ ñåäëîâûõ òî÷åê â îêðåñòíîñòè ñòîêà èëè èñòî÷íèêà.
Ïîýòîìó, çàäà÷à òîïîëîãè÷åñêîé êëàññèôèêàöèè äèôôåîìîðôèçìîâ ñâîäèò-
ñÿ ê âûÿñíåíèþ òèïà çàóçëèâàíèÿ îäíîìåðíûõ ñåïàðàòðèñ â ïðîñòðàíñòâå
S2 × S1.

Àâòîðàìè óñòàíîâëåíî, ÷òî äëÿ ëþáîãî äèôôåìîðôèçìà èç ðàññìàòèâà-
åìîãî êëàññà, ñîäåðæàùåãî åäèíñòâåííóþ èñòî÷íèêîâóþ (ñòîêîâóþ) òî÷êó,
õîòÿ áû îäíà èç îäíîìåðíûõ ñåïàðàòðèñ ÿâëÿåòñÿ ðó÷íî âëîæåííîé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00730.
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Îöåíêà òèïà Öâèêåëÿ äëÿ îäíîãî êëàññà îïåðàòîðîâ
Ãèëüáåðòà-Øìèäòà

Ñëîóù Â. À. (Ñàíêò�Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

1. Ðå÷ü ïîéäåò îá îïåðàòîðå âèäà Tfg := f(H)g(x). Çäåñü H � ñàìîñî-
ïðÿæåííûé ýëëèïòè÷åñêèé äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà â
L2(Rd), d > 1; f(λ), λ ∈ R, � áîðåëåâñêàÿ îãðàíè÷åííàÿ ôóíêöèÿ; g � èç-
ìåðèìàÿ ôóíêöèÿ èç L2,loc(Rd). Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè f è
g òàêîâû, ÷òî îïåðàòîð Tfg ÿâëÿåòñÿ îïåðàòîðîì Ãèëüáåðòà�Øìèäòà. Äëÿ
ýòîãî ñëó÷àÿ â ðàáîòå äàíû îöåíêè ñèíãóëÿðíûõ ÷èñåë îïåðàòîðà Tfg â òåð-
ìèíàõ ôóíêöèé f è g. Òðåáîâàíèÿ íà ãëàäêîñòü êîýôôèöèåíòîâ îïåðàòîðà H
íå íàêëàäûâàþòñÿ.

2. Áîëåå òî÷íî, H = − div g(x) grad +p(x) � ðàâíîìåðíî ýëëèïòè÷åñêèé
ñàìîñîïðÿæåííûé äèôôåðåíöèàëüíûé îïåðàòîð â L2(Rd), d > 1, ñ âåùåñòâåí-
íûìè îãðàíè÷åííûìè êîýôôèöèåíòàìè. Äëÿ ïðîñòîòû ìîæíî ñ÷èòàòü, ÷òî
inf σ(H) = 0. Óñëîâèìñÿ î íåêîòîðûõ îáîçíà÷åíèÿõ:

a0 := 0, ak := 2k, k ∈ N; Ω := [0, 1)d, Ωm := Ω +m, m ∈ Zd. (1)

Ñ êàæäîé îãðàíè÷åííîé áîðåëåâñêîé ôóíêöèåé f íà îñè ñâÿæåì ïîñëåäîâà-
òåëüíîñòü

u(f) := {uk(f)}k∈Z+ : uk(f) := sup{|f(λ)|, λ ∈ [ak, ak+1)}. (2)

Äëÿ êàæäîé ôóíêöèè g ∈ L2,loc(Rd) îïðåäåëèì ïîñëåäîâàòåëüíîñòü

v(g) := {vn(g)}n∈Zd : vn(g) := ‖g‖L2(Ωn). (3)
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×åðåç u(f)v(g) áóäåì îáîçíà÷àòü ïîñëåäîâàòåëüíîñòü {uk(f)vn(g)}(k,n)∈Z+×Zd .

Ïóñòü dk dn � ñ÷èòàþùàÿ ìåðà íà Z := Z+×Zd; ââåäåì ìåðó dν := a
d/2
k+1dk dn

íà Z. Îáîçíà÷èì ÷åðåç lp,q(Z, dν), p ∈ (0,∞), q ∈ (0,∞], ñòàíäàðòíûå êëàññû
Ëîðåíöà, ÷åðåçSp,q, p ∈ (0,∞), q ∈ (0,∞], � ñòàíäàðòíûå êëàññû êîìïàêòíûõ
îïåðàòîðîâ (ñì., íàïðèìåð, [1]). Ïðåäïîëîæèì, ÷òî ñïðàâåäëèâî âêëþ÷åíèå

u(f)v(g) ∈ lp,q(Z, dν), p ∈ (0, 2), q ∈ (0,+∞], (ëèáî p = q = 2). (4)

Ñëåäóþùåå óòâåðæäåíèå � îñíîâíîé ðåçóëüòàò ðàáîòû.

Òåîðåìà 1. Ïóñòü ôóíêöèè f è g óäîâëåòâîðÿþò óñëîâèþ (4). Òîãäà
ñïðàâåäëèâû âêëþ÷åíèå Tfg ∈ Sp,q(L2(Rd)) è îöåíêà

‖Tfg‖Sp,q ≤ C(p, q, d,H)‖u(f)v(g)‖lp,q . (5)

Â óñëîâèÿõ òåîðåìû 1 Tfg àâòîìàòè÷åñêè ïðèíàäëåæèò êëàññó
Ãèëüáåðòà�Øìèäòà.

3. Èñõîäíûìè äëÿ íàñ ÿâëÿþòñÿ ðàáîòû [1], [2] è [3], ãäå áûëè ïîëó÷åíû
óòâåðæäåíèÿ î ïðèíàäëåæíîñòè îïåðàòîðà Tfg êëàññàì Sp,q, p ∈ (0, 2), â
ñëó÷àå H = i∇. Äëÿ äîêàçàòåëüñòâà òåîðåìû 1 íåîáõîäèìî êîìáèíèðîâàòü
èäåè ðàáîò [1], [2] è [3] è íåêîòîðûå ñîîáðàæåíèÿ, îñíîâàííûå íà îöåíêå ÿäðà
ïîëóãðóïïû e−tH , t > 0.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00458-à.

Ñïèñîê ëèòåðàòóðû

[1] Áèðìàí Ì. Ø., Ñîëîìÿê Ì. Ç. Îöåíêè ñèíãóëÿðíûõ ÷èñåë èíòåãðàëüíûõ îïåðàòî-
ðîâ // Óñïåõè ìàò. íàóê. 1977. Ò. 32. Âûï. 1 (193). Ñ. 17�84.

[2] Simon B. Trace ideals and their applications // Cambridge: Cambridge Univ. Press,
1979.

[3] Birman M. Sh., Karadzhov G. E., Solomyak M. Z. Boundedness Conditions and
Spectrum Estimates for the Operators b(X)a(D) and Their Analogs // Adv. in Soviet
Math. 1991. � 7. P. 85�106.

Îñðåäíåíèå òîíêîé ïëàñòèíû, óñèëåííîé ñòåðæíåâûìè
âêëþ÷åíèÿìè

Ñëóöêèé A. C. (Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ñåðâèñà
è ýêîíîìèêè, Ðîññèÿ)

Ñîîáùåíèå ïîñâÿùåíî âûâîäó äèôôåðåíöèàëüíîãî óðàâíåíèÿ, îïèñûâà-
þùåãî èçãèá òîíêîé ïëàñòèíû, àðìèðîâàííîé ïåðèîäè÷åñêèìè ñåìåéñòâàìè
ðàçúåäèíåííûõ òîíêèõ ñòåðæíåé. Ïðåäïîëàãàþòñÿ, ÷òî ïëàñòèíà èìååò ìà-
ëóþ îòíîñèòåëüíóþ (áåçðàçìåðíóþ) òîëùèíó h, ñòåðæíè íå ñîåäèíåíû, íî
ðàñïîëîæåíû áëèçêî, íà ðàññòîÿíèÿõ ïîðÿäêà h. Ìàòåðèàë ñòåðæíåé ïðåäïî-
ëàãàåòñÿ çíà÷èòåëüíî áîëåå æåñòêèì, ÷åì ìàòåðèàë ïëàñòèíû: óïðóãèå êîýô-
ôèöèåíòû ïëàñòèíû ïî ïîðÿäêó â h ðàç ìåíüøå, ÷åì óïðóãèå êîýôôèöèåíòû
àðìèðóþùèõ ïëàñòèíó ñòåðæíåé. Èç-çà òîãî, ÷òî ñòåðæíè íå ñîåäèíåíû è èõ
âçàèìîäåéñòâèå îñóùåñòâëÿåòñÿ òîëüêî ÷åðåç ïîäàòëèâûé ìàòåðèàë ìàòðèöû,
àëãîðèòì ïîñòðîåíèÿ äâóìåðíîé ìîäåëè èçãèáà ïëàñòèíû ñóùåñòâåííî îòëè-
÷àåòñÿ îò êëàññè÷åñêèõ ïðîöåäóð òåîðèè êîìïîçèòíûõ ïëàñòèí è ðåçóëüòàò
îñðåäíåíèÿ íå ñîâïàäàåò ñî ñëó÷àåì ñòåðæíåé, ñêðåïëåííûõ â åäèíóþ ïåðè-
îäè÷åñêóþ ñåòêó. Òàê ïðåäåëüíàÿ ïëîñêàÿ çàäà÷à î ïðîäîëüíîé äåôîðìàöèè
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ïëàñòèíû òåðÿåò ýëëèïòè÷íîñòü (êîìïîçèòíûé ìàòåðèàë íå
”
âûäåðæèâàåò“

ñäâèãîâûõ íàãðóçîê), ïîýòîìó ðàññìàòðèâàåòñÿ ëèøü
”
÷èñòûé“ èçãèá ïëàñòè-

íû, ïîäðàçóìåâàþùèé ñèììåòðèþ ãåîìåòðè÷åñêèõ ôîðì, ôèçè÷åñêèõ ñâîéñòâ
è íàãðóçîê îòíîñèòåëüíî ñðåäèííîé ïëîñêîñòè. Îñðåäíåííûé äèôôåðåíöè-
àëüíûé îïåðàòîð ÷åòâåðòîãî ïîðÿäêà ïîëó÷àåòñÿ ñóììèðîâàíèåì íåýëëèïòè-
÷åñêèõ îïåðàòîðîâ, ïîðîæäåííûõ êàæäûì èç ñåìåéñòâ ñòåðæíåé. Ýòîò îïå-
ðàòîð îêàçûâàåòñÿ ýëëèïòè÷åñêèì â òîì è òîëüêî â òîì ñëó÷àå, åñëè ñòåðæíè
õîòÿ áû èç äâóõ ñåìåéñòâ íå ÿâëÿþòñÿ ïàðàëëåëüíûìè. Ïîëó÷åíû ÿâíûå ôîð-
ìóëû äëÿ êîýôôèöèåíòîâ âîçíèêàþùåãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ÷åò-
âåðòîãî ïîðÿäêà. Â êà÷åñòâå óïðîùåííîãî ïðèìåðà ðàññìîòðåíà àíàëîãè÷íàÿ
ñòàöèîíàðíàÿ çàäà÷à òåïëîïðîâîäíîñòè.

Â ñëó÷àå äâóõ ïàð ñèììåòðè÷íî ðàñïîëîæåííûõ âçàèìíî ïåðïåíäèêóëÿð-
íûõ ñèñòåì ñòåðæíåé ñ îäèíàêîâûìè ñâîéñòâàìè ðåçóëüòèðóþùåå óðàâíåíèå
èçãèáà òîíêîé ïëàñòèíû ïðèíèìàåò âèä

π

4
µR4s−1

1 s−1
2

(
7λ+ 10µ

λ+ µ

∂4w

∂y4
1

+ 2
∂4w

∂y2
1∂y

2
2

+
7λ+ 10µ

λ+ µ

∂4w

∂y4
2

)
= F,

ãäå w�ïðîãèá ïëàñòèíû, (y1, y2)�äåêàðòîâà ñèñòåìà êîîðäèíàò â ñðåäèííîé
ïëîñêîñòè ïëàñòèíû, λ, µ�êîýôôèöèåíòû Ëàìå ìàòåðèàëà òîíêèõ êðóãëûõ
ñòåðæíåé, èìåþùèõ ðàäèóñ ñå÷åíèÿ hR, à hsi � ”

øàã“ ïðÿìîóãîëüíîé ðåøåò-
êè â íàïðàâëåíèè îñè yi.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00759-à.

Óïðàâëåíèå ïðîöåññîì, îïèñûâàåìûì ðàçðûâíûì òåëåãðàôíûì
óðàâíåíèåì

Ñìèðíîâ È. Í. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò
èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Â òåðìèíàõ îáîáùåííîãî ðåøåíèÿ òåëåãðàôíîãî óðàâíåíèÿ, äîïóñêàþùå-
ãî ñóùåñòâîâàíèå êîíå÷íîé ýíåðãèè, èçó÷àþòñÿ çàäà÷è îá îòûñêàíèè ÿâíîãî
àíàëèòè÷åñêîãî âèäà ãðàíè÷íûõ óïðàâëåíèé, ïðîèçâîäèìûõ íà äâóõ êîíöàõ
ñèñòåìû èëè íà îäíîì êîíöå, ïðè óñëîâèè, ÷òî âòîðîé êîíåö çàêðåïëåí èëè
ñâîáîäåí, ñìåùåíèåì èëè óïðóãîé ãðàíè÷íîé ñèëîé è ïåðåâîäÿùèõ ïðîöåññ
êîëåáàíèé ýòîé ñèñòåìû èç ïðîèçâîëüíî çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ â
ïðîèçâîëüíî çàäàííîå ôèíàëüíîå ñîñòîÿíèå.

Äëÿ ïðîèçâîëüíûõ ïîëîæèòåëüíûõ ÷èñåë l1 è l2 ðàññìîòðèì ñòåðæåíü,
ðàñïîëîæåííûé âäîëü îòðåçêà −l1 6 x 6 l2 è ñîñòîÿùèé èç äâóõ ó÷àñòêîâ:
ó÷àñòêà −l1 6 x 6 0, èìåþùåãî ëèíåéíóþ ïëîòíîñòü ρ1 = const è êîýôôèöè-
åíò óïðóãîñòè k1 = const, è ó÷àñòêà 0 6 x 6 l2, èìåþùåãî ëèíåéíóþ ïëîòíîñòü
ρ2 = const è êîýôôèöèåíò óïðóãîñòè k2 = const. Åñëè îáîçíà÷èòü ÷åðåç u(x, t)
ñìåùåíèå òî÷êè ñòåðæíÿ x â ìîìåíò âðåìåíè t, òî ïðîöåññ êîëåáàíèé òàêî-
ãî ñòåðæíÿ, ïðîòåêàþùèé çà ïðîìåæóòîê âðåìåíè 0 6 t 6 T , îïèñûâàåòñÿ
ðàçðûâíûì òåëåãðàôíûì óðàâíåíèåì

utt(x, t) =

{
a2

1uxx(x, t)− c2u(x, t) â [−l1 6 x 6 0]× [0 6 t 6 T ],

a2
2uxx(x, t)− c2u(x, t) â [0 6 x 6 l2]× [0 6 t 6 T ],

(1)
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â êîòîðîì a1 =
√

k1
ρ1
, a2 =

√
k2
ρ2
.

Íàñòîÿùèé äîêëàä ïîñâÿùåí ïðîáëåìàì ðåøåíèÿ óêàçàííûõ çàäà÷ ãðà-
íè÷íîãî óïðàâëåíèÿ â ñëåäóþùèõ ñëó÷àÿõ:

1◦. Â ñëó÷àå, êîãäà êîëåáëþùèéñÿ ñòåðæåíü ñîñòîèò èç äâóõ ðàçíîðîä-
íûõ ó÷àñòêîâ, èìåþùèõ ðàçíûå ïëîòíîñòè è óïðóãîñòè, íî îäèíàêî-
âûå èìïåäàíñû.

2◦. Â ñëó÷àå, êîãäà êîëåáëþùèéñÿ ñòåðæåíü ñîñòîèò èç äâóõ ó÷àñòêîâ,
èìåþùèõ ðàçíûå ïëîòíîñòè è óïðóãîñòè, íî èõ âåëè÷èíû îáåñïå-
÷èâàþò ðàâåíñòâî âðåìåí ïðîõîæäåíèÿ âîëíû ïî êàæäîìó èç ýòèõ
ó÷àñòêîâ.

Äëÿ âñåõ èçó÷àåìûõ çàäà÷ íàéäåí ÿâíûé àíàëèòè÷åñêèé âèä èñêîìûõ ãðà-
íè÷íûõ óïðàâëåíèé.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
ÐÔ, ãðàíò 02.740.11.0199, è Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ
íàó÷íûõ øêîë, ãðàíò ÍØ-3514.2010.1.

Ñïèñîê ëèòåðàòóðû
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ñîñòîÿùåãî èç äâóõ ó÷àñòêîâ ðàçíîé ïëîòíîñòè, îïèñûâàåìûõ òåëåãðàôíûì óðàâíå-
íèåì // Äîêëàäû Àêàäåìèè Íàóê, 2010, Ò. 433, � 1, Ñ. 25�29.

[3] Ñìèðíîâ È. Í. Ñìåøàííûå çàäà÷è äëÿ òåëåãðàôíîãî óðàâíåíèÿ, â ñëó÷àå ñèñòåìû,
ñîñòîÿùåé èç äâóõ ó÷àñòêîâ, èìåþùèõ ðàçíûå ïëîòíîñòè è ðàçíûå óïðóãîñòè, íî
îäèíàêîâûå èìïåäàíñû // Äîêëàäû Àêàäåìèè Íàóê, 2010, Ò. 435, � 2. Ñ. 173�177.

Îïðåäåëåíèå êîýôôèöèåíòà â ýëëèïòè÷åñêîì óðàâíåíèè â
öèëèíäðå

Ñîëîâüåâ Â. Â. (Íàöèîíàëüíûé Èññëåäîâàòåëüñêèé ßäåðíûé Óíèâåðñèòåò,
ÌÈÔÈ, Ðîññèÿ)

Ïóñòü G ⊂ Rnx , G� îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C2,α,
0 < α < 1, q > 0�ôèêñèðîâàííûå ïîñòîÿííûå, Ω = (−q, q) × G,
Ω− = (−q, 0) × G�öèëèíäðû â ïðîñòðàíñòâå òî÷åê Ry × Rnx , (y, x) =
(y, x1, ..., xn). Îïðåäåëèì êëàññû ôóíêöèé U(Ω) = {u ∈ C(Ω̄) : u ∈ C2,α(Ω)},
U1(Ω) = {u ∈ U(Ω), uyy ∈ U(Ω)}, F (G) = {f ∈ C(Ḡ) : f ∈ Cα(G), f ≤ 0},
H(χ) = {χ ∈ C(Ḡ) : χ ∈ C2,α(G),∆xχ ∈ C(Ḡ)}. Ðàññìîòðèì îáðàòíóþ çàäà÷ó
îïðåäåëåíèÿ ïàðû ôóíêöèé (u, f) ∈ U1(Ω−)× F (G) èç óñëîâèé:

−∆u(y, x) = f(x)u(y, x), (y, x) ∈ Ω−, (1)

u(y, x) = ν(y, x), (y, x) ∈ Γ− = [−q, 0]× ∂G, u(−q, x) = 0, x ∈ Ḡ, (2)

u(0, x) = χ(x), uy(0, x) = 0, x ∈ Ḡ. (3)

B óñëîâèÿõ (1)�(3) ν, χ� çàäàííûå ôóíêöèè. Ïóñòü ν̃(y, x)�÷åòíîå ïðî-
äîëæåíèå ôóíêöèè ν(y, x) íà áîêîâóþ ãðàíèöó öèëèíäðà Ω�ìíîæåñòâî
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Γ = [−q, q] × ∂G. ×òîáû ñôîðìóëèðîâàòü òåîðåìó ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè äëÿ çàäà÷è (1)�(3), îïðåäåëèì ôóíêöèþ w̄ ∈ U(Ω) êàê ðåøåíèå
ñëåäóþùåé êðàåâîé çàäà÷è:

−∆w̄(y, x) = 0, (y, x) ∈ Ω, w̄(y, x) = ν̃yy, (y, x) ∈ Γ, w̄(±q, x) = 0, x ∈ Ḡ.

Òåîðåìà 1. Ïóñòü ν, νyy ∈ C(Γ−), âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ
ν(−q, x) = 0, νy(0, x) = 0, νyy(−q, x) = 0, x ∈ ∂G è íåðàâåíñòâà ν(y, x) ≥ 0,
νyy(−q, x) ≤ 0, (y, x) ∈ Γ−. Òîãäà äëÿ ëþáîé ôóíêöèè χ ∈ H(G), óäîâëå-
òâîðÿþùåé óñëîâèÿì ñîãëàñîâàíèÿ χ(x) = ν(0, x), x ∈ ∂G è íåðàâåíñòâàì
χ(x) ≥ χ0 > 0, w̄(0, x) + ∆xχ(x) ≥ 0, x ∈ G, ñóùåñòâóåò åäèíñòâåííîå ðåøå-
íèå çàäà÷è (1)�(3) â óêàçàííîì êëàññå.

Ìåòîä óñðåäíåíèÿ â çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ
îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè

Ñòàíæèöêèé À. Í. (Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì.Òàðàñà
Øåâ÷åíêî, Óêðàèíà)

Êîâàëü÷óê Ò. Â. (Êèåâñêèé íàöèîíàëüíûé òîðãîâî-ýêîíîìè÷åñêèé
óíèâåðñèòåò, Óêðàèíà)

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dx

dt
= εX(t, x, u(t)), x(0) = x0, Iε(u)→ inf (1)

êàê íà àñèìïòîòè÷åñêè êîíå÷íûõ (ïîðÿäêà 1
ε
) âðåìåííûõ èíòåðâàëàõ, òàê è

íà ïîëóîñè, òóò Iε(u)�íåêîòîðûé êðèòåðèé êà÷åñòâà.
Çäåñü ε > 0�ìàëûé ïàðàìåòð, x ∈ D� îáëàñòü â Rn, x�ôàçîâûé âåê-

òîð, u(t) ⊂ U ⊂ Rm � âåêòîð óïðàâëåíèÿ, t ≥ 0.
Èñõîäíîé çàäà÷å (1) còàâèòñÿ â ñîîòâåòñòâèå óñðåäíåííàÿ çàäà÷à îïòè-

ìàëüíîãî óïðàâëåíèÿ

dy

dt
= εX0(y, u(t)), y(0) = x0, Iε → (u) inf, (2)

ãäå

X0(x, u) = lim
T→∞

1

T

∫ T

0

X(t, x, u) dt. (3)

Â îòëè÷èå îò ïðåäøåñòâåííèêîâ, â êîòîðûõ ñîîòâåòñòâóþùèé óñðåäíåííûé
îáúåêò ñòðîèëñÿ äîâîëüíî ñëîæíî (êàê ïðàâèëî, ýòî íåêîòîðîå äèôôåðåíöè-
àëüíîå âêëþ÷åíèå), ìû ïðåäëàãàåì áîëåå ïðîñòóþ ñõåìó óñðåäíåíèÿ (3), â
êîòîðîé óñðåäíåíèå ïî u íå ïðîâîäèòñÿ. Îòìåòèì òàêæå, ÷òî â íàøåì ñëó-
÷àå ìíîæåñòâî U çíà÷åíèé óïðàâëåíèÿ íå îáÿçàòåëüíî êîìïàêò. Êðîìå òîãî,
äàííûé ïîäõîä íà áåñêîíå÷íîì èíòåðâàëå ðàíåå íå ðàññìàòðèâàëñÿ.

Äîêàçûâàþòñÿ òåîðåìû î áëèçîñòè ñîîòâåòñòâóþùèõ ðåøåíèé ñèñòåì (1)
è (2) êàê íà àñèìïòîòè÷åñêè êîíå÷íûõ òàê è íà áåñêîíå÷íûõ âðåìåííûõ èí-
òåðâàëàõ. Ñ ïîìîùüþ ýòèõ òåîðåì óñòàíàâëèâàåòñÿ ñëåäóþùèé ðåçóëüòàò:
åñëè u∗(t)� îïòèìàëüíîå óïðàâëåíèå óñðåäíåííîé çàäà÷è (2), òî îíî ñ òî÷-
íîñòüþ äî ε ðåàëèçóåò êðèòåðèé êà÷åñòâà òî÷íîé çàäà÷è (1), òî åñòü ÿâëÿåòñÿ
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ε-îïòèìàëüíûì äëÿ òî÷íîé çàäà÷è. Êðîìå òîãî, â ñëó÷àå ëèíåéíûõ ïî óïðàâ-
ëåíèþ ñèñòåì, äîêàçàíî ñóùåñòâîâàíèå îïòèìàëüíûõ óïðàâëåíèé òî÷íîé è
óñðåäíåííîé çàäà÷.

Ñïèñîê ëèòåðàòóðû

[1] Ñòàíæèöêèé À. Í., Äîáðîäçèé T. B. Èññëåäîâàíèå çàäà÷ îïòèìàëüíîãî óïðàâëå-
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Ðàçðåøèìîñòü çàäà÷è î äèíàìèêå ñàìîäâèæóùåãîñÿ òâåðäîãî òåëà
â âÿçêîé íåñæèìàåìîé æèäêîñòè

Ñòàðîâîéòîâ Â. Í. (Èíñòèòóò ãèäðîäèíàìèêè èì. Ì. À. Ëàâðåíòüåâà ÑÎ
ÐÀÍ, Ðîññèÿ)

Èññëåäîâàíà çàäà÷à î äèíàìèêå ñàìîäâèæóùèõñÿ àáñîëþòíî òâåðäûõ òåë
â îãðàíè÷åííîì îáúåìå âÿçêîé íåñæèìàåìîé æèäêîñòè. Äëÿ îïèñàíèÿ òå÷å-
íèÿ æèäêîñòè èñïîëüçóþòñÿ óðàâíåíèÿ Íàâüå�Ñòîêñà. Òåëà äâèæóòñÿ ñîãëàñ-
íî çàêîíàì êëàññè÷åñêîé ìåõàíèêè ïîä äåéñòâèåì îêðóæàþùåé èõ æèäêîñòè
è áëàãîäàðÿ ¾ìîòîðàì¿, ðàáîòà êîòîðûõ ìîäåëèðóåòñÿ çàäàíèåì ïîòîêà æèä-
êîñòè ÷åðåç ãðàíèöû òåë. Äîêàçàíî, ÷òî çàäà÷à èìååò ïî êðàéíåé ìåðå îäíî
ñëàáîå ðåøåíèå íà ïðîèçâîëüíîì èíòåðâàëå âðåìåíè, íå âêëþ÷àþùåì ìîìåí-
òû ñîóäàðåíèÿ òåë ìåæäó ñîáîé è ñ ãðàíèöåé îáëàñòè òå÷åíèÿ.

Âåñîâûå íåðàâåíñòâà äëÿ ïðåîáðàçîâàíèÿ Ãèëüáåðòà íà
ìîíîòîííûõ ôóíêöèÿõ

Ñòåïàíîâ Â. Ä. (Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ìîñêâà)

Èçó÷àåòñÿ äâóõâåñîâîå Lp−Lq íåðàâåíñòâî äëÿ ïðåîáðàçîâàíèÿ Ãèëüáåð-
òà íà êîíóñàõ ìîíîòîííûõ ôóíêöèé. Ïðè 0 < p ≤ q < ∞ íàéäåíû íåîáõîäè-
ìûå è äîñòàòî÷íûå óñëîâèÿ âûïîëíåíèÿ íåðàâåíñòâà äëÿ ñòåïåííûõ âåñîâûõ
ôóíêöèé. Àíàëîãè÷íûé ðåçóëüòàò óñòàíîâëåí äëÿ äèñêðåòíîãî ïðåîáðàçîâà-
íèÿ Ãèëüáåðòà.

Ñóáîòíîøåíèå Øòåéíåðà äëÿ ÷åòûðåõ òî÷åê íà åâêëèäîâîé
ïëîñêîñòè

Ñòåïàíîâà Å. È. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò
èì. Ëîìîíîñîâà, Ðîññèÿ)

Â äîêëàäå áóäåò ðàññìîòðåíî ñóáîòíîøåíèå Øòåéíåðà � âåëè÷èíà, õà-
ðàêòåðèçóþùàÿ ñâÿçü ìèíèìàëüíîãî äåðåâà Øòåéíåðà è ìèíèìàëüíîãî çà-
ïîëíåíèÿ â ñìûñëå Ì. Ãðîìîâà äëÿ ìåòðè÷åñêèõ ïðîñòðàíñòâ, è ðàâíàÿ îò-
íîøåíèþ âåñà ìèíèìàëüíîãî çàïîëíåíèÿ ê äëèíå äåðåâà Øòåéíåðà. Äëÿ ÷å-
òûðåõòî÷å÷íûõ ïîäìíîæåñòâ ïëîñêîñòè ñ åâêëèäîâîé ìåòðèêîé íàéäåíî ñóá-
îòíîøåíèå Øòåéíåðà.

Òåîðåìà 1. Äëÿ ÷åòûðåõ òî÷åê íà åâêëèäîâîé ïëîñêîñòè ñóáîòíîøå-

íèå Øòåéíåðà ðàâíî
√

3
2
, òî åñòü ðàâíî îòíîøåíèþ Øòåéíåðà.
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Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå ÐÔÔÈ (ãðàíò 10�01�00748),
ïðîãðàììû �Âåäóùèå íàó÷íûå øêîëû ÐÔ� (ãðàíò ÍØ�3224.2010.1), àíà-
ëèòè÷åñêîé âåäîìñòâåííîé öåëåâîé ïðîãðàììû �Ðàçâèòèå íàó÷íîãî ïîòåí-
öèàëà âûñøåé øêîëû� (ïðîåêò ÐÍÏ�2.1.1.3704), ÔÖÏ �Íàó÷íûå è íàó÷íî-
ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� (êîíòðàêòû 02.740.11.5213 è
14.740.11.0794).
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Àñèìïòîòèêà òåïëîâîãî ÿäðà è ðåãóëÿðèçîâàííûé ñëåä
äèôôóçèîííîé ïîëóãðóïïû

Ñòåïèí Ñ. À. (ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà, Ðîññèÿ)

Ñ ïîìîùüþ ïðåäñòàâëåíèÿ òåïëîâîãî ÿäðà â âèäå êîíòèíóàëüíîãî èíòå-
ãðàëà ïîëó÷åíû â íåêîòîðîì ñìûñëå òî÷íûå äâóñòîðîííèå îöåíêè ðåãóëÿðè-
çîâàííîãî ñëåäà ñîîòâåòñòâóþùåé ýâîëþöèîííîé ïîëóãðóïïû.

Òåîðåìà 1. Ïóñòü âåùåñòâåííûé ïîòåíöèàë V (x) ∈ L1(R3) íåïðåðûâåí
è îãðàíè÷åí. Òîãäà ïðè t > 0 îïåðàòîð exp

(
t(∆/2 +V )

)
− exp

(
t∆/2

)
ÿäåðíûé

è èìåþò ìåñòî íåðàâåíñòâà∫
R3

(
exp(tV (x))− 1

)
dx > (2πt)3/2Tr

(
et(∆/2+V ) − et∆/2

)
>

>
∫
R3

dx

{
exp

(
t

∫
R3

V (x+
√
tξ)ϕ(|ξ|) dξ

)
− 1

}
> t

∫
R3

V (x) dx ,

ãäå ϕ(r) =
∫ 1

0
(2πs(1− s))−3/2 exp

(
− r2

2s(1−s)

)
ds.

Ñâÿçü óïîìÿíóòîãî ïðåäñòàâëåíèÿ ñ ìåòîäîì ïàðàìåòðèêñà ïðèìåíÿåò-
ñÿ ïðè âû÷èñëåíèè (îöåíêàõ) êîýôôèöèåíòîâ êîðîòêîâðåìåííîãî àñèìïòî-
òè÷åñêîãî ðàçëîæåíèÿ ôóíäàìåíòàëüíûõ ðåøåíèé äëÿ îïðåäåëåííîãî êëàññà
óðàâíåíèé äèôôóçèîííîãî òèïà.

Òåîðåìà 2. Ïðè óñëîâèè îãðàíè÷åííîñòè êîýôôèöèåíòà ïåðåíîñà a(x) ∈
C3(R3) äëÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ pa(x, y, t) óðàâíåíèÿ ∂tu = ∆u/2 +
a(x)∇u ïðè t ↓ 0 èìååò ìåñòî ôîðìóëà

pa(x, y, t) = (2πt)−3/2 exp

(
− |x− y|

2

2t
+

∫ 1

0

〈
a(ξ(s)), (y − x)

〉
ds

)
×

×
{

1 + t

(
1

2

∫ 1

0

〈
∆a(ξ(s)), (y − x)

〉
s(1− s)ds −

∫ 1

0

a2(ξ(s)) ds −

−
∫ 1

0

div a(ξ(s)) sds +

∫ 1

0

(1− s)ds
∫ s

0

[〈
rot a(ξ(s)), rot a(ξ(r))

〉
(y − x)2−
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−
〈

rot a(ξ(s)), (y − x)
〉〈

rot a(ξ(r)), (y − x)
〉]
rdr

)
+ O

(
t5/4

)}
,

â êîòîðîé ξ(s) = x+ (y − x)s.

Ïðè âûâîäå äàííîé àñèìïòîòè÷åñêîé ôîðìóëû èñïîëüçóåòñÿ çàïèñü äèô-
ôóçèîííîãî ÿäðà â âèäå âèíåðîâñêîãî èíòåãðàëà îò ôóíêöèîíàëà, êîòîðûé
âûðàæàåòñÿ ÷åðåç ñòîõàñòè÷åñêèé èíòåãðàë Èòî ïî áðîóíîâñêîé òðàåêòîðèè.
Ïðåäëîæåííûé ïîäõîä ðàñïðîñòðàíÿåòñÿ íà ñëó÷àé ïðîñòðàíñòâà ïðîèçâîëü-
íîé ðàçìåðíîñòè è ýâîëþöèîííûõ ïîëóãðóïï, ïîðîæäàåìûõ ýëëèïòè÷åñêèìè
îïåðàòîðàìè âûñøèõ ïîðÿäêîâ.

Ñêðó÷åííûå ÿíãèàíû ñóïåðàëãåáð Ëè
Ñòóêîïèí Â. À. (Äîíñêîé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò, Ðîññèÿ)

Â ïîñëåäíèå ãîäû íàðÿäó ñ ÿíãèàíàìè ïðîñòûõ àëãåáð Ëè ([1]) ñòàëè
èçó÷àòüñÿ ÿíãèàíû êëàññè÷åñêèõ ñóïåðàëãåáð Ëè (ñì. [2], [3]). Â äàííîé çà-
ìåòêå ìû ðàññìàòðèâàåì ïîíÿòèå òàê íàçûâàåìîãî

”
ñêðó÷åííîãî“ ÿíãèàíà,

êàê êâàíòîâàíèÿ ñêðó÷åííîé àëãåáðû ïîëèíîìèàëüíûõ òîêîâ, è ðàññìàòðè-
âàåì ïðîñòîé ïðèìåð òàêîãî îáúåêòà. Èìåííî, ðàññìàòðèâàåòñÿ ÿíãèàí ñòðàí-
íîé ñóïåðàëåáðû Ëè òèïà Q2 (ñì. [4]). Íà îñíîâå ïîëó÷åííûõ ôîðìóë ìîæíî
îïðåäåëèòü êâàíòîâûé äóáëü ÿíãèàíà Y (Q2) ñòðàííîé ñóïåðàëãåáðû Ëè Q2.
Ñëåäóÿ ïîäõîäó Â. Ã. Äðèíôåëüäà ìû îïèñûâàåì íåêîììóòàòèâíóþ äåôîð-
ìàöèþ ñêðó÷åííûõ ñóïåðàëãåáð Ëè ïîëèíîìèàëüíûõ òîêîâ (ñâÿçàííûõ ñ ðà-
öèîíàëüíûìè ðåøåíèÿìè óðàâíåíèÿ ßíãà�Áàêñòåðà). Â èäåéíîì ïëàíå òàêàÿ
äåôîðìàöèÿ ïîõîæà íà äåôîðìàöèè îäíîðîäíûõ ïðîñòðàíñòâ, ïðèâîäÿùèå
ê êâàíòîâûì îäíîðîäíûì ïðîñòðàíñòâàì, ÷òî íåóäèâèòåëüíî ââèäó òåñíîé
ñâÿçè îäíîðîäíûõ ïðîñòðàíñòâ è ñêðó÷åííûõ àëãåáð òîêîâ. Ñëåäóåò îòìå-
òèòü, ÷òî âîïðîñ îáîñíîâàíèÿ êîððåêòíîñòè îïðåäåëåíèÿ (ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè êâàíòîâàíèÿ) â îáùåì ñëó÷àå òðåáóåò âû÷èñëåíèÿ êîãîìîëî-
ãèé Õîõøèëüäà. Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ îñíîâíûì ðåçóëüòàòîì çàìåòêè
(ñðàâíè ñ [4]).

Òåîðåìà 1. ßíãèàí Y (Q2) èçîìîðôåí àññîöèàòèâíîé ñóïåðàëãåáðå

Õîïôà ñ åäèíèöåé íàä Ñ, ïîðîæäåííîé îáðàçóþùèìè h̃m, km, x
±
m, x̂

±
m,m ∈ Z+,

óäîâëåòâîðÿþùèìè ñëåäóþùåé ñèñòåìå îïðåäåëÿþùèõ ñîîòíîøåíèé:

[h̃m, h̃n] = 0; [km, h̃n] = 0; h̃m+n = [x+
m, x

−
n ];

[x̂+
m, x

−
2 k] = [x+

2 k, x̂
−
m] = km+2k; [x̂+

m, x
−
j,2k+1] = [x+

i,2k+1, x̂
−
j,m] = 0;

[h̃k+1, x
±
l ] = [h̃k, x

±
l+1] + (h̃kx

±
l + x±l h̃k);

[x±k+1, x
±
l ] = [x±k , x

±
l+1] + (x±k x

±
l + x±l x

±
k ),

[h̃k+2, x̂
±
l ] = [h̃i,k, x̂

±
l+2] + (hkx̂

±
l + x̂±l hk),

[km+2, x
±
l ] = [km, x

±
l+2] + (kmx

±
l + x±l km),

[x±k+1, x̂
±
l ] = [x±k , x̂

±
l+1] + (x±k x̂

±
l + x̂±l x

±
k ),

[x̂±2k+1, x
±
l ]− [x̂±2k−1, x

±
l+2] = 0.
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Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00671-à, à òàê-
æå ôåäåðàëüíîé öåëåâîé ïðîãðàììû �Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàä-
ðû èííîâàöèîííîé Ðîññèè� â ðàìêàõ ìåðîïðèÿòèÿ 1.2.2 (ãîñêîíòðàêò íîìåð
Ï1116).
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Î ðåøåíèè çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè ñ
ôàçîâûìè îãðàíè÷åíèÿìè

Ñóááîòèíà Í. Í. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ,
Åêàòåðèíáóðã, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè

∂u/∂t+H(u′, x) = 0, t ≥ 0, x ∈ [−1, 1]; (1)

u(0, x) = u0(x), x ∈ [−1, 1]. (2)

Çäåñü u′ = ∂u/∂x, à ãàìèëüòîíèàí H(u′, x) çàäàí ñîîòíîøåíèåì

−H(u′, x) = f(x)− 1 +
1 + x

2
e2u′ +

1− x
2

e−2u′ . (3)

Ýòà çàäà÷à âîçíèêàåò (ñì., íàïðèìåð, [1]) äëÿ ìîäåëè Êðîó�Êèìóðû ìîëåêó-
ëÿðíîé ýâîëþöèè. Â ïðèëîæåíèÿõ èíòåðåñ ïðåäñòàâëÿåò âîïðîñ îá àñèìïòî-
òèêå

max
x∈[−1,1]

u(t, x) ïðè t→∞.

Çàäà÷à (1)�(3) íå èìååò ãëîáàëüíîãî êëàññè÷åñêîãî ðåøåíèÿ. Îáñóæäàþò-
ñÿ ðàçëè÷íûå èçâåñòíûå ïîäõîäû ê îïðåäåëåíèþ îáîáùåííîãî ðåøåíèÿ çàäà÷è
Êîøè äëÿ óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè ñ ôàçîâûìè îãðàíè÷åíèÿìè [2, 3, 4].

