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Abstract Possibility group modeling of series annual amount of precipitations by a canonical expansion method is
considered. Formulas and computer programs for statistical models of monthly and annual runoff of river are used. Model of
canonical expansion preserves all statistical characteristics initial series.
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1. Introduction

When solving a number of water problems requires not
only modeling of hydrological series, but series of
precipitation. In particular, the modeling of runoff on the
model of "rainfall-runoff", as well as in addressing a host of
other practical problems need to know the different options
for the onset of dry and wet periods in one and several
observation points, so should be preserved type of
distribution and the correlation structure of a number of
observations. Canonical expansion model that meets these
requirements and is used for modeling of hydrological
series[1] can be used for statistical modeling of monthly
precipitation. The effectiveness of modeling precipitation
method canonical expansion compared to the models GM-2
and MM-1[2]. Here, the possibility ofusing the model forthe
canonical decomposition of artificial series of precipitation
in several observation points[3].

2. Objectives and Methods

Getting multiple imp lementations monthly rainfall can be
considered as the simulation of random vectors and
processes defined in the end-time interval[4]. From this
position, the best method for statistical modeling of
precipitation is the method of the canonical decomposition.
An important advantage of the method is its ability to model
the enrichment related rainfall in several areas. The
canonical decomposition of a vector random function in a
natural way by the generalized formula-dimensional case[5].
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For this, as shown in[6], is sufficient in appropriate
proportions argument ¢ rep lace all the arguments ¢ and enter
the number of components of the vector random function £.
Then the decomposition of a vector random function is given
by the following formula:

X, (6,)=my(t, )+zz #0@IVy. (=1, 0)

i=lv=

(D
here,

40(t,)=—

ZZD“ 0(,)400,)- 5 D040, >¢;:z<rﬂ>}(2)
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auto and cross- correlat1on function;

D =K, (41,)- ZZD“)[ #00)] - ZD<'>[¢ 0] @
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The variance of the random coefficients V;

K;i (t,t,) - correlation and cross-correlation function of the
random vector function X; (¢); M - the number of intervals in
the calculation year (months, decades)|.

Here v=1,2,...M; u> v; 1= v+1, v+ 2,...M (at €=i);
(=12, M =i+ i+ 2, N (at £>i).

Equation (1) for the canonical decomposition of the three
random functions of the form:

X,(0)= mxl(r>+z v,

X,(t) =m, )+ Z¢£2 v+ f 3 OV,

v=l1 v=l1
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with constituents X, (t) n X3(t); gp‘g) () also make up Xy(t)

X0 @ (0)
components Xjz(t).

Statistical modeling of monthly rainfall is satisfied by (4).
It follows that the first construct a canonical decomposition
of the first component X;(t) , as in the case of

the coordinate functions of the

one-dimensional expansion, then the values (pg)(t) ,

QD,E;) (t) - the canonical decomposition second component

X, (t), the functions (pié) ®, <p§§> ®, (pg)(t) - the third
component of the expansion X3 (£) [6]

Monthly rainfall simulation time interval involves
statistical analysis of data and the establishment of
distribution law. Curve type of monthly precipitation can be
installed in various ways. In this paper, as the basic law of
the distribution used three-parameter gamma distribution
Kritsky-Menkel. The main advantage of this distribution law
is the possibility of its use for any relationships between the
parameters C, and C;. As a measure of fit between the
observed data and the theoretical curve of security used
Pearson y° goodness of fit. At the same applied algorithm
proposed in[7]. For each month is calculated coefficient C,
method of moments. Continue to consistently changing the
ratio C,/C from 1 to 6, according to the estimated degree of
empirical and theoretical curves by y°. The theoretical curve
best fit the empirical material is chosen forthe lower value of
%°. In Table 1 shown the results of calculation for the three
points

The data in Table 1 shows that at a significance level of
5%and the number of degrees of freedom v = 6 critical y° =
12,6 exceed one per meteorological station the Raiders and
six cases per meteorological station the Balkhash. In this
case, a significant discrepancy between the empirical data
and the theoretical curve is observed in June (Rader city) and
in April and September (Balkhash city). The results of
calculations by y” is significantly affected by the presence of
zero precipitation observations meteorological station the
Balkhash. Analysis ofthese data by the Kolmogorov and nw’
showed good agreement of observations the three-parameter
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gamma distribution with the ratio C,/C;, shown in Table 1.
So, for the June rainfall statistics A = 0.80, new’ = 0.061, for
the April and September respectively precipitation received
= 1.28, nw’ = 0.345and 4 = 1.28, no’ = 0.260. These values
are lower than the critical statistics Aso, = 1,36, nw25% =
0,4614. Therefore, we can assume that the precipitation of all
the months and points approximately described by
three-parameter gamma distribution. This is confirmed as
being close empirical points about the theoretical curves
security precipitation that month.

