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Solution of the Neumann Problem of Diffraction by
a Strip Using the Wiener–Hopf Method:

Short-Wave Asymptotic Solutions
Merey Sautbekova and Seil Sautbekov

Abstract— Plane wave diffraction by a strip is considered by
the Wiener–Hopf method and the simple short-wave asymptotic
solutions are obtained. The Neumann boundary value problem
is reduced to the solutions of the Fredholm integral equations
of the second kind, and the exact solution in the form of
the sum of infinite series has been found by the method of
successive approximations. With the help of the saddle point
method, the integral operators are calculated and the asymptotic
solutions of system are found. The outcomes are compared
with supra known asymptotic solutions taking into account
tertiary diffraction. Quarternary diffraction was solved and the
calculation methodology for the subsequent diffractions was
shown.

Index Terms— Antenna theory, boundary value problems,
closed-form solutions, electromagnetic diffraction, Fourier trans-
forms, integral equations, microwave propagation, physical the-
ory of diffraction, slot antennas.

I. INTRODUCTION

IT IS KNOWN that the classical problem for diffrac-
tion of plane wave at a strip is an important canon-

ical problem. To the present time, there are, in essence,
only two rigorous analytical methods for solving diffraction
problems: Wiener–Hopf (WH) [1], [2] and Riemann–Hilbert
method [3]–[5]. The WH method is also known as the factor-
ization method.

It is well-known that both methods provide closed-form
solutions in the case of plane and cylindrical semi-infinite
waveguides. Similarly, an exact solution of the half-plane
diffraction problem was provided by Sommerfeld [6] since the
publication of his famous paper. The method and the results
of this paper are detailed in the books [7]–[10].

Following simple WH technique for the half-plane,
researchers attempted to combine two similar solutions for
spaced edges of conducting surface.

A lot of research has been devoted to asymptotic solutions
of diffraction problems on a strip (slit). For the slit problem,
the series of successive diffractions of the wave on the edges
has been studied in [11]. From the physical point of view,
such an approach is characterized by relative separation of
each edge contribution to the total diffraction field. Connection
between the solution in the form of Schwarzschild series
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and WH technique has also been considered [12]. Numerous
iterative and approximate procedures have been developed to
solve the related integral equation [13]–[15].

The diffraction problem for a strip has been considered
by the WH method and reduced to a system of Fredholm
integral equations of the second kind by Jones [9], as well
as by Noble [16]. The modified matrix WH equation for
diffraction by a slit in a perfectly conducting plane and a
parallel complementary strip has been reduced to a pair of
coupled Fredholm integral equations of the second kind and
was solved subsequently by iterations [17], [18]. Lateral wave
contributions and uniform asymptotic expressions for the high-
frequency diffraction by a perfectly conducting strip between
two media were also obtained [19].

Some first terms of asymptotic expansion for a diffraction
field on parameter 1/ka have been obtained on the basis of
integral equations in works of Millar [20], Westpfahl [21],
Lüneburg [22], Kieburts [23], and Stöckel [24], where k is
wavenumber and 2a is a width of the strip (slit). Using asymp-
totic formulas for an elliptical cylinder function, Hansen [25]
has selected the expressions from a strict solution of a
boundary problem in an elliptic frame corresponding to pri-
mary boundary waves of Sommerfeld [6]. The approximate
solution of an integral equation of the second kind for the
current on the plane screen with a slit has been provided by
Grinberg [14].

The improvement of the approximate expressions for the
scattered field in compact form has been given by means of
the physical theory of diffraction in the papers [8], [15]. The
obtained formulas are valid at arbitrary angles of incidence and
of observation. One of the most important investigations for
diffraction from strip geometry has been provided in asymp-
totic way by Ufimtsev [26], who obtained the solution for a
strip in the form of a series in sequential edge waves excited
by its different edges. Even though this series is formally
convergent, its elements are integrals of rising multiplicity, and
this is very inconvenient from computational point of view.