Ïðåäëîæåíî [5] îðèãèíàëüíîå îïðåäåëåíèå íåïðåðûâíîãî îáîáùåííîãî
ðåøåíèÿ çàäà÷è (1)�(3). Äîêàçàíî ñóùåñòâîâàíèå ýòîãî ðåøåíèÿ ïðè äîñòà-
òî÷íî îáùèõ ïðåäïîëîæåíèÿõ î âõîäíûõ äàííûõ u0(·), f(·). Äîêàçàòåëüñòâî
êîíñòðóêòèâíî è îïèðàåòñÿ íà ñâåäåíèå çàäà÷è Êîøè ê ñîîòâåòñòâóþùåé çà-
äà÷å Äèðèõëå, â êîòîðîé êðàåâîå ìíîãîîáðàçèå îïðåäåëÿåòñÿ êàê îáúåäèíåíèå
íà÷àëüíîãî ìíîãîîáðàçèÿ çàäà÷è Êîøè (2) è ìíîæåñòâ

{(t, x) | x = ±1, t ∈ [0, T ], T > 0},

íà êîòîðûå ãëàäêî ïðîäîëæåíà ôóíêöèÿ u0(·).
Ïîêàçàíî, ÷òî îáîáùåííîå ðåøåíèå â ðàññìàòðèâàåìîé çàäà÷å íååäèí-

ñòâåííî. Îáñóæäàåòñÿ âîïðîñ î ïðèðîäå íååäèíñòâåííîñòè è äîñòàòî÷íûõ
óñëîâèÿõ ñóùåñòâîâàíèÿ åäèíñòâåííîãî îáîáùåííîãî ðåøåíèÿ óðàâíåíèÿ
Ãàìèëüòîíà�ßêîáè â çàäà÷å Êîøè ñ ôàçîâûìè îãðàíè÷åíèÿìè.
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Î íåêîòîðîì àíàëîãå âàðèàöèîííîé ôîðìóëû Àäàìàðà
Ñóåòèí Ñ. Ï. (Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â. À. Ñòåêëîâà ÐÀÍ)

Ïóñòü G� îãðàíè÷åííàÿ êîíå÷íîñâÿçíàÿ îáëàñòü, ãðàíèöà γ êîòîðîé ñî-
ñòîèò èç êîíå÷íîãî ÷èñëà àíàëèòè÷åñêèõ êðèâûõ, nz � åäèíè÷íàÿ âíóòðåííÿÿ
íîðìàëü ê êðèâîé γ â òî÷êå z ∈ γ. Ïóñòü ψ�ïîëîæèòåëüíàÿ àíàëèòè÷åñêàÿ
ôóíêöè íàòóðàëüíîãî ïàðàìåòðà íà γ. Òîãäà äëÿ ïðîèçâîëüíîãî äîñòàòî÷íî
ìàëîãî ε > 0 ìîæíî îïðåäåëèòü ïîëîæèòåëüíûé ñäâèã εψ(z)nz âíóòðü îáëà-
ñòè G ïî íàïðàâëåíèþ íîðìàëè nz íà âåëè÷èíó δnz := εψ(z) > 0. Êðèâàÿ
γ ïåðåõîäèò â êðèâóþ γ∗, îãðàíè÷èâàþùóþ íîâóþ îáëàñòü G∗, ∂G∗ = γ∗,
G∗ b G.

Îáîçíà÷èì ÷åðåç g(z, ζ) ôóíêöèþ Ãðèíà èñõîäíîé îáëàñòè G ñ îñîáåííî-
ñòüþ â òî÷êå ζ ∈ K b G, è ïóñòü g∗(z, ζ)� ñîîòâåòñòâóþùà ôóíêöèÿ Ãðèíà
äëÿ îáëàñòè G∗. Èìååò ìåñòî ñëåäóþùàÿ âàðèàöèîííàÿ ôîðìóëà Àäàìàðà
(ñì. [1]):

g∗(z, ζ)− g(z, ζ) = − 1

2π

∫
γ

∂g(w, ζ)

∂nw

∂g(w, z)

∂nw
δnw dsw +O(ε2), (1)

ãäå z ∈ G∗, îöåíêà O(ε2) ñïðàâåäëèâà ðàâíîìåðíî ïî ζ ∈ K b G∗. Ïîñêîëüêó
G∗ b G, òî ïðè z ∈ G∗ î÷åâèäíî èìååì g∗(z, ζ) < g(z, ζ). Ôîðìóëà (1) äàåò
êîëè÷åñòâåííóþ îöåíêó ïîñëåäíåãî íåðàâåíñòâà.

Ôîðìóëà Àäàìàðà (1) èìååò ìíîãî÷èñëåííûå ïðèëîæåíèÿ, òàê êàê ÷åðåç
ôóíêöèþ Ãðèíà âûðàæàþòñÿ âñå îñíîâíûå ôóíêöèè, ñâÿçàííûå ñ îáëàñòüþ
G.

Ïóñòü òåïåðü h(z)� ïðîèçâîëüíàÿ ôóíêöèÿ, ãîëîìîðôíàÿ â íåêîòîðîé
îêðåñòíîñòè V êðèâîé γ. Îïðåäåëèì ïðåîáðàçîâàíèå (âàðèàöèþ) ïåðåìåííîãî
z 7→ zt ôîðìóëîé

zt = z + th(z), (2)

ãäå t�ìàëûé êîìïëåêñíûé ïàðàìåòð (ñì. [2], [3], [4]). Ïðè äîñòàòî÷íî ìàëîì
t ïðåîáðàçîâàíèå (2) êîíôîðìíî è îäíîëèñòíî â V è ïåðåâîäèò êðèâóþ γ â
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êðèâóþ γ∗, îãðàíè÷èâàþùóþ íîâóþ îáëàñòü G∗. Â (2) â êà÷åñòâå ÷àñòíûõ ñëó-
÷àåâ ñîäåðæàòñÿ âàðèàöèÿ Àäàìàðà è âàðèàöèÿ Øèôôåðà [1]. Ñïðàâåäëèâà
ñëåäóþùàÿ âàðèàöèîííàÿ ôîðìóëà

g∗(z, ζ)− g(z, ζ) = Re

{
t

2πi

∫
γ

P ′(w, ζ)P ′(w, z)h(w) dw

}
+O(t2), (3)

ãäå P (w, ζ) = g(w, ζ)+ig̃(w, ζ)�êîìïëåêñíàÿ ôóíêöèÿ Ãðèíà, g̃(w, ζ)�ôóíê-
öèÿ, ãàðìîíè÷åñêè ñîïðÿæåííàÿ g(w, ζ). Èç (3) â êà÷åñòâå ÷àñòíûõ ñëó÷àåâ
âûòåêàþò êëàññè÷åñêèå âàðèàöèîííûå ôîðìóëû Àäàìàðà è Øèôôåðà (ñì.
òàêæå [2], [3], [4]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 11-01-00330-à, è ïðîãðàì-
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Êâàíòîâàíèå íåêîòîðûõ àâòîíîìíûõ ðåäóêöèé óðàâíåíèé Ïåíëåâå
ïîñðåäñòâîì èõ L,A-ïàð è ñòàðàÿ êâàíòîâàÿ òåîðèÿ

Ñóëåéìàíîâ Á. È. (Èíñòèòóò ìàòåìàòèêè ñ ÂÖ Óôèìñêîãî íàó÷íîãî öåíòðà
ÐÀÍ, Ðîññèÿ)

Ñòðîÿòñÿ äèñêðåòíûå ñåðèè (n = 1, 2, ...∞) ÿâíûõ ðåøåíèé óðàâíåíèé
Øðåäèíãåðà:

i~Ψt = (−~2 Ψxx

2
) +

ω2x2

2
Ψ, (1)

i~Ψt = −~2 Ψxx

2
+ a(exp(−2x)− 2 exp(−x))Ψ, (a� const) (2)

i~Ψt = −~2(x− 1)2(xΨxx + Ψx) + (cx)Ψ + (c� const) (3)

îïðåäåëÿåìûõ ãàìèëüòîíèàíàìè

H(q, p) =
1

2
(p2 + ω2q2), (4)

H(q, p) =
p2

2
+ a(exp(−2q)− 2 exp(−q)), (5)

H(q, p) = q(q − 1)2p2 + cq, (6)

ãàìèëüòîíîâûõ ñèñòåì

qt = Hp(p, q), pt = −Hq(p, q). (7)

Äàííûå ðåøåíèÿ óðàâíåíèé Øðåäèíãåðà (1)�(3), ÿâëÿþùèåñÿ îãðàíè÷åííû-
ìè ïðè âñåõ çíà÷åíèÿõ x, óäîâëåòâîðÿþò òàêæå óðàâíåíèÿì âèäà

Ψt = B(~, t, x, q(t), p(t))Ψx + C(~, t, x, q(t), p(t))Ψ, (8)
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êîýôôèöèåíòû êîòîðûõ çàâèñÿò îò äèñêðåòíûõ ñåðèé ðåøåíèé ãàìèëü-
òîíîâûõ ñèñòåì (4)�(7), âûäåëÿåìûõ ñòàðûì âàðèàíòîì ïðàâèëà Áîðà�
Çîììåðôåëüäà.

Èñêëþ÷åíèå èç ñèñòåì (4)�(7) èìïóëüñîâ p äàåò îáûêíîâåííîå äèôôåðåí-
öèàëüíîå óðàâíåíèå íà q, òî÷å÷íî ýêâèâàëåíòíîå àâòîíîìíîé ðåäóêöèè îäíîãî
èç óðàâíåíèé Ïåíëåâå. Äëÿ ãàìèëüòîíèàíà (4) ýòî åñòü ðåäóêöèÿ óðàâíåíèÿ

λττ = c4(2λ3 + τλ) + c3(6λ2 + τ) + c2λ+ c1) (cj � const),

äëÿ ãàìèëüòîíèàíà (5) c ïîòåíöèàëîì Ìîðñà � ðåäóêöèÿ òðåòüåãî óðàâíåíèÿ
Ïåíëåâå äëÿ ãàìèëüòîíèàíà (6) (âûðàæàþùåãîñÿ ÷åðåç ãàìèëüòîíèàí ýíåð-
ãèè ñ ìîäèôèöèðîâàííûì ýêñïîíåíöèàëüíûì ïîòåíöèàëîì Ïåøëÿ�Òåëëåðà)
� ðåäóêöèÿ ïÿòîãî óðàâíåíèÿ Ïåíëåâå. Cîâìåñòíîñòü óðàâíåíèé Øðåäèí-
ãåðà (1)�(3) c ñîîòâåòñòâóþùèìè óðàâíåíèÿìè (8) ñëåäóåò èç ñîâìåñòíîñòè
L,A-ïàð äëÿ óðàâíåíèé Ïåíëåâå, âûïèñàííûìè â êëàññè÷åñêîé ñòàòüå Ð. Ãàð-
íüå [1].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-91222 è ÔÖÏ, êîí-
òðàêò 02.740.11.0612.
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Óñòîé÷èâîñòü àâòîðåçîíàíñà
Ñóëòàíîâ Î. À. (Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé

óíèâåðñèòåò, Ðîññèÿ)

Â ðàáîòå ðåøàåòñÿ âîïðîñ óñòîé÷èâîñòè ðåøåíèé äèôôåðåíöèàëüíûõ
óðàâíåíèé, ñâÿçàííûõ ñ ÿâëåíèåì àâòîðåçîíàíñà [1]. Ðàññìàòðèâàþòñÿ ñëå-
äóþùèå íåëèíåéíûå íåàâòîíîìíûå óðàâíåíèÿ:

dr

dt
= sinψ, r

[dψ
dt
− r2 + λt

]
= b cosψ; (1)

dr

dt
= r sinψ,

dψ

dt
− r2 + λt = b cosψ; (2)

çäåñü λ, b = const. Òàêèå óðàâíåíèÿ âîçíèêàþò â òåîðèè êîëåáàíèé ïðè óñðåä-
íåíèè áîëåå ñëîæíûõ íåëèíåéíûõ ñèñòåì. Äëÿ íàïèñàííûõ óðàâíåíèé èíòå-
ðåñ ïðåäñòàâëÿþò ðåøåíèÿ ñ ðàñòóùåé àìïëèòóäîé:

r0(t) =
√
λt+O(1), ψ0(t) = π +O(t−1/2), t→∞. (3)

Îïðåäåëåíèå óñòîé÷èâîñòè òàêèõ ðåøåíèé ñîñòàâëÿåò îñíîâíóþ öåëü äàííîé
ðàáîòû. Óñòîé÷èâîñòü ïî Ëÿïóíîâó äëÿ íåàâòîíîìíûõ ñèñòåì ïîíèìàåòñÿ â
ñìûñëå [2], ñòð. 9. Âîïðîñ îá óñòîé÷èâîñòè ðåøåíèÿ ñ àñèìïòîòèêîé (3) ñâî-
äèòñÿ ê èññëåäîâàíèþ óñòîé÷èâîñòè íóëÿ â óðàâíåíèÿõ, êîòîðûå ïîëó÷àþòñÿ
èç èñõîäíûõ ïîñëå çàìåíû r ⇒ r + r0(t), ψ ⇒ ψ + ψ0(t). Íà ýòîì ïóòè óðàâ-
íåíèÿ ïðèâîäÿòñÿ ê ñëåäóþùåìó âèäó

ṙ = −∂ψH(r, ψ, t), ψ̇ = ∂rH(r, ψ, t) + F (r, ψ, t) (4)
357



ñ ãàìèëüòîíèàíîì H(r, ψ, t) = (r2 + ψ2)/2 + o(1), ïðè r, ψ → 0, t → ∞. Ïî-
õîæàÿ çàäà÷à ðàññìàòðèâàëàñü â [3] ïðè ∂tH ≡ 0 è íåêîòîðûõ îãðàíè÷åíè-
ÿõ íà ôóíêöèþ F (r, ψ, t). Óñòîé÷èâîñòü ïîëîæåíèÿ ðàâíîâåñèÿ ðåøàëàñü ïó-
òåì ïîñòðîåíèÿ ôóíêöèè Ëÿïóíîâà. Â ñëó÷àå óðàâíåíèé (1), (2) êîíñòðóêöèÿ
ôóíêöèè Ëÿïóíîâà íåñêîëüêî èçìåíÿåòñÿ âñëåäñòâèå óñëîæíåíèè ñòðóêòóðû
âîçìóùåíèÿ F (r, ψ, t). Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

Òåîðåìà 1. Åñëè â ñèñòåìå óðàâíåíèé (1) êîýôôèöèåíò b > 1/2, òî
ðåøåíèå r0(t), ψ0(t) ñ àñèìïòîòèêîé (3) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè
t→∞. Åñëè b < 1/2, òî ýòî ðåøåíèå íåóñòîé÷èâî.

Òåîðåìà 2. Åñëè â ñèñòåìå óðàâíåíèé (2) êîýôôèöèåíò b ≥ 1, òî ðå-
øåíèå r0(t), ψ0(t) ñ àñèìïòîòèêîé (3) óñòîé÷èâî ïðè t → ∞. Åñëè b < 1,
òî ýòî ðåøåíèå íåóñòîé÷èâî.

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïóòåì ïîñòðîåíèÿ ôóíêöèè Ëÿïóíîâà è ìà-
æîðàíòíûõ îöåíîê.
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Î ðåøåíèè ãðàíè÷íîé îáðàòíîé çàäà÷è äëÿ ïîëóëèíåéíîãî
ïàðàáîëè÷åñêîãî óðàâíåíèÿ ìåòîäîì âñïîìîãàòåëüíûõ ãðàíè÷íûõ

óñëîâèé
Òàáàðèíöåâà Å. Â. (Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì ãðàíè÷íóþ îáðàòíóþ çàäà÷ó, ò. å. çàäà÷ó îïðåäåëåíèÿ ãðà-
íè÷íîãî óñëîâèÿ v(t) = u(1, t), ãäå u(x, t) óäîâëåòâîðÿåò óñëîâèÿì

∂u

∂t
=
∂2u

∂x2
+ f(u) (0 < x < 1; t > 0);

u(x, 0) = 0; u(0, t) = 0; ux(0, t) = ϕ(t).
(1)

Çäåñü ϕ(t) ∈ L2[0,∞)� çàäàííàÿ ôóíêöèÿ, f : L2[0,∞) → L2[0,∞)� îòîáðà-
æåíèå, óäîâëåòâîðÿþùàÿ óñëîâèþ Ëèïøèöà: äëÿ âñåõ u1, u2 ∈ L2[0,∞)

‖f(u1)− f(u2)‖ ≤ L‖u1 − u2‖.

Ïóñòü èçâåñòíî, ÷òî çàäà÷à (1) èìååò ðåøåíèå, ïðèíàäëåæàùåå ìíîæåñòâó
ðàâíîìåðíîé ðåãóëÿðèçàöèè

M = {v(t) : ‖v‖2L2[0,∞) + ‖v′(t)‖2L2[0,∞) ≤ r2},

íî âìåñòî òî÷íûõ çíà÷åíèé ôóíêöèè ϕ(t) èçâåñòíû δ-ïðèáëèæåíèe
ϕδ(t) ∈ L2[0,∞) è óðîâåíü ïîãðåøíîñòè δ òàêèå, ÷òî ‖ϕδ − ϕ‖ < δ. Òðåáó-
åòñÿ ïîñòðîèòü ïðèáëèæåííîå ðåøåíèå çàäà÷è (1) è îöåíèòü åãî óêëîíåíèå îò
òî÷íîãî ðåøåíèÿ.
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Äëÿ ïîñòðîåíèÿ óñòîé÷èâîãî ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1) ðàññìîò-
ðèì âñïîìîãàòåëüíóþ çàäà÷ó ñ ìàëûì ïàðàìåòðîì ε > 0

∂u

∂t
=
∂2u

∂x2
+ f(u) (0 < x < 1; t > 0);

u(x, 0) = 0; u(0, t) = 0; εu(1, t) + ux(0, t) = gδ(t)
(2)

Â êà÷åñòâå ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1) áóäåì ðàññìàòðèâàòü ôóíêöèþ

v
ε(δ)
δ (t) = u

ε(δ)
δ (1, t), (3)

ãäå uεδ(x, t) óäîâëåòâîðÿåò óñëîâèÿì (2) è çàâèñèìîñòü ε = ε(δ) âûáðàíà ïî
ñõåìå Ì. Ì. Ëàâðåíòüåâà. Îöåíèì ïîãðåøíîñòü ìåòîäà âñïîìîãàòåëüíûõ ãðà-
íè÷íûõ óñëîâèé íà ìíîæåñòâå M , ò. å. îöåíèì âåëè÷èíó

∆(ε, δ) = sup{‖vεδ − v‖ : v ∈M ; ‖ϕ− ϕδ‖ ≤ δ}.

Âûïîëíÿåòñÿ

Òåîðåìà 1. Ïóñòü vεδ(t)�ïðèáëèæåííîå ðåøåíèå çàäà÷è (1), îïðåäå-
ëåííîå ôîðìóëîé (3), ε(δ)� çíà÷åíèå ïàðàìåòðà ðåãóëÿðèçàöèè, âûáðàííîå
ïî ñõåìå Ì. Ì. Ëàâðåíòüåâà. Òîãäà ñóùåñòâóþò ïîñòîÿííûå C > 0, δ0 > 0
òàêèå, ÷òî ïðè âñåõ δ ∈ (0; δ0)

∆(ε(δ), δ) ≤ C

ln2 δ
.

Ñïèñîê ëèòåðàòóðû

[1] Êóôíåð A., Ôó÷èê C. Íåëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ì.: Íàóêà, 1988.
[2] Õåíðè Ä. Ãåîìåòðè÷åñêàÿ òåîðèÿ ïîëóëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé. Ì.:

Ìèð, 1985.

Êëàññèôèêàöèÿ îñîáûõ êðèâûõ îáùåé ñïåöèàëüíîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî

ïîðÿäêà
Òàñìàìáåòîâ Æ. Í. (Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Ê. Æóáàíîâà, Êàçàõñòàí)

Èçó÷åíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
âòîðîãî ïîðÿäêà{
x2 · p0 · Zxx + xy · p1 · Zxy + y2 · p2 · Zyy + x · p3 · Zx + y · p4 · Zy + p5 · Z = 0,

x2 · g0 · Zxx + xy · g1 · Zxy + y2 · g2 · Zyy + x · g3 · Zx + y · g4 · Zy + g5 · Z = 0,

(1)
ãäå êîýôôèöèåíòû pi = pi(x, y) è gi = gi(x, y) (i = 0, 5)�ìíîãî÷ëåíû äâóõ
ïåðåìåííûõ âòîðîãî ïîðÿäêà

pi(x, y) =

2∑
µ, ν=0

a(i)
µ, ν · xµ · yν (a

(i)
00 6= 0),

gi(x, y) =

2∑
µ, ν=0

b(i)µ, ν · xµ · yν (b
(i)
00 6= 0, i = 0, 5).

(2)
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Òðåáóåòñÿ óñòàíîâèòü êëàññèôèêàöèþ îñîáûõ êðèâûõ ñèñòåìû (1) ñ êî-
ýôôèöèåíòàìè âèäà (2), è ïîñòðîèòü ðåøåíèÿ âáëèçè óñòàíîâëåííûõ îñîáåí-
íîñòåé.

Â îáùåì ñëó÷àå êîýôôèöèåíòû ñèñòåìû ìîãóò áûòü àíàëèòè÷åñêèìè
ôóíêöèÿìè èëè ìíîãî÷ëåíàìè äâóõ ïåðåìåííûõ. Òàêèå ñèñòåìû àìåðèêàí-
ñêèé ìàòåìàòèê Å. Âèëü÷èíñêèé èñïîëüçîâàë äëÿ îáîñíîâàíèÿ ïðîåêòèâíî-
äèôôåðåíöèàëüíîé ãåîìåòðèè, à Ï. Àïïåëü, Â. Ãîðí, Ø. Ýðìèò è äðóãèå
ðàññìàòðèâàëè â ñâÿçè ñ èçó÷åíèåì ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé èëè îðòî-
ãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ [1]. Îäíàêî, äî ñèõ ïîð, î÷åíü ìàëî
èçâåñòíî î ïîâåäåíèè ðåøåíèé â îêðåñòíîñòè òî÷åê, ãäå ïåðåñåêàþòñÿ áîëåå
÷åì äâå îñîáûå êðèâûå èëè â êîòîðûõ äâå îñîáûå êðèâûå êàñàþòñÿ. Îñòàåòñÿ
òàêæå ìàëî èçó÷åííîé êëàññèôèêàöèÿ îñîáûõ êðèâûõ.

Îñîáûå êðèâûå ñèñòåì (1)�(2) îïðåäåëÿþòñÿ ïðèðàâíèâàíèåì ê íóëþ êî-
ýôôèöèåíòîâ ïðè ñòàðøèõ ïðîèçâîäíûõ Zxx, Zxy è Zyy:{

x2 · p0(x, y) = 0, xy · p1(x, y) = 0, y2 · p2(x, y) = 0,

x2 · g0(x, y) = 0, xy · g1(x, y) = 0, y2 · g2(x, y) = 0.
(3)

Îñîáûìè êðèâûìè ìîãóò áûòü ïàðàëëåëüíûå ïðÿìûå, êðèâûå âòîðîãî ïîðÿä-
êà � ýëëèïñ, ïàðàáîëà, ãèïåðáîëà. Òðóäíîñòè ïîÿâëÿþòñÿ ïðè íàõîæäåíèè
òî÷êè èõ ïåðåñå÷åíèÿ è îïðåäåëåíèè ðåãóëÿðíûõ è èððåãóëÿðíûõ îñîáåííî-
ñòåé, â çàâèñèìîñòè îò ÷åãî, ñëåäóåò óñòàíîâèòü âèä ðåøåíèÿ.

Äëÿ ïîñòðîåíèÿ ðåøåíèé âáëèçè ðàçëè÷íûõ îñîáåííîñòåé ïðèìåíÿåòñÿ
ìåòîä Ôðîáåíèóñà�Ëàòûøåâîé. Óñòàíîâëåí ïðîñòîé ïðèçíàê îïðåäåëåíèÿ ðå-
ãóëÿðíûõ è èððåãóëÿðíûõ îñîáåííîñòåé. Äîêàçàí ðÿä òåîðåì.

Ñïèñîê ëèòåðàòóðû

[1] Appel P., Kampe de Feriet M. J. Fonctions hypergeometriques et hyperspheriqes.
Polynomes d'Hermite. Paris: Gauthier-Villars, 1926.

Âëèÿíèå ðàçìåðíîñòè íà ðàçðåøèìîñòü çàäà÷è Äèðèõëå äëÿ
àíèçîòðîïíîãî àíàëîãà óðàâíåíèÿ p-ëàïëàñèàíà

Òåðñåíîâ À. Ñ. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Ðîññèÿ)

Îäíèì èç êëàññè÷åñêèõ ïðèìåðîâ íåëèíåéíûõ âûðîæäàþùèõñÿ è ñèí-
ãóëÿðíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ÿâëÿåòñÿ p-ëàïëàñèàí è åãî àíèçîòðîï-
íûé àíàëîã. Ýòè óðàâíåíèÿ øèðîêî ïðèìåíÿþòñÿ ïðè ìîäåëèðîâàíèè òå÷åíèÿ
ïñåâäîïëàñòè÷íûõ è äèëàòàíòíûõ íåíüþòîíîâñêèõ æèäêîñòåé, æèäêîñòåé â
ñðåäå ñ ðàçíîé ïðîâîäèìîñòüþ â ðàçíûõ íàïðàâëåíèÿõ, à òàêæå â òåîðèè
ôèëüòðàöèè. Â îòëè÷èè îò êðàåâûõ çàäà÷ äëÿ p-ëàïëàñèàíà, êîòîðûå èçó-
÷àþòñÿ èíòåíñèâíî óæå áîëåå 30 ëåò, èññëåäîâàíèÿ àíàëîãè÷íûõ çàäà÷ äëÿ
àíèçîòðîïíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ïðèîáðåëè ñèñòåìàòè÷åñêèé õàðàê-
òåð ëèøü ñ êîíöà 90-õ ãîäîâ ïðîøëîãî âåêà. Íàñ èíòåðåñóåò âîïðîñ ñóùåñòâî-
âàíèÿ îãðàíè÷åííîãî îáîáùåííîãî ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óêàçàííûõ
óðàâíåíèé. Â ÷àñòíîñòè, ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ íåëèíåéíîãî
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àíèçîòðîïíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âèäà

−
N∑
i=1

µi(|uxi |
pi−2uxi)xi = c(x)g(u) + f(x) â Ω ⊂ RN, (1)

ãäå ïîñòîÿííûå µi > 0 è pi > 1, i = 1, . . . , N , à Ω� ñòðîãî âûïóêëàÿ îãðàíè-
÷åííàÿ îáëàñòü. Îòíîñèòåëüíî ôóíêöèè g ìû ïðåäïîëàãàåì, ÷òî îíà óäîâëå-
òâîðÿåò ñëåäóþùåìó óñëîâèþ

g(0) = 0, |g(ξ)| ≤ g(η), ∀ξ, η òàêèõ, ÷òî |ξ| ≤ η. (2)

Íàïðèìåð, ôóíêöèè g(u) = ln(|u| + 1), g(u) = |u|q−1u, g(u) = |u|q èëè
g(u) = eu − 1 óäîâëåòâîðÿþò óñëîâèþ (2). Èññëåäóåòñÿ ñëó÷àé, êîãäà â óðàâ-
íåíèè (1) ïðèñóòñòâóþò ñèíãóëÿðíûå ÷ëåíû, ò. å. ÷ëåíû ñ ïîêàçàòåëÿìè
1 < pi < 2. Ïîêàçàíî, ÷òî ðàçðåøèìîñòü çàäà÷è Äèðèõëå â êëàññå îãðàíè-
÷åííûõ ðåøåíèé â ñèíãóëÿðíîì ñëó÷àå ñóùåñòâåííî çàâèñèò îò ðàçìåðíîñòè
îáëàñòè, â êîòîðîé îíà èññëåäóåòñÿ. Ïðèâåäåíî óñëîâèå, êîòîðîå îïðåäåëÿåò
÷èñëî ñèíãóëÿðíûõ pi-ûõ (è êàê ñëåäñòâèå ðàçìåðíîñòü), ãàðàíòèðóþùåå ñó-
ùåñòâîâàíèå îãðàíè÷åííîãî îáîáùåííîãî ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ óðàâ-
íåíèÿ (1). Àíàëîãè÷íûé ðåçóëüòàò èìååò ìåñòî è äëÿ ïàðàáîëè÷åñêèõ âåðñèé
p-ëàïëàñèàíà è åãî àíèçîòðîïíîãî àíàëîãà.

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00221.

Ñïèñîê ëèòåðàòóðû
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Äâóõìåðíûå àëãåáðû äèíàìè÷åñêèõ ñèììåòðèé ÎÄÓ
Òèìîøèí Ì. È. (Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,

Ðîññèÿ)

Ñîôóñ Ëè [1], ïðîâåäÿ êëàññèôèêàöèþ äâóõìåðíûõ àëãåáð òî÷å÷íûõ ñèì-
ìåòðèé, ïðèâîäèò ÷åòûðå òèïà ÎÄÓ âòîðîãî ïîðÿäêà :

I. X1 = ∂
∂x
, X2 = ∂

∂y
, [X1, X2] = 0, X1 ∨X2 6= 0, y′′ = f

(
y′
)

;

II. X1 = ∂
∂y
, X2 = x ∂

∂y
, [X1, X2] = 0, X1 ∨X2 = 0, y′′ = f (x) ;

III. X1 = ∂
∂y
, X2 = x ∂

∂x
+ y ∂

∂y
, [X1, X2] = X1, X1 ∨X2 6= 0, y′′ = 1

x
f
(
y′
)

;

IV. X1 = ∂
∂y
, X2 = y ∂

∂y
, [X1, X2] = X1, X1 ∨X2 = 0, y′′ = f (x) y′.

Â ðàáîòå [2] ðàññìàòðèâàþòñÿ äèíàìè÷åñêèå ñèììåòðèè, ïîñòðîåííûå ñ ïîìî-
ùüþ îïåðàöèè ïðîäîëæåíèÿ èíâàðèàíòîâ.

Êëàññè÷åñêèå òî÷å÷íûå ñèììåòðèè çàäàþòñÿ äâóìÿ ôóíêöèÿìè ξ(x, y),
η(x, y):

X = ξ (x, y)
∂

∂x
+ η (x, y)

∂

∂y
+ η1

(
x, y, y′

) ∂

∂y
+ η2

(
x, y, y′, y′′

) ∂

∂y
, (1)

ãäå êîìïîíåíòû ηi îïðåäåëÿþòñÿ ôîðìóëîé ïðîäîëæåíèÿ Ñ. Ëè ηi =
dηi−1

dx
−

y(i) dξ
dx
.
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Â [3] äëÿ èíòåãðèðîâàíèÿ ÎÄÓ ïðåäëàãàåòñÿ èñïîëüçîâàòü äèíàìè÷åñêèå
ñèììåòðèè, ïîðîæäàåìûå òðåìÿ ôóíêöèÿìè îò äâóõ ïåðåìåííûõ, êîòîðûå
ñîäåðæàò â ñåáå âñå ìíîæåñòâî òî÷å÷íûõ ñèììåòðèé.

Ñ ïîìîùüþ ýòèõ ñèììåòðèé áûëè íàéäåíû íîâûå ðåøåíèÿ óðàâíåíèé
Êîëìîãîðîâà�Ïåòðîâñêîãî�Ïèñêóíîâà, Ñåìåíîâà.

Â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàþòñÿ äâóõìåðíûå àëãåáðû, îáðàçî-
âàííûå èç òî÷å÷íîé ñèììåòðèè (1) è äèíàìè÷åñêîé ñèììåòðèè, ïðèâåäåííîé
â [3]. Ïîêàçàíî, ÷òî òàêèå àëãåáðû, íàðÿäó ñ ÷åòûðüìÿ òèïàìè ÎÄÓ, âûäå-
ëåííûìè Ñ. Ëè, ïðèâîäÿò ê óðàâíåíèþ

y′′ + y′
dλ

dy
= f

(
y′ + λ

)
, (2)

ãäå λ = λ(y). Ëåãêî âûïèñàòü ïåðâûé èíòåãðàë óðàâíåíèÿ (2). Îáîçíà÷èâ
dΦ(v)
dv

= 1
f(v)

, ïîëó÷èì èíòåãðàë â âèäå

Φ
(
y′ + λ(y)

)
= x+ C1. (3)

Î÷åâèäíî, ÷òî ðåøåíèå óðàâíåíèÿ (3) ðàâíîñèëüíî ðåøåíèþ óðàâíåíèÿ

dy

dv
=
dΦ

dv
(v − λ(y)) . (4)

Â äîêëàäå ïðèâîäèòñÿ ìíîæåñòâî ñëó÷àåâ èíòåãðèðóåìîñòè óðàâíåííèÿ (4),
ñðåäè êîòîðûõ íåñêîëüêî íîâûõ ñëó÷àåâ èíòåãðèðóåìîñòè óðàâíåíèÿ Àáåëÿ
âòîðîãî ðîäà.
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Çàäà÷à ñ ôèíàëüíûì ïåðåîïðåäåëåíèåì äëÿ ýâîëþöèîííîãî
óðàâíåíèÿ, íå ðàçðåøåííîãî îòíîñèòåëüíî ïðîèçâîäíîé

Òèõîíîâ È. Â. (ÍÈßÓ ¾ÌÈÔÈ¿, Ðîññèÿ)

Ïóñòü E � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî. Ðàññìîòðèì â E ïðè
ôèêñèðîâàííîì T > 0 äèôôåðåíöèàëüíîå óðàâíåíèå:

Bu′(t) = Au(t) + ϕ(t)g, 0 ≤ t ≤ T, (1)

ñ íåèçâåñòíîé ôóíêöèåé u : [0, T ]→ E è íåèçâåñòíûì ýëåìåíòîì g ∈ E. Ïðåä-
ïîëàãàåì, ÷òî A, B � ëèíåéíûå çàìêíóòûå îïåðàòîðû â E ñ îáëàñòÿìè îïðåäå-
ëåíèÿ D(A) ⊂ E, D(B) ⊂ E ñîîòâåòñòâåííî. Ñêàëÿðíàÿ ôóíêöèÿ ϕ ∈ C([0, T ])
çàäàíà òàê, ÷òî ϕ(t) 6≡ 0 íà [0, T ]. Ñïðàøèâàåòñÿ, áóäåò ëè ïàðà (u(t), g) îä-
íîçíà÷íî âîññòàíàâëèâàòüñÿ ïî óñëîâèþ Êîøè u(0) = u0 è ôèíàëüíîìó ïåðå-
îïðåäåëåíèþ u(T ) = u1? Ïîñêîëüêó ðå÷ü èäåò î åäèíñòâåííîñòè ðåøåíèÿ, òî
ìîæíî îãðàíè÷èòüñÿ îäíîðîäíûìè óñëîâèÿìè:

u(0) = 0, u(T ) = 0. (2)
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ßñíî, ÷òî â çàäà÷å (1), (2) âñåãäà åñòü òðèâèàëüíîå ðåøåíèå u(t) ≡ 0, g = 0.
Ñòàâèòñÿ âîïðîñ î íàëè÷èè äðóãèõ, íåòðèâèàëüíûõ ðåøåíèé.

Ïîëíàÿ òåîðèÿ åäèíñòâåííîñòè äëÿ çàäà÷è (1), (2) â ñëó÷àå åäèíè÷íîãî
îïåðàòîðà B = I, ò. å. äëÿ óðàâíåíèÿ, ðàçðåøåííîãî îòíîñèòåëüíî ïðîèçâîä-
íîé, áûëà ïîñòðîåíà â [1], [2]. Â íåäàâíåé ïóáëèêàöèè [3] ñäåëàíà ïîïûò-
êà ïåðåíåñòè ìåòîäèêó ðàáîòû [1] íà óðàâíåíèå ¾ñîáîëåâñêîãî òèïà¿, êîãäà
kerB 6= 0 è D(A) ⊂ D(B), ïðè÷åì ïîòðåáîâàëèñü è äðóãèå, âåñüìà ñïåöè-
àëüíûå îãðàíè÷åíèÿ íà îïåðàòîðû A, B. Ïî-âèäèìîìó, ïðè èçó÷åíèè çàäà÷è
(1), (2) áîëåå åñòåñòâåííî îïèðàòüñÿ íà ðàáîòó [2], íåáîëüøàÿ ìîäèôèêàöèÿ
ïîäõîäîâ êîòîðîé ïîçâîëÿåò ïîëó÷èòü ñëåäóþùèé îáùèé ðåçóëüòàò.

Òåîðåìà 1. Ïóñòü A, B � ëèíåéíûå çàìêíóòûå îïåðàòîðû â áàíàõî-
âîì ïðîñòðàíñòâå E. Ïóñòü ϕ ∈ C([0, T ]), ïðè÷åì ϕ(0) 6= 0 è ϕ(T ) 6= 0. Òîãäà
äëÿ òîãî, ÷òîáû çàäà÷à (1), (2) èìåëà íà [0, T ] òîëüêî òðèâèàëüíîå ðåøå-
íèå u(t) ≡ 0, g = 0, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íè îäèí íóëü öåëîé
ôóíêöèè

L(λ) =

∫ T

0

eλ(T−s)ϕ(s) ds, λ ∈ C, (3)

íå ÿâëÿëñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðíîãî ïó÷êà P (λ) ≡ λB − A,
λ ∈ C.

Òåîðåìà 1 ïðèìåíèìà è ê êëàññè÷åñêèì, è ê îáîáùåííûì ðåøåíèÿì çàäà-
÷è (1), (2). Ôóíêöèþ (3) åñòåñòâåííî ñ÷èòàòü õàðàêòåðèñòè÷åñêîé äëÿ çàäà÷è
(1), (2). Âàæíóþ ðîëü â ïîëó÷åíèè ðåçóëüòàòîâ òàêîãî ñîðòà èãðàþò íåêîòî-
ðûå èäåè Þ. Ñ. Ýéäåëüìàíà. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÔÖÏ ¾Êàä-
ðû¿ (ïðîåêò Ï268) è ÀÂÖÏ ¾Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû¿
(ïðîåêò 2.1.1/6827).

Ñïèñîê ëèòåðàòóðû

[1] Òèõîíîâ È. Â., Ýéäåëüìàí Þ. Ñ. Òåîðåìû îá îòîáðàæåíèè òî÷å÷íîãî ñïåêòðà
äëÿ C0-ïîëóãðóïï è èõ ïðèìåíåíèå â âîïðîñàõ åäèíñòâåííîñòè äëÿ àáñòðàêòíûõ
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äëÿ àáñòðàêòíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ íåñòàöèîíàðíûì íåîäíîðîäíûì
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[3] Óðàçàåâà À. Â. Îòîáðàæåíèå òî÷å÷íîãî ñïåêòðà è åäèíñòâåííîñòü îáðàòíîé çàäà÷è
äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà // Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. 2010. � 5. Ñ. 55�
64.

Ïðîáëåìû Ðîõëèíà è ïåðåìåøèâàþùèå ãðóïïîâûå äåéñòâèÿ
Òèõîíîâ Ñ. Â. (Ðîññèéñêèé Ãîñóäàðñòâåííûé Òîðãîâî-Ýêîíîìè÷åñêèé

Óíèâåðñèòåò, Ðîññèÿ)

Â ðàáîòå ââîäèòñÿ ìåòðèêà, äåëàþùàÿ ìíîæåñòâî ïåðåìåøèâàþùèõ äåé-
ñòâèé äèñêðåòíîé ãðóïïû G ïîëíûì ñåïàðàáåëüíûì ïðîñòðàíñòâîì. Ðàññìàò-
ðèâàþòñÿ ïðèëîæåíèÿ ýòîé ìåòðèêè ê êëàññè÷åñêèì âîïðîñàì Ðîõëèíà î
êðàòíîì ïåðåìåøèâàíèè è îäíîðîäíîì ñïåêòðå êîíå÷íîé êðàòíîñòè.

Ïóñòü (X,Σ, µ) � åäèíè÷íûé îòðåçîê ñ σ-àëãåáðîé Σ è ëåáåãîâñêîé ìåðîé
µ. Ìíîæåñòâî îáðàòèìûõ, ñîõðàíÿþùèõ ìåðó ïðåîáðàçîâàíèé, äåéñòâóþùèõ
íà ýòîì ïðîñòðàíñòâå, îáîçíà÷èì ÷åðåç A.

363



Äåéñòâèåì T äèñêðåòíîé ãðóïïû G íàçûâàåòñÿ îòîáðàæåíèå g 7→ T g èç
G â A, ñîãëàñîâàííîå ñ ãðóïïîâûìè îïåðàöèÿìè. Äåéñòâèå T íàçûâàåòñÿ ïå-
ðåìåøèâàþùèì, íà ïîäìíîæåñòâå Γ ãðóïïû G, åñëè äëÿ ëþáûõ ìíîæåñòâ
A,B ∈ Σ è ëþáîãî áåñêîíå÷íîãî ïîäìíîæåñòâà {gi}i∈N ⊂ Γ, èìååì

µ (T giA ∩B)→ µ (A)µ (B) ,

ïðè i→∞.
Ìíîæåñòâî òàêèõ äåéñòâèé îáîçíà÷èì ÷åðåçMG,Γ. Åñëè Γ = G, òî ñîîò-

âåòñòâóþùèå äåéñòâèÿ íàçûâàþòñÿ ïðîñòî �ïåðåìåøèâàþùèìè� (èëè �îä-
íîêðàòíî ïåðåìåøèâàþùèìè�).

