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Íà÷àëî ëîêàëüíîé ìàòåìàòè÷åñêîé òåîðèè óðàâíåíèé, îïèñûâàþùèõ
äâèæåíèå âÿçêîé ñæèìàåìîé æèäêîñòè, áûëî ïîëîæåíî âî âòîðîé ïî-
ëîâèíå ïðîøëîãî âåêà â ïèîíåðñêèõ ðàáîòàõ Ñåððèíà, Íèøèäû, Ñî-
ëîííèêîâà è Òàíè. Ïåðâûå íåëîêàëüíûå ðåçóëüòàòû áûëè ïîëó÷åíû â
íà÷àëå âîñüìèäåñÿòûõ ãîäîâ Êàæèõîâûì è åãî ó÷åíèêàìè. Â èõ ðàáî-
òàõ áûëà ïîñòðîåíà çàêîí÷åííàÿ òåîðèÿ êðàåâûõ çàäà÷ â îäíîìåðíîì
ñëó÷àå. Âîïðîñ î ãëîáàëüíîé ðàçðåøèìîñòè ìíîãîìåðíûõ çàäà÷ îñòà-
âàëñÿ îòêðûòûì äî ñåðåäèíû äåâÿíîñòûõ ãîäîâ, êîãäà Ï.Ë. Ëèîíñîì
áûëî îáíàðóæåíî ñâîéñòâî ñëàáîé íåïðåðûâíîñòè âÿçêîãî ïîòîêà. Ýòè
ðåçóëüòàòû áûëè ñóùåñòâåííî óòî÷íåíû Ôàéðàéçåëîì, êîòîðûé óñòàíî-
âèë ãëîáàëüíóþ ðàçðåøèìîñòü îñíîâíûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé
Íàâüå � Ñòîêñà âÿçêîé ñæèìàåìîé æèäêîñòè. Íàñòîÿùèé êóðñ ïîñâÿ-
ùåí èçëîæåíèþ îñíîâíûõ àñïåêòîâ òåîðèè Ëèîíñà � Ôàéðàéçåëà. Êðîìå
òîãî, â íåì áóäåò äàí êðàòêèé îáçîð ñîâðåìåííîãî ñîñòîÿíèÿ òåîðèè.

Ëåêöèÿ 1

Òåìà ïåðâîé ëåêöèè � îáùàÿ òåîðèÿ óðàâíåíèé Íàâüå � Ñòîêñà ñæè-
ìàåìîé æèäêîñòè. Â ýòîé ëåêöèè áóäóò ðàññìîòðåíû ñëåäóþùèå âîïðî-
ñû. Óðàâíåíèÿ äèíàìèêè âÿçêîé ñæèìàåìîé æèäêîñòè. Óðàâíåíèÿ áà-
ëàíñà ìàññû, áàëàíñà èìïóëüñà è áàëàíñà ýíåðãèè. Îñíîâíûå êðàåâûå
çàäà÷è äëÿ ýòèõ óðàâíåíèé. Ïåðâàÿ ýíåðãåòè÷åñêàÿ îöåíêà. Òåîðåìà Ëè-
îíñà � Äè-Ïåðíî î ðåíîðìàëèçàöèè. Îïðåäåëåíèå ðåíîðìàëèçîâàííîãî
ðåøåíèÿ. Ðàçëè÷íûå ðåãóëÿðèçàöèè óðàâíåíèé Íàâüå � Ñòîêñà ñæèìà-
åìîé æèäêîñòè. Ïðîáëåìà êîìïàêòíîñòè.

Ëåêöèÿ 2

Âî âòîðîé ëåêöèè áóäóò ðàññìîòðåíû îñíîâíûå àñïåêòû òåîðèè Ëè-
îíñà � Ôàéðàéçåëà. Òåìàòèêà ýòîé ëåêöèè âêëþ÷àåò ñëåäóþùèå âîïðî-
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ñû. Ýëåìåíòàðíûå òåîðåìû î êîìïåíñèðîâàííîé êîìïàêòíîñòè. Òîæäå-
ñòâî Ëèîíñà. Ñëàáàÿ íåïðåðûâíîñòü âÿçêîãî ïîòîêà. Ìåòîä ìîíîòîí-
íîñòè. Ðàâíîñòåïåííàÿ èíòåãðèðóåìîñòü ôóíêöèè äàâëåíèÿ. Êîìïàêò-
íîñòü ìíîæåñòâà ðåíîðìàëèçîâàííûõ ðåøåíèé. Îáîáùåíèå ðåçóëüòàòîâ
íà ñëó÷àé òåïëîïðîâîäíîãî ãàçà. Âàðèàöèîííûå ðåøåíèÿ.

Ëåêöèÿ 3

Òåìàòèêà ýòîé ëåêöèè âêëþ÷àåò ñëåäóþùèå âîïðîñû. Ñòàöèîíàðíûå
çàäà÷è. Ïðîáëåìà êîíöåíòðàöèé. Ñâåðòêè óðàâíåíèé Íàâüå � Ñòîêñà ñ
ïîòåíöèàëàìè. Âòîðîå èíòåãðàëüíîå òîæäåñòâî. Òåîðåìà âëîæåíèÿ Ìà-
çüè � Àäàìñà. Âåñîâûå îöåíêè äàâëåíèÿ. Êðàòêèé îáçîð ñîâðåìåííîãî
ñîñòîÿíèÿ òåîðèè. Íåðåøåííûå çàäà÷è.
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�ÑÎÞÇ�, Ëûòêàðèíî, Ìîñêîâñêàÿ îáëàñòü; elukashov@yandex.ru,
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èì. Ì.Â. Ëîìîíîñîâà; grey_stranger84@mail.ru).

Ëåêöèÿ 1.
Î ëàìèíàðíî-òóðáóëåíòíîì ïåðåõîäå

è êîíâåêòèâíîé íåóñòîé÷èâîñòè Ðåëåÿ � Áåíàðà
êàê íåðàâíîâåñíûõ ôàçîâûõ ïåðåõîäàõ

(â ôîðìå Êàíà � Õèëëàðäà)

Íàøà çàäà÷à îãðàíè÷èâàåòñÿ ðàññìîòðåíèåì ðàçäåëîâ ôèçèêè, ñâÿ-
çàííûõ ñ ãèäðîäèíàìè÷åñêîé íåóñòîé÷èâîñòüþ. Ýòè âîïðîñû ðàññìàò-
ðèâàþòñÿ â [3]�[6], àêòóàëüíû, ó÷èòûâàÿ òîò ôàêò, ÷òî äî ñèõ ïîð íåò
÷åòêîãî îáîñíîâàíèÿ ÿâëåíèé, ñâÿçàííûõ ñ ãèäðîäèíàìè÷åñêîé íåóñòîé-
÷èâîñòüþ, è ïðåæäå âñåãî � ìåõàíèçìà åå çàðîæäåíèÿ. Â ýòîé ñòàòüå ìû
ïðîäîëæèì èññëåäîâàíèÿ [30]�[38] êëàññè÷åñêèõ ìîäåëåé, îïèñûâàþùèõ
íà÷àëüíûå ñòàäèè íåðàâíîâåñíûõ ïðîöåññîâ ñ èçáûòî÷íîé ýíåðãèåé, íà
ïðèìåðå ïðîáëåìû ëàìèíàðíî-òóðáóëåíòíîãî ïåðåõîäà è êîíâåêòèâíîé
íåóñòîé÷èâîñòè Ðåëåÿ � Áåíàðà. Ýòè ïðîáëåìû ïðèâëåêàþò ôèçèêîâ
óæå â òå÷åíèå âåêà. Âîïðîñ â òîì, íàïðèìåð, êàê ñèñòåìû ïîëíîñòüþ
ðàçóïîðÿäî÷åííûå â ñîñòîÿíèè òåïëîâîãî ðàâíîâåñèÿ, áóäó÷è âûâåäåí-
íûìè èç ñîñòîÿíèÿ òåïëîâîãî ðàâíîâåñèÿ, ìîãóò âíåçàïíî ïåðåéòè â
âûñîêóþ ñòåïåíü óïîðÿäî÷åííîñòè.

Ïîÿâëåíèå íîâûõ ìàòåìàòè÷åñêèõ ïîíÿòèé è ïðèåìîâ èññëåäîâàíèÿ
ïîçâîëÿåò ïî-íîâîìó âçãëÿíóòü íà èçâåñòíûå îáúåêòû è ïðîÿñíèòü íåèç-
âåñòíûå ðàíåå åãî ñòîðîíû. Â ÷àñòíîñòè, ýòî îòíîñèòñÿ ê òóðáóëåíòíî-
ñòè, äëÿ èññëåäîâàíèÿ è ìîäåëèðîâàíèÿ êîòîðîé èñïîëüçîâàëè òåîðèþ
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äèíàìè÷åñêèõ ñèñòåì, ïîíÿòèå àòòðàêòîðà, â îñîáåííîñòè, ñòðàííîãî àò-
òðàêòîðà [47], òåîðèè áèôóðêàöèé è êàòàñòðîô, òåîðèþ ôðàêòàëîâ (äëÿ
òóðáóëåíòíîãî ãîðåíèÿ [48]). Îäíàêî, êàê ïðàâèëî, îáúåêòîì ìàòåìàòè-
÷åñêîãî ìîäåëèðîâàíèÿ ÿâëÿåòñÿ ðàçâèòàÿ è ñòàöèîíàðíàÿ òóðáóëåíò-
íîñòü, è äëÿ åå îïèñàíèÿ ââîäÿòñÿ èñõîäíûå ïîíÿòèÿ: ïóëüñàöèè äàâ-
ëåíèÿ, ñêîðîñòè è äð. Â òîæå âðåìÿ ñ òî÷êè çðåíèÿ èíôîðìàòèâíîñòè
áîëüøå äàþò ìàòåìàòè÷åñêèå ìîäåëè çàðîæäåíèÿ è äàëüíåéøåãî ôîð-
ìèðîâàíèÿ îáúåêòà � ïðîöåññà, ñòðóêòóðû. Â îòíîøåíèè òóðáóëåíòíî-
ñòè ýòî îòìå÷àëîñü Ì.È. Ðàáèíîâè÷åì â îáçîðå [47]. Åñëè â èíæåíåðíûõ
ïðèëîæåíèÿõ ìàòåìàòè÷åñêèå ìîäåëè ñòàöèîíàðíîãî òóðáóëåíòíîãî òå-
÷åíèÿ äàþò îïðåäåëåííûé ðåçóëüòàò ïðè ïðîâåäåíèè ðàñ÷åòíûõ èññëå-
äîâàíèé, òî â ñëó÷àå ãåîôèçè÷åñêîé ãèäðîäèíàìèêè èñïîëüçóþòñÿ òà-
êèå ïîíÿòèÿ êàê íàêà÷êà, ýíñòðîôèÿ è äð. [1], ïîçâîëÿþùèå îòðàçèòü
íåñòàöèîíàðíûé õàðàêòåð òóðáóëåíòíîãî òå÷åíèÿ. Â ñâÿçè ñ ýòèì îñî-
áîå çíà÷åíèå (è íå òîëüêî èç-çà ïðèêëàäíîé çíà÷èìîñòè) ïðèîáðåòàåò
ìîäåëèðîâàíèå ëàìèíàðíî-òóðáóëåíòíîãî ïåðåõîäà, ïîñêîëüêó èìåííî â
õîäå íåãî ôîðìèðóþòñÿ ðàçëè÷íûå ïðîìåæóòî÷íûå ñòðóêòóðû, òîëüêî
âïîñëåäñòâèè äàþùèå ðàçâèòîå òóðáóëåíòíîå òå÷åíèå [49].

Âîçíèêíîâåíèå êîíâåêòèâíûõ òå÷åíèé è èõ ðàçâèòèå îò ðåãóëÿð-
íûõ ôîðì ñ ïîñëåäóþùèì ïåðåõîäîì ê íåðåãóëÿðíûì � òóðáóëåíòíûì
òå÷åíèÿì � ïðèâëåêàþò âíèìàíèå òåì, ÷òî îíè ÿâëÿþòñÿ îòâåòñòâåí-
íûìè çà ýôôåêòèâíîñòü ìíîãèõ òåõíîëîãè÷åñêèõ ïðîöåññîâ òåïëîìàñ-
ñîïåðåíîñà [3], [4]. Òàêèå òåõíîëîãè÷åñêèå ïðîöåññû ÿâëÿþòñÿ áàçîâû-
ìè â õèìè÷åñêîé, íåôòåõèìè÷åñêîé, ýíåðãåòè÷åñêîé, ìåòàëëóðãè÷åñêîé,
ïèùåâîé è äðóãèõ îòðàñëÿõ ïðîìûøëåííîñòè. Êîíâåêòèâíûå òå÷åíèÿ
âîçíèêàþò â æèäêîñòÿõ è ãàçàõ â ãðàâèòàöèîííîì ïîëå ïðè íàëè÷èè
ïðîñòðàíñòâåííîé íåîäíîðîäíîñòè ïëîòíîñòè, ñîçäàâàåìîé íåîäíîðîä-
íîñòÿìè òåìïåðàòóðû è êîíöåíòðàöèè êîìïîíåíòîâ, âîçíèêàþùèõ â õî-
äå, íàïðèìåð, õèìè÷åñêèõ ðåàêöèé èëè äðóãèõ ïðè÷èí [5]�[7]. Ñ óâå-
ëè÷åíèåì ðàçíîñòè òåìïåðàòóð ïîêîÿùàÿñÿ æèäêîñòü òåðÿåò óñòîé÷è-
âîñòü, ÷òî çàòåì ïðèâîäèò ê âîçíèêíîâåíèþ êîíâåêòèâíîãî òå÷åíèÿ.
Äàëüíåéøåå óâåëè÷åíèå ðàçíîñòè òåìïåðàòóð ïðèâîäèò ê íåóñòîé÷è-
âîñòè ïåðâè÷íîãî êîíâåêòèâíîãî òå÷åíèÿ, à ãèäðîäèíàìè÷åñêèé êðèçèñ
ïðèâîäèò ê êðèçèñó òåïëîïåðåäà÷è. Âòîðè÷íîå êîíâåêòèâíîå òå÷åíèå,
ôîðìèðóþùååñÿ ïðè ýòîì, äàëåå òàêæå ìîæåò ñòàòü íåóñòîé÷èâûì, òàê
÷òî â ðåçóëüòàòå ïîñëåäîâàòåëüíîñòè òàêèõ êðèçèñîâ ìîæåò ðàçâèòü-
ñÿ òóðáóëåíòíîå òå÷åíèå [3], [4]. Ýòèì âîïðîñàì ïîñâÿùåíà îáøèðíàÿ
ëèòåðàòóðà, â ÷àñòíîñòè, ìîíîãðàôèè [2]�[14].
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Ïîñòîÿííûé èíòåðåñ ê ïîäîáíîãî ðîäà çàäà÷àì, â ÷àñòíîñòè, ê çàäà÷å
î íåóñòîé÷èâîñòè Ðåëåÿ � Áåíàðà, ïîääåðæèâàåòñÿ èç-çà íîâûõ ïðàêòè-
÷åñêèõ ïðèëîæåíèé. Òàê, â [14], [15] îòìå÷àåòñÿ, ÷òî çà ïðåäåëàìè �÷è-
ñòîé� ãèäðîäèíàìèêè ôîðìèðîâàíèå ñòðóêòóð, áëèçêèõ ê ïðîñòðàíñò-
âåííî-ïåðèîäè÷åñêèì, íàáëþäàåòñÿ ïðè ðîñòå êðèñòàëëîâ, ðàñïðîñòðà-
íåíèè ôðîíòîâ çàòâåðäåâàíèÿ, ýëåêòðîõèìè÷åñêèõ íåóñòîé÷èâîñòÿõ
íåìàòè÷åñêèõ æèäêèõ êðèñòàëëîâ, õèìè÷åñêèõ ðåàêöèîííî-äèôôóçè-
îííûõ ïðîöåññàõ, àâòîêàòàëèòè÷åñêèõ ðåàêöèÿõ, èçãèáå òîíêèõ ïëàñòèí
è îáîëî÷åê è ìíîãîì äðóãîì. Êðîìå òîãî, ñ÷èòàåòñÿ, ÷òî ãèäðîäèíà-
ìè÷åñêèé ïîäõîä, áàçèðóþùèéñÿ íà ìîäåëè Áóññèíåñêà, íåïðèìåíèì
â óñëîâèÿõ ìàëîé ãðàâèòàöèè [16]�[19]. Ðàçâèòèå ìíîãèõ ïðèëîæåíèé
òðåáóåò áîëåå òîíêîãî òåîðåòè÷åñêîãî àíàëèçà, â ÷àñòíîñòè, óñòàíîâ-
ëåíèÿ êðèòåðèåâ ðàçëè÷åíèÿ òåðìîãðàâèòàöèîííîé íåóñòîé÷èâîñòè Ðå-
ëåÿ � Áåíàðà [14], [15] è òåðìîêàïèëëÿðíîé íåóñòîé÷èâîñòè Áåíàðà �
Ìàðàíãîíè [20]. Òàê â [3], àíàëèçèðóÿ ýêñïåðèìåíòàëüíûå ðåçóëüòàòû,
àâòîðû ïðèøëè ê çàêëþ÷åíèþ, ÷òî â òîíêèõ ñëîÿõ âåðòèêàëüíûé ïå-
ðåïàä òåìïåðàòóðû ìàë, è ïîýòîìó ðåëååâñêàÿ íåóñòîé÷èâîñòü íå ðåà-
ëèçóåòñÿ, à ðåàëèçóåòñÿ íåóñòîé÷èâîñòü Ìàðàíãîíè. Â ñëîÿõ áîëüøèõ
òîëùèí âêëàä íåóñòîé÷èâîñòè Ìàðàíãîíè ìàë, à íåóñòîé÷èâîñòü ðàçâè-
âàåòñÿ ïî ìåõàíèçìó Ðåëåÿ. Êîíêóðåíöèÿ äâóõ ìåõàíèçìîâ íàáëþäàåò-
ñÿ íà ìàñøòàáå ïðîìåæóòî÷íûõ òîëùèí. Â òî æå âðåìÿ ïðàêòè÷åñêèå
ïðèëîæåíèÿ äåìîíñòðèðóþò çíà÷èòåëüíîå óñëîæíåíèå �êëàññè÷åñêèõ�
çàäà÷. Òàê, íàïðèìåð, äëÿ äèíàìèêè ñåçîííîé öèðêóëÿöèè â âîäîåìàõ
ïðåäñòàâëÿåò èíòåðåñ çàäà÷à Ðåëåÿ � Áåíàðà ïðè àíîìàëüíîé çàâèñèìî-
ñòè ïëîòíîñòè âîäû îò òåìïåðàòóðû [21]. Ðàçâèòèå íàíîòåõíîëîãèé ïðè-
âîäèò ê ïîñòàíîâêå çàäà÷ î ïîâåäåíèè òîíêèõ ïëåíîê, êîãäà ïîäîãðåâ
ñíèçó ïðèâîäèò ê èõ ðàçðûâó è ôîðìèðîâàíèþ ÷åðåäóþùèõñÿ �ñóõèõ�
è �íåñóõèõ� îáëàñòåé èëè êàïåëü, ñîåäèíåííûõ óëüòðàòîíêèìè ïëåíêà-
ìè [22]�[25]. Êðîìå òîãî, ñôîðìóëèðîâàí ðÿä çàäà÷, â êîòîðûõ äàííûé
òèï çàäà÷ î íåóñòîé÷èâîñòè ñëîÿ æèäêîñòè âñòðîåí â áîëåå îáùóþ çà-
äà÷ó òåïëîìàññîïåðåíîñà, íàïðèìåð, ïðè èñïàðåíèè ëåãêîé ôðàêöèè èç
ìíîãîêîìïîíåíòíîé ñìåñè, â ðåçóëüòàòå ÷åãî ïðîèñõîäèò èçìåíåíèå òåì-
ïåðàòóðû è êîíöåíòðàöèè âáëèçè ïîâåðõíîñòè [7], [26]. Ê ïîäîáíîãî ðî-
äà çàäà÷àì â óñëîæíåííîé ïîñòàíîâêå ìîæåò áûòü îòíåñåíà çàäà÷à îá
óñòîé÷èâîñòè ñëîÿ áèíàðíîãî ýëåêòðîëèòà ìåæäó äâóìÿ èîíîîáìåííû-
ìè ìåìáðàíàìè ïðè ïðîõîæäåíèè ýëåêòðè÷åñêîãî òîêà [27]. Óñëîæíå-
íèå ïðàêòè÷åñêèõ çàäà÷, â êîòîðûå â êà÷åñòâå îòäåëüíîãî áëîêà ìîãóò
âõîäèòü çàäà÷è î íåóñòîé÷èâîñòè æèäêîñòè è ðàçâèòèè êîíâåêöèè, ñ îä-
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íîé ñòîðîíû, à òàêæå ðàçâèòèå ìåòîäîâ ìîäåëèðîâàíèÿ è âûïîëíåíèÿ
âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ñ èñïîëüçîâàíèåì âûñîêîýôôåêòèâíûõ
÷èñëåííûõ ìåòîäîâ è áûñòðîäåéñòâóþùèõ êîìïüþòåðîâ, òðåáóþò ðàç-
ðàáîòêè îáîáùåííîãî ïîäõîäà ê ìîäåëèðîâàíèþ è èíòåðïðåòàöèè ðå-
çóëüòàòîâ âû÷èñëèòåëüíûõ è íàòóðíûõ ýêñïåðèìåíòîâ. Ïîïûòêè ðàçðà-
áîòêè ïîäîáíîãî îáîáùåííîãî ïîäõîäà ïðåäïðèíèìàëèñü ðàíåå, íàïðè-
ìåð, ïóòåì îòíåñåíèÿ áîëüøîãî ÷èñëà êîîïåðàòèâíûõ ÿâëåíèé, äåìîí-
ñòðèðóþùèõ íåóñòîé÷èâîñòè, ê ôàçîâûì ïåðåõîäàì [1]. Â ñâîþ î÷åðåäü
ôàçîâûå ïåðåõîäû â ðàçëè÷íûõ ñèñòåìàõ ìîãóò áûòü ðàññìîòðåíû ñ
åäèíûõ ïîçèöèé â ðàìêàõ òåðìîäèíàìèêè (òåðìîäèíàìèêè íåðàâíîâåñ-
íûõ ôàçîâûõ ïåðåõîäîâ) [28]�[30]. Ïîäõîä, ðàçâèâàåìûé â ðàáîòàõ [28]�
[30], áàçèðóåòñÿ íà òîì ïðåäñòàâëåíèè, ÷òî ëþáàÿ ñèñòåìà ìîæåò áûòü
îõàðàêòåðèçîâàíà êàê â óñòîé÷èâîì, òàê è â íåóñòîé÷èâîì ñîñòîÿíèÿõ
òåðìîäèíàìè÷åñêèì ïîòåíöèàëîì Ãèíçáóðãà � Ëàíäàó, èìåþùèì ôîð-
ìó ñâîáîäíîé ýíåðãèè Ãèááñà � Ãåëüìãîëüöà. Â äàííîé ðàáîòå ñòàâèòñÿ
çàäà÷à ðàñïðîñòðàíèòü ýòîò ïîäõîä íà çàäà÷ó Ðåëåÿ � Áåíàðà. Â ýòîì
ñëó÷àå ñèñòåìà â âèäå ñëîÿ æèäêîñòè, ïîäîãðåâàåìîãî ñíèçó, ðàññìàòðè-
âàåòñÿ ïåðâîíà÷àëüíî êàê íåóñòîé÷èâàÿ â òåðìîäèíàìè÷åñêîì îòíîøå-
íèè, ò. å. îáëàäàþùàÿ èçáûòî÷íîé ýíåðãèåé � ïîòåíöèàëüíîé ýíåðãèåé
â ïîëå òÿãîòåíèÿ, êîòîðàÿ ìîæåò òðàíñôîðìèðîâàòüñÿ â ãèäðîäèíàìè-
÷åñêóþ ñîñòàâëÿþùóþ êîíâåêòèâíîãî òå÷åíèÿ. Ñëåäóåò îòìåòèòü, ÷òî
ïîäîáíîãî òèïà �òåðìîäèíàìè÷åñêàÿ� ïîñòàíîâêà çàäà÷è Ðåëåÿ � Áåíà-
ðà áûëà ñôîðìóëèðîâàíà â [34]. Îäíàêî ðàçâèâàåìûé â [28]�[30] ïîäõîä
èìååò ïðèíöèïèàëüíûå îòëè÷èÿ îò �ýíòðîïèéíîãî� ïîäõîäà, ïðåäñòàâ-
ëåííîãî â [34], ïîñêîëüêó â êà÷åñòâå ãëàâíîé õàðàêòåðèñòèêè ïîâåäå-
íèÿ ñèñòåìû èñïîëüçóåòñÿ ñâîáîäíàÿ ýíåðãèÿ (ýíòðîïèÿ âõîäèò îäíèì
èç ÷ëåíîâ â óðàâíåíèå Ãèááñà � Ãåëüìãîëüöà è ÿâëÿåòñÿ âàæíîé, íî
íå åäèíñòâåííîé òåðìîäèíàìè÷åñêîé âåëè÷èíîé, îïðåäåëÿþùåé ïîâåäå-
íèå è äèíàìèêó ñèñòåìû). Êðîìå òîãî, ðàçâèâàåìûé â [28]�[30] ïîäõîä
âêëþ÷àåò â ñåáÿ òåðìîäèíàìè÷åñêèé ôîðìàëèçì òåîðèè íåðàâíîâåñíûõ
ïðîöåññîâ Êàíà � Õèëëàðäà [35]�[44], ðàçâèòûé çàòåì â ðàáîòàõ [45], [46].

Â äîêëàäå ïðèâîäèòñÿ ðåêîíñòðóêöèÿ íà÷àëüíîé ñòàäèè ëàìèíàðíî-
òóðáóëåíòíîãî ïåðåõîäà è êîíâåêòèâíîé íåóñòîé÷èâîñòè Ðåëåÿ � Áåíàðà
êàê íåðàâíîâåñíûõ ôàçîâûõ ïåðåõîäîâ, ìåõàíèçìîì êîòîðûõ ÿâëÿåòñÿ
ñïèíîäàëüíûé ðàñïàä (äèôôóçèîííîå ðàññëîåíèå).
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Ëåêöèÿ 2.
Íåñòàíäàðòíàÿ ãèäðîäèíàìèêà

(ðîæäåíèå äâóõñêîðîñòíîãî ðåæèìà)
è íåóñòîé÷èâîñòü Ìàðàíãîíè

Íà ïðåäûäóùåé ëåêöèè ìû ðàññìîòðåëè äâå êëàññè÷åñêèå ãèäðîäè-
íàìè÷åñêèå íåóñòîé÷èâîñòè: Ðåéíîëüäñà (ëàìèíàðíî-òóðáóëåíòíûé ïå-
ðåõîä) è êîíâåêòèâíóþ íåóñòîé÷èâîñòü Ðåëåÿ � Áåíàðà. Â áëèæàéøåå
âðåìÿ ìû çàêîí÷èì ðåêîíñòðóêöèþ åùå îäíîé èç áàçîâûõ ãèäðîäèíà-
ìè÷åñêèõ íåóñòîé÷èâîñòåé � êàïèëëÿðíîé íåóñòîé÷èâîñòè Ìàðàíãîíè
(òåéëîðîâñêàÿ íåóñòîé÷èâîñòü ïî ñóòè àíàëîã íåóñòîé÷èâîñòè Ðåëåÿ �
Áåíàðà â ïîëå ñèë Êîðèîëèñà). Âîçíèêàåò ÒÅÐÌÎÄÈÍÀÌÈ×ÅÑÊÀß
ÎÁÙÍÎÑÒÜ ïîñòðîåíèÿ ðåêîíñòðóêöèè âñåõ ýòèõ íåóñòîé÷èâîñòåé: 1)
ìíîãîîáðàçèå ðàâíîâåñèÿ â ôàçîâîì ïðîñòðàíñòâå, îïðåäåëÿþùåå óðàâ-
íåíèÿ ñîñòîÿíèÿ; 2) íàëè÷èå äâóõ ýíòðîïèé (ìàêðî è ìèêðî). Äàëüøå
íóæåí âûõîä íà ôèçèêîâ: êàê, êàêèì óñðåäíåíèåì (ìîæåò àòîìèñòè÷å-
ñêèì ïîäõîäîì [23]) ïîëó÷èòü ïîñòðîåííûå ôåíîìåíîëîãè÷åñêèå ìîäåëè
ðåêîíñòðóêöèè íà÷àëüíûõ ñòàäèé ãèäðîäèíàìè÷åñêèõ íåóñòîé÷èâîñòåé.

Ñóùåñòâóþùèå ôîðìû ìîäåëèðîâàíèÿ òóðáóëåíòíîñòè îòðàæàþò
äâå êðàéíîñòè � âîëíîâóþ (âèáðàöèîííàÿ ãàçîâàÿ äèíàìèêà, ñì., íà-
ïðèìåð, [1]) è, íàèáîëåå ðàñïðîñòðàíåííóþ, äèôôóçèîííóþ (ñòàòèñòè-
÷åñêàÿ) òåîðèþ òóðáóëåíòíîñòè [18]�[21]. Ñîâðåìåííûå ïîäõîäû ê òåî-
ðåòè÷åñêîìó îïèñàíèþ íà÷àëüíîé ñòàäèè âíóòðåííåé òóðáóëåíòíîñòè
äàþò ðåçóëüòàòû, ïëîõî ñîãëàñóåìûå ñ ýêñïåðèìåíòîì. Íàøåé çàäà÷åé
áûëî ïîñòðîåíèå ðåêîíñòðóêöèè íà÷àëüíîé ñòàäèè òóðáóëåíòíîñòè, ïðî-
ìåæóòî÷íóþ äëÿ ýòèõ äâóõ êðàéíîñòåé, ñîãëàñóþùóþ âîëíîâîé è äèô-
ôóçèîííûé õàðàêòåð òóðáóëåíòíîñòè. Â [9], [10] íà ïåðâîì øàãå áûë ïî-
ñòðîåí ìàòåìàòè÷åñêèé îáúåêò, ðåêîíñòðóèðóþùèé îñíîâíûå íåóñòîé-
÷èâîñòè ïðîöåññà è ñòàáèëèçèðóþùèé èõ îáðàòíûå ñâÿçè. Ãðóáî ãîâî-
ðÿ, áûëà ïîñòðîåíà àíàëîãîâàÿ ìàøèíà äëÿ âîñïðîèçâîäñòâà áàçîâûõ
ñâîéñòâ òóðáóëåíòíîñòè. Åå ñîçäàíèå ïîòðåáîâàëî ñîãëàñîâàíèÿ ìèêðî è
ìàêðî ìàñøòàáîâ, âîëíîâîãî è äèôôóçèîííîãî ïðîöåññîâ. Â ÷àñòíîñòè,
óäàëîñü ïîñòðîèòü ìàòåìàòè÷åñêóþ ðåêîíñòðóêöèþ íà÷àëüíîãî ýòàïà
âíóòðåííåé òóðáóëåíòíîñòè è ÏÐÅÆÄÅ ÂÑÅÃÎ � çàðîæäåíèå äâóõ-
ñêîðîñòíîãî ðåæèìà è ïåðåìåæàåìîñòè. Áûëà ïðåäëîæåíà âîçìîæíàÿ
ãèïîòåçà, îáúÿñíÿþùàÿ èõ çàðîæäåíèå � êàòàñòðîôà Ðèìàíà � Ãþãî-
íèî è íåðàâíîâåñíûé ôàçîâûé ïåðåõîä, ìåõàíèçìîì êîòîðîãî ÿâëÿåòñÿ
äèôôóçèîííîå ðàññëîåíèå. Â [13] îòìå÷àåòñÿ, ÷òî íà íà÷àëüíîé ñòàäèè
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òóðáóëåíòíîñòè îáðàçóþòñÿ äâà òèïà âîçìóùåíèÿ ñ ðàçíûìè ñêîðîñòÿ-
ìè ïåðåìåùåíèÿ ïî ãàçó (çâóêîâûå � ñî ñêîðîñòüþ çâóêà è ýíòðîïèéíî-
âèõðåâûå � ñî ñêîðîñòüþ ïîòîêà ãàçà), ÷òî ïîçâîëÿåò âûäâèíóòü ãè-
ïîòåçó ñóùåñòâîâàíèÿ íà ìåçîñòðóêòóðíîì óðîâíå äâóõñêîðîñòíîé ãèä-
ðîäèíàìèêè, êîãäà ðàçíûå ÷àñòè ãàçà (èíåðòíàÿ ÷àñòü è ôëóêòóàöèè
óïëîòíåíèé) îáëàäàþò ðàçíûìè ñêîðîñòÿìè îòíîñèòåëüíî íåïîäâèæíî-
ãî ãàçà, ðàçíûìè êîýôôèöèåíòàìè ïåðåíîñà, åñëè ðàññìàòðèâàòü ïîòîê
ýòèõ ôëóêòóàöèé, îáóñëîâëåííûé ãðàäèåíòîì èõ ïëîòíîñòåé. Êàê âè-
äèì, ýòè ôàêòû äàþò ýêñïåðèìåíòàëüíîå îáîñíîâàíèå ïóíêòà 1). Êàê
îòìå÷àåòñÿ Ã. Íèêîëèñ, È. Ïðèãîæèíûì, âîçíèêíîâåíèå äâóõñêîðîñòíî-
ãî ïîòîêà (äâóõ òèïîâ âîçìóùåíèé ñ ðàçíûìè ñêîðîñòÿìè ïåðåìåùåíèÿ
ïî ãàçó) ìîæíî íàçâàòü êàòàñòðîôîé Ðèìàíà � Ãþãîíèî ([14], ñ. 189).

Òðóäíîñòè ðàñ÷åòîâ òàêèõ ïðîöåññîâ çàêëþ÷àþòñÿ â òîì, ÷òî ìîäå-
ëèðîâàíèå ïðîâîäèòñÿ îäíîâðåìåííî íà íåñêîëüêèõ ìàñøòàáíûõ óðîâ-
íÿõ. Ê íàñòîÿùåìó âðåìåíè â ýêñïåðèìåíòàëüíûõ èññëåäîâàíèÿõ èçó-
÷åíû ìíîãèå äåòàëè íà÷àëüíîé ñòàäèè ïðîöåññà âíóòðåííåé òóðáóëåíò-
íîñòè, íî îáùåãî òåîðåòè÷åñêîãî ïðåäñòàâëåíèÿ îá ýòîì ïðîöåññå ïî-
êà íå ñóùåñòâóåò. Ìîäåëü, èñïîëüçóåìàÿ â äàííîé ðàáîòå, îñíîâàíà íà
ìíîãîñêîðîñòíîé ñèñòåìå óðàâíåíèé Ýéëåðà, ðàñïðîñòðàíåíèå âîçìóùå-
íèé â êîòîðîé ïðèâîäèò ê êàòàñòðîôå Ðèìàíà � Ãþãîíèî, ÿâëÿþùåéñÿ
ïðè÷èíîé âîçíèêíîâåíèÿ äâóõñêîðîñòíîãî ðåæèìà. Äëÿ îïèñàíèÿ îá-
ðàçîâàíèÿ ôëóêòóàöèé ïëîòíîñòè, ïðèâîäÿùèõ ê ïåðåìåæàåìîñòè, èñ-
ïîëüçóåòñÿ ìîäèôèöèðîâàííîå óðàâíåíèå Êàíà � Õèëëàðäà (íàêà÷êà,
â òåðìèíîëîãèè Õàêåíà, ôëóêòóàöèé ïëîòíîñòè). Ðàçíîìàñøòàáíîñòü
òðåáóåò çíà÷èòåëüíûõ âû÷èñëèòåëüíûõ ðåñóðñîâ. Äâóìåðíûå ðàñ÷åòû
îñíîâàíû íà ÿâíûõ è ÿâíî-èòåðàöèîííûõ àëãîðèòìàõ, ýôôåêòèâíî ðå-
àëèçîâàííûõ íà ìíîãîïðîöåññîðíîé âû÷èñëèòåëüíîé ñèñòåìå. Â äàí-
íîé ðàáîòå ïðåäñòàâëåíà ïîïûòêà îáîáùåíèÿ òåðìîäèíàìè÷åñêîé òåî-
ðèè Êàíà � Õèëëàðäà íà áîëåå øèðîêèé êëàññ îáúåêòîâ ïî ñðàâíåíèþ
ñ òåì, äëÿ êîòîðîãî îíà ïåðâîíà÷àëüíî ñîçäàâàëàñü � îïèñàíèå ïðîöåñ-
ñà ñïèíîäàëüíîãî ðàñïàäà ñïëàâà [11], [12]. Ìåçîñòðóêòóðíûé ìàñøòàá
ïðåäñòàâëÿåò èíòåðåñ íå òîëüêî äëÿ ìàòåðèàëîâåäåíèÿ. Õàðàêòåðíûé
ìàñøòàá òóðáóëåíòíîñòè (ïóëüñàöèè äàâëåíèÿ, çàâèõðåííîñòü ïî Òåé-
ëîðó è Òîìñîíó, ìîëè Ïðàíäòëÿ) òàêæå îòíîñèòñÿ ê ýòîìó ñòðóêòóð-
íîìó, íî äèíàìè÷åñêè ïîäâèæíîìó óðîâíþ. Ê îáúåêòàì ýòîãî æå ìàñ-
øòàáà ñëåäóåò îòíåñòè õàðàêòåðíûå ðàçìåðû ôðîíòà óäàðíîé âîëíû è
ýëåìåíòîâ åå ñòðóêòóðû: ñêà÷êîâ óïëîòíåíèÿ, óäàðíûõ, ýíòðîïèéíûõ è
ðåëàêñàöèîííûõ ñëîåâ.
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Êàê ìû îòìå÷àëè âûøå, ñóùåñòâóþùèå ôîðìû ìîäåëèðîâàíèÿ òóð-
áóëåíòíîñòè îòðàæàþò äâå êðàéíîñòè: âîëíîâóþ (âèáðàöèîííàÿ ãèäðî-
äèíàìèêà) è, íàèáîëåå ðàñïðîñòðàíåííóþ, äèôôóçèîííóþ (ñòàòèñòè÷å-
ñêàÿ) òåîðèþ òóðáóëåíòíîñòè. Íàøà çàäà÷à � ïîñòðîèòü ðåêîíñòðóê-
öèþ íà÷àëüíîé ñòàäèè òóðáóëåíòíîñòè, ïðîìåæóòî÷íóþ äëÿ ýòèõ äâóõ
êðàéíîñòåé, ñîãëàñóþùóþ âîëíîâîé è äèôôóçèîííûé õàðàêòåð òóðáó-
ëåíòíîñòè, è äàòü âîçìîæíîå îáúÿñíåíèå çàðîæäåíèÿ äâóõñêîðîñòíî-
ãî ðåæèìà è ïåðåìåæàåìîñòè. Äëÿ ðåêîíñòðóêöèè çàðîæäåíèÿ äâóõ-
ñêîðîñòíîãî ðåæèìà êàê áàçó ìàêðî óðîâíÿ (äëÿ îïèñàíèÿ âîëíîâûõ
ñâîéñòâ ïðîöåññà) ìû èñïîëüçóåì êëàññè÷åñêóþ ìîäåëü ìåõàíèêè ñïëîø-
íûõ ñðåä � ðåãóëÿðèçàöèþ âÿçêîñòüþ îäíîé èç õîðîøî èçâåñòíûõ ôîðì
ñèñòåìû Ýéëåðà (ñì. (1)) äëÿ ñìåñè [15], [16], êîãäà çàäàíà êîíöåíòðà-
öèÿ ïðèìåñè. Òàêèì îáðàçîì, äëÿ îïèñàíèÿ âèçóàëèçàöèè â ãèïåðçâóêî-
âîì ïîòîêå ãàçà íà÷àëüíîé ñòàäèè îáðàçîâàíèÿ ôëóêòóàöèè ïëîòíîñòè
êîíöåíòðàöèè c c ðàçíûìè ñêîðîñòÿìè, ñîîòâåòñòâåííî ñêîðîñòè ãàçà è
ôëóêòóàöèé ïëîòíîñòè (âèõðåé), ìû èñïîëüçóåì òðè óðàâíåíèÿ ìàêðî
óðîâíÿ: óðàâíåíèÿ äâóõñêîðîñòíîé ñèñòåìû Ýéëåðà � óðàâíåíèå íåðàç-
ðûâíîñòè äëÿ ñóììàðíîé ïëîòíîñòè è ñðåäíåé ñêîðîñòè è óðàâíåíèÿ
äëÿ èìïóëüñîâ ãàçà è âèõðåé. Ñòàíäàðòíî, ââåäÿ ìåõàíèçìîì, äåéñòâó-
þùèì â çîíå óäàðíîé âîëíû, âÿçêîñòü, ïîëó÷èì óðàâíåíèÿ

∂tϱ+ ∂x(ϱU) = ε∂2xϱ,
∂t(ϱU) + ∂x(ϱU

2 + 2P (c, ϱ)) = ε∂2xU,
∂t((1− c)ϱu1) + ∂x((1− c)ϱu2

1
+ P (c, ϱ)) = ε∂2xu1,

(1)

ãäå ϱ2 = cϱ è u2 � ïëîòíîñòü è ñêîðîñòü ôëóêòóàöèé, ϱ1 = (1 − c)ϱ è
u1 � ïëîòíîñòü è ñêîðîñòü èíåðòíîé ÷àñòè ãàçà, P (c, ϱ) � äàâëåíèå è
U = cu2+(1−c)u1 � ñðåäíåðàñõîäíàÿ ñêîðîñòü. Äëÿ îïèñàíèÿ ïðîèçâîä-
ñòâà ôëóêòóàöèé ïëîòíîñòè òàêæå, êàê â [17], èñïîëüçîâàëè ìåõàíèçì
äèôôóçèîííîãî ðàññëîåíèÿ. Ìû ïðèìåíèì ðàñøèðåíèå [23], [24], [17]
ïîäõîäà Êàíà è Õèëëàðäà [11], [12] íà ðåøåíèå çàäà÷ ãàçîâîé äèíàìèêè.
×åòâåðòîå óðàâíåíèå ðåêîíñòðóêöèè � óðàâíåíèå ìåçî-óðîâíÿ íàêà÷êè
(â òåðìèíàõ Õàêåíà [27]) ôëóêòóàöèé ïëîòíîñòè:

∂tc+ U∂xc− ∂x(c(U − u2)) = K(c, T ). (2)

ßâëåíèå äèôôóçèîííîãî ðàññëîåíèÿ â çîíå óäàðíîé âîëíû ìîäåëèðóåò-
ñÿ ïðè ïîìîùè ïðîèçâîäñòâà ôëóêòóàöèé ïëîòíîñòè â óðàâíåíèè (2) â
ôîðìå �îáîáùåííîãî õèìè÷åñêîãî ïîòåíöèàëà� (óðàâíåíèÿ Êàíà � Õèë-
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ëàðäà [11], [12]), ãäå K(c, T ) (ñì. [23]) � ïðîèçâîäñòâî ôëóêòóàöèé:

K(c, T ) = ∂x

(D
T
∂xµ

)
,

T � òåìïåðàòóðà. Çäåñü D � êîýôôèöèåíò ìàêðî äèôôóçèè, îáîáùåí-
íûé õèìè÷åñêèé ïîòåíöèàë

µ = Φ′
c(c, T )− ε2∂2xc.

Ïðè ýòîì êîýôôèöèåíò äèôôóçèè êàê ïðîèçâîäíàÿ õèìè÷åñêîãî ïî-
òåíöèàëà ïî ñîñòàâó ìîæåò â îïðåäåëåííîì èíòåðâàëå ñîñòàâîâ ïðèíè-
ìàòü îòðèöàòåëüíûå çíà÷åíèÿ (�îòðèöàòåëüíàÿ� èëè �âîñõîäÿùàÿ� äèô-
ôóçèÿ). Ïîòåíöèàë Âàí-äåð-Âààëüñà Φ′

c(c, T ) = 4(c−c+)(c−ccr)(c−c−),
c± è ccr � çàäàííûå ïàðàìåòðû, çàâèñÿùèå îò òåìïåðàòóðû òàê, ÷òî
c±, ccr ∈ (0, 1), ñ ñèììåòðè÷íûì ïîòåíöèàëîì Φ(c) = (c− c+)2(c− c+)2,
êîãäà 2ccr = c+ + c−. Â äàëüíåéøåì, äëÿ ïðîñòîòû, ìû ðàññìîòðèì
èçîòåðìè÷åñêèé ñëó÷àé, êîãäà T = const, è ñëó÷àé T = P/κϱ � òåìïå-
ðàòóðà ñîâåðøåííîãî ãàçà.

Íàëè÷èå äèôôóçèîííîãî ðàññëîåíèÿ îñîáåííî íàãëÿäíî äåìîíñòðè-
ðóåòñÿ â ïðèáëèæåíèè ñèëüíîãî ðàçáàâëåíèÿ [26], êîãäà â ñìåñè â áîëü-
øîì êîëè÷åñòâå íàõîäèòñÿ èíåðòíîå âåùåñòâî. Ýòî ïðèáëèæåíèå ñ õî-
ðîøåé òî÷íîñòüþ ïðèãîäíî ïðè àíàëèçå ïðîöåññîâ ãîðåíèÿ óãëåâîäî-
ðîäíûõ ãîðþ÷èõ â âîçäóõå, êîãäà ñîäåðæàíèå àçîòà â ñìåñè äîñòàòî÷íî
âåëèêî (ïîðÿäêà 80 ïðîöåíòîâ). Â [25] äîêàçàíî íàëè÷èå äèôôóçèîííîãî
ðàññëîåíèÿ â ñôåðè÷åñêè ñèììåòðè÷íîì ñëó÷àå.

Ïðåäëîæåííàÿ ãèïîòåçà ìåõàíèçìà, äåéñòâóþùåãî â çîíå óäàðíîé
âîëíû, îïèðàåòñÿ íà ïðåäïîëîæåíèå, ÷òî ñóùåñòâåííóþ ðîëü â ôîð-
ìèðîâàíèè ôëóêòóàöèé ïëîòíîñòè èãðàþò äèôôóçèîííîå ðàññëîåíèå
è âîçíèêíîâåíèå äâóõñêîðîñòíîãî ðåæèìà (êàòàñòðîôà Ðèìàíà � Ãþ-
ãîíèî). Ðåêîíñòðóêöèÿ ýòèõ áàçîâûõ ñâîéñòâ ïîòîêà, äèôôóçèîííîé è
âîëíîâîé õàðàêòåðèñòèê ïîòîêà è èõ ñîãëàñîâàíèå ñòàíåò ïðåäìåòîì
íàøèõ èññëåäîâàíèé. Êàê ìû ïîêàæåì íà ëåêöèè, âîçíèêíîâåíèå äâóõ-
ñêîðîñòíîãî ðåæèìà (êàòàñòðîôà Ðèìàíà � Ãþãîíèî) ñâÿçàíî ñ ïîòåðåé
ñòðîãîé ãèïåðáîëè÷íîñòè ìíîãîñêîðîñòíîé ñèñòåìû Ýéëåðà (íàðóøå-
íèå óñëîâèÿ Ëàêñà � Ôèëëèïñà êëàññè÷åñêîé ãèäðîäèíàìèêè), â òî âðå-
ìÿ êàê ýôôåêò ðîæäåíèÿ ïåðåìåæàåìîñòè ñâÿçàí ñ ïðåäïîëîæåíèåì î
ñóùåñòâåííîé ðîëè â ôîðìèðîâàíèè ôëóêòóàöèé ïëîòíîñòè äèôôóçè-
îííîãî ðàññëîåíèÿ (äèôôóçèîííàÿ ïðèðîäà ïðîöåññà). Ïîñëåäíåå ââî-
äèòñÿ êèíåòè÷åñêèì óðàâíåíèåì ïðîèçâîäñòâà ôëóêòóàöèé ïëîòíîñòè.
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Ïîòåíöèàë Φ îïðåäåëÿåòñÿ ñïèíîäàëÿìè c±(T ), ñóùåñòâîâàíèå êîòîðûõ
ñëåäóåò èç óòâåðæäåíèÿ Ïðèãîæèíà, ÷òî âîçíèêíîâåíèå äâóõñêîðîñòíî-
ãî ïîòîêà ìîæíî èíòåðïðåòèðîâàòü, êàê: �ïåðåõîäû ïðè ìíîæåñòâåííûõ
ñòàöèîíàðíûõ ñîñòîÿíèÿõ ïî çàêîíó "âñå èëè íè÷åãî" è òåîðèÿ êàòà-
ñòðîô� è îïðåäåëÿþòñÿ ýêñïåðèìåíòîì.
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Ëåêöèÿ 1.
Ðàçðåøèìîñòü è ãëàäêîñòü îáîáùåííûõ ðåøåíèé

ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé

Èíòåðåñ ê èññëåäîâàíèþ ýëëèïòè÷åñêèõ ôóíêöèîíàëüíî-äèôôåðåí-
öèàëüíûõ óðàâíåíèé ñâÿçàí ñ èõ ïðèëîæåíèÿìè ê ìíîãèì âàæíûì çàäà-
÷àì ôèçèêè è ìåõàíèêè, à òàêæå ïðèëîæåíèÿìè ê äðóãèì ðàçäåëàì ìà-
òåìàòèêè. Êðîìå òîãî, ýëëèïòè÷åñêèå ôóíêöèîíàëüíî-äèôôåðåíöèàëü-
íûå óðàâíåíèÿ îáëàäàþò ðÿäîì ïðèíöèïèàëüíî íîâûõ ñâîéñòâ. Íàïðè-
ìåð, ñèìâîë ñèëüíî ýëëèïòè÷åñêîãî äèôôåðåíöèàëüíî-ðàçíîñòíîãî
óðàâíåíèÿ ìîæåò ìåíÿòü çíàê, à ãëàäêîñòü îáîáùåííûõ ðåøåíèé êðàå-
âûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ìîæåò íàðóøàòüñÿ âíóòðè îáëàñòè è ñîõðàíÿåòñÿ ëèøü â íåêîòî-
ðûõ ïîäîáëàñòÿõ. Â ëåêöèè áóäóò ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ñèëüíîé ýëëèïòè÷íîñòè äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíå-
íèé â àëãåáðàè÷åñêîé ôîðìå, à òàêæå èçëîæåíû ñïåêòðàëüíûå ñâîéñòâà
ñîîòâåòñòâóþùèõ îïåðàòîðîâ. Áóäåò äîêàçàíî, ÷òî ãëàäêîñòü îáîáùåí-
íûõ ðåøåíèé êðàåâûõ çàäà÷ äëÿ òàêèõ óðàâíåíèé ñîõðàíÿåòñÿ ëèøü
â íåêîòîðûõ ïîäîáëàñòÿõ, à òàêæå áóäóò ïîëó÷åíû íåîáõîäèìûå è äî-
ñòàòî÷íûå óñëîâèÿ ñîõðàíåíèÿ ãëàäêîñòè ðåøåíèé íà ãðàíèöå ñîñåäíèõ
ïîäîáëàñòåé.

Ëåêöèÿ 2.
Ïðèëîæåíèÿ ê òåîðèè íåëîêàëüíûõ ýëëèïòè÷åñêèõ çàäà÷
è ê ïðîáëåìå Êàòî î êîðíå êâàäðàòíîì èç îïåðàòîðà

Â 1969 ãîäó À.Â. Áèöàäçå è À.À. Ñàìàðñêèé ðàññìîòðåëè çàäà÷ó î
íàõîæäåíèè ðåøåíèÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ 2-ãî ïîðÿäêà â ïðÿ-
ìîóãîëüíîé îáëàñòè, óäîâëåòâîðÿþùåãî íåëîêàëüíûì êðàåâûì óñëî-
âèÿì, ñâÿçûâàþùèì çíà÷åíèÿ èñêîìîé ôóíêöèè íà íåêîòîðûõ ÷àñòÿõ
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ãðàíèöû ñî çíà÷åíèÿìè íà ñäâèãàõ ýòèõ ÷àñòåé âíóòðü îáëàñòè. Â îá-
ùåì ñëó÷àå çàäà÷à î ðàçðåøèìîñòè ýëëèïòè÷åñêèõ óðàâíåíèé ñ íåëî-
êàëüíûìè êðàåâûìè óñëîâèÿìè áûëà ñôîðìóëèðîâàíà êàê íåðåøåí-
íàÿ ïðîáëåìà. Â ëåêöèè áóäåò óñòàíîâëåíà ñâÿçü ìåæäó íåëîêàëüíû-
ìè ýëëèïòè÷åñêèìè çàäà÷àìè è êðàåâûìè çàäà÷àìè äëÿ ýëëèïòè÷å-
ñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé. Ýòîò ðåçóëüòàò ïîçâî-
ëèò ïðèìåíèòü òåîðåìû î ðàçðåøèìîñòè è ñïåêòðàëüíûõ ñâîéñòâàõ ñèëü-
íî ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ îïåðàòîðîâ ê èññëåäî-
âàíèþ ðàçðåøèìîñòè è ñïåêòðàëüíûõ ñâîéñòâ íåëîêàëüíûõ ýëëèïòè÷å-
ñêèõ çàäà÷.

Îäíîé èç èçâåñòíûõ íåðåøåííûõ ïðîáëåì ôóíêöèîíàëüíîãî àíàëè-
çà ÿâëÿåòñÿ ïðîáëåìà Êàòî î êîðíå êâàäðàòíîì èç ðåãóëÿðíî àêêðå-
òèâíîãî îïåðàòîðà, ñôîðìóëèðîâàííàÿ èì â 1961 ãîäó: �Âåðíî ëè, ÷òî
îáëàñòü îïðåäåëåíèÿ êîðíÿ êâàäðàòíîãî èç ýòîãî îïåðàòîðà ðàâíà îá-
ëàñòè îïðåäåëåíèÿ êîðíÿ êâàäðàòíîãî èç ñîïðÿæåííîãî îïåðàòîðà?�
Æ.-Ë. Ëèîíñîì áûëî äîêàçàíî, ÷òî ãèïîòåçà Êàòî ñïðàâåäëèâà äëÿ
ñèëüíî ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ãëàäêèìè êî-
ýôôèöèåíòàìè. Â äàëüíåéøåì P. Auscher, S. Hofman, A. McIntosh,
P. Tchamitchian äîêàçàëè, ÷òî ãèïîòåçà Êàòî âûïîëíÿåòñÿ äëÿ ñèëüíî
ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ èçìåðèìûìè îãðàíè-
÷åííûìè êîýôôèöèåíòàìè. Â ëåêöèè áóäåò ïîêàçàíî, ÷òî ãèïîòåçå Êàòî
óäîâëåòâîðÿþò ñèëüíî ýëëèïòè÷åñêèå ôóíêöèîíàëüíî-äèôôåðåíöèàëü-
íûå îïåðàòîðû.

Ëåêöèÿ 3.
Ïðèëîæåíèÿ ê èññëåäîâàíèþ óïðóãèõ äåôîðìàöèé
ìíîãîñëîéíûõ ïëàñòèí è îáîëî÷åê, à òàêæå ê òåîðèè
íåëèíåéíûõ ëàçåðíûõ ñèñòåì ñ îáðàòíîé ñâÿçüþ

Â ëåêöèè áóäóò ðàññìàòðèâàòüñÿ ïðèëîæåíèÿ òåîðèè ýëëèïòè÷åñêèõ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ê çàäà÷àì îá óïðóãèõ
äåôîðìàöèÿõ ìíîãîñëîéíûõ ïëàñòèí è îáîëî÷åê, à òàêæå ê âîçíèêíî-
âåíèþ àâòîêîëåáàíèé â íåëèíåéíûõ ëàçåðíûõ ñèñòåìàõ.