Simu lation algorithm month rainfall is as follows[8],[9]:

1). Evaluation of homogeneity of observation series;

2). Input data - imp lementation and monthly precipitation
table K (P, C,) for the distribution of S. Kritsky and M.F.
Menkel in appropriate ratios of the parameters C, and Ci.

3). Computation of the expectations, the coefficients of
variation and asymmetry of the correlation matrix of the
moments and the normalized correlation matrix of
autocorrelation coefficients of annual precipitation.

4). Input relationship between parameters of the C, and C;.

5). Unbiased assessment of the value of the coefficients of
variation and autocorrelation.

6). Determination of the amount of precipitation in the
equation autoregressive based communication between
adjacent members of the original series of precipitation.

7). Calculation of the coordinate functions and the
dispersion of random coefficients.

8). Formation of the random coefficients ¥, with a given
standard deviation and mean zero.

9). Realization of random variables in the equation of the
canonical decomposition.

10). Definition of probability (probability) variables
computed in paragraph 9.

11). Given that the three-parameter gamma distribution
tables compiled for the fluidity of 0.001 to 99.9 %, the
interval from 0 to 1, which is reproduced in the range of
uniformly distributed, translated by a linear transformation
to anew range - from 0.001 to 99.9 %.

Table 1. Assessment of compliance with a series of monthly rainfall distribution curve Kritsky-Menkel for various ratios C, and C

Meteorological station Raiders
Ratio y’ 13.0 833 12.7 10.0 633 18.7 6.67 933 767 633 9.00 933
Value
CC. 3 2 2 2 1 6 2 1 1 2 5 2
Meteorological station Almaty
Ratio y° 11.7 13.0 933 12.3 833 967 18.0 12.7 8.00 12.3 767 13.3
Value
cJC. 2 1 2 1 1 3 1 1 2 2 1 1
Meteorological station Balkhash
Ratio y’ 10.7 967 9.67 333 13.0 12.0 12.0 13.0 25.0 14.3 12.0 11.7
Value
c/c 4 2 1 2 2 2 2 2 4 2 1 1
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12). Log on to the obtained values of security in the table
of'the distribution curve Kritsky-Menkel, fora given C, and
C,/C, and the calculation of the coefficients of modular
precipitation by interpolation of the table values.

13). A comparison of the statistical parameters of the
original and simulated series.

3. Results

The results of calculations on the items revealed that
three-dimensional model of the canonical decomposition is
almost exactly reproduces the rules and coefficients of
variation. Stability of the asymmetry coefficient is not
sufficiently high. The convergence of this parameter with an
initial value depends strongly on the length of the simulated
series. When n = 3000 years, a considerable discrepancy
(72.2 %) between the observed and modeled Cs series
revealed in August (Balkhash city) at a high coefficient of
variation C, = 1.22. In other cases, the discrepancy between
the values of C; is not more than 20 %[10].

The values ofthe first order autocorrelation coefficients 1,
small. only for some months. their value reaches - 0.42 and +

0.32. In most cases the relationship of monthly precipitation
adjacent years can be considered insignificant and monthly
precipitation of the paragraphs independent random
variables. Compliance with both positive and negative
values of the autocorrelation coefficients to the raw data is
quite satisfactory. Table 3 and 4 shows the (1). the formula
can be used to simulate the annual precipitation at several
points of observation. In this case. the equation of the
canonical decomposition of random variables[2]. which for
«n»-th number of points observations of precipitation is
written as:
X, =m,+V
Xy =my, +0, V1 +V,
Xy =ms+o,V + 03,V + 1]
Xy=my +@Vi+o,V, + vy Vi +Vy )
Where, N - number of meteorological station;
m,q, My,,...m,, -the expectation of random variables;
Xi, X0,...%, V1, V2, ...V, - uncorrelated random variables,
expectations are zero;

0j - factors that determine the conditions of uncorrelated
variables Vi, V, ... V,.

