ISSN 1563-0315
Wnnexc 75877, 25877

OJI-OAPABMU ateingarst KASAK ¥JITTBIK YHUBEPCUTETI

XABAPHIBI

®du3uka cepusichl

KA3AXCKHI HALIMOHAJIbHBI YHUBEPCUTET nmenn AJIb-DAPABU

BECTHHUK

Cepus pusudeckast

AL-FARABI KAZAKH NATIONAL UNIVERSITY

RECENT CONTRIBUTIONS
TO PHYSICS

No2 (65)

Anmatsl
«Kazak yHUBEpCUTETI»
2018



MPHTU 14.35.09

Kycynos MLA., Kycynos A.M., Kaéaraesa P.C.", ’Kakcoi6ekoBa K.A.

Kazaxckwuii HartmoHanpHBIN YHUBEpCcHTET M. anb-Dapadu, HUNDTO,
r. Anmatsl, Kazaxcran, “e-mail: raushan.kabatayeva@gmail.com

MCTIOAb3OBAHHUE MATEMATUYECKUX METOAUK
B TEOPETMUYECKOU ®U3UKE

Hacrosuias craths MNPEACTaBASIET MHTEPEC AAS  MOAOABIX — YUEHbIX-UCCAEAOBaTEAel U
npernoAaBaTeAei, AOKTOPAHTOB, MAarMCTPAHTOB, CTYAEHTOB, @ Tak)Ke YUEHUKOB CTapLLMX KAACCOB LIKOA,
SKEAQIOLMX 3aKPENUTb CBOM 3HAHWS B 0OAACTM MaTEMATMKM W CBS3AHHOW C STUMM 3HAHUSAMU (DUBUKM.
B yacTHOCTM, pacCMaTPUBAETCS METOAMKA BbIUMCAEHUS CYMMbl PSIAOB M3 HAaTYPAAbHbIX YMCEA; 3HaHMeE
3TOM METOAMKM, HarmpuMep, MOAE3HO AASl PACCMOTPEHUSI PAa3AMYUHBIX BOMPOCOB B 0OAACTV KBAHTOBOW
MexaHuku. Hanpumep, AaHHasi METOAMKA MCTMIOAb3YETCSl B KBaHTOBOWM TEOPWMM YITAOBOIO MOMEHTA Mpu
AOKA3aTeAbCTBE KBAHTOBAHMS YrAOBOrO MOMEHTA M3 COOOpaXKeHWI Teopuu BEpOSITHOCTEN B
NPEANOAOXKEHUM, YUTO BO3MOXHbIE TMPOEKUMM MOMEHTA Ha MPOM3BOAbHYIO OCb PaBHbl m

(m = ﬁ,f—l,...,—f) M BCE 3TW 3HAUYEHWS MPOEKLMM MOMEHTA PAaBHOBEPOSITHbI, @ OCU PABHOMPABHbI.

[prBeAeHbl TPU METOAQ AASI BBIYUCAEHWS CYMMbI M3 KBAAPATOB HAaTYPAAbHbIX UMCEA: METOA MHAYKLMM,
MeToA  AMGEEPEHLMAABHOTO UCUMCAEHUSI M METOA KOHEUHbIX pasHocTen. PelueHne 3apauu
HECKOAbKMMU METOAAMM MOXKET BbITb MOAE3HbIM, TaK KaK MPW COBMAAEHWMM PE3YAbTaTa, MOAYUYEHHOro
pasHbIMKM CMOCOOGAMM, MOXKHO HE COMHEBATHCS B €ro NMPaBUAbHOCTU; HEKOTOPbIE U3 METOAOB, Kak OyAeT
MoKaszaHo HM>Ke, MOryT ObiTb 0BOOLLEHbI AASI PELIEHUSI CXOAHBIX M OOAEE CAOXKHbBIX 3apad. Takxe
NMPUBOAMTCS PAaCCMOTPEHME M3BECTHOM (hopMyAbl MyaBpa-Jiiaepa, KOTopasi 4acTo MCMOAb3yeTCs
u13MKamMm-TeOpETUKAMU B AOKa3aTeAbCTBaxX TeopeM W  (DOPMyA, Harpumep, B OGOPHOBCKOM
NPUOAMIKEHMM, METOAE MapLMAAbHbIX BOAH B KBAHTOBOW TEOPUM pacCesiHus. DAep pellaA CAOXKHble
MaTemaTmyeckme 3apaum, pesyAbTaTbl KOTOPbIX MMEIOT MPaKTUYeckoe NPUMEHEHNE B TEOPETUUECKOMN
p13MKe, HO YAMBASIET TO, UTO TMPU PELIeHWUM DTUX 3aAady, DMAEP MCMOAb3YET TOAbKO OOblUHblE
MaTemMaTUyeckme 3HaHWS U BbIBOAbI C MPOCTEMLLMMM MaTeMATUUYECKMMU (DYyHKLMSMKU. B cTaTbe Takxke
NPUBOAMTCS PACCMOTPEHUE HAXOXKAEHMS CYMMbI PIAOB M3 0OPATHbIX KBAAPATOB HAaTYPaAAbHbIX UMCEA.
[NprBOAMTCS KpaTkasi CrpaBka O TOM, Kakum 006pa3om BeAukas Teopema (Pepma 6bira AOKazaHa
rpynnoi mMaTeMaTMKOB pa3HbiX BpemMeH. Ho raaBHasi MHTpUra 3akAlouyaeTcsl B TOM, UTO AO CKX MOp
HEeM3BEeCTHO, KaknMM Cnocobom aokasaa ee cam Pepma.

KAtoueBble cAOBa: KBAHTOBaHME YTAOBOFO MOMEHTA, CyMMa PSIAOB M3 HATYPAAbHbIX YMCEA, METOA,
MHAYKLMU, METOA AN DEPEHLMAABHOIO MCYUCAEHUS, METOA KOHEYHbIX pa3HocTen, hopmyaa Myaspa-
Jnaepa, Teopema Depma, rmnoTtesa TaHUAMBI.