Óïðóãèå äåôîðìàöèè òðåõñëîéíîé ïëàñòèíû ñ ãîôðèðîâàííûì çà-
ïîëíèòåëåì è óñëîâèÿìè æåñòêîãî çàêðåïëåíèÿ ïî êðàÿì ïëàñòèíû îïè-
ñûâàþòñÿ ñèñòåìîé 4-õ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé, ñî-
äåðæàùèõ ñäâèãè àðãóìåíòà êàê â ñòàðøèõ ïðîèçâîäíûõ, òàê è â ìëàä-
øèõ ÷ëåíàõ. Áóäóò èçëîæåíû ðåçóëüòàòû îá îäíîçíà÷íîé ðàçðåøèìîñòè
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1-é êðàåâîé çàäà÷è äëÿ ýòîé ñèñòåìû, âåùåñòâåííîñòè, ïîëîæèòåëüíî-
ñòè è äèñêðåòíîñòè ñïåêòðà ñîîòâåòñòâóþùåãî îïåðàòîðà, à òàêæå ñõî-
äèìîñòè ìåòîäà Ðèòöà.

Â èññëåäîâàíèè çàäà÷è î áèôóðêàöèÿõ Àíäðîíîâà � Õîïôà ïåðè-
îäè÷åñêèõ ðåøåíèé êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ, îïèñûâàþùåãî àâòîêîëåáàíèÿ â íåëè-
íåéíûõ ëàçåðíûõ ñèñòåìàõ ñ îáðàòíîé ñâÿçüþ, âîçíèêàåò çàäà÷à î ñó-
ùåñòâîâàíèè îðòîíîðìèðîâàííîãî áàçèñà, ñîñòîÿùåãî èç ñîáñòâåííûõ
ôóíêöèé ýëëèïòè÷åñêîãî ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî îïåðàòî-
ðà, êîòîðûé ÿâëÿåòñÿ ëèíåàðèçàöèåé ýëëèïòè÷åñêîé ÷àñòè ðàññìàòðè-
âàåìîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ. Áóäóò ïîëó÷åíû íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ óêàçàííîãî îðòîíîðìèðîâàííîãî
áàçèñà.
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Ôóíäàìåíòàëüíóþ ðîëü â òåîðèè âîçìóùåíèé èãðàþò ìåòîäû àñèìï-
òîòè÷åñêèõ ðàçëîæåíèé ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà, îáúåäèíåííûå
èäååé î ïðåäñòàâëåíèè íåñòàöèîíàðíîãî ïðîöåññà êàê êîìïîçèöèè ïëàâ-
íûõ ýâîëþöèîííûõ èçìåíåíèé è ìàëûõ áûñòðûõ îñöèëëÿöèé. Ê íèì îò-
íîñÿòñÿ ìåòîä íîðìàëüíûõ ôîðì, ìåòîä óñðåäíåíèÿ è íåêîòîðûå äðó-
ãèå. Ýòè ìåòîäû ïðèâîäÿò ê äèôôåðåíöèàëüíûì óðàâíåíèÿì, ïðèáëè-
æåííî îïèñûâàþùèì èíòåðåñóþùèå íàñ îñîáåííîñòè òî÷íûõ ðåøåíèé.
Âîîáùå ãîâîðÿ, ýòè îñîáåííîñòè òîæå çàâèñÿò îò ïàðàìåòðà. Ïðè åãî
óìåíüøåíèè îíè ìîãóò �âûõîäèòü� çà ïðåäåëû îáëàñòåé, â êîòîðûõ óñòà-
íîâëåíû îöåíêè ïîãðåøíîñòåé ïðèáëèæåíèé, ïðèâîäÿ ê ïîòåðå ýôôåê-
òèâíîñòè àñèìïòîòè÷åñêèõ ìåòîäîâ.

Äàííóþ ïðîáëåìó ìîæíî ïðåîäîëåòü, åñëè òàê ìîäèôèöèðîâàòü ñî-
îòâåòñòâóþùèé ìåòîä, ÷òîáû ôàçîâûé ïîðòðåò óñðåäíåííîãî óðàâíåíèÿ
íå çàâèñåë îò ìàëîãî ïàðàìåòðà, íî ïî-ïðåæíåìó îòðàæàë îñîáåííîñòè
òî÷íûõ ðåøåíèé. Â îáùåì âèäå ýòà çàäà÷à ÿâëÿåòñÿ äîñòàòî÷íî ñëîæ-
íîé. Îäíàêî åå óäàåòñÿ ðåøèòü äëÿ èìåþùèõ áîëüøîå ïðèêëàäíîå çíà-
÷åíèå óðàâíåíèé Ìàòü¼ � Õèëëà u′′(t) = −Au(t) + εF (ωt, u), ãäå A > 0,
ε � ìàëûé ïàðàìåòð, F (t, u) � ìíîãî÷ëåí ïî ïåðåìåííîé u ñ ïî÷òè ïå-
ðèîäè÷åñêèìè ïî t êîýôôèöèåíòàìè. Åñëè ïåðåéòè ê íîâîé ïåðåìåííîé
v = εαu , à çàòåì ìåòîäîì Êðûëîâà � Áîãîëþáîâà ïîñòðîèòü ðàçëîæåíèå
âòîðîãî ïîðÿäêà ïî ñòåïåíÿì

√
ε, òî ïðè ïîäõîäÿùåì âûáîðå α ôàçîâûé

ïîðòðåò óñðåäíåííîé ñèñòåìû äåéñòâèòåëüíî íå áóäåò çàâèñåòü îò ε. Â
íàñòîÿùåì äîêëàäå ïîäâåäåíû èòîãè ýòîãî èññëåäîâàíèÿ.
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Ýëëèïòè÷åñêàÿ ñèñòåìà âåùåñòâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé Áåëüòðàìè íà ïëîñêîñòè â êîìïëåêñíîé çàïèñè èìååò âèä:

∂z̄W − q(z)∂zW = 0. (1)

Èç óñëîâèÿ ýëëèïòè÷íîñòè ñèñòåìû ñëåäóåò, ÷òî

|q(z)| ≤ q0 < 1 (q0 = const). (2)

Ïîä îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè G êîìïëåêñíîé
ïëîñêîñòè E òî÷åê z = x+ iy ïîíèìàåòñÿ ôóíêöèÿ W (z), äîïóñêàþùàÿ
îáîáùåííûå ïðîèçâîäíûå ∂z̄W è ∂zW èç Lp(G), p ≥ 1, è óäîâëåòâîðÿ-
þùàÿ (1) ïî÷òè âñþäó â G. Îáîáùåííîå ðåøåíèå, ãîìåîìîðôíî îòîá-
ðàæàþùåå îãðàíè÷åííóþ îáëàñòü (ìàëóþ îêðåñòíîñòü, âñþ ïëîñêîñòü),
íàçûâàåòñÿ ãîìåîìîðôèçìîì óðàâíåíèÿ Áåëüòðàìè.

Âñþäó â äàëüíåéøåì ñ÷èòàåì, ÷òî èçìåðèìàÿ â G ôóíêöèÿ q(z) óäî-
âëåòâîðÿåò óñëîâèþ (2). Êðîìå òîãî, q(z) ïðèíàäëåæèò íåêîòîðûì ïðî-
ñòðàíñòâàì Áåñîâà, êîòîðûå áóäóò óêàçàíû íèæå.

Ïðèâåäåì ôîðìóëèðîâêè ñëåäóþùèõ èñïîëüçóåìûõ â äàëüíåéøåì
ðåçóëüòàòîâ àâòîðà èç ðàáîòû [1].

Òåîðåìà 1. Ïóñòü q(z) ∈ Brp,1(G0), 2 < p < ∞, r = 2

p , â íåêîòîðîé

îêðåñòíîñòè G0 ñ ãðàíèöåé èç C1

ν ,
2

p < ν ≤ 1, ïðîèçâîëüíîé ôèêñèðî-

âàííîé òî÷êè z0 ∈ E. Òîãäà â ìàëîé îêðåñòíîñòè G′
0
, G′

0
⊂ G0, òî÷êè z0

ñóùåñòâóåò ëîêàëüíûé íåïðåðûâíî äèôôåðåíöèðóåìûé ãîìåîìîðôèçì
W0(z) óðàâíåíèÿ (1), ïðèíàäëåæàùèé B

1+r
p,1 (G′

0
) (B1+r

p,1 (G′
0
) ↪→ C′(G′

0
)).

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 íà q(z), W0(z) �
ãîìåîìîðôèçì óðàâíåíèÿ (1), ñîîòâåòñòâóþùèé îêðåñòíîñòè G′

0
⊂ G0

òî÷êè z0. Òîãäà ëþáîå îáîáùåííîå ðåøåíèå W (z) óðàâíåíèÿ (1) â G′
0

èìååò âèä:
W (z) = Φ(W0(z)),
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ñëåäîâàòåëüíî, îíî ïðèíàäëåæèò B1+r
p,1 (G′

0
). Çäåñü Φ(W ) � ïðîèçâîëü-

íàÿ ãîëîìîðôíàÿ ôóíêöèÿ êîìïëåêñíîãî àðãóìåíòà â îáëàñòè W0(G
′
0
).

Ñ ïîìîùüþ óêàçàííûõ òåîðåì ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.
Òåîðåìà 3. Ïóñòü q(z) ∈ Brp,1(E), 1 < p < ∞, r = 2

p . Òîãäà â ëþáîé

îáëàñòè G, êîìïàêòíî ðàñïîëîæåííîé â E (G ⊂ E), ñóùåñòâóåò íåïðå-
ðûâíî äèôôåðåíöèðóåìûé ãëîáàëüíûé ãîìåîìîðôèçì óðàâíåíèÿ (1),
êîòîðûé ïðèíàäëåæèò B1+r

p,1 â ëþáîé îãðàíè÷åííîé ÷àñòè E.

Òåîðåìà 4. Ïóñòü q(z) ∈ Brp,1(E), 2 < p < ∞, r = 2

p , è q(z) ≡ 0
âíå íåêîòîðîãî ôèêñèðîâàííîãî êðóãà K ñ öåíòðîì â íà÷àëå êîîðäèíàò.
Òîãäà óðàâíåíèå (1) èìååò ïîëíûé íåïðåðûâíî äèôôåðåíöèðóåìûé ãî-
ìåîìîðôèçì, îòîáðàæàþùèé ïëîñêîñòü z íà ïëîñêîñòü W , âèäà

W (z) = z − 1

π

∫∫
K

ω(ζ)

ζ − z
dKζ ,

ãäå ω(z) ∈ Brp,1(E) � ðåøåíèå ñèíãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ

ω − q(z)
∏
ω = q(z).

Çäåñü
∏
ω = − 1

π

∫∫
K

ω(ζ)

(ζ − z)2
dKζ ñóùåñòâóåò â ñìûñëå ãëàâíîãî çíà÷å-

íèÿ Êîøè.
Òåîðåìà 5 (ïðèíöèï àðãóìåíòà). Ïóñòü q(z) ∈ Brp,1(E), 2 < p < ∞,

r = 2

p , è W (z) � ðåøåíèå óðàâíåíèÿ (1) â G, êîòîðîå óäîâëåòâîðÿåò

óñëîâèÿì: 1) W (z) ∈ C(G), 2) W (z) ̸= 0 íà ãðàíèöå Γ îáëàñòè G. Òî-
ãäà W (z) ìîæåò èìåòü âíóòðè G ëèøü êîíå÷íîå ÷èñëî íóëåé, êîòîðîå
îïðåäåëÿåòñÿ ïî ôîðìóëå

N =
1

2π
∆Γ argW (z),

ïðè÷åì êàæäûé íóëü ñ÷èòàåòñÿ ñòîëüêî ðàç, êàêîâà åãî êðàòíîñòü.

ËÈÒÅÐÀÒÓÐÀ
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ÑÔÅÐÈ×ÅÑÊÈÅ ÊÓÁÀÒÓÐÍÛÅ ÔÎÐÌÓËÛ
Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÑÎÁÎËÅÂÀ

Âàñêåâè÷ Â.Ë.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ; vask@math.nsc.ru

Â äîêëàäå ðàññìàòðèâàþòñÿ ïîñëåäîâàòåëüíîñòè êóáàòóðíûõ ôîð-
ìóë íà åäèíè÷íîé ñôåðå ìíîãîìåðíîãî åâêëèäîâà ïðîñòðàíñòâà [1, 2].
Ìíîæåñòâà óçëîâ ðàññìàòðèâàåìûõ êóáàòóðíûõ ôîðìóë ïîñëåäîâàòåëü-
íî âêëàäûâàþòñÿ äðóã â äðóãà, îáðàçóÿ â ïðåäåëå ïëîòíîå íà èñõîäíîé
ñôåðå ïîäìíîæåñòâî. Â êà÷åñòâå îáëàñòè äåéñòâèÿ êóáàòóðíûõ ôîðìóë,
ò. å. â êà÷åñòâå êëàññà ïîäûíòåãðàëüíûõ ôóíêöèé, âûñòóïàþò ñôåðè-
÷åñêèå ïðîñòðàíñòâà Ñîáîëåâà [2]. Äîïóñêàåòñÿ, ÷òî ýòè ïðîñòðàíñòâà
ìîãóò èìåòü äðîáíóþ ãëàäêîñòü. Äîêàçàíî, ÷òî ñðåäè âñåâîçìîæíûõ
ñôåðè÷åñêèõ êóáàòóðíûõ ôîðìóë ñ çàäàííîé ñîâîêóïíîñòüþ óçëîâ ñó-
ùåñòâóåò è åäèíñòâåííà ôîðìóëà ñ íàèìåíüøåé íîðìîé ôóíêöèîíàëà
ïîãðåøíîñòè � îïòèìàëüíàÿ [1]. Óñòàíîâëåíî, ÷òî âåñà îïòèìàëüíîé
êóáàòóðíîé ôîðìóëû ÿâëÿþòñÿ ðåøåíèåì ñïåöèàëüíîé íåâûðîæäåííîé
ñèñòåìû ëèíåéíûõ óðàâíåíèé. Äîêàçàíî, ÷òî ïðè íåîãðàíè÷åííîì âîç-
ðàñòàíèè ÷èñëà óçëîâ íîðìû ôóíêöèîíàëîâ ïîãðåøíîñòè îïòèìàëüíûõ
êóáàòóðíûõ ôîðìóë ñòðåìÿòñÿ ê íóëþ.
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Î ÏÎÍßÒÈÈ ÎÁÎÁÙ�ÍÍÎÃÎ ÐÅØÅÍÈß

Ãîäóíîâ Ñ.Ê.1, Êëþ÷èíñêèé Ä.Â.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ; godunov@math.nsc.ru
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

dmitriy_klyuchinskiy@mail.ru

Â äîêëàäå áóäóò ïðèâåäåíû ïðèìåðû ðàçíîñòíûõ ìîäåëåé, ïî êîòî-
ðûì ïðîâîäèëèñü ðàñ÷¼òû ðàçðûâíûõ ðåøåíèé (óäàðíûõ âîëí è çàäà÷
î ðàñïàäàõ ðàçðûâîâ ïðè ñòîëêíîâåíèÿõ òàêèõ âîëí). Áûëè çàìå÷åíû
íåêîòîðûå îñîáåííîñòè â ðåçóëüòàòàõ ÷èñëåííûõ ðàñ÷¼òîâ, êîòîðûå, ïî-
âèäèìîìó, ïðèä¼òñÿ ó÷èòûâàòü â ôîðìóëèðîâêå ïîíÿòèÿ îáîáù¼ííîãî
ðåøåíèÿ.

Ïîñòàíîâêè çàäà÷ áûëè ïðåäëîæåíû ïåðâûì àâòîðîì, òîãäà êàê âòî-
ðîé ïðîâîäèë ìíîãî÷èñëåííûå ðàñ÷¼òû â òå÷åíèå ïîëóòîðà ëåò, è èìåí-
íî îí îáðàòèë âíèìàíèå íà âîçíèêàþùèå îñîáåííîñòè â ðåçóëüòàòàõ ðàñ-
÷¼òîâ.

Ìû áëàãîäàðíû È.Ì. Êóëèêîâó è À.Í. Êóäðÿâöåâó çà ó÷àñòèå â
äèñêóññèÿõ ïî ïîâîäó íåêîòîðûõ óòâåðæäåíèé ïîñëåäíåãî â åãî äîêòîð-
ñêîé äèññåðòàöèè, êîòîðûå è ïðèâåëè ê ðàçðàáîòêå èñïîëüçîâàâøåéñÿ
ðàçíîñòíîé ñõåìû. Íàì òàêæå áûëî âàæíî ó÷àñòèå Ñ.Â. Ôîðòîâîé è
Â.Â. Øåïåëåâà, êîòîðûå ïîâòîðèëè îñíîâíûå íàøè ðàñ÷¼òû è ïîäòâåð-
äèëè èõ ïðàâèëüíîñòü.
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ÃÐÀÍÈ×ÍÛÅ ÓÑËÎÂÈß ÒÅÏËÎÂÎÃÎ
È ÂÎËÍÎÂÎÃÎ ÏÎÒÅÍÖÈÀËÎÂ

Êàëüìåíîâ Ò.Ø.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ, Àëìàòû, Êàçàõñòàí; kalmenov@math.kz

Íà ïðàêòèêå ÷àñòî ïðèõîäèòñÿ ñòàëêèâàòüñÿ ñ çàäà÷àìè, â êîòîðûõ
íàñ èíòåðåñóåò îïèñàíèå ôèçè÷åñêîãî ïðîöåññà òîëüêî íà îòäåëüíîì (îò
âñåãî ïðîöåññà) åãî ó÷àñòêå. Ïðè ýòîì ïîâåäåíèå ïðîöåññà íà ãðàíèöå
ðàññìàòðèâàåìîãî ó÷àñòêà çàðàíåå íå ìîæåò áûòü çàäàíî. Òàêèì îá-
ðàçîì, ìû ïðèõîäèì ê çàäà÷å îá îïðåäåëåíèè òàêèõ êðàåâûõ óñëîâèé,
êîòîðûå áû âìåñòå ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè îäíîçíà÷íî âîñ-
ñòàíàâëèâàëè áû íàøå (çàðàíåå çàäàííîå) ðåøåíèå.

Â íàøåé ðàáîòå [1] ïîñòðîåíû êðàåâûå óñëîâèÿ äëÿ îáúåìíîãî ãàð-
ìîíè÷åñêîãî ïîòåíöèàëà, êîòîðûå îïèñûâàþò õîðîøî èçâåñòíûé â òåî-
ðåòè÷åñêîé ôèçèêå ýôôåêò �ïðîçðà÷íûõ êðàåâûõ óñëîâèé�, ïðîïóñêàþ-
ùèõ óõîäÿùèå âîëíû è îòðàæàþùèõ ïðèõîäÿùèå âîëíû [2]. Íàëè÷èå
òàêèõ êðàåâûõ óñëîâèé îáúåìíîãî ïîòåíöèàëà ïîçâîëÿåò ñâåñòè çàäà-
÷ó ñ óñëîâèÿìè èçëó÷åíèÿ òèïà Çîììåðôåëüäà â áåñêîíå÷íîé îáëàñòè ê
çàäà÷å â îãðàíè÷åííîé îáëàñòè è ýôôåêòèâíî ïðèìåíÿòü ÷èñëåííûå ìå-
òîäû [3]. Ýòî êðàåâîå óñëîâèå áûëî óñïåøíî ïðèìåíåíî äëÿ âû÷èñëåíèÿ
â ÿâíîì âèäå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé îáúåìíîãî
ãàðìîíè÷åñêîãî ïîòåíöèàëà â øàðå [1, 2].

Â äîêëàäå ðàññìàòðèâàþòñÿ âîïðîñû ïîñòðîåíèÿ êðàåâûõ óñëîâèé
äëÿ òåïëîâîãî è âîëíîâîãî ïîòåíöèàëîâ. Áóäóò ïðîäåìîíñòðèðîâàíû
êðàåâûå óñëîâèÿ êàê äëÿ îáúåìíûõ, òàê è äëÿ ïîâåðõíîñòíûõ ïîòåí-
öèàëîâ.
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ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐÅÇÎËÜÂÅÍÒÛ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÎÏÅÐÀÒÎÐÀ

ÍÀ ÊÎÌÏÀÊÒÍÛÕ ÃÐÀÔÀÕ

Êàíãóæèí Á.Å.

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,
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Çàäà÷à Øòóðìà � Ëèóâèëëÿ íà êîìïàêòíîì ãðàôå âîçíèêàåò ïðè
ðàñ÷åòå ýëåêòðîííûõ êîëåáàíèé ñëîæíîé ìîëåêóëû â ðàìêàõ ìîäåëè
ñâîáîäíûõ ýëåêòðîíîâ [1]. Â ðàáîòå [2] èçó÷åíà çàäà÷à ðàññåÿíèÿ íà
êîìïàêòíîì ãðàôå, ïîëó÷åííîì ïðèñîåäèíåíèåì áåñêîíå÷íûõ ëó÷åé.

Â ïðåäïîëàãàåìîì äîêëàäå èçó÷àåòñÿ àíàëèòè÷åñêàÿ ïðèðîäà ðå-
çîëüâåíòû äèôôåðåíöèàëüíîãî îïåðàòîðà íà êîìïàêòíîì ãðàôå. Ïðè-
âåäåíà ôîðìóëà ðåçîëüâåíòû è âûÿñíåíû ïîëîæåíèÿ åå ïîëþñîâ.

Â çàêëþ÷èòåëüíîé ÷àñòè äîêëàäà äîêàçàíî ñâåðòî÷íîå ïðåäñòàâëå-
íèå ðåçîëüâåíòû. Â ñëó÷àå îòðåçêà ñâåðòî÷íîå ïðåäñòàâëåíèå ðåçîëü-
âåíòû ìîæíî íàéòè â ðàáîòå [3].
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ÓÑÒÐÀÍÅÍÈÅ ÌÍÈÌÛÕ ÑÈÍÃÓËßÐÍÎÑÒÅÉ

Ïóõíà÷åâ Â.Â.

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
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Ðàññìîòðåíî òðè ïðèìåðà êðàåâûõ çàäà÷ äëÿ âûðîæäàþùèõñÿ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé, ðåøåíèÿ êîòîðûõ (âîïðåêè îæèäàíèÿì) îêà-
çûâàþòñÿ ðåãóëÿðíûìè âáëèçè ëèíèè âûðîæäåíèÿ.

Ïåðâûé ïðèìåð ñâÿçàí ñ óðàâíåíèåì Ñòîêñà

∂2ψ

∂r2
− 1

r

∂ψ

∂r
+
∂2ψ

∂z2
= −rω, (1)

êîòîðîå ñâÿçûâàåò ôóíêöèþ òîêà ψ îñåñèììåòðè÷íîãî òå÷åíèÿ íåñæè-
ìàåìîé ñïëîøíîé ñðåäû ñ åãî çàâèõðåííîñòüþ ω (çäåñü r è z � öèëèí-
äðè÷åñêèå êîîðäèíàòû). Óðàâíåíèå (1) âûðîæäàåòñÿ íà ëèíèè r = 0.
Ïîëó÷åíû êîýðöèòèâíûå îöåíêè â âåñîâûõ êëàññàõ Ñîáîëåâà ðåøåíèÿ
çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ (1). Ñïîñîá ïîëó÷åíèÿ îöåíîê îñíîâàí
íà äèôôåðåíöèàëüíîé ïîäñòàíîâêå, ïðåîáðàçóþùåé ýòî óðàâíåíèå â
óðàâíåíèå Ëàïëàñà, è ïîñëåäóþùåì ïåðåõîäå îò öèëèíäðè÷åñêèõ êîîð-
äèíàò ê äåêàðòîâûì êîîðäèíàòàì â òðåõìåðíîì ïðîñòðàíñòâå [1]. Ýòè
îöåíêè íåîáõîäèìû äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè îñåñèììåòðè÷-
íîé çàäà÷è ïðîòåêàíèÿ äëÿ óðàâíåíèé Íàâüå � Ñòîêñà â ïåðåìåííûõ
�âèõðü � ôóíêöèÿ òîêà� [2].

Âòîðîé ïðèìåð â èäåéíîì ïëàíå áëèçîê ê ïåðâîìó, îäíàêî òåïåðü
âûðîæäàþùååñÿ óðàâíåíèå ÿâëÿåòñÿ êâàçèëèíåéíûì è, áîëåå òîãî, èí-
òåãðîäèôôåðåíöèàëüíûì [3]. Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà-
÷à

∂u

∂t
=

1

r

∂

∂r

(
uur
r

r∫
0

sds

u(s, t)

)
, 0 < r < 1, t > 0; (2)

u(r, 0) = u0(r), 0 ≤ r ≤ 1; ur(1, t) = 0, t ≥ 0. (3)

Ðåøåíèå ýòîé çàäà÷è îïèñûâàåò èñòå÷åíèå îñåñèììåòðè÷íîé ñòðóè âÿç-
êîé íåñæèìàåìîé æèäêîñòè â ïðèáëèæåíèè ïîãðàíè÷íîãî ñëîÿ. Òåîðå-
ìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (2), (3) â âåñîâûõ
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êëàññàõ Ã¼ëüäåðà äîêàçàíà â ðàáîòå [3]. Ñóùåñòâåííûìè ìîìåíòàìè äî-
êàçàòåëüñòâà ÿâëÿþòñÿ ðåãóëÿðèçàöèÿ óðàâíåíèÿ (2) ïóòåì ïðåâðàùå-
íèÿ åãî â óðàâíåíèå

∂u

∂t
=

1

r

∂

∂r

(
Φ(u)ur

r

r∫
0

sds

Φ(u(s, t))

)

è ïîñëåäóþùàÿ òðàêòîâêà ýòîãî óðàâíåíèÿ êàê óðàâíåíèÿ äëÿ ôóíêöèè
v(x1, x2, t) = u(|x|, t):

∂v

∂t
= div

(
Φ(v)∇v
2π|x|2

∫∫
|y|<|x|

dy1dy2
Φ(v(y1, y2, t))

)
.

Çäåñü ôóíêöèÿ Φ(u) ∈ C∞(R) óäîâëåòâîðÿåò óñëîâèÿì: Φ = u, åñëè
0 < 3m/4 ≤ u ≤ 5M/4, Φ = m/2, åñëè u ≤ m/2, Φ = 3M/2, åñëè
u ≥ 3M/2; m > 0 è M � íàèìåíüøåå è íàèáîëüøåå çíà÷åíèÿ ôóíêöèè
u0 íà îòðåçêå [0, 1]; |x|2 = x2

1
+ x2

2
.

Òðåòèé ïðèìåð ïîñâÿùåí èññëåäîâàíèþ ñòàöèîíàðíîãî òå÷åíèÿ âîä-
íîãî ðàñòâîðà ïîëèìåðà âáëèçè êðèòè÷åñêîé òî÷êè [4], [5]. Òðåáóåòñÿ
íàéòè ðåøåíèå q(y) êðàåâîé çàäà÷è

(q′)2 − qq′′ = 1 + q′′′ + δ(q′q′′′ − qq(iv)), y > 0; (4)

q(0) = q′(0) = 0; q′ → 1, y → ∞. (5)

Ïàðàìåòð δ > 0 ïðîïîðöèîíàëåí êîýôôèöèåíòó ðåëàêñàöèîííîé âÿç-
êîñòè. Â íàèáîëåå èíòåðåñíîì ñëó÷àå ìàëûõ δ ðåøåíèå çàäà÷è (4), (5)
ìîæåò áûòü ïîñòðîåíî â âèäå ðÿäà ïî öåëûì ïîëîæèòåëüíûì ñòåïåíÿì
δ, õîòÿ ýòîò ìíîæèòåëü ÿâëÿåòñÿ êîýôôèöèåíòîì ïðè ñòàðøåé ïðîèç-
âîäíîé. Ïðè÷èíà îòñóòñòâèÿ ïîãðàíè÷íîãî ñëîÿ âáëèçè òî÷êè y = 0
ñîñòîèò â âûðîæäåíèè óðàâíåíèÿ (4) â ýòîé òî÷êå â ñèëó ïåðâîãî óñëî-
âèÿ (5). Äëÿ îáîñíîâàíèÿ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ èñïîëüçóåòñÿ
ìåòîä Íüþòîíà � Êàíòîðîâè÷à. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ
áåðåòñÿ ðåøåíèå çàäà÷è (4), (5) â ñëó÷àå δ = 0. Ýòî õîðîøî èçó÷åííîå
ðåøåíèå Õèìåíöà (1911) â äèíàìèêå âÿçêîé íåñæèìàåìîé æèäêîñòè.

Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ (ïðîåêò � 16-01-00127) è ãðàíòîì

Ïðåçèäåíòà ÐÔ (ïðîåêò ÍØ-8146.2016.1).
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Ðàìàçàíîâ Ì.Ä.

Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì ÓÍÖ ÐÀÍ,
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Ïðåäëàãàåòñÿ àëãîðèòì âû÷èñëåíèÿ êîýôôèöèåíòîâ ðåøåò÷àòîé êó-
áàòóðíîé ôîðìóëû íà èíòåãðàíòàõ èç ïðîñòðàíñòâà Wµ

2
(Rn) ñ íîðìîé

∥f |Wµ
2
(Rn)∥ =

(∫ ∣∣∣f̃(ξ)µ(2πiξ)∣∣∣2 dξ)1/2

, f̃(ξ) =

∫
f(x) exp(2πixξ)dx,

ñ åñòåñòâåííûì îãðàíè÷åíèåì

∫
|µ(2πiξ)|−2

dξ < ∞, îáåñïå÷èâàþùèì

âëîæåíèå Wµ
2
(Rn) â ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé.

Òåîðåìà 1. Äëÿ ïðèáëèæåíèÿ èíòåãðàëà Iφf =

∫
Ω

φ(x)f(x)dx (ñ

âåñîâîé ôóíêöèåé φ) êóáàòóðíîé ôîðìóëîé Khf = hn
∑
k∈Zn

ck(h)f(hk) ñ

ìèíèìàëüíîé [Wµ
2
]
∗
-íîðìîé ôóíêöèîíàëà ïîãðåøíîñòè lΩφ : f → Iφf −

Khf [1] íåîáõîäèìî è äîñòàòî÷íî çàäàòü îïòèìàëüíûå êîýôôèöèåíòû
ðàâåíñòâàìè coptk (h) = Copt(x, h)

∣∣
x=hk

, k ∈ Zn, ñ

Copt(x, h) =

∫
Q

exp(2πiτx/h)h−n

×

(∑
t∈Zn

φ̃

(
t+ τ

h

)/ ∣∣∣∣µ(2πit+ τ

h

)∣∣∣∣2
)/(∑

s∈Zn
1
/ ∣∣∣∣µ(2πis+ τ

h

)∣∣∣∣2
)
dτ,

ãäå Q � åäèíè÷íûé êóá
[
− 1

2
, 1
2

)n
.

Îãðàíè÷èìñÿ ÷àñòíûì ñëó÷àåì èçîòðîïíîãî ïðîñòðàíñòâà µ(2πiξ) =
(1 + |2πξ|2)m/2 è φ(x) = χΩ(x) � õàðàêòåðèñòè÷åñêîé ôóíêöèè îãðàíè-
÷åííîé îáëàñòè èíòåãðèðîâàíèÿ Ω.

Òåîðåìà 2. Àñèìïòîòè÷åñêè îïòèìàëüíî [2] íåíàñûùàåìàÿ [3] êóáà-
òóðíàÿ ôîðìóëà ìîæåò áûòü çàäàíà êîýôôèöèåíòàìè, ãäå Cas(x, h) = 0
ïðè dist(x,Ω) ≥ hα, Cas(x, h) = 1 ïðè dist(x,Rn\Ω) ≥ hα è Cas(x, h) =∫
|ξ|≤1/h1−β

χ̃Ω(ξ) exp(2πixξ)dξ ïðè dist(x, ∂Ω) ≤ hα ñ ëþáûìè ïàðàìåòðà-

ìè, ïîä÷èíåííûìè óñëîâèþ 0 < α < 1/2 < β < 1.
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Äàþòñÿ ïðèëîæåíèÿ îáùåé òåîðèè ðåøåò÷àòûõ êóáàòóðíûõ ôîðìóë
è òåîðåì 1 è 2 ê ïðîáëåìàì: ÷èñëåííîãî ðåøåíèÿ èíòåãðàëüíûõ óðàâíå-
íèé, àëãîðèòìà Áóáíîâà � Ãàëåðêèíà ÷èñëåííîãî ðåøåíèÿ ïåðâîé êðàå-
âîé çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé, âû÷èñëåíèÿ arg globmin

x
f(x),

x ∈ Rn, n ≤ 10.
Îáñóæäàåòñÿ ïðîáëåìà ïîñòàíîâêè ÷èñëåííûõ ýêñïåðèìåíòîâ ïî íàé-

äåííûì àëãîðèòìàì.
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Â äîêëàäå ìû äàåì îáçîð íåêîòîðûõ ðåçóëüòàòîâ èç òåîðèè ñîáîëåâ-
ñêèõ ïðîñòðàíñòâ. Îñíîâû ýòîé òåîðèè áûëè çàëîæåíû â êëàññè÷åñêèõ
ðàáîòàõ Ñ.Ë. Ñîáîëåâà (ñì. [1, 2]).
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ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÐÀÑÑÅßÍÈß ÄËß
ÓÐÀÂÍÅÍÈÉ ØÐÅÄÈÍÃÅÐÀ È ÃÅËÜÌÃÎËÜÖÀ

Ðîìàíîâ Â. Ã.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
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Ðàññìàòðèâàþòñÿ óðàâíåíèå Øðåäèíãåðà:

−∆u+ (q(x)− k2)u = δ(x− y) (1)

è îáîáùåííîå óðàâíåíèå Ãåëüìãîëüöà:

−∆u− k2n(x)u = δ(x− y) (2)

ñ îáû÷íûìè óñëîâèÿìè èçëó÷åíèÿ íà áåñêîíå÷íîñòè. Çäåñü x ∈ R3,
k > 0 � âîëíîâîå ÷èñëî, δ(x − y) � äåëüòà-ôóíêöèÿ Äèðàêà, y ∈ R3 �
ïàðàìåòð çàäà÷è. Ïðåäïîëàãàåòñÿ, ÷òî íîñèòåëü ôóíêöèé q(x), n(x)− 1
çàêëþ÷åí âíóòðè øàðà B = {x ∈ R3 : |x| < R}, ãðàíèöåé êîòîðîãî
ÿâëÿåòñÿ ñôåðà S ðàäèóñà R.

Ïóñòü k0 > 0 � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî. Ðàññìàòðèâàþòñÿ
äâå îáðàòíûå çàäà÷è (ñì. [1, 2]).

Çàäà÷à 1. Íàéòè q(x) âíóòðè B, åñëè çàäàí ìîäóëü ðåøåíèÿ óðàâ-
íåíèÿ (1) äëÿ âñåõ (x, y) ∈ S × S è âñåõ k ≥ k0.

Çàäà÷à 2. Íàéòè n(x) âíóòðè B, åñëè çàäàí ìîäóëü ðåøåíèÿ óðàâ-
íåíèÿ (2) äëÿ âñåõ (x, y) ∈ S × S è âñåõ k ≥ k0.

Îñíîâíîé ðåçóëüòàò èññëåäîâàíèÿ ýòèõ çàäà÷: 1) ðåøåíèå çàäà÷è 1
ñâåäåíî ê çàäà÷å òîìîãðàôèè îá îïðåäåëåíèè q(x) ïî âñåâîçìîæíûì
ïðÿìûì, 2) ðåøåíèå çàäà÷è 2 ñâåäåíî ê îáðàòíîé êèíåìàòè÷åñêîé çà-
äà÷å îá îïðåäåëåíèè n(x) âíóòðè B ïî âðåìåíàì ïðîáåãà âîëí ìåæäó
òî÷êàìè x è y, ïðèíàäëåæàùèìè S.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 14-01-00208 a).
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Ñàäûáåêîâ Ì.À.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ, Àëìàòû, Êàçàõñòàí; sadybekov@math.kz

Êðàåâûå çàäà÷è Äèðèõëå è Íåéìàíà ÿâëÿþòñÿ îñíîâíûìè çàäà÷àìè
òåîðèè ãàðìîíè÷åñêèõ ôóíêöèé. Â îäíîìåðíîì ñëó÷àå èëè ïðè ðàññìîò-
ðåíèè çàäà÷è â ìíîãîìåðíîì ïàðàëëåëåïèïåäå ê îñíîâíûì çàäà÷àì îò-
íîñÿò òàêæå è ïåðèîäè÷åñêèå êðàåâûå çàäà÷è. Ðàíåå â íàøåé ðàáîòå [1]
äëÿ ñëó÷àÿ êðóãà Ω = {z = x + iy : |z| < 1} áûëè ñôîðìóëèðîâàíû
àíàëîãè ïåðèîäè÷åñêîé (k = 0) è àíòèïåðèîäè÷åñêîé (k = 1) çàäà÷ äëÿ
óðàâíåíèÿ Ëàïëàñà

uxx + uyy = 0,

u (z)−(−1)
k
u (z∗) = τ (z) ,

∂u

∂r
(z)+(−1)

k ∂u

∂r
(z∗) = ν (z) , |z| = 1, y > 0.

Áûëè ðàññìîòðåíû äâà âàðèàíòà, êîãäà z∗ = x− iy èëè z∗ = −x− iy.
Â íàñòîÿùåì äîêëàäå ìû ïîñòðîèì àíàëîãè êðàåâîé çàäà÷è Ñàìàð-

ñêîãî � Èîíêèíà äëÿ óðàâíåíèÿ Ëàïëàñà â øàðå |x| < 1 èç Rn:

u (x)−αu (x∗) = τ (x) ,
∂u

∂r
(x)+(−1)

k ∂u

∂r
(x∗) = ν (x) , |x| = 1, x1 > 0.

Áóäóò ðàññìîòðåíû âîïðîñû êîððåêòíîñòè çàäà÷, ãëàäêîñòè èõ ðåøå-
íèé, ñôîðìóëèðîâàíû ñïåêòðàëüíûå çàäà÷è. Ïîêàæåì ìåòîäèêó ïîñòðî-
åíèÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà÷è.

Ïðè ïîñòðîåíèè ðåøåíèÿ çàäà÷ ñóùåñòâåííî èñïîëüçóåòñÿ ÿâíûé âèä
ôóíêöèè Ãðèíà çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà â ìíîãîìåðíîì
øàðå, ïîñòðîåííûé â íàøåé ðàáîòå [2].

ËÈÒÅÐÀÒÓÐÀ

1. Ñàäûáåêîâ Ì.À., Òóðìåòîâ Á.Õ. Îá îäíîì àíàëîãå ïåðèîäè÷åñêèõ êðà-
åâûõ çàäà÷ äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå // Äèôôåðåíö. óðàâíåíèÿ.
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Õëóäíåâ À.Ì.

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
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Ðàññìàòðèâàþòñÿ çàäà÷è ðàâíîâåñèÿ óïðóãèõ òåë, ñîäåðæàùèõ òîí-
êèå âêëþ÷åíèÿ ðàçëè÷íîé ïðèðîäû ïðè íàëè÷èè îòñëîåíèé. Íàëè÷èå
îòñëîåíèÿ îçíà÷àåò ñóùåñòâîâàíèå òðåùèíû ìåæäó âêëþ÷åíèåì è óïðó-
ãèì òåëîì. Äëÿ îïèñàíèÿ óïðóãèõ âêëþ÷åíèé èñïîëüçóþòñÿ ìîäåëè
óïðóãèõ áàëîê Áåðíóëëè � Ýéëåðà è Òèìîøåíêî. Îáñóæäàþòñÿ ïðåäåëü-
íûå ïåðåõîäû ïî ïàðàìåòðàì æåñòêîñòè òîíêèõ âêëþ÷åíèé è ôîðìóëè-
ðóþòñÿ ïðåäåëüíûå çàäà÷è. Ïðåäåëüíûå ìîäåëè ñîîòâåòñòâóþò æåñòêèì
è ïîëóæåñòêèì âêëþ÷åíèÿì, à òàêæå âêëþ÷åíèÿì ñ íóëåâîé æåñòêî-
ñòüþ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 15-11-10000).

ËÈÒÅÐÀÒÓÐÀ

1. Khludnev A.M., Negri M. Crack on the boundary of a thin elastic inclusion
inside an elastic body // Z. Angew. Math. Mech. 2012. V. 92, No. 5. P. 341�
354.
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ÄËß ÈÇÎÑÏÅÊÒÐÀËÜÍÛÕ ÑÅÌÅÉÑÒÂ
ÏËÎÑÊÈÕ ÎÁËÀÑÒÅÉ

Øàðàôóòäèíîâ Â.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,

Íîâîñèáèðñê, Ðîññèÿ; sharafut@list.ru

Äåéñòâèòåëüíîå λ íàçûâàåòñÿ ñòåêëîâñêèì ñîáñòâåííûì ÷èñëîì îãðà-
íè÷åííîé îáëàñòè Ω ⊂ R2, åñëè êðàåâàÿ çàäà÷à

∆u = 0 â Ω,
∂u

∂ν
= λu íà ∂Ω

èìååò íåòðèâèàëüíîå ðåøåíèå. Ñîâîêóïíîñòü âñåõ òàêèõ ÷èñåë Sp(Ω) =
{0 = λ0(Ω) < λ1(Ω) ≤ λ2(Ω) ≤ . . . }, ãäå êàæäîå ñîáñòâåííîå ÷èñ-
ëî ïîâòîðÿåòñÿ ñîîòâåòñòâåííî åãî êðàòíîñòè, íàçûâàåòñÿ ñòåêëîâñêèì
ñïåêòðîì îáëàñòè. Íàñêîëüêî îäíîçíà÷íî îáëàñòü îïðåäåëÿåòñÿ ñâîèì
ñòåêëîâñêèì ñïåêòðîì? Ýòîò âîïðîñ èññëåäóåòñÿ, íà÷èíàÿ ñ ñåðåäèíû
ïðîøëîãî âåêà, íî âñå åùå äàëåê îò ñâîåãî ðåøåíèÿ.

Ñòåêëîâñêàÿ äçåòà-ôóíêöèÿ îáëàñòè îïðåäåëÿåòñÿ äëÿ Re s > 1 ðà-
âåíñòâîì

ζΩ(s) =
∞∑
n=1

(
λn(Ω)

)−s
.

Îíà ïðîäîëæàåòñÿ äî ìåðîìîðôíîé â êîìïëåêñíîé ïëîñêîñòè ôóíêöèè
ñ åäèíñòâåííûì ïðîñòûì ïîëþñîì â òî÷êå s = 1. Âåëè÷èíû Zk(Ω) =
ζΩ(−2k) (k = 1, 2, . . . ) íàçûâàþòñÿ ñòåêëîâñêèìè äçåòà-èíâàðèàíòàìè

îáëàñòè. Â îòëè÷èå îò ñòåêëîâñêèõ ñîáñòâåííûõ ÷èñåë, äçåòà-èíâàðèàí-
òû ëåãêî âû÷èñëÿþòñÿ ñ ïîìîùüþ êîìïüþòåðà [1].

Ìû ïîëó÷àåì íåêîòîðóþ îöåíêó ñíèçó äëÿ Zk(Ω) è ñ åå ïîìîùüþ äî-
êàçûâàåì òåîðåìó êîìïàêòíîñòè: ñåìåéñòâî âñåõ ãëàäêèõ îãðàíè÷åííûõ
îäíîñâÿçíûõ ïëîñêèõ îáëàñòåé ñ ñîâïàäàþùèìè ñòåêëîâñêèìè ñïåêòðà-
ìè êîìïàêòíî â C∞-òîïîëîãèè. Ðàíåå ïîäîáíûé ðåçóëüòàò áûë èçâåñòåí
ïî îòíîøåíèþ ê ñîáîëåâñêîé Hs-òîïîëîãèè äëÿ s < 5/2 [2].

Ðåçóëüòàòû ïîëó÷åíû ñîâìåñòíî ñ Alexandre Jollivet.
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Ìîñêâà, Ðîññèÿ; shafarev@yahoo.com

Îïèñàíû àñèìïòîòè÷åñêèå ðåøåíèÿ çàäà÷è Êîøè äëÿ ëèíåàðèçîâàí-
íûõ óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè ñ íà÷àëüíûìè óñëîâèÿìè, ëî-
êàëèçîâàííûìè â ìàëîé îêðåñòíîñòè òî÷êè, êðèâîé, èëè äâóìåðíîé ïî-
âåðõíîñòè. Îáñóæäàåòñÿ ýôôåêò ñìåíû êðàòíîñòè õàðàêòåðèñòèê. Ïî-
êàçàíî, ÷òî âëèÿíèå ýòîãî ýôôåêòà îïðåäåëÿåòñÿ ñòðóêòóðîé ìíîæåñòâà
òî÷åê êàñàíèÿ âíåøíåãî ìàãíèòíîãî ïîëÿ íà÷àëüíîé ïîâåðõíîñòè èëè
êðèâîé. Îïèñàí àñèìïòîòè÷åñêèé íîñèòåëü ñòàðøåé ÷àñòè àñèìïòîòèêè.
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CHARACTERIZATIONS FOR THE INTEGRAL
OPERATORS OF HARMONIC ANALYSIS

IN GENERALIZED ORLICZ�MORREY SPACES
ON CARNOT GROUPS

Guliyev V. S.

Institute of Mathematics and Mechanics NASA, Baku, Azerbaijan;

Ahi Evran University, Kirsehir, Turkey; vagif@guliyev.com

Let G be a Carnot group (nilpotent strati�ed Lie group), φ(x, r) be a
positive measurable function on G × (0,∞) and Φ be any Young function.
We denote by MΦ,φ(G) the generalized Orlicz�Morrey space, the space of
all functions f ∈ LΦ

loc
(G) for which

∥f∥MΦ,φ = sup
x∈G,r>0

φ(x, r)−1Φ−1(|B(x, r)|−1)∥f∥LΦ(B(x,r)) <∞,

where B(x, r) denote the G-ball centered at x of radius r. For φ(t) =
Φ−1(t−n) the space MΦ,φ(G) = LΦ(G) is the Orlicz space, for Φ(t) = tp

the space MΦ,φ(G) ≡ Mp,φ(G) is the generalized Morrey space on Carnot
group G.

A survey will be given of recent results in which necessary and su�cient
conditions on the functions Φ, Ψ, φ1 and φ2 are established ensuring the
boundedness of the maximal operator, fractional maximal operator, Riesz
potential, genuine singular integrals from one generalized Orlicz�Morrey
space MΦ,φ1(G) to another one MΨ,φ2(G). In [1], the generalized Orlicz�
Morrey space MΦ,φ(Rn) was introduced to unify Orlicz and generalized
Morrey spaces (see also [2], [3]). Other de�nitions of generalized Orlicz�
Morrey spaces can be found in [4] and [5]. In words of [6], our generalized
Orlicz�Morrey space is the third kind and the ones in [4] and [5] are the
�rst kind and the second kind, respectively.
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VERY WEAK SOLUTIONS TO WAVE EQUATIONS
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In this talk we will discuss the Cauchy problem for wave equations with
very irregular (distributional) coe�cients, such as, for example,

∂2t u− (1 + δ)∆u = 0,

where δ is the delta-function. Such equation does not have weak or distribu-
tional solutions in view of the impossibility to multiply distributions. We
will show that the Cauchy problem has a so-called `very weak solution'
introduced in [1]. Moreover, we show that the notion of very weak solution
is consistent with classical, (Sobolev's) weak, distributional, or ultradistribu-
tional solutions when they exist.

We also give further examples, such as the very weak well-posedness of
the wave equation for the Landau Hamiltonian with irregular electromagnetic
�eld shown in [2]. Moreover, further extensions are possible using the methods
of nonharmonic analysis developed in [3].

The talk is based on joint works with Claudia Garetto and Niyaz Tokma-
gambetov.
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ÏÎÏÅÐÅ×ÍÈÊÈ ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÎÂ
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Àéäàðìàìàäîâ À. Ã.
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Ïóñòü Bq,γ , 1 ≤ q ≤ ∞, � âåñîâîå ïðîñòðàíñòâî Áåðãìàíà ñ íîðìîé

∥f∥q,γ
def
= ∥f∥Bq,γ =

(
1

2π

∫
1

0

∫
2π

0

ργ(ρ)|f(ρeit)|qdρdt
)1/q

<∞,

Ωm(f, t)q,γ = sup

{(
1

2π

∫
1

0

∫
2π

0

ργ(ρ)|∆m(f ; ρ, τ, u)|qdρdτ
)1/q

: |u| ≤ t

}
� îáîáù�åííûé ìîäóëü íåïðåðûâíîñòè m-ãî ïîðÿäêà â ïðîñòðàíñòâå
Bq,γ . bn(M, B2,γ), d

n(M, B2,γ), dn(M, B2,γ), δn(M, B2,γ) è Πn(M, B2,γ) �
ñîîòâåòñòâåííî áåðíøòåéíîâñêèé, ãåëüôàíäîâñêèé, êîëìîãîðîâñêèé, ëè-
íåéíûé è ïðîåêöèîííûé n-ïîïåðå÷íèêè íåêîòîðîãî êîìïàêòà M ⊂ B2,γ

(ñì. [1]). Ψ(t) (t ≥ 0) � íåïðåðûâíàÿ íåóáûâàþùàÿ ôóíêöèÿ òàêàÿ, ÷òî

Ψ(0) = 0. W
(r)
p,a (Ωm,Ψ) =

{
f ∈ B2,γ :

∫ h
0
Ωpm(f

(r)
a , t)2,γdt ≤ Ψ(h)

}
.(

1− sin t

t

)
∗
:=

{
1− sin t

t
, eñëè 0 ≤ t ≤ t∗; 1− sin t∗

t∗
, åñëè t∗ ≤ t ≤ ∞

}
,

ãäå t∗ (4, 49 < t∗ < 4, 51) åñòü ìèíèìàëüíûé êîðåíü óðàâíåíèÿ t = tg t.
Òåîðåìà. Ïóñòü m,n, r ∈ N, 1/r < p ≤ 2, è ôóíêöèÿ Ψ ïðè ëþáûõ

çíà÷åíèÿõ h ∈ R+ óäîâëåòâîðÿåò óñëîâèþ(
Ψ(h)

Ψ(π/n)

)p
≥
∫ nh

0

(
1− sin t

t

)mp/2
∗

dt

{∫ π

0

(
1− sin t

t

)mp/2
dt

}−1

. (1)

Òîãäà âûïîëíÿþòñÿ ðàâåíñòâà

λn

(
W (r)
p,a (Ωm,Ψ) , B2,γ

)
= 2−m/2

{∫ π

0

(
1− sin t

t

)mp/2
dt

}−1/p

n−r+
1
pΨ
(π
n

)
,

ãäå λn(·) � ëþáîé èç âûøåïåðå÷èñëåííûõ n-ïîïåðå÷íèêîâ. Ìíîæåñòâî
ìàæîðàíò Ψ, óäîâëåòâîðÿþùèõ îãðàíè÷åíèþ (1), íå ïóñòî.

ËÈÒÅÐÀÒÓÐÀ

1. Øàáîçîâ Ì.Ø. Ïîïåðå÷íèêè íåêîòîðûõ êëàññîâ àíàëèòè÷åñêèõ ôóíêöèé
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ÎÏÒÈÌÀËÜÍÎÅ ÂÎÑÑÒÀÍÎÂËÅÍÈÅ
ÀÍÀËÈÒÈ×ÅÑÊÎÉ ÔÓÍÊÖÈÈ ÏÎ ÍÅÒÎ×ÍÎ
ÇÀÄÀÍÍÛÌ ÃÐÀÍÈ×ÍÛÌ ÇÍÀ×ÅÍÈßÌ

Àêîïÿí Ð.Ð.

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Á.Í. Åëüöèíà, Èíñòèòóò
ìàòåìàòèêè è ìåõàíèêè èì. Í.Í. Êðàñîâñêîãî ÓðÎ ÐÀÍ,

Åêàòåðèíáóðã, Ðîññèÿ; RRAkopyan@mephi.ru

Ïóñòü G ⊂ C � îäíîñâÿçíàÿ îáëàñòü, îãðàíè÷åííàÿ çàìêíóòîé æîð-
äàíîâîé ñïðÿìëÿåìîé êðèâîé Γ; γ1 � èçìåðèìîå ïîäìíîæåñòâî Γ ïîëî-
æèòåëüíîé ìåðû, γ2 := Γ \ γ1. Îáîçíà÷èì ÷åðåç H = Hq,r

γ1,γ2(G); q, r ≥ 1,
ïðîñòðàíñòâî àíàëèòè÷åñêèõ â G ôóíêöèé èç H1(G), èìåþùèõ ãðàíè÷-
íûå çíà÷åíèÿ íà γk, ñîîòâåòñòâåííî, èç L

q(γ1) è L
r(γ2). Â H âûäåëèì

êëàññ ôóíêöèé Q, óäîâëåòâîðÿþùèõ íåðàâåíñòâó ∥f∥Lr(γ2,φ2)
≤ 1.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ.
Â êà÷åñòâå ìíîæåñòâà ìåòîäîâ âîññòàíîâëåíèÿ R èñïîëüçóåì ëèáî ìíî-
æåñòâî O âñåõ âîçìîæíûõ, ëèáî B îãðàíè÷åííûõ, ëèáî L ëèíåéíûõ
ôóíêöèîíàëîâ íà Lq(γ1). Äëÿ δ ≥ 0 è z0 ∈ G âåëè÷èíà

ER(δ) = inf
T∈R

sup
{
|f(z0)− Tg| : f ∈ Q, g ∈ Lq(γ1), ∥f − g∥Lq(γ1) ≤ δ

}
åñòü âåëè÷èíà îïòèìàëüíîãî âîññòàíîâëåíèÿ â òî÷êå z0 ôóíêöèé êëàñ-
ñà Q ïî èõ δ-ïðèáëèæ¼ííûì ãðàíè÷íûì çíà÷åíèÿì íà γ1 ñ ïîìîùüþ
ìåòîäîâ âîññòàíîâëåíèÿ R.

Òåîðåìà. Ñïðàâåäëèâû ðàâåíñòâà EO(δ) = EL(δ) = EB(δ) = Cδα, ãäå
C = ε1/q(γ1) ε

1/r(γ2)α
−α/qβ−β/r, ε(γk) = exp

(∫
γk
p(z0, ζ) ln p(z0, ζ) ds

)
,

α � ãàðìîíè÷åñêàÿ ìåðà γ1 îòíîñèòåëüíî G â òî÷êå z0, β = 1− α è p �
ïëîòíîñòü ãàðìîíè÷åñêîé ìåðû.

Â äîêëàäå òàêæå áóäåò ïðèâåäåí îïòèìàëüíûé ìåòîä âîññòàíîâëå-
íèÿ. Ñëó÷àé q = r = ∞ èçó÷åí â ðàáîòå [1].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 15-01-02705), Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæ-

êè âåäóùèõ íàó÷íûõ øêîë (� ÍØ-9356.2016.1) è Ïðîãðàììû ïîâûøåíèÿ

êîíêóðåíòîñïîñîáíîñòè ÓðÔÓ (ïîñòàíîâëåíèå � 211 Ïðàâèòåëüñòâà ÐÔ îò

16.03.2013, êîíòðàêò � 02.A03.21.0006 îò 27.08.2013).