The diffraction problem of a plane wave, perpendicularly
impinged on the strip edge, was also considered in closed-
form by the WH method, where the boundary value problem
was consecutively solved by a reduction to a system of
singular boundary integral equations, and then to a system
of Fredholm integral equations of the second kind, which
was solved, by three different methods, presented in [27]. Its
generalization in the case that the plane wave propagates in
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an arbitrary direction has also been carried out, where the
boundary value problem was divided into the two independent
problems, which are named by Dirichlet and Neumann, and
then have been solved separately [28]. However, the analytical
outcomes in graphical form were not presented. Therefore, we
shall obtain a compact form, and at the same time a close
approximation to the exact solution in the form of a series of
sequential edge waves [27].

II. STATEMENT OF THE PROBLEM. REDUCTION OF THE

PROBLEM TO A SYSTEM OF INTEGRAL EQUATIONS

Let us consider the following Neumann problem [28]:
∂2

∂y2 Hx + ∂2

∂z2 Hx + k2 Hx = 0 (k = k0 sin β) (1)

with boundary condition on the strip

∂

∂y
Hx = 0 for |z| > a, y = 0. (2)

To complete the formulation of the diffraction problem,
and to ensure the uniqueness of its solution, the above wave
equation and the boundary conditions are supplemented by the
edge (Meixner condition) and Sommerfeld radiation condition
for the scattered field. According to the Meixner condition,
the component of current density normal to the edge (or Hx)
vanishes at the edge as r (1/2) and the field components Ey ,
Ez vary as r−(1/2), where r is the distance from the edge.

This boundary value problem was treated in [28] by the WH
method and the solution was presented in the form

Hx(y, z) = sgny
∫ ∞

−∞
ei(wz+v |y|)F(w)dw + H 0

x (y, z)

H 0
x (y, z) = B0ei(yk sin θ0+zh), h = k cos θ0, v =

√
k2 −w2

(3)

where B0 = const is the incident plane wave amplitude.
The integrand function F(w) represents Fourier component

of surface currents density localized substantially on the edges
of the strip (at the points z1 = a and z2 = −a, respectively)

F(w) = F1(w)+ F2(w)

F1(w) = 1√
k +w

(A1(w)+ B−(w))e−iwa

F2(w) = 1√
k −w

(A2(w)+ B+(w))eiwa (4)

where the functions

A1(w) = B0

√
k + h

2π

eiha

w − h
, A2(w) = −B0

√
k − h

2π

e−iha

w − h

correspond to plane waves, the bound functions⎧⎪⎪⎨
⎪⎪⎩

B+(w) = − 1

2π i

∫
C−

e−i2au

u − w

√
k − u

k + u

(
A1(u)+ B−(u)

)
du

B−(w) = 1

2π i

∫
C+

ei2au

u −w

√
k + u

k − u

(
A2(u)+ B+(u)

)
du

(5)

correspond to the cylindrical (or conical) waves, reradiated
by the strip edges in the course of their repeated reflections.

Here C− and C+ are integration contours laying parallel at
distance ∓δ (0 < δ < Imk) from the real axis and consisting
of an infinitely narrow loop enveloping a point u = ±h from
below or from above, respectively.

It is noted that solution F satisfies the usual Meixner
condition F ∼ w−(3/2) at |w| → ∞.

Thus, the assigned boundary value problem was reduced
to solve a system (5) of the second kind Fredholm integral
equations in B+ and B−.

III. SOLUTION OF THE BOUNDARY VALUE PROBLEM

Note that the system (5) is split into two equations and can
be represented in the form

B±(w) = f ±(w)+ 1

2π i

∫
C+

L±(w, u)B±(u)du (6)

where the kernels

L±(w, u) = ei2au

√
k + u

k − u

J (∓w/k)− J (−u/k)

u ∓w

as well as the functions

f +(w) = (A1(w)+ A2(w)(J (−1)− J (h/k)))

× (J (−w/k)− J (−h/k))

f −(w) = (A2(w)+ A1(w)(J (−1)− J (−h/k)))

× (J (w/k)− J (h/k))

are expressed through the special function [28]

J (w) = 1

2π i

∫
C+

ei2au

(u −w)

√
k + u

k − u

= − 1

2i
H (1)

0 (2ak)−
√

k +w

k −w
ei2aw�(ka, w/k).

