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ON THE COEFFICIENT INVERSE PROBLEM OF HEAT
CONDUCTION IN A DEGENERATING DOMAIN

'Muvasharkhan Jenaliyev, *Murat Ramazanov,
"Madi Yergaliyev

!Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan,
°E.A. Buketov Karaganda State University, Karaganda, Kazakhstan,
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Abstract. In the paper we consider a coefficient inverse problem for the heat
equation in a degenerating angular domain. It has been shown that the inverse problem
Jor the homogeneous heat equation with homogeneous boundary conditions has a
nontrivial solution up to a constant factor consistent with the integral condition. Moreover,
the solution of the considered inverse problem is found in explicit form.

Key woirds: Coefficient inverse problem Heat equation Degenerating domain.

1. Introduction

The inverse problems of this kind were investigated in the papers [1], [2] (see also
literature from these works). In that papers it is assumed that the movable boundaries move
according to the law obeying Holder class and the domain does not degenerate and the
time interval is limited. There uniqueness and existence of the solution of the inverse
problem where the required coefficient is a continuous function are established and
numerical solutions are obtained.
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The peculiarity of our study is that we consider the inverse problem for the heat
gon in the degenerating angular domain. For the sake of simplicity and for the purpose
ving the effect of the degeneration of the domain, we consider the problem, where,
the moving part of the boundary changes linearly; secondly, the boundary value
slem is completely homogeneous; thirdly, the time interval is semi-bounded. It is
that when a domain degenerates at some points, the methods of separation of
ssbles and integral transformations are generally not applicable to this type of problems.
s paper, to prove the existence of a non-trivial solution for the original problem we
¢ the methods and results of our earlier works [3]-[6] where solutions are found with
® of theory of thermal potentials and the Volterra integral equation of the second kind.
We also note works [7] and [8] devoted to the study of the existence of nontrivial
sons for partial differential equations, including for degenerating equations. In the
wer [10] a theorem on the unique solvability of the non-homogeneous boundary value
sblem in weighted Holder spaces was obtained. We also note publications [11]-[15] of
r authors that are close by category of this item of work.
The paper is divided as follows. In Section 2, we give statement of the problem. In
ston 3, we give auxiliary inverse problem in infinite domain. In Section 4, we present
svalent form of auxiliary problem. Section 5 is devoted to existence of the nontrivial
son (up to a constant factor). Nontrivial solution of equivalent form of auxiliary
erse problem is described in Sections 5 and 6. Sections 7 and 8 are devoted to the
hematical justification of the solution of the auxiliary inverse problem obtained in
stions 5 and 6. In Section 9 we establish the order of singularity of the solution of the
weinal inverse problem for small values of independent variable .
Finally, conclusions are made in Section 10.

2. Statement of the problem
In the domain G, ={(x,1)|0<x<t, 0<¢<T,},T <+, we consider an inverse

sblem of finding a coefficient A(7) and a function u(x,7) for following heat equation:
u,(x,.!.‘)=u_1__‘(x,t)—;1(t)u{x,r), (1)

ith homogeneous boundary conditions

u(x,1)|,,=0, u(x,0)|_=0,0<r<T, (2)
mspect to the overspecification
_Eu(x,r)dx=E(r), E(t)>8>0,0<t<T, 3)

where E(r)e L,(0,T) is a given function.
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Cexuus 1. CoBpemeHHble 1po6aeMbl NPUKIALHOI MAaTEMATHKH,
MHGOPMATHKH M TEOPHH yIIPaBIEHHS

3. The auxiliary problem
In accordance to the problem (1)—(3) we will set an auxiliary inverse problem in the

domain G, ={(x,1)|0<x<t, t>0}:

u,(x,0)=u_(x,0) = A()u(x,1), (4)
with homogeneous boundary conditions

u(x,1)|,.o=0, u(x,1)|,.=0,1>0, (5)

x=0

suspect to the overspecification
[iutx,0ac = E@), >0, (6)

- E(t), 0<t<T,
E(r)= (7)
E(f), T<t<owo,
where E,(f) 26 >0 -- an arbitrary bounded function.
Remark 1. Solving in GG, the problem (4)—~(7) and restricting down its solution to the

domain G,, we can find a solution {u(x,t),A(¢);(x,t)€G;} of the original inverse
problem (1)—(3).