Zhusupov M.A., Zhusupov A.M., Kabatayeva R.S.*, Zhaksybekova K.A.

Al-Farabi Kazakh National University, IETP, Almaty, Kazakhstan
“e-mail: raushan.kabatayeva@gmail.com

Use of mathematical methodologies in theoretical physics

The present article is of great interest for young scientists-researchers and teachers, PhD students,
master students, bachelor students and even for pupils of higher classes of schools willing to strengthen
their knowledge in the field of mathematics and physics concerning it. In particular, there is a
consideration of the methodology of calculation of a sum of series of natural numbers; knowledge of this
methodology is of use for those who study quantum mechanics. For example, the methodology is used
in quantum angular momentum theory when proving the quantization of angular momentum from
considerations of probabilities theory in assumption that the possible projections of momentum for
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arbitrary axes are equal to m (m =/0,0— 1,...,—6) and all these values of the momentum projections are

equally probable and the axes are equivalent. Three methods for calculation of the sum of series of
natural numbers squared are given: method of induction, method of differential calculus and method of
finite differences. A solution of the problem by several techniques might be of use since when the results
obtained by different ways coincide, one should have no doubt in correctness of the result; some of the
methods as one can see below can be generalized when solving similar or even more difficult problems.
There is also a consideration of the well-known de Moivre-Euler’s formula which is often used by
theoretical physicists when proving theorems and formulas, for example in the Born approximation and
partial waves methods in quantum scattering theory. Euler solved complicated mathematical problems,
results of which have practical applications in theoretical physics, but the surprising fact is that when
solving this problems Euler only used ordinary mathematical knowledge and simple derivations with
simplest mathematical functions. There is a consideration of obtaining of a sum of reverse squares of
natural numbers in the article. A short description of how Fermat’s great theorem was proved by a group
of mathematicians living in different time periods. But the main intrigue is that it is not known yet how
Fermat himself proved it.

Key words: quantization of angular momentum, sum of series of natural numbers, method of
induction, method of differential calculus, method of finite differences, de Moivre-Euler’s formula,
Fermat’s theorem, Taniyama’s hypothesis.
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TeOpMﬂ/\blK d)M3MKaAa MaTeMaTUKAAbIK METOAMKAAAPADbI KOAAAHY

HakTbl Makara mareMaTvka >K8He OHbIMeH 0aiAaHbICTbl (M3MKa casacbiHAaa BiAiMaepiH
HbIFAMTKbICbl  KEAETIH >Kac FaAbIM-3epTTeylliAepre >KoHe OKbITYWbIAAPFa, AOKTOPAHTTApFa,
MarucTpaHTTapFa, CTYAEHTTepre, TinTi MeKTenTeri >KOFapbl CbiHbIM OKYLIbIAAPbIHA AQ KbI3bIKTa OOAbIM
Tabbiraabl. COHbIH ilIIHAE, HaTypaA CaHAAP KaTapAapblHblH CYMMAacbiH ecernTey oAicTemeci
KapacTblpbIAFaH; BYA aAicTeMeHi BiAy KBAHTTbIK, MEXaHMKA CAaAaCbIHAA OKbIM >KYPreHAepre naiaAaAbl.
MblIcaAbl, alTbIAFaH SAICTEME KBAHTTbIK OYPbILITHIK, MOMEHT TEOPUSCbIHAA OYPbILITbIK, MOMEHTTIH
KBAHTTAAYbIH ASAEAAEreH Ke3Ae KOAAAHBIAAAbI, SFHW bIKTUMAAABIKTAP TEOPMUSCbIHbIH, TYCIHIMHEH,

MOMEHTTIH, Ke3 KEAreH OCbKe MYMKiH GOAATbIH NMPOeKLMsIAapbl m (m =0,0—-1,..., —E) TeH, 6GOACa KaHe

OCbl MOMEHT MPOEKLMSAAAPbIHbIH MBHAEPI TEH bIKTUMAAAbI XKOHE OCbTep TeH KYKbIKTbl HOAXKAMbIHAQ.
HatypaAn caHaap KBaApaTTapbiHbiH CyMMacbiH Taby YILiH YU SAIC KEATIPIAreH: MHAYKLMS SAICi,
AddbepeHLMarAbIK, €CENTEY DAICI KoHEe LIEKTi aiblpbIMAAP dAiIC. MaceAeHi HipHelle KXOAMEH LieLly
nanaaAbl O60OAbIN TabblAaabl, cebebi op-TYpAi SAICMeH aAblHFaH HOTMXKEAEpP COMKEC KEeACe, OA
HOTUXKEHIH AYPbICTbIFbIHAQ KYMBH HOAMaNAbI; Kenbip aaicTep, TEMEHAE KOPCETIATEHAEN, yKcac, TiMTi
KYPAEAIAEY MBCEAEAepAi LELKEeH Ke3AE >KAAMbIAAHbIM KOAAAHbIAA araabl. COHbIMEH KaTap, GeAriAi
MyaBp-Diiaep  hopMyAacbl  KApacCTbIpbIAFAH,  alTbiIAFaH  (DOPMYyAaHbl  (DU3UK-TEOPETUKTEpP
TeopemMaAapblH >koHe (DOPMYAaAapPblH ASAEAAEreH Ke3Ae aca >KMi KOAAAHAAbI, MbICaAbl, KBAHTTbIK,
Lalibipay TEOPUSICbIHAAFbI BOPHABIK, XKYbIKTayAa >KOHE MapuMaAAblK, TOAKBIHAAP SAICiHAE. Ditaep
KYPAEAI MaTeEMATUKAABIK, MOCEAEAEPA| LLIELLIKEH, COA LIELIIMAEPAIH HOTUXKEAEPi TEOPUSIABIK, (hM3MKasa
NPaKTMKaAbIK, KOAAAHbICTapbIH TabaAbl, 6ipak TaHKAAAPAbIFbl — COA LLELIMAEPAT TanKkaH Kesae dnaep
TEK faHa KaparnambiM MaTemaTuKaAblK, OIAIMAI >keHe KapanambiM MaTemaTuKaAblK, yHKUMSIAAPMEH
ADAEAAEYAEPAI KOAAAQHFAH. MakaAapsa COHbIMEH KaTap HaTypaA CcaHAap KBAApaTTapbiHbIH, Kepi
MOHAEpIHIH CyMMacbiH Taby >KOAAAPbl KapacTbipblAfaH. Op 3amaH MaTemMaTMKTEpiHiH rpynnacbl
DepmaHblH,  YAbl TEOPEMACbIH KaAai LIEWKEeHi TypaAbl KbiCKallla MaAiMeT GepiareH. bipak eH, 6acTbl
nHTpura — MepmanbiH, 631 OYA MOCEAEHI KaAal LUELWKEHi — 9AI KyHre AeiiH GeArici3 ekeH.