Óòâåðæäåíèå 1. ÌíîæåñòâîMG,Γ � ïîëíîå ñåïàðàáåëüíîå ïðîñòðàí-
ñòâî îòíîñèòåëüíî ïîäõîäÿùåé ìåòðèêè m.

Ìåòðèêà m ìîæåò áûòü èñïîëüçîâàíà äëÿ èñññëåäîâàíèÿ òèïè÷íûõ è
èíäèâèäóàëüíûõ ñâîéñòâ ïðåîáðàçîâàíèé è G-äåéñòâèé (ñâîéñòâî íàçûâàåòñÿ
òèïè÷íûì, åñëè âûïîëíåíî äëÿ ýëåìåíòîâ âñþäó ïëîòíîãî Gδ-ìíîæåñòâà).
Ìû ðàññìàòðèâàåì åå âñâÿçè ñ äâóìÿ êëàññè÷åñêèìè âîïðîñàìè Ðîõëèíà � î
êðàòíîì ïåðåìåøèâàíèè è îá îäíîðîäíîì ñïåêòðå êîíå÷íîé êðàòíîñòè.

Äåéñòâèå T ãðóïïû G íàçûâàåòñÿ äâóêðàòíî ïåðåìåøèâàþùèì, åñëè äëÿ
ëþáûõ A,B,C ∈ Σ è áåñêîíå÷íûõ ìíîæåñòâ {gi} , {hi} ⊂ G òàêèõ, ÷òî ýëå-
ìåíòû higi ðàçëè÷íû ïðè ðàçíûõ i, èìååì

µ
(
ThigiA ∩ ThiB ∩ C

)
→ µ (A)µ (B)µ (C) ,

ïðè i→∞.

Òåîðåìà 1. Òèïè÷íûå ïåðåìåøèâàþùèå Zd-äåéñòâèÿ, d ∈ N, îáëàäàþò
äâóêðàòíûì ïåðåìåøèâàíèåì.

Çàìåòèì òàêæå, ÷òî àíàëîãè÷íîå óòâåðæäåíèå âåðíî äëÿ ïåðåìåøèâàíèÿ
ëþáîé êðàòíîñòè. Ñ êàæäûì ïðåîáðàçîâàíèåì T ∈ A ñâÿçàí óíèòàðíûé îïå-
ðàòîð UT , äåéñòâóþùèé íà ïðîñòðàíñòâå êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíê-
öèé ñ íóëåâûì ñðåäíèì ïî ôîðìóëå UT f = f ◦ T . Ïðåîáðàçîâàíèå T èìååò
îäíîðîäíûé ñïåêòð êðàòíîñòè n, åñëè UT ïðåäñòàâëÿåòñÿ êàê ïðÿìàÿ ñóììà
n ýêçåìïëÿðîâ îäíîãî îïåðàòîðà ñ ïðîñòûì ñïåêòðîì.

Òåîðåìà 2. Äëÿ ëþáîãî n ∈ N ñóùåñòâóþò ïåðåìåøèâàþùèå ïðåîáðà-
çîâàíèÿ ñ îäíîðîäíûì ñïåêòðîì êðàòíîñòè n.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò ÍØ-8508.2010.1.

Ïîâåäåíèå èíâàðèàíòíîãî ìíîæåñòâà ïðè ìàëûõ âîçìóùåíèÿõ
ñèñòåìû ðàçíîñòíûõ óðàâíåíèé

Òêà÷óê À. Í. (Íàöèîíàëüíûé óíèâåðñèòåò ïèùåâûõ òåõíîëîãèé, Óêðàèíà)
Ñåìåíèøèíà È. Â. (Ïîäîëüñêèé ãîñóäàðñòâåííûé àãðàðíî-òåõíè÷åñêèé

óíèâåðñèòåò, Óêðàèíà)

Ðàññìàòðèâàåòñÿ ñèñòåìà ðàçíîñòíûõ óðàâíåíèé âèäà

xhn+1 = xhn + hX(xhn), (1)
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ãäå h > 0�øàã óðàâíåíèÿ, n ∈ Z+, xhn = xh(t0 + nh), xh0 (t0) = x0, x ∈ Rn,
ôóíêöèÿ X(x) îïðåäåëåíà è óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà. Òîãäà âîçìó-
ùåííàÿ ñèñòåìà ðàçíîñòíûõ óðàâíåíèé èìååò âèä

xhn+1 = xhn + h
[
X(xhn) + µY (xhn)

]
, (2)

µ > 0�ìàëûé ïàðàìåòð, êîòîðûé õàðàêòåðèçóåò âîçìóùåíèÿ. Ôóíêöèè Xè
Y îïðåäåëåíû è óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà ïðè âñåõ x ∈ D ⊂ Rn.

Îïðåäåëåíèå 1. Ìíîæåñòâî M ⊂ D íàçûâàåòñÿ èíâàðèàíòíûì ìíîæå-
ñòâîì ñèñòåìû (1), åñëè ðåøåíèå ñèñòåìû (1), êîòîðîå íà÷èíàåòñÿ â òî÷êå
x0 ∈ M , îñòàåòñÿ íà M ïðè ëþáûõ n ∈ Z. Åñëè n ∈ Z+, òî ìíîæåñòâî M
íàçîâåì ïîëîæèòåëüíî èíâàðèàíòíûì ìíîæåñòâîì ñèñòåìû (1).

Îïðåäåëåíèå 2. Ïîëîæèòåëüíî èíâàðèàíòíîå ìíîæåñòâîM ñèñòåìû (1)
íàçîâåì óñòîé÷èâûì, åñëè ∀ ε > 0 ∃δ = δ(ε) > 0 òàêîå, ÷òî ρ(x0,M) < δ, òî
ρ(xhn(x0),M) < ε ïðè n ∈ Z+. Åñëè ìíîæåñòâî M óñòîé÷èâî è óäîâëåòâîðÿåò
ïðåäåëüíîìó ñîîòíîøåíèþ lim

n→∞
ρ(xhn(x0),M) = 0 ïðè âñåõ x0 èç íåêîòîðîé

δ0-îêðåñòíîñòè ìíîæåñòâà M , òî íàçîâåì åãî àñèìïòîòè÷åñêè óñòîé÷èâûì.

Îïðåäåëåíèå 3. Îáëàñòüþ ïðèòÿæåíèÿ Π(M0) ìíîæåñòâà M0 íàçîâåì
âñå òî÷êè x0 ∈ D, äëÿ êîòîðûõ Ωx0 ⊂M0, ãäå Ωx0 � ω-ïðåäåëüíîå ìíîæåñòâî
òðàåêòîðèé.

Ëåììà 1. Åñëè ðåøåíèÿ ñèñòåìû (1) ïðè µ = 0, xhn(x0, 0) = xhn(x0)
ïðèíàäëåæàò îáëàñòè D äëÿ n ∈ [0, n0] è x0 ∈ P ⊂ D âìåñòå ñ íåêîòîðîé ε-
îêðåñòíîñòüþ, òî ïðè äîñòàòî÷íî ìàëûõ µ ðåøåíèÿ xhn(x0, µ) ñèñòåìû (2)
ïðèíàäëåæàò ïðè n ∈ [0, n0] îáëàñòè D âìåñòå ñ íåêîòîðîé îêðåñòíîñòüþ,

è èìååò ìåñòî ïðåäåëüíîå ñîîòíîøåíèå sup
n∈[0,n0]; x0∈P

∣∣xhn(x0, µ)− xhn(x0)
∣∣ →

0, µ→ 0.

Ïîëó÷åí îñíîâíîé ðåçóëüòàò, êîòîðûé îáúÿñíÿåò õàðàêòåð ïîâåäåíèÿ çà-
ìêíóòîãî èíâàðèàíòíîãî ìíîæåñòâà ñèñòåìû (1) ïðè åå ìàëûõ âîçìóùåíèÿõ.

Òåîðåìà 1. Åñëè M0 � çàìêíóòîå êîìïàêòíîå àñèìïòîòè÷åñêè
óñòîé÷èâîå èíâàðèàíòíîå (ïîëîæèòåëüíî) ìíîæåñòâî ñèñòåìû (1), òî ñó-
ùåñòâóþò òàêèå δ > 0 è µ0 = µ0(δ) > 0, ÷òî ïðè µ < µ0 ñèñòåìà (2) òîæå
èìååò çàìêíóòîå èíâàðèàíòíîå ìíîæåñòâî M = M(µ, h), äëÿ êîòîðîãî
lim
µ→0

ρ(M0,M) = 0 è Uδ(M0) ⊂ Π(M).

Ñïèñîê ëèòåðàòóðû

[1] Òêà÷óê À. Ì. Iíâàðiàíòíi ìíîæèíè ðiçíèöåâèõ ñèñòåì òà ¨õ ñòiéêiñòü // Íåëiíiéíi
êîëèâàííÿ. 2005. Ò. 8, � 2. Ñ. 258�264.

Îá îáðàòíîé çàäà÷å âîññòàíîâëåíèÿ ñ âûðîæäàþùåéñÿ äèôôóçèåé
Òëåóáåðãåíîâ Ì. È. (Èíñòèòóò ìàòåìàòèêè, Êàçàõñòàí)

Èáðàåâà Ã. Ò. (Èíñòèòóò ìàòåìàòèêè, Êàçàõñòàí)

Îñíîâû òåîðèè è îáùèå ìåòîäû ðåøåíèÿ îáðàòíûõ çàäà÷ äèôôåðåíöè-
àëüíûõ ñèñòåì ðàçðàáîòàíû â [1�3] è äð. äëÿ äåòåðìèíèðîâàííûõ ñèñòåì,
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óðàâíåíèÿ êîòîðûõ ÿâëÿþòñÿ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè.

Ðàññìîòðèì îáðàòíóþ çàäà÷ó äèôôåðåíöèàëüíûõ ñèñòåì ïðè íàëè÷èè
ñëó÷àéíûõ âîçìóùåíèé. Ïóñòü çàäàíà ñèñòåìà ñòîõàñòè÷åñêèõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà òèïà Èòî

ẏ = f1(y, z, v, w, t), y ∈ Rl1 , z ∈ Rl2 , v ∈ Rp1 , w ∈ Rp2 ,

ż = f2(y, z, v, w, t) + σ1(y, z, v, w, t)ξ̇, ξ ∈ Rr, l1 + l2 + p1 + p2 = n,

v̇ = f3(y, z, v, w, t) + L1(y, z, v, w, t)u1,

ẇ = f4(y, z, v, w, t) + L2(y, z, v, w, t)u2 + σ2(y, z, v, w, t)ξ̇.

(1)

Òðåáóåòñÿ îïðåäåëèòü ïî çàäàííîìó èíòåãðàëüíîìó ìíîãîîáðàçèþ

Λ(t) : λ(y, z, v, w, t) = 0, ãäå λ = λ(y, z, v, w, t) ∈ C12121
yzvwt, λ ∈ Rm (2)

âåêòîð-ôóíêöèè u1(y, z, v, w, t) ∈ Rk1 è u2(y, z, v, w, t) ∈ Rk2 , k1 + k2 = k,
âõîäÿùèå â êîýôôèöèåíò ñíîñà.

Ïîñòàâëåííàÿ çàäà÷à:

1◦. â ñëó÷àå σ1 ≡ 0, σ2 ≡ 0 îòñóòñòâèÿ ñëó÷àéíûõ âîçìóùåíèé äîñòà-
òî÷íî ïîëíî èññëåäîâàíà â [2, 3] è äð.;

2◦. îáîáùàåò ðàññìîòðåííóþ â [4] çàäà÷ó ïîñòðîåíèÿ óðàâíåíèé Èòî
âòîðîãî ïîðÿäêà ẍ = f(x, ẋ, t) +D(x, ẋ, t)u+ σ(x, ẋ, t)ξ̇ ïî çàäàííîìó
èíòåãðàëüíîìó ìíîãîîáðàçèþ

Λ(t) : λ(x, ẋ, t) = 0, ãäå λ = λ(x, ẋ, t) ∈ C121
xẋt ;

3◦. èíûì ìåòîäîì, à èìåííî, ìåòîäîì êâàçèîáðàùåíèÿ, ðåøåíà â [5].

Ïóñòü K îçíà÷àåò ìíîæåñòâî ôóíêöèé η(y, z, v, w, t) ∈ K, íåïðåðûâíûõ
ïî t è Lip ïî îñòàëüíûì àðãóìåíòàì. Ñïðàâåäëèâà

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ìíîæåñòâî (2) áûëî èíòåãðàëüíûì ìíî-
ãîîáðàçèåì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1), äîñòàòî÷íî, ÷òîáû
âûïîëíÿëèñü ñëåäóþùèå óñëîâèÿ:

1◦. êâàäðàòíûå ïîäìàòðèöû D′, G′ ìàòðèö D, G áûëè íåâûðîæäåí-
íûìè det D′ 6= 0, det G′ 6= 0;

2◦. ïðè ïðîèçâîëüíî çàäàííûõ u1, u
′′
2 ∈ K ïåðâûå m êîîðäèíàò u′2 âåê-

òîðà u2 èìåëè âèä u
′
2 = (D′)−1

(
N − ∂λ

∂v
L1u1 −D′′u′′2

)
;

3◦. ïðè ïðîèçâîëüíî çàäàííûõ σ1, σ
′′
2 ∈ K ïîäìàòðèöà σ′2 ìàòðèöû σ2

èìåëà âèä σ′2 = (G′)−1(B − ∂λ

∂z
σ1 −G′′σ′′2

)
, ãäå D =

∂λ

∂w
L2, D =

(D′, D′′),
∂λ

∂w
= (G′, G′′), σ2 =

(
σ′2
σ′′2

)
, u2 =

(
u′2
u′′2

)
, D′ è G′ åñòü

êâàäðàòíûå ïîäìàòðèöû ñîîòâåòñòâåííî ìàòðèö D è
∂λ

∂w
.
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Î ãðàíè÷íîì óñëîâèè òåïëîâîãî ïîòåíöèàëà
Òîêìàãàìáåòîâ Í. Å. (Èíñòèòóò ìàòåìàòèêè, èíôîðìàòèêè è ìåõàíèêè

ÌÎÍ ÐÊ, Êàçàõñòàí)

Â öèëèíäðè÷åñêîé îáëàñòè (x, t) ∈ QT = Ω×(0, T ), ãäå Ω ⊂ Rn � îäíîñâÿç-
íàÿ è îãðàíè÷åííàÿ îáëàñòü ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω, ðàññìîòðèì
òåïëîâîé ïîòåíöèàë

u(x, t) =

∫ t

0

∫
Ω

ε(x− ξ, t− τ)f(ξ, τ) dξdτ, (1)

ãäå ε(x, t) = θ(t)

(2
√
πt)n

exp(− |x|
2

4t
)�ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è Êîøè äëÿ

óðàâíåíèÿ òåïëîïðîâîäíîñòè [1], ò. å.

♦x,tε(x− ξ, t− τ) = (
∂

∂t
−∆xε(x− ξ, t− τ) = δ(x− ξ, t− τ), (2)

♦+
ξ,τε(x− ξ, t− τ) = (− ∂

∂τ
−∆ξ)ε(x− ξ, t− τ) = δ(x− ξ, t− τ), (3)

ε(x− ξ, t− τ) |τ=t= 0. (4)

Èçâåñòíî [2], ÷òî åñëè ôóíêöèÿ f(x, t) ∈ C
α,α

2
x,t (QT ), òî u(x, t) ∈

C
2+α,1+α

2
x,t (QT ), ãäå 0 < α < 1 è

(
∂

∂t
−∆)u(x, t) = f(x, t), (5)

u(x, 0) = 0. (6)

Òåïëîâîé ïîòåíöèàë (1) øèðîêî èñïîëüçóåòñÿ â ðåøåíèé ðàçëè÷íûõ êðà-
åâûõ çàäà÷ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè. Íèæå íàõîäèì áîêîâîå ãðàíè÷-
íîå óñëîâèå, êîòîðîå îäíîçíà÷íî îïðåäåëÿåò òåïëîâîé ïîòåíöèàë (1).

Òåîðåìà 1. Äëÿ ëþáîé f(x, t) ∈ Cα,
α
2

x,t (QT ) òåïëîâîé ïîòåíöèàë (1) óäî-
âëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ

− u(x, t)

2
+

∫ t

0

∫
∂Ω

∂ε(x− ξ, t− τ)

∂nξ
u(ξ, τ) dSξdτ−

−
∫ t

0

∫
∂Ω

∂u(ξ, τ)

∂nξ
ε(x− ξ, t− τ) dSξdτ = 0, (7)

∀(x, t) ∈ ∂Ω× (0, T ),

ãäå ∂
∂nξ

�ïðîèçâîäíàÿ ïî âíåøíåé íîðìàëè áîêîâîé ãðàíèöû.

Åñëè ôóíêöèÿ u(x, t) ∈ C
2+α,1+α

2
x,t (QT ) óäîâëåòâîðÿåò óðàâíåíèþ (5) è

íà÷àëüíîìó óñëîâèþ (6), à òàêæå áîêîâîìó ãðàíè÷íîìó óñëîâèþ (7), òî
ôóíêöèÿ u(x, t) îäíîçíà÷íî îïðåäåëÿåò òåïëîâîé ïîòåíöèàë (1).
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Òåîðåìà 1 îñòàåòñÿ â ñèëå è äëÿ íåöèëèíäðè÷åñêèõ îáëàñòåé.
Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ò. Ø. Êàëüìåíîâûì.
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Î ãðàíè÷íîì óñëîâèè âîëíîâîãî ïîòåíöèàëà
Òîëåóõàíîâ À. Å. (Èíñòèòóò ìàòåìàòèêè, èíôîðìàòèêè è ìåõàíèêè ÌÎÍ

ÐÊ, Êàçàõñòàí)

Â îãðàíè÷åííîé îáëàñòè Ω ≡ {(x, t) : (0, l)× (0, T )} ðàññìîòðèì îäíîìåð-
íûé âîëíîâîé ïîòåíöèàë

u(x, t) =

∫
Ω

ε(x− ξ, t− τ)f(ξ, τ) dξdτ, (1)

ãäå ε(x − ξ, t − τ) = 1
2
θ(t − τ − |x − ξ|)�ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è

Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ [1], ò. å.

∂2ε(x− ξ, t− τ)

∂t2
− ∂2ε(x− ξ, t− τ)

∂x2
= δ(x− ξ, t− τ), (2)

∂2ε(x− ξ, t− τ)

∂τ2
− ∂2ε(x− ξ, t− τ)

∂ξ2
= δ(x− ξ, t− τ), (3)

ε(x− ξ, t− τ) |τ=t=
∂ε(x− ξ, t− τ)

∂τ
|τ=t=

∂ε(x− ξ, t− τ)

∂t
|τ=t= 0. (4)

Èçâåñòíî [1], ÷òî åñëè ôóíêöèÿ f(x, t) ∈ L2(Ω), òî u(x, t) ∈ W 1
2 (Ω) ∩

W 1
2 (∂Ω) è îáúåìíûé âîëíîâîé ïîòåíöèàë (1) óäîâëåòâîðÿåò ñëåäóþùåìó óðàâ-

íåíèþ
∂2u(x, t)

∂t2
− ∂2u(x, t)

∂x2
= f(x, t), (x, t) ∈ Ω, (5)

è íà÷àëüíûì óñëîâèÿì

u(x, 0) = ut(x, 0) = 0, 0 < x < l. (6)

Âîëíîâîé ïîòåíöèàë (1) øèðîêî èñïîëüçóåòñÿ ïðè ðåøåíèé ðàçëè÷íûõ
êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ. Íèæå íàõîäèì áîêîâûå ãðàíè÷íûå
óñëîâèÿ, ïîðîæäàåìûå âîëíîâûì ïîòåíöèàëîì (1).

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f(x, t) ∈ L2(Ω), òîãäà u(x, t)� âîëíîâîé
ïîòåíöèàë (1) óäîâëåòâîðÿåò áîêîâûì ãðàíè÷íûì óñëîâèÿì

(ux − ut)(0, t) = 0, x = 0, 0 < t < T, (7)

(ux + ut)(l, t) = 0, x = l, 0 < t < T. (8)

Îáðàòíî, åñëè ôóíêöèÿ u(x, t) ∈ W 1
2 (Ω) ∩ W 1

2 (∂Ω) óäîâëåòâîðÿåò óðàâíå-
íèþ (5) è íà÷àëüíûì óñëîâèÿì (6), à òàêæå áîêîâûì ãðàíè÷íûì óñëîâèÿì
(7)�(8), òî ôóíêöèÿ u(x, t) îäíîçíà÷íî îïðåäåëÿåò îäíîìåðíûé âîëíîâîé ïî-
òåíöèàë (1).
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Îòìåòèì, ÷òî ãðàíè÷íîå óñëîâèå (7)�(8) âîëíîâîãî ïîòåíöèàëà (1) ÿâ-
ëÿåòñÿ ëîêàëüíûì ãðàíè÷íûì óñëîâèåì, â îòëè÷èå îò ãðàíè÷íîãî óñëîâèÿ
îáúåìíîãî ïîòåíöèàëà Ëàïëàñà ïðèâåäåííîãî â ðàáîòå [4].

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ò. Ø. Êàëüìåíîâûì.
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Ñóùåñòâîâàíèå è óñòîé÷èâîñòü ðåëÿòèâèñòñêîé ñâîáîäíîé ãðàíèöû
¾ïëàçìà-âàêóóì¿

Òðàõèíèí Þ. Ë. (Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ è
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ)

Óðàâíåíèÿ ðåëÿòèâèñòñêîé ìàãíèòíîé ãèäðîäèíàìèêè â ïðîñòðàíñòâå-
âðåìåíè (t, x) Ìèíêîâñêîãî çàïèñûâàþòñÿ â âèäå ñèñòåìû çàêîíîâ ñîõðàíåíèÿ,
à çàòåì è â âèäå êâàçèëèíåéíîé ñèììåòðè÷åñêîé ãèïåðáîëè÷åñêîé ñèñòåìû

A0(U)∂tU +A1(U)∂1U +A2(U)∂2U +A3(U)∂3U = 0 (1)

äëÿ âåêòîðà U = (p, u,H, S), ãäå p � äàâëåíèå, S � ýíòðîïèÿ, u è H �
3-âåêòîðû ñêîðîñòè è ìàãíèòíîãî ïîëÿ. Êîíêðåòíûé âèä ñèììåòðè÷åñêèõ
ìàòðèö Aα íàéäåí íåäàâíî â [1]. Óðàâíåíèÿ Ìàêñâåëëà ∂tH + ∇ × E = 0,
∂tE−∇×H = 0 äëÿ ýëåêòðîìàãíèòíîãî ïîëÿ V = (E,H) â âàêóóìå òàêæå îá-
ðàçóþò ñèììåòðè÷åñêóþ ñèñòåìó âèäà (1) ñ A0 = I è ïîñòîÿííûìè ìàòðèöàìè
Aj . Êðîìå òîãî, èìåþòñÿ äèâåðãåíòíûå îãðàíè÷åíèÿ div H = 0, div E = 0 è
div H = 0 íà íà÷àëüíûå äàííûå (U, V )|t=0 = (U0, V0).

Ïóñòü Ω±(t) =
{
x1 ≷ ϕ(t, x2, x3)

}
� îáëàñòè, çàíèìàåìûå ïëàçìîé è âà-

êóóìîì ñîîòâåòñòâåííî. Òîãäà íà ñâîáîäíîé ãðàíèöå Σ(t) = {x1 = ϕ(t, x2, x3)}
çàäàþòñÿ óñëîâèÿ

∂tϕ = vN , q = (|H|2−|E|2)/2, E2 = H3∂tϕ−E1∂2ϕ, E3 = −H2∂tϕ−E1∂3ϕ,
(2)

ãäå q = p+ (|H|2 + (u,H)2)/(2 + 2|u|2) � ïîëíîå äàâëåíèå, à vN � íîðìàëüíàÿ
êîìïîíåíòà v = (1 + |u|2)−1/2 u. Ïðè ýòîì, óñëîâèÿ HN |Σ = 0 è HN |Σ = 0 ÿâ-
ëÿþòñÿ îãðàíè÷åíèÿìè íà íà÷àëüíûå äàííûå. Ïðåäïîëàãàåòñÿ, ÷òî ïëîòíîñòü
ρ|Σ > 0.

Íàøà öåëü � íàéòè óñëîâèÿ íà íà÷àëüíûå äàííûå (U0, V0, ϕ0), ãàðàí-
òèðóþùèå ëîêàëüíîå ïî âðåìåíè ñóùåñòâîâàíèå è åäèíñòâåííîñòü ãëàäêîãî
ðåøåíèÿ (U, V, ϕ) çàäà÷è ñî ñâîáîäíîé ãðàíèöåé äëÿ ñèñòåìû (1) â Ω+ è óðàâ-
íåíèé Ìàêñâåëëà â Ω− ñ ãðàíè÷íûìè óñëîâèÿìè (2) íà Σ. Ñëåäóÿ [2, 3], ìû
èñïîëüçóåì ¾ðàñïðÿìëåíèå¿ ãðàíèöû, ïåðåõîä ê ¾õîðîøåìó íåèçâåñòíîìó¿
Àëèíüÿêà [2] è èòåðàöèè Íýøà�Ìîçåðà. Òàê êàê Σ(t) � õàðàêòåðèñòè÷åñêàÿ
ïîâåðõíîñòü, êàê è â [2], àïðèîðíûå îöåíêè âûâîäÿòñÿ â âåñîâûõ àíèçîòðîï-
íûõ ïðîñòðàíñòâàõ Ñîáîëåâà Hm

∗ . Êëþ÷åâûì ìîìåíòîì ÿâëÿåòñÿ íàõîæäå-
íèå äîñòàòî÷íîãî óñëîâèÿ óñòîé÷èâîñòè ïëîñêîé ãðàíèöû ¾ïëàçìà-âàêóóì¿ ñ
ïîìîùüþ ïîñòðîåíèÿ âòîðè÷íîé ñèììåòðèçàöèè [5] óðàâíåíèé Ìàêñâåëëà.
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Òðåáóåòñÿ, ÷òîáû ýòî óñëîâèå âûïîëíÿëîñü âî âñåõ òî÷êàõ íà÷àëüíîé ïîâåðõ-
íîñòè Σ(0).

Èññëåäóåìàÿ çàäà÷à âàæíà äëÿ ïðèëîæåíèé â àñòðîôèçèêå. Ñîîòâåòñòâó-
þùàÿ çàäà÷à äëÿ íåðåëÿòèâèñòñêîãî ñëó÷àÿ èìååò ñóùåñòâåííûå îòëè÷èÿ (ñì.
[4]).

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00320-à.
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Äèôôåðåíöèàëüíûå ñâîéñòâà íóëåé ñîáñòâåííûõ ôóíêöèé çàäà÷è
Øòóðìà�Ëèóâèëëÿ

Òðûíèí À. Þ. (Ñàðàòîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïîëó÷åíû íåêîòîðûå äèôôåðåíöèàëüíûå ñîîòíîøåíèÿ â òåðìèíàõ äèô-
ôåðåíöèàëîâ Ãàòî äëÿ óçëîâûõ òî÷åê ðåãóëÿðíîé çàäà÷è Øòóðìà�Ëèóâèëëÿ
ñ êðàåâûìè óñëîâèÿìè òðåòüåãî ðîäà. Äëÿ ãðàíè÷íûõ óñëîâèé ïåðâîãî ðî-
äà àíàëîãè÷íûå ñîîòíîøåíèÿ, ïðàâäà, ñîäåðæàùèå ïðîèçâîäíûå ñîáñòâåííûõ
ôóíêöèé ïî ñïåêòðàëüíîìó ïàðàìåòðó, ïîëó÷åíû â [1].

Ïóñòü q ∈ L[0, π], è λn = λn[q] � n-îå ñîáñòâåííîå çíà÷åíèå çàäà÷è
Øòóðìà�Ëèóâèëëÿ 

U ′′ + [λ− q]U = 0,

sinαU ′(0) + cosαU(0) = 0,

sinβU ′(π) + cosβU(π) = 0,

(1)

à y(x, q, λn) ≡ Un(x) åñòü ñîîòâåòñòâóþùàÿ åìó îðòîíîðìèðîâàííàÿ ñîá-
ñòâåííàÿ ôóíêöèÿ ýòîé çàäà÷è ‖y(·, q, λn)‖L2[0,π] = 1. Áóäåì íóìåðîâàòü
íóëè ôóíêöèè Un òàêèì îáðàçîì: 0 ≤ x0,n < x1,n < · · · < xn,n ≤ π.
Çàôèêñèðóåì íåêîòîðûå n ∈ N è 0 ≤ k ≤ n, k ∈ N. Îáîçíà÷èì ÷åðåç
xk,n[q] ôóíêöèîíàë, ñòàâÿùèé â ñîîòâåòñòâèå ïîòåíöèàëó q k + 1-ûé íóëü
ñëåâà n-îé ñîáñòâåííîé ôóíêöèè y(x, q, λn[q]) ≡ Un(x). Äîãîâîðèìñÿ îáîçíà-
÷àòü ÷åðåç Dφ[q, w] = limt→0

φ(q+tw)−φ(t)
t

äèôôåðåíöèàë Ãàòî ôóíêöèîíàëà
φ : L[0, π]→ R ïðè ïðèðàùåíèè w ∈ L[0, π].

Òåîðåìà 1. Ïóñòü q, w ∈ L[0, π], òîãäà äèôôåðåíöèàë Ãàòî ôóíêöèî-
íàëà xk,n[q] (n ∈ N è 0 ≤ k ≤ n) ïðè ïðèðàùåíèè w óäîâëåòâîðÿåò ñîîòíî-
øåíèþ

Dxk,n[q, w] =
1[

y′(xk,n, q, λn)
]2 ∫ π

0

w(τ)y2(τ, q, λn)βk,n(τ) dτ, (2)
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ãäå

βk,n(τ) =

{
1− αk,n, åñëè τ ∈ [0, xk,n],

− αk,n, åñëè τ ∈ (xk,n, π],
αk,n =

∫ xk,n

0

y2(τ, q, λn) dτ.

Òåîðåìà 2. Êàêîé áû ñóììèðóåìûé ïîòåíöèàë q íè âçÿòü, äëÿ ëþáîãî
ξ ∈ (0, π), äëÿ âñåõ n ∈ N è 0 ≤ k ≤ n òàêèõ, ÷òî x0,n[q] 6≡ 0 èëè xn,n[q] 6≡ π,
äèôôåðåíöèàë Ãàòî ôóíêöèîíàëà xk,n[q] ïðè ïðèðàùåíèè

w(x) =

{
0, åñëè x ∈ [0, ξ],
1, åñëè x ∈ (ξ, π]

áóäåò îòðèöàòåëåí, òî åñòü Dxk,n[q, w] < 0.

Â ðàáîòå [2] ñîäåðæèòñÿ äîêàçàòåëüñòâî ýòèõ ðåçóëüòàòîâ â ÷àñòíîì ñëó-
÷àå êðàåâûõ óñëîâèé òðåòüåãî ðîäà, èç êîòîðûõ óäàëåíû óñëîâèÿ ïåðâîãî
ðîäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ïðåçèäåíòà ÐÔ (ïðîåêò ÍØ-
4383.2010.1).
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Îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ ñìåøàííîãî
ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà ñ óñëîâèÿìè ïåðèîäè÷íîñòè
Óäàëîâà Ã. Þ. (Ñàìàðñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé

óíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå Ëàâðåíòüåâà�Áèöàäçå ñ íåèçâåñòíîé ïðàâîé ÷à-
ñòüþ

Lu ≡ uxx + sign y · uyy = f(x) (1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y) | 0 < x < 1, −α < y < β}, ãäå α, β �
çàäàííûå ïîëîæèòåëüíûå ÷èñëà, è ñëåäóþùóþ çàäà÷ó.

Çàäà÷à 1 (Îáðàòíàÿ çàäà÷à). Íàéòè â îáëàñòè D ôóíêöèè u(x, y) è f(x),
óäîâëåòâîðÿþùèå óñëîâèÿì:

u ∈ C1(D) ∩ C2(D− ∪D+); f(x) ∈ C(0, 1) ∩ L[0, 1]; (2)

Lu = f(x), (x, y) ∈ D− ∪D+; (3)

u(0, y) = u(1, y), ux(0, y) = ux(1, y), −α ≤ y ≤ β; (4)

u(x, β) = ϕ(x), u(x,−α) = ψ(x), 0 ≤ x ≤ 1; (5)

uy(x,−α) = g(x), 0 ≤ x ≤ 1, (6)

ãäå ϕ(x), ψ(x) è g(x)� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ψ(0) = ψ(1),
ϕ(0) = ϕ(1), ψ′(0) = ψ′(1), ϕ′(0) = ϕ′(1), D+ = D∩{y > 0}, D− = D∩{y < 0}.
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Âîïðîñû ðàçðåøèìîñòè ðàçëè÷íûõ îáðàòíûõ çàäà÷ äëÿ îòäåëüíûõ òè-
ïîâ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ èçó÷àëèñü âî ìíî-
ãèõ ðàáîòàõ. Ê. Á. Ñàáèòîâ [1] ïðåäëîæèë íîâûé ïîäõîä�ìåòîä ñïåêòðàëü-
íûõ ðàçëîæåíèé� äëÿ îáîñíîâàíèÿ åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøå-
íèÿ ïðÿìûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà â ïðÿìîóãîëüíîé îáëàñòè.
Òàêèì ìåòîäîì ðåøåíà çàäà÷à ñ óñëîâèÿìè ïåðèîäè÷íîñòè (4) äëÿ âûðîæäà-
þùåãîñÿ óðàâíåíèÿ ñìåøàííîãî òèïà [2]. Â ðàáîòå àâòîðà [3] äëÿ óðàâíåíèÿ
òèïà (1) èçó÷åíà îáðàòíàÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè âòîðîãî ðîäà:
ux(0, y) = ux(1, y) = 0, −α ≤ y ≤ β.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ñ óñëî-
âèÿìè ïåðèîäè÷íîñòè (4). Ìåòîäîì ñïåêòðàëüíûõ ðàçëîæåíèé óñòàíîâëåí
êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (2)�(6). Ñàìî ðåøåíèå ïîñòðîåíî
â âèäå ñóììû ðÿäà Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì ñîîòâåòñòâóþùåé îäíî-
ìåðíîé çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ. Äîêàçàíà óñòîé÷èâîñòü ðåøåíèÿ ïî
çàäàííûì ãðàíè÷íûì ôóíêöèÿì (5) è (6).
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Äåôåêò ñòàáèëüíîñòè â èãðîâûõ çàäà÷àõ óïðàâëåíèÿ
Óøàêîâ Â. Í. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)
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Ëåáåäåâ Ï. Ä. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)
Ìàëåâ À. Ã. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Ðîññèÿ)

Èçó÷àåòñÿ èãðîâàÿ çàäà÷à î ñáëèæåíèè êîíôëèêòíî óïðàâëÿåìîé ñèñòå-
ìû ñ öåëüþ â ôèêñèðîâàííûé ìîìåíò âðåìåíè è ñâîéñòâî ñòàáèëüíîñòè [1]�
[3]. Ñòàáèëüíûé ìîñò � ìíîæåñòâî â ïðîñòðàíñòâå ïîçèöèé èãðîâîé çàäà÷è,
îáëàäàþùåå ñâîéñòâîì ñëàáîé èíâàðèàíòíîñòè îòíîñèòåëüíî íàáîðà äèôôå-
ðåíöèàëüíûõ âêëþ÷åíèé, îïðåäåëÿþùèõ äèíàìèêó êîíôëèêòíî óïðàâëÿåìîé
ñèñòåìû.

Ïðåäëîæåíî ðàñøèðåíèå êîíöåïöèè ñòàáèëüíîñòè, â ðàìêàõ êîòîðîãî çà-
ìêíóòîìó ìíîæåñòâó â ïðîñòðàíñòâå ïîçèöèé èãðîâîé çàäà÷è ñòàâèòñÿ â ñî-
îòâåòñòâèå íåêîòîðàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, çàäàííàÿ íà ïðîìåæóòêå
âðåìåíè èãðû. Ýòà ôóíêöèÿ îöåíèâàåò ñòåïåíü íåñîãëàñîâàííîñòè ìíîæåñòâà
ñ äèíàìèêîé êîíôëèêòíî óïðàâëÿåìîé ñèñòåìû ñ òî÷êè çðåíèÿ ïîíÿòèÿ ñòà-
áèëüíîñòè. Ïðè ýòîì ñòåïåíü íåñîãëàñîâàííîñòè ðàññìàòðèâàåìîãî ìíîæå-
ñòâà ñ ìàêñèìàëüíûì ïî âëîæåíèþ ñòàáèëüíûì ìîñòîì âûðàæåíà èíòåãðà-
ëîì Ëåáåãà îò ýòîé ôóíêöèè, êîòîðûé íàçûâàåòñÿ äåôåêòîì ñòàáèëüíîñòè
ìíîæåñòâà [4, 5].
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Ðàçðàáîòàíû àëãîðèòìû âû÷èñëåíèÿ äåôåêòà ñòàáèëüíîñòè äëÿ ìíî-
æåñòâ ñ êóñî÷íî-ãëàäêîé ãðàíèöåé, àïðîáèðîâàííûå íà êîíêðåòíûõ äèíàìè-
÷åñêèõ ñèñòåìàõ. Ïðè ïîñòðîåíèè ðåøåíèé èãðîâûõ çàäà÷ òàêæå èñïîëüçóåòñÿ
ïîäõîä, ïðè êîòîðîì ìàêñèìàëüíûå ïî âëîæåíèþ ñòàáèëüíûå ìîñòû ñî ñëîæ-
íîé ãåîìåòðèåé ñâîåé ãðàíèöû ïîäìåíÿþòñÿ ìíîæåñòâàìè ñ ýëëèïòè÷åñêèìè
ñå÷åíèÿìè [6]. Öåëåñîîáîðàçíîñòü òàêîãî ïîäõîäà ìîòèâèðîâàíà âîçìîæíî-
ñòüþ ïîñòðîåíèÿ ìíîæåñòâà ñ ãëàäêîé ãðàíèöåé, èìåþùåãî ìàëûé äåôåêò
ñòàáèëüíîñòè è ïîçâîëÿþùåãî ðåøàòü èãðîâóþ çàäà÷ó ñáëèæåíèÿ â ¾ìÿãêîé¿
ïîñòàíîâêå. ¾Ìÿãêàÿ¿ ïîñòàíîâêà çàäà÷è ñáëèæåíèÿ ïðåäïîëàãàåò ïîñòðîå-
íèå ïîçèöèîííîé ïðîöåäóðû óïðàâëåíèÿ, îáåñïå÷èâàþùåé ïðèâåäåíèå äâè-
æåíèÿ êîíôëèêòíî óïðàâëÿåìîé ñèñòåìû â îêðåñòíîñòü öåëåâîãî ìíîæåñòâà.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà
ÐÀÍ ¾Ìàòåìàòè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ¿, ÐÔÔÈ (ïðîåêò 08-01-00587-à) è
ïðîãðàììû ñîâìåñòíûõ èññëåäîâàíèé ÓðÎ è ÑÎ ÐÀÍ ¾Ðàçðàáîòêà âîïðîñîâ
òåîðèè, îáúåäèíÿþùåé çàäà÷è ðåêîíñòðóêöèè, îáðàùåíèÿ è óïðàâëåíèÿ¿.
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Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé óðàâíåíèé ïîãðàíè÷íîãî
ñëîÿ îáîáùåííî íüþòîíîâñêîé ñðåäû

Ôàäååâà Ã. Ì. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé ïîãðàíè÷íîãî ñëîÿ îáîáùåííî íüþ-
òîíîâñêîé ñðåäû (ñì. [1]�[3])

ν
∂

∂y

((
1 + k

(
∂u

∂y

)2
)
∂u

∂y

)
− u∂u

∂x
− v ∂u

∂y
=
∂p

∂x
,

∂u

∂x
+
∂v

∂y
= 0 (1)

â îáëàñòè D = {0 < x < X, 0 < y < +∞} ñ ãðàíè÷íûìè óñëîâèÿìè
u(0, y) = u0(y), u(x, 0) = 0, v(x, 0) = v0(x),

u(x, y)→ U(x) ïðè y → +∞,

Äàííàÿ ñèñòåìà ñâîäèòñÿ (ñì. [1]) ê îäíîìó êâàçèëèíåéíîìó óðàâíåíèþ

ν
√
w

(
1 +

3

4
k

(
∂w

∂ψ

)2
)
∂2w

∂ψ2
− ∂w

∂x
− v0(x)

∂w

∂ψ
= 2

dp

dx
(2)
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â îáëàñòè G = {0 < x < +∞, 0 < ψ < +∞} ñ óñëîâèÿìè

w(0, ψ) = w0(ψ), w(x, 0) = 0, w(x, ψ)→ U2(x) ïðè ψ → +∞. (3)

Ïðè íåêîòîðûõ óñëîâèÿõ ñèñòåìà (1) èìååò àâòîìîäåëüíîå ðåøåíèå, êî-
òîðîå ïîëó÷àåòñÿ ñ ïîìîùüþ ðåøåíèÿ óðàâíåíèÿ âèäà(

1 + 3k
(
Uf ′′/δ

)2)
f ′′′ + ff ′′ + β(1− (f ′)2) = 0,

îáîáùàþùåãî óðàâíåíèå Ôàëêíåðà�Ñêýí, ñ ãðàíè÷íûìè óñëîâèÿìè

f(0) = f0, f ′(0) = 0, f ′(η)→ 1, η → +∞.