Table 2. Statistical parameters of the average monthly amount of precipitation for the observed (1st line) and simulated (2nd line)

Month 1 2 3 4 5 6 7 8 9 10 11 12
Parameter
Meteorological station Raiders (1940-2003 years)
e 16.7 14.1 22.5 50.7 79.9 79.8 94.5 74.4 66.8 64.3 40.9 25.7
' 16.9 14.8 22.7 50.5 78.2 82.2 94.2 74.4 65.8 64.4 40.9 25.7
C 0.59 0.68 0.70 0.59 0.50 053 047 0.54 0.54 049 057 056
v 060 | 068 | 071 058 050 | 059 | 047 | 055 055 0.50 0.56 0.57
c 1.80 128 140 1.18 0.50 3.18 094 0.54 0.54 098 2.85 1.12
! 2.00 130 137 1.18 056 5.04 1.00 057 057 092 224 1.15
0.04 0.14 032 -0.17 -0.03 -0.10 023 0.04 0.13 0.06 0.12 0.06
n 0.06 0.15 029 -0.15 -0.04 [ -0.03 025 0.06 0.13 0.05 0.10 005
Meteorological station Almaty (1940-2003 years)
X 31.0 36.0 73.7 105 105 64.3 38.0 28.5 27.6 554 533 38.5
' 31.1 36.6 75.1 104 105 65.4 39.0 28.5 27.9 56.4 53.5 389
c 045 041 044 047 046 0.59 0.68 068 0.73 067 049 0.54
v 045 041 044 046 047 0.55 0.68 0.69 071 0.69 048 055
c 090 041 0.88 047 046 1.77 0.68 0.68 146 1.34 049 0.54
s 1.03 036 0.87 046 052 1.86 0.65 0.64 133 141 052 055
0.09 -042 0.10 -0.07 -0.29 0.18 0.04 -0.15 -0.07 0.04 -0.08 -0.04
n 0.05 -041 0.07 -0.04 -0.29 0.18 0.03 -0.14 -0.11 0.05 -0.07 -0.05
Meteorological station Balkhash (1940-2003 years)
X 12.5 956 11.5 11.8 13.6 14.0 12.6 9.50 544 10.2 13.9 14.0
' 12.5 956 11.6 12.1 13.4 14.6 13.2 9.79 5.64 10.2 14.2 14.2
c 058 0.69 0.66 0.85 094 0.88 101 122 134 0.84 0.68 0.65
v 058 0.68 0.67 0.87 094 0.84 1.02 123 139 0.35 0.67 0.67
c 232 138 0.66 1.70 1.88 1.76 2.02 144 536 1.68 0.68 0.65
; 242 139 0.67 1.72 1.86 1.56 2.12 248 443 1.68 0.66 0.70
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Table 3. Row-correlation matrix of monthly precipitation forthe observed (1t line) and simulated (2nd line) Meteorological station Raiders (Leninogorsk)