Tyiin cesaep: GypbIlLITbIK MOMEHTTIH, KBAHTTaAybl, HATYpPaA CaHAAP KaTapAapbiHbIH CyMMachl,
MHAYKLIMS BAICI, AMddepeHUMarAbIK, ecenTey 8AICi, akbIpAbl arbipbIMAAP BAici, MyaBp-Jiiaep
dopmyaackl, Depma TeopemMachl, TaHUsIMa runoTesachl.
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MeTtoanka HaXOXIeHHA CYMMBbI PSiI0B H3
HATYPAJBHBIX YHCE]

Ha IMPAKTUKE YaCTO BO3HUKACT HGO6XOI[I/IMOCTI)
B CYMMHPOBAHHWU PAAOB C HATYpPaJIbHBIMU YUCIIaAMU.

Camplii TIpOCTOH, K TIpUMEPY, PO Zn, rae
n=1
n=1,2,3 ... UcTopuku MaTeMaTUKN yTBEPKIAIOT,
4yTo cymmy psaa oT 1 no 10 mpocymmupoBan B
naTwieTHeM Bospacte Kapn 'ayce, B nanpHelmemM
BBIJAIOUIMIICS y4YEeHBIA, MNPO3BAHHBIA COBPEMEH-
HUKaMHU «KopoieM wmaTteMaTtukoB». FOubii Kapn
oOpaTuyl BHUMaHHE Ha TO, YTO CyMMa MEpBOro U
MOCTIETHET0, BTOPOTO M IPENNOCIETHEr0 YICHOB
psiga W T.0. oauHakoBa W pasHa 11. Ywucrno
moto0HBIX map paBHO 5. Takum oOpazom, BckoMas
cymma pasia 11x5 =55 Tlo gpyrum ucrouHukam
momoOHas 3amada Oblla  TOCTAaBJIIGHA — Teper
JnecaTwieTHUM [ayccom, HO HaWTH Hago ObLIO
cymmy umcen ot 1 go 100. Pemenue odeBUIHO:

(100+1)><50=5050. OtBeT OBIT JaH 7O TOTO,

KaK YYUTEJIb YCIICI JOYUTaTh YCJIOBUC 3a1avu.
I/IHTCpCC MNpeACTaBJIACT BLIYUCIICHHUE CYMM THIIA

2

BBIUHMCJICHHUEC

3
Zn A T.J0. MBI TOAPOOHO W3JI0KUM

2.
MaTemMaTHdeckumMu Meronamu. OTMeTuM, YTO
BBIYMCIICHUE JIAHHOH CyMMBI MOXET HMETh
CaMOCTOSITETIbHOE 3HaYeHHE, a TAKXKe JTaHHas CyMMa
MOJKET HalTH MPUMEHEHNE B KBAHTOBOH MEXaHUKE,
HampuMep, TpU KBAaHTOBAHWU  OPOUTAIHLHOTO
MOMEHTa KOJIMUYECTBa JBM)KEHUS M3 COOOpaKeHUH
TEOPUH BEPOSITHOCTEH.

B kBaHTOBOI MexaHHKe OpOUTAIBHBI MOMEHT
kBaHTyetca [1-3]. Hanpumep, B pabote [4] pac-
CMaTpUBaeTCsl HamOojiee OOmUi ciaydail KBaHTO-
BaHUS yTJIOBOTO MOMEHTA B N-MEPHOM IPOCTPaH-
ctBe. [lokazaHo, 4yTo A1 aTOMa BOIOPOa, IPH pac-
CMOTPEHHH B 3TOM MHOTOCBSI3aHHOM TIPOCTPAHCTBE,
yrioBoi MoMeHT joibkeH ObiTh (N — 1)/2)-kpat-
HBEIM. B [5] mokaszamo, WTo Korza BOJOPOIOIIO-
JMOOHBI aTOM paccMaTpUBAaeTCs Kak JByMEpHas
CHUCTEMa, Ybe KOH(UTYypPaIMOHHOE MPOCTPAHCTBO
SIBJIIETCS] MHOTOCBSI3aHHBIM, TOTJIa JUISI TOTO, YTOOBI
ONpEeNeNauTh TOT K€ CHEKTp JSHEepruil, Kak u B
Mozaenn bopa, yrioBoil MOMEHT JOJKCH OBITh

CYMMbI OPpOCThIMU

MoJTyIeIsIM. BooO111e BOmopo10moj00HbIe aTOMBI
SIBJITFOTCSL XOPOIIUM TIPUMEPOM JJIsi 00pa3oBaTelb-
HBIX IeJie Ipu OOy4YeHHH CTYACHTOB KBAaHTOBBIM
METOAMKaAM [6], a TakKe MpU HAYYHBIX PacCMOT-
peHUSIX, B YACTHOCTH B IPEIHU3HOHHBIX pacyeTax
[pH  OINpPEACICHUH W YTOYHCHMHM KBaHTOBBIX
KOHCTAaHT. B TpexMepHOM MHpOCTpaHCTBE KBajpar
OpOUTATBHOrO MOMEHTA L* MPHHUMAET CIIEIYOITIe

sHauenns L’ = h2€(€+1) ,rne £=0,1,2... — e-
JIBIE TIOJIOKMTENbHBIE 3HaUeHUs. [IpOeKIHs Ha BBIO-
paHHOe HampaBieHue (HampuMep, Ha OCh Z)
L =tm, rne m=0,£1,£2,..,+(, 10 ectp m
menstercs or +¢ no —¢ 4epe3 eamumuy. 3mech
h= h/ 27 ,rae h —nocroaunas [Inanka, nmeromast

pPasMEpHOCTb MOMEHTa KOJIMYECTBA IBHKCHMS.
Chopmynupyem 3amgaqy.