Òåîðåìà 1. Ïóñòü U(x) ≡ U1 = const; w1(x, ψ), w2(x, ψ) � äâà ðåøåíèÿ
çàäà÷è (2), (3) ñ íà÷àëüíûìè óñëîâèÿìè w1(0, ψ) = w10(ψ), w2(0, ψ) = w20(ψ).
Åñëè

+∞∫
0

|
√
w10(ψ)−

√
w20(ψ)|dψ < +∞,

òî

(
√
w1(x, ψ)−

√
w2(x, ψ))2 ≤ C(1 + x)−1/4

ïðè 0 < ψ0 ≤ ψ ≤ ψ1 < +∞, ãäå âûáîð ïîñòîÿííîé C çàâèñèò îò ψ0 è ψ1.
Ïðè x→∞ ðåøåíèÿ wi(x, ψ) ñòðåìÿòñÿ ê àâòîìîäåëüíîìó ðåøåíèþ çàäà÷è.

Ýòà ðàáîòà âûïîëíåíà ñîâìåñòíî ñ ïðîôåññîðàìè Ã. À. ×å÷êèíûì è
Â. Í. Ñàìîõèíûì ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 09-01-00353.
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Ôîðìóëà ðåãóëÿðèçîâàííûõ ñëåäîâ äëÿ âîçìóùåíèé èç êëàññà σp,
p ∈ N

Ôàçóëëèí Ç. Þ. (Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Ìóðòàçèí Õ. Õ. (Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ïóñòü L0 �ïîëóîãðàíè÷åííûé ñíèçó ñàìîñîïðÿæåííûé äèñêðåòíûé îïå-
ðàòîð â ãèëüáåðòîâîì ïðîñòðàíñòâå H, {λk}∞k=1 � ñïåêòð îïåðàòîðà L0, ïðî-
íóìåðîâàííûé â ïîðÿäêå ðîñòà ñ ó÷åòîì êðàòíîñòåé; V = V ∗ � îïåðàòîð èç
êëàññà σp, p ∈ N. ×åðåç {µk}∞k=1 îáîçíà÷èì ñïåêòð îïåðàòîðà L = L0 + V ,
ïðîíóìåðîâàííûé â ïîðÿäêå âîçðàñòàíèÿ ñ ó÷åòîì êðàòíîñòåé. Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü V ∈ σp, N 3 p ≥ 3 è ∃ δ > 0 è {nm}∞m=1 ⊂ N òàêàÿ,
÷òî ïðè m� 1 λnm+1 − λnm ≥ δ. Òîãäà èìååò ìåñòî

lim
m→∞

[
nm∑
k=1

(µk − λk)−
p−1∑
l=1

α
(m)
l

]
= 0,
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ãäå α
(m)
l = (−1)l

2πi
sp
∫

Γm
z (R0(z)V )lR0(z) dz,

Γm =
{
z | z =

λnm+1+λnm
2

eiϕ, 0 ≤ ϕ ≤ 2π
}
, R0(z) = (L0 − zI)−1.

Îòìåòèì, ÷òî ïðè p = 2 ýòà òåîðåìà äîêàçàíà â ðàáîòå [1], ïðè áîëåå
æåñòêèõ óñëîâèÿõ: λnm+1 − λnm →∞, m→∞, äëÿ p ≥ 2� â ðàáîòå [2].
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Î íåÿâíûõ ôîðìàõ è íåïðåðûâíûõ àïïðîêñèìàöèÿõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâíîé ïðàâîé ÷àñòüþ

Ôèíîãåíêî È. À. (Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ,
Ðîññèÿ)

Èññëåäóåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â âåê-
òîðíîé ôîðìå:

ẋ = f(t, x), (1)

ãäå f : (α, β) × Ω → Rn+1, (α, β) � èíòåðâàë íà ÷èñëîâîé ïðÿìîé, Ω � íåêî-
òîðàÿ îáëàñòü â ïðîñòðàíñòâå Rn. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ f(t, x) îïðå-
äåëåíà è íåïðåðûâíà âñþäó çà èñêëþ÷åíèåì íåêîòîðîãî ìíîæåñòâà ãëàäêèõ
ãèïåðïîâåðõíîñòåé Mi = {(t, x) ∈ Ω : φi(x) = 0}, i = 1, . . . ,m. Ðåøåíèå óðàâ-
íåíèÿ (1) ïîíèìàåòñÿ â ñìûñëå À. Ô. Ôèëèïïîâà [1], êàê ðåøåíèå äèôôåðåí-
öèàëüíîãî âêëþ÷åíèÿ

ẋ ∈ F (t, x), (2)

ãäå F (t, x) � âûïóêëàÿ îáîëî÷êà âñåõ ïðåäåëüíûõ çíà÷åíèé ôóíêöèè f(t, x)
â êàæäîé òî÷êå (t, x).

Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1) ïîëó÷åíî ïðåäñòàâëåíèå â ôîðìå íåÿâ-
íîãî äèôôåðåíöèàëüíîãî âêëþ÷åíèÿ

ẋ ∈ F̃ (t, x, ẋ) (3)

ñ íåêîòîðîé ìíîãîçíà÷íîé ôóíêöèåé F̃ (t, x, ẋ) ⊂ F (t, x) â ïðàâîé ÷àñòè, è
óñòàíîâëåíî, ÷òî äèôôåðåíöèàëüíûå âêëþ÷åíèÿ (2) è (3) ðàâíîñèëüíû â òîì
ñìûñëå, ÷òî ìíîæåñòâà èõ ðåøåíèé ñîâïàäàþò.

Ïðè îäíîñòîðîííèõ óñëîâèÿõ Ëèïøèöà (èëè óñëîâèÿõ òèïà ìîíîòîííî-
ñòè) äîêàçàíà îäíîçíà÷íàÿ îïðåäåëåííîñòü âåêòîðà ẋ = F0(t, x) èç âêëþ-
÷åíèÿ (3), è ïîñòðîåíî îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî äèôôåðåíöèàëüíûõ
óðàâíåíèé

ẋ = Fλ(t, x), λ ≥ 0, (4)

ãäå Fλ(t, x) ïðè λ > 0 � íåïðåðûâíûå, îäíîçíà÷íûå ôóíêöèè (àïïðîêñèìàöèè
Èîñèäû ìíîãîçíà÷íîãî îòîáðàæåíèÿ F (t, x)). Äîêàçàíà òåîðåìà î ñóùåñòâî-
âàíèè è åäèíñòâåííîñòè ìåäëåííûõ ïðàâîñòîðîííèõ ðåøåíèé (ñì. [2]) äëÿ
çàäà÷è (1) â ýêâèâàëåíòíûõ ôîðìàõ (3) èëè (4) ïðè λ = 0. Ïîëó÷åíà îöåí-
êà áëèçîñòè äëÿ ðåøåíèé óðàâíåíèÿ (1) è àïïðîêñèìèðóþùèõ óðàâíåíèé (4)
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ïðè λ > 0 âèäà O(
√
λ). Àíàëîãè÷íàÿ îöåíêà â ïðîñòðàíñòâå íåïðåðûâíûõ

ôóíêöèé ïîëó÷åíà äëÿ ìíîæåñòâ ðåøåíèé äèôôåðåíöèàëüíûõ âêëþ÷åíèé

ẋ ∈ Fλ(t, x) + U(t, x)

ïðè λ = 0 è λ > 0, ãäå U(t, x) � ìíîãîçíà÷íîå îòîáðàæåíèå ñ âûïóêëûìè,
êîìïàêòíûìè çíà÷åíèÿìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÑÎ ÐÀÍ, èíòåãðàöèîííûé ïðîåêò � 85
è ÐÔÔÈ, ãðàíò � 10-01-00132.
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Îá îïåðàòîðå ñ ÷àñòíûìè èíòåãðàëàìè â îäíîì âåñîâîì
ïðîñòðàíñòâå

Ôðîëîâà Å. Â. (Ëèïåöêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Íåêîòîðûå çàäà÷è òåîðèè ïåðåíîñà èçëó÷åíèÿ â àòìîñôåðàõ çâåçä è ïëà-
íåò, òåîðèè óïðóãèõ îáîëî÷åê è äðóãèå ïðèâîäÿòñÿ ê óðàâíåíèÿì ñ ÷àñòíûìè
èíòåãðàëàìè âèäà

x = Kx+ f, (1)

ãäå K = L+M +N , îïåðàòîðû L, M , N îïðåäåëÿþòñÿ ðàâåíñòâàìè

(Lx)(t, s) =

∫ +∞

a

l(t, s, τ)x(τ, s) dτ, (Mx)(t, s) =

∫ +∞

c

m(t, s, σ)x(t, σ) dσ,

(Nx)(t, s) =

∫ +∞

a

∫ +∞

c

n(t, s, τ, σ)x(τ, σ) dσdτ ;

t, τ ∈ [a,+∞), s, σ ∈ [c,+∞), l,m, n� çàäàííûå èçìåðèìûå ôóíêöèè, à
èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà. Ïóñòü D = [a,+∞) × [c,+∞),
C(D)�ïðîñòðàíñòâî ðàâíîìåðíî íåïðåðûâíûõ è îãðàíè÷åííûõ íà D ôóíê-
öèé ñ supremum-íîðìîé. ×åðåç Cp(D) îáîçíà÷èì ìíîæåñòâî çàäàííûõ íà D
ôóíêöèé, òàêèõ, ÷òî px ∈ C(D). Íîðìà â Cp(D) îïðåäåëÿåòñÿ ðàâåíñòâîì
‖x‖Cp(D) = ‖px‖C(D).

Òåîðåìà 1. Åñëè îïåðàòîð K äåéñòâóåò â ïðîñòðàíñòâå Cp(D), òî îí
íåïðåðûâåí.

Êðèòåðèè äåéñòâèÿ ëèíåéíûõ îïåðàòîðîâ ñ ÷àñòíûìè èíòåãðàëàìè â ïðî-
ñòðàíñòâå Cp(D) íåèçâåñòíû. Ðàññìîòðèì äîñòàòî÷íûå óñëîâèÿ äåéñòâèÿ îïå-
ðàòîðà K â Cp(D).

Îïðåäåëåíèå 1. Ïóñòü Ω ∈
{

[a,+∞), [c,+∞), D
}
è ω ∈ {τ, σ, (τ, σ)}.

Èçìåðèìàÿ íà D×Ω ôóíêöèÿ u(t, s, ω) íàçûâàåòñÿ L1-íåïðåðûâíîé, åñëè äëÿ
ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî ‖u(t1, s1, ·) − u(t2, s2, ·)‖L1(Ω) < ε

ïðè |t1 − t2|, |s1 − s2| < δ, è L1-îãðàíè÷åííîé, åñëè ‖u(t, s, ·)‖L1(Ω)≤ U <∞.
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Òåîðåìà 2. Ïóñòü

l(t, s, τ) = p(τ, s)l1(t, s, τ),m(t, s, σ) =

= p(t, σ)m1(t, s, σ), n(t, s, τ, σ) = p(τ, σ)n1(t, s, τ, σ), (2)

ãäå ôóíêöèè l1, m1, n1 L1-íåïðåðûâíû è L1-îãðàíè÷åíû. Òîãäà îïåðàòîð K
äåéñòâóåò â ïðîñòðàíñòâå Cp(D) è íåïðåðûâåí.

Òåîðåìà 3. Ïóñòü ÿäðà l,m, n èìåþò âèä (2),

l1 =

p∑
i=1

li(t)l̄i(s)ai(τ), m1 =

q∑
j=1

mj(t)m̄j(s)bj(σ),

n1 =

r∑
k=1

nk(t)n̄k(s)ck(τ, σ),

ãäå li, l̄i (i = 1, . . . , p), mj , m̄j (j = 1, . . . , q), nk, n̄k (k = 1, . . . , r)� ðàâ-

íîìåðíî íåïðåðûâíûå è îãðàíè÷åííûå ôóíêöèè;
∫ +∞
a
|ai(τ)| dτ < A < ∞

(i = 1, . . . , p),
∫ +∞
c
|bj(σ)|dσ < B < ∞ (j = 1, . . . , q),∫ +∞

a

∫ +∞
c
|ck(τ, σ)| dσdτ < C < ∞ (k = 1, . . . , r); à ñèñòåìû ôóíêöèé

{ai | i = 1, . . . , p}, {bj | j = 1, . . . , q} îðòîíîðìèðîâàíû. Òîãäà îïåðàòîð K
äåéñòâóåò â ïðîñòðàíñòâå Cp(D). Åñëè æå |D1(s)| =

∣∣|δik−µik(s)|
∣∣ ≥ α > 0,

|D2(t)| =
∣∣|δjl − νjl(t)|

∣∣ ≥ β > 0, ãäå µik(s) =
∫ +∞
a

ai(τ)lk(τ)l̄k(s)p(τ, s) dτ
(i, k = 1, . . . , p), δik = 1 ïðè i = k, δik = 0 ïðè i 6= k; δjl = 1 ïðè j = l,

δjl = 0 ïðè j 6= l, νjl(t) =
∫ +∞
c

bj(σ)ml(t)m̄l(σ)p(t, σ) dσ (j, l = 1, . . . , q), òî
îïåðàòîð I −K è óðàâíåíèå (1) ôðåäãîëüìîâû.

Ïîðÿäîê ñõîäèìîñòè â çàäà÷å Ñòåôàíà ïðè ñòðåìëåíèè ê íóëþ
óäåëüíîé òåïëîåìêîñòè

Ôðîëîâà Å. Â. (Ñàíêò-Ïåòåðáóðãñêèé Ýëåêòðîòåõíè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Â [1], [2] ðàññìîòðåíà çàäà÷à Ñòåôàíà ñ ìàëûì ïàðàìåòðîì ε ïðè ïðî-
èçâîäíîé ïî âðåìåíè â óðàâíåíèè, êîòîðûé ñîîòâåòñòâóåò óäåëüíîé òåïëî-
åìêîñòè. Äîêàçàíî, ÷òî ïðè äîñòàòî÷íî ìàëûõ ε ∈ (0, ε0) ãëàäêîå ðåøåíèå
ñóùåñòâóåò íà íåêîòîðîì èíòåðâàëå âðåìåíè, íå çàâèñÿùåì îò ε. Ðåøåíèå
ñðàâíèâàåòñÿ ñ ðåøåíèåì ýëëèïòè÷åñêîé çàäà÷è ñî ñâîáîäíîé ãðàíèöåé, ñîîò-
âåòñòâóþùåé íóëåâîìó çíà÷åíèþ ïàðàìåòðà ε.

Ïðåäïîëîæèì, ÷òî ïðè t = 0 ãðàíèöû ðàçäåëà ôàç îäèíàêîâû â ïàðà-
áîëè÷åñêîé è ýëëèïòè÷åñêîé çàäà÷àõ, íî ðåøåíèå ýëëèïòè÷åñêîé çàäà÷è íå
ñîâïàäàåò ñ íà÷àëüíûìè äàííûìè ïàðàáîëè÷åñêîé. Ââîäèòñÿ âñïîìîãàòåëü-
íàÿ ôóíêöèÿ ïîãðàíè÷íîãî ñëîÿ, ýêñïîíåíöèàëüíî óáûâàþùàÿ ñî âðåìåíåì.
Èññëåäîâàíèå ýòîé ôóíêöèè äàåò âîçìîæíîñòü äîêàçàòü, ÷òî íåñîîòâåòñòâèå
â íà÷àëüíûé ìîìåíò âðåìåíè íå ïðåïÿòñòâóåò ñõîäèìîñòè ðåøåíèÿ äâóõôàç-
íîé çàäà÷è Ñòåôàíà ê ðåøåíèþ ïðåäåëüíîé çàäà÷è ïðè ε → 0, òàê êàê ðàç-
íîñòü ðåøåíèé èìååò ïîðÿäîê O(ε) + O(e−

at
ε ), a > 0. Îöåíêè âûïîëíåíû â

ïðîñòðàíñòâàõ Ãåëüäåðà.
Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 08-01-00372-a.
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Ïîëóëèíåéíûå ïàðàáîëè÷åñêèå óðàâíåíèÿ íîðìàëüíîãî òèïà:
ñâîéñòâà äèíàìèêè è íåëîêàëüíàÿ ñòàáèëèçàöèÿ ïîñðåäñòâîì

ñòàðòîâîãî óïðàâëåíèÿ
Ôóðñèêîâ À. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ýíåðãåòè÷åñêàÿ îöåíêà îïðåäåëÿåò ìíîãèå âàæíûå ñâîéñòâà ðåøåíèé äëÿ
øèðîêîãî êëàññà óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè. Íàïðèìåð, èç ýíåðãåòè-
÷åñêîãî íåðàâåíñòâà âûâîäèòñÿ ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ ó òðåõ-
ìåðíîé ñèñòåìû Íàâüå�Ñòîêñà, à îòñóòñòâèå àíàëîãè÷íîé îöåíêè â ôàçîâîì
ïðîñòðàñòâå H1 ÿâëÿåòñÿ ñåðüåçíûì ïðåïÿòñòâèåì äëÿ äîêàçàòåëüñòâà íåëî-
êàëüíûõ òåîðåì ñóùåñòâîâàíèÿ ãëàäêèõ ðåøåíèé ó ýòîé ñèñòåìû.

Ïàðàáîëè÷åñêîå óðàâíåíèå èìååò íîðìàëüíûé òèï, åñëè íåëèíåéíûé
îïåðàòîð B èç ýòîãî óðàâíåíèÿ îáëàäàåò ñëåäóþùèì ñâîéñòâîì: äëÿ êàæäîãî
âåêòîðà v âåêòîð B(v) êîëëèíåàðåí v. Äðóãèìè ñëîâàìè, óðàâíåíèÿ íîðìàëü-
íîãî òèïà íå óäîâëåòâîðÿþò ýíåðãåòè÷åñêîé îöåíêå â íàèáîëüøåé ñòåïåíè
(òàê êàê ýíåðãåòè÷åñêîå íåðàâåíñòâî âûâîäèòñÿ èç óñëîâèÿ B(v) ⊥ v).

Äëÿ ïðîñòåéøåãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ íîðìàëüíîãî òèïà ñ ïåðèî-
äè÷åñêèìè êðàåâûìè óñëîâèÿìè èññëåäîâàíà ñòðóêòóðà åå ôàçîâîãî ïîòîêà,
à èìåííî ôàçîâîå ïðîñòðàíñòâî ðàáèòî íà òðè ìíîæåñòâà:

1◦. ìíîæåñòâî óñòîé÷èâîñòè (ðåøåíèÿ ñ íà÷àëüíûìè óñëîâèÿìè èç ýòî-
ãî ìíîæåñòâà ñòðåìÿòñÿ ê íóëþ, êîãäà âðåìÿ t → ∞ ñ íåêîòîðîé
çàäàííîé îöåíêîé ñâåðõó),

2◦. ìíîæåñòâî âçðûâîâ, êîãäà ðåøåíèå âçðûâàåòñÿ çà êîíå÷íîå âðåìÿ,
è

3◦. ïðîìåæóòî÷íîå ìíîæåñòâî, êîãäà ðåøåíèå ëèáî, ñòðåìÿñü ê íóëþ
ïðè t→∞, íå óäîâëåòâîðÿåò çàäàííîé îöåêå ñâåðõó, ëèáî íåîãðàíè-
÷åííî ðàñòåò ïðè t→∞.

Ïðè ëþáîì íà÷àëüíîì óñëîâèè ïîñòðîåíî ñòàðòîâîå óïðàâëåíèå ñ íîñè-
òåëåì â ïðîèçâîëüíîé ôèêñèðîâàííîé ïîäîáëàñòè, òàêîå, ÷òî ðåøåíèå ïîëó-
÷åííîé êðàåâîé çàäà÷è ñòðåìèòñÿ ê íóëþ ïðè t→∞.

Ýòà ðàáîòà ïîääåðæàíà Ïðîãðàììîé ÎÌ ÐÀÍ �Ñîâðåìåííûå ïðîáëåìû
òåîðåòè÷åñêîé ìàòåìàòèêè�, ïðîåêò �Îïòèìàëüíûå àëãîðèòìû ðåøåíèÿ çà-
äà÷ ìàòåìàòè÷åñêîé ôèçèêè�.
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Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííîñòè ðåøåíèÿ
îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ îïåðàòîðîì

Ëàâðåíòüåâà�Áèöàäçå
Õàäæè È. À. (Ñòåðëèòàìàêñêàÿ ãîñóäàðñòâåííàÿ ïåäàãîãè÷åñêàÿ àêàäåìèÿ,

Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà

Lu ≡ uxx + (sign y)uyy − b2u = f(x, y), b > 0,

ãäå

f(x, y) =

{
f1(x), y > 0,
f2(x), y < 0,

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y)| 0 < x < 1,−α < y < β}, ãäå α, β �
çàäàííûå ïîëîæèòåëüíûå ÷èñëà.

Çàäà÷à 1 (Îáðàòíàÿ çàäà÷à). Íàéòè â îáëàñòè D ôóíêöèè u(x, y) è
f(x, y), óäîâëåòâîðÿþùèå óñëîâèÿì:

u ∈ C1(D) ∩ C2(D+ ∪D−); (1)

fi(x) ∈ C(0, 1) ∩ L[0, 1], i = 1, 2; (2)

Lu(x, y) ≡ f(x, y), (x, y) ∈ D+ ∪D−; (3)

u(0, y) = u(1, y) = 0, −α ≤ y ≤ β; (4)

u(x, β) = ϕ(x), uy(x, β) = h(x), 0 ≤ x ≤ 1, (5)

u(x,−α) = ψ(x), uy(x,−α) = g(x), 0 ≤ x ≤ 1, (6)

ãäå ϕ, ψ, h è g� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì ψ(0) = ψ(1) =
0, ϕ(0) = ϕ(1) = 0, D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}.

Â äàííîé ðàáîòå ñëåäóÿ [1] è [2] ïðèâîäèòñÿ îáîñíîâàíèå åäèíñòâåííîñòè
ðåøåíèÿ îáðàòíîé çàäà÷è (1)�(6) äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ îïåðàòî-
ðîì Ëàâðåíòüåâà�Áèöàäçå.

Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è (1)�(6), òî îíî åäèí-
ñòâåííî òîëüêî òîãäà, êîãäà ïðè âñåõ k ∈ N âûïîëíåíû óñëîâèÿ

δαβ(k) = shλkβ−sinλkα+sinλkα chλkβ−cosλkα shλkβ 6= 0, λ2
k = b2 +(πk)2.
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Óïðàâëåíèå ïåðåõîäíûìè ïðîöåññàìè â íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèÿõ

Õàïàåâ Ì. M. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
Òåðíîâñêèé Â. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â íàñòîÿùåå âðåìÿ áûñòðîäåéñòâèå ýëåêòðîííûõ óñòðîéñòâ ïîäîøëî ê
ñâîåìó ôèçè÷åñêîìó ïðåäåëó, ñâÿçàííîìó ñ êîíå÷íîé ñêîðîñòüþ ïåðåìåùå-
íèÿ íîñèòåëåé çàðÿäà, ÿâëåíèÿìè ñàìîèíäóêöèè è ò. ä. Âîçíèêàåò âîïðîñ,
íà êîòîðûé àâòîðû îòâå÷àþò óòâåðäèòåëüíî: âîçìîæíî ëè óïðàâëÿòü íåëè-
íåéíûìè óñòðîéñòâàìè è ñîêðàòèòü âðåìÿ ïåðåõîäíîãî ïðîöåññà? Íà ïðèìå-
ðå óðàâíåíèÿ Âàí Äåð Ïîëÿ èçó÷àþòñÿ ïðîöåññû óïðàâëåíèÿ íåëèíåéíûìè
óñòðîéñòâàìè âûõîäîì òðàåêòîðèè íà ïðåäåëüíûé öèêë çà ìèíèìàëüíîå âðå-
ìÿ. ×èñëåííûé ìåòîä ïîèñêà íåèçâåñòíîé óïðàâëÿþùåé ôóíêöèè ðàçðàáî-
òàí â ñîîòâåòñòâèè ñ ìåòîäèêîé ðåøåíèÿ îáðàòíûõ íåêîððåêòíûõ çàäà÷ ïðè
óñëîâèè êîìïàêòíîñòè ìíîæåñòâà äîñòèæèìîñòè. Îáû÷íàÿ ïðàêòèêà ìèíè-
ìèçàöèè ðåãóëÿðèçèðóþùåãî (ñãëàæèâàþùåãî) ôóíêöèîíàëà íåñîñòîÿòåëüíà
â çàäà÷àõ óïðàâëåíèÿ ñ âîçìîæíûìè ðàçðûâíûìè ðåøåíèÿìè, òàê êàê ïðè-
äåòñÿ �óãàäûâàòü� ðàçðûâíîå óïðàâëåíèå â ãëàäêèõ êðèâûõ, èñ÷åçàþò òî÷êè
ïåðåêëþ÷åíèÿ. Íîâûé ìåòîä ñâîäèòñÿ ê ìèíèìèçàöèè ôóíêöèîíàëà âðåìå-
íè ñ ëîêàëüíûìè è èíòåãðàëüíûìè îãðàíè÷åíèÿìè. Â ñâîþ î÷åðåäü, â èíòå-
ãðàëüíûå îãðàíè÷åíèÿ âõîäÿò íåèçâåñòíûå ôàçîâûå ïåðåìåííûå, ÿâëÿþùèåñÿ
ðåøåíèåì êðàåâîé çàäà÷è. Ìåòîä ïîçâîëÿåò ðåøàòü çàäà÷è ñ îñîáûìè è íåèç-
ìåðèìûìè óïðàâëåíèÿìè.

Î ðàâíîâåñèè óïðóãèõ òåë ñ æåñòêèìè âêëþ÷åíèÿìè
Õëóäíåâ À. Ì. (Èíñòèòóò ãèäðîäèíàìèêè èì. Ì. À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,

Ðîññèÿ)

Ðàññìàòðèâàåòñÿ äâóìåðíîå óïðóãîå òåëî, ñîäåðæàùåå âêëþ÷åíèå è òðå-
ùèíó. Íà áåðåãàõ òðåùèíû çàäàþòñÿ íåëèíåéíûå êðàåâûå óñëîâèÿ âèäà íåðà-
âåíñòâ, îáåñïå÷èâàþùèå âçàèìíîå íåïðîíèêàíèå áåðåãîâ. Ñâîéñòâà âêëþ÷å-
íèÿ çàâèñÿò îò ïàðàìåòðà λ ∈ [0,∞]. Ñëó÷àé λ = 0 ñîîòâåòñòâóåò îòâåðñòèþ
â óïðóãîì òåëå, λ =∞ ñîîòâåòñòâóåò æåñòêîìó âêëþ÷åíèþ, à ïðè λ ∈ (0,∞)
âêëþ÷åíèå ÿâëÿåòñÿ óïðóãèì. Ïóñòü ïàðàìåòð δ õàðàêòåðèçóåò âîçìóùåíèå
äëèíû òðåùèíû. Äëÿ êàæäîãî λ íàõîäèòñÿ ôîðìóëà äëÿ ïðîèçâîäíîé ôóíê-

öèîíàëà ýíåðãèè
dΠ(λ, δ)

dδ

∣∣∣∣
δ=0

ïî äëèíå òðåùèíû è îïðåäåëÿåòñÿ ôóíêöèîíàë

êà÷åñòâà

J(λ) =
dΠ(λ, δ)

dδ

∣∣∣∣
δ=0

.

Çíà÷åíèå ôóíêöèîíàëà J âñåãäà íåïîëîæèòåëüíî. Ñ òî÷êè çðåíèÿ êðèòåðèÿ
ðàçðóøåíèÿ Ãðèôôèòñà îïàñíûìè ÿâëÿþòñÿ òàêèå çíà÷åíèÿ ôóíêöèîíàëà J ,
ïðè êîòîðûõ J = κ, ãäå κ < 0�ìàòåðèàëüíûé ïàðàìåòð. Â ðàáîòå äîêàçàíî
óòâåðæäåíèå.

Òåîðåìà 1. Ñóùåñòâóåò ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

sup
λ∈[0,∞]

J(λ).
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Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 10-01-00054) è ÔÖÏ Êàä-
ðû (ãðàíò Ï597).
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Îá îäíîé ñìåøàííîé çàäà÷å äëÿ óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ
èíâîëþöèåé

Õðîìîâ À. Ï. (Ñàðàòîâñêèé ãîñóíèâåðñèòåò, Ðîññèÿ)
Áóðëóöêàÿ Ì. Ø. (Âîðîíåæñêèé ãîñóíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó:

1

βi

∂u(x, t)

∂t
=

∂u(ξ, t)

∂ξ

∣∣∣∣
ξ=1−x

+ q1(x)u(x, t) + q2(x)u(1− x, t), (1)

u(0, t) = 0, u(x, 0) = ϕ(x), (2)

ãäå x ∈ [0, 1], t ∈ (−∞,∞), β � âåùåñòâåííîå ÷èñëî, qj(x) ∈ C1[0, 1], q1(x) �
âåùåñòâåííàÿ, q2(x) = q2(1− x), q2(0) = 0, ϕ(x) ∈ C1[0, 1], ϕ(0) = ϕ′(1) = 0.

Îáîçíà÷èì ÷åðåç L (L0) îïåðàòîðû:

L : Ly = y′(1− x) + q1(x)y(x) + q2(x)y(1− x), y(0) = 0,
L0 : L0y = y′(1− x) + q0

1(x)y(x) + q0
2(x)y(1− x), y(0) = 0,

ãäå q0
1(x) = 1

2
[q1(x) + q1(1− x)], q0

2(x) = 1
2
[q2(x)− q2(1− x)].

Ëåììà 1. Ñîáñòâåííûå çíà÷åíèÿ λ0
n îïåðàòîðà L0 ïðîñòûå è èìåþò

âèä λ0
n=2πn+ a, n ∈ Z, ãäå a = π/2 +

1∫
0

q0
1(t)dt.

Ëåììà 2. Ñîáñòâåííûå çíà÷åíèÿ λn îïåðàòîðà L, äîñòàòî÷íî áîëüøèå
ïî ìîäóëþ, ïðîñòûå, ïðè÷åì λn = λ0

n +O (1/n).

Ëåììà 3. Ñîáñòâåííûå ôóíêöèè yn(x) (y0
n(x)) îïåðàòîðà L (L0) îáðà-

çóþò ïîëíóþ îðòîíîðìàëüíóþ ñèñòåìó.

Ïóñòü Rλ è R0
λ � ðåçîëüâåíòû îïåðàòîðîâ L è L0 ñîîòâåòñòâåííî.

Òåîðåìà 1. Êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)�(2) ñóùåñòâóåò è èìååò
âèä:

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t).

Çäåñü

u0(x, t) =
1

2

[
p(1−x)f0(1−x+βt)− ip(x)f0(x+βt)

]
exp

(
aβit+

∫ x

0

q0
2(τ) dτ

)
,
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p(x) = exp
(
i(ax−

∫ x
0
q0
1(τ) dτ)

)
, f0(x) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïðè

x ∈ (−∞,+∞), ïåðèîäè÷åñêàÿ ñ ïåðèîäîì 1 ôóíêöèÿ, ïðè÷åì f0(x) =
1

2p(x)
[iϕ1(x) + ϕ1(1− x)] ïðè x ∈ [0, 1], ãäå ϕ1(x) = ϕ(x) exp

(
−
∫ x

0
q0
2(τ) dτ

)
;

u1(x, t) = − 1

2πi

∫
|λ|=r

((
Rλ −R0

λ

)
ϕ
)

(x)eλβitdλ,

ãäå r íàñòîëüêî âåëèêî, ÷òî λn è λ
0
n, á�îëüøèå ïî ìîäóëþ, ÷åì r, � ïðîñòûå;

ðÿä

u2(x, t) =
∑
|λn|>r

[
(ϕ, yn) yn(x)eλnβit −

(
ϕ, y0

n

)
y0
n(x)eλ

0
nβit

]
, (3)

è ðÿäû, ïîëó÷àþùèåñÿ èç (3) ïî÷ëåííûì äèôôåðåíöèðîâàíèåì ïî x è t, ñõî-
äÿòñÿ ðàâíîìåðíî ïî x ∈ [0, 1] è t ∈ (−A,A), ãäå A > 0 ëþáîå.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 10-01-
00270) è ãðàíòà Ïðåçèäåíòà ÐÔ íà ïîääåðæêó âåäóùèõ øêîë (ïðîåêò ÍØ-
4383.2010.1).

Ñâÿçàííàÿ ñèñòåìà óðàâíåíèé Íàâüå�Ñòîêñà�Ôîêêåðà�Ïëàíêà
Õðóñëîâ Å. ß. (Ôèçèêî-òåõíè÷åñêèé èíñòèòóò íèçêèõ òåìïåðàòóð

èì. Á. È. Âåðêèíà ÍÀÍ Óêðàèíû, Óêðàèíà)

Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ äèíàìèêó ñèëüíî äèñ-
ïåðñíîé ñìåñè âÿçêîé íåñæèìàåìîé æèäêîñòè ñ ìåëêèìè òâåðäûìè ÷àñòèöà-
ìè:

∂u

∂t
+ (u,∇x)u− ν∆xuα

1∫
0

∫
Rd

r(u− v)fdvdr −∇xp = g, (1)

div u = 0, (2)

∂f

∂t
+ (u,∇x)f + div

v
[Gr(u, v)f ]− σr∆vf = 0, (3)

Gr(u, v) = βr−2(u− v) + g1, σr = σr−5. (4)

Çäåñü íåèçâåñòíûå u = u(x, t), p = p(x, t)�ïîëÿ ñêîðîñòåé è äàâëåíèÿ â íåñó-
ùåé æèäêîñòè è f = f(x, v, r, t)�ôóíêöèÿ ðàñïðåäåëåíèÿ ÷àñòèö ïî êîîð-
äèíàòàì x ∈ Ω ⊂ Rd, ñêîðîñòÿì v ∈ Rd (d=2, 3) è ïðèâåäåííûì ðàäèóñàì
r ∈ (01), g = g(x, t), g1 = g1(x, t)� çàäàííûå ïîëÿ âíåøíèõ ñèë, α, β, σ�
ïîäîæèòåëüíûå ÷èñëà.

Ïðè r = 3 äîêàçàíî ñóùåñòâîâàíèå ãëîáàëüíûõ ñëàáûõ ðåøåíèé
íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû (1)�(4), à ïðè d = 2� ñóùåñòâîâàíèå è
åäèíñòâåííîñòü êëàññè÷åñêîãî ãëîáàëüíîãî ðåøåíèÿ.
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Ãëàäêèå ðåøåíèÿ ëèíåéíûõ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ
óðàâíåíèé íåéòðàëüíîãî òèïà

×åðåïåííèêîâ Â. Á. (Èíñòèòóò ñèñòåì ýíåðãåòèêè èì. Ë. À. Ìåëåíòüåâà,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñêàëÿðíîå ëèíåéíîå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå
óðàâíåíèå íåéòðàëüíîãî òèïà

ẋ(t) + p(t)ẋ(t− 1) = a(t)x(t) + b(t)x(t/q) + f(t), q > 1, t ∈ R. (1)

Çäåñü p(t), a(t), b(t) è f(t) ïîëàãàþòñÿ ïîëèíîìàìè. Åñëè p(t) ≡ p� const,
a(t) ≡ a� const, b(t) ≡ 0, f(t) ≡ 0, òî ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî
àíàëèòè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1). Â äðóãèõ ñëó÷àÿõ àâòîðó íå èçâåñò-
íû ðåçóëüòàòû î ðàçðåøèìîñòè óðàâíåíèÿ (1) â êëàññå äîñòàòî÷íî ãëàäêèõ
èëè àíàëèòè÷åñêèõ ôóíêöèé. Äëÿ èññëåäîâàíèÿ ïîñòàâëåííîé çàäà÷è èñïîëü-
çóåòñÿ ìåòîä ïîëèíîìèàëüíûõ êâàçèðåøåíèé (ÏÊ-ðåøåíèé) [1], îñíîâàííûé
íà ïðåäñòàâëåíèè ôóíêöèè x(t) â âèäå ïîëíîìà ñòåïåíè N . Ïðè ïîäñòàíîâêå
ýòîãî ïîëèíîìà â óðàâíåíèå (1) ïîÿâëÿåòñÿ íåêîððåêòíîñòü îòíîñèòåëüíî ðàç-
ìåðíîñòè ïîëèíîìîâ, êîòîðàÿ êîìïåíñèðóåòñÿ ââåäåíèåì íåâÿçêè. Â ðàáîòå
èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ ÏÊ-ðåøåíèé ðàçëè÷íûõ ñòåïåíåé. Ïðè-
âîäèòñÿ àëãîðèòì íàõîæäåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ xn ÏÊ-ðåøåíèÿ
è òî÷íûå ôîðìóëû íåâÿçêè, êîòîðûå ïîçâîëÿþò ñóäèòü î ìåðå âîçìóùåíèÿ
èñõîäíîé çàäà÷è. Ðàññìàòðèâàþòñÿ êàê íà÷àëüíàÿ çàäà÷à ñ íà÷àëüíîé òî÷êîé,
òàê è êðàåâàÿ çàäà÷à. Äëÿ íà÷àëüíîé çàäà÷è ñ íà÷àëüíîé ôóíêöèåé ïîêàçà-
íî, ÷òî åñëè â êà÷åñòâå íà÷àëüíîé ôóíêöèè çàäàòü ÏÊ-ðåøåíèå ñòåïåíè N ,
òî ïîðîæäàåìîå ðåøåíèå áóäåò èìåòü â òî÷êàõ ñòûêîâêè ðåøåíèé ãëàäêîñòü
íå íèæå N . Ïîëó÷åííûå ðåçóëüòàòû èëëþñòðèðóþòñÿ ïðèìåðàìè.

Ñïèñîê ëèòåðàòóðû

[1] Cherepennikov V. B., Ermolaeva P. G. Polynomial quasisolutions of linear di�erential
di�erence equations // Opuscula Mathematica. 2006. P. 47�57.

Ðåãóëÿðíîñòü ðåøåíèé êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ
óðàâíåíèé ïðîèçâîëüíîãî ïîðÿäêà â âåñîâûõ ïðîñòðàíñòâàõ

Ãåëüäåðà
×åðåïîâà Ì. Ô. (Ìîñêîâñêèé ýíåðãåòè÷åñêèé èíñòèòóò)

Ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è äëÿ ëèíåéíîãî ðàâíîìåðíî-
ïàðàáîëè÷åñêîãî óðàâíåíèÿ ïîðÿäêà 2m (m�íàòóðàëüíîå) â íåöèëèí-
äðè÷åñêèõ îáëàñòÿõ, âîçìîæíî, íåîãðàíè÷åííûõ (êàê ïî x, òàê è ïî t), ñ
íåãëàäêîé (ïî t) è íåêîìïàêòíîé áîêîâîé ãðàíèöåé. Ïðåäïîëàãàåòñÿ, ÷òî
ïðàâàÿ ÷àñòü è ìëàäøèå êîýôôèöèåíòû óðàâíåíèÿ ìîãóò ðàñòè îïðåäå-
ëåííûì îáðàçîì ïðè ïðèáëèæåíèè ê ïàðàáîëè÷åñêîé ãðàíèöå îáëàñòè, âñå
êîýôôèöèåíòû óðàâíåíèÿ ëîêàëüíî ãåëüäåðîâû, ïðè÷åì èõ êîýôôèöèåíòû
Ãåëüäåðà ðàñòóò, âîîáùå ãîâîðÿ, âáëèçè ïàðàáîëè÷åñêîé ãðàíèöû.

Ïîñòðîåíà øêàëà ãëàäêîñòè ðåøåíèé ýòèõ çàäà÷ â âåñîâûõ ïðîñòðàíñòâàõ
Ãåëüäåðà ôóíêöèé, äîïóñêàþùèõ îïðåäåëåííûé ðîñò ñòàðøèõ ïðîèçâîäíûõ
âáëèçè ïàðàáîëè÷åñêîé ãðàíèöû îáëàñòè.
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Óçêèå ïó÷êè íà ñåòÿõ: ñëó÷àé ëèíåéíî çàâèñèìûõ âðåìåí
ïðîõîæäåíèÿ ðåáåð

×åðíûøåâ Â. Ë. (Ìîñêîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò
èì. Í. Ý. Áàóìàíà, Ðîññèÿ)

Äîêëàä ïîñâÿùåí äèíàìèêå óçêèõ ïó÷êîâ íà ãåîìåòðè÷åñêîì ãðàôå (ñì.
ñòàòüè [1], [2] è ññûëêè â íèõ). Îáñóæäàþòñÿ ñàìîñîïðÿæåííûå óñëîâèÿ, ãà-
ðàíòèðóþùèå îòñóòñòâèå îòðàæåíèÿ ïàêåòà â âåðøèíå. Ðàññìàòðèâàåòñÿ ñòà-
òèñòèêà ðàñïðîñòðàíåíèÿ ãàóññîâûõ ïàêåòîâ äëÿ ñëó÷àÿ ëèíåéíî çàâèñèìûõ
íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë âðåìåí ïðîõîæäåíèÿ ðåáåð.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ãðàíòîâ ÌÊ-
943.2010.1, ÐÔÔÈ 10-07-00617-à è 09-07-00327-à, ÐÍÏ 2.1.1/227 è ïðîãðàììû
�Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè� (ãîñêîí-
òðàêò 14.740.11.0794).