Here the special function � is presented in Appendix A.
The exact solution of the system (5) can be obtained by

means of the integral operator

P(w, u) = 1

4π i

∫
C∓

du√
k2 − u2

g(w, u) (7)

g(w, u) = 2

√
(k +w)(k + u)

w + u
eia(w+u) (8)

without resorting to calculation the kernel resolvent in (6).
Here, the integration contour C∓ can be C− or C+ according
to the sign of the exponent eiau in (5).

The system (5) can be represented in the form of two
independent recursive equations, similarly (6)

B+(w) = [P(h,−u1)+ P(−h, u2)P(u2,−u1)+ P(−u3, u2)

× K −1(u3, u2)B
+(u2)P(u2,−u1)]K (u1, w) (9)

B−(w) = [P(−h, u1)+ P(h,−u2)P(−u2, u1)+ P(u3,−u2)

×K −1(−u3,−u2)B
−(u2)P(−u2, u1)]

× K (−u1,−w) (10)

where

K (u, w) = B0

√
k − u

2π i

e−iua

u −w
. (11)

Therefore, cyclically substituting the right path of (9) back
into the B+ on the right and ordering the subscripts of un
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(n = 1, 2, . . .), since un are the integration variables, it is
easy to obtain the solution as the sum of the convergent infinite
series

B+(w) = (P(h,−u1)+ P(−h, u2)P(u2,−u1)+ . . . )

K (u1, w) =
∞∑

n=1

P+
n K (u1, w) (12)

where the operators sequence is designated

P+
n = P((−1)n−1h, (−1)nun)

×
1∏

m=n−1

P((−1)m−1um+1, (−1)mum). (13)

Here, the product of operators is carried out such as

1∏
m=3

f̂m = f̂3 f̂2 f̂1 (m � 1).

Similarly in (12) we find

B−(w) = (P(−h, u1)+ P(h,−u2)P(−u2, u1)+ . . . )

K (−u1,−w) =
∞∑

n=1

P−
n K (−u1,−w) (14)

where

P−
n = P((−1)nh, (−1)n−1un)

×
1∏

m=n−1

P((−1)mum+1, (−1)m−1um). (15)

Substituting the function (12) and (14) into the expres-
sion (4) and (3), we finally obtain the solution of the boundary
value problem

Hx(z, y) = B0
(
H 1

x (z, y)+ H 2
x (z, y)

)
(16)

H (1)
x (z, y) = −(P(h,−w)+ P(−h, u2)P(u2,−w)+ . . .)

ei(wz+v |y|) = −
∞∑

n=1

P+
n e

i(u1z+
√

k2−u2
1|y|) (17)

H (2)
x (z, y) = −(P(−h, w)+ P(h,−u2)P(−u2, w)+ . . . )

ei(wz+v |y|) = −
∞∑

n=1

P−
n e

i(u1z+
√

k2−u2
1|y|)

. (18)

It should be noted that the convergence of the Neumann series
for the operator P in the expressions (17) and (18) is satisfied
automatically since the norm of the operator is less than unity
in the space C[−π, π] (see Appendix B).

The physical meaning of the terms in (17) and (18) is
that each n-member of the series beginning in the order of
increase corresponds to n-diffraction of incident plane wave by
edges 1 and 2 (at the points z1 = a, z2 = −a, respectively).

IV. ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS

It is appropriate to find asymptotic behavior of the integrals
in (16) using the saddle point method and introducing the new
integration variables α and θ in the polar coordinates

w = k sin α, u = k sin β

y = r sin θ, z = r cos θ.

The operator P(u, w) in the new coordinate system takes the
form

P(α, β) = 1

4π i

∫
S

dβ g(α, β) (19)

g(α, β) =
(

1

sin α+β
2

+ 1

cos α−β
2

)
eika(sin α+sinβ) (20)

where S is Sommerfeld’s contour (−π/2 + i∞, π/2 − i∞)
on the complex plane of the integration variable, which can
be deformed for ensuring the convergence of the integral.

We note the following useful properties of the func-
tion g(α, β), which follow from the definition of the
function (20):

−g(α + 2π, β) = g(β, α) = g(α, β)

g(α,−π/2) = g(3π/2, α) = 0.

