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Abstract

We proved that if (M, 7) is a semi-finite von Neumann algebra, x
and y are T—measurable operators, F is exact interpolation space for the
couple (L1(0,00), Lo (0,00)) and f is a increasing continuous function
on [0,00). Then

(i) in the case f(0) = 0 and g(t) = f(v/t) is operator convex,

1)) + FyDlavy < 1z +yD) + Fz = yDllew
< IFClzl) + FClyDI By

(i) in the case h(t) = f(\/t) is concave,

slf@lal) + FClyDlewy < Iz +y) + f(z = yDll e
< 8[[f (=) + FyDl -
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1 Introduction

Let B(H) be the space of all bounded linear operators on a separable complex
Hilbert space H. A unitarily invariant norm, denote by |||-]|], is a norm defined
on a norm ideal C. in B(H), satisfying the property that |[|[UAV||| = |||A]]|
for all operators A € Cj| and all unitary operators U,V € B(H). With the
exception of the usual operator norm, which is defined on all of B(H), each
unitarily invariant norm ||| - ||| is a symmetric gauge function of the singular
values, and (). is a Banach space contained in the ideal of compact operators.

Hirzallah and Kittaneh in [11] proved non-commutative Clarkson inequali-
ties for unitarily invariant norms: Let A, B € B(H), |||-||| be unitarily invariant
normi.

(i) If f is an increasing function on [0, 00) such that f(0) = 0, lim;_, f(t) =
oo, and the inverse function of g(t) = f(v/t) is operator monotone. Then

2([1f(AD+FUABDI < [If(|A+B)) + f(IA=BII| < 2_1|||f(2|A|)+f(2|B|)(|||)-

1

(ii) If f is a nonnegative function on [0,00) such that h(t) = f(\/1) is
operator monotone. Then

271 FIAD+ BN < A+ B+ f(1A= BN < 2[1f(JAD + f(BDIII-

(2)

The main result of this paper is to give similar inequalities in the case
noncommutative symmetric space norm and 7— measurable operators.

2 Preliminaries

Throughout this paper, we denote by M a semi-finite von Neumann algebra
in the Hilbert space H with a normal faithful semi-finite trace 7. The closed
densely defined linear operator x in ‘H with domain D(x) is said to be affiliated
with M if and only if u*zu = x for all unitary u which belong to the commutant
M’ of M. If x is affiliated with M, the x said to be T-measurable if for every
e > 0 there exists a projection e € M such that e(M) C D(z) and 7(et) < e
(where for any projection e we let et = 1 —e). The set of all T-measure
operators will be denoted by Ly(M). The set Ly(M) is a x-algebra with sum
and product being the respective closure of the algebraic sum and product.
Let P(M be the lattice of projections of M. The sets

N(g,0) = {x € Ly(M) : T e € P(M) such that ||ze| < e and 7(e*) < 6}

(¢,0 > 0) from a base at 0 for an metrizable Hausdorff topology in Ly(M)
called the measure topology. Equipped with the measure topology, Lo(M) is
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a complete topological x-algebra (see [16]). For z € Ly(M), the generalized
singular value function p (x) of z is defined by

pe(x) = inf{||zel|; e € P(M) 71(et) <t}, t >0.

e (x) admits the following ”minimax” representation:

= inf : 3
plw) = Jnf L sup -l (3)
Thme st g =1

As shown shortly, we have ,(z) = 1, (22)2? when z is positive.
Therefore, for a positive x, this expression reads

polz) = inf [gigg{) (@€, 6)]. (4)
rd—e) <t Jg=1

We recall some terminology from the theory of rearrangement invariant
space. Let Lo([0,00)) be the linear space of almost everywhere finite complex-
valued Lebesgue measurable functions on [0,00). For f € L([0,00)), the
right-continuous equimeasurable non-increasing rearrangement §(f) of |f| is

defined by

6(f) =inf{r e R:djy(r) <t}, te[0,00),

where d; is the distribution function of | f| defined via

dipy(r) = Hs - [f(s)] >}, 7 €]0,00).