Ñïèñîê ëèòåðàòóðû

[1] ×åðíûøåâ Â. Ë. Íåñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà: ñòàòèñòèêà ðàñïðîñòðà-
íåíèÿ ãàóññîâûõ ïàêåòîâ íà ãåîìåòðè÷åñêîì ãðàôå // Òðóäû Ìàòåìàòè÷åñêîãî Èí-
ñòèòóòà èì. Â.À. Ñòåêëîâà. 2010. Ò. 270, Ñ. 249�265.

[2] Òîë÷åííèêîâ À. À., ×åðíûøåâ Â. Ë., Øàôàðåâè÷ À. È. Àñèìïòîòè÷åñêèå ñâîé-
ñòâà è êëàññè÷åñêèå äèíàìè÷åñêèå ñèñòåìû â êâàíòîâûõ çàäà÷àõ íà ñèíãóëÿðíûõ
ïðîñòðàíñòâàõ. // Íåëèíåéíàÿ äèíàìèêà. 2010. Ò. 6, � 3, C. 623�638.

Î ëèíåéíûõ äèíàìè÷åñêèõ èãðàõ äëÿ ñèñòåì ñ èìïóëüñíûìè
âîçäåéñòâèÿìè

×èêðèé À. À. (Èíñòèòóò êèáåðíåòèêè ÍÀÍÓ, Óêðàèíà)

Ðàññìàòðèâàþòñÿ êâàçèëèíåéíûå êîíôëèêòíî óïðàâëÿåìûå ïðîöåññû,
ïîäâåðæåííûå îäíîâðåìåííî íåïðåðûâíîìó è èìïóëüñíîìó óïðàâëåíèþ äâóõ
ïðîòèâîäåéñòâóþùèõ ñòîðîí. Ìîìåíòû èìïóëüñíûõ âîçäåéñòâèé ëèáî ôèê-
ñèðîâàíû, ëèáî âûáèðàþòñÿ èãðîêàìè, êàê è âåëè÷èíû èìïóëüñîâ, êîòîðûå
ïðèíàäëåæàò çàäàííûì êîìïàêòàì. Ôîðìà âûðàæåíèÿ èìïóëüñíîãî âëèÿíèÿ
íà äèíàìè÷åñêóþ ñèñòåìó ìîæåò áûòü ðàçëè÷íîé [1�4].

Ïðèíÿâ ñòîðîíó ïåðâîãî èãðîêà, ñòðåìÿùåãîñÿ âûâåñòè òðàåêòîðèþ ïðî-
öåññà íà öèëèíäðè÷åñêîå òåðìèíàëüíîå ìíîæåñòâî, äàþòñÿ äîñòàòî÷íûå óñëî-
âèÿ äëÿ ðåàëèçàöèè ýòîãî ôàêòà çà íåêîòîðîå ãàðàíòèðîâàííîå âðåìÿ ïðè ëþ-
áûõ ïðîòèâîäåéñòâèÿõ âòîðîãî èãðîêà. Ïðè ýòîì èñïîëüçóåòñÿ ëèáî ïðåäûñ-
òîðèÿ óïðàâëåíèÿ âòîðîãî èãðîêà, ëèáî ëèøü åãî ìãíîâåííûå çíà÷åíèÿ. Â êà-
÷åñòâå áàçîâîãî ìåòîäà äëÿ èññëåäîâàíèÿ èñïîëüçóåòñÿ ìåòîä ðàçðåøàþùèõ
ôóíêöèé [5]. Ñõåìà óïîìÿíóòîãî ìåòîäà ïðåäïîëàãàåò âûïîëíåííûì óñëî-
âèå Ïîíòðÿãèíà èëè îäíîé èç åãî ìîäèôèêàöèé ñ ïîñëåäóþùèì ïîñòðîåíèåì
ñïåöèàëüíûõ ìíîãîçíà÷íûõ îòîáðàæåíèé è èõ îïîðíûõ ôóíêöèé, íàçâàííûõ
ðàçðåøàþùèìè ôóíêöèÿìè, è õàðàêòåðèçóþùèõ êà÷åñòâî èãðû ïåðâîãî èã-
ðîêà ïðè èçâåñòíîì óïðàâëåíèè âòîðîãî â çàäàííûé ìîìåíò. Íàêîïèòåëüíàÿ
ñèñòåìà îöåíêè êà÷åñòâà èãðû ïîçâîëÿåò âêëþ÷èòü â èñõîäíóþ ñõåìó ìåòî-
äà ïåðâûé ïðÿìîé ìåòîä Ïîíòðÿãèíà, ïðè÷åì åìó ñîîòâåòñòâóåò áåñêîíå÷íîå
çíà÷åíèå ðàçðåøàþùåé ôóíêöèè. Ñâîéñòâî ñîâîêóïíîé L × B-èçìåðèìîñòè
ââåäåííûõ ìíîãîçíà÷íûõ îòîáðàæåíèé è ñîîòâåòñòâåííî ñóïåðïîçèöèîííîé
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èçìåðèìîñòè èõ ñåëåêòîðîâ äàþò âîçìîæíîñòü îñóùåñòâèòü èçìåðèìûé âû-
áîð óïðàâëåíèé ïåðâîãî èãðîêà â íåïðåðûâíîé ÷àñòè ïî àíàëîãèè ñ òåîðå-
ìîé Ôèëèïïîâà�Êàñòåíà. Ñîîòâåòñòâóþùåå óñëîâèå ïðåèìóùåñòâà ïåðâîãî
èãðîêà â èìïóëüñíîé ÷àñòè âîçäåéñòâèÿ òàêæå äàåòñÿ. Ðàññìîòðåíû ñëó÷àè
îòäåëüíî òîëüêî íåïðåðûâíîãî óïðàâëåíèÿ ïåðâîãî èãðîêà è òîëüêî èìïóëüñ-
íîãî óïðàâëåíèÿ âòîðîãî è íàîáîðîò, ñëó÷àè èìïóëüñíûõ óïðàâëåíèé îáîèõ
èãðîêîâ. Îòìåòèì îòäåëüíî, ÷òî ðàçðåøàþùèå ôóíêöèè, ÿâëÿþùèåñÿ êëþ÷å-
âûì îáúåêòîì â èññëåäîâàíèè, ïî ïîñòðîåíèþ åñòü â íåêîòîðîì ðîäå îáðàòíû-
ìè ôóíêöèîíàëàìè Ìèíêîâñêîãî îïðåäåëåííûõ ìíîãîçíà÷íûõ îòîáðàæåíèé
[5]. Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò ñòðîèòü ðàçðåøàþùèå ôóíêöèè â àíàëèòè-
÷åñêîì âèäå äëÿ øèðîêîãî êëàññà êîíôëèêòíî óïðàâëÿåìûõ ïðîöåññîâ. Ðå-
çóëüòàòû èëëþñòðèðóþòñÿ íà ìíîãî÷èñëåííûõ ìîäåëüíûõ ïðèìåðàõ èãðîâûõ
çàäà÷ äëÿ ñèñòåì ñ èìïóëüñíûìè âîçäåéñòâèÿìè è òîë÷êàìè, â ÷àñòíîñòè,
äàåòñÿ îáîñíîâàíèå ïàðàëëåëüíîãî ñáëèæåíèÿ â ýòîé ñèòóàöèè.

Ñïèñîê ëèòåðàòóðû

[1] Ôèëèïïîâ À. Ô. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçðûâíîé ïðàâîé ÷àñòüþ. Ì.:
Íàóêà, 1985. 224 c.

[2] Ñàìîéëåíêî À. Ì., Ïåðåñòþê Í. À. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ èìïóëüñíûì
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óïðàâëåíèÿìè. Ì.: Íàóêà, 2005. 430 c.
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[5] ×èêðèé À. À. Îá îäíîì àíàëèòè÷åñêîì ìåòîäå â äèíàìè÷åñêèõ èãðàõ ñáëèæåíèÿ.
Òðóäû ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â. À. Ñòåêëîâà, 2010, Ò. 271. Ñ. 76�92.

Îäíà èãðîâàÿ çàäà÷à î ìÿãêîé âñòðå÷å äâóõ ðàçíîòèïíûõ îáúåêòîâ
×èêðèé Ã. Ö. (Èíñòèòóò êèáåðíåòèêè ÍÀÍÓ, Óêðàèíà)

Àíàëèç óñëîâèÿ Ïîíòðÿãèíà [1], ëåæàùåãî â îñíîâå ïðÿìûõ ìåòîäîâ ïðå-
ñëåäîâàíèÿ òåîðèè ëèíåéíûõ äèôôåðåíöèàëüíûõ èãð, ïðîâåäåííûé Ì. Ñ. Íè-
êîëüñêèì, ïîêàçàë, ÷òî îíî ìîæåò íå âûïîëíÿòüñÿ äëÿ öåëûõ êëàññîâ çàäà÷
[2]. Ä. Çîííåâåíä â [3] ïðåäëîæèë åãî ìîäèôèêàöèþ, îñíîâàííóþ íà ïîñòðî-
åíèè ïðåñëåäîâàòåëåì ñâîåãî òåêóùåãî óïðàâëåíèÿ ïî óïðàâëåíèþ óáåãàþ-
ùåãî â ïðîøëîì. Âûÿñíåíèå ñâÿçè ìîäèôèöèðîâàííîãî óñëîâèÿ ñ ôàêòè÷å-
ñêèì ïåðåõîäîì ê èãðå ñ ïåðåìåííûì, çàâèñÿùèì îò âðåìåíè çàïàçäûâàíèåì
èíôîðìàöèè, êîòîðàÿ ýêâèâàëåíòíà íåêîòîðîé èãðå ñ ïîëíîé èíôîðìàöèåé
[4], ñïîñîáñòâîâàëî ðàçâèòèþ èíîãî ïîäõîäà ê èññëåäîâàíèþ ñëîæíûõ èãðî-
âûõ çàäà÷. Ñ åãî ïîìîùüþ áûëî çàâåðøåíî íà÷àòîå â [3] èññëåäîâàíèå èãðî-
âîé çàäà÷è î ìÿãêîé âñòðå÷å äâóõ äèôôåðåíöèàëüíûõ ñèñòåì, îïèñûâàþùèõ
íüþòîíîâñêóþ äèíàìèêó ïðè íàëè÷èè òðåíèÿ: óòî÷íåíû óñëîâèÿ íà ïàðà-
ìåòðû èãðû, äîñòàòî÷íûå äëÿ çàâåðøåíèÿ ïðåñëåäîâàíèÿ çà êîíå÷íîå âðåìÿ
ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ, à òàêæå âûâåäåíû óñëîâèÿ, ïðè êîòîðûõ
ïðåñëåäîâàíèå ìîæåò áûòü îñóùåñòâëåíî ñòðîãî ïî ãåîìåòðè÷åñêîé òðàåêòî-
ðèè (

”
ñëåäó“) ïðîòèâíèêà [5]. Àíàëîãè÷íûå ðåçóëüòàòû áûëè ïîëó÷åíû äëÿ

ëèíåéíûõ óïðàâëÿåìûõ ñèñòåì âòîðîãî ïîðÿäêà, ñîâåðøàþùèõ çàòóõàþùèå
êîëåáàíèÿ [6]. Ïðè ýòîì äëÿ äîñòèæåíèÿ ñâîåé öåëè ïðåñëåäîâàòåëü ñòðîèò
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ñâîå óïðàâëåíèå ïî óïðàâëåíèþ ïðîòèâíèêà â ïðîøëîì, êàê åñëè áû èíôîð-
ìàöèÿ î åãî ïîâåäåíèè ïðèõîäèò ñ çàïàçäûâàíèåì èíôîðìàöèè, ÿâëÿþùèìñÿ
íåïðåðûâíî-äèôôåðåíöèðóåìîé ôóíêöèåé âðåìåíè. Îäíàêî ìîäèôèöèðîâàí-
íîå óñëîâèå îêàçûâàåòñÿ ïðèìåíèìûì è â ñëó÷àå, êîãäà ïîäõîäÿùàÿ ôóíêöèÿ
çàïàçäûâàíèÿ ðàçðûâíà ñëåâà íà ñ÷åòíîé âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè
ìîìåíòîâ âðåìåíè è íåïðåðûâíî-äèôôåðåíöèðóåìà â òî÷êàõ ñâîåé íåïðåðûâ-
íîñòè. Áëàãîäàðÿ ýòîìó àíàëîãè÷íûå ðåçóëüòàòû óäàëîñü ïîëó÷èòü è â ñëó÷àå
ðàçíîòèïíûõ îáúåêòîâ, êîãäà ïðåñëåäóþùèé îáúåêò èìååò íüþòîíîâñêóþ äè-
íàìèêó (ïðè íàëè÷èè òðåíèÿ), à äâèæåíèå óêëîíÿþùåãîñÿ îò âñòðå÷è îáúåêòà
îïèñûâàåòñÿ ëèíåéíûìè çàòóõàþùèìè êîëåáàíèÿìè.
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Çàêîíû ñîõðàíåíèÿ è ãðóïïîâûå ñâîéñòâà óðàâíåíèé òåïëîâîãî
äâèæåíèÿ ñæèìàåìîãî ãàçà

×èðêóíîâ Þ. À. (Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé
óíèâåðñèòåò, Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé ÑÎ ÐÀÍ, Ðîññèÿ)

Òåïëîâîå äâèæåíèå ñæèìàåìîãî ãàçà îïèñûâàåòñÿ [1] óðàâíåíèÿìè

ρ (ut + (u · ∇) u) +∇p = 0, ρt + u · ∇ρ+ ρ div u = 0, pt + u · ∇p = 0. (1)

Çäåñü: t� âðåìÿ, x ∈ Rn (n ≥ 1), u = u (t,x) ∈ Rn � âåêòîð ñêîðîñòè,
ρ = ρ (t,x)�ïëîòíîñòü, p = p (t,x)�äàâëåíèå. Ìåòîäîì A-îïåðàòîðîâ [2, 3]
äëÿ ñèñòåìû (1) íàéäåíû âñå çàêîíû ñîõðàíåíèÿ íóëåâîãî ïîðÿäêà. Âûïîëíå-
íî ãðóïïîâîå ðàññëîåíèå ýòîé ñèñòåìû îòíîñèòåëüíî áåñêîíå÷íîé ïîäãðóïïû,
ÿâëÿþùåéñÿ íîðìàëüíûì äåëèòåëåì åå îñíîâíîé ãðóïïû Ëè ïðåîáðàçîâàíèé;
íàéäåíà îñíîâíàÿ ãðóïïà ðàçðåøàþùåé ñèñòåìû. Ñ ïîìîùüþ ïåðåõîäà ê ìàñ-
ñîâûì ëàãðàíæåâûì ïåðåìåííûì íàéäåíû íåëîêàëüíûå ñèììåòðèè ïåðâîãî
ïîðÿäêà äëÿ èñõîäíîé ñèñòåìû. Ñïåöèàëüíûé âûáîð ìàññîâûõ ëàãðàíæåâûõ
ïåðåìåííûõ ïîçâîëÿåò ïðèâåñòè ýòó ñèñòåìó ê ýêâèâàëåíòíîé åé ðåäóöèðîâàí-
íîé ñèñòåìå, ñîäåðæàùåé n − 1 ïðîñòðàíñòâåííûõ ïåðåìåííûõ, êîòîðàÿ ïðè
n = 2 ñ ïîìîùüþ êîìïëåêñíûõ çàâèñèìûõ è íåçàâèñèìûõ ïåðåìåííûõ çàïè-
ñûâàåòñÿ â âèäå îäíîìåðíîãî êîìïëåêñíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, à
ïðè n = 3� â âèäå

x1
tt = −

[
x2, x3] , x2

tt = −
[
x3, x1] , x3

tt = −
[
x1, x2] ,
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ãäå
(
x1, x2, x3

)
= x; [a, b] =

∣∣∣∣ ∂(a,b)

∂(ξ1,ξ2)

∣∣∣∣� ñêîáêà Ïóàññîíà, ξ1, ξ2 �ëàãðàíæå-

âû ïåðåìåííûå, îñíîâíàÿ ãðóïïà Ëè ïðåîáðàçîâàíèé êîòîðîé áåñêîíå÷íà è
ïîðîæäàåòñÿ îïåðàòîðàìè:

t∂t + ξ1∂ξ1 + ξ2∂ξ2 , t∂t − 2x · ∂x, xΛ∂x, ∂x, t∂x, gξ2∂ξ1 − gξ1∂ξ2 ,

ãäå g = g
(
ξ1, ξ2

)
�ïðîèçâîëüíàÿ ôóíêöèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ìåæðåãèîíàëüíîãî èíòå-
ãðàöèîííîãî ïðîåêòà ÑÎ ÐÀÍ � 103.
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÷åñêîãî äâèæåíèÿ ãàçà // ÏÌÒÔ. 2010. Ò. 51. � 1. Ñ. 3�6.

Îá óñëîâèÿõ êîììóòèðîâàíèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â
äâóìåðèè

Øàáàò À. Á. (Èíñòèòóò Òåîðåòè÷åñêîé Ôèçèêè èì. Ë. Ä. Ëàíäàó, ÐÀÍ,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ âîïðîñ î äîñòàòî÷íî îáùåé ìàòåìàòè÷åñêîé ôîðìóëè-
ðîâêå çàäà÷è î êîììóòèðóþùèõ äèôôåðåíöèàëüíûõ îïåðàòîðàõ â ñëó÷àå
äâóõ íåçàâèñèìûõ ïåðåìåííûõ. Ïðèâîäÿòñÿ ïðèìåðû è ôîðìóëèðóþòñÿ ðå-
çóëüòàòû èññëåäîâàíèÿ äâóõ ìîäåëüíûõ çàäà÷.

Ïðèìåíåíèå ìåòîäîâ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ â ðåøåíèè
çàäà÷è ìîëåêóëÿðíîé áèîëîãèè

Øàãàëîâà Ë. Ã. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ,
Åêàòåðèíáóðã, Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ïðèâåäåííàÿ â ðàáîòå [1] äëÿ ìîäåëè Êðîó�Êèìóðû ìî-
ëåêóëÿðíîé ýâîëþöèè çàäà÷à Êîøè.

∂u/∂t+H(x, ∂u/∂x) = 0, 0 ≤ t <∞, −1 ≤ x ≤ 1, (1)

u(0, x) = u0(x), −1 ≤ x ≤ 1. (2)

Çäåñü H(x, p) = 1 − f(x) − 1+x
2
e2p − 1−x

2
e−2p, ãäå f(x)� çàäàííàÿ ôóíêöèÿ

ôèòíåñà.
Ðàññìàòðèâàåìàÿ çàäà÷à ñ ôàçîâûìè îãðàíè÷åíèÿìè íå èìååò ãëîáàëüíî-

ãî êëàññè÷åñêîãî ðåøåíèÿ, è äëÿ íåå íå âûïîëíÿþòñÿ èçâåñòíûå [2] óñëîâèÿ
ñóùåñòâîâàíèÿ âÿçêîñòíîãî ðåøåíèÿ.

Ââîäèòñÿ [3] ïîíÿòèå íåïðåðûâíîãî îáîáùåííîãî ðåøåíèÿ çàäà÷è (1)�(2).
Ðàññìàòðèâàåòñÿ âñïîìîãàòåëüíàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ (OCP)

ẋ = −Hp(x, p) = (1 + x)e2p − (1− x)e−2p, t ∈ [0, T ], p ∈ P (3)
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I(t0,x0)(p(·)) =

∫ t]

t0

p(τ)Hp(x(τ), p(τ))−H(x(τ), p(τ))dτ + ϕ(t], x(t]))→ max,

(4)
ãäå P = P ([0, T ])�êîìïàêò, ϕ(·)�äèôôåðåíöèðóåìàÿ ôóíêöèÿ, ÿâëÿþùàÿ-
ñÿ ïðîäîëæåíèåì ôóíêöèè u0 íà [0, T ] × [−1, 1], t] �ìîìåíò ïåðâîãî âûõîäà
òðàåêòîðèè x(·) = x(·; t0, x0, p(·)), ñòàðòóþùåé èç íà÷àëüíîé òî÷êè (t0, x0) ïîä
âîçäåéñòâèåì èçìåðèìîãî óïðàâëåíèÿ p : [0, T ]→ P , íà öåëåâîå ìíîæåñòâî

G = {(t, x)| 0 ≤ t ≤ T, x = 1}
⋃

⋃
{(t, x)| 0 ≤ t ≤ T, x = −1}

⋃
{(t, x)| t = T, −1 ≤ x ≤ 1}.

Îïèðàÿñü íà ðåçóëüòàòû ðàáîò [4, 5, 6], ïîêàçàíî, ÷òî ôóíêöèÿ öåíû â
çàäà÷å OCP ñîâïàäàåò ñ ââåäåííûì îáîáùåííûì ðåøåíèåì çàäà÷è (1)�(2).

Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ ðàçëè÷íûõ u0(·) è
f(·).

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Í. Í. Ñóááîòèíîé.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò � 08-01-00410), Ïðî-

ãðàììû ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-64508.2010.1) è Ïðî-
ãðàììû ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçèäèóìà ÐÀÍ �Ìàòåìàòè÷åñêàÿ
òåîðèÿ óïðàâëåíèÿ�.
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Îá óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé, îïèñûâàþùèõ
âîëíû-óáèéöû

Øàìèí Ð. Â. (Èíñòèòóò îêåàíîëîãèè èì. Ï. Ï. Øèðøîâà ÐÀÍ;
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ñìèðíîâà À. È. (Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ, Ðîññèÿ)

Âîëíàìè-óáèéöàìè íàçûâàþòñÿ âíåçàïíûå ìîðñêèå âîëíû àíîìàëüíî
áîëüøîé àìïëèòóäû. Òàêèå âîëíû âîçíèêàþò â õîäå íåëèíåéíîé äèíàìèêè
èäåàëüíîé æèäêîñòè ñî ñâîáîäíîé ïîâåðõíîñòüþ. Êàê ïðàâèëî, âîëíà-óáèéöà
ïðåäñòàâëÿåò ñîáîé îäèíî÷íóþ âîëíó áîëüøîé (äî 30-òè ìåòðîâ) àìïëèòóäû.
Ïðè èçó÷åíèè ýòîãî ýêñòðåìàëüíîãî ÿâëåíèÿ âîçíèêàåò àêòóàëüíûé âîïðîñ
îá óñòîé÷èâîñòè âîëí-óáèéö îòíîñèòåëüíî âíåøíèõ âîçäåéñòâèé.
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Â íàñòîÿùåé ðàáîòå âîëíû-óáèéöû èçó÷àþòñÿ íà îñíîâå ïîëíûõ íåëèíåé-
íûõ óðàâíåíèé ãèäðîäèíàìèêè èäåàëüíîé æèäêîñòè ñî ñâîáîäíîé ïîâåðõíî-
ñòüþ. Äîêàçàíî, ÷òî ðàññìàòðèâàåìûå ðåøåíèÿ ÿâëÿþòñÿ óñòîé÷èâûìè îòíî-
ñèòåëüíî ìàëûõ âíåøíèõ âîçäåéñòâèé è íà÷àëüíûì äàííûì.

Â õîäå ìàñøòàáíûõ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ áûëî óñòàíîâëåíî,
÷òî âîëíû-óáèéöû ÿâëÿþòñÿ óñòîé÷èâûìè ïðè íàëè÷èè âåòðà. Ýòî ÿâëÿåòñÿ
âàæíûì ðåçóëüòàòîì â îêåàíîëîãèè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÍØ-7550.2006.2
è Ïðîãðàììîé ôóíäàìåíòàëüíûõ èññëåäîâàíèé Ïðåçèäèóìà ÐÀÍ ¾Ìàòåìà-
òè÷åñêèå ìåòîäû â íåëèíåéíîé äèíàìèêå¿, à òàêæå ïðè ïîääåðæêå ãðàí-
òà Ïðàâèòåëüñòâà ÐÔ äëÿ ãîñóäàðñòâåííîé ïîääåðæêè íàó÷íûõ èññëåäîâà-
íèé, ïðîâîäèìûõ ïîä ðóêîâîäñòâîì âåäóùèõ ó÷åíûõ â ðîññèéñêèõ îáðàçî-
âàòåëüíûõ ó÷ðåæäåíèÿõ âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ (Äîãîâîð
� 11.G34.31.0035 îò 25 íîÿáðÿ 2010 ìåæäó ÌèíÎáðÍàóêè ÐÔ, ÍÃÓ è âåäó-
ùèì ó÷åíûì).

Ñïèñîê ëèòåðàòóðû

[1] Øàìèí Ð. Â. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû â ìîäåëèðîâàíèè ïîâåðõíîñòíûõ âîëí
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Ïîëíûå ñïèñêè ïåðâûõ èíòåãðàëîâ â äèíàìèêå ÷åòûðåõìåðíîãî
òâåðäîãî òåëà â íåêîíñåðâàòèâíîì ïîëå

Øàìîëèí Ì. Â. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Èññëåäîâàíèþ ñëó÷àåâ ïîëíîé èíòåãðèðóåìîñòè óðàâíåíèé äâèæåíèÿ ÷å-
òûðåõìåðíîãî òâåðäîãî òåëà ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî ðàáîò. Ñðàçó æå
îòìåòèì, ÷òî ïðè èññëåäîâàíèè

”
ìàëîìåðíûõ“ óðàâíåíèé äâèæåíèÿ âïîëíå

êîíêðåòíûõ (äâóìåðíûõ è òðåõìåðíûõ) òâåðäûõ òåë â íåêîíñåðâàòèâíîì ïîëå
ñèë ïðèøëà èäåÿ îáîáùèòü óðàâíåíèÿ íà ñëó÷àé äâèæåíèÿ ÷åòûðåõìåðíîãî
òâåðäîãî òåëà â àíàëîãè÷íî ïîñòðîåííîì ïîëå [1, 2, 3].

Â ðåçóëüòàòå òàêîãî îáîáùåíèÿ ïîëó÷èëèñü íåñêîëüêî ñëó÷àåâ èíòåãðè-
ðóåìîñòè â çàäà÷å î äâèæåíèè òåëà â ñîïðîòèâëÿþùåéñÿ ñðåäå, çàïîëíÿþùåé
÷åòûðåõìåðíîå ïðîñòðàíñòâî, ïðè íàëè÷èè íåêîòîðîé ñëåäÿùåé ñèëû, ïîçâî-
ëÿþùåé ìåòîäè÷åñêèì îáðàçîì ïîíèçèòü ïîðÿäîê îáùåé ñèñòåìû äèíàìè÷å-
ñêèõ óðàâíåíèé äâèæåíèÿ.

Áîëåå òîãî, íà âçãëÿä àâòîðà, ïîëó÷åííûå ðåçóëüòàòû îðèãèíàëüíû ñ òîé
òî÷êè çðåíèÿ, ÷òî â ñèñòåìå ïðèñóòñòâóåò ïàðà íåêîíñåðâàòèâíûõ ñèë.

Ðàíåå àâòîðîì áûëà ïîêàçàíà ïîëíàÿ èíòåãðèðóåìîñòü óðàâíåíèé ïëîñêî-
ïàðàëëåëüíîãî äâèæåíèÿ òåëà â ñîïðîòèâëÿþùåéñÿ ñðåäå â óñëîâèÿõ ñòðóé-
íîãî îáòåêàíèÿ, êîãäà ó ñèñòåìû äèíàìè÷åñêèõ óðàâíåíèé ñóùåñòâóåò ïåð-
âûé èíòåãðàë, ÿâëÿþùèéñÿ òðàíñöåíäåíòíîé (â ñìûñëå òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî, èìåþùåé ñóùåñòâåííî îñîáûå òî÷êè) ôóíêöèåé êâà-
çèñêîðîñòåé. Òîãäà ïðåäïîëàãàëîñü, ÷òî âñå âçàèìîäåéñòâèå ñðåäû ñ òåëîì
ñîñðåäîòî÷åíî íà òîé ÷àñòè ïîâåðõíîñòè òåëà, êîòîðàÿ èìååò ôîðìó (îäíî-
ìåðíîé) ïëàñòèíû [3].
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Ïîçäíåå ïëîñêàÿ çàäà÷à áûëà îáîáùåíà íà ïðîñòðàíñòâåííûé (òðåõìåð-
íûé) ñëó÷àé, ïðè ýòîì ó ñèñòåìû äèíàìè÷åñêèõ óðàâíåíèé ñóùåñòâóåò ïîë-
íûé íàáîð òðàíñöåíäåíòíûõ ïåðâûõ èíòåãðàëîâ. Çäåñü óæå ïðåäïîëàãàëîñü,
÷òî âñå âçàèìîäåéñòâèå ñðåäû ñ òåëîì ñîñðåäîòî÷åíî íà òîé ÷àñòè ïîâåðõíî-
ñòè òåëà, êîòîðàÿ èìååò ôîðìó ïëîñêîãî (äâóìåðíîãî) äèñêà [1, 2].

Â ïðåäëàãàåìîé ðàáîòå îáîáùàþòñÿ íåêîòîðûå èçâåñòíûå ðàíåå ðåçóëüòà-
òû ïî èíòåãðèðîâàíèþ äâóìåðíîãî è òðåõìåðíîãî òâåðäûõ òåë, íàõîäÿùèõñÿ
ïîä äåéñòâèåì íåêîíñåðâàòèâíîãî ìîìåíòà ñèë, à òàêæå èññëåäóþòñÿ óðàâ-
íåíèÿ äâèæåíèÿ äèíàìè÷åñêè ñèììåòðè÷íîãî ÷åòûðåõìåðíîãî òâåðäîãî òåëà
â îäíîì èç äâóõ ëîãè÷åñêè âîçìîæíûõ ñëó÷àÿõ � â çàâèñèìîñòè îò ðàññòà-
íîâêè ãëàâíûõ ìîìåíòîâ èíåðöèè. Ñòðóêòóðà òàêèõ óðàâíåíèé äâèæåíèÿ â
íåêîòîðîì ñìûñëå ñîõðàíÿåòñÿ ïðè ïåðåíîñå íà ñëó÷àè áîëüøåé ðàçìåðíîñòè.
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Î åäèíñòâåííîñòè èíòåãðèðóåìîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ
óðàâíåíèÿ Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà

Øàïîøíèêîâ Ñ. Â. (ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò, Ìîñêîâñêèé
Ãîñóäàðñòâåííûé Óíèâåðñèòåò èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Èññëåäóåòñÿ ïðîñòðàíñòâî ðåøåíèé çàäà÷è Êîøè{
∂tµ = ∆µ− div (bµ),
µ|t=0 = ν,

ãäå b = (bi(x, t))1≤i≤d � áîðåëåâñêîå âåêòîðíîå ïîëå, à µ = µt( dx) dt� áîðå-
ëåâñêàÿ ìåðà íà Rd × (0, 1), çàäàííàÿ ñåìåéñòâîì áîðåëåâñêèõ ìåð (µt)0<t<1

íà Rd. Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî p > d + 2 êîýôôèöèåíò b ëåæèò â
Lploc(R

d × (0, 1)). Òîãäà âñÿêîå ðåøåíèå µ çàäàåòñÿ íåïðåðûâíîé ïëîòíîñòüþ
% îòíîñèòåëüíî ìåðû Ëåáåãà íà Rd × (0, 1). Ïóñòü ν �ïðîèçâîëüíàÿ êîíå÷-
íàÿ áîðåëåâñêàÿ ìåðà íà Rd. ×åðåç Lν îáîçíà÷èì ìíîæåñòâî áîðåëåâñêèõ ìåð
µ = %(x, t) dx dt íà Rd × (0, 1), óäîâëåòâîðÿþùèõ çàäà÷å Êîøè ñ íà÷àëüíûì
óñëîâèåì ν, äëÿ êîòîðûõ % ∈ L∞((0, 1), L1(Rd)), è äëÿ âñÿêîãî øàðà U ⊂ Rd
è íåêîòîðîãî p > d+ 2 âåðíî âêëþ÷åíèå |b| ∈ Lp(|µ|, U × [0, 1]). Ìû ïðèâîäèì
äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè â êëàññå Lν è
ñòðîèì ïðèìåðû, ïîêàçûâàþùèå òî÷íîñòü óñëîâèé. Îòìåòèì, ÷òî åäèíñòâåí-
íîñòü çàäà÷è Êîøè â êëàññå èíòåãðèðóåìûõ ðåøåíèé èññëåäîâàëàñü âî ìíîãèõ
ðàáîòàõ, èç êîòîðûõ îòìåòèì [1], [2], [3], [4] è [5]. Íàø îñíîâíîé ðåçóëüòàò
ñîñòîèò â ñëåäóþùåì.

Òåîðåìà 1. Ïóñòü b ∈ Lploc(R
d × (0, 1)) äëÿ íåêîòîðîãî p > d+ 2. Ïðåä-

ïîëîæèì, ÷òî ñóùåñòâóåò òàêàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ V ∈ C2(Rd),
÷òî V (x) → +∞ ïðè |x| → +∞, è äëÿ íåêîòîðîãî ÷èñëà C > 0 è âñåõ
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(x, t) ∈ Rd × (0, 1) âûïîëíåíû íåðàâåíñòâà LV (x, t) ≥ −C è |∇V (x)| ≤ C.
Òîãäà ìíîæåñòâî Lν ñîäåðæèò íå áîëåå îäíîãî ýëåìåíòà.

Ïðèìåð 1. Ïóñòü äëÿ âñÿêîãî øàðà U ⊂ Rd ôóíêöèÿ |b| îãðàíè÷åíà íà
ìíîæåñòâå U×[0, 1]. Äëÿ åäèíñòâåííîñòè èíòåãðèðóåìîãî ðåøåíèÿ äîñòàòî÷íî
èìåòü îöåíêó (b(x, t), x) ≥ −C|x|2 ln(|x|+ 1)−C. Äåéñòâèòåëüíî, óñëîâèÿ òåî-
ðåìû âûïîëíÿþòñÿ äëÿ ôóíêöèè V ∈ C2(Rd) òàêîé, ÷òî V (x) = ln(ln(1 + |x|))
ïðè |x| > 1.

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü Â. È. Áîãà÷åâó çà ïëîäîòâîð-
íûå îáñóæäåíèÿ è çàìå÷àíèÿ. Ðàáîòà ïîääåðæàíà ãðàíòîì ïðåçèäåíòà Ðîñ-
ñèéñêîé Ôåäåðàöèè ÌÊ-3674.2011.1, ïðîåêòàìè ÐÔÔÈ 11-01-00348-à, ÐÔÔÈ
10-01-00518-à è SFB 701 ïðè óíèâåðñèòåòå Áèëåôåëüäà.
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Ñïåêòðàëüíûå ñåðèè îïåðàòîðà Øðåäèíãåðà ñ äåëüòà-ïîòåíöèàëîì
íà ïîâåðõíîñòè âðàùåíèÿ è êâàíòîâàíèå íåêîìïàêòíûõ

ëàãðàíæåâûõ ìíîãîîáðàçèé
Øàôàðåâè÷ À. È. (Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò, Ðîññèÿ)

Â äîêëàäå îïèñàíà êâàçèêëàññè÷åñêàÿ (h→ 0) àñèìïòîòèêà ñïåêòðà îïå-
ðàòîðà Øðåäèíãåðà ñ äåëüòà-ïîòåíöèàëîì

Ĥ = −h
2

2
∆ + αδ(x− x0) (1)

íà äâóìåðíîé êîìïàêòíîé ïîâåðõíîñòè âðàùåíèÿ M , ãîìåîìîðôíîé ñôåðå;
çäåñü ∆� îïåðàòîð Ëàïëàñà�Áåëüòðàìè, x0 �ïîëþñ ïîâåðõíîñòè âðàùåíèÿ.

Ðàññìîòðèì â êîêàñàòåëüíîì ðàññëîåíèè T ∗M ëàãðàíæåâî ìíîãîîáðà-
çèå Λ, ïîëó÷åííîå èç îêðóæíîñòè Λ0 : x = x0, |p| = E äåéñòâèåì ãåîäåçè÷å-
ñêîãî ïîòîêà. Î÷åâèäíî, Λ ãîìåîìîðôíî òîðó, à íåêîìïàêòíîå ìíîãîîáðàçèå
Λ̂ = Λ\Λ0 �öèëèíäðó. Íà Λ̂ âûïîëíåíû óñëîâèÿ êâàíòîâàíèÿ Ìàñëîâà [1] è
ñóùåñòâóåò êàíîíè÷åñêèé îïåðàòîð Ìàñëîâà KΛ̂ : C∞(Λ̂) → C∞(M\{x0}).
Îáîçíà÷èì ÷åðåç γ òðàåêòîðèþ ãåîäåçè÷åñêîãî ïîòîêà, ëåæàùóþ íà Λ̂.

Òåîðåìà 1. Ïóñòü E � ðåøåíèå óðàâíåíèÿ

tg(
1

2h

∮
γ

(p, dx) +O(h)) =
2

π

(
ln(

√
2E

h
) +

πh2

α
+ c

)
, (2)
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ãäå c�ïîñòîÿííàÿ Ýéëåðà. Òîãäà ñóùåñòâóåò òî÷êà ñïåêòðà E0 îïåðàòîðà
H, òàêàÿ ÷òî |E − E0| = o(h) ïðè h→ 0.

Çàìå÷àíèå 1. Ïóñòü (πh
2

α
+ ln 1

h
)→∞. Òîãäà óñëîâèå êâàíòîâàíèÿ ïðè-

íèìàåò ñòàíäàðòíûé âèä:

1

2πh

∫
γ

(p, dx) = k +
1

2
+ o(1),

ãäå k ∈ Z+ (k ∼ 1
h
, h→ 0).

Ïóñòü òåïåðü ïðàâàÿ ÷àcòü â óñëîâèè êâàíòîâàíèÿ ñòðåìèòñÿ ê êîíñòàíòå
B ïðè h→ 0 (ýòî âîçìîæíî, åñëè α = πh2

B+lnh+o(1)
). Òîãäà ñïåêòð íàõîäèòñÿ èç

íåñòàíäàðòíîãî óñëîâèÿ êâàíòîâàíèÿ

tg(
1

2h

∮
γ

(p, dx)) =
1

π
(ln 2E + 2c+B) + o(1).

Çàìå÷àíèå 2. Àñèìïòîòèêà ñîáñòâåííûõ ôóíêöèé âíå ñêîëü óãîäíî ìà-
ëîé îêðåñòíîñòè ïîëþñà x0 èìååò âèä ψ = KΛ̂(1) +O(h).
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ìàòåìàòè÷åñêàÿ ôèçèêà, Ò. 164, � 2, 2010. Ñ. 279�298.

Îäèí ïðèçíàê ðåãóëÿðíîñòè äèôôåðåíöèàëüíûõ îïåðàòîðîâ
Øèðÿåâ Å. À.

Ïóñòü L� îïåðàòîð, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì

l(y) = (−i)ny(n)(x) + p2(x)y(n−2) + · · ·+ pn(x)y (1)

è n ëèíåéíî íåçàâèñèìûìè íîðìèðîâàííûìè êðàåâûìè óñëîâèÿìè âèäà

Uj(y) := ajy
(kj)(0) + bjy

(kj)(1) +

kj−1∑
s=0

(
aj, sy

(s)(0) + bj, sy
(s)(1)

)
= 0, (2)

ãäå j = 1, . . . , n. Ïðåäïîëàãàåì, ÷òî êîýôôèöèåíòû pj(x), j = 1, . . . , n � ñóì-
ìèðóåìûå êîìïëåêñíûå ôóíêöèè íà îòðåçêå [0, 1]; n−1 > k1 > k2 > . . . > kn >
0, kj > kj+2. Ñ÷èòàåì, ÷òî L äåéñòâóåò â ïðîñòðàíñòâå L2(0, 1) è îïðåäåëåí
ðàâåíñòâîì L(y) = l(y) íà îáëàñòè

D(L) = {y | y(s) ∈ AC[0, 1], s = 0, 1, . . . , n− 1,

l(y) ∈ L2, Uj(y) = 0, j = 1, . . . , n}.

Îïðåäåëåíèå ðåãóëÿðíîñòè äèôôåðåíöèàëüíîãî îïåðàòîðà äàíî Äæ. Áèðêãî-
ôîì. Åãî ìîæíî íàéòè â èçâåñòíîé ìîíîãðàôèè Ì. À. Íàéìàðêà.