3aoaua 1. Vicnonb3ys 371eMeHTapHbIe (OPMYJIbI
TEOPHH BEPOSITHOCTEH, TOKa3aTh, 4TO (opmyiy

L' =h"t (E + 1) MO>KHO MOJTYYHTh, €CIIH IIPEIIIOIO0-
’KUTh, YTO BO3MOXKHBIC MPOCKIIMM MOMEHTa Ha
NPOM3BOJIBHYIO OCh PaBHBI /1 (m =0,0—1,..,—/ )

1 BCC 3TU 3HAYUCHUA MNPOCKIIMK MOMCHTA pPaBHOBC-

POSTHBI, @ OCH PaBHONPABHBL. B cuiy paBHO-

IPABHOCTHU ocent X, ¥, z nMeeM
2_ 712 _ 32 .72, 12 2 2

L=l =L +L +L;=3L,. 3necy L° o3mnauaer

cpeqHee 3HaYCHHE BEIMYUHBI, TO €CTh PE3yJIbTaT e
MHOTOKpaTHOTro u3MepeHus. [lockonbky paszmuu-
HBIE 3HAYCHUS MTPOSKIINH MOMEHTa PaBHOBEPOSITHEI,

2 + 2
J— h ! 4

2 _
LZ_2£+1Zm 20+1 ,,,z

m=—/{

[TonyuyeHHYI0 CyMMYy MOXHO  BBIYHCIIUTH
pasnuuHbIMU criocobamu. OCTaHOBUMCS Ha TPeX U3
HuX. PemieHmne 3aaum HECKONBKHIMH METOAAMHU
MOXKET OBITh TOJIE3HBIM, TaK KaK MPH COBIAJICHUU
pe3ynbTaTa, TONYYeHHOTO pPa3HBIMH CIIOCO0aMH,
MOXXHO HE COMHEBAaTbCS B €ro MPaBUIBHOCTH;
HEKOTOPBIE M3 METOAOB, KaK MBI YBUINM HUXKE,
MOTYT OBITH OOOOIIECHBI ISl PEUICHUS CXOIHBIX,
Jlaxke 0oJIee CI0MKHBIX 3a]1a4.

I. Memoo undykyuu. 310 HanbGOIEE IPOCTON
crioco0. CocTaBuUM CIEIYIONTYIO TaOIUILY:

92 Becrauk. Cepus pusmueckas. Ne2 (65). 2018
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1; I 2 3 4 5
4
> m’ 1 5 14 30 55
m:€1
> m 1 3 6 10 15
m=1
4 4
> om’ / D> m 1=3/3 5/3 7/3 9/3 11/3
m= m=1
3 Tabuitel BUIHO, UTO S (O) =(0. 3amumem pa3sHOCTHOE YypaBHEHHE
2
Lo, /& S(€+l)—S(£):(£+l) . Bynem uckatp S(ﬁ) B
; " ; m=(26+ 1)/ 3 BHJIE CIIE/IYOIIETO Pa3IOKEHUS:
S(t)=a,+al+a,l’ +a,l’ +a,l*, a,=0.

Ho Tak xak
4

dm=1((1+1)/2,

m=l
,
To Y m* =(((+1)(20+1)/6.
m=1
OTtcroga nmeem

Py 2 ((0+1)(20+1)
20+1 6

P =nl(l+1),

YTO U TPeOOBAJIOCH 10KA3aTh.

II. Memoo, ucnonvzyrowuii Oughghepen-
yuanvnoe ucuucnerue. ONUpenennM Cleayrolee
BBIPAKECHHE

/ d2 0 d2 l_ea(ﬁ—l)
m2 — eam —
Z L]az Z lo da’ 1-¢°

m=0 m=0

a=0

3n1ech HCoiab30BaHa (OpMysa reoMeTpuyec-
KOii mporpeccun co 3Hamenarenem ¢ =e” . Iocne

JIBYKpaTHOTO IU(PEepeHINPOBAHNS U PACKPHITHS C
MOMOIIBI0  TpaBWia Jlomuransg  MOJydeHHOH
neomnpeaeneHuoctu (0/0) umeeM TOT ke pe3yJibTarT.
JanHbIi crioco0 pacuera CyMMBI PEKOMEHIYETCS B
HEKOTOPBIX Y4eOHWKax MO KBAaHTOBOM MeXaHWKe
(cM., Hampumep, COOpPHHMK 3aJad MO KBaHTOBOM
MexaHuke [7]).

III. Memoo koneunvix paznocmeii. O603Ha-

;
9AM  HCKOMYK Ccymmy S (ﬁ ) = Zm2 , TIoe
m=0

ISSN 1563-0315

[ToncraBum mocneaHee pasiaokeHHE B PA3HOCTHOE
ypaBHEHHE:

a(0+1)+a,(£+1) +a, (£+1) +a,(0+1)" -

al-a,l’—al’—al’ = 2 +20+1.

ITocne packpbITHS CKOOOK M COOTBETCTBYIOIICH
TpPYHNIMpOBKU ClIara€MbIX, MOJIYYUM:

a +a,(20+1)+a, (307 +30+1)+
a,(40°+..+1)=0*+20+1.

I[J'IH MMPOU3BOJIbHBIX f 9TO PAaBCHCTBO BLINOJI-
HSCTCS, eClOu OyIyT paBHBI KOA()(PHUIMEHTH IMpH

onuHaKoBbIX creneHsx . IlpupaBHuBas WX,
MIOJIy4HM CHUCTEMY YPaBHEHUH:

npu (° = a +a,+a,+a, =1;
mpu (' = 2a,+3a,=2;

npu (> = 3a,=1;

mpu ° = a,=0.