4. Equivalent problem
In the problem (4)-(6) we replace the required function by the following
transformation

| ‘A(s)ds . |
w(x,t)=e™ u(x,t)= A(Ou(x,1). (8)

Then the inverse problem (4)—6) reduces to a problem for a homogeneous heat
equation:
wi(x,0)=w_(x,1), {x.t1} G, %)

with homogeneous boundary conditions

w(x,1)[,=0, wx,)|.=0,1>0, (10)
subject to the overspecification

[we.nd = A0E@), E(t)>8>0,6>0.
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iproblem in the

» a nontrivial solution of the homogeneous boundary value problem (9)-

' ows from our previous results [3]-[6] that a homogeneous boundary value

@) 25-{10) along with a trivial solution has a nontrivial solution up to a constant
ed by formulas:

=

.1 g x _x
w(x,t)= 4\/;‘L " exp{ a _r)}v(r)dr +

(x~1)’
4J_Io(f o p{ A -r)}‘p() Y

)

(6)
% W)= = [ T expd - }rp(r)dr. (13)
W *(t-7)" A1)
action @(t) is defined according to the formula:
'solution to the
()= Ce,(1), C = const #0, (14)

1!'iginal inverse

@,(1) = J;cxp{—i}+\/—f-|:l +cfj“[§ﬂ, (15)

wer, the function @(7) belongs to the following class:

the following

(8)
0(e(t) e L, (R,), (16)
pgeneous heat
©) o) = "G"""{i}’ i eREn (17)
1, if T<t<+oo,
Substituting v(#) (13) in (12), we obtain
(10)
w(x,t)=w,(x,0)+w_(x,1), (18)
(11) X+T (x+1)
w(x,1) = f b7 { 4(f_r)}<o(r)dr, (19)
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Cexuus 1. CoBpeMeHHbie npo6eMbl NPHKNAJHOH MAaTEMAaTHKH,
MHGOPMATHKHA M TEOPHUM yIpaBaeHHA

N L ¢ Z=% _(x—‘r)1
w_(x,f) 4\!,;_[0(’_?)3’2 exp{ 4(1—1’)}@(‘[)&' (20)

6. The solution of the inverse problem (9)-(11)
From (14) and (18)—~(20) we obtain for the solution w(x,1) = Cw,(x,t) of the

homogeneous boundary value problem (9)-(10) the following representation:

W, (x,1) = W, (x,0) + w,_(x,1), 21
where

X+T (x+7)°
Wo. (X,8) = 4J'J- o (1— T)m { 4—1) }@O(T)drs (22)

(x”)z}%(r)dr. @3)

w,_(x,¢

belit)= 4J_ L (t- r)” { A1 —1)

Further using the representation (21)—(23) for the integral condition (11), we get:
[iwo (e, 1) = o, (x 1) + [lwy (x,0)dx = AOE@). (24)

By a commutativity property in the integrals of the formula (24), in the sense of the
Dirichlet formula, we have:

! _ by o xtr _fxde)
Lwni (x,r)dx —m_[n@{)(r)drjc (t__r)yz exp{ 4({_1)}.41’. (25)
Let's calculate the interior integrals from (25). We get

xtr CET 0 P I CE 1N
R T L

(t£7)’
I4(fr7) exp{- yjdy =

4(t—1)

ey T [ ) G O 5
2 :r((—r)(exp{ 4(r—r)} exp{ 4(;4)})'

T2 w(t—1)
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(20) Then from (11), (24)~(26) we obtain

I l 1] l rz
o (X, 0)dx = ——=| ———[2expy—- ~
plx,r) of the J"w B 2@-[“ Jr—r[ exp{ 4(r—r)}

[+

t— t 5
i —exp{— -TT}(exp{— r—_’—r}+ e, (t)dr = 4, () E(1). @7
22 From ratios (8), (11), (27) and w(x,7) = Cw,(x,t) we find the required coefficient
)
din(A(1) _ (A0) _
A() = : 28
(1) i1 20) = A, (1) (28)
(23) s we have used the equality
1), we get: Iw(x,r)dx jw(x,r)dx Iwﬂ(x,.!)dx Iw“ (x,t)dx
0 .0 e i i
(24) Epy | E® E(t) E(1)

ke sense of the
Thus, the following Theorem 1 is proved.

