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Spectrum of Volterra integral operator of the second kind

Meiramkul Amangaliyeva®, Muvasharkhan Jenaliyev*, Madi Ergaliev* and Murat
Ramazanov’

*Institute of Mathematics and Mathematical Modeling, 050010, Almaty, Kazakhstan
T Buketov Karaganda Stated University, 100028, Karaganda, Kazakhstan

Abstract. The article addresses the singular Volterra integral equation of the second kind, which has the ’incompressible’
kernel. It is shown that the corresponding homogeneous equation on |A| > exp{|argA|}, argA € [—m,7] has a contin-
uous spectrum, and the multiplicity of the characteristic numbers grows with increasing |4|. We use the Carleman-Vekua
regularization method. We introduce the characteristic integral equation. We prove that the initial integral equation has eigen-
functions, the multiplicity of which depends on the value of the spectral parameter A. We prove the solvability theorem of the
nonhomogeneous equation in a case when the right-hand side of the equation belongs to a certain class.
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INTRODUCTION

In this paper we consider the singular Volterra integral equation with spectral parameter A € C of form

o)1 [ K, 7) p(v)de=f(1). 1>0. n
0
where
Kit,r) = KV, 0)+KP(, 1), )
o 0} 0} )2
K(”([gc) = Zal\/izt_—h;%exp<—w>, 3)
K@, 1) = zal\/ﬁz:)__:)zexp(M),w>1/z. )

We call such equations as the Volterra integral equations with *incompressible’ kernel [1]. It is shown that the cor-
responding homogeneous equation on |A| > exp{|argA|}, argA € [—m, 7] has a continuous spectrum, and the mul-
tiplicity of the characteristic numbers grows with increasing |A|. We use the Carleman-Vekua regularization method.
We introduce the characteristic integral equation. We prove that the initial integral equation has eigenfunctions, the
multiplicity of which depends on the value of the spectral parameter A. We prove the solvability theorem of the non-
homogeneous equation (1)—(4) in a case when the right-hand side of the equation belongs to a certain class.

PROPERTIES OF THE KERNEL K (¢, t ) 2)-(4)
The kernel K (¢, T) (2)—(4) has the following properties:
1) K(z, ) > 0 and is continuous on 0 < 7 <7 < oo}

t
2) lim [K(t,T)dTt=0,1> € > 0;
I*ﬂ()to

t t
3) tlgr(l)(j)K(t, T)dt=1, tll,rfng(t’ T)dt=1.
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The feature of equation (1) in question consists in property 3) of the kernel K(¢, 7) and is expressed in the fact
that the corresponding nonhomogeneous equation can not be solved by the successive approximations method for
|A| > exp{|argA|}, argA € [—m,@]. Obviously, if |A| < exp{|argA|}, argA € [—m, x| then equation (1) has a
unique solution, that can be found by the successive approximations method. The case when A € C and ® = 1 was
considered in [1]. In this paper we assume that |A| > exp{|argA|}, argA € [-7,7] and ® > 1/2.

The property 3) of kernel K(z, T) (2)—(4) follows from the next lemmas.

t
Lemma 1 If © > 3, then 1im0fK(1)(t,T)dr =1.
t— 0

t

Lemma?2 If o > 1, then lim [K®(r,7)dt =0.
11— 0

)
Lemma 3 If © > 1, then t3/2*“’fKT3T(f£>d'c <C,0<1t<oo.
0

t
Lemma 4 If © > 1, thent3/2=¢ g KT(;/)z(i’aT,)dT <C(w), 0 <1 <oo

THE CHARACTERISTIC INTEGRAL EQUATION

According to the Carleman-Vekua regularization method we prove that for equation (1) the next integral equation

t
0(1)~2 [ Ko(t.2)p(r)dT = F(1) )
0
is characteristic, where
1 Qe—1)32pe3 201 (120 +72071)°
Kotr,7) = 2a\/7 (t2w71712w71)3/2 PN T T o1 et 0> 1/2, ©
1
FO = 101 [ [0k 00 o), ™
0
Ki(1,7) = Ko(t,7)—KY (7). (8)

This follows from the assertions of Lemmas 6-8.
First, we note that kernel Ky(¢,7) (6) also has the property, similar properties 3) of kernel K(¢,7) (2)—(4). This
property follows from Lemma 5.