Pemasi ypaBHEHHMs, TOJIYYUM a =1/6,
a,=1/2, a, =1/3.Orciona
! 1)(20+1
$(0)=$om )6( r+1)
m=0

3aoaua 2. Vicnonab3ys MeETOA KOHEUYHBIX
Pa3HOCTEH, HAUTH CyMMBI:

Recent Contributions to Physics. Ne2 (65). 2018 93
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HMEET BU]T
S(e+1)=8(¢)=(r+1y.
3anuimreM pa3aoKeHUS:

S(l)=a/l+ a,l> + al’ +a,l’,

S(t+1)=a, (£+1)+a, (£+1) +
a,(0+1) +a, (1+1)".
Pa3zHocTHOE BbIpaXKeHHe MPUMET BUJL:
a+a, (20+1)+ ay (30 +30+1)+

a,(40°+60° +40+1) =7 +30° +30+1.

BrinuceiBas KOOQQUIUEHTHI IPH OAMHAKOBBIX
CTENEHSX U pelasi ypaBHEHHs, TOIYIUM

a =0,a,=1/4,a,=1/2,a,=1/4.
Torna

S(f)z%fz +%£3 +%£4 =

1 1 2

—(+20 + 04 ) == (0+1)".

o =1 (s
Hckomast cymMMa paBHa

4
Zm3=%€2(£+1)2.

m=0

BrryrcnuTs Takyo CyMMy MOKHO H METOIOM
UHIYKIIUH, €CIIA 3aMETUTD, YTO

, 2
Z[:m3: im ,im:£(£+l)/2.
m=0 m=1

m=0

,
2) § (Z) = Z m* . TIpefocTaBIsieM YHTATEIO
m=0

CaMOCTOATEJIbHO MOJIYYUTb OTBET IJIA OTOr0 Cliy4das
/

Yomt=1(=1+100> +150° +6*) /30.

m=1

BeliensnoxkeHHbI METOJ] KOHEYHBIX pa3HOC-
Ted B pasHBIX €ro MHTEPIPETaNHiX [IHPOKO
npumensiercsi B pusnke u Matematuke. Hanmpumep,
B pabore [8] mpemmaraeTcs BBEICHHE METOIA
KOHEYHBIX pa3HOCTel Kak OJHOW W3 HHTepec-
HeHmux TeM B aucuuiuinHy «KBaHTOBas Mexa-
HUKa» i1 CTYAECHTOB-(PU3UKOB. OTOT METOX
JIOBOJILHO TPOCT Ui BHEIPEHUS U MOXKET OBITh
MpUBEJIEH B MPHMEpax B paMKax IIECTHIACOBOTO
3aHATHUSA, TO3BOJISISI KaK KOJMYECTBEHHBIE KOPPEKT-
HBIE, TaK U Ka4ECTBEHHBIE BBICOKOTOYHBIE PE3YIIb-
TaThl. biarogaps MMPOKON IPUMEHUMOCTH METO/1A,
BaXKHO TO, YTO CTYEHTHI, Oy TyIIHe UCCIIC0BATEIH,
CMOTYT €ro JIETKO BOCIIPHHATH. MeToa paccMOTpeH
JIETaJIbHO ¥ IE€PBOHAYAJIBLHO MPOBEpEHa €ro TodY-
HOCTB B pacyeTe CIIEKTpa dSHEPTUil FTapMOHUYECKOTO
OCLIMJUIATOpA U CJEJIAHO €r0 CPaBHEHUE C XOPOLIOo
U3BECTHBIMH  QHATUTHYECKUMH  PE3YJIbTaTAMH.
Taxke 3TOT METOJ UCHOIb30BaH JIsi aHTapMOHH-
YeCKOIro OCHMIIIATOpA U AJIS OCLMIIIIATOPA C IMHEH-
HBIM NOTeHIHAIOM. [ KaXIoil UX 3THX CHUCTEM
paccuuMTaHbl eCSITh 3HAUCHUH CaMBbIX HU3KUX COO-
CTBEHHBIX 3HAYEHHI SHEPTUU U COOTBETCTBYIOIINE
UM COOCTBEHHBIE (YHKIIHH.

B nureparype HaxoguTcsa MHOTO JIpyrMX IpH-
MEpOB HCIIOJIb30BaHUSI METOJIa KOHEYHBIX Pa3HOC-
Tel B aspoaunamuke [9]. B aToit pabore Oblia npe-
JIOKEHA CXeMa KOHEUYHBIX pa3HOCTEH Ul pacueTa
CKMMaeMOro JI03BYKOBOTO HECTAllMOHAPHOTO MOTO-
Ka, MPOXOJAIIEro BI0JIb a3POAMHAMUYECKOTO KPbI-
714, UCTIONB3Ys TMHEAPU30BAHHYIO MTOTEHIINAIBHYIO
Teoputo. Cxema OblIa MPOTECTHPOBAHA HA XOPOLIO
M3BECTHBIX IMPOOJeMax HECTAalMOHApHOW a’poau-
HaMHUKHU — TaKue KaK OTBETHas peaklys Ha BHe3all-
HOE€ H3MEHEHHE YIVIa aTakl W TapMOHHYECKOE
JBIDKEHHE KpblJla — M OBLJIO JIOKAa3aHO, YTO STOT
METOA SIBIISICTCS CaMbIM TOYHBIM M 3()eKTUBHBIM
10 CPaBHEHUIO C IPYTMMH METOJIaMH, HaliIeHHBIMU
B JIUTEpaType.