ËÈÒÅÐÀÒÓÐÀ
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ÂÛÐÎÆÄÅÍÍÎÅ È ÎÁÙÅÅ ÐÅØÅÍÈß
ÇÀÄÀ×È ÌÈÍÈÌÈÇÀÖÈÈ ÐÀÑÕÎÄÀ ÐÅÑÓÐÑÀ

Àëåêñàíäðîâ Â.Ì.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; vladalex@math.nsc.ru

Ïóñòü óïðàâëÿåìûé îáúåêò îïèñûâàåòñÿ ëèíåéíûì äèôôåðåíöèàëü-
íûì óðàâíåíèåì ẋ = A(t)x + B(t)u, x(t0) = x0, x0 ∈ D, ãäå u �
m-ìåðíûé âåêòîð óïðàâëåíèÿ, êîìïîíåíòû êîòîðîãî ïîä÷èíåíû îãðà-
íè÷åíèÿì |uj | 6 Mj , j = 1,m. Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà ïîêîì-
ïîíåíòíî ïîëíîñòüþ óïðàâëÿåìà è ïåðåâîäèìà â íà÷àëî êîîðäèíàò èç
îãðàíè÷åííîé îáëàñòè íà÷àëüíûõ óñëîâèé D.

Çàäà÷à. Íàéòè äîïóñòèìîå óïðàâëåíèå u0(t), ïåðåâîäÿùåå çà ôèê-
ñèðîâàííîå âðåìÿ T = tk − t0 (ãäå T > T0) ñèñòåìó èç íà÷àëüíîãî ñî-
ñòîÿíèÿ x(t0) = x0 â êîíå÷íîå ñîñòîÿíèå x(tk) = 0 è ìèíèìèçèðóþùåå

ôóíêöèîíàë J(u) =
tk∫
t0

m∑
j=1

|uj(τ)|dτ . Çäåñü T0 � âðåìÿ îïòèìàëüíîãî ïî

áûñòðîäåéñòâèþ ïåðåâîäà ñèñòåìû.
Ðàçðàáîòàí îáùèé ìåòîä âû÷èñëåíèÿ îïòèìàëüíîãî ïî ðàñõîäó ðå-

ñóðñà óïðàâëåíèÿ, âêëþ÷àþùèé êàê íîðìàëüíîå, òàê è âûðîæäåííîå
ðåøåíèÿ çàäà÷è. Ìåòîä îñíîâàí íà ðàçäåëåíèè çàäà÷è íà äâå íåçàâè-
ñèìûå ïîäçàäà÷è: 1) âû÷èñëåíèå ñòðóêòóðû îïòèìàëüíîãî óïðàâëåíèÿ;
2) âû÷èñëåíèå ìîìåíòîâ ïåðåêëþ÷åíèé îïòèìàëüíîãî óïðàâëåíèÿ. Âû-
÷èñëåíèå ñòðóêòóðû îñíîâàíî íà îðèãèíàëüíîì ìåòîäå ôîðìèðîâàíèÿ
êâàçèîïòèìàëüíîãî óïðàâëåíèÿ. Âû÷èñëåíèå ìîìåíòîâ ïåðåêëþ÷åíèé
óïðàâëåíèÿ îñíîâàíî íà íàéäåííîé ñâÿçè ìåæäó îòêëîíåíèÿìè íà÷àëü-
íûõ óñëîâèé ñîïðÿæåííîé ñèñòåìû ñ îòêëîíåíèÿìè ôàçîâîé òðàåêòîðèè
â êîíå÷íûé ìîìåíò. Äàí ìåòîä çàäàíèÿ íà÷àëüíîãî ïðèáëèæåíèÿ. Ðàç-
ðàáîòàí èòåðàöèîííûé àëãîðèòì è ðàññìîòðåíû åãî îñîáåííîñòè. Ïðè-
âåäåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ è ÷èñëåííûõ ðàñ÷åòîâ.

ËÈÒÅÐÀÒÓÐÀ

1. Àëåêñàíäðîâ Â.Ì. Âûðîæäåííîå ðåøåíèå çàäà÷è ìèíèìèçàöèè ðàñõîäà
ðåñóðñà // Ñèá. æóðí. âû÷èñë. ìàòåìàòèêè. 2016. Ò. 19, � 1. Ñ. 5�18.

2. Àëåêñàíäðîâ Â.Ì. Êâàçèîïòèìàëüíîå óïðàâëåíèå äèíàìè÷åñêèìè ñèñòå-
ìàìè // Àâòîìàòèêà è òåëåìåõàíèêà. 2016. Âûï. 7. Ñ. 47�67.

64



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

Î ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅÊËÀÑÑÈ×ÅÑÊÈÕ
ÇÀÄÀ× ÄËß ÓÐÀÂÍÅÍÈß ÁÓÑÑÈÍÅÑÊÀ

Àëñûêîâà À.À.

Áóðÿòñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ àêàäåìèÿ
èì. Â. Ð. Ôèëèïïîâà, Óëàí-Óäý, Ðîññèÿ; 888552@mail.ru

Äîêàçûâàåòñÿ ðàçðåøèìîñòü çàäà÷ ñ ïðîñòðàíñòâåííî-èíòåãðàëüíû-
ìè óñëîâèÿìè äëÿ óðàâíåíèÿ Áóññèíåñêà

Lu(x, t) ≡ utt(x, t)− αuxx(x, t)− βuxxtt(x, t) = f(x, t). (1)

Ïóñòü Ω åñòü èíòåðâàë (0, 1) îñè Ox, Q åñòü ïðÿìîóãîëüíèê Ω×(0, T ),
0 < T < +∞, α è β åñòü çàäàííûå ïîëîæèòåëüíûå ÷èñëà, f(x, t), K(x, t),
K1(x, t) è K2(x, t) � çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè (x, t) ∈ Q.

Íåëîêàëüíàÿ çàäà÷à 1. Íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â
ïðÿìîóãîëüíèêå Q ðåøåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âû-
ïîëíÿþòñÿ óñëîâèÿ

u(x, 0) = ut(x, 0) = 0 ïðè x ∈ Ω, (2)

u(0, t) = 0,

1∫
0

K(x, t)u(x, t)dx = 0, 0 < t < T.

Íåëîêàëüíàÿ çàäà÷à 2. Íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â
ïðÿìîóãîëüíèêå Q ðåøåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âû-
ïîëíÿåòñÿ óñëîâèå (2), à òàêæå óñëîâèÿ

1∫
0

K1(x, t)u(x, t)dx = 0,

1∫
0

K2(x, t)u(x, t)dx = 0, 0 < t < T.
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ÍÅÃËÀÄÊÈÅ ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ Â ÇÀÄÀ×Å
ÊÎØÈ ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ

Àíèêîíîâ Ä.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; anik@math.nsc.ru

Â òåîðèè çîíäèðîâàíèÿ íåîäíîðîäíûõ ñðåä ôèçè÷åñêèìè ñèãíàëàìè,
êàê ïðàâèëî, äëÿ îïèñàíèÿ ïðîöåññà èñïîëüçóþòñÿ äèôôåðåíöèàëüíûå
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ èëè ñèñòåìû óðàâíåíèé. Ïðè ýòîì
÷àñòî âîçíèêàåò ñèòóàöèÿ, êîãäà ïðèõîäèòñÿ ðàññìàòðèâàòü äèôôåðåí-
öèàëüíûå óðàâíåíèÿ ñ ðàçðûâíûìè êîýôôèöèåíòàìè ïðè ñòàðøèõ ïðî-
èçâîäíûõ. Íåñìîòðÿ íà íàëè÷èå ðÿäà ïóáëèêàöèé, ýòà òåìà ðàçðàáîòàíà
ïîêà ÿâíî íåäîñòàòî÷íî äàæå äëÿ ïðÿìûõ è òåì áîëåå äëÿ îáðàòíûõ çà-
äà÷. Â íàñòîÿùåé ðàáîòå ïðåäâàðèòåëüíîãî õàðàêòåðà ðàññìàòðèâàåòñÿ
çàäà÷à Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîä-
íûìè ïåðâîãî ïîðÿäêà äëÿ äâóõ íåçàâèñèìûõ ïåðåìåííûõ. Îäèí èç êî-
ýôôèöèåíòîâ ïðè ïðîèçâîäíûõ ÿâëÿåòñÿ ðàçðûâíîé ôóíêöèåé. Âñëåä-
ñòâèå ýòîãî õàðàêòåðèñòè÷åñêèå ëèíèè îêàçûâàþòñÿ êóñî÷íî- ãëàäêèìè
êðèâûìè. Ðåøåíèå çàäà÷è Êîøè ïîíèìàåòñÿ â îáîáùåííîì ñìûñëå, ïî
àíàëîãèè ñ ìåòîäîì õàðàêòåðèñòèê, ãäå ïðîáëåìà ñâîäèòñÿ ê ðåøåíèþ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé íà õàðàêòåðèñòè÷åñêèõ
ëèíèÿõ. Ïîëó÷åííîå îáîáùåííîå ðåøåíèå îêàçûâàåòñÿ äîâîëüíî ñïåöè-
ôè÷íûì. Â ÷àñòíîñòè, îíî íå îïðåäåëåíî â íåêîòîðîé ïîäîáëàñòè, à â
äðóãîé ðàçðûâíî è íåïðîäîëæàåìî. Ìû íå îáíàðóæèëè ïîäîáíûõ ìàòå-
ìàòè÷åñêèõ ýôôåêòîâ â ðàáîòàõ äðóãèõ àâòîðîâ, âåðîÿòíî, èç-çà ðàçíè-
öû â îãðàíè÷åíèÿõ, êîòîðûå ó íàñ îðèåíòèðîâàíû íà ïðîáëåìû çîíäèðî-
âàíèÿ. Êðîìå òîãî, ðåøåíèå çàäà÷è Êîøè òðàêòóåòñÿ òàêæå êàê ïðåäåë
êëàññè÷åñêèõ ðåøåíèé äëÿ ñãëàæåííîãî êîýôôèöèåíòà. Ðåçóëüòàòû, ïî-
ëó÷åííûå äëÿ äâóõ óêàçàííûõ îïðåäåëåíèé, ïîëó÷àþòñÿ ïðèáëèçèòåëü-
íî îäèíàêîâûìè, ÷òî íåñîìíåííî ïîâûøàåò äîâåðèå ê èñïîëüçîâàííûì
ïîäõîäàì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ (ïðîåêò

� 0314-2015-0010).
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ËÓ×ÅÂÛÅ ÐÀÇËÎÆÅÍÈß È ÒÎÆÄÅÑÒÂÀ ÄËß
ÓÐÀÂÍÅÍÈÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ

Ñ ÏÐÈËÎÆÅÍÈßÌÈ Ê ÎÁÐÀÒÍÛÌ ÇÀÄÀ×ÀÌ

Àíèêîíîâ Þ.Å.1, Àþïîâà Í.Á.2, Íåùàäèì Ì.Â.3

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ;

1anikon@math.nsc.ru, 2ayupova2@math.nsc.ru, 3neshch@math.nsc.ru

Ðàçâèâàåòñÿ íîâûé ñïîñîá èçó÷åíèÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè,
â òîì ÷èñëå è îáðàòíûõ, îñíîâàííûé íà âïîëíå îïðåäåëåííûõ êîíå÷-
íûõ èëè áåñêîíå÷íûõ ñèñòåìàõ óðàâíåíèé ëó÷åâîãî àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ ðåøåíèé ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ
êîýôôèöèåíòàìè, çàâèñÿùèìè íå òîëüêî îò ïðîñòðàíñòâåííîé ïåðåìåí-
íîé, íî è âðåìåíè. Ôàêòè÷åñêè è ïðè íàëè÷èè íà÷àëüíî-êðàåâûõ óñëî-
âèé äëÿ äàííûõ ñèñòåì óðàâíåíèé ëó÷åâîãî ðàçëîæåíèÿ íåëèíåéíûå
îáðàòíûå çàäà÷è, îêàçûâàåòñÿ, ñâîäÿòñÿ ê ïðÿìûì çàäà÷àì, ÷òî è äå-
ìîíñòðèðóåòñÿ äëÿ êîíå÷íûõ ñèñòåì óðàâíåíèé â àíàëèòè÷åñêîì ñëó-
÷àå.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïðîåêòà ïî ïðîãðàììå Ïðå-

çèäèóìà ÐÀÍ �Âû÷èñëèòåëüíàÿ òîìîãðàôèÿ íåîäíîðîäíûõ è àíèçîòðîïíûõ

ñðåä� (êîä ïðîåêòà 0314-2015-001), ÐÔÔÈ (ïðîåêò � 15-01-00745).

ËÈÒÅÐÀÒÓÐÀ

1. Àíèêîíîâ Þ.Å., Íåùàäèì Ì.Â. Àëãåáðî-àíàëèòè÷åñêèå ñïîñîáû ïîñòðîå-
íèÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé è îáðàòíûå çàäà÷è // Âåñòí.
ÍÃÓ. Ñåð. Ìàòåìàòèêà, ìåõàíèêà, èíôîðìàòèêà. 2015. Ò. 15, âûï. 2. Ñ. 3�
21.

2. ÀíèêîíîâÞ.Å., Àþïîâà Í.Á. Ëó÷åâûå ðàçëîæåíèÿ è òîæäåñòâà äëÿ óðàâ-
íåíèé âòîðîãî ïîðÿäêà ñ ïðèëîæåíèÿìè ê îáðàòíûì çàäà÷àì // Ñèá.
æóðí. ÷èñò. è ïðèêë. ìàòåì. 2017 (ïðèíÿòà â ïå÷àòü).

3. Íåùàäèì Ì.Â. Ôóíêöèîíàëüíî èíâàðèàíòíûå ðåøåíèÿ ñèñòåìû Ìàêñâåë-
ëà // Ñèá. æóðí. èíäóñòð. ìàòåìàòèêè. 2017 (ïðèíÿòà â ïå÷àòü).
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Lp-ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÎÂ
ÏÑÅÂÄÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

ÍÀ m-ÌÅÐÍÎÌ ÒÎÐÅ

Áàçàðõàíîâ Ä.Á.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ, Àëìàòû, Êàçàõñòàí;

dauren.mirza@gmail.com

Ðàññìîòðèì ïåðèîäè÷åñêèé ñèìâîë a : Tm × Zm → C è ñîîòâåòñòâó-
þùèé åìó ôîðìàëüíûé ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð

Ta : u(x) 7→ Tau(x) =
∑
ξ∈Zm

a(x, ξ)û(ξ)e2πiξx.

Îïðåäåëåíèå. Ïóñòü 1 ≤ p ≤ ∞, t ∈ R, ϱ ∈ [0, 1], s ∈ N. Òîãäà ïåðè-
îäè÷åñêèé ñèìâîë a(x, ξ) ïðèíàäëåæèò êëàññó LpS

t
ϱ (s) ≡ LpS

t
ϱ (s)(Tm ×

Zm), åñëè äëÿ íåãî êîíå÷íà âåëè÷èíà

∥ a |LpS tϱ (s) ∥ ≡ max
α : |α|≤ s

sup
ξ∈Zm

⟨ξ⟩ϱ|α|−τ∥∆α
ξ a( · , ξ) |Lp(Tm) ∥.

Ïóñòü ω : [0,∞) → [0,∞) � íåïðåðûâíàÿ âîçðàñòàþùàÿ âûïóêëàÿ
(íà [0, 1]) ôóíêöèÿ ñ ω(0) = 0. Îáîçíà÷èì ÷åðåç Σω = Σω(Rm × Rm)
ïðîñòðàíñòâî ñèìâîëîâ a : Rm × Rm → C òàêèõ, ÷òî ∀α ∈ Nm

0
, |α| ≤

m+ 1, ∃cα > 0 :
|∂αξ a(x, ξ)| ≤ cα⟨ξ⟩−|α|,

|∂αξ a(x, ξ)− ∂αξ a(y, ξ)| ≤ cαω(|x− y|)⟨ξ⟩−|α| ((x, ξ) ∈ Rm × Rm).

Ïóñòü Σω(Tm × Zm) � êëàññ ñèìâîëîâ a : Tm × Zm → C, êîòîðûå
ÿâëÿþòñÿ ñóæåíèÿìè (íà Tm×Zm) ñèìâîëîâ ar ∈ Σω òàêèõ, ÷òî ∀ξ ∈ Zm
ar(x, ξ) � ïåðèîäè÷åñêàÿ ôóíêöèÿ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî 1 ≤ p ≤ ∞; ϱ ∈ [0, 1]; t ∈ R òàêîå, ÷òî
tp∗ < m(ϱ − 1), ãäå p∗ = min{p, 2}. Ïóñòü a ∈ L∞S

t
ϱ (m + 1)(Tm × Zm).

Òîãäà ÏÄÎ Ta � îãðàíè÷åííûé îïåðàòîð èç Lp(Tm) â Lp(Tm).
Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî ω : [0,∞) → [0,∞) � íåïðåðûâíàÿ

âîçðàñòàþùàÿ âûïóêëàÿ (íà [0, 1]) ôóíêöèÿ ñ ω(0) = 0. Òîãäà ÏÄÎ Ta
îãðàíè÷åí íà Lp(Rm) ïðè 1 < p <∞ äëÿ ëþáîãî a ∈ Σω(Tm×Zm), åñëè

è òîëüêî åñëè ω2 óäîâëåòâîðÿåò óñëîâèþ Äèíè:
∫
1

0
ω2(t)dtt < +∞.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà 5130/ÃÔ4 ÌÎÍ Ðåñïóáëèêè Êà-

çàõñòàí.
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ÍÅÑÒÀÖÈÎÍÀÐÍÎÃÎ ÓÐÀÂÍÅÍÈß ÏÅÐÅÍÎÑÀ

Áàëàêèíà Å.Þ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

balakina@math.nsc.ru

Ðàññìàòðèâàåòñÿ íåñòàöèîíàðíîå ëèíåéíîå óðàâíåíèå ïåðåíîñà, îïè-
ñûâàþùåå ïðîöåññ ïåðåíîñà ÷àñòèö â ñðåäå:

∂f(t, r, ω,E)

∂t
+ ω · ∇rf(t, r, ω,E) + µ(t, r, E)f(t, r, ω,E) = J(t, r, ω,E).

Ê ýòîìó óðàâíåíèþ äîáàâëÿþòñÿ íà÷àëüíîå óñëîâèå (ïðè t = 0 çàäàíà
ïëîòíîñòü f) è äâà êðàåâûõ (çàäàíà ïëîòíîñòü ïàäàþùåãî è âûõîäÿùåãî
ïîòîêîâ). Ôóíêöèè µ è J , õàðàêòåðèçóþùèå ñðåäó, â êîòîðîé ïðîòåêàåò
ïðîöåññ, ìîãóò ïðåòåðïåâàòü ðàçðûâ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé
(èíà÷å ãîâîðÿ, ñðåäà íåîäíîðîäíà).

Çàäà÷à ñîñòîèò â òîì, ÷òîáû ïî ïëîòíîñòè âûõîäÿùåãî ïîòîêà îïðå-
äåëèòü ìíîæåñòâî, íà êîòîðîì ôóíêöèè µ è J ïðåòåðïåâàþò ðàçðûâ. Òà-
êàÿ ïîñòàíîâêà ÿâëÿåòñÿ ïðîäîëæåíèåì öèêëà èññëåäîâàíèé Ä.Ñ. Àíè-
êîíîâà [1].

Äëÿ ðåøåíèÿ ïîñòàâëåííîé ïðîáëåìû ñíà÷àëà èññëåäóåòñÿ ïðÿìàÿ
çàäà÷à î íàõîæäåíèè ïëîòíîñòè ïîòîêà f ïðè çàäàííûõ íà÷àëüíîì óñëî-
âèè è ïëîòíîñòè ïàäàþùåãî ïîòîêà (òàêàÿ æå ïîñòàíîâêà, íî â ñëó÷àå
íåïðåðûâíûõ êîýôôèöèåíòîâ, áûëà ðàññìîòðåíà À.È. Ïðèëåïêî [2]).
Äàëåå ðàññìàòðèâàåòñÿ íåêîòîðàÿ ôóíêöèÿ, çàâèñÿùàÿ îò èçâåñòíûõ
äàííûõ, è ïîêàçûâàåòñÿ, ÷òî îíà ïðèíèìàåò íåîãðàíè÷åííûå çíà÷åíèÿ
òîëüêî âáëèçè èñêîìîãî ìíîæåñòâà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-31-00112 ìîë_à).

ËÈÒÅÐÀÒÓÐÀ

1. Àíèêîíîâ Ä.Ñ., Êîâòàíþê À.Å., Ïðîõîðîâ È.Â. Èñïîëüçîâàíèå óðàâíåíèÿ
ïåðåíîñà â òîìîãðàôèè. Ì.: Ëîãîñ, 2000.

2. Ïðèëåïêî À.È., Èâàíêîâ À.Ë. Îáðàòíûå çàäà÷è îïðåäåëåíèÿ êîýôôèöè-
åíòà è ïðàâîé ÷àñòè íåñòàöèîíàðíîãî ìíîãîñêîðîñòíîãî óðàâíåíèÿ ïåðå-
íîñà ïî ïåðåîïðåäåëåíèþ â òî÷êå // Äèôôåðåíö. óðàâíåíèÿ. 1985. Ò. 21,
� 1. C. 109�119.
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ÎÁ ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ
ÍÅÉÒÐÀËÜÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-

ÐÀÇÍÎÑÒÍÛÕ ÓÐÀÂÍÅÍÈÉ

Áàëàíäèí À.Ñ.

Ïåðìñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ïîëèòåõíè÷åñêèé
óíèâåðñèòåò, Ïåðìü, Ðîññèÿ; balandin-anton@yandex.ru

Ðàññìîòðèì óðàâíåíèå

ẋ(t)−
J∑
j=1

aj ẋ(t− hj) +
K∑
k=0

bkx(t− rk) = f(t), t > 0, (1)

ãäå J ∈ N, K ∈ N0, aj , bk ∈ C, hj > 0, rk > 0, ôóíêöèÿ f ëîêàëü-
íî ñóììèðóåìà. Íàçîâ¼ì ðåøåíèåì óðàâíåíèÿ (1) ëîêàëüíî àáñîëþòíî
íåïðåðûâíóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ (1) ïî÷òè âñþäó.

Êàê èçâåñòíî [1, ðàçäåë 5.1, òåîðåìà 1.1], ïðè ëþáîì çàäàííîì x(0)
ðåøåíèå óðàâíåíèÿ (1) ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâèìî â âèäå

x(t) = X(t)x(0) +

t∫
0

C(t, s)f(s) ds, (2)

ãäå X � ôóíäàìåíòàëüíîå ðåøåíèå, C � ôóíêöèÿ Êîøè. Ïî îïðåäåëå-
íèþ X(0) = 1, X(t) = 0 ïðè t < 0 è C(s, s) = 1, C(t, s) = 0 ïðè t < s. Èç
ôîðìóëû (2) âèäíî, ÷òî âñå àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé óðàâíå-
íèÿ (1) îïðåäåëÿþòñÿ ñâîéñòâàìè ôóíäàìåíòàëüíîãî ðåøåíèÿ è ôóíê-
öèè Êîøè.

Îáîçíà÷èì σx = limt→∞
ln |X(t)|

t , σc = limt−s→∞
ln |C(t,s)|

t−s .
Òåîðåìà 1. Åñëè σc < 0, òî è σx < 0.
Îáðàòíîå óòâåðæäåíèå, âîîáùå ãîâîðÿ, íåâåðíî. Îäíàêî, êàê ïîêà-

çûâàåò ñëåäóþùèé ðåçóëüòàò, ïðè âûïîëíåíèè äîïîëíèòåëüíîãî óñëî-
âèÿ äàííàÿ èìïëèêàöèÿ ñïðàâåäëèâà.

Òåîðåìà 2. Ïóñòü σx < 0 è ôóíêöèè g1(p) = 1 −
∑J
j=1

aje
−phj ,

g2(p) =
∑K
k=0

bke
−prk , p ∈ C, íå èìåþò îáùèõ íóëåé îäèíàêîâîé êðàòíî-

ñòè ñ íåîòðèöàòåëüíîé âåùåñòâåííîé ÷àñòüþ. Òîãäà σc < 0.

ËÈÒÅÐÀÒÓÐÀ

1. Àçáåëåâ Í.Â., Ìàêñèìîâ Â.Ï., Ðàõìàòóëëèíà Ë.Ô. Ââåäåíèå â òåîðèþ
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Ïóñòü N, Z è R � ìíîæåñòâà íàòóðàëüíûõ, öåëûõ è âåùåñòâåííûõ
÷èñåë, ñîîòâåòñòâåííî; N0 := N ∪ {0}.

Ïóñòü Lp := Lp(Td) (1 ≤ p ≤ ∞) � ïðîñòðàíñòâî 1-ïåðèîäè÷åñêèõ ïî
êàæäîé ïåðåìåííîé ôóíêöèé f , ñóììèðóåìûõ â ñòåïåíè p (ïðè p = ∞
ñóùåñòâåííî îãðàíè÷åííûõ) íà Td ñ íîðìîé ∥f |Lp∥; Td := (R�Z)d �
d-ìåðíûé òîð; T ≡ T1.

Ïîïåðå÷íèêîì Ôóðüå (èëè, ÷òî òî æå, îðòîïîïåðå÷íèêîì) ïîðÿäêà
M êëàññà ôóíêöèé F â ïðîñòðàíñòâå Lq íàçûâàåòñÿ âåëè÷èíà

φM (F, Lq) = inf
{hı}Mı=1

sup
f∈F

∥∥∥ f −
M∑
ı=1

⟨f, hı⟩hı |Lq
∥∥∥,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì îðòîíîðìèðîâàííûì ñèñòåìàì {hı}Mı=1

⊂ L∞. Ïîïåðå÷íèêè Ôóðüå áûëè ââåäåíû Â.Í. Òåìëÿêîâûì â 1982 ã. â
ðàáîòå [1].

Óñòàíàâëèâàþòñÿ òî÷íûå ïî ïîðÿäêó îöåíêè ïîïåðå÷íèêîâ Ôóðüå
êëàññîâ ôóíêöèé òèïà Íèêîëüñêîãî � Áåñîâà SBrp θ(Td) è Ëèçîðêèíà �

Òðèáåëÿ SFrp θ(Td) â ïðîñòðàíñòâå Lq (1 < p <∞, 1 ≤ q, θ ≤ ∞, r ∈ Nd
0
)

ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå òèïà âñïëåñêîâ Ud [2].
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ 5130/ÃÔ4, 5129/ÃÔ4 ÌÎÍ Ðåñ-

ïóáëèêè Êàçàõñòàí.

ËÈÒÅÐÀÒÓÐÀ
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Ñ ÏÅÐÈÎÄÈ×ÅÑÊÈÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ
Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Áàëäàíîâ Ä.Ø.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ îá àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû ðàçíîñòíûõ óðàâíåíèé

xn+1 = A(n)xn +B(n)xn−τ(n), n = 0, 1, . . . , (1)

ãäå A(n), B(n) � N -ïåðèîäè÷åñêèå ìàòðèöû ðàçìåðà m×m. Ìû áóäåì
ïðåäïîëàãàòü, ÷òî çàïàçäûâàþùèé àðãóìåíò îãðàíè÷åí 1≤τ(n)≤τ <∞.

Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò, îáîáùàþùèé òåîðåìó 1 èç [1].
Òåîðåìà. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ýðìèòîâû ïîëîæèòåëüíî

îïðåäåëåííûå ìàòðèöû H(n), n = 0, 1, . . . , Kj , j = 0, 1, . . . , τ , òàêèå, ÷òî
∆j = Kj−1 −Kj > 0, j = 1, . . . , τ , è ñîñòàâíûå ìàòðèöû

C(n)=−


C11(n) A∗(n)H(n+ 1)B1(n) . . . A∗(n)H(n+ 1)Bτ (n)

B∗
1 (n)H(n+ 1)A(n) C22(n) . . . B∗

1 (n)H(n+ 1)Bτ (n)
.

.

.

.

.

.

.

.

.

.

.

.

B∗
τ (n)H(n+ 1)A(n) B∗

τ (n)H(n+ 1)B1(n) . . . Cττ (n)


òàêæå ïîëîæèòåëüíî îïðåäåëåíû, ãäå

C11(n) = A∗(n)H(n+ 1)A(n)−H(n) +K0,
Cjj(n) = B∗

j (n)H(n+ 1)Bj(n)− 1

2
∆j , j = 2, . . . , τ − 1,

Cττ (n) = B∗
τ (n)H(n+ 1)Bτ (n)−Kτ ,

Bj(n) =

{
B(n) ïðè τ(n) = j,
0 ïðè τ(n) ̸= j.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1) àñèìïòîòè÷åñêè óñòîé÷èâî.
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ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å Â ÃÅÎÌÅÒÐÈ×ÅÑÊÎÉ
ÒÅÎÐÈÈ ÓÐÀÂÍÅÍÈß y′′′ = f(x,y,y′,y′′)

Áàíàðó Ã.À.

Ñìîëåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñìîëåíñê, Ðîññèÿ;
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Äàâíî èçâåñòíà ïîñòàâëåííàÿ Í.Â. Ñòåïàíîâûì çàäà÷à: òðåáîâàëîñü
ïðîâåñòè àíàëèç ãðóïï ñèììåòðèé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé òðåòüåãî ïîðÿäêà è îòûñêàòü óñëîâèÿ, ïðè êîòîðûõ îáûêíî-
âåííîå äèôôåðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà äîïóñêàåò ïðè-
ñîåäèíåíèå ê ñåáå ðàññëîåííîãî ïðîñòðàíñòâà ñî ñâÿçíîñòüþ ñ òîé èëè
èíîé ôóíäàìåíòàëüíîé ãðóïïîé [1].

Ýòà çàäà÷à áûëà ðåøåíà ìíîãî ëåò íàçàä äëÿ ñåìèìåðíûõ è øå-
ñòèìåðíûõ ãðóïï ïðåîáðàçîâàíèé. Ñðåäè óðàâíåíèé, îáëàäàþùèõ ñåìè-
ìåðíîé ãðóïïîé òî÷å÷íûõ ñèììåòðèé, ïîìèìî òðèâèàëüíîãî óðàâíåíèÿ

y′′′ = 0 ìîæíî óêàçàòü è òàêîå: y′′′ =
3 (y′′)2

y′
.

À ñðåäè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïî-
ðÿäêà ñ øåñòèìåðíîé ãðóïïîé òî÷å÷íûõ ñèììåòðèé äîñòàòî÷íî ïðîñòûõ
ïðèìåðîâ ìîæíî ïðèâåñòè áîëüøå [2]:

y′′′ =
3(y′′)2

2y′
, y′′′ =

3y′(y′′)2

(y′)2 + 1
, y′′′ =

3y′(y′′)2

(y′)2 − 1
.

Íåñîèçìåðèìî áîëåå ñëîæíîé îêàçàëàñü äàííàÿ çàäà÷à â ñëó÷àå ïÿòè-
ìåðíîé ãðóïïû ïðåîáðàçîâàíèé. Îñíîâíîé ðåçóëüòàò, ïîëó÷åííûé â äàí-
íîì íàïðàâëåíèè, òàêîâ:

Òåîðåìà. Åäèíñòâåííîé ïÿòèìåðíîé ãðóïïîé òî÷å÷íûõ ñèììåòðèé,
à òàêæå ôóíäàìåíòàëüíîé ãðóïïîé ðàññëîåííîãî ïðîñòðàíñòâà ñî ñâÿç-
íîñòüþ äëÿ óðàâíåíèÿ y′′′ = f(x, y, y′, y′′) ÿâëÿåòñÿ ãðóïïà g5,5.
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ÎÁ ÝÂÎËÞÖÈÈ ÊÎÍÅ×ÍÎÃÎ ÎÁÚ�ÌÀ
ÈÄÅÀËÜÍÎÉ ÍÅÑÆÈÌÀÅÌÎÉ ÆÈÄÊÎÑÒÈ

ÑÎ ÑÂÎÁÎÄÍÎÉ ÏÎÂÅÐÕÍÎÑÒÜÞ

Áåëûõ Â.Í.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; belykh@math.nsc.ru

Ðàññìîòðåíà çàäà÷à îá îòûñêàíèè ñâîáîäíîãî (â îòñóòñòâèå ìàññî-
âûõ ñèë è ïîâåðõíîñòíîãî íàòÿæåíèÿ) íåóñòàíîâèâøåãîñÿ äâèæåíèÿ îá-
ëàñòè ω ⊂ R3, çàíÿòîé èäåàëüíîé íåñæèìàåìîé æèäêîñòüþ, â ïðåäïî-
ëîæåíèè, ÷òî íà âñåé æèäêîé ãðàíèöå ∂ω îáëàñòè äàâëåíèå ïîñòîÿí-
íî. Òàêîå äâèæåíèå �ïî èíåðöèè� âîçíèêàåò ïîä äåéñòâèåì íåêîòîðîãî
íà÷àëüíîãî èìïóëüñà (äàâëåíèÿ), ðàñïðåäåë¼ííîãî ïî ∂ω â íà÷àëüíûé
ìîìåíò âðåìåíè. Îáú¼ì ω, çàíÿòûé æèäêîñòüþ, çàðàíåå íå ôèêñèðîâàí
è ñîñòîèò èç æèäêèõ ÷àñòèö. Ñïåöèôèêîé èññëåäóåìîé çàäà÷è ÿâëÿ-
åòñÿ òî, ÷òî ãðàíèöà ∂ω (ñâîáîäíàÿ ïîâåðõíîñòü) ÿâëÿåòñÿ ýëåìåíòîì
ðåøåíèÿ çàäà÷è. Äëÿ å¼ îïðåäåëåíèÿ èìåþòñÿ äâà íåëèíåéíûõ óñëîâèÿ
(êèíåìàòè÷åñêîå è äèíàìè÷åñêîå), ñâÿçûâàþùèå ôîðìó ïîâåðõíîñòè ∂ω
è ñêîðîñòè æèäêèõ ÷àñòèö íà íåé. Â ïðåäïîëîæåíèè ïîòåíöèàëüíîñòè
è îñåñèììåòðè÷íîñòè äâèæåíèÿ æèäêîñòè çàäà÷à ðåäóöèðóåòñÿ ê å¼ îä-
íîìåðíîìó àíàëîãó, îïèñûâàåìîìó ñèñòåìîé ýâîëþöèîííûõ ïñåâäîäèô-
ôåðåíöèàëüíûõ íåëèíåéíûõ óðàâíåíèé íà ∂ω, äîïîëíåííîé äàííûìè
Êîøè. Äîêàçàíà ëîêàëüíàÿ òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
àíàëèòè÷åñêîãî ïî âðåìåíè ðåøåíèÿ çàäà÷è î �êàïëå� â òî÷íîé ìàòåìà-
òè÷åñêîé ïîñòàíîâêå. Â èòîãå ïîëó÷åíî ñòðîãî îáîñíîâàííîå îïèñàíèå
íà÷àëüíîé ñòàäèè äâèæåíèÿ îñåñèììåòðè÷íîé êàïëè, ïðåäøåñòâóþùåé
å¼ ýâîëþöèîííîìó �ðàçðóøåíèþ� â ìîìåíò ïîòåðè ðåøåíèåì àíàëèòè÷-
íîñòè. Ïîëó÷åííûé ðåçóëüòàò ìîæåò áûòü èñïîëüçîâàí â êà÷åñòâå ñòàð-
òîâîãî â äîêàçàòåëüíûõ âû÷èñëåíèÿõ, îðãàíèçóåìûõ ïîñðåäñòâîì àíà-
ëèòè÷åñêîãî ïðîäîëæåíèÿ ðåøåíèÿ çàäà÷è �äàëåêî� ïî âðåìåíè ñ öåëüþ
îòûñêàíèÿ åãî îñîáåííîñòåé, åñëè îíè åñòü, íà ïîëîæèòåëüíîé ÷àñòè âå-
ùåñòâåííîé îñè âðåìåíè. Èíòåðåñ ê óêàçàííîé ïðîáëåìàòèêå, âñ¼ åù¼
íàõîäÿùåéñÿ âíå êîìïåòåíöèè ñîâðåìåííûõ àíàëèòè÷åñêèõ è ÷èñëåí-
íûõ ìåòîäîâ, ñôîðìèðîâàëñÿ ó àâòîðà ïîä íåïîñðåäñòâåííûì âëèÿíèåì
Ë.Â. Îâñÿííèêîâà è Ê.È. Áàáåíêî.
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1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
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2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; biberdorf@ngs.ru

Èññëåäîâàíèå óñòîé÷èâîñòè � îäíà èç íàèáîëåå àêòóàëüíûõ çàäà÷
ñîâðåìåííîé ôèçèêè, èíæåíåðèè è ìàòåìàòèêè. Ñ ýòîé öåëüþ ïðèìåíÿ-
þò ýêñïåðèìåíòàëüíûå, òåîðåòè÷åñêèå, à òàêæå ÷èñëåííûå ìåòîäû. Äàí-
íàÿ ðàáîòà ïîñâÿùåíà àïðîáàöèè ìåòîäà äèõîòîìèè ìàòðè÷íîãî ñïåêòðà
ïðè èçó÷åíèè ïðîöåññà ôîðìèðîâàíèÿ òóðáóëåíòíîãî òå÷åíèÿ.

Èññëåäîâàíèå óñëîâèé ðàçâèòèÿ òóðáóëåíòíîñòè, êàê ïðàâèëî, ïðî-
âîäèòñÿ ñ ïîìîùüþ äèñêðåòèçàöèè ñîîòâåòñòâóþùåé äèôôåðåíöèàëü-
íîé çàäà÷è ñ äàëüíåéøèì ðàññìîòðåíèåì ïîëíîé ñïåêòðàëüíîé çàäà÷è.
Îäíàêî ðåøåíèå ïîëíîé ñïåêòðàëüíîé çàäà÷è èçáûòî÷íî è ÷èñëåííî
íåóñòîé÷èâî â ñâÿçè ñ íåñèììåòðè÷íîñòüþ îïåðàòîðà. Ìåòîä äèõîòîìèè
ìàòðè÷íîãî ñïåêòðà ëèøåí ýòèõ íåäîñòàòêîâ, ðàçðàáàòûâàëñÿ äëÿ ðåøå-
íèÿ çàäà÷ óñòîé÷èâîñòè è ìîæåò áûòü ïðèìåíèì â äàííîì ñëó÷àå [1]. Íî
èñõîäíàÿ âåðñèÿ àëãîðèòìà äèõîòîìèè íå ïîäõîäèò äëÿ ðàáîòû ñ êîì-
ïëåêñíîçíà÷íûìè ìàòðèöàìè ñ áîëüøîé íîðìîé, êîòîðûå âñòðå÷àþòñÿ
â ïðàêòè÷åñêèõ ïðèëîæåíèÿõ. Ïîýòîìó áûëà ðàçðàáîòàíà ñïåöèàëüíàÿ
ìîäèôèêàöèÿ àëãîðèòìà, âîçìîæíîñòè êîòîðîé áûëè ïðîäåìîíñòðèðî-
âàíû íà ïðèìåðå ïëîñêîãî òå÷åíèÿ Ïóàçåéëÿ [2, ñ. 19�50]. Â ÷àñòíîñòè,
áûë ïîâòîðåí êëàññè÷åñêèé ðåçóëüòàò îá îïðåäåëåíèè ìèíèìàëüíîãî
÷èñëà Ðåéíîëüäñà, ïðè êîòîðîì ïîÿâëÿåòñÿ íåóñòîé÷èâîñòü ïî âðåìåíè.
Ðåçóëüòàòû ðàñ÷åòîâ ïîêàçàëè, ÷òî ìåòîä äèõîòîìèè õîðîøî ïîäõîäèò
äëÿ òàêîãî êðóãà çàäà÷.
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Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èíñòèòóò
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Ìîäåëèðîâàíèå òå÷åíèÿ ðåàëüíîãî ãàçà âîêðóã êðóãîâîãî êîíóñà àê-
òóàëüíî â öåëîì ðÿäå ïðèêëàäíûõ îáëàñòåé òàêèõ êàê, íàïðèìåð, êîí-
ñòðóèðîâàíèå ëåòàòåëüíûõ àïïàðàòîâ. Â ýòîì ñëó÷àå óðàâíåíèÿ ãàçî-
âîé äèíàìèêè ñâîäÿòñÿ ê ñèñòåìå ÎÄÓ, ïðè÷åì ñîîòâåòñòâóþùàÿ êðà-
åâàÿ çàäà÷à èìååò íåñòàíäàðòíûé âèä è íå ìîæåò áûòü ðåøåíà îáû÷-
íûìè ìåòîäàìè. Â ðàáîòå [1] ðåàëèçîâàí îäèí èç âîçìîæíûõ ïîäõîäîâ
ê ÷èñëåííîìó ðåøåíèþ äàííîé çàäà÷è. Îí ñâîäèòñÿ ê îïðåäåëåíèþ íó-
ëÿ ôóíêöèè, çíà÷åíèÿ êîòîðîé âû÷èñëÿþòñÿ èíòåãðèðîâàíèåì çàäà÷è
Êîøè. Äàííàÿ ôóíêöèÿ èìååò òîëüêî äâà èíòåðâàëà íåïðåðûâíîñòè â
îêðåñòíîñòÿõ èñêîìûõ óãëîâ óäàðíûõ âîëí. Âûÿâëåíèå ýòèõ èíòåðâàëîâ
ÿâëÿåòñÿ íàèáîëåå çàòðàòíûì ýòàïîì àëãîðèòìà è ïðè ýòîì íå ïîääà-
åòñÿ ïîëíîé àâòîìàòèçàöèè.

Â îñíîâó íîâîãî âû÷èñëèòåëüíîãî ìåòîäà ïîëîæåíî ïðåäñòàâëåíèå
ðåøàåìîé çàäà÷è êàê ñòàíäàðòíîé êðàåâîé çàäà÷è ñ äîïîëíèòåëüíûì
óñëîâèåì, à òàêæå ðåçóëüòàòû ìíîãî÷èñëåííûõ ýêñïåðèìåíòîâ. Íîâûé
ïîäõîä òàêæå çàêëþ÷àåòñÿ â ïîñòðîåíèè ïîñëåäîâàòåëüíûõ ïðèáëèæå-
íèé óãëà óäàðíîé âîëíû, îäíàêî äëÿ ôèêñèðîâàííîãî ïðèáëèæåíèÿ ðå-
øàåòñÿ êðàåâàÿ çàäà÷à, à äîïîëíèòåëüíîå óñëîâèå èñïîëüçóåòñÿ äëÿ
îïðåäåëåíèÿ ñëåäóþùåãî ïðèáëèæåíèÿ. Ýòîò ìåòîä ïîëíîñòüþ àâòîìà-
òèçèðîâàí è òðåáóåò ãîðàçäî ìåíüøå âû÷èñëèòåëüíîãî âðåìåíè è ðåñóð-
ñîâ.

ËÈÒÅÐÀÒÓÐÀ
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ÄËß ÊÂÀÇÈËÈÍÅÉÍÛÕ ÓÐÀÂÍÅÍÈÉ

Áîâêóí Â.À.

Óðàëüñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Á.Í. Åëüöèíà,
Åêàòåðèíáóðã, Ðîññèÿ; 123456m@inbox.ru

Îñíîâíûì îáúåêòîì èññëåäîâàíèé ÿâëÿåòñÿ àáñòðàêòíàÿ ñòîõàñòè-
÷åñêàÿ çàäà÷à Êîøè äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ

X ′(t) = AX(t) + F (X(t)) +BW(t), t ∈ [0;T ], X(0) = ζ. (1)

Çäåñü îïåðàòîð A ÿâëÿåòñÿ ãåíåðàòîðîì n-ðàç èíòåãðèðîâàííîé ýêñïî-
íåíöèàëüíî îãðàíè÷åííîé ïîëóãðóïïû â ïðîñòðàíñòâå L2(R); F � íåëè-
íåéíîå îòîáðàæåíèå â L2(R); {W(t), t ≥ 0} � (îáîáùåííûé) ïðîöåññ
òèïà áåëîãî øóìà ñî çíà÷åíèÿìè â ãèëüáåðòîâîì ïðîñòðàíñòâå H; ζ �
Ha-çíà÷íàÿ ñëó÷àéíàÿ âåëè÷èíà, ãäå Ha � íåêîòîðàÿ àëãåáðà â L2(R)
è B ∈ L(H,Ha).

Äëÿ ðåøåíèÿ çàäà÷è Êîøè (1) â ðàáîòå èñïîëüçóåòñÿ ïîäõîä, îïè-
ðàþùèéñÿ íà òåîðèþ Êîëîìáî óìíîæåíèÿ îáîáùåííûõ ôóíêöèé (ñì.,
íàïðèìåð, [1, 2]) è ìåòîä ðåøåíèÿ çàäà÷è (1) ñ ãåíåðàòîðîì ïîëóãðóïïû
êëàññà C0, ïðåäëîæåííûé â ðàáîòå [3]: çàäà÷à (1) ïîãðóæàåòñÿ â ñòîõà-
ñòè÷åñêóþ ôàêòîð-àëãåáðó Gn(Ω,Ha). Òîãäà äëÿ ðåøåíèÿ çàäà÷è (1)
èìååò ìåñòî ðåçóëüòàò.

Òåîðåìà. Ïóñòü îïåðàòîð A óäîâëåòâîðÿåò óñëîâèÿì, îãîâîðåííûì
âûøå, DomA2 ⊂ Ha ⊂ DomA, îòîáðàæåíèå F ÿâëÿåòñÿ áåñêîíå÷íî
äèôôåðåíöèðóåìûì, óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà è F (0) = 0. Òî-
ãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü Yj ∈ Gn(Ω,Ha), ïîëó÷åííàÿ ìåòî-
äîì ñæèìàþùèõ îòîáðàæåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû ãîñóäàðñòâåííîé ïîääåðæ-

êè âåäóùèõ íàó÷íûõ øêîë (ÍØ-9356.2016.1).
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Â ðàáîòå ïðîäîëæàþòñÿ èññëåäîâàíèÿ [1, 2] ðàçðåøèìîñòè êðàåâûõ
çàäà÷

L(Dx)U = F (x), x ∈ Rn
+
, B(Dx)U |xn=0 = Φ(x′)

äëÿ êâàçèýëëèïòè÷åñêèõ ñèñòåì â ïîëóïðîñòðàíñòâå Rn
+
= {x = (x′, xn) :

x′ ∈ Rn−1, xn > 0}. Ðàññìàòðèâàåòñÿ êëàññ ìàòðè÷íûõ êâàçèýëëèïòè÷å-
ñêèõ îïåðàòîðîâ L(Dx), ââåäåííûé Ë.Ð. Âîëåâè÷åì [3]. Ïðåäïîëàãàåò-
ñÿ, ÷òî äëÿ êðàåâûõ çàäà÷ âûïîëíåíî óñëîâèå Ëîïàòèíñêîãî. Äîêàçàíà
áåçóñëîâíàÿ ðàçðåøèìîñòü ðàññìàòðèâàåìûõ êðàåâûõ çàäà÷ â W l

p ïðè
p > p∗ > 1, à ïðè p ≤ p∗ óêàçàíû íåîáõîäèìûå óñëîâèÿ ðàçðåøèìî-
ñòè êðàåâûõ çàäà÷ â ñîáîëåâñêèõ ïðîñòðàíñòâàõ. Ïðè Φ = 0 ïîëó÷åí-
íûå óñëîâèÿ ÿâëÿþòñÿ äîñòàòî÷íûìè äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè â
W l
p (ñì. [2]).
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Ðàññìîòðèì ëèíåéíóþ ðàâíîìåðíî âïîëíå óïðàâëÿåìóþ [1] ñèñòåìó

ẋ = A(t)x+B(t)u, x ∈ R2, u ∈ Rm, m ∈ {1, 2}, t > 0, (1)

ñ íàáëþäàòåëåì y = C(t)x, y ∈ Rk, k ∈ N, t > 0.
Íàðÿäó ñ ñèñòåìîé (1) ðàññìîòðèì ñèñòåìó ñ íóëåâûì óïðàâëåíèåì

ẋ = A(t)x, y = C(t)x, x ∈ R2, y ∈ Rk, t > 0, (2)

îáëàäàþùóþ ñâîéñòâîì ðàâíîìåðíîé ïîëíîé íàáëþäàåìîñòè [2, ñ. 304].
Áóäåì ñ÷èòàòü, ÷òî ìàòðèöû-ôóíêöèè A(·), B(·) è C(·) ïðèíàäëåæàò
êëàññó ëîêàëüíî èíòåãðèðóåìûõ è èíòåãðàëüíî îãðàíè÷åííûõ ôóíêöèé.

Ïîñòðîèì ïî ñèñòåìå (1) è ïî âûõîäó y ñèñòåìó

˙̂x = A(t)x̂+ V (t)(y(t)− C(t)x̂) +B(t)u, x̂ ∈ R2, (3)

ãäå x̂(t)� îöåíêà ñîñòîÿíèÿ ñèñòåìû (1). Âûáåðåì âåêòîðíîå óïðàâëåíèå
u â âèäå ëèíåéíîé ïî ôàçîâûì ïåðåìåííûì îáðàòíîé ñâÿçè u = U(t)x̂.

Ñèñòåìó (3) íàçîâåì ðàâíîìåðíî ñòàáèëèçèðóåìîé [1], åñëè ïðè ëþ-
áîì α < 0 íàéäóòñÿ èçìåðèìûå è îãðàíè÷åííûå óïðàâëåíèÿ U(·) è
V (·), ÷òî äëÿ åå âåðõíåãî îñîáîãî ïîêàçàòåëÿ ñïðàâåäëèâî íåðàâåíñòâî
Ω0

U,V < α.
Íà îñíîâàíèè ïîäõîäà, ïðåäëîæåííîãî â [3], íàìè áûëà äîêàçàíà
Òåîðåìà. Åñëè ñèñòåìà (1) ðàâíîìåðíî âïîëíå óïðàâëÿåìà, (2) ðàâ-

íîìåðíî âïîëíå íàáëþäàåìà, òî ñèñòåìà (3)ðàâíîìåðíî ñòàáèëèçèðóåìà.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Áåëîðóññêîãî ðåñïóáëèêàíñêîãî ôîíäà

ôóíäàìåíòàëüíûõ èññëåäîâàíèé (� Ô16Ì-006).
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1Èíñòèòóò ìàòåìàòèêè ïðè Íàöèîíàëüíîì óíèâåðñèòåòå
Óçáåêèñòàíà èì. Ì. Óëóãáåêà, Òàøêåíò, Óçáåêèñòàí;

aleksandr.veksler@micros.uz
2Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà,
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Ïóñòü (Ω,F , µ) � èçìåðèìîå ïðîñòðàíñòâî ñ ïîëíîé σ-êîíå÷íîé ìå-
ðîé µ è E � èíòåðïîëÿöèîííîå ñèììåòðè÷íîå ïðîñòðàíñòâî äåéñòâè-
òåëüíûõ èçìåðèìûõ ôóíêöèé íà (Ω,F , µ). Îáîçíà÷èì ÷åðåç AC(Ω,F , µ)
ïðîñòðàíñòâî âñåõ ëèíåéíûõ L1 − L∞-ñæàòèé â L1 + L∞.

Èçâåñòíî, ÷òî êàæäîå ñèììåòðè÷íîå ïðîñòðàíñòâî E ñ ïîðÿäêîâî
íåïðåðûâíîé íîðìîé ÿâëÿåòñÿ èíòåðïîëÿöèîííûì è, â ñëó÷àå êîãäà
µ(Ω) < ∞, â E âåðíà ñòàòèñòè÷åñêàÿ ýðãîäè÷åñêàÿ òåîðåìà äëÿ âñåõ
T ∈ AC(Ω,F , µ), ò. å. ñðåäíèå ×åçàðî An(T ) = 1

n+1

∑n
k=0

T k ñõîäÿòñÿ â
E â ñèëüíîé îïåðàòîðíîé òîïîëîãèè (ñì., íàïðèìåð, [1, ãëàâà 2, � 2.1,
òåîðåìà 2.1.3]). Äëÿ ñèòóàöèè µ(Ω) = ∞ ñòàòèñòè÷åñêàÿ ýðãîäè÷åñêàÿ
òåîðåìà óæå íåâåðíà äàæå äëÿ ïðîñòðàíñòâ L1(Ω,F , µ).

Ñëåäóþùàÿ òåîðåìà âûäåëÿåò êëàññ ñèììåòðè÷íûõ ïðîñòðàíñòâ â
ñëó÷àå µ(Ω) = ∞, äëÿ êîòîðûõ ñîõðàíÿåòñÿ óòâåðæäåíèå ñòàòèñòè÷å-
ñêîé ýðãîäè÷åñêîé òåîðåìû (ñð. [2, òåîðåìà 4.2]).

Òåîðåìà. Ïóñòü E = E(Ω,F , µ) � ñèììåòðè÷íîå ïðîñòðàíñòâî íà
(Ω,F , µ) ñ ïîðÿäêîâî íåïðåðûâíîé íîðìîé, µ(Ω) = ∞, è â E âûïîë-
íåíî ñëåäóþùåå óñëîâèå: ∥χFn∥E/µ(Fn) → 0 äëÿ ëþáîé âîçðàñòàþùåé
ïîñëåäîâàòåëüíîñòè ìíîæåñòâ {Fn} ⊂ F c íåíóëåâîé êîíå÷íîé ìåðîé
µ(Fn) → ∞. Òîãäà äëÿ ëþáûõ f ∈ E è T ∈ AC(Ω,F , µ) ñóùåñòâóåò

òàêîå f̂ ∈ E, ÷òî ∥An(T )(f)− f̂∥E → 0.
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Ðàññìàòðèâàþòñÿ ïëîñêèå ïîëèíîìèàëüíûå ñèñòåìû ÎÄÓ âèäà

ẋ = x+ Pn(x, y), ẏ = y +Qn(x, y), (1)

ãäå Pn(x, y), Qn(x, y) � îäíîðîäíûå ìíîãî÷ëåíû ñòåïåíè n ≥ 2; ïðè
ýòîì ïðåäïîëàãàåòñÿ, ÷òî ìíîãî÷ëåíû Pn(x, y), Qn(x, y) íå èìåþò îáùèõ
ìíîæèòåëåé è óðàâíåíèå uPn(1, u)−Qn(1, u) = 0 èìååò òîëüêî ïðîñòûå
êîðíè.

