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Abstract

In this paper, we consider the second order differential operator of
L, with nonlocal boundary conditions in the functional space L2 (0, 1).
We construct an explicit system of root functions of L,. We study the
biorthogonal of properties the systems of root functions of L,. We de-
velop a method for constructing biorthogonal systems of root functions
of well-posed boundary value problems for the second order differential
operator with nonlocal boundary conditions.
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1 Introduction

Let o(+) be arbitrary function from the functional space Ly (0, 1). We introduce
the entire function with respect to A

A()\)zl—)\/olcos Nz o(z)de (1.1)

Denote by A = {\i, A, -} sequence of zeros of entire function A(\). Each
zero of A, the function A()A) has a some multiplicity m,. In this paper, for
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clarity all results are illustrated of m,, = 2. In this case A()\,) =0, A’(\,) =0,
AP()\,) # 0. We introduce the chain of functions

Ba = {cosy -2 5Ty

The system of functions
E ={E, : \, are zeros of the function A(\)}

called the union of all such chains.

Main purpose: Constructively to build an adjoint system of functions
to the system of functions F in the functional space Ls (0.1) (Theorem 4.1).
Note that the system of function F is a system of root functions of second
order differential operator, where the function o (-) is a boundary function.
Details are described in the section 2 below. In the case of the differentiation
operator as the system of root functions there arises a system of exponentials
that studied in detail in [4].

2 Boundary value problems and auxiliary no-
tation

In [2] proved the following statement

Theorem (M. Otelbaev) a) For any choice of functions o, (x),v = 1,2
from the space L(0, 1) to the nonlocal boundary value problem

—y"(z) = f(x),0 <z <1, (2.1)

Y0 — /O Ny (@) onl@)de = 0,0 = 1,2. (2.2)

corresponds to the operator L in the functional space Lg(0, 1), where L has
completely continuous inverse of L~!.

b) Assume that the nonhomogeneous equation (2.1) with some additional
conditions for any right side f(x) € Ly(0,1) has a unique solution y(x) in the
functional space W3[0, 1], where y(z) has the a priori estimate

|y ooy <cll f L0

Then there exists a unique set of functions {0, (x)}, v = 1,2 from the functional
space Ly(0, 1) that the additional conditions are equivalent to (2.2).

It follows from Theorem (M. Otelbaev) that the nonlocal boundary condi-
tions (2.2) for all possible {o,(z)},v = 1,2 from the functional space L(0, 1)
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describe everything well-posed solvable boundary value problems correspond-
ing to expression of /(-).

Without loss of generality in can be assumed that in the problem (2.1), (2.2)
the function o9(-) = 0. Thus, we consider the operator L, in the functional
space Lg (0, 1) corresponding to the following nonlocal boundary value problem

—y"(z) = f(2),0 <z <1, (2.1)
y0) — [ (4 @)l dw =0, (2.3
J(0) =0, (2.4)

where o(z) € Ly(0, 1).

3 Resolvent of the operator L,

In this section we compute an explicit solution of the nonlocal boundary value
problem

—y"(z) = My(z) + f(x),0 <z < 1, (3.1)
y0) = [ (4 @)l dw =0, (23
y'(0) = 0. (2.4)

The solution of this nonlocal boundary value problem is called a resolvent of
L,. The explicit form of the resolvent has a significant meaning for the study
properties of biorthogonal systems of root functions of L,.

Theorem 3.1 A resolvent of the operator L, is determined by the formula

o(0) = (L) ) = OS2 oy /5 [ Mf;”)m i,
(3.2)

where

Mx(t) = o(t) + X/tl M\/;_x)a(x) dz, (3.3)

and the entire function A(\) is defined by formula (1.1).

Proof General solution of differential equations (3.1) is a function of

sinv A x N r sinV/\ (t — )
VA 0 VA

where {cosv/A, %} is a fundamental system of solutions for the homoge-

y(x) = crcosV AT + ¢ f(t)dt, (3.4)

neous differential equation (3.1).
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We substitute equation (3.4) also its first and second order derivatives on
the boundary conditions (2.3) (2.4). Consequently, we have ¢; = W,
co = 0. Using the values of ¢y, ¢y in equation (3.4), we obtain (3.2).

The proof is complete.

The entire function A(\) is called the characteristic function of L,. We
formulate as a lemma some basic properties of functions A(\).

Lemma 3.1 For any eigenvalues of A, of multiplicity m,, = 2 of the oper-

ator L, following properties hold:

! — 1 L siny A\, £ —— 2
1)/0 cos@xa(x)dx:)\—n; 2) e Xna(x)dx:)\_%,

These relations are obtained directly from (1.1) for A()\) taking account of
multiplicity of eigenvalues.

4 System of root functions of L, and the cor-
responding adjoint system

In [3, p.445] give a decomposition theorem. It follows from that for some § > 0
the projector P, : Ly(0,1) — Ker(L, — A\)"™ is a residue of the resolvent at
the singular point A\,

(P.f)(z) = L ﬁ_MM(L(, — M)~ f(x)dA.