Theorem 1. The inverse problem (1)—(3) has the following solution {u(x,1), AlD)}:
e coefficient A(t)= A, (t) is determined uniquely by the formula (28) by restricting it
wn 10 a finite interval (0,T) and the solution u(x,t) is found by means of the restriction
the function:

(25)

u(x,1) = Cuy(x,1) = CLA, ()] wy (x,1), (29)

s the bounded triangle G, where w,(x,1) is defined by Sformulas (21)—(23).

Remark 2. Sections 7 and 8 are devoted to the mathematical justification and
.ntification of the features of the solution of the boundary value problem (9)—(10). It will

e shown that this solution has a singularity of order 7 ' at small values of 7. Since the
bmain G, is determined by the relations 0<x<#,0<¢<T, the small value of the
jable 1 provides a small value of the variable x .

According to formulas (21)~(23), (15) the solution w,(x, {) is a nonnegative
mnction. It should be noted that the function E (r) from(11) also is a nonnegative function,

= the integral (24) is nonnegative and the coefficient Z,(1) (8) is nonnegative function.

(26)
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Cexuns 1. CoBpemMeHHbie Npo6ieMbl NPUKJIaAHOH MaTEMaTHKH,
MHQOPMAaTHKH H TEOPHH YIIPaBieHHA

7. Estimate of the integral from (27)
In this section, we will establish boundedness of the integral from (27), considering
that function ¢,(7) (15) belongs to the class (16)—(17). The following theorem is true.

Theorem 2. The integral in (27) is bounded function on semi-axis R, .

The proof of Theorem 2 will follow from the statements of the following Lemmas
1-4.

Lemma 1. Let 0<t<T and C=[00)¢,(1)|, (9<;<T)- Then the following estimate

holds
1 g1 5
— - <Cirm. 30
'_n"[“ t_rexp{ 4({_1_)}%(1')dr<(7 4 (30)

Proof. We obtain

I 1
\/;L s exp{ o 4}f eXp{ }%(r)drﬂ

ﬂm "{4(: 3 4} 5

dr=C+r.

L 1
<L
N '[“ J T(t—7)
Lemma 1 is proved.
Lemma 2. Let T<t<w and C=[00)@,(1), (7<i<o)- Then the following

estimate is true

1 ¢ 1 a
= L = exp{_ 4(1_7)}%(1)0& <2C. (31)
Proof. We have
, (7)d

J_I = { )}40(7) <

1 ¢ 1 7’ [
“Cﬁjﬂw—rem{_«r—r)}dr=”z= il
=££exp i. Jw{;exp —i—
Vo (2]
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2C t) = 7z &1,
< 'J—;CXQJLE}L CXD{——“.— = 422 }dz =

17), considering

fFem is true.
Bvin L 3 ,’
pwing Lemma 555 i \/; A

=" expy————expi—2,——=2C.
!owfng estimatre J; 2.2 JT 4 4

4
(30) ere we used a well-known equality ([9], formula 3.325):
: » n), 14T =
L exp{—,ux i }dx 3 V,;exp%2 P”?} (32)
snma 2 is proved.

= emma 3. Let 0<t<T and C= “9(3‘)%(0"%(04[{?»). Then the following estimate

1 ¢ 1 i~1 tt
Wb “""{‘T}‘“"{‘:}*”%“ldrﬂcﬁ- (33)

»oof. We have

—21—\/;‘[; rl—'r exp{—r—;—r}(exp{—:_—rr}Jrl)gou(r)dr <

the following dr=Cr.

cCp 1
= \/;‘[” Jr(r—r)

Lemma 3 is proved.