Ïðîâåäåíî èññëåäîâàíèå êîíå÷íûõ è áåñêîíå÷íî óäàë¼ííûõ îñîáûõ
òî÷åê ñèñòåìû (1); èçó÷åíî ïîâåäåíèå ñåïàðàòðèñ; ïîëó÷åíû íåîáõîäè-
ìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïðåäåëüíîãî öèêëà. Äîêàçà-
íî, ÷òî ãëîáàëüíûé ôàçîâûé ïîðòðåò ñèñòåìû (1) îäíîçíà÷íî îïðåäå-
ëÿåòñÿ ñòðîåíèåì å¼ ýêâàòîðà Ïóàíêàðå. Íà îñíîâå ïðîâåä¼ííîãî èññëå-
äîâàíèÿ äîêàçàíî, ÷òî ó êóáè÷åñêîé ñèñòåìû âèäà (1) èìååòñÿ 14 òèïîâ
òîïîëîãè÷åñêè îðáèòàëüíî íåýêâèâàëåíòíûõ ôàçîâûõ ïîðòðåòîâ.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 15-01-00745).
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Ê ÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÀÄÈÀËÜÍÎÃÎ
ÑÕËÎÏÛÂÀÍÈß ÖÈËÈÍÄÐÈ×ÅÑÊÎÉ
ÎÁÎËÎ×ÊÈ, ÍÀÏÎËÍÅÍÍÎÉ ÂßÇÊÎÉ

ÍÅÑÆÈÌÀÅÌÎÉ ÆÈÄÊÎÑÒÜÞ

Ãåðàñèìîâ À.Þ.1, Ãîäåí-Áóàòàð Ì.2,
Ãóáàðåâ Þ.Ã.1,3, Ïàâàæî Ë.4

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
matan_panda@mail.ru

2Íàöèîíàëüíûé ôðàíöóçñêèé óíèâåðñèòåò ãðàæäàíñêîé àâèàöèè,
Òóëóçà, Ôðàíöèÿ; mathieu.godin-boitard@wanadoo.fr

3Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; gubarev@hydro.nsc.ru

4Óíèâåðñèòåò ïðîìûøëåííûõ òåõíîëîãèé, Áèàððèö, Ôðàíöèÿ;
l.pavageau@net.estia.fr

Èçó÷àåòñÿ çàäà÷à óñòîé÷èâîñòè ðàäèàëüíîãî ñõëîïûâàíèÿ öèëèíä-
ðè÷åñêîé îáîëî÷êè, êîòîðàÿ çàïîëíåíà îäíîðîäíîé ïî ïëîòíîñòè âÿçêîé
íåñæèìàåìîé æèäêîñòüþ [1]. Ïðèíèìàþòñÿ ñëåäóþùèå ïðåäïîëîæåíèÿ:
1) âíóòðè îáîëî÷êè ñîäåðæèòñÿ âàêóóì; 2) ñíàðóæè åå îêðóæàåò ñëîé
ñæàòîãî ïîëèòðîïíîãî ãàçà, ÿâëÿþùåãîñÿ ïðîäóêòîì ìãíîâåííîé äåòî-
íàöèè è îêàçûâàþùåãî íà âíåøíþþ ïîâåðõíîñòü îáîëî÷êè íåíóëåâîå
ïîñòîÿííîå äàâëåíèå; 3) çà ñëîåì ãàçà âíîâü íàõîäèòñÿ âàêóóì.

Ïðÿìûì ìåòîäîì Ëÿïóíîâà [2] óñòàíîâëåíà àáñîëþòíàÿ óñòîé÷è-
âîñòü ðàäèàëüíîãî ñõëîïûâàíèÿ ðàññìàòðèâàåìîé öèëèíäðè÷åñêîé îáî-
ëî÷êè ïî îòíîøåíèþ ê êîíå÷íûì âîçìóùåíèÿì òîãî æå òèïà ñèììåò-
ðèè. Êîíêðåòíî, ïîñòðîåíà ôóíêöèÿ Ëÿïóíîâà, êîòîðàÿ óäîâëåòâîðÿåò
âñåì óñëîâèÿì òåîðåìû Ëÿïóíîâà îá óñòîé÷èâîñòè.

Ýòîò ðåçóëüòàò îçíà÷àåò, ÷òî êóìóëÿöèè êèíåòè÷åñêîé ýíåðãèè æèä-
êîñòè â ïðîöåññå ðàäèàëüíîãî ñõëîïûâàíèÿ èçó÷àåìîé öèëèíäðè÷åñêîé
îáîëî÷êè ê ñâîåé îñè íèêîãäà íå âîçíèêàåò, ÷òî öåëèêîì ïîäòâåðæäàåò
è ñòðîãî äîêàçûâàåò ñîîòâåòñòâóþùóþ ãèïîòåçó, âûäâèíóòóþ ðàíåå àâ-
òîðîì ìîíîãðàôèè [1] íà îñíîâå äàííûõ åãî ôèçè÷åñêèõ ýêñïåðèìåíòîâ.

ËÈÒÅÐÀÒÓÐÀ

1. Òðèøèí Þ.À. Ôèçèêà êóìóëÿòèâíûõ ïðîöåññîâ. Íîâîñèáèðñê: Èçä-âî
Èí-òà ãèäðîäèíàìèêè, 2005.

2. Ëà-Ñàëëü Æ., Ëåôøåö Ñ. Èññëåäîâàíèå óñòîé÷èâîñòè ïðÿìûì ìåòîäîì
Ëÿïóíîâà. Ì.: Ìèð, 1964.
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ÈÍÂÀÐÈÀÍÒÍÛÅ ÎÏÅÐÀÒÎÐÛ È ÂÛÄÅËÅÍÈÅ
ÎÑÒÀÒÎ×ÍÛÕ ÍÀÏÐßÆÅÍÈÉ

Ãîðäèåíêî Â.Ì.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; gordienk@math.nsc.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèÿ ëèíåéíîé òåîðèè óïðóãîñòè â
íàïðÿæåíèÿõ äëÿ òð¼õìåðíîãî ïðîñòðàíñòâà

1

K

∂p

∂t
− divu = 0,

ϱ
∂u

∂t
− grad p− σ̂∇ = 0,

1

µ

∂σ̂

∂t
−∇u⊤ − u∇⊤ +

2

3
divu · I = 0,

ãäå p � ñêàëÿðíàÿ ÷àñòü òåíçîðà íàïðÿæåíèé, σ̂ � äåâèàòîð òåíçîðà
íàïðÿæåíèé (ñèììåòðè÷åñêàÿ ìàòðèöà ñ íóëåâûì ñëåäîì), u� ñêîðîñòü

äåôîðìàöèè (òð¼õìåðíûé ñòîëáåö), ∇ =
[
∂1 ∂2 ∂3

]⊤
.

Ïðè t = 0 çàäàíû íà÷àëüíûå óñëîâèÿ p|t=0
= p0, u|t=0

= u0, σ̂|t=0
=

σ̂0.
Ïîêàçàíî, êàê íà÷àëüíûå äàííûå ðàçëîæèòü â ñóììó äâóõ ñëàãàå-

ìûõ: p0 = p1 + p2, u0 = u1 + u2, σ̂0 = σ̂1 + σ̂2, òàê ÷òî îò ïåðâîãî
ñëàãàåìîãî ïîëó÷èòñÿ ñòàöèîíàðíîå ðåøåíèå, íå óäîâëåòâîðÿþùåå óñëî-
âèþ ñîâìåñòíîñòè Ñåí-Âåíàíà à, çíà÷èò, íå ïðåäñòàâëÿþùååñÿ ÷åðåç ïå-
ðåìåùåíèå (îñòàòî÷íûå íàïðÿæåíèÿ), à îò âòîðîãî � íåñòàöèîíàðíîå,
óäîâëåòâîðÿþùåå óñëîâèþ Ñåí-Âåíàíà è, ñëåäîâàòåëüíî, ïðåäñòàâëÿþ-
ùååñÿ ÷åðåç ïåðåìåùåíèå.

Äëÿ ïîñòðîåíèÿ óêàçàííîãî ðàçëîæåíèÿ ðåøàåì ñåðèþ óðàâíåíèé
Ïóàññîíà:

△b = (p · I + σ̂)∇, △φ = divb, △a = rotb,

çàòåì ïîëàãàåì:

q =
1

λ+ 2µ
gradφ+

1

µ
rota, p2 =

K

λ+ 2µ
divb, u2 = u0,

σ̂2 = µ

(
∇q⊤ + q∇⊤ − 2

3
divq · I

)
.
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Î ÍÅÊÎÒÎÐÎÉ ÇÀÄÀ×Å ÑÎÏÐßÆÅÍÈß
ÄËß ÏÑÅÂÄÎÏÀÐÀÁÎËÈ×ÅÑÊÈÕ È

ÏÑÅÂÄÎÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Ãðèãîðüåâà À.È.

Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èì. Ì.Ê. Àììîñîâà,
ßêóòñê, Ðîññèÿ; shadrina_ai1@mail.ru

Â ðàáîòå èçó÷àåòñÿ ðàçðåøèìîñòü çàäà÷è ñîïðÿæåíèÿ äëÿ óðàâíåíèé

ut −
∂

∂x
(h(x)uxt)− a(x, t)uxx + b(x, t)ux + c(x, t)u = f(x, t),

utt −
∂

∂x
(h(x)uxt)− a(x, t)uxx + b(x, t)ux + c(x, t)u = f(x, t),

ãäå h(x) åñòü çàäàííàÿ îïðåäåëåííàÿ ïðè x ∈ [−1, 0] è x ∈ (0, 1]ôóíêöèÿ,
ñòðîãî ïîëîæèòåëüíàÿ è äèôôåðåíöèðóåìàÿ íà óêàçàííûõ ìíîæåñòâàõ
è òàêàÿ, ÷òî ó íåå îïðåäåëåíî êîíå÷íîå çíà÷åíèå h(+0), òàêæå ÿâëÿþùå-
åñÿ ïîëîæèòåëüíûì ÷èñëîì, à òàêæå îïðåäåëåíû êîíå÷íûå ïðîèçâîäíûå
h′(±0).

Äëÿ äîêàçàòåëüñòâà òåîðåì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãó-
ëÿðíûõ ðåøåíèé èñïîëüçóåòñÿ ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó.
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ÎÄÍÎÌÅÐÍÀß ÌÎÄÅËÜ ÃÅÌÎÄÈÍÀÌÈÊÈ
ÄËß ÊÎÍÈ×ÅÑÊÈÕ ÑÎÑÓÄÎÂ

Äàâûäîâà Ñ. Ã.1, Áèáåðäîðô Ý.À.1,2

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
svetamira_davydova@mail.ru

2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; biberdorf@ngs.ru

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â áèîëîãèè è ìåäèöèíå ïðèîáðåòàåò
âñ¼ áîëüøèå ìàñøòàáû. Â ÷àñòíîñòè, ìíîæåñòâî ðàáîò ïîñâÿùåíî ìîäå-
ëèðîâàíèþ ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû. Ïðè ìîäåëèðîâàíèè àðòåðè-
àëüíîé ñèñòåìû ÷åëîâåêà ïîïóëÿðíà îäíîìåðíàÿ ìîäåëü ãåìîäèíàìèêè.
Ïðè ýòîì ôîðìà ñîñóäîâ ñ÷èòàåòñÿ öèëèíäðè÷åñêîé, õîòÿ ðÿä êðóïíûõ
ñîñóäîâ, íàïðèìåð, àîðòà, èìååò êîíè÷åñêóþ ôîðìó. Â äàííîé ðàáîòå
ïîëó÷åíà ñèñòåìà óðàâíåíèé îäíîìåðíîé ìîäåëè ãåìîäèíàìèêè äëÿ ñî-
ñóäîâ êîíè÷åñêîé ôîðìû ïóòåì óñðåäíåíèÿ óðàâíåíèé Íàâüå � Ñòîêñà
è ïðîâåäåí ðÿä ÷èñëåííûõ ýêñïåðèìåíòîâ.

Íàèáîëåå èíòåðåñíûå ðåçóëüòàòû ñâÿçàíû ñ ðàñïðîñòðàíåíèåì ïóëü-
ñîâîé âîëíû. Îêàçàëîñü, ÷òî ñêîðîñòè ïóëüñîâîé âîëíû â êîíè÷åñêîì,
öèëèíäðè÷åñêîì ñîñóäàõ, à òàêæå ðàññ÷èòàííàÿ ïî ôîðìóëå Ìîåíñà �
Êîðòåâåãà ïðèáëèçèòåëüíî ðàâíû. Òàêæå ïðîâåäåíî èññëåäîâàíèå âëè-
ÿíèÿ êîýôôèöèåíòà ôèëüòðàöèè íà ôîðìèðîâàíèå îòðàæåííîé âîëíû
è îòðàæåíèÿ ïóëüñîâîé âîëíû îò ñòûêà äâóõ öèëèíäðè÷åñêèõ ñîñóäîâ,
êîòîðîå ïîêàçàëî, ÷òî èñïîëüçîâàíèå êîíè÷åñêèõ ñîñóäîâ, à òàêæå ñïå-
öèàëüíîãî êîýôôèöèåíòà ôèëüòðàöèè íà êîíöàõ òåðìèíàëüíûõ ñîñóäîâ
ïðèâîäèò ê ñãëàæèâàíèþ ôîðìû ïóëüñîâîé âîëíû.

Ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé, ìîäåëèðóþùèõ êðîâîòîê äëÿ ñîñó-
äîâ êîíè÷åñêîé ôîðìû, ìîæåò áûòü ðåêîìåíäîâàíà äëÿ óñîâåðøåíñòâî-
âàíèÿ êîìïëåêñíîé ìàòåìàòè÷åñêîé ìîäåëè ñåðäå÷íî-ñîñóäèñòîé ñèñòå-
ìû, ðåàëèçîâàííîé íà ïëàòôîðìå BioUML (ñîâìåñòíàÿ ðàáîòà ÈÌ ÑÎ
ÐÀÍ è ÊÒÈ ÂÒ ÑÎ ÐÀÍ) [1], â ÷àñòíîñòè, äëÿ áîëåå àäåêâàòíîãî ìî-
äåëèðîâàíèÿ ïðîôèëÿ ïóëüñîâîé âîëíû.

ËÈÒÅÐÀÒÓÐÀ

1. Êèñåëåâ È.Í., Áèáåðäîðô Ý.À., Áàðàíîâ Â.È., Êîìëÿãèíà Ò. Ã., Ìåëüíè-
êîâ Â.Í., Ñóâîðîâà È.Þ., Êðèâîùåêîâ Ñ. Ã., Êîëïàêîâ Ô.À. Ïåðñîíàëè-
çàöèÿ ïàðàìåòðîâ è âàëèäàöèÿ ìîäåëè ñåðäå÷íî-ñîñóäèñòîé ñèñòåìû ÷åëî-
âåêà // Ìàòåìàòè÷åñêàÿ áèîëîãèÿ è áèîèíôîðìàòèêà. 2015. Ò. 10, âûï. 2.
Ñ. 526�547.
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Î ÒÐÀÍÑÔÎÐÌÀÖÈßÕ ÄÀÍÍÛÕ ÐÀÑÑÅßÍÈß
ÄËß ÎÏÅÐÀÒÎÐÀ ØÐÅÄÈÍÃÅÐÀ
ÍÀ ÌÅÒÐÈ×ÅÑÊÈÕ ÃÐÀÔÀÕ

Äåäîê Â.À.1, Äåìüÿíåíêî À.Â.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; dedok@math.nsc.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
alex.demy@yandex.ru

Â ðàáîòå èññëåäóåòñÿ çàäà÷à ïîñòðîåíèÿ òî÷íûõ àíàëèòè÷åñêèõ ðå-
øåíèé ïðÿìîé çàäà÷è ðàññåÿíèÿ äëÿ óðàâíåíèÿ Øðåäèíãåðà íà ìåòðè-
÷åñêèõ ãðàôàõ [1, 2].

Îïåðàòîðîì Øðåäèíãåðà H = L + Q íà ãðàôå G áóäåì íàçûâàòü
îïåðàòîð, äåéñòâóþùèé íà ñîáîëåâñêîì ïðîñòðàíñòâå W 2

2
(G) ôóíêöèé,

îãðàíè÷åíèå êîòîðûõ íà êàæäîå ðåáðî bj ãðàôà ïðèíàäëåæèò ïðîñòðàí-
ñòâó W 2

2
(bj), ïî ïðàâèëó

H = − d2

dx2
+ q(x).

Ïîòåíöèàë q(x) ïðåäïîëàãàåòñÿ âåùåñòâåííûì, èçìåðèìûì è ñ êîíå÷-
íûì ïåðâûì ìîìåíòîì.

Ìàòðèöà ðàññåÿíèÿ îïðåäåëÿåòñÿ àñèìïòîòèêàìè ðåøåíèÿ óðàâíå-
íèÿ Hψ = k2ψ íà ïîëóáåñêîíå÷íûõ ðåáðàõ ãðàôà:

ψjl (x, k) = Tlj(k)e
ikx + o(1), x→ ∞, x ∈ Ej , 1 ≤ j, l ≤ n, j ̸= l,

ψll(x, k) = e−ikx +Rll(k)e
ikx + o(1), x→ ∞, x ∈ El, 1 ≤ l ≤ n.

Ðàññìàòðèâàåòñÿ çàäà÷à òðàíñôîðìàöèè ìàòðèöû ðàññåÿíèÿ äëÿ
÷àñòíûõ ñëó÷àåâ ãðàôîâ ïðè ëîêàëüíûõ ñòóïåí÷àòûõ äåôîðìàöèÿõ ðàñ-
ñåèâàþùåãî ïîòåíöèàëà íà êîìïàêòíîé ÷àñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 14-01-00208).
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Î ÑÂÎÉÑÒÂÀÕ
ÊÂÀÇÈÝËËÈÏÒÈ×ÅÑÊÈÕ ÎÏÅÐÀÒÎÐÎÂ

Äåìèäåíêî Ã.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

demidenk@math.nsc.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ êëàññû ìàòðè÷íûõ êâàçèýëëèïòè÷åñêèõ
îïåðàòîðîâ L(Dx) â Rn, ñèìâîëû êîòîðûõ íå ÿâëÿþòñÿ êâàçèîäíîðîä-
íûìè. Ýòè îïåðàòîðû ìîæíî ïðåäñòàâèòü â âèäå

L(Dx) = L0(Dx) + L′(Dx),

ãäå L0(Dx) � îïåðàòîðû ñ êâàçèîäíîðîäíûìè ñèìâîëàìè (ñì. [1]), à
îïåðàòîðû L′(Dx) � âîçìóùåíèÿ ìëàäøèìè ÷ëåíàìè. Öåëü èññëåäîâà-
íèé � èçó÷åíèå ñâîéñòâ èçîìîðôèçìà îïåðàòîðîâ L(Dx) â ïðîñòðàí-
ñòâàõ ñóììèðóåìûõ ôóíêöèé.

Ïåðâûå òåîðåìû îá èçîìîðôèçìå äëÿ ñêàëÿðíûõ ýëëèïòè÷åñêèõ îïå-
ðàòîðîâ áûëè ïîëó÷åíû â ðàáîòàõ Â.À. Êîíäðàòüåâà è Ë.À. Áàãèðîâà,
M. Cantor, R.C. McOwen. Òåîðåìû îá èçîìîðôèçìå îäíîðîäíûõ ìàò-
ðè÷íûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ áûëè äîêàçàíû Y. Choquet-Bruhat,
D. Christodoulou, R.B. Lockhart, R.C. McOwen. Îòìåòèì, ÷òî òåîðå-
ìû îá èçîìîðôèçìå äëÿ ýëëèïòè÷åñêèõ îïåðàòîðîâ ïî Ïåòðîâñêîìó è
ýëëèïòè÷åñêèõ îïåðàòîðîâ ïî Äóãëèñó � Íèðåíáåðãó (áåç ìëàäøèõ ÷ëå-
íîâ) ñîäåðæàòñÿ â [1].

Ïåðâûå òåîðåìû îá èçîìîðôèçìå äëÿ îäíîðîäíûõ êâàçèýëëèïòè÷å-
ñêèõ îïåðàòîðîâ äîêàçàíû àâòîðîì [2]. Â ðàáîòå [1] ñîäåðæèòñÿ ðÿä
óòâåðæäåíèé îá èçîìîðôèçìå äëÿ êëàññîâ êâàçèýëëèïòè÷åñêèõ îïåðà-
òîðîâ áåç âîçìóùåíèé ìëàäøèìè ÷ëåíàìè. Â íàñòîÿùåé ðàáîòå ìû ââî-
äèì ñïåöèàëüíóþ øêàëó âåñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâ W l

p,q,σ, â êî-
òîðîé óäàåòñÿ óñòàíîâèòü ñâîéñòâî èçîìîðôèçìà äëÿ êëàññîâ îïåðàòî-
ðîâ L(Dx) ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà âîçìóùåíèÿ.
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1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
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Â ðàáîòå èçó÷åíà çàäà÷à îá ýêñïîíåíöèàëüíîé äèõîòîìèè äëÿ ñèñòåì
ëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè

xn+1 = A(n)xn, n ∈ Z,

ãäå {A(n)} � N -ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü íåâûðîæäåííûõ
ìàòðèö m × m. Óñòàíîâëåí êðèòåðèé ýêñïîíåíöèàëüíîé äèõîòîìèè â
òåðìèíàõ ðàçðåøèìîñòè ñïåöèàëüíîé êðàåâîé çàäà÷è äëÿ ñèñòåìû äèñ-
êðåòíûõ óðàâíåíèé Ëÿïóíîâà. Ïîëó÷åíû îöåíêè ïàðàìåòðîâ äèõîòî-
ìèè.

Íàøè ðåçóëüòàòû ÿâëÿþòñÿ àíàëîãàìè íåêîòîðûõ ðåçóëüòàòîâ, óñòà-
íîâëåííûõ â ðàáîòàõ Ì.Ã. Êðåéíà, Ñ.Ê. Ãîäóíîâà, À.ß. Áóëãàêîâà äëÿ
ñèñòåì ðàçíîñòíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ [1�5].
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ÑÎÁÎËÅÂÀ, ÓÄÎÂËÅÒÂÎÐßÞÙÈÕ

ÍÅÊÎÒÎÐÛÌ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÌ
ÍÅÐÀÂÅÍÑÒÂÀÌ

Åãîðîâ À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

yegorov@math.nsc.ru

Ïðè èçó÷åíèè óñòîé÷èâîñòè êëàññîâ îòîáðàæåíèé â [1] âàæíóþ ðîëü
èãðàþò ñëåäóþùèå îòîáðàæåíèÿ v : U → Rm êëàññà Ñîáîëåâà W 1

k,loc,
îïðåäåëåííûå íà îáëàñòÿõ U ⊂ Rn è óäîâëåòâîðÿþùèå äèôôåðåíöè-
àëüíûì íåðàâåíñòâàì

F (v′(x)) ≤ KG(v′(x)) äëÿ ï. â. x ∈ U, K ≥ 1, (1)

ãäå F : Rm×n → R � k-îäíîðîäíàÿ êâàçèâûïóêëàÿ ôóíêöèÿ, à G :
Rm×n → R � k-îäíîðîäíûé íóëü-ëàãðàíæèàí. Çäåñü k, n,m ∈ N, 2 ≤
k ≤ min{n,m}, v′(x) � ìàòðèöà ßêîáè îòîáðàæåíèÿ v â òî÷êå x ∈ U ,
Rm×n � ïðîñòðàíñòâî âåùåñòâåííûõ (m× n)-ìàòðèö. Äëÿ êëàññîâ îòîá-
ðàæåíèé, óäîâëåòâîðÿþùèõ íåðàâåíñòâó (1), â [1] áûëè, â ÷àñòíîñòè,
óñòàíîâëåíû ñâîéñòâà çàìêíóòîñòè îòíîñèòåëüíî ëîêàëüíî ðàâíîìåð-
íîé ñõîäèìîñòè è ã¼ëüäåðîâîé ðåãóëÿðíîñòè. Ðÿä äðóãèõ ðåçóëüòàòîâ
äëÿ ýòèõ îòîáðàæåíèé áûë ïîëó÷åí â [2]. Â ÷àñòíîñòè, òàì óñòàíîâ-
ëåíû òåîðåìà î ñàìîóëó÷øàþùåéñÿ èíòåãðèðóåìîñòè ïðîèçâîäíûõ è
òåîðåìà îá óñòðàíèìîñòè îñîáåííîñòåé. Äîêëàä ïîñâÿùåí îáñóæäåíèþ
íîâûõ ðåçóëüòàòîâ ïî ñâîéñòâàì îòîáðàæåíèé, óäîâëåòâîðÿþùèõ íåðà-
âåíñòâó (1). Ýòè ðåçóëüòàòû ðàçâèâàþò ðàíåå ïåðå÷èñëåííûå è ñëóæàò
äëÿ óñòàíîâëåíèÿ íîâûõ èíòåãðàëüíûõ îöåíîê äëÿ óêàçàííûõ îòîáðà-
æåíèé.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 14-01-00768).
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ÇÀÄÀ×È ÂÐÀÃÎÂÀ ÄËß ÓÐÀÂÍÅÍÈß

ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ ×ÅÒÍÎÃÎ ÏÎÐßÄÊÀ

Åãîðîâ È.Å.

Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èì. Ì.Ê. Àììîñîâà,
ßêóòñê, Ðîññèÿ; IvanEgorov51@mail.ru

Ïîñòàíîâêå êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà âòîðî-
ãî è âûñîêîãî ïîðÿäêîâ, èññëåäîâàíèþ îáîáùåííîé è ôðåäãîëüìîâîé
ðàçðåøèìîñòè ïîñâÿùåíî äîâîëüíî ìíîãî ðàáîò. Èçâåñòíî, ÷òî äëÿ ðàç-
âèòèÿ ñïåêòðàëüíîé òåîðèè äëÿ óðàâíåíèé ñìåøàííîãî òèïà âòîðîãî
ïîðÿäêà çíà÷èòåëüíûé âêëàä âíåñëè Ò.Ø. Êàëüìåíîâ, Å.È. Ìîèñååâ,
Ñ.Ì. Ïîíîìàðåâ, Ñ. Ã. Ïÿòêîâ è äðóãèå ìàòåìàòèêè. Ïðè ýòîì ðÿä ðà-
áîò ïîñâÿùåí èçó÷åíèþ ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé
ñìåøàííîãî òèïà íà ïëîñêîñòè ñî ñïåêòðàëüíûì ïàðàìåòðîì.

Â äàííîé ðàáîòå èññëåäóåòñÿ ôðåäãîëüìîâà ðàçðåøèìîñòü êðàåâîé
çàäà÷è Âðàãîâà [1] äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ÷åòíîãî ïîðÿäêà ñ
ïîìîùüþ ìåòîäà, ðàçðàáîòàííîãî â ðàáîòàõ [2, 3].

Â öèëèíäðè÷åñêîé ìíîãîìåðíîé îáëàñòè ðàññìàòðèâàåòñÿ êðàåâàÿ
çàäà÷à Âðàãîâà äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ÷åòíîãî ïîðÿäêà ñ ýë-
ëèïòè÷åñêèì îïåðàòîðîì ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Ïðè îïðå-
äåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû óðàâíåíèÿ äîêàçàíû îáîáùåííàÿ
ðàçðåøèìîñòü, åäèíñòâåííîñòü îáîáùåííîãî ðåøåíèÿ è ôðåäãîëüìîâà
ðàçðåøèìîñòü êðàåâîé çàäà÷è Âðàãîâà â ñîîòâåòñòâóþùèõ ïðîñòðàí-
ñòâàõ Ñîáîëåâà.
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Ïîñòðîåíèå îáùåé òåîðèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî
òèïà ñ ïðîèçâîëüíûì ìíîãîîáðàçèåì èçìåíåíèÿ òèïà áûëî íà÷àòî â
70-å ãîäû ïðîøëîãî âåêà Â.Í. Âðàãîâûì è ðÿäîì äðóãèõ àâòîðîâ. Â
äàëüíåéøåì ýòà òåîðèÿ ðàçâèâàëàñü âî ìíîãèõ íàïðàâëåíèÿõ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà, êîòîðàÿ â îáùåì ñëó÷àå îòëè÷àåòñÿ
îò äðóãèõ çàäà÷. Â ñëó÷àÿõ, êîãäà óðàâíåíèå èìååò ýëëèïòè÷åñêèé òèï
âáëèçè íèæíåãî îñíîâàíèÿ öèëèíäðè÷åñêîé îáëàñòè, à âáëèçè âåðõíåãî
îñíîâàíèÿ îíî èìååò ýëëèïòè÷åñêèé èëè ãèïåðáîëè÷åñêèé òèï, ñ ïî-
ìîùüþ ìîäèôèöèðîâàííîãî ìåòîäà Ãàëåðêèíà óñòàíîâëåíà îäíîçíà÷-
íàÿ ðåãóëÿðíàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è â ïðîñòðàíñòâå Ñîáîëå-
âà. Âïåðâûå ïîñòàíîâêà ýòîé çàäà÷è áûëà ñôîðìóëèðîâàíà àâòîðàìè
â ðàáîòå [1], â êîòîðîé åå ðàçðåøèìîñòü áûëà èññëåäîâàíà äëÿ ïåðâî-
ãî ñëó÷àÿ ñ ïîìîùüþ äðóãîé ìåòîäèêè. Â äàííîé ðàáîòå èñïîëüçóåòñÿ
íîâûé ïîäõîä [2], êîòîðûé ïîçâîëÿåò ïîëó÷èòü àïðèîðíûå îöåíêè äëÿ
ïðèáëèæåííûõ ðåøåíèé ñðàçó ïî âñåé îáëàñòè, íà îñíîâàíèè êîòîðûõ
ïîëó÷åíà îöåíêà ïîãðåøíîñòè ìîäèôèöèðîâàííîãî ìåòîäà Ãàëåðêèíà.

Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè Ðîñ-

ñèè íà 2014�2016 ãîäû (ïðîåêò � 3047).

ËÈÒÅÐÀÒÓÐÀ
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Î ßÄÐÀÕ ÀÂÒÎÍÎÌÍÛÕ
ÐÀÇÍÎÑÒÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

Åãîðøèí À.Î.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; egorshin@math.nsc.ru

Ëþáîå ëè ïîäïðîñòðàíñòâî ðàçìåðíîñòè n ìîæåò áûòü ÿäðîì ëè-
íåéíîãî àâòîíîìíîãî ðàçíîñòíîãî îïåðàòîðà ïîðÿäêà n? Ýòî ñîîáùåíèå
îòâå÷àåò íà ýòîò âîïðîñ. Âîçíèêàåò îí ïðè ïîñòàíîâêå íåêîòîðûõ âàðè-
àöèîííûõ çàäà÷ â êîíå÷íîìåðíûõ óíèòàðíûõ ïðîñòðàíñòâàõ E.

Ðå÷ü èäåò î ñëåäóþùåì òèïå âàðèàöèîííûõ çàäà÷. Îíè íàçûâàþòñÿ
çàäà÷àìè ñãëàæèâàíèÿ è èäåíòèôèêàöèè (ìàòåìàòè÷åñêîãî ìîäåëèðî-
âàíèÿ). Ïóñòü y = {y(i)}M0 ∈ E = EM+1. Çàäà÷à: ìèíèìèçèðîâàòü

J = ∥y − ŷ∥2, åñëè Dŷ =
{∑n

j=0
ŷ(j+k)α

∗
j

}K
k=0

= 0 è K =M − n.
Ìîæíî óâèäåòü, ÷òî ìàòðèöà îïåðàòîðà D â ýòîé çàäà÷å åñòü òåïëè-

öåâà ëåíòî÷íàÿ
(
(n+1)× (M +1)

)
-ìàòðèöà A∗(α) ñêîëüçÿùåãî âåêòîðà

α [1]: A = A(α) = {Ai,j = αi−j}i=M,j=K
i,j=0

è Ai,j = 0 ïðè 0 > i− j > n.

Èìååì çàäà÷ó ïðîåêòèðîâàíèÿ y íà S⊥(A). Çäåñü S = S(A)� îáîëî÷-
êà âåêòîðîâ A, à S⊥ = D � åå îðòîãîíàëüíîå äîïîëíåíèå � ÿäðî îïåðà-
òîðà D, dimS = K, à dimD = n. Óñëîâèÿ ìèíèìèçàöèè ôóíêöèîíàëà J
åñòü îãðàíè÷åíèÿ, åñëè íå êàæäîå K-ïîäïðîñòðàíñòâî èìååò áàçèñ âèäà
A è íå êàæäîå n-ïîäïðîñòðàíñòâî ìîæåò áûòü ÿäðîì îïåðàòîðà âèäàD.

Ñèñòåìû âåêòîðîâ Y = Y (B) = |yj |L0 = |Bjy0|L0 íàçûâàþòñÿ áàçèñàìè
Êðûëîâà. Åñëè B = U � èçîìåòðè÷åñêèé íà ñèñòåìå Y îïåðàòîð, òî òà-
êèå ñèñòåìû íàçûâàþòñÿ îäíîðîäíûìè. Ïóñòü Y � îäíîðîäíàÿ îðòîíîð-
ìàëüíàÿ ñèñòåìà â E. Ñèñòåìà X = |xj |N0 = |U jx0|N0 ⊆ S(Y ), N = L− n
íàçûâàåòñÿ n-ïîëèíîìèàëüíîé, åñëè x0 =

∑n
0
U jy0αj = pα(U).

Ëåììà. U = Y
1,L ⟨ · , YL−1⟩, ãäå Y1,L = |yj |L1 , YL−1 = |yj |L−1

0
.

Òåîðåìà. Ïîäïðîñòðàíñòâî ðàçìåðíîñòè n â E ìîæåò áûòü ÿäðîì
ëèíåéíîãî ðàçíîñòíîãî àâòîíîìíîãî îïåðàòîðà òîãäà è òîëüêî òîãäà,
êîãäà åãî îðòîãîíàëüíîå äîïîëíåíèå â íåêîòîðîé îðòîíîðìàëüíîé îäíî-
ðîäíîé ñèñòåìå âåêòîðîâ åñòü n-ïîëèíîìèàëüíàÿ ñèñòåìà.
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Ìàòåìàòèêà, ìåõàíèêà, èíôîðìàòèêà. 2014. Ò. 14, âûï. 3. Ñ. 29�42.
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ÎÏÒÈÌÀËÜÍÎÅ ÓÏÐÀÂËÅÍÈÅ Ñ ÎÁÐÀÒÍÎÉ
ÑÂßÇÜÞ ÄËß ÌÎÄÅËÈ ÄÆÅÔÔÐÈÑÀ
Ñ ÎÁÚÅÊÒÈÂÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ

Çâÿãèí À.Â.

Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Âîðîíåæ, Ðîññèÿ;
zvyagin.a@mail.ru

Ïóñòü Ω ⊆ Rn, n = 2, 3, � îãðàíè÷åííàÿ îáëàñòü. Ðàññìîòðèì ñëå-
äóþùóþ çàäà÷ó, îïèñûâàþùóþ äâèæåíèå çåìíîé êîðû:

∂v

∂t
+

n∑
i=1

vi
∂v

∂xi
−Divσ +∇p ∈ Ψ(v); (1)

σ + µ1

(
∂σ

∂t
+

n∑
i=1

vi
∂σ

∂xi
+ σW −Wσ

)
= 2ηE + 2ηµ2

(
∂E
∂t

+
n∑
i=1

vi
∂E
∂xi

+ EW −WE
)
; (2)

div v = 0; v|[0,T ]×∂Ω = 0; v(0, x) = v0; σ(0, x) = σ0. (3)

Çäåñü v � âåêòîð-ôóíêöèÿ ñêîðîñòè ÷àñòèöû æèäêîñòè; p � ôóíêöèÿ
äàâëåíèÿ; η > 0 � êèíåìàòè÷åñêèé êîýôôèöèåíò âÿçêîñòè; µ1 � âðåìÿ
ðåëàêñàöèè; µ2 � âðåìÿ çàïàçäûâàíèÿ, ïðè÷åì 0 < µ2 < µ1; E � òåíçîð
ñêîðîñòåé äåôîðìàöèè;W � òåíçîð çàâèõðåííîñòè; v0 è σ0 � íà÷àëüíûå
äàííûå.

Ïóñòü ìíîãîçíà÷íîå îòîáðàæåíèåΨ : E = L2(0, T ;V )∩W 1

1
(0, T ;V ∗)×

L2(0, T ;L2(Ω)) ( L2(0, T ;V
∗) óäîâëåòâîðÿåò óñëîâèÿì: (i1) Ψ îïðåäå-

ëåíî íà ïðîñòðàíñòâå E è èìååò íåïóñòûå, êîìïàêòíûå, âûïóêëûå çíà-
÷åíèÿ; (i2) Ψ ïîëóíåïðåðûâíî ñâåðõó è êîìïàêòíî; (i3) Ψ ãëîáàëüíî
îãðàíè÷åíî; (i4) Ψ ñëàáî çàìêíóòî.

Îáîçíà÷èì ÷åðåç Σ ⊂ E ìíîæåñòâî âñåõ ñëàáûõ ðåøåíèé çàäà÷è
(1)�(3). Ðàññìîòðèì ôóíêöèîíàë êà÷åñòâà Φ : Σ → R, óäîâëåòâîðÿþùèé
óñëîâèÿì: (j1) ñóùåñòâóåò ÷èñëî γ òàêîå, ÷òî Φ(v, σ) > γ; (j2) åñëè vm ⇀
v∗ â E è σ ⇀ σ∗ â E, òî Φ(v∗, σ∗) 6 lim

m→∞
Φ(vm, σ∗).

Òåîðåìà. Åñëè îòîáðàæåíèå Ψ óäîâëåòâîðÿåò óñëîâèÿì (i1)�(i4), à
ôóíêöèîíàë Φ óäîâëåòâîðÿåò (j1)�(j2), òîãäà çàäà÷à (1)�(3) èìååò õîòÿ
áû îäíî ñëàáîå ðåøåíèå (v∗, σ∗) òàêîå, ÷òî Φ(v∗, σ∗) = inf

(v,σ)∈Σ

Φ(v, σ).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-31-60075 ìîë_à_äê).
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ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å
Ñ ÈÍÒÅÃÐÀËÜÍÛÌÈ ÓÑËÎÂÈßÌÈ

ÄËß ÓÐÀÂÍÅÍÈß ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Çèêèðîâ Î.Ñ.

Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà,
Òàøêåíò, Óçáåêèñòàí; zikirov@yandex.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ðàçðåøèìîñòè îäíîé íåêëàññè-
÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ

Mu ≡
(
α
∂

∂x
+ β

∂

∂y

)
uxy + Lu = g(x, y), (1)

ãäå α, β � çàäàííûå ïîñòîÿííûå, ïðè÷åì α2 + β2 ̸= 0, à L � ëèíåéíîå
äèôôåðåíöèàëüíîå âûðàæåíèå âèäà

Lu ≡ a(x, y)uxx+2b(x, y)uxy+ c (x, y)uyy+d(x, y)ux+ e(x, y)uy+f(x, y)u

íà ïëîñêîñòè (x, y).
Îáîçíà÷èì D = {(x, y) : 0 < x < l, 0 < y < h}. Ïóñòü ki(x, y),

ψi(x), φi(y) (i = 1, 2) � çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ [0, l],
y ∈ [0, h].

Äëÿ óðàâíåíèÿ (1) èçó÷àåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè â îáëàñòè D
ðåøåíèå u(x, y) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå íà÷àëüíûì

u(x, 0) = ψ1(x), uy(x, 0) = ψ2(x), 0 ≤ x ≤ l, (2)

è íåêëàññè÷åñêèì óñëîâèÿì

u(0, y) =

l∫
0

k1(x, y)u(x, y)dx+ φ1(y), 0 ≤ y ≤ h, (3)

ux(0, y) =

l∫
0

k2(x, y)u(x, y)dx+ φ2(y), 0 ≤ y ≤ h. (4)

Ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå ôóíêöèè äîêàçàíî ñóùåñò-
âîâàíèå åäèíñòâåííîãî ðåøåíèÿ íåëîêàëüíîé çàäà÷è (1)�(4).
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ÈÑÑËÅÄÎÂÀÍÈÅ ÏÑÅÂÄÎÑÏÅÊÒÐÀ
ÍÅÊÎÒÎÐÛÕ ÌÀÒÐÈÖ, ÎÏÈÑÛÂÀÞÙÈÕ

ÏÐÎÖÅÑÑÛ Â ÈÌÌÓÍÎËÎÃÈÈ

Êàáàíèõèí Ñ.È.1,2, Êðèâîðîòüêî Î.È.1,2, Êîòîìèíà Ì.Á.2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ;

kabanikhin@sscc.ru, olga.krivorotko@sscc.ru
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

ritakot24314@mail.ru

Ïîëó÷åíû óñëîâèÿ óñòîé÷èâîñòè ðåøåíèé ñèñòåì ëèíåéíûõ àëãåáðà-
è÷åñêèõ óðàâíåíèé, îñíîâàííîé íà èññëåäîâàíèè ïîâåäåíèÿ ïñåâäîñïåê-
òðà è ÷èñëà îáóñëîâëåííîñòè ìàòðèö. Â êà÷åñòâå ïðèìåðà ðàññìàòðè-
âàåòñÿ îáðàòíàÿ çàäà÷à äëÿ ïðîñòåéøåé ìàòåìàòè÷åñêîé ìîäåëè èììó-
íîëîãèè, îïèñûâàþùåé âçàèìîäåéñòâèå àíòèãåíîâ è èììóííûõ êëåòîê
îðãàíèçìà [1]. Ìîäåëü îïèñûâàåòñÿ ñèñòåìîé íåëèíåéíûõ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Îáðàòíàÿ çàäà÷à ñîñòîèò â îïðåäå-
ëåíèè ïàðàìåòðîâ ìîäåëè, õàðàêòåðèçóþùèõ ñêîðîñòè èììóííîãî îòâå-
òà, ðåàêöèè àíòèãåí-àíòèòåëî è ñìåðòíîñòü àíòèãåíîâ, ïî äîïîëíèòåëü-
íûì èçìåðåíèÿì êîíöåíòðàöèè àíòèòåë è àíòèãåíîâ â ôèêñèðîâàííûå
ìîìåíòû âðåìåíè. Èññëåäîâàí ïñåâäîñïåêòð è ñèíãóëÿðíûå ÷èñëà äèñ-
êðåòíîãî àíàëîãà îïåðàòîðà ëèíåàðèçîâàííîé îáðàòíîé çàäà÷è (ìàòðè-
öû) [2], íà îñíîâå êîòîðûõ ïîñòðîåí àëãîðèòì ðåãóëÿðèçàöèè îáðàòíîé
çàäà÷è [3, 4].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîñ-

ñèéñêîé Ôåäåðàöèè (ìåðîïðèÿòèå 4.1.3 �Ñîâìåñòíûå ëàáîðàòîðèè ÍÃÓ�ÍÍÖ�

â ðàìêàõ Ïðîãðàììû ïîâûøåíèÿ ìåæäóíàðîäíîé êîíêóðåíòîñïîñîáíîñòè

ÍÃÓ).
ËÈÒÅÐÀÒÓÐÀ
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ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

Êàçàêîâ À.Ë.1, Îðëîâ Ñâ.Ñ.2

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ
èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ;

1kazakov@icc.ru, 2s.orlov@icc.ru

Ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå òåïëîïðîâîäíîñòè (porous
medium equation) [1] â ñëó÷àå ñòåïåííîé çàâèñèìîñòè êîýôôèöèåíòà òåï-
ëîïðîâîäíîñòè îò òåìïåðàòóðû. Ïðè íàëè÷èè ïðîñòðàíñòâåííûõ ñèì-
ìåòðèé ðàññìàòðèâàåìîå óðàâíåíèå ìîæåò áûòü ïðåäñòàâëåíî â îäíî-
ìåðíîì âèäå

ut = uuρρ +
u2ρ
σ

+
νu

ρ
uρ, (1)

ãäå u , u(t, ρ) : D → R, D ⊂ R2, ν ∈ {0, 1, 2}, σ > 0. Îòìåòèì, ÷òî â îá-
ëàñòÿõ, ãäå u(t, ρ) = 0, ïðîèñõîäèò âûðîæäåíèå òèïà óðàâíåíèÿ (1). Ïðè
ýòîì îíî ñòàíîâèòñÿ ïðåäñòàâèòåëåì êëàññà óðàâíåíèé, íå ðàçðåøåííûõ
îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé (ñîáîëåâñêîãî òèïà) [2].

Àâòîðàìè ïîëó÷åíû [3] íåòðèâèàëüíûå òî÷íûå ðåøåíèÿ óðàâíå-
íèÿ (1), èìåþùèå âèä òåïëîâîé âîëíû, ò. å. óäîâëåòâîðÿþùèå êðàåâî-
ìó óñëîâèþ u|ρ=f(t) = 0, ãäå ρ = f(t) � íåêîòîðàÿ äîñòàòî÷íî ãëàäêàÿ
ôóíêöèÿ, çàäàííàÿ â ïëîñêîñòè (t, ρ).

Â äîêëàäå ïëàíèðóåòñÿ ïðèâåñòè îïèñàíèå ïðîöåäóðû ïîñòðîåíèÿ, à
òàêæå ðåçóëüòàòû êà÷åñòâåííîãî èññëåäîâàíèÿ òî÷íûõ ðåøåíèé.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîí-

äà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêòû � 16-01-00608, � 16-31-00291).

ËÈÒÅÐÀÒÓÐÀ

1. V�azquez J. L. The porous medium equation. Mathematical theory. Oxford:
The Clarendon Press, Oxford University Press, 2007.

2. Äåìèäåíêî Ã.Â., Óñïåíñêèé Ñ.Â. Óðàâíåíèÿ è ñèñòåìû, íå ðàçðåøåííûå
îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé. Íîâîñèáèðñê: Íàó÷. êíèãà, 1998.

3. Êàçàêîâ À.Ë., Îðëîâ Ñâ.Ñ. Î íåêîòîðûõ òî÷íûõ ðåøåíèÿõ íåëèíåéíî-
ãî óðàâíåíèÿ òåïëîïðîâîäíîñòè // Òð. èí-òà ìàòåìàòèêè è ìåõàíèêè
ÓðÎ ÐÀÍ. 2016. Ò. 22, � 1. Ñ. 112�123.
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ÏÎËÈÍÎÌÈÀËÜÍÛÅ ÁÀÇÈÑÛ Â 3-D
ÂÅÊÒÎÐÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÑÎÁÎËÅÂÀ

Êàçàíöåâ C. Ã.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; kazan@math.nsc.ru

Â ðàáîòå [1] äëÿ ïðîñòðàíñòâà L2 ≡ L2(B3) âåêòîðíûõ ïîëåé â åäè-
íè÷íîì øàðå ïîñòðîåí îðòîãîíàëüíûé áàçèñ èç ïîëèíîìèàëüíûõ âåêòîð-
ôóíêöèé â ñîîòâåòñòâèè ñ ðàçëîæåíèåì Ãåëüìãîëüöà, ò. å. ñ ðàçäåëåíèåì
áàçèñà íà òðè ÷àñòè: ïîòåíöèàëüíóþ, ãàðìîíè÷åñêóþ è ñîëåíîèäàëüíóþ.
Â [2] äàí ñïîñîá ïîñòðîåíèÿ ôóíäàìåíòàëüíûõ ñèñòåì â ïîäïðîñòðàí-
ñòâå H ñîëåíîèäàëüíûõ ïîëåé ïðîñòðàíñòâà H1

0
èç ëþáîé ôóíäàìåí-

òàëüíîé ñèñòåìû â H1

0
. Â íàñòîÿùåé ðàáîòå êîíñòðóèðóþòñÿ ïîëèíîìè-

àëüíûå áàçèñû âåêòîðíûõ ïîëåé äëÿ ñëåäóþùèõ ïðîñòðàíñòâ Ñîáîëåâà,
ñâÿçàííûõ ñ îïåðàòîðàìè ðîòîðà è äèâåðãåíöèè:

H(∇∗) = {v ∈ L2 : ∇∗v ∈ L2}, H(∇∗ = 0) = {v ∈ H(∇∗) : ∇∗v = 0},

à òàêæå äëÿ ñîîòâåòñòâóþùèõ èì ïîäïðîñòðàíñòâ ñ îäíîðîäíûìè ãðà-
íè÷íûìè óñëîâèÿìè:

H0(∇∗) = {v ∈ H(∇∗) : n ∗ v = 0 íà S2},

H0(∇∗ = 0) = {v ∈ H0(∇∗) : ∇∗v = 0}.
Çäåñü n åñòü åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè íà ñôåðå S2, ∇ �
îïåðàòîð ãðàäèåíòà, ñèìâîë ∗ îçíà÷àåò ëèáî ñêàëÿðíîå � , ëèáî âåêòîð-
íîå × ïðîèçâåäåíèÿ. Ïðè ýòîì, ñîîòâåòñòâåííî, ïîëó÷àþòñÿ îïåðàòîðû
äèâåðãåíöèè div ≡ ∇� è ðîòîðà rot ≡ ∇×. Ïîñòðîåííûå áàçèñû ìîãóò
èñïîëüçîâàòüñÿ ïðè ðåøåíèè êðàåâûõ çàäà÷ â øàðå äëÿ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ñ îïåðàòîðàìè ðîòîð è äèâåðãåíöèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ (ïðîåêò

� 0314-2015-0010).

ËÈÒÅÐÀÒÓÐÀ

1. Derevtsov E.Yu., Kazantsev S.G., Schuster Th. Polynomial bases for
subspaces of vector �elds in the unit ball. Method of ridge functions //
J. Inverse Ill-Posed Probl. 2007. V. 15, No. 1. P. 19�55.

2. Ëàäûæåíñêàÿ Î.À. Î ïîñòðîåíèè áàçèñîâ â ïðîñòðàíñòâàõ ñîëåíîèäàëü-
íûõ âåêòîðíûõ ïîëåé // Çàï. íàó÷í. ñåì. ÏÎÌÈ. 2003. Ò. 306. Ñ. 92�106.
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ÇÀÄÀ×À Î ËÎÊÀËÈÇÀÖÈÈ ÌÅÑÒÀ
ÂÎÇÄÅÉÑÒÂÈß ÍÀ ÌÅÌÁÐÀÍÓ

Êèïðèÿíîâ ß.À.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
yaroslav.kipriyanov@gmail.com

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ íîâîé îáðàòíîé çàäà÷è
äëÿ óðàâíåíèÿ êîëåáàíèé ìåìáðàíû. Äàííàÿ îáðàòíàÿ çàäà÷à èññëåäó-
åòñÿ â äâóõ âàðèàíòàõ. Â ïåðâîì âàðèàíòå èçâåñòíûìè äàííûìè ÿâëÿþò-
ñÿ: êîýôôèöèåíò, îïðåäåëÿþùèé ôàçîâóþ ñêîðîñòü, íà÷àëüíûå äàííûå
çàäà÷è Êîøè, ðåøåíèå çàäà÷è Êîøè íà äâóõ çàäàííûõ ïëîñêîñòÿõ, à
òàêæå ïðîèçâîäíûå îò ðåøåíèÿ âäîëü íàïðàâëåíèÿ âåêòîðà íîðìàëè ê
ýòèì ïëîñêîñòÿì. Èñêîìûì îáúåêòîì ÿâëÿåòñÿ íîñèòåëü ïðàâîé ÷àñòè
óðàâíåíèÿ êîëåáàíèé â íà÷àëüíûé ìîìåíò âðåìåíè. Â ðàáîòå ñòàâèòñÿ
çàäà÷à ëîêàëèçàöèè èñêîìîãî îáúåêòà, ò. å. òðåáóåòñÿ íàéòè òàêóþ îãðà-
íè÷åííóþ îáëàñòü, â êîòîðîé îí ñîäåðæèòñÿ. Â ðàáîòå äîêàçàíî ñóùå-
ñòâîâàíèå àëãîðèòìà, ïîçâîëÿþùåãî ðåøèòü ïîñòàâëåííóþ çàäà÷ó. Âî
âòîðîì âàðèàíòå äîêàçàíî ñóùåñòâîâàíèå òàêîãî àëãîðèòìà â ñëó÷àå,
êîãäà êîýôôèöèåíò, îïðåäåëÿþùèé ôàçîâóþ ñêîðîñòü, íå èçâåñòåí, íî
èçâåñòåí èíòåðâàë åãî âîçìîæíûõ çíà÷åíèé. Ïðîâåäåí ðÿä ÷èñëåííûõ
ýêñïåðèìåíòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-31-00112 ìîë_à).
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ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß ÍÅÊÎÒÎÐÛÕ
ÊËÀÑÑÎÂ ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ
Ñ ÌÅÍßÞÙÈÌÑß ÍÀÏÐÀÂËÅÍÈÅÌ

ÝÂÎËÞÖÈÈ

Êîæàíîâ À.È.1, Ïîòàïîâà Ñ.Â.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; kozhanov@math.nsc.ru

2Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èì. Ì.Ê. Àììîñîâà,
ßêóòñê, Ðîññèÿ; sargy@inbox.ru

Äîêëàä ïîñâÿùåí èçëîæåíèþ ðåçóëüòàòîâ î ðàçðåøèìîñòè â ïðî-
ñòðàíñòâàõ Ñ.Ë. Ñîáîëåâà êðàåâûõ çàäà÷ äëÿ ñëåäóþùèõ êëàññîâ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé:

• óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé ñ ìåíÿþùèìñÿ íàïðàâëåíèåì
ýâîëþöèè;

• âûðîæäàþùèõñÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íå÷åòíîãî ïîðÿä-
êà ñ êðàòíûìè õàðàêòåðèñòèêàìè;

• ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé ñ ìåíÿþùèìñÿ íàïðàâëåíèåì
ýâîëþöèè.

Îòëè÷èòåëüíîé îñîáåííîñòüþ èçó÷àåìûõ çàäà÷ ÿâëÿåòñÿ òî, ÷òî â íèõ
çàäàþòñÿ êðàåâûå óñëîâèÿ òèïà óñëîâèé Æåâðå. Äëÿ âñåõ èçó÷àåìûõ
çàäà÷ äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåãóëÿðíûõ � èìåþùèõ âñå îáîá-
ùåííûå ïî Ñ.Ë. Ñîáîëåâó ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå � ðåøå-
íèé.

Îòìåòèì òàêæå ñëåäóþùåå: â ïðîöåññå èññëåäîâàíèé áûë ïîëó÷åí
ïîáî÷íûé, íî â òî æå âðåìÿ èìåþùèé ñàìîñòîÿòåëüíîå çíà÷åíèå ðå-
çóëüòàò î ðàçðåøèìîñòè íîâîé íåêëàññè÷åñêîé çàäà÷è ñîïðÿæåíèÿ äëÿ
ýëëèïòè÷åñêèõ óðàâíåíèé ñ ðàçðûâíûìè êðàåâûìè óñëîâèÿìè.
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ÊÐÈÒÅÐÈÉ ÐÀÂÍÎÌÅÐÍÎÉ ÏÎËÍÎÉ
ÓÏÐÀÂËßÅÌÎÑÒÈ ÄËß ËÎÊÀËÜÍÎ

ÈÍÒÅÃÐÈÐÓÅÌÛÕ ÑÈÑÒÅÌ

Êîçëîâ À.À.

Ïîëîöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîïîëîöê, Áåëàðóñü;
kozlovaa@tut.by

Ðàññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = A(t)x+B(t)u, x ∈ Rn, u ∈ Rm, t > 0. (1)

Ïðåäïîëàãàåì, ÷òî ìàòðè÷íûå êîýôôèöèåíòû A(·)∈Rn×n è B(·)∈Rn×m
ëîêàëüíî èíòåãðèðóåìû è èíòåãðàëüíî îãðàíè÷åíû íà ïîëîæèòåëüíîé
ïîëóîñè. Â êà÷åñòâå äîïóñòèìûõ óïðàâëåíèé u = u(t) â ñèñòåìå (1)
âîçüìåì èçìåðèìûå è îãðàíè÷åííûå ïðè âñåõ t > 0 âåêòîð-ôóíêöèè.

Îïðåäåëåíèå [1]. Ïóñòü A(·) è B(·) ëîêàëüíî èíòåãðèðóåìû ñ êâàä-
ðàòîì. Ñèñòåìà (1) íàçûâàåòñÿ ðàâíîìåðíî âïîëíå óïðàâëÿåìîé, åñëè
íàéäóòñÿ òàêèå ÷èñëà σ > 0 è α > 0, ÷òî ïðè âñÿêèõ t0 > 0 è ξ ∈ Rn
âûïîëíåíî íåðàâåíñòâî ξT

∫ t0+σ
t0

Q(t0, τ)Q
T (t0, τ)dτξ > α∥ξ∥2.