211

Recalling of representation (3.2) for resolvent from Theorem 3.1 and basis
properties of residue form of the projector P, can be refined

(Puf)x) =< 10~ Jim OSB3

. (A=) Ms(t) x siny/\, @
+ < f(1), _xlf% A0 > (—27\/)\_”> (4.1)
x sinV (t—z)

Let us remark that |[; el (t)dt is an entire function in A. We give
certain properties of systems of functions E as a lemma.
Lemma 4.1 The elements of the chain F,, satisfy the differential equations

_yg,l(x) = A Yn1 () + Yno(z), (4.2)

—yqlz/,o (.I') = )‘nyn,U(x) (43)

and nonlocal boundary conditions (2.3), (2.4).
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Proof We check that the functions y,, o (), yn,1 (x) satisfy the conditions
of the lemma. To do we find the first order and second order of derivatives of
these functions. We have

yn o(@) \/75m\/ n, yno = =\, co8\/ A\, T,
siny/ A,z T cosv/ Az " (z) = —cos\/;nx L \/)\_nxsm\/xx

/
) = — - T
We calculate the linear combination A, Y 1(2) + yno(z) = —%\/"A—)‘” +

+ cosy/ Ay & = —y | (). Directly, —y ;(z) = =X, cosv/ Ay = Xy Yno().

We check the boundary conditions (2.3) (2.4). It is obvious that y;, ,(0) = 0,
Y,,1(0) = 0. Respectively,
Yno(0) = Jo (—yo(2))o(x)dz = 1=\, [y cosv/A, xo(x)dx = 0 since is true the
first property of Lemma 3.1. Also it follows from Lemma 3.1 that y,, ;(0)—
ey (@)7(@)de = — [ cosy/Ry w o(@)de + A [} £t dy = 0,

The proof is complete. !

It follows from Lemma 4.1 that the system of function £ is the system of
root functions of L.

We shall investigate biorthogonal of properties the systems of functions E.
In a study of this question we need the following lemma.

Lemma 4.2 For arbitrary complex numbers A, p the rightly identity:

< cosVAz, Mzp(x) >= —%ﬁ(m (4.4)

Proof We can write for arbitrary ), u the scalar product of A < cos VA, Mg (z) >
taking into account relations (3.3), (4.3) in the following form

A < cos \/Xx,]\/[ﬁ(x) >=

=\ <cosVAz,o(x) > u/ ——5COS VAT </;M\/(;_wwdt>dx

We use formula for integration by parts to the second term of the last relation.

A < cos VAx, My(z) >= X < cos Vz,o(x) > —

—u/ — cos </x cos\/p(x —t)o(t )dt> dx

Once again, we use the formula for integration by parts to the second term of
the last relation. Also, given the first property of Lemma 3.1, we have

A < cos V Az, My(z) >= —A(\) + A(p) + 1 < cos VA x, Mz(x) >
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From the obtained equation it follows the desired relation (4.4)

The proof is complete.

Analysis of (4.1) leads to the following notation

quz = {hn,O(I)a hn,l(x)}a

where

hno(z) = — lim 4=

AL ; nl(x):__hni(
S dA ™ :

We introduce the following family of functions

E'={FE! : )\, is arbitrary eigenvalue of the operator L, }
We formulate main result.

Theorem 4.1 The system of function E’ is biorthogonal to the system of
functions F, i.e.

n, k);

1, if (n,y
< (@), b (@) >:{ ) 2 o ) whore k=0, 1.

0, if (n,j) #
Proof Let j =0, k = 0. Then

o~~~

d (/\ )\
< Yno(T), hpo(x) >= — Al_% D A0 < cos \/73: M

Considering of relation (4.4), we have

d (A= \)2A) — AN
< Uno(@); fmolw) >= lim G2 TN T

Since A (A,) = 0 then the last relation takes the form

d
< Yno(T), hpo(x) >= hm —

A— A\,

Let j =0, k=1. Then

-\ 2
< yn,O(x), hn,l(x) >= — )\li)rf\ln T)\)) < cos \//\>n$, MX(I) >

Considering of relation (4.4), we have

<ol o) 2= fiy T A =20
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Since A()\,) = 0 then the last relation takes the form

< Yno(x), hpa(z) >= hm ()\ An) = 0. (4.6)

Let 7 =1, Kk =0. Then

d (A )‘n2 ISZTL\/)\_TLI'
<o), ) >= Jim O < S

Using formula (3.3), we calculate relation (4.7).

d (A=) zsiny\,x

I= 1im & M () >=
R T TSNS VR S, wint e Sy
. od (A=X\)?  xsiny Ao
— l —_—
N NG VR W, wil

d (A=A’ i ma < (1 sinV (z — t
i LA wsingAne )\/ Ma(t)dt>

R < , —

DT AN 2\, VA
Given the second property in Lemma 3.1, we calculate the first term of the
last relation:

_ 2 A/ . 2
! lim 4 (= An) < T /\nx’ o(z) >= L lim 4 A=)
2x3= M dA AN VA A2 = dA AN
We introduce the notation B(\) = (A — A,)% Then
1 . dBXN 1 . BRAQX)-ANBW [0 _7]

I, = lim — lim ===
0

A2 a=ha dAAAN) A2 A=A, AZ(N)

11:

We apply L’Hopital’s rule to the last limit relation thrice. Also, given that
B'(\,) =0, B@(\,) = 2, we have

2AG)(\,)
3(AAR(N,))?