t
Lemma 5 If @ > 1/2, then linéfKo(t, T)dTr=1.
1=0p

Further, if we introduce a following notations

o o 2 20 — 1)3/240-3
PO 7)) = _rrT Py(t,7) = a2 —1)>t ’
Zaﬁ(t — ‘L')3/2 (t2w—1 _ TZco—l)3/2
2 20—1 20—1)\2
(1) I G _ 201 (0 4T
oYV(t,1) 4a2(t71_)7Q0(l,T) 402 20-1_ 2eo-1 °

then 0
Ko(t,7) = Po(t,7)e= 20D, kW (1 1) = P (1, 1) @00,
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1
Lemma 6 If ® > 1/2, then lir%le (t,7)d T = 0. In addition, we have the following estimate
=0

0—1 ~
Ky (,7)] < C(o) &t?eﬂ“»ﬂ (C(®) = const),
where
Q(ta T) = min{QO(taf); *Q(l)(ﬁf)}
Lemma 7 We have the following estimates:
W o1
P —P < C
RED) - PID) < Glo) e
20—1 (1)
PO |00l 1) — 0V (1, )| exp {0V (1,7)} < C3(a))\t/t_71_exp{—Q§t’T>}.

Lemma 8 If o > 1/2, then
w-1
VE—T

where functions Ce(®) and C7(®) are constants continuous depending on the parameter @ > 1/2.

‘K(Z)(z‘,f)‘ < Co(o) exp{—C7(w)r2<‘”*1>(;_T)},

From Lemmas 5-8 it follows directly that for equation (1) equation (5) is characteristic.

SOLVING THE CHARACTERISTIC EQUATION (5)

In equation (5) we make following changes of the independent variables (recall that y =2m — 1)
t= [/ﬂl]_l/ya T= [YTI]_I/yv

and introduce notations (0 < 7] <t} < o0):

v/2-1 y/2-1

um) = 67 o], Fi(n) =1, 7 F(m]""), 9)

1 1
folti =) 2a\/7(T —11)3/? P (402(1’1—11))'

Then equation (5) can be written as

u(n) fl/ko(tl (e =Fi(n), 0<f <1 <o, (10)

1
We have studied the equation (10) in work [2-4]. Therefore from the results [4] we have that the solution of

characteristic integral equation (5) is determined as follows (where Yy =2® — 1):

o) = 7 u(n ) = ty/z_lF(t)Jr/W/z_l/T_y_ll’x—(h’ty]_l*[YTY]_I)F(T)dT (11)
0

Ny
+7270 Y cexp(—in(n?] '), 1 €Ry,
k=—N
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where

—(N1+1) oo 1 — m m?
r,_(0)=2 izgexp(—izx0)+2 izgexp(—izk0) + —=——7 ) 5. €Xp () )

LV Y a0 2 0

Re(iz) <0, |A| > 1, 6 €R_, (12)
the numbers Ny, Ny, {z, k € Z} are defined by formulas
In|A|+argA In|A| —argh

Ny = | SATESR N, = SO TSR 13
1 |: o y AV2 o ) ( )
z = 2(argA+2km)In|A|—i [In* 4] — (argA +2km)?] . (14)

Formula (13) follows from the boundedness of the solutions of homogeneous conditions (5), which is equivalent
to the condition Re {iz;} > 0 for roots z; defined by formula (14). The number of such roots will always be the end!
Detailed calculations are in [4].

Thus we have proved the following theorem.

Theorem 9 General solution of the characteristic integral equation (5) has representation (11).

Substituting in integral equation (11) the expression for F () according to formulas (7)—(8), we obtain an equation:
t
o) = 2527 [ [Ko(e, 1) - KO0+ KO (1) 9(r)d ®
0
t

#2027 [y ()7 = 1) S A0 -2 [ [Ko(wom) — KO (5m)
0 0

N,
+K(z, Tl)} o(r)dr pdr+1"271 Y cexp(—iz?] "), t Ry,

k=—N;
which can be rewritten as
o(t)— AY/>! / K(t,7)o(t)dt = "> 1 f (1) + 17/ %2‘, crexp(—iz[y?]h), t €Ry, (15)
0 k=—N;
where
‘
R(er) = K0+2 [0 e ()7 = (") )R(n. oan,
K1) = —Ko(t,T)JrTK(l)(t,T)—K(z)(t,f),

F) = fO+2 [ () = ) s
0

Function r; _(0) is determined by formula (12).
Note that Lemmas 1-8 justify the Carleman-Vekua regularization method [5] for integral equation (5), i.e., we obtain
a following result.

MAIN RESULT

Theorem 10 Integral equation (15) for any
20 f(1) € Lo(0,00)

has a unique solution

(t) = /779 (t) € L (0,0).
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