Çàìå÷àíèå. Äàííîå ñâîéñòâî ëèíåéíîé óïðàâëÿåìîé ñèñòåìû (1)
ïîçâîëÿåò íàéòè [2] äëÿ ëþáûõ íà÷àëüíîãî ìîìåíòà âðåìåíè è íà÷àëü-
íîãî ñîñòîÿíèÿ ñèñòåìû òàêîå äîïóñòèìîå óïðàâëåíèå ñ ëèïøèöåâîé
îöåíêîé, çàâèñÿùåé îò íîðìû íà÷àëüíîãî ñîñòîÿíèÿ ñèñòåìû, êîòîðîå
îáåñïå÷èâàëî áû ïåðåâîä ýòîãî íà÷àëüíîãî ñîñòîÿíèÿ â íîëü çà âðåìÿ σ.

Äëÿ âñÿêîãî âåêòîðà v ∈ Rn îáîçíà÷èì sign v = (sign v1, . . . , sign vn)
T .

Èìååò ìåñòî êðèòåðèé, îáîáùàþùèé óñëîâèå ðàâíîìåðíîé ïîëíîé óïðàâ-
ëÿåìîñòè íà ñèñòåìû (1) c ëîêàëüíî èíòåãðèðóåìûìè êîýôôèöèåíòàìè.

Òåîðåìà. Ëèíåéíàÿ ñèñòåìà (1) ðàâíîìåðíî âïîëíå óïðàâëÿåìà òî-
ãäà è òîëüêî òîãäà, êîãäà íàéäóòñÿ òàêèå âåëè÷èíû σ > 0 è α > 0,
ïðè êîòîðûõ äëÿ ïðîèçâîëüíîãî ÷èñëà t0 > 0 è ëþáîãî âåêòîðà ξ ∈ Rn
âûïîëíÿåòñÿ íåðàâåíñòâî

∫ t0+σ
t0

ξTQ(t0, τ) sign (Q
T (t0, τ)ξ) dτ > α ∥ξ∥.

Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñóäàðñòâåííîé ïðîãðàììû íàó÷íûõ èññëå-

äîâàíèé ÐÁ �Êîíâåðãåíöèÿ-2020� (ïîäïðîãðàììà 1, çàäàíèå 1.2.01).

ËÈÒÅÐÀÒÓÐÀ

1. Kalman R.E. Contribution to the theory of optimal control // Bol. Soc. Mat.
Mex., II. Ser. 1960. V. 5. P. 102�119.

2. Òîíêîâ Å.Ë. Êðèòåðèé ðàâíîìåðíîé óïðàâëÿåìîñòè è ñòàáèëèçàöèÿ ëè-
íåéíîé ðåêóððåíòíîé ñèñòåìû // Äèôôåðåíö. óðàâíåíèÿ. 1979. Ò. 15, � 10.
Ñ. 1804�1813.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß
ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ Ñ ÐÀÇÐÛÂÍÛÌÈ

ÏÐÎÏÎÐÖÈÎÍÀËÜÍÛÌÈ
ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Êîíîâàëîâà Ä.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; dsk@math.nsc.ru

Â òðåõìåðíîì ñëó÷àå, ãäå îäíà èç ïåðåìåííûõ èíòåðïðåòèðóåòñÿ êàê
âðåìÿ, ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ïî÷òè ëèíåéíîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ ðàçðûâíûìè êîýôôèöèåíòà-
ìè ïðè ïðîèçâîäíûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Âûäåëÿþòñÿ
è èññëåäóþòñÿ òðè îñîáûõ ñëó÷àÿ, êîãäà êîýôôèöèåíòû â ðàçëè÷íûõ
ïîäîáëàñòÿõ ïðåäïîëàãàþòñÿ ïðîïîðöèîíàëüíûìè. Äàåòñÿ îïðåäåëåíèå
îáîáùåííîãî ðåøåíèÿ, äîêàçûâàåòñÿ åãî ñóùåñòâîâàíèå è àíàëèçèðóþò-
ñÿ ñâîéñòâà. Èññëåäîâàíèå áîëåå îáùåãî ñëó÷àÿ ïëàíèðóåòñÿ âûïîëíèòü
â äàëüíåéøåì. Èíà÷å ãîâîðÿ, ðàáîòà ÿâëÿåòñÿ íåáîëüøèì íà÷àëüíûì
ôðàãìåíòîì íàìå÷åííîãî îáøèðíîãî èññëåäîâàíèÿ ïðîáëåì, âîçíèêàþ-
ùèõ â òåîðèè çîíäèðîâàíèÿ íåîäíîðîäíûõ ñðåä ôèçè÷åñêèìè ñèãíàëà-
ìè, îïèñûâàåìûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè èëè ñèñòåìàìè
óðàâíåíèé. Îòìå÷àåòñÿ, ÷òî èññëåäîâàííàÿ çàäà÷à áëèçêà ê àíàëîãè÷-
íîé ïðîáëåìå, ãäå åäèíñòâåííûé ðàçðûâíûé êîýôôèöèåíò óðàâíåíèÿ
íàõîäèòñÿ ïðè ïðîèçâîäíîé ïî âðåìåíè. Óêàçàííûé ñëó÷àé èíòåðåñåí
òåì, ÷òî îí ïîäîáåí, íàïðèìåð, óðàâíåíèÿì Ìàêñâåëëà äëÿ íåîäíîðîä-
íûõ ñðåä.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ (ïðîåêò

� 0314-2015-0010).
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ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È
ÑÈÍÒÅÇÀ ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß
ÄËß ÍÅÑÈÌÌÅÒÐÈ×ÍÎÉ ÇÀÄÀ×È ÔÓËËÅÐÀ

Êîðîáîâ À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; korobov@math.nsc.ru

Ïóñòü a1 < 0 < a2. Èçâåñòíî, ÷òî êðèâàÿ ïåðåêëþ÷åíèÿ äëÿ çàäà÷è

Ôóëëåðà ẋ = y, ẏ = u, u ∈ [a1, a2],
∞∫
0

x6(t)dt → inf ñîñòîèò èç äâóõ

êóñêîâ ïàðàáîë x = αy2 è x = βy2 â âåðõíåé è íèæíåé ÷àñòè ôàçîâîé
ïëîñêîñòè ñîîòâåòñòâåííî.

Òåîðåìà. Ïàðàìåòðû α, β êðèâîé ïåðåêëþ÷åíèÿ îäíîçíà÷íî íàõî-
äÿòñÿ èç óðàâíåíèé:

8

693a6i
− 8α

63a5i
+ 4α2

7a4i
− 4α3

3a3i
+ 5α4

3a2i
− α5

ai
+ α6

6

8

693a6i
− 8β

63a5i
+ 4β2

7a4i
− 4β3

3a3i
+ 5β4

3a2i
− β5

ai
+ β6

6

=

(
α− 1

2ai

β − 1

2ai

) 11
2

, i = 1, 2.

Ôóíêöèÿ Áåëëìàíà ω[a1,a2](x, y)=−inf

{
1

2

∞∫
0

x6(t)dt | x = x(0), y = y(0)

}
çàäà¼òñÿ âûðàæåíèåì:

ω[a1,a2](x, y) = − 8y13

9009
+

8y11x

693a6
1

− 4y9x2

63a5
1

+
4y7x3

21a4
1

− y5x4

3a3
1

+
y3x5

3a2
1

− yx6

6a1

−
8

693
− 8a1α

63
+ 4(a1α)

2

7
− 4(a1α)

3

3
+ 5(a1α)

4

3
− (a1α)

5 + (a1α)
6

6

13a7
1
(1− 2(a1α))

11
2

|y2 − 2a1x|
13
2

ïðè u(x, y) = a1; à ïðè u(x, y) = a2

ω[a1,a2](x, y) = − 8y13

9009
+

8y11x

693a6
2

− 4y9x2

63a5
2

+
4y7x3

21a4
2

− y5x4

3a3
2

+
y3x5

3a2
2

− yx6

6a2
−

8

693
− 8a2β

63
+ 4(a2β)

2

7
− 4(a2β)

3

3
+ 5(a2β)

4

3
− (a2β)

5 + (a2β)
6

6

13a7
2
(1− 2(a2β))

11
2

|y2 − 2a2x|
13
2 .
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ÐÀÑ×ÅÒ ÂÛÑÎÊÎÑÊÎÐÎÑÒÍÛÕ
ÒÅÐÌÈ×ÅÑÊÈ ÍÅÐÀÂÍÎÂÅÑÍÛÕ ÒÅ×ÅÍÈÉ
Ñ Ó×ÅÒÎÌ ÊÎËÅÁÀÒÅËÜÍÎÉ ÐÅËÀÊÑÀÖÈÈ,

ÄÈÑÑÎÖÈÀÖÈÈ È ÈÎÍÈÇÀÖÈÈ

Êîðîáîâ Î.À.1, Øîåâ Ã.Â.2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; oleg0101@ngs.ru

2Èíñòèòóò òåîðåòè÷åñêîé è ïðèêëàäíîé ìåõàíèêè
èì. Ñ.À. Õðèñòèàíîâè÷à ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

Äàííàÿ ðàáîòà ïîñâÿùåíà ìîäåëèðîâàíèþ òå÷åíèé çà ñèëüíûìè
óäàðíûìè âîëíàìè. Â òàêèõ òå÷åíèÿõ âîçáóæäàþòñÿ êîëåáàòåëüíûå ñòå-
ïåíè ñâîáîäû ìîëåêóë, ïðîèñõîäèò äèññîöèàöèÿ è èîíèçàöèÿ. ×èñëåí-
íîå ìîäåëèðîâàíèå òàêèõ âûñîêîñêîðîñòíûõ òå÷åíèé (ñ òåðìîõèìè÷å-
ñêîé íåðàâíîâåñíîñòüþ) íà îñíîâå ñïëîøíîñðåäíîãî ïîäõîäà ñîïðÿæåíî
ñ ðÿäîì ñóùåñòâåííûõ òðóäíîñòåé, ñâÿçàííûõ ñ êîððåêòíûì îïèñàíèåì
êîëåáàòåëüíîé ðåëàêñàöèè è äèññîöèàöèè ìíîãîàòîìíûõ ìîëåêóë.

Â ðàáîòå îáñóæäàþòñÿ âîïðîñû, ñâÿçàííûå ñ ðåàëèçàöèåé ìàòåìàòè-
÷åñêèõ ìîäåëåé êîëåáàòåëüíîé ðåëàêñàöèè, äèññîöèàöèè è èîíèçàöèè.
Ðàçðàáîòàí îòêðûòûé êîä äëÿ ó÷åòà òåðìè÷åñêîé íåðàâíîâåñíîñòè ïðè
ìîäåëèðîâàíèè ãèïåðçâóêîâûõ òå÷åíèé ãàçà â ïðîãðàììíîì êîìïëåêñå
ANSYS Fluent íà îñíîâå óðàâíåíèé Íàâüå � Ñòîêñà â äâóõòåìïåðàòóð-
íîì ïðèáëèæåíèè. Ïðîâåäåíî ìîäåëèðîâàíèå òå÷åíèÿ îêîëî êàïñóëû
RAMC-II, âõîäÿùåé â àòìîñôåðó Çåìëè ñ ïåðâîé êîñìè÷åñêîé ñêîðî-
ñòüþ. Ïîëó÷åíû ÷èñëåííûå ðåçóëüòàòû ýëåêòðîííîé ïëîòíîñòè îêîëî
àïïàðàòà RAMC-II, õîðîøî ñîãëàñóþùèåñÿ ñ ýêñïåðèìåíòàëüíûìè èç-
ìåðåíèÿìè.

Ýòî ïîçâîëÿåò çàêëþ÷èòü, ÷òî ðåàëèçîâàííàÿ â äàííîé ðàáîòå ìà-
òåìàòè÷åñêàÿ ìîäåëü ìîæåò èñïîëüçîâàòüñÿ äëÿ îïèñàíèÿ ñëàáîèîíèçî-
âàííûõ òå÷åíèé îêîëî âîçâðàùàåìûõ àïïàðàòîâ ñ ïåðâîé êîñìè÷åñêîé
ñêîðîñòüþ.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÓÑÒÎÉ×ÈÂÎÑÒÈ
ÏÐßÌÎÉ È ÎÁÐÀÒÍÎÉ ÇÀÄÀ× ÄËß

ÑÈÑÒÅÌÛ ÍÅËÈÍÅÉÍÛÕ ÎÁÛÊÍÎÂÅÍÍÛÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Êðèâîðîòüêî Î.È.1,2, Êîíäàêîâà Å.À.2

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; olga.krivorotko@sscc.ru
2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

e.kondakova@g.nsu.ru

Â äîêëàäå ðàññìàòðèâàþòñÿ âîïðîñû óñòîé÷èâîñòè ïðÿìîé è îáðàò-
íîé çàäà÷ äëÿ ñèñòåìû íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé (ÎÄÓ), êîòîðàÿ îïèñûâàåò âçàèìîäåéñòâèå ðàêîâîé îïóõî-
ëè è èììóíèòåòà [1]. Èññëåäîâàíû ôàçîâûå ïîðòðåòû ñèñòåìû ÎÄÓ è
óñòàíîâëåíî âëèÿíèå ÷ëåíà, îòâå÷àþùåãî çà ëå÷åíèå, íà óñòîé÷èâîñòü
ñèñòåìû. Èññëåäîâàíû ñïåêòðàëüíûå ïîðòðåòû [2] äèñêðåòíîãî àíàëîãà
îïåðàòîðà ëèíåàðèçîâàííîé îáðàòíîé çàäà÷è äëÿ ìàòåìàòè÷åñêîé ìî-
äåëè âçàèìîäåéñòâèÿ ðàêîâîé îïóõîëè è èììóíèòåòà, êîòîðàÿ ñîñòîèò
â îïðåäåëåíèè êîýôôèöèåíòîâ ñèñòåìû ÎÄÓ ïî äîïîëíèòåëüíûì èç-
ìåðåíèÿì êîíöåíòðàöèé îïóõîëåâûõ êëåòîê è èììóííûõ â ôèêñèðî-
âàííûå ìîìåíòû âðåìåíè. Íà îñíîâå èññëåäîâàíèÿ ñèíãóëÿðíûõ ÷èñåë
ïîëó÷èâøåéñÿ ìàòðèöû ðàçðàáîòàí àëãîðèòì ðåãóëÿðèçàöèè îáðàòíîé
çàäà÷è [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîñ-

ñèéñêîé Ôåäåðàöèè (ìåðîïðèÿòèå 4.1.3 �Ñîâìåñòíûå ëàáîðàòîðèè ÍÃÓ�ÍÍÖ�

â ðàìêàõ Ïðîãðàììû ïîâûøåíèÿ ìåæäóíàðîäíîé êîíêóðåíòîñïîñîáíîñòè

ÍÃÓ).

ËÈÒÅÐÀÒÓÐÀ

1. Ledzewicz U., Mosalman M. S. F., Sch�attler H. Optimal controls for
a mathematical model of tumor-immune interactions under targeted
chemotherapy with immune boost // Discrete Contin. Dyn. Syst., Ser. B.
2013. V. 18, No. 4. Ñ. 1031�1051.

2. Ãîäóíîâ Ñ.Ê. Ñîâðåìåííûå àñïåêòû ëèíåéíîé àëãåáðû. Íîâîñèáèðñê: Íà-
ó÷. êíèãà, 1997.

3. Êàáàíèõèí Ñ.È. Îáðàòíûå è íåêîððåêòíûå çàäà÷è. Íîâîñèáèðñê: Ñèá. íà-
ó÷. èçä-âî, 2009.
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ÒÅÎÐÅÌÀ ÒÈÏÀ ÁÎËß � ÏÅÐÐÎÍÀ È
ÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÀÇÍÎÑÒÍÎÃÎ ÓÐÀÂÍÅÍÈß

Êóëèêîâ À.Þ.

Ïåðìñêèé ãîñóäàðñòâåííûé íàöèîíàëüíûé èññëåäîâàòåëüñêèé
óíèâåðñèòåò, Ïåðìü, Ðîññèÿ; stphn@mail.ru

Îáîçíà÷èì N0 = {0, 1, 2, . . . }. Ðàññìîòðèì ðàçíîñòíîå óðàâíåíèå

x(n+ 1)− x(n)− bx(n) + ax(n− h(n)) = f(n), n ∈ N0, (1)

ãäå a, b ∈ C, f, x : N0 → C.

Îïåðàòîð K, çàäàííûé ïî ïðàâèëó (Kf)(n) =
n−1∑
i=0

K(n, i+ 1)f(i),

íàçûâàåòñÿ îïåðàòîðîì Êîøè óðàâíåíèÿ (1).
Ïðèâåäåì èçâåñòíûé [1] ðåçóëüòàò, ñâÿçûâàþùèé óñòîé÷èâîñòü óðàâ-

íåíèÿ (1) ïî ïðàâîé ÷àñòè, ïîíèìàåìóþ êàê äåéñòâèå îïåðàòîðà Êîøè
â ïàðå íåêîòîðûõ ïðîñòðàíñòâ, ñ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòüþ.

Ïðåäëîæåíèå. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
1) îïåðàòîð K äåéñòâóåò èç ïðîñòðàíñòâà l∞ â ïðîñòðàíñòâî l∞;
2) óðàâíåíèå (1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðåçóëüòàòû, ïîäîáíûå ïðèâåäåííîìó, íàçûâàþò òåîðåìàìè òèïà
Áîëÿ � Ïåððîíà. Ïîñêîëüêó äîêàçàòü, ÷òî îïåðàòîð Êîøè äåéñòâóåò
â ïàðå íåêîòîðûõ ïðîñòðàíñòâ, çà÷àñòóþ ïðîùå, ÷åì íàïðÿìóþ äîêà-
çàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü óðàâíåíèÿ, òàêèå òåîðåìû èìåþò
âàæíîå ïðàêòè÷åñêîå çíà÷åíèå äëÿ ïîëó÷åíèÿ ïðèçíàêîâ óñòîé÷èâîñòè.

Òåîðåìà. Ïóñòü H = sup
n∈N0

h(n) <∞. Òîãäà, åñëè

(|a|2 + |a||b|)H < 1− |1− a+ b|,

òî îïåðàòîð Êîøè óðàâíåíèÿ (1) äåéñòâóåò èç ïðîñòðàíñòâà l∞ â ïðî-
ñòðàíñòâî l∞.

Ñëåäñòâèå. Â óñëîâèÿõ òåîðåìû óðàâíåíèå (1) ýêñïîíåíöèàëüíî
óñòîé÷èâî.

ËÈÒÅÐÀÒÓÐÀ

1. Êóëèêîâ À.Þ., Ìàëûãèíà Â.Â. Óñòîé÷èâîñòü ëèíåéíîãî ðàçíîñòíîãî
óðàâíåíèÿ è îöåíêè åãî ôóíäàìåíòàëüíîãî ðåøåíèÿ // Èçâ. âóçîâ. Ìà-
òåì. 2011. � 12. Ñ. 30�41.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÐÅËßÒÈÂÈÑÒÑÊÈÕ ÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÈÕ

ÒÅ×ÅÍÈÉ ÍÀ ÑÓÏÅÐÝÂÌ

Êóëèêîâ È.Ì.

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé
ãåîôèçèêè ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ; kulikov@ssd.sscc.ru

Â äîêëàäå áóäåò èçëîæåí ìåòîä âûñîêîãî ïîðÿäêà òî÷íîñòè íà ãëàä-
êèõ ðåøåíèÿõ è ñ ìàëîé äèññèïàöèåé ðåøåíèÿ â îáëàñòè ðàçðûâîâ äëÿ
ðåøåíèÿ óðàâíåíèé ðåëÿòèâèñòñêîé ãàçîâîé äèíàìèêè. ×èñëåííûé ìå-
òîä îñíîâàí íà êîìáèíàöèè ìåòîäà Ãîäóíîâà è êóñî÷íî-ïàðàáîëè÷åñêîãî
ìåòîäà íà ëîêàëüíîì øàáëîíå [1]. Äëÿ ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è Ðè-
ìàíà áûëà ðåøåíà çàäà÷à î ïîëíîì ñïåêòðàëüíîì ðàçëîæåíèè äëÿ óðàâ-
íåíèé ðåëÿòèâèñòñêîé ãàçîâîé äèíàìèêè [2]. Ïðîöåäóðà âîññòàíîâëåíèÿ
ïðèìèòèâíûõ ïåðåìåííûõ îñíîâàíà íà ðàáîòå [3]. ×èñëåííûé ìåòîä áûë
ïðîòåñòèðîâàí íà çàäà÷å î ðàñïàäå ðåëÿòèâèñòñêîãî ðàçðûâà, äîïóñêàþ-
ùåãî àíàëèòè÷åñêîå ðåøåíèå. Â ðàìêàõ ìîäåëè ðåëÿòèâèñòñêîé ãàçîâîé
äèíàìèêè áûë ñìîäåëèðîâàí ïðîöåññ öåíòðàëüíîãî ñòîëêíîâåíèÿ äâóõ
÷åðíûõ äûð. Òàêóþ ïîñòàíîâêó çàäà÷è òàêæå ìîæíî èíòåðïðåòèðîâàòü
êàê ñòîëêíîâåíèå äâóõ ðåëÿòèâèñòñêèõ ïó÷êîâ â óñêîðèòåëå [4].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 15-31-20150).
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ÎÏÐÅÄÅËßÅÌÛÕ ÎÁÎÁÙ�ÅÍÍÛÌÈ
ÌÎÄÓËßÌÈ ÍÅÏÐÅÐÛÂÍÎÑÒÈ

Â ÂÅÑÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ ÁÅÐÃÌÀÍÀ

Ëàíãàðøîåâ Ì.Ð.
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Àíàëèòè÷åñêàÿ â êðóãå |z| < 1 ôóíêöèÿ f ïðèíàäëåæèò âåñîâîìó
ïðîñòðàíñòâó Áåðãìàíà [1], åñëè

∥f∥Bq,γ =
( 1
π

∫∫
|z|<1

γ(|z|)|f(z)|qdσ
)1/q

<∞, 1 ≤ q ≤ ∞,

ãäå γ(|z|) � íåîòðèöàòåëüíàÿ èçìåðèìàÿ âåñîâàÿ ôóíêöèÿ.
Ãëàäêîñòü ôóíêöèè f ∈ Bq,γ õàðàêòåðèçóåì îáîáùåííûì ìîäóëåì

íåïðåðûâíîñòè Ω2

m(f, t)2,γ = 1

tm

t∫
0

. . .
t∫
0

∥∆m
h
f(·)∥2dh1 . . . dhm. Ïîëîæèì

B(r)
q,γ,a =

{
f(z) ∈ Bq,γ : ∥f (r)a ∥q,γ <∞

}
, r ∈ Z+, 1 ≤ q ≤ ∞. Ïóñòü

W
(r)
m,a(h) =

{
f ∈ B(r)

q,γ,a :
(

1

h

h∫
0

Ω
2/m
m (f

(r)
a , t)dt

)m/2
≤ 1

}
. Âåëè÷èíû

bn(M, B2,γ), d
n(M, B2,γ), dn(M, B2,γ), λn(M, B2,γ) è Πn(M, B2γ) íàçû-

âàþò ñîîòâåòñòâåííî áåðíøòåéíîâñêèì, ãåëüôàíäîâñêèì, êîëìîãîðîâ-
ñêèì, ëèíåéíûì è ïðîåêöèîííûì n-ïîïåðå÷íèêàìè [2] íåêîòîðîãî ïîä-
ìíîæåñòâà M ⊂ B2,γ .

Òåîðåìà. Äëÿ ïðîèçâîëüíûõ m,n ∈ N è r ∈ Z+ èìååò ìåñòî ðàâåí-
ñòâî

σn

(
W (r)
m,a(h), B2,γ

)
=

1

nr

{
nh

2[nh− Si(nh)]

}m/2
,

ãäå σn(·) � ëþáîé èç âûøåïåðå÷èñëåííûõ n-ïîïåðå÷íèêîâ.
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Â äàííîé ðàáîòå èññëåäîâàíà áàçîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü èí-
ôåêöèîííîãî çàáîëåâàíèÿ, ðàçðàáîòàííàÿ ãðóïïîé ïîä ðóêîâîäñòâîì
Ã.È. Ìàð÷óêà [1]. Ìîäåëü ñîñòîèò èç ÷åòûðåõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) ñ çàïàçäûâàþùèì àðãóìåíòîì, êîòîðûå
îïèñûâàþò èçìåíåíèå ÷èñëà àíòèãåíîâ, ðîñò ïëàçìàòè÷åñêèõ êëåòîê,
áàëàíñ ÷èñëà àíòèòåë è õàðàêòåðèñòèêó ïîðàæåííîé ÷àñòè îðãàíà.

Öåëü äàííîé ðàáîòû � ïîñòàíîâêà, èññëåäîâàíèå è ïîñòðîåíèå àëãî-
ðèòìà ÷èñëåííîãî ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ êîýôôèöèåíòîâ ñèñòå-
ìû ÎÄÓ ñ çàïàçäûâàíèåì (îáðàòíàÿ çàäà÷à) ïî äîïîëíèòåëüíûì ñòàòè-
ñòè÷åñêèì äàííûì î ðåøåíèè ïðÿìîé çàäà÷è â çàäàííûé ìîìåíò âðåìå-
íè [2]. Äëÿ ðåøåíèÿ äàííîé îáðàòíîé çàäà÷è ðàçðàáîòàíà è ïðîàíàëè-
çèðîâàíà êîìáèíàöèÿ äâóõ ìåòîäîâ, à èìåííî ãåíåòè÷åñêîãî àëãîðèòìà
è ãðàäèåíòíîãî ìåòîäà. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.

Ðåøåíèå îáðàòíîé çàäà÷è èììóíîëîãèè àêòóàëüíî, òàê êàê îíî ïîìî-
ãàåò îïèñàòü ðàçëè÷íûå ïðîöåññû, ïðîèñõîäÿùèå â îðãàíèçìå ÷åëîâåêà
(ðàñïðîñòðàíåíèå ëåêàðñòâ, ðàçâèòèå áîëåçíè ñ òå÷åíèåì âðåìåíè), à
òàêæå ïîçâîëÿåò ðàçðàáîòàòü àäåêâàòíóþ ìàòåìàòè÷åñêóþ ìîäåëü.
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Ïðåäñòàâëåíû ðåçóëüòàòû àíàëèçà äâóõ êèíåòè÷åñêèõ ìîäåëåé ãå-
òåðîãåííûõ êàòàëèòè÷åñêèõ ðåàêöèé îêèñëåíèÿ ë¼ãêèõ óãëåâîäîðîäîâ
(ìåòàí è ýòàí) [1, 2], êîòîðûå ÿâëÿþòñÿ ñèñòåìàìè íåëèíåéíûõ ÎÄÓ. Ñ
ïîìîùüþ êà÷åñòâåííîé òåîðèè ÎÄÓ è ÷èñëåííîãî àíàëèçà â [1, 2] íàé-
äåíû çíà÷åíèÿ ïàðàìåòðîâ, ïðè êîòîðûõ â îáåèõ ìîäåëÿõ ñóùåñòâóåò
óñòîé÷èâûé ïðåäåëüíûé öèêë, êîòîðûé ÿâëÿåòñÿ ìàòåìàòè÷åñêèì îáðà-
çîì àâòîêîëåáàíèé ñêîðîñòè ðåàêöèè. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ
ñëó÷àé, êîãäà â ìîäåëÿõ âîçìîæíî âûäåëåíèå äâóõ ìàëûõ ïàðàìåòðîâ
ε≪ δ < 1, òàê ÷òî ñèñòåìû ÎÄÓ ÿâëÿþòñÿ ñèíãóëÿðíî âîçìóùåííûìè è
èìåþò ñëåäóþùèé âèä: εẋ = f(x, y, z), ẏ = g(x, y, z), ż = δh(x, y, z). ×èñ-
ëåííûé àíàëèç ïîêàçàë, ÷òî ðàññìîòðåííûå ìåõàíèçìû ðåàêöèé ïîçâî-
ëÿþò êà÷åñòâåííî îïèñàòü ýêñïåðèìåíòàëüíûå äàííûå ïî àâòîêîëåáàíè-
ÿì ñêîðîñòåé. Îïðåäåëåíû ïàðàìåòðû ìîäåëè, ïðè êîòîðûõ ñóùåñòâóåò
óñòîé÷èâûé ïðåäåëüíûé öèêë ïðè ε→ 0. Íàéäåíî èçîëèðîâàííîå ðåøå-
íèå x̃ = φ(y, z) óðàâíåíèÿ f(x̃, y, z) ≡ 0, êîòîðîå ÿâëÿåòñÿ àñèìïòîòè÷å-
ñêè óñòîé÷èâûì ïî Ëÿïóíîâó ðàâíîìåðíî ïî (y, z) äëÿ ïðèñîåäèíåííîé
ñèñòåìû dx̃/dτ = f(x̃, y, z), â êîòîðîé (y, z) ðàññìàòðèâàþòñÿ êàê ïàðà-
ìåòðû, è ïîêàçàíî, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû Òèõîíîâà. Äîêàçà-
íî, ÷òî åñëè â âûðîæäåííîé ñèñòåìå (ïðè ε = 0) ñóùåñòâóåò óñòîé÷èâûé
ïðåäåëüíûé öèêë l, òî â ïîëíîé ñèñòåìå òàêæå ñóùåñòâóåò óñòîé÷èâûé
ïðåäåëüíûé öèêë L, áëèçêèé ê l ïðè ìàëûõ ε.
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(m,k)-ÑÕÅÌÛ ÐÅØÅÍÈß ÍÅßÂÍÛÕ È
Æ�ÑÒÊÈÕ ÑÈÑÒÅÌ ÎÄÓ

Ëåâûêèí À.È.
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Ïðåäëîæåí êëàññ (m, k)-ìåòîäîâ ðåøåíèÿ çàäà÷è Êîøè äëÿ íåÿâíûõ
ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, íå ðàçðåøåííûõ
îòíîñèòåëüíî ïðîèçâîäíîé [1�3]

F (x, x′) = 0, x(t0) = x0, t0 ≤ t ≤ tk.

Èññëåäóåìûå ìåòîäû èíäóöèðîâàíû (m, k)-ñõåìàìè [4] ðåøåíèÿ ðàçðå-
øåííûõ ñèñòåì. Äëÿ ñèñòåì èíäåêñà 1 è 2 ïîëó÷åíû óñëîâèÿ ñîãëàñî-
âàííîñòè è ñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ â ñëó÷àå èñïîëüçîâàíèÿ çà-
ìîðàæèâàíèÿ ìàòðèö ïðîèçâîäíûõ. Ïðîâåäåíî èññëåäîâàíèå ñõåì ïðè
k ≤ 5 è ïîëó÷åíû îïòèìàëüíûå ïî çàòðàòàì ñõåìû ñ èñïîëüçîâàíèåì
êàê òî÷íûõ, òàê è çàìîðîæåííûõ ìàòðèö ïðîèçâîäíûõ.

Àíàëèç ðåçóëüòàòîâ ðàñ÷åòîâ ïîêàçûâàåò âûñîêóþ ýôôåêòèâíîñòü
(m, k)-ìåòîäîâ ïðè èõ ïðèìåíåíèè äëÿ ðåøåíèÿ øèðîêîãî êëàññà çàäà÷.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 15-01-00977).
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ äâóìåðíîå óðàâíåíèé ýéêîíàëà

f2x + f2y =
1

v2(x, y)
, (1)

ãäå v(x, y) � ôóíêöèÿ, çàäàþùàÿ ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëí.
Èçâåñòíî [1], ÷òî åñëè f(x, y) � ðåøåíèå óðàâíåíèÿ (1), òî ôðîíò

âîëíû â ìîìåíò âðåìåíè τ îïèñûâàåòñÿ óðàâíåíèåì f(x, y) = τ , à ïîëî-
æåíèå èñòî÷íèêîâ âîçìóùåíèÿ çàäàåòñÿ óðàâíåíèåì f(x, y) = 0.

Òî÷íûå ðåøåíèÿ óðàâíåíèÿ (1) èçâåñòíû òîëüêî äëÿ ôóíêöèé v îïðå-
äåëåííûõ òèïîâ (êîíñòàíòû, ëèíåéíîé, ñòåïåííîé è ò. ï.), íàõîæäåíèå
ôðîíòà â îáùåì ñëó÷àå, êàê ïðàâèëî, îñóùåñòâëÿåòñÿ ÷èñëåííûìè ìå-
òîäàìè.

Â äàííîé ðàáîòå ïðîèçâåäåí ïåðåõîä ê ïîëÿðíûì êîîðäèíàòàì, ïîç-
âîëÿþùèé â ðÿäå ñëó÷àåâ áîëåå ýôôåêòèâíî îñóùåñòâëÿòü ïîñòðîåíèå
çàìêíóòûõ âîëíîâûõ ôðîíòîâ. Ïðåäëîæåí âû÷èñëèòåëüíûé àëãîðèòì,
îñíîâàííûé íà îïòèêî-ãåîìåòðè÷åñêîì ïîäõîäå [2]. Ïðîâåäåí âû÷èñëè-
òåëüíûé ýêñïåðèìåíò, ðåçóëüòàòû êîòîðîãî ñðàâíèâàëèñü ñ èçâåñòíûìè
òî÷íûìè ðåøåíèÿìè [1, 3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-31-00356).
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Ëåìïåðò À.À.1, Ëå Ê.Ì.2

1Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ
èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ; lempert@icc.ru

2Èðêóòñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé
óíèâåðñèòåò, Èðêóòñê, Ðîññèÿ; quangmungle2010@gmail.com

Ðàññìàòðèâàåòñÿ çàäà÷à îá îòûñêàíèè ðàñïîëîæåíèÿ ðàâíûõ êðóãîâ
â êîìïàêòíîì ìíîæåñòâå M , ïðè êîòîðîì îíè çàïîëíÿò íàèáîëüøóþ
äîëþ ïîñëåäíåãî.

Â ñëó÷àå, êîãäà ïðîñòðàíñòâî ÿâëÿåòñÿ åâêëèäîâûì, ýòà çàäà÷à äî-
ñòàòî÷íî õîðîøî èçó÷åíà [1], îäíàêî ñóùåñòâóåò ðÿä çàäà÷, ê ïðèìåðó, â
îáëàñòè èíôðàñòðóêòóðíîé ëîãèñòèêè, êîòîðûå, ñ îäíîé ñòîðîíû, ïðè-
âîäÿò ê íåîáõîäèìîñòè ðàññìàòðèâàòü íåîäíîñâÿçíûå ìíîæåñòâà, è, ñ
äðóãîé ñòîðîíû, èñïîëüçîâàòü ñïåöèàëüíûå ìåòðèêè.

Îïðåäåëèì ðàññòîÿíèå ìåæäó òî÷êàìè ìíîæåñòâà M ñëåäóþùèì
îáðàçîì:

ρ(a, b) = min
G∈G(a,b)

∫
G

dG

f(x, y)
.

Çäåñü 0 < α ≤ f(x, y) ≤ β � íåïðåðûâíàÿ ôóíêöèÿ, çàäàþùàÿ ñêîðîñòü
äâèæåíèÿ â êàæäîé òî÷êå ìíîæåñòâà M , G(a, b) � ìíîæåñòâî íåïðå-
ðûâíûõ êðèâûõ, ëåæàùèõ â M è ñîåäèíÿþùèõ a è b. Èíûìè ñëîâàìè,
êðàò÷àéøèì ïóòåì ìåæäó òî÷êàìè áóäåò êðèâàÿ, íà ïðåîäîëåíèå êîòî-
ðîé çàòðà÷èâàåòñÿ íàèìåíüøåå âðåìÿ.

Äëÿ ïîñòàâëåííîé çàäà÷è àâòîðàìè ïðåäëîæåíû âû÷èñëèòåëüíûå
àëãîðèòìû, îñíîâàííûå íà îïòèêî-ãåîìåòðè÷åñêîì ïîäõîäå [2] ê îòûñ-
êàíèþ ðåøåíèÿ óðàâíåíèÿ ýéêîíàëà, ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåí-
íîãî ýêñïåðèìåíòà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-06-00464).
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ÎÏÅÐÀÒÎÐÍÛÅ ÌÅÒÎÄÛ ÈÄÅÍÒÈÔÈÊÀÖÈÈ
ÊÎÝÔÔÈÖÈÅÍÒÎÂ ËÈÍÅÉÍÛÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ëîìîâ À.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; lomov@math.nsc.ru

Â äîêëàäå èññëåäóåòñÿ íîâûé îïåðàòîðíûé ïîäõîä [1, 2] ê èäåíòè-
ôèêàöèè êîýôôèöèåíòîâ ëèíåéíûõ äèôôåðåíöèàëüíûõ è ðàçíîñòíûõ
óðàâíåíèé ïî íàáëþäåíèÿì ìíîæåñòâà ôóíêöèé-ðåøåíèé ñ àääèòèâíû-
ìè âîçìóùåíèÿìè, îñíîâàííûé íà èñïîëüçîâàíèè àëãåáðàè÷åñêîãî ìå-
òîäà Ì. Ôëüåñà [2] â ñî÷åòàíèè ñ ìåòîäîì îðòîãîíàëüíîé ðåãðåññèè â
ïðîñòðàíñòâå íàáëþäàåìûõ ôóíêöèé, ïðåîáðàçîâàííûõ èíòåãðàëüíûìè
îïåðàòîðàìè òèïà ñâåðòêè. Îïåðàòîðíûå ìåòîäû îòëè÷àþòñÿ ìàëîé âû-
÷èñëèòåëüíîé òðóäîåìêîñòüþ, ÷òî â ðÿäå ñëó÷àåâ îïðàâäûâàåò èõ ïðè-
ìåíåíèå ïî ñðàâíåíèþ ñ àñèìïòîòè÷åñêè îïòèìàëüíûìè îðòîðåãðåññè-
îííûìè (âàðèàöèîííûìè) ìåòîäàìè èäåíòèôèêàöèè [3]. Â [1] áûëà äî-
êàçàíà ñîñòîÿòåëüíîñòü îïåðàòîðíîãî ìåòîäà è íà ïðèìåðàõ ïðîâåäåíî
÷èñëåííîå èññëåäîâàíèå åãî àñèìïòîòè÷åñêèõ ñâîéñòâ. Â äîêëàäå ïðåä-
ñòàâëåí ðÿä îáîáùåíèé îïåðàòîðíîãî ìåòîäà, ïîçâîëÿþùèõ ó÷åñòü íà-
ëè÷èå îáùèõ ïåðåìåííûõ â èäåíòèôèöèðóåìûõ ðàçíîñòíûõ óðàâíåíèÿõ
äëÿ ñîñåäíèõ ìîìåíòîâ âðåìåíè, ÷òî ñïîñîáñòâóåò ïîâûøåíèþ óñòîé÷è-
âîñòè îöåíîê êîýôôèöèåíòîâ. Ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-01-00592).
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Ëîñåâ À.À.

Öåðêîâíî-ïðèõîäñêàÿ øêîëà ïðè õðàìå Âñåõ Ñâÿòûõ Àëåêñååâñêîãî
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Ðàññìàòðèâàåòñÿ ñèñòåìà âåùåñòâåííûõ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ñ äâóìÿ ðåëå âèäà

ẏi = pi sgn y1 + qi sgn y2 +
n∑
j=1

rijyj , i = 1, . . . , n. (1)

Çäåñü n > 2; y1(t), . . . , yn(t) � íåèçâåñòíûå ôóíêöèè âðåìåíè t; ẏi îáî-
çíà÷àåò ïðîèçâîäíóþ dyi/dt, i = 1, . . . , n; (p1, . . . , pn)

T è (q1, . . . , qn)
T �

çàäàííûå ïîñòîÿííûå n-ìåðíûå âåêòîðû (ñèìâîë T îáîçíà÷àåò òðàíñ-
ïîíèðîâàíèå); (rij)16i,j6n � çàäàííàÿ ïîñòîÿííàÿ (n× n)-ìàòðèöà.

Äëÿ äîîïðåäåëåíèÿ ñèñòåìû (1) íà ãèïåðïëîñêîñòÿõ y1 = 0 è y2 = 0
ðàçðûâà ïðàâûõ ÷àñòåé óðàâíåíèé ñèñòåìû è íà ïåðåñå÷åíèè ýòèõ ãè-
ïåðïëîñêîñòåé ìîæíî èñïîëüçîâàòü ïðîñòåéøåå âûïóêëîå äîîïðåäåëå-
íèå, äîîïðåäåëåíèå ìåòîäîì ýêâèâàëåíòíîãî óïðàâëåíèÿ, îáùåå äîîïðå-
äåëåíèå, ïðè÷åì äëÿ ðåëåéíîé ñèñòåìû (1) âñå òðè äîîïðåäåëåíèÿ ñîâ-
ïàäàþò [1].

Îïðåäåëåíèå. Ðåøåíèåì ñèñòåìû (1) íàçûâàåòñÿ íàáîð àáñîëþòíî
íåïðåðûâíûõ ôóíêöèé (y1(t), . . . , yn(t)), êîòîðûé âíå ãèïåðïëîñêîñòåé
y1 = 0 è y2 = 0 óäîâëåòâîðÿåò ñèñòåìå (1), à íà ýòèõ ãèïåðïëîñêîñòÿõ è
èõ ïåðåñå÷åíèè � ñèñòåìàì, ïîëó÷åííûì èç (1) ìåòîäîì ýêâèâàëåíòíîãî
óïðàâëåíèÿ (ïðè ïî÷òè âñåõ t).

Â íàñòîÿùåé ðàáîòå ïîëó÷åí ðÿä äîñòàòî÷íûõ óñëîâèé óñòîé÷èâî-
ñòè è àñèìïòîòè÷åñêîé óñòîé÷èâîñòè (â ìàëîì) ïîëîæåíèÿ ðàâíîâåñèÿ
(0, . . . , 0) ñèñòåìû (1).
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Ëèíåéíàÿ ñèñòåìà
d

dt
u(t) = A(t)u(t), u(0) ∈ X (0 < t <∞), (1)

ðàññìàòðèâàåìàÿ â áàíàõîâîì ïðîñòðàíñòâåX, íàçûâàåòñÿ àñèìïòîòè-
÷åñêè óñòîé÷èâîé ñ ïîêàçàòåëåì γ > 0, åñëè ñóùåñòâóåò ÷èñëî M > 0
òàêîå, ÷òî äëÿ ëþáîãî ðåøåíèÿ u ýòîé ñèñòåìû ïðè t ≥ 0 ñïðàâåäëèâà
îöåíêà ∥u(t)∥ ≤ Me−γt∥u(0)∥. Ñèñòåìà (1) íàçûâàåòñÿ ñâåðõóñòîé÷è-
âîé, åñëè îíà óñòîé÷èâà ñ ëþáûì ïîêàçàòåëåì γ > 0, ò. å. âñå ðåøåíèÿ
u ýòîé ñèñòåìû óáûâàþò áûñòðåå ýêñïîíåíòû â ëþáîé ñòåïåíè [1].

Äëÿ ëèíåéíîé ãèïåðáîëè÷åñêîé ñèñòåìû ïåðâîãî ïîðÿäêà ðàññìîò-
ðèì â ïîëóïîëîñå Π = {(x, t) : 0 < x < 1, t > 0} ñìåøàííóþ çàäà÷ó,
êîòîðóþ ïðåäñòàâèì â âèäå (1), ãäå u � n-ìåðíàÿ âåêòîð-ôóíêöèÿ è

A(t) : L2(0, 1) −→ L2(0, 1) : (A(t)u) (x) = a(x, t)ux + b(x, t)u,

D(A(t)) = {u ∈ L2(0, 1) : ux ∈ L2(0, 1), P (u(0, t), u(1, t)) = 0}.
Çäåñü a, b � ãëàäêèå ìàòðèöû ðàçìåðíîñòè n×n, P � ëèíåéíûé îïåðà-
òîð, çàäàþùèé ãðàíè÷íûå óñëîâèÿ; n ≥ 2. Â [2] âûäåëåí êëàññ ñâåðõóñ-
òîé÷èâûõ ãèïåðáîëè÷åñêèõ çàäà÷, âñåõ ðåøåíèÿ êîòîðûõ ñòàáèëèçèðó-
þòñÿ ê íóëþ çà êîíå÷íîå âðåìÿ, íå çàâèñÿùåå îò íà÷àëüíûõ äàííûõ u(0).
Äîêàçàíî, ÷òî ïðè ìàëîì âîçìóùåíèè ìàòðèöû b âîçìóùåííûå ñèñòåìû
ñòàíîâÿòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûìè. Íàéäåíû óñëîâèÿ, ïðè êîòî-
ðûõ âîçìóùåííûå ñèñòåìû îáëàäàþò ñâîéñòâîì ïîâûøåíèÿ ãëàäêîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ïðîãðàììû Ïðåçèäèóìà ÐÀÍ (ïðîåêò

� 0314-2015-0012).
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Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ,
Êðàñíîÿðñê, Ðîññèÿ; magdenko_evgeniy@icm.krasn.ru

Èññëåäóåòñÿ îäíî ÷àñòè÷íî èíâàðèàíòíîå ðåøåíèå ðàíãà äâà è äå-
ôåêòà òðè [1] óðàâíåíèé, îïèñûâàþùèõ îñåñèììåòðè÷åñêîå äâèæåíèå
âÿçêîé òåïëîïðîâîäíîé æèäêîñòè, ïîñòðîåííîå íà ÷åòûð¼õìåðíîé ïî-
äàëãåáðå Ëè G4 = ⟨∂z, ∂w + t∂z, ∂p, ∂θ⟩ [2], äîïóñêàåìîé ñèñòåìîé óðàâ-
íåíèé ìîäåëè Îáåðáåêà � Áóññèíåñêà. Îíî èíòåðïðåòèðóåòñÿ êàê äâóõ-
ñëîéíîå äâèæåíèå âÿçêèõ òåïëîïðîâîäíûõ æèäêîñòåé â öèëèíäðå ñ òâ¼ð-
äîé ñòåíêîé è îáùåé ïîäâèæíîé íåäåôîðìèðóåìîé ïîâåðõíîñòüþ ðàç-
äåëà.

Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ âîçíèêàþùàÿ íà÷àëüíî-êðàåâàÿ çà-
äà÷à ÿâëÿåòñÿ ñèëüíî íåëèíåéíîé è îáðàòíîé. Ïðè íåêîòîðûõ (÷àñòî
âûïîëíÿþùèõñÿ â ïðàêòè÷åñêèõ ïðèëîæåíèÿõ) ïðåäïîëîæåíèÿõ çàäà-
÷à çàìåíÿåòñÿ ëèíåéíîé. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî â íà÷àëüíûé
ìîìåíò âðåìåíè ïîâåðõíîñòü ðàçäåëà áûëà êðóãëûì öèëèíäðîì. Â ðå-
çóëüòàòå ïîëó÷åíû íåóëó÷øàåìûå àïðèîðíûå îöåíêè äëÿ ðåøåíèé ïî-
ñòàâëåííûõ çàäà÷, ðàâíîìåðíûå íà ñâîèõ îáëàñòÿõ îïðåäåëåíèÿ, è íà
èõ îñíîâå äîêàçàíî, ÷òî åñëè âûïîëíÿåòñÿ ðÿä óñëîâèé, òî íàéäåííûå
ðåøåíèÿ ñ ðîñòîì âðåìåíè ýêñïîíåíöèàëüíî ñòðåìÿòñÿ ê íóëþ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 14-01-00067).

ËÈÒÅÐÀÒÓÐÀ

1. Îâñÿííèêîâ Ë.Â. Ãðóïïîâîé àíàëèç äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì.:
Íàóêà, 1978.

2. Àíäðååâ Â.Ê., Ïóõíà÷¼â Â.Â. Èíâàðèàíòíûå ðåøåíèÿ óðàâíåíèé òåðìî-
êàïèëëÿðíîãî äâèæåíèÿ // ×èñëåííûå ìåòîäû ìåõàíèêè ñïëîøíîé ñðåäû.
1983. Ò. 14, � 5. Ñ. 3�23.
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Ðàññìîòðèì ñåìåéñòâî óðàâíåíèé

ẋ(t) +

N∑
k=1

ak(t)x(t− rk(t)) = 0, t > 0, (1)

ãäå ak è rk � èçìåðèìûå îãðàíè÷åííûå ôóíêöèè, ïðè÷åì 0 6 ak(t) 6 ak,
0 6 rk(t) 6 rk. Ïîñòàâèì â ñîîòâåòñòâèå óðàâíåíèþ (1) test-óðàâíåíèå

ẏ(t) +

N∑
k=1

pk(t)y(t− rk) = 0, t > 0,

êîýôôèöèåíòû êîòîðîãî îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì: pk(t) = ak,
åñëè t 6 rk+t0, è pk(t) = 0, åñëè t > rk+t0, ãäå t0 � ïåðâûé íóëü ðåøåíèÿ
test-óðàâíåíèÿ. Îáîçíà÷èì ÷åðåç ω = maxk rk, ÷åðåç L � òî÷êó ïåðâîãî
ìèíèìóìà test-óðàâíåíèÿ.

Òåîðåìà. Ïóñòü
∫∞
0

∑N
k=1

ak(s)ds = ∞ è âûïîëíåíî ëþáîå èç óñëî-
âèé: (a) L > 5ω/3; (á) L 6 5ω/3 è y(L) > −1. Òîãäà óðàâíåíèå (1)
àñèìïòîòè÷åñêè óñòîé÷èâî.

Íà îñíîâå òåîðåìû óäàåòñÿ ïîëó÷àòü òî÷íûå ýôôåêòèâíûå ïðèçíà-
êè óñòîé÷èâîñòè äëÿ óðàâíåíèé âèäà (1), êîòîðûå óòî÷íÿþò èçâåñòíûå
ðåçóëüòàòû èç ðàáîòû [1].

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ � 2014/152 Ìèíîáðíàóêè ÐÔ, ïðî-

åêò � 1890.

ËÈÒÅÐÀÒÓÐÀ
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Ìàìîíòîâ À.Å.1, Ïðîêóäèí Ä.À.2

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ;
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Ðàññìàòðèâàþòñÿ óðàâíåíèÿ ñòàöèîíàðíûõ áàðîòðîïíûõ äâèæåíèé
ñìåñåé N > 1 âÿçêèõ ñæèìàåìûõ æèäêîñòåé [1], [2]:

div (ρv) = 0, (1)

div (ρiv ⊗ ui) + αi∇p(ρ) = div Si + ρif i + gi, i = 1, . . . , N. (2)

Çäåñü ρi = αiρ � ïëîòíîñòü i-é êîìïîíåíòû ñìåñè, ãäå êîíöåíòðà-
öèè ñîñòàâëÿþùèõ αi ÿâëÿþòñÿ èçâåñòíûìè ïîñòîÿííûìè òàêèìè, ÷òî

0 < αi < 1,
N∑
i=1

αi = 1, à ρ =
N∑
i=1

ρi � ñóììàðíàÿ ïëîòíîñòü; ui � ïîëå

ñêîðîñòåé i-é ñîñòàâëÿþùåé; v =
N∑
i=1

αiui � ñðåäíåâçâåøåííàÿ ñêîðîñòü

ñìåñè; p � ñóììàðíîå äàâëåíèå; âåêòîðû f i è gi ÿâëÿþòñÿ èçâåñòíû-

ìè ïîëÿìè âíåøíèõ ñèë; Si =
N∑
j=1

(
2µijD(uj) + λij(divuj)I

)
� òåíçîðû

âÿçêèõ íàïðÿæåíèé.
Â äîêëàäå áóäåò ïðåäñòàâëåíà òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèé êðà-

åâîé çàäà÷è äëÿ óðàâíåíèé (1), (2), áóäóò îáñóæäàòüñÿ ïåðñïåêòèâû è
òðóäíîñòè äàëüíåéøåãî ðàçâèòèÿ òåîðèè.

Ðàáîòà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè

äëÿ ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë Ðîññèéñêîé Ôåäåðà-

öèè (ãðàíò ÍØ�8146.2016.1).

ËÈÒÅÐÀÒÓÐÀ

1. Íèãìàòóëèí Ð.È. Äèíàìèêà ìíîãîôàçíûõ ñðåä. ×. 1. Ì: Íàóêà, 1987.

2. Ìàìîíòîâ À.Å., Ïðîêóäèí Ä.À. Ðàçðåøèìîñòü ñòàöèîíàðíîé êðàåâîé çà-
äà÷è äëÿ óðàâíåíèé ïîëèòðîïíîãî äâèæåíèÿ âÿçêèõ ñæèìàåìûõ ìíîãî-
æèäêîñòíûõ ñðåä // Ñèá. ýëåêòðîí. ìàò. èçâ. 2016. Ò. 13. Ñ. 664�693.
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ÑÓÙÅÑÒÂÎÂÀÍÈÅ ÑÂÎÁÎÄÍÎÉ ÃÐÀÍÈÖÛ
ÏËÀÇÌÀ�ÂÀÊÓÓÌ Â ÌÀÃÍÈÒÍÎÉ
ÃÈÄÐÎÄÈÍÀÌÈÊÅ ÈÄÅÀËÜÍÎÉ
ÑÆÈÌÀÅÌÎÉ ÆÈÄÊÎÑÒÈ

Ìàíäðèê Í.Â.

Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; manikitos@gmail.com

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ñî ñâîáîäíîé ãðàíèöåé
�ïëàçìà�âàêóóì� äëÿ ñëó÷àÿ, êîãäà ïëîòíîñòü â îáëàñòè ïëàçìû óáû-
âàåò ê íóëþ íå íåïðåðûâíî, à ñêà÷êîì. Äëÿ ìîäåëèðîâàíèÿ ïëàçìû
èñïîëüçóåòñÿ ñèñòåìà óðàâíåíèé ìàãíèòíîé ãèäðîäèíàìèêè èäåàëüíîé
ñæèìàåìîé æèäêîñòè, à â îáëàñòè âàêóóìà � ñèñòåìà óðàâíåíèé Ìàêñ-
âåëëà.

Íîâèçíà ðàáîòû ñîñòîèò â òîì, ÷òî îáëàñòü âàêóóìà ìîäåëèðóåòñÿ
íå ýëëèïòè÷åñêîé div-rot ñèñòåìîé ïðåä-ìàêñâåëëîâñêîé äèíàìèêè, êàê
â êëàññè÷åñêîé ïîñòàíîâêå [1], à ñ ïîìîùüþ ñèñòåìû óðàâíåíèé Ìàêñ-
âåëëà äëÿ ìàãíèòíîãî è ýëåêòðè÷åñêîãî ïîëåé. Ðàíåå òàêàÿ ìîäåëü ðàñ-
ñìàòðèâàëàñü â ðàáîòå [2] äëÿ ðåëÿòèâèñòñêîãî ñëó÷àÿ, â ðàáîòå [3], ãäå
áûëè ïîëó÷åíû àïðèîðíûå îöåíêè äëÿ ëèíåàðèçîâàííîé çàäà÷è è äî-
êàçàíà âîçìîæíîñòü åå íåêîððåêòíîñòè ïðè äîñòàòî÷íî áîëüøîì íåâîç-
ìóùåííîì ýëåêòðè÷åñêîì ïîëå â âàêóóìå, à òàêæå â ðàáîòå [4], ãäå áû-
ëè ïîëó÷åíû ðó÷íûå àïðèîðíûå îöåíêè (tame estimates) â ïîäõîäÿùèõ
ïðîñòðàíñòâàõ Ñîáîëåâà.

Â õîäå ðàáîòû äîêàçàíî ëîêàëüíîå ïî âðåìåíè ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü ðåøåíèÿ äàííîé çàäà÷è. Äîêàçàòåëüñòâî, êàê è â [1], ïðîâî-
äèëîñü ñ ïîìîùüþ èòåðàöèé Íýøà � Ìîçåðà.