We write the functions H (1)
x and H (2)

x in (17) and (18) in
the new coordinates and denote them as

H (1)
x (r, θ) =

∞∑
n=1

h(1)n (r, θ)

H (2)
x (r, θ) =

∞∑
n=1

h(2)n (r, θ). (21)

Now let us consider the primary diffraction, which
corresponds to

h(1)1 = −P
(
θ0 + π

2
, α + π

)
eikr sin(α+θ).

By writing the operator in the integral form and reducing h(1)1
to the form

h(1)1 = −
√

1 + cos θ0

2π i
eiha

∫
S

√
1 − sin α

cos θ0 − sin α
eik R− sin(α+θ)dα

where

R− =
√
(z − a)2 + y2 ∼= r − a cos θ at r � a

and using the saddle point approximation, we obtain the
following expression for the primary diffraction in the far-field
zone:

h(1)1
∼= Ag

(
θ0 + π

2
, θ − π

2

)

A = 1

2
√

2πkr
ei(kr+π/4). (22)

Hence, the following useful formula follows:
P(β, α + π)eikr sin(α+θ) ∼= −Ag

(
β, θ − π

2

)
(23)

for subsequent diffractions.
At this point, let us consider the secondary diffraction. It is

easy to obtain using (23)

h(1)2 = −P
(
θ0 − π

2
, β

)
P(β, α + π)eikr sin(α+θ)

∼= AP
(
θ0 − π

2
, β

)
g

(
β, θ − π

2

)
. (24)

We calculate the integral in (24) using the special function

�(kl, cosβ) = sin β

2π i

∫
S

ei2kl(cos α−cosβ)

cosα − cosβ
dα (25)
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which can be represented as

�(kl, cos β) = −1 + β

π
+sin β

∫ kl

0
H (1)

0 (2t)e−2it cosβdt (26)

where H (1)
0 is the Hankel function of the first kind and zeroth

order.
Expanding the integrand in partial fractions and using the

representation of the special function (25), the outcome of the
secondary diffraction is obtained

h(1)2 /A = P
(
θ0 − π

2
, β

)
g

(
β, θ − π

2

)

= �(ka, cos θ))g
(
θ + π

2
, θ0 − π

2

)

+�(ka, cos θ0)g
(
θ0 + π

2
, θ − π

2

)
. (27)

Now let us consider the tertiary diffraction in (21)

h(1)3 = −P
(
θ0 + π

2
, γ + π

)
P(γ + π, β)

× P(β, α + π)eikr sin(α+θ). (28)

Taking into account the change of direction of the integra-
tion contour during the change of the integration variable
γ + π → γ in (28)

P
(
θ0 + π

2
, γ + π

)
P(γ + π, β) = −P

(
θ0 + π

2
, γ

)
P(γ, β)

(29)

and also by replacing θ0 −π/2 → γ in (24), we easily obtain
the action of the first two operators in (28)

h(1)3 = −AP
(
θ0 + π

2
, γ

)

×
(
�(ka, cos θ)g

(
θ + π

2
, γ

)

+ �
(
ka, cos(γ + π/2)g

(
γ + π, θ − π

2

))

or the same

h(1)3 = −A�(ka, cos θ)P
(
θ0 + π

2
, γ

)
g

(
γ, θ + π

2

)

− A

4π i

∫
S
�

(
ka, cos(γ + π/2)

)
g

(
θ0 + π

2
, γ

)

× g
(
γ + π, θ − π

2

)
dγ.

The second term in the above expression can be neglected,
since the integrand function vanishes in the saddle point
γ = π/2 due to the properties of the special function (26)
(�(ka,−1) = 0).

Using again the expression (27), we obtain

h(1)3 = −A�(ka, cos θ)(�(ka,− cos θ)g(θ+3π/2, θ0 + π/2)

+�(ka,− cos θ0)g(θ0+3π/2, θ + π/2))

or

h(1)3 = A�(ka, cos θ)(�(ka,− cos θ)g(θ − π/2, θ0 + π/2)

+ �(ka,−cos θ0)g(θ0−π/2, θ + π/2))

(30)

by virtue of the properties of the function g.