If f,g € Lo(]0,00)), then we say that f is submajorized by ¢g and write
f =< g if and only if

/aét(f)dt < / Si(g)dt, a>0.
0 0

A Banach space E C Ly(]0, 00)) will be called,

(1) rearrangement invariant if and only if f € E, g € Lo([0,00)) and §(f) <
d(g) imply that g € £ and || f[|z < ||g/&-

(77) symmetric if and only if f,¢g € E and 6(f) < §(g) imply that || f||z <
Il

If F is a rearrangement invariant symmetric Banach function space on
[0,00), we define E(M) = {z € Lo(M) : p(z) € E}, and set ||z||gm) =
lp(z)||g, © € E(M). Then E(M) is a Banach space(see [6, 7]). It is called a
noncommutative symmetric space associated with the rearrangement invariant
symmetric Banach function space E and semi-finite von Neumann algebra M.

Let
MQ(M) = {( P11 12 ) y Lig S M7 Za] = 172}7

To21 T22
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then My(M) is a von Neumann algebra on the Hilbert space H & H with trace

2
o(x) = 0(( T11 T2 ) = ZT (ki)
k=1

To1 T22

For € My(M), let

T x T 0
cw=e( e )= (% )

Then we have that

NJI»—

Z: )V au, (5)

where u = (e; —e3), €1 = < (1) 8 ) , €y = ( 8 (_i ) and 1 is the unit operator
of M(see [3]).
Notice that the sub von Neumann algebra e; My(M)e; = { ( z 0 ) , T E M}

0 0
of My(M) is isomorphic to von Neumann algebra M, where e; as in the pre-

vious paragraph. Define T : Lo(e;My(M)ey) — Lo(M) by T g 8
x. It is clear that [|[T%|,vom)y = %/l vy and [[Tz]| = |lz||. If E is

a noncommutative symmetric space and exact interpolation space for the
couple (L1(0,00), Lo(0,00)). Then by Theorem 3.4 in [6], we have that

|7z || pva ) = |2l By Tee

H ( ) et = lellzon (©)

3 Main results

To achieve our goal , we need the following lemmas

Lemma 3.1 Let x be a positive T—measurable operator.
(i) If f is a convex function on [0,00), then

f(a€,€)) < (f(2)¢,€) (7)

for every unit vector & in D(x).
(11) If g is a concave function on [0,00), then

(9(2)&, &) < g((2€,6)) (8)

for every unit vector & in D(x).
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Proof. We prove only (i). The proof of (ii) is similar. Let = = [5° Ade)(z) be
spectral decomposition of x, then
f(@) = Jg7 f(N)dex(x). Since [¢° d{ex(x)¢, §) = 1and (2€, &) = [~ Ad{ex()E, §),

for every unit vector £ in D(x). By Jensen’s inequality, we obtain that

F(26,6) = 1([ T M@, €) < [T TOVdleaw)E € = (F(2)€,6).

Lemma 3.2 Let x and y be positive T-measurable operators and let E be
an ezact interpolation space for the couple (L1(0,00), Loo(0,00)).
(1) If f is a non-negative operator convex function on [0, co) with f(0) = 0,
then
1) + F @z < 20 (@ + )l zom- (9)
(1) If g is a non-negative increasing continuous concave function on [0, 00),
then

l9(x +y)l[em) < 4lg(x) + 9(W)ll ), (10)
11 11

Proof. Letz = ** ¥* , then zz2* = vty 0 and z*z = lx 1 Ty .
0 0 0 0 (TER P Y

(i) Since f is operator convex, by (5) we have that

H(f“”) 0 )HEWM 15
0 fly)
f( HE(MQM) 1f(22") | vz (M)

<
x + y
| | BV (M) -

On the other hand, ( f(x)g f(x)ﬁ)rf(y) ) - ( f(ox) f?y) >+u< fgx) f?y) )u

(z*2) | B vy = [IC(f (272)) | Bvia ()

where u = ( 2 (1] ) is unitary. So

(7510 L o <2 (750 s
Hence

I ( f(x)gf(y) (@) 3 () ) lmavz(aey) < 2] < f(onr . 8 ) v ()

- f@)+ fly) 0O f(@)+ fy) 0

We using ( 0 Y O) < ( 0 Y f(:l:)—l—f(y)) and (6), to
obtain (9).
(ii) By Lemma 2.5 in [8], we have that

m(g(@+y)) =gz +y) < glps (@) +pe(y) < glps (@) + 9(s(y))