ËÈÒÅÐÀÒÓÐÀ
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P. 1065�1100.

4. Ìàíäðèê Í.Â. Ðó÷íûå àïðèîðíûå îöåíêè â ïðîñòðàíñòâàõ Ñîáîëåâà äëÿ
çàäà÷è ñî ñâîáîäíîé ãðàíèöåé �ïëàçìà-âàêóóì� // Ñèá. æóðí. ÷èñò. è
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Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èì. Ì.Ê. Àììîñîâà,
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Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ðàçðåøèìîñòè êðàåâûõ çàäà÷
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî ïîðÿäêà âèäà

∂2m+1u

∂t2m+1
+

2m∑
k=0

∂ku

∂tk
ak(t) + Lu = f, (1)

Lu ≡ 1

g(x)
(L0u+ λ0u+Mu), (x, t) ∈ Q = (a, b)× (0, T ),

ãäå äèôôåðåíöèàëüíûé îïåðàòîð L0 � îïåðàòîð ïî ïðîñòðàíñòâåííîé
ïåðåìåííîé 2n-ãî ïîðÿäêà, M � åãî âîçìóùåíèå, λ0 � êîìïëåêñíûé
ïàðàìåòð, ôóíêöèÿ g(x) ìîæåò îáðàùàòüñÿ â íóëü è ìåíÿòü çíàê íà
èíòåðâàëå (a, b).

Â ÷àñòíîñòè, ïðè m = 0 ïîëó÷àþòñÿ 2n-ïàðàáîëè÷åñêèå óðàâíåíèÿ
ñ ìåíÿþùèìñÿ íàïðàâëåíèåì âðåìåíè è ðàññìàòðèâàþòñÿ âîïðîñû êîð-
ðåêòíîñòè êðàåâûõ çàäà÷ ñ ïîëíîé ìàòðèöåé óñëîâèé ñîïðÿæåíèÿ (ñêëå-
èâàíèÿ).

Îòìåòèì, ÷òî ïîäîáíûå óðàâíåíèÿ âîçíèêàþò âî ìíîãèõ îáëàñòÿõ
ôèçèêè, ìåõàíèêè è íåêîòîðûõ äðóãèõ èõ ïðèëîæåíèÿõ, è óðàâíåíèÿ
âûñîêîãî ïîðÿäêà ðàññìàòðèâàëèñü â ðàáîòàõ [1, 2].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàð-

ñòâåííîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2014�2016 ãã. (ïðîåêò � 3047).
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Ðàññìàòðèâàþòñÿ ñèñòåìû óðàâíåíèé ñ çàïàçäûâàíèåì

ẏ(t) = A(t)y(t) +B(t)y(t− τ) +C(t)ẏ(t− τ) + F (t, y(t), y(t− τ), ẏ(t− τ)),

ãäå A(t), B(t), C(t) � ìàòðèöû ñ ïåðèîäè÷åñêèìè ýëåìåíòàìè. Ðàáîòà
ïðîäîëæàåò íàøè èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé ñ çà-
ïàçäûâàíèåì (ñì., íàïðèìåð, [1�5]). Ìû ïîëó÷àåì óñëîâèÿ ýêñïîíåíöè-
àëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ è óñòàíàâëèâàåì îöåíêè, õàðàê-
òåðèçóþùèå ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé íà áåñêî-
íå÷íîñòè. Àíàëîãè÷íûå èññëåäîâàíèÿ ïðîâåäåíû äëÿ ñèñòåì ñ íåñêîëü-
êèìè çàïàçäûâàíèÿìè. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ èñïîëüçîâàíû ôóíê-
öèîíàëû Ëÿïóíîâà � Êðàñîâñêîãî ñïåöèàëüíîãî âèäà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-01-00592).
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Ðàññìîòðèì ñèñòåìó ẋ(t)+
∫ h
0
dR(s)x(t−s) = 0, ãäå x : R+ → RN , R �

ýòî N ×N âåùåñòâåííàÿ ìàòðè÷íàÿ ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè,
èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ðèìàíà � Ñòèëòüåñà. Äîîïðåäåëèì x
ñóììèðóåìîé íà÷àëüíîé âåêòîð-ôóíêöèåé ïðè t ∈ [−h, 0). Ðåøåíèå ñè-
ñòåìû, ëîêàëüíî àáñîëþòíî íåïðåðûâíàÿ âåêòîð-ôóíêöèÿ, óäîâëåòâî-
ðÿþùàÿ äàííîé ñèñòåìå ïî÷òè âñþäó íà R+, ñóùåñòâóåò è åäèíñòâåííî.

Èññëåäîâàíèå óñòîé÷èâîñòè ðàññìàòðèâàåìîé ñèñòåìû ñâîäèòñÿ ê

èçó÷åíèþ êîðíåé ôóíêöèè Φ(z) = det
(
Iz +

∫ h
0
e−zsdR(s)

)
. Ìåòîä D-

ðàçáèåíèÿ [1], âåðîÿòíî, ÿâëÿåòñÿ íàèáîëåå ýôôåêòèâíûì ïðè¼ìîì èçó-
÷åíèÿ çàâèñèìîñòè êîëè÷åñòâà êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
Φ(z) = 0 ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ îò ïàðàìåòðîâ.

Ïóñòü Φ ëèíåéíî çàâèñèò îò âåùåñòâåííûõ ïàðàìåòðîâ r1, r2, òîãäà
õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä f0(z)+r1f1(z)+r2f2(z) = 0. Â
ýòîì ñëó÷àå óäà¼òñÿ ïðîâåñòè êëàññèôèêàöèþ îáëàñòåé D-ðàçáèåíèÿ è
ðàçäåëèòü õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ íà ÷åòûðå òèïà ïî êà÷åñòâåí-
íî ðàçëè÷íûì ñâîéñòâàì ñòðóêòóðû îáëàñòåé D-ðàçáèåíèÿ è èõ ãðàíèö.

Îáëàñòè D-ðàçáèåíèÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ïåðâîãî ðîäà
èìåþò êðèâîëèíåéíûå ãðàíèöû. Îáëàñòè D-ðàçáèåíèÿ õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ âòîðîãî è òðåòüåãî ðîäà � âûïóêëûå ìíîãîóãîëüíèêè,
îòëè÷èå çàêëþ÷àåòñÿ â ñïîñîáå âû÷èñëåíèÿ íàïðàâëåíèÿ âîçðàñòàíèÿ
âåùåñòâåííîé ÷àñòè êîðíÿ íà ãðàíèöå ìíîãîóãîëüíèêîâ. Îáëàñòü óñòîé-
÷èâîñòè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ÷åòâ¼ðòîãî ðîäà ïóñòà.

Ýòè ðåçóëüòàòû ïîçâîëèëè ïîëó÷èòü íîâûå ýôôåêòèâíûå ïðèçíàêè
óñòîé÷èâîñòè ñèñòåì óðàâíåíèé ñ ïîñëåäåéñòâèåì.

ËÈÒÅÐÀÒÓÐÀ

1. Íåéìàðê Þ.È. Îá îïðåäåëåíèè çíà÷åíèé ïàðàìåòðîâ, ïðè êîòîðûõ ñèñòå-
ìà àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ óñòîé÷èâà // Àâòîìàòèêà è òåëåìåõà-
íèêà. 1948. Ò. 9, âûï. 3. Ñ. 190�203.

122



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�
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Ïóñòü X = R4 � ÷åòûðåõìåðíîå ïðîñòðàíñòâî Ìèíêîâñêîãî, ò. å.
ïñåâäîåâêëèäîâî ïðîñòðàíñòâî ñèãíàòóðû (3, 1) ñ ìåòðèêîé

[x, x] = xTJx = x2
1
+ x2

2
+ x2

3
− x2

4
. (1)

Îáîçíà÷èì ÷åðåç O(3, 1) ãðóïïó Ëîðåíöà ëèíåéíûõ ïðåîáðàçîâàíèé â
X, ñîõðàíÿþùèõ ôîðìó (1). Ïîëóïðÿìîå ïðîèçâåäåíèå G = O(3, 1)◃R4

ãðóïïû Ëîðåíöà è ãðóïïû ÷åòûðåõìåðíûõ ñäâèãîâ íàçûâàþò ãðóïïîé
Ïóàíêàðå.

Ïóòåì â X íàçûâàåòñÿ âåêòîð-ôóíêöèÿ x(t) = {xi(t)}4i=1
èç (0, 1) â

R4, ó êîòîðûé âñå êîîðäèíàòíûå îòîáðàæåíèÿ xi : (0, 1) → R ÿâëÿþòñÿ
áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíêöèÿìè. Ïðîèçâîäíàÿ r-ãî ïîðÿä-

êà îò ïóòè åñòü âåêòîð-ôóíêöèÿ x(r)(t) = {x(r)
1

(t)}4i=1
, ãäå x

(r)
i (t) � r- àÿ

ïðîèçâîäíàÿ êîîðäèíàòíîé ôóíêöèè xi(t), i = 1, 4. Äëÿ êàæäîãî ïóòè
x(t) ÷åðåçM(x(t)) îáîçíà÷èì (4×4)-ìàòðèöó (x(t) x(1)(t) x(2)(t) x(3)(t)),

ãäå i-ûé ñòîëáåö èìååò êîîðäèíàòû x
(j−1)

i (t), i = 1, 4. ×åðåç M ′(x(t))
îáîçíà÷àåòñÿ, ñîîòâåòñòâåííî, ìàòðèöà (x(1)(t) x(2)(t) x(3)(t) x(4)(t)).
Ïóòü x(t) íàçûâàåòñÿ ðåãóëÿðíûì, åñëè îïðåäåëèòåëü detM(x(t)) íå
ðàâåí íóëþ ïðè âñåõ t ∈ (0, 1). Äâà ïóòè x(t) è y(t), çàäàííûå â X,
íàçûâàþòñÿ G-ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò òàêîå (g, a) ∈ G =
O(3, 1) ◃ R4, ÷òî y(t) = gx(t) + a äëÿ âñåõ t ∈ (0, 1) (gx(t) îçíà÷àåò
îáû÷íîå óìíîæåíèå ìàòðèöû g íà âåêòîð-ñòîëáåö x(t)).

Ïóñòü x(t) è y(t) òàêèå ïóòè â X, ÷òî ïóòè x(1)(t) è y(1)(t) ðåãóëÿðíû.
Òåîðåìà 1. Äâà ðåãóëÿðíûõ ïóòè x(t) è y(t) G-ýêâèâàëåíòû òîãäà è

òîëüêî òîãäà, êîãäà äëÿ âñåõ t ∈ (0, 1) âûïîëíåíû ñëåäóþùèå ðàâåíñòâà:

(M ′(x(t)))−1M ′′(x(t)) = (M ′(y(t)))−1M ′′(y(t))

(M ′(x(t)))TJM ′′(x(t)) = (M ′(x(t)))TJM ′′(x(t)), J = Diag (1, 1, 1,−1).

Òåîðåìà 2. Ïóòè x(t) è y(t) ÿâëÿþòñÿ G-ýêâèâàëåíòíûìè òîãäà è
òîëüêî òîãäà, êîãäà [x(r)(t), x(r)(t)] = [y(r)(t), y(r)(t)] äëÿ âñåõ t ∈ (0, 1),
r = 1, 4.
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Â ðàáîòå èññëåäîâàíà äâóìåðíàÿ çàäà÷à èçîòåðìè÷åñêîé ôèëüòðà-
öèè ñî ñâîáîäíîé ãðàíèöåé. Ïðåäëàãàåìûé ìåòîä ïðèìåíåí ðàíåå ñ öå-
ëüþ ïîñòðîåíèÿ êëàññà òî÷íûõ ðåøåíèé äâóìåðíûõ çàäà÷ íåîäíîðîäíîé
æèäêîñòè è ìàãíèòíîé ãèäðîäèíàìèêè. Ñòðóêòóðà èññëåäîâàíèÿ ñîñòî-
èò èç îïðåäåëåíèÿ äàâëåíèÿ ìåòîäîì, óêàçàííûì â ðàáîòå [1], ïîëíî-
ñòüþ îïðåäåëÿåòñÿ òîïîëîãè÷åñêàÿ ñòðóêòóðà òå÷åíèÿ, çàòåì îïðåäåëÿ-
åòñÿ íàñûùåííîñòü âûòåñíÿåìîé ôàçû. Äëÿ óðàâíåíèÿ íåðàçðûâíîñòè
êàæäîé êîìïîíåíòû æèäêîñòè:

∂(mρisi)

∂t
+ div ρiνi = 0, i = 1, 2. (1)

Ì.Ìàñêåò ïðåäëîæèë ñëåäóþùåå ôîðìàëüíîå îáîáùåíèå çàêîíà Äàð-
ñè [2, 3] äëÿ êàæäîé èç æèäêîñòåé: νi = −K0(k̄

i
0
/µi)(▽pi+ ρig), i = 1, 2,

ãäå K0 � êîýôôèöèåíò ôèëüòðàöèè ïîðèñòîé ñðåäû äëÿ îäíîðîäíîé
æèäêîñòè (èëè ñèììåòðè÷íûé òåíçîð äëÿ àíèçîòðîïíîé ñðåäû), µi �
êîýôôèöèåíòû äèíàìè÷åñêîé âÿçêîñòè, à k̄i

0
� îòíîñèòåëüíûå ôàçî-

âûå ïðîíèöàåìîñòè. Ïðè ýòîì k̄i
0
äîëæíû çàâèñåòü îò íàñûùåííîñòè si,

ïîñêîëüêó ÷àñòü ïàðîâîãî ïðîñòðàíñòâà çàíÿòà äðóãîé æèäêîñòüþ. Ïî
îïðåäåëåíèþ íàñûùåííîñòè si ìåíÿþòñÿ â ïðåäåëàõ 0 < si

0
≤ si ≤ 1−s0j ,

i ̸= j, s1 + s2 = 1.
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Â äîêëàäå ðàññìàòðèâàåòñÿ ïëîñêàÿ çàäà÷à òåîðèè óïðóãîñòè ñ òðå-
ùèíîé ñ óñëîâèÿìè íåïðîíèêàíèÿ áåðåãîâ òðåùèíû äðóã â äðóãà [1].
Çàäà÷è òàêîãî òèïà ïîðîæäàþò ìàòåìàòè÷åñêèå ìîäåëè ñ íåëèíåéíûìè
êðàåâûìè óñëîâèÿìè âèäà íåðàâåíñòâ íà áåðåãàõ òðåùèíû. Ýòè ìîäåëè
äîïóñêàþò âàðèàöèîííóþ ïîñòàíîâêó â âèäå ìèíèìèçàöèè âûïóêëîãî
ôóíêöèîíàëà íà çàìêíóòîì âûïóêëîì ïîäìíîæåñòâå èñõîäíîãî ãèëü-
áåðòîâà ïðîñòðàíñòâà èëè â âèäå âàðèàöèîííûõ íåðàâåíñòâ.

Äëÿ ðåøåíèÿ çàäà÷è ìèíèìèçàöèè ôóíêöèîíàëà ïîòåíöèàëüíîé
ýíåðãèè ïðèìåíÿåòñÿ ñõåìà äâîéñòâåííîñòè, ïîñòðîåííàÿ íà îñíîâå ìî-
äèôèöèðîâàííûõ ôóíêöèîíàëîâ Ëàãðàíæà. Ìîäèôèöèðîâàííûå ôóíê-
öèîíàëû Ëàãðàíæà äëÿ ðåøåíèÿ âàðèàöèîííûõ íåðàâåíñòâ ìåõàíèêè
ðàññìàòðèâàëèñü â ðàáîòàõ [2, 3]. Â ýòèõ ðàáîòàõ ïðåäïîëàãàëàñü äîñòà-
òî÷íàÿ ðåãóëÿðíîñòü ðåøåíèÿ èñõîäíîé çàäà÷è, îáåñïå÷èâàþùàÿ ðàçðå-
øèìîñòü äâîéñòâåííîé çàäà÷è. Îäíàêî äëÿ çàäà÷è òåîðèè óïðóãîñòè ñ
òðåùèíîé ðåãóëÿðíîñòü ðåøåíèÿ â îêðåñòíîñòè êðàåâ òðåùèíû ìîæåò
áûòü íåäîñòàòî÷íîé äëÿ ðàçðåøèìîñòè äâîéñòâåííîé çàäà÷è. Íåñìîò-
ðÿ íà óêàçàííóþ ïðîáëåìó, äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è â ðàáî-
òå ñòðîèòñÿ è îáîñíîâûâàåòñÿ ñõåìà äâîéñòâåííîñòè ñ èñïîëüçîâàíèåì
ôóíêöèîíàëîâ ÷óâñòâèòåëüíîñòè è òåîðåì î ñëåäàõ ôóíêöèè [1].

Ïðèâîäÿòñÿ ÷èñëåííûå ïðèìåðû, óêàçûâàþùèå íà ýôôåêòèâíîñòü
ïðåäëîæåííîãî ìîäèôèöèðîâàííîãî ìåòîäà äâîéñòâåííîñòè.
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Íàìñàðàåâà Ã.Â.
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Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ðàçðåøèìîñòü îáðàòíûõ çàäà÷ äëÿ
óðàâíåíèÿ Áóññèíåñêà, â êîòîðûõ âìåñòå ñ ðåøåíèåì íåèçâåñòíûì ÿâëÿ-
åòñÿ ìíîæèòåëü, çàâèñÿùèé îò âðåìåííîé ïåðåìåííîé è îïðåäåëÿþùèé
ïðàâóþ ÷àñòü â ãðàíè÷íîì óñëîâèè ïåðâîãî èëè âòîðîãî ðîäà.

Îáðàòíûå çàäà÷è îïðåäåëåíèÿ âìåñòå ñ ðåøåíèåì òàêæå íåèçâåñò-
íûõ ãðàíè÷íûõ äàííûõ ðàíåå èçó÷àëèñü äëÿ ïàðàáîëè÷åñêèõ óðàâíå-
íèé è óðàâíåíèé ñîáîëåâñêîãî òèïà â ðàáîòàõ [1�4], äëÿ óðàâíåíèÿ æå
Áóññèíåñêà ïîäîáíûå çàäà÷è íå èçó÷àëèñü.

Ïîäõîä ê èññëåäîâàíèþ ðàçðåøèìîñòè îáðàòíûõ çàäà÷ I è II îñíîâàí
íà ïðèìåíåíèè ìåòîäà Ôóðüå è ñâåäåíèè çàäà÷ ê èíòåãðàëüíûì óðàâ-
íåíèÿì Âîëüòåððà âòîðîãî ðîäà.
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ÈÍÒÅÃÐÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ
ÓÐÀÂÍÅÍÈß ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

Îðëîâ Ñ.Ñ.

Èðêóòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Èðêóòñê, Ðîññèÿ;
orlov_sergey@inbox.ru

Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, íå ðàçðåøåííûå îòíîñèòåëüíî
ñòàðøåé ïðîèçâîäíîé, â ìàòåìàòè÷åñêîé ëèòåðàòóðå ïðèíÿòî íàçûâàòü
óðàâíåíèÿìè òèïà Ñ.Ë. Ñîáîëåâà. Íàðÿäó ñ íèìè, â ïðèëîæåíèÿõ âîç-
íèêàþò èíòåãðîäèôôåðåíöèàëüíûå àíàëîãè, êîòîðûå ìîæíî òðàêòî-
âàòü êàê óðàâíåíèÿ ñîáîëåâñêîãî òèïà, âîçìóùåííûå ñâåðòî÷íûì èíòå-
ãðàëüíûì îïåðàòîðîì Âîëüòåððà. Ïðèìåðû òàêîâûõ äîñòàâëÿþò óðàâ-
íåíèÿ, âñòðå÷àþùèåñÿ ïðè ìîäåëèðîâàíèè ýëåêòðîííûõ (èîííûõ) ìàã-
íèòîçâóêîâûõ êîëåáàíèé [1]

(∆− α)φ− β · (t ∗ φx3x3) = f(t, x), t ≥ 0, x ∈ R3,

òå÷åíèÿ âÿçêîóïðóãèõ æèäêîñòåé [2]

(ν −∆)vt −∆v − k1(t) ∗∆v = f(t, x), t > 0, x ∈ Rk, k ∈ N,

âÿçêîóïðóãî-äèíàìè÷åñêîãî ñîñòîÿíèÿ ñðåäû [3]

(a−∆)utt − b∆ut −∆u+ k2(t) ∗∆u = f(t, x), t > 0, x ∈ R3,

è ìíîãèõ äðóãèõ ÿâëåíèé è ïðîöåññîâ. Ñ åäèíûõ ïîçèöèé íà÷àëüíî-
êðàåâûå çàäà÷è äëÿ íèõ ìîãóò áûòü èçó÷åíû â ôîðìå èíòåãðàëüíûõ
è èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ ñ
íåîáðàòèìûì îïåðàòîðîì â ãëàâíîé ÷àñòè. Íåêîòîðûì ðåçóëüòàòàì àâ-
òîðà â ýòîì íàïðàâëåíèè áóäåò ïîñâÿùåí ïðåäïîëàãàåìûé äîêëàä.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-31-00291).
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ÐßÄ ÏÎ ËÈÏØÈÖÅÂÎÌÓ ÂÎÇÌÓÙÅÍÈÞ
ÃÐÀÍÈÖÛ ÄËß ÐÅØÅÍÈß ÇÀÄÀ×È ÄÈÐÈÕËÅ

Ïàðô¼íîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
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Äëÿ öåëîãî n > 2 ïóñòü Ω = {x ∈ Rn : xn > ω(x′)} � íàäãðàôèê
ôèíèòíîé ëèïøèöåâîé ôóíêöèè ω : Rn−1 → R. Â [1] ïðîâåðåíû ñóùå-
ñòâîâàíèå è åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ Uω çàäà÷è

∆Uω = 0 â Ω; Uω
∣∣
∂Ω

= 0; Uω(x) = xn + o(|x|) ïðè x→ ∞.

Äëÿ ïðåîáðàçîâàíèÿ Ôóðüå F â Rn−1 ïóñòüΨj = F−1(−|ξ|)jF � ñòåïåíè
îïåðàòîðà Äèðèõëå � Íåéìàíà Ψ1. Ïðè φ ∈ C∞

0
(Rn−1) ïîëîæèì

Λφ
1
= −φ; Λφk = −

k−1∑
j=1

φj

j!
ΨjΛφk−j (k > 1). (1)

ßñíî, ÷òî {Λφk } ⊂ C∞
0
. Ðàñïðåäåëåíèå ψ ∈ E ′(Rn−1) ãàðìîíè÷åñêè ïðî-

äîëæàåòñÿ â Rn
+
ôîðìóëîé Hψ(x) = Γ(n/2)π−n/2xn

⟨
ψ, |x− (·, 0)|−n

⟩
.

Òåîðåìà. Ïðåäåëû Λωk = limi→∞ Λωik ñóùåñòâóþò â E ′ äëÿ ëþáîé
ñîáîëåâñêîé àïïðîêñèìàöèè ωi → ω. Åñëè M > 0, N > 1, ∥ω∥Lip 6 Q, à
ðàññòîÿíèå R îò x äî supp ω × {0} äîñòàòî÷íî âåëèêî, òî∣∣∣∣∣Uω(x)− xn −

M+N−1∑
k=1

HΛ
ω
k
(x)

∣∣∣∣∣ 6 c1c
M
2
xnR

−n∥ω∥M
Lip

∥ω∥Nb∗N ,

ãäå ci = ci(n,N,Q), b∗N = L1 ïðè N = 1 è b∗N = b
1−1/N
N (îäíîðîäíîå

ïðîñòðàíñòâî Ñëîáîäåöêîãî) ïðè N > 2.
Ýòà òåîðåìà îáîáùàåò òåîðåìû 1, 2 è 9 ðàáîòû [1].
Îïðåäåëåíèå (1) àíàëîãè÷íî ôîðìóëå (9) èç [2] äëÿ çàäà÷è Äèðèõëå

â ãëàäêîì âîçìóùåíèè êðóãà.
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ÃËÎÁÀËÜÍÀß ÐÀÇÐÅØÈÌÎÑÒÜ ÇÀÄÀ×È
ÊÎØÈ ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ,

ÂÎÇÍÈÊÀÞÙÈÕ Â ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ
ÌÎÄÅËßÕ ÆÈÂÛÕ ÑÈÑÒÅÌ

Ïåðöåâ Í.Â.

Îìñêèé ôèëèàë Èíñòèòóòà ìàòåìàòèêè
èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Îìñê, Ðîññèÿ; homlab@ya.ru

Ðàáîòà ïîñâÿùåíà èçó÷åíèþ çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàíèåì, âîçíèêàþùèõ â ìàòåìàòè÷åñêèõ ìîäåëÿõ
æèâûõ ñèñòåì. Ïóñòü x(t) = (x1(t), . . . , xm(t)) � ÷èñëåííîñòü ýëåìåíòîâ
íåêîòîðîé æèâîé ñèñòåìû â ìîìåíò âðåìåíè t, xi(t) � êîëè÷åñòâî ýëå-
ìåíòîâ i-ãî òèïà, dxi(t)/dt � ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ, 1 6 i 6 m,
ω > 0 � íåêîòîðàÿ êîíñòàíòà, Iω = [−ω, 0], xt : Iω → Rm � çàïàçäû-
âàþùàÿ ïåðåìåííàÿ, xt(θ) = x(t + θ), θ ∈ Iω, t > 0. Îáîçíà÷èì ÷åðåç
C(Iω, A) ìíîæåñòâî âñåõ íåïðåðûâíûõ ôóíêöèé z : Iω → A, A ⊆ Rm.

Ïîëàãàåì, ÷òî äèíàìèêà xi(t) îïèñûâàåòñÿ ñîîòíîøåíèÿìè

dxi(t)

dt
= fi(t, xt)− (µi + gi(t, xt))xi(t), t > 0, (1)

xi(t) = ψi(t), t ∈ Iω, 1 6 i 6 m, (2)

ãäå fi(t, xt) � ñêîðîñòü ïîÿâëåíèÿ â ñèñòåìå ýëåìåíòîâ i-ãî òèïà, µi +
gi(t, xt) � èíòåíñèâíîñòü ãèáåëè ýëåìåíòîâ i-ãî òèïà èëè èõ ïåðåõîäà â
äðóãèå ñèñòåìû, ψi(t) � êîëè÷åñòâî ïåðâîíà÷àëüíûõ ýëåìåíòîâ i-ãî òè-
ïà. Ïðèíÿòî, ÷òî êîíñòàíòû µi > 0, ψi(t) � íåïðåðûâíûå íåîòðèöàòåëü-
íûå ôóíêöèè, 1 6 i 6 m. Îòîáðàæåíèÿ fi(t, z), gi(t, z) îáëàäàþò ñëåäó-
þùèìè îñíîâíûìè ñâîéñòâàìè: 1) äëÿ íåêîòîðûõ a1 < 0, . . . , am < 0

fi, gi : R+ × C(Iω, [a1,∞)× · · · × [am,∞)) → R

ÿâëÿþòñÿ íåïðåðûâíûìè, 2) fi, gi : R+ × C(Iω,Rm+ ) → R+, 1 6 i 6 m.
Â ðàáîòå óñòàíîâëåíà ñîâîêóïíîñòü óñëîâèé îòíîñèòåëüíî îòîáðàæå-

íèé fi(t, z), gi(t, z), 1 6 i 6 m, îáåñïå÷èâàþùèõ ñóùåñòâîâàíèå, åäèí-
ñòâåííîñòü è íåîòðèöàòåëüíîñòü ðåøåíèé çàäà÷è Êîøè (1), (2) íà ïî-
ëóîñè t ∈ [0,∞). Â ðàìêàõ óêàçàííûõ óñëîâèé äîêàçàíà íåïðåðûâíàÿ
çàâèñèìîñòü ðåøåíèé çàäà÷è Êîøè (1), (2) îò íà÷àëüíûõ ôóíêöèé íà
êîíå÷íûõ ïðîìåæóòêàõ âðåìåíè.
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Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ ìàòåìàòè÷åñêîé
ìîäåëè ìèêðîýëåêòðîìåõàíè÷åñêîãî âûñîêî÷àñòîòíîãî ðåçîíàòîðà êëàñ-
ñà ÌÝÌÑ (ìèêðîýëåêòðîìåõàíè÷åñêèå ñèñòåìû). Ìàòåìàòè÷åñêàÿ ìî-
äåëü ïðèáîðà ïðåäñòàâëåíà íà÷àëüíî-êðàåâîé çàäà÷åé, îïèñûâàþùåé
íåëèíåéíûå êîëåáàíèÿ ïîäâèæíîãî ýëåêòðîäà (òîíêàÿ ìåòàëëèçèðîâàí-
íàÿ ïëåíêà) öèëèíäðè÷åñêîé ôîðìû. Íåëèíåéíîñòü êîëåáàíèé îáóñëîâ-
ëåíà ýëåêòðîñòàòè÷åñêèì âîçäåéñòâèåì íà ïîäâèæíûé ýëåêòðîä â óçêîì
çàçîðå. Â ñëó÷àå ïîñòîÿííîé ðàçíîñòè ïîòåíöèàëîâ âîçíèêàþò àâòîêî-
ëåáàíèÿ îïðåäåëåííîãî ïåðèîäà è ÷àñòîòû. Äëÿ îïèñàíèÿ öèëèíäðè-
÷åñêîé ôîðìû èçãèáà ïîäâèæíîãî ýëåêòðîäà èñïîëüçóåòñÿ óðàâíåíèå
óïðóãîé áàëêè ñ æåñòêî çàêðåïëåííûìè êîíöàìè. Íàéäåííûå â ðàìêàõ
ìàòåìàòè÷åñêîé ìîäåëè çíà÷åíèÿ ïàðàìåòðîâ, ïðè êîòîðûõ ñóùåñòâóþò
îãðàíè÷åííûå êîëåáàíèÿ, õàðàêòåðíû äëÿ ïàðàìåòðîâ, îáåñïå÷èâàþùèõ
ðàáîòîñïîñîáíîñòü ïðèáîðà, çíà÷åíèÿ êîòîðûõ èçâåñòíû èç ïóáëèêàöèé.

Ðàññìîòðåíà çàäà÷à î âûíóæäåííûõ íåëèíåéíûõ êîëåáàíèÿõ ïîä-
âèæíîãî ýëåêòðîäà â âèäå íåäåôîðìèðóåìîé ïëàòôîðìû, ïðèêðåïë¼í-
íîé ê ïðóæèíå, ïîä äåéñòâèåì ïåðèîäè÷åñêè ìåíÿþùèõñÿ ýëåêòðîñòà-
òè÷åñêèõ ñèë â óçêîì çàçîðå. Ñ ïðèìåíåíèåì ìåòîäà ïðîäîëæåíèÿ ïî
ïàðàìåòðó íà îñíîâå äèôôåðåíöèàëüíûõ ïðîãîíîê íàéäåíû îáëàñòè â
ïëîñêîñòè ïàðàìåòðîâ ìîäåëè ñ ìíîæåñòâåííîñòüþ ïåðèîäè÷åñêèõ ðå-
øåíèé, êàê óñòîé÷èâûõ, òàê è íåóñòîé÷èâûõ, à òàêæå îáëàñòè, â êîòî-
ðûõ îãðàíè÷åííûå êîëåáàíèÿ ïëàòôîðìû íå ñóùåñòâóþò. Âû÷èñëåíèå
ñîáñòâåííûõ ÷èñåë ìàòðèöû ìîíîäðîìèè ïîçâîëèëî îïðåäåëèòü óñòîé-
÷èâîñòü êîëåáàíèé.
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Ïîëÿêîâ Ä.Ì.
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Äîêëàä ïîñâÿùåí èññëåäîâàíèþ ðàçëè÷íûõ ñïåêòðàëüíûõ ñâîéñòâ
îïåðàòîðà Lbc : D(Lbc) ⊂ L2[0, ω] → L2[0, ω], ω > 0, îïðåäåëåííîãî äèô-
ôåðåíöèàëüíûì âûðàæåíèåì

l(y) = (−1)ky(2k) − qy, k ≥ 1, q ∈ L2[0, ω],

è êðàåâûìè óñëîâèÿìè bc:
(a) ïåðèîäè÷åñêèå bc = per: y(j)(0) = y(j)(ω), j = 0, 1, . . . , 2k − 1;
(b) àíòèïåðèîäè÷åñêèå bc = ap: y(j)(0) = −y(j)(ω), j = 0, 1, . . . , 2k − 1;
(c) Äèðèõëå bc = dir: y(0) = y(ω) = · · · = y(2k−2)(0) = y(2k−2)(ω) = 0,
Ñëåäîâàòåëüíî, D(Lbc) = {y ∈W 2k

2
[0, ω] : y óäîâëåòâîðÿåò óñëîâèþ bc}.

Äëÿ èññëåäîâàíèÿ ýòîãî îïåðàòîðà ïðèìåíÿåòñÿ íîâûé âàðèàíò ìå-
òîäà ïîäîáíûõ îïåðàòîðîâ (ñì. [1]). Ïîëó÷åííûå ðåçóëüòàòû êàñàþòñÿ
àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé, îöåíîê îòêëîíåíèé ñïåêòðàëüíûõ
ïðîåêòîðîâ, îöåíîê ðàâíîñõîäèìîñòè ñïåêòðàëüíûõ ðàçëîæåíèé. Òàê-
æå äîêàçàíî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå ïîëóãðóïïû îïåðàòîðîâ ñ
ãåíåðàòîðîì −Lbc. Ïîëó÷åííûå ðåçóëüòàòû îá àñèìïòîòèêå ñîáñòâåí-
íûõ çíà÷åíèé óëó÷øàþò (óòî÷íÿþò) èçâåñòíûå äî íàñòîÿùåãî âðåìåíè
ðåçóëüòàòû (ñì. [2�3], à òàêæå áîëåå ïîäðîáíî êðàòêèé âàðèàíò [4]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-31-00027).
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Ïîïîâ À.Ñ.
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Ñ ìîìåíòà ñîçäàíèÿ Ñ.Ë. Ñîáîëåâûì îáùåé òåîðèè êóáàòóðíûõ ôîð-
ìóë íà ñôåðå, èíâàðèàíòíûõ îòíîñèòåëüíî ïðåîáðàçîâàíèé êîíå÷íûõ
ãðóïï âðàùåíèé, ïðîøëî óæå áîëåå ïîëóâåêà [1]. Çà ýòî âðåìÿ íàè-
áîëüøåå ðàñïðîñòðàíåíèå ïîëó÷èëè êóáàòóðíûå ôîðìóëû, èíâàðèàíò-
íûå îòíîñèòåëüíî ãðóïï ñèììåòðèè ïðàâèëüíûõ ìíîãîãðàííèêîâ.

Êóáàòóðíûå ôîðìóëû, èíâàðèàíòíûå îòíîñèòåëüíî ðàçëè÷íûõ äè-
ýäðàëüíûõ ãðóïï ñèììåòðèè, ðàññìàòðèâàëèñü â ðàáîòàõ [2�3]. Â ÷àñò-
íîñòè, â [2] áûë ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ íàèëó÷øèõ (â íåêî-
òîðîì ñìûñëå) êóáàòóð íà ñôåðå, èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïïû
âðàùåíèé äèýäðà ñ èíâåðñèåé D6h, à â [3] � îòíîñèòåëüíî ãðóïïû D4h.

Â äàííîé ðàáîòå áóäåò îïèñàí àíàëîãè÷íûé àëãîðèòì ïîñòðîåíèÿ
íàèëó÷øèõ êóáàòóð, èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïïû D2h. Áóäóò
ïðîâåäåíû ðàñ÷¼òû ïî ýòîìó àëãîðèòìó ñ öåëüþ îïðåäåëèòü ïàðàìåòðû
âñåõ íàèëó÷øèõ êóáàòóð äàííîé ãðóïïû ñèììåòðèè äî 35-ãî ïîðÿäêà
òî÷íîñòè n. Ïðè ýòîì äëÿ n ≤ 11 áóäóò íàéäåíû òî÷íûå çíà÷åíèÿ ïàðà-
ìåòðîâ ñîîòâåòñòâóþùèõ êóáàòóð, à äëÿ îñòàëüíûõ n � ïðèáëèæ¼ííûå,
ïîëó÷åííûå ïóò¼ì ÷èñëåííîãî ðåøåíèÿ ñèñòåì íåëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé ìåòîäîì íüþòîíîâñêîãî òèïà.
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Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé ãðàíè-
öåé Γ, Q � öèëèíäð Ω × (0, T ) (0 < T < +∞), S = Γ × (0, T ) � áîêî-
âàÿ ãðàíèöà, f(x, t) � çàäàííàÿ â öèëèíäðå Q ôóíêöèÿ, u0(x), u1(x) �
çàäàííûå íà ìíîæåñòâå Ω ôóíêöèè, Ki(x, y, t) (i = 1, 2) � ôóíêöèè,
çàäàííûå ïðè x ∈ Ω, y ∈ Ω, t ∈ [0, T ].

Êðàåâàÿ çàäà÷à: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â öèëèíäðå
Q ðåøåíèåì óðàâíåíèÿ

utt +∆2u+ cu = f(x, t) (1)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

u(x, 0) = u0(x), ut(x, 0) = u1(x) x ∈ Ω, (2)

u(x, t)
∣∣∣
(x,t)∈S

=

∫
Ω

K1(x, y, t)u(y, t)dy
∣∣∣
(x,t)∈S

, (3)

∆u(x, t)
∣∣∣
(x,t)∈S

=

∫
Ω

K2(x, y, t)u(y, t)dy
∣∣∣
(x,t)∈S

. (4)

Ìåòîäîì Ôóðüå äîêàçûâàåòñÿ ðåãóëÿðíàÿ ðàçðåøèìîñòü êðàåâîé çà-
äà÷è (1)�(4) (ñì. [1]). Èññëåäîâàíèþ ïîäîáíûõ íåëîêàëüíûõ êðàåâûõ
çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ïîñâÿùåíà ðàáîòà [2].
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Ïåðâûå ïîñòàíîâêè çàäà÷ îá óñòîé÷èâîñòè íà êîíå÷íîì ïðîìåæóò-
êå âðåìåíè ïðèíàäëåæàò Í. Ã. ×åòàåâó, Í.Ä. Ìîèñååâó, Â. Ãåðìàèäçå
è Í.Í. Êðàñîâñêîìó, Ã.Â. Êàìåíêîâó. Ýòè ïîñòàíîâêè èññëåäîâàíû â
èõ ðàáîòàõ è ïîëó÷èëè äàëüíåéøåå ðàçâèòèå êàê òåîðèÿ ïðàêòè÷åñêîé
èëè òåõíè÷åñêîé óñòîé÷èâîñòè íà êîíå÷íîì èíòåðâàëå âðåìåíè. Ïðàê-
òè÷åñêàÿ óñòîé÷èâîñòü íà êîíå÷íîì èíòåðâàëå âðåìåíè îçíà÷àåò ðàâíî-
ìåðíóþ îãðàíè÷åííîñòü ðåøåíèé îòíîñèòåëüíî ìíîæåñòâà íà÷àëüíûõ
çíà÷åíèé è ñîâîêóïíîñòè âîçìóùàþùèõ âîçäåéñòâèé. Äëÿ ïðàêòè÷å-
ñêîé óñòîé÷èâîñòè òðåáóåòñÿ íå òîëüêî ñóùåñòâîâàíèå îãðàíè÷èâàþùåé
ïîñòîÿííîé äëÿ ðåøåíèé, íî è ÷òîáû ýòà ïîñòîÿííàÿ èìåëà çíà÷åíèÿ,
äîñòàòî÷íûå äëÿ òîãî, ÷òîáû ðåøåíèÿ, íà÷èíàþùèåñÿ âî ìíîæåñòâå
Y0, âñå âðåìÿ îñòàâàëèñü â Y0. Â äîêëàäå îïèñàíû íîâûå ðåçóëüòàòû
ïðèìåíåíèÿ ãàðàíòèðîâàííûõ ãðàíèö ìíîæåñòâ ðåøåíèé äëÿ èññëåäî-
âàíèÿ ïðàêòè÷åñêîé óñòîé÷èâîñòè. Ýòè ãðàíèöû ðåøåíèé âû÷èñëÿþòñÿ
ïðè ïîìîùè ìåòîäîâ, îñíîâàííûõ íà àïïðîêñèìàöèè îïåðàòîðà ñäâèãà
âäîëü òðàåêòîðèè [1]�[3], è ó÷èòûâàþò âëèÿíèå íà ðåøåíèÿ ïîñòîÿííî
äåéñòâóþùèõ âîçìóùåíèé.
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Ðàññìîòðèì ïðîñòðàíñòâî Ñîáîëåâà ñ ïåðåìåííûì ïîêàçàòåëåì ñóì-
ìèðóåìîñòè [1]

L1

p(·)(G) = {f ∈ L1(G) | ∇f ∈ Lp(·)(G)}.
Ñòðóêòóðà òàêèõ êëàññîâ Ñîáîëåâà ñóùåñòâåííûì îáðàçîì çàâèñèò îò
ðåãóëÿðíîñòè ïîêàçàòåëÿ ñóììèðóåìîñòè, äàëåå ìû áóäåì ïðåäïîëà-
ãàòü, ÷òî ôóíêöèÿ p(x) ÿâëÿåòñÿ ëèïøèöåâîé.

Ñî âñÿêèì èçìåðèìûì îòîáðàæåíèåì φ : G → G′ ñâÿæåì îïåðàòîð
êîìïîçèöèè φ∗, îïðåäåëÿåìûé óñëîâèåì φ∗f = f ◦φ, ãäå f ïðèíàäëåæèò
ïðîñòðàíñòâó Ñîáîëåâà L1

p(·)(G
′).

Íàñ áóäóò èíòåðåñîâàòü óñëîâèÿ íà îòîáðàæåíèå φ, ïðè êîòîðûõ
îïåðàòîð φ∗ áóäåò èçîìîðôèçìîì ïðîñòðàíñòâ Ñîáîëåâà

φ∗ : L1

p(·)(G
′) → L1

p(φ(·))(G), (1)

ò. å. ñîîòâåòñòâèå áóäåò âçàèìíî îäíîçíà÷íûì è íîðìà îïåðàòîðà φ∗

áóäåò îãðàíè÷åíà.
Ïðåäïîëîæèì, ÷òî 1 < p− ≤ p(y) ≤ p+ < ∞ ïðè âñåõ y ∈ G′. Ïðè

òàêîì îãðàíè÷åíèè, èñïîëüçóÿ àëüòåðíàòèâíîå îïèñàíèå ïðîñòðàíñòâà
L1

p(·), îñíîâàííîå íà ëèïøèöåâîé îöåíêå ñïåöèàëüíîãî âèäà [2], óäàåòñÿ

äîâîëüíî ïðîñòî ïîêàçàòü, ÷òî òðåáîâàíèå êâàçèèçîìåòðè÷íîñòè (áè-
ëèïøèöåâîñòè) îòîáðàæåíèÿ φ ÿâëÿåòñÿ äîñòàòî÷íûì äëÿ ñóùåñòâîâà-
íèÿ èçîìîðôèçìà (1).

Ìû áóäåì ïðåäïîëàãàòü, ÷òî îáëàñòè G è G′ îãðàíè÷åíû è èìåþò
ãëàäêóþ ãðàíèöó, à ôóíêöèÿ p(y) ÿâëÿåòñÿ ëèïøèöåâîé è n < p− ≤
p(y) ≤ p+ < ∞. Ïðè ýòèõ óñëîâèÿõ ó âñÿêîãî îòîáðàæåíèÿ φ, èíäó-
öèðóþùåãî èçîìîðôèçì (1), êîîðäèíàòíûå ôóíêöèè ïðèíàäëåæàò ïðî-
ñòðàíñòâó Ñîáîëåâà L1

p−(G) ⊂ C(G), ÷òî ïîçâîëÿåò ëåãêî äîêàçàòü ãî-
ìåîìîðôíîñòü îòîáðàæåíèÿ. Èñïîëüçóÿ îöåíêè èñêàæåíèÿ íîðìû ïðîá-
íûõ ôóíêöèé óäàåòñÿ äîêàçàòü êâàçèèçîìåòðè÷íîñòü îòîáðàæåíèÿ φ.
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Â ñëó÷àå 1 < p− ≤ p(y) ≤ p+ < n íåîáõîäèìîñòü òðåáîâàíèÿ êâàçè-
èçîìåòðè÷íîñòè îòîáðàæåíèÿ φ óäàåòñÿ äîêàçàòü ïðè äîïîëíèòåëüíîì
ïðåäïîëîæåíèè î åãî ãîìåîìîðôíîñòè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÍÔ � 16-41-02004.
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ÑÏÈÐÀËÜÍÛÅ ÒÅ×ÅÍÈß
ÍÀ ÏËÎÑÊÎÑÒÈ ÏÎÒÅÍÖÈÀËÀ

Ðûëîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; rylov@math.nsc.ru

Â îñíîâå ðàáîòû ëåæèò îòíîñèòåëüíî ìàëî èçâåñòíàÿ ñèñòåìà óðàâ-
íåíèé ãàçîâîé äèíàìèêè

kUφ − Vψ = 0, Uψ + Vφ = 0. (1)

Ýòà ñèñòåìà ñîçäàâàëàñü â ñâîå âðåìÿ äëÿ àíàëèçà ëèíèé óðîâíÿ íó-
ëåâûõ êîìïîíåíò âåêòîðà óñêîðåíèÿ [1, 2]. Ñîîòâåòñòâåííî, çàâèñèìûå
ïåðåìåííûå ñèñòåìû (1) ÿâëÿþòñÿ íåêîòîðûìè êîìáèíàöèÿìè ïðîèç-
âîäíûõ îò ãàçîäèíàìè÷åñêèõ ïàðàìåòðîâ, âçÿòûõ âäîëü ëèíèè òîêà.
Äåòàëè ïîñòðîåíèÿ ñèñòåìû (1) è ñîîòâåòñòâóþùèå îáîçíà÷åíèÿ ïðè-
âåäåíû â [1, 2].

Â ðàññìàòðèâàåìîì ñëó÷àå ñèñòåìà (1) èíòåðåñíà òåì, ÷òî îíà èìååò
î÷åâèäíîå ÷àñòíîå ðåøåíèå äëÿ ïðîèçâîëüíîé ïîñòîÿííîé µ:

U = µψ, V = −µφ. (2)

Ñîâìåñòíûé àíàëèç ñèñòåìû (1) è ðåøåíèÿ (2) íà ïëîñêîñòè ïîòåíöè-
àëà, ÷òî äîñòàòî÷íî ïðèíöèïèàëüíî, ïðèâîäèò ê ñïèðàëüíîìó òå÷åíèþ
Òîëëìèíà [3], â êîòîðîì èçîáàðû íà ôèçè÷åñêîé ïëîñêîñòè ÿâëÿþòñÿ
ëîãàðèôìè÷åñêèìè ñïèðàëÿìè, à íà ïëîñêîñòè ïîòåíöèàëà (φ,ψ) � ëó-
÷àìè λ = ψ/φ, âûõîäÿùèìè èç íà÷àëà êîîðäèíàò ïëîñêîñòè ïîòåíöèàëà.
Âñå äåòàëè èçëîæåíû â îäíîèìåííîé ñòàòüå, âûõîäÿùåé â áëèæàéøåå
âðåìÿ â æóðíàëå ÄÀÍ.
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Ïåðìñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ïîëèòåõíè÷åñêèé
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Ðàññìîòðèì ñèñòåìó óðàâíåíèé

ẋ(t) +

ω∫
0

dR(s)x(t− s) = 0, t > 0, (1)

ãäå ω > 0, êàæäàÿ êîìïîíåíòà ìàòðèöû-ôóíêöèè R, îïðåäåë¼ííîé íà
îòðåçêå [0, ω], èìååò îãðàíè÷åííóþ âàðèàöèþ. Èíòåãðàë ïîíèìàåòñÿ â
ñìûñëå Ðèìàíà � Ñòèëòüåñà. Ñëåäóÿ [1], íàçîâ¼ì ðåøåíèåì óðàâíå-
íèÿ (1) ëîêàëüíî àáñîëþòíî íåïðåðûâíóþ âåêòîð-ôóíêöèþ, óäîâëåòâî-
ðÿþùóþ (1) ïî÷òè âñþäó. Ïðè îòðèöàòåëüíûõ çíà÷åíèÿõ àðãóìåíòà ïî-
ëàãàåì ðåøåíèå äîîïðåäåë¼ííûì çàäàííîé íà÷àëüíîé âåêòîð-ôóíêöèåé.

Áóäåì íàçûâàòü îïðåäåë¼ííóþ íà ïîëîæèòåëüíîé ïîëóîñè íåïðå-
ðûâíóþ âåêòîð-ôóíêöèþ îñöèëëèðóþùåé, åñëè êàæäàÿ å¼ êîìïîíåíòà
èìååò íà ïîëóîñè íåîãðàíè÷åííóþ ñïðàâà ïîñëåäîâàòåëüíîñòü íóëåé.

Â èññëåäîâàíèè óðàâíåíèÿ (1) âàæíóþ ðîëü çàíèìàåò åãî õàðàêòå-
ðèñòè÷åñêàÿ ôóíêöèÿ

g(p) = det

(
pE +

ω∫
0

e−pξdR(ξ)

)
, p ∈ C.

Äëÿ ñèñòåìû (1) ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà. Âñå ðåøåíèÿ ñèñòåìû (1) îñöèëëèðóþò òîãäà è òîëüêî

òîãäà, êîãäà ôóíêöèÿ g íå èìååò âåùåñòâåííûõ êîðíåé.
Ñ ïîìîùüþ òåîðåìû ìîæíî ïîëó÷àòü ýôôåêòèâíûå íåîáõîäèìûå è

äîñòàòî÷íûå óñëîâèÿ îñöèëëÿöèè ëþáîãî ðåøåíèÿ ñèñòåìû òèïà (1).
Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ � 2014/152 Ìèíîáðíàóêè ÐÔ, ïðî-

åêò � 1890.
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Ñàèäóñàéíîâ Ì.Ñ.
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Ïóñòü UR
def
= {z ∈ C : |z| < R} � êðóã ðàäèóñà R ∈ (0, 1] â êîì-

ïëåêñíîé ïëîñêîñòè C; U1 := U ; A(UR) � ìíîæåñòâî àíàëèòè÷åñêèõ
â UR ôóíêöèé. Äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ A(U) ñèìâîëîì Bq,γ
(1 ≤ q ≤ ∞) îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî Áåðãìàíà ñ íîðìîé

∥f∥q,γ := ∥f∥Bq,γ =

(
1

2π

∫
1

0

∫
2π

0

ργ(ρ)|f(ρeit)|qdρdt
)1/q

<∞,

ãäå γ(|z|) � ïîëîæèòåëüíàÿ âåñîâàÿ ñóììèðóåìàÿ ôóíêöèÿ, dσ � ýëå-
ìåíò ïëîùàäè, à èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà. ×åðåç Bq,γ,R
(0 < R ≤ 1) îáîçíà÷èì ïðîñòðàíñòâî Áåðãìàíà ôóíêöèé f ∈ A(UR), äëÿ
êîòîðûõ ∥f∥Bq,γ,R = ∥f(R·)∥q,γ <∞. Ïóñòü Φ(u), u ≥ 0, � ïðîèçâîëüíàÿ
âîçðàñòàþùàÿ íåïðåðûâíàÿ ôóíêöèÿ òàêàÿ, ÷òî Φ(0) = 0. Ïðèíÿâ Φ(u)
â êà÷åñòâå ìàæîðàíòû, äëÿ ëþáîãî çíà÷åíèÿ ïàðàìåòðà µ ≥ 1/2 è r ∈ N
îïðåäåëèì êëàññ àíàëèòè÷åñêèõ ôóíêöèé W

(r)
q,a (Φ, µ) :=

{
f(z) ∈ Bq,γ :

1

h

∫ h
0
ω2(f

(r)
a , 2t)q,γ

[
1 + (µ2 − 1) sin πt

2h

]
dt ≤ Φ(h), 0 < h ≤ π/2

}
. Ââåä�åì

îáîçíà÷åíèå (1− cosnt)∗ := {1− cosnt, åñëè nt ≤ π; 2, åñëè nt > π}.
Òåîðåìà. Åñëè ïðè íåêîòîðîì µ ≥ 1/2 è ëþáûõ h ∈ (0, π/2], n ∈ N

ìàæîðàíòà Φ(u) óäîâëåòâîðÿåò óñëîâèþ

Φ(h)

Φ(π/2µn)
≥ π

π − 2

∫
1

0

(1− cosnht)∗

{
1 + (µ2 − 1) sin

πt

2

}
dt,

òî ïðè ëþáûõ r ∈ N, 1 ≤ q ≤ ∞, 0 < R ≤ 1 ñïðàâåäëèâû ðàâåíñòâà

dn(W
(r)
q,a (Φ, µ), Bq,γ,R) = bn(W

(r)
q,a (Φ, µ), Bq,γ,R)

= En−1(W
(r)
q,a (Φ, µ))Bq,γ,R = πRn[2(π − 2)nr]−1Φ(π/2µn),

ãäå dn(·) è bn(·) ñîîòâåòñòâåííî íàçûâàþò êîëìîãîðîâñêèì è áåðíøòåé-
íîâñêèì n-ïîïåðå÷íèêàì (ñì., íàïðèìåð, [1]). Ìíîæåñòâî ìàæîðàíò,
óäîâëåòâîðÿþùèõ óêàçàííîìó îãðàíè÷åíèþ, íå ïóñòî.
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Â äîêëàäå ðàññìàòðèâàåòñÿ âîïðîñ îá îïðåäåëåíèè âìåñòå ñ ðåøåíè-
åì ïðàâîé ÷àñòè ñïåöèàëüíîãî âèäà â ïàðàáîëè÷åñêîì óðàâíåíèè

ut − L0u =
r∑
i=1

Ni(t)δ(x− xi) + f(x, t), (x, t) ∈ (a, b)× (0, T ), (1)

ãäå L0u = a(x)uxx− b(x)ux− c(x)u è δ � äåëüòà-ôóíêöèÿ Äèðàêà. Çäåñü
íåèçâåñòíûìè ÿâëÿþòñÿ ôóíêöèÿ u(x, t) � êîíöåíòðàöèÿ çàãðÿçíÿþùå-
ãî âåùåñòâà â âîäîåìå èëè âîçäóõå, ôóíêöèè Ni(t) � ìîùíîñòè èñòî÷-
íèêîâ çàãðÿçíåíèÿ, òî÷êè xi ∈ (a, b) � òî÷å÷íûå èñòî÷íèêè è r � ÷èñëî
ýòèõ èñòî÷íèêîâ. ×òîáû îïðåäåëèòü íåèçâåñòíûå èñòî÷íèêè, óðàâíå-
íèå (1) äîïîëíÿåòñÿ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè

Bju = φj(t), j = 1, 2, u(x, 0) = u0(x),

è óñëîâèÿìè ïåðåîïðåäåëåíèÿ

u(yj , t) = ψj(t), j = 1, 2, . . . , s.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé è ïðàâèòåëüñòâà Õàíòû-Ìàíñèéñêîãî àâòîíîìíîãî îêðóãà �

Þãðû (ïðîåêò � 15-41-00063).
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ÓÐÀÂÍÅÍÈÅ ÂÈÍÅÐÀ � ÕÎÏÔÀ,
ßÄÐÎÌ ÊÎÒÎÐÎÃÎ ßÂËßÅÒÑß

ÐÀÑÏÐÅÄÅËÅÍÈÅ ÂÅÐÎßÒÍÎÑÒÅÉ

Ñãèáíåâ Ì.Ñ.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; sgibnev@math.nsc.ru

Ðàññìîòðèì óðàâíåíèå

z(x) =

x∫
−∞

z(x− y)F (dy) + f(x), x > 0, (1)

ãäå z(x)� íåèçâåñòíàÿ ôóíêöèÿ, F � çàäàííîå ðàñïðåäåëåíèå âåðîÿòíî-
ñòåé â R è f(x) � èçâåñòíàÿ ôóíêöèÿ. Åñëè ðàñïðåäåëåíèå F àáñîëþòíî
íåïðåðûâíî: F (dy) = k(y)dy, òî óðàâíåíèå (1) ýêâèâàëåíòíî êëàññè÷å-
ñêîìó íåîäíîðîäíîìó óðàâíåíèþ Âèíåðà � Õîïôà

z(x) =

∞∫
0

k(x− y)z(y) dy + f(x), x > 0.