(n =3000)
Month 1 2 3 4 5 6 7 8 9 10 11 12
I 1 025 0.08 001 0.07 0.06 -0.06 0.04 0.05 -0.16 -0.01 0.05
024 0.06 0.02 0.07 -0.01 -0.02 0.08 0.03 0.12 0.03 0.03
I 1 -0.04 -0.07 0.09 0.08 0.08 0.12 -0.06 -0.09 0.07 -0.01
-0.03 -0.05 0.08 0.07 0.08 0.14 -0.08 -0.08 0.07 -0.01
1 | 0.08 -0.13 0.08 001 022 -0.06 0.16 0.08 022
0.06 -0.13 0.04 001 0.18 -0.07 0.16 0.05 022
v | 0.12 0.19 0.00 0.00 0.19 -0.03 -0.09 -0.16
0.12 0.14 0.02 0.01 0.17 -0.04 -0.11 -0.14
0.09 -042 0.10 -0.07 -0.29 0.18 0.04 -0.15 -0.07 0.04 -0.08 -0.04
n 0.05 -041 007 -0.04 -0.29 0.18 0.03 -0.14 -0.11 0.05 -0.07 -0.05
Table 4. Cross-correlation matrix of average monthly precipitation amount for the observed (1st line) and simulated (2nd line) of the series (n =3000)
Month 1 2 3 4 5 6 | 7 8 9 10 11 12
Parameter
Meteorological station Raiders (1940-2003 years)
| 032 | 017 | 0.16 | -024 | 021 | -0.13 | 0.05 0.10 -0.08 0.10 0.10 030
028 0.18 0.15 | -0.18 022 | -0.12 | 0.07 0.12 -0.09 0.10 0.06 026
5 005 | 027 | -027 | 0.10 | 0.10 [ 0.04 | -0.18 0.02 -0.02 0.04 -0.08 -0.02
003 | 021 | -0.19 [ 0.10 | 007 [ 0.05 | -0.16 001 -0.02 0.04 -0.05 -0.02
3 0.06 | -0.06 033 0.09 0.01 0.14 0.00 027 -0.11 0.01 020 0.03
006 | -005 ] 031 0.10 [ 000 | 0.14 | 001 026 -0.09 -0.02 0.07 0.02
Meteorological station Almaty (1940-2003 years)
1 -0.07 | -0.15 | -0.08 029 | -0.06 029 | -0.03 021 0.04 -0.08 0.02 -0.11
-0.07 | -0.14 | -007 | 028 | -003 | 027 | 0.00 0.18 0.08 -0.09 0.03 -0.11
) 0.19 | -0.10 | -0.04 [ 002 | 040 [ 0.05 | -0.05 0.07 0.12 0.10 0.00 0.05
0.15 | -0.11 | -0.04 0.03 038 0.04 | -0.05 0.10 0.10 0.10 0.01 0.02
3 002 | -0.11 | 0.04 [ 030 | 0.00 [ 030 | 0.05 0.04 0.10 -0.12 -0.10 -0.16
001 | -0.08 | 001 024 | 000 | 024 | 007 001 0.10 -0.12 -0.09 -0.15
Meteorological station Balkhash (1940-2003 years)
| 0.19 | 001 0.14 | -004 | 006 | 000 | 059 0.00 0.04 0.04 0.13 -0.04
0.12 | 000 | 0.14 | -005 | 0.07 | -001 | 0.56 0.02 -0.01 0.04 0.14 -0.01
0.10 0.06 022 | -0.12 0.17 0.10 0.17 042 -0.20
2 008 | 005 | 016 | -0.12 | 010 | 009 | 015 | 036 | -017 | 006 | 008 | OIS
3 009 | -004 | -0.10 [ 000 | -0.09 [ 032 | -0.06 0.10 045 -0.12 -0.14 -0.16
0.07 |1-0.04 [ -0.09 0.02 | -0.06 024 | -0.06 0.09 0.32 -0.14 -0.12 -0.13
For simulation of annual precipitation by equation (1) we forj=i.9ij=1.

need to determine the values D; ¢ji, called the coordinate
functions[11] and the variance of the random variables dl V;.
They can be determined from the following recurrence
formulas[12]:
A, = K, (1.1)
pu = K, (1L.K)/A4,4
N, =K, (2.2)- [p12]% 1,
$2i = [K (2.)) - ¢4 P1j A41/8,
A; = K.(3.3) - [913]* A;[p13]°]1,
@3 = [K (3.)) = @1 915 A1 — @20 925 A2]/83 (6)

=K, (i) i [ 4. ] 2

e=1

i=1
¢ij = |:Kx (i,j) - Z¢ei¢ejﬂe } o1l
e=1

for j<i. 0ij = 0.

Values D; and @;; calculated one after another in the order
in which they appear in the calculations[2]. You need to
know the correlation matrix of moments K,(ij). which
defines it according to the available number of observations
of the annual precipitation. Random variables V; is formed in
the standard program of the normal distribution.

Simulation of annual precipitation involves statistical
analysis of data and the establishment of distribution law.
Curve type of rainfall can be installed in various ways. In this
paper. as the basic law of the distribution used
three-parameter gamma distribution Kritsky-Menkel. The
main advantage of this distribution law is the possibility of
its use for any relationships between the parameters Cv and
Cs. The relation between the parameters Cv/Cs selected byxz.
It was found that the annual rainfall of all items considered
satisfactorily described by Cs = 2Cv.