Fig. 1. Directivity patterns of a plane wave diffraction by the strip for the
quaternary diffraction.

It should be noted that the expressions H (1)
x (r, θ) and

H (2)
x (r, θ) in (17) and (18) differ only by opposite signs of

the corresponding arguments. Therefore, it is enough to make
the following substitutions in (21) for H (1)

x :
θ0 → θ0 − π, θ → θ + π

in order to find an expression for H (2)
x (r, θ). Finally, by simpli-

fying the expression in (16), we obtain the asymptotic solution
of the boundary value problem with only a glance to the
tertiary diffraction

H (1)
x (r, θ) = A B0 T (1)(θ, θ0)g(θ − π/2, θ0 + π/2)

T (1)(θ, θ0) = (1 + �(ka, cos θ0)(1 + �(ka,− cos θ))

+�(ka, cos θ)�(ka,− cos θ) (31)

H (2)
x (r, θ) = A B0 T (2)(θ, θ0)g(θ0 − π/2, θ + π/2)

T (2)(θ, θ0) = (1 + �(ka, cos θ))(1 + �(ka,− cos θ0))

+�(ka, cos θ)�(ka,− cos θ). (32)

The solution in (31) and (32) contains the outcome of the
papers [8], [15] for the tertiary diffraction and clarifies it by
the last term

�(ka, cos θ)�(ka,− cos θ).

Obtained short-wave asymptotic solutions can be easily
improved for any order of degree 1/ka. For example, it is
easy to obtain the quarternary diffraction, by extension of the
solution in (31) and (32)

T (1)(θ, θ0) = (1 + �(ka, cos θ0))

× (1 + �(ka,− cos θ)+ �(ka, cos θ)

×�(ka,− cos θ)) (33)

T (2)(θ, θ0) = (1 + �(ka,− cos θ0))

× (1 + �(ka, cos θ + �(ka,− cos θ)

×�(ka, cos θ)). (34)

The directivity patterns

hn
x (θ0, θ) = − 1

4Aka
Hx (n = 3, 4)

of a plane wave scattered by the strip for nth diffraction are
shown in Fig. 1, where the values of the curve parameters
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Fig. 2. Relative errors of the asymptotic formulae compared with the
quaternary diffraction: Weinstein–Khaskind (δV )—dashed line; Ufimtsev
(δU )—dotted line; and the tertiary diffraction (δ3)—solid line.

have been chosen as following [26]:
B0 = 1, ka = √

28, θ0 = π

2
(solid), θ0 = π − π

4
(dash).

V. CONCLUSION

It is important to observe that, since the WH method is a
rigorous method, the additional conditions were not required
while solving the problem as well as the obtained solution
automatically satisfies the Sommerfeld radiation condition and
the boundary Meixner condition on the strip edge which
guarantees the uniqueness of the boundary value problem
solution.

The exact solution (16) obtained by the WH method
in the form of a series of sequential edge waves allows
to compare with the asymptotic outcomes. For instance,
the tertiary diffraction contains the analytical outcome
of Weinstein and Khaskind [8], [15]. Note that the deri-
ved (31) and (32) for the tertiary diffraction are compact
and easy to use and they also contain all virtues of the
solutions obtained by the method of edge waves based on
the concept of elementary edge waves. It is easy to obtain the
simple asymptotic solution in the form of a quaternary diffrac-
tion (34), (35), and so on.

The physical meaning of (17) and (18) obtained by the
method of successive approximations consists in multiple
diffraction of waves from the strip edges, which is crucial
in edge waves method.