(31) Lemma 4. Let T<t<ow and C=|0(t)p,(7)), (T<t<w) Then the following

ate is correct

ﬁ;ju ﬁ—exp{-r—;t}(exp{— f;} +1)g, (r)dr <2C. (34)
Proof. We have

ﬁ J: fl_—_r exp{— %E}(exp{— r_r—r_r} +1)g,(r)dr <

C 1 t=-7
- —_ =
B \/;'L'J}—T exp{ 4 }df
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Cexuus 1. CoBpemennbie npo6aeMb NPHKA3AHOH MaTeMaTHKH,
HHYOPMATHKH U TEOPHHM yripaBAeHus

—\/_j'z exp{-22Jdz=2C. c;f{"r}:zc
Lemma 4 is proved.

From estimates (30)—{34) established in Lemmas 1-4 we obtain the assertion o
Theorem 2. Theorem 2 is proved.

8. Estimate of the solution (21)—(23)
In this section, we establish boundedness of the solution (21)+23) of the boundary
value problem (9)—(10), considering that function g@,(r) (15) belongs to the class (16)—
(17). The following theorem is true.
Theorem 3. The solution (21)—(23) of the problem (9)—(10) is limited, excluding the
set {x,t:0<x<t0<t<g,¢ >0—smaf/ number} near the point {x=0,t=0}, where
the solution has a singularity of order '
The proof of Theorem 3 will follow fmm statements of the following Lemmas 5-6.
Lemma 5. Let 0<t<T and C = ”9(:)%(0”

holds

(0<t<T)- Then the following estimate

Wy, (x, 1) =

b il (xir) _\/'_ :
4_‘/¥J. 0 (¢ — r)3r" { 4({_?'_ }Q}( )dT C——. (35

_ Xt (x*7)
W (x,1) = 4fI°(r o7 p{ e T)} o(T)dr <

Proof.

xt1| ) 7

4‘/_.[’\!,_({ < ex a0 )—I}dr Gl Cr 1),

We transform the kernel in the last integral. Using the ratios:

Ex=4 |x:tt|+(r =z} |xxe] 1

Ve(t-02 " Jee-1y"  Jr(-1)" Jr(: 7)’

_ (1)’ _ [xtex(-1)F __ (xxp? +i2x+f+£
4(r-1) 4(r-1) 4(r—1) 4 4’

+2x+1¢ |xtt| (x+1)?
S J_ p{ }j N { 4(t—r)}dr+

we have
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(x+7)° T

1 ]
+4\/;J.n\/r(;_r)e)ip{ 4(t—1) 4

}dr ), (x,0) + 1] (x.1). (36)

. we show boundedness of the first integral (36). For this we introduce the

4

itutions 2z, =| x| (t—7)"?,z], =z2 —(x+1)’(41)”". Then we obtain

2 7

2expl-") exp{~" |
I, (x,0) = —‘/Eﬂt—_f: exp{-z;, }dz,, = —J;L (37)

r the second integral 7, (x,7) in formula (36) we have:

| B 1 (xt7)’ 1
I = <
1 (%51) 4&"‘“ \/T(rwr) EXP{ 4(t—1) 4}0’7 2
/ Jr
< dr=—.
ar k Ji-n 4
5 is proved.