L =— (4.8)

Now we compute the second term of I.

i d (A=) _ T siny/ A, © X/1 sinVX (z — t)
A= dA AN 2vh, e vV

L d QA=) flasinghye </1 sinﬁ\/(;c—t)@dg dz

T 2ahdh AN VS
11_ )\/ <0xsm\/_xsm\/_(x—t)d>dt

In the last integral we do a permutation of the limits:
2 A=hn d)\ A A VA

[2 = O'(t)dt >=

I, =
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We use formula of integration by parts to the inner integral the last relation.

_ 1 )\/ t Sm\/)\nt_i_Qcos\/Et_QCOS\/Xt @
2A—»And)\ A SV Y WS WD | CHR S Wy

Taking into account Lemma 3.1 and relation (1.1) we have

I

1 d (20— A2 — A2+ A2A(N)
Ih=— lim —

A2 A=A dA A(N)

We introduce the notation F'(A) = 2\, — A? — A2 + A2A(A). Then
Lo dF(\) 1 . FO)AN) -AWNFQ) [O _?]

L= v_
27NN DAY T Az AZ()) 0

We use L'Hopital’s rule to the last limit relation thrice. Note that F’'(\,) = 0,
FO(\) =-2-X2A%(\,), FO\,) = -22AG)(),). A result we have

209(\,)
I, = 4.
27 3(0AB(),))?2 (4.9)
Taking (4.7), (4.8), and (4.9) we obtain
< Yo (&), o) >= 0 (4.10)

Let 7 =1, k= 1. Then
1 A=A\)?  xsinyM\z

< Yna(x), hpq(z) >= = lim

235x0 AN = vV,

Using formula (3.3), we calculate relation (4.11).

1 — 2 ) 1 — 2 )
_ Ll (A=) _ x 8in/ A, T M(z) >= L lim A=) T siny/ A\, T
2232 AN VA

,Mx(l‘) > (411)

DA T T A
1. (A—)\n)2<x3m\/_x —/ sm\/_x—t)

1
T A

Given the second property in Lemma 3.1, we calculate the first term of the
last relation:

o(t)dt >

1 A =X\)?  xsiny\x 1 A —X\,)? 0
— _— = — :‘7
T e NG R, wiLA i v C SN 5y [o ]
We apply L’Hopital’s rule to the last limit relation twice. We have
2
C) = (4.12)

AN

yo(x) >+
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Now we compute the second term of C.

Cy = ;/\L/\nf\/g\)\—)\iz/ xsm\/> </ sinV(z—t)o ()dt>d

In the last integral we do a permutation of the limits:

02:%,\131”:\/&—/\)\;727{; /01 a(t) (/Otxsin\/rnx sin\/X(x—t)dx) dt

We use formula of integration by parts to the inner integral the last relation.

_ 2 -
C, — 1 . A=) / 0 t Sln\/_t_'_QCOS\/Et_QCOS\/Xt it
2 T AN o NS Y, WL S WD VU § W N

Taking into account Lemma 3.1 and relation (1.1) we have

1 220 — A2 — A2 1 A2A())
A% A= A(N)

We introduce the notation N(A) = 2A X, — A? — A2 + A2A()). Then

1 N[0
- A AV
s A2 o AN [ ]

5=
We use L’Hopital’s rule to the last limit relation thrice. Note that N'(A,) = 0,
N"(M\) = =2+ A2AG)(),). We obtain

2
Taking (4.11), (4.12), and (4.13) we have
< Yo (&), haa(2) =1 (4.15)

It follows from (4.5), (4.6), (4.10) and (4.15) that the main result.

The proof is complete.

It follows from Theorem 4.1 that the system of E’ is biorthogonal to the
system of E. Consequently, the system of functions F is a minimal system of
functions [1, p. 171].

References

[1] N.K.Nikol’skii, Lektsii ob operatore sdviga. Nauka, Moscow, 1980 [En-
glish translation: N.K. Nikol’skii, Treatise on the Shift Operator. Spectral
Function Theory, By Springer - Verlag Berlin Heidelberg, Germany, 1986].



2294 B. E. Kanguzhin and D. B. Nurakhmetov

[2] M. Otelbaev and A.N.Shynybekov, Well-posed problems of Bitsadze-
Samarskii type, Dokl. Akad. Nauk SSSR, 265(1982), no.4, 815—919.

[3] F.Riesz and B.Sz.-Nagy, Functional analysis. Mir, Moscow, 1979.

[4] A.M. Sedletskii, Biorthogonal expansions of functions in exponential
series on intervals of the real axis, Uspekhi Mat. Nauk (Russian),
37(1982), no.5, 51-—95 [English translation: Russian Mathematical Sur-
veys, 37(1982), no.5, 57—108|.

Received: September, 2011