Since the directivity patterns of [8], [15], [26] coincide with
the corresponding one of Fig. 1 with good graphical accuracy,
we therefore introduce the relative errors (relative to h4

x )

δU =
∣∣∣∣h4

x − h

h

∣∣∣∣, δV =
∣∣∣∣h4

x − ψ

ψ

∣∣∣∣, δ3 =
∣∣∣∣h4

x − h3
x

h3
x

∣∣∣∣
to compare the outcomes with the functions h =
h(θ0, θ) and ψ = ψ(θ0, θ) which have been introduced
in [26] and [8], respectively. As it is observed in Fig. 2,
the deviation of the tertiary diffraction relative to quater-
nary is approximately 1/4 percent (0.25 %). Although the
outcomes in [8], [15] do not completely contain tertiary

diffraction, the average relative deviation from the tertiary
diffraction is the same. It should be noted that the outcomes
of [8] and [26], as seen in Fig. 2, differ slightly, except for
the grazing directions, in which case the scattered fields also
vanish.

In addition to that, their interpretation shows physical com-
pleteness of the WH method.

However, it is necessary to point out that the method of
successive approximations is not a unique method to solve
the system of Fredholm integral equations of the second
kind (9), (10).

In the case of the corresponding Dirichlet problem, g(α, β)
should be substituted by

g(α, β) =
(

1

sin α+β
2

− 1

cos α−β
2

)
eika(sin α+sinβ) (35)

instead of (20).

APPENDIX A
SPECIAL FUNCTION �

Let us take an advantage of Hankel function representation

π H (1)
0 (2bk) =

∫
S

ei2bk cosαdα = −
∫

C+
ei2bu

√
k2 − u2

du (A.1)

where u = k cosα, S is the integration contour (i∞ − δ,
−i∞ + δ), 0 < δ → 0, which deviates slightly from the
imaginary axis for ensuring the convergence of the integral.

Integrating by the parameter b (from ∞ to l) and multi-
plying by

√
k2 − u2, we have a new representation of special

functions

�(kl, w/k) = −
√

k2 −w2

2π i

∫
C+

ei2l(u−w)
√

k2 − u2(u −w)
du

=
√

k2 − w2

∫ l

∞
H (1)

0 (2bk)e−i2bwdb (l > 0).

(A.2)

Finally, introducing the new variables w = k cosα, t = bk,
and by integrating from zero to infinity, we obtain
formula (26).

APPENDIX B
OPERATOR NORM P

We estimate the norm of an integral operator P in C[−π, π]
‖P‖ = max‖ f ‖=1

‖P f ‖ (B.1)

with help of the inequality

‖P f ‖ = max
α∈[−π,π]

∣∣∣∣ 1

4π i

∫
S

g(α, β) f (β)dβ

∣∣∣∣
≤ max

α∈[−π,π]

∣∣∣∣ 1

4π i

∫
S

g(α, β)dβ

∣∣∣∣ · max
β∈[−π,π] | f (β)|

= max
α∈[−π,π]

∣∣∣∣ 1

4π i

∫
S

g(α, β)dβ

∣∣∣∣ (B.2)

where g ∈ [−π, π]2, f ∈ [−π, π]
max

β∈[−π,π] | f (β)| = ‖ f ‖ = 1.
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In operator theory, a bounded operator P is said to be a
contraction if its operator norm ‖P‖ ≤ 1.

In truth, the above integral

I (α) = 1

4π i

∫
S

g(α, β)dβ (B.3)

is calculated by means of the special function

X (ka, β) = 1

4π i

∫
S

eika(cosα−cosβ)

sin α−β
2

dα

= e−iπ/4

√
2π

∫ 2
√

ka sin β
2

∞ sin β
2

eit2/2dt

= −1

2
sgn(β)erfc

(
sgn(β)

√−2ika sin
β

2

)
. (B.4)

Taking into account definition of g(α, β) as well as
X (ka, β) = −X (ka,−β) in (B.4) we have

I (α) = 1

4π i

∫
S

eika(cosβ−cos(−α−π/2))

sin β+α+π/2
2

dβ

− 1

4π i

∫
S

eika(cosβ−cos(α+π/2))

sin β−α−π/2
2

dβ

= X (ka,−α − π/2)− X (ka, α + π/2)

= −2X (ka, α + π/2). (B.5)

Since maxα∈[−π,π] |X (ka, α)| = (1/2) in (B.5) and due
to (B.2) it is obvious that

‖P‖ ≤ max
α∈[−π,π] |2X (ka, α + π/2)| = 1. (B.6)

Thus, the operator is contractive, since its norm is less than
unity.
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