B MaremaTHke METOX HWCHONB3yeTCsS I
peteHust OOJBILIOrO KJIacca YpaBHEHHN, HMEIOIIUX
3HaueHue Ut pusukd. B padore [10] uccnemyercs
METOJl Ui BBIBOJA YHWCJIEHHOTO peHIeHus s
OoNBLIOTO KJlacca HeJWHEHHBIX ypaBHeHuil [lyac-
COHA. DTH THUIIBI 33]1a4 UCXOJAT U3 ypaBHEHUH CcTa-
UUOHApHBIX AU((QY3HBIX peakiuuid M TeIUIoNpo-
BOJAHOCTH, W3 YIPYTOCTH, MEXaHUKH IKHUIKOCTH,
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AJIEKTPOCTATHKH, H TEOMETPUHU. Y Ka3aHHBIH METO]I
OCHOBaH Ha KOHEYHBIX pa3HOCTAX M TOMOTOINH-
yeckoM aHanuse. B crarbe [11] npennaraercs cxema
KOHEYHBIX Pa3HOCTEH Ul PELICHUs] HEIMHEHHOTo
ypaBHeHus: Poxkepa-Ilnanka. [Ipubimxenue xo-
HEYHBIX pa3HOCTEH TpPHUMEHSETCS s JAUCKpPETH-
3alMy MPOCTPAHCTBEHHBIX MPOU3BOAHBIX. Ipemio-
JKEHHBI METOJI UMEEeT BTOPOH MOPSJIOK TOYHOCTH
JUTS TIPOCTPAHCTBEHHBIX TIEPEMEHHBIX M YETBEPTHIN
MOPSAZ0K TOYHOCTH JIUIsl BpEMEHHBIX ITEpEMEHHBIX. B
[12] mpencraBieHa OTHOCHUTENBHO TIPOCTast W
¢ PeKTHBHAS CHMBOJIMYECKH-YHCICHHAS TPOIle-
Jypa, OCHOBaHHAsl Ha METOJie KOHEUHBIX pa3HOCTe!
st pemeHus nuddepeHnanbHBIX YpaBHCHUA B
YaCTHBIX MPOMU3BOJHBIX JUIsl CUCTEM HEperyJsipHOH
dopmbl. MeTon KOHEUYHBIX pPa3HOCTEH WCIONb-
3yeTcs Ui peHIeHus] TpaHC(OPMHUPOBAHHBIX CHC-
TEM 3aBHCHUMBIX TlepeMeHHbIX. [Ipenoxennas Tex-
HUKAa  HUCTHOJB3yeTCs I  HEeCTallMOHAPHBIX
COCTOSIHMH TeTIoNepeiadH.

Taxke METOJ KOHEUHBIX pa3sHOCTEH MCHOJIb-
3yeTcss W B pacyeTax HaHOCTPYKTyp, B [13]
npeactaBiieH 3G(OEKTUBHBIN W TPOCTON METOH IS
pacuera CHeKTpa DHEPrUil ¥ BOJHOBBIX (PYHKIHH
AJIEKTPOHOB M JIBIPOK B V-00pa3HOM KBaHTOBOU
HUTEBUIHON CTPYKType, TNe Ui TaMUJIbTOHMAHA
HCIOJIb3yeTCd MMEHHO METOJ KOHEUHBIX pa3HOC-
teit. B [14] npemnaraercs 3¢ ¢heKTHBHBINA U TPOCTOH
METOJ] JUIsl pacuera 30HHOH CTPYKTYpHI MOJIYTpO-
BOIHMKOBOW KBAaHTOBOIl maHend. Mertonq KOMOU-
HUpPYET KOOpAWHATHBIE MTPeoOpa3oBaHmsl, OCHOBAaH-
HblC HA aHAJTUTUYECKON (YHKLMH, U METOJ KOHEeY-
HBIX Pa3HOCTEW Ui pEUIeHHS OJHOIOJIOCHOTO
ypaBHeHnus Ipenunrepa.

Heckonbko  npuMepoB  u3
TBOpuecTBa JI. Diijepa

1. JI.D#mep (1707-1783) — ommH M3 caMBbIX
YJAMBHUTEIBHBIX YUEHBIX B UCTOPHH 4YEJIOBEUECCTBA.
OH BHEC HEOICHUMBII BKJIaJl B CaMbIe pa3IMYHBIC
oOnacTu Hayku. B cBoe Bpemsi OH ObLI MpHUTJalleH
nMIiepatpuiei ExarepuHoit s padboter B Poc-
cuiickoii Akanemuu Hayk. Y Hero 6bu10 orpoMHOe
YHUCIIO OMyOJIMKOBAaHHBIX, a elle OOoJbIe Heomyo-
JUKOBAaHHBIX HAy4HBIX paboT. OH Tmoyiaraji, dTo
MocJIe ero cMepTH AKageMuH Hayk norpedyercs 40
JeT JuIs TOro, 4ToObl pazodparh ero apxuB. OH
omwuOCs: Ha caMOM JieJie JIJIsl ATOro MoTpedoBaIoch
80 siet. OIMH U3 €ro 3aMeyvaTeabHbIX Pe3yIbTaTOB —
aTo Gopmyia Ditnepa:

Hay4YHOI'0

e™ =cosx+isinx. (1)

ISSN 1563-0315

Oty QopMyiy HMHOTAA CBS3BIBAIOT C MMEHEM
coBpemennuka J1.Oinepa Myaspa. OnHako HIMEHHO
MOCJIEHUHN TTOJTyYHJI COOTHOLIIEHHUE

[r(cosq)ﬂ'sin go)]" =r"(cosp+ising),

KoTopoe ciemyeT u3 (1).

Cama ¢opmyma (1) merko moka3wpiBaeTcsi, €CIIn
UCIIOJIb30BATh ~ M3BECTHBIC  Pa3lOKEHUs  JIs
SKCIIOHEHTHI, CHHYCa U Kocunyca [15]:

2 3
e =l )
20 3!
3 5 7
sinx=x— 42 X o 3)
3t 507!
2 4 6
cosx=1- 42 X o “)
2! 4! 6!