= pe(g(@)) + pe(9(y)) < 2u



888 D. Dauitbek and A. M. Tleulessova

Since [|2114 (9(2)+9(y))l L(0.00) < 4ll1e(9(2)+9(W)) |21 0,00), (12224 (9(2)+9(Y)) [ Loc(0,00) <
2|[e(g(x) + 9(¥)) || Loo0,00) and E is an exact interpolation space for the couple
(L1(0,00), Loo(0,00)). So

lg(z + ey = llg(ue(z +y)lle < (120 (9(=) + 9(w)l &
= 4|p(g(x) + 9W)ll e = 4llg(@) + 9(y) | zm)-

Theorem 3.3 Let x and y be T measurable operators and let f be an in-
creasing continuous function on [0,00) such that f(0) = 0 and g(t) = f(V/1) is
operator convex. Then

1F () + fyDll ey < Lz +yl) + flz = yDlsomy (11)
< [If@l=]) + fClyD Il 2o-

Proof. Since g is convex, by Lemma 3.1(i) we have that

(fz+y) + fz—y)E, &) = ((9(lz +y[*)E, &) + ((g9(|lz — y|2)))§, £)

(lz +y6, &) + g((|z — y[’€, €)
(UetalEe) Heye0)
(

(2P + [y2)E. ),

for any unit vector £ in D(x) N D(y). Using the equation (4) and the fact that
g is increasing, we see that

wl(F (e + 1) +£(x =)
=inf o D <o (e + )+ £z = y)E €

T(1l—e) <t

>inf cepwmy [sup € € EUD 29(((lz* + [y[*)€, )]

T(l—e) <t

= 2¢|inf e € POM). (sup ec e ((|2* + |y[*)€, €))]

T(l—e) < e =1

= 2g[p: (2> + [y*)] = 2pelg(|x]* + |y[*)].

IR AVARAVARI

By Lemma 3.2(i), it follows that

£ (e +yD) + Fe = yDllewy = 2l9(* + 1y1*) | 2w
> Nlg(|21*) + g1yl ey
I1f (1) + f(yDll e

This is the first inequality in (11). We using this inequality to obtain that

1 2lx]) +fClyDI
= [[f(|(z +y) + (z = y)]) + [z +y) = (@ =)Dz
> [If (e +yb) + f(lz = yDll zom-

So obtain the second inequality in (11).
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Theorem 3.4 Let x and y be T measurable operators and let f be a non-
negative increasing continuous function on [0,00) such that h(t) = f(\/t) is
concave. Then

shf@lal) + f@lyDlIewy < Iz +yD) + f(lo - y!)HE(M) (12)
< 8] £ (I=]) + f(ly DIl pm

Proof. Since h is concave. Now for any unit vector £ in D(x) N D(y), by
Lemma 3.1(ii) we have that

(f(lz+yD) + flz = D), &) = ((hllz +y1)E, ) + ((Alx — y[*))E, €)
< h((|lz + 917, ) + h((lz — y[*¢, €))
< op(lrtiee eyl
= 2h({(|=|* + [y [*)$, ).

Using the equation (4) and the fact that i is monotone, we obtain that

pl(f(lx +yl) +f(z = yl)]
=inf ceran [sup cccon ((f(lz +yl) + f(le —y1)E, )]

T1-e) <t

< inf e € P(M) [Sup £EP(H) 2h(<(’flﬁ‘2 + ’y’2>€7€>)]

T(l—e) <t &l =

= 2h[inf c€ PO (sup € € elih) (|2 + 1y)&, )]

T(1l—¢) < liS

— 20l + [y?)] = 24ulhlal? + lyP))

Hence, by Lemma 3.2(ii),

1+ 9D+ Flz = yDllean < 20A(l + [y |z
< 8[[n(|z]*) + (Y1) | 5wy
= 8| £(|«) + £yl 2w

1FClz) +7ClyDlewy
=1/ ((z+y) + (@ —y)) + f(l(z +y) = (@ =)Dl Em
< 8|lf (| +yl) + f(lz =yl .

Specializing Theorems 3.3 and 3.4 to the functions f(t) = t? (2 < p < 4)
and f(t) =t (0 < p < 2), respectively, we obtain the following.

Corollary 3.5 Let x and y be T measurable operators. Then
Izl + [yl lleog < I e+ ylP + 2 = ylPlleag < 270 2 + [yPllea- (13)
for2 <p<4, and
20N o + [yl ey < Il o+ 9P+l = ylP sy < 8l =P + 1y e (14)

for 0 <p<2.
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