6. Let T<t<oo and C=[00)g)(1), (r<i<cc)- Then the following

Is correct

xir _(Jci’r)2
Wos (5,0) = J_ j - p{ ———4(‘_1_)}(00(1)dr5(3. (38)

)f. As in proof of Lemma 5, using similar transformations of independent

s, we obtain

|x+r| (x+z)’
Phal%s i')'4\/_ -L(t 2 { 4(:—7)}“'75
exp{xir} f |x:ter exp{u—(xﬂ)2 —E}dr+
4Jr 0 (t-1) 4r-1) 4

xtt]lp 1 _(xxd)’ 7|
4 ﬂ_ep{ }J‘EBXP{ 4e-7v) 4 }dr

=l (e, + . (x1)] (39)
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Cekunst 1. CoBpeMerHble npo6/ieMbl IPUKJIAAHOH MAaTEMATHKH,
“HDOPMaTHKH K TEOPHH yNIpaBJieHus

Using the substitution 2z, =| x+7|(t—7)™"?, for the first integral we get:

124(x t)= J_exp{xit} .m {—23*%}dzs

rexp{xi’}j:e,(p{_z .

here we used a well-known equality (32).
For the second integral /;, we have

4 _ 1 xtt (xit)l_!m_r -
L) zw?cm{ }J ¥ { A(t-1) 4 }dr

_Wit-1 L

:z p—3
EE=d

+

241 2
|xt1| {x:tr} S (xx6)? ,
= ex F|eXp ————2, %
W p > ﬂx_rl p 6 z

EZTINNEETATS (xx0)’
el 524

where in (41) the known equality (32) was used.

Lemma 6 is proved.
From estimates (35) and (38) established in Lemmas 5-6 we obtain assertion of

theorem 3. The peculiarity of the solution at the point {x=0,/=0} follows from the
estimate (37) from the proof of Lemma 5. Theorem 3 is proved.

9. Asymptotic of the integral in (27) for small values of the independent

variable ¢
In Theorem 2 we have established boundedness of the integral in the left-hand side

of formula (27) at 7€ R,. In this section, we want to answer the question: what is
asymptotic behavior of this integral for small values of the independent variable ¢? This
asymptotic is important for determining the classes of functions for the required solutions
fu(x,0)(x,1) € Gy A(1),t €(0,T)} in the inverse problem (1)—(3).

The following theorem holds.




[ get:
(40)
dr =
£
) (41)

in assertion of
lows from the

independent

left-hand side
ition: what is
nable 7? This
wred solutions

e, after replacing the variable z =
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ful(x,1), (1)} has the order of singularity equal to t .
prove Theorem 4 we will first show the justice of the following lemma.

e order equal to "2

ely. For the first term we have:

I A L
H=7= | J;—Te"p{ 4(I_T)}cou(r)dr.

Jy @)=

: _r ] expy — e “Ilar
a0 Jee—r) 4t-1) 4]

. S (R
Ta®=3 [ 7 exp{ 4({_7)},:#,

1 1 - Jr
J13(r)—§—jﬂﬁexp{ ﬁ}crf[ 7 }fr.

Let's calculate the integral (43).

1 1 T
- AR
In(®) J;fnJr(;-r)exP{ 4(!—1’)} ‘

, we have:
2t-1
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sorem 4. For small values of the variable (, the solution of the inverse problem

ma 7. The integral in formula (27) for small values of the variable t decreases

%oof. For this purpose, we will consider each summand in the integral in (27)

(42)

‘e divide the integral (42) into three integrals taking into account the formula (15):

(43)

(44)

(45)




Cexuus 1. CoBpeMeHHble npo6ieMbl NPUKIAJHONR MAaTEMATHUKH,
MHPOPMATHKH U TEOPHUH YTIPABJIEHUSI

dexpl Bt
= 5 4] oo z : _11 —-zz}dz:
N t z

w0 T b

In integral J;|(f) we introduce a substitution in the following way z, =

then:

Ji@= \/—j exp—zf}dzl=%j:exp{—zf}dzz-

4

\/; = ] 2 =2 '\/{; ! "/;
_FL —rexp{— z; }dzl — 7;——? exp{z}e-'f({?}

Z|2+E

where in the last integral we used a well-known equality from ([9], formula 3.466):

rM = erfe{ pu) —exp{ﬁ )

x*+ B

Thus, for the integral (43) we have

J, (0= l/‘/f;exp{i}erfc{g].
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> integrals (44) and (45), using a substitute z = 24/ — 7, we get:

