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[2] Glendinning, P. and Sidorov, N. (2015). The doubling map with asymmetrical holes.
Ergodic Theory and Dynamical Systems, 35(4), 1208-1228.
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Some generalization of notion of algebraic independence

Bektur BAIZHANOV1,a, Sayan BAIZHANOV2,b Daurenbek ORYNBASAROV3,c
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Let T be a complete theory T , A be a set of some |A|+-saturated model M and p be a
non-algebraic one-type over A. Let α ∈ p(M), i.e. α lies in the set of all realizations of p in
M . An 2-A-formula φ(x, y) is called to be p-preserving, if φ(M,α) ⊂ p(M). We call algebraic
closure of α in p the set algp(α) := {β ∈ p(M)|β ∈ alg(Aα)}. We call quasi-neighborhood of α
in p the set

QVp(α) := {β|there is p-preserving 2-A-formula φ(x, y), such that β ∈ φ(M,α)}.

It follows from definition and properties of algebraic closure algp(α) ⊆ QVp(α) and algp(α) =
alg(Aα) ∩ p(M).

We say, that p-preserving 2−A-formula φ(x, y) is called to be V −p-preserving ((p ⇐⇒ p)-
preserving), if ψ(x, y) := φ(y, x) is p-preserving too. For example, x = y is V − p-preserving for
any non-algebraic one-type. Define algebraic neighborhood of α in p as the next set algV,p(α) :=
{β ∈ algp(α)|α ∈ algp(β)}.

We define neighborhood of α in p as the set Vp(α) :=
{β|there exists V-p-preserving 2-A-formula φ(x, y), such that β ∈ φ(M,α)}.

Notice that algV,p(α) ⊆ algp(α), algV,p(α) ⊆ Vp(α) ⊆ QVp(α).
There are complete theories distinguished these notions. For strongly minimal theories these

four notions are coincided. For complete theories admitting exchange principle for algebraic
closure in any one-type the notions algebraic closure in type and algebraic neighborhood in type
are coincided, for example for ω-stable theories of finite rank of Morley, geometrical theories.

We say that 2−A-formula φ(x, y) is (p→ q)-preserving, if φ(M,α) ⊂ q(M), and is (p ⇐⇒
q)-preserving, if φ(M,α) ⊂ q(M) and φ(β,M) ⊂ p(M), for some (equivalently, any) α ∈
p(M,β ∈ q(M)).

Let α ∈ p(M), p ∈ S1(A). Then define quasi-neighborhood of α in q and quasi-neighborhood
of α over the set A as two next sets: QVq(α) := {β|there is (p→ q)− preserving 2-A-formula
φ(x, y), β ∈ φ(M,α)}, QV (α) := ∪q∈S1(A)QVq(α).

Notice that we can define algebraic neighborhood of α over the set A as the set

alg(Aα) \ alg(A) = ∪q∈S1(A)algq(A) =: alg(Aα|A).

Define neighborhood of α in q and neighborhood of α over the set A as the sets Vq(α) :=
{β|there is (p ⇐⇒ q)− preserving 2-A-formula φ(x, y), β ∈ φ(M,α)}, V (α) := ∪q∈S1(A)Vq(α).

Notice that for every complete theory for every set A for every two one-types p, q over A,
for any α ∈ p(M), algq(α) = algV,q(α) iff T satisfies exchange principle for algebraic closure.

Definition of V -independent tuple. For sequence < α1, α2, ..., αn >, for 1 ≤ k < j ≤ n
denote by pk,j := tp(αj|Aα,..., αk).

We say that sequence of different elements < α1, α2, ..., αn > of model M is V -independent,
if for every 1 ≤ i < n, for every i < j ≤ n the following holds:

(i) αj 6∈ Vpi−1,j
(αi); (ii) αi 6∈ Vpi−1,i

(αj).
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Notice that the condition (i) is equivalent to condition (ii) for small theories having the
property: RK-relation (Rudin-Keisler) on the set of types is relation of equivalence, and in
this situation we have the partition of M \ alg(A) by relation of equivalence (in general, non-
definable) x ∈ V (y), here V (y) over set A.