Simulation algorithm of annual precipitation is little
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different from simulation algorithm runoff. simu lation of the annual precipitation in several observation
¢j coordinate functions and variance of random variables  points is shown in the example of the 12 meteorological
dl V, calculated by the equations given in[13]. point of the Ural-Caspian basin.

That the method of canonical expansions for simultaneous
Table 5. The statistical parameters of annual precipitation for the observedand (1t line) and simulated (2nd line) of the series (n =1000)

Weather stations

Uralsk
Aktobe
Atyrau
Zhanibek
Oiyl
Temir
Martuk
Novoalekseevka
Aksai
Kamenka
Zhem (Emba)
Shingirlau

Average long-term amount (1940-2000 years)

336 306 175 271 251 280 323 273 298 318 222 287
335 302 174 270 250 277 322 270 295 318 218 284
Coefficient of variation
026 023 028 026 027 025 024 030 028 029 029 026
026 023 027 026 028 025 024 031 029 030 030 027
Coeflicient of asymmetry
0.52 046 0.54 0.52 0.54 0.50 048 0.60 0.56 0.58 058 0.52
0.72 042 034 0.56 0.50 0.55 0.64 0.74 0.67 0.74 0.70 0.66
Coefficient of autocorrelation adjacent years
021 0.11 0.10 -0.03 0.02 -0.03 -0.10 0.03 0.02 023 0.11 0.00
026 0.16 0.15 -0.05 0.06 -0.08 -0.11 0.03 0.04 030 0.18 001

Table 6. Cross-correlation matrix of annual precipitation for the observed and (1t line) and simulated (2nd line) of the series (n = 1000)

2 T |
o ] ~ S 2 5
O T - R =T - - A B A R A A
5 £ Z = © & s s < g E £
N 3 2 2 1723
5 N
Z
1 061 032 075 048 036 058 053 080 078 0.17 071
0.64 029 0.72 047 035 0.55 0.54 0.79 0.78 020 0.69
1 025 0.59 0.56 0.64 0.76 0.74 0.70 0.54 054 0.64
023 0.59 0.59 063 0.73 0.72 0.71 0.54 057 0.65
1 032 052 048 032 026 024 016 017 026
032 047 046 029 026 024 0.17 0.15 028
1 0.60 0.52 0.56 0.56 081 0.72 030 0.79
0.62 0.53 0.56 057 0.82 0.69 032 0.82
1 066 058 052 057 039 039 058
0.66 057 052 061 040 042 061
1 057 0.60 048 028 0.63 0.56
0.55 057 049 027 061 0.58
1 071 0.64 046 056 065
0.69 0.64 040 056 063
1 0.64 043 048 067
0.65 043 046 0.69
1 063 034 083
0.62 038 0.84
1 021 0.64
024 0.63
1 035

039
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For a description of the annual precipitation in the region
also adopted a three-parameter gamma distribution
Kritsky-Menkel. The relation between the parameters Cv/Cs
selected, as above, by . It was found that the annual rainfall
of all items considered satisfactorily described by Cs = 2Cv.

Tables 5 and 6 show the statistical parameters of the
observed annual precipitation (1940-2000 years) And
simulated (n = 1000) of the series. Table 1 shows, the near
coincidence of the rules and the coefficients of variation in
the volume of the simulated sequence of n =1000.

Asymmetry coefficients simulated series are compared
with the specified value C; so ratio Cy/C, set when choosing
the law of distribution of annual precipitation. For individual
points difference between the coefficients of asymmetry can
be significant, but it is within the specified accuracy of
calculation of Cy. The same conclusion can be drawn when
considering the autocorrelation coefficients of adjacent
years.

The data in Table 6 show that the extent to which the
cross-correlation coefficients given and obtained series can
be considered quite high.

4. Conclusions

Thus, the series of precipitation simulated by the
canonical decomposition, have statistical parameters close to
the parameters of the observed series and keeps auto-and
cross-correlation observed in the original series.
Consequently, the method ofexpanding successfully will use
for simultaneous modeling of annual precipitation in a few
points of observation. This may be used by the algorithm and
the calculation program, made to simulate river flow.
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