B 1 1 Tz =
le(r) _EJ: 1—T exp{‘_ 4(“_7)}0&- )

oll] s
ool [ ’exp{—z ’—}dz, (48)

exp{—t } 4 z
‘)\"T 2z 2 e
S Yk exp{-lz—ﬁ-’—}ep;f —24- % (49)

second therm in the integral (27) has the form:

| _ _ 11 (1)
- J0=5 JEIU ﬂexp{ 4{{_1)}400(:)41». (50)

f We divide the integral (50) into three integrals taking into account the formula (15):

2
(t+7) r}dr, (51)

I
r}

Jo(t)= B i
[ - (f) 2\{7; Iﬂ -JT(I—T) = 4(1_7) 4

8 3.466): 1 1 2
) o ()= Z-L - exp{_ E:(:j’z) }dr, (52)

(46)

sl Ll de0Pl dor
Ta0=2]; hr_rexp{ 40_1)}@9{2]&. (53)
(47

65



Cexumna 1. CoBpeMeHHble NPo6JieMbl NIPUKAAAHON MaTEMATHKH,
MHPOPMaTHKH H TEOPHH YTIPaBIEHHsA

Using the replacement z = #, we compute the integral (51). We get
=t

o)
Jo(t) = —— ldr=

3
- j;{ 4}1? e e

3t
CXD{I} - z
~Jm N \/zz—rem{_z“}dz_

23}l
7 1 expl-22jdz = J1, () - T2 (1),

N z

J! (1) =e—xii;—;}!fexp{— (2* —:)}d(\/ﬁ)= %}—}-

For the second integral after replacing z, =+/z* =1 we obtain

) exp{_%} J“’ z 2}9’2, —ﬂfexp{-zz}dz _

J3(0) iy 224t exp{— L = Ve
v'rf_exp i ex _i} \/;cxp{?’—t}
4] = 1 ; 1 .
: \/;r{ }L z]zﬂe)(p{_zl }dzu = Z{Jt_ . 5 e:fc(\/;)

Here we have used the equality (46).
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Bus, finally for (51) we get

o

Tyl =—— 2 erfel ) (54)

3 replacing z = /1 —7 for the integrals (52) and (53) respectively, we have:

3t
B
Jop ()= J- - exp{* +—}=

B 0.t~ t—-t 4
. explt} (Vi 2
2 L exp{ PR }dz, (55)
. b 2 2 2
Josdl)= exg{r}‘l-n exp{—%—:—:}erf( : 22 ]dz. (56)

The third term in the integral in (27) has the form:

(1) = i : }@,(r)a'r (57)

ﬁj{: J:Texp{

We divide the integral (57) into the following three integrals taking into account the

a (15):
t
exp{— —}
4f ¢ 1
= d
Ja)=— " [ N7 7, (58)
exp{_ _'}
4 1 E
Ju(t)= . Iﬂ e rcxp{ }dr, (59)
{
cxp{ }
J ()= 4 -[\/r Texp{ }rf[%]dr. (60)
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Cekuus 1. CopeMeHHbie Npo6ieMbl NpUKAAAHON MaTEMaTHKH,
MHPOPMATHKH M TEOPHH yNpaBJeHHs

After changing the variable 7 =1gin’@ in (58) we get:

Jh(t) N~ _Jziexp{_%}-

By replacing z = Vt—1 for (59) and (60) we obtain:

o 35

Ty (1) = LE exp{—zz}erf( ‘“"242- ]dz.

Now we set asymptotic of the integral in (27) for small values of the variable #>€
For the integrals J,,(f) (43), J,,(1) (51) and J,,(t) (58) and their values (47), (54) ar
(61) respectively, we obtain the following asymptotic:

J () =m exp{i}(h{—;),

4

Ja() = %e@{%}(l*%), Jy() = —Jg—exp{—i}.