Èçâåñòíî, ÷òî ðåçîëüâåíòà L åñòü èíòåãðàëüíûé îïåðàòîð

(L− ρn)−1f(x) =

∫ 1

0

G(x, ξ, ρ)f(ξ) dξ,
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ãäå G(x, ξ, ρ)�ÿäðî Ãðèíà. Åñëè îïåðàòîð ïîðîæäåí ðåãóëÿðíûìè êðàåâûìè
óñëîâèÿìè, òî äëÿ åãî ÿäðà Ãðèíà åñòü îöåíêà âèäà |G(x, ξ, ρ)| 6 M |ρ|−n+1.
Ñôîðìóëèðóåì ðåçóëüòàò, ñîäåðæàùèé îáðàòíîå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü L� äèôôåðåíöèàëüíûé îïåðàòîð, ïîðîæäåííûé
äèôôåðåíöèàëüíûì âûðàæåíèåì (1) è êðàåâûìè óñëîâèÿìè âèäà (2). Ïóñòü
ïðè n = 2m íàéäåòñÿ ëó÷ γ = {ρ | arg ρ = ϕ ∈ (0, π/n)}, íà êîòîðîì (ïðè
äîñòàòî÷íî áîëüøèõ |ρ| > c0) âûïîëíåíà àñèìïòîòè÷åñêàÿ îöåíêà

|G(x, ξ, ρ)| 6M |ρ|−n+1 (3)

ãäå M = M(ε, c0)�íåêîòîðàÿ ïîñòîÿííàÿ. Òîãäà îïåðàòîð L ðåãóëÿðåí.
Ïðè íå÷åòíîì n = 2m − 1 óòâåðæäåíèå ôîðìóëèðóåòñÿ ñëåäóþùèì

îáðàçîì: åñëè íàéäóòñÿ äâà ëó÷à γ1 = {ρ | arg ρ = ϕ1 ∈ (0, π/n)} è γ2 = {ρ |
arg ρ = ϕ2 ∈ (π/n, 2π/n)}, íà êîòîðûõ âûïîëíåíà àñèìïòîòè÷åñêàÿ îöåíêà
(3), òî L ðåãóëÿðåí.

Ðàáîòà âûïîëíåíà ïîä ðóêîâîäñòâîì ïðîôåññîðà À. À. Øêàëèêîâà ïðè
ïîääåðæêå ÐÔÔÈ, ãðàíò � 10-01-00423.

Ñïèñîê ëèòåðàòóðû

[1] M. A. Íàéìàðê. Ëèíåéíûå äèôôåðåíöàëüíûå îïåðàòîðû. Ì.: Íàóêà, 1969.

Îãðàíè÷åííîñòü äðîáíîãî B-èíòåãðàëà Ëèóâèëëÿ
Øèøêèíà Ý. Ë. (Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Â ðàáîòå [1] áûëè ââåäåíû ðàçëè÷íûå ôîðìû ïðåäñòàâëåíèÿ äðîáíûõ
ñòåïåíåé äèôôåðåíöèàëüíîãî îïåðàòîðà Áåññåëÿ.

Ðàññìîòðèì äðîáíûå B-èíòåãðàëû Ëèóâèëëÿ (îòðèöàòåëüíûå ñòåïåíè
îïåðàòîðà Áåññåëÿ íåöåëîãî ïîðÿäêà), ââåäåííûå Ëÿõîâûì Ë. Í. è Ñàíè-
íîé Å. Ë., ñëåäóþùåãî âèäà

B−α/2f(x) = (Iαγ f)(x) = C(α, γ)

+∞∫
0

f(y)T yx x
α−1−γyγ dy, 0 < α < 2, γ > 0,

(1)
ãäå C(α, γ) � íîðìèðóþùàÿ ïîñòîÿííàÿ. Â ôîðìóëå (1) B � îïåðàòîð Áåññå-
ëÿ:

B =
d2

dx2
+
γ

x

d

dx
, (2)

à T yx � îïåðàòîð îáîáùåííîãî ñäâèãà (ñì. [2]):

T yx f(x) =
Γ
(
γ+1

2

)
√
πΓ
(
γ
2

) π∫
0

f(
√
x2 + y2 − 2xy cosϕ) sinγ−1 ϕdϕ. (3)

Ïóñòü 1 ≤ p < ∞. Ïðîñòðàíñòâî Lγp = Lγp(0,+∞) ñîñòîèò ôóíêöèé f ,
òàêèõ ÷òî

||f ||Lγp =

 +∞∫
0

|f(x)|pxγ dx

1/p

<∞. (4)
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Ñëåäóÿ [3], áûëà ïîëó÷åíà òåîðåìà

Òåîðåìà 1. Ïóñòü f(x) ≥ 0, f ∈ Lγp , ãäå p > 1 + γ è

0 < α <
1

p
, q =

p(1 + γ)

1 + γ − αp , (5)

òîãäà Iαγ f ∈ Lγq , è
‖Iαγ f‖Lγq ≤ K‖f‖Lγp , (6)

ãäå K = K(p, γ, α) � íåêîòîðàÿ êîíñòàíòà.
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Î ìåòîäå âîçìóùåííîãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ â òåîðèè
àñèìïòîòè÷åñêîãî èíòåãðèðîâàíèÿ ñèñòåì äèôôåðåíöèàëüíûõ

óðàâíåíèé
Øêèëü Í. È. (Íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Óêðàèíà)

Ñàìóñåíêî Ï. Ô. (Íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Óêðàèíà)

Àñèìïòîòè÷åñêèå ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé

ε
dx

dt
= A(t, ε)x, t ∈ [0;T ], (1)

ãäå x = x(t, ε)�èñêîìûé n-ìåðíûé âåêòîð, A(t, ε)�êâàäðàòíàÿ ìàòðèöà n-ãî
ïîðÿäêà, ïðè÷åì A(t, ε) =

∑
s≥0

εsAs(t), ε�ìàëûé ïàðàìåòð, â ñëó÷àå ïðîñòûõ

êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

det(A0(t)− λE) = 0 (2)

ìîæíî èñêàòü â âèäå ôîðìàëüíûõ ðÿäîâ ïî ñòåïåíÿì ïàðàìåòðà ε.
Â ðàáîòàõ Ì. Õóêóõàðû, É. Ñèáóéè, Ì. Èâàíî, Ñ. Ô. Ôåùåíêî äîêàçàíû

òåîðåìû î àñèìïòîòè÷åñêîì ðàñùåïëåíèè ñèñòåìû (1), ñ ïîìîùüþ êîòîðûõ
ìîæíî ïîíèçèòü åå ïîðÿäîê. Òàêèì îáðàçîì, ñëó÷àé, êîãäà õàðàêòåðèñòè÷å-
ñêîå óðàâíåíèå ñèñòåìû èìååò íåñêîëüêî êîðíåé áûë ñâåäåí ê áîëåå ïðîñòîìó
ñëó÷àþ, êîãäà ýòî óðàâíåíèå èìååò òîëüêî îäèí êîðåíü.

Ñàìà æå ïðîáëåìà êðàòíîãî êîðíÿ áûëà ðåøåíà â ðàáîòàõ Í. È. Øêèëÿ,
ãäå äîêàçàíî, ÷òî â ýòîì ñëó÷àå ðåøåíèÿ ñèñòåìû (1) ìîæíî ïðåäñòàâèòü â
âèäå àñèìïòîòè÷åñêèõ ðÿäîâ ïî äðîáíûì ñòåïåíÿì ïàðàìåòðà ε, ïîêàçàòåëè
êîòîðûõ çàâèñÿò êàê îò êðàòíîñòè êîðíåé óðàâíåíèÿ (2) è ñîîòâåñòóþùèõ èì
ýëåìåíòàðíûõ äåëèòåëåé, òàê è îò ïîâåäåíèÿ âîçìóùàþùèõ êîýôôèöèåíòîâ
ñèñòåìû.

Â äàííîé ðàáîòå àñèìïòîòè÷åñêèå ðåøåíèÿ ëèíåéíîé ñèíãóëÿðíî âîçìó-
ùåííîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (1) ïîñòðîåíû ñ ïîìîùüþ
ìåòîäà âîçìóùåííîãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ïîçâîëÿþùåãî ñëó÷àé

394



êðàòíîãî êîðíÿ ñâåñòè ê ñëó÷àþ ïðîñòûõ êîðíåé ñîîòâåòñòâóþùåãî õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ.

Ñîãëàñíî ìåòîäó âîçìóùåííîãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ñ÷èòàåì,
÷òî ìàòðèöà

B0(t, ε) = A0(t) + εA1(t)

èìååò ïðîñòûå ñîáñòâåííûå çíà÷åíèÿ wi(t, ε), i = 1, n, äëÿ âñåõ t ∈ [0;T ].
Ïîëîæèì B(t, ε) =

∑
s≥0

εsBs(t, ε), ãäå B1(t, ε) ≡ 0, Bs(t, ε) = As(t), s ≥ 2.

Òîãäà âñå êîðíè ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (âîçìó-
ùåííîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå) áóäóò ïðîñòûìè è ïîòîìó äëÿ íàõîæ-
äåíèÿ àñèìïòîòè÷åñêèõ ðåøåíèé ïðåîáðàçîâàííîé ñèñòåìû ìîæíî âîñïîëü-
çîâàòüñÿ êëàññè÷åñêèìè ðåçóëüòàòàìè, èçëîæåííûìè, íàïðèìåð, â [1].
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Àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèé ñóùåñòâåííî
íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ ïðàâèëüíî è áûñòðî ìåíÿþùèìèñÿ íåëèíåéíîñòÿìè
Øëåïàêîâ Î. Ð. (Îäåññêèé íàöèîíàëüíûé óíèâåðñèòåò, Óêðàèíà)

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé{
y′i = αipi(t)ϕi+1(yi+1) (i = 1, n− 1),

y′n = αnpn(t)ϕ1(y1),
(1)

â êîòîðîé αi ∈ {−1, 1} (i = 1, n), pi : [a, ω[→]0,+∞[ (i = 1, n)�íåïðåðûâíûå
ôóíêöèè, −∞ < a < ω ≤ +∞, ϕi : ∆(Y 0

i ) →]0; +∞[ (i = 1, n) (∆(Y 0
i )�íåêî-

òîðàÿ îäíîñòîðîííÿÿ îêðåñòíîñòü òî÷êè Y 0
i , Y

0
i ðàâíî ëèáî 0, ëèáî ±∞) �

äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëî-
âèÿì

ϕ′i(z) 6= 0 ïðè z ∈ ∆(Y 0
i ), lim

z→Yi
z∈∆(Y 0

i
)

ϕi(z) = Φ0
i ∈ {0,+∞},

lim
z→Yi

z∈∆(Y 0
i

)

ϕ′′i (z)ϕi(z)

[ϕ′i(z)]
2 = γi,

ãäå
∏n
i=1(1− γi) 6= 1.

Ïðè γi = 1 ôóíêöèÿ ϕi(z) ÿâëÿåòñÿ áûñòðî ìåíÿþùåéñÿ, ïðè γi 6= 1
ôóíêöèÿ ϕi(z) ÿâëÿåòñÿ ïðàâèëüíî ìåíÿþùåéñÿ ïîðÿäêà 1

1−γi
(Ñì. [1], [2]).

Ðåøåíèå (yi)
n
i=1 ñèñòåìû (1), çàäàííîå íà ïðîìåæóòêå [t0, ω[⊂ [a, ω[, áóäåì

íàçûâàòü Pω(Λ1, . . . ,Λn−1)-ðåøåíèåì, åñëè ôóíêöèè ui(t) = ϕi(yi(t)) óäîâëå-
òâîðÿþò ñëåäóþùèì óñëîâèÿì:

lim
t↑ω

ui(t) = Φ0
i , lim

t↑ω

ui(t)u
′
i+1(t)

u′i(t)ui+1(t)
= Λi (i = 1, n− 1).
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Äëÿ ñèñòåìû (1) â ñëó÷àå, êîãäà Λi 6= 0, i = 1, n− 1, ïîëó÷åíû íåîáõîäè-
ìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ Pω(Λ1, . . . ,Λn−1)-ðåøåíèé. Òàêæå,
ïðè t ↑ ω, ïîëó÷åíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ âèäà:

ϕi(yi(t))

ϕ′i(yi(t))ϕi+1(yi+1(t))
= αiβi

t∫
Ai

pi(τ) dτ [1 + o(1)], åñëè i ∈ I,

ϕi(yi(t))

ϕ′i(yi(t))ϕi+1(yi+1(t))
= αiβi

t∫
Ai

pi(τ)
τ∫
Al

pl(s) ds dτ

t∫
Al

pl(τ) dτ

[1 + o(1)], åñëè i ∈ Ī,

ãäå I = {i ∈ {1, . . . , n} : 1 − Λi − γi 6= 0}, Ī = {1, ..., n}\I, l = min I, à βi �
íåêîòîðûå òî÷íî îïðåäåëÿåìûå îòëè÷íûå îò íóëÿ ïîñòîÿííûå.

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà ôóíêöèè ϕi(z) àñèìï-
òîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé ñèñòåìû (1) ìîãóò áûòü çíà÷èòåëüíî
óïðîùåíû.
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Î ÷èñëå îáëàñòåé, îáðàçîâàííûõ íàáîðàìè çàìêíóòûõ
ãåîäåçè÷åñêèõ íà ïëîñêèõ ïîâåðõíîñòÿõ

Øíóðíèêîâ È. Í.

Ïóñòü çàìêíóòîå ñâÿçíîå äâóìåðíîå ðèìàíîâî ìíîãîîáðàçèå M2 èìååò
ïîñòîÿííóþ ãàóññîâó êðèâèçíó, è íàáîð Γ ñîñòîèò èç n ðàçëè÷íûõ çàìêíó-
òûõ ãåîäåçè÷åñêèõ íà M2. Ïóñòü f(Γ) îáîçíà÷àåò ÷èñëî êîìïîíåíò ñâÿçíî-
ñòè äîïîëíåíèÿ â ìíîãîîáðàçèè M2 ê îáúåäèíåíèþ ãåîäåçè÷åñêèõ èç íàáî-
ðà Γ. Êàê óñòðîåíî ìíîæåñòâî F (M2, n) âñåõ âîçìîæíûõ ÷èñåë f(Γ) äëÿ
ôèêñèðîâàííûõ ìíîãîîáðàçèÿM2 è ÷èñëà ãåîäåçè÷åñêèõ n? Âïåðâûå ýòîò âî-
ïðîñ ðàññìîòðåë Á. Ãðþíáàóì [1] äëÿ ïðÿìûõ íà âåùåñòâåííîé ïðîåêòèâíîé
ïëîñêîñòè RP2. Í. Ìàðòèíîâ [2] ïîëíîñòüþ íàøåë ìíîæåñòâî F (RP2, n), êîòî-

ðîå ñîäåðæèò ïî÷òè âñå öåëûå ÷èñëà îòðåçêà
(
n; 1 + n(n−1)

2

)
ïðè n→∞. Ïðè

n > 3 îñòàâøèåñÿ ÷èñëà ïðåäñòàâëÿþò ñîáîé îáúåäèíåíèå
[√

2n− 5 3
4
− 1

2

]
ëàêóí, ïðè÷åì ëàêóíà íîìåð i ñîñòîèò èç n− i2+i

2
− 2 öåëûõ ÷èñåë.

Â îòëè÷èå îò ïðîåêòèâíîé ïëîñêîñòè RP2, äëÿ òîðà T 2 è áóòûëêè Êëåéíà
KL2 ñ åâêëèäîâûìè ìåòðèêàìè ìíîæåñòâà F (T 2, n) è F (KL2, n) ÿâëÿþòñÿ
áåñêîíå÷íûìè ìíîæåñòâàìè, ñîäåðæàùèìè îäíó ëàêóíó ïðè n > 6 è n > 7
ñîîòâåòñòâííî.

Òåîðåìà 1. Äëÿ òîðà T 2 è áóòûëêè Êëåéíà KL2 ñ åâêëèäîâûìè ìåò-
ðèêàìè âåðíî F (T 2, 1) = {1} è F (KL2, 1) = N. Ìíîæåñòâà F (T 2, n) è
F (KL2, n) ïðè n > 2 èìåþò ñëåäóþùèé âèä:

F (T 2, n) = {n−1, n}
⋃
{l ∈ N | l > 2n−4}, F (KL2, n) = F (T 2, n)

⋃
{n+1}.
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Ïóñòü p1 : R2 → T 2 � óíèâåðñàëüíîå ëîêàëüíî èçîìåòðè÷íîå íàêðûòèå.
Ïóñòü âåêòîðà u è v îáðàçóþò áàçèñ â ðåøåòêå ïðîîáðàçà p−1

1 ïðîèçâîëüíîé
òî÷êè òîðà.

Îïðåäåëåíèå 1. Äëÿ âçàèìíî ïðîñòûõ öåëûõ ÷èñåë k, l ãåîäåçè÷åñêîé
òèïà (k, l) íà òîðå T 2 (ñ áàçèñîì p1(u), p1(v)) íàçîâåì çàìêíóòóþ ãåîäå-
çè÷åñêóþ, äëÿ êîòîðîé ëþáàÿ åå íàêðûâàþùàÿ ïðÿìàÿ ïàðàëëåëüíà âåêòîðó
ku+ lv.

Ëåììà 1. Äâå çàìêíóòûå ãåîäåçè÷åñêèå íà òîðå ñ åâêëèäîâîé ìåòðèêîé
òèïîâ (a, b) è (c, d) ïåðåñåêàþòñÿ â |ad− bc| òî÷êàõ.

Ïóñòü KL2 èçîìåòðè÷íà ïàðàëëåëîãðàììó ñ îòîæäåñòâëåííûìè
ïðîòèâîïîëîæíûìè ñòîðîíàìè, êîòîðûå ïàðàëëåëüíû íåêîòîðûì âåêòîðàì u
è v, ïðè÷åì ñòîðîíû, ïàðàëëåëüíûå v, îòîæäåñòâëÿþòñÿ íåîðèåíòèðîâàííî.
Ïóñòü w � îðòîãîíàëüíàÿ ê v ñîñòàâëÿþùàÿ u. Ïóñòü p2 : R2 → KL2 �
ëîêàëüíî èçîìåòðè÷íîå íàêðûòèå.

Îïðåäåëåíèå 2. Ãåîäåçè÷åñêîé òèïà (k, l) íà KL2 íàçîâåì çàìêíóòóþ
ãåîäåçè÷åñêóþ, äëÿ êîòîðîé íàéäåòñÿ íàêðûâàþùàÿ åå ïðÿìàÿ, ïàðàëëåëüíàÿ
âåêòîðó 2kw + lv.

Ëåììà 2. Çàìêíóòàÿ ãåîäåçè÷åñêàÿ òèïà (k, l) íà ïëîñêîé áóòûëêå
Êëåéíà KL2 èìååò |kl| òî÷åê ñàìîïåðåñå÷åíèÿ, êðàòíîñòè äâà êàæäàÿ.

Äàííàÿ ðàáîòà áûëà ïðîäåëàíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 10-01-00748)
è ïðîãðàììû �Âåäóùèå íàó÷íûå øêîëû ÐÔ� (ãðàíò ÍØ-3224.2010.1).

Ñïèñîê ëèòåðàòóðû

[1] Grünbaum B. Arrangements and Spreads. AMS, Providence, Rhode Island, 1972.
[2] Martinov N. Classi�cation of arrangements by the number of their cells // Discrete and

Comput. Geometry 1993. V. 9. � 1. P. 39�46.

Îá óñðåäíåíèè óðàâíåíèé àêóñòèêè äëÿ ïîðèñòûõ âÿçêîóïðóãèõ
ìàòåðèàëîâ, çàïîëíåííûõ âÿçêîé æèäêîñòüþ

Øóìèëîâà Â. Â. (Èíñòèòóò ïðîáëåì ìåõàíèêè èì. À. Þ. Èøëèíñêîãî ÐÀÍ,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ìàëûõ êîëåáàíèé â ïðîñòðàí-
ñòâå R3 äëÿ ε-ïåðèîäè÷åñêîé êîìáèíèðîâàííîé ñðåäû, ñîñòîÿùåé èç ïîðè-
ñòîãî âÿçêîóïðóãîãî ìàòåðèàëà ñ ìãíîâåííîé ïàìÿòüþ è âÿçêîé æèäêîñòè,
çàïîëíÿþùåé ïîðû [1], [2]. Ñ ïîìîùüþ ìåòîäà äâóõìàñøòàáíîé ñõîäèìî-
ñòè [3] ñòðîèòñÿ óñðåäíåííàÿ ìîäåëü, âêëþ÷àþùàÿ â ñåáÿ ñèñòåìó èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ëèíåéíîé âÿçêîóïðóãîñòè. Ïîëó÷åííàÿ óñðåä-
íåííàÿ ìîäåëü åñòü ìîäåëü ìàëûõ êîëåáàíèé äëÿ ñïëîøíîãî âÿçêîóïðóãîãî
ìàòåðèàëà ñ äîëãîâðåìåííîé ïàìÿòüþ, à óñðåäíåííîå óðàâíåíèå ñîñòîÿíèÿ
èìååò âèä

σij = αijkhekh(u) + βijkhekh

(
∂u

∂t

)
+ gijkh(t) ∗ ekh(u), (1)
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ãäå u(x, t) � âåêòîð ñìåùåíèé. Êîýôôèöèåíòû αijkh, βijkh è gijkh(t)
(1 ≤ i, j, k, h ≤ 3) îïðåäåëÿþòñÿ ÷åðåç ðåøåíèÿ òðåõ âñïîìîãàòåëüíûõ ïå-
ðèîäè÷åñêèõ çàäà÷, çàäàííûõ ñ ïîìîùüþ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-
íåíèé.

Óñðåäíåííàÿ ìîäåëü òàêæå ñòðîèòñÿ äëÿ ε-ïåðèîäè÷åñêîé êîìáèíèðîâàí-
íîé ñðåäû, â êîòîðîé, â îòëè÷èå îò ðàññìîòðåííîãî ðàíåå ñëó÷àÿ, âìåñòî âÿç-
êîóïðóãîãî ìàòåðèàëà ñ ìãíîâåííîé ïàìÿòüþ âçÿò âÿçêîóïðóãèé ìàòåðèàë ñ
äîëãîâðåìåííîé ïàìÿòüþ. Â ýòîì ñëó÷àå óñðåäíåííîå óðàâíåíèå ñîñòîÿíèÿ
òàêæå èìååò âèä (1), ïðè÷åì äâå èç òðåõ âñïîìîãàòåëüíûõ ïåðèîäè÷åñêèõ çà-
äà÷ äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ αijkh, βijkh è gijkh(t) (1 ≤ i, j, k, h ≤ 3)
çàäàþòñÿ ñèñòåìàìè äèôôåðåíöèàëüíûõ óðàâíåíèé, à òðåòüÿ � ñèñòåìîé
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ñïèñîê ëèòåðàòóðû
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ìàòåðèàëà ñ êàíàëàìè, çàïîëíåííûìè âÿçêîé ñæèìàåìîé æèäêîñòüþ // Èçâ. ÐÀÍ.
ÌÆÃ. 2011. � 2. Ñ. 92�103.
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Î ñòàáèëèçàöèîííûõ èíäåêñàõ
Øóòîâà À. È. (Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èì. Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)

Äëÿ ôèêñèðîâàííîãî n ∈ N ðàññìîòðèì ïðîñòðàíñòâî Sn ëèíåéíûõ ñè-
ñòåì ñ íåïðåðûâíûìè êîýôôèöèåíòàìè

ẋ = A(t)x, x ∈ Rn, t ∈ R+, (1)

íàäåëåííîå òîïîëîãèåé ðàâíîìåðíîé íà R+ ñõîäèìîñòè êîýôôèöèåíòîâ.

Îïðåäåëåíèå 1. Èíäåêñîì óñëîâíîé (ñîîòâåòñòâåííî, óñëîâíîé ýêñïî-
íåíöèàëüíîé) óñòîé÷èâîñòè inds(A) (indes(A)) ñèñòåìû (1) íàçîâåì ìàêñè-
ìàëüíîå ÷èñëî k, äëÿ êîòîðîãî ñèñòåìà (1) óñëîâíî óñòîé÷èâà (ñîîòâåòñòâåí-
íî, óñëîâíî ýêñïîíåíöèàëüíî óñòîé÷èâà) ñ èíäåêñîì k.

Îïðåäåëåíèå 2. Ñòàáèëèçàöèîííûì èíäåêñîì s(A) (ñîîòâåòñòâåííî,
es(A)) ñèñòåìû (1) íàçîâåì ìèíèìàëüíóþ ïîëóíåïðåðûâíóþ ñâåðõó ìàæî-
ðàíòó èíäåêñà óñëîâíîé (ñîîòâåòñòâåííî, óñëîâíîé ýêñïîíåíöèàëüíîé) óñòîé-
÷èâîñòè, ðàññìàòðèâàåìîãî êàê ôóíêöèÿ íà ïðîñòðàíñòâå Sn.

Ïóñòü M �íåêîòîðîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî, à A(·, ·) : M × R+ →
EndRn � ïðîèçâîëüíîå íåïðåðûâíîå îòîáðàæåíèå. Ðàññìîòðèì ôóíêöèè èç
M â {0, 1, . . . , n}, îïðåäåëÿåìûå ñëåäóþùèìè ôîðìóëàìè:

1◦. µ 7→ es(A(µ, ·));
2◦. µ 7→ s(A(µ, ·)).

Òåîðåìà 1. Ìíîæåñòâî òî÷åê ïîëóíåïðåðûâíîñòè ñâåðõó (ñíèçó) êàæ-
äîé èç ôóíêöèé 1◦ è 2◦ ïëîòíî â M .

398



Îïðåäåëåíèå 3. Ñâîéñòâî òî÷êè òîïîëîãè÷åñêîãî ïðîñòðàíñòâà íàçûâà-
åòñÿ òèïè÷íûì ïî Áýðó, åñëè ìíîæåñòâî òî÷åê, îáëàäàþùèõ ýòèì ñâîéñòâîì,
ñîäåðæèò âñþäó ïëîòíîå ìíîæåñòâî òèïàGδ (ïîä êîòîðûì ïîíèìàåòñÿ ïåðåñå-
÷åíèå ñ÷åòíîé ïîñëåäîâàòåëüíîñòè îòêðûòûõ ìíîæåñòâ). Òî÷êè, îáëàäàþùèå
òèïè÷íûì ñâîéñòâîì, áóäåì òàêæå íàçûâàòü òèïè÷íûìè.

Òåîðåìà 2. Ñóùåñòâóþò òàêèå ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî M
è íåïðåðûâíîå îòîáðàæåíèå A(·, ·) : M×R+ → EndRn, ÷òî â òèïè÷íîé òî÷-
êå ìíîæåñòâà M îòñóòñòâóåò ïîëóíåïðåðûâíîñòü ñíèçó êàæäîé èç ôóíê-
öèé 1◦ è 2◦, à ìíîæåñòâî òî÷åê íåïðåðûâíîñòè êàæäîé èç ýòèõ ôóíêöèé
ïóñòî.

Òåîðåìà 3. Ñóùåñòâóþò òàêèå ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî M
è íåïðåðûâíîå îòîáðàæåíèå A(·, ·) : M×R+ → EndRn, ÷òî â òèïè÷íîé òî÷-
êå ìíîæåñòâàM îòñóòñòâóåò ïîëóíåïðåðûâíîñòü ñâåðõó êàæäîé èç ôóíê-
öèé 1◦ è 2◦, à ìíîæåñòâî òî÷åê íåïðåðûâíîñòè êàæäîé èç ýòèõ ôóíêöèé
ïóñòî.

Òåîðåìû 1�3 ðåøàþò çàäà÷ó [1].

Ñïèñîê ëèòåðàòóðû

[1] Ìèëëèîíùèêîâ Â. Ì. Çàäà÷è î ñòàáèëèçàöèîííûõ èíäåêñàõ // Äèôôåðåíö. óðàâ-
íåíèÿ. 1993. Ò. 29, � 11. Ñ. 2017.

Î ïðîäîëæèìîñòè ðåøåíèé íåëèíåéíûõ
àëãåáðî�äèôôåðåíöèàëüíûõ ñèñòåì

Ùåãëîâà À. À. (Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ ñèñòåìà íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé

F (t, x(t), x′(t)) = 0, t ∈ R = (−∞,+∞), (1)

ãäå x(t) � èñêîìàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ; n-ìåðíàÿ âåêòîð-ôóíêöèÿ
F (t, x, y) îïðåäåëåíà íà ïðÿìîì ïðîèçâåäåíèè R × Rn × Rn; det ∂F (t,x,y)

∂y
≡ 0.

Cèñòåìû òàêîãî ðîäà íàçûâàþòñÿ àëãåáðî�äèôôåðåíöèàëüíûìè (ÀÄÑ). Ìå-
ðîé íåðàçðåøåííîñòè ÀÄÑ îòíîñèòåëüíî ïðîèçâîäíîé ñëóæèò öåëî÷èñëåííàÿ
âåëè÷èíà r : 0 ≤ r ≤ n, íàçûâàåìàÿ èíäåêñîì.

Âîïðîñ î íåîãðàíè÷åííîé ïðîäîëæèìîñòè ðåøåíèé íåëèíåéíûõ ÀÄÑ âè-
äà (1) èíäåêñà íåðàçðåøåííîñòè áîëüøå åäèíèöû â íàñòîÿùåå âðåìÿ îñòàåòñÿ
îòêðûòûì. Ýòî îáúÿñíÿåòñÿ äâóìÿ îñíîâíûìè ïðè÷èíàìè.

Èçâåñòåí ñëåäóþùèé ïîäõîä [1�3] ê äîêàçàòåëüñòâó òåîðåìû î ñóùåñòâî-
âàíèè ðåøåíèÿ çàäà÷è Êîøè x(t0) = x0. Ñòðîèòñÿ ñèñòåìà âèäà

x′(t) = f(t, x(t)), (2)

êîòîðàÿ ýêâèâàëåíòíà ÀÄÑ (1) â ñìûñëå ðåøåíèÿ. Ñèñòåìà (2) îïðåäåëåíà
â íåêîòîðîé îêðåñòíîñòè íà÷àëüíîé òî÷êè (t0, x0), ïîñêîëüêó ïîëó÷àåòñÿ êàê
÷àñòü êîìïîíåíò íåÿâíîé ôóíêöèè, óäîâëåòâîðÿþùåé r-ïðîäîëæåííîé ñèñòå-
ìå. Ïîä r-ïðîäîëæåííîé ñèñòåìîé ìîæíî ïîíèìàòü ñîâîêóïíîñòü ÀÄÑ (1) è r
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åå ïîëíûõ ïðîèçâîäíûõ ïî t, ðàññìàòðèâàåìóþ â êà÷åñòâå ñèñòåìû êîíå÷íûõ
óðàâíåíèé ñ íåçàâèñèìûìè ïåðåìåííûìè t, x, x′, x′′, . . . , x(r+1).

Äëÿ àíàëèçà ïðîáëåìû ïðîäîëæèìîñòè íóæíî, ÷òîáû ôóíêöèÿ f(t, x)
áûëà îïðåäåëåíà âñþäó â R × Rn. Òàêèì îáðàçîì, ïåðâàÿ èç ïðè÷èí ñâÿçà-
íà ñ íåîáõîäèìîñòüþ èñïîëüçîâàíèÿ äëÿ íàõîæäåíèÿ ñèñòåìû (2) íåêîòîðîãî
ãëîáàëüíîãî âàðèàíòà òåîðåìû î íåÿâíîé ôóíêöèè.

Âòîðàÿ ïðè÷èíà ñâÿçàíà ñ òåì, ÷òî ôóíêöèÿ f(t, x) çàâåäîìî äîëæíà
óäîâëåòâîðÿòü íåêîòîðîé îöåíêå, îãðàíè÷èâàþùåé ñêîðîñòü èçìåíåíèÿ (ïðî-
èçâîäíóþ) ðåøåíèÿ óðàâíåíèÿ (2) òàêèì îáðàçîì, ÷òîáû íîðìà ýòîãî ðåøåíèÿ
íå ìîãëà ñäåëàòüñÿ áåñêîíå÷íî áîëüøîé çà êîíå÷íîå âðåìÿ.

Â ðàáîòå ýòè òðóäíîñòè áûëè ïðåîäîëåíû, è áûëà äîêàçàíà òåîðåìà î
íåîãðàíè÷åííîé ïðîäîëæèìîñòè ðåøåíèé íåëèíåéíîé ÀÄÑ âèäà (1) ïðîèç-
âîëüíî âûñîêîãî èíäåêñà íåðàçðåøåííîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 10-01-00132, è ÑÎ ÐÀÍ,
Ìåæäèñöèïëèíàðíûé èíòåãðàöèîííûé ïðîåêò 107, Èíòåãðàöèîííûé ïðî-
åêò 85.
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Ïðèáëèæåííûå ôîðìóëû äëÿ ýôôåêòèâíûõ ìîäóëåé êîìïîçèòîâ è
îöåíêè èõ ïîãðåøíîñòè

Ýãëèò Ì. Ý. (ÌÃÓ èìåíè Ì. Â. Ëîìîíîñîâà, Ðîññèÿ)
ßêóáåíêî Ò. À. (Èíñòèòóò ìåõàíèêè ÌÃÓ, Ðîññèÿ)

Äëÿ âû÷èñëåíèÿ ýôôåêòèâíûõ ìîäóëåé êîìïîçèòîâ è ïîðèñòûõ ñðåä ïå-
ðèîäè÷åñêîé ñòðóêòóðû â ñëó÷àå, êîãäà îòíîøåíèå ε ìàñøòàáà íåîäíîðîäíî-
ñòè ê ãëîáàëüíîìó ëèíåéíîìó ìàñøòàáó ïðîöåññà ìàëî, ìîæíî èñïîëüçîâàòü
ìåòîä äâóõìàñøòàáíûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ïî ε. Ïðè ýòîì äëÿ íà-
õîæäåíèÿ âåëè÷èí ýôôåêòèâíûõ ìîäóëåé òðåáóåòñÿ ðåøåíèå òàê íàçûâàå-
ìûõ çàäà÷ íà ÿ÷åéêå. Äëÿ ñðåä ñëîæíîé ñòðóêòóðû ðåøåíèÿ çàäà÷ íà ÿ÷åéêå
ìîæíî ïîëó÷èòü òîëüêî ÷èñëåííî, ïîýòîìó ÿâíûå ôîðìóëû äëÿ ýôôåêòèâ-
íûõ ìîäóëåé îòñóòñòâóþò. Â ýòîé ðàáîòå ïðèâîäèòñÿ âûâîä ïðèáëèæåííûõ
ÿâíûõ ôîðìóë äëÿ ýôôåêòèâíûõ êîýôôèöèåíòîâ òåïëîïðîâîäíîñòè è óïðó-
ãîñòè êîìïîçèòîâ è ïîðèñòûõ ñðåä ñïåöèàëüíîé ñòðóêòóðû, â îïèñàíèè êîòî-
ðûõ, êðîìå ε, ïðèñóòñòâóþò äîïîëíèòåëüíûå ìàëûå ïàðàìåòðû. Äîêàçûâàåò-
ñÿ, ÷òî ïîãðåøíîñòü ýòèõ ôîðìóë ñòðåìèòñÿ ê íóëþ ïðè ñòðåìëåíèè ê íóëþ
äîïîëíèòåëüíûõ ìàëûõ ïàðàìåòðîâ. Äëÿ îïðåäåëåíèÿ è èññëåäîâàíèÿ âåëè-
÷èíû ïîãðåøíîñòè ÿâíûõ ôîðìóë â ñëó÷àå ìàëûõ, íî êîíå÷íûõ çíà÷åíèé ε è
äîïîëíèòåëüíûõ ïàðàìåòðîâ ïðîâîäèòñÿ âû÷èñëåíèå ýôôåêòèâíûõ ìîäóëåé
ñ ïîìîùüþ ðåøåíèÿ çàäà÷ íà ÿ÷åéêå è ïîëó÷åííûå âåëè÷èíû ñðàâíèâàþòñÿ
ñ ðàññ÷èòàííûìè ïî ÿâíûì ïðèáëèæåííûì ôîðìóëàì.
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Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû 09-01-00625à, 11-01-
00188à.
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Àñèìïòîòè÷åñêèé àíàëèç óðàâíåíèÿ äèôôóçèè-ïîãëîùåíèÿ ñ
áûñòðî è ñèëüíî îñöèëëèðóþùèì êîýôôèöèåíòîì ïîãëîùåíèÿ

Ýëüáåðò À. Å. (Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ, Åêàòåðèíáóðã,
Ðîññèÿ)

Ðàññìàòðèâàåòñÿ óðàâíåíèå Ãåëüìãîëüöà ñ áûñòðî îñöèëëèðóþùèì êîýô-
ôèöèåíòîì ïîãëîùåíèÿ è ïîñòîÿííûì êîýôôèöèåíòîì îòðàæåíèÿ. Îíî ìî-
äåëèðóåò ïîãëîùåíèå ñâåòà â ñðåäàõ, ñîäåðæàùèõ ïåðèîäè÷åñêîå ìíîæåñòâî
òîíêèõ ñîñóäîâ êðîâè. Ïðåäïîëàãàåòñÿ, ÷òî ïîãëîùåíèå ïðîèñõîäèò òîëüêî
âíóòðè ýòèõ ñîñóäîâ. Êîýôôèöèåíò îòðàæåíèÿ ïðåäïîëàãàåòñÿ ïîñòîÿííûì,
â òî âðåìÿ êàê êîýôôèöèåíò ïîãëîùåíèÿ ïðåäïîëàãàåòñÿ ìàëûì âåçäå, êðîìå
ìíîæåñòâà ïåðèîäè÷åñêèõ òîíêèõ ïîëîñ, ìîäåëèðóþùèõ ñîñóäû êðîâè, ãäå
êîýôôèöèåíò ïîãëîùåíèÿ ðàâåí áîëüøîìó ïàðàìåòðó ω. Â çàäà÷å èìåþòñÿ
äâà äðóãèõ ïàðàìåòðà: ε � îòíîøåíèå ðàññòîÿíèÿ ìåæäó îñÿìè ñîñóäîâ ê õà-
ðàêòåðíîìó ìàêðîñêîïè÷åñêîìó ðàçìåðó, è δ � îòíîøåíèå òîëùèíû òîíêèõ
ñîñóäîâ ê ïåðèîäó. Îáà ïàðàìåòðà ε è δ ïðåäïîëàãàþòñÿ ìàëûìè.

Îäíîìåðíàÿ ïîñòàíîâêà:

−u′′ + q
(x
ε

)
u = f(x), ξ = x/ε,

q(ξ) =


ω, 0 < ξ <

δ

2
,

0,
δ

2
< ξ < 1− δ

2
,

ω, 1− δ

2
< ξ < 1.

Ðàññìàòðèâàþòñÿ òðè ïîñòàíîâêè çàäà÷è: íà âñåé îñè R, ñ ïåðèîäè÷åñêèìè
ãðàíè÷íûìè óñëîâèÿìè, è êðàåâàÿ çàäà÷à Äèðèõëå.

Êëàññè÷åñêèé ìåòîä îñðåäíåíèÿ ïðèìåíèì òîëüêî â ñëó÷àå ε2ωδ → 0,
ωδ →∞, òîãäà êàê ïðè ε2ωδ → const èëè ε2ωδ →∞ îí íå ðàáîòàåò, è ïîñòðî-
åíèå àñèìïòîòè÷åñêèõ ïðèáëèæåíèé áûëî îòêðûòîé ïðîáëåìîé.

Ñòðîèòñÿ è îáîñíîâûâàåòñÿ àñèìïòîòè÷åñêîå ðåøåíèå â âèäå

u =
v(x)

ω
+

∞∑
k=0

εkNk
(x
ε

)
Dkv.

401



Äâóìåðíàÿ ïîñòàíîâêà:

−∂
2u

∂x2
1

− ∂2u

∂x2
2

+ q
(x1

ε

)
u = f(x1, x2).

Ñòðîèòñÿ àñèìïòîòè÷åñêîå ðåøåíèå â âèäå

u =
v(x1, x2)

ω
+

∞∑
k,j=0

εk+2jNk,2j(x1/ε)D
k,2jv(x1, x2).
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Î ñìåøàííîé çàäà÷å äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà

Þëäàøåâ Ò. Ê. (Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò,
Ðîññèÿ)

Â îáëàñòè D ðàññìàòðèâàåòñÿ óðàâíåíèå(
∂2

∂t2
− ∂2

∂x2

)2

u(t, x) = f((t, x, u(t, x)) (1)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè[
u(t, x)|t=0 = ϕ1(x), ut(t, x)|t=0 = ϕ2(x),

utt(t, x)|t=0 = ϕ3(x), uttt(t, x)|t=0 = ϕ4(x),
(2)

u(t, x)|x=0 = u(t, x)|x=l = uxx(t, x)|x=0 = uxx(t, x)|x=l = 0, (3)

ãäå f(t, x, u) ∈ C(D ×R), ϕi(x) ∈ C5(Dl),

ϕi(x)|x=0 = ϕi(x)|x=l = ϕ′′i (x)
∣∣
x=0

= ϕ′′i (x)
∣∣
x=l

= 0, i = 1, 4,

D ≡ DT ×Dl, DT ≡ [0, T ], Dl ≡ [0, l, ], Dl ≡ [0, l], 0 < l <∞, 0 < T <∞.
Ðàññìàòðèâàåòñÿ âîïðîñ îäíîçíà÷íîé ðàçðåøèìîñòè ñìåøàííîé çàäà÷è

äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ñîäåðæàùåãî êâàäðàò ãè-
ïåðáîëè÷åñêîãî îïåðàòîðà â ëåâîé ÷àñòè óðàâíåíèÿ. Èùåì ðåøåíèå ñìåøàí-
íîé çàäà÷è (1)�(3) â âèäå ðÿäà Ôóðüå [1]

u(t, x) =

∞∑
n=1

an(t) · bn(x), (t, x) ∈ D,

ãäå bn(x) =

√
2

l
sinλnx, λn =

nπ

l
, n = 1, 2, . . .