Òåîðåìà 1. Ïóñòü F � ðàñïðåäåëåíèå âåðîÿòíîñòåé íà R òàêîå, ÷òî
µ :=

∫∞
−∞ xF (dx) ∈ (0,+∞]. Ïðåäïîëîæèì, ÷òî ó ôóíêöèè f ñóùåñòâóåò

ïðåäåë f(∞) := limx→∞ f(x) è supx>0
f(x) <∞. Òîãäà ðåøåíèå óðàâíå-

íèÿ (1) óäîâëåòâîðÿåò ñëåäóþùåìó àñèìïòîòè÷åñêîìó ñîîòíîøåíèþ:

z(x) ∼ f(∞)

µ
x, x→ ∞.

Òåîðåìà 2. Ïóñòü F � ðàñïðåäåëåíèå âåðîÿòíîñòåé íà R è µ ∈
(0,+∞). Ïðåäïîëîæèì, ÷òî íåîòðèöàòåëüíàÿ ôóíêöèÿ f(x) = xαL(x),
x > 0, ïðàâèëüíî ìåíÿåòñÿ íà áåñêîíå÷íîñòè ñ ïîêàçàòåëåì α > 0, ïðè-
÷åì f(∞) = ∞, è ôóíêöèÿ f(x) ìîíîòîííî íå óáûâàåò, íà÷èíàÿ ñ íåêîòî-

ðîãî ìåñòà x0, è îãðàíè÷åíà íà [0, x0]. Ïóñòü
∫
0

−∞ f(−x)F ((−∞, x))dx <
∞. Òîãäà ðåøåíèå óðàâíåíèÿ (1) ñóùåñòâóåò è óäîâëåòâîðÿåò ñëåäóþ-
ùåìó àñèìïòîòè÷åñêîìó ñîîòíîøåíèþ:

z(x) ∼ xα+1L(x)

(α+ 1)µ
=

xf(x)

(α+ 1)µ
, x→ ∞.
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ÔÈËÜÒÐÀÖÈß ÄÂÓÕ ÍÅÑÌÅØÈÂÀÞÙÈÕÑß
ÍÅÑÆÈÌÀÅÌÛÕ ÆÈÄÊÎÑÒÅÉ

Â ÄÅÔÎÐÌÈÐÓÅÌÎÉ ÏÎÐÈÑÒÎÉ ÑÐÅÄÅ

Ñèáèí À.Í.1, Ïàïèí À.À.2

Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áàðíàóë, Ðîññèÿ;
1sibin_anton@mail.ru, 2papin@math.asu.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î ñîâìåñòíîì äâèæåíèè äâóõ íåñìå-
øèâàþùèõñÿ íåñæèìàåìûõ æèäêîñòåé â ïîðîóïðóãîé ñðåäå. Â îñíîâå
èñïîëüçóåìîé ìîäåëè ëåæàò óðàâíåíèÿ ñîõðàíåíèÿ ìàññû æèäêîñòåé è
ïîðèñòîãî ñêåëåòà, çàêîí Äàðñè äëÿ æèäêîñòåé, ó÷èòûâàþùèé äâèæå-
íèå ïîðèñòîãî ñêåëåòà, ôîðìóëà Ëàïëàñà äëÿ êàïèëëÿðíîãî äàâëåíèÿ,
ðåîëîãè÷åñêîå óðàâíåíèÿ äëÿ ïîðèñòîñòè è óñëîâèå ðàâíîâåñèÿ �ñèñòå-
ìû â öåëîì� [1, 2]. Äàííàÿ ìîäåëü ÿâëÿåòñÿ îáîáùåíèåì êëàññè÷åñêîé
ìîäåëè Ìàñêåòà � Ëåâåðåòòà, â êîòîðîé ïîðèñòîñòü ñ÷èòàåòñÿ çàäàííîé
ôóíêöèåé [3].

Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû î ðàçðåøèìîñòè àâòîìîäåëüíîé
çàäà÷è ïîðøíåâîãî âûòåñíåíèÿ äâóõ æèäêîñòåé [4, 5].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãîñóäàðñòâåííîãî çàäàíèÿ

Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè � 2014/2, Ðîññèé-

ñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 13-08-01097).

ËÈÒÅÐÀÒÓÐÀ
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ÎÁ ÎÄÍÎÉ ÌÎÄÅËÈ ÕÈÙÍÈÊ�ÆÅÐÒÂÀ
Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Ñêâîðöîâà Ì.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;

sm-18-nsu@yandex.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäû-
âàþùèì àðãóìåíòîì, îïèñûâàþùàÿ âçàèìîäåéñòâèå ïîïóëÿöèé õèùíè-
êîâ è æåðòâ, îáèòàþùèõ íà îäíîé òåððèòîðèè [1]:

d

dt
x(t) = rx(t)

(
1− x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t).

(1)

Çäåñü x(t) � ÷èñëåííîñòü ïîïóëÿöèè æåðòâ, y(t) � ÷èñëåííîñòü ïîïóëÿ-
öèè âçðîñëûõ õèùíèêîâ, z(t) � ÷èñëåííîñòü ïîïóëÿöèè ìîëîäûõ õèù-
íèêîâ, âñå ïàðàìåòðû ñèñòåìû ïðåäïîëàãàþòñÿ ïîëîæèòåëüíûìè.

Â ðàáîòå èçó÷àåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïîëîæåíèé ðàâ-
íîâåñèÿ ñèñòåìû (1). Ïîëó÷åíû óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû, ïðè
êîòîðûõ ïîëîæåíèÿ ðàâíîâåñèÿ ÿâëÿþòñÿ àñèìïòîòè÷åñêè óñòîé÷èâû-
ìè. Èñïîëüçóÿ ìîäèôèöèðîâàííûå ôóíêöèîíàëû Ëÿïóíîâà � Êðàñîâ-
ñêîãî [2], óñòàíîâëåíû îöåíêè ñêîðîñòè ñõîäèìîñòè ðåøåíèé ê ïîëîæå-
íèÿì ðàâíîâåñèÿ è îöåíêè íà îáëàñòè ïðèòÿæåíèÿ [3].

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîôåññîðó Ã.Â. Äåìèäåíêî çà âíè-
ìàíèå ê ðàáîòå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 15-01-00745).
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ÏÀÐÀËËÅËÜÍÛÉ ÀËÃÎÐÈÒÌ
ÄËß ÌÎÄÅËÈÐÎÂÀÍÈß

ÀÐÒÅÐÈÀËÜÍÎÃÎ ÊÐÎÂÎÒÎÊÀ

Ñîëîâüåâà Å.Î.1, Áèáåðäîðô Ý.À.1,2

1Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
kat-08@list.ru

2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà CO ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; biberdorf@ngs.ru

Ðàáîòà ïîñâÿùåíà àêòóàëüíîé ïðîáëåìå êîìïüþòåðíîãî ìîäåëèðî-
âàíèÿ àðòåðèàëüíîãî êðîâîòîêà. Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè èñ-
ïîëüçóåòñÿ 1D ìîäåëü ãåìîäèíàìèêè [1]. Â îñíîâó ÷èñëåííîãî àëãîðèòìà
ïîëîæåí ìåòîä Ìàê-Êîðìàêà. Îí ïîçâîëÿåò ñäåëàòü ïðîñòðàíñòâåííûå
ðàçáèåíèÿ ïî ñîñóäó íåçàâèñÿùèìè äðóã îò äðóãà, ò. ê. ñîñóäû ñâÿçûâà-
þòñÿ ìåæäó ñîáîé òîëüêî ãðàíè÷íûìè óñëîâèÿìè, â îòëè÷èå, íàïðèìåð,
îò îðòîãîíàëüíîé ïðîãîíêè. Ýòî ïîçâîëÿåò ðàñïàðàëëåëèòü àëãîðèòì è
ñýêîíîìèòü âðåìÿ ðàñ÷åòîâ íà ìåëêèõ ñîñóäàõ.

Ñãëàæèâàíèå ðåøåíèé ÿâëÿåòñÿ íåîòúåìëåìîé ÷àñòüþ àëãîðèòìà
ñ èñïîëüçîâàíèåì ñõåìû Ìàê-Êîðìàêà. Ìû ïðåäëàãàåì íîâûé ìåòîä
íåëîêàëüíîãî ñãëàæèâàíèÿ, â îñíîâå êîòîðîãî ëåæèò QR-ðàçëîæåíèå.
Îí îñíîâàí íà èäåÿõ àêàäåìèêà Ñ.Ê. Ãîäóíîâà è àíàëîãè÷åí ìåòîäó
ðåãóëÿðèçàöèè ïëîõî îáóñëîâëåííûõ ÑËÀÓ, îïèñàííîìó â [2]. Ðåçóëü-
òàòû ýêñïåðèìåíòîâ ïîêàçàëè, ÷òî ïî íåêîòîðûì ïîêàçàòåëÿì îí ïðå-
âîñõîäèò êëàññè÷åñêèé ìåòîä óñðåäíåíèÿ. Íåñìîòðÿ íà ðåñóðñîåìêîñòü
QR-ðàçëîæåíèÿ, â äàííîì ñëó÷àå åãî ïðèìåíåíèå òðåáóåòñÿ òîëüêî îäèí
ðàç. Êðîìå òîãî, äàííûé ìåòîä ïîçâîëÿåò ïåðåõîäèòü îò ãðóáîé ñåòêè
ê áîëåå ìåëêîé, åñëè ãðàäèåíòû ðåøåíèÿ óâåëè÷èâàþòñÿ, è íàîáîðîò.
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ÐÀÇÐÅØÈÌÎÑÒÜ ÍÅÑÒÀÖÈÎÍÀÐÍÎÉ
ÇÀÄÀ×È Î ÄÂÈÆÅÍÈÈ ÒÂÅÐÄÎÃÎ ÒÅËÀ

Â ÒÅ×ÅÍÈÈ ÏÓÀÇÅÉËß

Ñòàðîâîéòîâ Â.Í.1,2, Ñòàðîâîéòîâà Á.Í.1

1Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; starovoitov@hydro.nsc.ru

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

Â ðàáîòå äîêàçàíî ñóùåñòâîâàíèå îáîáùåííîãî ñëàáîãî ðåøåíèÿ íå-
ñòàöèîíàðíîé çàäà÷è î äâèæåíèè àáñîëþòíî òâåðäîãî òåëà â ïîòîêå
âÿçêîé íåñæèìàåìîé æèäêîñòè, çàïîëíÿþùåé öèëèíäðè÷åñêóþ òðóáó
ïðîèçâîëüíîãî ñå÷åíèÿ. Òå÷åíèå æèäêîñòè ïîä÷èíÿåòñÿ óðàâíåíèÿì Íà-
âüå � Ñòîêñà è ñòðåìèòñÿ íà áåñêîíå÷íîñòè ê òå÷åíèþ Ïóàçåéëÿ. Òå-
ëî äâèæåòñÿ ñîãëàñíî çàêîíàì êëàññè÷åñêîé ìåõàíèêè ïîä äåéñòâèåì
îêðóæàþùåé æèäêîñòè è ñèëû òÿæåñòè, íàïðàâëåííîé âäîëü öèëèí-
äðà. Ñòîëêíîâåíèÿ òåëà ñ ãðàíèöåé îáëàñòè òå÷åíèÿ íå äîïóñêàþòñÿ,
ïîýòîìó çàäà÷à ðàññìàòðèâàåòñÿ äî ìîìåíòà âðåìåíè, êîãäà òåëî ïðè-
áëèçèòñÿ ê ãðàíèöå.

Â ñóùåñòâóþùèõ ðàáîòàõ ïî äàííîé òåìàòèêå îáëàñòü òå÷åíèÿ ëè-
áî ñîâïàäàåò ñî âñåì ïðîñòðàíñòâîì, ëèáî ÿâëÿåòñÿ îãðàíè÷åííîé. Ïðè
ýòîì, â ïåðâîì ñëó÷àå ñêîðîñòü ñòðåìèòñÿ ê íóëþ íà áåñêîíå÷íîñòè, à
âî âòîðîì � îáðàùàåòñÿ â íóëü íà ãðàíèöå îáëàñòè òå÷åíèÿ. Íåñòàöèî-
íàðíûå çàäà÷è ïîäîáíîãî òèïà ñ íåêîìïàêòíîé ãðàíèöåé è íåíóëåâûìè
óñëîâèÿìè íà áåñêîíå÷íîñòè äî íàñòîÿùåãî âðåìåíè íå èçó÷àëèñü.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 15-11-20019).
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ÍÅÐÀÂÅÍÑÒÂÀ ÄËß ÎÏÅÐÀÒÎÐÀ ËÀÏËÀÑÀ

Ñ ÍÅËÎÊÀËÜÍÛÌ ÓÑËÎÂÈÅÌ

Òîðåáåê Á.Ò.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ, Àëìàòû, Êàçàõñòàí; torebek@math.kz

Ïóñòü Ω ∈ Rd � îãðàíè÷åííàÿ îáëàñòü (d > 2), ñèììåòðè÷íàÿ îòíî-
ñèòåëüíî íà÷àëà êîîðäèíàò ñ ãëàäêîé ãðàíèöåé ∂Ω. Òàêàÿ ñèììåòðè÷-
íîñòü îçíà÷àåò, ÷òî âìåñòå ñ òî÷êîé x = (x1, x2, . . . , xd), �ïðîòèâîïîëîæ-
íàÿ� åé òî÷êà x∗ = (−x1,−x2, . . . ,−xd) òàêæå ïðèíàäëåæèò îáëàñòè.

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó: íàéòè ôóíêöèþ u(x), óäîâëåòâîðÿ-
þùóþ âíóòðè Ω óðàâíåíèþ

−∆u (x) = λu (x) , x ∈ Ω, (1)

à íà å¼ ãðàíèöå � êðàåâûì óñëîâèÿì

u (x) = −u (x∗) , x ∈ ∂Ω ∩ {x1 ≥ 0}, (2)

∂u (x)

∂nx
=
∂u (x∗)

∂nx
+ αu (x∗) , x ∈ ∂Ω ∩ {x1 ≥ 0}. (3)

Çäåñü nx � ïðîèçâîäíàÿ ïî íàïðàâëåíèþ âíåøíåé íîðìàëè ê ∂Ω, à
α ≥ 0 � äåéñòâèòåëüíîå ÷èñëî.

Â äîêëàäå äîêàçàíà ñàìîñîïðÿæåííîñòü çàäà÷è (1)�(3) è ïîêàçàíà
ìåòîäèêà ïîñòðîåíèÿ åå ñîáñòâåííûõ ôóíêöèé. Ïîëó÷åíû ñïåêòðàëü-
íûå íåðàâåíñòâà äëÿ ïåðâîãî è âòîðîãî ñîáñòâåííûõ çíà÷åíèé. Äîêàçàí
àíàëîã íåðàâåíñòâà òèïà Ðåëåÿ äëÿ ïåðâîãî ñîáñòâåííîãî çíà÷åíèÿ è
óñòàíîâëåíû íåêîòîðûå èçîïåðèìåòðè÷åñêèå íåðàâåíñòâà äëÿ ïåðâîãî è
âòîðîãî ñîáñòâåííûõ çíà÷åíèé çàäà÷è (1)�(3).

Âïåðâûå çàäà÷à (1)�(3) ïðè α = 0 áûëà ñôîðìóëèðîâàíà è èññëå-
äîâàëàñü â [1] äëÿ ñëó÷àÿ îêðóæíîñòè è àíàëîãè÷íûå ðåçóëüòàòû áûëè
ïîëó÷åíû â [2].

ËÈÒÅÐÀÒÓÐÀ
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ÑÓÙÅÑÒÂÎÂÀÍÈÅ È ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ
ÐÅØÅÍÈß Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÑÎÁÎËÅÂÀ

ÇÀÄÀ×È ÄËß ÊÎÍÒÀÊÒÍÎÃÎ
ÌÀÃÍÈÒÎÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÎÃÎ ÐÀÇÐÛÂÀ

Òðàõèíèí Þ.Ë.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; trakhin@math.nsc.ru

Â ìàãíèòíîé ãèäðîäèíàìèêå (ÌÃÄ) èäåàëüíîé ñæèìàåìîé æèäêî-
ñòè ñóùåñòâóåò äâà âèäà ñèëüíûõ ðàçðûâîâ, ÿâëÿþùèõñÿ êîíòàêòíûìè
â òîì ñìûñëå, ÷òî îòñóòñòâóåò ïîòîê ìàññû ÷åðåç ïîâåðõíîñòü ðàçðûâà.
Ýòî òàíãåíöèàëüíûå è, ñîáñòâåííî, êîíòàêòíûå ðàçðûâû. Ëîêàëüíàÿ
ïî âðåìåíè òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè äëÿ òàíãåíöèàëü-
íûõ ðàçðûâîâ äîêàçàíà â [1] ïðè óñëîâèè, ÷òî â íà÷àëüíûé ìîìåíò âðå-
ìåíè â êàæäîé òî÷êå ðàçðûâà âûïîëíåíî íàéäåííîå äîñòàòî÷íîå óñëî-
âèå êîððåêòíîñòè. ×òî æå êàñàåòñÿ êîíòàêòíûõ ÌÃÄ ðàçðûâîâ, òî äî
ñèõ ïîð âîïðîñ î äîêàçàòåëüñòâå èõ ñóùåñòâîâàíèÿ è íàõîæäåíèè ñîîò-
âåòñòâóþùèõ óñëîâèé íà íà÷àëüíûå äàííûå îñòàâàëñÿ îòêðûòûì.

Äëÿ êîíòàêòíûõ ÌÃÄ ðàçðûâîâ äëÿ äâóìåðíîãî ñëó÷àÿ íàìè äîêà-
çàíà ëîêàëüíàÿ ïî âðåìåíè òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
â ïðîñòðàíñòâàõ Ñîáîëåâà Hm ïðè óñëîâèè, ÷òî â íà÷àëüíûé ìîìåíò
âðåìåíè â êàæäîé òî÷êå ðàçðûâà âûïîëíåíî óñëîâèå Ðýëåÿ � Òåéëîðà
[∂p/∂n] < 0 íà çíàê ñêà÷êà ïðîèçâîäíîé ïî íîðìàëè äàâëåíèÿ ïëàç-
ìû. Äîêàçàòåëüñòâî [2] îñíîâàíî íà âûâîäå àïðèîðíîé îöåíêè ðåøåíèÿ
ëèíåàðèçîâàííîé çàäà÷è [3] è ìåòîäå Íýøà � Ìîçåðà.

Ðåçóëüòàò ïîëó÷åí ñîâìåñòíî ñ Alessandro Morando è Paola Trebeschi
(Óíèâåðñèòåò Áðåøèà, Èòàëèÿ).
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ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ

Òóðìåòîâ Á.Õ.

Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èì. Õ.À. ßñàâè,
Òóðêåñòàí, Êàçàõñòàí; turmetovbh@mail.ru

Ïóñòü Ω � íåêîòîðàÿ îáëàñòü ïðîñòðàíñòâà Rn, n ≥ 2, X � ëèíåéíîå
ïðîñòðàíñòâî ôóíêöèé, îïðåäåëåííûõ â îáëàñòè Ω. Ïðåäïîëîæèì, ÷òî
çàäàíû ëèíåéíûå îïåðàòîðû L1 è L2, äåéñòâóþùèå èç X â X. Ïðèâåäåì
îïðåäåëåíèå íîðìèðîâàííûõ ñèñòåì [1].

Îïðåäåëåíèå. Ñèñòåìó ôóíêöèé fk(x) èçX íàçîâåì f -íîðìèðîâàí-
íîé îòíîñèòåëüíî (L1, L2) â Ω ñ îñíîâàíèåì f0, åñëè âñþäó â ýòîé îáëà-
ñòè âûïîëíÿþòñÿ ðàâåíñòâà

L1f0(x) = f(x), L1fk(x) = L2fk−1(x), k ≥ 1, x ∈ Ω.

Ðàññìîòðèì óðàâíåíèå

(L1 − L2)y(x) = f(x), x ∈ Ω. (1)

Îñíîâíûå ñâîéñòâà ñèñòåìû ôóíêöèé, íîðìèðîâàííîé îòíîñèòåëü-
íî (L1, L2), èçëîæåíû â ðàáîòå [1]. Íàïðèìåð, ñïðàâåäëèâî ñëåäóþùåå
óòâåðæäåíèå.

Òåîðåìà. Åñëè îïåðàòîðû L1 è L2 êîììóòèðóþò, à ñèñòåìà ôóíêöèé
fk(x) ÿâëÿåòñÿ f -íîðìèðîâàííîé îòíîñèòåëüíî (L1, L2) â Ω, òî ðåøåíèå
óðàâíåíèÿ (1) ìîæíî çàïèñàòü â âèäå y(x) =

∑∞
k=0

Lk
2
fk(x).

Â íàñòîÿùåé ðàáîòå ìû èññëåäóåì âîïðîñû ïðèìåíåíèÿ ìåòîäà íîð-
ìèðîâàííûõ ñèñòåì ê ïîñòðîåíèþ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâ-
íåíèé äðîáíîãî ïîðÿäêà. Äëÿ íåêîòîðûõ êëàññîâ äèôôåðåíöèàëüíûõ
óðàâíåíèé äðîáíîãî ïîðÿäêà ñ ïîñòîÿííûìè è ïåðåìåííûìè êîýôôèöè-
åíòàìè áóäóò ïîñòðîåíû ôóíäàìåíòàëüíûå ñèñòåìû ðåøåíèé è èçó÷åíû
çàäà÷è òèïà Êîøè.

ËÈÒÅÐÀÒÓÐÀ
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Òóõëèåâ Ê.

Õóäæàíäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Á. Ãàôóðîâà,
Õóäæàíä, Òàäæèêèñòàí; kamaridin.t54@mail.ru

Ïóñòü Lp(R) (1 ≤ p ≤ ∞) � ïðîñòðàíñòâî èçìåðèìûõ è ñóììèðó-
åìûõ â p-é ñòåïåíè íà âñåé îñè R ôóíêöèé f ñ íîðìîé ∥f∥Lp(R) :=( ∫

R
|f(x)|pdx

)1/p
, L

(r)
p (R) (1 ≤ p ≤ ∞, r ∈ Z+) � ìíîæåñòâî ôóíê-

öèé f ∈ Lp(R), ó êîòîðûõ ïðîèçâîäíûå (r − 1)-ãî ïîðÿäêà f (r−1) ëî-
êàëüíî àáñîëþòíî íåïðåðûâíû, à ïðîèçâîäíûå f (r) ∈ Lp(R). Ñèìâî-
ëîì Bσ,p (0 < σ < ∞, 1 ≤ p ≤ ∞) îáîçíà÷èì ñóæåíèå íà R ìíîæå-
ñòâà ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà σ, ïðèíàäëåæàùèõ ïðîñòðàíñòâó
Lp(R). Aσ(f)p := inf

{
∥f − gσ∥p : gσ ∈ Bσ,p

}
� íàèëó÷øåå ïðèáëèæåíèå

ôóíêöèè f ∈ Lp(R) ýëåìåíòàìè ïîäïðîñòðàíñòâà Bσ,p. Ω
(q)
m (f (r); t)p �

îáîáù�åííûé ìîäóëü íåïðåðûâíîñòè ïðîèçâîäíîé f (r) ∈ Lp(R), îïðå-
äåë�åííûé ïðè ïîìîùè ôóíêöèè Ñòåêëîâà. Ââåä�åì ñëåäóþùóþ ýêñòðå-
ìàëüíóþ õàðàêòåðèñòèêó

Mσ,m,r,q(ψ; t) := sup
f∈L(r)

2 (R)

Aσ(f)2(
t∫
0

Ωqm(f (r); τ)2 ψ(τ)dτ

)1/q
,

ãäå r ∈ Z+;m ∈ N; t, σ ∈ R+; 0 < q ≤ 2; ψ � íåîòðèöàòåëüíàÿ èçìåðèìàÿ
ñóììèðóåìàÿ íà îòðåçêå [0, t] ôóíêöèÿ.

Òåîðåìà. Ïóñòü m ∈ N, r ∈ Z+, σ ∈ R+, 0 < t < π/σ, 0 < q ≤ 2
è ψ � íåîòðèöàòåëüíàÿ èçìåðèìàÿ íà îòðåçêå [0, t] ôóíêöèÿ. Òîãäà âû-
ïîëíÿþòñÿ íåðàâåíñòâà{

am,r,q(ψ; t, σ)
}−1

≤ Mσ,m,r,q(ψ; t) ≤
{

inf
σ≤u<∞

am,r,q(ψ; t, u)

}−1

,

ãäå

am,r,q(ψ; t, u) =

(
urq

t∫
0

(
1− sinuτ

uτ

)mq
ψ(τ)dτ

)1/q

, u ≥ σ.
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Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ ñèñòåì îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé âûñîêîé ðàçìåðíîñòè

dx

dt
= Anx+ Fn(t, x).

Êîýôôèöèåíòû ìàòðèöû An çàâèñÿò îò ðàçìåðíîñòè ñèñòåìû n è ïàðà-
ìåòðîâ. Îïèðàÿñü íà ìåòîäû èññëåäîâàíèÿ ñèñòåì îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé âûñîêîé ðàçìåðíîñòè, ïðåäëîæåííûå
Ã.Â. Äåìèäåíêî (ñì., íàïðèìåð, [1�3]), ìû óñòàíàâëèâàåì, ÷òî ïðè áîëü-
øèõ n ïîñëåäíÿÿ êîìïîíåíòà ðåøåíèÿ ïðèáëèæåííî îïèñûâàåòñÿ ðåøå-
íèåì îäíîãî óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì

dy(t)

dt
= −θy(t) + g(t− τ, y(t− τ)), t > τ.

Îöåíêè àïïðîêñèìàöèè ñóùåñòâåííî çàâèñÿò îò ðàçìåðíîñòè n è ïà-
ðàìåòðîâ, âõîäÿùèõ â ñèñòåìó. Ïîëó÷åííûå ðåçóëüòàòû äàþò ñïîñîá
ïðèáëèæåííîãî íàõîæäåíèÿ ðåøåíèé ñèñòåì èç äàííîãî êëàññà ñ èñ-
ïîëüçîâàíèåì óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-01-00592).
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Þã Ðîññèè. Ñåð.: Ìàòåìàòè÷åñêèé ôîðóì. Âëàäèêàâêàç: ÞÌÈ ÂÍÖ ÐÀÍ
è ÐÑÎ-À, 2011. Ò. 5. Ñ. 45�56.

3. Äåìèäåíêî Ã.Â. Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîé ðàçìåð-
íîñòè è óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì // Ñèá. ìàò. æóðí. 2012.
Ò. 53, � 6. Ñ. 1274�1282.
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ÏÐÈÁËÈÆÅÍÍÎÅ ÐÅØÅÍÈÅ ÑÈÑÒÅÌÛ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-ÎÏÅÐÀÒÎÐÍÛÕ

ÓÐÀÂÍÅÍÈÉ, ÑÎÑÒÎßÙÅÉ ÈÇ ÓÐÀÂÍÅÍÈÉ
ÏÅÐÂÎÃÎ È ÂÒÎÐÎÃÎ ÏÎÐßÄÊÎÂ

Ôàÿçîâ Ê.Ñ.1, Õàæèåâ È.Î.2

1Òóðèíñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò â ã. Òàøêåíòå,
Òàøêåíò, Óçáåêèñòàí; kfayazov@yahoo.com

2Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà,
Òàøêåíò, Óçáåêèñòàí; h.ikrom@mail.ru

Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî, A è B � ëèíåéíûå îïåðàòî-
ðû, äåéñòâóþùèå â ýòîì ïðîñòðàíñòâå. Îáëàñòü îïðåäåëåíèÿ ýòèõ îïå-
ðàòîðîâ îáîçíà÷èì ñîîòâåòñòâåííî D(A) è D(B), à èõ îáùàÿ îáëàñòü
îïðåäåëåíèÿ D.

Áóäåì ðàññìàòðèâàòü çàäà÷ó î ðàçðåøèìîñòè ñèñòåìû àáñòðàêòíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî è âòîðîãî ïîðÿäêîâ âèäà{

But(t) +Au(t) = f(t),
Bvtt(t) +Av(t) = u(t)

(1)

ïðè t ∈ (0, T ) ñ íà÷àëüíûìè óñëîâèÿìè

u(0) = u0, v(0) = v0, vt(0) = v1, v0, v1, u0 ∈ D. (2)

Óðàâíåíèÿ ïåðâîãî è âòîðîãî ïîðÿäêîâ ðàññìàòðèâàëèñü âî ìíîãèõ
ðàáîòàõ (ñì., íàïðèìåð, [1�3]).

Â äàííîé ðàáîòå óñòàíîâëåíà îöåíêà óñëîâíîé óñòîé÷èâîñòè è ïî-
ñòðîåíî ïðèáëèæåííîå ðåøåíèå çàäà÷è (1), (2).

ËÈÒÅÐÀÒÓÐÀ

1. Ëàâðåíòüåâ Ì.Ì., Ñàâåëüåâ Ë.ß. Ëèíåéíûå îïåðàòîðû è íåêîððåêòíûå
çàäà÷è. Ì.: Íàóêà, 1991.

2. Ïÿòêîâ Ñ. Ã. Ñâîéñòâà ñîáñòâåííûõ ôóíêöèé îäíîé ñïåêòðàëüíîé çàäà÷è
è íåêîòîðûå èõ ïðèëîæåíèÿ // Íåêîòîðûå ïðèëîæåíèÿ ôóíêöèîíàëüíîãî
àíàëèçà ê çàäà÷àì ìàòåìàòè÷åñêîé ôèçèêè: ñá. íàó÷. òð. ÀÍ ÑÑÑÐ. Ñèá.
îòä-íèå. Èí-ò ìàòåìàòèêè. Íîâîñèáèðñê, 1986. Ñ. 65�84.

3. Ôàÿçîâ Ê.Ñ. Íåêîððåêòíàÿ çàäà÷à Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ïåðâîãî è âòîðîãî ïîðÿäêîâ ñ îïåðàòîðíûìè êîýôôèöèåíòàìè //
Ñèá. ìàò. æóðí. 1994. Ò. 35, � 3. Ñ. 702�706.

151



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

ÑÐÀÂÍÈÒÅËÜÍÛÉ ÀÍÀËÈÇ ÌÅÒÎÄÎÂ
ÏÀÐÀÌÅÒÐÈ×ÅÑÊÎÉ ÈÄÅÍÒÈÔÈÊÀÖÈÈ
ÓÐÀÂÍÅÍÈÉ ÏÐÎÄÎËÜÍÎÃÎ ÄÂÈÆÅÍÈß

ËÅÒÀÒÅËÜÍÎÃÎ ÀÏÏÀÐÀÒÀ

Ôåäîñååâ À.Â.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ; alexeyfedoseev.nsk@gmail.com

Â äîêëàäå íà ïðèìåðå óðàâíåíèé ïðîäîëüíîãî äâèæåíèÿ ëåòàòåëü-
íîãî àïïàðàòà [1] [

α̇(t)
q̇(t)

]
=

[
Zα Zq
Mα Mq

] [
α(t)
q(t)

]
+

[
Zδe
Mδe

] [
δe(t)

]
+ w(t)

àíàëèçèðóåòñÿ ïîâåäåíèå ïÿòè ìåòîäîâ ïàðàìåòðè÷åñêîé èäåíòèôèêà-
öèè: ìåòîäà èíñòðóìåíòàëüíûõ ïåðåìåííûõ â ÷àñòîòíîé îáëàñòè, ëè-
íåéíîãî ìåòîäà íàèìåíüøèõ êâàäðàòîâ, ìåòîäà îðòîãîíàëüíîé ðåãðåñ-
ñèè, âàðèàöèîííîãî ìåòîäà èäåíòèôèêàöèè [2] è ìåòîäà ïî ìèíèìóìó
îøèáêè ïðîãíîçà èç ïàêåòà MATLAB R⃝ System Identi�cation ToolboxTM.
Ïåðå÷èñëåííûå ìåòîäû ñðàâíèâàþòñÿ íà ïðåäìåò óñòîé÷èâîñòè (â ñìûñ-
ëå ðàçáðîñà îöåíîê íà ïðîòÿæåíèè ñåðèè ñòàòèñòè÷åñêèõ ýêñïåðèìåí-
òîâ) â óñëîâèÿõ âîçìóùåíèé ñìåøàííîãî òèïà � àääèòèâíûé øóì â íà-
áëþäåíèÿõ, è øóì â íåâÿçêå óðàâíåíèÿ, ìîäåëèðóþùèé àòìîñôåðíóþ
òóðáóëåíòíîñòü. Â ïðîòèâîïîëîæíîñòü ñëó÷àþ áîëüøèõ âîçìóùåíèé â
íåâÿçêå óðàâíåíèÿ [3], â äîêëàäå ðàññìàòðèâàåòñÿ ñëó÷àé áîëüøèõ âîç-
ìóùåíèé â íàáëþäåíèÿõ. Ïîìèìî ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðèìåíåí
òàê íàçûâàåìûé ëîêàëüíûé ïîäõîä � â ïðåäïîëîæåíèè ìàëîñòè âîç-
ìóùåíèé ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ äèñïåðñèé îöåíîê
èññëåäóåìûõ ìåòîäîâ â óñëîâèÿõ ñìåøàííîãî øóìà, è ïðîâåäåí ñðàâíè-
òåëüíûé âû÷èñëèòåëüíûé ýêñïåðèìåíò.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 16-01-00592).

ËÈÒÅÐÀÒÓÐÀ

1. Larsson R., Enqvist M. Sequential aerodynamic model parameter identi�ca-
tion // 16th IFAC Symp. Syst. Identi�cation. Brussels, 2012. P. 1413�1418.

2. Åãîðøèí À.Î. Îïòèìèçàöèÿ ïàðàìåòðîâ ñòàöèîíàðíûõ ìîäåëåé â óíèòàð-
íîì ïðîñòðàíñòâå // Àâòîìàòèêà è òåëåìåõàíèêà. 2004. Âûï. 12. Ñ. 29�48.

3. Ôåäîñååâ À.Â. Ñðàâíåíèå ìåòîäîâ èäåíòèôèêàöèè ïàðàìåòðîâ óðàâíåíèé
ëåòàòåëüíîãî àïïàðàòà // Âñåðîññèéñêîå ñîâåùàíèå ïî ïðîáëåìàì óïðàâ-
ëåíèÿ: Òðóäû. Ì.: ÈÏÓ ÐÀÍ, 2014. Ñ. 3139�3147.
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Î ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈßÕ Ñ ÐÀÇÐÛÂÍÎÉ

ÏÐÀÂÎÉ ×ÀÑÒÜÞ

Ôèíîãåíêî È.À.

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ
èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ; fin@icc.ru

Èññëåäóþòñÿ ðàçðûâíûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
ïîñëåäåéñòâèåì íà áåñêîíå÷íîìåðíîì ôàçîâîì ïðîñòðàíñòâå íåïðåðûâ-
íûõ ôóíêöèé:

ẋ = f(t, xt(·)),

ãäå xt(θ) = x(t + θ), −τ ≤ θ ≤ 0. Îïðåäåëÿåòñÿ ñòðóêòóðà ìíîãîîá-
ðàçèé òî÷åê ðàçðûâà ïðàâûõ ÷àñòåé óðàâíåíèé è ñïîñîáû îïðåäåëåíèÿ
ðåøåíèé ïî àíàëîãèè ñ èçâåñòíûìè ïîíÿòèÿìè äëÿ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ ðàçðûâíîé ïðàâîé ÷àñòüþ áåç çàïàçäûâà-
íèÿ. Óðàâíåíèÿ �ñêîëüçÿùèõ ðåæèìîâ� çàïèñûâàþòñÿ ñ èñïîëüçîâàíèåì
èíâàðèàíòíî äèôôåðåíöèðóåìûõ ôóíêöèîíàëîâ Ëÿïóíîâà. Ðàññìàòðè-
âàþòñÿ âîïðîñû ëîêàëèçàöèè ïðàâûõ ïðåäåëüíûõ ìíîæåñòâ.
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ÄÈÍÀÌÈÊÀ ÑÒÐÓÊÒÓÐ Â ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ
ÇÀÄÀ×Å Ñ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅÌ

ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎÉ ÏÅÐÅÌÅÍÍÎÉ

Õàçîâà Þ.À.

Êðûìñêèé ôåäåðàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî,
Ñèìôåðîïîëü, Ðîññèÿ; hazova.yuliya@hotmail.com

Íà îêðóæíîñòè ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêàÿ çàäà÷à ñ ïðåîáðà-
çîâàíèåì îòðàæåíèÿ

ut + u = Duφφ +K(1 + γ cosu(π − φ, t)), t > 0, (1)

u(φ+ 2π, t) = u(φ, t). (2)

Çàäà÷à (1), (2) ìîäåëèðóåò äèíàìèêó ôàçîâîé ìîäóëÿöèè u(φ, t), φ ∈
(0, 2π), t > 0, ñâåòîâîé âîëíû, ïðîøåäøåé òîíêèé ñëîé íåëèíåéíîé ñðå-
äû êåððîâñêîãî òèïà ñ ïðåîáðàçîâàíèåì îòðàæåíèÿ â êîíòóðå îáðàòíîé
ñâÿçè â îäíîìåðíîì ïðèáëèæåíèè. Çäåñü D � êîýôôèöèåíò äèôôó-
çèè íåëèíåéíîé ñðåäû, ïîëîæèòåëüíûé êîýôôèöèåíò K ïðîïîðöèîíà-
ëåí èíòåíñèâíîñòè âõîäíîãî ïîëÿ, γ � âèäíîñòü (êîíòðàñòíîñòü) èíòåð-
ôåðåíöèîííîé êàðòèíû, 0 < γ < 1.

Â êà÷åñòâå áèôóðêàöèîííîãî ïàðàìåòðà ïðèìåì D. Ïðîâåäåííûé
àíàëèç ïîêàçàë, ÷òî çàìåíà èñõîäíîé çàäà÷è íåêîòîðûìè óïðîùåííû-
ìè ìîäåëÿìè ÿâëÿåòñÿ öåëåñîîáðàçíîé. Â ãàë¼ðêèíñêèõ àïïðîêñèìàöè-
ÿõ ñðåäíèõ (15�25) ðàçìåðíîñòåé ðåàëèçóåòñÿ øèðîêèé ñïåêòð ñåäëî-
óçëîâûõ áèôóðêàöèé. Èññëåäîâàíà çàäà÷à î ïðèáëèæåííûõ ñòàöèîíàð-
íûõ ðåøåíèÿõ òèïà ïåðåõîäíîãî ñëîÿ. Óñòàíîâëåíî, ÷òî äëÿ ðåøåíèÿ
ýòîé çàäà÷è ïðè ñðåäíèõ çíà÷åíèÿõ ïàðàìåòðà D ïðèìåíåíèå ìåòîäà
Ãàëåðêèíà ïðèâîäèò ê êà÷åñòâåííî è êîëè÷åñòâåííî ïðàâèëüíûì ðå-
çóëüòàòàì.

ËÈÒÅÐÀÒÓÐÀ

1. Õàçîâà Þ.À. Äèíàìèêà ñòàöèîíàðíûõ ñòðóêòóð â ïàðàáîëè÷åñêîé çàäà÷å
íà îòðåçêå ñ îòðàæåíèåì ïðîñòðàíñòâåííîé ïåðåìåííîé // Äèíàìè÷åñêèå
ñèñòåìû. 2014. Ò. 4, � 3�4. Ñ. 245�257.

2. Õàçîâà Þ.À. Ñòàöèîíàðíûå ñòðóêòóðû â ïàðàáîëè÷åñêîé çàäà÷å ñ îòðà-
æåíèåì ïðîñòðàíñòâåííîé ïåðåìåííîé // Òàâðè÷åñêèé âåñòíèê èíôîðìà-
òèêè è ìàòåìàòèêè. 2015. � 3. Ñ. 82�95.
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ÍÅËÎÊÀËÜÍÀß ÇÀÄÀ×À Ñ ÓÑËÎÂÈßÌÈ
ÑÒÅÊËÎÂÀ ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Õîëèêîâ Ä.Ê.

Òàøêåíòñêèé àðõèòåêòóðíî-ñòðîèòåëüíûé èíñòèòóò,
Òàøêåíò, Óçáåêèñòàí; xoliqov23@mail.ru

Â ïðÿìîóãîëüíèêå D = {(x, t) : 0 < x < l, 0 < t < T} ðàññìîòðèì
íàãðóæåííîå óðàâíåíèå òðåòüåãî ïîðÿäêà

Lu = f(x, t) +
∂

∂t

β∫
α

u(x, t)dx, (1)

ãäå

Lu ≡ uxxt + a(x, t)uxx + b(x, t)uxt + c(x, t)ux + d(x, t)ut + e(x, t)u,

a(x, t), b(x, t), c(x, t), d(x, t), e(x, t) è f(x, t) � çàäàííûå ôóíêöèè, à α è
β � çàäàííûå ïîñòîÿííûå, ïðè÷åì 0 ≤ α < β ≤ l.

Â äàííîé ðàáîòå èçó÷àåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè â îáëàñòè D
ðåøåíèå u(x, t) óðàâíåíèÿ (1) èç êëàññà C2,1(D)∩C1,0(D), óäîâëåòâîðÿ-
þùåå ñëåäóþùèì íà÷àëüíîìó

u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

è ãðàíè÷íûì óñëîâèÿì

α1(t)u(0, t) + α2(t)u(l, t) + α3(t)ux(0, t) + α4(t)ux(l, t) = 0, (3)

β1(t)u(0, t) + β2(t)u(l, t) + β3(t)ux(0, t) + β4(t)ux(l, t) = 0, (4)

çäåñü φ(x), αi(t) è βi(t) (i = 1, 4) � çàäàííûå ôóíêöèè.
Ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå ôóíêöèè äîêàçàíî ñóùå-

ñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ íåëîêàëüíîé çàäà÷è (1)�(4).
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ÄÈÑÏÅÐÑÈÎÍÍÎÅ ÓÐÀÂÍÅÍÈÅ ÄÐÎÁÍÎÃÎ
ÏÎÐßÄÊÀ ÍÀ ÌÅÒÐÈ×ÅÑÊÎÌ ÃÐÀÔÅ

Õóæàêóëîâ Æ.Ð.1, Ýøèìáåòîâ M.Ð.1, Ñîáèðîâ Ç.A.2

1Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà,
Òàøêåíò, Óçáåêèñòàí; jonibek.16@mail.ru

2Òàøêåíòñêèé ôèíàíñîâûé èíñòèòóò, Òàøêåíò, Óçáåêèñòàí;
sobirovzar@gmail.com

Â ïîñëåäíåå âðåìÿ âîçðîñ èíòåðåñ ê èññëåäîâàíèþ ðàçëè÷íûõ êðà-
åâûõ çàäà÷ â ðàçâåòâëåííûõ ñòðóêòóðàõ è ìåòðè÷åñêèõ ãðàôàõ. Àê-
òóàëüíîñòü òàêèõ çàäà÷ îáóñëàâëèâàåòñÿ øèðîêèì ñïåêòðîì ïðîáëåì
ñîâðåìåííîé ôèçèêè, êîòîðûå ñâîäÿòñÿ ê òàêèì çàäà÷àì.

Ìû ðàññìîòðèì ïðîñòîé ãðàô Γ, ñîñòîÿùèé èç òðåõ êîíå÷íûõ ðåáåð
(îòðåçêîâ), ñîåäèíåííûõ â îäíîé òî÷êå, íàçûâàåìîé âåðøèíîé ãðàôà.
Êîîðäèíàòó xk íà ðåáðå Bk îïðåäåëèì ñîïîñòàâëåíèåì äàííîãî ðåáðà
ê èíòåðâàëó (0, Lk), k = 1, 2, 3, âåðøèíå ãðàôà ñîïîñòàâëÿåòñÿ íà÷àëî
îò÷åòà.

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ðàçðåøèìîñòü íà÷àëüíî-êðàåâîé çà-
äà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíîãî ïîðÿäêà

ukxx − cD
α
0tuk = 0

ñ îïåðàòîðîì äðîáíîãî äèôôåðåíöèðîâàíèÿ Êàïóòî, 0 < α < 1. Íà
ñâîáîäíûõ êîíöàõ ðåáåð ñòàâèì êðàåâûå óñëîâèÿ

uk(Lk, t) = 0, 0 ≤ t ≤ T.

Â âåðøèíå ãðàôà óñëîâèÿ ñêëåèâàíèÿ (Êèðõãîôà) çàäàåì ñëåäóþùèì
îáðàçîì

u1 = u2 = u3, a1u1x + a2u2x + a3u3x = 0.

Ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ ïîñòðîåíî ðåøåíèå çàäà÷è íà ïðî-
ñòîì ãðàôå.
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ÀÏÐÈÎÐÍÛÅ ÎÖÅÍÊÈ ÐÅØÅÍÈß
ÇÀÄÀ×È ÎÁ ÎÄÍÎÍÀÏÐÀÂËÅÍÍÎÌ

ÒÅÐÌÎÃÐÀÂÈÒÀÖÈÎÍÍÎÌ ÄÂÈÆÅÍÈÈ
ÂßÇÊÎÉ ÆÈÄÊÎÑÒÈ Â ÏËÎÑÊÎÌ ÑËÎÅ

×åðåìíûõ Å.Í.

Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ,
Êðàñíîÿðñê, Ðîññèÿ; elena_cher@icm.krasn.ru

Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à, îïèñûâàþùàÿ îäíîíàï-
ðàâëåííîå òåðìîãðàâèòàöèîííîå äâèæåíèå âÿçêîé æèäêîñòè â ïëîñêîì
êàíàëå, îãðàíè÷åííîì òâ¼ðäûìè íåïîäâèæíûìè ñòåíêàìè (èëè âåðõíÿÿ
ñòåíêà � ñâîáîäíàÿ ãðàíèöà). Äëÿ íå¼ ïîëó÷åíû àïðèîðíûå îöåíêè,
íàéäåíî òî÷íîå ñòàöèîíàðíîå ðåøåíèå è îïðåäåëåíû óñëîâèÿ, ïðè êî-
òîðûõ ðåøåíèå íåñòàöèîíàðíîé çàäà÷è âûõîäèò íà ýòîò ñòàöèîíàðíûé
ðåæèì ñ ðîñòîì âðåìåíè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-

ìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 14-01-00067).
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ËÈÅÂÛ ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß
Â ÀËÃÅÁÐÀÕ ÈÇÌÅÐÈÌÛÕ ÎÏÅÐÀÒÎÐÎÂ

×èëèí Â.È.

Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èì. Ì. Óëóãáåêà,
Òàøêåíò, Óçáåêèñòàí; chilin@ucd.uz

Ïóñòü A � ïðîèçâîëüíàÿ àññîöèàòèâíàÿ àëãåáðà è Z(A) � öåíòð àë-
ãåáðû A. Ëèíåéíûé îïåðàòîð D : A→ A íàçûâàþò àññîöèàòèâíûì (ëè-
åâûì) äèôôåðåíöèðîâàíèåì, åñëè D(xy) = D(x)y+xD(y) (ñîîòâåòñòâåí-
íî, D ([x, y]) = [D(x), y]+[x,D(y)]) ïðè âñåõ x, y ∈ A, ãäå [x, y] = xy−yx.
Ïðèìåðîì ëèåâîãî íåàññîöèàòèâíîãî äèôôåðåíöèðîâàíèÿ ñëóæèò öåí-
òðîçíà÷íûé ñëåä E : A → Z(A), ò. å. òàêîå ëèíåéíîå îòîáðàæåíèå E èç
A â Z(A), äëÿ êîòîðîãî E(xy) = E(yx) ïðè âñåõ x, y ∈ A.

Õîðîøî èçâåñòíî, ÷òî ëþáîå ëèåâî äèôôåðåíöèðîâàíèå L íà C∗-
àëãåáðå A åäèíñòâåííûì îáðàçîì ïðåäñòàâëÿåòñÿ â âèäå L = D + E,
ãäå D � àññîöèàòèâíîå äèôôåðåíöèðîâàíèå è E � öåíòðîçíà÷íûé ñëåä
íà A [1]. Òàêîå ïðåäñòàâëåíèå ëèåâîãî äèôôåðåíöèðîâàíèÿ L íàçûâà-
þò ñòàíäàðòíîé ôîðìîé äëÿ L. Äëÿ àëãåáð èçìåðèìûõ îïåðàòîðîâ,
ïðèñîåäèíåííûõ ê àëãåáðå ôîí Íåéìàíà, ñòàíäàðòíàÿ ôîðìà ëèåâîãî
äèôôåðåíöèðîâàíèÿ L : A→ A óñòàíîâëåíà â [2].

Âàæíûìè ïðèìåðàìè C∗-àëãåáð ñëóæàò AW ∗-àëãåáðû, ââåäåííûå
È. Êàïëàíñêèì â 1951 ãîäó. Êëàññ AW ∗-àëãåáð ñóùåñòâåííî øèðå êëàñ-
ñà W ∗-àëãåáð (àëãåáð ôîí Íåéìàíà).

Íèæå óñòàíàâëèâàåòñÿ ñòàíäàðòíàÿ ôîðìà äëÿ ëèåâîãî äèôôåðåí-
öèðîâàíèÿ, äåéñòâóþùåãî â àëãåáðå èçìåðèìûõ îïåðàòîðîâ, ïðèñîåäè-
íåííûõ ê AW ∗-àëãåáðå.

Òåîðåìà. Ïóñòü A � ∗-àëãåáðà âñåõ èçìåðèìûõ îïåðàòîðîâ, ïðèñî-
åäèíåííûõ ê AW ∗-àëãåáðå è L � ëèåâî äèôôåðåíöèðîâàíèå â A. Òîãäà
ñóùåñòâóþò òàêèå àññîöèàòèâíîå äèôôåðåíöèðîâàíèå D : A→ A è öåí-
òðîçíà÷íûé ñëåä E : A→ Z(A), ÷òî L(x) = D(x)+E(x) äëÿ âñåõ x ∈ A.
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ÎÁ ÎÑÖÈËËßÖÈÈ ÐÅØÅÍÈÉ ÓÐÀÂÍÅÍÈÉ
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Ïåðìñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ïîëèòåõíè÷åñêèé
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Â êëàññè÷åñêîé ðàáîòå [1] äîêàçàíî, ÷òî âñå ðåøåíèÿ óðàâíåíèÿ

ẋ(t) + p(t)x(τ(t)) = 0, t > 0,

ãäå p(t) > 0, τ(t) 6 t è τ(t) → +∞ ïðè t → +∞, îñöèëëèðóþò ïðè

óñëîâèè limt→+∞
∫ t
τ(t)

p(s) ds > 1

e . Çäåñü êîíñòàíòà
1

e íåóëó÷øàåìà.

Èçâåñòíû îáîáùåíèÿ ýòîãî ðåçóëüòàòà íà óðàâíåíèå

ẋ(t) +
m∑
k=1

pk(t)x(τk(t)) = 0, t > 0. (1)

Â ÷àñòíîñòè [2], âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèëëèðóþò, åñëè pk(t) > 0,

τk(t) = t − rk è limt→+∞
∑m
k=1

∫ t+rk
t

pk(s) ds >
1

e . Â ñëó÷àå ïåðåìåííûõ
çàïàçäûâàíèé íå óäàåòñÿ ïîëó÷èòü óñëîâèå îñöèëëÿöèè â âèäå òî÷íîé
îöåíêè ñóììû èíòåãðàëîâ ïî äëèíàì çàïàçäûâàíèé. Àíàëîãè÷íûå òðóä-
íîñòè èìåþò ìåñòî äëÿ ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàíèÿìè.

Íîâûå òî÷íûå óñëîâèÿ ïîëó÷åíû â òåðìèíàõ ïðåäëîæåííîãî â [3]
ñåìåéñòâà ìíîæåñòâ Ek(t) = {s | τk(s) 6 t 6 s}, k = 1,m, t > 0.

Òåîðåìà. Åñëè pk(t) > 0, τk(t) 6 t, τk(t) → +∞ ïðè t→ +∞ è

lim
t→+∞

m∑
k=1

∫
Ek(t)

pk(s) ds >
1

e
,

òî âñå ðåøåíèÿ óðàâíåíèÿ (1) îñöèëëèðóþò.
Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ � 2014/152 Ìèíîáðíàóêè ÐÔ, ïðî-

åêò � 1890.
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Ðàññìàòðèâàåòñÿ êâàäðàòóðíàÿ ôîðìóëà

a∫
b

q(x)f(x)dx =
n∑
k=1

pkf(xk) +Rn(f), (1)

çàäàâàåìàÿ âåêòîðàìè óçëîâ X =
{
xk : a ≤ x1 < x2 < · · · < xn ≤ b

}
è êîýôôèöèåíòîâ P = {pk}nk=1

, Rn(f) := Rn(q, f ;X,P ) � ïîãðåøíîñòü
ôîðìóëû (1) íà ôóíêöèè f . Åñëè M � íåêîòîðûé êëàññ çàäàííûõ íà
[a, b] ôóíêöèé f , òî òðåáóåòñÿ íàéòè âåëè÷èíó [1]

En(M) := inf
(X,Y )

sup
f∈M

∣∣Rn(q, f ;X,P )∣∣. (2)

Çàäà÷à (2) ðåøàåòñÿ äëÿ ðÿäà êîíêðåòíûõ âåñîâ q. Â ÷àñòíîñòè, äîêà-
çàíî, ÷òî åñëè q(x) = 1/

√
1− x2, òî ñðåäè ôîðìóë âèäà (1) íàèëó÷øåé

ÿâëÿåòñÿ êëàññè÷åñêàÿ ôîðìóëà Ýðìèòà � ×åáûø�åâà äëÿ êëàññîâ ôóíê-
öèé ìàëîé ãëàäêîñòè Hω[−1, 1] è W (1)L[−1, 1] (ñì. [1, 2]), ïðè÷�åì

En
(
Hω[−1, 1]

)
= 2n

π/(2n)∫
0

ω(t)dt, En
(
W (1)L[−1, 1]

)
=
π

n
.

ËÈÒÅÐÀÒÓÐÀ

1. Íèêîëüñêèé Ñ.Ì. Êâàäðàòóðíûå ôîðìóëû. Ì.: Íàóêà. 1988.

2. Øàáîçîâ Ì.Ø., Øàáîçîâà À.À. Íàèëó÷øàÿ êâàäðàòóðíàÿ ôîðìóëà òèïà
Ìàðêîâà äëÿ êëàññîâ ôóíêöèé, çàäàâàåìûõ ìîäóëÿìè íåïðåðûâíîñòè //
Âåñòí. ÑÏáÃÓ. Ñåð. 1. Ìàòåìàòèêà. Ìåõàíèêà. Àñòðîíîìèÿ. 2014. Ò. 1 (59),
âûï. 1. Ñ. 79�86.