3amensis x Ha (ix), Mbl yOekmaemcsi B cIpa-
Be/umBOCTH BeIpaskeHus (1). Ecim B (1) moacraButh

T
X=7T uiIm X :E, TO IOJYYUM YIUBUTCIIBHYIO

CBA3b MCXKAY TpeMs 3aMedyaTC/IbHbBIMHU YHCJIaMHU
4

e,inm:e" =—1 e =i

[IpuBeneM nBe NUTATHI U3 KHUTH aMEPHUKAHCKUX
MaTemMaTukoB [16] «Marematnka u QaHTa3HI»:
«Ota (hopmyrna, BO3MOXKHO, camMasi KOMIAKTHasi U
3aMeuaTenbHas U3 Bcex (popmyn — Obia oOHapy-
YKeHa DWIIepoM elrie 10 OTKPHITHSA ee MyaBpom. OHa
oOpailleHa K MHUCTHKY, PaBHO KaK M K €CTECTBO-
ucneITaTento, ¢unocody m Marematuky». [lamee
aBTOPHI LUTHPYIOT OOpalieHne Hekoero mpodec-
copa MaTeMaTUKH K CTyAeHTaM: «/[)KeHTeIbMEeHHI,
9TO, HaBEpHOE, TpaBmaa, HO oHa (opmyia)
a0COJIIOTHO MapaJoKcalbHa; Mbl HE MOXKEM IOHSTh
ee, M MBI He 3HaeM, UTO OHA 3HAYHT, HO MBI JOKa3aJIn
ee, U MO3TOMY OHa JOJDKHA OBITH JTOCTOBEPHOIN».
OTmMmeTHM, 9TO 3Ta POpMyIIa IIMPOKO UCTIOIB3YETCs
B COBpEMEHHOU (h)M3MKE, B YACTHOCTH, B KBAHTOBOU
TEOPUU PACCESTHMUSL.

2. Eme B xoHue 17 Beka M3BECTHBIM YUEHbBIN
S.Bepuyuu chopmyrpoBalt 3aj1auy: HalTH CYyMMY
psiaa U3 oOpaTHBIX KBAJIPATOB HATYPaIbHBIX YHCENT

1
S = Z? . Cam S1.bepHyIuiM pemuTh CBOKO 33124y
n=1

He cMor. 3a 370 B3suics JI.Ownep [17]. On nHamen
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HECKOJILKO TPHUOMMKEHHBIX (HOPMYT IS 3TOM
CYMMBI, IIPUYEM JOCTATOUHBIX IS MPAKTUUCCKUX
npuinoxkeHuit. Tak, B omHON U3 (HOPMYIT TOYHOCTH
cocraBisuia ceMb 3Havamux mudp. OmHako, yde-
HBI CcTpeMWiCs K MOJYYEHUI0 TOYHOTO OTBETA.
TlomydyeHHBI  BMOCAEACTBUM  TOYHBIM  OTBET
0 1 72_6
BBIIVIAZEN Tak: S =Z—2=—.
n=1 n 6
yAUBIIEHHE, KaKKUM 00pa3oM IMpH CYMMHpPOBaHHUH
MPOCTBIX JpOOEH BO3HHUKACT HPPAIMOHAIBLHOE
yrcno /7 ? W3 anreOpel [2] U3BECTHO, YTO €CIU
YpaBHEHHUE CTENCHU 71

Bri3biBaer

n n-1
ax"+a x" +..+ax+a,=0 %)

UMEeT 71 Pa3IU4yHBIX KOPHEH, TO MHOTo4YJIeH
_ n n—1
P (x)—anx +a, x" +..+tax+a,

; MOXHO

MIPEICTaBUTh B CIIeTYFOIIEM BUJIC
P (x) =a, (x—)cl)(x—x2 )...(x—xn ) . CpaBuu-

n
Bast KO3 PUIMEHTH! IPU OIMHAKOBBIX CTEHEHAX X
B 3TUX BBIPAKEHMSX, Mbl HOJIYYHM COOTHOLICHHUE
MeXTy KOpHAMHU U K03 (UITMEeHTaM MHOTOYJICHA,
M3BECTHOE Kak 00oOImeHHas Teopema Buera. s

n =2 uMeeM IpocTo TeopeMy Buera:
2 —
a,x"+ax+a,=a, (x—xl)(x—xz).

Torma a/a,=-x—-x, u a,/a,=xx,.

Hckirouas a, , MoJIy4nuM:

X, +x, I 1
a =-a,| —= |=—-a,| —+—
XXy X X%
I 1 1
Hns n=3 umeem: a, =—a,| —+—+—|un

T.1. I[J'Iﬂ ITPOU3BOJIBHBIX 71:

Janee Ditnep paccMaTpuBai ypaBHEHHE:

sinx

0,
x

KOPHHU KOTOPOTO U3BECTHRI: +7, +27x, +37,...

3anuceiBasg IS SINX  BBIIENPUBEIECHHOE
pa3ioxeHne B BUIE OECKOHEYHOTO Psijia, TTOIYIHM
ypaBHEHUE «OECKOHEYHOM CTETICHI»

2 4 6
X X X

l-——+———+...=0.
3t st

2
BBons o0o03Hauenue f = X~ , uMeeM

2
—L+t——é+...:0, (7)
3t 51 7!

KOPHH KOTOPOTO PaBHBI 77~ (272')2 , (37[)2 , UT.I.

[Ipenmonaras, 4yTo JUIsl 3TOr0 ypaBHEHUS BbI-
TTOJTHSFOTCSL T€ )K€ COOTHOIICHUS MEXTy Koddhdu-
nueHTaMu (6), 94To M JUIsl OOBIYHBIX ypaBHEHHIA,
MOy IUM

1 1 I 1
——=——l+=+=+.., 8
3! r’ 4 9 (®)
u
£ 1 72_2
—=—. 9
2= ©)