Îòìåòèì, ÷òî îáû÷íàÿ ìåòîäèêà ðàçäåëåíèÿ ïåðåìåííûõ â ñëó÷àå óðàâ-
íåíèÿ (1) íå ïðèìåíèìà, òî åñòü ïåðåìåííûå â ýòîì óðàâíåíèè íå ðàçäåëÿþò-
ñÿ. Áîëåå òîãî, ïðèìåíåíèå ðÿäà Ôóðüå ïîçâîëÿåò íàì â îòëè÷èå îò äðóãèõ
ðàáîò (ñì. íàïð. [2, 3]) îòêàçûâàòüñÿ îò íåïðåðûâíîé äèôôåðåíöèðóåìîñòè
ïðàâîé íåëèíåéíîé ÷àñòè óðàâíåíèÿ (1). Êðîìå òîãî, òàêîé ïîäõîä ïîçâîëÿåò
íàì íà îñíîâå ïðèíÿòèÿ èíòåãðàëüíîãî òîæäåñòâà ñâåñòè ñìåøàííóþ çàäà÷ó

402



ê ñ÷åòíîé ñèñòåìå íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé, îäíîçíà÷íàÿ ðàçðå-
øèìîñòü êîòîðîé äîêàçûâàåòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ñ
ïîìîùüþ ïðèíÿòîãî èíòåãðàëüíîãî òîæäåñòâà äîêàçûâàåòñÿ ñõîäèìîñòü ïî-
ëó÷åííîãî ðÿäà Ôóðüå.
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Îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ ñ îïåðàòîðîì
Ëàâðåíòüåâà-Áèöàäçå ñ äâóìÿ íåëîêàëüíûìè ãðàíè÷íûìè

óñëîâèÿìè
Þíóñîâà Ã. Ð. (Ñàìàðñêèé ãîñóäàðñòâåííûé àðõèòåêòóðíî-ñòðîèòåëüíûé

óíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì óðàâíåíèå ñ îïåðàòîðîì Ëàâðåíòüåâà�Áèöàäçå ñ íåèçâåñòíîé
ïðàâîé ÷àñòüþ

Lu = uxx + (sign y)uyy − b2u = f(x) (1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y) | 0 < x < 1,−α < y < β}, ãäå α > 0,
β > 0, b ≥ 0� çàäàííûå äåéñòâèòåëüíûå ÷èñëà.

Çàäà÷à 1 (Îáðàòíàÿ çàäà÷à). Íàéòè â îáëàñòè D ôóíêöèè u(x, y) è f(x),
óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

u(x, y) ∈ C1(D) ∩ C2(D− ∪D+); (2)

f(x) ∈ C(0, 1) ∩ L[0, 1]; (3)

Lu(x, y) ≡ f(x), (x, y) ∈ D− ∪D+; (4)

u(0, y) = u(1, y) = 0, −α ≤ y ≤ β; (5)

u(x,−α)− u(x, β) = ϕ(x), 0 ≤ x ≤ 1; (6)

uy(x,−α)− uy(x, β) = ψ(x), 0 ≤ x ≤ 1; (7)

u(x,−d) = g(x), 0 ≤ x ≤ 1, −α < −d < 0, (8)

ãäå ϕ(x), ψ(x), g(x)� çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ϕ(0) = ϕ(1) = 0,
ψ(0) = ψ(1) = 0, g(0) = g(1) = 0, D+ = D∩{y > 0}, D− = D∩{y < 0}, d > 0�
çàäàííîå äåéñòâèòåëüíîå ÷èñëî.

Ðàíåå êðàåâûå çàäà÷è ñ óñëîâèÿìè ïåðèîäè÷íîñòè âäîëü îñè y = 0 èçó-
÷àëèñü â ðàáîòàõ [1, 2]. Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1) â ïðÿìîóãîëüíîé
îáëàñòè D èçó÷åíà îáðàòíàÿ çàäà÷à (2)�(8) ñ äâóìÿ íåëîêàëüíûìè óñëîâèÿìè
(6) è (7), êîòîðûå ñâÿçûâàþò çíà÷åíèÿ èñêîìîãî ðåøåíèÿ è åå ïðîèçâîäíîé,
ïðèíàäëåæàùèõ ðàçíûì òèïàì ðàññìàòðèâàåìîãî óðàâíåíèÿ. Çäåñü íà îñíî-
âàíèè ðàáîòû [3] óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè è ìåòîäîì ñïåêòðàëü-
íûõ ðàçëîæåíèé ðåøåíèå ïîñòðîåíî â âèäå ñóììû ðÿäà ïî ñèñòåìå ñîáñòâåí-
íûõ ôóíêöèé ñîîòâåòñòâóþùåé îäíîìåðíîé ñïåêòðàëüíîé çàäà÷è. Äîêàçàíà
óñòîé÷èâîñòü ðåøåíèÿ ïî ãðàíè÷íûì óñëîâèÿì (6)�(8).
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Î âîññòàíîâëåíèè äèôôåðåíöèàëüíûõ ïîëèíîìèàëüíûõ ïó÷êîâ
Þðêî Â. À. (Ñàðàòîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)

Ðàññìîòðèì êðàåâóþ çàäà÷ó L âèäà

−y′′ + q(x)y = λy, x ∈ (0, π), q(x) ∈ L2(0, π), (1)

Uξ(y) := Rξ1(λ)y′(πξ) +Rξ0(λ)y(πξ) = 0, ξ = 0, 1, (2)

Rξk(λ) =

rξk∑
j=0

Rξkjλ
rξk−j , ξ, k = 0, 1, rξk ≥ 0. (3)

Ïóñòü äëÿ îïðåäåëåííîñòè rξ1 = rξ0 ≥ 0, ξ = 0, 1, Rξ10 = 1. ×åðåç
Zk = {zks}s=1,r0s

îáîçíà÷èì íóëè R0k(λ), k = 0, 1. Ïóñòü Φ(x, λ)�ðåøåíèå
óðàâíåíèÿ ïðè óñëîâèÿõ U0(Φ) = 1, U1(Φ) = 0. Ïîëîæèì M(λ) := Φ(0, λ).
ÔóíêöèÿM(λ) íàçûâàåòñÿ ôóíêöèåé Âåéëÿ äëÿ L. Ïóñòü {λn}n≥0 � ñîáñòâåí-
íûå çíà÷åíèÿ L êðàòíîñòåé mn (λn = λn+1 = . . . = λn+mn−1). Ïîëîæèì
S := {n : λn−1 6= λn}.

Òåîðåìà 1. Ñïðàâåäëèâî ïðåäñòàâëåíèå

M(λ) =
∑
n∈S

mn−1∑
ν=0

Mn+ν

(λ− λn)ν+1
, (4)

ãäå Mn+ν � êîýôôèöèåíòû ãëàâíîé ÷àñòè ðÿäà Ëîðàíà äëÿ M(λ) â îêðåñò-
íîñòè ïîëþñà λn.

Ìíîæåñòâî Ω := {λn,Mn}n≥0 íàçîâåì ñïåêòðàëüíûìè äàííûìè äëÿ L.
Èññëåäóåòñÿ îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ ïîòåíöèàëà q(x) ïî ñïåêòðàëü-
íûì äàííûì ïðè óñëîâèè, ÷òî Zk = {zks}s=1,r0s

, k = 0, 1, èçâåñòíû.

Òåîðåìà 2. Çàäàíèå ñïåêòðàëüíûõ äàííûõ Ω = {λn,Mn}n≥0 îäíîçíà÷íî
îïðåäåëÿåò ïîòåíöèàë q è êîýôôèöèåíòû êðàåâûõ óñëîâèé.

Ìåòîä äîêàçàòåëüñòâà ÿâëÿåòñÿ ðàçâèòèåì ìåòîäà ñïåêòðàëüíûõ îòîáðà-
æåíèé [1] è äàåò êîíñòðóêòèâíóþ ïðîöåäóðó ðåøåíèÿ îáðàòíîé çàäà÷è.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ
èññëåäîâàíèé è Íàöèîíàëüíîãî íàó÷íîãî ñîâåòà Òàéâàíÿ (ïðîåêòû 10-01-
00099 è 10-01-92001-ÍÍÑ).
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Ñïèñîê ëèòåðàòóðû

[1] Þðêî Â. À. Ââåäåíèå â òåîðèþ îáðàòíûõ ñïåêòðàëüíûõ çàäà÷. Ì.: Íàóêà, 2007.

Ýôôåêòû ôèëüòðàöèîííîãî òå÷åíèÿ â ïîðèñòûõ ñðåäàõ
ßêîâëåâ À. À. (Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé òåõíè÷åñêèé

óíèâåðñèòåò, ÐÍ-ÓôàÍÈÏÈíåôòü, Ðîññèÿ)

Ïðè èçó÷åíèè âûòåñíåíèÿ ôëþèäîâ â ïîðèñòîé ñðåäå ñóùåñòâåííû âî-
ïðîñû ñëîæíîñòè ïðîâîäèìûõ ïîñòðîåíèé, âû÷èñëåíèé è óñòîé÷èâîñòè ïîëó-
÷åííûõ ðåøåíèé. ×àñòî íà ïðàêòèêå äàííûå âîïðîñû àññîöèèðóþòñÿ ñ ïðî-
ñòûìè, �áûñòðûìè� äâóìåðíûìè (2D) è ñëîæíûìè, �ìåäëåííûìè� òðåõìåð-
íûìè (3D) ìîäåëÿìè. Îäíàêî, ââèäó îòñóòñòâèÿ àíàëèòè÷åñêîãî ðåøåíèÿ çà-
äà÷è ôèëüòðàöèè â 2D è â 3D, âîçíèêàåò íåîáõîäèìîñòü ÷èñëåííîãî ìîäå-
ëèðîâàíèÿ, è êàê ñëåäñòâèå, âîïðîñ îïðåäåëåíèÿ ïàðàìåòðîâ ñåòêè, åå ðàç-
ìåðîâ, òèïà, è çàäàíèÿ â íåé ôèëüòðàöèîííî-åìêîñòíûõ ñâîéñòâ (ÔÅÑ). Â
ñëó÷àå åñëè ëèíåéíûå ðàçìåðû íåîäíîðîäíîñòè ïëàñòà ìíîãî ìåíüøå õàðàê-
òåðíûõ ðàçìåðîâ èññëåäóåìîãî îáúåêòà (íàïðèìåð, ðàñ÷åòíîé ÿ÷åéêè ñåòêè,
ýëåìåíòà ðàçðàáîòêè), âîçìîæíî îñðåäíåíèå ñâîéñòâ ïîðèñòîé ñðåäû, îïðå-
äåëåíèå åå ýôôåêòèâíûõ õàðàêòåðèñòèê íà ðàññìàòðèâàåìîì îáúåêòå. Ïðè
ãåîëîãî-ãèäðîäèíàìè÷åñêîì ìîäåëèðîâàíèè ðàçðàáîòêè ìåñòîðîæäåíèé äàí-
íûé âîïðîñ ÿâëÿåòñÿ âàæíûì, ïîñêîëüêó ÔÅÑ ïëàñòà çàäàíû íåïðåðûâíûì
ñëó÷àéíûì îáðàçîì (ïîñðåäñòâîì ãåîñòîõàñòè÷åñêîãî ìîäåëèðîâàíèÿ). Áîëåå
òîãî, çàäà÷à îñëîæíÿåòñÿ íåäîñòàòî÷íî ðàçâèòûì ìàòåìàòè÷åñêèì àïïàðàòîì
îñðåäíåíèÿ ïðîöåññîâ â ñëó÷àéíûõ ñðåäàõ. Íàïðèìåð, ïðè îöåíêå ýôôåêòèâ-
íîé ïðîíèöàåìîñòè ñëó÷àéíûõ ñðåä äàæå âîïðîñ ïîëîæèòåëüíîñòè òåíçîðà
ïðîíèöàåìîñòè ìîæåò âûçûâàòü áîëüøèå çàòðóäíåíèÿ. Â ÷àñòíîñòè, äëÿ ýòîãî
íåîáõîäèìî ïðåäîïðåäåëåíèå ôàêòà ñâÿçíîñòè ñëó÷àéíîé ñòðóêòóðû, êîòîðîå
â ñâîþ î÷åðåäü ÿâëÿåòñÿ íåðåøåííîé êëþ÷åâîé çàäà÷åé òåîðèè ïåðêîëÿöèè.
Ôèçè÷åñêè ïðè çàâîäíåíèè ïëàñòà âîçìîæíî âîçíèêíîâåíèå íåóñòîé÷èâîñòè
ôðîíòà âûòåñíåíèÿ ñ îáðàçîâàíèåì

”
ïðîðûâîâ“ âûòåñíÿþùåãî àãåíòà îò íà-

ãíåòàòåëüíûõ ñêâàæèí ê äîáûâàþùèì. Äàííûé ôàêò ñâÿçàí ñ ïðîíèêíîâå-
íèåì (çà ñ÷åò ñëó÷àéíûõ âîçìóùåíèé) ÷àñòèö áîëåå ïîäâèæíîãî ôëþèäà â
îáëàñòü, çàíÿòóþ ìåíåå ïîäâèæíûì ôëþèäîì, ïðè ýòîì äâèæåíèå ÷àñòèö
óñêîðÿåòñÿ. Åñëè áîëåå ïîäâèæíûé ôëþèä ÿâëÿåòñÿ âûòåñíÿþùèì, ýòî ìî-
æåò ïðèâåñòè ê ðàçðàñòàíèþ âîçìóùåíèé (âîçíèêíîâåíèå âÿçêèõ ïàëüöåâ).
Ðàçíèöà â ïîäâèæíîñòÿõ, ðàçëè÷íîå íà÷àëüíîå íàñûùåíèå è ñàìà ñëó÷àéíàÿ
ñðåäà ïëàñòà óñëîæíÿþò ïðîöåññ ôèëüòðàöèè è ìîãóò âëèÿòü íà êîýôôèöè-
åíò èçâëå÷åíèÿ íåôòè (ÊÈÍ). Òàêèì îáðàçîì, ïðè îïðåäåëåíèè ýôôåêòèâíûõ
(îñðåäíåííûõ) õàðàêòåðèñòèê ïëàñòà (â òîì ÷èñëå, ïðè ïåðåõîäå èç 3D â 2D
èëè óêðóïíåíèè ñåòêè) íåîáõîäèìî çàáîòèòüñÿ î ñîõðàíåíèè ðîäà ôèëüòðàöè-
îííîãî òå÷åíèÿ. Â ðàáîòå ðàññìîòðåíû âîïðîñû îïèñàíèÿ ñëó÷àéíîé ñðåäû ñ
òî÷êè çðåíèÿ âûòåñíåíèÿ (ïîñðåäñòâîì ëèíèé òîêà) è ãåîìåòðèè (÷åðåç òîïî-
ëîãè÷åñêèå, ãåîìåòðè÷åñêèå è ïåðêîëÿöèîííûå õàðàêòåðèñòèêè). Ðàññìîòðå-
íû íåêîòîðûå êëþ÷åâûå çàäà÷è îñðåäíåíèÿ ñëó÷àéíûõ è ïåðèîäè÷åñêèõ ñðåä.
Ïîëó÷åíû íîâûå ýôôåêòû ôèëüòðàöèîííîãî òå÷åíèÿ â ñëó÷àéíûõ è îäíî-
ðîäíûõ ñðåäàõ. Ïîêàçàíî âîçìîæíîå óâåëè÷åíèå êîýôôèöèåíòà èçâëå÷åíèÿ
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íåôòè â íåîäíîðîäíûõ ñðåäàõ ïîñðåäñòâîì ñîçäàíèÿ òî÷å÷íûõ âîçìóùåíèé
ôðîíòà âûòåñíåíèÿ íà íàãíåòàòåëüíûõ ñêâàæèíàõ.

Ïðîáëåìà Ï. Ë. ×åáûøåâà îá èíòåãðàëüíûõ íåðàâåíñòâàõ (ñ
ïîñòîÿííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ)

ßêóáîâ À. ß. (×å÷åíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
ßêóáîâ ß. À. (Äàãåñòàíñêèé ôèëèàë ÎÀÎ ÐóñÃèäðî, Ðîññèÿ)

Â 1882 ã. Ï. Ë. ×åáûøåâ [1] äëÿ èíòåãðàëüíûõ ñðåäíèõ çíà÷åíèé ôóíêöèé
f , g è f · g ïîëó÷àë èíòåãðàëüíîå íåðàâåíñòâî(∫ b

a

fgdt

)
/

∫ b

a

dt >

(∫ b

a

fdt ·
∫ b

a

pgdt

)
/

(∫ b

a

pdt

)2

, (1)

åñëè îáå ôóíêöèè f è g âîçðàñòàþò èëè îáå óáûâàþò íà [a, b], è îáðàòíîå
íåðàâåíñòâî, åñëè îäíà ôóíêöèÿ âîçðàñòàåò, äðóãàÿ óáûâàåò íà [a, b]. Íåðà-
âåíñòâà (1) âûçâàëè îñîáûé èíòåðåñ ìíîãèõ ìàòåìàòèêîâ âñåãî ìèðà (Ø. Ïè-
êàð, Ø. Ýðìèò è ò. ä.) â ñâÿçè ñ øèðîêèìè âîçìîæíîñòÿìè èõ ïðèëîæåíèÿ,
è ðåøàëèñü âîïðîñû ðàñïðîñòðàíåíèÿ èõ íà áîëåå øèðîêèå êëàññû ôóíêöèé,
÷åì êëàññ ìîíîòîííûõ ôóíêöèé.

Â ðàáîòå äàåòñÿ îïèñàíèå âñåõ èçìåðèìûõ ôóíêöèé, äëÿ êîòîðûõ èìåþò
ìåñòî íåðàâåíñòâà ×åáûøåâà.

Ïóñòü Ωba � n-ìåðíûé áðóñ â Rn.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî èçìåðèìûå íà áðóñå Ωa,b ôóíêöèè
f è g èíòåãðàëüíî ñèíõðîííû íà Ωa,b, åñëè êâàäðàòè÷íàÿ ôîðìà

ψ(u, v) =

∫ b

a

∫ b

a

p(t)p(y)[f(t)u− f(y)v][g(t)u− g(y)v] dtdy

ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé íà Ωa,b, è èíòåãðàëüíî àíòèñèíõðîííû
íà Ωa,b, åñëè êâàäðàòè÷íàÿ ôîðìà

ψ(u, v) =

∫ b

a

∫ b

a

p(t)p(y)[f(t)u− f(y)v][g(t)u− g(y)v] dtdy

ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé íà Ωa,b äëÿ âñåõ íåòðèâèàëüíûõ h =
h(u, v) ∈ R2.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû èçìåðèìûå íà Ωa,b ôóíêöèè f è g óäîâëå-
òâîðÿëè ïðÿìûì (îáðàòíûì) íåðàâåíñòâàì ×åáûøåâà, íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû ôóíêöèè f è g áûëè èíòåãðàëüíî ñèíõðîííû (ñîîòâåòñòâåí-
íî, àíòèñèíõðîííû) íà Ωa,b [2].

Ýòà ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 08-01-00441.

Ñïèñîê ëèòåðàòóðû

[1] ×åáûøåâ Ï. Ë. O ïðèáëèæåííûõ âûðàæåíèÿõ îäíèõ èíòåãðàëîâ ÷åðåç äðóãèå, âçÿ-
òûå â òåõ æå ïðåäåëàõ // Ñîîáù. è ïðîòîê. çàñ. Ìàò. îáù. ïðè Õàðüêîâñêîì Èìï.
Óíèâ., II, 1882, 93�98.

[2] Yakubov Ya. A Convolutions of weakly sinchronous functions // Integral Transforms and
Special Functions, 8(3-4): 287�298, 1999.
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Ëèíåéíûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ âòîðîãî
ïîðÿäêà ñ íåêëàññè÷åñêèì ïîâåäåíèåì ðåøåíèé

ßêóáîâ Â. ß. (Ìîñêîâñêèé ãîñóäàðñòâåííûé èíñòèòóò ýëåêòðîíèêè è
ìàòåìàòèêè, Ðîññèÿ)

Èçâåñòíî, ÷òî ëèíåéíûå óðàâíåíèÿ âòîðîãî ïîðÿäêà ðàçëè÷íûìè ñïîñî-
áàìè (ñì., íàïðèìåð, [3]) ìîæíî ïðèâåñòè ê òàê íàçûâàåìîìó ñòàíäàðòíîìó
âèäó y′′+a(x)y = 0, êîòîðûé, â ñâîþ î÷åðåäü, ïðè a(x) > 0 ïðèâîäèòñÿ ê âèäó

y′′ + (1 + ϕ(x))y = 0. (1)

Äî òðèäöàòûõ ãîäîâ äâàäöàòîãî âåêà ñ÷èòàëîñü, ÷òî åñëè âûïîëíåíî óñëîâèå

lim
x→∞

ϕ(x) = 0, (2)

òî âñå ðåøåíèÿ óðàâíåíèÿ (1) îãðàíè÷åíû è, ñëåäîâàòåëüíî, óðàâíåíèå (1)
óñòîé÷èâî. Â 1929 ãîäó Ï. Ôàòó [1] äàæå îïóáëèêîâàë äîêàçàòåëüñòâî ýòîãî
ôàêòà, îäíàêî îíî îêàçàëîñü îøèáî÷íûì, èáî â 1930 ãîäó Î. Ïåððîí [2] ïî-
ñòîðîèë óðàâíåíèå âèäà (1) ñ óñëîâèåì (2), ðåøåíèå êîòîðîãî âåëî ñåáÿ ïðè
x→∞ êàê

√
x è, òàêèì îáðàçîì, íå ÿâëÿëîñü îãðàíè÷åííûì.

Íàì óäàëîñü ïîñòðîèòü óðàâíåíèÿ âèäà (1), êîýôôèöèåíòû ϕ êîòîðûõ
óäîâëåòâîðÿþò óñëîâèþ (2), è ýòè óðàâíåíèÿ èìåþò ðåøåíèÿ, âûðàæåííûå â
ýëåìåíòàðíûõ ôóíêöèÿõ, è ìàêñèìóìû ìîäóëåé êîòîðûõ ïðè x → ∞ ðàñòóò
êàê ëîãàðèôìè÷åñêàÿ, ñòåïåííàÿ è äàæå êàê ýêñïîíåíöèàëüíàÿ ôóíêöèè.

Îñíîâíûå ðåçóëüòàòû.

1◦. Óðàâíåíèå

y′′ +

(
1 +

8α

t ln t

(
sin 2x− 2

t

(
1 +

α− 1

ln t

)
cos4 x

))
y = 0,

ãäå t = 2x+ sin 2x, èìååò ðåøåíèå y = | ln t|α−1 ln t cosx, t > 0, t 6= 1,
α > 0.

2◦. Óðàâíåíèå

y′′ +

(
1 +

8α

t

(
sin 2x− 2(α− 1)

t
cos4 x

))
y = 0,

ãäå t = 2x+ sin 2x, èìååò ðåøåíèå y = tα cosx, t > 0, α > 0.
3◦. Óðàâíåíèå

y′′ +

(
1 +

8α

t1−α

(
sin 2x− 2

t1−α

(
α+

α− 1

tα

)
cos4 x

))
y = 0,

ãäå t = 2x+ sin 2x, èìååò ðåøåíèå y = exp tα cosx, t > 0, 0 < α < 1.

Çàìåíÿÿ â ïðåäûäóùèõ óðàâíåíèÿõ cos4 x íà sin4 x è ïîëàãàÿ
t = 2x− sin 2x, ïîëó÷èì ñåìåéñòâà óðàâíåíèé, ðåøåíèÿ êîòîðûõ ïîëó÷àþòñÿ
èç ñîîòâåòñâóþùèõ ðåøåíèé óðàâíåíèé, ïðèâåäåííûõ âûøå, çàìåíîé cosx íà
sinx.
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[1] Fatou P. // C.R. Acad. Sci. Paris 1929. V. 189.
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Ñèñòåìà óðàâíåíèé äâèæåíèÿ âîçäóõà ñ ôàçîâûì ïåðåõîäîì âîäû
ßøèìà-Ôóæèòà Õ. (Ãîñóäàðñòâåííûé óíèâåðñèòåò Ãýëüìà, Àëæèð;

Ãîñóäàðñòâåííûé óíèâåðñèòåò Òóðèí, Èòàëèÿ)

Ìû ðàññìàòðèâàåì ñèñòåìó óðàâíåíèé, êîòîðàÿ ìîäåëèðóåò äâèæåíèå
âîçäóõà ñ ôàçîâûì ïåðåõîäîì âîäû â àòìîñôåðå (ääÿ îïèñàíèÿ ôèçè÷åñêèõ
ïðîöåññîâ, ñì. [1]) Èñêîìûìè ôóíêöèÿìè ñèñòåìû ÿâëÿþòñÿ ñêîðîñòü âîç-
äóõà v(x, t), òåìïåðàòóðà T (x, t), ïëîòíîñòè ñóõîãî âîçäóõà %(x, t), âîäÿíîãî
ïàðà π(x, t), æèäêîé âîäû σ(m,x, t) è âîäÿíîãî êðèñòàëëà ν(m,x, t) (m � ìàñ-
ñà êàïëè èëè ëåäÿíîãî êóñêà), à äàâëåíèå p(x, t) è ñêîðîñòè êàïåëü u(x, t) è
ëåäÿíûõ êóñêîâ w(x, t) îïðåäåëÿþòñÿ ôóíêöèÿìè

p = p(%, π, T ), u = u(m, v), w = w(m, v).

Íàøà ñèñòåìà ñîñòîèò èç ñëåäóþùèõ óðàâíåíèé:

(%+ π)
(
∂tv + (v · ∇)v

)
= η∆v + (ζ + η/3)∇(∇ · v)+

−∇p−
[ ∫ ∞

0

(σ(m) + ν(m))dm+ %+ π
]
∇Φ, (1)

(%+ π)cv(∂tT + v · ∇T ) = κ∆T − p∇ · ~v+

+ η

3∑
i,j=1

( ∂vi
∂xj

+
∂vj
∂xi
− 2

3
δij∇ · v

) ∂vi
∂xj

+ ζ(∇ · v)2+

+ LglHgl + LlsHls + LgsHgs + E, (2)

∂t%+∇ · (%v) = 0, (3)

∂tπ +∇ · (πv) = −Hgl(T, π, σ(·))−Hgs(T, π, ν(·)), (4)

∂tσ +∇ · (σu) +
∂(mhglσ)

∂m
= hglσ + F (m,T, π, σ, ν), (5)

∂tν +∇ · (νw) +
∂(mhgsν)

∂m
= hgsν +G((m,T, π, σ, ν), (6)

ãäå Hgl, Hls, Hgs � êîëè÷åñòâà êîíäåíñàöèè, îòâåðäåíèÿ è ñóáëèìàöèè, Lgl,
Lls, Lgs � ñêðûòîå òåïëî, E � èñòî÷íèê òåïëà, hgl = hgl(m), hgs = hgs(m) �
êîëè÷åñòâà êîíäåíñàöèè è ñóáëèìàöèè íà êàïëå è êðèñòàëëå ìàññû m. Ôàçî-
âûé ïåðåõîä âîäû îïðåäåëÿåòñÿ ðàçíîñòüþ π−πvs(T ), ãäå π̄vs(T ) � ïëîòíîñòè
íàñûùåííîãî ïàðà.

Ìû äîêàçûâàåì ñóùåñòâîâàíèå è åäèíñòâåííîñòü ëîêàëüíîãî ðåøåíèÿ
ëåãêî ìîäèôèöèðîâàííîé ñèñòåìû óðàâíåíèé (1)�(6) (ñì. [2]; ñì. òàêæå [3],
[4]).

408



Ñïèñîê ëèòåðàòóðû

[1] Ìàòâååâ Ë. Ò. Ôèçèêà àòìîñôåðû. Ë.: Ãèäðîìåòåîèçäàò, 1965.
[2] Selvaduray S., Fujita Yashima H. Equazioni del moto dell'aria con la transizione di fase

dell'acqua nei tre stati: gassoso, liquido e solido // Quaderno Dip. Mat. Univ. Torino,
� 16 (2010).

[3] Fujita Yashima H., Campana V., Aissaoui M. Z. Syst�eme d'�equations d'un mod�ele du
mouvement de l'air impliquant la transition de phase de l'eau dans l'atmosph�ere // �a
para��tre sur Ann. Math. Africaines.

[4] Belhireche H., Aissaoui Z. M., Fujita Yashima H. Equations monodimensionnelles du
mouvement de l'air avec la transition de phase de l'eau // �a para��tre sur Sciences Techn.
Univ. Constantine.

409



Author Index

Abramov S. A. sergeyabramov@mail.ru . . . . . . . . . . . . . . . . . . . . . . . 5
Akimova E. A. akimovaea@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Albeverio S. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .7
Amirat Y. Youcef.Amirat@math.univ-bpclermont.fr . . . . . 19
Artamonov D. V. artamonov.dmitri@gmail.com . . . . . . . . . . . . . . . . . 8
Artamonov N. V. nikita.artamonov@gmail.com . . . . . . . . . . . . . . . . . . 8
Asanova A. T. anarasanova@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Aseev S. M. aseev@mi.ras.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .10
Astashova I. V. ast@di�ety.ac.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . .11
Azizov T. Ya. azizov@math.vsu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Baderko E. A. baderko.ea@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . 13
Bakharev F. L. fbakharev@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . 13
Bakirova E. A. bakirova1974@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . 36
Bankevich S. V. Sergey.Bankevich@gmail.com . . . . . . . . . . . . . . . . 14
Belishev M. I. belishev@pdmi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . 15
Berlyand L. V. berlyand@math.psu.edu. . . . . . . . . . . . . . . . . . . . . .16
Besov K. O. kbesov@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Bilalov B. T. bilalov.bilal@gmail.com . . . . . . . . . . . . . . . . . . . . . . 16
Blank M. L. blank@iitp.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
Bodart O. Olivier.Bodart@math.univ-bpclermont.fr . . . . . 19
Bogdanov L. V. leonid@itp.ac.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
Borisov D. I. borisovdi@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . 21
Bratus A. S. alexander.bratus@yandex.ru . . . . . . . . . . . . . . . . . 22

Chalkina N. A. chalkinan@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
Chepyzhov V. V. chep@iitp.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
Chertock A. chertock@math.ncsu.edu . . . . . . . . . . . . . . . . . . . . . 25
Chiado' Piat V. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
Chueshov I. D. chueshov@univer.kharkov.ua . . . . . . . . . . . . . . . . . 25
Cianci P. cianci@dmi.unict.it . . . . . . . . . . . . . . . . . . . . . . . . . . 26
Cojuhari P. A. cojuhari@agh.edu.pl . . . . . . . . . . . . . . . . . . . . . . . . . 27
Crowley D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

D'Asero S. dasero@dmi.unict.it . . . . . . . . . . . . . . . . . . . . . . . . . . 26
Damlamian A. damla@u-pec.fr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
Davydov A. A. davydov@vlsu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
Demchenko M. N. demchenko@pdmi.ras.ru . . . . . . . . . . . . . . . . . . . . . 29
Demidov A. S. alexandre.demidov@mtu-net.ru. . . . . . . . . . . . . . .30
De Maio U. udemaio@unina.it . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
Dmitruk A. V. dmitruk@member.ams.org . . . . . . . . . . . . . . . . . . . 32
Dostoglou S. dostoglous@missouri.edu . . . . . . . . . . . . . . . . . . . . . 33
Dudnikova T. V. tdudnikov@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . .34
Durante T. durante@diima.unisa.it. . . . . . . . . . . . . . . . . . . . . . .35
Dzhumabaev D. S. dzhumabaev@list.ru. . . . . . . . . . . . . . . . . . . . . . . . . .36

Edneral V. F. Sr. edneral@theory.sinp.msu.ru . . . . . . . . . . . . . . . . . . 37
410



Faminskii A. V. afaminskii@sci.pfu.edu.ru . . . . . . . . . . . . . . . . . . . . 38
Filimonenkova N. V. nf33@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
Filinovskiy A. V. �nv@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
Filonov N. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Galakhov E. I. galakhov@rambler.ru. . . . . . . . . . . . . . . . . . . . . . . . .41
Gallagher I. gallagher@math.jussieu.fr . . . . . . . . . . . . . . . . . . . . 41
Ganebny S. A. nordwinder@gmail.com . . . . . . . . . . . . . . . . . . . . . . 42
Gaudiello A. gaudiell@unina.it . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
Gladkov A. L. gladkoval@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
Goloubeva V. A. goloubeva@yahoo.com . . . . . . . . . . . . . . . . . . . . . . . . 8
Golovina A. M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
Golubyatnikov V. P. glbtn@math.nsc.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
Gorbachuk M. L. imath@horbach.kiev.ua . . . . . . . . . . . . . . . . . . . . . . 48
Gorbachuk V. I. imath@horbach.kiev.ua . . . . . . . . . . . . . . . . . . . . . . 48
Gorin E. A. evgeny.gorin@mtu-net.ru . . . . . . . . . . . . . . . . . . . . . 49
Goritsky A. Yu. goritsky@mech.math.msu.su . . . . . . . . . . . . . . . . . 23
Gorshkov A. V. armcon@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
Grines V. Z. vgrines@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
Gurevich E. Ya. els93@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
Guseynov Z. G. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
Gutu V. vgutu@yahoo.com . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Hel�er B. Bernard.Hel�er@math.u-psud.fr . . . . . . . . . . . . . . 53

Ilyashenko Yu. S. yulij@math.cornell.edu . . . . . . . . . . . . . . . . . . . . . . . 54
Ivankov P. R. monstr3d@korolev-net.ru. . . . . . . . . . . . . . . . . . . . .55
Ivochkina N. M. _ninaiv@1570.spb.edu . . . . . . . . . . . . . . . . . . . . . . . 56

Kachkovskiy I. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
Kalyabin G. A. gennadiy.kalyabin@gmail.com . . . . . . . . . . . . . . . . 56
Kaniovski S. Yu. serguei.kaniovski@wifo.ac.at . . . . . . . . . . . . . . . . . .10
Kapustyan A. V. alexkap@univ.kiev.ua . . . . . . . . . . . . . . . . . . . . . . . . 57
Karazeeva N. A. karazeev@pdmi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . 58
Karulina E. S. karulinaes@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . 59
Kazmierczak A. akaz@math.uni.lodz.pl . . . . . . . . . . . . . . . . . . . . . . . 60
Khmelnov D. E. denis.khmelnov@gmail.com. . . . . . . . . . . . . . . . . . . .5
Kitavtsev G. Georgy.Kitavtsev@mis.mpg.de . . . . . . . . . . . . . . . 61
Koca B. B. basakoca@istanbul.edu.tr . . . . . . . . . . . . . . . . . . . 104
Kochubei A. N. kochubei@i.com.ua . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
Kolonitskii S. B. sergey.kolonitskii@gmail.com . . . . . . . . . . . . . . . . . 63
Komech A. I. akomech@iitp.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
Kon'kov A. A. konkov@mech.math.msu.su . . . . . . . . . . . . . . . . . . 64
Kopylova E. A. ek@iitp.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
Kordyukov Y. A. yurikor@matem.anrb.ru . . . . . . . . . . . . . . . . . . . . . . 53
Korobkov M. V. korob@math.nsc.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 66
Koroleva Yu. O. Yulia.Koroleva@ltu.se . . . . . . . . . . . . . . . . . . . . . . . . 67
Korotkova O. korotkova@physics.miami.edu . . . . . . . . . . . . . . . 108
Kostenko A. S. duzer80@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . . 68

411



Kovalevsky A. A. alexkvl@iamm.ac.donetsk.ua . . . . . . . . . . . . . . . . . 69
Kudryavtseva E. A. eakudr@mech.math.msu.su. . . . . . . . . . . . . . . . . . .69
Kuksin S. B. kuksin@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
Kumkov S. S. sskumk@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . . 42
Kurganov A. kurganov@math.tulane.edu . . . . . . . . . . . . . . . . . . 25

Lakshtanov E. lakshtanov@ua.pt . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
Laurencot P. laurenco@math.univ-toulouse.fr . . . . . . . . . . . . . . 61
Le Menec S. stephane.le-menec@mbda-systems.com . . . . . . . 42
Loheac J. loheac@iecn.u-nancy.fr . . . . . . . . . . . . . . . . . . . . . . . 73
Loheac J.-P. Jean-Pierre.Loheac@ec-lyon.fr . . . . . . . . . . . . . . . .73
Lokutsievskiy L. V. lion.lokut@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . 74

Makhrova E. N. elena-makhrova@mail.ru . . . . . . . . . . . . . . . . . . . . . 74
Maksimov V. P. maksimov@econ.psu.ru. . . . . . . . . . . . . . . . . . . . . . .75
Malkin M. I. malkin@unn.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
Meirmanov A. M. meirmanov@bsu.edu.ru . . . . . . . . . . . . . . . . . . . . . . 77
Mel'nyk T. A. melnyk@imath.kiev.ua . . . . . . . . . . . . . . . . . . . . . . . 78
Melnikova I. V. Irina.Melnikova@usu.ru . . . . . . . . . . . . . . . . . . . . . . 79
Merzon A. E. anatoli@ifm.umich.mx . . . . . . . . . . . . . . . . . . . . . . . 79
Mikhailov A. V. A.V.Mikhailov@Leeds.ac.uk . . . . . . . . . . . . . . . . . . 80
Misiats O. O. misiats@math.psu.edu . . . . . . . . . . . . . . . . . . . . . . . 16
Molchanov S. smolchan@uncc.edu . . . . . . . . . . . . . . . . . . . . . . . . . . 81
Motovilov A. K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .7

Namlyeyeva Yu. V. namleeva@iamm.ac.donetsk.ua . . . . . . . . . . . . . . . 81
Nazarov A. I. al.il.nazarov@gmail.com. . . . . . . . . . . . . . . . . . . . . .82
Nazarov S. A. srgnazarov@yahoo.co.uk . . . . . . . . . . . . . . . . . . . . . 82
Nefedov N. N. nefedov@phys.msu.ru . . . . . . . . . . . . . . . . . . . . . . . . 83
Nicolosi F. fnicolosi@dmi.unict.it . . . . . . . . . . . . . . . . . . . . . . . . 84
Niethammer B. niethammer@maths.ox.ac.uk . . . . . . . . . . . . . . . . . 61
Novozhilov A. S. anovozhilov@gmail.com . . . . . . . . . . . . . . . . . . . . . . 22

Ortiz-Bobadilla L. laura@matem.unam.mx . . . . . . . . . . . . . . . . . . . . . . 84
Ovchinnikov V. I. vio@thebat.net. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .85

Pagani C. D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
Panasenko G. P. grigory.panasenko@univ-st-etienne.fr . . . . . . . . . 86
Paneah B. peter@tx.technion.ac.il . . . . . . . . . . . . . . . . . . . . . . . 87
Pankov A. V. cold�ame@ukr.net . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
Pankrashkin K. konstantin.pankrashkin@math.u-psud.fr . . . . . . 88
Pankratova I. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
Panov E. Yu. Eugeny.Panov@novsu.ru . . . . . . . . . . . . . . . . . . . . . 89
Patsko V. S. patsko@imm.uran.ru . . . . . . . . . . . . . . . . . . . . . . . . . 42
Paziy N. pazii@csu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
Penskoi A. V. penskoi@mccme.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
Persson L.-E. Lars-Erik.Persson@ltu.se . . . . . . . . . . . . . . . . . . . . . 67
Pettersson K. klapet@hin.no . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
Piatnitski A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

412



Pierotti D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
Piskarev S. I. piskarev@gmail.com. . . . . . . . . . . . . . . . . . . . . . . . . .91
Plamenevskii B. A. boris.plamen@gmail.com . . . . . . . . . . . . . . . . . . . . . 92
Plotnikov P. I. plotnikov@hydro.nsc.ru . . . . . . . . . . . . . . . . . . . . . . 93
Pochinka O. V. olga-pochinka@yandex.ru . . . . . . . . . . . . . . . . . . . . 94
Polizzi A. apolizz@tulane.edu . . . . . . . . . . . . . . . . . . . . . . . . . . 25
Polosin A. A. alexei-polosin@mail.ru . . . . . . . . . . . . . . . . . . . . . . . 94
Popov I. Yu. popov@mail.ifmo.ru. . . . . . . . . . . . . . . . . . . . . . . . . .95
Posvyanskii V. P. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
Pribyl' M. A. marina.pribyl@gmail.com . . . . . . . . . . . . . . . . . . . . 96
Pyatkov S. G. pyatkov@math.nsc.ru . . . . . . . . . . . . . . . . . . . . . . . . 97