Hence we obtain

Jn(0)=Jy ()= J5 (1) = Sinh{i}l}ﬁr_—\/;exp{%}+2\ﬁ} = al

Further, for the integrals J,,(1) (44), J,,(7) (52) and J,,(r) (59) and their value
(48), (55) and (62) respectively we obtain the following asymptotic (recall that for sma
values of the variable #):

Vi explr} Vi

t 1
le(’) ~ 'J;exp{i}r Jzz(r) = ‘_Z__a Jsz(f)""" _2_

From these formulas we have

t

Jp (D)= I () =T (1) = J;(exp{z}-exp{r}—%) ~ 1.
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the integrals J (1) (45), J,5(1) (53) and J,;(7) (60) and their values (49), (56)
espe tively we get the following asymptotic:

(61
1 Jiexplt 1
Jy(0) =+t cxp{—}, Ty (1) = 7"{}, J(1) = £
2 2 2
sme these formulas into account, we obtain
(62
1] explt} 1
Jys(6) = J 5 (1) = J 5 (1) = 1 (exp = LT-E)B\/?. (66)
(63) om the formulas (64), (65) and (66) it follows that for small values of the variable

¢ mtegral in (27) has a decreasing order, equal to Jr .

1 variable />0 smma 7 is proved.

&s (47), (54) and . . L=
> proof of Theorem 4. According to a property of the given function E(¢) from

pecification (7) and also from the statement of Lemma 7 and equality (27) we
the function i(.t) should decrease at small values of the variable ¢/ with order

o 1. It follows that the order of singularity of the required coefficient A(f) at
es of the variable ¢ equals 7 '. According to the ratio

Ww(x,1)
Alt)

u(x, )=

sion of the boundary value problem (1)—(2) has the order of singularity equal
_ & follows from the statement of the Theorem 3 that at small values of the variable

plution w(x,?) of the boundary value problem (9)-(10) has not a singularity.
Theorem 4 is completely proved.

3 (64)

nd their values
I that for small Conclusion
n the paper we consider an inverse problem for the heat equation in a degenerating

@ domain. We have shown that the inverse problem for the homogeneous heat
on with homogeneous boundary conditions has a nontrivial solution {u(x,7),A(?)}
ent with the integral condition. It was also proved that the found nontrivial solution
singularity at the point {x = 0,7 = 0}, which order equals to —1.

(65)
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Cexuus 1. CoBpeMeHHble Npo6ieMbl NPUKAALHOW MATEMATHKH,
MHQOPMATHKH U TEOPHH yTIpaBJieHHs
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ot. We study the problem of distribution a multiprocessor system computing
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| s i wer a fixed time period between jobs. Processors differ by speed; jobs differ by

:,’s I;;g ;:es?ié me time and cost. Assuming that jobs are indivisible (preemptions are prohibited),
5) fem of maximizing the total cost of allocated jobs is equivalent to the multiple
bolic Goursat L problem. In the report, a greedy allocation algorithm is proposed. The relative
lysis: The ory amce guarantee of the algorithm is 0.5, and its running-time is O(mn), where m is
1 ber of jobs and n is the number of processors.
g PR Iatroduction. Assume that a system consisting of » processors provides paid
arising in the 'l'lr.re are m jobs, each of them can be inclw;led in a schedule for the planning
inarov POM] f duration T. Let / = {1, 2, ..., m} be the set of jobs ' numbersand J= {1, 2, ..., n}

et of processors’ numbers.

ach job can be assigned to any processor. Processor j has the speed s; (cycles per
me) and capability Q; = T s; within the planning period. Job / requires g; processor
and has the cost ¢;. If the job i is included in the schedule and will be, therefore,

gle parabolic
=833 (2005).

.the Sy of ed during the planning period, then the system obtains the payment c;.

2005, 36, 1-- Jobs are indivisible in two senses: (a) in the planning period, either no part of a job
. @rmed or this job terminates; (b) during the planning period, a job can use no more

8 solution in me processor (scheduling without preemption). It follows from the jobs” indivisibility

utation 218, iy schedule can be identified with some partition /=/lo W Iy U ... U I, where i € [;
& Jiff the job i is allocated to the processor j, and the jobs with numbers in /o are
aded in the schedule.
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