00
OTUM xe MeToZIoM Diiiep BBIBET CyMMY Z%
n=l1

3. Eme 2 ciyuas, CBA3aHHbIE C HMEHEM
JI.Oinepa. OHM KacaloTCsi TakXke eIle OJHOrO
Benukoro yuenoro I1.depma, xusmero B 17 Beke.
®depma He ObUT TPO(HECCUOHATBHBIM MATEMATHKOM.
On paboran B cyzae ropoxa Tymyssl. Bsicoko-
00pa30BaHHBIN YeJIOBEK, 3HABIIMNA MHOTO S3BIKOB!
JaTbIHb, JPEBHEIPEUYECKHU, UTAIbSHCKUI, HCHaH-
cknii, (paHIy3ckuil. PemreHHble WM HaydHBIS
npo0IeMsbl 1 331241, CHOPMYITHPOBAHHBIC TEOPEMBI
OH He MyOnIMKOBaJl B BHUJAE HAYYHBIX CTaTeH,
paccka3piBasi O HUX JHIIb B IMMChMaxX K KOJUIETaM,
cpemu koTopsix ObutH [lackans, [toiirenc, Jlekapt u
np. depma BHUMATENBHO NPOLITYAUPOBAIL IIEPEU3-
JIaHHYO B Hayasie 17 Beka KHUTY JIpeBHETPEYECKOIO
Matemaruka J{nodanra «Apudmernka». Ha momsx
9TOW KHWTHM OH Jielajl 3aMeTKH, NpuBoas 0e3
JloKa3aTeNbCTBa MPUIyMaHHble UM TeopeMsl. [loce
€ro cMepTd ChbiH nepeusnan 1pyn /[uodanra c
nomeTkamMu otua. bomee 100 mer kpymnHeiime
MaTEeMaTHKH JI0Ka3bIBaIX ero TeopeMbl. Pepma HU
pasy He ommuOcsa: BCe €ro TEOpEeMbl OKa3aJUCh
BEpHBIMU M OBLIM JOKa3aHbL. Bce, kpome ofHOM —
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BeNMKoil Teopembl MDepma, KoTopas (HopMyJIH-
pyercs Tak: «YpaBuenue X' + y" =z" ue paspe-

IIUMO B HEJBIX YncHax 11 # > 2». [1o moBomy 3Toit
TeopeMbl Ha mnoisix  Pepma  Hammcam:  «Sl
pacriojiararo IOMCTHHE YyJIECHbIM J0Ka3aTellb-
CTBOM, HO TIOJISl CIMIIKOM Y3KH, YTOOBI €ro
pasmecTuTb». Oiiep ObUT HEpPBBIM, KTO J0OKa3all
TeopeMmy sl ciuydas n = 3 u 4. B manmpueiiem
teopema depma Obuia I0Ka3aHa AT OIPOMHOTO
MHOJKECTBA DAa3NWYHbIX 3HAYCHWHA 7, HO oOriee
JI0Ka3aTeNILCTBO AJIsI JIFOOBIX #7 0TCYTCTBOBaJI0. OHO
ObUI0 HANJEHO, B KOHIIE KOHLIOB, B HAIlle BPEMs
IPyNIONH MaTeMaTHKOB, HCIIOJIb30BABIIMX COBpe-
MEHHYI0 MaTeMaTu4eckyto TexHuKy [18]. Ilpu stom
HaliIeHHOE JI0Ka3aTeJIbCTBO HAIUIO KOCBEHHBIN
xapakrep. Cyaure camu. B 1955 rogy smoHckwuii
matemMaTuk lO. TaHusiMa mHpeAyIoKHI Teopemy.
[Tockonpky cam OH ee He J0Ka3zal, TO Teopema
MoJlyyuja HazBaHue runore3bl TaHusMbl. [lourn
yepe3 30 mer Hemenkuii Mmarematuk [.Dpeii
MIpeI0AKMII HOBYIO TEOPEMY: €CIIM BEpHa TUIIOTE3a
1O.TarusiMel, TO BepHa U Benukas Teopema depma,
TO ecTh Teopema depma ecTh CJIECTBUE IMITOTE3bI

Tanusimbl. CTporo Jokasall 3Ty TEOpPEMY aMepH-
kaHckuii Marematnk K.PubGer. Hakonem, Touky B
31Ol nctopuu B 1994 rogy mocraBuiIM aMepHUKaH-
ckue matematuku J.Yainc u P.Teitnop, nokazas-
mue runoresy FO.Tanusmbl. Takum ob6pazom,
JIOKa3aTeNIbCTBO BEMUKOM Teopembl depma sBUIIOCH
UTOIOM IIOYTH COpOKaJeTHEH paboTbl [ATH
KpYNHBIX MaTeMaTukoB Mupa. OjHako, IJIaBHas
WHTpUra BEJIUKOM Teopembl — Kak cam @Depma
JloKa3an ee — ocrajgachk. B ToM, 4TO OH HaIex 3To
JIOKa3aTeNbCTBO MaJIO KTO M3 YUYEHBIX, 3HAKOMBIX C
€ro MpeKpacHbBIMHU paboTaMH, COMHEBAETCS.

W Bce-Takm B HCTOPHM HAyKH COXPaHMIIOCH
onHO ommbo4yHOe yTBepkaeHue [1.depma. B 1654
rony ®epma Hanucan I[lackanio ¢ H3NUIIHER
camoyBepeHHOcThIO: «IlocienoBarensHOE KBagpH-
poBaHHe ABYX IIPU YBEJIMYEHHUM CTENeHel Ha 1, To

2k o
eCTh (2 + l) BCErJia MPOCTOE YUCIIO — CBOMCTRBO,

3a HMCTUHHOCTb KOTOpPOro s pyuvarocb». OnHako,
JI.O#imep mokaszan, 9TOo TpH kK = 5 TOIydaeTcs
JIECATU3HAUYHOE YHUCIO, KOTOpOoe nenauTcs Ha 641.
Camo ugmcio 4294967297. Jloka3aTeabCTBO MOMKET
OBITh TIOTYYCHO HA MPOCTHIX KAIBKYJISITOPaX.
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MA3M¥HbIl - COAEPXXAHUE

1-6eAim  Paszpen 1
Teopusiabik cpusmka. Teoperuueckas cpmsmka.
flapo xoHe 3nemeHTap Oeawuektep cmsnkacbl. Dusmka sApa M SIAEMEHTAPHbIX YaCTHLL.
Actpodpmsmuka Actpocpusmnka
bowraes K. A., ’Kamu b.A., Kanvimosa K. A., bpuwesa JK.H., Taykenosa A.C., Avimypamos E.K.
benbie kapauku ¢ ydeToM IePHOTO COCTABA B OTO ....uiiiiiiiiiiiieeiecieeeee ettt ettt s e s et esseenseenseenseenneeneesnnas
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