In our report we define (V, n)-gon and present the theorem that for arbitrary complete
theory the existence of (V, 3)-gon implies for any n(3 < n < ω) the existence of (V, n)-gon.

— >>> —

On simultaneous omitting and realizing countable families of
non-principal types
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Let {pn(x̄n)|n ∈ ω} and {qn(ȳ)|n ∈ ω} be two families of complete non-isolated types over
an empty set in a small theory T , such that for every natural number n ∈ ω there is a model
Mn |= T which realizes pi and omits qi for each i ≤ n.

Question. Is there a countable model of the theory T which realizes every pi and at the
same time omits every qi?

We give a criteria for existence of such a countable model, but this is not a complete answer
to the question.

A complete countable theory T is said to be small if |
⋃
n<ω

Sn(T )| = ω, where Sn(T ) is the

set of all n-types over ∅. Notice that for every countable model M = 〈M,Σ〉 of a small theory
T , for every finite A ⊂M the set of all 1-types over A is at most countable (|S1(A)| ≤ ω), and
there is a countable saturated model N = 〈N,Σ〉, such that M is an elementary substructure
of N. Each type qi(ȳi) can be represented as a set of formulas {Hi,m|m ∈ ω} such that T `
∀yi(Hi,m+1(ȳi)→ Hi,m(ȳi)) (a strictly decreasing family).

Let pn(x̄n) be a non-principal type over a finite subset A of some model of T . Denote by T0

the logical closure of T ∪
⋃
n∈ω

pn(c̄n) in the signature Σ(C) := Σ ∪ {cn|n ∈ ω}. Denote by T0,n

the logical closure of T0 ∪
⋃
j≤n

pj(c̄j) in the signature Σ(Cn) := Σ ∪ {cj|j ≤ n}.

Theorem 1. If for some i, n,m ∈ ω we have T0 ` ∀ȳi(φ(ȳi, c1, c2, ..., cn) → Hi,m(ȳi)), then
T0,n ` ∀ȳi(φ(ȳi, c1, c2, ..., cn)→ Hi,m(ȳi)).

Let φ(ȳi, c1, c2, ..., cn) (φ(ȳi, c̄n)) be a formula such for every Hi,m(ȳi) ∈ qi(ȳi) the following
holds: T0 ` ∀ȳi(φ(ȳi, c̄n) → Hi,m(ȳi)). Then by Theorem 1 we have that T0,n ` ∀ȳi(φ(ȳi, c̄n) →
Hi,m(ȳi)). Since T0,n has infinitely many models of T omitting qi(ȳi), T0,n ∪ {¬∃ȳiφ(ȳi, c̄n)} has
to be consistent and consequently, T0 ∪ {¬∃ȳiφ(ȳi, c̄n)} has to be consistent. Moreover, for any
k ∈ ω such that i ≤ n+ k, we have Mn+k |= ¬∃ȳiφ(ȳi, c̄n).

Let us extend the theory T0. Take T1 to be a logical closure of the set T0 ∪ {¬∃ȳiφ(ȳi, c̄n)
formula of Σ(Cn)|∃i ∈ ω,∀m ∈ ω, T0 ` φ(ȳi, c̄n) → Hi,m(ȳi)}. Notice that T1 is consistent,
because any finite subset of T1 has infinite number of models of Σ(Cn) for appropriate n ∈ ω.
Suppose T1 is not complete. For every n, i ∈ ω we consider the following set of one-Σ(Cn)-
formulas

Γn,i := {φ(ȳi, c̄n)|∃ȳi(φ(ȳi, c̄n)) ∈ T1,n, ∀m ∈ ω, T1 ∪ {∀ȳi(φ(ȳi, c̄n)→ Hi,m(ȳi))} is consistent}.

For each n, i, l,m ∈ ω and for l-th formula φl ∈ Γn,i denote the next Σ(Cn)-sentence:
Sn,i,l,m(c̄n) := ∀ȳi(φl(ȳi, c̄n)→ Hi,m(ȳi)).
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