160



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

Î ÏÎÃÐÅØÍÎÑÒÈ ÊÓÁÀÒÓÐÍÎÉ
ÔÎÐÌÓËÛ ÌÀÐÊÎÂÀ

Øàáîçîâà À.À.

Òàäæèêñêèé íàöèîíàëüíûé óíèâåðñèòåò, Äóøàíáå, Òàäæèêèñòàí;
adolat@mail.ru

Äëÿ ôóíêöèé f , çàäàííûõ â îáëàñòè Q = {(x, y) : 0 ≤ x, y ≤ 1},
ðàññìîòðèì êóáàòóðíóþ ôîðìóëó òèïà Ìàðêîâà∫∫

(Q)

f(x, y)dxdy =
m∑
k=0

n∑
i=0

pkif(xk, yi) +Rmn(f), (1)

îïðåäåë�åííóþ âåêòîðîì (X,Y ;P ) óçëîâ X = {xk : 0 = x0 < x1 < . . . <
xm = 1}, Y = {yk : 0 = y0 < y1 < . . . < yn = 1} è êîýôôèöèåí-
òîâ P = {pki}m,nk,i=0

, Rmn(f) := Rmn(f ;X,Y ;P ) � ïîãðåøíîñòü ôîðìó-
ëû (1) íà ôóíêöèè f . Ïóñòü Hω

p (Q) � êëàññ ôóíêöèé f , äëÿ ëþáûõ
(x′, y′), (x′′, y′′) ∈ Q óäîâëåòâîðÿþùèõ óñëîâèþ

|f(x′, y′)− f(x′′, y′′)| ≤ ω
(
p
√
(x′ − x′′)p + (y′ − y′′)p

)
, 1 ≤ p <∞.

Òåîðåìà. Ñðåäè âñåõ êóáàòóðíûõ ôîðìóë âèäà (1) íàèëó÷øåé äëÿ
êëàññà Hω

p (Q) ÿâëÿåòñÿ ôîðìóëà òðàïåöèé∫∫
(Q)

f(x, y)dxdy =
m∑
k=0

n∑
i=0

p∗kif(k/n, i/n) +Rmn(f), (2)

ãäå íàèëó÷øèå êîýôôèöèåíòû p∗ki èìåþò âèä:

p∗oo = p∗mo = p∗on = p∗mn = 1/(4mn), p∗oi = p∗mi = 1/(2n) i = 1, n− 1;

p∗ko = p∗kn = 1/(2mn), p∗ki = 1/(mn), k = 1,m− 1, i = 1, n− 1.

Ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (2) íà êëàññå Hω
p (Q) ðàâíà

Emn(Hω
p (Q)) = 4mn

∫
1/(2m)

0

∫
1/(2n)

0

ω( p
√
tp + τp )dtdτ.
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Â ðàáîòå ïðåäúÿâëÿþòñÿ íîâûå ñëó÷àè èíòåãðèðóåìîñòè ñèñòåì íà
êàñàòåëüíîì ðàññëîåíèè ê êîíå÷íîìåðíîé ñôåðå. Ê òàêîãî ðîäà çàäà-
÷àì ïðèâîäÿòñÿ ñèñòåìû èç äèíàìèêè ìíîãîìåðíîãî òâåðäîãî òåëà, íà-
õîäÿùåãîñÿ â íåêîíñåðâàòèâíîì ïîëå ñèë. Èññëåäóåìûå çàäà÷è îïèñû-
âàþòñÿ äèíàìè÷åñêèìè ñèñòåìàìè ñ ïåðåìåííîé äèññèïàöèåé ñ íóëå-
âûì ñðåäíèì [1]. Îáíàðóæåíû ñëó÷àè èíòåãðèðóåìîñòè óðàâíåíèé äâè-
æåíèÿ â òðàíñöåíäåíòíûõ (â ñìûñëå êëàññèôèêàöèè èõ îñîáåííîñòåé)
ôóíêöèÿõ è âûðàæàþùèõñÿ ÷åðåç êîíå÷íóþ êîìáèíàöèþ ýëåìåíòàð-
íûõ ôóíêöèé. Ïðè ýòîì ïî÷òè âî âñåõ ñëó÷àÿõ èíòåãðèðóåìîñòè êàæ-
äûé èç ïåðâûõ èíòåãðàëîâ ÿâëÿåòñÿ òðàíñöåíäåíòíîé ôóíêöèåé ñâîèõ
ïåðåìåííûõ. Òðàíñöåíäåíòíîñòü â äàííîì ñëó÷àå ïîíèìàåòñÿ â ñìûñ-
ëå êîìïëåêñíîãî àíàëèçà, êîãäà ïîñëå ïðîäîëæåíèÿ äàííûõ ôóíêöèé
â êîìïëåêñíóþ îáëàñòü ó íèõ èìåþòñÿ ñóùåñòâåííî îñîáûå òî÷êè. Ïî-
ñëåäíèé ôàêò îáóñëàâëèâàåòñÿ íàëè÷èåì â ñèñòåìå ïðèòÿãèâàþùèõ è
îòòàëêèâàþùèõ ïðåäåëüíûõ ìíîæåñòâ [1, 2].

Ðàññìàòðèâàåìûå ðàíåå àâòîðîì çàäà÷è èç äèíàìèêè n-ìåðíîãî òâåð-
äîãî òåëà â íåêîíñåðâàòèâíîì ñèëîâîì ïîëå òàêæå ïîðîæäàþò ñèñòåìû
íà êàñàòåëüíîì ðàññëîåíèè ê (n−1)-ìåðíîé ñôåðå. Â ðàáîòå òùàòåëüíî
ðàçîáðàí èíäóêòèâíûé ïåðåõîä îò ñèñòåì íà êàñàòåëüíûõ ðàññëîåíèÿõ
ê ìàëîìåðíûì ñôåðàì äî ñèñòåì íà êàñàòåëüíûõ ðàññëîåíèÿõ ê ñôåðàì
ïðîèçâîëüíîé ðàçìåðíîñòè (ñì. òàêæå [2, 3]).
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ÈÍÒÅÃÐÀËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ
ÒÈÏÀ ÁÅÐÃÌÀÍÀ � ÃÅÐÖÀ
Â ÒÐÓÁ×ÀÒÛÕ ÎÁËÀÑÒßÕ

Øàìîÿí Ð.Ô.1, Êóðèëåíêî Ñ.Ì.2

Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. È. Ã. Ïåòðîâñêîãî,
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Â äîêëàäå ðàññìàòðèâàþòñÿ àíàëîãè àíàëèòè÷åñêèõ êëàññîâ òèïà
Ãåðöà â òðóá÷àòûõ îáëàñòÿõ íàä ñèììåòðè÷åñêèìè êîíóñàìè, è èçó÷à-
åòñÿ äåéñòâèå èíòåãðàëüíûõ îïåðàòîðîâ òèïà Áåðãìàíà â ýòèõ êëàññàõ.

Ïóñòü Ω åñòü ñèììåòðè÷åñêèé êîíóñ â åâêëèäîâîì ïðîñòðàíñòâå V ,
TΩ = V + iΩ � òðóá÷àòàÿ îáëàñòü íàä ýòèì êîíóñîì; dv � ìåðà Ëåáåãà
â TΩ. Äåòåðìèíàíò ∆β(Im z), β > 0, z ∈ TΩ, â òðóá÷àòîé îáëàñòè ìû
îïðåäåëÿåì, ñëåäóÿ ñòàíäàðòíûì îïðåäåëåíèÿì èç [1].

Ìû ïðèâîäèì ðÿä íîâûõ îöåíîê äëÿ óïîìÿíóòûõ âûøå èíòåãðàëü-
íûõ îïåðàòîðîâ â àíàëèòè÷åñêèõ êëàññàõ òèïà Ãåðöà â òðóá÷àòûõ îáëà-
ñòÿõ íàä ñèììåòðè÷åñêèìè êîíóñàìè. Ýòî àíàëèòè÷åñêèå êëàññû ôóíê-
öèé ñ íîðìîé òèïà∫

TΩ

(∫
B(z,R)

|f(w)|p∆α(Imw)dv(w)

) q
p

∆β(Im z)dv(z),

z ∈ TΩ, R > 0, B(z,R) � øàð Áåðãìàíà â TΩ, α, β > 0, p, q ∈ [1,∞), èëè
èõ ðàçëè÷íûå àíàëîãè â Tm

Ω
= TΩ × · · · × TΩ, m ≥ 1.

Ïóñòü äàëåå 1 ≤ p < ∞, f(z) = f(z1, . . . , zm), zj ∈ TΩ, j = 1, . . . ,m.
Ðàññìîòðèì àíàëèòè÷åñêèå ïîäïðîñòðàíñòâàH(Tm

Ω
), Tm

Ω
= TΩ×· · ·×TΩ,

τj >
n
r − 1, νj >

n
r − 1, j = 1, . . . ,m. Ýòî ïðîñòðàíñòâà ñî ñëåäóþùèìè

íîðìàìè:

Bpτ⃗ (T
m
Ω
) :

(∫
TΩ

. . .

∫
TΩ

∫
B(z̃1,R)

. . .

∫
B(z̃m,R)

|f(z1, . . . , zm)|p

×
m∏
j=1

∆τj−n
r (zj)dv(zj)dv(z̃j)

) 1
p

< +∞, Bpτ (TΩ) = Bpτ (T
1

Ω
),

Apν⃗(T
m
Ω
) :

(∫
TΩ

. . .

∫
TΩ

|f(w1, . . . , wm)|p
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×∆ν1(Imw1) . . .∆
νm(Imwm)dv(w1) . . . dv(wm)

) 1
p

< +∞,

áîëåå øèðîêèé ÷åì Apν⃗ êëàññ èçìåðèìûõ ôóíêöèé îáîçíà÷èì Lpν⃗ .
Ââåäåì íîâûå èíòåãðàëüíûå îïåðàòîðû òèïà Áåðãìàíà � Ãåðöà äëÿ

αj > 0, β > −1, γ > −1, βj > −1, γj > −1, j = 1, . . . ,m.

Tα⃗,β,γ(g)(z1, .., zm) =

∫
TΩ

∫
B(w̃,R)

g(w)[∆β(Imw)]dv(w)[∏m
j=1

∆αj (
zj−w̄
i )

] ∆γ(Im w̃)dv(w̃).

T 1

α⃗,β⃗,γ⃗
(g)(z1, . . . , zm) =

∫
TΩ

. . .

∫
TΩ

∫
B(w̃1,R)

. . .

∫
B(w̃m,R)

g(w1, . . . , wm)

×
∏m
j=1

[∆βj (Imwj)]dv(w1) . . . dv(wm)[∏m
j=1

∆αj (
zj−w̄j
i )

] m∏
j=1

∆γj (Im w̃j)dv(w̃1) . . . dv(w̃m),

zj ∈ TΩ, j = 1, . . . ,m. Ýòè èíòåãðàëüíûå îïåðàòîðû ÿâëÿþòñÿ íîâûìè
äàæå â ïðîñòåéøåì ñëó÷àå åäèíè÷íîãî êðóãà íà êîìïëåêñíîé ïëîñêîñòè.
Íàìè èçó÷àåòñÿ äåéñòâèå ýòèõ èíòåãðàëüíûõ îïåðàòîðîâ â êëàññû òèïà
Ãåðöà è òèïà Áåðãìàíà. Â ÷àñòíîñòè, â [2] íàìè äîêàçàíû ñëåäóþùèå
ðåçóëüòàòû.

Òåîðåìà. Ïðè 1 ≤ p <∞ è íåêîòîðûõ îãðàíè÷åíèÿõ íà ïàðàìåòðû
âåðíû ñëåäóþùèå îöåíêè:
1. ∥Tα⃗,β,γ(g)∥Lp

ν⃗
(TmΩ ) ≤ c1∥g∥(Bpτ )(TΩ);

2. ∥T 1

α⃗,β⃗,γ⃗
(g)∥Lp

ν⃗
(TmΩ ) ≤ c2∥g∥(Bp

τ⃗
)(TmΩ ).

Íàìè òàêæå óñòàíîâëåíû êîíêðåòíûå îãðàíè÷åíèÿ íà ïàðàìåòðû,
âõîäÿùèå â ýòè îöåíêè (ñì. [2]). Ïîëó÷åííûå ðåçóëüòàòû ðàíåå áûëè
èçâåñòíû ÷àñòè÷íî â åäèíè÷íîì øàðå è â ïîëèäèñêå [3].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîñ-

ñèéñêîé Ôåäåðàöèè (ãðàíò 1.1704.2014K).
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Øåðãèí Ñ.Í.1, Ïÿòêîâ Ñ. Ã.2
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Ðàáîòà ïîñâÿùåíà ðàññìîòðåíèþ îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé ñî-
áîëåâñêîãî òèïà, âîçíèêàþùèõ â äèíàìèêå ñòðàòèôèöèðîâàííîé æèä-
êîñòè, òåîðèè óïðóãîñòè, ãèäðîäèíàìèêå, ýëåêòðîäèíàìèêå è äðóãèõ îá-
ëàñòÿõ. Ðàññìàòðèâàåòñÿ çàäà÷à îá îïðåäåëåíèè âìåñòå ñ ðåøåíèåì U
íåèçâåñòíîé ïðàâîé ÷àñòè äëÿ óðàâíåíèÿ òèïà Ñîáîëåâà

L0Utt + L1Ut + L2U = f, (x, t) ∈ Q = G× (0, T ),

ãäå Li (i = 0, 1, 2) � îïåðàòîðû 2-ãî ïîðÿäêà ïî ïåðåìåííûì x, G �
îãðàíè÷åííàÿ îáëàñòü â Rn (n ≥ 1) ñ ãðàíèöåé Γ ∈ C2. Óðàâíåíèå
äîïîëíÿåòñÿ óñëîâèÿìè:

U |S = φ, S = Γ× (0, T ), U |t=0 = U0(x), Ut|t=0 = U1(x).

Ïîëàãàåì, ÷òî ïðàâàÿ ÷àñòü èìååò âèä f =
∑m
i=1

ci(t)fi(x, t)+f0(x, t), ãäå
ôóíêöèè fi (i = 0, 1, . . . ,m) èçâåñòíû, à ôóíêöèè ci(t) ïîäëåæàò îïðåäå-
ëåíèþ. Â êà÷åñòâå óñëîâèÿ ïåðåîïðåäåëåíèÿ ðàññìàòðèâàþòñÿ çíà÷åíèÿ
ðåøåíèÿ U â îòäåëüíûõ òî÷êàõ, ò. å.

U(xi, t) = ψi(t) (i = 1, 2, ..,m),

ãäå xi � ïðîèçâîëüíûå òî÷êè èç G. Çàäà÷à îá îïðåäåëåíèè ðåøåíèÿ u
è ôóíêöèé ci(t) ñâîäèòñÿ ê íåêîòîðîìó îïåðàòîðíîìó óðàâíåíèþ, ðàç-
ðåøèìîñòü êîòîðîãî óñòàíàâëèâàåòñÿ ïðè ïîìîùè àïðèîðíûõ îöåíîê è
òåîðåìû î íåïîäâèæíîé òî÷êå. Ïðè íåêîòîðûõ åñòåñòâåííûõ óñëîâèÿõ
íà äàííûå çàäà÷è ìû äîêàçûâàåì òåîðåìû î ñóùåñòâîâàíèè è åäèí-
ñòâåííîñòè ðåøåíèÿ. Ðåøåíèå (U, c1, . . . , cm) èùåòñÿ â êëàññå U , Ut ∈
C([0, T ];W 2

p (G)), Utt ∈ Lp(0, T ;W
2

p (G)), ci ∈ Lp(0, T ) (i = 1, 2, . . . ,m).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (ïðîåêò � 15-01-06582).
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Øèøêàíîâà À.À.

Çàïîðîæñêèé íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò,
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Ðàññìàòðèâàåòñÿ ðàçëîæåíèå ïîòåíöèàëîâ Ðèññà, âõîäÿùèõ â ñîñòàâ
äâóìåðíûõ èíòåãðàëüíûõ óðàâíåíèé, ê êîòîðûì ñâîäÿòñÿ íåêîòîðûå
ñìåøàííûå çàäà÷è òåîðèè óïðóãîñòè [1]. Âçÿò îòäåëüíûé ñëó÷àé ïîòåí-
öèàëîâ Ðèññà ìåðû, íîñèòåëåì êîòîðîé ÿâëÿåòñÿ äâóñâÿçíàÿ îáëàñòü
Ω, óðàâíåíèÿ ãðàíèö êîòîðîé çàâèñÿò îò ìàëîãî ïàðàìåòðà ε, è â îá-
ùåì ñëó÷àå íå ïîäîáíû. Äëÿ îáëàñòè â ôîðìå êðóãîâîãî êîëüöà, êîãäà
ïëîòíîñòü ïîòåíöèàëà çàâèñèò òîëüêî îò ðàññòîÿíèÿ äî öåíòðà êîëüöà,
â [2] ïîëó÷åíî ðàçëîæåíèå ïîòåíöèàëà ïðîñòîãî ñëîÿ ÷åðåç îäíîìåðíûå
èíòåãðàëû îò ïëîòíîñòè ïîòåíöèàëà. Â äàííîé ðàáîòå ïîñòðîåíî àíà-
ëîãè÷íîå ðàçëîæåíèå ïîòåíöèàëà ïðîñòîãî ñëîÿ, êîãäà ïëîòíîñòü íå îá-
ëàäàåò êðóãîâîé ñèììåòðèåé. Äîêàçàòåëüñòâî ïðîâåäåíî ìåòîäîì ìàòå-
ìàòè÷åñêîé èíäóêöèè. Ïðè óñëîâèè ïðèíàäëåæíîñòè ïëîòíîñòè ê ïðî-
ñòðàíñòâó C[a, b] äîêàçàíà ñõîäèìîñòü è íà ãðàíèöå îáëàñòè. Îòäåëüíûå
ñëó÷àè òàêîãî ðàçëîæåíèÿ ïðèâåäåíû â [3].

Èñïîëüçóåòñÿ îòîáðàæåíèå äâóñâÿçíîé îáëàñòè Ω íà êðóãîâîå êîëü-
öî ïðè óñëîâèè, ÷òî ýòî îòîáðàæåíèå âçàèìíî îäíîçíà÷íîå, íåïðåðûâ-
íî äèôôåðåíöèðóåìîå, êîãäà îòíîøåíèå ìåðû îáðàçà ê ìåðå ïðîîáðàçà
ðàâíî ÿêîáèàíó ñîîòâåòñòâóþùåãî ëèíåéíîãî îòîáðàæåíèÿ.

Ïîëó÷åíû ðåøåíèÿ ïðîñòðàíñòâåííûõ êîíòàêòíûõ çàäà÷ ïðè íàëè-
÷èè øåðîõîâàòîñòè è òðåíèÿ â ñëó÷àå íåêðóãîâûõ êîëüöåâûõ îáëàñòåé,
à òàêæå çàäà÷è î íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè òåë, îñëàá-
ëåííûõ ïëîñêîé òðåùèíîé, ñ êîíòóðîì, áëèçêèì ê êðóãîâîìó êîëüöó.
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Ðàññìàòðèâàþòñÿ ëèíåéíûå âÿçêîóïðóãèå âîëíû â ëåäîâîì ïîêðîâå
êàíàëà, âûçâàííûå âîçäåéñòâèåì âíåøíèõ íàãðóçîê. Èçó÷àåòñÿ ñëó÷àé
ïðèìîðîæåííîãî ê ñòåíêàì êàíàëà ëüäà. Êàíàë èìååò ïðÿìîóãîëüíîå
ñå÷åíèå. Ïàðàìåòðû ëüäà è êàíàëà ñ÷èòàþòñÿ ïîñòîÿííûìè. Ïðîãè-
áû ëåäîâîãî ïîêðîâà îïèñûâàþòñÿ óðàâíåíèåì êîëåáàíèé âÿçêîóïðó-
ãîé òîíêîé ïëàñòèíû. Æèäêîñòü â êàíàëå èäåàëüíàÿ è íåñæèìàåìàÿ.
Âíåøíÿÿ íàãðóçêà ìîäåëèðóåòñÿ êàê ëîêàëèçîâàííîå ïÿòíî äàâëåíèÿ
èëè êàê äèïîëü, ïîìåùåííûé â æèäêîñòü. Èñõîäíàÿ çàäà÷à ñâîäèòñÿ
ê çàäà÷å îòíîñèòåëüíî ïðîôèëÿ âîëíû ïîïåðåê êàíàëà ìåòîäîì èíòå-
ãðàëüíûõ ïðåîáðàçîâàíèé, ïîñëå ÷åãî ïîëó÷åííàÿ çàäà÷à ðåøàåòñÿ ìå-
òîäîì íîðìàëüíûõ ìîä. Â äîêëàäå èçëàãàþòñÿ ðåçóëüòàòû ïî èññëåäî-
âàíèþ ïðîãèáîâ è óäëèíåíèé ëåäîâîãî ïîêðîâà â ñëó÷àÿõ ïðÿìîëèíåé-
íîãî äâèæåíèÿ âíåøíåé ëîêàëèçîâàííîé íàãðóçêè ïî ëåäîâîìó ïîêðîâó
è äâèæåíèÿ äèïîëÿ ïîäî ëüäîì ñ ïîñòîÿííîé ñêîðîñòüþ.

Çàäà÷à ñ ïëàâàþùåé ëåäîâîé ïëàñòèíîé ïîäðîáíî èññëåäîâàíà â [1].
Âçàèìîäåéñòâèå ëåäîâîãî ïîêðîâà è îäíîé ñòåíêè èññëåäîâàíî â [2]. Ðå-
çóëüòàòû ïî èññëåäîâàíèþ âëèÿíèÿ ïàðàìåòðîâ êàíàëà è òîëùèíû ëüäà
íà ïðîãèáû è óäëèíåíèÿ â ëåäîâîì ïîêðîâå îïèñàíû â [3].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãîñóäàðñòâåííîãî çàäàíèÿ

Ìèíîáðíàóêè Ðîññèéñêîé Ôåäåðàöèè � 2014/2 è ãðàíòà ÐÔÔÈ �Ãèäðîóïðó-

ãèå è òåðìîäèíàìè÷åñêèå ýôôåêòû ïðè âçàèìîäåéñòâèè ïîðîóïðóãîãî ñíåæíî-

ëåäîâîãî ïîêðîâà ñ êîíñòðóêöèÿìè� (ïðîåêò � 16-08-00291 à).
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Ê ÂÎÏÐÎÑÓ Î ÐÎÁÀÑÒÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-ÀËÃÅÁÐÀÈ×ÅÑÊÈÕ

ÓÐÀÂÍÅÍÈÉ

Ùåãëîâà À.À.

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ
èì. Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, Èðêóòñê, Ðîññèÿ; shchegl@icc.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíå-
íèé (ÄÀÓ)

Ax′(t) +Bx(t) = 0, t ∈ T = [0,+∞), (1)

ãäå A è B � çàäàííûå âåùåñòâåííûå (n × n)-ìàòðèöû, x(t) � èñêî-
ìàÿ n-ìåðíàÿ ôóíêöèÿ. Ïðåäïîëàãàåòñÿ, ÷òî detA = 0. Âàæíåéøåé
õàðàêòåðèñòèêîé ÄÀÓ ÿâëÿåòñÿ èíäåêñ íåðàçðåøåííîñòè, îòðàæàþùèé
ñëîæíîñòü âíóòðåííåé ñòðóêòóðû ñèñòåìû.

Ïóñòü ñèñòåìà (1) àñèìïòîòè÷åñêè óñòîé÷èâà. Ïðîáëåìà ðîáàñòíîé
óñòîé÷èâîñòè ðàññìàòðèâàåòñÿ êàê íàõîæäåíèå óñëîâèé, ïðè êîòîðûõ
âîçìóùåííàÿ ñèñòåìà

(A+∆2)x
′(t) + (B +∆1)x(t) = 0

(∆1 è ∆2 � âåùåñòâåííûå ìàòðèöû íåîïðåäåëåííîñòåé) îñòàåòñÿ àñèìï-
òîòè÷åñêè óñòîé÷èâîé.

Ïîêàçàíî, ÷òî âîçìóùåíèÿ ÄÀÓ íå ìîãóò áûòü ïðîèçâîëüíûìè, ïî-
ñêîëüêó ââåäåíèå â ñèñòåìó âûñîêîãî èíäåêñà íåîïðåäåëåííîñòåé ìîæåò
ïîëíîñòüþ èçìåíèòü íå òîëüêî åå âíóòðåííþþ ñòðóêòóðó, íî è äèôôå-
ðåíöèàëüíûé ïîðÿäîê. Íàéäåíû óñëîâèÿ, ïðè êîòîðûõ âîçìóùåíèÿ íå
ìåíÿþò ñòðóêòóðó îáùåãî ðåøåíèÿ ðàññìàòðèâàåìîé ñèñòåìû. Â ïðåä-
ïîëîæåíèÿõ, îáåñïå÷èâàþùèõ ñîõðàíåíèå ñòðóêòóðû, ïîëó÷åíû óñëî-
âèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ÄÀÓ ïðîèçâîëüíî âûñîêîãî èíäåê-
ñà íåðàçðåøåííîñòè. Ââåäåíî ïîíÿòèå è ïîëó÷åíû çíà÷åíèÿ ðàäèóñîâ
óñòîé÷èâîñòè.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Êîìïëåêñíîé

ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ èññëåäîâàíèé ÑÎ ÐÀÍ � II.2 è Ñîâå-

òà ïî ãðàíòàì Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè äëÿ ãîñóäàðñòâåííîé ïîä-

äåðæêè âåäóùèõ íàó÷íûõ øêîë (ÍØ-8081.2016.9).
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ËÈÍÅÉÍÛÕ ÑÈÑÒÅÌ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÀ
Ñ ÏÅÐÈÎÄÈ×ÅÑÊÈÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ûñêàê Ò.Ê.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ;
istima92@mail.ru

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäû-
âàþùèì àðãóìåíòîì íåéòðàëüíîãî òèïà ñ ïàðàìåòðîì

d

dt

(
y(t) +Dy(t− τ)

)
= µA(t)y(t) +B(t)y(t− τ), t > 0,

ãäå µ > 0 � ïàðàìåòð, τ > 0 � çàïàçäûâàíèå, D � ìàòðèöà n× n, A(t),
B(t) � íåïðåðûâíûå T -ïåðèîäè÷åñêèå ìàòðèöû n× n. Ïðåäïîëàãàåòñÿ,
÷òî ñïåêòð ìàòðèöû A(t) ëåæèò â ëåâîé ïîëóïëîñêîñòè {λ ∈ C : Reλ<0}
ïðè âñåõ t ∈ [0, T ].

Â ñëó÷àå D = 0, B(t) ≡ 0 â [1] è â ñëó÷àå D = 0, B(t) ̸≡ 0 â [2] ïîêàçà-
íî, ÷òî àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ãàðàíòèðóåòñÿ
ïðè âñåõ äîñòàòî÷íî áîëüøèõ ïàðàìåòðàõ µ.

Â íàñòîÿùåé ðàáîòå óêàçàíû óñëîâèÿ íà ïàðàìåòð µ≫ 1 è ìàòðèöó
D, ïðè êîòîðûõ íóëåâîå ðåøåíèå àñèìïòîòè÷åñêè óñòîé÷èâî, óñòàíîâ-
ëåíà îöåíêà, õàðàêòåðèçóþùàÿ ýêñïîíåíöèàëüíóþ ñêîðîñòü óáûâàíèÿ
ðåøåíèé íà áåñêîíå÷íîñòè.

Ïðè ïîëó÷åíèè ðåçóëüòàòîâ áûë èñïîëüçîâàí ôóíêöèîíàë Ëÿïóíî-
âà � Êðàñîâñêîãî, ââåäåííûé â [3, 4] äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåì íåéòðàëüíîãî òèïà.
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Ïóñòü Hp, 1 ≤ p ≤ ∞, � ïðîñòðàíñòâî Õàðäè ôóíêöèé f , àíàëèòè-
÷åñêèõ âíóòðè åäèíè÷íîãî êðóãà, ñ êîíå÷íîé íîðìîé

∥f∥ = ∥f∥p = lim
ρ→1−0

( 1

2π

∫
2π

0

|f(ρeit)|pdt
)1/p

.

Îáîçíà÷èì ÷åðåç bn(N,Hp), dn(N,Hp) (ñì., íàïðèìåð, [1]), ñîîòâåò-
ñòâåííî, áåðíøòåéíîâñêèé è êîëìîãîðîâñêèé n-ïîïåðå÷íèêè íåêîòîðîãî
ïîäìíîæåñòâà N ⊂ Hp. Èçâåñòíî, ÷òî íîðìà ôóíêöèé â Hp, 1 ≤ p ≤ ∞,
ðåàëèçóåòñÿ íà óãëîâûõ ãðàíè÷íûõ çíà÷åíèÿõ F (t) := f(eit). Îáîçíà÷èì
÷åðåç ω2(F, 2δ) = sup{∥F (x+t)−2F (t)+F (t−x)∥ : |x| ≤ δ} ìîäóëü ãëàä-
êîñòè f ∈ Hp. Pn � ìíîæåñòâî àëãåáðàè÷åñêèõ êîìïëåêñíûõ ïîëèíîìîâ
ñòåïåíè íå âûøå n. En−1(f) = inf{∥f − pn−1∥ : pn−1 ∈ Pn−1} � íàèëó÷-
øåå ïðèáëèæåíèå ôóíêöèè f ∈ Hp ýëåìåíòàìè pn ∈ Pn. Ïóñòü Φ(u) �
íåïðåðûâíàÿ íåóáûâàþùàÿ ïðè u ≥ 0 ôóíêöèÿ òàêàÿ, ÷òî Φ(0) = 0, à

W
(r)
a (Φ) =

{
f ∈ Hp : (1/h)

h∫
0

ω2(f
(r)
a , 2t)dt ≤ Φ(h)

}
. Ïîëàãàåì

(1− cosnt)∗ := {1− cosnt, åñëè 0 < nt ≤ π; 2, åñëè nt ≥ π}.

Òåîðåìà. Ïóñòü r, n ∈ N è ìàæîðàíòà Φ ïðè ëþáîì h ∈ R+ óäîâëå-
òâîðÿåò óñëîâèþ

Φ(h)

Φ
(
π/(2n)

) ≥ π

π − 2

1

nh

nh∫
0

(1− cos t)∗dt. (1)

Òîãäà ïðè âñåõ 1 ≤ p <∞ èìåþò ìåñòî ðàâåíñòâà

bn

(
W (r)
a (Φ),Hp

)
= dn

(
W (r)
a (Φ),Hp

)
=

π

2(π − 2)

1

nr
Φ
( π
2n

)
.

Ìíîæåñòâî ôóíêöèé {Φ}, óäîâëåòâîðÿþùèõ óñëîâèþ (1), íå ïóñòî. Íà-
ïðèìåð, Φ∗(t) = tα, ãäå α = 2/(π − 2) óäîâëåòâîðÿåò óñëîâèþ (1).

ËÈÒÅÐÀÒÓÐÀ

1. Òèõîìèðîâ Â.Ì. Íåêîòîðûå âîïðîñû òåîðèè ïðèáëèæåíèé. Ì.: ÌÃÓ, 1976.

170



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

THE HARDY�LITTLEWOOD�SOBOLEV
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The Hardy�Littlewood maximal function is an important tool of harmo-
nic analysis. It was �rst introduced by Hardy and Littlewood in 1930 (see [1])
for 2π-periodical functions, and later it was extended to the Euclidean
spaces, some weighted measure spaces, symmetric spaces, various Lie groups,
for the Jacobi-type hypergroups [2], for Chebli�Trimeche hypergroups [3],
for the one-dimensional Bessel�Kingman hypergroups [4], for the n-dimen-
sional Bessel�Kingman hypergroups (n ≥ 1) [5], for Laguerre hypergroup [6].

In this work we introduced and studied the maximal function (G-maxi-
mal function) and the Riesz potential (G-Riesz potential) generated by Ge-
genbauer di�erential operator

Gλ =
(
x2 − 1

) 1
2−λ d

dx

(
x2 − 1

)λ+ 1
2
d

dx
.

The Lp,λ boundedness of the G-maximal operator is obtained. Hardy�Little-
wood�Sobolev theorem of G-Riesz potential on Lp,λ spaces is established
(see [7]).
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1Tashkent Financial Institute, Tashkent, Uzbekistan;
maqsad.ahmedov@mail.ru

2National University of Uzbekistan named after M. Ulugbek,
Tashkent, Uzbekistan; eshimbetov92@mail.ru

In this work, we address the linearized KdV equation on a star graph Γ
with one bounded bond and two semi-in�nite bonds connected at one point,
called the vertex. The bonds are denoted by Bj , j = 1, 2, 3, the coordinate
x1 on B1 is de�ned from −l1 to 0, and coordinates x2 and x3 on the bonds
B2 and B3 are de�ned from 0 to lk, k = 2, 3, respectively. On each bond we
consider the linear equation:(

∂

∂t
− ∂3

∂3j

)
uj(xj , t) = fj(x, t), t > 0, xj ∈ Bj , j = 1, 2, 3.

Below, we will also use the notation x instead of xj , j = 1, 2, 3.
We need to impose 5 BCs at the vertex point, which should also connect

the bonds and 2 BCs at the left side of B1. In detail, we require:

u1(0, t) = a2u2(0, t) = a3u3(0, t), u1x(0, t) = c2u2x(0, t) + c3u3x(0, t),

u1xx(0, t) =
1

a2
u2xx(0, t) +

1

a3
u3xx(0, t),

u1(1, t) = ϕ1(t), uk(bk, t) = ϕk(t), ukx(bk, t) = ψk(t)

for 0 < t < T , T = const. Furthermore, we assume that the functions
fj(x, t), j = 1, 2, 3, are smooth enough and bounded. The initial conditions
are given by:

uj(x, 0) = 0,

x ∈ Bj (j = 1, 2, 3). It should be noted that the above vertex conditions are
not the only possible ones. The main motivation for our choice is caused by
the fact that they guarantee uniqueness of the solution and, if the solutions
decay (to zero) at in�nity, the norm (energy) is conserved.
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We consider the nonlocal problem for the Sobolev-type di�erential
equation with integral condition on the domain Ω = [0, T ]× [0, ω]

∂3u

∂x2∂t
= A(t, x)

∂2u

∂x2
+B(t, x)

∂2u

∂x∂t
+ C(t, x)

∂u

∂x
+D(t, x)u+ f(t, x), (1)

u(0, x) =

T∫
0

K1(t, x)u(t, x)dt+ φ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ1(t), t ∈ [0, T ], (3)

u(t, ω) =

ω∫
0

K2(t, x)u(t, x)dx+ ψ2(t), t ∈ [0, T ], (4)

where u(t, x) is unknown function, the functions A(t, x), B(t, x), C(t, x),
D(t, x), and f(t, x) are continuous on Ω, the functionK1(t, x) is continuously
di�erentiable by x on Ω, the function K2(t, x) is continuously di�erentiable
by t on Ω, the function φ(x) is continuously di�erentiable on [0, ω], the
functions ψ1(t) and ψ2(t) are continuously di�erentiable on [0, T ].

Nonlocal problems for the Sobolev-type di�erential equations appears in
a variety of physical problems [1]. In present communication we investigate
of conditions of an existence and uniqueness of a classical solution to problem
(1)�(4). For this goal we use the method of introduction functional
parameters [2].
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Consider nonlinear 6-dimensional chemical kinetics dynamical system

dmj

dt
= −kjmj + fj(pj−1);

dpj
dt

= µj(mj − pj) (1)

as a model of functioning of one simple gene network. Here and below all
parameters are positive, pj ,mj > 0, j = 1, 2, 3, and if j = 1, then j− 1 = 3.

The functions fj(p) are smooth and decrease monotonically, they describe
negative feedbacks. The variablesmj , pj in the system (1) denote concentra-
tions of interacting components in the network.

We show that the system (1) has exactly one equilibrium point. Characte-
ristic polynomial of linearization of (1) at this point has the form

P (λ) = (k1 + λ)(k2 + λ)(k3 + λ)(µ1 + λ)(µ2 + λ)(µ3 + λ) + a6.

Theorem. If P (λ) has two roots with positive real parts and four roots
with negative real parts, then the system (1) has at least one cycle.

In one particular symmetric dimensionless case µ1 = µ2 = µ3; k1 =
k2 = k3 = 1; f1(p) = f2(p) = f3(p) ≡ α(1 + pγ)−1 + α0 the system (1) was
introduced in [1] and later was studied from di�erent viewpoints in numerous
publications, see, for example [2]. In this case the roots of corresponding
polynomial P (λ) satisfy the conditions of our theorem.
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As is well-known [1], on stationary supersonic gas �ow over in�nite
plane wedge (angle σ at the point of the wedge is small enough, σ <
σlim) theoretically there are two possible stationary solutions: one of them
corresponds to strong shock wave when gas speed beyond the shock is less
than the speed of sound, i.e. u2

0
+ v2

0
< c2

0
(u0, v0 are components of the

speed vector, c0 is the speed of sound), and the other corresponds to the
weak shock wave, when, generally speaking, u2

0
+ v2

0
> c2

0
.

However, in numerous physical and computational experiments if there
is no additional information, for example about the value of the pressure
down the �ow, the case of weak shock wave is realized. As of today there is
no strict mathematical explanation why this is happening. R. Courant and
K.O. Friedrichs noticed in their monograph [1], that there is an opinion
that strong shock wave is unstable by Lyapunov while weak shock wave is
on the contrary stable.

In this work, unlike papers [2]�[4], in which we studied stability of
corresponding linear problems (with respect to each of two stationary
solutions), local well-posedness in time of the original quasilinear problem
has been proven.
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Atmosphere modeling is based on the nonlinear partial di�erential equa-
tions (PDEs) expressing the laws of a compressible continuum medium in
the rotating reference frame. The governing equations support both rela-
tively slow dominant processes and fast gravity and acoustic waves of small
amplitude. Solution of such a sti� system requires, in particular, de�nition
of appropriate initial conditions. The actual initial data are not adjusted
dynamically, that is, they do not belong to a slow manifold related to
the main dynamic processes, and therefore, the fast oscillations of a large
amplitude, which are not observed in the real atmosphere, are generated in
the corresponding solutions of the governing equations.

An adjustment of the initial data for the atmospheric models usually
leads to a set of nonlinear diagnostic PDEs representing balance relations.
A general problem of these diagnostic relations is non-ellipticity of the PDEs
for some real atmospheric conditions that does not allow us to formulate
well posed boundary value problems. For example, the nonlinear balance
equation by Charney is of the Monge�Ampere type and as such is non-
elliptic for a given pressure function in the regions with strong anticyclonic
activity. In this study, we derive ellipticity conditions for more complex
di�erential systems of nonlinear adjustment and present a hierarchy of such
conditions with respect to the complexity of the adjustment equations.
Based on these results, we analyze a distribution of non-elliptic regions
in the actual atmospheric �elds for di�erent forms of the balance equations
and the possibility to solve the corresponding boundary value problems.
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Stability of shear �ows for the full Euler equations is a fundamental
problem of Fluid Mechanics (see e.g. Drazin, 2002). The classical stability
and instability criteria formulated in terms of growth of linear perturbations
(Rayleigh, Fjortoft) are usually obtained for �ows between rigid walls. Some
recent works use the generalized notion of stability as the well-posedness
of time evolution, i.e. hyperbolicity (see Chumakova, Manzaque, Milewski
et al., 2009), but they also consider either �ows under closed lid or use
periodic boundary conditions in the vertical direction which greatly simpli�es
the analysis. However, the presence of free surface can obviously change the
�ow stability criteria and, to our knowledge, stability of shallow water shear
�ows with a free surface has not been studied before.

In this work, stability of inviscid shear shallow water �ows with free
surface is studied in the framework of the Benney equations. This is done by
investigating the generalized hyperbolicity of the integrodi�erential Benney
system of equations. It is shown that all shear �ows having monotonic
convex velocity pro�les are stable. The hydrodynamic approximations of the
model corresponding to the classes of �ows with piecewise linear continuous
and discontinuous velocity pro�les are derived and studied. It is shown
that these approximations possess Hamiltonian structure and a complete
system of Riemann invariants, which are found in an explicit form. Su�cient
conditions for hyperbolicity of the governing equations for such multilayer
�ows are formulated. The generalization of the above results to the case of
strati�ed �uid is less obvious, however, it is established that vorticity has a
stabilizing e�ect (see [1] for details).
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We study the model describing thermal motion of the gas in highly
rare�ed space. For a given initial distribution of the pressure a speci�c
selection of mass Lagrange variables leads to a reduction of the system
of di�erential equations describing this motion to the system, for which
the number of independent variables is less on the unit. It means that
in highly rare�ed space for a given initial distribution of the pressure,
all the gas particles are localized on the two-dimensional surface. For the
obtained system we found all nontrivial conservation laws of the �rst order.
In addition to the classical conservation laws the system has another conser-
vation law, which generalizes the energy conservation law. We obtained the
following exact solutions of the system: 1) solution, describing the state
of the medium behind the front of shock wave after very strong blast, 2)
solution, which depends on the time by exponential law, and describes the
dynamic processes in highly rare�ed space: either the scattering of the gas
particles to in�nity, or the localization of gas particles near a �xed surface,
3) solution, which describes in a highly rare�ed space a dynamic process
in which each particle performs periodic oscillations, 4) solution, which
describes the state of the medium after performing a series of very strong
blasts, 5) solutions, which describe the processes taking place inside of the
tornado.

The reported study was funded by the Russian Foundation for Basic Research

(project no. 16-01-00446 a).

REFERENCES

1. Chirkunov Yu.A., �The conservation laws and group properties of the
equations of gas dynamics with zero velocity of sound,� J. Appl. Math. Mech.,
73, No. 4, 421�425 (2009).

2. Chirkunov Yu.A., Khabirov S.V., Elements of Symmetry Analysis of
Di�erential Equations of Continuum Mechanics [in Russian], Novosibirsk State
Technical University, Novosibirsk (2012).

3. Chirkunov Yu.A., �Exact solutions of the system of the equations of thermal
motion of gas in the rare�ed space,� Int. J. Non-Linear Mech., 83, 9�14 (2016).

178



Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ�

STATIC TRANSVERSELY
ISOTROPIC ELASTIC MODEL

Chirkunov Yu.A.1, Belmetsev N. F.2

1Novosibirsk State University of Architecture and Civil Engineering,
Novosibirsk, Russia; chr101@mail.ru

2Tyumen State University, Tyumen, Russia; n.f.belmecev@utmn.ru

We found the conditions under which the system of the equations of the
three-dimensional static transversely isotropic elastic model has a gradient
of a harmonic function as a partial solution. In this case, parameters of the
elasticity modulus tensor satisfy the Gassmann conditions. The Gassmann
conditions are widely used in geophysics in the research of transversely
isotropic elastic media. We ful�lled a group foliation of the system of the
equations of the static transversely isotropic elastic model with the
Gassmann conditions with respect to the in�nite subgroup generated by
the gradient of a harmonic function and contained in a normal subgroup
of the main group of this system. We obtained a general solution of the
automorphic system. This solution is a three-dimensional analogue of the
Kolosov�Muskhelishvili formula. We found the main Lie group of trans-
formations of the resolving system of this group foliation. With the help
of this group foliation, we obtained non-degenerate exact solutions of the
equations of the static transversely isotropic elastic model with the
Gassmann conditions. For the found exact solutions, we have depicted the
corresponding deformations arising in an elastic body for particular values
of the elastic moduli.
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The model of thermal motion of a gas in a rare�ed space was obtained
in [1]. One-dimensional version of this model has been used to solve the
problem of a strong blast [2�4]. The multi-dimensional model was inves-
tigated in [5]. The two-dimensional model was investigated in [6]. Exact
solutions and conservation laws for the three-dimensional model were ob-
tained in [7]. In this paper all signi�cantly various (not limited by point
transformation) invariant submodels of the model of thermal motion of gas
in a rare�ed space de�ned by invariant solutions of rank 2 of the system that
de�nes the thermal motion of the gas in the rare�ed space are obtained.
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We obtain asymptotic equalities for upper bounds of the deviations of
the right-angled Fourier sums taken over classes of periodical functions of
two variables of hight smoothness. These equalities, in corresponding cases,
guarantee the solvability of the Kolmogorov�Nikol'skii problem for the right-
angled Fourier sums on the speci�ed classes of functions.

Our main result is in the following theorem (see de�nitions in [1, 2]).
Theorem. Suppose that ψi(k) ∈ Dqi , qi ∈ (0; 1), Ψi(k) ∈ DQi , Qi ∈

(0; 1), βi, β
∗
i ∈ R, i = 1, 2. Then the following relations hold as ni → ∞,

i = 1, 2,

E(C2ψ
β,∞;Sn⃗) = sup

f∈C2ψ
β,∞

||f(x⃗)− Sn⃗(f ; x⃗)||C =
8

π2

∑
i=1,2

ψi(ni)K(qi)

+O(1)

[ ∑
i=1,2

ψi(ni)qi
(1− qi)ni

+
∑
i=1,2

ψi(ni)εni(ψi)

(1− qi)2
+ΠQ1,Q2

n1,n2
(Ψ1,Ψ2)

]
,

where K(q) is the total elliptic integral of the �rst kind,

εm(ψ) = sup
k≥m

∣∣∣∣ψ(k + 1)

ψ(k)
− q

∣∣∣∣, q = lim
k→∞

ψ(k + 1)

ψ(k)
,

ΠQ1,Q2
n1,n2

(Ψ1,Ψ2) =
∏
i=1,2

Ψi(ni)

1−Qi

(
1+

εn1(Ψ1)

1−Q1

+
εn2(Ψ2)

1−Q2

+
εn1(Ψ1)εn2(Ψ2)

(1−Q1)(1−Q2)

)
,

O(1) is a quantity uniformly bounded with respect to ni, qi, Qi, βi, β
∗
i ,

i = 1, 2.
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Self-oscillations and chaotic behavior are the examples of amazing phe-
nomena in catalysis. An e�cient approach to theoretical studying consists
in development of a mathematical model as a system of nonlinear ordinary
di�erential equations (ODEs) describing the temporal changes of the
concentrations of certain intermediates on the catalyst surface.

We consider a kinetic model of three nonlinear ODEs with fast, inter-
mediate, and slow variables to illustrate that the in�uence of adsorbed
species on the catalyst activity may lead to rather complex dynamics. In [1],
we studied a scheme that allows us to generate the multi-peak oscillations.
The approach was based upon global dynamics of the one-parameter family
of the two-variable subsystems with intermediate and fast variables. More-
over, there was discussed the scenario of transition from a stable limit
cycle on a strongly deformed torus to chaotic multi-peak oscillations by
the bifurcation of the invariant torus.

Now, some results are presented of studying chaotic behavior in the low-
dimensional dynamical systems with a hierarchy of characteristic times.
This scheme allows us to generate the homoclinic chaos numerically by
the Feigenbaum period-doubling scenario. In particular, the subharmonic
period-doubling cascade leads to generation of a global attractor in the
phase space. Unstable manifolds of the periodic orbits in the cascade are
topologically equivalent to M�obius bands. We call such orbitsM�obius orbits.
Using the one-dimensional approximations of the Poincare map and its
second iteration, we �nd a transversal homoclinic orbit to some M�obius
orbit. The M�obius orbits from the track of the direct period-doubling cascade
and the standard Kaplan�Yorke formula can give a lower bound for the
Lyapunov dimension of the global attractor.
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We prove Luzin N -property and Morse�Sard�Dubovitskii theorems for
mappings g : Rn → Rd of the Sobolev�Lorentz class W k

p,1, p =
n
k (this is the

sharp case that guaranties the continuity of mappings), see [1�2]. Our main
tool is a new trace theorem for Riesz potentials of Lorentz functions for the
limiting case q = p.

Theorem [1]. Let µ be a positive Borel measure on Rn satisfying the
grows condition on balls:

µ(B(x, r)) ≤ rn−αp,

where α > 0, 1 < p < ∞, αp < n. Then for any compact set E ⊂ Rn the
estimate

∥Iα(1E)∥pLp(µ) ≤ C meas(E), (1)

holds, where 1E is the indicator function of the set E, Iα is the corresponding

Rietz potential Iαf(x) =
∫
Rn

f(y)
|y−x|n−α dy, and C depends on n, p, α only.

Note, that by the classical Adams theorem (which is an extension of the
Sobolev inequality) ∫ ∣∣Iαf |q dµ ≤ C ∥f∥qLp(Rn) (2)

for q > p whenever µ(B(x, r)) ≤ r(n−αp)
q
p . It is well known that (2) fails in

general for q = p. Thus, the estimate (1) is the limiting case for (2).
Using these results, we �nd also some very natural approximation and

di�erentiability properties for functions inW k
p,1 with exceptional set of small

Hausdor� content.
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A lot of physical processes can be described by systems of ordinary
di�erential equations (ODE). In this work we consider the mathematical
model for spread of the epidemic of tuberculosis in the population that is
described by the system of nonlinear ODE [1]. The coe�cients of this system
characterize the features of population and disease spread. Consequently, it
is necessary to qualitatively evaluate parameters of model (or their combina-
tions) [2] for speci�cation model for speci�c population.

The purpose of this work is the construction and investigation of the
numerical algorithm for solving problem of parameters identi�cation for
mathematical model of tuberculosis transmission processes with treatment
and drug resistance [1] using additional information about given population
according to statistical data for the previous few years (namely, the number
of healthy, latently infected and infectious diseases individuals). The nume-
rical algorithm based on combination of very fast annealing and gradient
approach for minimization of least squares objective function is investi-
gated [3]. The results of numerical calculations are presented and discussed.
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Mathematical models in immunology are described by systems of non-
linear ordinary di�erential equations (SODEs). It is important to determine
parameters of these systems that characterize features of immunity and
disease for constructing an individual treatment plan.

In this paper the parameter identi�cation problem (inverse problem [1])
for mathematical model of HIV dynamics with treatment [2] using additional
measurements of some concentrations in �xed times is numerically investi-
gated. The mathematical model describes the dynamics of infected and
uninfected CD4 T-lymphocytes, infected and uninfected macrophages, free
virus and immune e�ectors (CD8-cells). Parameter identi�cation problem
is reduced to minimization problem of least square function that describes
the deviation between model and measured data. The phase portraits of
stationary states of SODE are obtained and analyzed. The genetic algorithm
for solving the minimization problem is implemented and studied. After
that optimization problem of determining the optimal treatment control is
numerically investigated. The results of numerical calculation are discussed.
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The following Cauchy problem is considered:

∂u

∂t
= ∆u+

β

u
|∇u|2 + C(x, t)u, x ∈ Rn, t > 0, (1)

u(x, 0) = u0(x), x ∈ Rn. (2)

Nonlinearities of the above kind arise in problems of directed polymers and
interface growth (see, e.g., [1, 2]).

It is assumed that u0(x) is nonnegative, continuous, and bounded in the
space Rn, β > −1, and there exists a positive constant α such that one of
the two following inequalities is satis�ed in the half-space Rn × (0,∞):

C(x, t) ≤ −αmin

(
1,

1

|x|2

)
(3)

or
C(x, t) ≤ −α. (4)

We prove the two following assertions:

• No more than one classical bounded nonnegative solution u(x, t) of
problem (1)�(2) exists.

• If inequality (3) is satis�ed, than u t→∞−→ 0 uniformly with respect to x
in any compact subset of the space Rn (provided that u exists);
if (the stronger) inequality (4) is satis�ed, than there exists a positive
constant a such that the inequality |u(x, t)| ≤ sup

x∈Rn
u0(x) e

−at holds in

the half-space Rn × (0,∞) (provided that u exists).
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Asymptotic equalities for upper bounds of the deviations of Fourier sums
and Fejer sums on the classes of periodic functions that admit analytic
extensions to a �xed strip of the complex plane, may be found in [1, 2].
For upper bounds of the deviations of right-angled Fejer sums taken over
classes of periodic functions of two variables we obtain asymptotic equalities.
In certain cases, these equalities give a solution of the corresponding Kolmo-
gorov�Nikol'skii problem.

Theorem. Suppose that qi, Qi ∈ (0; 1), i = 1, 2. Then the following
relations hold as ni → ∞, i = 1, 2,

E(C2q
1,∞σn⃗) = sup

f∈C2q
1,∞

∥f(x)− σn⃗(f ; x⃗)∥C =
2

π

∑
i=1,2

1

ni

(
2qj

1− q2j
+ ln

1 + qj
1− qj

)

+O(1)

( ∑
i=1,2

qnii
ni(1− qi)3

+
∏
j=1,2

1

nj(1−Qj)3

)
,

where O(1) is a quantity uniformly bounded with respect to ni, qi, Qi,
i = 1, 2.
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We apply [1] numerical analysis and di�erential equations methods [2] to
proving computability, in the sense of the rigorous approach of computable
analysis [3], of solution operators of dissipative boundary-value problems for
symmetric hyperbolic systems of PDEs. One of the main results is:

Theorem. Let Q = [0, 1]m; T > 0 be a computable real and Mφ > 0,
p ≥ 2 be integers. Let A,B1, . . . , Bm be �xed computable symmetric ma-

trices, such that A = A∗ > 0, Bi = B∗
i . Let Φ

(1)

i , Φ
(2)

i (i = 1, 2, . . . ,m)
be �xed computable rectangular real non-degenerate matrices, with their
numbers of rows equal to the number of positive and negative eigenvalues
of A−1Bi, respectively, and such that the dissipativity property holds. If

φ ∈ Cp+1(Q) satis�es ∥ ∂φ∂xi ∥s ≤ Mφ, ∥ ∂2φ
∂xi∂xj

∥s ≤ Mφ, i, j = 1, 2, . . . ,m,

and meets the boundary conditions, then the operator R : φ 7→ u mapping
the initial function to the unique solution u ∈ Cp(Q × [0, T ],Rn) of the
boundary-value problem

A∂u
∂t +

m∑
i=1

Bi
∂u
∂xi

= f, u|t=0 = φ(x1, . . . , xm),

Φ
(1)

i u(x1, . . . , xi−1, 0, xi+1, . . . , xm, t) = 0,

Φ
(2)

i u(x1, . . . , xi−1, 1, xi+1, . . . , xm, t) = 0, i = 1, 2, . . . ,m,

is a computable partial function from Cs(Q,Rn) to CsL2(Q× [0, T ],Rn).
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The talk is concerned with an equilibrium problem for an elastic plate
reinforced a rigid inclusion. The inclusion is assumed to delaminate partially
from the matrix, there being an interfacial crack. Fully coupled nonpene-
tration conditions between the crack faces are taken into account. The
problem is nonlinear and can be formulated as a variational inequality. We
investigate shape di�erentiability of the potential deformation energy and
�nd an explicit representation for its Gâteaux derivative.
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The problems of �ltration in porous media are of practical importance
for studies related to the forecast distribution of pollution �ltration near the
river dams, reservoirs and other hydraulic structures, drainage, foundations
and basements of buildings, irrigation drainage and agricultural �elds, water
and oil and gas production, movement of magma in the crust, etc. The
work is devoted to studying the mathematical model of �uid �ltration in
poroelastic media. The laws of conservation of mass for �uid and solid
phases, Darcy's law, taking into account the skeleton movement, the rheo-
logical Maxwell law and the general equation of conservation of momentum
for system are describing this process [1�2]. The local solvability of the
problem is proved for the case in which the density of the mass forces is
equal to zero and the �uid is compressible [3]. The system of equations in
Lagrange variables is reduced to degenerate nonlinear parabolic equation
for porosity. Localization of solutions of the equations has been established
by the integral energy estimates method [4]. In the report the questions of
solvability of equations of �uid �ltration in poroelastic medium are consi-
dered.
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