Rautian N. A. nrautian@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
Reinfelds A. reinf@latnet.lv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
Rogosin S. V. rogosinsv@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . 99
Romanovski V. G. valery.romanovsky@uni-mb.si . . . . . . . . . . . . . . . . 37
Romanov R. morovom@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . 99
Rosales-Gonzalez E. ernesto@matem.unam.mx . . . . . . . . . . . . . . . . . . . . 84
Rossovskii L. E. lrossovskii@gmail.com . . . . . . . . . . . . . . . . . . . . . . 100
Rozanova O. S. rozanova@mech.math.msu.su . . . . . . . . . . . . . . . 101
Rudnev V. Yu. vrudnev78@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 102
Ruotsalainen K. keijo.ruotsalainen@ee.oulu.� . . . . . . . . . . . . . . . . . 13
Ryabov P. E. orelryabov@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 103
Rybalko V. O. vrybalko@ilt.kharkov.ua . . . . . . . . . . . . . . . . . . . . . 16

Sadik N. sadnaz@istanbul.edu.tr . . . . . . . . . . . . . . . . . . . . . 104
Sadyrbaev F. felix@latnet.lv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
Samylovskiy I. A. camarada.sam@gmail.com . . . . . . . . . . . . . . . . . . . 32
Sarafanov O. V. saraf@math.nw.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 105
Savchuk A. M. artem_savchuk@mail.ru . . . . . . . . . . . . . . . . . . . . 106
Sazhenkov S. A. sazhenkovs@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 106
Scheid J.-F. scheid@iecn.u-nancy.fr . . . . . . . . . . . . . . . . . . . . . . . 73
Shamaev A. S. sham@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
Shamarov N. N. nshamarov@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 107
Shchepakina E. shchepakina@yahoo.com . . . . . . . . . . . . . . . . . . . . 108
Shelkovich V. M. shelkv@yahoo.com . . . . . . . . . . . . . . . . . . . . . . . . . . 109
Shilkin T. N. shilkin@pdmi.ras.ru. . . . . . . . . . . . . . . . . . . . . . . . .110
Shirikyan A. R. Armen.Shirikyan@u-cergy.fr . . . . . . . . . . . . . . . . 110
Shishkov A. E. shishkov@iamm.ac.donetsk.ua. . . . . . . . . . . . . . .111
Sivak O. A. maos@swansea.ac.uk . . . . . . . . . . . . . . . . . . . . . . . . 112
Skopenkov A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
Skubachevskii A. L. skub@lector.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .112
Sokolowski J. Jan.Sokolowski@iecn.u-nancy.fr . . . . . . . . . . . . . . 60
Solonukha O. V. solonukha@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . 113
Strelkova N. P. n.strelk@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . 113
Suslina T. A. suslina@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Tasevich A. L. atasevich@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 100
413



Tchadov A. L. alchadov@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . 75
Temesheva S. M. nur15@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
Tkachenko V. I. vitk@imath.kiev.ua . . . . . . . . . . . . . . . . . . . . . . . . . 117
Tonkonog D. I. dtonkonog@gmail.com . . . . . . . . . . . . . . . . . . . . . . 117
Treschev D. V. treschev@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
Trinh Thi Diep L. dieplinhsptn@yahoo.com.vn . . . . . . . . . . . . . . . . . . 28
Tucsnak M. tucsnak@iecn.u-nancy.fr . . . . . . . . . . . . . . . . . . . . . .73

Ural'tseva N. N. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

Vainberg B. brvainbe@uncc.edu . . . . . . . . . . . . . . . . . . . . . . . . . . 72
Valero J. jvalero@umh.es . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
Varin V. P. varin@keldysh.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
Vasilevskaya E. S. vasilevskaya-e@yandex.ru . . . . . . . . . . . . . . . . . . . 115
Vlasov V. V. vicvvlasov@rambler.ru . . . . . . . . . . . . . . . . . . . . . . 120
Vyugin I. V. vyugin@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Wall P. Peter.Wall@ltu.se . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
Wang X. xdw@math.tulane.edu . . . . . . . . . . . . . . . . . . . . . . 122
Wilczynski P. pawel.wilczynski@uj.edu.pl . . . . . . . . . . . . . . . . . .122
Wu Y. yaping-wu@hotmail.com . . . . . . . . . . . . . . . . . . . . 122

Zelikin M. I. mzelikin@mtu-net.ru . . . . . . . . . . . . . . . . . . . . . . . . . 74
Zhikov V. V. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
Zhumatov S. S. sailau.math@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . 123
Zimin R. N. reshat85@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
Zochowski A. zochowsk@ibspan.waw.pl. . . . . . . . . . . . . . . . . . . . .60

Àáäðàõìàíîâ À. Ì. abdrai@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
Àâñÿíêèí Î. Ã. avsyanki@math.rsu.ru . . . . . . . . . . . . . . . . . . . . . . 125
Àãàäæàíîâ À. Í. ashot_ran@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 126
Àãîøêîâ Â. È. agoshkov@inm.ras.ru . . . . . . . . . . . . . . . . . . . . . . . 127
Àãðàíîâè÷ Ì. C. magran@orc.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
Àäëåð Â. Ý. adler@itp.ac.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
Àêñåíîâ À. Â. aksenov@mech.math.msu.su . . . . . . . . . . . . . . . . 130
Àëèåâ À. Ð. alievaraz@yahoo.com . . . . . . . . . . . . . . . . . . . . . . . 275
Àëõèìîâ Â. È. alvaliv@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
Àëõóòîâ Þ. À. yurij-alkhutov@yandex.ru . . . . . . . . . . . . . . . . . . . 132
Àìîñîâ À. À. AmosovAA@mpei.ru. . . . . . . . . . . . . . . . . . . . . . . .133
Àíäðååâ À. À. andre@ssu.samara.ru . . . . . . . . . . . . . . . . . . . . . . . 134
Àíäðåÿíîâ Ï. Ï. andreyanov.pp@gmail.com . . . . . . . . . . . . . . . . . . 135
Àíäðèÿíîâà Ý. À. elina.andriyanov@mail.ru . . . . . . . . . . . . . . . . . . . 136
Àíêèëîâ À. Â. ankil@ulstu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
Àíîñîâ Ä. Â. anosov@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
Àíòðîïîâà Í. À. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234
Àðàíñîí À. Á. aboar@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
Àðóòþíîâ À. Â. arutun@orc.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
Àñòàõîâ À. Ò. Astahov_AT@rambler.ru . . . . . . . . . . . . . . . . . . . 141
Àõòÿìîâ À. Ì. AkhtyamovAM@mail.ru . . . . . . . . . . . . . . . . . . . . 142

414



Áàáè÷ Â. Ì. babich@pdmi.ras.ru. . . . . . . . . . . . . . . . . . . . . . . . .143
Áàãäåðèíà Þ. Þ. yulya@mail.rb.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
Áàçàðõàíîâ Ä. Á. dauren@math.kz . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
Áàòõèí À. Á. batkhin@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . 145
Áåçðîäíûõ Ñ. È. sergeyib@pochta.ru . . . . . . . . . . . . . . . . . . . . . . . . . 146
Áåêëàðÿí Ë. À. beklaryan@stream.ru . . . . . . . . . . . . . . . . . . . . . . . 148
Áåëîçåðîâà Ì. À. Marbel@ukr.net . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
Áåëîíîñîâ Â. Ñ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
Áåëüìåñîâà Ñ. Ñ. belmesovass@mail.ru . . . . . . . . . . . . . . . . . . . . . . . .151
Áåëÿåâ À. À. alexei.a.belyaev@gmail.com . . . . . . . . . . . . . . . . . 152
Áèáèêîâ Þ. Í. bibico�@yandex.ru. . . . . . . . . . . . . . . . . . . . . . . . . .153
Áèáèëî Þ. Ï. y.bibilo@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . 153
Áîíäàðåíêî Í. Â. nataliabonda@mail.ru. . . . . . . . . . . . . . . . . . . . . . .155
Áîñûõ Í. Þ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
Áðþíî À. Ä. abruno@keldysh.ru . . . . . . . . . . . . . . . . . . . . . . . . . 156
Áóêæàëåâ Å. Å. bukzhalev@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . .158
Áóëãàêîâ À. È. aib@tsu.tmb.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
Áóðëóöêàÿ Ì. Ø. bmsh2001@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . .381
Áóòåðèí Ñ. À. buterinsa@info.sgu.ru . . . . . . . . . . . . . . . . . . . . . . . 160
Áóòóçîâ Â. Ô. butuzov@phys.msu.su. . . . . . . . . . . . . . . . . . . . . . .161
Áûêîâ Â. Â. vvbykov@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . 162
Áÿëûé Ì. Ë. bialy@post.tau.ac.il . . . . . . . . . . . . . . . . . . . . . . . . . 162

Âàêóëåíêî À. Ô. vak@pdmi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
Âàëååâ Í. Ô. valeevnf@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . 164
Âàñèëåâñêèé Ê. Â. phoenix005@rambler.ru . . . . . . . . . . . . . . . . . . . . . 164
Âàñèëüåâ Ì. Ä. ayaal@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
Âàñèëüåâà À. À. vasilyeva_nastya@inbox.ru . . . . . . . . . . . . . . . . . 166
Âàñêåâè÷ Â. Ë. vask@math.nsc.ru. . . . . . . . . . . . . . . . . . . . . . . . . . .168
Âåëüìèñîâ Ï. À. velmisov@ulstu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 137
Âåøêóðîâà ß. À. veshkurova@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . .169
Âëàäèìèðîâ À. À. vladimi@mech.math.msu.su . . . . . . . . . . . . . . . . . 170
Âëàäîâà Å. Ñ. lena@gavrilovka.com.ua . . . . . . . . . . . . . . . . . . . . . 171
Âëàñîâ Â. È. vlasov@ccas.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .146
Âîðîíèí À. Ñ. neizwest81@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 172
Âîðîíèí Ñ. Ì. voron@csu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
Âûáîðíûé Å. Â. evgeniy.bora@gmail.com . . . . . . . . . . . . . . . . . . . . 174
Âÿëîâ Â. À. vyalov@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . . 175

Ãàãàíîâ Í. Â. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
Ãàäûëüøèí Ð. Ð. gadylshin@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . 176
Ãàëüöåâ Î. Â. galtsev@bsu.edu.ru . . . . . . . . . . . . . . . . . . . . . . . . . 177
Ãåéíö Â. Ë. valgeynts@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 178
Ãîëóáåâà Â. À. goloubeva@yahoo.com . . . . . . . . . . . . . . . . . . . . . . 179
Ãîëóáÿòíèêîâ À. Í. golubiat@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
Ãîðáà÷óê Â. Ì. volod@horbach.kiev.ua. . . . . . . . . . . . . . . . . . . . . .181
Ãîðþ÷êèíà È. Â. igoryuchkina@gmail.com . . . . . . . . . . . . . . . . . . . . 182

415



Ãðèãîðüåâà Ý. Â. egrigorieva@mail.twu.edu . . . . . . . . . . . . . . . . . . . 155
Ãðèíåñ Â. Ç. vgrines@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 183
Ãóðåâè÷ Á. Ì. gurevich@mech.math.msu.su . . . . . . . . . . . . . . . . 184
Ãóñåâ Í. À. n.a.gusev@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 185
Ãóùèí À. Ê. akg@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

Äàíèëèí À. Ð. dar@imm.uran.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
Äàðîâñêàÿ Ê. À. k.darovsk@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 188
Äàðüèí À. Í. daryin@cs.msu.su . . . . . . . . . . . . . . . . . . . . . . . . . . . 188
Äàóûëáàåâ Ì. Ê. dmk57@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
Äåìèäåíêî Ã. Â. demidenk@math.nsc.ru . . . . . . . . . . . . . . . . . . . . . 190
Äåíèñîâ À. Ì. den@cs.msu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
Äåíèñîâ Â. Í. vdenisov2008@yandex.ru . . . . . . . . . . . . . . . . . . . . 192
Äåíèñîâ Ì. Ñ. denisov.m.1981@gmail.com . . . . . . . . . . . . . . . . . 193
Äåíèñîâà È. Â. denisovairinavlad@gmail.com . . . . . . . . . . . . . . . 194
Äåíèñîâà Ò. Å. DenisovaTE@mgppu.ru, tdenissova@mail.ru.195
Äìèòðóê À. Â. vraimax@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
Äîáðîõîòîâ Ñ. Þ. dobr@ipmnet.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
Äðîææèíîâ Þ. Í. drozzin@mi.ras.ru. . . . . . . . . . . . . . . . . . . . . . . . . . .198
Äðîçäîâà Þ. À. drozdova_j@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . 199
Äóáèíñêèé Þ. À. dubinskii@mm.mpei.ac.ru . . . . . . . . . . . . . . . . . . . 199
Äóìàíÿí Â. Æ. duman@ysu.am. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
Äóøèí Ê. Þ. kirilldushin@ya.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 135
Äûõòà Â. À. dykhta@gmail.com. . . . . . . . . . . . . . . . . . . . . . . . . .201

Åâòóõîâ Â. Ì. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
Åãîðîâ À. À. yegorov@math.nsc.ru . . . . . . . . . . . . . . . . . . . . . . . 203
Åãîðîâà À. À. alena.egorova@gmail.com . . . . . . . . . . . . . . . . . . . 204
Åðåìèí À. Þ. deja0vecu@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 204
Åñèíà A. È. esina@ipmnet.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
Åôðåìîâà Ë. Ñ. lefunn@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . . 151

Æóæîìà Å. Â. zhuzhoma@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . .206
Æóêîâñêèé Å. Ñ. zukovskys@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . .140
Æóêîâñêèé Ñ. Å. s-e-zhuk@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . 140
Æóðà Í. À. nzhura@sci.lebedev.ru . . . . . . . . . . . . . . . . . . . . . . 206
Æóðàâëåâ Â. Ô. vfz2008@ukr.net . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Çàâüÿëîâ Á. È. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
Çàãðåáèíà È. Ñ. ziswork@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
Çàäîðîæíûé À. È. simon@sfedu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
Çàéöåâ Â. À. verba@udm.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
Çàëûãèíà Â. È. vizalygina@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . .212
Çàëÿïèí Â. È. vzal@susu.ac.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213
Çàðóáèíà Ë. Â. lidya-v-zarubina@yandex.ru . . . . . . . . . . . . . . . . . 214
Çàòèöêèé Ï. Á. paxa239@yandex.ru. . . . . . . . . . . . . . . . . . . . . . . . .215
Çåéôìàí À. È. zeifman@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . 216
Çóáîâà Ñ. Ï. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217
Çûêîâà Ò. Â. zytanya@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . 218

416



Èáðàåâà Ã. Ò. gulmira_ibraeva@mail.ru . . . . . . . . . . . . . . . . . . . 365
Èâàíîâ È. Ô. dynamics@mm.unn.ru . . . . . . . . . . . . . . . . . . . . . . 343
Èëüèí À. À. ilyin@keldysh.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
Èëüÿñîâ ß. Ø. Ilyasov02@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 220
Èìàíáàåâ Í. Ñ. imanbaevnur@mail.ru . . . . . . . . . . . . . . . . . . . . . . . 220
Èïàòîâà Â. Ì. ipatval@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
Èñàåíêîâà Í. Â. nisaenkova@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 206
Èñëàìîâ Ã. Ã. ggislamov@gmail.com. . . . . . . . . . . . . . . . . . . . . . . 222
Èñìàãèëîâà Ð. Ð. isriri@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
Èøêèí Õ. Ê. Ishkin62@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

Êàëèòâèí À. Ñ. kalitvin@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224
Êàëèòâèí Â. À. kalitvin@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . 225
Êàëüìåíîâ Ò. Ø. kalmenov.t@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 226
Êàëÿêèí Ë. À. klenru@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
Êàìíåâà Ë. Â. kamneva@imm.uran.ru. . . . . . . . . . . . . . . . . . . . . .228
Êàìûíèí Â. Ë. vlkamynin2008@yandex.ru . . . . . . . . . . . . . . . . . . 229
Êàíãóæèí Á. Å. kanbalta@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 230
Êàíòîíèñòîâà Å. Î. kysin@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
Êàðàñåâ Ì. Â. Karasev.Mikhail@gmail.com . . . . . . . . . . . . . . . . 232
Êàðà÷èê Â. Â. karachik@susu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 234
Êëèìåíêî À. Â. klimenko05@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . 235
Êëîïîò À. Ì. emden@farlep.net . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
Êîâàëü÷óê Ò. Â. 0501@ukr.net . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 350
Êîæàíîâ À. È. kozhanov@math.nsc.ru. . . . . . . . . . . . . . . . . . . . . .236
Êîæåâíèêîâà Ë. Ì. kosul@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236
Êîçëîâ È. Ê. ikozlov90@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 237
Êîçëîâà Î. Ð. oliia@yandex.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . .238
Êîëåñîâ À. Þ. andkolesov@rambler.ru . . . . . . . . . . . . . . . . . . . . . 239
Êîìå÷ À. À. andrey.komech@gmail.com . . . . . . . . . . . . . . . . . . 241
Êîìå÷ Ñ. À. komech@iitp.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
Êîíåíêîâ À. Í. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242
Êîíêèíà À. À. kon.an2010@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 242
Êîíîïëåâà È. Â. i.konopleva@ulstu.ru . . . . . . . . . . . . . . . . . . . . . . . . 259
Êîðîâèíà Ì. Â. betelgeuser@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 243
Êîðîëü È. È. korol.ihor@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 303
Êîðîëüêîâ Ñ. À. sergei.korolkov@rambler.ru. . . . . . . . . . . . . . . . . .244
Êîðîòûøåâà À. Â. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
Êîñòèí À. Á. abkostin@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . 245
Êîñòðóá È. Ä. ikostrub@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . 304
Êðûëîâ Ä. Þ. denkrylov@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . 246
Êðÿêâèí Â. Ä. vadkr@math.rsu.ru . . . . . . . . . . . . . . . . . . . . . . . . . 247
Êóëåøîâ À. À. kuleshov.a.a@yandex.ru . . . . . . . . . . . . . . . . . . . . . 248
Êóëèêîâ À. Í. anat-kulikov@mail.ru . . . . . . . . . . . . . . . . . . . . . . . 249
Êóëèêîâ Ä. À. anat-kulikov@mail.ru . . . . . . . . . . . . . . . . . . . . . . . 249
Êóðæàíñêèé À. Á. kurzhans@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . . .188
Êóðèí À. Ô. afkurin@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

417



Êóðèíà Ã. À. kurina@math.vsu.ru . . . . . . . . . . . . . . . . . . . . . . . . 251

Ëàãíî Â. È. Lvi@pdpu.poltava.ua . . . . . . . . . . . . . . . . . . . . . . . 253
Ëàóò È. Ë. ilaut@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
Ëåáåäåâ Ï. Ä. pleb@yandex.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . .372
Ëåâåíøòàì Â. Á. vleven@math.rsu.ru . . . . . . . . . . . . . . . . . . . . . . . . . 254
Ëåâ÷åíêî Þ. À. ulev4enko@gmail.com. . . . . . . . . . . . . . . . . . . . . . . 183
Ëåêñèí Â. Ï. lexine@mccme.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
Ëåîíòüåâ À. À. axe1erat@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 236
Ëèíêåâè÷ À. Þ. anna.linkevitch@gmail.com . . . . . . . . . . . . . . . . . 256
Ëèñêåâè÷ Â. À. V.A.Liskevich@swansea.ac.uk . . . . . . . . . . . . . . . 132
Ëîáàíîâ È. Ñ. lobanov.igor@gmail.com . . . . . . . . . . . . . . . . . . . . 257
Ëîãà÷åâà Í. Ñ. logachevans@yandex.ru . . . . . . . . . . . . . . . . . . . . . 258
Ëîãèíîâ Á. Â. loginov@ulstu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259
Ëîìîâöåâ Ô. Å. lomovcev@bsu.by . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
Ëîñåâ À. Ã. alexander.losev@volsu.ru . . . . . . . . . . . . . . . . . . . . 244
Ëóêüÿíîâ Â. Â. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262
Ëóíî÷êèí Ì. À. ice999@bk.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263
Ëÿõîâ Ë. Í. lyakhov@box.vsi.ru . . . . . . . . . . . . . . . . . . . . . . . . . 263

Ìàçåïà Å. À. lmazepa@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . 265
Ìàëåâ À. Ã. malevag@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 372
Ìàëþòèíà Å. Â. zont85@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
Ìàðêèòàíîâ Þ. Í. yurmark@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . 253
Ìàðòåìüÿíîâà Í. Â. ninamartem@yandex.ru . . . . . . . . . . . . . . . . . . . . . 266
Ìàòâååâà È. È. matveeva@math.nsc.ru. . . . . . . . . . . . . . . . . . . . . .267
Ìàòâèé÷óê À. Ð. matv@uran.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268
Ìàòåâîñÿí Î. À. hmatevossian@graduate.org . . . . . . . . . . . . . . . . . 269
Ìàòðîñîâ È. Â. matrossov@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . 269
Ìåäâåäåâ Â. Ñ. medvedev@uic.nnov.ru . . . . . . . . . . . . . . . . . . . . . . 270
Ìåäâåäåâ Ò. Â. mtv2001@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 271
Ìåäâåäåâà Í. Á. medv@csu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
Ìåéðìàíîâ À. Ì. meirmanov@bsu.edu.ru . . . . . . . . . . . . . . . . . . . . . 177
Ìåëèøåâà Å. Ï. melisheva86@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . 272
Ìåíèõåñ Ë. Ä. leonid.menikhes@gmail.com. . . . . . . . . . . . . . . . . 273
Ìåøêîâ Â. Ç. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274
Ìèðçîåâ Ê. À. mirzoev.karahan@mail.ru . . . . . . . . . . . . . . . . . . . 274
Ìèðçîåâ Ñ. Ñ. mirzoyevsabir@mail.ru . . . . . . . . . . . . . . . . . . . . . . 275
Ìèðîíîâ À. Å. mironov@math.nsc.ru . . . . . . . . . . . . . . . . . . . . . . . 162
Ìèðîíîâà Ë. Â. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259
Ìèòðÿêîâà Ò. Ì. tatiana.mitryakova@yandex.ru . . . . . . . . . . . . . . 276
Ìèõàéëåö Â. À. mikhailets@imath.kiev.ua . . . . . . . . . . . . . . . . . . . 277
Ìîèñååâ Å. È. decanvmk@cmc.msu.ru . . . . . . . . . . . . . . . . . . . . . 278
Ìîèñååâ Ò. Å. tsmoiseev@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 279
Ìîëèáîãà Â. Í. molyboga@imath.kiev.ua . . . . . . . . . . . . . . . . . . . 277
Ìîðîçîâ À. Ä. morozov@mm.unn.ru . . . . . . . . . . . . . . . . . . . . . . . 311
Ìîòåâè÷ À. Â. anton.motsevich@gmail.com . . . . . . . . . . . . . . . . 281

418



Ìîõîâ Î. È. mokhov@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 282
Ìóêìèíîâ Ô. Õ. mfkh@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
Ìóðàòîâ Ì. À. mamuratov@gmail.com . . . . . . . . . . . . . . . . . . . . . 283
Ìóðà÷ À. À. murach@imath.kiev.ua . . . . . . . . . . . . . . . . . . . . . . 283
Ìóðòàçèí Õ. Õ. fazullinzu@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 374

Íàçàéêèíñêèé Â. Å. nazay@ipmnet.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 284
Íàõóøåâ À. Ì. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285
Íàõóøåâà Â. À. niipma@mail333.com . . . . . . . . . . . . . . . . . . . . . . . 285
Íãóåí Ò. Õ. nthoai0682@yahoo.com . . . . . . . . . . . . . . . . . . . . . 251
Íåâåðîâà Ä. À. dneverova@gmail.com. . . . . . . . . . . . . . . . . . . . . . .286
Íåôåäîâ Í. Í. nefedov@phys.msu.ru . . . . . . . . . . . . . . . . . . . . . . . 287
Íèêèòèí À. Ã. singul@phys.msu.ru . . . . . . . . . . . . . . . . . . . . . . . . . 287
Íèêèøêèí Â. À. vnikishkin@mesi.ru . . . . . . . . . . . . . . . . . . . . . . . . . 287
Íèêîëàåíêî Ñ. Ñ. nikostas@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . .288
Íèêîëüñêèé È. Ì. hai�y@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . .289
Íèêîëüñêèé Ì. Ñ. mni@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 290

Îâñååâè÷ À. È. ovseev@ipmnet.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 291
Îñåëåäåö Â. È. oseled@mech.math.msu.su . . . . . . . . . . . . . . . . . . 292
Îñèïîâ À. Ñ. osipa68@yahoo.com. . . . . . . . . . . . . . . . . . . . . . . . . 293

Ïàâëåíêî Â. À. PVA100186@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . 293
Ïàâëåíîê Í. Ñ. paulianok@bsu.by . . . . . . . . . . . . . . . . . . . . . . . . . . 295
Ïàëèí Â. Â. grey_stranger84@mail.ru . . . . . . . . . . . . . . . . . . . 296
Ïàíàñåíêî Å. À. panasenko@tsutmb.ru. . . . . . . . . . . . . . . . . . . . . . .296
Ïàíôèëîâà Ò. À. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
Ïàïøåâà Å. À. lenafvr@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297
Ïàðóñíèêîâà À. Â. parus-a@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 298
Ïàðûøåâà Þ. Â. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
Ïàñòóõîâà Ñ. Å. pas-se@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 300
Ïàöêî Â. Ñ. patsko@imm.uran.ru . . . . . . . . . . . . . . . . . . . . . . . . 228
Ïàøêîâà Þ. C. j.pashkova@gmail.com . . . . . . . . . . . . . . . . . . . . . . 301
Ïåðåñêîêîâ À. Â. pereskokov@comail.ru. . . . . . . . . . . . . . . . . . . . . . .302
Ïåðåñòþê Í. À. pmo@mechmat.univ.kiev.ua. . . . . . . . . . . . . . . . .303
Ïåðîâ À. È. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 304
Ïëóæíèêîâà Å. À. pluznikova-elena@mail.ru . . . . . . . . . . . . . . . . . . . 305
Ïîãîäàåâ Í. È. nickpogo@gmail.com. . . . . . . . . . . . . . . . . . . . . . . . 306
Ïîäîëüñêèé À. Â. OriginaleA@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 307
Ïîëîâèíêèí È. Ï. polovinkin@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 274
Ïîëóíèí Â. À. polunin@bsu.edu.ru . . . . . . . . . . . . . . . . . . . . . . . . . 308
Ïîïîâ À. È. popov239@gmail.com . . . . . . . . . . . . . . . . . . . . . . . 143
Ïîïîâ Â. À. volodimir.a@gmail.com . . . . . . . . . . . . . . . . . . . . . 309
Ïîïîâ È. Þ. popov1955@gmail.com . . . . . . . . . . . . . . . . . . . . . . 257
Ïîïîâ Í. Í. ponick25@gmail.com. . . . . . . . . . . . . . . . . . . . . . . . 316
Ïîïîâà Ñ. Í. ps@uni.udm.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 310
Ïîòàïîâ Â. È. PotapovVI@norvuz.ru . . . . . . . . . . . . . . . . . . . . . . 311
Ïîõîæàåâ Ñ. È. pokhozhaev@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . 312

419



Ïðèëåïêî À. È. prilepko.ai@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 312
Ïðèõîäüêî À. À. sasha.prihodko@gmail.com. . . . . . . . . . . . . . . . . . 313
Ïóëüêèíà Ë. Ñ. louise@samdi�.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 315

Ðàäçèåâñêàÿ Å. È. radzl58@mai.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316
Ðàäêåâè÷ Å. Â. evrad07@gmail.com. . . . . . . . . . . . . . . . . . . . . . . . . 296
Ðàä÷åíêî Â. Ï. radch@samgtu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 316
Ðàéõåëüãàóç Ë. Á. jikol_85@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 317
Ðåïèí Î. À. matstat@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319
Ðîäèíà Ë. È. rdl@uni.udm.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 320
Ðîäèîíîâ Â. È. rodionov@uni.udm.ru . . . . . . . . . . . . . . . . . . . . . . . 321
Ðîçîâ Í. Õ. fpo.mgu@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
Ðîìàíåíêî Ò. Å. tatjana.romanenko@gmail.com . . . . . . . . . . . . . . 322
Ðóáëåâà Î. Â. rubleva-olga91@mail.ru . . . . . . . . . . . . . . . . . . . . . 323
Ðóáøòåéí Á. À. benzion.rubshtein@gmail.com . . . . . . . . . . . . . . . 301
Ðóäîé Å. Ì. rem@hydro.nsc.ru. . . . . . . . . . . . . . . . . . . . . . . . . . .324
Ðûêîâ Þ. Ã. Yu-Rykov@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . 325
Ðûëîâ À. È. rylov@math.nsc.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 326
Ðûõëîâ Â. Ñ. rykhlovvs@info.sgu.ru. . . . . . . . . . . . . . . . . . . . . . .327

Ñàáèòîâ Ê. Á. sabitov_fmf@mail.ru . . . . . . . . . . . . . . . . . . . . . . . 328
Ñàäîâíè÷àÿ È. Â. ivsad@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . .329
Ñàäûáåêîâ Ì. À. makhmud-s@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . 330
Ñàêáàåâ Â. Æ. fumi2003@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 331
Ñàêèåâà À. Ó. al�ya85.85@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 332
Ñàëòûêîâ Å. Ã. saltykov@cs.msu.su . . . . . . . . . . . . . . . . . . . . . . . . . 333
Ñàìîâîë Â. Ñ. 555svs@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335
Ñàìîéëåíêî Þ. È. yusam@univ.kiev.ua . . . . . . . . . . . . . . . . . . . . . . . . 335
Ñàìîõèí Â. Í. vnsamokhin@mtu-net.ru . . . . . . . . . . . . . . . . . . . . 336
Ñàìñîíþê Î. Í. samsonuk.olga@rambler.ru . . . . . . . . . . . . . . . . . . 337
Ñàìóñåíêî Ï. Ô. psamusenko@ukr.net. . . . . . . . . . . . . . . . . . . . . . . .394
Ñàðñåíáè À. Ì. abzhahan@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 338
Ñàôîíîâà Ò. À. tanya.strelkova@rambler.ru . . . . . . . . . . . . . . . . . 339
Ñàõàðîâ À. Í. ansakharov2008@yandex.ru . . . . . . . . . . . . . . . . . 340
Ñåäëåöêèé À. Ì. sedlet@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341
Ñåìåíèøèíà È. Â. ira-semenishina@mail.ru . . . . . . . . . . . . . . . . . . . . 364
Ñåðãååâ È. Í. in_serg@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 342
Ñåñåêèí À. Í. sesekin@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
Ñèäîðîâ Å. À. dynamics@mm.unn.ru . . . . . . . . . . . . . . . . . . . . . . 343
Ñèòíèê Ñ. Ì. mathsms@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . 344
Ñêóäíÿêîâà Ä. Ñ. skudnyakova.darja@yandex.ru. . . . . . . . . . . . . . .345
Ñëîóù Â. À. vsloushch@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 346
Ñëóöêèé A. C. slutskij@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . 347
Ñìèðíîâ È. Í. ismirnov@cs.msu.ru . . . . . . . . . . . . . . . . . . . . . . . . . 348
Ñìèðíîâà À. È. aanjka@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 388
Ñìîëÿíîâ Î. Ã. Smolyanov@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 331
Ñîáîëåâ Â. À. hsablem@yahoo.com . . . . . . . . . . . . . . . . . . . . . . . . 242

420



Ñîëäàòîâ À. Ï. soldatov48@gmail.com . . . . . . . . . . . . . . . . . . . . . . 308
Ñîëîâüåâ Â. Â. soloviev.vyacheslav@gmail.com. . . . . . . . . . . . . .349
Ñîëîííèêîâ Â. À. solonnik@pdmi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . 194
Ñîðîêèí Ñ. Ï. sorsp@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
Ñïèðèäîíîâ Ñ. Â. spiridonov.s.v@gmail.com . . . . . . . . . . . . . . . . . . . 256
Ñòàíæèöêèé À. Í. stom@mail.univ.kiev.ua . . . . . . . . . . . . . . . . . . . . . 350
Ñòàðîâîéòîâ Â. Í. starovoitov@hydro.nsc.ru . . . . . . . . . . . . . . . . . . . 351
Ñòåïàíîâ Â. Ä. vstepanov@sci.pfu.edu.ru . . . . . . . . . . . . . . . . . . . 351
Ñòåïàíîâà Å. È. ek�la@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . . . 351
Ñòåïèí Ñ. À. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352
Ñòîãíèé Â. È. valeriy_stogniy@mail.ru . . . . . . . . . . . . . . . . . . . . 253
Ñòîëÿðîâ Ä. Ì. dms239@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
Ñòóêîïèí Â. À. stukopin@math.rsu.ru . . . . . . . . . . . . . . . . . . . . . . 353
Ñóááîòèíà Í. Í. subb@uran.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .354
Ñóåòèí Ñ. Ï. suetin@mi.ras.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355
Ñóëåéìàíîâ Á. È. bisul@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356
Ñóëòàíîâ Î. À. osa-uf@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 357
Ñóðàãàí Ä. suragan@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

Òàáàðèíöåâà Å. Â. eltab@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 358
Òàñìàìáåòîâ Æ. Í. tasmam@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . 359
Òåðíîâñêèé Â. Â. Vladimir1961@hotmail.com . . . . . . . . . . . . . . . . . 380
Òåðñåíîâ À. Ñ. aterseno@math.nsc.ru. . . . . . . . . . . . . . . . . . . . . . .360
Òèìîøèí Ì. È. midvolga@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . . .361
Òèõîíîâ È. Â. ivtikh@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 362
Òèõîíîâ Ñ. Â. tikhonovc@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 363
Òêà÷óê À. Í. tkachukam@ukr.net . . . . . . . . . . . . . . . . . . . . . . . . . 364
Òëåóáåðãåíîâ Ì. È. marat207@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 365
Òîêìàãàìáåòîâ Í. Å. tokmagam@list.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 367
Òîëåóõàíîâ À. Å. aman_mkm@mail.ru . . . . . . . . . . . . . . . . . . . . . . . 368
Òîíêîâ Å. Ë. eltonkov@udm.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
Òðàõèíèí Þ. Ë. trakhin@math.nsc.ru. . . . . . . . . . . . . . . . . . . . . . . .369
Òðûíèí À. Þ. atrynin@gmail.com . . . . . . . . . . . . . . . . . . . . . . . . . 370
Òóëåíêî Å. Á. tulenko@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250
Òóðìûåâà Þ. Ê. ori05@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .328

Óäàëîâà Ã. Þ. yeyeg@yandex.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 371
Óñïåíñêèé À. À. uspen@imm.uran.ru . . . . . . . . . . . . . . . . . . . . . . . . 372
Óøàêîâ Â. Í. ushak@imm.uran.ru . . . . . . . . . . . . . . . . . . . . . . . . 372

Ôàäååâà Ã. Ì. ownletters@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 373
Ôàçóëëèí Ç. Þ. fazullinzu@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 374
Ôåîêòèñòîâà À. À. alek-feoktistova@yandex.ru . . . . . . . . . . . . . . . . . 263
Ôèëèïïîâà Î. Â. philippova.olga@rambler.ru . . . . . . . . . . . . . . . . . 159
Ôèíîãåíêî È. À. �n@icc.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .375
Ôîìèíà Ï. À. fominapa@csu.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
Ôðîëîâà Å. Â. lsnn48@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 376
Ôðîëîâà Å. Â. elenafr@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 377

421



Ôóðñèêîâ À. Â. fursikov@mtu-net.ru . . . . . . . . . . . . . . . . . . . . . . . . 378

Õàäæè È. À. Khadzhi_Irina@mail.ru . . . . . . . . . . . . . . . . . . . . .379
Õàéëîâ Å. Í. khailov@cs.msu.su . . . . . . . . . . . . . . . . . . . . . . . . . . 155
Õàïàåâ Ì. M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 380
Õàòèìöîâ Í. À. nikita.mmf@gmail.com. . . . . . . . . . . . . . . . . . . . . .261
Õëóäíåâ À. Ì. khlud@hydro.nsc.ru . . . . . . . . . . . . . . . . . . . . . . . . . 380
Õîëîìååâà À. À. kholomeyeva@gmail.com . . . . . . . . . . . . . . . . . . . . 278
Õðîìîâ À. Ï. KhromovAP@info.sgu.ru . . . . . . . . . . . . . . . . . . . . 381
Õðóñëîâ Å. ß. khruslov@ilt.kharkov.ua . . . . . . . . . . . . . . . . . . . . 382
Õóñíóëëèí È. Õ. khusnullini@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 176

×åðåïåííèêîâ Â. Á. vbcher@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 383
×åðåïîâà Ì. Ô. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 383
×åðíûøåâ Â. Ë. vchern@mech.math.msu.su . . . . . . . . . . . . . . . . . . 384
×å÷êèí Ã. À. chechkin@mech.math.msu.su . . . . . . . . . . . . . . . .256
×èêðèé À. À. chik@insyg.kiev.ua . . . . . . . . . . . . . . . . . . . . . . . . . . 384
×èêðèé Ã. Ö. chik@insyg.kiev.ua . . . . . . . . . . . . . . . . . . . . . . . . . . 385
×èðêóíîâ Þ. À. chr01@rambler.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 386
×óïàõèí À. Ï. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

Øàáàò À. Á. shabat@itp.ac.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . .387
Øàãàëîâà Ë. Ã. shag@imm.uran.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 387
Øàìèí Ð. Â. roman@shamin.ru . . . . . . . . . . . . . . . . . . . . . . . . . . 388
Øàìîëèí Ì. Â. shamolin@imec.msu.ru . . . . . . . . . . . . . . . . . . . . . . 389
Øàïîøíèêîâ Ñ. Â. starticle@mail.ru. . . . . . . . . . . . . . . . . . . . . . . . . . . .390
Øàïîøíèêîâà Ò. À. shaposh.tan@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . 307
Øàôàðåâè÷ À. È. shafarev@yahoo.com . . . . . . . . . . . . . . . . . . . . . . . . 391
Øåéïàê È. À. iasheip@mech.math.msu.su . . . . . . . . . . . . . . . . . 170
Øèëêèí Ò. Í. shilkin@pdmi.ras.ru. . . . . . . . . . . . . . . . . . . . . . . . .175
Øèðÿåâ Å. À. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 392
Øèøêèíà Ý. Ë. ilina_dico@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . 393
Øêàëèêîâ À. À. ashkalikov@yahoo.com . . . . . . . . . . . . . . . . . . . . . . 274
Øêèëü Í. È. psamusenko@ukr.net. . . . . . . . . . . . . . . . . . . . . . . .394
Øëåïàêîâ Î. Ð. oleg@gavrilovka.com.ua . . . . . . . . . . . . . . . . . . . . . 395
Øíóðíèêîâ È. Í. shnurnikov@yandex.ru . . . . . . . . . . . . . . . . . . . . . . 396
Øóìèëîâà Â. Â. v.v.shumilova@mail.ru . . . . . . . . . . . . . . . . . . . . . . 397
Øóòîâà À. È. nastya.shu@pisem.net . . . . . . . . . . . . . . . . . . . . . . . 398

Ùåãëîâà À. À. shchegl@icc.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 399

Ýãëèò Ì. Ý. m.eglit@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 400
Ýëüáåðò À. Å. aee@imm.uran.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 401

Þëäàøåâ Ò. Ê. tursunbay@rambler.ru . . . . . . . . . . . . . . . . . . . . . . 402
Þíóñîâà Ã. Ð. ggg-ggg@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403
Þðêî Â. À. yurkova@info.sgu.ru . . . . . . . . . . . . . . . . . . . . . . . . 404

ßêîâëåâ À. À. yakovlevandrey@yandex.ru. . . . . . . . . . . . . . . . . .405
ßêóáåíêî Ò. À. yakubta@mail.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . 400
ßêóáîâ À. ß. yakub@inbox.ru . . . . . . . . . . . . . . . . . . . . . . . . . . . . 406

422



ßêóáîâ Â. ß. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407
ßêóáîâ ß. À. yakubovya@gmail.ru . . . . . . . . . . . . . . . . . . . . . . . . 406
ßøèìà-Ôóæèòà Õ. hisao.fujitayashima@unito.it . . . . . . . . . . . . . . . . 408

423



Íàó÷íîå èçäàíèå

Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ,

ïîñâÿùåííàÿ 110-îé ãîäîâùèíå

È. Ã. Ïåòðîâñêîãî

XXIII ñîâìåñòíîå çàñåäàíèå

Ìîñêîâñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà

è ñåìèíàðà èì. È. Ã. Ïåòðîâñêîãî

Ìîñêâà, 30 ìàÿ � 4 èþíÿ 2011 ã.

Òåçèñû äîêëàäîâ

Êîìïüþòåðíàÿ âåðñòêà è ïîäãîòîâêà îðèãèíàë�ìàêåòà: Âëàäèìèðîâ À. À.,
Êîíüêîâ À. À.

Òèïîãðàôèÿ ÇÀÎ �Íîâûå ïå÷àòíûå òåõíîëîãèè�


